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In this work, the bluff-body hydrodynamic robotic system, RoboRay, is introduced, and

an early framework for modeling, stability, and control is developed. A model is proposed

for the system, including a fluid dynamics models that includes hydrodynamic forces and

added mass and inertia considerations. Nonlinear and linear stability analyses are then

performed on the system, and sufficient conditions for nonlinear stability are provided. A

geometric backstepping controller with trajectory tracking is then developed for the system.

Simulations are performed of both the controlled and uncontrolled system in order to bet-

ter understand its behavior. The simulations provide insight into potentially highly stable

modes, and guidelines for future controller improvement.
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Chapter 1

INTRODUCTION

As technology continues to improve, many applications that once required large, heavy,

difficult to use machines are being taken over by smaller, lighter options. One area where

this is extremely apparent is robotic systems. Multiagent systems, comprised of a number

of smaller, less expensive robots offer promise for the exploration and monitoring of harsh

and dangerous environments.

1.1 Motivation

The use of a network of small, simple robots, capable of collecting and transmitting data, has

applications varying from space exploration to ocean monitoring. A net of vehicles designed

to fall slowly and in a coordinated way could take data on changing ocean temperature

and currents to determine the effects of climate change. Vehicles designed for atmospheric

reentry could gather information on the potential habitability of other planets by humans. A

network of sensors could be dropped from a jet flying over disputed territory, and maintain

their formation for coordinated communication as they descend.

In this work, we describe current efforts for the bluff-body hydrodynamic robotic system

known as RoboRay. RoboRay is the first iteration working towards a lightweight, flexible

vehicle to be used for exploration and environmental monitoring with scaling opportunities

for use in a variety of fluids. The flexible platform will allow for small, embedded actuators

and easy to predict fluid dynamics properties.
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1.2 Background

RoboRay was inspired by the work on Sprite Satellites currently being performed at Cornell

University[1][12][13]. The Sprites are small, satellite-on-a-chip vehicles being designed for

data collection in the earth’s atmosphere while surviving reentry. The latest iterations of the

Sprite vehicles remain unactuated, making holding a formation during descent or landing in

a specified area impossible. Our long-term goals for the RoboRay project include developing

a framework for stability and control of lightweight vehicles, such as the Sprites.

The major challenges that we face in the continued development of RoboRay are nu-

merous. The unique structure and actuation of the vehicle does not lend it self well to

many of the modeling tools used for hydrodynamic vehicles, requiring that a framework for

such a vehicle be designed. Most of the work in underwater vehicles work in one of three

platforms: gliders[4][10], submarines[17], and large vessels[19][22]. Work on these vehicles is

often performed under an assumption of neutral-buoyancy, meaning that the gravitational

and buoyant forces acting on the vehicle effectively cancel out. Due to the intended applica-

tion of the RoboRay project, this is not a well-reasoned long-term assumption to make.

Another common assumption for underwater and surface vessels is that an ellipsoidal

approximation can be used in developing vehicle and fluid dynamics models[6]. Indeed,

this common model serves many applications well, however due to the unique structure of

the RoboRay craft, a flat plate assumption serves as a more appropriate model. The need

to approximate the vehicle as a system of flat plates presents a number of challenges in

itself, specifically in that there is little practically useful information available on aero and

hydrodynamics for a flat plate at varying angles of attack. Assuming a connection between

a system of flat plates complicates the issue further.

We seek to utilize a reasonable cross section of literature on the modeling, stability, and

control of underwater vehicles in order to begin developing our own framework. A significant

part of building said framework here relies on the work on fin-actuated robots in [15], the

work on gliders in [10], and the development of sufficient stability bounds for bottom-heavy
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water vehicles in [9].

The development of the basic RoboRay model, as well as the uncontrolled equations of

motion, were based on the work performed in [10] in addition to some basics in robotic

modeling [16]. The implementation of shape states for control inputs, as well as the use of

accessibility for underactuated systems is derived from [15] and [14]. The nonlinear stability

analysis and development of geometric bounds for stability follow the work in [9]. The flat-

plate modeling techniques for added mass and inertia are based largely on the experimental

analysis performed in [11].

1.3 Contributions

The major contributions of this work are as follows:

1. The development of a baseline strategy for implementing fluid dynamics models into

the modeling and simulation of vehicles approximated as flat plates

2. The determination of sufficient requirements for vehicle stability and testing of those

requirements against simulation

3. The framework for geometric control of the RoboRay vehicle

1.4 Thesis Layout

The rest of this paper is structured as follows. Chapter 2 provides information regarding

the modeling of the robot, as well as how the surrounding fluid is represented. Chapter 3

details both the linear and nonlinear stability analyses performed. Chapter 4 provides the

basis for the controller developed to guide the vehicle along a prescribed trajectory. Chapter

5 provides the results of the simulations of the study. Finally, Chapter 6 provides the reader

with the conclusions of the study, as well as future work for the project.
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Chapter 2

SYSTEM MODELING

In this chapter, we will cover the RoboRay system model. In Section 2.1, we will de-

scribe the basic set-up and components of the physical robotic system as well as how those

components are modeled, and in Section 2.2 we will cover how we model the fluid dynamics

of the surrounding fluid. Finally, Section 2.3 steps through the derivation of the equations

of motion for the system using Lagrangian Dynamics.

2.1 Description of System

At the time of writing, RoboRay is in the late stages of design, with all of the components

chosen, and some manufacturing already complete. In this section, we will describe the

proposed design, as well as the simplified models that have been developed for analysis.

2.1.1 Robotic System Design

The proposed robotic system is comprised of six major components: the square center of the

vehicle, the four vehicle “wings”, and the water-tight dome which sits on top of the vehicle

center and contains most of the robot’s electrical components. The vehicle center and wings

are made from a 1.6 [mm] thick acrylic custom cut to specifications, and the water-tight

dome is a slightly-modified commercially available model, also made primarily of acrylic. A

diagram of the main model components can be found in Fig. 2.1.

The wings are attached to the center of the vehicle using nylon hinges and are actuated

with small, waterproof servomotors which are attached to the center base, outside of the

water-tight dome. Between the dome and center base sits a printed circuit board, which

supplies power and communication information to the servomotors from the electrical com-
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Top View Side View

Figure 2.1: Simplified diagrams of the RoboRay Vehicle. The pink circle represents the dome
of the vehicle, the purple triangles represent the vehicle wings, and the white square is the
acrylic center.

ponents inside the dome.

The majority of the system’s power and processing components rest inside the water-tight

dome. These components include the on-board processor, batteries, radio frequency module,

and sensors.

2.1.2 Simplified Model

The system model used for analysis in this work is comprised of the six main parts of the

robot, without any consideration of the electronics and actuation on board. This allows the

novel system to be studied using readily-available techniques. The wings and center base

are modeled using flat-plate dynamics, and the dome is modeled as a hemisphere situated

on top of the center. This model assumes that both the center of gravity (CG) and center

of buoyancy (CB) for the vehicle are directly above the geometric center of the center base.

As the wings deflect, the vertical position of both the CG and CB will change, however they

will always remain aligned with the geometric center of the vehicle.

The vehicle has five on-board coordinate systems, one for each wing, as well as one
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vehicle-fixed frame, which is originated at the CB. Each wing has a deflection angle, si, and

the wing frame rotates along with si, so that the xi and yi axes always remain in-plane. For

each wing, there is also a rotation matrix, Ri, which maps a vector from the wing-fixed frame

to the vehicle-fixed frame. An illustration of the vehicle along with its reference frames can

be found in Fig. 2.2.

Top View Side View

Figure 2.2: Location of wing and vehicle-fixed coordinate frames for the RoboRay vehicle.

The xc and yc axes remain in-plane with the center acrylic square of the vehicle, while

the zc axis points vertically in the direction of the vehicle’s geometric center. The vector

pointing from the CB to the CG is defined as rG = `zc, where in the case of the CG being

higher than the CB, the direction of zc remains the same, and ` < 0.

The position and orientation of the vehicle are described with respect to an inertial frame

by the position vector, b, which points from the origin of the inertial frame to the origin of

the vehicle frame, and the rotation matrix, R, which maps a vector from the vehicle frame to

the inertial frame. The velocity vectors, Vc and Ωc, represent the translational and rotational

vehicle velocities, respectively, in the vehicle-fixed frame. Figure 2.3 illustrates the position,

orientation, and velocity states of the vehicle.
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Figure 2.3: The states of interest include the position, orientation, and translational and
rotational velocities of the vehicle.

2.2 Fluid Dynamics of System Model

The fluid dynamics of the system are based on flat-plate aerodynamic studies available in

literature [11]. The two main fluid dynamics concepts utilized in the model are hydrodynamic

drag from pressure on the front of the plate and the added mass and inertia of accelerating

the fluid surrounding the vehicle.

2.2.1 Drag Model

Due to the unique physical geometry of the system, typical flat-plate lift and drag coefficients

for varying angles of attack do not translate well. As the un-smooth geometry of the vehicle

does not lend itself well to computational fluid dynamics techniques, it was determined

that an analytical model should be used until experimental data could be gathered on the

performance of the vehicle, and then integrated into the modeling and simulations.

The preliminary drag model chosen consists of two parts: translational drag acting per-

pendicular to each of the vehicle surfaces, and rotational drag acting perpendicular to the

vehicle’s center. The translational drag is calculated by mapping the free-stream air velocity,
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V∞, into the local frame for a given surface. The velocity is then projected into the frame’s

z axis, and the projection of the velocity is used to calculate the drag on that surface. Local

drag is calculated using the following equation:

Di =
1

2
CDρAiV

2
∞,i

where CD = 1.28 is the coefficient of drag for a flat plate perpendicular to fluid flow [2], ρ

is the density of the fluid, Ai is the area of the surface, and V∞,i is the projection of the

freestream velocity into the local z axis. Figure 2.4 illustrates how drag is calculated for each

surface. As we are using a perpendicular, flat-plate assumption for the drag, the lift on the

vehicle is assumed to be negligible.

Figure 2.4: Drag on each surface of RoboRay as determined by the freestream air velocity.

The rotational drag is calculated by first approximating the vehicle as a circle with equal

area. Using this approximation, a pseudo-radius is determined as:

rp =
√
A/π.
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The rotational drag is then integrated over the surface of the circle to determine a total

rotational drag for a single direction:

MDi
=

1

2
CDρ

∫ rp

0

(2πr)(ωir)
2dr (2.1)

where ωi is the angular velocity of the vehicle around a given axis. Equation 2.1 holds for

rotations about the xc and yc axes, however as the flat plate assumption has been made,

there is no rotational drag about the zc axis.

2.2.2 Added Mass and Inertia

Due to the low density of the vehicles as compared to the surrounding fluids, the acceleration

of the fluids could not be reasonably ignored in the development of the system dynamics.

Added mass and inertia approximations were determined for each component, translated into

a central body coordinate frame, and summed to determine the approximation for the system.

Each component was approximated as a flat-plate wing, and the added mass calculations

were performed according to [11]. The added mass for the hemisphere is considered to be

negligible in comparison to the effects of the center and wing flat plates.

The translational added mass for each component was considered only in the local zi

direction, in order to maintain consistency with the flat plate assumption. The translational

added mass was calculated according to:

mf
iz

=
π

4
ρkc2b (2.2)

where k, the coefficient of added mass, is determined from the aspect ratio, c is the average

chord of the wing, and b is the wing span. Table 2.1 contains the coefficients used for each

component.

The added inertia for each component was considered about the local xi and yi axis.

The equations for the added inertia for an individual control surface about its xi and yi axis

(respectively) are:
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Table 2.1: Added mass and inertia coefficients for vehicle center and wings [11].

System Component k Dλ k′x k′y

Vehicle Center
√

2/2 1 0.41 0.41

Control Surface 0.91 0.6 0.75 0.15

Jfix =
π

48
ρDλk

′
xc

2b3 (2.3)

Jffy =
π

48
ρDλk

′
yc

3b2 +mf
iz
l2 (2.4)

where Dλ, k
′
x and k′y are correction factors determined from the taper and aspect ratio of the

control surfaces modeled as wings and l is the perpendicular distance from the centroid of

the surface to the leading edge.

2.3 Derivation of the Equations of Motion

The system’s equations of motion were developed using Lagrangian Mechanics in order to

ensure the complicated system was modeled as accurately as possible. In order to limit the

number of total states to track, first the translational and rotational velocities of each wing,

Vi and Ωi, respectively, were expressed in terms of the velocities of the vehicle center:

Vi = Vc − r̂LEi
Ωc −Rir̂CGi

Ṡi (2.5)

Ωi = Ωc +RiṠi (2.6)

where rLEi
is the vector from the origin of the vehicle-fixed frame to the origin of the local

wing frame, rCGi
is the vector from the origin of the local wing frame to the centroid of the

wing, and Ṡi is the rate of angular deflection of the wing with respect to the vehicle center.

The ·̂ donation on a vector represents its transformation into a skew-symmetric matrix, where
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right-multiplying the matrix by a vector is equivalent to taking the cross product of the two

vectors. The matrix is formed as:

r̂ =


0 −r3 r2

r3 0 −r1

−r2 r1 0

 .
With all of the velocities expressed in terms of the vehicle center velocities, it was then

possible to express the kinetic energy of the system using the states Vc,Ωc, and the vector of

angular deflections of the wings, Ṡ = [ṠT1 , Ṡ
T
2 , Ṡ

T
3 , Ṡ

T
4 ]T . The potential energy of the system

has two components: there are the translational effects of gravity and buoyancy, as well as

the moment that occurs as a result of the non-coincident centers of buoyancy and gravity. By

taking the difference between the kinetic and potential energies of the system, we developed

the system Lagrangian:

L =
1

2

(
V T
c M̃Vc + ΩT

c J̃Ωc + 2ΩT
c D̃Vc

)
−mvaw(dmax − b · k) +mvaw`

(
RTk · zc

)
. (2.7)

In Eq. 2.7, mv is the total mass of the vehicle, aw is the acceleration experienced by the

vehicle when considering both gravity and buoyancy, and dmax is the maximum reachable

depth of the vehicle. The M̃, J̃ , and D̃ matrices are the mass, inertia, and cross term matrices

for the entire vehicle. Each of these matrices were determined by performing an expansion

of the kinetic energy of each vehicle component, and collecting terms for simplicity. They

are defined as:

M̃ = Mc +
4∑
i=1

Mi

D̃ = Dc +
4∑
i=1

r̂LEi
Mi

J̃ = Jc +
4∑
i=1

Ji − r̂LEi
Mir̂LEi
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where Mi = RiMwi
RT
i and Ji = RiJwi

RT
i are the mass and inertia matrices of the ith wing

expressed in the vehicle-fixed frames. Correspondingly, Mwi
and Jwi

are the mass and inertia

matrices expressed in the local wing frame. A full description of the process to compute these

matrices can be found in Appendix A.

Lagrange’s Equations were then used to determine the equations of motion for the velocity

states:

d

dt

(
∂L

∂q̇i

)
=
∂L

∂qi
+ Υexti

where qi is a system state and Υexti is the net external force acting on that system state [16].

The derivatives of the position, orientation, and wing deflection states were found using

relative motion, and the equations of motion for the system were found as:

d

dt


b

R

S

 =


RVc

RΩ̂c

Ṡ



V̇c = mvawCk−mvaw`B(RTk× zc) + CFext +BMext −
(
C ˙̃M +B ˙̃D

)
Vc

−
(
C ˙̃DT +B ˙̃J

)
Ωc −

(
CȦT1 +BȦT2

)
Ṡ −

(
CAT1 +BAT2

)
S̈

(2.8)

Ω̇c = mvawB
Tk−mvaw`A(RTk× zc) +BTFext + AMext −

(
BT ˙̃M + A ˙̃D

)
Vc

−
(
BT ˙̃DT + A ˙̃J

)
Ωc −

(
BT ȦT1 + AȦT2

)
Ṡ −

(
BTAT1 + AAT2

)
S̈

(2.9)

S̈ = u (2.10)

where the new matrices above are defined as:
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A =
(
J̃ − D̃M̃−1D̃T

)−1

B = −M−1D̃TA = −CDTJ−1

C =
(
M̃ − D̃T J̃−1D̃

)−1

A1 =


r̂CG1Mw1R

T
1

r̂CG2Mw2R
T
2

r̂CG3Mw3R
T
3

r̂CG4Mw4R
T
4

 A2 =


−r̂CG1Mw1R

T
1 r̂LE1

−r̂CG2Mw2R
T
2 r̂LE2

−r̂CG1Mw3R
T
3 r̂LE3

−r̂CG4Mw4R
T
4 r̂LE4


Further details on the derivation of the equations of motion can be found in Appendix A.
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Chapter 3

STABILITY ANALYSIS

In this chapter, we examine the stability of the vehicle-fluid system from two perspec-

tives. First, following the work in [9], we take a nonlinear approach by studying the system

Hamiltonian and finding geometric bounds for the system stability of two different equilibria

for the modified, unforced system. Then, we use those same equilibria to linearize the system

about, and perform a spectral stability analysis of the full system model.

3.1 Nonlinear Analysis

In this section, we examine the unforced, neutrally buoyant system, which allows us to

follow the stability analysis performed in [9]. While this is inherently an incomplete model,

it does allow for the examination of the nonlinear system, as well as the development of some

interesting potential equilibria.

3.1.1 Unforced System Dynamics

In order to model the unforced system dynamics, the system Lagrangian is first developed.

As the wings are unactuated, they will have the same rotational velocity as the center of the

system, and the velocity of each with can be determined using relative motion. Expressing

the energy of each wing in terms of the rotational and translational velocities of the center

provides for the convenient definition of four new matrices,
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M̆ = Mc +
4∑
i=1

Mi

D̆ = Dc +
4∑
i=1

r̂cCGi
Mi

J̆ = Jc +
4∑
i=1

Ji − r̂cCGi
MiR

c
CGi

where r̂cCGi
is the vector from the CG of the vehicle to the CG of the ith wing, expressed

in the center vehicle frame. The matrices above can be used to form the slightly modified

version of the neutrally-buoyant system Lagrangian:

L =
1

2

(
V T
c M̆Vc + 2ΩT

c D̆Vc + ΩT
c J̆Ωc

)
+mvawl (k ·Rzc) . (3.1)

The applicability of the above Lagrangian to the work in [9] depends largely on the

modified matrices taking on convenient shapes. Specifically, M̆ and J̆ must be diagonal

matrices, and D̆ must take the following form:

D̆ =


0 −d1 0

d2 0 0

0 0 0


The necessary shapes for applicability occur when the angular deflections of opposite

wings are equal to each other; s1 = s3, s2 = s4. This then ensures that the symmetry groups

from [9] hold, and that we can utilize the same Hamiltonian and Casimir functions, with

matrix definitions based on our system dynamics:

Π = J̆Ωc + D̆Vc P = M̆Vc + D̆TΩc

Γ = RTk Ă = (J̆ − D̆M̆−1D̆T )−1

B̆ = −C̆D̆T J̆−1 = −M̆−1D̆T Ă C̆ = (M̆ − D̆T J̆−1D̆)−1.
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From the above, we can see that our new matrices will take the following forms:

Ă =


m2

I1m2−d21
0 0

0 m1

I2m1−d22
0

0 0 1
I3

 B̆ =


0 −d2

I2m1−d22
0

d1
I1m2−d21

0 0

0 0 0



C̆ =


I2

I2m1−d22
0 0

0 I1
I1m2−d21

0

0 0 1
m3


The ability to utilize matrices of similar shape as those in [9] allows us to with similar

assumptions. Thus, we will study two particular equilibria of interest, one with and one

without spin. The stability analysis of each of these equilibria are provided in the following

sections.

3.1.2 Stability Analysis of Equilibrium Without Spin

The equilibrium point of the system without spin which will be explored in this section

includes velocity in two directions, one vertical and one horizontal. This equilibrium takes

the following form:

Ωe1 =


0

0

0

 Ve1 =


0

ve12

ve13

 Γe1 =


0

(m2−m3)ve12ve13
mvaw`√

1−
(

(m2−m3)ve12ve13
mvaw`

)2

 . (3.2)

In order to determine where the equilibrium was Lyapunov stable, the Jacobian and

Hessian of the Hamiltonian, HΦ were studied:

H =
1

2

(
ΠT ĂΠ + 2ΠT B̆TP + P T C̆P

)
−mvaw`(Γ · zc)

HΦ = H + Φ(P · Γ, ‖P‖2, ‖Γ‖2)
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First, the Jacobian of the system was found and set to zero in order to determine the

critical point:

∇H +∇Φ = 0

0

0

0

0

ve12

ve13

0

0

−mvaw`



+



0

0

0

0

Φ̇
(m2−m3)ve12ve13

mvaw`
+ 2Φ′m2ve12

Φ̇

√
1−

(
(m2−m3)ve12ve13

mvaw`

)2

+ 2Φ′m3ve13

0

Φ̇m2ve12 + 2Φ†
(m2−m3)ve12ve13

mvaw`

Φ̇m3ve13 + 2Φ†
√

1−
(

(m2−m3)ve12ve13
mvaw`

)2



= 0

where in the above:

Φ̇ =
∂Φ

∂P · Γ
Φ′ =

∂Φ

∂‖P‖2
Φ† =

∂Φ

∂‖Γ‖2

all evaluated at the equilibria.

Operating under the assumption that Φ̇ = 0, it is then necessary to make one of two

assumptions; that m2 − m3 = 0 or that ve12 = 0. In order to simplify the geometric

constraints, it was decided to neglect the translational velocity term. This simplified the

remaining unknown terms to:

2Φ′ = −1/(m3)

2Φ† = mvaw`
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The system Hessian was then found as

∇2H +∇2Φ

=



a1 0 0 0 b2 0 0 0 0

0 a2 0 b1 0 0 0 0 0

0 0 a3 0 0 0 0 0 0

0 b1 0 c1 − 1
m3

0 0 0 0 0

b2 0 0 0 c2 − 1
m3

0 0 0 0

0 0 0 0 0 a+ cm2
3v

2
e13

0 0 am3ve13

0 0 0 0 0 0 mvaw` 0 0

0 0 0 0 0 0 0 mvaw` 0

0 0 0 0 0 am3ve13 0 0 mvaw`+ am2
3v

2
e13


where

a = Φ̈ c = 4Φ′′.

In order for the system to be stable, it was necessary for the Hessian to be positive

definite. To find sufficient conditions for positive definiteness, an LDLT decomposition was

performed, and the values of the diagonal matrix were assumed to be positive:

D1 = a1 D2 = a2 D3 = a3

D4 =
1

m1

− 1

m3

D5 =
1

m2

− 1

m3

D6 = a+ cm2
3v

2
e13

D7 = mvaw` D8 = mvaw` D9 = mvaw`+
acm4

3v
4
e13

a+ cm2
3v

2
e13

More information on this process can be found in Appendix B.

It was found that for stability to be guaranteed, there were three sufficient conditions:

` > 0 m3 > m1 m3 > m2
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3.1.3 Stability Analysis of Equilibrium With Spin

The equilibrium point of the system with spin, which will be explored in this section, assumes

that the vehicle is moving straight down in the direction of gravity, and rotating about the

gravitational axis. This equilibrium takes the following form:

Ωe2 =


0

0

ωe23

 Ve2 =


0

0

ve23

 Γe2 =


0

0

1

 . (3.3)

The process of determining the stability for this equilibrium followed that described in the

previous section. It was found that for stability to be guaranteed, there were three sufficient

conditions:

` > 0 m3 > m1 m3 > m2

The above conditions match the conditions required for the equilibrium without spin,

suggesting that for this simplified model these are reliable criteria.

3.2 Linear Analysis

In order to further evaluate the equilibria developed using Leonard’s technique in [9], the

system was linearized and a spectral stability analysis was performed by determining the

eigenvalues of the state matrix. A variety of possible values for the equilibria were chosen

and tested, in order to determine if there were any patterns in the results.

3.2.1 Spectral Stability Analysis of Equilibria Without Spin

In the case of the equilibria without spin, the only configurations found to be stable neces-

sitated that the wings be either fully flat or folded up to 90◦. Table 3.1 details all of the

configurations found to be stable without spin by the spectral analysis.
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Table 3.1: Vehicle Configurations which met spectrally stable requirements for the no spin
equilibrium.

` [m] s1 [◦] s2 [◦] v2 [m/s] v3 [m/s] m1 [kg] m2 [kg] m3 [kg]

0.0167 0 0 0 1 1.0625 1.0625 2.2645

0.0167 0 0 0 2 1.0625 1.0625 2.2645

0.0167 0 0 1 1 1.0625 1.0625 2.2645

0.0167 0 0 1 2 1.0625 1.0625 2.2645

0.0171 0 90 1 1 1.0625 1.6069 1.7201

0.0171 0 90 1 2 1.0625 1.6069 1.7201

3.2.2 Spectral Stability Analysis of Equilibria With Spin

In the case of the equilibria with spin, the only configurations found to be stable were those

in which there was no wing deflection. Table 3.2 details all of the configurations found to be

stable with spin by the spectral analysis.

Upon further investigation into the eigenvalues associated with the vehicle configurations,

it was found that for a number of configurations with angular deflections between the ex-

tremes of flat 0◦ and 90◦, the maximum real part of the eigenvalues were less than 1. While

these configurations can not be considered spectrally stable, they do suggest that some other

configurations may be interesting to explore in simulation.
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Table 3.2: Vehicle Configurations which met spectrally stable requirements for the equilib-
rium with spin.

` [m] s1 [◦] s2 [◦] v3 [m/s] ω3 [m/s] m1 [kg] m2 [kg] m3 [kg]

0.0167 0 0 0.3 0.1 1.0625 1.0625 2.2645

0.0167 0 0 0.3 0.5 1.0625 1.0625 2.2645

0.0167 0 0 0.3 1 1.0625 1.0625 2.2645

0.0167 0 0 0.5 0.1 1.0625 1.0625 2.2645

0.0167 0 0 0.5 0.5 1.0625 1.0625 2.2645

0.0167 0 0 0.5 1 1.0625 1.0625 2.2645

0.0167 0 0 1 0.1 1.0625 1.0625 2.2645

0.0167 0 0 1 0.5 1.0625 1.0625 2.2645

0.0167 0 0 1 1 1.0625 1.0625 2.2645
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Chapter 4

SYSTEM CONTROL

In this chapter, we develop the controller for the system. To do so, we first assess

the controllability of the system. We then lay the groundwork for the development of a

backstepping controller, as well as the implementation of tracking a specified trajectory

using that controller. Finally, we discuss the application of the controller to our system.

4.1 Controllability

Before developing a controller for the system, it was first necessary to determine if the system

was fully controllable. Doing so via nonlinear methods involves getting the system dynamics

into a control affine form, then performing Lie Brackets between the drift vector field and the

control vector fields. The resulting vector fields are then concatenated in order to determine

the system Ideal. For a system Ideal with rank equal to the number of states of the system,

we can determine the system is Short Term Locally Controllable (STLC) [14].

As the shape states are directly controlled in their second derivative, we are able to make

some quick determinations of the controllability of those states. Examining only the shape

states in control affine form:

d

dt

 S

Ṡ

 =

 Ṡ

0

+

 0

1

u (4.1)

Performing a Lie Bracket between the two vector fields above:
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[f0(S), f1(S)] =

 0 1

0 0

 0

1

−
 0 0

0 0

 Ṡ

0


=

 1

0



In order to determine the system Ideal, we can then horizontally concatenate the above

vector field with the control vector field. Taking the rank of this new matrix:

rank

 0 1

1 0

 = 2.

We see that the Ideal of the shape states is full rank, and that the shape states are STLC

everywhere.

The controllability guarantee of the shape states allows us to examine a modified version

of the equations of motion for controllability of the rest of the system. Examining the

remaining states in control affine form:

d

dt


b

R

V

Ω

 =


RV

RΩ̂

g0(R, S, V,Ω, Ṡ)

h0(R, S, V,Ω, Ṡ)

+
4∑
i=1


0

0

gi(S)

hi(S)

ui

we take a representative Lie Bracket of the drift term with the fi vector field:
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[f0, fi] =


0 V R∧ 0

0 Ω̂ 0 R

0 ∂
∂R
g0

∂
∂V
g0

∂
∂Ω
g0

0 ∂
∂R
h0

∂
∂V
h0

∂
∂Ω
h0




0

0

gi(S)

hi(S)

−


0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0




RV

RΩ̂

g0(R, S, V,Ω, Ṡ)

h0(R, S, V,Ω, Ṡ)



=


R∧gi(S)

Rhi(S)

∂
∂V

(g0)gi(S) + ∂
∂Ω

(g0)hi(S)

∂
∂V

(h0)gi(S) + ∂
∂Ω

(h0)hi(S)


Examination of the above result reveals that as successive Lie Brackets are taken, it will be

possible to obtain a full rank matrix for the system Ideal, thus ensuring that our system will

be STLC.

4.2 Backstepping Controller Development

In order to handle the system nonlinearities, a backstepping controller was chosen. In this

section, we will provide some information on the general structure of the backstepping con-

troller.Further information on backstepping controllers can be found in [5].

The backstepping controller depends on being able to transform the system dynamics

into a system of equations with the following form:

η̇ = Fa(η) +Ga(η)ξ

ξ̇ = Fb(η, ξ) +Gb(η, ξ)u
(4.2)

where η̇ takes in ξ as an input and ξ̇ accepts the control input, u, directly. It is then assumed

that there exists a positive definite function, W (η), and a smooth, positive definite Lyapunov

function, Va(η), such that:

∂Va
∂η

[Fa(η) +Ga(η)φ(η)] ≤ −W (η)
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where ξ = φ(η) is a state feedback control which stabilizes η̇. By defining the state, z =

ξ − φ(η), we can transform the system in Eq. 4.2, to take the form:

η̇ = Fa(η) +Ga(η) (φ(η) + z)

ż = Fb(η, ξ)− ∂φ
∂η
η̇ +Gb(η, ξ)u.

(4.3)

We then define a new Lyapunov function for the system, utilizing the state variable, z:

V (η, ξ) = Va(η) +
1

2
zT z.

The derivative of the above Lyapunov function takes the form:

V̇ = ∂Va
∂η

[Fa(η) +Ga(η)φ(η)] + ∂Va
∂η
Ga(η)z + zT ż (4.4)

where we know the first term to be negative definite. We can then choose our u such that it

will make the remaining terms negative definite, thus providing asymptotic stability of our

system at the origin. Setting the second two terms above less than zero, we can solve for

such a u:

∂Va
∂η

Ga(η)z + zT ż ≤ 0

zTGa(η)T
∂Va
∂η

T

+ zT
(
Fb(η, ξ)−

∂φ

∂η
η̇ +Gb(η, ξ)u

)
≤ 0

Ga(η)T
∂Va
∂η

T

+ Fb(η, ξ)−
∂φ

∂η
(Fa(η) +Ga(η) (φ(η) + z)) ≤ −Gb(η, ξ)u

−G†b
(
Ga(η)T

∂Va
∂η

T

+ Fb(η, ξ)−
∂φ

∂η
(Fa(η) +Ga(η) (φ(η) + z))

)
≥ u

u = −G†b
(
Ga(η)T

∂Va
∂η

T

+ Fb(η, ξ)−
∂φ

∂η
(Fa(η) +Ga(η) (φ(η) + z)) +Kz

)
(4.5)

In order for Eq. 4.4 to maintain negative definiteness, we choose K to be a positive

definite matrix. If we choose φ(0) = 0, the origin of our system is asymptotically stable.
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4.3 Trajectory Tracking with Backstepping

In order to track a trajectory using backstepping, we first define the reference trajectory in

terms of our backstepping states, ηr, η̇r and ξ̇r. We can then define the error between our

current states and reference trajectories as:

δη = η − ηr δ̇η = η̇ − η̇r

As ξ is the input for the η̇ function, we define our idealized function, ξr = φ to ensure

stability in δη:

φ = η̇r − δη

ξ = δξ + φ

We can examine a candidate Lyapunov function which we will want to stabilize, as well

as its derivative:

V =
1

2

(
δTη δη + δTξ δξ

)
V̇ = δTη δ̇η + δTξ δ̇ξ

If we approximate η̇ as ξ, we can redefine δ̇η in terms of our φ:

δ̇η = −η̇r + η̇

= −η̇r + δξ + φ

= δξ − δη

We can then plug this form into our Lyapunov function derivative:
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V̇ = −δTη δη + δTξ

(
δη + δ̇ξ

)
The first term above will be negative definite by nature, so it is then necessary to define

the second term as negative definite. We do so by defining some positive definite K, and

assigning the second term as:

δTξ

(
δη + δ̇ξ

)
≤ −K

Using the fact that δ̇ξ has system dynamics included in it, we can then determine a

control policy to drive the error to zero. Using the system dynamics as defined in Section

4.2:

δη + δ̇ξ ≤ −Kδξ

ξ̇ ≤ −Kδξ − δη + ξ̇r

Fb +Gbu ≤ −Kδξ − δη + ξ̇r

u = −G†b
(
Kδξ + δη − ξ̇r + Fb

)
In order to make the controller more effective, we can make K a positive definite matrix,

thus allowing us to have more adjustment over prioritizing the different states of the vehicle.

4.4 Controller Implementation

In order to implement the backstepping control with error dynamics into our system, we first

defined the η and ξ states:

η =


b

R

S

 ξ =


Vc

Ωc

Ṡ


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We were then able to define the system dynamics in relation to the backstepping dynamics:

Fa = 0 Ga =


R 0 0

0 R∧ 0

0 0 1



Fb =


g0(R, S, V,Ω, Ṡ)

h0(R, S, V,Ω, Ṡ)

0

 Gbi =


gi(S)

hi(S)

ei


where Gb = [Gb1 Gb2 Gb3 Gb4 ], ei is a basis vector for the ith control, and R∧ denotes a

non-square matrix where R∧Ωc is equal to the vertically concatenated columns of RΩ̂c.

In order to implement the control policy into our system, and only receive four control

inputs, it was necessary to alter Gb slightly. Whereas the equations of motion as describe

in Section 2.3 utilize deflections Si ∈ R3, due to physical constraints on the system, it is

only actually possible to control wing deflection about the yi axis. For this reason, all terms

corresponding to a xi or zi wing deflection were removed from Gb. We then find our system

control policy to be:

u = −G†b
(
Kδξ + δη − ξ̇r + Fb

)
.
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Chapter 5

SIMULATION RESULTS

In this section we will present the results of the system simulations of equilibria from the

nonlinear study, both with and without angular perturbations from the initial conditions.

We will then present results of the simulated system with control.

5.1 Uncontrolled Equilibria Simulation Results

In order to first verify that the code was working properly, a series of uncontrolled, unper-

turbed simulations were run with the wings of the vehicle all deflected evenly at 0◦, 45◦, and

90◦. These simulations were used to verify that the unperturbed system would fall straight

down, and that as less surface area was exposed to the freestream air velocity, the termi-

nal velocity of the system would increase to match theoretical values. An example of this

verification can be found in Fig. 5.1.

Once the code was sufficiently verified, perturbations were introduced into the initial

conditions of the system. For each of the cases below, the system was perturbed 10◦ about

its yc axis.

5.1.1 No Spin, Effect of V2

The first simulation to examine is the system without spin and with an initial perturbation

about the yc axis that will induce a velocity in the xc direction. We will examine two cases,

one with the wings flat and another with the wings deflected at 45◦. In Fig. 5.2, we see

the velocities of the vehicle in two cases: with v2 (the velocity in the yc direction) initially

at 0, and with v2 initially at 0.1[m/s]. The resulting plots show that the effects of the

perturbation on the xc velocity are independent of the initial value of v2, and that the value
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Figure 5.1: Vertical velocities of the unperturbed RoboRay, with wings flat and folded at
90◦.

of v2 is constant throughout.
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Figure 5.2: Velocities of the vehicle with an initial perturbation and si = 0◦

In the second configuration with the same initial conditions, the wings are deflected at

si = 45◦; the plot of the velocities can be found in Fig. 5.3. In this case, we see that the

vehicle with an initial velocity experiences more oscillations in its velocities throughout the
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simulations. We also see that for the case where v2 = 0, that initial zero component of the

velocity is maintained throughout the simulation. This likely occurs as a result of the wing

deflection coupled with the translational velocity having a differential moment on the even

numbered wings. As the drag forces slow down the rotation, we see the moment difference

happening in the reverse direction. This back and forth behavior is known as feathering, and

is similar to the motion of a lightweight object such as a feather or leaf falling through the

air.
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Figure 5.3: Velocities of the vehicle with an initial perturbation and si = 45◦

5.1.2 Effect of Spin on Perturbations

The next comparison of simulations will involve perturbing two systems, one with an initial

spin about its zc axis, and one with no initial spin. In Fig. 5.4, we see that the perturbation

creates a feathering effect in the xc direction, which in term creates some oscillations in the

zc velocity. It does not appear to have any affect on the yc direction velocity.

Alternatively, we see in Fig. 5.5 that for the system with an initial rotational velocity

in about the zc axis, there is an effect on the velocity in both the xc and yc velocity terms.

The velocities in the two directions appear to be not only oscillating on their own, but also

switching in magnitudes. This likely corresponds to a large, circular motion of the vehicle
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with banked curves, similar to a multi-dimensional feathering.

0 5 10 15 20 25 30

Time [s]

0

0.2

0.4

In
e

rt
ia

l 
F

ra
m

e
 V

e
lo

c
it
y
 [

m
/s

]

Figure 5.4: The effects of a perturbation
on the translational velocities of a system
with no spin and no initial horizontal ve-
locity with si = 45◦.
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Figure 5.5: The effects of a perturba-
tion on the translational velocities of a
system with no initial horizontal velocity,
but with an initial rotational velocity of
Ω3 = 0.1 [rad/s] and si = 45◦.

In examining the rotational velocities of the same two system simulations, we see similar

effects. In Fig. 5.6 we see that the perturbation in the system without an initial rotational

velocity causes a rotation about only one axis. For the rotational velocity of the system

with spin, we see in Fig. 5.7 a behavior similar to the effects on the rotational velocities.

Interestingly, though the initial rotational velocity clearly has an effect on the behavior of

the system after the perturbation, the rotational velocity about the zc axis appears to remain

unchanged.

5.1.3 Comparison of Effects of Initial Rotational and Translational Velocities on Perturbed

System

In this section, we will examine the performance of a system with an initial horizontal velocity

term in comparison with a system with an initial rotational velocity term about its zc axis.

In Figures 5.8 and 5.9, we see behavior similar to previous simulations. It is apparent in this

case that the maximum magnitude of the oscillations in ḃy of the simulation without spin

are more than twice as large as the oscillations in the simulation with spin. Additionally,

the simulation with spin seems to have its two velocity directions coupled, while there is
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Figure 5.6: The effects of a perturbation
on the rotational velocities of a system
with no spin and no initial horizontal ve-
locity with si = 45◦.
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Figure 5.7: The effects of a perturba-
tion on the rotational velocities of a sys-
tem with no initial horizontal velocity,
but with an initial rotational velocity of
Ω3 = 0.1 [rad/s] and si = 45◦.

no apparent relation for the case without spin. Finally, we seem in both cases that the

maximum magnitude of the oscillations over time appears to be decreasing.
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Figure 5.8: The effects of a perturbation
on the translation velocities of a system
with no spin, but with an initial horizon-
tal velocity of v2 = 0.1 [m/s] and si = 45◦.
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Figure 5.9: The effects of a perturba-
tion on the translational velocities of a
system with no initial horizontal velocity,
but with an initial rotational velocity of
Ω3 = 0.1 [rad/s] and si = 45◦.

In Figures 5.10 and 5.11, we see similar results for the rotational velocities of the two

systems. The simulation with no initial spin has larger magnitudes and no apparent coupling

between the two directions of the rotational velocity. The simulation with the initial spin

has smaller magnitudes overall, and apparent coupling. In both cases, again, we see a decay
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in the maximum magnitude of the oscillations.
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Figure 5.10: The effects of a perturbation
on the translation velocities of a system
with no spin, but with an initial horizon-
tal velocity of v2 = 0.1 [m/s] and si = 45◦.
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Figure 5.11: The effects of a perturba-
tion on the translational velocities of a
system with no initial horizontal velocity,
but with an initial rotational velocity of
Ω3 = 0.1 [rad/s] and si = 45◦.

5.2 Controlled Simulation Results

In this section we present the results from two different simulations implementing control. In

the first simulation, we do a direct comparison between a simulation without control and a

simulation with the same initial conditions, but now asking it to track a specified trajectory.

In the second controlled simulation, we relax all of the constraints on the control, and simply

ask it to implement a horizontal velocity.

5.2.1 Direct Comparison of Adding Control

Figure 5.12 contains plots of the horizontal velocity components for the two simulations,

controlled, and uncontrolled. Both simulations began with a rotational velocity about the zc

axis of 0.5 [rad/s] and a translational velocity in the vertical direction of 0.3 [m/s]. The also

began the simulations without perturbation, and with all of the wings folded up 45◦. The

controlled simulation was asked to track a trajectory in the positive yc direction at 0.3[m/s].

It is evident from the velocity plot that the controller did not have enough authority in

order to maneuver the vehicle appropriately in the 60 seconds of simulation. While there
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does seem to be a generally positive trend in the simulation, the total magnitude of the

change is less than a millimeter, and thus effectively meaningless. An examination of Fig.

5.13 displays a slight change in the deflection of the wings, however it again suggests that

there was not enough authority to properly maneuver.
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Figure 5.12: Translational velocities of
the uncontrolled and controlled simula-
tions with identical initial conditions.
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Figure 5.13: Wing deflections of the con-
trolled simulation.

5.2.2 Relaxed Control Policy

In this simulation, we start the vehicle with the same translational velocity as the previous,

but now eliminate the rotational velocity. We also additionally weight theK matrix of control

more strongly towards tracking yc velocity. In Fig. 5.14 we see the vehicle moving in the yc

direction, however it is actually moving in the incorrect direction. The increasing amplitude

of the oscillations also suggest that it may be starting to experience some instability, though

a longer simulation time would be required to say with any certain. The plot of the wing

deflections in Fig. 5.15 shows that the wings appear to be returning toward their original

state, suggesting that the vehicle may be trying to regain stability.



36

0 20 40 60 80 100

Time [s]

-0.025

-0.02

-0.015

-0.01

-0.005

0

0.005

P
o
s
it
io

n
 [
m

]

X

Y

Figure 5.14: The horizontal positions ver-
sus time of the second control simulation.
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Figure 5.15: The wing deflections of the
second control simulation.

5.3 Discussion of results

In the uncontrolled simulations, we generally saw better overall performance in the systems

with an initial spin about the zc axis. In the systems with an initial horizontal component

of the velocity, we were more likely to see feathering in a single direction. On the other

hand, in systems with an initial spin component, a behavior that appears to correspond to

a 2-dimensional feathering occurs.

In the controlled system simulations, when the controller was tuned to weight the hori-

zontal velocity more heavily, it seemed to have more control authority to deflect the wings

appropriately and be able to track horizontally. Unfortunately, it did so in the wrong direc-

tion, and it isn’t possible to understand how the system behavior would evolve without a

longer time horizon. It is also possible that the initial rotational velocity in the first simula-

tion resulted in the system having a strong enough equilibrium that the control was unable

to force the system to leave.
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Chapter 6

CONCLUSIONS

In this work we began developing the framework for model and control development for

small, lightweight robotic systems designed for descent through fluids. We created a model of

the system, complete with fluid dynamics considerations and equations of motion. We then

found system equilibria and bounds for stability of those equilibria. Finally, we developed

a controller to track a trajectory, and performed simulations of both the controlled and

uncontrolled system.

The system simulations provided some potential insight into the behavior we can expect

to see. First, the system is likely to experience feathering as it descends, whether that is

in one or two dimensions. It is also likely that if the system enters a flat-spin, it will have

difficultly leaving that equilibrium. Finally, we found that in order to properly control the

vehicle, a great deal of tuning would need to be done, and it is likely that experimental

analysis of the physical system will be necessary.

6.1 Future Work

As this project is currently in its very early stages, we intend to continue developing both the

model and the physical robot over the coming months and years. Early priorities will include

continuing to tune the backstepping controller for improved performance and utilizing higher

performance computing systems to reduce machine and round off errors that may be present.

The physical robot is scheduled to be completed in Winter 2019, at which time the simulation

results will be compared with experimental data in order to determine the accuracy of the

model.

We also plan to implement a higher fidelity fluid dynamics model, in order to better
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predict the behavior of the system. The improved model will be used in the development

of the control for the space and reentry vehicles of similar design. As we move to the next

iteration of the design, we intend to implement soft actuation in order to create a smooth,

flexible vehicle.
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Appendix A

DEVELOPMENT OF THE EQUATIONS OF MOTION

The development of the equations of motion follows Lagrangian dynamics. The required

steps are detailed here. First, we need to be able to express the different components in

terms of the central vehicle frame.

Mi = RiMwi
RT
i

Ji = RiJwi
RT
i

Vi = Vc − r̂LEi
Ωc −Rir̂CGi

Ṡi

Ωi = Ωc +RiṠi

V T
i MiVi =

(
V T
c + ΩT

c r̂LEi
+ ṠTi r̂CGi

RT
i

)
Mi

(
Vc − r̂LEi

Ωc −Rir̂CGi
Ṡi

)
= V T

c MiVc − V T
c Mir̂LEi

Ωc − V T
c MiRir̂CGi

Ṡi + ΩT
c r̂LEi

MiVc

− ΩT
c r̂LEi

Mir̂LEi
Ωc − ΩT

c r̂LEi
MiRir̂CGi

Ṡi

+ ṠTi r̂CGi
RT
i MiVc − ṠTi r̂CGi

RT
i Mir̂LEi

Ωc − ṠTi r̂CGi
Mwi

r̂CGi
Ṡi

ΩT
i JiΩi =

(
ΩT
c + ṠTi R

T
i

)
Ji

(
Ωc +RiṠi

)
= ΩT

c JiΩc + ΩT
c JiRiṠi + ṠTi R

T
i JiΩc + ṠTi Jwi

Ṡi
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This allows us to define the following system matrices, and our Lagrangian:

M̃ = Mc +
4∑
i=1

Mi

D̃ = Dc +
4∑
i=1

r̂LEi
Mi

J̃ = Jc +
4∑
i=1

Ji − r̂LEi
Mir̂LEi

L =
1

2


Vc

Ωc

Ṡ


T 

M̃ D̃T AT1
D̃ J̃ AT2
A1 A2 I



Vc

Ωc

Ṡ

− U
Where the matrices in our Lagrangian Dynamics are:

A =


r̂CG1Mw1R

T
1 −r̂CG1Mw1R

T
1 r̂LE1

r̂CG2Mw2R
T
2 −r̂CG2Mw2R

T
2 r̂LE2

r̂CG3Mw3R
T
3 −r̂CG1Mw3R

T
3 r̂LE3

r̂CG4Mw4R
T
4 −r̂CG4Mw4R

T
4 r̂LE4


I = Diag

(
Jw1 − r̂CG1Mw1rCG1 , Jw2 − r̂CG2Mw2rCG2 ,

Jw3 − r̂CG3Mw3rCG3 , Jw4 − r̂CG4Mw4rCG4

)

And our potential energy term is:

U = −mvawl(R
Tk · zc) +mvaw(b · k)

Using Lagrange’s equations we can take partial derivatives of the system to determine

the equations of motion:
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∂L

∂Vc
= V T

c M̃ + ṠTA1 + ΩT
c D̃

∂L

∂b
= mvawk

∂L

∂Ωc

= V T
c D̃

T + ΩT
c J̃ + ṠTA2

∂L

∂R
= −mvawl(R

Tk× zc)

∂L

∂Ṡ
= V T

c AT1 + ΩT
c AT2 + ṠTI

∂L

∂S
=

1

2
V T
c

∂

∂S

(
M̃
)
Vc + ΩT

c

∂

∂S

(
D̃
)
Vc +

1

2
ΩT
c

∂

∂S

(
J̃
)

Ωc

+ V T
c

∂

∂S

(
AT1
)
Ṡ + ΩT

c

∂

∂S

(
AT2
)
Ṡ

d

dt

(
∂L

∂Vc

)
= V̇ T

c M̃ + V T
c

˙̃M + S̈TA1 + ṠT Ȧ1 + Ω̇c
T
D̃ + ΩT

c
˙̃D

d

dt

(
∂L

∂Ωc

)
= V̇ T

c D̃
T + V T

c
˙̃DT + Ω̇T

c J̃ + ΩT
c

˙̃J + S̈TA2 + ṠT Ȧ2

d

dt

(
∂L

∂Ṡ

)
= V̇ T

c AT1 + V T
c ȦT1 + Ω̇T

c AT2 + ΩT
c ȦT2 + S̈TI + ṠT İ

Algebraic Solving for the second derivative terms provides:

V̇c = mvawCk−mvaw`B(RTk× zc) + CFext +BMext −
(
C ˙̃M +B ˙̃D

)
Vc

−
(
C ˙̃DT +B ˙̃J

)
Ωc −

(
CȦT1 +BȦT2

)
Ṡ −

(
CAT1 +BAT2

)
S̈

(A.1)

Ω̇c = mvawB
Tk−mvaw`A(RTk× zc) +BTFext + AMext −

(
BT ˙̃M + A ˙̃D

)
Vc

−
(
BT ˙̃DT + A ˙̃J

)
Ωc −

(
BT ȦT1 + AȦT2

)
Ṡ −

(
BTAT1 + AAT2

)
S̈

(A.2)

S̈ = u (A.3)
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Appendix B

NONLINEAR STABILITY ANALYSIS

J̆ =


I1 0 0

0 I2 0

0 0 I3



M̆ =


m1 0 0

0 m2 0

0 0 m3



D̆ =


0 −d1 0

d2 0 0

0 0 0


B.1 No Spin Equilibrium:

Ωe1 =


0

0

0

 Ve1 =


0

ve12

ve13

 Γe1 =


0

(m2−m3)ve12ve13
mvaw`√

1−
(

(m2−m3)ve12ve13
mvaw`

)2



Πe = D̆Ve1 =


−d1ve12

0

0

 Pe = M̆Ve1 =


0

m2ve12

m3ve13


H =

1

2

(
ΠT ĂΠ + 2ΠT B̆TP + P T C̆P

)
−mvaw`(Γ · zc)

HΦ = H + Φ(P · Γ, ‖P‖2, ‖Γ‖2)
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∇H =


ĂΠ + B̆TP

B̆Π + C̆P

−mvaw`zc

 =



0

0

0

0

ve12

ve13

0

0

−mvaw`



∇Φ(P · Γ, ‖P‖2, ‖Γ‖2) =


∂Φ
∂Π

∂Φ
∂P

∂Φ
∂Γ

 =


∂Φ
∂C1

∂C1

∂Π
+ ∂Φ

∂C2

∂C2

∂Π
+ ∂Φ

∂C3

∂C3

∂Π

∂Φ
∂C1

∂C1

∂P
+ ∂Φ

∂C2

∂C2

∂P
+ ∂Φ

∂C3

∂C3

∂P

∂Φ
∂C1

∂C1

∂Γ
+ ∂Φ

∂C2

∂C2

∂Γ
+ ∂Φ

∂C3

∂C3

∂Γ



=


0

Φ̇Γe + 2Φ′Pe

Φ̇Pe + 2Φ†Γe




0

0

0

0

ve12

ve13

0

0

−mvaw`



= −



0

0

0

0

Φ̇
(m2−m3)ve12ve13

mvaw`
+ 2Φ′m2ve12

Φ̇

√
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(
(m2−m3)ve12ve13

mvaw`

)2

+ 2Φ′m3ve13

0

Φ̇m2ve12 + 2Φ†
(m2−m3)ve12ve13

mvaw`

Φ̇m3ve13 + 2Φ†
√

1−
(

(m2−m3)ve12ve13
mvaw`

)2


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If Φ̇ = 0 and ve12 = 0:



0

0

0

0

0

ve13

0

0

−mvaw`



= −



0

0

0

0

0

2Φ′m3ve13

0

0

2Φ†


2Φ′ = −1/(m3)

2Φ† = mvaw`

∇2H =


Ă B̆T 0

B̆ C̆ 0

0 0 0



∇2Φ(P · Γ, ‖P‖2, ‖Γ‖2) =


0 0 0

0 ∂
∂P

(
Φ̇Γe + 2Φ′Pe

)
∂
∂Γ

(
Φ̇Γe + 2Φ′Pe

)
0 ∂

∂P

(
Φ̇Pe + 2Φ†Γe

)
∂
∂Γ

(
Φ̇Pe + 2Φ†Γe

)


∂

∂P

(
Φ̇Γe + 2Φ′Pe

)
= Φ̈ΓeΓ

T
e + 2Φ̇′ΓeP

T
e + 2

(
Φ̇′PeΓ

T
e + 2Φ′′PeP

T
e + Φ′I

)
∂

∂Γ

(
Φ̇Γe + 2Φ′Pe

)
= Φ̈ΓeP

T
e + 2Φ̇†ΓeΓ

T
e + Φ̇I + 2

(
Φ̇′PeP

T
e + 2Φ†

′
PeΓ

T
e

)
∂

∂P

(
Φ̇Pe + 2Φ†Γe

)
= Φ̈PeΓ

T
e + 2Φ̇′PeP

T
e + Φ̇I + 2

(
Φ̇†ΓeΓ

T
e + 2Φ†

′
ΓeP

T
e

)
∂

∂Γ

(
Φ̇Pe + 2Φ†Γe

)
= Φ̈PeP

T
e + 2Φ̇†PeΓ

T
e + 2

(
Φ̇†ΓeP

T
e + 2Φ††ΓeΓ

T
e + Φ†I

)
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a = Φ̈ b = 2Φ̇′ c = 4Φ′′

d = 2Φ̇† e = 4Φ†
′

f = 4Φ††

Assuming b = d = e = f = 0

∂

∂P

(
Φ̇Γe + 2Φ′Pe

)
= aΓeΓ

T
e + cPeP

T
e − 1/m3I

∂

∂Γ

(
Φ̇Γe + 2Φ′Pe

)
= aΓeP

T
e

∂

∂P

(
Φ̇Pe + 2Φ†Γe

)
= aPeΓ

T
e

∂

∂Γ

(
Φ̇Pe + 2Φ†Γe

)
= aPeP

T
e +mvaw`I

ΓeΓ
T
e =


0 0 0

0 0 0

0 0 1

 PeP
T
e =


0 0 0

0 0 0

0 0 m2
3v

2
e13



ΓeP
T
e =


0 0 0

0 0 0

0 0 m3ve13

 PeΓ
T
e =


0 0 0

0 0 0

0 0 m3ve13


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∇2H +∇2Φ

=



a1 0 0 0 b2 0 0 0 0

0 a2 0 b1 0 0 0 0 0

0 0 a3 0 0 0 0 0 0

0 b1 0 c1 − 1
m3

0 0 0 0 0

b2 0 0 0 c2 − 1
m3

0 0 0 0

0 0 0 0 0 c3 + a+ cm2
3v

2
e13
− 1

m3
0 0 am3ve13

0 0 0 0 0 0 mvaw` 0 0

0 0 0 0 0 0 0 mvaw` 0

0 0 0 0 0 am3ve13 0 0 mvaw`+ am2
3v

2
e13


LDLT factorization

Dj = Ajj −
j−1∑
k=1

L2
jkDk

Lij =
1

Dj

(
Aij −

j−1∑
k=1

LikLjkDk

)
i > j

D1 = a1 D2 = a2 D3 = a3

D4 =
1

m1

− 1

m3

D5 =
1

m2

− 1

m3

D6 = a+ cm2
3v

2
e13

D7 = mvaw` D8 = mvaw` D9 = mvaw`+
acm4

3v
4
e13

a+ cm2
3v

2
e13
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L =



1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 − d2
m1

0 1 0 0 0 0 0

d1
m2

0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1 0

0 0 0 0 0
am3ve13
a+cm2

3v
2
e13

0 0 1


Sufficient Conditions for Stability:

• ` > 0

• m3 > m1

• m3 > m2

B.2 Equilibrium with Spin

Ωe2 =


0

0

ωe23

 Ve2 =


0

0

ve23

 Γe2 =


0

0

1



Πe = J̆Ωe2 + D̆Ve2 =


0

0

I3ωe23

 Pe = M̆Ve2 + D̆TΩe2 =


0

0

m3ve23


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∇H = −∇Φ−∇φ

0

0

ωe23

0

0

ve13

0

0

−mvaw`



= −



0

0

0

0

0

Φ̇ + 2Φ′m3ve13

0

0

Φ̇m3ve13 + 2Φ†



−



0

0

φ̇

0

0

0

0

0

0



Φ̇ = 0 2Φ′ = −1/m3

φ̇ = −ωe23 2Φ† = mvaw`

∇2φ =


φ̈ 0 0

0 0 0

0 0 0


φ̈ = g
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∇2H +∇2Φ +∇2φ

=



a1 0 0 0 b2 0 0 0 0

0 a2 0 b1 0 0 0 0 0

0 0 a3 + g 0 0 0 0 0 0

0 b1 0 c1 − 1
m3

0 0 0 0 0

b2 0 0 0 c2 − 1
m3

0 0 0 0

0 0 0 0 0 c3 + a+ cm2
3v

2
e13
− 1

m3
0 0 am3ve13

0 0 0 0 0 0 mvaw` 0 0

0 0 0 0 0 0 0 mvaw` 0

0 0 0 0 0 am3ve13 0 0 mvaw`+ am2
3v

2
e13


LDLT factorization

Dj = Ajj −
j−1∑
k=1

L2
jkDk

Lij =
1

Dj

(
Aij −

j−1∑
k=1

LikLjkDk

)
i > j

D1 = a1 D2 = a2 D3 = a3 + g

D4 =
1

m1

− 1

m3

D5 =
1

m2

− 1

m3

D6 = a+ cm2
3v

2
e13

D7 = mvaw` D8 = mvaw` D9 = mvaw`+
acm4

3v
4
e13

a+ cm2
3v

2
e13
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L =



1 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0

0 − d2
m1

0 1 0 0 0 0 0

d1
m2

0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1 0

0 0 0 0 0
am3ve13
a+cm2

3v
2
e13

0 0 1


Sufficient Conditions for Stability:

• ` > 0

• m3 > m1

• m3 > m2

If m2 = m3

D1 =
m2

I1m2 − d2
1

D2 =
m1

I2m1 − d2
2

D3 =
1

I3

D4 =
1

m1

− 1

m2

D5 = cm2
2v

2
e12

D6 = a

D7 = mvaw` D8 = mvaw`

D9 =
m2
va

2
w`

2 −m2
2m

2
3v

2
e12
v2
e13

(1− a)2

mvaw`

Conditions for stability:

• a, c > 0
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• m2 > m1

• m2
va

2
w`

2 > m2
2m

2
3v

2
e12
v2
e13

(1− a)2


