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Representing the state of a cell through its gene expression profile, we consider observable

phenotypes as (metastable) attractor states of the underlying biochemical gene expression

kinetics. The traditional deterministic dynamics, however, does not capture the possibility

of spontaneous transitions between attractors (i.e., phenotype switching). In this work, we

frame this picture in terms of stochastic dynamical systems and models: a quasi-potential

“landscape” for an arbitrary dynamical system emerges as a large deviations rate func-

tion for the density of a singularly perturbed stochastic differential equation (SDE). This

quasi-potential, which exists even for nonequilibrium biochemical dynamics in living cells,

admits the most probable path between any two attractors and the characteristic time scale

on which these transitions occur. We discuss the implications of this framework for the

population dynamics at the level of cell cultures or tissues, specifically its applications to

cancer population dynamics. We also consider two different frameworks for analyzing data

from single-cell experiments through the lens of phenotypic attractors and state transitions.

The first draws on the mathematics of thermodynamics, namely convex analysis and the

Legendre-Fenchel transform, to derive an energy-like representation of an ergodic system

from statistical measurements of the system. The latter is a maximum likelihood framework

for inferring cell proliferation and phenotype switching rates from single-cell data, which we

extend from a previous work to novel single-cell experiments using DNA-barcode lineage

tracing. In addition to this work, we outline possible directions suitable for future research

projects.
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GLOSSARY OF TERMS AND NOTATION

We denote vectors by bold letters (e.g., x); else, the object in question is a scalar (e.g.,
φ(x)) or a matrix (e.g., D(x)). We assume that vectors are column vectors. The only
exception to this stylistic rule is the Hessian matrix of a function, which denote by H.
Otherwise, we use the following conventions.

R = the set of real numbers

Rm = m-dimensional Euclidean space

Rm×n = the space of m× n matrices with real entries

ej = the jth standard basis vector of Rm (j = 1, 2, . . .m): ej,i = δij

AT (xT ) = matrix (vector) transpose

⟨x,y⟩ = inner product of x,y ∈ Rm

∇ · f(x) = divergence of the function f : Rm → R

∇× F(x) = curl of the function F : R3 → R3

∇2f(x) = Laplacian of the function f : Rm → R

∂f(x)
∂v = directional derivative of the function f : Rm → R with respect to the vector v

f∗(y) = convex conjugate of the scalar function f(x)

∼ = asymptotic equivalence relation OR distribution or a random variable

δ(x− a) = Dirac delta function centered at a ∈ Rm

Wt = m-dimensional Weiner process with zero mean and unit variance

E[X] = expectation of the random variable X

a.s. = almost sure/almost surely
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Chapter 1

INTRODUCTION

1.1 Cellular heterogeneity and phenotype switching

The advent of single-cell technologies in the past few decades has put into sharp relief

the need to understand the population dynamics of tissues and cell cultures at the level

of the individual cell. In particular, having single-cell-level resolution in experimental data

has driven the discovery of phenotypic variability in genetically identical, or isogenic, pop-

ulations of cells [2]. This variability is often referred to as “cellular heterogeneity,” or more

specifically, “phenotypic heterogeneity.” Such observations prompt the question of when this

heterogeneity is biologically relevant, in that it serves a functional purpose for the population

as a whole [2].

Phenotypic heterogeneity is a multifaceted property of a population of cells that can

be caused by genetic factors, non-genetic factors, or both. Non-genetic phenomena include

epigenetic alterations and directed changes in gene expression levels by a gene regulatory

network (GRN) [62]. The study of these non-genetic behaviors (known more broadly as

phenotype switching) and the dynamics underlying the phenotypic heterogeneity is fairly

recent, leaving many open questions about the exact nature of phenotypic plasticity [62]. In

particular, the ability of mature, differentiated cells to actively change their phenotypic state

complicates the established notion of deterministic cell fate. Even the precise meaning of a

“cell state” begs a more careful consideration.

One of the earliest such attempts at quantifying the factors that determine the devel-

opmental trajectory of a single cell was the “epigenetic landscape” metaphor proposed in

the 1940s by Conrad Waddington (Figure 1.1) [135]. In this picture, a developing cell is a

ball rolling around a physical landscape of differential gene expression; the valleys represent
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Figure 1.1: Waddington’s epigenetic landscape. In this metaphor, the phenotypic develop-
ment of a cell is represented by a ball rolling around in some predetermined landscape. The
valleys, which represent the gene expression state, undergo bifurcations as the landscape
evolves. The resulting branches represent the different possible cell fates. [135]

particular cell fates, and the hills represent phenotypic barriers between cell types (Figure

1.1) [135]. Although this picture is just a metaphor, the “ball-in-cup” heuristic is commonly

used in the areas of statistical physics and thermodynamics as a way to represent the settling

of a dissipative system into its stationary state [89]. From a deterministic dynamic perspec-

tive, the “ball” (i.e., the state of the system), rolls around a given landscape, going directly

downhill until it reaches the bottom of a “cup” (i.e., a local minimum of the landscape) [89].

From a stochastic dynamic perspective, the ball undergoes continuous random perturbations

to its position, allowing for movement upward on the landscape and even between “cups” on

a long time scale [89]. Translating this heuristic, mental image into a rigorous mathemati-

cal theory for cellular development involves extending the equilibrium statistical physics to

models of single cells in terms of stochastic mathematics.
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1.2 Towards a rigorous “landscape theory” for cell phenotype

Our goal is to build a theoretical “landscape” framework to describe the time-dependent dy-

namics that drive cellular heterogeneity. In particular, we draw inspiration from the study

of biophysical chemistry of single protein molecule dynamics [101]. In the latter theory,

proteins are abstracted as systems of interacting atoms or (more coarse-grained) amino acid

residues, and an energy landscape of molecular configurations emerges from the Newtonian

dynamics arising from these interactions [33, 36, 92, 96, 103]. On the atomic level, the field of

molecular dynamics (MD) uses the differential equations that govern Newtonian mechanics

to simulate the interaction between the individual atoms of a single protein [96]. On the

biopolymer level, energy landscape theory (ELT) treats a folding protein as a diffusing par-

ticle “searching” for energy-minimizing conformational states in a high-dimensional energy

landscape [33, 36, 103]. Both of these theories are mechanistic, mathematical representa-

tions of single biological molecules in laboratories, which is our goal for the theory of cellular

heterogeneity. In particular, the ELT framework of a particle diffusing on a landscape, and

the underlying mathematics of its stochastic dynamics, lends itself to the representation of

single cells (Figure 1.2).

Towards this end, we consider two distinct scales of phenotypic evolution: microscopic

and macroscopic, and (Figure 1.2). We deliberately draw on the language of biophysical

chemistry here because these physical scales of the state space tell us qualitatively about the

amount of uncertainty inherent to each scale [101]. On the microscopic level, the “state”

of a cell is the number of molecules of each reactant and product of the many biochemical

reactions that drive the cell (Figure 1.2). The dynamics of this state follow some set of

stochastic reaction-diffusion equations dictated by the chemical kinetics of each reaction.

This scale is parallel to that of molecular dynamics for single proteins (Figure 1.2).

On the macroscopic level, these microscopic configurations produce some observable

“state,” e.g., the gene expression profile as measured the number of transcribed copies of

each gene in some target set of genes (Figure 1.2). This state variable evolves according to
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some stochastic dynamics (e.g., diffusion process), which approach a deterministic system

in the many-molecule limit [101]. This gene expression profile also gives rise to discrete,

observable cell phenotypes (§2.5) via the emergence of a quasi-potential landscape in this

“small-noise” limit. This state variable is parallel to that of the observable conformationial

state of a single protein (Figure 1.2).

Figure 1.2: From microscopic to macroscopic: parallels between protein conformations and
cell state dynamics. On the microscopic level, the cell “state” comprises of all the molecules
contained within the cell and its membrane. These molecules, and the stochastic reaction-
diffusion processes they undergo, direct the expression of a given set of genes. The resulting
gene expression profile is given, for example, by the number of mRNA transcripts of each
gene and evolves according to some stochastic dynamics. On the macroscopic level, the
observable concentrations of these mRNA transcripts define the gene expression profile of
the cell, which can be interpreted as the cell’s phenotype. In this work, we discuss the quasi-
potential landscape that emerges in the microscopic-to-macroscopic limit, akin to the well
established theory of the conformational landscape of single protein molecules.
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To frame this picture in terms of a mathematical theory, suppose we are concerned with

the expression of a set of m particular genes. Then following the above description of the

scales of gene expression, we represent the macrostate of a single cell by the vector of gene

expression levels, given in mRNA concentration for each gene: x(t) ∈ Rm, where xi(t) =

concentration of mRNA copies of gene i at time t [148]. As the GRN is a large, complex

network of regulatory genes, we can assume that the time evolution of x(t) follows some

highly nonlinear dynamical system dx
dt

= b(x) [64, 65, 148]. A hallmark trait of many

nonlinear dynamical systems is the existence of multiple attractors. In this framework, the

attractors define the different possible phenotypes within the population of cells via their

basins of attraction [148].

1.2.1 Potential function for gradient systems

In the case that we can write b in the form b(x) = −∇U(x) for some scalar potential U(x):

U(x) = −
m∑
i=1

∫
bi(x)dxi .

The local extrema of U(x) correspond exactly to the fixed points of the dynamical system, as

b(x) = 0 iff ∇U(x) = 0. Furthermore, the potential function U is also a Lyapunov function

of dx
dt
, as

d

dt

[
U(x(t))

]
= −∇U(x(t)) · ∇U(x(t)) ⩽ 0 .

This Lyapunov property allows us to use U to characterize the asymptotic stability of the

fixed points of the dynamics. In fact, it tells us that the stable fixed points correspond to the

local minima of U , and the unstable fixed points sit at the local maxima or saddle points of U

(Figure 1.3). Furthermore, the Lyapunov property is exactly what gives us the “ball-in-cup”

heuristic - trajectories of the given dynamics decrease along the landscape U(x) until settling

at a local minimum. Having a gradient system means that the direction of this decrease is

always in the direction of steepest descent along U .
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Figure 1.3: Example of a potential function for a gradient system. For U(x) = x41 + x42 +
2(x31 + x31) + x1x2 − x1+x2

2
, the corresponding gradient dynamical system dx

dt
= −∇U(x) has

four attractor states, which are located exactly at the base of the wells of U(x).

In trying to understand the dynamics of phenotypic plasticity, it is insufficient to only

consider the existence of attractors and their basins of attraction. This picture of stability

does not allow for movement between attractors, which requires motions against a deter-

ministic vector field. Instead, we must take a probabilistic approach to analyzing the gene

expression dynamics: under continuous, random perturbation, the system can be “pushed”

from one attractor state to another [38, 89]. Such an approach would allow us to characterize

transitions between attractors in terms of the mean time scales and most likely path [38, 89].

Towards this end, consider small statistical fluctuations of our system within a given basin

of attraction. We can think of many sources of this uncertainty: changes in the system’s (i.e.,

the cell’s) external environment, and the stochastic nature of biochemical reactions involving
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fluctuating biopolymers.1 Then the probability of the rare event that the system transitions

from one basin of attraction to another is determined by the barrier height between each

attractor and the saddle point that separates them along the least-action path [38, 43, 149].

That is, U not only determines the basin of attraction but also its depth relative to the

surrounding saddle points. This property is exactly what allows one to use U to define the

relative stability of two metastable states. In particular, we say that one attractor x∗
A is more

stable than another x∗
B if the transition probability from x∗

A to x∗
B is greater than that from

x∗
B to x∗

A [149].

1.3 Quasi-potential function for non-gradient systems

In general, the dynamics of a complex biological system do not admit a gradient system [134,

149]. Our goal is to find a function that replicates the “desired” properties of the potential

function for a gradient system. Namely, for any dynamical system dx
dt

= b(x), we want to

find a function φ(x) such that

(i) φ is a Lyapunov function of the given dynamics;

(ii) φ admits well defined transition rates between two attractor states of the dynamics via

the barrier height separating one attractor from another along φ.

From here on, we will refer to such a function as a quasi-potential for the given dynamics.

These two conditions are the two properties of true potentials for gradient systems that

we want to recover for any system. Condition (i) ensures that the quasi-potential is a

“landscape” in the same sense as the true potential: it encodes the asymptotic stability of

the system’s attractors via the “ball-in-cup” heuristic. We will clarify what “well defined”

means in condition (ii), but for now, it is sufficient to say that this requirement is nontrivial.

In order to understand condition (ii), we must consider the work of Freidlin and Wentzell.

In their seminal work Random Perturbations of Dynamical Systems, they considered various

1In taking this approach, we are essentially assuming our system is “sufficiently small” (i.e., not macroscopic)
so that observations of the system are subject to these environmental fluctuations.
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large deviations principles for a singularly perturbed SDE on a finite time interval [38]:

dX
(ε)
t = b(X)dt+ εdWt .

This SDE is a random perturbation of the ODE dx
dt

= b(x). Given some initial condition

X
(ε)
T0

= a, Freidlin and Wentzell consider the asymptotic behavior the probability that the

process X
(ε)
t is “sufficiently close” to any smooth path x(t) for t ∈ [T0, T1] as ε→ 0:

P
(∣∣∣∣X(ε) − x

∣∣∣∣ < δ
)
∼ e−

1
ε2

ST0T1
(x) .

This approach is often referred to as a path integral formalism for diffusion processes [38,

42, 135]. We can think of the functional S as the action along the path γ, where the most

probable path of the process corresponds to the least-action path of S as ε → 0 [38, 43].

Freidlin and Wentzell find that ST0T1(x) takes the form

ST0T1(x) =
1

2

∫ T1

T0

∣∣∣∣dxdt − b
(
x(t)

)∣∣∣∣2 dt . (1.1)

In the case that the deterministic dynamics dx
dt

have multiple attractors, one can study

the probability that the process X
(ε)
t escapes a given basin of attraction as the noise strength

ε tends to 0. Using the least action functional, Freidlin and Wentzell construct a local

quasi-potential by studying this exit problem [38, 43]. In particular, the Freidlin-Wentzell

quasi-potential for two attractors x∗
A and x∗

B is defined as [38]:2

V (x∗
A,x

∗
B) =

1

2
inf

{
STATB

(x) | x(TA) = x∗
A, x(TB) = x∗

B

}
. (1.2)

This quasi potential gives the mean first exit time τ
(ε)
AB from the basin DA of x∗

A into the

2Freidlin and Wentzell give a similar definition of the quasi-potential for limit cycles.
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basin of x∗
B in the ε→ 0 limit [38]:

τ
(ε)
AB ∼ e

1
ε2

infy∈∂DA
V (x∗

A,y) . (1.3)

In the ε→ 0 limit, Freidlin and Wentzell show that a continuous time Markov chain emerges

between the attractors of dx
dt

[38, 43]. Notably, the asymptotic behavior of the infinitesimal

transition rate from one attractor state to another is given by [38]:

kAB ≡ 1/τ
(ε)
AB ∼ e−

1
ε2

infy∈∂DA
V (x∗

A,y) . (1.4)

We now have sufficient context to explain condition (ii) for a general quasi-potential: to

admit “well defined” transition rates between two attractor states, a quasi potential must

agree with the Freidlin-Wentzell quasi-potential along the least-action path. In Chapter 2 we

discuss how to show this equivalence for a candidate quasi-potential. In particular, we present

an approach that combines perturbation theory, the Fokker-Planck equation, and analytical

mechanics to construct a quasi-potential that agrees with the Freidlin-Wentzell formulation.

In §2.5 we discuss how this framework relates to the well-studied class of population balance

models [101, 148].

1.4 Application to cancer development

The quasi-potential approach to describing cellular development has profound implications

for the understanding of oncogenesis, or the process by which “normal” cells become ma-

lignant cancer cells. The classical paradigm of oncogenesis views this process as a linear,

multi-step one in which normal cells acquire “hallmark” capabilities of cancer cells (e.g.,

sustained proliferation, angiogenesis, migration) via selection on a series of driver mutations

[55, 56, 64]. By restricting its view to the genetic phenomena of Darwinian selection on iso-

genic clones, this framework neglects the phenotypic heterogeneity observed within cancer

cell populations, as well as the effect of cell-cell interactions within this population on tumor
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progression [55, 56, 64].

An alternate viewpoint to this genetic perspective of oncogenesis treats cancer as the

result of incorrect regulation of the developmental pathways of a cell [64, 71]. This approach

concerns itself not with the genetic makeup of a cell, but instead its gene expression profile,

or transcriptome [64]. Cluster analysis of the transcriptomes of various tumors shows that

cancer types fall into a small number of distinct groups, indicating that the gene expression

profile provides a well-defined characterization of tumors [64]. This observation clarifies the

notion of a “hallmark phenotype” of a cancer cell: such a phenotype is defined by a specific

pattern of gene expression.

Defining the state variable of a single cell as its gene expression profile is exactly how the

quasi-potential theory for cell development turns the metaphor of Waddington’s landscape

into a well-defined mathematical object. The similarity between these two concepts is no

coincidence: the theory of “cancer attractors” uses the quasi-potential to describe oncogenesis

as the perturbation of a cell’s phenotype away from the “normal” developmental trajectory

towards the attractor states that represent the hallmark traits of cancer cells [64, 65, 71]. In

this framework, cancer is not simply the result a series of driver mutations, but one of many

pre-existing cell fates [64, 65].

This theory of oncogenesis is particularly useful because the quasi-potential landscape

encodes not only the genetic but also the non-genetic factors that contribute to differential

gene expression. In particular, this theory explains the role of driver mutations in cancer

progression through their effect on the landscape. Driver mutations effectively rewire the

GRN, which then changes the gene expression dynamics dx
dt

= b(x), which in turn alters

the topography of the corresponding quasi-potential so that the probability of reaching the

cancer attractor increases [64].
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Chapter 2

QUASI-POTENTIAL FUNCTION FOR CELL STATE
DYNAMICS

2.1 Vector field decomposition for quasi-potentials

Previous attempts at rigorously defining a quasi-potential for an arbitrary dynamical system

dx
dt

= b(x) have focused on various decompositions of the vector field b(x). In particular,

one looks to decompose b(x) into a gradient part and a remainder [135, 136, 149]:

b(x) = −∇Ũ(x) + Fr . (2.1)

Under the “right” decomposition, we get that Ũ(x) satisfies the two necessary quasi-potential

conditions presented in §1.3. We will give a brief overview of various decompositions of the

form (2.1) and the properties of the resulting Ũ .

The first decomposition we consider is the Helmholtz decomposition for three-dimensional

systems. This decomposition follows from the Helmholtz decomposition theorem, which tells

us that we can write any smooth vector field as the sum of a gradient term and the curl of

some vector field A [149]:

b(x) = −∇ŨH(x) +∇×A(x) .

If it indeed admits a quasi-potential, this decomposition is useful because it clearly breaks

down the forces that drive movement of the dynamics along the landscape: the gradient term

drives direct downhill motion between saddle points and attractors, and the curl term drives

variation from these direct paths [149]. To find ŨH(x), we take the divergence of each side
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of this equation, and use the fact that ∇×A(x) is divergence free:

∇ · b(x) = −∇ · ∇ŨH(x) ≡ −∇2ŨH(x),

which is a Poisson equation for ŨH(x) [149]. Under appropriate boundary conditions, this

equation will have a unique solution [149]. This solution, however, is not guaranteed to be

a Lyapunov function for the dynamics dx
dt

= b(x). Therefore, this decomposition does not

admit a quasi-potential.

Now, we will consider the approach taken by Wang et al.: a decomposition based on the

stationary probability flux of a stochastic process centered about the deterministic dynamics

[135, 136, 150]. If we consider the following vector valued Itô process driven by standard

Brownian motion:

dXt = b(X)dt+ σ(X)dWt, σ(X) ∈ Rm×m,

the stationary density f(x) of this process (if it exists) must satisfy the stationary Fokker-

Planck equation:

0 = ∇ ·
(
b(x)f(x) +∇ ·

(
D(x)f(x)

))
.

The matrix D of diffusion coefficients is defined as 2D(x) = σ(X)σ(X)T . Define the sta-

tionary probability flux as

J(x) = b(x)f(x) +∇ ·
(
D(x)f(x)

)
. (2.2)

Taking D = I, we can decompose b(x) as follows [135, 136, 149, 150]:

b(x) = −∇Ũ prob(x) +
J(x)

f(x)
, where Ũ prob(x) = − ln f(x) .

Unlike the Helmholtz decomposition, the remainder term J(x)/f(x) is not necessarily diver-

gence free [149]. Similar to the Helmholtz decomposition, however, the function Ũ prob(x) is

also not necessarily a Lyapunov function of the deterministic dynamics.
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Finally, we will consider a decomposition based on orthognal vector fields. In particular,

we look for Ũ norm(x) and Fr(x) such that

b(x) = −∇Ũ norm(x) + Fr(x) ,

where
〈
∇Ũ norm(x),Fr(x)

〉
= 0 [149]. In other words, we decompose b(x) into two orthogonal

vector fields, one of which we can write as a gradient term. Unlike the previous decomposi-

tions, the function Ũ norm(x) is a Lyapunov function of the dynamics, particularly because of

this orthogonality condition.

In order for Ũ norm to be a quasi-potential, it must satisfy the second necessary condition:

agreement with the Freidlin-Wentzell quasi-potential along the least action path. Verifying

this condition necessarily involves taking a probabilistic approach. Furthermore, unlike with

the previous two decompositions, it is not immediately clear how to compute Ũ norm given

b(x). These questions motivate our large-deviations approach to finding the quasi-potential.

2.2 Large deviation principle for a quasi-potential

In this section, we lay out a derivation of a quasi-potential for an arbitrary dynamical system

similar to Freidlin and Wentzell’s. Specifically, we consider a singularly perturbed SDE and

look for a large deviations rate function for the corresponding stationary probability density

as the magnitude of the stochastic driving term tends to zero. Unlike Freidlin Wentzell

theory, however, we derive an equation for this rate function from the stationary Fokker-

Planck equation. From this equation, we can show that the rate function is indeed a quasi-

potential for the deterministic dynamics in accordance with conditions (i) and (ii).

Consider the ODE for x(t) ∈ Rm, t > 0:

dx

dt
= b(x) , (2.3)

and consider perturbing this ODE with a “small amount” of noise. That is, consider adding
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to these dynamics
√
2εσdW, where σσT = D is an m × m positive definite matrix of

diffusion coefficients:

dX = b(X)dt+
√
2εσ(X) dW. (2.4)

Let X
(ε)
t denote any stochastic process whose dynamics are governed by (2.4). We want to

characterize the behavior of this process in the limit ε → 0. In this sense, this singular

perturbation of (2.3) represents going from a macroscopic system to a “small system,” where

the magnitude of noise ε scales with the inverse size of the system.

For a specified initial condition X
(ε)
0 = a, let fε(x, t) denote the transition density of the

stochastic process X
(ε)
t that solves (2.4):

fε(x, t) =
∂m

∂y1 . . . ∂ym
P
(
(X

(ε)
t )i ⩽ yi ∀ i

∣∣∣ X(ε)
0 = a

)∣∣∣∣
y=x

. (2.5)

Then fε satisfies the Fokker-Planck equation (FPE) corresponding to SDE (2.4):

∂fε
∂t

= −∇ ·
(
b(x)fε(x, t)− ε

m∑
j=1

∂

∂xj

[
fε(x, t)Dj(x)

])
, lim

t→0
fε(x, t) = δ(x− a), (2.6)

where Dj(x) is the j
th column of D(x).

In the case of ε = 0, we want to establish a relation between X
(ε)
t and the dynamics

given by (2.3). We will do so by considering the FPE. In this case, the FPE reduces to the

following first-order PDE:

∂f0
∂t

= −∇ ·
(
f0(x, t)b(x)

)
= −f0

(
∇ · b(x)

)
− b(x)T∇f0(x, t), (2.7)

which we can solve by the method of characteristics. The characteristic ODEs are indeed

those given by the dynamics (2.3) subject to some initial condition:

dx

dt
= b

(
x(t)

)
, x(0) ≡ x0 (2.8)
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That is, the characteristic curves along which f0(x, t) is transported satisfy (2.3).

Along these characteristics, f0 satisfies the IVP

df0
dt

= −f0
[
∇ · b

(
x(t)

)]
, lim

t→0
f0(x(t), t) = δ(x0 − a) . (2.9)

In practice, the initial condition x0 as a function of x and t is determined from the solution to

(2.8), and is constant along the characteristic curves.1 The general solution to this separable

ODE for f0 is given by

f0(x, t) = δ
(
x0 − a

)
e
−

t∫
0

∇·b(x(s; x0))ds
,

where x(t;x0) solves (2.8) with initial condition x(0) = x0. Using the heuristic definition of

the Dirac delta, we see that

f0(x, t) =

+∞ x0 = a

0 x0 ̸= a

.

That is, the density function f0 is a Dirac-delta distribution centered about the trajectory

of the deterministic dynamics with x0 = a.

For ε > 0, a general solution to (2.6) is not readily available. Instead, we can draw on

perturbation theory to determine the leading order behavior of its solutions. In particular,

we want to find a rate function φ(x, t) such that2

lim
ε→0

fε(x, t)

e−
1
ε
φ(x,t)

= 1 . (2.10)

Equivalent to this limit definition, we write fε(x, t) ∼ e−
1
ε
φ(x,t) as ε→ 0.

1This last statement is only true in the absence of shocks, i.e., intersecting characteristics.

2The relation ‘∼’ specifies neither a mode nor a domain of convergence, but we typically assume the “best
case” scenario: uniform convergence on the entire domain of fε(x, t).
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Taking the logarithm of both sides of (2.10), we get the equivalent statement

lim
ε→0

−1

ε

(
− ε ln fε(x, t)− φ(x, t)

)
= 0 . (2.11)

This statement can only be true if −ε ln fε(x, t)−φ(x, t)
)
approaches zero on an faster scale

than ε. From this statement, it follows that we must have that

lim
ε→0

−ε ln fε(x, t) = φ(x, t) (2.12)

for all (x, t) such that (2.10) holds. In this sense, the asymptotic relation given in (2.10)

defines a sort of large deviations principle for fε(x, t) with rate function φ(x, t). In general,

we assume that φ(x, t) ⩾ 0 and has a global minimum for all x ∈ Rm, t > 0.

2.2.1 Leading-order approximation via Fokker-Planck

For 0 < ε≪ 1, we note that (2.6) is a singularly perturbed PDE. Thus, we can use a WKB

approximation to derive an asymptotic representation of fε(x, t) as ε→ 0+:

fε(x, t) ∼ exp

(
1

δ

∞∑
n=0

δnSn(x, t)

)
, δ = εq for some q ∈ Q. (2.13)

In §A.1, we show that when (2.13) is substituted into the FPE, the dominant balance in ε

is given by δ = ε, and the leading order function S0 satisfies

∂S0

∂t
= −

〈
∇S0(x, t) , b(x)−D(x)∇S0(x, t)

〉
.

If we define φ(x, t) = −S0(x, t), the leading order asymptotic behavior of fε(x, t) is given by

fε(x, t) ∼ e−
1
ε
φ(x,t) (2.14)
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where φ(x, t) satisfies the PDE

−∂φ
∂t

=
〈
∇φ(x, t) , b(x) +D(x)∇φ(x, t)

〉
(2.15)

with initial condition

lim
ε→0

e−
1
ε
φ(x,0) = δ(x− a) .

That is, we require that e−
1
ε
φ(x,0) be some type of nascent delta function.

2.2.2 Stationary behavior

Towards the goal of quantifying the relative stability of the attractors of b(x), we want to

find the stationary probability density function fε(x) of the stochastic dynamics. If such a

function exists, it must satisfy the stationary Fokker-Planck equation:

0 = ∇ ·
(
b(x)fε(x)− ε

m∑
j=1

∂

∂xj

[
fε(x)Dj(x)

])
. (2.16)

We can think of finding the asymptotic behavior of this density as taking the t → ∞

limit of fε(x, t), and then taking the ε → 0 limit of the limiting function fε(x). This

order of limits, which represents two different time scales, is an important way in which the

approach presented here differs from that of Freidlin and Wentzell. The Freidlin-Wentzell

quasi-potential only deals with finite time processes in the limit ε → 0, which essentially

produces a local quasi-potential for each attractor [38, 150]. In contrast, finding the quasi-

potential via the stationary distribution gives us global in that transition between multiple

attractors is possible on a long time-scale [150]. We may encounter problems of existence,

however, by assuming that the FPE has a stationary solution for ε > 0.

Again taking the leading order behavior of the WKB approximation, the stationary rate

function φ,

φ(x) = lim
ε→0

−ε ln fε(x) , (2.17)
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satisfies the stationary PDE corresponding to (2.15):

0 =
〈
∇φ(x) , b(x) +D(x)∇φ(x)

〉
. (2.18)

As with the time-dependent rate function, we require that φ(x) ⩾ 0, and further require its

global minimum to be φ = 0.

We note here that this rate function is essentially the leading order behavior of the quasi-

potential proposed by Wang et al. [135, 136]. Therefore, although their quasi-potential is

not a Lyapunov function of the deterministic dynamics, the leading order behavior φ is. We

also note that when D = I, the above PDE tells us that we can write b(x) in accordance

with Zhou et al.’s normal decomposition:

b(x) = ∇φ(x) + Fr(x), where
〈
∇φ(x),Fr(x)

〉
= 0 .

Although we started with a probabilistic, large deviations approach to find a quasi-potential,

the theory presented here relates to the vector field decomposition approach.

Returning to the equation (2.18), there are two degenerate solutions: ∇φ(x) = 0 and

b(x) + D(x)∇φ(x) = 0. The first case corresponds to φ(x) being a constant function,

which is not a “useful” quasi-potential in terms of defining relative stability of attractors.

The second case we define as a detailed balance condition for the stationary rate function.

Intuitively, drawing on the definition of detailed balance for Markov chains, this condition

should give us a sense of reversibility for the stationary process. Specifically, it should imply

a particular sense of “balance” in the probability flux.

Towards this end, we must first define the probability flux of a given state for a stochastic

process. Consider writing the stationary FPE as 0 = ∇ · Jε(x), where

Jε(x) = b̃ε(x)fε(x)− εD(x)∇fε(x), b̃ε(x) = b(x)− ε
m∑
j=1

∂

∂xj

[
Dj(x)

]
. (2.19)
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We call Jε the stationary probability flux.3 Substituting the asymptotic approximation fε ∼

e−
1
ε
φ into J(x), we get:

Jε(x) ∼ b̃ε(x)e
− 1

ε
φ(x) +D(x)∇φ(x)e−

1
ε
φ(x) .

Applying the condition D(x)∇φ(x) = −b(x), we obtain:

Jε(x) ∼ b̃ε(x)e
− 1

ε
φ(x) − b(x)e−

1
ε
φ(x) = −εe−

1
ε
φ(x)

m∑
j=1

∂

∂xj

[
Dj(x)

]
.

Therefore, under the detailed balance condition, the stationary probability flux Jε(x) van-

ishes as ε→ 0.

2.3 Stationary rate function as quasi-potential

We now have the results necessary to prove that φ satisfies conditions (i) and (ii) for a

quasi-potential of (2.3). First, we will show that it is a Lyapunov function of the dynamics.

Namely, we will show that it is a positive definite function such that

d

dt

[
φ
(
x(t)

)]
⩽ 0,

with equality attained limit sets of (2.3).

Recall that, we require φ(x) ⩾ 0, with equality only attained at the global minimum of

φ. That is, we require φ to be a positive definite function a priori. Now, we will show that

φ satisfies the conditions for asymptotic stability in the Lyapunov sense. Applying the chain

rule along trajectories x(t) of (2.3),

d

dt

[
φ
(
x(t)

)]
=

〈
∇φ(x), dx

dt

〉
=

〈
∇φ(x),b(x)

〉
. (2.20)

3This definition is consistent with the definition given in (2.2), except we now have the factor of the noise
magnitude ε.
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For all x(t) ̸= x∗, where b(x∗) = 0, we can use (2.18) to write the above statement as follows:

d

dt

[
φ
(
x(t)

)]
= −

〈
∇φ(x) , D(x)∇φ(x)

〉
< 0, (2.21)

as D(x) is, by definition, positive definite. It follows from this statement that the equality

d
dt

[
φ
(
x(t)

)]
= 0 is attained on limit sets of (2.3). Therefore, φ(x) satisfies the definition of

a Lyapunov function for (2.3).

In the next section, we will see that φ(x) also satisfies the second necessary condition to

be a quasi-potential: under the coordinates x and momenta ∇φ(x), we can think of φ as the

action of the system along the least-action path. In fact, this property directly relates our

rate function φ to that proposed by Freidlin and Wentzell.

2.3.1 Least action principle and the Hamilton-Jacobi equation

For coordinates q = x and momenta are given by p = ∇φ(x, t), we claim that the PDE

(2.15) is a Hamilton-Jacbobi -type equation (HJE ), with Hamiltonian

H(q,p) =
〈
p , b(q) +D(q)p

〉
. (2.22)

Similarly, the equation (2.18) for the stationary rate function φ(x) is a stationary HJE. This

property is what allows us to relate φ(x) to the Freidlin-Wentzell quasi-potential along the

least action path. Having this relation is exactly what allows us to use φ(x) to compute the

transition rates between two attractors.

To see exactly why this statement is true, recall that the Lagrangian L of a system is

given by the Legendre transform of H with respect to p [139]:4

L(q, q̇) =
[
p · q̇−H(q,p)

]
p= 1

2
D−1(q)(q̇−b(q))

=
1

4

〈
D−1(q)

(
q̇− b(q)

)
, q̇− b(q)

〉
. (2.23)

4We will discuss the Legendre transform further in §2.4.1 and §4.
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From the Lagrangian, we define can define the action functional S:

S(q, q̇) =

∫ t

0

L(q, q̇)dt ≡ 1

4

∫ t

0

〈
D−1(q)

(
q̇− b(q)

)
, q̇− b(q)

〉
dt . (2.24)

In the derivation of the Hamilton-Jacobi equation, we require that this functional gives the

least action by assuming that L satisfies the Euler-Lagrange equation [139]:

d

dt

∂L
∂q̇

=
∂L
∂q

. (2.25)

This assumption is the “variational principle” mentioned at the beginning of the section.

The HJE follows directly from this assumption:

−∂S
∂t

= H

(
q,
∂S

∂q

)
. (2.26)

By taking S = φ and q = x, we get back the PDE for the time dependent rate function

(2.15). If we assume ∂S
∂t

= ∂φ
∂t
, we obtain the stationary PDE (2.18).

For coordinates q = x and a finite time interval, the least action integral S defined in

(2.24) is equal to twice the Freidlin-Wentzell action functional S0t [38, 42, 89]. Therefore, if we

solve (2.18) on a finite time domain with initial and final conditions at two given attractors,

we can use the resulting solution to compute the transition rate from one attractor to another

as outlined in §1.3 [149]. Although this problem can be solved (analytically or numerically)

in low dimensions, existence of a solution is not generally guaranteed, especially in a high

dimensional domain [42].

2.4 Connection between rate function and entropy

Not only does the connection between the rate function φ and the Hamiltonian (2.22) al-

low us to frame φ as a least-action functional, it also allows us to relate it to the entropy

of the system. To see where this relation comes from, consider the equations of motion
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corresponding to Hamiltonian (2.22):

dq

dt
=
∂H

∂p
= b(q) + 2D(q)p (2.27)

dp

dt
= −∂H

∂q
= −Jb(q)Tp−

m∑
i=1

m∑
j=1

pipj
∂

∂q
Dij(q) (2.28)

For this system, (2.27) tells us that dx
dt

admits the deterministic dynamics at ∇φ(x, t) = 0:

dx

dt

∣∣∣
∇φ=0

≡ dq

dt

∣∣∣
p=0

=
∂H

∂p

∣∣∣
p=0

= b(q) ≡ b(x). (2.29)

That is, if a path x(t) is such that the pair (x(t), t) admits a local extremum of φ(x, t), then

it is a trajectory of the deterministic dynamics. Under the assumption that D is a positive

definite matrix, the converse is true as well:

dx

dt
= b(x) =⇒ 2D(q)∇φ(x, t) = 0 =⇒ ∇φ ≡ 0 .

Therefore, x(t) is a trajectory of (2.3) if and only if the pair (x(t), t) is an extremum of the

function −φ(x, t).

This conclusion highlights the natural association between large deviations theory and

thermodynamics. In particular, if we think of the underlying process X
(ε)
t as a statistical

observation of a macrostate of some m-dimensional system at time t > 0 with probability

density fε. In the language of statistical mechanics, the entropy of a particular macrostate

is proportional to the number of microstates that give rise to it. That is, the macrostates

most likely to be observed are are ones with the highest entropy.

As we saw earlier in this section, for a given initial condition, the corresponding deter-

ministic trajectory maximizes the probability distribution for ε = 0. Above, we found that

trajectories x(t) of (2.3) admit the local extrema of −φ(x, t). It follows from the asymptotic

form of the probability density fε ∼ e−
1
ε
φ that the in the ε → 0 limit, the maxima of −φ

correspond exactly to those of fε. The Lyapunov property of φ tells us that in the t → ∞



23

limit, these local maxima are the attractors of (2.3). These results all indicate that −φ is

indeed larger for more probable macrostates, which means that it is a natural representation

of the entropy of our system.

2.4.1 Entropy and free entropy as Legendre-Fenchel conjugates

Along these lines, we can think of the solution −φ(x) of (2.18) as the stationary entropy

of a macrostate x. This thermodynamic approach to the large deviations principle for fε

allows us to define an additional stationary quantity: the free entropy of the system. More

specifically, from the stationary density fε(x), define the partition function Zε(β):

Zε(β) ≡
∫
Rm

fε(x)e
− 1

ε
β·xdx , β ∈ Rm . (2.30)

When m = 1, we can think of the parameter β as the thermodynamic quantity inverse

temperature [82]. For m > 1, each parameter βi typically represents an intensive quantity

divided by temperature [82]. We note that Zε(β) = Mε(−β/ε), where Mε(s) denotes the

joint moment generating function associated with fε.

From this partition function, we can define the (Massieu) free entropy of our system A(β)

through the following limit:

A(β) = lim
ε→0

−ε lnZε(β) . (2.31)

As we did with the limit (2.17) for φ(x), we assume that this limit exists and is uniform for

all β in some subset of Rm.

Under the assumption that the convergence in (2.17) is uniform, along with an additional

assumption on the extrema of −ε ln fε(x), we can show that the above limit is equivalent to

the Legendre-Fenchel transform (LFT) of −φ(x):

A(β) = inf
x∈Rm

{
⟨β,x⟩+ φ(x)

}
. (2.32)

Keeping with our thermodynamic framing, we state this result as follows: the free energy
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is the convex conjugate of the negative entropy, with β being the conjugate variable to the

macrostate x.

We will use Laplace’s method of estimating integrals to derive (2.32), as the approxima-

tion derived from this method becomes exact in the limit of n → ∞. We first note that we

can write Zε(β) as follows:

Zε(β) =

∫
Rm

e−
1
ε
⟨β,x⟩+ln fε(x)dx =

∫
Rm

e−
1
ε

(
⟨β,x⟩−ε ln fε(x)

)
dx ,

If we assume that ⟨β,x⟩ − ε ln fε(x) has a global minimum at some point x = x0, we can

apply Laplace’s method to the above integral to get its leading order approximation as ε→ 0:

Zε(β) ∼
(2πε)m/2√
detHε(x0)

e
− 1

ε
inf

x∈Rm
{⟨β,x⟩−ε ln fε(x)}

,

whereHε(x0) denotes the Hessian matrix of −ε ln fε(x) evaluated at x = x0. Then to leading

order in ε, the logarithm of Zε(β) behaves according to

lnZε(β) ∼ −1

ε
inf

x∈Rm

{
⟨β,x⟩ − ε ln fε(x)

}
− 1

2
ln detHε(x0) + o(ε−1).

Under appropriate conditions, we can further show that5 as ε→ 0,

ln detHε(x0) = o(ε−1)

which tells us that

−ε lnZε(β) ∼ inf
x∈Rm

{
⟨β,x⟩ − ε ln fε(x)

}
+ εo(ε−1). (2.33)

By definition of little-o notation, εo(ε−1) → 0 as ε→ 0. Therefore, in taking ε→ 0 on both

5See Appendix A.2 for full derivation.
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sides of (2.33), the asymptotic approximation becomes exact, and we have:

lim
ε→0

−ε lnZε(β) = lim
ε→0

inf
x∈Rm

{
⟨β,x⟩ − ε ln fε(x)

}
With the assumption that the convergence of (2.17) is uniform, we can interchange the ε→ 0

limit with taking the infimum over x ∈ Rm:

lim
ε→0

inf
x∈Rm

{
⟨β,x⟩ − ε ln fε(x)

}
= inf

x∈Rm

{
⟨β,x⟩ − lim

ε→0
ε ln fε(x)

}
= inf

x∈Rm

{
⟨β,x⟩+ φ(x)

}
,

Therefore, we indeed have that

lim
ε→0

−ε lnZε(β) ≡ A(β) = inf
x∈Rm

{
⟨β,x⟩+ φ(x)

}
.

□

If we assume that φ(x) is convex (i.e., its Hessian is positive definite), then the LFT is

an involution. That is, if we know A(β), we can recover −φ(x) via the transform A∗ of A:

−φ(x) = sup
β∈Rm

{⟨x,β⟩ − A(β)} . (2.34)

In this manner, the LFT defines an invertible relation between free energy A(β) and entropy

−φ(x). Otherwise, A∗(x) is the convex hull of −φ(x).

In addition to giving us a relation between the conjugate functions A and φ∗, the LFT

also tells us how the conjugate variables x and β depend on each other. In addition to

convexity, further assume that φ(x) and A(β) are differentiable on their respective domains.

Then computing their LFT reduces to finding where the derivative of the argument is equal

to zero. That is,

A(β) = ⟨β,x⟩+ φ(x) ⇐⇒ ⟨β,x⟩+ φ(x) = inf
ξ∈Rm

{⟨β, ξ⟩+ φ(ξ)} ⇐⇒ β = −∇φ(x) .
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Similarly, we have that

−φ(x) = ⟨x,β⟩ − A(β) ⇐⇒ ⟨x,β⟩ − A(β) = sup
η∈V

{⟨x,η⟩ − A(η)} ⇐⇒ x = ∇A(β) .

In sum, x and β satisfy the following dual relationship:

x(β) = ∇A(β), β(x) = −∇φ(x) , (2.35)

which tells us that A and −φ are both thermodynamic potentials. This dual relation further

establishes a connection between the rate function φ and the language of thermodynamics.

As we will discuss in Chapter 4, it also admits an energetic representation of the underlying

system when the relative frequency over the system’s states is estimated from an infinite

number of data points.

2.5 Metastable states and the population balance equation

Returning to our broader goal of using this quasi potential framework to characterize gene

expression and cell fates, again consider the case where xi(t) denotes the concentration of

mRNA copies of gene i at time t, with dynamics dx
dt

= b(x). Each possible individual cell

type is defined as a (meta)stable steady-state of these dynamics: the states x(t) that lie

within the basin of attraction of some asymptotically stable fixed point x∗. These basins

are separated by barriers as defined by the Freidlin-Wentzell quasi potential in (1.2), which

is in theory attainable from the dynamics via the rate function φ, as laid out in §2.2. This

general definition of cell state encapsulates both the concrete idea of a phenotype, as well as

the more loosely defined notion of a “subtype” within a multicellular population.
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At a higher level, a population of cells with the identical genomes (isogenic) can consist

of individual cells of varying types: independent realizations of the underlying dynamical

process governing gene expression. We can represent the state of this entire eco-community

in terms of the population size for the cells in each type n(x). Different values of x may

represent heterogeneity within the observed population, both in terms of the variability

of cells of the same given “type” (i.e., spread within a basin of attraction), as well as the

existence of multiple distinct types (i.e., multiple attractors) [66, 149]. The relative depths of

the basins of these attractors also gives information about the relative stability of states over

different timescales. For example, a “rugged” landscape may have multiple shallow basins

along the “walls” of a much deeper basin. Compared to the metastable state at the bottom

of the deeper well, the states corresponding to these shallow basins are only transiently stable

(i.e., high probability of escape on a long time scale).

Going forward, we make the simplifying assumption that the cell “types” are discrete,

biologically discernible objects, which we will call cell states. The quantity n(x) is thus

a discrete number distribution over a countable number of cell states x(i): n(x(i)) = ni.

This multi-modal distribution {ni} describes a heterogeneous cell population in terms of its

population composition of the subpopulations of its cell states, with cells distributed among

different states x each representing a discernible subpopulation of a size defined by the cell

number count n(x). With these premises, the cell population dynamics are given as a balance

of cell number in a population over a given time interval:

change of # of cells in type i =
∑
j ̸=i

(
influx type j to type i− outflux type i to type j

)
+ cell type i growth .

(2.36)

The average rates of influx and outflux are given by the barrier heights of the quasi-potential,

as in the expression in (1.4).
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In traditional non-equilibrium physics, a system in which a non-zero influx balances a non-

zero outflux is in a “steady state.” However, in biology we can have a growth term due to the

coarser modeling granularity of “states”: the cell number changes due to cell proliferation

and death (net growth), thus apparently defying conservation of mass. In mathematical

terms, the infinitesimal generator matrix of the dynamics is no longer Markovian, and its

largest eigenvalue is not necessarily zero [148]. Such a system will not reach a stationary

population, but only a stationary proportion that corresponds to the largest mode of growth

(see, e.g., §3.2.1 and §B.2) [59, 66, 148]. This well-known phenomenon, popularized by Gupta

and Lander as ‘phenotypic equilibrium,’ has also been quantified by Zhou, Qian and Huang

[53, 148]. For discrete subpopulations, the mathematical existence of such an equilibrium in

a generalized branching process was proved by Wang et al. and studied experimentally by

Pisco et al. [70, 98].

2.5.1 Linear population balance model for cell cultures

The continuous-time, linear version of the population balance equation in (2.36) is as follows.

Let n = (n1, n2, . . . , nk), be the sizes of the k possible subpopulations (cell types). Then we

have:
dni

dt
= λini +

k∑
j=1

νjinj =
k∑

j=1

aijnj (2.37)

where the constants νij represent the transition rate from subpopulation j to i, with νii =

−
∑

j ̸=i νij, and λi is the growth rate of type i cells. We define the matrix A as Λ+M , where

Λ = diag(λ1, λ2, . . . , λk), and Mij = νji. This dynamical system can be though of as the

average dynamics of a continuous time Markov chain (birth/death/state-transition process)

with infinitesimal generator matrix A (see §5.3).
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The fundamental solution to (2.37) can be expressed as n(t) = R(t)n(0); the vector

n(0) represents the initial number of cells of each subtype, and the matrix R(t) is given

by the matrix exponential R(t) = exp
(
tA

)
. In §3.4, we give an example of the linear

population balance model in the context of cancer treatment, which is used to formalize the

eco-evolutionary principles of treatment failure due to treatment-induced drug resistance. In

§5.1, we discuss how the elements of this rate matrix can be read off directly from single-cell

gene expression data derived from experiments in which cell lineages are tracked, thereby

giving a näıve estimate of the transition rates νij. Finally, in §5.3 we lay out how these

estimates can be improved upon via a maximum likelihood method adapted from recently

published work by Gunarsson et al. [52]. Obtaining these estimates is one way in which

we attempt to connect the dynamical systems theory of “cell state” to the experimentally

observed behavior of cell populations.
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Chapter 3

EVOLUTIONARY DYNAMICS OF CANCER PROGRESSION
AND TREATMENT

Up to this point, we have given an exhaustive treatment of a quasi-potential landscape

for an arbitrary dynamical system, but have not placed it explicitly in the context of un-

derstanding cell development and phenotypic heterogeneity. In this section, we aim to do

exactly that. In particular, we will discuss the place of landscape theory in the broader realm

of cancer modeling.

3.1 Phenotypic heterogeneity and “cancer attractors”

In the past several decades, attempts at improving treatment of cancer have focused on

understanding the mechanisms of oncogenesis and metastasis [55]. Research in this vein

has illuminated the molecular, genetic, and phenotypic complexity of cancer as a disease,

creating the need for a systems-level approach to make sense of this complexity [55]. Towards

the goal of finding unifying principles that drive cancer progression, biologists D. Hanahan

and R. Weinberg proposed six “hallmark traits” that normal cells acquire in the process of

becoming cancer cells (Figure 3.1) [55].

In addition to proposing these universal traits, Hanahan and Weinberg advocated for

viewing tumors as heterogeneous tissues consisting of multiple cancerous phenotypes, which

are in communication with “neutral” ancillary cells of the tumor micro-environment (Figure

3.1) [55, 56]. From the landscape perspective of cell types as attractor states, this intra-tumor

heterogeneity is the result of cancer being one of many possible cell fates of a non-cancer

progenitor cell [64, 71]. This statement is exactly the theory of a “cancer attractor” outlined

in §1.4. Although the theory is couched mathematics, there is significant experimental
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Figure 3.1: Hanahan and Weinberg’s hallmark traits of cancer cells. Left. In their 2000 and
2011 review papers, biologists D. Hanahan and R. Weinberg propose six mechanism-independent
characteristics that almost all cancer cells acquire in the process of oncogenesis. These traits allow
the cancer cells to sustain proliferation while avoiding targeted cell death. Right. Hanahan and
Weinberg emphasized the role of phenotypic heterogeneity and cell-cell interaction within tumors
in oncogenesis. [55, 56]

evidence that validates the existence of a cancer attractor [64, 65, 79].

3.2 Mathematical models for cancer: mechanistic vs. descriptive

In tandem to experimental progress, recent years have seen increased interest in mathematical

models that describe the dynamic heterogeneity of tumor and its micro-environment [3].

Biologist Vito Quaranta separates these models into two broad classes: “mechanistic” and

“descriptive.” [3]. The former focuses on specific phenomena in cancer progression with

the aim of better understanding the underlying biology on a detailed level [3]. The latter

concerns itself with the “gross characteristics” (i.e, macroscopic behavior such as size or

number of cells) of a tumor, and typically seeks to understand cancer cells from a population

dynamic perspective [3].

An example of a mechanistic model is that presented by Anderson and Quaranta (2006)

[4]. This model is a multiscale model that encompasses cancer cell motility, proliferation,

and evolution with the goal of predicting cancer metastasis and invasion. Mathematically,

it has both discrete and continuous elements whose spatiotemporal dynamics obey a set of

both probabilistic and deterministic equations, depending on the scale within the model.
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An example of a descriptive model is the ODE model proposed by Zhou et al. (2014) for

a biological population with m intra-converting subpopulations [148]. The goal of this model

is to broadly characterize the dynamics of such a population via traditional stability analysis

for ODEs, but Zhou et al. also give examples of this general model applied to specific cancer

cell populations. We use the general ODE set-up from this paper as the basis for our model

of drug-resistance in §3.4.

3.2.1 Evolutionary game theory

An important subclass of descriptive models are those that draw on evolutionary game the-

ory : the application of game theory to evolving biological populations. The theory relates the

evolutionary concept of fitness to the payoff that an individual of a particular subpopulation

(e.g., genotype, phenotype, species) receives in a two-player game with another individual

[59]. Specifically, it does so through the replicator equation, an ODE for the fraction consti-

tuted by a given subpopulation within the total population.

More formally, suppose we have a biological population N distinct subpopulations. Let xi

denote the fraction that subpopulation i constitutes in the total population, i.e., the number

of individuals of type i divided by the total number of individuals. As xi ⩾ 0 for all i, and

x1 + · · ·+ xN = 1, the state variable x = (x1, . . . , xN) lies in the N -dimensional simplex SN

[59]. Furthermore, the dynamics governing xi are given by the replicator equation:

dxi
dt

= xi
[
fi(x)− ⟨f⟩(x)

]
, ⟨f⟩(x) =

N∑
i=1

xifi(x), (3.1)

where fi(x) is the fitness of an subpopulation i [59]. We call the function ⟨f⟩(x) the average

fitness of the population [59]. The replicator equation tells us that subpopulation i increases

when its fitness is greater than average (fi(x) > ⟨f⟩(x)), and decreases when its fitness is

less than average (fi(x) < ⟨f⟩(x)).

Evolutionary game theoretic models are particularly advantageous in the study of cancer

population biology for a few reasons. By considering the dynamics of interacting subpopulations,
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the replicator equation immediately lends itself to the study of heterogeneous populations.

In the context of cancer cell populations, the replicator equation has been used to study

the effect that competition and cooperation between distinct types of cancer cells has on

the efficacy of drug treatment [45, 94, 141, 144]. The replicator equation can admit fixed

points in xi even when the total population tends to infinity, as it often does in models of

cancer progression and relapse. These fixed points are easily interpreted in the language of

evolutionary biology, as they either occur when a subpopulation goes extinct (xi = 0) or

when a subpopulation’s fitness is equal to the population average (fi(x) = ⟨f⟩(x)). In this

sense, evolutionary game theory allows for the study and characterization of stable patterns

of phenotypic heterogeneity within tumors.

3.3 Drug resistance poses a major challenge to improving cancer treatment

This section, the remaining sections in this Chapter, and §B have previously appeared as the

manuscript “A model for the intrinsic limit of cancer therapy: duality of treatment-induced

cell death and treatment-induced stemness” (co-authored with Yue Wang, Joseph Zhou,

Hong Qian, and Sui Huang), published 2022 in the journal PLOS Computational Biology

[6]. All code used to generate the figures in the following sections, as well as those in §B, can

be found in the following GitHub repository: https://github.com/eeangelini/cancer-model-

plots.

The single major cause of treatment failure in cancer therapy is the emergence of a

treatment-resistant tumor that drives recurrence. Other than in the case of some early-stage

tumors, it is tacitly accepted that relapse is inevitable during the course of drug treatment.

This assumption has translated into the unquestioned practice of quantifying the efficacy

of all treatments by how long one extends the time period between diagnosis and either

progression, in the form of a clinical relapse, or death [84]. The former metric defines a

progression-free survival (PFS) time, which quantifies not the prevention of progression, but

a delay, as evident in the proportional hazard model [27]. Treatment success is therefore

measured as a “shift to the right” of the decaying Kaplan-Meier curve, which represents the

https://github.com/eeangelini/cancer-model-plots
https://github.com/eeangelini/cancer-model-plots


34

fraction of progression-free surviving patients in the treated cohort compared to that of the

control group. The hence derived extension of median PFS time (or loosely equivalent, of

the median time to progression, or TTP) has become a de facto measure for success of a

therapy [113].

In theoretical and in vitro experimental models of post-treatment regrowth of a tumor

cell population, the “recovery time” in which the surviving tumor cells regrow to reach the

population threshold present at the onset of treatment is a biological characteristic of the

tissue. It can be considered the equivalent of the clinical TTP [141].

Recurrence, or tumor cell regrowth after treatment, is generally thought to be the result

of selection in a process of Darwinian somatic evolution: Given sufficient genetic variability in

a sufficiently large initial (pretreatment) cell population, it is considered statistically certain

(possibly as a result of increased mutation rate in cancer cells) that the population contains

cells carrying genomic mutations that confer drug-resistance and stem-like traits [9, 30, 49,

132]. A single cell with such a mutation will survive the treatment and clonally expand, thus

driving the tumor regrowth under treatment.

This genetic explanation implicitly acknowledges de facto inevitability of relapse for a

certain set of parameters including mutation rate, cell population size and selection pres-

sure [9, 49, 97, 132]. In addition, elimination of drug-sensitive cells by treatment releases

drug-resistant cells from spatial and nutritional constraints and facilitates their proliferation,

thereby creating an apparent causal link between treatment and recurrence [18, 109, 141,

142, 143].

In recent years, non-genetic cell phenotype plasticity and the resulting cell population

heterogeneity has been recognized as a source of the resistant cell phenotype, which could

underlie recurrence without implication of genetic mutations [2, 24, 46, 72, 98, 111, 132].

Extensive phenotypic heterogeneity within a population of cells is generated by the variability

of an individual cell’s biochemical state. Such non-genetic variability emanates, in part,

from the ability of the cell’s gene regulatory network to produce a diversity of stable gene

expression patterns (attractors), resulting in multistability within a single clonal, isogenic
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population. Gene expression noise stochastically disperses individual cells in gene expression

space, allowing them to occupy a range of these stable cell states. Because such stochasticity

of gene expression causes continuous phenotype switching and equilibration of phenotypes,

this type of heterogeneity is not subject to the rule of extinction of a phenotype, as is the

case with genetic mutation.

The resulting phenotypic diversity of the isogenic cell population is, while also proba-

bilistic, more prevalent than that generated by genetic mutations and it produces distinct,

robust, recurrent, and biologically relevant phenotypic sub-states in clonal cell populations

[16, 20, 65]. Such sub-states include mesenchymal, persister, or stem-like states, etc., as

single-cell RNAseq now amply reveals [46, 87, 88, 120, 123, 125, 126, 129, 140]. Some of

these states can confer resistance and are sufficiently robust to be inherited across several

cell generations [20, 93]. In this manner, non-genetic probabilistic variation can also drive

Darwinian selection of resistant cells, at least for a number of cell generations.

While both genetic and non-genetic variation arise in a probabilistic manner, there is

a key difference. Because non-genetic variant attractor states are the result of regulatory

mechanisms, they can also be directly induced by environmental signals. Such instruction

to change gene expression programs in a directed manner by an external input via a deter-

ministic (or strongly biased probabilistic) control, as opposed to selection of an undirected

probabilistic internal change, plays a dominant role in a tumor’s acquisition of stem-like

drug-resistant cells at short time scales (days) compared to the clonal expansion of rare mu-

tant clones [97]. Such regulated change of cell state may be part of a robust, evolved cellular

defense mechanism against cellular toxins [63].

A growing body of evidence suggests that emergence of stem-like and therapy-resistant

cells along with the associated changes in gene expression are induced (as opposed to se-

lected) by the cytotoxic stress of treatment [121, 125, 137]. In other words, there is a causal

biological mechanism linking treatment to stress to the stem-like phenotype. The recurring

appearance of stem-cell-like gene expression programs, or “stemness,” the speed of response

and involvement of canonical signaling pathways that confer multidrug resistance (such as
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Wnt signaling-mediated upregulation of the ABC membrane pumps) collectively support

the idea of stress-induced activation of preexisting xenobiotic resistance programs in cells by

treatment [14, 25, 68].

Therefore, any cytocidal treatment may be a double-edge sword: while a one fraction

of cells in the heterogeneous population is killed, another fraction of cells is induced by

treatment stress to enter a stem-like or more resistant persister state – planting the seed for

recurrence [62, 132]. Drug-induced resistance thus poses an intrinsic limit to curability of

tumors under any treatment that involves cell stress, as is the case with chemotherapy, target-

selected therapy or radiation. The role of somatic Darwinian evolution in recurrence relative

to that of non-genetic cell state transitions has been analyzed using mathematical models

in order to minimize selection pressure during treatment [4, 9, 50, 130, 141]. However, the

intrinsic limit that induced resistance places on therapy has only recently been systematically

evaluated [50].

3.4 A dynamical model of drug-induced treatment resistance in cancer

Here we analyze a most elementary, generic, mathematical model for the conflicting processes

that are inherent to cancer therapy: treatment-induced cell death and treatment-induced

transition from a drug-sensitive phenotype to a drug-resistant (stem-like) one. Under this

formulation, recurrence is “wired-into” the population dynamics and, depending on quantita-

tive details, can become manifest. Over a relevant parameter space of an ordinary differential

equation (ODE) model, we analytically evaluate the activity profiles of a drug in inducing

cell death vs. transition to the resistant state. We quantify how these features of treatment

relate to the intrinsic inevitability of recurrence, measured as TTP. We thus provide a for-

mal survey of the consequence of the core process of non-genetic induction of resistance by

treatment, irrespective of the ensuing selection and micro-environmental influences.

We find that depending on the relative susceptibilities for cell death versus induction of

the resistant state there can be a non-monotonic dependence of TTP on drug dose, such that

beyond a narrow optimal dose, the induction of resistance dominates and increasing treat-
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ment intensity will drastically shorten TTP. Thus, knowledge of the measurable propensities

of cells to die or activate resistance mechanisms as a function of dose is critical informa-

tion for optimizing therapy. Our focus on treatment-induced non-genetic tumor cell state

change complements the evolutionary framework, fills a conceptual gap to help explain why

it is so hard to cure advanced cancer and can be used for modeling scheduling to avoid

treatment-associated progression as sought by adaptive therapy [143].

We consider an ODE model that describes the population dynamics of cancer cells that

interconvert between two distinct cell states: drug-sensitive and drug-resistant. Let x(t) =(
x1(t), x2(t)

)T
denote the population state vector, where x1(t) is the number of sensitive

cells, and x2(t) is the number of resistant cells. Following the formulation given by Zhou et

al., the sizes of these two populations are governed by the following linear ODE (Figure 3.2)

[148]:

dx

dt
= Ax, A =

bS − dS − kSR kRS

kSR bR − dR − kRS

 (3.2)

We analyze this model of ongoing treatment with the assumption that treatment acts

by raising the per capita death rate of cancer cells. Herein, the parameter bS (bR) denotes

the fixed division rate of sensitive (resistant) cells, whereas dS (dR) denotes the total death

of sensitive (resistant) cells undergoing drug treatment. The parameter kSR denotes the

transition rate at which sensitive cells become resistant, and kRS is the transition rate at

which resistant cells become sensitive. All of these parameters are strictly positive and

depend in a particular way from the drug dose as discussed below.

We use TTP – the time it takes for the tumor to surpass its pretreatment population size

– as a quantitative measure of recurrence under drug treatment. In this model, we denote

TTP by tP , which is defined as

tP = inf{t > 0 |N(t) > N(0)} (3.3)

where N(t) = x1(t) + x2(t) is the total number of cells in the tumor (Figure 3.2). The goal
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of this model is to understand how tP depends on the model parameters.

Figure 3.2: Levels of parameterization in the dynamical model of tumor growth. At the
“highest” (i.e., most general) level, there are the rate constants that govern the growth and
state transition dynamics of the cancer cell population. One level down, we introduce drug
treatment into the model by assuming that the rate constants dS, dR, and kSR are logistic
functions of drug dose m. The parameters that determine the shape of these dose-response
curves – the pharmacodynamic constants, e.g., EC50 – form the “lowest” (i.e., most specific)
level of the model parameters.

3.4.1 Stability analysis

Aside from the degenerate case in which one eigenvalue of A is zero, the only fixed point of

the ODE in (3.2) is the point x = 0: extinction of all cancer cells. The eigenvalues λ1,2 of

A determine the local stability of this fixed point, whereas the eigenvectors v(1,2) of A give

the primary directions of growth and/or decay in state space. For this model, we can derive

general conditions on the growth and transition rates under which the origin is an unstable

node, a stable node, or a saddle point (Table B.1). Under appropriate initial conditions, these

three cases correspond to unchecked tumor growth, tumor extinction, and tumor regression

followed by regrowth. The last scenario provides the simplest mathematical conception for

the relapse phenomenon.
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The saddle point nature of the extinction state suggests that the dynamics are ultimately

difficult to control and contain. It also points to a marked “turning point” for each trajectory:

if the initial tumor population is “close enough” to the stable manifold, the trajectory will first

move towards the origin before being repelled away along the unstable manifold, indicating

the difficulty to eradicate the tumor (Figures B.1-B.4). We can think of this behavior as

temporary control of tumor size before the inevitable progression. Equation (B.3) in §B.1

tells us that it is possible to control tumor regrowth wherever the relative fitness of the

sensitive phenotype is sufficiently large.

The extinction state is a saddle point whenever the ratio (bS − dS)/(bR − dR) is greater

than the ratio (bS−dS−kSR)
kRS

(Table B.1). That is, temporary control of the tumor size is

possible when the relative fitness of the sensitive phenotype is sufficiently large. The constant

bS − dS − kSR is the net flux of the drug-sensitive population per unit density of drug-

sensitive cells, and the constant kRS is the flux into the drug-sensitive population per unit

density of drug-resistant cells. The latter parameter, sometimes referred to as the “backflow

rate,” is useful in characterizing how the pool of drug-resistant cells allows the drug-sensitive

population to avoid extinction during chemotherapy [148].

3.4.2 Time to progression

The behavior of TTP as a function of drug dose is closely related to the saddle point dynamics

of the system. For one, to have tP > 0, the total population must decrease initially before

recovering to its initial value, which is typically only observed when the origin is a saddle

point. Moreover, under the saddle point dynamics, t = tP is the unique non-zero time point

for which N(t) = N(0).

Even with a closed expression for N(t), solving the expression N(tP ) = N(0) for tP

is not generally possible as it involves the sum of distinct exponential terms. Instead, we

can approximate tP by decomposing the saddle point dynamics into the distinct stages of

population decrease (remission) and increase (regrowth). By definition of TTP, the total

population N(t) is undergoing regrowth at time t = tP , i.e., N
′(tP ) > 0. The theory of linear
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dynamical systems tells us that the exact solution N(t) is given by a linear combination of the

exponential terms eλ1t and eλ2t, where λ1,2 are the eigenvalues of A (as per equation (B.5) in

§B.2). In the case of a saddle point, where λ1 > 0 and λ2 < 0, the tumor population regrowth

is necessarily driven by the exponential term corresponding to the positive eigenvalue λ1.

Therefore, at time tP , we may assume that the total population is well approximated by

this exponential term: N(tP ) ∼ eλ1tP . Under this assumption, we can approximate TTP as

follows (see §B.2):

tP ≈ t∗P :=
1

λ1
ln

[
N(0)

c1
(
v
(1)
1 + v

(1)
2

)] (3.4)

3.5 Pharmacodynamic model of continuous therapy

To consider drug treatment, we assume that drug dose is constant throughout the course

of therapy (i.e., continuous therapy) and that the rate constants dS, dR, and kSR depend

on the amount of drug m present in the system, i.e., that chemotherapy reduces tumor

burden by increasing the death rate of cancer cells. At the same time, it increases the rate

at which sensitive cells become resistant, the basis for the “double-edged sword” effect of

chemotherapy. In mathematical terms, we introduce a secondary parameter m that denotes

the drug dose, and we assume that the primary parameters dS, dR, and kSR that capture

tumor cell population dynamics are increasing functions of m (Figure 3.2). Scaling m as

percentage of the maximum tolerated dose (MTD), i.e., 0 ⩽ m ⩽ 100, we next discuss the

pharmacodynamics of cellular drug response, i.e., functional forms for the dependence of the

three primary parameters from m.
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Using the commonly observed sigmoid shape of biological response curves, which reflect

the cumulative probabilistic response of individual cells in a heterogeneous population, we

use logistic functions to describe the rate constants dS(m), dR(m), and kSR(m) (Figure 3.2):

dS(m) = δS + ES

1+exp(−rS(m−PS))

dR(m) = δR + ER

1+exp(−rR(m−PR))

kSR(m) = κ+ ESR

1+exp(−rSR(m−PSR))

(3.5)

We assume that kRS, the rate constant for the re-sensitization of resistant cells, does not

change with drug dose.

In the case of dS(m), each of the four parameters δS, ES, rS and PS determines the shape

of the logistic curve and describes a behavior affected by the drug. For this reason, we refer to

these parameters as the pharmacodynamic parameters associated with a given rate constant

for cell response. In particular, the parameters E, P, and r respectively determine the

maximum response (efficacy), EC50 (which is inversely related to potency), and saturation

rates for each of the above responses of the drug. For example, a drug with high efficacy and

high potency to kill sensitive cells is characterized by a high value for ES and a low value

for PS.

Taken together, our model incorporates three levels of parameterization: first, the pa-

rameters of the general linear population dynamics model are the rate constants bS, bR, etc.

(Figure 3.2). Second, some of these rate constants (e.g., kSR) depend on drug dose, which is

represented by the parameterm (Figure 3.2). And third, the way each of these rate constants

depend on drug dose is determined by their respective pharmacodynamic constants, as given

in (3.5) (Figure 3.2).

In drug development implicit pharmacodynamic parameters are empirically tuned to

optimize treatment outcome, which, in the case of our model, is tP . Teasing apart how

the drug dose m affects TTP as a function of the pharmacodynamic parameters is not a
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straightforward problem because we do not have an explicit expression for tP . An exhaustive

search of the entire parameter space is impractical. Because drug-induced transition to

the resistant state is a hitherto unaccounted-for factor affecting recurrence, we start with

a cursory analysis of how tP changes when we vary the dose-response relationship of the

sensitive-to-resistant transition rate kSR(m).

3.6 Qualitative sensitivity analysis of pharmacodynamic parameters

Representative samples of the parameter space demonstrate the possible qualitatively distinct

treatment outcomes – tP as a function of drug dose – that depend on the pharmacodynamics

(i.e., rate of behavior as function of drug dosem) of drug-induced resistance relative to killing

(Figure 3.3). We define “drug resistance” by taking ER ≪ ES: the drug’s cell-killing efficacy

is lower for the drug-resistant phenotype than it is for the drug-sensitive phenotype. Although

drug-resistance can be manifest in dampening the killing effect either by decreasing the drug

potency (or equivalently, increasing the EC50) or efficacy to kill cells (or a combination of

both), we do not vary this aspect of resistance. Instead, we model resistance as a lowering the

resistant cell death rate at MTD, which reflects a more profound effect on the cell state. To

incorporate the observed fitness cost of resistance in the absence of drug, we further assume

that bS > bR and δS = δR [40, 109, 124, 141].

Thus, we anchor the pharmacodynamics for killing of sensitive and resistant cells dS(m)

and dR(m) and vary the parameters that determine drug-induced transition to the resistant

state with respect to either EC50 (PSR) or efficacy (ESR) for the transition rate kSR(m) (Table

B.2, Figure 3.3). We consider these two parameters specifically because of the different effects

that they exert on the dose-response curve of a given drug. The efficacy of a drug, or the

drug response at MTD, is an intrinsic property of the drug and cannot be compensated by

altering the drug dose. On the other hand, the potency of a drug, which corresponds to

the inverse of the EC50, is a property that can be compensated by altering drug dose: a

low-potency drug can achieve the same response as a high-potency drug, but at a higher

drug dose.
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The unknown then is how the relation between rate of induction of the resistant pheno-

type, kSR(m), and the “kill curves,” dS(m) and dS(m), shape tP as a function of drug dosem.

The coarse-grained, but comprehensive, sensitivity analysis of our model model is achieved

by altering the values of PSR and ESR, relative to the two fixed kill curves pharmacodynam-

ics curves (Figure 3.3). The following four canonical cases represent qualitatively distinct,

plausible pharmacodynamical relationships between killing and induction of resistance due

to treatment.
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Figure 3.3: A coarse-grained sensitivity analysis of the effect of drug-induced resistance on
treatment outcome. The parameters given in Table B.2 are held fixed, while the EC50 and
efficacy of resistance induction are varied in the above four cases. Efficacy increases as the
parameter ESR increases, whereas potency decreases as the EC50 value (PSR) increases. A.
Case A: high efficacy, low potency (ESR = 0.2, PSR = 50). B. Case B: high efficacy, high
potency (ESR = 0.2, PSR = 10). C. Case C: low efficacy, low potency (ESR = 0.02, PSR =
50). D. Case D: low efficacy, high potency (ESR = 0.02, PSR = 10).
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3.6.1 Case A: high efficacy, low potency of resistance induction

We first consider a drug with a high efficacy and low potency (i.e., high ESR and PSR) for

inducing resistance (Figure 3.3A). For such a drug, tP is not monotone increasing in drug

dose. Instead, it first increases before decreasing to a plateau (Figure 3.4A). Thus, increasing

drug dose past a certain point significantly worsens the treatment outcome.

We observe that tP increases with drug dose when an increase in dose corresponds to a

significant decrease in the total growth rate relative to the total switching rate (Figure 3.4A).

On the other hand, tP decreases with drug dose when an increase in drug dose corresponds

to a significant increase in the total switching rate relative to the total growth rate (Figure

3.4A). The fact that the transition dynamics dominate the growth dynamics at high drug

doses indicates that under cytotoxic stress, tumor recurrence is not driven by cell growth

(Figure 3.4). Instead, it is driven by the ability of the tumor cells to evade extinction by

transitioning to a stem-like, drug-resistant state.

Returning to our analysis of the saddle point dynamics, the positive eigenvalue λ1 is also

non-monotonic in drug dose, first decreasing to a minimum before increasing to a plateau

(Figure 3.4). This inverse relationship between λ1 and tP agrees with the above observation

that λ1 roughly corresponds to the rate of tumor growth during recurrence.

3.6.2 Case B: high efficacy, high potency of resistance induction

We now consider a drug with the same efficacy in inducing the stem-like state as in Case A

but with higher potency (Figure 3.3B). Unlike Case A, tP is now monotone increasing in drug

dose (Figure 3.4B). Therefore, if the drug dose is sufficiently high, the treatment outcome in

Case B is not sensitive to fluctuations about a dosage. This robustness is favorable to the

sensitivity observed under Case A, in which a small fluctuation in drug dose can significantly

worsen the tP . On the other hand, the maximum tP in Case B is low compared to that

in Case A (Figure 3.4A-B). A treatment that is robust to variation in drug dose is not

necessarily a good one if progression is only, at most, slightly delayed.
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As before, the behavior of tP is well summarized by the positive eigenvalue λ1 and the

difference between the total growth and switching rates (Figure 3.4B). In particular, the

latter shows how increased drug potency to induce stemness affects tP . As EC50 for kSR is

closer to that for dS and dR than it is in Case A, the total growth and state-switching rates

saturate at roughly the same drug dose (Figure 3.4B). Therefore, the difference between the

two rates only increases over a small range of doses, in which in tP increases monotonically

(Figure 3.4B). Cases A and B reveal that the relative potency of a given drug to induce

resistance versus kill cells determines whether tP is monotone increasing in drug dose or not.

3.6.3 Case C: low efficacy, low potency of resistance induction

For a drug with the same low potency as in Case A, but with lower efficacy, tP is again, as in

Case A, a non-monotonic function of drug dose (Figures 3.3C, 3.4C). However, the difference

between the maximum possible tP and tP at MTD is much smaller for the drug than in Case

A, since the maximum difference between the total growth and switching rates is smaller

than in Case A (Figure 3.4A, 3.4C). In terms of treatment outcomes, we can think of this

drug as an improvement from Cases A and B: tP is overall less sensitive to variation in drug

dose than in Case A, and the maximum possible tP is greater than that in both Cases A and

B.

The overall increase in tP is also reflected in saddle point dynamics of the system. In

Case C, the magnitude of the negative eigenvalue λ2 is overall lower than in Case A (Figure

3.4C). This decrease in magnitude agrees with the increase in tP , as λ2 roughly corresponds

to the rate of tumor remission in the early stages of treatment. That is, the remission stage

is prolonged under treatment by a low-efficacy drug, as compared to a high-efficacy drug

(Figures B.1-B.4).

3.6.4 Case D: low efficacy, high potency of resistance induction

Finally, we consider a drug that is a “combination” of Cases B and C; that is, the drug has

low efficacy but high potency in inducing resistance to cell killing (Figure 3.3D). Under this
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drug, tP is a similar “combination” of Cases B and C: it is monotone increasing in drug dose,

and its value at MTD is the same as in Case C (Figure 3.4D). Therefore, a drug with low

efficacy and high potency for drug-induced resistance relative to killing produces a treatment

scheme that effectively delays tumor progression for a wide range of drug doses. Compared

to case C, the higher potency in inducing stemness at low dose abrogates the optimal dose

window, i.e., the counterintuitive peak in tP at lower dose.
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Figure 3.4: Summary of model behavior for Cases A, B, C, and D as a function of drug
dose m. The net growth rates of sensitive and resistant cells are defined as gS := bS − dS
and gR := bR − dR, respectively. First row: Total growth and transition rates, gS + gR and
kSR+kRS, respectively. Second row: Eigenvalues of the matrix A in (3.2). The inset in cases
A and C highlight the non-monotonic behavior of the eigenvalue λ1. Third row: Time to
progression tP plotted alongside its asymptotic approximation t∗P .
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3.6.5 Parameter search

In order to determine how well Cases A, B, C, and D capture the dependence of tP on drug

potency (PSR) and efficacy (ESR) of resistance induction, we perform a broad parameter

search. Specifically, we compute tP over a wide range of PSR and ESR beyond the four

representative cases from the previous section (Figure 3.3). Instead of plotting tP as a

function of drug dose m, we plot three quantities of interest as a function of PSR and ESR:

the drug dose at which tP attains its maximum, the maximum value of tP , and the value

of tP at MTD (Figure 3.5). Doing so, we find that tP attains its maximum at MTD (i.e.,

is monotonic in drug dose) when PSR is low regardless of the value of ESR (Figure 3.5A).

Therefore, tP is indeed a non-monotonic function of drug dose only when the potency to

induce resistance is low. Furthermore, the maximum value of tP shows little sensitivity to

either ESR or PSR, and instead appears to depend on whether tP is monotone increasing in

drug dose or not (Figure 3.5B). We also find that the value of tP at MTD decreases as ESR

increases independent of the value of PSR (Figure 3.5C).

The results of this finer-grained parameter search indicate that the four cases given in

the main text indeed characterize the dependence of tP on the parameters PSR and ESR:

the non-monotonic dependence of tP on drug dose is governed by PSR, whereas the value

of tP at MTD is governed by ESR. This parameter search, however, is still limited to the

two parameters PSR and ESR. Taken together, a key finding is that at low potency (high

EC50) for inducing resistance, where higher drug doses m are needed to trigger this cell state

transition, increasing the dose past a certain point reduces tP . A further evaluation of the

parameter space, paired with rigorous sensitivity analysis, is required to characterize how tP

depends on the complete set of model parameters.
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A C

Figure 3.5: Analysis of time to progression (tP ) over a wide range of values for potency (PSR)
and efficacy (ESR) of inducing resistance. Plotted values are indicated by the colorbar on
each plot. All other parameters are fixed at the values given in Table B.2. A. Drug dose m
at which tP attains its maximum. B. Maximum value of tP over all drug doses. C. Value of
tP at MTD.

3.7 Virtual patient cohort simulations

In statistical analysis of clinical studies, individual patient measures, such as PFS time and

TTP, are typically not displayed directly; instead, the data are often presented in the form

of Kaplan-Meier curves, which show the fraction of surviving and progression-free patients

as a function of time [27, 113]. The process of calibrating mathematical models of cancer

dynamics to clinical data typically involves applying regression, or some other parameter-

fitting method, to a Kaplan-Meier curve from observed cancer patient cohorts [11, 76]. Doing

so requires generating a “virtual patient cohort” from the model, usually by assuming some

statistical distribution of a set of the model parameters, and sampling individual “patients”

from this distribution [11, 76]. As a step towards grounding our model in clinical data, so as

to make meaningful predictions about treatment courses, we generate virtual patient cohorts

and present an analysis of the resulting Kaplan-Meier curves.

To generate virtual patient cohorts, we assume that the basal rates of cell birth, death, and

state transition, as well as the fraction of resistant cells at tumor detection, vary from patient

to patient (Table B.3). For simplicity, we assume that each of these parameters are uniform

random variables. One possible way of updating this assumed prior with a more appropriate
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posterior distribution based on clinical data would be to use an expectation-maximization

approach [76]. We assume that the remaining parameters, tumor size at diagnosis and the

pharmacodynamic constants, remain fixed across all patients, as they are intrinsic properties

of standard clinical practice and a given drug, respectively (Table B.2).

Keeping with our previous analysis, we generate nc = 100 virtual patient cohorts of

np = 103 patients each, and compute the TTP curve tP (m) for each patient at values of

ESR and PSR given by the four previous cases A, B, C and D (Figure 3.3). Once we have

tP (m) for each patient in a given cohort, we can compute the progression-free fraction for a

range of possible drug doses, where we treat tP as a progression event for each patient. We

then take the mean progression-free fraction across all cohorts, giving us a set of Kaplan-

Meier curves (Figure 3.6). Our aim is to see if the non-monotonic dependence of treatment

outcome on drug dose m is manifest at the ensemble level of the patient cohort. Whereas

for an individual patient, an improved treatment outcome is indicated by an increased TTP,

an improved outcome for an entire cohort is indicated by an upward and/or rightward shift

in the Kaplan-Meier curve.

Comparing the resulting Kaplan-Meier curves for cases A-D, we find that the mean

behavior of the survival fraction mirrors that of tP . As before, in cases A and C, where

potency to induce resistance is low, the overall treatment outcome is non-monotonic in drug

dose: as m increases from 0 to MTD, the Kaplan-Meier curve shift upwards, then downwards

(Figure 3.6). Also in line with our TTP analysis is the observation that in cases C and D,

where efficacy to induce resistance is low, the overall treatment outcome is better than that

for cases A or B: the upwards shift of the Kaplan-Meier curves going from low to high drug

doses is much larger in the former cases than in the latter (Figure 3.6). Thus, our conclusions

about the qualitative behavior of the model at the level of the individual “patient’s” tumor

cell population scale up to the level of the statistical ensemble (i.e., the cohort), replicating

both the “expected” as well as the “counterintuitive” effects of increasing drug dose. This

result is significant as it demonstrates that our analysis is in some sense robust to noise.

The next logical step would be to see if our analysis still holds, and is therefore clinically
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meaningful, after fitting our parameters to actual patient data.

A B

C D

Figure 3.6: Kaplan-Meier curves averaged over nc = 100 virtual cohort simulations of np =
103 patients each, plotted for fixed drug doses m. Error bars denote plus and minus one
standard deviation. The x-axis denotes time t, and the y-axis denotes the fraction of patients
in a cohort who are progression free by time t (i.e., tP > t). Each curve is colored according
to the fixed drug dose m applied to each cohort, indicated by the color bar in each plot.
Panels A, B, C, and D correspond to varying the parameters PSR and ESR according to the
four cases shown in Fig 3.3. Unless specified as being drawn from the uniform distributions
given in Table B.3, all other parameters are held fixed at the values given in Table B.2.

3.8 Discussion and conclusions

In advanced tumors, post-treatment recurrence is almost an intrinsic feature in the course

of tumor progression. It is increasingly acknowledged that even if an untreated tumor would

result in rapid progression and death, recurrence after treatment is causatively or mechanis-

tically linked to the act of treatment. The traditional explanation for recurrence after initial

remission invokes selection of preexisting mutant cells in which genetic mutations confer the
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resistance phenotype.

More recently, the “competitive release” of the resistant cells, when these cells expand

into the niche freed by the killing of sensitive cells by treatment, has been proposed as

mechanism of tumor recurrence, adding the non-intuitive twist that “more killing” is not

better [18, 50, 109, 141, 142, 143] . Nonlinear models of competition between sensitive and

resistant subpopulations, such as that presented by Kozlowska et al., lead to similar saddle-

point dynamics of tumor depletion and progression as our model, albeit at a longer time

scale that encompasses multiple cell generations [76].

Another interesting fundamental similarity between genetic and non-genetic mechanisms,

at least in terms of a possible formal generalization, pertains to an additional layer of non-

linearity that we have not considered here: a multi-step process that gives rise to a progressive

increase (‘gradual evolution’) in resilience. Increasing genomic instability with tumor pro-

gression not only decreases the threshold for cell death exploited by many therapies, but

also accelerates mutational exploration of new phenotypes in an evolutionary process. A

well-studied case of self-propelling increase in resistance is the amplification of the DHFR

gene repeats that confers resistance to methotrexate. Once amplified, the locus is even more

prone to undergo genomic recombinations and to further amplify, including in response to

treatment stress that promotes chromosomal breakage [73]. The non-genetic equivalent is

that with increasing malignancy (“stemness”), the barrier for cell type transitions is reduced,

evident in the increasing phenotypic plasticity of advanced tumors, and hence, the chance of

the tumor cell to enter an even more dedifferentiated, resilient stem-like cells in response to

treatment stress [73].

The oft observed re-sensitization of recurrent tumors, rapid rate for appearance of re-

sistance markers, and ubiquitous cell phenotype plasticity, however, suggest a role for non-

genetic, reversible phenotype switching in tumor recurrence [2, 24, 34, 46, 54, 72, 81, 98, 111].

Most recently, the induction of cells to transition into a stem- or mesenchymal-like resilient

state by the cell stress imparted by treatment has received increasing acceptance and has

been confirmed by single-cell resolution measurements [16, 20, 46, 65, 87, 88, 120, 123, 125,



52

126, 129, 140]. Population-wide resistance to treatment induced by the same perturbation

intended to kill and eradicate tumor cells thus poses a conflicting situation: a double-edged

sword that complicates treatment response.

The mechanisms that allow a cell to be either fated to death or to enter a resistant state

following the same perturbation may depend on the initial microstate due to stochastic gene

expression [62]. This uncertainty is here modeled by the sigmoidal shape of the pharmacody-

namical functions, which represents the cumulative probability of the dispersed propensity

of cells to respond in either way to treatment. We used a minimal model to characterize how

the “relative strength” (potency and efficacy) of a drug to either kill tumor cells or convert

them into resistance cells affects the population dynamics, as measured by the time it takes

for the cell population to recover and grow to its pre-treatment size (time to progression

tP ). We focused on four qualitatively distinct scenarios (A, B, C, and D) that correspond

to all possible combinations of high versus low potency and high versus low efficacy of the

treatment to induce the resistant state relative to killing.

Despite the elementary form of the model, interesting behaviors emerge: the four sce-

narios produced robust, prototypic behaviors for the dependence of tP on drug dose (Fig

3.5). The two cases (A and C) in which the potency of the drug (dose for half-maximal

effect, EC50) to induce the resistant phenotype was substantially lower (high EC values)

than the potency to kill cells produced a non-monotonic tP -to-drug dose relationship. In

such a scenario, there is an optimal window of dose for maximal tP : drug doses higher than

the optimal dose will have lower benefits in terms of tP .

The efficacy of the drug (the amplitude of the dose-response curve) also affected tP

by determining its plateau value at high drug doses. High efficacy of the drug to induce

the resistant state (Cases A, B) resulted, as expected, in a low value of tP at high doses,

independent of whether the dose-dependence is monotonic (Case B) or non-monotonic (Case

A). On the other hand, a drug with low efficacy to induce treatment resistance (Cases C,

D) resulted in a high value of tP at high doses. Sensitivity of tP to changes in drug efficacy

means that drug dose optimization is paramount in the case where the potency of the drug
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to induce resistance is low relative to the potency of cell killing – parameters that could be

determined in preclinical studies.

Unfortunately, fine-grained dose-escalation clinical trials (e.g. with at least three doses)

are generally not conducted that would expose the non-monotonic effect. To establish the

connection between intrinsic biological properties of drugs in triggering state transition to the

resistant state and the clinical consequences as observed in drug trials, we performed virtual

patient cohort simulations. We found that the qualitative conclusions of the model about

the effect of induced resistance on treatment success are robust to variation in the other

model parameters and result in corresponding non-monotonic dependence of the progression

free survival in the simulated patient drug trial cohorts

Adaptive therapy, in which treatment is stopped upon regression and re-started upon

regrowth, or metronomic therapy, which applies a low dose at regular intervals, may be

worthwhile treatment schemes in cases A and C because there is an optimal drug dose below

MTD in these cases. The current rationale behind dose-minimization treatment strategies

is to avoid fixation of mutant resistant clones due to competitive release and selection [4,

18, 109, 142, 143]. However, if resistance is inducible and reversible, the intended “con-

tainment” of the tumor (as opposed to the harder-to-achieve “eradication”) is even more

readily achieved than when guided by the concept of competitive release of mutant resistant

clones. Thus, if we consider the new biological rationale of non-genetic, reversible dynamics

of treatment-induced resistance, a strategy such as adaptive or metronomic therapy may be

further optimized to be more effective. However, in order to make any meaningful predictions

about optimal treatment courses we must first ground our model in clinical data, either by

using empirical estimates of parameters from the literature, or by using a statistical learning

framework to fit parameter distributions from the data [11, 17, 75, 76].



54

Chapter 4

STOCHASTIC THERMODYNAMICS FOR “BIG DATA”

Following a recently reformulated Gibbs’ statistical chemical thermodynamic theory on

discrete state space, we present a treatment on statistical measurements of random mechan-

ical motions in continuous space. In particular, we show how the concept of temperature as

well as ideal gas/solution law arise from a statistical analysis of a collection of independent

and identically distributed complex particles without relying on Newtonian mechanics, nor

the very concept of mechanical energy. When sampling from an ergodic system, the data

ad infinitum limit elucidates how entropy function characterizes randomness among mea-

surements, with a novel energetic representation for the statistics and an internal energy

additivity emerge. This generalization of Gibbs’ theory is applicable to statistical measure-

ments on single living cells and other complex biological organisms, one individual at a time.

This Chapter and §C have previously appeared as the manuscript “Statistical analysis of

random motion and energetic behavior of counting: Gibbs’ theory revisited.” (co-authored

with Hong Qian), published 2023 in the Journal of Physical Chemistry B [6].

4.1 Gibbsian thermodynamics: from biophysical chemistry to living systems

In this work we attempt to extend the biophysical chemistry paradigm on single proteins,

which are essentially statistical measurements combined with Gibbsian thermodynamics and

chemical kinetics [116]. In particular, we aim to extend this work from “dead” molecules to

living cells by replacing the foundation of current Gibbs’ theory, which relies on mechanics

and the very concepts of molecular energy and chemical equilibrium, by the mathematical

theory of probability.

A recent alternation and generalization of Gibbs’ statistical chemical thermodynamics
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has identified the following: [104, 105]

(i) Statistical counting as the most fundamental empirical observational activity in a

Gedankenexperiment, more so than measurements of mean values of real-valued ob-

servables. There is missing information in the latter with respect to the former;

(ii) the mathematical theory of probability as a fundamental law for statistical knowl-

edge;[67, 69]

(iii) entropy functions as emergent concept, à la P. W. Anderson, which gauges the differ-

ence between observed empirical statistics ad infinitum in (i), and a prior probability

in (ii) ; [5]

(iv) the entropy function for counting frequency provides the foundation of a statistical

thermodynamics, à la H. B. Callen, that not only dictates the fundamental thermody-

namic relation that involves conjugate variables, but also the posterior statistical laws

in terms of Gibbs’ ensembles [23].

The new theory establishes a foundation for statistical thermodynamics independent of me-

chanics. It actually provides the very concept of thermodynamic internal energy a new

conception. One can see a precise statistical logic that organically bridges the frequentist-

Bayesian divide [44]. The theory is applicable to any other statistical knowledge.

In the present work, we turn our attention particularly to mechanical motions with the

newfound perspective and method. From a very primitive, empiricism stand point, if chem-

istry is about “counting the number of occurrence of various states of a molecule”, then

mechanics in condensed phases is about “counting the number of steps taken, in different

directions with different sizes, by a point mass” in the three-dimensional physical space.

The prior probability, as a hypothesis, figures prominently in the new formulation of

Gibbs’ theory [67, 69]. In traditional statistical mechanics, this prior probability has been

taken as the natural (Lebesgue) measure of the state space, known as the postulate of equal
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a priori probability. In the light of our current theory, the problem of normalization of the

prior probability is the most significant loophole in the earlier theoretical setup. Careful

analysis of this problem has been taken in the present work.

All real objects that consist of atoms are dynamic; they can and should be understood

as dynamical systems. The mathematical theory of ergodic dynamical systems — be it

deterministic, chaotic, or stochastic — is an abstract construct. Nevertheless, this theory

provides a theoretical foundation for statistical data science [106]. In reality, every observable

object is only metastable, i.e., it exists only on certain time scale and disintegrates over a

much longer time scale. For example, even though a protein in vitro has a lifetime of a

millennium without the help of an enzymatic catalyst, this lifetime is still finite in the

mathematical framework. Inside a living cell, however, this time scale is shortened to days

or weeks [35, 108]. The statistical study of single protein molecules in vitro, therefore,

idealizes a protein as an ergodic polypeptide [145].

In the current mathematical theory of molecular cells, there is an idealized ergodic

biochemical dynamics of a single cell with a given genome: An “eternal cell” ultimately

passes through all its possible biochemical states, with different epigenetic phenotypes being

(meta)stable dynamic “attractors” [66, 101]. For a collection of data sampled from different

cells with the same genome, it is therefore legitimate to assume that the data are samples

from an ergodic dynamical system with a common probability measure despite being snap-

shots of different cells and not a single time series. For such a system, however, it is not

plausible to empirically determine the ergodic, invariant probability measure of the stochastic

dynamics of the idealized eternal cell. Therefore, it is important to explicitly acknowledge

the assumption of the prior probability, as it will remain only a scientific hypothesis in

our understanding of single cells. The theoretical concept of a biochemical, nonequilibrium

steady state (NESS) landscape of a cell plays a unique role in this regard [7, 66, 101, 133].

A key assumption of the present work is that statistics of data ad infinitum from ergodic

samples are intrinsic properties of the dynamical system being sampled. Empirical data

analysis in a laboratory of multiple samples is best understood as from an identical proba-
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bility distribution. In principle, the framework of an ergodic sample ad infinitum eliminates

all the statistical uncertainties and guarantees reproducibility.

Important insights are derived from the current theory of statistical energetics: Sec. 4.4.1

shows how information entropy maximization under constrains gives rise to a conservation

law, in terms of Lagrangian multipliers in calculus as the conjugate variables, that reveals

the holographic, total internal energy being decomposed into a “known” and a “missing”

parts (Eq. 4.21). In Sec. 4.6, a collection of particles with complex internal state space X

and 3-dimensional spatial movements, but nevertheless statistically independent, is shown

to have an ideal-solution-like energetics (Eq. 4.42), even pV = NT with p and T being

the respective conjugate variables to the counting statistics of spatial positions and internal

states. Under this unorthodox view, a point mass has a simple “internal state space” in

terms of its instantaneous velocity.

There are two issues when working with the probability on a continuous state space. At

the very basic level, our intuitive understanding of probability stems from normalized count-

ing frequencies, and the very activity of “counting” implies a discrete state space. On the

more mathematical level, the probability of any elementary event in a continuous state space

is zero; there is no possibility of repeated two measurements with identical real values. To

solve this problem, mathematicians invented the concept of probability measure and scien-

tists argued for measurement resolution as a discretization [69]. For continuous mechanical

state space, a third issue is the normalizability of probability. This is the motivation of the

treatment developed in Sec. 4.2.3, where we restrict the problem to a finite d-dimensional

ball, whose radius is arbitrarily large but finite. The present work suggests that the theory of

ideal gas and ideal solution implicitly “solved” this problem by constraining all the particles

in a finite volume V and their velocities follows a multivariate Gaussian distribution with

finite temperature.
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4.2 Statistical measurements, entropy, and the Legendre-Fenchel Transform

In this section, we present key mathematical equations and their derivations. The mathe-

matical equations and formulas established in this section are the bases for the results in the

sections that follow. One can skip this section and directly go to Sec. 4.3 for continuity of

the narrative.

4.2.1 Statistical energetics of counting by the methods of Willard Gibbs

By energetics, we mean the theory of entropy and energy. We use a macromolecule with

n + 1 possible conformations to illustrate the mathematical method that first appeared

in Gibbs’ work [51]. We follow the presentation in refs. [104] and [105] where the logic

flow is completely different and the scientific content altered from the current teaching in

statistical thermodynamics [13, 57]. Let S = {0, 1, · · · , n} be the discrete state space of the

macromolecule and a very large integer N be the number of statistically independent and

identical samples of the single molecule. Under the prior probability p = (p0, · · · , pn), the

relative (negative) entropy function Φ quantifies the infinitesimal probability of observing

normalized counting frequency ν = (ν0, · · · , νn) among the N samples:

Φ(ν) =
∑
i∈S

νi ln

(
νi
pi

)
. (4.1a)

This is a measure of the amount of information, or “surprise,” in the counting frequency

data ν w.r.t. the prior probability p [26]. That is, there is no “surprise” in the observation

when ν = p, and accordingly, Φ(p) = 0.

The Legendre transform has been described as the “workhorse of chemical thermody-

namics” [1]. The modern mathematics of convex analysis has refined this mathematical

technique in the form of the Legendre-Fenchel transform (LFT) [110]. One can compute the
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LFT of Φ(ν) as a function of the conjugate variables µ = (µ0, · · · , µn):

Ψ(µ) = inf
ν

{∑
i∈S

νiµi + Φ(ν)

}
= inf

ν

{∑
i∈S

νi ln

(
νi

pie−µi

)}
= − ln

∑
i∈S

pie
−µi . (4.1b)

The optimal ν is given by ν∗i = pie
−µi/Z(µ) with Z(µ) =

∑
i∈S pie

−µi . If one interprets

the conjugate variables µ as the statistical energies of each state in units kBT , then Ψ is

precisely the free energy in Gibbs’ theory [13, 57].

Capturing the relation between the frequency of counting ν and the chemical-potential-

like quantity µ, Fig. 4.1 summaries the overall structure of the new theory proposed in ref.

[104]. The four transformations on the left of Fig. 4.1 are all invertible, where the LFTs are

Ψ(µ) = inf
ν

{
⟨µ,ν⟩+ Φ(ν)

}
, Φ(ν) = − inf

µ

{
⟨µ,ν⟩ −Ψ(µ)

}
, (4.2a)

Ψg(y) = inf
x

{
⟨y,x⟩+ Φg(x)

}
, Φg(x) = − inf

y

{
⟨y,x⟩ −Ψg(y)

}
, (4.2b)

in which a complete set of observables with holographic information x = (1, x1, · · · , xn) is

represented by a linear transformation with non-singular matrix G, x = νG:

Φg(x) = Φ
(
xG−1

)
, Φ(ν) = Φg(νG), (4.3a)

Ψg(y) = Ψ
(
Gy

)
, Ψ(µ) = Ψg

(
G−1µ

)
. (4.3b)

The two transformations on the right of Fig. 4.1, from the n-vectors x and y to the J-

vectors x′ and y′, where J < n, relate microscopic (“holographic”) observables to macroscopic

(“coarse-grained”) observables: ϕ(x′) = infx\x′ Φg(x) is negative entropy minimization, and

ψ(y′) = Ψg

(
y
∣∣yJ+1 = · · · = yn = 0

)
is a projection. Under the set of partial observables

x′ = νG′ with singular matrix G′, the step of minimization, known as a contraction in the

theory of probability, corresponds to taking the LFT of ψ(y′) = Ψ
(
G′y′) (Fig. 4.1) [29].

The quantity ϕ(x′) in Fig. 4.1 is Gibbs’ entropy function in classical thermodynamics,
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as a function of macroscopic observables x′. Ψ(µ) is the starting point of statistical thermo-

dynamics when a set of µ is in hand [10, 58, 99]. The significance of the new logic presented

here is to show that a description of the energetics µ on the level of the state space S can

be introduced as the dual representation to statistical counting frequency ν without evoking

any prior concepts from mechanics, classical or quantum.

Figure 4.1: Entropy (upper branch) and free energy (lower branch) duality via the LFT, with three

different representations. Holographic counting frequency ν and internal energy µ; values of a

complete set of observables x (encoded via the invertible matrix G) and corresponding conjugate

variables y; coarse-grained observables with partial information x′ and its conjugate y′. When

x′ = νG′ where G′ is non-invertible, the path from Φ(ν) to ϕ(x′) can still be taken via the lower

branch: ψ(y′) = Ψ(νG′).

4.2.2 LFT on continuous state space, duality, and contraction

Suppose we have a system with a continuous state space X , which (a) mathematically induces

a measurable space (X ,F) and (b) statistically induces a normalized empirical counting

frequency distribution ν(y), where y ∈ X . Let us further assume a prior probability on F

with corresponding density function p(y). Then, in parallel to (4.1a), the entropy of ν with

respect to p is defined as:

Φ[ν] =

∫
X
ν(y) ln

(
ν(y)

p(y)

)
dy, (4.4)

where the boldfaced ν stands for the entire function ν(y) on X . For some observable g:

X → R, the contraction of Φ to ϕ given the empirical mean value (EMV) g of g is defined



61

as:

ϕ(ḡ) = inf
ν

{
Φ[ν]

∣∣∣∣ ∫
X
g(y)ν(y)dy = ḡ

}
.

For any bounded function u : X → R, the free energy function corresponding to the entropy

function Φ is defined as its Legendre-Fenchel transform (LFT) [110]:

Ψ[u] := inf
ν

{
Φ[ν] +

∫
X
u(y)ν(y)dy

}
,

which can be obtained in closed form as [32],

Ψ[u] = inf
ν

{∫
X
ν(y) ln

(
ν(y)

p(y)e−u(y)

)
dy

}
= − ln

∫
X
p(y)e−u(y)dy.

Furthermore, there is a duality between the contraction ϕ(g) and the projection ψ(α):

ψ(α) = inf
g

{
ϕ(g) + αg

}
= inf

g

{
inf
ν

{
Φ[ν]

∣∣∣∣ ∫
X
g(y)ν(y)dy = ḡ

}
+ αg

}
= inf

ν

{
Φ[ν] + α

∫
X
g(y)ν(y)dy

}
= Ψ[αg] = − ln

∫
X
e−αg(y)p(y)dy.

If one interprets the function u(y) as internal energy, then Ψ is free energy with kBT = 1.

In this energy representation, the minimization of Φ subject to a constraint by an EMV

g for an observable g is accomplished by simply substituting the internal energy function

u(y) = αg(y), where α is the LFT conjugate variable to g. In classical thermodynamics, α

is interpreted as an entropic force along g with ϕ(g) as the potential function,

α(g) = −∂ϕ(g)
∂g

, (4.5)
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and α(g)× dg as the corresponding “thermodynamic work.”

4.2.3 Equal a priori probability on the unit ball in Rd

Consider a point mass with random motions in Rd; the mathematics presented in this section

are general, but we are mainly interested in the cases of d = 1, 2, 3. Because a uniform

distribution on the entire space Rd is not a normalizable probability, we assume that the

point mass is confined to a spherical region of Rd with a very large radius. Mathematically,

any large radius can be re-scaled to unity, so we can further assume without loss of generality

that the point mass is confined to the unit ball.

Let r be the distance of the point mass from the origin within the unit ball of Rd, and

consider infinitely many i.i.d. measurements on the random variable r. Denote the EMV of r

by r, 0 ≤ r ≤ 1. Under the assumption of a uniform probability distribution, the logarithmic

partition function, or cumulant generating function, is given by

logZd(λ) = log

∫ 1

0

xd−1e−λxdx+ C(d), (4.6)

in which d > 0, and C(d) is a combinatorial constant that accounts for the d-dimensional

volume element. The conjugate variable λ is determined from empirical mean value via

ξd(λ) = r, a sufficient statistics for λ, where the function ξd(λ) is defined as [86]:

ξd(λ)
def
= − d

dλ
logZd(λ) =

∫ 1

0

xde−λxdx∫ 1

0

xd−1e−λxdx

. (4.7)

The function ξd(λ) has the following essential properties:

(1) It is monotonically decreasing w.r.t. λ;

(2) ξd(λ) ∼ dλ−1 as λ→ ∞, ξd(λ) ∼ 1 + λ−1 + (d− 1)(d+ 1)λ−2 as λ→ −∞;
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(3) Near λ = 0, ξd(λ) =
d

d+1
− λd

(d+1)2(d+2)
+ · · · ;

(4) For very large d, ξd(λ) in Eq. 4.7 has an asymptotic expansion:

ξd(λ) ∼ 1− 1

d
− λ− 1

d2
+ · · · as d→ ∞, ∀ fixed λ. (4.8)

Fig. 4.2 shows the function ξd(λ) for d = 1
2
, 1, and 3

2
. They correspond to the posterior

distributions with the empirical mean value of the squared -distance, x = r2, inD-dimensional

physical space:

ξD
2
(λ) =

∫ 1

0

xD/2e−λxdx∫ 1

0

xD/2−1e−λxdx

=

∫ 1

0

rD+1e−λr2dr∫ 1

0

rD−1e−λr2dr

, (4.9)

with D = 1, 2, 3.

Figure 4.2: First derivative of the cumulant generating function for the location of a point mass in

the unit ball with equal a priori probability.. Function ξ1(z) =
1
z − e−z

1−e−z , in blue, is monotonically

decreasing with ξ1(0) = 1
2 and ξ1 ∈ [0, 1]. It has a symmetry ξ1(z) + ξ1(−z) = 1. As ξ1 → 1−,

z ≃ (ξ1− 1)−1 → −∞. The curves ξ 1
2
(z) and ξ 3

2
(z) are shown in green and red, respectively. These

three curves correspond to the posterior distribution with empirical mean value of squared-velocities

in 1-D, 2-D, and 3-D (Eq. 4.9).
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4.3 Generalized Gibbs’ theory

In this section we formalize an assumption that is widely made in chemistry and biochem-

istry: applying the mathematical method in Sec. 4.2.1 to a realistic system under statistical

measurements in a laboratory requires an assumption on the separation of time scales. This

assumption is required to justify the statistical notion of identically distributed samples. A

fitting example for the importance of the separation of time scales is the standard biochem-

ical treatment of proteins as sequenced polypeptides. In reality, polypeptide chains undergo

amide synthesis and hydrolysis, albeit slowly. Thus, the distinct identity of a protein only

exists within a time scale < τ ∗ for some τ ∗. On the time scale ≫ τ ∗, a new molecular entity

emerges within a chemical soup of amino acids: an ergodic “chain of random polypeptides.”

Studies of this latter system with the spin-glass perspective of proteins can be found in ref.

[21]. On the time scale < τ ∗, a solution that contains different proteins is a chemical mixture;

but on the time scale ≫ τ ∗, the same solution contains a single dynamic polypeptide with

stochastic sequences.

A refined understanding of the timescale τ ∗ emerges from the reformulation of Gibbs’

theory. When combined with a set of partial observables, the principle of maximum entropy

(or minimum negative entropy), a mathematical law that arises from the probability theory,

partitions our description of a statistical system into a macroscopic one and a remaining ran-

dom, microscopic one [29]. The former is represented by the mean values of the observables,

c.f., U, V,N ; the latter is represented by the Gibbs distribution conditioned on the value of

U, V,N . More specifically, in closed form, the parametric Gibbs distribution is expressed in

terms of the conjugate variables to the observables, c.f., T−1, p/T,−µ/T . Gibbs distribution

is a posterior probability according to the modern Bayesian statistics. In R. A. Fisher’s

statistical theory, U, V,N are the sufficient statistics for the parameters T, p, µ [86, 127].
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4.3.1 A hypothesis on two time scales: t < τ ∗ and t≫ τ ∗

Gibbs’ chemical thermodynamics of a macromolecular ideal solution assumes that all the

individual macromolecules in the solution are statistically independent and identical sam-

ples from a common probability distribution p on a state space S [31]. More importantly,

each individual macromolecule is a stochastic dynamic object that fluctuates through all

possible configurations in the state space over a sufficiently long time period τ ∗. On this

time scale, a single macromolecule can be observed to possess a stable statistical frequency

distribution ν over S. Different individual macromolecules are statistically identical in that

they possess the same ν: It is an intrinsic property of the macromolecule at this time scale.

The concept of unimolecular chemical equilibrium is understood with such a time scale in

mind. Under this well defined situation, one calls ν∗ the equilibrium probability distribution

of the macromolecule, and − lnν its energy landscape function [36].

On the time scale ≫ τ ∗, ν can become unstable, and thus different copies of the macro-

molecules might exhibit different frequency distributions ν ′. In other words, the “fast”

dynamics of the system are on S, with a unique probability p = ν, whereas the “slow”

dynamics on the set of probability densities on S, changing from one ν to another ν ′. This

latter space is called the “probability simplex” on S, denoted Mn, and ν and p are single

points in Mn [104]. The description of a system on the time scale ≫ τ ∗ therefore cannot be

a point in S, but instead a point in Mn. TIn principle, the slow dynamics have a different

state space than the fast dynamics.

With the separation of fast and slow time scales t < τ ∗ and t≫ τ ∗, the relation between

p on S and Φ(ν) on Mn becomes clear: The negative entropy function Φ(ν) in (4.1a)

provides an quantification of the probability of observing ν on the time scale τ ∗ given the

prior probability p on S: ln Pr(ν) = −τ ∗Φ(ν)+O
(
τ ∗
)
. The scale τ ∗ guarantees the existence

of counting frequency ν as a stable empirical measurement. Changing ν on the time scale

≫ τ ∗ then is identified with the notion of quasi-static process in classical thermodynamics.

In Mn, the counting frequencies are ordered with respect to the prior through the theory of



66

entropy, and the notion of internal energy follows via the Legendre-Fenchel conjugate. The

fundamental thermodynamic relation emerges from this dual relation between frequencies

and energy, with conjugate variables as entropic forces.

4.3.2 From tracking to counting particles: the entropy difference

Counting the number of molecules implies neglecting distinctions between different individu-

als: there is an essential change in the representation of a collection of particles in mechanics

and in chemistry, and this leads to a drastic difference in the computation of entropy. To

illustrate this this discrepancy, let us consider N i.i.d. particles, each with n + 1 possible

discrete states with corresponding probability {pk|k = 0, 1, · · · , n}. Tracking means one

identifies each and every particle as unique, and follows its state:
(
k0, k1, · · · , kN

)
. Count-

ing, on the other hand, means that one identifies only the number of particles in each state:(
m0,m1, · · · ,mn

)
, where m0 +m1 + · · ·+mn = N . We shall call these two representations

of a system Lagrangian and Eulerian, respectively. We note that in the Eulerian represen-

tation, the identities of individual particles are no longer being recorded; this is a form of

stereotyping according to the n+ 1 discrete states.

Because the particles are i.i.d., the Shannon entropy of the system under the Lagrangian

representation is simply the Gibbs entropy, with kB = 1, for a single particle with distribution

{pk} scaled by the number of independent particles N :

Strack = −N
n∑

k=0

pk ln pk . (4.10a)

This quantity is on the order O(N) in the large N limit. On the other hand, the Shan-

non entropy of the system under the Eulerian representation with observed counts {n̂i|i =

0, 1, · · · , n} is given by:

Scount = −
∑
{mi}

Pr
(
{mi}

)
ln Pr

(
{mi}

)
, (4.10b)
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where Pr
(
{mi}

)
is the probability of observing {n̂i}:

Pr
(
{mi}

)
:=

N !

m0!m1! · · · mn!
pm0
0 pm1

1 · · · pmn
n .

Scount is on the order O(n lnN) in the large N limit (full derivation given in §C).

Therefore, the difference on the order of magnitude between these two entropies is en-

tirely Strack = O(N) as N → ∞, indicating that we lose significant information when we go

from the Lagrangian representation to Eulerian one, regardless of the physical properties of

the sub-types. Their distinction can be further illustrated as follows: When m6, the number

of molecules in state 6 among a total N molecules, changes from 5 to 4 and back to 5, the

tracking can tell whether the two fives are the same or different molecules, but the counting

is incapable of doing so. The difference between the two entropies reveals that the Eulerian

representation neglects an individual’s “life history” contained in the Lagrangian represen-

tation. In classical statistical mechanics, this difference has been recognized as entropy of

mixing, or more perceptively entropy of assimilation and has led to the Gibbs’ paradox [12,

90].

4.4 Continuous state space and mechanical motion

The state space for a single mechanical particle is a subset of R6; it is continuous. In

parallel to (4.1a), the microscopic entropy function Φ for the empirical counting frequency

distribution f of a single mechanical particle at x ∈ R3 and with velocity v ∈ R3 is the

Shannon-Sanov relative entropy

Φ
[
f(x,v)

]
=

∫∫
R6

f(x, v) ln

(
f(x,v)

p(x,v)

)
dxdv, (4.11a)
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where p(x, v) is the assumed prior probability density function of the particle’s position and

velocity. In parallel to (4.1b), the corresponding free energy function Ψ is given by

Ψ
[
u(x,v)

]
= − ln

∫∫
R6

p(x,v)e−u(x,v)dxdv. (4.11b)

So far, we have made no reference to mechanical energy nor temperature, only to the prior

probability p(x,v) and the empirical counting frequency f(x,v). These two important con-

cepts in thermodynamics, energy and temperature, are yet to “emerge” from our statistical

consideration.

In the present work, we shall assume that the f(x,v) is obtained from a large set of

i.i.d. samples, idealized as data ad infinitum. For an ergodic mechanical system, this can be

achieved either by measurements on many independent particles simultaneously or a single

particle along its trajectory ad infinitum. The independence assumption on the samples

implies an ideal gas and the concept of “over-damped motion.” Correlations in the velocities

of mechanical particles have only been carefully studied in recent years [39].

4.4.1 Conditional entropy: linear decomposition of internal energy and its additivity

We now consider a continuous mechanical state space X with a large number of degrees of

freedom. Following the general theory outlined in ref. [105], the Shannon-Sanov entropy

function is given in Eq. 4.4. According to the theory of probability, a real-valued observable

is a random variable g(y), y ∈ X , which induces a linear functional G[ν] as its empirical

measure value (EMV):

G[ν] :=

∫
X
g(y)ν(y)dy, (4.12)

where the boldfaced ν stands for the entire function ν(y), y ∈ X . When the observable

is measured to be g, this puts a constraint on the underlying frequency distribution ν(y):

G[ν] = g. Then the entropy function ϕ(g) and its corresponding free energy function ψ(α),

where α is the conjugate variable to g, is obtained in Sec. 4.2.2. The thermodynamics from
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microscopic ν(y) to macroscopic g, can be either characterized by a constrained variational

principle:

ϕ(g) = inf
ν

{
Φ[ν]

∣∣∣G[ν] = g
}
, (4.13)

under the entropy representation, or a conservation law in the form of a Lagrange-Gibbs

equation (see §C)

dνΦ[ν
∗] + αdνG[ν

∗] = 0, where α(g) = −dϕ

dg
, (4.14)

where ν∗(g) is the minimizer of (4.13). In calculus, one solves (4.13) in terms of (4.14)

with the Lagrangian multiplier α, by setting the derivatives of the Lagrangian function

Φ[ν] + αG[ν] w.r.t. both ν and α to zero. The solution is a saddle point of the Lagrangian

function of ν and α. In modern convex analysis, one introduces the Lagrange dual function

ψ(α) [110],

ψ(α) = inf
ν

{
Φ[ν] + αG[ν]

}
,

so that we can write (4.13) in terms of the dual problem

ϕ(g) = sup
α

{
ψ(α)− αg

}
.

The dual function ψ(α) is concave. The LFT emerges in the constrained minimization

problem as originally studied by J. L. Lagrange in 1788 [22].

In addition to Eq. 4.13, the conditional entropy of ν(y) given the constraint G[ν] = g is:

Φ̃[ν | g ] =

 Φ[ν]− ϕ(g) G[ν] = g

∞ otherwise
(4.15)

That is, wherever the constraint is satisfied, the conditional entropy is finite and equal to

the total entropy shifted downwards by its minimum under the constraint G[ν] = g. Under

this definition, Φ̃ is non-negative and equal to zero at its minimum.

The specific ν∗ at which Φ̃ = 0 for the given g can be expressed in terms of the conjugate
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variable α (see §C):

ν∗(y;α) =
p(y)e−αg(y)∫

X
p(y)e−αg(y)dy

. (4.16)

For a given g, α is fixed through the one-to-one relation

g =

∫
X
g(y)ν∗(y;α)dy . (4.17)

Using the identity Φ
[
ν∗]−ϕ(g) = 0, we can derive an explicit expression for the rate function

in (4.13), see Sec. 4.2.2:

ϕ(g) = Φ[ν∗] = −αg +Ψ[αg]. (4.18)

Then the LFT of Φ̃ is given by (see §C):

Ψ̃[û | g] = inf
ν

{∫
X
ν(y)û(y)dy + Φ[ν]

∣∣∣∣ G[ν] = g

}
− ϕ

(
g
)

(4.19a)

= Ψ[αg + û]− αg − ϕ(g)

= Ψ[αg + û]−Ψ[αg] (4.19b)

= − ln

∫
X
p(y)e−αg(y)−û(y)dy∫
X
p(y)e−αg(y)dy

, (4.19c)

in which α is a function of û and g through the condition

g =

∫
X
g(y)ν̂∗(y;α)dy, ν̂∗(y;α) =

p(y)e−αg(y)−û(y)∫
X
p(y)e−αg(y)−û(y)dy

. (4.20)

Again, the constrained optimization problem in (4.19a) can be expressed as a Lagrange-Gibbs

equation:

û · dν + dνΦ[ν̂
∗] + α dνG[ν̂

∗] = 0, α = −∂Ψ̃
∂g

, (4.21)

where α and ν̂∗ are functions of both g and û via (4.20). We observe that when û = 0,
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(4.21) is identical to (4.14). One can identify the three terms in (4.21) as changes in chemical

energy (µ/T ) · dn, entropy dS, and mechanical energy T−1dU , as in the Gibbs equation of

standard thermodynamics.
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Taken together, these results for Φ̃[ν̂ | g] and Ψ̃[û | g] illustrate the implications of condi-

tioning on G[ν] = g as follows. For statistical inference, one takes the posterior ν∗ in (4.16)

as a new “prior probability” in the entropy representation. From the energetic stand point,

we update the internal energy as

u = αg + û. (4.22)

The observable g contributes an additive term to the internal energy, with û standing for the

missing information, as in the case of partial observables. That is, we can write the total,

holographic internal energy u as a linear decomposition of “the known” and “the missing.”

Rewriting the equation (4.22) as û = u−αg is interpreted as setting αg as a new reference

point for the “remaining” internal energy of the system. In fact, (4.19b) shows the legitimacy

of taking free energy Ψ[αg] as a new reference point for the microscopic energetics û; and

(4.19c) echos the practice of free-energy perturbation theory as an exact relation [152]. In

fact, the linear constraint G[ν] = g on ν corresponds to a gauge invariance on û, implied by

(4.20):

α(û, g) = c (4.23)

representing the missing information in the space of internal energies u (Fig. 4.3).

Fig. 4.3 illustrates the essential features of duality in Gibbs’ statistical thermodynamics

[105]. The spaces of ν and u have been called, respectively, the space of measures and

the space of random variables [60]. As outlined in Section 4.2.1, the LFT establishes a dual

relation between Φ and Ψ, in which u(y) is a logarithmic Radon-Nikodym derivatives between

ν(y) and p(y). For each observation g, the relation (4.22) defines a curve u = αg over the

conjugate variable α corresponding to û = 0, where α is related to the value of g through

the relation in (4.17). Varying the parameter α (i.e., varying temperature) and “exploring”

the entire affine space u = αg and its corresponding energetic representation from the point

α = 0 constitutes R. B. Laughlin’s “bottom down” (Fig. 4.3) [77].
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(a) (b)

Figure 4.3: Dual relations over a discrete state space (n = 2) between the (a) the entropy function

Φ on space of frequencies ν and (b) the free energy function Ψ on space of internal energies µ

(setting µ1 = 0). The LFT establishes a one-to-one correspondence between the convex functions

Φ and Ψ, and therefore, the two spaces. The blue square ν = p in (a), at which Φ = 0, corresponds

to the blue square µ = 0 in (b), at which Ψ = 0. The affine sub-space G[ν] = g in (a) corresponds to

a gauge invariance in (b) (dashed red curves), as does the level set Φ[ν] = C (solid red curves). The

red circle in (a) is the point at which Φ attains its minimum over G[ν] = g; this point corresponds

to the the red circle in (b), which is the point at which Ψ attains its maximum along the solid

red curve in (b). The blue curve in (a) is the curve ν = ν∗(α) for varying α, given by (4.16),

which corresponds to the blue line µ∗ = αg in (b). From this dual relationship emerges the thesis

of traditional statistical thermodynamics: the dashed red line in (a) is a microcanonical ensemble

with fixed macroscopic observable g, and the dashed red curve in (b) is Gibbs’ canonical ensemble,

where α is fixed by the value of g as indicated by (4.23). At any point on the blue curve in (a),

the directional derivatives of Φ and G along the dashed line are necessarily zero due to the tangent

condition, whereas the the directional derivatives along the curve itself satisfy dΦ + α dG = 0.

Therefore, each and every point on the blue curve must satisfy dνΦ+ α dνG = 0 for all directions

ν in the simplex, e.g., a Lagrange-Gibbs equation.
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In the space of measures, the curve u = αg corresponds to the curve ν∗(y;α), as defined

in (4.16) (Fig. 4.3). Considering the dual relationship between ν and µ in the discrete

case, different corners of the simplex (i.e., “pure” states νi = 1) in the space of measures

correspond to the µi going to infinity in different directions in the space of random variables.

Therefore, taking α → ∞ along the line µ = αg corresponds to taking ν to one of the “pure”

states along the curve ν = ν∗(α) (Fig 4.3). On the space of all normalized densities ν, the

range of G[ν] is a compact set:

gmin ≤ G ≤ gmax, gmin = min
ν
G[ν], gmax = max

ν
G[ν]. (4.24)

Thus, from the standpoint of convex analysis, the information on the range of an observable

G goes to “infinity” in the space of internal energies.

For a given entropy function Φ, one has a defined coordinate system in the space of u with

a specified origin. When an observable G is given in terms of a discrete set {g0, g1, · · · , gn},

the corresponding vector g provides an alternative coordinate system over u at different

values of α. In fact, g equips the space of measures with a “local linear structure” for

the dashed red affine subspace G[ν] = g and blue sub-manifold ν = ν∗(α), with the red

circle ν = ν∗(α(g)) as the origin (Fig. 4.3). Irrespective of the different observables, the

correspondence between the ν and u spaces are intrinsic to the generalized Gibbs’ theory via

the LFT. This intrinsic relation is the central theme of information geometry. In fact, the

geometric “point” in the space of ν is even more fundamental then its coordinates, as each

such “point” represents a real system with the observed ν simply being one representation

of that system. Other sets of observables, e.g. holographic observables, are mathematically

equivalent descriptions of the same system.

4.5 A theory of temperature and chemical potential of random motions

In statistical mechanics, L. Boltzmann introduced the counting frequency distribution f(x,v)

for a box of ideal gas as i.i.d. particles, with f(x,v)dxdv being the number of particles with
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position in [x,x + dx] and velocity in [v,v + dv]. In the infinitely long time limit, e.g., at

equilibrium,

f(x,v) = (N/V )e
−U(x)+m|v|2/2

kBT ,

where U(x) is a potential energy function, V is the volume of the box and N the total number

of particles within. The mathematical relation between the counting frequency on the entire

microscopic state space of a point mass, X = R6, and its total internal, mechanical energy

bears the name of Boltzmann-Gibbs distribution.

The Gaussian distribution for v was established by J. C. Maxwell. In thermodynamics,

temperature T is used to characterize the random motion of particles. Here, we show that this

classical concept arises from in the statistical depiction of motions following the generalized

Gibbs’ theory; it can be derived completely bypassing Newtonian mechanics and especially

the concept of kinetic energy — the standard interpretation of temperature. We then show

that the free energy of one such particle is a function of the conjugate variables for the

statistical observables |x|3 (volume) and |v|2 (kinetic energy).

4.5.1 Emergence of temperature

While having conceptual significance in defining total internal, mechanical energy, a complete

counting statistics and obtaining the empirical frequency f(x,v) is only a Gedankenexper-

iment. In reality, most information contained in f(x,v) is missing, and one only mea-

sures a few real-valued observables. For random mechanical motions in a homogeneous,

isotropic 3-dimensional space, the most natural observable is the magnitude of velocity,

|v|2 = v2x + v2y + v2z . The entropy function for its mean value, |v|2, is obtained from maxi-

mization of the entropy in (4.11a):

ϕ
(
|v|2

)
= inf

f(x,v)

{
Φ[f(x,v)]

∣∣∣∣∫
R6

|v|2f(x,v)dx dv = |v|2
}

= inf
α

{
α|v|2 − ψ1(α)

}
, (4.25)



76

where

ψ(α) = − ln

∫
R6

p(x,v)e−α|v|2dx dv, (4.26)

and |v|2 is related to α via:

|v|2 =

∫
R6

|v|2p(x,v)e−α|v|2dx dv∫
R6

p(x,v)e−α|v|2dx dv
. (4.27)

Because |v|2 ≥ 0, αmust also be non-negative, as the integration of v in (4.27) is on the entire

space R3. This result is the consequence of assuming a non-normalizable prior probability.

When α = 0, the mean value is expected to be in agreement with the prior probability:

|v|2 =
∫
R6

|v|2p(x,v)dx dv.

On the other hand, taking α → ∞ corresponds to |v|2 = 0. Eq. 4.27 also implies that the

most probable empirical frequency distribution for v, given a measurement on the mean |v|2,

is

C(α)pv(v)e
−α|v|2dv, where pv(v) =

∫
R3

p(x,v)dx, (4.28)

α is determined by Eq. 4.27, and C(α) is a normalization constant.

Compared with the standard textbook, Eq. 4.28 is consistent with the assumption of

equal a priori probability for the pv(v) [13, 57]. The scientific notion of temperature cur-

rently employed in physics and chemistry is gauged with respect to this choice on the prior

probability. From a pure statistical standpoint without a prior knowledge from mechanics,

the most significant empirical fact following the above line of thoughts is when gas particles

with different masses m are mixed in a box, their empirical mean square velocity satisfies

|v|2 ∝ m−1.
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4.5.2 Emergence of a thermodynamic law for a particle with random motion

One characterization of an ideal gas is a collection of i.i.d. random, moving particles with-

out internal states. With this description in mind, consider a particle with its (external)

mechanical state (x,v) ∈ R6. We use the prior probability p(x,v) = 4Cπ−2|x|2|v|2, with

|x| ≤ xmax and |v| ≤ vmax. That is, in isotropic spherical coordinates,

C

(
4πx3max

3

)(
4πv3max

3

)
= 1.

If we fix the center of mass at x = 0, identify |x|3 with the 3-dimensional “extent” and |v|2

as the “kinetic energy”, then we have the free energy of one particle as a function of the

conjugate variables γ and α,

µ(α, γ) = ln

∫
R6

p(x,v)e−γ|x|3−α|v|2dxdv

= ln

{
C

∫ xmax

0

4π|x|2e−γ|x|3d|x|
∫ vmax

0

4π|v|2e−α|v|2d|v|
}

= ln

∫ 1

0

e−γ̃x̃dx̃

∫ 1

0

3

2
ṽ

1
2 e−α̃ṽdṽ

= ln

{
3

2

(1− e−γ̃)

γ̃α̃
3
2

∫ α̃

0

v̂
1
2 e−v̂dv̂

}
, (4.29)

in which the non-dimensionalized variables are defined as γ̃ = γx3max, α̃ = αv2max. If both

γ̃, α̃ ≫ 1, then Eq. 4.29 becomes

µ(α, γ) ≃ − ln γ̃ − 3

2
ln α̃ + c, (4.30)

where c is a constant. This is precisely the relation, according to Sackur-Tetrode’s formula

for ideal gas, between the chemical potential µ and γ̃, α̃, the respective conjugate variables

to volume and mean square velocity. Comparing Eq. 4.30 with the result in the standard

textbook by Ben-Naim, one sees a correspondence between our (xmaxvmax)
−1 and (2πℏ) in

the latter [13].
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4.5.3 kBT as a unit for “statistical mechanical energy”

Prior to any measurement, the statistical physical theory assumes a certain equal a priori

probability on the Kolmogorovian probability space (Ω,F ,P). On the state space Ω, random

variables as empirical observables are identified. Then the prior probability, under an ideal-

ized infinitely many repeated measurements, yields an equation among empirical mean values

(EMVs) of the observables as well as a posterior canonical distribution parameterized by the

EMVs. The posterior defines the concept of “thermodynamic internal energy” through con-

jugate variables to the empirical frequency or EMVs. The latter are sufficient statistics of

the former [85, 127].

Applying this idea to the two key mechanical observables |x|3 and |v|2 in Sec. 4.5.2, with

x,v within spherical balls with radius xmax and vmax, the posterior canonical distribution

then takes the form

|x|2|v|2e−γ|x|3−α|v|2

Z
, (|x|, |v|) ∈

[
0, xmax

]
×
[
0, vmax

]
. (4.31)

The normalization factor Z is generally a function of γ, α, xmax and vmax:

Z
(
γ, α, xmax, vmax

)
=

∫ xmax

0

|x|2e−γ|x|3d|x|
∫ vmax

0

e−α|v|2|v|2d|v|

=
1

6
(xmaxvmax)

3

∫ 1

0

e−γ̃x̃dx̃

∫ 1

0

ṽ
1
2 e−α̃ṽdṽ. (4.32)

The variables γx3max = γ̃ and αv2max = α̃ are determined from sufficient statistics:

|x|3 = −∂ lnZ
∂γ

, |v|2 = −∂ lnZ
∂α

, (4.33a)

which yield

ξ1
(
γx3max

)
=

|x|3
x3max

and ξ 3
2

(
αv2max

)
=

|v|2
v2max

, (4.33b)

where the monotonically decreasing functions ξ1(z) and ξ 3
2
(z) are shown in Fig. 4.3. Because
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the assumption of finite of xmax and vmax, negative γ and α are now statistically meaningful

cases. For one, γ ≤ 0 when |x|3 ≥ x3max/2. Sec. 4.2.3 further shows that when z → −∞,

ξ 3
2
(z) ≃ 1 + 1/z. Therefore,

as |v|2 → v2max from below, α ≃ 1

|v|2 − v2max

. (4.34)

When |v|2 ≪ v2max, the posterior velocity distribution in (4.31) is Gaussian, and the

parameter α can be expressed in terms of its sufficient statistics: α−1 = 2|v|2. Comparing

this with the Maxwellian distribution in the standard textbook, α ∝ m
kBT

. A mechanical

system with smaller mean square velocity will have lower kBT .

4.6 Counting i.i.d. particles in R3

Even when statistically independent, a collection of complex individuals can nevertheless

exhibit ideal-gas-like properties in space. This is the profound insight from the chemical

theory of ideal solution of very complex molecules such as proteins; it reflects the fundamental

character of Poisson statistics [57]. Empirical evidence on ideal solutions goes back to the

celebrated Raoult’s Law in 1887 [8]. This law reveals an intriguing relation between chemical

potential and partial pressure. Chemical thermodynamics beyond the ideal solution requires

an extensive discussion on the choices of molarity, molality, or mole fraction as a measure

for solutes [115].

The “ideal behavior” for a chemical solution is modeled after the equation of state for

ideal gas pV = NkBT . Sec. 4.5.2 gives the “free energy” µ of a single mechanical particle

in R6 in terms of the two observables |x|3 and |v|2. For a complex individual, µ will be

similarly complicated in terms of all its internal degrees of freedom. However, as long as the

spatial movements of each and every particle in the three-dimensional space are statistically

independent, the solution exhibits ideal behavior.

To illustrate this concept, let us introduce the statistical problem of counting the number

of particles in a simply connected observational region R ⊂ B ⊂ R3, where R has volume VR
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and “box” B has volume V . For homogeneous, isotropic space, one assumes that a particle

with coordinate x ∈ R3 has a uniform prior probability within B:

px(x) =

 1
V

x ∈ B

0 x /∈ B
(4.35)

The entropy function for spatial counting is different from that of Shannon-Sanov. With

increasing box size V and total number of particles N , the number of particles nR in R

approaches (VR/V )N :

ln Pr
{
nR = n

}
= ln

{
N !

n!(N − n)!

(
VR
V

)n(
1− VR

V

)N−n
}

≃ −n lnn+ n ln
(
ρVR

)
+ n−

(
ρVR

)
, (4.36a)

in which we have let N, V → ∞ at the same time such that N/V = ρ, the number density,

is constant. This limit should be compared and contrasted with holding V and VR constant

while letting N → ∞ with ν = n/N ,

− ln Pr
{
nR = n

}
= − ln

{
N !

n!(N − n)!

(
VR
V

)n(
1− VR

V

)N−n
}

≃ N

{
ν ln

(
νV

VV

)
+ (1− ν) ln

(
(1− ν)V

(V − VV)

)}
. (4.36b)

Eq. (4.36a) should be interpreted as the (negative) entropy being a function of volume VR,

particle number n, and internal energy E, variables implicitly contained inside the number

density ρ. With this identification, and kB = 1, we have:

p

T
=

ρ

VR

(
n

ρ
− VR

)
,
1

T
=

(
VR − n

ρ

)
∂ρ

∂E
, ⇒ pVR = −

(
∂ ln ρ

∂E

)−1

, (4.37a)
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and the chemical potential is

µ = µo + T ln

(
n

VR

)
, µo = −T ln ρ− T. (4.37b)

4.6.1 Counting complex i.i.d. particles

We now combine the Shannon-Sanov entropy function for the distribution of internal states

in (4.4) and the entropy for counting the number of particles in an observational region R in

3-space in (4.36a). Let y be a point in a high dimensional space X for the internal degrees

of freedom of a particle. Let n be the total number of i.i.d. particles in R, with ν(y) being

the frequency relative to the internal state y:

n× ν(y)dy =

{
the # of particles physically inside R

and chemically in some state in (y, y + dy]

}
.

Then the (negative) entropy function is

n

∫
X

(
ν(y) ln

(
nν(y)

ρ(y)VR

)
dy + ν(y)− ρ(y)VR

)
dy, (4.38)

in which ρ(y) is the expected particle density in 3-space and internal state space X , so that

ρ(y)dydx is the number of such particles. Eq. 4.38 can be re-written as

n

∫
X
ν(y) ln

(
ρtotν(y)

ρ(y)

)
dy︸ ︷︷ ︸

internal entropy per particle

−n ln
ρtotVR
n

− n+ ρtotVR︸ ︷︷ ︸
Poissonian counting in 3-space

. (4.39)

We now introduce the LFT for the first term in (4.39) under the constraint of an arbitrary

observable g(y) being observed at value g:

∫
X
g(y)ν(y)dy = g. (4.40)

Applying the method described in Sec. 4.2.2, the entropy function for g is specified as follows:
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ϕ
(
g
)

= −α(g)g + ψ[α(g)] = sup
α

{
ψ(α)− αg

}
, (4.41a)

α(g) = arg sup
α

{
ψ(α)− αg

}
, (4.41b)

ψ(α) = − ln

∫
X
ρ(y)e−αg(y)dy, (4.41c)

g =
∂ψ(α)

∂α
=

∫
X
g(y)ρ(y)e−αg(y)dy∫
X
ρ(y)e−αg(y)dy

. (4.41d)

In terms of variables G := ng, VR, and n, and the entropy function ϕ in (4.41a), we define

the function S as

S
(
G, VR, n

)
= −nϕ

(
G

n

)
+ n ln

(
ρtotVR
n

)
+ n− ρtotVR. (4.42)

This function is Eulerian homogeneous: S(λG, λVR, λn) = λS(G, VR, n). Furthermore,

α = −
(
∂S

∂G

)
n,VR

=
∂ϕ

∂g
. (4.43)

A complete parallel to the thermodynamics of ideal gas follows the homogeneous function S

for any real-valued observable g(y) of the internal state of an individual particle y ∈ X [23].

Velocity v is the simplest such “internal state” of a mechanical particle, and kinetic energy

1
2
m|v|2 the most natural observable.

4.7 Discussion and conclusions

In the present work, the notions of “ergodic data” and “data ad infinitum” are used to

provide a qualification of certain set of data. First, the data can be treated as samples from

an identical probability distribution. Second, no matter how one starts the measurements,

infinite data is expected to give exactly the same statistics.
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By identifying temperature as an integration factor, Clausius’ theorem established the

concept of entropy and linked the empirical “energy conservation in terms of work and heat”

with classical mechanical motions and mechanical energy, giving birth to a theory of random

mechanical motion [41]. In the present work, starting from the theory of probability, we

were able to derive the mathematical structure of classical thermodynamics, as taught in ref.

[23], as well as its corresponding statistical ensemble theory. More specifically, we present

the “fundamental relation” in Eqs. 4.14 and 4.21, as well as the laws for ideal gas and

ideal solution in Eqs. 4.30 and 4.37. These results suggest that, under the principle of

maximum entropy, any observable paired with its own conjugate variables forms a type of

thermodynamic work. This result can be understood exactly as the method of Lagrange

multipliers for constrained optimization [22]. Missing information, as represented by the

“microscopic” quantity û · dν in Eq. 4.21, decreases with increasing linearly independent

“macroscopic” observables.

While market financiers and politicians talk about “Known knowns, known unknowns,

and unknown unknowns,” the theory of probability makes this statement simpler and more

precise: “Known, Missing Information, and Unknown” in which the middle item originates

from the very conception of the Ω space in the theory of probability, i.e., as a hypothesis

on an imagined world, which can be fully understood when combined with data ad infini-

tum. This idea is consistent with A. Einstein’s saying “Imagination is more important than

knowledge.” In the statistical energetics developed in the present work, the first two exhibit

a mathematical additivity in terms of the concept of conjugate force and “thermodynamic

work.”

4.7.1 The nature of the entropy function

There is an extensive literature in applied mathematics on multiple time scales in connection

to singular perturbations of dynamical systems [91]. Fixing a slow-varying variable and

solving the steady state for a fast-varying variable is a routine practice when analyzing a

mathematical model. The two time scales we articulate here provide both the frequentist and
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Bayesian schools in statistics with a fresh outlook: our hypothesis formalizes a separation

of time scales between a stochastic dynamics on τ ∗ ≡ ∞ and its slowly varying parameters

on ≫ τ ∗. In essence, the frequentist approach ignores the ≫ τ ∗ time scale, and thus, the

existence of the prior p. The Bayesian school believes parameters change constantly and

denies the legitimacy of the time scale τ ∗ ≡ ∞, and thus the existence of a stable frequency

distribution ν. From the Bayesian perspective, a stable ν can only exist in the mind of

observers, or in a mathematical treatment of a non-autonomous dynamic model [28].

The leading condensed-matter physicist P. W. Anderson said the following in his famous

paper on emergence [105]:

Starting with the fundamental laws and a computer, we wound have to do two

impossible things — solve a problem with infinitely many bodies, and then apply

the result to a finite system — before we synthesized this behavior.[5]

What one should do if certain quantity in Anderson’s “infinitely many body”, macroscopic

limit is zero, or infinity? For example, due to simple symmetry of isotropy, the mean velocity

of a gas molecule in a box is necessarily zero. A standard approach in applied mathematics

echos and extends Anderson’s insight [80]: First, find a non-dimensionalized, small “ε” in

the problem, then study the asymptotic limiting behavior of the problem. If the limit is zero

or infinity, one should obtain the leading order asymptotics [91].

When the time averaged mean velocity |v| = 0 in the statistical description of a gas

molecule with random motions, one should obtain the observable |v|2. This observable,

however, contains no information on the “shape and form” of the randomness of the particle.

The modern theory of probability taught us that the Gaussian distribution that arises in this

context contains no information on the probability distribution of the instantaneous v of the

individual particle. Following the above approach for leading-order asymptotics, one obtains

Pr
{
|v|

τ
= u

}
∼ e−τI(u), where |v|

τ
=

1

τ

∫ τ

0

|v(t)|dt,
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in which I(u) ≥ 0, u ∈ R, and I(0) = 0. The function I(u) emerges as a new mathematical

quantity in Anderson’s limit: it is the leading order asymptotic representation of the statistics

of v(t). Because it is obtained as τ → ∞, I(u) is a non-random quantity. Nevertheless,

it captures the intrinsic randomness of the instantaneous velocity v(t) of the single gas

molecule. This property is exactly why and how entropy, a macroscopic quantity, represents

randomness.

The mathematical limit of a sequence creates fundamental concepts that are useful to

physics and chemistry. Historical examples include irrational numbers emerging from a

sequence of rational numbers, instantaneous rates emerging from a sequence of infinitesimal

∆x’s and ∆t’s, and the Dirac-δ function emerging from a sequence of smooth functions.

In statistical physical chemistry proper, one understands a discontinuous phase transition

emerging from Gibbs’ theory, which is due to non-uniform convergence of a sequence [78,

102, 146]. The concept of entropy, be that of Gibbs’ or Shannon’s, should be recognized and

understood foremost as an asymptotic mathematical concept that emerges from a sequence

of probability distributions tending towards a deterministic limit.

4.7.2 A “new” mathematical principle for statistical cells

Theoretical sciences based on mathematical principles have long been modeled after New-

tonian physics: (i) A mechanistic model in the form of a set of dynamic equations is de-

veloped; (ii) mathematical analysis provides predictions; (iii) the predictions are compared

with laboratory measurements. In this framework, both predictions and data are assumed

to be deterministic, and any discrepancy between the two provides ideas for an improved

model. This cycle of mathematical modeling has been widely adopted in practicing applied

mathematics [80]. In this traditional approach, the nature of observables is not extensively

discussed, neither is the method of sampling, nor is the method for comparing the mathe-

matical prediction and empirical measurements except the choice of a “distance,” usually in

terms of the method of least squares.

Biophysical chemistry and single-molecule biophysics have suggested a complementary,



86

equally important second half to this modelling approach. Entropy, as a function of both

prior probability from a stochastic model and statistics of empirical measurements ad in-

finitum, provides the necessary statistical prior on the space of all possible data. This idea

is a mathematical consequence of probability, in particular the theory of large deviations

[104, 105]. It encompasses the three most important relations in statistical thermodynam-

ics proper: 1) Boltzmann’s relation between energy and frequency; 2) Gibbs’ fundamental

thermodynamics relation in terms of observables and their conjugate variables; 3) Gibbs’

statistical ensembles and transformations among them in terms of LFTs. A new principle

that combines mechanistic mathematical modeling with statistical data analysis methodol-

ogy emerges from this theory, as suggested schematically in Fig. 4.4.

A. N. Kolmogorov’s axiomatic theory of probability forces one to explicitly state all as-

sumptions at the onset of any probabilistic modeling. The significance of a prior assumption

on probability in statistical data analysis has been emphasized by many researchers [69]. For

example, as stated in the opening paragraph of ref. [67]:

Statistical inferences are based only in part upon the observations. An equally im-

portant base is formed by prior assumptions about the underlying situation. Even

in the simplest cases, there are explicit or implicit assumptions about random-

ness and independence, about distributional models, perhaps prior distributions

for some unknown parameters, and so on.

The crucial distinction between the mathematical concept of probability and empirical count-

ing frequency in statistics has not be extensively discussed in statistical mechanics literature.

However, the concept of ergodicity already figured prominently in statistical physics, which

equates the physical measure of a dynamical system with its time series sampling, for count-

ing and for any observables.
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Figure 4.4: Summary of relationship between classical mechanistic models of complex systems and

new stochastic thermodynamics framework. The upper triangle in green shows the traditional the-

oretical studies based on mechanistic, kinetic models, á la Lin and Segel [80]. Ergodicity is widely

assumed in single-molecule biophysics [145]. This mathematical notion states that measurements on

stationary fluctuations ad infinitum from an ergodic dynamical system can be used to reconstruct

the steady-state probability of the system. A physical (invariant) measure represents the modern

mathematical understanding for a complex dynamical system [147]. For i.i.d. sampling, the count-

ing of all-state frequency contains holographic information [105]. Boltzmann’s equilibrium f(x, v)

is an example, for ideal gas modelled by point masses, with the corresponding entropy function,

assuming equal a priori probability, having the form of Shannon entropy. The entropy function

for all other observables, holographic or with missing information, is mathematically derivable via

the Maximum Entropy Principle, or in terms of the LFT for the constrained optimization problem.

The latter leads to a projection in the energy representation (see Sec. 4.2.2 and Fig. 4.1). The

lower triangle in purple encapsulates a “theory of statistical energetics” as long been understood

by experimental biophysical chemists [116].
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The (prior) physical measure is a consequence of an ergodic dynamics [112]. Unfortu-

nately, for complex multi-scale dynamics, the possibility of actually obtaining such a proba-

bility from empirical measurement is null: the sample distribution among different cells is not

the ergodic physical measure, even when one is confident that the latter exists. Therefore,

for most statistical studies of complex systems, Kolmogorov’s P remains a hypothesis. Using

Lebesgue measure for continuous state space and counting measure for discrete state space

are reasonable assumptions, but the normalization of prior probability needs to be dealt with

judiciously.

Based on the mathematical principle, one concrete suggestion we have for single-cell

data analysis is to identify “conjugate variables” for important biomarkers. To do this,

single-cell population counting provides a statistical surrogate for the prior probability [100].

Furthermore, it could be interesting to apply the celebrated equation for chemical potential

in chemistry to single-cell population dynamics, ∆µo
ij = − ln # of cells in state i

# of cells in state j
, and to interpret

this statistical energy with respect to perturbations to a cell population. More broadly, the

laboratory practice of statistical thermodynamic studies of proteins as a “procedure” (i.e.,

as a scientific methodology), deserves to be understood in the context of cell biology [116].
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Chapter 5

QUANTIFYING SINGLE-CELL GENE EXPRESSION
DYNAMICS

In the past fifteen years, advancements in cell technologies, particularly single-cell RNA

sequencing (scRNA-seq), have allowed for a high depth of genomic sequencing at the resolu-

tion of the single cell [74, 83, 128]. That is, cell biologists are now able to get more and more

accurate information about the genetic code and gene expression patterns of each individual

cell in a population of many cells. This revolution in both the amount of and type of data

being gathered has ushered in a new era of cell and systems biology [47]. In particular, more

is known now about gene expression and its regulation at the level of individual cells, driving

new discoveries in the realms of developmental biology and cancer biology [47, 131].

With these new data have come the development of new methods by which to analyze cell

biological data. Single-cell sequencing data is particularly sparse and noisy due to technical

aspects of the methodologies that generate the data [47, 48, 74, 83, 128]. As such, the data

tend to undergo a large amount of pre-processing, meaning that the final reported values do

not reflect exact interpretable quantities (e.g., number of mRNA molecules of a given gene in

a given cell) [47, 48]. Thus, many of the methods developed to analyze scRNA-seq data have

been “bioinformatic” in nature: descriptive models based in machine learning and clustering

methods [87, 95, 117, 118, 119, 131, 138, 151] . More recently, however, there have been

several attempts to make this analysis more rigorous and grounded in the known mechanisms

of gene expression, drawing on established theories and methods from dynamical systems,

stochastic processes, and biophysics [15, 37, 47, 48, 107, 114]. Our aim is to contribute

to this latter “class” of single cell data analysis, specifically from the perspective outlined

previously in this work: a population dynamics framework for cells grounded in the stochastic
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dynamic idealization of individual cells in which a population of cell is treated as a statistical

ensemble.

5.1 Direct estimation of cell state transition rates from single-cell data

Recall the linear population balance model for a multicellular population with k cell “types”

(e.g., phenotypes), as laid out in §2.5:

dni

dt
= λini +

k∑
j=1

νjinj =
k∑

j=1

aijnj (5.1)

where ni denotes the number of cells of type i, the λi’s are the net growth rates, and the νij’s

are the cell type switching rates (with νii = −
∑

j ̸=i νij). In this section, we lay out a simple

framework by which to estimate these parameters from single-cell transcriptomic data. This

work is part of an ongoing collaboration with Sui Huang and members of the Huang Lab at

the Institute for Systems Biology in Seattle, WA.

In particular, the method we derive below is applicable to experiments in which data

is also available on the lineage (i.e., shared progenitor) of each cell. This information has

classically been obtained by running parallel experiments seeded each by a single clonal

population, thereby giving rise to distinct lineages [52]. Recent advances in DNA barcoding,

however, allow for high-throughput lineage tracing in aggregated cell populations. The term

DNA barcoding refers to a class of experimental methods by which a unique DNA sequence

is integrated into a cells’ genome (usuall by viral transfection), thus labelling all cells that

descend from this “founder” cell [61]..

5.1.1 Estimation of matrix exponential entries

Recall that the general solution of (5.1) is given by n(t) = R(t)n(0), where the vector n(0)

represents the initial number of cells of each subtype, and the matrix R(t) is given by the

matrix exponential R(t) = exp
(
tA

)
. Suppose that we have data n(0): the distribution of

cells in each of the cell types at some reference time t = 0. For t > 0, define “lineage j”
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as all living cells that descend from a progenitor cell that was of type j at t = 0. The jth

column of the matrix R(t),

(r1j, r2j, · · · , rkj)T ,

represents the relative proportion of lineage j cells distributed in each cell type (1, 2, . . . , k)

at time t.

To understand this interpretation, consider that, by definition of R(t),

ni(t) =
k∑

j=1

rij(t) · nj(0) .

Moreover, we an also write ni(t) as follows:

ni(t) =
k∑

j=1

(# lineage j cells of type i at time t)

=
k∑

j=1

(# lineage j cells of type i at time t)

nj(0)
· nj(0)

As these two expressions for ni(t) must be equal, it follows that

rij(t) =
(# lineage j cells of type i at time t)

nj(0)
. (5.2)

The expression in (5.2) also tells us that the sum over a given column of R gives the average

per capita growth rate of that lineage:

k∑
i=1

rij(t) =
# lineage j cells of type i at time t

nj(0)
= t · (average growth rate of lineage j)

We note that given n(0), the quantity rij(t) in (5.2) can be directly read off from exper-

imental data on cell types. Suppose we have this experimental data, i.e., cell type and cell

lineage at times t = 0 and t = T . Denote the matrix obtained at t = T from the definition
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in (5.2) by R̂(T ). Then by definition of R(T ),

R̂(T ) ≈ R(T ) = eTA =⇒ A ≈ 1

T
log

(
R̂(T )

)
=: Â (5.3)

where ‘log’ above denotes the matrix logarithm (i.e., the inverse of the matrix exponential).

By definition, the entries of A uniquely determine the cell growth and switching rates:

aii = λi −
∑
j ̸=i

νij, aij = νji (i ̸= j) . (5.4)

In practice, the estimate Â in (5.3) would be averaged over experiments from m possible

different sampling times Ti, with each of these experiments having ni replicates:

Â =
1

m

m∑
i=1

1

niTi

ni∑
ℓ=1

log
(
R̂(ℓ)(Ti)

)
(5.5)

The following is a proposed experimental-to-computational pipeline to obtain an estimate

of the rate matrix A of the form (5.5):

(1) Transfect cells in culture with DNA barcodes (population of N cells will include N

unique barcodes [61]); replate cells and expand cell culture.

(2) Once population is sufficiently large (e.g., 40, 000 cells), sample a fraction of cells (e.g.,

35, 000 cells) for sequencing, replate and expand remaining cells (“passaging”).

(3) From scRNA-seq data from sample of cell population (after pre-processing), obtain cell

× gene matrix and DNA barcode label of each cell. Using this data:

(a) Determine k cell “types” via some clustering algorithm on the data points in the

cell × gene matrix (each cell = one data point); assume these correspond to the

metastable states of the gene expression dynamics.
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(b) From clusters and DNA barcode labels, identify “informative barcodes:” DNA

barcodes of cells/cell clones that are predominantly found in one cell type. These

are taken to be each “lineage j” (j = 1, 2, . . . , k) as defined in the method above.

(c) Identify the fraction of cells in each of the k subtypes

(4) Fraction of cells replated and left to grow corresponds to the “initial” population dis-

tribution n(0). Leave cells to grow until a predetermined population size or sampling

time T .

(5) Sequence cells and obtain cell × gene matrix and DNA barcode label of each cell at this

time point T > 0. Assign “type” to each cell according to the previously determined

cluster analysis and identify appropriate lineage number based on DNA barcode.

(6) Using this type × lineage for each cell, along with the plating distribution n(0), obtain

the estimate of R(T ) via (5.2). Then estimate entries of A via (5.3).

(7) Average over any experimental replicates according to (5.5).

There is a subtle incompatibility between this proposed process and the estimation

method described in (5.2) and (5.3): the number distribution of the initial population of

replated cells over the k types, n(0), is necessarily not known. Furthermore, if replicates are

performed by further passaging of the cell culture after Step (4), the exact number distribu-

tion at the time of sequencing, n(T ), will also note be known, as the entire population is not

represented in the sample. To overcome this problem, we assume that the sample in Step

(2) is representative of the densities over the k cell types. That is, if we denote the relative

frequencies of each type in the sequenced sample by f (1) and that in the replated sample by

f (2), we assume that f (1) = f (2) =: f(0). Then we can take:

n(0) = f(0)×# cells plated at time t = 0 .
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Similarly, if f(T ) is the vector of relative frequencies over the k types in the sequenced sample

at time T , we assume:

n(T ) = f(T )×# cells in culture before sequencing at time t = T .

Further experimental investigation is necessary to determine whether or not this assumption

of obtaining a “representative sample” is valid.

5.1.2 Accounting for sources of noise in the data

We denote the relation in (5.3) as an approximate equality because unlike the model (5.1),

the cellular processes that generate the data are not truly deterministic. Moreover, our

assumptions that (1) there is a one-to-one correspondence between barcode and cell type at

time t = 0 and (2) the samples taken for sequencing do not introduce significant bias into

the cell type distributions may not always hold. There are also various technical sources of

noise present within the data [48]. Finally, use of the matrix logarithm in (5.3) will introduce

some level of numerical error to any estimates.

The major drawback of this relatively simple estimation framework is that it does not take

into account any of these sources of error, meaning that it gives no statistical information

about the parameter estimates and thus no information on how estimates can be improved.

This limitation is demonstrated in §5.2, in which we apply our direct estimation method to

in silico data generated by stochastic simulation of a population of cells. In §5.3, we discuss

how our estimation method is improved upon by a recently proposed maximum likelihood

estimation framework by Gunnarsson et al. that is applicable to the type of data we hope

to be using.

5.2 Demonstration of direct estimation method on in silico data

In order to better understand the accuracy and other statistical properties of the method

outlined in §5.1, we applied it to in silico data, generated to mimic the experimental data we
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hope to get from an experimental setup as outlined in Steps (1)–(7). Specifically, we used the

Gillespie algorithm (stochastic simulation algorithm) to simulate a continuous-time Markov

chain with infinitesimal generator matrix A. That is, in a short time interval (t, t + ∆t),

we assume that only one of the following events happens: a cell of some type i divides

(probability ∼ bini(t)∆t), a cell of some type i dies (probability ∼ dini(t)∆t), or a cell of

some type i switches to some other type j (probability ∼ νijni(t)∆t). In this simulation, we

keep track of cell type as well as barcode lineage, although the distinct barcode lineages can

simply be simulated as independent realizations of this Markov process.

For this simulation, we take the number of cell types to be k = 2, and for each type

we specify the birth (bi) and death (di) rates along with the switching rates νij. These

provide the “ground truth” for the population dynamic parameters that we want to estimate,

where λi = bi − di. We also specify the initial population size and the initial relative

frequencies of cells with each type and each barcode. We then simulate the process until

some specified time T , and use the output of the simulation algorithm (numbers for each

type × lineage combination) as our in silico “experimental data.” Specific parameter values

used for simulations are given in Table 5.1.

Table 5.1: Initial conditions, rate constants, and other simulation parameters with fixed values
(units not specified). Parameters taken from Gunnarsson et al. (2023) [52].

Parameter Description Value
n1,1(0) number of lineage 1, type 1 cells at t = 0 1000

n2,2(0) number of lineage 2, type 2 cells at t = 0 1000

n1,2(0) = n2,1(0) number of lineage i, type j (i ̸= j) cells at t = 0 0

b1 per-capita birth rate of type 1 cells 0.6

b2 per-capita birth rate of type 2 cells 1.0

d1 per-capita birth rate of type 1 cells 0.3

d2 per-capita birth rate of type 2 cells 0.5

ν12 transition rate 1 7→ 2 0.02

ν21 transition rate 2 7→ 1 0.04

T time of data collection 4
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We ran these simulations for a varying number of “experimental replicates,” each time

taking the average over the replicates over the estimates in accordance with (5.5) (Figure 5.1).

All code used to generate these simulations can be found in the following GitHub repository:

https://github.com/eeangelini/barcode param estimates under the folder direct method.

We find that the relative error of the parameter estimates scale inversely with the num-

ber of replicates, which is as expected (Figure 5.1). However, it takes a number of replicates

on the order of 103 to achieve a relative error on the order of 10−3, which is far more exper-

imental replicates than are realistically obtainable (Figure 5.1). As we will discuss in §5.3,

the maximum likelihood estimates for the same parameter values given by Gunnarsson et al.

demonstrate a high level of accuracy with as few as three experimental replicates [52].

Figure 5.1: Error of direct estimation method from §5.1 applied to in silico data for k = 2 cell

types. These plots show the absolute (left) and relative (right) errors of the estimates of the net

growth (λ1, λ2) and switching rates (ν12, ν21) obtained from (5.5) as a function of the number of

experimental replicates performed. For each fixed value of the number of replicates, estimates and

errors were computed a total of 16 times, and the mean of these errors was taken and plotted above.

https://github.com/eeangelini/barcode_param_estimates
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5.3 Adapatation of a maximum likelihood framework for estimating cell state
transition and growth rates

In this section, we present the branching process model used by Gunnarsson et al. to describe

the population dynamics of a multi-type cell population in their 2023 paper “Statistical

inference of the rates of cell proliferation and phenotypic switching in cancer” [52]. We

then summarize the main results derived in that publication, namely a central limit theorem

for this branching process, which lends itself to a tractable maximum likelihood estimation

(MLE) framework. Using this MLE method, the authors are able to find not only reliable

parameter estimates for the growth and phenotype switching rates but also 95% confidence

intervals for each parameter. They outline this framework for data on the number of cells of

each type (“cell number data”) as well as data on the relative frequency of each type (“cell

fraction data”), where the data are derived from experiments in which cell populations are

“founded” by mono-type colonies (“cell line experiments”). We discuss how the branching

process model and resulting MLE framework is equally applicable to both cell number and

cell fraction data where cell lineage is traced via DNA barcode instead of isolated cell lines.

5.3.1 Branching process model of cell growth and phenotype switching

The foundation of the statistical model presented by Gunnarsson et al. is a continuous

time (time-homogeneous, Markovian) multitype branching process model for cell growth

and phenotype switching. Suppose we have a population of cells of K ⩾ 2 possible types. In

this population, a single type j cell divides into two type j cells at rate bj, dies at rate dj,

and switches to type i ̸= j at rate νij. Let Z
(j)(t) denote the branching process initiated by

a single type j cell. That is,

Z(j)(t) =
(
Z

(j)
1 (t) , Z

(j)
2 (t) , . . . , Z

(j)
K (t)

)T

,

where Z
(j)
i (t) denotes the number of type i descendants of the initial type j cell at time t

with Z
(j)
i (0) = δij. The state space of Z(j)(t) is Ω = NK

0 , the non-negative integer lattice in
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K dimensions.

The probability distribution of this branching process is constructed via the bi, di, and

νij under the assumption that individual cells are independent of each other (e.g., no cell-

cell communication) [19]. This assumption of independence allows us to generalize to a

process initiated by Nj cells of each type j by decomposing this process into Nj independent

realizations of Z(j)(t), j = 1, 2, . . . , K [19, 52]. We also assume that the “lifespan” of a type

i cell (i = 1, 2, . . . , K) is exponentially distributed with parameter αi := bi + di +
∑

j ̸=i νij

[19].1 At the end of each type i cell’s lifetime, the cell “dies” and leaves either: [19, 52]

• 0 offspring (cell death) with probability di/αi,

• 2 type i offspring (cell division) with probability bi/αi, or

• 1 type j ̸= i offspring (switch types) with probability νij/αi.

Equivalently, in a short time interval [t, t+∆t], a type i cell dies with probability ∼ di∆t,

divides with probability ∼ bi∆t, or switches to type j ̸= i with probability ∼ νij∆t [19,

52]. This heuristic construction of the stochastic process Z(j)(t) reads similar to that of the

birth/death/state-transition process described in §2.5 and §5.1. These two types of processes

are indeed equivalent, as they are continuous time Markov chains with the same Kolmogorov

forward equation (KFE):

d

dt
Pj(ω, t) =

K∑
i=1

biPj(ω−ei, t)+diPj(ω+ei, t)−αiPj(ω, t)+
∑
k ̸=i

νikPj(ω+ei−ek, t) (5.6)

where Pj(ω, t) is the transition probability semigroup for the process Z(j)(t):

Pj(ω, t) = Pr
(
Z(j)(t) = ω

)
, ω ∈ Ω .

1In fact, it is exactly this exponential distribution of the lifespan of an individual that makes this continuous
time branching process Markovian [19].
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The KFE is often stated in terms of the probability generating function:

Fj(s; t) = E

[
K∏
ℓ=1

s
Z

(j)
ℓ (t)

ℓ

]
=

∑
ω∈Ω

Pj(ω, t)
K∏
ℓ=1

sωℓ
ℓ ,

for which the KFE in (5.6) becomes: [19, 52]

∂

∂t
Fj(s; t) =

K∑
i=1

(
bis

2
i + di − αisi +

∑
k ̸=i

νiksk

) ∂

∂si
Fj(s; t) . (5.7)

Define the mean matrix of the processes {Z(j)(t)}, j = 1, 2, . . . , K as the matrix M(t)

with columns m(j)(t) = E
[
Z(j)(t)

]
:

mij(t) = E[Z(j)
i (t)]

It is an established result that M(t) = exp(tA), where the matrix A ∈ RK×K is the infinites-

imal generator of M(t): [19]

A =



b1 − d1 −
∑
j ̸=1

ν1j ν21 · · · νK1

ν12 b2 − d2 −
∑
j ̸=2

ν2j · · · νK2

...
...

. . .
...

ν1K ν2K · · · b2 − d2 −
∑
j ̸=K

νKj


. (5.8)

Let λ∗ denote the maximum eigenvalue of the matrix A, which is guaranteed to be real

via the Perron-Frobenius theorem for the matrix M(t) [19]. The branching process with

infinitesimal parameters {bi, di, νij} is called supercritical if λ∗ > 0, critical if λ∗ = 0, and

subcritical if λ∗ < 0 [19].

Note that the infinitesimal generator A in (5.8) is exactly the matrix of rate constants

in the linear population balance equation in (2.37). Moreover, the jth column of the matrix
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M(t) is given by:

E
[
Z(j)(t)

]
= m(j)(t) ≡M(t)ej = etAej .

As previously established, the right-hand side of the above expression is the solution to

(2.37) with initial condition n(0) = ej. That is to say, the mean behavior of the branching

process initiated by a single type j cell is exactly the solution to the linear population

balance equation. As mentioned in §2.5, the dominant eigenvalue λ∗ of A corresponds to

the stationary growth rate of the overall population [148]. In terms of branching processes,

this means that a supercritical process describes a population with positive net growth on

average, a critical process describes one with zero net growth on average, and a subcritical

process describes one with negative net growth (i.e., extinction) on average.

5.3.2 Central limit theorem for continuous time branching process

Let Z(j)(t;N) denote the branching process initiated by N type j cells. That is, Z(j)(t;N)

is the process consisting of N i.i.d. realizations of Z(j)(t): [52]

Z(j)(t;N) = Z(j,1)(t) + Z(j,2)(t) + · · ·+ Z(j,N)(t) .

Gunnarsson et al. state and prove the following central limit theorem for Z(j)(t;N) in the

limit N → ∞: [52]

1√
N

[
Z(j)(t;N)−Nm(j)(t)

]
d−−−→ N

(
0,Σ(j)(t)

)
, (5.9)

where
d−−−→ denotes convergence in distribution. The convariance matrix Σ(j)(t) is given by

the expression: [52]

Σ(j)(t) = 2

∫ t

0

M(t− τ)B(τ)MT (t− τ) dτ + diag
(
m(j)(t)

)
−m(j)(t)m(j)(t)T , (5.10)
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where

B(τ) =


b1m1j(τ) 0 · · · 0

0 b2m2j(τ) · · · 0
...

...
. . .

...

0 0 · · · bKm1K(τ)

 = diag
(
b⊙m(j)(τ)

)

5.3.3 Statistical model of cell number data

Based on this branching process framework, Gunnarsson et al. propose a statistical model

of experimental data that are generated as follows: [52]

• Cells in culture are sorted and plated separately by type (e.g., FACS sorting): plate j

initiated (time t = 0) with Nj type j cells (“cell lines”).

• “Cell number data” (number of cells of each type) are collected from each plate at

some predetermined time point after plating, tℓ.

• This process of sorting, plating, and quantifying cell types is repeated for L different

“end points” t1, t2, . . . , tL.

• For each time of data collection tℓ, the process is repeated a further R times to get R

experimental replicates.

Let nj,ℓ,r denote the vector of cell number data collected from plate j at time tℓ and

experimental replicate r:

ni,j,ℓ,r = # type i cells at time tℓ in population of cells initiated by Nj type j cells

The underlying mechanistic model assumed to have generated these data is the branching

process initiated by Nj cells (as described in §5.3.1–§5.3.2) sampled at t = tℓ. Then if Nj is

sufficiently large, the central limit theorem (5.9) gives us an approximation to the probability

distribution underlying the data nj,ℓ,r.
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More specifically, Gunnarsson et al. propose the following statistical model: [52]

nj,ℓ,r ∼ Njm
(j)(tℓ) +N

(
0, NjΣ

(j)(tℓ)
)
+N

(
0,Σerr

j,ℓ

)
. (5.11)

The third term in this expression, the normal distribution with zero mean and covariance

Σerr
j,ℓ , represents variability due to measurement error. That is, the authors assume that

measurement error is Gaussian in nature, giving the following examples as possible simple

models of this error: [52]

Σerr
j,ℓ = ω2I and Σerr

j,ℓ = ω2 diag
(
Njm

(j)(tℓ)
)

(5.12)

where ω is a parameter to be estimated from the data. In general, there may be M possible

parameters ω1, ω2, . . . , ωM that describe the measurement error via the covariance matrix

Σerr
j,ℓ . The ultimate goal of constructing this statistical model is to estimate the values of the

parameters bi, di, and νi,j from a given set of data from cell line experiments. Gunnarsson

et al. do so using maximum likelihood estimation, of which we now give an overview.

5.3.4 Statement of maximum likelihood principle

Let θ denote the vector of model parameters: the birth rates bi, net growth rates λi := bi−di,

switching rates νij, and measurement error parameters ωm. These are the parameters that

exactly determine the statistical model as given in (5.11) and (5.12). Thus, θ has at least

2K + K2 entries (assumption of no measurement error) and up to 2K + K2 +M entries,

where M is the number of additional parameters used to define Σerr
j,ℓ .

According to (5.11), the probability density function for data from the jth cell line col-

lected at time point tℓ (for any replicate r) is parameterized by θ and given by:

fj,ℓ(n |θ) = 1√
(2π)Kdet

(
NjΣ(j)(tℓ) + Σerr

j,ℓ

)e− 1
2

(
n−Njm

(j)(tℓ)
)T(

NjΣ
(j)(tℓ)+Σerr

j,ℓ

)−1(
n−Njm

(j)(tℓ)
)

(5.13)
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The full set of data all independent cell lines j, replicates r, and end time points tℓ is given

by the collection of data points

X =
{
nj,ℓ,r

∣∣ 1 ⩽ j ⩽ K, 1 ⩽ ℓ ⩽ L, 1 ⩽ r ⩽ R
}
.

These data have the following joint distribution: [52]

f(X |θ) =
K∏
j=1

L∏
ℓ=1

R∏
r=1

fj,ℓ(nj,ℓ,r |θ) . (5.14)

The maximum likelihood principle states that the likelihood of a given set of parameters

θ generating the observed data is equal to the probability (density) of observing the data

given parameters θ:

L(θ |X) = f(X |θ)

The maximum likelihood estimate of the parameters θ from the data X is the value of θ that

maximizes the likelihood function L:

θ̂MLE = argmax
θ∈Θ

L(θ |X) . (5.15)

That is, given a set of observations X of a random variable, the most likely set of parameters

that “generated” the data is one that gives the highest probability of observing X under the

family of distributions f .

The set Θ in (5.15) is the set of “feasible” parameter values, which provides constraints

for the above optimization problem. Gunnarsson et al. take this set to be all θ such that

bi ⩾ 0, di ⩾ 0, and νij ⩾ 0 for all i, j [52]. In their implementation, Gunnarsson et al. find

θ̂MLE by maximizing the negative double log-likelihood function: [52]

ℓ(θ |X) = −2 lnL(θ |X) . (5.16)
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That is, an equivalent expression to (5.15) for the maximum likelihood estimate is

θ̂MLE = argmin
θ∈Θ

ℓ(θ |X) . (5.17)

Finally, a 1 − α confidence interval [θ−i , θ
+
i ] for each parameter θi is found through an

optimization problem related to (5.17), derived via the likelihood ratio test: [52]

θ−i = min
θ∈Θ

{
θi

∣∣∣ ℓ(θ |X) ⩽ ℓ
(
θ̂MLE

∣∣X)
+ χ2

1,1−α

}
, (5.18)

θ−i = max
θ∈Θ

{
θi

∣∣∣ ℓ(θ |X) ⩽ ℓ
(
θ̂MLE

∣∣X)
+ χ2

1,1−α

}
. (5.19)

The quantity χ2
1,1−α denotes the 1 − α quantile of the Chi-squared distribution with one

degree of freedom [52]. One interpretation of the interval [θ−i , θ
+
i ] is that each time we use

the same process (e.g., as above) to generate this interval, the interval will contain the true

value of θi with probability 1 − α. A typical value of α to choose is α = 0.05, i.e., 95%

confidence interval.

5.3.5 Replication of results for in silico data

In the original manuscript, Gunnarsson et al. apply this MLE method to both in silico and

existing in vitro datasets [52]. They implement the method in MATLAB, with all code be-

ing published on GitHub at https://github.com/egunnars/phenotypic switching inference/.

Precise details of this implementation, including the choice of numerical optimization scheme

and user-defined inputs, are given in Appendix F of Gunnarsson et al. [52].

https://github.com/egunnars/phenotypic_switching_inference/
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We adapted this MATLAB code into Python, and applied it to the same in silico dataset

used to generate Figure 10 in Gunnarsson et al. (2023). All code is available on GitHub at

https://github.com/eeangelini/barcode param estimates under the folder gunnarsson mle.

This dataset was generated via the Gillespie algorithm with the same parameters as reported

in Table 5.1, except for the times of data collection. Instead, these were taken to be

t1 = 1, t2 = 2, . . . , t6 = 6 ,

in accordance with the original paper [52]. Because of the “synthetic” nature of the data,

we assume that there is no measurement error when building the statistical model (5.11).

Figure 5.2: Replication of Figure 10 from Gunnarsson et al. [52]. The maximum likelihood

estimation framework (5.17) proposed by Gunnarsson et al. applied to in silico data for K = 2

cell types generated via the Gillespie algorithm. Birth, death, and switching rate parameters used

to generate the data are given in Table 5.1, along with the initial cell numbers and number of

experimental replicates simulated. Time points of “data collection” (end of simulation) were taken

to be tℓ = ℓ (units not specified). In this figure, the shaded rectangles denote the 95% confidence

intervals for each parameter. The vertical line in the middle of these intervals indicates the true

value of the parameter, and the arrow above the rectangle denotes the MLE.

https://github.com/eeangelini/barcode_param_estimates
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The resulting parameter estimates are shown in Figure 5.2, which agrees with the original

figure in Gunnarsson et al.. We note that the estimates for all parameters (net growth rates

λi, birth rates bi, switching rates νij) lie within the 95% confidence intervals (Figure 5.2).

Furthermore, the estimates for λi and νij are relatively accurate compared to the true values

used to generate the data, and the confidence intervals for these parameters are fairly small

(Figure 5.2). On the other hand, the confidence intervals for the birth rates bi are much

larger, indicating a degree of uncertainty in estimating these parameters from the given data

(Figure 5.2). Gunnarsson et al. show that this uncertainty is reduced, producing a better

estimate of bi, if data on the number of dead cells of each type is also collected [52].

5.4 Future directions

Given the nature of the single cell data we plan to obtain as described in §5.1.1, a natural

next step is to implement the MLE framework proposed by Gunnarsson et al. for cell fraction

data. Doing so would allow us to estimate the growth and switching rates directly from the

relative frequencies of each type, instead of having to make an assumptions about unbiased

sampling. The results for cell fraction are similar to that for the cell number data, as outlined

in §5.3.1 - §5.3.3, except now the branching process is conditioned on survival in order to

model relative frequencies: [52]

∆(j)(t) :=
Z(j)(t)

K∑
i=1

Z
(j)
i (t)

,

K∑
i=1

Z
(j)
i (t) ̸= 0 .

As with the MLE framework for cell number data, we would begin by translating the MAT-

LAB code to Python, and replicating Gunnarson et al.’s results for in silico data.

Another possible way to incorporate the bias and uncertainty in the data introduced by

this sampling process discussed in §5.1.1 is to incorporate it into the model of measurement

error. This solution was suggested by Gunnarsson et al. in the original paper [52]. In

general, incorporating the measurement error term into our computational implementation
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of this method is something that must be done before we can use it on data generated by

actual experiments.

More broadly, the applicability of the framework described in §5.3 to the data from

the DNA barcoding experiments warrants further investigation. We note that the overall

purpose of “cell line experiments” discussed in Gunnarsson et al., and summarized here

in §5.3.3, is to generate cell number data from “isolated initial conditions:” initial plating

conditions in which independent lineages are founded by cells of the same type [52]. In

theory, the experimental methodology of lineage tracing via DNA barcoding as laid out in

§5.1.1 accomplishes this same goal (tracking of independent lineages founded each by cells

of one cell type) without having to sort cells. This circumvents the technical challenge of

sorting live cells by type, which requires the cell “types” in question to be identifiable in live

cells (as opposed to cells that have been lysed and sequenced, i.e., transcriptomic “types”).

It also simplifies the experimental setup, as K individual plates of cells do not have to be

maintained in parallel, as DNA barcoding allows for lineage tracing within aggregate cell

populations.

In practiced, the method by which groups of DNA barcodes are associated with distinct

cell types (as described in §5.1.1) is not exact. That is to say, even if nearly all cells of

type j at the time of first sequencing have DNA barcode X and vice versa, making the

approximation that barcode lineage X was “founded” by only type j cells contributes to

error in our parameter estimates. It is better to explicitly model this variability, if we can,

rather than assuming this error is negligible. As it happens, we are able to explicitly model

this spread in the initial conditions with little additional work, as Gunnarsson et al. give all

the derivations of their results in terms of the branching process with “non-isolated” initial

conditions: Z(t), Z(0) = N for some vector of cell numbers N [52]. This is a more apt model

of the data described in §5.1.1 than that of the branching process with “isolated” initial

conditions described above.

One additional result we would like to obtain for this work is framing the central limit

theorems derived by Gunnarsson et al. in terms of large deviations theory. That is, by
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showing an analogous result of an asymptotic normal distribution for the branching process

derived as a large deviations ansatz to the Kolmogorov equation (5.6) as the initial population

size N tends toward infinity. In this context, the normal distribution arises from a quadratic

expansion of the large deviations rate function about the mean of the branching process.
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Chapter 6

CONCLUSIONS AND FUTURE DIRECTIONS

The use of Waddington’s landscape as a guiding metaphor in understanding single-cell

behavior in a more abstract and generalizable manner is increasingly common in the field

of cell biology as a whole [122]. There is still a need, however, to not only define but

also communicate a rigorous mathematical framework for a landscape that describes a cell’s

internal dynamics. In the present work, we have put forward one such mathematical theory,

the quasi-potential landscape, and discussed the implications of this theory on the study of

cell and cancer biology. More broadly, our approach to this work is grounded in the language

and mathematics of biophysics and biophysical chemistry, as summarized in Figure 1.2 and

Figure 6.1.

In Chapter 2, we gave an overview of the mathematical theory of a quasi-potential func-

tion for continuous, stochastic dynamics, with the motivating example in mind of gene ex-

pression dynamics in a single cell. In particular, we showed a derivation of this quasi-potential

function as a large deviations rate function for a singularly perturbed stochastic differential

equation. This rate function has the key property of being a Lyapunov function for the

dynamics in the deterministic limit, giving it one of the desired features discussed in §1.3

that make it a “landscape” of the given system. The large deviations quasi-potential satisfies

the other key feature, admitting mean transition rates between metastable states, through

its relation to the theory of Freidlin and Wentzell, as discussed in §2.3.1.
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Figure 6.1: Idealized abstraction of a single cell as an ergodic, stochastic dynamical system. In

this framework, the metastable states of the underlying biochemical dynamics are quantified and

visualized as minima on a high-dimensional landscape. This landscape is, in theory, obtained

as a large deviations rate function for the stationary distribution in the low-noise (e.g., many

molecule) limit of the system. In an idealized thought experiment, the exact state of each cell can

be measured, from which we obtain an entropy function as described in Chapter 4. In actuality,

we cannot measure this exact state, as it would require measuring the number of every species of

molecule in each cell in a population. Instead, we can only measure downstream indicators of this

state, such as mRNA counts of a subset of genes or concentrations of certain biomarkers.

The remainder of this work builds upon two further properties of this large deviations

rate function. The first is the interpretation of the rate function as a measure of entropy

in a system, opening the theory up to the realm of classical thermodynamic analysis via

the Legendre-Fenchel transform (LFT). This relation is expanded upon in Chapter 4, par-

ticularly in relation to the entropy function defined over a set of discrete counting data. In

particular, Chapter 4 presents a carful treatment of the relation between microscopic states

and macroscopic observables in relation to the entropy function.

The other novel framework explored in this work is the implications of the quasi-potential

rate function for population dynamics, specifically those for a population of cells. We argue

for a framework in which individual cells in a genetically identical (“isogenic”) population

are i.i.d. realizations of some underlying stochastic (biochemical, gene expression) dynamics,
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making the entire population a statistical ensemble (Figure 1.2, Figure 6.1). At the micro-

scopic level, each cell occupies an internal “state” (e.g., number of molecules of each type

of biochemical species) with some probability determined by these dynamics (Figure 1.2,

Figure 6.1). At the macroscopic level, it is not feasible to exactly measure this internal state;

instead we can only observe only some downstream, coarse-grained indicator of it (Figure

1.2, Figure 6.1).

As discussed in §2.5, the quasi-potential rate function gives us a mathematical frame-

work by which we can describe this coarse-graining, going from metastable states of the

complete dynamics, to a countable number of observable states. These countable macro-

scopic states are the different cell “types” observed in a given isogenic cell population. The

spontaneous transitions of individual cells between these types are described by the transi-

tion rates obtained from the quasi-potential. From this perspective, the overall dynamics of

the population as a statistical ensemble can be described in terms of a population balance

law. This population balance law can take the form of a continuous-time Markov chain, as

described in §5.1, or its deterministic limit, a linear ODE, as described in §2.5 and §3.4.
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[114] M. Sáez, J. Briscoe, and D. Rand. “Dynamical landscapes of cell fate decisions.”

Interface Focus 12 (2022), p. 20220002.

[115] J. A. Schellman. “Fifty years of solvent denaturation.” Biophys. Chem. 96.2-3 (2002),

pp. 91–101.

[116] J. A. Schellman. “Thermodynamics, molecules and the Gibbs conference.” Biophys.

Chem. 64.1 (1997), pp. 7–13.

[117] G. Schiebinger et al. “Optimal-transport analysis of single-cell gene expression iden-

tifies developmental trajectories in reprogramming.” Cell 176 (2019), pp. 928–943.

[118] M. Setty et al. “Characterization of cell fate probabilities in single-cell data with

palantir.” Nat. Biotechnol. 37 (2019), pp. 451–460.

[119] Y. Sha et al. “Inference and multiscale model of epithelial-to-mesenchymal transition

via single-cell transcriptomic data.” Nucleic Acids Res. 48 (2020), pp. 9505–9520.

[120] S. Shaffer et al. “Memory sequencing reveals heritable single-cell gene expression

programs associated with distinct cellular behaviors.” Cell 182 (2020), pp. 947–959.

[121] S. Shaffer et al. “Rare cell variability and drug-induced reprogramming as a mode of

cancer drug resistance.” Nature 546 (2017), pp. 431–435.

[122] N. Shakiba et al. “Memory sequencing reveals heritable single-cell gene expression

programs associated with distinct cellular behaviors.” Cell Systems 13 (2022), pp. 4–

9.

[123] A. Sharma et al. “Longitudinal single-cell rna sequencing of patient-derived primary

cells reveals drug-induced infidelity in stem cell hierarchy.” Nat. Commun. 9 (2018).

[124] M. Strobl et al. “Turnover modulates the need for a cost of resistance in adaptive

therapy.” Cancer Res. 81 (2021), pp. 1135–1147.



123

[125] Y. Su et al. “Single-cell analysis resolves the cell state transition and signaling dy-

namics associated with melanoma drug-induced resistance.” Proc. Natl. Acad. Sci.

U.S.A. 114 (2017), pp. 13679–13684.

[126] M. Suva and I. Tirosh. “Single-cell rna sequencing in cancer: lessons learned an emerg-

ing challenges.” Mol. Cell 75 (2019), pp. 7–12.
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Appendix A

QUASI-POTENTIAL THEORY

A.1 Dominant balance for WKB approximation

In order to determine dominant behavior of solutions fε to (2.6), we expand (2.6) using

vector calculus identities:

∂fε
∂t

= fε

(
−∇·b(x)+ε

m∑
j=1

∇·∂Dj

∂xj

)
+∇fε·

(
−b(x)+ε

m∑
j=1

∂Dj

∂xj

)
+ε

m∑
j=1

m∑
i=1

∂fε
∂xj

∂Dij

∂xi
+
∂2fε
∂xixj

Dij(x).

(A.1)

From (2.13), we have:

∇fε(x, t) =
fε
δ

∞∑
n=0

δn∇Sn(x, t); (A.2)

∂fε
∂xj

=
fε
δ

∞∑
n=0

δn
∂Sn

∂xj
,

∂fε
∂t

=
fε
δ

∞∑
n=0

δn
∂Sn

∂t
; (A.3)

∂2fε
∂xi∂xj

=
fε
δ2

( ∞∑
k=0

δk
∂Sk

∂xi

)( ∞∑
n=0

δn
∂Sn

∂xj

)
+
fε
δ

∞∑
n=0

δn
∂2Sn

∂xi∂xj
. (A.4)

Plugging these expressions into (A.1), we obtain:

fε
δ

∞∑
n=0

δn
∂Sn

∂t
= fε

(
−∇·b(x)+ε

m∑
j=1

∇·∂Dj

∂xj

)
+
fε
δ

∞∑
n=0

δn∇Sn(x, t)·
(
−b(x)+ε

m∑
j=1

∂Dj

∂xj

)
+ε

fε
δ

m∑
j=1

m∑
i=1

[
∂Dij

∂xi

∞∑
n=0

δn
∂Sn

∂xj
+
Dij(x)

δ

(
∂S0

∂xi

∂S0

∂xj
+δ

∂S0

∂xi

∂S1

∂xj
+δ

∂S1

∂xi

∂S0

∂xj
+· · ·+δ∂

2S0

∂xj
+. . .

)]
(A.5)
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Taking this expression to leading order in δ as δ → 0, and multiplying both sides by δ/fε,

we get:

∂S0

∂t
= δ

(
−∇·b(x)+ε

m∑
j=1

∇· ∂Dj

∂xj

)
+∇S0(x, t)·

(
−b(x)+ε

m∑
j=1

∂Dj

∂xj

)
+ε

m∑
j=1

m∑
i=1

∂Dij

∂xi

∂S0

∂xj

+ ε
m∑
j=1

m∑
i=1

Dij(x)

[
1

δ

∂S0

∂xi

∂S0

∂xj
+

(
∂S0

∂xi

∂S1

∂xj
+
∂S1

∂xi

∂S0

∂xj
+
∂2S0

∂xj

)]
. (A.6)

The dominant balance as δ → 0 is given by

∂S0

∂t
+∇S0(x, t) · b(x) ∼

ε

δ

m∑
j=1

m∑
i=1

Dij(x)
∂S0

∂xi

∂S0

∂xj
≡ ε

δ
∇S0(x, t) ·D(x)∇S0(x, t), (A.7)

which tells us that δ = ε (i.e., q = 1).

A.2 Asymptotic behavior of the Hessian matrix Hε(x0)

Using the limit definition of φ(x), we will show that

ln detHε(x0) = o(ε−1) ,

where Hε(x0) denotes the Hessian matrix of −ε ln fε(x) at x = x0 (which we assume to

be positive definite). In particular, we assume that the following limit holds with uniform

convergence:

lim
ε→0

−ε ln fε(x) = φ(x) .

Because uniform convergence implies pointwise convergence, this limit certainly holds at

x = x0. Further suppose that the second partial derivatives of − ln fε(x) at x = x0 converge

to some limiting value as ε → 0. Then we can interchange this limit and differentiation to

get the following relation:

lim
ε→0

−ε ∂2

∂xi∂xj

[
ln fε(x0)

]
=

∂2

∂xi∂xj

[
φ(x0)

]
,
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which tells us that as ε→ 0,

lim
ε→0

Hε(x0) = Hφ(x0)

Using the fact that we can interchange continuous functions and limits, it follows that

lim
ε→0

ln detHε(x0) = ln detHφ(x0) .

Then we indeed have that ln detHε(x0) = o(ε−1), as

lim
ε→0

ε ln detHε(x0) = ln detHφ(x0) · lim
ε→0

ε = 0 .
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Appendix B

CANCER ODE MODEL

B.1 Linear stability analysis

By the general theory of linear ODEs, the exact solution to this system is

x(t) = c1e
λ1tv(1) + c2e

λ2tv(2) , (B.1)

where λi, v
(i) are the right eigenpairs of A. The eigenvalues of A are given by:

λ1,2 =
gS + gR − kSR − kRS ±

√
(gS + gR − kSR − kRS)2 − 4(gSgR − gRkSR − gSkRS)

2
(B.2)

where we define the net growth rates gS = bS − dSand gR = bR − dR for simplicity.

Define α = gR − gS − (kRS − kSR) and β =
√
α2 + 4kSRkRS. Using the expression given

in (B.2), along with the fact that

gS + gR − kSR − kRS = α + 2(gS − kSR),
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we can write λ1 and λ2 in terms of α and β:

λ1,2 =
α + 2(gS − kSR)±

√
(α + 2(gS − kSR)2 − 4(gSgR − gRkSR − gSkRS)

2

=
α + 2(gS − kSR)±

√
α2 + 4(α− gR)(gS − kSR) + 4(gS − kSR)2 + 4gSkRS

2

=
α + 2(gS − kSR)±

√
α2 + 4(gS − kSR)(α− gR + gS − kSR) + 4gSkRS

2

=
α + 2(gS − kSR)±

√
α2 − 4kRS(gS − kSR) + 4gSkRS

2

=
α + 2(gS − kSR)±

√
α2 + 4kSRkRS

2

=
α + 2(gS − kSR)± β

2
.

Because we assume that kSR and kRS are strictly positive, the discriminant α2 + 4kSRkRS is

strictly positive, and β > 0. Therefore, both of the above eigenvalues are real and distinct.

The corresponding eigenvectors are

v(1,2) =
1

2kSR

−α± β

2kSR

 .

The coefficients c1, c2 in (B.1) satisfy the linear system x(0) = V c, where V is the matrix

whose columns are the eigenvectors of A, and c =
[
c1 c2

]T
. It can be shown that

c1 =
kSR
β
x1(0) +

α + β

2β
x2(0), and c2 = −kSR

β
x1(0)−

α− β

2β
x2(0) .

In the following analysis, we require that gR > 0 under drug treatment as a general definition

of the drug-resistant phenotype.

The origin is guaranteed to be a saddle point wherever

g :=
gS
gR

>
gS − kSR
kRS

(B.3)
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The condition in (B.3) has two interpretations based on whether gS > 0 or gS < 0. Wherever

gS > 0, (B.3) requires that at least one of the relative fitness of the drug-sensitive phenotype

g and the backflow rate kRS are sufficiently large compared to the net flux gS−kSR. Wherever

gS < 0, (B.3) is true when the ratio of the net flux to the backflow rate is larger in magnitude

than the relative fitness.

If instead the growth and transition rates satisfy the inequality

g =
gS
gR

<
gS − kSR
kRS

(B.4)

then the relationship between gS + gR and kSR+ kRS determines whether the origin is stable

or unstable (Table B.1). When gS + gR > kSR + kRS, the origin is an unstable node, and the

tumor grows exponentially (Table B.1). On the other hand, when gS + gR < kSR + kRS, the

origin is a stable node, and the tumor tends toward extinction, i.e., treatment has eradicated

the tumor (Table B.1).

One way to frame these two cases is to consider which of the two dynamics, growth or

phenotype switching, is the dominant force behind the overall population dynamics. Consid-

ering the growth of the overall population of cells, we can think of gS +gR as the unweighted

growth rate of the tumor, as the true growth rate is given by dx1

dt
+ dx2

dt
= gSx1 + gRx2. Con-

sidering only the pure phenotype switching dynamics, where total size is fixed, the quantity

kSR + kRS is the relaxation time of these dynamics. Therefore, when pure growth outweighs

pure switching, tumor growth is unchecked, and no tumor control is possible. If, however,

the switching dynamics dominate the underlying growth rate, the tumor will eventually be

eradicated.
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B.2 Dynamics of tumor population recovery

The following analysis follows from the fact that we can express the total population N(t) =

x1(t) + x2(t) as a linear combination of exponential terms via the exact solution x(t):

N(t) = x1(t) + x2(t) = c1
(
v
(1)
1 + v

(1)
2

)
eλ1t + c2

(
v
(2)
1 + v

(2)
2

)
eλ2t . (B.5)

We can use the exact solution given in (B.5) to derive an approximate expression for tP ,

assuming that it is non-zero. If N ′(0) < 0, t = tP is the unique non-zero time point for

which N(t) = N(0). Using (B.5), the equation N(tP ) = N(0) reads:

N(tP ) ≡ c1
(
v
(1)
1 + v

(1)
2

)
eλ1tP + c2

(
v
(2)
1 + v

(2)
2

)
eλ2tP = N(0) . (B.6)

Solving the above expression analytically for tP is not possible, as we have established that

the eigenvalues λ1,2 are distinct.

Under the assumption that the exponential term eλ1t gives the dominant contribution to

N(t) at time t = tP , we get:

N(tP ) ≈ c1
(
v
(1)
1 + v

(1)
2

)
eλ1tP =: N∗ . (B.7)

Setting the above expression equal to N(0) and solving for tP , we obtain the following

approximation t∗P of tP :

tP ≈ t∗P :=
1

λ1
ln

[
N(0)

c1
(
v
(1)
1 + v

(1)
2

)] . (B.8)

Taking the absolute value of the difference betweenN(tP ) and its approximationN∗ := N(t∗P )

as a proxy for the absolute error |tP − t∗P |, we find that the error of the approximation in
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(B.7) scales exponentially with the negative eigenvalue λ2:

|N(tP )−N∗| =
∣∣∣c2(v(2)1 + v

(2)
2

)∣∣∣eλ2tP . (B.9)

In the above derivation, we neglected the negative eigenvalue term to obtain a closed-

form approximation for tP . However, the rate of cancer remission is equally as important in

setting the TTP as is the rate of cancer regrowth. Thus, in order to better understand how

tP changes with m, we also consider the point t = tmin at which the total population N(t)

reaches its global minimum. Unlike with tP , we can determine a closed form of tmin in terms

of the model parameters. The turning point of N(t) occurs when

0 =
dN

dt
≡ gSx1(t) + gRx2(t) ⇐⇒ ρ(t) :=

x2(t)

x1(t)
= −gS

gR
.

Thus, in order to better understand the dynamics of N(t), we must first understand those

of the ratio ρ(t) of drug-resistant cells to drug-sensitive cells.

Using the quotient rule, we can compute the derivative of this ratio, dρ
dt
:

dρ

dt
=
x1x

′
2 − x2x

′
1

x21
=
x2
x1

(
x′2
x2

− x′1
x1

)
= ρ

(
gR − kRS +

kSR
ρ

− gS + kSR − kRSρ

)
.

Recall that α = gR − gS − (kRS − kSR). Then the above expression simplifies to

dρ

dt
= −kRSρ

2 + αρ+ kSR . (B.10)

This ODE is a Riccati equation with initial condition ρ0 := ρ(0) = x2(0)/x1(0). Define q(ρ)

as the polynomial on the right-hand side of (B.10):

q(ρ) = −kRSρ
2 + αρ+ kSR .

As long as q(ρ) has real roots, we can solve (B.10) analytically via separation of variables.
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Recall the definition β =
√
α2 + 4kSRkRS. Then the roots of q(ρ) are given by

ρ1,2 =
−α± β

−2kRS

=
1

2kRS

(α∓ β) .

We know that α2 + 4kSRkRS > 0, which tells us that the roots ρ1,2 are real and distinct.

Therefore, we can write q(ρ) in the following factored form:

q(ρ) = −kRS(ρ− ρ1)(ρ− ρ2).

Using the fact that ρ1 < ρ2, a simple phase-line stability analysis tells us that ρ1 is an

unstable fixed point, and ρ2 is a stable fixed point.

With this factorization of q(ρ), we can now solve the given IVP to obtain a closed form

of ρ(t). We begin by deriving the partial fraction decomposition of 1/q(ρ):

1

q(ρ)
=

1

−kRS(ρ− ρ1)(ρ− ρ2)
=

C1

ρ− ρ1
+

C2

ρ− ρ2

⇐⇒ 1 = −kRSC1(ρ− ρ2)− kRSC2(ρ− ρ1) ⇐⇒ − 1

kRS

= (C1 + C2)ρ− C1ρ2 − C2ρ1

⇐⇒ C1 + C2 = 0 and
1

kRS

= C1ρ2 + C2ρ1

⇐⇒ 1

kRS(ρ2 − ρ1)
= C1 = −C2.

The unique solution to the above system of linear equations for C1 and C2 is

C1 = −C2 =
1

kRS(ρ2 − ρ1)
.

Therefore, the partial fraction decomposition of 1/q(ρ) is given by

1

q(ρ)
=

1

kRS(ρ2 − ρ1)

(
1

ρ− ρ1
− 1

ρ− ρ2

)
.
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We can now solve the Riccati equation in (B.10) for ρ(t):

dρ

dt
= q(ρ) ⇐⇒

∫
dρ

q(ρ)
=

∫
dt ,

where we use the partial fraction decomposition of 1/q(ρ) to evaluate the integral in ρ up to

a constant of integration:

∫
dρ

q(ρ)
=

1

kRS(ρ2 − ρ1)

∫ (
1

ρ− ρ1
− 1

ρ− ρ2

)
dρ =

1

kRS(ρ2 − ρ1)
ln

(
ρ− ρ1
ρ− ρ2

)
− C.

It follows from this result that

1

kRS(ρ2 − ρ1)
ln

(
ρ− ρ1
ρ− ρ2

)
= t+ C . (B.11)

Applying the initial condition ρ(0) = ρ0, we can solve for the constant C:

C =
1

kRS(ρ2 − ρ1)
ln

(
ρ0 − ρ1
ρ0 − ρ2

)
.

We can now solve for the exact solution ρ in (B.11):

ln

(
ρ− ρ1
ρ− ρ2

)
= kRS(ρ2 − ρ1)t+ ln

(
ρ0 − ρ1
ρ0 − ρ2

)
⇐⇒ ρ− ρ1

ρ− ρ2
=
ρ0 − ρ1
ρ0 − ρ2

ekRS(ρ2−ρ1)t

⇐⇒ ρ
(
ρ0 − ρ2 − (ρ0 − ρ1)e

kRS(ρ2−ρ1)t
)
= ρ1(ρ0 − ρ2)− ρ2(ρ0 − ρ1)e

kRS(ρ2−ρ1)t

⇐⇒ ρ(t) =
ρ1(ρ0 − ρ2)− ρ2(ρ0 − ρ1)e

kRS(ρ2−ρ1)t

ρ0 − ρ2 − (ρ0 − ρ1)ekRS(ρ2−ρ1)t
.

From this closed expression, we find an explicit expression for tmin by solving the equation
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ρ(t) = −gS/gR:

ρ(t) =
ρ1(ρ0 − ρ2)− ρ2(ρ0 − ρ1)e

kRS(ρ2−ρ1)t

ρ0 − ρ2 − (ρ0 − ρ1)ekRS(ρ2−ρ1)t
= −gS

gR

⇐⇒ gRρ1(ρ0 − ρ2)− gRρ2(ρ0 − ρ1)e
kRS(ρ2−ρ1)t = −gS(ρ0 − ρ2) + gS(ρ0 − ρ1)e

kRS(ρ2−ρ1)t

⇐⇒ (gRρ1 + gS)(ρ0 − ρ2) = (gRρ2 + gS)(ρ0 − ρ1)e
kRS(ρ2−ρ1)t

⇐⇒ (gRρ1 + gS)(ρ0 − ρ2)

(gRρ2 + gS)(ρ0 − ρ1)
= ekRS(ρ2−ρ1)t

⇐⇒ tmin := t =
1

kRS(ρ2 − ρ1)
ln

(
(gRρ1 + gS)(ρ0 − ρ2)

(gRρ2 + gS)(ρ0 − ρ1)

)

We note that in the case where N(t) grows monotonically (i.e., when the origin is an un-

stable node), the global minimum occurs at t = 0, so we take tmin := 0. If N(t) decays

monotonically (i.e., the origin is a stable node), tmin is not well defined. For each of Cases

A, B, C, and D, we find that as a function of drug dose, tmin strongly correlates with tP

(Figures B.1-B.4). We have that tP ≈ 2tmin at low drug doses, and tP ≈ 3tmin at high drug

doses (Figures B.1-B.4).

B.3 Supplemental tables and figures

Table B.1: Summary of all possible cases for the stability of the origin under ODE (3.2).

gS + gR > kSR + kRS gS + gR < kSR + kRS

g > gS−kSR

kRS
saddle point saddle point

g < gS−kSR

kRS
unstable node stable node
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Table B.2: Initial conditions, rate constants and pharmacodynamic parameters with fixed
values (units not specified).

Parameter Description Value
x1(0) concentration of sensitive cells at onset of treatment 200

x2(0) concentration of resistant cells at onset of treatment 20

bS per-capita birth rate of sensitive cells 0.2

bR per-capita birth rate of resistant cells 0.1

kRS “backflow” rate (resistant-to-sensitive) 0.01

δS = δR ≈ basal death rate of all cells 0.02

κ ≈ basal transition rate (sensitive-to-resistant) 0.01

rS = rR = rSR drug saturation rate 0.2

PS = PR EC50 for cell killing 20

ES drug efficacy for killing sensitive cells 0.3

ER drug efficacy for killing resistant cells 0.04

Table B.3: Parameter distributions used to general virtual patient cohorts (units not speci-
fied).

Parameter Description Distribution
ξ fraction of resistant cells at onset of treatment U(0, 1)
bS per-capita birth rate of sensitive cells U(0.1, 0.3)
bR per-capita birth rate of resistant cells U(0.05, 0.15)
kRS per-capita “backflow” rate (resistant-to-sensitive) U(0, 0.02)

δS = δR ≈ basal death rate of all cells U(0.01, 0.03)
κ ≈ basal transition rate (sensitive-to-resistant) U(0, 0.02)
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Figure B.1: Dynamics of tumor population recovery for Case A. A. Left: Time-evolution of
the total population N(t) plotted on a logarithmic scale for drug doses m = 23, 35, 45, 85.
The horizontal dashed line indicates initial population size N(0). Right: Turning point tmin,
at which N(t) reaches a minimum, as a function of drug dose m. Red markers indicate
reference points of m = 23, 35, 45, 85. B. Parametric curve (tmin(m), tP (m)) relating the
turning point tmin and the time to progression tP . Dashed lines of slope 2 (blue) and 3 (red)
are given for reference.
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Figure B.2: Dynamics of tumor population recovery for Case B. A. Left: Time-evolution of
the total population N(t) plotted on a logarithmic scale for drug doses m = 23, 35, 45, 85.
The horizontal dashed line indicates initial population size N(0). Right: Turning point tmin,
at which N(t) reaches a minimum, as a function of drug dose m. Red markers indicate
reference points of m = 23, 35, 45, 85. B. Parametric curve (tmin(m), tP (m)) relating the
turning point tmin and the time to progression tP . Dashed lines of slope 2 (blue) and 3 (red)
are given for reference.
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Figure B.3: Dynamics of tumor population recovery for Case C. A. Left: Time-evolution of
the total population N(t) plotted on a logarithmic scale for drug doses m = 23, 35, 45, 85.
The horizontal dashed line indicates initial population size N(0). Right: Turning point tmin,
at which N(t) reaches a minimum, as a function of drug dose m. Red markers indicate
reference points of m = 23, 35, 45, 85. B. Parametric curve (tmin(m), tP (m)) relating the
turning point tmin and the time to progression tP . Dashed lines of slope 2 (blue) and 3 (red)
are given for reference.
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Figure B.4: Dynamics of tumor population recovery for Case D. A. Left: Time-evolution of
the total population N(t) plotted on a logarithmic scale for drug doses m = 23, 35, 45, 85.
The horizontal dashed line indicates initial population size N(0). Right: Turning point tmin,
at which N(t) reaches a minimum, as a function of drug dose m. Red markers indicate
reference points of m = 23, 35, 45, 85. B. Parametric curve (tmin(m), tP (m)) relating the
turning point tmin and the time to progression tP . Dashed lines of slope 2 (blue) and 3 (red)
are given for reference.
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Appendix C

STOCHASTIC THERMODYNAMICS

C.1 Tracking vs. counting and entropy of assimilation

We begin by noting that the constraintm0+m1+· · ·+mn = N in the counting representation

implies that any mi is uniquely determined by the other n measurements mj. Then, taking

x = (m0,m1, · · · ,mn−1), we can write the multinomial probability Pr
(
{mi}

)
as

Pr
(
{mi}

)
= Pr(x) := Cn(x)

N !

m0!m1! · · · mn−1!
pm0
0 pm1

1 · · · pmn−1

n−1 ,

where

Cn(x) =
qM(x)

M(x)!
, q = 1−

n−1∑
i=0

pi, M(x) = N −
n∑

j=1

xj .

Assuming N is sufficiently large so that the Central Limit Theorem holds, we can approxi-

mate Pr(x) with a multinomial Guassian:

Pr(x) ≃ f(x) :=
1

ZN

e−
1
2
(x−µN )TΣ−1

N (x−µN )

where

ZN =
√

(2π)ndet(ΣN), µN = (Np0, Np1, · · · , Npn−1), and
(
ΣN

)
ij
= Npi(δij − pj) .
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Under this assumption, we can approximate the entropy of counting as follows:

Scount = −
∑
{mi}

Pr
(
{mi}

)
ln Pr

(
{mi}

)
≃ −

∫
Rn

f(x) ln f(x) dx

= lnZN +

∫
Rn

1

2
(x− µN)

TΣ−1
N (x− µN) f(x) dx

By properties of the determinant, ZN ≃ det(ΣN) = O(Nn), so that ln(ZN) = O(n lnN). To

determine the asymptotic order of the integral term in the above expression, we note that

we can re-write the integral as I(1), where

I(ξ) :=
1

ZN

∫
Rn

1

2
(x− µN)

TΣ−1
N (x− µN) e

− ξ
2
(x−µN )TΣ−1

N (x−µN ) dx

We can evaluate the integral I(ξ) as follows:

I(ξ) =
1

ZN

∫
Rn

− ∂

∂ξ

[
e−

ξ
2
(x−µN )TΣ−1

N (x−µN )
]
dx

= − 1

ZN

∂

∂ξ

[∫
Rn

e−
ξ
2
(x−µN )TΣ−1

N (x−µN ) dx

]
= − 1

ZN

∂

∂ξ

[√
(2πξ)n det(ΣN)

]
= − 1

ZN

n(2πξ)n−1 det(ΣN)

2
√
(2πξ)n det(ΣN)

= −n(ξ)
n−1

4π
√
ξn

.

Evaluating this expression at ξ = 1, we get that:

I(1) = − n

4π
= O(n) .
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Therefore, to leading order,

Scount ≃ lnZN + I(1) = O(n lnN).

This asymptotic behavior is in sharp contrast with Strack = O(N) ≫ Scount.

C.2 Lagrangian duality: multiplier as a conjugate variable

We start with a representative example to illustrate that the critical point in the method

of Lagrange multipliers is a saddle point. Define the bivariate objective function as f(x) =

a1x
2
1+a2x

2
2, where a1, a2 > 0, and define the constraint as g(x) = b0+ b1x1+ b2x2 = 0. Then

the Lagrangian function corresponding to minimizing f subject to g = 0 is

L(x1, x2, α) =
(
a1x

2
1 + a2x

2
2

)
+ α

(
b0 + b1x1 + b2x2

)
,

where α is the Lagrange multiplier. With fixed constant x2 = c, L(x1, c, α) = a1x
2
1+ b1αx1+

(b0 + b2c)α + a2c
2 is a saddle for (x1, α). The same is true for (x2, α) when we hold x1

constant, L(c′, x2, α).

Let us now consider the general problem of minimization of a convex objective f(x),

x ∈ Rn, under the constraint g(x) = g∗:

J(g∗) = min
x

{
f(x)

∣∣∣ g(x) = g∗
}
.

Then the Lagrangian function corresponding to this problem is given by:

L(x, α) = f(x) + αg(x),

in which the Lagrangian multiplier α is the conjugate variable to g∗ via Legendre-Fenchel
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transform (LFT). The method of Lagrange multipliers specifies the optimal value J(g∗) via:
H(α) = min

x
L(x, α) = min

x

{
f(x) + αg(x)

}
,

J(g∗) = max
α

{
H(α)− αg∗

}
,

H(α) = min
g∗

{
J(g∗) + αg∗

}
,

in which H(α) is the (concave) Lagrange dual function and α is related to g∗ through

α = −dJ(g∗)

dg∗
or g∗ =

dH(α)

dα
.

Taken together, these equations give us an equation in differential form that represents

the solution to the constrained minimization problem:

dxf(x
∗) + α dxg(x

∗) = v

H(α)− J(g∗)− αg∗ = 0.

C.2.1 Results for Gibbs conditioning

First, we derive the expression given in the main text for the distribution ν∗(y;α) that

minimizes Φ[ν] subject to the linear constraint G[ν] = g. By Lagrangian duality:

ϕ(g) = inf
ν

{
Φ[ν]

∣∣∣ G[ν] = g
}

= sup
α

inf
ν

{
Φ[ν] + α

(
G[ν]− g

)}
= sup

α

{
−αg + inf

ν

{
Φ[ν] + α

∫
X
ν(y)g(y)dy

}}
= sup

α
{−αg +Ψ[αg]} .
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Therefore, we have the identity

ϕ(g) = −αg +Ψ[αg],

wherever α satisfies the equality

g =
∑
i∈S

gi
∂Ψ

∂µi

[αg] =

∫
X
g(y)p(y)e−αg(y)dy∫
X
p(y)e−αg(y)dy

. (C.1)

Moreover, for

ν(α) := arg inf
ν

{
Φ[ν] + α

∫
X
ν(y)g(y)dy

}
we must have for all i ∈ S

∇νΨ
[
ν(α)

]
= −αg ,

which gives us the expression

ν(y;α) =
p(y)e−αg(y)∫

X
p(y)e−αg(y)dy

. (C.2)

Taken together, these result tell us that ν∗, defined as

ν∗(y;α) = arg inf
ν

{
Φ[ν]

∣∣∣ G[ν] = g
}

is given by the expression in (C.2), where α satisfies the condition given in (C.1). We also

note that ν = ν∗ is exactly the density at which Φ̃ = 0 for a given g.
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Now, we will derive the expression for the LFT of Φ̃, Ψ̃:

Ψ̃
[
û | g

]
= inf

ν

{∫
X
û(y)ν(y)dy + Φ̃

[
ν | g

]}
= inf

ν

{∫
X
û(y)ν(y)dy + Φ[ν]− ϕ(g)

∣∣∣∣ G[ν] = g

}
= inf

ν

{∫
X
û(y)ν(y)dy + Φ[ν]

∣∣∣∣ G[ν] = g

}
− ϕ(g)

By Lagrangian duality, we have:

inf
ν

{∫
X
û(y)ν(y)dy + Φ[ν]

∣∣∣ G[ν] = g

}
= inf

ν

{∫
X
û(y)ν(y)dy + δ0 (G[ν]− g) + Φ[ν]

}
= sup

α

{
inf
ν

{∫
X
ν(y)

(
û(y) + αg(y)

)
dy + Φ[ν]

}
− αg

}
= sup

α

{
Ψ[û+ αg]− αg

}
Therefore,

Ψ̃
[
û | g

]
= Ψ[û+ αg]− αg − ϕ(g),

where α satisfies the condition

g =
∂

∂β

[
Ψ
[
û+ βg

]]
=

∫
X
g(y)p(y)e−û(y)−αg(y)dy∫
X
p(y)e−û(y)−αg(y)dy

.

These are exactly the expressions given in the main text for Ψ̃.


	List of Figures
	Glossary
	Introduction
	Cellular heterogeneity and phenotype switching
	Towards a rigorous ``landscape theory'' for cell phenotype
	Quasi-potential function for non-gradient systems
	Application to cancer development

	Quasi-Potential Function for Cell State Dynamics
	Vector field decomposition for quasi-potentials
	Large deviation principle for a quasi-potential
	Stationary rate function as quasi-potential
	Connection between rate function and entropy
	Metastable states and the population balance equation

	Evolutionary Dynamics of Cancer Progression and Treatment
	Phenotypic heterogeneity and ``cancer attractors''
	Mathematical models for cancer: mechanistic vs. descriptive
	Drug resistance poses a major challenge to improving cancer treatment
	A dynamical model of drug-induced treatment resistance in cancer
	Pharmacodynamic model of continuous therapy
	Qualitative sensitivity analysis of pharmacodynamic parameters
	Virtual patient cohort simulations
	Discussion and conclusions

	Stochastic Thermodynamics for ``Big Data''
	Gibbsian thermodynamics: from biophysical chemistry to living systems
	Statistical measurements, entropy, and the Legendre-Fenchel Transform
	Generalized Gibbs' theory
	Continuous state space and mechanical motion
	A theory of temperature and chemical potential of random motions
	Counting i.i.d. particles in R3 
	Discussion and conclusions

	Quantifying Single-Cell Gene Expression Dynamics
	Direct estimation of cell state transition rates from single-cell data
	Demonstration of direct estimation method on in silico data
	Adapatation of a maximum likelihood framework for estimating cell state transition and growth rates
	Future directions

	Conclusions and Future Directions
	Bibliography
	Quasi-Potential Theory
	Dominant balance for WKB approximation
	Asymptotic behavior of the Hessian matrix Hex 

	Cancer ODE Model
	Linear stability analysis
	Dynamics of tumor population recovery
	Supplemental tables and figures

	Stochastic Thermodynamics
	Tracking vs. counting and entropy of assimilation
	Lagrangian duality: multiplier as a conjugate variable


