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This document will discuss three problems that I worked on during my Ph.D. Chapter [2| contains
my work on the Santa Claus problem, and Chapters [3|and [4| contain my work on scheduling with
precedence constraints and communication delays. New algorithms for scheduling and resource
allocation problems have far reaching implications, as problems in scheduling and resource
allocation are a foundational playground for studying computational hardness and are practically

relevant.

In the Santa Claus problem, Santa has a set of gifts, and he wants to distribute them among a set
of children so that the least happy child is as happy as possible. Child 7 has value p;; for present j,
where p;; is in {0, p;}. A modification of Haxell’s hypergraph matching argument by Annamalai,
Kalaitzis, and Svensson gives a 12.33-approximation algorithm for the problem. In joint work
with Thomas Rothvoss and Yihao Zhang, we introduce a matroid version of the Santa Claus
problem. While our algorithm is also based on the augmenting tree by Haxell, the introduction of
the matroid structure allows us to solve a more general problem with cleaner methods. Using our
result from the matroid version of the problem, we obtain a (4 + ¢)-approximation algorithm for

Santa Claus.



In scheduling theory, one of the most poorly understood, yet practically interesting, models is
scheduling in the presence of communication delays. Here, if two jobs are dependent and scheduled
on different machines, then at least c units of time must pass between their executions. Even
for the special case where an unlimited number of identical machines are available, the best
known approximation ratio for minimizing makespan is O(c). An outstanding open problem
in the top-10 list by Schuurman and Woeginger (and its recent update by Bansal) asks whether
there exists a constant-factor approximation algorithm. In joint work with Janardhan Kulkarni,
Thomas Rothvoss, Jakub Tarnawski, and Yihao Zhang, we prove a O(log ¢ - log m)-approximation
algorithm for the problem of minimizing makespan on m identical machines; this work is presented
in Chapter [3] Our approach is based on a Sherali-Adams lift of a linear programming relaxation
and a randomized clustering of the semimetric space induced by this lift. We extend our work to
the related machines setting and study the objectives of minimizing makespan and minimizing
the weighted sum of completion times. Here, we also obtain polylogarithmic approximation

algorithms, and these results are presented in Chapter

ii
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Chapter 1

Introduction and Background

Many optimization problems can be modeled as linear programs of the form max,{c’ x| Az < b}.
There are methods to solve linear programs efficiently and obtain a fractional solution, but often
any valuable z is integral. Finding optimal integral solutions is generally theoretically intractable,
so instead we often take a fractional solution and devise some algorithm that rounds the fractional
solution to an integral one. The rounding algorithm is seen as decent if not too much is lost in the
objective value from moving from the fractional solution to the integral one.

In designing linear programming relaxations, we define that integrality gap of an LP to be
the maximum ratio over all input instances I between the optimal objective value of the integral
solution of / and the optimal objective value of the relaxation of I. The integrality gap is the
standard way of measuring how well a linear program actually captures the problem.

We accept that it is extremely likely that there exists a separation between the set of “easy”
and the set of “hard” problems, i.e. those for which we can always find an optimal solution in
time polynomial in the size of the problem, and those for which we cannot. Skipping over the
complexity formalities that can be found in many textbooks, the latter class is referred to as the

set of NP-hard problems [Sip13]]. Instead, we work towards obtaining approximate solutions
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efficiently. An a-approximation algorithm for an optimization problem is an algorithm which
given any input instance to the problem is guaranteed to return a solution whose value is within
an « factor of the value of the optimal solution, and further the algorithm runs in time polynomial

in the instance’s sizell

Designing LPs with small integrality gap—where small depends on the target approximation
factor—can be difficult. One normally begins by writing down the basic constraints that arise from
the problem statement; let us call this the basic LP for now. To judge the quality of the basic LP,
the next step is to try and think of instances that might lead to a larger-than-desired integrality
gap. If indeed there is an instance certifying that the integrality gap is large, then we have to come
up with additional constraints to add to the LP that will eliminate the bad instances. Sometimes
this ad hoc approach works relatively well, in that coming up with constraints to eliminate bad

instances is not too difficult given previous work, intuition, or luckﬂ

But other times, this cycle of dreaming up new integrality gap instances and then nixing those
instances with new constraints can go for a while. Even if there is an LP for which there are no
obvious integrality gap instances, it might difficult to come up with a way to round an LP solution

or analyze a rounding procedure.

Appealing though these options may be, hierarchies can help avoid them. LP (or SDP) hierar-
chies provide a systematic way to add new constraints and variables to an LP (or SDP) in order
to strengthen them. Additionally, there are nice properties of solutions to lifted LPs and SDPs
that make analyzing rounding procedures simpler. Sometimes after analyzing the problem using a
lifted solution, it is possible to reverse-engineer a simpler LP—one that is not necessarily a lifted

LP— by only using the constraints and variables enforced by the lift that are needed in the analysis

'In some of the literature, the runtime is not specified in the definition, but in this thesis everything will be in
polynomial time, so we build it into the definition.
?In the Santa Claus problem, this ad hoc approach works well enough for our purposes!



of the rounding procedure[}] Other times, the analysis uses properties of the lifted solution that
are global in the sense that it is not obvious how to extract a compact LI}

For the purposes of this thesis, we will only give some background on the Sherali-Adams
hierarchy, but the interested reader should see the chapter by Chlamtac and Tulsiani in the first
reference or the work by Laurent for more details[[AL12, Lau03]]. From the basic LP relaxation, we
strengthen as specified by the rank of the lift, where higher lifts are stronger. As one should expect,
the increased strength with higher rank comes with higher complexity; an integer program on n
variables, x4, ..., x,, lifted to rank r can be solved in time n™). Ata high level, a Sherali-Adams
lift of rank r enforces a consistent probability distribution on sets of variables of size at most 7.
More specifically, observe that for K a polytope of a relaxation of a 0/1 integer program on n
variables, we can view any point in conv(K N {0, 1}") as a probability distribution X over points
in the solution set K N {0,1}". For I C [n] with |I| < r, one could manually add variables y;
representing the probability over the distribution X that X; = 1 for all ¢ € [ and constraints
enforcing these probabilities agree according to inclusion-exclusion. We would ideally like to

enforce that y; = [[,.; vi; instead the Sherali-Adams lift requires the following:

Definition 1. Let P.([n]) = {/ C [n] | |I| <r}and K = {z € R" | Ax > b} for A € R"™*".
Then S A, (K), the Sherali-Adams lift of K of rank r, is the set of vectors y € [0, 1]" with yp = 1

and for all 7, J C [n] with |I| +|J| < r,
Z(—l)m ' (Z A@,inuJ’U{i}—bgyIuJ/> >0 Ve € [m)].
J'CT i=1

More properties of the Sherali-Adams hierarchy are discussed in Chapters [3|and [4]

Problems for which we use approximation algorithms and that are considered in theoretical

3This is what happened in our work on scheduling with communication delays on identical machines. One can
view the Sparsest Cut algorithm by Arora, Rao, and Vazirani this way, too.
*This is what happened in our work in scheduling with communication delays on related machines.
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computer science are often motivated from practical situations. But it is worth noting that in the
definition of an a-approximation algorithm, we require that the algorithm obtains a solution whose
value is only an « factor off for any input. Depending on your persuasion, this may seem like a
very strong definition, and maybe impractical... perhaps the inputs that make algorithm design
difficult are contrived or never really arise in practice. So we have an—at first glance—strange
juxtaposition, where we motivate a problem by saying that it is arises in practice, but we measure
success with a potentially impractical metric. From my perspective, this view is orthogonal to the
work I did during my Ph.D., as well as a lot of the most important work in TCS P} The design and
analysis of approximation algorithms represented in this thesis is all about the math. Specifically,
it is about discovering what mathematical structures we can superimpose onto a hard problem
in order to make a little more sense of why it is indeed hard. We focus on two specific NP-hard
problems in this thesis: Santa Claus, also known as Restricted Max-Min Fair Allocation, and

scheduling with precedence constraints and communication delays.

1.1 The Santa Claus problem

In the Santa Claus problem, the objective is to allocate gifts, M, to children, .J, in such a way that
the minimum value of any child is maximized. We assume that child ; € M has value p; ; for
gift 7 € J and that a child’s value is the sum of the values of the gifts they receive. Formally, we
seek an assignment ¢ : J — M such that min;ep, > 6-1(i) Pij 18 maximized. Let m denote the
number of children and n the number of gifts. In Santa Claus, also known as restricted Max-Min
Fair Allocation, we assume that p; ; € {0, p;}, i.e if two children both want to receive a gift, then

they both value it equally. We will refer to the unrestricted version of MMFA occasionally for

SThough there is a lot of meaningful work in approximation algorithms, TCS, and beyond that takes runtime,
memory, input characteristics, and other practical concerns into consideration, and I very well might work in this
space someday.
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background, where in the unrestricted version p; ; does not necessarily belong to {0, p;}ff

1.1.1 Previous work

It is NP-hard to approximate Santa Claus within a factor less than 2 [BD05]. Though interest-
ingly, the known approximation factors for upper bounds wildly differ between the restricted
and unrestricted versions. Before our work, constructive methods for both the restricted and
unrestricted versions of Max-Min Fair Allocation in some way use the existence of a solution to
an exponentially large configuration linear program [BS06,[AKS15| [AS10, (CCK09, [CM18]].

For a CLP with objective value 7', the variables in the CLP take the form z; ¢, which represents
whether child ¢ receives the subset of gifts C' € C(i,T), those sets of gifts bringing child 7 at least

value T"

(CLP) Y me>1 VieM
CceC(i,T)
YN wme<1  VjeJ
C:jeC 1
x>0

The CLP was introduced by Bansal and Sviridenko when studying the Santa Claus problem.
They use it to give an O(loglog m/logloglogm)- approximation for the Santa Claus problem
[BS06]]. Since then, progress has been made towards better constant factor approximations for
the Santa Claus problem, with Feige proving an (unspecified constant) O(1)-approximation and
Annamalai, Kalaitzis, and Svensson proving a 12.3-approximation [Fei08, [AKS15]. The CLP

for the Santa Claus problem has an integrality gap of 3.808 [CM19]. In contrast, the CLP for

In Max-Min Fair Allocation, we normally use the terms “agents” and “items” instead of “children” and “gifts”, but
since we only briefly discuss the unrestricted version, we will stick with the latter lingo.
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unrestricted Max-Min Fair Allocation has an integrality gap of 2(1/m), but Chakrabarty, Chuzhoy,
and Khanna cleverly beat the \/m gap to obtain an O(n¢)-approximation in n'/¢ time for ¢ =
Q2 (loglogn/logn) by iteratively using solutions to the LP, whose gaps become smaller in each
iteration| From these works, it is helpful to note that the algorithms rely on assigning gifts with
large versus small p; ; differently [AKS15,(CCK09]. Similar ideas have been used in scheduling to
minimize makespan [Svell [LST87].

More generally, studying Max-Min Fair Allocation can be viewed from the lens of investigating

sufficient conditions for perfect matchings in bipartite hypergraphs. A hypergraph H = (VUW, £)

is called bipartite if forall e € &,

eNV| =1, and hyperedges F' C & form a (left) perfect matching
if they are disjoint and every node in V' is contained in exactly one edge in F'. In particular, a
solution to the CLP is a fractional perfect matching on the hypergraph (MUJ,J;.,,C(i,T)).
Finding perfect matchings in bipartite hypergraphs is in general NP-hard, though Haxell’s condition

defines a sufficient condition:

Theorem 1. [Hax95] Let H = (VUW, E) be a bipartite hypergraph with |e| < r foralle € E.
Then either H contains a (left) perfect matching or there are subsets V' C V and W' C W so that

all hyperedges incident to V' intersect W' and |W'| < (2r — 3)(|V’| = 1).

While the proof of Haxell’s condition relies on a potentially exponential time argument,
Annamalai made the argument polynomial by restricting edge sizes to be uniform and allowing
some slack in the inequality [[Ann16]. His argument, in addition to the one made in the 12.33-
approximation algorithm by Annamalai, Kalaitzis, and Svensson, takes Haxell’s argument and
makes it polynomial by introducing an augmenting tree. This generalizes the notion of an

augmenting path used to find maximum matchings in bipartite graphs. Instead of swapping every

"Note that some results are in terms of m, and some in terms of n. Though in general we think of n as much
larger than m, and in fact, the results of Chakrabarty, Chuzhoy, and Khanna hold replacing n with m for constant e.
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other edge in an augmenting path, as is the case for a bipartite graph, the augmenting tree swaps

sets of alternating hyperedges to find more space in the hypergraph.

1.1.2 Our contribution

In my work on the Santa Claus problem with Thomas Rothvoss and Yihao Zhang, we exploit an
underlying matroid to design a clean bipartite hypergraph matching algorithm [DRZ20]]. This
leads to an improved approximation factor (from 12.3 to 4 4 ¢) compared to the solution of a new
linear program relaxation)

We build off the idea of separating gifts by their values by designating a gift j as either large
or small, depending on its value p;. Our linear program has only O(n?) many variables and
constraints and uses this distinction between large and small gifts. In particular, we introduce an
expansion constraint, forcing children who do not entirely receive a large gift to fractionally receive
at least 7" small gifts, for 7" the optimal objective value. Let J;, := {j € J | p; > 02T} denote the
large gifts and Jg := {j € J | p; < 61T} denote the small gifts for constants 0 < §; < dy < 1
such that all gifts have values in [0, §;7"| U (627, T']. M; denotes the set of children who wish to
receive gift j, in other words the set of i € M such that p; ; > 0. Let P(7), 41, J2) be the set of

vectors z € RZ5M satisfying

je€Jg:iEM; jeJreM;
’iEMj
Zij S 1— Z 24 Vj € JS Vi € Mj.

j’GJL:iEMj/

8 After obtaining our results, we learned that Cheng and Mao simultaneously and independently obtained a
6 + ¢ approximation to the Santa Claus problem by altering the algorithm by Annamalai, Kalaitzis and Svensson
[CM18]. Using ideas established by Asadpour, Feige, and Saberi, they further improved this to a 4 4 ¢ approximation
[CM19|[AFS08].
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The separation between large and small gifts was critical for our approach as it allowed us
to define an underlying matroid. Recall a matroid is a structure generalizing the notion of linear
independence in vector spaces, and in particular their independent sets have useful exchange
properties. Formally, M = (X, Z) is a matroid with groundset X and independent sets Z C 2% if

and only if the following hold:
« Non-emptyness: ) € Z;
« Monotonicity: ForY € Z and Z C Y one has Z € Z;

« Exchange property: For all Y, Z € T with |Y| < |Z| there is an element z € Z \ Y so that
Yu{z} el

The bases of a matroid, denoted by B(M), are all inclusion-wise maximal independent sets,
and the convex hull of all bases is called the base polytope, denoted by Pg() := conv{x(S5) €
{0,1}% | S'is basis}, where x(.9) is the characteristic vector of S.

Now consider a bipartite graph G = (VUW, E) with ground set V' on one side and a set of
resources IV on the other side; each resource w € W has value p,, > 0. We define the problem
Matroid Max-Min Allocation, where the goal is to find a basis S € B(M) and an assignment
o : W — S with (0(w), w) € E so that minyes Y, c,1(,) Pw is maximized. For T > 0 the target
objective function value, we define a linear programming relaxation Q(7") as the set of vectors

(z,y) € RY; x RE satisfying the constraints:

WS PB(M)
prvazT'mv YveV
weN (v)
y(o(w)) <1 Yw e W

Yow < Ty V(v,w) e L.
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Here, the decision variable x, expresses whether element v should be part of the basis, and
Yuw €xpresses whether resource w should be assigned to element v. We abbreviate N (v) for the

neighborhood of v and y(d(w)) for 3_,., .\ Yvw- Our main technical result is the folllowing:

Theorem 2. [DRZ20] Suppose Q(T) # () and membership in the matroid can be tested in time

polynomial in n. Then for any € > 0 one can find

(x,y)GQ(G—&) ~T—%-gleav>vcpw)

with both x and y integral in time n®=(), where n := |V| + |W|.

Viewing the set of children and gifts as parts of a bipartite graph, the sets of children that can
be given a large gift form a matchable set matroid, M. Thus children who do not receive a large
gift form bases of M?*, the co-matroid of M. Set §; so that d; - T is the largest gift value that is at
most % - T, and set 05 so that 05 - T is the smallest gift value that is at least % -T. In an instance of
the Santa Claus problem where the optimal integral solution has value 7', we transform a solution

in P(T, 01, 09) into a solution of Q(7T") with max,ecw py, = 01 - 1.

By using properties of matroids, we find an assignment of small gifts to a basis of M* by
simplifying a bipartite hypergraph matching algorithm of Annamalai, Kalaitzis, and Svensson
that builds an augmenting tree [AKS15]. Using Theorem [2] each child receiving only small gifts
has value at least (% — 5) T — % 20T > (}l — 5) - T'. The remaining children who received no
small gifts get a single large gift with value at least 65 - 7" > % - T, guaranteeing every child at
least ; — ¢ of the optimal value. Interestingly, in the case where the distribution of gift values is
bimodal and the gap between d; and 5 is large, our approximation factor improves. In the most

extreme case when gift values are either 1 or 7, our algorithm returns a 3 + ¢ approximation.
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1.2 Scheduling with Communication Delays

Distributing tasks onto processors occurs in many areas of computing. Frequently, some tasks use
the outputs of other tasks as their inputs. The cost of transferring data between processors can be
expensive, e.g. in data center scheduling and Deep Neural Network training [CS12,ZCB"15]]. This
dependence and latency in scheduling is modeled with precedence constraints and communcation

delays.

Given a set of n jobs and a set of m machines on which the jobs can be performed, scheduling
algorithms find an assignment of jobs to machines and time slots. Precedence constraints model the
flow of jobs as a directed acyclic graph, where if there is an edge in the DAG from j; to jo, denoted
J1 < Jo, then j; must be completed before any machine can start to process j,. Communication
delays model the latency between dependent jobs, where if j; < j and j; is performed on a
different machine than j;, then at least c time units must pass after the completion of j; before

any machine can start to process j,. Note that we take < to be a partial order.

One objective of interest is minimizing makespan, which is the time that the last working
machine finishes processing its final job. In the setting where each job is additionally assigned
a weight, w; for job j € J, and ()} is the time at which job j is completed, another objective is

to minimize the weighted sum of completion times, Y ._; w;C};. In the identical machines setting,

jed
all machines process all jobs equally quickly. In the related machines setting, each machine is
equipped with some speed, s; for i € [m/], and job j is processed in p,/s; time units by machine 1.

We are interested in non-preemptive scheduling, where a job must be processed in its entirety on

a single machine in a consecutive period of time.
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1.2.1 Previous work

Overall, there was very little known about scheduling with communication delays for non-
constant delay c before our work and the concurrent work of Maiti, Rajaraman, Stalfa, Svitkina,
and Vijayaraghavan[|MRS™20], despite much practical and theoretical intrigue. In fact, obtaining
constant factor approximation algorithms to the problem is in a list of the top-10 open problems
in scheduling theory proposed by Schuurman and Woeginger [SW99]. More recently in a 2017
survey talk, Bansal described scheduling with precedence constraints and communication delays

as “not understood at all" and “almost completely open" [Ban17].

Simple arguments obtained O(c)-approximations for the objective of minimizing makespan [Gra66}
GKMPO08]]. In a list scheduling algorithm, a heuristic orders the jobs and then jobs are assigned ac-
cording to the order to the least full machine. List scheduling already gave a (¢ + 2)-approximation
for the problem, and the best known for general ¢ was a 2/3(c + 1) approximation. While there
are tighter bounds when ¢ = 1, little else was known for when c is large, which is the parameter
setting arising in practice [MK97, HMO1]].

Without communication delays, but with precedence constraints, Graham showed that with
any ordering, list-scheduling gives a (2 — 1/m)-approximation. And this is roughly tight, as
assuming a variant of the Unique Games Conjecture, in 2010 Svensson showed that it is NP-hard
to obtain better than a (2 — €)-approximation for constant ¢ > 0. It should also be noted that
one can instead consider the problem with duplication; here a job can be performed on multiple
machines in order to forego the communication cost incurred for placing dependent jobs on
different machines.

One hypothesis of why the problem with communication delays eluded researchers for so many
decades is the lack of good LP relaxations. To see why, let us consider the LP of Munier and Konig,

which—together with a simple rounding procedure—was used to obtain a 4 /3-approximation for
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scheduling with communication delays in the special case when p; = 1 forall j € Jandc = 1.In
the LP below, we call ' (j) = {j’ € J | 7/ < j} the predecessorsof jand I'"(j) = {5’ € J | j <
J'} the successors of j. Further, C} is the completion time of job j and x; ;s is the decision variable

for whether jobs j < j’ are performed on the same machine.

Cj +2— xXj S Cj/ VJ < j/
> oap; <1 Vi€ J
J'er=()
J'Er*()
0< Cj VieldJ

Now, we could try to extend the LP above to the case when c is large. Assume the time horizon
is partitioned into intervals of length c and the completion time variables now refer to which
c-length interval to schedule in, e.g. the first c length interval is from time 0 to c and C; = 0 for
job j if and only if job j is performed by the LP in the first interval. Also, we slightly change from
variables z; ;/ to y; j/, where y; ;s is the decision variable for whether jobs j and j" are performed

on the same machine and in the same c-length interval. Then we end up with the following LP:

Cj+ 11—y <Cy Vi< j'
jled
0< Cj VielJ

0<y;;<1 Vj<j
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Unfortunately, this LP has a superconstant integrality gap; for a DAG with degree at most c, the
LP can simply set schedule all jobs in the first interval, even though an integral solution will need

a superconstant number of intervals.

1.2.2 Our contribution

In joint work with Janardhan Kulkarni, Thomas Rothvoss, Jakub Tarnawski, and Yihao Zhang, we
studied the problem of scheduling with precedence constraints and communication delay c on
identical machines. In the identical machines setting, all machines have the same speed and are

able to process every job.

As outlined above, it was not clear how to construct a useful LP using an ad hoc approach.
Therefore, we used a Sherali-Adams lift. We consider a time horizon partitioned into c-length
intervals I, for s € {0,...,S — 1}. The LP is constructed in two steps; the first step constructs a
basic assignment LP and the second step uses the variables produced from lifting the basic LP.

Consider the assignment variables

1 if j is scheduled on machine 7 in interval I,
Tjis = Vje Jie[m],se{0,...,5—1},

0 otherwise

and let K be the set of fractional solutions to

Z ij’i’s = ]_ V] - J
i€[m] s>0
ijﬂ-’s < ¢ Viem] Vse{0,...,5 -1}
jeJ
0<uzj;s < 1 Vjedie[m],se{0,...,5—1}.
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Alift x € SA,(K) introduces variables Z(;, i, s,),(js.is,s2)» Whose value are the probability that job
J1 is scheduled in interval s; on machine i; and job js is scheduled in interval s, on machine
io. The C; and y; j are those of the previous LP. We let ()(r) denote the set of vectors (z,y, C)

satisfying the following:

Yiis = D D Tluis) (e

s€{0,...,.S—1} i€[m)]

Cjz Cj1 + (1 - yj17j2> V]l < j2

Vv

C, > 0 YjeJ

m

x SA,(K)
Note that for our purposes, it suffices to take » = 5, so we can solve the LP in polynomial time.

Our main technical theorem is the following:

Theorem 3. Consider an instance with unit-length jobs .J, a partial order <, and parametersc, S, m €
N such that Q)(r) is feasible for r := 5. Then there is a randomized algorithm with expected polyno-

mial running time that finds a schedule for the instance using at most O(logm -logc) - S intervals.

The Sherali-Adams lift guarantees that the triangle inequality holds on the function d(j, j') =
1 — y; jo. Therefore the set of jobs equipped with d is a semimetric space, where jobs close with
respect to the semimetric are likely to be scheduled on the same machine and in the same c-length
interval. Viewing the set of jobs as a semimetric, we design an algorithm that uses as a subroutine

a clustering algorithm by Calinescu, Karloff, and Rabani [CKR04].

Since we are willing to pay a O(log ¢) factor in the approximation, it suffices to partition the
set of jobs into bands of width ©(1/log ¢) and just schedule each band with the algorithm Then

we simply pay time c between scheduling each band. For a fixed band J* = {j | T' < C; <
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T+ m}, jobs j, 7' € J* are very likely to be scheduled on the same machine and in the same
interval according to the LP. Using this fact, we can show that the probability that a node j € J*
is assigned by the CKR algorithm to a cluster different from any of its predecessors in J* is at
most 1/2. Therefore the downward closed subsets of each cluster can be scheduled on an unused
machine in an interval of size at most 2c. Repeating this iteratively, and inserting c idle time slots
between each iteration to account for the the communication delay between jobs in different

iterations, we show that with high probability this procedure schedules all the jobs|after ©(log m)

iterations.

We can reduce from the general setting to this special unit-length jobs setting with the next

theorem.

Theorem 4. Given an instance with unit-length jobs, suppose that there is a polynomial time algo-
rithm that takes a solution for the LP Q)(r) with parameters m,c,S € N andr > 5 and transforms
it into a schedule using at most «- S intervals. Then there is a polynomial time O(«)-approximation

for scheduling with communication delays on identical machines for arbitrary job lengths.

Together Theorems [3|and |4/ imply a O(log m - log ¢)—approximation algorithm for scheduling
with communication delays on identical machines. Concurrent with our work was that by Maiti
et. al., who study scheduling with communication delays in the duplication setting. Additionally,
they also provide a bound on the advantage that duplication provides to this problem, so overall
they too obtain polylogarithmic approximation algorithms for scheduling with communication
delays, though with a larger exponent than ours. See Chapters [3|and [4|for a comparison on our

work versus that of Maiti et. al.

One last note on this work is that the Sherali-Adams lift gave us the insight that the following

Potentially a set of jobs is left after O(log m) iterations, but at that point, they can be scheduled together with
high probability.
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compact LP actually suffices for our analysis. Our compact LP is the following:

Yjrg1 = 1 le eJ
Yirge = Yjon vjlajZ eJ
L—9jge S 1 =95 + 1 — Yo Vi1, g2, Js € J

Zyjl’j S C \Vljl € J

jeJ
Cjz > le + (1 - yj17j2) vJl < j2
Cj >0 VjelJ

0<y;» <1 Vi, i e J

With the same team of authors, we also obtained polylogarithmic approximation algorithms
in the more general setting of related machines for the objectives of minimizing the weighted sum
of completion times and minimizing makespan [DKR™21]. This work generalizes the framework
established in our previous paper, though there are new technical challenges. For the objective
of minimizing makespan, it was sufficient to determine in which c-length time interval a job is
scheduled. However, for the weighted sum of completion times objective, this is not careful enough;
jobs that have very small fractional completion time by the LP must be scheduled very early.
Additionally, as opposed to the identical machines setting, the problem now involves assigning jobs
to speed classes. We introduce more constraints into our LP and prove stronger structural insights
about the Sherali-Adams solution. Our main result is an O(log® n)-approximation algorithm for
minimizing the WSoCT on related machines. As a byproduct of our result, we also obtain an
O(log® n)-approximation algorithm for the problem of minimizing makespan Q | prec, ¢ | Crax,
which improves upon the O(log® n/ log log n)-approximation algorithm due to a recent work of

Maiti et al. [MRS™20].
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Let M denote the number of speed classes, i.e. the number of distinct s;. While only losing a
constant factor in the approximation factor, we can assume that M = 10g(Smax/Smin) < O(log m),
where s, and sy, are the fastest and slowest speeds of machines. Our main result in the related

machines setting is the following theorem.

Theorem 5. There is a randomized O(M? - log® n)-approximation algorithm for scheduling with
communication delays on related machines for minimzing the weighed sum of completion times with
expected polynomial running time. When jobs have unit processing lengths, the approximation factor

of the algorithm improves to O(M -log®n).

Due to the bound on M, the theorem implies an O(log® n)-approximation algorithm to the
general problem and an O(log® n)-approximation algorithm when all jobs are unit-length. We

also obtain an improved approximation factor for the objective of minimizing makespan.

Theorem 6. There is a randomized O(M - log m - log n)-approximation algorithm for scheduling
with communication delays on related machines for minimzing makespan with expected polynomial
running time. When jobs have unit processing lengths the approximation factor of the algorithm

improves to O(logm - logn).
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Chapter 2

Santa Claus

2.1 Introduction

Formally, the Santa Claus problem takes as input a set M of children, a set .J of gifts, and values
pij € {0,p;} foralli € M and j € J. In other words, a child is only interested in a particular
subset of the gifts, but then its value only depends on the gift itself. The goal is to find an
assignment o : J — M of gifts to children so that min;eps Y jeo—1(i) Pij is maximized.

The first major progress on this problem is due to Bansal and Sviridenko [BS06]], who showed
a O(loglog n/ logloglog n)-approximation based on rounding a configuration LP. The authors of
[BS06]] also realized that in order to obtain a O(1)-approximation, it suffices to answer a purely
combinatorial problem: show that in a uniform bipartite hypergraph with equal degrees on all
sides, there is a left-perfect matching that selects a constant fraction of nodes from original
edges. This question was affirmatively answered by Feige [Fei08]] who proved a large unspecified

constant using the Lovasz Local Lemma repeatedly. Then Asadpour, Feige and Saberi [AFS08]]

showed that one can answer the question of [BS06] by using a beautiful theorem on hypergraph

19
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matchings due to Haxell [Hax95]; their bound"| of 4 has been slightly improved to 3.84 by Jansen
and Rohwedder [JR18c] and then to 3.808 by Cheng and Mao [[CM19]]. Recently, Jansen and
Rohwedder [JR18a] also showed (still non-constructively) that it suffices to compare to a linear
program with as few as O(n?) many variables and constraints, in contrast to the exponential size
configuration LP.

A hypergraph H = (XUW, £) is called bipartite if |e N X| = 1 for all hyperedges e € £. A
(left-) perfect matching is a set of hyperedges F' C &£ that are disjoint but cover each node in X.
In general, finding perfect matchings in even bipartite hypergraphs is NP-hard, but there is an

intriguing sufficient condition:

Theorem 7 (Haxell [Hax93)). Let H = (XUW, ) be a bipartite hypergraph with |e| < r for all
e € &. Then either H contains a left-perfect matching or there is a subset C' C X and a subset

U C W so that all hyperedges incident to C' intersect U and |U| < (2r — 3) - (|C| — 1).

It is instructive to consider a “standard” bipartite graph with » = 2. In this case, if there
is no perfect matching, then there is a set C' C X with at most |C| — 1 many neighbors —
so Haxell’s condition generalizes Hall’s Theorem. Unlike Hall’s Theorem, Haxell’s proof is non-
constructive and based on a possibly exponential time augmentation argument. Only very recently
and with a lot of care, Annamalai [Ann16] managed to make the argument polynomial. This
was accomplished by introducing some slack into the condition and assuming the parameter
r is a constant. Preceding [Ann16]], Annamalai, Kalaitzis and Svensson [AKS15] gave a non-
trivially modified version of Haxell’s argument for Santa Claus, which runs in polynomial time
and gives a 12.33-approximationf} Recently, Cheng and Mao altered their algorithm to improve

the approximation to 6 + ¢, for any constant € > 0 [CM18]]. Our algorithm will also borrow a lot

'The conference version [AFS08]] provides a factor of 5, and it was improved to 4 in the journal version [AFS12]].
1

2To be precise they obtain a (6 + 21/10 + ¢)-approximation in time n°(=2 log(2)),
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from [[AKS15]]. However, through a much cleaner argument we obtain a result that works in a

more general matroid setting and implies a better approximation of 4 + ¢ for Santa Claus.

It should not go without mention that the version of the Santa Claus problem with arbitrary
pi; has also been studied before under the name Max-Min Fair Allocation. Interestingly, the
integrality gap of the configuration LP is at least Q(+/n) [BS06]]. Still, Chakrabarty, Chuzhoy and

Khanna [[CCK09] found a (rather complicated) O(log'®(n))-approximation algorithm in n?(oe™)

time?|

Santa Claus has a very well studied “dual” minmax problem. Usually it is phrased as Makespan
Scheduling with machines i € M and jobs j € J. Then we have a running time p;; of job j on
machine ¢, and the goal is to assign jobs to machines so that the maximum load of any machine is
minimized. In this general setting, the seminal algorithm of Lenstra, Shmoys and Tardos [LST87]
gives a 2-approximation — with no further improvement since then. In fact, a (% —&)-approximation
is NP-hard [LST87]], and the configuration LP has an integrality gap of 2 [VW11]]. In the restricted
assignment setting with p;; € {p;, oo}, the breakthrough of Svensson [Svelll] provides a non-
constructive 1.942-bound on the integrality gap of the configuration LP using a custom-tailored
Haxell-type search method. Recently, this was improved by Jansen and Rohwedder [JR17] to
1.834. In an even more restricted variant called Graph Balancing, each job is admissable on exactly
2 machines. In this setting Ebenlendr, Krcal and Sgall [EKS08] gave a 1.75-approximation based
on an LP-rounding approach, which has again been improved by Jansen and Rohwedder [JR18b]]

to 1.749 using a local search argument.

3The factor is n¢ if only polynomial time is allowed, where £ > 0 is arbitrary but fixed.
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2.1.1 Our contributions

Let M = (X, Z) be a matroid with groundset X and a family of independent sets T C 2. Recall

that a matroid is characterized by three properties:

(i) Non-emptyness: ) € T;
(if) Monotonicity: ForY € Z and Z C Y one has Z € 7,
(iii) Exchange property: For all Y, Z € T with |Y'| < |Z] there is an element z € Z \ Y so that
Yu{z} el

The bases B(M) of the matroid are all inclusion-wise maximal independent sets. The cardinal-
ities of all bases are identical, with size denoted as rank(M). The convex hull of all bases is
called the base polytope, that is Pguq) := conv{x(S) € {0,1}* | S is basis}, where x(S) is the
characteristic vector of .S.

Now consider a bipartite graph G = (XUW, F) with the ground set X on one side and a
set of resources W on the other side; each resource w € W has a size p,, > 0. In a problem that
we call Matroid Max-Min Allocation, the goal is to find a basis S € B(M) and an assignment

o: W — Swith (6(w),w) € E so that min;cg > Pw is maximized. To the best of our

weoT1(3)
knowledge, this problem has not been studied before. In particular if 7" > 0 is the target objective
function value, then we can define a linear programming relaxation Q)(7") as the set of vectors

(x,y) € R)z(o X Rgo satisfying the constraints

T € Ponvy; Y Putio 2T mVie X; y(0(w) <1VweW; g < V(i,w) € E.
weN (7)
Here, the decision variable x; expresses whether element i should be part of the basis, and
Yiw €xpresses whether resource w should be assigned to element i. We abbreviate N (i) as the

neighborhood of i and y(6(w)) is shorthand for _, ; ., )< ¥iw- Then our main technical result is:
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Theorem 8. Suppose Q(T) # ). Then for any ¢ > 0 one can find

area((3-2) 7=} mpn)

SE

with both x and y integral in time n®(1), wheren := | X |+ |W|. This assumes that membership in

the matroid can be tested in time polynomial in n.

Previously this result was not even known with non-constructive methods. We see that

Matroid Max-Min Allocation is a useful framework by applying it to the Santa Claus problem:
Theorem 9. The Santa Claus problem admits a (4 + <)-approximation algorithm in time n®=().

For a suitable threshold 0 < § < 1, call a gift j small if p; < 6 - OPT and large otherwise.
Then the family of sets of children that can get assigned large gifts forms a matchable set matroid.
We apply Theorem 8| to the co-matroid of the matchable set matroid. Then we obtain a basis
S :={i € M | x; = 1}, which contains the children not receiving a large gift. These children

can receive small gifts of total value (1 — & — ) - OPT. The remaining children receive a large

1
3
gift with value at least § - OPT. Setting ¢ := i implies the claim. Note the approximation factor
4 + ¢ will be with respect to a natural, compact linear program with O(n?) many variables and

constraints. The smallest LP that was previously known to have a constant integrality gap was

the O(n?)-size LP of [JR18al].

2.2 An algorithm for Matroid Max-Min Allocation

In this section we provide an algorithm that proves Theorem |g|
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2.2.1 Intuition for the algorithm

We provide some insight by starting with an informal overview of our algorithm. Let G =
(X UW, E) be the bipartite graph defined in Section[2.1.1] If U C W and i € X with (i,j) € E
for all j € U, we can consider the pair (i, U) to be a hyperedge. Then for 0 < v < 1 and val(-)
the function summing the value in a hyperedge’s resources, we say that (i, U) is a v-edge if it a
hyperedge with minimal (inclusion wise) resources such that val(U) := Y, pw > V1. By Eur

we denote the set of v-edges.

Fix constants 0 < f < o < 1 and 0 < § < 1, to be chosen later. The goal of the algorithm
is to find a basis S € B(M) and a hypergraph matching M C Esr covering S. The algorithm
is initialized with S := {iy}, for any node iy € X, and M := (). We perform rank(M) many
phases, where in each phase we find a larger matching, and the set it covers in X is independent
with respect to the matroid. In an intermediate phase, we begin with S € Zand M C &sr a
hypergraph matching covering S\ {io} with one exposed node iy € X. At the end of a phase, the
algorithm produces an updated matching covering an independent set S’, with |S’| = |S|. For
|S"| < rank(M), there exists i, € X \ S’ such that S" U {i} € Z. Repeating this rank(M) times,

we end with a basis which is well-covered by [-edges.

The algorithm generalizes the notion of an augmenting path used to find a maximum matchings
in bipartite graphs to an augmenting tree. Though instead of swapping every other edge in an
augmenting path, as is the case for a bipartite graph, the algorithm swaps sets of edges in the
augmenting tree to find more space in the hypergraph. During a phase, the edges are swapped
in such a way that the underlying set in X covered by the matching is always independent with
respect to the matroid. The edges which are candidates for being swapped into the matching are
called adding edges and denoted by A, while those which are candidates for being swapped out of

the matching are called blocking edges and denoted by B. It is helpful to discuss the nodes covered
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by adding and blocking edges in each part, and so for hyperedges H C £, we define Hx and
Hyy as the nodes covered by H in X and W, respectively. The algorithm gives some slack by
allowing the adding edges to be slightly larger than the blocking edges.

The parameters o and 3 determine the value of the adding and blocking edges, respectively,
so the adding edges are a subset of £, while the blocking edges are a subset of £57. Set § :=
max,, Py, /T, so that all elements in the basis receive resources with value at most §7". The following

observations follow from minimality of the hyperedges:

1. A v-edge has value less than (v 4 §)T. This implies that an add edge has value less than
(cv + 0)T and a blocking edge has value less than (5 + §)7.

2. Every blocking edge has value at most 3 - 7" not covered by an add edge.

To build the augmenting tree, the algorithm starts from the node in .S uncovered by M, 7, and
chooses an edge e € &,r covering iy which is added to A. If there is a large enough hyperedge
e € Egp such that ¢’ C e and €’ is disjoint from ), then there is enough available resources that
we simply update M by adding ¢’ to it. Otherwise, ¢ does not contain a set of resources with
total value 87" free from M. The edges of M intersecting e are added to the set of blocking edges,
B. Nodes in C' = {ip} U Bx are called discovered nodes, as they are the nodes covered by the
hypermatching M which appear in the augmenting tree.

Continuing to build the augmenting tree in later iterations, the algorithm uses an Expansion
Lemma to find a large set of disjoint hyperedges, H C &,r, that cover a subset which can be
swapped into S in place of some subset of C' while maintaining independence in the matroid. The
set of hyperedges H either (i) intersects many edges of M or (i¢) has a constant fraction of edges
which contain a hyperedge from &y that is disjoint from M.

In the first case, a subset of H which intersects M, denoted Ay, 1, is added to A, and the edges

of M intersecting Ay, denoted By, 1, are added to B, for ¢ the index of the iteration. Note we
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naturally obtain layers which partition the adding and blocking edges in our augmenting tree.

The layers for the adding and blocking edges respectively are denoted as A, and By, with

14
Agg = UAZ and B<g = UBZ
=0 i

The layer indices are tracked because they are useful in proving the algorithm’s runtime. In the
second case, for the set of edges H' C &, that have a hyperedge from Er disjoint from M, the
algorithm finds a layer which has a large number of discovered nodes that can be swapped out for

a subset of nodes which H’ covers.

2.2.2 A detailed procedure

Recall, we fixed 6 = max,ew pw/T. Then, we set § =
0 < e < (1 —§)/3. Here lies the subtle but crucial difference to previous work. In [AKS15] the
authors have to use adding edges that are a large constant factor bigger than blocking edges. In
our setup we can allow adding edges that are only marginally larger than the blocking edges. This
results in an improved approximation factor of 4 + ¢ for Santa Claus compared to the 12.33 factor

by [AKS13].

The algorithm is described in Figure [2.1] For later reference, the constant from Lemma [13]is

1-2a—p—6 __ 2 - a—fB
= ﬁ > ¢, and the constant from Lemmals 5Ta = ﬁ > /4. We use Lemma

1-2a—B-6  a—f

with constant ¢ = T3 p

. Our bounds for constants do not use a specific choice of 9,

and instead they only use the fact that 0 < § < 1. Both cases in the algorithm are visualized in

Figure[2.2] and Figure
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Input: Node iy and set S € Z with iy € S. Matching M C Egr with Mx = S\ {ip}.
Initialize: A= Ag=0,B=By=0,C = {ip}, £ = 0.
while TRUE do

Find disjoint H C E,7 covering D C (X \ S)UC,st. |[D| > ¢ -
disjoint from Ay U Byy.

,(S\C)UD €Z,*and Hy is

// Build the next layer in the augmentmg tree
if H intersects at least § - |[H| > 5 - |C| many edges M on W-side then
B(—BUBZ+1,B5+1 —{eGMeﬁH#@}
// Find subset of H to add to A

for b € Byy1 do
Choose one edge hy, € H such that h, Nb # ()
Appr < A U {hp}
end for
C + Bx U {Zo}
L+— {41

// Swap sets and collapse layers
else H = {e € H : val(ey \ MW) > BT} has size at least § - | H|
For all e € H', choose one €’ C e with ¢’ € g7 and e, ﬂ My = 0. Replace e for ¢’ in H'.
// Find a set to swap in, D, and a set to swap out, C

D’ C D are the nodes covered by H’
C’' C Cissuchthat |C'| = |D'|and S\ C'UD' € T
if i9 € C' then
Let iy € D' sothat S' := S\ {ig} U{i1} € Z and let e; € H' be edge covering i;.
Return M’ := M U {e; } covering all of S’ and terminate.
end if
Layer ¢ < { contains C' C C' N (B;)x, with |C| > ~|C"|. **
LetDCD'besuchthat|C\ |D|and 8’ := S\ CUD e T.
M C M covers C and H C H' covers D.
M« M\MUH,and S + S
AeAq,BeBQ\M,CeBXU{iO}
Iy
end if***
end while
* Possible by Lemmawith W' := Aw U Bw.
** By Lemma such a C' exists.
“** One of the conditionals occurs by Lemma[14]

Figure 2.1: Main algorithm
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2.2.3 Correctness of the algorithm

Here, we prove several lemmas used in the algorithm which implies Theorem 8| We begin by
building up to our Expansion Lemma, Lemma (13| Our algorithm takes a fixed independent set, S,
and swaps C' C S out of S for a set of nodes D in order to construct a new independent set of the

same size. This is possible by Lemma

Recall a variant of the so-called Exchange Lemma. For independent sets Y, Z € Z,let H (Y, Z)
denote the bipartite graph on parts Y and Z (if Y N Z # (), then have one copy of the intersection
on the left and one on the right). Fori € Y\ Zand j € Z\ Y we insert an edge (7, j) in Hy(Y, Z)
if Y\ {i} U{j} € Z. Otherwise, for i € Y N Z, there is an edge between the left and right copies

of 7, and this is the only edge for both copies of «.

Lemma 10 (Exchange Lemma). For any matroid M = (X,Z) and independent set Y, Z € T with
Yi<|z

, the exchange graph Hy(Y, Z) contains a left perfect matching.

Next, we prove several lemmas about vectors in the base polytope with respect to sets contain-
ing swappable elements. Lemma [13|relies on a Swapping Lemma, Lemma [12] for which the next

lemma serves as a helper function.

Lemma 11 (Weak Swapping Lemma). Let M = (X,Z) be a matroid with an independent set
S e€Z. ForC C S, define

U:=={iec(X\S)UC|(S\C)uU{i} eI}

Then for any vector x € Pg(uq) in the base polytope one has ) ., x; > |C|.
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Proof. Note that in particular C' C U. Moreover, an equivalent definition of U is

U={ic(X\S)UC|TjeC:(S\{jHu{i}eT}).

Due to the integrality of the base polytope, thereisabasis B € Zwith) ., x; > > . .,(x(B)); =

|U N B|, where x(B) € {0,1}* is the characteristic vector of B. As S and B are independent sets

with |S| < |B|, from Lemma[10]there is a left-perfect matching in the exchange graph H (S, B).
The neighborhood of C' in H (S, B) is U N B. As there is a left-perfect matching, |B N U] is
least |C'| and hence ), z; > |[UN B| > |C]. O

Next, we derive a more general form of the Swapping Lemma (which coincides with the

previous Lemma [11|if D = ()):

Lemma 12 (Strong Swapping Lemma). Let M = (X, Z) be a matroid with an independent set
SeZ. LetCCSandD C (X \S)UC with|D| <|C|and S\ CUD € Z. Define

U:={ie((X\S)UC)\D|S\CUDU{i} € T}.

Then for any vector v € Pg(,q) in the base polytope one has ) .., v; > |C| — |D|.

Proof. Partition C' = C;UC5, so that C N D C (Y,

Cl‘ = ‘D| and S’ :S\ClLJD € 7. Then

note that

U = &eX\@\CuDHS\CUDw@ez}
—SN\Cs —SN\Cs

= [ie(X\S)UCy|S\CyuU i} e}
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Then applying Lemma [11] gives

Z%’ > |Gy = |C| = |D].

icU

Having proved our swapping lemma, we are equipped to prove the Expansion Lemma. Note
that in our algorithm, layers are built to ensure that | A, 1| < | By 1|. Due to this and the minimality

of the edges in E,r and Egr, W' := Ay U By hasval(W’) < (a+ 8+ 0)T - |C].

Lemma 13 (Expansion Lemma). Let C C S € Z, W C W withvallW') < (a+ 5+ )T - |C|.

1-2a0—8-3§

Further, let |1 := T3

> 0 and assume that there exists (x,y) € Q(T). Then there is a set
D C(X\S)UC of size|D| > [ |C|] covered by a matching H C E,r so that Hy NW' =0

and (S\C)UD e 1.

Proof. Note that D may contain elements from C'. Greedily choose D and the matching H with
|D| = |H| one node/edge after the other. Suppose the greedy procedure gets stuck — no edge can
be added without intersecting W’ U Hyy. For the sake of contradiction assume this happens when

|D| < u|C|. First, let
U={ic((X\SYUC)\D|(S\C)uDU{i} €T}

be the nodes which could be added to D while preserving independence. Then for our fixed

r € Pg(my, by Lemma one has

Y w20l =|D| > (1—p)-[C].

el
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Let W := WU Hyy be the right hand side resources that are being covered by the augmenting

tree. Here, we let W’ = Ay, U Byy. Using the minimality of the adding and blocking edges,
val(W”) < p|Cl(a+ 8T + |C|(B + a+ 0T = |C|T(u(a 4 6) + B+ a + 6).

By the assumption that the greedy procedure is stuck, there is no edge ¢ € £,r withex € U
and e N W"” = (). If N (i) denotes the neighborhood of i € X in the bipartite graph G, then this
means that val(N (i) \ W”) < o1 for all i € U. For every fixed ¢ € U we can then lower bound

the y-weight going into W” as

Z PwYiw = Z PwYiw — Z Pw Yiw

(i,w)eEBweW" wed (i (i,w)eE:wgW?" <z
>Tx;

ZTxi—xi< Z pw>ZT'$i'(1—0‘) (*)
(t,w)eE:wgW"

<aT
Then double counting the y-weight running between U and W with a lower and upper bound

shows that

1 — Oé le >~ Z pwyzw ~ Z pw < Val(W//)

iceU (t,w)eEqecUweW” weW"” <1

2(1=p)|C|

Simplifying the above,

1—a)-1—p)-T|IC| < (ula+d8)+B+a+d) -TIC|] = 1—2104—:55—5<M.

Thus we reach a contradiction for our choice of f. [
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The algorithm relies on the fact that from the set of hyperedges, H, guaranteed by the
Expansion Lemma, there is either some constant fraction of H to swap into the matching, or a
constant fraction of H is blocked by edges in the current matching. In the former, significant
space is found in IV for S. In the latter, enough edges of the matching are intersected to guarantee
the next layer in the augmenting tree is large. The following lemma proves at least one of these

conditions occurs.

Lemma 14. Set ;1 := ‘;‘Jr;g > 0. Let M C Egp and F C E,r both be hypergraph matchings.
Further, let

H :={e € F|vallew \ Myw) > BT}

be the edges in ' that still have value BT after overlap with M is removed. Then either (i) |H| > pu|F)|

or (ii) F' intersects at least uu|F'| edges of M.

Proof. Let W' := My, N Fy be the right hand side nodes where the hypermatchings overlap and
suppose for the sake of contradiction that neither of the two cases occur. Then double counting

the value of W' gives

- (B+6)-T-|F| > (B+06)T (#edges in M intersecting W') > val(W’) > |F'\ H| -(a—p)-T.

wlF|> >(1—p)-|F|

Rearranging and simplifying, the above implies p1 > %' Thus we contradict our choice of . [

Our last lemma will show that a constant fraction of the nodes which could be swapped out of
the augmenting tree come from the same layer in the tree. This allows us to swap out enough
nodes from the same layer to make substantial progress with each iteration. Here C" and C' are

labelled the same as in the algorithm.
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(A<))w U (B<)w

Figure 2.2: Case 1 of the algorithm, where a set A;,1 C &7 of hyperedges is found that intersects
many new edges B;1 C (M \ B<). In particular | By 1| > Q.(|C]). Note that D might contain
nodes from C.

Lemma 15. Let sets C' and {B;}‘_, be such that C' C (B<,)x. Further, suppose there exists
constant ¢ > 0 such that |C'| > ¢ - |B<| and |Bis1| > ¢ - |B<i| fori = 0,...,0 — 1. Then,
there exists a layer 0 < { < { and constant v := ~(c) > 0, such that C' := C'" N (B;)x has size

Cl =7 |C).

Proof. By induction, |B<,| can be written in terms of lower indexed sets as

|B<¢| > (1+¢)* - |B<ysl,

for k = 0, ..., {. Therefore, the size of C’ can be written as |C’| > ¢(1 + ¢)* - |B<;_x|. Ascis a

2
log(c)). Then the collection of sets

constant, take k large enough so ¢(1 + c)k > 2, namely £ > a0

(By—i)x fori =0,...,k contain at least half of C’, so one of them must contain at least 7 = m

of C'. O
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(A<g)w U My

Figure 2.3: Case 2 of the algorithm, where H C g7 of size |H| > Q.(|C|) is found so that (i) H
is disjoint on the 1¥-side to the matching M and the adding edges in the augmenting tree, (i1)
H covers a set D with S\ C' U D € Z, and (iii) C'is from one layer of the augmenting tree. Here
D and C do not have to be disjoint.

2.2.4 Termination and runtime

As seen in Lemmal|15]
g2

|X| > |B<y| > (1+ ) | Bol,

log(|X |
log ( 1+~ 4
is O(log | X|). Note after each collapse of the layers, the matching M and possibly the independent

and solving for ¢ shows > (. Thus the total number of layers at any step in the algorithm
set S are updated. However, the fixed exposed node ¢( will remain in S until the very last iteration
in which the algorithm finds an edge e; that augments the matching. Before we begin discussing
the proof guaranteeing our algorithm terminates, we need a lemma to compare the number of
blocking edges after a layer is collapsed to the number of blocking edges at the beginning of the

iteration.

Lemma 16. Let { be the index of the collapsed layer and let B' be the updated blocking edges after

2

< IBal-(1- %),

a collapse step. Then,

Proof. Recall B. = B; \ F for F the edges of M covering C. Further, the blocking edges in layers
7 7 g g geag y
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indexed less than / are not effected in the iteration. Hence
1Bl = [BL;_,| +1Bjl = [Biy| + |5yl
From Lemmas|13|and |14} | B4 | > %‘ng‘. Then examining the collapsed layer by itself, we see

2
9
Bl = Bl = F| < Bl = 7 - 7IBl.

Substituting back into |B ’< il we find that

2
€
g’ < |B§Z—1| + |BZ‘ T4 7’B§Z‘

g2 g2

= |B§Z| vy ‘7|B§Z| = |Bgé| ) (1 T 7)-

B

To prove the algorithm terminates in polynomial time, we consider a signature vector s =

1
€

3 .
—Z,
the algorithm terminates is inspired by [AKS15]], but it is subtly different.

(50,51, ..., 50,00), where s; = |log,|B<,|| for ¢ = The signature vector and proof that

Lemma 17. The signature vector decreases lexicographically after each iterative loop in the algo-

rithm.

Proof. Let s = (so, ..., S¢,00) be a signature vector at the beginning of a step in the algorithm,
and let s’ be the result of s through one iteration of the algorithm. For ¢ 4 1 denoting the newest
built layer in the algorithm, if the newest set of hyperedges found intersects at least % |C'| many
edges of M, then another layer in the augmenting tree is built and no layer is collapsed. Then

s" = (S0, .., 5S¢, Se11,00) is lexicographically smaller than s.
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Otherwise, layer 0 < ¢ < { is collapsed. All finite coordinates above sy are deleted from the
signature vector, and all coordinates before s; are unaffected. So it suffices to check that s’g < 5.
Again, let B’ be the updated blocking edges after a collapse step. As B; is the only set of blocking
edges in B_; affected by the collapse, by Lemmaone has |B’g7| < [B (1 - % -y). Taking a

log we compare the coordinates

)] = [on (122 (1= 7)) ] = s (Bab) ~1 =1

85 = LlogC (’B;g
U]

Choose the infinite coordinate to be some integer larger than log | X|. Since for every layer

¢, we have |B<y| < |X

, then every coordinate of the signature vector is upper bounded by
U = O(log | X]). Recall the number of layers, and thus the number of coordinates in the signature
vector, is also upper bounded by U. Together, these imply that the sum of the coordinates of the
signature vector is at most U2

As the signature vector has non-decreasing order, each signature vector corresponds to a
partition of an integer = < U?. On the other hand, every partition of some z < U? has a
corresponding signature vector. Thus we apply a result of Hardy and Ramanujan to find the total

oWk

number of signature vectors is >, ;2 €?VF) = | X |90 Since each iteration of the algorithm

can be done in polynomial time and the signature vector decreases lexicographically after each

iteration, the algorithm terminates after a total time of n®:=M),

2.3 Application to Santa Claus

In this section, we show a polynomial time (4 + ¢)-approximation algorithm for the Santa Claus

problem. Recall that for a given set of children M, and a set of presents ./, the Santa Claus
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problem asks how Santa should distribute presents to children in order to maximize the minimum
happiness of any child’} Here, present j is only wanted by some subset of children that we denote
by A; C M, and present j has value p; to child ¢ € A;. The happiness of child ¢ is the sum of all
p; for presents j assigned to child 7. We assume w.Lo.g. to know the integral objective function
value 7" of the optimum solution, otherwise 7" can be found by binary search.

We partition gifts into two sets: large gifts J, := {j € J | p; > 6,1} and small gifts
Js = {j € J | p; < 6T}, for parameters 0 < d; < dy < 1 such that all gifts have values in

0,8, ) U (85T, T). Let P(T, 8, 8,) be the set of vectors z € RZ*M satisfyin
>0 ymng

jEJg:iEA; JEJLEA;
Z Zij < 1 VJ eJ
iEAj
g < 1= Y oz Vi€ JgVic A
jIGJL:iEAj/

If n = |J| + |M], then this LP has O(n?) many variables and O(n?) many constraints. To see
that this is indeed a relaxation, take any feasible assignment o : J — M with ) jeomr@yPi =T
foralli € M. Nowleto : J — M U{0D} be a modified assignment where we set o(j) = () for gifts
that we decide to drop. For each child 7 € M that receives at least one large gift we drop all small

gifts and all but one large gift. Then a feasible solution z € P (T, 01, 02) is obtained by letting

1 ifo(y) =1

Zij =

0 otherwise.

We will show that given a feasible solution z € P(T d, 2), there exists a feasible solution

“We assume Santa to be an equitable man— not one influenced by bribery, social status, etc.
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(z*,y*) to Q(T'). To do this, we will exploit two underlying matroids in the Santa Claus problem,

allowing us to apply Theorem 8] Let
Z = {M;, C M| 3 left-perfect matching between M, and J;, using edges (i, ) : i € A;},

be a family of independent sets. Then M = (M,Z) constitutes a matchable set matroid. We
denote the co-matroid of M by M* = (M, Z*). Recall that the independent sets of the co-matroid
are given by

I*Z{MSQM| HMLEB(M)ZMSQML:Q)}.

We can define a vector z € RM with z; = 5 jedyicA, % that lies in the matroid polytope of
M. This fact follows easily from the integrality of the fractional matching polytope in bipartite
graphs. It is instructive to think of x; as the decision variable telling whether child i € M should

receive a large present.

Unfortunately,  does not have to lie in the base polytope — in fact the sum  _,_, z; might
not even be integral. However, there always exists a vector 2’ in the base polytope that covers
every child just as well with large presents as x does. This observation can be stated for general

matroids:

Lemma 18. Let M = (X, Z) be any matroid and let x be a point in its matroid polytope. Then in

polynomial time one can find a point x' in the base polytope so that ' > x coordinate-wise.

In fact the algorithm behind this claim is rather trivial: as long as x € Py, is not in the base

polytope, there is always a coordinate 7 and a iz > 0 so that x + pe; € Pyy.
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With the new vector 2’ € Pg(q) at hand, we can redefine the z-assignments by letting

Zij Tr; = 1
ax’
S x; # 1.

for j € Jg; the new values zgj for 7 € Jp, can be obtained from the fractional matching that
corresponds to x}. Note that 0 < zl’-j < z;j for j € Jg. The reader should be convinced that still

2" € P(T, 01, 02), just that the corresponding vector 2’ now lies in Pp M)ﬂ

It is well known in matroid theory that the complementary vector z* := 1 — ' lies in Pg(q+).
Again, it is instructive to think of =] as the decision variable whether child 7 has to be satisfied
with small gifts. Finally, the assignments y* are simply the restriction of 2’ on the coordinates
(i,7) € M x Js. The obtained pair (z*, y*) lies in Q(7"), where the matroid in the definition of
Q(T) is M*.

As Q(T) # 0, we can apply Theorem 8| which results in a subset Mg € B(M?*) of the children
and an assignment o : Jg — Mg, where each child in Mg receives happiness at least (% — %1 —5) T
from the assignment of small gifts. Implicitly due to the choice of the matroid M*, we know that
the remaining children M \ Mg = M, can all receive one large gift and this assignment can be

computed in polynomial time using a matching algorithm. Overall, each child receives either

one large present of value at least d, - T or small presents of total value at least ( % — %1 —e)-T.

Therefore each child receives value at least

min{(%—%—s)-T,ég-T}Z(i—e)-T 2.1)

*There is an alternative proof without the need to replace x by z’. Add the constraint 3. ; ¢ A, %ij = rank(M)

to P(T, 01, d2). There is always a feasible integral solution satisfying this constraint. Then for any fractional solution
z € P(T, 41, 02), the corresponding vector = will immediately lie in the base polytope.
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for a choice of 65 = §; = ;11. In some instances of Santa Claus, we can do better. Set §; so that
&y - T is the largest gift value that is at most 17", and set 0, so that &, - T' is the smallest gift value
that is at %T. Then the algorithm guarantees that each child receives value at least as in the left
hand side of Equation[2.1 When §; and 4, are bounded away from 1/4, then the approximation
improves. For example, when d, > 1/3 and 6,7 is close to 0, such as in the case where all gifts

have value either 7" or 1, we approach a (3 + £)-approximation.

2.4 Conclusion

In this work, we introduced Matroid Max-Min Fair Allocation. for this problem, we construct a
new, compact LP to model it, and we prove a (3 + €)-approximation, modulo an additive term of %
of the most valuable item’s value % maxew Pu- Our algorithm is a local search based on Haxell’s
augmenting tree argument. Overall, we can use our result on Matroid Max-Min Fair Allocation as
a blackbox to obtain a (4 + €)-approximation for Santa Claus.

One obvious, immediate open question is to resolve the gap between the lower bound of 2
and the upper bound of 4 for approximation Santa Claus. We do not know the integrality gap
for our LP, so it is unclear whether the LP can be used to obtain approximations better than 4.
More broadly, this problem of Matroid Max-Min Fair Allocation might be useful to study other

scheduling problems.



Chapter 3

Scheduling with Communication Delays

on Identical Machines

3.1 Introduction

Scheduling jobs with precedence constraints is a fundamental problem in approximation algorithms
and combinatorial optimization. In this problem we are given m identical machines and a set
J of n jobs, where each job j has a processing length p; € Z,. The jobs have precedence
constraints, which are given by a partial order <. A constraint j < j’ encodes that job ;' can
only start after job j is completed. The goal is to find a schedule of jobs that minimizes makespan,
which is the completion time of the last job. This problem is denoted’| by P | prec | Cpnax. In
a seminal result from 1966, Graham [Gra66/]] showed that the greedy list scheduling algorithm

achieves a (2 — - )-approximation. By now, our understanding of the approximability of this

'"Throughout the chapter we use the standard scheduling three-field notation [GLLK79,[VLL90]]. The respective
fields denote: (1) number of identical machines: Poo: unlimited; P: number m of machines given as input;
Pm: constant number m of machines, (2) job properties: prec: precedence constraints; p; = 1: unit-size jobs;
c: communication delays of length c (can be ¢;y, if dependent on jobs j < k); c—intervals: see Section dup: allowed
duplication of jobs, (3) objective: Cpax: minimize makespan; ) w;C);: minimize weighted sum of completion times.

41
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basic problem is almost complete: it had been known since the late “70s, due to a result by Lenstra
and Rinnooy Kan [LK78], that it is NP-hard to obtain better than 4/3-approximation, and in 2010
Svensson [Svel0] showed that, assuming a variant of the Unique Games Conjecture [BK10], it is

NP-hard to get a (2 — ¢)-approximation for any ¢ > 0.

The above precedence-constrained scheduling problem models the task of distributing work-
loads onto multiple processors or servers, which is ubiquitous in computing. This basic setting
takes the dependencies between work units into account, but not the data transfer costs be-
tween machines, which is critical in applications. A precedence constraint j < j' typically
implies that the input to j depends on the output of j. In many real-world scenarios, espe-
cially in the context of scheduling in data centers, if j and j’ are executed on different ma-
chines, then the communication delay due to transferring this output to the other machine
cannot be ignored. This is an active area of research in applied data center scheduling liter-
ature, where several new abstractions have been proposed to deal with communication de-
lays [[CZMT11,|GFC ™12, HCG12,ISZA™T18,[ZZC"12,[ZCB"15,[LYZ" 16]. Another timely example
is found in the parallelization of Deep Neural Network training (the machines being accelerator de-
vices such as GPUs, TPUs, or FPGAs). There, when training the network on one sample/minibatch
per device in parallel, the communication costs incurred by synchronizing the weight updates in
fact dominate the overall running time [NHP™19]. Taking these costs into account, it turns out
that it is better to split the network onto multiple devices, forming a “model-parallel” computation
pipeline [HCB'19]]. In the resulting device placement problem, the optimal split crucially depends

on the communication costs between dependent layers/operators.

A classic model that captures the effect of data transfer latency on scheduling decisions is
the problem of scheduling jobs with precedence and communication delay constraints, introduced

by Rayward-Smith [RS87] and Papadimitriou and Yannakakis [PY90]. The setting, denoted by
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P | prec,c | Crax, is similar to the makespan minimization problem described earlier, except
for one crucial difference. Here we are given a communication delay parameter c € Z>, and
the output schedule must satisfy the property that if j < j’ and j, j’ are scheduled on different
machines, then j’ can only start executing at least ¢ time units after j had finished. On the other
hand, if j and j’ are scheduled on the same machine, then j’ can start executing immediately after
j finishes. In a closely related problem, denoted by Poo | prec, ¢ | Chax, @ schedule can use as
many machines as desired. The goal is to schedule jobs non-preemptively so as to minimize the
makespan. In a non-preemptive schedule, each job 7 needs to be assigned to a single machine and
executed during p; consecutive timeslots. The problems P | prec, ¢ | Cphax and Poo | prec, ¢ | Crax
are the focus of this chapter.

Despite its theoretical significance and practical relevance, very little is known about the
communication delay setting. A direct application of Graham’s [Gra66] list scheduling algorithm
yields a (¢ + 2)-approximation, and no better algorithm is known for the problem. Over the years,
the problem has attracted significant attention, but all known results, which we discuss below in
Section [3.1.4} concern special settings, small communication delays, or hardness of approximation.
To put this in perspective, we note that the current best algorithm for general ¢ [GKMP08]], which
achieves an approximation factor of 2/3- (¢+ 1), only marginally improves on Graham’s algorithm
while requiring the additional assumptions that the number of machines is unbounded and p; = 1.
This is in sharp contrast to the basic problem P | prec | Ci,.x (which would correspond to the
case ¢ = (), where the approximability of the problem is completely settled under a variant of
the Unique Games Conjecture. This situation hints that incorporating communication delays in
scheduling decisions requires fundamentally new algorithmic ideas compared to the no-delay
setting. Schuurman and Woeginger [SW99] placed the quest for getting better algorithms to the
problem in their influential list of top-10 open problems in scheduling theory. In a recent MAPSP

2017 survey talk, Bansal [Ban17]] highlighted the lack of progress on this model, describing it
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as “not understood at all; almost completely open”, and suggested that this is due to the lack of

promising LP/SDP relaxations.

3.1.1 Our Contributions

The main result of this chapter is the following:

Theorem 19. There is a randomized O(log c-log m)-approximation algorithm forP | prec, ¢ | Cnax

with expected polynomial running time, where c,p; € N.

In any non-preemptive schedule the number m of machines is at most the number 7 of jobs,

so for the easier Poo version of the problem, the above theorem implies the following:

Corollary 20. There is a randomized O(log c - log n)-approximation algorithm for Poo | prec, ¢ |

Chmax With expected polynomial running time, where c,p; € N.

For both problems one can replace either ¢ or m by n, yielding a O(log” n)-approximation
algorithm. Our results make substantial progress towards resolving one of the questions in
“Open Problem 3” in the survey of Schuurman and Woeginger [SW99]], which asks whether a
constant-factor approximation algorithm exists for Poo | prec, ¢ | Ciyax.

Our approach is based on a Sherali-Adams lift of a time-indexed linear programming relaxation
for the problem, followed by a randomized clustering of the semimetric space induced by this lift.
It is possible to write a more compact LP for the problem for which our algorithm and analysis still
work. However, as we will show in Section this compact LP has integrality gap Q2(1/Togn). To
our knowledge, this is the first instance of a multiple-machine scheduling problem being viewed
via the lens of metric space clustering. We believe that our framework is fairly general and should

extend to other problems involving scheduling with communication delays. To demonstrate the
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broader applicability of our approach, we also consider the objective of minimizing the weighted
sum of completion times. Here each job j has a weight w;, and the goal is to minimize ) | ;w;Cj,

where () is the completion time of j.

Theorem 21. There is a randomized O(log ¢ - log n)-approximation algorithm for Poo | prec, p; =

L, ¢ | X2, w;C; with expected polynomial running time, where c € N.

No non-trivial approximation ratio was known for this problem prior to our work.

3.1.2 Independent work of Maiti et al

In a parallel and independent work, Maiti et al. [MRS*20] developed an O(log® n log® m log ¢/ log log c)-
approximation algorithm for the makespan objective function on related machines (Q | prec, c |
Cmax)- Interestingly, they obtained the results using completely different techniques compared
to ours. While our results are based on LP hierarchies and clustering, Maiti et al. [MRS™20]
developed a novel framework based on job duplication. In their framework, they first construct a
schedule where a single job can be scheduled on multiple machines, which is known to effectively
“hide” the communication delay constraints [PY90]. Quite surprisingly, Maiti et al. [MRS™'20]]
showed that one can convert a schedule with duplication to a feasible schedule without duplication,
where every job is processed on a single machine, while increasing the makespan by at most an
O(log® nlog m) factor. Maiti et al. also prove an integrality gap for the LP they consider, which is
different than ours. However, after seeing their result, we found that their integrality gap instance

works for a compact form of our LP as well, which we prove in Section
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3.1.3 Our Techniques

As we alluded earlier, there is a lack of combinatorial lower bounds for scheduling with com-
munication delays. For example, consider Graham’s list scheduling algorithm, which greedily
processes jobs on m machines as soon as they become available. One can revisit the analysis of
Graham [Gra66] and show that there exists a chain () of dependent jobs such that the makespan

achieved by list scheduling is bounded by

S e (@l - 1)

jed JeQ
The first two terms are each lower bounds on the optimum — the 3rd term is not. In particular, it
is unclear how to certify that the optimal makespan is high because of the communication delays.
However, this argument suffices for a (¢ + 2)-approximation, since p; > 1 forall j € J.

As pointed out by Bansal [Ban17], there is no known promising LP relaxation. To understand
the issue let us consider the special case Poo | prec,p; = 1, ¢ | Chax. Extending, for example,
the LP of Munier and Kénig [MK97], one might choose variables C'; as completion times, as well
as decision variables z;, ;, denoting whether j, is executed in the time window [C;,,C;, + ¢)
on the same machine as j;. Then we can try to enforce communication delays by requiring
that C;, > Cj, + 1+ (¢ —1) - (1 — xj, ) for j1 < jo. Further, we enforce load constraints
djies Tings < cforja € Jand } -, ;x4 < cfor ji € J. To see why this LP fails, note that
in any instance where the maximum dependence degree is bounded by ¢, one could simply set
Zj, j, = 1 and completely avoid paying any communication delay. Moreover, this problem seems
to persist when moving to more complicated LPs that incorporate indices for time and machines.

A convenient observation is that, in exchange for a constant-factor loss in the approximation
guarantee, it suffices to find an assignment of jobs to length-c intervals such that dependent

jobs scheduled in the same length-c interval must be assigned to the same machine. (The latter
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condition will be enough to satisfy the communication delay constraints as, intuitively, between
every two length-c intervals we will insert an empty one.) In order to obtain a stronger LP
relaxation, we consider an O(1)-round Sherali-Adams lift of an inital LP with indices for time and
machines. From the lifted LP, we extract a distance function d : J x J — [0, 1] which satisfies the

following properties:

(i) The function d is a semimetric.
(i) Cj, +d(j1,j2) < Cj, for j1 < jo.
(iii) Any set U C J with a diameter of at most 3 w.r.t. d, satisfies |U| < 2.

Here we have changed the interpretation of C}; to the index of the length-c interval in which j
will be processed. Intuitively, d(j;, jo) can be understood as the probability that jobs j;, j, are not
being scheduled within the same length-c interval on the same machine. To see why a constant
number of Sherali-Adams rounds are helpful, observe that the triangle inequality behind () is
really a property depending only on triples {j1, j2, j3} of jobs and an O(1)-round Sherali-Adams
lift would be locally consistent for every triple of variables.

We will now outline how to round such an LP solution. For jobs whose LP completion times
are sufficiently different, say Cj, + O(—=—) < C},, we can afford to deterministically schedule j;

log(n)

and j, at least ¢ time units apart while only paying a O(log n)-factor more than the LP. Hence

the critical case is to sequence a set of jobs J* = {j € J | C* < C; < C* + @(logl(n))} whose

LP completion times are very close to each other. Note that by property (i), we know that any

dependent jobs j1, jo € J* must have d(j;, ) < @(@). As d is a semimetric, we can make
use of the rich toolset from the theory of metric spaces. In particular, we use an algorithm by
Calinescu, Karloff and Rabani [[CKR04]: For a parameter A > 0, one can partition a semimetric
space into random clusters so that the diameter of every cluster is bounded by A and each §-

neighborhood around a node is separated, meaning contains jobs assigned to different clusters,
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with probability at most O(log(n)) - . Setting § := @(logl(n)) and A := ©(1) one can then show
that a fixed job j € J* will be in the same cluster as all its ancestors in J* with probability at
least % while all clusters have diameter at most % By (iii), each cluster will contain at most 2¢
many (unit-length) jobs, and consequently we can schedule all the clusters in parallel, where we
drop any job that got separated from any ancestor. Repeating the sampling O(logn) times then
schedules all jobs in J*. This reasoning results in a O(log” n)-approximation for this problem,
which we call Poo | prec, p; = 1, c—intervals | Cnax. With a bit of care the approximation factor
can be improved to O(log ¢ - log m).

Finally, the promised O(log ¢ - log m)-approximation for the more general problem P | prec, ¢ |

Crmax follows from a reduction to the described special case Poo | prec, p; = 1, c—intervals | Cpyax.

3.1.4 History of the Problem

Precedence-constrained scheduling problems of minimizing the makespan and sum of completion
times objectives have been extensively studied for many decades in various settings. We refer
the reader to [Pin18, LLKS93| PST04,/AMMS08, Sve09] for more details. Below, we only discuss

results directly related to the communication delay problem in the offline setting.

Approximation algorithms. Asmentioned earlier, Graham’s [Gra66] list scheduling algorithm
yields a (¢ + 2)-approximation for P | prec,c | Chax, and a (¢ + 1)-approximation for the
Poo variant. For unit-size jobs and ¢ > 2, Giroudeau, Konig, Moulai and Palaysi [GKMP08]
improved the latter (Poo | prec,p; = 1,¢ > 2 | Cpay) to a 2(c + 1)-approximation. For unit-
size jobs and ¢ = 1, Munier and Konig [MK97|] obtained a 4/3-approximation via LP rounding
(Poo | prec,p; = 1,¢ = 1 | Chax); for the P variant, Hanen and Munier [HMO01] gave an easy
reduction from the Poo variant that loses an additive term of 1 in the approximation ratio, thus

yielding a 7/3-approximation. Thurimella and Yesha [Thu92] gave a reduction that, given an
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a-approximation algorithm for Poo | prec, ¢, p; = 1 | Cnax, would yield a (1 + 2«v)-approximation
algorithm for P | prec,c,p; = 1 | Crax-

For a constant number of machines, a hierarchy-based approach of Levey and Rothvoss [LR16]]
for the no-delay setting (Pm | prec,p; = 1 | Cax) was generalized by Kulkarni, Li, Tarnawski
and Ye [KLTY20] to allow for communication delays that are also bounded by a constant. For any
e > 0 and ¢ € Z>, they give a nearly quasi-polynomial-time (1 + ¢)-approximation algorithm
for Pm | prec,p; = 1,¢jp < ¢ | Cmax. The result also applies to arbitrary job sizes, under the

assumption that preemption of jobs is allowed, but migration is not.

Hardness. Hoogeveen, Lenstra and Veltman [HLV94] showed that even the special case Poo |
prec,p; = 1,¢ =1 | Chax is NP-hard to approximate to a factor better than 7/6. For the case with
bounded number of machines (the P variant) they show 5/4-hardness. These two results can be
generalized for ¢ > 2to (1+1/(c+4))-hardness [GKMP08] and (1+1/(c+3))-hardness [BGK96]],

respectivelyl]

Duplication model. The communication delay problem has also been studied (to a lesser
extent) in a setting where jobs can be duplicated (replicated), i.e., executed on more than one
machine, in order to avoid communication delays. This assumption seems to significantly simplify
the problem, especially when we are also given an unbounded number of machines: already in
1990, Papadimitriou and Yannakakis [PY90] gave a rather simple 2-approximation algorithm for
Poo | prec, p;, ¢k, dup | Crmax. Observe that this result holds even when communication delays
are unrelated (they depend on the pair of jobs). The only non-trivial approximation algorithm for
arbitrary c and a bounded number of machines is due to Lepere and Rapine [LR02], who gave an

asymptotic O(log ¢/ loglog c¢)-approximation for P | prec, p; = 1, ¢, dup | Cinax. On the hardness

*Papadimitriou and Yannakakis [PY90] claim a 2-hardness for Poo | prec,p; = 1, ¢ | Cmax, but give no proof.
Schuurman and Woeginger [SW99]] remark that “it would be nice to have a proof for this claim”.
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side, Papadimitriou and Yannakakis [PY90] showed NP-hardness of Poo | prec,p; = 1, ¢, dup |

Crnax (using a large delay ¢ = ©(n?/3)).

Many further references can be found in [VLL90, GKMP08, Dro09, IGK07, [CC91], JKS93, MH97]].

3.2 Preliminaries

3.2.1 TheSherali-Adams Hierarchy for LPs with Assignment Constraints

In this section, we review the Sherali-Adams hierarchy which provides an automatic strengthen-
ing of linear relaxations for 0/1 optimization problems. The authorative reference is certainly
Laurent [Lau03]], and we adapt the notation from Friggstad et al. [FKK™14]. Consider a set of
variable indices [n| = {1,...,n} and let Uy,...,Uy C [n] be subsets of variable indices. We

consider a polytope

K:{xeR"szB, Y a=1Vke[N], 0<z <1 ‘v’ie[n]},
ieUy
which we also write in a more compact form as K = {z € R" | Az > b} with A € R™*" and
b € R™. We note that we included explicitly the “box constraints” 0 < z; < 1 for all variables i.
Moreover, the constraint matrix contains assignment constraints of the form  ;,, x; = 1. This
is the aspect that is non-standard in our presentation.

The general goal is to obtain a strong relaxation for the integer hull conv(K N {0,1}").
Observe that any point x € conv(K N {0,1}") can be interpreted as a probability distribution
X over points K N {0,1}". We know that any distribution can be described by the 2" many
values y; = Pr[\,.;(X; = 1)] for I C [n] — in fact, the probability of any other event can

be reconstructed using the inclusion-exclusion formula, for example Pr[X; = 1 and X, = 0] =
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Y1y — Yq1,23- While this is an exact approach, it is also an inefficient one. In order to obtain a
polynomial-size LP, we only work with variables y; where |I| < O(1). Hence, for r > 0, we

denote P,.([n]) :={S C [n] | |S| < r} as all the index sets of size at most r.

Definition 2. Let SA,(K) be the set of vectors y € R”+1(") satisfying yy = 1 and

Z(—l)lH‘ ' (ZAK,inUHU{i} - beyIUH> >0 Ve |m]

HCJ i=1
forall I, J C [n] with |I| + |J| < r.

The parameter r in the definition is usually called the rank or number of rounds of the Sherali-
Adams lift. It might be helpful for the reader to verify that for I = J = (), the constraint simplifies
to > 1" | Aviygy > beyp = by, which implies that (y3, ..., y(n)) € K. Moreover it is instructive

to verify that for any feasible integral solution € K N {0, 1}" one can set y; := []..; x; to obtain

i€l

avectory € SA,(K).

Theorem 22 (Properties of Sherali-Adams). Let y € SA,.(K) for somer > 0. Then the following

holds:

(a) For J € P.([n]) withy; > 0, the vector j € RPr+1-151() defined by j; := Y92 satisfies

YJ

Yy e SAT_|J|(K).
(b) Onehas0 <y; <y; <1forJ Cland|l| <r+ 1.
() If|J| <r+1andy; € {0,1} Vi € J, theny; = yp - [Lic;ny v forall |[I| < v+ 1.

(d) ForJ C [n] with|J| < r there exists a distribution over vectors§j such that (i) § € SA,_;/(K),
(i) y; € {0,1} fori € J, (iii) y; = E[ys] for all I C [n] with |I U J| < r + 1 (this includes

in particular all I € P,41_5([n])).
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(e) For I C [n] with |I| <randk € [N] one hasyr = >, Yrogy-

)

Take H C [N] with |H| < r and set J := |,y Ur. Then there exists a distribution over
vectors §j such that (i) § € SA,_u|(K), (ii) y; € {0,1} fori € J, (iii) y; = E[y;] for all
1€ Pryayu([n])-

Proof. For (a)-(d), we refer to the extensive coverage in Laurent [Lau03]. We prove (e) and (f)

which are non-standard and custom-tailored to LPs with assignment constraints:

(e)

Fix I C [n] with |I| < r. We apply (d) to obtain a distribution over § with j € SA,_ | (K)

so that g; € {0,1} fori € I. Then

linearit - () - ~ ~
Z vy = E [Z Z/Iu{i}] =E [yl : Z Z/z} =E[u] =vr-

€Uy, €Uy, €Uy,
——
=1

Here we apply (c) for index sets I U {i} where variables in .J := I have been made integral.

Note that indeed |/ U (I U {i})| < r + 1 as required.

By an inductive argument it suffices to consider the case of |H| = 1. Let H = {k} and set
U := Uy, i.e. the constraints for polytope P contain the assignment constraint ), z; = 1
and we want to make all variables in U integral while only losing a single round in the
hierarchy. Abbreviate U := {i € U | yg;; > 0}. Fori € U™, define y® € R7(") to be the
vector with yy) = MZA By (a) we know that y) € SA,_;(K). Moreover yg)} = z% =1
Then the assignment constraint of the LP forces that ygz} =0fori € U\ {i}. Now we
define a probability distribution over vectors 3 as follows: for i € U™, with probability y;

we set § := 3. Then (i) and (ii) hold for § as discussed. Property (iii) follows from
perty

- i Yru{i ©) (e)
MM:ZW§=ZMZU=ZMMZ Yrogiy = Yr

ieU+t ieU+ ieUt €U
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It is known that Theorem [22}(f) holds in a stronger form for the SDP-based Lasserre hierarchy.
Karlin, Mathieu and Nguyen [KMN11]] proved a result that can be paraphrased as follows: if one
has any set J C [n] of variables with the property that there is no LP solution with more than k ones
in J, then one can make all variables of J integral while losing only k rounds. Interestingly, Karlin,
Mathieu and Nguyen prove that this is completely false for Sherali-Adams. In particular, for a
Knapsack instance with unit size items and capacity 2 — ¢, the integrality gap is still 2 — 2¢ after
©.(n) rounds of Sherali-Adams. In a different setting, Friggstad et al. [FKK™14] realized that given
a “tree constraint”, a Sherali-Adams lift can provide the same guarantees that Rothvoss [Rot11]
derived from Lasserre. While Friggstad et al. did not state their insight in the generality that we

need here, our Lemma [22](e)+(f) are inspired by their work.

3.2.2 Semimetric Spaces

A semimetric space is a pair (V, d) where V is a finite set (we denote n := |V|)andd : VXV — R

is a semimetric, i.e.
o d(u,u) =0forallu € U.
« Symmetry: d(u,v) = d(v,u) for all u,v € V.
« Triangle inequality: d(u,v) + d(v,w) > d(u,w) for all u,v,w € V.

Recall that the more common notion is that of a metric, which additionally requires that d(u, v) > 0
for u # v. For aset U C V we denote the diameter as diam(U) := max, ycr d(u, v). Our goal is
to find a partition V' = V;U. ..UV, such that the diameter of every cluster V; is bounded by some
parameter A. We denote d(w, U) := min{d(w, u) : u € U} as the distance to the set U. Moreover,

forr >0and U C V,let N(U,r) := {v € V| d(v,U) < r} be the distance r-neighborhood of U.
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We use a very influential clustering algorithm due to Calinescu, Karloff and Rabani [[CKR04],
which assigns each v € V to a random cluster center ¢ € V such that d(u,c) < SA. Nodes
assigned to the same cluster center form one block V; in the partition. Formally the algorithm is

as follows:

CKR CLUSTERING ALGORITHM

Input: Semimetric space (V,d) with V' = {vy,...,v,}, parameter A > 0

Output: Clustering V = V;,U. ..UV, for some k.

(1) Pick a uniform random § € [}, 1]
(2) Pick a random ordering 7w : V' — {1,...,n}

(3) For eachv € V set o(v) := vy so that d(v,v,) < - A and 7(v) is minimal
(4) Denote the points v € V with 07 '(v) # O by ¢1,...,¢, € V and return

clusters V; := o7 (¢;) fori =1,... k

Note that the algorithm has two sources of randomness: it picks a random parameter (3, and
independently it picks a random ordering 7. Here the ordering is to be understood such that
element v, with 7(v;) = 1 is the “highest priority” element. The original work of Calinescu,
Karloft and Rabani [[CKR04] only provided an upper bound on the probability that a short edge
(u,v) is separated. Mendel and Naor [MNO6]] note that the same clustering provides the guarantee
of Pr[N(u,t) separated] < 1 — O(% - ln(%)) forallu € Vand 0 < t < £. Mendel and
Naor attribute this to Fakcharoenphol, Rao and Talwar [FRT04] (while Fakcharoenphol, Rao and
Talwar[[FRT04] do not state it explicitly in this form and focus on the “local growth ratio” aspect).
Instead of the algorithm by Calinescu, Karloff and Rabani [[CKR04], one could also cluster using
the techniques of Leighton and Rao [LR99] or those of Garg, Vazirani and Yannakakis [GVY93]].

We state the formal claim in a form that will be convenient for us.

Theorem 23 (Analysis of CKR). LetV = V U . ..UV} be the random partition of the CKR algorithm.
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The following holds:

(a) The blocks have diam(V;) < A fori =1,... k.
(b) Let U C 'V be a subset of points. Then

4ddiam(U)

4diam(U)
A —_—.

Pr[U is separated by clustering] < In (2|N (U, A/2)|) - A

< In(2n)

In the above, separated means that there is more than one index ¢ with V; N U # ().

Proof. The claim from (a) is easy to show as

diam(V;) = max d(u,v) < 2maxd(u,¢;) < A
u,veV; UEV] N
<BA

The tricky part is to show part (b). The following definition and lemma are needed.
Definition 3. Let us say that a node w is a separator for U, if

(A) o(u) = w for at least one u € U

(B) o(u) # w for at least one u € U

Moreover, if the set of separators of U is non-empty, then we call the separator that comes first in

the order 7 the first separator.

Next, we show that nodes that are closer to the set U are the most likely to be the first separator:

Lemma 24. Let wy, . .., w, be the nodes sorted so that d(w,U) < ... < d(w,,U). Then

diam(U)

Pr{w; is the first separator for U] < % L=

Proof. Let uy,;, = argmin{d(u,w;,) : u € U} and up.x = argmax{d(u,ws) : u € U} be the
closest and furthest point from w;. We claim that in order for w; to be the first separator, both of

the following conditions must hold:
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(1) d(ws, Umin) < 5+ A < d(ws, Umax)

(ii) The order selects w; as the first node among wy, . . ., ws.

We assume that w; is the first separator, and suppose for the sake of contradiction that either (i)

or (ii) (or both) are not satisfied. We verify the cases:

« Case: A < d(wg, Upin)- Then no point will be assigned to w, and wy is not a separator at

all.

« Case: A > d(ws, Umax ). As Wy is a separator, there are nodes uy, uy € U with o(u;) = w;
and o(uy) # ws. Then o(usy) has to come earlier in the order 7 as d(ws, us) < SA. Hence

w; is not the first separator.

« Case: wy is not first among wy, . .., ws with respect to m. By assumption there is an index
1 < s < s such that m(ws,) < w(ws). As w; is a separator, there is a u; € U with
o(uy) = ws. Let ug := argmin{d(u, ws,) : u € U} be the point in the set U that is closest
to ws,. Then d(ug, ws,) = d(ws,,U) < d(ws,U) < d(ws,u;) < SA. Hence uy would
be assigned to a point of order at most m(wy) < m(w;), and therefore w; is not the first

separator.

Now we estimate the probability that wj is the first separator. The parameter 3 and the permutation

are chosen independently, so () and (ii) are independent events. Clearly Pr((ii)] = 1. Moreover

PI‘[(Z)] _ |[d(w5, umin)7 d<wsa umax)] N [%a %” < 4d(umin> umax) < 4dlam(U) :
A/4 A A
where we have used the triangle inequality and the notation |[a, b]| = b — a for the length of an
interval. u

Now we can finish the proof of Theorem [23}
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Proof of Theorem[23, As in Lemma [24] let wy, . .., w, be an order of nodes such that d(w;, U) <
... < d(wy, U). Note that L := |[N(U, §)| < n is the maximal index with d(w,U) < 2. If U is

separated, then there has to be a first separator. Therefore, the following holds:

L
Pr[U is separated] < Z Pr|wy is first separator for U]
s=1
L
Lem[24] 1 4diam(U) Adiam(U)
< 2 2damt) o er) - 24em)
D A
<In(2L)

Here we use that Pr|w is first separator for U] = 0 for s > L since a node wj that has a distance

bigger than % to U will never be a separator. ]

3.3 Approximation for Poo | prec, p; = 1, c—intervals | Cpax

In this section, we provide an approximation algorithm for scheduling n unit-length jobs J with
communication delay ¢ € N on an unbounded number of machines so that precedence constraints
given by a partial order < are satisfied. Instead of working with Poo | prec,p; = 1,¢ | Chax
directly, it will be more convenient to consider a slight variant that we call Poo | prec,p; =
1, c—intervals | Cpax. This problem variant has the same input but the time horizon is partitioned
into time intervals of length ¢, say I; = [sc, (s + 1)c) for s € Z~(. The goal is to assign jobs to
intervals and machines. We require that if j; < jo then either j; is scheduled in an earlier interval
than j, or j; and j, are scheduled in the same interval on the same machine. Other than that,
there are no further communication delays. The objective function is to minimize the number

of intervals used to process the jobs. In fact we do not need to decide the order of jobs within
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|

|
machine 1 {1]2]5]6]
machine 2 {3|4|8| !

machine 3 | | 7 I 9 |10|

|
|
[
0 I() C Il 2c

time

Figure 3.1: Left: example of an instance of Poo | prec,p; = 1, c—intervals | Cpax with ¢ = 4
(where the partial order < is the transitive closure of the depicted digraph). Right: a valid schedule
in 2 intervals.

intervals as any topological order will work. In a more mathematical notation, the problem asks
to find a partition J = Use{o,...,S—l},ieN‘]&i with |Js ;| < ¢ such that S is minimized and for every
J1 = j2 with j; € Jg, 4, and js € Js, ;, one has either s; < sy or (s1,41) = (S2,142). See Figure
for an illustration.

It is rather straightforward to give reductions between Poo | prec,p; = 1,¢ | Ciax and
Poo | prec,p; = 1, c—intervals | Cyax that only lose a small constant factor in both directions.
The only subtle point to consider here is that when the optimum makespan for Poco | prec, ¢ | Chyax

is less than ¢, the problem admits a PTAS; we refer to Section [3.4] for details.

3.3.1 The Linear Program

Let m € N be a parameter defining the number of machines that we admit for the LP. Moreover, let
S € N be the number of intervals that we allow for the time horizon. To obtain an approximation
for Poo | prec,p; = 1, c—intervals | Cy,ax one can set m := n and perform a binary search to find

the minimal S for which the LP is feasible. But we prefer to keep the approach general.
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We construct the LP in two steps. First consider the variables

1 if j is scheduled on machine i in interval I
Vje Jiem],se{0,...,5—1}

Ljis =
0 otherwise

Let K be the set of fractional solutions to the following linear system

szj’i’s =1 VJGJ

i€[m] 20

ijﬂ%s < ¢ Viem] Vse{0,...,5 -1}
jeJ
OSZIZ']',LS <1 VjGJ,iG[m],SE{O,...,S—l}

So far, K simply assigns jobs (fractionally) to intervals and machines without taking any precedence
constraints into account. Next, we will use a lift z € SA,(K) containing variables (;, ;, s,),(jz,iz,s2)>
which provide the probability for the event that j; is scheduled in interval s; on machine 7; and

J2 is scheduled in interval s, on machine 7. We introduce two more types of decision variables:

1 71 and j, are scheduled on the same machine in the same interval

Yjrga —
0 otherwise

C; = index of interval where j is processed

Let Q(r) be the set of vectors (z,y, C') that satisfy

Viie = D D Tl (ais)

s€{0,...,S—1} i€[m)]
Cjz > Cj1 + (1 - yj1,j2) vjl = j2

C; > 0 VjelJ
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r € SA(K)

The analysis of our algorithm will work for all » > 5 while solving the LP takes time n°("). Here
we make no attempt at optimizing the constant r. The main technical contribution of this section

is the following rounding result:

Theorem 25. Consider an instance with unit-length jobs J, a partial order <, and parameters
¢, S;m € N such that Q(r) is feasible for r := 5. Then there is a randomized algorithm with
expected polynomial running time that finds a schedule for Poo | prec, p; = 1, c—intervals | Cax

using at most O(logm -logc) - S intervals.

We would like to emphasize that we require < to be a partial order, which implies that it is
transitive. While replacing any acyclic digraph with its transitive closure does not change the set
of feasible integral schedules and hence can be done in a preprocessing step, it corresponds to
adding constraints to the LP that we rely on in the algorithm and in its analysis.

We will now discuss some properties that are implied by the Sherali-Adams lift:

Lemma 26. Let (z,y,C) € Q(r) withr > 2. Then for any set J C .J of |.J| < r — 2 jobs, there

exists a distribution D(.J) over pairs (&, ) such that
(A) Z;: € {0,1} forall j € J, alli € [m] and s > 0.
B) Tjrjo = Dous0 Doicm] Tinis - Linios if 1{41, 423 N J| > 1.
(©) &€ K, Ujijs = Dseo,..5-1} uicim] Lliris),(jains) Jor all j1, ja € J.

(D) E[‘%j,i,s] = Tjis andE[gjth] = Yj1,52 for alljajlvj%ia S.

Proof. By Theorem [22|(f), there is a distribution over & € SA,(K) which satisfies (A) and has
T € K, E[Z);s] = 2jis and E[Z(j, i ,51),(jasinss2)] = T(1sins1),(jasin,s)» and additionally is integral

on variables involving only jobs from .J, where |j | < r — 2. Here, we crucially use that every job
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j € J is part of an assignment constraint > icim] 2us>0 Liis = 1, hence making these variables
integral results in the loss of only one round per job. Then, the y-variables are just linear functions

depending on the z-variables, so we can define

Tinge = D Y FGuis) i)

s€{0,...,5—1} i€[m)]

and the claim follows. [

From the LP solution, we define a semimetric d. Here the intuitive interpretation is that a
small distance d(j1, j2) means that the LP schedules j; and js mostly on the same machine and in

the same interval.

Lemma 27. Let (x,y,C) € Q(r) be a solution to the LP withr > 5. Then d(ji, j2) :== 1 — yj, j, is

a semimetric.

Proof. The first two properties from the definition of a semimetric (see Section|3.2.2)) are clearly
satisfied. We verify the triangle inequality. Consider three jobs ji, jo, js € J. We apply Lemma [26]
with J := {Ji, jo, j3} and consider the distribution (&,§) ~ D(J). For j € J, define Z(j) =

(5(7),1(s)) as the random variable that gives the unique pair of indices such that & =1

3,1(5),8(5)

Then for j/, j € J one has

d(j', ") = PrZ(j') # Z(")] = Pr[(3(5),i(") # (3("),

Then indeed

d(j1,J3) = Pr[Z(j1) # Z(j3)] < Pr[Z(j1) # Z(j2) V Z(j2) # Z(js)]

< Pr[Z(n) # Z02)] + PrZ2(j2) # Z(js)] = d(j1, J2) + d(j2, Js)-
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]

Lemma 28. For every j; € J one has ngeJ Yirjo < C.

Proof. Consider the distribution (z,7) ~ D({j1}). From Lemma [26/(B) we know that E[j;, ;,] =

Yirge a0 Jjy jo = D cr0. 51y 2uicm] Lirviss Ljais- By linearity it suffices toprove that 3 0. ; 7j,

c always. Fix a pair (Z, 7). There is a unique pair of indices (i1, s1) with Z;, ;, s, = 1. Then

E Yji,jo = E E E Tjiis  Ljojiys = E Tjyiy,sg < C.

je€J 5€{0,....,S—1} j2€J i€[m] if i£i or s#s1 Jj2€J

A crucial insight is that for any job j*, few jobs are very close to j* with respect to d.

Lemma 29. Fix j* € J and abbreviate U := {j € J | d(j,j*) < B} for0 < f < 1. Then

Ul < 55

Proof. For each j € U we have y; ;« = 1 — d(j,j*) > 1 — . Combining with the last lemma we
have (1 — B)|U| < ZjEJ Y < e O

3.3.2 Scheduling a Single Batch of Jobs

We now come to the main building block of our algorithm. We consider a subset J* of jobs

whose LP completion times C; are very close (within a @(@) term of each other) and show we

can schedule half of these jobs in a single length-2c interval. The following lemma is the main

technical contribution of the chapter.

Lemma 30. Let (z,y,C) € Q(r) withr > 5 and let0 < § < ; be a parameter. Let C* > 0

1
64log(4c

and set J* C {j € J | C* < C; < C* + §}. Then there is a randomized rounding procedure that

<
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Va

Figure 3.2: Visualization of the partition V = V;U. ..UV} and the induced sets V/ C V;. Here <
is the transitive closure of the depicted digraph.

finds a schedule for a subset J** C J* in a single interval of length at most 2c such that every job

j € J* is scheduled with probability at least 1 — 32log(4c) - § > 1.

We denote I'~ () as the predecessors of j and I'* () as the successors, and similary I'~/*(.J') =
{j€J:35 € J st jeT/T(j)}. Again, recall that we assume < to be transitive. The rounding

algorithm is the following:

SCHEDULING A SINGLE BATCH

. . . * . o— 1
(1) Run a CKR clustering on the semimetric space (J*, d) with parameter A := 7

and let Vi, ..., V} be the clusters.

2 LetV/:={jeV, | T-()nJ* CVi}forl=1,... k.

(3) Schedule V;/ on one machine forall { =1,... k.

We now discuss the analysis. First we show that no cluster is more than a constant factor too

large.
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Lemma 31. One has |V)/| < 2c foralll = 1,... k.

Proof. We know by Theoremthat diam(V}) < diam(V;) < A < 1 where the diameter is with
respect to d. Fix a job j* € V/. Then we know by Lemma [29] that there are at most 2c jobs j with

d(7,7%) < % and the claim follows. ]

Next, we see that the clusters respect the precedence constraints.

Lemma 32. The solution V], ..., V] is feasible in the sense that jobs on different machines do not

have precedence constraints.

Proof. Consider jobs processed on different machines, say (after reindexing) j; € V/ and j, € V.

If j; < jo then we did not have I'" (j,) C V4. This contradicts the definition of the sets V,. [

A crucial property that makes the algorithm work is that predecessors of some job j € J*

must be very close in d distance.
Lemma 33. For every ji, j2 € J* with j; < ja one has d(jy,72) < 0.

Proof. We know that

e LP jaEJ*
Cr < G <Cu+(—ypp) <C;p < C7+6
————r
=d(j1,j2)
and so d(ji, j2) < 0. O

We will use the three statements above together with Theorem [23|to prove Lemma [30]

Proof of Lemma(30. We have already proven that the scheduled blocks have size |V}/| < 2c and

that there are no dependent jobs in different sets of V/, ..., V). To finish the analysis, we need



3.3. APPROXIMATION FOR Poo | prec, p; = 1, c—intervals | Ciyax 65
to prove that a fixed job j* € J* is scheduled with good probability. Consider the set U :=
{7 }U (I (j*) N J*) of j* and its ancestors in J*.

Since the diameter of U is at most 20 by Lemma [33] we can use Lemma [29 to see that

|IN(U,A/2)| < y—55—%- For our choice of A = 1/4and § < m, IN(U,1/8)| < 2¢c. From
Theorem , the cluster is separated with probability at most log(4c) - %5 < % [

To schedule all jobs in J*, we repeat the clustering procedure O(logm) times and simply

schedule the remaining jobs on one machine.

Lemma 34. Let (x,y,C) € Q(r) withr > 5. Let C* > Oandset J* C {j € J | C* < C; <
C*+0}. Assume that all jobs in '~ (J*) \ J* have been scheduled respecting precedence constraints.
Then there is an algorithm with expected polynomial running time that schedules all jobs in J* using

at most O(logm) + % many intervals.

Proof. Our algorithm in Lemma [30| schedules each 7 € J* in an interval of length 2¢ with
probability at least 1/2. We run the algorithm for 2 log m iterations, where input to iteration &k + 1
is the subset of jobs that are not scheduled in the first & iterations. For k € {1,2,...,2logm}, let
Ji* denote the subset of jobs that are scheduled in the k™" iteration, and let J;,  := J*\ (UL _, T,
In this notation, J; := J*. Let S(J;*) denote the schedule of jobs J;* given by Lemma 30, We
schedule S(J;*) first, then for k = 2,...,2logm, we append the schedule S(J;*) after S(J;* ;).
Let J' := J3),4 41 denote the set of jobs that were not scheduled in the 2log m iterations. We
schedule all jobs in J' consecutively on a single machine after the completion of S(J37,,,,)-
From our construction, the length of a schedule for J*, which is a random variable, is at most
O(logm) + (‘%ﬁ many intervals. For k € {1,2,...,2logm}, Lemmaguarantees that each job
j € J; gets scheduled in the k'™ iteration with probability at least 1/2. Therefore, the probability

that j € J', i.e, it does not get scheduled in the first 2 log m iterations, is at most ﬁ This implies
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that E[|.J'|] < |2J—m| By Markov’s inequality Pr[|.J'| > %] < Pr[|J'| > 2-E[|J'|]] < 1/2. Hence
we can repeat the described procedure until indeed we have a successful run with |J/| < %
which results in the claimed expected polynomial running time.

Let us now argue that the schedule of J* is feasible. For k € {1,2,...,2logm} and any two
jobs j,j" € S(J;*), Lemma 30| guarantees that precedence and communication constraints are
satisfied. Furthermore, Lemmaalso ensures that there cannot be jobs j, j’ such that j € S(J;*),
j' € S(JiF) and j’ < j and k' > k. Finally note that every length-2¢ interval can be split into 2

length-c intervals. The claim follows. [

3.3.3 The Complete Algorithm for Poo | prec,p; = 1, c—intervals | Ciyax

Now we have all the pieces to put the rounding algorithm together and prove its correctness. We
partition the jobs into batches, where each batch consists of subset of jobs that have C; very close

to each other in the LP solution. The complete algorithm is given below.

THE COMPLETE ALGORITHM

(1) Solve the LP and let (z,y,C) € Q(r) with r > 5.

(2) For 6 = and k € {0,1,2... %1}, define

1
64 log(4c)

Jh={j€J:k-6<C;<(k+1)-0}
(3) FORk = 0TO % DO

(4) Schedule the jobs in Jj, using the algorithm in Subsection[3.3.2]

Now we finish the analysis of the rounding algorithm.

Proof of Theorem[25 Let us quickly verify that the schedule constructed by our algorithm is
feasible. For jobs j; < j with j; € Jj, and jy € Ji,, the LP implies that C;, < C}, and so ky < ks.
If k1 < ko, then j; will be scheduled in an earlier interval than js. If k; = ko = k, then Lemma [34]

guarantees that precedence constraints are satisfied.
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It remains to bound the makespan of our algorithm. Lemma [34] guarantees that for £ €
{0,1,2... 21}, the jobs in Jj, are scheduled using at most O(log m) + % many intervals. Then

the total number of intervals required by the algorithm is bounded by

51
S ~ || /]
= 1Rl . : < . .S
5 O(logm) + ; o O(logm -logc) - S + p— O(logm -logc) - S
Here we use that |J| < S - ¢m is implied by the constraints defining K. O

Remark 1. We note that it is possible to reverse-engineer our solution and write a more compact LP
for the problem, enforcing only the necessary constraints such as those given by Lemmas[27]and 28]
We present this compact LP and prove an integrality gap of Q(y/logn) for it in Section While
the compact LP is simpler and could be solved more efficiently, we feel that the Sherali-Adams
hierarchy gives a more principled and intuitive way to tackle the problem and explain how the LP

arises, and hence we choose to present it that way.

3.4 Reductions

We now justify our earlier claim: the special case Poo | prec, p; = 1, c—intervals | Cyax indeed
captures the full computational difficulty of the more general problem P | prec, ¢ | Cyax. The

main result for this section will be the following reduction:

Theorem 35. Suppose there is a polynomial time algorithm that takes a solution for the LP Q(r)
with parameters m,c,S € N and r > 5 and transforms it into a schedule for Poo | prec,p; =
1, c—intervals | Chax using at most «-S intervals. Then there is a polynomial time O(«)-approximation

for P | prec7 c | C’max'

For the reduction we will make use of the very well known list scheduling algorithm by
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Graham [Gra66]] that can be easily extended to the setting with communication delays. Here the
notation o(j) = ([¢t,t + p;,), ¢) means that the job j is processed in the time interval [¢,t + p;) on

machine i € [m].

GRAHAM’S LI1ST SCHEDULING

(1) Seto(j) :=0forallj € J
(2) FORt =0TO o0 DO FOR i =1TO m DO
(3) Select any job j € J with o(j) = () where every j' < j satisfies the
following:

« If j/ is scheduled on machine i then j’ is finished at time < ¢

« If j/ is schedule on machine " # i then j’ finished at time < ¢t — ¢

(4) Seto(j) := ([t,t + p;),1) (if there was such a job)

For example, for the problem P | prec | Cyyay, Graham’s algorithm gives a 2-approximation. The
analysis works by proving that there is a chain of jobs covering all time units where not all
machines are busy. Graham’s algorithm does not give a constant factor approximation for our
problem with communication delays, but it will still be useful for our reduction.

Recall that a set of jobs {j1,...,j:} € J with j, < j,1 < ... < j; is called a chain. We

denote Q(.J) as the set of all chains in .J w.r.t. precedence order <.

Lemma 36. Graham’s list scheduling on an instance of P | prec, ¢ | Ciyax results in a schedule with

makespan at most - > jesPi +maxgeon{d jcopi + ¢ (1Q — 1}

Proof. We will show how to construct the chain () that makes the inequality hold. Let j; be the
job which finishes last in the schedule produced by Graham’s algorithm and let ¢;, be its start time.
Let j, be the predecessor of j; that finishes last. More generally in step i, we denote j;;1 as the

predecessor of j; that finishes last. The construction finishes with a job j, without predecessors.
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time 0 makespan

|

chain
delay after chain

guaranteed busy

Figure 3.3: Analysis of Graham’s algorithm with communication delay c.

Now let @ be the chain of jobs j, < j,—1 < ... < ji. The crucial observation is that for any
i € {1,...,0 — 1}, either all machines are busy in the time interval [t;,., + p;,,, + ¢, t;,) or this
interval is empty. The reason is that Graham’s algorithm does not leave unnecessary idle time
and would have otherwise processed j; earlier. It is also true that all m machines are busy in the

time interval [0, ¢;,). The total amount of work processed in these busy time intervals is

/-1 L

L:=m- <tje + Zmax{tji - (C+pji+1 + tj¢+1>70}> < ij - iji'

i=1 jed i=1

Then any time between 0 and the makespan falls into at least one of the following categories:
(a) the busy time periods described above, (b) the times that a job of the chain () is processed,
(c) the interval of length ¢ following a job in the chain ). Thus, we see that the makespan from

Graham'’s list scheduling is at most

bt < ot Yt (QI- D < E 3 p (1= ) Sp e (jQl - 1)

JjEQ jeJ JEQ
O]

It will also be helpful to note that the case of very small optimum makespan can be well
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approximated:

Lemma 37. Any instance for P | prec,c | Ciax With optimum objective function value at most ¢

admits a PTAS.

Proof. Let J be the jobs in the instance and let OPT,, < ¢ be the optimum value. Consider the
undirected graph G = (J, E) with {j1, jo} € E < ((j1 < j2) or (ja < j1)). Let J = J1U...UJy
be the partition of jobs into connected components w.r.t. graph G. We abbreviate p(J') := . ;» p;.
The assumption guarantees that the optimum solution cannot afford to pay the communication
delay and hence there is a length-c schedule that assigns all jobs of the same connected component
to the same machine. If we think of a connected component .J; as an “item” of size p(Jy), then for
any fixed ¢ > 0 we can use a PTAS for P || Cy,ax (i.e. makespan minimization without precedence
constraints) to find a partition of “items” as [N] = U...UI,, with >, p(J¢) < (1+¢)-OPT,,
in polynomial time [HS87]. Arranging the jobs J,.; J¢; on machine i in any topological order

finishes the argument. ]

Additionally, it is a standard argument to convert an instance with arbitrary p; to an instance

where all p; < n/e, while only losing a factor of (1+2¢) in the approximation. For py,, := max; p;,

n
E€Pmax

then round

we simply scale the job lengths and communication delay down by a factor of
them to the nearest larger integer. This results in at most a 2¢ fraction of the optimal makespan
being rounded up and all job sizes are integral and at most n/e.

Now we can show the main reduction:

Proof of Theorem[35 Consider an instance of P | prec, ¢ | Ciuax With p;, ¢ € N. Let J denote its job
set with precedence constraints, and OPT,, (/) denote its optimal value where m is the number
of available machines. By the previous argument, we may assume that p; < 2n forall j € J.

Moreover, by Lemma[37| we only need to focus on the case where OPT,,(.J) > c¢. We may guess
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instance J instance J’

Figure 3.4: Splitting jobs into chains of unit-length jobs.

the optimum value of OPT,,(./) as OPT,,(J) € {1,...,2n%}.

Let J' denote the job set obtained by splitting each job j € J into a chain of p; unit sub-
jobs j(M) < ... < j(Pi) Moreover, precedence constraints in .J are preserved in .J as we set all
predecessors of j to be predecessors of j(!) and all successors of j to be successors of 7, see
Figure We note that OPT,,(J') < OPT,,(J) as splitting does not increase the value of the
optimum. Let S,,,(J') be a schedule achieving the value of OPT,,(J’). Next, observe that S,,,(J’)
implies an integral solution for Q)(r) with parameters m, ¢, S where S := [OPT,,(J)/c]| and
r := 5. In particular here we use that if jobs j; < jo are scheduled on different machines by
Sm(J'), then their starting times differ by at least ¢ 4+ 1 and hence they are assigned to different
length-c intervals.

Now we execute the assumed a-approximate rounding algorithm and obtain a schedule
Soont(J) that uses T' < S many intervals. We will use this solution Se jnt(J) to construct a
schedule S, (J) for Poo | prec, ¢ | Ciyax With job set J by running split sub-jobs consecutively
on the same processor. This will use 47" time intervals in total. Recall that /,; denotes the time
interval [sc, (s + 1)c). The rescheduling process is as follows:

For a fixed job j € J, let I,, be the time interval where j!) is scheduled in S, i(.'). Then all

other sub-jobs of j should be either scheduled in [, or the time intervals after /.

« Case 1: Some sub-job of j is not scheduled in /,.
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L, 1.,

machine ¢’

machine 1

case 2

—— = = ==

private machine

machine 3

LIis, Tysi 1 Iy, 43 I, T45,43

Figure 3.5: Transformation of the schedule S jnt(J’) (top) to Seo(J) (bottom), where S (J) is
compressed by a factor of 4. Here a “private” machine for a job j means the machine never
processes any job other than j.

Schedule job j at the beginning of time interval /4,1 on a new machine. If j is a short job,
then it will finish running by the end of the interval. Otherwise j is a long job. Let I, be the
last time interval where a sub-job of j is scheduled in S. jnt(J’). Then, the length satisfies

p; < ¢-(s2—s1+1), which implies that the job finishes by time ¢- (4s;4+1)+p; < ¢-(4s2—1).

+ Case 2: All sub-jobs of j are scheduled in /,.

Simply schedule job j during time interval I,,, on the same machine as in Sqo jnt(J").

See Figure[3.5]for a visualization. Then S,,(J) is a valid schedule for Poo | prec, ¢ | Cipax, with

makespan < 4c - T'. Moreover, S, (.J) satisfies the following:

(a) A short job is fully contained in some interval /.

(b) A long job’s start time is at the beginning of some interval I;.

For S, (), define a new job set H. Every long job j becomes an element of H with its original

running time p;. Meanwhile, every set of short jobs that are assigned to the same machine in one
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time interval becomes an element of /7, with running time equal to the sum of running times of the

short jobs merged. To summarize, a new job h € H corresponds to a set h C .J and p;, = Zjeh Dj.

We define the partial order < on H with h;<h, if and only if there are j; € h; and j, € hy
with 7; < j2. One can check that this partial order is well defined. Moreover, by the fact that
jobs assigned to the same interval but different machines do not have precedence constraints,
the length of the longest chain in (H, <) in terms of the number of elements is bounded by the

number of intervals that are used, which is at most 47".

Now run Graham'’s list scheduling on the new job set H with order < and m machines. By
Lemma the makespan of the list scheduling is bounded by - >, . p,+maxgeom){dD_ heq Pht
¢ - |Q|}. As the total sum of the processing times does not change from J to H, we see that
=Y her Pn < OPT,, (J). Moreover, for any chain Q € Q(H), Y, ., Pn is no greater than the
makespan of S, (/), which is 4¢T. Finally, as argued earlier, the chain has |Q| < 47 elements.

Above all,

1
- + ma { fec- }gomeJ+4T+4T
mth e > pntc- Q| (J) +4cT" + 4c

heH heQ
< OPT,,(.J) + 16a - OPT,, ()

= O(a) - OPT,,(J).
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3.5 Integrality Gap for the Compact LP

We consider the following layered expander graph from Maiti et al. [MRS™20]. Let V;,..., V]
be sets of n vertices and for each j € Vi, for k € [L — 1], let j sample d successors from
Vi+1 uniformly at random without replacement. We choose n = ¢m/L and ¢ = d%, and set
L = e/logn, d = 2e2vIogn and m = ¢. We will fix €; and ¢, as in Maiti et al.; the constants
have several specifications, and we will not enumerate all of them, except that eo > 5e;. Call this
instance Z. Note that we have purposefully defined Z so that its partial order is not closed under
transitivity, as it will be notationally convenient later to consider the successors and predecessors

of anode j € Vj, as the nodes j/ in T'"(j) N Vi1 and T~ (5) N Vj_1, respectively.

Our compact LP is the following:

Yjr = 1 ViieJ
Yir,g2 = Yjo.n Vi,jp€J
1— Yi1,52 <1l- Y143 +1-— Yija,j3 vj17j27j3 eJ

Zyjl’j S C \V/jl € J

jeJ
Cjz > le + (1 - yjl,j2) vjl = j2
Cj >0 VjelJ

Note the above completely does away with the = variables from LP. We will prove the following

when parameters for the layered expander graph are specified as above:

Lemma 38. The compact LP has value at most 1 (c-interval) on instance L.
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Maiti et al. prove that the number of c-intervals required for an integral solution to schedule

7 is Q(L). Combining this with Lemma [38] we have the following theorem:
Theorem 39. The compact LP has integrality gap at least Q(/logn).

Before we begin the proof of Lemmal[38 we will define some new terms. First let ¢(j) : J — [L]
be the map sending each job to its corresponding layer; so j € V} if and only if ¢(j) = k. Next
we let (7,7') = min{L, s(j, j') }, where s(j, j') is the distance between j and j’ in the undirected
graph, i.e. the number of edges in the shortest path between j and j/, when edges of the DAG are
made undirected. Note that for j € V} with 7/ € V, NT'"(j) and j” € V.2 NTT(5), we have that
r(5,5") =r(',7") =1—1/Land r(j,5”) = 1 — 2/L. The function r is clearly symmetric. We
will show that r satisfies the triangle inequality, since normally it is not the case that a minimum

of two metrics is still a metric.

Lemma 40. Let s(j, j') be the distance between j and j' in the undirected graph. Thenr(j,j') =

min{ L, s(j,j')} satisfies the triangle inequality.

Proof. Fix jobs j,j’,j" € J. Suppose first that (7, j') = s(7, 7). Since s(j, j') < s(4,5")+s(3",5")
and s(7, ') < L, it follows that r(j, j') < r(4,5")+7(j",j'). On the other hand if 7(j, j') = L, the
triangle inequality would only be violated if j” was such that L > s(j, 5”) + s(j”, 7'). However,
this inequality implies there is a path from j to j” through j’ that has s(j, ;") + s(j”,7') < L

edges, which contradicts the definition of (7, j'). O

Proof of Lemma(38 The set of jobs in instance 7 is partitioned into layers Vi, ..., Vy. For every
job j, let j’s completion time be C; = ¢(j)/L. For jobs j, j’, lety; y =1 —1r(j,j")/L.
Now we check the inequalities of the LP. We begin by seeing that these y values form a

semimetric d(j,5') = 1 —y; . Forj € J,y;; =1 —0/L = 1so that d(j,j) = 0, and d is
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symmetric since 7(j, j') is too. To see that the triangle inequality holds, fix j, j’, j” and observe

that by Lemma

L=y =103/ L<r(, ")/ L+r(" 7))/ L=1—=y;m+1—ymj.

Further, we see that for j, ;' with j < j', C; = ¢(j)/L, C;yy = ¢(j')/L, and y; y = 1 — (¢(j') —
#(j))/L,sothat Cy — C; > 1 —y; .

The last inequality to check is that for all j € J, > i+ Yj < ¢ Fixajob j, and recall a job
j'hasy; = 1— (/L exactly when r(j, j') = . Every job, except those in V, has d successors,
and with probability at least 1 — n~2, every job, except those in V}, has at most d + 10/dlogn

predecessors. Therefore, at most 2°(d + 10+/dlog n)¢ jobs j' have r(j, j') = £. It follows that

D Y < i%(d +10y/dlogn)‘(1 — ¢/L)
2+ 10/AToER)(2(d + 10VATER)"* — 2(d + 10yATER)L + L — 1)
- (o + 10v/dTogm) — 1FL

2L+1 1 I L+1
< (;d++1 00 V_dcfo(;i 7;2) < 241(d + 10y/dlog n) 2! < 2041 (2d)P1 < dF = ¢,

where the second to last inequality follows from the fact that d > 10+/log n, and the last inequality

follows from the choice of d and L and the fact that €5 > 2¢;.

3.6 Minimizing Weighted Sum of Completion Times

To illustrate the generality of our framework we show that it can be extended to handle different

objective functions, in particular we can minimize the weighted sum of completion times of the
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jobs. Here we restrict to the simplest case where jobs have unit length and an unbounded number
of machines are available. In the 3-field notation, this problem is denoted by Poo | prec, p;, =
Ll ; w;C;. The input for this problem is the same as for the makespan minimization problem
except that each job j now has a weight w; > 0.

The goal is to minimize the objective function ) ; w;C;, where Cj is the completion time of j,
which is defined as the time slot in which job j is scheduled.

Note that the LP )(r) has variables C; that denote the index of the length-c interval where j
is being scheduled. A natural approach would be to interpret c - C'; as the completion time of job j
and minimize |, ; w; - ¢ C; over Q(r). Then the rounding algorithm from Section 3.3 will indeed
schedule each job j so that the completion time is at most (O(logc - logn) - C; + ©(logn)) - c.
We can observe that if a O(log ¢ - log n) approximation is the goal, then this argument suffices for

all jobs j where the LP solution has C; > Q(@) — but it fails for jobs with 0 < C; <« 1.

3.6.1 The linear program

In order to address this case, we first start with a more general LP relaxation compared to the
makespan result which tracks the actual time slot where the jobs are processed, rather than just
the interval. Again, we use the parameter m € N to denote the number of machines that we allow
the LP to use (one can set m := n) and the parameter S € N to denote the number of intervals
that we allow for the time horizon. We abbreviate 7' := S - ¢ as the number of time slots. Note that
T < nc always suffices for any non-idling schedule. We index time slots as [T'] :== {1,...,7'} and
consider an interval as a discrete set of slots I, := {cs+1,...,¢(s+1)} where s € {0,...,5—1}.

Recall that in the makespan result z;; ; variables indicated if job j got scheduled on machine ¢
in the interval s. Here, we introduce additional variables of the form z;;, which indicate if job j

is scheduled on machine i at time ¢ € [T']. The variables z;; ; are fully determined by summing
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over appropriate variables z;; ;, but we retain them for notational convenience. Further, similar to
our makespan result, we impose an interval structure on the optimal solution and lose an O(1)

factor in the approximation ratio.
Let K be the set of fractional solutions to the following LP.

ZZZj’i’t =1 VJEJ

i€[m] te[T)

>z <1 Vie[m] Vte[T)

Jj€J
Z Z Zjig 2 Z Z Zjpipr Vi1 = ja Yt € [T]
t'<t ic[m)] t'<t i€[m]
Sz = s Vi€J ¥se{0,...,5 -1}
tels

0<z,;: < 1 Vjeldiem]tell]

Similar to the makespan LP, let Q(r) be the set of feasible solutions (z, , z, C) to the following

LP:

Minimize E U}j . Cj
jeJ

Yjngz = Z Z L(j14i,5),(j2,1,5)

s€{0,...,S—1} i€[m)]
CjQ > Cj1 + (1 - yj1,j2) - C V]l < j2
Cjo= DY) zaa-t VjelJ

i€[m] te(T)

(z,2) € SA(K)

Note that the C; variables in this LP relaxation denote the actual completion time of j unlike
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their role in the makespan result, where they were used to indicate the interval in which j was

scheduled. The main technical result for this section is the following:

Theorem 41. Consider an instance for Poo | prec, p; = 1,¢ | 3, w;C; and asolution (z,y, 2,C) €
Q(r) withr > 5. Then there is a randomized algorithm with expected polynomial running time that
finds a feasible schedule so that (i) E[C}'] < O(logc -logn) - C; and (ii) C* < O(logc - logn) -

C; + O(logn) - ¢ forall j € J, where C’jA is the completion time of job j.

We briefly describe how Theorem 41 implies the approximation algorithm promised in Theo-
rem [21k

Proof of Theorem[21, Note that strictly speaking Q(r) is not actually a relaxation of Poo | prec, pj =
INEDY ; w;C;. However one can take an optimum integral schedule and insert c idle time slots
every ¢ time units and obtain a feasible solution for Q(r). This increases the completion time of
any job by at most a factor of 2. Then we set 7 := 5 and m := n and solve the LP Q(r) in time
polynomial in n. Now consider the randomized schedule from Theorem [¢1 with completion times
C#. Then the expected objective function is ED s wj- C < O(logn -logc) - (ZjGJ w; - C;).
Markov’s inequality guarantees that we can find in expected polynomial time a schedule that

satisfies this inequality if we increase the right hand side by a constant factor. This completes the

proof. [

3.6.2 The Rounding Algorithm

Let (x,y, z, C') be an optimal solution to the LP relaxation Q(r) with r > 5. It remains to show
Theorem We partition the jobs based on their fractional completion times. For § = ch(%)

andk >0, let J, :={jeJ:k-0<C; <k-0}.

We give a separate algorithm for scheduling jobs in Jy within an interval of length at most
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O(logn) - c. Now consider the remaining jobs. For & = 1,2, ..., we schedule jobs in the set Jj
using the algorithm from Section [3.3.3] inserting c empty time slots between the schedule of jobs

in the set J and Jj ;. Let C]A denote the completion time of job j in our algorithm.
Lemma 42. For k > 1, consider a job j € Ji. Then deterministically CJA < O(logn -logc) - C.

Proof. The claim follows from repeating the arguments in Lemma 34] so we only give a sketch
here. Fix k and consider scheduling the jobs in the set J;, using the procedure described in
Lemma [34] where we repeat the CKR clustering algorithm for £ = {1,2,...2logn} iterations.
Then the expected number of jobs that did not get scheduled in the first 2logn iterations is
at most Lri—’;‘ < 1. Therefore, in expected polynomial time we can find a schedule such that
C# e [2logn - O(c) - k,2logn - O(c) - (k + 1)]. From the definition of set Jj, the fractional

completion time C; of every job j in J is at least & - in the LP solution. This completes

c
64 log(4c)

the proof. O]

The only new ingredient for the completion time result is scheduling the jobs in the set .J;.
For j € Jy, let t; denote the earliest time instant ¢ at which the job is scheduled to a fraction of
at least 1 — ¢ in the LP solution. Here 0 < ¢ < 1 is a small constant that we determine later. In

scheduling theory this time is also called a-point with o = 1 — ¢. Formally

m
t% == min {t’ €MD)z >1 —g} (3.1)

i=1 t=1

We use the same semimetric d(j1, j2) := 1 — y;, ;, as in Section [3.3|and schedule jobs in .Jj

using the following procedure.
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SCcHEDULE For J

L

(1) Run a CKR clustering on the semimetric space (Jy, d) with parameter A := =

and let V1, ..., V} be the clusters.
2 LetV/:={jeV, | (I~ (j))NJy) CVi}for ¢ =1,... k.
(3) Forall ¢ =1,..., k assign jobs in V/ on a single machine and schedule them
in the increasing of order of ¢} values breaking ties in an arbitrary manner.
(4) Insert a gap of c time slots.

(5) Let J) C Jy be the set of jobs that did not get scheduled in steps (1) - (3). Use

Lemma 34| to schedule J|.

Lemma 43. For a job j; € Jy, the probability that j, gets scheduled in step (5) of the algorithm, i.e.,

J1 € J), is at most O(log c) - %

Proof. The arguments are a slight refinement of Lemma Consider the set U := {ji} U
(I'"(j1) N Jo) of j; and its ancestors. If jo < 71, then 0 < Cj, + ¢ - d(jo,71) < Cj, by the
LP constraints and so d(jo, j1) < % Then the diameter of U with respect to semimetric d is
bounded by 2C';, and hence by Theorem [23(b) the probability that U is separated is bounded by

In(2[N (U, A/2)]) - 22 < O(log ) - <. -

The next lemma follows from repeating the arguments in Lemma

Lemma 44. For a job j € Jy, condition on the event that j € .J|. Then, C’f](jeJé) < O(logn) - c.

We can now prove that every cluster V; can be scheduled on one machine so that the completion

time of any job is at most twice the LP completion time.

Lemma 45. For a small enough constante > 0 (¢ = % suffices) the following holds: Let U C J

be a set of jobs with diam(U) < € wr.t. distance d. Define t; as in Eq and schedule the jobs
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in U in increasing order of t; on one machine and denote the completion time of j by CjA. Then, in
expectation CJA < 2t foreveryj € U.

Proof. Let us index the jobs in U = {j1,...,jjy|} sothatt; < ... < t5,,- Suppose for the sake
of contradiction that there is some job jn with C’]‘f?v > 2t . Abbreviate U* := {ji,...,jn} and

0% :=1t;, sothat 1 <t; <0 for j € U*. We observe that |U*| = >_, ;.. p; > 20". Then we have

ZZZZJ”> 1- €|U* Zy]]N— 1 €|U>'< ZZZ]N’Lt>]- €

JEU* icm] t=1 jeu* i€[m] t=1

where (A) and (C') are by definition of ¢} and (B) follows from diam(U*) < diam(U) < e.
Intuitively, this means that we have |U*| > 20* many jobs that the LP schedules almost fully on

slots {1, ...,0*} while (B) means that the jobs are almost fully scheduled on the same machine.

As before, we will use the properties of the Sherali-Adams hierarchy to formally derive a
contradiction. We know by Lemma that there is a distribution (Z, Z,3) ~ D(jn) so that
E[Zjis) = ®jis ElZjit] = 2+ and E[¥;, j,] = Yj,.j, While the variables involving job jy are

integral, i.e. Ty i, Zjy.it € {0, 1}. Consider the three events

Ay ZZZM> (1=3e)|U"], (B)Y_ iy = (1=3)|U"], (C") Zzzmt

JeU* ie[m] t=1 JjeU* i€|m] t=1

Then by Markov inequality Pr[A’] > 2, Pr[B'] > 2 and Pr[C"] > 1 —¢, and so by the union bound
Pr[A’ A B' A C'] > 0, assuming ¢ < 3. Fix an outcome for (Z, j, Z) where the events A’, B', C’

happen and let iy € [m],ty € {1,...,60"} be the indices with Z;, ;. +, = 1. Then the interval

3Strictly speaking, Lemma describes the SA properties for LP Q(r), but an absolutely analogous statement
holds for Q(r).
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index with ¢ty € [, satisfies Z,, ;,.sy = 1. Hence

(B')

=30 < > g =Y Z D i) i D Einan

Jjeu* JjeU* ie[m] s€{0,...,S—1} Jjeu*
LP . .
< E E Zjint T E E Ziint < 0"+ 3e|U"|
jeu* =1 JEU 1>
<60* by LP <3e|U*| by (A’)
Rearranging gives |U*| < —9* which is a contradiction for ¢ < O]

Lemma 46. For a job j € Jy, condition on the event that it got scheduled in the step (3) of the

algorithm. Then, C2| ;a1 < O(C}).

Proof. Consider a job j € Jy \ J{. Then j € V/ and by construction, the set V, has diameter at
most A = ﬁ w.r.t. d. Then Lemma 5/guarantees that the completion time is C’]A < 2t; where
we set € = ﬁ. Finally note that an e-fraction of j was finished at time ¢} or later and hence

Cj = X icim] 2oteqr) %t - t = € - ;. Putting everything together we obtain Cih <20 O
We have everything to finish the proof of the completion time result.

Proof of Theorem[4], From Lemma for k > 1and j € J;, we have deterministically C']A <

O(logn -logc) - C;. Now consider a job j € Jy. Then,

EIC;] = E[C]|( & Jo)] - Prl(j & Jo)] + E[C}|(j € Jp)] - Pr[(j € Jp)]

< O(C;)+ O(logc) - OC O(logn) - ¢ (fromLemmasHIl

< O(logn -logc) - O(C;)

Finally note that the completion time of a job j € J; is always bounded by CJA < O(logn) - ¢

The claim follows. O]
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Conclusion

We gave a new framework for scheduling jobs with precedence constraints and communication
delays based on metric space clustering. Our results take the first step towards resolving several
important problems in this area.

One immediate open question is to understand whether our approach can yield a constant-
factor approximation for P | prec, ¢ | Cpnax. A more challenging problem is to handle non-uniform
communication delays in the problem P | prec, ¢j; | Cnax, Where cj;, is the communication delay

between jobs j < k.



Chapter 4

Scheduling with Communication Delays

on Related Machines

4.1 Introduction

We consider the problem of scheduling jobs with precedence and communication delay constraints
on related machines. This classic model was first introduced by Rayward-Smith [RS87] and
Papadimitriou and Yannakakis [PY90]]. In this problem we are given a set .J of n jobs, where each
job j has a processing length p; € Z, and a weight w; € Z_... The jobs need to be scheduled on m
related machines, where machine i € [m] has speed s; € Z.. If a job j with processing length p;
is scheduled on the machine ¢, then it requires p; /s; time units to complete. In addition, we are
given a communication delay parameter c € Z>(. The jobs have precedence and communication
delay constraints, which are given by a partial order <. A constraint j < j' encodes that job j’
can only start after job j is completed. Moreover, if j < j’ and j, j' are scheduled on different
machines, then j’ can only start executing at least ¢ time units after j had finished. On the other

hand, if j and j’ are scheduled on the same machine, then j’ can start executing immediately after

85
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j finishes. The goal is to schedule jobs non-preemptively so as to minimize a certain objective
function. In a non-preemptive schedule, each job j needs to be assigned to a single machine ¢ and

executed during a contiguous time interval of length p,/s;.

We focus on two widely studied objective functions: (1) minimizing the weighted sum of
completion times of jobs, and (2) minimizing the makespan. In the standard 3-field notatior[!] these
problems are denoted by @ | prec, ¢ | Y~ w;C; and @ | prec, ¢ | Crax, respectively. In the presence
of precedence and communication delay constraints, the weighted completion time objective is
more general than the makespan, in the sense that one can use an approximation algorithm for the
completion time objective to obtain a comparable result for the makespan. Our main motivation

to study these problems is twofold:

+ The problems of scheduling jobs with communication delays are some of the most notorious
open questions in approximation algorithms and scheduling theory, which have resisted
progress for a long time. For this reason, the well-known survey by Schuurman and Woegin-
ger [SW99] and its recent update by Bansal [Ban17] list understanding the approximability

of the problems in this model as one of the top-10 open questions in scheduling theory.

+ These problems arise in many real-world applications, especially in the context of schedul-
ing in data centers. A precedence constraint j < j’ typically implies that the input to j’
depends on the output of j. Hence, if j and j" are scheduled on different machines, then the
communication delay due to transferring this output to the other machine often becomes the
bottleneck. The problem has received significant attention in applied data center scheduling

literature; see [[CZM™ 11, GFCT 12, [HCG12, SZAT18,ZZC"12,IZCB'15,LYZ"16] for more

'We adopt the convention of [GLLK79, VLL90], where the respective fields denote: (1) machine environment:
@ for related machines, P for identical machines, (2) job properties: prec for precedence constraints; ¢ for commu-
nication delays of length ¢; p; = 1 for unit length case, (3) objective: Cax for minimizing makespan, ) w;C; for
minimizing weighted sum of completion times.
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details. Another timely example is in the parallelization of Deep Neural Network training.
When DNNs are trained on multiple clusters, the communication costs incurred for syn-
chronizing the weight updates in fact dominate the overall execution time [NHP™19]. The
resulting device placement problem [MPL™17,[GCL18, [JZA19, TPD"20] is indeed a variant

of scheduling with communication delays.

Scheduling jobs with precedence and communication delays has been studied extensively
over many years [RS87, PY90, MK97, HMO01, Thu92, HLV94, PY90, (GKMP08]. Yet, very little was
known in terms of the approximation algorithms for problem until the recent work by Maiti
et al. [MRS™20] and us [DKR"20]. Previously, even for the identical machines case, where all
machines have the same speed, the best algorithm for general c achieved an approximation factor
of 2/3- (c+1) [GKMP08]], which only marginally improves on Graham’s list scheduling algorithm
that obtains a (¢ + 1)-approximation, while requiring the assumption that p; = 1. Moreover, no

results were known for the related machines case.

In a very recent work, we [DKR™20] designed an O(logm log ¢)-approximation algorithm
for minimizing makespan in the identical machines case. We also showed an O(lognlogc)-
approximation algorithm for the weighted sum of completion times objective, in a special case
where p; = 1 and we have an unlimited number of machines. In a parallel and independent work,
Maiti et al. [MRST20] developed an O(log® nlog® mlog ¢/ loglog n)-approximation algorithm
for the makespan objective function on related machines. Interestingly, these two results were
obtained using rather different techniques.

Maiti et al. [MRS™T20|] obtain a polylogarithmic approximation algorithm for scheduling in
the presence of precedence and communication delay constraints in the job duplication model.
Here, a single job can be scheduled on multiple machines, which is known to effectively “hide” the

communication delay constraints [PY90]. Quite surprisingly, Maiti et al. then show that one can
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convert a schedule with duplication to a feasible schedule without duplication, where every job
is processed on a single machine, while increasing the makespan by at most an O(log® n log m)
factor. To create a strict contrast between our techniques and that of Maiti et al., we do not
consider the duplication setting or any reduction from it. Additionally, the LP of Maiti et al. does
not give rise to a semimetric on the set of jobs, which is a crucial part of our scheduling algorithm.

The framework of Maiti et al. extends to the weighted sum of completion times objective,
but it obtains an extra additive term in the approximation that may dominate the factor; we
discuss this further in Section Moreover, our previous results [DKRT20] also do not imply
any approximation guarantees for the related machines case. Specifically, in the presence of
communication delay constraints there are no known reductions between the sum of weighted
completion time and makespan objective functions similar to [[CS99].

Finally, in another recent work, Su et al. [SRVW20] studied the objective of minimizing
makespan and sum of weighted completion times on related machines. They showed that a
Generalized Earliest Time First (GETF) algorithm achieves a makespan of O(log m/loglogm) -
OPT + C, where C'is the total communication delay in the longest chain in the input graph. They
show a similar bound on the schedule produced by GETF for the weighted sum of completion
times objective. However, both of these bounds do not give any multiplicative approximation
guarantees, as the additive terms can be substantially higher than the optimal solution. The
additive terms in above bounds are precisely the reason why the scheduling with communication

delays problem is significantly more challenging than the case when ¢ = 0.

4.1.1 Our Contributions

Let M denote the number of machines types or equivalently speed classes. By standard arguments

we can assume that M = 10g(Smax/Smin) < O(logm) while only losing a constant factor in the
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approximation guarantee, where Sy, and sp;, denote the fastest and slowest speeds of machines

in the input instance.

The main result of this chapter is the following:

Theorem 47. There is a randomized O(M? - log® n)-approximation algorithm for Q | prec,c |
Zj w;C; with expected polynomial running time. When jobs have unit processing lengths, () |

prec, ¢, p; = 1| 3_,; w;Cj, the approximation factor of the algorithm improves to O(M - log®n).

As M < O(logn), our result gives an O(log* n)-approximation algorithm to the general
problem and an O(log® n)-approximation algorithm for the case with unit processing lengths. As
a byproduct of our result we also obtain an improved approximation for the makespan objective

function.

Theorem 48. There is a randomized O (M -log m -log n)-approximation algorithm for Q) | prec, ¢ |
Cmax With expected polynomial running time. When jobs have unit processing lengths, Q) | prec, ¢, p; =

1 | Cnax, the approximation factor of the algorithm improves to O(logm - logn).

So our result gives an O(log” n)-approximation algorithm for the problem of minimizing
makespan (and an O(log” n)-approximation algorithm for the case with unit processing lengths).

This improves the O(log” n/ log log n)-approximation algorithm due to Maiti et al. [MRS*20].

4.1.2 Technical Challenges

Absent the communication delay constraints, one can use an approximation for the makespan
objective to obtain an approximation algorithm for the weighted sum of completion times objective,
with some (negligible) loss in the approximation quality [HSSW97,/QS02| Li17]. Namely, a standard

approach is to first solve an LP for the weighted sum of completion times problem, and then
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geometrically partition jobs according to completion times in the LP solution into buckets of the
form [2¢, 2/*1]. Next, use an a-approximation algorithm for makespan to schedule these jobs in
an interval of length O(« - 2%). Finally, concatenate the schedules of jobs belonging to different
partitions. This approach gives an O(«)-approximation for identical machines, and an extension

of this idea to related machines is given by [CS99].

However, this approach fails in the presence of communication delay constraints, even for
the identical machines case. In particular, the main technical difficulty arises when in the LP
solution a large number of jobs have very small completion times, say O(c/log?n). We need
to schedule these jobs so that no precedence and communication delay constraints are violated,
while at the same time achieving completion times comparable to the LP. This requires very
precise control over job completion times, which cannot be achieved by the existing algorithms
for the makespan. The problem becomes further more complex if machines have different speeds
and jobs have different weights. This is also the main technical hurdle if one tries to adapt the
framework of Maiti et al. [MRS™20]]. In fact, [MRS™20] gives a schedule whose cost can be as
large as O ((logf’ n/loglogn) - OPT +c- 3, wj>, which only implies an approximation factor

of max{c, log® n/loglogn}.

4.1.3 Our Techniques and Algorithm Overview

We obtain our results by generalizing the LP hierarchy framework introduced by [DKR™20] to
handle processors of varying speed and the more general objective of minimizing the weighted
sum of completion times. In this section we outline our main techniques and explain our inno-
vations compared to [DKR™20]. In particular, as alluded above, the weighted sum of completion
times objective requires a finer control over the time slots where jobs are scheduled compared to

minimizing the makespan. Moreover, allowing different machine types introduces an assignment
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aspect to the problem, namely assigning jobs to a machine type, which is not present in the
identical machines case. Tackling these two challenges simultaneously requires an extended LP
as well as more structural insights about the solution produced by the Sherali-Adams hierarchy

compared to [DKR™20].

To keep the notation simple we will use logn instead of the potentially smaller quantities
logm and M. We begin our discussion with the problem Q | prec,p; = 1,¢ | > w;C}, where
jobs have unit lengths. We will see later that we can reduce the version with general processing
times to the case p; = 1 while losing a factor of O(logn). A helpful view that already emerged in
preceeding work is to partitition the time horizon into intervals of length c or larger. Then if one
can assign each job j; so that any predecessor js is either executed on the same machine or in a
earlier interval, then inserting a waiting time of c after each interval will result in a valid schedule

while completion times increase by at most a factor of 2.

We start by designing an LP with time-indexed variables x; ; ; that specify whether job j is to
be scheduled in time slot ¢ on machine 7. To accommodate the different speeds, a machine in class
k has sy, slots available per unit time interval. Similarly to [DKR™20]], we take the Sherali-Adams
lift with a constant number of rounds and use it to extract variables y;, ;,, which tell us whether
the jobs are scheduled on the same machine within an interval of length c, as well as variables
C;, which denote the LP completion times. Our main LP rounding result is that we can generate a

schedule at random so that the completion time of every job is at most O(log® n) - C; in expectation.

Using the Sherali-Adams properties one can prove that the functiond : J x J — R with
d(j1,j2) == 1 — yj, j, is a semimetric. One important ingredient of our algorithm is a clustering
procedure due to Calinescu, Karloff and Rabani [[CKR04] which, for such a semimetric space (.J, d)
and a parameter A > 0, finds a random partition J = VjU...UV, into blocks of diameter at

most A such that any set U C J has a probability of at most O(log(n) - diamT(U)) of being separated.
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We will use two different lines of arguments for scheduling jobs with very small LP completion

time and for the remaining jobs.

Case I: Scheduling jobs with very small LP completion time. Consider the jobs Jy := {j €
J10<C; < @(log%n)} whose LP completion time C is much smaller than the communication
delay. Jobs with tiny C; have to be scheduled in the first interval with sufficiently high probability,

and moreover the position within the first interval has to be proportional to C; as well. To

1

achieve this, we run the CKR clustering with a rather small parameter A := O( o

) and denote
Jo = V1U... UV, as the obtained partition. Clustering with such small diameter parameter allows
us to prove structural insights about clusters that are new and were not required for the setting of
[DKR™20]. If we consider a job j € Jy, one can prove that all its predecessors j' < j have a distance
of d(j,7) < % In particular, the probability that j gets separated from any of its ancestors is
bounded by O(log*(n) - %) Let us denote V; C V} as the jobs that are not separated from any
ancestor and let .J§ := J;_, V/ be their union. Note that any set V; could be processed on a single
machine starting at time 0 without the danger of violating any precedence or communication

delay constraints. Consequently, we will schedule the jobs in J right at the beginning of the

schedule; after all of them are completed, we will schedule the jobs in Jy \ Jj.

« Scheduling Jj. This is the most delicate part of the algorithm, as for the jobs in J| even
the relative order of the jobs within the sets V] has to be decided. Moreover, there is no
obvious bijection between the V/, ...,V and the machines, and we do not have a uniform
upper bound on the size of the sets V. But we can prove a novel structural lemma that for
each V/ there is a machine type k such that |V}/| < O(skc) and the LP solution schedules
every job j € V/ to an extent of )( @) on machines of class k. Then we assign V/ to a

random machine in that speed class k. Now consider the situation of one machine 7 of class

k and let J{(i, k) be the union of jobs assigned to this machine. The order we choose for
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sequencing the jobs in J; (i, k) is the increasing order of a-points, which for us is the time

when the LP has processed a (1 — @(loén))-fraction of job j. Again using properties implied
by the Sherali-Adams lift combined with a Chernoff bound we can prove that for every 6,
the number of jobs in .J) (i, k) with a-point at most @ is at most O(log®n) - s, - 6. We can

then conclude that every job in .J; is indeed completed by time O(log® n) - Cj.

« Scheduling J| := J, \ J|. As the probability for a job j € J, to end up in this case is
small enough, it suffices to schedule all the jobs J in a time horizon of O(logn) - ¢ without
caring about their particular order. In fact, we can simply use the same procedure that we

are about to describe for Case I

Overall we can see that adding up the contributions from both cases, the expected completion
time of a job j € Jy will be O(log®(n) - C;) + O(log® n - %) -O(logn - ¢) < O(log*(n) - C;) as

required.

Case II: Scheduling jobs with lower-bounded LP completion time. The main result to
handle this case is that any subset Jr of jobs with LP completion times C; < T  for all j € Jr can

be scheduled with makespan O(log® n)-T+O(log n)-c. The complete algorithm can then be easily

c
log?n

obtained by running the argument for all 7" > O(

) that are powers of 2 and concatenating the
obtained schedules. We can break the problem further down to scheduling jobs in a narrow band

of the form J* := {j € Jr | C* < C; < C* + O(;-%-)}, i.e., jobs that have close LP completion

c
log

1

times. Again we run the CKR clustering procedure, but this time with a larger parameter A := ;

(which will result in saving a log n factor in the approximation guarantee compared to choosing

A = O(;-1-)). Again we denote the random partition by J* = V;U. ..UV, and define V;/ C V,

logn

to be the jobs that were not separated from any ancestor in J*. Unfortunately in this regime of

A = O(1), the mentioned structural claim from Case I does not hold anymore. However we can
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prove a weaker result that for every block V/ there is a speed class k with |V/| < O(skc) such
that the LP solution schedules jobs in V on average to an extend of Q(@) on class-k machines.
Since in Case II, we do not have to decide an order within the blocks V/, this weaker property will

be sufficient. Repeating the random clustering log n times will schedule all jobs in J*. Finally we

use a load argument to conclude the bound on the makespan of Jp.

Conclusion and reduction to general processing times. Overall this line of arguments
gives an O(log” n)-approximation for Q | prec,p; = 1,¢ | > w;C}. Moreover for the problem
Q | prec,p; = 1, ¢ | Ciyax it suffices to consider instances with optimum value at least ¢ and hence
we can find an O(log® n)-approximation for that setting.

Finally let us outline how to obtain an approximation to Q | prec, ¢ | Y w;C; while losing at
most another O(logn) factor. Consider jobs J that now have arbitrary integer processing times p;.
We perform the natural reduction and split each job into a chain of p; many unit-length jobs. Then
we run the O(log® n)-approximation algorithm for Q | prec,p; = 1,¢ | 3" w;C;. The obtained
schedule can be interpreted as a schedule for the original length-p; jobs that respects precedence
constraints and communication delays, but uses preemption and migration. By standard arguments
it suffices to schedule the jobs with completion time at most 7" so that the makespan is O(logn) - T.
We use the information from the migratory schedule and create a new instance (.J, <) where jobs
that are scheduled within a length-c timeframe are merged and we have precedence constraints
J1=J2 whenever a job j; was finished before j; in the migratory schedule. We can prove that
chains in the new partial order < contain at most O(Z£) many jobs. This implies that a small
modification of the SPEED-BASED LisT SCHEDULING by Chudak and Shmoys [[CS99] can be used to
schedule (.J, <) with makespan O(logn) - T In particular, the penalty for taking communication
delays into account is bounded by ¢ - (|C| — 1) < O(T), where C' C J is the chain that defines the

bottleneck in the algorithm. That concludes the O(log” n)-approximation for Q | prec, ¢ | Y w;C;.
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4.1.4 Outline

The rest of this chapter is organized as follows. In Section[4.2] we give preliminaries on hierarchies,
semimetric spaces, and a useful version of the Chernoff bound. In Section [4.3 we discuss our linear
program and its properties. In Sections [4.4]and [4.5| we give our algorithm for the weighted sum
of completion times objective in the special case of unit-size jobs. Then, in Section we show
how to reduce the general processing time case to the unit-size case. Together, Sections
constitute the proof of Theorem 47} Finally, in Section [4.7] we solve the makespan minimization

version while saving one O(log n) factor, thus proving Theorem [48]

4.2 Preliminaries

4.2.1 The Sherali-Adams Hierarchy for LPs with Assignment Constraints

See Section [3.2) for most of the definitions and properties on the Sherali-Adams hierarchy. Recall
that K is a polytope with assignment constraints and SA, (K) is the Sherali-Adams lift of K of
rank r.

For y € SA,(K), it will be convenient later to use the notation § ~ D,(H) with |H| < r
for the distribution described in Theorem [22|(f). Often we will omit the vector y if the Sherali-
Adams lift is clear from the context. If we consider indices J C U}, for some h € [N] then we
can interpret these as an event £ = “{3i € J : x; = 1}” and the probability of this event is
Prj.p, ) [€ holdsin ] = >"._; y;. Assuming that the probability of this event is positive, we can
obtain a new Sherali-Adams lift conditioned on that event to happen while losing at most one

round in the rank of the solution. We summarize the properties that we require later:

Lemma 49. Let y € SA.(K) for somer > 0. Fix an index h € [N] and fix J C Uy, with
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>icsYi > 0. Define y € RPr (") with g := Ei#i’;_{”forl € P.([n]). Theny € SA,_1(K) and
i€ ?

Y1
Dics Vi

moreover y; <

Proof. Abbreviate v := > . _;y; > Oand J, := {i € J | y; > 0}. Fori € J, we denote
y € P,([n]) as the vector with y}i) = yn;& By Theorem (a) we know that y¥ € SA,_(K).
Then y is a convex combination of the vectors y*) as one can see from j; = ZieJ+ % ‘ y}”.

By convexity of SA,_;(K), this implies that y € SA,_;(K). The moreover part follows from

Yies Uiy < Xier, Yrogiy = Yi, using Theorem [22)(e). O

Suppose that §y € SA,_1(K) is the vector obtained by conditioning on the event £ = “{3i €
J . x; = 1}" according to Lemmawith J C Uj,. Then we will also abbreviate the distribution

D;(h') more conveniently as the conditional distribution D, (k' | £).

4.2.2 Semimetric Spaces

See Section for the definition of a semimetric space, the statement of the CKR algorithm, and

Theorem 23] on the analysis of the CKR algorithm.

4.2.3 Concentration

We will also make use of the following version of the Chernoff bound. See for example the textbook

of Dubhashi and Panconesi [DP09]].

Lemma 50. There is a universal constant C' > 0 such that the following holds. Let X := X, + ...+
X,, be a sum of independent random variables with 0 < X, < « for all{ € [n] and E[X]| < « for

some « > 0. Then for any N > 4 one has Pr[X > C’log)lgogN o] < 4.
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4.3 The Linear Program and Its Properties

Let J be a set of |J| = n jobs, each with a processing time p; = 1 and a weight w; > 0. Let
{1,...,m} be the indices of the available machines where we assume to have m; machines of
speed s, € N. We let M be the number of different machine types, also referred to as speed classes.

By the standard argument of geometrically grouping machines with speeds within a constant

factor of each other [Li17, IMRS™20], we can assume that M < O(log(2)) < O(log m) while
we lose a constant factor in the approximation. The goal is to find a schedule such that jobs
Jj1 =< J2 are either scheduled on the same machine (with j; finishing before js is started) or they

are scheduled on different machines and j, starts at least ¢ time units after j; is finished. By a

slight abuse of notation we denote ;] as the indices of the machines of speed sy.

4.3.1 The Linear Program

It will be convenient to partition the time horizon into intervals Iy, I, ..., I;_1 of c time units
each. As machines have different speeds and hence can handle different numbers of jobs per
interval, we abbreviate the discrete set of time slots that a speed-s; machine has in Iy as Iy, :=
{0-c+ i :t=1,...,sc}. We note that indeed |I, x| = sic. Moreover we set [, ;, := 52—01 Iy

as all time slots where a speed-s; machine can schedule jobs.

We construct the LP in two steps. First consider the variables

1 if j is scheduled on machine 7 in time slot ¢ € I, ,
Ljat =
0 otherwise

forall j € J, k € [M],i € [mg), and t € I, ;. Let K be the set of fractional solutions to the
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slots Iy
speed-sg
machine
speed-s/
machine
| | | | | time
0 I c lc I, (£+1)c I Lc

Figure 4.1:

following linear system:

ke[M],i€[my] t€ls k
E :l’j,i,t
jeJ
0<wj;,

Slots for different machine types.

1 Vjeld
< 1 Vke[M] Vie|my Vte Ly
< 1 VjeJVke[M] Vie|m)Vtely

We note that the assignment constraints are the set of equations 3 7, v/ icim,) 2rer, , Tiit = 1

for every j € J.

Next, we will use a lift z € SA,(K'), which contains in particular the variables z(;, ;, +,),(jo,iz,t2)

that provide the probability for the event that j; is scheduled at time ¢; on machine ¢, and j is

scheduled at time ¢, on machine 75. We introduce more types of decision variables:

Yij1.d2.k
otherwise,

Yi1,42

otherwise,

1 j; and j, are scheduled on the same machine of type k in the same interval,

1 71 and j, are scheduled on the same machine in the same interval,
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C; = completion time of job j.
The LP relaxation is then as follows:

Minimize > w;-Cy o (LP)
jeJ

ik = D D DD Tt Geits V2 € J Yk € [M]

£e{0,...,L—1} i€[my] t1€14  ta€lp i,
Yjrge = E Yi1,g2.k vjla]Q cJ
k

Cj2 > Ojl + (1 - yj17j2) - C vjl < j2

Cj = Z Z Tjit -1 VJ eJ

ke[M]ie[my] t€ls &

r € SA(K)

Following the discussion in Section [4.2.1] we know that for every job j, there is a distribution
that we denote as (Z,7) ~ D(j*) such that E[Z;,;:| = z,,; and E[y;, ;,] = Yj, 4, With T €
SA,_1(K) where job j* is integrally assigned and (Z, §) satisfies the first two constraints in (LP).
This is immediate for the z-part as x € SA,(K), and follows for the y-variables as these linear in
the x-variables. If £ is an event, then we write (Z, ) ~ D(j* | £) as the conditional distribution

(conditioning on the event £ occurring), see again Section for details.

4.3.2 Properties of the LP

We will now discuss some properties that are implied by the Sherali-Adams lift. The properties
proved in this section, which we use crucially in our rounding algorithms, are the main technical

contributions of this chapter.

Lemma 51. Let (x,y,C) be a solution to (LP) with r > 5. Then d(j1,j2) = 1 — y;,j, is a
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semimetric.

This property was proven in [DKR™20] for a special case of s;, = 1 and is not hard to extend
to our more general LP. From now on, the symbol d as well as the quantity diam(-) will always
refer to this particular semimetric. For the special case of s, = 1 for all k, one can also find a proof
in [DKR*20] that any set U C .J with diam(U) < 1 has size |U| < 2c. While this is a obviously

false for arbitrary speeds s, we can prove a similar claim:

Lemma 52. For k € [M] and j1 € J one has }_; c ; Yjijak < Sk € D icpmy) 2ot Tinsit < Sk * C.

Proof. The second inequality is trivial as ;1 >, @jiit < 1, so we only justify the first
inequality. As we are proving a linear inequality, it suffices to show this for a fixed outcome
(Z,9) ~ D(j1) where job j; is assigned integrally. If in (Z,7) the job j; is not assigned to a
machine in [my], then both sides are 0. So suppose that j; is assigned to a machine i, € [m;] and

to interval ¢;. Then indeed

§ :gjhjzk E : E : ZL’let<SkC—SkC E E :ZL’j”t.

Jo€J Jo€J tGIgl 1E[mk

]

Lemmas|53|and [54| are key technical insights behind the algorithms for the related machines
setting. They say that if one considers a set of jobs which are close to each other with respect to
d, then there exists a type k* such that we can schedule all the jobs in an interval of length O(c¢)
on a single machine of type k*. Moreover, the LP also schedules a good fraction of these jobs on
the same machine type. These lemmas are important in assigning jobs to machine types in our

algorithms.
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Lemma 53. Let U C J be a non-empty subset of jobs with diam(U) < Then there exists a

1
1

k* € [M] such that

(i) |U| <O(1) - s+ - ¢, and
(ll) Z]GU Zze[mk*] Zt x]vzvt > Q(%) |U|

Proof. Letus sort the speed classes [M] sothats; > ... > s)s and abbreviate 2 := 3,11 D2 Tji

as the fraction of job j scheduled on class k. Moreover let py, := ) ._;; z; be the load of cluster

jeu
U on class k. We fix an arbitrary job j* € U. Let kpegian € [M ] be the median speed class for job

i*, meaning that Czip > Land 2is 1 > L. We split the remaining proof into
J g k<Kmedian 237> 2 k>k 3%, 2 p gp

‘median

two separate claims.

Claim I. One has |U| < 4 - sy, . - c.

median

Proof of Claim I. First we observe that for every j € U wehave ) _, .,

= median

Y-k > 3 —d(5%, j) >

i. We use this to estimate

|U| Lem-

SR OB YD DTS ) S

k> kmedian JEU k> Kmedian 1€ [mk] t

S Skmedlanc z : z : z :x] Vit = Skmedlanc

k>kmed1an 1€ [mk] 3

-~

<1

IN

Rearranging gives |U| < 4s;_ . c as claimed. N

‘median

Claim IL There is a class k* € {1, ..., kmedian} Where pg« > %.

Proof of Claim II. For any job j € U we have >, 2j5 > (D ey 2pok) — d(4,5%) >

_1
= ;. Hence ), ;

U]

% — Pk > %l. Then at least one index k* € {1,. .., kpedian} Will have

1
4 ‘median

While the above lemma is enough to obtain our approximation algorithm for makespan on

related machines, for the weighted completion time objective we need the following strengthening:
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if one considers a set of jobs which are very close to each other, then there exists a type k* such
that we can schedule all the jobs in an interval of length O(c) on a single machine of type k*.
Moreover, the LP solution also schedules at least €2(1/M) fraction of every one of these jobs on the

same machine type. Recall that Lemma [53| only satisfied this condition on average.

Lemma 54. LetU C J be a non-empty set with diam(U) < i and abbreviate z, := D icimy] 2t Tiit-

Then
(i) 126 — 2jp] < diam(U) < 557 forall j1, jo € U and k € [M].
Moreover there are indices m(U) C [M| such that
(i) zjx > 137 forallj € U and k € =(U)
(iii) D ey min{zx: j € U} > 2
(iv) |U| <2-s,-cforallk € n(U).
Proof. We prove the points in order.

(i) Actually we claim the stronger property of |z; . — 2z:, x| < d(j1, j2). Sample a distribution
y ger property 1, 2, p
(Z,9) ~ D(j1,j2) and let 0(j1) € [m] be the random variable that denotes the machine

index with ), #;, ,(j,),+ = 1 (similarly we define o(j,)). Then we can see that

Zj0k = Zia k| = [ Prlo(a) € [mil] = Prlo(ja) € mu]l| < | Prlo(1) # o(G2)l] < d(j1, 72)-

Now we fix any job j* € U and set 7(U) := {k € [M] : ;- > 757 }. Then we continue the proof:

(i) By (i) we know that for each j € U and k € 7(U) we have z;;, > 2« p — 517 = 757
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(iii) We have

V
™
£

3

|
o
2|~
N——

Z min{z;; :j € U}

ken(U) ker(U)
1 1
> Z Zje ke — Z Gk TRM m(U)] = 5
kel] U DY
=1
(iv) Fix a machine type k € m(U) and consider the event & := “3 7, > T = 1"

(meaning the event that j* is assigned to a machine in class k). Note that Pr(; 3.p(-) (€] =
Zjxjp > ﬁ. Now, let (Z, 7) be the Sherali-Adams lift (see Lemma conditioned on the event

E. Then trivially » | | 2.t Zj=,ix = 1. As we have conditioned on an event with probability

ie[mk

1
1M

Lemma. In particular for j € U we have 1 — g ; < 4M - (1 —y;- ;) = 4M -d(5*,j) < 3.

Zjw gy > the chance of other events cannot increase by more than a factor of 41 (see again
As - jw = 0forall K’ # k and j € U we can conclude that §;+ jx > 3 forall j € U. Finally

by Lemmawe know that ), ; ¥+ jx < sgc which then gives |U] < 2syc.

As it is always the case when using the Sherali-Adams hierarchy in the context of approximation
algorithms, it is a valid question how much of the power of the hierarchy is really needed. Some
properties such as the triangle inequality from Lemma [51| or the constraints from Lemma
could be enforced by simply adding them to the original LP. However at various places such as
Lemmas and 58| our analysis makes heavily use of the local consistency provided by the
hierarchy. It remains open whether there is a more efficient linear program, say only with the

original variables x; j, yj, j,, C; that suffices.
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4.4 The Rounding Algorithm for Q | prec,p, =1,¢| > w,C;

In this section, we describe the rounding algorithm which proves our main technical result,
Theorem We let C' jA denote the algorithm’s completion time of job j. We denote I'~(j) as the

predecessors of j and I'*(j) as the successors, and similarly I ~/*(J') = {j € J: 3j' € J'st. j €

L=/}

Theorem 55. There is a polynomial-time randomized algorithm that, given a solution (z,y,C') to

(LP) forr > 5, produces a schedule with completion times {C’JA }jes such that
E[C{] < O(M -log’n) - C; < O(log?n) - C;.

Before we describe our rounding algorithm, we set up some notation. Let (z,y,C) be an

optimal solution to the LP with » > 5. We partition the jobs based on their fractional completion

times in the LP solution. For any constant @ > 128 set § = m Consider
Jo={j:C;<d-c} (4.1)
and for v > 1 define
Jv::{j:27’1-(5-c§0j<27-(5-c} (4.2)

Our rounding algorithm has the following steps:
« Schedule J; via the first batch scheduling algorithm given in Section [4.4.1]

« Fory =1,2,..., schedule J, via the intermediate scheduling algorithm given in Section

4.4.2
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« Concatenate the schedules of Jy, Ji, Ja, . . ..

We show that the expected completion time of every job in the above schedule satisfies

Theorem 55| We need the following scheduling subroutine for the rounding steps above.

Theorem 56. Let (z,y,C') be a solution to the LP with v > 5 and let T* € N. For some subset
J' C J, suppose in the LP solution completion time C; < T* for every job j € J'. Then there is
a randomized polynomial time algorithm that schedules all jobs such that C'jA < O(logm - logn -

T*) + O(logm - ¢) for every jobj € J'.

Note that the above theorem immediately implies our result for the makespan minimization

problem on related machines. We prove this theorem in Section [4.5]

4.4.1 First Batch Scheduling

Here we give an algorithm for scheduling jobs in .J,. We define the ai-point of job j as the earliest

time ¢; when the LP solution has completed an a-fraction of j. Formally,

t;:= min {t’ €MD) ww > a} : (4.3)
i=1 t<t'

For § < 1/4M, consider any subset U C J with diam(U) < . Let 7(U) C [M] denote the
indices of machine types that satisfy the conditions of Lemma [54] We use the same semimetric

d(j1,j2) := 1 — y;, j, and schedule jobs in Jy using the following algorithm.
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FIrsT BATCH SCHEDULING

(1) Run a CKR clustering on the semimetric space (Jy, d) with parameter A :=
100M and let V;, ..., V, be the clusters.

(2 Let V) :={j eV, | T~ (J)NJo) CVi}for¢ =1,...,¢q and J; := U_,V/.

(3) FOR¢=1TO ¢DO

(4) Sample a machine type k* from the set m(V,) with probability

min{z;x:j€V/}
Zkew(ve’) min{z;x:j€V/}

(5) Assign V/ to a machine i € [my] with probability #
(6) For a machine i € [my] of type k, let J; (i, k) denote the set of jobs assigned
to machine 7.
(7) For all k and for all i € [my], schedule J{(i, k) in the increasing order of their
a-points for & = (1 — 15557) as defined in Eq. .
(8) Insert a gap of c time slots.

(9) Let J := Jo \ Jj be the set of jobs that did not get scheduled in steps (1) -

(5). Use Theorem [56]to schedule .J.

We now argue that expected completion time of a job j in above algorithm is comparable to
its LP cost. First we focus on bounding the completion time of jobs in .Jj. We need the following

crucial lemma.

Lemma 57. Let U C J be a set of jobs with diam(U) < 100M w.r.t. distance d. For every job j € U,
define t} as in Eq (4.3). For 0 > 0, consider the set of jobs U* := {j € U : t; < 0} with a-point less
than 6. Then |U*| < 2 - s+ - 0 forany k* € w(U).

The lemma formalizes the intuition that as the jobs in U* are very close to each other, it must

be the case that the LP schedules all of them on the same machine. As a good fraction of each of
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these jobs are scheduled in the interval of length ¢ there cannot be too many of them.

Proof. We prove the lemma by contradiction. Consider a set U* that violates the conditions in the

lemma and fix a job j* € U*. Let k* € w(U). Then we have

1 1
2 203 mae < gy 10 (B 3w = (1= g ) 107

JeEU* ic[m] t>0 jeu*
> Saraz gy
‘ EAd) 5M
1€[myx] t<0

where (A) follows from the definition of a-point of jobs, (C') follows from Zie[m . Zle Tje it >
1/4M —1/100M > 1/5M, and (B) follows from diam(U*) < diam(U) <

100M Now we appeal
to the properties of the Sherali-Adams hierarchy. Consider theevent& := "%, | Zt <o Tjrit =
17 and note that from (C') we know that the probability of the event £ is at least ;7. Now let
(Z,7y) be the Sherali-Adams lift with z € SA,_;(K) conditioned on this event, see Lemma
for details. In particular one has },,, .1 > 1<y Zj*i+ = 1, meaning that the LP solution (Z, §)

schedules j* fully on machines of class £* and until time 6.

As we have conditioned on an event of probability at least —, the probabilities of other

5M’

events cannot increase by more than a factor of 5/ (see the “moreover” part in Lemma [49).

In particular for j € U we have 1 — §j;+; < 5M - (1 — y;- ;) = 5M - d(j*,j) < 3. Similarly,
_ i -

ZjeU* Zie[m] Zt>9 Tjip < OM- (ZjeU* Zie[m] Zt>9 xjﬂ}t) < 5M- m U7 < %‘ Therefore

we have

N Y Y Yl Yt ) Y Yt

JEU* i€[mys] t>0 jeu* i€[mys] t<0

Then by Markov’s inequality there exists an outcome (Z, §) ~ Dy(j*) where the job j* is integrally
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assigned and

(A”) Z Z Zi’j,i,t§|_*? B” Zyﬂj*z U™, C” Z Z~TJ it = L.

JjeU* ie[mk*] t>0 jeU* ze[mk*} t<6

We fix that outcome and let i* € [my-],t* € {1,...,0} be the indices with &« ;« ;» = 1. Let £* be

the interval index such that t* € I/« ;-. Then

1!
4 R )
= lUT < D U =D D DD D D Fganurin
Jjeu JeU* £€{0,...,.L—1} k i€[my| i€l ta€lp g
< DD Eaa= Y, Y Eeat )y, D Tjirt
jeu* tG]g*Jg* JjeuU* tEIe*Yk*:tSQ jeu* telg*yk*:t>9*
<spx-0 by LP <L |U*|by (A")
U*
< 0+ — Ll
)
Rearranging gives |U*| < 2 - s« - 6%, which is a contradiction. O

Lemma 58. Let § > 0 and i be any machine of type k. Then with high probability 1 — 1/n'% it
holds that

. , . logn
) € Jyli, k) tj_9}|_0<10glogn )

Proof. Fix 0* > 0 and any machine i* of type k. Consider any outcome of the clustering itself.
The randomness needed for the lemma is only over the assignment in step (3)-(5) of the algorithm.

We define the following random variables. Let

{7 eV, :t; <07} if V] is assigned to machine i* of type k by our algorithm,
Xy =

0 otherwise
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and abbreviate X = > J_, X,. Note the random variables X7,..., X, are independent and

= |{j € Jo(i*, k) : t; < 0" }|. From Lemmawe know that X, < 2s;, - 6* for all /.

Next, we estimate [ X]. Recall that the algorithm uses the indices 7(V}) C [M] from Lemma[54]
which in particular satisfy z; 5 > ﬁ and |z — 2jr x| < g37 Whenever j, j € V/ with k € n(V}).
Abbreviate

min{z;; :j € V/} ifken(V))
Mok =

0 otherwise.
Recall that for every { we have >, pter > 1/2. We prove two technical claims that we need
for our analysis:
Claim L. For any ¢ and k and j € V] one has j1p), < 2z; .
Proof of Claim. If k£ ¢ 7(V//) then the left hand side is 0, so suppose k € 7(V}). Then jp ), =
min{z; ,: j € V)} < zjp + SLM < 22k O
Claim IL For j € V/ witht; < 0" and k € w(V]) one has zjx < 23,01 Doter. e<or Liit-

i. We consider the distribution

Proof of Claim II Since £ € 7(V,) we know that 2, > 557

(Z,7) ~ D(j) and denote i and £ as the random indices so that 7 Z;;7= 1 Then Pr[i € [my]] = 2

and Pr[t > 0] = D ke[M] Diclmy] 2otel. =0+ Tiit < Toonr T5e57 by the definition of a-points and the

assumption ¢; < 6*. Then

Z Z zj = Pr [E € [my] and < 9*}

i€[my) tE€L, 1:t<0*
> Pr[i€[my]] —Pr[t> 0]
> Zjk— L > lzjk
’ 100M — 2 7
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Now we can bound the expectation of our random variable as

1 q
E[X] = m—k Pr [V] assigned to class k] - [{j € V] : t] < 6"}
=1
_ Her 4 _r *
= E eV/y:t: <40
Zk/ [h g |{j l i }‘

S D DD DI T

2 kem(V)) eV 1 <0*

S w2 2 2 > wma

E ken(Vy) JEV] 5 <0* i€lmy] L€l p:t<6*

< _Z Z Zfﬁm<8 {t e Ly :t <0} <8s;-0"
zE[mk] tel, K 1<6* JGJ’
——
<1by (LP)

Here we also have used that ) ,, el e > % As X is sum of independent random variables X,

each of which is bounded by O(s, - 0*), we apply the Chernoff bound from Lemma [50{and obtain

that Pr[X > C"- loz)ign - s10*] < 1/n'"% for some constant ¢’ > 0. To complete the lemma, we

simply do a union bound over all possible values of §* and i. The number of machines is m < n

and the number of relevant §*’s in the time horizon is bounded by >,y [k < M - 2n. [

Lemma 59. For every job j € J, with high probability, the completion time of j in our schedule
CA<SOM - 222 .C)).

loglogn

Proof. Fix a job j* € J{, and suppose job j* is scheduled on machine i of type k in our schedule.

From Lemma [58, there are at most O(2%- - s - %) jobs whose i < t'.. Therefore, the
oglogn J J J

completion time is C2 < O( ogn_, t7.). Note that in the LP solution at least an 15;;;-fraction

loglogn 100M

of j* was scheduled at or after ¢7.. Hence, C; > . Putting things together we conclude

100M j*

CA < O(ZEn . 12.) < O(M - 21 . ), O

J — loglogn loglogn
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Now we focus on bounding the completion time of jobs in J{.
Lemma 60. For every job j € JJ, the completion time of j in our schedule C]’-4 < Of(logn - c).

Proof. From the definition of set .Jy, for all j € J{ the completion time C; < c- ¢ in the LP solution.
This implies that at least a 1/2-fraction of every job j € J{ is scheduled in the interval [0, 2¢ - J]
in the LP solution. We take the LP solution restricted to J{ in the interval [0, ¢ - ¢], and invoke
Theorem[56/to construct a schedule of jobs .J{. Theorem 56| guarantees that every job j € Ji is
scheduled in an interval of length at most 2¢- § - (logm -logn+ M?)+ O(logm - ¢) = O(logm - ¢)
from our choice of §. To complete the proof, it remains to account for the increase in completion
time caused by jobs in J|, as our algorithm schedules J/ after scheduling jobs in .J|. However, from

Lemma 59 every job in J; has completion time at most O(log n - ¢). Thus the lemma follows. [
Lemma 61. For any job j, € Jy, the probability that j, € J{| is at most O(M - logn - %)

Proof. Consider the set U := {j;} U (I'"(j1) N Jy) of j; and its ancestors. If j, < ji, then
0 < Cj, +c-d(jo,j1) < Cj, by the LP constraints and so d(jo, j1) < % Then the diameter of U
with respect to semimetric d is bounded by 2C}, /c and hence by Theorem (b) the probability

that U is separated is bounded by In(2n) - MaTm(U) < O(M -logn - %) O

We can now bound the expected completion time of every job in J;.
Lemma 62. For every job j € Jo, E[C{] < O(M -log®n) - C;.

Proof. Fix a job j; € Jy and consider

E[C4] = E[C|Gr € Jp)] - Pr[(i € J))] + EICA|(r € J)] - Prl(r € J)]

,\
VAN

O<M~lolgol%~0jl> +O(M~10gn'%> -O(logn - ¢)
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< O(M -log’n)-Cj,,

where (*) follows from Lemmas O

We also note the following simple consequence of previous lemmas:

Lemma 63. For every job j € Jy, C; < O(logn - ). In other words, the makespan of our schedule

for Jy is at most O(logn - ¢).

4.4.2 Intermediate Batch Scheduling

Now we describe our algorithm to schedule jobs in the set .J, for v > 0, which is similar to that of
scheduling jobs in Jjj. Recall that from the definition of set .J,, in Eq. , 27715 e < C; <27 -c
in the LP solution. We take the LP solution restricted to .J, in the interval [0, 276 - ¢|, and invoke
Theorem |56/ to construct a schedule of jobs J,. Theorem [56| ensures that every job j € J, is
scheduled in an interval of length at most O(27§ - ¢-log m-logn) + O(logn - c). As a consequence,

we obtain the following lemma.
Lemma 64. Fix any y* > 0. For every j € J.-, C* < O(27 -6 -logm -logn) + O(y* -logn - ¢).

Proof. Fory = 0,1, ..., let S(J,) denote the schedule of jobs in the set .J,. Our final schedule & is
simply a concatenation of schedules S(.Jy), S(J1), . . ., while inserting ¢ empty time slots between

S(J,) and S(J,41). Let T, denote the makespan of S(.J,). From Lemma [63| and Theorem
T, <0O(27-6-c-logm-logn)+ O(logn - ¢). Fix the job j* € J,- with the highest completion

time in §. We can bound the completion time of j* as
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,y* ,_Y*
ci < Tv§0(7*-logn~c)+ZO(27-5-c-10gm-logn)
=0 =1

< O(y*-logn-c) +O(2V* 6 -c-logm-logn)

which completes the proof. [
We finish the proof of the main theorem for the weighted sum of completion times of jobs.

Proof of Theorem[55 For every job j € J;, from Lemma , we have E[C’JA] < O(M -log®n) - Cj.
From the previous Lemma fory > 0 and j € J, we have, C;' < O(y-logn - c) + O(2" -
d - c-logm - logn). On the other hand, for every j € .J,, by definition, C; > 27 -6 - ¢. Thus,
C# < O(M -log’n) - Cj. O

4.5 Proof of Theorem

Recall that we are given a subset of jobs J' C J, and a solution (z,y, C) to the LP with r > 5
and T' € N. It is promised that in (z,y, C), the completion times satisfy C; < T for every job
j € J'. Then there is a randomized polynomial time algorithm that schedules all jobs such that

A Lo
C# < O(logm -logn - T) + O(logm - c) for every job j € J'.

4.5.1 Main Scheduling Subroutine

The following lemma is the main scheduling subroutine towards proving Theorem [56|

Lemma 65. Let C* > 0 and 6 = 1/641og(2n). Consider the set J* C {j € J' | C* < C; <

C* 4§ -c}. Then there is a randomized rounding procedure that finds a subset J** C J*, a partition
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of J** into J** = UM J***) wwhere J**(*) are jobs assigned to machines of type k, and a schedule

for J** in an interval of length at most 5c¢+ ), such that every job j € J* is scheduled with

Sk-Mp

probability at least %

The rounding algorithm to prove the above lemma is the following:

SCHEDULING A SINGLE BATCH ON RELATED MACHINES

1

(1) Run a CKR clustering on the semimetric space (J*, d) with parameter A := ;

and let V1, ..., V, be the clusters.

(2 Let V) :={jeV, | I-(j)nJ* CV}fort=1,...,q.

(3) Forall ¢ =1,...,q, assign the jobs in V} to type k* satisfying the conditions
in Lemma 53l

(4) Forall ¢ =1,...,q,if V/ is assigned to type k*, assign all jobs in V} to the

machine of type £* which has the least load (breaking ties arbitrarily).

We prove few lemmas that will be helpful in proving the desired properties of the algorithm.

The first lemma shows that the clusters produced by the algorithm are not too large.

Lemma 66. Forall{ = 1,...,q, one has |V)| < O(sy+c). Here, k* is the machine type that V is

assigned in our algorithm. Thus, it takes O(c) time to process all jobs in V).

Proof. We know by Theorem that diam(V}/) < diam(V;) < A < 1. The lemma follows by
Lemma 53| and by our choice of k*. O

Further it is easy to see that the clusters respect precedence constraints.

Lemma 67. The solution VY, ...,V is feasible in the sense that jobs on different machines do not

have precedence constraints.
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Proof. Consider jobs processed on different machines, say (after reindexing) j; € V/ and j, € V3.

If j; < jo then we did not have I'" (j;) C VJ. This contradicts the definition of the sets V,. [
We will use the two statements above together with Theorem [23]to prove Lemma [65]

Proof of Lemmal(65 Call the schedule produced by the above algorithm S(.J*). By Lemma [66} for
all{ =1,...,¢, the processing time of V/ is at most O(c). By Lemma |67} there are no dependent
jobs in different sets of V/,... , V.

The interval in which the jobs in J* are scheduled can be divided into c-length time intervals
Iy, - -, I,. To prove the lemma, it suffices to consider the case where ¢ > 6. We say that a machine
of type k is full in a c-length interval if it is processing c - s; jobs in S(J*). From our greedy

packing and the bound on processing time of V, it follows that there exists a machine type

k € [M] such that every machine i € [my] is full in Iy, - - - I,_5. Therefore,

.(f—=5H) < < .
¢ ( )_mk:aXSk-m zkzsk-mk

S
Thus, the total length of the interval used in a single batch scheduling is bounded by

c- ¥ <bec+ | |

Sk - Mg
— Sk M,

It remains to prove that a fixed job j* € J* is scheduled with good probability. Consider the set
U = {77 }U(I'~(§*)NJ*) of j* and its ancestors in J*. By the LP constraint C;, +d(j1, j2)-¢ < Cj,,

rearranging we see that d(ji, jo) < 0 for every j;,j2 € U. So the diameter of U is at most 20.

Now we appeal to Lemma For our choice of A = 1/4 and 6 < & loé(%) , we apply Theorem

4

to see that the cluster is separated with probability at most log(2n) - BZ < [

To schedule all jobs in J*, we repeat the clustering procedure O(logm) times and simply
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schedule the remaining jobs on the fastest machine.

Lemma 68. Let C* > 0 and 6 = Consider theset J* C {j € J' |C* < C; < C*+§-c}.

1
64 log(2n)
Then there is an algorithm with expected polynomial running time that finds disjoint subsets J**) C
J*, where J**) are jobs assigned to machines of type k, and schedules all jobs in J* using at most

O(logm - ¢) + L Ek P | many time slots.

M- Smax

Proof. We run the above algorithm for 2 log m iterations. Input to iteration & + 1 is the set of jobs
that are not scheduled in the first h iterations. For h € {1,2,...,2logm}, let J;* be the set of
jobs scheduled in iteration h, and let J}; | := J* \ {U?:1 J;*}. In this notation, J; := J*.

Let S(J;*) be the schedule of jobs J;* obtained from by Lemma [65] We schedule S(.J;*) first,
then append schedule S(.J;*) after S(J;* ;) while inserting ¢ empty time slots between them, for

h=2...,2logm. Let J = Js be the set of jobs that were not scheduled in these 2logm

log m-+1
iterations. We schedule all jobs in J consecutively on a single machine with the fastest speed after
the completion of S( 21Ogm)

From our construction, the length of a schedule for J*, which is a random variable, is at most
O(logm-c)+ [% +) Lj*m ‘1 Forh € {1,2,...,2logm}, Lemmaguarantees that each job
j € J;; gets scheduled in the h'" iteration with probability at least 1/2. Therefore, the probability
that j € J, ie. it does not get scheduled in the first 2log m iterations, is at most 5 . This implies
that ]E[|J ] < “] . The claimed expected polynomial running time bound now 51mply follows

from appealing to Markov’s inequality.

Finally, by our construction precedence and communication delay constraints are satisfied. [

4.5.2 The Complete Algorithm

To schedule all jobs in .J’ we do the following.
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THE COMPLETE ALGORITHM

(1) Let (z,y,C) be a solution to (LP) with r > 5 for J'.

(2) Foré = and h € {0,1 .. =1}, define

64 log 6410g(2n)

Jh:{jEJ:h-5-0§0j<(h+1)-5-c}
(3) FOR h =0 TO Z=1 DO

(4) Schedule the jobs in J, using the algorithm in Subsection [4.5.1]

(5) Insert ¢ new empty idle slots.

Proof of Theorem[56 First consider the case when T' > § - ¢. The total number of time slots used

by our algorithm can be upper bounded by

T-1
T cd J J(k) Jl J(k)
—— - O(logm-c) + E i | = O(logm-logn)-T + 7] + Sk :
c-0 £ M - Smax = S - My M Smax S Sk M

Here, J}(Lk) is the set of jobs assigned on machines of type k£ when scheduling .J;,, introduced in
T-1

Lemma and J® = U,°% ] ,(Lk). From Lemmaand the choice of machine type in the algorithm,

D jed® 2oy Dicimy) Tiat = UL/M) - |J®)|. On the other hand, by the constraints of the LP, we

have

ZZZ%t<ZZZxM<mk sp-T.

jeJ®) t=0 ic[my] JjeJ t ig[my]

Thus, L1 < O(M-T),and ), ‘J(k)l < O(M?-T). Itis also implied from the same constraints
Sk-Mmp

k

of the LP that |J'| < T -m - Spax. As JM2 < O(log m - log n), the proof follows assuming 7" > § - .

Now if T" < 0 - ¢, then J' = J* and our algorithm does only one iteration. Thus from Lemma
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the total number of time slots used by our algorithm is at most

/'] W]
— 4
m : Smax L Sk - My

O(logm - ¢) + < O(logm -c) +O(M?*-T).

This completes the proof. [

Finally, we conclude this section by noting that above proof in fact gives an O(log? n) approx-

imation for the makespan objective on related machines for the unit length case.

4.6 Reductions

An extension of the classic list scheduling algorithm of Graham [Gra66l] is the speed based list
scheduling algorithm by Chudak and Shmoys [[CS99]. In this setting, one has a set of jobs J with
precedence constraints and an assignment that determines on what machine type a job will be
executed. Then we process the jobs greedily in the sense that any available job is scheduled as
early as possible on one of the machines belonging to its assigned speed class. The makespan can
then be upper bounded by the maximum chain length plus the sum of the loads (if summed over

all speed classes).

As in previous sections, we will consider a set J of jobs with processing time p; and m
machines, partitioned into machine types (my, si)re[nm], meaning that there are m;, machines of
speed s available. We design a slight extension of speed based list scheduling that allows us to

take communication delays into account.
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SPEED-BASED LIST SCHEDULING (WITH COMMUNICATION DELAYS)

Input: Jobs J with p; > 0, machine types (1my, S )re[a); assignment 7 : J — [M];
communication delay ¢

Output: Feasible non-preemptive schedule

(1) Seto(j) :=0forallj e J
(2) FOR ¢ = 0 TO 00 DO FOR i = 1 TO m DO

(3) IF 7 is idle at time ¢ THEN select any job j € .J satisfying the following
»o(j) =0
« Every j' < j hasbeen completed. Moreover if j' < j was scheduled
on machine ¢’ # 7, then j' must have finished by time ¢ — ¢

« Machine i is of class 7(j)

(4) Set o(j) = ([t,t +

Dj
Sw(3)

), 1) (if there was such a job)

We provide an analysis which follows closely Chudak and Shmoys [[CS99] as well as Gra-

ham [[Gra66]].

Lemma 69. Suppose we are given jobs J with processing time p; and a partial order < as well as

pj
jeJim(j)=k mysy

machine types (my, Si) ke[ and an assignment 7 = J — [M]. Denote Dy, := )

the load on type k. Then the SPEED-BASED LIST SCHEDULING algorithm produces a schedule of length

M
ZDk+maX{<Z by >+(|C|—1)~0]C§Jisachain} (4.4)
k=1

Proof. Consider the schedule produced by SPEED-BASED L1ST SCHEDULING. Let 7; denote the last
job that finishes. For ¢ > 1 suppose we have already constructed the sequence ji, ..., j,. Then
we choose jy.1 as that job with j,,1 < j, which is finished last in the schedule. We terminate the

procedure when we reach a chain j, < ... < js < j; where j, does not have any predecessors. Let
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i;, € [m] be the machine index where jy is scheduled and let [¢;,,t;, + Sf”

) be the time interval

in which j, is scheduled. We can make the observation that by the time ¢, , + ¢, all predecessors

Jest
of j, have been completed and moreover a time of ¢ has passed. Hence if the period between
tj,., + cand t;, is non-empty, then all machines in class 7(j,) had to be busy during that period.

We can make the more general conclusion that for the constructed chain C' := {j,, ..., 71} itis

pj1

S7(j1)

true that for every time unit in [0, ¢;, + ) one of the following holds:

(a) ajob from C'is processed at time ¢
(b) a job from C' has finished less than ¢ time units ago

(c) in at least one class k, all machines are busy at ¢

We note that the duration of time that can fall into one of the categories (a), (b), (¢) is indeed

upper bounded by (4.4). The claim is then proven. O

This can be combined with an assignment argument:

Lemma 70. Let J be a set of jobs with processing times p;, a partial order < and machine types
(M, Sk)ke[m]- Suppose there is a pre-emptive migratory schedule with makespan T*. Then there is

an assignment 7 : J — [M] such that each load Dy == ;.. ik mijSk satisfies Dy, < 4T* and

the maximum chain length is A < 2T,

Proof. After scaling the time horizon we may assume that the job lengths p; are multiples of 2

and the individual parts in the schedule have unit length. Let 7 be the makespan of the schedule.

job parts of j assigned to class k . . )
Let zj, == #job parts of j ;sflgne 22227 we see that we have a fractional solution to the assignment LP
J

M
Z:Bjk =1 VjelJ (Assignment-LP-1)
k=1

Yap < T Vke[M]

SgMy

jed
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M
szﬂf& < T* VchainC CJ
jec k=1 Ok

0<zj < 1 VjeJVkel[M]

We now perform a standard procedure in approximation algorithms that is usually called filtering.
Consider a job j and delete the 1/2 of its parts that are on the slowest machines and scale the
fractional solution by a factor of 2 on the remaining parts. Then we obtain a fractional solution

satisfying

M
Zyjk =1 VjelJ (Assignment-LP-II)
k=1

N yp—2- < 2T Vke [M]

S
jed k!

0<yr < 1 VjelJVkel[M]

Moreover due to the filtering, any assignment 7 : J — [M] with y; ~;) > 0 for all j € J, satisfies

the following two properties:

(A) One has 22— < 27,

Sm(4)

(B) The maximum chain length w.r.t. wis A < 27™.

bj
Sk

If we imagine g;;, == as item sizes, then the seminal rounding argument of Shmoys-Tardos
shows that any fractional solution to (Assignment-LP-II) can be rounded to an integral solution
where the right hand side is exceeded by at most max{q;; : yjx > 0} < 27*. The obtained

integral solution is then the desired assignment 7. ]

We use this for the main reduction:
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Theorem 71. Suppose there is an a-approximation to Q | prec,p; = 1,¢ | Y w;C;. Then there is

an O(M «)-approximation for Q | prec,c | Y w;C;.

Proof. Let J be the set of jobs with processing times p; € N and weights w; with original
precedence constraints <. Let OPT be the minimum weighted sum of completion times over
all feasible schedules. We run the a-approximation algorithm for Q | prec,p; = 1,¢ | > w;C;
treating each job as p; many unit length tasks that form a chain where the last unit length task
receives a weight of w; and the other tasks receive weight 0. The algorithm will provide us with a
schedule o which satisfies communication delays but it spreads tasks of the same job over different
machines (and even different machine types). Let C; be the completion time of the last task of job
j. Then ZjeJ w;C; < aOPT by construction.

We abbreviate J*(0) :== {j € J | C; < c}and J*(r) :={j € J | 2! < C; < 2"} for
r € Z>1. We will create a schedule that schedules first J*(0), then J*(1), J*(2), ... where we start
the schedule for J*(r) exactly ¢ time units after the last job of .J*(r—1) is finished. Note that we can
re-sort the tasks of jobs in J*(0) so that (i) the tasks of the same job are scheduled consecutively;
(ii) for every job j the last tasks is still completed by time C}, (iii) the precedence constraints and
communication constraints (within J*(0)) are still satisfied. Note that this re-sorting can be done

by sorting the jobs in non-increasing order of C;’s.

So we fix a value of r > 1 and set T* := ¢2"~! and J* := J*(r). It remains to show how to

schedule the jobs J* within a time interval of O(7™).

We partition the time horizon into intervals of length c each. Consider the jobs J* and let o*
be the schedule with makespan 7™ which satisfies precedence constraints and communication
delays but is potentially preemptive and migratory. We construct a modified set J by merging
jobs whose tasks are scheduled on the same machine in one such interval [S¢, (5 + 1)c| with

B € Z>o (we call these jobs compact); all other jobs are inherited without a change (we call such
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jobs spread out).

We denote the inherited migratory schedule for .J by &; the completion time of a job is denoted
by C'j and the start time is denoted by S*j_ Note that C'j — gj > p; but because of the preemption
this inequality might be strict. We create a new partial order < such that one has j; <7, for

j1,jo € J if one of the following conditions is satisfied:
1. j1, 2 are assigned to the same machine in 6 and C’jl < ng.
2. Jji1, Jo are assigned to different machines in ¢ and j; finishes in an interval before j is started.

Note that in particular this precedence order < implies <. The maximum chain length is trivially
bounded by T™*. But it is important to note that the maximum number of jobs in any chain of < is
bounded by O(T™/c) as every job is either spread out and hence crosses an interval boundary or
it is the unique compact job included in an interval (on that machine). Then Lemma [70| provides
us with an assignment 7 : .J — [M] such that the loads are D), < 47* and the maximum chain
length is A < 27™. We use the SPEED-BASED L1sT SCHEDULING algorithm to find a non-preemptive

schedule respecting precedence constraints < and communication delays while the makespan is

bounded by

*

M
S oe+> e - -c§4MT*+2T*+O<T—> e < O(MT*)
k=1

for some chain C' C J. OJ

4.7 Makespan Minimization on Related Machines

We now prove our result on makespan minimization on related machines, Theorem [48 The proof

essentially follows from first using Theorem 56| to obtain a schedule of cost O(log® n) for the unit



124 CHAPTER 4. SCHEDULING WITH COMMUNICATION DELAYS ON RELATED MACHINES

length case and then appealing to the reduction in Theorem |71} which increases the makespan
at most by a factor of O(logn). These two steps together give an O(log® n)-approximation for
Q | prec, ¢ | Chax-

Note a small technicality here. Both Theorem[56/and Theorem|[71]were proved for the weighted
completion time objective and not the makespan objective function. However, it is not hard to see

that proofs of both the theorems directly extend to the makespan problem.

For technical completeness, we give a formal proof of our result for makespan. Our proof also
serves the purpose of explaining how an algorithm for the sum of weighted completion times can
be used to obtain an algorithm for makespan. In our proof below, we first reduce the problem
of minimizing makespan to a special case of the problem of minimizing the weighted sum of
completion times. But we do not use the result on weighted completion time as a black box - that
would only imply an O(log® n)-approximation. Instead, we tweak our rounding a bit, and use

Theorem 56| and Theorem [71|directly to obtain an O(log® n)-approximation for makespan.

Proof. Consider an input instance Z := (J, <) of Q | prec, ¢ | Cax, and let T'(x) denote the

optimal makespan for any instance () of the problem. We consider two cases:

« Case T'(Z) < c: In this case, we find all connected components, Gy, Gy, ...G,, in the
underlying (undirected) graph of the input instance. Since T(Z) < ¢, for v € [g] all jobs
in G, are scheduled on the same machine by an optimal solution. For every v € [q], we
create a meta-job j, with processing time equal to the sum of processing times of jobs in
G, Then we appeal to the O(1)-approximation algorithm for makespan minimization on

related machines without precedence or communication delay constraints.

« Case T(Z) > c. Here we reduce Z to an instance of 7' := (J', <’) of Q | prec, ¢ | > w;C;.

We create a new dummy job jp with p;,, = 1 and weight w,,, = 1. We define J' := JU{jp}
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and set weights w; = 0 for every job j € J'\ {jp}. Moreover, we define the new precedence
constraints <’ by augmenting the precedence constraints of the instance Z with precedence

constraints j < jp from every job j € J'\ {jp}.

Suppose S is a feasible schedule for the instance Z'. From our construction, the makespan
of S is (exactly) equal to the total weighted completion times of jobs in Z’. This follows

because only the dummy job jp has non-zero weight and it has to be scheduled at the last.

We now give an algorithm for solving the instance Z’. Similar to our weighted completion
time result, we solve the problem via a two step procedure. We treat each job j with
processing time p; as a chain of p; unit length jobs. Using standard arguments [DKR™20],
we can assume that this reduction is both of polynomial size and time. After this reduction,

we get a new input instance Z” := (J”, <’) of Q | prec,p; = 1,¢ | > w,;C;.

We observe that T'(Z") € [T(Z),27(Z)]. This follows because i) the weight of all jobs
except jp is zero in our instance; ii) jp can be scheduled only after completing all the other

jobs, which requires at least 7'(Z) time steps; iii) ¢ < T'(Z).

We solve our LP for the weighted completion time problem on the instance Z”. Let (x, y, C')
be the optimal solution for the LP. We note that all jobs in the LP solution are scheduled in
the interval [0, 27 (Z)|. Here we used the facts that ¢ < 7T'(Z) and that the LP can indeed
schedule all jobs in Z” within an interval of length ¢ + T'(Z). We invoke Theorem [56|to
obtain a schedule S with cost at most O(logm - logn) - 2T'(Z). Finally we use Theorem
to convert this schedule S to a schedule S’ where every job is scheduled on one machine in
consecutive time steps. From the guarantees of Theorem|71] we know the cost of S’ is at

most O(M -logm -logn) - T'(Z).

As noted earlier, the makespan of the schedule &' is (exactly) equal to the total weighted

completion time of jobs in Z’. Thus
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Makespan of (§') < O(M -logm -logn) - T(Z)

which completes the proof.

4.8 Conclusion

Building off our previous framework for scheduling jobs with precedence constraints and com-
munication delays, we provide polylogarithmic approximation algorithms for scheduling jobs
with communication delays on related machines given the objectives of minimizing makespan or
minimizing the weighted sum of completion times.

Perhaps the most interesting open question is whether our approach can yield a constant-factor
approximation for P | prec, ¢ | Cnax. While a compact form of our linear program is sufficient for
the identical machines setting, it is not clear whether it is sufficient on related machines; this is
because our analysis relied on the local consistency properties of the Sherali-Adams hierarchy.
The compact form does have an integrality gap, but we do not know of any integrality gap for the
full lifted LP. Another problem is to handle non-uniform communication delays in the problem

P | prec, ¢ji, | Cmax; here cj, is the communication delay between jobs j < k.
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