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Abstract

Timing Information in Data Networks
by Anand Sharad Bedekar

Chair of Supervisory Committee:

Associate Professor Murat Azizoglu
Electrical Engineering

The role of timing information is considered as the key to an information theoretic
understanding of communication networks. In this dissertation, we focus on the anal-
vsis of problems related to timing information in data networks from an information
theoretic perspective.

One problem is that of identifying the timing capacity of network components.
i.e. the maximum information rate achievable by encoding information in the timing
of packets. We first consider the timing capacity of discrete-time queues in which at
most one packet may arrive or finish service in a slot, and demonstrate the extremal
nature of the geometric service time distribution among such queues. We then analyze
a discrete-time queueing model with batch arrivals and a batch service mechanism
that is related to the leaky bucket flow control system. Within this model, we ob-
tain a closed form expression for the timing capacity of the queue that can serve a
geometrically distributed number of packets in a slot. We also establish a connection
between the extremal nature of the geometric server and a queueing theoretic prop-
erty of such queues. Finally, we obtain an upper bound to the timing capacity of a

queueing system with multiple servers having i.i.d. geometrically distributed packet



service times.

Another problem is that of quantifying the amount of information about the times
at which messages arrive at the source that must be transmitted to the destination
to enable it to decode the messages within a finite amount of time. Suppose that
messages are transmitted one at a time, and are decoded in the same order they arrived
at the source. By viewing the message arrival and decoding processes as the arrival
and departure processes from a hypothetical single-server queue. we can associate a
service time with each message. The rate-distortion function of the message arrival
process with message service time as the distortion measure is a lower bound for the
amount of information about message arrival times that the receiver must receive. We

explicitly obtain this rate-distortion function for the Poisson message arrival process.
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Chapter 1

INTRODUCTION

Since the development of the first data networks in the 1960s, the field of com-
munication networks has evolved steadily into one of the main disciplines of commu-
nications. The last decade has witnessed a tremendous spurt in the use of networks.
with the growth of the Internet as a global backbone for information transfer far
surpassing all predictions. On the one hand, the development of wireless networks
has allowed for greater mobility and access to users of the Internet. On the other
hand. the development of all-optical networks has spurred a tremendous growth in
the backbone capacity of wide-area networks.

In the general field of communications, information theory has provided a thorough
characterization of the fundamental performance limits of communication channels,
as well as of efficient techniques for achieving these limits. The results of information
theory are now extensively being applied to the development of wireless systems. er-
ror correction coding, encryption, and data compression for digital voice and video
transmission. In the field of communication networks, however, the understanding of
fundamental performance limits has lagged behind the rapid implementation of ever
more complex network systems. In particular, the impact of information theory in
providing a theoretical foundation for the understanding of networks has been mini-
mal. Information theoretic analysis of multiuser channels. beginning with Shannon’s
analysis of the canonical two-way channel [39], has largely consisted of generalizing

the methods used in the analysis of single-user channels to channels with multiple
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transmitters and multiple receivers. Much of the work in this direction is surveyed in
[44. 22. 46]. However, although this work has succeeded in characterizing the achiev-
able information rates on various multi-user channels, it has not managed to capture
the essence of the behavior of sources on a network or of dvnamic resource allocation
schemes in networks.

A recent review [14] of the relationship between the fields of information theory
and communication networks by leading experts in these fields bemoaned the "un-
consummated union” between the two fields. Part of the reason for this is that the
need for rapid and simple implementation of network systems and the need to make
them interoperable for easy integration have led to the haphazard development of
network protocols that are not based on any fundamental theoretical foundation or
demonstrated optimality. However, as explained in {14], the principal reasons for in-
formation theory’s lack of impact on the understanding of networks have to do with
the approach taken by information theory itself. First, the classical information the-
ory model of a communication system largely ignores the bursty nature of message
sources, i.e. the fact that a source only has messages to send intermittently at random
times, rather than having an infinite reservoir of data to send. This burstiness is a
key phenomenon underlying the dynamic allocation of resources in a network, whereas
the information theoretic analyses of single-user and multiuser channels depend on
the infinite reservoir assumption. Secondly, information theory’s main theorems char-
acterize information rates that are achievable asymptotically, in the sense that the
allowable delay for getting a message to its destination is assumed to be infinite. In
networks. however, since resources are allocated dynamically and since the sources are
bursty. the delay incurred in transmitting a message from its source to its destination
is required to be finite, and indeed is a fundamental measure of the performance of
resource allocation schemes. A third reason is that in the classical communication
channel models studied by information theory, the random times taken by information

packets to traverse a network are not well modeled. These random times, together
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with the random message generation times at the sources and the dynamic allocation
of network resources, give rise to queueing delays within the network. These queueing
delays have an important influence on network performance. but are largely ignored
in the information theoretic analyses of multiuser channels.

Performance analysis of networks has traditionally been based on queueing theory.
The queueing theoretic approach is to assume an appropriate stochastic structure for
the random message generation times at the sources and for the random delays ex-
perienced by the messages under certain loading conditions on the network. and to
obtain steady state results about the average values of common measures of network
performance such as message delay, fraction of packets that get dropped due to buffer
overflows, etc. Thus the analysis is network-centric, i.e. conducted from the network’s
point of view, in the sense that the focus is on evaluating the performance of network
resource allocation schemes assuming that the statistical behavior of the sources is
known. rather than on efficient strategies that transmitters should follow to make the
most out of a particular network resource allocation strategy. In contrast. an infor-
mation theoretic approach to analyzing networks, like its analysis of communication
channels. would be source-centric, in the sense that the network’s resource allocation
scheme would be assumed known, while the focus would be on finding efficient strate-
gies that the transmitters should follow to make the most of the resources allocated
to them by the network.

The first major information theoretic insight into the role of timing in networks
was provided by Gallager’s analysis [17] of the bursty arrivals of messages at random
times at a source. Gallager reasoned that if a receiver is able to decode messages
within a certain average delay after their arrival at the source. the receiver must
have received some amount of information about the message arrival times at the
source. For instance, before a receiver can decode a particular message, it must first
be informed about the presence of the message at the source. A common way to do

this is to use an idle symbol to indicate the periods when the source has no message to



send. The receiver is usually only interested in the contents of the messages and not
in their arrival times per se. However this information about message arrival times
must unavoidably be transmitted along with the information about the contents of the
messages, and forms part of what is commonly called protocol information in networks
terminology. The smaller the allowed delay, the quicker the receiver must be informed
of the message arrivals at the source, and the greater the amount of such protocol
information that must be transmitted. In [17], Gallager obtained a lower bound to
the amount of such information in the case when the message arrival process at the
source is Poisson, subject to a constraint on the average allowed delay per message.
This bound is independent of the underlying network, and also does not assume any
constraints on the order in which the messages are delivered to their destination.
Although [17] was published nearly twenty-five years ago and has been acknowledged
as a path-breaking work, there has not been much further analysis in this direction. It
remains a tantalizing glimpse into a little understood but fundamental characteristic
of all networks.

More recently, another aspect of timing in data networks was illuminated by Anan-
tharam and Verdu [4]. They observed that in a packet network, information can be
encoded not onrly in the contents of the packets but also in the timing. By trans-
mitting the packets at appropriately chosen times, a source could convey information
to the receiver across a network. The random delays experienced by the packets in
crossing the network distorts this timing information. By modeling the random de-
lays experienced by packets in traversing the network as the random service times in
a single server queue, they quantified the maximum information rate, which we call
the timing capacity, that is reliably achievable by encoding information purely in the
timing of packets. They established the remarkable result that among all single server
queues with a given mean service time, the -/M/1 queue (i.e. the queue with i.i.d.
exponentially distributed service times) has the least timing capacity. Perhaps the

most important contribution of this paper was the use of queueing theoretic results



to establish information theoretic coding theorems.

The focus of this dissertation is to build on and establish connections between
these seminal ideas, and to give perspective to the role of timing information in
data networks. In this dissertation, we will identify some problems that capture the
essential features of some important high-speed network components, and yet are
tractable enough to permit a reasonable analysis of the role of timing information in
the performance of these components. In the process. we will need to develop some
new queueing theoretic results for these components to facilitate information theoretic
analysis. We will also uncover a connection between the analyses of Gallager and of
Anantharam and Verdu discussed above.

In the remainder of this chapter, we review these and other relevant analyses in
greater detail to lay the groundwork for the rest of the dissertation. In Section 1.1.
we review the work of Anantharam and Verdu [4] on the information rate that can
be reliably sustained by encoding information in the timing of packets in a single-
server queue. In Section 1.2, we examine the work of Gallager [17] on the amount
of information about message arrival times that a receiver must receive to be able
to decode the messages within a given finite average delay after their arrival at the
source. Queueing theory forms the basis of much of the traditional performance
analyses of networks. Queueing results play an important role in [4], and will also play
an important role in the work presented in this dissertation. In Section 1.3, we review
the queueing models that we will use later in this dissertation. especially discrete-time
queueing models, and discuss relevant queueing theoretic results for these models. In
Section 1.4, we survey some other intriguing aspects of timing information that have
been examined in the literature, but will not be of primary interest to us in this
dissertation. We will conclude this chapter with an overview of the organization of

this dissertation and an outline of its main contributions in Section 1.5.



1.1 Information-Theoretic Capacity of Queues

In a recent paper, Anantharam and Verdu [4] analyzed the information theoretic
capacity of continuous time queues. In this section, we take a closer look at the work
of Anantharam and Verdu [4] on the amount of information that can be encoded in
the timing of packets in a continuous time single-server queue.

Consider a source node and a destination node communicating over a network.
Suppose that all the packets are routed over the same path, and reach the destination
in order with no packets dropped at intermediate nodes. The flow of packets between
the source and the destination can then be modeled as a single-server queue with an
infinite buffer, with the random delays experienced by the packets over the network
represented by the random service times of the packets.

In [4], Anantharam and Verdu observed that information can be transmitted over
a queue not only through the contents of the packets but also through the times
at which the packets arrive at the queue. The sequence of packet arrival times can
be used as a code to convey information to the receiver. which observes the times
at which the packets depart from the queue and attempts to infer the transmitted
codeword. The random service times experienced by these packets act as noise in
distorting the transmitted codeword.

In [4], Anantharam and Verdu analyzed the maximum rate at which information
can be transmitted with arbitrarily small probability of error over a continuous-time
single-server queue, using only the timing of the packets. We refer to this maximum
rate as the timing capacity of the queue, and to the maximum information rate achiev-
able using codes with an average packet rate of A packets/s as the A\-timing capacity.
For queues with arbitrary service time distributions, upper and lower bounds to the
A-timing capacity were established in [4]. It was also shown that among all queues

with an average service rate of u packets/s, the queue with exponentially distributed
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service time has the least A-timing capacity, which is given by C(\) = Alog(p/A).!
This capacity can be achieved by a random code generated by independent. exponen-
tially distributed interarrival times. The timing capacity was shown in [4] to be the
supremum of A-timing capacities over 0 < A < u. Consequently. the timing capacity
of the queue with exponential service time distribution is C = (ulog,e)/e bits/s. It
was also shown that for the exponential server queue, the timing capacity does not
increase even in the presence of instantaneous feedback to the transmitter about the
departure times of the packets.

A distinctive feature of the proofs in [4] was the use of queueing theoretic results to
establish information theoretic results for the timing capacity. For instance. Burke’'s
theorem [6, Section 3.7] asserts that the departure process of the M /M/1 queue
in steady state is a Poisson process, i.e. the sequence of interdeparture times are
i.1.d. exponentially distributed random variables. This fact plays an important role
in analyzing the input-output mutual information of the queue with exponentially
distributed service times.

In conventional networks, information is encoded in the contents of the packets.
The contents of the packet may also be corrupted by noise. which can be assumed
independent of the timing of the packets. If the service time of a packet is independent
of the contents of the packet, then the total information transmitted is the sum of
the information in the contents of the packets and the information in their timing.
If the contents of each packet can carry Cy bits of information. the total information
capacity C; of the queue with information-bearing packets can be written as the sum
of the timing capacity and the capacity of the packet contents, i.e.

C; = sup C(\) + ACy.
0<A<u
If each packet contains a single bit of information (Cy = 1 bit/packet), and the service

time is exponentially distributed with rate u packets/s, the total information capacity

!The capacity will be in units of bits/s if the base of the logarithm is 2.



evaluates to 2ue~!log, e = 1.0615u bits/s. This surprising result of [4] says that the
information capacity of a queue serving single-bit packets with exponential packet
service time distribution with rate u packets/s is actually more than p bits/s.

The work of [4] can be interpreted in terms of the separation of network func-
tions into layers [6, Ch. 2] in the following way. The job of routing packets over the
network is performed by what is known as the network layer. The transport layer
has the responsibilities of splitting messages into packets, end-to-end error correc-
tion, rearrangement of out-of-order packets using sequence numbers, retransmissions
of missing packets, and estimation of the congestion in the network to control the
rate of packet transmission. There is usually some sort of feedback, in the form of
acknowledgments about the receipt of packets, that allows the transmitter to estimate
the time taken by the packets to reach the destination, and thus form an estimate of
the congestion in the network. The times at which packets are transmitted are chosen
by the transport layer at the transmitting node based on this estimate of the network
congestion. The work of [4] can be interpreted as an information theoretic analysis of
the packet channel provided by the transport layer. with the times at which packets
are transmitted chosen based on the contents of the message itself, rather than just
in response to the network state.

This work makes the conventional assumption of information theory that the
source has an infinite reservoir of data to send, and ignores the issue of the ran-
dom generation times of messages at the source. It also does not address the issue of
finite allowable message delay, and its methods make use of arbitrarily long codes in
establishing results on achievable information rates.

Within the framework of [4], there are several factors that have not been consid-
ered. Many computer networks, such as ATM networks, are inherently discrete time
systems. That is, there is a natural time unit in the system, called a slot, and events
are synchronized to occur at integer multiples of this time unit. This can introduce

complications such as the possibility that multiple packets can be served in the same



time slot. In a network, packets can be routed over different paths which may be
beyond the transmitter’s control, and can arrive out of order at the destination. Nev-
ertheless, the work of [4] provides an important starting point for the analysis of the
maximum information rate that can be sustained between a source-destination pair

on a network with random packet delays.

1.2 Protocol Information in Networks

In a network, messages are typically generated intermittently at the sources at random
instants of time, and have to be transmitted across the network within a finite average
delay. Consider a source A communicating with a receiver B. Suppose that messages
arrive at 4 at random times X, X5, --- , X, to be transmitted to B, and are decoded
at B at times Y,,Y5,--- .Y, where Y; > X;. i = 1.--- ,n. The fact that B is able to
decode message i at time Y; means that by time Y;, B must have been informed that
message ¢ arrived at A. Thus B must receive some information about the times at
which messages arrived at A, apart from the information about the contents of the
messages. This additional information may be referred to as protocol information.
although that term usually also includes other control information transmitted by each
source. such as addressing information, routing information, etc. The point is that
this information must be transmitted over the network along with the message content
information, and thus must consume network resources. This amount of information
about message arrival times that the receiver must receive was first analyzed in a
seminal paper by Gallager [17].

Gallager observed that the particular transmission and decoding strategy, coupled
with the underlying random network delays, induces a conditional probability dis-
tribution P(Y,--- ,Y,| X4, -+, X,) whichis 0if Y; < X, forany i = 1,--- ,n. He
reasoned that the amount of information about message arrival times that the re-

ceiver must have received is at least I(.X(,---,X,;Y1,---,Y,), where the mutual
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information I(-:-) is computed using the probability distribution of the message
arrival process P(Xy,---,X,) and the conditional probability distribution induced

by the particular strategy. Suppose that it is required that this conditional dis-

n
i=1

tribution, the average delay per message (1/n)>_ ", E(Y; — X;) be no more than

d. It would then be of interest to minimize the mutual information per message

(1/n)I(Xy.--- , X, Y1, ---,Y,) over all conditional distributions subject to the con-
straint (1/n)> ", E(Y; — X;) < d. Gallager made the observation that Yj.--- .Y,
could be thought of as a reproduction of the message arrival sequence X, ---..X,,

and the total delay " (Y; — X;) can be considered as a measure of the distortion
between the sequences X,.--- , X, and Y7, ---,Y,. With this point of view. the above
minimization of (1/n)I(X;,---,X,:Y:,---,Y,) amounts to finding the rate distor-
tion function for source coding of the message arrival times with message delay as the
distortion measure.

This rate distortion problem can be formally posed as follows. Consider a source
code for the message arrival time process that encodes a sequence of n message arrival
times X" = (X, -+, X,) into one of M, codewords. The decoding of this codeword
vields a reproduction sequence Y" = (Y1, ---,Y,). The allowed source codes are those
whose reproduction sequence satisfies Y; > X;, 1 < i < n. The distortion § between
the sequence of message arrival times and the sequence of reproduced times is defined
as

(i - Xy, Yi> X,
o(Xp,.... XaW,... . Y0) = 2im

o0 otherwise.
This distortion measure ensures that for any finite distortion encoding, the repro-
duced time of each message is always later than the original message generation time.
The rate of such an encoding is (log M, )/n bits/message. A source coding rate R
is achievable at average distortion d if for any v > 0, there exist source codes for

which (1/n)log M, < R+ v and (1/n)E[6(X™;Y")] < d for all sufficiently large n.
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The rate distortion function R(d) is the smallest rate achievable at average distor-
tion 4. It is known in rate distortion theory that R(d) is no more than liminf,
(1/n)I(X™;Y") for any sequence of conditional distributions P(Y"|.X") satisfying
(1/n)E[6(X". Y")] < d. Thus the rate distortion function with message delay as the
distortion measure is a lower bound on the amount of information about message
arrival times that must be transmitted to the receiver.

For the important special case of the Poisson message arrival process with rate A,

Gallager obtained the following lower bound on this rate distortion function:
R(d) > —log(1l — e™*¥) bits/message.

One point to be noted in the above formulation is that it is not required that the
messages be decoded at the receiver in the same order they arrived at the source. i.e.
it is not required that Y; > Y;_,. Thus the possible means of information transmission
from the source to the destination include networks in which packets are routed along
possibly different paths and can reach the destination out of order. In such networks,
there must be some additional information, such as sequence numbers, that help the
receiver identify which particular message each packet belongs to. This information is
not accounted for in the above formulation. Another unresolved issue is whether the
lower bound to the rate distortion function for the Poisson message arrival process
is actually achieved. The optimal source encoding mechanism that achieves the rate
distortion function is unknown, and would also be of interest. Of course, the question
of how to efliciently encode this information for transmission over specific networks

remains open.

1.3 Queueing Theory

Queueing theory [25][26] has provided models for statistical prediction of the perfor-

mance of data networks. By assuming certain stochastic properties for the message



generation process at each node in the network and on the time that the communica-
tion resources are occupied by each message, the theory aims to predict such measures
of performance as the average delay experienced by a message for a given throughput
level, the sizes of the buffers that must be used to keep the buffer overflow probability
below a given level, the number of users that can be simultaneously supported while
maintaining a given response time, etc. A network link can be modeled as a queue
with a buffer, and the network can be viewed as a network of queues. With certain
simplifying assumptions about the nature of the packet and message arrival processes
at each node and about the distribution of the time taken to transmit a packet on a
given link, queueing theory provides results on the steady state behavior of networks,
such as the moments of the time spent by a message in the system. the buffer occu-
pancy. the nature of the departure processes from the various nodes, etc. In some
simple cases, exact distributions of these stochastic quantities can also be obtained.

For a communication session between two nodes in a network. packet transmission
from the source to the destination can be modeled by a queue. Due to the random
demands imposed on the network’s resources by the other nodes in the network. each
packet takes a random time to reach the destination. Packets may have to be buffered
at the source node until previous packets have been transmitted, and some packets
may have to be discarded if the buffer overflows. Packets may be transmitted one at
a time or in batches, depending on the network access protocol. Depending on the
routing mechanisms, packets may reach the destination in the same order they were
transmitted at the source, or they may be out of order. All of these factors can be
modeled by queues of different types.

Various types of continuous-time queueing systems [25, 26, 13. 48] and discrete-
time systems [27, 42, 7, 30] have been analyzed in the literature. The following
examples give an indication of the type of results provided by queueing theory that
will be useful to us later in our analysis.

Example 1.1: Consider a continuous-time single-server first-in-first-out queue with
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an infinite buffer and i.i.d. packet service times. If the service times are exponentially
distributed, the queue is denoted as a -/M/1 queue. Let the arrival process to an
M/M/1 queue be a Poisson process with mean interarrival time 1/\, and let the
mean service time be 1/u seconds. In steady state, the number N of packets in the

system has the geometric distribution

where p = A/ [6, Section 3.3.1]. The waiting time W of a packet in the buffer before

it gets into service has the mean value

p
p—A

E[W] =

The average delay per packet is

1
ElT] = i
7] w— A

Burke's theorem [6, Section 3.7] asserts that in steady state, the departure process of
this queue is also a Poisson process with mean interdeparture time 1/, and moreover,
the number of packets left behind in the queue by a departing packet is independent
of all previous inter-departure times. <

Queues may have multiple servers. If a server is idle when a packet arrives. it
takes up service of that packet immediately. A queue with m servers. each of which
has an exponential service time distribution, is denoted as -/AM/m. Queues with m
servers can be used to model networks with routing mechanisms in which each packet
can follow one of m independent routes through the network. If the buffer at a node
has a finite size A", any packet that finds the buffer full upon arrival is discarded.
Such queues are denoted as -/M/m/K. There are also queues in which a server takes
a vacation for a random time after each packet service, so that the next packet has to
wait until the vacation ends before it comes into service. All these queueing systems

are analyzed in [6, 25].
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Discrete-time queueing systems are becoming increasingly important because they
provide an accurate model for high-speed computer communication networks like
ATM [7]. In ATM networks, all the packets are of fixed size, and thus the transmission
time of a single packet provides a natural time unit, called slot, in terms of which the
operation of the system can be described. All arrivals and departures are assumed to
occur at integer-valued epochs, or slots.

Example 1.2: In the discrete-time analogue of the continuous-time queues mentioned
in Example 1.1, the service time of the packets are i.i.d. positive integer valued random
variables, and at most one arrival and one departure can occur in a slot. We will
denote a discrete-time queue for which the service time has a geometric distribution
as a -/Geo'®) /1 queue, with the superscript indicating that at most a single arrival
and a single departure can occur in a slot. An arrival process which has independent,
geometrically distributed interarrival times is called a Bernoulli process. When a
-/ Geo'®) /1 queue is driven by a Bernoulli arrival process, in steady state. the departure
process is also a Bernoulli process {42, p. 13]. <

The discrete-time queueing system with A" independent servers, each of which has
i.i.d. geometrically distributed service times, is denoted as -/ Geo'*)/R". Discrete-time
queues with multiple servers, finite buffers, and servers with vacations are analyzed
in [42]. In discrete-time queues, depending on the way the time axis is slotted, there
may be the possibility of a batch of packets arriving or departing in a slot. Note
that in the -/ Geo®’ /K system, multiple departures can occur in a slot. The following
example describes a type of batch-arrival batch-service discrete-time queue that will
be used in our analysis in Chapter 3.

Example 1.3: Consider the following model of a batch-arrival batch-service discrete-
time queue. Let Y; be the number of packets in the queue at the beginning of slot i.
Let A; be the number of arriving packets, D; the number of departing packets. and
Xi =Y, + 4, the number of packets in the queue just after the arrivals, in slot i. In

slot i, the queue can serve a random number S; of packets. If there are S; or more



packets in the queue, S; of them depart. If there are less than S; packets waiting in the
queue in slot ¢, then all the packets in the queue depart. That is, D; = min(X,. S;).
S; are assumed to be i.i.d. random variables. The equations governing this queueing

system are

X = Y+ A
Di = min(X,-, S,)
Yie, = (Xi—S)*. (1.1)

This model is motivated by a packet switch [7]. In each slot, the switch serves some
packets from the buffer at each input port. From the point of view of a particular
virtual circuit connection over the switch, the number of packets served in a slot can
be modeled as a random variable S;, with the randomness is caused by the random
number of packets that are ready for service at the other input ports of the switch. The
above model can also serve as an approximation for a single virtual circuit connection
that is regulated by a leaky bucket scheme, with S; representing the number of tokens
available in slot i. The assumption that S; are i.i.d. may be a good approximation
in the situation in which the leaky bucket actually regulates the aggregate traffic of
several virtual circuits out including the one under consideration. From the point of
view of the connection under consideration, the number of tokens available can then
be considered approximately independent from slot to slot.

Consider a queue within this model for which S; are are geometrically distributed.
We will refer to this queue as a -/Geo® /1 queue, with the superscript indicating that
a batch of packets is served in each time slot. Suppose the number of arrivals A;
arc independent and geometrically distributed. Some queueing theoretic results for
this queue are obtained in Appendix B. These include steady state distributions for
D; and X, and in particular, the result that in steady state, the departures D; are
independent and geometrically distributed. It is also shown that for queues in which

S; have an arbitrary distribution, if A; are i.i.d. and geometrically distributed, then
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the steady state distribution of the queue size is geometric. q

Queueing theoretic results are primarily steady state results on the behavior of
the network for certain kinds of packet arrival processes at the nodes in the network.
From the point of view of a particular source-destination pair, however, the interesting
question is that of choosing the packet sequence and the times at which to send the
packets to the network for each message, so as to achieve the desired information
rate while satisfying the reliability and delay requirements. In [4] as well as in this
dissertation. queueing theoretic steady state results are used to establish limits on the

information rates that can be achieved over single-server queues.

1.4 Other Related Work

There are some other information theoretic aspects of timing that have been pointed
out in the literature, but these will not be of primary interest in this dissertation. We
present a brief review of these for completeness.

Gallager’s work [17] prompted a considerable amount of related work in the late
1970s. which did not result in any major fundamental new ideas, however. Among
these are a short paper by Camrass and Gallager [8] which discusses two different
packetization schemes for data link layers and their relation to an optimal encod-
ing scheme for messages with geometrically distributed lengths [21]. and another by
Humblet [24], which points out some information theoretic aspects of addressing for
multiple access channels. A paper by Gallager [18] discusses some information theo-
retic aspects of the use of flags, efficiency of ARQ protocols. and other techniques used
in data link layers. Much of the material of this paper is also substantially covered
in [6. Ch. 2].

Another problem in which timing plays a crucial role is the classical multiple-
access collision channel. The collision channel was first introduced as a model for a

wireless packet radio network by Abramson [2}, and has become a canonical model
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for random accessing of a single shared channel by multiple transmitters who have no
information about the presence of messages at any other transmitter. In this model
of a multiple-access channel, each station transmits an information packet as soon as
it has a message available to transmit. If multiple transmitters access the channel
simultaneously. a collision occurs, and all the packets are lost. If no other transmitter
transmits while a particular station is transmitting a packet, that packet is received
error-free. The conventional assumptions in the analysis of this channel consist of a
tractable stochastic model for the message arrival times at each transmitter, with each
message considered as being equivalent to single packet transmitted on the channel,
and the availability of instant feedback to all transmitters regarding the status of each
packet transmission. A large amount of analysis [9, 43, 3, 35] has been conducted on
efficient algorithms to resolve collisions and schedule retransmissions for packets that
experience collisions, and on the stability of these algorithms. Much of this analysis
is reviewed in [6, Ch. 4]. This classical analysis has more of a queueing theoretic and
dynamic systems flavor, rather than an information theoretic style. A juxtaposition
of these studies with multiple-user information theory was presented in [19].

The assumption that each transmitter transmits a message as soon as one is avail-
able treats the timing of the transmissions as a factor that is beyond the transmitters’
control. In [30], Massey and Mathys showed that if the transmitters were allowed to
choose the packet transmission times, the sequence of packet transmission times could
be chosen so that the identities, or addresses, of the transmitters of all successfully
received packets could be determined by the receiver purely from the times at which
the channel was accessed. They made the information theoretic assumption that
cach of the users of an N-user collision channel had an infinite reservoir of data to
send. They further assumed that there was complete lack of synchronism between the
users, and that there was no feedback available. They demonstrated a construction
of an explicit set of sequences of channel accessing times, one for each user, with the

property that the transmitter of each successfully transmitted packet can be correctly
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identified, irrespective of the actual time differences between the users. Their work
raises intriguing questions about the relation between the amount of addressing infor-
mation that must be supplied by users of a multiple-access channel. and the amount
of information that can be encoded in the times at which users access the channel.

The connection between timing and addressing is also evident in time-division
multiplexing (TDM) systems, in which a particular sequence of slots is allotted to
pre-assigned to all sources that send their packets to a multiplexer. The particular
slot in which a packet is transmitted immediately identifies the address of the source
and the destination, and no further addressing overhead is required within the packet
itself. The work of [30] is thus an important extension of this idea to multiple-access
collision channels.

Timing information has also been analyzed in the context of covert communication
between users of a resource-sharing computer system. Consider a user 4 of such a
system communicating with another user B of the system in the following manner.
B submits a job to the (shared) CPU of the system, and measures the amount of
time taken by the CPU to complete the job. 4 can influence the response time of the
CPU to B’s job by submitting a job of its own. The distribution of the completion
time of B’s job depends on whether or not 4 submitted a job to the system at that
time. Thus the submission of a job by A, or lack thereof, allows A to communicate
a ‘0 ora‘l”"to B. Such a channel can be called a timing channel, because the
output symbols of the channel observed by the receiver B are the times taken for a
job to be completed, and the particular job itself is irrelevant. It is assumed that the
receiver B interrupts its job as soon as it makes a decision on the symbol that 4 is
attempting to send, and B immediately submits another job. It is also assumed that
there is instantaneous feedback to A about this action being taken by B, so that A is
immediately free to transmit the next symbol to influence the response time to B’s
new job. In [32], the inputs to the timing channel are 0 and 1, while the output is

a non-negative real-valued time, and the distribution of the output time is a shifted
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exponential distribution with different shifts depending on whether the input is 0 or
1. The timing channel considered in [31] also has inputs 0 and 1, but the output time
values are restricted to the set {1,2}. If the input is 0. the output time is always 2.
while if the input is 1, the output may be either 1 or 2.

The capacity of these covert timing channels is analyzed in [32, 31] in terms of
bits per transmitted symbol, as well as bits per unit time. The key assumption that
the receiver interrupts its job as soon as it has decided the transmitter’s symbol,
and that the transmitter knows the times at which the receiver has performed this
action. This assumption helps remove the time correlation between completion times
of successive jobs, and converts the channel into a discrete-time channel with variable
output times. It also eliminates the possibility that more than one of A’s symbols
can simultaneously influence the response time of a particular job submitted by B.
In contrast, in the problem of the timing capacity of queueing systems. neither the
transmitter nor the receiver is aware of the number of packets in the queue at any
time. Thus the analysis of the capacity of covert timing channels in [32. 31} is weaker
than the analysis of the timing capacity of the single-server queue in [4] and that
presented in this dissertation. A more difficult problem would be the situation where
the transmitter 4 does not have any feedback about the times at which the receiver
B makes the decision on a particular transmitted symbol. This would give rise to
interference between the various symbols transmitted by A. It is not hard to see
that the problem of communicating reliably in this situation is the processor-sharing
analogue of the problem of the timing capacity of the single-server queue analyzed

in [4].

1.5 Contributions and Outline of the Dissertation

We have seen in the preceding sections that although information theory has largely

been unable to capture the essence of the interplay between timing and network



performance. some seminal ideas have been proposed that hold the promise of illumi-
nating the role of timing in an information theoretic foundation for network analysis.
One of these is the idea of encoding information in the timing of packets on a net-
work. Another is the fact that a certain amount of information about message arrival
times perforce has to be transmitted in order to enable a receiver to decode messages
within a finite delay. In this dissertation, we build on and establish connections be-
tween these seminal ideas about the role of timing information in data networks. Our
focus will be on analyzing more complex models and examining the implications of
these ideas in scenarios that arise in current high-speed networks.

High-speed network systems like ATM that use fixed-size packets or cells are well-
modeled as discrete-time systems because the packet transmission time provides a
convenient unit of time, called a slot, in terms of which the operation of the system can
be described [7]. In Chapters 2 and 3. we focus on an information theoretic analysis of
discrete-time queueing systems. Consider a particular virtual circuit connection over
an ATM switch that switches packets arriving at its input ports to the appropriate
output ports and buffers cells at each input port. From the point of view of the
source and destination associated with the connection under consideration. the switch
behaves like a discrete-time queue to which packets or cells are sent by the source.
The cell at the head of the queue has to wait for a random amount of time before it
gets switched to its appropriate destination. As described in Examples 1.2 and 1.3.
discrete-time queues can have batches of arrivals and departures in a slot. and in some
cases the arriving and departing batch sizes may be restricted to 1.

Following the classical information theory model and the work of [4], we assume
that the source has an infinite reservoir of data to send. and concentrate on the effect
of the random times spent by packets in the buffer. In Chapter 2, we analyze the
timing capacity of discrete-time queues in which at most one packet can arrive and
cne packet can depart in a slot, and each packet experiences i.i.d. service times. We

show that for a given packet departure rate, among all such queues having a given



mean service time, the queue with geometric service time distribution has the least
A-timing capacity, and we explicitly obtain this capacity. This result is the discrete-
time analogue of the extremal nature of the single-server exponential queue established
in {4]. It is also of interest in its own right as it provides an explicit formula of the
capacity of a certain binary channel with infinite memory.

In Chapter 3, we analyze the timing capacity of the discrete-time queues with
batch-arrivals and batch service within the queueing model described in Example 1.3.
The behavior of such queues is characterized by the number of packets that the server
can serve in each slot. A natural way to transmit information through such queues
is by encoding it in the number of packets that arrive at the queue in each slot.
rather than in the interarrival times of the packets. The receiver observes the number
of packets served by the queue in each slot and attempts to infer the transmitted
codeword. The randomness in the number of packets served in each slot distorts the
transmitted information. We analyze the amount of information that can be reliably
encoded in the number of packets sent to the queue. We establish an upper bound on
the A-timing capacity of queues within this model, and show that this bound is tight
in the case of the queue that serves a geometrically distributed number of packets in a
slot. For queues with an arbitrary service distribution within this model, we obtain a
lower bound to the A-timing capacity in terms of a certain parameter that determines
the steady state distribution of the queue length in such queues for a certain class of
arrival processes. We show that the extremal nature of the geometric server within
this model is related to this parameter, rather than to the mean number of packets
that the queue can serve per slot. Thus, while the analysis of the discrete-time
queues with single-arrivals is similar to the analysis of continuous-time queues in [4].
the analysis of the discrete-time queues with batch arrivals presents new challenges.
and gives quite different results.

In Section 3.8, we consider the generalization of the discrete-time single-server

queues analyzed in Chapter 2 to multiple servers, each of which can serve at most one
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packet in each slot. It was noted in [14] that the timing capacity of queues with mul-
tiple servers is significantly more difficult to analyze than that of single server queues.
For the case of K™ servers with i.i.d. geometrically distributed service times, we obtain
an upper bound to the A-timing capacity in terms of the capacity of the discrete mem-
oryless K -output binomial channel with an output constraint. This upper bound can
be evaluated numerically for finite K. For the case A~ = oo, we establish the existence
of a distribution that achieves the capacity of the infinite output binomial channel
subject to the output constraint. We also obtain a necessary and sufficient condition
that characterizes this distribution using the generalized Kuhn-Tucker theorem. The
actual solution of these conditions to find the capacity achieving distribution for the
infinite output binomial channel remains elusive.

In Chapter 4, we turn to the problem of quantifying the information about ran-
dom message arrival times that must be transmitted to enable the receiver to decode
the messages within a finite amount of time, and its relation to the transmission of
information through the timing of packets. Gallager’s analysis [17] had allowed for
the possibility that the messages may not be decoded at the receiver in the same
order they arrived at the source. We focus on the situation in which messages are
transmitted one at a time in order and are decoded at the receiver in the same order
they arrived at the source, for instance a virtual circuit network or a point-to-point
channel. In this situation, the sequence of message decoding times can be considered
as the departure process from a first-in-first-out single server queue whose arrival pro-
cess is the message arrival process. With this point of view we can associate a service
time with each message, and the average service time per message can be thought of
as a measure of the distortion between the message arrival and decoding processes. If
the messages are transmitted one at a time over the point-to-point channel, then the
service time of a message is precisely the time available for transmitting useful infor-
mation about that message to the receiver, and thus directly influences the achievable

probability of message error. In this sense the service time distortion measure does



have a physical significance. Consider any such strategy for which the probability
that the service time per message being more than d is vanishingly small. We show
that the amount of information about message arrival times that the receiver must
receive is lower bounded by the rate-distortion function for encoding the sequence of
message arrival times so as to generate an order-preserving reproduction such that
the service time distortion per message between the two sequences is limited to d. We
explicitly obtain this rate distortion function for the case where the message arrival
process is Poisson, and show that the optimal source encoding is the single server
queue with i.i.d. exponentially distributed service times. This rate distortion func-
tion is actually identical to the rate distortion function of the Poisson process under
a different distortion measure identified by Verdu [45], who had also pointed out its
similarities to the canonical rate-distortion function of a sequence of i.i.d. Gaussian
random variables under a squared error distortion measure.

We conclude the dissertation with a summary, directions for future work. and an

interesting conjecture in Chapter 3.



Chapter 2

THE TIMING CAPACITY OF DISCRETE-TIME QUEUES
WITH SINGLE ARRIVALS

In this chapter, we analyze the timing capacity of the discrete-time analogue of the
continuous-time single-server queue analyzed in [4]. In this queueing model, at most
one packet can arrive and at most one packet can depart in each time slot. Service
times of packets are independent, identically distributed (i.i.d.) integer-valued random
variables. Such a discrete-time single server queue can be used to model a single
virtual circuit connection across an ATM switch [7], in which packets are delivered to
the destination port in the same order they arrive at the source port.

We obtain upper and lower bounds to the A-timing capacity of such queues. In
particular, we show that among all queues having a given mean service time within
this model. the queue with geometric service time distribution has the least A-timing

capacity!, which is given by
A
C(A) =h(A) - ;h(ﬂ)

where h(-) is the binary entropy function. For the geometric server, it is shown, using
the results of [47], that the A-timing capacity can be achieved by a random code
generated by independent, geometrically distributed packet interarrival times. The
timing capacity is shown to be the supremum of A-timing capacities over 0 < A < pu.

and is given by

C = log [1 +u(l —u)l_;ﬁ].

!For discrete-time queues, the units of capacity will be bits/slot if the base of the logarithm is 2.
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2.1 The Model

In this model of a single-server queue, arrivals and departures can occur only at
integer-valued epochs, called slots. At most one packet can arrive and at most one
packet can depart in each slot. Let A; denote the interarrival time (in slots) between
the arrival of the (i — 1)*P and the i*" packet, D; the interdeparture time between the
departure of the (i — 1)*" and the i*" packet, and S; the service time of the i*" packet.
Since at most one arrival and one departure can occur in each slot, 4, > 1. D, > 1.
Service times S; are assumed to be i.i.d. A packet that arrives in slot ¢ can depart no
earlier than slot i +1,s0 S; > 1, and ¢ = 1/E[S;] < 1. Let W, be the time in slots
for which the server is idle after the departure of the (i — 1)'® packet until the arrival
of the i*" packet. W; = 0 if the i*" packet arrives before the departure of the (i — 1)t"
packet. Then D; = W; + S;.

We will denote the geometric distributions on the non-negative and positive in-
tegers by Geo (z) and Geo™ (z) respectively, defined in Notations A.2 and A.3 in
Appendix A.

Example 2.1: Consider a queue for which S; have the Geo™ (i) distribution. We
will refer to this queue as a -/Geo'®) /1 queue, with the superscript indicating that at
most a single packet can be served in a time slot. The steady state queueing behavior
of this queue is analyzed in [42]. If the arrival process to this queue has independent
Geo™ () interarrival times, then it can be shown [42, p. 13] that in steady state, the
departure process also has independent, Geo™ () interdeparture times. N

We will assume at present that the queue is initially empty. In Section 2.4 it will
be shown that, as in the case of the continous time queue [4], the timing capacity
with the queue initially in equilibrium is no more than the timing capacity with the

queue initially empty.



2.2 Timing Codes
An (n. M. T, e€) timing code consists of M codewords with the following properties.

(i) Each codeword is a sequence of n packets, arriving at the queue with interarrival

times Ay.--- . A,

(it) The decoder observes the sequence of interdeparture times D,.--- .D,. and

attempts to infer the transmitted codeword.

(iii) The average departure time of the n'® packet is T, i.e. E[>.1_, D;] = T. where

the average is taken over all codewords as well as over the service times of the

packets.

(iv) The average probability of error for the code is €.

An (n.M.T.€) timing code has information rate R = (logAl)/T. Rate R is said
to be achievable if there exists a sequence (n. M, .T,.€,) of timing codes that has a

subsequence (ng. My, , Ty, . €,,) for which

log M,
1. > ng
koo T

=R and lim e, =0.
k—o0
The timing capacity C is the supremum of the set of achievable rates.
Rate R is said to be achievable at departure rate M if there exists a sequence

(n. M, T,. €,) of timing codes that has a subsequence (ng, M, . T,,. €., ) for which

log .,\,/[n . 8 A
klEl;O OTML =R, kli-nolo% = A, and }L’.‘}of"k = 0. (2.1)

The A-timing capacity C(A) is the supremum of all rates that are achievable at de-
parture rate \.
These definitions are slightly different from the definitions used in [4]. We have

defined an (n, M,T,¢€) timing code as one for which the average departure time of
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the n'" packet is equal to T, whereas in [4], T is an upper bound on the average
departure time of the n't packet. The latter seems to be somewhat unnatural and
does not appear to have any bearing on the results. Under that definition, for instance.
an (n. M, T,¢) timing code is also an (n, M, 2T, €) timing code. Also in [4], rate R
is defined to be achievable at departure rate A if it is achievable by a sequence of
(n. M. n/AX €) timing codes, whereas we require that the departure rate be A only in the
limit. This seems to be a reasonable requirement, and also affords some simplification
in the proof of Proposition 2.1 below.

Following Anantharam and Verdu [4], we first show that to analyze the timing
capacity of a queue, it is sufficient to analyze the A-timing capacity, by the following

result.

Proposition 2.1. For a queue with an arbitrary service time distribution with mean

1/p slots.

o
o
~

C = sup C(A). (2.

0<A<p
Proof. From the definitions, it is clear that C > C()) for all A. Now there exists a
sequence of (n, M,,T,, ;) timing codes that achieves C, i.e. that has a subsequence

(ng, My, . Ty, . €q,) such that

log M,
lim —& e
k—o0 Tnk

= C and Ll:n;o €n, = 0.

The departure time of the last packet is at least equal to the sum of the service times
of all the packets, hence Y 7% D; > 3"7% S;. This imuplies that T, > > % E[S)] =
ng/pt. and therefore ny /T, < u. Hence | = lim supy_ (nx /Ty, ) exists, and 0 < [ < u.
But since the limsup is itself a limit point, there is a further subsequence {ny } of
{n}. for which

log M,

. Mg ) .
lim L =1, lim ——* =C, and lime, =0.
j— T,,L_J j—oo T,,kj j— I




Therefore by definition, C is achievable at departure rate ! for some 0 < [ < g, ie.

C <C(l). Hence C = sup C(A). O

0<A<p

2.3 Converse Theorem

Proposition 2.2. Consider a queue whose service time distribution is F. and let
S ~ F. Let A(z) be the set of probability distributions on the non-negative integers
having mean r. For any probability distribution Q, let Wy be a random variable that
is independent of S, and such that Wgo ~ Q. Then for A < u, the A-timing capacity
C'(A) of the queue satisfies

C(A) <A sup [(Wo;Wo+S5). (2.3)
QA -4

Proof. Consider a sequence of timing codes (n, M,,, T,,.¢€,) for which lim,,_(n/T,) =
A and lim, .€, = 0. For the timing code using n packets, let 4;,--- .4, be the
interarrival times of packets 1,---.n, and let D,,---, D, be the respective interde-
parture times. By Fano's lemma [10, Sec. 2.11] and tae data processing theorem [10.

Sec. 2.8]. we have

log'\[ﬂ S [log2+l(‘—llr-.. Y‘AH;DIY'-.VDYI)]

1 —¢,

1
= T2 log2 + H(Dy,--- . D,)

_H(Dlv Tt ?Dnl:{lv"' v‘4n)]

< [log2+ZH(Di)—ZH(D,»[AI,---,.-l,,,Dl,---,D,«_l).
=1 =1

1 —e¢,
The interdeparture time D; does not depend on the interarrival times 4,_,.--- , A,.
Given A;,---.4; and Dy,---,D;_,, the idle time W, of the server between the de-

parture of the (i — 1)*" packet and the arrival of the i*" packet is determined. Also

11 is a sufficient statistic of A,,---, A;, Dy,---, D;_, for D;. Hence

H(Dil-'qlv” " 1‘4n1D11”' 1Di—l) = H(Dillfvi)'



Therefore

log M, 1 n log 2
(= n 1= I/l/“ D =]
T, l—e.T, Z K )+ ]

o
~ Z (W W, +S;) + '°°'] .

IN

1 n
l1—¢.T,

n
i=1

Define
Bs(z) = sup [(Wq,Wo +S),
QeA(z)

where A(r) is as defined earlier. First we show that 3s(-) is a concave function. Let
Xy, X2 > 0 be integer-valued random variables, independent of S, with means r, and
T,. and probability distributions P, and P» respectively. For 0 < a < 1. consider a
random variable X that is independent of S and has distribution P = aP; + (1 —a)Ps.
Then E[X] = az, +(1 —a)z,. For a given random variable S, the mutual information
function I(.X'; X + §S) is a concave function of the distribution of .X' [16. Section 4.4],
hence I(X; X +8) 2 al(X; X1 +S)+ (1 —a)l(X>3; X2+ S). The concavity of 3s(-)
follows.

From the definition of Bs(-), I(W;; W; + S;) < Bs(E[W;]). Using this and the

concavity of 35(-), we have

—ZI(W Wi+ S;) <55< ZEW )

Also, the fact that the average departure time of the last packet is T,, puts a constraint

on E[W;]:

Therefore

T, ~ 1-€6.T,

log M, < 1 n [ T, 1 . log 2

Taking the limit as n — oo we obtain (2.3). a
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Next we address the question of evaluating the function Ss(-).
Let S be a random variable having the Geo™ (i) distribution. Consider an integer-

valued non-negative random variable W that is independent of S. and has the distri-

bution
p, k=0
P (k) = .
(1=p)(1 =N k=12,
where p = A/u. Thus E[W] =1 - - It can be easily verified, e.g. using probability

generating functions, that W + S has the Geo™ (\) distribution. The following propo-

sition shows that this distribution on W maximizes I(W; W +S) over all distributions

on W with mean i ‘l‘

Proposition 2.3. Let S and W be as defined above. Let W be any integer-valued
Then

non-negative random variable independent of S with EW] = i— - ‘l‘

I(W;W+S)<I(W,;W+85)= @ — %Z

Proof. Among all positive integer-valued random variables with a given mean. the
geometric distribution has the maximum entropy [10, Sec. 11.1]. Since I + S is

geometrically distributed, H(W + S) > H(W + S). Hence

I(W;W+8) = HW+S)- HW + 5|W)
= H(W +S)- H(S)
< H(W+S)-H(S)
= I(W;W +5)

hix) _ h(e)

A 7

The last equality can be easily verified by direct computation. ]



In conjunction with Proposition 2.2, this gives the following upper bound on the

A-timing capacity of a -/Geo®)/1 queue with mean service time 1/u slots:

C(A) < h(A) - gh(u). (2.4)

2.4 Achievability Theorem

We will now show that for a queue with geometric service time distribution. the upper
bound on the A-timing capacity given by (2.4) can be achieved. We will also show that
among all queues with a given mean service time, the queue with geometric service
time distribution has the least A-timing capacity.

To show the achievability, we will use the device developed in [4] for showing
that the A-timing capacity of the queue with an initially empty buffer is achievable
even if the queue is initially in equilibrium with respect to some arrival process. The
definitions in Section 2.2 can be generalized to a queue initially in equilibrium. For
an (n. M. T, e) code with the queue initially in equilibrium. n is the number of packets
sent by the transmitter. Since there are a random number of packets initially in the
queue, the receiver may at first receive some spurious packets. Let us assume at
present that the packets contain some marker that allows the receiver to distinguish
between these spurious packets and those actually sent by the transmitter. The
receiver then keeps track of the departure times of the packets initially in the queue.
as well as those of the n packets sent by the transmitter. With this convention, for an
(n. M. T.€) timing code, T refers to the average departure time of the n*® packet sent
by the transmitter. As before, M is the number of messages that can be transmitted,
and € the average probability of error for the code. For T and e. the averages are
taken over all the codewords as well as over the initial state of the queue.

Suppose that rate R is achievable at departure rate A when the queue is initially in
equilibrium with respect to a rate A’ arrival process, for some A’ < u. That is. with the

queue initially in equilibrium, there exists a sequence of timing codes (n, M,, T,,€,)



that has a subsequence (ng, M,,, Ty, . €, ) for which (2.1) is satisfied. In equilibrium.
the queue is empty with probability 1 — p’, where p' = X' /u. Let (€empey)n, be the
probability of error of the niP timing code from the above subsequence given that
the queue is initially empty, and let (€non-empty)n, be the probability of error of the
code given that the queue is initially non-empty. Then €,, = (1 — p')(€empty)n. +
P (€non-empty )ny » hence (€empty)ne < €n, /(1 — p'). Hence if the same timing codes are
used with the queue initially empty, on the subsequence n, for which €,, — 0. we
have (€empty)n, — 0.

Let (Tempty)n, be the average departure time of the ni! packet sent by the trans-
mitter when the code is used with the queue initially empty. Clearly this is no more
than the average departure time of the last packet when the queue is in equilibrium.
i.e. (Tempty)n, < Tn,. Let Ty be the average departure time of the last packet initially
in the queue when the queue is in equilibrium. Then T,, — To < (Tempty)n, < Tn,.
hence

1

Tn _T - nm v /ng . ng
_L___RS llnl g—pt’)LS hank

lim
k—oc ny k—oo ng k—oo 1y A

Since T is finite, the limiting packet departure rate if the queue is initially empty is
also A. It follows that rate R is also achievable at departure rate A when the queue is
initially empty.

Let us now suppose that the packets do not have any marker, so that the receiver
cannot distinguish the transmitter’'s packets from those initially in the queue. The
receiver then keeps track of the departure times of the first n packets that depart
from the queue. Thus the receiver may initially get some spurious packets and may
ignore some of the transmitter’s packets. For an (n, M, T,¢) timing code for this case,
T refers to the average departure time of the n'"® packet departing from the queue. It
is easy to show that if rate R is achievable at packet rate A in this situation, it is also
achievable at packet rate A when the receiver is able to distinguish the transmitter’s

packets from the packets initially in the queue, and hence also achievable at packet
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rate A when the queue is initially empty. We will use this to lower-bound the A-
timing capacity of the queue with geometric service time distribution in the following

proposition.

Proposition 2.4. For the -/Geo'®) /1 queue with mean service time 1/u slots and

0 <A<y,

(8]
[5]]

C(A) > h(A) - ghm). 2.

Proof. Let the queue initially be in equilibrium with respect to a rate A process
with independent geometrically distributed interarrival times. Let the receiver begin
observing the departures from time ¢t = 1, and keep track of the first n departures from
the queue. Due to the randomness in the number of packets initially in the queue.
the receiver may initially receive some spurious packets not sent by the transmitter.

We want to show that the A-timing capacity is at least h(\) — %‘h(p). From
the results of [47], it suffices to show that for some arrival process {A;} and the
corresponding departure process {D;}, the liminf in probability of the normalized
input-output information density is at least h(A)/A — h(u)/pu. i.e. to show that for

some arrival process {4;},

1 h(A
P [—i_4n;D..(.—’l";D") <MY R (2.6)
n A 7
as n — oo, where A” = (4,,--- ., 4,), D" =(D,,---,D,), and
" Pprian(Dy,--- . DplAdy, - - . Ap)

i‘4vu;D'l(-4n; Dn) = 100 PD"(D]. PP D )

Our choice of arrival process {A;} has independent, Geo™ (\) interarrival times. It
is known in queueing theory that with this arrival process, in steady state, the in-
terdeparture times D; are also independent with the Geo™ (A) distribution [42. p.

13).



34

Let the number of packets initially in the queue be X,. We have

Pprian(D™MA") = 3 Pxy(k)Ppnjan xo (D[ A" k)
k=0

Px,(0)Ppnjan x, (D" A", 0)

v

= Px,(0) [] Po.ja o1 xo(DilA*, D71 0)

1=1

= Py, (0) H Pp,w,(D;|W)).

=1
where ¥ is the idle time of the server after the departure of the (i — 1)*® packet
until the arrival of the i slot, computed assuming that the queue is initially empty

(.\'0 = 0) Now PD.[“’,(jlk) = (1 — [.l)j—k—l[.l.. Hence

1. n n 1 RYO(O) n"l—l(l - /*‘)S'—lru
— n.nn i N > — o 1=
n AP (A4%D%) 2 nlo° (1 =X)DmtA
u 1-A 1 —
= Iogx-i-logl_# + log(1 — u) (;l- ;;;1 5,)
log(1l — A) 1 En D; | + 1 log Px,(0) (2.7)
Oo n — 1 n ol Xy B -

Asn — oo, 57 D; — 1/A. and % © 1 Si — 1/u in probability. Also. since

n Lvi=1
Pyx,(0) > 0. 1log Px,(0) — 0. Hence as n — oo. the right side of (2.7) converges in

probability to

" 1-A 1 1
log—+log1_u+;log(1—u)—xlog(1—/\)

A
RO _ R

A 7]

This establishes (2.6) and the proposition. U

Combining (2.4) and (2.5), we obtain the A-timing capacity of the -/ Geo'*)/1 queue

with mean service time 1/u slots:

C(A) = h(A) — gh(p). (2.8)



From Proposition 2.1, the timing capacity is the supremum of the A-timing capacities

over 0 < A < u. This supremum occurs at

A=
1+ [u(l - )=

and the timing capacity is given by
(2.9)

The following proposition shows that the A-timing capacity of a queue with ar-
bitrary service time distribution is at least as much as that of the -/ Geo'®’/1 queue

with the same mean service time.

Proposition 2.5. For a queue having an arbitrary service time distribution with

mean 1/u slots and 0 < A < p,
A
C(A) = h(A) - ;h(#)- (2.10)

Proof. The proof follows the one given in [4] for establishing the analogous result
with continuous-time queues. Consider the queue to be initially in equilibrium with a
rate A process having independent geometrically distributed packet arrivals. We want

to show that for some arrival process {4;} and the corresponding departure process

{D,}

lim P [%i,{n;Du(:{n;Dn) < » 0. (211)

n—oo

h(A) h(u)]
A 7

Let Qpn(D") and Qpnjan(D"|A™) be, respectively, the joint distribution of the de-
partures and the joint distribution of the departures conditioned on the arrivals. By

definition,

QD"IA"(DI"” -Dni-4ls"' 1-471)
Qpn(Dy,- -, Dy) '

Let us continue using the notation Pp~(D") and Ppn 4« (D"|A") for the corresponding

iAn;Dn(.4n; Dn) = log

distributions for the -/Geo'") /1 queue with mean 1/u slots.
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Our choice of arrival process will again be the process that has independent.

Geo™ (A) interarrival times. Now

1. 1 Qpran (D™ A™)
_ n.pn .‘ln; D'1 = - l o
nlA .on ( ) n og Qp~(D™)
_ 1 loe Qprjan (D" A™)Ppn(D”) 1 loe Ppnygn (D" A")
n 7 Ppnjan(D"AM)Qpe(D")  n % Ppa(D")
1. Qunpn(A"[D™) 1. Ppnian(D"A™)
= -—log + — log
n PAn[Dn("’lnlD") n PDn(Dn)

The liminf in probability of the first term is non-negative, because

1 Q anypn (A™|D") _ n
d {;1"% Paipn (A7 D7) = "5] = 2.2 Qe (@I

a™

1 [Qanpn(a™|d") < exp(—né) Pynpn(a”|d")]

< D exp(—né)Panipn(a”d")Qpn (d")
= e::p(i"né).
For the second term, it is true that
P [l log Ppnjan (D™ A")_ R(A) h(u)] o
n Pp.(D") A %

This can be shown in the same way as in the proof of Proposition 2.4, because in that
proof we only made use of the facts that 15"  D; —+1/Aand L 5°7 S, — 1/, and

Lwi=1

these are true for any stable queue. This establishes (2.11) and (2.10). O

2.5 Discussion

Note that encoding information in the arrival times of the packets is equivalent to
encoding information in the presence or absence of a packet in a slot. Consider
a discrete-time channel in which the input in a slot is 1 if a packet arrives at the
-/ Geo'® /1 queue in that slot, and 0 if no packet arrives. The output of the channel is
1 in those slots in which a packet departs, and O in the other slots. This is a binary-
input binary-output channel with infinite memory, and its capacity is the same as the

timing capacity (2.9) of the -/Geo’*’ /1 queue.
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Figure 2.1 shows a plot of the timing capacity of the -/Geo*)/1 queue, given by
(2.9), as a function of the mean service rate. The timing capacity is an increas-
ing function of the service rate p, and reaches a maximum of 1 bit/slot at g = 1

packet/slot.

1.0 )

0.8 -

0.6 - o

C bits/slot

04 - 7

0.2 - 7

0.0 == —
0.0 0.2 0.4 0.6 08 1.0

i packets/siot

Figure 2.1: Timing capacity as a function of service rate for the -/Geo'*)/1 queue.

In (2.8), if we let the slot size go to zero, and examine the A-timing capacity per
unit time, we recover the expression for the A-timing capacity of the continuous-time

queue with exponential service time distribution obtained in [4]:
C(A) = Alog fA‘-

Thus the result for the discrete-time -/ Geo'*)/1 queue agrees with the result for the
continuous time queue with exponential service time distribution in the limit of small
slot size.

For the -/ Geo'®) /1 queue, the timing capacity is a convex function of 4. This gives
rise to the following interesting possibility. Suppose that a server of total service rate
/¢ is to be shared between two independent users, in such a way that the first user sees
a service rate of y;, and the second user sees a service rate of u», where u, + s = pu.

Suppose further that each user sees a geometric service time distributicn independent
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of the other user. Then the maximum information rate that the two users can achieve
are C(y;) and C(u») respectively. Suppose the system is to be shared in such a way
that the total information rate achievable is maximum, i.e. we want to assign p,
and g, so as to maximize C(u;) + C(u2), subject to uy + pu» = . Because C is a
convex non-negative function with C(0) = 0. we get C(u;) + C(ua) < C(u). so that
the optimal assignment is g, = 0, s = p or u; = p, w2 = 0. That is. only one of the
users uses the system at a given time, and they time-share by using the system at the
full rate u but only for an appropriate fraction of the time. When user 1 has the use
of the system, the queue is driven at the optimal rate A* corresponding to u. and at
the end of the transmission, leaves the system in equilibrium for user 2. User 2 then
uses a timing code assuming that the queue is in equilibrium, and there is no loss of
capacity when the queue is initially in equilibrium.

Sharing the system by rates p; and u» is in a sense equivalent to frequency division
multiplexing (FDM), whereas letting only one user use the system at a given time
corresponds to time division multiplexing (TDM). Thus for this system. TDM is

better than FDM as far as timing capacity is concerned.

2.6 Conclusion

In this chapter. we analyzed the timing capacity of discrete-time queues in which at
most one packet may arrive and at most one packet may finish service in a slot. We
established the canonical role of the queue with geoemtric service time distibution
for such queues. In the next chapter, we will examine the timing capacity of queues
that have batch arrivals and a batch service mechanism. We will also look at the
generalization of the single-service queues considered in this chapter to queues that

have multiple independent servers.
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Chapter 3

THE TIMING CAPACITY OF DISCRETE-TIME QUEUES
WITH BATCH ARRIVALS AND DEPARTURES

In this chapter, we first analyze the timing capacity of a discrete-time queueing
model that incorporates batch packet arrivals and a batch service mechanism related
to the leaky bucket flow control system. We establish an upper bound on the A-
timing capacity of queues within this model, and show that this bound is tight in the
case of the queue that can serve a geometrically distributed number of packets in a
slot. For queues with an arbitrary service distribution within this model, we obtain a
lower bound to the A-timing capacity in terms of a certain parameter that relates to
the steady-state queue length distribution in such queues. We examine the extremal
nature of the geometric server based on this parameter. We then consider the case
of queues with multiple servers, each of which can serve at most one packet per slot.
We obtain an upper bound on the timing capacity of the queueing system with A
servers having i.i.d. geometrically distributed service times in terms of the capacity
of the A-output binomial channel subject to a constraint. This upper bound can be
evaluated numerically for finite A'. For the case A" = oo, although the bound cannot
be evaluated numerically, we establish the existence of an input distribution that
achieves the capacity of the infinite output binomial channel, and obtain a necessary
and sufficient condition that characterizes this distribution.

In Section 3.1, we describe the queueing model with batch arrivals and departures
that will be the focus of the major part of this chapter. In Section 3.2, we demonstrate

a duality between this model and the queueing model analyzed in Chapter 2. Timing
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codes and achievable rates for this model are defined in Section 3.3. In Section 3.4,
we obtain an upper bound on the A-timing capacity of queues within this model.
In Section 3.5, we establish the achievability of this upper bound for the geometric
server, and analyze the extremal nature of the geometric server. In Section 3.8. we

analyze the timing capacity of queues with multiple servers.

3.1 The Model

In this section. we describe a first-in first-out queueing model that incorporates batch
arrivals and a particular batch service mechanism that approximates the leaky bucket
flow control system. The behavior of the queue is governed by the number of packets
it serves in each slot. Let Y; be the number of packets in the queue at the beginning of
slot i. Let 4; be the number of arriving packets, D; the number of departing packets,
and X; = Y; + A; the number of packets in the queue just after the arrivals. in slot i.

Figure 3.1 explains this notation.

< Slotn—///—>

Figure 3.1: Arrivals and departures in a discrete-time batch-arrival. batch-service
queue.

In general, the distribution of D; depends on the value of X;. For example, there
are discrete-time queues called S-queues [50, Sec. 4.7], in which the conditional distri-
bution of D; given X has a specific form. S-queues are quasi-reversible, and networks

of S-queues have product form distributions with Poisson-distributed arrivals {50, Sec.
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5.2]. We consider the special case in which D; depends on X, as follows. In slot i. the
queue can serve a random number S; of packets. If there are S; or more packets in
the queue. S; of them depart. If there are less than S; packets waiting in the queue
in slot ¢, then all the packets in the queue depart. That is, D; = min(.X;.S;). The

equations governing this queueing system are

_X,' = Y’, -+ .4,‘
D,‘ = min(Xi, S,)
y;'.,_l = (/Yi - Si)+. (31)

S; are assumed to be i.i.d. random variables. Let us denote the distribution function
of the S, as Fs and the corresponding probability mass function as Ps.

This model is motivated by a packet switch [7]. In each slot. the switch serves
some packets from the buffers at the input ports. Consider a single virtual circuit
connection between a certain input port and a certain output port on the switch.
From the point of view of that connection, the switch can be thought of as a server
that serves a random number of packets in each slot. depending on the random number
of packets of all the other connections on the switch that are ready for service. This
queueing model is related to the leaky bucket flow control system in the following
way. Consider a particular virtual circuit that is one of several that share the same
input port on an ATM switch. Suppose the aggregate flow of packets over all virtual
circuits using that port is regulated by a leaky bucket mechanism. If the total number
of virtual circuits is large, and the particular virtual circuit under consideration is a
low-priority connection, the number of tokens available for that connection can be
approximated to be i.i.d. from slot to slot. If S; is the number of tokens available
for that virtual circuit in slot Z, and X; is the number of packets waiting, then the
number of packets switched in slot i is D; = min(Xj}, S;), as in (3.1).

This queueing model is different from the model considered in Chapter 2 in that

successive packets do not have independent service times. In fact, because there is



no single packet in service at any given time, the service time of a packet is not
well-defined in this model. The natural means for conveying information through this
queue is the number of packets that arrive at and depart from the queue in each slot.
rather than the interarrival times of the packets. Thus a codeword for this “channel”
is a sequence of integers A;, ..., A,, where 4; is the number of packets arriving in
slot i. The receiver observes Dy, ..., D,. where D; is the number of packets that
depart in slot ¢, and attempts to infer the transmitted codeword. The “noise” in this
channel is the randomness in the number of packets that are served in each slot.

We will continute to denote the geometric distributions on the non-negative and
positive integers by Geo (z) and Geo™ (z) respectively, as defined in Notations A.2
and A.3 in Appendix A.

Example 3.1: Consider a queue for which S; ~ Geo (u/(1 + u)). so that E[S;] = u.
We will refer to this queue as a -/Geo® /1 queue, with the superscript indicating
that a batch of packets is served in each time slot. Suppose the number of arrivals
A, ~ Geo(A/(1 + A)) and are i.i.d., so that E[4;] = A. We will refer to this arrival
process as a rate A geometric process. Some queueing theoretic results for this queue
are derived in Appendix B. These include steady-state distributions for D; and X,
and in particular, the result that in steady state, the departures D; ~ Geo (A/(1 + A))
and are i.i.d. <

For queues in which S; have an arbitrary distribution, it is shown in Appendix B

that when the arrival process is a geometric process, the steady-state distribution of

the queue size is geometric.

3.2 Duality between Single-arrival and Bulk-arrival Queues

In this section we will demonstrate a duality between the single-arrival single-service
queues described in Section 2.1 and the batch-arrival batch-service queueing systems

dscribed in Section 3.1. For any single-arrival single-service queueing system. there
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i1s a dual batch-arrival batch-service queueing system in which the service times of
the single-arrival system play the role of the arriving batch sizes of the batch-arrival
system. This duality mapping is invertible, and hence queueing properties of a single-
arrival single-service system can be inferred from the properties of its dual.

Consider a single-arrival single-service queue as described in Section 2.1. Let

the interarrival times of the single-arrival queue be 4,, 4,,---, and the sequence of
service times be S,,5,,---. Let the interdeparture times be D;.D,.---. Let the
delay of packet { be §;,7 = 1,2,---, with §; taken to be 0. Let the idle time of the

queue immediately prior to the arrival of packet : be W;. Then the following recursive

relations hold forany i =1,2,---.

6; = (5,_1 - :’1,‘)‘1_ + S; (32)
W, = (—41' - di—l)+ (3.3)

Note that (3.2) defines a discrete-time batch-arrival batch-service queueing system
as described in Section 3.1, with the service time S; of the i** packet of the single-
service queue playing the role of the arriving batch size in slot /. The number of
packets that can be potentially served in slot : by the batch-service queue is the
interarrival time A4;.; between packets { and 7 + 1 of the single-arrival queue. The
delay ¢; of packet ¢ in the single-arrival system plays the role of the effective queue
size .\, in slot ¢ in the batch-arrival system, and the size of the departing batch in slot
i in the latter system is min(d;, 4;.,). The number of leftover packets Y; at the end
of slot i in the batch-arrival system is (§;_; — 4;)”. The batch-arrival batch-service
system thus constructed can be thought of as a dual of the single-arrival single-service
system. with the service times of the latter playing the role of the arriving batch sizes
of the former, and the interarrival times of the single-arrival queue corresponding to
the maximum allowed service per slot of the batch-service queue.

Along the same lines, given a batch-arrival queue of the type described in Sec-

tion 3.1. we can construct a dual single-arrival single-service queue in which arrivals
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to the batch queue correspond to the service times in the single-arrival queue, and
the service random variables in the batch queue play the role of interarrival times in
the dual single-arrival system.

Thus it is clear that given the sequence of arriving batch sizes and the maximum
allowed service sequence of a batch-arrival batch-service system following the model
of Section 3.1, there is a unique single-arrival single-service system whose dual is the
given batch-arrival batch-service system. That is, the duality map is invertible.

Properties of the original queue can thus be inferred from the properties of the dual
queue. For example, Proposition B.2 in Appendix B asserts that for a batch-arrival
batch-service queue within the model of Section 3.1, if the arriving batch sizes are
i.i.d. and geometrically distributed, then the distribution of the effective queue size
1s geometric with a parameter v which is the solution of a certain equation involving
the characteristic function of the service random variable of the batch queue. The
dual of this batch-arrival system is the single-arrival single-service queue with i.i.d.
geometrically distributed service times, and the effective queue size of the batch queue
corresponds to packet delays in the dual single-arrival system. This implies that in
the single-arrival single-service queues with geometric service times, packet delays are

geometrically distributed with parameter v as described in Proposition B.2.

3.3 Timing Codes

In the following, we assume that the queue is initially empty. As in the first model,

o1
we will show later that the timing capacity with the queue initially in equilibrium is
no more than the timing capacity with the queue initially empty.

An (n, M, N, ¢€) code consists of M codewords with the following properties.

(1) Each codeword is a sequence of non-negative integers A, ... .. 4,. where 4; is

the number of packets arriving at the queue in slot :.



(i1) The decoder observes the sequence Dy, ... , D,, where D; is the number of pack-
ets that depart from the queue in slot ¢, and attempts to infer the transmitted

codeword.

(iii) The average number of packets that depart from the queue in n slots, averaged

over all codewords, is V. i.e. E[} " D;] = N.

(iv) The average probability of error for the code is €.

An (n. M, N, e) timing code has information rate R = (log Af)/n.

Rate R is said to be achievable if there exists a sequence (n, M,, N, ,¢€,) of timing
codes that has a subsequence (ng, My, , Ny, , €, ) for which
log M,

lim

=R and lim €, =0.
k—oo0 g k—o0

The timing capacity C is the supremum of the set of achievable rates.
Rate R is said to be achievable at departure rate A if there exists a sequence of
timing codes (n, My,, N,,€,) that has a subsequence (ny, My, Ng,, €,,) for which

log M, . Np,

lim
k—o0 Tis k—oc N

= A, and leIlolo €., = 0. (3.4)
The A-timing capacity C(A) is the supremum of all rates that are achievable at de-
parture rate A\.

As in Section 2.2, in the definition of achievability at departure rate A. we require
that the packet departure rate be A only in the limit, rather than for each code.

As before, we first show that to analyze the timing capacity of a queue in this

model, it suffices to analyze the A-timing capacity, by the following result.

Proposition 3.1. For a queue with an arbitrary service distribution with mean pu

packets per slot,

C = sup C(A).

0<A<u
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Proof. From the definitions, it is clear that C > C(A) for all A. Now there ex-
ists a sequence of (n, M,, N,,€,) codes that achieves C. i.e. that has a subsequence

(ng. My, Ny, €, ) such that

log M, )
lim —2-"" = C and lim €, = 0.
k—o0 n k—o0

The total number of packets departing in n slots is no more than the maximum number

of packets that the queue could have served, i.e. 3 7% D; < Y""* S;. This implies that

r

No, < 3°7% E[Si] = nigu. and therefore N, /ni < p. Hence [ = limsupy o (Vn, /1)
exists. and 0 < | < u. But since the limsup is itself a limit point, there is a further
subsequence {ng, } of {n.}. for which

Nn, log M,
lim L= lim —— =, and lime, =0.

Jj—oo nk, J—0 nk: J—oo J

So by definition, C is achievable at departure rate [ for some 0 <[ < p.i.e. C < C(I).

Therefore

C = sup C(A).

0<A<p

3.4 Converse Theorem

Proposition 3.2. Consider a queue with service distribution Fs, and let S ~ Fjs.
For any probability distribution Q, let Xg ~ Q be a random variable independent of
S. Let Bs(z) be the set of probability distributions Q on the non-negative integers for
which E[min(Xg, S)] =z. Then for 0 < X < p,
C(A) <€ sup I(Xg;min(Xp,S)). (3.3)
Q<eBs(A)

Proof. Consider a sequence of timing codes (n, M,, N,,€,) for which lim,_..¢, =0

and limp_(V,./n) = A. For the n'* code in the sequence, let A,...., 4, be the
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number of packets sent to the queue in slots 1,... , n respectively, and let D,.... . D,
be the number of departing packets in the respective slots. By Fano’'s lemma [10. Sec.

2.11] and the data processing lemma (10, Sec. 2.8|,

log M, <

[10g2+1(.41,... ,A.n;Dl,... ,Dn)l

<

[1ogz+ZH(D)—ZH(D|41,... A Dy, ..., Di 1)

1—6,1

The number of packets D; departing in slot ¢ does not depend on the arrivals in slots i+

1....,n. Given 4,,... ,4; and Dy,..., D;_;, the number of packets .X; in the queue
in slot 7 is determined. Also X is a sufficient statisticof A;,... ,A;.D,.... .D;_, for
D;. Hence H(D;|Ay, ... ,An, D, ... ,D;_1) = H(D;|X;). Therefore
log M, 1 log 2
< - I(X;;D;) +
I
1 log 2
= - Xi; min(X;, S; > -
T R;I( min(X;, Si)) + - ]

L

Define

ns(r) = sup I(Xg;min(Xg,S)),
QeBs(z)

where Bs(r) and X are as defined in the statement of the proposition. Using argu-
ments similar to those in the proof of Proposition 2.2, it can be shown that ns(-) is a
concave function.

From the definition of ns(-), 7(X;; min(X;, S;)) < ns(E [min(X;, S;)]). In conjunc-

tion with the concavity of ns(-), this implies
1 n 1 n
= > _I(X;;min(X;, S;)) < ns(= i)
nZ (X;min(X;, 5)) < ns(~ ;E[Dl)

Thus

n

log.M,, 1 loo..
< T [nb( ZE[D

Taking the limit as n — oc we obtain (3.5). O
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Next we address the evaluation of the function ns(-) for a given service distribution
S. The example below considers this for the case of a Bernoulli server, and also
establishes a connection between the queueing models of Sections 3.1 and 2.1.
Example 3.2: Let S have a Bernoulli distribution with mean u, i.e. Ps(l) =
tt.Ps(0) = 1 — pu. Clearly in this case, for any non-negative integer-valued ran-
dom variable X, min(X,S) takes only the values 0 and 1. Let X be independent
of S and such that E[min(X.S)] = A. Now Ppin(x.s)(1) = uP(X > 1). Hence
P(X >1)=A/u and Px(0) =1 — A/u. Therefore

I{(X;min(X,S)) = H(min(X,S)) - H(min(X, S)|X)
= h(A) - Px(0)H(min(X, S)|X = 0)

— i Py (K)H(min(X. S)|X =k)

k=1

A o0
= h(A) - (1—2)-0-Y_ Px(k)h(k)
H k=1
A
= h(A) = =h(n).
7
This is true for any X such that E[min(X, S)] = A, and hence

ns(A) = h(A) — ghm.

For a queue with Bernoulli(x) service, each packet is in service for a geometrically
distributed number of slots. Thus this queue is in fact the ~/Geo(s)/1 queue analyzed
in Chapter 2. The A-timing capacity of such a queue is precisely h(A) — %‘h(u). as
given by (2.8). <

The following proposition establishes a min-max saddle point property of the
geometric distribution, and obtains ns(A) for the case where S has a geometric dis-

tribution.

Proposition 3.3. Let S ~ Geo(b). Let X ~ Geo(a/b) be independent of S, where

0 <a<b Let X be any non-negative integer-valued random variable independent
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of S such that E[min(X,S)] = a/(1 — a). Let S be any non-negative integer-valued
random variable independent of X, such that E[min(X, S)] = a/(1 — a). Then

I(X:min(X,S)) < I(X;min(X, 5)) < I(X;min(X, S)), (3.6)

so that

a [h(a) ~ h(b)} .

ns(A) = I(X:min(X:; S)) = l-al a b

Proof. First note that D = min(X,S) is Geo (a), since
P(min(X.5) > k) = P(X > k)P(S > k) = a*.

Consider any non-negative integer-valued random variable X that is independent of
S and such that E[min(X, S)] = a/(1 — a). Let D = min(X, S). Since the geometric
distribution has the maximum entropy among all non-negative integer valued random
variables with a given mean [10, Sec. 11.1}, H(D) < H(D) = h(a) /(1 — a). Therefore
h(a)

I(X; D) = H(D) - H(D|X) < T — H(D|X). (3.7)
Now H(D|X) = Ex p[— log Pp;x(D|X)], where
. bV(l1-0b), j<k
Ppix(jlk) = .
b =k
= (1 - b)Vtk-n,

where U'(n) is0if n =0 and 1 if n > 0. Then

H(D|X) = E[-Dlogh|] + E[—log(l — b)U(X — D))

a el -
= 1-a logb — log(1 — b)P(S < X))
o 1
a o
= —l_alogb—log(l—b) [I—JZ:;PX(J)UJ . (3.8)



Now E[min(X,S)] = a/(1 — a). Also

E[min(X,S)] = P(min(X,S) > k)

s £

b*P(X > k)
J
Px(j))_b*
=1 k=1

= 3 {1 - ng(j)b’

>
I
—

[M)s

-
11

<o

. (3.9)

Hence

1-) P = H. (3.10)

j=0
Combining (3.7), (3.8), and (3.10), we obtain

a [h(a) ~ h(b)]

I(X:min(X.95)) < " 5

“1l1-a

with equality iff X is Geo (a/b).
To prove the second inequality in (3.6), let D = min(X,S) as above, and let
Y = min(X,S). Then we have

o Pg v (X]Y)
I(X:min(X.S)) = FExy [log —%_((T—]

Py (X|Y) Py p(X]Y
— EYE.TiY lOg .\IY(_—I —) ,\ID(——.I )
PX’[’D‘(le ) Px(X)

P.T:B(Y|Y):l

-~ Ey [D(Pfl,,upflﬁm] + EyExy [log )

The first term on the right side is non-negative, and is strictly positive unless S is



geometrically distributed. A slight rewriting of the second term yields

[(X:min(X.S))

Ppx(Y]X)
z Exy [Iog——[p—_m—
= Ps(j) P(S > kIX =k)
- Pe(k) P k) + P(S > k|X = k)log
kZ:% < (k) __,Zo sy\'(JI P5(j) ( | ) P5(k)
= iP—-(k EP (jlk)1 ( b)+P(S>k Y—k)locr——b—k——-
| e a) - (1 -a)
c~1 h
1 , _ —
= log — (loc -) [Z Py(k) {;()JPS,Y(JV;) +kP(S > kX = k)}
+log(1 — b) [Z Py (k) Z Psix(jik)
k=0 j=0
= log ! + (log 2) E[min(X, S)]
1—a a
+1log(1 — b) [Z ){I—P(SZklfzk)}J
k:
To simplify the last term on the right side. note that since S is independent of X.
20 . G a
S Pek)P(S2 kX =k) = (3) (1 _ -) P(S > k)

k=0 k=0

- (1 %)ZP k)P(S > k)

= (1 - %) ZP(min(:\—',S) 2> k)

k=0

— (1 _ _) (1 + E[min(X. S)]).

and Efmin(X.S)] = a/(1 — a) by hypothesis. Hence we have

_ _ 1-b a b a 1
v min(X, > log g~ —log(1 - 3
I(X:;min(X,S)) > 1001_a+1_al°°a log(1 b)(l b) (l—a)

a [h(a) ~ h(b)] .

l—a a b
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Let C,(A) denote the A-timing capacity of the -/Geo® /1 queue whose service
distribution is Geo (u/(1 + u)). Proposition 3.3 in conjunction with the converse
result of Proposition 3.2 gives the following upper bound on C,()):

C.()\) < (1+ M)k (HL/\) -A(l—f—‘i)h( K ) (3.11)

7 1+p

3.5 Achievability Theorem

We will now show that for the -/Geo® /1 queue, the upper bound (3.11) on the
A-timing capacity is achievable. We will also derive a lower bound to the A-timing ca-
pacity of a queue with an arbitrary service distribution, based on a queueing theoretic
property of the steady-state queue length in such queues.

In the proof of Proposition 2.4, we needed to use results from queueing theory.
such as the fact that for the -/ Geo!*) /1 queue, if the interarrival times are independent
and geometrically distributed, then so are the interdeparture times. Appendix B
establishes some queueing theoretic results for the batch-arrival batch-service queues
described in Section 3.1. Proposition B.1 shows that in steady state, for the -/ Geo'* /1
queue, if the arrival process has independent, geometrically distributed number of
arrivals in each slot, then the departure process also has independent, geometrically
distributed number of departures in each slot. For a queue with an arbitrary service
distribution, Proposition B.2 shows that if the arrival process is geometric, then the
steady-state distribution of the queue size X; just after the arrivals is geometric with
a certain parameter 7. We will use these queueing theoretic properties in establishing
achievability results, and the parameter v will turn out to play a significant role.

In the proof of Proposition 2.4, we followed the technique used in [4] of showing
that achievability with the queue initially in equilibrium with respect to some arrival
process implies achievability with the queue initially empty. That assertion used the
fact that for a queue with single arrivals and single service, the steady-state probability

that the queue is empty is non-zero. Proposition B.2 in Appendix B shows that for



the batch-arrival batch-service queues described in Section 3.1, if the arrival process
i1s a rate A geometric process, the steady-state probabilty that the queue is empty
at the beginning of a slot is (1 — v)(1 + A) > 0. Using this, we can show for these
queues that if a certain information rate can be achieved with the queue initially in
equilibrium with respect to an appropriate geometric arrival process. then that rate
can also be achieved with the queue initially empty, as follows.

The definitions in Section 3.3 can be generalized to a queue initially in equilibrium
with respect to a geometric arrival process. Thus we have (n. M, N, €) timing codes
with the queue initially in equilibrium with respect to a geometric arrival process.
and the corresponding definitions of rate, achievability, etc. Note that since the
queue is initially in equilibrium, there is a random number of packets initially in the
queue. Hence the receiver may initially receive some spurious packets not sent by
the transmitter. For (n, M, N, €) timing codes with the queue initially in equilibrium.
we assume that N, the average number of departures in n slots. and €. the average
probability of error, are computed by averaging over all codewords as well as over the
initial state of the queue.

Suppose that rate R is achievable at departure rate A with the queue initially
in equilibrium with respect to a rate A geometric arrival process. That is. with the
queue initially in equilibrium, there exists a sequence of timing codes (n. M. N, . €,)
that has a subsequence (ng, My, Ny, , €,,) for which (3.4) is satisfied. Suppose that
the same codes are used with the queue initially empty. Noting that the steady-state
probability that the queue is empty at the beginning of a slot is (1 — v)(1 + A),
and using an argument similar to the one used in Section 2.4, we can show that the
probability of error (€empey)n, — O-

Also the number of packets that would depart in n; slots if the queue were initially
empty is no more than the number of departing packets when the queue is initially
in equilibrium, i.e. (NVempty )n, < Vn, - With the queue initially in equilibrium, let ¥;

be the number of packets initially in the queue, i.e. at the beginning of slot 1. Then



Np, = EY1] € (Nempty)ng < Npy, s0 that

-/Vn - - Nem n; . -'Vn.
lim —‘—E[}i]— < lim (—p"i—‘— < lim =

k—o0 ny k—o0 N k—oo Ty

Since E[Y)] is finite, it follows that rate R is also achievable at departure rate A
packets/slot when the queue is initially empty.
We now obtain a lower bound to the A-timing capacity C,()) of the -/Geo®/1

queue with mean service rate pu.

Proposition 3.4. For a -/Geo® /1 queue with the Geo (u/(1 + p)) service distribu-

tion. for0 < A < pu,

Ta(0) > (1 + Ak (%X) ~ A (1%) h (Ti_ﬁ) . (3.12)

Proof. As noted above, it suffices to show the achievability when the queue is initially
in equilibrium with respect to a rate A geometric arrival process.

With a = A/(1 + A) and b = p/(1 + p), the right side of (3.12) can be written
as % [@ — %b)]. From the results of [47], it suffices to show that for some arrival

process {4;} and the corresponding departure process {D;}, the liminf in probability

of the normalized input-output information density is at least 2= ['l%“—’ — #] l.e. to

show that for some arrival process {A;},

P [—l—iA...Dn(A";D") <2 (h(a) - h(b))] > 0 (3.13)
n 1-a a b
as n — oc. where D" = (D,,... ,D,), A" =(4,,...,4,), and
_ Porjan(Dy, - Dafdy, - An)

i_4v:;Dvl(.4n; Dn) = lOo

Pp(Dy.....D,)

Our choice of the arrival process {A;} here is a rate A geometric arrival process. It is
shown in Appendix B that for this arrival process, in steady state, the departures D;

are also independent and have the Geo (A/(1 + A)) distribution.



Let Y; be the number of packets initially in the queue, i.e. at the beginning of slot
1. We have
Pprian(D™A™) = > Py (k)Pprian v, (D"{A" k)

k=0

2 Py (0)Ppriany, (D" A", 0)

= P[] Posoin(Dil A" D7 0)

i=1

= Py, (0) H Pp x (D] X3).

i=1
where X is the number of packets in the queue just after the arrivals in the i*" slot.

given that the queue is initially empty (Y; = 0). Now

Ppx.(jIk) = P(min(X;,S:) =j|X; = k)
v ifj =k
Y(1-b) if0<j<k
This can be rewritten as

PD,],\’.(diII,’) = bd'(l —_ b)U(.t, —dl)’

where U'(k) is0if k =0and 1 if £ > 0. Hence

1 n. yn 1, Pr(0)[T0, 62 (1 — b)Y X=D0)
- n.nnl M > —_ o 1=
R N | A
1 1 <& b
~log Py, (0) + (n ,~§=1 D.) log ~ —log(1 - a)
+ (l E U(X; — Di)) log(1 — b). (3.14)
n =1

As n — oo, (1/n) 37, D; — A = {2 in probability. Also 13" U(X; - D;) —
P(X > D) = P(S < X) in probability. where the last two are steady-state prob-
abilities for the queue. P(S < X) is the steady-state probability that the queue

is non-empty at the end of a slot, which is shown in Proposition B.l in Appendix



B to be ‘H. Thus (1/n) >, U(X; — D;) — :((11:2; in probability. Moreover,
Py, (0) = b(”l‘—_"a) > 0, so (1/n)log Py, (0) — 0. Hence the right side of (3.14) converges
in probability to
a a(l —b)
log = — log(l — a) + =2~ 2 jog(1 — &
T4 108 - — log( a)Tb(l—a) og( )
_a h(a) h(b)
" l1-a| a b |~
This establishes (3.13) and the proposition. 0O

Combining (3.11) and (3.12), we obtain the A-timing capacity of the -/Geo'® /1

C.(\) = (1 + Ak (ﬁ) —A(I—Z—“-)h(ﬁ) (3.15)

From Proposition 3.1, the timing capacity is the supremum of the A-timing capacity

queue:

over 0 < A < u. The supremum occurs at

1
a—1

A® =

1442
where a = 7 1(1 + p)_uL, and the timing capacity is given by

C =log [ai 1] i (3.16)

3.6 The Extremal Nature of the -/Geo® /1 Queue

We now turn to the question of the extremality of the -/Geo®/1 queue. Unlike
the -/Geo® /1 queue in Chapter 2, the -/Geo® /1 queue does not have the least A-
timing capacity among all queues with a given mean service rate within the model of
Section 3.1, as shown by the following counterexample.

Example 3.3: Consider a queue for which S takes value K’ > p with probability
p = i/ and value 0 with probability 1 — p, so that E[S] = u. From Proposition 3.2,

Cs(A) < sup I(X;min(X, S)), where the supremum is over all distributions on X for
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which X and S are independent and E[min(X, S)] = A. For any such random variable

X, let pr = Puin(x.5)(k), and let ¢ =1 — py. Thus p > 1 — p and ¢ < p. Now
I(X;min(X,S)) < H(min(X,S))

= —pologpe — }: pr log pi
k>1

Pk Pk
= —pologpy — ¢ E — log — — qlogg.
= 9 q

Since E[min(X,S)] = 3,5, kpx = A, we have 5 ,., kpt/q = A/q. The geometric
random variable maximizes entropy among positive integer-valued random variables

with a given mean z, and this maximum entropy is zh(1/z). Hence

: c A
- lilogl—)i < —h(g).

el 9 g A
If p < A/2, then h(g/A) < h(p/A). Now pp > 1 — p. so if p < 1 — 1/e. then
—pologpo < —(1 — p)log(l — p). Also g < p,soif p < 1/e, then —qlogq < —plogp.

So when p < min(A/2,1/e), we have

I(X:min(X,$)) < —(1-p)log(l —p) +Aa(E) — plogp
:=h¢9+xmf%y (3.17)

For a given A and p, by taking K sufficiently large, the right side of (3.17) can be made
less than C,()). Thus the -/ Geo® /1 queue does not have the least A-timing capacity
among all queues with a given mean service rate within the model of Section 3.1. «

However. we can find a lower bound to the A-timing capacity of a queue with an
arbitrary service distribution in terms of a certain parameter v, which is defined by

the following lemma.

Lemma 3.1. Let S be a non-negative integer-valued random variable with mean u

and probability generating function ¢s(-), and let 0 < A < p. Then there is a unique

A

o 1) of the equation

solution v € (

ds(x) =1+ — % (3.18)



Proof. See Appendix B. .

The value of v depends on A and on the the distribution of S, not just on the
mean pu of S. For some common distributions, a closed form expression for v can be

found. For example, when S ~ Geo (u/(1 + u)), v = :g::ﬁ; , and when S is Bernoulli,

7= A

Proposition 3.5. Consider a queue whose service distribution has mean p and gen-

erating function ds(-). For 0 < A < u, let v be the solution in Lemma 3.1. Then

C(A) > (1+A) [h (T%X) — vh (ﬁ)} . (3.19)

Proof. Consider the queue to be initially in equilibrium with respect to a rate A
geometric arrival process. Proposition B.2 in Appendix B shows that the steady-
state distribution of the queue size { X} is Geo (7). We will show that for this arrival
process {4,} and the corresponding departure process {D;}, the liminf in probability
of the normalized input-output information density (1/n)in.pn(A™: D") is at least
= (hz—“) - h(—:—/:)) where a = 2. Let Qpn(-) and Qpnja~(+|-) denote. respectively,

the joint distribution of the departures and the joint distribution of the departures

conditioned on the arrivals. By definition,

. Qpoian(Diy- .. . DulAy, ... . An)
iqn.pn(A™; D") = log ‘ i
arion ) Qo-(D:.....Dy,)

Let Pp.(-) and Ppnjan(-|-) be the corresponding probabilities when the service distri-

bution is Geo (a/v). As in the proof of Proposition 2.5,

1. n. Ay Lo Qanpn(A"|D")
;lAn;D"(A D) = nloo Panipn (A7 D)
n n n ‘4n
N llogPD fan (D™ A™)

n Ppn(D™)

The liminf in probability of the first term on the right is non-negative, by the same



argument used in that proof. As in the proof of Proposition 3.4, we can show that

1 Ppnyjan (D" A"
— log prian (D7| A7) > llogPyl(O)-i-(locr—)< E D)—log(l—a)
n

n PDn(Dn)
+log(1 — — ( ZU(,\ - D)) (3.20)

where U(k) =0if k=0and 1ifk >0. Asn — o0, (1/n)Y., D: = A =% in

a

probability. Also 2 5°"  U(X; - D;) — Q(X > D) = Q(S < X) in probability. where

the last two probabilities are the steady-state probabilities for the queue. In steady
state, Q(S > X) is the probability that the queue is empty at the end of a slot. It
is shown in Proposition B.2 in Appendix B that this is given by (1 — v)/(1 — a), so
that Q(S < X) =(y—a)/(1 —a). Thus (1/n)> ", U(X;—-D;) = (v —a)/(1 —a) in

probability. Hence as n — oo, the right side of (3.20) converges in probability to

¢ log—l——log(l—a)+7—alog(1—g)
l1—-a 0% l-a Y
__a_[h(a) h(a/v)

l—a| a a/vy |

Therefore as n — oo,
h .
P [—1—1'_4".0,‘(,4"; D) < a ( (a) _ h(a/'?))] . 0
no 1-a\ a a/y
Replacing a by A/(1 + A), we obtain (3.19). 0

For the case when S ~ Geo (u/(1 + u)), v = 28:’;; and the lower bound (3.19)

is the A-timing capacity C,()) as given by (3.15).

Consider a -/ Geo® /1 queue whose service distribution is Geo (;'(—1)‘:\—)) Note that
if S, ~ Geo( s \)) then the solution of (3.18) for S, is v. From (3.13), the right
side of (3.19) is in fact the A-timing capacity Cs_ (A) of this queue. In conjunction
with Proposition 3.2, this gives the following bounds on the A-timing capacity of a

queue with an arbitrary service distribution:

Cg_,(/\) < Cs(/\) < sup I(;YQHHiIl(xYQ,S)), (321)
Q<Bs(A)

where Bs(A) and X are as defined in Proposition 3.2.
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3.7 Discussion

An interesting interpretation of the first inequality in (3.21) is the following. Consider
the class of service distributions for which the solution of (3.18) for a given A is a
particular value v. Then in this class, the -/ Geo!® /1 queue with service distribution
Geo (ﬁ) has the least A-timing capacity. Further, note that Cs_(\) is a decreasing
function of v for v € (I—fx 1). Hence, for a queue with service random variable S
for which the solution ¥’ is less than -, we have Cs_(\) < Csv,()\) < Cs(A). That is.
among all the service distributions for which the solution of (3.18) is no more than a
given 7 for a given X, the -/Geo® /1 queue with service distribution Geo (;(1—%7)) has
the least A-timing capacity. Thus, while the -/ Geo™® /1 queue does not have the least
A-timing capacity among all queues with a given mean service rate, it does have the
least A-timing capacity among all queues with a given upper bound on the solution
of (3.18).

However. there is a restricted class of queues with the same mean service rate in
which the -/Geo® /1 queue does have the least A-timing capacity. For the -/Geo® /1
queue of rate pu. the solution of (3.18) is vo = 28—:‘;; For a queue with an arbitrary
service distribution S and mean service rate u packets/slot, if the solution of (3.18)

satisfies ¥ < 7¢, then Cs, (A) < Cs,(X) < Cs(A). Thus, in the class of queues having

a given mean service rate p for which the solution v of (3.18) for a given A satisfies

~ A(l+p)
r S u(l=A)*

the -/Geo'® /1 queue has the least A-timing capacity.

In fact, since the timing capacity is the supremum of the A-timing capacity over
0 < A < pu. we can also assert the following. Suppose that for a particular service
distribution, it is true that v < I’:E—i——:‘;; for all 0 < A < u. Then the timing capacity of
the queue with that service distribution is at least as much as the timing capacity of

the -/ Geo™ /1 queue with mean pu.

As an example, for the queue with Bernoulli service distribution with mean pu,

A(L+u)
u(l+A)°

A

we have vy = 2 < It was noted in Example 3.2 that this queue is in fact the
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-/Geo'™) /1 queue. Thus the -/Geo® /1 queue has a higher A-timing capacity than the
-/ Geo'™® /1 queue with the same mean service rate. Since this is true for all 0 <A< .
the same holds for the timing capacities as well. As another example, for the queue

with Poisson service distribution with mean u, it can be shown that v < 28:‘;; for all

0 < X < p. Hence this queue also has a higher timing capacity than the -/Geo® /1
queue with the same service rate.

Note. however. that it is possible to construct a service distribution with mean

A(l+p)
s(1+2A)

simple example, take £ = 1. Let S, = 1 with probability 1, so that ¢s,(z) = r. and
let S, = A with probability 1/R” and 0 with probability 1 — 1/K". Let &o(-) be the

£t that satisfies v < for some values of A, but not for other values of \. As a

generating function of the geometric distribution with mean 1. Then o¢(z) > ¢5,(x)
for 0 <z <1, and for K > 3, ¢o(z) < ¢ds.(r). Now construct a random variable
S whose distribution is a convex combination of the distributions of S; and S,. We
can choose an appropriate convex combination so that the graph of the generating
function of the distribution of S intersects the graph of ¢¢(-) at a single point in
(0.1). Then there will be some values of A for which v > 44, and some values for
which v < vo. In this sense the extremal nature of the geometric service distribution
1s restricted.

Figure 3.2 shows a plot of the timing capacity of the -/Geo® /1 queue, given by
equation (3.16), as a function of the mean service rate. The timing capacity is an
increasing function of the service rate u, and has the value 0.415 bits/slot at u = 1
packet/slot, which is less than the timing capacity (1 bit/slot) of the -/ Geo'*)/1 queue
with 4 = 1 obtained in Chapter 2. The timing capacity of the -/Geo'® /1 queue is a
concave function of p, whereas the timing capacity of the -/ Geo!*) /1 queue is a convex
function.

Figure 3.3 shows a comparison of the timing capacities of the -/ Geo'*) /1 queue, the
-/Geo™ /1 queue, and the continuous time queue with the exponential service time

distribution, as a function of the mean service rate u. Note that for the -/Geo(’)/l
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Figure 3.2: Timing capacity as a function of service rate for the -/Geo!® /1 queue.

queue, 0 < u < 1, so we restrict attention to this range for the comparison. Also the
slot size is assumed to be one second, so that the timing capacity of the queue with
exponential service time distribution, in bits/sec, can be compared with the timing
capacities of the two other queues, which are in bits/slot. The timing capacity of the
-/ Geo™ /1 queue is less than the timing capacity of the other two queues. For small
it. the slopes of all three curves are the same, and equal to (log, e)/e. We observed in
Example 3.2 that the -/Geo!* /1 queue analyzed in Chapter 2 is a special case of the
model of Section 3.1, and as noted earlier, has a higher capacity than the -/Geo® /1

queue.

3.8 Discrete-Time Queues with Multiple Servers

A natural question to consider following the analysis of single-arrival and batch-arrival
queues is that of the timing capacity of queues with multiple servers. Multiple servers
can be used to model the situation where packets are routed along the first available

path out of A" independent paths, with the delay experienced by a packet over each
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Figure 3.3: Comparison of timing capacities for various queues (assuming 1 slot = 1
second).

individual path modeled as the service time of the packet in a server. It was noted
in [14] that the timing capacity of queues with multiple servers appears to be signifi-
cantly harder to analyze than that of single-server queues. In this section, we consider
the timing capacity of discrete-time queues with multiple servers and a common in-
finite buffer. We obtain a single-letter upper bound on the timing capacity of the
-/Geo'® | K queueing system, i.e. the queueing system with A servers, each of which
has i.1.d. geometrically distributed service times. This upper bound is actually equal
to the capacity subject to a constraint of the A'-output binomial channel. a memory-
less channel for which the conditional output probabilities are binomial distributions.
The bound can be evaluated numerically for any finite K. For A* = o0, we obtain a
necessary and sufficient condition that an input probability distribution must satisfy
to attain this upper bound. and establish that such a distribution does exist.

The queueing model for the -/Geo®/K is the generalization of the single-arrival
single-service model of Chapter 2 to multiple servers, each of which can serve at most

one packet per slot. Arriving packets are stored in a common buffer and are served in
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order by the next available server. Note that there can be multiple departures from
the system in a slot if more than one server finishes service in that slot. We allow for
batch arrivals in a slot as well. Service times of all packets are assumed to be i.i.d.
Information can be encoded in the number of packets arriving at the buffer in each
slot. The receiver observes the number of packets departing in each slot and attempts
to infer the transmitted codeword. We assume that the receiver only observes the
total number of departures in each slot, and cannot identify the server that served
each packet.

Example 3.4: Consider a -/Geo'*) /K system whose service times have the Geo™ (1)
distribution. Suppose that arrivals occur at the end of a slot, and departures occur
at the beginning of a slot. Let X; be the number of packets in the system at the
beginning of slot i, D; the number of departures in slot ¢, and 4; the number of new

arrivals. The dynamic evolution of the queue is defined by
‘x—,'.:-l = .’\—i - Di + .“ll‘.

The number of packets actually in service is min(Xj;, R'), and each of these packets can
independently depart in slot ¢ with probability u. Thus the conditional probability

mass function of D; given X is

Pp,x, (ilj) = B(min(j,K),i,u)
_ (nun(j, I\)>#i(1 — p)™RUE)~E 0 < < min(j. K. (3.22)

where B(n.m, p) is the probability mass at m of the binomial distribution with pa-
rameters n and p. For the -/ Geo'*) /oo queueing system, the corresponding conditional
probability is

n

PD,]X.(kln) = B(Tl,k,b) = (k

) Kl—p) k. 0<k<n (3.23)

Q
The conditional probability mass function given by (3.22) can also be considered

as the channel transition probability of a discrete memoryless channel. We will refer



to this channel as the K -output bznomial channel. The conditional probability (3.23)
also defines a memoryless channel, but the input and output alphabets are not finite.

We will refer to this channel as the infinite-output binomzial channel.

3.8.1 Timing Codes for -/ Geo® /K

Timing codes and achievable rates for the -/Geo'*)/K (for finite or infinite K’) are
defined in the same way as for the batch-arrival batch-service queues described in
Section 3.3. An (n, M,, N,,¢,) timing code consists of M, codewords, each of which
is a sequence Ay, -, A,_; of non-negative integers. where 4; represents the number
of arrivals to the -/Geo'®)/K system in slot i. The receiver observes the number
of departures Dy,---,D, in slots 1,--- ,n and attempts to infer the transmitted
codeword. The expected total number of packets departing in slots 1,---.n is N,.
where the expectation is over all the codewords and over the random service times of
the packets in the -/Geo'®) /K system.

Rate R is said to be achievable if there is a sequence (n, M, V,.€,) of timing

codes that has a subsequence (ny, Mp,, Nn,, €, ) such that

lim log My,

Jm — = R and klinolc €n, = 0.
The timing capacity Ck of the -/Geo®) /K is the supremum of the set of achievable
rates. The subscript K indicates the number of servers in the system.

Rate R is said to be achievable at departure rate A if there exists a sequence of

timing codes (n. My, Np,€,) that has a subsequence (ng, M,, . NV, , €, ) for which

N, .
lim =R, lim £ = A, and lim e, =0. (3.24)
k—oc Nng k—oc TNy k—o0

log M,

The A-timing capacity Cx(A) of the -/Geo™ /R is the supremum of all rates that
are achievable at departure rate A. Again, the subscript A" indicates the number of

servers.
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In the case of the single-arrival queues of Section 2.1 and the batch-arrival queues
of Section 3.1, the packets depart in the order of their arrival. This allowed us
to express the overall capacity of queues with information-carrying packets as the
sum of the timing capacity and the capacity of the packet contents. In the case of
multiple servers, however, the packets can depart out of order. This necessitates that
some part of the packet contents be devoted to carry additional information such as
sequence numbers. Moreover, the amount of such additional information depends on
the timing code used, since the order of departure is dependent on the arrival times of
the packets. This makes the problem of the overall capacity of multiple-server queues
with information-bearing packets difficult to analyze. In this section, we will focus
only on the timing capacity, will not consider the case of information-bearing packets.

Before we proceed to the main results of this section, we mention a simple upper
bound to the A-timing capacity Cr()) of the -/Geo!*) /K system in terms of the
A-timing capacity of K independent -/Geo*) /1 queues.

Example 3.5: Consider a system of R identical independent parallel -/Geo''/1
queues having separate buffers for each server. We remarked earlier that the
-/Geo) /K" can be considered as a model for a network with A’ paths between the
source and the receiver, with packets waiting in a common buffer at the transmit-
ter and being routed over the first available path. The R parallel -/ Geo') /1 queues
model the situation where the transmitter chooses the path that each packet gets
routed over, and maintains separate queues for each path. The encoder can encode
information in the timing of packets by controlling the arrival process to each of the
K queues. In the case of the -/Geo!®) /K, however, the encoder can only control the
combined arrival process to the common buffer and has no control over which server
each packet gets served by. Moreover, for the -/ Geo®) /K. the receiver only observes
the total number of packets departing in each siot and cannot identify the server for
each packet, whereas in the case of the system with A parallel queues, the receiver can

separately observe the departures from the A servers. It is thus clear that for a given



overall departure rate A and a given service rate p per server, the A-timing capacity
of the system of K parallel -/Geo!*)/1 is at least as much as that of the -/Geo'*) /K
system. It is easy to verify that for a given overall departure rate A, the A-timing
capacity of the system with K parallel -/ Geo'*) /1 queues is given by K'C;(A/K), and
the timing capacity is simply KC;(x). Thus the timing capacity of the -/Geo'®)/ K
system is no more than than K times the timing capacity of the -/Geo!*)/1 system.
The upper bound that we obtain in the following subsection is tighter than this simple

bound. 4

3.8.2 An Upper Bound to the Timing Capacity

Along the same lines as Proposition 3.1, we can show the following relation between

the timing capacity and the A-timing capacity for queues with multiple servers.

Proposition 3.6. For a -/Geo'*)/K queue in which the service rate of each server is
it packets/slot, for finite K,
Cr = sup Cg(A).
0<A<Kpu
The proof is almost identical to the proof of Proposition 3.1, and is omitted.
Using Fano’s lemma, we can obtain the following upper bound to the A-timing
capacity of the -/Geo'®) /R queueing system. The derivation is entirely analogous to

the converse result of Section 3.4, and is omitted.

Proposition 3.7. For any probability mass function Q on the non-negative integers,
let Xo ~ Q. Let Dg be a random variable whose conditional probability mass function
given Xg is (3.22) for finite K, and (3.23) for K = oo. Let W(A; u, K') be the set
of probability mass functions Q on the non-negative integers for which E[Dg| = A.
Then the \-timing capacity of the -/ Geo'®) /K queue satisfies

Cx(M) S Cr(\) = sup  I(Xoq: Do). (3.25)
QEW(Au,K)
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Example 3.6: Consider the case K =1, i.e. the -/Geo'*) /1 queue. For a given input
probability mass function @, the output D¢ defined by the conditional probability
(3.22) can be written as Do = min(Xg, S), where S ~ Ber (1) is a Bernoulli random
variable that is independent of the input Xg. With this point of view, the situation
is identical to that described in Example 3.2, which establishes the relation of the
-/ Geo'® /1 queue to the batch-service queues described in Section 3.1. In the light of
Example 3.2. the upper bound of (3.25) is tight for the case A" = 1. N

In the remainder of this section, we will focus on evaluating the upper bound
C}(A) to the A-timing capacity Cx(A) of the -/Geo!®) /K queueing system.

We first make some observations on this upper bound. Note that the constraint
E[Dg] = A on the output Dg in the definition of W(); i, K') in Proposition 3.7 is
actually equivalent to a constraint on the input, since E[Dg] = pE[min(.Xg. )]
For A" = oc. this constraint simply becomes E[Dg] = pE[Xp]. Moreover. it is easy
to see that for finite A", Cy (M) is the capacity, subject to this constraint, of the
K-output binomial channel, i.e. the discrete memoryless channel whose transition
probabilities are given by the conditional distribution (3.22). For A" = oc. C_(A) is
clearly an upper bound to the capacity of the infinite output binomial channel with
transition probability (3.23), subject to the constraint E[Dg] = uE[Xg]. For the case
of channels with infinite input and output alphabets, however, it is not always true
that the supremum in (3.25) is actually achieved. We will return to this question
later.

Consider the channel transition probability (3.22) of the A-output binomial chan-
nel for finite K. For any input probability mass function Q to the binomial channel,
let Q' be the probability mass function such that Q'(i) = Q(i{), t =0.--- . A — 1, and
Q'(K) =3 Z,Q»). Q' is atruncation of @ to {0, 1,--- , A’} that accumulates all the
mass of @ beyond K™ at K. It is easy to see that the input-output mutual information
of the binomial channel using Q' as the input probability mass function is the same

as that obtained using Q. i.e. I(Xqr; Dg') = I(Xg; Dg). Thus, to evaluate the upper
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bound of (3.25) for finite K, we need only restrict attention to those input probability
mass functions that put all the mass on {0,1,--- , K'}.

Moreover, for finite K, it is easy to see from the definition of Cy-(A) in (3.25) that
Ci(0) = Cy(Ku) = 0, and that Cj-(-) is a concave function over [0, A'u]. Hence

there exists A* € [0, A'u] such that

Ci(A) = sup Ci(z), 0< A< A,
0<z<A

Ci(A\) = sup Ci(z), A" <A< Apu
A<L<z<Ku

Furthermore, C}.(A*) is the maximum value of C}.(-) over [0, A'u]. Thus we have

Cp(A) = sup I(Xo;Dg). 0< A< A, (3.26a)
Q: nE[min(Xq.K)|<A
Cip(A) = sup I(Xg;Dg), AN <A< AHpu. (3.26b)

Q: A<uE(min(Xq.K)|<Kp
Moreover. for any probability mass function Q, pE[min(Xg.A)] < Ku. Hence the
set of probability mass functions {Q : A < pE[min(Xg, A)] < Ku} that satisfy the
constraint in (3.26b) can be represented simply as {Q : pFE[min(Xg.R)] > A}. or

equivalently, as {@ : Ry — pE[min(Xg. R)] < K — A}. Thus
Cr(A) sup I{Xg;Dg), 0<A<AT, (3.27a)
Q: wEimin(Xq.K)|<A

Crp(A) = sup I(Xo;Dg), A" <A< Apu. (3.27b)
Q: Kp—puE[min(Xq K)|<Ku-A

For A" = >0, it is clear that C (0) = 0, and C. () is concave and increasing in
A. In this case, for any A > 0,
C.(A) = sup Cl(z).
0<zr<A
Thus we have,
C;o(’\) = sup I(_XQ; DQ) (328)
Q:nE[Xgl<A
With these observations, the upper bound of (3.25) takes the form of a maximiza-

tion of the mutual information over a set of input distributions defined by inequality



constraints, as given by (3.27) for finite A, and by (3.28) for A" = co. The maximiza-
tion of (3.27) for finite K is of the well known form (see, for instance, [12. Section
2.3.1])

C\) = sup I(Q), (3.29)

Q:E[f(X)]<A

where /(Q) is the input-output mutual information of a given discrete memoryless
channel (in this case, the K-output binomial channel defined by (3.22)) when the input
distribution is Q. In the case of (3.27a), the constraint function is f(r) = min(z. A).

while in the case of (3.27b), f(z) = Ky — pmin(z, k') From [12, Lemma 2.3.1] that
C(A) = min [F(v) +7A],
720
where
F(y) = max [1(Q) — vEq[f(X)]-

For finite A', for any fixed v, F () can be evaluated using a version of the Arimoto-
Blahut algorithm with an input constraint due to Csiszar {12. Theorem 2.3.3. p. 140].
which works as follows. Let @; be an arbitrary input distribution such that Q;(r) > 0

for all input letters x. For each letter r of the input alphabet, define
Qizt = AZh Qu(@) exp {D( Poix (1) || Pog,) — 7£(2) } . (3.30)

where ;. is defined by the condition that Y~ _Q..i(r) =1, Pp, is the probability
mass function of the output when the input distribution is @Q;, and D(P,||P») is the
Kullback-Leibler distance between two probability distributions. Then the sequence

of probability mass functions Q;(-) converges to a mass function @Q* such that
F(v) = I(Q") — vEq-[f(X)].

Q" attains the supremum of the mutual information in (3.29) for A = Eqg-[f(X)]. The

special case ¥ = 0 corresponds to the absolute maximum of C(A) over all possible



values of A. Thus by tracing out the curve F(v) + vEq-(f(X)] for various v, we can

obtain a plot of C(\).

Figure 3.4 shows a plot of the upper bound Cj.(A) as a function of A for various
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o
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Figure 3.4: Upper bound to the A-timing capacity of -/Geo'®) /K as a function of A.
for various A" with u = 0.5.

values of A", evaluated using the iterative algorithm (3.30). The service rate per server
is fixed at 4 = 0.5 in each case. As expected, Cy.(-) is a concave function of A over
[0, [\',u].

Figure 3.5 shows a plot of the upper bound Cj- to the timing capacity of the
-/ Geo™) /K system as a function of the service rate u for various values of A", evaluated
using this algorithm. It is seen that the curves for A~ > 2 are neither concave nor
convex. There does not appear to be any interesting interpretation of this lack of
convexity and concavity.

It is clear that the iterative algorithm defined by (3.30) works only for finite A,
because the computation of A;,; can only be accomplished for finite A'. For A’ = oc,

there does not appear to be any way to numerically evaluate the upper bound of
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Figure 3.5: Upper bound to the timing capacity of -/Geo®’/K as a function of the
service rate u for various A .

(3.28). In fact, it is not clear a priori whether the supremum in (3.28) is actually
achieved by some input distribution. In Appendix C. we prove that such an input
distribution does exist. The proof draws on some standard results from functional
analysis and measure theory that define a suitable notion of convergence on the space
of input distributions of the channel, i.e. the space of probability measures on the
non-negative integers. This notion of convergence is equivalent to the weak conver-
gence of probability measures. We show that the input-output mutual information
of the infinite output binomial channel, considered as a functional on the space of
input probability measures, is weak® continuous, and the set of input distributions
satisfying the constraint in (3.28) is weak® compact. A standard result of functional
analysis asserts that a weak® continuous functional attains its maximum on a weak®
compact set. The proof of the weak® continuity of the mutual information functional
is somewhat tedious, and we relegate it to Appendix C.

For channels with finite input and output alphabets, it is also known [12. Problem



2.3.2, p. 147] that for the optimization of (3.29), a necessary and sufficient condition
for an input distribution Q* to achieve the supremum in (3.29) is that there should

exist constants v > 0 and M > 0 such that

1. D(Ppix(-|z)||Ppg.) — vf(z) < M, with equality for all z such that Q*(z) > 0.

and
2. v(Eo-[f(X)] —A) =0.

In Appendix C, we also establish a similar set of necessary and sufficient condi-
tions that characterize a distribution that achieves the supremum in (3.28) for the
infinite output binomial channel. The necessary and sufficient conditions for an input
probability mass function Q* to attain the supremum in (3.28) are that there should
exist ¥ > 0 and C such that v(Eg-[X] — A/u) = 0 and

[B(n, i, p)log MJ —vun < C —y\A Vn,
Pp,,. (1)

with equality for all n such that @*(n) > 0. The results used to establish these
conditions are the Lagrange multiplier theorem: and the Kuhn-Tucker theorem. both
common tools in the theory of convex optimization. The approach to establishing the
existence of the optimal distribution and the conditions that characterize it closely
follows that used in [1] and [40] to characterize the capacity achieving distributions
of. respectively, the discrete-time Rayleigh Fading Channel with an input power con-
straint and the additive Gaussian noise channel with an input amplitude constraint.

Unfortunately, however, there does not appear to be any systematic way to solve
these equations. The Poisson and geometric distributions, which have interesting
queueing theoretic properties for the -/Geo!®) /oo system, do not satisfy these condi-

tions.



3.9 Conclusion

In this chapter. we first analyzed the timing capacity of a model of batch-arrival
batch-service queues motivated by ATM switches and the leaky bucket flow control
schemes. We obtained a closed-form expression for the capacity of the queue with
geometric service distribution within this model. We established a lower bound on
the timing capacity of queues with arbitrary service distribution within this model
based on a general queueing theoretic property of such queues, and examined the
extremal nature of the geometric server in terms of this property. We then analyzed
the timing capacity of queues with multiple servers, each of which can serve at most
one packet per second. We obtained an upper bound on the timing capacity of such
queues in terms of the capacity of the binomial channel subject to output constraints.
For a finite number of servers, this upper bound can be evaluated numerically. For
an infinite number of servers, we established the existence of an input distribution
that achieves the capacity of the infinite output binomial channel subject to a certain
constraint. We also obtained a set of necessary and sufficient conditions that this

input distribution must satisfy.



Chapter 4

ON THE INFORMATION ABOUT MESSAGE ARRIVAL
TIMES REQUIRED FOR IN-ORDER DECODING

4.1 Introduction

Consider a source A communicating with a receiver B. Suppose that messages arrive
at A4 according to a point process at random times X, X»,--- , X, to be transmitted
to B, and are decoded at B at times Y;,Y5.---.Y,, where ¥Y; > X;,, i =1.--- .n.
The fact that B is able to decode message i at time Y; means that by time Y;. B
must have been informed that message ¢ arrived at 4. Thus B must receive some
information about the times at which messages arrived at A, apart from the informa-
tion about the contents of the messages. This amount of information about message
arrival times that the receiver must receive was first analyzed by Gallager [17]. He
rcasoned that this information must be at least equal to I(X},--- ., X,;Y,---.Y,).
although the actual amount of such information provided by each individual strat-
egy may be higher. Gallager took the approach that Y;,--- Y, can be treated as
a reproduction of the message arrival times X, ---,X,, and the average delay per
message (1/n) >_"_,(Y; — X;) can be considered as a measure of the distortion between
Xi.--- . Xpand Yy, --.Y,. The minimum information required for any source encod-
ing of X, --- . X, that can create a reproduction Y}, ---,Y; with average delay per
message no more than d is the rate-distortion function R(d) for the message arrival
process {X,;} with average message delay as the distortion measure. In [17], Gallager

showed that if { X} is a Poisson process of rate A, the rate-distortion function satisfies

R(d) = lim igf;ll-[(Xl,--- , Xn; Y1,---,Y,) > —log (1 — e™*) bits/message, (4.1)



where the infimum is over the set P, of conditional distributions of (Y;.--- ,Y}) given
(Xy1.--- . X,) such that ¥; > X, i=1,---,n, and (1/n)Y_", E[Y: — X;] < d. This
lower bound on the amount of information about the message arrival times that
the receiver must have received is independent of the channel or network between
the source and the receiver, and of the particular strategy used for communication.
Gallager considered the case of a network rather than a point-to-point channel. and
thus allowed for the possibility that the messages may not be decoded at the receiver in
the same order they arrived at the source. Thus in his formulation, although Y; > X,
it is not required that Y;.; > Y;. In the review of [17] in [14], it was observed that a
possible source encoding for the message arrival process is to consider it as the arrival
process to a -/M /1 queue (i.e. a single-server queue with exponentially distributed
service times), and treat the departure process of the queue as an order-preserving
reproduction of the message arrival process. For the Poisson message arrival process
with rate A. if the service rate of the -/M/1 queue is A+1/d, then the average message
delay is d, and the input-output mutual information per message, using the results
of [4], is log(1 + 1/Ad). It was noted in [14] that this is greater than the lower bound
of (4.1). although the two become essentially the same as Ad — 0.

In this chapter we focus on the situation in which messages are transmitted
one at a time in order and are decoded at the receiver in the same order they ar-
rived at the source, for instance a virtual circuit or a point-to-point channel. If
the transmission time for each message is non-zero, the message decoding times will
satisfy Y.y > Y, and ¥; > X;. So we can view Y},Y5,--- as the departure pro-
cess from a hypothetical first-in-first-out single server queue whose arrival process is
X1.Xo.---. With this point of view we can associate with each message i a service

time S; = Y; —max(Y;_;, X;), and the average service time per message (1/n)3Y_"_, S,
can be thought of as a measure of the distortion between X;.--- , X,and Y. --- ,Y,. If
the messages are transmitted one at a time over the point-to-point channel, then S, is

precisely the time available for transmitting useful information about message i to the



receiver, and thus directly influences the achievable probability of message error. In
this sense the service time distortion measure does have a physical significance. Con-
sider any such strategy that lets the decoder make its decoding decision with an aver-
age service time per message no more than d. The amount of information about mes-
sage arrival times that the receiver must receive is at least I(X,,---, X,; Y}, ---,Y,).
where the conditional probability P(Y7,---,Y,|Xi.---.X,) is zero unless Y,.; > Y,
and Y; > X, for all i = 1,--- ,n, and satisfies (1/n) >, E[S:] < d. As in [17]. the
information about message arrival times that the receiver must receive will be lower
bounded by the rate-distortion function for encoding the sequence of message arrival
times X'y, ---, X, to generate an order-preserving reproduction Y7, --- . Y,, such that
the average service time distortion between the two sequences is limited to d. If
the message arrival process is Poisson with rate A, we show that this rate-distortion
function is given by

R(d) = log(1/Ad) bits/message, 0<d < (1/A) (4.2)

0, d > (1/A).

The optimal source encoding for the Poisson process {X;} with the service time
distortion results when the reproduction {Y;} is the output process of a -/M /1 queue
whose arrival process is {X;} and average service time is d. Thus although, as noted
by [14]. the -/A/1 queue does not meet the lower bound of (4.1) for source encoding
of Poisson processes subject to a mean delay constraint, it does possess an extremal
character as the optimal encoding mechanism for order-preserving encoding of the
Poisson process with the service time distortion measure.

It may also be noted that the expression for R(d) given by (4.2) is also identical
to the timing capacity (measured per packet rather than per unit time) of a -/A/1
queue with mean service time d, obtained in [4], when restricted to timing codes
whose average packet departure rate is A.

An alternative single-letter distortion criterion for point processes was introduced



by Verdu [45]. The rate distortion function for Poisson processes under this criterion,
obtained in [45], is in fact identical to the rate distortion function for Poisson processes
under the service time distortion measure given by (4.2). The similarities between
this rate distortion function and that of a sequence of i.i.d. Gaussian random variables
with the squared-error distortion measure have been pointed out in [43].

We also show the following analogous result for discrete-time message arrival pro-
cesses. If the message arrival process is Bernoulli with rate A (0 < A < 1), then for

1<d<1/A

R(d) = @ — dh G) (4.3)

where h(-) is the binary entropy function. In this case, the optimal source encoding
mechanism resembles the -/Geo'*)/1 queue (i.e. the discrete-time single server FIFO
queue with i.i.d. geometrically distributed service times) having mean service time d.

Some other rate distortion functions of the Poisson process under alternative dis-
tortion measures have been studied. In [36], the rate distortion function of a Poisson
sequence under a single letter magnitude error criterion is analyzed. In [37]. this
work is extended to cover various other types of reproductions of the Poisson process,
including reproduction of the number of events in a given interval, and the times
between successive events. A similar study is presented in [38]. The reproductions as-
sociated with all these distortion measures are non-causal, in contrast to the distortion

measures considered in [17] and in this chapter.

4.2 Rate Distortion Function of the Poisson Process for Service-Time

Distortion
Consider a source at which messages arrive at random times X;,---,.X,. Let the
contents of the messages be U,,--- ,U,,. Denote the decoded messages as V.---, V.,
and the times at which the the decoding decisions are made as Y7, ---,Y,. Let the

message interarrival times be A; = X; — X;_;, and the times between successive



message decodings be D; = Y; — Y;_,. Then the amount of information the decoder

must receive is
[(Ulv". 7U'n7/Ylv.-. 1Xn;‘/1y"' 7‘/717)/17". 1y;1)'
Using standard identities about mutual information, it is easy to show that

[(Ll—lv'.' ernv-X'ly"' y-Yn;v—ly..' vv;l.tYl:." }y;l)
2 [(U]J”'yL'rn;Vla“'1V;1)+I(X13"'7"Yn;}flv"'vy'n)
= I(Uly"' vUn;‘/l"” ,V’n)'{"[(."l]_,"‘ v“ln;Dlv"' an) (4‘4)

The first term on the right side of (4.4) represents the amount of information
about the message contents that the receiver must have received. This depends on
the probability of error of the decoding scheme, and in the case where the decoded
messages are perfectly error-free, is at least equal to the entropy of the message

contents. i.e.
Uy, - . U; Vi, oo V) 2 nH(M).

The first term of (4.4) is not of primary interest to us, however. Qur interest is in the
second term on the right side of (4.4).

The second term in (4.4) can be interpreted as the amount of information that
must be transmitted to inform the receiver of the message arrival times. If the decoder
decodes the message ¢ at time Y;, then it must have received enough information,
explicitly or implicitly, to decide that message ¢ arrived before time Y;. Thus if the
decoder makes its decoding decisions on messages 1,--- ,n at times Y7, --- .Y, it
must have obtained some information about the message arrival process X, -- . .X,.
The amount of such information is quantified by the second term of (4.4).

Suppose that the communication between the source and the receiver is over a
network in which packets can be routed along different paths and can arrive out of

order at the receiver. In this case, it may be that the messages are not decoded
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in the order of their arrival, depending on the order in which the packets reach the
destination. Thus although Y; > X}, it is not necessary that Y; > Y;_;. This was the
situation considered in [17], wherein a lower bound to the second term in (4.4) was
obtained. On the other hand, if the communication is over a a point-to-point channel
or a virtual circuit network in which the messages are decoded at the destination at

the same order they arrived at the source, then
)/i Z ‘Yiv and Y; Z Y—i—ls L= 11' LN, (4'5)

setting Yo = 0 by convention. This is the situation that we will be primarily interested
in. In this case, the sequence of decoding times Y;,---,Y, can be considered as the
departure process of a single-server queue whose arrival process is X, --- ..X,,. Viewed
this way. there is a “service time” associated with each message, which is the time
that message would spend in a single server queue whose arrival process is X}, --- ..\
and from which messages depart at times Y;.--- , Y. More precisely, the service time

Is given by
Si=Y, —max(X;, Y1), i=1,---.,n, (4.6)

with Yo = 0. Note that until time max(X;, Y;_,), either message : has not arrived
at the source, or the previous message i — 1 is still in transmission. At time Y;, the
decoding decision about message i is made, and no further information about message
¢ can affect this decision. Thus the service time S; defined by (4.6) is precisely the
amount of time available to the transmitter to transmit useful information about
message ¢ to the receiver. The probability of error of message i depends directly
on the amount of information transmitted within this time, and thus in turn on the
amount of such time available.

Another interpretation of the second term on the right side of (4.4) arises from the
idea that the sequence of message decoding times Y}, --- , Y, can be considered as a

reproduction of the sequence of message arrival times X,,--- , X,. Put another way,
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the sequence of times Dy, -- - , D,, between successive message decodings can be con-
sidered as a reproduction of the sequence of message interarrival times A, --- . 4,.
This reproduction is obviously not exact, and we can define a suitable measure of
distortion between the two sequences in terms of the service times S;,--- .S, defined
by (4.6). The total service time > ._, S; can be considered as a measure of distor-
tion between the sequence of message arrival times X,.--- , X, and its reproduction
Yi. - .Y, or equivalently. between A;,---, A4, and D,,---, D,. Since the available
service time S; of message i influences the probability of error of message ¢, the aver-
age service time (1/n) 3_"_| S; can be considered a measure of the average probability
of error per message. In this sense, this service time distortion measure does have a
physical significance.

The rate distortion function R(d) of the message arrival process under this dis-
tortion measure is the minimum amount of information required to generate a repro-
duction of the sequence of arrival times such that the distortion is no more than d.
Informally. suppose that we want to encode A" = (A4;,---, 4,) using nR bits. so that
the rate of the source encoding is R bits per message. We want this encoding to be
capable of creating a reproduction D" = (D, ---, D,) of A™ that satisfies (4.5). and
such that the probability that the distortion between A™ and D™ being more than
n times a given number d vanishes with n. The rate distortion function R(d) of the
source with this distortion measure is the smallest source encoding rate at which such
a reproduction is possible.

Alternatively, we could require that the ezpected distortion per message be no
more than a given number d. i.e. (1/n) Y 1| E[S;] < d. However, note that there is
no limit on the values of the service times, so that the distortion measure is not a
bounded distortion measure. For non-bounded distortion measures, there are techni-
cal difficulties with using the limiting expected distortion instead of the probability

of the distortion being more than a given value. We will use the latter interpretation.



It is well known [5] that the rate distortion function R(d) satisfies
R(d) < (1/n)I(Ay, -+, An; Di, - -+, Dy)

for any joint distribution on (A", D™) that satisfies the constraints of the encoding, in
this case (4.5). Thus the rate distortion function R(d) for the service time distortion
measure is a lower bound to the second term in the right side of (4.4).

In the following, we will formally define the rate distortion function and some
related concepts, and evaluate the rate distortion function for the special case in

which the message arrival process is a Poisson process.

4.2.1 Definitions

In this section we formally define the service time distortion measure. source codes
whose fidelity is measured according to this distortion measure, achievable source cod-
ing rates, and the rate distortion function under the service time distortion measure.
For simplicity of notation, we will denote n-sequences by superscripts and infinite
sequences by boldface letters, e.g. a™ = (a;,--- ,a,) and a = (a;,a».---). As usual,
random variables will be denoted by capital letters, so that A stands for the infinite
sequence of random variables (A;, 4,,---) or a discrete random process, while A"
represents the n-tuple of random variables (A4,,--- , A,).

Definition 4.1: For given n-sequences a” = (a;, @2, -+ ,a,) and d" = (d;,d>.--- .d")
such that a;,.d; > 0Vi=1,2,--- n,let z; = Z;zl a;, yi = Z;:l d;, and yo = 0. The
service time distortion p, between a" = (a,,--- ,a,) and d" = (d;, - -- ,d,) is defined

as

o[y — max(yioy, z:)] if yi > max(y;-1. 1) Vi,

=1

pa(a™; d") = (4.7)
oo otherwise.

The service time distortion measure p,(-;-) is not a metric, as it is obviously

not symmetric. However, it can be verified that p,(-;-) does satisfy the triangle
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inequality. The interpretation of the triangle inequality for p,(-;-) is interesting. It
asserts that the average service time for a tandem of two single-server queues is no
more than the sum of the individual average service times. Conventional measures
of distortion analyzed in rate-distortion theory are usually single letter distortion
measures. in which the distortion between a” and d" is of the form ). | D(a;.d;).
where D(a;,d;) depends only on a; and d;. The service time distortion is of the form
pn(a™.d™) =3""_| si;. where s; depends not only on q; and d; but alsoon a;,--- .a;_;
and d,.--- ,d;_; as well. Thus the service time distortion measure is not a single
letter distortion measure.

Definition 4.2: An (n, M, d, €) distortion code for a discrete random process A =

(Ai, A2.--+) consists of a source encoder map
f:(R") = {1,2.--- .M}
and a decoder map
g:{1,2,--- M} = (R™)"
such that the probability of the distortion being greater than nd is less than e. i.e.

P ( (e glf (@) > d) <e

Definition 4.3: R is an €-achievable source coding rate at distortion d for a process
A iff. for any v > 0, there exist (n,exp(n{R + 7)), d, €) distortion codes for A for all
sufficiently large n. R is an achievable source coding rate at distortion d for A if R
1s e-achievable for all € > 0. The infimum of all achievable rates for A is denoted by
Ra(d).

Definition 4.4: For processes A and D with distributions P, and Pp respectively,
let P(Pa, Pp) be the class of all joint distributions Qa p on (A, D). For any such

Joint distribution QA p, the limsup in probability of (1/n)p,(A"; D") is defined as

p(Qa.p) = inf {h : lim Qn pm ((a",d") : %pn(a";d") > h) = o}.
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The p, distortion between Pa and Pp is defined as

s(Pa, Pp) = inf .
ps(Pa., Pp) QA.DEP(PA.PDJP(QAD)

In Sections 2.4 and 3.5, we used the notion of the information density for a joint

density Q .4~ p» with marginals P4~ and Pp., defined as the function

. Q_4n Dn(an,dn)
tan pn(a™;d") = log . i
A D ( ) R4n(a")PDn(d")

Definition 4.5: The sup-information rate I(A; D) of a joint process (A, D) with joint
distribution Q4 p is defined as the limsup in probability of the sequence of random

variables (1/n)iqn pn(A"; D™), i.e.
- 1
[(A; D) = inf{h . linl QAn'Dn ((a",d") : —i-,‘n_Dn(an;dn) > h) = 0} .
n-—oo n
The inf-information rate I(A;D) of a joint process (A.D) with joint distribution
Qa.p 1s analogously defined as the liminf in probability of the sequence of random

variables (1/n)iqn pn(A™; D"), i.e.
I(A;D) =sup {h : lim Qn pn ((a",d") : %i,p'gn(a";d“) < h) = 0}.

The utility of the inf-information rate in establishing the achievability results of
Sections 2.4 and 3.5 obtained from the result of [47] that a rate R is achievable over
a certain channel only if there exists an input process for which the inf-information
rate over the channel is at least R. A similar result was established in [41] about
the relation of the sup-information rate to the achievable source coding rates for a
given process. It was shown in [41] that the smallest achievable source coding rate
Ra(d) for a process A is equal to the infimum of the sup-information rates I(A; D)
of all joint processes (A, D) for which the probability of a distortion greater than d
asymptotically vanishes. The statement of the following theorem is a combination of

(41, Thm. 1] and [41, Thm. 10(b)].



Theorem 4.1. For any process A having distribution P and any sequence of dis-

tortion measures {pa(-, ) }n>1,

Ra(d) = QA.ll)qc't:r(d) [(A:D),

where T (d) is the class of all joint distributions Qa p on processes (A,D) having A

marginal Pp such that

p(Qap) < d.

Thus to show for a given process A that Ra(d) < r, it suffices to find a process D
and joint distribution Q4 p on (A, D) satisfying p(Qa.p) < d for which T(A: D) < r.

i.e. to show that for that joint distribution Q4 p,
: n 1. n
lim QAn'Dn (a ,dn) D —lgn pn (a ;dn) >r =0.
n—oo n

4.2.2 Achievability of R(d)

We first show the achievability of (4.2) for the rate distortion function of the rate
A Poisson process with the service time distortion measure, by examining the sup-
information rate for a particular joint process that is closely related to the canonical
M /M /1 queue. Recall that the A-timing capacity of the - /M /1 queue was established
in [4] to be log(u/A) bits/packet, by showing that the inf-information rate of the
A /M /1 queue in equilibrium was at least equal to log(u/A). We will show that for
0 < d < 1/, the rate distortion function R(d) of the rate A Poisson process with the
service time distortion measure satisfies

1 1
R(d) < log Vi bits/message. 0<d < 3 (4.8)

We will accomplish this by showing that the sup-information rate of a certain joint
process that mimics an M /M /1 queue in equilibrium is no more than log(1/Ad).
Let A be the rate A Poisson process. By the result of Theorem 4.1, to show that

Ra(d) < log(1/Ad), it suffices to find a process D and joint distribution Qs p on
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(A.D) satisfying p(Qa.p) < d, such that

nli_1.101062_.,n'pn ((a",d") : %i,,n'pn(a";d") > log /\l—d) = 0. (4.9)
We will choose the joint distribution Q4 p on (A, D) to mimic the distribution that is
induced by treating the Poisson process A as the arrival process to an M/M/1 queue
with average service time d in steady state, as follows. The reproduction process
D will be the departure process from this M/M/1 queue. Let us denote u = 1/d
for consistency with standard queueing theoretic notation for A/M/1 queues. A

well-known result for M/M/1 queues [6, Section 3.3.1] is that in steady state, the

distribution of the number of messages V in the queue is Geo (A\/pu). i.e.

Px(k) = (3)k (1 - 2) ,k>o0.

Moreover, by the PASTA property [6, Section 3.3.2], since the arrival process to this
M/M/1 queue is Poisson, the number of packets waiting in a queue at the instant of
a new packet arrival is the same as the steady state distribution.

The joint distribution @4 p is constructed as follows. Suppose we treat the mes-
sage arrival process A as the arrival process to an M /M /1 queue with service rate
it = 1/d > A, and suppose that the first message, arriving at the queue at time A,
finds the queue in steady state. Let D be the departure process from this queue
beginning with the departure of the first message. Then the time from 4; up to the
instant D; of departure of the first packet would be the sum of the service times of the
.V messages in the queue at the time of the arrival of the first message, plus the service
time of the first message. This is the sum of (V + 1) i.i.d. Exp (1) random variables.
where NV ~ Geo (A/u). and thus D, — 4; would have the Exp (u — A) distribution. It
is also easy to show that at the instant of departure of the first message, the number
left behind in the queue again has the same Geo (A/u) distribution as the steady
state number. To mimic this behavior with the joint distribution QA p. we choose

the distribution of the service time D; — A, of the first message to be Exp (i — A)



independent of A,, and choose the distributions of the service times of all successive
messages arriving after the first one to be i.i.d. Exp (1) independent of all other ar-
rival and departure times. Thus by choosing the distribution of the departure time of
the first message appropriately, we can ensure that the queue behaves as if it remains
in steady state after the departure of the first message. Note that since D, is the
sum of two independent random variables A; and D, — A4, having the Exp () and
Exp (1 — M) distributions respectively, its density is given by [33. Ex. 6-7. p. 137]
Pp,(d) = W (M o) dz 0 w2 (4.10)
A2de ™, d >0 u =2\
The conditional probability density of the departure process D given the arrival pro-

cess A can thus be described as follows.

Pp s (dila;) = (p — A) exp{—(u — A)(d; — a1)}, dy > ay, (4.11a)

PD.].-t-,D'—l(d:'lau cee,a4,dy, e, diny) = #exP(—#Si),
(4.11b)

o

d; > max(a;, di_;), >

where s; = 37 _ d; — ma.x(z;=l a;, Z;;ll d;) is the service time of message i. Since
this choice of the conditional distribution of D given A in (4.11) mimics the behavior
of a M /M/1 queue in steady state, Burke’s theorem [6, Section 3.7] is valid for the
departure process of this queue after the departure of the first packet. Thus the
interdeparture times after the departure of the first packet are i.i.d. Exp (A) random
variables, i.e.

Ppn(dy,--- ,dyp) = PDl(dl)ﬁ [Ae ] . (4.12)

=2

Let us examine the sup-information rate of the joint process (A, D) under this joint

distribution.
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The information density of A® = (A;,---,A,) and D* = (D,.---,D,) is the

random variable

- Qanpn(A™, D™)

° Pan(A") Ppa(D™)

Ppnian(Dy, -+, Dal Ay, -+ . 4,)
PD"(Di,"',Dn) ’

Lanpn (A" D7) = lo

= log

For any valid sequences (A;,---, A4,) of arrival times and (D, ---, D,,) of departure

times. the service times of the n messages are given by (4.6). Using (4.11) and (4.12).

we obtain
L 1, eua(Di— A) [T, eu(S:)
—lgn pn .-1"; D"? = —log H - i=2%n
n AnD ( ) n ° PD; (Dl) 1—[i=2 e,\(D,-)
n

-1 7 = A e 1 eu-a(Dy — Ay)
O — — - . p— . —l o “ .
— log 5 n25,+ ZD,+no° By (D)

where e,(-) is the exponential density with mean 1/r as defined in Notation A.6 in
Appendix A. From the distribution (4.10) of D, the last term goes to 0 as n — oc.
unless D; = 0 which happens with probability 0. Moreover, by the law of large
numbers,

1 “ 1
— E D; — — in probability, and 1 E S; — — in probability.
A n < 7

Thus we see that with this choice of joint distribution Qa p, (4.9) is satisfied. Thus
the sup-information rate of (A, D) is no more than log(u/A) = log(1/Ad), establishing
(4.8).

To show that R(d) = 0 for d > 1/A, we again resort to the -/\M/1 queue with
service rate ;¢ = 1/d as the distorting mechanism, except this time we assume that
the queue is initially empty. For 4 < A, the birth-death Markov chain associated with
the Markov process of the queue size of the M /M /1 queue is transient [20, Section
5.3]. Let Fy be the probability that the system ever becomes empty again after its
initial empty state. The transience of the chain means that Fyy < 1, and in fact, from

the result of [20, Problem 5.2, p. 181], Fgo = 2u/(A + p). Let us denote by M the
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number of returns to state 0, so that Py (0) = Fpo. As before, denote the arrival and
departure processes of the queue as A and D respectively, and their joint distribution
as Qa.p- We will show that the sup-information rate of the joint process (A, D) is
no more than 0.

The sup-information rate of (A, D) is

A n n Q man{ D"l AN
Lanpn(A"; D") = log DQI'; ((Dnl) )
Jog Qorian (D7]A%)
® Qpriar=0(D™) Foo + Qpriar>o(D™)(1 — Foo)
< log QD"H"(D l"" ) )
Qpriar=0(D™) Fyo

Now note that if A/ = 0, then no message after the first one ever finds the queue empty

(4.13)

on arrival. Thus conditional on M = 0, the successive departure times D,. D5, - - -
are simply the service times of those messages, and are thus i.i.d. with the Exp (u)
distribution. The departure time of the first message D,, of course, is the sum of
its arrival time A, and its service time S;, whose respective distributions are Exp ()
and Exp (u). Thus the probability density of the departure time of the first packet is

again given by (33, Ex. 6-7, p. 137]

A
Qo.(d) = 5 £ (e*—e ™) d>o0. (4.14)
—u
The joint density of the departure times given that M = 0 is thus
Qonisr=o(D1, -+, Da) = Qp,(D1) [ [ exp(—uDs). (4.15)

The conditional density @ p» 4~ of the interdeparture times given the interarrival times

is given by
n

QD"!A"(dl‘ Ty dnlah T, an) - HQD,|A1,---..4".D1,---.D._l(diials crc,Ap, dl* T vdi—l)~
i=1

where

Qp,an.p-1(dilay, - -+ ,an,dy, -+ ,di_y = pexp(—pus;), i=1,---,n, (4.16)
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with s,.---,s, defined by (4.6). Hence (4.13) becomes

[1-, #exp(—4S;)
Qp, (D1) [ iz, pexp(—u D)

1 L R (41~
log p2 nlooQDI(D1)+;ZD, n;s. (4.17)

=2

1
~iampn(A7 D) <

lo

09

Sl 3|

The first two terms clearly converge to 0 in probability. The difference of the last two
terms can be written as

RS B~ o _HY H
;2Di—;§5i—52VVi—;51s

i=2 i=2
where W; = D, — S; is the idle time of the server immediately preceding the i*! arrival
to the queue. Recall our assumption that the queue is initially empty. Let P} be
the probability that the queue is again empty immediately preceding the i! arrival.
Since the Markov chain associated with the M /M/1 queue is transient for A > p. the
empty state of the queue is transient, so by [20, Lemma 5.2, p. 152],

%

Z P < o.

i=2
Hence by the first Borel-Cantelli lemma {49, p. 27], the probability that the queue
becomes empty infinitely often is zero. That is, with probability 1, all but a finite
number of the idle times W5, W3, -- - are zero, so that

1
lim — z W;: =0 in probability.

n—oo 1 -
i=2

Since S} ~ Exp (i), S, is also finite with probability 1, so that S;/n — 0. Thus the

right side of (4.17) converges to 0 in probability. Hence
lin(l] QA"'D" ('l.‘,tu;Du(An; Dn) > 0) = O’
nn—

thus establishing that R(d) =0 ford > 1/A.
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4.2.3 Converse Result

We now show that the upper bound (4.8) on the rate distortion function R(d) of a rate
A Poisson process under the service time distortion measure with allowed distortion
d < 1/Ais tight. Consider any joint process (A, D) with joint distribution Qs p whose

A marginal distribution is that of the rate A Poisson process and which satisfies

p(Qap) < d. (4.18)

We will show that for 0 < d < 1/A, the sup-information rate of any such joint process

(A,D) is at least log(1/Ad), i.e.

_ 1
- > o —_ 4.
I(A;D) 2 log (4.19)

First. for any joint process (A, D) with joint distribution @4 p that satisfies (4.18).
let the sequence of service times be Sy, Sa,---. From Definition 4.4, the sequence of

service times satisfies

lim Q (% d s> d) =0. (4.20)
i=1

From the definitions of the inf-information rate and the sup-information rate, it is
clear that the inf-information rate of a given joint process (A, D) is no more than
its sup-information rate. Hence, to show that the sup-information rate of a certain
Jjoint process is at least log(1/Ad), it suffices to show that the inf-information rate is
at least log(1/Ad). Recall that in the achievability result of Proposition 2.5 on the
A-timing capacity of a discrete-time -/G/1 queue, we established a lower bound on
the sup-information rate of the joint arrival and departure processes of a discrete-
time -/G/1 queue driven by a Bernoulli arrival process. This proof was along the
same lines as the achievability result for the A-timing capacity of the continuous time
-/G/1 queue in [4, Theorem 7. In the latter proof, it was shown that for a -/G/1
queue with service rate u driven by a rate A Poisson arrival process with A < p, the

inf-information rate of the arrival and departure processes is at least log(x/A). Thas



is. for d = 1/p < 1A, the -/G/1 queue with i.i.d. service times satisfies (4.19). Thus
the result of [4, Theorem 7] establishes (4.19) for all joint processes for which the
service times Sy, --- , S, are i.i.d. Of course, the class of processes that satisfies (4.20)
is significantly larger, and includes processes in which the service times are dependent
on each other and also on the arrival times.

Consider any joint process (A, D) with joint distribution QA p whose A marginal
distribution is a rate A Poisson process and which satisfies (4.20). We will continue to
denote the conditional distributions defined by (4.11) as Ppnj4n, with g = 1/d. These
conditional distributions Ppn4n, together with the marginal distribution for A. define

a joint distribution Po p. As in the proof of Proposition 2.5 and [4, Theorem 7],

1. n mny Lo Qpnjan(D"[A")
plamon (A% D7) = Tlog Qp~(D")
1 e Qanpn(A™|D") 1 Ppnjgn (D] A")

g + —log
n R.‘"lD"(__lnan) n PDn(Dn)

As in those proofs, the liminf in probability of the first term is non-negative. For the

second term, using (4.11) and (4.12),
1 l PDuiAu(Dnlf;in)
n Ppn(D™)

_n—1 TR T A e L1 eu-r(D1 — Ay)
= ——log} ZS,+nZD,+nlo° Po (D

The first term converges to log(u/A), and the last term converges to 0 as n — oo.
Consider the middle two terms,

%ioi— %Znisf- (4.21)

i=2 i=2
In the proof of Proposition 2.5, we argued that (1/n) >_"_, D; converges in probability
to 1/A, because the service times of the -/G/1 queue are i.i.d. However. in this case,
the assumption that the sequence of service times satisfies (4.20) may not be enough
to assert the convergence of (1/n) > ", D;. Note, however, that since D; = 4, + S,

zn:Di > iAi == i:Di = Zn:-‘li - 51,
i=1 i=1 i=2

=2
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so that

1=2 1=2

A n / u n
> = -41'—5251',

i=2 i=1
where in the last step we used the fact that A < u. Now (A/n) "7, A, converges in
probability to 1, while (4.20) asserts that the liminf in probability of —£3%""  S; is
at least —1. Thus the liminf in probability of (4.21) is non-negative. Hence
. . {n. on kb
lim Q n pn ('lAn;Dn(."l ; D™) < log —) =0.
n—0o0 A
Thus the inf-information rate of any joint process Qa p satisfying (4.18) is at least

log(u/ ), establishing (4.19).

4.3 Discussion

In the derivations of the achievability result of Section 4.2.2 and the converse resuit
of Section 4.2.3, the joint distribution Pj p that played a special role was chosen to
mimic the AM/A[/1 queue in equilibrium, by choosing the service time distribution
of the first packet appropriately in (4.11a). It is thus clear that the encoding that
achieves the rate distortion function of the Poisson process under the service time
distortion measure is the M /M /1 queue in equilibrium.

In [45], the rate distortion function of the Poisson process was analyzed for the
following distortion measure . Let A = (4, A,, ---) be the interarrival times between
successive events of a Poisson process. {A;} are i.i.d. with the Exp (A) distribution.

Let .~il. .»ig, --- be reproductions of 4,, A,,---, and consider the following distortion
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measure.

. Ai—A, if A <A +d

p(Ai, A;) = (4.22)

00 otherwise.

This distortion measure essentially enforces that the reproduction A; be no greater
than A; + d. The sequence A, A, - is not necessarily a causal reproduction of the
sequence A;, ds,---. That is, if X; = Z:’:l 4, and X; = Z;'=1 :’ij, it is not required
that X’,— > X;. The rate distortion function of the rate A Poisson process under this
distortion measure, obtained in [45], is in fact identical to the rate distortion function
under the service time distortion that we obtained in this chapter. This appears to be
coincidental, as there is no similarity between the distortion measures. However, there
is a curious connection between the optimal encodings for the two distortion measures.

For the distortion measure of (4.22), it was shown in [45] that the transformation that

attains R(d) for 0 < d < 1/ is equivalent to the representation

A;=A4;,—-d+ N, where N ~ Exp(l/d).

In this representation, setting W = A; — d, the rate distortion function is equal to
I, W + N). This is the same type of transformation that attains the A-timing
capacity of the -/AM/1 queue, and in the discrete-time case, of the -/Geo'*)/1 queue.
Our result thus exposes an unexplored connection between two seemingly different
encodings of the Poisson process.

We can also obtain discrete-time analogues of the results of this chapter. Consider
a slotted time system in which messages arrive at the source and are decoded by the
receiver at integer-valued epochs called slots. A service time distortion can be defined
for discrete-time message arrival and decoding processes as well. The discrete-time
analogue of the Poisson process is the Bernoulli process, and results analogous to
those of Section 4.2 can be obtained for the rate distortion function of the Bernoulli

process under the service time distortion measure. In particular, we can show that



for a rate A Bernoulli process with the service time distortion,

Loy —an (1) d< 1
R(d) = { A d i (4.23)
0, d > X

The optimal source encoding that achieves this rate distortion function is the discrete-
time -/ Geo*) /1 queue in equilibrium.

We can use these results to analyze the efficiency of using an idle symbol on
point-to-point channels to indicate periods in which the transmitter has no message
to transmit. Suppose the source and receiver are communicating over a discrete mem-
oryless N -ary erasure channel with an idle symbol and immediate feedback output
about each transmission. An example of this is the stop-and-wait ARQ protocol used
for error correction on the data link layer of point-to-point links. In stop-and-wait
ARQ. for each message, the transmitter transmits one of the A" non-idle symbols
repeatedly until it is received error-free. When all waiting messages have finished
transmission, the transmitter transmits the idle symbol until a new message arrives
at the source. The use of the idle symbol in this manner exactly identifies the source
idle periods for the receiver. So the amount of information about the message arrival
times that the receiver gets per message can be shown to be H(W'), where W repre-
sents the idle time of the transmitter immediately following the completion of each
message. This is greater than (4.3), and the reason is that the receiver gets infor-
mation about the presence of a new message at a transmitter as soon as it possibly
can. A more efficient strategy would be to mix up the use of the idle symbol for
representing the contents of the message and mask the idle periods.

Carrying this one step further, consider the multiple access collision channel. On
this channel, the strategy employed by each transmitter is essentially the same as the
stop-and-wait ARQ protocol, except that errors are not caused due to random noise,
but rather due to collisions resulting from simultaneous transmissions by multiple

users. On multiple access channels, apart from informing the receiver of the presence
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of a message, the transmitter must also inform the receiver of its identity, or address.
to enable the receiver to distinguish the transmissions of the various users. This is
tvpically done by devoting a few bits out of each A’-ary packet to identify the address
of the transmitter. We noted the work [30] in Section 1.4, in which Massey and
Mathys demonstrated a construction of a set of accessing sequences for various users
that allowed the receiver to correctly identify the transmitter of each successfully
received packet. An interesting direction of work would be to examine how much
information about message arrival times must be transmitted using a service time
distortion criterion for each sender, and how much of this information can actually

be transmitted through an intelligent choice of channel accessing schemes.
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Chapter 5

CONCLUDING REMARKS

We conclude with a summary of the dissertation, an outline of possible exten-
sions and directions for future work, and an interesting conjecture arising out of the

problems considered in this dissertation.

5.1 Summary

Two major aspects of timing have been identified in the literature as central to laying
an information-theoretic foundation for data networks. One is the fact that infor-
mation can be encoded in the times at which packets are transmitted over the net-
work [4]. This timing information is distorted due to the random delays experienced
by the packets in traversing the network, thus limiting the amount of information
that can be reliably encoded in the timing of the packets. The second aspect is that
the fact that messages arrive intermittently at the source at random times requires
the transmission of a certain amount of information about the message arrival times
in order to inform the receiver of the presence of a message at the source [17]. A por-
tion of the network’s capacity must be devoted to transmitting this information. thus
reducing the available capacity for transmitting the information about the contents
of the messages.

High-speed network systems like ATM which use fixed-size packets or cells are
well-modeled as discrete-time systems because the packet transmission time provides
a convenient unit of time in terms of which the operation of the network can be

described. From the point of view of a single source and receiver communicating over
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a virtual-circuit ATM network, the transport of packets from the source to the receiver
can be modeled as a discrete-time first-in first-out (FIFO) queue. In Chapter 2. we
analyzed the timing capacity of discrete-time queues in which at most one packet
can arrive and at most one packet can complete service in a slot. Analogous to
the results of [4] about continuous-time queues with exponentially distributed service
times. we showed that among all discrete-time single-arrival single-service queues
with i.i.d. service times with a given mean service time, the -/Geo!’/1 queue. i.e.
the queue with geometrically distributed service times, has the least timing capacity.
and we obtained an explicit formula this capacity. This result provides a closed form
expression for the capacity of a certain binary channel with infinite memory, and thus
is of interest in its own right in information theory.

In Chapter 3, we analyzed the timing capacity of a particular model of discrete-
time queues in which multiple packets can arrive or depart in a slot. This model can
be considered as an approximation of a leaky bucket scheme in which the number of
tokens available in each slot is an 1.i.d. sequence. We obtained an explicit expression
for the timing capacity of the queue in which a geometrically distributed number of
packets can be served in a slot. For queues with an arbitrary service distribution. we
established a lower bound to the A-timing capacity based on a new queueing theo-
retic property of such queues. We also considered the timing capacity of discrete-time
queues with multiple servers, each of which can serve at most one packet per slot with
i.i.d. packet service times. For the -/ Geo!®)/ K queueing system, we obtained an upper
bound to the A-timing capacity in terms of the capacity of the A-output binomial
channel with an input constraint. This upper bound can be evaluated numerically
for finite A'. For the case K' = oo, we established the existence of a distribution
that achieves the capacity of the infinite-output binomial channel subject to an in-
put constraint, and obtained a necessary and sufficient condition to characterize this
distribution using a generalized form of the Kuhn-Tucker theorem.

In Chapter 4, we addressed the problem of quantifying the amount of information
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about message arrival times that must perforce be transmitted to a receiver if messages
arrive intermittently at random times at the source. We considered the situation in
which messages are transmitted one at a time in order and are decoded at the receiver
in the same order they arrived at the source, for instance a virtual circuit or a point-
to-point channel. We argued that in this situation, the message decoding times can be
considered as the departure process of a first-in first-out queue whose arrival process
is the message arrival process. With this point of view, one can associate a service
time with each message, which is in fact the amount of time that is available for
transmitting useful information about that message and thus directly influences the
achievable probability of error. The total service time can be considered as a distortion
measure between the sequence of message arrival times and message decoding times.
The rate-distortion function of the message arrival process with this service time
distortion measure is a lower bound to the amount of information about message
arrival times that the receiver must receive in order to decode the messages in order.
We obtained an explicit formula for the rate-distortion function for a Poisson message
arrival process under the service time distortion, and established the role of the single-
server exponential queue as the optimal source encoding mechanism for this service

time distortion.

5.2 Future Goals

The results of the analysis of timing capacity presented in this dissertation have shown
that the use of timing provides a small but important amount of information over
a packet channel with timing distortion. The use of timing for conveying informa-
tion is significant in the context of covert channels, as analyzed in {32, 31]. and the
work of the timing capacity of discrete-time queueing systems in this dissertation can
be considered an important step in that direction. In the broader context of data

networks, the use of timing may not provide large gains in capacity. However, we
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believe that timing information has a significant role to play in conveying various
types of overhead information, such as addressing and sequence numbering. In fact.
timing information is closely related to a fundamental understanding of the required
amount of such information. In the following, we elaborate on some of these ideas
and examine the work involved in exploring these connections.

There is an explicit connection between timing and addressing in time division
multiplexed (TDM) systems. In such systems, a periodic sequence of time slots is
allotted to each of the source-destination pairs accessing a common channel. and
each source can transmit only within its allotted slots. With such a pre-assigned
allocation of time slots, the time of transmission immediately identifies the source
and destination, and no additional addressing information is required. In the case
of a statistical multiplexer, however, each source can send packets to a common
buffer at any time, and each packet carries addressing bits to identify its source.
In between these two extremes would be intermediate schemes in which each source
sends packets according to some convention (i.e. a timing code). That is, unlike TDM
systems, there is no pre-determined order of transmission, nor is the transmission of
packets totally asynchronous as in a pure statistical multiplexer. Rather. there is a
certain number of access sequences, or timing codewords, allotted to each source. The
amount of addressing information that is required could then be reduced by letting
the timing carry part or all of the addressing overhead. In TDM systems and in
systems in which each packet carries the address of the source, the destination can
determine the identity of the source of each packet as soon the packet is received.
With the use of a timing code, however, the destination would wait until a certain
sufficiently large number of packets were received, before making a joint decision on
the messages transmitted by all the sources. An interesting direction of work would
be to characterize the reduction in addressing overhead by the use of suitable timing
information. A good starting point would be the analysis of a system of two sources

that transmit packets to a common buffer from which the packets are served in order
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with i.i.d. service times. A related idea is the work of Massey and Mathys [30] on the
use of timing information to convey addressing in the context of the multiple access
collision channel, which we discussed in Section 1.4. The work of [30] demonstrates a
method of constructing a particular set of timing codes for the the collision channel
that obviates the need for any addressing information. However, the broader question
of the timing capacity region of the collision channel remains unexplored.

Another form of overhead information that can potentially be reduced by the use
of timing information is sequence numbering. In networks with datagram routing,
packets may follow different paths and may arrive at the destination out of order.
Each packet usually carries a sequence number to help the destination to re-order the
packets. and the number of bits required to indicate the sequence number can be quite
large. It would be interesting to characterize the achievable reduction in the amount
of sequence numbering information by appropriate use of timing information. Again.
if a timing code is used, the receiver would wait until a sufficiently large number of
packets have arrived before making a decision on re-ordering the packets based on
the times at which they reach the destination.

In the analysis of the timing capacity of various queueing systems, we discovered
certain underlying structures that correspond to optimal ways of encoding information
in the timing of packets. It would be interesting to be construct concrete coding
schemes that make use of these optimal structures. For constructing timing codes on
multiple-user systems such as statistical multiplexers, an important feature to have
in a coding scheme would be scalability, i.e. the total achievable rate should scale
linearly with the number of users.

Another interesting question concerns the situation in which a source receives
feedback about the times at which packets reach the destination. Protocols like
TCP use such feedback to help sources estimate the congestion in the network. The
feedback is in the form of acknowledgment packets, which also experience random

timing delays in traversing the network. It would be useful to explore the possible



benefits of using appropriate timing codes to convey feedback information in the
presence of timing noise on the feedback channel. The construction of such timing
codes for providing feedback has direct implications for congestion control protocols.
The scalability of such codes with a large number of users is also an important issue.

As far as the larger question of an information theoretic foundation for communica-
tion networks is concerned, the holy grail of a union between the fields of information
theory and communication networks is still far from our grasp. We hope that the
analysis of timing information in data networks presented in this dissertation has
built a foundation and exposed new relations between these fields that will provide a

stimulus for further exploration.
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Appendix A

NOTATION

In this appendix we state the notation used in this dissertation for certain common
probability distributions. We use the notation X ~ F to mean that random variable
.X' has the distribution F. We denote the probability mass function of an integer-
valued random variable X by Px(-). The conditional probability mass function of an
integer-valued random variable Y given random variable X is denoted by Py x(-|-).
Notation A.1: A random variable X that takes only values 0 and 1 will be called
a Bernoulli random variable. We will say that X has the Bernoulli distribution with

parameter p. or X ~ Ber (p), iff
Px(0) =1-p, Px(1) =p.

Notation A.2: The geometric distribution with parameter a on the non-negative

integers is denoted as Geo (a). Thus X ~ Geo(a) iff
Px(i)=a'(l1—a), i=0,1,2,---

If X ~ Geo(a), then E[X] = a/(1 — a).
Notation A.3: The geometric distribution with parameter a on the positive integers

is denoted as Geo™ (a). Thus X ~ Geo® (a) iff
Px(i)=(1-a)'e, i=1.2---

If X ~ Geo™ (a), then E[X]| = 1/a.
Notation A.4: The Poisson distribution with parameter A is denoted as Poi ().
X ~ Poi (A) iff
-’\Ai
Pe(i)= -2, i=0,1,2,---

i
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Notation A.5: The binomial distribution with parameters n, p is denoted as Bin (n. p).

The probability mass at ¢ of Bin (n, p) is denoted as B(n.i,p), i =0,1,---.n. Thus
if X ~ Bin (n,p), then
Px(i) = B(n,i,p) = (?)Pi(l —p)" 7t i=0,1.--- .k

Notation A.6: The exponential distribution with parameter A is denoted as Exp ().

If X ~ Exp(A), then the probability distribution function of X is given by
Fy(z)=1—-e, >0,
and E[X] = 1/\. We denote the probability density function of an Exp (\) random

variable by ey(-), i.e.

ex(z) = Xe ™, z>0.
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Appendix B

SOME QUEUEING RESULTS FOR A DISCRETE-TIME
QUEUE WITH BATCH ARRIVALS AND BATCH
SERVICE

In this appendix, we obtain some basic results about the steady-state behaviour
of queues within the discrete-time queueing model described in Section 3. The model
allows batch arrivals and batch service, and the queue is modelled as being capable
of serving S; packets in slot i. If there are at least S; packets in the queue. S; packets
depart, whereas if there are less than S; packets in the queue, all of them are served.
S, are assumed to be i.i.d. The dynamic evolution of this queueing system is governed
by (3.1). We will follow the notation of Section 3 in this appendix. Notations A.2

and A.3 in Appendix A.

Proposition B.1. Consider a queue with a Geo(b) service distribution driven by an

arrival process with independent, Geo(a) arrivals in each slot.

(i) The steady-state distribution of the system occupancy {X;} just after arrivals is

Geo(a/b).

(it) The steady-state distribution of {Y;} is

b—a

Py(0) = b1l=a)’ (B.1a)
L _ a(l-=b) ayk-t, —a )
Prtk) = 50 —a) (b) (1 b)’ bzl (B.1b)

(iii) The steady-state distribution of the departure process {D;} is Geo(a).



(tv) In steady state. the departures occurring in successive slots are independent, i.e.

for any n,

PDn|Dlv---an-l(kn|klv LY kn—l) == PD,, (kn)- (Bl)

Proof. {Y;} clearly forms a Markov chain which is irreducible and aperiodic. so the
stationary distribution of Y; is also the steady-state distribution [9, Sec. 3.1]. It is
easy to verify that (B.1) is the stationary distribution of Y;. Since X; = Y; + A,. with
Y; independent of 4;, it can be verified using generating functions that the steady-
state distribution of {X;} is Geo(a/b). Since D; = min(Xj, S;), it is easily verified
that the steady-state distribution of {D;} is Geo(a).

Let D* = (Dy,...,D,) and Y" = (Y},...,Y,). Given Y,,, D, is independent of
D"~'. We will show that Y, is independent of D"~! by induction on n. Clearly, if Y,
is independent of D"~! then so are X, and D,.

First consider n = 2. We have,

Py,ip,(jIk) =3 Praip, x, (jlk. i) Px,ip, (ilk)
=0
Since X, = Y2+ Dy, we have Py, p, x,(j|k,i) = 1if i = j + k and 0 otherwise. Hence
PY:IDl (j'k) = P-Y[[D[ (J + klk)

PD]{X[(klk +])PX1 (k +J)
PDl(k)

Noting that

Ps;(k)s J#O

PD:I-\'l(Hk +]) =
P(S, >k), j=0

and using the steady-state distributions of S}, D; and X, and (B.1), we obtain
Py, ip,(jIk) = Py, (J),

so that the result is true for n = 2.
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Now assume that the result is true for n — 1, i.e. Y,_, is independent of D"~2.

Since X,,_; =Y, + D,,_,, we have

PY"]D"-l(jIkly .. 7kn—1)

= P.\’,,-;(D"_l(j+kn—l|k11"' :kn—l)

_ Pp,_x,  pn-2(kn-1l +Enor ko Re ) )
Pp,_ipn-2(kn_1lkr, ... kn_2)
Px. _ipn-2(J + Kn_ilkr, ... kn_2)

As shown before. if Y,,_, is independent of D"~2, then so are X,_, and D, _;. Also.

D, _, is independent of D"~2 given X,_;. Hence we get

Py, ipr-1(jlk1. - s kno1)
Pp, _ixn_(knoalj + kn1)Px,_ (U + knzy)
PD.._l(kn—l)
Ppix,(kn-ilkn-1 + ) Px,(kn_1 + J)
Pp, (kn_1)

= PYx(j)

as shown earlier. Thus Y, is independent of D"~! and so are X, and D,. This

completes the proof. 4

For a queue with arbitrary service distribution, it can be shown that when the
arrival process {4;} has independent, geometrically distributed number of arrivals in
each slot, the steady-state distribution of {X;} is also geometric. The proof is based

on the following lemma, which was also stated in Section 3.

Lemma B.1. Let S be a non-negative integer-valued random variable with mean u

and probability generating function ¢s(-), and let 0 < A < u. Then there is a unique

A

= 1) of the equation

solution v € (
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Proof. Let g(z) = 1+ A — % On (0,1], ¢s(-) is a convex, increasing function with

0 <0s(0) <1, ¢5(1) =1, and @5(1) = u, while g(-) is a concave, increasing function
with g(1235) = 0, g(1) = 1, and ¢'(1) = A < p. Hence the graphs of ¢s(-) and g(-)
must have a unique intersection point v € (25, 1). O

In the case when S is geometrically distributed with mean u, we have v = 25::‘;;

Proposition B.2. Consider a queue whose service distribution has mean p and gen-
erating function ¢s(-), driven by a rate A geometric arrival process (A < ). Let ~ be

the solution in Lemma B.1. Then
(1) The steady-state distribution of {X;} is Geo(~).

(i) The steady-state distribution of {Y;} is

(1 =)+ A), k=20
Py (k) = , (B.4)
(Y+YA =AY (1=79)., k>1

Proof. It can be shown that when the arrival process {4,} has i.i.d. geometrically
distributed number of arrivals in each slot, then the Markov chain {X,} is irreducible
and aperiodic. Hence if a stationary distribution exists, it must be the steady-state
distribution. It is easy to verify that if X, has the Geo(v) distribution. then Y, ; =
(.Xn — Sn)™ has the distribution (B.4), and since X,.; = Y, + An:1, Xns; has the
same distribution Geo(v) as X,. Hence the steady-state distribution of {.X;} must

be Geo(v). It follows that (B.4) is the steady state distribution of {Y;}. a



Appendix C

ON THE UPPER BOUND TO THE TIMING CAPACITY
OF THE -/Geo /oo SYSTEM

As noted earlier, the upper bound (3.28) on the A-timing capacity of the
-/ Geo'*) /oo system is also an upper bound on the capacity. subject to a certain
constraint, of the infinite output binomial channel. However, for channels with infi-
nite input and output alphabets, it is not always true that the supremum in (3.28)
is actually achieved by some input probability distribution. In this appendix. we
make use of some results from functional analysis to establish the existence of such
a distribution for the infinite output binomial channel. We also make use of some
results from the theory of convex optimization to obtain a necessary and sufficient of
condition that an input distribution to the binomial channel must satisfy to attain
this supremum. Our approach for this closely follows the approach used in [1] and [40]
to characterize the capacity achieving distributions of, respectively, the discrete-time
Rayleigh Fading Channel with an input power constraint and the additive Gaussian
noise channel with an input amplitude constraint.
The transition probability Ppx(-|-) of the infinite output binomial channel is given
by (3.23). Consider an input distribution F whose probability mass function is Q.
Denote by Pp,.(-) or Pp,(-) the marginal probability mass function of the output
induced by the input distribution F. For any input distribution F and any input n,
define i{n; F) as
Ppx(jln)
Pp.(j)

The input-output mutual information I can be considered as a non-negative, real-

i(n: F) =) _Poix(jin)log (C.1)

7=0
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valued functional on the space F of input distributions of the channel, defined by

I:F —- R
F - Ep[i(X:F)| (C2)

It is well known (see, e.g., [12, Lemma 3.5, p. 50]) that [ is a concave function of the
input distribution.

The upper bound of (3.28) is of the general form

C = sup I(F), (C.3)
FEF:Ep[f(X)|<a
with f(r) = puzx. We will first examine conditions under which the supremum in
(C.3) is actually achieved by some input distribution, and then establish that these
conditions hold for the particular case (3.28). We will then establish a necessary and
sufficient condition that characterizes the distribution that achieves the supremum in
(C.3). and examine the form of these conditions in the case of (3.28).

One way to show that the supremum in (C.3) is actually achieved by some input
distribution is to define a suitable metric on the space of input distributions under
which the mutual information is a continuous function, and the set of input distri-
butions defined by the constraint is compact. To do this, we draw on some standard
results from functional analysis. Let R = [—o0, 0c] be the extended real line. and let
Cy»(R) be the set of bounded continuous functions on R. By the Riesz representation
theorem [34, Sect. 40, p. 195], the dual space Cp(R)" of C(R) is the space of totally
finite signed measures on the Borel o-algebra B(R) of R, and thus contains the prob-
ability measures as a subset. A notion of convergence called weak® convergence can
be defined on the dual space C,(R)* [29, Sect 5.10. p. 127], which when restricted
to sequences of probability measures on (R, B(R)), is identical to weak convergence
of probability measures [49, Sect. 17.4, p. 183]. We can define weak" continuity of
real-valued functionals on the space of probability distributions, and weak® compact-

ness of sets of probability distributions using this notion of weak® convergence, or



equivalently, using the weak convergence of probability measures [29, Sect. 5.10, p.
127]. A set is weak® compact if every sequence in the set contains a weak® convergent
subsequence. A functional J is weak® continuous if for any weak® convergent sequence
r, — 1, J(zr,) = J(z). The following theorem from [29, Section 5.10] states that on
a set that is compact in the weak® topology, a weak® continuous functional achieves

1ts maximum.

Theorem C.1. IfJ is a real-valued weak® continuous functional on a weak® compact

set Q C F, then J achieves its maximum on ).

The following lemma asserts that the set of distributions defined by the constraint
in (C.3) is weak® compact under some simple conditions on the constraint function
f(-). This result was proved in [1] for the special case f(r) = z°? in the situation
where the probability distributions under consideration are on the entire real line.
rather than on just the non-negative integers. However, the proof given there can be

easily modified to the following, and is omitted.

Lemma C.1. Let f : R™ — R be any non-negative continuous function on the non-
negative real numbers. Consider the set of probability distributions on the non-negative
integers Qp = {F : Eg[f(X)] < a}. Suppose that f is non-decreasing, f(0) = 0. and

f is unbounded. Then Qy is weak® compact.

Lemma C.1 ensures that the set of input distributions satisfying the constraint
in (3.28) is weak®™ compact. Thus if we can establish that the mutual information
functional I for the infinite output binomial channel is weak® continuous, then Theo-
rem C.1 guarantees the existence of an input distribution that achieves the supremum
in (3.28).

For a given input distribution F' to the infinite output binomial channel. let the
entropy of the output distribution be denoted by Hp(F'), and the conditional entropy

of the output given the input be denoted by Hp|x(F'). Then the mutual information
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functional is I(F) = Hp(F) — Hpx(F). Thus to show that the mutual information
I(-) is weak® continuous over the set of input distributions satisfying the constraint,
it suffices to show that the functionals Hp(-) and Hp x(-) are weak® continuous.

To show that Hp(-) is weak® continuous, we have to show that if a sequence of
distributions { F,, } converges weakly to a distribution F, then Hp(F,) — Hp(F). Let
the probability mass function of the distribution F,, be Px_, and that of F be Py.
Since all the distributions are on the non-negative integers, if {F,,} converges weakly
to F. then Px, (i) — Px(i) for all integers ¢ > 0. Let the output probability mass
function for the input distribution F, be Pp_, and that of F be Pp. Using (3.23). we
have

Pp,(i) = Y Px.(j)B(.i.p).

Jj=i
Pp(i) = Y Px(j)B(j.i.n)-
Jj=i
We will first show that if {F,} converges weakly to F, then Pp (i) — Pp(i) for all
i. so that the sequence of output distributions { Fp,} converges weakly to Fp. Note

that

Po,(i) = ZO:;Px,,(n(f)u‘(l—u)f-‘

- u‘gP_\-n(i + k) (i M k) (1 - p)*.

i
Since Py, (i + k) — Px(i + k), we have
Py, (i + k) (i " ") (1-n)* — Px(i+k) (i : "') (1-n)*.
Further. for all n,
peten () a-ut < () a-wt = am.
where, for a given i, g;(k) satisfies (see [23, p. 199])

> [i+k 1
(k) = . (1- )kz o < oo
Sar= (1) =g <

.:0




119

Therefore, by the dominated convergence theorem using g;(k) as the dominating func-

tion. as Py, (i + k) — Px (i),

= _ i+k _—— _ i+k :
Spa k) () a-ur = o () a-wr
k=0 k=0
so that Pp, (i) — Pp(i) for all i. Since the function h(z) = —zlogz is continuous

over [0, 1], we have
lim (=Pp, (i) log Pp,(i)) = (—Pp(i)log Pp(i)) Vi

So to show that Hp(F,) — Hp(F), i.e. to show that

> " (=Pp,(i)log Pp,(i)) = > (= Pp(i) log Pp(i)) (C4)
i=0 1=0

it suffices to find a dominating function 3(i) such that |Pp, (i) log Pp, (i)| < 3(i)Vi.

and "7 3(i) < oco. Using the inequality ([16, p. 530])

(J) < ),
1

where h(-) is the binary entropy function, we have

Po,(i) = gavn(j)({)u"(l—mf-"

< ipxn (NN (1 = py
J;'
= 3 Py, (j)e i DBt NIBera)
j=
where Ber (p) is the Bernoulli distribution with parameter = (see Notation A.1 in Ap-
pendix A), and D(P}|Q) is the Kullback-Leibler distance [10] between two probability
distributions. Let p,; = i/7, so that
)

FD(Ber (i/3) |Ber (1)) = —=D(Ber (py) |[Ber (1))

1

= ilogl+i{ (piy) _ p]log(l—ﬂ)}
H DPij Pij

. 1
> tilog —,
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Hence

e v]
Pp.(i) < Y Px,(j)eP®Berti/iBertu)

j:i
< > eBEPy (4)
j:i
< pt (C.5)

Further, note that |z logz| < \/z, so that |Pp_(¢) log Pp, ()| < \/Pp,(i). From (C.5).
we can choose 3(7) = (/)" as a dominating function, to establish (C.4). This in turn
establishes the weak® continuity of Hp(-).

To show that the conditional entropy Hp x(:) of the output given the input is
weak® continuous, note that from (3.23), for an input distribution F' whose probability
mass function is Py,

.
Hpx(F) =) _Px(n)H(Bin(n, ), (C-6)

n=0
where H(Bin(n, u)) is the entropy of the binomial distribution Bin(n.pu) with pa-
rameters n and p. Denote this entropy as g(n) = H(Bin(n.u)). From [28, Theorem
11.4 A, p. 183, if a sequence of distributions F,, converges weakly to F. and if g(-) is

uniformly integrable in {F,}, then

/ng,, —>/ng.

If Py, (-) resp. Px(-) is the probability mass function of F,, resp. F, then if g(-) is

uniformly integrable in {F,},
lim 3 "g(k)Px, (k) = > _g(k)Px (k). (C.7)
k=0 k=0

which is equivalent to showing that Hpx(-) is weak® continuous. Now g(-) is uniformly

integrable in {F,} iff

b— o0

/ng,, < oo and lim / g(z) dF, = 0 uniformly in n,
b
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i.e.
> g(k)Px, (k) < oo and Jim > "g(k)Px, (k) = 0 uniformly in n. (C.8)
k=0 "% k=t

There is no closed form expression for g(k). However, since the geometric distribution
has the greatest entropy among all the distributions on the non-negative integers
having the same mean, the entropy of Bin(k, ) is no more than the entropy of the

geometric distribution on the non-negative integers with mean Au. Thus

ky ku
) < = kup)h = a(k C.9
o) < # [Geo (35| =k (5 ) =at0). (o)
where a(k) satisfies the following properties.
1+khkp
a(k) < 5 22) (C.10a)
a(k) . . .
i monotonically decreasing in k. and (C.10b)
alk)
klglolo e 0. (C.10c)
From (C.9) and (C.10a), we have
D g(k)Px, (k) <D (1 +ku)Px, (k) < 1+ A < oo,
k=0 k=0
using the input constraint uEp, [X] < A in (3.28). Further,
D g(k)Px, (k) < ) a(k)Py, (k)
k=b k=b
a(d) o=, :
< —bﬂ—zkﬂpxn(“
k=b
< _aib),\, (C.11)

using (C.9), (C.10b), and (3.28). The bound on the right side of (C.11) goes to zero
by (C.10c) independent of Py,, and thus by (C.8), g(-) is uniformly integrable in

{F.}. This establishes the weak® continuity of Hpx(-).



Since I(F) = Hp(F') — Hp x(F') and both functionals Hp(X) and Hpx are weak®
continuous, so is the mutual information functional /(-). Theorem C.1 and Lemma
C.1 then assert the existence of an input distribution that achieves the supremum in
(3.28).

We will now proceed to develop some results from the theory of convex optimiza-
tion to establish a necessary and sufficient condition to characterize the distribution
that achieves the supremum in (C.3). We will first make use of the Lagrange multi-
plier theorem [29, Sect. 8.3, Theorem 1], to characterize this information-maximizing
distribution. We state this theorem below with slight modifications from its state-
meent in [29, Sect. 8.3]. In essence the theorem converts an optimization over a subset

defined by a constraint to global optimization over the entire space.

Theorem C.2. Let X be a linear vector space, Z a normed space. F a conver subset
of X. and P the positive cone in Z. Assume that P contains an interior point. Let
f be a real-valued concave functional on F and g a conver mapping from F to Z.

Assume the ezxistence of a point F\ € F such that g(F\) < 0. Let

C= sup f(F) (C.12)
FsF:g(F)<o0

and assume C is finite. Then there is an element =5 > 0 in Z* such that

C =

0
nE

g{f(F) —(9(F), =)} (C.13)

Furthermore. if the supremum is achieved in (C.12) by Fy, then it is achieved by F,
in (C.13) and

(9(Fo),z5) = 0.

The interpretation of this theorem in the case of (C.3) is as follows. X is the
linear vector space of totally finite signed measures on R. Its convex subset F is the

set of distributions on the non-negative integers. Z is the set of real numbers R (so
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that its positive cone P obviously contains at least one point). The functional g is
defined as g(F) = Eg[f(X)] —a. The element F such that g(F;) < 0 is the unit step
distribution, that puts all the mass at 0. The dual space Z* of Z = R is R itself. By
the theorem. there exists ¥ > 0 (corresponding to zj) such that

C = sup {I(F) — v9(F)}. (C.14)

Fer

Since the capacity is achieved for some Fp, the supremum in (C.14) is also achieved
by Fy. Moreover, vg(Fp) = 0 by the theorem, so that either Eg[f(X)] =aor v =0.
In either case, C = I(Fyp).

The concept of Gateauz derivative [29, Sect. 7.2] is useful for characterizing the
optima of functionals defined on a vector space. However, the mutual information
is defined only over the set of probability distributions, which is not a vector space
itself. but rather is a convex subset of the vector space of totally finite signed measures.
The concept of weak derivative. defined by Smith [40], is actually the restriction of
the Gateaux derivative to a convex set of a vector space.

Definition C.1: Let J be a functional on a convex set F. Let Fg be a fixed element
of . and 6 € [0, 1]. Suppose that

J(OF + (1 — 0)Fy) — J(Fo)
9

Jg,(F) = loilr(l)l VF € F. (C.15)

is well defined for each F € F. Then J is said to be weakly differentiable in F at Fy,
and the map Jg, : F — R defined by (C.15) is called the weak derivative of J in F at
Fo. If J is weakly differentiable in F at Fj for all Fy € F, then J is said to be weakly
differentiable in F. or simply weakly differentiable.

The weak derivative at Fy is a directional derivative, with the “direction” defined
by the element F and Fp in the convex space. Note that if the space F was the real
numbers R, then for a fixed Fy € R, if J is weakly differentiable at Fy in R, Jg (F)
is in fact the same for all F' > Fj and is called the right derivative in the usual sense.

Similarly it is the same for all F < Fj and is the usual left derivative. If both these
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are equal then J is differentiable and the weak derivative map Jg (F') evaluates to
the same value for all F, and this value is the derivative of J at Fy in the usual sense.

Like the Gateaux derivative, the utility of the weak derivative for characteriz-
ing the optimum of concave functions obtains from the following result proved by

Smith [40].
Theorem C.3. Consider a weakly differentiable functional J on a conver set F.

1. If J achieves a marimum at Fy then Jg (F) <0 for all F € F.

2. If J ts concave. then Jg (F) < 0 for all F € F implies that J achieves its

mazimum at Fy.
The functional J we are interested in is [ — vg. It was shown in [1] that the weak
derivative of I is given by
It,(F) = EF[i(X; Fo)] - I(Fo),

whenever each term on the right side of the above is finite, where i(-: Fg) is defined

by (C.1). and the weak derivative of g(F) = Er[f(X)] — a is given by
9k, (F) = g(F) — g(Fo).

The weak derivative of I — yg in F at Fy is I, — vgF,. Further I — vg is concave
because both I and g are concave. From Theorem C.3, I — g achieves its supremum

over F at Fy € F if and only if

I (F) —v9p(F) < 0YF e F,
= {Er[i{(X;R)] - I(Fo)} —v{9(F) —g(Fo)} < OVF e F.
= Er[i(X;Fp) —vf(X)] € C —~vyaVF € F,(C.16)

where in the last step, we have used the facts that g(F) = Er[f(X)] —a, C = I(F).
and yg(Fy) = 0.
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Theorem C.3 can be further strengthened into the following set of necessary and
sufficient conditions for a distribution Fy to maximize I — vg. These conditions were
established in [1, Theorem 4] for the particular case of f(z) = z2, but the proof given
there generalizes almost verbatim to the following for an arbitrary function f(-), and

1s omitted here.

Theorem C.4. Let Ey be the points of increase of a distribution Fy. Then (C.16)
holds for all F € F if and only if

(z; Fo) —7f(z) < C—-va Vz (C.17a)
i(x; Fp) —vf(z) = C—va V€ E, (C.17b)

Let us summarize the above results. Theorem C.1 and Lemma C.1 ensure the
existence of an input distribution that maximizes the mutual information over a set
of input distributions defined by an inequality constraint, under certain conditions
on the input space or the constraint function. Theorem C.2, the Lagrange multiplier
theorem. converts the problem from an optimization over a subset of distributions
satisfying the given constraint to a global optimization of a different functional. called
the Lagrangian, over the set of all input distributions. It also asserts that if the
constrained supremum is achieved by an input distribution £y, then Fj also achieves
the global supremum of the Lagrangian. Theorems C.3 and C.4 obtain a necessary
and sufficient condition for a distribution Fp to attain this global supremum.

From Theorems C.2, C.3, and C.4, an input distribution Q* achieves the supremum

n (3.28) if and only if there exist constants v > 0 and C such that

1{(1Eg-[Xg-] — A) =0, and

o

B(n.i, u)
Pp,. (t)

with equality for all n such that Q*(n) > 0.

ZB(n ip)log ——2L _~vun < C —vA Vn, (C.18)
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The existence of such a distribution @Q* has already been established. The constant

C is identical to C’_(\) in (3.28).



Appendix D

A CONJECTURE ON THE DECOMPOSITION OF
EXPONENTIALLY DISTRIBUTED RANDOM
VARIABLES

In this appendix, we make a conjecture about decomposing an exponentially dis-
tributed random variable into two independent non-negative component random vari-
ables. that is closely related to several of the problems considered in this dissertation.
Analogous to a result about Gaussian random variables, we conjecture that there is
an essentially unique way to represent an exponentially distributed random variable
as the sum of two independent non-negative random variables. A similar conjecture
can be made for geometrically distributed random variables as well.

Let X ~ Exp (1/(a + b)), so that E[X] = a+b. Suppose that X = W + V. where
IV and NV are non-negative independent random variables with E[W] = a. E[N] = b.
One possible choice of the distributions for V and W is the following.

P(IN<z) = 1-—exp(-bx), x>0,

b
a+b’

P(E'V§x|DV>0)=1—exp(—— 1: ), r > 0.
a+b

P(W=0) =

(D.1)

That is, N ~ Exp(1/b), while W is a mixture of a constant at 0 with probability
b/(a+b) and Exp (1/(a + b)) with probability a/(a +b). This partitioning has played

an important role in several problems discussed in this thesis, such as

e the A-timing capacity of the - /M /1 queue obtained in [4], and the closely related

capacity of the additive exponential noise channel [45],
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e the rate-distortion functions of the Poisson process under the following distor-

tion measures:

— the average delay distortion measure discussed in [17],
— the distortion measure identified in [43],

— the service time distortion measure discussed in Chapter 4.

The similarities of the results obtained for exponential random variables and Poisson
processes using this partition of an exponential random variable to analogous results
for Gaussian random variables have been pointed out in [45]. The corresponding
results about Gaussian random variables are based on the fact that a Gaussian random
variable can be expressed as the sum of two independent Gaussian random variables.
A result by Cramer [11] (see also [15, p. 498]) states that the converse of this is also
true. Suppose that a Gaussian random variable X can be represented as X = X+ .X,.
where X. X, X, are all zero mean, E[X?] + E[X?] = E[X?], and X, and X, are
independent. Cramer’s result says that the only non-trivial solution for X and X, is
that both are Gaussian random variables.

We conjecture that if X is an exrponential random variable, any non-trivial par-
tition of X as a sum of two non-negative independent random variables W and N
with given expected values is equivalent to (D.1), with the roles of W and N in (D.1)
possibly reversed.

An affirmative resolution of this conjecture has interesting consequences. For
instance, it would prove that the among all the A//G/1 queues, the M /M /1 queue
is the only one whose departure process in steady state is Poisson. Recall that the
interdeparture times D; can be written as D; = W; + S;, where S; is the service time
of packet z, and W, is the idle time of the server immediately prior to the arrival of
packet i. Thus W; and S; are independent. For D; is to be exponentially distributed,

if the above conjecture is true, then it is easy to see that S; must be exponentially
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distributed.

For integer valued random variables, a similar conjecture can be made about par-
titioning Geo™ (a) and Geo (a) random variables into two independent components.
We state the respective partitions below for completeness.

Let X ~ Geo™ (a). We want to express X = W + /N, where W and .V independent
non-negative integer-valued random variables such that E[N] = 1/b and E[W] =
(1/a) — (1/b). where 0 < b < a < 1. We conjecture that any such partition is
equivalent to the following, possibly with the roles of W and .V reversed.

P(N=K) = (1-b)*"%, k>1

b k=0 (D.2)

Y

a
(1- 9)(1 —a)la. k>1.
a

P(W = k)

Let X ~ Geo(u), and let X = W + N, where W and .V are independent non-
negative random variables. Again, we conjecture that any such partition is equivalent
to

P(N=k) = v*01-v), k>0

- k=0 (D.3)
PW=k) = ¢1-v
(——)u* 11 —u), k>1
l1—-v

where 0 < v <u < 1.

It may be noted that there are interesting ways of expressing a geometric random
variable as the sum of two dependent random variables that are related to the form
expressed by (D.3). Let X ~ Geo(u), and let W be defined by the conditional

probability distribution
Py ix(kln) = (:) (1-b)""*% 0<k<n

It can be verified that W and NV = X — W are both geometrically distributed, with

W ~ Geo (—————Ub—) , N ~ Geo (M) .

1 —u+ub 1 —ub
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Thus a geometrically distributed random variable can be represented as a sum of two
geometrically distributed, but dependent, random variables.

Another interesting way to represent a geometrically distributed random variable
as the sum of two dependent random variables is based on Proposition B.2. which we
used to prove a lower bound for the A-timing capacity of discrete-time batch-arrival
batch-service queues in Proposition 3.5. For 0 < u < 1, let X ~ Geo (u), and let S
be any non-negative integer-valued random variable independent of X. Let

_u{l—os(u)}
71— uds(u)

where 0s(z) = E[z5] is the probability generating function of S. Note that 0 <
v < u < 1. From Proposition B.2, it can be verified that W = (X — S)* has the
same distribution as given in (D.3). W and N are dependent in general. but if S
is geometrically distributed, then N = X — W = min(X,S) is also geometrically
distributed and independent of W, in which case this partition becomes equivalent
to (D.3).

The above partition also leads to a analogous partition of an exponential random
variable into two dependent parts. Let X ~ Exp (1/u), and let S be any non-negative
random variable independent of X. Let ds(z) = E[e™*5]. Let a = u¢s(1l/u) and
b=u(l-0s(1/u)), so that u =a+b. Then W = (X — S)~ has the same distribution
as given in (D.1), although ¥ = X — W is not independent of I¥. Note that if S
is exponentially distributed, then N = X — W = min(X,S) is also exponentially

distributed and independent of W'.
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