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Improving the observability properties of a system allows us to better estimate the system’s
states, hence design efficient robust controllers. However, every system is unique with its
dynamics and measurement functions, and the existing numerical/analytical observability
analysis tools may fail to complete the task because of the sometimes unusual forms of these
functions. In this dissertation, we mainly study two questions from an observability point of
view: optimal sensor placement on a flapping wing with neural-inspired measurements, and
optimal trajectory planning for the estimation of inertial parameters of a rigid body such as
spacecraft, airliner, or satellite. The former requires the development of observability analysis
tools for systems with output delay and for systems with composite output functions. We
pose observability-based optimization problems to achieve the latter task. After studying
these problems using deterministic tools, we consider the process noise in the observability
analysis, which can reveal observability in systems that would be otherwise regarded as
unobservable and use a numerical tool, the stochastic empirical Gramian, to address the

problem of sensor placement for systems in the presence of noise.
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Chapter 1

INTRODUCTION

Sensing mechanisms in both biological and engineered dynamic systems are critical as
feedback control laws use estimated states based on the measurements from sensors. Ob-
servability, a system property, is the ability to determine all system states from the sensor
readings. If a system is not observable, a filter cannot fully estimate the system states regard-
less of how well it is designed. The observability metrics showing the level of observability and
their connection to the performance of well-known estimators are studied in the literature.
Better estimation of system states allows one to design efficient robust controllers. In this
dissertation, our aim is to introduce analytical and numerical observability analysis tools for
aerospace systems with neural-inspired measurement functions and to ensure and improve
observability for the parameter identification problem. Since the neural encoding mechanism
in animal sensing works like an embedded filter, we also present an observability-based sensor

placement methodology for systems with process noise.

1.1 DMotivations

Our first source of motivation comes from biological systems. Flying insects have the same
needs for position and orientation awareness relative to the surrounding environment (pose)
as engineered flight vehicles, but they must determine this information with much less com-
putational power and much simpler sensors than the gyroscopes, GPS, accelerometers, and
other modern sensors used in air and space vehicles. By studying underlying principles of
sensing mechanics and signal processing in biological flight, the potential exists to translate
these basic principles to significantly more effective engineered systems. In this disserta-

tion, we consider the use of mechanosensing in insects via strain measurements and neural



processing of the resulting strain signals to inform engineered sensing capabilities.

The neural encoding mechanism, which cancels out the stimulus noise, motivated us to
study the observability-based sensor placement problem also for stochastic systems. Perfor-
mance resilience in the presence of sensing noise, environmental disturbances, and modeling
imprecision is typically approached from the perspective of robust control theory. However,
all feedback-based control techniques, including robust methods, are constrained by the qual-
ity of the state estimate as determined both by the accuracy of the estimate (how close the
estimate is to the true value) and the precision (how well the estimate is known). Specifi-
cally, the precision, as captured by the covariance of the error, directly affects the size of the
robustness margin of the controller. Even in linear systems where the separation principle
indicates that the design of system control and estimation are independent, the structural
properties of sensor location have a direct impact on control performance. As shown in [1],
observability in linear systems directly bounds the covariance of the error for estimation fil-
ters. Improving the system observability necessarily improves the error covariance, regardless
of the particular filter being used. These improvements can be further enhanced by assessing
observability in the presence of noise using stochastic tools rather than using the typical
deterministic observability framework. Here, we address the use of stochastic observability
tools in the task of determining optimal sensor placement and, in particular, optimal sensor

placement in the context of sparse sensing.

Finally, we are interested in determining the mass and inertia properties of a mechani-
cal system as it is one of the key elements for studying the motion from the stability and
control point of view. In many cases of interest, direct measurement of these properties is
not possible, or at least not straightforward, either due to system complexity or to time
variations in the values. Aircraft and spacecraft, in particular, demonstrate this level of
complexity that requires active identification or estimation of inertial properties [2, 3]. Here,
we use nonlinear observability analysis tools and relate observability-based metrics to esti-
mator performance to determine the inertial parameters. In particular, we explore classes of

necessary system excitation that enable the determination of the inertial parameters through



estimation algorithms.

1.2 Literature Review

1.2.1 Biological Flight: Neural Encoding Mechanism in Sensing

Sensory neurons in an animal’s body are responsible for receiving stimulus information and
delivering it to the rest of the nervous system [4]. This data transfer relies on action potentials
(voltage spikes) [4]. Neural encoding is the mechanism that converts a stimulus into these
voltage spikes. This mapping is not fully understood and might be so complex that, for
example, a single unit in an animal’s retina might be specialized in responding to particular
light patterns and to being insensitive to others [5]. Here, the sensing modality on which
we will focus is that of mechanosensing. Campaniform sensilla are a type of strain-sensitive
mechanoreceptors found in flying insects and use a signal history no longer than 40 ms [6].
Inertial rotations are detectable from this strain information [7, 8] at a rate much faster than
the essential but relatively slow visual system [9] thus enabling rapid maneuvers of insects
that require sensory feedback. In [10], it is shown that small numbers of sensors inspired by
the campaniform sensilla placed in advantageous locations can provide a good classification
of strain data from a hawkmoth Manduca sexta wing model for the purpose of determining
animal rotation rate. Spatial distribution of campaniform sensilla on insect wings in terms
of form and function has been further discussed in [11].

A simple model of neural encoding can be obtained by composing a linear filter and a
nonlinear decision function. This temporal filter acts like a moving average filter in engineered
systems, and the output at any given time is not just a function of the state at that time but
is also an explicit function of previous states, that is, neural encoded measurements use the
history of the stimulus. The range of filter length is nominally unlimited, however, effective
stimulus history for spiking is typically a few hundred milliseconds long in practice [4].

To explore these ideas from an engineering perspective, we here consider neural process-

ing and mechanosensing using systems theoretic tools. In engineering systems, the ability



to reconstruct state data from measurements is assessed by the system observability, and
the algorithms and devices used to perform the reconstruction are implemented via filters.
Since the original introduction of filter design for linear systems such as the Luenberger
filter and the Kalman filter [12], the assessment of observability has typically been handled
independently from filter design with the idea that any improvements in observability will
necessarily benefit any filtering methods used. In nonlinear systems, observability analysis is
generally approached using differential geometric methods, and, unlike linear systems where
the separation principle guarantees that system actuation has no effect on sensing ability,
system actuation in nonlinear systems can affect whether and how well system sensing can
be leveraged for state reconstruction [13].

The observability of linear time-invariant systems with output delay was discussed and
observer design was given for a class of such systems in [14]. The observability of four
common neuron models without output delay and with one measured state was studied in
[15]. Recently, a new notion of observability was introduced for systems with commensurate
delays in dynamics and measurements [16, 17].

For systems where analytical tools are impractical, the empirical observability Gramian,
a numerical tool first introduced by Moore [18] then systematized in [19] for model reduction,
can be adopted for local observability analysis. Recently, an empirical Gramian rank condi-
tion for weak observability of nonlinear systems and an equivalent sufficient condition based
on the minimum singular value of the empirical observability Gramian were developed in
[1]. A numerical approximation to obtain a lower bound for the minimum singular value was
presented in [20], as the analytical calculations are usually intractable. Finally, a powerful
open-source toolbox for the calculation of empirical Gramians, emgr, has been introduced
for both time-varying and time-invariant systems [21].

The empirical Gramian has also been studied for stochastic systems. In [20], it was shown
that if an unobservable system is simulated with the process noise, one may get nonzero ob-
servability Gramian eigenvalues, that is, considering uncertainty reveals the observability of

the system which is initially determined unobservable using traditional methods. Although



a rank condition for the expected value of the empirical observability Gramian for stochastic
observability was given for linear systems in the same study using the stochastic observ-
ability definition from [22], it was stated that an extension to nonlinear systems was not
readily available since the fundamental matrix of linear systems has no analog in the non-
linear context. Finally, it was shown in [1] that the empirical observability Gramian as the
perturbation amount goes to zero bounds the Fisher information matrix (FIM), which is ele-
gantly related to the estimator error covariance matrix for linear systems by the Cramér-Rao

bound [23].

1.2.2  Engineered Flight: Estimation of Rigid Body Inertial Parameters

Estimation of inertial parameters using input/output behavior is studied in various areas
including but not limited to aerospace engineering [24, 3, 25, 26, 27, 2] and robotics [28, 29,
30, 31]. While the focus of most aerospace applications [24, 3, 25, 2] is the identification of
the inertia matrix, roboticists [29, 30, 31| and researchers working on the interaction of a
spacecraft with another object such as space debris [26, 27| present approaches to estimate
the mass and the center of mass in addition to the inertia matrix entries, based on the work
by Atkeson et al [28]. Finally, the parameter estimation problem specific to unmanned aerial
vehicles is widely studied in recent years [32, 33, 34, 35, 36].

The methods used in estimation of inertial parameters include adaptive control laws
24, 26], least squares [3, 27, 28, 29|, constrained least squares [25], and the equation-error
approach [2]. Better or optimized excitation profiles (inputs) are discussed in some of the
studies mentioned above. Single periodic command signals [24], orthogonal multisine exci-
tations [2], finite Fourier series [29, 31], and modified Fourier series [30] are some of these
profiles. Underlying the viability of each of these approaches is the requirement that the
mathematical relationship between the measurements and the quantities being measured
(the states) is invertible. This characteristic is, in fact, observability of the system. While
observability is typically applied to systems with dynamics, the methodology is also appli-

cable to parameter identification problems.



1.3 Contributions of this Research

We study the flapping wing dynamics with neural-encoded stimulus (strain) information to
be consistent with typical data obtained from biological systems. Since a neural encoder can
be modelled as a composite function with delay, existing analytical observability tools are
revisited and developed for systems with output delay. To study the observability of systems
with composite output functions, we propose an expression of higher-order Lie derivatives of
a function composition in the direction of a vector field. The proposition is helpful to relate
the observable spaces of systems with and without composite output functions, which does
not only allow us to comment on the second function without having analytical results for
the first one but also makes it easier to analyze systems with composite output functions by

modularizing the task.

We then use the empirical observability Gramian for the observability analysis of an
Euler-Lagrange model of hawkmoth Manduca sexta flapping wing dynamics with a neural-
inspired output function. A convex program with a linear combination of two empirical
Gramian-based unobservability metrics as the cost function is posed to optimally place sen-
sors throughout the veins on the wing, and the effect of neural encoding model parameters

on observability is explored.

To study the optimal sensor placement problem for the flapping wing dynamics with
process noise, we pose a minimization problem where the cost function is the expected value
of a linear combination of unobservability metrics based on stochastic empirical observability
Gramians calculated for all possible sensor locations. We use a finite element model of a
flapping wing instead of an Euler-Lagrange model to be able to include as many modes as
possible. The expected values are obtained from Monte Carlo runs, where the number of

simulations is chosen based on the convergence of the results.

Finally, we analyze the nonlinear rigid body inertial parameters estimation problem using
analytical and numerical observability tools. Since observability is a binary definition, we

again implement the empirical observability Gramian to further study the nonlinear system.



We present observability metric distributions throughout the vertical cross-section of the
rigid body and depending on the input profile. Unlike Morelli’s study [2] in which inputs
by devices (aircraft flight control surfaces) were considered, we focus on net force/moment
profiles to reach non-system-specific conclusions and test not only multisine signals but also
a constant input. Finally, we investigate estimator performances in the cases we studied
observability and see necessary Lie brackets are immediately generated when the input is

not constant.
1.4 Organization

The remainder of the dissertation has been organized as follows. Next chapter introduces
the model of two systems that inspired our work. Chapter 3 gives the background of observ-
ability analysis tools and observability metrics. Observability analysis tools for systems with
bioinspired measurements are given in Chapter 4. Chapter 5 describes an observability-based
optimal sensor placement methodology for stochastic systems. Finally, Chapter 6 discusses
approaches to ensure and improve observability via trajectory design. The summary of

results and future research directions are given in the last section.



Chapter 2
MODELS OF SYSTEMS OF INTEREST

In this chapter, we introduce two systems of interest: hawkmoth flapping wing dynamics
with neural-encoded measurements, and six-degree-of-freedom (6-DoF) rigid body dynamics.
Both of these systems are nonlinear, and we will use appropriate tools in the following

chapters to study their observability.

2.1 Biological Flight: Hawkmoth Flapping Wing

One of the foci of the work in this dissertation is the study of sensing and state estimation
based on neural-encoded strain measurements in flapping wing flight. While the lifting
surfaces of the system are assumed to undergo cyclic flapping, the results translate to any

lifting surfaces subject to structural loading.

2.1.1 System Dynamics Model

The particular system on which we base our work is the hawkmoth Manduca sexta. The
hawkmoth wing is modeled as a flexible, thin plate in a rotating, accelerating reference
frame as illustrated in Fig. 2.1. Here, we will summarize the results from the Euler-Lagrange
modeling in [37]. Details of the dynamic model can be found in the original paper.

The out-of-plane deformation as a function of time and spatial coordinates on the wing

is described by

Nm

W(Tp, Yp, t) = Z@(%yp)m(t% (2.1)

i=1
where n,, is the chosen number of modes, and w € R. The terms ¢;(z,,y,) € Rand n;(t) € R

are the free-vibration mode shapes and modal coordinates, respectively. The modes can
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Figure 2.1: Free body diagram of a thin plate with out-of-plane bending in a
rotating, accelerating reference frame, simplified from [37].

either be derived analytically such as for the cantilever structure shown in the image or
produced numerically through finite element analysis methods. The position, elevation and
feathering Euler angles, illustrated in Fig. 2.2, are denoted by 1, # and «, respectively.
Finally, the axis of feathering rotation relative to the wing coordinate system origin is given

T
as |:O 0 ;Bri| .

" ! "

Zw Rw - " %
1" -
Yw .-~
- Vi
0e i v

! wing stroke plane Q
yw W Cj]o
T
d Ty
position angle elevation angle feathering angle

Figure 2.2: The Euler angles, v, 6, and o that represent the wing stroke kine-
matics within the wing frame, [z, Y, 20] " [37]-

In the dynamics model here, aerodynamic terms are neglected, which is a reasonable
assumption since the aerodynamics are not a significant factor of the motion as shown ex-

perimentally in [38] and numerically in [37]. The resultant model of the wing flapping
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dynamics is

T, <2PR — Q)
n+ Q- (PP+ Q). )n=M,| —QrR-P |, (2.2)
PR-Q

where 0 € R™*"m is the diagonal modal frequency matrix, M, € R"*3 is the applied
acceleration mass matrix, and (P,Q,R) and (P,Q, R) are wing rotation rates and wing
rotational accelerations of the plate coordinate system, respectively. Defining the state vector
as X = [nT 7‘77 P Q R ! and the input vector as u = [P Q R} T, the dynamics can

be written in control-affine form as:

n On,x1 Onpx1 Onpnx1
_Kn+ (2Myz, + Mg)PR — MaQR| | =My —Myz, — My Opo1
X = 0 1 0 0 u,
0 0 1 0
I 0 I 0 0 1

(2.3)
where K = Q — (P? + Q?)1,,,, is the stiffness matrix and M; denotes the j™ column of the

matrix M,. Here, T denotes the matrix transpose.

2.1.2  Neural Encoding

We review here the relevant neural encoding framework to relate strain due to the out-of-
plane deformation, €, to the probability of firing of a neuron, Pjy., which we will assume
to be the system output. A current, experimentally validated model of the neural response
corresponding to strain due to mechanical stimulus, €, on a hawkmoth wing is based on two
functions [9]: the spike-triggered average (STA) and a nonlinear activation (NLA) function.
The former is, as its name suggests, a functional approximation of the average of the stimuli,
which triggered an action potential at time ¢ = 0. As given below, it is approximated as an

exponentially decaying sinusoidal function with a delay, a [10], its value is zeroed out as ¢
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goes to infinity:

STA(t) = cos (27 fsra(—t + @)) exp (—(+2+a)2> : (2.4)

The other parameters, b and fsta, are the width and the STA frequency, respectively, and
along with the delay, a, they are taken to be constant for the neuron’s encoding model. For

convenience, an alternative scaled frequency parameter can be defined as:
wsTA = 27 fsTA- (2.5)

The convolution of new strain data and the STA can be used to estimate the firing rate
of the neuron. However, the rate cannot be negative, and also it requires a saturation value
to properly reflect the neuron’s nonlinear behaviour [4]. The following nonlinear function of

the projected stimulus, &, is used to satisfy these requirements:

1

NLA(S) = 1 + exp(—C(f - d))

(2.6)

Here, c is the slope and d is the half-maximum position of the NLA function, and again,
these parameters are treated as time-invariant variables in the encoding model of a neuron.
Finally, the probability of a neuron firing at the coordinates (x,y) on the wing can be

captured by the functional relationship [10]:
Pave(z,y,t) = NLA({(z,y,1)), (2.7)

where the projected stimulus, &, is assumed to take the form

1

&(x,y,t) = 55/0 e(z,y,t — 7)STA(T)dT. (2.8)

Here, N is the maximum delay, and C; is a normalization constant used to adjust the
output scale of the convolution step to match the input scale of the NLA function. Discrete

convolution can be used instead of the continuous formulation in Eq. (2.8). In that case,
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note that C¢ depends on the step size in the convolution. Determination of C¢ will be further
discussed in Section 4.3. The probability of firing, Ps., will be used as the measurement
function in our simulation model.

The full neural encoding model described above is illustrated in Fig. 2.3. Note that
mechanisms such as adaptation [39, 40] and spike timing [41, 42] are not included in this
model. Note also that a rectified hyperbolic tangent function with another pair of parameters

can be used as an alternative to Eq. (2.6) [4].

STA
0 N
I NLA

1
stimulus, € —— @ —_— l i. 05 / probability of
’ C‘f 0 ﬁfiﬂg: P fire

-1 0 1

Figure 2.3: The probabilistic firing model of a strain-sensitive neuron takes the
strain data as input and calculates the probability of firing, Pg.., in two stages.
First, the discrete convolution, denoted by x*, of the strain data with STA(7) is
performed. After the normalization of filtered data by 1/C¢, the probability of
firing is given by NLA(¢).

2.2 Engineered Flight: 6-DoF Rigid Body

In this section, we first give a state-space representation of a six-degrees-of-freedom rigid

body’s dynamics, then simplify it to allow motion only in the vertical plane.

2.2.1 Full Dynamics Model

Consider a rigid body with two fixed reference points: center of mass (CoM) and o, the

origin of &2, a local coordinate system. Let the vectors q and p locates them with respect to
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a reference inertial coordinate system &', and define the location of the center of mass with

.
respect to & by the vector ¢ = |:C:c cy Cz:| (Fig. 2.4).

Figure 2.4: The center of mass, the origin of &, and the vectors locating them
with respect to each other and with respect to &, a global coordinate system.

T T
Let the force and moment through o, be f, = [Fw F, Fz] andm,, = [Mz M, MZ} ,

T

respectively. Also, let the linear velocity of o, relative to o, be v, = [U Vv W} and the
T

angular velocity of & relative to & be w,, = [ P Q R] . Here, the subscript & denotes

that all the four vectors are expressed in . Then the matrix form of the equations of

motion about o, is [43]

Mv + Cv)v =T, (2.9)

T T
where v = [v;] w;} is a generalized velocity vector expressed in &, 7 = [f; m;} is
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a generalized vector of external forces and moments, and the matrices M and C(v) are

mlIsxs —mS(c)

M = , (2.10)
mS(c) I,
Clv) = 03,3 —mS(vy,) — mS(w,)S(c) | (2.11)
—mS(vy) + mS(c)S(w ) —S(Iywy)

where m is the mass of the body,

I,=1,=|-I, I, —I,. (2.12)

is the inertia matrix/tensor about o,, and S is the cross-product operator such that

0 —X3 X
SA)=1X 0 =X\|- (2.13)
X A0

The dynamics given in Eq. (2.9) can be written in the state-space form,

x = , (2.14)

-
where the state vector is defined as x = [pT el vI w; , and O is the vector of Euler

P
angles (¢, 0 and ).

In Subsec. 6.3.1, we will discuss the observability of the ten inertial parameters: the

mass, the six unique entries of I ,, and the location of the center of mass, c.
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2.2.2  Dynamics Model in 2D

In flight controls engineering, decoupling of the nonlinear equations of motion is possible
since the longitudinal and lateral /directional modes of the system are roughly decoupled,
given that there is no excitation of the other’s modes. In a straight flight condition (no yaw
or roll), the motion can be simplified to the vertical plane (longitudinal) dynamics instead
of addressing the full flight dynamics [44]. Here, we leverage this decoupling and restrain
the rigid body to have three degrees of freedom: translational motion in the xz-plane and
rotation in the xz-plane (about the y-axis). By simplifying the generalized velocity vector
and the generalized vector of external forces and moments to reflect our assumption, we get
V= [U 1% Q]T and T = [Fx F, My} T, respectively, and the equations of motion (2.9)

are reduced to

Mv + C(v)v = T, (2.15)
where
m 0 me,
M = 0 m —mec, (2.16)

mec, —mcy lyy

is the system inertia matrix, and the Coriolis—centripetal matrix is

0 0 —m(c,Q — W)
C(p) = 0 0 —m(eQ+U) |- (2.17)
m(c,QQ — W) m(c,Q+U) 0

Again, we express the dynamics in state-space form while also including the velocities in
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-
the derivative where the state vector is defined as X = [Pm p. 0 U W Q] :
. v
x=|__, - , (2.18)
M (7 -C(v)p)
and the inverse of the system inertia matrix is
- e, s
_ 1
= 2 _lw .| 2.19
me2 +mc2 — I, CCz G T Ce (2.19)
C, —Cy —1

Notice that the reduced dynamics do not have ¢, as a parameter, and the only inertia matrix
entry appears in Eq. (2.18) is the moment of inertia about the y-axis, I,,,. In Subsec. 6.3.1,

we will discuss the observability of the four inertial parameters: the mass, c;, c., and I,.
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Chapter 3

OBSERVABILITY BACKGROUND

As a fundamental system property, observability characterizes the existence of an invert-
ible mapping from measurements to state space. In this chapter, analytical and numerical
tools for observability analysis of systems in some standard forms will be summarized along

with the terminology used in the rest of the dissertation.

3.1 Analytical Observability

Formally, a dynamic system is observable if there exists a finite time, 7" > 0, such that the
knowledge of the input and the output over the time interval [0, 7] is sufficient to uniquely
determine any unknown initial state [45]. If an unknown initial state can be uniquely deter-
mined in an open neighborhood of itself, then the system is locally weakly observable. If
the system is locally weakly observable at any point in the state space, then the system is

called (globally) weakly observable.

3.1.1 Linear Systems

Consider the continuous-time/discrete-time linear time-invariant control system

x(t) = Ax(t) + Bu(t) Xp+1 = Axy + Bug
ZCT-LTI : / EDT-LTI : (31)
y(t) = Cx(t), i = Oxy,

where x € R" is the vector of states, u € R™ is the vector of inputs, and y € RP? is the vector

of outputs. It is a well-known theorem that Xcr.prr/Xpr.rrr is observable if and only if the



18

T-step observability matrix

C

CA
Or

I
—
@
[\
~

CATfl

is full column rank for some T' > n where n is the number of system states [46]. Since
the rank of the observability matrix remains the same after the n-th step, which can be
shown using the Cayley—Hamilton theorem (see [47, pp.6-7]), it is sufficient to check the
observability rank condition for 7' = n. If the kernel of O,, is not equal to the zero subspace,

then the system is called unobservable.

3.1.2  Nonlinear Systems

Consider continuous-time nonlinear time-invariant systems in control-affine form:

x(t) = fo(x(t)) + Z fi(x())u;(t)

ZNLTI . (33)

The observability of such systems can be studied using differential geometry methods [13, 48|.
To begin, one constructs the observability Lie algebra, G, also termed the observation space,

for ENLTI [48]
g = span{Lxl s kah, k=0,1,...n—1, X, € {fo, R ,fni}}, (34)

where the Lie derivative, Lgh, denotes the derivative of the vector-valued function h with

respect to x on the vector field fj, i.e.,

oh
Leih = ——f, .
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and repeated Lie derivatives are calculated as Lfh = LfiLl;i_lh. A rank condition for weak

observability is then
rank(dg) = n, (3.6)
where dG is the set of all gradients of the vector fields in G [13], i.e.,
dg ={d¢: ¢ € G}. (3.7)

Notice the control vector fields, f1, ..., f,,, appear in the observability Lie algebra, that is,
unlike linear systems where the separation principle guarantees that system actuation has
no effect on sensing ability, the coupling of actuation with measurements can affect whether
and how well system sensing can be leveraged for state reconstruction [13], e.g., as illustrated
in [37, 49], having a control term can make an unobservable control-free nonlinear system

observable.

3.2 Observability Gramians and Output Sensitivity

The observability rank conditions presented in the previous section provide a binary measure
of observability and require the system to be expressed in certain forms. On the other hand,
as shown below, quantitative measures of observability can be obtained via the analytical
observability Gramian or the empirical observability Gramian matrix [50] which, at the cost
of some accuracy, has the benefit of not requiring analytical calculations such as the derivative
of the measurement function, h(x), with respect to x.

In continuous-time linear systems on the form of Eq. (3.1), observability can also be
determined from the nonnegative-definite symmetric matrix, W, (o, ¢;), termed the observ-

ability Gramian [51] where

t1
W,(to, t1) = / ACTCeMdt € R (3.8)

to
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If this matrix is full (column/row) rank, then the system is observable at time t = ¢y. In
addition, the observability Gramian has the benefit of being a convex function to which a
norm can be applied and a more refined measure of observability can be determined than
the binary results above. Of further interest is the relationship between W, (ty,t;) and the
sensitivity of the output to the state being estimated, x(tg) = xo. Specifically, for linear

time-invariant systems, one has the relation dy,y(t) = Ce”! which allows us to write

t1
W, (g, 1) = / ey’ (D)0 (t)dt € R™. (3.9)
to

In this last form, the observability Gramian does not require the structure of a linear system,
simply that the partial derivatives of the output with respect to the initial state can be

computed [51].

To implement the empirical approach, one simulates the system dynamics with perturbed
initial conditions and an input sequence, u € U, where U is the set of permissible controls.
Specifically, let y™ and y~% be the simulation outputs resulting from simulating the system
dynamics with the nominal initial condition of state x(; perturbed respectively in the positive

and negative directions by amount €. Then the empirical observability Gramian is computed

as
1 [
Wit xou) = 7 / = (t, %0, 1) TO (£, %0, w)dt € RV, (3.10)
€ Jo
where xg is the initial state and
@a(t,Xo, u) = [y'H — y_l . y+n -y "l (311)

In linear system observability analysis, the observability Gramian (3.8) must be full rank
for the system to be observable. The following theorem suggests a similar rank condition for

We.
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Theorem 1 [1] Given X1y, if there exists uw € U such that

rank <1im W (t, Xo, u)) =n (3.12)

e—0
for some ty > 0, then the system is weakly observable at xg.

Another sufficient condition can be stated based on the minimum singular value of the
empirical observability Gramian, ¢(W¢). This theorem is useful as W¢ is full rank by con-

struction and positive definite, so the singular values are at the same time the eigenvalues.

Theorem 2 [1] If there exists u € U such that

Vnett
3

9y

aXO

a(W;7) > sup <

t€(0,t1]

ne4t1
r I? 3.13
T, (3.13)

for some ty > 0 where

Dy(n)(e;, e, ei)|

['(t,x0, u) = max sup (3.14)

)
vt neI; !

the elements of the standard basis in R™ are denoted by e;, and I = [xo — €€;, Xy + €€;] is

the closed line segment from xo — ce; to Xo +ce;, then the system is weakly observable at xg.

Although these results are important as they are equivalent to the observability Lie algebra
approach in determining nonlinear system observability, the analytical calculations in Theo-
rem 2 are usually intractable. A subsequent study [20] proposes to use second-order central
difference methods to approximate dy/0xq and D3y(n)(e;, e;, e;). The approximation for

the former is

8y -~ de (tk)

S (t) ~ (3.15)

To approximate the third Fréchet derivative, Z7 is discretized into P points, x;;, for j €

{1,..., P}, then the trajectory is simulated four times per point, and the following calculation
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is executed:

Dy (xi;) (e, e, e;) zé (%YJFH (troxig) =y (tr, Xig) +y ' (tr, Xis) — %Y__i (tkaxi,j)) -
(3.16)
Here,
y T (t,x;5,u) = h (@ (t,x;; + 2dze;, u)) (3.17)
and
y U (t,x;5,u) = h(x (t,x;; — 2dze;, u)) (3.18)

for some small dz € R. Using these approximations to obtain a lower bound for o(W¢) does
not provide a sufficient condition for weak observability. However, they give a general idea of

the lower bounds, and we will be leveraging these approximations in the following chapters.
3.3 Observability Metrics

In this subsection, we summarize observability metrics based on the (empirical) observability
Gramian. But first, let us mention the four axioms introduced by Miiller and Weber [52] to

define a quality of measure: A scalar value pu(P) is called a measure of quality if and only if
e u(P) =0 for P with det(P) =0,
e (P) >0 for P with det(P) > 0,
o u(kP) = ku(P) for k > 0,
o w(P1) = p(Ps)+ p(Ps) for Pr =P+ P,

where P denotes a positive (semi-)definite matrix associated with the system. If P is the
observability Gramian, then these axioms say: a) if a system is unobservable, then the metric
should be zero, b) if a system is observable, then its metric should be positive, c) if all the

outputs of a system are scaled by a number, then the metric should be scaled by the same
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number, and d) two outputs should have more or equal energy together than the case they
acquire data separately.

Krener and Ide [50] introduced two unobservability metrics based on the empirical Gramian:
the reciprocal of the minimum eigenvalue of the observability Gramian, 1/A(W,), which is
also called the unobservability index, v(W,), and the condition number of the same matrix,
k(W,) = M(W,)/A(W,). The former determines the weakness of the chain by its least strong
link. The latter shows the balanced contribution of states to the output, and its value is
desired to be one assuming that the output coordinates are already scaled. Notice that for
w = 1/k(W,), the third axiom does not hold since the scaling of the Gramian would not
change the condition number. Also, as pointed out in [50], the last axiom is also not always
true for this metric. Still, the condition number of the observability Gramian is a significant
measure as it shows how well-conditioned the estimation problem is.

In [53], the optimal phasor measurement unit (PMU) placement problem was formulated
to maximize the determinant of the observability Gramian, det(W,), which is equal to the
product of all the eigenvalues of W,, but it was advised that one should check the minimum
eigenvalue to be at an acceptable level. Since the maximization of det(W,) is not a convex
problem, log det(W,) is sometimes preferred instead, e.g., in [54]. However, an alternative,
the n-th root of the determinant, [det(V,)]'/™, is not only concave but, as stated in [55], also
follows all the other axioms above.

Although the trace and the spectral radius might be useful for applications like model
reduction, they are not usually the first choice for observability analysis as they are not able

to catch the case when W, is singular and violate the first axiom.
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Chapter 4
NEURAL-INSPIRED MEASUREMENT OBSERVABILITY

In this chapter, we discuss systems with output delay and systems with a composite
output function. As mentioned in Chapter 2, the neural encoding mechanism in animal

sensing can be modeled as a combination of these two output types.
4.1 Observability Analysis of Systems with Output Delay

In this section, we first present our approach to the observability analysis of linear systems
with output delay and by relating the observability matrices of the cases of delay-free and
delayed measurements show that having a filter can make an observable system unobservable,
but not vice versa. Second, we use the existing geometrical methods to study the related
observability of nonlinear autonomous systems.

In real systems, all measurements are delayed as compared to the standard non-delayed
model. When the output is an explicit function of a state vector at a previous time, it is said
the system has an ideal delay. Whereas here we consider systems with an output function

explicitly depending on more than one previous state vectors.

4.1.1  Linear Systems with Output Delay

Consider the following discrete-time time-invariant system with linear dynamics and delay:

X1 = Axy + Buy,

N (4.1)
Yi = Z C‘I‘Xk‘fT'
7=0

ZLTIW/D :

Here, x;_n is the oldest state upon which y; explicitly depends.
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Theorem 3 The system with delay (4.1) is observable if and only if the pn X n observability

matriz ~ -
C
_ CA
0= , (4.2)
CfAn—l
is full column rank where the p x n matriz, C, is defined as:
N
C=> CAVT. (4.3)
7=0

PROOF First consider the measurement at time k = 0, yq, and use the system dynamics to

relate it to only the state vector, x_y:

Yo = C()Xo + C1X_1 + -+ CNX_N
= Co(AX,l + Bu,l) + Clel + CQX,Q + 4 CNX,N

= C()Bll_l + (C()A + Ol>X_1 + CQX_Q + -4 ONX—N

N T N
= Z (Z CilATi> Bu,T —+ Z CTANiTfo

T=1 =1 7=0

Hence, by defining
N T
Y, =YE— ) <Z CHA”) Buy_,, (4.4)
=1 \i=1

a set of n consecutive measurements can be stated as the following as is usually done for
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delay-free systems:

Y. = éxk;—N

Xk‘—i—l = ka,N+1 = CAXk,N + CBllk,N

n—2
Yiin-1— CxppNin—1 = CA" 'y + Z C’Anfzijuk_Nﬂ-.
§=0
Finally, we can write
Z = @Xk—Na (45)
where the pn x 1 vector y is defined as:
Xk: 0P><1‘1i Opxni T OPXHi [~ 7
= ) Ug_nN
Xk+1 CB 0p><ni i 0p>< n;
: . Ug—N+1
y= : - (4.6)
= = = Ug—N4n—2
Yiinoi CA" 2B CA" 3B ... CB | * -

Here, y is known, and x;_y can be uniquely determined if and only if the null space of the

observability matrix is zero, N'(O) = {0}. |

Theorem 3 also implies that the observability of linear systems with delay does not depend
on the input, just as in the delay-free case.

In the rest of this section, two special cases will be considered. In the first case, the same
filter coefficients are used for each output, (y);, and the coefficient matrices are assumed to
be a scaled version of the measurement matrix, C', of Eq. (3.1). In the case of heterogeneous
sensing, the coefficient matrices are obtained by scaling each row of C separately. It will

be shown that in both of these noteworthy cases, having an output delay does not make an
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unobservable delay-free linear system observable. This result is an expected one because the

methods we use here are just an application of well-known types of filtering.

Uniform Sensing

If C; = ~vC in Eq. (4.1) where v, € R is a scalar, then the observability matrix (4.2)

becomes

INC +YN_1CA + - + 4 CAN
INCA + Ny 1CA% + - 4 g CANF!

a
I
—
=~
\'I
S—

_WNC'A”’1 +yv_1CAY 4+ - + ,YOCAN+n—1_

Corollary 1 If the delay-free system, YXpr.pr1, is unobservable, then X rp,/p with uniform
sensing is also unobservable. Also, if the matriz polynomial (Iyy + Ayn_1 + -+ + ANvp) is

nonsingular, then rank(Q) = rank(O,,).

PROOF The observability matrix O can be written as:

e A [ cav |
_ CA C A2 C AN+
O=w | | +wal| |+ +7%
: : (4.8)
C A1 CA™ CAN+n—1
= On(fn’)/N -+ A’}/N,1 + -+ AN’)/(]),
and the result follows directly. [ |

The exceptional case of the singularity of the matrix polynomial is illustrated in the last

subsection.
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Heterogeneous Sensing

If C; = diag (Vir,Y2r, - -+, Yr)C = G.C in Eq. (4.1), then the observability matrix (4.2)

becomes
[ GNC Gy CA+ -+ GoeAY ]
5 GNCA+ Gy 1CA? + -+ GyCANH! (49)
|GNCA™ !+ Gy CA™ + -+ GO AN
_GN Gy.1 - Go 0 0_ [ C |
A | R A
0 - 0 Gy Gy_i - éo_ CAN L]

Corollary 1 If the delay-free system, Xpr.pr1, is unobservable, then Xprp,/p with heteroge-

neous sensing s also unobservable.

PROOF Since rank(Oy,,) = rank(O,,), and the rank of a matrix product is no larger than

the minimum of the ranks of the factors, it can be stated that rank (O) < rank(O,,). |

Note that this analysis is also valid where G is not a diagonal matrix.

Systems where each output has a different window size are not within the scope of this
study. However, an approach for the analysis of such systems is outlined as follows. Con-
sider the case where (yx); = Zivio VirCXp—r. Then define N = max (N1, Na,...,N,), and
construct output matrices as C; = diag (i, V2r, - - -, Ypr)C by letting v, = 0 if it is not
already defined. Finally, a sufficient observability condition can be obtained by following

similar steps to the constant-history-length heterogeneous sensing case.

4.1.2  Nonlinear Systems with Delay

In this section, we describe how the existing geometrical methods presented in Chapter 3

can be implemented for nonlinear systems with delay. Our analytical approach is restricted
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to autonomous systems where u = 0 because of the constraints below. The non-autonomous

system can be studied using the empirical observability Gramian.

Consider the following class of autonomous systems with output delay:

x(t) = fo(x(1)),

ENLTIW/D : N
yi(t):/ C(r)z;j(t —71)dr, i=1,....p, j€{l,..
0

(4.11)

.,n}

Here, each of the p outputs is the convolution of one of the states with the same coefficient

function, C'. Assume that all states appearing in the output vector can

be obtained as a

function of x(t — V) and 7, that is, assume that there exists a vector function, h,y, such

that
zj(t—71)= Bauxi(x(t — N), 7).

Since it is possible to write the output as a function of only x(t — N),

(4.12)

the Lie algebraic

approach can be used for the observability analysis as is done for delay-free nonlinear systems.

The observation space, G, for i /b is obtained by
G = span{L%‘lﬁ, ..., Lgh b},

where the Lie derivative is defined by

and h is defined in
y(t) = h(x(t — N)) = /0 C(T)haux(x(t — N), 7)dr.

Here, obtaining the set of all gradients of the vector fields in G, dG = {d¢

(4.13)

(4.14)

(4.15)

1 ¢ € G}, requires
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solving the integral in Eq. (4.15) which is usually a cumbersome process. The following

proposition is offered to sometimes bypass this process.

Theorem 4 Define Ggup = span{L?O_lﬁaux, ooy Ly hgue, et and dG e = {dé : ¢ € Guusl-
If the rows/columns of dG 4. are linearly dependent, then dG is rank-deficient.

PROOF Let rank (dG,,.) < n. Then the Leibniz integral rule allows us to write
— N —
dg = / C(7)dG auxdr. (4.16)
0

If the columns/rows of dG,.y are linearly dependent, then rank (dG) < n. [

4.1.3  Ezxample Systems

We first give an example to illustrate the observability analysis of a linear system with
output delay. Then we investigate the observability of flapping wing dynamics with filtered

measurements.

Double Integrator Dynamics with Differencing Output

Consider the discretized dynamics of a double integrator with the sampling period, T}, and

differencing output:
Xk+1 = X Yk = [1 O] Xk — [1 0} Xp—1- (4.17)

Here, we obtain C as
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and the observability matrix becomes

which is rank-deficient for any Ts. As Cor. 1 suggests, this result could also be obtained by
showing that

T
Iy + Ay = 1 —
0 1

is singular for any 7. That is to say, the double integrator dynamics with differencing
output (4.17) is unobservable, although the same system with the output y; = [1 0] X}, 18

observable.

Flexible Wing Flapping Dynamics with Output Delay

Using the Lie algebraic approach to observability, it has previously been shown that the delay-
free system (2.3) with the output, y = 7, is observable if and only if u # 0, i.e., the rotation
rates are observable from wing strain measurements if there exists angular acceleration in at
least one axis [37]. Here, to study the observability of the system with delay, the output is

taken as:

y(t) = /0 C(r)n(t — 7)dr, (4.18)

where C' is now a scalar-valued function, and it will be demonstrated that the control-free
system remains unobservable when the linear filter (4.18) is applied. First, the solution of
the system of differential equations (2.3) is utilized to construct dG... as defined in Eq.
(4.16). Since the case when u = 0 is considered, it can be assumed that the angular rates

are constant although their values are unknown. This fact leads to the reduction of the
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dynamics (2.2) to a second-order ordinary differential equation of the following form:

n(t —7) =hau(x(t — N),7) = cos (VEF)n(t — N) + K~ 2sin (VK7)i(t — N)

(4.19)
+ K~Y(I,,, — cos (VKT))Rg,

where 7 =N — 7, ¢ = PM — M, and M = 2M;z, + Ms. As a result,

hiux
L, haux
AGanx = | L3 Do
L B
L, Do

cos (VKT) K=Y2sin(WVK7T) Guaz Gaa —K '(cos(VKT) —1I,,)q
—K'?sin (VK7) cos (VKT) Gz G K~'2sin (VK7)q

= | —Kcos(VK7) —K'Ysin(VK7) Gus Gy cos (VET)q :
K372sin (WVK7) —Kcos(VKT) Guaz Gua —K'?sin (VK7)q
K?cos(WVK7T)  K*7sin(VKT) Gea Gea —K cos (VK7T)q

(4.20)
where the third and fourth columns are given in Appendix A due to space considerations.
The third, fourth and fifth columns are linearly dependent, and dG,. is rank-deficient by
one. Hence, dG is also rank-deficient by at least one, and the system with delay (2.3) is

unobservable when u = 0.

4.2 Observability Analysis of Systems with a Composite Output Function

In this section, we present theoretical results on the observability of systems with an output

having the structure of function composition of the form, goh. Our first main results is that
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if a system

is unobservable, then the system

Sgoh | (4.22)
y(t) = (g0 h)(x(1)),

is also unobservable for any function g. Applying a function g to the output of an unobserv-
able system thus cannot make the unobservable system observable. Our second main result
is that Y, can be unobservable, even if ¥ is observable. When applying a function g to
the output of X, leads to an unobservable system Y., we term the combination of 3J;, and
g a singular case. One should avoid singular cases whenever possible. For the remainder of

this section, we consider cases in which g and h have the same output-space dimension.

4.2.1 Observability Space for Systems with a Composite Qutput Function

We first consider a control-free nonlinear system X, with a single output, i.e., fo : R — R”
and h : R" — R. We also consider another system X, which has the same internal

dynamics as the first system but uses a function composition goh as output, where g : R — R.

The two systems have the respective observation spaces

Gn = span{L{ 'h,..., Lgh, h} (4.23)

Ggon = Span{L?Ofl(g oh),...,Lg(goh),goh}. (4.24)
Using the gradient operator, V, where

.
— [ 0 0 0
Vo= (2 2 . pe) (4.25)
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one can obtain the Jacobian matrices

]
AG = |Vh VLgh - VLy'h| . (4.26)

T
AGpor = [V(goh) Viglgoh) - VI (goh)| . (4.27)

of the observation spaces. Each of the Jacobian matrices has full rank if and only if the
corresponding system is observable. We thus call dG;, and dG,., the observability matrices

of ¥, and X, respectively.

4.2.2  Higher-order Lie Derivatives of Composite Functions

To be able to relate the observability of >, to Xj, we are interested in the determinant
of the two observability matrices dG,.;, and dG,. We start with deriving an expression for
L’f“0 (g o h) which appears in Eq. (4.24), and its gradient appears in Eq. (4.27) where k is a

positive integer.
Theorem 5 The k-th Lie derivative of a composition goh with respect to x on a vector field
f is
k
L¥(gon)=> " |(gPoh) Y (H L?’h) : (4.28)

J=1 SEMy ; \s;E€s

where ¢Y) o h denotes the j-th derivative of g with respect to h and My ; is a multiset of

ordered multisets of integers with the recursive construction rule

{S\{Si} U {Si—i-l} | S; €8, S& Mk—l,j} U {8 U {1} | S € Mk—l,j—l} ka >] > 0,

0 otherwise.

Mk,j =

(4.29)

PROOF See Appendix B. [ |
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Corollary 2 The gradient of the k-th Lie derivative of a composition g o h is

k

VLf(goh)=> (g oh)Vh >

7=1 sEMy, ;

e

S; €S

(W oh) Yo Y |vLgn) I Lin| ¢ - (4.30)
SEMy, ; seE€s siiz,

PROOF We apply the product rule for derivatives to Eq. (4.28) and obtain

+(gVon) Yy

SEM}CJ

v]] L?h]

S; €S

k
VLIf(goh)=> (g oh)Vh > [HL;%

J=1 s€EMy ; Lsi€s

(4.31)

Applying the product rule again to the second term in Eq. (4.31) yields Eq. (4.30). |

Also, see Appendix C for our conjecture on another expression of VLE(g o h).

4.2.8  Observability of Systems with a Composite Output Function

We are now ready to present the main result of this section by relating dgG;, and dG,., using

Cor. 2.

Theorem 6 Given systems ¥, in (32) and X0, in (33), define the observation spaces Gy, =
span{L{ 'h,..., Lgh, h} and Gy, = span{L{ '(goh),..., Lg(goh),goh} where £y : R" —
R™ h:R"™ =R, and g : R — R. Then, the Jacobian matrices of G1 and G, are related with

the expression

det dG,on = <2—z> det dGj,. (4.32)



PRrOOF Using (4.30), it can be written that

ggoh =

-1
> i

(g® o h)Vh Y [H Lih

s€My1 Lsi€s

(gt o B)Vh Z

SEMnij

|

I] ik

S; €S

(g o h)VTh

Faon X 3| T

sEM1,1 s¢€s

SEMy, 1,5 S¢€s

S; €S8

£l

S;E€ES

[
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+(gWon) Yo Y | VLER ][] Lik

Since we are interested in the determinant of the Jacobian matrix, G,op,, we are able to use

the Gaussian elimination algorithm and obtain

det Gpor = |(9' o )VR (g 0 W)V Lgyh

= (g’ oh)"

Vh VILgh

d n
= (d—Z) det Qh,

which completes the proof.

We draw two implications from Theorem 6:

VLE R

(¢’ o h)VL?o_lh

1. If the nonlinear system >Jj, is unobservable, then the system ¥, with the same internal

dynamics and composite output function g o h is also unobservable.

2. Observable systems X, lead to observable systems ¥, if and only if dg/dh is non-zero.

The function g serves the role of a spatial notch filter when dg/dh = 0. This result

also allows us to comment on the effect of g on observability even if it is not possible to

analytically study expressions like Vh. The examples given in the subsection below illustrate

these aspects.

T
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The observability analysis of controlled nonlinear systems requires calculating Lie deriva-
tives with respect to x on the control fields since the separation principle does not hold as
shown in Sec. 3.1. The extension of the result presented for control-free systems to single-
or multi-input systems requires an expression for VL?O_ILE_I(Q o h) similar to the one we
obtained in Corollary 2. We anticipate that the requirements for the observability of a sys-
tem with a composite output function are the same for control-free systems and for single-
or multiple-input systems with one difference: The observability matrix will not be square.
Similarly, we would not have a square observability matrix for a system with multiple out-
puts. Finally, one can construct the observability matrix for a multiple-input-single-output

system using directly the Lie derivatives on the vector field f [56], i.e.,

.
AGyon = |V(goh) VLe(goh) --- VLI '(goh)| - (4.33)

In that case, the current results would be sufficient to comment on the observability of >,

4.2.4  Ezxample Systems

In this section, we present two examples to illustrate the results from above for systems with

an output function in the form of function composition.

Double Integrator Dynamics with a Saturated Output

First, consider the dynamics of a double integrator with an unsaturated output:
1
0 (4.34)

Since the system is linear, the observability matrix can be easily written as dG, = diag (1, 1)

which is full rank, that is, the system (4.34) observable.
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Now consider the same system dynamics with a saturated output:

—_

0
x(t) = x(t)
0

e}

(4.35)
y(t) = tanh ([1 0] x(t)) ,

where the hyperbolic tangent function, which is infinitely differentiable, creates the saturation
effect (Fig. 4.1a). Since dG, is full rank, by the help of Theorem 6, one can state that the
system is observable for [d(tanhx)/dz]> = sech®x; # 0. Indeed, the observation space
of the system (4.35) is Gyon = span{Lg, (tanhz),tanhz;}, where fy = [3;2 O}T, and the

nonlinear observability matrix can be written as:

Otanh xq Otanh z1 2
G — B2 Do _ sech” z; 0
goh — 2 2 - )
d h d h
(“Sae;l z1) ($2ze;2 z1) —2xysech?(z;) tanh(x) sech? x

which is full rank for det dG,.), = sech® 1 # 0.

When the derivative of tanhx; is practically zero, the initial state becomes indistin-
guishable in its neighborhood. Similarly, when the slope is steep, it is easier to distinguish
neighboring initial states, that is, when the derivative is large, we get higher output sensi-
tivity as well as higher observability metrics such as the n-th root of the determinant of the
observability Gramian. Finally, note that using a rectified hyperbolic tangent function is an

alternative way to express the activation function in the neural encoding process [4].

NLA Parameters Selection

Recall the nonlinear activation function on the projected stimulus, &, in the neural encoding
process which gives the probability of firing of a neuron and is considered as the output of

the system:
1

T 1t exp(—c(€ —d))

NLA(¢)
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We are interested in the parameters of NLA, ¢ and d, and desire them not to make the
system unobservable assuming that it is observable when the output is y(¢) = £(¢). Here,
the role of the NLA function on £ is the same as g on h in (4.22), and its derivative with

respect to & is

dNLA()  cexp(—c(§ —d))
d¢  (exp(—c(§ —d)) +1)* (4.36)

If there is no slope (¢ = 0), the NLA function makes the system unobservable. Also, the
derivative, and hence the output sensitivity, is expected to be higher about the axis £ = d.
In Fig. 4.1b, two NLA functions and derivatives are plotted. One can imply that the first
set of NLA parameters would serve better to observe the system when ¢ < 0 and the second
is good to use when ¢ is positive. Finally, note that due to the relation (4.32), we are able
to assess the observability, even though the functional structure does not allow us to study

it analytically.

1 - 2.5
tanh(x,) " NLA, €)
= = =d(tanh(x, )ldx, 2| |= = =dINLA,(€))ide
051
‘ NLA,(¢)
\ 15| |= = =dNLA ()N
N N .=
05
-1 *
-0 5 0 5 10
a) x

Figure 4.1: The outer functions and their derivatives appeared in a) the first
and b) second examples. Here, NLA(§) = 1/1 + exp(—5.4( + 0.8)) and NLA(¢) =
1/1 + exp(—10(¢ — 0.5)).
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4.3 Numerical Application: Hawkmoth Flapping Wing

In this section, we address some applications of interest with respect to biological sensing
in the hawkmoth. Due to the complexity of the wing model dynamics and unavailable
function derivatives, the empirical Gramian is used instead of the analytical Gramian. After
the numerical observability analysis, we optimally solve the problem of neural-inspired sensor
placement for the hawkmoth flapping wing model using two sensor types. Second, we present
the effect of STA and NLA parameters on the observability of flapping wing dynamics using
a metric based on the empirical Gramian and compare the results with the ones that come

from the derivative analysis in the previous section.

4.3.1 System Simulations

In order to implement the empirical Gramian, system simulations must be set up. The
simulation of the full dynamics of a Manduca sexta wing requires several components. First,
the wing stroke kinematics, the effective inputs to the system, u, are controlled by three
Euler angles which provide the nominal input sequence. The planform geometry of the
wing is based on photographs of a hawkmoth forewing from [7] and is scaled for a 50 mm
wingspan. Finally, the wing structural mode shapes and frequencies and the wing mass
density and thickness are taken from [37].

The following stroke kinematics were used to define a nominal flapping cycle:

o(t) =0 (4.37)
P(t) = —Ay cos(2mt/ Theat) (4.38)
a(t) = g — A, tanh (g sin(27rt/Tbeat)> . (4.39)

Here, the stroke position amplitude, A, and the feathering angle amplitude, A,, are taken
as 45° and 60, respectively, and the wing-beat period, Tieat, is 40 ms. The simulation time

is 2T}eat, Where the first period is used to provide the stimulus history required for the
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filter. The trajectory is perturbed at the beginning of the second period, and the empirical
observability Gramian is calculated for that second period, that is, ¢; in Eq. (3.10) is chosen
to be Theat.

The STA and NLA parameters were selected based on values derived in [10] using elec-
trophysiological recordings of mechanoreceptors in Manduca sexta [9]. The values are taken
to be @ = 5ms, b = 4ms, wgpa = 1000rads™, ¢ = 10, d = 0.5, and N = 40ms. Finally,
to obtain C¢, the trajectory was simulated for two periods. The maximum absolute value of

non-normalized & over all sensors and the complete second period, 0.1174, was picked as C.

In order to account for variations in observability due to sensor location, the surface of the
wing was discretized into a 51 x 21-station grid, and the empirical observability Gramian
was computed for each sensor location on the grid. Sensor measurements were taken to
encode the bending strain, €,,, and the shear strain, €,;,. The perturbation value for the

initial conditions was selected as ¢ = 0.001.

90 T %
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80 b - £
¥ _ 3
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Figure 4.2: a) Spatially averaged empirical observability Gramian eigenvalues for
rotation about the three body axes using either neural-encoded shear strain, ¢,
or bending strain, ¢,,. b) Observability index throughout the wing for shear (fop)
and bending (bottom) strain encoding, normalized individually for each sensor

type.
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The spatially averaged observability eigenvalues for independent rotations about body-
fixed axes are given in Fig. 4.2a. For both shear and bending sensing, the most observable
mode was the rotation about the z-axis while the rotation about the z-axis was the least
observable mode. Although the shear strain measurements resulted in relatively large eigen-
values of the empirical observability Gramian, the eigenvalues from bending strain measure-
ments were more balanced with an average condition number of 1.9 for bending while it was
3.0 for shear. The empirical observability Gramian was also utilized to study the observ-
ability of the hawkmoth using just the raw strain information, and the condition numbers
of the matrix were reported in [37] to be 1.2 for bending and 1.3 for shear. Neural encoding
negatively affected the balance of eigenvalues in strain measurements but kept them within

acceptable levels.

The observability index values, or simply the minimum observability eigenvalues, for
bending and shear stress measurements were obtained and normalized separately. The results
given in Fig. 4.2b are consistent with the delay-free case as reported in [37]. In other words,
the dynamics with shear strain measurements were more observable at the wing tip while the
observability index was the highest at the wing root for span-wise bending. It should also be
noted that the minimum observability indices after the normalization by the maximum index
of each sensor type were 2.98x 1072 and 3.99x 107 for shear and bending strains, respectively,
whereas they were 2.50 x 107! and 5.36 x 107° in the delay-free case [37] showing that neural
encoding adds some balance to the €,,-based observability index distribution across the wing

while its contribution is in the negative for the distribution of €,,-based observability index.

Finally, the approximate lower bounds for the minimum singular values of the empiri-
cal Gramian were calculated for all sensor locations following the numerical methodology
described in Sec. 3.2, and it was confirmed that all the minimum eigenvalues were above
the approximated lower bounds. It was also observed that the lower bounds were greatest
where the rotation rates were most observable and were smallest where the rates were least

observable.
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4.3.2  Optimal Sensor Placement

A key point about the observability of the body rotation rates is that the results are not
uniform across the wing of the hawkmoth; the location of the sensors has a large effect
on the observability result. Two fundamental questions can then be addressed relative to
neural encoding in sensing: (1) optimal sensor placement from an engineering perspective
to determine system design, and (2) assessment of sensor functionality in biological systems.
To address the first point, a sensor placement problem can be designed to obtain an optimal
configuration in terms of the sensor type (shear or bending via neural encoding) and location.
With respect to the second question, possible sensor locations can be restricted to being on
one of the wing veins in the hawkmoth to correspond to viable physical locations on the
actual animal [7]. In either case, a set of possible sensor locations on the veins was formed
by spacing them 2mm apart along each vein, and the empirical Gramian was computed at

those locations using the same parameters in the observability analysis above.

To set up the sensor selection framework, note that the sum of the Gramians correspond-
ing to each sensor in a set being used individually gives the observability Gramian for all

sensors in the set being used simultaneously, i.e.,
p
Wi(y) = w5, (4.40)
i=1

where 7, € {0,1} is a sensor activation function indicating whether a given sensor is in use,
and p is the number of sensors in the set. By relaxing the sensor activation constraint to
a linear inequality constraint, an observability-based optimal sensor placement problem can

be posed as

min K(W5 (7)) + wr (W5 (7))
subject to 0 <~ <1 (4.41)

Y=

where r < p is the desired number of sensors to place on the wing, and w, > 0 is the
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weight. (A formulation to minimize the condition number of a positive-definite matrix is
given in [57].) Such a relaxation would perform better than the mixed integer programming
approach for large problems (with high number of possible sensor locations, p) [58]. To solve
this convex optimization problem, we used CVX, a package for specifying and solving convex
programs [59, 60]. The resultant sensor location and types for » = 20 and w, = 20 are given

in Fig. 4.3 along with physical campaniform sensilla locations.

# shear

157 B bending i
O campaniform

ED 1 1 i 1 i i i 1 i

0 5 10 15 20 25 30 35 40 45 50
y [mm]

Figure 4.3: Optimal sensor set compared to locations of campaniform sensilla
found on a hawkmoth forewing in [7]. The clusters of campaniform sensilla
located at the wing root near the wing hinge are not shown.

Two clusters of sensors are obtained from the numerical optimization while there are
three clusters of campaniform sensilla on the actual insects. The sensors are gathered where

the €,,- and ¢,,-based observability indices are maximum. The results here have a similar
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pattern to the sensor locations found for the raw measurements in [37] which is to be expected

as their observability index behaviors across the wing are parallel.

4.3.3 Varying STA and NLA Functions

In order to further explore the effects of neural-inspired sensing with delay, we tested different
STA and NLA functions from [10]. To be consistent with that work, we only studied the
observability via neural encoding of the bending strain, €,,. This application was based on

the fact that there is no evidence that campaniform sensilla are able to detect shear strain.

STA Functions

The values of the tested STA parameters, b in milliseconds and wgta in radians per second,
ranged from 0.1 to 20 and from zero to 2 x 103, respectively. The delay, a, was kept constant
at 5ms. Since different STA functions require different normalization constants, Cg, the
process described above was followed for 121 combinations. Note that the values of C¢ are
highly correlated (p = 0.9491) with the integral fON STA(1)dr. The same NLA parameters
were used in this stage.

Figure 4.4 illustrates two spatially averaged observability metrics for varying STA pa-
rameters, width and frequency. The results shown in the red box correspond to the ex-
perimentally derived STA and outperform other STA functions with the same frequency,

wsra = 1000rad s~ 1.

NLA Functions

The resultant distribution of the time-averaged projected stimulus, £, on the wing is given
in Fig. 4.5a. The spatiotemporal mean value is 1.61 x 10~%. The values of the tested NLA
parameters, ¢ and d, ranged from 1 to 29 and —1 to 1, respectively, while the STA parameters
duplicated the ones above. Since we were able to relate determinants of observability matrices

in Sec. 4.2, we chose the n-th root of the determinant, [det(W2)]'/" as the observability
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Figure 4.4: The two observability metrics obtained from neural-encoded bending
strain data with varying STA parameters and presented as heat maps.

metric.

Figure 4.5b illustrates spatially-averaged value of [det(W)]'/", for varying slope param-
eter and half-max values. The rotation rates were most observable when d = 0, and the
observability decreased as the half-max moved away from zero. The slope parameter, ¢, also
affects the observability: As c¢ increases, the average determinant value decreases except the
case when d = 0.

Theorem 6 and the relation of the linear observability matrix and the linear observability
Gramian [61] also led us to investigate the relation between [det(1W2)]'/™ and (d NLA(€)/d €)2.
We observed that they are highly correlated (p = 0.9978) for the 132 NLA parameter com-
binations, which supports the anticipated relation of output sensitivity and the derivative of
composing function, g. The empirical observability Gramian of a system with a composite

output function will be further discussed in the following section.
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Figure 4.5: a) The time-averaged projected stimulus (£) throughout the wing.
b) The change of the spatially-averaged value of [det(W?)]'/? by the two NLA
parameters. The black and red boxes correspond to the functions given in Fig.
4.1b. The parameters corresponding to the red box are also the ones derived

experimentally.

4.4 Discussion on the Empirical Observability Gramian

The relation for discrete-time linear systems given in [61], W, = O, O,,, and the numerical

results from the last section motivated us to study the relation of the empirical observability
Gramians of systems >, and Ygop,.

Let the empirical observability Gramians corresponding to the systems ¥;, and Y., be
Wi, and Wi, respectively. In [1], using the central definition of the derivative and Lebesgue’s
dominated convergence theorem, it was shown that

t1 T
9y~ %y 4 (4.42)

lim Wy (¢ ,u) = ,
sl—r>r(l) h( 1 %0 ) 0 aXO 8X0
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where the explicit dependence of the derivative on ¢, xq, and u is dropped for the sake of
brevity. We will also use this result instead of the Fréchet-Taylor expansion of WE(t1,x0, u)

and write

t1
thOh (t1,x0,u) = / (8,40(goh))T Oy, (g o h)dt
0 (4.43)

t1
— [ ltg o ma bl o' © hlo b,
0

where ¢’ denotes the derivative of g with respect to h. Since we have a single output, one

can drop the transpose and rearrange the terms as:

t1
hm Wion (t1, X0, 1) = / (¢ o h)? (8x,h)? dt. (4.44)
0

Integration by parts leads us to

thoh (t1,%X0, 1) = '(g'oh)2/ 8xoh

/ 9, (g’ o h) ( / (axoh)zdt’> dt. (4.45)

Let us define

a(xo,t) = (g' o h)”, (4.462)

b (%0, 1) = / (O, h)? dt, (4.46b)

and note that
1111[1) LL;(tl,Xo,U) = b(XQ,tl) - b(Xo,O) . (447)
e—
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Then Eq. (4.45) can be written as:

hrn Wgoh (th Xp, u —|ab| / at bdt

=a (xo, 1) b (X0, t1) — a(x0,0) b (x0,0 / Oy(a)bdt

=a (Xo,t1) [b(x0,t1) — b(x0,0)] + [a (x0,t1) — a (X0, 0)] b (%0, 0)

/ O¢(a)bdt

—a (xo,tl)[b(xo,tl)—b(xo,O)]+b(x0,0)/0lat(a)dt—/olat(a)bdt.

Finally, we have the relation

t1 t1
th son (t1,%0,u) = (g" 0 h)’ li_r>r(1) Wy (t1, %0, 1) + b (%0, 0) / Oi(a)dt — / O¢(a)bdt.
€ 0 0

(4.48)

Two independent conditions guarantee the cancellation of the second and third terms in
Eq. (4.48) are Oia = 0 and b(xo,t) = b(x¢,0). However, in general, the cancellation cannot

be assumed, and it can be concluded that
hm Weo (t1,%0,u) = (g’ o h)2 liH(l) Wy (t1,%o, 1),
e—
if and only if
t1 t1
(¢ o h)QliH(l) Wy (t1,%0, 1) > b(xo,())/ Oy(a)dt — / Oi(a)bdt,
E—r 0 0

which can be numerically studied as we did in the previous section while analyzing the

correlation of [det(W¢)]Y/™ and (d NLA(£)/d €)%
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Chapter 5

OPTIMAL SENSOR PLACEMENT USING STOCHASTIC
EMPIRICAL GRAMIAN

In this chapter, we first define the empirical observability Gramian for stochastic observ-
ability of nonlinear systems, then pose an optimal sensor placement problem using metrics
based on the stochastic empirical Gramian. At the end of the chapter, we will be able to
comment on the observability of systems with neural-inspired measurements in the presence

of noise.

5.1 Stochastic Empirical Gramian

Consider the nonlinear system with noise,

LNLTIw/N (5.1)

where w is the vector of noise components. In order to address the assessment of observability
in the presence of noise, the stochastic empirical Gramian was introduced in [20] with two
calculation methods. One method is computing new sample trajectories for each entry of
the Gramian; in this case the total number of simulations is 4n? and the Gramian is not
guaranteed to be at least positive semi-definite. In this study, we adopted the second method

and run 2n simulations in total, assuming that ®°(¢,xo, u, w w1 ... w'™

,w ") and its
transpose are obtained from the same simulations. Here, wT is the noise sequence used to
obtain the output y ™.

Unlike the empirical Gramian for deterministic systems, the spectrum of the stochastic

Gramian would be different each run of the simulation, even though the initial state, the
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input sequence, and the simulation time remain the same. Additionally, measures such as
the condition number and the unobservability index cannot be assumed to have Gaussian
distributions when the system is simulated a large number of times, as illustrated in [20]
for two different systems. Finally, an expected value of Gramian-based observability metrics

cannot usually be obtained analytically due to the complex dynamics.

In [20], it was also illustrated that the unobservability index decreases as the noise vari-
ance increases which makes sense as the output energy will be higher although there is more
uncertainty. On the other hand, it was shown that the estimation condition number is not
a monotonic function of the noise level. Finally, we simulated both systems from [20] and
observed that the the reciprocal of the n-th root of the determinant of the empirical Gramian

has similar behaviour to the unobservability index.

5.2 Sensor Placement Problem and Methodology

Based on the output energy from different sensor locations of a system, one could expect
different levels of observability. In this section, we present a sensor placement methodology
based on the spectrum of the stochastic observability Gramian. To obtain the information
of interest, we perform Monte Carlo analysis where the number of simulations was chosen

based on convergence of the results.

Let 7 : R™™ — R be an unobservability metric as a function of the empirical observability

Gramian. Then the mean value of this metric obtained from K simulations,

Htnx0,0) = 2 SOV, (5:2)

would be the expected value of the metric for a large K, and it is desired to be minimized
for the sensor placement problem. In other words, if p is the finite number of possible sensor

locations and we define (W;);, as the observability Gramian matrix obtained at the k-th
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sensor location on the ¢-th run, then

(W5)i(v) = Z’yk(Wj)ki’ (5.3)

where ~y is the vector of Boolean-valued sensor activation functions, 7;. The optimal sensor

selection problem can be formulated as

min J(7)
0l
subject to Z y=r (5.4)
v € {0,1},

where r < p is the desired number of sensors. We are currently unaware of a convex relaxation

for j if it is the condition number or the unobservability index when K is greater than one.

To deal with the non-convexity of Prob. (5.4), we applied the particle swarm optimization
(PSO) algorithm, a metaheuristic approach introduced in [62]. The PSO algorithm is a
technique that generates several solution candidates, i.e., particles, and updates their position
and velocity according to certain rules until a termination criterion is met [62]. Since this
method is not problem-specific and allows abstract level description [63], it is straightforward
to implement. It also permits the definition of a search region, which is not the case for some

widely-used algorithms such as the downhill simplex method [64].

A pseudo-code for PSO algorithm is given in Alg. 1. Here, J : R — R is the objective
function of unknown z to minimize, ub and lb are upper and lower bound vectors of the
search space respectively, r = |ub— [b|, and w, ¢,, and ¢, are user-defined parameters which

have been discussed in detail in [65].

The pure PSO does not guarantee identification of the absolute local minimum. Hence,
its hybridization with other optimization algorithms is studied in the literature to find a
better solution. A review of hybridization methods and comparison of three of them are

given in [66]. We also follow a hybrid approach, and at the expense of some computation
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Algorithm 1 Basic PSO algorithm

1: procedure PSO(s, ub, b, w, ¢, ¢g)

2: Uniformly distribute random particles, x’s, in [Ib, ub]
3 Uniformly distribute random velocities, v’s, in [—7, ]
4: for i € [1,s] do

5: Pi < X5
6

7
8

9

J(Q) = minieu,s} J(pi)
while a termination criterion is not met do
for i € [1,s] do

for j € [1,d] do
10: Uniformly distribute random r,, , in [0, 1]
11: Vij =W+ Gprp(Dij — Tij) -
12: +g7g(9a — i j)
13: X, =X; +v;
14: if J(IZ) < J(pl) then
15: Pi < X
16: if J(p;) < J(g) then
17: g < D;

time, use the result from PSO to initiate a second search by the interior point method (IPM)
discussed in [67].

Note that the PSO algorithm requires a continuous search region, as opposed to be
restricted to be able to have sensors at the p potential locations in (14), and if each sensor
has two coordinates to be determined, then the search space is 2r-dimensional and the search
would take more time as r increases. To avoid having sensors too close to each other, we

also implemented a relatively large positive value, o, as the penalty for proximity.

The following pseudocode summarizes our approach to optimal sensor placement in a
continuous space with upper and lower bounds, ub and [b. Here, d,;, is the minimum
distance between any two of r sensors, and dajoweq 1S the minimum distance allowed. The

PSO and IPM algorithm parameters have been suppressed for brevity.
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Algorithm 2 Optimal Sensor Placement

1: procedure (dynamics, ub, Ib, j, K, 7, danowed, 0)
2: define (Wg); < >0 (W),

3. define j « % Zfil ]((Woe)z) dmin 2 dallowed

o dmin < dallowed
sensor loci PSO(i,ub, Ib)
5: sensor loci «— IPM(J,ub, Ib, sensor loci)

5.3 Numerical Applications

We will explore the work here relative to two examples, the first being the low-dimension
dynamics of a UAV system and the other a flapping wing system with flexible structure

described by infinite dimensional modal dynamics.

5.8.1 UAV Navigation System

Dynamics Model

A simplified planar model of a nonholonomic fixed-wing aircraft in the presence of air currents

is given in [49] as:

Vcosxs + x4 1 0
Vsinxs + x5 0 1
X = U +10 0 |WwW
0 0 0 (5.5)
0 0 0
o
y= )
)
-
where x = [ rp yv 0 W, W, | - The aim is to estimate the wind components in x

and y directions, W, and W,. Here, g and yy are the vehicle’s inertial East and North

positions, and 6 is its inertial orientation. Finally, V' is the vehicle flow-relative velocity, which
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is assumed to be constant, and the control input, u, is the vehicle’s angular velocity. The
two components of the process noise vector, w, are zero-mean Gaussian with the covariance

matrix ().

Results

As shown in prior work [49], a Lie algebraic approach for deterministic observability anal-
ysis can be used to show that the system (5.5) is unobservable if there is no control in-
put, u(t) = 0 and no noise, w = 0. To explore the effects of noise, we simulated the
control-free system with five different levels of process noise for K = 100 simulations with
x=10 0 /6 0.35 —0.15 ! and ¢t; = 150s. Since the first two states are directly
measured, we select the remaining states as states of interest. By allowing the nonzero
process noise on x; and x5, the stochastic empirical observability Gramian results in all non-
singular observability Gramians indicating an observable system, although the system would
be considered unobservable using the traditional deterministic observability analysis tools.

Figure 5.1 shows the resultant unobservability metrics v(W¢) and 1/[det(W¢)]V/". We
observe a monotonic decrease in the unobservability index and its variance as the noise level
increases. We also note the significant correlation between the two metrics, p = 0.8716,
although this correlation depends on the system dynamics itself as well as the covariance
matrix.

If we define the unobservability metric as a linear combination of the condition number

and the unobservability index,
J(W5) = K(W5) + w,v (W), (5.6)

then the weight of v(W¢), w,, will be of particular importance since x does not appear
monotonic as a function of the noise; the non-monotonicity of the condition number can be
seen in Fig. 5.2 at w, = 0. Figure 5.2 also illustrates this inference: as the unobservability

index becomes dominant in the objective function, lower process noise on the system becomes
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Figure 5.1: The change of two unobservability metrics as the noise level increases.
Here, horizontal lines with color indicate the median value, and the plus sign
denotes the mean. I, is the 2 x 2 identity matrix.

less preferable.

5.3.2  Flapping Wing System

For this work, we studied optimal neural-inspired sensor placement on the flapping wing using
its FEA model and aimed to increase observability. We were particularly inspired/informed
by a previous study [10] that showed that the existence of externally induced body rotation
as large as w = 10rads™! on a flapping wing differs by a twisting mode three orders of
magnitude smaller than the dominant flapping mode.

In order to explore the determination of optimal sensor placement in a higher dimension
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Figure 5.2: The cost of observability, J , changing with the weight of the unob-
servability index for the five noise levels on the control-free UAV system.

stochastic framework using empirical Gramian methods, we will frame the work around a
biologically inspired flapping flight example. The dynamics of a continuum flexible system

represented in modal coordinates, 17, can be expressed as

M)+ Cinp+Kn =u(t) + w, y=h(n), (5.7)

where M is the mass matrix, C is the damping matrix, K is the stiffness matrix, u is the

vector of external forces. We define the augmented system state as the mode shapes, their
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time derivatives and the flapping rate, ¢, and rotation rate, w, of the wing:

) T
x=0 w ' 7

The overall dynamics can then be expressed as

0 0 (5.8)

where w is the vector of independent and identically distributed (i.i.d.) zero-mean Gaussian
process noises with diagonal covariance matrix, () € R™*". The system measurements are
assumed to be provided from the neural encoding model described in Subsec. 2.1.2 with the

model parameters given in Subsec. 4.3.1.

FEA Model

To express the system dynamics of the wing via a finite number of mode shapes, we created
a finite element analysis (FEA) model in COMSOL Multiphysics® 5.6 software to study
the dynamics and the observability of a flapping wing. We generated this simplified model
based on the properties of the hawkmoth Manduca Sexta wing. As shown in Fig. 5.3a, the
structure was modeled as a single rectangular thin plate with a width of 25 mm, length of
50 mm, and thickness of 12.7 pm. We considered the thickness of the structure to be uniform
throughout the wing, and the effect of venation was neglected in the simulations. To define
the Young’s modulus (£) of the wing, we picked a value within the range of stiffness values

measured previously for insect wings [68].

The damping has a significant effect on the dynamic response and the strain patterns
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generated due to flapping. Hence, we adopted a Rayleigh damping model with damping
matrix defined as a linear combination of the mass and the stiffness matrices specified using

proportionality coefficients o and /:

C =aM + K. (5.9)

Values for the material properties used in the FEA model are shown in Table 5.1. The
wing was modeled as linearly elastic. The system was meshed using 25 by 50 structured
quadrilateral elements swept through the thickness of the plate (Fig. 5.3b). The mesh size
was selected based on a mesh convergence analysis to ensure the accuracy of the results and

minimum computation time.

We applied boundary conditions to mimic the flapping pattern of Manduca using the
steady flapping model from [10]. The model has an amplitude of 7/6 radians and consists
of two harmonic components to match the experimental results. The first component acts
at a frequency of f; =25Hz, while the second component with 1/5 of the amplitude has a
frequency of fo =50Hz. We introduced flapping in terms of angular velocity by taking the

time derivative of the flapping angle model, that is,

7 f2

. 2
o(t) = g(%’ fieos(2m fit) + 2 cos (27 fot)). (5.10)

In addition to flapping, we introduced perturbation in the form of inertial rotation as
shown in Fig.5.3a. Although the nominal trajectory involves no rotation, we were required
to add a rotation of small magnitude (w = 0.02rads™!) to ensure convergence of the model.
This rotation will also impose asymmetry, which naturally comes from the asymmetrical

shape and stiffness of the wing.

The random function in COMSOL software allowed us to use a random seed that is
guaranteed to generate a new noise sequence while maintaining the same distribution. Pro-

portionally to the nominal trajectory, we picked @ = diag(1,1 x 107%)(rads™!)? where the
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Figure 5.3: (a) Details of structural model and boundary conditions for flapping
wing model in COMSOL, (b) meshing of the wing plate and normal strain dis-
tribution on the top surface of wing.

Table 5.1: Material properties used in COMSOL simulations

Properties Values
Young’s Modulus (E) 0.3 GPa
Poisson’s Ratio 0.35
Mass Damping Coefficient («) 5005~
Stiffness Damping Coefficient (/) 0s
Density 1180 kg/m?

larger variance corresponds to the noise on the flapping rate.

For each simulation, we extracted the normal strain along the length of the wing (Fig.

5.3b) to feed the neural encoding model, which is outlined in the following subsection.

Results

We simulated the FEA model for 0.2s (5 wingbeats) using time step of 5x 10™*s. The motion
was prescribed through angular velocities of flapping and rotation. Both velocities were zero

through the first wingbeat cycle and linearly increased to their maximum values (~57 rad s~



61

for flapping and 0.02rads™! for rotation) over the course of the second cycle. We ran the
simulation for two more cycles before introducing the perturbation, e = 0.01rad s}, to the
system. Again, a regular cycle before the perturbation was necessary as the neural-encoded
output requires the system to have a memory, unlike the typical systems. The system was
simulated one more cycle after the introduction of the perturbation, i.e., t; = 40 ms.

The resultant distributions of the average unobservability index and the condition number
stabilized in K = 40 sets of simulations. In Fig. 5.4, it can be seen that the unobservability
index increases almost monotonically from the wing root (x = 0) to the wingtip (z = —5).
On the other hand, there are two separate regions where the eigenvalues are relatively more
balanced. Finally, note that the asymmetric distributions about the z-axis are caused by

the nonzero rotation rate.
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Figure 5.4: The average distribution of two unobservability metrics (K = 40).
Yellow regions are more observable than the dark blue ones.
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We then ran the hybrid PSO algorithm for r from one to 20 to minimize the linear
combination of x and v with w, = 0.1 and to minimize solely the condition number, w, =
0. Since the search was performed in a continuous space, the strain value at a point was
calculated as a weighted average of the strain values obtained for the neighboring FEA nodes.
To avoid having sensors placed closer to each other than 1 mm, we determined the penalty

value as 0 = 1 x 10°.
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Figure 5.5: (a) The change of the observability costs by the number of sensors
with fourth-degree polynomial fitting, (b) The optimal neural-inspired sensor
placement for » = 12. The figures use the same legend.

The value of the observability cost function for increasing numbers of desired sensors

is given in Fig. 5.5a. Both the condition number and its linear combination with the
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unobservability index converge, and adding a new sensor does not improve the observability
significantly for » > 5, which might be partially caused by the increasing dimension of the
search space.

Lastly, the optimal sensor placement for r = 12 is shown in Fig. 5.5b. When the linear
combination of the two metrics with w, = 0.1 was utilized instead of a single observability
index, the sensors were slightly shifted to the left, and at least one sensor was placed at each
edge. The use of pure condition number (w, = 0) resulted in having no sensors in the regions

where the output energy is highest.
5.4 Discussion on the Optimization Problem

Although it is a good first step to study the minimization of the average (expected) value
of the empirical Gramian-based cost function obtained from K runs, higher moments of the
probabilistic distribution (variance, skewness, and so on) might also be considered while
posing the optimization problem. For example, trust levels for sensor location candidates
can be determined by the variance of the unobservability metrics at those points. Such an
approach would be similar to the weighted least squares used in linear batch estimation [23]
or to the distributed least squares estimation in sensor networks [69].

Second, we restricted the activation vector, v, to get binary values, and introducing such
a constraint automatically makes the problem non-convex. However, as in the example of
wireless sensor networks [70, 71], we can discuss probabilistic distribution of sensors. In that
case, the problem would be relaxed as the activation vector would get values between zero
and one.

Finally, we note that the estimation condition number, x, cannot have even a generalized
normal distribution as it is bounded from below, so its truncated distribution should be

studied.
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Chapter 6

TRAJECTORY DESIGN TO ENSURE AND IMPROVE
OBSERVABILITY

In the previous sections, we repeatedly saw that the observability and the metrics of
(un)observability of systems with nonlinear dynamics are affected by the input profiles (the
trajectory a system follows). In this section, we first give approaches to find control in-
puts (excitation profiles) to ensure or maximize the observability of nonlinear systems with

measurable first p states in the form,

(1) = £(x(t), u(t))
¥() = h(x(0) = [1, Opuup|X(0)

for n/2 < p < n, then study the observability of inertial parameters of a rigid body subjected

to some excitation.

6.1 Ensuring Observability via Orthogonality of the Rows of dG

One way to ensure observability of a nonlinear system is to make the corresponding observ-
ability matrix orthogonal or nearly orthogonal, as its rank being full indicates observability.
In this section, we discuss the design of control policies to guarantee observability. Unlike the
previous work by Alaeddini and Morgansen [56], we consider the multiple-output case and
aim for (near) orthogonality of the Jacobian of the Lie algebra consisting of the measurement
function and its first derivative. The intuition for constructing the observability matrix with
2p rows comes from linear control theory: One can design a simpler functional observer if

T-step observability matrix, Or, is full (column) rank for small 7" [72].
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6.1.1 Observability-based Control Policy

Consider a multiple-input-multiple-output nonlinear system in control-affine form where the

first p of n states are available and n/2 < p < n,

(6.1)

where

Fi(x(t),u(t) = fo (x(8), () + > fis(x()us(t) for j € {1,...,n}. (6.2)

Then define a Lie algebra as the span of up to the first Lie derivative of h with respect to

the state vector, x, on the vector field f:
Gy :=span{h, L¢h}. (6.3)

The Jacobian of G, can be written as:

I, OpX(nfp)
dh
dGs = = , 6.4
2= nl o on  _on on (64)
f Ox1 77 Oxp Oxpt1 t OTn
fp Ofp  _Ofp Ofp
LOx1 " Oxzp Oxpi1 o Ozp

where we have dropped dependence of f;’s on x(t) and u(t) for brevity.
The system (6.1) is observable if rankdG, = n. Moreover, a sufficient condition for

mutual orthogonality of n rows can be stated as given below.
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Theorem 7 The n rows of dGs are mutual orthogonal if

afjl af] p
—_— T e e e — L = O’ \VI'L 6 1, ey 9
0fj, Oy | | 21 9y ! =0
Oxpr1 7 Ozn Orpy1 7 OTn
af; of; Ofx Ofk T
n—p n—p n—p —n-pP — O
G T G Tm] o

where j17-~-;jnfp7k17-~~7k'n7p € {17"'7p}7 jq # kq; jq 7£ jT' and kq # kr qu % T; and
j:{jl”"’jn—P}:K:{kh”-akn—p}'

PRrROOF The first p rows of dG, are already orthogonal to each other. If n — p rows are
selected from the set {dL¢hy, ... ,dL¢h,}, then these rows should have no components in the

direction of the first r rows, that is,

ofy __ 0fi

=0, Vie{l,...,p} (6.5)

Since the first p entries of each selected rows are zero, the inner product of two rows becomes

-
[ampjjl o 8355] |:3xp.31 T 3x5:| ) Jq 7£ kq:
which should be equal to zero for the mutual orthogonality of selected rows. [ ]

Although it is hard and usually impossible to find a control input for high-order systems
that satisfies the condition given in Theorem 7, this approach can be helpful for low-order

systems or systems with small n — p values.
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Example Consider the dynamics of a tunnel-diode circuit [73],

1
jfl = —[—(L’g — RQTl + U,]
) 1
Ty = 5[—[(%2) + Iﬂ (66)
Yy =,

where [ : R — R is a nonlinear function of the voltage on the tunnel diode. Equation (6.5)

should be satisfied for the orthogonality of dh and dL¢h, that is,

8_x1_—L+L&I;1 =0 = u(x) = Rry + ¢y,

for some constant ¢,. One should finally make sure that the system is observable, i.e.,
df1/0xy # 0.

In the example above, the Jacobian of the Lie algebra Gy, dGs, was a square matrix as
p = n/2, hence we aimed for the mutual orthogonality of all the rows. The following corollary

is given for this special case.

Corollary 3 Consider the system (6.1) and assume that p = n/2 € Z*. Define a Lie
T
algebra as Go = span{h, L¢h}. The rows of the Jacobian matriz, dGs = [th dehT] , are

orthogonal to each other if and only if dGodG, can be written in the form,

I, 0px (n—p)
dG,dG, = . o . (6.7)
dy = Zi:gzﬂ(a_zli) 01 (n—p-2) 0
0pxp 0(p—2)x1 hE 0(p—2)x1
n 0
i 0 01X(nfp72) dp = Zi=p+1(6£i)2_

Moreover, d; # 0 for all i is a required inequality constraint for the invertibility of dG,.
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PROOF The first part is an immediate result from Theorem 7 for p = n/2. The invertibility
of dG, requires d; # 0 for all i since none of its columns/rows should be all zeros, so the sum

of squares that defines d; cannot be equal to zero. [ |

Here, there are 2p? — p equality constraints on f.

6.1.2 Observability-based Trajectory Tuning

Assume that the control and the corresponding trajectory are given and a small tuning term,

w(t), is added to the nominal control,

For system (6.1), we have

O fj
(9&:/

(dh;, dLgh;) = Vi,je{l,...,p}. (6.9)

Also, define polynomials of order < 2 such that

PU(W(t)) .= <dehi, deh

_ Z 0f 0;
1 8:ck 8xk

]> ‘X:Xnomﬂ_l:unom

(6.10)

Y

—~snnom —qyqjom
X=X Ju=u

for all 4,5 € {1,...,p} where x"°™ is the nominal trajectory corresponding to u"™.

Case 1: p=mn/2

If p = n/2, then one should aim for near orthogonality of all the rows of the observability

matrix, dG,, to each other. Then an observability-based trajectory tuning optimization
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problem can be written as

‘ P P <8f]
min
1

w(T)

x_xrom> +Z Z PZ]

=1 j= u=u i=1 j=i+1 (611)
subject to ||w(7)|?

nom

where ¢’ is a small value that determines the maximum allowable perturbation size of u

The problem (6.11) can also be written in the form of regularization problem,

) ; > P (w(n) + 8lw(r)|?, (6.12)

j=i+1

where 0 is a positive scalar.
Finally, as discussed in [56], a quadratic programming (QP) problem can also be posed

for n = 2.

Case 2: nj2 <p<n

As discussed above, if n/2 < p < n, then some rows of dG, would inevitably be linearly
dependent, and we should aim for the mutual orthogonality of n selected rows to each other.

The first p rows are already orthogonal to each other. Let the binary-valued selection
vector be s = [31 e Sp} ! where s; € {0,1} and Y7 | s; = n — p. Then the observability-

based trajectory tuning problem can be written as a mixed-integer program (MIP),

. P P 0 F\WIT
mn Y, <—f o

w(7), s = =

S e

i=1 j=i+1

x:

subject to ||w(7)||* < ¢ (6.13)
p
Z Si=n—pn,
i=1

where ¢’ is a small value that determines the maximum allowable perturbation size of u™™
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Here, the rows are selected such that n rows are as close to being orthogonal to each other

as possible.
6.2 Empirical Gramian-based Trajectory Planning to Improve Observability

In Chapter 1, we mentioned that the FIM is bounded by the empirical observability Gramian
as the perturbation amount goes to zero. It was also shown that scalings of the integrand
of the empirical observability Gramian set upper and lower bounds for the FIM is bounded
above and below by scalings of the integrand of the empirical Gramian, that is, if the esti-
mation condition number of the system is high, then the FIM is also likely to have a high
condition number which is not desired due to numerical concerns [20]. Based on the output
energy obtained from different input profiles on a system, one could expect different lev-
els of observability. In this section, we first outline our methodology of designing multiple
inputs to minimize the condition number of the empirical observability Gramian, x(W?), es-
pecially for the system identification problem. Then we propose an approach to the scaling
of the perturbation amount and the measurements to build a reliable empirical observability

Gramian.

6.2.1 Optimized Multisine Inputs

The approach given in the previous section requires to run the optimization algorithm for
each time step to obtain the tuning term, w(7), and does not guarantee any smoothness.

Here, we instead use parameterized multisine inputs, as suggested by Morelli [2],

uj(t) = Z i, sin (21K foaset + Qi) , for j=1,... n,, (6.14)

ke{l,...,M}
where M is the total number of available harmonic frequencies, i.e., wy; = 27 M fhaee 1S the
frequency band upper limit for excitation, <7, and ¢, are the amplitude and the frequency
for the k-th sinusoidal component, respectively. The inputs are mutually orthogonal in both

time and frequency domains as the harmonic sinusoids have the same base frequency fipase
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but unique harmonic frequencies, and the orthogonality is not affected by the values chosen
for the phase angles, ¢;;,’s [2].

Morelli also suggests choosing the phase angles such that the relative peak factor (RPF)
of each input are kept at the minimum. We instead assume zero phase angle for all harmonic
sinusoids and limit the maximum value of each input in the optimization problem. This way,
the search space is kept Mn;-dimensional. Hence, for given M, the problem of minimization

of the estimation condition number, x(W¢), can be written as:

min rR(WE(t1, %0, 1))
Fin’s (6.15)
subject to u;(t) < (ub);, Vt e [0,t],
where (ub); is the upper bound on
u;(t) = Z A sin (27k foaset), for j=1,...,n,. (6.16)

ke{l,...,M}

The problem is multidimensional and non-convex and can be studied using a simplex
algorithm or PSO. Neither of these methods promises for a global solution. If one decreases
the base frequency while keeping M fi.sc constant, then the search space would have a higher
dimension which may cause end up with a more costly local optimal solution. On the other
hand, if M is a large number, then the signal will look more like a random one, that is,
the global solution to the problem will be better than the one to a problem with a smaller
M value. We will consider these aspects in the next section while selecting the number of

harmonics for a given M fyase-

6.2.2  Perturbation Amount and Output Scaling

The output scaling in the presence of measurements with notably various orders of magnitude
is studied for the sensor placement problem in [74], however, this study does not address

the question of comparability of Gramian matrices obtained using different input sequences.
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To be able to compare the observability of the system on different trajectories and find
the optimal one, we suggest scaling the measurements from the same sensors by the same

randomly chosen small values for all trajectories.

When the orders of magnitude are significantly different for the system states, another
scaling method is needed in addition to the output scaling [50]. Instead of scaling the state
vector, we propose to choose varying perturbation amounts for the r states of interest: If
the initial state (xg); is perturbed by ¢;, then the empirical observability Gramian can be

obtained as:

. 1 . 1 1 t R Txe . 1 1
We(ty,x0,u) = —diag | —, ..., — O (t, xp,u) P°(t, %, u)dt diag | —, ..., — |,
4 €1 & 0 €1 Er
(6.17)
.
where € = [51 o 5,,} is the vector of perturbation amounts.

6.3 Application: Estimation of Rigid Body Inertial Parameters

6.3.1 Analytical Observability Analysis

In this subsection, we analyze the observability of inertial parameters for the two models

introduced in Sec. 2.2 using the Lie algebraic method described for nonlinear systems.

6-DoF' Rigid Body Dynamics

We first define an augmented state vector to be able to study the observability of the inertial
parameters.

T
Xaug = XT m CT I:ca: ]yy [zz Iyz Izz Ixy €R227 (618)
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then put the dynamics (2.9) in the control-affine form:

v O6x6
Xaug = —Milc(l/ﬁ/ + | M! T, (619)
010x1 010x6
—~ N —
fo (xaug) F(xaug)

where, fy is the drift vector field, and the columns of F are the control vector fields, f; for
i=1,...,6, corresponding to the six inputs (entries of 7). Finally, we assume that all the

states in the original state vector are measurable, that is,
y =X 1= h(Xayg). (6.20)

Proposition 1 The system (6.19) with the output function (6.20) is weakly observable if

there exists an appropriate, nonzero force input.

PROOF The span of selected Lie derivatives, G = span{h, Lg,h, Lg, Lg, h} where @ € {1,2,3}

has the same dimension as the (augmented) state vector,
rank dg = 22, (6.21)

hence by the rank condition (3.6), all the states (including the augmented ones) are observable

with a forcing profile that activates the necessary Lie brackets. [ |

Rigid Body Dynamics in 2D

There are four inertial parameters of interest for the rigid body dynamics in the vertical

plane: m, ¢,, c,, and [,

yy, therefore we can define an augmented state vector as:

.
Xaug = [px p. 0 U W Q m ¢ ¢ I,| €RY (6.22)
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which allows us to write the dynamics (2.15) in the control-affine form,

v 0343
Xag = |-M'C(D)| + |M| T, (6.23)
0451 O4x3
—~ e e
fo(iaug) F(Xaug)

where, fy is the 2D drift vector field, and the columns of F are the control vector fields, f;
for i = 1,2, 3, corresponding to the three inputs (entries of 7). Also, we assume that all the

states in the original state vector are measurable, that is,

Y =X = h(Xauy). (6.24)

To analyze the observabilitiy, we first build a Lie algebra considering just the drift term:
Gue = span{h, Iz h, ..., L 'h}, (6.25)

which is sometimes called the little observability Lie algebra [75]. Note that this Lie algebra

does not span the (augmented) state space since
rank dGit1o = 8 (6.26)

is less than the dimension of the state space, that is, the system (6.23) is not observable if
only the drift is active but no control, e.g., when a vertical take-off and landing (VTOL)
aircraft is hovering or an airliner is in cruise flight. Additionally, although it is not always
possible to determine unobservable states when the Jacobian of a Lie algebra is rank deficient,

in this case, we are able to see that m and I,, are the unobservable parameters as they do
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not appear in

M- 'Cw)v = | QU+ Qc.) |- (6.27)

Proposition 2 The system (6.23) with the output function (6.24) is weakly observable if

there exists an appropriate, nonzero force input.

PROOF Define a Lie algebra consisting of selected Lie derivatives as
G =span{h, Ly h, Ly Ly h}, i€ {1,2}. (6.28)

The Jacobian of G is full rank,
rank dG = 10, (6.29)

that is, all the states (including the inertial parameters) are observable in the presence of an

appropriate, nonzero force input that activates the necessary Lie brackets. [ |

We were also able to see that the observability of one of m and I, in the presence of a
torques input requires the other one to be already observable by repeating the observability

analysis without them and with one of them in the augmented state vector.

Finally, we note that the inertial parameters are observable even if the only available

outputs are the translational and rotational velocities.

In terms of structure for the forcing profiles in order to generate the necessary Lie brackets,
work in [76, 77] for controllability indicates that appropriate forcing functions include classes
of cyclic functions. Note that a constant control vector field will yield an identically zero Lie

bracket, so constant forcing will not immediately meet the required forcing for observability.
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Table 6.1: Inertial Parameters of a Narrow-body Commercial Aircraft [78]

Properties Values
mass, m 49.895 kg
I, 761.970 kg m?
I, 1.997 x 10°kgm?
I.. 2.568 x 10° kg m?
I, 10.847 kg m?
1., I, 0 kg m?

6.3.2 Numerical Application

In the previous subsection, we saw that a force input is sufficient to have an observable
system. In this subsection, we will find an optimal input for the rigid body in 2D using
the methodology described in Sec. 6.2 and compare corresponding empirical Gramian-based
observability metrics and filter performances with the ones obtained from suboptimal tra-

jectories.

We first set up the system simulations to obtain the empirical observability Gramian.
As a reference, the inertial parameters of a narrow-body aircraft are taken from FlightGear,
an open-source flight simulator [78], and given in Table 5.1. We represent the rigid body
by its inertia ellipsoid, a graphical representation of the principal moments of inertia (/,,,
I, and I,.), and select the center of mass as ¢ = [2 0 1}T in meters since we assume
(vertical) planar motion and a random point on the zz-plane would have nonzero z- and

z-axes components (Fig. 6.1).

In the previous section, we showed that having an appropriate, nonzero F}. or F, makes the

system observable which was unobservable in the drift-only case, hence we assume that the
T

generalized vector of external forces and moments is 7(t) = [ F.(t) 0 0} , and test three

input profiles (trajectories): a constant input, a single periodic command signal similar to
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the ones in [24], and an optimized multisine input,

input A (constant): FA() = o (6.30a)

input B (sine): FB(t) = o sin(27 fpasel) (6.30b)

input C (multisine): FE(t) = > hsin(2rk foasel), (6.30c)
ne{l,...,.M}

where we select the signal amplitude and frequency as & = 1 x 108N and fpaee = 0.1 Hz and
obtain &,’s for M = 5 as & = [6.7 51 0.017 2.0 0,25]T x 107N from the formulation
(6.15) using a hybrid PSO approach with a logarithmic search space [10*, 108?°|N and ub =
1 x 108 N. We assumed zero phase differences to keep the search space dimension smaller.
We note that F also creates the effect of a torque about the y-axis since the center of mass

has a nonzero z-axis component.

® % © CoM ¢ SensorSet|

—eee

4...::

2r

oL . ; s )
2 + vv:'vv L 4 L +

4=

—

z-coordinate [m]
AR ON S
z-coordinate [m)]

-10 -5 0 5 10
x-coordinate [m]

-5 -10

- x-coordinate [m
y-coordinate [m] [m]

(a) (b)

Figure 6.1: (a) Rigid body in 3D represented by its principal moments of inertia.
(b) Center of mass (CoM), geometric center, o,, and 51 sensor locations shown
in the cross-section of the inertia ellipsoid. The force is applied at o,.

The plots of three excitation profiles and their derivatives are given in Fig. 6.2.
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Figure 6.2: Three input (excitation) profiles and their derivatives with respect
to time. The multisine signal has the highest derivative in magnitude with the
value 1.6 x 108.

Although the angular rate, (), remains the same across the vertical plane, y = 0, the
translational velocities, U and W, depend on where we measure them. In order to account for
variations in observability due to the location of measurement, we consider 51 equally-spaced

sensor locations in the inertia ellipsoid for the empirical observability Gramian computations.

We chose the states of interest as m, c,, c;, and I, and the simulation time as ¢; =
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50s. Both the perturbation amounts and the outputs need scaling. Following the approach

described in Subsec. 6.2.2, the vector of perturbation amounts is chosen as

T
€= 149895 0.01 0.01 1.997><106] )

and we scale translational velocities by 1/1000 and angular rates by 1/27, reciprocals of

some relatively large values.

Empirical Observability Gramian

The spatially averaged empirical observability Gramian eigenvalues corresponding to the four
inertial parameters of the rigid body in 2D and the three input profiles are given in Fig. 6.3.
The orders of magnitude of the eigenvalues vary significantly, that is, the condition number of
the empirical observability Gramian, x(W¢), is undesirably high. In particular, k(IW¢) takes
on its highest value, 2.2 x 10, when we applied constant force. These results demonstrate
a key feature of the functionality of Lie brackets in observability as noted in Subsec. 6.3.1
where cyclic motions of particular types are needed to generate the vector fields. Compared
to the mass and the inertia matrix entry I,,, the center of mass components c, and c, are

more observable regardless of the excitation profile.

The observability metrics do not vary significantly based on the sensor locations (Fig.
6.4). One of the reasons for this behaviour is that the contribution of the angular rate mea-
surement to the empirical observability Gramian is independent from the sensor location. In
non-constant input cases, as the distance between the center of mass and the sensor location
increases, the observability metrics achieved higher values, that is, the inertial parameters
were more observable at locations far from the CoM. Both observability metrics had their

best value when the applied force is the optimal multisine signal, F€.
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Figure 6.3: Spatially averaged empirical observability Gramian eigenvalues for
the four inertial parameters of the rigid body (airliner) in the vertical plane.

Estimation (EKF)

We designed an extended Kalman filter (EKF) to estimate the inertial parameters from the
simulation of the system dynamics with augmented states (6.23). We selected the initial esti-
mation values of m, ¢, ¢,, and I, as 59874 kg, 3m, 1.5m, and 2695 770 kg m?, respectively.
The measurements were taken at o,, the geometric center of the inertia ellipsoid where F,
was applied.

The estimation of the four inertial parameters for three input profiles throughout the
simulation are given in Fig. 6.5. In all the three cases, the estimated values of the center
of mass components, ¢, and c,, converge to their true values in less than five seconds. On
the other hand, the estimation of the mass and the moment of inertia about the y-axis,

I

yy> Tequire more time, and the EKF indeed fails to estimate the mass in 50 seconds. when

the constant force (input A) is introduced. These results are consistent with the empirical
observability Gramian simulations where the eigenvalues corresponding to ¢, and c, were

greater than the others and the empirical Gramian matrix was ill-conditioned in the constant-
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Figure 6.4: The change of the two empirical observability Gramian-based metrics
across the cross-section of the inertia ellipsoid and by the forcing function.

force case. As for non-constant-input cases, the estimator with the optimized multisine input

performed relatively better than the one with a single periodic command signal.

Varying Parameters

One of the main advantages of using a filter to obtain the inertial parameters is being able

to perform the task in real-time. This ability also allows us to deal with varying parameters

as the filters have already been studied to estimate time-varying states. In this last part

of the application, we will use the parameters of a spacecraft modeled as a rigid body with

one difference: the mass of the system, m, and the inertia matrix entry /,, change at rates
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Figure 6.5: Estimation of the four inertial parameters of the rigid body in 2D.
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Table 6.2: Inertial Parameters of the Cassini spacecraft [79]

Properties initial mass [kg] initial 7,, [kgm?] final mass [kg] final I, [kgm?]

Values 4,522 8,155 848.3 6,174

1 = dm/dt and I,, = dI,,/dt, respectively, where dm and dI,, are negative numbers.

Since we have already shown that constant input is not desirable for observability and
the sensor location does not dramatically affect the (un)observability metrics, here, we per-
form the observability analysis and estimation at o,, where the optimized multisine signal is
applied. The parameters for this part belong to the Cassini spacecraft [79] and are given in
Table 6.2. We assume that the change rate of m and 1, are constant, that is, dm = —3673/t;
and dI,, = —1981/t; where the total simulation time is ¢; = 50 unit time. The center of
mass, again, is selected as being off both x- and z-axes: ¢, = 0.5m and ¢, = 0.25m.

We selected the signal frequency as frase = 0.05Hz in Eq. (6.30c) and obtained «7,’s
for M =3 as & = [1.1 0.0010 (),()67]T x 10°N from the formulation (6.15) again using
a hybrid PSO approach with a logarithmic search space [10,10°%]N and ub = 1 x 10°N.
The plot of the input function and its derivative is given in Fig. 6.6a, and the empirical
observability Gramian eigenvalues can be seen in Fig 6.6b. Similar to the results obtained
for the airliner parameters, the center of mass components are more observable than the
mass and the inertia matrix entry (k(W¢S) = 1.6 x 10).

The initial estimation values of the inertial parameters m, c,, c,, and I, for the EKF
were selected as 5426kg, 0.6m, 0.275m, and 11482kgm?, respectively. The percentage
estimation error for the mass and I, is given in Figure 6.7. Although the estimator needed
more time, 2¢; in total, to identify the parameters, we were able to obtain the time-varying

values with 5.1% error for the mass and 0.9% error for Iy,.
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Chapter 7
CONCLUSION

7.1 Summary of Results

In this dissertation, we first presented observability analysis approaches for two kinds of
systems: systems with output delay and systems with an output function in the form of
function composition. Although we were inspired by the neural encoding mechanism in
animal sensing, the results are also useful for existing engineered systems as in the example of
the double integrator with a saturated output. We also studied optimal neural-inspired sensor
placement and the effect of neural encoding parameters on system observability. We note
that there are some combinations of STA and NLA parameters providing higher observability,
which might be insightful in both computational neuroscience and engineering applications.

Second, we formulated an optimal sensor placement methodology based on the stochastic
empirical observability Gramian and illustrated it for a UAV system and flapping wing
dynamics. Since the problems are stochastic and non-convex, we performed Monte Carlo runs
and used a metaheuristic optimization algorithm called PSO. When a linear combination of
two unobservability metrics was used as the objective function, the algorithm placed at least
one sensor on each edge of the flapping wing. We also saw that adding a new sensor does
not improve the observability significantly after a certain point.

Trajectory optimization to ensure and improve observability was studied using two con-
cepts in observability analysis: orthogonality of the observability matrix, and the invertibility
of the empirical observability Gramian. The estimation of rigid body inertial parameters was
dealt with in Chapter 6 using analytical and numerical observability analysis tools. It was
shown that the parameters are observable if the net force at the point of measurement is

nonzero. The estimation condition number obtained from the computation of the empirical
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observability Gramian was undesirably higher when the applied net force was constant and
the necessary Lie brackets were not immediately generated. This result was supported by
the performance of the estimator; one of the inertial parameters (the mass) did not converge
to its true value in the given simulation time. The estimator was most successful when
the input consisted of multisine waves with a high function derivative value. Finally, we

successfully used the same approach for time-varying parameters.
7.2 Future Work

We expect that the observability analysis of systems with output delay and systems with
composite output functions will be revisited and extended as needed by researchers based
on the application. The brief discussion given in Sec. 4.4 would be a good starting point to
relate the empirical observability Gramians of systems with and without composite output
functions.

We used the empirical observability Gramian-based methods to improve the performance
of estimators based on the fact that the Gramian matrix (at the limit ¢ — 0) bounds the
Fisher information matrix. How better observability metrics result in better estimation
performances is still an intriguing research question. For an accurate analysis, one should
also consider the structure of the observer they use, e.g., the neural-encoded data are then
similarly decoded by a neural mechanism to extract the stimulus information.

A more realistic wing model has already been studied by our collaborators [80] taking
into account the actual wing profiles, nonuniform stiffness of the wing, and the structure of
the strain-sensitive biological sensors. Campaniform sensilla-like mechanosensors were also
designed by other researchers [81]. Additionally, the neural spikes can be considered as the
system output instead of the probability of firing, Pj.. In that case, the system would be
stochastic even if no process or measurement noise is introduced.

The optimal sensor placement for stochastic systems is, as discussed in Sec. 5.4, a problem
with several interesting avenues for future work. The existence of a global optimal solution

for a given set of simulation data makes the problem more appealing. One should start with
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relaxing the integer constraint to deal with the sensor placement task.

The numerical results on the optimal trajectory planning to insure and improve ob-
servability are encouraging to study the input design further analytically. Similar to the
approaches to the controllability question in the 1990s, first, systems with particular state-
space representations can be studied to analytically show how the necessary level of Lie
brackets depends on the input profile.

Finally, we used a 3-DoF rigid body model for the numerical simulations. It would be
wise to use an unscented Kalman filter (UKF) or a particle filter instead of the EKF if one
would like to study the full body dynamics. Since these methods do not require linearization
of the system dynamics, their performance would also be better or equal to the performance

of the EKF we implemented in this dissertation.
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Appendix A
THIRD AND FOURTH COLUMNS OF dGux

This appendix includes the elements of dGux given in Eq. (4.20). cos (,/pT) and sin (/pT)
are denoted by c( and s(, respectively.

Gy =K32sCP(i) — R7q) — K~ '[(¢¢ — I, )RM + P7cCi) + K~ Y2s¢ P7n

— K *(c¢ - 1,,)2PRq
Gz =K V2s¢(2Pn + RM + P71)) + K*?s(P(Rq — Kn) — K~ 'c(P7(Rq — Kn)
G3.3) =cC(2Pn + RM + P77) + K~ 2s¢ P + 7(Rq — Kn)]
Gaz) =cCP[27) + 7(Rq — Kn)] — K'2s¢(2Pn + RM + P7) + K~ '/2s¢ P(Rq — Kn)
Gs.3) =2cCP(Rq — K1) — KcC(2Pn + RM + P71)) — K'2sCP[3i + 7(Rq — Kn)]
Gaay =K2s¢Q(1 — R7q) + K'[(cC — I,,,,) RMa — Q7c(ni) + K /2s¢Q7

— K7%(cC — I,,)2QRq
Gaa =K ?s¢(2Qn — RM3 + Q7)) + K*?s(Q(Rq — K1) — K~'«(Q7(Rq — Kn)
G3.0) =c¢(2Qn — RMa + Q) + K~ 25(Qli + 7(Rg — Kn)]
Ga0) =cCQ[2) + T(Rq — Kn)] — K'/25((2Qn — RMz + Q7)) + K~'/2s(Q(Rq — Kn)

G0 =2cCQ(Rq — Kn) — Ke((2Qn — RM2 + Q7)) — K'2s¢Q[37) + 7(Rq — K1)
(A1)
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Appendix B
PROOF OF THEOREM 5

We prove by induction. Our base case is k = 1. The multiset M;; = {{1}} has only one
element, which is itself a multiset with a single element that is 1. For k = 1, one can thus

simplify Eq. (4.28) to obtain
Le(goh) = (g o h)Leh . (B.1)
Equation (B.1) is equivalent to
Le(goh) = (g oh)Leh, (B.2)
which is true and can be straightforwardly derived from the vector identity,
V(goh)= (g oh)Vh. (B.3)

For the induction step, we show that if Eq. (4.28) holds for k, it also holds for £+ 1. We

have

k
L (goh) =V > gV oh) Y (HL;%) f

Jj=1 s€EMy, ; \si€Es
k
=> [V(gDoh) Y (HL?’h) Doh) > v(HLSZ )f :
Jj=1 sEMy, ; \si€s sEMy, ; s;€s



98

where we have used the product rule for derivatives. We substitute
V(g o h) = (g¥+tY o h)Vh, (B.5)

in Eq. (B.4). Applying the product rule to the gradient of [ Lg'h, we obtain

LEf(goh) =) [(gV™ oh) VA > (H Li"h) f

j=1 SEM}CJ‘ S;ES

+(gWon) Yo Y vLEn) | [T Lin | f] (B.6)
SEMy, ; seE€S S'i;g;

The Lie derivatives of h with respect to x on the vector field f are scalar-valued, so we reorder

Eq. (B.6) to obtain

Lt (goh) = i (" on) > (H L?h) L¢h

7j=1 SEMy ; \s;E€s

+(gDoh) > Lt [] Lin || - (B.7)

SEMy j se€s Si€ES
J i£0

We shift the index j in the first part of the right-hand side of Eq. (B.7), so that

L (goh) = % (g oh) > (H L?’h) Le¢h

j:2 SEM&j,l S;ES
k

+> (@D oh) > L | [ Lin || - (B.3)
7=1 S€EMy ; s¢€Es si€s

Al
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Now let us introduce two multisets A and B with

A = {{81,82, .. .,Sp, 1} | {81,82, .. .,Sp} € Mk,j—l}

and

B:{{51,32,...,sq+1,...,3p}|q€{1,2,...,p},{31,52,...,sq,...,sp}EM;W}.

Then we can rewrite Eq. (B.8) as

#on =3 [0 on 3 (T1e0)

7=1 s€cAUB \s;€s
—(gWon)> (H Lf"h) —(g" M oh) > (H L;ih) : (B.9)
M0 \si€s My k+1 \Si€Es

By definition of My ; (see Eq. (4.29)), Myo = My 11 = 0 and the union AU B is equal to

Mj.11,5. We can thus write

L'E“(goh)zi (99 oh) Y (HL?h> ,

7j=1 56Mk+1,j S;€ES

which completes the proof of Eq. (4.28).
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Appendix C

CONJECTURE ON THE GRADIENT OF HIGHER-ORDER
LIE DERIVATIVES OF A COMPOSITE FUNCTION

Conjecture 1 The gradient of the k-th Lie derivative of the composite function g o h with

respect to the vector x on the vector field f is
k
VLE(goh)= Z( )Lk (g’ o h)VLLh, (C.1)
=0

where h : R" — R and g : R — R.

For 1 < k < 3, the conjecture can be verified directly. An induction step is necessary for the
validity for any positive integer k. Notice that, if it is proven, Conj. 1 can also be used to

prove Theorem 4.32.



101

VITA

Burak has pursued his doctorate at the University of Washington (UW), where he served
as a teaching assistant, a research assistant and a predoctoral instructor, as a scholar of
the Scientific and Technological Research Council of Turkey (TUBITAK). He earned a B.S.
in aeronautical engineering with a minor in mechatronics and an M.S. in system dynamics
and control from Istanbul Technical University (ITU), where he was a teaching and research
assistant between 2014 and 2017. His research interests include optimal sensor placement
and trajectory planning and measurement function forms for highly sensed systems with
applications in biological flight and engineered flight and space systems. His hobbies include

cinema and archery.



