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Neural networks are powerful but difficult to reason about. Understanding why a model

is stable, why it is trained effectively, or how it is being compressed without performance

degradation requires tools that go beyond inspecting weights or monitoring loss curves.

Linearization, which characterizes how a nonlinear system responds to small perturbations,

offers a principled foundation for these questions. While a well known tool in fields such as

control and dynamical systems, its potential as a unifying design and optimization language

for neural networks has remained largely unexplored. This dissertation develops lineariza-

tion as a dual framework for networks of neurons, addressing two complementary challenges:

1) Stability and hyperparameter sensitivity of Recurrent Neural Networks (RNNs), and 2)

Performance recovery of compressed generative diffusion models.

My thesis introduces the following contributions to the above goals. For RNNs, I use

linearization as a design target. By shaping the eigenvalue spectrum of the recurrent Jaco-

bian at initialization, I proposed to obtain networks whose dynamics remain stable across

a broad range of regimes, making FORCE-based training robust to network configuration

rather than confined to a narrow edge-of-chaos band. Turning from design to analysis,

I then show that the Lyapunov Exponent spectrum, a signature of a network’s long-run

dynamical behavior derived from its linearization, encodes rich information about model

performance. I introduce a representation learning approach that maps these spectra into a

compact latent space, enabling reliable cross-architecture performance prediction from early



in training and substantially reducing the cost of hyperparameter search. Building on this,

I further leverage the Lyapunov Spectrum distance as a more reliable proxy than loss-based

metrics for guiding automated search over pruned RNN variants, consistently identifying

better-performing configurations at lower computational cost.

For diffusion models, I demonstrate that Jacobian matching, aligning the input-output

derivatives between dense teacher and compressed student, provides an effective finetuning

signal that standard training objectives do not exploit. Since näıve Jacobian matching is

incompatible with diffusion training’s inherent noise injection, I develop a second-order ex-

tension inspired by finite-time Lyapunov exponents that resolves this incompatibility and

recovers generation quality after pruning. Together, these contributions establish lineariza-

tion as a versatile theoretical language for both analysis and deployment of neural networks.
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Chapter 1

INTRODUCTION

1.1 Motivation

Deep neural networks have transformed artificial intelligence by learning rich hierarchical

representations directly from data, achieving state-of-the-art performance across a wide

range of tasks, including image recognition [45, 85], natural language processing [1, 26,

175, 176], and generative modeling [92, 183, 208, 210]. Their expressive power stems from

composing many layers of nonlinear transformations, enabling them to capture complex

patterns that handcrafted features cannot. However, this same complexity makes neural

networks expensive to configure and deploy.

For Recurrent Neural Networks (RNNs), which reuse the same recurrent weights at

each step, the spectral regime fixed at initialization strongly shapes whether the hidden-

state dynamics vanish, explode, or remain well-conditioned. In approaches like FORCE

learning, where the recurrent weights remain fixed after initialization, the chosen spectral

regime governs the dynamics throughout training, so an initialization that is too quiescent

or too chaotic cannot be corrected by learning at all [212]. Choosing a stable initialization

is therefore a prerequisite for stable and robust training of an RNN. Even with a well-

conditioned initialization, however, it is only one of many hyperparameters that must be

selected. Other hyperparameters, such as architectures, hidden sizes, learning rates, and

regularization schemes, together span a large configuration space. Candidate in this space

must be evaluated by running a full training procedure, a process that scales poorly as

models grow in dimensions. The difficulty does not end once a satisfactory model has

been identified and trained. Both RNNs and diffusion models reuse the same network

across many steps. An RNN is applied across timesteps of the sequence it processes, and a

diffusion model is applied across the steps of its denoising trajectory. Therefore, the cost of

network inference is required to be applied over and over again with each step. For diffusion
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models, which rerun a heavy denoising backbone tens or hundreds of times to produce a

single sample, this is most acute. As a result, this makes them expensive to deploy, and thus

shrinking the model holds the potential to compound savings across the whole trajectory.

Network pruning, which removes redundant structure, is among the most effective tools

for model shrinking [61, 79, 132]. However, pruning raises two challenges of its own. The

first is that finding a good pruned model is non-trivial. Most pruned configurations lead to

performance degradation significantly. Identifying a strong configuration means searching

a large space of candidates whose quality can ordinarily be judged only by training each to

completion, precisely what one would like to avoid. The second is that the performance loss

due to pruning must be recovered. This is especially difficult for diffusion models whose

iterative denoising compounds the small per-step errors introduced by pruning into large

distortions in the final sample. This dissertation argues that linearization offers a principled

dual framework that addresses these challenges. From designing a stable initialization and

predicting which configurations will train well to searching for good pruned models and

recovering the most degraded performance, linearization and associated methods I have

introduced provide tools that reveal network’s behavioral properties without requiring full

training and thus supply direct optimization signals to guide training and compression.

Linearization studies how a nonlinear system responds to small local perturbations. In

neural networks, it is captured by the input Jacobian, the derivative of a network’s output

with respect to its input. In an autonomous system that does not require input (e.g.,

RNN), the output of each step is simply the next hidden state. In that case, the input

Jacobian becomes the derivative between consecutive hidden states. The eigenvalues of this

Jacobian indicate whether a perturbation grows, locally decays, or is preserved. The more

general case is a non-autonomous system, e.g., RNN driven by an input sequence. For such

networks, the effective update of the system changes at every step, and therefore no single

Jacobian captures its longtime behavior. Composing input Jacobians along the input-driven

trajectory and measuring their asymptotic growth rate yields the Lyapunov Exponents (LE),

which characterize the stability of the network’s dynamics [161, 239]. A similar situation

is in diffusion models. The same network is applied at every step but conditioned on the

denoising timestep as an extra input, so its effective transformation varies across a fixed,
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finite trajectory even though the network itself does not change. Applying the same idea

over this finite horizon led me to consider the Finite-Time Lyapunov Exponents (FTLE),

which measure the local rate of trajectory expansion or contraction over that window [199].

Together, these quantities make linearization a natural and unified lens for studying neural

network behavior across different architectures and tasks.

1.2 Summary of Research Contributions

The contributions of this dissertation are organized around four roles that linearization

plays, illustrated in Figure 1.1: design target for stable initialization, source of predictive

features, compass for pruning search, and optimization objective for compression. I detail

each role below.

The first role is as an initialization design target. Standard random initialization places

most Random Recurrent Neural Networks (RRNNs) in quiescent or chaotic regimes, where

existing training approaches such as FORCE succeed within this typically narrow edge-

of-chaos regime [212]. I propose R-FORCE (Robust-FORCE), which aims to establish an

optimal initialization that places the network in this regime. R-FORCE achieves such ini-

tialization by analyzing the eigenvalue spectrum of the recurrent Jacobian and identifying

structural patterns associated with successful training dynamics. Based on this analysis,

R-FORCE designs the initialization of the recurrent connectivity matrix according to four

generating principles that ensure the Jacobian eigenvalues remain within the stability re-

gion across a broad range of dynamic regimes. Integrating this initialization with FORCE

learning yields a training procedure that is robust to diverse network configurations and

consistently outperforms standard FORCE learning on sequential signal generation tasks

[CZ 1].

The second role is as a source of predictive features. Rather than designing the Jaco-

bian, I ask what information can be extracted from it. For RNNs, the Lyapunov Exponents

are derived by composing input Jacobians across time steps. They encode rich information

about the network’s dynamical behavior. A practical challenge is that LE spectra character-

istics vary in length across architectures since networks differ in hidden size, making direct

cross-architecture comparison difficult. I introduce AeLLE (Autoencoder Latent Lyapunov
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Figure 1.1: Overview of the four roles linearization plays across the contributions of this

dissertation. Role I (Design Target): the input Jacobian is shaped at initialization to pro-

mote stable training dynamics in recurrent networks [CZ 1]. Role II (Predictive Features):

Lyapunov Exponents serve as compact representations for predicting RNN performance

[CZ 2]. Role III (Dynamical Compass): the Lyapunov Spectrum distance between a dense

model and its pruned variants guides hyperparameter search [CZ 3]. Role IV (Optimiza-

tion Objective): second-order Jacobian matching inspired by FTLE [CZ 4] supervises the

finetuning of pruned diffusion models.

Exponent), a representation learning framework that embeds LE spectra of varying dimen-

sions into a fixed-size latent space via an autoencoder. The latent representation generalizes

across diverse RNN families and is available from the very beginning of training. I show that

AeLLE-based features outperform both direct LE features and loss-based metrics as early

predictors of final model performance, substantially reducing the cost of hyperparameter

and architecture selection [CZ 2].

The third role is as a dynamical compass for search. The Lyapunov Spectrum (LS)

distance between a dense model and a pruned variant measures how much pruning has

altered the network’s dynamical fingerprint. I show that this distance is a more reliable
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early proxy for final performance than loss-based metrics. This is since the LS distance

reflects structural changes to the network’s dynamics that the loss has not yet had time

to reveal. I introduce Hyperpruning (LSH), which reframes the search over pruned RNN

configurations as a hyperparameter optimization problem and integrates the LS distance as

a low-cost evaluation criterion within automated search. LSH identifies better-performing

pruned configurations at an order-of-magnitude lower computational cost than standard

methods and, in some cases, finds pruned variants that surpass the dense model [CZ 3].

The fourth role is as an optimization objective within the diffusion model compression

pipeline. For pruned diffusion models, aligning Jacobian-based quantities between a dense

teacher and a compressed student provides a supervision signal that the standard denoising

training objective cannot supply. I therefore develop 2ndMatch, a second-order Jacobian

matching method inspired by FTLE. Since näıve first-order Jacobian matching is redundant

with the standard denoising objective, 2ndMatch instead aligns the second-order sensitivity

of the pruned student with that of the dense teacher, providing a complementary supervision

signal that recovers generation quality across U-Net and Transformer architectures [CZ 4].

The key contributions of this dissertation are summarized as follows:

• I propose R-FORCE, an initialization framework for Random RNNs that designs

the recurrent connectivity matrix so that the Jacobian eigenvalues remain within the

stability region, making FORCE learning robust across diverse dynamic regimes [CZ

1].

• I introduce AeLLE, an autoencoder-based representation of RNN Lyapunov Exponent

spectra that predicts model performance across architectures from the very beginning

of training, enabling low-cost hyperparameter selection [CZ 2].

• I propose Hyperpruning (LSH), a Lyapunov Spectrum-guided hyperparameter search

algorithm for pruned RNNs that outperforms loss-based search strategies in both

result quality and computational efficiency [CZ 3].

• I develop 2ndMatch, a second-order Jacobian matching objective for finetuning pruned
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diffusion models, inspired by FTLE, which consistently improves generation quality

across U-Net and Transformer architectures [CZ 4].

1.3 Thesis Outline

The remainder of this dissertation is organized as follows. Chapter 2 introduces the theoret-

ical background underlying the contributions, including dynamical systems and Lyapunov

theory, recurrent neural networks, diffusion models, network pruning, and Jacobian-based

knowledge transfer. Chapter 3 surveys related work on RNN stability and hyperparameter

optimization, diffusion model compression, and Jacobian-based training methods. Chap-

ter 4 presents R-FORCE, the Jacobian eigenvalue shaping framework for robust training

of random recurrent neural networks [CZ 1]. Chapter 5 presents AeLLE, the Lyapunov

Exponent-based representation learning framework for predicting RNN performance across

architectures [CZ 2]. Chapter 6 introduces Hyperpruning and the LSH algorithm for Lya-

punov Spectrum-guided search over pruned RNN variants [CZ 3]. Chapter 7 develops 2nd-

Match, the FTLE-inspired second-order Jacobian matching approach for finetuning pruned

diffusion models [CZ 4]. Chapter 8 concludes the dissertation, summarizing the contribu-

tions and discussing directions for future work.
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Chapter 2

PRELIMINARIES

In this chapter, we cover the foundational concepts underlying this dissertation. We

introduce neural network models (RNNs, transformers, and diffusion models) and training

methods (FORCE learning), tools from dynamical systems theory and linearization (Lya-

punov Exponents and Finite-Time Lyapunov Exponents), and methods relevant to model

compression (knowledge distillation and network pruning).

2.1 Recurrent Neural Networks

Recurrent Neural Networks (RNNs) model temporal sequences by maintaining a hidden

state ht that evolves according to

ht+1 = fθ(ht, xt), (2.1)

where fθ is the recurrent update function parameterized by learnable weights θ. Different

RNN variants have different forms of fθ. Gated architectures such as LSTMs [95] and

GRUs [39] incorporate gates and memory cells, while the simple vanilla RNN [188] apply

a single affine transformation followed by a nonlinearity

ht+1 = ϕ(Whht +Wxxt + bh) (2.2)

with Wh the recurrent weight matrix, Wx the input projection, and ϕ(·) a nonlinear activa-

tion. The output at each timestep is typically

yt = Wyht + by. (2.3)

Figure 2.1 visualizes this computation. Each timestep reuses the same parameters to

update the hidden state and produce an output, forming a system where the same transfor-

mation is applied repeatedly over time steps. Since the transformation is repeatedly applied,
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Figure 2.1: Unfolding a recurrent neural network through time. The same set

of parameters is reused at each timestep to update the hidden state, and unfolding the

recurrence reveals the sequential chain of transformations applied to produce the output.

the behavior of the hidden state is governed by the Jacobian of fθ. Small perturbations may

shrink, grow, or remain marginally stable as they propagate through time. This sensitivity

to the recurrent dynamics makes RNNs expressive but also difficult to train such that im-

proper initialization or parameter choices can push the system into vanishing-, exploding-,

or edge-of-chaos regimes.

Understanding these dynamical properties provides a principled foundation for designing

stable initializations and improving the efficiency of RNN training.

2.1.1 Spectral Properties at Initialization

The dynamical regime of RNN at initialization is determined almost entirely by the spec-

trum of its recurrent weight matrix. For a vanilla RNN with update ht+1 = ϕ(at), where

at = Whht + Wxxt + bh is the pre-activation, the recurrent Jacobian that governs how a

perturbation propagates between consecutive hidden states is Jt = diag(ϕ′(at))Wh. Near

the origin, where the activation is close to linear and ϕ′(at) ≈ 1, this Jacobian reduces to

Wh itself. In such a case, the eigenvalues of the recurrent matrix govern whether small

perturbations locally grow or decay and link the spectral structure of Wh directly to the
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stability of the hidden-state dynamics introduced above.

When the recurrent connectivity is initialized randomly, this spectrum takes a strikingly

regular form. Consider an N ×N matrix Wh whose entries are drawn independently from

a zero-mean distribution with variance g2/N . As N → ∞, the circular law states that

the eigenvalues of Wh become asymptotically uniformly distributed over a disk of radius g

centered at the origin of the complex plane,

{λi(Wh)} N→∞−−−−→ Uniform
(
{z ∈ C : |z| ≤ g}

)
. (2.4)

This result, first established for the complex Gaussian (Ginibre) ensemble [64, 65] and later

shown to hold universally for arbitrary i.i.d. entries with finite variance [217], makes the

scaling parameter g a single, interpretable control knob: it is precisely the spectral radius

of Wh, the magnitude of its largest eigenvalue.

The spectral radius separates qualitatively distinct dynamical regimes. When g < 1, all

eigenvalues of Wh lie strictly inside the unit circle, so the linearization at the origin con-

tracts every perturbation and the network relaxes to a quiescent fixed point. When g > 1,

the origin becomes unstable, and activity grows until the saturating nonlinearity bounds it,

producing the rich, irregular activity that Sompolinsky et al. [205] identified as a transition

to chaos in randomly connected networks. The linear stability boundary, therefore, sits at

g ≈ 1, the so-called edge of chaos, where the network is most expressive while remaining

bounded. The precise onset of sustained chaos, however, is shifted to a larger gain: because

|ϕ′(at)| ≤ 1 for saturating activations such as tanh, the activation derivative reduces the

effective gain of the Jacobian Jt along a trajectory, so whether perturbations ultimately ex-

pand or contract is set not by the raw spectral radius of Wh but by the Lyapunov spectrum

of the full Jacobian product Jt · · · J1, the central object introduced in Section 2.5 and ana-

lyzed throughout this dissertation. The same spectral viewpoint underlies classical results

on the stability of large random systems [144], and structured connectivity, such as sparse

or excitatory-inhibitory matrices, deforms the circular law in predictable ways that further

shape the accessible dynamics [178].

This spectral picture is the foundation for the initialization method developed in Chap-

ter 4: rather than accepting the uniform disk that random initialization produces, R-FORCE
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reshapes the eigenvalue distribution of the recurrent matrix so that its dynamics remain sta-

ble and trainable across a far broader range of regimes than the narrow edge-of-chaos band.

2.2 FORCE Learning

Reservoir Computing. Reservoir computing is a framework for training recurrent net-

works in which the recurrent connectivity is randomly initialized and kept fixed throughout

training [104, 140]. The fixed recurrent network, called reservoir, is driven by an input

signal and produces high-dimensional nonlinear responses. Only the output weights that

read from the reservoir are trained. The reservoir weights remain fixed and are not updated.

Due to this setup, the training reduces to a linear regression problem, making it computa-

tionally efficient. A key assumption is that a randomly initialized reservoir with sufficiently

rich dynamics can, in principle, support the computation of any desired output through the

right choice of readout weights.

FORCE Learning. FORCE learning (First-Order Reduced and Controlled Error) [212]

extends reservoir computing by updating the output weights online using recursive least

squares (RLS), allowing the network to learn time-varying target signals. Consider a re-

current network with reservoir state r(t) ∈ RN and scalar output z(t) = w⊤r(t), where w

is the readout weight vector. At each timestep, FORCE computes the instantaneous error

between the output and the target signal f(t),

e(t) = z(t)− f(t), (2.5)

and updates both the running inverse correlation matrix P (t) ∈ RN×N and the readout

weights via the RLS rule:

P (t) = P (t− 1)− P (t− 1) r(t) r(t)⊤P (t− 1)

1 + r(t)⊤P (t− 1) r(t)
, (2.6)

w(t) = w(t− 1)− e(t)P (t) r(t). (2.7)

The matrix P (t) approximates the running inverse of the reservoir activity covariance, so

the weight update effectively normalizes the learning signal by the correlation structure of
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the reservoir. This one-step update follows from the Sherman–Morrison identity applied to

the running least squares objective and avoids the need to invert a matrix at each step.

Edge-of-Chaos Limitation. The success of FORCE learning is sensitive to the spectral

radius g of the recurrent weight matrix Wh. When g ≪ 1, the reservoir is quiescent:

activity decays rapidly, dynamics are too impoverished to support complex computations,

and FORCE fails to converge. When g ≫ 1, the reservoir is chaotic: activity diverges

exponentially, and the RLS updates cannot keep pace with the instability. FORCE learning

succeeds reliably only in a narrow regime near g ≈ 1, the so-called edge of chaos, where the

reservoir exhibits rich but bounded dynamics. This sensitivity to initialization motivates R-

FORCE, which designs the recurrent connectivity so that the Jacobian eigenvalues remain

within the stability region across a much broader range of dynamic regimes.

2.3 Transformers and Attention

Transformers model sequential data using self-attention, which allows each token to directly

interact with all others in the sequence [223]. The left side of Figure 2.2 illustrates the core

computation. Given an input sequence X ∈ RT×dmodel , where T is the sequence length and

dmodel is the embedding dimension, the model first projects each token into queries, keys,

and values via

Q = XWQ, K = XWK , V = XWV , (2.8)

where WQ, WK , and WV are learned projection matrices. Self-attention then computes

pairwise similarity scores QK⊤, converts them into attention weights using a softmax, and

forms weighted mixtures of the value vectors

Attention(Q,K, V ) = softmax

(
QK⊤
√
dk

)
V. (2.9)

This operation enables the model to contextualize each token by aggregating information

from all positions in the sequence.
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Multi-Head Attention and Transformer Layers. To capture multiple interaction

patterns simultaneously, transformers apply several attention heads in parallel

MHA(X) = Concat(head1, . . . ,headh)WO, (2.10)

where WO is an output projection. The right panel of Figure 2.2 shows how multi-head at-

tention is integrated into a full transformer layer which consists of multi-head self-attention

(MHA), a positionwise feedforward network (FFN), residual connections and layer normal-

ization. Formally, for hidden representation H(ℓ) at layer ℓ:

H(ℓ+1/2) = H(ℓ) + MHA
(

LN(H(ℓ))
)
, (2.11)

H(ℓ+1) = H(ℓ+1/2) + FFN
(

LN(H(ℓ+1/2))
)
. (2.12)

From NLP to Vision. While transformers originally were proposed for machine transla-

tion [223], they have become the dominant architecture across many domains. In computer

vision, the Vision Transformer (ViT) [51] demonstrated that patch-based self-attention

achieves strong image classification performance without any convolutional structure. Sub-

sequent work has extended transformers to object detection [28], segmentation [252], and

video understanding [20]. Of particular relevance to this dissertation, transformer-based

architectures have been adapted as backbones for diffusion models. Further developments

in the Diffusion Transformer (DiT) [169] provide an alternative to the U-Net denoising net-

work with a transformer and achieve state-of-the-art image generation quality, making it

one of the architectures targeted by the compression method studied in Chapter 7.

2.4 Diffusion Generative Models

Diffusion generative models are closely related to score-based generative modeling [210]. A

central idea in these models is to characterize the data distribution pdata(x) through its

score function, defined as the gradient of the log-density with respect to the data

s(x) = ∇x log pdata(x), (2.13)

rather than by its density directly. The score points in the direction of increasing data den-

sity at any given point x and can be used to generate samples via Langevin dynamics [234].
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Figure 2.2: Self-attention and transformer layer. Left: Self-attention mechanism.

Each input token is projected into query, key, and value vectors. Query–key similarities

determine attention weights, which produce weighted mixtures of the value vectors. Right:

A transformer block consisting of multi-head attention followed by a feedforward network,

each wrapped with residual connections and layer normalization.

Starting from random noise x0 ∼ N (0, I), iteration of

xk+1 = xk +
δ

2
s(xk) +

√
δ zk, zk ∼ N (0, I), (2.14)

converges in distribution to pdata(x) as δ → 0 and k → ∞. A central challenge is that

s(x) = ∇x log pdata(x) is unknown since we only have access to samples from pdata, not the

density itself.
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Score Matching. Score matching [99] estimates the score directly from data by minimiz-

ing the expected squared difference between the model score sθ(x) and the true score

LSM(θ) = Ex∼pdata

[
∥sθ(x)−∇x log pdata(x)∥2

]
. (2.15)

While the true score is unknown, Hyvärinen shows that this objective is equivalent (up to

a constant) to

LSM(θ) = Ex

[
tr(∇xsθ(x)) + 1

2 ∥sθ(x)∥2
]
, (2.16)

which can be minimized from the samples alone. Computing the trace of the Jacobian

∇xsθ(x) requires a backpropagation pass for each output dimension, making it prohibitively

expensive for high-dimensional data. Two scalable alternatives address this bottleneck.

Sliced Score Matching (SSM) [209] approximates the trace using random projection. For a

random vector v ∼ N (0, I), the identity Ev[v⊤∇xsθ(x) v] = tr(∇xsθ(x)) allows replacement

of the full trace with a single vector-Jacobian product, reducing cost to O(1) passes regard-

less of dimension. The other alternative is Denoising Score Matching, which sidesteps the

Jacobian entirely and is more widely adopted in practice due to its simplicity and efficiency.

Denoising Score Matching. Denoising score matching (DSM) [224] avoids Jacobian

computation by perturbing the data with Gaussian noise. Given a noise level σ, consider the

perturbed distribution qσ(x̃ | x) = N (x̃; x, σ2I). The score of this perturbed distribution

is tractable:

∇x̃ log qσ(x̃ | x) = − x̃− x
σ2

= − ϵ
σ
, ϵ =

x̃− x
σ

. (2.17)

DSM trains a network sθ(x̃, σ) to match this tractable score:

LDSM(θ) = Ex∼pdata, x̃∼qσ(·|x)

[∥∥∥∥sθ(x̃, σ) +
x̃− x
σ2

∥∥∥∥2
]
, (2.18)

which is equivalent to training the network to predict the normalized noise ϵ/σ from the

corrupted sample x̃.

NCSN: Multi-Scale Score Matching. A single noise level σ is insufficient. Small

σ gives an accurate score near the data manifold but insufficient coverage of low-density
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regions, while large σ covers the full space but yields an inaccurate score. Noise Conditional

Score Networks (NCSN) [208] address this by training a single network sθ(x, σ) across a

geometric sequence of noise levels σ1 > σ2 > · · · > σL with a weighted objective

LNCSN(θ) =
1

L

L∑
i=1

λ(σi)Ex, x̃

[∥∥∥∥sθ(x̃, σi) +
x̃− x
σ2i

∥∥∥∥2
]
, (2.19)

where the weighting λ(σi) = σ2i balances the magnitude of the score across scales. Genera-

tion then uses annealed Langevin dynamics in which Langevin steps are run at each noise

level from large to small. This gradually refines the sample toward the data distribution.

Such a denoising framework naturally corresponds to the structure of diffusion models.

In the forward process, clean data x0 is progressively perturbed into near-Gaussian noise

through a sequence of noise-injection steps. A diffusion model learns the reverse transitions,

producing an iterative denoising trajectory

xt−1 = gθ(xt, t) (2.20)

gradually reconstructing the data distribution. Figure 2.3 illustrates this forward–reverse

structure.

Example: DDPM Reverse Transition. In Denoising Diffusion Probabilistic Models

(DDPM) [92], the forward process is defined as

xt =
√
ᾱt x0 +

√
1− ᾱt ϵ, ϵ ∼ N (0, I), (2.21)

with αt a per-step variance schedule and ᾱt =
∏t

i=1 αi its cumulative product. The model

learns to predict the injected noise via a neural network ϵθ(xt, t), enabling a closed-form

Gaussian reverse step

xt−1 =
1
√
αt

(
xt −

1− αt√
1− ᾱt

ϵθ(xt, t)

)
+ σtz, z ∼ N (0, I), (2.22)

where σt controls the stochasticity of the reverse transition. A useful property of this forward

process is that xt can be sampled directly from x0 in closed form without simulating all

intermediate steps, since the Gaussian noise accumulates analytically. This makes training

efficient: rather than running the full Markov chain, each training step samples a random

timestep t, corrupts a clean example to obtain xt in one shot, and trains the network to

predict the added noise ϵ.
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Figure 2.3: Forward and reverse diffusion. Data is gradually perturbed into noise in

the forward process, and the learned reverse process reconstructs the sample through a

multi-step denoising trajectory, making diffusion sampling computationally expensive. The

forward and reverse illustrations use two CC0 images from Wikimedia Commons, “Siberian

Husky (Unsplash).jpg” and “Siberian-husky-1291343 1920.jpg,” respectively. The interme-

diate noisy images were synthetically generated by the author.

Network Architecture. The noise-prediction network ϵθ(xt, t) must process inputs at

many noise levels, so it is conditioned on the timestep t via a time embedding (typically

a sinusoidal encoding passed through a small MLP). The dominant backbone architecture

is the U-Net [185], which uses an encoder-decoder structure with skip connections between

matched resolution levels, allowing the network to combine coarse semantic features with

fine spatial details during denoising. More recently, the Diffusion Transformer (DiT) [169]

replaces the U-Net with a transformer that operates on image patches, injecting the timestep

and class conditioning through adaptive layer normalization. Both the U-Net and DiT

backbones are targeted by 2ndMatch, which is designed to be architecture-agnostic.

Modern Diffusion Models. Modern diffusion models build on the basic DDPM frame-

work, incorporating several advances to achieve practical, high-quality generation. Rather

than operating in pixel space, Latent Diffusion Models (LDMs) [183] run the diffusion pro-

cess in a compact latent space: a pretrained VAE encoder E first compresses an image x

into a low-dimensional representation z0 = E(x) ∈ Rdz with dz ≪ dx, and the VAE decoder
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D reconstructs the final image as x̂ = D(z0) after denoising. For text-to-image genera-

tion, a pretrained text encoder τϕ (typically CLIP [173]) maps a prompt y to a sequence

of embeddings c = τϕ(y) ∈ RTc×dc , which are injected into the denoising network via cross-

attention to produce a conditioning-aware noise prediction ϵθ(zt, t, c). To further strengthen

prompt alignment at inference time, classifier-free guidance (CFG) [94] interpolates between

conditional and unconditional prediction

ϵ̃θ(zt, t, c) = ϵθ(zt, t,∅) + w
(
ϵθ(zt, t, c)− ϵθ(zt, t,∅)

)
, (2.23)

where ∅ denotes null conditioning and w > 1 is a guidance scale that trades sample diversity

for prompt fidelity.

Inference Cost and Compression. Diffusion models consistently outperform single-

pass generative models such as VAEs [113] and GANs [68] on image fidelity, diversity, and

text alignment, making them the dominant paradigm for high-quality image synthesis. This

quality advantage comes at a cost: generating a single sample requires iterating the denoising

network for 50 to 100 or more steps, making inference substantially slower than single-pass

alternatives. Reducing this cost through network pruning is practically important, but

challenging: since the same network is applied at every denoising step, per-step errors

accumulate along the trajectory, so a pruned model that appears close to the dense model

at each step may still produce significantly distorted final samples. Quality recovery after

pruning is therefore non-trivial, and motivates the method developed in Chapter 7.

Evaluation Metrics. Three metrics are commonly used to evaluate generative model

outputs. Inception Score (IS) [193] evaluates generated images using a pretrained Inception-

v3 classifier by measuring two properties simultaneously. Each generated image should be

confidently classifiable (low entropy of p(y | x)), and the overall set of generated images

should cover diverse categories (high entropy of the marginal p(y) = Ex[p(y | x)]). IS is

defined as

IS = exp
(
Ex

[
DKL

(
p(y | x) ∥ p(y)

)])
, (2.24)
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where higher IS indicates better quality and diversity. However, IS does not compare gen-

erated images to real images, making it insensitive to mode dropping. Fréchet Inception

Distance (FID) [88] addresses this by measuring the statistical distance between the distri-

butions of real and generated images in Inception-v3 feature space. Both distributions are

modeled as Gaussians with mean µ and covariance Σ, and FID is computed as

FID = ∥µr − µg∥2 + Tr
(

Σr + Σg − 2(ΣrΣg)1/2
)
, (2.25)

where subscripts r and g denote real and generated sets, respectively. A lower FID indicates

that the generated distribution is closer to the real one, and it has become the standard

metric for unconditional and class-conditional generation. For text-to-image generation,

CLIP score [87] measures the semantic alignment between a generated image and its text

prompt as the cosine similarity between their CLIP [173] embeddings, with higher values

indicating better prompt fidelity. These metrics are used throughout the experimental

evaluations in this dissertation; see Appendix A.1 for the full mathematical derivation of

the DDPM training objective.

2.5 Dynamical Systems and Lyapunov Theory

The eigenvalues of the recurrent matrix (Section 2.1.1) characterize single-step stability

in the linear regime at initialization. The tools in this section extend the eigenvalues to

characterize the asymptotic, input-driven behavior of the full nonlinear system. Dynamical

systems theory provides a mathematical framework for understanding how a state evolves

over time. In discrete time, a system is written as

xt+1 = f(xt, t), (2.26)

and in continuous time as
dx(t)

dt
= f(x(t), t), (2.27)

where f specifies the evolution rule. Both RNNs and diffusion models are discrete-time

systems. RNNs update their hidden state step by step over the input sequence, and diffusion

models iterate the denoising network over a fixed number of timesteps. The discrete-time

formulation, therefore, applies directly to both.
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A central distinction is whether the update rule depends explicitly on time. In a time-

invariant system, the same transformation is applied at every step,

xt+1 = f(xt), (2.28)

and long-term behaviors (convergence to equilibria, oscillations, or chaotic attractors) arise

entirely from the structure of f . RNNs are a canonical example: the recurrent update

ht+1 = fθ(ht, xt) uses the same parameters θ at every timestep, and the temporal input xt

acts as an external driving signal rather than changing the dynamics itself. In contrast, a

time-dependent system evolves according to a rule that changes with time, xt+1 = f(xt, t).

Diffusion models fall into this category: the denoising network ϵθ(xt, t) is explicitly con-

ditioned on the timestep t, so the effective transformation applied to the state changes at

every step along the denoising trajectory. Since the dynamics evolve with t, stability must

often be evaluated over finite windows rather than asymptotically, which motivates the

Finite-Time Lyapunov Exponents introduced later in this section.

To study sensitivity to small perturbations, one examines the input Jacobian of the

dynamics,

Jt =
∂f(xt, t)

∂xt
, (2.29)

which linearizes the evolution of an infinitesimal deviation δxt

δxt+1 ≈ Jt δxt. (2.30)

Eigenvalues of Jt indicate whether perturbations locally expand, contract, or remain neutral

around a given state. For an RNN, Jt = ∂fθ/∂ht has the same functional form at every

step as the parameters do not depend on t, while its value still varies as the state and input

evolve. For a diffusion model, Jt = ∂ϵθ(xt, t)/∂xt depends explicitly on the timestep t and

the transformation itself changes at every denoising step.

Lyapunov Exponents (LE). For time-invariant systems such as RNNs, one can char-

acterize the long-run sensitivity by composing the input Jacobians across all timesteps and

measuring their asymptotic growth rate. The Lyapunov exponent in a direction v0 is defined
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as

λ = lim
T→∞

1

T
log ∥JT−1 · · · J1J0 v0∥ , (2.31)

where v0 is an initial perturbation direction. With a generic random v0, this converges

almost surely to the largest exponent λ1, since the most expanding direction dominates

exponentially. As shown in Figure 2.4, a positive exponent signifies exponential divergence

and chaotic behavior, while a negative exponent indicates contraction toward stable modes.

This definition has two practical limitations. First, directly computing the product

JT−1 · · · J0 causes numerical overflow for large T , and it only reveals the largest exponent

rather than the full spectrum. Both issues are resolved by the QR algorithm, which peri-

odically re-orthogonalizes the basis by decomposing

JtQt = Qt+1Rt+1, (2.32)

where the columns of Qt track the most expanding directions without overflow, and the

diagonal entries of Rt record the instantaneous expansion factor in each direction after

removing contributions from directions already accounted for. The kth Lyapunov exponent

is then recovered as the average log expansion in the kth direction

λk =
1

T

T∑
t=1

log r
(k)
t , (2.33)

with r
(k)
t the kth diagonal entry of Rt. The collection {λ1, . . . , λn} is the Lyapunov spec-

trum, providing a multidimensional fingerprint of the RNN’s dynamical regime. All-negative

exponents indicate a stable, contracting system. Largest exponent near zero indicates the

edge-of-chaos regime, and positive exponents indicate chaotic, diverging dynamics.

Random Dynamical Systems and Input-Driven RNNs. Lyapunov exponents de-

fined above are properties of a long product of Jacobians,

Tt = Jt−1Jt−2 · · · J0, (2.34)

and for them to be well defined this product must possess a stable asymptotic growth rate.

For a measure-preserving (autonomous) system, Oseledets’ multiplicative ergodic theorem
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guarantees that the limit

Λ = lim
t→∞

(
T⊤
t Tt

) 1
2t

(2.35)

exists and the Lyapunov exponents are the logarithms of its eigenvalues, λk = log µk(Λ),

which take the same value for almost every initial condition and perturbation direction

within an ergodic component [162, 187].

An input-driven RNN, however, is not autonomous in the usual sense. While the recur-

rent map is time-invariant with its parameters fixed, each Jacobian

Jt = diag
(
ϕ′(at)

)
Wh, at = Whht +Wxxt + bh, (2.36)

depends on the pre-activation at and therefore on the external input xt. Thus, the product

Tt = Tt(x0, . . . , xt−1) itself is a function of the input sequence and changes from one input to

the next. The appropriate framework is then the framework of random dynamical systems

theory. When the inputs are drawn from a stationary, ergodic process, xt ∼ µx, the driven

network forms a random dynamical system, and the multiplicative ergodic theorem extends

to this setting [187, 63]. In particular, the limit

λk = lim
t→∞

1

t
log σk(Tt) (2.37)

exists for µx-almost every input realization and takes the same value regardless of which

realization is drawn, where σk(Tt) denotes the kth singular value of Tt. The Lyapunov

spectrum is therefore an intrinsic property of the network together with its input distribu-

tion, not an artifact of any single input sequence, which is what makes it a reproducible

signature of a trained RNN. In practice, it is computed by evolving the QR recursion

above along one long input-driven trajectory and averaging the per-step log expansions,

λk = 1
T

∑T
t=1 log r

(k)
t [227].

Finite-Time Lyapunov Exponents (FTLE). For time-dependent systems such as dif-

fusion models, the Lyapunov exponent definition does not apply for two reasons: 1) The

denoising trajectory has a fixed finite length, so the limit T →∞ cannot be taken. 2) Even

within that fixed window, the dynamics change at every step as the timestep t advances.



22

Thus, there is no single repeated transformation whose asymptotic behavior can be charac-

terized. Finite-Time Lyapunov Exponents (FTLE) instead quantify sensitivity over a finite

time window, making them a natural tool for analyzing the diffusion denoising chain. Given

a starting point x(t0) and a time horizon t1, the flow map

Φt0+t1
t0

(x(t0)) = x(t0) +

∫ t0+t1

t0

f(x(τ), τ) dτ (2.38)

describes the state after evolving for time t1. For a nearby point x′(t0) = x(t0) + v(t0), a

first-order Taylor expansion yields

v(t0 + t1) ≈
dΦt0+t1

t0

dx
v(t0), (2.39)

so the perturbation is stretched by the Jacobian of the flow map. The associated finite-time

Cauchy–Green deformation tensor is

C = J⊤J, J =
dΦt0+t1

t0

dx
, (2.40)

and the FTLE is defined as the maximum rate of stretching over the interval:

Λt1
t0

(x) =
1

t1
ln
√
λmax(C). (2.41)

Applied to diffusion models, FTLE measure how sensitive the final denoised output is to

perturbations injected at an intermediate denoising step, capturing the compounding effect

of the time-varying network across the trajectory. This perspective directly inspires the

second-order Jacobian matching objective developed in Chapter 7.

2.6 Knowledge Distillation

Knowledge distillation (KD) [90] is a training strategy in which a smaller student model

learns to mimic the behavior of a larger pretrained teacher model. Rather than training

with ground-truth labels, the student uses a richer supervision encoded in the teacher’s

output distributions and internal representations. Such an approach enables comparable

performance but with lower computational cost.
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Figure 2.4: Local sensitivity in a dynamical system. Three initially close points (A,

B, C) evolve under a time-varying flow field. Although their starting positions differ only

slightly, the resulting trajectories (A′, B′, C′) diverge rapidly, especially near separatrices

where the flow exhibits strong deformation. Such divergence motivates the use of Lyapunov-

based measures to quantify stability and sensitivity [199].

Standard Knowledge Distillation. In the original formulation, the student is trained

to match the teacher’s softened output probabilities (soft labels) by minimizing the KL

divergence between their distributions at a common temperature τ :

LKD = τ2DKL

(
σ

(
zt

τ

) ∥∥∥∥σ(zsτ
))

, (2.42)

where zt and zs are the teacher’s and student’s logits and σ denotes the softmax. Raising the

temperature τ softens both distributions, exposing the relative similarity structure among

classes that a hard argmax would discard. The final training loss is typically a weighted

combination of this distillation term and the task-specific supervised loss on ground-truth

labels (e.g., cross-entropy for classification).
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Feature-Level Distillation. Standard KD constrains only the final output layer. Feature-

level distillation [184] extends supervision to intermediate activations, providing a denser

signal that captures how the teacher structures its internal representations at different levels

of abstraction. Let htℓ(x) ∈ Rdℓ and hsℓ(x) ∈ Rd′ℓ denote the teacher’s and student’s acti-

vations at layer ℓ. Since teacher and student may differ in width, a learned linear adapter

Aℓ ∈ Rdℓ×d′ℓ aligns the student’s representation to the teacher’s dimension, and the feature

distillation loss is

Lfeat =
∑
ℓ

∥∥htℓ(x)−Aℓ h
s
ℓ(x)

∥∥2. (2.43)

Minimizing this loss across multiple layers encourages the student to not only reproduce

the teacher’s final predictions but also to develop similar intermediate representations.

Derivative-Level Distillation. Both output matching and feature matching constrain

the student only at observed data points, leaving it free to deviate arbitrarily in their

neighborhoods. Sobolev training [42] addresses this by augmenting the distillation objective

with terms that match the teacher’s derivatives up to order K:

LSob =
∥∥f t(x)− f s(x)

∥∥2 + λ1
∥∥J t(x)− Js(x)

∥∥2
F

+ λ2
∥∥Ht(x)−Hs(x)

∥∥2
F

+ · · · , (2.44)

where J = ∂f/∂x is the Jacobian and H = ∂2f/∂x2 is the Hessian. Matching k-th order

derivatives constrains the student to agree with the teacher in a local neighborhood of each

data point rather than only at the point itself, providing richer supervision per sample and

making the approach especially effective when calibration data is limited. In practice, the

most commonly used term is the first-order one, Jacobian matching (J t(x) ≈ Js(x)), which

aligns the input-output sensitivity of teacher and student. Figure 2.5 illustrates why this is

valuable: with only a small number of calibration points, output matching is underdeter-

mined, and many student functions interpolate the data while diverging elsewhere. Jacobian

matching resolves this by constraining the slopes at each point (Solution 2 in the figure). An

equivalent approach is to match outputs at noise-perturbed inputs (Solution 1): expanding

around a clean input x with perturbation δ ∼ N (0, σ2I) and taking the expectation gives

Eδ

[∥∥f t(x+ δ)− fs(x+ δ)
∥∥2] ≈ ∥∥f t(x)− f s(x)

∥∥2 + σ2
∥∥J t(x)− Js(x)

∥∥2
F
, (2.45)

so the two solutions in Figure 2.5 are equivalent to first order in σ.
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Figure 2.5: Jacobian matching is equivalent to output matching with input noise.

With limited calibration points, many student functions (pink) fit the teacher (blue) at

the observed locations but diverge elsewhere (top two rows). Matching outputs at noise-

perturbed inputs (Solution 1) enforces consistency in a neighborhood around each point;

directly matching input Jacobians (Solution 2) achieves the same effect, since the two ob-

jectives are equivalent to first order in the noise magnitude.

2.7 Network Pruning

Network pruning reduces inference cost and memory footprint by removing redundant pa-

rameters from a trained model. Formally, given a pretrained network fθ with p structural

units and a calibration dataset D, pruning seeks a binary mask m ∈ {0, 1}p that solves

min
m∈{0,1}p

L(fθ⊙m; D) subject to ∥m∥0 ≤ k, (2.46)

where θ ⊙ m denotes the parameters with pruned units zeroed out, and k is the target

sparsity budget. This is a combinatorial problem over an exponentially large search space,
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Figure 2.6: Unstructured, neuron-level, and filter-level structured pruning. Unstructured

pruning removes individual weights (left), neuron pruning removes whole neurons in fully

connected layers (middle), and filter pruning removes entire convolutional filters (right).

Structured sparsity forms dense, hardware-friendly subnetworks that enable speedups in

CNNs and diffusion models.

and practical methods approximate it through different pruning criteria or relaxations.

Unstructured and Structured Pruning. Pruning methods differ in what they remove.

Unstructured pruning zeros out individual weights wherever they are least important, pro-

ducing sparse weight tensors [80]. High sparsity ratios are achievable with minimal quality

loss, but irregular sparsity patterns are not efficiently supported by standard hardware ac-

celerators, which are optimized for dense matrix operations. Structured pruning removes

entire structural units such as convolutional filters, attention heads, or transformer lay-

ers, so the pruned model remains dense and executes efficiently without specialized sparse

kernels [122]. Because the methods studied in this dissertation target large-scale image

generation, where inference latency on standard hardware is the primary bottleneck, the

focus is on structured pruning.

Pruning Criteria. The choice of criterion determines which units are removed. Magnitude-

based criteria [80, 122] remove units whose weights have the smallest norm, relying on the

assumption that small weights contribute little to the output. Regularization can reinforce
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this assumption during training: an ℓ1 penalty λ∥w∥1 drives individual weights exactly to

zero [134], while ℓ2 regularization λ∥w∥22 (weight decay) shrinks weights toward zero without

zeroing them. For structured pruning, group sparsity regularization λ
∑

g ∥wg∥2 encourages

entire filters or attention heads to vanish simultaneously [235], making the subsequent prun-

ing step more reliable. More principled criteria [152] estimate the effect of removing unit i

by applying a Taylor expansion to the loss change:

∆Li = L(θ)− L(θ; wi = 0) ≈ −giwi +
w2
i

2
Hii, (2.47)

where gi = ∂L/∂wi and Hii = ∂2L/∂w2
i are the gradient and Hessian diagonal at weight

wi. Keeping only the first-order term gives the criterion |∆Li| ≈ |giwi|; including the

second-order term gives ∆Li ≈ g2i /(2Hii), which is the basis of the classical Optimal Brain

Damage [120] approach.
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Chapter 3

RELATED WORK

3.1 RNN Stability and Initialization

Recurrent neural networks have been a foundational architecture for modeling sequential

data, achieving strong results in language modeling [15, 149], machine translation [214, 8],

speech recognition [71, 72], music generation [70, 182], and time series prediction [89, 195]

before the rise of transformers. Their core appeal is the ability to maintain and update

a hidden state across arbitrarily long input sequences, making them natural models for

temporal dependencies. RNNs are trained by backpropagation through time (BPTT) [236],

which unrolls the recurrence and propagates gradients backward through each timestep.

Because this backward pass repeatedly multiplies by the recurrent weight matrix, gradients

tend to shrink or grow exponentially with the sequence length, the well-known vanishing

and exploding gradient problem that makes long-range dependencies difficult to learn [16,

167]. Gated variants such as Long Short-Term Memory (LSTM) [95] and Gated Recurrent

Units (GRU) [39] were introduced specifically to address this difficulty, using learned gate

mechanisms to control information flow and mitigate these gradient pathologies. Despite

these advances, training RNNs reliably remains challenging, and a key source of difficulty is

initialization: the choice of initial weights determines whether the recurrent dynamics are

well-conditioned from the outset, and poor initialization can prevent learning even when

the architecture and optimizer are otherwise appropriate.

In deep feedforward networks, initialization research established that weights should be

scaled to balance signal variance across layers. Xavier initialization [66] derived the appro-

priate scale for saturating activations such as tanh and sigmoid, while He initialization [84]

extended the analysis to ReLU networks. Orthogonal initialization [196] and the related

concept of dynamical isometry [170] further showed that preserving singular values of the

input-output Jacobian near one is a stronger condition that accelerates learning in deep
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linear and nonlinear networks. These principles share a common assumption: each weight

matrix is applied once per forward pass, so the analysis reduces to ensuring layer-to-layer

variance is balanced.

This assumption breaks down entirely for recurrent networks. In an RNN, the recurrent

weight matrix Wh is applied at every timestep, so a forward pass of length T involves the

product W T
h . Even a slight deviation of the spectral radius from one causes this product to

either explode or vanish exponentially with T , regardless of how carefully the initial vari-

ance was calibrated [16, 167]. Pascanu et al. [167] made this gap explicit by showing that

the gradient of the loss with respect to early hidden states involves a product of T Jaco-

bians, and that the conditions for stable gradient flow in RNNs are therefore fundamentally

stricter than those for feedforward networks: the spectral radius of the recurrent Jacobian

must remain near one, not just at initialization but throughout training. Standard feed-

forward initialization heuristics provide no such guarantee, motivating the spectral control

and dynamical stability methods described below.

The responses to this challenge fall into two broad categories. The first applies direct

algorithmic fixes: gradient clipping and normalization [167, 36, 70] prevent the most dam-

aging gradient explosions but leave the underlying spectral instability unaddressed. The

second, more principled category treats spectral control as a design constraint. Orthogonal

and unitary parameterizations constrain the recurrent weight matrix so that its eigenval-

ues lie on the unit circle, ensuring that the recurrent Jacobian is norm-preserving at every

step [5, 238, 147, 86, 229, 141, 118, 148]. The spectral distribution in the complex plane has

been identified as a direct indicator of stability: networks whose Jacobian eigenvalues cluster

near the unit circle exhibit well-conditioned long-horizon dynamics [75, 117]. A complemen-

tary structural approach designs the recurrent update to correspond to a stable numerical

discretization of an ordinary differential equation: antisymmetric RNNs [30] enforce purely

imaginary eigenvalues by construction, and coupled oscillatory architectures [189] draw on

Hamiltonian structure to obtain conservative dynamics that neither grow nor decay.

A distinct line of work sidesteps recurrent training instability by fixing the recurrent

connectivity entirely. In reservoir computing, a randomly initialized recurrent network

drives a learned linear readout, reducing training to a convex regression problem [104, 140].
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FORCE learning extends this framework with online recursive least-squares updates on

the readout, enabling the network to track complex time-varying targets [212]. Despite its

efficiency, FORCE succeeds reliably only in a narrow dynamical regime near the edge of

chaos, where the spectral radius of the recurrent matrix is close to one, and the reservoir

exhibits rich but bounded activity [212, 47]; small deviations from this regime cause learning

to diverge or stall. R-FORCE addresses this sensitivity by actively shaping the Jacobian

eigenvalue distribution to maintain stable, expressive dynamics across a much broader range

of initializations.

3.2 Hyperparameter Search

The preceding section showed that initialization, viewed through a dynamical systems lens,

can be designed with principled theoretical guarantees: conditions such as spectral radius

constraints and dynamical isometry provide clear criteria for well-conditioned recurrent dy-

namics. Initialization is, however, just one of many design choices that must be specified

before training, and it is the exception rather than the rule in having such theoretical foun-

dations. Learning rate schedules, regularization strengths, batch sizes, optimizer settings,

and architectural dimensions such as layer width and depth are equally consequential but

far less amenable to principled design: their effect on performance is task-dependent, non-

monotonic, and difficult to predict without empirical evaluation. When all of these choices

are considered jointly, the space of possible configurations is combinatorially large, and the

theoretical tools used to analyze initialization do not carry over. Hyperparameter optimiza-

tion (HPO) addresses this by treating configuration selection as a search problem, with the

goal of identifying settings that maximize validation performance under a fixed computa-

tional budget [18, 202, 97, 24]. As models scale and training runs grow more expensive,

the cost of HPO itself increasingly dominates overall compute, making the efficiency of the

search procedure a first-order concern [24, 177].

The simplest proposal strategies, grid search and random search, evaluate configurations

drawn from a predefined grid or uniformly at random; random search has been shown to

offer better coverage in high-dimensional spaces for the same number of evaluations [18].

Bayesian optimization (BO) improves sample efficiency by fitting a probabilistic surrogate
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model to the history of evaluations and selecting new candidates through an acquisition

function that balances exploration and exploitation [202, 97, 203]. Tree-structured Parzen

Estimators (TPE) and their adaptive extensions are widely integrated into practical HPO

and AutoML frameworks [17, 219, 53]. Evolutionary and population-based methods jointly

optimize hyperparameters and model weights across a population of candidates; Population-

Based Training (PBT) has become prominent in reinforcement learning and large-scale

supervised settings [103, 52, 44].

A key bottleneck shared by all these approaches is that each configuration must be eval-

uated by training a model, which is expensive. Multi-fidelity HPO mitigates this by exploit-

ing cheap low-fidelity approximations (fewer training epochs, subsampled data, or reduced

model size) to eliminate unpromising candidates early and reserve full-budget evaluations

for the most promising ones [23, 123, 58]. Successive Halving and Hyperband formalize

this as a bandit-style resource allocation problem [123], and BOHB combines this schedul-

ing with Bayesian optimization [58]. Learning curve extrapolation methods go further by

predicting final performance directly from early training trajectories, enabling termination

decisions without even completing a low-fidelity run [50, 114]. Recent extensions address

multi-objective and resource-aware settings that balance accuracy against runtime, memory,

or energy costs [153], as well as meta-learning strategies that warm-start the search using

knowledge transferred from related tasks [177, 98].

Proxy-based and zero-cost methods take the efficiency argument further by predicting

model performance from properties computed at or near initialization, sidestepping training

entirely. In the neural architecture search (NAS) literature, zero-cost proxies such as the

gradient signal (SNIP [121]), the gradient-Hessian product (GraSP [231]), the path-norm

(SynFlow [216]), and kernel-based separability scores [35] score architectures from a single

forward-backward pass. For recurrent architectures, however, existing proxies are limited

because they treat the network as a static function and ignore the temporal structure of

RNN dynamics. AeLLE and Hyperpruning address this gap by using Lyapunov spectra as

structured performance proxies that capture the dynamical regime of the network from early

in training, providing a principled and computationally efficient basis for hyperparameter

and architecture selection.
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3.3 Representation Learning

Representation learning seeks to map raw, high-dimensional observations into lower-dimensional

features that expose the underlying explanatory factors of the data, making them easier to

compare and to reuse across downstream tasks [14]. Classical methods approach this with

fixed, largely unsupervised criteria. Principal component analysis (PCA) projects data onto

the orthogonal directions of greatest variance, yielding the optimal linear embedding in a

least-squares sense [106], and kernel PCA extends this to nonlinear structure by solving the

same eigenproblem in a reproducing-kernel feature space [197]. Manifold learning meth-

ods instead assume the data lie near a low-dimensional manifold and seek coordinates that

preserve its local geometry, including Isomap, which preserves geodesic distances [218], lo-

cally linear embedding, which reconstructs each point from its neighbors [186], Laplacian

eigenmaps, which preserve neighborhood structure through the graph Laplacian [12], and t-

SNE, which matches a probabilistic notion of neighborhood similarity for visualization [221].

These approaches are powerful but typically produce a fixed embedding tied to a specific

dataset and distance metric, and most do not provide an explicit encoder that generalizes

to unseen inputs.

Deep representation learning replaces these fixed criteria with mappings learned by neu-

ral networks, which capture richer nonlinear structure and yield an explicit, reusable en-

coder. Autoencoders are the canonical unsupervised instance: an encoder compresses an

input into a latent code and a decoder reconstructs it, so that minimizing reconstruction

error forces the latent space to retain the input’s salient structure [91]. Denoising and vari-

ational variants regularize this latent space, the former by reconstructing clean inputs from

corrupted ones [225] and the latter by imposing a probabilistic prior that yields a smooth,

generative latent geometry [113, 181].

A latent space is most useful when its geometry reflects a downstream quantity of inter-

est. Metric and contrastive learning shape embeddings so that distances encode semantic

similarity [76, 34], and supervised or semi-supervised autoencoders augment the recon-

struction objective with a predictive term, making the latent code simultaneously faithful

to the input and informative about a target label. A related line of work learns latent
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representations of dynamical systems themselves, embedding complex temporal behavior

into low-dimensional coordinates in which the dynamics become simpler to analyze [156].

AeLLE builds on these ideas. It trains an autoencoder on Lyapunov spectra of varying

lengths to produce a fixed-size latent embedding whose geometry correlates with model

accuracy across architectures, converting a heterogeneous collection of spectra into a single

comparable, performance-predictive representation.

3.4 Generative Modeling and Diffusion Models

Generating realistic images, audio, and other high-dimensional data has been a longstand-

ing goal of machine learning. Early deep generative models approached this through two

dominant frameworks. Variational Autoencoders (VAEs) [113, 181] cast generation as prob-

abilistic inference, learning a latent space via an encoder-decoder architecture and training

it with an evidence lower bound objective. While tractable and stable to train, VAEs fre-

quently produce blurry or over-smoothed outputs because the Gaussian decoder assumption

is too restrictive to capture sharp, multi-modal distributions [43]. Generative Adversarial

Networks (GANs) [69, 174, 109, 110, 25] instead pit a generator against a discriminator in an

adversarial game, achieving considerably sharper samples; however, GANs are notoriously

difficult to train, prone to mode collapse, and sensitive to architectural and hyperparameter

choices [4, 137, 146]. Diffusion models emerged as a third paradigm that sidesteps both

issues by training a network to reverse a gradual noising process, achieving a stable training

objective, improved mode coverage, and state-of-the-art image quality. Figure 3.1 illustrates

the contrast among the three paradigms.

The diffusion paradigm, which overcame the limitations of VAEs and GANs, developed

over roughly a decade of converging work. The foundational idea was introduced by Sohl-

Dickstein et al. [204], who framed generation as learning to reverse a fixed Markovian noising

process using tools from non-equilibrium thermodynamics, but the framework was initially

difficult to scale. Song and Ermon [208] independently developed score-based generative

models, estimating gradients of the data log-density (the score function) and sampling via

Langevin dynamics, and subsequently showed that training on a sequence of noise levels

(NCSN) substantially improved generation quality [208]. The breakthrough in practical
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Figure 3.1: Comparison of generative modeling paradigms. GANs rely on adversarial

training between a generator and a discriminator. VAEs optimize a variational lower bound

on the data likelihood. Diffusion models gradually corrupt data with noise and learn to

reverse the denoising process, achieving superior quality and training stability at the cost

of slower inference.

image synthesis came with Denoising Diffusion Probabilistic Models (DDPM) [92], which

established the noise-prediction training objective and produced high-quality unconditional

samples. Improved DDPM [158] introduced learned variance schedules and cosine noise

schedules, and Dhariwal and Nichol [48] demonstrated with an improved U-Net backbone

and classifier guidance that diffusion models could surpass state-of-the-art GANs on im-

age quality benchmarks. Song et al. [210] subsequently unified score-based and DDPM

approaches within a common stochastic differential equation (SDE) framework, thereby

establishing the theoretical foundations of the field.

Scaling diffusion to high-resolution and text-conditioned generation required both archi-

tectural and algorithmic advances. Latent Diffusion Models (LDMs) [183] moved the diffu-

sion process into a compressed VAE latent space, dramatically reducing computational cost

while preserving perceptual quality; this work became the foundation of Stable Diffusion,
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the first widely deployed open-source text-to-image system. Concurrent large-scale text-to-

image systems such as DALL-E 2 [179] and Imagen [191] demonstrated that conditioning

on powerful text encoders (CLIP and T5, respectively) yields strong prompt alignment

and photorealistic outputs, establishing text-to-image diffusion as a practically important

capability. SDXL [171] extended the LDM framework with larger U-Net backbones, multi-

aspect-ratio training, and a two-stage refinement process, setting a new quality bar for

open-weight generation. On the architectural side, the Diffusion Transformer (DiT) [169]

replaced the U-Net entirely with a Vision Transformer operating on latent patches, demon-

strating that the favorable scaling laws of transformers apply to diffusion and achieving

state-of-the-art class-conditional generation. Subsequent transformer-based architectures

have extended this design space with timestep-conditioned attention mechanisms [83], spa-

tially adaptive token density [105, 3], and hybrid autoregressive-diffusion formulations [249].

Despite their quality advantages, diffusion models are substantially slower to sample

from than VAEs or GANs because generation requires iterating a large denoising back-

bone for many steps, each of which involves a full forward pass. A major research direc-

tion addresses this by reducing the number of denoising steps. DDIM [206] was among

the first to observe that the Markovian sampling process can be recast as a deterministic

ODE, enabling high-quality synthesis in tens of steps rather than hundreds. Higher-order

numerical solvers such as DPM-Solver [136], DEIS [247], and EDM [108] further reduce

the number of steps by more accurately discretizing the reverse-diffusion ODE. Schedule

optimization methods [232] search for noise schedules that concentrate denoising steps in

the most informative regions of the trajectory. Distillation-based samplers take a more

aggressive approach by training a student model to reproduce the multi-step teacher’s out-

put in far fewer steps: progressive distillation [194] halves the required steps iteratively,

while consistency models [207, 138] train the network to produce the same denoised out-

put regardless of which timestep it is queried at, enabling one- or few-step generation. A

related reformulation, flow matching [129, 133], learns straight-line probability flows be-

tween noise and data distributions, further simplifying the trajectory and reducing the

number of function evaluations needed. Complementary to these step-reduction methods,

feature-caching approaches exploit the high similarity of intermediate activations between
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adjacent denoising steps. DeepCache [139] caches and reuses high-level U-Net features

across steps, applying the full network only at selected key frames. Further work has ex-

tended caching to cross-attention outputs, which stabilize early in the denoising trajectory

and need not be recomputed at every step, as well as to transformer-based backbones and

learnable cache schedules [237, 131, 2]. A related strategy maintains a model zoo or cascade

of denoisers of varying capacity: coarser or lighter models handle low-frequency, easy-to-

denoise steps, while the full model is reserved for high-frequency, detail-critical steps [10, 93].

Speculative decoding methods borrow the draft-then-verify paradigm from autoregressive

language models, using a small draft denoiser to propose candidate trajectories that are

then selectively accepted or corrected by the large model, reducing the expected number

of full-model evaluations [124, 37]. Adaptive computation methods similarly route each

timestep through lightweight vs. full-capacity subnetworks based on estimated denoising

difficulty [130, 164, 246].

3.5 Neural Networks as Dynamical Systems

Neural networks process inputs through sequences of nonlinear transformations, and when

those transformations are recurrent or iterative, the qualitative behavior of the resulting

dynamical system has direct consequences for both learning and generalization. Lineariza-

tion is a central analytical tool in this context: by approximating the nonlinear dynamics

with a linear map near a point or along a trajectory, one can apply eigenvalue and spec-

tral theory to characterize stability, convergence, and sensitivity to perturbations. Local

linearization around fixed points and slow points of a recurrent network, via the Jacobian

of the hidden-state update, reveals the stability regime, bifurcation structure, and compu-

tational mechanisms of the network [213, 142, 67, 230]. Many RNN architecture designs

are directly motivated by controlling this linearized dynamics: constraints on the spectral

norm of the recurrent Jacobian prevent trajectories from exploding or vanishing, and the

orthogonal, unitary, and Lipschitz RNN families can all be understood as imposing a well-

conditioned linear approximation at every step [16, 167]. A continuous-time formulation

makes this correspondence explicit: Neural ODEs parameterize the hidden state’s evolution

directly as an ordinary differential equation whose vector field is a neural network [33], so
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that sensitivity and stability are governed by the Jacobian of that field, and interpreting

residual and recurrent networks as discretizations of such ODEs has motivated stability-

constrained designs [75]. Spectral analysis of long Jacobian products captures global gradi-

ent stability but has limited applicability to practical architectures, because the spectra of

such products reflect intricate long-term dependencies that simple eigenvalue criteria can-

not fully capture. A more global linearization strategy applies Koopman operator theory to

embed the full nonlinear RNN dynamics into a linear operator on an extended observable

space, demonstrating that such representations capture the dominant dynamical modes and

achieve comparable performance to their nonlinear counterparts [156]. The broader tradi-

tion of analyzing neural network dynamics through statistical physics traces to Sompolinsky

et al. [205], who showed that randomly connected networks undergo a phase transition from

ordered to chaotic dynamics as the weight distribution gain increases, with the boundary

(the edge of chaos) marking the regime of maximal computational capacity. Bertschinger

and Natschläger [22] reinforced this picture in the reservoir computing setting. Universal-

ity analyses of RNN fixed points further suggest that architecturally distinct networks can

be organized into similarity classes that exhibit similar dynamics when optimally trained,

thereby motivating the development of tools to characterize and compare RNN variants

within a unified framework without relying on architecture-specific approximations.

Among the dynamical tools that meet this need, Lyapunov exponents provide a natural

trajectory-level generalization of local linearization. Rather than examining the Jacobian at

a single fixed point, they track how infinitesimal perturbations grow or shrink along entire

orbits, yielding a global characterization that is not tied to any particular reference point

or equilibrium. Lyapunov exponents (LEs) quantify this asymptotic rate at which nearby

trajectories in state space diverge or converge, and the full collection, the Lyapunov spec-

trum, provides a multi-dimensional characterization of the dynamical regime. Individual

spectral features carry distinct dynamical interpretations: the maximal LE determines lin-

ear stability; positive exponents signal chaotic dynamics, with larger magnitudes indicating

stronger chaos; an entirely negative spectrum signals convergence to a fixed-point attractor;

zero exponents correspond to limit cycles or quasiperiodic orbits; the mean exponent re-

flects the rate of phase-space volume contraction, analogous to Kolmogorov-Sinai entropy;
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and the spectral variance captures heterogeneity in stability across directions, reflecting

the conditioning of long Jacobian products [172, 205]. Oseledets’ multiplicative ergodic

theorem guarantees that the spectrum is well-defined and trajectory-invariant within an

ergodic component, and random dynamical systems theory extends this guarantee to non-

autonomous systems such as RNNs driven by stationary input sequences, ensuring that the

spectrum captures intrinsic network properties rather than artifacts of a particular input re-

alization [63]. In the context of deep feedforward networks, Poole et al. [172] used LE-based

analysis to study how the input-space geometry evolves across layers, linking vanishing and

exploding gradients to mean-field signal propagation theory. For recurrent networks, the

Lyapunov spectrum has been used to characterize stability [75], measure the effective mem-

ory capacity of a reservoir [104], serve as a diagnostic for the edge-of-chaos regime [21], and

analyze how information propagates through RNN hidden states via dynamical systems

tools [227]. The QR-decomposition algorithm for computing the full spectrum [63] makes

these analyses tractable for networks of practical size. While individual spectral features

have been shown to correlate with network performance, the selection of relevant features re-

mains task-dependent and difficult to determine a priori. AeLLE addresses this by learning

a compact autoencoder representation of the full spectrum that enables cross-architecture

performance prediction, and Hyperpruning uses the Lyapunov spectrum distance as a proxy

to guide the pruning search. These analyses are well-suited to stationary recurrent systems,

but rest on the assumption that the governing dynamics are time-invariant, and that tra-

jectories can be run long enough for asymptotic behavior to emerge. This assumption fails

for systems whose equations of motion change explicitly at every step.

For such time-varying or finite-horizon systems, standard Lyapunov exponents carry two

important limitations: 1) They assume time-invariance and rely on analytically known dy-

namics, whereas systems such as diffusion models are explicitly time-dependent and defined

only through learned parameters; 2) The asymptotic behavior they characterize may not

converge within the finite horizon of practical interest. Finite-Time Lyapunov Exponents

(FTLE) address both limitations by measuring the maximum local expansion or contraction

of the flow map over a prescribed time window, characterized through the singular values of

the flow map’s Jacobian [199]. Originally developed in fluid dynamics to identify coherent



39

structures and transport barriers in geophysical flows [77, 199] and subsequently adopted

in biomedical modeling to analyze cardiovascular flows and tissue deformation, FTLE have

since been applied to characterize sensitivity in sequential machine learning systems. Com-

puting FTLE for high-dimensional networks is expensive because it requires evaluating and

tracking the full Jacobians across the entire trajectory. Scalable approximations based on

random projections make computation tractable by estimating the leading singular vectors

using a small number of vector-Jacobian products without forming the full Jacobian matrix.

The diffusion denoising chain is a natural setting for FTLE analysis: the denoising network

changes at every step due to its explicit timestep conditioning, making global LEs inappli-

cable, while FTLE over the trajectory capture how per-step perturbations compound into

trajectory-level deviations. The second-order matching objective developed in 2ndMatch is

directly inspired by this FTLE perspective, aligning the sensitivity patterns of the pruned

and dense denoising networks through projected second-order Jacobian matching.

3.6 Knowledge Distillation

Knowledge distillation is one of several paradigms for reusing the knowledge captured in a

trained network. Transfer learning reuses a model pretrained on a large source task, as an

initialization or a fixed feature extractor, to accelerate learning on a related target task [163,

241]. Continual or incremental learning extends a single model to a sequence of tasks without

revisiting earlier data, where the central obstacle is catastrophic forgetting; distillation is

a standard remedy, constraining the updated model to reproduce the predictions of its

earlier self [126, 253, 180]. These paradigms share a common mechanism, transferring the

functional behavior of one network to another, and differ mainly in purpose: adapting to

a new task, retaining old ones, or, in the teacher-student compression setting that is the

focus of this section, reproducing a large model’s behavior in a smaller one.

In this compression setting, the student is trained to reproduce the outputs or internal

representations of a larger teacher without matching its architecture, receiving supervision

from the teacher rather than from ground-truth labels alone. The foundational approach

introduced by Hinton et al. [90] trains the student to minimize the KL divergence be-

tween its softened predictions and the teacher’s, transferring the relative similarity struc-
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ture among classes that hard labels discard. Feature-level distillation extends supervision

to intermediate activations, training the student to produce hidden representations similar

to the teacher’s at selected layers [184]. Subsequent work has proposed matching attention

maps [243], relational structures [165], and flow-of-solution procedures [168]. All of these

methods constrain the student at discrete training points but leave it free to deviate in the

neighborhood of each point.

Sobolev training [42] addresses this limitation by augmenting the distillation objective

with derivative-matching terms, enforcing agreement between teacher and student not just

at observed points but in a local neighborhood around each. Matching higher-order deriva-

tives provides supervision over an expanding neighborhood around each training example,

making the approach especially valuable under limited data. First-order Jacobian match-

ing is equivalent to output matching at noise-perturbed inputs, connecting derivative-level

supervision to standard data augmentation practice. Computing the full input Jacobian is

expensive, requiring one backward pass per output dimension; random-projection estimators

reduce this to a small number of vector-Jacobian products [211].

Applying these distillation objectives to the diffusion model compression introduces chal-

lenges specific to the multi-step denoising process. LAPTOP-Diff, for instance, combines

output- and feature-level distillation after one-shot structured pruning [245]. These stan-

dard objectives match teacher and student at each individual timestep but do not account

for the compounding of per-step errors along the trajectory. Because the denoising chain is a

time-varying dynamical system, small per-step deviations can accumulate into large degra-

dation at the final sample, even when the per-step outputs are close. First-order Jacobian

matching between teacher and student is also insufficient in this setting: as the standard

denoising training objective already aligns the first-order input response through the noise

prediction loss, naive first-order matching adds no new signal. 2ndMatch addresses this by

aligning the second-order sensitivity of the denoising chain using a formulation inspired by

FTLE.
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3.7 Network Pruning

The growing computational demands of modern neural networks, spanning recurrent ar-

chitectures for sequential modeling [95, 39] and large generative models for image synthe-

sis [183, 171, 169], have made model compression a practical necessity for deployment [38,

79]. Model compression encompasses several complementary strategies. Knowledge distil-

lation trains a compact student to reproduce the behavior of a larger teacher, as covered

in Section 3.6. Quantization reduces the numerical precision of weights and activations

from floating point to low-bit integer representations, cutting both memory footprint and

arithmetic cost [101, 96, 155]. For diffusion models, quantization requires timestep-aware

calibration because the noise statistics encountered at each denoising step differ substan-

tially [200, 125, 250, 32]. Low-rank decomposition factorizes weight matrices or tensors into

products of smaller factors, reducing parameter count while preserving the linear trans-

formation up to approximation error [46, 192]. Among these strategies, network pruning

improves efficiency by identifying and removing parameters or structural units that con-

tribute the least to the model’s output, reducing both parameter count and inference cost

without fundamentally altering the architecture. Unstructured pruning zeros out individ-

ual weights [80, 79], achieving high sparsity ratios with minimal quality loss but producing

irregular sparsity patterns that are inefficient on standard hardware. A middle ground is

semi-structured (m:n) sparsity, which requires that exactly m out of every n consecutive

weights be non-zero; the 2:4 pattern in particular is natively accelerated by NVIDIA Am-

pere Sparse Tensor Cores, offering hardware speedups with less accuracy loss than fully

unstructured sparsity [150, 254]. Structured pruning removes entire filters, attention heads,

or transformer blocks [122], yielding dense subnetworks that execute efficiently without

specialized sparse kernels. For large-scale generative models where inference latency on

standard hardware is the primary bottleneck, structured pruning is the preferred approach.

Traditional pruning pipelines train a dense network, apply an importance criterion,

and fine-tune to recover accuracy. Magnitude-based criteria remove units with the small-

est weight norms, relying on the assumption that small weights contribute little to the

output [80, 122]. Regularization during training can reinforce this assumption by driving
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unimportant weights toward zero through ℓ1 sparsity [134] or group sparsity [235]. More

principled criteria apply Taylor expansions to estimate the effect of removing each unit on

the training loss; first-order criteria such as SNIP [121] and Taylor importance [152] use

gradient-weight products, while second-order methods such as Optimal Brain Damage [120]

and Optimal Brain Surgeon [82] incorporate Hessian information. Dynamic sparse training

methods (SET [151], RigL [57]) maintain fixed sparsity throughout training via periodic

prune-and-regrow cycles, avoiding the separate training and pruning phases.

Structured pruning of recurrent networks presents challenges beyond the feedforward

case because the recurrent Jacobian depends on the learned dynamics, and removing units

can destabilize the temporal behavior even when the per-step output change is small. Selfish-

RNN demonstrated that non-uniform sparsity allocation across gating components yields

large performance gains under high sparsity [132]. Lottery-ticket-style methods have been

extended to RNNs, showing that sparse subnetworks of LSTMs can match the performance

of their dense counterparts when initialized from the same seed [62, 154]. Hyperpruning

addresses the search problem over pruned RNN variants by using the Lyapunov spectrum

distance as a proxy to identify better-performing configurations without requiring full re-

training of each candidate.

Pruning diffusion backbones has attracted growing attention as a practical path to re-

ducing inference cost without the limitations of step-reduction methods alone. Diff-Pruning

applied Taylor-based importance scoring to remove weight groups [61], and BK-SDM com-

pressed Stable Diffusion by removing residual and attention blocks and retraining the

smaller backbone with distillation [112]. LD-Pruner measured block importance by how

convolutional and attention layers affect latent statistics relative to the dense model [29].

LAPTOP-Diff proposed a one-shot layer-level criterion based on output loss differences,

followed by output- and feature-level distillation fine-tuning [245]. EcoDiff introduced a

differentiable mask optimized across the full sampling trajectory [248]. DiP-GO formu-

lated pruning as a subnetwork search using a lightweight controller to assign block-level

importance scores [255]. OBS-Diff adapts Optimal Brain Surgeon to diffusion architectures

with a timestep-aware Hessian [256]. Comprehensive surveys underscore that respecting

model-specific temporal dynamics during compression remains an open challenge [38].
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Chapter 4

R-FORCE: ROBUST TRAINING OF RANDOM RECURRENT
NEURAL NETWORKS THROUGH JACOBIAN EIGENVALUE

SHAPING

4.1 Motivation

Recurrent neural networks (RNNs) remain fundamental tools for modeling temporal and

sequential structure in data. Among them, Random RNN (RRNNs) are particularly appeal-

ing due to their architectural simplicity and computational efficiency. Low-rank variants

such as Rank1- and RankN-RRNNs further capture biologically inspired motifs: a recurrent

population generates rich dynamics, while a low-dimensional readout aggregates activity to

produce task-relevant outputs. Despite these advantages, training RRNNs through gradient

descent remains highly unstable due to vanishing and exploding gradients. FORCE learn-

ing [212] offers an alternative: a recursive least-squares update with feedback control that

enables RRNNs to perform target-learning, autonomously generating a prescribed multi-

dimensional sequence for thousands of timesteps with no external driving input. FORCE

learning is particularly effective in low-rank architectures, where a low-dimensional readout

feeds its output back to modulate the recurrent population. This efficiency carries a hidden

cost: in a Rank1-RRNN, only the readout weights are trainable, so the recurrent reservoir

is fixed at its initial values, and the entire burden of producing well-conditioned, trainable

dynamics falls on how that reservoir is initialized.

However, FORCE learning is notoriously sensitive to the initialization of the recur-

rent connectivity matrix. RRNNs typically operate in either a quiescent regime—where

activity rapidly decays—or a chaotic regime—where small perturbations amplify unpre-

dictably [205]. Both regimes are effectively non-trainable: FORCE can neither inject lasting

activity into a dissipative reservoir nor rein in a chaotic one. Only a narrow band of the

global scaling parameter g ∈ [1.3, 1.5], yields stable dynamics near the edge of chaos, where

FORCE learning reliably succeeds. Even within this band, up to 15% of trials fail due to
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instability, divergence, or degradation during testing. Full-FORCE [47] mitigates failures by

introducing an auxiliary stabilizing network, but this substantially increases computational

cost and still does not eliminate instability.

The underlying fragility points toward the spectral properties of the recurrent dynamics.

The Jacobian of the RRNN governs how perturbations evolve through time, providing a

principled lens for analyzing stability [75, 117]. Eigenvalues outside the numerical stability

region lead to divergence; eigenvalues deep inside it cause accelerated decay and loss of

memory. Thus, successful training and long-horizon generation require that the Jacobian

spectrum remain near the stability boundary—neither vanishing nor exploding. While

architectures such as orthogonal, unitary, or antisymmetric RNNs [5, 86, 30] enforce stable

spectra through carefully constructed initializations, these designs target gradient-based

learning and do not directly apply to FORCE learning, where only readout weights are

updated.

These observations motivate the need for a connectivity initialization tailored specifi-

cally to FORCE learning—one that directly shapes the Jacobian spectrum to remain near

the stability boundary throughout training and generation. By analyzing how FORCE

interacts with RRNN spectral structure, I derive principles for constructing connectivity

matrices that maintain stability across a much broader range of scaling parameters g. This

leads to Robust FORCE (R-FORCE), a spectral initialization scheme that stabilizes RRNN

dynamics, reduces sensitivity to hyperparameters, and significantly expands the effective

operating regime of FORCE learning beyond the narrow edge-of-chaos window.

4.2 Method: R-FORCE Initialization

A Rank1-RRNN is a firing-rate model whose neuronal state x(t) ∈ RN evolves as

τ
dxi
dt

= −xi + g

N∑
j=1

Mij rj + (wF )i z, (4.1)

with rates r(t) = tanh(x(t)) and scalar readout z(t) = w(t)T r(t), where τ is the time

constant, g scales the fixed recurrent matrix M , the feedback vector wF is fixed, and

only the readout w(t) is updated during training. To quantify how an early perturbation
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Figure 4.1: R-FORCE Initialization Properties. (A) Spectral distribution of MR. (B)

Q–Q plot of MR entries (blue) versus a standard Gaussian (red). (C) Evolution of λJ(t)

during pre-training (top), training (middle), and testing (bottom), shown relative to the

stability boundary (dashed red). Zoomed-in views highlight the right boundary. All plots

use g = 1.5.

propagates through this evolution, I linearize the current state x(t) about the initial state

x(0), yielding the Jacobian

J(t) = −I + (gM + wFw(t)T )×Diag(1− tanh2(x(t))), (4.2)

which is therefore a key indicator of training stability. I evolve Equation 4.1 with the

forward-Euler method, whose numerical stability region is a disk in the complex plane

centered at −τ with radius τ . Eigenvalues of J(t) that fall inside this disk correspond

to contracting modes that dissipate information, whereas eigenvalues outside it grow and

destabilize the trajectory; reliable target-learning therefore requires the spectrum of J(t)

to remain near the boundary of this region throughout the generation horizon, neither

vanishing nor diverging.

Four components contribute to J(t): the readout w(t), state x(t), feedback vector wF ,
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and the recurrent matrixM . The first three only introduce rank-1 perturbations [27], leaving

the eigenvalue structure of M as the primary determinant of Jacobian stability. Empirically,

I observe that the spectrum of J(t) closely tracks that of M across pre-training, training,

and testing. This motivates the design of an initialization for M whose spectral structure

naturally induces stable Jacobian dynamics.

To achieve this, I introduce R-FORCE, a principled initialization in which the recurrent

matrix is constructed as MR = VRDRV
T
R , where both the eigenvectors VR and eigenvalues

DR are engineered to maintain stability throughout training.

Eigenvector construction. To ensure real-valued connectivity, VR must contain con-

jugate eigenvector pairs [222]. I obtain such an orthogonal basis by sampling a random

matrix MN ∼ N (0, 1), forming an antisymmetric matrix MA = MN − MT
N , and taking

its eigendecomposition. This yields an orthogonal matrix with the required conjugate-pair

structure.

Eigenvalue design. The central idea of R-FORCE is to shape the eigenvalues λMR
so

that the induced Jacobian spectrum remains near the boundary of the numerical stability

region—avoiding both rapid decay and explosive divergence. Through extensive empirical

exploration, I identify four principles for a stable spectrum:

1. Circular structure: eigenvalues lie on circles whose radii control uniform contraction

or expansion. 2. Multiple radii: distributing eigenvalues across several radii avoids the

narrow stability range produced by a single circle. 3. Non-uniform density: outer radii,

being more unstable, receive fewer eigenvalues; inner radii receive proportionally more. 4.

Segmented arcs: placing eigenvalues only on selected angular sectors prevents drift into

unstable or overly dissipative quadrants.

These principles emerge from a progression of increasingly capable distributions, each

addressing the failure mode of the previous one. A single circle of radius g reproduces the

behavior of standard FORCE, controlling the error only in the narrow band g ∈ [1.2, 1.4].

Spreading eigenvalues across several concentric circles, with the largest and smallest radii

chosen to span the full range of g, extends robustness to small g but not to large g; mak-
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ing the radii non-uniform recovers performance for large g, though at the expense of small

g. Weighting the circles with an eigenvalue density that decreases with radius, so that

high-magnitude (more readily unstable) eigenvalues are rare, tightens the confidence in-

terval across all g. Finally, restricting eigenvalues to angular arcs rather than full circles,

and shifting those arcs with g, keeps the rightmost component of the spectrum within the

empirically optimal band [1.2, 1.4], which I find to be the single most important factor for

stable training. Combining all four principles yields the R-FORCE distribution.

The resulting spectrum (Fig. 4.1.A) consists of four arcs with radii

[r1, r2, r3, r4] = [0.7, 0.72, 0.9, 1.2]× g.

Eigenvalue densities are defined inversely proportional to radius:

li =
g2

|ri − 1.15|
, di = Q · li∑k

j=1 lj
,

where di is the fraction of eigenvalues assigned to the i-th arc, and (Q, k) is adjusted based

on the largest radius to prevent instability at high g. Angular sectors (θi) are chosen so

that the rightmost portion of the spectrum consistently lies in the empirically optimal region

[1.2, 1.4]. A fixed-arc baseline confirms that this adaptive angular placement is essential for

robustness.

Connectivity construction. Given VR and DR, I construct the recurrent matrix via

MR = VRDRV
T
R . Because this procedure combines random antisymmetric seeds with a

controlled spectral structure, it generates many distinct yet reliably stable initializations.

Resulting spectral and dynamical properties. Figure 4.1 summarizes the resulting

behavior for g = 1.5. Panel A shows the structured arc-shaped eigenvalue distribution

of MR. Panel B presents a Q–Q comparison of matrix entries against a standard Gaus-

sian: most entries align closely with a zero-mean normal distribution, with mild heavy-tail

deviations introduced by the spectral constraints.

Panel C visualizes how the Jacobian eigenvalues evolve throughout pre-training, train-

ing, and testing. Prior to training, eigenvalues remain tightly clustered near the stability
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Figure 4.2: Generation of body joints movements with Rank1-RRNN. (A) Rank1-

RRNN with 66 readout units for the generation of joint movements time series. (B) Errors

of Transfer-FORCE (orange), FORCE (blue), Full-FORCE (cyan), and R-FORCE (green)

in generating the evolution of the deep squat movement. Each dot corresponds to a readout

unit result. The red cross denotes the readout unit with the largest error (worst case) for

each method. (C) The evolution of the readout unit in the worst case with the ground-truth

target (red).

boundary, indicating a trainable regime. During training, eigenvalues near the right bound-

ary undergo controlled oscillatory motion, reflecting the network’s ability to encode periodic

or time-evolving structure. This behavior persists during testing, where oscillatory modes

remain stable and bounded. These observations confirm that R-FORCE places the network

in a regime that is simultaneously expressive, numerically stable, and capable of long-horizon

sequence generation.
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Table 4.1: Target-learning MAE (×10−2) for five body-movement tasks under

three dynamical regimes. Each entry shows mean ± CI. RFORCE achieves the lowest

error across all settings.

Method Deep Squat Arm Scaption Leg Raise Hurdle Step Arm Raise

Optimal Regime (g = 1.5)

Transfer-FORCE (400) 27±7.6 34±10 27±10 29±11 29±8.3

Full-FORCE (400) 8.5±3.2 16±6.4 5.7±1.6 14±6.8 11±5.0

FORCE (400) 6.9±2.6 12±5.8 4.0±1.9 3.5±2.4 5.0±2.7

R-FORCE (400) 3.3±1.4 4.1±1.7 1.9±0.7 3.3±1.7 3.8±2.3

Transfer-FORCE (1000) 14±6.4 19±15 9.2±7.0 14±11 9.6±8.6

Full-FORCE (1000) 4.4±2.1 4.5±2.3 3.0±0.8 3.8±1.0 4.0±0.9

FORCE (1000) 2.9±2.9 5.2±3.7 2.1±1.2 3.8±2.7 2.1±1.5

R-FORCE (1000) 1.0±0.3 1.9±0.9 0.9±0.8 1.9±4.9 1.5±1.2

Quiescent Regime (g = 1.0)

Transfer-FORCE (1000) 69±9.3 58±9.7 32±8.0 57±26 48±8.1

Full-FORCE (1000) 88±8.7 40±11 78±7.4 76±17 82±5.5

FORCE (1000) 81±4.7 73±4.5 63±8.2 80±6.5 72±4.2

R-FORCE (1000) 2.4±0.6 2.6±1.6 1.3±0.3 5.7±4.3 2.2±1.0

Chaotic Regime (g = 1.8)

Transfer-FORCE (1000) 109±17 99±14 116±16 104±15 102±13

Full-FORCE (1000) 86±29 75±14 47±7.5 76±17 72±13

FORCE (1000) 63±9.5 49±11 21±7.7 42±9.0 42±10

R-FORCE (1000) 7.9±3.9 4.5±2.2 2.9±2.1 8.7±5.8 4.4±2.0
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4.3 Experiments

I evaluate R-FORCE in three settings of increasing complexity: synthetic target-learning

across a range of dynamical regimes, multi-dimensional human motion data, and biologically

inspired spiking neural networks. The goal is to assess stability, long-horizon accuracy, and

robustness to failure modes that commonly arise in FORCE-based training. All models

share the same architectures and hyperparameters, and results are averaged across multiple

random seeds to improve reliability.

Target-Learning across Dynamical Regimes I first validate that R-FORCE broadens

the operating regime of FORCE learning on the canonical target-learning task. Using a

Rank1-RRNN with N = 1000 neurons, I train the network to autonomously generate three

one-dimensional targets of increasing difficulty: a multi-periodic superposition of sine waves,

a rapidly changing (discontinuous) signal, and a noisy target, while sweeping the scaling

parameter over g ∈ [1, 2]. FORCE and Transfer-FORCE [215] control the error only near

the edge-of-chaos value gopt = 1.5 and diverge elsewhere, whereas R-FORCE keeps the error

low across the entire range of g. Table 4.2 reports the multi-periodic case: averaged over

g ∈ [1, 2], R-FORCE reduces the mean absolute error by roughly an order of magnitude

relative to both baselines, and it remains the most accurate method even at each baseline’s

own optimal g.

I observe the same qualitative behavior on the RankN-RRNN configuration, in which the

feedback loop is internal to the reservoir rather than routed through the readout, making

the network closer to a standard RNN. As summarized in Table 4.3, FORCE is effective only

on the narrow interval g ∈ [1.3, 1.5] and Full-FORCE on the slightly wider g ∈ [1.1, 1.5],

whereas R-FORCE controls the error for all tested g and attains a lower error and tighter

confidence interval than either baseline at their optimal g. Notably, R-FORCE on RankN-

RRNN slightly outperforms its Rank1-RRNN counterpart, indicating that the additional

trainable recurrent weights are put to good use once the initialization keeps the dynamics

stable.
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Table 4.2: Rank1-RRNN target-learning (multi-periodic target). MAE and 99% CI

(×10−2) for FORCE, Transfer-FORCE, and R-FORCE at three values of g and averaged

over g ∈ [1, 2].

Method g = 1.0 g = 1.5 g = 1.8 g ∈ [1.0, 2.0]

FORCE 82±10 12±11 89±7.8 56±11

Transfer-FORCE 86±8.6 5.5±9.0 92±29 63±15

R-FORCE 7.5±5.3 3.3±1.9 4.4±5.4 3.8±1.6

Table 4.3: RankN-RRNN target-learning (multi-periodic target). MAE and 99%

CI (×10−2) for Full-FORCE, FORCE, and R-FORCE at three values of g and averaged

over g ∈ [1, 2].

Method g = 1.0 g = 1.5 g = 1.8 g ∈ [1.0, 2.0]

Full-FORCE 55±46 9.2±15 77±5.9 41±8.8

FORCE 42±5.6 5.3±9.3 52±6.0 32±6.2

R-FORCE 9.7±12 2.1±1.6 1.6±0.9 2.7±1.5

Multi-Dimensional Targets Modeling I first test R-FORCE on the UI-PRMD phys-

ical rehabilitation dataset, which contains 66-dimensional human joint trajectories[220].

A Rank1-RRNN is trained to autonomously generate the full temporal sequence for each

movement, with one readout unit corresponding to each joint coordinate (Fig. 4.2A).

Figure 4.2B reports the error distribution for the deep-squat movement across all readout

dimensions. R-FORCE achieves the lowest median MAE and the tightest dispersion among

all compared methods. Importantly, the worst-case error (marked by the red cross) is sig-

nificantly reduced, indicating improved robustness in multi-dimensional prediction settings.

Transfer-FORCE exhibits large variability and frequent extreme errors, while FORCE and

Full-FORCE also display occasional failures. By contrast, R-FORCE consistently avoids
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Figure 4.3: Spiking neural network with Rank1-RRNN. (Left) MAE of FORCE (blue)

and R-FORCE(green) in generating the spectrum of birdsong. Each dot corresponds to a

readout unit, and black bars are 99% confidence interval. (Middle) Comparison between

FORCE (blue) and R-FORCE(green) of a randomly selected band over flat and peak regions

against ground truth (red). (Right) Spectrum comparison among FORCE (top row), R-

FORCE(middle row) prediction, and ground truth (bottom row). The right column is the

zoom-in plot of the selected area (red rectangle) in the Left column.

these pathological cases and maintains uniform accuracy across joints.

Temporal behavior in the worst-case dimension is shown in Fig. 4.2C. Transfer-FORCE

and FORCE suffer from drifting, oscillatory deviations, or late-stage divergence, whereas

R-FORCE remains closely aligned with the target trajectory throughout the entire sequence.

This advantage holds across all five movements, both network sizes, and the three dy-

namical regimes summarized in Table 4.1: R-FORCE achieves the lowest error in every

setting, improving over the baselines by roughly an order of magnitude in the non-optimal

regimes (g = 1.0, 1.8). The benefit is also practical. The smaller Rank1-RRNN-400 trained

with R-FORCE matches or exceeds the larger Rank1-RRNN-1000 trained with FORCE or

Full-FORCE, which translates into a substantial speed-up: for the deep-squat movement,

R-FORCE-400 trains in roughly 8 minutes, compared with about 50 and 90 minutes for

FORCE-1000 and Full-FORCE-1000, respectively.
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Spiking Neural Networks Modeling To evaluate generalizability beyond firing-rate

networks, I incorporate R-FORCE into spiking neural networks, a more biologically realistic

model of neuronal dynamics, following the FORCE-based spiking setup of [159]. I consider

two standard spiking neuron models. In the Theta model [56], each neuron is described by

a phase variable θi that evolves as

θ̇i = (1− cos θi) + π2(1 + cos θi) I, (4.3)

where I is the input current and a spike is emitted each time θi crosses π. The Izhikevich

model [100] captures a richer range of firing patterns through a membrane potential vi

coupled to an adaptation current ui:

Cv̇i = k(vi − vr)(vi − vt)− ui + I, (4.4)

u̇i = a
(
b(vi − vr)− ui

)
, (4.5)

where C is the membrane capacitance, vr and vt are the resting and threshold potentials, a

is the reciprocal of the adaptation time constant, k controls the action-potential half-width,

and b controls the resonance properties of the neuron.

I first apply R-FORCE to a Theta network generating a simple 1 Hz sine wave, and it

achieves a lower error (0.122) than FORCE (0.193), about 30% lower. I then turn to the

more demanding task of reproducing a 33-band birdsong spectrogram with an Izhikevich

network, rather than the raw audio waveform. Following [41], the network idles for 5 s

(1 repetition), trains for 85 s (17 repetitions), and is tested for 10 s (2 repetitions). This

task involves rapid temporal variations and sharp spectral peaks, making it challenging for

classical FORCE learning.

As shown in Fig. 4.3 (left), R-FORCE achieves a substantially lower mean error (0.0254±

0.0055) and tighter 99% confidence intervals than FORCE (0.0308±0.0063) across all read-

out dimensions, reflecting FORCE’s higher variance and outliers under spiking dynamics.

Figure 4.3 (middle) compares generated outputs for a randomly selected frequency

band. FORCE struggles in both low-energy (flat) regions—where it introduces oscilla-

tory noise—and high-energy (peak) regions, where it frequently produces large overshoots.
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R-FORCE suppresses these artifacts and tracks the ground-truth signal with much higher

fidelity across both regimes.

The complete spectrogram comparison in Fig. 4.3 (right) highlights these differences

more clearly. FORCE outputs contain diffuse noise and structural irregularities across

multiple bands, especially visible in the zoomed-in regions. R-FORCE yields significantly

cleaner spectrograms that more accurately reproduce the fine temporal–spectral structure

of the target.
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Chapter 5

AELLE: LYAPUNOV-GUIDED REPRESENTATION OF
RECURRENT NEURAL NETWORK PERFORMANCE

5.1 Motivation

Recurrent neural networks (RNNs) are a standard tool for modeling sequential data—from

speech and text to motion capture, music, and general multivariate time series. Yet even

when two networks share essentially the same hyperparameters (architecture, initialization,

optimization settings), they can perform very differently once deployed on different datasets

or tasks. This variability is hard to predict because RNNs are not just parameterized

function approximators, but nonlinear, high-dimensional, non-autonomous dynamical sys-

tems with time-varying parameters: both global hyperparameters and trainable connectivity

weights evolve during learning and interact with the input statistics. As a consequence, it

is difficult to explain why a given configuration works well for one task but fails on another,

or to systematically select good configurations a priori.

Architectural variants of RNNs have been introduced to improve stability and robust-

ness, ranging from classical gated models such as LSTMs [95] and GRUs [39, 40] to more

recent designs that impose dynamical constraints, including Anti-Symmetric RNNs (AS-

RNN) [31], Orthogonal RNNs (ORNN) [229], Coupled Oscillatory RNNs (coRNN) [189],

Lipschitz RNNs [55], and others. While these architectures often yield improved robustness,

they represent isolated points in a vast design landscape. Even within a fixed architecture,

performance can vary widely as initialization, optimization settings, architectural width,

or input statistics are changed. Empirically, networks that appear nearly identical in their

hyperparameters can achieve markedly different accuracies, illustrating the difficulty of pre-

dicting performance from architectural choices alone.

From a dynamical-systems perspective, such variability is expected: RNNs evolve ac-

cording to nonlinear, high-dimensional, non-autonomous dynamics whose trajectories are
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highly sensitive to both global hyperparameters and learned recurrent weights. A clas-

sical tool for characterizing these dynamics is the Lyapunov spectrum, which quantifies

the expansion and contraction rates of perturbations along different directions of the state

space [187, 162]. Recent work has adapted Lyapunov exponent (LE) computation to mod-

ern RNNs [54], and examples in [226] suggest that certain spectral features correlate with

robustness and accuracy. However, simple statistics such as maximum or mean LE ex-

hibit weak and inconsistent correlations, indicating that the informative structure of the LE

spectrum is more subtle than can be captured by a few handcrafted features.

These observations motivate the development of AeLLE, a data-driven method that

learns the dynamical features of the LE spectrum most predictive of RNN performance.

AeLLE employs an autoencoder to compress each full LE spectrum into a low-dimensional

latent representation that isolates critical dynamical signatures. A subsequent linear em-

bedding of this latent space—denoted AeLLE—acts as an effective classifier: it reliably

separates high- and low-accuracy networks across architectures, initialization scales, and

network widths, using only the LE spectrum as input. Notably, such separation does not

emerge when standard embeddings (e.g., PCA) are applied directly to the raw LE spec-

tra, confirming that the autoencoder step is essential for extracting performance-relevant

structure.

Moreover, AeLLE identifies these features early in training, long before the network has

converged. This suggests that the latent organization of the Lyapunov spectrum reflects as-

pects of trainability and dynamical organization established at initialization and that evolve

only modestly during optimization. Together, these results show that AeLLE provides a

principled and general mechanism for interpreting RNN dynamics, comparing architectures,

and predicting final accuracy based solely on dynamical-system characteristics.

5.2 Method

The AeLLE framework consists of three stages: (1) computing the Lyapunov Exponent

(LE) spectrum of a given RNN configuration, (2) learning a compact latent representation

of the spectrum using an autoencoder, and (3) embedding the latent variables into a low-

dimensional space for classification.
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Computation of Lyapunov Exponents To characterize the dynamics of each RNN, we

compute its Lyapunov Exponent (LE) spectrum using the QR-based algorithm of Benettin

et al. [13, 49], following implementations for RNNs in [54, 226]. For a fixed task, each LE

spectrum is estimated over batches of validation sequences drawn from a consistent input

distribution. Hidden states are initialized to zero, and an orthonormal basis of perturbation

vectors is initialized as Q0 = I.

At each timestep, we compute the Jacobian of the hidden state transition,

[Jt]ij =
∂hjt
∂hit−1

,

which captures the local sensitivity of the dynamics as the network processes input xt.

Perturbation evolution is tracked using a QR decomposition,

Qt+1,Rt+1 = QR(JtQt).

The diagonal entries of Rt provide instantaneous expansion factors. The k-th Lyapunov

exponent for a sequence of length T is

λk =
1

T

T∑
t=1

log(rkt ).

For each network configuration, spectra are averaged over n input sequences. To compare

networks of different sizes, all spectra are interpolated to a fixed dimensionality, preserv-

ing spectral shape while normalizing for network size. Full Jacobian expressions for each

architecture are provided in the Supplementary Materials A.2.

Autoencoder for LE Spectra To extract features of the LE spectrum that correlate

with task performance, we train an autoencoder composed of an encoder ϕ, a decoder ψ,

and an auxiliary linear predictor ξ (Fig. 5.1). Given an input LE spectrum Z, the model

produces both a reconstruction and an accuracy prediction:

Ẑ = (ψ ◦ ϕ)(Z), T̂ = (ξ ◦ ϕ)(Z).

Training minimizes a combined reconstruction–prediction objective,

L = ∥Z − Ẑ∥2 + α∥T − T̂∥2,
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Figure 5.1: Clustering across network architecture: AeLLE for networks trained

on SMNIST Task. Left: In this task, the network predicts the digit shown in a given

image. Higher losses correspond to lower confidence in the correct digit label. Center:

AeLLE representation shows that networks of similar error are clustered together. When

classifying these networks by high accuracy (green) and low accuracy (red), high-accuracy

networks, regardless of architecture, are consistently located farther to the right (more

positive PC1) than low-accuracy networks. Right: Networks of the same type often clustered

together in AeLLE representation, with some overlap between similar architectures (such

as coRNN and ASRNN). For each network architecture (except vanilla RNN), there are

variants with high and low accuracy that are separated along the first PC dimension.

where α controls the weight of prediction relative to reconstruction. α gradually increases

during training so that the model first learns to reconstruct spectra faithfully and later em-

phasizes predictive structure. Too little emphasis on prediction yields latent variables unre-

lated to performance; too much emphasis destabilizes reconstruction. The staged weighting

reliably produces latent representations that encode accuracy-relevant dynamical informa-

tion.

Embedding of Latent Representations After training, the autoencoder’s latent vari-

ables encode the essential dynamical features of the LE spectrum that correlate with per-
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formance. To organize these latent variables into a space suitable for classification across

architectures and hyperparameter settings, we apply Principal Component Analysis (PCA)

to the latent vectors. Projection onto the first two or three principal components yields

a low-dimensional embedding in which high-accuracy and low-accuracy networks naturally

form separable clusters (Fig. 5.1B). This simple linear embedding outperforms direct PCA

on the raw LE spectra, indicating that the autoencoder has isolated a low-dimensional man-

ifold of performance-relevant dynamical features. As a result, AeLLE supports straightfor-

ward classification using linear boundaries and does not require more complex nonlinear

embeddings such as t-SNE or UMAP.

5.3 Experiments

We evaluate AeLLE on two sequence-modeling benchmarks that stress different sources

of variation: character prediction (CharRNN) with LSTMs of varying size, which probes

generality across network size, and Sequential MNIST (SMNIST) over a range of recurrent

architectures, which probes generality across network architecture. Across both, we ask (i)

whether the AeLLE embedding separates high- and low-accuracy models, and (ii) whether

a classifier trained on AeLLE can predict final performance early in training.

Character Prediction Across Network Sizes

The character-prediction task (CharRNN) takes a sequence of characters as input and pre-

dicts the next character, which is a standard benchmark for recurrent models. We train

LSTM networks on the English translation of Tolstoy’s War and Peace, following the setup

of [107]: each of the 82 unique characters is mapped to an index, and the text is split into

disjoint sequences of length l = 101, where the first 100 characters form the input and the

final character is the target. The loss is the cross-entropy between the predicted and true

character.

The two hyperparameters with the largest effect on accuracy are the network size (num-

ber of hidden units) and the weight initialization. We generate 1,200 variants, varying the

hidden size over {64, 128, 256, 512} and sampling initial weights from a symmetric uniform

distribution whose half-width p ranges over [0.04, 0.4], and split them 80%/20% into AeLLE
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Figure 5.2: Clustering by performance across network size: AeLLE for LSTMs

trained on CharRNN. Left: The CharRNN task predicts the next character in a se-

quence; the heatmaps show the predicted character distribution for models with different

test errors, where larger errors correspond to lower confidence in the true next character.

Center: AeLLE embedding (first two principal components) colored by accuracy. High-

accuracy networks (green) cluster to the left of the median PC1 boundary (black line) and

low-accuracy networks (red) to the right; the stacked histogram below shows the same sep-

aration. Right: The same embedding colored by network size (64, 128, 256, 512). The sizes

are broadly mixed throughout the space, with larger networks covering a wider range but

still overlapping smaller ones, so network size alone does not separate performance.

training and validation sets. As before, we project each LE spectrum onto the first two prin-

cipal components of the trained latent space and label networks with loss below the median

(< 1.75) as high-accuracy and the remainder as low-accuracy.

AeLLE again organizes the variants by accuracy (Fig. 5.2): high- and low-accuracy

networks fall on opposite sides of a median threshold along PC1, with the high-accuracy

networks concentrated to the left of the boundary. Coloring the same embedding by network

size instead shows the sizes spread broadly and overlapping throughout the space, with larger

networks merely covering a wider range. AeLLE therefore recovers a performance-aligned

geometry that network size alone does not provide. Quantitatively, threshold classifiers built
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Figure 5.3: AeLLE on Sequential MNIST. Left: Example SMNIST inputs (row-wise

sequences) and corresponding prediction heatmaps for models with different test errors.

Middle: AeLLE embedding (first two principal components) colored by accuracy; high- and

low-accuracy networks separate along PC1 (black line). The bottom panel shows stacked

histograms along PC1 for the two groups. Right: Same embedding colored by architecture

(LSTM, GRU, RNN, ASRNN, coRNN, LipschitzRNN, NoisyRNN, LEM), with stacked

histograms highlighting how different model families populate the AeLLE space.

on the mean LE, the maximum LE, and the first principal component of the raw spectrum

reach F1 scores of 0.834, 0.859, and 0.860, respectively, all already strong on this task; the

AeLLE classifier improves on each, reaching 0.877.

Sequential MNIST Across RNN Architectures

In SMNIST [119, 9], each 28 × 28 image is unrolled row-wise into a sequence of grayscale

pixel values. At each timestep, the network receives one row, and after the final timestep, it

outputs a digit label. The loss is the cross-entropy between the predicted and true one-hot

label.

We train eight recurrent architectures on this task: LSTM, GRU, vanilla RNN, Anti-

Symmetric RNN (ASRNN) [31], Coupled Oscillatory RNN (coRNN) [189], Lipschitz RNN [55],

NoisyRNN [127], and Long Expressive Memory (LEM) [190]. For each architecture, we sam-
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ple 200 hyperparameter variants with a hidden size of 64, train for 10 epochs, and compute

the LE spectrum of the final model, yielding 1,600 trained networks. We split them into

70% for AeLLE training, 10% for validation, and 20% for testing.

Figure 5.3 summarizes these results. The left panel shows example sequential predictions

with different test errors. The middle panel visualizes the AeLLE embedding (the first

two principal components) colored by accuracy: networks with loss below the median are

labeled high-accuracy (green), and the rest low-accuracy (red). A simple threshold on

the first principal component (PC1; black vertical line) cleanly splits the two groups; the

corresponding stacked histograms (bottom) show that high-accuracy models concentrate on

the right side of the decision boundary. The right panel colors the same embedding by

architecture. Architectures with stronger inductive biases for stable dynamics (e.g., GRU,

LipschitzRNN, LEM, NoisyRNN) tend to occupy the high-accuracy region, whereas many

vanilla RNN variants cluster in the low-accuracy half. Interestingly, both ASRNN and

coRNN form compact clusters near the median boundary, reflecting their tightly controlled

dynamics: when hyperparameters are favorable, they achieve competitive accuracy, but

their operating region is narrow. Overall, AeLLE produces a geometry where models of very

different architectures cluster by performance rather than by their raw hyperparameters.

For comparison, we also build simple classifiers based directly on LE statistics. Using

only the mean LE, the maximum LE, or the first principal component of the raw LE

spectrum yields F1 scores of 0.609, 0.566, and 0.608, respectively, on the test set. In contrast,

the AeLLE classifier defined by a median threshold on PC1 achieves an F1 score of 0.859.

This gap shows that performance-relevant features of the dynamics are not captured by

standard LE summaries alone and that the autoencoder-based representation is essential.

Early Prediction with a Pre-trained AeLLE Classifier

We next evaluate whether AeLLE can forecast a network’s final accuracy early in training.

Using the same pool of SMNIST models, we compute LE spectra at several checkpoints—

before training (0%), and after 10%, 20%, and 50% of the full 10-epoch training schedule. At

each checkpoint, we project the spectra through a fixed AeLLE model that was trained solely
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Table 5.1: Unified comparison of AeLLE and baseline classifiers. Each cell shows

F1 / Recall / Precision for predicting final RNN accuracy at different training stages.

Best F1 at each stage is shown in bold.

Method 0% 10% 20% 50%

Loss – / – / – 0.35 / 0.17 / 0.95 0.66 / 0.46 / 0.98 0.86 / 0.78 / 0.97

LE-Mean 0.71 / 0.99 / 0.56 0.73 / 0.98 / 0.58 0.73 / 0.98 / 0.59 0.73 / 0.96 / 0.59

LE-Max 0.72 / 0.65 / 0.90 0.74 / 0.61 / 0.93 0.73 / 0.59 / 0.94 0.72 / 0.59 / 0.94

LE-PCA 0.76 / 1.00 / 0.56 0.74 / 0.97 / 0.60 0.74 / 0.97 / 0.60 0.74 / 0.95 / 0.60

AeLLE 0.85 / 0.94 / 0.77 0.89 / 0.92 / 0.87 0.90 / 0.92 / 0.87 0.86 / 0.89 / 0.84

on fully trained networks, and we classify variants using the same median PC1 threshold

determined on a validation split.

Table 5.1 summarizes the performance of AeLLE at each checkpoint and compares it

against several baselines: loss-based classification, LE mean, LE max, and PCA applied

directly to the raw LE spectrum. Each entry reports the corresponding F1, recall, and

precision values.

Already at initialization (0% training), the pre-trained AeLLE classifier achieves an

F1 score of 0.85, substantially outperforming all baselines. After only one epoch (10%

of training), AeLLE reaches an F1 score of 0.89 and maintains a high level of accuracy

(F1 between 0.86 and 0.90) through 50% training. In contrast, the loss-based classifier

has excellent precision but extremely poor recall in the early stages, incorrectly discarding

many networks that eventually achieve high accuracy. Although loss becomes a competitive

predictor by 50% training, this requires half of the total training budget, whereas AeLLE

provides reliable predictions from the outset.

Across all checkpoints, AeLLE consistently achieves the highest F1 score among all LE-

based classifiers. Neither simple statistics of the spectrum (LE mean, LE max) nor PCA on

the raw spectrum produces comparable predictive performance. These results indicate that

AeLLE extracts stability-related dynamical features that emerge early and remain robust
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throughout training, enabling accurate early prediction without requiring partially trained

performance signals.

Contribution of the AeLLE Representation

Finally, we investigate whether the performance gains of AeLLE arise from the latent rep-

resentation itself or whether they could be matched by applying more flexible classifiers

directly to Lyapunov spectra. To evaluate this, we compare several combinations of repre-

sentations and classifiers: (i) linear regression applied to the raw LE spectrum, (ii) classifiers

operating on PCA-reduced LE spectra, and (iii) the same classifiers applied to the AeLLE

latent representation.

Table 5.2 reports F1 scores for each method when trained on checkpoints from 0–50% of

training and evaluated on a pooled test set. Linear models trained on raw LEs or their PCA

projections achieve F1 scores in the range 0.62–0.76. In contrast, classifiers operating on the

AeLLE latent space consistently reach F1 scores between 0.85 and 0.90 across all training

stages, regardless of whether classification is performed using a simple PC1 threshold or a

linear regression model. On average, this represents an improvement of roughly 0.12 over

the best LE- or PCA-based baselines. This gap indicates that the autoencoder is extracting

dynamical structure from the LE spectrum that is not recoverable through direct linear

processing of the raw data.

To further probe the structure of the AeLLE latent space, we assess how many principal

components of the latent representation are needed for effective classification. Table 5.3

summarizes F1 scores obtained using the median threshold over 1, 2, 4, and 10 principal

components. Even using only the first principal component yields strong performance (F1

0.81 at 0% training and 0.84 at 50%). Incorporating a handful of components (4–10 PCs)

improves F1 to 0.89–0.91, suggesting that the dynamical features relevant for distinguishing

high- and low-performing networks lie on a compact, low-dimensional manifold. Together,

these results reinforce the conclusion that AeLLE provides both meaningful compression of

the LE spectrum and an intrinsically aligned representation of network performance.
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Table 5.2: Comparison of F1 scores across classifiers and representations. Rows

correspond to different representations of the Lyapunov Exponents (raw, PCA, or AeLLE)

combined with either a PC1 threshold classifier or a linear regression classifier. Columns

report F1 scores at different training stages. The best score for each training duration is

shown in bold.

Representation & Classifier 0% 10% 20% 30% 40% 50% Test Set

LE (Raw) + Linear Regression 0.62 0.61 0.61 0.62 0.64 0.61 0.62

LE (PCA) + PC1 0.72 0.74 0.74 0.75 0.75 0.74 0.74

LE (PCA) + Linear Regression 0.73 0.77 0.78 0.78 0.77 0.75 0.76

AeLLE (PCA) + PC1 0.85 0.89 0.89 0.90 0.89 0.86 0.88

AeLLE (PCA) + Linear Regression 0.86 0.89 0.89 0.90 0.89 0.87 0.88

Table 5.3: Effect of PCA dimensionality on AeLLE classification. F1 scores of the

pre-trained AeLLE classifier using the median threshold over different numbers of principal

components (PCs). The full latent dimension is 32.

Training % PC1 PC2 PC4 PC10

0% 0.81 0.81 0.84 0.89

50% 0.84 0.84 0.87 0.91
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Figure 6.1: (A) Lyapunov Spectrum (LS) curves of the dense network (black) and two

pruned variants—Pruned 1 (green) and Pruned 2 (red)—evaluated at pre-training and at

epochs 1, 3, and 5 (left to right). The dense network serves as a reference trajectory in

LS space. Arrows indicate the deviation magnitude from the dense model. (B) Temporal

evolution of the L2 distance between each pruned variant and the dense network in LS space

throughout training. (C) Perplexity curves of the two pruned variants over training epochs.

Chapter 6

HYPERPRUNING: EFFICIENT SEARCH THROUGH PRUNED
VARIANTS OF RECURRENT NEURAL NETWORKS LEVERAGING
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LYAPUNOV SPECTRUM

6.1 Motivation

Recurrent neural networks (RNNs) remain essential tools for modeling sequential data in

domains such as natural language processing, speech, and video understanding. Despite

their strong performance, modern RNN architectures—such as LSTMs, RHNs, and other

gated or deep recurrent models—are expensive to train and deploy. Their computational

cost scales linearly with sequence length and quadratically with hidden size, making them

difficult to use in large-scale training or on resource-limited platforms.

Model compression has therefore become an indispensable component of RNN deploy-

ment. Among existing techniques, network pruning is particularly attractive because it can

simultaneously reduce parameter count, memory footprint, and inference latency. However,

conventional dense-to-sparse pruning provides limited benefit during training: models are

trained densely for most of their optimization trajectory, keeping training cost compara-

ble to that of the dense model. More recent Dynamic Sparse Training (DST) approaches

attempt to reduce this cost by training with a fixed sparsity budget from the start, but

they depend heavily on pruning controls (e.g., growth rules, removal criteria, redistribution

schedules). These controls behave differently across architectures, datasets, and sparsity

levels, meaning that no universal pruning strategy exists. As a result, choosing an effec-

tive pruning configuration becomes a hyperparameter optimization problem—one in which

both the pruning methodology and its internal controls must be selected. We refer to this

challenge as hyperpruning.

Hyperpruning is uniquely difficult because each candidate configuration requires hours

or days of training to fully evaluate, and early training signals (e.g., initial loss or perplex-

ity) are not reliable indicators of eventual accuracy. As shown in Fig. 6.1, two pruning

configurations may exhibit nearly identical early loss curves yet diverge significantly after

full training. This makes classical search strategies inefficient, as they lack a principled

notion of distance between pruning configurations or between a pruned model and its dense

reference.
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Recent work suggests that sequence models, including RNNs, can be fruitfully analyzed

as dynamical systems, whose behavior is characterized by the Lyapunov Spectrum (LS)—a

measure of how hidden-state trajectories expand or contract over time. Prior results show

that LS correlates with trainability and final accuracy in RNNs, and that autoencoder-

based embeddings of LS can reveal low-dimensional structure aligned with model quality.

Surprisingly, this structure persists even under pruning: in Fig. 6.1, the LS of a pruned

model remains consistently closer to that of the dense model when its final performance is

better, even though its early perplexity is higher for more than 60 epochs. In other words,

the Lyapunov geometry of a pruned model provides a more stable and reliable indicator of

its eventual performance than traditional loss-based metrics.

These observations motivate the development of a pruning-oriented hyperparameter

search framework that leverages LS-based geometric information. If LS can reveal, early

in training, how closely a pruned model follows the dynamical behavior of its dense coun-

terpart, then LS could serve as a powerful predictive distance metric—capable of guiding

hyperpruning decisions at a fraction of the cost of full training.

Based on this insight, our goal is to design a principled hyperpruning algorithm that

leverages the LS geometry to evaluate and select pruning configurations efficiently. By

anchoring pruning decisions to dynamical similarity rather than noisy early loss, we aim to

dramatically reduce the computational load of iterative pruning searches while retaining or

surpassing the performance of dense baselines.

6.2 Method

This section describes the computation of the Lyapunov Spectrum (LS) and the proposed

LS-based Hyperpruning (LSH) algorithm. As illustrated in Fig. 6.2, LSH begins with an ini-

tial pool of pruned network configurations and iteratively removes non-promising candidates

based on their LS distance to a dense reference model. New candidates are then introduced

through adaptive sampling. After several cycles of removal and generation, the remaining

configurations are fully trained, and the best-performing pruned model is selected. The LS-

based distance metric can also be incorporated into standard hyperparameter optimization

algorithms.
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Lyapunov Spectrum Computation

Lyapunov Exponents (LEs) quantify the contraction or expansion rate of nearby trajectories

in a dynamical system. For two infinitesimally close initial states separated by ϵ, their

distance after T steps evolves approximately as ϵeλT , where λ is the corresponding LE. An

RNN has one LE per hidden-state dimension. Although RNNs are non-autonomous due

to their dependence on input sequences, LS can still be defined by appealing to random

dynamical systems theory when inputs are drawn from a stationary distribution.

Following the procedure in [228], LS is computed by tracking the evolution of hidden

states together with the deformation of an orthogonal basis. Let X be a batch of K valida-

tion sequences of length T ,

X =
{
xk = (x1,k, . . . , xT,k) ∈ Rd

}K

k=1
.

We initialize the hidden state and orthogonal basis as

h0 = 0, B0 = I.

For each timestep t, the hidden state evolves according to

ht,k = f(ht−1,k, xt,k),

where f denotes the RNN update. The orthogonal basis Bt,k is evolved via

Bt,k, Rt,k = qr
(
J t,k Bt−1,k

)
,

where J t,k is the Jacobian between hidden states at consecutive time steps, and QR de-

composition yields the instantaneous stretching factors. Full Jacobian expressions for all

architectures used in this work appear in the Supplementary Material.

Let rt,ki be the i-th diagonal entry of Rt,k. The i-th Lyapunov exponent is computed by

averaging over samples and time,

λi =
1

KT

K∑
k=1

T∑
t=1

log rt,ki . (6.1)

The LS is denoted by Λ = {λi}Ni=1, where N is the hidden-dimensionality of the network.
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Figure 6.2: LS-based Hyperpruning: starts with a set of candidates (blue) and a pre-trained

dense reference model (black), LSH executes candidate removal and generation. Candidate

Removal: Each candidate is trained for E epochs and projected to the LS space, along

with the reference. Candidates with further distance (light blue) are removed based on

their distance to the reference. Candidate Generation: New candidates (brown) are

adaptively generated based on remaining candidates and inserted into the candidate set.

After several iterations of removal and generation, the remaining candidates in the set are

extensively trained, and the best one (green) is picked as the final selection.

LS-Based Hyperpruning (LSH)

The goal of LSH is to efficiently identify a high-performing pruned RNN configuration. Let

P denote a pool of candidate pruned configurations, where each candidate ci ∈ P specifies

a pruning method together with its associated hyperparameters. A fully trained dense

network ĉ serves as a reference model, and its Lyapunov Spectrum Λ̂ provides the target

against which pruned variants are evaluated. The LSH procedure alternates between two

key operations—LS-based removal and adaptive generation—followed by a final selection

stage.

In the LS-based removal step, each candidate ci is trained for E epochs. After epoch j, we

compute its Lyapunov Spectrum Λi
j using Eq. 6.1. The sequence of LS values accumulated

during this brief training phase is denoted

Λi = {Λi
0,Λ

i
1, . . . ,Λ

i
E}.
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To compare candidates with the dense reference, both Λi and Λ̂ are projected into a low-

dimensional embedding space. Following prior work, we use Principal Component Analysis

(PCA) to construct a 2D embedding, termed LS Space, in which the Euclidean distance

between the most recent spectrum Λi
−1 and Λ̂ quantifies the similarity between a pruned

candidate and the dense model. Candidates with the largest distances are discarded; specif-

ically, among n candidates, the farthest n/2 are removed. Although this step efficiently

filters out weak configurations, it does not guarantee that the optimal-pruned model resides

within the initial pool.

To compensate for this possibility, LSH includes an adaptive generation mechanism that

expands the search space during the pruning process. After removal, new candidates are

generated based on the surviving configurations using Bayesian optimization techniques

such as TPE or ATPE. These methods are adapted to produce n/4 new candidates whose

hyperparameters are sampled according to the structure inferred from successful configu-

rations. Because the algorithm removes n/2 candidates but adds only n/4, the pool size

gradually decreases, automatically concentrating computation on more promising regions

of the search space.

After m cycles of LS-based removal and adaptive generation, the remaining candidates

in P undergo full training until convergence. The configuration that achieves the best

validation performance is chosen as the final pruned network. This combination of early

LS-based screening, targeted candidate generation, and final full training allows LSH to

explore a broad hyperparameter space while drastically reducing the overall computational

cost of hyperpruning.

6.3 Experiments

In this section, we validate the performance and the generality of the proposed LS-based

Hyperpruning (LSH) method across various RNN architectures and datasets. We evaluate

stacked LSTM [244] and RHN [257] models on the Penn TreeBank Dataset [143], and

AWD-LSTM-MoS [240] on the WikiText-2 Dataset [145] for language modeling tasks. To

ensure comparability, we adopt the same experimental setup as in prior work [132] for

consistency. We also examine the robustness of LSH by conducting experiments on stacked
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Table 6.1: The testing perplexity for language modeling task on Penn TreeBank Dataset

with stacked LSTM and RHN, and on WikiText-2 Dataset with AWD-LSTM-MoS. DSR,

RigL, SNFS, SET, ISS, GMP, Dense, and Selfish-RNN data are from [132].

Datasets PTB Wiki-2

Models Stacked-LSTM RHN AWD-LSTM-MoS

# Param PPL # Param PPL # Param PPL

Dense 66.0M 78.6 23.5M 65.4 - -

Dense (NT-ASGD) 66.0M 72.4 23.5M 61.8 35.0M 63.3

Sparsity = 0.67 Sparsity = 0.53 Sparsity = 0.55

DSR (Adam)

21.8 M

88.2

11.1 M

63.2

15.6 M

67.0

RigL (Adam) 85.6 64.4 68.5

SNFS (Adam) 86.3 71.1 76.2

SET (Adam) 85.5 61.1 69.6

ISS 78.7 65.4 -

RigL (SNT) 75.9 62.5 65.2

GMP (SNT) 74.8 64.0 -

Selfish-RNN (SNT) 71.7 60.4 63.0

LSH (Ours) 69.9 59.0 62.2

LSTM under different pruning ratios. Furthermore, we measure the time efficiency of LSH

in comparison to traditional loss-based full training search, reporting the time required

to achieve a given target accuracy. Finally, we evaluate LSH under five different HPO

algorithms to demonstrate its effectiveness as an early-estimation criterion compared to

loss-based distance.
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Comparison with SOTA Pruning methods

We evaluate the effectiveness of LSH by comparing its final perplexity with that of dense

models and a broad set of state-of-the-art pruning methods. Experiments are conducted

on three standard benchmarks: stacked LSTM and RHN on the Penn Treebank (PTB)

dataset, and AWD-LSTM-MoS on the WikiText-2 dataset, using pruning ratios of 0.67,

0.53, and 0.55, respectively. LSH performs hyperpruning over both methodological and non-

methodological hyperparameters. Methodological hyperparameters include sparse initializa-

tion, death mode, and redistribution mode. These control (1) the initial sparsity pattern,

(2) how weights are removed, and (3) how surviving weights are reallocated during growth.

We consider 2 initialization modes, 4 death modes, and 3 redistribution modes, yielding

24 methodological variants. For non-methodological hyperparameters, we search over the

death rate—the proportion of active weights removed at each pruning step—selected from

a continuous range [0.4, 0.9]. Across all architectures, LSH consistently discovers non-trivial

and architecture-specific hyperparameter configurations. For example, LSH selects a death

rate of 0.58 for stacked LSTM, markedly different from the empirical value of 0.8 used by

Selfish-RNN [132]. The initialization choices also differ across models: the stacked LSTM

favors uniform initialization, whereas AWD-LSTM-MoS achieves the best performance with

ER initialization. These results highlight the importance of principled hyperparameter se-

lection rather than relying on heuristics.

Table 6.1 summarizes performance across all baselines. LSH achieves the lowest perplex-

ity across all benchmarks, surpassing both dense and sparse state-of-the-art models. Rel-

ative to the previous best model (Selfish-RNN), LSH reduces perplexity from 71.7 to 69.9

on stacked LSTM, from 60.4 to 59.0 on RHN, and from 63.0 to 62.2 on AWD-LSTM-MoS.

Importantly, these improvements arise solely from improved hyperparameter search—no

architectural modifications or additional training tricks are used—demonstrating the value

of LS-guided hyperpruning as an effective selection mechanism.
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Figure 6.3: (Left) Pruning Ratio vs. Perplexity: Comparison among LSH (blue), TPE/loss-

based (brown), and selfish-RNN (gray) on different pruning ratios. (Right) Achieved Per-

plexity vs Time Budget: Comparison between LSH (blue) and loss-based full training search

(brown) on required time budget (hours) to reach a target perplexity.

Robustness Across Pruning Ratios

To evaluate robustness, we examine the performance of LSH under varying pruning ratios,

ranging from moderate (0.5) to high (0.8) in increments of 0.1. Each experiment uses the

stacked LSTM model with a fixed removal/insertion schedule (E = 3) and a candidate set

size of 20. TPE is used as the underlying optimization algorithm.

As illustrated in Fig. 6.3-Left, LSH (in blue) consistently outperformed TPE/loss-based

(in brown) and Selfish-RNN (in gray) methods across all pruning ratios. LSH also consis-

tently achieved higher accuracy than the dense networks across all pruning ratios, showcas-

ing its robustness.

Time Efficiency and Search Speed

To estimate the computational efficiency of LSH, we compared the time required for LSH

to reach a specific target perplexity with that of the baseline loss-based full training search

method, in which candidates are fully trained sequentially until one candidate reaches the

target perplexity. We used stacked LSTM with a fixed pruning ratio of 0.67 for these
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Table 6.2: LSH vs. loss-based distance under different HPO algorithms. Lower

perplexity is better. Stacked LSTM on PTB with sparsity 0.67. LSH variants (bottom

block) consistently outperform their loss-based counterparts.

Method Low Budget Moderate Budget High Budget

Hyperband [123] 72.2 ± 0.4 72.4 ± 0.2 72.4 ± 0.4

Hyperband + LSH 71.6 ± 1.6 70.3 ± 2.0 70.7 ± 0.8

BOHB [58] 72.4 ± 0.5 72.5 ± 0.2 72.7 ± 0.4

BOHB + LSH 71.3 ± 0.9 71.5 ± 1.2 70.1 ± 0.5

TPE [17] 72.3 ± 0.8 72.4 ± 1.0 72.7 ± 1.1

TPE + LSH 70.9 ± 3.0 70.9 ± 2.6 69.9 ± 2.6

ATPE [19] 72.0 ± 1.9 72.7 ± 0.1 72.7 ± 0.1

ATPE + LSH 70.9 ± 0.4 69.9 ± 0.3 69.9 ± 0.3

GS 72.5 72.5 72.5

GS + LSH 70.8 70.8 70.8

experiments. Fig. 6.3-Right shows the time (y-axis) required to find a configuration with a

particular target perplexity (x-axis).

Our observations indicated that LSH outperforms the loss-based approach in terms of

computational efficiency across all perplexities. Specifically, for finding the optimal config-

uration (validation perplexity of 72), LSH took approximately 15 hours, whereas the loss-

based approach required approximately 150 hours ( > 6 days). This 10× improvement in

efficiency demonstrates LSH’s advantage in rapidly identifying high-quality configurations.
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Performance Comparison: LS-Based vs. Loss-Based Hyperparameter Selection

To evaluate whether Lyapunov Spectrum (LS) distance provides a more informative early

signal than loss, we compare LSH against standard loss-based selection across several hy-

perparameter optimization (HPO) algorithms: Grid Search (GS), TPE [17], ATPE [19],

Hyperband [123], and BOHB [58]. All experiments use the stacked LSTM on PTB with

a pruning ratio of 0.67, and results are reported under three resource budgets correspond-

ing to different initial candidate pool sizes (Low, Moderate, High). Each configuration is

evaluated three times, and we report mean perplexity with 95% confidence intervals.

Table 6.2 groups the results into two blocks: (1) conventional loss-based distance (top),

and (2) LS-based distance used in LSH (bottom). Across all budgets and all HPO algo-

rithms, the LS-based versions consistently achieve lower perplexity than their loss-based

counterparts. This confirms that LS distance captures more predictive information about a

candidate’s eventual quality early in training.

Notably, the advantage of LSH becomes more pronounced as the available budget in-

creases. Under high-budget settings, LSH-ATPE and LSH-TPE achieve the best overall

perplexities (both 69.9), outperforming all loss-based methods, which remain at or above

72.4. Even simple methods such as LSH-GS benefit from LS distance, reducing perplex-

ity from 72.5 (loss-based GS) to 70.8. These trends suggest that LS-based distance enables

HPO algorithms to more effectively identify promising regions of the hyperparameter space,

improving both selection quality and stability.
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Chapter 7

2NDMATCH: FINETUNING PRUNED DIFFUSION MODELS VIA
SECOND-ORDER JACOBIAN MATCHING

7.1 Motivation

Figure 7.1: Examples of improvement in preserving fidelity and consistency of output images

compared to baseline (BK-SDM) on pruning Stable Diffusion (SD) 1.4, Dense teacher, to

33%.

Diffusion models have become the leading approach for high-quality generative modeling

across images, videos, and audio [92, 191, 166]. Their main drawback is computational cost:

sampling requires hundreds of iterative denoising steps, each of which invokes a large U-Net

or Transformer backbone [183, 169]. This makes real-time inference difficult, especially for

deployment on resource-limited systems.
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Pruning offers a promising path toward computationally efficient diffusion models, and

recent work has adapted pruning strategies to diffusion architectures through structured

sparsity, importance scoring, and trajectory-aware pruning rules [61, 29, 248, 59, 255]. How-

ever, even after pruning and finetuning, pruned models consistently lag behind dense models

in fidelity [255]. A central reason is that the finetuning objective is inherited from dense

training: denoising score matching (DSM), which supervises only the noise prediction at

each timestep.

While DSM is effective for dense models, it is insufficient for pruned models. Due to

reduced capacity, pruned models exhibit heightened sensitivity to small perturbations, and

this sensitivity accumulates along the denoising trajectory. As illustrated in Fig. 7.2, even

if a pruned model matches the dense teacher on the training samples at each timestep,

small discrepancies compound through time, causing gradual divergence from the teacher’s

trajectory and ultimately degrading sample quality.

Although the dense teacher remains available during finetuning, existing distillation ap-

proaches—whether output-level or feature-level [111]—do not capture how the teacher re-

sponds to perturbations. First-order Jacobian matching [42, 211] addresses local sensitivity

but is much less meaningful for diffusion models: because inputs are already noise-perturbed,

DSM implicitly provides first-order supervision. Moreover, first-order Jacobians only char-

acterize instantaneous behavior at a single timestep and do not reflect how perturbations

propagate across the full denoising sequence.

This motivates a shift in perspective: rather than supervising only outputs or one-

step gradients, the finetuning objective should guide the pruned model to preserve the

temporal evolution of perturbations observed in the dense teacher. The theory of Finite-Time

Lyapunov Exponents (FTLE) provides a principled way to quantify how small perturbations

expand or contract over finite time horizons, and it is directly related to trajectory stability

in discrete-time dynamical systems. However, computing FTLE exactly requires tracking

high-dimensional Jacobians across many timesteps and is computationally infeasible for

modern diffusion models.

Motivated by these insights, this project aims to develop a scalable finetuning objective

that approximates FTLE-style temporal sensitivity through efficient second-order projec-
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tions. The overarching goal is to reduce trajectory drift, stabilize the denoising process, and

close the quality gap between pruned and dense diffusion models—enabling more deployable

and reliable sparse diffusion backbones.

7.2 Method

Figure 7.2: Sketch illustration of the difference between pruned Baseline (orange) and our

2ndM (purple). Both Baseline and 2ndM match the dense teacher (black) on the training

samples (green). While 2ndM constrains the expansion/contraction behavior of nearby

points (red and blue), the Baseline does not have such constraints. As a result, the baseline

accumulates drift along the denoising trajectory, leading to deviations at t = T . In contrast,

2ndM preserves stable, teacher-aligned trajectories, resulting in higher-fidelity generation.

Given a pruned diffusion model s and its dense teacher sD, the objective of this project

is to design a finetuning framework that reduces the quality gap introduced by pruning. Let

x denote a clean data sample, x̃ a noised version at diffusion timestep t, and ϵ the Gaussian

noise added during the forward diffusion process. Our goal is to learn parameters θ of the

pruned model s(·; θ) such that its behavior matches that of the dense teacher sD(·; θD) both

locally (per timestep) and temporally (across the full denoising trajectory).
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To accomplish this, we introduce a hybrid objective combining three complementary

losses: (i) noise prediction, (ii) output-level knowledge distillation, and (iii) a second-order

Jacobian matching objective inspired by finite-time sensitivity analysis. The combined

objective is:

Ltotal = λNPLNP + λKDLKD + λJacL2nd-Jac, (7.1)

where λNP, λKD, λJac are scalar weighting coefficients.

Noise Prediction (NP)

In DDPMs [92], training is formulated as predicting the added Gaussian noise ϵ from the

noised input x̃ at timestep t sampled from a variance schedule. This yields the standard

noise prediction objective:

LNP = Ex̃,t

∥∥s(x̃, t)− ϵ∥∥2
2
.

This loss remains essential but is often insufficient for pruned models, whose reduced ca-

pacity can cause unstable or biased predictions early in finetuning.

Knowledge Distillation (KD)

To stabilize the early stages of finetuning, we incorporate output-level knowledge distillation

from the dense teacher model sD:

LKD = Ex̃,t

∥∥s(x̃, t)− sD(x̃, t)
∥∥2
2
.

While NP and KD offer strong supervision at each individual timestep, they treat timesteps

independently. Thus, they neglect how perturbations propagate over the multi-step denois-

ing trajectory—an issue particularly severe for pruned models (see Fig. 7.2).

Why First-Order Jacobian Matching is Insufficient

A natural extension is to align the Jacobians

J = ∇xs(x, t), JD = ∇xsD(x, t),
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which describe the local sensitivity of each model to input perturbations. However, in

diffusion models, the inputs x̃ are already perturbed by Gaussian noise, and output matching

implicitly enforces first-order Jacobian similarity.

Let ζ ∼ N (0, σ2I) be a small perturbation. Then a Taylor expansion gives:

(s(x+ ζ)− sD(x+ ζ))2 = (s(x)− sD(x))2 + σ2∥J − JD∥22 +O(σ4),

showing that first-order Jacobian alignment provides limited benefit in practice while in-

creasing computation. Furthermore, first-order Jacobians capture only *instantaneous*

sensitivity, rather than the long-term accumulation of perturbations across timesteps.

Second-Order Jacobian Matching (2ndM)

To capture temporal perturbation growth, we draw inspiration from Finite-Time Lyapunov

Exponents (FTLE), which measure how small perturbations expand or contract over finite

horizons in dynamical systems. Let J⊤J denote the local expansion metric for model s,

characterizing how perturbations evolve at a single timestep. Directly matching J⊤J is

infeasible due to the high dimensionality of x (e.g., > 105).

We therefore adopt a scalable approximation by projecting J along random directions:

v ∼ N (0, I), v̂ = v/∥v∥.

The projected second-order sensitivity is:

∥Jv̂∥22 = v̂⊤J⊤Jv̂,

providing a tractable surrogate for comparing J⊤J between pruned and dense models. This

motivates the second-order Jacobian matching loss:

L2nd-Jac = Ex,t,v

[
∥Jv̂∥22 − ∥JDv̂∥22

]
.

Importantly, the term Jv̂ can be computed efficiently via vector–Jacobian products (VJPs),

which modern autodiff frameworks (e.g., PyTorch) provide at little overhead. Thus, 2ndM

is scalable to large U-Nets and Transformers.
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Table 7.1: Ablation of loss components on CIFAR-10. Columns show the cumulative

addition of components up to that column, except that 2nd JM is added on top of NP+KD

only and does not include 1st JM.

Loss NP NP + KD NP + KD + 1st JM NP + KD + 2nd JM (Ours) Dense

FID ↓ 5.29 5.05 5.14 4.58 4.19

FTLE 0.413 0.418 – 0.408 0.405

Empirical Observation

Table 7.1 demonstrates the contribution of each component. Although NP+KD improves

FID, it leaves the FTLE gap nearly unchanged, confirming that timestep-wise supervision

alone does not align temporal sensitivity. Adding first-order Jacobian matching offers negli-

gible benefit, consistent with its theoretical redundancy. In contrast, second-order Jacobian

matching significantly improves both generative quality (5.05 → 4.58) and temporal sta-

bility (0.418 → 0.408), indicating that 2ndM better captures how perturbations propagate

along the denoising trajectory.

7.3 Experiments

We evaluate 2ndMatch on both U-Net– and Transformer–based diffusion models. For

U-Net architectures, we use pretrained DDPM [92], LDM-4, and Stable Diffusion v1.4

(SDM) [183]; for Transformer architectures we use U-ViT [11]. We follow standard evalua-

tion protocols and report Fréchet Inception Distance (FID) [88], relative FID (rFID) [251],

spatial FID (sFID) [157], Inception Score (IS) [193], Precision/Recall [116], and CLIP

score [87], computed over 50K generated samples unless stated otherwise. Efficiency is mea-

sured by parameter count, MACs, speedup, and throughput (images/s) on a single NVIDIA

A100 GPU. Datasets include CIFAR-10 [115], CelebA [135], LSUN-Church/Bedroom [242],

ImageNet [45], and MS-COCO [128]. We adopt Diff-Pruning [61] as the main pruning base-

line for DDPM, LDM-4, and U-ViT, and BK-SDM for SDM v1.4, following their training
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and sampling settings [61, 111, 11].

Table 7.2: Quantitative comparison of methods applied to UNet-based diffusion models on

LSUN-Church (256×256), LSUN-Bedroom (256×256), and ImageNet (256× 256)

LSUN-Church (256× 256)

Method #Params ↓ MACs ↓ Speed ↑ Imgs/s ↑ rFID ↓ sFID ↓ FID ↓ IS ↑ Prec. ↑ Rec. ↑

DDPM 113.7 M 248.7 G 1.0× 0.35/s - 3.61 10.58 - 61.01 39.27

Diff-Pruning 63.2 M 138.8 G 1.34× 0.47/s 4.09 5.04 13.90 - 50.43 41.14

Deep Cache 113.7 M 156.0 G 1.48× 0.47/s - - 13.68 - -

2ndM (Ours) 63.2 M 138.8 G 1.48× 0.47/s 2.08 4.13 11.25 - 54.36 38.51

LSUN-Bedroom (256× 256)

Method #Params ↓ MACs ↓ Speed ↑ Imgs/s ↑ rFID ↓ sFID ↓ FID ↓ IS ↑ Prec. ↑ Rec. ↑

DDPM 113.7 M 248.7 G 1.0× 0.35/s - 3.81 6.62 - 52.75 41.67

Diff-Pruning 63.2 M 138.8 G 1.48× 0.47/s 7.62 5.84 17.90 - 36.41 39.98

Deep Cache 113.7 M 156.0 G 1.48× 0.47/s - - 9.49 - - -

2ndM (Ours) 63.2 M 138.8 G 1.48× 0.47/s 2.16 4.53 9.68 - 44.15 39.18

ImageNet (256× 256)

Method #Params ↓ MACs ↓ Speed ↑ Imgs/s ↑ rFID ↓ sFID ↓ FID ↓ IS ↑ Prec. ↑ Rec. ↑

LDM-4 400.9 M 99.8 G 1.0× 0.26/s - 3.52 3.6 265.46 73.54 46.17

Diff-Pruning 175.8 M 43.2 G 1.7× 0.44/s 9.28 6.48 10.23 131.85 60.63 47.53

2ndM (Ours) 175.8 M 43.2 G 1.7× 0.44/s 4.11 4.41 5.68 168.40 68.56 48.92

U-Net–based Diffusion Models

Table 7.2 summarizes results on LSUN-Church, LSUN-Bedroom, and ImageNet at 256×256

resolution. Across all datasets, 2ndMatch substantially improves generation quality over

Diff-Pruning while preserving its computational advantages (same sparsity, parameters,

MACs, and speed).

On ImageNet, 2ndMatch reduces FID from 10.23 to 5.68 and improves rFID from 9.28

to 4.11, more than halving the discrepancy to the dense LDM-4 teacher. On LSUN-Church

and LSUN-Bedroom, 2ndMatch consistently lowers FID, sFID, and rFID relative to Diff-

Pruning (e.g., FID 13.90→ 11.25 on LSUN-Church and 17.90→ 9.68 on LSUN-Bedroom),
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Figure 7.3: Per-class rFID and qualitative comparison between Dense, 2ndMatch, and base-

line finetuning (DP) on ImageNet 256×256.

while keeping identical compute. DeepCache achieves a slightly lower FID than 2ndMatch

on LSUN-Bedroom, but at the cost of nearly 2× the parameters and extra memory for

feature caching. Figure 7.3 provides a per-class analysis on ImageNet. The top panel

shows that rFID improves across all displayed classes when switching from Diff-Pruning to

2ndMatch, and the bottom panel illustrates that 2ndMatch more closely matches the dense

model’s images in terms of global structure and fine details (e.g., for mushroom, junco, and

kelpie).

We also apply 2ndMatch to BK-SDM–pruned Stable Diffusion v1.4 at different model

sizes (Base/Small/Tiny). As shown in Table 7.3, 2ndMatch consistently improves FID and

CLIP score under the same compute budget; for example, FID on the Base model improves

from 15.76 to 13.84, moving it much closer to the dense SDM baseline (13.05) without

changing the architecture or sampling schedule.
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Table 7.3: Generation quality on MS-COCO (256×256, 30K samples) for BK-SDM–pruned

Stable Diffusion 1.4 models of different sizes (Base / Small / Tiny), with and without 2ndM

finetuning.

Method #Param ↓ MACs ↓ Speed ↑ FID ↓ CLIP ↑

SDM-v1.4 1.04B 338.7G 1.0× 13.05 0.2958

Base 0.76B 223.8G 1.48× 15.76 0.2878

Base + 2ndM 0.76B 223.8G 1.48× 13.84 0.2900

Small 0.66B 217.7G 1.62× 16.98 0.2677

Small + 2ndM 0.66B 217.7G 1.62× 16.17 0.2682

Tiny 0.50B 205.0G 1.77× 17.12 0.2653

Tiny + 2ndM 0.50B 205.0G 1.77× 16.68 0.2636

Transformer–based Diffusion Models

Table 7.4 reports results on U-ViT [11] for CIFAR-10 (32 × 32) and CelebA (64 × 64).

On CIFAR-10, 2ndMatch improves Diff-Pruning from FID 4.63 to 4.05 at the same spar-

sity (14.5M parameters, 3.7G MACs), providing a better quality–efficiency tradeoff than

SparseDM (3:4), which is faster but significantly worse in FID (5.58). On CelebA, 2nd-

Match further reduces FID from 3.57 (Diff-Pruning) to 3.35, outperforming both SparseDM

variants while matching Diff-Pruning’s compute. These results indicate that the proposed

second-order Jacobian objective is architecture-agnostic and extends naturally to attention-

based diffusion models.

Ablations and Robustness

We conduct extensive ablation studies to examine the robustness and generality of 2ndMatch

across pruning ratios and pruning strategies.
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Table 7.4: Quantitative comparison on Transformer-based diffusion models (U-ViT) for

CIFAR-10 and CelebA.

CIFAR-10 (32× 32) CelebA (64× 64)

Method # Param MACs Speed FID # Param MACs Speed FID

U-ViT 44M 11.3G 1.0× 3.11 44M 11.3G 1.0× 2.87

SparseDM (3:4) 11M 2.8G 4.0× 5.58 11M 2.8G 4.0× 5.05

Diff-Pruning 14.5M 3.7G 3.1× 4.63 14.5M 3.7G 3.1× 3.57

SparseDM (2:4) 22M 5.7G 2.0× 3.81 22M 5.7G 2.0× 3.52

2ndM (Ours) 14.5M 3.7G 3.1× 4.05 14.5M 3.7G 3.1× 3.35

Pruning ratio. Table 7.5 evaluates Diff-Pruning vs. 2ndMatch under varying pruning

ratios on both U-Net and U-ViT. Across all sparsity levels, 2ndMatch improves FID, with

gains increasing at higher pruning ratios (e.g., U-Net FID 9.33→ 7.10 at 70% pruning and

13.42 → 10.91 at 82% pruning). Similar trends hold for U-ViT, where 2ndMatch remains

markedly better than Diff-Pruning even at 80% pruning (5.01 vs. 6.68), indicating strong

robustness to aggressive sparsification.

Pruning method. Finally, Table 7.6 compares several pruning strategies on CIFAR-10 at

44% sparsity, with and without 2ndMatch. In all cases, adding 2ndMatch on top of either

baseline training or KD leads to the best FID (e.g., Diff-Pruning 5.29 → 5.05 with KD

and further to 4.58 with 2ndMatch). Even simple random pruning benefits (6.22→ 5.57),

showing that the proposed objective is complementary to the choice of pruning criterion

and can be plugged into a wide range of sparsification pipelines.
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Table 7.5: Comparison of Diff-Pruning (DP) and 2ndM across pruning ratios on U-Net

(left) and U-ViT (right).

U-Net

PR #Param MACs Speed Imgs/s DP 2ndM

dense 35.7M 6.1G 1.00× 31.1 4.19

0.56 14.3M 2.7G 1.46× 45.5 6.36 5.54

0.70 8.6M 1.5G 2.19× 68.2 9.33 7.10

0.82 5.1M 1.1G 2.58× 80.2 13.42 10.91

U-ViT

PR #Param MACs Speed Imgs/s DP 2ndM

dense 44M 11.3G 1.00× 0.54 3.11

0.60 18.5M 4.7G 1.80× 0.97 3.83 3.75

0.70 14.5M 3.7G 2.07× 1.12 4.63 4.05

0.80 10.4M 2.6G 2.44× 1.32 6.68 5.01

Table 7.6: FID scores on CIFAR-10 (44% pruning) for different pruning methods with

and without 2ndM. Lower is better.

FID ↓ Random LAMP Magnitude Taylor Diff-Pruning

Baseline 6.22 6.09 5.74 5.71 5.29

KD 5.88 5.57 5.53 5.39 5.05

2ndM 5.57 5.30 5.25 5.17 4.58
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Chapter 8

CONCLUSION

This dissertation has demonstrated that linearization provides a principled dual frame-

work for studying and improving neural networks, addressing the challenges of reliable

training and efficient compression. Linearization through the input Jacobian gives rise

to complementary tools for these challenges. The Lyapunov spectrum and its finite-time

analog (FTLE) characterize how network dynamics respond to perturbations over time.

Together, these tools inform design, analysis, and compression of neural networks across

settings ranging from biological sequence generation to large-scale text-to-image synthesis.

8.1 Contributions

Role I: Design Target [CZ 1]. R-FORCE treats the spectral structure of the recurrent

Jacobian as a design target for initialization. By introducing four generating principles

for the recurrent connectivity matrix that keep Jacobian eigenvalues within the stability

region, R-FORCE makes FORCE learning robust across a broad range of dynamic regimes.

R-FORCE expands the operating range of FORCE far beyond the narrow edge-of-chaos

band required by standard initialization and consistently improves generation quality on

sequential signal tasks.

Role II: Predictive Features [CZ 2]. AeLLE (Autoencoder Latent Lyapunov Ex-

ponent) uses the Lyapunov Exponent spectrum computed from the input Jacobian as a

performance-predictive feature. An autoencoder compresses LE spectra of variable length

into a fixed-dimensional latent space that generalizes across RNN architectures and is avail-

able from the very beginning of training. AeLLE features outperform both raw LE statistics

and loss-based metrics as early predictors of final model performance after training, enabling

inexpensive architecture and hyperparameter selection.

Role III: Dynamical Compass [CZ 3]. Hyperpruning (LSH) reframes the search



89

over pruned RNN configurations as a hyperparameter optimization problem and introduces

the Lyapunov Spectrum distance between a dense model and its pruned variants as the eval-

uation criterion. Since this distance reflects structural changes to the network’s dynamics

before the loss has had time to reveal them, it is a more reliable early proxy for post-training

performance than any loss-based metric. LSH identifies better-performing pruned configu-

rations at an order-of-magnitude lower computational cost than conventional methods.

Role IV: Optimization Objective [CZ 4]. The final contribution in this thesis

uses Jacobian-based quantities as a direct training signal for compressing diffusion models.

2ndMatch, inspired by FTLE, introduces a second-order Jacobian matching objective that

aligns the input-space perturbation sensitivity of pruned and dense models throughout the

denoising trajectory; since first-order Jacobian matching is effectively redundant with the

standard denoising objective, the second-order term provides a genuinely complementary

signal that consistently closes the quality gap across U-Net and Transformer architectures.

8.2 Synthesis

While the four contributions span a variety of architectures (random and gated RNNs, spik-

ing networks, and U-Net and Transformer diffusion backbones) and different goals (initial-

ization, performance prediction, pruning search, and finetuning), they are all expressions of

a single object: the input Jacobian and the Lyapunov spectrum derived from it. R-FORCE

shapes this spectrum at initialization; AeLLE reads it as a predictive feature; Hyperpruning

measures distances within it; and 2ndMatch matches its finite-time, second-order behav-

ior along a trajectory. Taken together, the dissertation shows that the Jacobian and its

spectrum are not merely tools for after-the-fact analysis but can, in turn, serve as a design

target, a predictive feature, a metric, and a training signal.

This versatility is what unifies the dual challenges of stability and sparsity. Across the

contributions, linearization is used in one of two complementary modes: either to reveal

networks’ behavioral properties without full training, as in R-FORCE’s initialization design

and the early performance prediction of AeLLE and Hyperpruning, or to supply a direct

optimization signal, as in 2ndMatch’s finetuning objective. Two lessons recur across these

modes. First, the networks’ dynamical signature is established early, often at initialization,
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and is a more reliable indicator of eventual quality than loss-based metrics. This makes

design and search dramatically cheaper. Second, matching how a model responds to per-

turbations, rather than only its outputs, transfers behavior from one model to another more

faithfully. This is why higher-order sensitivity matching succeeds where output matching

alone does not. Linearization thus functions less as a single technique and more as a shared

language in which problems of training and compression can be posed and solved.

8.3 Limitations

The methods developed here also share several limitations. The first is a computational

limitation. Computing Lyapunov exponents requires evolving and re-orthogonalizing long

products of Jacobians (in AeLLE and Hyperpruning), and the second-order objective of

2ndMatch requires vector–Jacobian products across the denoising trajectory. While scalable

approximations such as QR-based estimation and random projection keep these tractable,

they still impose overhead relative to purely loss-based methods, and the cost grows with

sequence length and trajectory horizon.

A second set of limitations is methodological. Several components are derived empirically

rather than from first principles. R-FORCE’s four generating principles and the staged loss

schedule of AeLLE were identified through experimentation. AeLLE additionally requires

training an autoencoder whose latent features are not directly interpretable. Hyperpruning’s

Lyapunov-spectrum proxy still requires a few epochs of partial training and a dense reference

model. 2ndMatch relies on a random-projection surrogate for finite-time sensitivity rather

than exact FTLE. We showed the effectiveness of these approaches in practice, but it remains

open why the particular choice in the approaches is optimal.

Finally, the scope of validation for our proposed methods has been limited, and the

bounds of their regimes are unknown. Each contribution is demonstrated on a focused

set of tasks and architectures, ranging from RNN-based signal generation and language

modeling to diffusion-based image synthesis, and broader generality is shown only in part.

More fundamentally, the entire framework rests on the input Jacobian; the complementary

parameter-space view, captured by the Neural Tangent Kernel, is left for future explorations.
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8.4 Future Directions

Several directions remain open. The Lyapunov-based analysis tools developed for RNNs

have natural analogs for modern state-space models (SSMs) [74, 73] and diffusion model

trajectories. Extending them to these architectures is a promising next step. A com-

plementary direction concerns other ways to linearize a network. This dissertation works

throughout with the input Jacobian, which describes how networks’ outputs respond to per-

turbations of their inputs and states. An additional Jacobian, parameter Jacobian, could be

considered. Its outer product is the Neural Tangent Kernel (NTK) [102], which describes

how the outputs respond to changes in the weights and governs the network evolution under

gradient descent. Extending the linearization framework developed here to this parameter-

space Jacobian, for example, to predict trainability, inform initialization, or transfer train-

ing dynamics from a dense teacher to a compressed student, would unify the input- and

parameter-space views of linearization. On the compression side, the second-order Jaco-

bian matching principle of 2ndMatch is not specific to pruning. Any setting that transfers

behavioral properties from a dense teacher to a compressed student, including quantization-

aware calibration [101] and distillation to lighter backbones [90], could benefit from the same

FTLE-inspired sensitivity matching. Finally, integrating the search efficiency of Hyperprun-

ing with the gradient-based precision of 2ndMatch, for example, by using Lyapunov-based

proxies to identify promising pruned configurations before second-order finetuning, repre-

sents a natural synthesis of the contributions developed in this dissertation.
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[119] Yann LeCun, Léon Bottou, Yoshua Bengio, and Patrick Haffner. Gradient-based

learning applied to document recognition. Proceedings of the IEEE, 86(11):2278–2324,

1998.

[120] Yann LeCun, John Denker, and Sara Solla. Optimal brain damage. Advances in

neural information processing systems, 2, 1989.

[121] Namhoon Lee, Thalaiyasingam Ajanthan, and Philip HS Torr. Snip: Single-shot

network pruning based on connection sensitivity. arXiv preprint arXiv:1810.02340,

2018.

[122] Hao Li, Asim Kadav, Igor Durdanovic, Hanan Samet, and Hans Peter Graf. Pruning

filters for efficient convnets. arXiv preprint arXiv:1608.08710, 2016.

[123] Lisha Li, Kevin Jamieson, Giulia DeSalvo, Afshin Rostamizadeh, and Ameet Tal-

walkar. Hyperband: A novel bandit-based approach to hyperparameter optimization.

The journal of machine learning research, 18(1):6765–6816, 2017.

[124] Muyang Li, Tianle Cai, Jiaxin Cao, Qinsheng Zhang, Han Cai, Junjie Bai, Yangqing

Jia, Ming-Yu Liu, Kai Li, and Song Han. Distrifusion: Distributed parallel inference

for high-resolution diffusion models. In Proceedings of the IEEE/CVF Conference on

Computer Vision and Pattern Recognition (CVPR), 2024.

[125] Xiuyu Li, Yijiang Liu, Long Lian, Huanrui Yang, Zhen Dong, Daniel Kang, Shanghang

Zhang, and Kurt Keutzer. Q-diffusion: Quantizing diffusion models. In Proceedings

of the IEEE/CVF International Conference on Computer Vision, pages 17535–17545,

2023.



107

[126] Zhizhong Li and Derek Hoiem. Learning without forgetting. IEEE transactions on

pattern analysis and machine intelligence, 40(12):2935–2947, 2017.

[127] Soon Hoe Lim, N Benjamin Erichson, Liam Hodgkinson, and Michael W Mahoney.

Noisy recurrent neural networks. Advances in Neural Information Processing Systems,

34:5124–5137, 2021.

[128] Tsung-Yi Lin, Michael Maire, Serge Belongie, James Hays, Pietro Perona, Deva Ra-

manan, Piotr Dollár, and C Lawrence Zitnick. Microsoft coco: Common objects in

context. In European conference on computer vision, pages 740–755. Springer, 2014.

[129] Yaron Lipman, Ricky T. Q. Chen, Heli Ben-Hamu, Maximilian Nickel, and Matthew

Le. Flow matching for generative modeling. In The Eleventh International Conference

on Learning Representations, 2023.

[130] Enshu Liu, Xuefei Ning, Zinan Lin, Huazhong Yang, and Yu Wang. Oms-dpm: Op-

timizing the model schedule for diffusion probabilistic models. In International Con-

ference on Machine Learning, pages 21915–21936. PMLR, 2023.

[131] Feng Liu, Shiwei Zhang, Xiaofeng Wang, Yujie Wei, Haonan Qiu, Yuzhong Zhao,

Yingya Zhang, Qixiang Ye, and Fang Wan. Timestep embedding tells: It’s time to

cache for video diffusion model. In Proceedings of the Computer Vision and Pattern

Recognition Conference, pages 7353–7363, 2025.

[132] Shiwei Liu, Decebal Constantin Mocanu, Yulong Pei, and Mykola Pechenizkiy. Selfish

sparse rnn training. In International Conference on Machine Learning, pages 6893–

6904. PMLR, 2021.

[133] Xingchao Liu, Chengyue Gong, and qiang liu. Flow straight and fast: Learning to gen-

erate and transfer data with rectified flow. In The Eleventh International Conference

on Learning Representations, 2023.

[134] Zhuang Liu, Jianguo Li, Zhiqiang Shen, Gao Huang, Shoumeng Yan, and Changshui

Zhang. Learning efficient convolutional networks through network slimming. In Pro-



108

ceedings of the IEEE international conference on computer vision, pages 2736–2744,

2017.

[135] Ziwei Liu, Ping Luo, Xiaogang Wang, and Xiaoou Tang. Deep learning face attributes

in the wild. In Proceedings of the IEEE international conference on computer vision,

pages 3730–3738, 2015.

[136] Cheng Lu, Yuhao Zhou, Fan Bao, Jianfei Chen, Chongxuan Li, and Jun Zhu. Dpm-

solver: A fast ode solver for diffusion probabilistic model sampling in around 10 steps.

Advances in Neural Information Processing Systems, 35:5775–5787, 2022.

[137] Mario Lucic, Karol Kurach, Marcin Michalski, Sylvain Gelly, and Olivier Bousquet.

Are gans created equal? a large-scale study. Advances in neural information processing

systems, 31, 2018.

[138] Simian Luo, Yiqin Tan, Longbo Huang, Jian Li, and Hang Zhao. Latent consistency

models: Synthesizing high-resolution images with few-step inference, 2023.

[139] Xinyin Ma, Gongfan Fang, and Xinchao Wang. Deepcache: Accelerating diffusion

models for free. In Proceedings of the IEEE/CVF conference on computer vision and

pattern recognition, pages 15762–15772, 2024.
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Appendix A

APPENDIX

A.1 Derivation of the DDPM training objective

This appendix derives the training objective of Denoising Diffusion Probabilistic Models

(DDPM) [92] from the variational lower bound (ELBO), showing how the complex proba-

bilistic formulation reduces to the simple ϵ-prediction mean squared error used in practice.

A.1.1 Forward Process

The forward process defines a Markov chain that gradually corrupts a clean data sample

x0 ∼ q(x0) into isotropic Gaussian noise over T steps:

q(x1:T | x0) =

T∏
t=1

q(xt | xt−1), q(xt | xt−1) = N
(
xt;

√
1− βt xt−1, βtI

)
, (A.1)

where {βt}Tt=1 is a fixed variance schedule with 0 < βt < 1. Defining αt = 1 − βt and

ᾱt =
∏t

s=1 αs, the marginal at any timestep t is available in closed form:

q(xt | x0) = N
(
xt;
√
ᾱt x0, (1− ᾱt)I

)
. (A.2)

This follows by induction, using the fact that a convex combination of Gaussians is Gaussian.

Equation (A.2) gives the reparameterization

xt =
√
ᾱt x0 +

√
1− ᾱt ϵ, ϵ ∼ N (0, I), (A.3)

which allows sampling xt directly from x0 without simulating intermediate steps, enabling

efficient training.
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A.1.2 Reverse Process and Variational Lower Bound

The reverse process defines a learned Markov chain that denoises from xT ∼ N (0, I) back

to x0:

pθ(x0:T ) = p(xT )
T∏
t=1

pθ(xt−1 | xt), pθ(xt−1 | xt) = N (xt−1; µθ(xt, t), Σθ(xt, t)) . (A.4)

Maximizing the log-likelihood log pθ(x0) is intractable, so we instead maximize the evidence

lower bound (ELBO), obtained via Jensen’s inequality:

log pθ(x0) ≥ Eq

[
log

pθ(x0:T )

q(x1:T | x0)

]
=: −L. (A.5)

Expanding and rearranging the expectation using the Markov structure, L decomposes into

interpretable terms:

L = DKL(q(xT | x0) ∥ p(xT ))︸ ︷︷ ︸
LT

+
T∑
t=2

DKL(q(xt−1 | xt, x0) ∥ pθ(xt−1 | xt))︸ ︷︷ ︸
Lt−1

−Eq[log pθ(x0 | x1)]︸ ︷︷ ︸
L0

.

(A.6)

The term LT is a constant with respect to θ since q has no learnable parameters and

p(xT ) = N (0, I) is fixed. The term L0 is a reconstruction term. The dominant terms

are the denoising matching losses Lt−1, which measure how well the learned reverse step

pθ(xt−1|xt) matches the true posterior q(xt−1|xt, x0).

A.1.3 Tractable Posterior

The posterior q(xt−1 | xt, x0) is tractable because conditioning on x0 makes the joint Gaus-

sian. By Bayes’ rule:

q(xt−1 | xt, x0) ∝ q(xt | xt−1) q(xt−1 | x0). (A.7)

Completing the square in the exponent (both factors are Gaussian) yields:

q(xt−1 | xt, x0) = N
(
xt−1; µ̃t(xt, x0), β̃tI

)
, (A.8)

with

µ̃t(xt, x0) =

√
ᾱt−1 βt
1− ᾱt

x0 +

√
αt (1− ᾱt−1)

1− ᾱt
xt, (A.9)

β̃t =
1− ᾱt−1

1− ᾱt
βt. (A.10)
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Since both pθ(xt−1|xt) and q(xt−1|xt, x0) are Gaussian, each KL term Lt−1 reduces to a

mean squared error between their means.

A.1.4 The ϵ-Prediction Objective

Substituting the reparameterization x0 = (xt −
√

1− ᾱt ϵ)/
√
ᾱt into µ̃t gives:

µ̃t(xt, ϵ) =
1
√
αt

(
xt −

βt√
1− ᾱt

ϵ

)
. (A.11)

The network µθ(xt, t) is therefore parameterized as:

µθ(xt, t) =
1
√
αt

(
xt −

βt√
1− ᾱt

ϵθ(xt, t)

)
, (A.12)

so minimizing Lt−1 is equivalent to minimizing ∥ϵ− ϵθ(xt, t)∥2. Ho et al. [92] further show

that dropping the time-dependent weighting and averaging uniformly over t yields a sim-

plified objective that trains better in practice:

Lsimple = Et, x0, ϵ

[∥∥ϵ− ϵθ(√ᾱt x0 +
√

1− ᾱt ϵ, t
)∥∥2] . (A.13)

This is the standard DDPM training loss: sample a random timestep t, corrupt x0 to xt in

one step, and train the network to predict the noise ϵ that was added.
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A.2 AeLLE

A.2.1 Jacobians of RNN Architectures

In the calculation of the Lyapunov spectrum, we use the Jacobian ∂ht
∂ht−1

(or equivalent)

to perform the evolution of the tangent space at each time step. For each network, we

compute the Jacobian expression so we can implement it directly, significantly improving

computation speed compared to numerical derivative estimation. The expressions for all

non-vanilla RNN networks are shown (Note: ASRNN has the same Jacobian as RNN but

with weight constraints, so it is not shown either).

LSTM

y∗ = W∗xt + U∗ht−1 + b∗,

where ∗ is determined by the gate/state. For LSTM, there are 4 different gates/states

(f, i, o, c), each with a corresponding y∗,W∗, U∗, b∗.

The derivatives of each of these gates/states with respect to the hidden states and the input

are shown below. The final line shows the derivative of the hidden state with respect to the

hidden state at the previous time step.

∂ft
∂ht−1

= [σ(yf ) ◦ (1− σ(yf ))]T ◦ Uf

∂it
∂ht−1

= [σ(yi) ◦ (1− σ(yi))]
T ◦ Ui

∂ot
∂ht−1

= [σ(yo) ◦ (1− σ(yo))]
T ◦ Uo

∂ct
∂ht−1

=
∂ft
∂ht−1

◦ ct−1 +
∂it
∂ht−1

◦ tanh(yc) + it ◦ sech2(yc) ◦ Uc

∂ht
∂ht−1

=
∂ot
∂ht−1

◦ tanh(ct) + ot ◦ sech2(ct) ◦
∂ct
∂ht−1
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∂ft
∂xt

= [σ(yf ) ◦ (1− σ(yf ))]T ◦Wf

∂it
∂xt

= [σ(yi) ◦ (1− σ(yi))]
T ◦Wi

∂ot
∂xt

= [σ(yo) ◦ (1− σ(yo))]
T ◦Wo

∂ct
∂xt

=
∂ft
∂xt
◦ ct−1 +

∂it
∂xt
◦ tanh(yc) + it ◦ sech2(yc) ◦Wc

∂ht
∂xt

=
∂ot
∂xt
◦ tanh(ct) + ot ◦ sech2(ct) ◦

∂ct
∂xt

GRU

y1∗ = W∗x+ bi∗

y2∗ = U∗ht−1 + bh∗

The corresponding derivatives for the GRU are shown below.

∂rt
∂ht−1

= [σ(y1r + y2r) ◦ (1− σ(y1r + y2r))]T ◦ Ur

∂zt
∂ht−1

= [σ(y1z + y2z) ◦ (1− σ(y1z + y2z))]T ◦ Uz

∂nt
∂ht−1

= sech2(y1n + rt ◦ y2n) ∗ ∂rt
∂ht−1

◦ y2n + rt ◦ Un

∂ht
∂ht−1

= − ∂zt
∂ht−1

◦ nt + (1− zt) ◦
∂nt
∂ht−1

+
∂zt
ht−1

◦ ht−1 + zt ◦ I

CoRNN

yt = yt−1 + zt∆t

zt = zt−1 + (tanh(Wyyt−1 +Wzzt−1 + V ut + b)− γyt−1 − ϵzt−1)∆t

we need to calculate the derivative of yt w.r.t yt−1.
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dyt
dyt−1

=
d(yt−1 + zt∆t)

dyt−1

=
d(yt−1 + (zt−1 + (tanh(Wyyt−1 +Wzzt−1 + V ut + b)− γyt−1 − ϵzt−1)∆t)∆t)

dyt−1

=
dyt−1

dyt−1
+ ∆t

dzt−1

dyt−1
+ ∆t2

d(tanh(Wyyt−1 +Wzzt−1 + V ut + b))

dyt−1

−∆t2
d(γyt−1 + ϵzt−1)

dyt−1

= I + 0 + ∆t2W T
y (1− tanh2(Wyyt−1 +Wzzt−1 + V ut + b))−∆t2γI

= (1−∆t2γ)I + ∆t2W T
y (1− tanh2(Wyyt−1 +Wzzt−1 + V ut + b))

Lipschitz RNN 
ḣ = AβA,γAh+ tanh(WβW ,γW h+ Ux+ b)

y = Dh

where Aβ,γ ∈ RN×N ,Wβ,γ ∈ RN×N ,


AβA,γA = (1− βA)(MA +MT

A ) + βA(MA −MT
A )− γAI

WβW ,γW = (1− βW )(MW +MT
W ) + βW (MW −MT

W )− γW I,

where βA, βW ∈ [0, 1], γA, γW > 0 are tunable parameters, and MA,MW ∈ RN×N are

trainable matrices. ḣ is the derivative with respect to time, i.e.,ḣ = ∂h(t)
∂t . Therefore, the

Jacobian matrix of ht is:

∂ht+1

∂ht
=
∂(ht +△t · αAht +△t · tanh(Wht + Uxt + b)

∂ht

= I +△tαA+△tW sech2(Wht + Uxt + b)

, where α is default to 1 and △t is the time interval.
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Noisy RNN

ηmulpi = k ∗ N ∼ (0, 1) + (1− k)

hupdate = αhA+ tanh (htW + Uxt + b)

h = h+ d · ηmulpi · hupdate + noise

where, k, α are scale constant, and N ∼ (0, 1) is the normal distribution


A = β(B −BT ) + (1− β)(B +BT )− γAI

W = β(C − CT ) + (1− β)(C + CT )− γW I

∂ht+1

∂ht
=
∂(ht + d · ηmulpi · (αhtA+ tanh (htW + Uxt + b)) + noise)

∂ht

= I + d · ηmulpi · (αA+W · sech2(htW + Uxt + b))

LEM

zn = (1−△△△tn)⊙ zn−1 +△△△tn ⊙ σ(Wzyn−1 + Vzun + bz) (A.14)

yn = (1−△̄△△tn)⊙ yn−1 + △̄△△tn ⊙ σ(Wyzn + Vyun + by) (A.15)

, where

△△△tn = △tσ̂(W1yn−1 + V1un + b1)

△̄△△tn = △tσ̂(W2yn−1 + V2un + b2)

We substitute △̄△△tn into Eq.A.15 and get the following:

yn =(1−△tσ̂(W2yn−1 + V2un + b2)︸ ︷︷ ︸
△̄△△tn

)⊙ yn−1+

△tσ̂(W2yn−1 + V2un + b2)︸ ︷︷ ︸
△̄△△tn

⊙(Wyzn + Vyun + by)
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Therefore, the Jacobian is:

∂yn
∂yn−1

= −△tW2σ̂
′(W2yn−1 + V2un + b2)⊙ yn−1

+ (1−△tσ̂(W2yn−1 + V2un + b2)

+△tW2σ̂
′(W2yn−1 + V2un + b2)⊙ (WyZn + Vyun + by)

+△tσ̂(W2yn−1 + V2un + b2)⊙ (Wy
∂Zn

∂yn−1
)

where

∂Zn

∂yn−1
=
∂(1−△tσ̂(W1yn−1 + V1un + b1)⊙ Zn−1)

∂yn−1

+
∂(△tσ̂(W1yn−1 + V1un + b1)⊙ σ(WZyn−1 + VZun + bZ)

∂yn−1

= −△tW1σ̂
′(W1yn−1 + V1un + b1)⊙ Zn−1

+△tW1σ̂
′(W1yn−1 + V1un + b1)⊙ σ(WZyn−1 + VZun + bZ)

+△tσ̂(W1yn−1 + V1un + b1)⊙WZσ
′(WZyn−1 + VZun + bZ)



130

A.3 Hyperpruning

A.3.1 Jacobian Matrix Derivation of RNN Architectures

Stacked LSTM

The LSTM is defined by the following equations:

ft = σg(Wfxt + Ufht−1 + bf )

it = σg(Wixt + Uiht−1 + bi)

ot = σg(Woxt + Uoht−1 + bo)

c′t = σc(Wcxt + Ucht−1 + bc)

ct = ft · ct−1 + it · c′t

ht = ot · σc(ct),

where σg and σc are element-wise sigmoid function and tanh function, respectively. For

simplicity, we use the following notation when calculating the derivatives:

y∗ = W∗xt + U∗ht−1 + b∗,

where ∗ can be f, i, o, c, depending on the gate. The derivative of each of those gates/states

with respect to the hidden states is shown below:
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∂ft
∂ht−1

= [σg(yf )(1− σg(yf ))]TUf

∂it
∂ht−1

= [σg(yi)(1− σg(yi))]
TUi

∂ot
∂ht−1

= [σg(yo)(1− σg(yo))]
TUo

∂ct
∂ht−1

=
∂ft
∂ht−1

ct−1 +
∂it
∂ht−1

tanh(yc) + itsech
2(yc)Uc

∂ht
∂ht−1

=
∂ot
∂ht−1

tanh(ct) + otsect
2(ct)

ct
∂ht−1

,

The derivative of each of those gates/states with respect to the inputs is shown below:

∂ft
∂xt

= [σg(yf )(1− σg(yf ))]TWf

∂it
∂xt

= [σg(yi)(1− σg(yi))]
TWi

∂ot
∂xt

= [σg(yo)(1− σg(yo))]
TWo

∂ct
∂xt

=
∂ft
∂xt

ct−1 +
∂it
∂xt

tanh(yc) + itsech
2(yc)Wc

∂ht
∂xt

=
∂ot
∂xt

tanh(ct) + otsect
2(ct)

∂ct
∂xt

,

RHN

An RHN layer with a recurrent depth of L is described by:

h
[t]
l = p

[t]
l · e

[t]
l + h

[t]
l−1 · c

[t]
l ,

l ∈ [1, L],

where
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p
[t]
l = tanh(WPx

[t]
1{l=1} +RPl

h
[t]
l−1 + bPl

) (A.16)

e
[t]
l = σ(WEx

[t]
1{l=1} +REl

h
[t]
l−1 + bEl

) (A.17)

c
[t]
l = σ(WCx

[t]
1{l=1} +RCl

h
[t]
l−1 + bCl

) (A.18)

and 1 is the indicator function. The output of the RNH layer is the output of the Lth

Highway layer, i.e., y[t] = h
[t]
L . The derivative is shown below:

h
[t]
1

h
[t−1]
1

=
∂h

[t]
1

∂h
[t−1]
L

L−1∏
l=1

∂h
[t−1]
l+1

∂h
[t−1]
l

where

∂h
[t−1]
l+1

∂h
[t−1]
l

= P
′[t−1]
l+1 diag(e

[t−1]
l+1 ) + E

′[t−1]
l+1 diag(p

[t−1]
l+1 ) + diag(c

[t−1]
l+1 ) + C

′[t−1]
l+1 diag(h

[t−1]
l ),

with

P
′[t−1]
l+1 = RT

Pl+1
diag[tanh′(RPl+1

h
[t−1]
l + bPl+1

)]

E
′[t−1]
l+1 = RT

El+1
diag[tanh′(REl+1

h
[t−1]
l + bEl+1

)]

C
′[t−1]
l+1 = RT

Cl+1
diag[tanh′(RCl+1

h
[t−1]
l + bCl+1

)],

and

∂h
[t]
1

∂h
[t−1]
L

= P
′[t]
1 diag(e

[t]
1 ) + E

′[t]
1 diag(p

[t]
1 ) + diag(c

[t]
1 ) + C

′[t]
1 diag(h

[t−1]
L )

with

P
′[t]
1 = RT

P1
diag[tanh′(WPx

[t] +RP1h
[t−1]
L + bP1)]

E
′[t]
1 = RT

E1
diag[tanh′(WEx

[t] +RE1h
[t−1]
L + bE1)]

C
′[t]
1 = RT

C1
diag[tanh′(WCx

[t] +RC1h
[t−1]
L + bC1)]
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If it is coupled, c = 1 - e. The RHN becomes

h
[t]
l . = p

[t]
l · e

[t]
l + h

[t]
l−1 · (1− e

[t]
l )

A.3.2 Embedding Spaces

Our work employed PCA as the embedding function and L2 distance as the distance metric.

However, it is important to note that there are no special constraints on this particular

embedding function and distance metric.

To thoroughly investigate the completeness of LSH, we conducted ablation studies across

various embedding spaces and distance measures to comprehensively understand LSH and

its performance in different scenarios.

We use the following equations to calculate the distance between the candidate network

ci in the candidate pool P and the reference dense network ĉ:

[v̂, vi0, . . . , v
i
−1] = embedding([Λ̂,Λi])

s = distance(v̂, vi−1),

where Λi
j stands for the LS of the i-th candidate at the j-th epoch and Λi groups all LS

of ci till current epoch, i.e.,Λi ≡ {Λi
j}j=0. Λ̂ denotes the LS of the reference network. The

embedded LS of reference ĉ and candidate ci at the current epoch, i.e., v̂ and vi−1, is used

to calculate the distance.

We conducted an ablation study using three embedding spaces: PCA, original LS, and

T-SNE, along with two distance metrics: L2 and Cosine distance, which is defined below.

L2(p, q) =

√√√√ n∑
i=1

(pi − qi)2

Cos(p, q) = 1− p · q
|p||q|

= 1−
∑n

i=1(piqi)√∑n
i=1(pi)

2 +
√∑n

i=1(qi)
2
,
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Table. A.1 presents the testing perplexities obtained by the selected network based on

these various combinations of embedding functions and distance metrics. Each combination

performs reasonably, demonstrating the effectiveness of using different embedding spaces

and distance metrics within the LSH framework. Surprisingly, a similar performance was

achieved even when using the original LS with the Cosine distance metric. This finding

suggests that the LS is informative regarding the network’s performance even at the early

stages of training. Among the different combinations, we observed that PCA with L2

distance, the configuration used in LSH, is preferable over other combinations. This led to

the choice of the PCA embedding function combined with the L2 distance metric in our

experiments.

Table A.1: Perplexities of the final model selected based on different combinations of em-

bedding spaces and distance metrics.

Embedding PCA LS T-SNE

Distance L2 Cos L2 Cos L2 Cos

Perplexity 69.9 72.99 72.56 70.3 70.5 72.6
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A.4 2ndMatch

A.4.1 Mathematical Derivation

1st-order Jacobian Matching

In this section, we provide a detailed explanation of first-order Jacobian matching (JM)

and its equivalence to matching noisy soft targets. The derivation follows the formulation

introduced in [211], where JM is used as a regularization strategy to transfer fine-grained

input–output sensitivity from a teacher model to a student model in the context of image

classification.

We begin with a general function f : Rn → Rm. The first-order Taylor expansion of f

around a point x ∈ Rn, within a small perturbation neighborhood {x+ v : ||v|| < ϵ}, yields

f(x+ v) = f(x) +∇xf(x)v +O(ϵ2). (A.19)

When f represents a neural network, this linear approximation describes how its outputs

change under small input perturbations. Now consider the squared error loss between a

teacher model sD(x) and a student model s(x):

ℓ(s(x), sD(x)) =
∥∥s(x)− sD(x)

∥∥2
2

(A.20)

=
m∑
i=1

(
si(x)− siD(x)

)2
. (A.21)

To account for nearby perturbations, let v = σz, where z ∈ Rn is a unit normal random

variable, and σ ∈ R is a scaling factor. The expected loss under such perturbations becomes

Lnoisy = Ev

[∥∥s(x+ v)− sD(x+ v)
∥∥2
2

]
. (A.22)

We apply the first-order Taylor expansion to both the teacher and the student

sD(x+ v) = sD(x) + JD(x)v +O(σ2), (A.23)

s(x+ v) = s(x) + J(x)v +O(σ2), (A.24)

where JD, J ∈ Rm×n are the teacher’s and student’s Jacobians of the output with respect

to the input, respectively. The loss becomes

Lnoisy = Ev

[ m∑
i=1

(
si(x) + J i(x)v − siD(x)− J i

D(x)v
)2

+O(σ4)
]

(A.25)
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=

m∑
i=1

(
si(x)− siD(x)

)2

+ Ev

[ m∑
i=1

(
(J i(x)− J i

D(x))v
)2]

+ Ev

[ m∑
i=1

2
(
si(x)− siD(x))(J i(x)− J i

D(x)
)
v
]

+O(σ4).

(A.26)

The cross term in Eq. A.26 vanishes since E[v] = 0 and the high order error O(σ4) is

ignored for small σ. For isotropic Gaussian noise v = σz, we have E[vv⊤] = σ2I, and thus

Lnoisy ≈ ∥s(x)− sD(x)∥22 + σ2∥J(x)− JD(x)∥2F , (A.27)

where ∥ · ∥F denotes the Frobenius norm.

This expansion reveals that matching the teacher with the student on noisy inputs

naturally decomposes into two terms: (i) an output-level matching loss ∥s(x) − sD(x)∥22,

and (ii) a Jacobian matching loss ∥J(x)− JD(x)∥2F ,

The Jacobian term penalizes discrepancies in local input–output sensitivity, encouraging

the student to preserve the teacher’s behavior in a neighborhood around x. In this sense,

first-order JM can be interpreted as the leading-order correction induced by training on

noisy soft targets.

In diffusion models, the training inputs xt are inherently noisy, as they are generated by

a forward noising process from clean data x0. At each timestep t, the model is trained on

corrupted samples of the form

xt = αtx0 + σtϵ, ϵ ∼ N (0, I). (A.28)

So the standard denoising objective already matches teacher and student predictions over

a broad distribution of perturbed inputs across timesteps. From the perspective of the

derivation above, this repeated matching over noisy xt implicitly encourages first-order

sensitivity alignment, making an explicit first-order JM term potentially redundant while

adding non-trivial computational cost (e.g., Jacobian–vector products). This motivates

moving beyond first-order alignment to second-order Jacobian-based objectives that capture

temporal sensitivity and long-range perturbation growth along the denoising trajectory.

To empirically verify whether explicit first-order JM provides non-redundant supervision

beyond standard diffusion losses, we ablate first-order JM on both low-resolution (CIFAR-

10) and high-resolution (ImageNet) settings. As summarized in Table A.2 (and Table 7.1
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FID ↓ NP NP+KD +1st JM +2ndM (Ours) Dense

CIFAR-10 5.29 5.05 5.14 4.58 4.19

ImageNet 10.23 7.96 8.15 5.68 3.60

Table A.2: Loss component ablation on CIFAR-10 and ImageNet (LDM-4). Adding 1st-

order JM does not improve FID over NP+KD, whereas 2ndM yields a large gain.

in the main manuscript), first-order JM does not improve over the NP+KD baseline and

can slightly degrade performance. On CIFAR-10, FID changes from 5.05 (NP+KD) to

5.14 (+1st JM), whereas our second-order matching (2ndM) improves FID to 4.58. A

similar trend holds on ImageNet (LDM-4): FID changes from 7.96 (NP+KD) to 8.15 (+1st

JM), while 2ndM yields a substantial gain (7.96→ 5.68), narrowing the gap to the dense

teacher (FID 3.60). Overall, these results support our claim that first-order alignment is

largely redundant in diffusion training, whereas second-order sensitivity matching provides

complementary and more effective supervision.

FTLE

This section provides additional detail on the motivation and derivation of Finite Time

Lyapunov Exponents (FTLE). The notation and examples are adapted from [198].

We consider a general time-dependent dynamical system defined by the Ordinary Dif-

ferential Equation (ODE)

dx(t)

dt
= f(x(t), t), (A.29)

where x ∈ Rn denotes the system state, and t ∈ R denotes time. The function f : Rn×R→

Rn governs the evolution of the system and is assumed to be smooth.

Given an initial time t0 and interval t1, we define the flow map Φ ∈ Rn → Rn, which
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transports a point x0 to its location at time t0 + t1, i.e., x1.

Φt0+t1
t0

: x0 → x1 (A.30)

= x0 → x0 +

∫ t0+t1

t0

f(x(τ), τ)dτ. (A.31)

By standard existence and uniqueness results [81], this map satisfies

Φt0
t0

(x0) = x0, (A.32)

Φt0+t1+t2
t0

(x) = Φt0+t1+t2
t0+t1

(Φt0+t1
t0

(x)). (A.33)

While numerical integration of f yields particle trajectories, analyzing time-dependent

systems directly can be challenging since studying the system’s overall behavior requires in-

tegrating many trajectories, which is computationally expensive. FTLE offers a principled

way to quantify the rate at which nearby trajectories diverge, revealing coherent structures

and deformation patterns in the dynamics. FTLE is more representative of the true trans-

port behavior in a time-dependent system than instantaneous separation criteria such as the

Okubo-Weiss criterion [233, 160] since it reflects the average or accumulated deformation

of the flow.

The FTLE, denoted Λt0+t1
t0

(x), is a scalar value, characterizing how infinitesimal per-

turbations to a point x ∈ Rn grow under the flow map Φt0+t1
t0

over a finite time interval

[t0, t0 + t1]. Specifically, to analyze this behavior, we consider the evolution of two nearby

trajectories. Let x0 ∈ Rn be a reference point at time t0, and let x′0 = x0 + v0 be a

neighboring point, where v0 is an infinitesimal perturbation. Since the flow is continuously

dependent on initial conditions, the trajectory of x′ will remain close to that of x, at least

for a short time. After t1, the separation of x and x′ becomes

v1 = Φt0+t1
t0

(x0)− Φt0+t1
t0

(x′0). (A.34)

Applying the first-order Taylor expansion of the flow map Φt0+t1
t0

around x0, we obtain

v1 =
dΦt0+t1

t0
(x0)

dx0
v0 +O(||v0||2). (A.35)
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Since v0 is infinitesimal, the higher-order term O(||v0||2) can be neglected. Therefore, the

norm of the perturbation after t1 becomes

||v1|| ≈ ||
dΦt0+t1

t0
(x0)

dx0
v0|| (A.36)

=
√
v⊤0 C v0, (A.37)

where C ∈ Rn×n is the finite-time Cauchy-Green deformation tensor, defined as

C = J⊤J, (A.38)

J =
dΦt0+t1

t0
(x0)

dx0
. (A.39)

Here, (·)⊤ denotes the matrix transpose operation. The matrix C captures the accumulated

stretching and compression of infinitesimal vectors under the flow over the time interval t1.

To quantify the maximum stretching, we align v0 with the eigenvector corresponding to the

largest eigenvalue λmax(C),

max
v0
||v1|| =

√
λmax(C)||v0||. (A.40)

Consequently, the FTLE is defined as

Λt0+t1
t0

(x) =
1

t1
ln
√
λmax(C), (A.41)

The FTLE quantifies the local exponential rate of trajectory separation and has been com-

monly used to identify coherent structures and transport barriers in dynamical systems [78].

FTLE for Discrete-Time Diffusion Denoising Dynamics

Diffusion sampling is naturally a discrete-time dynamical system: each denoising step maps

a latent (or image) state at step k to the next state k+1. This section reformulates FTLE

in that setting using the same flow-map and Cauchy–Green notation as in Sec. A.4.1.

Discrete denoising dynamics and flow map. Let a diffusion sampler define an itera-

tive update

xk+1 = Φk(xk; θ), k = 0, 1, . . . ,K − 1, (A.42)
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where xk ∈ Rn is the state at step k (e.g., latent/image), θ are model parameters, and Φk

denotes one denoising update (e.g., DDPM/DDIM/Euler step) at the corresponding noise

level. For an initial step k0 and horizon m, define the m-step flow map

Φk0:k0+m(xk0 ; θ)Φk0+m−1(·; θ) ◦ · · · ◦ Φk0(·; θ) (xk0), (A.43)

which transports xk0 to xk0+m. It satisfies the composition property

Φk0:k0(x; θ) = x, (A.44)

Φk0:k0+m1+m2(x; θ) = Φk0+m1:k0+m1+m2(Φk0:k0+m1(x; θ); θ) . (A.45)

Consider two nearby initial states at step k0: x
′
k0

= xk0 + vk0 with an infinitesimal pertur-

bation vk0 . After m denoising steps,

vk0+m = Φk0:k0+m(xk0 + vk0 ; θ)− Φk0:k0+m(xk0 ; θ). (A.46)

Linearizing the m-step flow map around xk0 yields

vk0+m ≈ Jk0:k0+m(xk0 ; θ) vk0 , (A.47)

where the m-step Jacobian is

Jk0:k0+m(xk0 ; θ) :=
∂Φk0:k0+m(xk0 ; θ)

∂xk0

=

m−1∏
i=0

Jk0+i(xk0+i; θ),

(A.48)

Jk(xk; θ) :=
∂Φk(xk; θ)

∂xk
. (A.49)

The product in (A.48) follows from the chain rule, since the overall sensitivity from xk0 to

xk0+m accumulates multiplicatively across intermediate denoising steps.

The finite-time Cauchy–Green deformation for diffusion flow is defined as

Ck0+m
k0

(xk0 ; θ) := Jk0:k0+m(xk0 ; θ)⊤ Jk0:k0+m(xk0 ; θ). (A.50)

Then the perturbation norm after m steps satisfies
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∥vk0+m∥ ≈
∥∥Jk0:k0+mvk0

∥∥ =
√
⟨vk0 , C

k0+m
k0

vk0⟩. (A.51)

The maximal stretching over all unit perturbations is

max
∥vk0∥=1

∥vk0+m∥ ≈
√
λmax

(
Ck0+m
k0

(xk0 ; θ)
)
. (A.52)

The discrete FTLE at state xk0 over m denoising steps is defined as the average expo-

nential separation rate per step:

Λk0+m
k0

(xk0 ; θ) :=
1

m
ln

√
λmax

(
Ck0+m
k0

(xk0 ; θ)
)
. (A.53)

Relationship between single-step and multi-step Jacobian mismatch. Directly

matching the full multi-step tensor Ck0+m
k0

is expensive, as it requires Jacobian products

across m steps. In practice, we use a single-step matching by setting m=1, for which

Ck+1
k (xk; θ) = Jk(xk; θ)⊤Jk(xk; θ), (A.54)

This motivates our focus on matching second-order sensitivity statistics derived from J⊤
k Jk

at individual denoising steps, which empirically captures much of the relevant local stretch-

ing behavior while remaining tractable.

To further justify the single-step matching, consider a teacher (sD) and a student (s)

dynamics with Jacobians {JD
k+i} and {Jk+i}, respectively. Using the product-difference

identity, the m-step Jacobian mismatch can be decomposed as

Jk:k+m − JD
k:k+m =

m−1∑
j=0

( m−1∏
i=j+1

Jk+i

)(
Jk+j − JD

k+j

)( j−1∏
i=0

JD
k+i

)
. (A.55)

Taking an operator norm and applying ∥AB∥ ≤ ∥A∥ ∥B∥ yields

∥∥Jk:k+m − JD
k:k+m

∥∥ ≤
m−1∑
j=0

(∥∥∥ m−1∏
i=j+1

Jk+i

∥∥∥·
∥∥Jk+j − JD

k+j

∥∥ ·
∥∥∥ j−1∏

i=0

JD
k+i

∥∥∥).
(A.56)

The multi-step Jacobian mismatch is upper bounded by a weighted sum of per-step

mismatches, with weights determined by intermediate Jacobian products. Consequently,
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# Steps GPU Memory ↓ Training Time ↓ FID ↓

1 34 GB 18 hr 4.58

2 80 GB (×2.35) 40 hr (×2.2) 4.62 (+0.04)

3 120 GB (×3.53) 60 hr (×3.3) 4.55 (−0.03)

Table A.3: Cost–accuracy trade-off of multi-step sensitivity matching on CIFAR-10. Multi-

step variants achieve FID comparable to that of the single-step objective but require sub-

stantially more memory and training time.

some steps may be more influential than others for the accumulated multi-step sensitivity

mismatch. A step-wise matching objective, by contrast, promotes local alignment across all

steps more uniformly, rather than allowing the overall mismatch to be dominated by only a

few influential steps. In this sense, step-wise matching imposes a stronger constraint than

matching only the composed multi-step behavior.

Empirical cost–accuracy trade-off (CIFAR-10). We additionally tested explicit multi-

step variants. As shown in Table A.3, multi-step matching achieves comparable FID to the

single-step objective but with substantially higher compute and memory costs that scale

roughly linearly with the number of matched steps. Given the strong cost scaling and

limited gains, we adopt the step-wise matching in the main method.

Table A.4: Key training and architectural hyperparameters for DDPM, LDM–4

(Cin256-v2), and Stable Diffusion 1.4.

Dataset Model Res. Batch LR Linear β T Channels

CIFAR–10 DDPM 322 128 2× 10−4 0.0001→0.02 1000 [128, 256, 256, 256]

LSUN DDPM 2562 64 2× 10−5 0.0001→0.02 1000 [128, 128, 256, 256, 512, 512]

ImageNet LDM–4 2562 (latent 642) 128 2.56× 10−4 0.0015→0.0195 1000 [192, 384, 576, 960]

MS–COCO SD v1.4 5122 (latent 642) 256 5× 10−5 0.00085→0.012 1000 [320, 640, 1280, 1280]
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Table A.5: Key training and architectural hyperparameters for U-ViT-Small on

CIFAR-10 and CelebA.

Hyperparameter CIFAR–10 CelebA

Resolution 322 642

Batch 128 128

Learning rate 2× 10−4 2× 10−4

Warmup 2500 5000

T 1000 1000

Embed dim 512 512

Patch 2 4

Depth 12 12

Heads 8 8

MLP ratio 4 4

A.4.2 FTLE Computation for Diffusion Models

For the FTLE results reported in Table 2 of the main manuscript, we evaluate the temporal

sensitivity of each model after finetuning is completed. All models—NP, NP+KD, +1st

JM, +2ndM, and the dense teacher—are evaluated using the same fixed batch of 128 noise

samples at CIFAR-10 resolution (3× 32× 32). These shared inputs ensure that differences

in FTLE arise solely from differences in the models rather than the initial conditions.

We use a DDIM sampler with 100 denoising steps for generating trajectories. However,

computing the full Jacobian at each of these steps is infeasible even for CIFAR-10–sized

models: backpropagating through the UNet across many consecutive timesteps builds up

large computation graphs and quickly exhausts GPU memory. Due to these constraints,

we compute Jacobians only at the first 10 DDIM timesteps—the maximum number our

hardware can support without running out of memory. Using early-stage timesteps is also

meaningful, as these steps exhibit the highest sensitivity and contribute most strongly to

perturbation growth.

While 2ndM relies on random-projection–based second-order Jacobian supervision dur-
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ing training—a necessity because obtaining full Jacobians at every step of training would be

prohibitively expensive—our FTLE analysis uses the entire Jacobian matrix. This distinc-

tion is important: while random projections provide a scalable approximation for learning,

FTLE requires the exact deformation tensor JT
t Jt, which can only be computed from the

full Jacobian. Thus, the FTLE numbers in Table 2 reflect the true sensitivity of each model

and are not affected by the random-projection approximation used during training.

A.4.3 Experimental Setup Details

Package version

We adopt Diff-Pruning [61] as our primary pruning method. Since Diff-Pruning relies on

torch-pruning library [60], we use version 1.5.2 for all Transformer-based experiments. This

version includes full support for structural pruning in Transformer architectures. For U-

Net–based diffusion models, however, we use the earlier 1.2.5 release. The newer versions

modify the pruning behavior of U-Net blocks, resulting in different parameter and MAC

counts compared to the original Diff-Pruning implementation. To ensure strict compara-

bility with prior work and to maintain consistency across baselines, we retain the original

pruning setup for all U-Net experiments.

Hyperparameters

We provide detailed architectural and training hyperparameters for both U-Net–based and

Transformer-based (U-ViT) diffusion models used in our experiments.

U-Net Models. For U-Net architectures, we follow widely adopted configurations from

prior diffusion model literature [61, 92, 183, 111]. These settings are applied across CIFAR-

10, LSUN, ImageNet, and MS-COCO. Table A.4 reports the key hyperparameters for

DDPM, LDM–4 (CIN256-v2), and Stable Diffusion v1.4, including input resolution, batch

size, learning rate, linear β schedule, total number of diffusion steps, and channel widths.

Transformer-Based Models. For Transformer-based diffusion architectures, we adopt

the U-ViT design [11] and evaluate it on CIFAR-10 and CelebA. Table A.5 summarizes both

training hyperparameters (optimizer, learning rate schedule, warmup, batch size, number of
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Table A.6: Training cost comparison for UNet-based diffusion models on CIFAR-10, LSUN,

ImageNet and MSCOCO.

Dataset Method Batch Memory Time/Iter Steps Time

CIFAR10

Baseline 128 8 G 0.16 s 100k 4.4 hr

KD 128 16 G 0.30 s 100k 8.3 hr

2ndM 128 34 G 0.65 s 100k 18.1 hr

LSUN

Baseline 64 8 × 19 G 0.52 s 500k 72.2 hr

KD 64 8 × 37 G 1.01 s 500k 140.3 hr

2ndM 64 8 × 72 G 2.82 s 500k 391.7 hr

ImageNet

Baseline (DP) 128 8 × 13 G 0.34 s 200k 19.3 hr

KD 128 8 × 26 G 0.53 s 200k 29.4 hr

2ndM 128 8 × 45 G 0.99 s 200k 56.1 hr

MSCOCO

Baseline (Base) 256 8 × 43G 2.17s 50k 30.2 hr

Base + KD 256 8 × 65G 3.40s 50k 47.2 hr

Base + 2ndM 256 8 × 77G 7.06s 50k 98.1 hr

Baseline (Small) 256 8 × 37G 1.29s 50k 17.8 hr

Small + KD 256 8 × 55G 2.08s 50k 28.9 hr

Small + 2ndM 256 8 × 72G 6.76s 50k 94.0 hr

Baseline (Tiny) 256 8 × 37G 1.29s 50k 18.0 hr

Tiny + KD 256 8 × 55G 2.08s 50k 28.9 hr

Tiny + 2ndM 256 8 × 72G 6.76s 50k 94.0 hr
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Table A.7: Training cost comparison for Transformer-based diffusion models on CIFAR-10

and CelebA

Dataset Method Batch Memory Time / Step Steps Time

CIFAR10
Baseline 128 11 G 0.13 s 100k 3.6 hr

2ndM 128 47 G 0.67 s 100k 18.6 hr

CelebA
Baseline 128 11 G 0.43 s 100k 11.9 hr

2ndM 128 47 G 0.67 s 100k 18.6 hr

diffusion steps) and architectural details (patch size, embedding dimension, network depth,

number of attention heads, and MLP ratio). Following common practice, we train both

datasets for 100k steps rather than the full 500k-step schedule used in the original U-

ViT paper. This shorter schedule is sufficient because pruned models are initialized from a

pretrained dense checkpoint and therefore converge substantially faster than models trained

from scratch [201], while still enabling fair comparison across finetuning methods.

A.4.4 Computational Cost Analysis

We report the training cost of our proposed 2ndM finetuning framework compared to the

Diff-Pruning baseline across both U-Net–based and Transformer-based diffusion models. Ta-

bles A.6 and A.7 summarize batch sizes, GPU memory usage, per-iteration latency, training

steps, and total wall-clock training time under matched pruning settings.

For U-Net models (Table A.6), we observe that 2ndM introduces a 4–5× increase in per-

iteration training time due to the Jacobian-vector product (JVP) computations required by

second-order matching. This overhead translates directly into longer training duration: on

CIFAR-10 (pruning ratio 0.44), training time increases from 4.4 to 18.1 hours; on LSUN-

Church (pruning ratio 0.30, trained on 8 A100 GPUs), it increases from 72.2 to 391.7 hours.

A similar pattern appears on ImageNet and MS-COCO.

In addition to the higher compute cost, 2ndM incurs a substantial memory overhead.

Memory usage increases from 8G to 34G on CIFAR-10 and from 8 × 19G to 8 × 72G on
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LSUN-Church, largely due to storing intermediate activations for JVPs and maintaining

parallel teacher–student computation graphs. This overhead scales primarily with model

size rather than input resolution. For MS-COCO, although the input resolution is 5122, the

diffusion model operates in a 642 latent space; the dominant factor is the significantly larger

U-Net backbone, which makes Jacobian computation particularly memory intensive. Con-

sequently, the per-GPU batch size must be reduced to 8, and we employ accumulate grad

= 4 to match the baseline’s effective batch size of 32 per GPU. Gradient accumulation pre-

serves training stability but increases wall-clock time proportionally, explaining the larger

training-time gap between 2ndM and the baseline on MS-COCO.

Transformer-based models (Table A.7) show a slightly different trend. The U-ViT ar-

chitecture used for both CIFAR-10 and CelebA is identical in size, so increasing the image

resolution slows down both baseline and 2ndM proportionally. As a result, the relative

time gap narrows compared to U-Net models: training on CIFAR-10 increases from 3.6

to 18.6 hours, whereas on CelebA it increases from 11.9 to 18.6 hours. The higher reso-

lution of CelebA increases the baseline cost, reducing the relative overhead introduced by

second-order JM.

Overall, the increased training time and memory footprint stem from computing the

second-order JM loss. While 2ndM provides consistent improvements in generative quality,

its resource demands may limit applicability in constrained settings. Importantly, this

additional cost arises only during training : 2ndM does not modify the model architecture

or sampling procedure and therefore introduces no overhead at inference time.

A.4.5 Effect of KD Strength

We examine whether performance gains are solely attributable to stronger knowledge distil-

lation (KD) supervision by sweeping the KD weight λKD and comparing KD-only training

against KD augmented with 2ndM. Table A.8 shows that for every tested λKD, adding

2ndM consistently improves FID. For instance, at λKD=1.0, FID improves from 5.03 (KD

only) to 4.58 (KD+2ndM). These results indicate that the improvement is not merely due

to increasing the KD loss weight; rather, 2ndM provides complementary supervision beyond
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λKD 0.01 0.1 1.0 10.0

FID (KD only) ↓ 5.06 5.15 5.03 5.24

FID (KD + 2ndM) ↓ 4.61 4.69 4.58 4.67

Table A.8: Sweep over KD weight λKD (with λNP=1). Adding 2ndM consistently improves

FID across all KD strengths.

KD.

A.4.6 Jacobian Loss Weights vs. FID

2ndM introduces a hybrid finetuning objective composed of three terms:

Ltotal = λNPLNP + λKDLKD + λ2nd-JacL2nd-Jac (A.57)

The relative weight of each component is a tunable hyperparameter. Because exhaus-

tive hyperparameter searches are computationally expensive for large models and high-

resolution datasets, we conduct systematic weight sweeps only on CIFAR-10 (U-Net and

U-ViT) and CelebA (U-ViT). For all remaining experiments—including LSUN, ImageNet,

and MS-COCO—we fix λkd = 1.0 and λ2nd-Jac = 10−3, which we find to be robust across

architectures and datasets.

We analyze how the Jacobian loss weight affects generative performance under different

pruning ratios. Experiments are conducted on both U-Net and Transformer-based diffusion

models across CIFAR-10 and CelebA.

U-Net

As shown in Table A.9, the Jacobian loss weight has a noticeable impact on FID. Since

the Jacobian term is intended to act as a relatively small regularizer on top of the stronger

output-level KD supervision, we focus on comparatively small weights for high pruning ra-

tios. Empirically, moderate pruning (e.g., PR = 0.44) can benefit from a relatively larger

Jacobian weight, yielding substantial gains in FID, whereas more aggressively pruned models
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favor smaller weights. In these high-pruning regimes, a weaker second-order signal is suffi-

cient to guide the student toward the teacher’s sensitivity while avoiding over-constraining

a model with limited capacity. Overall, the U-Net results indicate that the Jacobian term

should remain significantly smaller than the KD term, and that the preferred weight grad-

ually decreases as the pruning ratio becomes more aggressive.

Table A.9: Jacobian matching loss weight vs. FID on CIFAR-10 for the UNet-based diffusion

model. A weight of 0 corresponds to the Diff-Pruning baseline (no Jacobian supervision).

CIFAR-10 32× 32

PR FID (↓) for different weights

Weight 0 1e-4 1e-3 1e-2 1e-1 1

0 4.19 – – – – –

0.44 5.29 – – 4.66 4.58 4.93

0.56 6.49 – 5.85 5.54 5.66 –

0.70 8.85 7.35 7.09 7.16 – –

0.82 13.42 11.04 10.91 11.08 – –

U-ViT

We observe similar behavior for the U-ViT backbone on CIFAR-10 and CelebA (Tables A.10

and A.11). Across both datasets, small to moderate Jacobian weights consistently improve

FID over the Diff-Pruning baseline, with the most pruned models again favoring the smallest

weights. This pattern aligns with the U-Net experiments: when pruning is mild, a stronger

Jacobian regularizer can be beneficial, but under heavy pruning, the optimal setting shifts

toward smaller values that complement, rather than dominate, the KD objective. Taken

together, these studies support the use of λ2nd-Jac = 10−3 as a practical default in our

large-scale experiments, reflecting the role of the Jacobian term as a light but effective

second-order correction on top of the primary KD and noise-prediction losses.
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Table A.10: Jacobian matching loss weight vs. FID on CIFAR-10 for the Transformer-

based diffusion model. A weight of 0 corresponds to the Diff-Pruning baseline (no Jacobian

supervision).

CIFAR-10 32× 32

PR FID (↓) for different weights

Weight 0 5e-4 1e-3 1e-2 5e-2 1e-1

0 3.11 – – – – –

0.5 3.53 – 3.56 3.51 – 4.47

0.7 4.63 – 4.13 4.05 5.01 6.04

0.8 6.68 5.07 4.98 5.22 – –

A.4.7 Further Potential Improvement

Optimally Time-Dependent (OTD) Random Projection

Random projections are widely used to approximate Jacobian behavior in neural network

training due to their computational efficiency [209]. However, standard random vectors treat

all directions uniformly, without regard to their dynamical relevance. In diffusion models,

certain directions—particularly those aligned with unstable modes of the Jacobian—can

dominate local dynamics and introduce significant variance. These directions are often

associated with large FTLE values, indicating strong local instability and high sensitivity

to input perturbations.

Because diffusion models evolve over many iterative steps, the dominant unstable di-

rections can vary over time. To capture this time-varying structure, we explore Optimally

Time-Dependent (OTD) modes, originally developed for reduced-order modeling in dynam-

ical systems [7, 6]. OTD evolves a low-dimensional basis that tracks transiently unstable di-

rections along a trajectory. Given the Jacobian J , the OTD basis V = [v1, v2, . . . , vr] ∈ Rn×r
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Table A.11: Jacobian matching loss weight vs. FID on CelebA for the Transformer-based

diffusion model. A weight of 0 corresponds to the Diff-Pruning baseline (no Jacobian su-

pervision).

CelebA (64× 64)

PR FID (↓) for different weights

Weight 0 1e-3 5e-3 1e-2 1e-1 5e-1

dense 2.87 – – – – –

0.5 3.25 – – 3.23 3.21 –

0.7 3.57 3.32 3.33 3.30 3.36 3.46

0.8 4.61 4.10 4.01 4.11 – –

Table A.12: FID results under different OTD hyperparameter settings. Each

column corresponds to a combination of the integration step size (∆t), the number of OTD

update steps (step), and the probability of applying OTD (Prob). The rightmost column

reports the FID obtained without OTD, shown for reference.

∆t 0.01 0.1 -

step 1 2 1 2 -

Prob 0.2 0.5 1.0 0.2 0.5 1.0 0.2 0.5 1.0 0.2 0.5 1.0 -

FID 4.66 4.62 4.71 4.63 4.63 4.66 4.64 4.62 4.67 4.63 4.62 4.67 4.58

evolves according to

∂V

∂t
= JV − V V TJV. (A.58)

In our setting, we adopt the simplest case with a single dominant mode (r = 1) to control

computational cost. We initialize the basis vector v ∈ Rn by sampling from a standard
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normal distribution and normalizing to unit norm:

v1 ∼ N(0, I), v̂1 ←
v1
||v1||

(A.59)

We then evolve v̂1 over time using the Forward Euler method to numerically integrate the

OTD via Eq. A.58.

v̂1 = v̂1 + ∆t(Jv̂1 − v̂1v̂1⊤Jv̂1), (A.60)

where J is the Jacobian at the current timestep and ∆t is the integration step size. This

update yields a time-adaptive direction v̂ that tracks the most unstable local direction at

each step.

We then replace the standard random projection used in our second-order JM with this

OTD-enhanced direction,

L2nd-Jac = ∥v̂⊤J⊤Jv̂ − v̂⊤J⊤
DJDv̂||22, (A.61)

where J and JD denote the Jacobians of the pruned and dense (teacher) models, respectively.

By aligning projections with the most dynamically relevant direction, this loss provides

supervision that is both time-adaptive and informed by the local stability properties of the

denoising dynamics. Intuitively, the shared OTD direction encourages the pruned model to

match not only the teacher’s outputs but also the teacher’s most sensitive response direction,

which could, in principle, lead to faster convergence and improved generative quality.

Despite this theoretical motivation, our empirical results in Table A.12 show that OTD-

based projections do not improve FID under our current training setup. Across a range

of hyperparameter choices—including different integration step sizes (∆t), the number of

OTD updates per training iteration (step), and the probability of applying OTD (Prob)—the

resulting FID scores remain comparable to, or slightly worse than, our standard random-

projection baseline. This suggests that while OTD effectively identifies transiently unstable

modes of the Jacobian, this additional focus on dynamically dominant modes does not

directly translate into perceptual gains in our experiments.

Nonetheless, we view this direction as promising. Replacing uniform random projections

with more principled, dynamically informed projection schemes may become beneficial when
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combined with more accurate integration methods, adaptive schedules over training, or

multiple tracked modes (r > 1). We leave a more systematic exploration of such OTD-

based and other structured projection strategies for future work.

A.4.8 Limitation

While our finetuning framework provides an effective way to inject Jacobian-based super-

vision into pruned diffusion models, several limitations remain, highlighting opportunities

for future improvement.

Computational Overhead from Jacobian Calculations. Our method introduces ad-

ditional training cost due to the need to compute Jacobian-vector products, see Table. A.6

and A.7. While we employ random projections to reduce the dimensionality of Jacobian

matching, the additional backward passes still increase training time and GPU memory

usage—especially in high-resolution settings or with large backbone models. This overhead

may limit the method’s accessibility to groups with substantial computational resources and

constrain its scalability to even larger diffusion architectures.

Sensitivity to the Jacobian Loss Weight. Performance depends on choosing an appro-

priate coefficient for Jacobian loss, especially across different pruning ratios (Tables A.9, A.10, A.11).

While moderate pruning often benefits from stronger Jacobian supervision, higher pruning

ratios tend to require smaller weights to avoid overregularization. Identifying an optimal

weight may therefore require multiple training runs, adding additional tuning cost. In prac-

tice, we find that a default Jacobian weight of 10−3 works reliably across most datasets and

architectures that we work with, but further study is needed to develop more adaptive or

self-tuning strategies.

Dependence on Dense Teacher Quality. As with distillation-based finetuning, our

approach assumes access to a strong and stable dense teacher. If the teacher is weak or

exhibits training instabilities, the student is inherently bounded by the teacher and may

inherit suboptimal behaviors or instability patterns through both output-level distillation
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and Jacobian-based supervision. While our experiments use well performing dense teachers,

a systematic study of distillation under weak or unstable teachers (and how to perform

Jacobian supervision in such settings) is beyond the scope of this work.

Table A.13: Relative FID (rFID) for selected ImageNet classes, sorted by class index.

Class ID Class Name DP rFID ↓ Jac rFID ↓

22 bald eagle 12.30 7.14

207 golden retriever 14.15 5.70

292 tiger 20.59 3.01

388 giant panda 18.27 7.41

393 anemone fish 20.47 4.71

654 minibus 11.80 7.67

718 pier 16.75 4.23

976 promontory 18.65 8.56

979 valley 18.91 9.30

A.4.9 Additional Quantitative Results on ImageNet

To better understand class-level behavior on ImageNet, Table A.13 reports the relative FID

for a selection of representative classes, sorted by class index. In all cases, our Jacobian-

based finetuning yields substantially lower relative FID compared to Diff-Pruning, indicating

closer alignment with the dense teacher model. The improvements span diverse semantic

categories—including animals, vehicles, and natural scenes—suggesting that the benefit of

Jacobian supervision generalizes across heterogeneous visual concepts.

A.4.10 Visualization of Generated Images

We provide additional qualitative comparisons between the baseline and 2ndM across all

datasets evaluated in this work. Representative samples for LSUN-Church and LSUN-
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Figure A.1: Visual comparison of ImageNet samples from dense models (top), 2ndM (mid-

dle) and baseline Diff-Pruning (bottom).
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Bedroom are shown in Figure A.2, while ImageNet, MS-COCO, CIFAR-10, and CelebA

results are shown in Figures A.1, A.3, A.4, and A.5, respectively.
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Figure A.2: Visual comparison of LSUN-Bedroom and LSUN-Church samples from dense

models (top), 2ndM (middle) and baseline Diff-Pruning (bottom).
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Figure A.3: Visual comparison of MSCOCO samples from dense models (top), 2ndM (mid-

dle) and baseline Diff-Pruning (bottom).

Figure A.4: Visual comparison of CIFAR-10 samples from dense models (top), 2ndM (mid-

dle) and baseline Diff-Pruning (bottom).
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Figure A.5: Visual comparison of CelebA samples from dense models (top), 2ndM (middle)

and baseline Diff-Pruning (bottom).
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