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Directed graphical models are commonly used to model causal relations between random
variables and to understand conditional independencies in their joint distributions. We
focus on the crucial task of structure learning, which aims to recover graphical structures
using observational data sampled from distributions that obey certain underlying graphical
model. A common challenge in structure learning is the computational and statistical cost
of learning large graphs or using high dimensional data. In this dissertation, we study four
cases where the efficiency of structure learning could be improved over existing methods. We
propose new algorithms and provide theoretical consistency guarantees.

First, we study a simple setting of linear structural equation model (SEM) with equal
error variances. It is known that in this setting the DAG can be uniquely identified from
observational data (Peters and Buhlmann, 2014)). We proposed in Chapter [2[ a simple yet
state-of-the-art procedure that sequentially estimates the causal ordering of the random
variables. This procedure is consistent and readily extendable to high-dimensional setting.
We provided theoretical guarantees as well as simulation results to demonstrate the efficiency.

In Chapter |3| we consider the problem of structure learning in sparse high-dimensional

settings that may be subject to the presence of unmeasured confounders, as well as selection



bias. Based on the structure found in common families of large random networks and ex-
amining the representation of local structures in linear SEM, we propose a new local notion
of sparsity for consistent structure learning in the presence of latent and selection variables,
and develop a new version of the Fast Causal Inference (FCI) algorithm with reduced com-
putational and sample complexity, which we refer to as local FCI (IFCI). The new notion of
sparsity allows the presence of highly connected hub nodes, which are common in real-world
networks, but problematic for existing methods. Our numerical experiments indicate that
the IFCI algorithm achieves state-of-the-art performance across many classes of large random
networks containing hub nodes.

In DAGsS, directed paths represent causal pathways between the corresponding variables.
The variable at the beginning of such a path is referred to as an ancestor of the variable at
the end of the path. In Chapter [4] we investigate the graphical characterization of ancestral
relations via CPDAGs and d-separation relations. We propose a framework that can learn
definite non-ancestral relations without first learning the skeleton. We demonstrated that
this framework yields structural information that can be used in both score- and constraint-
based algorithms to learn causal DAGs more efficiently.

In Chapter [5, we consider an intermediate problem in DAG learning, where a partial
causal ordering of variables is available. We discuss a general estimation procedure for
discovering DAGs with arbitrary structure from partial orderings. We also present efficient
estimation algorithms for two popular classes of high-dimensional sparse directed acyclic

graphs, namely linear and additive structural equation models.
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Chapter 1
INTRODUCTION AND BACKGROUND

1.1 Directed Graphical Models and Structure Learning

Directed graphical models are commonly used to model causal relations between random
variables in complex systems (Spirtes et al., [2001; [Pearl, 2009; Maathuis et al |2018). In this
framework, each random variable is a function of other variables (its causes) and stochastic
noise. Estimating such causal graphs is important in exploratory data analysis, to generate
causal hypotheses, and facilitate design of experiments. Concretely, causal relations can be
represented by a directed acyclic graph (DAG), with vertices representing random variables,
and directed edges representing direct causal effects. The DAG aids, in particular, in under-
standing conditional independences that the model imposes on the joint distribution of the
random variables. These conditional independences provide an alternative characterization
of the joint distribution and can be read off the graph using the concept of d-separation.
If a joint distribution satisfies all these imposed conditional independences, it is said to be
Markov with respect to the DAG. Structure learning from observational data is then the
problem of learning a DAG from data sampled independently from a distribution that is
Markov with respect to the DAG.

A crucial aspect of structure learning stems from the fact that the data-generating DAG
may be non-identifiable: Many different DAGs may yield the same statistical model for
the observational data at hand. These DAGs form a Markov equivalence class. Members
of a Markov equivalence class share the same adjacencies and unshielded colliders (Ander-
sson et all [1997). Assuming faithfulness, that is, the conditional independence relation-

ships among the variables correspond exactly to d-separations implied by the DAG, the



Markov equivalence class can be uniquely recovered from conditional independence relation-
ships among the corresponding random variables, and it can be represented via a completed

partially directed acyclic graph (CPDAG) (Spirtes et al., 2001)).

When all relevant variables are observed, a variety of techniques exist for learning the
CPDAG from observational data if we assume some form of faithfulness. Existing structure
learning methods can be broadly categorized into constraint-based, score-based, and hybrid
approaches (for comprehensive discussions, see [Colombo et al., 2012} |Loh and Bithlmann)
2014; Raskutti and Uhler, |2018). In constraint-based approaches, a DAG is learned by dis-
covering and imposing graphical constraints via tests of conditional independence. Examples
of constraint based methods are SGS (Glymour et al., |1987) and PC (Spirtes et al., 2001).
In score-based approaches, a score, for example BIC, is assigned to each DAG and then an
algorithm searches for the DAG that optimizes the score. Since searching through the space
of all possible DAGs is NP-hard (Chickering} [1996)), the optimization is usually performed
by greedy search, such as in Greedy Equivalence Search (GES) (Chickering, 2002). Hybrid
approaches use schemes in which the two approaches inform each other, for example in Max-
Min-Hill-Climbing (MMHC) (Tsamardinos et al., [2006)) and Sparsest Permutation (Raskutti
and Uhler|, 2018)).

One of the most commonly used constraint-based method is the PC algorithm (Spirtes
et al., [2001), which is popularized in Kalisch and Bithlmann| (2007) for high-dimensional
settings, and is the building block for many other constraint-based and hybrid algorithms
(see, e.g., Tsamardinos et al., 2006; |Ogarrio et al. 2016). The PC algorithm hierarchically
performs tests of conditional independence with conditioning sets of increasing size. Under a
faithfulness assumption, the population version of PC algorithm outputs the correct CPDAG
Spirtes et al.| (2001), and the finite sample version is consistent in sparse high-dimensional
settings (Kalisch and Biithlmann| 2007). The results has been extended to Gaussian copula

models in Harris and Drton (2013]) using rank correlations.



1.2 Structural Equation Models and identifiability

A structural equation model for a random vector X = (X, ..., X}) postulates causal relations
in which each variable X is a function of a subset of the other variables and a stochastic error
¢j. In this framework, causal discovery and structure learning is the problem of inferring
which of other variables each variable X; depends on. Throughout this paper, we consider
this problem where only observational data, that is, a sample from the joint distribution of
X, is available.

Suppose, without loss of generality, that the observed random vector X = (X1,..., X))

is centered. In a structural equation model, X then solves an equation system

X] = f]’(Xpajl E]')/ ] = 1/- . -/p/ (11)

where pa; are the parents of Xj, ¢&; are independent random variables with mean zero, and
the coefficients f; are unknown functionals. A special family is the linear SEMs, which can
be written as

Xj = Z Brj Xk + €}, j=1...,p, (1.2)

kepa;

where coefficients f; are unknown parameters.

The SEMs represent a variety of causal mechanisms and are well-studied. In particular,
a SEM is identifiable if each variable is determined by some linear function of its parents
and an independent error which belongs to some non-Gaussian distribution (Shimizu et al.|
2000; [Zhang and Hyvarinen, 2009b; |[Loh and Buhlmann, [2014; Zhang and Hyvarinen, 2009aj
Wang and Drton, [2020). Relaxing the linearity assumption, it is also known that a SEM
is identifiable if each variable is determined by some non-linear function of its parents and
an independent error (Zhang and Hyvéarinen, 2009aj [Hoyer et al., [2008; Mooij et al., |2009;
Peters et al., 2011)), and consequently the setting of nonlinear functions with Gaussian errors
is identifiable. The popular and simple setting of linear SEM with Gaussian noise, unfor-

tunately, is non-identifiable in general. A special case when all error variances are equal



(or monotonicaly sorted along the causal ordering), is shown to be identifiable (Peters and

Bithlmann| 2014; |(Chen et al., |2019; |Ghoshal and Honorio, 2018 Park, |2020)).
1.3 Notations

We will invoke the following graphical concepts. If the considered graph G contains the edge
k — j, then k is a parent of its child j. We write pa(j) for the set of all parents of a node j.
Similarly, ch(j) is the set of children of j. If there exists a directed path k — ... — j, then k
is an ancestor of its descendant j. The sets of ancestors and descendants of j are an(j) and
de(j), respectively. Here, j € an(j) and j € de(j). A set of nodes C is ancestral if an(j) € C
for all j € C. Similarly, C contains all its descendants if de(j) € C for all j € C.



Chapter 2

ON CAUSAL DISCOVERY WITH EQUAL VARIANCE
ASSUMPTION

2.1 Introduction

In this work we consider the problem of learning the data-generating DAG in settings where
all relevant variables are observed. While in general only an equivalence class of structures
can then be inferred (Spirtes et al., |2001; [Pearl, 2009), recent work stresses that unique
identification is possible under assumptions such as non-linearity with additive errors, lin-
earity with non-Gaussian errors, and linearity with errors of equal variance; see the reviews
of Drton and Maathuis| (2017) and |Heinze-Deml et al. (2018) or the book of Peters et al.
(2017).

This work is concerned with the equal variance case treated by |[Peters and Buhlmann
(2014) and Loh and Biihlmann| (2014) who prove identifiability of the causal structure and
propose greedy search methods for its estimation. Our key observation is that the identifia-
bility is implied by an ordering among certain conditional variances. Ordering estimates of
these variances yields a fast method for estimation of the causal ordering of the variables.
The precise causal structure can then be inferred using variable selection techniques for re-
gression (Shojaie and Michailidis|, 2010)). Specifically, we develop a top-down approach that
infers the ordering by successively identifying sources. The method is developed for low-
as well as high-dimensional problems. Simulations show significant gains in computational
efficiency when compared with greedy search and increased accuracy when the number of
variables p is large.

In this chapter we also include a bottom-up method which identified the causal ordering

by successively finding sinks via minimal precisions. We are aware that the same bottom-up



approach is concurrently studied in|Ghoshal and Honorio (2018). We included the bottom-up
approach in this document for completeness of presentation. We emphasize that our top-
down approach only requires control of the maximum in-degree as opposed to the bottom-up
approach which requires control of the maximum Markov blanket. This is discussed further

in Section and a direct numerical comparison is given in Section [2.4.2]
2.2 Identifiability by Ordering Variances

Suppose, without loss of generality, that the observed random vector X = (Xy,...,X,) is

centered. In a linear structural equation model, X then solves an equation system displayed
in (1.2)

XjZZﬂijk+€]', j=1,...,p, (2.1)
k%)

where the ¢; are independent random variables with mean zero, and the coefficients Bi; are
unknown parameters. Following Peters and Biihlmann| (2014)), we assume that all ¢; have a
common unknown variance 62 > 0. We will write X ~ (B, 02) to express the assumption that
there indeed exist independent errors €1, ..., € of equal variance o2 such that X solves
for coefficients given by a real p X p matrix B = (k) with zeros along the diagonal.

The causal structure inherent to the equations in is encoded in a directed graph
G(B) with vertex set V = {1,...,p} and edge set E(B) equal to the support of B. So,
E(B) = {(k,j) : Bxj # 0}. Inference of G(B) is the goal of causal discovery as considered in
this paper. As in related work, we assume G(B) to be a directed acyclic graph (DAG) so
that B is permutation similar to a triangular matrix. Then admits the unique solution

X =(I-B")le where € = (e, ..., ¢p). Hence, the covariance matrix of X ~ (B, 0?) is
L:=E[XX"| =¢*0-B")'1-B")". (2.2)

The main result of Peters and Biihlmann| (2014) shows that the graph G(B) and the pa-
rameters B and o2 are identifiable from the covariance in (2.2)). No faithfulness assumptions

are needed.



Theorem 1. Let X ~ (BX,(T?() and Y ~ (By,ai) with both G(Bx) and G(By) directed and
acyclic. If Var (X) = Var (Y), then G(Bx) = G(By), Bx = By, and Gi = 012/.

Let G be a DAG, then it admits a topological ordering of its vertices. In other words,
there exists a numbering ¢ such that o(j) < o(k) only if k ¢ an(j). Every DAG contains at
least one source, that is, a node j with pa(j) = 0. Similarly, every DAG contains at least
one sink, which is a node j with ch(j) = 0. In this section we first give an inductive proof
of Theorem || that proceeds by recursively identifying source nodes for G(B) and subgraphs.
We then clarify that alternatively one could identify sink nodes. Our first lemma clarifies
that the sources in G(B) are characterized by minimal variances. We define

= = ] 2,
C=(B) = min B (2:3)

Lemma 1. Let X ~ (B, 02) with G(B) directed and acyclic. If pa(j) = 0, then Var (X]) = o2
If pa(j) # 0, then Var (Xj) > 0*(1 + () > o°.

Proof. For any directed path ¢ = (ji,...,jz) in G(B), define the path weight w({) =

i1 Bijijis- Let Ly be the set of all directed paths from k to j. The total effect of k
on j is mxj = Z"ELM w(f). Let IT = (I — BT)™'. Then it holds that 7tzj = [IT]x ;. Note that
njj = 1. From 1) Var (X;) = o2 ZZ:l ni].. Hence, if pa(j) = 0, then Var (X;) = 02 because
7'(2]. =0 for all k # j. If pa(j) # 0 then by acyclicity of G(B) there exists a node £ € pa(j)
such that de(f) Npa(j) = {€}. Then 7'(%]. = ,8%] > C and

Var (X)) = 02(1 + Znij) > ¢ (1 + ng].) > 0% (1+0).
k#j

O

The next lemma shows that by conditioning on a source, or more generally an ancestral
set, one recovers a structural equation model with equal error variance whose graph has the

source node or the entire ancestral set removed. For a variable X; and a vector X¢ = (X :

k e C), we define X]"C = X]' -E [X] | Xc].



Lemma 2. Let X ~ (B, 0?) with G(B) directed and acyclic. Let C be an ancestral set in
G(B). Then (Xjc:j¢C)~ (B[-C], 6?) for submatriz B[-C] = (Bkj)j kec-

Proof. Let j ¢ C. Since C is ancestral, Xc is a function of ec only and thus independent of
¢j. Hence, B [ej | XC] =E [ej] = (. Because it also holds that Xy c = 0 for k € C, we have

from (1.2)) that

Xjc= Z BijXk.c + €j-
kepa(j)\C
O

The lemmas can be combined to identify a topological ordering of G(B) and prove The-

orem [I]

Proof of Theorem[]. The claim is trivial for p = 1 variables, which gives the base for an
induction on p. If p > 1, then Lemma identifies a source ¢ by variance minimization. Con-
ditioning on ¢ as in Lemma reduces the problem to size p—1. By the induction assumption,
02 and B[—{c}] can be identified. The regression coefficients in the conditional expectations
E [X]- | Xc] for j # c identify the missing first row and column of B; see e.g. Drton (2018,
§7). O

Next, we show that alternatively one may minimize precisions to identify a sink node.

We state analogues of Lemma [I] and [2] which can also be used to prove Theorem [I]

Lemma 3. Let X ~ (B, 0%) with G(B) directed and acyclic. Let ¥ be the covariance matrix
of X, and ® = L7 the precision matriz. If ch(j) = 0, then ®j; = 1/0?. If ch(j) # 0, then
Dj;i > {1+ Cleh(j)|}/o? > 1/02.

Proof. The diagonal entries of ® = #(I —BT)I - BT) are ®j; = #(1 + Ykech(j) 5]2k) So
®;; = 1/02 if ch(j) = 0, and Dj; > {1 + |ch(j)|C}/0? if ch(j) # 0. 0

Marginalization of a sink is justified by the following well-known fact (e.g. Drton and

Maathuis|, 2017, §5).



Lemma 4. Let X ~ (B, 0?) with G(B) directed and acyclic. Let C be an ancestral set in
G(B). Then Xc ~ (B[C], 0?) for submatriz B[C] = (Bkj)jkec-

2.3 Estimation Algorithms

2.3.1 Low-dimensional Problems

The results from Section naturally yield an iterative top-down algorithm for estimation
of a topological ordering for G(B). In each step of the procedure we select a source node by
comparing variances conditional on the previously selected variables, so the criterion in the

minimization in Algorithm [I}is the variance

~ . ~ ~ A1 oA 1
fix,0,)) = Y- Zj,@Z®1,®Z@,j = ~ T
{Zeuijeugy)

(2.4)

where 3 is the sample covariance matrix. Alternatively, and as also observed by |Ghoshal
and Honorio| (2018), a bottom-up procedure could construct the reverse causal ordering by

successively minimizing precisions (or in other words, full conditional variances).

Algorithm 1: Topological Ordering: General procedure with criterion f

Input :3 € RP* (estimated) covariance of X
Output: ©

=

2 forz=1,...,pdo
3 0 « arg min;ey\ge-1 f(&,06, ),
Append 6 to ©F1 o form OF)

'y

return the ordered set ©W).

<))

To facilitate theoretical statements about our top-down procedure, we assume that the
errors ¢ in ([1.2) are all sub-Gaussian with maximal sub-Gaussian parameter y > 0. We

indicate this by writing X ~ (B, 02,9). Our analysis is restricted to inference of a topological



10

ordering. Shojaie and Michailidis (2010) give results on lasso-based inference of the graph

given an ordering.

Theorem 2. Let X ~ (B,d2,y) with G(B) directed and acyclic. Suppose the covariance

matricr 2 =E [XXT] has minimum eigenvalue Ay > 0. If

v i > CAnin + 202 ?
n > p2 {10g(P2+P)—log(€/2)} 128 (1+4§) (%%ijlj) (ng;—?) ,

then Algorithm using criterion criterion (2.4]) recovers a topological ordering of G(B) with
probability at least 1 — €.

The result follows using concentration for sample covariances (Ravikumar et al. 2011}
Lemma 1) and error propagation analysis as in [Harris and Drton| (2013, Lemma 5). We give

details in Appendix [A.T] which is found in the supplementary materials.

2.3.2  High-dimensional Problems

The consistency result in Theorem [2| requires the sample size n to exceed a multiple of
p2 log(p) and only applies to low-dimensional problems. If p > n, method will stop at the
nth step when the conditional variance in becomes zero for all j ¢ ©.

However, in the high-dimensional setting if G(B) has maximum in-degree bounded by a
small integer g, we may modify the criterion from to

3,0,i) = i $,C,7) = in Yii—-YcEco) e 2.5
f2( ]) ngljél':qfl( ]) ngljg':q 7,j ],C( C,C) C,j ( )

The intuition is that in the population case, adjusting by a smaller set C € @ with
pa(j) € C yields the same results as adjusting by all of ©@. The next lemma makes the

idea rigorous.

Lemma 5. Let X ~ (B, 02) with G(B) directed and acyclic with mazimum in-degree at most

qg. Let L. = E [XXT], and suppose S C V \ {j} is an ancestral set. If pa(j) € S, then
fo(Z,8,7) = 0% Ifpa(j) € S, then fo(Z,S, ) = o*(1+ Q).
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Proof. The conditional variance of X; given Xg is the variance of the residual X;s. By
Lemma , Xj.s has the same distribution as X]’ when X’ ~ (B[-S],02). Now, j is a source
of G(B[-S]) if and only if pa(j) € S. Lemma [l implies that Var (X;|Xc) = o? if pa(j) C S
and Var (Xj|Xc) > 0%(1 + ) otherwise. The claim about f2(X, S, j) now follows. O

Based on Lemma [5, we have the following result whose proof is analogous to that of
Theorem . The key feature of the result is a drop from p2 to (g + 1)% in the sample size

requirement.

Theorem 3. Let X ~ (B, 02,y) with G(B) directed and acyclic with of mazimum in-degree
at most q. Suppose all (q+1)x(q+1) principal submatrices of &. = E [XXT] have minimum

eigenvalue at least Apin > 0. If

2
C/\min + 202
CA? ’

min

2 2 2
2 2 Y
n > (q+1)" {log(p? + p) —log(e/2)} 128(1+4§) (r?e%xzf'f)

then Algorz'thm using criterion ([2.5)) recovers a topological ordering of G(B) with probability

at least 1 — €.

We contrast our guarantees with those for the bottom-up method of |(Ghoshal and Hono-
rio (2018) which selects sinks by minimizing conditional precisions that are estimated using
the CLIME estimator (Cai et al., 2011). Because CLIME requires small Markov blankets,
the bottom-up procedure has sample complexity O (d8 log(p)) where d is the maximum to-
tal degree. This implies that the procedure cannot consistently discover graphs with hubs,
i.e., nodes with very large out-degree, in the high dimensional setting. This said, the com-
putational complexity of the bottom-up procedure is polynomial in d, while our top-down
procedure is exponential in the maximum in-degree. In practice, we use a branch-and-bound
procedure (Miller, 2020) to efficiently select the set which minimizes the conditional variance;
see Section 2.4.2]

Bottom-up Approach: It comes to our attention that a method based on precision matrix

estimation has been proposed in (Ghoshal and Honorio| (2018)). The method uses constrained
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f1 inverse matrix estimation (CLIME) method by (Cai et al| (2011). Performance of this
method is evaluated in the simulation studies alongside our other proposed methods. For
completeness, we describe the bottom-up approach based on conditional variance estimation.

At each step of the bottom-up algorithm, we require estimates of all conditional precisions,
i.e., the inverses of all conditional variances. The bottom-up variant estimates a reversed
topological ordering by minimization of precisions, so the criterion is

1

AE VO, )

These precisions can be obtained by either estimating the entire conditional precision

£E,0,)) = {Evere) '}, = (2.6)

matrix, or by directly estimating all the conditional variances. In low-dimensional settings,
the validity of this approach follows the same argument for Theorem [2 See Appendix [A.T]
It is worth noting that in high-dimensional setting, consistent estimation of both targets
requires the considered graph to have small Markov blanket, as opposed to small maximum
in-degree as for the top-down approach. Despite the stricter assumption needed, we present
the bottom-up methods in this note as they could be potentially cheaper to compute.

A variety of methods are available to estimate high-dimensional precision matrices (Drton
and Maathuis, 2017). As noted above, Ghoshal and Honorio (2018)) proposed a iterative
estimation method based on a simple update rule of CLIME |Cai et al.| (2011)). Here we note
that we only need the diagonal entries of the precision matrices, i.e., the inverses of the full
conditional variances Var (X]- | X\ j}), we may also simply use a lasso-approach for variance
estimation in a high-dimensional linear model. Following [Yu and Bien (2019)), we estimate
the conditional variance with the organic lasso estimator, which is the minimal value of the

512 penalized problem

1
A2 s 2 2
o = min | 5 ly = XBll; + 2AlBIIY) - (2.7)

with A = {2Mn_1 log(p)}l/2 for some M > 1.
We modify the criterion from (2.6) to

AE8,)) = Var(Xj|Xyeu) = 67e (2.8)
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which is the solution of || when we regress X; on the standardized covariates Xy\(@u{j})-
We derive the Theorem 4] using Theorem 9 in [Yu and Bien| (2019). Although the statement
of Theorem [4] does not explicitly enforce sparsity in the graph, in general, the value of A will

depend on the maximum degree of the graph.

Theorem 4. Let X ~ (B,02,y) with G(B) directed acyclic and covariance matriz ¥ =
E [XXT]. Let

-1 -1
I Evvgrngy)  EIEn Gl T Engng) TilZngll 1

A = max ,
JVar (X | Xv)

jelpl Var (X] | XV\{]'})

4

and fix some M > 1. If

1 p1—8M 12 2
n > @{A(SM‘F logp )(lng) +\/§} ’

then the bottom-up algorithm that uses criterion (2.8)) with the organic lasso variance esti-
mator for A = (2Mn~'logp)"/? recovers a topological ordering of G(B) with probability at

least 1 — €.
2.4 Numerical Experiments

2.4.1 Low-dimensional Setting

We first assess performance in the low-dimensional setting. Random DAGs with p nodes
and a unique topological ordering are generated by: (1) always including edge v — v + 1 for
v < p, and (2) including edge v — u with probability p. for all v < u — 1. We consider a
sparse setting with p. = 3/(2p —2) and a dense setting with p. = 0.3. All linear coefficients
are drawn uniformly from +[.3,1]. The error terms are standard normal. Performance is
measured using Kendall’s T between rankings of variables according to the true and estimated
topological orderings. Although the true graph admits a unique ordering by construction,
the graph estimated by the greedy search may not admit a unique ordering. Nevertheless,

the ranking of variables according to the estimated graph is unique if we allow ties, and
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Kendall’s T remains a good measure for all the methods. We also compute the percentage
of true edges discovered (Recall), the percentage of estimated edges that are flipped in the
true graph (Flipped), and the proportion of estimated edges which are either flipped or not
present in the true graph (false discovery rate; FDR).

Tables [2.1]and [2.2|show averages over 500 random realizations for our top-down procedure
(TD), the bottom-up procedure (BU) of (Ghoshal and Honorio (2018), greedy DAG search
(GDS), PC algorithm, and NOTEARS of [Zheng et al.|(2018). For the bottom up procedure
in the low-dimensional setting, we may in fact simply invert the sample covariance to estimate
precisions. In TD and BU, edges are filled along the estimated topological ordering in using
z-test of partial correlations with Siddk’s correction (Drton and Perlman| 2007). For PC,
since the output is a Markov equivalent class, we only report the performance with one
arbitrary DAG from the estimated equivalent class (See pdag2dag in Kalisch et al. (2022)).
For GDS, there are two different implementations. In the pcalg package (Kalisch et al.|
2022)), the procedure is deterministic and prone to be stuck in local optima of the score
function and hence yield worse result than GES; in the GDS code provided in [Peters and
Bithlmann| (2014)), the procedure start from a random graph, and multiple random restarts
are allowed to aid avoiding local optima. However, we note that both GDS implementations
may return adjacency matrices that do not represent any valid DAG, and sometime not even
any PDAG EI To enable comparison across different methods, we remove the least amount
of arrows (in the case of bidirected edge) or edges (in the case of cycles) to make the GDS
output into a DAG before computing the performance metrics. For NOTEARS, we use
the Python implementation for Gaussian setting from the authors. We report the result of
one optimizer (NT0) without sparsity regularization and one optimizer (NT) with default
sparsity regularization A = 0.1.

In both dense and sparse settings, when p = 5, greedy search performs best in all metrics.

The space of DAGs with 5 nodes is small enough for greedy search to cover. However, for

In the printed version of this work (Chen et al., [2019) the GDS output was mistakenly assumed to be
DAGs, and the performance of GDS is overestimated.



15

p = 20 and 40, the top-down approach does best, with highest recovery rate of topological
ordering, and consequently highest power and lowest false discovery rate. With small sample
size (n = 100), the NOTEARS methods could do better then the bottom-up method; but
with larger sample sizes, the performance of bottom-up method catches up with top-down,
and they both substantially outperforms NOTEARS and greedy search. We note that when p
is small, the performance of NOTEARS is close to the greedy search since the two approaches
are optimizing a similar loss function (with €y and ¢; penalty); with larger p, the NOTEARS
methods show advantage from its more efficient optimization. The PC method performs
poorly as it cannot identify the DAG. The GDS method (with sufficient computing power)
will likely to perform well in identifying small graphs, and the performance will be suboptimal
for larger graphs as the greedy search often stuck in local optimum. The NOTEAR methods
exhibits good performance but still subpar compared to the proposed TD and BU methods.
The top-down and bottom-up method both have a substantially higher average Kendall’s T
than NOTEAR and greedy search.

In our experiments, the proposed methods are roughly 1000 times faster than NOTEAR
and 15000 times faster than GES as graph size and density increases. On our personal
computer, the average run time in the dense setting with p = 40 and n = 1000 is 0.3 seconds
for the top-down and bottom-up methods, but 300 seconds for NOTEAR and 4,500 seconds

for the greedy search with multiple restarting.

2.4.2 High-dimensional Setting

We now test the proposed procedures in a high-dimensional setting with p > n in two
scenarios. Random DAGs with p nodes and a unique topological ordering are generated by:
(1) always including edge v — v + 1 for v < p, and either (2a) for each v > 2, including
uy, up — v, where u; < v, and u; has out-degree dou(1;) < 4, or (2b) for each v > 2,
including uq, uy — v, where u; < min(v, 10). In both scenarios, the maximum in-degree is
fixed to be g = 3. In the first scenario, it is also guaranteed that the maximum Markov

blanket size is small, bounded by k < 15. In the second scenario when there exists hubs in
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the graph, the maximum Markov blanket size grows with p, with k > 0.2p. The errors are
standard normal.

Algorithm [1] with as HTD (high-dimensional top-down) and to the bottom-up
method of |Ghoshal and Honorio| (2018) as HBU. The best subset search step in HTD is
carried with subset size g = 3; increasing g4 beyond the true maximum in-degree does not
change performance substantially. The HBU is tuned with A, = 0.54/log(p)/n. Results for
greedy search are not shown as computation becomes intractable when p > 100. Performance
is measured by Kendall’s T to provide direct comparison.

Table demonstrates that in the first scenario, both methods perform reasonably well
when the considered graph has small Markov blanket. The HTD procedure performs the
best in low-dimensional and moderately high-dimensional settings, and both methods have
similar performance in very high-dimensional settings. However, when there exists nodes with
very large Markov blanket, the top-down method substantially outperforms the bottom-up
method.

On our personal computer, the average run time for problems of size p = 200 is 10 minutes
for the HTD method with g = 3. The computational complexity of HBU is determined by
the choice of tunning parameter in the precisions estimation step.

Additional simulation settings are presented in Appendix in the supplement

including a setting with Rademacher errors as considered by (Ghoshal and Honorio| (2018]).
2.5 Discussion

In this note, we proposed a simple method for causal discovery under a linear structural
equation model with equal error variances. The procedure consistently estimates a topo-
logical ordering of the underlying graph and easily extends to the high-dimensional setting
where p > n. Simulations demonstrate that the procedure is an attractive alternative to
previously considered greedy search methods in terms of both accuracy and computational
effort. The advantages of the proposed procedures become especially salient as the number

of considered variables increases.
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In comparison to the related work of (Ghoshal and Honorio (2018), our approach is com-
putationally more demanding for graphs with higher in-degree but requires only control over
the maximum in-degree of the graph as opposed to the maximum degree. We also note
that as shown in simulations in Appendix a hybrid method in which greedy search is
initialized at estimates obtained from our variance ordering procedures can yield further
improvements in performance.

Finally, we note that all discussed methods extend to structural equation models where
the error variances are unequal, but known up to ratio. Indeed, if Var (e]') = a]z02 for some
unknown ¢2 but known ai,...,dp, we may consider )?j = X /aj instead of the original

variables.



Table 2.1: Low-dimensional dense settings

p=95 p=20 p =40

n 100 | 500 | 1000 | 100 | 500 1000 100 500 1000
TD | 0.85 | 0.97 | 0.99 | 0.93 | 0.99 | >0.99 | 0.96 | 0.99 | >0.99
BU | 0.80 | 0.96 | 0.97 | 0.86 | 0.97 0.99 0.92 | 098 0.99
NTO | 0.80 | 0.89 | 0.91 | 0.82 | 0.84 0.85 0.87 | 0.88 0.88

Kendall’s T
NT | 0.79 | 0.86 | 0.86 | 0.79 | 0.82 0.82 0.84 | 0.86 0.86
PC | 0.18 | 0.15 | 0.14 | 0.18 | 0.14 0.14 0.17 | 0.13 0.15
GDS | 0.88 |1 0.98 | 0.99 | 0.61 | 0.75 0.82 0.53 | 0.59 0.64
TD 85 98 99 60 98 >99 35 92 99
BU 84 98 98 58 97 99 34 92 98
NTO | &4 90 92 75 81 82 72 78 79
Recall %
NT 72 81 79 60 65 67 51 56 58
PC 46 52 53 17 20 20 7 8 9
GDS | 91 99 99 62 81 88 44 63 71
TD 6 2 1 3 1 <0.5 1 <0.5 | 0.5
BU 6 2 2 3 1 <0.5 1 1 <0.5
NTO 8 5 5 8 7 7 6 6 5
Flipped %

NT 8 5 3 6 6 6 4 4 4
PC 42 43 44 17 20 20 7 8 8
GDS 6 1 1 13 11 8 11 14 14
TD 10 2 2 5 2 1 4 1 <0.5
BU 10 3 3 7 3 1 6 2 1
NTO 12 6 5 30 19 18 44 26 25

FDR %

NT 11 6 4 19 14 13 26 21 4
PC 55 54 56 60 60 61 65 66 8
GDS 9 2 1 43 35 28 58 57 57




Table 2.2: Low-dimensional sparse settings

p=>5 p =20 p =40

n 100 | 500 | 1000 | 100 | 500 | 1000 | 100 | 500 | 1000
TD | 0.86 | 0.97 | 0.99 | 0.78 | 0.97 | 0.99 | 0.71 | 0.94 | 0.98
BU | 0.78 | 0.94 | 0.98 | 0.56 | 0.87 | 0.94 | 0.47 | 0.79 | 0.91
NTO | 0.86 | 0.90 | 0.91 | 0.63 | 0.71 | 0.75 | 0.53 | 0.58 | 0.60

Kendall’s T
NT | 0.80 | 0.83 | 0.87 | 0.66 | 0.78 | 0.79 | 0.62 | 0.75 | 0.76
PC | 0.15 | 0.11 | 0.20 | 0.19 | 0.17 | 0.19 | 0.15 | 0.15 | 0.15
GDS | 0.88 | 0.98 | 0.99 | 0.60 | 0.77 | 0.81 | 0.47 | 0.58 | 0.61
TD 87 98 99 70 98 | >99 | 57 97 99
BU 85 97 99 64 95 98 49 93 98
NTO | 86 90 92 74 82 85 67 76 78
Recall %
NT 74 76 77 73 81 82 73 83 84
PC 45 48 53 42 44 45 40 45 44
GDS | 90 99 99 7T 89 90 72 81 82
TD 5 2 1 5 2 <0.5 5 2 1
BU 6 3 1 7 4 2 7 6 2
NTO 7 6 4 15 11 10 20 16 14
Flipped %
NT 6 6 3 9 6 5 9 5 5
PC 41 46 41 38 41 41 39 43 44
GDS 6 1 1 15 10 9 20 18 17
TD 7 3 1 10 4 1 11 5 2
BU 8 4 1 15 8 4 17 11 6
NTO 11 7 5 39 18 14 59 27 24
FDR %

NT 9 7 5 14 8 7 14 7 7
PC 54 57 52 57 57 57 61 59 59
GDS 9 2 1 39 26 23 54 47 48




Table 2.3: High-dimensional setting with maximum in-degree g = 3

Small k Hub graph

n p HTD | HBU | HTD | HBU

0.5n | 0.99 | 0.89 | 1.00 | 0.70

0.75n | 098 | 0.89 | 0.99 | 0.52

80 n 0.95 | 0.87 | 0.95 | 0.39
1.5n | 0.84 | 0.83 | 0.77 | 0.25

2n 0.72 | 0.73 | 0.55 | 0.16

0.5n | 1.00 | 0.93 | 1.00 | 0.70

0.75m | 0.99 | 0.92 | 1.00 | 0.50

100 n 0.97 | 0.87 | 097 | 0.38
1.5m | 0.86 | 0.84 | 0.74 | 0.26

2n 0.73 | 0.78 | 0.63 | 0.12

0.5n | 1.00 | 0.95 | 1.00 | 0.77

0.75n | 1.00 | 0.90 | 1.00 | 0.61

200 n 0.99 | 0.79 | 0.99 | 0.48
1.5n | 0.87 | 0.74 | 0.80 | 0.20

2n 0.74 | 0.64 | 0.65 | 0.13

20
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Chapter 3
CAUSAL STRUCTURAL LEARNING VIA LOCAL GRAPHS

3.1 Introduction

Observational studies often involve latent variables (i.e., variables that remain unmeasured)
as well as selection variables conditional on which the observations are made. Ignoring latent
and selection variables may invalidate causal conclusions (Spirtes et al., 2001} Richardson
and Spirtes, 2002)). To account for their presence, the ancestral relationships and conditional
independences among the observed variables can be represented by a maximal ancestral
graph (MAG)(Richardson and Spirtes, 2002). As multiple MAGs may represent the same
conditional independences, the target of estimation is the Markov equivalence class of these
MAGs, which can be represented by a partial ancestral graph (PAG) (Al et al., 2009; |Zhang;,
2008)).

PAGs can be learned from data on the observed variables using the FCI algorithm (Spirtes
et al., 2001). The FCI algorithm uses the fact that two nodes i and j are non-adjacent in the
PAG if and only if the corresponding variables are conditionally independent given their D-
SEP set (d-separation set). In simplified terms, this D-SEP set is comprised of ancestors that
are adjacent or connected via certain collider paths (Spirtes et al., 2001). Since the D-SEP
sets cannot be inferred directly, the FCI algorithm does not directly estimate the skeleton
(i.e., adjacencies) of the PAG. Instead, FCI first uses an initial phase of the PC algorithm to
obtain a preliminary skeleton, which is a superset of the PAG skeleton. It then uses the PC
output to compute supersets of the D-SEP sets, referred to as p-D-SEP sets (possible-D-SEP
sets), and estimates the final skeleton using the p-D-SEP sets. To infer the skeleton, PC and
the second step of FCI both adopt a hierarchical search strategy, wherein edges are removed

recursively via tests of conditional independence given subsets of increasingly larger sizes in
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some search pool (neighbors in PC, p-D-SEP sets in FCI); see Section for more details.

The FCI algorithm is consistent and complete in high-dimensional settings (Zhang), 2008}
Colombo et al.| |2012), but it is computationally expensive. This is partly because the p-
D-SEP sets can be very large, leaving the final skeleton estimation step too many subsets
to search amongst. (Colombo et al| (2012) introduced multiple approaches for narrowing
down the p-D-SEP sets, for example, by intersecting the sets with a bi-connected compo-
nent (FClpatn), or applying conservative ordering rules (CFCI). They also proposed a fast
approximation to the FCI algorithm, called RFCI, which directly estimates the final skele-
ton along with modified orientations, hence avoiding the computation of the p-D-SEP sets.
The RFCI output, called RFCI-PAGs, in which the presence of an edge between two nodes
only implies conditional dependence given subsets of their neighborhood, is generally less
informative than a PAG. To reduce the cost of estimating the initial skeleton, an anytime
version of FCI was proposed in |Spirtes et al.| (2001), and can be combined with the above
modifications, but the skeleton it learns is only guaranteed to be a superset of the skeleton
learned using FCI, and is therefore less informative. Claassen et al.| (2013)) proposed FCI+,
based on an alternative construction of p-D-SEP sets. For networks with bounded maximal
node degree, FCI+ has polynomial complexity in the number of nodes.

The outlined existing versions of the FCI algorithm all follow a neighborhood-based search
strategy, in the sense that they search for separating sets among neighbors (in the PC step)
and extended neighbors (in the p-D-SEP step). The computational and sample complexity
of such neighborhood-based methods (including also the PC algorithm) scales with the size
of the largest separator, which often scales with the maximum node degree of the graph; this
is problematic in the presence of highly connected hub nodes, i.e., nodes with large degrees.
Hub nodes abound in many real-world systems, such as biological networks and the Web
(Chen and Sharp, 2004; Kleinberg et all [1999). These networks are well-approximated by
the family of power-law graphs, which have unbounded maximum degree (Kleinberg et al.,

1999).

Instead of relying on the common sparsity assumption via bounded maximum node de-
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gree, in this paper we exploit a local-separation property that holds for many large random
networks. While this property — which also holds for power-law graphs containing hub nodes
(Malioutov et al.| | 2006)) — does not restrict the total number of paths between every pair of
nodes, it implies a small number of short paths between them. In this work, we shift the focus
from (global) D-SEP sets to local D-SEP sets, that is, D-SEP sets in the local graph. Ac-
cordingly, we shift from the neighborhood-based search strategy to a local-graph-based search
strategy. The success of this strategy relies on an additional assumption that ensures that
effects of long, non-local paths can be ignored when estimating conditional dependencies.
The rationale for this assumption is that these paths carry weak dependencies that play mi-
nor roles in causal mechanisms and are unlikely to change the results of independence tests.
In other words, in many settings conditional dependence relations can be learned “locally”
by focusing on paths (short or long) inside the local graph. The assumptions are discussed
in Section and are compared with those of FCI. As we will show, under the assumption
that dependencies can be determined locally (discussed in Section and assuming the
true MAG satisfies a local-separation property with small separator size, this strategy enjoys

reduced computational and sample complexity.

Concretely, in this work, we propose a new local FCI (IFCI) algorithm for structure
learning in the presence of latent and selection variables. The IFCI algorithm learns the
skeleton of a PAG by testing conditional independences between pairs of nodes (i, j) given
sets of small cardinality. However, in contrast to other algorithms, the conditioning sets are
selected only from the nodes that are within short distance (therefore, local) to {i,j}. By
doing so, under a different set of assumptions than those considered for FCI, IFCI can learn
networks with p nodes and O(p“) maximal node degree (a > 1) in polynomial computational
and sample complexity — in such cases, the complexity of FCI is exponential in p.

A similar idea has recently been employed in the reduced PC (rPC) algorithm (Sondhi and
Shojaie, 2019). In the setting without latent or selection variables, rPC may offer reduced
computational and sample complexity compared to PC. However, latent and selection vari-

ables as considered here pose new challenges that cannot be addressed by simply replacing
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Figure 3.1: Illustration of a y-local separator between i and j (shown in box) with y = 4.

There are 4 short paths between 7 and j, and the local separator is not a d-separator.

the PC steps in FCI with rPC steps. This is because rPC uses a notion of local separation
in undirected graphs that does not naturally extend to mixed graphs. In addition, while
rPC justifies focus on small conditioning sets through a local perspective, it does not follow
the local-graph-based strategy adopted in our new IFCI. As a result, for any pair of nodes,
rPC searches for separating sets among all other p — 2 nodes, which can be computationally
prohibitive. Beyond a reduction in computational cost, our local-graph-based strategy leads
to high-dimensional consistency under less restrictive assumptions than those in Sondhi and
Shojaie (2019).

The paper begins with graph-theoretic results on local separation in Section The
IFCT algorithm is presented in Section [3.3|and its consistency for linear SEM is established in
Section We illustrate the performance of IFCI through a simulation study in Section

and a real data application in Section |3.6]

Let G = (V, E) be a graph with vertex set V and edge set E. We only consider graphs that
are simple (i.e., there is at most one edge between any pair of nodes) and free of self-loops
(i.e., each edge joins two distinct nodes). We allow three types of edge marks (head, tail and
circle) and six types of edges: directed (—), bi-directed («), undirected (—), nondirected
(o—o), partially undirected (o—), and partially directed (e—). A star * denotes an arbitrary

mark on an edge; e.g., *> represents an edge of type —, «», or o— in the graph.

Our terminology follows standard conventions as in Section [1.3] and we renew a few
definition below in the context of mixed graphs. In particular, a graph G is directed (or

undirected) if it contains only directed (or only undirected) edges. A mixed graph may
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contain directed, bi-directed or undirected edges. The skeleton skel(G) is the undirected
graph with the same adjacencies as G. A path is a sequence of distinct vertices, where
each pair of consecutive vertices is adjacent, i.e., linked by an edge. A path of length n has
n + 1 vertices (i.e., n edges). A directed path is a path along directed edges following the
arrowheads. Adding a directed edge back to the first node gives a directed cycle. A directed
acyclic graph (DAG) is a directed graph without directed cycles. If a graph G contains the
edge k — j, then k is a parent of its child j. We write pa(G, j) for the set of all parents
of a node j. Similarly, ch(G,j) is the set of children of j. If it contains a directed path
k — --- — j, then k is an ancestor of its descendant j. If it contains a path k —k --- —k j,
then k is anterior to j. The sets of parents, children, ancestors and descendants of j are
denoted pa(G, j), ch(G, j), an(G, j) and de(G, j), respectively. We allow trivial paths, so that
j € an(G,j) and j € de(G,j), but j € pa(G,j) and j € ch(G, j) as we exclude self-loops. If
there exists a path from 7 to j, and the two endpoints are adjacent, then this forms a cycle.
A triple of vertices (i, ], k) is unshielded if j is adjacent to both i and k, but i and k are
not adjacent. A non-endpoint vertex j on a path 7 is a collider on the path if the edges
preceding and succeeding it both have arrowheads at j. Otherwise, j is a non-collider on m.
A v-structure is an unshielded triple (7, j, k) with j as collider. The neighborhood adj(G, i)
is comprised of all nodes j adjacent to i in G. Its size |adj(G,i)| is the degree of i. The
maximal degree of any vertex is denoted by dax(G). When clear from the context, we will
drop the indication of the graph G, writing, e.g., dmax or an(i) only.

Consider a DAG G whose vertex set V indexes a collection of random variables. Suppose
V' is partitioned as V = X UL U Z, where X indexes observed random variables, L indexes
latent variables and Z indexes selection variables. As shown by Richardson and Spirtes
(2002), G can be transformed into a unique maximal ancestral graph (MAG) G* with vertex
set X such that G* retains the m-separation properties in G. The notion of m-separation,
defined below, generalizes d-separation to MAGs, and the two are often used interchangeably

when the graph is a DAG.

An ancestral graph is a mixed graph with directed and undirected edges, that contains
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no directed cycles or almost directed cycles (i.e., cycles formed by a directed path and a
bidirected edge), and no subgraph of the type i—j <« k. Let un(G) be the set of vertices in
G that have no parents and are also not incident to a bidirected edge. Then in an ancestral
graph, un(G) induces an undirected subgraph that contains all undirected edges of G. An
ancestral graph is a MAG if two vertices are non-adjacent only if they can be m-separated,

i.e., all paths between them can be blocked in the following sense.

Definition 1 (m-separation). A set Y blocks a path Tt in an ancestral graph if and only if:

1. 1 contains a triplet (i, j, k) such that j is a non-collider on this path and j € Y; or

2. m contains a v-structure i %> j <k k such that j ¢ Y and no descendant of j is in Y.

If a path 1t from vertex i to vertex j is not blocked by Y, then m is also said to m-connect i

and j giwen Y. IfY blocks every path between i and j, then i and j are m-separated given'Y .

If i and j are m-separated by as set S, we say S is a m-separator of 7, j. Moreover, we say
S is minimal if it has the smallest cardinality among all m-separators of i, j. The MAGs that
have the same set of m-separation relations form a Markov equivalence class. We denote the
Markov equivalence class of G* as [G*]. We say an edge mark is invariant in [G*] if it is the
same in all members of [G*]. The Markov equivalence class can be represented by a partial
ancestral graph (PAG), H, with three types of edge marks (head, tail and circle) that has
the same adjacencies as G*, and each non-circle edge mark in H is an invariant mark in [G*].
For a given MAG, there may be more than one PAG that represents its Markov equivalence
class. However, there is a unique PAG that is mazimally informative in the sense that every
non-circle edge mark is invariant, and every circle edge mark is variant. Alternatively, PAGs

can be characterized as following:

Definition 2 (PAG). Let G = (XULUZ,E) be a DAG, and H be a simple graph with vertex
set X and edges of the type —, o>, oo, <>, — or o—. Then H is a PAG representing G if
and only if the following four conditions hold:
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1. The absence of an edge between two vertices i and j in H implies that there exists a

subset Y € X \ {i,j} such that i and j are m-separated given (Y U Z).

2. The presence of an edge between two wvertices i and j in H implies that i and j are

m-connected given (Y U Z) for all subsets Y € X \ {1, ]}.
3. If an edge between i and j in H has an arrowhead at j, then j ¢ an(G,i U Z).

4. If an edge between i and j in H has a tail at j, then j € an(G,i U Z).

Given a vertex set V', a formal conditional independence statement is a triple denoted
A 1L B|C, where A, B, C C V are non-empty and pairwise disjoint. The independence model
defined by a MAG G, denoted 7 (G), is the set of formal conditional independence statements
A 1 B|C for which A and B are m-separated by C in G. A probability distribution P
obeys the model 7(G) if all formal statements in Z(G) are also probabilistic conditional
independences in P. Such a distribution P is faithful to G if the conditional independence
relations in P are exactly the same as 7 (G). If the distribution P over X U L U Z is faithful
to a DAG, and G is the MAG obtained by conditioning on Z and marginalizing L, then the
absence of an edge between i and j in G implies that there exists some set Y € X \ {7, j}
such that i 1L j|Y U Z, and the presence of an edge between i and j implies i A j|Y U Z for
allY € X\ {7, j}.

3.2 Local separation

3.2.1 Local separation and local paths

Our algorithm, presented in Section [3.3] is based on a local separation property that holds for
many common networks. The property yields that short m-connecting paths between non-
adjacent nodes can be blocked by small sets. A sufficient condition for the local separation
property is the local path property, which involves a length parameter A and a path count

parameter 7. These will be specified later for specific graphs.
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Definition 3 ((n, y)-local path property). Let n,y > 1 be integers. An undirected graph G
satisfies the (1, y)-local path property if for any two non-adjacent nodes, there are at most 1

paths between them with length no longer than .

While it does not restrict the total number of paths, the (17, )-local path property implies
that the number of short paths between non-adjacent nodes is bounded. Many random graph
processes generate sequences of undirected graphs with increasing vertex set size p that (for
process-specific 1 and y) satisfy the (1), )-local-path property with probability tending to
1 as p — oco. Examples include Erdés-Renyi graphs (Bollobas| |2001; /Anandkumar et al.|
2012b)), power-law random graphs with strongly finite mean (Chung and Lu, 2006; Dembo
and Montanari, |2010; Dommers et al., 2010), and A-regular random graphs (McKay et al.)
2004)). Surprisingly, in all these cases, the constants can be chosen as ) = 2 and y = O(log p).

Local separation in undirected graphs does not naturally extend to directed and mixed
graphs, since m-separation is not implied by undirected graph separation. To overcome this
issue, Sondhi and Shojaie| (2019) consider a directed “local separator” between two nodes as
the smallest set that blocks all short d-connecting paths between them. However, this “local
separator” may unblock a large number of long d-connecting paths (see Figure . This is
particularly problematic when edges amongst “local separator” nodes form dense structures.
As a consequence, consistency of rPC requires strong assumptions on the data-generating
distributions (under which the “local separators” act like true separators). In this work, we

mitigate this limitation by focusing instead on subgraphs induced by nodes on short paths.

Definition 4 (Local graph). For a graph G = (V,E) and two nodes i,j € V, let P(G,1, )
be the set of all paths between i and j, and let P)(G,1i,]) be the set of those that are not
longer than y. The y-local graph of {i,j}, denoted G, (i, ), is the vertex-induced subgraph
of G induced by the set V,(i,j) ={v €V :v € m for some m € P,(G,1i,j)}.

The motivation for our definition is that subgraphs better capture causal relations than
subsets of paths. Moreover, m-separators in local graphs are interpretable. To distinguish

our concept from [Sondhi and Shojaie| (2019), we call our separator the local-graph separator.
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Figure 3.2: A graph G with G = Gy (i, ) for y = 3; every node lies on a path of length

at most three between i and j. The set {2,3,5} is a y-local-graph separator. In contrast,
the definition of Sondhi and Shojaie (2019)) makes the set {3} a y-“local separator” of (i, j),
although there are 4 “local but not short” paths (e.g., i —1—3—2—j) that are d-connected
given {3}.

Definition 5 (y-local-graph separator). Let i,j be two nodes in a MAG G = (V,E). A
y-local-graph separator of (i, ]) is a subset S C V,,(i, ) that m-separates i and j in G,(i, ).

A local-graph separator is a genuine m-separator in the subgraph: It blocks not only
short, but also long paths in the local graph; see Figure [3.2] However, a set that m-separates
i,jin Gy (i, j) does not necessarily m-separate them in G (see Figure[3.1). Hence, local-graph

separations are not necessarily reflected in the independence model I (G).

Remark 1. The existence of a local-graph separator between two nodes is equivalent to the
absence of an edge between them in the MAG G = (V,E). To see this, fit y > 1. For any set
UCV andi,jeU, it holds that if i,] are d-separated by Sij in G then they are d-separated
by Sij NU in the subgraph of G induced by U. Therefore, two nodes are non-adjacent in G
if and only if they are y-local-graph separated by some set S,.

Though local-graph separators might be less informative than m-separators in the full
graph, they usually have bounded size even in graphs with unbounded node degrees. Local
separators can be useful in such cases, as the minimal m-separators in the full graphs might

be large.
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3.2.2  Graphs with small local-graph separators

The computational and sample complexities of PC and FCI algorithms depend on the max-
imum size of d-(or m-) in the underlying graph. The applicability of the algorithms, both
statistically and computationally, is thus limited to settings where the neighborhood-based
D-SEP sets are all small. However, this does usually not hold in the presence of nodes with
large degree (cf. Appendix [B.F]), which are common to many real-world networks. Nev-
ertheless, such networks are often still sparse, in the sense of having small y-local-graph
separators. The algorithm proposed in this paper exploits this weaker notion of sparsity
to offer sample and computational complexities that depend only on the maximum size of
y-local-graph separators, i.e., on
L(G,y) = max min |S|,
(i,))¢E S€S, (i,))

where S, (i, j) is the set of all y-local separators of nodes i, in a mixed graph G = (V, E).

If a DAG G has maximal in-degree at most A > 0, then for arbitrary y € N, it holds that
L(G,y) < A. We next show that a similar upper bound holds more generally, as long as the
DAG satisfies the local-path property, which allows for potentially unbounded node degrees.

Lemma 6. If the skeleton of a DAG G satisfies the (1, v)-local path property, then it holds
that L(G, y) < 1.

Proof. Fix any non-adjacent nodes i and j. Since G is acyclic, two nodes cannot be ancestors
of each other in G or any subgraph. Without loss of generality, suppose i ¢ an(G, j), and
let S = pa(G,(i,]),1). (S is defined analogously if j ¢ an(G,i).) Then paths between i and
j in graph Gy (i, ) either have a non-collider included in pa(Gy(i, j), i), or have a collider
that is not in pa(Gy (i, j), 7). Thus, pa(Gy(i, j), i) is a d-separator. We complete the proof by
the pigeonhole principle: Since G, (i, j) is induced by P, (G, 1, j), for each v € ne(G,(i, j), 1),
the edge (i,v) (i.e., pigeonhole) must lie on at least one short path between i and j. (i.e.,

pigeons). Therefore, n > |ne(G, (i, j), )| > |S|. O
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Lemma [0] suggests that in many large random DAGs, the maximum node-degree of the
local-path graph can be small while the maximum node-degree may be large. Since the proof
employs a construction of neighborhood-based separators, as a corollary, for any non-adjacent
pair (7, j) where i ¢ AN(G, j), the choice of S = pa(G, (i, ), i) is a local separator and |S| < 7.
As a corollary to the construction we employed in the proof, the “approximation” of rPC in
Sondhi and Shojaie| (2019) is in fact an exact algorithm if the local path property holds (see
Corollary [1]).

The problem is more complicated for MAGs, which may have large minimal separators
even with bounded degree (with bidirected edges m-separation of non-adjacent nodes gen-
erally requires consideration of non-neighboring nodes). Thus, compared with PC, the FCI
theory requires an additional assumption on the size of the algorithm’s possible-d-separation
sets. The theory for RFCI imposes a similar limit on the size of separators in the initial step
(Colombo et al., 2012)). The FCI+ theory exploits an assumption of bounded node degree to
avoid additional assumptions on the size of bidirected components (Claassen et al [2013).
However, these results either prohibit the existence of generic hub nodes with large degrees
or have sub-par sample and computational complexities. In contrast, the size of minimal
local-separation sets is determined by short paths in G, (i, j). Thus, by utilizing local-graph
separators, and under the additional assumptions discussed in Section [3.4] our framework
achieves improved computational and sample complexity. Next we show that as long as
the skeleton of a MAG has small number of short paths, the size of the local-separators is

controlled:

Lemma 7. If the skeleton of a MAG G satisfies the (17, y)-local path property with n < 3,
then L(G,y) < 1.

Proof. This lemma is proved by enumeration of all possible graph configurations. Details

are given in Appendix [B.1] O

Lemma [7| covers most common random graphs. For instance, for Erd6s-Renyi graphs,

power-law graphs with strongly finite mean, and A-regular graphs, it holds with n < 2. As
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we discuss in Section [3.3] for these graphs, we only need to search for separators of size up
to 2.

Our next result shows that we can further reduce the size of separator by restricting
focus on pairs of nodes in local Markov blankets. The Markov blanket of node i in a MAG
G, denoted mb(G, i), is the minimal set of vertices that separates i from all other vertices.
Concretely, it is the union of vertices connecting to i through either an edge, or a collider
path (i.e., a path on which all non-endpoints are colliders). The y-local Markov blanket
mb,, (G, i) is the union of vertices connecting to i through either an edge or a collider path

of length at most y.

Lemma 8. Let G = (V,E) be a MAG, and define

L™(G,y) = max min |S].
(i,/)¢E iemby (G,j) S€S,(ij)

If the skeleton of G satisfies the (1, y)-local path property with n < 4, then
L™(G,y) < max(0,n - 1).

Proof. Suppose i ¢ adj(G,j) but i € mby(G,j). Then i and j must be connected via a
collider path . There must be a node on 7, call it u, that is not ancestral to i and j,
because 1 would otherwise prevent m-separation of i and j, which contradicts G being a
MAG. Let G}"(i,]) be the subgraph of Gy(i,j) induced by the complement of u. Every
minimal separator of (i, ) in G;”(i,j) also minimally separates i and j in Gy (i, j) (see, e.g.,
Zander and Liskiewicz, 2020). It is easy to see that G}"(i, j) has at most 7 — 1 many short

paths between i and j. Hence, the result follows from Lemmal[7] O

More generally, our framework accommodates hybrid graphs, consisting of a “global”
graph with small maximal degree, and a “local” graph with bounded local-paths, paralleling
the class of undirected hybrid graphs defined in|Chung and Lu (2006). As a concrete example,
the Watts-Strogatz (or small-world) graph consists of the union of a d-dimensional regular

graph and an Erdés-Renyi random graph (Watts and Strogatz, [1998)).
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Theorem 5. Let G = (V,E) be a MAG. For any two non-adjacent nodes i and j, let M;j be
the set of nodes that do not lie on any path in P(G, 1, ]) that uses a bidirected edge. Suppose
for each pair of non-adjacent nodes i, j, there exists a set M C Mjj such that the subgraph of
G induced by M U {i,j} has node-degree no larger than A, and the subgraph of G induced by
V \ M satisfies the local path property with some 19 < 3 and some y. Let n =no+ A. The

following statements hold,
L(G,y) <n and L™(G,y) < max(0,n - 1).

Proof. Let i,j be non-adjacent nodes in G. Without loss of generality, let i ¢ an(G, j).
Let G! and G? be the subgraphs induced by M U {i,j} and V \ M, respectively. Let
S! = pa(Gl,i), and let S? be a y-local-graph separator of (i,j) in G2. We have P(G,1,]) =
P(G',i,j) U P(G?,i,j) where LI stands for disjoint union. Thus, S LI §? is a y-local-graph
separator of (7, ). By Lemma , IS +1S%| < A +1p. Lemma [§ gives the Markov blanket

result. O
3.3 A Local FCI Algorithm (IFCI)

In this section, we propose a novel algorithm that discovers absent edges by searching for

local-graph separators, as defined in Section [3.2]

3.8.1 IFCI

To learn a MAG G = (V, E), PC/FCI adopt the following strategy. Starting with a complete
undirected graph C, they first search for separating sets of size £ = 0: If two nodes are
independent given a set of size 0 (i.e., marginally independent), the corresponding edge in
C is removed. Iteratively increasing the value of ¢ by one, the algorithm visits all pairs (i, j)
adjacent in C and searches amongst all sets S € J(i,j, C) with |S| = £, where J(i,j,C) C
V\{i,j} is a current search pool. If a conditional independence i 1 j|S is found, the edge
i — j is removed from C. The algorithm stops when ¢ exceeds the maximum size of the sets

in the search pool. (In rPC, the iterations are stopped early at a specified level for £.) The
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value of { at termination is the reach level, denoted Mmyeach. With a conditional independence
oracle, PC terminates at Myeach(PC) < dpax — 1, where dpax is the maximum node degree;
the reach level of the second step of FCI is the maximum size of p-D-SEP sets.

Our 1FCI algorithm follows a similar strategy but with two key differences. The first
difference is the construction of the search pool, J(i, j, C). Given a working skeleton C that is
a supergraph of skel(G), a construction of J(i, j, C) is valid if each pair of non-adjacent nodes
(1, j) is separated by some subset of J(i, j, C). PC/FCI adopt a neighborhood-based strategy:
PC uses Jpc(i,j,C) = (adj(i, C) Uadj(j, C)) \ {i,j}, and FCI uses Jpc in its first step and
Jrci(i, j, C) = p-D-SEP(7, ) in its second step. In contrast, inspired by the local separation
property, our 1FCI algorithm adopts a local-graph-based strategy, in which we form an
alternative search pool that is guaranteed to contain a local separator by including the nodes
that are close to both i and j. Figure exemplifies the difference between neighborhood-
based and local-graph-based searches. More concretely, let Dg(i, j) = mingep(s,i,j) I7t| be
the shortest-undirected-path distance between nodes i and j in G, with Dg(7, j) = oo if

P(G,u,v) = 0. Writing C_;; for the working skeleton C with edge i — j removed, we define

])/(i/j/ C) = {k eV \ {l/]} : Dc—ij(il k) + DC—ij(j/ k) < 7/} . (31)

While otherwise distinct, the idea of searching among nodes that lies on connecting paths
is related to the path modification of FCI in FClpan (Colombo and Maathuis|, 2014), which
uses a different search pool, ]FCIpath(i,]', C) =Jrci(i,j,C) N Jp(i,j, C). The following lemma
shows that [, (i, j, C) is a superset of V), (i, ) from Definition {4| and is hence a valid search
pool.

Lemma 9. Let G be a MAG, and let C be a super-graph of skel(G). Two nodes i,j are
non-adjacent in G if and only if they are y-local-graph separated by a subset of ], (i, j, C).

The second innovation in our approach lies in its termination criterion. The complexities
of PC and FCI are determined by their reach levels #eacn, Which scale with the maximum

degree dpax of the graph. As a result, these values can be very large if the graph includes
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Figure 3.3: Search strategies of FCI and 1IFCI: (a) True G, (b) local-graph G4(1, 8), (c) local-
graph Gs(1,8). Search pools Jrci(1,8), J4(1,8) and J3(1,8) are shaded. FCI discovers the
separator {a,2,3,5} in G (differs from minimal separator {a, 4,5}). For both y = 3, 4, IFCI
discovers the local-graph separator {4, 5} (small but only correct in the local graph). Note
that FCI cannot be early-stopped at reach level 2 even if we ignore the path (1,4,...,b,8).

hub nodes. In particular, when considering sequences of structure learning problems where
a few nodes are allowed to have O(p) many neighbors, PC and FCI (and also FCI+) cannot
terminate in polynomial time. Our approach offers a strategy to circumvent this problem by
early termination when searching on local graphs. Indeed, sparse graphs may still satisfy the
conditions in Theorem [5| for bounded 7. The reach level of our local-graph-based approach
is then at most 1, so O(1). Therefore, through its focus on local graphs, our IFCI algorithm
may enjoy polynomial-time complexity even in graphs with hub nodes—settings that become
problematic for PC and FCI. We emphasize that an ad hoc early stopping (or “anytime”)
version of PC and FCI avoids the computational issue (Spirtes et al., 2001) but will generally
result in false discoveries. Indeed, even if the conditions in Theorem [5| hold, the smallest

neighborhood-based D-SEP set is not necessarily small; compare Figure |3.3]

Our 1FCI proposal is summarized in Algorithm Starting with a complete graph C
and level ¢ = 0, IFCI traverses every edge (i, j) and searches for a conditional independence
i AL j|S given subsets S € [,(i, ], C) of size |S| = £. If a conditional independence is found

the edge is removed from C. The level ¢ is increased after checking all edges, and the
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algorithm terminates when ¢ hits the reach level myeach = 1, which is picked in advance
with a view towards potential underlying graph structure (similar to how node degrees are
bounded in other algorithms). Throughout the search, we keep track of the shortest-path-
distances between nodes, but only update them after completing the £-th level. This makes
the algorithm order-independent, i.e., the output does not depend on the order in which

edges are tested (see, e.g., Colombo and Maathuis, [2014]).

3.3.2  Tuning parameters

Given Lemma [J} y acts as a tuning parameter that controls the breadth of the search in
our algorithm. Theoretically,  should be small enough such that the underlying graph G
has small y-local-graph separators, yet large enough such that paths not contained in G,
contribute little to total effects in the graphical model. Theorem [5{ notes that many random
graphs satisfy L(G, y) < n with y = O(log p) with high probability as the number of nodes
p — oco. Due to this fact, our later analysis allows (but does not require) y to grow with p,
in which case distributional conditions may be weakened for larger graphs. We note that in
our later simulations IFCI terminates early, and its performance is rather insensitive to our
choice of y, see SectionB.4]

The maximum size of separating sets, 1, can also be seen as a tuning parameter that
controls the depth of the search and allows IFCI to terminate at smaller levels than PC/FCI.
Choosing 1 is akin to an a priori choice of the maximum node degree in other algorithms,

recall Theorem [Bl

3.3.8 Orientation rules

After inferring the skeleton using conditional independence tests, we orient as many edges
as possible to obtain a PAG representation of the Markov equivalence class of MAGs. Given
the undirected skeleton of the true MAG and a collection of minimal separators, the orien-
tation procedure proposed in Zhang (2008) applies eleven deterministic rules to obtain the

maximally informative PAG. In other words, the population version of FCI is sound (i.e.,
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Figure 3.4: Nodes i and j are m-separated given {w, u,v,x,y} and all other non-adjacent
pairs are marginally m-separated. There is a discriminating path (i, w,u,v,x,y,j) for y.
In FCI, the edge y — j is oriented correctly. For y = 5, the y-local separator of (i, j) is

{w,u,v,x}, with which the discriminating path rule outputs y < j, which is inconsistent

with the truth.

never returns a wrong result) and complete (i.e., the output is maximally informative in the
sense of discovering all causal relations common to the graphs in the equivalence class). How-
ever, these properties are not guaranteed if we apply the rules directly with local-separation,
because the local separators are usually not m-separators.

Nonetheless, if the estimated skeleton C in Algorithm [15|is the true skeleton of G, correct
orientation using local-separation sets can be achieved with only a single change to Zhang’s
Rule R4, which pertains to discriminating paths. A path between i and j, 7= (i,...,x,y,]),
is a discriminating path for y if it includes at least three edges; vy is adjacent to j on m; i
is not adjacent to j; and every vertex between i and y is a collider on 7 and a parent of j.
Figure illustrates the failure of the unmodified discrimination path rule (Rule Ry). The

original (Zhang, 2008|) and the modified versions may be contrasted as follows:

Ry : If 7 is a discriminating path between i and j for y, and yo—j, then if y € S(i, j), orient

yo—xj as y — j; otherwise orient the triple (x,y,j) as x & y < j.

R}, : If 7 is a discriminating path between i and j for y, and yo—xj, then if v € 5(i, j), orient
yoxj as y — j; if y € S(i,j) and all vertices in 7 are contained in the y-local-graph

of (i,7), then orient (x,y,J) as x & y < j; otherwise orient yoxj as yo— j.

Rule R} avoids wrong decisions when local-graph separators do not provide enough informa-
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tion. The original and modified rules give the same output under the following condition.

Assumption 1 (Local discriminating paths). Let G be a MAG and y be an integer. Denote
TP(G,1,],vy) as the set of discriminating paths between i and j fory in G. IfTIP(G,1,],y) #
O for the triple (i, j,y), then there exists T € I1°(G, i,j,y) such that ™ C Gy (i, j).

In the next lemma we show that, given correct skeleton and local-separation sets, the

new set of rules is correct and maximally informative.

Lemma 10. Let G be a MAG. Let n and y be integers such that y > 2 and L(G,y) < 1.
Suppose that in Algorithm [15], the estimated skeleton C is equal to the skeleton of G, and all
SEP sets are local-graph (or full-graph) separators. Then the output of Algorithm @, 18
a PAG for [G]. If in addition Assumption holds, then G is maximally informative.

Proof. In FCI, Zhang’s orientation rules Ry (unshielded triple rule) and R4 (discriminating
path rule) introduce arrowheads using the separation sets, whereas the rest of the rules only
depend on the results of Ry and R4. Therefore, the orientation phase makes no mistake if
all arrowheads introduced by Ry and Ry are correct, and maximally informative if Ry and
R4 introduce as many arrowheads as possible. For details of the rules, see Zhang| (2008).

First we consider Ry, which orients an unshielded triple (i, j, k) into a v-structure if j is
not in the separator for (i, k). In IFCI, given C is the true skeleton, if j is not in the y-local
separator, then (i, j, k) must be a marginally blocked path in both G and G, (i, k). Thus, Ry
produces the same output using local- and full-graph-separators. Next we show R} orients
correctly. Indeed, if 7 is a discriminating path between i, j for y and y € S,(i, ), then the
last edge on 7 must be oriented as y — j to avoid unblocking 7. If y ¢ S, (i, j) and 7 is
contained in the local-graph, then R/ is the same as Ry in Gy (i, j); otherwise, R/ simply
avoids making wrong decisions. We conclude that by Theorem 1 of [Zhang (2008), the 1FCI
output is correct.

Under Assumption [I if (7,j,y) can be oriented using a full-graph separator by Ry,
then there is a discriminating path in G, (i, j) such that the same orientation is made by R.

Therefore, the output of IFCI is identical to that of FCI, which is maximally informative. O
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Unlike FCI, our IFCI algorithm does not guarantee skeleton recovery under a conditional
independence oracle, unless all conditional dependencies can also be determined locally.
This is because conditional independence need not always correspond to local-separation.
Therefore, our theoretical guarantees in Section will be concerned with high-dimensional
consistency. More specifically, we focus on the regime where the high-dimensional spar-
sity entails that, up to effects of lower order, conditional dependence corresponds to local

structure in the graph.

3.3.4  Computational complexity

As discussed in Section [3.3.1], the computational advantages of IFCI over FCI, RFCI and
FCI+ stem from two key differences: (i) the use of a local-graph-based strategy (J, ) instead
of the neighborhood-based strategy (Jrcr); and (ii) searching up to sets of size 1. As a result,
for graphs satisfying the local-separation property with small 77, IFCI achieves computational
complexity O(p"*?), which is the same as that of rPC (Sondhi and Shojaie, 2019). In
contrast, the worst case computational complexity of FCI is exponential and FCI+ has
computational complexity O(p?max*2). Though FCI+ offers polynomial complexity when
dmax is bounded (Claassen et al., [2013), it becomes inefficient in the setting of power-law
graphs with highly connected hub nodes, when dyax = O(p?) for some a > 0 (Molloy and
Reed, 1995)). For these graphs, FCI+ offers exponential complexity O(p?**?), compared with
O(p*) for IFCL.

We note that IFCI’s computational advantages depend on the local separation property:
while IFCI improves computational efficiency when the true MAG has small local-separators,
it can also lead to reduced efficiency if the true MAG does not satisfy satisfy local-separation
with small n and y. For example, for graphs with small graph-diameter or high local-
connectivity, IFCI may take more searching and testing steps, compared with FCI and RFCI.
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3.3.5  Initialization with Moral Graph

Following the observation from Lemma [§] in Algorithm [4] we propose a modified version of
IFCI that utilizes local Markov blankets for improved computational and sample complex-
ities. Concretely, instead of starting with a complete graph C, Algorithm [ starts with an

estimated [ocal moral graph.

The moral graph of a MAG G is the undirected graph in which two nodes i, j are adjacent
whenever one node is in the G-Markov blanket of the other, say j € mb(G, i). Accordingly,
the local moral graph is the undirected graph obtained by taking instead the y-local Markov
blankets, mb,, (G, 7). For large enough y, these two notions coincide as the local moral graph
differs from the moral graph only if the shortest path between two nodes is longer than y
and only includes bidirected edges. This is unlikely in large common random graphs if we
allow y to increase with p; see SectionB.7] of the Supplementary Material. Consequently, we
simply employ the moral graph, which in the models we treat later can be estimated by the
support of the inverse covariance matrix. In our simulation study, we used score matching
to estimate the precision matrix in high dimensions (Lin et al., 2016} Yu et al., [2019)), which
here coincides with the SCIO algorithm (Liu and Luo, 2015). The solution to this special
case of penalized score matching problem can also be formulated as the SCIO algorithm
(Liu and Luo, 2015]). For high dimensional problems, the loss could suffer from unbounded
penalization. As suggested in [Yu et al. (2019), we circumvent this problem by amplifying

the diagonal entries of the covariance matrix.

Initializing C as an estimated moral graph may significantly recude the size of the search
pools J,(i,j, C). Moreover, this additional step allows Algorithm {4 to terminate at level n—1
instead of 1 (Lemma. Moreover, the search pools ], (i, j, C) are significantly reduced when
C is initialized as an estimated moral graph. Consequently, the screening step considerably
reduces the search space. For Erdés-Renyi graphs, power-law graphs with strong finite mean,
and A-regular graphs, the algorithm can then stop after checking separating sets of size 0

and 1 only. However, these improvements require slightly more restrictive conditions in
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theoretical analysis (see Appendix [B.2]). We will explore the performance of Algorithm [4]in
Section [3.5]

3.4 Consistency of the IFCI Algorithm

In this section, we establish the consistency of our IFCI algorithm in high-dimensional set-
tings, i.e., when the number of nodes in the graph is potentially larger than the available
sample size. To this end, we first discuss in detail a set of assumptions under which 1FCI is

consistent. We focus on linear structural equation models with sub-Gaussian noise. Proofs

are provided in Appendix [B.1}

3.4.1  Linear Structural Equation Models

Let G = (V,E) be a MAG with vertex set V = {1,...,p}. Let W = (Wy,...,W,) be an
associated random vector. The linear structural equation model given by G assumes that W

solves an equation system of the form
W = BW +e¢, (3.2)

where B = (B;,;) € RP*F is a matrix of unknown parameters with §;; # 0 only if j — 7 is an
edge in G. The random vector € = (€1, ..., €p) is comprised of stochastic noise with positive
definite covariance matrix Var (€) = Q = (w;,j). It can be partitioned into two independent
subvectors €,u(g) and €y\un(G). Here, €yn(g) is assumed to satisfy the global Markov property
for the undirected subgraph induced by the undirected part un(G) € V, and €y\un(G) satisfies
the global Markov property for the subgraph formed by the bidirected edges among nodes
in V \ un(G); compare, e.g., Drton and Richardson| (2008). In particular, €; and €; are
marginally independent when i,j ¢ un(G), and conditionally independent given all other
errors when 7, j € un(G). Consequently, the error covariance matrix €3 can be permuted into
block-diagonal form with two blocks. One block has an inverse whose support is given by
the undirected edges of G, and the other block has its support given by the bidirected edges
of G (Richardson and Spirtes, |2002, Section 8).
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Let I be the identity matrix. Since G is a MAG, it does not contain any directed cycles.
Thus I — B is invertible, and (3.2]) has a unique solution W with covariance matrix

Y :=Var(W)=(I-B)'QI-B)". (3.3)

Conditional independences in the linear SEM correspond exactly to zero partial correlations.

For nodes i and j, and S € V' \ {i, j}, the partial correlation of W; and W; given Ws is

p(i, 15) = £, j1S)/\Z G, i1S)Z(, /1S),

where X(i, j|S) = (i, ) — (i, S)Z(S, S)™LX(S, j). Given a sample of n independent obser-
vations generated from the distribution of W, the corresponding sample partial correlations
p(i, j|S) are obtained by replacing L by the sample covariance matrix in. In order to test
i I j|S in a practical run of the IFCI algorithm, we test the vanishing of p(i,|S) and
reject the conditional independence if m|g(ﬁ(l,]|5))| > O (1 - a,/2), where
g(p) = %log (i—g) is Fisher’s z-transform, ® is the normal cdf, and a, € (0,1) is a signifi-

cance level.

3.4.2  Consistency

Consider a sequence of learning problems indexed by p, with a sequence of MAGs {G,} and
i.i.d. samples of size n = n,, each sample being generated from a distribution that is Markov
to the respective MAG. When the context is unambiguous, we suppress the subscript p.

As discussed in Section [3.2], our algorithm requires an assumption on the size of y-local-

graph separators.

Assumption 2 (Local-separation Property). The MAG G satisfies L(G,y) < 1 where the
IFCT parameter 1 is fived but y may grow with p.

As shown in Section [3.2, many common random graphs satisfy Assumption [2| with 1 =
O(1) and y = O(log p) with high probability as the number of nodes p — oco. If the graph
satisfies the requirements of Theorem , then Assumption [2[ holds with 1 =19 + A.
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We also require an assumption on the covariance matrix to establish large sample con-

sistency of estimated conditional correlations in high dimensions.

Assumption 3 (Covariance/precision matrix). The random vector W = (Wy, ..., W) fol-
lows a linear SEM of the form (1.2), with sub-Gaussian errors €. Moreover, for the I[FCI
parameter 1 in Assumption |2 the spectral norms of all (n + 2) X (n + 2) submatrices of its

covariance matrix X are bounded by a constant 0 < M < 00, so

max  (IZaall, (Za,4)7Hl) <M < co.
Ac[p] |A|<n+2

As in|Sondhi and Shojaie| (2019)), we assume a faithfulness condition that is less restrictive

than the A-strong faithfulness assumption that appears, e.g., in |(Colombo et al| (2012).

Definition 6 ((17, A)-strong-path-faithfulness). Given n >0 and A € (0,1), a distribution P
is (n, A)-strong-path-faithful to a MAG G = (V, E) if both of the following conditions hold:

(i) min{lp(i, j1S)] : (i,}) € E,S € V\ {i, j},1S| < n} > A, and

(11) min{|p(i, j|S)| : (i,],S) € Ng} > A, where Ng is the set of triples (i, ], S) such that i
and j are not adjacent, but for some k € V, (i, ], k) is an unshielded triple, and i and

j are not m-separated given S.

Assumption 4 (Path faithfulness and Markov property). The joint distribution P of the
random vector W is (, A)-strong-path-faithful to the MAG G, where the sequence A = A, is
specified later.

The next assumption captures the local point of view underlying our algorithm and posits

small partial correlations given local separators.

Assumption 5 (Local partial correlation). Suppose Assumption@ holds with [FCI parame-
tersn and y. Let S, (i, j) denote the collection of y-local-graph separators of (i, j) with size
at most 1. With A from Assumption |4}, it holds that

1
max 1min i,715)] £ =A.
(i,j)2E S€Sy,,(i,)) |P( J 15)i 2
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As we now show, this assumption holds under a directed f-walk-summability condition.
This condition mirrors the walk-summable condition for undirected graphs, which holds for

a large class of networks (Malioutov et al. 2006]).

Assumption 6 (Directed f-summability). The joint distribution P of the random vector W
belongs to a linear SEM in the form (1.2)), in which the weighted adjacency matriz B satisfies

IIB|l < B <1, where B is a fized constant and ||-|| denotes the spectral norm.

If the norm of the error covariance matrix 2 is bounded, then directed p-summability
implies Assumption [5, We state this in the following lemma, which is a slightly modified
version of Lemma 2 in [Sondhi and Shojaie (2019).

Lemma 11. If Assumptions [, [3, [4 [ are satisfied, ||E]| is bounded, and y is larger than
some constant y*(n, M, A, ||E]|), then Assumption@ is also satisfied.

To further justify Assumption , we conducted simulation studies (see Appendix and
Section SM5 of the Supplementary Material) which show that in a number of natural settings,
long paths carry weak effects while short paths carry strong effects, and Assumption || is
likely to hold. We note also that if long paths may carry strong effects, then Assumption
might only be satisfied with large values of y (e.g., ¥, = p), and local graph search strategy
will not enjoy any benefits with regard to computational efficiency.

We now establish our main consistency result.

Theorem 6. Consider a sequence of MAGs {G,} and distributions such that Assumptz’ons@
@ @ hold with n = Q((log p)"/1729)) and A = Q(n=°) for some c € (0,1/2). Then there
exists a sequence of significance levels ay — 0 such that Algorithm [15] consistently learns a
PAG for [Gp] from an i.i.d. sample of size n. Moreover, if Assumption (1| holds, then the

consistently learned PAG is maximally informative.

The sample complexity of IFCI established in Theorem [6] offers considerable improvement
over the worst-case sample complexity of the FCI and RFCI algorithms for graphs with
unbounded size of D-SEP sets and the FCI+ algorithm for graphs with large node degrees.
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As a corollary, we also improve the theory of reduced PC (Sondhi and Shojaie, [2019) for
DAG learning: we derive the correctness of reduced PC and its “approximate version” under
the local path condition (Definition [3)). The sample complexity is also improved by applying

an alternative error propagation computation; see Appendix for details.

Corollary 1. Consider a sequence of DAGs {Gp} and distributions such that Assumptz’ons@
@ @ hold with n = Q((logp)/1729) and A = Q(n~°) for some ¢ € (0,1/2). Then, there
exists a sequence of significance levels a, — 0 such that rPC and the approximate rPC both

consistently learn the CPDAG of Gy from an i.i.d. sample of size n.

3.5 Numerical Experiments

We explore the performance of our algorithm on three types of graphs: Erdos-Renyi, power-
law, and Watts-Strogatz graphs. Since generating general random MAGs is challenging, for
each family, we generate DAGs with p = |V/| € {100, 200, 500} nodes and average node degree
2 using the igraph library in R. Edge weights are drawn uniformly from (-1, -0.1]U[0.1, 1),
and n = {100, 200, 500} observations are generated using the rmvDAG function in the pcalg
library (Kalisch et al., 2022). We randomly choose g = 0.2p nodes as latent variables, and
the rest as observed. We include no selection variables.

We run FCI, RFCI, FCI+, IFCI, and the Markov blanket version of IFCI on the observed
data, with thresholds a = {1072%,10719,107°,1074,0.5 - 107%,1073,0.5 - 1073,1072}. The
pcalg library is used for the existing methods. We run IFCI with n = 2 and y = [logp].
We repeat the experiment 200 times for each a. The maximum node degrees of Erdds-
Renyi graphs and Watts-Strogatz graphs ranges from 7 to 9. The maximum node degrees of
power-law graphs grow with p, with medians 41, 68 and 130.

The performance of the algorithms are evaluated using precision-recall curves with re-
spect to skeletons in Figures In all settings, Algorithm [15| and [ offer improvement
over existing methods in terms of larger area under curves. Though they sometimes have

lower precision in the beginning of the curves, they offer better trade-offs for higher recall
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values. The improvement is substantial in high-dimensional cases. For power-law graphs,
Algorithm [I5] and [] are superior in both low- and high-dimensional settings.

We also compare the edge orientation performances by counting the average number of
different edge marks between the outputs and the true maximally informative PAG. We
only show comparison in the case of n = 200 and a = 107%. Differences in edge marks are
shown together with the Structural Hamming Distances (SHD) between output and truth
in Figure 3.8 The performance of Algorithm [15]is on par with FCI/RFCI and superior
to FCI+ in both low- and high-dimensional cases. Though Algorithm [4] performs better in
the skeleton steps, the orientation steps are not as reliable in high-dimensional cases. A

comparison of computational cost is presented in the Supplementary Material.
3.6 Application: Gene Regulatory Network Inference

We apply the IFCI algorithm to gene expression data from The Cancer Genome Atlas
(TCGA) database E| The dataset contains the gene expression levels measured by RNAseq
for 20530 genes from n = 551 patients with prostate cancer. The aim of this application is
to infer the regulatory network among the genes.

We construct a network of known gene regulatory relations among genes measured in
TCGA with at least one known interaction in BIOGRID (Stark et al., [2006); this leaves us
with a graph GP with p = 2478 nodes. The graph GPB includes many disjoint subgraphs, of
which only 10 subgraphs (denoted G? = (ViB, E?), i =1,...,10) have more than 2 nodes; see
Figure Since BIOGRID represents gene regulatory relations in normal cells, GB might
not accurately capture the interactions in cancerous cells (Ideker and Krogan, 2012; |Shojaie,
2021). We denote the true unobserved network in cancerous cells as GT to underscore this
difference.

In practice, the true graphs, GZ.T = (Vi,ElT), are unknown. However, the clustering

of nodes in GT are expected to be similar to those in GB. Thus, assuming that induced

!The results published here are in whole or part based upon data generated by the TCGA Research
Network: https://www.cancer.gov/tcga.
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subgraphs of GT over VlB PR Vl% are also disjoint, we use the PC algorithm to estimate the
edge sets of GiT, i=1,...,10. Specifically, for each V;, we run PC with different significance
levels and choose the one that maximizes the eBIC score (Foygel and Drton, [2010). We
denote the resulting CPDAGs as Ei = (Vi,Ei). The skeleton of these graphs are shown in
Figure 3.10] Figures and demonstrates the similarities and discrepancies between
GB and GT.

To capture the situation in which researchers only have access to data from a subset of
genes, we run the following experiment on each subgraph: We randomly sample a subset of
genes and infer their causal relations using PC, FCI, and 1FCI. In the ¢-th experiment, we
randomly sample half of the genes from V; as observed nodes, denoted Vf, and treat the rest
as unobserved. To make the problem scientifically interesting, we assign higher probability
of being observed to genes with degree more than 8 in G. The ground truth is the MAG
deduced from Gl.T over Vf. In practice, we use the MAG deduced from (~§i, and call this MAG
5f We run PC, FCI and IFCI (setting n = 2 and y = [log|V;|]) with different threshold
levels (a); for each output (PAG), we find a MAG compatible with it, compute the likelihood
of the corresponding Gaussian graphical model, and compute the eBIC score with tuning
parameter set to 0.5; we allow different a levels for PC, FCI and IFCI that each maximizes
the eBIC score. For comparison, we also run a baseline method: we first infer an undirected
graph using graphical lasso (glasso) (Friedman et al., 2008) with penalty tuned by eBIC. For
this baseline, we assign edge marks (arrowhead, tail, and circle) randomly to obtain a mixed
graph.

We compare the estimated graphs with éf More specifically, we compare the graphs
estimated using only observed variables Vl.l7 to the “truth” deducted from the network over
Vi. We use the directed Structural Hamming Distance (dSHD) to measure the difference
between the estimated graph and éf For directed graphs, dSHD is defined as the number of
edge additions, deletions or flips to transform one graph into another. In mixed graphs, we
count edges with two mismatching marks as a “flip” and edges with one mismatching mark

as half a “flip”. We repeat this process 40 times for each V;, i =1,...,10.
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The results in Table demonstrate that, as expected, FCI and 1FCI outperforms PC.
They also suggest that 1FCI slightly outperforms or is comparable with FCI in 9 of the 10
subgraphs. The improvement is more pronounced in large graphs and graphs containing

many “hubs” (e.g., component 1, 3 and 5), but is nonetheless persistent in all subgraphs.
3.7 Discussion

Causal structure learning from observational data is an important and challenging problem.
The challenges are compounded in the presence of unmeasured confounding and selection
bias. The gold-standard approach for this task, the FCI algorithm (Spirtes et al., 2001),
and its relatives, RFCI (Colombo et al.| 2012)) and FCI+ (Claassen et al., [2013), are based
on neighborhood-based search strategies that become inefficient in graphs with unbounded
maximum degrees. However, such graphs are abundant in biological and physical systems. To
facilitate causal structure discovery in such settings, our local FCI (IFCI) algorithm utilizes
the local separation property of large (random) networks (Anandkumar et al., [2012b]) by
considering an alternative local-graph-based search strategy focused on short paths between
pairs of observed nodes. This idea applies naturally to linear Gaussian structural equation
models (SEMs), in which conditional independence is equivalent to zero partial correlation.
However, the proposed algorithm only relies on conditional independence tests, and can
be, in principle, applied to a wider collection of models in which causal relations are well-
characterized by local structures. Extending this idea to more general distributions, using,
e.g., Gaussian copulas (Harris and Drton, 2013)), or using conditional mutual information
(Anandkumar et al., 2012a) can be fruitful directions of future research.

For linear Gaussian SEMs, Assumption [5 gives a condition under which 1FCI consistently
learns a correct PAG. The conditional covariances involved in this assumption can be ex-
pressed as summations over products along treks, which are particular paths in the graph
(Sullivant et al.l 2010; Draisma et al.| [2013)); see also the discussion in Sectio of the Sup-
plementary Material. From this point of view, conditioning on the local separators proposed

in Section [3.2 can be regarded as eliminating the contribution of short treks. It is then intu-
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itive that the remaining long treks, each of which gives a product of many correlations, only
make lower-order contributions. However, we found it difficult to formalize this argument
into an assumption that weakens Assumption [0] as this would require explicitly controlling

the number of long treks and their overall contribution to conditional covariances.
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Algorithm 2: IFCI

Input : Tests of conditional independences i 1L j|S,
maximum separating set size 1, locality parameter .

Output: A mixed graph G

=

C, Cola < complete undirected graph over [p];

2 Initialize SEP «— @ and ¢ < —1;

3 repeat

4 ! — 10 +1;

5 repeat

6 Select a (new) ordered pair of nodes (i, j) that are adjacent in C;

7 repeat

8 Choose a (new) S C J,(i, ], Cola) with |S]| = ¢;

9 if 7 1 j|S then Delete edge (i,j) from C, and record SEP(7, j) « S ;
10 until (7, j) is deleted or all subsets of ], (i, j, Colq) with size ¢ are checked;
11 until all ordered pairs of (i, j) has been checked;

12 | Coq < C;

13 until ¢ > 7;
// At this stage the algorithm has determined the estimated skeleton C

14 Convert C into a PAG G by orienting edges using the SEP sets under application of

the modified rules in Section |3.3.3

15 return The mixed graph G.
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Algorithm 3: IFCI,,: 1IFCI with moral graph step

Input : Tests of conditional independences i 1L j|S,

maximum separating set size 1, locality parameter y.

Output: A partial ancestral graph C

1 C « estimated local moral graph;

2 Run the edge removal loop in Algorithm |15| for search set size [ =1,...,1n -1,
3 Orient edges in C using the SEP sets, by the modified rules in Section

4 return A PAG C.

3.3.3;

Gr | G2 | G3 | Ga | G5 | Gg | Gr | Gs | Gg | Gy
V] 623 | 493 418 387 | 169 108 105 87 74 14
PC | 99% | 99% | 101% | 95% | 98% | 110% | 96% | 114% | 84% | 85%
FCI | 96% | 95% | 94% | 92% | 90% | 89% | 82% | 96% | 76% | 80%
IFCI | 94% | 94% | 92% | 91% | 89% | 87% | 80% | 91% | 73% | 81%

Table 3.1: Average directed Structural Hamming Distances (dSHD) between

truth, as percentage of the glasso baseline.

outputs and
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Figure 3.5: Precision-recall (PR) curves for graphs with p = 100 from Erdés-Renyi (left

column), power-law (middle column), and Watts-Strogatz (right column) graphs based on

n =100 (top row), n = 200 (middle row), n = 500 (bottom row) samples.
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Figure 3.6: Precision-recall (PR) curves for graphs with p = 200 from Erdés-Renyi (left
column), power-law (middle column), and Watts-Strogatz (right column) graphs based on

n =100 (top row), n = 200 (middle row), n = 500 (bottom row) samples.
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Figure 3.7: Precision-recall (PR) curves for graphs with p = 500 from Erdés-Renyi (left

column), power-law (middle column), and Watts-Strogatz (right column) graphs based on

n =100 (top row), n = 200 (middle row), n = 500 (bottom row) samples.
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Figure 3.8: Average Structural Hamming Distances divided by p (top row) and difference

in edge marks divided by p (bottom row) with p = 100,200,500 from Erdds-Renyi (left

column), power-law (middle column), and Watts-Strogatz (right column) graphs based on

n = 200.

Figure 3.9: Visualization of the BIOGRID networks GB,..., G]130'



Figure 3.10:

Visualization of the estimated TCGA networks él, el 510.

56



57

Chapter 4

DEFINITE NON-ANCESTRAL RELATIONS AND
STRUCTURE LEARNING

4.1 Introduction

In this work, we study definite ancestral and definite non-ancestral relations, which are
ancestral and non-ancestral relations shared by all members of a Markov equivalence class.
We provide graphical interpretations of these relations in the CPDAG, and we also provide
a framework for reliably learning definite non-ancestral (DNA) relations without the need
to recover the skeleton. These relations not only provide causal interpretations (in the form
of “change in X definitely does not cause change in Y”), but also facilitate further structure
learning. Indeed, we show that learning DNA relations directly can greatly improve the

statistical and computational efficiency of existing structure learning algorithms.

In most existing structure learning methods, edge orientations and ancestral relations can
only be deduced after learning the skeleton, and hence the correctness of direct and pathway
causal relations depends on correct recovery of skeleton, which is often not reliable with small
number of observations. In this work we propose a method that reliably learns the definite
non-ancestral relations without the need to recover the skeleton. These relations not only
provides causal interpretations (in the form of “change in A definitely does not cause change
in B”), but also facilitates further structure learning. We also propose a structure learning
framework that first discovers definite non-ancestral relations and then use them to facilitate
learning the DAG.

Existing structure learning methods can be broadly categorized into constraint-based,
score-based, and hybrid approaches. In this paper, we will focus on two prominent examples

of learning algorithms: The PC algorithm |Spirtes et al.| (2001) and the Sparsest Permutation
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algorithm (Raskutti and Uhler, 2018; Solus et all [2021). The PC algorithm is the default
constraint-based method and hierarchically performs tests of conditional independence with
conditioning sets of increasing size. Under a faithfulness assumption, the population ver-
sion of PC algorithm outputs the correct CPDAG |Spirtes et al. (2001). At the population
level (i.e., with “infinite data”), the faithfulness assumption merely requires that the condi-
tional independences in the data-generating distributions coincide (to sufficient order) with
d-separation relations in the DAG. However, good performance of the sample version is only
guaranteed when the assumption is strengthened to bound signals of conditional dependence
away from zero, which is far more restrictive (Kalisch and Biithlmann), 2007; [Uhler et al.,
2013)). On the other hand, the Sparsest Permutation algorithm (Raskutti and Uhler, [2018;
Solus et al., [2021]) is a hybrid learning method that searches among all topological orderings.
For each ordering, a DAG is inferred via conditional independence tests given the ordering,
and the number of edges in the DAG is used as the score. The algorithm looks for the
sparsest DAG under which the data-generating distribution is Markov. The SP algorithm
relies on weaker distributional assumptions than PC, but comes at increased computational

cost due to its score-based searching scheme.

As noted above, we propose here an algorithm to directly learn DNA relations. This
algorithm is constraint-based and derives the relations from conditional independences/de-
pendences. The learning algorithm is based on two well-known rules of conditional indepen-
dence that has been studied extensively in Entner et al. (2013); Claassen and Heskes (2011));
Claassen et al.| (2013); Magliacane et al. (2016). We will then show that the learned DNA
relations provide order-constraining information. In other words, they define a subset of all
possible topological orderings (or DAGs) that is guaranteed to contain one correct ordering
(or DAG). Therefore, DNA relations can be used to reduce the number of conditional in-
dependence tests needed for running the PC algorithm. Similarly, the ordering information
provided by the DNA relations can also help significantly reduce the search space of the SP
algorithm, which grows exponentially with graph size. Regarding this last point, we would

like to highlight an independent preprint [Squires et al.| (2020) that uses information from
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Figure 4.1: In the graph on the left, A,, = {1, 2} is not a clique, so # must have an arrowhead
to one of them, and thus u ~» v as suggested by Lemma([l2] In the middle graph, A,, = {3},
which is trivially a clique, u is not definitely ancestral to v. In the last graph, A,, = {2, 3},
which forms a clique, and it is possible to orient both 2 and 3 into u and make u ¢ an(v),

and therefore u is not definite ancestral to v according to Lemma .

the moral graph to reduce the search space of SP. Compared with that work, our framework

of DNA relations is more general and can accommodate weaker assumptions.
4.2 Definite Non-Ancestral Relations

A DAG G is usually not uniquely identifiable from the distribution of observational data.
Instead, there may be other graphs G’ that entail the exact same d-separation relations.
Together, these graphs form the Markov equivalence class, [G]. Importantly, the graphs in
[G] share their adjacencies and possibly also some of their edge marks. In other words, the
equivalent graphs G’ € [G] may differ only through reversals of directed edges and some of
the directed edges may in fact be oriented the same way in all members of [G]; these latter
set of edges can be unambiguously interpreted as direct causal effects. The characterization
and discovery of such edges is well-studied (Andersson et al., [1997; Meek, [1995)).
Throughout this paper, we will use the adjective ‘definite’ to highlight the structure
common to all members of a Markov equivalence class, [G]. With this terminology, the
edges that can be oriented the same way in all members of [G] are definite (as opposed to
incidental) arrows. We similarly define definite ancestral and definite non-ancestral relations

with regard to causal pathways.

Definition 7 (Definite Ancestral and Definite Non-Ancestral Relations). Let u,v be two
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nodes in a DAG G. Then u is definite ancestral to v, denoted u ~» v, if u € an(G’,v) for
all G’ € [G]. Similarly, u is definite non-ancestral to v, or u #» v, if u ¢ an(G’,v) for
all G’ € [G]. When writing u ~ W for a set of nodes W, we mean u € an(G’, W) for
all G € [G]; when writing u %> W, we mean u > w for all w € W. Finally, we define
D*(G) = {(u,v) : u ~ v in G} and D™ (G) = {(u,v) : u #» v in G}.

We emphasize that the two notions are not complementary to each other. While the
acyclicity of the graph entails that u ~» v implies v #~ u, the converse need not be true.

In the rest of this section, we present two perspectives of definite ancestral and non-
ancestral relations: the CPDAG perspective and the d-separation perspective. The former
provides a set of rules to read the (non-)ancestral relations off a CPDAG, and the latter
enables efficient learning without knowing the CPDAG. This second perspective provides a

foundation for learning DNA directly from a probability distribution, or data drawn from it.

4.2.1 Ancestral and non-ancestral relations from CPDAGs

Let G be any DAG. The Markov equivalence class [G] can be represented using the completed
partially directed acyclic graph (CPDAG) G*. The CPDAG is a mixed graph containing
directed and undirected edges that has the same skeleton as G and whose edges are directed
if and only if they have the same orientation in all members of the Markov equivalence class.
The CPDAG representation is complete in the sense that all directed edges are definite
arrows, and for each undirected edge u — v, there exists two DAGs in [G] that contain
u — v and u < v, respectively.

From the CPDAG perspective, definite ancestral and non-ancestral relations can be iden-
tified via possibly directed paths, which are paths between two nodes with no arrow into the
initial node. We say a possibly directed path is unshielded if no three consecutive nodes on
the path form a triangle. Notably, it has been shown that if there exists a possibly directed
path from u to v in the CPDAG, then some subsequence of this path forms an unshielded
possibly directed path (Zhang, 2008; Perkovic et al., |2018), We now give a comprehensive
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characterization of definite ancestral and definite non-ancestral relations in terms of the

CPDAG:; all proofs are given in the supplement.

Lemma 12. Let u and v be two nodes in a CPDAG G*.

o Let A,y be the collection of all nodes that lie immediately after u on some unshielded
possibly directed path to v. Then u ~» v if and only if either u has a definite arrow

into Ayy or Ay 18 nor a clique nor a singleton.

o u ¥ v if and only if there is no possibly directed path from u to v in G*.

Figure shows examples of definite ancestral relations.

4.2.2  Ancestral and non-ancestral relations from d-separations

Definite ancestral relations are easy to interpret, but somewhat delicate to read off the
CPDAG. In contrast, definite non-ancestral relations have more subtle interpretations but
are easier to read off the CPDAG; they are also simpler to learn from d-separation relations.
Next we present well known rules about ancestral effects. (See, e.g., (Entner et al., [2013;

Claassen and Heskes, [2011}; |Claassen et al., [2013; [Magliacane et al., [2016).)

Lemma 13 (DA/DNA via d-separation). Let G = (V,E) be a DAG. Let u,v,x be distinct
vertices, and let W C V \ {u,v,x}. Then the following holds:

e Ifu,v are d-connected given W but d-separated given W U x, then x ~ W U {u, v}.

e Ifu,v are d-separated given W but d-connected given W U x, then x 9~ u, x 9~ v and
x > W.

e [fu,v are d-separated marginally (i.e., given 0), then u » v and v 9 u.

The claims of Lemma [13| are illustrated in Figure 4.2l The following result is a special

case of the second statement[l:

IThis special case is discussed in Squires et al.| (2020)).
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Figure 4.2: A Markov equivalence class comprising two DAGs and its definite ancestral /non-

ancestral relations. All DNA except for 5 #» 4 can be discovered by Lemma .
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Figure 4.3: In this example, u #» v but cannot be read from the DAG using Lemma .

Corollary 2. Ifu,v are d-separated given V\{u,v,x} and are d-connected given V \{u, v},

then x is a sink, i.e., x p» V \ {x}.

Note also that the characterization of definite (non-)ancestral relations is not complete,
meaning there exist such relations that do not feature the configurations stated in Lemma |13
see Figure 4.3

In general, Lemma/[l3|provides a way to identify DNA between two nodes, i.e., in the form
of u 9~ v. However, we cannot identify definite ancestral relations between two nodes (see

Figure . For this reason, we only discuss learning and applications of DNA in Section
and [4.4

4.3 Learning DNA relations

In this section, we discuss how to learn DNA relations from observational data. Let Qg(P) =

{(u,v,S) : u UL v|S in P} be the collection of all conditional independences, in the form of
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o o o
Figure 4.4: Three Markov equivalent DAGs, in all of which nodes u and v are marginally d-

connected and d-separated given w; thus w ~» {u,v}. However, this does not imply w ~» u

or w w» 0.

tuples, that hold in distribution P. We can express the Markov property as follows.
Definition 8 (Markov Property). A distribution P is Markov with respect to a DAG G if
u,v are d-separated by S in G = (u,v,S) € Qy(P).

The reverse implication is known as the faithfulness condition. If P is Markov and strong-
faithful to G, then the Markov equivalence class, [G], can be recovered exactly from P, or
from observations obtained from P. Unfortunately, strong faithfulness is a very restrictive
distributional assumption that is often violated by generic graphical models (Uhler et al.
2013). Constraint based structure learning algorithms often rely on weaker conditions to
recover the equivalence class. See Section and Section for detailed discussion.

Lemma states that DNA relations can be identified from d-separation and a d-
connection relations: DNA relations can be correctly learned from the distribution if d-
separation and d-connection relations correspond exactly to conditional independence and

conditional dependence. We formalize this condition as DNA-faithfulness.

Definition 9 (DNA-faithfulness). Let Q and Q be two collection of triples consisting of two
vertices and one set of nodes from a DAG G. We say that a joint distribution P is DNA-
faithful to G with respect to (Q, Q) if Q € Qu(P), QN Qu(P) = 0, and it holds for any three

nodes u,v,z and set S C V \ {u,v,z} that

(u,v,5) € Q and (u,v,SUz) € Q = u,v are d-separated by S in G. (4.1)
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We can learn DNA relations by a two-step procedure that first runs an algorithm to learn
d-separation relations, and then performs additional tests to identify d-connections and learn
DNA by Lemma [13] Let A be an arbitrary constraint-based structure learning algorithm
that tests and collects a set of conditional independence statements Q#(P) that hold in a
distribution P. Then we perform additional tests to detect conditional dependences in P,

i.e., we form

QaP) ={(u,v,SUz):u Lv|SUz,(u,v,S) € Qa(P)}.

We summarize this framework to learn DNA in Algorithm [4]

Algorithm 4: General DNA-learning framework
Input : An arbitrary constraint based algorithm ‘A

Output: A set of DNA D € D™(G)
1 D« 0;

2 Run A, record the conditional independences discovered by A as Q4;
3 for (x,y,S) € Q4 do

4 forzeV\{x,y,S} do

5 if x L y|S Uz then

6 LRecordz%»x,z%»yandz%»SinD

7 return D.

Theorem 7 (Correctness of DNA Learning). Let P be a distribution Markov to a DAG G,
and let A be a constraint-based learning algorithm such that P is DNA-faithful to G with

respect to (Qa(P), Qa(P)). Then, the output of Algorithm |/] is a set of true DNA relations
in G.
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4.8.1 Learning DNA from small d-sep sets

In the previous section we discussed DNA learning as a two-step procedure: first look for d-
separations and then look for d-connections. A classic approach for discovering d-separation
relations systematically is to hierarchically test for conditional independences given sets of
increasing size, 0,1,2,.... In particular, this is the idea behind the PC algorithm. Adopting
this strategy here, we can use the first few rounds of PC to learn d-separations. In other
words, we use the PC algorithm with early stopping as the constraint-based procedure A in

Algorithm 4] The procedure is summarized in Algorithm 5]

Algorithm 5: DNA-learning via small conditioning sets

Input : A conditional independence test, a level K
Output: A set of DNA relations D € D*™(G)
1 Repeat steps 2-5 of Algorithm 4| using PC with conditioning sets of size 0, ..., K.

2 return D.

The rationale behind stopping the PC early when learning DNA is that the learning
procedure A in Algorithm 4] only needs to find correct d-separations. However, false positive
edges in the output of A are allowed. In fact, our empirical results in the supplement
(Section show that in most cases a large number of DNA relations can be learned from
considering only the first two steps of the PC algorithm, i.e., from setting K = 0 or 1. We
note that according to Definition [9] and Theorem [7], restricting the size of the conditioning
sets also leads to less restrictive faithfulness assumption for correct DNA learning. But this

also reduce the potential amount of DNA that can be learned.

With a view towards practical algorithms, we now focus on data from a multivariate
Gaussian distribution P and adopt a threshold A to specify signal strengths. Let p(u,v|S)

be the partial correlation obtained from the conditional distribution for the pair (u,v) given
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S. Define

OF®) :={(u,v,5) : S| = K and |p(u,v|S)| < A},
OF®) :={(u,v,5) : |S| = K and |p(u,v|S)| > A}.

Furthermore, let
K
K
olf®) = Jakm@
k=0

be the triples obtained from conditioning sets of size at most K and strength threshold A.

The next result guarantees the correctness of Algorithm 5

Theorem 8 (Correctness of DNA learning from small conditioning sets). Let G be a DAG,
and let P be a distribution that is Markov to G and DNA-faithful to G with respect to
(Q;K(P), Qf”(P)). Then AlgorithmH with level K returns a correct set of DNA relations.

For all choices of K, the DNA-faithfulness assumption with respect to (QEK(P), QI/\(”(P))
is weaker than the A-strong faithfulness assumption for the PC algorithm; see [Uhler et al.
(2013). However, it cannot be directly compared with the adjacency and orientation faith-
fulness, which are the condition for completeness of PC (Ramsey et al., 2006). Nevertheless,
in the special case of K = 0, the DNA-faithfulness condition is mild: If P is Gaussian, then
it is sufficient if the correlation of every pair of marginally d-connected nodes is bounded
away from zero. Our numerical result in Section also confirms that DNA-faithfulness is
generally not stronger than other notions of faithfulness.

Given Theorem [8, we next provide sample guarantees for linear structural equation mod-
els (SEMs) with sub-Gaussian errors. In other words, we assume that the considered joint

distribution P is that of a random vector X that satisfies
X =B"X +¢,

where B = (Bup) has entry Byp # 0 only if 4 — v is an edge in the considered DAG.

The vector ¢ is comprised of independent random variables. In the following theorem we
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assume the distribution of the random vectors to be sub-Gaussian. Given data we may form
sample partial correlation p(u,v|S) and implement Algorithm |5 by rejecting a hypothesis
of conditional independence when p(u,v|S) > A. The following result covers both low- and

high- dimensional problems.

Theorem 9 (Sample guarantee for DNA learning from small conditioning sets). Suppose
data is generated as n independent draws from the joint distribution P of a random vector
X € RP that follows a linear SEM. Let L. be the covariance matrix and assume that each
Xi/Zz.li/2 is sub-Gaussian with parameter . Assume P is Markov with respect to a DAG
G, and also DNA-faithful to G with respect to (QEK(P),QIA(H(P)). Assume the minimal
eigenvalues of all (K + 3) X (K + 3) submatrices of L are bounded below by M > 0. For any
C > 0, if the sample size satisfies

2
M+1+2/A
T) ’ (4.2)

then the output of Algorithm [J with level K and tests based on sample partial correlations is

n > {log(p? + p) — log(C/2)} 128(1 + 40%)? max(Z;)*(K + 3)? (

correct with probability at least 1 — C.

4.8.2  Learning DNA from large d-sep sets

The d-separation relations for DNA can also be learned tractably by testing conditional
independences given large conditioning sets of size p —2,p — 3,..., where p denotes again
the number of considered variables. In fact, by Corollary [2, if x,y are d-separated given
V\{x,y,u} and are d-connected given V' \ {x, y}, then u #» V \ u. This means that we can
learn DNA relations from the moral graph, which encodes the d-separation relations that
hold between each pair of nodes when conditioning on all other nodes. A special case of this
approach was implemented as a recursive algorithm in (Squires et al., 2020)). The theorem
below establishes the correctness of the general strategy for learning DNA relations.
Given a joint distribution P, define

P
Q@) = U Ok (P).

k=p-K
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Algorithm 6: DNA-learning via large conditioning sets

Input : A conditional independence test, a level K

Output: A set of DNA relations D € D?(G)
1 Tnitialize V = Vv,

2 repeat

3 M «— moral graph over ‘7;

4 for u € V do

5 M,, « moral graph over 1% \ u;

6 M, « subgraph of M over V \ u;

7 if ]\7[” contains more edges than M,, then
8 Recordu%\»f/ﬂ\u;

9 Update VeV \ {u}; Break;

10 until |\7| =p-K;

11 return D.

Theorem 10 (Correctness of DNA learning from large conditioning sets). Let G be a DAG,
and let P be a distribution that is Markov to G and DNA-faithful to G with respect to
(Qﬁk_l(P), Qﬁ(P)) Then Algom'thm@ with level K returns a correct set of DNA relations.

Next, we establish sample consistency of the algorithm for linear SEMs with sub-Gaussian

CITors.

Theorem 11 (Sample Guarantee of DNA Learning from large conditioning sets). Consider
the setup of Theorem@ but assuming DNA-faithfulness with respect to (Qf\K_l(P),QIA((P)).
Let

A= min YIAD
qu],|A|Zp—K,z‘,jeA,[@[A])1Lj¢o|[( LAD s

7

where L[A] denotes the A X A sub-matriz of .. Denote the sample covariance matriz as S,,.

(i) Low-dimensional case. Assume the minimal eigenvalue of ¥ is bounded below by



69

M > 0. If the sample size satisfies

(4.3)

M +2/1%\?
M2 ’

n > {log(p® + p) — log(C/2)}128(1 + 40%)* mlax(Zii)QpQ (
then the output of Algorithm[6] at level K and with conditional independence tests that hard-
threshold the inverses of submatrices of S,, with respect to A*[2 is correct with high probability.

(i) High-dimensional case. Suppose there ezists a sequence of A, satisfying Ay <
A*||Z'1||Il/4 such that Ay > |21 ||Z = Sylleo with high probability as n,p — oo. Then the
output of Algom'thm@ at level K using CLIME (Cat et al., |2011) with tuning parameter A,

for conditional independence tests is correct with high probability.
4.4 DNA Applications

4.4.1 Ordering constraints and Layering

A topological ordering of a DAG G, denoted 7, is a total ordering of the vertices such that
mi(u) < 1(v) for each edge u — v in G. Due to acyclicity, there always exists at least one
such ordering, though the ordering might not be unique. Note that a valid ordering for G
need not be valid for other DAGs in [G].

Without prior knowledge, learning DAGs from orderings requires checking all p! possible
orderings. However, DNA relations constrain the set of possible orderings. More specifically,
we will show in Lemma [14] that if u 4» v, then there exists a valid topological ordering of G
with 7t(u) > n(v).

In general, we say an ordering 7t is compatible with a DNA set D if mt(u) > m(v) for each
u > vin D. We say D is an order-constraining DNA set if D contains no DNA statement
cycles, i.e., we cannot follow a sequence of DNA statements in D, such as u 9~ v, v #» w, . ..

and get back to u. Formally we define ordering-constraints as following:

Definition 10 (Ordering-constraint DNA set). A set D € D*(G) is a ordering-constraint
DNA set for G if there does not exists a sequence u,v,...,w,u such that u #»>v,...,w P> U

m D.
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Given an arbitrary DNA set D, we can obtain an order-constraining subset by removing
statements until there is no cycle. Specifically, if D is output of Algorithm [4, then we only
need to remove one from each pair of (u %» v, v %> u). If D is an order-constraining DNA
set, then there must be some topological ordering that is compatible with both D and some

member of the Markov equivalence class.

Lemma 14 (Ordering constraints). Let G be a DAG. If u ¥ v in G, then there exists a
topological ordering T that is compatible with some G’ € [G] and satisfies m(u) > 7(v). If
D is an order-constraining DNA set for G, then there exists a topological ordering Tt that is

compatible with some G’ € [G] and satisfies (1) > 1(v) for all (u,v) € D.

Order-constraining DNA sets reduce the set of possible topological orderings to be con-
sidered in structure learning to a subset that is guaranteed to contain at least one correct
ordering. Therefore, this reduced set can be adopted in score-based structure learning meth-
ods such as Greedy Equivalence Search (GES) and Sparsest Permutation (SP) to trim down
their search space of topological orderings and DAGs.

Moreover, order-constraining DNA sets yield layerings of DAGs. A layering of a DAG is
an ordered partition of the vertex set into layers, which must be such that there is no arrow
pointing from one layer to a preceding layer (Manzour et al., 2021). The finest layering
we may hope to infer from conditional independence tests is the one given by the chain
components of the CPDAG |Andersson and Perlman (2006). Efficient algorithms have been
developed to learn graph structures based on layering information, but they require knowing
the layers a priori (Manzour et al. 2021). In addition to reducing the number of possible
orderings, the layering of a DAG can also be used to develop efficient algorithms for learning
DAGs. We present such an approach in the next section, but first show that layerings can

be learned correctly from DNA.

Theorem 12 (DAG Layering via DNA). Let G be a DAG and D € D™(G). The output of
Algorithm [7 is a valid layering of G.
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Algorithm 7: Learning layering from DNA
Input : DNA set D C D*™(G).

Output: DAG layering L.

1 Sources «— Sinks «— 0; V' «— V:

N

repeat

3 Find the smallest subset S C V’ such that (u,s) € D forallu € V/\ S, s € S, or
(s,v)eD forallveV'\S seS§;

4 In the former case, Sources < [Sources, S|; in the latter case, Sinks « [S, Sinks];
5 V'« V"\S;

6 until V' = 0;

N1

return L = [Sources, Sinks].

4.4.2  Sparsest Permutation with DNA

Let G be a DAG and let 7t be an arbitrary ordering of its vertices. We define G™ = (V, E™)
as the DAG deduced via the following rule:

(n(i), m(j)) e E™ iff i < j and

7t(i), m(j) not d-separated by{m(1),...,n(j — 1)} \ (i) in G. (4.4)

Clearly, G™ = G when 7 is a valid topological ordering of G. We write G™(Q) if we replace
the d-separations with conditional independences in Q.

The Sparsest Permutation (SP) algorithm is a hybrid structure learning method: it
searches through the space of all orderings to minimize the edge count (which plays the
role of a score) of DAGs induced by the orderings via the constraint-based rule ; that
is, it finds

7" = arg min |G™(Q)|.
n

Under the Sparsest Markov Representation condition (SMR) — which requires that for any
G’ that is Markov to P, either |G’| > |G| or G’ is Markov equivalent to G — SP recovers
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the correct Markov equivalence class of G (Raskutti and Uhler, [2018; Solus et al 2021)).
Since SMR is a necessary condition for restricted-faithfulness (Raskutti and Uhler, 2018]),
the correctness of the SP algorithm relies on weaker assumptions than that of PC.

SP can be implemented as a greedy algorithm because starting from any arbitrary order-
ing, there always exists a non-increasing (in number of edges) sequence of DAGs that ends up
in the correct Markov equivalence class (Solus et al.; 2021)). One particularly efficient greedy
approach is the Triangle SP (T'SP), which moves from one ordering to the other by reverting
covered arrows, that is, edges in the form of u — v satisfying pa(v) = pa(v) U {u}. By
repeatedly looking for covered arrow reversals that induce sparser DAGs, TSP will recover
a DAG in the target Markov equivalence class (Solus et al. 2021)).

However, greedy search can be computationally burdensome. With an arbitrary initial-
ization of the ordering, it may need to traverse a long non-increasing sequence of DAGs to
reach the target. Moreover, since all members of a Markov equivalence class are connected
via non-increasing sequences, greedy search may spend steps exploring the same equivalent
class before moving on to a sparser oneE]

From this perspective, incorporating DNA information can be very useful. The two
problem discussed above both can be alleviated by incorporating DNA information. On the
one hand, an order-constraining DNA set reduces the search space and provides better initial
orderings; on the other hand, the layering information learned by Algorithm [7] breaks down
the learning problem into smaller sized problems that are easier to tackle.

Given a valid layering, the true DAGs can be learned by applying SP to the first layer,
then adjust all the lower layers by the first layer and repeat this process until the last layer.
We call this recursive approach the Layered-SP.

The next shows that our modified approach is correct.

2To circumvent the problem of bad initialization and getting stuck in an equivalence class in practice,
Solus et al.| (2021) suggest implementing Greedy TSP with limited search depth d and restarting with
different initialization for » times. These two tricks help circumvent the problem of bad initialization and
getting stuck in equivalence class.
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Algorithm 8: Layered-SP
Input : Constraint-based algorithm A

Output: A topological ordering
1 D « DNA relations learned by Algorithm {| with A;
2 D’ « an order-constraining subset of D obtained by dropping cycle-inducing DNA
relations;

L=(Ly,...,Ly) <« layering deduced from D by Algorithm ;

w

4 Run SP on L; with initialization compatible with D’, and record the output
ordering as 71;
5 forl =2,...,m do
6 L Run SP on L; adjusted for UﬁjLi with initialization compatible with D’, and
record the output ordering as m;
7 W — [Ty, .., TU);

8 return 7t.

Theorem 13 (Layered-SP). Let G be a DAG. Suppose observational data are drawn from a
distribution P that is Markov to G, DNA-faithful with respect to (Qa(P), Qa(P)), and SMR
to G. Then the output of Algorithm[8, denoted 1, satisfied G™ € [G].

The proof above suggests that the sparest ordering can be learned by applying the sparsest

permutation algorithm on each components of the incomplete ordering.

We note that in practice, [Solus et al.| (2021)) suggest implementing Greedy TSP with
limited search depth d and restart with different initialization for » times. These two im-
plementation details help circumvent the problem of bad initialization and getting stuck in
equivalence class. In our algorithm, if we have reasonably informative incomplete orderings,

we can just leave d = oo and r = 1 for more consistent performance.
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Figure 4.5: Algorithmwith level K = 0 discovers u being a sink. When accessing conditional

independencies among others, we can exclude u from the search.

4.4.8 PC algorithm with DNA

As noted before, the PC algorithm learns a CPDAG from conditional independencies given
sets of increasing sizes. In the PC algorithm, we may leverage DNA information by excluding
non-ancestral neighbors in conditional independence tests. When accessing the independence
relation between u and v from the perspective of u in a working skeleton C, instead of

searching for d-separation sets among adj(C, 1), we use the following rule:

o If u #» v, search adj(C,u) \ {w : w 9 u}; otherwise, search adj(C,u) \ {w : w #»
v and w > u}.

In the next lemma we show the correctness of the modifications, and in Figure 4.5 we

present a concrete example.

Lemma 15 (DNA and d-sep). The version of PC with neighborhood search replaced by the

above rule s correct.

It is worth noting that if # ¥ v and v % u, then u and v are non-adjacent in the true
DAG. However, the orientation step of PC requires the d-separator of u,v, and hence we

cannot simply remove the edge u — v without searching and testing.

4.5 Numerical Experiments

We examine the performance of structure learning algorithms augmented by DNA. We gen-

erate 200 random Erdés-Renyi DAGs with p = 10 and expected neighborhood size s from 2
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to 7. For each DAG, we build a linear SEM with coefficients drawn uniformly from +[0.3, 1]

and i.i.d. Gaussian error with variance drawn uniformly from [1, 2].

We first compare the population versions of SP and PC with their DNA-modified ver-
sions. We plug in the conditional independence set Q) (P) = {(i,],S) : |p(i, j|S)| < A} with
A = {1072,1073} where p is the partial correlation. We report the number of conditional
independence tests performed by each method, as well as their recovery rate, which is the
proportion of times that the correct Markov equivalence class is recovered. A higher re-
covery rate under fixed A means the method is less demanding with respect to faithfulness
conditions, and is likely more statistically efficient. The results are shown in Figure 4.6 The
DNA version of both SP and PC have higher recovery rate, showcasing the improvement
on statistical efficiency provided by our proposed algorithms. The number of conditional
independence tests also highlight the computational gains by augmenting SP and PC with
DNA. Notably, even with low learning levels (K = 0), the DNA modifications significantly
reduce the total number of tests performed, especially when the graph is moderately sparse.
Higher learning level (K = 1) provides more improvement, though it can increase the number

of tests in some settings.

We also compare the sample versions of SP, PC and their DNA-modified versions. To
prevent false discoveries in the DNA Algorithm [5] we picked a large threshold for the d-
connection step (A" = 0.2). All other tests in SP and PC were performed at level A = 0.02.
We draw 10000 samples from each SEM and use them to infer the CPDAG. We report
the recovery rate as well as the number of tests performed. As expected, DNA provides
improvement over both SP and PC when the underlying truth is moderately sparse, and
the improvement is more significant for SP. On the other hand, when the underlying true
DAG is sparse, DNA could not provide much improvement, and false discoveries in DNA

may hinder the performance.
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Figure 4.6: Recovery rate (Left) and Number of conditional independence tests (right) of
the population version of SP, PC and their DNA modifications for random ER graphs with
p = 10 nodes, expected neighborhood size s (x-axis), and A = 0.01 (top row) and A = 0.001

(bottom row).
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Figure 4.7: Recovery rate (Left) and Number of conditional independence tests (right) of
the sample version of SP, PC and their DNA modifications performed on n = 10000 samples

from random ER graphs with p = 10 nodes and expected neighborhood size s on x-axis.

4.5.1 DNA Learning with low learning levels

In this section we demonstrate that a large proportion of DNA relations can be learned by
Algorithm [5| with low learning levels. We generate 1000 random Erdds-Renyi or power-law
DAGs, and then run Algorithm [5|at learning level K = 0, 1 with the conditional independence
oracle. We then deduce a layering of G using Algorithm [7, We report the proportion of all
DNA learned and the proportion of edges in G that lie between the learned layers. A high

proportion of inter-layer edges means L is informative about G.

The results are shown in Figure [4.8 It is evident that a large proportion of DNA can
be learned by Algorithm [5| with very early stopping, even if the underlying graphs are large
or dense. For this reason we recommend running Algorithm |5 with small K = (0 or 1).
The results also show that the corresponding layering discovered by Algorithm [7] are most
informative when the true DAGs are not too dense nor too sparse. This is due to the
characterization of Lemma [4] which relies on a conditional independence and a conditional
dependence: if too dense, there are not enough independences; and if too sparse, there are

not enough dependences.
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Figure 4.8: Proportion of DNA learned (left column), and inter-layer edges (right column)
for Algorithm 5| with levels 0 and 1 in random Erdés-Renyi graphs (top row) and power-law

graphs (bottom row) with p = 10 vertices. The x-axis is average-node degree.

4.6 Conclusion

We introduced definite non-ancestral (DNA) relations as intermediate targets of inference
in structure learning. DNA relations can be learned from simple conditional independencies
and lead to computational and statistical gains in DAG structure learning. DNA applications

in graphs with latent variables would be interesting area of future research.
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Chapter 5

LEARNING DIRECTED ACYCLIC GRAPHS FROM PARTIAL
ORDERINGS

5.1 Introduction

Directed acyclic graphs (DAGs) are widely used to capture causal relationships among com-
ponents of complex systems (Spirtes et all 2001} Pearl, 2009; Maathuis et al., 2018). They
also form a foundation for causal discovery and inference (Pearl, [2009). Probabilistic graph-
ical models defined on DAGs, known as Bayesian networks (Pearl, 2009) have thus found
broad applications in various scientific disciplines, from biology (Markowetz and Spang), 2007;
Zhang et al., 2013)) and social sciences (Gupta and Kim), [2008)) to knowledge representation
and machine learning and data mining (Heckerman| [1997)). However, learning the structure
of DAGs from observational data is very challenging, if not impossible. There are two main
reasons for this difficulty. Firstly, it may not be possible to infer the direction of edges from
observational data alone. In fact, unless the model is identifiable (see, e.g., Peters et al.|
2014)), observational data only reveal the structure of the Markov equivalent class of DAGs
(Maathuis et al. 2018), captured by a complete partially directed acyclic graph (CPDAG)
(Andersson et al. [1997)). The second reason is computational: Learning DAGs from obser-
vational data is an NP-complete problem (Chickering, 1996). In fact, while a few polynomial
time algorithms have been proposed for special cases, including sparse graphs (Kalisch and
Biithlmann|, 2007) or identifiable models (Chen et al., [2019; Ghoshal and Honorio|, 2018; [Pe-
ters et al., 2014 Wang and Drton| 2020; Shimizu et all [2006; [Yu et al. [2020), existing

algorithms are not scalable to large-scale problems.

In spite of the many challenges of learning DAGs in general settings, the problem becomes

very manageable if a valid causal ordering among variables is known (Shojaie and Michailidis|,
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oo

Figure 5.1: A directed graph with four nodes.

2010)). In a valid causal ordering for a DAG G with node set V, any node j can appear before
another node k (denoted j < k) only if there is no directed path from k to j. Multiple causal
orderings may exists for a given DAG, as illustrated in the simple example of Figure [5.1]
where both O; = {1 <2 <3 <4} and Oy = {1 < 3 < 2 < 4} are valid causal orderings.

Clearly, a known causal ordering of variables resolves any ambiguities about directions
of edges in a DAG and hence addresses the first source of difficulty in estimation of DAGs
discussed above. However, this knowledge also significantly simplifies the computation: given
a valid causal ordering, DAG learning reduces to a variable selection problem that can be
solved efficiently even in the high-dimensional setting (Shojaie and Michailidis|, 2010), when

the number of variables is much larger than the sample size.

In the simplest case, the idea of |[Shojaie and Michailidis| (2010) is to regress each variable
k on all preceding variables in the ordering, {j : j < k}. While simple and efficient, this
idea, and its extensions (Shojaie et al., 2014)), require a complete (or full) casual ordering
of variables, i.e., a permutation of the list of m variables in DAG G. However, complete
causal orderings are rarely available in practice. To relax this assumption, a few recent
proposals have combined regularization strategies with algorithms that search over the space
of orderings (Raskutti and Uhler, 2018). These algorithms are more efficient than those
which search over the super-exponentially large space of DAGs (Friedman and Koller, 2003).
Nonetheless, the computation for these algorithms remains prohibitive for moderate to large

size problems (Manzour et al.| 2021; Kucukyavuz et al., 2022)).

In this paper, we relax the assumption of Shojaie and Michailidis (2010) and consider
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the setting where a partial causal ordering of variables is known. This scenario—which is
an intermediate between assuming a complete causal ordering and no assumption on causal
ordering—occurs commonly in practice. An important example is the problem of identifying
direct causal effects of multiple exposure variables on multiple outcomes (assuming no un-
measured confounders). More formally, let X = {Xy,...,Xp} and Y = {Y1,...,Y;} denote
the set of p exposure and g outcome variables, respectively. Then, we have a partial order-
ing among X and Y variables, namely, X < Y. But, we do not have any knowledge of the
ordering among X or Y variables themselves. Nonetheless, we are interested in identifying
direct causal effects of exposures X on outcomes Y. This corresponds to learning edges from
Xi,..., Xy to Yy, ..., Y, which would form a bipartite graph.

Estimation of DAGs from partial orderings also arises naturally in the analysis of biolog-
ical systems. For instance, in gene regulatory networks, often the set of transcription factors
are known a priori and they are not expected to be affected by other ‘target’ genes. Similar
to the previous example, here the set of transcription factors, X, appear before the set of
target genes, Y, and the goal is to infer gene regulatory interactions. Similar problems also
occur in integrative genomics, including in eQTL mapping (Ha and Sun, |2020).

Despite its importance and many applications, the problem of learning DAGs from partial
orderings has not been satisfactorily addressed. In particular, as we show in the next section,
various regression-based strategies currently used in applications result in incorrect estimates.
As an alternative to these methods, one can use general DAG learning algorithms, such as
the PC algorithm (Spirtes et al., 2001; Kalisch and Biihlmann, [2007)), to learn the structure
of the CPDAG and then orient the edges between X and Y according to the known partial
ordering. However, such an approach would not utilize the partial ordering to estimate the
edges and is thus inefficient. Finally, the recent proposal of (Wang and Michailidis| |2019)
is also not computationally feasible as it requires a search over all possible orderings of
variables.

To address the need for efficient algorithms for learning DAGs from partial ordering, we

propose a new framework for incorporating the partial ordering information in Section
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after formulating the problem in Section [5.2l We then investigate two popular Bayesian
network models in Section [5.4] and propose consistent algorithms for estimation of high-
dimensional DAGs. To simplify the presentation, the main ideas in these sections are pre-
sented for the special case of two-layer networks and we discuss the more general case of the
algorithm and its extensions in Section [5.5] To the best of our knowledge, this proposal is

the first approach for efficient estimation of DAGs from partial orderings.

Extensive simulations and an application in integrative genomics illustrate the advantages

of the proposed approach.

5.2 Learning Directed Graphs from Partial Orderings

5.2.1 Problem Formulation

Consider a DAG G = (V,E) with the node set V, and the edge set E C V X V. For the
general problem, we assume that V is partitioned into L sets, V1,..., Vr such that for any
¢’ €{1,...,L}, nodes in Vy cannot be parents of nodes in any set Vy, ¢ < {’. Such a partition
defines a layering of G (Manzour et al., 2021), denoted V; < Vo < -+ < V. In fact, a valid
layering can be found for any DAG, even though some Vys may contain a single node. As
such, the notion of layering here is general and we make no assumption on the size of each

set nor the causal ordering of variables in each set Vy or interactions among them, except

that G is a DAG.

To simplify the presentation, we primarily focus on the case of two-layer, or, bipartite,
DAGs, and defer the discussion of more general case to Section [5.51 We denote the nodes in
the first layer, V1 = X = {X1, ..., X, } and those in the second layer, Vo =Y = {Y1,...,Y;}.
In the case of causal inference for multiple outcomes discussed in Section Xy, Xy

represent the ezposure variables, and Y1, ..., Y, represent the outcome variables.

Throughout this paper, we often represent the edges of G using its adjacency matrix O,

which satisfies Aj; = 0 and Aj # 0 if and only if j* € pa;j. For any bipartite DAG with layers
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W— & & O & O ©

(a) full DAG (b) HO (c) HD (d)H

Figure 5.2: Toy example illustrating the problem of estimation of directed graphs from partial
orderings. a) The full DAGG, where the edges in B, defined in ({5.1)), are drawn in light blue,
while the edges in A and C are shown in light gray. Here the true causal relations are linear
and the goal is to estimate the bipartite graph H defined by edges X; — Y; and X5 — Y5;
b) Estimate of H using H® in (5-2), obtained by regressing each Y;, j = 1,2 on {Xi, Xa}
using a linear model with n = 1000 observations, and drawing an edge if the corresponding
coefficient is significant at a = 0.05 significance level; ¢) estimate of H using HD) in
obtained by regressing each Yj, j = 1,2 on {Xy, X2, Y_;} using a linear regression similar to

(b); d) estimate of H obtained using the proposed approach.

Vi and Vi (V] < Vi), we can then partition © into the following block matrix
A O
0= , (5.1)

where the zero constraint on the upper right block of ® follows from the partial ordering. Here
A and C contain the information on the edges amongst Xy, k =1,...pand Y;,j=1,...q,
respectively. Both of these matrices can be written as lower-triangular matrices (Shojaie and
Michailidis, 2010). However, there are generally no constraints on the entries of B. We denote
by H the subgraph of G containing edges from Xys to Yjs only, i.e. those corresponding to
entries in B. Our goal is to estimate H using the fact that V| < V5.

Figure shows a simple example of a two-layer DAG G with two layers consisting of

p = g = 2 nodes. This example illustrates the difference between full causal orderings of
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variables in a DAG and partial causal orderings: In this case, the graph admits two full causal
orderings, namely O; = {X1, X2, Y1, Yo} and Oy = {Xy, Y1, X2, Ya}; either of these orderings
can be used to correctly discover the structure of the graph. Here, the partial ordering of the
variables defined by the layering of the graph to sets X and Y, i.e., X <Y, can be written
as O = {{X1, X2}, {Y1, Y2}}. This ordering determines that X;s should appear before Yis
in the causal ordering but does not restrict the ordering of {Xi, Xo} and {Y3,Ys}. In this
example, only Oj is consistent with the partial ordering O’. However, O’ is also consistent

with {Xs, X1, Y5, Y1}, which is not a valid causal ordering of G.

5.2.2  Failure of Simple Algorithms

In this section, we discuss the challenges of estimating the graph H and this problem cannot
be solved using simple approaches.

Since the partial ordering of nodes, V| < Vs, provides information about direction of
causality between the two layers of the network, we focus on simple constraint-based methods
(Spirtes et al., 2001), which learn the network edges based on conditional independence
relationships among nodes. This requires conditional independence relations among variables
to be compatible with the edges in G; formally, the joint probability distribution # needs to
be faithful to G (Spirtes et all [2001). (As discussed in Section [5.4] our algorithm requires
a weaker notion of faithfulness; however, for simplicity, we consider the classical notion of
faithfulness in this section.)

Given the partial ordering of variables—which means that Y;s cannot be parents of Xjs—
one approach for estimating the bipartite graph H is to draw an edge from Xj to Y; whenever
Y; is dependent on X given all other nodes in the first layer, X_ = {Xj, k” # k}. Formally,

denoting by Y; L Xy the conditional independence of two variables Y; and Xj, we define
HO = {(k - j): i Xi | Xk}, (5.2)

to emphasize that the estimate is obtained without conditioning on Yj» # ;.

Figure [5.2b shows the estimated H® in the setting where true causal relationships are
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linear. In this setting, the edges of H represent nonzero coefficients in linear regressions of
each Yj on its parents in G, pa;. It can be seen that, in this example, the true causal effects
from Xjs to Yjs are in fact captured in H ©): these are shown in solid blue lines in Figure .
However, this simple example suggests that H® may include spurious edges, shown by red

dashed edges in the figure. The next lemma formalizes and generalizes this finding.

Lemma 16. Assume that P is faithful with respect to G. Let HO) be the directed bipartite
graph defined in (5.2)). Then, if {X1,...Xp} <{Y1,... Y5},

i) Xk > Y € HO whenever X — Y, €G;

i) for any path of the form Xy, — Yj, — -+ = Yj; such that Xy, — Yj, € G, HO il

include a false positive edge Xi, — Yj,.

Lemma (16 suggests that if G includes edges among Y¥;s, failing to condition on Xjs can
result in falsely detected causal effects from Xis to Yjs. Thus, one may consider an estimator
that corrects for both X_x and Y-; when trying to detect the casual effects of Xy on Yj, or
in other words, declaring an edge from Xy to Yj whenever Y; L X | {X_x, Y-; }. We denote

the resulting estimate of H as H™/). In other words,
HED = {(k = 7)Y UX, | X UY ). (5.3)

Unfortunately, as Figure [5.2c shows, estimation based on this model may also include
false positive edges. As the next lemma clarifies, the false positive edges in this case are due
to the conditioning on common descendants of a pair of X and Y; that are not connected

in G, which is sometimes referred to as Berkson’s Paradox (Pearl, [2009)).

Lemma 17. Assume that P is faithful with respect to G, and let H™1 be the directed
bipartite graph defined in H=D. Then, if {X4, ... ,Xgt < {1, ... Yy}, for any Xx — Y; € G,
Xp > Yj € HED. Moreover, for any triplets of nodes Xko, Yjy and Y}, that form an open
collider in G (Pearl, |12009), i.e.
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- Xko — le — on
- Xko -+ Y]’o

HED will include a false positive edge from Xk to Yjy.

Remark 2. Examining the proofs of Lemmas and if C =0 dn (5.1), then HO =
HD = H. In other words, if G does not include any edges among Yis, then both H® and

HED provide valid estimates of H.

While false positive edges in H® are caused by failing to condition on necessary variables,
the false positive edges in H/) are caused by conditioning on extra variables that are not
part of the correct causal order of variables. More generally, the partial ordering of nodes
does not lead to a simple estimator that correctly identifies direct causal effects of covariates,
Xk (k=1,...,q), onoutcomes, Yj(j =1,...,p). Of course, given an ideal test of conditional
independence, we can estimate H by first learning the skeleton of G, using e.g. the PC
Algorithm (Kalisch and Bithlmann| 2007), and then orienting the edges in H according to
the partial ordering of nodes. However, such an algorithm uses the ordering information in
a post hoc way, in the sense that the information is not utilized to learn the edges in H.

Building on the above findings, we next present a general framework for utilizing the

partial ordering of variables, V; < V5, when learning the graph H.

5.3 Incorporating Partial Orderings into DAG Learning

5.3.1 A new framework

In this section, we propose a new framework for estimating DAGs from partial orderings.
The proposed approach is motivated by two key observations in Lemmas [16| and First,
the graphs H®OY and H-) include all true causal relationships from nodes Xy, k =1,...,p
in the first layer to nodes Y;,j = 1,...,q in the second layer. Second, both graphs may
also include additional edges; H? due to not conditioning on parents of Yj, and H =/ due to

conditioning on common children of X and Y;j.
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Let S](.O) ={k: (k- j) € HO} and S](._j) = {k : (k = j) € H-)}. The next lemma,
which is a direct consequence of Lemma [16] and [I7], characterizes the intersection of these

two sets.

Lemma 18. Let G be a graph admitting the partial ordering X < Y. Then for any j € Y,
and k € S;O) N S;_j), either k € pal(j), or k satisfies the following

e There exists a path k — j — -+ — jwith j’ € Y; and
e chj Nchg # 0.

Proof. This is a direct consequence of Lemma [16] and [17] m|

Lemma |18 implies that even though H](O) N H](_j ) may contain more edges than the true
edges in H, these additional edges must be in some special configuration. For each j € Y, our
approach evaluates the edges in S;O) ﬂS;_j ) to identify the additional edges in an efficient way.
Let k € S](.O)HSE_]' ) and (k — j) € H. Suppose, for simplicity, that conditional independencies
are faithful to the graph G. Then, there must be some set of variables Z ¢ X U Y such
that X; 1 Yj|Z. In general, to find such a set of variables, we will need to search among
subsets of X and Y. However, utilizing the partial ordering, we can significantly reduce the
complexity of this search. Specifically, we can restrict the search to the conditional Markov

blankets, introduced next for general DAGs.

Definition 11 (Conditional Markov Blanket). Let v € V and U C V \ v be arbitrary nodes
and subsets in a DAG G. The conditional Markov blanket of v given U, denoted cmby(v),
s the smallest set of nodes such that for any other set of nodes W C V,

P{v | ecmby(v), U, W} =P{v | cmby(v),U}. (5.4)

The key idea in our framework is that by limiting the search to the conditional Markov
blankets, given the nodes in the previous layer, we can significantly reduce the search space

and the size of conditioning sets. Moreover, the conditional Markov blanket can be easily
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Algorithm 9: Learning between-layer edges from Partial Orderings

Input : Observations from random variables X, ., and Y1, g4,
Output: A set of edges EX_,y
/* Screening loop

1 for j € Y do
2 L Infer S;O), Sﬁ_]’), and cmbyx(j);

w

E{(kj):jey kes” s}
/* Searching loop

for {=0,1,... do

5 | for (j,k) € E do

’ for T € emby(j), |T| = ¢ do
7 L if Xp AL leXs

I

Ons (K}

8 if No edge can be removed then break;

9 return E.

U Yr then Remove (k, j) and break;

inferred alongside with H(® and H/). Together with the observations in Lemmas|16{and ,

especially the fact that conditioning on the nodes in the previous layer does not remove true

causal edges, these reductions lead to improvements in both computational and statistical

efficiency.

The new framework is summarized in Algorithm [9] In next section, we will show that

that to learn the edges between any node in X and a node in Y, it suffices to search over

subsets of the conditional Markov blanket of nodes in V.

5.8.2  Graph Identification Using the Conditional Markov Blanket

The next lemma characterizes some key properties of the conditional Markov blanket. These

properties enable learning the graph H using the conditional Markov blanket. Specifically,
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we show that if a distribution satisfy the intersection property of conditional independence,
ie., X 1L A|BUC,X AL BJAUC = X 1 A, B|UC, then all Markov blankets and conditional
Markov blankets are unique. The proof is left to the Appendix.

Lemma 19. Let V be a set of random wvariables with joint distribution P. Suppose the
intersection property of conditional independence holds in P. Then, for any variable v € V,
there exists a unique minimal Markov blanket mb(v). Moreover, for any U C V \ v, ecmby(v)

is also uniquely defined and cmby(v) = mb(v) \ U.

We next define the faithfulness assumption needed for correct causal discovery from
partial ordering. This assumption is trivially weaker than the general notion of strong

faithfulness (Zhang and Spirtes, [2002)).

Definition 12 (Layering-adjacency-faithfulness). Let X < Y be a layering of random vari-
ables V' with joint distribution P. We say P is layering-adjacency-faithful to a DAG G with
respect to the layering X < Y if for allk € X and j € Y, if k — j € G, then Xy and Y]
are (i) dependent conditional on X \ {k} and (ii) dependent conditional on X_x UT for any
Tcy,

Our main result, given below, describes how conditional Markov blankets can be used to
effectively incorporate the knowledge of partial ordering into DAG learning and reduce the

computational cost of learning causal effects of Xis on Y;s.

Theorem 14. For a probability distribution that is Markov and layering-adjacency-faithful

with respect to G, a pair of nodes k € X and j € Y are non-neighbor in G if and only if there

exist a set T C cmby(j) such that Xi AL Yj|X S(O)ms(—]‘))\k U Yr. Consequently, Algom'thmﬁ
j j

correctly identifies direct causal effects of Xgs on Yjs.

Theorem [14] shows that Algorithm @Fi.e., taking the intersection of H® and H") and

then searching within conditional Markov blankets to remove additional edges—recovers the

correct bipartite DAG H. Next, we show that instead of inferring H® and H/) separately
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and taking the interception, we can use H(® to infer H® N HC), since the algorithm only
relies on S;O) N S;._j ) and cmby(j) for each j € Y. More specifically, the next lemma shows
that given S;O), we can learn S;O) ﬂSj._j ) and cmbx (j) without having to learn Sﬁ_j ) separately.
This implies that Algorithm [9] does not require learning the unconditional Markov blankets,
but instead only the conditional Markov blankets.

Lemma 20. The followings hold for each j € Y :
. s](.‘” = (ke X : X L Yi|X 1),
(0) =7 _ (O : .
. S]. N S]. ={k e S]. s Xk A Y]|XS}0)\k Uy},
e cnbx(j)={feY ;Y L Y4|XS(0) NY (ot
j

Lemma [20| characterises the conditional dependencies of the sets used in Algorithm[9] For
instance, using these characterizations, we can cast the set inference problems in Algorithm [J)

as variable selection problems in general regression settings. In particular, defining
1
S]( ):{ZEXSEO)UM_]- % AL Z |XS§O)Uy_]'\Z}, (5.5)

S](.O) and S;l) can be seen as selecting the relevant variables when regressing Y; onto X and
/\’55_0) U Y_;, respectively. Note that S;l) NX = S;O) N S](._j) and S;l) NY = cmbx(j). In other
words, the two sets used in Algorithm @ can be deduced from S](.l).

There are multiple benefits to directly inferring H® N H-/)—i.e., by estimating S;O) and
S](.l)—instead of separately inferring H® and H=/)). First, the graph H"/) could be hard to
estimate in high-dimensional settings, as learning H™7) requires performing tests conditioned
on p +q —2 variables. In contrast, using , we only perform tests conditioning on at most
max(p — 1, max; |S§0)| +q —2) variables. Moreover, the target H® N H/ is often sparse (see
Lemma and can thus be efficiently learned in high-dimensional settings. In an extreme

example, suppose each node in X has exactly one outgoing edge into M, and the nodes in Y
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have a common child. Then, H"? is fully connected and hard to learn, whereas H® n H(-/)
only has p edges.

The second advantage of directly inferring H® N H-/) is that, by using the conditional
dependence formulation of sets as in Lemma , we can show that even if the sets $© and
S](.l) (consequently, S](.O) N S](._j ) and cmbx(j)) are not inferred exactly, the algorithm is still

correct as long as no false negative errors are made.

Lemma 21. Algom'thm@ recovers ezxactly the truth DAG H if S](.O) and S;l) are replaced with

their arbitrary supersets.

In the next section, we discuss specific algorithms for learning direct casual effects of Xjs
on Yjs. These algorithms utilize the fact that given the partial ordering of nodes in G, the
conditional Markov blanket of each node Y;j can be found efficiently by testing for conditional
dependence of Y; and Yj/,j” # j after adjusting for the effect of the nodes in the first layer,
X. For instance, in the context of linear SEMs, this can be achieved efficiently by using
(penalized) regressions. Alternatively, assuming multivariate normality, this can be achieved
using the approach of [Yin and Li (2011). The Gaussian copula transformation of Liu et al.
(2009, 2012) and Xue and Zou (2012), can also be used to extend the applicability of the
proposed approach to non-Gaussian distribution. In all of the above cases, existing results
on variable selection consistency of network estimation methods can be coupled with a proof
similar to that of PC Algorithm (Kalisch and Biithlmann, [2007) to establish consistency of the
sample version of the proposed algorithm for learning high dimensional DAGs from partial

orderings.
5.4 Learning High-Dimensional DAGs from Partial Orderings

Coupled with a consistent test of conditional independence, the general framework of Sec-
tion can be used to learn DAGs from any faithful probability distribution. This involves
two main tasks for each for j € Y: (a) obtaining a consistent estimate of the set of relevant

variables, 5;0), and (b) obtaining a consistent estimate of the conditional Markov blanket,
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cmbx(j) and the conditioning set in top layer, S;O) N Sﬁ_j). By Lemma , this task is
equivalent to learning S;l) in (|5.5)).

In this section, we propose efficient algorithms for two commonly-used families of proba-
bility distributions defined based on linear and additive structural equation models (SEMs).
Suppose, without loss of generality, that the observed random vector W = (Wi, ..., W,4,) is
centered. In a structural equation model, W then solves an equation system W; = f]'(Wpaj, &)
for j=1,...,p +q, where ¢; are independent random variables with mean zero and f]-s are
unknown functions. A special family is the additive SEMs, also called Causal additive models
(CAM), which can be written as

Wi= > fuWi)+ei  j=1...,p+q. (5.6)
kepa,
If, in addition, each fjx is linear, then it is called a linear SEM,
W; = Zﬁijk+e]', j=1,...,p+q. (5.7)
kepa,

For these families, we propose statistically and computationally efficient procedures for

estimating the sets S;O) and S;l) for all j € Y. We will also discuss how these procedures can

be applied in high-dimensional settings, when p, g > n.

5.4.1 Linear Structural Equation Models

Now we propose a concrete learning algorithm for data generated by linear structural equa-
tion models (SEMs) with Gaussian errors. In other words, we assume that the considered
joint distribution P is that of a random vector M that satisfies (5.1]). We write

(x v)= 4 (x v)+e

B

The vector ¢ is comprised of independent random variables independent of X and Y.
In this section, we show that with good estimators for S;O) and S§l), as well as consistent

test of conditional independence, Algorithm [J] is consistent even in high dimensions. For
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convenience, we call the first part of the algorithm the screening loop and the second part
the searching loop.

We first show that whenever the screening loop is successful—that is, when it returns a su-
pergraph of H—the searching loop can consistently recover the truth. Given the multivariate-
Gaussian observed data, the most direct way to test if disjoint sets T, U, Z satisfy U AL T|Z is
to estimate the sample partial correlation p(U, T|Z) and reject the hypothesis of conditional
independence when |p(U, T|Z)| > & for some suitable threshold £. Consider the standard

assumptions from PC theory below.

Assumption 7 (Graphical Model). The distribution of (X, Y) is multivariate Gaussian and
layering-adjacency-faithful to G.

Assumption 8 (Maximum reach level). Suppose that there exists some 0 < b < 1 such that

Iy = maxjey ladi(j) N Y| = O(m' ™) and m, = maxjey 15?87 = O(m'?).

Assumption 9 (Dimensions). The dimensions p, q satisfies pqg™ ™+t = O(exp(con®)) for

some( <cp<ooand) <k <1.

Assumption 10 (A-strong-Layering-adjacency-Faithfulness). The partial correlations sat-
1sfy

inf Y, X UX_p)|: p(Y;, X UX_ 0} > c,,
jey,ke)l(l,ngy\{j}{lp(] Kl Yr Kl p(Yj, XelYr ¥) £ 0} >cy,

sup {lp(Y;, Xkl Yr UX ()} < M <1 for some M,
jeY keX, TCY\{j}

where c;' = O(n*) for some 0 < d < %min(b, 1 —«x) and x is defined in Assumption E
The next result establishes the consistency of the searching step.

Theorem 15 (Searching step using partial correlation). Suppose Assumption hold.
Let the event A (§(0),§(1)) = {V] ey §§O) 2 S;O),gj(.l) 2 S;l), |§§O> N §;1)| < n} denote the
success of the screening step. Then, there exists some sequence of thresholds a, — 0 as
n — oo such that the output H of Algom'thm@ with test of partial correlation in search loop
satisfies

P {ﬁ = H|&Z{ (§(0)’ §(1))} =1- O(exp(—Cnl_Qd)),
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The theorem above shows that the searching loop returns correct graph as long as the
screening loop makes no type-II errors. Next, we discuss the screening steps, namely, the
estimation problem for $© and S, We first demonstrate a screening guarantee for low-

dimensional problems.

Proposition 1 (Screening with partial correlations). Suppose Assumption holds and
n > p+q. Then, with S\ = {k € X : |p(j, kIX-0)| > ¢u/2} and S = {Z € X0 VY. :
j

(Y Z1Xg0 U Y-\ Z)| > cu/2}, it holds that B {A (80, 51)} =1 - Ofexp(~Cn'-24)).
]

In large graphs, learning S© and S using partial correlations might be challenging.
Inspired by Lemma [20, we can treat the screening problem as selecting non-zero regression
coefficients from a linear regression model. (See Lemmal[27}) A screening process is successful,
i.e., the event A (§(0)’ §(1)) is true, if we use some estimator satisfies a screen property, that
is, it selects a superset of relevant variables.

One simple way to screen relevant variables is Sure Independence Screening (SIS, Fan
and Lv, 2008]). SIS selects the set of variables with largest marginal information at a give

threshold t. Specifically, we define the SIS estimators

A](OS)IS(t) = {variables corresponding to the [tn] largest of all XTY;}
Aj(ls)ls(t) = {variables corresponding to the [tn] largest of all (Xgo, U Y)Y}

The following result follows directly from [Fan and Lv| (2008).

Proposition 2. Suppose Assumptions [H{1( hold with x < 1 —2d. Suppose the mazimum
eigenvalue of (X U Y) is lower bounded by cn®. If 2d + & < 1 then there exists some

6 <1—2d — & such that when t ~ cn™® with ¢ > 0, we have for some C > 0,

[ (A(S?S(t) SIS(t))]:1—O(exp(—Cn1_2d/logn))
5 and 5
]

Alternatively, we can select the sets and

A(. ),j € Y can be found as

using two penalized regressions. For

instance, using the lasso penalty, S

—~ . 0 0 =~
7 = argmin —[1¥; = y X2 + AL 11, 5O = {k: £ 0}.
yERp_l 271 ]
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Similarly, S1) can also be learned using a lasso regression on a different set of variables,
6)(5) = argmin 1Y = 07[Xs, Y113+ AVNO) I, S = [k 8 E”) % o}
OeRISI+a-1
Using either approach, the screening step can be completed successfully under milder
conditions in comparison to those needed for consistent variable selection. This is primarily
because, the additional assumption required for the screening step is implied by the faith-
fulness assumption in the searching loop. We can obtain the following result for screening

in high dimensions.

Proposition 3 (Screening with lasso). Suppose Assumption @ @ @ and hold. Also
assume that the minimal eigenvalue of Cov(X U Y) is larger than some constant T'iin,
and there exists some M > 0 such that Var(ZIX U Y \ Z) > M for all Z € X U Y.
Assume s, = max; |mb(j)] = O(n'™") and the rate parameters satisfies k < min(a, b).

Then lasso estimators with penalization level lower bounded with /\510) =< 4/2logp/n and
AS) = +/2log(p + q)/n satisfies P {ﬂ (§(0)’§(1))} — 1.

Together with Proposition [T, Proposition [2] or Proposition [3] Theorem [I5] establishes the
consistency of Algorithm [J] for linear Gaussian SEMs, in low- and high- dimensional settings.

In this paper we only provided a simple version of Algorithm [0 for linear Gaussian SEMs,
These result can be extended to sub-Gaussian setting (Harris and Drton, 2013). Moreover,
many other regularization methods can be used for screening instead of the lasso. The only
requirement is the method is screening-consistent. Finally, inference-based procedures, such
as debiased lasso (Zhang and Zhang, [2014; Geer et al. 2014; Javanmard and Montanari,

2014)) can also fulfill the requirement of our screening step.

5.4.2  Causal Additive Models

As our second example, we consider causal additive models, that is, SEMs that are jointly
additive in the form of (5.6). Like the linear SEM in the previous section, we will discuss

the searching and screening steps separately.
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For the searching step, we can use a general test of conditional independence. Here,
we adopt the framework of |(Chakraborty and Shojaie (2022)), based on conditional distance
covariance (CdCov). Let two vectors T € R* and U € R?, their CdCov given Z is defined as

1/ |fruiz(t, s) = friz(t) fujz(s)I?
Ra+b '

CaCb [ Pad Bl P

CdCov(T, U|Z) =

We define p*(T, U|Z) = E [CdCov(T, U|Z)]. It is easy to see that p*(T,U|Z) =0 < T 1L
ujz.

Let Ky(w) = |H|"'K(H 'w) be some kernel function where H is the diagonal matrix
determined by bandwidth & and denote Kj, = Kg(Z; — Z,)). We also write diT]. = |IT; = Tjlla
and dZ.L].I = ||U; = Ujllp. Define djjx; = (d£ + dzl - d;trk - d]Tl)(dlL]I + dlgl — dl.L,I( — d]LlI) and the
symmetric form del = dijx1 + dijix + dijkj, We can use a plug-in estimate for p*(T, U|Z):
KiquuKkuKlu S
12(X 1 Kt T

. BN
p(T,U|Z) := - Z Aij k1 where Ak 1y := Z
],[:1 i,j,k,l

Following the derivation of Theorem 3.3 in (Chakraborty and Shojaie| (2022]), we obtain the

following result.

Proposition 4 (Searching with CdCov test). Suppose Assumption @ and@ holds with k <
1/4. Assume there exists so > 0 such that for all 0 < s < sg, maxwexuy E[{] exp(sW?)} <
0o, and the kernel function K(-) used to compute p is non-negative and uniformly bounded
over its support. Assume in addition the faithfulness condition that there exists some ¢, such

that

jey,kg)l(f,Tgy,j{lp (j, k|Yr U X_p)| : p*(j, k|Yr U X_k) # 0} > ¢,

where c;' = O(n?) with d < % — %K, then condition on ﬂ(§(0)’5(1))7 the searching loop
in Algorithm [ using test of CACOV returns the correct edge set with probability at least
1 = O(exp(=n'=27724)) — O(exp(-n7)).

Next we discuss the screening step for nonlinear SEM models. We consider the family of

. T . . . .
functions fbfv)(xu) = W,ufuv, where W, is a n X r matrix whose columns are basis functions
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used to model the additive components f,,, and B,y is a r-vector containing the associated
effects. We write ¢t as the t-th coefficient in ®,,. We denote Ws as the concatenated
basis functions in {Wy, : u € S}. Denote Xg g = (n'l\I/g\I’S).

In this model k has no direct causal effect on j if and only if fix = 0. Under some
regularity conditions, there exists a truncation parameter r large enough such that f,, =
0 flfg) =0 Bup =10,...,0]" for all u and v. In high-dimensional problems, we estimate
the coefficients with 1 /f5 norm penalization. Concretely, fix a node u € V, we can estimate

optimize the following problem

51" = {kf“—O.ﬂ”—a@mmnY }]mmmF+A§]mmmm%

{fithexeF ) leX leX

3\;1) = f](kr) =0: f(r) argmin  [|Yj — Z FitWoll;

: (r)
{f]l}lexg(o) uy_j S l€X§(0) nyj

A Wl

leX50)VY-;
where the group lasso joint penalization groups the 7 smoothing basis of each variable. Note
that this estimator is similar to SPACEJAM (Voorman et al., [2014) with edges disagreeing
with the layering information hard-coded as zero. The following results relies on the general

error computation in Haris et al. (2019). A similar result can be found in [Tan and Zhang
(2019).

First we need to assume some smoothness assumption on the basis approximation.

Assumption 11 (Truncated basis). Suppose there exists r = O(1) such that {fu} are
sufficiently sooth in the sense that

A () = fua(xa)] = Op(1/7")
uniformly for allu,v € V for some t € N.

Next we assume two standard conditions for GAMs. We note that the compatibility

condition maybe shown for random design, but for simplicity we just assume the conditions.
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Assumption 12 (Compatibility). Suppose there exists some compatibility constant ¢ > 0
such that if for all j € Y and all functions in the form offj(r)(x) = Yrex f].(kr)(xk) that satisfy

s < 33, ol N, it holds that
] ]

DI < 1A INISP o,

keS](.O)

for some norm ||-||.
Also assume for all j € Y and all functions in the form of f].(r)(x) = ZkeXuy_j f].(,:)(wk)

that satisfy ZkeXuy,j\S(.“”fj(I:)”” <3 Zkes(D”fk(r)”n; it holds that
] ]

DI < 1A IIS o,

keS](.l)

Assumption 13 (GAM screening). Denote Smax = Maxjcy MaXie(o,1) |S§i)| and suppose

Smax = 0(n/log(p + q)). Let A < 4/log(p + q)/n. Suppose

1 +
min min min || f;"]| = Q(Smaxm).
ueV ie{0,1} ves;i) n

Let f; be an arbitrary function such that Y7, fi(xu,i) = 0. Suppose there exists some
constant M* satisfying M* = O(|S;1)|A/¢)2) such that f, € 7:15211 if and only if || fu — filln <
M*. Further suppose that &(f;) = O(SmaxA?/P?) for all u, k.

Proposition 5 (Screening with GAM). Suppose Assumption hold. Then withn — oo,
p+q= O(n®) for some & > 0, and the penalty level stated in Assumption 8, the resulting
undirected graph from the screening loop of Algorithm[9 is a supergraph of H.

Propositions [5] and [4] establish the consistency of the proposed framework in Algorithm [9)
for learning DAGs from joint-additive models, facilitating causal structure learning for a

expressive family of distributions.
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5.5 Extensions and Other Considerations

5.5.1 Learning Edges within Layers

In the previous sections we focused on the problem of learning edges between the layers X and
Y. In particular, Algorithm [9] provides a framework that first finds a set that contains just
a little bit more than all the true edges, and then use a search loop to remove the additional
edges. The same idea can be applied to learning edges within the variables Y: As suggested
by Lemma for each j € Y, all of its adjacent nodes are contained in S;l). This suggests
that we can learn edges in M by simply modifying Algorithm [9] to run the search loop on
{(k,j) : k € S;l),j € Y} instead of only on those between X and Y. After recovering the
skeleton, edges among Y can be oriented using Meek’s orientation rules Meek! (1995). Given
correct d-separators and skeleton, the rules can orient as many edges as possible without
making mistake.

In order to successfully recover within layer edges from observational data, we need to
assume faithfulness among these edges. Following Ramsey et al.| (2006), we characterize the
faithfulness condition required to learn DAG via constraint-based algorithm as two parts:
(a) adjacency faithfulness, which means that neighboring nodes are not associated with
conditional independence; and (b) orientation faithfulness, which means that v-structures
can be identified by exclusion of common child in separator. The orientation faithfulness can

be defined in our context as follows.

Assumption 14 (Within-layer-faithfulness). Assume that for all adjacent pair j,i € M, it
holds that Y; L Y;|XUT for any set T C Y\{i,j}. Also assume that for any unshielded triple
(,j, k) with j e M, if t = j « k then the variables corresponding to £ and k are dependent
given any subset of X UMY \ {{, k} that contains j; otherwise the variables corresponding to

¢ and k are dependent given any subset of X UMY \ {{, k} that does not contains j.

To describe the graphical object learned by the new framework, we need to introduce a

new notion of equivalence, as with known partial ordering, the Markov equivalent class of
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DAGs can be reduced. For example, if among three variables X;, X2, X3, the only conditional
independent relation is X; A X3|Xo, but we know X; < {X3, X3}, then the edge Xo — X3
is identifiable. We define partial-ordering-Markov-equivalence simply as Markov equivalence
restricted to partial ordering. This equivalent class can be represented by a maximally
oriented partial DAG (maximal PDAG, [Perkovic et al., 2018)). With this notion, we can
describe the target of learning of within- and between-layer edges as learning the maximal

PDAG of the true G given the background information X < Y.

Lemma 22 (within-layer nodes). Suppose the conditions for Theorem and Assumption
hold. Then, Algorithm [§ with an additional orientation step by Meek’s rules recovers the
mazimal PDAG of G given the background information X < Y.

Proof. The proof is identical to that of Theorem [14] The only additional piece needed for
successful recovery of PDAG is the orientation step. The known partial ordering is a form of

background knowledge of edge orientation, which, combined with Meek’s rules of orientation,

returns the maximal PDAG (see Meek, (1995, Problem (D)). m]

5.5.2  Directed Graphs with Multiple Layers

The theory and algorithm developed in Section [5.4]can be extended to scenarios with multiple
layers. To facilitate this discussions, we introduce a general representation of the problem.
Suppose V is a random vector following some distribution Markov to a graph G = (V, E).
Suppose G admits a partial-ordering O = {V; < ... < V,} where V = U%zlw. Parallel to

the notation in 2-layer case, we define, for each j € Vy, 1 < ¢ <L,

S0 0 if jeV
! {k € Uf;llVi Vi ALV (Uf;llVi) \ {k}} otherwise
st = {k eVe\{j}: Vi L Vj|Vyo U Vi \ {k,j}}
]

The following lemma is an extension of Lemma
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Lemma 23. Let G be a graph admitting the partial ordering O = {V1 < ... < Vp}. The

following holds:

e ForeachjeVy, 2<{<r, anodekE€ S;O) N S](.l) if and only if (k,j) € G or(k,j) ¢ G
but there exists a path k — j* — --- — j with j* € Vy and ch(j) N ch(k) NV # 0.

k ¢ adj(G,j) but ch(j) Nch(k) NVy # 0.

e For each j € Vy, 1 < € < r, a node k € S;l) N Vy if and only if k € adj(G,j) or

Proof. The first statement follows directly from Lemma (treating Uf;llVi as X and Vy as
Y). The second statement follows from Lemma |19 that S;l) N Ve =mb(j) NV,. O

The above lemma suggests a general framework for utilizing any layering-information
to facilitate DAG learning. The multi-layer version of the algorithm is presented as Algo-
rithm

The faithfulness condition required for the success of this framework is given below.

Assumption 15 (Layering-faithfulness). For a graph G = (V, E) admitting a partial-ordering
O ={Vy <... <V}, we say a distribution P is layering faithful to G with respect to O if
the followings hold:

e Adjacency faithfulness: For all non-adjacent pair j, k with j € Vo, k € Vpr, £ > ¥,

e Orientation faithfulness: For all unshielded triples (¢, j, k) such that j, k are in the
same layer Vs and € is in some previous layer, if the configuration of the path (¢, ], k) is
t — j — k then Wg L Wi[WrU{j} for all T C UI_ Vi\{{, k}, otherwise Wy JL Wi|Wr
forall T CUI_ Vi\{{,k,j}.

We note that orientation faithfulness is only needed for triplets when at least two of
the three nodes are in the same layer. This is because otherwise the orientation is already

implied by partial ordering.
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Algorithm 10: DAG learning from Partial Orderings
Input : Observations from random variables W

Partial Ordering O = {V; < ... <V,} where V = U!_|V;
Output: A estimated edge set of G
for j € V do Infer S;O) and S;l) ;

=

N

Ebetween — {(k,]) :2<0 < r,]' eVy, ke 550) N Sj(l)}’

w

Evithin = {(k, j): 1< <r,jeVy ke Ve
ford =0,1,... do
5 for { =0,1,...,r do

'

6 for (k/ ]) € Ebetween U Ewithin; ] € Vi do
7 mrT§$DQWJﬂ=ddo
8 L if Vi 1L lev(sj,o)msf))uT\{k} then Remove (k, j) and break;

9 if No edge can be removed then break;

10 Orient all edges in Ebetween by O, then apply Meek’s rules to orient edges in Ewithin;

11 return Eyetween U Ewithin-

Theorem 16. Under Assumption the population version of Algorithm recovers the
mazimal PDAG of G.

Proof. By Lemma [23] the result of screening step is a superset of the edges in G. Under the
adjacency faithfulness assumption, all conditional independencies checked by the algorithm
corresponds to d-separation and therefore the correct skeleton is recovered. Finally, given

correct d-sepration relations, the orientation rules are complete and maximal Perkovic et al.

(2018). O
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5.5.83  Weaker notions of Partial-Ordering

We note that Algorithm [10|can be successful even if ordering information is not available for
some variables. The idea of using a screening loop and a search loop to reduce computational
burden can be generally applied. In general, suppose that for every variable j € V there
exist a set W].< < j and W].> > j, then we slightly modify the construction of S and sM:

for each j € Vy,
0 ._ .
5 = {k € W= Vi V)W \ {k}}
sﬁ” = {k e V(W UW U{j}): Vi & Vj[Vio U (V \(WSUW U {j,k}))}
]

It is easy to see that Lemma [23| hold with this generalized notion too.

Specifically, this means that Algorithm can also handle the setting in which V can
be partitioned into disjoint sets Vi,...,V,,V’, such that Vi < V... <V, and V’ contains
nodes with no partial ordering information. This situation can arise in experimental settings
where we have layered experiment design (Vi, ..., V,—1) and outcome (V,) variables, as well

as demographic variable (V’) which are ambiguous in the causal ordering.
5.6 Numerical Experiments

5.6.1 Simulation Studies

In this section we compare our proposed method Algorithm [I0] referred to as PODAG,
with the PC algorithm. We also include a modified version of PC that utilizes the partial
ordering information. In PC, with a pair of nodes j, k and a working skeleton C, we checks
all subsets of size £ among the neighbors adj(C, j) (or adj(C, k)); in PC+, if j > k, then we
exclude the neighbors that are non-ancestral to {j, k} and only check subsets subsets among
adj(C,j)N{i: i <k} (or adj(C, k)n{i:i < k}). It is a well-known fact that d-separators do
not have to include non-ancestral nodes, that is, if S is a d-separator for j, k, then SNan(j, k)
is also a d-separator. Consequently, the population version of PC+ is correct given a valid

partial ordering.
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Faithfulness condition

In this study we look at the minimal absolute value of partial correlations checked by the
different algorithms. For a constraint-based structure learning method that tests condition

independencies in the collection of tuples £, we define

Prnin(L) = {j,glg?eL{|p(]lk|S)l : p(j, k|S) # 0}.

This quantity can be viewed as the strength of faithfulness condition required to learn this
DAG. A small value of p} . (£) indicates a weaker separation between signal and noise for
the method £, and it would be harder to recover the correct DAG using sample partial
correlations. On the other hand, a larger value of p . (£) indicates superior statistical
efficiency.

We randomly generated 100 DAGs with 20 nodes and expected number of edges equal to 2.
For each DAG, we construct a linear Gaussian SEM with parameters draw uniformly from
(—=1,0.1) U (0.1,1). We inspect three algorithms, PC, PC+, and PODAG, and computed
their corresponding p: . (Lpc), p5 . (Lpcy), phi (LrPopac). We also counted the number
of conditional independence tests performed by each method as a measure of computational
efficiency. The results are shown in Figure It is evident that the faithfulness requirement
for PC is stronger than PC+, which are both stronger than PODAG. Noticeably, though
PC+ utilizes the partial ordering information, still its computational and statistical efficiency

is subpar compared to PODAG.

Linear Gaussian SEMs

We generate ER graph graphs with p = 50,100 vertices and 2p edges. A weight matrix of
linear SEM is generated with respect to the graph, with non-zero parameters drawn uniformly
from +(0.1,1). We generate n = 100, 200, 500 samples using the SEM with Gaussian error.
With respect to the causal ordering, we split the vertex set into K equal sized layers. We
compare the performance of PC, PC+ and POPC. In this study, we used debiased lasso

(Javanmard and Montanari, 2018), which is tuning-free, in the screening loop, and used
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Figure 5.3: We computed p? . (Lpc), pi: (Lrc+), pl (Lropac) for recovering the skeleton
(left) and the entire DAG (middle). The number of conditional independence tests is shown
on the right panel.
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partial correlations in the searching loop. The performance of PODAG is substantially
superior than PC and PC+.

JAMs

We generate ER graph with p = 50,100 vertices and 2p edges. A weight matrix of SEM
with cubic base function is generated with respect to the graph, with non-zero parameters
drawn uniformly from +(0.1, 1). We generate n = 100, 200, 500 samples using the SEM with
Gaussian error. The joint distribution is non-Gaussian. With respect to the causal ordering,
we split the vertex set into K equal sized layers. In this study, we used SPACEJAM (Voorman
et al., |2014)) in the screening loop, and used kernel-based CI test (Zhang et al 2011) in the
searching loop. The preformance is compared with PC with kernel-based CI test, also called
kernel-PC, and the corresponding PC+ version. The performance of PODAG is substantially
superior than PC and PC+.

5.0.2  Quantitative Trait Loci Mapping

In this section we present a practical application of PODAG to real data analysis problem
Nica and Dermitzakis| (2013). Expression Quantitative trait loci (eQTL) mapping is a pow-
erful approach for identifying sequence variants that alter gene function. The analysis aims
to recover the direct association between markers of genetic variation located at specific
regions of the genome, and the expression level of the gene. In this study we consider the
yeast expression data set (Brem and Kruglyakl 2005), which contains the eQTL data of 112
segments, each with 585 shared markers and 5428 target genes. Since this analysis focuses
on the direct association from marker to expression level, they can be regarded as a 2-layer
partially ordered network. We randomly select 50 markers and 50 genes and aim to recover
the direct associations between the markers and expressions. The results are shown in Fig-
ure The leftmost panel shows the estimated true associations, and the middle two panels
show estimation from H? and H™/. The right panel demonstrates that their intersection is

very close to truth, as suggested by Lemma [18]
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Figure 5.8: Estimated quantitative trait mappings for yeast.

5.7 Discussion

In this work we proposed a new view on the structure learning problem on partially ordered
variables. We demonstrate that the two simple estimators, H? and H™/, each may overes-
timate the truth but their intersection is usually close. Using a conditional independence
search loop on the intersection can efficiently recover the edges between layers. In this work
we limited our discussion to DAGs. However, Lemma [23| can be made more general. For
example, similar results might apply to structure learning with latent and selection variables,

in which case the target of learning is a mixed graph instead of a DAG.



112

Chapter 6

DISCUSSION AND FUTURE WORK

In this dissertation we presented four related problems involving structural equation

models and structure learning in the context of high dimensional statistics.

We first proposed in Chapter [2| a simple method for causal discovery under a linear
structural equation model with equal error variances. The procedure consistently estimates
a topological ordering of the underlying graph and easily extends to the high-dimensional
setting. Simulations demonstrate that the procedure is an attractive alternative to previously
considered greedy search methods in terms of both accuracy and computational effort. In
fact, it is shown recently that a slight modification of this algorithm achieves the minimax
optimal sample complexity |Gao et al.| (2022). The empirical performance of our algorithm

is also compared with other popular method in a recent paper (Yu et al., [2021)).

In Chapter |3| we observe that many biological and physical system have unbounded max-
imum degrees and the traditional gold-standard approach for learning these networks could
be inefficient. To facilitate causal structure discovery in such settings, our local FCI (IFCI)
algorithm utilizes the local separation property of large (random) networks by considering
an alternative local-graph-based search strategy focused on short paths between pairs of
observed nodes. This idea applies naturally to linear Gaussian structural equation models

(SEMs). We provided theoretical and empirical evidence for the advantage of our approach.

In Chapter [4] we introduced definite non-ancestral (DNA) relations as intermediate targets
of inference in structure learning. DNA relations can be learned from simple conditional
independencies and lead to computational and statistical gains in DAG structure learning.
We proposed a framework for learning and using such information in several popular DAG

learning schemes, including PC and Sparsest Permutation.
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In Chapter [5| we considered the problem of structure learning when a partial ordering of
the variable is known. We proposed an efficient algorithm based on a screening loop and a
searching loop. The former narrow downs possible edges, and the latter removed additional
edges. With suitable screening and searching methods, this method is proven to be consistent
and efficient.

For future works related to Chapter 2] we note that our approach as well as the modified
approach in |Gao et al| (2022) rely on Best Subset Selection (BSS) and is hence computa-
tionally more demanding for graphs with higher in-degree. From a practical perspective, one
may be able to improve the performance using computationally efficient approach to select
parents given an estimated ordering. For example, in the loop to infer the causal ordering, we
can use any unbiased regression estimator (not necessarily BSS). The regression coefficients
can then be used to screen potential parents and reduce the search space for the pruning
loop. We also note that similar algorithms can be applied to a broad set of problems, for
example, estimating multiple DAGs with same ordering and error variance. This problem is
covered in (Ghoshal et al.| (2021).

In Chapter |3, the proposed algorithm only relies on conditional independence tests, and
can be, in principle, applied to a wider collection of models in which causal relations are well-
characterized by local structures. Extending this idea to more general distributions, using,
e.g., Gaussian copulas (Harris and Drton, 2013)), or using conditional mutual information
(Anandkumar et al. 2012b]) can be fruitful directions of future research.

The ideas in Chapter 4] has been recently studied in the context of counterfactual analysis
Zuo et al|(2022). One major challenge remained in our work is the statistical efficiency of
the DNA-learning framework, which in practice requires a large amount of data to eliminate
type-1I errors. It could be fruitful to look at the DNA-learning problem with similar lens
from Chapter |3/ and Sondhi and Shojaie| (2019)) to improve the efficiency. Future works could
also look at ancestral and non-ancestral relations in MAGs, which represent networks with
unobserved latent and selection variables.

As for Chapter [f], currently the results are limited to DAGs, but we conjecture that
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similar approaches can be applied to analyze networks with latent and selection variables,

where the target of learning are mixed graphs.
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Appendix A
APPENDICES TO CHAPTER 2

A.1 Proof of Theorem [2

We first give a lemma that addresses the estimation error for inverse covariances.

Lemma 24. Assume X ~ (B,d2,v). Suppose all (g + 1) X (q + 1) principal submatrices of
Y.=E [XXT] have minimum eigenvalue at least Ayin > 0. If for €, > 0 we have

2\ 2 2 4+ 1 2
n > (q+1) {10g(p2 +p) —log (6/2)} 128 (1 + 4%) (rjnez%/x Z]-,]-) (77/\1;1\1—;+) . (A

min
then

max Y -1 _ (% oo <
Cccv,[Clsq+1 (Ec,c)™ —(Ece) lleo <7

with probability at least 1 — €.

2
Proof. Let 6 = Wl)ﬁ% Because 0 < Aq“fln, by Lemma 5 from Harris and Drton| (2013),
we have )
A (g+1)6/Az.
Y -1 5 -1 o < min —
cev ICig+) e, = el 1= @+ D0/ Auia |

provided ||E —X|le £ 6. The proof is thus complete if we show that P {||f = Y|eo > 6} <e.
Note that Xj = €+ X rean(j) Ttjk €k has variance o?(1 + Dkean(j) T(]zk). Since y is a bound on
the sub-Gaussian parameters of all €, it follows that X;/4/Var (() X;) is sub-Gaussian with
parameter at most /0. Lemma 1 of Ravikumar et al. (2011)) applies and gives
no? < 2
128(1 + 4y2%/02)? max;(X; ;)% ) ~ p(p+1)

P{lii,j - Zi/]‘| > 0} <4dexp {—

A union bound over the entries of X yields that indeed P {||§ = Xleo > (5} <e. O
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Proof of Theorem[3 Our assumption on 7 is as in (A.1)) with 7 = C/(20?). Lemma [24] thus
implies that, with probability at least 1 — €, we have for all subsets @ C V with |@| < g +1
that

& - - C
1Eo,0) " - (Zo0) e < 307 (A.2)
Let j be a source in G(B), and let k be a non-source. Note that variance of j conditional

on some set Cj is
9 1

U-C = ~ .
T {Ceup.auin ™,

By Lemma , for any C1,Cy € © C V' \ {j, k} such that ® is an ancestral set and pa(j) € C;

1 1 C

-1 -1
{Ccugaui) ™}~ {Coum.com) ™ hr 2 = - i D27 (A:3)

Using (A.2), when |Cq| and |Ca| are both at most g, we obtain that
o - & - C
{Ecwipewi) ™, —{Ccumeum) == > 0 (A4)

Thus 6]2| o 6,%' cy > 0 which implies that Algorithm (1| correctly selects a source node at

each step. On the first step, @ = @ which is trivially an ancestral set. By induction, each
subsequent step then correctly adds a sink to ® so © remains ancestral and a correct ordering

is recovered. O

Now to show consistency of the high-dimensional bottom-up algorithm. We first state

Theorem 9 from [Yu and Bien| (2019)).

Theorem 17. Suppose each column of X of the matriz X € R™V has been scaled so that
IXll3=n forallj=1,...,p, and € ~ N(0, 0(2)[,1). Then, for any constant M > 1, the

organic lasso estimate,

1
51 = 1 — — 2 2 2
o) ﬁmdl&r;(nlly XBII5 + 2AIBll )

with A = (2Mn~!log ;9)1/2 satisfies the following relative mean squared error bound

2 2
5 1-8M |2 . 1/2 1/2
E —UA — < 8M + P max 1B ”1, 1" +l log p + z .
0(2) logp 0(2) 00 4 n n
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proof of Theorem[J When estimating 0]29 1» we regress j onto V'\ {©, j}. So in our setting,

* -1
Bi = Evvennien)  Ive

where 5; = 0 for all j not in the Markov blanket (parents, children, and parents of children)
of j in the sub-graph induced by V \ ®@. For any j and ® c V,

. -1
1871 = Il Eve,jivvie,t)  Zvie,jillt
-1
< Evvepvves)  liZve,ilh (A.5)
-1
< Engrvngy) IlZvygy il

So A provides a uniform bound over the relevant quantity for each ®. For the values of

~9 2
n and A we specified, the above theorem suggests E {(% - 1) } < (€. Then by Markov
0

inequality, for any subset @ C V,
n 2
P {626, = Var (X; | Xpyou))’ > 0'c?f <,
Let j be a sink in G(B) and let k be a non-sink, then,

Var (X; | Xyeugp)” = Var (X | Xvyevgn)” = 0” = L/(E e =0 D B, > Co™
gech(k)

Hence, we obtain that

2o~ 02, 2 Var (X; | Xvyeuly) - Var (Xk | Xyeuqr) — 0%C > 0.

This implies that in the first step the bottom-up algorithm correctly selects a sink node. By
Lemma [4], we may repeat the argument just given in each step, and the bottom-up algorithm

correctly estimates a reversed topological ordering of G. O

A.2 Simulations as in |Peters and Biihlmann| (2014)

We revisit the simulation study of Peters and Bithlmann| (2014)). DAGs are generated by first
creating a random topological ordering, then between any two nodes, an edge is included with

probability p.. We simulate a sparse setting with p. = 3/(2p — 2) and a dense setting with
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pc = 0.3. The linear coefficients are drawn uniformly from [-1,—.1] U [.1, 1] and the errors
are drawn from a standard Gaussian distribution. Since there may not be a unique ordering
for the true graph, we compute the Hamming distance between the true and estimated
adjacency matrix rather than Kendall’s 7.

Tables and demonstrate that in both settings, the greedy algorithm performs
better when p is small. However, when p = 40 the proposed algorithms infer the graph more
accurately. In the dense setting, the proposed methods have similar FDR to greedy search,
but substantially higher recall. In the sparse setting, the proposed methods have lower recall

than greedy search, but also substantially lower FDR.

Table A.1: Dense setting

Hamming Dist. Recall % Flipped % FDR %
p | n TD | BU | GDS | TD | BU | GDS | TD | BU | GDS | TD | BU | GDS

100 | 1.3 (13| 1.1 |73 |73 |78
5 [500 | 07107 | 05 [80 |80 |88
1000 | 0.5 | 0.5 | 04 |8 |84 |92

7 7 16 | 15 18
4 5 8 7 9

100 | 31 | 32 30 |73 |73 |74
20 | 500 | 22 | 22 14 191 |91 |91
1000 | 28 | 28 8 94 194 | 96

3 4 24 | 24 13
2 2 21 | 21 10

N[N | || W~
w
ot
ot
Ot
~J

100 | 170 | 174 | 215 | 66 |65 | 54 36 | 37 | 45
40 | 500 | 152 | 155 | 186 |93 |93 | 76 2 2 9 38 | 39 | 42
1000 | 136 | 137 | 168 | 96 | 95 | 83 1 1 8 36 | 36 | 38

[\
w
oo

A.3 Simulations as in |Ghoshal and Honorio (2018)

We construct random graphs as in Section [2.4.2], but we follow the data sampling procedure

as used in (Ghoshal and Honorio| (2018)). All linear coefficients are drawn uniformly from
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Hamming Dist. Recall % Flipped % FDR %
P |n TD | BU | GDS | TD | BU | GDS | TD | BU | GDS | TD | BU | GDS
100 16 | 1.7 1.4 |74 |73 |78 8 8 8 18 | 18 17
5 |500 |08 109] 06 |8 |8 |91 3 4 5) 7 7 9
1000 | 06 | 0.6 | 0.4 |88 |8 |94 3 4 5) 6 6 7
100 7 7 12 169 |69 |81 4 4 6 16 | 17 43
20 {500 [ 35|35 ] 45 |8 |8 |93 4 4 4 9 8 21
1000 | 2.2 | 22| 2.8 [90 |90 |97 3 2 3 5) 5) 14
100 14 | 15 45 |64 |63 |78 3 4 8 16 | 18 62
40 | 500 7 7 16 |84 |84 |94 3 3 3 8 7 33
1000 | 5 5) 10 190 |89 |97 3 3 3 6 6 24

+[.5, 1], and errors are drown from the Rademacher distribution and scaled to have 01.2 =0.8.

Table demonstrates that both methods performs reasonably well when Markov blankets

are restricted to be small, and the top-down approach performs substantially better when

there are hubs.

A.4 Simulations of fully connected graphs

We run simulations with fully connected graphs, as suggested by a reviewer. The linear

coefficients are drawn uniformly from =+[.3,1] and the errors are drawn from a standard

Gaussian distribution. The results confirm the advantages of the proposed methods and are

shown in Table [A.4] In general, the estimated graphs from the top-down and bottom-up

procedure differ only slightly, and the values reported in the table differ in the 3rd or 4th

digit.
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Table A.3: High-dimensional setting with Rademacher noise and maximum in-degree g = 3

Small k Hub graph

n p HTD | HBU | HTD | HBU
0.5n | 0.99 | 0.95 | 0.98 | 0.73
0.75n | 098 | 0.90 | 0.89 | 0.46

80 n 0.96 | 0.90 | 0.76 | 0.36
1.5n | 0.84 | 0.86 | 0.52 | 0.23

2n 0.71 | 0.80 | 0.35 | 0.10

0.5n | 0.99 | 097 | 0.99 | 0.69
0.75m | 099 | 0.95 | 0.92 | 0.46

100 n 0.96 | 0.93 | 0.76 | 0.34
1.5m | 0.84 | 0.88 | 0.52 | 0.26

2n 0.72 | 0.82 | 0.39 | 0.13

0.5n | 1.00 | 0.99 | 1.00 | 0.79

0.75n | 1.00 | 0.98 | 0.98 | 0.59

200 n 0.98 | 0.97 | 0.86 | 0.47
1.5n | 0.86 | 0.84 | 0.61 | 0.20

2n 0.73 | 0.77 | 0.48 | 0.10

A.5 As initializer for greedy search

As suggested by a reviewer, we explore the performance of the greedy DAG search (GDS)

algorithm initialized with the estimates from the proposed procedures. We run simulations

with the same data as in Section Tables and show averages over 500 random

realizations for the top-down procedure (TD), the greedy DAG search with random initializa-

tion (GR), and the greedy DAG search with warm initialization (GW). The GR procedure is
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Kendall’s 7 Recall % Flipped % FDR %
p | n TD | BU | GDS | TD | BU | GDS | TD | BU | GDS | TD | BU | GDS
100 [ 092|093 | 0.83 | 91 | 92 80 4 3 7 4 4 9
5 | 500 1099|099 | 097 | 98 | 98 98 1 1 1 1 1 1
1000 | 1.00 | 1.00 | 0.99 | 99 | 100 | 99 0 0 0 0 1
100 |1 098 | 0.98 | 062 | 74 | T4 45 1 1 9 1 1 17
20 [ 500 | 1.00 | 1.00 | 0.73 | 90 | 90 66 0 0 8 0 0 12
1000 | 1.00 | 1.00 | 0.81 | 92 | 92 76 0 0 7 0 0 8
100 |1 0.99 | 0.99 | 0.55 | 42 | 42 33 0 0 7 1 1 17
40 | 500 | 1.00 | 1.00 | 0.62 | 50 | 50 49 0 0 8 0 0 14
1000 | 1.00 | 1.00 | 0.67 | 52 | 52 59 0 0 8 0 0 12

identical to the GDS procedure described in Section and [Peters and Biithlmann| (2014]).

In the GW procedure, we initialize with the output from the top-down method, then search

through a large number of graph neighbors (k = 300) at each greedy step. Since the GW

procedure is supplied with a good initializer, we do not restart the greedy search after it

terminates, while 5 random restarting with k = p, 2p, 3p, 5p, 300 is used in GR to insure

performance. For simplicity, we omitted the experiment with the bottom-up procedure (BU).

Tables and shows that in all the settings, GW performs better than the other

two methods, especially when p is large. For reference, the average run time in the dense

setting with p = 40 and n = 1000 is 8 seconds for the top-down method, 4,500 seconds for
GR, and 400 seconds for GW.
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Kendall’s 7 Recall % Flipped % FDR %
p | n ™ | GR |GW |TD |GR|GW | TD | GR| GW | TD | GR | GW
100 [ 0.85]0.88[0.88| 91 | 91 | 91 7 6 6 171 9 10
5 [500 109810981099 99 | 99 | 99 1 1 1 4 2 2
1000 { 0.99 [ 0.99 | 0.99 | 99 | 99 | 99 1 1 1 3 1 1
100 [ 0.92|0.61 094 | 8 | 62 | 90 3 | 13 3 32 | 43 | 15
20 [ 500 1099 0.75 1099 | 99 | 81 | 99 1 11 0 28 | 35 3
1000 | 1.00 | 0.82 | 1.00 | 100 | 88 | 100 | O 8 0 26 | 28 2
100 {096 | 0.53 096 | 71 | 44 | 84 2 | 11 2 41 | 58 | 20
40 | 500 [ 0.99 | 0.59 | 1.00 | 96 | 63 | 100 | O | 14 0 41 | 57 4
1000 | 1.00 | 0.64 | 1.00 | 97 | 71 | 100 | O | 14 0 40 | 57 2
Table A.6: Low-dimensional sparse settings
Kendall’'s 7 Recall % Flipped % FDR %
p |n ™ | GR |GW | TD |GR|GW | TD | GR | GW | TD | GR | GW
100 [ 0.87 [ 0.88 [ 0.87 | 91 | 90 | 91 6 6 6 16 | 9 10
5 [500 098098098 98 | 99 | 99 1 1 1 5 2 2
1000 [ 0.99 | 0.99 | 0.99 | 99 | 99 | 99 1 1 1 3 1 1
100 | 0.77 1 0.60 | 0.82 | 8 | 77 | 90 9 | 15 7 35 | 39 | 25
20 [ 500 ] 0.96 | 0.77 | 0.98 | 98 | 89 | 99 2 | 10 1 19 | 26 8
1000 | 0.99 | 0.81 | 0.99 | 100 | 90 | 100 | O 9 0 14 | 23 4
100 | 0.72 10471079 | 8 | 72 | 89 | 10 | 20 7 38 | b4 | 36
40 | 500 | 0.96 | 0.58 | 0.98 | 98 | 81 | 99 2 | 18 1 24 | 47 | 13
1000 { 0.99 | 0.61 | 0.99 | 99 | 82 | 100 | 1 17 0 17 | 48 8
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Appendix B
APPENDICES TO CHAPTER 3

B.1 Proofs

Proof of Lemma[7. We prove the case of 1 = 3 by enumerating all possible configurations
of G,(i,]) in the extended neighborhood of i and constructing a small m-separator for each
one. Since G is a MAG, i and j cannot be ancestors of each other. Without loss of generality,

we suppose i ¢ an(G, j). We use the following three facts.

1. Let Dg,(i,j)(#,v) be the shortest path distance in the local graph, and let Ny = {v €
Vy(i, ) : Dg,,j(v, i) = k} for each k =1,2,...,7. Then for each k < y, there are at
most 7 paths from i to Ni. Hence, [ne(G, (i, j), u)| < 7.

2. Consider the two set of edges e,lz ={(u,v) : u € adj(Gy(i,j),v),u € Nx,v € Nry1} and
ey = {(u,v) : u € adj(G, (i, j),v),u,v € Ni}. For each k < y, every node in Ni has

b

at least one edge in e” or e™ (it cannot be a “deadend”), and |ef{’| +lel'l < 1.

3. In the MAG G, if (u, v) are non-adjacent, then there is no inducing path between them,

i.e., no path on which every node is a collider and ancestor of u or v.

The details are given in the Supplementary Material. See FigurdB.1||B.2) and [B.3] O

Proof of Lemma[4 By Lemma [I], it suffices to consider two nodes i and j that are non-
adjacent in G and show that V,,(i, ))\{7, j} € J,(i, j, C). By definition, any v € V,,(i, )\ {7, j}
lies on a short path between i, j, so Dg(i,v) + Dg(j, v) < y. Since i, j are not adjacent, we
know C = C_jj is a supergraph of G. Hence, D¢ _;(i,v) < Dg(i, v) and Dc_;(j, v) < Dg(j, v),
which implies Dc (i, v) + Dc_;(j,v) <y, and v € V),(i, j) \ {i, j} € ], (i, ], C). O
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To prove Theorem [0, we first show an error bound for sample partial correlations.

Lemma 25. Assume W = (Wl,...,Wp) is a zero-mean random vector with covariance
matriz ¥ such that each Wi/ Z}/ 2 s sub-Gaussian with parameter . Assume ¢ is bounded,
and the minimal eigenvalue of all (N + 2) X (n + 2) submatrices of ¥ are bounded below by
Amin > 0. If for C > 0 and € > 0 satisfying € < 16(n + 2)A~2 max;(Z;;)(1 + 40?)) we have

min

n > {log(p? + p) — log(20)}128(1 + 402)* max(Z;;)*(n + 2)* (AL + A2 (1 + 2/e))2 , (B.1)

min min
then the empirical partial correlation obtained from n samples satisfies

P{. max_|p(i, j1S) - B, jIS)| 2 e} <cC (B.2)
i#7,|S|<n

Proof. Set 6 = e/\ilin/[(e + €Amin +2)(n+2)]. Our choice of 0 satisfies 6 € (0, 8 max;(X;;)(1+
402)). Then by Lemma 1 in Ravikumar et al. (2011)), we obtain the following inequality,

P (IZu(i, )~ ZG, )l > 6) < dexp |- Lk
’ ’ - 128(1 + 402)2 max;(Z;;)?

With the stated n, we have P (|En(l,]) - X(i, )| > 5) < 2C/(p?+p). A union bound over all

the entries yields P (||En = Y|eo > 6) < C. By Lemma 4 of |[Harris and Drton| (2013)), for all
i,jand |S| <n, 12, = Zlleo < & implies lp(i, j1S) — p(i, jIS)| < €. Therefore (B.2)) holds. O

Proof of Theorem [ First suppose we determine conditional independence by thresholding
on |p(i, j|S)|. For A from Assumption , define the event,

A= [ max |p(i, jIS) - p(i, jIS)| < A/4].
i#],|S|<n

By Lemma , for any C > 0, with n = Q((log p)l/(l_QC)) we have P{A} > 1 - C. Given A,
it holds that for all i, j and |S| < n, |p(i, j|S)| > %/\ if and only if |p(i, j|S)| > A. Under
Assumption |5 all non-adjacent pairs 7, j have some local- or full-graph- separator such that
lp(7, jIS)| < A/2. Therefore, with high probability, all the conditional independence decisions

are correct and the output is the true skeleton. The orientation result follows Lemma (10}



138

Next, suppose we make conditional independence decisions by comparing z-transformed
partial correlations to normal quantiles. It is shown in Appendix A of Harris and Drton

(2013)) that this approach is equivalent to the thresholding rule with significance levels a;, =

2 (1 ) (O.5mlog (}jjg))) O

Proof of Corollary[]. Under the assumptions, there are always small neighborhood-based
separators between non-adjacent nodes (see the proof for Lemma @, and therefore the
approximate-rPC, like rPC, consistently recovers correct skeletons. The orientation results

are correct since only Ry_3 are applied. O
B.2 Theoretical Guarantee for Algorithm

We next show theoretical guarantees for Algorithm {| with estimated Markov blanket.

Theorem 18. Under Assumptions @ @ @ and suppose n = Q((log p)l/(l_QC). Suppose
y is large enough such that mb,(G,v) = mb(G,v) for all v € V. Suppose there exists a
sequence Tp,, — 0 such that the estimated precision matriz satisfies ||@) = Olleo < Ty with
high probability. Also assume min;eaqi(G,j) |©ij| = 2Tn,p. Then there exists a sequence ay — 0
such that Algorithm |4 consistently learns a PAG for [G]. Moreover, if Assumption (1| holds,

then it consistently learns the mazximally informative PAG.

Remark 3. To estimate the precision matriz, we can use in particular generalized score

matching (Lin et al.,|2016;|Yu and Bien), |2019) or equivalently the SCIO algorithm (Liu and
Luo, |2015), which satisfies ||@) -0l = Oy (\/sp log(p)/n) , where s, = max;ey [mby, (G, 7).

Proof of Theorem[18 Under stated assumptions on precision and beta-min, with high prob-

ability, {(i, ]) : i € adj(G, ])} C {(z’, NG, )) e supp((?))} C {(i,j): i € mby(G, j)} . The rest
of this proof is identical to Theorem [6 with 1 replaced by 1 — 1, following Lemma [§ O

Proof of Lemma[l. 1. |ne(Gy(i,j),i)| = 1. (Figure [B.1) Denote the only neighbor as u.
If i > uori«< ubutu¢an(G,(ij),j), then S,(i,j) =0. If i « u or i —u, then

Sy(i,j) ={u}. If i & u and u € an(G,(i, j), ), then there must be an edge u — w
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and w € an(Gy(i,j),j). If ne(Gy(i,j),u) = {i,w} then S,(i,j) = {u}. Now discuss

cases with additional neighbors.

(a) If ne(G,(i,j),u) = {i,w,v}, we have S,(i,j) = {u} if u - v or u < v but
v ¢ an(Gy(i,j),]); also Sy,(i,j) = {u, v} if u <~ v oru < vand v € an(Gy(i, j), j)
and v has exactly one neighbor other than u (it is allowed to be w). If v has 2
neighbors other than u, and neither is child of v, then v ¢ an(G, (i, j), j), which
is covered in the previous case. Now suppose v — x and there is also an edge
v %Y, in which case |e§| + |el'] = 3. We have S,(i,j) = {u,v,y} if v & y or

v < y and y € an(G,(i, ), j), and otherwise S, (i, ) = {u,v}.

(b) If ne(Gy (i, j),u) = {i,w,v, x}, then |e§| =3 and S,(i,j) € {u,v,x}.

2. [ne(Gy(i,j),i)| = 2. Denote the neighbors as u and v. We discuss the direction of
the two edges i *u and i *—=v. If the directions are (—,—) , then S, (i, j) = 0. If

(¢=,—), then S, (i,j) = {u}. If (=, ) or (=, <) or (=, —), then S, (i, j) = {u, v}.

(a) If (<>, <), then we need to discuss neighbors of u, too. If u € adj(G,(i, j),v),
then u *—=v is a merging edge, and by Fact 2, u and v have in total no more than
2 bearing edges of order 2. If u is not ancestral to i or j, then S,(7,j) = {v}. The
case of u ¢ an(G,(i,j),{i,j}) is trivial. If u € an(G, (i, j),{i,j}), then u has at
least one outgoing edge. If the outgoing edge is u — v (second row of Figure ,
there are two sub-cases. If v has an bearing edge of order 2, then u has only one
other neighbor, call it x, and we condition on x if and only if u < x or u < x
and x € an(Gy(i, j), j). If v has no bearing edge, then u can have at most 2 other
neighbors. However, these bearing edges must not have arrow at u, due to the
inducing path interpretation of MAG. Therefore we do not need to condition on

these additional neighbors.

If the outgoing edge is not u — v (third row of Figure |B.2)), then there is some

edge u — w. If v has an bearing edge of order 2, then u no other neighbor than



140

{i,u,w}. If v has no bearing edge, then u could have one additional neighbor, call

it x, and we condition on x if and only if u < x or u <> x and x € an(G, (i, j), j).

Ifu ¢ adj(G,(i, j), v) (fourth row of Figure[B.2)), then u has at most two additional
neighbors. If none of them are child of u, then u ¢ an(G, (i, j), {i,j}) and S, (i, j) =
{v}; If u > w, u *—x then we condition on x if and only if # « x or u < x

and x € an(G,(i,]),]).

(b) if (&>, —), the situations are simpler since we never condition on v. Since v must
have either a bearing edge or a merging edge, u can have at most 2 bearing edges.
If u € an(G,(i,j),j), then one of the edges is u — w. As for the other one,

u *—kx, we condition on x if and only if u <= x or u <> x and x € an(G, (i, j), J).

(c) If (&, «>): If neither of u and v are ancestral to j, then S,(i,j) = 0. If both
are ancestral to j (row 2-3 and first 2 figures of row 4 in Figure , then they
each has a outgoing edge. Then by Fact 2, there is at most one other bearing
edge. WLOG, suppose u has u — w and u *x. Then S,(i,j) = {u,v,x} if
x € an(Gy(i,),{u,j}) and otherwise S, (i, j) = {u,v}. If u is ancestral to j and
v is not, then still u has one outgoing edge and at most one other edge. Then

Sy(i,j) ={u,x} if x € an(G,(i,j), {u, j}) and otherwise S, (i, j) = {u}.

3. |ne(G,(i,7),i)| = 3. Denote the three neighbors of i as u,v,w. By Fact 2, they

each has at most one bearing edge. Therefore we do not need to look further, and

Sy(i,j) € {u,v, w}.

The following proof is similar to Lemma 2 of Sondhi and Shojaie (2019)) with slight

modification, we show the proof here for completeness.
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Proof of Lemma 5.7. We write

Y=(I-B)'QI-B)"
p-1 p-1 "
= ( B"|Q( ) B
r=0 r=0
Y p-1 14 p-1 N
=(> B+ B'|Q| > B+ > B
r=0 r=y+1 r=0 r=y+1

Denote Ay = 21/:0 B" and R, = Z;iyﬂ B" = Zi:;ﬂ B". By the directed p-summability
1— y+1

+1_
assumption, we have ||Ag|| < 1[3_5 and ||R, || < ﬁyl_ﬁﬁp. Now we can bound the difference

T

1> Which only contains paths

between X and the local approximation version g := AgQA

no longer than .

IZ = Zull = IAHQR] + Ry QAJ, + R, QR ||
< 1QN UAHIIR I+ IR, 1)
(1 _ ‘By+1)‘3y+1 52y+2
+

(1-p)? (1-p)?
ﬁy+1(2 _ ﬁy+1)

(1-p)?
We write y* = log(8)™! (log M — log 2 — log||Q|| — log(n + 2) — log(1 + 3/A)) — 1. We invoke

< 19l 2

= 11Q2]]

the error propagation lemma from Harris and Drton (2013). For any non-adjacent pair (i, j)

and a set S € V '\ {7, j} with |S| < n, whenever y > y*, it holds that

Ip(i,j15) = pu(i, jIS)| < A

where pp is the partial correlation obtained from Y. Since Xy only composes of short

paths, pu(i, j|S,) = 0 for every local-graph separator S,. Therefore |p(i, j[S,)| < A. O
B.3 Treks

In this section we provide an algebraic explanation of Assumption[5l In particular, we review

the trek representation of partial correlation in linear SEM. The representation clarifies that
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conditional dependence in a linear SEM is tied to existence of paths/treks in the graph
underlying the model. This allows us to argue that conditional dependence is typically
induced by short versus long treks, which in turn provides the basis for exploiting small local
separators in our algorithms.

To simplify the discussion, we present the following results assuming there is no selection
variables in the graph. Let G be a mixed graph without undirected edges. We define a trek
from node 7 to j as a tuple T = (Pr, Pm, Pr), where Pp, is a directed path from some node s
to i, and Pg is a directed path from some node t to j, and Py is either one bidirected edge
s <> t or the empty set when s = t. We define the trek monomial as m,; = [)’La)s,tﬁR, where
pL = [Tx—1ep, Pri and pR = [Tx—iepg Bxi- Moreover, for sets C and D with |C| = [D| = k,
we define a trek system T from C to D as a set of k treks whose initial nodes exhaust C and
final nodes exhaust D. With abuse of notation we write T as a tuple of collections of paths
(Pr, Pum, Pr), and define the trek system monomial as the product of trek monomials in the
system, i.e., mr = [[,er m7. Each trek system determines a permutation of the initial and
final nodes, which we call the sign of the system. Let 7(C, D) denote the collection of all

trek systems from C to D. By the Cauchy-Binet determinant expansion, we have,

det %(C, D) = Z det (I - B)™T) g det Qg s det (I = B) ™), (B.3)
R,SCV,|R|=|S|=k
= > sign(T)mr. (B.4)
TeT (C,D)

We say a trek system T has sided intersection if two paths in Py, Pr, or Py; have shared
nodes. If T is a trek system between C and D with sided intersections, then its weight mr is
cancelled in the summation in (B.4)), (for a proof, see Sullivant et al., 2010)). In other words,
the summation in (B.4) only needs to run over trek systems without sided intersections.
Consequently, det (£(1 U S,j U S)) = 0 if and only if every system of treks from i US to jUS
has a sided intersection. The later condition is also called t-separation. For Gaussian SEMs,
in which conditional independence is characterized by zero partial correlation, this means

Wi L Wj|Ws if and only if Y reqius,jus) sign(T)mr = 0.
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We will show next that Assumption [5| can be expressed as a condition on trek weights.
Let G = (V,E) be a MAG. For non-adjacent nodes i,j € V, and S C V(Gy) \ {i,j},
we denote 7,(i,j,S) as the collection of trek systems from i U S to jU S in Gy (i, ), and
7;(:(1',]', S)=T({US,juS)\ ‘7;C(i,j, S). By our definition, 7;/(:(1',]', S) only contains treks
that goes through a node outside Gy (i, j).

Lemma 26. Let G be a MAG. Under Assumption@ if there exists B € (0,1) such that

max I;lin Z sign(T)mr| = O(B”),
i¢adj(G,j) S, €S, ,(i,j
i(G,j) Sy€Sy,y(i)]) T€7;,C(i,j,5),)

where Sy (i, ) is the collection of y-local-graph separators of size at most 1, then Assump-

tion [A holds.

Proof. By Definition [5], if a set S, is a y-local-separator of (i,j), then it is a separator of
i and j in Gy(i, ), so all trek systems between i U S, and j U S, have sided intersections
in G,(i,7), and hence also in G. Following Draisma et al.| (2013)), we only need to take

summation over trek systems without sided intersection in G. Therefore,

Z sign(T)mr = Z sign(T)m + Z sign(T)mr

TeT(i)],Sy) Te7,(i,j,Sy) TeT,(i,,S,)
= Z sign(T)mr.

TeT,5(i,j,S,)

Now denote X(3, j|Sy) as the (i, j)-th entry of the conditional variance matrix given S,. We

have

X(i, jISy) _ 2rerij,s, sign(T)mr 1
VEG, i15,)%(7, /1S)) det(X(Sy, 5y))  VZ(,1lS,)Z(, jISy)

p(i, jISy) =

By the fact that X(j,j|S,) > Z(j,jIV \ {j}) = 1/wjj, and det(X(S,,Sy)) = M~ under
Assumption , we have [p(i, j|S,)| = O(B7). O
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B.4 Choice of y

Recall the simulation study in Section [3.5] We randomly generate Erdés-Renyi graphs and
power-law graphs with p = |V| = 200 nodes and average node degree 2. Edge weights
are drawn uniformly from +[.1, 1], and n = 100 observations are generated by the rmvDAG
function. We randomly choose g = 0.2p nodes as latent variables, and the rest as observed.
We include no selection variables. We run IFCI with y = {2,3,4,5,6,7,8,p/2,p — 1}, and
a = {1071%,1072,1078,1077,-107%,1073,-107%,107%, 1073, 1072}. We repeat the experiment
100 times for each a, and compare the true positive and false positive discoveries of the
skeleton of the true PAG.

Figure[B.4]suggests that as long as y is large enough, the algorithm yields almost identical
outputs. The only exception is the case of power-law graph with = 2, in which the algorithm
appears to be too aggressive, and the performance is sub-par on a part of the pROC curve.
We also point out that in the “many false positive” part of the curves (i.e., to the right end),
methods with smaller y tends to perform better, since they perform fewer tests. However,

that region is only relevant for “discovery”. In general, we recommend using y = O(log |V]).

B.5 Simulations with local-graph separation oracle

In this section we investigate the performance of population version of FCI, FCI+ and 1FCI.
We use the exact same settings as the simulation study in Section [3.5, We run FCI and
FCI4 with oracle m-separations, and 1FCI with oracle y-local-separations, with y = 6. The
experiment is repeated 50 times. In the power-law setting with p = 100, FCI is ususally
much more computationally burdensome than FCI4 and IFCI. Due to this limitation, we
only report the runs in which FCI terminated within 8 hours. Results are shown in Table [B.1]

Performances of the methods are evaluated by the proportion of cases in which the true
(unique) maximally informative PAG is recovered. Computational costs are compared based
on the total number of CI tests and the maximal reach levels. We also check Assumption

directly with p* = max; jer minges, (,j) |p(i, jIS)| and report the median over all cases.
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ER PL WS
p FCI FCI4 1FCI IFCImb FCI FCI+ IFCI IFCImb FCI FCI+ IFCI 1FCImb
20 1 1 1 1 1 1 1 1 1 1 1 1
%Recovered 50 1 1 1 1 1 1 1 1 1 1 1 1
100 1 1 1 1 1 1 1 1 1 1 1 1
20 0 0 0 0 0 0 0 0 0 0 0 0
o 50 0 0 0 0 0 0 0 0 0 0 0 0
100 0 0 0.004 0 0 0 0.009 0 0 0 0.001 0

log(#CI) 20 83 6.7 6.3 5.7 109 93 6.2 57 6.6 6.1 58 5.3
50 104 8.1 8.2 74 171 131 7.7 70 85 77 76 6.9
100 11.9 89 89 82 152 121 89 82 9.8 88 89 8.2

Mreach 20 49 40 29 1.6 87 79 24 1.3 4 3 3 1
50 6.2 5.2 3.2 2.0 13.6 12,5 28 1.4 5 4 3 2
100 6.9 6.0 3.2 1.8 127 127 2.7 1.3 6 5 3 2

Table B.1: Average performance of population version of FCI, FCI+, IFCI and IFCImb with
graphs of size p € {20,50,100} and fixed y = 6.

Note that FCI/FCI+ are exact algorithms, meaning they recover the maximally informative
PAG in all cases, because m-separations always correspond to zero partial correlations. 1F-
CI/IFCI_mb are not guaranteed to be complete if Assumption [5|is violated — though their
outputs are correct PAGs, they are sometimes not maximally informative. The proposed
methods show improvement on the computational aspects: the number of tests are consis-
tent over different graph generating schemes, whereas FCI/FCI+ could suffer in power-law
cases. The maximum reach level (#yeach) confirms the results in Section — in most cases

the local separators are indeed as small as 3.
B.6 Simulations with standardized normal coefficients

In this section, we aim to provide evidence that Assumption [5]is satisfied in many common

large networks when data is standardized. The fact that in many common scenarios the SEM
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corresponding to the standardized data has almost all coefficients less than 1 is demonstrated
in a simulation study in Appendix B of |[Sondhi and Shojaie (2019). We further conjecture
that the sum of long trek weights are also minimal, by showing the covariance matrix is
well approximated using only short treks. For this purpose, we generate a random ER or
power-law graph and draw edge weights from either a uniform distribution on (=10, 10) or
a normal distribution with mean 0 and standard deviation 3. We intentionally choose wide
ranges for the coefficient to allow large fluctuation in the network. Then a SEM in the form
of is constructed with this weighted adjacency matrix B and random error variance
Q, where Q) is a diagonal matrix with diagonal entries drawn from a uniform distribution
on (1,2). We denote £ = (I — B)™1Q(I — B)™T and X as its standardized version, where
iij = Xjj/+/ZiiZjj for each (i, j)-entry. The standardized data can be seem as drawn from
another SEM corresponding to the same graph G, but with different set of parameters
(E, ﬁ), which satisfies £ = (I — E)'lﬁ(l — B)"T. We compute the maximal entry-wise
difference between X and its short-trek approximation iy = (Zl}c/zo E)ﬁ(zzzo B)T. We define
dy = maxi,]'(ﬁ — iyh,j) and report the smallest ) such that d, < 10=% over 100 iterations.
We use the quantity d, as a surrogate to check Assumption |5 because we have shown in the
proof of Lemma 5.7 that ||Z — iVll = O(pB7) is a sufficient condition of Assumption .

Figure demonstrates d, is indeed very small in most settings with y ~ logp. The
results suggest that Assumption [5]is indeed plausible for standardized data.

B.7 Simulations with local moral graphs

In this section we demonstrate that with large enough 7y, the y-local moral graphs usually
coincide with moral graphs. Following the simulation settings in Section in the numerical
study below, we generate random DAGs with p € {100,200, 500} nodes and average node
degree 2. Similarly, we also use y = 5,6, 7 for p = 100, 200, 500 and randomly choose g = 0.2p
nodes as latent nodes, and compute the skeleton of the MAG over the observed ones. We do
not introduce selection variables, simply because undirected edges do not contribute to the

difference between local and non-local Markov blankets.
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Erdos-Renyi Power Law  Watts-Strogatz

p =100, y =5 0.99 1.00 0.96
p =200,y =6 0.99 1.00 0.97
p =500,y =7 0.99 1.00 0.97

Table B.2: Proportion of random graphs (out of 200 iterations) with y-local moral graph

equal to moral graph.

We compute the moral graph and y-local moral graph for each MAG over 200 simulation
iterations, and report the proportion of cases when local moral graph is different from the
moral graph. The results are reported in Table [B.2l We see for the choice of y used in
our simulations, almost all local moral graphs are identical to the moral graphs. This is

especially likely to be true for power-law graphs, since they tends to have smaller diameter.

B.8 Search Pools

The graph in Figure is an example in which IFCI may needs to perform more conditional
independence tests than FCI.
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Figure B.1: Local graph configurations with n = 3 and |ne(G, (i, j), i)| = 1. A separator (not

necessarily minimal) is marked with shade. Marked edge represents the pattern of G, (i, j),
while absence of an edge represents the absence pattern of G, (i, j). Ellipses between nodes
means this edge is allowed to occur in G, (i, j), as long as it agrees with the MAG property
and local-path property. The square shape represents a node with no outgoing edge (except
the marked ones). The diamond shape represents a node that controls whether the separator

is minimum — if this node is not ancestor of j, then smaller separator exists.
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Figure B.2: Local graph configurations with n = 3 and |ne(G,(i,j),7)| = 2. (continues in

Figure . A separator (not necessarily minimal) is marked with shade. Marked edge
represents the pattern of Gy (i, j), while absence of an edge represents the absence pattern
of Gy (i,j). Ellipses between nodes means this edge is allowed to occur in G, (i, j), as long
as it agrees with the MAG property and local-path property. The square shape represents
a node with no outgoing edge (except the marked ones). The diamond shape represents a
node that controls whether the separator is minimum — if this node is not ancestor of j,

then smaller separator exists.
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Figure B.3: Local graph configurations with n = 3 and |ne(G, (i, j), 1)| = 2. A separator (not
necessarily minimal) is marked with shade. Marked edge represents the pattern of G, (i, j),
while absence of an edge represents the absence pattern of G, (i, j). Ellipses between nodes
means this edge is allowed to occur in G, (i, j), as long as it agrees with the MAG property
and local-path property. The square shape represents a node with no outgoing edge (except
the marked ones). The diamond shape represents a node that controls whether the separator

is minimum — if this node is not ancestor of j, then smaller separator exists.
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Figure B.4: pROC curves of Algorithm with different choices of y performed on ER

graphs (left) and power-law graphs (right).
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Figure B.5: Values of min{y : d, < 1074} for various settings of ER and power-law graphs,

with edge weights drawn from either Uniform (-10,10) or N (0, 3%), and n = 100, 200, 500.

The minimal y values scale with log p.
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Figure B.6: No edge is removed at level 0. At level 1, if the edge (x,y) is checked after
removing (x,2) and (2, y), then FCI performs less CI tests than IFCI (with y = 5), because
the node 2 is local to x and y but not in their neighborhoods.
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Appendix C
APPENDICES TO CHAPTER 4

C.1 Proofs

Proof of Lemma[19. We first show the = direction of the first statement. Suppose u ~» v
and u does not have a directed arrow into A,;. Suppose A,y is fully connected (or a singleton)
and define B={a - u :a € A,p}. If the CPDAG has an extension that is consistent with B,
then u ¢ an(v) in this extension; for a definition of extension, see e.g. (Dor and Tarsi, 1992).
We apply the background knowledge algorithm (Perkovic et al. 2018]), which is guaranteed
to be successful if such an extension exists. Since A, is fully connected, at each step, Meek’s
rules never orient edges between nodes in A,;; therefore, also never orient any edge from
u into A,p, and the algorithm can enforce B without causing any conflict. But this means
there exists a DAG in the Markov equivalence class (MEC) in which u ¢ an(v). Therefore
we conclude the = direction of statement 1. The < direction: since A, is not a clique,
there must be two nodes a, a’ € A, that are non-adjacent and (a,u,a’) is not a v-structure.
Then every DAG in the MEC must have either u — a or u — a’, and therefore a directed
path to v.

Now we show the second statement. The = direction: if there exists a possibly directed
path from u to v, then there must be an unshielded possibly directed path. However, this
means the first edge on this path is oriented out of u in some DAG in the MEC, in which

case u € an(v). The & direction follows directly from our definition. O

Proof of Lemma[13. In the first statement, x must block some pathw = (u,...,s,x,t,...,0)
that is d-connected given W. Therefore x is a non-collider on 7, and the two subpaths
Tiey = (x,8...,u) and Tty = (x,£,...,0) are both d-connected given W. In each DAG of

the MEC, we can pick 7y, or 7y, whichever starts with an outgoing arrow (one of them
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must do so, since x is not a collider) and follow non-collider arrows until we either reach
{u,v} or encounter a collider which is unblocked by W (meaning it is ancestral to W). In
the first case x € an(u U v) and in the second case x € an(W).

In the second statement, x must unblock some path @ = (u,...,t,...,v) that is blocked
by W, where t is a collider on 7 and ancestor of x (or t = x). Note that ¢ (and also x) is
d-connected to both u and v given W. For this reason x must not be ancestral to W. On
the other hand, if x is ancestral to u, then there exists a directed path 7’ = (x,...,u). But
then we obtain a d-connecting path between u, v given W by gluing together 7/, the directed

path (x,...,f) and the subpath of 7t from t to v, which is a contradiction. O

Proof of Theorem[7, [§ and[10. These three results are direct consequences of Lemma[13]and
DNA-faithfulness with respect to the corresponding conditional independence (CI) state-

ments checked by the learning steps. |

Proof of Theorem[9. With the stated sample size, we may apply the error propagation com-
putation in Lemma 1 of Ravikumar et al. (2011) and in Lemma 6 of |[Harris and Drton| (2013),

which gives the following bound:

P{, max |p(i, 1) - pi, j19)| = /\/2} <C. (C.1)
i#7,|S|<K+1

Consequently, with probability at least 1 — C, the sets QEK(P) and QEH(P) are correctly

inferred from the data, and therefore the DNA output is correct. O

Proof of Theorem[11]. The low-dimensional result can be obtained from an error propagation
computation that is entirely analogous to the one from the proof of Theorem [9]above. In this
case, we have P {||Z_1 - S oo > )\*/2} < C and consequently all moral graphs are correctly
inferred from data. In the high-dimensional case, the theory for the CLIME estimator Q
guarantees that ||E2—Z'1||oo < A)|1Z7 1A, for Ay = [IZ7H1LIZ = Sulle (Cai et al. (2011).

The moral graphs of subgraphs are also correct (see Lemma 5 of |Ghoshal and Honorio,

2018). In both cases, the assumption on non-zero entries in the inverse covariance matrix
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guarantees that non-sinks will not be misspecified as sink. Therefore the algorithm is correct

by Theorem [10] O

Proof of Lemma[1]. To show the first statement: Let 7 be an arbitrary ordering of G and
suppose U 9 v is discordant with 77g. We claim we can swap the ordering to obtain a new
ordering that is compatible with G and u #» v. We write g = (X, u,Y,v,Z). Denote
A =Y Nan(v). Since u #» v, we also have u #» A. Since 1 is valid for G, there is no edge
between u and A, no edge between Y \ A and v, and all edges between A and Y \ A are in
the form of A — Y\ A. So the new ordering rij, = (X, A, v,u, Y\ A, Z) is valid for G. If D is
order-constraining, then applying the swap operation above does not create new discordant

pairs, and therefore an ordering can be swapped according to D until it agrees with both D

and [G]. O

Proof of Theorem[12 In the output L = (Ly,...,Ly), for each k = 2,...,m, it holds that
(R Uifz_llLi for all v € L. Consequently, all edges between Li and layers preceding it must

be directed into Lg in G. Hence, L satisfies the requirements to be a valid layering of G. O

Proof of Theorem 15 Under the Markov and the DNA-faithfulness assumption, D is a DNA
set of G and, thus, by Theorem [12] L is a layering of G. It is now sufficient to show the DAG
can be learned by recursively applying SP. We prove this claim by induction. Under SMR, no
graph on L sparser than the subgraph of G over Ly is Markov to the pattern of conditional
independence (CI) relations among Lj. Therefore the output of SP on L; is consistent with
the target MEC. Moving on to L; U Lo, the sparsest graphs that are Markov to the CI
relations among L U Lo have Ly ordered exactly as 7t1. Hence, the optimal ordering of Lo
can be in an optimization that holds m; fixed and considers the joint distribution conditional

on Xy,. The general induction steps to the layers after Ly proceed in the same way. O

Proof of Lemma[15. We show if u, v are d-separated by S, then they are also d-separated by
SN(an(u)Uan(v)). Let T = S\ (an(u)Uan(v)). The d-separation relation implies that every

path between u and v either has a non-collider in S or a collider not in S whose descendants
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are also not in S. Consider an arbitrary path 7 between u and v. If ™ does not go through
T, then 7t is blocked by S\ T. If = contains some z € T and z is a collider on 7, then 7 is
blocked by S\ T for not including z. If z is not a collider on 7, then we can follow the arrows
from z on 7 until we reach a collider, call it x, i.e., (z,...,x,...) is a subpath of 7t. Since
x € de(z) € T and x is a collider on 7t that is not included in S\ T, the set S\ T d-separates

u,v. O
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Appendix D
APPENDICES TO CHAPTER 5

D.1 Proofs

Proof of Lemma[16. The claim in (i) follows directly from the definition of d-separation. In
particular, if Xy — Y; € G then the path from Xj to Y; will not be d-separated by X_x, and
hence Y; U X | Yog.

To prove (ii), note that {Xy,--- X} < {Y1,---Y,} implies that Yj, — .-+ — Yj; cannot

include any Xks. Thus, without loss of generality, suppose that
Yj1 —>"'_>YjOEYj1 _>Yj2_>"'_)ij _>onr

where m =1 is permitted. Now, considering that Xy, is an ancestor of Yj,, by faithfulness of
P with respect to G, in order for any set S C V —{ko, jo} to d-separate Xy, and Yj,, it must
include at least one of the variables Yj,,Yj,,...,Yj,. Noting that the construction used in
H only adjusts for X_,, and does not adjust for any Yjs, the path from Xy, to Y}, will not
be d-separated by X_k,. It follows from the definition of d-separation that Xy, and Yj, are

conditionally dependent given X_,, which means that Xy, — Yj, € H O} O

Proof of Lemma[I7. The result follows again from the definition of d-separation for DAGs,
and the faithfulness of #. In particular, if Xy — Y; € G, {X_¢, Y-} does not d-separate X
from Y}, and hence, Yj L Xj | {X_k, Y-;}.

Next, note that if Xk, Yj, and Y}, form an open collider in G, i.e. if Xi, — Y}, « Y}, and
Xk  Yjy, then the above argument implies that Xi, — Yj, € H®). On the other hand,
since Y}, is a common descendent of Xy, and Yj,, d-separation implies that X, LY}, | Yj,, or

more generally, Xy, LY}y | {X-ky, Y=jo}. Thus, Xx, — Yj, € HGD, O
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Proof of Lemma[19. Suppose mb’(v) and mb”(v) are two distinct valid minimal Markov
blankets of v. Let ] = mb’(v) N mb”(v), K =mb’(v)\J, L=mb”’(v)\J and W =V \ (JU
KU LUwv). By the intersection property, v 1L K|JUL and v AL L|J U K implies v 1. KU L|].
By the elementary formula of conditional independence, v 1L KU L|] and v 1L W UL|J UK
implies v 1L WU K U L|], and therefore | is also a valid MB. But this is only possible when
C = mb’(v) = mb”(v). Hence minimal MB is unique.

Next we show cmby;() = mb(v) \ U in two parts. First we show mb(v) C cmby(v) U U.
We write W = mb(v) N (cmby(v)UU), Z = mb(v)\W, S = (ecmby(v)UU)\ W. Then, by the
definitions of conditional Markov blanket and Markov blanket, v 1L Z|W,S and v 1L S|W, Z.
By the intersection rule, v 1 Z,S|W which establishes W as a valid Markov Blanket.
However, since W C mb(v) and MB is minimal, this is only possible when W = mb(v)
and Z = 0, i.e., mb(v) C cmby(v) U U. Finally we show cmby(v) € mb(v). We write
T = cmby(v) N mb(v). Since T U U 2 mb(v), it must holds that v 1 S|T,U, which
implies that T is also a valid conditional Markov blanket. However, since T C cmby;(v) and
the conditional Markov blanket is minimal, this is only possible when T = cmby(0), i.e.,

cmbyz(v) € mb(v). This completes the proof. O

Proof of Lemma |21 Since both sets are replaced by their supersets, E is still a superset of
true edges. Under layering-adjacency-faithfulness, for any adjacent pairs k € X and j € Y
and any set T C Y_j, it holds that Xy A Yj|X_x UT, so the search loop in Algorithm @ will
not make any false negative errors. Therefore, we only need to show that all additional edges
can be removed by the search loop. For any nonadjacent k € X and j € Y, let W € X be an
arbitrary set satisfying W 2 (S(O) N Sﬁ_j)). Then, Xy A Yj|Xw\x U ypajﬂ,y- The existence of

this separator implies that the edge between k and j can be removed by the search loop. O

Proof of Theorem[1j]. Under layering-adjacency-faithfulness, if k € X and j € Y are adja-
cent, then Xy A Y;|X  and Xy L Yj|X_rUY_j, s0k € S](.O) N SE_]'). Therefore E contains
all true edges.

By the intersection property, it holds that X AL Yf|XS(°)ms(’f) LUYr = X L Yi|X (U
j j

\
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Y. Under layering-adjacency-faithfulness, this implies not type II error can be made by the
search loop. Suppose k € X and j € Y are non-adjacent, then we must have X AL Y;|pa(j),

which implies X AL Y;|X 50 U Yt with the set T = pa(j) N Y. This construction
j

msj*“\k
provide one d-separator, and hence there could not by type I error either. O

Lemma 27 (Partial correlation and regression coefficient). Let ﬁ]S be the linear regression

coefficients regressing a set of variables Xs onto Xj, and let p(i,j|S) denote the partial

correlation, then
SU' _ . . —_ T _1 —_—
Bii' =0 p(i,jIS) =0 & Ljj - g ;X5 ¢Xs,j = 0.
Proof. We prove this by direct computation. We denote the block covariance matrix Xsyy; jy,s01i,j}

as

A B C 25,5 25,1' 25,]'
BT D E|:= Zi,S Zi,i Zi/]'
C" ET F Zj,S Z]’,z’ Z]',]'

SuUi

-1
i = (Zsui,sui) ~ Zsui,j, and hence

For the first term, we have f8
B3 = (D-BTAT'B)” (E-BTAT'C).

pij
VPiiPjj
Therefore p(i, j|S) = 0 if and only if [(ZSU{Z‘,]‘}/SU{Z'/]‘})_1]1',]' = 0. Concretely,

For the second term, we have p(i, j|S) = — where P is the precision matrix P = 71

) -1
[(Ssutijyso0,) iy = =65 (F-CTAT'C — (-CTATB+ENB) .

Both quantities equal zero if and only if ¥; j — Z.-S'—IZEISZS,]- = 0. O

Proof of Theorem[15. Choose ay, = 2(1 — ®(n'/%c, /2)). Denote h, = maxjcy |§§0) N §](.1)|.
We first suppose we run Algorithm @ until some level m/, > m,, such that m/, + h, = O(n'=?)

as in Assumption [§ By Lemma 3 of [Kalisch and Biihlmann| (2007), the probability of any

I

type [ error in edge k, j with conditioning set T C Y\ j, denoted as E; i

is bounded by an

exponential term

sup P {E}(I].|T|ff7l} < O(n —m), — hy)exp(=Cs(n — m}, — h,)c2),
keX,jeY , TcY\j,IT|<my ’
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and the probability of type II error bounded by an exponential term

sup P {E,I(I.lTlﬂ} < O(n = m!, = hy) exp(=Ca(n — m’, — hy)c2)
keX,jeY ,TcY\j,IT|<nt, /]

for some finite constant C3 and Cy. In our algorithm, |{k,j, T} : |T| < m,| = O(pg'*™) =
O(exp(con™)). So the total error probability can be bounded,

P {an error occurs in Algorithm [J] with p-cor testing| A}
< O(exp(con®)O((n — my, = hy) exp(=Cs(n — m;, = hy)c;))
< O(exp(con® + log(n — m!, — h,) — Cs(n*=2% — m/ n=24 — h,,n=22)))

= O(exp(—Cn'~2%)), (D.1)

By (D.1)), with high probability, the sample version of searching loop makes no mistake up
to search level mj,. Then by the reasoning in Lemma 5 of Kalisch and Bithlmann (2007),
the search step also have high probability of terminating at the same level as the population

version, which is either m,, — 1 or m,,. This completes the proof. O

Proof of Proposition [l Similar to the proof above, it holds that

S‘HEP {EI_IQTO)} <Om+1-p)exp(=Cy(n+1- p)c,%),
Je i

sup P {EI-Igm} <On+2-p—q)exp(~=Cy(n +2—p —g)c2).
jey 179

Since there are in total pg + (p +q —1)q many tests, the probability of errors can be bounded
by

P{-A} <q@2p+q-1)n+2-p—q)exp(-C'(n +2—p — q)c2) = O(exp(-C'n'~24)),
using the fact that n > p + 4. m]

Proof of Proposition |9 By Theorem 1 of [Fan and Lv| (2008)), for each selection problem,
SIS has an error probability of O(exp(—Cn'=2?/logn)). We apply a union bound over

the total number of 2p problems and error probability is O(exp(n® — Cn'=24/logn)) =
O(exp(n'=24/(n1=2d=% — C/logn))) = O(exp(=Cn'=24/log n)). O
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Proof of Proposition[3. This proof will proceed as following: First we will show that under
the Gaussian construction, all design matrices satisfy the Restricted Eigenvalue (RE) con-
dition. Then we show that these conditions implies bounded error of lasso estimate. Lastly,
we show that under Assumption the minimal non-zero coefficients are large enough to
guarantee successful screening.

The RE condition is a technical condition for lasso to have bounded error. In particular, a
design matrix D € R™ satisfies RE over a set S C [d] with parameter 7 if %HZ)AH2 > 17||A||§
for all A € R such that [[Agpslli < 3||Aslli. Let Timin(-) be the minimum eigenvalue
function and p2(-) the maximum diagonal entry. It is shown in Theorem 7.16 of Wainwright
(2019) that for any random design matrix 9 ~ N(0,Lp), there exists universal positive

2
constants ¢; < 1 < co such that ”DZJHQ > cl||\/ZDw||g — csz(ZD)%lel% for all w € RY,

exp(-n/32)
1-exp(-n/32)"

with probability at least 1 — This inequality implies RE condition with n =

1 I'min(Ep) n
32ca p2(Xp) logd: Note

5T min(Ep) uniformly for any subset S of cardinality at most |S| <
that our required rate of h, = O(n'"?) and s, = O(n'~?) satisfies this sparsity requirement.

Therefore, under our assumption on minimum eigenvalues, the matrix X U Y satisfied RE

exp(—n/32)
1-exp(-n/32)"

matrices used to learn S;O) and S;l) ,ie, X and {(X UY-))}jey, all satisfy RE condition.

with some constant 1 with probability at least 1 — Consequently, the design

Next we apply Theorem 7.13 from Wainwright (2019). In particular, for any solution of

the lasso problem with regularization level lower bounded as A, > 2||DTw/n||c where D is

the design matrix, it holds that || — B*[|2 < %\/E/\n In our case, this guarantees all the fo

errors of estimation is bounded, in particular

A * A. * 2
mas (mas{(17; = yjllz 165 = 652}) < ~Bndn.

. . . . Di
For any Gaussian designs D € R™? with columns standardized to max; % < C, the

. . DTw 2logd _no? (0)
Gaussian tail bound guarantees P {||[=*[[cc > Co(4/= = +0); < 2¢” 2°. To learn S]. ,

we set A, < 4/2logp/n, then the errors (in ¢» and fw) are in the order of O( QS”L—Og'p) =

162
O(n'=b**) with probability at least 1 — 2¢="3". A union bound over all regression problems
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n2
bounds all errors with probability 1 —4pe™"2" = 1—O(exp(con® — 8n?)) = 1- O(exp(-§n?)).
Last we show that Assumption [10| implies a beta-min condition for the regression prob-

lems. Note that

ki = PG, kIX—k)\/VM(YHX)VM(XHX—" UYj),

O = plj, KIX -1 U Y )y Var (| = j, k)Var(Xl - j, k),

and the last terms are both bounded below by some constant. Therefore we have miny; +0 lykjl >
Cyi» ming,, 20 |Okj| > ¢j, for some ¢/t =0m9).
nd2 o132

Putting pieces together, we have shown that with probability at least 1-4ge™ 2" — To73E

it holds that the lasso solution exactly recovers S;O) and S](.l) forall j e Y. O

Proof of Proposition[{]. First, Theorem 2 from |Chakraborty and Shojaie| (2022)), guarantees
that for any € > 0 there exists positive constant c; and ¢z and y € (0,1/4) with y > x such

that

sup P{Ip*(j, kIZ U X_x) — p*(j, kIZ U X_p)| > €}
jeY keX,|T|<m,

< O(pg"™ 1 [2exp(—c1n'™2€?) + n' exp(—can?)]), (D.2)

M+l s an upper bound on the total number of tests needed. Under the re-

where pg
quired faithfulness assumption, this implies the probability of type-1 and type-2 error is
bounded by O(exp(con® — c1n'=27724) + n* exp(con® — con?)). The first term is dominated
by O(exp(—c1n'~27=29)) and the second term by O(exp(—can?)). This means with high prob-

ability, small sample partial correlations corresponds to correct conditional indepdencies and

the searching loop is correct. O

Proof of Proposition[5. The following analysis applies the fast rate results from Haris et al.
(2022). Note that the GAM problem defined above is a special case with the truncated basis
functions F ). Following Corollary 13 of Haris et al.| (2022), for each u, k there is a high
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probability event on which the empirical process of the loss is controlled. Assumption

allows applying an union bound over u and k. Therefore, with high probability, it holds that

DO~ £l < e(fou) 3 max(Smay log(p + q)/n).

Under the beta-min condition, this suggests the estimates support are supersets of S](,O) and

(1)
S]. . m|
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