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In this thesis, two problems in social networks will be studied.

In the first part of the thesis, we focus on community recovery problems for social networks. There

have been many recent theoretical advances in the model-based community recovery for network

data. In the center of it are the Stochastic Block Model (SBM) and its extension, Degree Corrected

Stochastic Block Model (DC-SBM). Under assumptions on the balance and separation of clusters,

theoretical guarantees have been provided to ensure the recovery of the true clusters with high

probability.We firstly benchmark the current recovery theorems on DC-SBM through experimen-

tal approaches. The experiments suggest that there are still lots of cases that are recoverable but

not predicted by the current reovery theorems. We then introduce a wider class of network mod-

els called Preference Frame Model. We show that under weaker assumptions, the communities

or clusters can be recovered by spectral clustering algorithm with essentially the same guarantees.

The model-based results, despite their importance, are limited by a strong and difficult-to-verify

assumption that the observed data are generated from the model. We present the model-free com-

munity recovery, where we do not make assumptions about the data generating process and provide

theoretical guarantees for the performance of the model based clustering algorithms in this frame-

work.

In the second part of the thesis, we propose a perturbation framework to measure the robustness

of graph properties. Although there are already perturbation methods proposed to tackle this prob-



lem, they are limited by the fact that the strength of the perturbation cannot be well controlled.

We firstly provide a perturbation framework on graphs by introducing weights on the nodes, of

which the magnitude of perturbation can be easily controlled through the variance of the weights.

Meanwhile, the topology of the graphs are also preserved to avoid uncontrollable strength in the

perturbation. We then extend the measure of robustness in the robust statistics literature to the

graph properties.
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Chapter 1

INTRODUCTION



2

1.1 Overview

This thesis is about the study of social networks. Throughout the thesis, we treat social networks

as graphs and focus on studying their graph properties. The study of social networks has aroused

lots of attention lately. One of the major interest is on finding the guarantees for the recovery of

community structure and evaluating the stability of the graph properties in social networks. Current

work has been focused on model-based community recovery. Particular interests are in Stochastic

Block Model (SBM) and its extension, Degree Corrected Stochastic Block Model (DC-SBM). In

this work, we firstly benchmark the current community recovery theorems empirically. We then

present a new network model called Preference Frame Model (PFM), which includes the current

block models. We provide the recovery guarantees under this model framework. We then talk

about the model-free community recovery, in which we provide theoretical guarantees for the re-

sults of model-based clustering algorithm without making assumptions on data generation process.

At last, we propose a perturbation framework to evaluate the robustness of graph properties, in-

cluding clustering, the number of weakly connected components, etc.

Chapter 2: We define thresholds as the conditions in community recovery theorems that

are sufficient and necessary. While one is close to establishing thresholds for recovery in SBM

[1, 34, 37], the recovery thresholds are not known yet for the more general DC-SBM. Recent re-

sults for the recovery under DC-SBM consist of sufficient but not necessary conditions, therefore

one would expect there exist cases that can be recoverable but do not satisfy the assumptions in the

recovery theorems.

In this chapter, we generate benchmark networks which are empirically verified to be recov-

erable with zero or low error by spectral clustering algorithm. The difficulties of these cases are

controlled in ways including: balance of degree distribution, cluster separation, graph density and

etc.. We further verify whether the recovery of these cases are predicted by the theorems. If it is

hard to find examples not predicted by theory, we may conclude that the theory is strong. Oth-
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erwise, it suggests that there is much more ground to cover towards deriving sharp thresholds for

community recovery in DC-SBM model.

The recovery theorems we compare include all the theorems published up to 2015, including[52,

22, 57, 33, 11, 18, 56, 62]. The benchmarking experiments suggest that current results are not close

to the yet unknown thresholds for recovery and our understanding of the problem is not complete.

We create a software tool for researchers, which is written with accessibility and modularity in

mind. It allows them to create test cases of controlled difficulty and can be easily extended to test

and compare new recovery theorems.

Chapter 3: Under the “block-model“ assumptions, most of the advances in recovery of com-

munities are done by spectral clustering. In this part of our work, we introduce a wider class of

network models, called Preference Frame Models (PFM), which subsumes many current models

including SBM and DC-SBM. We show that under PFM model assumption, the communities can

be recovered by spectral clustering algorithm with the same guarantees.

PFM models have merits in several ways. Firstly, under weaker assumptions, the communities

are proved to be recoverable with the same guarantees by spectral clustering algorithm. Secondly,

it subsumes the current models including SBM and DC-SBM, meanwhile being more flexible by

including more degrees of freedom. Thirdly, it allows for clearer and more intuitive parametriza-

tion. Meaningful parameters can be specified independently for the construction of a PFM.

Chapter 4: The results for the model-based clustering in networks, despite its fast advances,

are limited by the assumption that the observed data come from a model. In this work, we propose a

framework to provide theorectical guarantees for the results of model-based clustering algorithms,

without making any assumption about the data generation process.

In the framework, we use the model’s goodness of fit and prove that a very good fit implies the

clustering obtained is unique up to small perturbation, and can be said to capture the data structure
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in a meaningful way. We instantiate the framework by obtaining model-free guarantees for SBM

and PFM models.

This work makes several contributions. Firstly, it formulates the problem of model free val-

idation in the area of community detection in network. Secondly, all quantities in our theorems

are computable from the data and the clustering C without undertermined constants or not avail-

able parameters. Thirdly, several model-specific stability results are obtained from simpler, more

direct and more elementary techiniques in the proof. They can not only be used in the model-free

recovery guarantees, but also to improve current model-based recovery theorems, where sharper

thresholds can be obtained by these techniques.

Chapter 5: In this chapter, we aim at providing a perturbation framework for measuring the

robustness of graph properties, such as clustering, weighted cut, the number of weakly connected

components, etc. We evaluate the robustness of graph properties by measuring their sensitivity

to small perturbations on the graph. In the current literature [30, 24, 14, 4], the perturbation of

networks is mostly done through resampling the edges or randomly adding/deleting the nodes,

where the graph topology is changed and the strength of perturbation is hard to control. Moreover,

although there are already measures of robustness in the robust statistics literature, they are not

applicable to the graph context since they mostly require known data distribution and i.i.d assump-

tions.

In our approach, we firstly propose a perturbation method, which is done through adding

weights the nodes and edges. In particular, it allows us to control the strength of the perturba-

tion smoothly and preserves the topology of the graphs. We then extend the classcial measures of

robustness including Influence Function (IF) and Breakdown Point (BP) to the context of graph,

and measure the robustness in graph properties.

This work has several advantages over the current literature. First, it provides a new way of
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perturbation on social networks, which allows for perturbation that is easy to control and preserves

the graph topology at the same time. Second, we introduce new techniques for the evaluation of

perturbation. Although they have been widely used in the conventional statistics, Employing these

tools in the graph properties is the first time. Third, our framework allows for deeper insight into

the graph properties by evaluating the source of robustness at the node level.

1.2 Main concepts

1.2.1 Graphs, degrees, Laplacian, and clustering

Let G be a graph on n nodes, described by its Similarity Matrix A. Aij describes the edge prob-

ability between node i and j. Define di =
∑n

j=1Aij the degree of node i, and D = diag{di}

the diagonal matrix of the node degrees. The (normalized) Laplacian of G is defined as1 L =

D−1/2AD−1/2. In extension, we define the degree matrix D and the Laplacian L associated to any

matrix A ∈ Rn×n, with Aij = Aji ≥ 0, in a similar way.

Let C = (C1, · · · , CK) be a partitioning (clustering) of the nodes of G into K clusters. We use

the shorthand notation i ∈ k for “node i belongs to cluster k”. We will represent C by its n ×K

indicator matrix Z, defined by

Zik = 1 if i ∈ k, 0 otherwise, for i = 1, . . . n, k = 1, . . . K. (1.1)

Note that ZTZ = diag{nk} with nk counting the number of nodes in cluster k, and ZTAZ =

[nkl]
K
k,l=1 with nkl counting the edges in G between clusters k and l. Moreover, for two indicator

matrices Z,Z ′ for clusterings C, C ′, (ZTZ ′)kk′ counts the number of points in the intersection of

cluster k of C with cluster k′ of C ′, and (ZTDZ ′)Akk′ computes
∑

i∈k∩k′ Di the volume of the same

intersection.

In order to measure the distance between clusterings, we employ two measures as follows. The

Misclassification Error (ME) distance between two clusterings C, C ′ over the same set of n points

1Rigorously speaking, the normalized graph Laplacian is I − L [20].
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is

dist(C, C ′) = 1− 1

n
max
π∈SK

∑
i∈k∩π(k)

1, (1.2)

where π ranges over all permutations of K elements SK , and π(k) indexes a cluster in C ′. If the

points are weighted by their degrees, a natural measure on the node set, the Weighted ME (wME)

distance is

distd(C, C ′) = 1− 1∑n
i=1 di

max
π∈SK

∑
i∈k∩π(k)

di . (1.3)

While dist is more popular, we believe distd is more natural, especially when node degrees are

dissimilar, as d can be seen as a natural measure on the set of nodes, and distd is equivalent to the

earth-mover’s distance. When all the nodes have the same degree, distd reduces to dist.

1.2.2 “Block models” for random graphs (SBM, DC-SBM)

This family of models contains Stochastic Block Models (SBM) [1, 57] and Degree-Corrected

SBM (DC-SBM) [56]. They have been widely employed as canonical models to study clustering

and community recovery. Under each of these model families, a graph Ĝ with adjacency ma-

trix Â over n nodes is generated by sampling its edges independently following the law Âij ∼

Bernoulli(Aij), for all i > j. The two model families differ in the constraints they put on an

acceptable A. Let C∗ be a clustering. The entries of A are defined w.r.t C∗ as follows (and we say

that A is compatible with C∗).

SBM : Aij = Bkl whenever i ∈ k, j ∈ l, with B = [Bkl] ∈ RK×K symmetric and non-negative.

DC-SBM : Aij = wiwjBkl whenever i ∈ k, j ∈ l, with B as above and w1, . . . , wn non-negative

weights associated with the graph nodes.

While perhaps not immediately obvious, the SBM is a subclass of the DC-SBM, when wi = 1,

i = 1, . . . , n. The number of parameters in these models is respectively O(K2),O(n + K2),.

Another common feature of block-models, that will be significant throughout this work is that for
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both, Spectral Clustering algorithms have been proved to work well for estimating C∗ [52].

In the rest of this thesis, without further specification, we define A, L, d, D, as properties of

the model class. The above quantities will be marked with a symbolˆwhen they are properties of

the observed graphs.

1.2.3 Community Recovery

The main research question in community recovery, and in particular regarding the SBM/DC-SBM

is this: Given a simple undirected graph G on n nodes, with adjacency matrix Â, sampled from an

unknown SBM/DC-SBM, can we estimate the clustering C and model parameters (w,B)?2 It is

evident that the crux of the problem is finding C. Once this is known, the parameters (w,B) can

be estimated from Â and C by the Maximum Likelihood method. Thus, my thesis as well as most

results in the literature focus on the community recovery problem. [19] establishes a scale of defi-

nitions of “recovery”; in particular, strong (or exact) recovery denotes identifying C exactly; weak

recovery denotes estimating C with an error err3 of order o(n); partial recovery (or detection)

denotes finding C with err < 1/2. The most promising in real applications is the weak recovery;

therefore in the rest of the thesis the term “recovery” will be understood to mean “weak recovery”.

This is also the scenario under which most results about the SBM/DC-SBM are obtained.

2It is standard to assume that K the number of clusters is known; however, several notable recovery algorithms do
not require knowing K.

3The recovery error between the true C and the estimated Ĉ is defined as err= 1− 1
n maxφ:[K]→[K]

∑
k |Cφ(k)∩Ĉk|.
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Chapter 2

BENCHMARKING RECOVERY THEOREMS FOR THE DC-SBM
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There have been many recent theoretical advances in the recovery of communities from random

graphs, under the assumptions of the so called “block models”. For the degree corrected stochas-

tic block model (DC-SBM), we have witnessed a series of recent results consisting of sufficient

conditions for recovery, often by spectral algorithms. Since the conditions are not necessary, one

expects that cases exist where recovery is possible, but which are not covered by the theory. In

this chapter, we explore experimentally the limits of the current theories. We generate benchmark

cases, for which recovery is possible, and with well defined parameters controlling their difficulty

for recovery. Then we verify which of the existing results in the literature predict recovery. If it

is hard to find examples not predicted by theory, then we may conclude that the theory is strong.

This is not what our experiments show. On the contrary, the experiments suggest that there is much

more ground to cover towards deriving sharp thresholds for community recovery in the DC-SBM

model. The software tool we created is made publicly available as a tool for researchers. It allows

them to create test cases of controlled difficulty, and can easily be extended to test and compare

new recovery theorems as they are published.

2.1 Motivation

Network modeling for the purpose of community recovery has attracted intense interest in the last

decade [28, 32, 29, 27, 25, 63]. More recently we have been witnessing rapid progress and a surge

of novel theoretical results on recovery algorithms with recovery guarantees, under some modeling

assumptions.

At the center of these results are two familiar models for graphs with communities, the Stochas-

tic Block-Model (SBM) [28] and its extension Degree-Corrected SBM (DC-SBM) of [31]. For the

SBM, one is close to establishing the sufficient and necessary conditions, or we call the thresholds,

for recovery in various regimes, due to the pioneering work of [48, 49, 1].

For the more general DC-SBM, the recovery thresholds are not known yet. The recent progress

has been in obtaining recovery guarantees under weaker and weaker conditions on the model pa-
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rameters. One drawback of the present results lies in how complicated these conditions are. They

are not easy to parse and have implicit dependencies on each other. This makes it hard to under-

stand the space in which the conditions are satisfied, or to compare conditions between different

papers and methods. Our work offers an empirical tool for the theoreticians: a software package

that generates benchmark graphs with user controlled parameters and performs the numerical ver-

ification of the various recovery conditions on these graphs for the existing results in the literature.

We proceed as follows: we generate random graphs from the DC-SBM model, for which we

verify empirically by spectral clustering that the original clustering is recoverable with low or zero

error. The DC-SBM models that we generate graphs from have various difficulty in finding the

clustering, which is controlled by its parametrization. Then we check if the theoretical recovery

conditions from the papers under consideration hold and discuss the findings. The code we use

is organized with modularity and extensibility in mind, so that it can be reused as new results are

published.

While no empirical verification can be complete, we expect to get partial information about a

few questions that are tedious or unresolved theoretically, such as which theorems cover more re-

coverable cases, and which conditions are most restrictive on the test matrices? Seen this way, our

work is one of benchmarking. While most benchmarks are constructed for algorithms, ours is for

theorems. Benchmarking and competitions are recognized as drivers of progress in other areas of

research. We expect that this benchmarking exercise will also stimulate and guide useful research

in community detection.

We also hope to uncover, by varying the parameters of the network models, what are the trade-

offs among the various conditions of the recovery theorems. For example, how does controlling

the degree imbalance gives us more freedom with cluster separability?

Third, in the case of the asymptotic results, or of those with unspecified constants, the experi-
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ments allow us to estimate the graph sizes where the asymptotic regime starts. And, by calculating

the asymptotic bounds, we get an idea of the unspecified universal constants. In this way, we obtain

an intuitive understanding of the stringency of conditions. These findings reveal the gap between

theory and actual recovery. Throughout our experiments, we focus on recovery algorithms for

DC-SBM. The theorems we compare are coming from the papers [21, 57, 10, 17, 55, 62]. We also

include papers on spectral clustering [52, 8] which provide recovery guarantees and are compatible

with our experimental setup.

2.2 Background: community recovery problem and sparsity regimes

It is well known that the Erdös-Renyi (ER) random graph model [23] exhibits a phase transition

at pc = (lnn)/n. In an ER graph, the edges between two nodes are generated independently with

probability p. An ER graph with p < pc is almost surely disconnected. For the DC-SBM this has

the implication that if maxi,j∈Ck wiwjBkk < (lnnk)/nk for some cluster Ck, the cluster will be

irrecoverable (according to our definition). This also points to a separation of the recovery prob-

lems by sparsity regimes, with the sparser regimes being more difficult than the denser ones. As a

reminder, the definition of community recovery can be found in Chapter 1.2.3. In the dense regime,

according again to the classification of [19] the minimum node degree dmin is Ω(n), in the sparse

regime dmin = Ω(lnn) and the very sparse regime is defined by dmin = o(lnn) or dmin = O(1).

Currently, interest has been shifting towards obtaining recovery guarantees in the sparsest possible

regime, therefore we will focus our experiments on the sparse regime, in which most results of our

knowledge are proved. We note however that several more recent results break the sparsity barrier,

by proving recovery is possible when only a limited number of node degress are below the lnn

threshold [21, 55].

In summary, while the exact conditions for recovery in the DC-SBM are not known, there sus-

tained interest in the problem has generated many sufficient recovery conditions. These control,

besides the sparsity of the graph, other properties such as the distribution of node weights w1:n (or

the degree distribution) – a more uniform distribution within a cluster promising easier recovery,
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the distribution of cluster sizes – a more uniform distribution being “easier”, and the “separation”

of the clusters – better separated clusters begin “easier”. The last property is formulated in the

literature in a variety of ways, and in the Results section we will highlight a few of them. For

instance, in [10] “separation” means few inter-cluster edges, while in [57] it means B is close to

diagonal.

Comparing to SBM model, DC-SBM allows for more degree of freedoms, and can represent

a wider class of network models. Therefore, researches on recovery theorems of DC-SBM model

are well worth attention. Recent discoveries on community recovery generally put assumptions on

similarity matrices and parameters, and provide upper bounds of the misclassification error. These

theorems are mostly guaranteed with performance in community recovery through spectral clus-

tering algorithms. The theorems we compare come from [Wan and Meila, 2015], [Qin and Rohe,

2013], [Rohe, Chatterjee, Yu, 2011], [Balcan, Borgs, Braverman, Chayes, 2012], [Balakrishnan,

Xu, Krishnamurthy, Singh, 2011], [Ng, Jordan, Weiss, 2002], [Coja-Oglan, Lanka 2010], [Chaud-

hui, Chung, Tsiatas, 2012]. We include these theorems in Sections 2.6.Conditions for recovery in

the DC-SBM are not known, the sustained interest in the problem has generated many sufficient

recovery conditions [21, 57, 10, 17, 55, 62].

Weak recovery was shown to be possible [21, 57, 10, 55, 62] in the dense and sparse regimes1,

according again to the classification of [19]. These regimes are defined based on the minimum

expected degree dmin = min d1:n, where di =
∑

j Aij is the expected degree of node i, and corre-

spond respectively to dmin = Ω(n) and dmin = Ω(lnn).

The papers cited above vary in the conditions they require to guarantee recovery, due to using

different combination of parameters, and sometimes different algorithms. But their requirements

lie in four main categories: (1), good separation between the communities, which can be inter-

1We note however that several more recent results break the sparsity barrier, by proving recovery is possible when
only a limited number of node degress are below the lnn threshold [21, 55].
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preted as the near block-diagonality of A; (2), the density of the graphs cannot be too low; (3), the

degree distribution within clusters needs to be balanced; and (4), the cluster sizes are also required

to be balanced.

Yet, the variations in the conditions make it hard to compare the stringency of the assumptions

among different papers. Even the domains of applicability of these assumptions are inexplicit.

For instance, it is not always explicit at what values of n some of the asymptotic conditions start

holding . And more generally, it is not known how large is the gap between recoverability and the

existing conditions. Therefore, this paper sets out to probe the state of the art theorems through an

experimental approach.

2.3 Experiment design

Our experiment is designed as follows. First, we define a range of parameters controlling the

difficulty of the benchmark problems. For each combination of parameters in this range, we

1. Generate a benchmark DC-SBM and its A matrix, according to Algorithm 1.

Sample an adjacency matrix Â from A (multiple times).

2. For each paper and for each condition in it

Verify if the condition holds for the current model and Â.

By construction, allAmatrices are perfectly clusterable by standard spectral clustering [62, 57, 52].

In addition, we verify for each Â that the clusters can be recovered with small error.

2.3.1 Generating the benchmark matrices

All DC-SBMs we generate have K = 5 clusters, and number of nodes n = 300, . . . 30000. Node

weights in each cluster are sampled from the same Generalized Pareto (GPareto) distribution

GP (µ = 0, ε = 1, σ). The remaining input parameters are:
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• cluster relative sizes: balanced (all equal) or unbalanced (in ratio 4 : 7 : 10 : 13 : 16)

• the cluster level relations are parametrized by the spectrum Λ = (λ1 = 1 > λ2 ≥ . . . ≥

λK > 0) and the distribution ρ = (ρ1, . . . ρK)2

• weight distribution: balanced (σl = 0), perturbed (σl = 0.01), unbalanced (σl =

0.1) with respect to ρ (see Algorithm 1)

Input : K spectrum, Λ, ρ, cluster sizes n1:K , σl

Output: A

1. Set u =
√
ρ, create U = [uu1 . . . uK−1] orthogonal matrix, compute

B = (diag u)−1UΛUT (diag u−1).

2.For l = 1, . . . K

2.1. Sample weights in cluster Cl ∼ GPareto(k = 0, σ = 1, µ = 1).

2.2. Normalize the weights to sum to Wl = ρl + sl with sl ∼ unif(−σl, σl).

3. Construct A using Aij = wiwjBkl. Normalize A by maxij Aij .
Algorithm 1: Construction of the DC-SBM benchmark matrices.

The parameters Λ control how separate the clusters are via the value λK , known as the eigengap.

It was shown in [45, 57] that for A constructed as above, the Laplacian matrix L = D−1/2AD−1/2,

which plays a central role in spectral clustering of graphs, has exactly K non-zero eigenvalues

given by Λ. We do the experiments with three different sets of eigenvalues Λ, having λK =

0.01, 0.4, 0.99 respectively; the last value corresponding to an almost exactly block diagonal matrix

A.

The variation from balanced to unbalanced degree distribution is further controlled by the mag-

nitude of noise added to the cluster weight volume. In Figure 2.1 we exemplify the B and A ma-

trices we generate. The figure also shows that in this simulation, di increases linearly with respect

to n.

2In [62] the role of ρ is explained in detail. Essentially, ρ is a “default” cluster size distribution.
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Λ =
[

1.00 .75 .50 .26 .01
]

B =



2.33 .46 .03 .94 .64

.46 1.38 1.65 .76 1.02

.03 1.65 3.17 .71 .04

.94 .76 .71 2.56 .48

.64 1.02 .04 .48 2.59



Figure 2.1: Left: example of parameters and benchmark models Λ, B, A. Note that the order of
the clusters in A is not the same as in B. In particular, the first row of B corresponds to the second
cluster in A, this cluster has stronger links to another cluster than within itself. Top right: the
average degree versus n. Bottom left: the easiest A with (λK = 0.99). Bottom right: the hardest
A with (λK = 0.01)

2.3.2 Checking the conditions

For the main recovery theorem in each paper we check for each test case if the conditions of

the theorem are satisfied. Table 2.1 describes the specific conditions we tested in each recovery

theorem, for a total of about 30 conditions. For the spectral clustering papers, A is treated like the

adjacency matrix of a weighted graph, in other words as a similarity matrix, and consequently we

check the recovery conditions directly on A, without sampling.

Some results, such as [21, 52], depend on unspecified constants; in such cases, we calculate

upper or lower bounds on these constants from the data and check if the interval obtained is non-
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Paper Theorem Conditions (in theorems)

Balakrishnan et al [9] Thm 1 and 2 Assumptions 1-3

Check the hierarchical structure

Balcan et al [11] Thm. 3.1 and 4.1 Definition 1

Check the self-determined structure. Restrictions on cluster separation

Coja-Oglan, et al [21] Thm. 1 C0 - C5

Restrictions on density of the graph

Chaudhuri et al [17] Thm. 3 Assumption 1-5

Restrictions on the balance of the node degree distribution and density of the graph

Ng&Jordan&Weiss [52] Thm. 2 A1-A5

Restrictions on cluster separation

Qin&Rohe [55] Thm. 4.4 (a-b)

Restrictions on cluster separation and density of the graph

Rohe, Chatterjee&Yu [57] Thm. 3.1 Equations (1-2)

Restrictions on cluster separation and density of the graph

Wan&Meila [62] Thm. 3 Assumption 3-6

Restrictions on the balance of the node degree and density of the graph

Table 2.1: Theorems and conditions tested.
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empty. The next section describes the conditions in more detail and summarizes our findings.

2.4 Results

Throughout our simulation, we find that most of the papers fail to cover even the easiest cases

where clusterings can be recovered with no error with spectral clustering algorithm; the exceptions

are [62] and [10]. The other papers approach the satisfaction of the conditions as the parameters

are tuned towards their favor.

Wan&Meila [62] Since A is generated from the DC-SBM model , Assumptions 1, 2 and 5

from the theorem hold immediately, in which they require bounds in Aij and di. From Figure 2.2,

we observe that as n gets larger, Assumptions 3 and 4 hold more often, where they require the min-

imum node degree in both the model and the observed graph to be lower bounded by log(n). This

is because the node degree which grows with n is faster than log(n) in the assumptions. Another

interesting fact is that these two assumptions are easier to be satisfied by harder cases where A is

less block-diagonal, because as the off-diagonal entries of A increase, the magnitudes of A spread

out, as a result the node degree increases above the assumption thresholds. Assumption 6 is highly

associated with the balance of the degree distribution across various clusters. It can tolerate slight

perturbation to the degree distribution but fails with significant unbalance. Comparing the balanced

and unbalanced cluster size setting from Figure 2.2 and 2.3, unbalanced cases violate Assumption

3 and 4 more often, which may be satisified with larger n, but the computational limits prevent us

from exploring larger graphs. Assumption 6 stays the same.

Balcan et al [10] The main assumption proposed by this theorem is that the clusters are self-

determined communities, i.e. each node is more connected to the nodes within the same cluster

than outside. Because node weights are unequal, this is hard to satisfy for low weight nodes,

occurring only in the cases when λK is almost 1, and A is almost block-diagonal.

Coja-Oglan, et al [21] Assumptions C0, C1, C5 automatically hold from the DC-SBM model

configuration. This model has several dependent assumptions.

C2: wi ≤ n1−ε, ∀i ∈ V (2.1)
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Figure 2.2: Results for Wan&Meila with balanced cluster sizes. For each of the 6 conditions, T (F)
indicates whether the condition is true (false).

The range of n mean(min(w̄)
max(w̄)

)

{1000, 3000, 10000, 30000} 0.08

{300, 1000, 3000, 10000} 0.07

{300, 1000, 3000, 10000, 30000} 0.03

Table 2.2: Changes in the range of D over different n ranges for Coja-Oglan, et al [21]

C3: wi ≥ εw̄, ∀i ∈ V , w̄ =
∑

wi/n (2.2)

C4: w̄ ≥ D > 0 (2.3)

We define D = w̄. We use C2 and C3 to normalize the w and fix ε. We then record w̄ as the

maximum value of the unknown D. Since D should be independent of n, we examine its range

over various sets of n. From table 2.2, we observe that w̄ decreases significantly as the range of n

increases. This suggests that asymptotically the value of D, if it exists, could be very small.

Chaudhuri et al [17] The paper assumes the extended planted partition model, which is more

restricted than DC-SBM by reducing K ×K parameters in B to only 2 parameters p = Bkk and
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Figure 2.3: Results for Wan&Meila with unbalanced cluster sizes. For each of the 6 conditions, T
(F) indicates whether the condition is true (false).

q = Bkl, k 6= l, p > q (we do not test for this condition). Since it assumes simpler model structure,

the other assumptions for recovery should be easier to satisfy.

Assumption 1 requires the balance of cluster sizes; Assumptions 2-4 put restrictions on the degree

distribution, among which Assumption 4 is the hardest to satisfy, since it requires the degree dis-

tribution having small variance in a squared degree setting normalized by the average degree. We

denote as Assumption 5 the extra assumption inside Theorem 3:

E[di] ≥
128

9
ln(6n/δ), for i ∈ V (2.4)

where δ � 1 is associated with the probability of success. From Figure 2.4, we see that Assump-

tions 1-3 hold and Assumptions 4-5 fail regardless of the value of n. We further plot a critical value

coming from equation (2.4)

1−min(di)/ [128/9 ln(6n/δ)] , (2.5)

which should be negative for Assumption 5 to hold. This value is getting smaller when n gets

larger, which indicates that Assumption 5 will hold when n is sufficiently large.

Qin&Rohe [55] Assumption (a) lower bounds the smallest eigenvalue. Assumption (b) lower

bounds the expected node degree. From Figure 2.1 and Figure 2.5, we observe that, as n increases,
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Figure 2.4: Typical results for [17]. Left: the satisfaction of the 5 conditions versus n; middle:
critical value of (2.5) vs. n in balanced cluster size setting; right: the same in unbalanced cluster
setting.

so does the average degree and Assumption (b) starts to hold. Assumption (a) is not met regardless

of the value of n. Assumption (a) is

1

8
√

3

√
K ln(4n/ε)

min di + γ
≤ λK , (2.6)

which puts a lower bound on λK depending on the minimum di. The mis-clustering rate is bounded

with probability (1 − ε) if these assumptions hold; γ is a constant. We set γ = d̄i as suggested

by the paper. Figure 2.5 displays the lower bound, which stays larger than 1 in all cases. As a

result Assumption (a) fails since λK < 1. As n increases, lower bound in (2.6) decreases. We may

anticipate the satisfaction of Assumption (b) when n is sufficiently large. Meanwhile, the balanced

cluster size setting performs better than the unbalanced setting.

Figure 2.5: Typical results for [55]. Left: the satisfaction of the 2 conditions versus n; mid-
dle: critical value of (2.6) vs. n in balanced cluster size setting; right: the same in unbalanced
cluster setting. These results are obtained with largest eigengap λK = 0.99 and balanced degree
distribution.

Rohe, Chatterjee&Yu [57] Assumption (1) requires that the eigengap not be too small, and
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Assumption (2) requires the graph to be dense enough, i.e.

min d2
i log n

n2
> 2 (2.7)

From Figure 2.6, we observe that Assumption (1) always holds and Assumption (2) always fails.

The critical value is the left hand side of the inequality (2.7). We can see that the critical value is

staying far below 2 in all cases. The assumption for graph density fail for all cases.

Figure 2.6: Typical results for [57], with largest eigengap λK = 0.99 and balanced degree distri-
bution. Left: the satisfaction of the 2 conditions versus n; middle: critical value of (2.7) vs. n in
balanced cluster size setting; right: the same in unbalanced cluster setting.

Now we discuss the two spectral clustering papers.

Ng&Jordan&Weiss [52] This paper also has dependent conditions. We eliminate the unknown

parameters from Assumptions A1−A4 and plug them into A5, then check whether it holds or not.

Assumption A5 is defined as

δ − (2 +
√

2)ε > 0, (2.8)

In the above, δ is obtained from A1, and 0 < δ < 1; ε is obtained from A2 and A3, and is small

as long as the similarity within the cluster is higher than that between clusters. However, in the

experiments A5 always fails. Calculating ε from various parameter setting, we find that it is always

bigger than 1. The plots in Figure 2.7 show a clear trend that as n increases, ε gets larger. We also

observe that the balanced cluster size setting has smaller ε than the unbalanced setting, and is thus

closer to satisfying condition A5.

Balakrishnan et al [8] The paper proposes two algorithms, one for hierachical clustering, and

the other for k-way clustering with spectral method. For the hierarchical clustering, it assumes that
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Figure 2.7: The best results for Ng, Jordan and Weiss, 2002. They are produced with balanced
degree distribution and largest eigengap λK = 0.99. Left: the satisfaction of the 5 conditions
versus n; middle: critical value of (2.8) vs. n in balanced cluster size setting; right: the same in
unbalanced cluster setting.

A is constructed from the combination of a noise matrix and a hierarchical block matrix. We tested

Assumptions 1–3 under all the possible hierarchical structures of the 5 clusters, and Assumption 3

is constantly violated. This is because the cluster separation is not large enough.

2.5 Discussion, conclusion and further work

In summary, because each of the eight papers we studied gives sufficient (but not necessary) guar-

antees for recovery, our experiments consist of generating networks for which recovery is possible

and check which theory predicts it more often. We were able to generate such examples because

it has been known for a long time, empirically, how to generate cases that are (likely to be) clus-

terable. Thus, this experiment tested the limits of the current theory. As we already mentioned,

if necessary and sufficient conditions for community recovery were known, i.e sharp recovery

thresholds, such experiments would have been unnecessary. If the current results were close to the

unknown thresholds, then it would have been difficult to find clusterable examples not covered by

the theory. Our results show that this is not the case.

We started with the aim of providing empirical comparisons between theoretical results in order

to help readers understand their strenghs and weaknesses. We were also expecting to see a gradual

degradation of the agreement between theory and reality as the test cases became harder. To our

surprise, it turned out that we had to create the trivially easy λK = 0.99 set of test cases in order to

observe that some theorems predict recoverability.
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We were also expecting that the theoretical results by and large improve with time, as newer

results are built on previous ones. This was partially confirmed by the most recent paper, [62],

whose conditions are the only ones to cover a number of instances with non-trivially separated

clusters.

We now turn to examining if any particular type of condition can be held responsible for the

negative results. Before we start, we need to caution the reader on drawing hasty conclusions from

examining Figures 2.2–2.7. As we have already mentioned, several theorems have interdependent

conditions, or conditions that depend on the same unknown value. Between theses, one can trade-

off violating one condition for satisfying another.

For every one of the eight papers studied, the requirements for cluster separation failed to be

met, always or occasionally. This suggest that in many cases they are too severe. Interestingly

enough, [62], which fared by far the best in terms of tolerance to intercluster edges, the separation

conditions involve neither the off-diagonal blocks of A, nor λK . Rather, they are based on the

separation in the spectral mapping obtained by spectral clustering, and depend on the imbalance

between the sums of the node degrees in each cluster, with respect to the distribution ρ.

Furthermore, it appears that all four types of conditions previously mentioned were violated

for some of the theorems. The biggest surprise is that the requirements on graph density were also

occasionally too restrictive. For instance, even though Figure 1 shows that in our examples the

average degree grows linearly with n, and the graphs are relatively dense (average di ≈ 0.1n),

equation (2.6) does not hold for any n up to 30,000. Extrapolating from our graphs, we see that it

may start holding if n increases by another 2–4 orders of magnitude.

What we have observed with these benchmarking experiments suggests that the current results

are not close to the yet unknown thresholds for recovery. They suggest that our understanding

of the problem is not complete, and that the existing conditions do not yet align with the actual

combinations of parameters that make recovery challenging.

As any benchmarking work, this one, too, can be improved on. Our second contribution is the

Matlab code we wrote. This is being made available as the package ThmBench on github/mmp2.

The code is written with ease of use and modularity in mind. We invite researchers in the field to
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construct their own test cases, which may offer new perspectives on the limits of our current under-

standing in this area. We also have made it easy to add new testing modules, so that as new results

are published, their conditions can be benchmarked as well.

2.6 Appendix

We list all the theorems we are comparing here.

2.6.1 Balakrishnan et al [9]

Assumption 1 For all i, j, 0 < Aijβ
∗, for some constant β∗.

Assumption 2 (Balanced clusters) There is ) There is a constant eta1 such that at every split

of the hierarchy CmaxCmin , where |Cmax|, |Cmin| are the sizes of the biggest and smallest clusters

respectively.

Assumption 3 (Range Restriction) For every cluster s, min{αs.L, αs.R} − βs > η(βs − αs).

Theorem 1: Supporse thatW = A+R is an n×n noisy HBM whereA satisifies Assumptions 1,

2, and 3. Suppose that the scale factor of R increases at σ = o(min(κ∗5
√

m
logn

, κ∗4
√

m
logn

)) where

κ∗ = min(α0,
γ∗Sm
1+η

), m > 0 and m = ω(logn). Then for all n large enough, with probability at list

1− 6/n, HS, on input M , will exactly recover all clusters of size at least m.

2.6.2 Balcan et al [11]

Definition 1: Given three positive parameters θ, α, β, where β < α ≤ 1 and an affinity system

(V,Π) we say that a subset S of V is an (θ, α, β) self-determined community with respect to

(V,Π) if we have both.

• For all i ∈ S, φθS(i) ≥ α|S|.

• For all j /∈ S, φθS(j) ≤ β|S|.



25

Theorem 3: Given a weighted affinity system (V,A), θ, α, β, ε < α, and a community size t, there

is an efficient procedure that constructs a non-weighted instance (V ′,Π) along with a mapping f

from V ′ to V , s.t. for any (θ, α, β), community S in V there exists a (θ, αε, β) community S in V

there exisit a (θ, α− ε, β) community S ′ in (V ′,Π) with f(S ′) = S.

Theorem 4: For any θ, α, β, γ = α − β, the number of weighted (θ, α, β)−self-determined

communities is B(n) = (n/γ)O(log(1/γ)/α)(2θlog(1/γ)
α

)
O( 1

γ2
log(

θlog(1/γ)
αγ

)) and we can find them in time

B(n)poly(n).

2.6.3 Coja-Oglan, et al [21]

Theorem 1. There exist

a. a deterministic polynomial time algorithm A and

b. for any α, ε, δ > 0, any integer k ≥ 2, and any k × k matrix Φ = (φij)1≤i,j≤k with

nonnegative entries numbers D = D(ε, δ,Φ) > 0 and n0 = n0(α, ε, δ,Φ).

such that the following is true. Suppose that n > n0, that w = (w1, ..., wn) is a tuple of positive re-

als, and that V = (V1, ..., Vk) is a partition of V = {1, ..., n} such that the following six conditions

hold:

C0: Let puv = φΨ(u),Ψ(v)
wuwv∑
x∈V wx

, puv ≤ 1.

C1: The rows of Φ are pairwise linearly independent.

C2: For all u ∈ V , we have wu ≤ n1−ε.

C3: Let w̄ =
∑

u∈V wu/n, we have wu ≤ n1−ε.

C4: w̄ ≥ D.

C5: |VI | ≥ δn for all 1 ≤ i ≤ k.



26

The with probability at least 1 − α, the algorithm applies to the random graph G = Gn(Φ, w,V)

outputes a prtition V ′1 , · · · , V ′k such that

k∑
i=1

|(Vi \ V ′i ) ∪ (V ′i \ Vi)| = O(n/w̄′
0
.97), (2.9)

where w̄′ = 1
n

∑
(u,v)∈V puv =

∑
(u,v)∈V φΨ(u),Ψ(v)

wuwv
w̄n2 is the expected degree.

2.6.4 Chaudhuri et al [17]

LetG = (V , E) be a random graph drawn from an extended planted partition model which satisfies

the conditions in Lemma 4. Then, there exists a constant C such that the following holds. If, for

all u, E[deg(u)]128
9
ln(6n/δ), and if for all pairs of clusters Vi and Vj ,

(
p

Zi
− q

Zj
)2
∑
w∈Vi

d2
u + (

p

Zj
− q

Zi
)2
∑
u∈Vj

d2
u ≥ (2.10)

64(
384
√
ln(2n/δ)

Zi
√
τ +minu∈ViE[deg(u)]

(
∑
u∈Vi

d2
u

(E[deg(u)] + τ)2
)−1/2 (2.11)

+
384
√
ln(2n/δ)

Zj
√
τ +minu∈VjE[deg(u)]

(
∑
u∈Vi

d2
u

(E[deg(u)] + τ)2
)−1/2 +minu∈Vi,v∈Vj2(λu + λv))

2 (2.12)

then, w.p. ≥ 1− 6δ, Algorithm 1 outputs a correct clustering.

2.6.5 Ng&Jordan&Weiss [52]

Assumption A1. There exists δ > 0 so that, for all i = 1, · · · , k, λ(i)
2 ≤ 1− δ.

Assumption A2. There is some fixed ε1 > 0, so that for every i1, i2 ∈ {1, · · · , k}, i1 6= i2,

we have that ∑
j∈Si1

∑
k∈Si2

A2
jk

djdk
≤ ε1 (2.13)

Assumption A3. For some fixed ε2 > 0, for every i = 1, · · · , k, j ∈ Si, we have

sumk:k/∈SiAjk

d̂j
≤ ε2(

∑
k,l∈Si

A2
kl

d̂kd̂l
)−1/2 (2.14)
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Assumption A4. There is some constantC ≥ 0 so that for every i = 1, · · · , k, j = 1, · · · , ni,

we have d̂(i)
j ≥ (

∑ni
k=1 d̂

(i)
k )/(Cni).

Let Assumptions A1, A2, A3 and A4 hold. Set ε =
√
k(k − 1)ε1 + kε22. If δ ≥ (2 +

√
2)ε,

then there exist k orthogonal vectors r1, · · · , rk (rTi rj = 1, if i = j, 0 otherwise) so that Y ’s row

satisfy

1

n

k∑
i=1

ni∑
j=1

‖y(i)
j − ri‖2

2 ≤ 4C(4 + 2
√
k)2 ε2

(δ −
√

2ε)2
(2.15)

Thus, the rows of Y will form tight clusters around k well-separted points on the surface of the

k-sphere according to their “true” clusters Si.

2.6.6 Qin&Rohe [55]

Theorem 4.4. Suppose A ∈ RN×N is san adjacency matrix of a graph G generated from the DC-

SBM with K blocks and parameters {B,Z,Θ}. Let λ1 ≥ λ2 ≥ · · · ≥ λK > 0 be the K positive

eigenvalues of Lτ . Define M, the set of mis-clustered nodes, as in Definition 4.3. Let δ be the

minimum expected degree of G. For any ε > 0 and sufficiently large N , assume

(a)
√

Kln(4N/ε)
δ+τ

≤ 1
8
√

3
λK

(b) δ + τ > 3lnN + 3ln(4/ε)

Then with probability at least 1− ε, the mis-clustering rate of RSC with regularization constant τ

is bounded

|M|/N ≤ c1
Kln(N/ε)

Nm2(δ + τ)λ2
K

(2.16)

2.6.7 Rohe, Chatterjee&Yu

SupposeW ∈ Rn×n is an adjacency matrix from the Stochastic Blockmodel with kn blocks. Define

the population graph L. Define ‖λ̄1‖ ≥ ‖λ̄2‖ · · · ≥ ‖λ̄kn‖ > 0 as the absolute values of the kn

nonzero eigenvalues of L. Define M, the set misclustered nodes. Define τn = mind(n)/n and
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assume there exists N such that for all n > N , τ 2
n > 2/logn. Define Pn = max(ZT

nZn)jj . If

n−1/2(logn)2 = O(λkn)2, then the number of misclustered nodes is bounded

|M | = o(
Pn(logn)2

λ2
kn
τ 4
nn

) (2.17)

2.6.8 Wan&Meila [62]

The theorem is shown in Theorem 3 in Chapter 3.
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Chapter 3

A CLASS OF NETWORK MODELS RECOVERABLE BY SPECTRAL
CLUSTERING
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3.1 Introduction

There have been many recent advances in the recovery of communities in networks, under “block-

model” assumptions [57, 56, 36]. In particular, advances in recovering communities by spectral

clustering algorithms. These have been extended to models including node-specific propensities.

In this chapter, we argue that one can further expand the model class for which recovery by spectral

clustering is possible, and describe a model that subsumes a number of existing models, which we

call the PFM. We show that under the PFM model, the communities can be recovered with small

error, with high probability. Our results correspond to what [19] termed the “weak recovery”

regime (see Section 1.2.3), in which with high probability the fraction of nodes that are mislabeled

is o(1) when n→∞.

3.2 The Preference Frame Model of graphs with communities

This model embodies the assumption that interactions at the community level (which we will also

call macro level) can be quantified by meaningful parameters. This general assumption underlies

the (p, q) and the related parameterizations of the SBM as well. We define a preference frame to

be a graph with K nodes, one for each community, that encodes the connectivity pattern at the

community level by a (non-symmetric) stochastic matrix R. Formally, given [K] = {1, . . . K}, a

K ×K matrix R (det(R) 6= 0) representing the transition matrix of a reversible Markov chain on

[K], the weighted graph H = ([K], R), with edge set suppR (edges correspond to entries in R

not being 0) is called a K-preference frame. Requiring reversibility is equivalent to requiring that

there is a set of symmetric weights on the edges from which R can be derived ([53]). We note that

without the reversibility assumption, we would be modeling directed graphs, which we will leave

for future work. We denote by ρ the left principal eigenvector of R, satisfying ρTR = ρT . Without

loss of generality, we can assume the eigenvalue 1 or R has multiplicity 11 and therefore we call ρ

the stationary distribution of R.

We say that a deterministic weighted graph G = (V , A) with weight matrix A (and edge set

1Otherwise the networks obtained would be disconnected.
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suppA) admits a K-preference frame H = ([K], R) if and only if there exists a partition C of the

nodes V into K clusters C = {C1, . . . Ck} of sizes n1, . . . , nK , respectively, so that the Markov

chain on V with transition matrix P determined by A satisfies the linear constraints

∑
j∈Cm

Pij = Rlm for all i ∈ Cl, and all cluster indices l,m ∈ {1, 2, . . . k}. (3.1)

The matrix P is obtained from A by the standard row-normalization P = D−1A where D =

diag{d1:n}, di =
∑n

i=1Aij .

A random graph family over node set V admits a K-preference frame H, and is called a Pref-

erence Frame Model (PFM), if the edges i, j, i < j are sampled independently from Bernoulli

distributions with parameters Aij . It is assumed that the edges obtained are undirected and that

Aij ≤ 1 for all pairs i 6= j. We denote a realization from this process by Â. Furthermore, let

d̂i =
∑

j∈V Âij and in general, throughout this chapter, we will denote computable quantities de-

rived from the observed Â with the same letter as their model counterparts, decorated with the

“hat” symbol. Thus, D̂ = diag d̂1:n, P̂ = D̂−1Â, and so on.

One question we will study is under what conditions the PFM model can be estimated from a

given Â by a standard spectral clustering algorithms. Evidently, the difficult part in this estimation

problem is recovering the partition C. If this is obtained correctly, the remaining parameters are

easily estimated in a Maximum Likelihood framework.

But another question we elucidate refers to the parametrization itself. It is known that in the

SBM and Degree Corrected-SBM (DC-SBM) [56], in spite of their simplicity, there are dependen-

cies between the community level “intensive” parameters and the graph level “extensive”parameters,

as we will show below. In the parametrization of the PFM , we can explicitly show which are the

free parameters and which are the dependent ones.

Several network models in wide use admit a preference frame. For example, in the case of

SBM(p, q), which is a special case of SBM with matrix B defined as Bkk = p,Bkl = q for

k, l ∈ [K], k 6= l, we have

di = p(nl − 1) + q(n− nl) ≡ dCl , for i ∈ Cl,
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Rlm =
qnm
dCl

if l 6= m, Rll =
p(nl − 1)

dCl
, for l,m ∈ {1, 2, . . . , k}.

In the above we have introduced the notation dCl =
∑

j∈Cl di. One particular realization of the

PFM is the Homogeneous K-Preference Frame model (HPFM). In a HPFM, each node i ∈ V is

characterized by a weight, or propensity to form ties wi. For each pair of communities l,m with

l ≤ m and for each i ∈ Cl, j ∈ Cm we sample Âij with probability Aij given by

Aij =
Rmlwiwj

ρl
. (3.2)

This formulation ensures detail balance in the edge expectations, i.e. Aij = Aji. The HPFM is

virtually equivalent to what is known as the “degree model” [29] or “DC-SBM”, up to a reparam-

eterization2. Proposition 1 relates the node weights to the expected node degrees di. We note that

the main result we prove in this paper uses independent sampling of edges only to prove the con-

centration of the Laplacian matrix. The HPFM model can be easily extended to other graph models

with dependent edges if one could prove concentration and eigenvalue separation. For example,

when R has rational entries, the subgraph induced by each block of Â can be represented by a

random d-regular graph with a specified degree.

Proposition 1 In a HPFM di = wi
∑K

l=1Rkl
wCl
ρl

whenever i ∈ Ck and k ∈ [K], where wCl =∑
j∈Cl wj .

Equivalent statements that the expected degrees in each cluster are proportional to the weights

exist in [21, 57] and they are instrumental in analyzing this model. This particular parametrization

immediately implies in what case the degrees are globally proportional to the weights. This is,

obviously, the situation when wCl ∝ ρl for all l ∈ [K].

As we see, the node degrees in a HPFM are not directly determined by the propensities wi, but

depend on those by a multiplicative constant that varies with the cluster. This type of interaction

between parameters has been observed in practically all extensions of the Stochastic Block-Model

2Here we follow the customary definition of this model, which does not enforce Aii = 0, even though this implies
a non-zero probability of self-loops.
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that we are aware of, making parameter interpretation more difficult. Our following result estab-

lishes what are the free parameters of the PFM and of their subclasses. As it will turn out, these

parameters and their interactions are easily interpretable.

Proposition 2 Let (n1, . . . nK) be a partition of n (assumed to represent the cluster sizes of C =

{C1, . . . CK} a partition of node set V), R a non-singular K × K stochastic matrix, ρ its left

principal eigenvector, and πC1 ∈ [0, 1]n1 , . . . πCK ∈ [0, 1]nK probability distributions over C1:K .

Then, there exists a PFM consistent with H = ([K], R), with clustering C, and whose node

degrees are given by

di = dtotρkπCki, (3.3)

whenever i ∈ Ck, where dtot =
∑

i∈V di is a user parameter which is only restricted above by

Assumption 2.

The proof of this result is constructive, and can be found in Section 3.7

The parametrization shows to what extent one can specify independently the degree distribution

of a network model, and the connectivity parameters R. Moreover, it describes the pattern of

connection of a node i as a composition of a macro-level pattern, which gives the total probability

of i to form connections with a cluster l, and the micro-level distribution of connections between

i and the members of Cl. These parameters are meaningful on their own and can be specified or

estimated separately, as they have no hidden dependence on each other or on n,K.

The PFM enjoys a number of other interesting properties. As this chapter will show, almost

all the properties that make SBM’s popular and easy to understand hold also for the much more

flexible PFM. In the remainder of this paper we derive recovery guarantees for the PFM. As an

additional goal, we will show that in the frame we set with the PFM, the recovery conditions

become clearer, more interpretable, and occasionally less restrictive than for other models.

Third, as already mentioned, the PFM includes many models that have been found useful by

previous authors. Yet, the PFM class is much more flexible than those individual models, in the

sense that it allows other unexplored degrees of freedom (or, in other words, achieves the same

advantages as previously studied models with fewer constraints on the data). There are O(n2)
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parameters or degree of freedoms in PFM, while the number of parameters is less than K2 in SBM

and O(n) in DC-SBM. Note that for PFM, there is an infinite number of possible random graphs

G with the same parameters (d1:n, n1:k, R) satisfying the constraints (3.1) and Proposition 2, yet

for reliable community detection we do not need to estimate A fully, but only to look at aggregate

statistics like
∑

j∈C Âij .

3.3 Spectral clustering algorithm

Now, we describe the community recovery algorithms from a random graph (V , Â) sampled from

the PFM defined as above. We make the standard assumption that K is known. Our analysis is

based on a very common spectral clustering algorithm used in [45] and described also in [46, 60].

Input : Graph (V , Â) with |V| = n and Â ∈ {0, 1}n×n, number of clusters K

Output: Clustering Ĉ

1. Compute D̂ = diag(d̂1, · · · , d̂n) and Laplacian

L̂ = D̂−1/2ÂD̂−1/2 (3.4)

2. Calculate the K eigenvectors Ŷ1, · · · , ŶK associated with the K eigenvalues

|λ̂1| ≥ · · · ≥ |λ̂K | of L̂. Normalize the eigenvectors to unit length. We denote them as the

first K eigenvectors in the following text;

3. Set V̂i = D̂−1/2Ŷi, i = 1, · · · , K. Form matrix V̂ = [V̂1 · · · V̂K ];

4. Treating each row of V̂ as a point in K dimensions, cluster them by the K-means

algorithm to obtain the clustering Ĉ.
Algorithm 2: Spectral Clustering

Note that the vectors V̂ are the first K eigenvectors of P . The K-means algorithm is assumed

to find the global optimum. For more details on good initializations for K-means in step 4 see [52].

We quantify the difference between Ĉ and the true clusterings C by the mis-clustering rate perr,

which is defined as

perr = dist(C, Ĉ) (3.5)
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3.4 Main Results

Theorem 3 (Mis-clustering rate bound for HPFM and PFM) Let the n × n matrix A admit a

PFM, and w1:n, R, ρ, P, Â, d1:n have the usual meaning. Let λ1:n be the eigenvalues of P , with

|λi| ≥ |λi+1|. Let dmin = min d1:n be the minimum expected degree, d̂min = min d̂i, and dmax =

maxij nAij . Let γ ≥ 1, ε > 0 be arbitrary numbers. Assume:

Assumption 1 A admits a HPFM model and (3.2) holds.

Assumption 2 Aij ≤ 1

Assumption 3 d̂min ≥ log n

Assumption 4 dmin ≥ log n

Assumption 5 ∃κ > 0, dmax ≤ κ log n

Assumption 6 grow > 0, where grow is defined in Proposition 4.

Assumption 7 λ1:K are the eigenvalues of R, and |λK | − |λK+1| = σ > 0.

We also assume that we run Algorithm 1 on A and that K-means finds the optimal solution. Then,

for n sufficiently large, the following statements hold with probability at least (1−2 exp −ε2
2+ε/

√
logn

)(1−

e−γ).

PFM Assumptions 2 - 7 imply

perr ≤
Kdtot

ndmingrow

[
C0γ

4

σ2 log n
+

4ε2

d̂min

]
(3.6)

HPFM Assumptions 1 - 6 imply

perr ≤
Kdtot

ndmingrow

[
C0γ

4

λ2
K log n

+
4ε2

d̂min

]
(3.7)

where C0 is a constant.
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Note that perr decreases at least as 1/ log n when d̂min = dmin = log n. This is because d̂min

and dmin help with the concentration of L. Using Proposition 4, the distances between rows of V ,

i.e, the true centers of the K-means step, are lower bounded by grow/dtot. After plugging in the

assumptions for dmin, d̂min, dmax, we obtain

perr ≤
Kκ(C0γ

4 + 4ε2σ2)

growσ2 log n
. (3.8)

This shows that perr decreases as 1/ log n. Of the remaining quantities, κ controls the spread of

the degrees di, and C0 depends on κ and γ. Notice that λK and σ are eigengaps in HPFM model

and PFM model respectively and depend only on the preference frame, and likewise for grow. The

eigengaps ensure the stability of principal spaces and the separation from the spurious eigenvalues,

as shown in Proposition 6.

3.4.1 Proof outline, techniques and main concepts

The proof of Theorem 3 (see Section 3.8) relies on three steps, which are to be found in most

results dealing with spectral clustering. First, concentration bounds of the empirical Laplacian L̂

w.r.t L are obtained. There are various conditions under which these can be obtained, and ours

are most similar to the recent result of [36]. The other tools we use are Hoeffding bounds and

tools from linear algebra. Second, one needs to bound the perturbation of the eigenvectors Y as

a function of the perturbation in L. This is based on the pivotal results of Davis and Kahan, see

e.g [56]. A crucial ingredient in these type of theorems is the size of the eigengap between the

invariant subspace Y and its orthogonal complement. This is a condition that is model-dependent,

and therefore we discuss the techniques we introduce for solving this problem in the PFM in the

next subsection.

The third step is to bound the error of the K-means clustering algorithm. This is done by a

counting argument. The crux of this step is to ensure the separation of the K distinct rows of V .

This, again, is model dependent and we present our result below. The details and proof are in

Section 3.7 and 3.8. All proofs are for the PFM; to specialize to the HPFM, one replaces σ with

|λK |
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3.4.2 Cluster separation and bounding the spurious eigenvalues in the PFM

Proposition 4 (Cluster separation) Let V, ρ, d1:n have the usual meaning and define the cluster

volume dCk =
∑

i∈Ck di, and cmax, cmin as maxk,mink
dCk
nρk

. Let i, j ∈ V be nodes belonging

respectively to clusters k,m with k 6= m. Then,

||Vi: − Vj:||2 ≥
1

dtot

[
1

cmax

(
1

ρk
+

1

ρm

)
− 1
√
ρkρm

(
1

cmin
− 1

cmax

)]
=

grow
dtot

, (3.9)

where grow =
[

1
cmax

(
1
ρk

+ 1
ρm

)
− 1√

ρkρm

(
1

cmin
− 1

cmax

)]
. Moreover, if the columns of V are nor-

malized to length 1, the above result holds by replacing cmax,min with c̃max,min = max,mink
nk
nρk

.

In the square brackets, cmax,min depend on the cluster-level degree distribution, while all the other

quantitities depend only on the preference frame. Hence, this expression is invariant with n, and

as long as it is strictly positive, we have that the cluster separation is Ω(1/dtot).

The next theorem is crucial in proving that L has a constant eigengap. We express the eigengap

of P in terms of the preference frameH and the mixing inside each of the clusters Ck. For this, we

resort to generalized stochastic matrices, i.e. rectangular positive matrices with equal row sums,

and we relate their properties to the mixing of Markov chains on bipartite graphs.

These tools are introduced here, for the sake of intuition, toghether with the main spectral

result, while the rest of the proofs are in Section 3.8.

Given C, for any vector x ∈ Rn, we denote by xk, k = 1, . . . K, the block of x indexed by

elements of cluster k of C. Similarly, for any square matrix S ∈ Rn×n, we denote by Skl =

[Sij]i∈k,j∈l the block with rows indexed by i ∈ k, and columns indexed by j ∈ l.

Denote by ρ, λ1:K , ν1:K ∈ RK respectively the stationary distribution, eigenvalues3, and eigen-

vectors of R.

We are interested in block stochastic matrices P for which the eigenvalues ofR are the principal

eigenvalues. We call λK+1 . . . λn spurious eigenvalues. Theorem 6 below is a sufficient condition

3Here too, eigenvalues will always be ordered in decreasing order of their magnitudes, with positive values pre-
ceeding negatives one of the same magnitude. Consequently, for any stochastic matrix, λ1 = 1 always
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that bounds |λK+1| whenever each of the K2 blocks of P is ”homogeneous” in a sense that will be

defined below.

When we consider the matrix L = D−1/2AD−1/2 partitioned according to C, it will be con-

venient to consider the off-diagonal blocks in pairs. This is why the next result describes the

properties of matrices consisting of a pair of off-diagonal blocks.

Proposition 5 (Eigenvalues for the off-diagonal blocks) Let M be the square matrix

M =

 0 B

A 0

 (3.10)

where A ∈ Rn2×n1 and B ∈ Rn1×n2 , and let x =

 x1

x2

, x1,2 ∈ Cn1,2 be an eigenvector of M

with eigenvalue λ. Then

Bx2 = λx1 ABx2 = λ2x2 (3.11)

Ax1 = λx2 BAx1 = λ2x1 (3.12)

M2 =

 BA 0

0 AB

 (3.13)

Moreover, if M is symmetric, i.e B = AT , then λ is a singular value of A, x is real, and −λ is

also an eigenvalue of M with eigenvector [xT1 − xT2 ]T . Assuming n2 ≤ n1, and that A is full rank,

one can write A = V ΛUT with V ∈ Rn2×n2 , U ∈ Rn1×n2 orthogonal matrices, and Λ a diagonal

matrix of non-zero singular values [?].

Theorem 6 (Bounding the spurious eigenvalues of L) Let C, L, P,D,A,R, ρ be defined as above,

and let λ be an eigenvalue of P . Assume that (1) P is block-stochastic with respect to C; (2)

λ1:K are the eigenvalues of R, and |λK | > 0; (3) λ is not an eigenvalue of R; (4) denote by

λkl3 (λkk2 ) the third (second) largest in magnitude eigenvalue of block Mkl (Lkk) and assume that
|λkl3 |

λmax(Mkl)
≤ c < 1 ( |λkk2 |

λmax(Lkk)
≤ c). Then, the spurious eigenvalues of P are bounded by c times a

constant that depends only on R.

|λ| ≤ c max
k=1:K

(
rkk +

∑
l 6=k

√
rklrlk

)
(3.14)
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Remarks: The factor that multiplies c can be further bounded denoteing a = [
√
rkl]

T
l=1:K , b =

[
√
rlk]

T
l=1:K

rkk +
∑
l 6=k

√
rklrlk = aT b ≤ ||a||||b|| =

√√√√ K∑
l=1

rkl

K∑
l=1

rlk =

√√√√ K∑
l=1

rlk (3.15)

In other words,

|λ| ≤ c

2
max
k=1:K

√√√√ K∑
l=1

rlk (3.16)

The maximum column sum of a stochastic matrix is 1 if the matrix is doubly stochastic and larger

than 1 otherwise, and can be as large as
√
K. However, one must remember that the interesting R

matrices have “large” eigenvalues. In particular we will be interested in λK > c. It is expected that

under these conditions, the factor depending on R to be close to 1.

The second remark is on the condition (3), that all blocks have small spurious eigenvalues. This

condition is not merely a technical convenience. If a block had a large eigenvalue, near 1 or −1

(times its λmax), then that block could itself be broken into two distinct clusters. In other words, the

clustering C would not accurately capture the cluster structure of the matrix P . Hence, condition

(3) amounts to requiring that no other cluster structure is present, in other words that within each

block, the Markov chain induced by P mixes well.

3.5 Related work

Previous results we used The Laplacian concentration results use a technique introduced recently

by [36], and some of the basic matrix theoretic results are based on [46] which studied the P and

L matrix in the context of spectral clustering. As any of the many works we cite, we are indebted

to the pioneering work on the perturbation of invariant subspaces of Davis and Kahan [58].

3.5.1 Previous related models

The configuration model for regular random graphs [16, 41] and for graphs with general fixed

degrees [40, 42] is very well known. It can be shown by a simple calculation that the configuration
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model also admits a K-preference frame. In the particular case when the diagonal of the R matrix

is 0 and the connections between clusters are given by a bipartite configuration model with fixed

degrees, K-preference frames have been studied by [51] under the name “equitable graphs”; the

goal there was to provide a way to calculate the spectrum of the graph.

Since the PFM is itself an extension of the SBM, many other extensions of the latter will bear

resemblance to PFM. Here we review only a subset of these, which exploit the spectral properties

of the SBM and extend this to handle a large range of degree distributions [21, 57, 17]. The

PFM includes each of these models as a subclass4.

In [21] the authors study a model that coincides (up to some multiplicative constants) with the

HPFM. The paper introduces an elegant algorithm that achieves partial recovery or better, which is

based on the spectral properties of a random Laplacian-like matrix, and does not require knowledge

of the partition size K.

The PFM also coincides with the model of [5] and [29] called the expected degree model w.r.t

the distribution of intra-cluster edges, but not w.r.t the ambient edges, so the HPFM is a subclass

of this model. HPFM is discussed in Chapter 2.

A different approach to recovery The papers [17, 56, 36] propose regularizing the normalized

Laplacian with respect to the influence of low degrees, by adding the scaled unit matrix τI to

the incidence matrix Â, and thereby they achieve recovery for much more imbalanced degree

distributions than us. Currently, we do not see an application of this interesting technique to the

PFM, as the diagonal regularization destroys the separation of the intracluster and intercluster

transitions, which guarantee the clustering property of the eigenvectors. Therefore, currently we

cannot break the n log n limit into the ultra-sparse regime, although we recognize that this is an

important current direction of research.

Recovery results like ours can be easily extended to weighted, non-random graphs, and in this

sense they are relevant to the spectral clustering of these graphs, when they are assumed to be noisy

versions of a G that admits a PFM.

4In particular, the models proposed in [21, 57, 17] are variations of the DC-SBM and thus forms of the homoge-
neous PFM.
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3.5.2 An empirical comparison of the recovery conditions

As obtaining general results in comparing the various recovery conditions in the literature would be

a tedious task, here we undertake to do a numerical comparison. While the conclusions drawn from

this are not universal, they illustrate well the stringency of various conditions, as well as the gap

between theory and actual recovery. For this, we construct HPFM models, and verify numerically

if they satisfy the various conditions. As one may observe, our recovery theorems drawn from this

chapter is model-based, i.e, one needs to assume the data is generated from a model in order for the

recovery theorems to work. In Chapter 4, we will further develop model-free recovery theorems.

For our model-based results, we have also clustered random graphs sampled from this model, with

good results (shown in Section 3.8).

We generate A from the HPFM model with K = 5, n = 5000. Each wi is uniformly generated

from (0.5, 1). n1:K = (500, 1000, 1500, 1000, 1000), grow > 0, λ1:K = (1, 0.8, 0.6, 0.4, 0.2). The

matrix R is given below; note its last row in which r55 <
∑4

l=1 r5l.

R =



.80 .07 .02 .02 .09

.04 .52 .24 .12 .08

.01 .20 .65 .15 .00

.01 .08 .12 .70 .08

.13 .21 .02 .32 .33


ρ = (.25, .44, .54, .65, .17). (3.17)

The conditions we are verifying include besides ours, those obtained by [56], [57], [10] and [17];

since the original A is a perfect case for spectral clustering of weighted graphs, we also verify the

theoretical recovery conditions for spectral clustering in [8] and [52].

Our result Theorem 3 We have dmin = 77.4, d̂min = 63, both bigger than log n = 8.52.

Therefore assumptions (a) and (b) hold; d = 2500, so (c) also holds, grow = 1.82 > 0. After

running the algorithm, the mis-clustering is rate r = 0.0008, which satisfies the theoretical bound.

In conclusion, the dataset fits into both the assumptions and conclusion of Theorem 3.

Qin and Rohe[56] This paper has an assumption on the lower bound on λK , that is 1
8
√

3
λK ≥√

K(ln(K/ε)
dmin

, so that the concentration bound holds with probability (1 − ε). We set ε = 0.1 and
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obtain λK ≥ 12.3, which is impossible to hold since λK is upper bounded by 15.

Rohe, Chatterjee, Yu[57] Here, one defines τn = dmin
n

, and requires τ 2
n log n > 2 to ensure the

concentration of L. To meet this assumption, with n = 5000, dmin ≥ 2422. While in our case

dmin = 77.4. The assumption requires a very dense graph and is not satisfied in this dataset.

Balcan, Borgs Braverman, Chayes[10]Their theorem is based on self-determined community

structure. It requires all the nodes to be more connected within their own cluster. However, in our

graph, 1296 out of 5000 nodes have more connections to outside nodes than to nodes in their own

cluster.

Ng, Jordan, Weiss[52] require λ2 < 1 − δ, where δ > (2 + 2
√

2)ε, ε =
√
K(K − 1)ε1 +Kε22,

ε1 ≥ maxi1,i2∈{1,··· ,K}
∑

j∈Ci1

∑
k∈Ci2

Â2
jk

d̂j d̂k
, ε2 ≥ maxi∈{1,··· ,K}

∑
k:k∈Ai
d̂j

(
∑

k,l∈Ai
Â2
kl

d̂kd̂l
)1/2. On the

given data, we find that ε ≥ 36.69, and δ ≥ 125.28, which is impossible to hold since δ needs to

be smaller than 1.

Chaudhuri, Chung, Tsiatas[17] The recovery theorem of this paper requires di ≥ 128
9

ln(6n/δ),

so that when all the assumptions hold, it recovers the clustering correctly with probability at least

1 − 6δ. We set δ = 0.01, and obtain that di = 77.40, 128
9

ln(6n/δ) = 212.11. Therefore the

assumption fails as well.

For our method, the hardest condition to satisfy, and the most different from the others, was As-

sumption 6. We repeated this experiment with the other weights distributions for which this As-

sumption fails. The assumptions in the related papers continued to be violated. In [Qin and Rohe],

we obtain λK ≥ 17.32. In [Rohe, Chatterjee, Yu], we still needs dmin ≥ 2422. In [Balcan, Borgs

Braverman, Chayes], we get 1609 points more connected to the outside nodes of its cluster. In

[Balakrishnan, Xu, Krishnamurthy, Singh], we get σ = 0.172 and needs to satisfy σ = o(0.3292).

In [Ng, Jordan, Weiss], we obtain δ ≥ 175.35. Therefore, the assumptions in these papers are all

violated as well.

5To make λ ≤ 1 possible, one needs dmin ≥ 11718.
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3.6 Conclusion

In this paper, we have introduced the Preference Frame Model, which is more flexible and sub-

sumes many current models including SBM and DC-SBM. It produces state-of-the art recovery

rates comparable to existing models. To accomplish this, we used a parametrization that is clearer

and more intuitive. The theoretical results are based on the new geometric techniques which control

the eigengaps of the matrices with piecewise constant eigenvectors.

We note that the main result Theorem 3 uses independent sampling of edges only to prove the

concentration of the laplacian matrix. The KPFM model can be easily extended to other graph

models with dependent edges if one could prove concentration and eigenvalue separation. For

example, when R has rational entries, the subgraph induced by each block of Â can be represented

by a random d-regular graph with a specified degree.

3.7 Matrix theoretical results

This proposition below collected various basic facts moved elsewhere in the references[45, 60].

Proposition 7 ([45, 60]) 1. The matrices P and L have the same eigenvalues, denoted λ1:n

(slightly abusively).

2. Every eigenvalue of R is also an eigenvalue of P .

3. If v is an eigenvector of P with eigenvalue λ, then u = D1/2v is is an eigenvector of L with

the same eigenvalue.

4. In particular, P1 = 1 is the Frobenius vector of P , and therefore Ls = s, with si =
√
di,

for i = 1, . . . n, is the Frobenius eigenvector of L.

5. The stationary distribution of P is π, with πi ∝ di, i = 1, . . . n.

6. R is diagonalizable, implying that it has K independent eigenvectors. (This follows from

the fact that the Markov chain defined by P is reversible, implying that R also defines a
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reversible Markov chain.)

7. Let λ be an eigenvalue of R, ν its eigenvector, and v the eigenvector of P corresponding to

λ. Then vi = νl whenever i ∈ l. In other words, P has K eigenvectors that are ”telescoped”

versions of the eigenvectors of R.

Let A,w1:n, K,R, ρ, d1:n, P , etc have the usual meaning. Let B = diag(ρ)−1/2R diag(ρ)−1/2.

Denote

X ∈ RK×K the eigenvector matrix of B, orthonormal (3.18)

U ∈ RK×K the eigenvector matrix of R, with diag(ρ)1/2U = X (3.19)

Y ∈ Rn×K principal eigenvectors of L, orthonormal, Yil ∝
√
diXkl√
ρk

if i ∈ Ck (3.20)

y1:K normalization constants for the columns of Y , (3.21)

V ∈ Rn×K principal eigenvectors of P , with, Vik =
1√
di
Yik (3.22)

Denote also dtot =
∑n

i=1 di, dk =
∑

i∈Ck di, πk = dk
dtot

, and maxk,mink
πk
ρk

= cmax,min.

Proof of Proposition 2 We construct a distribution π over V by π′ = [π′1 . . . π
′
K ] with πk ∈

[0, 1]nk the elements of π indexed by cluster Ck. Let πk = πCkρk for all k = 1, . . . K.

We will verify that π is the stationary distribution of P . Fix i ∈ Cl. We calculate π′P at node i.

(π′P )i =
K∑
k=1

π′kPkl,:i =
K∑
k=1

ρkπ
′
CkP̃kl,:irkl =

K∑
k=1

ρkπCl,irkl = πCl,i

K∑
k=1

ρkrkl = πCl,iρl = πi(3.23)

Above, we slightly abused notation by using i both as an index in V and in Cl.

It remains to show that π1 = 1 which is straightforward and left to the reader. Now, from

Proposition 9 πi ∝ di for i ∈ V; the normalization constant for the r.h.s. of this expression is∑
i∈V di = dtot.

Proof of Proposition 4 Define

y2
l =

∑
i

diX
2
kl

ρk
=

K∑
k=1

dkX
2
kl

ρk
. (3.24)
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Hence,

cmindtot ≤ y2
l ≤ cmaxdtot

∑
k

X2
kl = cmaxdtot. (3.25)

. Now, we can derive bounds on ||Vi:||2, the length of row i of V .

||Vi:||2 =
K∑
l=1

1

y2
l

X2
kl

ρk
=

1

ρk

K∑
l=1

1

y2
l

X2
kl ≥

1

ρk

1

dtotcmax
when i ∈ Ck. (3.26)

We now need to bound the cross-terms V T
i: Vj:. Denote by l+ = {l ∈ [K], XklXml ≥ 0} and

l− = [K] \ l+. Then, we have

K∑
l=1

1

y2
l

XklXml =
∑
l+

1

y2
l

XklXml −
∑
l−

1

y2
l

|XklXml| (3.27)

≤ 1

cmindtot
X+ − 1

cmaxdtot
X+ =

(
1

cmindtot
− 1

cmaxdtot

)
X+ (3.28)

where X+ =
∑

l+ XklXml =
∑

l− |XklXml| = 1
2

∑K
l=1 |XklXml| ≤ 1

2
, because Xm: ⊥ Xk:.

Now, putting these together we obtain the desired result.

||Vi: − Vj:||2 = ||Vi:||2 + ||Vj:||2 − 2V T
i: Vj: (3.29)

≥ 1

dtotcmax

(
1

ρk
+

1

ρm

)
− 2
√
ρkρm

1

2

(
1

cmindtot
− 1

cmaxdtot

)
(3.30)

=
1

dtot

[
1

cmax

(
1

ρk
+

1

ρm

)
− 1
√
ρkρm

(
1

cmin
− 1

cmax

)]
(3.31)

In the case when the columns of V are normalized, we have that

V norm
il =

1

vl

Xkl√
ρk

whenever i ∈ k (3.32)

and v2
l =

∑K
k=1 nk

X2
kl

ρk
. Hence c̃min = mink

nk
nρk
≤ v2

l ≤ c̃max = maxk
nk
nρk

. From this the second

result follows.

In the square brackets, cmax,min depend on π1:k the degree distribution, while all the other

quantities depend only of the preference frame. Hence, this expression is invariant with n, and as

long as it is strictly positive, we have that the cluster separation is Θ(n−2).

In particular, when all ρk are equal, cmax ≤ 2cmin suffices. These bounds are not tight since

2X+ is never 1.
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We firstly establish the main facts needed for the proof. These are properties of the eigenvalues

for the off-diagonal blocks of L.

Proposition 8 (Maximum eigenvalue of a block of L) 1)Lkksk = rkksk and therefore λmax(Lkk) =

rkk for k = 1, . . . K. 2) Lklsl = rklsk and λmax(Mkl) =
√
rklrlk for all k, l = 1, . . . K, with k 6= l

and

Mkl =

 0 Lkl

Llk 0

 (3.33)

Proof For part 1, note that Lkk = diag(sk)
−1Akk diag(sk)

−1 and that 1
rkk
Pkk is a stochastic

matrix. Then, by Proposition 9 λmax(Lkk) = λmax(Pkk) = rkk, and the corresponding eigenvector

of Lkk is sk.

For part 2, we show that the vector x = [s′k/
√
ρk s

′
l/
√
ρl]
′ is an eigenvector of Mkl.

Mklx =

 Lklsl/
√
ρl

Llksk/
√
ρk

 =

 rklsk/
√
ρl

rlksl/
√
ρk

 =

 √rklrlksk
√

rkl
rlkρl

√
rklrlksl

√
rlk
rklρk

 =
√
rklrlk

 sk/
√
ρk

sl/
√
ρl


(3.34)

The last equality holds because

rkl
rlkρl

=
rklρk
rlkρl

1

ρk
=

1

ρk
(3.35)

using the detailed balance of the reversible Markov chain defined by R. Since the eigenvector x is

positive, it must correspond to the largest eigenvalue of Mkl.

Proposition 9 Let x be a spurious eigenvector of L, associated to spurious eigenvalue λ, and

denote by sk, xk ∈ Rnk the restrictions of s, x to cluster k. Then xk ⊥ sk for all k = 1, . . . K.

Proof Let u be a principal eigenvector of L, and uk its k-th block. From Proposition 9 it follows

that uk = skνk, where ν is an eigenvector of R. Because L is symmetric, we know that x ⊥ u,

which can be written equivalently as

K∑
k=1

x′kskνk = 0 (3.36)
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Let ξk = x′ksk. If we write (3.36) for all K eigenvectors of R, we obtain the linear system

[ν1 ν2 . . . νK ]ξk = 0 (3.37)

Since the matrix [ν1 ν2 . . . νK ] is non-singular, the system admits only the trivial solution ξk = 0.

2

Proof of Theorem 6 Let x ∈ Rn be a vector orthogonal to the K principal eigenvectors of

L. Hence, by Proposition 9 each block xk of x is orthogonal to sk. In addition, for any pair k, l

with k 6= l, [x′k x′l]

 s′k/
√
ρk

sl/
√
ρl]

 = 0, so x is orthogonal to the Frobenius eigenvector of all the

off-diagonal blocks Mkl. We assume w.l.o.g. that ||x|| = 1 and calculate

|x′Lx| = |
K∑
k=1

x′kLkkxk +
∑
k<l

[x′kx
′
l]Mkl

 xk

xl

 (3.38)

≤
K∑
k=1

rkk|λkk2 |||xk||2 +
∑
k<l

√
rklrlk|λkl2 |(||xk||2 + ||xl||2) (3.39)

≤ c
K∑
k=1

||xk||2
[
rkk +

∑
k 6=l

√
rklrlk

]
(3.40)

≤ cmax
k

[
rkk +

∑
k<l

√
rklrlk

]
(3.41)

From this the result follows. 2

3.8 Matrix concentration results and the proof of theorem 3

Proposition 10 (Modified theorem from Le and Vershynin [36]) (Concentration of the regular-

ized Graph Laplacian) Let G, L, L̂ have the usual meaning and let dmin be the minimum expected

degree of G, that is dmin = min d1,··· ,n, and denote d̂min the analogous quantity for the observed de-

gree of G. Denote dmax = maxij nAij , γ ≥ 1. ||.|| denotes the spectral norm. If (a) d̂min ≥ log(n),

(b) dmin ≥ log(n), (c) ∃κ > 0, d ≤ κ log n, then with probability at least 1− e−r,

||L̂− L|| ≤ Ψγ2

√
log n

(3.42)

where Ψ is a constant.
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Proof of Proposition 10 The proof mainly follows from [36]. In the original theorem, they add

equal weights to all entries of the similarity matrix to ensure the concentration ofL. In this modified

theorem, instead of adding weights we add the assumptions that d̂min and dmin are bounded from

below and prove that it will come to similar conclusion.

Denote τ = log n. In the step 1 of their proof, we modify E as E := L̂− L, and get E = M + T ,

with M = D̂−1/2(Â− A)D̂−1/2, and T = D̂−1/2AD̂−1/2 −D−1/2AD−1/2.

In the step 2 they give bound on ||M ||. We modify their ∆ to be ∆ii = 1 if d̂i ≤ 8γdmax and

∆ii = d̂i/γ otherwise. The rest of the proof in step 2 still hold to this modification. We therefore

obtain the bound for M as ||M || ≤ C2γ2

τ
(
√
dmax +

√
τ) with probability at least 1− 2n−γ . C2 is a

constant.

We then follow the step 3 of their proof and bound the spectral norm with the Hilbert-Schmidt

norm. We get ||T || ≤ ||T ||HS =
∑n

i,j=1 T
2
ij , where Tij = Aij[1/

√
δ̂ij − 1/

√
δij] and δ̂ij = d̂id̂j

and δij = didj . The rest of the proof in step 3 can then be easily adapted to our modification and

thus we obtain similar bound for T as ||T ||2 ≤ C6γ4d5

τ6
with probability 1 − e−2γ , C6 a constant.

Combining the results from step 2 and step 3 into the inequality D||E|| ≤ ||M ||+ ||T ||, we obtain

||E|| ≤ C7γ2√
τ

[(dmax/τ)5/2 + (dmax/r)
1/2 + 1] ≤ Ψγ2√

logn
with high probability.

Proposition 11 Let L, L̂, Y, Ŷ have the usual meaning. Let PL̂ denote the projection onto the span

of L̂’s first K left singular vectors, Λ̂ and Λ denote the diagonal matrices of the first K eigenvalues

of L̂ and L accordingly. Then PL̂L̂ = Ŷ Λ̂Ŷ T , and

||PL̂L̂− L||
2
F = ||Ŷ Λ̂Ŷ T − Y ΛY T ||2F ≤ 8K||L̂− L||2 (3.43)

Proposition 12 (Davis-Kahan theorem) This is Davis-Kahan theorem[58] perturbation result. It

puts results that relates the perturbation of L to Y .

Let S0 ⊂ R be an interval. Denote YS0 as an orthonormal matrix whose column space is equal to

the eigenspace of L corresponding to the eigenvalues in λS0(L), where

λS0(L) = {{λ1, · · · , λn} ∩ S0} (3.44)
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Denote by ŶS0 the analogous quantity for PL̂L̂. Define the distance between S0 and the spectrum

of L outside of S0 as

∆ = min{|λ− s|;λ eigenvalue of L, λ /∈ S0, s ∈ S0} (3.45)

If YS0 and ŶS0 are of the same dimension, then there is an orthogonal matrix O that depends on

YS0 and ŶS0 , such that

||YS0 − ŶS0||2F ≤
2||PL̂ − L||2F

∆2
(3.46)

Lemma 1 Assume x1, x2, · · · , xn ∈ Rn form an orthonormal basis. then ||xi − xj||2 =
√

2,

∀i, j ∈ {1, · · · , n}

Proof of Lemma 1 define X = (x1, x2, · · · , xn) Then XTX = I .
√

2 = ||XTx1 − XTx2||2 =

(x1 − x2)TXXT (x1 − x2) = ||x1 − x2||2

Lemma 2 Assumption the HPFM model holds, the eigenvalues λ1, · · · , λK of R are the K eigen-

values of P that have the largest absolute values. The ith eigenvector of P associated with these

eigenvalues can be represented by the eigenvectors of R as

(ui1, · · · , ui1︸ ︷︷ ︸
n1

, ui2, · · · , ui2︸ ︷︷ ︸
n2

· · · , uiK , · · · , uiK︸ ︷︷ ︸
uK

)

i ∈ {1, · · · , K}

Proof of Lemma 2 Since P is block stochastic and Rlk =
∑

j∈Ck Pij , i ∈ Cl, j ∈ Ck. The first K

eigenvectors of P are piecewise constant with respect to the clusters. Assume x ∈ Rn is one of the

first K eigenvectors of P associated with λ.

Px = λx (3.47)

Since x is piecewise constant, we define a vector u ∈ RK , uk = xj if node j ∈ Ck.

Assume node i ∈ Cl.

λxi =
n∑
j=1

[Pijxj] =
K∑
k=1

[
∑
j∈Ck

Pijxj] (3.48)
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that is, λul =
K∑
k=1

[Rlkuk] (3.49)

i = 1, · · · , n.

Therefore u is an eigenvector of R associated with the eigenvalue λ.

Lemma 3 Assume di =
∑n

j=1 Bernoulli(Aij), Aij ≤ 1, then

P (|
√
d̂i −

√
di| ≤ ε) ≥ 1− 2 exp[− ε2

2 + ε/
√
di

] (3.50)

Proof of Lemma 3 Using Chernoff bound, we can get that,

P [|d̂i − di| < δdi] ≥ 1− 2e−
δ2di
2+δ

P [|
√
d̂i −

√
di| < δ

√
di] ≥ P [|

√
d̂i −

√
di| <

δdi√
d̂i +
√
di

] ≥ 1− 2e−
δ2di
2+δ

Denote ε = δ
√
di, we can get

P (|
√
d̂i −

√
di| ≤ ε) ≥ 1− 2 exp[− ε2

2 + ε/
√
di

]

Proof of theorem 3 Let B,R,X,U, Y, V have the usual meaning. λ1, · · · , λK are the eigen-

values of R.

In the HPFM model case, since λK+1 = · · · = λn = 0, the eigengap for L between the first K

leading eigenvalues and the rest of the eigenvalues is λK . Denote S0 = (λK
2
, 2) ⊂ R.

Using proposition 10, when n is sufficiently large, we obtain

|λK − λ̂K | ≤ ||L− L̂|| ≤
Ψγ2

√
log n

≤ λK/10 (3.51)

we therefore have λS0(L̂) = {λ̂1, · · · , λ̂K}.

Therefore Y and Ŷ are of the same dimension. Using proposition 12, we obtain,

1

2
||Ŷ − YO||2F ≤

||PL̂L̂− L||2F
∆2

(3.52)
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where O is an orthonormal matrix. ∆ = λK/2. Further apply proposition 11, we have the follow-

ing inequality holds,

1

2
||Ŷ − YO||2F ≤

4||PL̂L̂− L||2F
λ2
K

≤ 32K||L̂− L||2

λ2
K

(3.53)

Now we take a closer look at 1
2
||Ŷ − YO||2F on the left hand side.

1

2
||Ŷ − YO||2F =

1

2
||D1/2V − D̂1/2V̂ ||2F =

1

2
||D1/2(V̂ − V ) + (D̂1/2 −D1/2)V̂ ||2F (3.54)

Using (3.53), we obtain,

||D1/2(V̂ − V )||2F︸ ︷︷ ︸
(a)

≤ ||(D̂1/2 −D1/2)V̂ ||2F︸ ︷︷ ︸
(b)

+
64K||L̂− L||2

λ2
K

(3.55)

(b) ≤ max
i

(d
1/2
i − d̂

1/2
i )2||V̂ ||2F (3.56)

Using lemma 3, we can get,

P (|
√
d̂i −

√
di| ≤ ε) ≥ 1− 2 exp[− ε2

2 + ε/
√
di

] ≥ 1− 2 exp[− ε2

2 + ε/
√

log n
] (3.57)

Meanwhile we have

||V̂ ||2F = ||D̂−1/2Ŷ ||2F ≤
1

d̂min
||Ŷ ||2F =

K

d̂min
(3.58)

Thus with probability at least 1− 2 exp[− ε2

2+ε/
√

logn
]

(b) ≤ Kε2

d̂min
(3.59)

1

2
||V̂ − V ||2F × dmin ≤ (a) ≤ Kε2

d̂min
+

64K||L̂− L||2

λ2
K

(3.60)

The above inequality gives us a bound for the perturbation of first K eigenvectors of P .

Denote the l2 norm of the perturbation for each row of V is ei, i = 1, · · · , n. Denote the number

of rows that have perturbation greater than 1
2

mini 6=j ||V (i, :)− V (j, :)|| is m. Using Proposition 4

, we have
Kε2

d̂mindmin
+

64K||L̂− L||2

dminλ2
K

≥
n∑
i=1

e2
i ≥

m

4dtot
grow. (3.61)
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Solving the above, and use proposition 10. With probability at least (1 − 2 exp[− ε2

2+ε/
√

logn
])(1 −

e−r), we get,

m ≤ C0Kγ
4dtot

λ2
Kdmingrow log n

+
4Kdtotε

2

growd̂mindmin
(3.62)

perr = m/n ≤ Kdtot
ndmingrow

[
C0γ

4

λ2
K log n

+
4ε2

d̂min

]
(3.63)

In the PFM case when λK 6= 0, we can modify S0 to be S0 = (λK+λK+1

2
, 2), ∆ = σ/2, and

then when n is sufficiently large λS0(L̂) = {λ̂1, · · · , λ̂K} also holds. The rest of proof can be down

similarly, and we obtain

perr ≤
Kdtot

ndmingrow

[
C0γ

4

σ2 log n
+

4ε2

d̂min

]
(3.64)
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Chapter 4

MODEL FREE GUARANTEES FOR MODEL BASED COMMUNITY
RECOVERY
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We have discussed how model-based recovery in networks has been made spectacular progress

in the last few years. The understanding of the block-models, including SBM, DC-SBM and PFM

has been advanced, especially in understanding the conditions when recovery of the true clustering

is possible with small or no error. The algorithms for recovery with guarantees have also been

improved. However, the impact of the above results is limited by the assumption that the observed

data comes from the model.

This chapter proposes a framework to provide theoretical guarantees for the results of model

based clustering algorithms, without making any assumption about the data generating process.

To describe the idea, we need some notation. Assume that a graph G on n nodes is observed. A

model-based algorithm clusters G, and outputs clustering C and parametersM(G, C).

The framework is as follows: ifM(G, C) fits the data G well, then we shall prove that any other

clustering C ′ of G that also fits G well will be a small perturbation of C. If this holds, then C with

model parametersM(G, C) can be said to capture the data structure in a meaningful way.

We exemplify our approach by obtaining model-free guarantees with M(G, C) as SBM and

PFM models. Moreover, we show that model-free and model-based results are intimately con-

nected.

We follow the notation convention from Chapter 1.

4.1 Main theorem: blueprint and results for PFM, SBM

LetM be a model class, such as SBM, DC-SBM, PFM, and denoteM(G, C) ∈ M to be a model

that is compatible with C and is fitted in some way to graph G (we do not assume in general that

this fit is optimal).

Theorem 13 (Generic Theorem) We say that clustering C fits G well w.r.t M iff M(G, C) is

“close to” G. If C fits G well w.r.t M, then (subject to other technical conditions) any other

clustering C ′ which also fits G well is close to C, i.e. dist(C, C ′) is small.

In what follows, we will instantiate this Generic Theorem, and the concepts therein; in par-

ticular the following will be formally defined. (1) Model construction, i.e an algorithm to fit a



55

model inM to (G, C). This is necessary since we want our results to be computable in practice.

(2) A goodness of fit measure betweenM(C,G) and the data G. (3) A distance between clusterings.

We adopt the widely used Misclassification Error (or Hamming) distance dist and the Weighted

Misclassification Error distd defined in Section 1.2.1. While dist is more popular, we believe distd

is more natural, especially when node degrees are dissimilar, as d can be seen as a natural measure

on the set of nodes, and distd is equivalent to the earth-mover’s distance.

4.2 Main result for PFM

Constructing a model Given a graph G and a clustering C of its nodes, we wish to construct a

PFM compatible with C, so that its Laplacian L satisfies that ||L̂− L|| is small.

Let the spectral decomposition of L̂ be

L̂ = [Ŷ Ŷlow]

 Λ̂ 0

0 Λ̂low

 Ŷ T

Ŷ T
low

 = Ŷ Λ̂Ŷ T + ŶlowΛ̂lowŶ
T
low (4.1)

where Ŷ ∈ Rn×K , Ŷlow ∈ Rn×(n−K), Λ̂ = diag(λ̂1, · · · , λ̂K), Λ̂low = diag(λ̂K+1, · · · , λ̂n). To

ensure that the matrices Ŷ , Ŷlow are uniquely defined we assume throughout the paper that L̂’s

K-th eigengap, i.e, |λK | − |λK+1|, is non-zero.

Assumption 8 The eigenvalues of L̂ satisfy λ̂1 = 1 ≥ |λ̂2| ≥ . . . ≥ |λ̂K | > |λ̂K+1| ≥ . . . |λ̂n|.

Denote the subspace spanned by the columns of M , for any M matrix, by R(M), and || || the

Euclidean or spectral norm.
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PFM Construction Algorithm

Input Graph G with Â, D̂, L̂, Ŷ , Λ̂, clustering C with indicator matrix Z.

Output (A,L) = PFM(G, C)

1. Construct an orthogonal matrix derived from Z.

YZ = D̂1/2ZC−1/2, with C = ZTD̂Z the column normalization of Z. (4.2)

Note Ckk =
∑

i∈k d̂i is the volume of cluster k.

2. Project YZ on Ŷ and perform Singular Value Decomposition.

F = Y T
Z Ŷ = UΣV T (4.3)

3. Change basis inR(YZ) to align with Ŷ .

Y = YZUV
T . Complete Y to an orthonormal basis [Y B] of Rn. (4.4)

4. Construct Laplacian L and edge probability matrix A.

L = Y Λ̂Y T + (BBT )L̂(BBT ), A = D̂1/2LD̂1/2. (4.5)

The PFMconstructed from the algorithm above is only a construction instead of an estimation.

We cannot ensure the PFM!to be positive from this construction or ensure that it is the maximum

likelihood estimation to the graph. The reason for this is that it is fundamentally a hard problem.

Proposition 1 Let G, Â, D̂, L̂, Ŷ , Λ̂ and Z be defined as above, and (A,L) = PFM(G, C). Then,

1. D̂ and L, or A define a PFM with degrees d̂1:n, whenever Aij ≥ 0.

2. The columns of Y are eigenvectors of L with eigenvalues λ̂1:K .
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3. D̂1/21 is an eigenvector of both L and L̂ with eigenvalue λ̂1 = 1.

The proof is relegated to Secton 4.8, as are all the omitted proofs.

PFM(G, C) is an estimator for the PFM parameters given the clustering. It is evidently not the

Maximum Likelihood estimator, but we can show that it is consistent in the following sense.

Proposition 2 (Informal) Assume that G is sampled from a PFM with parameters D∗, L∗ and

compatible with C∗, and let L = PFM(G, C∗). Then, under standard recovery conditions for

PFM (e.g [62]) ||L∗ − L|| = o(1) w.r.t. n.

Assumption 9 (Goodness of fit for PFM) ||L̂− L|| ≤ ε.

PFM(G, C) instantiatesM(G, C), and Assumption 9 instantiates the goodness of fit measure. It

remains to prove an instance of Generic Theorem 13 for these choices.

Theorem 14 (Model free recovery guarantee for PFM) Let G be a graph with d̂1:n, D̂, L̂, λ̂1:n

as defined, and L̂ satisfy Assumption 8. Let C, C ′ be two clusterings with K clusters, and L,L′

be their corresponding Laplacians, defined as in (4.5), and satisfy Assumption 9 respectively. Set

δ = (K−1)ε2

(|λ̂K |−|λ̂K+1|)2
and δ0 = mink Ckk/maxk Ckk with C defined as in (4.2), where k indexes the

clusters of C. Then, whenever δ ≤ δ0,

distd̂(C, C
′) ≤ maxk Ckk∑

k Ckk
δ, (4.6)

with distd̂ being the weighted ME distance (1.3).

In the remainder of this section we outline the proof steps, while the partial results of Proposi-

tion 3, 4, 5 are proved in the Supplement. First, we apply the perturbation bound called the Sinus

Theorem of Davis and Kahan, in the form presented in Chapter V of [58].

Proposition 3 Let Ŷ , λ̂1:n, Y be defined as usual. If Assumptions 8 and 9 hold, then

|| diag(sin θ1:K(Ŷ , Y ))|| ≤ ε

|λ̂K | − |λ̂K+1|
= ε′ (4.7)

where θ1:K are the canonical (or principal) angles betweenR(Ŷ ) andR(Y ) (see e.g [13]).
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The next step concerns the closeness of Y, Ŷ in Frobenius norm. Since Proposition 3 bounds the

sinuses of the canonical angles, we exploit the fact that the cosines of the same angles are the

singular values of F = Y T Ŷ of (4.3).

Proposition 4 Let M = Y Y T , M̂ = Ŷ Ŷ T and F, ε′ as above. Assumptions 8 and 9 imply that

1. ||F ||2F = traceMM̂T ≥ K − (K − 1)ε′2.

2. ||M − M̂ ||2F ≤ 2(K − 1)ε′2.

Now we show that all clusterings which satisfy Proposition 4 must be close to each other in

the weighted ME distance. For this, we first need an intermediate result. Assume we have two

clusterings C, C ′, with K clusters, for which we construct YZ , Y, L,M , respectively Y ′Z , Y
′, L′,M ′

as above. Then, the subspaces spanned by Y and Y ′ will be close.

Proposition 5 Let L̂ satisfy Assumption 8 and let C, C ′ represent two clusterings for which L,L′

satisfy Assumption 9. Then, ||Y T
Z Y

′
Z ||2F ≥ K − 4(K − 1)ε′2 = K − δ

The main result now follows from Proposition 5 and Theorem 9 of [43], as shown in the Supple-

ment. This proof approach is different from the existing perturbation bounds for clustering, which

all use counting arguments. The result of [43] is a local equivalence, which bounds the error we

need in terms of δ defined above (“local” meaning the result only holds for small δ).

4.3 Main Theorem for SBM

In this section, we offer an instantiation of Generic Theorem 13 for the case of the SBM. As before,

we start with a model estimator, which in this case is the Maximum Likelihood estimator.
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SBM Estimation Algorithm

Input Graph with Â, clustering C with indicator matrix Z.

Output A = SBM(G, C)

1. Construct an orthogonal matrix derived from Z: YZ = ZC−1/2 with C = ZTZ.

2. Estimate the edge probabilities: B = C−1ZT ÂZC−1.

3. Construct A from B by A = ZBZT .

Proposition 6 Let B̃ = C1/2BC1/2 and denote the eigenvalues of B̃, ordered by decreasing mag-

nitude, by λ1:K . Let the spectral decomposition of B̃ be B̃ = UΛUT , with U an orthogonal

matrix and Λ = diag(λ1:K). Then

1. A is a SBM.

2. λ1:K are the K principal eigenvalues of A. The remaining eigenvalues of A are zero.

3. A = Y ΛY T where Y = YZU .

Assumption 10 (Eigengap) B is non-singular (or, equivalently, |λK | > 0.

Assumption 11 (Goodness of fit for SBM) ||Â− A|| ≤ ε.

With the model (SBM), estimator, and goodness of fit defined, we are ready for the main result.

Theorem 15 (Model free recovery theorem for SBM) Let G be a graph with incidence matrix

Â, and λ̂AK the K-th singular value of Â. Let C, C ′ be two clusterings with K clusters, satisfying

Assumptions 10 and 11. Set δ = 4Kε2

|λ̂AK |2
and δ0 = mink nk/maxk nk, where k indexes the clusters

of C. Then, whenever δ ≤ δ0, dist(C, C ′) ≤ δmaxk nk/n, where dist represents the ME distance

(1.2).
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Note that the eigengap of Â, Λ̂A
K is not bounded above, and neither is ε. Since the SBM is less

flexible than the PFM, we expect that for the same data G, Theorem 15 will be more restrictive

than Theorem 14.

4.4 The results in perspective

4.4.1 Cluster validation

Theorems like 14, 15 can provide model free guarantees for clustering. We exemplify this pro-

cedure in the experimental Section 4.6, using standard spectral clustering as described in e.g

[57, 56, 52]. What is essential is that all the quantities such as ε and δ are computable from

the data.

Moreover, if Y is available, then the bound in Theorem 14 can be improved.

Proposition 7 Theorem 14 holds when δ is replaced by δY = K − 〈M̂,M〉F + (K − 1)(ε′)2 +

2
√

2(K − 1)ε′||M̂ −M ||F , with ε′ = ε/(|λ̂K | − |λ̂K+1|) and M, M̂ defined in Proposition 4.

4.4.2 Using existing model-based recovery theorems to prove model-free guarantees

We exemplify this by using (the proof of) Theorem 3 of [62] to prove the following.

Theorem 16 (Alternative result based on [62] for PFM) Under the same conditions as in Theo-

rem 14, distd̂(C, C ′) ≤ δWM , with δWM = 128 Kε2

(|λ̂K |−|λ̂K+1|)2
.

It follows, too, that with the techniques in this paper, the error bound in [62] can be improved by a

factor of 128.

Similarly, if we use the results of [57] we obtain alternative model-free guarantee for the SBM.

Assumption 1 (Alternative goodness of fit for SBM) ||L̂2−L2||F ≤ ε, where L̂, L are the Lapla-

cians of Â and A = SBM(G, C) respectively.

Theorem 17 (Alternative result based on [57] for SBM) Under the same conditions as in Theo-

rem 15, except for replacing Assumption 11 with 1, dist(C, C ′) ≤ δRCY with δRCY = ε2

|λ̂K |4
16 maxk nk

n
.
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In comparison with Theorem 11, problem with this result is that Assumption 1 is much stronger

than Assumption 11 (being in Frobenius norm). The more recent results of [56] (with unspecified

constants) in conjunction with our original Assumptions 10, 11, and the assumption that all clusters

have equal sizes, give a bound of O(Kε2/λ̂2
K) for the SBM; hence our model-free Theorem 15

matches this more restrictive model-based theorem.

4.4.3 Sanity checks and Extensions

It can be easily verified that if indeed G is sampled from a SBM, or PFM, then for large enough n,

and large enough model eigengap, Assumptions 8 and 9 (or 10 and 11) will hold.

Some immediate extensions and variations of Theorems 14, 15 are possible. For example, one

could replace the spectral norm by the Frobenius norm in Assumptions 9 and 11, which would

simplify some of the proofs. However, using the Frobenius norm would be a much stronger as-

sumption [57] Theorem 14 holds not just for simple graphs, but in the more general case when Â is

a weighted graph (i.e. a similarity matrix). The theorems can be extended to cover the case when

C ′ is a clustering that is α-worse than C, i.e when ||L′ − L̂|| ≥ ||L− L̂||(1− α).

4.4.4 Clusterability and resilience

Our Theorems also imply the stability of a clustering to perturbations of the graph G. Indeed, let

L̂′ be the Laplacian of G ′, a perturbation of G. If ||L̂′ − L̂|| ≤ ε, then ||L̂′ − L|| ≤ 2ε, and (1) G ′

is well fitted by a PFM whenever G is, and (2) C is δ stable w.r.t G ′, hence C is what some authors

[15] call resilient.

A graph G is clusterable when G can be fitted well by some clustering C∗. Much work [6, 12]

has been devoted to showing that clusterability implies that finding a C close to C∗ is computa-

tionally efficient. Such results can be obtained in our framework, by exploiting existing recovery

theorems such as [57, 56, 62], which give recovery guarantees for Spectral Clustering, under the

assumption of sampling from the model. For this, we can simply replace the model assumption

with the assumption that there is a C∗ for which L (or A) satisfies Assumptions 8 and 9 (or 10 and
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11).

4.5 Related work

To our knowledge, there is no work of the type of Theorem 1 in the literature on SBM, DC-SBM,

PFM. The closest work is by [11] which guarantees approximate recovery assuming G is close to a

DC-SBM. In Chapter 2 we have already shwon that the assumptiosn in [11] is much stronger than

here.

Spectral clustering is also used for loss-based clustering in (weighted) graphs and some stabil-

ity results exist in this context. Even though they measure clustering quality by different criteria, so

that the ε values are not comparable, we review them here. The recent paper of [54], Theorem 1.2

states that if the K-way Cheeger constant of G is ρ(k) ≤ (1− λ̂K+1)/(cK3) then the clustering er-

ror1 distd̂(C, Copt) ≤ C/c = δPSZ . In the current proof, the constant C = 2×105; moreover, ρ(K)

cannot be computed tractably. In [47], the bound δMSX depends on εMSX , the Normalized Cut

scaled by the eigengap. Since both bounds refer to the result of spectral clustering, we can compare

the relationship between δMSX and εMSX ; for [47], this is δMSX = 2εMSX [1 − εMSX/(K − 1)],

which is about K − 1 times larger than δ when ε = εMSX . In [7], dist(C, C ′) is defined in terms of

||Y T
Z − Y ′Z ||2F , and the loss is (closely related) to ||Â − SBM(G, C)||2F . The bound does not take

into account the eigengap, that is, the stability of the subspace Ŷ itself.

Bootstrap for validating a clustering C was studied in [30] (see also references therein for earlier

work). We will discuss this class of methods in the next chapter. In [3] the idea is to introduce a

statistics, and large deviation bounds for it, conditioned on sampling from a SBM (with covariates)

and on a given C.

4.6 Experimental evaluation

Experiment Setup Given G, we obtain a clustering C0 by spectral clustering [52]. Then we cal-

culate clustering C by perturbing C0 with gradually increasing noise. For each C, we construct

1The results is stronger, bounding the perturbation of each cluster individually by δPSZ , but it also includes a factor
larger than 1, bounding the error of K-means algorithm.
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PFM (C,G)and SBM(C,G) model, and further compute ε, δ and δ0. If δ ≤ δ0, C is guaranteed to

be stable by the theorems. In the remainder of this section, we describe the data generating process

for the simulated datasets and the results we obtained.

PFM Datasets We generate from PFM model withK = 5, n = 10000, λ1:K = (1, 0.875, 0.75, 0.625, 0.5).

eigengap = 0.48, n1:K = (2000, 2000, 2000, 2000, 2000). The stochastic matrix R and its station-

ary distribution ρ are shown below. We sample an adjacency matrix Â from A (shown below).

ρ =
[

25 .12 .17 .18 .28
]

R =



.79 .02 .06 .03 .10

.03 .71 .23 .00 .02

.09 .16 .69 .00 .06

.04 .00 .00 .80 .16

.10 .01 .03 .11 .76



A Â

Perturbed PFM Datasets A is obtained from the previous model by perturbing its principal

subspace (details in Supplement). Then we sample Â from A.

Lancichinetti-Fortunato-Radicchi (LFR) simulated matrix [35] The LFR benchmark graphs

are widely used for community detection algorithms, due to heterogeneity in the distribution

of node degree and community size. A LFR matrix is simulated with n = 10000, K = 4,

nk = (2467, 2416, 2427, 2690) and µ = 0.2, where µ is the mixing parameter indicating the

fraction of edges shared between a node and the other nodes from outside its community.

Political Blogs Dataset A directed network ~A of hyperlinks between weblogs on US politics,

compiled from online directories by Adamic and Glance [2], where each blog is assigned a politi-

cal leaning, liberal or conservative, based on its blog content. The network A contains 1490 blogs.

After erasing the disconnected nodes, n = 983. We study Â = ( ~AT ~A)3, which is a smoothed
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undirected graph. For ~AT ~A we find no guarantees.

The first two data sets are expected to fit the PFM well, but not the SBM, while the LFR data

is expected to be a good fit for a SBM. Since all bounds can be computed on weighted graphs as

well, we have run the experiments also on the edge probability matrices A used to generate the

PFM and perturbed PFM graphs.

The results of these experiments are summarized in Figure 5.5. For all of the experiments, the

clustering C is ensured to be stable by Theorem 14 as the unweighted error grows to a breaking

point, then the assumptions of the theorem fail. In particular, the C0 is always stable in the PFM

framework.

Comparing δ from Theorem 15 to that from Theorem 14, we find that Theorem 15 (guarantees

for SBM) is much harder to satisfy. All δ values from Theorem 9 are above 1, and not shown.2 In

particular, for the SBM model class, the C cannot be proved stable even for the LFR data.

Note that part of the reason why with the PFM model very little difference from the clustering

C0 can be tolerated for a clustering to be stable is that the large eigengap makes PFM(G, C) differ

from PFM(G, C0) even for very small perturbations.

By comparing the bounds for Â with the bounds for the “weighted graphs” A, we can evaluate

that the sampling noise on δ is approximately equal to that of the clustering perturbation. Of

course, the sampling noise varies with n, decreasing for larger graphs. Moreover, from Political

Blogs data, we see that “smoothing” a graph, by e.g. taking powers of its adjacency matrix, has a

stability inducing effect.

4.7 Conclusion

This paper makes several contributions. At a high level, it poses the problem of model free valida-

tion in the area of community detection in networks. The stability paradigm is not entirely new, but

using it explicitly with model-based clustering (instead of cost-based) is. So is “turning around”

2We also computed δRCY but the bounds were not informative.
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Figure 4.1: Quantities ε, δ, δ0 from Theorem 14 plotted vs dist(C, C0) for various datasets: Â denotes a simple graph, while A denotes a

weighted graph (i.e. a non-negative matrix). For the Political Blogs: Truth means C0 is true clustering of [2], spectral means C0 is obtained from

spectral clustering. For SBM, δ is always greater than δ0.

the model-based recovery theorems to be used in a model-free framework.

All quantities in our theorems are computable from the data and the clustering C, i.e do not

contain undetermined constants, and do not depend on parameters that are not available. As with

distribution-free results in general, making fewer assumptions allows for less confidence in the

conclusions, and the results are not always informative. Sometimes this should be so, e.g when the

data does not fit the model well. But it is also possible that the fit is good, but not good enough

to satisfy the conditions of the theorems as they are currently formulated. This happens with the

SBM bounds, and we believe tighter bounds are possible for this model. It would be particularly

interesting to study the non-spectral, sharp thresholds of [1] from the point of view of model-free

recovery. A complementary problem is to obtain negative guarantees (i.e that C is not unique up

to perturbations).

At the technical level, we obtain several different and model-specific stability results, that

bound the perturbation of a clustering by the perturbation of a model. They can be used both
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in model-free and in existing or future model-based recovery guarantees, as we have shown in Sec-

tion 4.1 and in the experiments. The proof techniques that lead to these results are actually simpler,

more direct, and more elementary than the ones found in previous papers.

4.8 Proofs

Proof of Proposition 2

1. Proof by verification.

2. LY = Y Λ̂Y TY + (BBT )L̂(BBT )Y = Y Λ̂. Since B is the orthogonal complement of Y , it

follows that it is a stable subspace as well.

3. This is a well known result; see for example [58].

The celebrated Sinus Theorem is reproduced here for completeness.

Theorem 18 (Sinus Theorem of Davis-Kahan, from [58], Theorem V.3.6) Let L̂ be a Hermitian

matrix with spectral resolution given by (4.1), Y be any n×K matrix with orthonormal columns,

and M any symmetric K × K matrix with eigenvalues µ1:K . Let R = L̂Y − YM and ∆ =

minλ∈λ̂K+1:n,µ∈µ1:K |λ−µ| > 0. Then, for any unitarily invariant norm || ||, || diag(sin θ1:K(Ŷ , Y ))|| ≤
||R||
∆
, where θ1:K are the canonical angles betweenR(Ŷ ) andR(Y ).

Proof of Proposition 3 This is a corollary of Theorem 3.6 in [58]. If eigenvalues are sorted by

their absolute values, then λ̂K+1:n ∈ [−|λ̂K+1|, |λ̂K+1|] and µ1:K ∈ R\(−|λ̂K+1|−∆, |λ̂K+1|+∆).

If we setM = Λ̂, so that λ̂1:K ∈ R\(−|λ̂K+1|−∆, |λ̂K+1|+∆). Now we view Y as a perturbation

of Ŷ , hence

R = L̂Y − Y Λ̂ = L̂Y − LY + (LY − Y Λ̂) = (L̂− L)Y (4.8)

||R|| = ||(L̂− L)Y || ≤ ||L̂− L||||Y || ≤ ε. (4.9)

From Theorem 18 the result follows. 2
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Proof of Proposition 4 For 1:

||F ||2F = traceFF T = traceUΣV TV ΣUT = traceUTUΣV TV Σ = trace Σ2

= 1 +
K∑
k=2

cos2 θk = 1 +
K∑
k=2

(1− sin2 θk) = K −
K∑
k=2

sin2 θk since θ1 = 0(4.10)

≥ K − (K − 1)ε′2 (4.11)

For 2: Denote trace M̂TM = 〈M̂,M〉F . Then ||M − M̂ ||2F = ||M ||2F + ||M̂ ||2F − 2∠M̂,M〉F ≤

K +K − 2(K − (K − 1)ε′2) = 2(K − 1)ε′2. 2

Proof of Proposition 5 We have that |〈M −M̂,M ′−M̂〉F | ≤ ||M −M̂ ||F ||M ′−M̂ ||F . From

Proposition 4 the r.h.s is no larger than 2(K − 1)ε′2.

−〈M − M̂,M ′ − M̂〉F ≤ ||M − M̂ ||F ||M ′ − M̂ ||F ≤ 2(K − 1)ε′2 (4.12)

−〈M,M ′〉F + 〈M̂,M〉F + 〈M̂,M ′〉F − ||M̂ ||2F ≤ 2(K − 1)ε′2 (4.13)

〈M,M ′〉F ≥ 〈M̂,M〉F + 〈M̂,M ′〉F −K − 2(K − 1)ε′2 (4.14)

≥ 2K − 2(K − 1)ε′2 −K − 2(K − 1)ε′2 = K − 4(K − 1)ε′22(4.15)

Now, note that traceMM ′ = traceY Y TY ′(Y ′)T = trace((Y ′)TY ))(Y TY ′) = ||Y TY ′||2F . More-

over, by (4.4), YZ and Y differ by a unitary transformation. Since || ||F is unitarily invariant, the

result follows.

Proof of Theorem 14 We apply Theorem 9 of [43] with AX = Z,AX′ = Z ′, and ÃX = Y ,

ÃX′ = Y ′. It follows that pXYkk′ =
∑

i∈k∩k′ d̂i/
∑n

i=1 d̂i. Hence, the point weights are proportional

to d̂1:n. Also, evidently, pmin/pmax = δ0, and the result follows.

Note that we use the fact that both PFM’s have degrees equal to d̂1:n to obtain this proof. 2

Proposition 8 Assumptions 10 and 11, imply || diag(sin θ1:K(Ŷ , Y ))|| ≤ ε/|λ̂AK | = ε′, where λ̂AK

is the K-th eigenvalue of Â.

Proof of Proposition 8 We consider Â a perturbation of A, its eigenvectors Ŷ as the perturbed



68

eigenvectors of A and M = Λ̂. Then, R = AŶ − Ŷ Λ̂

||R|| = ||AŶ − Ŷ Λ̂|| (4.16)

= ||(AŶ − ÂŶ ) + (ÂŶ − Ŷ Λ̂)|| (4.17)

≤ ||(A− Â)Ŷ || (4.18)

≤ ||A− Â||||Ŷ || ≤ ε. (4.19)

The separation between Λ̂ and the residual spectrum of A is |λ̂K |. From the main Davis-Kahan

theorem 18 the result follows. 2

Proof of Proposition 6 The proofs of 1 and 2 are straightforward. To show 3, note that A =

ZC−1ZT ÂZC−1ZT = YZC
1/2BC1/2Y T

Z = YZUΛUTY T
Z = Y ΛY T . The definition of B above

shows that this is the Maximum Likelihood estimator of B given the clustering C.

⇔ Bkl =
#edges from cluster k to cluster l

nknl
(4.20)

Proof of Theorem 15 We now follow the steps outlined in section 4.1 with ε′ from Proposition

8 to obtain our main stability result.

Proof of Proposition 7 In the Proof of Proposition 5, we replace the bounds corresponding to

〈M̂,M〉F , ||M̂ −M ||F by the actual values computed from M, M̂ . We obtain

〈M,M ′〉F ≥ 〈M̂,M〉F − (K − 1)(ε′)2 − 2
√

2(K − 1)ε′||M̂ −M ||F . (4.21)

Proof of Proposition 2

From the Proof of this theorem, we have that ||L∗−L̂|| = o(1), ||(D∗)1/2−D̂1/2|| = o(1), ||λ∗−

Λ̂|| = o(1), and ||Ŷ −Y ∗|| = o(1). Let Z be the indicator matrix of C∗. The principal eigenvectors

of L∗ are Y ∗ = (D∗)1/2Z(C∗)−1/2. It follows then that ||ZT D̂Z−ZTD∗Z|| = o(1), and sinceC =

ZT D̂Z, YZ = D̂1/2ZC−1/2 we have that ||YZ−Y ∗|| = o(1), ||F ∗−F || = o(1) where F ∗ = Y TY ∗.

Moreover, since ||Ŷ −Y ∗|| = o(1), ||F−I|| = o(1) Hence ||UV T−I|| = o(1). Since the choice of

B depends only on R(YZ), it follows immediately that ||BBT L̂BTB − B∗(B∗)TL∗(B∗)TB∗|| =

o(1). Now, L = YZUV
T Λ̂V UTY T

Z +BBT L̂BTB, and L∗ = Y ∗Λ∗(Y ∗)T +B∗(B∗)TL∗(B∗)TB∗,

which completes the proof. 2
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perturbation of the PFM model To obtain a noisy PFM model A, we calculate the first K

piecewise constant [47] eigenvectors V of the transition matrix P = D−1A, from which we obtain

V ∗ by perturbing each entry in V with a noise ε ∼ unif(0, 10−4). The perturbed similarity matrix

A is then obtained as A = D1/2(D1/2V ∗Λ̂V ∗TD1/2 + ŶlowΛ̂lowŶ
T
low)D1/2. An adjacency matrix Â

is generated from A. In figure 4.2, we show the perturbed graphs A and Â.

A Â

Figure 4.2: Left: the visualization of the perturbed A. Right: the visualization of the perturbed Â
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Chapter 5

MEASURING THE ROBUSTNESS OF GRAPH PROPERTIES
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In data science it is natural to consider an observed graph, or network, G as a realization of a

random process. Consequently, the properties of G (such as diameter, conductance, clustering) and

the inferences drawn from them are incomplete without some measure of variability or confidence.

We propose a new methodology for evaluating the robustness of graph properties by measur-

ing the effect of small perturbations of the graph on the respective property. This methodology

is based on concepts from robust statistics [26] and exploits the technique introduced in [44] to

augment a graph Laplacian with user-defined weights. Let G = (V , A) be a graph with n = |V|

nodes and adjacency matrix A; A can be symmetric or asymmetric (corresponding to a directed

network), and we assume Aij ∈ {0, 1}, Aii = 0 (simple graph) or Aij ≥ 0 (weighted graph). Our

methodology applies to both scenarios, and makes no assumptions on how the graph was generated.

Our methodology consists of four key components:

1. Perturb the nodes of the graph by assigning them multiplicative weights, with wi the weight

of node i, i = 1, 2, . . . n. If wi = 1 for all i, we have the original graph G.

2. Express the desired graph property f(G) as a smooth function of the weights.

3. Construct measures of robustness inspired by the robust statistics literature, such as influence

function (IF ), and breakdown point (BP ).

4. Evaluate these measures on the current graph G.

We exemplify our approach by examining the robustness of weighted cut (WCut), number of

weakly Connected Components (wCC’s), eigengap and clustering. In the rest of this chapter, we

make use of the following notations. We definewi, i = 1, 2, · · · , n, the weight associated with node

i. Since we are interested in both directed and undirected graphs, we redefine di =
∑n

j=1Aij as the

out-degree of node i. We use the definition in [44] and redefine L = I − 1
2
D−1/2(A + AT )D−1/2

as the Laplacian matrix associated with A. This definition is consistent with the usual definition of
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L = I −D−1/2AD−1/2 when the graph is symmetric.

Note that in the previous chapters, we have been using A for the model and Â for the observed

graph. In this chapter, we do not focus on model classes. For simplicity we redefine A, d, D,

L as the properties of the observed graph. The above quantities will be marked with a symbol˜

when they are perturbed. This is consistent with the notation in matrix perturbation literature. To

demonstrate, Ã represents the adjacency matrix of the perturbed graph.

In the rest of this chapter, we proceed as follows. In Section 5.1, we describe our method of

bootstrapping and perturbing the networks. In Section 5.2, we talk about the graph properties of

interest. In Section 5.3, we discuss measures for evaluating robustness of graph properties. In Sec-

tion 5.6, we use both synthetic and real datasets to analyze our methods. We conclude our findings

in Section 5.7.

5.1 Perturbing the network

Existing methods of perturbing networks can be found in recent works [30, 24, 14, 4]. They mostly

involve removing or duplicating edges or nodes randomly and independently in the graph. [24] ran-

domly removes edges from the graph. [30] maintains the the number of vertices and edges of the

original graph, and perturbs the graph by moving the edges to the other locations. On the other

hand, [14] and [4] bootstrap the network by subsampling the nodes. Although their approach is

straightforward, the perturbation cannot be well controlled. Firstly, the topology of the graphs can

change dramatically for sparse graphs. Randomly removing or adding the nodes and edges makes

the strength of perturbation hard to control. For example, assume we have two densely clusters C1

and C2 connected by a single edge e. The effect of removing e versus removing an edge within

C1 or C2 is very different, since the former will change the graph structure drastically by making

it disconnected. Moreover, removing or adding edges (nodes) are discrete moves, therefore the

perturbation cannot be arbitrarily small.
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In order to have a fine control on the amount of perturbation and make it as smooth as possi-

ble, in our approach, we preserve the graph topology by keeping all the nodes and edges, and we

perturb the graph by assigning random weights to the nodes and then distribute these weights to

edges. Specifically, we assign weight wi to node i, where wi is generated i.i.d from a distribution

with E(wi) = 1, standard deviation σw, and support on (0,∞). The perturbation can be controlled

smoothly with σw. Since wi > 0, no nodes or edges is removed or added, and the topology of the

graph is preserved.

We propose two ways of constructing Ã from weighted nodes.

• Asymmetric perturbation: perturb outgoing edges of node i, so that Ãij = wiAij (whereas

Ãji = wjAji). The out-degree becomes d̃i = diwi. The perturbed Laplacian is,

L̃ij = 1− Ãij + Ãji

2
√
d̃id̃j

= 1− wiAij + wjAji

2
√
wiwjdidj

(5.1)

• Symmetric perturbation: place wi on both outgoing edges and incoming edges of node i.

Ãij = (wi + wj − 1)Aij . Since this method leads to complicated L̃ in form, we discuss

perturbing one node at a time. If node t is perturbed, the Laplacian becomes,

L̃ij =


1− Atjwt+Ajtwt

2
√
dtwt(

∑
m 6=t Ajm+Ajtwt)

i = t, j 6= t

1− Aij+Aji

2
√

(
∑
m6=t Ajm+Ajtwt)(

∑
m6=t Aim+Aitwt)

i, j 6= t

0 i, j = t

(5.2)

Both of the above methods ensure E(Ãij) = Aij . Notice that in the current methods, it can be eas-

ily shown that bias is introduced in Aij , in which case one cannot separate the perturbation from

structural change and the change of values in adjacency matrix.
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Although both perturbation methods seem to be reasonable, they have graph-specific advan-

tages. The asymmetric method provides a very simple way for calculating a graph property like d̃

after perturbation. On the other hand, it is not interesting for the perturbation of weakly Connected

Components (wCC’s), as we shall see in Section 5.3. On the other hand, the symmetric method

maintains a symmetric perturbation of adjacency matrix. If Aij = Aji, then Ãij = Ãji after pertur-

bation. However, L̃ is complicated in form. The symmetric perturbation is not very interpretable

for some graph properties (WCut), but it is useful for evaluating the robustness in eigengap and

wCC’s.

In the above methods, we put weights on nodes and then distribute the weights to edges. The

reason for doing this instead of directly perturbing the edges is that it is more natural to maintain

the association between nodes and edges. The edges connected to the same node should be depen-

dent rather than independent. Perturbing the weights on edges [30] independently neglects these

relationships, which has been found both unrealistic and disrupts the topology of sparse network.

Moreover, in many applications, nodes are more meaningful than edges. Firstly, a node often car-

ries its own attributes. Secondly, a node is described by the multiple nodes it is connected to. On

the other hand, it is more difficult to glean information from an edge. For example, in a Facebook

network, a node is a person with complex information including age, birth place, school, the friends

he connected to, etc. While an edge is formed when two people befriend each other, and we can-

not even learn how well these two people know each other and it tells us little on other information.

5.1.1 The bias in L̃

The graph properties we shall study are closely related to L. It would be nice if the changes in

graph properties are only from the noise introduced in graph structure and keeping the entires in L̃

to be the same with that in L in expectation. Since having bias in L introduces another factor for

the change in graph property, of which the strength of perturbation is hard to control. Therefore in

principle, we would want E(L̃ij) = Lij . In the following paragraphs we prove that this is impos-
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sible under all the current perturbation methods. For the current methods, where people move the

edges and subsample the nodes, the bias in L̃ is apparent. We show in Proposition 9 that both of

our perturbation methods introduce bias too.

Proposition 9 Assume wi, i = 1 : n are generated i.i.d from a distribution with E(wi) = 1,

σw 6= 0, wi > 0. For asymmetric perturbation, E(L̃ij) < Lij .

If we further assume there exists a triangle < t, p, q > in the graph. For symmetric perturbation,

with node t perturbed, E(L̃ij) < Lij .

Proof:

In the asymmetric perturbation, L̃ is shown in Equation 5.1. Assume Lij 6= 0. In order to have

E(L̃ij) = Lij , we need

E(1− wiAij + wjAji

2
√
wiwjdidj

) = 1− Aij + Aji

2
√
didj

(5.3)

Aij(1− E(

√
wi
wj

)) + Aji(1− E(

√
wj
wi

)) = 0 (5.4)

Since wi and wj are i.i.d, we then have,

E(

√
wi
wj

) = E(

√
wj
wi

) = E(
√
wi)E(

1
√
wj

) = E(
√
wi)E(

1
√
wi

) = 1 (5.5)

Assume x =
√
wi. Equivalently we have,

E(
1

x
) =

1

E(x)
(5.6)

Assume f(x) = 1
x
. Since f(x) is strictly convex and Jensen’s inequality yields, E(f(x)) ≥

f(E(x)), that is,E( 1
x
) ≥ 1

E(x)
. where equality holds only when σ(x) = 0. ThereforeE(

√
wi
wj

) > 1.

We have reached a contradiction. E(L̃) < L.

In the symmetric perturbation, L̃ after perturbing node t is shown in Equation 5.2. In order have

E(L̃ij) = Lij , we need,

E(1− Atjwt + Ajtwt

2
√
dtwt(

∑
m 6=tAjm + Ajtwt)

) = 1− Atj + Ajt

2
√
dtdj

when i = t, j 6= t (5.7)
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E(1− Aij + Aji

2
√

(
∑

m6=tAjm + Ajtwt)(
∑

m 6=tAim + Aitwt)
) = 1− Aij + Aji

2
√
didj

when i, j 6= t (5.8)

That is,

E(
√
wt)E(

1√
aj + (1− aj)wj

) = 1, when i = t, j 6= t, (5.9)

E(
1√

ai + (1− ai)wi
)E(

1√
aj + (1− aj)wj

) = 1, when i, j 6= t, (5.10)

where ai =
∑
m 6=t Ajm

dj
and 0 ≤ ai ≤ 1.

Since there is a triangle < t, p, q > in the graph. We can easily derive from Equation 5.9 and 5.10

that E(
√
wt) = 1, and E( 1√

ai+(1−ai)wi
) = 1, ∀i.

E( 1√
ai+(1−ai)wi

) is a continous and differentiable function of ai. When ai = 1, E( 1√
ai+(1−ai)wi

) =

1. When ai = 0, E( 1√
ai+(1−ai)wi

) = E( 1√
wi

) > 1
E(
√
wi)

= 1. Since ∂
∂ai
E( 1√

ai+(1−ai)wi
) < 0,

E( 1√
ai+(1−ai)wi

) > 1 for 0 < ai < 1. We have a contradiction. Therefore in conclusion, E(L̃) <

L.�

We have proved that in theory there will be bias introduced in L̃, it would be a good idea to

examine how much bias will actually be introduced in practice. Under asymmetric perturbation,

one can easily derive from the proof in Proposition 9 that E(
√
w)E( 1√

w
) =

L̃ij
Lij

. Therefore, the

more E(
√
w)E( 1√

w
) deviates from 1, the more bias introduced in L̃ij . Since there are very limited

number of conventional distributions that allow support on (0,∞) and mean equals 1, we propose

a class of mixture distributions Mixture(a, b, σ2
−, σ

2
+, T−, T+, p), where ap+ b(1− p) = 1, T− is a

distribution with E(x) = a, σ(x) = σ2
−, with support on (0, 1), T+ is a distribution with E(x) = b,

σ(x) = σ2
+, with support on (1,∞). Assume w ∼ Mixture(a, b, σ2

−, σ
2
+, T−, T+, p), then p(w ∼

T−) = p, p(w ∼ T+) = 1 − p. We can easily show that E(w) = 1, σ2(w) = p−σ
2
− + p+σ

2
+. The

mixture distribution subsumes all the distributions concentrated on 1, with support on (0,∞).

In the following experiment, we generate wi from the distributions below accordingly.

1. Node resampling: wi is obtained from resampling the nodes with replacement to form a

sample of size N . Assume node i appears m times in the sample, wi = mn
N

. σw =
√

n−1
N

.
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We can easily see as N goes up, σw decreases. We can then control σw by varying the size

of N .

2. Binary distribution: wi follows binary distribution on {a, b}, with P (wi = a) = p, P (wi =

b) = 1− p. b = 1−ap
1−p . E(wi) = 1, σ2

w = p(a− 1)2 + (1− p)(b− 1)2.

3. Gamma distribution: wi ∼ Gamma(a, 1
a
). E(wi) = 1, σ2

w = 1
a
.

4. Mixture-Gamma-Uniform distrbution: a = 0.5, T− = uniform(0, 1), T+ = Gamma( b−1
σ+
, σ+)+

1.

5. Mixture-Lognormal-Uniform distribution: a = 0.5, T− = uniform(0, 1), T+ = lognormal(b−

1, σ+).

The results are shown in Figure 5.1. We observe that the bias is sensitive to the choice of weight

distribution. In specific, the bias introduced by Gamma distribution is growing exponentially with

σw, thus not a good option. Node resampling and Binary distribution generate smallest bias. How-

ever node resampling can only allow the perturbation strength σw to be as much as 1, otherwise the

topology of the graph is changed. Binary distribution only allows two choices of weight, which

is very limited. The mixture distributions behave similarly in terms of introducing bias. Although

the bias is nontrivial, the fact that it is upper bounded and that wi can be generated in a continuous

manner make them good candidates for performing perturbations on graphs.

We also evaluate the bias introduced in L̃ in the current methods including [30] and [14]. Since

they move the edges or delete nodes, the bias depends on the graph. We generate a graph from DC-

SBM model [55] with n = 800, wi ∼ 0.5 + uniform(0.5, 1), and evaluate E(L̃ij)

E(Lij)
. As a reminder,

E(L̃ij)

E(Lij)
= E(

√
w)E( 1√

w
). In Figure 5.2, we show that both methods introduce large bias compare

to our perturbation methods.
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Figure 5.1: E(
√
w)E( 1√

w
) under asymmetric perturbation. Each boxplot represents 100 repeti-

tions.

5.1.2 Partial perturbation and full perturbation

In this section we discussed perturbing the graph by adding i.i.d weights to the nodes. Although

we make i.i.d assumption on wi, it can be relaxed. In the rest of this chapter, we consider two

approaches to utilize the weight perturbation. First, in order to evaluate the sensitivity of graph

properties, we perturb all the nodes i.i.d with different perturbation strength σw, and then investi-

gate how the graph property changes with respect to it. In specific, we fix E(w) = 1 and vary σw

for all the nodes. Alternatively, in order to probe the source of sensitivity, we can perturb a subset

of nodes. For these nodes, we perturb their weights i.i.d by fixing σw and vary E(w), from which

we can discover the source of the robustness in graph properties. The use of these two perturbation

approaches will be shown in Section 5.6.
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perturbation strength proportion of nodes sampled

Figure 5.2: Left: the bias from the method in [30]. α indicates the strength of perturbation. Right:
the bias from the method in [14]. β indicates the proprotion of nodes that are subsampled. Larger
β indicates larger perturbation strength.

5.2 Expressing graph properties with weights

The success of our approachs depend on our ability to express properties of interest as functions

f(G, w), which are continuous and differentiable w.r.t. the node weights w1:n. In this project we

focus on graph properties that depend on graph Laplacians. Many important graph properties de-

pend on Laplacians. For instance, the mixing time of the graph depends on the second smallest

eigenvalue λ2(L). Diffusion distances [50] between nodes can also be approximated by the prin-

cipal eigenvectors and values of L. The number of connected components C of G is equal to the

multiplicity of 0 in the spectrum of L, etc. There are four graph properties that we are particularly

interested in, which will be used as examples in the following sections: the weighted cut of the

graph (WCut), the number of weakly connected components, the eigengap and clustering.
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5.2.1 Weighted Cut(WCut)

Weighted cut is defined as a graph property associated with clustering in the general graph setting

[44], which can be used for both directed and undirected graphs. It is similar in motivation to the

normalized cut for undirected graph. Both aim in finding a cut of low weight in the graph while

balancing the sizes of the clusters. The multiway version of the normalized cut MNCut of [44] is a

special case of WCut.

Formally, WCut with respect to clustering C with K clusters is defined as

WCut(G, w, C) =
K∑
k=1

1

D̃k

∑
i∈Ck

(d̃i −
∑
j∈Ck

Ãij) (5.11)

where D̃k =
∑

i∈Ck d̃i. Further define D̃kk =
∑

i∈Ck

∑
j∈Ck Ãij , we can then equivalently write

Wcut as,

WCut(G, w, C) =
K∑
k=1

(1− D̃kk

D̃k

) (5.12)

Small WCut suggests sparse connections between clusters, thus better quality of clustering.

5.2.2 Number of weakly Connected Components (wCC’s) and eigengap

It is already know that the number of connected components (CC’s) is not robust, since randomly

adding a node or removing some edges can easily change the number of CC’s. Instead, we study

the number of weakly Connected Components (wCC’s), where “weakly” means sparse connec-

tions between CC’s.

We propose a pair of functions fu(G, w,K) = λK+1(L(G̃)) −
∑K

k=1 λi(L(G̃)), fl(G, w,K) =∑K
k=1 λk(L(G̃)) to describe the number of wCC’s. The reason we use fl is that, if there are K

number of CC’s, then fl = 0. We would then expect fl to be close to 0 for K number of wCC’s.

We choose fu because we expect a significant gap between fl and λK+1(L(G̃)) for a stable number

of wCC’s. When fu is away from 0 (respectively fl near 0) there are exactlyK “weakly connected”
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components in G̃. If this holds for large perturbations, then K can be considered robust.

The Kth eigengap is defined as fe(G̃, w,K) = λK+1(L(G̃))− λK(L(G̃)). It indicates K prin-

cipal subspace when fe is large compared to the other eigengaps.

Notice that function f defined for number of wCC’s and eigengap are only meaningful for

undirected graphs. Since the eigenvalues is not very interpretable for the directed graphs.

5.3 Influence functions

In order to evaluate the graph properties, we construct the target properties as differentiable func-

tions f(G, w) and see how much f(G, w) changes with respect to the size of perturbation of w.

In this section, we present tools for quantifying robustnes including Influence Function (IF) and

Breakdown Points. We firstly talk about Influence function (IF), which was invented by Hampel in

[26]. The importance of IF lies in its interpretation: it gives a picture of the infinitesimal behavior

of the asymptotic value. While numerous studies have been done on methods for analysis of data

sampled from a known distribution i.i.d, there has not been much work on using these tools to

evaluate the robustness of graph properties. Here we define for a perturbed graph G̃,

IFt =
∂f(G, w)

∂wt

∣∣∣∣
w1:n=1

, (5.13)

which measures the local influence of wt on f .

5.3.1 Influence function of WCut

Proposition 10 Assume a graph G with C, di defined as usual. Assume node t ∈ Ck0 . dik =∑
j∈Ck Aij , dki =

∑
j∈Ck Aji. Dk0k¬0

=
∑

i∈Ck0 ,j /∈Ck0
Aij . Then using asymmetric perturbation, the

influence function for node t is

IFWCut
t (G, C) =

dtDkk − dtkDk

D2
k

. (5.14)
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Using symmetric perturbation.

IFWCut
t (G, C) =

n∑
k=1

Dkkdkt
D2
k

−
Dk0dk0t +Dk0k¬0

Dtk0 −Dk0k0

∑
j /∈Ck0

Atj

D2
k0

(5.15)

Proof:

We firstly perturb the graph using the asymmetric method. Assume t ∈ Ck, we have

∂WCut(G, w)

∂wt
=

∂

∂wt

1∑
j∈Ck djwj

∑
j∈Ck

wj(dj − djk) (5.16)

=
dt
∑

j∈Ck wjdjk − dtk
∑

j∈Ck djwj

(
∑

j∈Ck djwj)
2

. (5.17)

The influence function is then derived as

∂WCut(G, w)

∂wt
|w1:n=1 =

dt
∑

j∈Ck djk − dtk
∑

j∈Ck dj

(
∑

j∈Ck dj)
2

=
dtDkk − dtkDk

D2
k

(5.18)

(5.19)

In the symmetric perturbation, since the perturbation can be explained as perturbing one node at

a time, one can easily show that the influence function is same for perturbing one node or multiple

nodes. For simplicity, we assume perturbing node t with weight wt. WCut can be written as

WCut(G, w) =
∑
k,t/∈Ck

(1− Dkk∑
i∈Ck [(

∑
j 6=tAij) + Aitwt]

)+

(1−
∑

i∈Ck0
Aitwt +

∑
j∈Ck0

Atjwt +
∑

i,j 6=t,i,j∈Ck0
Aij

dtwt +
∑

i∈Ck0 ,i 6=t
[(
∑

j 6=tAij) + Aitwt]
)

(5.20)

∂WCut(G, w)

∂wt
|w1:n=1 =

∑
k,t/∈Ck

Dkk

∑
i∈Ck Ait

D2
k

−
(
∑

i∈Ck0
Ait +

∑
j∈Ck0

Atj)Dk0 −Dk0k0(dt +
∑

i∈Ck0
Ait)

D2
k0

(5.21)

=
n∑
k=1

Dkk

∑
i∈Ck Ait

D2
k

−
Dk0

∑
i∈Ck0

Ait +Dk0k¬0

∑
j∈Ck0

Atj −Dk0k0

∑
j /∈Ck0

Atj

D2
k0

(5.22)

=
n∑
k=1

Dkkdkt
D2
k

−
Dk0dk0t +Dk0k¬0

dtk0 −Dk0k0

∑
j /∈Ck0

Atj

D2
k0

(5.23)
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In the asymmetric perturbation, IF has an intuitive interpretation when a point has no influence,

i.e, IFt = 0,
dtk
di

=
Dkk

Dk

=
meani∈Ckdik
meani∈Ckdi

(5.24)

It means that, node t has 0 influence in WCut when the proportion of edges that goes to CK equals

the cluster level ratio of averages. If IFt > 0, node t tends to make WCut larger when more weight

is put upon t, the quality of clustering decreases since the clustering becomes less well separated.

Node t is therefore considered unstable to the clustering, or not well clustered. If IFt < 0, node

t is well clustered since WCut will decrease if t is weighted more. Hence IF measures the robust-

ness of clustering in node level. It is worth noticing that the influence of a node depends only on

the cluster that the node belongs to, and is independent of the rest of the clusters. Moreover, the

influences of the nodes within a cluster always cancel each other. In a well separated clustering,

we would expect the influences of the nodes the be concentrated around 1. When the clusters are

completed separated, that is, there is no edge between clusters, it can be easily shown that all the

node influence equals 0.

∑
i∈Ck

∂WCut(G, w)

∂wi
|w1:n=1 =

∑
i∈Ck di

∑
j∈Ck djk −

∑
i∈Ck dik

∑
j∈Ck dj

(
∑

j∈Ck dj)
2

= 0, (5.25)

For the symmetric perturbation, the meaning for the above results is not very interpretable,

since its form is very complicated and IFt = 0 does not provide us with any clear interpretation in

its balance state.

5.3.2 Influence function of number of wCC’s and eigengap

Here we consider the property of wCC’s and eigengap described by fu, fl and fe, which are pro-

posed in Section 5.2.2. Since they both depend on λ, we firstly study ∂λk
∂wt

for a single λk in Propo-

sition 13.. The influence functions of interest can be easily derived from there. This is because the
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influence functions can be written as,

IF fu
t =

∂λK+1

∂wt
−

K∑
i=1

∂λi
∂wt

(5.26)

IF fl
t =

K∑
i=1

∂λi
∂wt

(5.27)

IF fe
t =

∂λK+1

∂wt
− ∂λK
∂wt

(5.28)

Unfortunately, asymmetric perturbation is not very interesting for undirected graphs, since the

properties remain untouched despite the perturbation, as will be shown in Proposition 11. This is

because the eigengap of L is equal to the eigengap of the transition matrix P = D−1A, and P stays

unchanged after the asymmetric perturbation. This motivates the use of symmetric perturbation,

the results of which are shown in Proposition 13.

Proposition 11 Using asymmetric perturbation, assume A symmetric and λk of multiplicity 1.
∂λk
∂wt
|w1:n=1 = 0. vi is the i-th element of the k-th eigenvector of L.

Proof:
∂λ̃k
∂wt

=
∑
ij

∂λ̃k

∂L̃ij

∂L̃ij
∂wt

=
∑
ij

vivj
∂L̃ij
∂wt

(5.29)

Since L̃ij = 1− Aijwi+Ajiwj

2
√
wiwjdidj

We then obtain,

∂L̃ij
∂wi

=
−2Aij

√
wiwjdidj + Aij

√
wiwjdidj + Aji

√
w3
jdidj/wi

4wiwjdidj
(5.30)

For an undirected graph, ∂L̃ij
∂wi
|w1:n=1 = 0 always. �

Proposition 12 [39] ∂λk
∂Lij

=
∑

i,j 6=t vivj , where vi is the i-th element of the k-th eigenvector of L.

Proposition 13 Define A, d, λk, L, L̃, w as usual. Assume λk is of multiplicity 1. Define transition

matrix P = D−1A, vi is the i-th element of the k-th eigenvector of L.

In symmetric perturbation,

∂λ̃k
∂wt
|w1:n=1 = (1− λk)(

∑
i

v2
i Pit − v2

t ) (5.31)
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Proof: After performing the symmetric perturbation, we obtain L̃ from Equation 5.2. We then

calculate the influence function ∂L̃ij
∂wt
|w1:n=1,

∂L̃ij
∂wt
|w1:n=1 =


−Atj+Ajt

4
√
dtdj

(1− Ajt
dj

) i = t, j 6= t

Aij+Aji
4
× Ajtdi+Aitdj

(didj)3/2
i, j 6= t

0 i, j = t

(5.32)

Then we can derive ∂λk
∂wt
|w1:n=1 using Proposition 12,

∂λ̃k
∂wt
|w1:n=1 =

∑
ij

∂λ̃k

∂L̃ij

∂L̃ij
∂wt

(5.33)

=
∑
i,j 6=t

vivj
Aij + Aji

2
× Aitdj + Ajtdi

2(didj)3/2
− vt

n∑
j=1

vj ×
Atj + Ajt

2
(

1√
djdt

− Ajt

dj
√
djdt

)

(5.34)

= (1− λk)(
∑
i

v2
i Pit − v2

t ), (5.35)

�

5.3.3 Clustering

Clustering, defined as a partition of nodes, cannot be written as a smooth function of weights, since

the clustering can only be changed discretely. Therefore we cannot use IF to measure the robust-

ness of clustering. However, a clustering can be evaluated by breakdown points (BP ), which will

be discussed in the next section.

5.4 Breakdown points (BP )

While IF measures local infinitesimal influences, the breakdown point (BP ) measures the global

reliability of the graph properties. It is developed by [26] and widely used in robust statistics liter-

ature. It informs the range of perturbations that can be tolerated before the “structural information
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in the data” is lost. Similar with Influence function, the use of BP is limited by the assumption

that the data is generated i.i.d from known distributions, thus not applicable to the graph properties.

We are the first to extend the definition of BP to the graph properties. For a graph property

f(G), a BP is defined as,

σ∗w := max{σw; |f(G̃)− f(G)| ≤ ε with probability 1− α} (5.36)

where ε and α are defined by users. Through finding BP , we define meaningful and com-

putable thresholds where information about a specific graph property is lost. For instance, for

f(G, w) = λ2(L(Gw)), a BP can be defined when the eigengap between λ2 and the next largest

eigenvalue vanishes.

Another advantage of BP is that it allows robustness measure for non-differentiable graph

property functions, such as clustering. It does not require the graph properties to be written as

smooth functions of weights. It is a descriptive measure that allows global measure of robustness.

5.5 Related Work

In the past literature, there has been some work in perturbing the social networks. In [30], they

restrict their perturbed networks to maintain the same number of vertices and edges as the original

unperturbed network, and the perturbation is meant for the position of the edges only. The amount

of perturbation is controlled by the number of edges being moved. In [14] and [4], they focus on

subsampling the nodes of the networks. [14] propose uniform subsampling bootstrap scheme, in

which they iteratively select a subset of vertices without replacement and consider the graph in-

duced by the subset of vertices. They also consider a subgraph subsampling bootstrap, where they

use a enumeration scheme to find all possible subgraphs with a fixed vertice size, and they selecte

the subgraph with a fixed probability p.

We have also seen work in detecting dense communities and largest connected component in
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[59]. They formalize tests for the existence of a dense random subgraph based on a variant of scan

statistics. Although they offer sharpe detection bounds, their theorems only make a judgement on

the existence of the subgraph instead of finding out where the subgraph is. Moreover, one has to

go through all the subgraphs in order to calculate the test statistics, which in application, could be

computationally intensive.

5.6 Experiments

In this section, we perform experiments to test the robustness of clustering, WCut, number of

wCC’s and eigengap. We employ both synthetic datasets and a Facebook dataset. Because sym-

metric perturbation is less interpretable, we only apply asymmetric perturbation when studying

connected components and eigengap, and apply asymmetric perturbation for the remainder of the

study.

5.6.1 Datasets

Synthetic datasets The synthetic datasets are generated from the DC-SBM model with the number

of clusters K = 5, and the distribution of the cluster sizes nk
n

= (0.1, 0.2, 0.3, 0.2, 0.2). DC-SBM

is defined in Chapter 1.2.2. The clustering is guaranteed to be recovered with small errors by

spectral clustering algorithm if the graph is generated from DC-SBM [55, 56, 61]. The weights

of DC-SBM, wiDC−SBM ∼ 0.5 + 0.5× Uniform(0, 1) if not otherwise specified. The graphs are

generated with different n and spectrum in the following experiments. The visualization of the

graphs and the model parametrization are shown in Figure 5.3.

Facebook dataset The Facebook dataset [38] is an undirected connected graph which consists

of 10 anonymized ego networks. It has 4039 nodes and 88234 edges. The data was collected from

survey participants using a Facebook application called Social Circles. Each cluster is consists of

the members within an ego network. The visualization of the Facebook dataset is shown in Figure

5.4.
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In our experiments, we only examines undirected graphs. Since the definition of L is universal

for all graphs, the robustness of WCut and clustering can be measured in the same way. The graph

properties we defined for the number of wCC’s and eigengap are only meaningful for undirected

graphs, and we do not know yet how to measure their robustness for directed graphs.

We say a dataset or a graph is hard if there are many edges between clusters, and graph proper-

ties calculated from them are expected to be sensitive. A harder graph usually has smaller n, larger

eigengap, denser connections between clusters and sparser connections within clusters. From the

theory of the recovery of clustering described in Chapter 2, it can be indicated that the graph prop-

erties in the harder graphs wil be less robustness.

Notice that in the real datasets, e.g. Facebook, one may argue that the perturbation may not

be meaningful since the edges are given continuous weights after the perturbation, while the edges

can only take the values 0 and 1, e.g, two people are either friends or not. It is true that in reality,

the change of this kind of social networks is restricted to adding or deleting nodes or edges. Our

perturbation methods do allow for deletion of nodes and edges when the weight are generated node

resampling mechanism. They can be viewed as deletions from the graph. We can also utilize node

resampling to generate discrete weights for the nodes and edges to make it more meaningful. One

potentail concern is that we do have the constraint that no new edges or nodes can be added from

our perturbation framework.

5.6.2 Robustness of clustering

We design this experiment to answer two questions. Firstly, For fixed σw, does BP depend on

weight distribution? Secondly, Is BP informative? We perform the experiment using the fol-

lowing steps. Firstly, we generate w from the four weight distributions: node resampling, binary,

gamma and mixture distributions. with E(w) = 1 and σw, as described in Section 5.1. We assign

various magnitude of σw to capture the amount of perturbation the clusterings can tolerate.
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Secondly, for each perturbed graph G̃, we perform spectral clustering algorithm and obtain C̃.

We then compute misclassification errors dist(Ctrue, C̃), and dist(Cspc, C̃), where Ctrue is the true

clustering of the underlying model, and Cspc is the clustering obtained from the unperturbed graph

through spectral clustering. The misclassification error is define in Section 1.2.1. If there is a value

of σw where C̃ becomes very unstable, that the misclassification error starts to have high variance,

we will call it the breakdown point.

We employ two undirected synthetic datasets from DC-SBM. They both have n = 800, and

λ1:K = (0, 0.2, 0.4, 0.6, 0.8). The difference is that the first dataset is generated with wiDC−SBM ∼

0.5 + 0.5 × Uniform(0, 1), and the second one is generated with wiDC−SBM ∼ 0.4 + 0.6 ×

Uniform(0, 1). The results are shown in Figure 5.5.

For all the cases, we observe a significant break in the variance of misclassification errors,

which we define as BP . For example, the BP for binary distribution in the easy dataset is around

0.8, which becomes 0.6 in the hard dataset. Notice that with all weight distributions, BP ’s in the

harder dataset are always smaller comparing to that in the eaiser dataset. This confirms that BP is

informative, since it predicts the sensitivity of graph properties in harder (less robust) dataset. For

the same dataset, across different weight distributions, the misclassification errors break at different

σw, which suggests that BP varies with different weight distributions.

5.6.3 Robustness of WCut

In the experiments here we want to verify that IF of WCut is informative, and then probe the source

of robustness of WCut at the node level.

For the synthetic dataset with n = 800, w ∼ 0.5 + 0.5× Uniform(0, 1), We firstly obtain its

clustering C from spectral clustering algorithm. We then add noise to C by randomly picking 200

nodes and reassigning them to other clusters randomly, in which way we obtain C̃. The WCut of
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C̃ is expected to be less robust comparing to that of C, since there are already more noises in C̃.

After computing IFWCut for both C and C̃, we plot the histograms in Figure 5.6. We observe that

in the histogram for C, IFWCut is more concentrated on 0 with fewer large influence nodes, thus

indicating a robust clustering. On the other hand, the histogram for C̃ indicates the clustering being

sensitive. These findings correspond with our expectations and show that IFWCut is informative.

The other experiment we do is to probe where the sensitivity comes from through a partial per-

turbation. We generate synthetic dataset with n = 800, and λ1:K = (0, 0.2, 0.4, 0.6, 0.8). We also

perform the experiment on the Facebook dataset. We select the nodes with IFWCut
i (Ctrue) > 0.

These nodes are considered not well clustered because increasing the weights on them is ex-

pected to increase WCut, thus worse quality of clustering. For these nodes, we generate w from

Gamma(0.1/µ, 10µ2), where E(w) = µ, V ar(w) = 0.1. The rest of the nodes have w = 1.

We then assign the weights to the edges through asymmetric perturbation. We also examine the

perturbed clustering from spectral clustering algorithm.

The results are shown in Figure 5.7, we observe that with both datasets, WCut increases as

the weights on the nodes with bad influence increase, which indicates that the nodes with IFWCut

causes the quality of clustering to drop, and could potentially be not well clustered. In the syn-

thetic dataset, dist(C̃, Ctrue) increases as E(w) increases, and decreases slightly but steadily as

E(w) decreases. This is because spectral clustering is equivalent to optimizing WCut [44], when

less weight is imposed on nodes with bad influence for IFWCut
i (Ctrue), WCut gets smaller and C̃

becomes closer to Ctrue. In the Facebook dataset, dist(C̃, Ctrue) decreases as E(w) increases. This

is because the underlying clustering Ctrue in Facebook does not correspond to the clustering that

minimizing WCut. Therefore minimizing WCut does not lead to C̃ being close to Ctrue.

5.6.4 Robustness of wCC’s and eigengap

We firstly probe the sensitivity of wCC’s and eigengap. We calculate IF fu
i , IF fl

i and IF fe for the

nodes and select the nodes with bad influence. We call the nodes with IF fu
i < 0 or IF fl

i > 0
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or IF fe < 0 nodes with bad influence, since these nodes make the distinction between wCC’s or

eigengap less significant. We do a partial perturbation on the graphs by perturbing the weights of

these nodes with wi ∼ Uniform(a, a+ 0.25), a ∈ [0.5, 0.6, · · · , 1.5].

We also examine their robustness by making full perturbation on the entire graph. We generate

wi ∼Mixture(0.5, b, 0, 0.1, T−, Gamma, p) for all the nodes, where T− is a distribution centered

around 0.51 with probability 1, p ranges from 0.1 to 0.9. We choose T− to maintain the weights

on the edges to be positive. Since the strength of perturbation is mostly coming from T+ and

the choice of the base binary distribution, we do not lose generosity. In this way E(w) = 1 and

σ(w) = σw varies.

The synthetic dataset for testing the robustness of wCC’s is generated with n = 2000, and

λ1:K = (0, 0.1, 0.11, 0.12, 0.13). In the synthetic dataset, because of the nature of the model, the

largest fl in the graph appears when K = 5. In the Facebook dataset, through calculation ,we

find that the largest fl appears when K = 7. Therefore, we assume initially there are 5 wCC’s in

the synthetic dataset and 7 connected components in Facebook dataset. The results are shown in

Figure 5.8.

The synthetic dataset for testing the robustness of eigengap is generated with n = 800 and

λ1:K = (0, 0.1, 0.2, 0.3, 0.4). We call fe(i) = λi+1 − λi the ith eigengap. Through calculation, we

find that the largest eigengap is the 5th in synthetic dataset, and 7th in the Facebook dataset.

We observe that, fl increases while fu and fe decrease as E(w) increases in both datasets,

which indicates that, as the bad influence increases, there is greater connectivity between the con-

nected components and the eigengap becomes less significant. BP is defined as the σw where fu,

fl and fe is dominated with another K. We observe the BP ’s for both the number of wCC’s and

eigengap. In the Facebook dataset, they seem to be robust to perturbation. Note that the Facebook

dataset is consist of 10 ego-networks while our experiments indicate that there are only 7 robust-
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ness wCC’s inside, meaning there are 3 more connected users who are grouped to one wCC.

5.7 Discussion

This chapter makes several contributions. Firstly, it provides an innovative way to perturb the net-

work by assigning the weights on the nodes and edges. The strength of perturbation can be well

controlled and can be arbitrarily small. The topology of the graph is also preserved after the pertur-

bation. Secondly, it extends the definitions of influence function and breakdown point to the graph

properties. Although these measures are widely used in the robust statistics literature, using them

on graph properties is the first time. Last but not the least, we are also able to probe the source

of robustness by quantifying the influence of nodes on the robustness of graph properties, which

provides a deeper insight into the problem.

Our perturbation framework also have its limitations. For example, no new edges or nodes can

be added to the graphs through our perturbation methods, and this may not be natural evaluating

the graph properties in some social networks. Moreover, the perturbation methods is not suitable

for evaluating some graph properties, e.g. properties related to graph distances. These could be the

area for future explorations.
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Figure 5.3: The synthetic datasets. Top left: n = 800, λ1:K = (0, 0.2, 0.4, 0.6, 0.8), wiDC−SBM ∼
0.5+0.5×Uniform(0, 1). Top right: n and λ1:K the same with top left, wiDC−SBM ∼ 0.4+0.6×
Uniform(0, 1). Down left: n = 2000, λ1:K = (0, 0.1, 0.11, 0.12, 0.13). Down right: n = 800,
λ1:K = (0, 0.1, 0.2, 0.3, 0.4)
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Figure 5.4: Facebook dataset
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Figure 5.5: Left: easy dataset with wiDC−SBM ∼ 0.5 + 0.5× Uniform(0, 1). Right: hard dataset
with wiDC−SBM ∼ 0.4 + 0.6 × Uniform(0, 1). 1st row: Node resampling. 2And row: Binary
. 3rd row: gamma distribution. 4th row: mixture-uniform gamma distirbution. C̃ is the weighted
version of clustering obtained from spectral clustering algorithm. Each boxplot is consist of 100
repetitions.
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Figure 5.6: The histograms of IFWCut for synthetic datasets. Left: C. Right: C̃.
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Figure 5.7: Left column: the change of WCut with respect to E(w). Right column: the change
of classification error with respect of E(w). First row: synthetic datset. Second row: Facebook
datset. Each boxplot is consist of 100 repetitions.
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Figure 5.8: Topleft: IF (λ2, w). Left column: synthetic datset. Right column: Facebook dataset.
First row: IF (fl). Second row: IF (fu). Third row: breakdown point of fu. Each boxplot is
consist of 100 repetitions.



99

Figure 5.9: Left column: synthetic dataset. Right column: Facebook dataset. First row: IF (fe).
Second row: breakdown point of fe. Each boxplot is consist of 100 repetitions.
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Chapter 6

CONCLUSION
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In this thesis, we work on providing solutions for two problems in social networks: community

recovery and robustness of graph properties. From Chapter 2 to Chapter 4, we focus on pro-

viding guarantees for community recovery, where we tackle the problem from both model-based

and model-free perspectives. In Chapter 5, we propose a perturbation framework to measure the

robustness of graph properties. In the rest of this chapter, we will summarize our findings and

contributions in both problems.

6.1 Our contributions in community recovery problem

We firstly discuss our work in community recovery. In Chapter 2, we benchmark the current model-

based recovery theorems, where the graphs are assumed to be generated from block models. We

compare the current recovery theorems on DC-SBM and show that most of the assumptions in

the recovery theorems are far from being necessary, suggesting that the number of cases that are

predicted by the theorems is only a small proportion. The only recovery theorem that is shown to

be useful in practice is [62], by which the clusterings from non-trivial cases are guaranteed. This

recovery theorem is proven by us and wil be discussed in the next paragraph. We also create a soft-

ware tool for researchers, which can be easily extended to test and compare new recovery theorems.

We then discuss our community recovery results proven in [62], and it is presented in Chapter

3. We firstly propose a broader class of network models called Preference Frame Model. PFM has

its advantages in several ways: firstly, it subsumes the current block models including SBM and

DC-SBM. Secondly, it separates the high level parameters for recovery of clusterings from the nui-

sance parameters and provide weaker constraints. Thirdly, its parametrization is more meaningful

and more interpretable. Our recovery theorem is proven with respect to PFM. Although the model

is more relaxed comparing to SBM and DC-SBM, the constraints for recovery is no more restricted.

The model-based guarantees for recovery discussed above are limited by the assumption that

the graph needs to be generated from a model. In Chapter 4, we propose a model-free framework

which provides theoretical guarantees for the results of model-based clustering algorithms without
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making assumptions on data generation process. We also instantiate this framework and obtain the

model-free guarantees for SBM and PFM models. This work formulates the problem of model free

validation in the area of community detection in social networks. It is also closely related to the

model-based recovery theorems, which can be easily modified to be model-free results through our

framework. Meanwhile, the proof techniques we use in the model-free results are more elementary

and more direct. They can be used for obtaining sharper thresholds in model-based theorems.

6.2 Our contributions in robustness of graph properties problem

In Chapter 5, we propose a perturbation framework for measuring the robustness of graph prop-

erties. We are not the first to explore this approach. Current methods [30, 24, 14, 4] have done

perturbation on graphs by randomly deleting or adding nodes and edges, in which the magnitude

of perturbation cannot be well controlled. The goal in this research is to provide model-free pertur-

bation framework that allows for arbitrarily small perturbation. Our perturbation method is done

through assigning weights to the nodes, where the strength of perturbation is controlled contin-

uously by the variance of weight distribution. We suggest a mixture distribution for generating

the weights, which can balance the bias introduced in Laplacian and provide a good variability

of weights. Our perturbation methods have the advantages that they can be easily controlled to

provide arbitrarily small perturbation and preserve the topology of the graphs.

We then measure the robustness of graph properties by extending the classical robustness mea-

sure, i.e, influence function and breakdown point, to the context of graphs. Although the are widely

used in robust statistics literature, using them in the graphs is the first time. Moreover, our pertur-

bation framework also enables one to probe the source of robustness at the node level.
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