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The capabilities of autonomous systems have been challenged in recent years by the complex-

ity of environmental interaction combined with agile motion demands. Such tasks require

reasoning about high-dimensional parameterizations of the physical world, and are critical

to accomplish meaningful interaction-driven autonomy. This dissertation develops modeling

and optimization techniques for three fundamental challenges in interaction-aware trajec-

tory optimization: active spatial perception of unknown environments, decision-making

under unmodeled environmental uncertainty, and multibody contact interaction. In each

case, the interaction requirement is embedded directly in the continuous-time optimal con-

trol problem and solved by sequential convex programming, in most cases at real-time or

near-real-time rates.

First, we address the set-based viewplanning problem, in which a sensor field of view

must contain an extended region of interest, and prove conditions under which the resulting

infinite-dimensional constraint admits an exact finite-dimensional representation. Next, we

lift the overconstrained structure of multi-landmark viewplanning by embedding a differen-

tiable continuous-time filtering model directly into the optimal control problem, yielding an

active simultaneous localization and mapping formulation that jointly optimizes vehicle mo-



tion and estimation uncertainty. Then, we introduce a graph-based framework which poses

multi-segment trajectory optimization over a directed acyclic graph of trajectory segments,

and use it to solve general nonconvex deferred-decision trajectory optimization problems

(maintaining reachability to multiple candidate targets for as long as possible) more than

an order of magnitude faster than the prior state of the art. An adaptive algorithm is

introduced to operationalize this capability for perception-driven safe landing. Finally, we

extend continuous-time constraint satisfaction to multibody contact by introducing integral

cross-complementarity constraints, enabling contact-implicit trajectory optimization that

proposes contact sequences without a prescribed mode schedule. The resulting methods

are validated on rocket-powered descent, quadrotor landing and legged locomotion tasks, in

both high-fidelity simulators and hardware flight tests, along with consistent benchmarking

against relevant baselines at each step.
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Chapter 1

INTRODUCTION

Autonomous systems have developed substantial interest at the turn of the 21st century,

in a diverse array of applications such as aerospace, automotive and robotics. Increasingly,

these systems are required to interface with complex and dynamic environments while main-

taining safety, reliability and efficiency. The prevailing architecture for solutions to these

autonomy problems typically comprises: (i) task planning, (ii) trajectory planning, (iii)

state estimation, and (iv) feedback control (their interconnected relationships are displayed

by Figure 1.1). Task planning determines the high-level objectives/requirements that the

system should adhere to. Trajectory planning synthesizes a trajectory the system should

take to satisfy these objectives while maintaining physical realism. State estimation local-

izes the autonomous system within its surrounding environment (which may also include

estimating the state of the environment itself). Finally, feedback control allows the sys-

tem to correct for errors between the desired state and estimated state, thus producing a

closed-loop feedback response to unmodeled uncertainties.

Figure 1.1: Illustration of the relation between generalized autonomy modules and the
environment (colored modules represent the focus of this dissertation).

In this dissertation, we will focus on the problem of trajectory planning through numer-
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ical optimization, and in particular, the problem of planning for autonomous systems to

interact with their surrounding environment. This class of methods will hence be referred

to as interaction-aware trajectory optimization. In doing this, we will observe couplings

emerge between the trajectory planning module, and both task planning and state esti-

mation modules. Such couplings have been used to improve autonomous system design;

for example, trajectory planning may provide the ability to proactively maneuver to re-

duce state estimation uncertainty [115], and may also be used to inform mission-level or

vehicular requirements at the task planning stage [51]. In the interaction-aware context, we

may, for example, be interested in perceiving an environment from a distance to reduce its

uncertainty before physical (contact-based) interaction [104].

Notably, all such problems will be posed as nonconvex continuous-time trajectory optimiza-

tion problems. These problems come with several key considerations. First, nonconvexity

requires either the direct conversion of a nonconvex problem to a convex one [5, 6], or an

iterative (and often computationally-challenging) process to solve the problem [25,37]. Sec-

ond, continuous-time modeling requires conversion of an infinite-dimensional problem to

an equivalent or approximate finite-dimensional proxy (this process is often referred to as

discretization, or transcription), introducing further computational challenges [82]. In the

literature, many techniques have been proposed to tackle this class of problems, as will be

discussed in the following literature review section. However, there is a third complexity that

is often overlooked in the discussion of fundamental techniques: environmental interaction.

Autonomous systems do not operate in a vacuum, and planning for such interactions can

often introduce substantial modeling and computational complexity to the problem. Ex-

amples of such environmental interactions include physical (contact [23]) and non-physical

(spatial perception [104]). In this dissertation, we will investigate a variety of novel tech-

niques aimed at handling environmental interactions in the context of both physical contact

and spatial perception, collectively referred to as interaction-aware trajectory optimization.

1.1 Thesis Contributions

In the context of interaction-aware trajectory optimization, it has been observed that sys-

tematically accounting for environmental interactions requires significant augmentation of



3

problem complexity. We present an assortment of novel techniques which describe candi-

date solutions to these problems aimed at reducing model complexity and being amenable

to modern computing architectures. In addition, we suggest numerous research extensions

along each avenue. Specifically, the following chapters are introduced:

1. Chapter 2. [19] introduces a constraint modeling approach aimed at satisfying task

planning objectives that require perceptive observations to geometric regions in the

surrounding environment, labeled the set-based viewplanning problem. This approach,

extending on methods which constrain observations to singular points, converts the

resulting infinite-dimensional set containment problem towards a finite dimensional

equivalency suitable for numerical optimization. Then, the constrained visibility guid-

ance (cvg) framework is proposed to impose set containment constraints to an enu-

meration of regions using state-triggered constraints in a successive convexification-

based trajectory optimization problem. The resulting framework is demonstrated

on a practical powered descent guidance scenario for spacecraft landing with terrain

scanning objectives.

2. Chapter 3. [16] explores a different approach to perception-aware trajectory opti-

mization through an information-theoretic lens, where predicted uncertainty evolution

in both the autonomous agent and its surrounding environment are jointly character-

ized and minimized for (referred to as the active SLAM problem). This effort includes

defining a simultaneous localization and mapping (SLAM) model with the continuous-

time extended Kalman-Bucy filter, proposing steps to obtain a C1-differentiable ap-

proximation to the filter dynamics, and employing successive convexification with

embedded numerical continuation to recover the original dynamics model at conver-

gence. The resulting method is compared against related techniques in the context of

powered descent guidance, showing up to 44.3% performance improvement in terms

of perceptive information gain.

3. Chapter 4. [15, 52] proposes a numerically-efficient and robust approach to plan-

ning under unmodeled uncertainty (including those driven by perception) through the

concept of decision deferral, enabling the autonomous agent to continuously gather
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information before committing to a terminal objective (formalized as the deferred deci-

sion trajectory optimization (DDTO) problem). The graph successive convexification

(graph-scvx) framework is introduced to solve DDTO problems in real-time under

flexible objective and constraint specification. Additionally, a receding-horizon algo-

rithm (adaptive-ddto) is introduced to operationalize DDTO within the context of

perception-aware maneuvers. This approach is demonstrated for quadrotor soft land-

ing in hazardous environments using both high-fidelity flight simulators and onboard

hardware demonstrations.

4. Chapter 5. [17,18] takes a departure from designing around perceptive interactions,

and instead considers the case of modeling for direct contact interactions for large-

scale multibody systems. A generalized approach referred to as contact-implicit suc-

cessive convexification (CI-SCVX) is introduced, including customized contact-implicit

dynamics models for both whole-body and reduced-order systems, a reformulation

of contact interaction constraints using integral cross-complementarity, a complemen-

tarity homotopy algorithm with backtracking to systematically tighten the smooth

approximations to these constraints, and a parallelizable solver architecture to obtain

solutions to these problems in real-time.

1.2 Literature Review

A large focus of this dissertation surrounds a specific class of algorithms to solve noncon-

vex optimization problems known as sequential convex programming (SCP) [116]. SCP

defines a class of structure-exploiting algorithms which apply convexification to non-convex

components of an optimization problem, and otherwise impose convex constraints directly,

such that the resulting problem is a convex approximation of the original problem. This

process is repeated iteratively and recursively about the previous iterate’s solution until a

convergence condition is met. Related techniques, such as sequential linear programming

(SLP) [20, 100] and sequential quadratic programming (SQP) [49, 108], have been explored

extensively as well. In 2016, Mao et al. [84] introduced the first formalization of SCP applied

to the continuous-time trajectory optimization problem template. In 2018, Mao et al. [85]

showed superlinear convergence properties of this algorithm class. In the same year, Szmuk
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et al. [124] developed an application of SCP-based trajectory optimization towards the 6

degree-of-freedom (DoF) powered descent guidance (PDG) problem.

In the following several years, SCP-based trajectory optimization has been explored for a

variety of applications, including the fuel-optimal powered descent guidance (rocket landing)

problem [112,124,125,129], spacecraft rendezvous problem with integer constraints [80, 81]

and quadrotor flight problem [127, 128]. These applications share strict real-time com-

putation requirements for autonomous operation, motivating the additional development of

first-order convex solvers suited for SCP-based trajectory optimization problems [58,59,148].

Recently, the continuous-time successive convexification framework [37] was proposed to for-

malize these techniques under flexible problem parameterization, including adaptive time

grids and continuous-time satisfaction of path constraints. Subsequent relevant develop-

ments include auto-tuned primal-dual methods for successive convexification [87, 88] and

prox-linear-based trajectory optimization with signal temporal logic specifications [139].

In this dissertation, we will cover several variations of continuous-time successive convex-

ification, including a preliminary introduction in section 1.3.2 and a collection of modeling

techniques catered to the requirements of successive convexification. We will also discuss

relevant literature with respect to perception and contact-based interaction-aware trajectory

optimization in the body of each following chapter.

1.3 Preliminaries

Before covering the main technical contributions of this dissertation, we first introduce

some important preliminary concepts which unify all key contributions. This includes the

general-form definition of a nonconvex optimal control problem, and a class of SCP methods

to solve these problems.

1.3.1 Nonconvex Optimal Control Problems

We first introduce a general class of nonconvex continuous-time optimal control problems.

These problems are described as an infinite-dimensional optimization of the form:
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Continuous-Time Optimal Control Problem (1.1)

minimize
x(·),u(·)

J(x(tf)) (1.1a)

subject to
.
x(t) = f(t, x(t), u(t)), (1.1b)

g(t, x(t), u(t)) ≤ 0, (1.1c)

h(t, x(t), u(t)) = 0, (1.1d)

p(x(t0), x(tf)) ≤ 0, (1.1e)

q(x(t0), x(tf)) = 0, (1.1f)

∀t ∈ [t0, tf ].

Problem (1.1) describes the minimization of an objective function J : Rnx → R over a state

space x ∈ Rnx and control space u ∈ Rnu across a finite time interval t ∈ [t0, tf ] ⊂ R.

The problem is subject to a differential constraint describing the state-space dynamics with

a function f : R × Rnx × Rnu → Rnx , as well as path constraints described by functions

g : R×Rnx ×Rnu → Rng and h : R×Rnx ×Rnu → Rnh , and boundary conditions described

by functions p : Rnx × Rnx → Rnp and q : Rnx × Rnx → Rnq . The canonical Mayer-

form objective (1.1a) is chosen in this problem representation, however any other objective

functional (such as a time-varying integration term) can be converted to this form without

loss of generality.

Definition 1.1 (Convex Optimal Control Problem). In the case where functions {f, h, q}

are linear and functions {J, g, p} are convex [12], problem (1.1) may be referred to as a con-

vex optimal control problem.

As previously stated, convex optimal control problems are desirable due to their compu-

tational tractability and global optimality guarantees. The following subsection describes a

solution strategy to problem (1.1) in the general case where this property does not hold.
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1.3.2 Sequential Convex Programming

There exist many candidate techniques to solve problem (1.1) in the general nonconvex case.

Sequential convex programming (SCP) [83] describes one such class of techniques, where

a discretized version of the problem is iteratively approximated as a convex problem by

recursively using the previous iterate as a reference point (e.g., for linearization), and solved

until a convergence criterion is met. Continuous-Time Successive Convexification (ct-scvx)

[37] presents one specific instance of SCP tailored to the canonical-form continuous-time

optimal control problem, and will be the focus of the remainder of this subsection. We

make use of the compressed description in [16] with modifications that unify all techniques

presented in this dissertation. For a more formalized description of ct-scvx, we refer the

interested reader to [37].

Model Augmentation

We first consider a series of augmentations to the state-space model (across x(t), u(t)) to

capture continuous-time modeling complexities. The first augmentation enables us to solve

problem (1.1) such that tf may implicitly become an optimization variable (as well as all

other times t ∈ [t0, tf ]), making the problem free-final-time. We consider the time dilation

formulation introduced in [19, 37], where wall-clock time is defined as a smooth, strictly-

monotonic mapping t : [0, 1]→ R+ such that t(0) = t0 and t(1) = tf . We will consequently

define a normalized time τ ∈ [0, 1] and time derivative s(τ) = ∂t(τ)/∂τ > 0. Through the

chain rule, we can now define a dynamical relationship on the normalized time grid as

x̊(t(τ)) =
∂x(t(τ))

∂τ
= s(τ)f(x(t(τ)), u(t(τ))), (1.2)

where s(τ) becomes an explicit optimization variable. The second augmentation concerns

guaranteeable satisfaction of path constraints at all points in time. It has been shown

in [37, Lemma 2] that equations (1.1c)-(1.1d) are equivalently solved by satisfaction of the

integral constraint

∫ tf

t0

h(x(t), u(t))2 +max(0, g(x(t), u(t)))2 dt = 0. (1.3)
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Moreover, we can define an additional explicit optimization variable θ ∈ R that satisfies

.
θ(t) = Λ(x(t), u(t)) ≜ h(x(t), u(t))2 +max(0, g(x(t), u(t)))2, (1.4)

θ(t0) = θ(tf), (1.5)

which equivalently satisfies equation (1.3) and, consequently, the path constraints (1.1c)-

(1.1d). Finally, we can combine these two model augmentations together, by considering the

following modifications to the state-space model. We start by redefining the optimization

state and input variables through concatenation

x̃(τ) = (x(τ), θ(τ), t(τ)), (1.6)

ũ(τ) = (u(τ), s(τ)). (1.7)

Then, the dynamics function can be redefined as

F (x̃, ũ) ≜ s


f(x, u)

Λ(x, u)

1

 . (1.8)

Linearization & Discretization of the Dynamics

One of the key details behind the ct-scvx algorithm is the direct linearization of the non-

convex dynamics to obtain a convex constraint representation in the ct-scvx subproblem

formulation. We consider the following jacobian terms associated with the dynamics

A(τ) = ∇x=x̄(τ)F (x, ũ(τ)), (1.9a)

B(τ) = ∇u=ū(τ)F (x̃(τ), u), (1.9b)
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where (x̄, ū) represent a reference trajectory. Then, the continuous-time linear time varying

(CT-LTV) dynamics are described through a first-order Taylor series expansion

˚̃x(τ) = A(τ)x̃(τ) +B(τ)ũ(τ) + w(τ), (1.10)

where w(τ) corresponds to the Taylor series residual term

w(τ) = F (x̄(τ), ū(τ))−A(τ)x̄(τ)−B(τ)ū(τ), (1.11)

and (x̄(τ), ū(τ)) , τ ∈ [0, 1] defines a reference trajectory. Next, to perform discretization,

the time interval is discretized into a discrete set of knot points τk ∈ [0, 1], k = 1, . . . , N ,

and a finite-dimensional control parameterization is chosen, with parameters for each knot

point interval denoted as Uk ∈ RnU , k = 1, . . . , N −1. We can consequently solve the initial

value problem over each knot point interval to arrive at the discrete-time linear time varying

(DT-LTV) dynamical relationship

x̃k+1 = Akx̃k +BkUk + wk. (1.12)

Details on derivation of the terms Ak, Bk, wk can be found in [37] for the interested reader.

Additionally, under this finite-dimensional control parameterization, we may require con-

tinuity constraints between knot interval parameters (for example, continuity of first-order

hold). To do this, we must impose the additional convex constraint

(U1, . . . , UN−1) ∈ U . (1.13)

Linearization of Pointwise Constraints

For numerical & methodology purposes, we may also wish to impose certain path con-

straints as pointwise constraints, such that they are only applied at knot points in the

transformed (discretized & parameterized) problem. To do this, we will specify pointwise
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path constraints

gp(x̃k, Uk) ≤ 0, (1.14a)

hp(x̃k, Uk) = 0. (1.14b)

Then, these constraints must be linearized directly about a discrete-time reference trajectory

(x̄k, Ūk)
N−1
k=1

Ag
kx̃k +Bg

kUk + wg
k ≤ 0, (1.15a)

Ah
k x̃k +Bh

kUk + wh
k = 0, (1.15b)

where

Ag
k = ∇x=x̄k

gp(x, Ūk), (1.16a)

Bg
k = ∇U=Ūk

gp(x̄k, U), (1.16b)

wg
k = gp(x̄k, Ūk)−Ag

kx̄k −B
g
kŪk, (1.16c)

Ah
k = ∇x=x̄k

hp(x, Ūk), (1.16d)

Bh
k = ∇U=Ūk

hp(x̄k, U), (1.16e)

wh
k = hp(x̄k, Ūk)−Ah

k x̄k −Bh
k Ūk. (1.16f)

Forming the Convex Subproblem

With the aforementioned details in place, we are now ready to form the convex subprob-

lem, as part of the ct-scvx framework, through implementation of the prox-linear method.

This technique involves the embedding of a trust region term on the optimization variables

directly, as well as an ℓ1-norm penalization term on slack variables applied to convexified

constraints (which, for this problem formulation, refer only to the nonlinear dynamics), to

the main objective function. These terms help alleviate concerns of artificial infeasibility

and unboundedness [83], and are important for numerical implementation. We recall that

the original objective is denoted as J(·), and define the following additional components of
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the objective function

Jη(x̃K , UK) ≜
N−1∑
k=1

δx̃⊤k δx̃k + δU⊤k δUk + δx̃⊤Nδx̃N , (1.17a)

Jν(νK) ≜ ∥νK∥1, (1.17b)

where

δx̃k ≜ x̃k − x̄k, (1.18a)

δUk ≜ Uk − Ūk, (1.18b)

x̃K ≜ (x̃1, . . . , x̃N ), (1.18c)

UK ≜ (U1, . . . , UN−1), (1.18d)

νK ≜ (ν1, . . . , νN ). (1.18e)

Here, we define νk ∈ Rnz as slack variables applied to linearized constraints which enable

constraint violation during non-converged iterates to prevent artificial infeasibility. As such,

we include slack terms for the dynamics constraint, νdk , the pointwise inequality constraint,

νgk , and the pointwise equality constraint, νhk , and define νk = (νdk , ν
g
k , ν

h
k ). The aforemen-

tioned reference trajectory either corresponds to the solution to the previous subproblem

iteration, or to an initial guess on the first iterate. We note that, in the case that J is

nonconvex, a convex surrogate (e.g. linearization) of this cost must be used in its place to

ensure a convex problem definition.
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ℓ1-Penalized Prox-Linear Subproblem (1.19)

minimize
x̃K ,UK ,νK

woJ(x̃K) + wηJη(x̃K , UK) + wνJν(νK) (1.19a)

subject to x̃k+1 −Akx̃k −BkUk − wk = νdk , (1.19b)

Ag
kx̃k +Bg

kUk + wg
k ≤ ν

g
k , (1.19c)

Ah
k x̃k +Bh

kUk + wh
k = νhk , (1.19d)

p(x1, xN ) ≤ 0, (1.19e)

q(x1, xN ) = 0, (1.19f)

θk+1 − θk ≤ ϵCTCS, (1.19g)

x̃k ∈ Xk, (1.19h)

UK ∈ U , (1.19i)

∀k ∈ [N − 1].

Problem (1.19) contains the expanded objective weighted with trust region and dynamic

violation penalization terms in (1.19a), where wo, wη, wν ∈ R+ correspond to relative weight-

ing terms for J , Jη and Jν , respectively. In terms of constraints, this problem contains the

DT-LTV dynamics with a slack violation term in constraint (1.19b), the linearized point-

wise constraints with additional slack violation terms in constraints (1.19c)-(1.19d), the

boundary conditions in constraints (1.19e)-(1.19f), the pointwise convex state constraint

(1.19h), and the control parameterization constraint (1.19i). Notably, an additional (con-

vex) constraint (1.19g) is applied to ensure satisfaction of equation (1.5), with a small slack

term ϵCTCS ∼ 1e-4 to ensure satisfaction of the linear independence constraint qualifica-

tion (LICQ) condition [37]. This subproblem is solved in an iterative manner until the

convergence criteria

Jη(x̃K , UK) ≤ ϵη, (1.20a)

Jν(νK) ≤ ϵν , (1.20b)
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are satisfied.
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Chapter 2

SET-BASED VIEWPLANNING

2.1 Introduction

This chapter initiates an examination of perceptive trajectory planning through a deter-

ministic trajectory optimization lens. We assume control over a single rigid-body vehicle

that has a perceptive sensor (e.g. camera, LiDAR) attached, with the goal of imposing con-

straints which enforce strict field-of-view (FOV) visibility over a defined region of interest

under specific set parameterizations. We refer to this problem as the set-based viewplanning

problem. This chapter is based on [19]; the presentation here follows that paper’s structure.

A related approach including direct convexification of the visibility constraint set has also

been jointly proposed with the same underlying theory [118], however is not discussed in

this chapter.

2.1.1 Related Literature

In this chapter, we focus our efforts on studying set-based viewplanning in the context

of the powered descent guidance (PDG) problem. The PDG problem statement concerns

the theoretical and algorithmic design of pinpoint landing strategies on celestial bodies un-

der critical hardware-driven constraints (such as computational requirements). SCP-based

trajectory optimization algorithms have been deployed extensively for both translation-

only [125] (otherwise known as 3-DoF) and translation-rotation [112,124] (otherwise known

as 6-DoF) lander parameterizations. In the literature, extensions towards FOV visibility

constraints have been made which constrain sensor line-of-sight (LOS)–within the FOV

envelope–towards a singular point of interest, such as the landing site [111]. These ap-

This chapter is based on work previously published as [19]. Reprinted by permission of the American
Institute of Aeronautics and Astronautics, Inc.
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proaches are not limited to landing sites, and can be generalized towards keep-in and keep-

out regions (in attitude space); in such cases, the problems may even be simplified under

rotation-only maneuvers [65, 70]. Recent approaches aim to impose LoS constraints only

when the vehicle is within a subset of the state-space; this approach is typically referred to

as a state-triggered constraint (STC) [59, 111, 112]. For example, sensor LOS may only be

required when between a minimum and maximum range from the point of interest.

There has also been a growing interest in the multiple point LoS problem, where the goal

is to impose constraints such that the sensor LoS is maintained towards a set of points.

Using signal temporal logic (STL), tractable solutions have been proposed [137,138] which

can implicitly select the optimal ordering of points to constrain LoS towards. When a

collection of points is assumed to correspond to a region of interest, other methods will

jointly impose visibility to the entire collection of points, either as hard constraints [53]

or as a soft objective [107]. However, these methods do not formally handle visibility

to continuous regions, motivating an approach which can tractably handle joint visibility

towards such sets.

2.1.2 Contributions

In this chapter, we investigate an extension towards viewing a non-singular region of interest,

rather than a point of interest. This problem is notably difficult due to the inclusion of an

infinite-dimensional constraint set; using constrained conic intersection theory, we show how

this constraint set can be equivalently posed as a finite-dimensional constraint and tractably

solved for modern PDG scenarios.

The resulting formulation, Constrained Visibility Guidance (cvg), contains the fol-

lowing novel extensions relative to the aforementioned literature:

1. A new cvg-specific constraint set is formulated which enables guaranteed sensor line-

of-sight to an entire circular region of interest (rather than a single point) with ar-

bitrary centroid location and radius. Furthermore, an approximation is introduced

which enables extraction of a closed-form solution and facilitates generalization to

guaranteed visibility of any set that can be reasonably approximated with a 2-norm
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ball.

2. A new theory of constrained conic intersections is introduced which validates the

closed-form solution of the 2-norm ball approximated cvg constraint set mentioned

previously.

3. An integrated formulation of various state-of-the-art techniques in SCP modeling and

optimal control is developed and catered to the mission-practical specification of ter-

rain scanning events.

4. A methodology for initialization of SCP algorithms under this problem class is pre-

sented which facilitates conversion of any 3-DOF solution to a proximal 6-DOF solu-

tion.

The remainder of the chapter is outlined as follows. Section 2.2 introduces the infinite-

dimensional set-based viewplanning constraint. Section 2.3 introduces constrained conic in-

tersection theory to reformulate the prior constraint set. Section 2.4 presents the cvg framework

as a solution strategy for set-based viewplanning problems. Section 2.5 provides numerical

results on a practical PDG scenario.

2.2 The Set-Based Viewplanning Problem

In this section, we introduce the set-based viewplanning problem as an infinite-dimensional

constraint set imposed jointly on a vehicle’s translation and rotation space. To do this, we

must first introduce the concept of a cartesian 6-DoF state space model.

2.2.1 6-DoF State Space Model

We begin our definition of a 6-DoF state space model with definitions of reference frames.

Specifically, we consider inertial and body-fixed reference frames defined as follows:

• I: An inertially-fixed East-North-Up (ENU) reference frame with the origin located

at the landing site.

• B: A body-fixed reference frame with +x pointing along the longitudinal axis of the

vehicle, +y pointing out the side of the vehicle, and +z completing the right-handed

system.
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The state space model follows a standard quaternion-based (cartesian) 6-DOF formulation

for the powered descent guidance problem as in [19, 124]. The vehicle state x(t) ∈ Rnx

consists of a vertical concatenation of vehicle mass m(t) ∈ R, inertial position rI(t) ∈ R3,

inertial velocity vI(t) ∈ R3, body-relative unit quaternion attitude qI→B(t) ∈ R4 and body-

fixed angular velocity ωB(t) ∈ R3, with nx = 14. Furthermore, the vehicle control u(t) ∈ Rnu

consists of a vertical concatenation of body-fixed thrust TB(t) ∈ R3 (under a single-engine

model) and body-fixed moment MB(t) ∈ R3 (applied through a reaction control system

rather than through gimbaling), with nu = 6. Time t ∈ R+ is bounded by t0 = 0 and tf ,

such that t ∈ [0, tf ]. The full system dynamics can be expressed as

Mass:
.
m(t) = −α∥TB(t)∥2, (2.1a)

Position:
.
rI(t) = vI(t), (2.1b)

Velocity:
.
vI(t) =

1

m(t)
R⊤I→B(t)TB(t) + gI , (2.1c)

Attitude:
.
qI→B(t) =

1

2
Ω (ωB(t)) qI→B(t), (2.1d)

Angular Velocity:
.
ωB(t) = J−1B (MB(t)− [ωB(t)×]JBωB(t)) , (2.1e)

where α ∈ R denotes the vehicle’s engine proportionality constant in terms of vacuum-

specific impulse Isp ∈ R and Earth’s standard gravity constant g0 ∈ R, gI ∈ R3 denotes the

local gravitational acceleration expressed in the inertial frame, and JB ∈ R3×3 denotes the

vehicle’s moment of inertia matrix in the body frame. Additionally, the skew-symmetric

matrix operations on an input vector ξ ∈ R3 are defined as

[ξ×] ≜


0 −ξz ξy

ξz 0 −ξx

−ξy ξx 0

 , Ω(ξ) ≜


0 −ξx −ξy −ξz

ξx 0 ξz −ξy

ξy −ξz 0 ξx

ξz ξy −ξx 0

 .

Finally, an expression of the vehicle’s attitude in terms of a direction cosine matrix,RI→B(t) ∈

SO(3), is given by considering a transformation from unit quaternion qI→B(t) = [q0, q1, q2, q3]
⊤
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to a direction cosine matrix defined as

R(q) =


1− 2(q22 + q23) 2(q1q2 + q0q3) 2(q1q3 − q0q2)

2(q1q2 − q0q3) 1− 2(q21 + q23) 2(q2q3 + q0q1)

2(q1q3 + q0q2) 2(q2q3 − q0q1) 1− 2(q21 + q22)

 .

2.2.2 Modeling FOV Coverage of a Set-Based Region

With the 6-DoF state space model defined, we can now formally define the set-based view-

planning constraint we wish to impose. We start by considering a body-fixed boresight

vector bB ∈ R3 (with unit magnitude) associated with a vision-based sensor onboard the

vehicle (such as the central pointing direction of a camera or LiDAR-based system), coupled

with a field-of-view (FOV) half-angle β ∈ R. The prototypical boresight pointing constraint

seeks to align the vehicle’s boresight vector towards the relative direction of a point z ∈ R3

(which may represent a landing site or some other point-of-interest) such that the angle

between the boresight vector and relative direction z − r(t) is less than β (moreover, such

that the point z is in the field of view of the vehicle’s vision sensor). This constraint can be

formally constructed as a biconic constraint in rI(t) and bI(t) (that is, the constraint defines

a convex cone in each variable if the other is held constant; in this case, a second-order cone,

specifically). We will denote this constraint set by F(z) as

F(z) =
{
(rI(t), bI(t)) | ∥zI − rI(t)∥ ≤

(zI − rI(t))⊤bI(t)
cosβ

}
, (2.2)

where bI(t) = R⊤I→B(t)bB. If we instead choose to consider a region of interest Z ⊆ R3, we

can extend this definition as

F(Z) =
{
(rI(t), bI(t)) | ∥z̃I − rI(t)∥ ≤

(z̃I − rI(t))⊤bI(t)
cosβ

, ∀z̃ ∈ Z
}

(2.3a)

=
⋂
z̃∈Z

{
(rI(t), bI(t)) | ∥z̃I − rI(t)∥ ≤

(z̃I − rI(t))⊤bI(t)
cosβ

}
. (2.3b)

For most non-trivial forms of Z, the above constraint set would be infinite-dimensional (if

Z itself does not have finite cardinality), and cannot be expressed as a tractable set of
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Site Projection 

Cone

FOV Cone

Figure 2.1: An illustration of the problem geometry defined by the FOV set inclusion
problem.

constraints in a numerical optimization problem. In the context of the PDG problem, we

may seek to consider a circular region of interest on the ground, with radius ρ, constrained

to the inertial x-y plane (under a flat-terrain model), denoted as the set Zcirc ⊆ R3 with

Zcirc ≜ {z̃ ∈ R3 | ∥H(z − z̃)∥ ≤ ρ, e⊤z z̃ = 0}, H =

1 0 0

0 1 0

 , (2.4)

where H denotes the projection matrix onto the terrain plane. The constraint set we

ultimately wish to enforce is F(Zcirc), however, as earlier noted, this set does not lend itself

to a finite-dimensional parameterization. An approximation can be formed, however, by

instead considering the ball Zball which circumscribes Zcirc as

Zball ≜ {z̃ ∈ R3 | ∥z − z̃∥ ≤ ρ}. (2.5)
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This approximation will henceforth be termed the ball approximation on the region Zcirc.

We note that Zball acts as a conservative overapproximation of Zcirc (since Zcirc ⊂ Zball),

and consequently introduces further restrictions on the feasible set from the definition of an

intersection

Zcirc ⊂ Zball =⇒ F(Zcirc) ⊇ F(Zball).

Next, we can reframe this problem by considering the rays which extend from some rI(t)

towards all points in Zball, denoted as ξ ∈ R3. Geometrically, this set represents a second-

order cone (SOC) pointing in the direction zI − rI(t) with a half-angle θ(t) such that it

represents the tangent cone to the set Zball (that is, this set defines the cone that projects

to Zball). This set, denoted C, can be stated as

C =
{
(rI(t), ξ) | ∥zI − rI(t)∥∥ξ∥ ≤

(zI − rI(t))⊤ξ
cos θ(t)

}
, (2.6)

where

θ(t) = arcsin

(
ρ

∥zI − rI(t)∥

)
. (2.7)

In the above, θ(t), implicitly considered a function of rI(t), can be derived from simple

trigonometric relations. We can also consider the set defining the sensor FOV cone, which

can be simply stated by the set A as

A =

{
(bI(t), ξ) | ∥ξ∥ ≤

bI(t)
⊤ξ

cosβ

}
. (2.8)

A visualization of both sets A and C is provided in Fig. 2.1 for a fixed rI(t) and bI(t).

The problem we would like to formally pose is to find all rI(t), bI(t) ∈ R3 such that C ⊆

A. Informally, this means that the FOV cone A obtains full coverage of the approximate

landing site region Zball, since C projects to Zball. This is equivalent to finding the set B in

(rI(t), bI(t)) that satisfies the relationship

⋂
ξ∈C
A = B. (2.9)
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It can be shown through theorem 2.1 that the desired constraint set B has the form

B =

{
(rI(t), bI(t)) | ∥zI − rI(t)∥ ≤

(zI − rI(t))⊤bI(t)
cos(β − θ(t))

}
. (2.10a)

We note that this constraint set is almost identical to the original pointing constraint to

a single point (2.2), with the cosβ term replaced by a cos(β − θ(t)) term (which provides

direct quantification of the further reduction in feasible space to impose this constraint).

Finally, this constraint set is only valid to impose if the vehicle’s relative position is large

enough to capture the entire region of interest within the sensor field-of-view (such that

β > θ(t)). Formally, this consideration can be imposed as an additional constraint

∥zI − rI(t)∥ >
ρ

sinβ
, (2.11)

which can be approximated as

ρ

sinβ
− ∥zI − rI(t)∥ ≤ −ϵρ, (2.12)

where ϵρ ≈ 1e − 6 to encode a tractable inequality constraint (since strict inequalities

cannot be traditionally imposed in numerical solvers). We will additionally impose a design

restriction that β < π/2, which is generally reasonable for practical purposes.

2.3 Constrained Conic Intersection Theory

In this section, we develop the theory necessary to prove the relationship established in (2.9)

holds. Moreover, we concern ourselves with determining the equivalence of two closed-form

sets, wherein one set represents the infinite intersection of second-order cones. In theory,

even the intersection of two second-order cones may not have an analytical closed-form

solution under non-trivial conditions, however, it can be shown that this set equivalence

can be made if the conic pointing vector of the intersected second-order cones is chosen as

the varied parameter for the intersection operation, and this vector itself belongs to another

second-order cone. A visual interpretation of Theorem 2.1 is also provided in Fig. 2.2.

Theorem 2.1 (Intersection of Conics Constrained to a Conic). We seek to show
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that a closed-form set equivalence for embedded intersection of second-order cones (SOCs)

(a) We start by constructing the second-order
cone that defines the intersection operation, C.
This cone contains any c ∈ C that can be used
to construct Ac.

(b) We can then select two elements ci, cj ∈ C
that are coplanar to r on the boundary of C, and
visualize their corresponding second-order cones
Aci ,Acj .

(c) The intersecting second-order cone, denoted
as B, is geometrically shown to have a half-angle
of β − θ as stated by equation (2.13). We note
that to truly visualize the intersecting set, we
would need to consider all cj in the boundary of
C, since int(C) is not activated.

Figure 2.2: A visual alternative to the proof provided in Theorem 2.1.
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holds, such that

⋂
c∈C

{
x ∈ R3 | ∥c∥∥x∥ ≤ c⊤x

cosβ

}
=

{
x ∈ R3 | ∥r∥∥x∥ ≤ r⊤x

cos(β − θ)

}
, (2.13)

where the set C ⊆ R3 is defined by another SOC as

C ≜
{
c ∈ R3 | ∥r∥∥c∥ ≤ r⊤c

cos θ

}
, (2.14)

such that r ∈ R3 and θ, β ∈ R are constant, where we additionally impose the angular

constraints

0 ≤ θ < β <
π

2
. (2.15)

Proof. We can apply the shorthand set notation to the problem defined in equation (2.13)

as ⋂
c∈C
Ac = B,

where

Ac ≜

{
x ∈ R3 | ∥c∥∥x∥ ≤ c⊤x

cosβ

}
,

B ≜

{
x ∈ R3 | ∥r∥∥x∥ ≤ r⊤x

cos(β − θ)

}
.

To show set equivalence, we must show the following two properties hold:

1. Set inclusivity condition (∩Ac ⊇ B): show that if x ∈ B, then x ∈ Ac for every

c ∈ C.

2. Set exclusivity condition (∩Ac ⊆ B): show that if x /∈ B, then there exists some

c ∈ C such that x /∈ Ac.

Part 1: set inclusivity condition. Consider a linear decomposition of vector c to a basis

{r, v, w} such that

c = αrr + αvv + αww, (2.16)
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with r ⊥ v, r ⊥ w and v ⊥ w. For some vector c ∈ C, we can choose a proper v ∈ R3 such

that αw = 0 and αv ≥ 0 (polar coordinate representation), reducing the linear decomposition

to

c = αrr + αvv. (2.17)

For c ∈ C, the inequality relationship

cos θ ≤ r⊤c

∥r∥∥c∥
≤ 1 (2.18)

holds. Then, we ultimately seek to show that

r⊤c

∥r∥∥c∥
≥ cos θ =⇒

∣∣∣∣ v⊤c

∥v∥∥c∥

∣∣∣∣ ≤ sin θ. (2.19)

To do this, consider the right triangle formed by αrr, αvv and c. We can define the angle

between r and c as ϕ, and the angle between v and c as ψ, noting that under the right

triangle, ϕ + ψ = π/2. By definition, we also know that ϕ ≤ θ =⇒ cosϕ ≥ cos θ, which

forms the relationship
r⊤c

∥r∥∥c∥
= cosϕ ≥ cos θ. (2.20)

This consequently implies that ψ ≥ π/2 − θ =⇒ cosψ ≤ cos(π/2 − θ) = sin θ. We also

note that the angle ψ remains the same regardless of the signage of v. Thus, we have the

relationships

v⊤c

∥v∥∥c∥
= cosψ ≤ sin θ, (2.21a)

− v⊤c

∥v∥∥c∥
= cosψ ≤ sin θ, (2.21b)

which, when combined, allow us to obtain the relationship described in (2.19). Then, we

arrive at the bounds

− sin θ ≤ v⊤c

∥v∥∥c∥
≤ sin θ. (2.22)

By plugging in the decomposition of c from equation (2.17) into equations (2.18) and (2.22),
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we arrive at a set of relationships in terms of the basis weights

∥c∥
∥r∥

cos θ ≤ αr ≤
∥c∥
∥r∥

, (2.23a)

0 ≤ αv ≤
∥c∥
∥v∥

sin θ, (2.23b)

where we note that equation (2.23a) implies αr ≥ 0 (since cos θ > 0 when θ < π/2), and

that αv is lower-bounded to zero due to the aforementioned domain restriction. We can

then apply a similar linear decomposition of vector x with the same basis {r, v, w} as

x = γrr + γvv + γww. (2.24)

Then, we can use the definition of a vector x ∈ B to apply (2.13) such that

cos(β − θ) ≤ r⊤x

∥r∥∥x∥
≤ 1, (2.25)

and apply the same argument used for (2.22) to arrive at the relationships

− sin(β − θ) ≤ v⊤x

∥v∥∥x∥
≤ sin(β − θ), (2.26a)

− sin(β − θ) ≤ w⊤x

∥w∥∥x∥
≤ sin(β − θ). (2.26b)

Consequently, we can plug in the decomposition of x from equation (2.24) into equations

(2.25)-(2.26b) to arrive at a set of relationships in terms of basis weights

∥x∥
∥r∥

cos(β − θ) ≤ γr ≤
∥x∥
∥r∥

, (2.27a)

−∥x∥
∥v∥

sin(β − θ) ≤ γv ≤
∥x∥
∥v∥

sin(β − θ), (2.27b)

− ∥x∥
∥w∥

sin(β − θ) ≤ γw ≤
∥x∥
∥w∥

sin(β − θ), (2.27c)

where we note, once again, that equation (2.27a) implies γr ≥ 0 (since cos(β − θ) > 0 when

β − θ < π/2). Ultimately, we need to show that for any c ∈ C and x ∈ B, that x ∈ Ac, such
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that the relationship

cosβ ≤ c⊤x

∥c∥∥x∥
(2.28)

is satisfied. We can plug in the decompositions of c and x to arrive at the relationship

c⊤x

∥c∥∥x∥
=
αrγr∥r∥2 + αvγv∥v∥2

∥c∥∥x∥
. (2.29)

Then, we can minimize the right-hand side to obtain an inequality

min

{
αrγr∥r∥2 + αvγv∥v∥2

∥c∥∥x∥

}
≤ c⊤x

∥c∥∥x∥
. (2.30)

We have, by definition, that αr, αv, γr ≥ 0 and γv ∈ R,. Then, to perform the minimiza-

tion in equation (2.30), we need to minimize αr, γr, γv and maximize αv. We can use the

previously-defined bounds on each term to do this; plugging in yields the relationship

min

{
αrγr∥r∥2 + αvγv∥v∥2

∥c∥∥x∥

}
(2.31a)

= cos θ cos(β − θ)− sin θ sin(β − θ) (2.31b)

= cosβ, (2.31c)

where the last relationship can be shown through trigonometric expansion. Therefore, we

have that equation (2.28) is satisfied, and so the set inclusivity condition is shown.

Part 2: set exclusivity condition. We now wish to look at the case in which x /∈ B,

such that
r⊤x

∥r∥∥x∥
< cos(β − θ). (2.32)

Moreover, we wish to find some c ∈ C such that x /∈ Ac, such that

c⊤x

∥c∥∥x∥
< cosβ. (2.33)
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We can start by using the definition of the projection x onto r, stated as

projrx =
r⊤x

r⊤r
r, (2.34)

We would like to consider the vector c ∈ C that is as far away from the vector x (in terms of

angular displacement) as possible. In geometric consideration of this, we construct c on the

boundary of C with a component perpendicular to r pointing in the direction of − ⊥ projrx

(defined under projrx+ ⊥ projrx = x). We can once again consider a decomposition of c as

c = αr− ⊥ projrx, (2.35a)

= αr +
r⊤x

r⊤r
r − x, (2.35b)

where α can be found using the relationship

r⊤c

∥r∥∥c∥
= cos θ (2.36a)

=⇒ ∥r∥
∥c∥

α+
r⊤x

∥r∥∥c∥
− r⊤x

∥r∥∥c∥
= cos θ (2.36b)

=⇒ α =
∥c∥
∥r∥

cos θ. (2.36c)

We can also find ∥c∥2 = c⊤c from equation (2.35) simplified as

∥c∥2 = α2∥r∥2 + ∥x∥2 sin2(ψ) (2.37a)

=⇒ ∥x∥
∥c∥

=
sin θ

sinψ
, (2.37b)

where ψ is the angle between r and x such that cosψ = r⊤x/(∥r∥∥x∥), and the last

relationship comes from plugging in the definition of α from equation (2.36). Then, we can
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use these substitutions to transform equation (2.33) into the relationship

c⊤x

∥c∥∥x∥
= α

r⊤x

∥c∥∥x∥
+

(r⊤x)2

∥c∥∥x∥∥r∥2
− ∥x∥
∥c∥

(2.38a)

=
r⊤x

∥r∥∥x∥
cos θ +

∥x∥
∥c∥

(
r⊤x

∥r∥∥x∥

)2

− ∥x∥
∥c∥

(2.38b)

= cos θ cosψ − ∥x∥
∥c∥

(
1− cos2 ψ

)
(2.38c)

= cos θ cosψ − ∥x∥
∥c∥

sin2 ψ (2.38d)

= cos θ cosψ − sin θ sinψ (2.38e)

= cos(θ + ψ), (2.38f)

where relation (2.38a) comes from equation (2.35), relation (2.38b) comes from equation

(2.36), relation (2.38c) comes from the definition of ψ, relation (2.38e) comes from equation

(2.37), and the remaining relations come from trigonometric identities. We can also observe

that, when x /∈ B, the relationship

cosψ < cos(β − θ) (2.39a)

=⇒ θ + ψ > β (2.39b)

=⇒ cos(θ + ψ) < cosβ (2.39c)

must hold. Thus, we have shown that x /∈ Ac when x /∈ B as

c⊤x

∥c∥∥x∥
= cos(θ + ψ) < cosβ, (2.40)

and, consequently, the set exclusivity condition is shown.
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2.3.1 Connection to the FOV Set Inclusion Problem

We can revisit the relationship in equation (2.9), which is stated in expanded form as follows:

⋂
(rI(t),ξ)∈C

{
(bI(t), ξ) | ∥ξ∥ ≤

ξ⊤bI(t)

cosβ

}
=

{
(rI(t), bI(t)) | ∥zI − rI(t)∥ ≤

(zI − rI(t))⊤bI(t)
cos(β − θ(t))

}
,

(2.41a)

C =
{
(rI(t), ξ) | ∥zI − rI(t)∥∥ξ∥ ≤

(zI − rI(t))⊤ξ
cos θ(t)

}
. (2.41b)

Using Theorem 2.1, we can see that the above equivalence holds for any rI(t) ∈ R3 such

that θ(t) < β, which we explicitly constrained by imposing equation (2.12). Then, it follows

that we can impose the right-hand side of the equivalence as an additional constraint even

when rI(t) is a decision variable, provided rI(t) belongs to a valid domain enforced by

equation (2.12).

2.4 The Constrained Visibility Guidance Problem Statement

In this section, we define the full constrained visibility guidance (cvg) framework by im-

posing the set-based viewplanning constraint set defined by equations (2.10a) and (2.12).

Moreover, these constraints are labeled pointing events and imposed as state-triggered con-

straints, along with other practical path constraints for practical PDG maneuvers. We show

how the resulting formulation can be stated as a nonconvex trajectory optimization problem

as in section 1.3.1, and how the problem can be solved using the ct-scvx algorithm as in

section 1.3.2.

2.4.1 Pointing Events as State-Triggered Constraints

The constraint set highlighted in equations (2.10a) and (2.12) enables guaranteed view-

planning of a set-based circular region of interest Zcirc, however in traditional mission

operations, these visibility constraints do not need to be applied at all times t ∈ [0, tf ].

Moreover, attempting to do so may lead to infeasible problems, motivating the importance

of state-triggered constraints (STCs), which are constraints triggered conditionally based

off an evaluated criterion as a function of state x(t). We consider the compound STC for-

mulation introduced in [129], wherein g(·) is a trigger function and cj(·), j ∈ [nc] are a series
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of constraint functions (with nc being the number of constraints to conditionally apply), by

enforcing the condition

g(x(t)) ≤ 0 =⇒
nc∧
j=1

cj(x(t)) ≤ 0. (2.42)

In this section, we propose an extension to the single-crossing trigger constraint set for-

mulated in [58]. We consider a number of events nevent where, for each event j ∈ [nevent],

we have an event activation trigger g+j and deactivation trigger g−j , with associated trigger

times t+j and t−j . We further require that these trigger conditions be strictly monotonic1

and feasible, such that

0 ≤ t+j < t−j ≤ tf . (2.43)

Then, we can impose the STC constraint set ∀j ∈ [nevent] as

g+j (x(t)) ≥ 0, ∀t ∈ [0, t+j ], (2.44a)

g+j (x(t)) = 0, t = t+j , (2.44b)

g+j (x(t)) ≤ 0, ∀t ∈ [t+j , t
−
j ], (2.44c)

c1(x(t)) ≤ 0, ∀t ∈ [t+j , t
−
j ], (2.44d)

...

cnc(x(t)) ≤ 0, ∀t ∈ [t+j , t
−
j ], (2.44e)

g−j (x(t)) ≥ 0, ∀t ∈ [t+j , t
−
j ], (2.44f)

g−j (x(t)) = 0, t = t−j , (2.44g)

g−j (x(t)) ≤ 0, ∀t ∈ [t−j , tf ]. (2.44h)

For our problem, we will consider nscan separate terrain scanning events, with the two

aforementioned constraints enforced for each event corresponding to a region of interest

1We note that this condition is typically acceptable in the powered descent context when considering a
trigger function such as altitude, which is typically expected to be monotonically decreasing with time.
This approach is also exact in time, removing intersample constraint violations observed with previous
methods. See [58] for a more in-depth explanation.
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with centroid and radius (zjI , ρ
j), denoted as

c1(x(t)) = ∥zjI − rI(t)∥ −
(zjI − rI(t))⊤R⊤I→B(t)bB

cos(β − θj(t))
, (2.45a)

c2(x(t)) =
ρj

sinβ
− ∥zjI − rI(t)∥ − ϵρ, (2.45b)

where

θj(t) = arcsin

(
ρj

∥zjI − rI(t)∥

)
. (2.46)

As a shorthand, we will denote the application of triggers in equations (2.44a)-(2.44c) and

(2.44f)-(2.44h) with the compound constraint T (g+j , g
−
j , t

+
j , t
−
j ) ≤ 0. To maintain consis-

tency with the ct-scvx algorithm, we must impose all of these constraints pointwise by se-

lecting a subset of knot points to impose them on a normalized discrete-time grid τK ⊂ [0, 1].

For each j, we choose τ+j , τ
−
j and impose the constraint T (g+j , g

−
j , τ

+
j , τ

−
j ) ≤ 0 as pointwise

equality and inequality constraints. Notably, equations (2.45a)-(2.45b) represent nonconvex

functions which must be linearized.

2.4.2 Other State & Control Path Constraints

The remainder of constraints considered in this specific problem definition are reasonably

standard for PDG applications. In terms of state constraints, we first consider bounds

on velocity terms. Moreover, translational velocity, vI(t), and angular velocity, ωB(t), are

upper bounded by terms vmax and ωmax, respectively, as

∥vI(t)∥ ≤ vmax, (2.47a)

∥ωB(t)∥ ≤ ωmax. (2.47b)

Additionally, a minimum altitude constraint is specified to ensure the vehicle does not

fly below the terrain (alternatively, a glide-slope constraint, as used in [5], could also be

considered), stated as

e⊤z rI(t) ≥ 0. (2.48)
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In terms of control constraints, we consider convex SOC constraints on both thrust, TB(t),

and torque, MB(t), with respect to quantities Tmax and Mmax, respectively, as

∥TB(t)∥ ≤ Tmax, (2.49a)

∥MB(t)∥ ≤Mmax. (2.49b)

We additionally consider a lower bound on thrust to account for standard engine minimum

throttling limitations with quantity Tmin as

Tmin ≤ ∥TB(t)∥. (2.50)

Notably, this constraint is nonconvex. Finally, if we opt to study a non-gimbaled engine

configuration, we must ensure the vehicle’s thrust is constrained to the body frame +x axis.

To do this, we must further constrain the thrust as

e⊤x TB(t) ≥ 0, (2.51a)

e⊤y TB(t) = 0, (2.51b)

e⊤z TB(t) = 0, (2.51c)

where {ex, ey, ez} represent the standard basis in E3 space. Going forwards, we note that

these constraints can be imposed both pointwise and continuously using the CTCS technique

mentioned in section 1.3.2; we will opt for pointwise constraint specification in the numerical

results.

2.4.3 Boundary Conditions

In terms of boundary conditions, each state term must be handled separately. The initial

mass of the vehicle is set to be the mass at the beginning of the maneuver, m0 ∈ R,

whereas the terminal mass is left as a free variable, lower-bounded by the minimum allowable
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remaining mass at the end of the maneuver, mmin, as

m(0) = m0, (2.52a)

m(tf ) ≥ mmin. (2.52b)

Position, velocity and angular velocity are equality-constrained at both initial and terminal

times as

rI(0) = r0, rI(tf ) = rf , (2.53a)

vI(0) = v0, vI(tf ) = vf , (2.53b)

ωB(0) = ω0, ωB(tf ) = ωf . (2.53c)

The main distinction, with respect to previous literature, is in the specification of attitude

boundary conditions. Due to the inclusion of the FOV constraints, we opted to leave

attitude free both at initial and terminal times to enable the optimizer to discover the best

attitude conditions. However, while quaternion dynamics (given by equation (2.1d)) are

norm-preserving, they require restriction of quaternion magnitude to unity at at least one

point in time. Thus, the nonconvex constraint must also be applied as

∥qI→B(t̂)∥ = 1, (2.54)

where we choose t̂ = 0 in implementation.

2.4.4 Reference Trajectory Initialization

As was mentioned in section 1.3.2, the ct-scvx algorithm requires an input reference trajec-

tory to serve as the initial guess (linearization point for the first iteration of the algorithm).

Traditionally, linear interpolation has been used for this class of problems, e.g. as in [124].

However, we present a new approach to producing an accurate initial guess for this spe-

cific problem structure. In practice, this new initialization has shown to produce stronger

convergence properties, and is – in many cases – necessary to converge to a solution at all.

We start by using the lossless convexification approach introduced in [4–6, 11] to produce
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Figure 2.3: This diagram illustrates the necessary steps to derive a proximal 6-DOF attitude
profile from a 3-DOF solution, with the tilt restriction on the left, and roll restriction
on the right.

a 3-DOF powered descent guidance solution. That is to say, we encode all aforementioned

constraints on states m(t), rI(t), vI(t) and control TI(t) (defined in the inertial frame rather

than body-fixed frame), with the introduction of a lossless convexification constraint to re-

place (2.50). Notably, this does not include the scanning STC constraints, as these must

be imposed on the attitude qI→B(t). Additionally, while the lossless convexification formu-

lation is fixed-final-time, a higher-level line-search can be implemented to find a solution

paired with an optimal time-of-flight.

Next, we would like to convert this 3-DOF problem into a proximal 6-DOF problem,

starting with the attitude of the vehicle parameterized by qI→B(t). A two-step process can

be used to define the body frame B relative to the inertial frame I in the 3-DOF context.

We will consider the construction of a unit quaternion q by a rotation angle-axis pair (θ, n̂),

where q ≜ [cos(θ/2), sin(θ/2)n̂⊤]⊤.

1. Tilt restriction. We start by considering an intermediate frame B′, where we apply

a shortest-arc rotation from inertial +x to TI(t), hence constraining the vehicle’s +x (tilt)
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axis. Then, we can define qI→B′(t) with angle-axis pair

θI→B′ = acos

(
e⊤x TI(t)

∥TI(t)∥

)
, (2.55a)

n̂I→B′ =
[ex×]TI(t)
∥[ex×]TI(t)∥

. (2.55b)

2. Roll restriction. Next, in the frame B′, we would like to roll the vehicle about the

+x axis such that the boresight vector bB′(t) is as closely-aligned with a desired pointing

direction pB′(t) as possible. To do this, we can project bB′(t) and pB′(t) to the B′ y-z plane

with a matrix P , defined as

P ≜

0 1 0

0 0 1

 . (2.56)

Consequently, the closest alignment is achieved when the boresight projection PbB′(t) is

aligned with desired projection PpB′(t). This secondary transformation will result in the

final proximal body-frame definition B, defined by qB′→B(t) with angle-axis pair

θB′→B = acos

(
b⊤B′(t)P

TPpB′(t)

∥PbB′(t)∥∥PpB′(t)∥

)
, (2.57a)

n̂B′→B = ex. (2.57b)

Then, we have that the proximal attitude realization qI→B(t) = qI→B′(t) ⊗ qB′→B(t). An

illustration of these transformations is displayed in Fig. 2.3. An important followup question

can be asked: how do we obtain pB′(t)? With consideration of aforementioned pointing

events, we can apply the following logic:

• During an event: if t ∈ [t+j , t
−
j ] for any j ∈ [nscan], simply point towards the centroid

of the event scanning region, such that pB′(t) = zjB′ − rB′(t).

• Between events: If t ∈ (t−j , t
+
j+1) for any j ∈ [nscan − 1], perform a spherical in-

terpolation on pB′(t) between pB′(t
−
j ) and pB′(t

+
j+1) with interpolation fraction f =

(t− t−j )/(t
+
j+1 − t

−
j ).

• Before the first event: If t ∈ [0, t+1 ), hold first event pointing direction pB′(t) =
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pB′(t
+
1 ).

• After the last event: If t ∈ (t−nscan
, tf ], hold last event pointing direction pB′(t) =

pB′(t
−
nscan

).

We note that this approach assumes events do not overlap, which can be enforced by

appropriate construction of the trigger functions and times. From this, we can use equations

(2.1d) and (2.1e) (or their discrete-time counterparts in the case of initial guess generation

for SCP) to compute the angular velocity profile ωB(t). Consequently, equation (2.1e) can

be used to obtain the moment profileMB(t) as well. However, these can also be interpolated

between boundary conditions or set to zero; the quaternion attitude profile is most critical

to obtaining a reliable initial guess for this problem class.

2.5 Numerical Results

In this section, we introduce a practical scenario in regards to perception-based exploration

of a planetary terrain environment during a powered descent guidance maneuver. Specif-

ically, we consider a mission objective wherein a reference vehicle is commanded to scan

different terrain regions while descending, with each scanning event triggered in a different

altitude envelope above ground. In the following subsections, we will discuss parameteriza-

tion of this scenario and assess simulation results.

2.5.1 Scenario Parameterization

The aforementioned scenario will consider three separate (non-overlapping) terrain scanning

events nscan = 3, with each trigger based strictly on the altitude of the vehicle. Moreover,

for an event j ∈ [nscan], we consider the constraint functions

g+j (rI(t)) = e⊤z rI(t)− h+j ,

g−j (rI(t)) = e⊤z rI(t)− h−j .
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Table 2.1: Terrain scanning scenario parameters.

Parameter Value Parameter Value

m0 1500 kg mmin 750 kg
r0 [4000, 600, 3000]⊤ m rf [0, 0, 0]⊤ m
v0 [−60, 30,−30]⊤ m/s vf [0, 0, 0]⊤ m/s
ω0 [0, 0, 0]⊤◦/s ωf [0, 0, 0]⊤◦/s

Tmin 600 N vmax 90 m/s
Tmax 3000 N ωmax 5◦/s
Mmax 50 N ·m
Isp 300 s JB diag([0.6, 4.2, 4.2]) kg ·m2

g0 9.81 m/s2 β 20◦

gI −[0, 0, 1.625]⊤ m/s2 bB [−
√
3/2, 0, 0.5]⊤

N 30 wo 1e− 1
ϵη 1e− 6 wη 1e2
ϵν 1e− 6 wν 1e3

Under this definition, the following terrain scanning STC parameters are considered:

Scan 1: h+1 = 2500 m, h−1 = 2100 m, ρ1 = 500 m, z1I = [3000, 1000, 0]⊤ m,

Scan 2: h+2 = 1700 m, h−2 = 1300 m, ρ2 = 300 m, z2I = [2000,−1000, 0]⊤ m,

Scan 3: h+3 = 900 m, h−3 = 500 m, ρ3 = 100 m, z3I = [1000, 0, 0]⊤ m.

Additionally, the trigger indices k+j and k−j , j ∈ [nscan], associated with chosen normalized

trigger times τ−j = τk−j
and τ+j = τk+j

, are chosen to be uniformly distributed across the

interval k ∈ [1, N ], but not such that the outer events start at the endpoints of the interval.

Moreover, we can construct a vector of indices K ∈ RN+2 which stores uniform linear

interpolations between 1 and N over N + 2 elements (with rounding to the nearest integer

for each element), from which we can assign the values:

{K2, . . . ,KN+1} → {k+1 , k
−
1 , . . . , k

+
nscan

, k−nscan
}.

This trigger node allocation heuristic has been (empirically) proven to work well for many
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Figure 2.4: This figure presents a visualization of the vehicle trajectory and terrain scan
events in regards to the candidate powered descent guidance scenario. The vehicle is de-
picted with a gray cylindrical body at each solver knot point, along with an orange arrow
corresponding to the (normalized) thrust vector. Terrain scanning events 1-3 are colored
red, blue, and green, respectively, with the boresight pointing vector, FOV cone and target
region color-coded. Additionally, the simulated trajectory is displayed in black, with colored
segments during the activation of each scanning event.

scenario variations in this problem class. We also consider a minimum-cumulative-thrust

objective for this problem, such that

J(x̃, ũ) =

∫ tf

t0

∥TB(t)∥ dt.

All other scenario parameters are presented in Table 2.1.
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Figure 2.5: This figure presents various time signals of interest in regards to the candidate
powered descent guidance scenario introduced, with color-coded scan events and constraint
bounds.

2.5.2 Analysis & Discussion

From Fig. 2.4, a visualization of the vehicle maneuver can be seen, including the solver

output at each knot point, as well as the simulated continuous-time solution (using fourth

order Runge-Kutta integration). The solution was obtained on a 2023 Razer Blade 15”

laptop2 using the JuMP (Julia programming language) parser [35] and open-source ECOS

second-order cone program solver [33], achieving a net solve time of 4.35 seconds over 19

prox-linear iterations with N = 30 nodes. From the aforementioned figure, it can be visually

observed that all scanning targets are kept within view (as shown by the overlayed conic

projections onto the surface). To validate that this is indeed the case, we can define the

maximum visibility angle, γ, which records the maximum angle between the boresight vector

2This laptop has an AMD Ryzen 9 6900HX CPU with 3301 Mhz clock speed and 8 cores.
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bI(t) and all feasible3 relative directions to points within the target set Zcirc. More formally,

this term is defined as

γ = max

{
acos

(
(z̃ − rI(t))⊤bI
∥z̃ − rI(t)∥

)
, ∀z̃ ∈ Zcirc

}
.

From Fig. 2.5, we can observe this signal γ(t) for all three scanning events, and see that it

falls below the maximum threshold, which is equivalent to the FOV half-angle, β. It would

appear that the constraint is activated in the first scan, however, upon closer inspection,

there is indeed a small gap explained by the conservatism of the Zball set approximation, as

discussed in section 2.2. All other signals are validated to satisfy their required constraints

at the discretized knot points, however in some cases, we can observe non-trivial intersample

constraint violation between knot points. Particularly in regards to the angular rate ωB(t),

intersample constraint violations between pointing events are of large violation magnitude.

Upon further inspection, it can be seen that these violations are concentrated on the roll

rate e⊤x ωB(t), suggesting that the violations are a result of large roll transition requirements

between scanning events. As an extension of these numerical results, we propose that testing

with the CTCS specification in the ct-scvx algorithm may allow us to remedy this concern

in future developments.

3In practice, we uniformly sample points about the circumference of Zcirc to approximately compute the
maximum.
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Chapter 3

ACTIVE SIMULTANEOUS LOCALIZATION & MAPPING

3.1 Introduction

In the previous chapter, we introduced a collection of techniques to model direct line-of-sight

to structured sets in cartesian space. However, a series of important questions still linger:

1. How do we determine how long to look at a point or region, and in what order?

Moreover, how should we parameterize the aforementioned state-triggered constraints?

2. How can we relate these decisions to the core objectives we want to satisfy during task

planning, such as meeting a 3σ uncertainty requirement at the terminal condition?

In terms of state estimation, the problem of jointly estimating both the intrinsic pose of

the perceiving vehicle, and the locations of map elements, has been historically addressed as

the simultaneous localization and mapping (SLAM) problem [21]. More recently, the related

active SLAM problem has been introduced to address the combination of SLAM state

estimation techniques with forward-horizon (predictive) trajectory planning [104]. In this

chapter, the state-of-the-art in active SLAM techniques is analyzed, and a novel modeling

technique is presented (act-slam) based on the work of [16].

3.1.1 Related Literature

We begin by detailing the various forms of the SLAM problem and their relation to each

other from a discrete-time perspective. We consider a vehicle state at a time tk denoted xk ∈

Rnx , with a corresponding finite set of map elements denoted as {mj
k}

nℓ
j=1 with nℓ denoting

the number of map elements. These map elements are often referred to as landmarks and

This chapter is based on work previously published as [16]. Reprinted by permission of the American
Institute of Aeronautics and Astronautics, Inc.
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Figure 3.1: The autonomy module architecture framed in the context of the active SLAM
problem (otherwise referred to as active perception and guidance-navigation codesign in the
aerospace context).

expressed with position information in the context of spatial perception (such that mj
k

denotes the position of landmark j at time tk). We can then denote a joint system state

zk ≜ (xk,mk) wheremk ≜ (m1
k, . . . ,m

nℓ
k ) to concisely express both the vehicle and landmark

states. In addition, the system is also capable of taking perceptive measurements, denoted

as yk ∈ Rny . Then, under the Markov assumption [132], we can estimate the posterior

distribution on zk conditioned on the most recent measurement yk and previous state zk−1

as

p(zk | zk−1, yk). (3.1)

Estimating this posterior in isolation is often referred to as the online SLAM problem.

A common extension of this modeling technique concerns jointly estimating a collection

of posteriors over some backwards-horizon history of measurements over sample count N ,

where the posterior at each time-step acts as a prior for the following time-step. This class

of techniques is often referred to as offline or batch SLAM, where the batch posterior is



43

Figure 3.2: Comparison of the estimation process between different SLAM problems.

expressed as

p(zk | zk−N :k−1, yk−N+1:k) =

(
k∏

i=k−N+1

p(zi | zi−1, yi)

)
p(zk−N ), (3.2)

where p(zk−N ) corresponds to the batch prior (oldest measurement in a sliding window,

for example). This approach is commonly chosen over online SLAM to produce a more

accurate posterior estimation and apply outlier robustness measures. Similarly, the active

SLAM problem can be expressed over a forward horizon over sample countM with a similar

batch approach to estimating the posterior

p(zk+M | zk:k+M−1, yk+1:k+M ) =

(
k+M∏
i=k+1

p(zi | zi−1, yi)

)
p(zk), (3.3)

where p(zk) still corresponds to a batch prior, in this case the known state distribution at

the beginning of the planning maneuver. A visual comparison between these problems is

provided in figure 3.2. The remainder of this section will focus on expressing solutions to

the active SLAM problem while borrowing from modeling approaches expressed with online

and offline SLAM.

Remark 3.1. While the prior SLAM problem statements are presented in discrete-time

form, they can be readily extended towards continuous-time modeling by taking ∆t → 0

where ∆t = (tk−tk−1). In the case where measurements must be treated as quantized (online
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and offline SLAM), this modeling approach may present unwarranted additional complexity,

however in the active SLAM context, measurements may be reasonably approximated with

a continuous-time model, as will be seen in the following subsection. Moving forward, all

active SLAM problems will be posed in continuous-time.

In the aerospace parlance, we may often-times refer to the problem of trajectory plan-

ning as guidance, and to the problem of state estimation as navigation. As illustrated by

figure 3.1, we can then consider the problem of active SLAM to be akin to the problem of

guidance-navigation co-design, where we seek to jointly satisfy both guidance and naviga-

tion objectives simultaneously. We will now revisit the powered descent guidance (PDG)

maneuver mentioned in the previous chapter. Beyond the pointing event/state-triggered

constraint approach mentioned previously, the problem of guidance-navigation co-design

has been addressed more directly through a number of approaches. Robust Trajectory

Optimization (RTO) [22] has been proposed to optimize entry, descent and landing (EDL)

maneuvers through the use of a genetic algorithm as the (sampling-based) optimizer over co-

variance terms from a forward propagation (simulation) of linear covariance analysis [43,44].

Although this method provides a capable co-design approach for upstream phases of EDL

maneuvers, the sampling-based nature of the algorithm limits it to optimization over only

a few variables (in the case of Calkins et al. [22], two variables). For the downstream PDG

maneuvering phase, substantially more resolution in terms of optimization variables is re-

quired to find a solution which can satisfy all path constraints when using numerical optimal

control techniques such as those aforementioned1. This would be prohibitively expensive or

even intractable to optimize with sampling-based methods, motivating a new approach for

co-design under highly-constrained mission scenarios. Ticozzi et al. [133] present a factor

graph-based technique for guidance-navigation co-design in the context of perceptive space-

craft maneuvers by directly solving the active SLAM problem, however are still restricted

to the same limitations of zeroth-order (sampling-based) optimization.

1For example, a trajectory optimization with 10 discrete knot points and 6 control elements (thrust and
torque terms), parameterized with a first-order hold, corresponds to 10 × 6 = 60 variables that must be
optimized for at a minimum.
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Figure 3.3: Illustration demonstrating the modeling approach behind the ACT-SLAM tech-
nique applied to the active sensing problem.

Other techniques have been developed that attempt to embed guidance-navigation co-

design directly within gradient-based trajectory optimization templates. This includes a

map covariance minimization technique for PDG scenarios [54] and discrete-time active map-

ping without path constraints applied to robotic locomotion in closed environments [66,67].

In this work, we attempt to extend these existing developments to a point of further gener-

ality that makes the approach amenable to the canonical continuous-time optimal control

problem (CT-OCP) template given by problem (1.1). We focus our efforts specifically on

application to the PDG problem with a perceptive range-based sensor (e.g. LiDAR) to form

the measurement model for estimation, where the system relies on these measurements to

produce an accurate navigational solution in terms of its own state and the terrain envi-

ronment. Guidance-navigation co-design for perceptive maneuvers is notably difficult due

to the tight positional and attitude restrictions necessary to perform pointing maneuvers

while landing, making them a suitable stress test for the proposed approach. We refer to

this problem as the active sensing problem going forwards.
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3.1.2 Contributions

In this chapter, we introduce a novel, computationally-tractable technique towards solving

the general-form active sensing problem as an instantiation of active SLAM. This tech-

nique provides a synthesis of optimal estimation and optimal control properties while being

embedded directly into a CT-OCP problem template, making it an appropriate candidate

for modern PDG maneuver design relative to pre-existing approaches in the literature.

This modeling approach considers a vehicle state x(t) ∈ Rnx and corresponding control

input u(t) ∈ Rnu , where the vehicle state must necessarily contain at least a six degree-of-

freedom (6-DoF) rigid body representation [126] to model LiDAR measurements, typically

parameterized as an inertial position r(t) ∈ R3 and inertial-to-body quaternion q(t) ∈ S3,

where S3 represents the unit 3-sphere manifold in R4. Additionally, a region of inter-

est is identified with respect to the ground terrain, and a set of positional landmarks are

characterized within this region as mj(t) ∈ R3, j = 1, . . . , nℓ, with the full map state

represented as m(t) ≜ (m1(t), . . . ,mnℓ
(t)). The vehicle and map states are consequently

modeled as multivariate Gaussian random variables such that x(t) ∼ N (µx(t),Σx(t)) and

m(t) ∼ N (µm(t),Σm(t)), respectively, with cross-correlation terms Σxm(t). LiDAR mea-

surements are used to directly correlate and reduce both vehicle uncertainty Σx(t) and

mapping uncertainty Σm(t). A free-final-time trajectory optimization problem is mod-

eled under decision variables d(t) ≜ (µx(t), µm(t),Σx(t),Σm(t),Σxm(t), u(t)) over time span

t ∈ [0, tf ], where µx(t), u(t) must satisfy traditional PDG path constraints as part of the

guidance requirements2, and Σx(t),Σm(t) must satisfy 3σ error budget constraints as part

of the navigation requirements. The optimization output µx(t), u(t) can then serve as the

nominal trajectory, which can be computed either offline (in a trajectory design/shaping

context), or online (recursively revising the guidance solution based on new priors or a shift-

ing region of interest). This explicit characterization of covariance propagation in trajectory

optimization relates our technique to the well known class of methods known as covariance

steering [36, 95, 113], with the additional characterization of measurement covariance con-

tributions (as opposed to purely process covariance) as will be explored in the following

2Examples of path constraints typical to PDG problems include bounds on thrust and torque control terms
and glideslope constraints.
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sections.

The proposed approach is labeled Active Continuous-Time Simultaneous Localiza-

tion and Mapping (act-slam), which consists of the following key components that

form its core contribution to the literature:

1. Actively optimizes over a Gaussian trajectory distribution over the forward time hori-

zon through explicit mean & covariance representation in a continuous-time optimal

control problem (CT-OCP). Specifically, the continuous-time successive convexifica-

tion (ct-scvx) [37] technique is chosen for real-time nonconvex trajectory optimization.

2. Uses a continuous-time optimal estimation model–the extended Kalman-Bucy fil-

ter [114]–to embed the aforementioned Gaussian trajectory distribution as a set of

differential equations within a CT-OCP template.

3. Models the joint relationships between uncertainty in the vehicle’s position and un-

certainty in the mapped terrain environment through the use of simultaneous lo-

calization and mapping (SLAM) [122] modeling approaches.

A graphical illustration of the act-slam approach is provided in figure 3.3. The remainder

of this chapter is structured as follows. Section 3.2 presents a continuously-differentiable

Gaussian filtering model posed in continuous-time. Section 3.3 uses this filtering model to

propose the act-slam optimization problem solved with the ct-scvx algorithm. Section

3.4 provides high-fidelity simulation, model validation and literature comparison results.

3.2 Continuous-Time Differentiable Filtering

We first concern ourselves with deriving a continuously-differentiable representation of an

optimal measurement filtering model representing a solution to equation (3.3), enabling us

to embed a Gaussian trajectory distribution in the optimization dynamics. This effort can

be considered the state estimation (navigation) component of the aforementioned co-design

process. We start by defining a continuous-time stochastic state-space system, parameter-
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ized with a system state vector z(t) ∈ Rnz and observation vector y(t) ∈ Rny , such that

.
z(t) = f(z(t), u(t)) + w(t), (3.4)

y(t) = h(z(t)) + v(t), (3.5)

where f : Rnz×Rnu → Rnz corresponds to the process dynamics, h : Rnz → Rny corresponds

to the observation model, and w(t) ∈ Rnz , v(t) ∈ Rny correspond to zero-mean temporally-

uncorrelated Gaussian processes for the process and observation models, with covariances

W (t) ∈ Rnz×nz and V (t) ∈ Rny×ny defined, for a fixed t ∈ R and for any t̂ ∈ R, as

E[w(t)w(t̂)⊤] =W (t)δ(t− t̂), (3.6)

E[v(t)v(t̂)⊤] = V (t)δ(t− t̂), (3.7)

where δ corresponds to the Dirac delta function. We note that, under this definition, the

system state will also define a Gaussian process such that, for each fixed time t ∈ R, its

marginal distribution is characterized with a mean µ(t) ∈ Rnz and covariance Σ(t) ∈ Rnz×nz

such that

µ(t) = E[z(t)], (3.8)

Σ(t) = E[(z(t)− µ(t))(z(t)− µ(t))⊤]. (3.9)

We remark that this notation to describe stochastic systems avoids the formalized use

of stochastic differential equations, however is a common and accepted shorthand [43, 56,

86], and all following results apply without loss of generality to the formalized expression.

Traditional spaceflight-grade navigation filters make use of the hybrid extended Kalman

filter (hybrid-EKF), which splits the mean and covariance propagation into prediction and

update steps over a time interval t ∈ [tk−1, tk]. Note that we use the shorthand ϕk = ϕ(tk)

for a variable ϕ(t) to denote evaluation of a continuous-time variable at discrete time tk.
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The hybrid-EKF is summarized with the following system of equations:

(predict)
.
µ(t) = f(µ(t), u(t)), (3.10)

.
Σ(t) = F (t)Σ(t) + Σ(t)F (t)⊤ +W (t), (3.11)

(update) µk = µ−k +Kk(yk −Hkµ
−
k ), (3.12)

Σk = (I −KkHk)Σ
−
k , (3.13)

Kk = Σ−kH
⊤
k (HkΣ

−
kH

⊤
k + Vk)

−1, (3.14)

where F (t), H(t) define measurement partials about a given reference (z̄(t), ū(t))

F (t) =
∂f(z(t), u(t))

∂z(t)

∣∣∣∣
(z̄(t),ū(t))

, (3.15)

H(t) =
∂h(z(t))

∂z(t)

∣∣∣∣
z̄(t)

. (3.16)

This technique involves integrating the prediction-side system of differential equations, then

performing discrete updates at a frequency that is notionally aligned with a measurement

acquisition rate. Specifically, equations (3.10)-(3.11) are integrated across t ∈ [tk−1, tk) from

µk−1,Σk−1 to produce µ−k ,Σ
−
k , and a discrete measurement update at time tk is applied to

µ−k ,Σ
−
k to produce µk,Σk. This approach has been explored for both online, embedded

implementations [42] and offline linear covariance analysis [144, 146]. Consider a concate-

nated filtering state ζ(t) ≜ (µ(t), vec(Σ(t))) ∈ Rnζ , where nζ = nz + n2z and define mapping

g̃ : Rnζ×ny×nu → Rnζ such that
.
ζ = g̃(ζ, y, u) satisfies equations (3.10)-(3.14). Due to

the discrete update equations (3.12)-(3.14), this mapping is defined as a hybrid dynamical

system [45]. While this system is considered sound within the context of state estimation,

hybrid dynamical systems present substantial numerical complexity when embedded within

a CT-OCP problem formulation [102], motivating an alternative formulation which removes

the discrete-time update step.

To address this concern, we can instead consider an alternative formulation for the Kalman

filter which is expressed entirely as a set of continuous-time differential equations, known as

the extended Kalman-Bucy filter (EKBF) [114]. Moreover, this filter contains the following
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system of differential equations to couple the aforementioned predict and update steps as

.
µ(t) = f(µ(t), u(t)) +K(t)(y(t)− h(µ(t))), (3.17a)

.
Σ(t) = F (t)Σ(t) + Σ(t)F (t)⊤ +W (t)−K(t)H(t)Σ(t), (3.17b)

K(t) = Σ(t)H(t)⊤V (t)−1. (3.17c)

Considering the same filtering state ζ(t), we can define mapping g : Rnζ×ny×nu → Rnζ such

that
.
ζ = g(ζ, y, u) satisfies equations (3.17a)-(3.17c), and note that this new dynamical

equation is fully continuous, thus is readily amenable to CT-OCP formulations.

3.2.1 Differentiable SLAM Modeling

Now that we have formed the continuous-time Kalman filtering model, we can relate this

model to the SLAM problem, which pertains to modeling the joint correlations between the

vehicle state and landmark states to concurrently reduce both. The SLAM problem [122]

provides an assortment of well-established approaches towards directly parameterizing these

vehicle-map relationships, and has been explored for powered descent guidance problems in a

strictly estimation sense [42,102]. One such approach that is particularly well-suited towards

trajectory optimization is the EKF-SLAM approach, wherein the vehicle and landmark

states are directly concatenated to form the system state, and filtered through an EKF. In

this work, we extend EKF-SLAM towards a continuous-time variant, EKBF-SLAM, and

assert certain formulation nuances to recover a model consistent with perceptual estimation

yet tractable with numerical trajectory optimization methods.

We start by parameterizing a vehicle state x(t) ∈ Rnx with a corresponding control

u(t) ∈ Rnu , and additionally parameterize the environment with a discrete set of posi-

tion landmarks mj(t) ∈ R3, j = 1, . . . , nℓ such that the full map state is represented as

m(t) = (mj(t))
nℓ
j=1 ∈ R3nℓ . Then, the system state is defined as the concatenation of the

vehicle and map states, such that z(t) = (x(t),m(t)), which can be directly fed into the

system of EKBF equations defined in (3.17a)-(3.17c). Notably, this design leads to vehicle-

map partitions on the stochastic state-space model terms, where subscripts x,m index out
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the vehicle and mapping components of each term, stated as

µ =

µx
µm

 , Σ =

 Σx Σxm

Σ⊤xm Σm

 , f =

fx
fm

 , W =

Wx 0

0 Wm

 .
We show all partitions for generality, however note that for a static terrain-based environ-

ment, the map dynamics will be taken to be fm(·) = 0 with Wm(·) = 0. At this point,

we must assert some system assumptions and modifications to the EKBF model to relate

our formulation to the SLAM problem. Notably, we must relate the vehicle and map state

uncertainties through the concept of perceptive measurements in a restricted field of view.

To do this, we must assert several assumptions about our vehicle model and configuration.

We start by defining an inertial (world) frame I and six degree-of-freedom (6-DOF) rigid

body frame representation B affixed to the vehicle. Then, the following assumptions are

made:

Assumption 3.1. The vehicle state x(t) contains a 6-DOF pose representation parame-

terized by an inertial position rI and inertial-to-body transformation matrix RI→B(t). We

could also consider a reduced-order attitude representation, such as a quaternion, however

we must be able to recover a transformation matrix via some closed-form relation. In the

remainder of this subsection, we will drop the subscripts for these terms for notational con-

venience.

Assumption 3.2. The vehicle contains a restricted field-of-view (FOV) perceptive sensor

that acquires range-based measurements (such as a LiDAR sensor), with a body-fixed bore-

sight pointing vector b and FOV half-angle βmax.

Wemust further modify the definition of our measurement noise term to be state-dependent,

such that v(t) = v(z(t)) =⇒ V (t) = V (z(t)). Let us first define a range-based measurement

model to each landmark as

hj(z(t)) = ∥mj(t)− r(t)∥2. (3.18)

We consequently have ny = nℓ measurements corresponding to each landmark, with the full

measurement function defined as h(z(t)) = (hj(z(t)))
nℓ
j=1. We can also define a range-based
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standard deviation of the measurement noise to each landmark as

σ̃j(z(t)) = γ1exp(γ2hj(z(t))), (3.19)

where γ1, γ2 represent hardware constants. This type of exponential noise model for range-

based measurements is common practice in the modeling of LiDAR sensors, and has been

validated for accuracy in the context of both spacecraft [130] and autonomous driving

[141]. Because our range-based measurements require line-of-sight to the landmark, we

must further define the line-of-sight set Fj such that z(t) ∈ Fj implies that landmark mj

is in line-of-sight of the sensor. More rigorously, we define angle β(t) as the angle between

relative distance ∆rj(t) = mj(t)− r(t) and R(t)⊤b (where application of R(t) is necessary

to express the boresight vector in the inertial frame). Then, the objective is to find Fj as

the set such that β(t) ≤ βmax. This leads to the definition

Fj =

{
r,R,mj ∈ z

∣∣∣∣ (R⊤b)⊤(mj − r)
∥mj − r∥2

≥ cosβmax

}
. (3.20)

Because of the line-of-sight requirement, we must revise our noise model to be state-

dependent, such that the noise standard deviation is (effectively) infinite when the landmark

is outside the FOV of the vehicle, since no measurement can be made under this condition.

This can be done with a model building on the noise definition in equation (3.19) stated as

σj(z(t)) =


σ̃j(z(t)), z(t) ∈ Fj ,

∞, else.

(3.21)

Moreover, we are interested in the reciprocal of the noise

σ−1j (z(t)) =


σ̃−1j (z(t)), z(t) ∈ Fj ,

0, else.

(3.22)

This definition notably contains a discontinuity when crossing the boundary of set Fj . As

will be seen in the next section, gradient-based trajectory optimization techniques (typically)
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Figure 3.4: A visual interpretation of the set ΨC(c,θ).

have the requirement that the dynamics model be expressed as C1−differentiable. To address

the discontinuity in equation (3.22), we must first establish several important definitions.

Definition 3.1 (Signed distance function). The signed distance function (SDF) of a

set S is defined as

ΨS(x) ≜


−minx⋆∈∂S ∥x− x⋆∥2, x ∈ S,

minx⋆∈∂S ∥x− x⋆∥2, x /∈ S.
(3.23)

Definition 3.2 (Dot-product second order cone). The class of dot-product second order

cones C can be parameterized with a pointing vector c ∈ Rn and half-angle θ ∈ R using the

trigonometric dot product relation such that

C(c, θ) ≜
{
x ∈ Rn | c⊤x

∥c∥2∥x∥2
≥ cos θ

}
. (3.24)

By applying definitions 3.1 and 3.2, we can derive the SDF for a second-order cone C as

ΨC(c,θ)(x) =


∥x∥2 sin(γc(x)− θ), γc(x) ≤ θ + π/2,

∥x∥2, γc(x) > θ + π/2,

(3.25)
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where γc represents the angle between x and c

γc(x) = cos−1
(

x⊤c

∥x∥2∥c∥2

)
. (3.26)

Using this definition, the SDF for a set Fj can be defined as

ΨFj (z(t)) = ΨC(b,βmax)(R(t)(mj(t)− r(t))). (3.27)

A visualization of this set is provided in figure 3.4. The geometric intuition behind the

SDF function (3.23) is that it defines the magnitude of the orthogonal projection of any

vector input to the boundary of a set, with a sign to indicate whether this point belongs

inside or outside the set, giving it favorable numerical properties when applying smoothing

operations about the set boundary. With this definition in place, we still need to deal with

the discontinuity existing in the aforementioned noise model.

Definition 3.3 (Sigmoid Function). The sigmoid function Φκ : R → R [69] provides a

C1-differentiable expression which tends towards 0 as x→ −∞ and towards 1 as x→ +∞,

with a sharpening parameter κ ∈ R, where κ → ∞ recovers the Heaviside (step) function,

and is defined as

Φκ(x) ≜ 1− (1 + exp(κx))−1 . (3.28)

Using definition 3.3, we can develop a smooth approximation to the Heaviside (step)

function, and compose this approximation with the numerically well-conditioned SDF in

equation (3.27) to obtain an approximation to the range-based noise standard deviation,

which we denote σ−1κ,j(z) as

σ−1κ,j(z) = σ̃−1j (z)
(
1− Φκ(ΨFj (z))

)
. (3.29)

Then, the measurement noise covariance matrix is defined as a diagonal matrix, where the

jth diagonal element of the matrix inverse is defined as

(
Vκ(z)

−1)
j,j

=
(
σ−1κ,j(z)

)2
. (3.30)
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Figure 3.5: Left: Visual interpretation of the geometry underlying the FOV set Fj . Right:
Visual interpretation of the sigmoid smoothing approximation Φκ and what it provides for
gradient-based trajectory optimization. The gradient of this function, ∇Φκ, is non-zero
at all points in its domain, and when performing numerical gradient descent to minimize
uncertainty associated with the measurement noise σj (or some proximal objective that im-
plicitly seeks to minimize this uncertainty), the optimizer ”pushes” in the direction towards
perceiving landmarks in the FOV of the vehicle’s range-based sensor.

We now revisit the EKBF system of equations (3.17a)-(3.17c), and modify the covariance

update component with the smoothed approximation to the Kalman gain as

.
Σ(t) = F (t)Σ(t) + Σ(t)F (t)⊤ +W (t)−Kκ(µ(t))H(t)Σ(t), (3.31)

Kκ(µ(t)) = Σ(t)H(t)⊤Vκ(µ(t))
−1. (3.32)

While the covariance dynamics above are well-defined in a forward-horizon (predictive con-

trol) sense, we must now confront a separate issue, in that the observation vector y(t) is not

well-defined before any actual measurements can be made. To address this issue, we must

leverage one further assumption:

Assumption 3.3. In the absence of online measurements, we assume that the observation
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vector matches the predictive measurement model, such that

y(t) = h(µ(t)), ∀µ(t) ∈ Rnz . (3.33)

Using assumption 3.3, we see that the EKBF mean update equation (3.17a) has the

Kalman update term canceled out, such that it simplifies to

.
µ(t) = f(µ(t), u(t)). (3.34)

Using the new mean and covariance system of differential equations (3.31),(3.32),(3.34), we

can then define the smoothed approximation to the dynamical mapping gκ : Rnζ×nu → Rnζ

with no explicit measurements such that the following relationship satisfies the aforemen-

tioned system of equations
.
ζ(t) = gκ(ζ(t), u(t)). (3.35)

In the following section, equation (3.35) will be the primary dynamical relationship used to

express a Gaussian trajectory distribution as a system of smoothed differential equations.

Figure 3.5 provides visual intuition for the FOV set and why the sigmoid function approx-

imation based around this set is valuable for gradient-based trajectory optimization. In

section 3.3, we will discuss a technique which allows us to systematically update the sharp-

ening term κ to recover the true noise model (3.21) while maintaining numerical stability.

Remark 3.2 (State-dependent noise). While the focus of this work is on the construction

of perceptive noise models, we note that many other common aerospace sensors may exhibit

these discontinuous state-dependent limitations, such as altimeters (with a corresponding

maximum altitude limit) or star trackers (with both FOV restrictions and sun incidence

angle avoidance). To this end, both the discontinuous noise modeling approach and the

consequent SDF-composed sigmoid smoothing methodology can be readily applied to all such

sensor types.

Remark 3.3 (Noise parameter terms). This approach can also readily support inclusion
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of noise parameter terms, such as biases, scaling factors and misalignment errors, at the

cost of additional states to model.

3.3 The ACT-SLAM Optimization Problem

In this section, we make use of the well-posed, C1-differentiable filtering dynamics model

derived in the previous section in equation 3.35, and propose a general-purpose continuous-

time optimal control problem (CT-OCP) formulation (act-slam) to solve the active sens-

ing guidance problem. This process connects the state estimation (navigation) component

with solution to a trajectory optimization problem (guidance), and serves as a solidified

instance of guidance-navigation co-design. Consider the following free-final-time CT-OCP

defined over a time interval t ∈ [t0, tf ]:

ACT-SLAM Problem (3.36)

min
ζ(·),u(·)

J(ζ, u) (3.36a)

subject to
.
ζ(t) = gκ(ζ(t), u(t)), (3.36b)

g(µ(t), u(t)) ≤ 0, (3.36c)

h(µ(t), u(t)) = 0, (3.36d)

p(ζ(t0), ζ(tf )) ≤ 0, (3.36e)

q(ζ(t0), ζ(tf )) = 0, (3.36f)

∀t ∈ [t0, tf ].

Problem (3.36) formulates the act-slam problem over the full filtering state ζ(t) = (µ(t), vec(Σ(t)))

and control input u(t). Notably, this problem closely mirrors problem (1.1), with the full

filtering dynamics (over mean and covariance) imposed in equation (3.36b), path constraints

imposed only over the mean state in equations (3.36c)-(3.36d) and boundary conditions im-

posed in equations (3.36e)-(3.36f). Here, ζ(t0) and ζ(tf ) can be thought of as priors and

posteriors in the context of the optimization horizon, respectively.

In this work, we opt to solve problem (3.36) using the ct-scvx algorithm described in
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section 1.3.2. Contrary to the approach in chapter 2, we opt to encode all path constraints

continuously in time using the CTCS augmentation, rather than imposing them pointwise

on a discrete time interval.

3.3.1 Co-design Configurations

The act-slam formulation presented in problem (3.36) enables a variety of candidate

co-design modeling approaches for practical mission scenarios–we discuss several possible

approaches here. One such approach is a direct specification of navigational requirements

at the terminal point in time. Within aerospace contexts, these are typically modeled as

3σ error specifications. Consider, for example, a requirement that the terminal position in

the inertial +z element must fall within a 3σ uncertainty level ρrz , and denote index k to

extract this position element from the covariance matrix Σ(t). Then, we could specify the

following as part of constraint (3.36e) such that

√
Σk,k(tf ) ≤

1

3
ρrz . (3.37)

Perhaps this approach may be used while satisfying some baseline mission-level objective,

such as a minimum-fuel-usage objective as is typically seen for PDG scenarios

Jminfuel =

∫ tf

t0

∥T (t)∥2 dt. (3.38)

If, however, there are no strict navigational requirements associated with the terminal un-

certainty, one may instead wish to perform an uncertainty-minimizing maneuver. One

technique to accomplish this is to apply the concept of differential entropy [67], which seeks

to minimize the collective “surprise” associated with a probability distribution. It has been

shown that, for Gaussian distributions, this term is proportional to the logarithmic deter-

minant of the covariance of the distribution. We can formulate this as an objective

Jentropy =

∫ tf

t0

log detΣ(t) dt. (3.39)
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Figure 3.6: Illustrative diagram of the embedded numerical continuation process to provide
an update law for the iterate-varying smoothing parameter κk.

Many mission design scenarios may also desire to combine these two types of configurations.

For example, there may be certain navigational requirements which are hard-set and can be

encoded as constraints, whereas other elements of the navigational solution must be opti-

mized over to search for the best possible solution, as in [44]. This is not an exhaustive list

of examples, either, but is meant to provide several highlighted options for the practitioner

of these techniques. Going forward, we will use this differential entropy objective to produce

results in section 3.4.

3.3.2 Embedded Numerical Continuation

With the act-slam problem established, we can now reassess the impact of the sharpen-

ing parameter κ embedded within the filtering dynamics in equation (3.35). Moreover, we

would like to make use of an update law for this parameter, applied in tandem with the

ct-scvx iteration, such that the parameter can be systematically increased, and the corre-

sponding step function approximation in the noise model can be tightened. We take direct

inspiration from the embedded numerical continuation methodology presented in [80], where

we conditionally update κk, indexed for the kth ct-scvx iteration, according to a geometric
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progression

κk =


min(ακk−1, κmax), ∆Jk ∈ [βL, βU ],

κk−1, else,

(3.40)

where ∆Jk = Jk −Jk−1 and κ0 represents the initial tightening parameter. We then apply

an additional convergence criterion ontop of criteria (1.20a)-(1.20b) which states that κk

has converged to its maximum allowable tightness

κk = κmax. (3.41)

An illustration of this technique is provided in figure 3.6. We refer the reader to [80] for

more details, and for derivation of parameters α, κ0, κmax, βL, βU .
3

3.4 Numerical Results

In this section, we consider a full-scale analysis of the act-slam algorithm applied to

the lunar landing scenario mentioned in chapter 2. Specifically, we consider a descent

scenario with three modeled landmarks located on a realistic digital elevation map (DEM),

specifically corresponding to a designated Lunar south pole site of interest [1]. This is

considered a reasonable number of landmarks, consistent with modern techniques [146], for

the purpose of online SLAM in the context of lunar landing.

3.4.1 Scenario Parameters

The baseline scenario parameters (including vehicle configuration, path constraints and

mean boundary conditions), as well as the (x, y)-components of the landmark positions

(defined in a landing-site-relative East-North-Up (ENU) reference frame), can be found

in [19]. The z-components of the landmarks are consequently taken from the Lunar site #1

DEM [1] at the referenced (x, y) coordinates. In terms of uncertainty priors, the covariance

prior is set such that the vehicle position diagonal elements are equal to (100)2 m2, and

landmark position diagonal elements are equal to (30)2 m2. For the purpose of this analysis,

the process noise covariance matrix W (t) is set to be zero. Additional model and algorithm

parameters are provided in table 3.1.

3In [80], the parameters α > 1, κ0, κmax are represented in expanded form with parameters Nh, ϵκ, δ0, δ1.



61

1

2

3

1

2

3

Figure 3.7: Left: Trajectory timelapse for the baseline PDG scenario using ACT-SLAM,
where perceptive scans to each landmark are displayed with a 3 second delay between
successive scans, and color-coded according to the first, second and third landmarks. Right:
Snapshots of the baseline scenario in a high-fidelity visualization environment at different
points in time.

Figure 3.8: Example covariance evolution for the baseline scenario across the timeframe
t ∈ [0, tf ], where relative magnitudes between elements are represented by grayscale color
intensity (darker = higher magnitude) under an element-wise square root mapping for visual
clarity. Matrix partitions are demarcated by lines.

3.4.2 Baseline Scenario

Figure 3.7 illustrates an act-slam-generated solution for the baseline PDG scenario, with

scans to each landmark displayed. As can be seen, the algorithm is able to obtain substantial
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Figure 3.9: Vehicle trajectory signals and corresponding constraint sets associated with
simulation of the baseline scenario.

coverage of each landmark, which aids in reducing vehicle uncertainty as well as landmark

uncertainties over the full guidance horizon. The relative uncertainty changes can be visu-

alized in the elements of the covariance matrix Σ(t) as seen in figure 3.8, where diagonal

elements correspond to direct navigational objectives or requirements. For this particular

scenario, the landmark uncertainty priors were much smaller than the positional uncertainty

priors, and so uncertainty reduction was mainly consolidated to the vehicle’s position. This

is consistent with expectations, and is a common observation made for terrain-relative nav-

igation scenarios in contexts where terrain mapping can be performed a-priori, such that

the vehicle localization portion of the SLAM problem is the primary focus for performance

improvements. Figure 3.9 provides additional results for the trajectory of the lander in

terms of the vehicle state and control input.

3.4.3 Model Validation

In light of the sigmoid smoothing approximation and measurement prediction assumption

made in section 3.2, as well as inherent error associated with the EKBF’s linearization-
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based approximation of the covariance propagation, we desire to quantify the impacts of

these approximations through statistical analysis. To facilitate this analysis, we can con-

sider specification of two separate states: the truth state xtruth and the navigational state

xnav. We begin by sampling an initial truth state xtruth,0 about the prior Gaussian distribu-

tion (µ0,Σ0), and forward-simulate (integrate) this state according to the stochastic process

model in equation (3.4). Simultaneously, we instantiate an EKBF filter based around equa-

tions (3.17a)-(3.17c). For validation purposes, we sample perceptive measurements y(t)

(lifting assumption 3.3), with FOV triggered as a step function based on the truth state

xtruth(t) at the current point in time (lifting the sigmoid approximation), to propagate and

forward-simulate the EKBF model. Consequently, the navigational state is recorded as the

mean of the filter xnav(t) = µ(t). For analysis purposes, we consider the navigation-truth

dispersion

δx ≜ xnav − xtruth. (3.42)

Statistical analysis is performed through a Monte Carlo assessment over n = 1000 trials,

distinguished by the sampling of state xtruth,0 and model noise w(t), v(t) according to their

previously-defined distributions. Figure 3.10 provides the navigation-truth dispersion error

histories across all trials for the vehicle position components, and compares them against the

3σ level sets of the Gaussian trajectory distribution provided by act-slam in the form of

Σ(t). Notably, the 3σ level set boundaries are only crossed in 1.1% of trials, corresponding

to a 98.9% success rate–even in the cases where the boundaries are crossed, the magnitude

of error is generally very small, suggesting high-precision approximation performance.

3.4.4 Literature Comparison

While sections 3.4.2 and 3.4.3 establish the viability of act-slam in isolation, we ultimately

seek to understand how this technique compares to established methods in terms of active

sensing guidance objectives. In the following subsection, we review two rivaling techniques

and show how act-slam compares to them in terms of various performance benchmarks.
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Figure 3.10: Monte Carlo analysis of ACT-SLAMmodel validation simulation over n = 1000
trials. Plots displaying navigation-truth dispersions are shown for each element of the vehicle
position, where trajectories are color-coded according to the magnitude of the dispersion at
t = 0. The 3σ level sets from the ACT-SLAM-output covariance are displayed by symmetric
black curves.

Passive Perception Baseline

The first reference method concerns a passive perception algorithm which will serve as

a baseline going forward. Borrowing from the modeling approach described in [133], we

define a passive perception approach as one which does not opportunistically optimize for

an information-theoretic objective, but independently computes a feasible trajectory for the

scenario (in this case, under a separate objective), and modifies the trajectory to satisfy

information-theoretic objectives post hoc.

We first compute a deterministic 6-DoF solution to the powered descent guidance prob-

lem using the ct-scvx algorithm across only the vehicle mean state µx (neglecting mapping

elements and covariance dynamics) using the minimum-fuel objective described in equation
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(3.38) and all original constraints imposed on the vehicle mean state in the baseline sce-

nario given by section 3.4.2. Next, we restrict our modeling considerations to a non-gimbaled

lander configuration such that the thrust vector is fixed in the body frame along the longi-

tudinal x-axis with TB(t)/∥TB(t)∥2 = e1 = [1, 0, 0]⊤. Under this condition, we remark that

the system can be considered roll-decoupled, such that the lander can freely rotate (roll)

about the B-frame x-axis without affecting translational degrees of freedom. Using this

property, we modify the prior 6-DoF solution’s rotation profile R(t) with roll adjustments

that prioritize pointing towards the closest landmark at any time in the trajectory’s history.

To do this, we make use of the pointing direction projection technique described in [19].

Let us denote the provided minimum-fuel trajectory as {x−(t), u−(t)}, t ∈ [t0, tf ] using

superscript □−. For each landmark, we denote the desired pointing direction to landmark

j, expressed in the body frame, as pj(t) = R−(t)(m−j (t)− r−(t))/∥m
−
j (t)− r−(t)∥2, and the

current boresight pointing direction as b. We can also define a projection matrix onto the

B-frame y-z (roll) plane as

P ≜


0 0 0

0 1 0

0 0 1

 . (3.43)

First, we must obtain the rotation matrix about the B-frame roll axis, Rj(t), which most-

closely points Rj(t)b in the direction of pj(t). This can be done by rotational alignment of

the pointing directions projected to the roll plane. Let us denote the signed angle between

two (unit norm) vectors x, y about a rotation axis n as

∠(x, y;n) ≜ atan2((x× y)⊤n, x⊤y). (3.44)

Then, we can define Rj(t) by an axis-angle pair [63], such that n(t) = R(t)⊤e1 and θ(t) =

∠(Pb, Ppj(t);n(t)). Next, we can denote the unsigned (shortest-arc) angle between two

(unit norm) vectors as

∠u(x, y) ≜ acos(x⊤y). (3.45)
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Table 3.1: Supplementary scenario parameters.

Parameter Value Parameter Value

ϵη 1e−4 N 20
ϵν 1e−4 wη 1e0
ϵCTCS 1e−4 wν 1e2

Nh 10 γ1 100 m
ϵκ 0.01 γ2 1e−5 m−1

δ0 1
δ1 0.1
βL −1e−3
βU 1e−1

To determine the landmark we should point towards, we can select, for all times t ∈ [t0, tf ]

j⋆ = argmin
j∈[nℓ]

∠u(Rj(t)b, pj(t)). (3.46)

Then, the provided trajectory is fitted with a new orientation profile R+(t) = Rj⋆(t)R−(t),

which represents pointing towards the closest landmark in angular deviation space. Con-

sequently, if ∠u(Rj⋆(t)b, pj(t)) ≤ βmax, then we have that landmark j⋆ is in field of view.

We remark that this passive perception technique provides two salient benefits relative to

act-slam: 1. computational efficiency due to only having to perform trajectory opti-

mization on the reduced-order vehicle mean state space, and 2. preservation of the original

minimum fuel objective in terms of optimality. Due to its computational efficiency, this

solution is also used as an initial guess for problem (3.36). We also note that this technique

can result in arbitrarily-large roll rates which may exceed the body rate constraints imposed

on the scenario–for example, Rj⋆(t) is discontinuous in the general case when the tracked

landmark j⋆ changes. For the purpose of comparison, we consider this an acceptable expres-

sion of the upper bound on landmark tracking performance (and consequently, in covariance

reduction) that a passive perception technique would be capable of obtaining, such that any

method that must project the roll rate onto the feasible body rate constraint space would

logically exhibit worse performance.
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Information-Aware Powered Descent Guidance

The second reference method considered is the information-aware powered descent guidance

technique recently explored in [54], denoted as Info-pdg. Consider the covariance matrix

for the jth landmark

Σj =


Σj
x Σj

xy Σj
xz

∗ Σj
y Σj

yz

∗ ∗ Σj
z

 . (3.47)

Info-pdg constructs a covariance dynamics law which is restricted to only the z-component

covariance element of each landmark, Σj
z(t), and models the dynamics as a smooth Gaussian

conditioned on the FOV containment set Fj , with an additional saturation condition to

prevent the covariance elements from becoming negative. Using the conventions of this

chapter, this dynamics model can be summarized as:

.
Σ
j

z(t) =


−δΦ−κ

(
max(0, Fj(µx(t)))

2
)
, Σj

z(t) > 0,

0, Σj
z(t) ≤ 0.

(3.48)

where Fj(µx(t)) = cosβmax − (R(t)⊤b)⊤(mj(t) − r(t))/∥mj(t) − r(t)∥2 denotes the FOV

constraint set evaluation such that Fj(µx(t)) ≤ 0 ⇐⇒ µx(t) ∈ Fj , and the composition

max(0, F (µx(t)))
2 ensures that the covariance strictly decreases only when µx(t) ∈ Fj ,

driven by a rate of descent δ ∈ R+. Consequently, the Info-pdg objective is chosen as

Jinfo =

∫ tf

t0

nℓ∑
j=1

Σj
z(t) dt. (3.49)
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Figure 3.11: Differential entropy history over time between the passive perception, Info-
PDG and ACT-SLAM methods.

(a) Passive Perception (b) Info-PDG (c) ACT-SLAM

Figure 3.12: Trajectory timelapses for the passive perception, Info-PDG and ACT-SLAM
methods, using the same visualization conventions as figure 3.7.
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(a) Passive Perception (b) Info-PDG (c) ACT-SLAM

Figure 3.13: Visualization of the terminal covariance matrix, Σ(tf ), for the passive per-
ception, Info-PDG and ACT-SLAM methods, using the same visualization conventions as
figure 3.8.

When drawing modeling comparisons to act-slam in terms of the covariance dynamics

model in equation (3.31), we can make several important observations. First, act-slam considers

a much larger state space encompassing all covariance elements and their cross-correlations

in accordance with an EKBF model, enabling a complete and rigorous expression of state

estimation error at the cost of increased computational burden. This property also prevents

the need for a switch statement as in equation (3.48), ensuring smoothness of the resulting

dynamics function. Finally, act-slam does not require parameter tuning of δ and κ (the

latter due to embedded numerical continuation) – this enables act-slam to be tuning-free

by comparison and guarantees that sensor measurements are approximated to high numer-

ical precision. In the case of Info-pdg, these parameters are chosen as δ = 11 and κ = 1

for the purpose of comparison.

Comparative Analysis

With both reference techniques established, we can now engage in a comparison between

both of these methods and act-slam. Table 3.2 provides a summary of performance

metrics used to compare between passive perception, Info-pdg and act-slam. This

analysis includes an additional metric introduced by [133] labeled information gain and

characterized as the net difference in differential entropy over the maneuver duration, stated
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as

∆I ≜
1

2
log detΣ(t0)−

1

2
log detΣ(tf ) =

1

2
log

detΣ(t0)

detΣ(tf )
. (3.50)

Under this metric, we observe that act-slam achieves a +34.1% and +44.3% improvement

over passive perception and Info-pdg, respectively. We can also consult the original objec-

tive in equation (3.39) and observe +1.3% and +1.2% improvements, respectively (noting

the difference in improvement magnitudes due to logarithmic compression). Notably, we

normalize the objective by the time of maneuver, tf , to improve the comparison – we seek

to characterize how fast the differential entropy metric decreases in relation to maneuver

duration, such that we don’t arbitrarily penalize a maneuver for having a longer duration.

Figure 3.11 shows a time signal comparison between these methods in terms of differential

entropy. In figure 3.12, we can see a visual comparison between the trajectories of each

method and the sensor measurement scans taken for each landmark. Of particular note is

the fact that, between all three methods, only act-slammanages to achieve visibility of all

three landmarks. We contend that this is due to the fact that: 1. passive perception greedily

prioritizes the closest landmark (in terms of angular deviation), and 2. Info-pdg does not

prioritize any landmark over another in its objective, provided the covariance associated

with a landmark does not saturate to zero. act-slam, on the other hand, encodes an

objective and dynamics law which results in up-weighting landmarks with higher covari-

ances, prioritizing more mapping coverage and improving overall estimation performance.

We note this as an important additional benefit of the act-slammethod relative to its

predecessors. Figure 3.13 displays the terminal covariance matrices associated with each

method, further displaying the improvements in covariance reduction with respect to both

the vehicle positional state and landmark states, in addition to more stable and uniform

cross-correlations.

Referring back to table 3.2, we note that act-slam does exhibit worse performance

in terms of the minimum fuel objective (expressed in terms of mass difference over the

maneuver, ∆m = m(t0)−m(tf )) and solve time, relative to the baseline passive perception

method. This is consistent with expectations and highlights an important tradeoff for

improved information acquisition. In light of these tradeoffs, we contend that these results
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Table 3.2: Literature Comparison Summary.

Method ↑ ∆I (nats) ↓
∫
log detΣ(t)dt/tf (nats/s) ↓ ∆m (kg) ↓ Solve Time (s)

Passive [133] 3.11 84.45 128.03 1.05
Info-pdg [54] 2.89 84.36 136.22 91.67
act-slam 4.17 83.40 136.82 96.12

present act-slam as a promising approach for optimal information-theoretic trajectory

generation, suitable for detailed offline analysis and nominal trajectory generation in the

context of active sensing guidance.
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Chapter 4

GRAPH SUCCESSIVE CONVEXIFICATION

4.1 Introduction

In the last two chapters, we focused on techniques to explicitly characterize and satisfy

perceptive objectives, framed through the lens of sensor pointing towards ground-based

regions of interest. We now consider a philosophically distinct approach, where we do

not assume any prior knowledge of our environment, and instead aim to passively acquire

perceptive information while deferring the decision to commit to any particular terminal

objective.

Formally, if we assume a collection of goal states are of interest, however the autonomous

system does not currently have enough information to commit to any particular one, then

a trajectory can be designed that defers the decision to proceed towards any particular

goal state for a designated amount of time, or for a given ϵ-suboptimal threshold. This

deferral requirement can be motivated in a multitude of ways. For example, a perception

module may require prolonged visibility and exploration of the environment to determine

goal objectives. Or perhaps a higher-level task planner requires extended time to decide on

an objective due to computational limitations. We can alternatively view decision deferral

in a contingency-aware context, where a singular goal state may be of interest, however

contingency states must remain reachable for as long as possible in case the nominal target

becomes unavailable.

We note that this approach is distinct from the related fields of robust and stochastic

This chapter is based in part on work previously published as [52]. © 2023 IEEE. Reprinted, with permission.
Additional material is based on [15] and was sponsored by the Department of the Navy, Office of Naval
Research, under ONR award number N00014-20-1-2288.
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Figure 4.1: Conceptual illustration of graph-scvx problem modeling approach with appli-
cation to DDTO problems.

trajectory optimization. In the presence of non-trivial uncertainties imposed on the system,

many traditional approaches have focused on the usage of robust trajectory optimization to

design for any possible uncertainty within a known, bounded set [64,77]. Stochastic trajec-

tory optimization takes a similar approach to this problem by instead considering common

unbounded distributions, such as Gaussian distributions [36,91,113]. The commonality be-

tween these approaches is that the parameters of the uncertainty distribution are known a

priori–in this work, we aim to lift that assumption entirely. This chapter’s contributions

are based jointly on the work of [52] as well as [15].

4.1.1 Related Literature

The concept of deferrability has been well-explored in decision theory and cognitive psychol-

ogy [10,31,136], motivated by findings that decision makers have a tendency to procrastinate

choice selection for a variety of reasons. Consequently, the concept of decision deferral has

contributed to autonomous systems research through application to air traffic management

systems [150], error correction for inertial navigation systems [14], floorplanning algorithms

for circuitry design [147] and active fault diagnosis [109].
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Decision deferral in path planning

The deferred-decision trajectory optimization (DDTO) problem has been proposed as a

tractable modeling approach towards modeling multiple-target path planning problems with

deferrability objectives [38]. These methods construct a trajectory to each target, and seeks

to maximize the duration over which the trajectories can remain identical in terms of their

state. DDTO trajectories are permitted to be ϵj-suboptimal relative to a precomputed

single-target trajectory to the j-th target (solved as a two-point boundary value problem).

A number of developments have been made towards modeling deferrability-driven trajec-

tory optimization problems in the context of autonomous path planning. Hardy et al. [50]

consider other agents in the environment (such as cars and pedestrians) as dynamic ob-

stacles and make predictions on future trajectories of these agents. Then, a spline-based

trajectory optimization problem is defined over a fixed time grid where trajectories towards

multiple targets1 are constrained to be identical over a fixed amount of time, treating one

target as the primary objective, and others as contingency plans. Chen et al. [29] proposed

an extension of the above formulation to a model predictive control (MPC) framework using

a branching-based MPC approach introduced in [117].

This type of approach has similarly been explored in [7,8,28,74,121,142], with notable dis-

tinctions in terms of probabilistic modeling of obstacle trajectory futures and risk-awareness.

The commonality between all of these approaches, however, is a restriction to a discrete-time

formulation of the optimal control problem coupled with a fixed deferrability window, as

opposed to the DDTO formulation which maximizes over this window to prolong reachabil-

ity to all targets (or objectives) for as long as possible under some suboptimality tolerance.

Recently, Elango et al. [38] introduced a tractable approach to explicitly maximizing for de-

ferrability using a multi-step quasiconvex optimization formulation solved with a bisection

search. Notably, this approach requires a restrictive convex substructure (implying dynamics

are linear, path constraints are convex, and the final maneuver time is fixed) and must still

be posed in discrete-time. Kamath et al. [60] introduced a set-based dynamic programming

1This work uses a soft constraint in the objective encourage reaching the goal state rather than a defined
terminal condition.
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approach which can solve the aforementioned problem closed-loop under bounded uncer-

tainty, however is still restricted to convex substructure. DDTO has also been extended

towards nonconvex problem definition and made amenable to a continuous-time formu-

lation [39] by using the continuous-time successive convexification (ct-scvx) optimization

framework. While this framework provides the most general-form and expressive formula-

tion for DDTO problems to date, its algorithmic implementation produces large solve times

and O(n2) model size complexity with respect to the number of targets, motivating a new

approach to solving DDTO problems which is amenable to real-time path planning.

Perception-aware path planning for autonomous landing

The problem of fuel-efficient and safe landing in non-trivial, hazardous and unknown envi-

ronments is of keen interest for the autonomous operation of planetary spacecraft [24,135],

quadrotors/unmanned aerial vehicles (UAVs) [41, 96] and aircraft [131]. Açıkmeşe et al. [2]

introduced the concept of real-time, onboard retargeting/diverting towards a new land-

ing site when an old one becomes unsafe through the use of convex optimization, coined

the G-FOLD algorithm. This general approach has been studied further in the context of

hazard avoidance for lunar-class landing missions [32, 118], and has been tested on flight

hardware [3].

Other techniques have studied higher-frequency, opportunistic replanning, particularly in

the context of UAV landing under dynamic obstacle avoidance. Falanga et al. [41] propose

a fast retargeting technique using a polynomial trajectory generation method to perform

quadrotor landing on a moving platform. Guo et al. [47] approach the same problem with

the use of high-rate model-predictive control (MPC) with perception-in-the-loop.

The remainder of this chapter is structured as follows. Section 4.2 presents the continuous-

time graph optimal control problem formulation. Section 4.3 presents techniques to convert

this problem to a discrete-time optimal control problem on a normalized time grid. Section

4.4 shows how sequential convex programming can be used to solve the nonconvex discretized

problem with convex approximations, resulting in the graph-scvx formulation. Section

4.5 adapts graph-scvx for the DDTO problem, resulting in the graph-ddto formulation.
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Section 4.6 introduces the adaptive-ddto to operationalize DDTO for perception-based

maneuvers. Section 4.7 presents literature comparisons, analysis in a high-fidelity simulation

environment and hardware tests onboard a quadrotor system.

4.1.2 Contributions

In this chapter, we present a unified formulation to the deferrability problem with rigorous

ties to traditional optimal control theory. This work extends on the existing literature,

particularly the deferred decision trajectory optimization (DDTO) framework [38, 39], by

enabling flexible and numerically-efficient specification of DDTO problems under arbitrary

nonconvex problem definition (in terms of path constraints and boundary conditions). This

effort is conducted through introduction of a new approach to modeling multi-segment tra-

jectory optimization problems through a graph-theoretic lens–the Graph Successive Convex-

ification (graph-scvx) framework–while building on the continuous-time successive convex-

ification (ct-scvx) approach introduced in [37]. We note that aspects of this approach are

largely an extension of the ct-scvxmethod introduced in 1.3.2, however we will introduce

it completely separately in this chapter due to the customization of the proposed method.

We present a unified framework for modeling and solving DDTO problems (graph-ddto)

under the following core contributions:

1. Formulation of DDTO problems as a graph-theoretic problem, and introduction of the

Graph Successive Convexification (graph-scvx) framework to solve these problems in

real-time using sequential convex programming (SCP).

2. One-shot joint optimization to multiple deferrable targets rather than multi-step (lex-

icographic) optimization on sparse discretized time grids (graph-ddto).

3. Algorithmic and modeling advances customized to graph-ddto, including an efficient

warmstart algorithm and a variable elimination technique for graph edges.

4. Introduction of the adaptive-ddto algorithm [52] as a technique, wrapped around

a given DDTO solver, to adaptively trigger DDTO recomputations based on target

safety conditions.



77

5. Integration into a perception-in-the-loop ROS 2 stack with new simulation and flight

hardware demonstrations, displaying advancements over the predecessor nonconvex

DDTO formulation and against the broader perception-aware landing literature.

4.2 Problem Formulation

We begin by describing the baseline continuous-time optimal control problem for the graph

trajectory optimization model, and presenting a transformation to convert it to a free-

final-time problem with continuous-time constraint satisfaction guarantees using successive

convexification techniques (graph-scvx).

4.2.1 Notation

We use the following notation throughout the remainder of this chapter. The set of real

n × 1 vectors is denoted as Rn, and the set of real n × m matrices is denoted as Rn×m,

and the set of non-negative real numbers is denoted as R+. The set of (one-indexed)

natural numbers is denoted as N. A concatenation of vectors v1, . . . , vN ∈ Rn is denoted

as (v1, . . . , vN ) ∈ RnN , equivalently stated as (vk)k∈[N ] and interpreted as a column vector.

A horizontal concatenation of matrices A1, . . . , AN ∈ Rn×m is denoted as (A1, . . . , AN ) ∈

Rn×mN , equivalently stated as (Ak)k∈[N ]. A vector of natural numbers up to N is denoted

as [N ] = (1, . . . , N). We define |v|+ = max(0, v), applied element-wise if v is a vector, ∥v∥p

as the p-norm, ∂f(v) as the subdifferential of f evaluated at v, ⊗ as the Kronecker product,

and 1 as a vector of all ones (length determined by context). The gradient of a differentiable

function f : Rn → Rm with respect to v ∈ Rl, l ≤ n, evaluated at x ∈ Rn, can be expressed

as ∇vf(x).

4.2.2 Optimal Control Formulation

The graph trajectory optimization problem formulation begins with a definition of n ∈ N

distinct trajectory segments. Moreover, for a segment j, we define a time interval tj ∈

[tji , t
j
f ] ⊆ R+ with state xj ∈ Rnx and input uj ∈ Rnu . Additionally, we consider state

boundary conditions xji = xj(tji ) and xjf = xj(tjf ), with corresponding input boundary

conditions uji and u
j
f . All segments are defined under a global dynamics relationship

.
x
j
(tj) =

f(tj , xj(tj), uj(tj)).
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Figure 4.2: Graphical illustration of the graph-scvxmodeling process, starting with the
original OCP stated by problem (4.1), and converted to the transformed OCP stated by
problem (4.7), where all trajectory segments are defined on the same normalized time grid.

In order to relate trajectory segments to each other, we construct a directed, acyclic graph

(DAG) G := (V, E), where vertices V = [n] indicate a segment i ∈ V, and edges εij ∈ E rep-

resent the stitching of a segment i to segment j. Each εij contains stitching times (ti→j , tji )

where ti→j ∈ [tii , t
i
f ], such that xi→j = xi(ti→j) is stitched to xji = xj(tji ). More precisely,

stitching is expressed by the constraint xj(tji ) ∈ T (xi(ti→j)), where T : Rnx → 2R
nx

rep-

resents the stitching constraint. To introduce the graph-scvx formulation, we consider the

simple case of T representing the identity relation, such that xi→j = xji . Notably, directly

stitching as an equality constraint (hence referred to as instantaneous stitching) introduces

a redundancy (duplication of a knot point) in the discretized problem; in appendix A, we

introduce an alternative constraint formulation which removes this redundancy by instead

modeling an additional trajectory segment between xi→j and xji , serving as a variable elim-

ination (hence referred to as phase-based stitching). This approach yields an equivalent

result from a modeling standpoint under certain assumptions (which we can show for the

discrete-time case by proposition A.2 in appendix A.2), so we proceed with instantaneous

stitching to simplify the introduction of the formulation, however we note that phase-based
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stitching will be used in the experimental results.

Remark 4.1. The choice of designating intermediate stitching time ti→j ∈ [tii , t
i
f ], rather

than stitching directly from the terminal time tif , is made to improve model expressivity when

discretizing the problem. In the case of DDTO, this is a consequence of multiple downstream

segments needing to be connected to a shared segment at different discrete points. Restric-

tion to time tif would require an enumeration of additional segments and, consequently, an

additional discrete point to be modeled per each downstream segment.

We can now state the baseline continuous-time optimal control problem (OCP) as follows:

Graph Optimal Control Problem (4.1)

minimize
xj(·),uj(·)
t
j
i
,t
j
f
,ti→j

j∈V,εij∈E

l(xf) (4.1a)

s. t.
.
x
j
= f(tj , xj(tj), uj(tj)), j ∈ V, (4.1b)

gj(tj , xj(tj), uj(tj)) ≤ 0, j ∈ V, (4.1c)

hj(tj , xj(tj), uj(tj)) = 0, j ∈ V, (4.1d)

pj(tji , x
j(tji ), t

j
f , x

j(tjf )) ≤ 0, j ∈ V, (4.1e)

qj(tji , x
j(tji ), t

j
f , x

j(tjf )) = 0, j ∈ V, (4.1f)

∀tj ∈ [tji , t
j
f ], j ∈ V, (4.1g)

xj(tji ) = xi(ti→j), εij ∈ E , (4.1h)

tji = ti→j , εij ∈ E , (4.1i)

ti→j ∈ [tii , t
i
f ], εij ∈ E . (4.1j)

In problem (4.1), xf = (xjf )j∈V , l : R
nxn → R represents the Mayer form objective [105],

gj : Rnx × Rnu → Rng and hj : Rnx × Rnu → Rnh represent inequality and equality path

constraints for j ∈ V, and pj : Rnx × Rnx → Rnp and qj : Rnx × Rnx → Rnq represent

inequality and equality boundary condition constraints for j ∈ V. The constraint (4.1i) is
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necessary to enforce time monotonicity between trajectory segments–making the branched

system physically realizable in our formulation–and sets the requirement for the graph G to

be directed and acyclic.

Remark 4.2. If the vertex constraints (4.1b)-(4.1f) are concatenated, this problem closely

resembles the canonical Mayer form optimal control problem, with the exception of the edge

constraints (4.1h)-(4.1i) (which cannot be expressed directly by any of the vertex constraints).

In practice, we leave these vertex constraints separated to allow for flexibility in node sparsity

during discretization.

4.2.3 Continuous-Time Constraint Satisfaction

We now consider the continuous-time constraint satisfaction (CTCS) formulation introduced

in [37] to ensure path constraints (4.1c)-(4.1d) are satisfied at all points in time, rather

than at a discrete nodal resolution, as is traditionally imposed in trajectory optimization.

Moreover, we define the penalty function Λ : R× Rnx × Rnu → R such that Λ(tj , xj , uj) =

0, ∀tj ∈ [tji , t
j
f ] ⇐⇒ gj(tj , xj , uj) ≤ 0, hj(tj , xj , uj) = 0, ∀tj ∈ [tji , t

j
f ]. One specific

instantiation of this function is of the form

Λ(t, xj(t), uj(t)) = 1⊤|gj(t, xj(t), uj(t))|2+ + 1⊤hj(t, xj(t), uj(t))2, (4.2)

where |x|+ = max(0, x). Then, for a trajectory segment j ∈ V, we will define the penalty

variable θj ∈ R defined by the integration of the penalty function

θj(tj) =

∫ tj

tji

Λ(t, xj(t), uj(t)) dt. (4.3)

Under this definition, the constraint satisfaction property can be obtained by solving for

the following two-point boundary value problem

.
θ
j
(tj) = Λ(tj , xj(tj), uj(tj)), (4.4a)

θj(tji ) = θj(tjf ). (4.4b)
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As will be shown in the following subsection, these conditions can be readily achieved by

embedding the penalty variable θj in the segment state representation to satisfy (4.4a),

and separately applying (4.4b) as an additional constraint in the resulting optimal control

problem.

4.2.4 Generalized Time Dilation

We ultimately seek to optimize for all timing events, including segment transition times ti→j

and segment boundary times tji , t
j
f . To do this, we consider the generalized time dilation

formulation, introduced in [19, 37], wherein we define wall-clock time as a smooth, strictly

monotonic mapping tj : [0, 1]→ R+ such that tj(0) = tji and t
j(1) = tjf . We will also define a

normalized time τ ∈ [0, 1] and time derivative sj(tj(τ)) = dtj(τ)/dτ > 0, and consequently

define an augmented state x̃j ∈ Rnx̃ , nx̃ = nx + 2, and input ũj ∈ Rnũ , nũ = nu + 1, such

that

x̃j(τ) = (xj(tj(τ)), θj(tj(τ)), tj(τ)), (4.5a)

ũj(τ) = (uj(tj(τ)), sj(tj(τ))). (4.5b)

In fact, we can ultimately obtain the dynamics relationship ˚̃xj(τ) = F (x̃j(τ), ũj(τ)) where

□̊ = d□/dτ and

F (x̃j , ũj) = sj


f(tj , xj , uj)

Λ(tj , xj , uj)

1

 . (4.6)

Consequently, we define the following augmented terms:

L(x̃f) ≜ l((xEx̃j(1))j∈V),

P j(x̃(0), x̃(1)) ≜ pj(tEx̃(0), xEx̃(0), tEx̃(1), xEx̃(1)),

Qj(x̃(0), x̃(1)) ≜ qj(tEx̃(0), xEx̃(0), tEx̃(1), xEx̃(1)),

where indexing matrices (xE, θE, tE) extract components (x, θ, t) from x̃, respectively; in-

dexing matrices (uE, sE) extract components (u, s) from ũ, respectively; and x̃f = (x̃jf )j∈V .

Since τ is now the independent variable, we can select τ i→j ∈ [0, 1] a priori, for a given
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εij ∈ E , where we consequently have that x̃i→j = x̃i(τ i→j) and x̃ji = x̃j(τ ji ). Due to time

dilation, the optimizer will automatically determine the corresponding segment transition

time ti→j . We can now state the transformed continuous-time optimal control problem as

follows:

Transformed Optimal Control Problem (4.7)

minimize
x̃j(·),ũj(·)

j∈V

L(x̃f) (4.7a)

s. t. ˚̃xj(τ) = F (x̃j(τ), ũj(τ)), j ∈ V, (4.7b)

P j(x̃j(0), x̃j(1)) ≤ 0, j ∈ V, (4.7c)

Qj(x̃j(0), x̃j(1)) = 0, j ∈ V, (4.7d)

θE(x̃j(1)− x̃j(0)) = 0, j ∈ V, (4.7e)

sEũj(τ) > 0, j ∈ V, (4.7f)

x̃i(τ i→j)− x̃j(τ ji ) = 0, εij ∈ E , (4.7g)

∀τ ∈ [0, 1]. (4.7h)

This formulation enables us to design a tractable optimization problem which captures the

modeling flexibility of problem 4.1 while being amenable to finite-dimensional optimization

through the forthcoming transcription step.

4.3 Transcription

With problem (4.7) stated as a continuous-time OCP, we can now describe the steps to

convert it to a finite-dimensional, discrete-time OCP that is amenable to numerical opti-

mization.

4.3.1 Parameterization & Discretization

We first describe parameterization and discretization for an arbitrary trajectory before

considering extension to the graph-scvx problem. Consider discretization of a trajectory

x̃(τ), ũ(τ), with τ ∈ [0, 1], onto a finite knot point grid of size N ∈ N, with 0 = τ1 <
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· · · < τN = 1. In doing so, we can then represent our segment states compactly with

X̃ = (x̃1, . . . , x̃N ). We define Γ(τ ;Nũ) : [0, 1]→ RNũ as vector of polynomial basis functions,

where Nũ ∈ N denotes the number of degrees of freedom of the input parameterization.

Then, by defining U ∈ U ⊆ RnũNũ as a finite-valued collection of control parameters, we

can reformulate our continuous-time control signal to a finite-dimensional equivalent

ũ(τ) = (Γ(τ)⊗ Inũ)U. (4.8)

Remark 4.3. In previous works [37], the parameterization U is split into components for

u and s comprising ũ, due to the fact that the latter component requires the restriction

s(τ) > smin > 0. For notational simplicity, we do not make this distinction, however

require that this constraint must still be captured by set U .

Example 4.1 (First-order hold parameterization). Under a first-order hold parame-

terization, the number of control parameters is equal to the number of knot points, such that

Nũ = N , and the basis function Γ(τ ;N) = (Γk(τ))
N
k=1 can be specified as follows:

Γk(τ) =



τ−τk−1

τk−τk−1
, τ ∈ [τk−1, τk], k ∈ {2, . . . , N},

τk+1−τ
τk+1−τk , τ ∈ [τk, τk+1], k ∈ {1, . . . , N − 1},

0, else.

(4.9)

Going forward, we will assume a uniform first-order hold parameterization on all control

parameterizations. We can now state the discretization of the dynamics constraint (4.7b)

by defining the function Fk : Rnx̃ × Rnx̃ × RnũN
j
ũ → Rnx̃ such that

Fk(x̃k+1,x̃k, U ; Γ) = x̃k+1 − x̃k

−
∫ τk+1

τk

F (x̃(τ), (Γ(τ)⊗ Inũ)U) dτ,
(4.10)

where we enforce Fk(x̃k+1, x̃k, U) = 0, ∀k ∈ [N − 1], to satisfy the original continuous-time



84

dynamics across the optimization horizon. We make use of the inverse-free exact discretiza-

tion method [37, 59] with multiple-shooting transcription to simultaneously linearize the

dynamics model during discretization. Consider a discrete-time reference Z̄ = (X̄, Ū), with

X̄ = (x̄1, . . . , x̄N ) as the reference state and Ū as the reference control parameterization.

We can solve a collection of initial value problems (IVPs) on the system’s integrated state

ϕ and state transition matrices Φx, Φu over the interval [τk, τk+1), stated as

ϕ̊(τ) = F (ϕ(τ), (Γ(τ)⊗ Inũ)Ū), (4.11a)

Φ̊x(τ) = A(τ ; Z̄,Γ)Φx(τ), (4.11b)

Φ̊u(τ) = A(τ ; Z̄,Γ)Φu(τ) + Γ(τ)⊗B(τ ; Z̄,Γ), (4.11c)

ϕ(τk) = x̄k, (4.11d)

Φx(τk) = Inx̃ , (4.11e)

Φu(τk) = 0nx̃×nũNũ . (4.11f)

Where the continuous-time jacobians A,B are defined as

A(τ ; Z̄,Γ) = ∇x̃F (ϕ(τ), (Γ(τ)⊗ Inũ)Ū), (4.12a)

B(τ ; Z̄,Γ) = ∇ũF (ϕ(τ), (Γ(τ)⊗ Inũ)Ū). (4.12b)

Finally, we can express the first-order linearization of equation (4.10) with the function

Ψk : Rnx̃ × Rnx̃ × RnũN
j
ũ → Rnx̃ such that

Ψk(x̃k+1, x̃k, U ; Z̄,Γ) = x̃k+1 − wk(Z̄,Γ)−Ak(Z̄,Γ)(x̃k − x̄k)−Bk(Z̄,Γ)(U − Ū), (4.13)

where the terms

wk(Z̄,Γ) = ϕ(τ−k+1), (4.14a)

Ak(Z̄,Γ) = Φx(τ
−
k+1), (4.14b)

Bk(Z̄,Γ) = Φu(τ
−
k+1), (4.14c)
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represent the integrated solutions to equations (4.11a)-(4.11f) evaluated at final time τ−k+1.

To improve notation going forwards, we will represent these terms in block form such that

we have

0 = Ck(Z̄,Γ)vk − ck(Z̄,Γ), (4.15a)

vk = (x̃k+1, x̃k, U), (4.15b)

Ck(Z̄,Γ) = (Inx̃×nx̃ ,−Ak(Z̄,Γ),−Bk(Z̄,Γ)), (4.15c)

ck(Z̄,Γ) = wk(Z̄,Γ)−Ak(Z̄,Γ)x̄k −Bk(Z̄,Γ)Ū . (4.15d)

4.3.2 Vertex Segments

With the machinery of our parameterization & discretization method established, we can

now apply this approach towards the structure of graph-scvx. Consider discretization of

a vertex segment x̃j(τ), ũj(τ) for j ∈ V, with τ j ∈ [0, 1], onto a finite grid of size N j ∈ N,

with 0 = τ j1 < · · · < τ jN = 1 and X̃j = (x̃j1, . . . , x̃
j
N ). We can also define control parameters

U j ∈ U j ⊆ RnũN
j
ũ and basis function Γj(τ) : [0, 1]→ RNj

ũ such that

ũj(τ) = (Γj(τ)⊗ Inũ)U
j . (4.16)

We can also state our segment-specific reference trajectory as Z̄j = (X̄j , Ū j). Then, we can

state the nonlinear discretization of our vertex dynamics function, along with its linearized

counterpart terms, as

F j
k (x̃

j
k+1, x̃

j
k, U

j) = Fk(x̃
j
k+1, x̃

j
k, U

j ; Γj), (4.17a)

Ψj
k(x̃

j
k+1, x̃

j
k, U

j) = Ψk(x̃
j
k+1, x̃

j
k, U

j ; Z̄j ,Γj), (4.17b)

Cj
k(Z̄

j) = Ck(Z̄
j ,Γj), (4.17c)

cjk(Z̄
j) = ck(Z̄

j ,Γj). (4.17d)

Assuming a uniform first-order hold control (FOH) parameterization, we can state Γj(τ) =

Γ(τ ;N j
ũ) under the form in example 4.1.
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4.3.3 Edge Connections

Under certain control parameterizations, we may additionally require control continuity in

addition to state continuity. Note that this does not necessarily imply continuous-time

control continuity must hold such that uj(tji ) = ui(ti→j); for example, in the case of a

discontinuous control parameterization, such as a zero-order hold (ZOH), this does not

hold. In the case of our assumed uniform FOH parameterization, we can state the control

continuity constraint according to example 4.2.

Example 4.2 (Edge continuity under FOH parameterization). Under a uniform

FOH parameterization, we can state the control continuity constraint as

U j
1 = U i

ki→j
. (4.18)

We will broadly state this joint relation between parent-child pairs of an edge under the

constraint set (U i, U j) ∈ U ij for an edge εij ∈ E .

4.3.4 Discrete-time Problem Formulation

We now have the necessary components to describe the discrete-time formulation of problem

(4.7) as follows:
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Discretized Optimal Control Problem (4.19)

minimize
X̃j ,Uj

j∈V

L(x̃N ) (4.19a)

s. t. F j
k (x̃

j
kj+1

, x̃j
kj
, U j) = 0, j ∈ V, (4.19b)

θE(x̃j
kj+1

− x̃j
kj
) ≤ ϵθ, j ∈ V, (4.19c)

P j(x̃j1, x̃
j
Nj ) ≤ 0, j ∈ V, (4.19d)

Qj(x̃j1, x̃
j
Nj ) = 0, j ∈ V, (4.19e)

U j ∈ U j , j ∈ V, (4.19f)

kj = 1, . . . , N j − 1, j ∈ V, (4.19g)

x̃j1 − x̃
i
ki→j

= 0, εij ∈ E , (4.19h)

(U i, U j) ∈ U ij , εij ∈ E , (4.19i)

where x̃N = (x̃j
Nj )j∈V . We note that constraint (4.19c) is relaxed from equality by a constant

ϵθ ∼ 1e−4 for satisfaction of linear independence constraint qualification (LICQ) – we refer

the reader to [37] for more details. In the results, we show that this relaxation enables

solutions which exhibit only very small path constraint violations.

4.4 Sequential Convex Programming

In this section, we consider application of a sequential convex programming (SCP) algo-

rithm, where problem (4.19) is solved through an iteration such that nonconvex constraints

are approximated as convex constraints through linearization, and convex constraints are

preserved and imposed directly. Specifically, we consider the prox-linear method [34, 71]

for convex-composite minimization, where problem (4.19) is converted to an unconstrained

minimization problem via the ℓ1 exact penalization.

4.4.1 Exact Penalization

When studying the structure of problem (4.19), we observe three classes of constraints

that we can treat separately: 1. convex constraints; 2. nonconvex equality constraints;
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and 3. nonconvex inequality constraints. Consider a concatenation of decision variables as

z = (X̃1, . . . , X̃n, U1, . . . , Un) ∈ Rnz . To impose convex constraints, we leverage the set

indicator function 1Z : Rnz → {0,∞} over convex set Z such that 1Z(z) = 0 ⇐⇒ z ∈ Z.

We define Z = X̃ V × X̃ E × UV × UE as a closed convex set where

X̃ V :=

(X̃1, . . . , X̃n)

∣∣∣∣∣∣∣∣∣
θE(x̃j

kj+1
− x̃j

kj
) ≤ ϵθ,

kj = 1, . . . , N j − 1,

j = 1, . . . , n.

 , (4.20a)

X̃ E :=

(X̃1, . . . , X̃n)

∣∣∣∣∣∣ x̃
j
1 − x̃iki→j

= 0,

∀εij ∈ E .

 , (4.20b)

UV := U1 × · · · × Un, (4.20c)

UE := Πεij∈E U ij . (4.20d)

In the above, X̃ V corresponds to convex vertex constraints (4.19c), X̃ E corresponds to con-

vex edge constraint (4.19h), UV corresponds to vertex control parameterization constraints

(4.19f), and UE corresponds to edge control parameterization constraints (4.19i). We also

require convexity of the objective function L̃. Next, we can define residual terms associated

with nonconvex constraints as

RF j
k (z) = F j

k (x̃
j
kj+1

, x̃j
kj
, U j), (4.21a)

RP j
(z) = P j(x̃j1, x̃

j
Nj ), (4.21b)

RQj
(z) = Qj(x̃j1, x̃

j
Nj ). (4.21c)

Then, we can express concatenated residual terms as

Re =
(
(RF j

k )
j∈[n]
k∈[Nj−1], (R

Qj
)j∈[n]

)
, (4.22a)

Ri = (RP j
)j∈[n]. (4.22b)

In the above, Re ∈ Rne represents a concatenation of nonconvex equality constraints (4.19b)

and (4.19e), and Ri ∈ Rni represents a concatenation of nonconvex inequality constraints
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(4.19d). Then, given a weighting term γ > 0, we can state the ℓ1-penalized unconstrained

minimization problem corresponding to problem (4.19) with the function Θγ : Rnz → R

such that

Θγ(z) = Lz(z) + 1Z(z) + γ(∥Re(z)∥1 + 1⊤|Ri(z)|+), (4.23)

where Lz(z) = L̃(x̃N ). Our goal is to obtain the necessary conditions to compute a local

minimizer of Θγ , noting that Θγ is nonsmooth due to ℓ1 penalization. Specifically, we seek

to obtain a stationary point z⋆ such that 0 ∈ ∂Θγ(z
⋆). Assume the gradients of L̃, Re, Ri

are bounded on Z. we define the convex subdifferential as follows

∂|w| ≜


{1}, w > 0,

[−1, 1], w = 0,

{−1}, w < 0,

(4.24a)

∂|w|+ ≜


{1}, w > 0,

[0, 1], w = 0,

{0}, w < 0.

(4.24b)

Next, define µ ∈ Rnz and η = (ηe, ηi) ∈ RnR to express terms within the subdifferential of

Θγ(z
⋆) as

µ ∈ ∂1Z(z⋆), (4.25a)

ηe ∈ ∂|Re(z
⋆)|, (4.25b)

ηi ∈ ∂|Ri(z
⋆)|+. (4.25c)

Then, from [30, Prop. 10.15, Thm 10.20], a point z⋆ is stationary if there exists some µ, η

which satisfies

0 = ∇zLz(z) + µ⊤ + γη⊤e ∇zRe(z) + γη⊤i ∇zRi(z), (4.26)
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Given that z⋆ and Z obey the conditions of [37, Lemma 13], we can use [37, Lemma 15]

combined with equation (4.26) to show that, if z⋆ is a stationary point of Θγ and is feasible

with respect to the constraints of problem (4.19), then it must also be a KKT point of

problem (4.19). In other words, if γ is sufficiently large enough to produce a solution

such that residuals Re(z
⋆), Ri(z

⋆) = 0, then z⋆ is a KKT point of the original constrained

problem. This property of exact penalization, among others, allows us to directly minimize

for equation (4.23) to retrieve a solution to problem (4.19), which we will exploit further in

the following subsection.

4.4.2 The Prox-linear Method

We now consider the prox-linear method [34,71] for convex-composite minimization, summa-

rizing the description in [37] for clarity, with modifications for our specific implementation.

The prox-linear method finds a stationary point z⋆ of Θγ by iteratively minimizing a convex

approximation Θρ
γ : Rnz → R such that, in the case of ℓ1 penalization, we have

Θρ
γ(z; z̄) = Lz(z) + 1Z(z) + ρ∥z − z̄∥22

+ γ∥Re(z̄) +∇zRe(z̄)(z − z̄)∥1

+ γ1⊤|Ri(z̄) +∇zRi(z̄)(z − z̄)|+,

(4.27)

where z̄ serves as a reference solution (either the previous iteration’s solution for iterate

k ≥ 2, or an initial guess in the case of k = 1), and ρ > 0 serves as the proximal term

weight. Notably, we must express the gradients and residuals associated with our dynamics

terms as

∇zR
F j
k (z̄) = Cj

k(Z̄
j)M j

k

⊤
, (4.28a)

RF j
k (z̄) = Cj

k(Z̄
j)M j

k

⊤
z̄ − cjk(Z̄

j). (4.28b)

where M j
k ∈ Rnz×(2nx̃+Nj

ũ) represent allocation matrices, composed of sparse block identity

matrices, satisfying vjk = M j
k

⊤
z. Then, rather than minimizing (4.27) directly, we instead
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solve the following constrained convex subproblem in practice:

minimize
z,ν−e ,ν+e ,νi

Lz(z) + γ1⊤(ν−e , ν
+
e , νi) + ρ∥z − z̄∥22 (4.29a)

s. t. Re(z̄) +∇zRe(z̄)(z − z̄) = ν+e − ν−e , (4.29b)

Ri(z̄) +∇zRi(z̄)(z − z̄) ≤ νi, (4.29c)

ν−e , ν
+
e , νi ≥ 0, (4.29d)

z ∈ Z. (4.29e)

In problem (4.29), slack variables ν−e , ν
+
e , νi are added to ensure smoothness of the ob-

jective and constraint functions. We denote a solution to problem (4.29) with the nota-

tion z, ν−e , ν
+
e , νi = subproblem(z̄). Algorithm 4.1 describes an overview of the prox-linear

method specific to our implementation, where kmax represents the maximum number of iter-

ations, and ϵγ , ϵρ > 0 represent the convergence tolerances for the relaxed exact penalization

and proximal terms, respectively.

Algorithm 4.1 Prox-linear Method

Require: z1, kmax, ϵγ , ϵρ, γ, ρ
Ensure: zk
1: k ← 1
2: converged← false
3: while k ≤ kmax and not converged do
4: zk+1, ν

−
e , ν

+
e , νi ← subproblem(zk)

5: if 1⊤(ν−e , ν
+
e , νi) ≤ ϵγ and ∥zk+1 − zk∥22 ≤ ϵρ then

6: converged← true
7: end if
8: k ← k + 1
9: end while

4.5 Deferred-Decision Trajectory Optimization

In this section, we consider the original continuous-time graph trajectory optimization prob-

lem (4.1), and assert the necessary structure to impose the deferred-decision trajectory op-

timization (DDTO) problem class. We consider an initial condition set Z0 ⊂ Rnx and a

set of candidate terminal condition (target) sets Zj ⊂ Rnx , j ∈ [ntarg]. The objective is to
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maximize the amount of time such that multiple targets in the target collection are guar-

anteed to remain reachable (under nominal conditions, i.e. without process uncertainty),

such that the decision to commit to a target in the reachable set may be deferred.

4.5.1 Graph Structure

The DDTO problem statement is broadly described by an arborescence (otherwise known

as directed rooted tree) graph structure.

Definition 4.1 (Arborescence). An arborescence defined by graph G = (V, E) contains a

single source node v0 ∈ V that has a unique directed path to every other node v ∈ V\{v0} in

the graph.

We consider a specific instantiation of this tree-like structure, containing one shared trunk

segment , denoted by the index 0 with trajectory (x0(t0), u0(t0)), and ntarg ∈ N branch

segments, each corresponding to a desired target and connected to the trunk segment,

denoted by the index j ∈ [ntarg] with trajectory (xj(tj), uj(tj)). This results in a graph

G = (V, E) such that V = (0, 1, . . . , ntarg) and E = (ε01, . . . , ε0ntarg). Stitching is performed

such that the initial condition of each branch segment connects to an intermediate point

of the trunk segment. For a target j, this corresponds to an edge ε0j with trunk-relative

deferral time t0→j , and branch-relative connection time tj←0 = tji . We stitch targets together

in a predefined ordering characterized by λ = (λ1, ..., λntarg), where λj ∈ [ntarg] indexes a

target, such that

t0→λ1 ≤ t0→λ2 ≤ · · · ≤ t0→λntarg−1 = t0→λntarg = t0f .

Under this restriction, the final two branches in the ordering shall always defer from the end

of the trunk segment. We refer to this application of graph-scvx to the DDTO problem as

graph-ddto going forward.

4.5.2 Objective & Constraints

We now discuss formulation of the objective and constraint functions specific to graph-ddto,

formulated for the expression of the original OCP (4.1). The problem objective is to jointly

maximize for a weighted sum of deferral times t0→j , ∀j ∈ [ntarg] under weighting parameters
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αj ∈ R+. This objective can be considered event-driven and is evaluated at finitely-many

intermediate times along the trunk; for simplicity, we opt to describe this objective directly

on the discrete-time problem as

Lz(z) = −
ntarg∑
j=1

αjEtx̃0k0→j . (4.30)

Additionally, we would like to constrain the cumulative path to each target to be ϵj-

suboptimal relative to some independent optimality metric, which we denote in Mayer form

as ls(x
j
f ) evaluated for a target j, with a reference optimality l̄js obtained from a converged

single-target solution corresponding to target j, computed a priori. Then, the suboptimality

constraint is defined as

ls(x
j
f ) ≤ (1 + ϵj)l̄js , j ∈ [ntarg], (4.31)

where the above assumes ls(x
j
f ), l̄

j
s ≥ 0 (valid for most practical cases, such as a minimum-

fuel reference objective). We would also like to impose global time-varying state X (t) ⊆ Rnx

and input U(t) ⊆ Rnu path constraints. We can implicitly define path constraint functions

gj , hj such that the following constraints

xj(tj) ∈ X (tj), j ∈ V, (4.32a)

uj(tj) ∈ U(tj), j ∈ V, (4.32b)

are satisfied for all tj ∈ [tji , t
j
f ]. Additionally, we implicitly define boundary condition func-

tions pj , qj such that the following constraints

x0(t0i ) ∈ Z0, (4.33a)

xj(tjf ) ∈ Z
j , j ∈ V\{0}, (4.33b)

are satisfied, in addition to suboptimality constraint (4.31), for t0i , t
j
f .
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Figure 4.3: Illustration of the graph-ddto warmstart generation process described by algo-
rithm 4.2. Left: four single-target solutions to terminal condition sets Z1-Z4. Right: the
converted warmstart for graph-ddto, where the black segment denotes the trunk and the
colored segments denote the branches, with deferral indices kd1 , . . . , k

d
4 and λ = (1, 2, 3, 4).

4.5.3 Initialization

A key characteristic of the prox-linear method is the requirement of an initial guess to

serve as the linearization reference for the first iterate of the algorithm. We seek to find a

general-purpose formulation for an initial guess of the DDTO problem such that:

1. We can make efficient use of previously-computed information.

2. We preserve dynamic feasibility in the initial guess for as many dynamic links (knot

point pairs) as possible.

We propose a candidate approach where we start by computing ntarg single-target solu-

tions from Z0 to each target Zj , j ∈ [ntarg]. We recall that these solutions were already

necessary to obtain reference optimalities l̄js for constraint (4.31). To maintain consis-

tency with graph-scvx, we use the ct-scvx algorithm to generate single-target solutions.

denoted as ct-scvx(Zj) for a solution to target j. For simplicity, we describe this ap-
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proach assuming a uniform first-order hold control parameterization, but note it applies

fundamentally to other parameterizations. We will denote the corresponding state so-

lutions for single-target trajectories as X̄j
s = (x̄js,1, . . . , x̄

j

s,Nj
s
) with corresponding control

parameterizations Ū j
s = (Ū j

s,1, . . . , Ū
j

s,Nj
s
). From these quantities, we would like to obtain

the graph-ddto warmstart reference X̄j = (x̄j1, . . . , x̄
j
Nj ) with control parameterizations

Ū j = (Ū j
1 , . . . , Ū

j
Nj ). In other words, we would like to convert ntarg single-target tra-

jectories to ntarg + 1 trajectory segments corresponding to the trunk and branches of a

graph-ddto problem.

The resulting warmstart approach is described in algorithm 4.2, with a corresponding

visual illustration provided in figure 4.3. The algorithm proceeds through the targets in the

deferral order parameterized by λ by extracting snippets of the single-target trajectories

to form the trunk, and constructing the branches directly with the last N j knot points of

each single-target trajectory. We will denote kjd = k0→j going forward. Then, given single

target solutions with grid sizes N j
s , we require the grid size of each graph-ddto branch to

be equal to N j = N j
s −kjd+1, ∀j ∈ [ntarg]. This means that the full graph-ddto trajectory

towards each target (trunk up to index kjd concatenated to the remaining portion of the

branch) takes on the same concatenated grid size as its corresponding single-target solution,

ensuring compatibility with our warmstart approach.
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Algorithm 4.2 graph-ddtoWarmstart

Require: k1d, . . . , k
ntarg

d

Ensure: X̄j , Ū j , l̄js
1: kp ← 1
2: for j ∈ (λ1, . . . , λntarg) do

3: X̄j
s , Ū

j
s , l̄

j
s ← ct-scvx(Zj)

4: X̄j ← X̄j

s,kjd:N
j
s

5: Ū j ← Ū j

s,kjd:N
j
s

6: if j ̸= λntarg then

7: X̄0
kp:k

j
d

← X̄j

s,kp:k
j
d

8: Ū0
kp:k

j
d

← Ū j

s,kp:k
j
d

9: kp ← kjd + 1
10: end if
11: end for

To analyze this approach, we can define a feasible dynamical link as a pair of knot point

states x̃1, x̃2 and control parameterization U which satisfies the relation F (x̃1, x̃2, U) = 0

according to the form of equation (4.10) (stated without additional notation for vertices

and edges). Then, we can observe that this approach contains two salient properties: 1.

only (ntarg − 1) links in the output X̃j , Ũ j , j ∈ [n] are dynamically infeasible; and 2.

the trunk initial guess always chases the next target for deferral, meaning only 1 of the

aforementioned links corresponds to an edge of the graph. We have tested many different

initialization techniques, including fixed-final-time quasiconvex DDTO [38], single-target

initialization with the trunk naively shooting at only one target, and linear interpolations

on state and control space to a geometric mean between the initial condition and targets

{Z0,Z1, . . . ,Zntarg}. In our benchmarking, we have found algorithm 4.2 to consistently

provide the most robust warmstart in terms of minimizing prox-linear iterations, and as

such will be used to warmstart graph-ddto in all upcoming demonstrations.

4.6 Adaptive-DDTO

We now discuss an extension of DDTO modeling which considers an augmentation and

operationalization of DDTO in online, real-time maneuvering of unknown and hazardous

environments. In such environments, we may consider selecting a collection of target ter-
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Figure 4.4: Comparison between DDTO and adaptive-ddto in the quadrotor soft landing
scenario.

minal conditions Zj given information on the environment. For example, consider the

autonomous soft landing problem; if we can parameterize safe subsets of the terrain, then

we can select a collection of safe prospective targets and defer our decision to commit to

any particular one. During said maneuver, targets may become unavailable for a number

of reasons:

1. Updated perceptive information dictates the target is no longer safe.

2. The decision deferral (branch) point for a target has been reached, at which point

either the target is deferred to (only the deferred target remains reachable) or the

vehicle decides to remain on the deferrable (trunk) segment (all but the deferred

target remains reachable).

Under these considerations, the viable target count may drop below an acceptable threshold

or be eliminated entirely. We present the adaptive-ddto algorithm [52, Algorithm 1] to

ensure a bounded number of targets, nmin ≤ ntarg ≤ nmax, remain in the reachable set

of the vehicle at all times during the maneuver. In this section, we will denote target
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sets as pointwise equality constraints in position with zero terminal velocity, such that

Zj = {(r, v) ∈ R3×R3|r = zj , v = 0}. Each target also has a safety radius, Rj(t), associated

with the feasible landing region at any point in time (tracked by a backend perception

algorithm). These radii will be implicitly considered a (dynamically-updated) parameter of

zj to simplify notation going forward. Recall that DDTO requires specification of a target

preference order λ = (λ1, . . . , λntarg); to determine this preference order, a desirability score

is assigned to each target and represented by the evaluation function gdes : Rnx → [0,∞). A

proposed heuristic for this evaluation function is a weighted sum gdes(z
j) = w⊤descdes, where

cdes ∈ R4 contains scores related to LiDAR point cloud density, proximity to vehicle, site

clustering, and site radius Rj(t), and wdes ∈ R4 contains corresponding tunable weights for

each element of cdes.

The function grem : Rnx → {0, 1} determines if a target should be removed or not, and

returns true if the target bounding radii falls below the minimum safe bounding radius,

denoted grem(z
j) = Rj < Rmin. The switching decision at a branch point is represented

by a function gswitch : Rnx → {0, 1} and returns true if the desirability score associated

with the target in consideration for deferral exceeds all other targets’ scores, such that

gswitch(z
j) = gdes(z

j) > max({gdes(zi)}i∈{J/j}).

Under certain conditions, it may be desirable to lock the guidance to the best available

target zjlock , disabling adaptive-ddto re-computations and applying control towards this

target until the terminal condition zjlock is reached. A reasonable locking condition based on

a minimum “cutoff” altitude hcut could be used, such that glock : R→ {0, 1} is defined with

glock(h) = h < hcut. To index into the altitude of x̃0k, the vector eh = [0, 0, 1, 0, 0, 0, 0, 0]⊤ is

used.

There are also several other useful functions that will be considered for the adaptive-ddto

formulation:

• hacquire : N → 2R
3
returns nmax − n new targets from the perception module (not

already in the current set).

• hupdate : R3 → R3 calls from a perception module to update target zj and associated
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properties (radius and scoring metrics).

• sort permn : Rn → Nn sorts the input collection of cardinality n ∈ N in monotonically

decreasing order and returns the permutation indices that indicate the sorting order.

• comm control : (Rnj
ũ)→ ∅ extracts and commands a parameterized control signal as-

sociated with the jth trajectory segment (no output since the control signal is realized

on the vehicle’s true state).
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Algorithm 4.3 adaptive-ddto

Require: z0, J, {zj}j∈J
1: jlock ← −1
2: J+ ← {1, . . . , nmax} \ J
3: {zj}j∈J+ ← hacquire(|J+|)
4: J ← J ∪ J+
5: {λj}nmax

j=1 ← sort permn({gdes(zj)}j∈J)
6: X̃, U = graph-ddto(z0, {zj}j∈J , {λj}j∈J , {ϵj}j∈J)
7: for k = 1, . . . , N0 do
8: for j ∈ J do
9: zj ← hupdate(z

j)
10: if grem(z

j) then
11: J ← J \ {j}
12: end if
13: if k = k0→j and gswitch(z

j) then
14: J ← {j}
15: jlock ← j
16: else if k = k0→j then
17: J ← J \ {j}
18: end if
19: end for
20: if |J | < nmin then
21: X̃, U ← adaptive-ddto(x̃0k, J, {zj}j∈J)
22: end if
23: if glock(e

⊤
h x̃

0
k) then

24: jlock ← argmax({gdes(zj)}j∈J)
25: end if
26: if jlock ̸= −1 then
27: comm control(U jlock

k−k0→jlock
+1)

28: else
29: comm control(U0

k )
30: end if
31: end for

Algorithm 4.3 notably contains recursive calls to itself for adaptive re-computations when

n < nmin. Here, z
0 represents the pointwise initial condition and J ⊆ {1, . . . , ntarg} refers to

a target indexing set. graph-ddto() receives the initial condition z0 and target parameters

zj , λj and ϵj , ∀j ∈ ntarg, and returns the full graph trajectory bundle X̃, U . We note that,

while we show loop logic executed at a frequency corresponding to the discretization grid
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for notational simplicity, in practice these logical checks will be executed at a much higher

frequency.

4.7 Experimental Results

In this section, we consider a multitude of tests that demonstrate the capabilities and

performance of graph-ddto. We divide this investigation into three categories focused

on quadrotor trajectory planning: 1. comparison of graph-ddto against a predecessor

DDTO-based algorithm on challenging obstacle avoidance scenarios; 2. comparison of

graph-ddto against several classes of landing divert maneuvers in the context of safe

hazard-aware landing; and 3. hardware experiments for landing in environments with dy-

namic (moving) ground obstacles in a netted cage environment.

4.7.1 Implementation Details

In all forthcoming results, we leverage a Julia-based package designed to solve graph-ddto

problems with optimizations for real-time performance. We make use of the JuMP opti-

mization parser [35] and the Clarabel second-order cone program (SOCP) solver [46] to solve

prox-linear convex subproblem (4.29). We leverage ForwardDiff, an autodifferentiation pack-

age, to obtain dynamics gradients (4.12a),(4.12b) and boundary condition gradients applied

directly to residuals (4.21b),(4.21c). We also use OrdinaryDiffEq to solve the collection of

IVPs described by equations (4.11a)-(4.11f), with CPU parallelization enabled and applied

to batched dynamical links across G. In practice, we make use of the trajectory stitching

constraints introduced in appendix A to remove edge variable redundancies introduced in

problem (4.1). Simulations were executed on a workstation with an AMD Ryzen 9 7950X3D

CPU (16 cores, 32 threads, 5.8 GHz), 128 GB RAM, running Ubuntu 22.04 LTS. Julia was

configured to use 16 threads. The code used to generate all results for section 4.7.2, and

which serves as the graph-ddto backend for sections 4.7.3-4.7.4, exists as a Julia-based

package and is provided at:

https://github.com/bucknercsamuel/DDTOToolbox.jl

4.7.2 DDTO Method Comparison

We first seek to establish graph-ddto in relation to the state-of-the-art in nonconvex DDTO

modeling, for which we consult the algorithm highlighted in [39, Algorithm 2]. This approach

https://github.com/bucknercsamuel/DDTOToolbox.jl
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(a) Single-target solutions. (b) lex-ddto solution. (c) graph-ddto solution.

Figure 4.5: Comparison across three different trajectory bundles generated by 1. single-
target planning; 2. lex-ddto; and 3. graph-ddto. Deferral times, tjd = tj(τ jd), and
suboptimality to each target with respect to the corresponding single-target solution, ϵj⋆,
are displayed for the latter two cases. We use a global suboptimality upper bound of ϵj = 0.2
and uniform graph-ddto deferral time weighting of αj = 1 , ∀j ∈ [ntarg].

considers a lexicographical optimization in recursive stages, where targets are dropped from

the DDTO target set according to deferrability ordering λ in the transition to every sub-

sequent stage. Additionally, this approach aims to convert the problem to a canonical

single-target form such that the trunk and branch trajectories are directly concatenated on

top of each other, resulting in a problem which can be solved directly with ct-scvx. We

refer to this approach as the lex-ddtomethod going forwards.

We conduct a detailed analysis of lex-ddto and graph-ddto by considering the static

obstacle avoidance problem for quadrotors introduced by [127]. We consider state xj(t) ≜

[rj(t)⊤, vj(t)⊤]⊤ ∈ R6 representing the concatenated position and velocity of the quadrotor,

and control uj(t) ∈ R3 representing the thrust produced by the vehicle. We define these

vectors in an inertial {ex, ey, ez} basis. The dynamics can be described by a simple affine
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double-integrator of the form f(xj(t)uj(t)) = Axj(t) +Buj(t) + g, where

A =

03×3 I3

03×3 03×3

 , B =

 03×3

I3/m

 , (4.34)

where m represents the mass of the quadrotor vehicle and g represents the gravitational

acceleration. We also impose a collection of path constraints on the vehicle, including:

maximum vertical (z) and lateral (x-y) velocity magnitude bounds; minimum (nonconvex)

and maximum thrust magnitude bounds; thrust direction restricted about a second-order

cone relative to the ez direction; a constant-altitude constraint to restrict vehicle motion

to a 2D plane; and (nonconvex) obstacle avoidance constraints imposed on the position of

the vehicle. Details on how each constraint is formed are provided in [127]. The boundary

conditions represent an initial and terminal position, and zero velocity at both initial and

terminal times. We configure 16 large circular obstacles such that the feasible state-space

is highly restricted as a challenge case.

Figure 4.5 shows a direct comparison between lex-ddto and graph-ddto for a difficult

obstacle avoidance scenario with ntarg = 4. We can observe that lex-ddto implicitly fa-

vors the last two targets to be deferred (targets 2 and 3 in this case), achieving a higher

deferrability time for these targets. In contrast, graph-ddto exhibits greater deferrability

for the first two targets, with a more even spread over deferral times due to equal weighting

in the graph-ddto objective. When evaluating on said objective, such that we compute

the cumulative deferral time Σjt
j
d, we see that lex-ddto achieves a total cumulative defer-

ral time of 5.03 s, whereas graph-ddto achieves a time of 5.58 s, representing a +10.4%

improvement in terms of the objective. We note that this objective difference is a result

of a different deferral objective; lexicographic DDTO greedily optimizes for the target de-

ferrability in the order of λ, whereas graph-ddto directly optimizes for the total deferral

time (when αj = 1, ∀j ∈ [n]), exploring the pareto-optimal frontier of the solution space.

We also observe maximum path constraint violation errors (on the nonlinear propagations

of our trajectories) of 3.233e−4 and 1.437e−4 for lex-ddto and graph-ddto, respectively.

While this value is slightly larger than our CTCS tolerance of ϵθ = 1e−4, the extra gap
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can be explained by the fact that SCP only converges to numerical tolerance of ϵγ and

ϵρ; the fact that constraint violations fall within one order of magnitude provides a strong

indicator of the quality of the solutions and empirically validates the CTCS relaxation in

section 4.3.4.

Perhaps more interesting in the context of real-time planning, however, is the difference

in cumulative solve time. graph-ddto was able to solve this problem in 2.07 s, however

lex-ddto required 38.99 s, representing a ×18.8 multiple increase in solve time. Table 4.1

provides an overview of the algorithm differences that led to this discrepancy. First, recall

that lex-ddto solves a lexicographic sequence of optimization problems (stages), while re-

ducing the target count by one for each new stage. This means the dimension of the decision

variable of each stage is scaled by (n, n− 1, . . . , 3), resulting in O(n2) composite complexity

with respect to decision variables when considering all stages together. On the contrary,

graph-ddtomust only solve one optimization problem scaled by n. We note that, while

this statement does not qualify the complexity of the underlying convex subproblem, we

observe subproblem solve-times scaling closely to the decision variable size for these prob-

lem structures. Furthermore, when concatenating all trajectories together, evaluation of the

dynamics jacobians during linearization takes on O(n2) complexity, whereas considering tra-

jectories independently only requires O(n) complexity. This discrepancy results from the

fact that jacobians between different segments are trivially zero (∇xi,uif(xj , uj) = 0, ∀i ̸= j);

the latter can exploit that structure, while the former cannot without explicit customiza-

tion of the discretization. Beyond these algorithm complexity differences, we also observe

that lex-ddtomust explicitly concatenate branches to the trunk due to lack of a stitch-

ing constraint formulation, resulting in ntarg redundant knot points (see proposition A.1 in

the appendix). We note the impact of this modeling choice scales by the sparsity of the

discretization grid. A further consequence of this concatenated approach is that the dis-

cretization & parameterization of all segments must match (such that N i = N j , ∀i, j ∈ [n]),

resulting in extraneous trunk knot points and violating the requirements of the warmstarting

technique in algorithm 4.22. To facilitate a more detailed analysis, we performed a Monte

2lex-ddto is warmstartable in principle but not with the identical simultaneous graph warmstart as in
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Figure 4.6: Monte Carlo comparison between lex-ddto and graph-ddto across multiple
cumulative deferral times, algorithm solve time and percent convergence. For deferral and
solve times, the mean and 1-σ uncertainty are displayed by a solid line and a transparent
band about the line, respectively.

Table 4.1: DDTO algorithm comparison.

lex-ddto graph-ddto
Decision variable complexity O(n2) O(n)
Linearization complexity O(n2) O(n)
Minimal discretization ✗ ✓

Flexible knot allocation ✗ ✓

Warmstartable (alg. (4.2)) ✗ ✓

Carlo scanning over target counts ntarg = 2, . . . , 8 with 10 trials of randomly-generated tar-

gets per each target count setpoint. To generate targets, we randomly sample in the feasible

position space, set the target velocity to zero, and order the targets in terms of λ according

to their distance from the initial condition (such that the closest target is deferred first). Fig-

ure 4.6 provides an overview of the results. When looking at cumulative solver time across

all prox-linear iterates, we can see evidence of quadratic scaling for lex-ddto, whereas

graph-ddto scales much more linearly. We can also observe that graph-ddto exhibits

improved robustness in terms of prox-linear convergence, particularly as the target counts

increase (we mark a run as unconverged if the algorithm exceeds kmax = 100 prox-linear

iterates for any nonconvex problem in the algorithm loop). Finally, we observe a consis-

algorithm 4.2.
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Table 4.2: Ablation study on graph-ddto warmstart.

Method No obstacles Obstacles

Linear 0.35± 0.015 s 12.00± 7.40 s
Qcvx-ddto 0.42± 0.11 s 3.90± 5.25 s
Alg. 4.2 0.37± 0.06 s 2.92± 4.51 s

tently larger deferrability objective evaluation for graph-ddto relative to lex-ddto (we

only consider converged solutions at this step, since unconverged solutions may not display

accurate optimization metrics).

Ablation study: Graph-DDTO warmstart

To evaluate the benefits of using algorithm 4.2 to generate a warmstart for graph-ddto,

we perform an ablation study on the total solve time of graph-ddto with this warm-

start, relative to a linear-interpolation-based warmstart (standard for SCP methods), and

a Qcvx-ddto warmstart [38, Algorithm 2]. We consider cases of both no obstacles and all

obstacles present in this section’s obstacle avoidance problem, over 10 trials of randomly-

generated targets with ntarg = 4. In the no-obstacles case, we observe very similar per-

formance across all three methods, however in the challenge case with obstacles, we see a

moderate improvement in solve time for algorithm 4.2 overQcvx-ddto, and substantial im-

provement over a linear-interpolation-based warmstart. Thus, we conclude that algorithm

4.2 is the most versatile warmstart to use going forwards.

4.7.3 Trade Study: Hazardous Soft Landing

With graph-ddto’s strengths and real-time capabilities established in relation to the lex-ddto

technique, we now move towards an important application of real-time deferred decision-

making: soft landing of a quadcopter in a hazardous and unknown environment. As was

mentioned in the introduction, an important motivation behind decision-deferral is to ob-

tain information on the environment through perceptive sensing. To this end, we consider

a quadrotor equipped with a LiDAR sensor which utilizes a perceptive backend to acquire
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Figure 4.7: Left: visual clarification of the different demonstration maps tested on in AirSim.
Right: Demonstration of an Adaptive-DDTO landing maneuver on map #3 with snapshots
indicating: (A) initial descent with a full (ntarg = 3) graph-ddto solution; (B) midway
through descent wherein a target has been lost due to exceeding its deferral time (branched
off); (C) final descent locked to a single target.

and track multiple targets which have been deemed safe. The Hazard-Aware Landing Op-

timization (HALO) framework [52] is a joint planning & perception approach designed for

quadrotor landing in hazardous and unknown environments. In this framework, there exist

two core autonomy modules to safely execute the maneuver.

The first module, Hazard-Aware Landing Site Selection (halss), obtains the ntarg

safest circular landing sites in the terrain environment by constructing a world-frame binary

map (indicating safe & unsafe regions) and selecting centroid-radius pairs (zj , Rj), j ∈ ntarg

which maximize non-overlapping coverage of the safe region. Landing site radii are con-

stantly tracked and updated as new perceptive measurements are made. halss is imple-

mented to interface with the adaptive-ddtomodule, described by algorithm 4.3. To deter-

mine graph-ddto’s contribution to the perception-aware autonomous landing literature,

we benchmark the algorithm, wrapped into adaptive-ddto, against a class of single-target

divert-based techniques.
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(a) graph-ddto (b) gr-1 (c) gr-∞

Figure 4.8: Comparison of descent profiles between graph-ddto and comparative methods
for a selected problem scenario on map #3. Divert trajectories are color-coded according to
temporal progress at the time they were computed relative to the overall maneuver duration.

Problem definition

Because the quadrotor is capable of descending at high velocities, we now consider a non-

linear dynamics model which extends on the double integrator model in section 4.7.2 by

including an aerodynamic drag term. This model is stated as follows:

.
r
j
(t) = vj(t) (4.35a)

.
v
j
(t) =

uj(t)

m
− ρairCdSA∥vj(t)∥2vj(t)

2m
+ g (4.35b)

Where ρair, Cd, SA ∈ R are constants corresponding to the local air density, coefficient of

drag and frontal surface area of the quadrotor, respectively. In terms of path constraints,

in contrast to section 4.7.2, we do not impose obstacle avoidance or constant altitude con-

straints. Terminal conditions are specified as point-wise equality constraints such that

Zj = {(r, v) ∈ R6 | r = zj , v = 03}.
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Real-time HALO implementation

To conduct a realistic and high-fidelity analysis, we present a real-time implementation of

HALO built on top of the ROS 2 framework [79] with Julia’s PackageCompiler for fast

startup. The provided software framework now operates in real-time, and hosts a number

of updates to both the halss and adaptive-ddtomodules.

The first major update to halss, in relation to [52], is the inclusion of Gaussian-distributed

range-dependent noise to LiDAR measurements to improve realism of the sensor model.

In addition, we modified the world map constructor to be adaptively resizable, and gave

halss a finite-horizon memory such that it will discard measurements beyond a certain

backward-horizon window (circular buffer holding a fixed number of point cloud measure-

ments). This feature is critical to discard higher-noise measurements obtained at a higher

altitude, allowing the map to improve as the quadrotor descends. We also took the fine

hazard detection technique [52, Section III.B] and used it to replace the previous Bayesian

network-based coarse hazard detection at a lower binning resolution, such that the entire

module no longer relies on a learning process. Finally, many of the processes in halss were

optimized in implementation to enable the algorithm to run at ∼ 20 hz for real-time target

updates.

In terms of adaptive-ddto, the primary update concerns wrapping graph-ddto into the

DDTO solver call in line 8 of [52, Algorithm 1], replacing the previous quasiconvex DDTO

solver from [38, Algorithm 2]. This replacement enables us to directly embed nonlinear

dynamics and nonconvex path constraints into the problem description to produce higher-

fidelity trajectories, and additionally enables all deferral events and terminal landing times

to be directly optimized over.

The Gr-M algorithm

Given the new HALO framework wrapped around graph-ddto, we now seek to draw

comparisons to established autonomous soft landing techniques in the literature. To do
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(a) Map #1 (b) Map #2 (c) Map #3

Figure 4.9: Monte Carlo statistics of induced energy between graph-ddto, gr-1 and
gr-∞ across all three demonstration maps. Data is visualized using violin plots charac-
terizing the sampled probability distribution, along with quantile information displayed by
box plot overlays and outliers (defined according to table 4.3) plotted with dots outside the
box plot ranges.

this, we define a class of single-target retargeting techniques defined as the greedy-M , or

gr-M , algorithm class.

Algorithm 4.4 provides an overview of the gr-M algorithm, which notably repurposes

the functionalities of halss to acquire the single best target when requested through the

function halss target(), returning the target position z ∈ R3 and safe radius R ∈ R.

The function ct-scvx(z) computes a single-shot solution towards target z from the current

quadrotor location to produce a trajectory (x(t), u(t)). During execution of the descent

maneuver, the target safe radius is tracked with a call to halss update(). If the target

radius falls below the minimum threshold Rmin, or if an M -rate retargeting is scheduled,

then a new target is obtained, with ct-scvx called recursively to generate a new trajectory.

Similarly to adaptive-ddto, this process is repeated until the altitude rz of the quadrotor

falls below a cutoff altitude hcut, at which point the current target is locked with no more

retargeting diverts permitted.

This technique can be thought of as a simplification of the adaptive-ddto algorithm

(where only a single target is tracked), and is principally conditioned on the choice of the

retargeting frequency M . In fact, we consider two special cases of gr-M as a reflection of
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the related literature in section 4.1.1. gr-∞ acts as a faithful real-time analog of the ap-

proach outlined by the G-FOLD algorithm and its successors [2, 32, 118], where diverts are

only commanded when a target becomes unsafe (meaning the second condition on line 6 of

algorithm 4.4 is never activated). gr-1, on the other hand, represents an opportunistic di-

version approach reflected by [41,47], where diverts are commanded at the fastest frequency

allowable (we found that single-target trajectories tend to solve at a rate of 1− 3hz, so we

upper bound the divert period at M = 1s). We note that these are not direct implementa-

tions of the aforementioned algorithms in the literature, but can be considered a controlled

ablation study of the divert policy alone (all methods share identical HALSS backend, dy-

namics and proxlinear solver numerics). We do not draw direct comparisons to the original

HALO framework, as it was not capable of performing landing in real-time (required simu-

lation pauses during adaptive-ddto divert calls), nor do we compare against lex-ddto as

it was already benchmarked head-to-head in the previous section; the proceeding analysis

is instead conducted to position HALO/adaptive-ddto against the broader literature of

single-target planning algorithms.

Algorithm 4.4 gr-M

Require: M,hcut,∆t
1: t← 0, tp ← 0
2: z,R← halss target()
3: x(t), u(t)← ct-scvx(z)
4: while rz ≥ hcut do
5: R← halss update()
6: if R ≤ Rmin or t− tp ≥M then
7: z,R← halss target()
8: x(t), u(t)← ct-scvx(z)
9: tp ← t

10: end if
11: t← t+∆t
12: end while
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Table 4.3: Monte Carlo comparison across various metrics.

Algorithm ↓ Induced Energy [J]1 ↑ Safe Radius [m]1 ↓ # Diverts1 ↑ % Success

Map #1

gr-1 1987.52± 1091.71 (27) 11.92± 5.24 (8) 12.13± 2.80 (77) 78.15
gr-∞ 1568.58± 685.97 (77) 9.77± 4.65 (28) 2.15± 2.24 (75) 92.05

graph-ddto 1694.01± 884.68 (7) 6.83± 3.65 (28) 2.52± 2.64 (17) 93.82

Map #2

gr-1 2457.18± 1197.61 (18) 5.38± 1.78 (10) 13.51± 3.15 (37) 61.04
gr-∞ 1765.79± 745.55 (44) 4.84± 1.87 (10) 3.79± 3.88 (22) 86.46

graph-ddto 1764.54± 679.09 (10) 3.74± 1.37 (13) 3.30± 1.01 (13) 90.83

Map #3

gr-1 2057.18± 1272.44 (18) 5.39± 2.78 (11) 14.43± 5.92 (37) 75.41
gr-∞ 1645.62± 664.31 (61) 5.03± 2.40 (16) 4.00± 4.16 (30) 89.84

graph-ddto 1662.49± 671.62 (32) 3.76± 1.85 (13) 3.91± 2.87 (40) 90.45

1 Data displayed as mean ± standard deviation (# outliers2)
2 Outliers are defined relative to the interquartile range (IQR = Q3 −Q1), where Q3, Q1 are the 75th and 25th percentiles of
the data distribution. The outlier set [27] is defined as O = {d ∈ D|d ≤ Q1 − 1.5IQR}

⋃
{d ∈ D|d ≥ Q3 + 1.5IQR}, where d

defines a datapoint in dataset D.
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Comparisons to Graph-DDTO

With the gr-1 and gr-∞ algorithms established, we can now investigate how they com-

pare to adaptive-ddto with a graph-ddto backend. Figure 4.7 shows a demonstration of

adaptive-ddto and illustrates the three terrain environments (maps) we have selected to

investigate for algorithm comparisons. Map #1 is chosen as a baseline and represents the

simplest environment configuration with no small obstacles. Maps #2 and #3 represent

challenge cases for landing, wherein the quadrotor must land in cluttered environments with

many small obstacles (e.g. rocks and boulders) and significant elevation changes (such as

craters and mountains). This data was extracted from the NASA HiRISE dataset repre-

senting DEMs from the Martian surface, and simulation is carried out using the Microsoft

AirSim plugin to Unreal Engine 4.

In the interest of comparison, we would like to evaluate how these algorithms balance

safety with energy efficiency, while noting that these two objectives are not necessarily

uncorrelated. Moreover, the quadrotor could remain suspended in the air indefinitely if

energy was not a concern, so the ability to perform an energy-efficient landing maneuver

is paramount to ensuring energy allocation constraints are satisfied. While we do not have

direct access to an onboard battery model, we can evaluate induced power using momentum

theory [57], which is a standard first-order model for rotor power while neglecting other

terms such as motor losses, blade profile and parasitic drag. This model can be stated as

Pi =
∥T (t)∥3/22√
2ρairAr

, (4.36)

where Ar is the rotor disk area. If we integrate the induced power Pi over the duration

of the maneuver, we can obtain the induced energy Ei of the maneuver, and for a given

scenario, require that the induced energy falls below an energy budget Ei ≤ Emax. We note

that for both gr-1 and gr-∞, cumulative thrust is imposed as the optimization objective

since it can be parsed into standard SOCP solvers; for graph-ddto, cumulative thrust is

imposed as the single-target objective, and the algorithm is constrained to be ϵj-suboptimal

to each single-target trajectory, with ϵj = 0.05, ∀j ∈ [ntarg].
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In an effort to capture safety considerations directly, we evaluate several additional per-

formance metrics. First, we consider the radius of the largest available target landing site

at the cutoff altitude hcut, hence referred to as the safe radius of the maneuver. After this

point, there is no further distinction between algorithms as the quadrotor must commit

to a single trajectory with no further diverts. From an operational perspective, we also

consider the total number of diverts required over a maneuver to be a point of contention,

as each new divert incurs additional risk in terms of algorithm convergence and tracking

performance.

Figure 4.8 displays a side-by-side demonstration of each algorithm for a selected scenario

on map #3. We can see that gr-1 and gr-∞ engage in larger and more numerous diverts

over the course of their respective maneuvers, incurring more lateral motion and, conse-

quently, more energy expenditure. Moreover, these algorithms achieve induced energies of

3191.08 J and 1717.57 J, respectively, relative to graph-ddto which achieves a more desir-

able 1420.97 J, validating our observations. All algorithms otherwise behave similarly in

terms of safe radius, and each require substantially more diverts than graph-ddto (which

only requires four diverts), resulting in a safer and more energy-efficient maneuver.

Monte Carlo analysis

To provide a comprehensive analysis of our algorithm relative to its competitors, we perform

comparisons across 500 Monte Carlo samples of initial position (initial velocity always starts

at 0, i.e. hover condition), perturbed across the lateral boundaries of each terrain map at

a fixed above ground level (AGL) altitude of 150 m3. Table 4.3 shows statistical data

for all aforementioned metrics, as well as an analysis of the number of runs that were

deemed successful4. We define a successful run as one which: 1. induced energy falls

below Emax = 2500 J; 2. obtains a safe cutoff radius above the minimum allowable radius

3We encountered simulation runtime errors in some of the runs, so we filtered out their corresponding
randomization seeds from the analysis. This left us with 453, 480 and 492 valid seeds for maps #1, #2 and
#3, respectively.

4Statistical data is aggregated across all runs, not just successful runs
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Rmin = 1 m; and 3. does not contain any instances where a divert maneuver failed to

converge. We can consequently see that graph-ddtomanages to achieve the highest success

rate of the three algorithms across all tested maps.

Figure 4.9 provides a visualization of the induced energy sample probability distributions

for each algorithm across all demonstration maps. From this figure, we can observe that

graph-ddto: (i) tends to noticeably outperform gr-1 in terms of mean performance, and

(ii) tends to noticeably outperform gr-∞ in terms of outlier performance. We observe

these improvements in spite of the fact that graph-ddto trajectories are necessarily ϵj-

suboptimal in order to produce deferrable (trunk) segments. This deferrability is observed

to implicitly lead to more energy-efficient motion in the case that the perception map

(and thus safe landing site distribution) characteristics are changing rapidly, by avoiding

unnecessary diverts over the course of the maneuver. From the data in table 4.3, we can

observe that, across both challenge maps, gr-1 requires 31.50% more induced energy to

complete a maneuver relative to graph-ddto on average, which we attribute to aggressive

back-and-forth diverts at high resolve rates. On the other end, we observe that gr-∞ tends

to have almost the same mean induced energy as graph-ddto (within 1.1% on both maps),

however contains 2.5× as many outliers. This is due to the fact that gr-∞ only diverts

as-needed, achieving more stable performance, but may require large-scale diverts in the

case that a newly-found unsafe target was placed under consideration for too long, leading

to inferior worst-case performance and a less unimodal thrust distribution.

Across the other two safety metrics (safe radius and number of diverts), we observe that

graph-ddto and gr-∞ tend to perform similarly, with gr-1 exhibiting the most variability

in terms of both metrics. Moreover, because gr-1 constantly seeks out the best available

target, it exits the planning recursion with a higher safe radius at the cost of substantially

more diverts. Ultimately, we observe that graph-ddto is able to achieve the highest success

rate of the three algorithms across all tested maps when considering all three metrics, with

gr-∞ achieving the second-highest success rate consistently. We observe that the induced

energy requirement is the most important metric that contributes to these success rates,

followed by the number of diverts (which ultimately contributes to higher convergence failure
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rates for gr-1). While the safe radius requirement is the least important metric (since the

drone is able to consistently land within a relatively small safe radius of 1 m), it is still

important to note the trade-off in terms of radius margin which could become more relevant

under a more unstable landing configuration and environment.

Finally, in an attempt to obtain the most accurate comparison between algorithms, we

note that differences in algorithm solve time are captured in the results due to the fact that

the new HALO framework is real-time. This means that the commanded trajectory to track

with a lower-level PID controller only updates when the solver obtains a new solution (this

tracked trajectory refers to the trunk segment in the case of graph-ddto). We observe

that graph-ddto takes, on average, 1.27± 0.66 s to converge (worst-case: 4.67 s), whereas

gr-1 takes 0.40± 0.53 s (worst-case: 2.15 s) and gr-∞ takes 0.88± 0.92 s (worst-case: 2.35

s), noting that gr-∞ experiences much more solve-time variability due to larger diverts later

in the maneuver.5 Thus, even in spite of graph-ddto’s increased computational overhead

and latency, it is able to show improved performance over the other two techniques across

most metrics.

Ablation study: energy budget

To ensure we are providing a fair analysis of our algorithm over a variety of energy budgets

(representative of different landing scenarios), we perform an ablation study on the energy

budget parameter Emax, and study how this parameter affects the success rate of each algo-

rithm on each map. Table 4.4 shows the results of this ablation study. We can observe that,

when the energy budget is tight (Emax = 2000 J), the tighter distribution and mean perfor-

mance of gr-∞ enable it to achieve a higher success rate than graph-ddto across all maps.

However, when the energy budget is relaxed such that Emax = {2500, 3000}J, the degraded

outlier performance of gr-∞ causes this relation to flip such that graph-ddto achieves the

best performance across all maps. gr-1 performs worse than both other algorithms across

5While these solve times may not be considered real-time in all applications, they are sufficient for the
purposes of this work as replanning does not need to occur at high frequency in the context of landing
maneuvers.
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Table 4.4: Ablation study on Emax.

Algorithm Emax = 2000 J 2500 J 3000 J

Map #1

gr-1 68.21% 78.15% 86.53%
gr-∞ 88.08% 92.05% 95.14%

graph-ddto 75.94% 93.82% 98.45%

Map #2

gr-1 40.21% 61.04% 77.29%
gr-∞ 75.62% 86.46% 91.46%

graph-ddto 72.71% 90.83% 97.08%

Map #3

gr-1 64.63% 75.41% 82.52%
gr-∞ 84.35% 89.84% 93.90%

graph-ddto 79.47% 90.45% 95.12%

all three maps.

4.7.4 Hardware Test: Dynamic Obstacle Avoidance

In the HALO trade study, we demonstrated reliability of graph-ddto and adaptive-ddto on

a 500-sample AirSim study. We now establish that we can perform real-time closed-loop

execution with hardware-in-the-loop using a collection of flight test demonstrations on an

agile quadrotor platform in an indoor netted environment. This quadrotor is not readily

equipped with a perceptive sensor, so we decided to consider an alternative form of haz-

ardous and unknown environment: dynamic obstacles with unknown future trajectories.

Moreover, we consider a collection of RC cars which are piloted by human operators to

navigate the environment in an unpredictable manner.

Problem definition

We consider the same dynamical model introduced in section 4.7.3. The main distinction

with this scenario concerns how targets zj are acquired and tracked. We designate the

feasible (safe) ground-plane set S as the intersection of the sets corresponding to: (i) the

boundary of the test environment; (ii) the complement to the set of all RC car obstacles;
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Figure 4.10: GUI-based illustration of the hardware test environment for autonomous
quadrotor landing with dynamic obstacles.

and (iii) the circular projection of a second-order cone emitting from the quadrotor along

the −ez direction onto the ground plane. With the time-varying safe region S defined, we

can now apply the adaptive-ddto algorithm to perform safe landing. Ground targets are

uniformly sampled on command from S during target acquisition, and the safe radii of all

targets are constantly tracked by projecting their positions onto the boundary of S using

a signed distance function. We note that the second-order cone is added as a test analog

to the field-of-view of a perceptive sensor oriented in the −ez direction (which we hence

refer to as the FOV cone), and forces the algorithm to converge on a localized region of

the ground during descent. In terms of constraints, we also impose a maximum descent

velocity ∥e⊤z vj(t)∥2 ≤ vd,max to prevent the quadrotor from descending too rapidly in the

test environment and to simulate a more realistic landing scenario within the confines of the

cage. Similar to the HALO implementation, we make use of the ROS 2 framework to host

our targeting and planning modules, with trajectory packets sent to the quadrotor’s internal

flight controller from an offboard computer (the same one used for all other experiments in

this work), and state estimation packets received from an OptiTrack motion capture system.

We demonstrate all forthcoming results using an rviz GUI; Figure 4.10 shows an illustration
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(a) Simulated scenario of a fast descent with vd,max = 0.2 m/s.

(b) Flight test of a slow descent with vd,max = 0.1 m/s.

(c) Flight test of a fast descent with vd,max = 0.2 m/s.

Figure 4.11: Timelapses of dynamic obstacle avoidance droptests for quadrotor landing
under various operating conditions. For flight tests, camera footage is shown in the top
row, and the GUI perspective is shown in the bottom row; for simulated tests, only the
GUI perspective is shown. On the far right of each timelapse, the full descent profile and
trajectory bundles are displayed under the same conventions as in figure 4.8.

of the GUI display.
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Figure 4.12: Flight test results in terms of both vertical descent velocity and planner tracking
error across all three test scenarios for dynamic obstacle avoidance droptests.

Results & analysis

We consider three separate test scenarios under different operating conditions: 1. a fast

descent (vd,max = 0.2 m/s) in a purely-simulated environment with three simulated RC

cars driving in circular holding patterns; 2. a slow descent (vd,max = 0.1 m/s) in the flight

test environment with two human-operated RC cars; and 3. a fast descent (vd,max = 0.2

m/s) in the flight test environment, once again with two human-operated RC cars. Figure

4.11 shows timelapses of each descent scenario. We observe that the quadrotor is able to

make fairly stable landings in all three scenarios, despite the fact that the human operators

were instructed to drive the RC cars in an unpredictable and chaotic manner. Figure 4.12

shows the drone’s measured descent velocity and tracking error during each test scenario;

in the former, we also display the descent velocity constraint violation region dictated by

vd,max. When looking at the descent velocity, we can observe that the quadrotor is able to

maintain a stable descent velocity with mostly minimal constraint violations (noting that

the constraints are satisfied to ϵθ tolerance in the trajectory optimization and only violated

due to tracking and state estimation errors). We do observe that, in the fast descent

scenario in the flight test environment, the quadrotor experiences a rather large violation
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of the descent velocity constraint towards the end of the maneuver, which occurs due to

divert planning latency under sequential planning. We note, however, that the software

is behaving nominally in this mode of operation, and the quadrotor is ultimately able to

perform a safe and stable landing regardless, despite the fact that this maneuver is an

intentionally-aggressive stress test of a nominal landing scenario (the time of maneuver is

only 12 seconds, whereas typical landing maneuvers were on the order of 25 − 30 seconds

in HALO scenarios). In terms of tracking error, the error is maintained very close to zero

for the simulated scenario due to the fact that the simulator may be paused during the

trajectory optimization process (to serve as a control in relation to the hardware tests).

In the flight test scenarios, we observe that tracking error is maintained mostly within a

reasonably-tight 0.2m tolerance, with jumps observed due to new diverts; we only see larger

violation during towards the end of the fast descent scenario, due to the same reasoning as

was observed for the descent velocity.

4.7.5 Numerical Parameters

In an effort to aid reproducibility of the results of this section, we provide all relevant

numerical parameters used in the aforementioned experiments. Across all experiments, we

use stopping tolerances of ϵγ = ϵρ = 5× 10−3, a CTCS relaxation of ϵθ = 1× 10−4. We also

uniformly apply an objective weighting update law to the Lz(z) term, such that for any

proxlinear iteration, the weight is reduced by a factor of 1.4 per each successive iteration.

For graph-ddto, to determine the deferrability indices kjd for each stage j, we uniformly

sample in the permutation order of λ up to N0/
√
2 (rounded to the nearest integer), where

N0 represents the number of knot points corresponding to the trunk. Across all scenarios,

we also apply a thrust pointing angular constraint relative to the vertical direction, ez, of

45◦. Multiple shooting of all experiments uses 10 stage points per knot interval with an

RKF45 integration scheme. Clarabel and ForwardDiff.jl use all default parameters.

For the DDTO comparisons in section 4.7.2 specifically, in terms of algorithm parameters,

we use ρ = 2, γ = 50, kmax = 100, N j = 15 and αj = 1. We consider a vehicle configuration

with mass m = 0.35 kg and thrust bounds between 1 and 7 N, and time-of-flight bounds

between 5 and 20 s. Cylindrical obstacles all have a radius of 0.6 m.
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For the HALO scenarios in section 4.7.3 specifically, in terms of algorithm parameters, we

use ρ = 1, γ = 100, kmax = 50 and N j = 10. The vehicle and aerodynamic configuration

can be found from AirSim documentation [119], summarized as m = 1kg, Cd = 0.325, SA =

0.0198m2, g = −9.81ezm/s2, ρair = 1.225kg/m3, with thrust bounds between 5 and 16.72N

and time-of-flight bounds between 5 and 60 s. We also constrain the magnitude of vehicle

lateral velocity to a maximum of 10 m/s, and vertical velocity between −10 and 10−3 m/s.

The adaptive-ddto cutoff altitude hcut is set to 30m. In terms of the HALSS (perception)

model, to model LiDAR sensor noise, we use an along-ray standard deviation of

σ(r) = 0.02 exp(0.0002 r) m, (4.37)

where r is the range to the obstacle in meters. The LiDAR has points centrally along −ez

with a 30◦ field of view half-angle, a maximum range of 500 m, 128 channels, 50 rotations

per second and 106 points per second; we refer the reader to AirSim documentation [119] for

more details. The HALSS circular buffer holds a maximum point cloud size of 105 points;

we refer the reader to [52] for all other default HALSS parameters. The feedback controller

uses AirSim’s moveOnPathAsync to track the closest point on the tracked trajectory at a

rate of 100 Hz.

Vehicle parameters associated with the flight quadrotor in section 4.7.4 are not able to be

provided due to proprietary information.
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Chapter 5

CONTACT-IMPLICIT SUCCESSIVE CONVEXIFICATION

5.1 Introduction

In previous chapters, we have explored the use of sequential convex programming to solve

trajectory optimization problems pertaining to perception-aware planning, fulfilling the first

objective of this dissertation’s defined interaction-aware exposition. We now turn our atten-

tion to the second objective, which is to consider contact-rich interactions. The prevailing

approach to addressing this class of interactions in the literature is contact-implicit trajec-

tory optimization (CITO). CITO methods are particularly attractive because they eliminate

the need to predefine contact schedules. However, most existing CITO formulations rely

on fine time discretization to capture contact events. This increases the number of decision

variables and constraints, coupling solution quality tightly to the discretization resolution

and creating an unfavorable accuracy-runtime tradeoff [101].

To address this limitation, we build on the sequential convex programming (SCP) ap-

proach, which iteratively approximates and solves nonconvex problems. While the usage of

SCP has been addressed for CITO [97, 98], we instead consider continuous-time successive

convexification (ct-scvx) framework [37] introduced in section 1.3.2, which notably enforces

constraints in continuous time and thus permits high-fidelity, feasible solutions over coarse

discretization grids. Our key idea is to extend continuous-time satisfaction to contact con-

straints, specifically cross-complementarity constraints [9]. We introduce an integral form of

cross-complementarity constraints expressed in continuous time, which ensures that contact

mode changes occur at discretization nodes while eliminating the risk of missing contact

This chapter is based in part on work previously published as [17]. © 2026 IEEE. Reprinted, with permission.
Additional material is based on [18].
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events between nodes. In conjunction with time-dilation [37], where nodes are allowed to

stretch or shrink over time, the generality of the resulting contact mode sequence is ensured.

Furthermore, we investigate a variety of contact-implicit dynamics models, including

whole-body (WB) models and single-rigid-body (SRB) models. SRB models [143] and the

related centroidal dynamics model [99] act as reduced-order approximations of WB models,

which trade off fidelity for computational efficiency. WB models, on the contrary, are able

to capture the full range of motion of a system, are consistent with the maximum dissipa-

tion principle for stick-slip friction, and can model partially elastic impacts [123]. We also

show how SRB models can be used to systematically warmstart WB models, resulting in

greater computational efficiency than solving the full WB model from scratch. To handle

complementarity constraints arising from all aforementioned models, we investigate multiple

classes of homotopy schemes, including a backtracking update embedded into SCP iterates,

and a nested-loop update. We implement the approach in stand-alone Python software that

leverages JAX for GPU- or CPU-accelerated differentiation and linearization, together with

a custom parser for the convex subproblems in SCP that avoids the overhead of general-

purpose modeling tools such as CVXPY. We demonstrate the approach on two-dimensional

legged robot models, including the Gymnasium HalfCheetah model [134]. This chapter

encompasses the work presented in [17] as well as follow on work in preparation [18].

5.1.1 Related Literature

CITO has been studied extensively to generate locomotion solutions without prescribing

contact schedules. Early approaches used direct collocation with complementarity con-

straints to enforce non-penetration and frictional contact [106], while contact-invariant

optimization [89] handled contact through smooth penalties that encourage sticking and

end-effector alignment, with dynamics enforced softly. These methods typically require fine

time discretization to capture contact events accurately, yielding large-scale problems whose

solution quality depends strongly on the grid resolution. To mitigate the risk of missing

contact events between nodes, cross-complementarity constraints were proposed [9]. More

recent formulations such as FESD-J [94] and moving finite elements [62] extend this idea

by enabling exact switch detection for systems with impacts and Coulomb friction, ensur-
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ing that contact events occur at finite-element boundaries. However, these are still inher-

ently discrete-time constructions. Continuous-time trajectory optimization frameworks like

ct-scvx [37] enforce constraints in continuous time and thereby achieve accurate solutions

with coarse discretization. The underlying solver, sequential convex programming (SCP),

has been extended to CITO by [75, 97], however a continuous-time extension of SCP for

CITO has not yet been explored.

In terms of contact-implicit dynamics models underpinning CITO formulations, both

reduced-order (SRB) and full-order (WB) models have been explored extensively. In the

case of SRB models, warmstarting the full mixed-integer formulation with learning-based

approaches has shown to be effective [76]. Other approaches have instead reformulated the

problem to avoid solving a mixed-integer formulation entirely [145] under additional mod-

eling restrictions. However, these approaches often neglect whole-body effects and can lead

to conservative solutions that underutilize the system’s full range of motion. The majority

of recent works in the literature, therefore, fixate on WB approaches [68,73]. The interplay

between SRB and WB models has also received some attention recently. The Cafe-MPC

framework [72] performs short-horizon planning with WBmodels, and long-horizon planning

with SRB models, with descending model fidelity along the prediction horizon. Dynamic

consensus between centroidal and WB models has also been explored [149], however not in

the context of CITO (prescribed contact schedules). There has not been an effort up to this

point to investigate how CITO-based SRB models can be used to warmstart CITO-based

WB models.

5.1.2 Contributions

This chapter introduces a continuous-time CITO framework designed for locomotion tasks

which asserts the following contributions:

1. The contact-implicit successive convexification (CI-SCVX) framework, an SCP-based

approach for CITO that ensures continuous-time constraint satisfaction of path con-

straints.

2. A collection of contact-implicit multibody dynamics models, including several forms of
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whole-body (WB) models and single-rigid-body (SRB) models, along with a structured

warmstarting approach to convert SRB solutions into WB initializations.

3. Integral cross-complementarity constraints that ensure contact mode changes occur

at discretization nodes. Combined with time-dilation [37], this preserves generality in

contact mode sequences.

4. A backtracking homotopy scheme that progressively tightens the complementarity

constraint relaxation during SCP iterations, ensuring reliable and fast convergence.

5. A stand-alone Python software that leverages JAX for parallelizable differentiation

and linearization, together with a custom parser for convex subproblems in SCP that

avoids the overhead of general-purpose modeling tools such as CVXPY.

6. Demonstrations on an assortment of practical locomotion tasks which assert the vi-

ability of SRB-based warmstarting, flexibility of CI-SCVX on difficult contact envi-

ronments, and validate the approach in the MuJoCo-based Gymnasium HalfCheetah

environment [134], with comparisons to a state-of-the-art baseline (MuJoCo-MPC).

The remainder of the chapter is outlined as follows. Section 5.2 introduces several forms

of both whole-body and reduced-order contact-implicit multibody dynamics models. Sec-

tion 5.3 introduces the theoretical foundation of integral cross-complementarity constraints.

Section 5.4 presents contact-implicit trajectory optimization (CITO) formulated under our

specific modeling methodology. Section 5.5 introduces the CI-SCVX framework, and section

5.6 provides numerical results.

5.2 Contact-Implicit Multibody Dynamics

We begin by defining the equations of motion and constraints which collectively define the

dynamics of a multibody system which can make contact with a surface subject to Coulomb

friction. We describe this dynamical model as contact-implicit, such that the mode of contact

may be implicitly described by the system of equations without the use of combinatoric or

mixed-integer representations. In terms of the multibody dynamics, we consider two types

of dynamics models:
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(a) Whole-body model (b) Single-rigid-body model

Figure 5.1: Illustration of the types of multibody models considered in this chapter.

1. Whole-Body (WB): explicitly models the state of each rigid body in the multibody

system, either relatively (in the case of minimal coordinates) or absolutely (in the

case of maximal coordinates). This representation is accompanied by a complete

expression of joint torques used to produce relative motion of rigid bodies in relation

to each other.

2. Single-Rigid-Body (SRB): only directly models the state of a designated base rigid

body (for example, the torso of a quadruped), as well as the state of the points of

contact, while neglecting intermediate rigid bodies. Consequently, rather than joint-

level torque control, the impact of Coulomb friction is applied directly to the base.

In the following subsections, we explore representations of both of these models, and later

show how the simplified SRB model can be used to warmstart a WB model.
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5.2.1 Notation

We adopt the following notation for the remainder of this chapter. Concatenation of vectors

u ∈ Rn and v ∈ Rm is (u, v) ∈ Rn+m. The scalar components of v ∈ Rn are denoted by v[i],

for i = 1, . . . , n. Matrices A and B can be concatenated horizontally as [AB] or vertically

as
[
A
B

]
. The block-diagonal concatenation of A and B is blockdiag(A,B). Given vectors

u, v ∈ Rn, the inequality u ≤ v is interpreted componentwise. A continuously differentiable

function is called a C1 function. The Jacobian of a function f(x) is ∇f(x), and the time

derivative d□/dt is denoted by
.
□. The Euclidean norm is ∥x∥, the absolute-value function is

|x|, The ramp (ReLU) function is denoted by |x|+. Smooth pseudo-Huber approximations of

the Euclidean norm, absolute value, and ramp functions with unit steepness parameter are

denoted by ∥x∥∼, |x|∼, and |x|∼+. For vector arguments, |x|∼
+
is understood componentwise.

5.2.2 Whole-Body Model

We start with the whole-body (WB) model by letting q ∈ Rnq
denote the generalized

position (pose) and v ∈ Rnq
the generalized velocity of the multibody system. The robot

has nc contact points with positions, expressed in the inertial (world) frame, given by

pci (q) ∈ Rnd
for i = 1, . . . , nc. The Jacobian of the ith contact point (the contact Jacobian)

is Jc
i (q) = ∇pci (q). Contact occurs on a smooth surface Hc = {p ∈ Rnd |hc(p) = 0},

where hc is a continuously differentiable function and nd ∈ {2, 3} is the dimension of the

position space. At each contact point, we define a contact frame consisting of the unit

surface normal nci (q) = ∇sd(pci (q))⊤ ∈ Rnd
and (nd − 1) unit tangent vectors given by the

columns of tci (q) ∈ Rnd×(nd−1). Together, the columns of tci (q) and nci (q) form a right-handed

basis. The rotation matrix that maps vectors from the contact frame to the world frame is

Rc
i (q) = [ tci (q) nci (q) ].

Continuous-Time Dynamics

We start by describing the continuous-time dynamics of the multibody system. In this

section, we consider maximal coordinate representations specifically. In the maximal repre-

sentation, the generalized pose takes on the form q = (q1, . . . , qnb), for nb rigid bodies in the

multibody system, where qj , j ∈ [nb] represents the absolute pose of the jth rigid body. The
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contact force at the ith contact point, represented in the contact frame, is ϕci = (ϕc,ti , ϕc,ni ),

where ϕc,ni ∈ R is the normal component along nci (q) and ϕc,ti ∈ Rnd−1 is the tangential

component. Let cj(q) = 0nj impose the kinematic constraints that connect links at their

respective joints and restrict degrees of freedom according to joint type. The effect of joint

reaction forces on the generalized acceleration
.
v is captured by ∇cj(q)⊤ϕj, where ϕj con-

catenates all joint reaction forces in the world frame. Then, the equations of motion for this

system are described by

.
q = Jq(q)v, (5.1a)

M(q)
.
v =W (q, v, τa, ag) + Jc(q)⊤Rc(q)ϕc +∇cj(q)⊤ϕj, (5.1b)

where Jc(q)⊤ = [Jc
1(q)

⊤ · · · Jc
nc(q)⊤], Rc(q) = blockdiag(Rc

1(q), . . . ,R
c
nc(q)), and ϕc =

(ϕc1, . . . , ϕ
c
nc). M(q) is the mass matrix, Jq maps generalized velocities to generalized pose

derivatives (identity in the case of nd = 2), andW (q, v, τa, ag) collects the generalized forces

and torques due to gravity (with ag ∈ Rnd
the gravitational acceleration expressed in the

world frame), joint torques τa ∈ Rna
, and joint stiffness and damping. To eliminate the

joint reaction forces in (5.1b), we can enforce joint constraints at the acceleration level

cj(q) = 0nj =⇒ ∇cj(q)v = 0nj , (5.2a)

=⇒ ∇cj(q) .v + (. . . v⊤∇2cj[i](q)v . . .) = 0nj , (5.2b)

where cj[i](q) is the ith component of cj, for i = 1, . . . , nj. From (5.2b) and (5.1b) we solve

for ϕj and substitute into (5.1b). Thus, we can reduce the form of our dynamics to a simple

system of ordinary differential equations.

To model physically realistic contact, we require (i) a no-penetration condition expressed

as a complementarity constraint between the normal contact force and signed distance to the

contact surface, and (ii) a tangential contact force determined by the maximum dissipation
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principle subject to a friction cone constraint

0 ≤ ϕc,ni ⊥ sd(pci (q)) ≥ 0, (5.3a)

ϕc,t ∈ argmin
ϕt

ϕt⊤vc,ti (q, v) s.t. ∥ϕt∥ ≤ µiϕc,ni , (5.3b)

for i = 1, . . . , nc, where µi is the friction coefficient and vc,ti (q, v) = tci (q)
⊤Jc

i (q)v is the

tangential velocity at the ith contact. The first-order optimality conditions for (5.3b) are

0nd−1 = vc,ti (q, v) + 2γiϕ
c,t
i , (5.4a)

0 ≤ γi ⊥ (µiϕ
c,n
i )2 − |ϕc,ti |

2 ≥ 0, (5.4b)

where γi is the Lagrange multiplier and we denote γ = (γ1, . . . , γnc). The friction cone

constraint is written in squared form to ensure differentiability at the boundary. When

the ith contact is active (i.e., signed distance is zero), γi is a continuous function of time.

Two issues arise with (5.4): (i) the ∥ · ∥2 term causes numerical ill-conditioning, and (ii)

when the ith contact is inactive (i.e., signed distance is positive), ϕci = 0nd , so (5.4a)

reduces to the non-physical case that the contact point’s tangential velocity is zero, i.e.,

tci (q)
⊤Jc

i (q)v = 0nd−1. We address both by rewriting (5.4) as

0nd−1 = ϕc,ni

(
vc,ti (q, v) + γi∇∥ϕc,ti ∥

⊤
∼

)
, (5.5a)

0 ≤ γi ⊥ |µiϕc,ni |∼ − ∥ϕ
c,t
i ∥∼ ≥ 0, (5.5b)

using the smooth norm ∥ · ∥∼ and smooth absolute value | · |∼. The multiplication of ϕc,ni

in (5.5a) enforces stationarity only when contact is active, i.e., normal contact force is

positive. Henceforth, we denote λci (q, v, ϕ
c
i , γi) = vc,ti (q, v) + γi∇∥ϕc,ti ∥⊤∼ and ρci (ϕ

c
i , γi) =

|µiϕc,ni |∼ − ∥ϕ
c,t
i ∥∼.

We can generalize our description of the above system of equations by rewriting (5.1) in

state-space form as
.
x = f(x, u), with state x = (q, v) ∈ Rnx

, control input u = (τa, ϕc, γ) ∈

Rnu
, and dimensions nx = 2nq and nu = na + nc(nd + 1). The state and control input

are subject to path constraints g(x(t), u(t)) ≤ 0ng for all t ∈ [0, tf ], which include, for each
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i = 1, . . . , nc, nonnegativity constraints on ϕc,ni , sd(pci (q)), γi, and ρ
c
i (ϕ

c
i , γi), together with

general constraints on state and input (e.g., obstacle avoidance, kinematic limits).

While we do not derive the explicit minimal coordinate representation in this section, we

note that it can be obtained by a similar process to the one described above, but with

the generalized pose represented as q = (q1, . . . , qnb), where q1 corresponds to the base link

(w.l.o.g.) and is represented with an absolute pose, and q2, . . . , qnb correspond to the relative

poses of the remaining links to the base link (typically represented as joint angles in the case

of strictly rotational joints, as will be assumed through the remainder of this chapter). While

the form of equations (5.1) will change in accordance with this representation change, we

note that the contact-implicit constraints (5.3) retain the same form. We refer the interested

reader to [61] for a detailed derivation of the minimal coordinate representation.

Impulsive Impact Model

We now consider impulsive impacts occurring at discrete instants, which are necessary to

model to capture the instantaneous velocity changes that occur when contact is made. Let

an impact occur at time t̂. Each contact point may have an associated contact impulse

denoted Φc
i = (Φc,t

i ,Φc,n
i ) with tangential and normal components, respectively. Stack the

contact impulses as Φc = (Φc
1, . . . ,Φ

c
nc), and let Φj denote the joint reaction impulse. The

impact dynamics are

M(q(t̂))(v(t̂+)− v(t̂−)) = Jc(q(t̂))⊤Rc(q(t̂))Φc +∇cj(q(t̂))⊤Φj, (5.6a)

0 ≤ Φc,n
i ⊥ sd(pci (q(t̂))) ≥ 0, (5.6b)

0 = Φc,n
i nci (q(t̂))

⊤Jc
i (q(t̂))(v(t̂

+) + εciv(t̂
−)), (5.6c)

0 = Φc,n
i

(
vc,ti (q(t̂), v(t̂+)) + Γi∇∥Φc,t

i ∥
⊤
∼

)
, (5.6d)

0 ≤ Γi ⊥ |µiΦc,n
i |∼ − ∥Φ

c,t
i ∥∼ ≥ 0, (5.6e)

i = 1, . . . , nc.

Conditions (5.6d)–(5.6e) play the same role as (5.5). They determine the tangential contact

impulse via a stationarity condition (multiplied by normal contact impulse) and the friction
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cone constraint, with Γi the associated Lagrange multiplier. Impact elasticity is governed

by (5.6c), where εci is the coefficient of restitution at the ith contact.

We remove the explicit joint reaction impulse in (5.6a) by imposing the joint constraint

post impact at the velocity level, ∇cj(q(t̂+)) v(t̂+) = 0nj . Solving the resulting constraint

and (5.6a) yields an explicit expression for Φj, which we substitute back into (5.6a).

5.2.3 Single-Rigid-Body Model

We now introduce the single-rigid-body (SRB) formulation with a number of simplifications

in relation to the WB model: (i) only the base body’s pose, denoted qb, is explicitly modeled,

(ii) only sticking contact is considered, as slipping cannot produce physically-meaningful

solutions with this type of model, and (iii) contacts must be considered purely inelastic,

such that εci = 0. This effort is conducted to produce a proximal model which may be

lower dimensional and less nonlinear than the equivalent WB representation. Much of this

approach is based off the formulation provided in Winkler et al. [145].

In this section, we focus on the case of nd = 2. Let q = qb = (pb, θb), where pb represents

the position of the root body, and θb represents the orientation of the root body. Similarly,

let v = (vb, ωb), where vb represents the velocity of the root body, and ωb represents the

angular velocity of the root body. We allow direct access to contact positions pci as part

of the system state, and treat contact velocities vci as control variables. The contact force,

ϕci , is expressed in the local contact frame. The terms tci ,n
c
i ,R

c
i are described similarly

to the WB model, although they operate directly on the contact position rather than the

generalized coordinates due to our state-space representation, with Rc
i (p

c
i ) = [tci (p

c
i ), n

c
i (p

c
i )].

The equations of motion for this system are described by

.
q = v, (5.7a)

m
.
vb =

nc∑
i=1

Rc
i (p

c
i )ϕ

c
i −mag, (5.7b)

I
.
ωb =

nc∑
i=1

Rc
i (p

c
i )ϕ

c
i × (pb − pci ), (5.7c)

.
p
c
i = vci . (5.7d)
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We note that the massm and moment of inertia I are expressed only for the base link, which

implicitly assumes that all other link masses are negligible compared to that of the base

link or that the other links are highly constrained such that they do not deviate much from

a nominal generalized pose [145]. Next, we must impose a relation to maintain kinematic

consistency between the base pose and contact points, such that

pci ∈ Ki(q) (5.8)

Formally, the set-valued function Ki(q) must be designed such that any point within it has

a corresponding feasible generalized pose (in maximal or minimal coordinates) expressed

between base pose q and contact point pci . This is often referred to as the workspace

of pci . One such way to find the workspace would be to walk down the kinematic chain

(configuration graph) from root link to the link which an end effector is attached to, and

compute the reachable set of each link in the chain relative to its predecessor for a given pose

q. In the case where there are only joint-relative pose constraints (and no inertial-relative

pose constraints), this set’s definition is fixed under a pose transformation driven by q and

can be precomputed. One restrictive option, explored by [145], considers a box constraint

about a central point p̄ci with bounds b ∈ Rnd
such that

|R(θb)(pci − pb)− p̄ci | ≤ b (5.9)

Where R : R → SO(2) represents a direction cosine matrix. We note that (5.7) and (5.9)

represents an approximation to the WB dynamics expression (5.1). Then, the remainder of

constraints defining the SRB model can be described by complementarity conditions as

0 ≤ ϕc,ni ⊥ ∥v
c
i ∥∼ ≥ 0 (5.10a)

0 ≤ ϕc,ni ⊥ sd(pci ) ≥ 0, (5.10b)

∥ϕc,ti ∥2 ≤ µiϕ
c,n
i . (5.10c)

Equation (5.10a) enforces the no-slip (stick-only) condition on contact velocity vci when



134

−0.6 −0.4 −0.2 0.0 0.2 0.4
X Position (m)

−0.6

−0.4

−0.2

0.0

0.2

Y
 P

os
iti

on
 (m

)

base → upper leg
upper leg → lower leg
sampled pc

i

FK( ̄pc
i , b)

Figure 5.2: Illustration of how the forward-kinematic (FK) box constraint set is defined for
the SRB model.

contact is made, acting in place of a true impulsive model while eliminating the need for

explicit impulses and pre- and post-impact states. Equations (5.10b)-(5.10c) represent a

simplification of (5.3) in the no-slip case (such that the maximum dissipation principle may

be ignored, and contact forces only need to fall within the Coulomb friction cone (5.10c)).

Similarly to the whole-body case, we can rewrite (5.7) in state-space form with state x =

(q, v, pc), control input u = (ϕc, vc), where pc, vc stack pci , v
c
i , respectively. We consequently

have dimensions nx = 6 + 2nc and nu = 4nc when nd = 2. The state and control input

are subject to path constraints g(x(t), u(t)) ≤ 0ng for all t ∈ [0, tf ], which include, for each

i = 1, . . . , nc, nonnegativity constraints on ϕc,ni , sd(pci ), the direct expression of (5.10c), and

the kinematic constraint (5.9), together with general constraints on state and input (of the

same form as those for whole-body).
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Defining the Forward-Kinematic Box

In contrast to [145], we develop a structured approach to defining the parameters p̄ci , b for

the forward-kinematic box constraint in equation 5.9. To do this, we recursively sample

joint angles across their respective bounds along the kinematic chain from the base body to

each contact point. We note that this process resembles a reachability problem expressed

over the space of bodies from base to contact point, as opposed to reachability over time.

Figure 5.2 provides a visual example of this process for a simple three-link monoped.

Starting from the base body’s CoM, we obtain a collection of sampled points corresponding

to joint angles of the base relative to the upper leg, subject to the relative orientation limits

between these two bodies, resulting in the red points. We then repeat this process for each

sampled point towards the next body in the chain (lower leg), resulting in the blue points.

Since the contact point is directly attached to this body, we simply apply a translational

offset from the lower leg’s CoM to the contact point, resulting in the final sampled space

of contact points pci denoted as purple points. With this point cloud, we can then fit a box

around the points parameterized by p̄ci and b parameterizing constraint (5.9).

5.3 Integral Cross-Complementarity

We seek a solution to (5.1), (5.6) (in the WB case) or (5.7) (in the SRB case) over a time

horizon [0, tf ]. We discretize [0, tf ] into a grid of N nodes, 0 = t1, . . . , tN = tf , and we isolate

all contact mode switches to occur only at the grid nodes. These contact modes indicate

either no contact, sticking contact or slipping contact (for WB models specifically).

First, we introduce the following continuous-time cross-complementarity condition. Let

a, b : [0, tf ] → R+ be piecewise continuous with any discontinuities confined to the grid.

Specifically, for each k = 1, . . . , N − 1, a and b are continuous on (tk, tk+1]. They satisfy

pointwise-in-time complementarity

0 ≤ a(t) ⊥ b(t) ≥ 0, ∀ t ∈ [0, tf ]. (5.11)

To ensure switches between a > 0, b = 0 and a = 0, b > 0 happen only at the grid nodes,
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we impose, for each k = 1, . . . , N − 1,

0 ≤ a(t) ⊥ b(t′) ≥ 0, ∀ t, t′ ∈ (tk, tk+1], (5.12)

together with 0 ≤ a(t1) ⊥ b(t1) ≥ 0. We then have the following continuous-time analogue

of [94, Lem. 2].

Lemma 5.1. Let (5.12) hold and fix k ∈ {1, . . . , N − 1}. If a(t) > 0 for some t ∈ (tk, tk+1],

then b(t′) = 0 for all t′ ∈ (tk, tk+1]. Conversely, if b(t′) > 0 for some t′ ∈ (tk, tk+1], then

a(t) = 0 for all t ∈ (tk, tk+1].

Proof. If a(t) > 0 at some t ∈ (tk, tk+1] and b(t
′) > 0 at some t′ ∈ (tk, tk+1], then (5.12) is

violated, which is a contradiction.

While (5.12) localizes switches to the grid nodes (a desirable property for both numerical

reliability and physical realism), it is still a pointwise-in-time constraint and thus numerically

intractable. Existing approaches [9, 62, 94] enforce discrete-time surrogates of (5.12) in

aggregated forms, which risks inter-sample violations. To avoid this, we propose an integral

reformulation, referred to as an integral cross-complementarity condition.

Proposition 5.1. For each k = 1, . . . , N − 1, the constraint

0 ≤
(∫ tk+1

tk

a(t) dt

)
⊥
(∫ tk+1

tk

b(t) dt

)
≥ 0, (5.13)

is equivalent to (5.12).

Proof. (⇒) If (5.13) holds and
∫ tk+1

tk
a(t) dt > 0, then the complementarity of the integrals

implies
∫ tk+1

tk
b(t) dt = 0. Since a and b are nonnegative and are continuous on (tk, tk+1], it

follows that b(t) = 0 for all t ∈ (tk, tk+1]. The argument is symmetric if
∫ tk+1

tk
b(t)dt > 0.

Therefore, (5.12) holds. (⇐) If (5.12) holds, Lemma 5.1 implies that for each k = 1, . . . , N−

1, either a(t) = 0 or b(t) = 0 (or both) for all t ∈ (tk, tk+1]. Hence one (or both) of the

integrals is zero, yielding (5.13).

In practice, we compute the integrals in (5.13) by integrating an auxiliary dynamical
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Figure 5.3: Illustration of a signal pair a, b satisfying integral cross-complementarity over a
time interval t ∈ [tk, tk+1] with a(t) = 0, ∀t ∈ [tk, tk+1].

system

.
y = (

.
y[1],

.
y[2]) = (a, b), (5.14)

and then impose the complementarity constraint

0 ≤ y[1](tk+1)− y[1](tk) ⊥ y[2](tk+1)− y[2](tk) ≥ 0. (5.15)

If a or b are not inherently nonnegative, we enforce their nonnegativity through the path

constraint function g.

Remark 5.1. Discrete-time cross-complementarity formulations (e.g., FESD-J [94]) typ-

ically introduce additional cross-complementarity constraints to detect sign changes in the

tangential velocity at each contact point. Our formulation obviates these by parameterizing

the control input u on each interval (tk, tk+1], k = 1, . . . , N − 1, with C1 basis functions.

Consequently, λci is also C1 on (tk, tk+1], which precludes nonsmoothness of the tangential

velocity between nodes.

In the case of the WB model, to ensure that contact mode switches occur only at the

grid nodes, we impose integral cross-complementarity between the following pairs: (i) ϕc,ni

and sd(pci (q)), (ii) ϕ
c,n
i and λci (q, v, ϕ

c
i , γi), and (iii) γi and ρci (ϕ

c
i , γi). In the case of the
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SRB model, we must instead impose integral cross-complementarity between: (i) ϕc,ni and

∥vci ∥∼, and (ii) ϕc,ni and sd(pci ). To generalize this description, we define integrator states

yWB
i ∈ R5, ySRB

i ∈ R3 with dynamics stated as

.
y
WB
i =



ϕc,ni

sd(pci (q))

λci (q, v, ϕ
c
i , γi)

γi

ρci (ϕ
c
i , γi)


,

.
y
SRB
i =


ϕc,ni

∥vci ∥∼

sd(pci )

 . (5.16)

Then, for y
[M]
i , M ∈ {WB,SRB}, we seek to impose, for each i = 1, . . . , nc,

0 ≤ L[M ](y
[M ]
i (tk+1)− y

[M ]
i (tk)) ⊥ R[M ](y

[M ]
i (tk+1)− y

[M ]
i (tk)) ≥ 0, (5.17)

where L[M ], R[M ] are mixing matrices to avoid duplicating integrator states, and are defined

as

LWB =


1 0 0 0 0

1 0 0 0 0

0 0 0 1 0

 , RWB =


0 1 0 0 0

0 0 1 0 0

0 0 0 0 1

 , (5.18a)

LSRB =

1 0 0

1 0 0

 , RSRB =

0 1 0

0 0 1

 . (5.18b)

5.4 Contact-Implicit Trajectory Optimization Problem

We are now ready to formulate the contact-implicit trajectory optimization (CITO) prob-

lem for both rigid-body model classes. In contrast to methods from previous chapters,

the impulse update (in the case of the WB model) necessitates a hybrid optimal control

formulation; we will discuss this approach in more detail in the following sections.
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5.4.1 Continuous-Time Dynamics

In the case of both the WB and SRB models, the continuous-time dynamics are described

by equations (5.1) and (5.7), respectively, and can be described in a compressed form as
.
x = f(x, u), where x is the state, u is the control input, and f is the dynamics function.

We require a two-step augmentation process. First, we augment the state to include the

complementarity-handling integrator states from integral cross-complementarity, such that

x̂ = (x, y), where y = (y1, . . . , ync) and yi = y
[M ]
i is the integrator state for the ith contact

point. We drop the superscript [M ] for brevity going forwards, where it is implied by the

context of the problem. The dynamics may then be described as
.
x̂ = f̂(x̂, u), where f̂ is

the augmented dynamics function.

Next, we augment both the state and control input according to the model augmentation

process described in section 1.3.2. In doing this, we produce our final augmented state-space

model on state x̃ = (x̂, θ), where θ maintains continuous-time constraint satisfaction of the

path constraints g(x(t), u(t)) ≤ 0ng for all t ∈ [0, tf ], and control input ũ = (u, s), where s is

the time dilation variable. Notably, inclusion of time dilation enables the optimizer to avoid

constraining the contact mode sequence (e.g. gait cadence and pattern). The resulting

model can be described by
.
x̃ = f̃(x̃, ũ), where f̃ is the augmented dynamics function.

In this work, we opt for a separate discretization approach from the one described in

section 1.3.2, such that the ordering between discretization and linearization is reversed.

Moreover, we express our discretized (but not yet linearized) dynamics as

F̃ (x̃−, U, S) = x̃− +

∫ 1

0
f̃(x̃(τ), (ψ(τ)U, S)) dτ, (5.19)

where ψ(τ) : [0, 1] → Rnu×nuNu
is a matrix-valued polynomial basis function, and U ∈

RnuNu and S ∈ R are corresponding coefficients.

5.4.2 Hybrid Optimal Control

We now formulate the CITO problem as a hybrid optimal control problem under non-

linear complementarity constraints (specifically in the case of the WB model). We will

first generalize the description of the impulse update from section 5.2.2 to the hybrid op-
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timal control formulation. Recall that we define our discretization onto a grid of N nodes,

0 = t1, . . . , tN = tf , and we isolate all contact mode switches to occur only at the grid

nodes. Then, we can assign pre- and post-impact augmented states at the grid nodes

x̃−1 , x̃
+
1 , . . . , x̃

−
N , x̃

+
N , respectively. We also maintain coefficients parameterizing the aug-

mented control input on each grid interval as U1, S1, . . . , UN−1, SN−1, respectively. Then,

with pre- and post-impact states, we can define a generalized impulses between states as

V1, . . . , VN , where Vk = (Φc
k,Γk). Then, we can express an impulse update with the expres-

sion

x̃+k = G̃(x̃−k , Vk), (5.20)

where (5.20) satisfies the relation (5.6a) for x−k = x(t−k ), x
+
k = x(t+k ) and Vk = V (tk). Next,

we can define the following functions to describe the complementarity conditions we would

like to enforce for the impulse update

gLi (x̃
−, x̃+, V ) =


Φc,n
i

Φc,n
i

Φc,n
i

Γi

 , (5.21a)

gRi (x̃
−, x̃+, V ) =


sd(pci (q

−))

nci (q
−)⊤Jc

i (q
−)(v+ + εci (v

−))

vc,ti (q−, v+) + Γi∇∥Φc,t
i ∥⊤∼

|µiΦc,n
i |∼ − ∥Φ

c,t
i ∥∼

 , (5.21b)

such that, for each i = 1, . . . , nc, we have the complementarity condition associated with

the impulse update stated as

0 ≤ gLi (x̃−k , x̃
+
k , Vk) ⊥ g

R
i (x̃

−
k , x̃

+
k , Vk) ≥ 0. (5.22)

5.4.3 Complementarity Relaxation

A key aspect of most existing approaches for CITO is a smooth relaxation of the comple-

mentarity constraints. Complementarity is inherently nonsmooth: for scalars a and b the



141

Figure 5.4: Illustration of the Fischer-Burmeister relaxation process

condition 0 ≤ a ⊥ b ≥ 0 is equivalent to min(a, b) = 0, i.e., feasible set is the nonnega-

tive coordinate axes. We employ the well-known C1 Fischer–Burmeister function to relax a

complementarity constraint

FBδ(a, b) ≤ 0, a ≥ 0, b ≥ 0, (5.23)

where FBδ(a, b) = a+ b−
√
a2 + b2 + δ and δ > 0 controls the tightness of the relaxation.

As δ → 0 the feasible set of (5.23) approaches that of min(a, b) = 0. Note, any other

C1 nonlinear complementarity function could be used in place of Fischer–Burmeister. An

illustration of the Fischer-Burmeister relaxation process is shown in Figure 5.4.

On the discretized grid, we can express the integral cross-complementarity condition as

0 ≤ L(yi,k+1 − yi,k) ⊥ R(yi,k+1 − yi,k) ≥ 0. (5.24)

Additionally, we must ensure that we apply the relaxed constraint to ensure continuous-

time constraint satisfaction for our path constraints g(x(t), u(t)) ≤ 0ng for all t ∈ [0, tf ], via
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constraint (1.19g). In our convention, this constraint can be stated as:

θ−k+1 − θ
+
k ≤ ϵCTCS. (5.25)

Then, we will denote the expression

Ψδ,ϵCTCS(x̃−k+1, x̃
+
k ) ≤ 0 (5.26)

as satisfying equations (5.24),(5.25) for all i = 1, . . . , nc. We can do the same thing for the

complementarity conditions associated with the impulse update by expressing

Θδ(x̃+k , x̃
−
k , Vk) ≤ 0 (5.27)

as satisfying equation (5.22) for all i = 1, . . . , nc.

5.4.4 Nonconvex Optimization Problem

Finally, we can express the discretized hybrid CITO problem for the whole-body (WB)

model as a nonconvex optimization problem in the following form:
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WB-CITO Problem (5.28)

minimize
x̃−
k ,x̃+

k ,Uk,Sk,Vk

N−1∑
k=1

Lk(x̃
+
k , Uk, Sk) (5.28a)

subject to x̃−k+1 = F̃ (x̃+k , Uk, Sk), (5.28b)

Ψδ,ϵCTCS(x̃−k+1, x̃
+
k ) ≤ 0, (5.28c)

Uk ∈ U , Sk ∈ S, (5.28d)

k = 1, . . . , N − 1,

x̃+k = G̃(x̃−k , Vk), (5.28e)

Θδ(x̃+k , x̃
−
k , Vk) ≤ 0, (5.28f)

k = 1, . . . , N,

x̃−1 = x̃i, x̃
+
N = x̃f . (5.28g)

This problem encompasses continuous-time constraints on the discrete-time dynamics (5.28b),

integral cross-complementarity and CTCS constraints (5.28c), and input constraints (5.28d).

Here, U encodes joint torque bounds, nonnegativity of the multiplier γi and the con-

tact force friction cone. Set S encodes strict positivity of the time dilation variable.

In addition to continuous-time constraints, we also enforce the impulse update (5.28e),

impulse complementarity conditions (5.28f), and boundary conditions (5.28g). We note

that, in contrast to the form of the discretized proxlinear subproblem (1.19), constraints

(5.28b),(5.28c),(5.28e),(5.28f) are maintained in their nonlinear form, and must be linearized

before applying proxlinear machinery (as described in section 1.3.2).

The discretized CITO problem for the single-rigid-body (SRB) model can similarly be

expressed as a nonconvex optimization problem in a slightly simplified form:
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SRB-CITO Problem (5.29)

minimize
x̃k,Uk,Sk

N−1∑
k=1

Lk(x̃k, Uk, Sk) (5.29a)

subject to x̃k+1 = F̃ (x̃k, Uk, Sk), (5.29b)

Ψδ,ϵCTCS(x̃−k+1, x̃
+
k ) ≤ 0, (5.29c)

Uk ∈ U , Sk ∈ S, (5.29d)

k = 1, . . . , N − 1,

x̃1 = x̃i, x̃N = x̃f . (5.29e)

Notably, this problem does not contain hybrid mechanisms, therefore pre- and post-impact

states are equivalent such that x̃k = x̃−k = x̃+k , and the impulse update equations are not

applicable.

5.4.5 Control Parameterization

For CITO problems, we must be deliberate with our choice of control parameterization

as well. For the WB model, consider a choice U = (Uτa , Uϕc , Uγ), where Uτa encodes

parameterization of the joint torques, Uϕc encodes parameterization of the contact forces,

and Uγ encodes parameterization of the Lagrange multipliers for the maximum dissipation

principle. Then, in order to ensure we can obtain a feasible solution for the CITO problem,

we must ensure that the contact force parameterization Uϕc is chosen such that the control

may change instantaneously at the contact points. In practice, we achieve this by using a

discontinuous first-order hold (dFOH) control parameterization, which simply superimposes

a zero-order hold (ZOH) signal with a first-order hold (FOH) signal. The other two control

signals, Uτa and Uγ , can be parameterized more arbitrarily; we opt for a FOH signal on

each.

Similarly, in the case of the SRB model, we can choose a control parameterization U =

(Uϕc , Uvc), where Uϕc encodes parameterization of the contact forces, and Uvc encodes pa-

rameterization of the contact velocities. In this instance, we not only need a discontinuous



145

parameterization at the contact points for the contact forces Uϕc , but also for the contact

velocities Uvc , since the latter enables us to encode a pseudo-impulse update. In both cases,

we apply a dFOH control parameterization.

5.5 Sequential Convex Programming for CITO Problems

To solve the nonconvex problems (5.28),(5.29), we employ sequential convex programming

(SCP), specifically the prox-linear method with exact penalization of nonconvex constraints,

as is described in section 1.3.2. We refer to this collective approach as the contact-implicit

successive convexification (CI-SCVX) framework. Applying SCP to problems with comple-

mentarity constraints requires special care. When using a relaxation such as (5.23), fixing

the tightness parameter δ a priori often stalls the algorithm and prevents convergence. For

reliable convergence, δ is typically driven toward zero via a homotopy over the SCP iter-

ations [48, 80]. We propose two different homotopy schemes for δ: (i) an SCP-embedded

approach with a backtracking capability (backtracking δ-homotopy), and (ii) a nested-loop

approach (nested δ-homotopy).

5.5.1 Backtracking δ-Homotopy

We first describe the backtracking δ-homotopy scheme, in which δ is tightened progressively

at each SCP (proxlinear) iterate, but can be temporarily relaxed to allow larger steps and

broader search directions before committing to a smaller value. Algorithm 5.1 describes the

approach. Let zj , δj , J
px
j , and Jep

j denote the subproblem solution, the tightness parameter,

the proximal term, and the exact-penalty term, respectively, at SCP iterate j. Inputs to the

algorithm are the initial tightness parameter δ0, an initial guess z0, tolerances δ
min(<δ0),

ϵpx, ϵep, a shrinkage factor α ∈ (0, 1), and a stall horizon N stall. The update rule for the

tightness parameter has three parts: (i) if either Jpx
j or Jep

j has not decreased relative to

iterate M = max(j − N stall, 1), set δj+1 to the log-scale bisection between δj and δM , (ii)

else, if either term has not decreased relative to the previous iterate, set δj+1 = δj ; (iii)

otherwise, shrink the tightness parameter as δj+1 = αδj .
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Algorithm 5.1 Backtracking δ-Homotopy

Require: z0, δ0, δ
min, ϵpx, ϵep, α, N stall

Ensure: zj
1: j ← 0, Jpx

j ← 0, Jep
j ← 0, δj ← δ0

2: while Jpx
j > ϵpx ∨ Jep

j > ϵep ∨ δj > δmin do
3: zj+1, J

px
j+1, J

ep
j+1 ← solve subproblem(zj , δj)

4: M ← max(j −N stall, 1)
5: if Jpx

j+1 > Jpx
M ∨ Jep

j+1 > Jep
M then

6: δj+1 ← exp
(
1
2 log(δjδM )

)
7: else if Jpx

j+1 > Jpx
j ∨ Jep

j+1 > Jep
j then

8: δj+1 ← δj
9: else

10: δj+1 ← αδj
11: end if
12: j ← j + 1
13: end while

5.5.2 Nested δ-Homotopy

As an alternative to algorithm 5.1, we develop a nested (inner-outer) homotopy scheme for δ,

which geometrically progresses δ after a full SCP solve repeatedly until the desired tolerance

is achieved (without backtracking). We note that this approach closely resembles the nested

homotopy scheme proposed in [92], since we are solving a full nonlinear complementarity

problem at each outer iterate, and warmstarting the proceeding outer iterate with the

previous outer iterate’s solution. Algorithm 5.2 describes the approach. We assume the

same variables as in algorithm 5.1, but without N stall. The logic lends itself to a simpler

description; an outer loop shrinks δ by a factor α until the desired tolerance is achieved,

and an inner loop shrinks Jpx
j and Jep

j until the solver tolerances ϵpx and ϵep, respectively,

are achieved.
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Algorithm 5.2 Nested δ-Homotopy

Require: z0, δ0, δ
min, ϵpx, ϵep, α

Ensure: zj
1: j ← 0, Jpx

j ← 0, Jep
j ← 0, δ ← δ0

2: while δ > δmin do
3: while Jpx

j > ϵpx ∨ Jep
j > ϵep do

4: zj+1, J
px
j+1, J

ep
j+1 ← solve subproblem(zj , δ)

5: j ← j + 1
6: end while
7: δ ← αδ
8: end while

5.5.3 SRB to WB Warmstarting

In section 5.2, we defined contact-implicit dynamics for both the WB and SRB models,

and in section 5.4, we described the CITO problem encompassing both of these dynamical

models. While it is of interest to study each model class separately, we would also like

to study the ability to warmstart a WB CITO problem from an SRB CITO problem,

capitalizing on the lower-dimensional and less nonlinear nature of the latter. To this end, we

define a warmstart procedure that maps an SRB CITO problem to a WB CITO problem,

such that the initial guess for the WB CITO problem is the solution of the SRB CITO

problem under some model error assumptions.

Figure 5.5 provides an overview of this approach. An optimized SRB-CITO problem

provides a solution history of the base pose, qb(t), as well as the contact positions, pci (t),

for each contact point i = 1, . . . , nc, and their corresponding contact forces, ϕci (t). Notably,

we forward-simulate this solution on a fine time grid such that we can treat the signal as

approximately continuous. The first warmstarting step concerns using inverse kinematics

(IK) [78, Chapter 6] to determine the full linkage state q(t) = (q1, . . . , qnb), evaluated point-

wise at a time t, which connects the base pose qb(t) to all contact positions pci (t). We note

that this problem is not necessarily feasible; the imposed kinematic constraint (5.9) was

formulated as an approximation of the true constraint (5.8) for practicality. The output of

the IK feasibility problem will therefore project to the closest feasible point in the case that

pci (t) is infeasible relative to q(t). This is our first source of model error when transcribing
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Figure 5.5: Illustration of the warmstart process from an SRB model to a WB model.

the SRB solution to a WB solution.

With a description of q(t) at all times t ∈ [0, tf ], we can then perform numerical differen-

tiation to obtain time signals
.
q(t), q̈(t). With these time signals, we can now perform the

second major step of the warmstart procedure, which uses inverse dynamics (ID) [78, Chap-

ter 8] to determine the joint torques τa(t) which explain the dynamics of the system as

closely as possible. Moreover, we provide configuration signals q(t),
.
q(t), q̈(t), as well as the

contact forces ϕc(t), to solve equations (5.1) for τa(t) at each instant in time. Once again,

we introduce model error in the case that our system is underactuated, meaning the number

of independent joint torques and active (non-zero) contact forces is less than the number of

configuration degrees of freedom. In this case, the ID problem may have no feasible solution,

and so once again, we project to the closest feasible point in terms of configuration.

While the above steps enable us to obtain a continuous-time solution for the WB model,
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we must also back out the contact impulses which explain the motion of the system. From
.
q, we can obtain the contact velocities vc(t) (or obtain them directly from the solution to

the SRB model). At the optimization grid points, we detect if the post-impact velocity

∥vci (t̂+)∥2 ≤ ϵimpulse. If this is the case, we can then solve an inverse impulse problem on

equation (5.6) to obtain the contact impulse Φc
i (t̂) which explains q(t̂), vc(t̂−), and vc(t̂+).

This introduces a third source of model error, because although we allowed the SRB model’s

vc(t) solution to be discontinuous as per section 5.4.5, we do not strictly constrain its degree

of discontinuity.

The final source of model error arises from the fact that the ID solution’s continuous joint

torque solution τa(t) may not match the desired control parameterization (in this case,

a dFOH parameterization). We perform a least-squares fit between the true signal and

the closest feasible dFOH-parameterized signal. To complete the warmstart procedure, we

can take our approximated signals q(t),
.
q(t), Uϕc(t), τa(t), and forward-simulate a true WB

solution across t ∈ [0, tf ] to obtain integrator states y, θ. Because our SRB model is no-slip,

the Lagrange multipliers associated with the maximum dissipation principle, γ(t) and Γ(t),

are zero. The contact force parameters Uϕc(t) can be fed directly from the SRB solution to

the WB warmstart (assuming we have selected the same control parameterization for both).

5.5.4 Real-Time Implementation

In order to facilitate real-time implementation of CI-SCVX, we require a number of prob-

lem customizations encompassing an efficient transcription and canonicalization (convex

subproblem parsing) pipeline. Figure 5.6 provides an overview of this process.

Our transcription step encompasses constructing and linearizing the contact-implicit dy-

namics equations (5.28b),(5.28e) in the case of WB, and (5.29b) in the case of SRB. We

use the Jax library [13] to assemble efficient and differentiable implementations which par-

allelize across (i) grid intervals (multiple-shooting segments), (ii) decision variables at each

node (state, control and impulse), and (iii) configuration elements within each continuous-

time dynamics evaluation (such as joints and links in the case of WB models). We note

that part (iii) is dependent on the specific type of model (for example, maximal-coordinate

models enable more efficient parallelization of terms such as joint constraints and contact
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Figure 5.6: Illustration of the real-time implementation pipeline for CI-SCVX.

jacobians, as opposed to minimal-coordinate models, due to the fact that expression of

link poses does not require forward kinematic rollouts). Transcription on each grid interval

uses Internal Numerical Differentiation (IND) [110] with a custom Runge-Kutta-Fehlberg

(RK45) integrator. We also allow for both CPU and GPU acceleration of the transcription

step, and compile the resulting Jax functions for efficient and repeatable execution. Beyond

transcription, we also evaluate the linearization of nodal constraints with similar efficiency;

this includes constraints such as (5.28c),(5.28f) for the WB model, and (5.29c) for the SRB

model.

We then transfer all quantities from the GPU (if applicable) to the CPU, and assemble the

subproblem objective and constraints in a canonical-form representation such as the QOCO

convex solver [26], allowing us to bypass general-purpose modeling tools, such as CVXPY,

and accelerate the convex subproblem parsing step. Before this assembly, we apply several

preprocessing steps to numerically condition the problem, including (i) conversion of all Jax-

evaluated matrices to compressed sparse column (CSC) format SciPy arrays, (ii) row-wise

constraint preconditioning, and (iii) affine scaling of the decision variables. We note that
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steps (ii) and (iii) can be considered dual and primal preconditioning, respectively, and are

both important for numerical stability and convergence of the underlying SCP algorithm.

5.6 Experimental Results

With the core methodology of CI-SCVX established, we now present experimental results

across a variety of multibody configurations and environments which illustrate the versatility

and effectiveness of our framework on practical problems in the robotics literature. We note

that, when we are not generating an initial guess using the SRB→WB warmstart procedure,

we perform an unstructured initialization as follows: (i) linearly interpolate (generalized)

pose, (ii) set velocities, torques and Lagrange multipliers to zero, (iii) randomly sample

contact forces from the friction cone such that their along-gravity component uniformly

counteracts gravity across all contact points, and the remaining component may be selected

randomly, and (iv) randomly sample contact impulses from the friction cone at 0.1× the

magnitude of the contact force. We note that this approach applies equivalently to either

a WB or SRB model. A grid size of N = 15 and integration step count of 10 are used

for all experiments, with grid interval wallclock time steps constrained between 0.05 and

0.5 seconds. Each scenario minimizes the time of maneuver tf . We globally set wo =

10−3, wη = 1, wν = 103, δ0 = 103, δmin = 10−3, N stall = 10, α = 0.85, µi = 1, and εci = 0,

for i = 1, . . . , nc. All results are visualized with the Plotly library in Python and forward-

simulated with time steps of 0.01 seconds. We also note that, unless otherwise stated, it

should be assumed that δ-homotopy is performed with algorithm 5.2 due to its robustness

and ease-of-understanding.

5.6.1 Monoped Study

We start by investigating the performance of CI-SCVX on a simple three-link (Raibert-style)

monoped model on a flat surface, while examining the impact of the SRB→WB warmstart

procedure. We start by evaluating a WB model (minimal-coordinate) warmstarted by our

unstructured initialization in figure 5.7. Figure 5.7a shows the gait produced by a minimal-

coordinate WB model, and figure 5.7b showing its iteration history. We note that this

solution converges in 37.53 seconds overall (in 873 SCP iterations), with early iterates being

notably far away from the converged solution. When we examine the SRB→WB warmstart
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(a) Gait produced by the locomotion solution. The path of the center of mass (CoM) of the torso
is shown by the orange trace, and the path of the single contact point (foot connected to the lower
leg) is shown by the cyan trace.
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(b) SCP iteration history of the locomotion solution. 10 iterations are interpolated on the solution
history and color coded from gray to red, with the converged solution bordered by a black outline.

Figure 5.7: Monoped locomotion solution on a flat surface generated by CI-SCVX with a
minimal-coordinate WB model. The solution converges in 873 SCP iterations, taking 37.53
seconds to solve.

procedure in figure 5.8, we can see that the SRB model is able to converge much faster (only

340 SCP iterations), and the consequent WB warmstart lies much closer to the optimized

solution of the WB model (as is shown in figure 5.8b), obtaining a solution in only 167

more SCP iterations. This process consequently enables us to converge in an elapsed time

of 11.48 seconds, a 3.3× speedup over the unstructured initialization, demonstrating the

viability of this warmstart procedure. Figure 5.9 shows the contact forces and impulses for

the warmstarted solution, showing that the solution takes five sustained no-slip contacts to

get from the initial to terminal condition.
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(a) Gait produced by the locomotion solution with an SRB model. The path of the center of mass
(CoM) of the torso is shown by the orange trace, and the path of the free-moving single contact
point is shown by the cyan trace, with its forward-kinematic constraint box shown by the green box.
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(b) Gait produced by the locomotion solution with an SRB-warmstarted minimal-coordinate WB
model, using the same visualization conventions of figure 5.7a.
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(c) SCP iteration history of the locomotion solution with an SRB-warmstarted minimal-coordinate
WB model, using the same visualization conventions of figure 5.7b.

Figure 5.8: Monoped locomotion solution on a flat surface generated by CI-SCVX with an
SRB-warmstarted minimal-coordinate WB model. The solution converges in 340 SCP iter-
ations (SRB) + 167 SCP iterations (WB), taking 11.48 seconds elapsed time to solve.

5.6.2 Biped Study

We now progress to analysis of a more complicated five-link biped model on a variety of

surfaces. All tests are conducted with an SRB→minimal warmstart. Figure 5.10 shows the
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Figure 5.9: Time histories of the normal and tangential contact forces and impulses for the
warmstarted monoped solution. Grid intervals with sustained contact are denoted by gray
regions.

gaits produced by the biped on a variety of surfaces. We approximate the signed distance

of the contact point to the contact surface as

sd(pci (q)) ≈
hc(pci (q))

∥∇hc(pci (q))∥
. (5.30)

This choice (i) becomes arbitrarily accurate as hc(pci (q))→ 0, (ii) is numerically stable far

from the contact surface, and (iii) avoids solving a nonlinear optimization problem. The

resulting plot shows that we can obtain capable gaits on a progression of increasingly-difficult

surfaces to optimize for, starting with a flat surface and progressing towards a double-

sinusoidal surface (superposition of two sinusoids with different frequencies and amplitudes).

In the last case, we observe some ground penetration associated with the footholds (contact

points) even in the fully converged (to numerical tolerance) solution, displaying an accuracy

limitation of our approach, however we only experience this degree of violation in the most

extreme environments (such as this one). We also observe an interesting phenomenon on

the regular sinusoidal surface (figure 5.10c), where the biped’s hind foot performs prolonged

slipping motions associated with each contact event. Figure 5.11 shows the time signals

associated with the tangential velocity, Lagrange multiplier and friction cone evaluation for
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(b) Sloped surface
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(c) Sinusoidal surface
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(d) Double-sinusoidal surface

Figure 5.10: Bipedal locomotion solutions on different surfaces. The path of the center of
mass (CoM) of the torso is shown by the orange trace, and the path of each contact point
(foot connected to each leg) is shown by the cyan traces.
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Figure 5.11: Time histories of tangential velocity, Lagrange multiplier and friction cone
term for the hind foot of the biped on the sinusoidal surface (figure 5.10c).

the hind foot. From this plot, we can observe that the tangential velocity and Lagrange

multiplier become non-zero across each contact event, with the friction cone being activated

such that |µiϕc,ni | − ∥ϕ
c,t
i ∥ ≈ 0. This result indicates that on the complex highly-sloped

surface, an optimal solution may require the explicit use of slipping to perform efficient

jumps, and that the CI-SCVX framework is able to accurately capture and optimize for this

behavior.

5.6.3 Monte Carlo Analysis

The last two subsections present individual case studies of the monoped and biped mod-

els, respectively. We now move towards a systematic analysis of the performance of CI-

SCVX across a variety of multibody models with a Monte Carlo comparison across 10 trials

for each model. Specifically, we compare between (i) SRB, (ii) minimal-coordinate WB, (iii)

maximal-coordinate WB, (iv) SRB→minimal warmstart, and (v) SRB→maximal warm-

start. Figure 5.12 shows the solve time across the monoped and biped models between

all five candidate multibody models on a flat surface. We observe the maximal-coordinate

model performing the best in the monoped case. This can be explained by the fact that,

in the case of a three-link monoped, there is not a substantive growth in the configuration

space dimension for maximal-coordinate models yet.
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Figure 5.12: Monte Carlo analysis of the elapsed solve time across the monoped and biped
models between all five candidate multibody models. The sample mean of each model’s
elapsed solve time is displayed by a color-coded bar, with the error bars depicting one
sample standard deviation.

When examining the solve time results for biped, however, we observe that our warm-

start strategy is able to produce the best performance across WB solutions (specifically,

SRB→minimal). In this instance, the benefits of an SRB warmstart become more important,

and the underlying WB model becomes more nonlinear, such that the SRB model’s reduced-

order complexity becomes more beneficial. Specifically, we see that the SRB→minimal

warmstart solves 24.3% faster than the next best model (minimal-coordinate), and ad-

ditionally solves with a much lower standard deviation, attributed to the solver stability

introduced by an SRB warmstart. Figure 5.13 shows the objective value (minimum time)

across all models, showing comparable performance that does tend to slightly favor the

non-warmstarted maximal-coordinate model. This result displays that we do tend towards

a tradeoff where an SRB warmstart may push us closer to a less-desirable local minimum,

however in the context of CITO, we are primarily interested in finding a feasible solution to

the contact-implicit dynamics equations in the shortest amount of time, so we accept this

tradeoff going forwards, and investigate all other results with the SRB→minimal warmstart.
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Figure 5.13: Monte Carlo analysis of the objective value across the monoped and biped
models between all five candidate multibody models. The sample mean of each model’s
objective value is displayed by a color-coded bar, with the error bars depicting one sample
standard deviation.

Table 5.1: Half-Cheetah comparisons between CI-SCVX and MJPC.

Model ↓ Solve time [s] Jη Jν ↓ ATE [m] ↓
∫
∥τa∥1 ↑ Jgym

SRB 5.3084 — — 0.3056 605.0022 505.6226

WB (1/4) 11.4486 3.70× 10−1 2.24× 10−2 0.1480 810.5748 483.1663

WB (2/4) 16.8176 3.60× 10−1 3.14× 10−2 0.0975 652.1706 517.0439

WB (3/4) 23.1584 2.44× 10−1 3.10× 10−2 0.1349 586.3398 524.1444

WB (4/4) 28.1745 4.88× 10−2 5.80× 10−2 0.1667 617.2610 516.0035

WB (4/4, OL) 28.1745 4.88× 10−2 5.80× 10−2 3.4401 416.2654 −80.7163
MJPC 625.8882 — — — 643.2141 248.6145

Ablation study: δ-homotopy

We additionally perform an ablation study comparing the two δ-homotopy schemes, namely

backtracking (algorithm 5.1) and nested (algorithm 5.2). From figure 5.14, we can observe

that, in terms of solve time, the embedded backtracking homotopy scheme performs the best,

both in terms of mean and standard deviation, displaying that our customized technique is

able to outperform the extension from [92]. We do observe a tradeoff in terms of objective

value, similar to what has been observed in the model-level analysis previously.
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Figure 5.14: Ablation study of the δ-homotopy scheme on the biped model. The sample
mean of each method’s solve time and objective value is displayed by a color-coded bar,
with the error bars depicting one sample standard deviation.

5.6.4 Half-Cheetah Study

The final component of our experimental results is a study of the performance of CI-SCVX in

a high-fidelity simulator environment. Specifically, we use the Gymnasium HalfCheetah

environment [134], which is a 2D planar seven-link model with two contact points (one extra

limb per each leg relative to the previous biped configuration) with a MuJoCo backend. We

compare the performance of CI-SCVX against the MuJoCo-based sampling model predictive

control (MPC) framework MuJoCo-MPC (MJPC) [55]. For closed-loop analysis of CI-SCVX,

we use the cross-entropy method (CEM) as a sampling-based tracker [103]. The environment

objective of HalfCheetah is a weighted combination of maximizing forward velocity over the

trajectory horizon, and minimizing the control effort in terms of the squared sum of joint

torques, also over the trajectory horizon.

To enable CI-SCVX to produce practical solutions for this environment, we construct a two-

point boundary value problem (TPBVP) where the terminal velocities are left free (unlike in

previous scenarios, where the terminal velocities were constrained to be zero), and minimize

for the time of maneuver as before. We utilize the SRB→minimal warmstart strategy to

produce solutions as quickly as possible. For MJPC, we specify a reward function which
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(a) CI-SCvx gait solution (SRB→minimal warmstart, fully-converged).
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(b) MJPC gait solution.

Figure 5.15: HalfCheetah locomotion solutions on a flat surface across multiple tested con-
figurations. The path of the center of mass (CoM) of torso is shown by the orange trace,
and the path of the each contact point (foot connected to each leg) is shown by the cyan
traces.
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Figure 5.16: Comparison of open-loop (blue) and closed-loop (red) gait solutions for the
HalfCheetah model on a flat surface when deployed in the MuJoCo simulator, against the
optimized CI-SCVX solution directly propagated on its own dynamics model (gray).

balances the environment objective with a gait-phasing term that encourages alternating

foot contacts to produce efficient motion. Sample rollouts are discarded if the torso exceeds
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a critical pitch angle or drops below a critical height (indicating tip-over and slumping

failure modes) to ensure MJPC cannot greedily prioritize poor trajectories. To compare

between CI-SCVX and MJPC, we allow MJPC to run for the time of maneuver of the CI-

SCVX solution, such that both methods are evaluated over the same time horizon, and the

competing performance is evaluated in terms of environment reward which can be obtained

over this time horizon.

Table 5.1 shows a detailed analysis of how CI-SCVX performs at different levels of con-

vergence, and in comparison to MJPC. For each model, we analyze across: (i) elapsed

solve time, (ii) proximal term objective weight (WB only), Jη, (iii) exact penalization ob-

jective weight (WB only), Jν , (iv) average trajectory error (ATE) for the base body’s 2D

position, (v) cumulative torque over the maneuver, and (vi) the HalfCheetah environment

objective/reward, Jgym. We note that the ATE is computed as the average across all time

steps of the Euclidean distance between the CI-SCVX-optimized trajectory and the trajectory

produced by forward-simulating the control inputs (open- or closed-loop) in the MuJoCo

simulator. We analyze CI-SCVX convergence at three levels: (i) SRB warmstart only, (ii)

WB partially converged by a fraction (x/4) of the total number of SCP iterations during

the WB solver phase (96 iterations in this case), and (iii) WB fully converged to numerical

tolerance, along with an analysis of the open-loop (OL) response.

From table 5.1, we can derive a few important observations. First, the open-loop response

of CI-SCVX is unable to produce a viable forward locomotion solution, resulting in Jgym < 0

and justifying the use of closed-loop tracking. Second, we observe that partially-converged

solutions, even up to the point of just using the SRB warmstart, are able to be tracked with

reasonably-small error (ATE < 0.4 m), however the best results are obtained with either the

fully-converged or (3/4)-converged solutions, demonstrating that our optimizer can be used

to produce practical motions with significantly-less solve-time expenditure than a fully-

converged solution, suggesting its potential practicality towards implementations such as

real-time iteration (RTI) MPC [93]. Third, our method is able to heavily outperform MJPC

in terms of the environment objective, with a Jgym value 2.08× higher, and a solve time

22.21× faster, than MJPC. We note that this implementation of MJPC is not optimized
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for speed, and that a more efficient implementation should be able to produce real-time

performance, however we do not expect it to be able to outperform CI-SCVX in terms of

the environment objective, as MJPC is a sampling-based method which does not explicitly

optimize for the environment objective, and instead relies on a reward function to guide its

search.

Figure 5.15 shows a comparison of the gaits produced by CI-SCVX and MJPC, showing

that CI-SCVX produces substantially more horizontal distance, and consequently environ-

ment objective, over the optimized time horizon of tf = 1.70 seconds. Figure 5.16 shows

a comparison of the open-loop and closed-loop responses of CI-SCVX against the optimized

solution, showing that the open-loop solution is unable to make sufficient forward progress

without closed-loop tracking.
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Chapter 6

CONCLUSIONS

This chapter concludes the dissertation by summarizing the key conclusions from each

chapter and providing recommendations for future directions.

Chapter 2: Set-Based Viewplanning

The second chapter introduced the basic problem of set-based viewplanning, and intro-

duced a new constraint formulation which can tractably solve the set containment problem.

This chapter also introduced a sequential convex programming (SCP) framework to impose

the resulting constraint set in mission-practical powered descent guidance scenarios, la-

beled constrained visibility guidance (cvg), and showed that highly-constrained set-based

viewplanning problems could be solved tractably in real-time. One interesting direction

for future work is to extend the set containment theory towards more general cases, such

as: (i) p-norm field-of-view cone definitions with non-unitary aspect ratios, and (ii) non-

spherical (e.g. ellipsoidal) set definition. Another interesting direction concerns viewing

set containment from the perspective of robust optimal control (for example, assuming the

landmark must fall within a bounded set) and applying this formulation to uncertain terrain

environments.

Chapter 3: Active Simultaneous Localization & Mapping

The third chapter addressed a fundamental limitation with the previous chapter’s approach

in terms of parameterizing viewplanning (e.g. how long should you look at something,

from what position, etc.). To address this, the chapter introduced a novel approach to the

active simultaneous localization & mapping (SLAM) problem formulated as a continuous-

time stochastic optimal control problem with a differentiable filtering model. The resulting

act-slam framework was shown to precisely characterize vehicle and landmark uncertain-

ties while optimizing for information gain favorably compared to relevant baselines. To
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extend this work towards more generalized applications, perhaps those with a much larger

number of landmarks, one interesting direction concerns the investigation of information

filter parameterizations. Information filters have been studied at length in the SLAM lit-

erature [40, 140], as well as in the context of active SLAM [67, 90, 120, 133], however their

application to continuous-time optimal control problems still remains an open problem. Ad-

ditionally, the problem of handling landmark occlusions must be addressed in order to apply

act-slam towards more generalized environments (such as cluttered building navigation).

Chapter 4: Graph Successive Convexification

The fourth chapter introduced an alternative approach towards unknown perceptive envi-

ronments by instead passively perceiving the environment and proactively generating contin-

gency plans as perceptive information becomes available. The resulting modeling approach,

graph successive convexification (graph-scvx), was shown to be able to solve general non-

convex deferred-decision trajectory optimization (DDTO) problems in real-time, in both

high-fidelity simulation and hardware-in-the-loop (flight test) settings. One interesting fu-

ture direction of this work is to lift the fixed graph structure of graph-ddto and instead

optimize over all possible arborescence graph structures, such that the optimal graph topol-

ogy for a given deferrability objective can be found.

Chapter 5: Contact-Implicit Successive Convexification

The final chapter addressed the other end of interaction-aware trajectory optimization by

modeling and optimizing over contact interactions implicitly. The resulting contact-implicit

successive convexification (CI-SCVX) framework was shown to produce high-fidelity trajec-

tories for legged locomotion tasks in near-real-time, and was validated in high-fidelity envi-

ronments against a relevant baseline (MuJoCo-MPC). The first immediate extension of this

work concerns application of this framework towards more complex 3D locomotion tasks,

such as quadrupedal gait planning, and even further towards manipulation tasks. Addition-

ally, the framework could be extended to handle more complex contact interaction, such as

contact between two sets rather than between a singular point and a set.
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Appendix A

PHASE-BASED STITCHING

A.1 Modeling Phase-Based Stitching

We will reconsider the stitching constraint T discussed in section 4.2.2. Moreover, we

consider the construction of two independent trajectories

(x(t(1)), u(t(1))), t(1) ∈ [t
(1)
i , t

(1)
f ], (A.1a)

(y(t(2)), v(t(2))), t(2) ∈ [t
(2)
i , t

(2)
f ], (A.1b)

where both trajectories obey the same dynamics relationship f such that
.
x(t(1)) =

f(t(1), x(t(1)), u(t(1))) and
.
y(t(2)) = f(t(2), y(t(2)), v(t(2))).

Proposition A.1. Consider the stitching relation y(t
(2)
i ) ∈ T (x(t(1)f )). If we choose T as

the identity relation (instantaneous stitching), such that y(t
(2)
i ) = x(t

(1)
f ), this relation leads

to a redundant knot point during discretization.

Proof. Consider a discretization such that X1 = (x1, . . . , xNx) and X2 = (y1, . . . , yNy)

with y1 = T (xNx) = xNx . If the discretized trajectories are concatenated such that

X = (X1,X2), we observe a redundant trajectory knot point through the expansion

X = (x1, . . . , xNx , xNx , . . . , yNy).

If we instead choose T such that it expresses a continuous dynamical relationship between

x(t
(1)
f ) and y(t

(2)
i ) (phase-based stitching), we can avoid this redundancy entirely. To do

this, we will consider construction of a third trajectory (z(t(3)), w(t(3))) with t(3) ∈ [t
(3)
i , t

(3)
f ]

which solves the two-point boundary value problem (TPBVP) between x(t
(1)
f ) and y(t

(2)
i )
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such that

.
z(t(3)) = f(t(3), z(t(3)), w(t(3))), (A.2a)

z(t
(3)
i ) = x(t

(1)
f ), (A.2b)

z(t
(3)
f ) = y(t

(2)
i ). (A.2c)

Then, the stitching constraint set is defined such that y(t
(2)
i ) ∈ T (x(t(1)f )) with

TZ(x) :=


y ∈ Rnx

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(z(t), w(t)) ∈ Rnx × Rnu ,
.
z(t) = f(t, z(t), w(t)),

z(t
(3)
i ) = x, z(t

(3)
f ) = y,

(t, z(t), w(t)) ∈ Z,

t ∈ [t
(3)
i , t

(3)
f ].


, (A.3)

where the set Z enables us to embed path constraints in the stitching constraint definition.

If we return to the continuous-time OCP formulation in problem (4.1), we can define path

constraints on the jth segment as follows:

Zj ≜
{
(t, z, w) | gj(t, z, w) ≤ 0, hj(t, z, w) = 0

}
.

Then, we can replace instantaneous stitching constraints (4.1h)-(4.1j) with the phase-based

stitching constraint set, defined as

xj(tji ) ∈ TZj (xi(ti→j)), (A.4a)

tji > ti→j , (A.4b)

for each εij ∈ E . Notably, constraint (A.4b) becomes necessary since the intermediate

trajectory must correspond to a finite time duration. After the problem augmentation steps



167

in sections 4.2.3-4.2.4, we can define an augmented stitching constraint set as

T̃ j(x̃) :=


ỹ ∈ Rnx̃

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(z̃(τ), w̃(τ)) ∈ Rnx̃ × Rnũ ,

˚̃z(τ) = F (z̃(τ), w̃(τ)),

z̃(0) = x̃, z̃(1) = ỹ,

θE(z̃(1)− z̃(0)) = 0,

sEw̃(τ) > 0,

τ ∈ [0, 1].


(A.5)

Finally, the augmented constraint set which replaces (4.7g) can be stated as

x̃ji ∈ T̃
j(x̃i→j), (A.6)

for each εij ∈ E , where constraint (A.4b) is implicit by setting sEw̃(τ) > 0.

A.2 Discretizing Phase-Based Stitching

To perform transcription of the phase-based stitching constraint defined by (A.5), we can

make use of the discretization and parameterization definitions in section 4.3.1. Consider

discretization of a stitching segment z̃(τ), w̃(τ) onto a finite grid with two discrete knot

points τ z1 = 0, τ z2 = 1 and Z̃ = (z̃1, z̃2). We can also define control parameters W ∈ W ⊆

R2nũ and basis function Γw(τ) : [0, 1]→ R2 such that

w̃(τ) = (Γw(τ)⊗ Inũ)W. (A.7)

Then, to impose the dynamics and path constraints defined by equation (A.5), we must

impose these constraints in discrete time such that

Fs(z̃2, z̃1,W ) = F1(z̃2, z̃1,W ; Γw) = 0, (A.8a)

θE(z̃2 − z̃1) = 0, (A.8b)

W ∈ W, (A.8c)
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where W ∈ W captures the constraint sEw̃(τ) > 0. We now consider an edge εij ∈ E , and

designate a stitching index ki→j such that x̃i→j = x̃ki→j
. Under the definition of the stitching

function, we can use a variable substitution for the boundary conditions, z̃1 = x̃iki→j
and

z̃2 = x̃j1, to restate equations (A.8a)-(A.8c) as

F ij(x̃j1, x̃
i
ki→j

, ϕij(U i, U j)) =

F1(x̃
j
1, x̃

i
ki→j

, ϕij(U i, U j); Γij) = 0, (A.9a)

θE(x̃j1 − x̃
i
ki→j

) = 0, (A.9b)

Ui ∈ U i, U j ∈ U j , (A.9c)

where ϕij : U i × U j → U ij ⊆ RN ij
ũ is chosen to express the control parameterization across

an edge segment, with a corresponding basis function Γij(τ) : [0, 1]→ RN ij
ũ .

Example A.1 (Phase-based edge continuity under FOH parameterization). As

an extension of example 4.1, under a first-order hold parameterization, we can state the

parameterization terms as follows:

ϕij(U i, U j) = (U i
ki→j

, U j
1 ), (A.10a)

Γij(τ) = Γ1(τ). (A.10b)

We can consequently describe the linearization of constraint (A.9a) as

Ψij(x̃j1, x̃
i
ki→j

, ϕij(U i, U j)) = Ψ1(x̃
j
1, x̃

i
ki→j

, ϕij(U i, U j); Z̄ij ,Γij), (A.11)

along with terms

Cij(Z̄ij) = C1(Z̄
ij ,Γij), (A.12a)

cij(Z̄ij) = c1(Z̄
ij ,Γij), (A.12b)
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Figure A.1: Illustration of how variable elimination works with the non-redundant stitching
formulation. In the redundant case, post-discretization, x̃j1 is a redundant variable. In the

non-redundant case, x̃j1 is able to serve the same utility as the second discretization point,

x̃j2, in the redundant case.

where Z̄ij = (x̄iki→j
, x̄j1, Ū

i
ki→j

, Ū j
1 ). Notably, because of the variable substitution combined

with two-point discretization, we are able to completely eliminate the edge segment trajec-

tory Z̃ in the discrete-time formulation, allowing us to address the redundancy consideration

in proposition A.1. The intuition behind this idea is enabling a dynamical mapping between

two points rather than effectively copying a variable through a direct equality constraint.

Then, rather than imposing constraint (4.19h) in problem (4.19), we can instead impose

the discrete-time dynamics relationship defined over edges εij ∈ E stated as

F ij(x̃j1, x̃
i
ki→j

, ϕij(U i, U j)) = 0, (A.13a)

θE(x̃j1 − x̃
i
ki→j

) ≤ ϵθ, (A.13b)

tE(x̃j1 − x̃
i
ki→j

) > 0. (A.13c)

To prove discrete-time equivalence of instantaneous and phase-based stitching constraints,

consider fixing an edge εij ∈ E with parent stitch index m = ki→j , and assume both phase-

based and instantaneous techniques are using first-order hold (see examples 4.1,4.2, and

A.1).

Proposition A.2. Eliminating the child knot point through equality (4.19h) yields a cost-
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preserving bijection between the feasible sets of the instantaneous and phase-based transcrip-

tions of problem (4.19), such that the two define the same problem and consequently yield

the same optimal value.

Proof. Denote a phase-based trajectory as (X̃j , U j) and an instantaneous trajectory as

(X̌j , Ǔ j). The strict equality (4.19h) constrains x̌j1 = x̌im, and the FOH parameterization

constrains Ǔ j
1 = Ǔ i

m. Then, under first-order hold, the child’s first knot point interval defect

becomes

F j
1 (x̌

j
2, x̌

j
1, Ǔ

j) = F1(x̌
j
2, x̌

i
m, (Ǔ

i
m, Ǔ

j
2 ); Γ1). (A.14)

The bijective map Φ : (X̌j , Ǔ j) 7→ (X̃j , U j), defined by x̃jk = x̌jk+1 and U j
k = Ǔ j

k+1 for

k ∈ [N j − 1], produces

F ij(x̃j1, x̃
i
m, ϕ

ij(U i, U j)), (A.15)

which exactly recovers the phase-based defect (A.13a). Every remaining phase-based con-

straint (A.13c),(A.13b) carries over under Φ without change, and the Mayer objective (4.19a)

depends only on the terminal knots, which Φ preserves. Hence Φ is a cost-preserving bijec-

tion between the feasible sets of the two transcriptions.

Using proposition A.2, we can now state that the discrete-time phase-based and instan-

taneous stitching constraints are equivalent. An illustration of this equivalence is provided

in figure A.1.

A.3 Implementing Phase-Based Stitching in SCP

To embed the discretized phase-based stitching constraints defined by equations (A.13a)-

(A.13c) in the SCP algorithm defined in section 4.4, we simply need to redefine some

variables. Moreover, to impose constraint (A.13b) as a convex constraint, we first replace

convex set (4.20b) with a set defined as

X̃ Es :=

(X̃1, . . . , X̃n)

∣∣∣∣∣∣∣∣∣
θE(x̃j1 − x̃iki→j

) ≤ ϵθ,
tE(x̃j1 − x̃iki→j

) ≥ ∆tmin,

∀εij ∈ E ,

 , (A.16)
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where ∆tmin lifts (A.13c) to a non-strict inequality for numerical purposes. Then, to impose

the nonconvex constraint (A.13a), we must define a residual term for the constraint as

RF ij
(z) = F ij(x̃j1, x̃

i
ki→j

, ϕij(U i, U j)), (A.17)

and consequently replace the concatenated equality constraint residual term (4.22a) with a

new term

Re,s =
(
(RF j

k )
j∈[n]
k∈[Nj−1], (R

Qj
)j∈[n], (R

F ij
)εij∈E

)
. (A.18)

Then, all remaining steps throughout sections 4.4.1-4.4.2 proceed with X̃ E = X̃ Es and Re =

Re,s. Notably, the linearization of penalty term (A.17) is defined by terms

∇zR
F ij

(z̄) = Cij(Z̄ij)M ij⊤, (A.19a)

RF ij
(z̄) = Cij(Z̄ij)M ij⊤z̄ − cij(Z̄ij), (A.19b)

where M ij ∈ Rnz×(2nx̃+N ij
ũ ) represent allocation matrices, similar to M j

k in section 4.4.2,

satisfying vij =M ij⊤z. Additionally, the graph-ddto warmstart defined by algorithm 4.2

must also reflect a slight indexing change, with lines 4-5 of the algorithm instead stated as

X̄j ← X̄j

s,kjd+1:Nj
s
,

Ū j ← Ū j

s,kjd+1:Nj
s
,

which causes the branch sizes of the warmstart to instead be N j
s − kjd.
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sensitive optimal control: A conditional value-at-risk-based tail flattening approach
via sequential convex programming. IEEE Transactions on Control Systems Technol-
ogy, 2024.

[37] Purnanand Elango, Dayou Luo, Abhinav G. Kamath, Samet Uzun, Taewan Kim,
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Mesbahi. Optimization-based constrained funnel synthesis for systems with lipschitz
nonlinearities via numerical optimal control. IEEE Control Systems Letters, 7:2875–
2880, 2023.

[65] Yoonsoo Kim, Mehran Mesbahi, Gurkirpal Singh, and Fred Y Hadaegh. On the
convex parameterization of constrained spacecraft reorientation. IEEE Transactions
on Aerospace and Electronic Systems, 46(3):1097–1109, 2010.

[66] Shumon Koga, Arash Asgharivaskasi, and Nikolay Atanasov. Active exploration and
mapping via iterative covariance regulation over continuous se (3) trajectories. In
2021 IEEE/RSJ International Conference on Intelligent Robots and Systems (IROS),
pages 2735–2741. IEEE, 2021.

[67] Shumon Koga, Arash Asgharivaskasi, and Nikolay Atanasov. Active slam over con-
tinuous trajectory and control: A covariance-feedback approach. In 2022 American
Control Conference (ACC), pages 5062–5068. IEEE, 2022.

[68] Vince Kurtz, Alejandro Castro, Aykut Özgün Önol, and Hai Lin. Inverse dynamics
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[98] Aykut Özgun Önol, Philip Long, and Taşkın Padır. Contact-implicit trajectory op-
timization based on a variable smooth contact model and successive convexification.
In 2019 International Conference on Robotics and Automation (ICRA), pages 2447–
2453. IEEE, 2019.

[99] David E. Orin, Ambarish Goswami, and Sung-Hee Lee. Centroidal dynamics of a
humanoid robot. Autonomous Robots, 35(2–3):161–176, June 2013.



180

[100] Fernando Palacios-Gomez, L Lasdon, and Michael Engquist. Nonlinear optimization
by successive linear programming. Management science, 28(10):1106–1120, 1982.

[101] Amir Patel, Stacey Leigh Shield, Saif Kazi, Aaron M Johnson, and Lorenz T Biegler.
Contact-implicit trajectory optimization using orthogonal collocation. IEEE Robotics
and Automation Letters, 4(2):2242–2249, 2019.

[102] Benedetto Piccoli. Hybrid systems and optimal control. In Proceedings of the 37th
IEEE Conference on Decision and Control (Cat. No. 98CH36171), volume 1, pages
13–18. IEEE, 1998.

[103] Cristina Pinneri, Shambhuraj Sawant, Sebastian Blaes, Jan Achterhold, Joerg Stueck-
ler, Michal Rolinek, and Georg Martius. Sample-efficient cross-entropy method for
real-time planning. In Conference on Robot Learning, pages 1049–1065. PMLR, 2021.

[104] Julio A Placed, Jared Strader, Henry Carrillo, Nikolay Atanasov, Vadim Indelman,
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ification and real-time on-board optimization for agile quad-rotor maneuvering and
obstacle avoidance. In 2017 IEEE/RSJ International Conference on Intelligent Robots
and Systems (IROS), pages 4862–4868. IEEE, 2017.

[129] Michael Szmuk, Taylor P Reynolds, and Behçet Açıkmeşe. Successive convexification
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