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When investigating the link between diet and cardiovascular disease (CVD), nutritional

epidemiologists often use unsupervised methods to construct dietary patterns using hundreds

of foods. We posit that diet summaries can be better tailored to CVD by incorporating

outcome data and sparsity. Partial least squares (PLS) is an appealing supervised method

because its patterns are correlated with a continuous response while also capturing covariate

variability. However, its statistical and modeling assumptions are not well characterized for

non-continuous outcomes. In this dissertation, we clarify the implications of incorporating

PLS into linear and Cox models, with the aim of constructing parsimonious patterns to

facilitate hypothesis generation. First, we identify an advantageous sparse PLS procedure

(SPLS) that targets variable selection for continuous data. We propose using SPLS after

fitting the Cox or approximate Cox model to analyze a right-censored survival outcome.

To enable proper adjustment for covariates that do not require dimension reduction, we

demonstrate that various scientific premises and goals require different types of adjustment

when using PLS. These contributions are verified by simulation studies, analytic results,

and applications to CVD-related endpoints. Our findings allow for more informed method

selection and deeper insight connecting least squares and PLS regression coefficients.
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Claw, Jessica Saniġaq Ullrich, Angela R. Fernández, Dalya Perez and her Zumba dance crew,

Alec Calac, and Harkirat Sohi. I have also admired professional role models such as Mónica
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Chapter 1

INTRODUCTION

When seeking to characterize the concurrent impact of foods on cardiovascular disease

(CVD) risk, nutritional scientists have encountered a few methodological challenges. Espe-

cially when utilizing self-reported diet surveys with more than 100 food items, there tend to

be strong correlations between some food measurements, which leads to highly variable and

sometimes unintuitive associations. Most nutritional studies have used dimension reduction

methods to alleviate this problem, but they have predominantly used unsupervised methods,

which do not incorporate disease data when constructing dietary patterns. In this disserta-

tion, we evaluate and extend partial least squares (PLS) methods to summarize nutritional

information in a way that is tailored to heart disease while still being in a familiar format

for nutritional epidemiologists.

As we posit that that not all the hundreds of food items are particularly relevant to heart

health, we focus on incorporating sparsity to identify which foods are most related to a uni-

variate outcome. One way to model this is to construct “interpretable” dietary patterns; we

propose that “interpretability” entails selecting all of the relevant foods, discarding irrelevant

foods, capturing a few dimensions of diet reflecting CVD etiology, and maintaining predic-

tive ability for the CVD-related response, in descending order of importance. We investigate

several statistical challenges and considerations that arise when undertaking this scientific

goal. While we motivate and test these methods for the purposes of nutritional data, they

can be applied to numerous other disciplines whose aim is to reduce the dimension of their

predictors, such as bioinformatics, environmental studies, and -omic fields.

In Chapter 2, we pursue the analysis of a univariate continuous outcome using dimension
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reduction methods. There are many such methods that can create dietary components

reflecting certain features of the data, including those that incorporate different sparsity

aims. We draw connections between and discuss which of these methods would be best suited

for the nutritional epidemiology context. Via simulations, we evaluate the interpretability

and predictive ability of their constructed patterns, varying levels of covariance within blocks

of predictors to resemble food groups. As PLS-based methods offer numerous advantages

towards accomplishing our aims, we analytically verify the connection between PLS and the

linear Conjugate Gradient technique as well as demonstrate the connection to the Krylov

subspace. These insights allow us to pursue extensions to PLS in an informed manner.

To more directly study the relationship between diet and a right-censored survival time,

we investigate methods that have used PLS to approximate the Cox proportional hazards

model in Chapter 3. After clarifying how PLS can serve as both an optimization and sum-

marizing tool for non-continuous outcomes, we focus on our sparsity goal. Existing methods

seek to create sparse components, but we presume that overall sparsity is a more pressing

aim when considering hundreds of foods. For these settings, we propose incorporating a

Sparse PLS procedure that directly promotes variable selection after fitting the Cox model

or approximated Cox model.

When constructing dietary patterns to evaluate heart-healthiness, it is important to ad-

just for potential confounders and precision variables. Though adjustment is straightforward

for standard regression analyses, it is particularly tricky when using PLS on one set of co-

variates, as we will show in Chapter 4. While there have been a few proposed adjustment

approaches for PLS methods, their properties and modeling implications have not been

thoroughly studied. We demonstrate that there are different ways to adjust for covariates

depending on whether PLS is being used to simply summarize the regression model or if its

components are considered to be the true scale of interest. We analytically justify that only a

subset of these approaches result in the typical covariate adjustment obtained from a multiple

regression analysis. Last, we situate all of these adjustment approaches in a data-integration

framework, depending on when the sets of covariates are modeled, and we provide corrections
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and extensions to certain approaches. These findings can allow for more informed model-

ing choices and a better understanding of the connections between least squares regression

coefficients and those derived from PLS methods.

Our illustrative examples come from the Multi-Ethnic Study of Atherosclerosis (MESA),

an observational cohort study which investigates the prevalence and progression of subclinical

CVD. In Chapter 2, we apply dimension reduction methods to create dietary patterns related

to body mass index, as excess body weight is an important pathway between nutrition and

CVD. In Chapter 4, we construct dietary patterns that are related to the time until first

incident CVD event, using more than 17 years of follow-up data. We conclude with the

implications of this research and directions for future investigations.
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Chapter 2

COMPARISON OF DIMENSION REDUCTION METHODS
FOR CREATING HEART-HEALTHY DIETARY PATTERNS

2.1 Introduction

Early investigations of the link between diet and cardiovascular disease (CVD), which has

been identified as the leading cause of mortality in American men and women [35], focused

on individual nutrients or foods. As research transitioned to studying the concurrent effect

of foods, results were often discouraging with frequent unintuitive results due to strong

correlations among some food measurements [37]. Attention shifted to dimension reduction

methods in order to obtain understandable findings from the most relevant aspects of diet.

Figure 2.1: Classification of dimension reduction methods used to create dietary patterns.

In nutritional epidemiology, a common approach to constructing composite dietary scores

is to use previous (a-priori) scientific knowledge to assign “heart-healthiness” to a limited

number of foods and nutrients (as illustrated in Figure 2.1, adapted from [63]). A few ex-

amples include the Dietary Approaches to Stop Hypertension (DASH) diet [66], the Healthy

Eating Index [43], and the Mediterranean Diet [70]. However, many of these scores rely on

study-specific quantiles to distinguish levels of intake, making it difficult to generalize results
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outside of the study population.

Another popular way to construct dietary patterns is to use the information from all

food measurements collected in a study, called unsupervised methods. One of the most

widespread methods is principal component analysis (PCA), which forms dietary patterns

that summarize how people in a study eat overall [58]. Similarly, cluster [24] and factor

analysis [12] are examples of unsupervised methods. While these methods describe different

aspects of food consumption, their patterns are not inherently predictive of CVD as they are

not informed by disease data.

To better characterize links between diet and heart disease, we propose using supervised

methods, which incorporate disease data directly into the construction of diet summaries.

These techniques have the potential to concisely reduce nutritional information in a way that

is tailored to heart disease. Among these techniques, reduced-rank regression (RRR) and

canonical-correlation analysis have been the most frequently used in nutritional epidemiology

[63]. These methods are applicable when considering a multivariate response (e.g., multiple

biomarkers at once), but we focus on a univariate response in this study. One of the most

widespread supervised methods across other fields is the Lasso (least absolute shrinkage and

selection operator) [68], which is an appealing candidate due to its ability to select variables

that are useful for prediction. It accomplishes this property by shrinking its regression

coefficients towards zero. It was not until recently that this supervised method was used to

explore how well certain foods predicted CVD risk factors [84].

Another supervised method is partial least squares (PLS), which can create dietary pat-

terns that are correlated with a continuous response while also capturing variation in diet

composition [81]. Similar to PCA, these patterns are linear combinations of the foods. Al-

though PLS is a standard technique in chemometrics, econometrics and genomics [51], it has

only recently begun to gain attention in nutritional epidemiology, particularly in the context

of comparing its performance to RRR and PCA when analyzing multivariate responses (see

[36, 23, 83]). An appealing extension of PLS is sparse PLS (SPLS) [14], which incorporates

variable selection when constructing diet patterns, as we do not presume that every food is
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inherently related to heart disease. There has been a similar extension to PCA called sparse

PCA (SPCA) [88], which we include in this study to provide a fairer comparison between

methods. However there have been other types of sparsity integrated into PLS and PCA

(e.g., [40, 44]), so we review their differences to select the one most appropriate for our

scientific setting of interest.

Our illustrative example comes from the Multi-Ethnic Study of Atherosclerosis (MESA),

an observational cohort study which investigates the prevalence and progression of subclin-

ical CVD [9]. At the baseline exam, 6531 participants reported their consumption of 120

types of foods and beverages during a typical week of the previous year in a food frequency

questionnaire (FFQ). We want to extract the most biologically-relevant information to char-

acterize a heart-healthy diet that could be protective against CVD. More specifically, we

aim to construct “interpretable” dietary patterns that—in descending order of importance—

select all of the relevant foods, discard irrelevant foods, capture a few dimensions of diet,

and maintain predictive ability of the CVD-related outcome.

This chapter is organized as follows. In Section 2.2, we review and draw connections be-

tween the dimension reduction methods which we will be assessing: PCA, SPCA, PLS, SPLS,

and Lasso. Simulation studies are conducted in Section 2.3 to evaluate how the methods per-

form when blocks of variables (imitating food groups) exhibit varying amounts of covariance

within each block. We compare both the predictive ability and scientific interpretability of

the constructed patterns. These methods are applied to MESA data in Section 2.4 to create

dietary patterns related to BMI, as excess body weight is an important pathway between

nutrition and cardiovascular disease [20]. We discuss the study findings in Section 2.5, and

additional analytic and simulation results can be found in Appendix A and B, respectively.

2.2 Methodology

The notation convention we use throughout is upper-case bold letters for matrices (X), lower-

case bold letters for vectors (y), italic letters for scalars (c), and ‖w‖p =
(∑

i |wi|p
)1/p

for the

Lp norm of w. In our setting, we would like to predict a continuous univariate response y (like
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BMI) using a function of the original, potentially highly-correlated predictors in matrix Xn×p

(such as diet), where the number of observations n is greater than the number of predictors

p. We assume that each predictor in X is centered, without loss of generality. In order to

create predictive reduced-dimension summaries of X, we consider a class of methods that

construct K mutually orthogonal linear combinations of the covariates, denoted by matrix

Tn×K = [t1 · · · tK ], where each column is a linear combination. These combinations are called

components or scores, though we also use latent variables and patterns interchangeably. We

call this class “component-based methods”, and all of the techniques we compare apart from

Lasso fall under this category.

2.2.1 Review of select dimension reduction methods

Component-based methods construct weighted sums of the predictors, which are created

in descending order of “importance”. For example, the first PLS component explains the

largest amount of covariance between X and y that can be constructed by a weighted sum

of the predictors, with higher weights assigned to predictors highly correlated with y. After

subtracting out the first component’s information from X and/or y (to preserve the or-

thogonality between components), the second PLS component describes the most covariance

between the residual predictors and response. This process is repeated for K components,

chosen by the researcher, with K ≤ rank(XTX) ≤ p. If the maximal number of components

are constructed, no dimension reduction has occurred, so the PLS solution (and similarly the

PCA solution) simplifies to the ordinary least squares (OLS) estimate from linear regression

[26]. Indeed, it has been shown that the full set of components form an orthogonal basis for

X [33], so the same information in XTX is contained in TTT.

Sparse methods (i.e., methods resulting in either a few non-zero weights or regression

coefficients) are useful when not all of the predictors are associated with the response. Indeed,

if many irrelevant variables are kept in a component-based model, they could attenuate the

estimated regression coefficients of the relevant variables [14]. To improve interpretability,

sparse techniques have incorporated variable selection by penalizing a quantity related to
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the regression coefficients β̂—typically the weights in component-based methods.

Principal Component Analysis and Regression

Principal Component Analysis asserts that we can decompose X into orthogonal components

that explain the largest amount of variability in X. Formally, the PCA model is X = TPT =

TKPT
K +EK , where the latter notation emphasizes that there is some residual X information

left out when we use K components. As the components are linear combinations of X, we

can write this relationship as T = XP. Therefore, the key is to find the appropriate weights

P (normally called loadings in PCA literature) to obtain the latent variables that maximize

their described variability. To ensure that the components are uncorrelated with each other

and constructed in descending order of explained variance, the optimal weights correspond

to the eigenvectors of XTX, ordered by their eigenvalues.

One way to obtain an estimate of P is by doing a singular value decomposition (SVD)

of X (i.e., X = UDVT ) and setting P̂ = V and T = UD. Another more popular way

to estimate Pp×K = [p1 · · ·pK ] is by using the Nonlinear Iterative Partial Least Squares

(NIPALS) algorithm [81], which can sequentially calculate the most important weights and

components until explaining all of the X variability. Here, the optimization problem for the

kth weight is

p̂k = argmax
p

{
pTXTXp

}
s.t. pTp = 1 and pTXTXpj = 0 for j < k.

The first constraint is used for the identifiability of the weights and the second ensures that

components are orthogonal to all previously constructed components. This optimization

problem is equivalent to maximizing Var(t) = tT t/n with the same constraints, as we want

our latent variables to express as much of the variability of X as they can.

If one is interested in assessing the relationship between the predictors and an outcome y,

principal component regression (PCR) simply uses a chosen number of PCA components as

the new covariates. The estimated response becomes ŷ = T(TTT)−1TTy, resulting in PCR
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regression coefficients β̂ = P(TTT)−1TTy. The advantage of PCR in comparison to OLS is

that one can reduce the dimension of the problem by choosing fewer components than pre-

dictors, while still preserving most of the variability of X. In this manner, high-dimensional

problems (n ≤ p) can become tractable. Even in low-dimensional (n > p) settings, the

PCR estimator is more stable than the OLS estimator when there is multicollinearity (high

correlation among some X), which is the setting that we consider.

Sparse Principal Component Analysis

Initially, researchers sought to improve the interpretability of PCA components, so Simplified

Component Technique-LASSO (SCoTLASS) was proposed [40], which adds an L1 penalty to

the PCA weight constraints. This constraint shrinks the weights to 0, potentially eliminating

some variables that describe a small amount of variability in each component step. However,

SCoTLASS is often not sparse enough (e.g., many non-0 weights) and it is not a convex

problem, meaning that there is no guarantee that the final solution is truly the global optimal

solution (rather than a local optimum) and it is more computationally intensive.

To address these issues, a Sparse PCA method was proposed that generalizes a ridge

regression formulation of PCA and then adds an L1 penalty to the PCA weights [88]. First,

they demonstrated that PCA can be recast as ridge regressions, by considering the definition

T = XP as a multivariate regression problem. For the kth component, the “response” is

tk = UkDkk (from the SVD approach of fitting PCA) and the “regression coefficient” is pk.

Then, the ridge estimator p̂R = argmin
p

{
‖tk −Xp‖22 + λ‖p‖22

}
can be used to estimate the

kth weight: p̂k = p̂R/‖p̂R‖2.

However, this approach not only requires an estimate of the latent components (tk) by

doing PCA ahead of time, but it still remains difficult to interpret the results, since all of

the variables are used to construct the components. The authors suggested generalizing the

regression problem to avoid relying on a previous PCA, and then adding an L1 penalty on

the weights in order to impose sparsity for better scientific interpretability. Their Sparse
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PCA optimizes

argmin
C,P

k∑
j=1

{
‖Xcj −Xpj‖22 + λ‖pj‖22 + λj‖pj‖1

}
s.t. CTC = Ik.

The estimated sparse weights P̂ are obtained by iteratively solving C and P until conver-

gence. At that point, the sparse weights are used to construct SPCA components, which can

be used as new predictors like in PCR (i.e., SPCR). While the authors allow for separate

tuning parameters (λj) for each component’s weight, we simplify this to a single parameter

for a fairer comparison with the other sparse methods and reduced computation time.

Though both sparse PCA methods improve interpretation because each component is

formed by fewer variables (i.e., component-wise sparsity), they do not guarantee variable

selection (i.e., overall sparsity) unless hardly any components are selected with each being

composed of a few variables. If we have many potentially irrelevant food variables, such as

from a food frequency questionnaire, we posit that overall sparsity is a more beneficial aim.

Partial Least Squares

Partial least squares (specifically, PLS1) is similar to PCA in that it decomposes X into

latent variables, but now we simultaneously model y via these latent variables, resulting in

components that explain the most (squared) covariance between X and y. Formally, the

univariate PLS model is

X = TPT + Ex y = TqT + εy, where Ex, εy |= T.

There is debate as to how to interpret these models from a statistical standpoint (see,

e.g., [82]), as some view Ex as the residual X information after reducing its dimension to K

components and εy as a combination of residual y information and random noise. However,

the “latent variable” perspective posits that T represents the true underlying phenomena of

interest, in which case one would consider both Ex and εy as purely random noise.
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Regardless of interpretation, the components are a set of mutually orthogonal linear

combinations of X, which can be expressed as T = XR = X W(PTW)−1, and consequently

β̂ = R (TTT)−1TTy = RqT . Thus, one must find the appropriate weights to obtain T—

either Gram–Schmidt-orthogonalized W from the NIPALS algorithm (which also computes

loadings P) or oblique projection R from the Statistically Inspired Modification of PLS

(SIMPLS) algorithm [21]. Both algorithms result in the same estimator for univariate y,

but not for multivariate responses. Either PLS algorithm finds the weights in a sequential

manner, solving successive optimization problems; the kth (NIPALS) weight solves1

ŵk = argmax
w

{
wTXTy yTXw

}
s.t. wTw = 1 and wTXTXwj = 0 for j < k.

This is equivalent to maximizing the Cov2(y, t), or more specifically Cor2(y, t) Var(t), with

the same constraints [62]. The optimal PLS weights are the eigenvectors of XTyyTX ordered

by their eigenvalue, which ensures that the components are uncorrelated with each other and

constructed in descending order of covariance between y and t.

The PLS estimator with K components can actually be interpreted in a few ways, as

β̂(K) = RK (TT
KTK)−1 TT

K y =
K∑
m=1

smdm = arg min
β∈KK

∥∥y −Xβ
∥∥2
2
.

The first form demonstrates that the PLS estimator is the projection of the component-

scale coefficient qT . The second form indicates that the PLS estimator is equivalent to the

conjugate gradient estimate after K steps (proven in [60] and Appendix A). This provides a

useful connection to optimization techniques, which will be utilized in Chapter 3. Specifically,

sm can be considered an optimized step size and dm the conjugated residual covariance.

Finally, these estimates are restricted to a particular subspace, which provides a convenient

way to connect the objective of PLS with that of typical regression models; the K-th order

1Each previous component’s information is actually subtracted out from X, but we opted to present it
in this way to transmit the main point. See Appendix A.1 for the complete NIPALS algorithm.
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Krylov subspace KK(S, s) is defined as span{s,Ss,S2s, · · · ,SK−1s}, where we let s = XTy

and S = XTX. For a discussion about the Krylov subspace, see [60], Appendix A.1, and

Appendix A.3. Each of these forms are a useful way to consider how PLS creates a reduced-

dimension summary of the OLS estimator (with equality when K = rank(XTX)).

Sparse Partial Least Squares

To obtain more interpretable PLS components, a Sparse PLS method was proposed that

adds an L1 penalty to the PLS weight constraints [44]. These soft-thresholded weights are

shrunken towards 0 and used to construct the corresponding Sparse PLS components. How-

ever, similar to SCoTLASS and SPCA, inducing component-wise sparsity does not guarantee

variable selection. Additionally, by shrinking the PLS weights, they are no longer orthogo-

nal, which implies that they do not form an orthonormal basis for the restricted subspace

of PLS. Thus, this Sparse PLS estimator is not guaranteed to equal the OLS estimator even

when the maximal number of components are constructed.

At first, Chun and Keles tried improving this method by following the idea in SPCA of

considering a surrogate weight c kept close to r, but with both an L1 and L2 penalty on c.

Letting M = XTyyTX for simplicity, they initially considered this optimization problem for

the (SIMPLS) weights:

argmin
r,c

{
− κrTMr + (1− κ)(c− r)TM(c− r) + λ1‖c‖1 + λ2‖c‖22

}
s.t. rT r = 1.

However, they estimated the sparse weights using ĉ, obtained by iterating between solving for

r and c. They justified considering only the cases where 0 < κ ≤ 0.5 to avoid concavity issues.

Indeed, when κ = 0.5 and y is univariate, r̂1 = XTy/‖XTy‖2, the first PLS weight. For

κ ∈ (0, 0.5], ĉ can be estimated using the LARS algorithm, but they noted that M was often

singular, particularly for low-dimensional y. They proposed setting λ2 =∞, especially as ĉ

does not depend on λ2 for univariate y. With these simplifications, ĉ = sign(r̂)∗(|r̂| − λ1/2)+,

the soft-thresholded version of r̂, where ( · )+ = max( · , 0). But this is equivalent to the
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initial Sparse PLS method for univariate y, so they changed strategies.

Chun and Keles proposed a two-step Sparse PLS procedure that directly induces variable

selection and preserves orthogonal weights. For each component, the variables most related

to the (residual) response, as measured by covariance, are selected and added to the index

set A. The subset of variables XA is chosen based on a given sparsity percentage η ∈ [0, 1)

and K components. Starting with β̂(0) = 0 and indexing set A0 = {}, for m ∈ [1, K],

Am = Am−1 ∪
{
j :

∣∣∣XT
j

(
y −XAm−1β̂

(m−1)
Am−1

) ∣∣∣ > η max
1≤h≤p

∣∣∣XT
h

(
y −XAm−1β̂

(m−1)
Am−1

) ∣∣∣}

where β̂
(m−1)
Am−1

is the coefficient from an (m− 1)-component PLS model using the covariates

XAm−1 . The final selection of variables A = AK includes those covariates that have the

strongest relationship with the response or that best capture the variation among covariates

when transformed into K independent linear combinations. Last, this procedure fits a K-

component PLS model with the final selected variables. As such, this sparse PLS estimate

can be denoted by β̂
(K)
A = arg minβ∈K(A)K

∥∥y − XT
A β

∥∥2
2
. Here K(A)K indicates the K-th

order Krylov subspace with s = XT
A y and S = XT

AXA. We refer to this procedure as SPLS

throughout the dissertation, which simplifies to PLS if η = 0.

SPLS directly selects the variables that are most related to y—even when fitting more

than one component—as long as the sparsity level (η) and signal-to-noise ratio are high. In

comparison, the initial Sparse PLS method may add in variables with weak relationships

to y as early as the second component if the first component has included most of the

information from the strongly related variables (see simulation study in Appendix B.2).

Additionally, by fitting PLS on a reduced set of variables, Chun and Keles’s weights are still

orthogonal, so the SPLS estimator with the full number of components will be equivalent to

the OLS estimator with the same set of reduced variables. However, this method no longer

promotes component-wise sparsity, since all of the selected variables are used to construct

each component.



14

Lasso

The Lasso is a penalized linear regression method that directly induces variable selection

by shrinking all β̂ towards 0 using an L1 penalty [68]. It can be classified as a dimension

reduction method, and its estimate takes the form β̂Lasso = min
β

{
‖y−Xβ‖22+ λ‖β‖1

}
. If the

selected sparsity level λ ≥ 0 is large enough, the smaller coefficients will be set to 0, resulting

in variable selection. While the Lasso is optimized for predictive accuracy, it is known to

struggle with highly-correlated covariates [86], as it will select only one correlated variable

(regardless of etiology). Although the Lasso does not create a latent set of variables, we say

that it constructs one pattern (Xβ̂Lasso) to compare it with the component-based methods.

2.2.2 Selection of tuning parameters

After implementing any of these dimension reduction methods, the researcher must decide

how many components and/or the sparsity level to select for the final model. Since we want

to select a predictive model that is not overfit to our training data, we use 10-fold cross-

validation (CV) to be more realistic when assessing a potential model’s predictive accuracy,

which is measured by the CV root mean squared error of prediction (RMSE).

Once candidate models have been constructed from several (pairs of) tuning parameter

values, there is a trade-off between accuracy and complexity. One could select the model

with the lowest CV-RMSE, but it still might be modeling some noise. There are typically

less complicated models (e.g., with fewer components or more sparsity) that have similar

predictive accuracy. To avoid plotting the CV-RMSE curve and selecting an accurate yet

(subjectively) parsimonious model, different tests have been developed to select appropriate

tuning parameters.

We employ the one standard error (1-se) test to select a reasonable number of components,

which aligns with the 1-se test for the Lasso when choosing a reasonable level of sparsity

[31]. One first identifies the model with the smallest CV-RMSE, called the reference model.

Then, the most parsimonious model whose CV-RMSE is within one standard error of the
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reference model’s RMSE is selected as the final model. Since SPCR and SPLS additionally

incorporate sparsity, their tuning parameter decision becomes two dimensional. We extend

the 1-se test to optimize the parameter search across a grid of candidate pairs, favoring a

decrease in number of components over an increase in sparsity. More details about this two

dimensional 1-se test can be found in Appendix B.1.

2.2.3 Computation

Analyses were performed in R version 3.6.1 [67]. PCR and PLS were run using the pls

package [52], SPCR was run with the elasticnet package [87], SPLS was implemented

using a wrapper on functions in the spls package [15], and Lasso was run with the glmnet

package [28]. Both the pls and glmnet packages have the 1-se test implemented, and a

wrapper was written to conduct the 1-se test with two tuning parameters for SPCA and

SPLS. For the component-based methods, we follow the data pre-processing convention in

pls by scaling each predictor by its standard deviation and then centering it, as well as

centering the response y. This allows for a more similar comparison between predictors that

have different levels of variability. For the Lasso, we only scale each predictor by its standard

deviation. We also used the same folds across all methods for 10-fold cross-validation to make

the comparisons as fair as possible.

2.3 Simulation studies

2.3.1 Simulation design

As our study is motivated by nutritional epidemiology, we seek to generate predictors that

mimic the features of FFQ data. In particular, it is natural to classify foods into food

groups, or essentially to create blocks of variables that are more similar to each other. Such

“multiblock data” occur in many other scientific domains, since blocks can also represent

different types of experiments or different sample collection sites from the same subject, as

in some metabolomics studies (see [38, 42]). We have designed the simulation study with
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blocks of differing size and structure, as would be found in practice.

We generate a multivariate-normal predictor X with 1000 observations and 24 variables,

only nine of which contribute to the response y. The predictors are grouped into four blocks;

Block 1 has two variables (one is relevant), Block 2 has six variables (two are relevant), Block

3 has nine variables (six are relevant), and Block 4 has seven variables (none are relevant).

Each predictor has mean zero and unit variance, with the variability representing different

relative levels of food consumption in the context of nutritional epidemiology.

The first setting we consider (Case 1) is when all the variables are independent of each

other, which is the simplest scenario since relevant and irrelevant variables should be easily

distinguishable. But the intake of foods within a food group could be related in practice, so

in further settings we also vary the covariance between variables of the same block. We first

test scenarios of “matching-covariance block structure”, where all blocks have the same level

of intra-block covariance ranging from 0.3 to 1 (see Appendix B.3).

Next, we consider “mixed-covariance block structure”, where blocks can have different

intra-block covariance, using the MESA diet data at baseline as a guide for reasonable

correlations in food frequency questionnaires. Thus, the variance of X has a block diagonal

structure, with independence between blocks for simplicity. Small amounts of covariance

between blocks were included in a sensitivity analysis, with little change in the results. In

Case 2 the intra-block covariances are 0.05, 0.50, 0.30, and 0.10, respectively. In this setting,

we would expect that it would be most difficult to separate the relevant variables from the

irrelevant ones in Block 2. We also test further scenarios of mixed-covariance block structure

by permuting the covariances in Case 2 (see Appendix B.3).

We assign the nine relevant variables to have unit positive or negative associations with

the response as follows: the Block 1 and three Block 3 relevant variables are positive while the

remaining relevant variables are negative. As the relevant variables have the same magnitude,

we are interested in whether methods can distinguish between positive, negative, and null

relationships, not differing levels of positive or negative values. The generated response is

univariate normal with unit variance and with the sum of the relevant variables (multiplied
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by the true association) being its mean. In the context of nutritional epidemiology, the

variability here represents the contribution of factors other than diet to any response.

For each of 100 generated data sets, we split our observations into a training (n=700)

and test (n=300) set, and we use 10-fold cross validation on the training data to select the

tuning parameters for each method (e.g., number of components and/or sparsity level). Due

to computational burden, we only perform 5-fold CV for SPCR. Predictions are then made

on the test data with the selected tuning parameters. To evaluate predictive performance,

we report the average RMSE from the test sets. To compare the interpretability across

the methods, we report the average number of variables selected, number of patterns, and

percentage of y explained (R2).

2.3.2 Results

Table 2.1(a) shows the performance of the five methods across 100 data sets from Case 1,

when variables are independent. Among the methods that can induce sparsity, SPLS and

Lasso select the relevant variables and up to one irrelevant variable, on average. While

SPCR imposes sparsity in the patterns (selecting one or two variables per pattern), it keeps

almost all of the predictors because of the large number of patterns selected in order to

have competitive predictive ability. When it does discard variables (in 47 data sets), SPCR

discards at least one relevant variable half of the time. In terms of prediction, all methods

except for SPCA perform well, with SPLS having the lowest RMSE at 1.013, on average. By

construction, Lasso produces one pattern, but both PLS and SPLS only create two patterns,

the fewest of the component-based methods. PLS’s first pattern highlights most of the

relevant variables, while PCR describes mostly irrelevant variables at first. Case 1 is the

setting in which the methods capture the most information about the response, with most

R2s between 89-90%.

As more covariance is introduced equally in the matching-covariance block structure,

the relevant and irrelevant variables become harder to distinguish in the first three blocks

(see Appendix B.3). With 0.3 intra-block covariance, variables in each block behave more
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Table 2.1: Simulation results across 100 data sets, with mean and (standard deviation).

(a) Case 1: Independent variables (no block structure)

Method
Number of
Variables†

Number of
Patterns

RMSE R2 (%)
First pattern’s
R2 (%)

PCR 24.0 (0.0) 23.8 (0.5) 1.026 (0.040) 90.1 (0.7) 5 (7)
SPCR 23.1 (1.4) 23.0 (1.4) 1.140 (0.211) 87.5 (5.3) 5 (5)
PLS 24.0 (0.0) 2.0 (0.0) 1.027 (0.040) 90.1 (0.8) 88 (1)
SPLS 9.1 (0.6) 2.0 (0.4) 1.013 (0.038) 89.9 (0.8) 89 (1)
Lasso 9.8 (1.0) 1.0 (0.0) 1.043 (0.039) 89.3 (0.8) 89 (1)

(b) Case 2: Mixed-covariance block structure (intra-block covariances of 0.05, 0.50, 0.30, and 0.10)

Method
Number of
Variables

Number of
Patterns

RMSE R2 (%)
First pattern’s
R2 (%)

PCR 24.0 (0.0) 23.4 (0.8) 1.034 (0.041) 89.3 (0.8) 17 (8)
SPCR 24.0 (0.0) 23.8 (0.5) 1.032 (0.044) 89.3 (0.8) 13 (9)
PLS 24.0 (0.0) 3.5 (0.5) 1.036 (0.042) 89.3 (0.8) 53 (2)
SPLS 13.2 (0.7) 3.7 (0.7) 1.022 (0.041) 89.0 (0.8) 53 (2)
Lasso 10.7 (1.3) 1.0 (0.0) 1.038 (0.040) 88.5 (0.9) 88 (1)

RMSE=root mean squared error. †All methods selected the nine relevant variables, ex-
cept for SPCR in Case 1, which discarded one to two relevant variables in 23 data sets.

similarly, inducing an association between the response and the five irrelevant variables in

Block 1 and 2, in particular. SPLS incorrectly selects four of these irrelevant variables, while

Lasso only selects 1.5 of them incorrectly on average. SPLS still maintains its predictive

ability at an RMSE of 1.019, while Lasso and PLS result in an RMSE of 1.043. It is not

until 0.8 intra-block covariance that SPLS provides little improvement in sparsity, as it selects

21 variables on average compared to Lasso which selects 12 variables.

Table 2.1(b) shows the performance of the five methods in Case 2, a mixed-covariance

block structure, which is a more realistic setting in nutritional epidemiology. Since we still

impose independence across blocks, each block behaves similarly to its respective matching-

covariance block structure setting. As Block 2 has the highest covariance (0.5), its four
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irrelevant variables behave more similarly to its relevant variables, inducing an association

with y. SPLS selects those four irrelevant variables, Lasso only selects 1.7 irrelevant variables,

and SPCR includes all variables (selecting only one or two variables per pattern). In terms of

prediction accuracy, all methods have RMSEs between 1.032-1.038, except for SPLS, which

results in the lowest RMSE at 1.022. Again, Lasso only constructs one pattern, while both

PLS and SPLS create 3.6 patterns on average. SPLS’s first component emphasizes Block 2

as well as the other relevant variables (to a lesser extent), while both PLS and PCR highlight

Block 2 alone in their first component. PCR’s second component picks Block 3 variables (the

next most correlated block), whereas PLS’s second component emphasizes Block 2 variables

alongside other relevant variables. In Case 2, all the methods capture roughly 89% of the

response information. In the other tested mixed-covariance block structures, we note that

the supervised methods perform better when blocks with more relevant variables have lower

intra-block covariances.

Across all the tested simulation scenarios, SPLS consistently predicts the best, on average.

Regarding variable selection, SPLS outperforms Lasso when predictors are independent (Case

1) by selecting fewer irrelevant variables. Once there is moderate matching covariance within

blocks, SPLS selects about 3-5 more irrelevant variables than Lasso. When the covariance

structure changes by block, SPLS selects up to three more irrelevant variables than Lasso.

Except for in cases of high (0.8-1) matching covariance within blocks, SPLS always selects

the relevant variables. On the other hand, SPCR imposes sparsity on the number of variables

used in each component, rather than on the actual number of variables selected overall. Thus,

SPCR at most drops one variable.

With respect to the number of patterns, Lasso is the most parsimonious, as it creates

one pattern by default. In the simplest cases, SPLS selects two components, and in the

trickiest (high matching covariance), it selects 6.7 components, on average. In all settings

except perfect correlation within blocks, SPLS selects slightly more components than PLS,

as it is using far fewer variables to describe the response. Meanwhile, PCA selects between

22 to 24 patterns for all cases except perfect correlation (4 patterns) and the simplest mixed
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covariance by block structure (20 patterns). SPCR has similar performance with regard to

number of patterns, typically selecting 23-24 patterns. Finally, comparing the R2 values,

most methods explained a similar amount of the response variability, with PCR describing

the most and the Lasso usually describing the least (but only about 1% less variability

than PCR). Case 1 (independence) resulted in the highest R2 values (89-90%), and perfect

correlation across all blocks resulted in the lowest R2 values (82-83%).

2.4 Data application

2.4.1 Scientific background and study design

Our motivating illustration is to identify understandable biologically-driven diet patterns

related to BMI. In the Multi-Ethnic Study of Atherosclerosis, 6499 participants (95% of the

cohort) had complete information on demographics, diet, BMI, and intentional exercise (see

[9] for more details). These participants were aged 45-84 (53% women), free of clinical CVD

at baseline (2000-2002), and from six United States communities (New York City, Baltimore,

Chicago, Los Angeles, the Twin Cities, and Winston Salem). They self-identified as 39%

white, 27% Black, 22% Hispanic, and 12% Chinese.

The MESA Block-inspired FFQ was modified from the Insulin Resistance Atherosclerosis

Study’s FFQ [49], which was validated in their multi-ethnic cohort, and it includes both

ethnic and regional foods. In MESA’s FFQ, participants reported the frequency and serving

size of 120 foods and beverages that they consumed during a typical week of the previous

year. There were nine frequency options, ranging from “rare or never” and “once per month”

to “multiple times per day”, and three serving size options (small, medium, or large compared

to others of the same gender and age). The calculated servings per day of each food item

were used as our predictors, after standardizing them. By adapting the American MyPlate

guidelines [17], we categorized the diet variables into eight food groups: fruits, vegetables,

grains, proteins, mixed entrees, dairy, sweets/oils, and beverages.

There are also many factors that could potentially confound the association between BMI
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and diet, such as age, gender, and race/ethnicity. Exercise is also important to consider as it

is related to BMI independently of diet. In the MESA Typical Week Physical Activity Survey,

adapted from the Cross-Cultural Activity Participation Study [1], participants reported the

time spent and frequency of various types of physical activity they engaged in during the

previous month. Conditioning activities such as walking for exercise, dancing, and sports

were categorized as intentional physical activity, and the log of the metabolic equivalent

minutes per week was used in our analysis.

In part because relative diet composition is more feasible to change than absolute levels

of food consumption—which is influenced by other unalterable factors—studying the effect

of diet on a relative scale has been established by nutritional epidemiologists as a useful type

of analysis [79]. This can be accomplished by adjusting for total energy (caloric) intake as a

potential confounder (see Appendix C for further details on model interpretation), which we

chose to perform. One might instead consider modeling food measurements that are divided

by total caloric intake. However, as this covariate is a ratio, this type of analysis would not

be able to separate the difference between decreasing one’s consumption of a particular food

item from increasing one’s overall food intake.

To construct BMI-related dietary patterns that adjusted for these potential confounders

and precision variables, we took the following modeling approach. PCA-based components

were created as usual and then included in a multiple linear regression model with the

adjustment variables. PLS-based components were constructed on the BMI-residuals from

a multiple linear regression with only the adjustment variables, and then these components

were included in a multiple linear regression model for BMI with the adjustment variables.

More details on this modeling approach will be covered in Chapter 4.

2.4.2 MESA results

Average servings per day of each food item tended to be quite low, since many people did

not consume some of the foods. The most popular food was coffee, at 1.13 average servings

per day. The next most frequent food was diet soda, with 0.42 average servings. There
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were 21 foods that more than 25% of the MESA participants consumed, such as apples

and bananas, and similarly 20 foods that less than a quarter of the cohort consumed. BMI

ranged from 15 to 62 (median of 27.5) for those with complete data. It has been suggested

that a recommended normal BMI range for seniors is [23, 31), and 60% of the MESA cohort

were in this category [80]. When modeling without diet data, the adjustment variables

explained 15% of the variation in BMI. Foods and beverages were only mildly correlated

with BMI residuals, with correlations ranging from -.07 to .11. Foods with the strongest

negative correlations (between -.07 and -.05) were natural sweeteners added to coffee and

tea, wine, and sweet potatoes, in decreasing order. The most positively correlated foods to

BMI residuals (between .11 and .06) were hamburgers, diet soda, light green lettuce, fries,

ham, and steak, in decreasing order.

Table 2.3: BMI-related dietary patterns in the Multi-Ethnic Study of Atherosclerosis.

Method Number of Variables Number of Patterns CV-RMSE R2 (%)

PCR 120 17 4.92 17.7
SPCR 116 67 4.86 19.7
PLS 120 1 4.88 19.0
SPLS 5 2 4.91 17.9
Lasso 11 1 4.94 17.5

CV-RMSE=cross-validated root mean squared error (not on a test set).

Table 2.3 displays the results of the adjusted BMI-related dietary patterns in MESA using

five dimension reduction methods. From the 120 foods and beverages, PCR constructed

17 patterns, which had a cross-validated RMSE of 4.92 and described 17.7% of the BMI

variability. The foods with the largest magnitude associations were (in order) hamburgers,

steak, fries, and diet soda, all positively related to BMI. Sparse PCR achieved the best CV-

RMSE and R2 values, but it required 67 components to do so. As expected, SPCR created

sparse patterns (each component being constructed from one or a handful of foods) which

allows for easier scientific interpretation, but it only discarded four foods completely. The

first three components described the consumption of Western/fast foods, stir fried Asian
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meals, and Hispanic meals, respectively. The most important foods overall according to

SPCR were hamburgers, diet soda, light green lettuce, and fries, all positively associated

with BMI and listed by magnitude.

PLS selected only one diet pattern using all of the foods (RMSE=4.88, R2=19.0%). The

most relevant foods here were hamburgers (+), diet soda (+), natural sweeteners added to

coffee or tea (-), and light green lettuce (+), where (+) indicates a positive association and

(-) a negative association. Sparse PLS constructed two diet patterns with only five foods.

With this reduction in covariates, it still had comparable predictive accuracy and R2 to

the other methods, even outperforming PCR. The first diet pattern emphasized hamburger

and diet soda intake, typical fast food staples. The second diet pattern again highlighted

hamburger consumption, but it also focused on natural sweeteners added to coffee and tea.

By order of magnitude, the most relevant foods overall were hamburgers (+), diet soda (+),

light green lettuce (+), natural sweeteners (-), and wine (-).

Figure 2.2: SPLS’s first BMI-related diet pattern in MESA, ordered by strength of relation-
ship with BMI.

Figure 2.2 displays the relative contribution of the selected foods to the construction of
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the first SPLS component. Along the horizontal axis, food groups are sorted by their squared

correlation with BMI (known as global weights within Multiblock PLS literature [77]). The

vertical axis represents the relative importance of the selected foods within each food group

(i.e., block weights), ordered by their squared correlation with BMI. It has been shown that

these multiblock weights are simply scaled and grouped versions of their PLS counterparts

(when there is no missing data) [78, 61], and Chun and Keles’s Sparse PLS method can be

viewed as a PLS on a reduced set of foods. However, we opt to focus on the R weights

instead of W so as to be analogous to plotting PCA loadings. Hence, this type of graphic

can provide an added perspective about how each food group contributes to the creation of

(S)PLS components.

The Lasso’s diet pattern was composed of 11 foods, the most important of which were

hamburgers (+), light green lettuce (+), diet soda (+), and sweet potatoes (-). Although

the Lasso selected the same five foods as SPLS did along with six others, its CV-RMSE and

R2 performance was the worst among the five methods. In particular, most of the foods

selected by Lasso but discarded by SPLS tended to be highly correlated with total energy

intake. Figure 2.3 displays the resulting regression coefficients from the considered dimension

reduction methods. PCR and PLS (solid and dashed lines) are forced to model all 120 foods,

but the inclusion of potentially many irrelevant foods could contribute to the attenuated

coefficients. SPCR (filled dots) selects most of the foods, but it does give more magnitude

to some of the same foods highlighted by SPLS (open dots) and Lasso (diagonal crosses).

Lasso’s regression coefficients vary the most, with the coefficient for hamburger being four

times larger than any other method’s coefficients.

2.5 Discussion

When the scientific goal is to construct patterns that reflect the underlying relationship

between predictors and a continuous outcome, PLS-based methods have useful properties to

consider (as further investigated in Appendix A). If variable selection is not needed, PLS is

a good alternative to PCR since it requires fewer components to describe a similar amount
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Figure 2.3: Adjusted associations between foods and BMI in MESA, ordered by food groups.

of variability in the outcome, demonstrated across all of our simulation settings and the data

application. If not all predictors are believed to be relevant to the relationship, then SPLS

can create more interpretable patterns than PCR or PLS because it uses fewer predictors

and components without much loss of predictive ability, as measured by RMSE. This was

illustrated in our data application, as SPLS provided an impressive reduction in selected

foods with relatively few components while maintaining predictive performance. The Lasso

also excelled at discarding most foods, but it can arbitrarily drop some variables if they are

highly correlated regardless of biological mechanism.

We were surprised by the performance of certain methods across the simulation settings.

SPCR in particular had trouble with variable selection, convergence in several settings, and

computational burden. Though SPCR created the most parsimonious patterns (selecting

1-2 variables per pattern), it required almost all of the variables and patterns to achieve
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reasonable predictions. Next, PCR often selected 24 components, which is equivalent to a

linear regression. These are both due to the fact that we selected the number of components

based on its predictive capability, as prediction is part of the study goal. If the goal were only

to explain the most variability across predictors, the PCA-based methods would have selected

far fewer components, but with poorer predictive performance. Last, we expected Lasso to

outperform the component-based methods in out-of-sample predictive ability (RMSE column

in Table 2.1), but most methods had similar predictive performance taking into account

the standard deviations of RMSE. Perhaps Lasso’s advantage in prediction would become

apparent if the signal-to-noise ratio were smaller, when PLS methods can behave poorly [65],

or if we constructed covariates with differing magnitudes of true associations, which Lasso

can more easily model [29].

Fundamental to our study is what we consider to be “interpretability”. We propose

that an interpretable model should, in descending order of priority, select all of the relevant

variables, discard irrelevant variables, capture a few dimensions of the scientific relationship,

and maintain predictive ability of the outcome. We view this as a useful way to form

patterns that can help us better understand the scientific mechanisms that relate a large set

of covariates to a disease or disease risk factor. The Lasso accomplishes most of these goals,

except that its selection of variables is solely focused on how well a subset of variables can

predict an outcome, making it less appealing for settings of potentially moderately correlated

food measurements. Additionally, the field of nutritional epidemiology has favored reducing

the dimension of diet variables into scores or dietary patterns when the goal is to interpret

complex diet-disease associations. These prompted us to investigate PLS-based methods,

and we conclude that SPLS components are a strong contender when considering these

goals, particularly when the signal-to-noise ratio is sufficiently large. Another advantage of

SPLS is that it can easily switch the priority between decreasing the number of components

and increasing the sparsity level by adjusting the weights in the 1-se test, if the scientific

setting favors this approach. However, interpreting SPLS patterns still requires reasonable

scientific knowledge, as the components are combinations of (a subset of) the predictors.
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Our data application illustrates how SPLS can express scientifically-interpretable rela-

tionships. Dietary pattern research has found that consuming more vegetables, fruits, whole

grains, low-fat dairy, seafood, legumes, nuts, and alcohol (in moderation) is associated with

lower risks of obesity and chronic diseases, as is consuming less red and processed meats,

refined grains, and sugar-sweetened food and beverages [18]. The SPLS diet patterns com-

plement this health recommendation, for the most part. The main discrepancies are our

negative association between BMI and natural sweeteners added to coffee or tea and the

positive association between BMI and light green lettuce. A possible explanation for this

finding is that people who add honey or sugar to their beverages are conscious of how much

sweetener they are consuming, as opposed to someone drinking a pre-sweetened beverage, so

they could be consuming less sweetener in that way. Additionally, the “light green lettuce”

category only includes lettuces similar to iceberg, not romaine. Apart from iceberg lettuce

being relatively low in nutrients, this trend could reflect more of a fast food diet, as iceberg

lettuce salads tend to be served at pizza parlors or fast food restaurants as a “healthy” side.

The SPLS trends are fairly conventional, given what we know about obesity, so it is reassur-

ing that this method seems to select reasonable aspects of nutrition—in this case highlighting

the association between “fast food” or a more “Western” diet with BMI in MESA. However,

we acknowledge that any dietary survey is prone to measurement error, which should be

taken in consideration when interpreting these results (regardless of method used).

One limitation of using supervised methods (e.g., PLS, SPLS, Lasso) instead of unsu-

pervised methods like PCA is that one should no longer use the derived components to test

associations with y. The resulting inference will be overly-optimistic since the same outcome

data will be re-used. Instead, one can stop at the component stage and interpret the scien-

tific relevance of the pattern to generate hypotheses for future studies, as we have illustrated

with MESA data. Using components in a prediction setting is also a reasonable next step.

If inference is the ultimate goal, researchers in practice have compared a disease outcome

with PLS components that were derived from a different loosely-related response (see for

example [83, 23]). Another alternative is to derive components using a hold-out sample and
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then test associations in the remainder of the data, or even to derive components using one

study population and then perform inference in an independent population, if the selected

predictors are available.

Regardless of method or aim, we emphasize that when using data from observational

studies such as MESA, results can only be interpreted as associations between predictors

and a disease, not as causal relationships. However, these studies still serve a valuable role

in increasing our understanding of complex diseases. For instance, if similar results are found

in future studies, this could lend support to the idea that only a few foods contribute most

to obesity. On a practical note, this could motivate investigating whether the current 120-

item FFQ could be shortened to asking about a subset of foods, reducing the burden on

participants and data centers when collecting detailed food consumption information.

Overall, we recommend that future nutritional epidemiology studies consider using sparse

PLS methods if their scientific goal is to succinctly summarize aspects of predictor data that

are most related to an outcome. These results can complement the previous nutritional lit-

erature, which is predominantly based on unsupervised methods, and provide further insight

into how diet and diseases are related, as previously suggested [63, 39]. While we have fo-

cused on illustrating the usefulness of SPLS in the context of nutritional epidemiology, these

dimension reduction methods also apply to many other disciplines whose aim is to reduce

the dimension of their predictors, such as bioinformatics, environmental studies, omics fields,

and other settings with high-throughput data.
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Chapter 3

PLS WITH VARIABLE SELECTION FOR SURVIVAL
OUTCOMES

3.1 Introduction

In nutritional epidemiology, food frequency questionnaires (FFQ) can be used to obtain infor-

mation on people’s typical levels of food intake. However, if there are a substantial number of

food items, it is likely that certain measurements will be correlated (e.g., within food groups)

and that not all foods will be strongly related to disease risk. To overcome multi-collinearity

issues due to correlated food measurements, investigators interested in characterizing the

relationship between diet and disease risk have predominantly utilized dimension reduction

methods. Common approaches to constructing dietary patterns [63] include using previous

scientific knowledge to assign “disease risk” scores to a limited number of foods and nutrients

or summarizing the information from all food measurements in orthogonal linear combina-

tions (e.g., principal component analysis [58]). However, neither of these types of patterns

are inherently predictive of a disease, as they are not informed by disease data.

To concisely summarize nutritional information in a way that is tailored to a disease,

we consider using partial least squares (PLS) [81], which incorporates outcome data directly

into the construction of its orthogonal linear combinations (e.g., components). Specifically,

PLS can create dietary patterns that are correlated with a continuous response while also

capturing variation in diet composition. By using a subset of its patterns, PLS can be con-

sidered a shrinkage method, with the aim of reducing the variance of its coefficient estimates

while highlighting the most prominent outcome-related aspects of the covariates.

To better understand the relationship between diet and cardiovascular disease (CVD) risk,

investigators have focused on relating dietary patterns to the occurrence of heart attacks or
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cardiac death, for instance, or to risk factors such as high-density lipoprotein cholesterol,

fasting insulin, or C-reactive protein levels [63]. Although these outcomes can provide cer-

tain insight regarding heart-health, a more direct endpoint would be the time until someone

experiences a heart disease event (if at all). However, the statistical complexities of mod-

eling survival outcomes have largely prevented scientists from evaluating this relationship.

Apart from the difficulty of accounting for right-censored data (e.g., not everyone experi-

ences an event during the study period and some people drop-out), it is not obvious how

best to integrate component-based methods into standard survival methods, such as the Cox

proportional hazards model [19]. Moreover, it is typical in many biomedical settings to ob-

serve a relatively low event rate (roughly 10%), so it can be challenging and computationally

restrictive to consider so many covariates.

Initial methods tried to approximate PLS using successive fits of Cox models [6] or even

ignoring censorship altogether and modeling survival time as a continuous outcome [54].

Once PLS was extended to generalized linear models (GLMs) [48], the Cox (partial) like-

lihood could be approximated by fitting a Poisson PLS [57]. In 2008, the GLM approach

was modified for the survival setting by iteratively maximizing the Cox likelihood using

weighted PLS approximations in place of weighted least squares (WLS) updates [55]. Other

researchers went a step further to avoid the computational burden of an iterative procedure

by approximating the WLS problem with a linear one (using deviance residuals from a Cox

model without covariates) [4]. However, its estimates could be poor for individuals whose

survival times are not well predicted by the proportional hazards model, the estimate of the

baseline hazard in the null Cox model ignores all the covariate information, and computa-

tional capability is no longer as prohibitive as before. Therefore, we focus on methods that

iteratively fit the Cox model, and we improve upon computational speed in other manners.

Unfortunately, there are relatively few methods that utilize sparsity in conjunction with

PLS adaptations of the Cox model or GLMs. A simple option would be to perform a

univariate variable selection procedure before fitting a Cox model (as in [10]), but this is not

ideal since it does not account for any correlation between covariates. More refined methods
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incorporate different forms of sparsity within the iterative maximization procedure [45, 16].

However, if most of the covariates are related to the outcome (even if weakly in some cases),

then it seems reasonable to incorporate sparsity after the maximization method to make use

of the entire covariate information when estimating the non-linear model.

Since it is plausible that many foods are (somewhat) related to heart-health, we propose

a one-step sparse PLS (SPLS) summary of the (log) hazard ratios from either the Cox or

PLS-approximated Cox model. We use Chun and Keles’s SPLS procedure [14] to select

the most relevant foods, as it provided an improvement in model parsimony in the linear

context, as demonstrated in Chapter 2. Our proposal delineates a way to analyze the rela-

tionship between potentially correlated covariates and the time-to-an-event while using PLS.

Specifically, our approach provides a lower-dimensional (PLS) summary of the log hazard

ratios from a Cox model while incorporating variable selection. If implementing the PLS-

approximated Cox model, one additionally make use of PLS as an optimization tool, which

is particularly useful if there are many subjects or covariates.

To understand the applicable scenarios of our proposed approach and its connections

with standard methods, we first discuss the implications of using WLS updates or PLS-

approximations for the Cox model in Section 3.2.1. Next, we clarify the interpretation of PLS

summaries of Cox models and describe different ways to integrate SPLS variable selection

in Section 3.2.2. Last, we compare the performance of our proposed sparse methods with

other sparse Cox methods via a simulation study in Section 3.3. Further simulation studies

can also be found in Appendix D.4 and E.

3.2 Methodology

The notation convention we use is upper-case bold letters for matrices (X), lower-case bold

letters for vectors (z), italic letters for scalars (c), and ‖w‖2 =
(∑

j |wj|2
)1/2

for the L2 norm

of w. Consider the context of a univariate right-censored survival outcome; let xi denote the

i-th person’s p covariates, ti their event time, and ci their censorship time, where ci |= ti|xi.

Let yi = min(ti, ci) be their observed time and δi = 1{ti ≤ ci} indicate whether their event



32

was observed. Denote the set of observed events by τ1, ..., τñ. The observed data for n

participants (with n > ñ > p) is contained in {X,y, δ}, with the aim of relating the time-to-

an-event (with no tied times) to a function of the relevant and potentially highly-correlated

centered predictors using adaptations of the Cox proportional hazards model [19].

3.2.1 Maximization techniques for the Cox partial likelihood

First, we review the standard approach to estimate the regression coefficients β using the

(semi-parametric) Cox proportional hazards model. The hazard function takes the form

λ(t|xi) = λ0(t) exp(xTi β), where λ0(t) is an underlying baseline hazard and the effect of

the covariates on risk does not vary with time. The baseline hazard can be approximated

non-parametrically using Breslow’s estimator [11] λ̂0(τk) =

( ∑
j∈Rk

ex
T
j β

)−1
, where Rk is

the set of individuals still at observable risk at time τk (i.e., j : yj ≥ τk). Cox proposed

to estimate the effect of the covariates without modeling the (nuisance) change in risk over

time by using only a portion of the full log likelihood. The use of this log partial likelihood

`(β) =
∑n

i=1 δi log
[
exp(xTi β) λ̂0(yi)

]
has been justified theoretically since then (see [3, 71]).

To obtain the maximum (log) partial likelihood estimator (MPLE) β̂, the standard pro-

cedure is to use iterative Newton updates—specifically Fisher scoring. First, the Cox model’s

estimate of whether a person experienced an event at their observed time, given their covari-

ates, is µ̂i(β) = exp(xTi β)
∑

j : τj≤yi
λ̂0(τj). The sum estimates the cumulative baseline hazard.

Next, given an estimate β̂t, the score and Hessian matrices are respectively Ut = XT (δ − µ̂t)

and Ht = −XT Vt X, where Vt = diag (µ̂t,i)
n
i=1 is the first order approximation of the work-

ing response’s variance for computational speed [32]. Given an initial estimate β̂0, Iteratively

Reweighted Least Squares (IRLS) can be used to maximize `(β) using the Newton update

β̂t+1 = β̂t + (−Ht)
−1 Ut = (−Ht)

−1 XTVt

[
Xβ̂t + V−1t (δ − µ̂t)

]
:= (−Ht)

−1 XTVt zt.

(3.1)

The standard Cox model will typically converge to a local minima in quadratic time if
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the initial guess β̂0 is close to the true solution. However, if n or p is moderately large, it

can be computationally costly to compute and invert the Hessian matrix at each iteration.

In high-dimensional settings (p > ñ), it is infeasible to find the MPLE with the standard

Cox model because the Hessian will not be invertible.

To facilitate obtaining the MPLE, we could solve a simpler approximation to the Newton

update using a Truncated Newton method [53]. One such optimization technique is Con-

jugate Gradient (CG) Accelerated IRLS [25]. At each IRLS loop, CG—an algorithm that

solves systems of linear equations—is used to obtain a close approximation to the Newton

solution without taking the extra time to completely solve it. This can speed up the search

particularly when the Hessian is hard or even impossible to invert. A version of this algo-

rithm was shown to converge to the MPLE as long as the error tolerance was small enough

[25]. Since Conjugate Gradient and PLS are equivalent (as proven in [60] and verified in

Appendix A), this approach is one way to incorporate PLS into the Cox model, but it does

not provide a PLS summary of β.

If we allow for some shrinkage when estimating β in order to obtain a summary of re-

duced dimension, we could instead fix the number of PLS components used to approximate

the Newton solution within each IRLS loop. Each iteration with this “Hessian-free” Newton

update takes less time than the standard Newton update because it avoids inverting the Hes-

sian matrix, enabling it to solve high-dimensional problems. Nygard proposed this method

for the survival setting [55], which I will refer to as approximate MPLE (aMPLE) through-

out the rest of this dissertation, though I specifically mean a fixed-rank PLS approximation.

Alternatively, if one presumed that PLS components were the true covariate scale of interest

(see [82] and Chapter 4 for more discussion), this would also be the appropriate method to

use. Using k PLS components, the update within each IRLS loop can be expressed as

β̂
(k)
t+1 =

(
XTV

(k)
t X

)−1
XTV

(k)
t z

(k)
t − ξ(k)t = R

(k)
t

(
T

(k)T
t V

(k)
t T

(k)
t

)−1
T

(k)T
t V

(k)
t z

(k)
t . (3.2)

The label (k) indicates either that k components were used to construct that term or that
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β̂
(k)
t was plugged in to attain that term. As in Chapter 2, the set of components is de-

noted by Tn×k, and Rp×k is the oblique projection that transforms the regression coefficients

from the component-scale to original X-scale. The difference that arises from using fewer

than rank(XTV
(k)
t X) components is denoted by ξ

(k)
t , which will be discussed later. Under

regularity assumptions, conditions on the PLS search directions, and appropriate use of a

line search strategy, this type of Truncated Newton method will also converge to(wards) the

MPLE [53]. Approximate MPLE makes use of PLS both as a shrinkage method and as a

means to quicken the estimation using rank-constrained approximation.

However, if the covariates are not well approximated by the chosen number of compo-

nents, aMPLE can converge to a poor estimate of β̂. This can occur as with linear PLS if

the predictors are over-simplified (e.g., too much dimension-reduction), resulting in overly

attenuated coefficients [26, 60]. Additionally, due to the non-linearity of the survival model,

certain aMPLE terms

([
µ̂i

(
β̂(k)

)]−1
or z

(k)
i

)
can be noticeably different from their MPLE

counterparts

([
µ̂i

(
β̂
)]−1

or zi

)
. This situation is more likely to occur if only a few com-

ponents are being used, but this is also typically the objective of practitioners to enable

easier interpretation of results. Appendix D.1 further characterizes when aMPLE is a good

approximation to MPLE for the Cox model.

As a formal overview of how we consider maximizing the Cox partial likelihood, denote

the MPLE and aMPLE terms upon convergence by a hat (e.g., V̂ or ẑ(k)). Then,

β̂ = arg min
β

[−`(β)] = arg min
β

∥∥∥V̂1/2
(ẑ−XTβ)

∥∥∥2
2
≈ arg min

β∈Kk

∥∥∥V̂(k)1/2
(
ẑ(k) −XTβ

)∥∥∥2
2
.

Here Kk indicates the k-th order Krylov subspace that spans {s,Ss,S2s, ...,Sk−1s}, with

s = XT V̂
(k)

ẑ(k) and S = XT V̂
(k)

X. As mentioned in Chapter 2, this expanding affine

subspace denotes the restricted space in which the PLS approximate solution lies, which is

exemplified further in Appendix A.3.
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3.2.2 Approaches to incorporate (sparse) PLS into the Cox model

We first describe how to incorporate PLS after maximizing the Cox partial likelihood. Then,

we present Chun and Keles’s SPLS procedure for non-linear models. Last, we investigate

when to include SPLS in the modeling procedure for nutritional epidemiology settings.

PLS summaries of the (approximate) Cox model

If one were to use the standard Cox model to maximize the partial likelihood, one could

subsequently perform a single PLS fit
(

using V̂ and ẑ
)

to obtain a PLS summary of β̂. If

aMPLE were used instead, other researchers have opted to use the last iteration as the PLS

summary [55, 16, 45]. However, because aMPLE needs to incorporate a line search strategy

to satisfy convergence requirements, this allows for the possibility that the converged β̂(k) is

actually a weighted sum of multiple PLS fits (see Appendix D.2 for more details). Therefore,

we perform a single PLS fit after aMPLE converges
(

using V̂
(k)

and ẑ(k)
)

to obtain a proper

PLS summary.

More formally, after maximizing the Cox partial likelihood
(

with converged V̆ and z̆
)

, a

PLS summary refers to a k-component PLS model that minimizes the squared Pearson resid-

uals (equivalent to the squared scaled working residuals). The PLS summary of (a)MPLE

can be denoted by β̆(k) = arg minβ∈Kk

∥∥∥V̆1/2 (
z̆−XTβ

) ∥∥∥2
2
. Here Kk indicates the k-th order

Krylov subspace with s = XT V̆z̆ and S = XT V̆X. Table 3.1 highlights the different ways

we consider using PLS in a Cox proportional hazards model. To differentiate between gen-

eral maximization techniques and candidate Cox methods that potentially include dimension

reduction, we denote the latter by this font.

Table 3.1: Cox methods with different types of PLS incorporation

Title Purpose of PLS in Cox method
MPLE (standard Cox) Not applicable
MPLE with PLS summary Dimension reduction in summary

aMPLE with PLS summary
Fixed-rank approximation to MPLE and dimension
reduction in summary
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Overall, MPLE with PLS summary can be viewed as the attenuated1 projection of MPLE,

and aMPLE with PLS summary is an attenuated1 version of MPLE with PLS summary (see Ap-

pendix D.3 for a more detailed visual comparison). Regardless of the number of components

or covariate correlation structure, MPLE with PLS summary tends to result in coefficient mag-

nitudes that are closest to MPLE. Figure 3.1 presents a simulated example with 24 predictors

(with the same design as in Chapter 2) that demonstrates this trend. As a reminder, the

coefficients across methods are equivalent when the full set of components are used (here,

when k=24). Given these observations, MPLE with PLS summary is closer to the standard

Cox fit that most researchers are familiar with. However, if MPLE is computationally costly

or infeasible or if the priority is to model latent variables, aMPLE with PLS summary provides

a good alternative (provided enough components are used) for a “Cox-PLS” method.

Figure 3.1: Differences between MPLE coefficients and PLS summaries of 24 covariates

1While the norm of the PLS solution will be smaller than the OLS solution, there could be a few
predictors whose coefficients are actually magnified. However, especially when only a few components are
used relative to p, most coefficients will be attenuated.
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SPLS for non-linear models

We now present Chun and Keles’s SPLS procedure in the context of a non-linear model

(that can be solved by Weighted Least Squares) in Algorithm 1. The only difference from

the linear setting is that the covariance XTy is replaced by an estimated weighted covariance

(i.e., gradient) XTVz. We note that at the mth step, all m components are (re)constructed,

not simply the mth component. For a visual representation of this procedure, Figure 3.2

displays an example of MPLE with a 3 component PLS summary and 80% sparsity. The truly

relevant variables are indicated by gray-filled circles, so this model selected 7 true variables

and 2 false variables.

Algorithm 1: Chun and Keles’s Sparse PLS selection for a non-linear model

Input : covariates X, weighting matrix V, transformed response z, k number of

components, and sparsity percentage γ ∈ [0, 1)

Output: Index of SPLS selected covariates A

Initialize β̂(0) = 0 and A = {}

for m = 1 to k do

σ(m) = XTV
(
z−XT

A β̂
(m−1)
A

)
A = A ∪

{
j s.t.

∣∣σ(m)
j

∣∣ > γ max
1≤h≤p

∣∣σ(m)
h

∣∣}
β̂

(m)
A = arg minβ∈Km

∥∥V1/2
(
z−XT

A β
) ∥∥2

2
≡WPLS (XA,V, z,m)

end

return A

Although this sparsity procedure is a bit more involved, it is better equipped to discard

false variables than simply thresholding the original gradient magnitude. If that were the

criterion, the procedure would be forced to falsely select variables 5–8 in Figure 3.2 before

adding the other true variables. By adding a few variables at a time and subtracting the

current predicted response out at each step, SPLS is able to select the variables that best

describe the gradient via a set of independent weighted PLS components.
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Figure 3.2: Variable selection for MPLE with a 3 component PLS summary and 80% sparsity

In Step 1 (blue), variables 3, 4, 7, and 8 are selected since their gradient magnitudes are at least 80% of

the largest magnitude (dashed line). The information from a 1-component PLS model with the selected

variables is subtracted from the gradient. In Step 2 (purple), variables 1 and 13 are chosen, since their

residual gradient magnitudes are at least 80% of the largest residual magnitude. The information from an

updated 2-component PLS model with all 6 selected variables is subtracted from the original gradient. In

Step 3 (red), variables 9–11 are chosen; the final set of selected variables include 7 true and 2 false ones.

Options to incorporate SPLS variable selection into Cox-PLS

Next we present four ways to incorporate Chun and Keles’s SPLS procedure into the Cox

proportional hazards model in Algorithm 2, but these approaches can be applied to any

generalized linear model by substituting the appropriate working response and weighting

matrix. After sorting the survival data {X,y, δ} by time y and centering (and potentially

scaling) X by columns, we find the (a)MPLE using IRLS iterations until the log partial

likelihood converges. In addition, we have the option to use SPLS sparsity during or after

the maximization procedure.
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Algorithm 2: Four approaches to incorporate Sparse PLS for a survival outcome

Input : sparsity percentage γ ∈ [0, 1), k components, covariates X, observed times

y, and indicators for observed events δ, SPLS.after, MPLE, and aMPLE

Output: SPLS regression coefficient β̂
(k)
A

Initialize β0 = 0, tol=1, and t=0.

while tol > ε do

µ̂i,t(βt) = exp(XT
i βt)

∑
j : τj≤yi

λ̂0(τj) and Vt = diag (µ̂i,t)
n
i=1

zt = Xβt + Vt
−1 (δ − µ̂t)

A = 1{SPLS.after} ∗ {1, ..., p} + (1− 1{SPLS.after}) ∗ SPLS (X,Vt, zt, k, γ)

β̆ = 1{MPLE} ∗
(
XT
AVt XA

)−1
XT
AVt zt + 1{aMPLE} ∗WPLS (XA,Vt, zt, k)

αt = arg maxα∈[−1{aMPLE}, 1]

{
`
(

(1− α) βt + α β̆
)}

βt+1 = (1− αt) βt + αt β̆

tol = |`(βt+1)− `(βt)| and t = t+ 1

end

Let V̂ and ẑ be the corresponding values upon convergence.

A = 1{SPLS.after} ∗ SPLS
(
X, V̂, ẑ, k, γ

)
+ (1− 1{SPLS.after}) ∗ A

β̂
(k)
A = WPLS

(
XA, V̂, ẑ, k

)
return β̂

(k)
A

This leads to four potential alternatives to incorporate SPLS sparsity within Cox-PLS,

depending on whether MPLE or aMPLE is fit and when sparsity is applied. As we have

found that these methods have similar predictive ability by the third PLS component, we

focus on their variable selection and estimation error to assess their properties and relative

advantages. Table 3.2 presents these observations and acronyms for each method. For

simplicity, we often refer to the methods by their maximization label, which is composed of

the following pieces: [if applicable, author label of sparsity procedure + “s-”] + [Newton-type

update]. Unless otherwise specified, SPLS refers to Chun and Keles’s version.

If the majority of included predictors are believed to be unrelated to the outcome (as
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Table 3.2: Summary of sparse Cox-PLS methods using the SPLS procedure

Maximization
label

Full method name Most advantageous setting and aim

MPLE
MPLE (standard Cox)
with SPLS summary

Setting: many weakly relevant variables.
Aim: select almost all true variables, discard
more false variables, and apply less shrinkage.

aMPLE
Approximate MPLE with
SPLS summary

Summary: MPLE more favorable in selection
and estimation error across settings.

CHs-MPLE
Chun’s sparsity within
MPLE with PLS summary

Setting: many noise variables with some
correlation. Aim: select all true variables.

CHs-aMPLE
Chun’s sparsity within
approximate MPLE with
PLS summary

Summary: CHs-MPLE induces less shrinkage.
CHs-aMPLE discards more false variables.

in certain -omics settings like [42]), there could be a preference to exclude them from the

maximization procedure in order to avoid introducing noise into V̂ and ẑ. However, if most

of the predictors are related to the outcome but some are only weakly related, it would

seem reasonable to use all of the covariates to precisely estimate V and z, and then identify

the strongly-related predictors in the SPLS summary. This hypothesis was confirmed after

testing simulation settings with 80 noise or weakly-relevant predictors in addition to the 24

multiblock predictors generated as in Chapter 2.

Across all tested settings, MPLE was a strong contender, regardless of covariate correlation

structure. Not only did it induce the least amount of shrinkage, leading to less estimation

error, but it selected the fewest or close to the fewest false variables while selecting almost all

true variables. Therefore, we suggest using MPLE with SPLS summary as the preferred Cox-

PLS method with SPLS sparsity, followed by aMPLE with SPLS summary when computation

prohibits the former fit. Full results are presented in Appendix D.4, with the summary

included in the last column of Table 3.2.

For a formal review of our proposed approach, MPLE with SPLS summary applies Chun

and Keles’s SPLS procedure to select the variables that describe the most estimated gradient

information (XT V̂ẑ) via a set of independent weighted PLS components. The subset of

variables XA is chosen based on a given sparsity percentage γ ∈ [0, 1) and k number of
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components. Starting with β̂(0) = 0 and indexing set A0 = {}, for m ∈ [1, k],

Am = Am−1 ∪
{
j :

∣∣∣XT
j V̂

[
ẑ−XT

Am−1
β̂

(m−1)
Am−1

] ∣∣∣ > γ max
1≤h≤p

∣∣∣XT
h V̂

[
ẑ−XT

Am−1
β̂

(m−1)
Am−1

] ∣∣∣}

where β̂
(m−1)
Am−1

is the coefficient from an (m− 1)-component PLS model using the covariates

XAm−1 . The final selection of variables A = Ak includes those covariates that either have the

strongest relationship with the hazard of an event or that best capture the variation among

covariates when transformed into k independent linear combinations. This procedure then

fits a K-component PLS model with the final selected variables. As such, the sparse PLS

summary of MPLE can be denoted by β̂
(k)
A = arg minβ∈K(A)k

∥∥∥V̂1/2 (
ẑ−XT

A β
) ∥∥∥2

2
. Here

K(A)k indicates the k-th order Krylov subspace with s = XT
AV̂ẑ and S = XT

AV̂XA.

We briefly mention the only other existing approach that includes sparsity in a Cox-

PLS model: LEs-aMPLE (Lee’s sparsity within approximate MPLE) [45]. Within each IRLS

loop, rank-constrained approximation is accomplished by using penalized PLS components.

Specifically, a random effect penalty shrinks the PLS direction vectors (e.g., PLS weights

W from Chapter 2) via a mean-0 Gaussian distribution, with its variability composed of

a sparsity parameter and a mean-1 Gamma random variable. When a covariate’s direction

vector is 0, it is not included in that particular component, but it can be considered for other

components. As seen in Chapter 2, though, component-wise sparsity does not guarantee

sufficient overall sparsity. We note that we expect LEs-aMPLE to perform similarly to our

proposed aMPLE with SPLS summary because of the related maximization procedure.

3.3 Simulation studies

3.3.1 Study design

To evaluate the sparse and non-sparse Cox-PLS methods in the context of nutritional epi-

demiology, we generated predictors that exhibit similar patterns of correlation as foods do

in MESA. The predictor matrix Xn×24 (n ∈ {1000, 4000, 7000}) had four blocks, where vari-

ables in the same block were more similar to each other to imitate food groups, and we
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varied the strength of these covariances. We typically present results from the independent

covariate setting and a correlated setting when intra-block covariances are {.05, .5, .3, .1},

respectively, though other settings are included in Appendix E. Only 9 of the 24 predic-

tors and slight random Gaussian noise contributed to survival, with the true β’s either unit

positive or negative. Exponential survival times were generated according to [8] such that

roughly a 10% event rate and 15% censorship rate were observed at the end of the study

period, which was informed by MESA CVD event data. Across 100 generated data sets,

we split our observations into a training (70%) and test (30%) set, and we used 5-fold CV

on the training data to select the tuning parameters for each method. We used the k-fold

approximation [74] of the CV log-partial likelihood (CVLL) [75] to compute our deviance

criteria (-2*CVLL). All splits of the data were balanced by the survival times (based on its

quartiles) using the caret package in R in order for results to be less sensitive to fold splits.

On the test data, we evaluated variable selection via the number of true variables (TP,

out of 9) and false variables (FP, out of 15) selected, parsimony by the number of selected

components (K, out of 5), model discrimination ability via Harrell’s C-statistic [30], and

explained response variability by a pseudo R2 [56]
(

a modified version of Nagelkerke’s R2:

1− exp
(−2(`

β̂
−`0)

#events

))
. We also included the Lasso-Cox method [69] to compare its prediction-

based variable selection with that of the sparse PLS methods.

3.3.2 Results

Table 3.3: Average simulation results across 100
data sets (n = 4000, p = 24), using minimum
deviance to select tuning parameters.

Cox Method TP FP K C R2

Lasso 9.0 8.8 1.0 0.92 0.96
LEs-aMPLE 9.0 10.0 4.8 0.91 0.96
MPLE w/SPLS 9.0 1.6 4.1 0.92 0.96
aMPLE w/SPLS 8.9 1.7 4.2 0.91 0.96
aMPLE w/PLS 9.0 15.0 4.7 0.91 0.96

In Table 3.3, we compare the perfor-

mance of five Cox methods on 100 sim-

ulated data sets with 4000 observations,

a 10% event rate, and correlated pre-

dictors. The proposed sparse Cox-PLS

methods selected the fewest false vari-

ables while fitting slightly fewer compo-

nents than LEs-aMPLE, and they maintained both predictive ability and explained response
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variability. The proposed sparse methods did drop true variables in a few data sets (2 with

MPLE, 5 with aMPLE), but the average performance was quite similar to the other methods.

The proposed methods without sparsity selected a similar number of components as LEs-

aMPLE, and they also had similar C and R2 levels. The most notable improvement that the

proposed sparse methods provide over LEs-aMPLE is their ability to discard false variables,

regardless of predictor correlation. Even in the simplest correlation setting to distinguish be-

tween relevant and irrelevant variables (independence; see Figure 3.3), the proposed methods

outperformed the existing methods; Lasso picked 8.3 false variables and LEs-aMPLE selected

3.4, while the proposed sparse methods picked 0.8 (MPLE) and 1.0 (aMPLE), on average.

Across all the tested simulation scenarios (see Appendix E), LEs-aMPLE had consistently

worse prediction performance, based on either deviance (on the test sets) or the C-statistic.

Our proposed sparse methods had a slightly higher deviance than Lasso did when predictors

were independent, while the opposite held when predictors had varying block covariances.

Though the C-statistic did not change much between methods, the proposed PLS methods

and LEs-aMPLE sometimes had a .01 lower C-statistic than the rest of the methods, partic-

ularly when the predictors had higher covariances or the sample size was small. Likewise,

most methods explained a similarly high amount of the response variability within each sim-

ulation setting (≈ 95%), with the largest difference occurring with low events; here, Lasso

and MPLE with SPLS had a 1% higher pseudo R2 than the three other Cox methods.

Figure 3.3 demonstrates the variable selection performance of the sparse methods across

sample sizes and correlation settings with a 10% event rate. With the goal of discarding

as few true variables and selecting as few false variables as possible, an ideal method would

have both values close to the “0” line in the plot. Most methods selected the 9 true variables

across all simulations, with the only exceptions being the proposed sparse methods discarding

a fraction of a true variable, on average, when there were fewer events and/or more correlated

predictors (as seen in the figure). In terms of the 15 false variables, Lasso actually increased

the number of false selections as sample size increased, but its performance was not affected

much by the correlation structure of the predictors. LEs-aMPLE did perform competitively
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Figure 3.3: Incorrect variable selection performance of sparse Cox methods for 100 data sets

for independent predictors and more events (≈ 3 false variables), but it quickly added false

variables for predictors with even a small amount of correlation. The proposed sparse PLS

methods, on the other hand, maintained the false variable selection quite low (≈ 1.5 on

average), with a slight increase for correlated predictors or low sample sizes. If there exist

sufficient events per predictor variable in a data set, the proposed sparse methods provide a

noticeable advantage in discarding false variables while still selecting all truly relevant ones.

To choose an even sparser model that is still reasonably-predictive (with the aim of

systematically discarding more false variables), we considered changing the CV criterion to

the 1-se deviance test for all methods. We additionally considered a criterion similar to AIC

[2] for our proposed methods, which penalizes for the number of predictors in the model:

-2*CVLL + 2*(# predictors). Lasso benefited the most from its 1-se test without impacting

its overall performance, enabling it to select only 2 false variables on average. LEs-aMPLE,

on the other hand, only tended to discard up to 1 or 2 more false variables when using the
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1-se test2, with a slight loss of predictability and R2 in lower event settings. Although our

proposed methods also discarded up to 1-2 more false variables with the 1-se or AIC-type

test, their already low false selection rates makes this feat notable. Figure 3.4 demonstrates

the differences in variable selection when using the AIC-type criterion3 and (minimum)

deviance criterion across sample sizes. With the AIC-type criterion, false variable selection

Figure 3.4: Incorrect variable selection when using different CV criterion on 100 data sets

was never greater than 1.5, on average, but sufficient events-per-variables were needed for

either parsimony test to select all the true variables (e.g., ñ/p ≥ 5 or 10 [76]) if correlation was

present. If this condition was met, AIC selected a more (accurate) parsimonious model than

the minimum deviance criterion in all settings, whereas the 1-se test did not outperform the

minimum deviance criterion when predictors had mixed intra-block covariance. Therefore,

we suggest using the AIC-type criterion with our proposed sparse methods if there are a

2Indeed, the prespecified LEs-aMPLE threshold to determine negligible coefficients had a larger impact
on discarding false variables than the 1-se test did. Although the authors used a threshold of 5e-5 in [45],
we used 5e-4 to give it a more reasonable advantage and be comparable to our proposed methods.

3We call this an AIC-type criterion because with PLS models, one is actually using less information than
the number of selected predictors but more information than the number of selected components. More
details on approximating the degrees of freedom in a PLS model can be found in [59].
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sizable number of events and accurate variable selection is a motivating consideration.

With respect to the number of components selected (out of 5), our proposed sparse PLS

methods (≈ 3.5) were generally more parsimonious than our proposed PLS methods (≈ 4),

both of which were more parsimonious than LEs-aMPLE (≈ 4.5) in all tested settings. Fig-

ure 3.5 demonstrates the component selection performance of the Cox methods across sample

sizes with a 10% event rate and varying predictor correlation. In general, all PLS methods

Figure 3.5: Component selection performance of Cox-
PLS methods for 100 data sets

selected more components when

predictors were more correlated.

Additionally, the proposed meth-

ods tended to select slightly more

components as events increased,

whereas LEs-aMPLE was less im-

pacted by event sizes. While the

proposed sparse methods used all

selected variables in each of their

components, LEs-aMPLE tended to

use most of the selected variables in

the first two components and then

fewer than half of the selected vari-

ables in the remaining components, allowing for a different type of interpretability (e.g., some

component-wise sparsity). However, this also explains why more LEs-aMPLE components are

needed than the proposed SPLS components for a reasonably predictive model.

Overall, the proposed sparse Cox-PLS methods exhibited an impressive reduction in false

variables selected, as SPLS did in the continuous setting of Chapter 2. Though LEs-aMPLE

performed competitively when predictors were independent, it also tended to select more

components than the proposed methods in all tested settings. With a sufficient number of

events per predictor variables, MPLE w/ SPLS can result in a parsimonious summary of the

relationship between the most relevant potentially-correlated predictors and survival time.



47

3.4 Discussion

Although the Cox proportional hazards model is useful in many settings, there are times

when practitioners prefer to summarize predictors via components, whether because there

are a vast number of predictors that they want to simplify while still maintaining most of the

relevant covariance information or because they believe that there are truly a few underlying

factors of interest. As such, there have been many previous attempts to apply PLS to sur-

vival data, whether by approximating survival time [54, 57] or engaging with the Cox MPLE

in some manner [6, 55, 4]. Expanding upon methods that directly estimate the MPLE us-

ing IRLS, we found that MPLE with PLS summary provided a reasonable dimension-reduced

transformation of the Cox MPLE. The aMPLE with PLS summary allowed for faster compu-

tation and tractable solutions for high-dimensional data, but it did rely on the inclusion of

enough components for reasonable PLS approximations.

When many covariates are presumed to be irrelevant, researchers have recommended

performing a variable selection step before fitting Cox-PLS models (such as choosing the

highest-ranked variables based on univariate score test p-values [55]), but very few method-

ological developments have focused explicitly on this goal. We examined different ways to

incorporate Chun and Keles’s SPLS procedure, anticipating an improvement in model par-

simony as was seen in the linear context in Chapter 2. We found that MPLE with SPLS

summary discarded more false variables than the existing LEs-aMPLE (and Lasso-Cox) while

maintaining a similar predictive and explanatory ability, selecting almost all true variables,

and choosing typically fewer components. Likewise, aMPLE with SPLS summary performed

comparably, only dropping a fraction more a true variable under certain settings.

Though the SPLS authors extended their method to generalized linear models by incor-

porating SPLS into the maximization procedure (e.g., CHs-aMPLE) [16], our investigations

in Section 3.2.2 indicate that using sparsity after the maximization procedure is more appro-

priate when many of the covariates are weakly related to the outcome. Apart from selecting

fewer false variables and inducing less estimation shrinkage across a variety of settings, MPLE
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with SPLS summary also provides a computational advantage. The maximization procedure

is the most computationally expensive part—especially for relatively large n and more than

3 PLS components—even after using C++ to perform matrix multiplications. However, to

select the most appropriate SPLS model, we would ideally like to test a fine grid of sparsity

percentages and components. As demonstrated in Figure 3.6, selecting 1–2 sparse PLS com-

ponents a-priori for non-linear models can lead to unnecessarily poor predictive performance.

Methods that apply sparsity after maximization can use the same (a)MPLE fit instead of

having to fit one model for each tuning candidate pair within cross-validation, allowing for

less burdensome testing.

Figure 3.6: Example of predictive ability of sparse Cox-PLS methods, across components

Comparing our proposed sparse methods with LEs-aMPLE, we observe that (as in Chapter

2) sparsity within components does not adequately promote variable selection, even if it does

provide a different type of interpretability. Although LEs-aMPLE did recognize that false

variables should have a much smaller magnitude coefficient than true variables in simple

settings, it did not completely drop them as our proposed methods did. While one could
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simply drop covariates with small magnitudes (above the already pre-specified threshold),

it comes at the risk of starting to drop some true variables, particularly when covariates

are correlated. On a different note, the distributional assumptions of LEs-aMPLE needed to

impose sparsity may not be reasonable, and they require one more tuning parameter than

our proposed sparse methods (for more details on the random effect penalty, see [46]).

Nevertheless, there are still questions remaining regarding the performance of (a)MPLE

with SPLS summary. For aMPLE with SPLS summary (as with PLS in general), it is still un-

clear as to how many components are required to obtain a reasonable maximization estimate

without relying on cross-validation. In fact, we restricted our search to 1-5 components in

this chapter because most practitioners in our settings of interest prioritize interpretability,

but more components could be considered if the goal is instead to obtain a close lower-rank

approximation. Additionally, aMPLE with SPLS summary has the potential to be quite useful

in high-dimensional settings, so an in-depth study comparing its performance to LEs-aMPLE

and CHs-aMPLE with PLS summary would be needed. Further simulation studies would also

be helpful to verify whether incorporating sparsity after the maximization step is advanta-

geous for generalized linear models as well as to focus on data correlation structures that are

common in other fields.

In conclusion, when the dominating goal of a survival data analysis is to identify strongly

relevant covariates while incorporating the dimension reduction benefits of PLS, we propose

using (a)MPLE with SPLS summary, depending on the covariate properties. If there are many

events relative to the total number of covariates, one could use an AIC-type cross-validation

criterion instead of deviance to promote even more model parsimony.
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Chapter 4

COVARIATE ADJUSTMENT WHEN USING PLS TO
SUMMARIZE OTHER COVARIATES

4.1 Introduction

In epidemiological studies where the primary goal is hypothesis generation or inference, an

important consideration when estimating the association between an outcome and covariates

of interest is the appropriate adjustment for potential confounders and precision variables,

among others. When reducing “higher-dimensional” covariates (Xn×p; n > p but p large)

such as diet, it can be important to appropriately adjust for “low-dimensional” covariates

(Ln×q; n � q), like demographics. In regression analyses without component-based dimen-

sion reduction, adjustment is straightforward, as we can include all covariate types in the

model. However, it is not as apparent when and how to adjust for covariates when the

motivating goal is to reduce the dimension of only one set of variables, particularly in the

context of non-linear models. This can be particularly tricky for partial least squares (PLS),

as its coefficients are highly dependent on which (residual) outcome is used in the model. A

thorough study of covariate adjustment in the context of PLS would clarify best practices.

With recent technological and computational advances, there has been a similar interest

in considering how to develop proper clinico-genomic models, where the goal is to under-

stand how the combination of low-dimensional clinical covariates and “high-dimensional”

genomic variables (or other -omic data; Hn×r; n < r) contribute to complex diseases [22, 47].

Maturana de Lopez et al. presented a helpful classification for data integration strategies:

independent, conditional, and joint [47]. Briefly, “independent” means that each covariate

type is regressed separately on the outcome, and the resulting selected or reduced variables

from each are combined into a final model. While this is the simplest approach to implement,
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it does not consider any correlation between the data types. On the other end, “joint” refers

to applying selection and/or dimension reduction to both sets of covariates simultaneously.

While this strategy does account for correlation, it is less applicable to our epidemiological

setting of interest where we often have a predetermined set of low-dimensional covariates

that we want to adjust for, even if they are somewhat correlated.

Thus, we focus on “conditional” methods, in which we have a pre-specified set of low-

dimensional covariates, and we want to incorporate a function of the high-dimensional vari-

ables. We propose a further sub-classification of this category: 1-stage and 2-stage. “Two-

stage-conditional” refers to fitting the low-dimensional (independent) model first and then

modeling the high-dimensional variables on the residuals. “One-stage-conditional” means

that we combine the process of modeling (e.g., shrinking and/or selecting variables from)

the high-dimensional variables in conjunction with using the pre-specified low-dimensional

variables to obtain a final model. Note that this differs from “joint” adjustment because

there is no model decision-making occurring for the low-dimensional variables.

We focus on the setting when we have “low-dimensional” covariates that we want to adjust

for, such as confounders or precision variables, while reducing the dimension of “higher-

dimensional” covariates in a “conditional” model. As we will demonstrate, it turns out that

the purpose for using PLS informs the type of adjustment to undertake. Our aim is to identify

a reasonable approach to summarize the relationship (β) between X and an outcome using

sparse PLS (SPLS) while accounting for L. We highlight that the priority is on preserving

the parsimonious properties of Chun and Keles’s SPLS [14] procedure that were observed in

Chapters 2 and 3.

Other studies that have considered data integration for clinico-genomic models have fo-

cused on the prognostic (e.g., predictive) benefit that results from using multiple types of

data [22]. For instance, a comparison of supervised and unsupervised methods applied to

three survival data sets found that clinico-genomic models outperformed purely genomic

models, while they typically resulted in insubstantial to moderate predictive improvement

over the clinical model [10]. Others have highlighted the classification and predictive im-
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provements (for binary outcomes) when using “conditional” PLS and principal component

regression models as opposed to either clinical or genomic models in both simulations and

real data [7]. However, our main interest is not to enhance predictive performance. Moreover,

in many epidemiological settings, the adjustment covariates L are already well-established

(and usually much more relevant than X). We focus instead on providing a reasonable and

parsimonious summary of β that can lead to hypothesis generation and can be interpreted

as being adjusted for L. A comprehensive study and evaluation of current adjustment ap-

proaches would allow for more informed modeling by practitioners as well as allow for a

better understanding of the connection between common regression coefficients and those

derived from PLS dimension-reduction methods.

We first provide a framework for covariate adjustment when using either the original

covariates or PLS components in a multiple (weighted) least squares (LS) regression model

in Section 4.2. Next, we present the model implications and interpretations of various condi-

tional adjustment schemes for a continuous outcome in Section 4.3. We extend these lessons

to the survival setting in Section 4.4. Apart from describing the model implications of differ-

ent 1-stage-conditional approaches, we connect and extend 2-stage-conditional adjustment

techniques for survival data. To evaluate how the performance of the top conditional ad-

justment approaches compare to current sparse Cox-PLS methods, we conduct a simulation

study in Section 4.5 that varies the correlation between and relative importance of L and

X. We focus on which approach results in better variable selection, closer β estimates, and

reasonable predictive ability. Last, we apply the principles learned to our analysis of the rela-

tionship between the time to a first cardiovascular disease (CVD) event and Food Frequency

Questionnaire data in the Multi-Ethnic Study of Atherosclerosis (MESA) in Section 4.6.

4.2 Framework for statistical adjustment with PLS

To analyze the relationship between an outcome and a set of covariates of interest X while

adjusting for a set of covariates L, one can simply fit a multiple (weighted) linear regression,

which I will refer to as “statistical adjustment”. We begin by presenting three different
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ways to obtain the resulting statistically-adjusted coefficients. If using iterative Newton

updates with diagonal weighting matrix Vt and estimated mean µt, the t-th update for the

working response takes the form zt = Xβt−1 + Lγt−1 + V−1t (y − µt). At each iteration,

let L = L(LTVtL)−1LTVt be the generalized (e.g., weighted) projection of L, which is

idempotent but not symmetric, and similarly define X and T . In linear regression (setting

V = I), L is an orthogonal projection that obtains the linear predictor of the outcome

associated with L: Lz = L (LTL)−1LTz = Lγ̂0. By using properties of matrix blockwise

inversion and assuming that both XTVX and LTVL are invertible, we can express the

coefficient estimates from a multiple weighted least squares (WLS) regression as follows,

given a weighting matrix V and outcome z:

XTVX XTVL

LTVX LTVL

−1 =

[XTVX−XTVLX]−1 0

0 [LTVL− LTVXL]−1

 ∗
 I −XTVL(LTVL)−1

−LTVX(XTVX)−1 I

 ,

so

β̂
γ̂

 =

XTVX XTVL

LTVX LTVL

−1 XTVz

LTVz

 =

[XTV(I− L)X]−1 XTV(I− L)z

[LTV(I−X )L]−1 LTV(I−X )z

 .
These statistically-adjusted coefficients can be obtained two other ways using separate re-

gressions. First we introduce the concept of “orthogonalizing”, which refers to projecting a

block of covariates off of the column space of the other set of covariates (e.g., (I − L)X).

Remark 1 outlines three equivalent ways to obtain the coefficient estimates from a multiple

weighted least squares model, with the proof given in Appendix F. I use the convention

model.fit[ outcome ∼ covariates ], where weighting by matrix V is implied.

Remark 1. Given a weighting matrix V and outcome z, statistical adjustment via a multiple

weighted least squares regression can be accomplished by any of the following ways:
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1. Concurrent fit:

β̂
γ̂

 = WLS[z ∼ X + L] =

[XTV(I− L)X]−1 XTV(I− L)z

[LTV(I−X )L]−1 LTV(I−X )z


2. Orthogonalized fits: β̂ = WLS[z ∼ (I− L)X] = [XTV(I− L)X]−1 XTV(I− L)z

γ̂ = WLS[z ∼ (I−X )L] = [LTV(I−X )L]−1 LTV(I−X )z

3. Residual fits: β̂ = WLS[z− Lγ̂ ∼ X] = (XTVX)−1 XTV
(
z− Lγ̂

)
γ̂ = WLS[z−Xβ̂ ∼ L] = (LTVL)−1 LTV

(
z−Xβ̂

)
.

Although it is clear that the concurrent regression coefficients are equivalent to those

obtained by orthogonalizing the blocks of coefficients and regressing them separately on the

outcome1, the latter form allows for a partition between the sets of covariates if we want

to solve the coefficients differently (e.g., only using PLS for X). The statistically-adjusted

coefficients can also be obtained by separate regressions without orthogonalization if the

opposite adjusted coefficient is known. This can be shown by using matrix identities and

properties of the inverse of a sum of matrices [34]. Note that γ̂ = γ̂0 − (LTVL)−1LTVXβ̂,

so regressing X on the residual z − Lγ̂0 would result in a biased estimate unless L and X

were orthogonal with respect to V (e.g., LTVX = 0).

Next, we present these same connections for statistical adjustment when the covariates

of interest are PLS components constructed from X. First, we review the mechanics of

PLS in a weighted metric. To apply dimension-reduction to centered X when evaluating

any outcome z, PLS constructs weights Rp×k that maximize RTXTVz. These weights

are used to (obliquely) project X to form components Tn×k = XR and coefficients2 q̂ =

(TTVT)−1TTVz. To transform between predictor scales, it holds that Xβ̂ = X(Rq̂) = Tq̂.

Now, if one assumes that the PLS components are the true scale of interest, the ulti-

mate goal would be to evaluate a regression model with both T and L. The PLS com-

1We could obtain the same adjusted coefficients by regressing, for example, the orthogonalized X on a
residual of z using any projection f of L, since (I− L)[z− f(L)] = (I− L)z.

2For ease of presentation in this chapter, we change notation for the PLS coefficient from q̂T to q̂.
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ponent should then be constructed using the outcome projected off of the column space

of L (e.g., (I − L)z). Given weights R from this PLS fit, we can similarly express the

adjusted coefficients by substituting X with T: q̂ = [TTV(I − L)T]−1 TTV(I − L)z and

γ̂ = [LTV(I − T )L]−1 LTV(I − T )z. These coefficients are also statistically-adjusted and

can be obtained two other ways using separate regressions. Remark 2 outlines these ap-

proaches, with the proof given in Appendix F. The symbol −→ T signifies that we construct

the component T = XR using the corresponding weights from the indicated PLS fit.

Remark 2. Given a weighting matrix V and outcome z, statistical adjustment via a multiple

weighted least squares regression with weighted PLS (WPLS) components T can be accom-

plished by any of the following ways:

1. Concurrent fit: WPLS[(I− L)z ∼ X] −→ Tq̂

γ̂

 = WLS[z ∼ T + L] =

[TTV(I− L)T]−1 TTV(I− L)z

[LTV(I− T )L]−1 LTV(I− T )z



2. Orthogonalized fits: q̂ =

WPLS[z ∼ (I− L)X] −→ T

[TTV(I− L)T]−1 TTV(I− L)z

γ̂ = WLS[z ∼ (I− T )L] = [LTV(I− T )L]−1 LTV(I− T )z

3. Residual fits: WPLS[(I− L)z ∼ X] −→ T

q̂ = WLS[z− Lγ̂ ∼ T] = (TTVT)−1 TTV
(
z− Lγ̂

)
γ̂ = WLS[z−Tq̂ ∼ L] = (LTVL)−1 LTV

(
z−Tq̂

)
.

Instead of fitting a WPLS and then subsequently performing a multiple WLS, the same

adjusted coefficients can be efficiently obtained by orthogonalizing3 each of the covariates

before regressing them separately on the outcome z. This holds because the PLS weights

3We briefly note that the equivalence between the concurrent fit and the orthogonalized fits for PLS does
not hold for PCR because PCA is not a supervised method. PCA weights (e.g., loadings) that maximize
RTXTXR are not equivalent to those maximizing RTXT (I− L)XR.
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are maximizing the same quantity, since XTV[(I − L)z] = [XT (I − L)T ]Vz. The main

distinction4 from the WLS case is that L should be orthogonalized off of T instead of X .

The adjusted coefficients can also be obtained by separate regressions on residual out-

comes after fitting a WPLS. Although it is less ideal to take three steps to achieve the desired

coefficients, it is required to obtain the same values. If one instead tried to combine the first

two steps by fitting a WPLS model using the residual z − Lγ̂, the resulting PLS weight

would be maximizing a different objective, since XTV[z− Lγ̂] 6= XTV[z− Lγ̂0].

In this section, we have presented three ways to obtain the same statistically-adjusted

coefficients from a multiple WLS regression, regardless of whether one opts to use X or T as

the preferred covariate scale. The concurrent fit highlights the typical coefficient interpreta-

tion from a multiple regression model with two sets of covariates. The orthogonalized fits

outline a computationally expedient way to obtain the same coefficients. Finally, the residual

fits demonstrate a different way to interpret the regression coefficients without relying on

orthogonalization. Additionally, for linear settings with PLS, this approach demonstrates a

way to interpret the connection between 2-stage and 1-stage conditional approaches.

4.3 Conditional adjustment for a continuous outcome

To gain insight about the performance of conditional adjustment techniques, first consider a

centered continuous outcome constructed from two sets of covariates and random indepen-

dent mean-0 noise: y = Xβ + Lγ + ε. Let L = L(LTL)−1LT be the orthogonal projection

onto the column space of L, and similarly define orthogonal projections X and T . We show

in Appendix F that the multiple linear regression coefficient estimates areβ̂
γ̂

 =

[XT (I− L)X]−1 XT (I− L)y

[LT (I−X )L]−1 LT (I−X )y

 =

[XTX]−1 XT (y − Lγ̂)

[LTL]−1 LT (y −Xβ̂)

 .
4Additionally, the “pseudo-component” from the PLS fit that orthogonalizes X corresponds to (I−L)XR,

so it is important to recalculate it as T = XR.
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Table 4.1 outlines four ways to create a conditional PLS summary of these regression

coefficients, depending on which type of adjustment is preferred and the purpose for using

PLS to model X. As before, I use the convention model.fit[ outcome ∼ covariates ].

The center column lists the steps taken to obtain the PLS summary, while the last column

provides the subsequent γ estimate for 1-stage-conditional approaches. Note that only the

last adjustment is an iterative procedure, as indicated by the subscript t. By Remark 2,

these techniques will all achieve the statistically-adjusted PLS coefficients (q̂) if X is orthog-

onalized, but only the 1-stage-conditional approaches will obtain the statistically-adjusted

coefficients for the adjustment variables (γ̂).

Table 4.1: Conditional techniques to perform PLS summary of linear regression

Adjustment (P)LS covariate estimates

Pre (PRE)
γ̂0 = LS[ y ∼ L ]

q̂1 = PLS[ y − Lγ̂0 ∼ X ] −→ T
Sequential (SQN) q̂1 = PLS[ y ∼ (I− L)X ] −→ T1 γ̂1 = LS[ y −T1q̂1 ∼ L ]

Combination
(CMB)

γ∗ = LS[ y ∼ (I−X )L ]

q̂1 = PLS[ y − Lγ∗ ∼ X ] −→ T1 γ̂1 = LS[ y −T1q̂1 ∼ L ]

Incremental (INC) q̂t = PLS[ y−Lγ̂t−1 ∼ X ] −→ Tt γ̂t = LS[ y −Ttq̂t ∼ L ]

4.3.1 Two-stage-conditional adjustment

The Pre-Adjustment (PRE) technique begins by fitting a linear model using only the ad-

justment variables, which results in the estimate γ̂0. In the second stage, a PLS model is

fit on the response residuals y − Lγ̂0, so its PLS weights maximize RTXT (I − L)y—as do

the weights from the statistically-adjusted PLS fit. However, its PLS coefficients are biased

(regardless of how many are used), as they take the form [TTT]−1 TT (y − Lγ̂0) instead of

[TTT]−1 TT (y−Lγ̂). Another way to interpret the difference is that the PRE PLS estimate

is not accounting for the correlation between L and T in its variance calculation (e.g., as-

suming independence). Finally, by Remark 2, we could consider the PRE components to be

correctly constructed, but they are not subsequently being used in a multiple linear regres-

sion with L to obtain the statistically-adjusted PLS coefficient. Hence, the PRE approach
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obtains a PLS fit on a residual outcome, but not statistical adjustment. Note that the PRE

γ estimate will always be biased unless the covariate sets are independent.

4.3.2 One-stage-conditional adjustment

To improve estimation, one could construct a PLS model while concurrently modeling the

adjustment variables. However, we must now consider the assumptions and purpose for using

PLS. Formally, the univariate PLS model5 with adjustment variables is

X = TPT + Ex y = Tq + Lγ + εy, where Ex, εy |= T.

As alluded to in Chapter 2, there is debate as to how to interpret these models from a sta-

tistical standpoint (see e.g., [82]). While some view PLS as a tool to summarize X using a

smaller dimension (e.g., Ex is residual X information), others posit that T represents the true

underlying phenomena of interest (e.g., Ex is random noise). This distinction will influence

how much of the residual outcome is used when fitting PLS, and as PLS is a supervised

method, it will affect the resulting coefficient estimates.

Component-summary with PLS

With the “latent variable” approach, the goal is to to construct PLS components that are

statistically-adjusted for L. As such, a PLS model is fit on the outcome projected off of

the column space of L, with weights maximizing RTXT (I − L)y. Then, the constructed

PLS components are included in a linear model with L. By the concurrent fit framework in

Remark 2, this adjustment technique could be considered as an additional step beyond PRE,

so we refer to this as Sequential-Adjustment (SQN). In Table 4.1, we have presented a com-

putationally expedient way to achieve statistically-adjusted estimates via the orthogonalized

and residual fits frameworks, regardless of the number of selected components.

An iterative PLS adjustment [41] has been proposed based on the concurrent fit frame-

5Typically the PLS coefficient is denoted by qT , but we opt for this form to reduce notation burden.
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work. If it orthogonalizes X (pointed out by [7]), it is equivalent to SQN by Remark 2.

Covariate-summary with PLS

If we instead viewed PLS as a tool to create a lower-dimensional summary of X, we would

begin with a multiple linear regression using X and L. Then PLS could be used to model

the residual outcome after subtracting out Lγ̂. Note that this residual is inherently larger

than the one used in SQN (unless the covariate sets are independent). Also, any X variable

that is correlated with L will have a larger magnitude coefficient estimate as compared to the

SQN estimate, which “orthogonalizes” X. Due to the difference in procedures, this technique

does not obtain statistically-adjusted PLS coefficients, but it can still can be a meaningful

measure, as it results in a shrinkage summary of the adjusted relationship between y and X.

If we subsequently refit the γ estimate using the constructed PLS component, this

could be interpreted as seeking to use PLS for both objectives. We call this Combination-

Adjustment (CMB), as it is begins by using PLS as a summary of X but finishes by treating

the components as the covariate of interest. Although they can sometimes be similar, the

PLS estimates using CMB will only equal the SQN estimates when all components are fit,

as they both reduce to the multiple least squares coefficients estimates.

Last, we consider an iterative adjustment approach that consecutively updates its coeffi-

cient estimates (starting with initial estimate γ̂0). Although iterates are less appealing for a

continuous outcome, these insights will be useful for the survival setting. This Incremental-

Adjustment (INC) is inspired by the least squares residual fits in Remark 1, but as explained

in Section 4.2, combining PLS residual fits steps does not result in statistically-adjusted

coefficients. Instead, they are an approximation of CMB (shown in Appendix F). If we let

T∞ denote the component XR∞ upon convergence, INC becomes a better approximation as

the number of components used increases, as T1 through T∞ better approximate X . When

all components are fit, this approach will almost6 converge to the multiple LS estimates.

6As the INC estimate is constructed from all component iterates, the initial poorly fit estimates will
slightly bias the final result, though these initial components are quite down-weighted.
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4.3.3 Implications for the conditional adjustment of a continuous response

We have presented two types of conditional adjustment approaches when using PLS with

continuous data, further classified by the objective of modeling with PLS. Although true sta-

tistical adjustment is only achieved when the goal is to use components as the scale of interest,

PLS can also be used to summarize X while adjusting for other variables. Figure 4.1 illus-

trates the differences in adjusted PLS coefficients in a simple example with unit associations.

Figure 4.1: Example of conditional adjustment
for a continuous outcome with 2 components.

The first two covariates were moderately

correlated, as were the last three. The

outcome was constructed from these five

base variables, a precision variable and con-

founder that were five times as important,

and random Gaussian noise. When using

two components, the PLS summaries were

quite similar as compared to the LS fit.

However, there are some differences in es-

timation, particularly for the first and fifth

coefficient. Last, though INC is close to

CMB, there are still discrepancies in the

last two coefficients.

Simulation results are presented in Appendix G to demonstrate how Chun and Keles’s

Sparse PLS (SPLS) [14] procedure performs when replacing the PLS step with SPLS in these

adjustment approaches. Overall, SPLS resulted in better variable selection when applying

Combination-Adjustment, though the other approaches were generally similar. They were

most sensitive to the amount of noise added to the mean model, followed by the presence or

not of a confounder—which impacted PLS coefficient estimation performance.
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4.4 Conditional adjustment for a survival outcome

We begin by briefly presenting the Cox proportional hazards model [19] with adjustment

variables, though many insights in this section can be extended to generalized linear models

(GLMs). Let xi denote the i-th person’s p “higher-dimensional” covariates, li denote the

i-th person’s q “low-dimensional” covariates, ti their event time, and ci their censorship time,

where ci |= ti|xi, li. Let yi = min(ti, ci) be their observed time and δi = 1{ti ≤ ci} indicate

whether their event was observed. Denote the set of observed events by τ1, ..., τñ. The ob-

served data for n participants (with n > ñ > p+ q) is contained in {X,L,y, δ}. The hazard

function takes the form λ(t|xi, li) = λ0(t) exp(xTi β+lTi γ), where λ0(t) is an underlying base-

line hazard and the effect of the covariates on risk does not vary with time. Breslow’s estima-

tor [11] non-parametrically estimates the baseline hazard via λ̂0(τk) =

( ∑
j∈Rk

ex
T
j β+lTj γ

)−1
,

where Rk is the set of individuals still at observable risk at time τk (i.e., j : yj ≥ τk).

Cox proposed to estimate the effect of the covariates without modeling the change in

risk over time by using only a portion of the log likelihood, called the log partial likelihood

`(β,γ) =
∑n

i=1 δi log
[
exp(xTi β + lTi γ) λ̂0(yi)

]
. The Cox model’s estimate of whether a

person experienced an event at their observed time, given their covariates, is µ̂i(β,γ) =

exp(xTi β + lTi γ)
∑

j : τj≤yi
λ̂0(τj). The sum estimates the cumulative baseline hazard. Now, to

obtain the maximum (log) partial likelihood estimator (MPLE) (β̂, γ̂), the standard proce-

dure is to use iterative Newton updates. Given a current estimate (β̂t−1, γ̂t−1), this can be

achieved by first updating µ̂t and Vt = diag (µ̂t,i)
n
i=1, the latter of which is the first order

approximation of the working response’s variance. These enable us to update the working

response via zt = Xβ̂t−1 + Lγ̂t−1 + V−1t (δ − µ̂t) to ultimately improve our MPLE estimate.

We now transition to applying the conditional adjustment insights learned for a continu-

ous outcome to survival data. We first discuss 1-stage-conditional approaches, in which the

survival outcome is modeled by estimating both sets of coefficients at once. Then we present

2-stage-conditional approaches, in which a restricted Cox model is fit before using PLS.
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4.4.1 One-stage-conditional adjustment

Consider iteratively modeling a survival outcome as described above by updating both sets

of coefficient estimates. At each iteration, let L = L(LTVtL)−1LTVt be the projection

corresponding to the (weighted) column space of L, which is idempotent but not symmetric,

and similarly define X and T . Upon convergence with weighting matrix V and outcome z,

we can express the Cox MPLE as follows, as proven in Appendix F:β̂
γ̂

 =

[XTV(I− L)X]−1 XTV(I− L)z

[LTV(I−X )L]−1 LTV(I−X )z

 =

[XTVX]−1 XTV(z− Lγ̂)

[LTVL]−1 LTV(z−Xβ̂)

 .

As in Chapter 3, we divide the modeling procedure of a survival outcome into two parts—

maximizing the Cox MPLE and then applying a one-step (S)PLS summary. As WLS can be

considered a WPLS with the full set of components, we only present the 1-stage-conditional

adjustment approaches that use WPLS to estimate the Cox MPLE in Table 4.2. I use the

convention model.fit[ outcome ∼ covariates ], where weighting by matrix Vt is implied

and −→ Tt indicates that we construct the component Tt = XRt using the weights from

the corresponding PLS fit. As in the continuous case, these techniques will all reduce to the

statistically-adjusted SQN coefficients if X is orthogonalized, by Remark 2. We first discuss

the interpretation and performance of these adjustments when using all components to obtain

the MPLE and then how they differ when selecting fewer components (e.g., different versions

of approximate MPLE; aMPLE).

Table 4.2: One-stage-conditional techniques to estimate MPLE using PLS

Adjustment W(P)LS covariate estimate updates
Sequential (SQN) q̂t = WPLS[ z ∼ (I− L)X ] −→ Tt γ̂t = WLS[ z−Ttq̂t ∼ L ]

Combination
(CMB)

γ∗t = WLS[ z ∼ (I−X )L ]

q̂t = WPLS[ z− Lγ∗t ∼ X ] −→ Tt γ̂t = WLS[ z−Ttq̂t ∼ L ]

Incremental (INC) q̂t = WPLS[ z−Lγ̂t−1 ∼ X ] −→ Tt γ̂t = WLS[ z−Ttq̂t ∼ L ]
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PLS summaries of MPLE

If these adjustment techniques use all the components to estimate the MPLE, SQN and

CMB converge to the standard Cox regression coefficients using X and L. However, the

INC technique again leads to biased estimates. Specifically, X variables that are correlated

with L result in coefficient estimates that are magnified beyond the Cox estimates. This

behavior is particularly concerning, as this technique can result in PLS summaries that have

a larger magnitude than the Cox estimates, which is contradictory to the dimension reduction

property of PLS. Unfortunately, a version of INC with a slower γ update (i.e., regressing

L on z − Tt−1q̂t−1) has become the default approach for covariate adjustment within Cox

aMPLE methods [55, 16, 45].

By performing a one-step PLS summary after maximizing the MPLE, the reasonable ad-

justment techniques can be interpreted as in the continuous case; SQN creates components

and estimates that are statistically-adjusted for L, while CMB provides a dimension-reduced

summary of X. As the MPLE model is used when X is considered to be the predictor scale

of interest, we propose using Combination-Adjustment when PLS is only being used to sum-

marize X.

PLS summaries of distinct aMPLEs

When using fewer components to approximate the MPLE, SQN again creates components

and estimates that are statistically-adjusted for L. If operating under the assumption that

latent components are the true scale of interest, we propose using Sequential-Adjustment

when performing aMPLE. There has been a proposed adjustment scheme [7] for PLS in the

logistic setting that uses the concurrent fit framework, and it is equivalent to SQN with the

aMPLE model by Remark 2. We briefly note that SQN with the MPLE model simply results

in less attenuated coefficients than the aMPLE ones.

If applying CMB, however, its objective is two-fold. While it begins by performing a

WLS update and using PLS to summarize X, its γ update implies that the components are

the scale of interest. In simulations, this adjustment technique results in PLS estimates that
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are a combination of the SQN version of aMPLE estimates and those of the standard Cox

model (MPLE). In particular, X variables that are correlated with L result in estimates that

are closer to (but never larger than) the Cox estimates, while those that are uncorrelated

resemble the SQN aMPLE estimates. In addition, the aMPLE estimates are quite similar if

only a few components are being fit relative to rank(XTVX).

4.4.2 Two-stage-conditional adjustment

Another way to apply conditional adjustment for a non-linear model is to begin with the

restricted model using only the L covariates and subsequently fit a PLS model on the resid-

uals. To differentiate the converged restricted Cox model terms from those derived from

a Cox model that includes X, we denote the restricted versions by V̆ and z̆. Although

less ideal than a 1-stage-conditional adjustment from a model interpretation and estimation

perspective, 2-stage-conditional adjustments have been considered for their computational

advantages, particularly in high-dimensional settings. The simplest approach involves fit-

ting weighted PLS on the Pearson residuals of a restricted Cox model, which we refer to as

Restricted-Adjustment (RSTR) in Table 4.3. This approach resembles a score test, which fits

the restricted model and tests whether including X results in significantly closer estimates

to the M(P)LE.

Table 4.3: Two-stage-conditional adjustment techniques for a survival outcome

Adjustment W(P)LS covariate estimates
Restricted
(RSTR)

1. Fit Cox model on L alone:
γ̆ = arg minγ

∥∥V̆1/2
(z̆− Lγ)

∥∥2
2
.

2. q̆ = WPLS[ z̆− Lγ̆ ∼ X ] −→ T.

Deviance
Residual
(DR)

1. Fit Cox model on L alone:
γ̆ = arg minγ

∥∥V̆1/2
(z̆− Lγ)

∥∥2
2
.

2. Fit Deviance Residuals Di =
sign(δi− µ̆i)

√
2 [µ̆i − δi − δi log(µ̆i)].

3. q̌ = PLS[ D ∼ V̆
1/2

X ] −→ T.

We now extend and correct the deviance residual method of [4] (DR-PLS) to allow for

adjustment variables L. Specifically, instead of fitting a null Cox model, we propose fitting

a Cox model only with L to estimate γ. For martingale (M) and deviance (D) residuals,
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the same argument as demonstrated in [64] can be used to state that

∥∥V̆1/2
(z̆− Lγ̆)

∥∥2
2

=
∥∥V̆−1/2 (δ − µ̆)

∥∥2
2

=
∑
i

M2
i

µ̆i
≈
∑
i

M2
i

δi
≈
∑
i

D2
i .

As |Di| ≈
∣∣V̆1/2

ii (z̆i − Liγ̆)
∣∣, one way to approximate RSTR is to use the deviance residuals

as the new “linear” response, which we refer to as Deviance-Residual-Adjustment (DR).

However, covariates X need to be pre-multiplied by V̆
1/2

to be scaled correctly for the

outcome, which has not been indicated by the authors of this method [4, 5].

To connect these methods to the 1-stage-conditional adjustment techniques, we consider

the interpretation of the resulting PLS estimates. As we can express the γ estimate from

the restricted model as γ̆ = L̆z̆, RSTR is the generalized version of Pre-Adjustment that we

saw in Section 4.3 for a continuous outcome. Although the PLS weights using RSTR are

maximizing the correct quantity (albeit using different converged survival terms), its PLS

and γ estimates are biased. But, if we were to orthogonalize X before fitting WPLS, we

would obtain a component summary just like Sequential-Adjustment. The same patterns

hold for DR, except that the approximation V̆
1/2

D ≈ V̆(I− L̆)z̆ is being used to construct

both the PLS components and coefficient estimates.

In simulation studies (presented in Appendix G), SPLS resulted in far better variable

selection, PLS coefficient estimation, and model discrimination when applying RSTR with

orthogonalized X. Although DR with orthogonalized X was the next best contender, its

computational advantage was outweighted by its worse estimation and prediction properties

in the context of low-dimensional and pre-specified L. Last, we note that any 2-stage-

conditional adjustment will suffer in its PLS estimation performance the more that L domi-

nates the relationship with survival time, as the contribution of X will largely be masked by

the strongly relevant adjustment variables in the restricted model.
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4.5 Simulation studies for a survival outcome

4.5.1 Study design

In this section, we evaluate Cox methods that integrate sparse PLS dimension reduction and

adjust for other covariates. Specifically, we compare our proposed MPLE w/ SPLS (using

Combination-Adjustment) and aMPLE w/ SPLS (using Sequential-Adjustment) with the two

existing Cox-PLS methods that incorporate sparsity within aMPLE—LEs-aMPLE [45] and

CHs-aMPLE w/ PLS [16], both of which use a version of Incremental-Adjustment. We also

present results for the top 2-stage-conditional option (RSTR with Sequential-Adjustment).

To tailor the simulations to a nutritional epidemiology context, we generated multiblock

predictors that exhibit similar patterns of correlation as foods do in MESA. The “higher-

dimensional” covariates X1000×24 had four blocks, where variables in the same block were

more similar to each other to imitate food groups (intra-block covariances of .05, .5, .3,

and .1, respectively). Adjustment variables L1000×4 were generated such that the first three

were always precision variables and the role of the last one varied. Specifically, we present

settings in which the last adjustment variable is related (magnitude of .30) to no X (“pure”

precision), two false X (“spurious” precision), and two true X (confounder). Survival times

were constructed from all 4 adjustment variables, only 9 of the 24 X predictors, and slight

random Gaussian noise (sd=1). The true β’s were either unit positive or negative, and we

varied the relative importance of the variable sets by testing γ magnitudes between 1 to 6.

Exponential survival time (without ties) was generated according to [8] such that roughly a

10% event rate and 15% censorship rate were observed at the end of the study period.

Across 50 generated data sets, we split our observations into a training (n=700) and test

(n=300) set, and we used 5-fold cross-validation (CV) on the training data to select the

tuning parameters for each method. The k-fold approximation [74] of the CV log-partial

likelihood (CVLL) [75] was used to compute our deviance criterion (-2*CVLL). All splits of

the data were balanced by survival time (based on its quartiles) using the caret package in R

in order for results to be less sensitive to fold splits. On the test data, we evaluated variable
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selection via the number of true X variables (TP, out of 9) and false variables (FP, out of

15) selected, PLS estimation error via the RMSE of β̂, model discrimination via Harrell’s

C-statistic (C), and parsimony by the number of selected components (K, out of 5). Note

that the RMSE of β̂ considers the estimation of both true and false coefficients. Often, the

over-shrinkage of true estimates will outweigh the benefit of discarding false variables (if they

were assigned a low magnitude), which will be reflected in a larger RMSE.

4.5.2 Results

In Table 4.4, we compare five sparse Cox methods that apply PLS to 24 covariates while

conditionally adjusting for four strongly relevant covariates, and we evaluate their perfor-

mance on 50 simulated data sets with 1000 observations and a 10% event rate. Cells that are

particularly advantageous are listed in blue, while the disadvantageous ones are in red. First

we discuss the setting when one of the adjustment variables mimics a confounder, which can

cause Sequential methods to incorrectly drop the related X variables because they restrict

the PLS estimates to be outside of the column space of L.

Table 4.4: Average simulation results across 50 multiblock data sets (n = 1000, p = 24) in
the presence of confounding, using minimum deviance to select tuning parameters.

Setting 1: |γ
β
| = 5 Setting 2: |γ

β
| = 2

Cox Maximization TP FP RMSE(β̂) C K TP FP RMSE(β̂) C K
MPLE (CMB) 8.8 4.6 0.32 0.988 4.0 8.8 4.4 0.23 0.974 3.9
aMPLE (SQN) 8.6 4.6 0.34 0.988 4.4 8.5 4.5 0.27 0.973 3.7
LEs-aMPLE (INC) 9.0 13.5 0.29 0.988 4.7 9.0 10.7 0.28 0.971 4.4
CHs-aMPLE (INC) 8.9 5.9 0.32 0.988 4.5 8.7 4.5 0.25 0.972 4.1
RSTR (SQN) 8.5 5.7 0.39 0.987 3.5 8.5 4.3 0.33 0.968 3.7
Note: Adjustment approaches are listed in parenthesis. CMB summarizes X, SQN summarizes
T, and INC tries to achieve both but in a biased way.

As the conditional adjustment methods reach essentially the same high level of model

discrimination, we focus on variable selection and PLS estimation performance. As expected,

the methods that use Sequential-Adjustment to construct statistically-adjusted components
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select fewer true variables, but only about half of a variable is dropped on average. Although

LEs-aMPLE is the only method that consistently selects all true variables, it has a difficult

time discarding any false variables (FP≈ 11–14). In comparison, both of our proposed

methods select the fewest (or close to the fewest) false variables (≈ 4–5) while including

almost all true variables. When L was five times as informative to survival time as X

(left panel), CHs-aMPLE selected one more false variable than our proposed method, while

its other performance metrics remained similar. When L was only twice as informative as

X (right panel), our proposed MPLE resulted in the closest PLS estimates. However, as

the relative importance of L increased, LEs-aMPLE enforced the least amount of shrinkage

(although not in a statistically principled manner), leading to the closest PLS estimates. The

2-stage-conditional method (RSTR) overshrunk its PLS estimates across all settings, making

it the least ideal method.

Next, in Table 4.5 we present results when all adjustment variables are independent of

X (e.g., “pure” precision variables). This setting should be easier for methods to distinguish

between true and false X variables, especially when X is almost as important as L (right

panel). Even in this simpler case, LEs-aMPLE struggles to discard false variables (FP≈ 10),

while our proposed methods again select 4–5 false variables. Another distinction with the

confounder setting is that our MPLE method results in equally as close PLS coefficient

estimates as LEs-aMPLE when L is five times as informative as X. Last, RSTR drops almost

one more true variable than the 1-stage adjustments, so we exclude its performance from the

subsequent plots. More adjustment variable settings are studied in Appendix G.

Figure 4.2 illustrates the variable selection and PLS estimation performance of the 1-

stage-conditional adjustments across three adjustment variable settings, fixing |γ
β
| = 5. The

first setting corresponds to adjusting for only “pure” precision variables, the second to includ-

ing a variable that induces spurious associations between two false X and survival time, and

the last setting to including a confounder. Sequential-Adjustment is particularly equipped

to do well in the second setting (as illustrated by aMPLE’s estimation error), since it can

discard the two false X that lie partly in the column space of L. In this figure, the most
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Table 4.5: Average simulation results across 50 multiblock data sets (n = 1000, p = 24)
without confounding, using minimum deviance to select tuning parameters.

Setting 1: |γ
β
| = 5 Setting 2: |γ

β
| = 2

Cox Maximization TP FP RMSE(β̂) C K TP FP RMSE(β̂) C K
MPLE (CMB) 8.7 5.1 0.31 0.988 4.3 8.9 4.1 0.21 0.966 4.0
aMPLE (SQN) 8.5 4.7 0.33 0.988 4.3 8.9 4.9 0.22 0.966 3.9
LEs-aMPLE (INC) 9.0 12.7 0.31 0.987 4.7 9.0 10.0 0.28 0.963 4.5
CHs-aMPLE (INC) 8.7 6.0 0.35 0.988 4.3 9.0 4.2 0.22 0.966 4.2
RSTR (SQN) 8.1 4.4 0.39 0.986 3.6 8.7 3.3 0.30 0.963 3.8
Note: Adjustment approaches are listed in parenthesis. CMB summarizes X, SQN summarizes
T, and INC tries to achieve both but in a biased way.

notable features is that LEs-aMPLE has a difficult time discarding any variables, but by

enforcing the least amount of β̂ shrinkage when |γ
β
| = 5, its PLS estimates tend to be the

closest to the truth. We also point out that using the MPLE instead of approximated MPLE

will inherently result in a larger magnitude PLS summary, which is why our proposed MPLE

method tends to achieve closer PLS estimates than our aMPLE method, regardless of the

type of adjustment conducted. The right panel shows that CHs-aMPLE also tends to shrink

its PLS estimates more than our proposed methods which utilize sparsity after the max-

imization step. Overall, our methods provide a reduction in false variable selection while

selecting most true variables and conducting a more principled adjustment strategy.

Figure 4.3: Average component selection
across 50 multiblock data sets (|γ

β
| = 5).

In Figure 4.3 we compare the number of

components selected out of 5. LEs-aMPLE gen-

erally selected the most, as expected. Because it

strives for component-wise sparsity, it tended to

use half of the selected variables in the first com-

ponent and another component, while it used

roughly a third of the selected variables in the

remaining components. Thus, it requires more

components than the methods targeting vari-

able selection to construct a reasonably predic-



70

Figure 4.2: Average simulation results for 50 multiblock data sets (n = 1000, p = 24,
|γ
β
| = 5), across adjustment variable settings.

tive model. The remaining methods tended to select a similar number of components across

settings, with all methods selecting a fraction less of a component when |γ
β
| = 2.

Overall, the proposed sparse methods demonstrate a noticeable reduction in false variable

selection while maintaining a reasonably high level of true variable selection. While LEs-

aMPLE is beneficial if the aim is to construct PLS components that utilize only a few variables

each, its covariate adjustment should be modified to apply Combination-Adjustment so as

not to over amplify PLS coefficients. The same suggestion applies to CHs-aMPLE, which has

only been investigated fully for logistic models. These simulation results suggest that our

proposed methods offer a useful alternative to current methods by incorporating sparsity

after the maximization procedure and adjusting for other covariates in a principled manner.
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4.6 Data application

We return to our motivating scientific goal to identify understandable diet patterns that

relate to CVD risk. In the Multi-Ethnic Study of Atherosclerosis, 5,881 participants (86%

of the cohort) had complete information on demographics, diet, time of CVD events, and

our adjustment variables, resulting in 877 CVD events (including angina) during more than

17 years of follow-up. There was a roughly 15% censorship rate (which we assume is non-

informative), and these participants had an 84% probability of surviving beyond 15 years.

At baseline (2000-2002), they were aged 44-84 (53% women), free of clinical CVD, and

from six United States communities (New York City, Baltimore, Chicago, Los Angeles, the

Twin Cities, and Winston Salem). They self-identified as 40% white, 26% Black, 22%

Hispanic, and 12% Chinese. Additionally, 42% of the sample had a family history of CVD,

13% had previously or currently smoked, the median educational attainment was a high

school diploma, and the median annual income category was $25,000-$49,000. The MESA

Food Frequency Questionnaire (FFQ) data included the frequency and serving size of 120

foods and beverages that participants consumed during a typical week of the previous year.

The calculated servings per day of each food item were used as our “higher-dimensional”

predictors, after standardizing them. We also categorized the diet variables into eight food

groups: fruits, vegetables, grains, proteins, mixed entrees, dairy, sweets/oils, and beverages.

In our analysis, we adjusted for age, sex, race/ethnicity, education, income, smoking

status (ever/never), and family history of heart disease (yes/no). Apart from these factors,

we adjusted for their conditioning exercise (log of metabolic equivalent minutes per week) and

their total energy (caloric) intake. The latter was included to compare the effect of relative

changes in food consumption (see Appendix C for further model interpretation details),

which has been established by nutritional epidemiologists a useful scale of analysis [79].

Because total energy intake was calculated using the FFQ data, it was moderately (.10-.40)

correlated with almost all the foods and even more strongly correlated with the intake of fries,

chips, fried chicken, and steak. Thus, we have strong evidence to suggest that caloric intake
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was related to some true food items and may play the role of a confounder. Moreover, we

suspect that heart disease risk is far more related to our adjustment variables than the diet

measurements, so summarizing the food-scale associations is likely to provide more insight

than constructing a statistically-adjusted component.

Table 4.6: Summary of CVD-related diet patterns in
the Multi-Ethnic Study of Atherosclerosis.

Cox Maximization Foods K CV-Dev. C
MPLE (CMB) 16 4 18.1 0.731
aMPLE (SQN) 1 1 18.1 0.716
LEs-aMPLE (INC) 34 1 18.3 0.674

K=Number of components. CV-Dev.=Cross-
validated deviance. C=Training C-statistic.

Table 4.6 displays the results of

the CVD-related dietary patterns in

MESA when using PLS in three

manners. The proposed aMPLE

with SPLS summary that constructs

statistically-adjusted components se-

lected the sparsest model possible, in-

dicating that there is likely not much benefit to including a food pattern after accounting for

the adjusted variables. This model selected the food item including ham hocks, chicharrones

(e.g., pork rinds), and pig’s feet (positively associated with CVD risk; +), and it resulted in

a 0.1% increase in C-statistic over the restricted model. Our proposed MPLE with SPLS sum-

mary that provides a dimension-reduced summary of the 120 food and beverages constructed

four diet pattern using only 16 items. By order of magnitude, it highlighted Hispanic rice

and chicken (-), seeds (-), meat tacos/nachos/enchiladas/tamales (-), refried beans (+), and

nuts (except for peanuts; +). The selected model had a 1.7% higher C-statistic than the

restricted model, leading to the highest training C-statistic. Last, the diet pattern created

by LEs-aMPLE, which seeks to combine both PLS aims in a biased manner, selected 34 foods,

most notably eggs (+), refried beans (+), nuts (except for peanuts; +), ham hocks, chichar-

rones, and pig’s feet (+), and Asian dumplings and buns (+). This selection resulted in a

0.1% increase in C-statistic over its restricted model.

Figure 4.4 displays the adjusted hazard ratios from the three Cox methods presented.

While the latter two models selected 6 of the same items, it is reasonable to question whether

some of the selected foods are driven by the consumption patterns of just a few people, given

that some of these items are regional or ethnic specific. Of MPLE’s 16 selected food items,
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Figure 4.4: Adjusted associations between selected foods and time to CVD events in MESA,
ordered by food groups.

only three were consumed by fewer than 20% of the MESA cohort. These were seeds (19%),

Hispanic chicken and rice (17%), and ham hocks/chicharrones/pig’s feet (15%). Seeds were

consumed fairly evenly across racial/ethnic categories (≈ 20% of each group except Blacks),

whereas Hispanic chicken and rice was predominantly consumed by Hispanics (75% of the

consumers). Interestingly, ham hocks/chicharrones/pig’s feet were consumed evenly across

the non-white groups (≈ 25% of each group), and this food item was still selected when

restricting to the non-white MESA participants in a sensitivity analysis (see Appendix C).

We reiterate that the presented associations are adjusted for total caloric intake, so they

represent relative changes in food consumption. Additionally, this model only highlights

correlations as opposed to indicating causality. Even so, we note that LEs-aMPLE (blue dots)

mainly identified foods that were detrimental to heart-health, and it selected a considerable

number of foods to which it attributed very small magnitudes. On the other hand, it is
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plausible that MPLE with SPLS summary (open red circles) is over-simplifying the relationship

between CVD and diet, but it would seem useful to investigate these foods (or at least those

selected by most models) further for potential health implications.

Another way to visualize MPLE’s dietary patterns is to look at how the selected foods

contribute to the constructed component—analogous to plotting PCA loadings. This can

be measured by the PLS weight R, which is the projection that transforms the predictors

between the original and component scale (since T = XR). Foods with larger magnitude

contributions to a PLS component will have larger weights, and by grouping and scaling

them by food group, practitioners can gain an added perspective about how each food group

contributes to the creation of PLS components. Figure 4.5 displays the relative relationships

between the selected foods and CVD risk. Along the horizontal axis, food groups are sorted

Figure 4.5: CVD-related diet patterns in MESA, ordered by strength of relationship.

by their squared correlation with (pseudo) CVD events. The vertical axis represents the

relative importance of the selected foods within each food group, ordered from top to bot-

tom. The first pattern particularly highlights food items that include fattier preparations of

proteins and are associated with higher CVD risk. The second pattern is more reflective of

foods associated with lower CVD risk. This type of graphic can be useful to practitioners as
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it allows for easier integration of previous scientific knowledge when generating hypotheses.

While certain foods selected by MPLE are more intuitively related to heart-health (e.g.,

fried pork skins/feet, eggs, hamburgers, creamy pasta with meat/seafood, and refried beans),

others were surprising. Seeds are generally viewed as heart-healthy, but so are nuts (if

consumed in moderation), though nuts may often be consumed with more salt on them.

Both carrots and cantaloupe are considered to be protective of heart health due to their

elevated levels of beta carotene [73]. On a similar note, dumplings and buns are one of the

few Asian food items without any vegetables. Due to the consumption pattern of Hispanic

chicken and rice, this selection may be reflective of a more traditional way of living, which is in

line with the hypothesized “Hispanic paradox” [50]. Meat tacos/nachos/enchiladas/tamales

might also have a similar explanation, or it could be that these meals tend to prepare meat in

a less fatty manner, as they are usually cooked in a sauce as opposed to fried. The negative

association between ice cream and CVD risk is the least clear. However, there is another

food item in the FFQ that includes low-fat ice cream and frozen yogurt. It may be that

people who are healthier are consuming more full-fat ice cream, similar to our BMI analysis

that highlighted the negative impact of diet soda instead of regular soda. Although these

results would need to be corroborated in other studies, this type of analysis may reveal foods

that should be considered for their impact on heart health.

4.7 Discussion

In this chapter, we have investigated how to appropriately adjust for “low-dimensional” co-

variates when constructing a PLS summary of “higher-dimensional” covariates. In Section

4.2, we presented three ways to obtain the same statistically-adjusted coefficients from a mul-

tiple (weighted) least squares regression model, even when using PLS components as one of

the sets of covariates. In essence, the concurrent fit allows for the standard interpretation of

regression coefficients when including two sets of covariates in a model. The orthogonalized

fits outlined a computationally expedient way to obtain those same coefficients, additionally

providing insight as to when statistical adjustment will improve variable selection perfor-
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mance. Finally, the residual fits demonstrated a way to partition the coefficient estimation

by covariate set without relying on orthogonalization. These connections have not been

presented as clearly or solved (in the PLS case) previously.

Through our investigations, we found that the most widespread method of covariate

adjustment within Cox-PLS methods can unfortunately lead to amplified PLS estimates

[55, 16, 45]. After considering the model implications and estimation properties of vari-

ous conditional adjustments, we suggest that their use of aMPLE implies that Sequential-

Adjustment would be best suited for their aims. Alternatively, Combination-Adjustment is

most closely aligned to their current approach, while guaranteeing a shrunk estimate. When

using our proposed sparse methods, Figure 4.6 outlines which adjustment technique is most

suitable depending on one’s reason for using PLS. We further connect our proposed adjust-

ment strategy to the corresponding Cox-PLS model from Chapter 3. Recall that the model

nomenclature we use is: [(“a”pproximated) “MPLE”] + [“SPLS” summary] + [(Adjustment)].

Figure 4.6: Aims of proposed Cox models that incorporate Chun and Keles’s Sparse PLS.

In the first row, PLS is being used to summarize X using fewer dimensions; since X is the

predictor scale of interest, it follows that a standard Cox model (e.g., MPLE) would provide
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the maximization aligned with this aim. In the second gray row, the goal is to construct

latent components and use those when modeling the predictors. In this case, approximated

MPLE achieves this when maximizing the Cox partial likelihood. We place aMPLE with

Combination-Adjustment in between these aims, as it is trying to accomplish both, but more

research is needed to fully characterize its properties. We include a second model under cer-

tain sections if they can also be used to achieve that goal, with any notable differences listed

below in a smaller font.

In this chapter, we also extended and corrected 2-stage-conditional adjustment techniques

for the survival setting. This work clarifies the underpinnings of the deviance residual model

[4] and enables researchers (particularly in the “high-dimensional” setting) to take advan-

tage of its computational speed while more appropriately modeling their covariates. When

modeling “lower-dimensional” data, though, we recommend applying 1-stage-conditional ad-

justment to better model the relative contributions of each covariate type.

Though component-wise sparsity can provide a certain type of interpretability, we posit

that our motivating epidemiological setting calls for an emphasis on variable selection. In

agreement with our findings in Chapter 3, we saw that utilizing sparsity during the max-

imization of the log partial likelihood did not generally result in parsimony improvements

when compared to applying a sparse PLS summary after the maximization procedure. Al-

though this may not hold in settings where a majority of covariates are completely unrelated

to the outcome (as opposed to weakly related), the computational advantage and general

utility of (a)MPLE with SPLS summary lead us to prefer these methods. Across a variety

of simulation settings, both of our proposed methods provided a notable reduction in false

variables selected while including almost all true variables, as SPLS did in the continuous

setting in Chapter 2.

Despite these observed advantages, there are still certain limitations to consider. Across

all tested settings, it was difficult for any method to select fewer than four false variables,

especially as the relative importance of L increased. This is largely due to the multiblock

correlation structure of X in which four false variables in Block 2 were strongly related (≈ .50
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magnitude) to two true variables. However, this restriction was not as apparent in Chapter 3

when there were no adjustment variables. This implies that any sparse Cox-PLS method with

substantial adjustment variables is likely to select a certain number of irrelevant covariates

if they are strongly correlated with relevant covariates. Next, we allowed all models to

construct up to 5 (S)PLS components because most practitioners in our settings of interest

prioritize interpretability, but additional components could be considered if the goal were

instead to obtain a close lower-rank approximation. Finally, we restricted our focus to

dimension reduction of “higher-dimensional” covariates as opposed to “high-dimensional”

ones. In the latter setting, MPLE with SPLS summary is no longer tractable, but a Conjugate

Gradient Accelerated IRLS approach [25] could be used if X is considered to be the scale

of interest. In a future study, it would be interesting to assess which of the conditional

adjustment techniques provides better parsimonious properties for “high-dimensional” data.

When modeling different-sized data sets, researchers have actively studied the combina-

tion of “low-dimensional” clinical covariates such as age, sex, and test results with “high-

dimensional” -omic data. However, it still poses a challenge to properly integrate “higher-

dimensional” clinical covariates due to differing correlation structures, potentially very sparse

data, and considerations about how to weight variables from each data type [47]. Our re-

search findings can provide insight into how to combine such data sets into current clinico-

genomic models to better understand nuances with complex diseases such as heart disease.

To that end, we analyzed the relationship between CVD risk and diet, adjusting for rele-

vant risk factors and demographics. Though preliminary in nature, this “multi-dimensional”

clinical model can help inform future CVD hypotheses, inspire more disease-tailored diet

patterns, and encourage others to pursue more detailed clinico-genomic models. We close by

emphasizing that PLS models are particularly utilized in many -omic settings, and many of

these research findings can easily be adapted to generalized linear models.
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Chapter 5

CONCLUSIONS AND IMPLICATIONS FOR FUTURE WORK

In this dissertation, we have investigated the statistical and modeling implications of us-

ing PLS to construct dietary patterns that are tailored to specific diseases. We have further

proposed sparse PLS methods and adjustment strategies to facilitate hypothesis generation

by interpreting more parsimonious patterns. In Chapter 2, we drew connections between

and discussed which dimension reduction method would be best suited for nutritional epi-

demiology when analyzing a continuous response. We then analytically characterized the

relationship between PLS and other relevant numerical algorithms. Using these insights,

we evaluated the various rationale for incorporating PLS into the Cox proportional hazards

model in Chapter 3. We proposed utilizing a Sparse PLS procedure that directly selects vari-

ables after fitting the Cox (or approximate Cox) model to study the relationship between diet

and a right-censored survival time. Next, to enable proper adjustment for covariates that

do not require dimension reduction, we demonstrated in Chapter 4 that the reason for using

PLS dictates which type of adjustment to perform. We also provided a data-integration

framework to understand the differences between adjustment strategies.

Combined with our illustrations of proposed methods and adjustment strategies using

data from the Multi-Ethnic Study of Atherosclerosis (MESA), these findings can enable

more informed selection of methods. For instance, when using PLS and adjusting for low-

dimensional covariates, we recommend avoiding the Incremental-Adjustment scheme that

has been popularized among Cox-PLS methods since it was proposed [55]. Not only is this

iterative scheme less efficient when updating the adjustment coefficients, it has the unfor-

tunate property of de-attenuating certain PLS coefficients even beyond their corresponding

least squares estimates. Instead, we found that this procedure was targeting the Combined-
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Adjustment approach, which does not suffer from over-amplification. However, if wanting to

approximate the Cox model using PLS, more investigation is needed to fully characterize the

performance of aMPLE with SPLS when using Combined-Adjustment. If a 2-stage-conditional

adjustment is instead preferred, we recommend simply fitting a Cox model on the adjust-

ment variables, and then using PLS to minimize its (sum of squared) Pearson residuals, as

opposed to the deviance residual approach [4].

Our work has focused on extending appropriate methods to model food frequency ques-

tionnaire data, which paves the way for analyzing the relationship between diet and time

to incidence of angina, heart attack, stroke, or CVD mortality. There are also other types

of heart disease related endpoints to consider. In particular, the relationship between the

presence of coronary artery calcium (CAC) and diet has not been well established, so this

could be a valuable scientific contribution. Additional simulation studies would be helpful

to confirm whether applying sparsity after the maximization technique is as useful in GLMs

as in the survival context. Moreover, as PLS methods are used in many other disciplines,

such as chemometrics, environmental studies, and -omics settings, it would be fruitful to test

other covariate correlation structures in simulations to better mimic those data sets.

Furthermore, as a dimension reduction method, PLS has the potential to contribute

greatly to certain high-dimensional analyses. If the goal is to conduct a 1-stage-conditional

adjustment, it is no longer tractable to solve for the M(P)LE of non-linear models. Instead,

one could utilize the approximate M(P)LE method or even Conjugate Gradient Accelerated

IRLS (e.g., not fixing the number of components at each iteration) from Chapter 3. If there

is interest in conducting a 2-stage-conditional adjustment, the amount of methodological

adaptations (if any) would depend on how many adjustment variables are being considered

(e.g., are there enough observations to fit a restricted model or not). Therefore, it would be

interesting to undertake a full investigation of the utility of PLS in high-dimensional settings.

Another aspect of our investigation involved identifying a suitable sparsity procedure.

Although Chun and Keles’s Sparse PLS technique has been quite advantageous in both sim-

ulations and real world examples, it would be helpful to more precisely characterize its model
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selection consistency to ensure that the true variables will be recovered under certain condi-

tions. Specifically, future work could entail verifying whether a version of the Irrepresentable

Condition holds as it does for the Lasso [85]. A related aim of ours was to automate the

selection of a more parsimonious model during cross-validation. We adapted the one stan-

dard error test [31] for Sparse PLS methods with two and three tuning parameters. With

survival data, this test selected overly-simplified models, so we opted for an AIC-type test

in this setting. More studies would be useful to investigate these automatic parsimony tests

for GLMs and determine when they are most applicable.

Overall, it has been rewarding to consider how best to serve the goals of practitioners

throughout this dissertation. To enable scientists to more easily compare results with their

domain knowledge, we developed graphics that facilitate examining PLS components at the

food group level (inspired by Multiblock PLS literature [77, 78, 61, 42]). To facilitate their

use in practice, we will develop our proposed methods into an R package, particularly taking

advantage of the optimized coxph code for our MPLE with SPLS summary.

On a last note, when constructing statistically-adjusted dietary patterns within MESA, it

was reassuring that SPLS highlighted the positive association between BMI and “fast foods”

or a more “Western” diet. This gave us confidence to extend this procedure to more complex

outcomes. Beyond using survival analysis to construct a heart-healthy diet in MESA, our

second data analysis highlighted the importance of conducting studies in multi-ethnic cohorts

and with food surveys that reflect regional and ethnic options. Although our proposed sparse

Cox-PLS method generally selected items with fattier preparations of proteins, the food item

with the strongest signal for CVD risk included ham hocks, chicharrones, and pig’s feet. Only

3% of white participants consumed these foods, but more than 25% of Asians, Blacks and

Hispanics did. While this food category could simply be a surrogate of non-white status,

it also has the potential of truly being related to heart-health—and it would not have been

identified in a predominantly white cohort. Thus, observational studies such as MESA can

help build evidence for which foods should be investigated further to improve heart-health.
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Appendix A

VERIFICATION THAT (W)PLS AND CONJUGATE
GRADIENT ARE EQUIVALENT

A.1 Equivalence between PLS and Conjugate Gradient

A.1.1 Introduction

Linear Conjugate Gradient (CG) is an iterative approach to solving the system of linear

equations Ax = b, where A is symmetric and positive definite. In the context of solving

the normal estimating equations, this is useful for solving the system (XTX)β = XTy. This

approach constructs search directions that are guaranteed to be descent directions by using

conjugacy with respect to A; a set of vectors {vi} are A-conjugate if vTi Avj = 0 ∀ i 6= j.

These linearly independent directions form a basis that diagonalizes A, and so CG finds the

minimizer x̂ over the entire space in rank(A) steps. At the k-th CG step, its solution x̂(k)

minimizes {
(
x̂− x(k)

)T
A
(
x̂− x(k)

)
} over the current rank-k (Krylov) subspace, with the

norm of each error monotonically decreasing with k.

Though PLS was developed with the purpose of constructing orthogonal linear combi-

nations of a predictor (e.g. components) that maximize the covariance with an outcome,

it turns out that these algorithms are equivalent if CG is initialized with x0 = 0 [60]. In

the following section we provide some intuition for the CG terms and we verify the relation-

ship between these and the PLS terms. These relationships will be useful for derivations

throughout this dissertation.

To clarify notation, we begin by specifying each algorithm in the context of solving the

normal equations, and WLOG assume X is centered. The product form for the subsequent

residual Xk and yk were initially proven by Helland [33].
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Conjugate gradient with β̂0 = 0

Initialize: r0 = −XTy and d0 = 0.

For k in 1, ..., rank(XTX) {

rk = rk−1 + sk−1 XTX dk−1

dk = −rk +
rTk rk

rTk−1rk−1
dk−1

sk =
rTk rk

dTk XTX dk

β̂k = β̂k−1 + sk dk

}

Partial Least Squares (NIPALS)

Initialize: X1 = X and y1 = y.

For k in 1, ..., rank(XTX)=K {

w̃k = XT
k yk

wk = w̃k/

√
w̃T
k w̃k

tk = Xk wk

pk = XT
k tk/(t

T
k tk)

qk = yTk tk/(t
T
k tk)

Xk+1 = Xk − tkp
T
k

= Xk − tkt
T
k Xk/(t

T
k tk)

=

[
k∏

m=1

(
In −

tmtTm
tTmtm

)]
X

yk+1 = yk − tkq
T
k

=

[
k∏

m=1

(
In −

tmtTm
tTmtm

)]
y

}

WK =
[
w1 · · · wK

]
PK =

[
p1 · · · pK

]
QK =

[
q1 · · · qK

]
β̂K = WK

(
PT
KWK

)−1
QT
K := RK QT

K

Note that PLS doesn’t require the calculation of β̂k until all the components are con-

structed. Additionally, we restrict our study to univariate y, so Q is actually a vector.



84

Below, we provide some intuition for the CG terms:

• sk is the inverse of the variance of the selected components, which is the approximation

of (XTX)−1 in OLS. It is also the step size that maximizes the log likelihood when

using k CG steps:

sk = min
s∈(0,∞)

−`
(
β̂k−1 + s dk

)
= min

s∈(0,∞)

∥∥y −X
(
β̂k−1 + s dk

)∥∥2
2

= min
s∈(0,∞)

{
− 2s (y −Xβ̂k−1)

TXdk + s2 dTkXTXdk
}

=
(y −Xβ̂k−1)

TXdk

dTkXTXdk
=

dT1 dk − s1dT1 XTXdk − ...− sk−1dTk−1XTXdk

dTkXTXdk
=

rTk rk

dTkXTXdk

• rk are the residual directions of steepest descent (e.g. negative residual gradients), pro-

vided that they are orthogonal to all previous directions. They can also be constructed

as rk = −XTy + XTX β̂k−1 = −XTX (β̂OLS − β̂k−1).

• dk are the conjugated residual gradients, guaranteeing that they are XTX-orthogonal

from previous directions. They are the oblique projection of −rk onto the space

orthogonal to span(XTX dk−1) along dk−1. One can obtain PLS components with

X dk, up to a scaling factor.

For ease of labeling, we sometimes refer to rk as “gradients” and dk as “conjugated

gradients” in the following proofs.
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A.1.2 Proving PLS and CG are equivalent

Now, we demonstrate that the following relationships hold at the kth CG and PLS step, for

any k ∈ [1, rank(XTX)]. Specifically, we will verify the terms that are underlined, as the

others hold by definition. For clarity, the terms on the left are from PLS and those on the

right are from CG.

• residual gradients (weights): w̃k = −rk and wk = −rk/
√

rTk rk

• orthogonal projection:
(
In − tkt

T
k

tT
k tk

)
=
(
In − sk Xk

rkrT
k

rT
k rk

XT
k

)
• components: tk = Xk wk = −

[
k∏

m=1

(
In − sm Xm

rmrT
m

rT
mrm

XT
m

)]
Xrk /

√
rTk rk

= X R
(k)
k = X dk/

√
rTk rk

• component variance: tTk tk = 1/sk

• loadings: pk = sk√
rT
k rk

XTX dk = (rk+1 − rk)/
√

rTk rk

• component-scale regression coefficient: qk = sk
√

rTk rk

• conjugated gradients: w̃k+ w̃T
k w̃k

w̃T
k−1w̃k−1

w̃k−1+ w̃T
k w̃k

w̃T
k−2w̃k−2

w̃k−2+· · ·+ w̃T
k w̃k

w̃T
1 w̃1

w̃1 = dk

• X-scale residual gradients (weights): R
(k)
k = dk/

√
rTk rk

• X-scale regression coefficient: β̂k = RkQ
T
k =[

R
(1)
k R

(2)
k ... R

(k)
k

] [
q1 ... qk

]T
=

k∑
m=1

smdm
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To verify these statements, we will make use of certain orthogonality properties and

equalities, letting S = XTX and j, k ∈ [1, K]:

1. gradients are orthogonal: rTj rk = 0 ∀ j 6= k

2. conjugated gradients are S-orthogonal: dTj S dk = 0 ∀ j 6= k

3. gradients are S-orthogonal if far-enough apart: rTj S rk = 0 ∀ |j − k| ≥ 2

4. conjugated gradients are S2-orthogonal if far-enough apart: dTj S2 dk = 0 ∀ |j−k| ≥ 2

5. rTk rk = −sk−1
(
rTk−1 XT

k−1 Xk−1 rk
)

= dT1 dk

6. XTX dk = −XT
kXk rk (e.g. Conjugate Gradient and PLS are equivalent)

The first two properties are based on the construction of the gradients and conjugated

gradients, so we simply provide examples of these. We verify the remaining properties, then

return to justifying the PLS and Conjugate Gradient relationships.
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1. We begin by giving examples of how gradients are orthogonal.

rT1 r2 = rT1 (r1 + s1Sd1) = rT1 r1 − s1 dT1 Sd1 = rT1 r1 − rT1 r1 = 0

rT1 r3 = rT1 (r2 + s2Sd2) = rT1 r2 − s2 dT1 Sd2 = 0

rT2 r3 = (r1 + s1Sd1)
T r3 = rT1 r3 − s1 rT1 Sr3 = 0

rT2 r4 = (r1 + s1Sd1)
T r4 = rT1 r4 − s1 rT1 Sr4 = 0

rT3 r4 = (r2 + s2Sd2)
T r4 = rT2 r4 + s2 dT2 Sr4 = s2

(
−r2 +

rT2 r2
rT1 r1

d1

)T
Sr4

= s2

(
−rT2 Sr4 −

rT2 r2
rT1 r1

rT1 Sr4

)
= 0

rT4 r6 = (r3 + s3Sd3)
T r6 = rT3 r6 + s3 dT3 Sr6 = s3

(
−rT3 Sr6 +

rT3 r3
rT2 r2

dT2 Sr6

)
= s3

(
−rT3 Sr6 +

rT3 r3
rT2 r2

[
−rT2 −

rT2 r2
rT1 r1

rT1

]
Sr6

)
= s3

(
−rT3 Sr6 −

rT3 r3
rT2 r2

rT2 Sr6 −
rT3 r3
rT1 r1

rT1 Sr6

)
= 0

2. Now we prove that gradients are S-orthogonal if they are far-enough (2 or more) apart.

For any k < j such that |k − j| ≥ 2,

rTk+1rj = (rk + skSdk)
T rj = rTk rj + sk dTk Srj = sk

(
−rk +

rTk rk
rTk−1rk−1

dk−1

)T
Srj

= sk

(
−rTk Srj +

rTk rk
rTk−1rk−1

dTk−1Srj

)
= sk

(
−rTk Srj −

rTk rk
rTk−1rk−1

rTk−1Srj − · · · −
rTk rk
rT1 r1

rT1 Srj

)
= 0 by gradient defn.

=⇒ rTk Srj = −rTk+1rj/sk −
rTk rk

rTk−1rk−1
rTk−1Srj − · · · −

rTk rk
rT1 r1

rT1 Srj = 0 by 3.
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Note that this orthogonal property does not hold for gradients that are consecutive; the

orthogonality proof relies on rTk+1rj being 0, which does not hold if k = j − 1.

3. Next, we give examples of how conjugate gradients are S-orthogonal.

dT1 Sd2 = rT1 S
([

1 +
rT2 r2
rT1 r1

]
Ip − s1S

)
r1 = s21

rT1 S2r1
rT1 r1

rT1 Sr1 − s1 rT1 S2r1

= s1 rT1 S2r1

(
s1

rT1 Sr1
rT1 r1

− 1

)
= 0

dT1 Sd3 =
(
rT1 r3 − rT1 r4

)
/s3 = 0

dT2 Sd3 =

(
−r2 +

rT2 r2
rT1 r1

d1

)T
Sd3 = −rT2 Sd3 = dT1 Sd3 − s1 dT1 S2d3 = 0

dT2 Sd4 =

(
−r2 +

rT2 r2
rT1 r1

d1

)T
Sd4 = −rT2 Sd4 = dT1 Sd4 − s1 dT1 S2d4 = 0

dT3 Sd4 =

(
−r3 +

rT3 r3
rT2 r2

d2

)T
Sd4 = −rT3 Sd4 = −rT2 Sd4 − s2 dT2 S2d4 = 0

dT4 Sd6 =

(
−r4 +

rT4 r4
rT3 r3

d3

)T
Sd6 = −rT4 Sd6 = −rT3 Sd6 − s3 dT3 S2d6 = 0

4. Now we prove that conjugated gradients are S2-orthogonal if they are far-enough (2 or

more) apart. For any k < j such that |k − j| ≥ 2,

dTk+1Sdj =

(
−rk+1 +

rTk+1rk+1

rTk rk
dk

)T
Sdj = −rTk+1Sdj = −rTk Sdj − sk dTk S2dj

= dTk Sdj − sk dTk S2dj = 0 by definition of conjugated gradients.

=⇒ dTk S2dj =
(
dTk Sdj − dTk+1Sdj

)
/sk = 0

Again, this orthogonality property does not hold for conjugated gradients that are
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consecutive; the proof relies on dTk+1Sdj being 0, which does not hold if k = j − 1.

5. Next, we show that rTk rk = sk−1
(
dTk−1Srk

)
= −sk−1

(
rTk−1 XT

k−1 Xk−1 rk
)

for any k.

rTk rk = (rk−1 + sk−1 Sdk−1)
T rk = sk−1

(
dTk−1Srk

) 6.
= −sk−1

(
rTk−1 XT

k−1 Xk−1 rk
)
.

For example, rT1 Sr2 = rT1 Sr1− rT
1 r1

rT
1 Sr1

(rT1 S2r1), so s1(r
T
1 Sr2) = rT1 r1−s21 (rT1 S2r1) = −rT2 r2.

Additionally, we show that rTk rk = dT1 dk for any k. By definition and induction,

dT1 dk = −dT1 rk +
rTk rk

rTk−1rk−1
dT1 dk−1 = rT1 rk +

rTk rk
rTk−1rk−1

(rTk−1rk−1) = rTk rk.

6. Finally, we show that XTX dk = −XT
kXk rk, which is the main statement needed to

equate PLS with CG. To make this proof more concise, we highlight some useful relationships.

dTk Sdk = −rTk Sdk = −rTk−1Sdk−sk−1 dTk−1S2dk = dTk−1Sdk−sk−1 dTk−1S2dk = −sk−1 dTk−1S2dk

=⇒ sk =
rTk rk

dTk Sdk
=

sk−1 dTk−1Srk

−sk−1 dTk−1S2dk
=
−dTk−1Srk

dTk−1S2dk
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Previously we showed that −sk
(
rTk XT

k Xk rj
)

= rTj rj when j = k + 1.

If j = k + 2, −sk
(
rTk XT

k Xk rj
)

= −sk
(
rTk XT

k Xk rk+1

)
− sksk+1

(
rTk XT

k XkSdk+1

)
= rTk+1rk+1 + sk+1sk

(
dTk S2dk+1

)
= rTk+1rk+1 +

−rTk+1rk+1

(
dTk+1Sdk+1

)
dTk+1Sdk+1

= 0

If j > k + 2, −sk
(
rTk XT

k Xk rj
)

= −sk
(
rTk XT

k Xk rj−1
)
− sksk+1

(
rTk XT

k XkSdj−1
)

= 0 + sksk+1

(
dTk S2dj−1

)
= 0

For ease, we also use the conjugated gradient relationship (in different notation):

−dk = rk −
rTk rk

rTk−1rk−1
dk−1 = rk +

rTk rk
rTk−1rk−1

rk−1 +
rTk rk

rTk−2rk−2
rk−2 + · · ·+ rTk rk

rT1 r1
r1.

Now we can more clearly prove XTX dk = −XT
kXk rk by induction, for any

k ≤ rank(XTX).

When k = 1, by definition we have that −XT
1 X1 r1 = −XTX r1 = XTX d1.
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For k = 2, XT
2 X2 r2 = XT

(
In −

t1t
T
1

tT1 t1

)
X r2 = XT

(
In − s1 X1

r1r
T
1

rT1 r1
XT

1

)
X r2

= XTX

[
In − s1

r1r
T
1

rT1 r1
XTX

]
r2

= XTX

[
r2 −

s1
rT1 r1

(rT1 Sr2) r1

]
= XTX

[
r2 +

rT2 r2
rT1 r1

r1

]
= −XTX d2.

For k=3,

XT
3 X3 r3 = XT

2

(
In − s2 X2

r2r
T
2

rT2 r2
XT

2

)
X2 r3 =

[
XT

2 X2 − s2 XT
2 X2

r2r
T
2

rT2 r2
XT

2 X2

]
r3

= S
[
In − s1

r1r
T
1

rT1 r1
XTX − s2

rT2 r2

{
In − s1

r1r
T
1

rT1 r1
XTX

}
r2 rT2 XT

2 X2

]
r3

= S
[
In −

s1
rT1 r1

r1 rT1 S −
s2

rT2 r2

{
r2 rT2 XT

2 X2 +
rT2 r2
rT1 r1

r1 rT2 XT
2 X2

}]
r3

= S
[
r3 −

s1
rT1 r1

r1 (rT1 Sr3) −
s2

rT2 r2

{
r2 (rT2 XT

2 X2r3) +
rT2 r2
rT1 r1

r1 (rT2 XT
2 X2r3)

}]
= S

[
r3 +

rT3 r3
rT2 r2

r2 +
rT3 r3
rT1 r1

r1

]
= −XTX d3.
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Now assume that XTX dk = −XT
kXk rk, by a similar pattern. Then,

XT
k+1Xk+1 rk+1 = XT

k

(
In − sk Xk

rkr
T
k

rTk rk
XT
k

)
Xk rk+1 =

[
XT
kXk − sk XT

kXk
rkr

T
k

rTk rk
XT
kXk

]
rk+1

= S

[
In −

s1
rT1 r1

r1 rT1 S −
s2

rT2 r2

(
r2 +

rT2 r2
rT1 r1

r1

)
rT2 XT

2 X2

− s3
rT3 r3

[
r3 +

rT3 r3
rT2 r2

(
r2 +

rT2 r2
rT1 r1

r1

)]
rT3 XT

3 X3 − · · ·

− sk
rTk rk

{
In −

s1
rT1 r1

r1 rT1 S −
s2

rT2 r2

(
r2 +

rT2 r2
rT1 r1

r1

)
rT2 XT

2 X2

− s3
rT3 r3

[
r3 +

rT3 r3
rT2 r2

(
r2 +

rT2 r2
rT1 r1

r1

)]
rT3 XT

3 X3 − · · ·
}

rk rTkXT
kXk

]
rk+1

= S
[
rk+1 −

sk(r
T
kXT

kXkrk+1)

rTk rk

{
rk +

rTk rk
rTk−1rk−1

(
rk−1 +

rTk−1rk−1

rTk−2rk−2
[rk−2 + · · · ]

)}]
= S

[
rk+1 +

rTk+1rk+1

rTk rk

{
rk +

rTk rk
rTk−1rk−1

(
rk−1 +

rTk−1rk−1

rTk−2rk−2
[rk−2 + · · · ]

)}]
= −XTX dk+1.

As XTX dk+1 = −XT
k+1Xk+1 rk+1, the proof of the induction step is complete. Therefore,

relationship 6. holds for any k ≤ rank(XTX).
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Now we return to the original task of justifying the relationships between PLS and Con-

jugate Gradient. We list the 5 substantial equalities again for ease of reading, and then we

plug these results into the remaining equalities.

A. (residual) gradients: w̃k = XT
k yk = −rk

B. conjugated gradients: w̃k + w̃T
k w̃k

w̃T
k−1w̃k−1

w̃k−1 + w̃T
k w̃k

w̃T
k−2w̃k−2

w̃k−2 + · · ·+ w̃T
k w̃k

w̃T
1 w̃1

w̃1 = dk

C. component variance: tTk tk = 1/sk

D. orthogonal projection:
(
In − tkt

T
k

tT
k tk

)
=
(
In − sk Xk

rkrT
k

rT
k rk

XT
k

)
E. X-scale gradients: R

(k)
k = dk/

√
rTk rk

For the first component (k=1) these easily hold, since by the initialization steps:

w̃1 = XTy = d1 = −r1.

Therefore w1 = R
(1)
1 = −r1/

√
rT1 r1 and t1 = −Xr1/

√
rT1 r1.

Then, tT1 t1 = rT1 XT X r1/(r
T
1 r1) = dT1 XTX d1/(r

T
1 r1) = 1/s1.

Last, t1t
T
1 = X r1 rT1 XT/(rT1 r1) = X

r1 rT1
rT1 r1

XT , so it holds that(
In −

t1t
T
1

tT1 t1

)
=

(
In − s1 X

r1 rT1
rT1 r1

XT

)
.

For the future components, more algebra is required.
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A. We start by proving that w̃k = −rk. For two components,

w̃2 = XT
2 y2 = XT

(
In −

t1t
T
1

tT1 t1

)
y = XTy − 1

tT1 t1
XT t1 tT1 y

= −r1 − s1 XT

[
X

r1 rT1
rT1 r1

XT

]
y = −r1 + s1 XT

[
X

r1 rT1
rT1 r1

r1

]
= −r1 + s1 XT [Xr1] = −r1 − s1 XTXd1 = −r2.

For three components, using that t2t
T
2 = X2 r2 rT2 XT

2 /(r
T
2 r2) = X2

r2 rT
2

rT
2 r2

XT
2 ,

w̃3 = XT
3 y3 = XT

2

(
In −

t2t
T
2

tT2 t2

)
y2 = XT

2 y2 − s2 XT
2

[
X2

r2 rT2
rT2 r2

XT
2

]
y2

= −r2 + s2 XT
2 X2 r2 = −r2 − s2 XTX d2 = −r3.

Assuming that w̃k = −rk by a similar pattern, we have that

w̃k+1 = XT
k+1yk+1 = XT

k

(
In −

tkt
T
k

tTk tk

)
yk = XT

k yk − sk XT
k

[
Xk

rk rTk
rTk rk

XT
k

]
yk

= −rk + sk XT
kXk rk = −rk − sk XTX dk = −rk+1.

Therefore, since the induction step holds, w̃k = −rk for any k ≤ rank(XTX).
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B. Next, we show the relationship between dk and w̃k, using equality A. and the definition

dk = −rk +
rT
k rk

rT
k−1rk−1

dk−1.

d2 = −r2 +
rT2 r2
rT1 r1

d1 = w̃2 +
w̃T

2 w̃2

w̃T
1 w̃1

w̃1.

d3 = −r3 +
rT3 r3
rT2 r2

d2 = w̃3 +
w̃T

3 w̃3

w̃T
2 w̃2

(
w̃2 +

w̃T
2 w̃2

w̃T
1 w̃1

w̃1

)
.

Assume this relationship holds for step k − 1. Then,

dk = −rk+
rTk rk

rTk−1rk−1
dk−1 = w̃k+

w̃T
k w̃k

w̃T
k−1w̃k−1

{
w̃k−1 +

w̃T
k−1w̃k−1

w̃T
k−2w̃k−2

[
w̃k−2 + · · ·

(
w̃2 +

w̃T
2 w̃2

w̃T
1 w̃1

w̃1

)]}

= w̃k +
w̃T
k w̃k

w̃T
k−1w̃k−1

w̃k−1 +
w̃T
k w̃k

w̃T
k−2w̃k−2

w̃k−2 + · · ·+ w̃T
k w̃k

w̃T
1 w̃1

w̃1

Therefore, since the induction step holds, equality B. holds for any k ≤ rank(XTX).

C. Next, we show that sk = 1/(tTk tk). We rely on equality A. and relationship 6. For any

k ≤ rank(XTX),

tTk tk = wT
k XT

kXk wk =
rTk√
rTk rk

XT
kXk

rk√
rTk rk

=
rTk

rTk rk

[
XT
kXk rk

]
=
−rTk Sdk

rTk rk
=

dTk Sdk
rTk rk

=
1

sk
.

D. We now show that
(
In − tkt

T
k

tT
k tk

)
=
(
In − sk Xk

rkrT
k

rT
k rk

XT
k

)
. Using equality C., we only

need to show that tkt
T
k = Xk

rkrT
k

rT
k rk

XT
k . For any k ≤ rank(XTX),

tk tTk = Xk
rk√
rTk rk

rTk√
rTk rk

XT
k = Xk

rkr
T
k

rTk rk
XT
k
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Therefore, we can use the relationship shown by Helland to state that

Xk+1 =

[
k∏

m=1

(
In −

tmtTm
tTmtm

)]
X =

[
k∏

m=1

(
In − sm Xm

rmrTm
rTmrm

XT
m

)]
X,

and similarly, yk+1 =

[
k∏

m=1

(
In − sm Xm

rmrT
m

rT
mrm

XT
m

)]
y.

E. Finally, we show that R
(k)
k = dk/

√
rTk rk. First, we clarify the notation below. Let

R
(k)
k be the kth column of Rk = Wk

(
PT
kWk

)−1
, where Wk =

[
w1 w2 ... wk

]
and

Pk =
[
p1 ... pk

]
.

First, we use the facts that wk = −rk/
√

rTk rk and

pk = XT
k tk/(t

T
k tk) =

−sk√
rTk rk

XT
kXk rk =

sk√
rTk rk

XTX dk =
rk+1 − rk√

rTk rk
:=

rk+1 − rk
‖rk‖

.

(
PT
kWk

)−1
=




(r2 − r1)
T/‖r1‖

...

(rk+1 − rk)
T/‖rk‖

 [
−r1

‖r1‖ ... −rk

‖rk‖

]
−1

=


1 −‖r2‖

‖r1‖ 0 ... 0

0 1 −‖r3‖
‖r2‖ ... 0

...
. . .

...

0 · · · 1



−1

=


1 ‖r2‖

‖r1‖
‖r3‖
‖r1‖ ... ‖rk‖

‖r1‖

0 1 ‖r3‖
‖r2‖ ... ‖rk‖

‖r2‖
...

. . .
...

0 · · · 1


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Rk = Wk

(
PT
kWk

)−1
=
[
w1 w2 + ‖r2‖

‖r1‖w1 · · · wk + ‖rk‖
‖rk−1‖

wk−1 + ...+ ‖rk‖
‖r1‖w1

]
=
[
−r1

‖r1‖
−r2

‖r2‖ −
‖r2‖r1

‖r1‖2 · · · −rk

‖rk‖
− ‖rk‖rk−1

‖rk−1‖2
− ...− ‖rk‖r1

‖r1‖2

]
R

(j)
k =

(
−rj −

‖rj‖2

‖rj−1‖2
rj−1 − ...−

‖rj‖2

‖r1‖2
r1

)
/‖rj‖

= dj/
√

rTj rj

=⇒ R
(k)
k = dk/

√
rTk rk.

The remaining equalities can be seen by plugging in the previous results. For example,

see that qk = yTk tk/(t
T
k tk) = sk(−rk wk) = sk

√
rTk rk, so we obtain that

β̂k = RkQ
T
k =

[
R

(1)
k R

(2)
k ... R

(k)
k

] [
q1 ... qk

]T
=

k∑
m=1

smdm.

This concludes the verification that PLS and Conjugate Gradient are equiv-

alent procedures at the kth step.
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A.2 Equivalence between WPLS and Conjugate Gradient

As mentioned at the beginning of the last section, Linear Conjugate Gradient solves the

general system of linear equations Ax = b, where A is symmetric and positive definite.

When solving generalized estimating equations, CG can similarly be applied to the system

(XTVX) β̂ = XTVz. The counterpart for PLS is now weighted PLS (WPLS), and since

very similar mechanics are in play to prove the equivalence of these methods, we only briefly

show the relationship of the PLS residual variance and covariance matrices. Then we list the

algorithms and full relationship between CG and WPLS terms for reference. The product

form for the subsequent residuals Xk and zk were proven by Marx [48] as an adaptation of

Helland’s proof. Again, WLOG we assume X is centered.

The only change to PLS is that components are now created in a weighted metric. We

provide justification that the Weighted PLS variance and covariance matrices take a similar

form as the PLS matrices. For any component k + 1, with Sk = XT
kVXk,

XT
k+1VXk+1 = XT

k

(
In −

tkt
T
kV

tTkVtk

)T
V

(
In −

tkt
T
kV

tTkVtk

)
Xk

= XT
k

(
In −

Vtkt
T
k

tTkVtk

) (
V − Vtkt

T
kV

tTkVtk

)
Xk = XT

k

(
In −

Vtkt
T
k

tTkVtk

)
VXk

= Sk − sk Sk
rk rTk
rTk rk

Sk

XT
k+1Vzk+1 = XT

k

(
In −

Vtkt
T
k

tTkVtk

)
Vzk

= XT
kVzk − sk Sk

rk rTk
rTk rk

XT
kVzk = −rk + sk Sk rk = −rk+1.

The last equality—and all the remaining proofs—hold as in the PLS case because we see the

same form emerge. For the weighted PLS proof, simply replace XTX with XTVX and XTy

with XTVz.
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Conjugate gradient with β̂0 = 0

Initialize: r0 = −XTVz and d0 = 0.

For k in 1, ..., rank(XTVX) {

rk = rk−1 + sk−1 (XTVX) dk−1

dk = −rk +
rTk rk

rTk−1rk−1
dk−1

sk =
rTk rk

dTk (XTVX) dk

β̂k = β̂k−1 + sk dk

}

Weighted Partial Least Squares

Initialize: X1 = X and z1 = z.

For k in 1, ..., rank(XTVX)=K {

w̃k = XT
k V zk

wk = w̃k/

√
w̃T
k w̃k

tk = Xk wk

pk = XT
kVtk/(t

T
k V tk)

qk = zTkVtk/(t
T
k V tk)

Xk+1 = Xk − tkp
T
k

= Xk − tkt
T
kV Xk/(t

T
kVtk)

=

[
k∏

m=1

(
In −

tmtTmV

tTmVtm

)]
X

zk+1 = zk − tkq
T
k =

[
k∏

m=1

(
In −

tmtTmV

tTmVtm

)]
z

}

WK =
[
w1 · · · wK

]
PK =

[
p1 · · · pK

]
QK =

[
q1 · · · qK

]
β̂K = WK

(
PT
KWK

)−1
QT
K := RK QT

K
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The following relationships hold at the kth CG and WPLS step, for any k ∈ [1,

rank(XTVX)], by the proofs in the previous section. For clarity, the terms on the left are

from WPLS and those on the right are from CG.

• gradients (weights): w̃k = −rk and wk = −rk/
√

rTk rk

• orthogonal projection:
(
In − tkt

T
k V

tT
k Vtk

)
=
(
In − sk

[
Xk

rkrT
k

rT
k rk

XT
k

]
V
)

• components: tk = Xk wk = −
[

k∏
m=1

(
In − sm

[
Xm

rmrT
m

rT
mrm

XT
m

]
V
)]

Xrk /
√

rTk rk

= X R
(k)
k = X dk/

√
rTk rk

• component variance: tTkVtk = 1/sk

• loadings: pk = sk√
rT
k rk

XTVX dk = (rk+1 − rk)/
√

rTk rk

• component-scale regression coefficient: qk = sk
√

rTk rk

• conjugated gradients: w̃k+
w̃T

k w̃k

w̃T
k−1w̃k−1

w̃k−1+
w̃T

k w̃k

w̃T
k−2w̃k−2

w̃k−2+· · ·+ w̃T
k w̃k

w̃T
1 w̃1

w̃1 = dk

• X-scale gradients (weights): R
(k)
k = dk/

√
rTk rk

• X-scale regression coefficient: β̂k = RkQ
T
k =[

R
(1)
k R

(2)
k ... R

(k)
k

] [
q1 ... qk

]T
=

k∑
m=1

smdm
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A.3 Illustration of Conjugate Gradient approximating the full-rank solution

As Conjugate Gradient (and consequently (W)PLS) finds the minimizer x̂ over the entire

space in rank(A) steps, we demonstrate what occurs when using fewer (component) steps to

solve Ax = b. At the k-th CG step, its solution x̂(k) minimizes {
(
x̂− x(k)

)T
A
(
x̂− x(k)

)
}

over the current rank-k (Krylov) subspace, with the norm of each error monotonically de-

creasing with k. As the full-rank solution can be expressed as x̂ =
p∑

m=1

sm dm = A−1 b, we

first express dm in terms of b:

Let ωk =

(
1 +

‖rk‖2

‖rk−1‖2

)
I− sk−1A for k ≥2, and ω1 = I. Let Ωk =

k∏
m=1

ωk.

Then dk = ωk dk−1 −
‖rk−1‖2

‖rk−2‖2
dk−2 for k ≥ 3. (A.1)

Let Ξk = ωk (Ξk−1) −
‖rk−1‖2

‖rk−2‖2
(Ωk−2 + Ξk−2) for k ≥ 3, and Ξ1 = Ξ2 = 0.

Then dk = (Ωk + Ξk) d1 = (Ωk + Ξk) b for k ≥ 1. (A.2)

Now, we can apply the Cayley-Hamilton Theorem [13] to state that the inverse of sym-

metric matrix A can be expressed as a sum of polynomials with respect to A:

A−1 =
p−1∑
m=0

cm Am. By equation A.2, we can claim that Conjugate Gradient approximates

this inverted matrix and provide a few low-rank examples: A−1 ≈
k−1∑
m=0

(cm−em) Am. Consider

a simple example with 2 predictors. Cayley-Hamilton states that A−1 = 1

det(A)
[tr(A) I−A].

Since det(A) = 1
s1 s2

and trace(A) = 1
s2

+ 1
s1

(
1 + ‖r2‖2

‖r1‖2

)
,

A−1 = s1 s2

[{
1

s2
+

1

s1

(
1 +
‖r2‖2

‖r1‖2

)}
I−A

]
= s1 s2

[
1

s2
I +

{
1

s1

(
1 +
‖r2‖2

‖r1‖2

)
I−A

}]
,

where the second form breaks apart the contribution of the first and second CG iterate.

With three predictors, we first present the Cayley-Hamilton form and then distinguish each
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CG iterate’s contribution:

A−1 = s1 s2 s3

[{
1

s2 s3
+

1

s1 s3

(
1 +
‖r2‖2

‖r1‖2

)
+

1

s1 s2

(
1 +
‖r3‖2

‖r2‖2
+
‖r3‖2

‖r1‖2

)}
I

−
{

1

s3
+

1

s2

(
1 +
‖r3‖2

‖r2‖2

)
+

1

s1

(
1 +
‖r2‖2

‖r1‖2

)}
A + A2

]

= s1 s2 s3

[
1

s2 s3
I +

{
1

s1 s3

(
1 +
‖r2‖2

‖r1‖2

)
I− 1

s3
A

}
+

{
1

s1 s2

(
1 +
‖r3‖2

‖r2‖2
+
‖r3‖2

‖r1‖2

)
I

−
[

1

s2

(
1 +
‖r3‖2

‖r2‖2

)
+

1

s1

(
1 +
‖r2‖2

‖r1‖2

)]
A + A2

}]

Next we express the difference between the full-rank solution and the partial Conjugate

Gradient solution after k steps, with respect to different dj of interest for interpretation.

Let αk = αk+1 ωk+1 −
‖rk+1‖2

‖rk‖2
αk+2 + skI for k ≤ p, and αj = 0 for j > p.

Then x̂− x(k) = αk+1 dk+1 −
‖rk+1‖2

‖rk‖2
αk+2 dk = (αk − skI) dk −

‖rk‖2

‖rk−1‖2
αk+1 dk−1.

(A.3)
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We can re-express αk as a sum of step sizes

(
p∑

m=k

sm γ
k
m

)
, letting

γkm = ωmγ
k
m−1 −

‖rm−1‖2

‖rm−2‖2
γkm−2 for m > k, γkk = I, and γkm = 0 for m < k.

Then x̂− x(k) =

p∑
m=k+1

sm

[(
γk+1
m ωk+1 −

‖rk+1‖2

‖rk‖2
γk+2
m

)
dk −

(
‖rk‖2

‖rk−1‖2
γk+1
m

)
dk−1

]
(A.4)

=

p∑
m=k+1

sm
[
Ωm + Ξm

]
d1 =

p∑
m=k+1

sm dm.

We now verify that the first two equations hold.

Using the definitions of the residual and conjugated gradients to show equation A.1,

dk = −rk +
‖rk‖2

‖rk−1‖2
dk−1 rk = rk−1 + sk−1Adk−1

= −rk−1 +

(
‖rk‖2

‖rk−1‖2
I− sk−1A

)
dk−1

=

[(
1 +

‖rk‖2

‖rk−1‖2

)
I− sk−1A

]
dk−1 −

‖rk−1‖2

‖rk−2‖2
dk−2 for k ≥ 3

= ωk dk−1 −
‖rk−1‖2

‖rk−2‖2
dk−2 for k ≥ 3



104

We show equation A.2 holds by induction.

b = d1 = I d1 = (Ω1 + Ξ1) d1 d2 = ω2 d1 = (Ω2 + Ξ2) d1

d3 = ω3 d2 −
‖r2‖2

‖r1‖2
d1 = Ω3d1 −

‖r2‖2

‖r1‖2
Ω1d1 = (Ω3 + Ξ3) d1

d4 = ω4 d3 −
‖r3‖2

‖r2‖2
d2 = Ω4d1 +

[
ω4(Ξ3)−

‖r3‖2

‖r2‖2
(Ω2 + Ξ2)

]
d1 = (Ω4 + Ξ4) d1

Assume this pattern holds for component k. Then, for step k + 1 we have that

dk+1 = ωk+1 dk −
‖rk‖2

‖rk−1‖2
dk−1 = Ωk+1d1 +

[
ωk+1(Ξk)−

‖rk‖2

‖rk−1‖2
(Ωk−1 + Ξk−1)

]
d1

= (Ωk+1 + Ξk+1) d1 = (Ωk+1 + Ξk+1) b
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Appendix B

EXTENDED SIMULATION RESULTS FOR CHAPTER 2



Section 1:  One standard error test for multiple tuning parameters 

Background: To assess the predictive ability of candidate models, we use cross-validation 

(CV) and compare each model’s root mean squared error of prediction (RMSE), where the 

mean is taken across the CV folds. There is a trade-off between model accuracy and 

complexity, as there are typically more parsimonious models (with fewer components or 

more sparsity) that have similar predictive accuracy as the model with the minimum RMSE.  

 

In the context of component-based methods, the 

one standard error (1-se) test chooses the model 

with the fewest components whose RMSE is 

within one standard error of the minimum RMSE. 

In the example of Figure A1, two components 

results in the lowest RMSE (red dotted line). After 

calculating the standard error of the squared error 

of prediction for the 2-component model across 

the CV folds, we search for the most parsimonious 

model whose predictive ability is within 1-se of 

the minimum RSME (i.e., whose RMSE is no larger 

than the upper red bar). Here, the model with one 

component (blue dashed line) satisfies this 

criterion, so we select this simpler model. 

 

Extension: Sparse component-based methods have two tuning parameters, so we extended 

the 1-se test to optimize the parameter search across a grid of candidate pairs. Figure A2 

illustrates our approach in the context of Sparse PLS, where its sparsity parameter is a 

fraction {η ∈ [0,1)}. In this example, the model with three components and 45% sparsity 

results in the lowest RMSE (black solid square with “min”). We then consider all models in 

the region of potential parsimony improvement (red rectangle), which emphasizes a 

decrease in the number of components 

for our scientific goal. There are three 

pairs of candidates (black dashed squares 

and “1-se” square) whose RMSEs are 

within 1-se of the minimum RMSE, so we 

use a weighted metric to determine which 

pair provides the best improvement in 

parsimony. Since we favor a decrease in 

components over an increase in sparsity, 

we select the model with two components 

and 45% sparsity (black solid square with 

“1-se”). 

FIGURE A1 Illustration of the one standard 

error test for one tuning parameter (for PLS). 

FIGURE A2 Illustration of the one standard error test 

for two tuning parameters (for Sparse PLS). 
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B.1 Extended one standard error test for cross-validation



Formally, the weighted metric is given by   improve = α1 ∗ (ΔK) + α2 ∗ (Δλ). 

Δ𝐾 = 𝐾𝑚𝑖𝑛 − 𝐾𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒  refers to the change in number of components,  

Δλ = λ𝑚𝑖𝑛 − λ𝑐𝑎𝑛𝑑𝑖𝑑𝑎𝑡𝑒  refers to the change in sparsity level, 

αs are the weights assigned to each change in tuning parameter, and  

𝑖𝑚𝑝𝑟𝑜𝑣𝑒 > 0 means that the candidate model provides an increase in parsimony over the 

model with minimum RMSE. 

 

The candidate model with the largest 𝑖𝑚𝑝𝑟𝑜𝑣𝑒 value is selected by the extended 1-se test. 

 

 

Example with Sparse PLS: 

In our setting, we would like fewer components, so we set 𝛼1 = +1, meaning that the greater 

the decrease in components, the larger 𝑖𝑚𝑝𝑟𝑜𝑣𝑒 will be. 

  

We would also like more sparsity, so we set 𝛼2 = −5; the greater the increase in sparsity, the 

larger 𝑖𝑚𝑝𝑟𝑜𝑣𝑒 will be. For Sparse PLS, we use its sparsity fraction for the sparsity unit 

(e.g., 𝜆 = 𝜂). 

 

We choose these specific magnitudes because we prefer a decrease in components over an 

increase in sparsity. Specifically, |
α1

α2
| = .20 implies that we will select a model with a 1-unit 

decrease in components even if its sparsity level is smaller by up to 19% (absolute 

difference).  

 

So, if we were considering between a model with 4 components and 70% sparsity and a 

model with 3 components and 55% sparsity, we would select the latter model. However, we 

would not select a model with 3 components and 50% sparsity. 

 

 

Example with Sparse PCR: 

In Sparse PCR, its sparsity parameter takes a much larger (positive) range, based on the size 

of the weight p. We strategically select 9 sparsity values to test for each data set based on the 

size of the largest element in p1. To make this test comparable across all data sets, we instead 

use the index of sparsity value as our 𝜆 (e.g., 𝜆 = {1, 2, . . . , 9}). 

 

Again, we prefer a decrease in components over an increase in sparsity, but now we change 

the magnitudes. We set 𝛼1 = +2 and 𝛼2 = −1 (with |
𝛼1

𝛼2
| = 2), meaning that we will select a 

model with a 1-unit decrease in components even if its sparsity index is 1 unit smaller. 
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B.2 Simulations comparing sparse PLS methods

As the sparse PLS methods mentioned in Chapter 2 have not been formally compared,

we conducted a simulation study to determine which method selected more interpretable

models in contexts similar to nutritional epidemiology. Specifically, we consider a method

that includes component-wise sparsity (using an L1 penalty; denoted by subscript 1) [44] and

one that targets variable selection (using Chun and Keles’s procedure; denoted by subscript

2) [14]. Furthermore, we applied two parsimony tests to identify the most advantageous

setting for these methods: one-standard-error test (denoted by “se”) [31] and permutation

test (denoted by “perm”) [72]. We generated a continuous response from 9 of 24 predictors

in X, with varying amounts noise. We favored a decrease in the number of components over

an increase in sparsity if there were multiple candidate pairs that satisfied the parsimony

criterion (see Appendix B.1 for more details).

Both sparse PLS methods selected all relevant variables until the response had a relatively

high variance (sd(y) > 5), but only SPLS2 with the 1-se test was able to discard most

irrelevant variables. If SPLS1’s first component included most of the information from the

relevant variables, then its subsequent components were much more likely to select irrelevant

variables than with SPLS2. Additionally, SPLS2 with the 1-se test had the best predictive

performance (as indicated by the RMSE plot) for a wide range of response variabilities.

Thus, Chun and Keles’s sparse PLS with the 1-se test was most conducive to our setting.

We next illustrate how increasing the variability of added noise affects the sample covari-

ance between our multiblock predictors and the generated response in Figure B.2. Recall

that the within-block covariance levels are 0.05, 0.50, 0.30, and 0.10, respectively. True vari-

ables (with non-null associations) are denoted by blue triangles and false variables by black

circles. Though true and false variables are fairly easily distinguished for lower levels of noise

variability, it becomes quite difficult to determine variable relevance once sd(y) > 5. This

will cause difficulty for any sparse method.
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Figure B.1: Average prediction and variable selection performance for four SPLS methods
by response variability.
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Figure B.2: Illustration of sample covariance between response and multiblock predictors as
response variability changes.



Section 2:  Further Simulation Results 

Background: We present results from seven “matching-covariance block structure” settings. 

Here, all blocks are generated with the same level of intra-block covariance (ρ), specifically 

with ρ={0, .1, .3, .5, .6, .8, 1}. Formally, the predictors X are generated as 

. 

The univariate response y is then generated 

as a normally distributed variable with unit 

variance and mean of Xβ, where the true 

regression coefficient is given by Figure B1. 

 

Matching-covariance results: On the next 

page, Figure B2 graphically presents average 

results across 100 generated data sets, as 

well as 95% confidence intervals. 

Panel A displays the RMSE of the test sets, 

and we see that SPLS consistently has the 

lowest prediction error. This difference is not statistically significant, apart from the 

independent case (ρ=0), when SPCR has a statistically worse prediction error compared to 

all the other methods. 

Panel B displays the number of true variables selected. While SPCR has some difficulty when 

ρ=0, SPLS does not discard any true variables until ρ=0.8, though it is most noticeable for 

SPLS and Lasso when ρ=1. 

Panel C displays the number of false variables selected. SPLS and Lasso select less than one 

false variable until ρ>0.1. Lasso is less sensitive to the block-covariance structure, selecting 

at most 2.6 false variables when ρ=0.8, whereas SPLS selects 12 false variables. However, 

when the block-covariance is more realistic to food frequency questionnaire data (ρ≤0.5), 

SPLS tends to select less than a third of the false variables (e.g., 5). 

Panel D displays the number of components selected. Except for with perfect correlation 

(ρ=1), PCA-based methods select 23-24 components. PLS-based methods tend to select 2-7 

components, with SPLS generally selecting half a component more than PLS.     

FIGURE B1 True relationship between 24 

simulated predictors and the response. 
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B.3 Simulations comparing sparse dimension reduction methods



FIGURE B2 Simulation results across 100 data sets for seven matching-covariance block structures. 

(a)        (b) 
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Panel E displays the percent of y variance explained (R2). Most methods exhibit a gradual 

decrease in R2 as the block-covariances increase. Typically, PCR and PLS explain the most y 

variance, followed by SPLS, SPCR, and Lasso.  

 

 

Mixed-covariance results: We also tested “mixed-covariance block structures”, in which we 

permuted each block’s covariance from among ρ={0.05, 0.10, 0.30, 0.50}. Since we still 

impose independence across blocks, each block behaves similarly to the corresponding 

covariance structure from the “matching” scenarios.  

In general, the supervised methods have a harder time distinguishing between true and false 

variables when the blocks with more relevant variables (Blocks 2 and 3) have higher intra-

block covariances. In the easiest mixed settings, SPLS and Lasso select less than one false 

variable; in the hardest mixed setting, SPLS selects 5 false variables while Lasso selects 2. 

SPLS again has the lowest RMSE across all mixed settings, though PCR comes close when the 

blocks with more relevant variables have high intra-block covariances. Interestingly, in that 

setting when the blocks with more relevant variables have low intra-block covariances, PCR 

and SPCR select only 20 components, as compared to their usual 23-24 components. 
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Appendix C

EXTENDED DATA ANALYSES FOR CHAPTERS 2 AND 4

Interpretation when adjusting for total energy intake

To clarify the interpretation of a model relating diet to a CVD-related endpoint that adjusts

for total energy (caloric) intake, we present two models seeking to link (centered) BMI with

two food items, burgers and wine.

First, consider the linear regression model that adjusts for the variable Adjustment but

not for total calories (Cals); we subsequently provide the interpretation of the first coefficient.

BMI = β1 Burger + β2 Wine + γ1 Adjustment

β̂1 = expected change in BMI for every 1 unit change in Burger (and thus

total caloric) intake, keeping Adjustment and Wine levels constant.

Hence, this model analyzes the contribution of its diet variables on an absolute scale.

Now, consider the interpretation of a linear model that does adjust for total calories.

BMI = β1 Burger + β2 Wine + γ1 Adjustment + γ2 Cals

β̂1 = expected change in BMI for every 1 unit change in Burger intake,

keeping Adjustment, Wine, and Cals levels constant.

For the previous coefficient interpretation to make scientific sense, we need to assume

that there are other food items that contribute to the total calories consumed. For exam-

ple, if Cals=Burger+Wine+Cheese, the adjustment can be interpreted as increasing Burger

intake while decreasing Cheese intake to keep Cals constant. Therefore, we can rewrite

the coefficient interpretation as the expected change in BMI when substituting 1 unit of
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Cheese intake with Burger intake, keeping Adjustment, Wine, and Cals levels constant.

Thus, this model analyzes the contribution of its diet variables on a relative scale, comparing

its contribution to that of consumed foods not included in the model. This interpretation

concurs with that presented in the discussion of Willett, Howe, and Kushi’s 1997 paper [27].

When fitting a Cox model for CVD that adjusts for total caloric intake, we can similarly

interpret eβ1 as the expected hazard ratio for a CVD event when comparing two groups of

people where one group has substituted 1 unit of Cheese intake with Burger intake,

keeping Adjustment, Wine, and Cals levels constant.

CVD sensitivity analysis

We conducted a sensitivity analysis for our CVD data analysis to give evidence as to whether

or not ham hocks/chicharrones/pig’s feet was still considered a relevant food item when

restricting the sample to non-white MESA participants. Table C.1 provides some details

Table C.1: Summary of samples and CVD-related diet
patterns in MESA.

Metric All groups Non-white groups
Sample Size 5881 3545
Event Size 877 506
Events per Variable 6.7 3.9
Foods 16 50
Patterns 4 1
C-statistic 73 72

about the differences between the

samples and corresponding Cox

models with SPLS summary using

Combination-Adjustment. Fig-

ure C.1 illustrates the contribution

of the selected foods to the con-

struction of the first SPLS compo-

nent in the restricted sample, which is fairly similar to the first pattern in the complete case

analysis (see Figure 4.5). We again see that ham hocks/chicharrones/pig’s feet contributes

the most to the construction of the first SPLS component; this leads to the largest magni-

tude (log) hazard ratio in the analysis without whites (pink line), as it only selected the first

pattern as the most relevant to CVD risk.
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Figure C.1: Sensitivity analysis of CVD risk excluding white MESA participants.



117

Appendix D

CONSIDERATIONS WHEN APPROXIMATING THE COX
MPLE

D.1 Investigation of when aMPLE approximates MPLE well

Below we provide a brief investigation for when the Cox approximate MPLE regression

coefficients are reasonably close to the MPLE. We begin by specifying these terms more

formally, and assume that the initial estimate for either algorithm is β0 = 0. Both algorithms

can be expressed as follows, given their respective estimate βt after the t-th iteration:

µ̂i,t = exp(xTi βt) Λ̂0(yi|βt), V̂t = diag (µ̂i,t)
n
i=1 , ẑi,t = xiβt + (δi − µ̂i,t) /µ̂i,t

βt+1 =


(
XT V̂t X

)−1
XT V̂t ẑt, if MPLE(

XT V̂t X
)−1

XT V̂t ẑt − ξ
(k)
t , if aMPLE

At the first iteration, both algorithms start at β0 = 0, so they have the same V̂1 and ẑ1.

Therefore, adopting the notation of (k) for the aMPLE estimate, we can specifically state

that N1 := XT
[
β̂1 − β̂(k)

1

]
= XTξ

(k)
0 . Consider the estimate of the next aMPLE baseline

hazard; for a person r at a generic time τg when they are at risk (e.g. r ∈ Rg),

λ̂0(τg)
(k)
2 =

∑
i∈Rg

exp
[
xTi β̂1 − xTi ξ

(k)
0

]−1 =

∑
i∈Rg

exp
[
xTi β̂1 −Ni,1

]−1 .
If
∑
i∈Rg

(
e−Ni,1 − e−Nr,1

)
exp(xTi β̂1) < 0, then λ̂0(τg)

(k)
2 > λ̂0(τg)2 (e.g., the second iteration of

the MPLE baseline hazard at time τg). After summing over all times that person r is at risk

to obtain their cumulative baseline hazard, we can more formally express the relationship
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between their MPLE and aMPLE estimated risk of an event:

µ̂
(k)
r,2 = exp(xTr β̂

(k)
1 ) Λ̂0(yr|β̂

(k)
1 ) = exp(xTr β̂1) exp(−Nr,1) Λ̂0(yr|β̂

(k)
1 )

= µ̂r,2

[
Λ̂0(yr|β̂

(k)
1 )

exp(Nr,1) Λ̂0(yr|β̂1)

]
:= µ̂r,2 ζr,2

The constant ζr,2 determines which of the cumulative hazard estimates is larger for person

r. In essence, this constant is comparing the effect of replacing the i-th person’s difference

in their linear predictor due to PLS (Ni,1) with that of the r-th person (Nr,1) in all baseline

hazards. Using this notation, we can similarly compare the second ẑ values as follows:

ẑ
(k)
r,2 = xrβ̂

(k)
1 +

δr

µ̂
(k)
r,2

− 1 = xrβ̂1 +
δr

µ̂r,2 ζr,2
− 1−Nr,1

ẑr,2 = xrβ̂1 +
δr
µ̂r,2
− 1

The difference between the second working responses is due to both the scaling factor ζr,2

and the bias term Nr,1.

When considering future iterations, most of this notation stays the same, except that

β̂t+1 − β̂(k)
t+1 = (−Ht)

−1 XTVt zt −
(
−H

(k)
t

)−1
XTV

(k)
t z

(k)
t + ξ

(k)
t

= β̂t − β̂(k)
t + (−Ht+1)

−1 Ut+1 −
(
−H

(k)
t+1

)−1
U

(k)
t+1 + ξ

(k)
t

= (β̂1 − β̂(k)
1 ) +

t+1∑
m=2

[
(β̂m − β̂m−1)− (β̂(k)

m − β̂
(k)
m−1)

]
(D.1)

Nt+1 = XT
[
β̂t+1 − β̂(k)

t+1

]

For MPLE and aMPLE to converge to similar regression coefficient estimates, it must

hold that ζr,t → 1 and Nr,t → 0 for all people r as iteration t increases. However, notice

from equation D.1 that ‖Nt+1‖ is at least the size of ‖XTξ
(k)
0 ‖ (Triangle Inequality), which
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approaches 0 as k increases, but not necessarily as t increases. Hence, we cannot describe

convergence bounds so strictly, but it does provide some intuition as to when aMPLE results

in a close approximation of the Cox MPLE.

D.2 Computational improvements via Line Search

Although MPLE and aMPLE generally converge, they can sometimes exhibit oscillating

behavior or extra slow convergence of the regression coefficients if the “amount” of an update

at each iteration is not optimized, particularly for aMPLE (also seen in [57, 55, 45]). In the

MPLE update β̂t+1 = β̂t+αt (−Ht)
−1Ut, the positive constant αt is called the step size, and

it determines how far in the direction of the negative gradient (−Ht)
−1Ut to move for the

next update. The default for (a)MPLE is to set αt = 1 for all iterations t, but improvements

in stability and speed can be made if this step size is chosen by a line search to optimize the

log partial likelihood at each iteration:

αt = arg max
α∈(0,1]

`
(
β̂t + α (−Ht)

−1Ut

)
for MPLE and

αt = arg max
α∈[−1,1]

`

(
β̂

(k)
t + α

[(
−H

(k)
t

)−1
U

(k)
t − ξ

(k)
t

])
for aMPLE.

Below we provide justification for why aMPLE benefits from considering a negative step

size, after reformulating the coefficient estimate updates (3.1) and (3.2), with the latter using

the conjugate gradient notation.
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β̂t+1 = β̂t + αt (−Ht)
−1Ut = β̂t − αtβ̂t + αtβ̂t + αt(−Ht)

−1Ut

= (1− αt) β̂t + αt

[
(−Ht)

−1 XTVt

(
Xβ̂t + V−1t

∂`(ηt)

∂η

)]
= (1− αt) β̂t + αt (−Ht)

−1 XTVt zt

β̂
(k)
t+1 = (1− αt) β̂(k)

t + αt

k∑
m=1

sm,t dm,t

= (1− αt) β̂(k)
t + αt

[
(−H

(k)
t )−1 XTV

(k)
t z

(k)
t − ξ

(k)
t

]
= (1− αt) β̂(k)

t + αt

[
β̂

(k)
t + (−H

(k)
t )−1 U

(k)
t − ξ

(k)
t

]
= β̂

(k)
t + αt

[
(−H

(k)
t )−1 U

(k)
t − ξ

(k)
t

]
Now, the sum of the update direction 1T (−Ht)

−1Ut is generally negative because MPLE

searches for a consecutively smaller local minimum of −`(β) by choosing a descent direction

(negative gradient). We say “generally” because at the 2nd iteration, the sum of the descent

direction can change from very negative to slightly positive, but by the 4th iteration and

beyond, it returns to a small negative value. As the term
(
−H

(k)
t

)−1
U

(k)
t with the aMPLE

coefficient behaves similarly, the sum of this descent direction is also generally negative.

Similarly, 1Tξ
(k)
t < 0 because it is also constructed to point towards a descent direction.

However, while
(
−H

(k)
t

)−1
U

(k)
t tends toward 0 since E(U) = 0, ξ

(k)
t is not necessar-

ily 0, particularly if some of the discarded components are truly relevant. In these aM-

PLE cases, the discarded components can account for a larger (negative) magnitude than(
−H

(k)
t

)−1
U

(k)
t , which leads to an overall positive sum of the update direction. Therefore,

to preserve a negative contribution for the update direction and reliably optimize the partial

log likelihood, it is useful for aMPLE to consider step sizes that are negative. In Figure D.1,

we plot a few examples of MPLE and aMPLE converging for the same data sets, demonstrat-

ing that aMPLE tends to select negative step sizes when the sum of the update direction
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Figure D.1: Comparing the range of step sizes for Cox methods

is positive. Though MPLE will occasionally result in small positive directions, the predom-

inant sum of the update direction will be negative, so a positive step size is reasonable for

convergence to a local minima.

To obtain PLS components from a Cox model, some researchers have considered

only using the last iteration of aMPLE with a line search [55, 16, 45]. However, if the

last step size is not 1, the resulting converged coefficient is a sum of multiple PLS fits:

β̂(k) =
t∑
i=1

ψi

(
k∑

m=1

sm,i dm,i

)
, where ψi =

[
t∏

m=i+1

(1− αm)

]
αi. To ensure that the final

coefficient is derived from a single PLS fit so that future predictions can easily be made, we

refit PLS on the converged (a)MPLE coefficient.

D.3 Visual comparison between (a)MPLE with a PLS summary

To get a better sense of the difference between Cox-PLS methods, we present the regression

coefficients across components for a toy example in Figure D.2. The data is generated such
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Figure D.2: Cox-PLS regression coefficients for toy example (p=5), across predictor correla-
tion settings and components
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that there are five predictors, the first and last of which have a (true) unit positive regression

coefficient and the remaining have a unit negative regression coefficient. We present results

when predictors are independent of each other and when they are correlated—with the first

two being related (0.1 intra-block covariance) and the last three being related (0.3 intra-block

covariance). The setting presented has 1000 subjects, a roughly 10% event rate, and a 15%

censorship rate.

In the upper panel (independent covariates), we first notice that aMPLE has a similar

shape to MPLE (just attenuated) and same with aMPLE with PLS having an attenuated

similar shape to MPLE with PLS. However, because of the amount of attenuation, the MPLE

with PLS coefficients have a closer magnitude to the MPLE coefficients than do the aMPLE

estimates.

The relationship between the magnitudes of the methods changes when there are cor-

related predictors (bottom panel). While the mentioned pattern holds for variables 3 and

4 when 1 component is used, aMPLE is actually closer in magnitude to MPLE for the re-

maining variables. The attenuation pattern still holds (and perhaps even more clearly) in

the 1 component model for correlated covariates. We include the 2 component model on the

bottom right to demonstrate that the methods are producing very similar coefficients, and

in fact they become indistinguishable (to sight) for all subsequent components.

D.4 Simulations to compare four sparse Cox-PLS methods

If the majority of one’s predictors are believed to be unrelated to the outcome, there could be

a preference to exclude them from the maximization procedure in order to avoid introducing

noise into V̂ and ẑ. However, if most of the predictors are related to the outcome but some

are only weakly related, it would seem reasonable to use all of the covariates to precisely

estimate V and z, and then identify the strongly-related predictors in the SPLS summary.

We test this hypothesis in a simulation study with 50 generated data sets. Base predictors

are constructed as in Chapter 2 (e.g. number of events ñ ≈ 100, p=24, |β| = {1, 0}, 9

relevant variables), but we also consider adding 80 independent variables with small signals
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(|β| ∈ [.005, .05]) or no signal (e.g. noise variables). We generate a roughly 10% event

rate and 15% censorship rate. As Cox methods are sensitive to the number of events-per-

variables, we increased the sample size for the latter two cases to obtain ñ ≈ 400 for parity.

For all methods, we select their tuning parameters using a deviance criterion that penalizes

for the number of selected variables (see AIC-type criterion in Section 3.3).

Figure D.3: Simulation results (B=50) for sparse Cox-PLS models across correlation amounts
when using AIC-type criterion and keeping ñ/p ≈ 4.

Case 1 setting: n = 1000, ñ ≈ 100, p = 24. Case 2 and 3 settings: n = 4000, ñ ≈
400, p = 104 (same base predictors as Case 1, with 80 independent predictors weakly related
[Case 2] or not related [Case 3] to the outcome).

Figure D.3 illustrates the variable selection and estimation error performance across these

predictor cases, targeting the recovery of all strongly relevant variables and omission of the

less relevant variables (e.g. as close to the “0” line as possible). In the simplest correlation

setting to distinguish between variable types (independence; left column of plots), almost all

true variables were selected, while the methods that used sparsity within the maximization

procedure selected more false variables. In the block-correlation setting (right column of
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plots), the post-maximization sparsity methods dropped more false variables in Cases 1 and

2 as expected, though they also dropped a fraction of a true variable in Case 1. The methods

that used sparsity within the maximization procedure showed a marked variable selection

advantage in Case 3, as they were able to discard almost all noise variables earlier on.

In terms of estimation error, MPLE (followed by aMPLE) resulted in the best performance

across almost all settings. This was largely due to the post-maximization sparsity methods

inducing less shrinkage on the true variables’ coefficient estimates. This advantage was

particularly noticeable in the settings with 80 additional covariates, which is closer aligned

to Food Frequency Questionnaire data. Even when using deviance as the CV criterion

(instead of this AIC-inspired one), the post-maximization sparsity methods resulted in less

estimation error, although they did select more false variables in the correlated setting (see

Figure D.4).

Overall, MPLE was a strong contender across all cases, regardless of correlation structure.

Not only did it induce the least amount of shrinkage, leading to less estimation error, but

it selected the fewest or close to the fewest false variables while selecting almost all true

variables. The most difficult case for MPLE was when modeling only 24 multi-block correlated

predictors, since it dropped roughly half of a true variable, on average. However, in the data

sets with more events and covariates, this property became negligible. Therefore, we suggest

using MPLE with SPLS summary as the preferred Cox-PLS method with SPLS sparsity,

followed by aMPLE with SPLS summary when computation prohibits the former fit.

D.5 Computational considerations for (sparse) Cox-PLS methods

If certain Cox-PLS algorithms do not implement a proper line search, there is a chance

that the coefficient estimate will get stuck oscillating between two values. When comparing

the performance with other algorithms, such as Nygard’s [55], we implemented a check for

oscillation, and we selected the value that resulted in the larger log partial likelihood if

oscillation occurred. We opted to stop the algorithm when the difference in log partial

likelihoods was smaller than .011. We decided on this comparison rather than the difference
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Figure D.4: Simulation results (B=50) for four sparse Cox-PLS models across correlation
amounts when using minimum deviance criterion and keeping ñ/p ≈ 4.

Case 1 setting: n = 1000, ñ ≈ 100, p = 24. Case 2 and 3 settings: n =
4000, ñ ≈ 400, p = 104 (same base predictors as Case 1, with 80 independent
predictors weakly related [Case 2] or not related [Case 3] to the outcome).

in β̂s because it was also reasonable to use when considering jointly-modeling additional

covariates (see Chapter 4). If convergence was not reached within 100 iterations, we stopped

the algorithm and simply used the last iterate for the remainder of the computations. For a

variety of Cox settings, MPLE was more prone to not reaching convergence than aMPLE.

In order to select the most appropriate sparse Cox-PLS model, we would ideally like

to test a fine grid of sparsity percentages and components, but the computational burden

can greatly increase with large n and more than 3 components. This is especially true if

we have to fit the estimation method for every single candidate pair. One way to improve

the computational speed is to use C++ to perform matrix multiplication and matrix-vector

1Although our code converges to the same values as coxph when the likelihood error tolerance is set to
e−11, we used a larger tolerance due to the time involved (especially for simulations in Section 3.2.2).
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multiplication when solving either the WLS or weighted PLS problem at each iteration.

Our proposed sparse methods additionally benefit from the computational advantage of

requiring fewer fits of (a)MPLE than the methods that incorporate sparsity within the max-

imization procedure. Specifically, MPLE w/ SPLS only requires fitting MPLE once (per fold)

and aMPLE w/ SPLS only requires fitting aMPLE once per component candidate (per fold).

Then SPLS can be performed on the converged gradient using a very fine grid of candidate

pairs, without much computational repercussion. On the other hand, because the methods

that use sparsity within their maximization step could be selecting different covariates for

each candidate pair, they require refitting the maximization procedure for every single pair

(per fold). Even when employing a form of “warm starts” for these methods, it was found that

these starting values would overly influence the result of subsequent coefficients. Therefore,

MPLE w/ SPLS in particular is able to test a fine grid of candidate tuning parameters with-

out as much computational burden as other sparse Cox-PLS alternatives, even surpassing

aMPLE w/ SPLS in speed if considering PLS models with 4 or more components. Moreover,

one could take full advantage of the implemented optimization of the coxph function if we

were to write a wrapper of coxph for MPLE with SPLS summary.

In general, we note that Cox-PLS models with 1-2 components tend to require lower levels

of sparsity (20-50%) to maintain predictive ability, while models with 4-5 PLS components

tend to use more sparsity (70-80%). However, as tempting as it might be to a priori select

a sparse Cox-PLS model with only a few components, we advocate for testing a handful of

components (e.g. 1-5) via cross validation to attain a useful model rather than choosing a

model with unnecessarily poor predictive performance.
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Appendix E

EXTENDED SIMULATION RESULTS FOR CHAPTER 3

Results presented are based on the average of 100 data sets. All simulations have a

roughly 10% event rate (unless specified otherwise) and a 15% censorship rate.

When implementing the one standard error (1-se) test for sparse Cox-PLS methods with

multiple tuning parameters, we used a weighted metric to determine which pair provides the

best improvement in parsimony (see Appendix B.1 for more details). In Chapter 3, we used

the following metric for all models using Chun and Keles’s sparsity procedure:

improve = 1 ∗ (∆K)− 5 ∗ (∆γ).

A candidate model provides an increase in parsimony if it results in improve > 0. Specifically,

the change ∆ subtracts the candidate value from the value corresponding to the minimum

CV criterion. The units for the tuning parameters are number of components K and sparsity

percentage (γ∗100). Here, we value a unit decrease in components over a sparsity percentage

decrease of at most 19%.

The LEs-aMPLE model has three tuning parameters: number of component K and two

sparsity terms w and τ , which enforce more sparsity with larger values. We expand the

parsimony metric as follows, using the index of sparsity values (e.g., {1,2,3,...}) as opposed

to absolute values to make comparisons fairer (due to large differences in scale):

improve = 3 ∗ (∆K)− 2.75 ∗ (∆w)− 1.33 ∗ (∆τ).

Again, we prioritize a unit decrease in components over at most a 1-unit decrease in w or

a 2-unit decrease in τ . Additionally, we value a 2-unit increase in τ over at most a 1-unit

decrease in w.
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Figure E.1: Simulation results across sample sizes when using minimum deviance criteria
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Figure E.2: Simulation results across sample sizes when using 1-se deviance criteria
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Figure E.3: Simulation results across sample sizes when using AIC-type criteria
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Figure E.4: Simulation results across sample sizes and criteria type. The first row corresponds
to the minimum value and the second row to the 1-se value for each CV criteria.
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Figure E.5: Simulation results for 1000 subjects across event rates and correlation amounts
when using minimum deviance criteria
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Figure E.6: Simulation results for 1000 subjects across event rates and correlation amounts
when using 1-se deviance criteria
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Figure E.7: Simulation results for 1000 subjects across event rates and correlation amounts
when using AIC-type criteria
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Appendix F

ANALYTICAL RESULTS FOR CHAPTER 4

F.1 Useful algebraic properties and assumptions

We begin by presenting several properties and assumptions that will be useful in the proofs of

the following sections. When possible, we will present the weighted versions of the properties,

with linear results following by taking the weighting matrix to be In and the working response

to be simply the linear response. When in a weighted setting, we consider the Newton update

zt = Xβt−1 + Lγt−1 + V−1t (δ−µt). At each iteration, let L = L(LTVtL)−1LTVt be the hat

matrix corresponding to L, which is idempotent but not symmetric, and similarly define hat

matrices X and T .

First we point out that in the linear case, (I − L) is symmetric and idempotent; in the

weighted case (I−L)TVt = Vt − VtL(LTVtL)−1LT Vt = Vt(I−L), and it is idempotent

since (I− L)2 = I − 2L + L = (I− L). Also, LTVt(I− L) = 0.

Given a weighting matrix V, we can use properties of matrix blockwise inversion and the

assumption that both XTVX and LTVL are invertible to show:

XTVX XTVL

LTVX LTVL

−1 =

[XTVX−XTVLX]−1 0

0 [LTVL− LTVXL]−1

 ∗
 I −XTVL(LTVL)−1

−LTVX(XTVX)−1 I


=

 [XTV(I− L)X]−1 −[XTV(I− L)X]−1 XTVL(LTVL)−1

−[LTV(I−X )L]−1 LTVX(XTVX)−1 [LTV(I−X )L]−1


Thus, given a working outcome z, we can express the coefficient estimates from a multiple
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weighted least squares regression as follows:

β̂
γ̂

 =

XTVX XTVL

LTVX LTVL

−1 XTVz

LTVz

 =

[XTV(I− L)X]−1 XTV(I− L)z

[LTV(I−X )L]−1 LTV(I−X )z


=

[XTVX]−1 XTV(z− Lγ̂)

[LTVL]−1 LTV(z−Xβ̂)

 . (F.1)

We will prove Equation F.1 in the next section. In addition, a similar expression can be

derived when using weighted PLS to estimate β̂ by replacing X with components T = XR

whose PLS weights are constructed to maximize RTXTV(I− L)z.

We will be making use of the identity (I−P)−1 = I + (I−P)−1P and two forms of the

inverse of a difference of matrices presented (for sums) in [34]:

(Σ−ABC)−1 = Σ−1 + Σ−1A
(
I−BCΣ−1A

)−1
BCΣ−1 (†)

= Σ−1 + Σ−1AB
(
I−CΣ−1AB

)−1
CΣ−1. (††)

F.2 Proof of Remarks 1 and 2

Assume the same given X,L,V, and outcome z as in Appendix F.1. We will first show that

the multiple Weighted Least Squares coefficient estimates can be recovered via orthogonalized

fits. Using the projection properties mentioned previously, see that modeling orthogonalized

covariates (I− L)X on the full outcome z will result in β̂:

[XT (I− L)T V (I− L)X]−1 XT (I− L)T Vz = [XTV(I− L)X]−1 XTV(I− L)z.

The same holds for γ̂ by substituting Xs and Ls.

Next we show that the statistically-adjusted coefficients can be derived using residual fits

(i.e., Equation F.1). Specifically, we prove that

[
XTV(I− L)X

]−1
XTV(I− L)z =

[
XTVX

]−1
XTV(z− Lγ̂).
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For purposes of space, let Σ := XTVX. We begin by proving the equality with all terms

except z. We indicate the lines that use the matrix inverse forms of [34] by the corresponding

daggers.

[
XTV(I− L)X

]−1
XTV(I− L) =

[
Σ−XTVLX

]−1
XTV(I− L)

= Σ−1 XTV(I− L) + Σ−1XTVL
(
I−XΣ−1XTVL

)−1
XΣ−1 XTV(I− L) (††)

= Σ−1XTV − Σ−1XTVL
[
I− (I−XL)−1X (I− L)

]
= Σ−1XTV − Σ−1XTVL [I−XL]−1 (I−XL− X + XL)

= Σ−1XTV − Σ−1XTVL [I−XL]−1 (I−X )

= Σ−1XTV − Σ−1XTVL
(
I + [I−XL]−1XL

)
(I−X )

= Σ−1XTV − Σ−1XTV L (LTVL)−1
[
I + LTV [I−XL]−1X L(LTVL)−1

]
LTV(I−X )

= Σ−1XTV − Σ−1XTVL
[
LTV(I−X )L

]−1
LTV(I−X ) (†)

= Σ−1 XTV
(
I− L

[
LTV(I−X )L

]−1
LTV(I−X )

)
Multiplying by z on the right side of the equations gives the final β̂ equality. Substituting

all Xs and Ls results in the γ̂ equality to finish the proof of Equation F.1 and Remark 1.

The linear case holds by setting V = I and z = y.

We will next show that the multiple Weighted Least Squares coefficient estimates with

PLS components T as covariates can be obtained from a residual fit as well. First, recall that

we fit a WPLS model on the residual outcome z−Lγ̂0 = (I−L)z. Thus, the corresponding

PLS weight R maximizes RTXTV(I−L)z. Next, we consider the coefficient estimates from

a multiple WLS with constructed components T and L. These can be obtained easily by
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substituting T for X:

q̂

γ̂

 =

TTVT TTVL

LTVT LTVL

−1 TTVz

LTVz

 =

[TTV(I− L)T]−1 TTV(I− L)z

[LTV(I− T )L]−1 LTV(I− T )z

 (F.2)

=

[TTVT]−1 TTV(z− Lγ̂)

[LTVL]−1 LTV(z−Tq̂)

 . (F.3)

While Equation F.3 holds due to the same proof as for Equation F.1, we point out one

distinction of note. Can we simplify the coefficient residual fits to two lines as in WLS?

Specifically, does it hold that q̂ = WPLS[ z − Lγ̂ ∼ X ]? Here, the PLS weight Ř is

maximizing Ř
T
XTV(z − Lγ̂) 6= Ř

T
XTV(z − Lγ̂0). Thus, Ř 6= R, so the constructed

components will differ. These will only be equivalent when XTVL = 0.

However, there is a way that we can recover the adjusted coefficients using two orthog-

onalized fits. Consider modeling orthogonalized covariates (I − L)X on the full outcome z.

Its PLS weight R̆ is maximizing R̆
T
XT (I−L)TVz = R̆

T
XTV(I−L)z, so R̆ is equivalent to

R. The resulting coefficient is [R̆
T
XT (I − L)T V (I − L)XR̆]−1 R̆

T
XT (I − L)T Vz, which

reduces to [R̆
T
XT V (I− L)XR̆]−1 R̆

T
XT V(I− L)z after using properties of projections.

As R̆ is equivalent to R, this coefficient is equal to q̂ in Equation F.2. After defining the

PLS component T = XR̆, the same projection properties allow us to recover the correct γ̂

by modeling orthogonalized covariates (I− T )L on the full outcome z:

[LT (I− T )T V (I− T )L]−1 LT (I− T )T Vz = [LTV(I− T )L]−1 LTV(I− T )z.

Therefore, we have shown that exact equalities hold between the three regression proce-

dures presented in Remark 2; the linear case can be seen by setting V = I and z = y.
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F.3 Connection between linear 1-stage-conditional adjustment techniques

In this section, we will demonstrate the connection between a multiple linear regression fit

and 1-stage-conditional adjustment techniques for a linear outcome y. Specifically, Table F.1

summarizes the linear predictors associated with each subset of covariates by adjustment

technique. The SQN components are denoted by the symbol T̆ to emphasize that their PLS

weights are optimizing a different value than CMB’s weights. Although the INC weights

will also be distinct, they approximate those of CMB (although they will not be equivalent

regardless of the number of components and iterates).

Table F.1: Summary of linear predictors for 1-stage-conditional techniques

Adjustment Linear predictors when using (P)LS estimates

Least Squares (LS)
Xβ̂ = X (I− L [I−X + XL − XLX + ...]) y
Lγ̂ = L (I−X [I− L+ LX − LXL+ ...]) y

Sequential (SQN)
T̆q̂ = T̆

(
I− L

[
I− T̆ + T̆ L − T̆ LT̆ + ...

])
y

Lγ̂ = L
(
I− T̆

[
I− L+ LT̆ − LT̆ L+ ...

])
y

Combination (CMB)
Tq̂ = T (I− L [I−X + XL − XLX + ...]) y
Lγ̂ = L (I− T [I− L+ LX − LXL+ ...]) y

Incremental (INC)
Ttq̂t = Tt (I− L [I− Tt−1 + Tt−1L − Tt−1LTt−2 + ...]) y

Lγ̂t = L (I− Tt [I− L+ LTt−1 − LTt−1L+ ...]) y

We prove these linear predictor forms below. First, we demonstrate the telescoping

pattern for the Least Squares linear predictors. We will make use of plugging in the following

relationships:

Lγ̂ = L(y −Xβ̂) = L(y −X [y − Lγ̂]) and Xβ̂ = X (y − Lγ̂).

Now, Lγ̂ = L(y −Xβ̂) = L(y −X [y − Lγ̂]) = L
(
y −Xy + XL

[
y −Xβ̂

])
= L (y −Xy + XLy −XLXy + XLX [Lγ̂])

= L (I−X [I− L+ LX − LXL+ ... ]) y.
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By substituting the X and L matrices, it follows that

Xβ̂ = X (I− L [I−X + XL − XLX + ... ]) y.

The same proof holds for the Sequential-Adjustment linear predictors, simply by substituting

T̆ for X.

Now, Combination-Adjustment applies PLS to the residual y − Lγ̂. The linear pre-

dictor from this PLS fit is Tq̂ = T (y − Lγ̂). By applying the same telescoping pat-

tern as with Least Squares, it follows that this linear predictor can be expressed as

T (I− L [I−X + XL − XLX + ... ]) y. Thus, Combination-Adjustment PLS coefficient is

simply a projection of the LS coefficient. Substituting this value into the γ refit results in

the following linear predictor: Lγ̂ = L (I− T [I− L+ LX − LXL+ ... ]) y.

Incremental-Adjustment is an iterative procedure that begins with initial estimates

(q̂0, γ̂0) = (0, [LTL]−1LTy). Its first iterates result in the following linear predictors.

T1q̂1 = T1 (y − Lγ̂0) = T1 (I− L)y

T2q̂2 = T2 (y − Lγ̂1)

= T2 (I− L [I− T1 + T1L]) y

Lγ̂1 = L (y −T1q̂1) = L (I− T1 + T1L) y

Lγ̂2 = L (y −T2q̂2)

= L (I− T2 [I− L+ LT1 − LT1L]) y

T3q̂3 = T3 (I− L [I− T2 + T2L − T2LT1 + T2LT1L]) y

Lγ̂3 = L (I− T3 [I− L+ LT2 − LT2L+ LT2LT1 − LT2LT1L]) y.

Thus, Ttq̂t = Tt (I− L [I− Tt−1 + Tt−1L − Tt−1LTt−2 + ... ]) y

Lγ̂t = L (I− Tt [I− L+ LTt−1 − LTt−1L+ ... ]) y.

Although the iterates of Incremental-Adjustment approximate the CMB coefficients, they

will never exactly be equivalent because INC uses its iterate T s in place of X . As more

components are used, the INC coefficients will better approximate those of CMB. However,

as both INC coefficients contain all iterates in their solution, these will be slightly biased.
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In fact, the slower Incremental-Adjustment (analogous to the current strategy used by

Cox-PLS methods) forms the linear predictors listed below. This slower version will converge

to the INC estimates, though it requires more iterates than INC in the linear setting.

T1q̂1 = T1y

T2q̂2 = T2 (y − Lγ̂1) = T2 (I− L)y

T3q̂3 = T3 (I− L [I− T1]) y

T4q̂4 = T4 (I− L [I− T2(I− L)]) y

= T4 (I− L [I− T2 + T2L]) y

Lγ̂1 = Ly

Lγ̂2 = L (I− T1)y

Lγ̂3 = L (I− T2 [I− L]) y

Lγ̂4 = L (I− T3 [I− L(I− T1)]) y

= L (I− T3 [I− L+ LT1]) y

Thus, Ttq̂t = Tt (I− L [I− Tt−2 + Tt−2L − Tt−2LTt−4 + ... ]) y

Lγ̂t = L (I− Tt−1 [I− L+ LTt−3 − LTt−3L+ ... ]) y.

This concludes our derivation of the connection between a multiple linear regression fit

and 1-stage-conditional adjustment techniques for a linear outcome.
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Appendix G

EXTENDED SIMULATION RESULTS FOR CHAPTER 4

Simulation study for a continuous outcome

To compare adjustment techniques for linear models while incorporating sparsity, we fit

Chun’s Sparse PLS procedure instead of PLS to model the X covariates, and we use least

squares to model the L covariates. We generate the same multiblock X predictors as in

previous chapters, with intra-block covariance of .05, .50, .30, and .10 respectively, and only

9 of the 24 predictors contributing to the linear outcome. L1000×4 is generated such that the

first three variables emulate precision variables and the last either another precision variable

or a confounder. Specifically, the first two variables are binomial and Poisson distributed

with roughly .40 correlation but independent of X. The second two are normally-distributed

with .18 correlation, the last of which is either independent or correlated (magnitude of .30)

with two true X variables. The mean model of our linear outcome is constructed from the

true X covariates (with β = ±1) and L covariates (with γ = ±5). We vary the amount of

Gaussian noise added to the outcome, ranging from sd=1 to sd=11.

Across 50 generated data sets, we split our observations into a training (n=700) and test

(n=300) set, and we use 10-fold CV on the training data to select our tuning parameters

(sparsity and number of components) using the criteria of minimum CV RMSE. On the test

data, we evaluate the variable selection properties (true variables of 9 and false variables of

15), predictive ability (RMSE of outcome; not shown), and PLS estimation error (RMSE of

β̂). Note that the last metric compares β̂ with the known β; an ideal method will select all

true variables and not over-shrink their estimate while discarding most false variables and

only allowing small magnitudes for the estimates of those it falsely selects.

We see that with smaller variability Gaussian noise, all methods are able to select the
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entire true set of covariates, with Combination-Adjustment best equipped to discard false

variables. However, the largest discrepancy is that Pre-Adjustment results in the worst PLS

estimation error regardless of correlation structure.

Figure G.1: Average simulation results for conditional adjustment on 50 multiblock data
sets (n = 1000, p = 28, |γ

β
| = 5) with sd(y)=3, across adjustment variable settings.

With more substantial noise (sd=7), the methods drop a fraction of a true variable while

selecting roughly four false variables. Again, Combination-Adjustment tends to do the best

in variable selection across correlation settings. This technique also performs the best in PLS

estimation error when there is the presence of a confounder (as expected), but Sequential-

Adjustment outperfoms CMB when L is associated with two false X variables (also as ex-

pected). Moreover, Pre-Adjustment always performs worse than Sequential-Adjustment in

terms of estimation error.
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Figure G.2: Average simulation results for conditional adjustment on 50 multiblock data
sets (n = 1000, p = 28, |γ

β
| = 5) with sd(y)=7, across adjustment variable settings.

Simulation study for a survival outcome

To compare adjustment techniques for Cox models while incorporating sparsity, we keep

most of the same setup as in the linear model case. The main difference is that we set the

variability of the added Gaussian noise to the linear predictor to have sd=1, and we now

vary the relative importance between X and L by considering |γ
β
| from 1 to 6. Full details

on the simulation set up can be found in Section 4.5.
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Figure G.3: Average simulation results for 1-stage-conditional adjustment on 50 multi-
block data sets (n = 1000, p = 28, |γ

β
| = 2), across adjustment variable settings.
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Figure G.4: Average simulation results for 1-stage-conditional adjustment on 50 multi-
block data sets (n = 1000, p = 28, |γ

β
| = 5), across adjustment variable settings.



148

Figure G.5: Average simulation results for 2-stage-conditional adjustment on 50 multi-
block data sets (n = 1000, p = 28, |γ

β
| = 2), across adjustment variable settings.
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Figure G.6: Average simulation results for 2-stage-conditional adjustment on 50 multi-
block data sets (n = 1000, p = 28, |γ

β
| = 5), across adjustment variable settings.
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