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Abstract

Brownian particles interacting with a Newtonian Barrier: Skorohod maps and their use in
solving a PDE with free boundary, strong approximation, and hydrodynamic limits.

Clayton Barnes

Chair of the Supervisory Committee:
Professor Krzysztof Burdzy
Department of Mathematics

In this thesis, we pioneer the use of Skorohod maps in establishing the hydrodynamic
behavior of an interacting particle system. This technique has the benefit of using stochastic
methods to show both existence and uniqueness of the resulting PDE with free boundary
condition. In 2001, Frank Knight constructed a stochastic process modeling the one dimen-
sional interaction of two particles, one being Newtonian in the sense that it obeys Newton’s
laws of motion, and the other particle being Brownian. In the first chapter we construct a
multi-particle analog, using Skorohod map estimates in proving a propagation of chaos and
characterizing the hydrodynamic limit as the solution to a PDE with free boundary condi-
tion. The resulting PDE is similar to the solution of the Stefan problem. As mentioned, both
existence and uniqueness of the PDE are done using stochastic methods; the uniqueness is
done using a novel, and new, coupling method.

In the second chapter, we give a strong approximation of Brownian motion with inert
drift. We also determine the distribution of the maximum of the Newtonian particle via its
Laplace transform.

In the third chapter, we consider a random walker on the nonnegative lattice, moving in
continuous time, whose transition rate is a linear function of the time the walker spends at

the origin. In this way the walker is a jump process with a stochastic and adapted intensity.



When Brownian scaling is introduced, such a process converges to Brownian motion with
inert drift. This solves a conjecture of Burdzy and White in 2008. This convergence result is
used to show two Brownian motions separated by an inert particle has a product stationary
distribution on its state space where the velocity of the inert particle is Gaussian. This
process of two Brownian motions separated by an inert particle was studied by White, [45],
section 4], where the demonstration of existence for the process contains a nontrivial gap

that we complete.
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Chapter 1

HYDRODYNAMIC LIMIT OF BROWNIAN PARTICLES WITH
A NEWTONIAN (INERT) BARRIER



Figure 1.1: Simulations of 20, 40, and 200 Brownian particles reflecting from the Newtonian

barrier.

1 Introduction

1.1 Description of the model

This chapter characterizes the hydrodynamic limit for a multiparticle generalization of a
process originally introduced by Knight [33]. We start with an informal description of the
model. Consider n Brownian particles X\"(¢),..., X{™(¢) on the real line, reflecting from
the same side of a moving barrier Y™ (¢). The moving barrier is “massive” in the sense
that it is not Brownian but obeys Newton’s laws of motion. By this we mean the barrier is
modeled to have momentum, and that it experiences an impulse upon colliding with one of the
Brownian particles. Impulse is equivalent to change in momentum, and in Newtonian physics
is proportional to the change in velocity. In this way the Brownian particles drive the massive
barrier by increasing (or decreasing, depending on sign) its velocity. We assume the Brownian
particles have an equal “mass” of n=! so the total mass of the system remains at unity, and we
fix a constant K > 0, the impulse constant, which determines the strength of the Brownian
particles’ interaction with the massive barrier. Increasing K will give the Brownian particles
more ability to increase the massive barrier’s velocity. If K = 0 the Brownian particles have
no influence on the barrier, the Brownian particles become independent reflecting Brownian

motions while the barrier will travel with constant speed. If K > 0, however, the Brownian



particles are dependent. This can be seen intuitively, for in the event that one Brownian
particle happens to impart a large impulse to the massive barrier, it influences the barrier’s
trajectory and alters the region where the other Brownian particles are allowed to disperse
themselves.

We now present a formal mathematical model describing the above scenario, and begin by
assuming the standard setting: a filtered probability space (€2, P, (F;)i>0) with the filtration
(Fi)i>0 satisfying the usual conditions. Take i.i.d. (F;)s>o-Brownian motions B, ... BM a
coefficient K > 0 and an initial velocity v € R for the massive particle. Consider continuous
F: adapted processes which satisfy the system of stochastic differential equations for ¢ € [0, 7|

andi=1,...,n:

dx™ = dBY + arL™,

dY'™ = VO ($)dt = <u K i L™ (t))dt,
=1

n -

x™ (t) > Y™ (¢), for all ¢, almost surely,

L!™is nondecreasing, and is flat off the set {s : X (s) = Y™ (s)}.
By flat we mean

/ LX) (s) > Y ()L™ (s) = 0.

increases only when XZ-(") makes contact with Y. These conditions
)

In other words, Lg")

imposed on L™ imply that L™ is the local time of X™ on Y™ which we will see in the

proof of Proposition [2.12 We can in fact let

n I n
LE )(t) = lirr(l) 2—/ Lo, (Xz( )(s) — Y™(s))ds for all t € [0,T], almost surely,
€E— € 0

which is our definition of the local time of Xi(") on Y. We assume the initial conditions
Y™ (0) = 0, V™(0) = v and that X" (0), i = 1,...,n are drawn from i.i.d. samples of an
LP([0,00)) random variable with p > 1. In this case we require Fy to be large enough to
contain U{Xi(”)((]) : 1 <7 < n}. See the figure above for sample path realizations. Existence

of a strong solution to this system is proved in Proposition [2.12]



A system (X, .., XM, Y™ V™) satisfying (3.1) above will be called a system of
Brownian particles reflecting from a massive barrier with impulse coefficient K. The pro-
cesses Xl(n), e ,X,S") are the Brownian particles, Y™ is the reflecting barrier with V" its

velocity.

1.2 Free boundary problem

In Theorem we characterize the hydrodynamic limit of the empirical process together
with the random barrier. The hydrodynamic limit is the solution to a free boundary problem
given as a pair (p(t,z),y(t)), both of which interact according to the PDE below. We think
of p(t, x) as the temperature at time-space location (¢, ) and y(t) as an insulating barrier. In
our convention the heat is concentrated above the insulating barrier. So p(¢,-) is supported
in [y(t),00). Our initial temperature distribution is given by 7y which need not have a

continuous density.

op(t,z) 1
" p(t, x)

Ot = —2y/<t)p<t,$), T = y(t>? (1.2)

y'(t) = =(K/2)p(s,y(s)), y(0) = 0, y/(0) =v € R,

lgfgl p(t, z)dx = mo(dz),

The second condition is a one sided derivative on the positive side, and is mathematically
equivalent to conservation of heat. That is, the function y(t) acts as an insulating barrier.
The third condition says the insulating barrier has an acceleration proportional to its tem-
perature. This is contrasted with the Stefan problem mentioned in Section 1.4 in that the
barrier reflects the heat back into the domain rather than absorbing it, and its acceleration
is proportional to its temperature as opposed to the velocity being proportional to the heat
flux. The unique solution will be one in which the equalities above hold in the classical sense.
That is, p(t, z) is a differentiable function in its domain {(¢,z) : 0 <t < T, x > y(t)}, which
is C'! in time, C? in space, and where y € C*([0,T], R).



1.3 Main results

Theorem 1.1. There exists a unique classical solution to the free boundary problem (|1.2)).

For the hydrodynamic limit we consider the empirical measure

m_ Iy
o= 25{X;">(t>}~
=1

For fixed t > 0, 7rt(n) is a random variable with values in the space P(R). For a time horizon
T >0, {7r§n) :t € [0,T]} is a process with paths in the space C([0,T], (P, W,)) with metric
|V — V" |ljo,r:= max W,('(¢t),v"(t)).

te(0,7)

That this process indeed has a.s. continuous paths is proved in Lemma [3.13, In other words,
{7r§") .t € [0,T]} is a continuous measure-valued process. As such, 7(® induces a probability
measure on C([0,T],(P,W,)). The hydrodynamic limit characterizes this distribution for

large n.
Theorem 1.2. Assume that
Wp(ﬂ(()n),m)) — 0, n — o0,
for p > 1 and where my has support in [0,00). Then
(7™, Y™ — (p(t, w)dw, y(t)), n — oo, (1.3)

in the Prohorov metric on C([0,T], (P,W,) x R) where y € C*([0,T],R), p(t,x) is a proba-

bility density supported in [y(t),00), and with (p(t,z),y(t)) solving (L.2).

The proof is at the end of Section 3.

The third result is the propagation of chaos, which means the dependence of any finite

collection of tagged particles disappears as the number of particles tends to infinity.



Theorem 1.3. Assume Xf")(O) =&, i =1,...,n, where &,i € N are i.i.d. samples of

nonnegative integrable random variable. Fix positive integers iy, ..., 1. Then

(X-(n) ...,X-(n))—>(X(°°),...,XZ-(:°)) a.s. as n — oo,

i i1

where the limit consists of independent processes XZ-(IOO), e ,Xi(:o).

The &; are given so the processes have an initial condition which does not depend on
n in the triangular array. This ensures that after n > max1; the initial conditions for the

X(”)

il P

X (™) are all defined and unchanging with n. The proof is in Section 3.

1k

1.4 Organization of paper

The paper is organized as follows. A short historical background for the origin of our model
and a brief on related hyrodynamic limits is in Section 1.5 below.

In Section 2, we construct the processes Xl-(n) path-by-path on any probability space sup-
porting an infinite sequence of i.i.d. Brownian motions B, B® .. B as well as the
initial random variables Xi(n)(O) for all 1 < ¢ < mn,n € N. We do this by constructing a
functional to which we apply pathwise to the n Brownian motions BM, ..., B™ . In Propo-
sition we show this pathwise construction gives a system of processes satisfying .
Such a method for reflected processes is called a Skorohod map, since Skorohod used the
method to construct a reflected Brownian motion on the positive half-line R, := [0, 00).
For instance, if B(t) is a standard Brownian motion and m(t) = supy.,.,[—B(s) V 0], then
B(t) +m(t) has the same distribution as X, where dX = dB + dL and L is the semimartin-
gale local time of X at zero; see [30), Section 3.6C|. Here m(t) would be the Skorohod map
which corresponds to reflected Brownian motion.

The proofs of Theorems [I.2] and are in Section 3. We use the estimates derived in
the second section to demonstrate almost sure convergence of the barrier Y™ to a unique

deterministic function y in the form of a functional strong law of large numbers; see Proposi-

tions|3.5/and Here we introduce properties of the measure-valued process 7™ mentioned



above. In Proposition we prove uniform stochastic equicontinuity, which is stronger
than the typical stochastic equicontinuity necessary for tightness of processes in some metric
space. We conclude the paper with Section 4, where we use our stochastic tools to prove

uniqueness of the free boundary problem described in Section 1.2.

1.5 Background

As previously mentioned, Knight introduced this model in the case of one Brownian particle
where he studied density of the final velocity [33]. Later, White [45] generalized Knight’s
construction and studied several related processes. This inspired a higher dimensional version
of a reflected process whose velocity vector is proportional to the boundary local time,
and the stationary distribution of its position and velocity was studied by Bass, Burdzy,
Chen, and Hairer [3]. For a history of hydrodynamic limits see [24] and [II]. The methods
used to establish a hydrodynamic limit are varied. See [42], where Varadhan uses entropy
methods to examine a spin system on a lattice when the mesh goes to zero. Entropy and
relative entropy methods are general methods. However, these are not always feasible. For
instance, see [I1], where Chen and Fan study a system of particles reflecting from a separating
interface. For an introductory reading on hydrodynamic limits, see the book [32] where
Kipnis and Landim present a self contained treatment of hydrodynamic limits via the study
of the generalized exclusion process and the zero-range process. Other hydrodynamic limit
results have biological motivations in neuron modeling. See [38], [12], and [26, Chapter
4.3]. Hydrodynamic limits are related to the theory of partial differential equations since the
empirical measure of the particles converge to a solution of a PDE or free boundary problem.

In [10] Chayes and Swindle study the one dimensional model of hot random walkers which
are emitted by a source and which annihilate cold particles which remain stationary. When
a Brownian scaling is introduced, the density of the hot particles together with the cold
region converge to a solution of the Stefan problem. The Stefan problem is a free boundary
problem modeling the melting of ice next to a heat source. The heat particles are killed

upon reaching the ice boundary, i.e. a Dirichlet boundary condition is imposed at the ice



barrier, while the melting of this ice barrier is proportional to the flux of heat across it. In
this way the density of heat and the ice barrier interact, producing the free boundary effect.
The hydrodynamic limit we study in this paper resembles that of the Stefan problem but
with some distinctive features; see (|1.2)).

This article is the first in which continuity properties of Skorohod maps are used to
demonstrate a hydrodynamic limit; see Section 2. By applying this method with a stochas-
tic representation (Corollary 3.11) we prove existence and uniqueness of the free boundary
problem without relying on existence and uniqueness theorems from the theory of PDEs.
Properties of the transition density for Brownian motion reflected in a time varying domains
is a key ingredient for a stochastic representation of the PDE with free boundary; see [7].
This is the first existence and uniqueness result for the free boundary problem we study, as
it seems not to be subsumed by known results in the analysis literature; see [16], [17], [18]

for existence and uniqueness of the Stefan problem.

Notation

For ease of reference we introduce notation which will be used along the paper. First let

(E,d) be a metric space.

1.1. C(Ey, Es) is the space of continuous functions from (Fi,d;) to (FEa,ds).

1.2. P(E) is the space of probability measures on E. We may abbreviate P(R) as P.

1.3. The Prohorov metric is the metrization of distributional convergence for the space
P(E). This is also a metric on the space of E-valued random variables through their

induced measure on E.



1.4.

1.5.

1.6.

1.7.

1.8.

For f € C([0,T],R) and [a,b] C [0,T]

I fllian:= ;gﬁf;]lf(iv)l-

For f = (f1,..., fn) € C([0,T],R"™) and [a,b] C [0,T]

£l a,01:= Z”fi”[a,b]-
=1

For p > 0, (P(E),W,) is the space of probability measures on R together with the

Wasserstein-p distance
W, ( )-—( inf Ed(X Y)p)l/p
p :ua V)= (}(I,IY) ’

where the infimum is taken over pairs (X,Y’) defined on the same probability space,
with X < puand Y Ly It (E,d) is complete then so is (P(E), W,). We consider p > 1.
See [43].

For f € C([0,T],(E,d)) and § > 0 we define the modulus of continuity for f by

W(E,d)(fa 6) == sup d(f(t),f(s))

0<s<t<T
[t—s|<d

When v, € C([0,T], (P, W,)) we let w'(v,8) := wipw,) (v, 9).

2 Skorohod Map: Construction and Estimates

In this section we construct the system given in (3.1) by applying a Skorohod map to the

collection of Brownian paths. First we recall the classical Skorohod equation.
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Lemma 2.1 (Skorohod, see [30]). Let f € C([0,T],R) with f(0) > 0. There is a unique,

continuous, nondecreasing function m(t) such that

z(t) = f{t) +my(t) > 0,
mys(0) =0, mg(t) is flat off {s: x¢(s) =0},

and 1s given by

my(t) = sup [~ f(s)] V0.

0<s<t

Remark 2.2. As stated in the introduction, flatness off {z : z;(z) = 0} for m; means
¢

/ L(xzp(s) > 0)dmg(s) = 0. The classical Lévy’s theorem says when f is replaced by a
0

Brownian motion, the corresponding process x is distributed as |B].

Remark 2.3. The solution of the Skorohod equation has a time shift property: For any

0<s<t<T,
xf(t>:x9<t_8)7

where g(t) = xz¢(s) + f(t) — f(s).

The following lemmas will be useful later when proving tightness of our processes; see

Lemma [3.11

Lemma 2.4. Let f,g € C([0,T],R) and assume that f > g. Then
mg(t) < my(t), for allt € [0,T].

Proof. From Lemma [1.2]

my(t) = sup [~ f()] VO < sup [~g(w)] VO = m ().

O<u<t O<u<t
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Lemma 2.5. Let f,y1,yo € C([0,T],R) and assume that y1(0) = y2(0), f(0) + y1(0) > 0,

and
y1(t) —yi(s) > ya(t) — ya(s) for all0 < s <t <T. (2.1)
Then
Mfiyy (£) = Mgy (8) > Mgy, (B) — Mgy, (s), for all0 <s <t <T,
where My, % = 1,2 correspond to the solution of the Skorohod problem provided by Lemma

2

Proof. We first show that xs,, (t) > x4, (t) for all t € [0,7]. That this holds for ¢t = 0 is
guaranteed by the assumption on the initial conditions, which imply x4y, (0) = z74,,(0).
Assume for the sake of contradiction that there is some t* € [0,T] such that xy,,(t*) >
Tfyy, (t7) > 0. Let

T =sup{t <t*:xpqy,(t) =0}

be the last zero of z,, before time t*. It follows that my.,, is flat on the interval [r,¢*]. In

other words,

0= M4y, (t*> — Mfty, (T) < Mty (t*) — Mfty (T) (22)

By shifting the Skorohod solution by time 7 as in Remark , using ([2.2)), the fact that
Tfyy, (7) >0 =1x44,,(7), and assumption ({2.1)),
L+ (t*) = Lfty (T) + f(t*> - f<7—> + yl(t*) - y1(7> + My (t*) — Mty (T>
2 Ty (T) + L) = F(7) + 92(87) = 92(7) + My () = My (7)
= Tftys (t*)
which contradicts the definition of ¢*. Therefore x ., (t) > x4, (t) for all t € [0,T].

For a fixed s € [0, 7] let

9i(t) = xppy,(8) + f(t) — f(8) +vi(t) —yi(s) for s <t < T,
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and ¢ = 1,2. The assumption (2.1) on y; together with the fact that x,,,, > s, imply
g1(t) > g2(t). Apply Lemma to g1, g2 and shift time by s as in Remark to see

mf+y1<t) — Mty (S) = mgl(t - S) < m92<t - 3) = mf+y2(t) - mf+y2(8),
proving the result. [l

We construct a generalization of the Skorohod map for f = (f1,..., f,) € C([0,T],R"™),
v € Rand K > 0. If any f;(0) < 0, the velocity of our corresponding inert particle will
immediately receive a negative jump of % > (fi(0) A0). Therefore by allowing any initial

real velocity we may assume without loss of generality that f;(0) are nonnegative.

Theorem 2.6. Corresponding to each f = (f1, -, fn) € C([0,T],R"), v e R, K >0 is a

pair of continuous functions

(17 @), Vi) = T f(t) € C([0,T],R?)

satisfying
zit) = fit) + I{() + mi(t) > 0, (23)
mi(t) is flat off {t : x;(t) = 0}, (2.4)
Vf")(t) = v+ — zn:mz(t), v ER, (2.5)
It = / t V" (s)ds, (2.6)

for all t € [0,T].
Remark 2.7. It follows from the classical Skorohod equation that

m;(t) = sup [—(fi(s) + I(”)(s))] V0.

0<s<t

This is used in the proof of Proposition below.
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Proof. Uniqueness: We prove continuity estimates which holds for any solutions of
- (3.4). That is, assume that - holds for two collections of functions f =
(fi,-- s fn)yg = (91,---,92) € C([0,T],R™). Let (I}”),Vf(")), (I$, V™Y correspond to so-
lutions of the Skorohod problem. Since we are proving uniqueness we are assuming such
solutions exist for f, g. By Remark , m{ (t) is the running minimum of f; + [}n) below zero

until time ¢, and the same holds for m?(t). Hence
8o I+ 1) — (g + 1)
Hmz m; H[O»t]— ’ 4 f (gl + g H[O7t].
By the triangle inequality, (2.5)), (3.4)), and

o(t) = Y I(fi + 1) = (g: + I8 og
=1

< > (Ifi = glloa) +nllZf” = 1o

i=1
t n

< Hf—gH[o,twK/ > Iml(s) — m{(s)|ds (2.7)
0 =1
t n ;
0 =1

t
<|[f = gllpg +K/ a(s)ds.
0

Now apply Gronwall’s inequality to attain

a(t) < |If = gllogexp(Kt).

Consequently,
n _ ) K<~ f g
Vi = V" s < gzmi (t) —mi(t)| (2.8)
i=1
< (K/n)a(t) < (K[|f — gllon/n) exp(K1). (2.9)

This holds for any f, g and any two pairs (]J(cn), an)), (Ig(,n), Vgn)) solving the equations ({2.3))

- (3.4). Taking g = f in (2.9) shows (I }"),Vf(n)) is unique, and T',, is well defined granted
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existence.

Remark 2.8. The case n = 1 is in [45)].

Ezxistence: To demonstrate existence, we use a limiting procedure to construct the processes
I J(c"), Vf(”) which in turn produce the map T',,. For a fixed € > 0, define the functions I, V5.

as recursively in the intervals [0, €], [¢, 2¢], ..., [(M — 1)e, M¢| as follows.
2.1. On the interval [0, €], simply let IS(t) = vt and V* = v.

2.2. Assume we are given Ij,., Vy,.. Let

[(EM+1)E|[0’M6) = 116\46 and ‘/‘(ﬁjw+1)e‘[0’M€) = V]\Ze

For t € [Me, (M + 1)e) let

Virsn) = = S max (~[fi(u) + I5,(0)] v )

1=
be the average of the running minimum below zero of f;+1j,, until time Me. Notice that

V(11 1s piecewise constant on subintervals of [0, 7] of the form [je, (j + 1)e), j € N.
2.3. Extend Ify ), to [Me, (M + 1)¢) linearly by giving it slope Ve
2.4. Set Ij(cn’e), Vf(n’e) as the functions produced once the recursion covers the interval [0, T7.

A couple observations follow easily from this construction. First,

t
() = / V) (5)ds.
0

Second, V™9 is monotonically increasing, and (™9 is differentiable and convex. By con-

struction
n

K
VO oy ol + 53 max ~(fi(u) v 0) < oo,

- 0<u<T
=1
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for every € > 0, and therefore {||V "9 o: ¢ > 0} is a bounded set. Consequently the
collection {I(™9 : ¢ > 0} is uniformly Lipschitz, and since I™9(0) = 0 for all ¢ > 0 it
is pointwise bounded as well. Hence the family {I™ : ¢ > 0} satisfies the Arzela-Ascoli

criterion. By taking a subsequence €, — 0 there is a continuous function I such that
t
/ V) (s)ds = [ (t) — I(t)
0

uniformly for ¢ in [0,7]. By the construction of V") this implies

med gy = K5 < (—[f (m.cs)
Vime(t) = — Z:O@Igl@/m%( [fi(w) + I (u)] V 0)
Ky (n)
— 23 pas (Ui + 1) v0)

uniformly for ¢ in [0, 7], as €, — 0. Set

mi(t) = max —[fi(u) + 1™ (u)] v 0,

0<u<t
so that
V() = v+ ot iml(t)
[ —

Then m; is flat off {s : fi(s) + I™(s) + my(s) = 0} by Skorohod’s lemma By the

dominated convergence theorem,

I™(t) = /t VM (s)ds,

0
and clearly f;(t) + 1™ + m;(t) > 0. Therefore (1™, V() satisfy the equations (2.3)(3.4).
[

We state the bounds attained in (2.9)) as we have shown that V(™ | as a map between function
spaces C'([0,T],R") — C([0,T],R), is Lipschitz with Lipschitz constant (K /n)exp(KT).

Proposition 2.9. (Lipschitz property of V™ ) For anyv € R, K > 0, take f, g € C([0, T],R")
such that || f — glljo,1< n. We have

V™ = Vi loz < (Kn/n) exp(KT), (2.10)
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and consequently

115" — 1[0 < (Kn/n)T exp(KT). (2.11)

Remark 2.10. Clearly
1 1 &
ﬁ”f - 9||[0,T}: n El ||fz‘ - gz'||[07T}

is the average distance between the f;, g;. Proposition says that if this average distance

is small, the difference in the drifts V™, Vf(”) is small as well.

Proof. The first bound ( is shown on , while ) follows as

u

7 _ ) = su Vi (s) — V™ (s)ds
117 = 10 = s | [V 0) — Vi sy

< sup / VO (s) — VI (s)lds

o<u<T

/ ||Vf g(n) | o,7)ds

< T(Kn/n)exp(KT).
O

Consider the above sequence I ™) defined above for a given f = (f1,...,fn) € R". By
Proposition (2.9)), I](c converges in the uniform norm on C([0, 7], R) to a unique continuous

function. The Proposition below says this rate of convergence only depends on || f{|j,7)-

Proposition 2.11. Consider the sequence I deﬁned above for a given f = (fi,..., fn) €
C([0,T),R™). Ifl < m, then

n,Qil n,27m _
17627 — 12 < (2 4+ E) | fllo.y/n)2 " exp(KT).
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Proof. The proof is in a similar vein as that of Proposition 2.9, We make a couple notational

[(n72_j)

of conveniences. For j = [, m we will write I in place of I }"’2_j), and I/ in place of Fha—t

k2=

Recall I' is piecewise linear by definition. For fixed [ < m, define

n

D(k) := sup !fl(t)—fm(t)II%Z sup | fi(t) + I'(t) — (fi(t) + I™(1))]

0<t<k2- i—1 0<t<k2-!

= [|(f +1%) = (f + I™)lljo p2-1 /7

We develop bounds for D(k) using a recursive argument. By construction I' = 0 on [0,27Y].

Due to nonegativity of I, for any ¢ € [0, T

n

Ve m) < 25 sup (=) - v o

n
i1 o<u<T

n

B S sup [—h(w)] vo < K| fl/n.

< —
n “— o<u<T
i=1

Therefore I™ is piecewise linear with a slope not exceeding K || f||/n, and so
D(1) < (K||fll/n)2~". (2.12)

Assume we are given D(k). We wish to bound the difference between I' and I™ on the

interval [0, (k + 1)27!]. We know I’ = I}, , and I g go-y = I3 Similarly the

‘[o,krl]

function I' has constant slope on [k27%, (k + 1)27%), with its slope adjustment being at the

= Ika)Q_z on [k27!, (k+1)27']. On the other hand,

I™ has a slope adjustment at each time k27! 4+27™ k270 +2-m+1 (k4 1)27'. Note that

end of this interval at (k+1)27%; so I},

the difference in the slope between I', I™ at time k27! is not more than D(k), so that

Hlék+1)2—l - f;i%—zll[o,(kﬂ)m < Hlék+1)2—l - IIZ%—ZH[O,szl]"‘KD(k)Q_Z
= 5ot = Tis-illjopa-+ K D(k)27"

= D(k) + KD(k)2™".
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By this and the triangle inequality,

Dk+1) = ||I€k+l)2—l - I(TZ+1)2—Z ”[07(k+1)2*l]

m

< HIékH)w — Iis—i o, ey + - — [(k+1)2*lH[0,(k+1)2—l}

< D(k)+ KD(k)2™" + || I}3-1 — I 1ya-tllfo,(hany2-11-

(2.13)

Let

n 1 n
Be==>_  sup [=(fO) IO =D sup [(f(t)+I"(t))],
N5 o<t<(k+1)2- N5 o<t<ka!
so that K f3; is the amount the velocity I"™ increases in the interval [k27¢, (k + 1)27!]. From

this telescoping definition of 8 we see that

n

S =23 sup [-(F() + I"(5) VO] < = f o, (2.14)

n
i—1 0<s<T

Combine with above we have
D(k+1) < D(k) + KD(k)2™' + KBy27" = D(k) + K (D(k) + )27 (2.15)
Set A(k) to be recursively defined with the above inequality taken as equality. That is,
Ak +1) = A(k) + KAK)2™ + K327

We have D(k) < A(k) for all k. Note that A(k) is maximized when all the mass of Zfl By is
instead concentrated at (5, because this allows the entire mass to be compounded from the

beginning. Since the total sum of the £ does not exceed || f||77/n,

A) = (K[| flljo.r/m)27",
AR) =AM+ K2+ K> g2 < A(1)(1+ K27)
k=1

+ (K| fllom/m)27",

A(k+1) = A(k)(1 + K27Y,
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giving
D([T27) < A([T27) < (A1) + A(2))(1 + K277
<(2+ K)|fllon/n)2  exp KT

which concludes the result.

]

To construct our system (3.1 in the introduction from Proposition , we apply the map
I',, pathwise with

(Fi, - o) = (BY + XM(0), ..., B™ + XM(0)) =: B+ X(0),
producing the pair of processes
I'n (B +X(0) = (Ing(O), ‘ZE@X(@)) :
Set

X" = x{"(0) + B +m{™, v = _ngr)X(O)v Yy — _I(Ban(O)' (2.16)

Then

Proposition 2.12. (X{n), . ,Xﬁbn),Y("), V)Y satisfies (3.1]), therefore giving a strong so-
lution to that system of SDE’s.

Proof. We begin from (2.3) - (3.4) with the f;(t) replaced with B (£)+X ™ (0). The following

7

holds almost surely:

XM () = X"M0) + BO(t) + m{™ () = Y™ (t), forall0 <t <T, (2.17)
V() =0 — K zn: m{™ (t) (2.18)
n =1 Z ’
t
YW(t) = / V) (s)ds, (2.19)

0

m\™ s flat off of {t: X™(t) = Y™ (1)} (2.20)
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We take v = 0 for convenience. The fact that we have a strong solution of the system follows
from the path-by-path construction. We apply a transformation of measure argument. As
mentioned in Remark [2.7] for a fixed time ¢ € [0, 77,

Vo) = -5 3 aup (8O @w) + X0) - YO v

n “— o<u<t
=1

which, due to nonegativity of XZ.(")(O) and the fact that Y™ <0,
(n) K (i
sup [V (u)|< =>" sup [~BY(u) v 0].
u€l0,T n =1 0<u<T
This is equivalent to saying a continuous function plus a nonnegative drift has a running
distance below zero less than that of the continuous function. It follows from continuity of

the processes on [0, 7] that supy.,.,|V™ (u)| < |V (T)|< oo almost surely. Therefore

Z(t) = exp %i / V) (5)dBD(s) — Y™ (1)

is a local martingale, and therefore there exists a collection of exhaustive stopping times
e 23 0o such that Z (t A 1) is a true martingale for each k. We will apply a Girsanov
transformation of measure, see [30, Ch. 3.5]. Let Q be defined by dQ/dP = Z(t A 7;,). Under
Q cach BO(t A 7,) :== BO(t A7) — Y@ (¢t A7) has the law of a Brownian motion, and
the joint law of (Xl("), .., X{"), when stopped at 73, has the same law as X;(t A ) =
XM(0) + BO(t A 7i) + mu(t A1) > 0, where my(t) = supge,.; —[B®(u) + X™(0)] v 0.
The m; are then equal to m{™ := supy_,.; —[B(u) + X™(0) — Y™ (u)] V 0. Because m; is
flat off {t : X;(t) = 0}, the classical Lévy’s theorem [30, Chapter 3| shows that this system

()? Lyons ,)Z'n) is equivalent in law to processes solving

dX; = dBY + dL;, X;(0) = X™(0),

)

when stopped at 75, and where Zl is the local time at zero of )N(Z That is,

Ta(t) = lim — /0 Log(X(s))ds

e—0 Q¢

1 t
~lim & / Log (X (s) = Y ())ds = L0 (1),
0

e—0 26
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for all ¢, almost surely. Additionally, m; is the local time of 5@‘”) at zero, which by definition
is the local time of contact between XZ-(n) and Y. Since 1; = mgn) this shows that mz(-n) (t) =

LE”) (t) for all ¢, almost surely. This means that under P, as processes stopped at 7, solutions

to (2.17)-(2.19)) are solutions of

dX[" = dBY +dL{", dy™ = -=3" LM (t)dt,
n
=1

with the given initial conditions and where ngn) is the local time of Xi(n) —Y®) at zero. This
latter process is the definition of (3.1). Since 7, — oo almost surely, the equivalence in law

holds as processes defined on [0, T7. O

Lemma 2.13. Let (Y™ V™) be defined as in equation (2.16)), then
1 n
v ) <v4+ K |vT+= A7) |,
IVl < vt ( o >)
where m;(t) = supg. o, [—BY(s)] V 0.

Proof. Clearly sup,_,.7 V™(s) < v, which implies that Y™ (¢) < ot for ¢t € [0,7]. From
Remark [2.7] and Lemma we have

IVl = sup. ( =3 s (B ) = Y )] v 0>)

n - 0<u<s
i=1

n

3 Hydrodynamic Limit and Propagation of Chaos

In this section we assume the conditions in [[.2]
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Lemma 3.1. The collection {(Y™ (&), V() : t € [0,T]}n>1 is tight in the space of con-

tinuous functions.

t
Proof. Tt suffices to show V(™ is tight, since Y™ (¢t) = [ V™ (s)ds. By our representation

0
of V" as (2.5)), together with Remark , we apply Lemma with ¢, = =Y ™ and y, = 0
to show the increment V(™ (¢ 4 §) — V(™ (t) is not more than the change of the running
maximum of the Brownian paths, averaged over n. That is, letting m(¢), ..., m,(t) denote

the respective running minimum below zero of the BM, ... B™),

0< |V(n)(t +4) — V(”)(t)|§ %i(mz(t +d) —my(t)) for all t € [0, T — J]

i=1
for any positive delta, almost surely. Since V™ and m, are a.s. nondecreasing, we have the

same inequality but for the modulus of continuity:

1

w(V,T,8) < ~ ;w(mi,T, 5) (3.1)
almost surely. By independence of the m; and the strong law of large numbers, for each
rational ¢ € 0,7}, S,(q) — Emy(q) = \/2¢/m as n — oo. Note that S,, is monotone for each
n, almost surely. It is known that if a sequence of continuous monotone functions converge
to a continuous function pointwise on a dense subset of a compact set, the entire sequence
converges uniformly. Hence S, (t) — \/2t/m uniformly in ¢ € [0, 7], almost surely. If f,, — f
uniformly in C([0,7],R), then sup, w(f,T,d) — 0 as § — 0. Therefore sup,, w(S,,T,d) — 0
as 0 — 0, almost surely. By we know sup, w(V ™, T,§) — 0 almost surely as well.
Since V(™ (0) = v, almost surely, this is sufficient for tightness of the V(™. O

We give another proof of tightness. In the following proof tightness of Y™ is shown
first, and is used show tightness of V(™. That this can be done is not surprising, since
V(™ is the average of the Brownian paths running minimum below Y. Conseqently, if
Y™ converges to a deterministic function Y it is reasonable to think V(™ converges to the
average of the Brownian paths running minimum below Y. However, this requires us to know

the limit of Y™ (or an arbitrary subsequence thereof) is deterministic. Consequently we
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require Proposition . In a sense, this shows tightness of V(™ and Y™ is equivalent when

we know subsequences of Y™ converge to something deterministic.

Lemma 3.2. The collection {(Y™(t), V™ (t)) : t € [0,T)}n>1 is tight in the space of con-

tinuous functions.
Remark 3.3. We use Proposition [3.5] in the proof.

Proof. (Tightness of Y™ ) For simplicity we take the initial velocity v = 0. We first show
that Y™ is tight. By our representation of V(" as , together with Remark , the
maximum velocity ||[V™ || 7] is bounded almost surely by the scaled running minimum of
the Brownian paths below zero, averaged over n. In other words, letting my(t),...,my(t)

denote the running minimum below zero of BV, ..., B Lemma gives
n K -
IV lom < o Zmi(T)'
i=1
Consequently for any 0 < § < T,

K n

wY™ 5 T) = sup [Yt) =YV (s)|[< S|V o< 6= mi(T)
0<t<T—6 n i1

t—0<s<t+d

almost surely. Taking expectations, we have
Ew(Y™, 6, T) < 6KEm(T) = 0K+/2T /7. (3.2)
Fix € > 0 and apply Markov’s inequality, we see
sup P(w(Y™,6,T) > €) < e ' supEw(Y™ §,T) < e '6K+\/2T /x,
which implies

lim sup sup P(w(Y™,§,T) > €) = 0.

6—0 n

Together with P(Y (™ (0) = 0) = 1, this is sufficient for tightness of the sequence of continuous
processes {Y ™ (¢) : t € [0,7T]}.
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Tightness of V™) Take any subsequence n’ for which Y*) converges to some process
g y q

Y in distribution. By Proposition |3.5, Y is deterministic. Recall that the initial conditions

X™(0), 1 < i < n, are i.i.d. samples with distribution 7" and that W, (7", m) — 0 by

assumption. Let XZ-(OO)(O), 1 € N, be independent samples with distribution my. By definition

of the W, metric there is a probability space supporting all the processes {XZ-(n) (t) : t €

[0,7],1 < n,n € N} such that

sup E[X™(0) — X (0)]P— 0, as n — cc.
1<i<n
Hence,

() () (n) o) ”
sup E|X;"(0) — X, (0)|< sup (I[~3|XZ (0)— X |p> — 0, as n — o0.

1<i<n 1<i<n

This enlarged probability space can be constructed by taking F; x U{Xi(n)(()) 1<i<n,ne

N} as our new filtration. Then,

]- - n o0 n [e o]
“EY XM (0) - X0)]< sup E[X(0) — X (0)]— 0,
n

=1

1<i<n

and so

1 - n o0
=~ X0 - X)) o0.
i=1

Hence every sequence n' has a further subsequence nj with

— STIX(0) - X0)]- 0

almost surely. Without loss of generality we relabel such a sequence nj, as n’. Fori = 1,.

define

m(t) = sup —[(BY(u) + X;(0)) = Y (w)] v,

O<u<t
mi(t) = sup —[(BY(u) + X(0)) — ¥ (u)] V0.
O<u<t
Since /
/ K&
V() = == " mi" (1),
n

con
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we compute

K~ 2 (')
O I S

K v 00 n'! n (34)
< =>7(x5%0) = XM O)+H[Y™) = Y ljom)

n -
=1

— 0

almost surely. In words, V(™) and the average of the running minimum of the i.i.d. Brownian
paths below the curve Y become arbitrarily close in the uniform distance. By the strong law

of large numbers & Z:il m;(t) — Em;(t) almost surely for each t. That is,

; () () — _ - - _ 5
Tim V() Jim — Zml KEm(t), (3.5)

and by (3.7), V(™) converges in the uniform norm to —KE;(t). This implies tightness for
{V(t) .t €[0,T]}. O

We use Proposition in Proposition to show subsequential limits of V(™ converge

to deterministic functions. Proposition [2.11] will be used to prove this limit is unique.

Remark 3.4. Tightness of {V®™(T) : ¢ € [0,T]} implies there exists a subsequence V)
which converges in distribution to some process V' in C'([0,7],R). By the Skorohod represen-
tation theorem one can exhibit a probability space supporting an entire sequence of processes,
U™ and U such that U™) — U almost surely in the uniform norm on C([0,T],R) and
where U™) (resp. U) has the same distribution as V) (resp. V). Consequently if U is
deterministic V' is also deterministic, and therefore the conclusion of the next proposition

also holds when V™) converges to V in distribution.

Proposition 3.5. Let n’ be some sequence such that

ZL —ras. Vi
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where convergence holds uniformly on [0,T], on some probability space supporting underlying

Brownian motions {B® : i € N} and {X™(0): 1 <i < n,n € N}. ThenV is deterministic,
Yy . Y ::/ V(s)ds,
0

and

V(t) = v — KEm(t),
where m(t) = supy,., —[(BY (s) + X0)) = Y ()] V0 and X\™ < mo(dx).

Remark 3.6. Since
t
YO (1) = / V) (5)ds
0
for all 0 < t < T, almost surely, we see that Y") converges uniformly to some deterministic

Y if the sequence n’ is as given in the Proposition statement.

Proof. Consider a subsequence n’ for which Y converges to some process Y in distribution.
Recall that the initial conditions Xi(n)(O), 1 <1 < n, are i.i.d. samples with distribution ﬂ(()")
and that Wp(w(()"), mp) — 0 by assumption. Let XZ»(OO)(O)7 i € N, be independent samples with
distribution my. By definition of the ¥, metric there is a probability space supporting all the
processes {XZ-(”) (t):t€10,T],1 <n,n € N} such that

sup E|Xi(n)(0) - X-(OO)(O)|p—> 0, as n — 00.

KA
1<i<n

Hence,

1/
sup E|Xi(n)(0) — XZ»(OO)(O)|§ sup (E|Xi(")(0) - Xi(oo)|p) " 0, as n — 0.

1<i<n 1<i<n

This enlarged probability space can be constructed by taking F; x a{Xi(n)(O) 1<i<n,ne

N} as our new filtration. Then,

]- - n o n o
“EY X (0) - X(0)]< sup BIX™(0) - X (0)]— 0,
i=1

1<i<n

and so

Ly -
=D 1X(0) = X0 0.
i=1
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By convergence in probability, every sequence n’ has a further subsequence nj with
R (c0)
— D> X0) - X (0)= 0 (3.6)
k=1

almost surely. Without loss of generality we relabel such a sequence nj as n'. From this and

Proposition 2.9 we have:

v )

-----

o
KN N
< o Z’Xz( )(0) - Xi( )(O>’€XD(KT) -0
=1

almost surely. Therefore it suffices to show V™)(BW + X (0), ..., B™) + X (0)) con-
verges to a deterministic limit. For almost all w in our probability space and each k£ > 1,
there is a constant C(w, k) such that ||(BM +X1(°O)(O), ...,B® +Xlg°°)(0))||[07T]< C(w, k) <
oo. This follows from continuity of the B(® and the assumption that the initial samples
X,L-(OO)(O) come from an almost surely finite random variable. Apply Proposition m with
f= B+ xM0),...,B" + X0, g = (BY + X(0),...,B™ + X5(0)) and

n=|f—gllpn< C(w, k) to give the almost sure bound

(n") _ @)
| (BO+X{(0),... B +X5(0)) (0,0, BE+HD+X2)(0),.., B(n/)+x;‘7°>(o))”[°ﬂ

< (KC(w,k)/n')exp(KT) — 0 as n’ — oo.
Therefore

V= lim V®(0,...0, B* 4 x{)(0),..., B™ + X5(0)) € Fhttee

n’—o0
where F5> is the sigma-field generated by {B®(t) + Xi(oo)(O) :0<t<T,k<i}. By defi-
nition this means the continuous function V' is adapted to the tail sigma-field of the infinite
sequence of i.i.d. processes. Hence {V (¢) : t € [0,T]} is adapted to a trivial sigma-field, so it

is deterministic.
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To prove the equalities in the proposition statement, we take v = 0 for simplicity. For

1=1,...,n, define

m" () = suwp ~[(BO(w) + X["(0)) =Y w)] v 0,

i %

o<u<t
a(t) = sup —[(BY(u) + X™(0)) — Y (u)] V0.
O<u<t
Since .
VO = -2 S m )
=1

we compute

K y
|55 2o v

K- )
<= . —m!
’[Oﬂ < ;Hm m;" ||

K & 0 n' n (37)
< =37(x50) = XM O)+H[YT) = Y ljom)

n' 4
=1
a.s. 0

almost surely. In words, V™) and the average of the running minimum of the i.i.d. Brownian
paths below the curve Y become arbitrarily close in the uniform distance. By the strong law

of large numbers Z;il m;(t) — Em;(t) almost surely for each t. That is,

, K&
lim V®)(t) = — lim — E m;i(t) = —KEm,(t), almost surely. (3.8)
n/—oco n/—oo M P
By (3.7), V™) converges in the uniform norm to —KE;(t) almost surely. ]

Proposition 3.7 (Uniqueness of Limit). All subsequential limits given Proposition are

i fact the same.

Proof. Similar to the proof of Proposition [3.5] it suffices to take the inital conditions of
X™ to be X°(0). Let Y, Y2 be two limits associated with two subsequences nl nZ, so
lim Y =Y for i = 1,2. By the construction given in Theorem

i
nkﬁoo

i . . (n};,Q*l)
Y'=— lim lim [ o) ) e
ni—o027l=0 (BO+X;7(0),....B"F +X 77(0))
"k

(3.9)



29

It follows from the strong law of large numbers that ||(BD+X°7(0), ..., B™ +X°(0)) lo,r1/m <

w) < oo lor almost each w. Applying Proposition [2.11f we see that

C f 1 h Applying P ition [2.11 h
1765270 — 10527 < (24 K)C(w)27 exp(KT).

Let m — oo and we have

| 70k:27") — (o}

< (24 K)C(w)2  exp(KT).
In other words,
sup |70 — 10y (24 K)C(w)2 7 exp(KT),
ni >1,i=1,2

and as 27 — 0 the convergence of 1"?") to I"%) is uniform over (nf)zs1, almost surely.
By the Moore-Osgood theorem this guarantees an interchange of the limiting operations in

(3.9). Hence,

Yi=— lim lim I™2,

27120 ni —oo

We will use the strong law of large numbers to show lim,; . I (27" — limye o0 (27",
This can be seen by induction on [0, N27!] : By construction of the I (27 the two limits
are identically zero on [0,27!]. Assume the two limits agree on [0, N27!]. This induction
hypothesis implies the slope of I™+2™") and the slope of I"*2™) become arbitrarily close as
k: — 0o. Since the slope of 127 on [N27! (N +1)27!] is the average of the positive part
of the running minimums of the B + 10270 BM) 4 127 and because the limit
in the strong law of large numbers is independent on the subsequence chosen, the slopes of

027D 13279 hecome arbitrarily close on [0, (N +1)27"] as k — oco. This completes proves

the induction step. O

The previous two propositions imply the following corollary.

Corollary 3.8. There are deterministic functions (Y (t),V(t)) defined on t € [0,T], with
dY/dt =V, such that
(Y v m) % (Y, V), for any ¢ > 1.
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Furthermore, fort € [0,T],
V(t) =v— KEmf(t),

where m(t) = supg,<; —[B(u)+X1(O°)(O)—Y(u)]VO is the running minimum of the Brownian

motion with initial condition XYX))(O) under the curve Y.

Proof. Convergence in W, for any ¢ > 1 is shown once we can establish that Y™ and
V™ converge almost surely and in L, to Y and V, respectively, in some probability space
supporting a sequence of i.i.d. Brownian motions and the initial conditions {Xi(”)(()) 1<
i < n,m € N}. Convergence in distribution follows from Propositions and . By
Skorohod’s representation there is a probability space where convergence holds almost surely.

The convergence in L, comes from the bound indicated in the proof of Proposition [2.12] that
K n
V)< =S Lit
LRUEES 970

where the L' are i.i.d. local times at zero of Brownian motion. Now use the fact that
L3 | L} converges almost surely and in L, to its mean function, see [2I], and apply the

(generalized) dominated convergence theorem [20, Chapter 2.3]. O]
We are now in a position to prove the propagation of chaos result.

Proof of Theorem[1.3. It suffices to prove the theorem for two particles X f"), XQ("). The ini-
tial conditions & and & are independent by assumption. From the Skorohod representation
theorem there is a probability space supporting all our processes such that Y™ converges
almost surely to Y in C([0,7],R). For [ = 1,2 set

mi(t) = sup —[BV(u) +& — Y (u)] V0,

O<u<t

m{™(t) = sup —[BO(u) + & — Y™ (u)] V0.

O<u<t

By an argument similar to the one in Proposition , &+ BO + ml(”) has the same dis-

tribution as X l(n). Since Y™ — Y almost surely, ml(n) — my; almost surely as well. Hence

&+ B0+ ml(") — &+ B® 4+ my, almost surely. Clearly & + B®Y +my and & + B® 4+ my, are
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independent as each is a Brownian motion reflected from Y, driven by different independent

Brownian motions with independent initial positions. O

In [7], Burdzy, Chen and Sylvester study the density of Brownian motion reflected inside a
time dependent domain. They assume the boundary is C? in both time and space, see [7,
Section 2|. In our case n = 1, and their results hold under the weaker assumption that the
space-time boundary is C?. Let g(t) € C*([0,T],R) be a twice differentiable function with
g(0) = 0. Given a Brownian motion B(t) and x > 0, let p(t,y) be the transition density
of the reflected Brownian motion solving dX (¢) = dB(t) + dL(t), and the initial condition
X(0) = x, where L is the local time of X on g. That is, for a given Borel set A C [g(t), ),

PL(X(t) € A) = / plt,y)dy.

Proposition 3.9 ([7], Theorem 2.9). The transition density p(t,y) defined above solves the

following heat equation in a time-dependent domain:

op(t,y) 1

5 2Ayp(t,y), y > g(t),
opt,y) _
oty —2¢'()p(t.y), y = g(t),

Remark 3.10. Here
O'p(ty) _ Py +h) —p(ty)
oty hl0 h

is the one sided derivative on the positive side. In particular, p(¢,y) has differentiability

necessary for these statements to hold in the classical sense.

Corollary 3.11. Let & be a random variable with law mo(dz), independent from the Brownian

motion B, both supported on (Q, P, F;). Let g € C*([0,T],R) and

X(t) =&+ B(t) + m(t), m(t) = sup —(£+ B(s) —g(s)) V0.

0<s<t



32

Then p(t,z) := P(X(t) = dz) solves the PDE

op 1

i §Ayp, y>g(t),

dp

9 — )
9 g t)p, y=g(t), (3.10)

lim p(t, y)dy = mo(dy)-

Proof. As in the proof of Proposition 2.12] it follows from Lévy’s theorem applied after a
Girsanov change of measure that X is distributed as a Brownian motion reflected from the

curve g. Now apply Proposition [3.9] after conditioning on &. O

For a given time 0 < t < T and fixed value of n, the definition of our interacting diffusions

gives us n particles Xl(") (1), ... DR (t) which all lie in [Y™(t), 00). Recall that

m_ 1y
i=1

denotes the empirical process of the arrangment of these particles. Similarly recall the
definition of W, in m The main property of W, we will need is that P is separable
and complete under W,. Clearly Wt(") is a random variable with state space P. In this way
{z™ .t € [0,T)} is a (P, W,)—valued stochastic process. By Proposition below 7" is

continuous, and (7T,(n), Y™ (.), V™ (.)) has the strong Markov property.

Lemma 3.12. For any collection x;,y; € R, 1 =1,...,n we have
1< 1 < 1 < 1/p
Wp(ﬁ > s - 25{%}) < <g > i - yz"p>
i=1 i=1 i=1

Proof. This follows from coupling (X,Y") with

Z 5{%}7 Y < % Z 5{yi}
=1 i=1

so that X has mass on {z;} exactly when Y has mass on {y;}. O

x 4

S|
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Proposition 3.13. The pair {(Wf"),Y(")(t),V(”)(t)) : 0 <t < T} is a continuous strong

Markov process on P x R* under the product metric W, x |-|.

Proof. The strong Markov property follows from the strong Markov property of (X 1("), e
,ben) .Y V(™) We need only show continuity of 7(™ since (Y™, V(™) is continuous. By
Lemma [3.12]

n

n  (n 1 n n 1/p
Wy(m ) < (5 210 - X r) (3.12)
i—1
and continuity follows from the continuity of the XZ-(”). O

As 7™ is a continuous P—valued process, it induces a probability measure on C([0, T, (P, W,)).
We will abuse notation, which should be clear from context, by letting 7(™ denote the mea-
sure on C([0,T],P), and nﬁ”) to denote either the stochastic process or the element in P

when ¢ is fixed. Let

NOBEEE -
== dzowy
i=1

where
dX® = dBD 4 dL® X)L fori=1,...,n, (3.13)

the XZ-(OO)(O) are i.i.d. and L® is the local time of )?i(n) on the function Y given in Corollary
B8

Proposition 3.14. There is a probability space supporting 7™, #™ for all n such that

sup W,(x(™, #™) — 0

o<t<T

almost surely.

Remark 3.15. This shows distributional convergence of 7(™ and convergence of 7#(™ are
equivalent. They will approach the same limiting measure should one (hence both) of them

converge.
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Proof. Consider the probability space supporting all the {B®(t) : 0 < t < T'} together with
the initial conditions {Xi(n)(O) 1 < i < n,n € N}. This space will then support Y™ Y
as well. By Corollary we may also assume Y™ — Y almost surely. As in the proof of
Proposition , {Xi(oo)(()) : 1 € N} are i.i.d. samples with distribution 7. By our assumption

that W(()n) — 7o in (P, W,), we may further choose our probability space so that
- Z|X<"> X 0)P— 0 (3.14)

in probability. Using the Skorohod representation theorem we can find a supporting proba-
bility space where this holds almost surely. We use the same representation of our processes
as in the proof of the propagation of chaos. That is,

X)) = XM(0) + BO(t) +m{™(t), (3.15)

XO(t) = XP0) + BO(t) + may(t), (3.16)

fori=1,---,n, and t € [0, 7], where

m{™(t) = sup —[(BD(u) + X™(0)) — Y™ ()] v 0, (3.17)
i(t) = sup. ~[(BD(u) + X(0)) — Y(u)] V0. (3.18)

By the triangle inequality
IS — llio.g < 1X(0) — X 0) Y™ — Y| (3.19)

for any ¢t € [0, T]. For any nonnegative numbers a and b, (a +b)? < (2(aV b))? < 2P(aP? + bP).
Using (3.19), Lemma [3.12 m (3-14) and the fact that ||V — Yo 7— 0 almost surely,

1/p
sup Wy(ef”, 7)< swp (© Z|X XO@)p)
o<t<T o<t<T
< swp (+ zn: (X 0) = X+ — o))
C0<t<T \N S ' ' ' ’

1 - n 0 Y
= (=X ) - X O p+2 iy - v )
n
i=1

— 0,
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almost surely. O

Recall the following notions of modulus of continuity. For v € C([0,T1], (P, W,)),

w/(f% T7 6) = =sup Wp<7t7 78)7
o<t<T
[t—s| <&

and similarly for f € C([0,T],R),

w(f? Ta 6) = OSltlETLf(t) - f(S)‘
[t—s| <6

In our method of showing tightness of the collection 7™ we utilize p-th moment bounds
of w(B,T,d) for a Brownian motion B. This is to be compared to Lévy’s theorem on the
modulus of continuity for Brownian motion which deals with the almost sure behavior of
the modulus of continuity for small values of 6. We cite the article [19], where the authors
Fischer and Nappo give a more general statement concerning moment bounds of w(X,T',d),

when X is an Ito process.

Theorem 3.16 ([19]). Let B(t) be a one dimensional Brownian motion and T > § > 0. For

any q > 0 there exists a positive constant C, independent of T' and d such that
T q/2
Ew(B,T,6)? < C, ((ﬂogg) :

This leads directly to the following strong law of large numbers applied to the modulus of

continuity w(B®, T, ).
Corollary 3.17. Consider a sequence of independent Brownian motions {BY : i € N} all
defined on the same probability space. We have

1 n ) ) T q/2
- § w(BY,T,6)" “% Ew(BY,T,8)" < C, <5log g)
n

=1

for every g > 0, every 6 > 0, and some positive constant C, depending on q only.
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Remark 3.18. Typically when X, are continuous stochastic process on a complete and sepa-
rable metric space (E, d), one demonstrates tightness of the measures induced on C([0, 7], E)

by showing “stochastic equicontinuity”

lim sup P(w(X,,,T,0) >¢€) =0 (3.20)

0—0
together with a compact containment condition for a countable dense set of times [0, 7:

given any 1 > 0 one can find a relatively compact set I'y,, C E such that
inf P(X,(t) € I'y,) > 1—n. (3.21)

Consider and the corresponding ¢ for € = 1. Repeated use of the triangle inequality
between time increments of size d can be used to bound X, (¢) with high probability uniformly
in n at each time t should X, be bounded w.h.p. uniformly in n at a fixed time ¢y,. Since
boundedness in R? is equivalent to relative compactness, if E is Euclidean, can be
concluded from ([3.20)) provided there is some time tq such that X, (¢y) is bounded w.h.p.
uniformly in n. If F is not Euclidean, finding compact sets may not be particularly easy,
especially if E is not locally compact. Since our processes are (P, W,)—valued continuous
processes, as shown in Lemma , and since (P, W,) is not locally compact, we face similar
issues. One can use the p-th moment bounds on w(B®,T,§) with a similar arguments in
the proof of Proposition to demonstrate . This would need to be paired with
a compact containment condition as mentioned. We sidestep dealings with compact sets
in (P, W,) by establishing almost sure pointwise convergence of subsequential limits of Wt(n)

together with a uniform stochastic equicontinuity result Proposition below.

Proposition 3.19. For every €,n > 0 there corresponds a § > 0 such that
P(supw’ (7™, T,6) <€) >1—n.

n

Proof. Recall the role of v in (3.1). We first prove the case when v < 0 so that Y is

monotonically decreasing. The general case follows by applying the proof to each partition
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of [0,T] = [0,¢t*] U [t*,T], where t* is the unique zero of V. From Lemma and the

definitions of w,w’ the following holds almost surely,

W (7™ T,8) = sup W, (7" t(n))

o<t<T
[t—s| <8
1 < i o ap\ /P
su - B l) +|m;(s) — my(t )
< s (52 1896 = BOO+(s) - )]
[t—s| <o -
< (li) sup_ [1BO(s) ~ BOW+pn(s) — (o))" )"
\n Jo<t<T
i= \t s| <é
) 4 ~ . 1/p
< sup_[|BY(s) — BY (1) [ +|rmi(s) —mi(t)|”])

0<t<T
\t s| <8

IN

= 10<1t<T o<t<T
[t—s| <o [t—s| <6

2p"

(32
@j sup_[BO(t) — BO(s)P+ sup_Jin(t) — in(s))")
>

n

”
>T5)+wm%ij>5

Because dY/dt < v is monotonically decreasing, w(mm;, T, 8) < vé+ w(B®, T, ). That is, the
maximum change the Brownian path makes below Y, in the span of § time, is bounded by

the change made by the line vt in addition to the change of the Brownian path. This gives

p+1 7

A 1/
W (7T, 6) < <2pv5—|— w(BY, T, 5)p> '

n -
=1
almost surely. For simplicity we take v = 0 in the remaining argument. Setting [, =

(e? /2, 00),

] — ) eP
ig ) T.5 <P< - BO T §7P > )
(sup ' (7, T.6) > €) < 23571;£;a& T,0) > s

=E1, {sup Zw Té)p}.

n>N T
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By Corollary and the dominated convergence theorem,

Jim E 1]€{sup 1 éw(B@, T, 5)1’} - Elfe{]Ew(B(i), T, 5)?}

n>N T
<E 116{013 (5 log §>p/2}
= 11€{C’p(510g %)pm}.
In other words,
J\}EEOP(:EJI\);W/<%(71)’T’ §) >¢€) < lle{Cp ((5 log ?)pﬂ}, (3.22)

which is 0 when § satisfies

62

01 r <
og — —_—.
&3 Ar)/p C2P

With this chosen value of §, take N large enough so that

P(sup ' (7™, T,8) > €) < n/2,
n>N

then appropriately shrink ¢ until

to conclude that

]

Corollary 3.20. The collection {7™ n > 1} is equicontinuous on C([0,T], (P, W,)) with

probability 1.

Proof. Apply Proposition to decreasing sequences ¢ = 1/k and n = 27F to yield a

sequence 0 — 0 with

Z]P’(supw'(fr(”),T, o) > 1/k) < oc.
k=1 "
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By Borel-Cantelli the probability that {supw' (7™, T, ;) > 1/k} occurs infinitely often is
zero. Almost surely, Ay := {sup w’(fr(”),%, 0r) < 1/k} occurs all but finitely many times.
This means for an almost surg set of w in our probability space there is a finite integer
N(w) so that w € (V. n(,) Ak, Which in turn implies the sequence (W), #@(w), ..., is

equicontinuous. OJ

We quote one more theorem and present a lemma before proving the main result.

Theorem 3.21 ([21]). Forp > 1, let {; : i € N} be i.i.d. samples of an LP bounded random

variable & with density f, all supported on the same probability space. Then

1 n
]EWp<E Z&[@}»f) — 0, asn — oo.
i=1

Lemma 3.22. Let V be a continuous function, and X a solution to dX = dB + Vdt + dL

where L is the local time of X at zero. Then

t 1 t
Z(t) = exp ( - / V,dB, — 5/ vjds)
0 0

is a martingale with Z(0) = 0 and E[Z(t)?] < oo for any p > 0.

Proof. Since V' is continuous, it is bounded, and so it follows from Novikov’s condition that

7 is a martingale. In fact, if M(#) is a continuous local martingale, Z’ := exp(M —L(M)) is a

2

local martingale from Ito’s lemma. Because it is non-negative we may apply Fatou’s lemma to

an exhaustive sequence of local times T, “3 0o to see E(Z'(t)|F,) < lim E(Z'(t AT,)|Fs) =
n—oo

lim Z'(sAT,) = Z'(s). That is, Z' is a supermartingale. Take any p, q,¢ > 0 with é—ki =1.

n—0o0

Then

E[Z(t)F] = E[exp ( —p/ot VsdBg — qu‘2 Ot V52d8> exp (@ /Ot Vfds)}
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Now apply Holder’s inequality with ¢, ¢

E[Z(1)"] < E[GXP(—pq/t —~ / (% /Ot Vfdsﬂl/q

<1- E[exp qp — / Vfds) l/q = exp( pe'lap = 1) /t Vfds) < 00.
0

2
Here
t
eXp — pq / VidBs — —— Vfdsﬂ <1,
0
since
¢ t
M(©) = —pq [ VadB., (M)0) =9 [ Vids
0 0
and because exp(M (t) — (M)(t)) is a supermartingale as explained above. O

We are now in a position to prove the hydrodynamic limit result, Theorem [I.2]

Proof of Theorem[1.3. We first show that 7™ converges in distribution to the measure in-
duced by p(t,-). By Proposition it suffices to show this for #("). Take any subsequence

ng. For each rational 0 < t < T we have defined 7?,5")

as an empirical measure of i.i.d. random
variables with density p(t, -) taken from Corollary - 3.11| by replacing ¢ in the Corollary state-
ment with Y. We show that Y € C?([0, T],R) so the Corollary can be applied. By Theorem

B.21]
E W, (7™ p(t,-)) — 0, for each t € [0,T].

For each rational ¢ € [0, 7] there is a subsequence n} such that
~(n})
Wp(ﬂ-t § 7p(t7 )) — Oa

almost surely. By a Cantor diagonalization applied to each subsequence for an enumeration
of the rationals, there exists a single subsequence nj such that W,(7 (n"),p(t, -)) — 0 for
each rational ¢ € [0, 7], almost surely. Apply the uniform equicontinuity given by Corollary
3.20, and follow the proof of Arzéla-Ascoli verbatim to see that the subsequence 7("%) is
totally bounded in the space C([0, 7], (P, W,)), almost surely. See [20, Chapter 4.6]. Total

boundedness in a metric space is equivalent to every sequence having a Cauchy subsequence.
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Consequently, for almost every w in the probability space, every subsequence of 7(") (w) has
a Cauchy subsequence in C([0,T7], (P, W,)). Because C([0,T],(P,W,)) is complete, every
subsequence of 7(")(w) has a convergent subsequence. Since ﬂt(ng)(w) already converges to
the continuous p(t, -) along rationals, every subsequence of (") (w) has a further subsequence
converging to p(t,-). Therefore 7Ttng) converges to p(t,-) in C([0,T], (P, W,)) almost surely.
This proves the claim that {w§"> :t € [0,T]} converges in distribution to p(t,). Next, we

show

t
V(O = ~(K/2) [ bl Y (s))ds
0
and that V € C'([0,T],R). This also demonstrates Y € C?([0,T],R), which we took for
granted above. We take v = 0 for simplicity. Let

m(t) = sup —[BY(u) + X (0) — Y(u)] V0.

O<u<t

As in the proof of Proposition we know m(t) is distributed as L(1(¢), the local time of
X (t) := BO(t) + X™(0) + m(t)

on Y. From Corollary [3.8 we have, almost surely,

V(t) =Emy(t) = ELD(t)

-K
=Elim— [ 1pq(X(s) = Y(s))ds
0

e—0 2¢

_ ¢ (3.23)
_lim 2R /0 Lo (X(s) — Y(s))ds

e—0 26

—-K tF
— " im F(s,¢)
2 e—0 0 €

ds,

where F(s,e) = P(0 < X(s) — Y(s) < ¢), provided we justify the passing of the limit under
the expectation. In the proof of Proposition we saw that X — Y solves an SDE of
the form dW = dB + Vdt + dL for the continuous function V, and such processes have a

continuous density ¢(s,z) = p(s,Y (s) + x). That such processes have a continuous density

is shown in [36]. Write

%/OtF(s,e)ds = /Ot % /OE¢(3,x)da:ds = /Otgb(s,x*)ds
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for some 0 < x* < € by the mean value theorem. For all 0 < e <1

1t ¢ t
—/ F(s,e)ds < sup o(s,2")ds < / sup ¢(s,z")ds < o0
0 0

€ 0<z*<1 Jo 0<z*<1
0<s<t

and the bounded convergence theorem justifies the passing of the limit inside the time inte-

gral,
K. ['F K [t F _K [
—— lim <S’€)ds: lim Mds: T/ o(s,0)ds.
0

2 =0 0 € 2 g €0 €

That is,
K [t
Vi) = / p(s, Y (s))ds.
0
We now justify the exchange of limit in (3.23]) using the definition of local time to replace
the time integral with a space integral. Let Z(l)(s, a) denote the local time of X —Y at level

a and time s. We see

1/Ot Lio,q(X(s) =Y (s))ds = /Ot % /06 Z(l)(s, 2)dzds < /Ot sup [E(I)(s, z)]ds.

€ z

The Lebesgue dominated convergence theorem will justify (3.23)) provided we show

t ~ ~
E/ sup[LW (s, 2)]ds < tEsup [LW(t, 2)] < oo.
0

z z

We apply a Girsanov change of measure as in Lemma which is justified because Y

satisfies the Novikov condition. So

t 1 t
Z(t) = exp < — / VidBs — 5/ Vfds)
0 0

is an exponential martingale with | B| having the same distribution as X —Y under the mea-
sure defined by the Girsanov transformation dQ/dP = Z(t). Lemma states E[Z(T)?) =

C < o0o. From this, the change of measure formula, and Cauchy-Schwarz,

E sup[L(, 2)] = E(Z(t) sup L(t, )
< E(Z*(1)"E [(sup L{t, 2))*]

< CY2E[(sup L(t, 2))*]/?

z
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where L(t, z) is the local time at level z of Brownian motion reflected from the origin. The
main results in |2, Theorem 3.1] demonstrate bounds on the last term, where Barlow and

Yor show the existence of a constant C), such that
E [(sup Li(2))"] < G, t72.

It follows that
E sup[LV(¢, 2)] < oo,

completing the proof. n
4 Uniqueness of the heat equation with free-boundary

In this section we give existence and uniqueness for the PDE with free boundary condition
(p(t,-),y(t)) which is the solution of our hydrodynamic limit given by (L.2). If (p,y) is a
solution and p(t,-) represents the distribution of heat, then the equation in Theorem is
interpreted as saying the acceleration of the moving barrier y(t) is proportional to the current
amount of heat on it. The hydrodynamic limit already yields existence of such a solution.
In that statement of Theorem (7™, Y (™) converges in some sense to a solution of (L.2).
Here we show this is the only solution by demonstrating uniqueness of this PDE with free

boundary.

Remark 4.1. For any solution (p, y) of (1.2) make a substitution u(t,z) = p(t,z + y(t))

and see (u, y) is a classical solution to

w(t,z) = %um(t, ) + o/ (D (t, 2), when z > 0, (4.1)
wa(t,0) = —2¢/(t)u(t, 0), (4.2)
V(1) =~ 5 u(t,0), 4(0) = 0, () = v E R, y € C(0.T)R), (43)
%m(t, r) = f(x)dz, fe€ L' (R,). (4.4)

In this way the two problems are equivalent.
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Theorem 4.2. The PDE problem in (4.1)-(4.3)), and equivalently that in (1.2)), has a unique

solution for any K > 0.

Remark 4.3. The regularity of the boundary plays an important role because if y” exists
then the solution to (1.2)) has a stochastic representation given from Corollary [3.11, We

exploit this to show uniqueness.

Proof. Theorem [1.2|gives existence. To show uniqueness we will prove the corresponding bar-
riers yi, Yo of any two solutions are in fact equal. Assume that (py(t,-), y1(t)), (p2(t,-), y2(t))
are pairs solving the PDE with the given initial conditions. Following Corollary [3.11] above
we know that the transition density p;(¢, ) of Brownian motion reflecting from y; satisfies

the PDE

at - QAZ/plv ) > yl(t)v (45)
apz /

= —%/ oy =y 4.
9y yi(tpi, y = vi(t), (4.6)
limpi(t,y)dy = f(y)dy € L' (R.). (4.7)

Without loss of generality we assume [ f(y)dy = 1. Let (2, F;,[P) be a probability space
supporting a Brownian motion B(¢) and an independent random variable £ with density f.

As in the proof of Theorem [1.2] we know

yi(t) = —(K/2)Em;(t), where m;(t) = max —[B(u) + & — y;(u)] V0.

u€(0,t]

Linearity of expectation yields the following comparison between v, v} :

() = 1al0) < [ s) = sh(o)lds
e t
=5 [IEmi(s) — mas)lds

t
K K
<5 ly1 — v2lljo.5ds < 3t\|y1 — yallj0.9-
0
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Consequently,

K
ly1(t) — y2(t)| < EtHyl = Y2llj0.0)< (K/2)t||ly1 — v2llj0,4-

Because the right hand is nondecreasing this inequality holds when the left hand is maximized

across time,

1 — w2ll.g< (K/2)t|lyr — v2lljo.g-

Therefore ||y1 — y2l/pg< Cllyr — vzl for some C' < 1 aslong as 0 <t < t* < 2/K. As
a result ||y1 — Y2,y = O for all t* € [0,/2/K]. In other words, the barriers y; and y, are
identical up until this fixed positive time. A renewal argument shows that y; and y, are

identical across the entire interval [0, T7). O

5 Appendix

In this appendix we prove by taking the proofs from [7] and adapting them, ever so
slightly, to our situation. Much of the following is close to verbatim from section 2. For
T € (0,00], let g € C*([0,T),R) and define D = {(t,z) : * > g(t), 0 < t < T} and
D(s) = [g(s),00). So 0D(s) = {g(s)}, and D(s) has only one boundary point. We have
n(s,r) = (0,1) € R? is the unit inward normal of D(s) at this boundary point. Let § =
(71,72) be the inward normal vector field on 0D, which is the graph of g. At the location
(t,9(t)) € 9D, we compute §(t) := (71(¢),72(t)) which solve

(1), 72(1) = (—g'(t)72(t),72(t)), and 77 () +73(t) = 1.

This equations is easy to derive: the first equation follows from the fact that the inward

normal has slope —1/¢/(t), and the second equation guarantees it is a unit vector. One
derives 3 (t) = 1/(1+ (¢'(t))?).

Theorem 5.1 (2.1, [7]). Suppose that ¥(t) *n(t,xz) = v(t) > co > 0 on dDN(0,T) xR. Let
B be a standard one dimensional Brownian motion. Then for each (s,z) € D with s < T,

there is a unique pair of continuous processes (X*%, L>") adapted to the minimal admissible

filtration of B, such that:
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(i) (t,X;") € D fort € [s,T) with X3 = x,

(i) {Ly",t € [s,T)} is a nondecreasing process with L* = 0, such that t — L} increases
only when the process (t, X;) is on the boundary of D. That is, L = fst lop(r, X, )d L™

fors <t<T.

(iii) X2% =2+ (B —i—f (r, X3")dL5" for s <t <T.

Proof. The authors of [7] reference Lions and Snitman (1984). In our case, the theorem
follows from the Skorohod map construction of reflected Brownian motion. Since 0D is the
graph of g, one can see condition (ii) in the theorem statement above is our condition that
L; be flat away from the set {t : X;”* = g(s)}, that is, flat away from the set of times X;**

contacts g. O

Let P(*) denote the law of X*® induced on C[0, c0), the space of continuous functions
equipped with the uniform topology on each compact time set. Let X be the canonical
map on C[0,00). The uniqueness of X% implies X = (X,P*?) (s,2) € D) is a time-
inhomogeneous strong Markov process. In our case, the strong Markov property is easily
garnered from the time shift property of the Skorohod map described in Remark [1.4]

We will now prove the existence of the transition density for X and find some estimates
for it, using parametric methods from the theory of partial differential equations [see. e.g.,

It6 (1957) or Hsu (1987)]. We work with the half Laplacian operator A.

Theorem 5.2. There exists a fundamental solution p(s,x;t,y), (s,x),(t,y) € D,s <t < T,

for the for the following differential equation:

.

%+%A$p:0, for (s,x) € D with s < t,
g_ﬁ =0, for (s,z) € OD with s < t, (5.1)

limg p(s, z;t, y)de = 6,(dzx), for (t,y) € D.
\
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Proof. We will use |-| for the Euclidean norm and d to denote the Euclidean distance. Let

['(s,z;t,y) be the fundamental solution for the heat equation % + %Axu = 0 in R; that is,
[(s,z;t,y) = (27(t — 5)) Y2 exp(—|z — y|>/(2(t — 5))). For (s,z) € D, let o € OD(s) be
such that |z — zo|= d(z, D(s)) and let ¥ = 2xy — x, the point zo. Since dD(s) = g(s), we
see 79 = ¢(s) and =} = 2¢(s) — z. Because g € C?, X, and x* are uniquely determined by
(s,z) and are C?—smooth in (s,z). For fixed Ty < T, let ¢ € C°(R, x R™) (the space of

infinitely differentiable functions with compact support), 0 < ¢ < 1 and such that s < Tj,
]-7 Z.f d((S'I)? 8D) S E0/27

¢(S7x> =
0, if d((s,x),0D) > €/2,

where ¢, isa fixed small constant and d((s,x),0D) is the Euclidean distance between (s, x)
and the boundary of D in R; x R. where ¢ is a fixed small constant and d((s,x),0D) is
the Euclidean distance between (s, x) and the boundary of D, which is the graph of g, in
R, x R. As a first approximation of p, set po(s,z;t,y) = I'(s,z;t,y) + ¢(s,2)['(s, x5 t,y).

) S

This function satisfies the boundary and terminal conditions in equation (5.1). The idea of

the remaining part of the argument is to find a suitable function f(s,z;t,y) so that if

t
pl(svl’;tay) = / </ po(S,ZL';T, Z)f(T,Z,t,y)dZ) d?"7
s D(r)

then

p(S,as;t,y) = pD(SMI;t?y) +p1(s,x;t,y), s<t S TD) (52)

is the fundamental solution for ([5.1)). Note that p defined in ([5.2)) satisfies the boundary and
terminal condition in (5.1). We would like the function p defined in (5.2)) to satisfy the heat

equation, that is,

O I e (L4 1A /t/ (s, 27, 2) f(r, 7 £, y)dz ) dr = 0
aS 9 z | Po 65 9 T . D(T)pﬂ S, LT, 2 .zt y)az r=2u.

This is equivalent to
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0 1
f(S,l’;t,y) - (% + §Az> p0(5>x§t>?/)

/(/ fT”y( T A)po(&w;t,y)dz)dr. (5.3)

It remains to solve (5.3) for f. This is an integral equation of Volterra type, which can be
solved by the method of iteration. Let

0 1
f0(57$;t7y) = (& + §Am> p0(57x;t7y)7
t
fk(S,Q?;t,y) = / < fO(va;Ta Z)fkl(rwz;tay)d’z) dT, k Z 17 (54)
s D(r)
(s,z;t,y) ka (5,759,9).

We will show that »>"°  fx(s,z;t,y) is absolutely convergent and solves (5.3).
Using induction, we can show that [27], page 375] for each fixed [ < T', there are constants
K, K, and C such that for all (s, ), (t,y) € D with s <t <land k > 1,

| fu(s, x5 t,9)|< K1 KSy (k ;— 1) (t — 5)(’“_2)/2 exp (—%) , (5.5)

where T' is the Gamma function. Thus, f(s,z;t,y) = > oy fr(s,x;t,y) is well defined,

continuous, and is easily seen to satisfy (/5.3)). O

For a fixed ¢t < T, and a bounded continuous function ¢ on D(t), we see from Theorem

that
u(s, ) = / p(s, 1, 1)6(y)dy
D(#)

is a solution of the following equation:

7

9u 4 %Azu =0, for (s,z) € D with s < t,
gz =0, for (s,x) € 0D with s < t, (5.6)

limu(s, z) = ¢(z).

\ sTt
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The following is a special case of the uniqueness result in Friedman [22] Theorem 15 in

Chapter 2|.
Theorem 5.3. For fized (t,z) € D, their is a unique solution to the heat equation (5.6)).

Remark 5.4. See page 40 in Friedman for definitions of relevent objects in |22 Theorem
15]. We do not require the “inside strong sphere property” (ISSP) at {t = T} since t < T.
This is possible by modifying the operator L, in his notation, so that b < 0 from [t + €, T]|
and therefore the ISSP condition will hold at {t = T'} for this modification.

Theorem 5.5. The function p(s,z;t,y) in Theorem has the following properties:

(i) p(s,x;t,y) is strictly positive and C*—smooth on {(s,z,t,y) € D x D:s <t <T}.

(i) For s <t <T,(s,z) €D,

/ p(s,z;t,y)dy = 1.
D(t)

(i1i) The Chapman-Kolmogorov equations hold for any 0 < s < r < t < T and any
(s,2), (t,y) € D,

p(8717;t7y)=/ p(s, x5, 2)p(r, z;t,y)dz.
D(r)

(iv) For each fired 0 <1 < T, there exist constants K; > 0 and C; < oo such that

—Kz|x - y|2>

p(S,fE;t,y) S Cl(t - S)in/Z €xXp ( +
— S

for s <t <l and (s,x),(t,y) € D.

(v) Let D. = {(t,xz) € D : d(z,0D(t) = g(t)) < €}. For each fired 0 < | < T, there are

constants ¢, > 0 and C; > 0 such that for 0 < e < ¢€,0<s <t <l and (s,x) € D,

1
—/ p(s,z;t,y)dy < Ci/vVt — s.

€

€
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Proof. (i) The positivity of p(s, z;t,y) is a consequence of a strong version of the maximum
principle [22, Theorem 1 in Chapter 2| while the C? smoothness follows from and .
Assertions (ii) and (iii) follow from Theorem [.3} Claim (iv) follows from the estimate
and (5.2)), while (v) follows from (iv). O

Theorem 5.6. The function p(s,z;t,y) in Theorem is the transition density of the time-
inhomogeneous RBM X on D defined in Theorem (5.1)). Therefore, X is a continuous Feller

process and, hence, a strong Markov process.

Proof. For any fixed ¢t < T, and a bounded continuous function ¢ on D(t), let

u(s,z) = /D e n)o

The function u(s, z) is a C?-smooth solution to equation (5.6). For (s,z) € D, applying Ito’s

formula to u(r, X>*), we have

1
du(r, X7*) = us(r, X2%)dr + §Au(7", X®)dr

)
+ Vau(r, X**)dB, + 8—“(7~, X30) L5
n

= Vu(r, X;*)dB,.

Hence,

u(s, z) = Elu(t, X;")] = E[p(X;™)].

This shows that the distribution of X;* is absolutely continuous with respect to the Lebesgue
measure and its density function p(s, z;t,y). From the continuity of p, we see that for bounded
measurable functions ¢ on D(t), u(s,z) = E[¢(X;")] is a continuous function in DN[0, ) x R™.
This means that X is a Feller process. The Feller property together with the continuity of
the sample paths implies that X is a strong Markov process. Note that an alternative way
of proving the strong Markov property in our case was by using the time shift property of

the Skorohod map, as indicated in Theorem and the paragraph following it. ]

For e > 0, let D, = {(s,x) € D : d(z,0D(s) = g(s)) < €} and let o, denote the surface

area measure on 0D(r).
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Theorem 5.7. For (s,z) € D and s <t < T,

S,x 1 ! S,T
Ly 16%12_5/3 1p, (r, X>%)dr, (5.7)

in L? and a.s., uniformly on relatively compact sets of t. For each fized 0 < | < T, there is

a constant ¢; > 0 such that for (s,x) € D and s <t <1,

E[L5*] — / /(/8%) I z)a,(dz)) ds < /i —s. (5.8)

Proof. For each fixed small constant € > 0, define 1(§) = (¢ — 6)?/2if 0 < § < € and 0 if
0 > €. Let

fe(s, ) = Ye(d(z, D(s)%)) = ¢(d(x, g(s))) = = — g(s).
Since g is C?, f. is twice differentiable with bounded second derivative on {(t,z) € D : t <[}
for each fixed [ < T. Note that 0 < f. < €2, 88];5 < €, |Vaofl< e, Vif(s,x) = —en(s, x) for
(s,x) € 0D, and A, f. = (1 + O(€))1p,. By Itd’s formula,

FAXET) = fils,) + [ VA X7,

t&f 1 t
€ Xs,:r Ls,m - A i Xs,:p )
[ Gerxedn + 5 [ Antn e

Dividing both sides by ¢, we obtain

L”——/ 1p.(r, X>%)d

t 59)
6/ VA X3, + 0(0) +0(¢) [ 1o, (r. Xp")ar
By Doob’s maximal inequality and Theorem 2.4(v),
E | sup /Vf X”)dB < E[/ |V fe(r, X% dr] (5.10)
s<t<l| €

I
< qE [/ |1p,(r, Xf’x)|d7}

e /Sl </5p(s,x;r,y)dy) dr

l
< Ce/ (r —s)"V2dr = Cev/l —s.
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This and (5.9)) imply that

IimE

su
el0 D

s<t<l

2

that is, (5.7)) holds in the L2-sense. From (5.10) and Chebyshev’s inequality we see that
i P| su > 1 <C i 1 < 00
e k)T TR
k=1 == k=1

By the Borel-Cantelli lemma, with probability 1,

1 t
L = — [ 1p,(r,Xp")d
=g [ X

t
k* / V fipa(r, X2%)dB,

¢
lim sup k* / V fijps(r, X;2*)dB,| = 0.
k—o00 s<t<lI s
This implies that, a.s.,
/{?4 t
’Cli)rgoss;gl Ly* — 2/ 1D1/k4(r,Xr’ )dr| = 0. (5.11)

For 0 < e < 1, let k. > 1 be the integer such that 1/k* < e < 1/(ke — 1)*. Since Dy s C
D, C Dl/(kefl)‘*; we have

t

Lp (r, X>%)dr

[\
M

ke —1)4 [t 1
—< 5 ) / 1D1/ké(T,X:’x)d’f‘< —

t
- / 1p (r, X2%)dr.

B} 1/(he—1)4

IA
w
~

This, together with (5.11)), implies that, a.s.,

lim sup = 0.

k—o0 s<t<l

Inequality (5.8) follows from (5.7) and Theorem [5.5(v). O

1 t
Ly* — E/S 1p, (r, X2%)dr

Lemma 5.8. For each firted a < oo and 0 <[ < T,

sup Elexp(aL;™)] < .
(s,z)€ED
s<t<l
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Proof. Tt follows from Theorem [5.7] that there is a 6 > 0 such that

sup  E[aL;)®] <1/2,
(s,z)eD,s<r<l
|[s—r|<d

and therefore, by Khasminskii’s inequality [13, page 231],

sup  Elexp(aL;®)] < 2.
(s,x)eD,s<r<l
[s—r|<d

Let &k > 1 be such that [/k < §. Then by the Markov property of X and the additivity of
local time L, we have for any 0 < s <t <[ and (s,2) € D,

k

Elexp(aLy™)] < sup  Elexp(aL:®)] | <2~
(s,2)eD,s<r<l
[s—r|<é

]

Theorem 5.9. Firz somet > 0. Let f(s,x) be a bounded function defined on 0D and ¢ be

a continuous function on D(t). Suppose u(s,z) € C*(D) N C*(D) is a C*-smooth solution
for
% + %(Xgu =0, for (s,z) € D, with s < t,

St f(s,x)u=0,  for (s,x) €dD, with s <t, (5.12)

limgy u(s, x) = ¢(z).

\

Then for (s,x) € D with s < t,
u(s,z) =E [exp (/tf(r, X;?’x)de;x) gb(Xt”)] . (5.13)

Conversely, if f(s,x) is a bounded continuous function on 0D, then the function u(s,x)

defined by (5.13)) is continuous on D for s < t, it is continuously differentiable in s € (0,1),

it belongs to class C*(D(s)) N CY(D(s)) as a function of x, and it solves the equation ((5.12)).



o4

Proof. Assume that wu(s,z) solves (5.12). By It6’s formula,

d (exp </r f(U,Xi:l“)de)’$> u(r, Xj@))
=exp (/T f(v, Xivm)dLim)
0

X (u(r, X0 fr, X% dL)" + (0_ + %Ax) u(r, X,%)dr + Vu(r, X>*)dB, + g (r, X2%dL x)
r
= exp (/ f(v,Xj’I)de;z) Vu(r, X *)dB,.

Hence, {exp( [ f(v, X5)dL5")u(r, X*%), s < r < t} is a local martingale. By Lemma ,

it is, in fact, a martingale since v and f are bounded. This implies
t
utova) = oxp ([ 70 X5 ) e, X0

¢
— 8 fox ([0, X200+ ) x|
and, hence, proves (5.13)).

Now suppose that f(s,x) is a bounded continuous function on 9D and U is a function

defined by (5.13)). Clearly, limgy; u(s, z) = ¢(x). We have

uls,z) = Elp(X;")] + B Kexp ( / o Xo L,’i@) ) 1) ¢(Xf’$)}
= E[p(X;")]
—exp Vt fr, X37) exp </t f(U7X5,x)dLi,x> <Z5(Xf’z)dL;‘§v‘”}
= E[p(X>")] V Fr X5 X”)dL;‘ivf”}
- / (s, 5 t,y)0(y)dy

1 / ( /8 o Do 2l z)or(dz))-

From (5.14)), we see that u € C?(D)NC*(D) for s < t. By Theorem u satisfies g—Z—i—%Agcu =

(5.14)

(\]

0 in D. To show that u satisfies the boundary conditions in ([5.12), we adapt an approach



from Hsu [27], Proposition 3.2. Applying 1t6’s formula, we have for s < r < t,

! !
u(r, X)%) —u(s,x) = / Vu(v, X;*)dB, +/ %(U,Xﬁ’x)dl/f}’m.
S S n

On the other hand,

t
utrX2) = oxp ([ .05z ) olxr 9|7,

= exp (— / f(v,Xf’x)dLi’”)

x E {exp (/t f(v,Xi’x)de,’x) P(X77)

Fs,r:| 3

where Fy, is the o — field generated by X5 for v € [s,r]. Let

M, —F [exp ( / o, vaf)sz’x) S(X07)

-l
In view of Lemma M, is a martingale so by Ito’s formula,
u(an’I) - ’LL(S, l’)
r 0
_ / exp (— / f(v,Xj’x)de}’x> dM,
Sr ’ 0
— / f(0,X,7") exp (—/ f(v, Xj’””)de;”c) MpdLy*
S . 9 S
= / exp (—/ f(U,Xi’x)de}’x> dMy

- / £00, X357 u(0, X5 )dLy".

From ([5.15)) and ({5.16]), we see that the bounded variation process

[ (Grxe + o, xe (e, X2 ) aze
s n

is a continuous martingale and, therefore, it must be identically zero. Were

95

(5.15)

(5.16)

# —fu on

0D, say %(s,x) + f(s,z)u(s,z) > 0 for some (s,x) € 0D, there would be a neighborhood
U of (s,z) such that 2%(s,z) + f(s,z)u(s,z) > €¢ > 0 on UNID. Let 7 = [{r > s :
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(r, X>*) € 0D \ U}. Clearly, 7 > 0 almost surely and, therefore, there is a ty > 0 such that
P5*(1 > ty) > 0. Then on {7 > o},

o/ Ou g
0= / (%(%Xi@) + f(v,Xi»I)u(U,Xj,x)) de},x > €0st(’] .

This is impossible as (s,z) is a regular point of D for the space-time Brownian motion
because L;" > 0, Ps, z-almost surely. This is true for one dimensional Brownian motion
reflected from the origin, and gor ¢ € C? holds for reflected Brownian motion with drift
(the solution Z of dZ = dB + gdt + dL; where Z is the local time at zero of Z). Therefore
% = fu on OD. m

Remark 5.10. Uniqueness of C?-smooth solutions to (5.12)) is a by-product of the proba-

bilistic representation (5.13)).

The equation in (5.1 is the “backward partial differential equation” for the transition

density function p(s,zlt,y) of X, in variables s and x. Our next result is concerned with

0

p(s,x;t,y) as a function of ¢t and y. If we view L = £

+ %Ax as an operator in D together
with its zero Neumann boundary condition given in , and we let L* be its formal adjoint
operator in L*(D), then the function (¢,y) — p(s,z;t,y) is in the domain D(L*) of L* and
it satisfies the differential equation L*p = 0 [41, pages 2-3]. The following is a result of the
divergence formula in R™™!. Recall that ¥ = (—¢'(t)/(1 + (¢'(¢))?),1/(1 + (¢'(t))?)) is the

unit inward normal vector on the boundary of D.

Theorem 5.11. The function p(s, z;t,y) satisfies the following forward differential equation
in (t,y) for each fized (s, ) € D:

0 1

(9_]759 — §Ayp =0, for (t,y) € D with s < t,

0 2

@ _ q% p=0, for (t,y) € 0D with s < t, (5.17)
on  ~-n

llgnp(sa:utay)dy = 5{x}(dy)7 fOT (sz) €D.

Proof. A function v belongs to D(L*) C L?(D) if and only if there is a ¢ € L*(D) such that

/wLudtd:p:/gbudtdw
D D
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for any v € D(L), and in this case L*i) = ¢. In view of the remarks about the function
(t,y) — p(s,z;t,y) preceding the theorem, it will suffice to show that ¢ € D(L*) if and only
if L' = (=& + 3A)(¢) and 2 — 22y = 0.

For any test function ¢ € C(?O((O,T) x R™) and u € D(L),

/¢(;+ A)udtdx
:/D(a(;;/}) _uﬁa_w it d$+%/OT/D(t)¢Au dz dt
:/D(a%ﬁﬁ) _“aa_w dt da:+%/0T/D(t)qu dz dt
/ /8D(t ua—nat (dx)dt
:/D( g;”) u%—f) dt dr + - // uA da dt
/ / divge (—uV1)) dx dt

= / U (—— + 1A) Y dt dx +/ divgn+1 (uw, —luvgﬂﬂ) dt dx
D ot D 2

0 . 1
:/Du(—a+ A>wdtdx+/8Du*y~(—w,§wa)da

Therefore, ¢ € D(L*) if and only if 7+ (=1, 3V,¢) =0 on 0D and L* = (—2 + L A)y. This

is equivalent to L*1) = (—% - %A)(@D) and = — Ql¢ =0. 0




Chapter 2

STRONG APPROXIMATION AND DISTRIBUTION OF THE
MAXIMUM

o8
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1 Introduction

In the previous chapter we constructed a multi-particle whose original motivation and study
of Brownian motion with inert-drift began with F. Knight in his 2001 paper [34]. In his paper,
Knight proves the existence of two particles X,Y, with X > Y, where X is the Brownian
particle and Y is the massive barrier with inert-drift.

In this chapter we prove several results in the same scenario of one Brownian particle
X interacting with the inert particle Y. In Section 2 we calculate the distribution of the
maximum of Y for an arbitrary initial velocity in terms of its Laplace transform; we provide
an algorithm for strong approzimation of the process (X,Y’) in Section 3; in Section 4 we
show the inert-particle cannot trap the Brownian particle at a reflecting wall. As mentioned

earlier, the following theorem of Knights is the first to establish existence of the process

(X,Y, V).

Theorem 1.1 (|34] Knight). Let B(t) be a standard Brownian motion. For a fived K € R,
there exists process (X,Y,V) adapted to the Brownian filtration where the following holds
a.s. fort>0:

(i) V(0) — v,V (t) is continuous, non-decreasing,
t
(ii) X (t) is Brownian reflected below Y (t) := / V(s)ds, fort >0,
0
(i1i) V(t) = v+ KL(t), where L is the occupation local time of X on'Y.

Here the occupation local time of X on Y is

L(t,w) := lim (26)_1/0 Lo,q(X(s) =Y (s))ds.

e—0t

By recentering Y as the new origin, we have an equivalent formulation of the above theorem
but in terms of one particle and its drift. Namely, there exists a process X adapted to the

Brownian filtration such that almost surely
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(i) X(t) = B(t) + L(t) + / K L(s)ds,
(i) X(t) >0,

1 t
(iii) L(t) = lim —/ 1[0’E)X(S)d8.
0

e—0 2¢

It is this process X which we term Brownian motion with inert-drift. David White proves
the existence of a more general form of the above by proving Theorem below, which can
be viewed as a variant of the Skorokhod lemma. We recall the Skorokhod lemma and a few

remarks from Lemma [1.2]in the first chapter.

Lemma 1.2 (Skorohod, see [30]). Let f € C([0,T],R) with f(0) > 0. There is a unique,

continuous, nondecreasing function m(t) such that

zp(t) = f{t) +my(t) > 0,

mys(0) =0, mg(t) is flat off {s: x¢(s) =0},

and is given by

my(t) = Osigt[—f (s)] V0.

t

Remark 1.3. Flatness off {z : z;(2) = 0} for m; means / (zs(s) > 0)dms(s) = 0. The
0

classical Lévy’s theorem says when f is replaced by a Brownian motion, the corresponding

process z is distributed as |B|.

Remark 1.4. The solution of the Skorohod equation has a time shift property: For any
0<s<t<T,

ZL’f(t) = Ig(t - 8)7

where g(t) = z¢(s) + f(t) — f(s).



61

In [40], Skorohod introduces the above solution and applies it to the construction of
reflected Brownian motion in the domain [0,00). By replacing the f(¢) with a Brownian
sample path B(t), z(t) becomes Brownian motion reflected at 0, and L(¢) is the corresponding
local time. In a similar vein, applying Theorem below to each Brownian path yields a
more general construction of Brownian motion with inert-drift, as taking p(l) = K1 for some

positive K will yield Knights original construction.

Theorem 1.5. [/5, Theorem 3] Let f(t) be a continuous function with f(0) > 0, and let

wu(l) >0 be a continuous monotone function with

/\(l) = sup |:u(a) _:u<b)|

< 0
a<b<l b—a

for each l. There is a unique continuous function L(t) which satisfies
(i) a(t) = f(t) + L(t) + [y po L(s)ds > 0,
(11) L(0) =0, L(t) is nondecreasing,

(iii) L(t) is flat off {t : x(t) = 0}, that is, [~ L{a(s)>03dL(s) = 0.

Remark 1.6. The Skorohod lemma implies that L(¢) is the running minimum of B(¢) below
fot po L(s)ds. See Remark . See the proof of Theorem .

A proof of Theorem [I.5] will be reproduced here as we will need the details of it later in this
chapter. The contruction is very similar to that done in chapter one in Proposition

Proof of Theorem[1.5. We will first show uniqueness. Assume that we have two functions
L(t), L(t) which both satisfy the assumptions of theorem 3. Let Q = inf{t > 0: L(t) # L(t)}
be the first time these two functions differ. Suppose that @@ < co. Define M(t) := A(L(t) A
L(t))(t — Q); this is an increasing function as both factors are increasing. Notice M(Q) = 0,
so let us choose an R > @ with M(R) < 1. By continuity of L and L, there is a T between

Q and R, and a positive 0, such that |L(t) — L(t)|< & for t < T, whereas |L(T) — L(T)|= 0.
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We show that the case L(T) —

L(T) = 6 gives a contradiction. Reversing L and L will then
prove uniqueness. Since L(T) — L(T) = 6 and L(t) — L(t) < § for t < T. We have

whence
I/(u o L(s) — po L(s))ds| < (T = Q)A(L(T) A L(T)) QiggT(L(t) — L(t))
5 <t<

Combining these two equations, we have
o(T) — &(T) = (1 - MT)(L(T) - L(T)) > 0.

Let S =sup{t < T :z(t) = Z(t)}. Thenfor S <t < T, x(t) > &(t) > 0, and by the hypothesis
that L (L) is flat away from the zero set of z (&) we have L(t) — L(S); L(T) = L(S) as well.
Then for such values of ¢, L(t) — L(t) = L(T) — L(t). As L(t) is nondecreasing, L(T) — L(t) is
nonincreasing and we have L(S) — L(S) > L(T) — L(T) = 6. This contradicts how we chose
T. Hence L(t) = L(t) for all t.

Now we construct the function L(t) for a given p and f. We do this by finding, for
every € > 0, an L and I¢ such that L°(t) = L(f + I°)(t) and £1(t) = p(ne) when ne <
Le(t) < (n+ 1)e. This is constructed recursively by initializing I§ = 0, L§(t) = Lf(t), and



63

T¢ = inf{t > 0: L§(t) = €}. The recursion is then defined by setting

I (0) I (1) for t < T, (1.1)
n+1 = .
! IS(TE) + u(ne)(t — Tg) for ¢ > T,

Ly (t)=L(f+1.,), Troy =inf{t > T, : Lpia(t) = (n+ 1)e}. (1.2)

In this way I, is piecewise linear and increasing, with its increases in slope determined by .
If m > n we see that I, (t) = I (t) whenever ¢ < Ty. Furthermore, for a fixed ¢ > 0, we have
I¢ (t) > IS (t) as I,, has more opportunities for an increase of slope. Whence L, (t) < L¢,(t)
and consequently L¢(t) := lim,, o L, (t) is well defined, as is I¢(¢) := lim,,—,o, I5(t). Observe
also that

LE(t) = LE(s) = L(f + I)(t) — L(f 4+ I°)(s)
< max{(f+1)(s) = (f +I)(r)}

s<r<

< max{f(s) - f(r)}

s<r<t

is a uniform upper bound, showing the family of functions {L¢(¢) : € > 0} is equicontinuous.
The family is pointwise bounded as well, since nonnegativity of I¢ implies L(t) = L(f +
I9)(t) < Lf(t) < oo. The requirements of Arzela-Ascoli are now verified, so that for any
sequence €, — 0 we have a subsequence €, such that L converges uniformly on compact
sets to a function to a function we call L(t). Once this L(t) is shown to satisfy the properties

in the theorem statement the existence portion of this proof will be complete. n

Whites proof is more general than the case we consider because we take u(l) = Kl for
some constant K > 0 as in the original setting of Knight. It would be interesting to extend

some these results in the more general setting.
2 Global Maximum of the Inert-Particle

In this section we consider the model where the Brownian particle X dominates the inert-

particle Y. We assume the inert particle begins at the origin with velocity V(0) independent
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of the initial position of the Brownian particle X (0). In other words, we assume
Y (0) =0, Y'(0) =V(0) L X(0). (2.1)

We know the velocity V(t) will change sign from positive to negative, almost surely on
V(0) > 0. To see this, note that the velocity V(¢) is proportional to the maximum distance
B(t) has traveled below Y'(¢). That is, V(t) = v — Km(t), where

m(t) = max[Y(s) = (X(0) + BE)] V0,

which follows from Remark [I.6] and Theorem [I.5] The construction of the process is done in
Chapter 1, Theorem for n = 1. If we suppose that Y (¢) is ever increasing, then V(¢) is
ever positive. But a Brownian path has a liminf of negative infinity, almost surely, so that
V(t) must become negative because m(t) would otherwise become unbounded, leading to a
contradiction. Consequently Y'(¢) reverses direction almost surely on the event V'(¢) > 0.

We condition X (0) =2 > 0 and V(0) = a > 0, and define
T :=inf{t >0:V(t) < 0}

as the time the inert particle reverse direction. Clearly the inert particle reaches its maximum
value at this time 7', and so

S:=Y(T)
is the random variable max;~o Y (). L.e., S is the global maximum of the inert-particle given

our condition X (0) = z,V(0) = v. See Figure for a sample path showing X,Y,S and T.

For p,a > 0, define
TW =inf{t > 0: B(t) + ut = a}
as the first time that Brownian motion with drift u reaches level a. It is well known that the

density of T\" is given as

a —(a;m)Z &
e 2t ,
V23

see, for instance, [31]. We have the following moment calculations.

P(TW € dt) =
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Figure 2.1: A sample path representation showing the Brownian particle X, the inert particle

Y and its maximum S occurring at time 7.

Lemma 2.1. Fora,u > 0, and Té“) as above, we have

i wy — &
(1) B(T) =2

2

(i) (T2 = 2 + L and
I

3 27
I

3 2 a2
2

i W)
(iii) B(T5") _

BesselK|1, ap].

Where BesselK|n, z] is the well studied modified Bessel function.

Let a > 0 and consider the standard inert-particle triple (X,Y,V) with Y (¢) < X(¢)
for all time ¢, as mentioned in the beginning of this section. We initiate the process with
X(0) >0 =Y(0) and V(0) = a. Let n € N. We use the algorithmic construction of Y

contained in the proof of Theorem by considering the piecewise linear process when
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Figure 2.2: An example of the stopping times R;, which are the times the piecewise linear
process Y" changes slope. The time changes occur when the recentered Brownian path

reaches a/n below Y.

¢ contained in the theorem’s proof is set to «/n. For this fixed n, inductively define the

following stopping times by setting Rj = 0, and

R? = inf {t >R, :a (%“) t —[B(t) — B(R!_,)] = niK} , (2.2)
Y'(t)=Y"(R",)+« (w) t, for t € [R}_,, R}], (2.3)
Sy, = max Y"(t). (2.4)

>0
Recall that K in in our definition of (1) = K1 is used in (2.2). In other words, Y™ () is a line

of slope o™=t for t € [R"

" 1, R7], while R} is the next time the recentered Brownian path

reaches a distance of «/(nK) below this line. In that sense See Figure [2.2|for an example of

the stopping times R; shown with the process Y™ and the recentered Brownian paths.

Proposition 2.2. In the above setting, with X (0) =0 = Y (0),

(i) S, - Za (=) - )
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(ii) Sp == S,

(i) ES,, = « for all n.

Proof. (i) Observe that Y"(¢) has positive slope until R}'. Because the slope of Y"(¢) is

au for t € [R”

YR Rﬁ, it necessarily follows that

n

(ii) This follows from the proof of Theorem [L.] since it is known that Y"(t) — Y (¢) uni-

formly on compact time sets, almost surely.

(iii) Tt follows from definition of the R}, (2.2)), that the gaps Ry, Ry — RY,..., R} — R},

are independent by the strong Markov property of Brownian motion and that

n n d .
R — Rl = T(*s)

an )

where

niK’ and p; = a(n—j+1)/n.

Ay =

Using Lemma for the moment computation, by (i) in Proposition proved above
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gives

j=1
- 1

_ a<" J ¥ >]E(Ta(“))
- n
7=1

~— n—j+1 1
= nk n—j+1
a1

o
7j=1

_a

==

]

Remark 2.3. In light of Proposition we have E(S) > « by Fatou’s lemma. In order
to prove E(S) = a/K we will need to control the tails of S, for which it suffices to show

sup,, E|S,[P< C < 0.

The following is a useful theorem, which we quote as the lemma below, and is found in
the 1969 paper of von Bahr and Esseen [44]. Note that the hypotheses assume the random

variables are independent, not necessarily i.i.d.

Lemma 2.4 ([44]). Let X; be independent with mean 0 and choose 1 < p < 2. There is a

positive constant C' such that for any n,
E‘ PR
j=1

Proposition 2.5. For each o > 0 there is a constant C' < oo not depending on « such that

p n
<O EIXP
j=1

for all n,

E|S, — a/K|2< (72 + a*?)(C/a® + 1),

where a = a/ K.
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Proof. We apply Lemma to the independent, mean zero, random variables
pi (R = Rjy) — an,
where p; = a(n —j+1)/n and a,, = a/(nK). As in the proof of Proposition [2.2] we know
uy (R} = Ry_y) = an £ T8 — a,

so these are indeed mean zero by Lemma [2.I] That they are independent is mentioned in
the proof of Proposition as well, it follows from the strong Markov property of Brownian
motion. In the following calculation we take K = 1. Replace o with o/ K. Using in our
computation for the 3/2 moment, by Lemma [2.4] there is a positive C' such that
E|S, - a/K|* < C ) Elu T - a?
j=1

n
<C Z E max(p; T"), a,,)*?
j—l

< 02 (BIn 0+,

C’Z( 3/20¢ 2/n 2BesselK[ M} ) +a3/20%

n2
_ a?(n — i
S(a5/2+a3/2)0 Zy/n ]+1—BesselK{ %}—i—%)
— 11
< (052 3/2 n J+ 2
< (" 4+ a”%)C Z n20z2n—]+1)+ca
= (o’ +a*?)C Z Vil C?
\/_

< (&®? +*H(C/a® +1)

< 00

Corollary 2.6. The collection {S,}5° is uniformly integrable.
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Proof. This follows by the triangle inequality, because for each n we have
3 3.2 %
E|S,|} < <(E]Sn —a/K[3)E + a/K) < Coyx < 0.
O

Corollary 2.7. Recall S is the mazimum of the inert particle with initial slope . When
and X (0) =Y (0) =0, we have
ES =a/K.

Proof. Combining the previous corollary with (2.2]), we see that S,, — S in L;. Since E(S,,) =
a for each n, E(S) = a as well. O

Using a similar analysis we can characterize the distribution of S by calculating its Laplace

)

transform. The Laplace transform of T is well known, for example, in [31].

Lemma 2.8. For A\, a,p > 0, we have

E<6—ATC§“)> _ ea,u—a\/,u2+2)\

Theorem 2.9. Let S the maximum of the inert particle with initial velocity o > 0 in the

setting with X(0) =0 =Y (0). The Laplace transform of S is given by

d(N\) =E(e™) =exp | — — — \/ozzx? + 2 axdzx |,
2K K

where A > 0.

Proof. For each fixed n we compute the Laplace transform, ¢,()), of S,. Since S, =

2?21 (™= +1)(R” R} ;) by (2.2)), we will find the Laplace transform of each summand

and take their product as our result. For an individual j, we have
n—j+1

E(exp(—Aa (R} = R},))) = E(exp(—Miy T )
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where p1; = a(%ﬂ). By a straightforward substitution into the previous lemma, this be-

comes

e () = e () e ()]

Thus,

o= Tlow |52 (* ) - ot ) oma ()

Jj=1

2

(- n—j+1> a\/z(n—j+1>2 (n—j+1>
_ — R 2 o ———
eXP ;Kn( n Kn @ n + A n

-052 n—+1 - a\/ n—j+1\2 n—j+1
o[ (45) - S e
exp 2K<n) jZIKn a( n )+ “ n

where the last equality is given from the formula 1 4+2+---+n =n(n+1)/2. Observe that

the summation in the last term above is a Riemann sum of the function ava?2x2 + 2 ax

over the interval [0, 1]. Thus

. ni 2<n—j+1>2 (n—j+1>_g
'nh—{goZKn\/Oé n +24a n K

and consequently we have

Vate? 4+ 2 axdr,

S —

1

lim ¢,(\) = 31—3/v22+m dz| = ())

el n = exXp oK K T arar| =.
0

so ¢()) is the Laplace transform of S, as we know S,, = S. O

Remark 2.10. This gives us another way to compute the expectation of S. Namely

E(S) = — lim ¢/ (\)

A—0

— —limo(\)( -

A—0

=2

1
/ ax da:>
) vValz? + 2 ax

o}
K
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2.1 Adding a Reflecting Wall

In this subsection we add a reflecting wall at the origin so that Y will reflect from this wall
with its angle of incidence. In other words, we have 0 < Y'(¢) < X(¢) for all ¢, and the inert

particle Y reflects at y = 0.

Theorem 2.11. For every K > 0,v € R,z >y, and any filtered probability space (2, F;,P)
supporting a Brownian motion B(t) € F;, there exist stopping times T, and a triple of

continuous F; adapted processes (X,Y, V') defined on the interval [0,T = lim,,_,o, T,] such

that

X(t)=B(t)+ L(t) +x > Y (t), forallt e [0,T], almost surely, (2.5)

t
Y(it)=y +/ V(s)ds, for allt € [0,T], almost surely, (2.6)

0
V(t) is RCLL such that lim V(t) = — lim V(¢) for all n and V(0) = v, (2.7)

t%TJ t—T,

T, are the consecutive times Y, hits zero. (2.8)

Proof. Clearly the process (X,Y,V) in the theorem statement is the same as the standard
one dimensional definition of Knights with our initial conditions up until the first time Y
hits zero. We appeal to our Skorohod map construction given in the first Chapter, Section
2, so that the process is defined on the same probabily space (Q,F;). Let 7y = inf{t > 0 :
Y (t) = 0} be the first time Y hits the origin. (From Propositions and we know
that X (71) > 0, however, this is not necessary for our construction-only that |V (7)|< oo.
Indeed sup,cp|V (¢)|< oo as shown in [33]). Call this process (Xi, Y7, Vi). Repeat the above
Skorohod map construction for Brownian motion with inert drift to construct the process
(Xa, Y2, V3), satisfying the inert-Brownian interactions, on (€2, F ., ) whose initial conditions
are X»(0) = X1(m),Y2(0) = 0,Va(my) = —Vi(m1). Let 7o = inf{t > 0 : Ya(t) = 0} be the
first time Y5 hits zero. Continue this recursion to get a sequence of processes (X, Y,, V,)

and stopping times 7,, such that X, (7,) = X,:1(0), =V,(7) = V(7us1), Yo(7n) = 0. Set
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Tn = 2?21 Tis and TO =0. Forte [Tn,Tn+1) define

(X (@), Y (1), V() = (X2 (), Yaya (1), Vara (1))

The dynamics of the processes in (12.5))-(2.8) follow from the dynamics of the classical Knights
construction together with the definition of Y and V' at the times 7,,. O

25

1.5F

0.5F

0 500 1000 1500 2000

Figure 2.3: The Brownian particle and the inert particle when a reflecting barrier is intro-

duced at the origin. In this case we have a sequence of maximums.

Call the sequence of local maximums S,,. See Figure for an example. It is clear that
S, exists for all n € N from Theorem because there are an infinite number of reflections,

hence an infinite number of maximums.

Theorem 2.12. The sequence of local mazimums (S,)n>1 s a submartingale Markov chain

adapted to Fr,

Without loss of generality we let K = 1. Set 7 as the next time of reflection after reaching

S1. The proof is conditional on S; = . Consider the discrete approximation of Sy given by
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the construction of the proof of Theorem . This is the same discretization given in (12.2))
and Proposition (2.2). Set

Yn = Zn: O@A]},
j=1

where AT; are the times between which the piecewise process Y, decreases slope by an
_n—i4l
amount of 1/n. Because AT; 4t ), the hitting time of Brownian motion in Lemma

1/n
2.1, we have

J=1

Y, < oo) =Y,?

Let T' = inf{t > 7 : X,,(t) = Y,.(t)} be the first time after 7 when the Brownian particle
reflected from Y;, hits Y,,(t). Set hy := 8 —Y,,, ha = Y(T'). The bound

E(h|V(T+) = a) < E(ha|V,(T+) = @)
follows from the optional stopping theorem, because for any h, —a > 0 we have

£(5 (1) 10my) <h

This implies

o5 (502 1gsony) -0

where p is the first time Brownian motion hits 1/n below the line h + «at. (In other words,
since Y,, will not change a slope beyond « the Brownian path will stay away from y(t) —1/n

between times 7 — h/|a| and 7. This will make the expected value of X (¢) larger).
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We condition on V,(7+) = o and compute

B =EY, |V.lt+) =) + E(|Vp(t4) = «)

1 B
ST, P € dal¥, < 00) + E(hn|Vi(r+) = o)

1
<
~ P(Vu(14) = alY,, <o

1 A =
= P AR: € d
P(V,(14) = a|Y,, < oo)/0 v (JZI Al € dr
S E (Z OéjARj
j=1

< E(Son|Va(t+) = a) + E(ha| Vo (T4) = ).

B
) / 2P(Y,, € dz|Y,, < oo)+E(h|V,(T+) = a)
0

Y., < oo) + E(he|Va(t4) = )

Volt+) = a) + E(hs|V,(14) = )

Now taking expectation with respect to P(V,,(7+) € da|Sy, = (), we have

B < ]E(Sln‘sl,n = B)

We know by Proposition and the construction of S ,, that 51, = 3 is the same event as
S1 = B simply because the maximum of the discrete process when V(0) = 0 is the same as
the limit. From Proposition [2.5] we have a uniformly 3/2 moment for S;,. Hence we may
pass to the limit to get

B < E(S[S1 = B).

It follows from induction that (S,),>1 is a submartingale.
3 Strong approximation

There are many different notions of approximating a given stochastic process or random
variable. For instance, if Z is a random variable with probability space (£2,P) and state
space (d, X'), one may approximate Z in law by finding another distribution on X within a
given proximity to Z. Here, proximity could be described by a particular metric on P(X),
the space of probability measures on X. For instance, one could take the total variation

metric, the Wasserstein distance, or the Prohorov distance that is metrizes convergence in
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Figure 2.4: A sample path of X showing h for some fixed value n. Here 7 is the the time
marked with the vertical dash.

distribution. The Skorohod representation theorem says a sequence Z, converges to Z in
distribution if and only if there is a probability space (2',P') supporting random variables

7! 7' with 2’ £ Z,, 7' L Z and
Z! — Z', almost surely.

A strong approximation result quantifies the distance between processes explicitly by giving

an explicity construction of Z,, and Z on the same probability space such that
P(d(Z, Z,) < €,) > 1 — 0,

where ¢, and ¢, depend on n explicitly with €,,6, — 0 as n — oo. In this Section we
give an algorithm for a pair of processes (X Y,,) that strongly approximate the pair (X,Y)
of the Brownian and inert-particle. The idea is relatively simple. A strong approximation
for Brownian motion with random walk is well established [35]. This gives explicit €, d
depending on n such that ||B — S,||< € with probability at least 1 — J, for a Brownian
motion B and random walk process S,. At this point we apply our Skorohod map path-by-
path to the random walk .S,,. Lipshitz properties of the Skorohod map then give the strong

approximation with e, § sufficiently altered. Let
be a one-dimensional simple random walk, and consider its path-wise linear interpolation,

Sy =Sk + (t —k)(Sk41 — Sk), k<t <k+1.
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Let W™ (t) := n~'/28,,; properly scaled so its law converges to that of Brownian motion.

Theorem 3.1 (Ch. 3, [35]). Let (2, P) supporting a Brownian motion B(t). There is a
continuous time random walk W™ supported on (Q,P) and positive numbers a and csuch

that

P ( sup |B(s) — W™(s)| > rn~*/log n) <ce "

s€[0,1]

whenever r < n'/4,

Recall the Skorohod map constructed and used in the first Chapter. We use n = 1 since

we have one Brownian particle.

Theorem 3.2. Corresponding to each f = (f1,---, f,) € C([0,T],R"), v e R,K >0 is a

pair of continuous functions

(I (1), Vi (1)) =: T f(t) € C([0,T],R?)

satisfying
zi(t) == fit) + IV (t) + my(t) > 0, (3.1)
m;(t) is flat off {t : x;(t) = 0}, (3.2)
n K
V() = —v + 3 mi(t), v eR, (3.3)
() = tVf(”)(s)ds, (3.4)

0

for all t € [0,T].
Remark 3.3. It follows from the classical Skorohod equation that

mi(t) = sup [—(fi(s) + 1™ (s))] V0.

0<s<t

This is used in the proof of Proposition below.

Also recall the Lipschitz property of the Skorohod map given in Proposition [2.11]
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Proposition 3.4. (Lipschitz property of V™ ) For anyv € R, K > 0, take f, g € C([0,T],R")
such that || f — gllpo,m< n. We have

Vi = Vi o< (Kn/n) exp(KT), (3.5)
and consequently

11— I < (K7 /n)T exp(KT). (3.6)

Theorem 3.5. Any probability space (€2, P) supporting a Brownian motion B(t) also supports
random process Vy,(t) and Y,(t) := fg V(s)ds such that

s€[0,1]

P ( sup |Y(s) — Y,(s)|> KeKTn_1/4\/logn> < Ce™™,

s€[0,1]

P ( sup |V (s) — Vi(s)|> KeKrn1/4\/logn> < Ce™™,

P ( sup | X (s) — Xn(s)|> 3K6Krn_1/4\/logn> < Ce™™

s€[0,1]
where Y 1s the inert particle with constant K > 0, for some positive constants a,c and where

r < nl/t

Proof. By Theorem [3.1] we have

P ( sup |B(s) — W™ (s)| > rn~*/log n) <ce .

s€[0,1]

Here T' = 1. Replaceing f in either (3.5) or (3.6) pathwise with B(t), and f; with W) (¢)
yields

s€[0,1]

P ( sup |Y(s) — Yipm (8)|> Krn='/4\/log n) < Ce™™,
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and
P ( SL[Epl]W(s) — Vv (8)|> Krn_1/4\/@> < Ce™ ™.
s€o,
To approximate the Brownian particle X (¢), use Remark in the fact that
X(t) = B(t) +m(t), m(t) = 31[%[1](3/(8) — B(s)) v 0.
s€lo,

Setting

X, (t) .= WD) + mp(t), ma(t) = sup (Yo(s) — W™ (s)) V0,

s€[0,t]

yields the proper bound by applying the above to the triangle inequality with Y,, estimating
Y, m,, estimating m, and W™ estimating B. 0

Recall from the first chapter. (We remove the dependence on the number of particles

which is » in that statement.)

Proposition 3.6. Consider the sequence I](f) defined above for a given f € C([0,T],R). If
[ <m, then

2-! 9—m _
11— 1% om < (2 + K)||f lom)2 " exp(KT).

Taking m — oo yields

71 _
1P — Illon< (2 + K| fllom)2 " exp(KT). (3.7)

Together with Theorem [3.5]this will provide a numerical algorithm for discrete approxima-
tion to the inert particle through the definition of I 27 in the existence portion of Theorem

2.0l

Theorem 3.7. There exists a probability space (2, P) supporting a Brownian motion, and
an algorithmically constructed process V" such that
P ( sup |Y(s) = YO(s)|> (2 + K)eXv/n27 + KeXrn=1*/log n) < Ce ™.
s€[0,1]

forn,l €N, r <n~'* and the same positive constants C,a in Theorem .
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Proof. We work on some space (£2,]P) with a random walk W strongly approximating a

supported Brownian motion according to Theorem . Use (3.7) by setting f = W™ and

v = Iﬁ(n) We know that ||[IW® ||[0,1}§ \v/n, and applying the triangle inequality
YV = Y|< Y, = YO 4]V, - Y]
with Theorem [3.5] proves the result. O

D)

Once we have the above result for Y, , we can use the approximation of B(t) with W)

to get similar statements for

VO(t) ;= v+ K sup (Y,V(s) = W™ (s)) v 0.

" s€[0,t]

In fact, in this way V¥ and Y(l) fo (l) s)ds can be obtained from one another. Below
is the algorithm for constructing V9 for K > 0,v € R. These are obtained by applying steps
2.1 - 2.4 in the existence portion of the proof of Theorem to each sample path of W),
First, let Sy = n~ /23" W; where P(W; = 1) = 1/2 are i.i.d. and set n'/2W " (t) =
Sk + (t — k)(Sk41 for k < tn< k+1
Result: Functions ;" and V,{" defined on [0, 1] with referenced in Theorem [3 .
which approximates the inert-particle uniformly on [0, 1].
Set j =1 and Vi\(t) = v for t € [0,27];
Set Y\ = vt for t € [0,27];
for k=1 to 2! do
Set m = Supse[07k2—l}(Y7SZ)(S) — W (s)) V0;
V(1) = v —km for t € [k27!, (k +1)27;
Y1) = i (k270 + (t — k27Y)V,u(t) for t € [k271, (k + 1)271].

end

4 Brownian motion with inert-drift and a boundary

In this section we consider a regime of the Brownian particle X with inert particle Y where

0 < X(t) < Y(t) and where we add a reflecting barrier for X at the origin. We construct
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our model via a sequence of stopping times and concatenating paths of reflected Brownian

motion with this process for which there is a Skorohod map.

Lemma 4.1. Lety > 0, K > 0,v € R and let f(t) be a continuous function with 0 < f(0) <

y. There are unique continuous, monotonically increasing functions Lo(t), L1(t) such that
(i) V(t) := KL(t) + v,
t
(i1) Y(t) := y+/ V(s)ds,
0
(i) 0 < F(t) + Lolt) — Li(t) < Y (1),
(iv) Lo(0) =0 = Ly(0).
(v) Lo is flat away from X ~1(0),

(vi) Ly is flat away from {X =Y} .

The above holds for all times 0 <t < T :=inf{t > 0: Y (t) = 0} . Under the above hypotheses

we have T > 0. If additionally we have v > 0, then T' = oo and the above functions are defined

for all time.

When applying this pathwise to the Brownian sample paths, we have processes X, Y, V, Lqg, L,

with the following properties.
() X(t) = B(t) + Lo(t) — La(t)
(ii) V(t) = KLy(t) — vg, with vg > 0
(iii) Y(t) = [, V(s)ds +yo, with yo > 0

(iv) 0 < X(t) <Y (t) as.
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It follows from definition that for each sample path, (X, Ly — L) solves the Skorokhod
problem for Brownian motion reflected in the time-dependent domain [0, Y(¢)]. See [§]. In
such a situation we refer to L, as the top constraining process.

In order to show that the above processes are defined for all time, we show T = oo for

all initial v. This yields the following

Theorem 4.2. For fized K > 0,v € R, and yo > 0, there exists on (2, F2,P*, B(-)) a pair
of processes (X (t),V (t)) defined for t > 0 such that with probability 1 (under P°),

(i) V(0) = v, V(t) is continuous, non-decreasing, and FZ — measurable,

(ii) X(0) = 0,X(t) is FP measurable and is Brownian motion reflected between 0 and

S(t) = Jy V(s)ds + wo,
(iii) V(t) = v+ KLi(t),0 <t, where Ly is the occupation local time of Y on S.
In the following we will need a sequence of positive number a;, decreasing to 0, such that

(e, ¢]
E a; converges, but

=1

o
E Va; — a;yq diverges.
i=1

There are, in fact, sequences with the above properties, and one can construct a particular

example by defining a; = 1 and /a; — a;41 = 1/(ilog(i + 1)). Notice that this immediately

gives the second property above. To show the infinite sum converges, notice that there is a

positive constant C' such that

! oL -1

Up — Qpy1 = S5, =
T e log®(k +1) ns (n+1)

ol

It follows that we have

n—1 n—1
1 1 1
oo il - > 1> (ar — apr) = a, > 0,
nd/? £ Gor ~ ) 2 k:l( k)
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from which one can easily see that >~ a;, < co. We will now define several stopping
times. Let 7, = inf{t:Y () = a} denote the first time the inert particle reaches level
a > 0,and S = inf {¢t: V(t) =0} the first time the velocity of the inert particle reaches
zero. Since V and Y are both adapted to the Brownian filtration, 7, and S are both
stopping times. Furthermore, since V' (t) = K L;(t) — vy is monotonically increasing, V (t) < 0
for t < S, and V(t) > 0 for t > S. Consequently Y (¢) is monotonically decreasing on
(0,5) and monotonically increasing on (S,7). So if T,, < oo, we have T, < S. Similarly
because the a; are decreasing, T,, < T,,--- < T, if they are all finite. If T,,, = oo, let
i* = min{n : T,, = oo} be the first index where T}, is infinite. Define Tak to be T,, if it is
finite. Otherwise, define it to be S + % S (@m_1 — am). Geometrically speaking we are
setting the gaps between the T}, after one becomes infinite. It is clear that T, u, 15 & stopping

time as well. The first result will show that the gaps between Tak and T, .. are bounded

k+1

below.

Lemma 4.3. T,

ape1 — Tak > (a, — agy1)/vo almost surely.

Proof. Notice we have three cases depending whether 7, , T, ., are both finite, both infinite,

Ak+1

or if the first is finite and the other is infinite.

To see the lower bound when 7;, and 7,, ,, are both finite, we compute

k+1

A — Q41 = ’Y(Tak) - Y(Tak+1)|
Tak+1
< [ Wvias

T,
< g (Tak+1 - Tak)
= UO(TakH - Tak)

as |V (s)|= V(s) is nonincreasing for the interval 0 < s < T, < S.

k+1
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If T, is finite but T,

Ak+1

is infinite, we have i* = k + 1 by definition. Thus

Tak+1 - Tak =S+ (ar — ag+1)/vo — T, > (ar — art1)/vo

since S > Tj, .

When T, and T,,,,, are both infinite, T, ,, — Tu, = (a5 — ax11)/vo. O

k+1

Proposition 4.4. We have

o0

max (B(t) — B(T,,) — ax) = o©

o Lag:Tay 4]

almost surely.

Proof. Recall the sequence a;, has the property that ) ;- | a; converges, so it suffices to show

that
max (B(t) - B(T,,)) =Y max (B(t) - B(T,,)) = o
k=1 [Tak,Tak+1] k=1 [TakyTak+ak}

almost surely, by the previous lemma, where oy = (ar, — ax1)/vo. To do this, let

Xp:=  max (B(t)— B(Ty)) < max B(s) (4.1)
[Tak,Tak+ak] [0,0tk]

where the equality in distribution follows by the strong Markov property. It is clear that

the X; are independent, and therefore the three-series theorem says ZX’“ = 0o almost
k=1

surely if ZE[Xklﬂ x,|<a}) = oo for some positive A. Using 1) above and the fact that

k=1
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max| q,] 5(s) is nonnegative, we compute

E[Xkl{\XkISA}] = E[%253(3)1{0<mw[0,%] B(S)SA}] (4.2)
_ / P B (0 0} > D (4.3)
0
A
= /P(y < %130? < A)dy (4.4)
0 o
A
= /]P’(%la)TB(s) > y) — ]P’(%laﬁB(s) > A)dy (4.5)
2 Ok Ok
A
= Q/P(B(ak) > y)dy — 2AP(B(ay) > A). (4.6)
0
We use the upper bound in the inequalities
1
332 1 < V2mexp(z?/2)P(N > 1) < - (4.7)
for a standard normal variable N, to bound the negative term in (4.6|) with
A Vag A?
—2AP(B(1) > —) > —2A exp(——
(B(1) \/a_k)— \/2—( (=55 )
By definition oy, = 1/(k?log®(k + 1)), so this gives
C 2
—2AP(B(ay) > A Jo 4 1)~ los(kDE 4.8
(Blow) > 4) 2 Gy (41) (4.9
for a C' > 0. The same pair of inequalities on the standard normal distribution gives
A A
)
2 | P(B dy >2 | P(B(1) > —)d 4.9
O/<<ak>>y>y_/<<>>@>y (4.9)
y/va \/
d 4.10
. / o (52 iy (1.10)
5 A/xﬁ
= mak / UQLHeXp (—u?)du,u = y/\/a (4.11)
0

> Nyay (4.12)
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For some positive constant N, since the fact that A/ /aj is bounded below implies the

integral at (4.11) does not degenerate. Combining the previous inequalities shows

C

E+1 —log(k+1)k?
(k2log?(k + 1))( )

E[Xilgxy<ay] 2 Ny/ay -

from which it follows that

o0

> C )
D E[Xel <] Z Vg — (K + 1)~ tosth DR
— i (k21log*(k + 1))

ZN\/Oé_k =00

=1

by the properties of our sequence a,,. O

Corollary 4.5. The Brownian particle is never trapped. That is, the event
{Y'(t) =0 for some t > 0}

has probability zero.

Proof. In the event that T,, < oo for all k, lemma 1 shows that

ZLl vs Tor]) ZZ max  (B(t) — B(T,,) — ax) = c.

€(Tay, ’Tak+1 )

by the above proposition. O

We have just shown that the inert particle Y is positive almost surely. As such, there are
several natural questions regarding its behavior. For instance, what bounds can one gather
on the event {Y > a,}, or what happens when the initial velocity gets extremely negative,
i.e. when v — —oo. For clarification let us denote the inert particle with initial velocity
—v as Y,. (We take v to be positive). One would expect that for a fixed level a > 0, the
inert particle will reach level a with high probability as the initial velocity goes to negative
infinity. That is, one would expect P(Y,(t) < a for some t) — 1 as v — oo. This is shown

below.
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<<

ak+1

K+2

Figure 2.5: A sample path in the event {Y,(t) < a for some t}.

Proposition 4.6. For a fivzed a > 0, we have P(Y,(t) < a for some t) — 1 as v — 0.

Proof. Recall that the time in which the velocity V' of Y, reaches 0 is the same instant in
which Y, turns around. Therefore if Y, () reaches level ay, that is the same as saying the
total push on Y from the Brownian particle, by time 73, , is less than v. Choosing ay < a,

we compute

P(Y,(t) < a for some t) > P(Y,(t) < ay for some t) (4.13)
= P(T,,, < o) (4.14)
N-1
— Yy
= P( ; My g, <) (4.15)
N-1
Y,
=1-P() My 2 0) (4.16)
i=1
N-1
>1-P( max (B(t) — B(Ty,) +a; — ait1) >v)  (4.17)
i—1 (Ta;Ta; 4]
N-1 N-1
>1-P max B'(t) > v+ —a; + a; 4.18
(X BOz0r Y otan) (19
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where the B' are independent Brownian motions and the last inequality follows from the

second lemma. The last term (4.18)) clearly approaches 1 as v — co. O]
5 The inert particle is never trapped

Before discussing the proof we will point out the three unique ways in which three stochastic
processes W; < W, < W3 may collide. Assume it is known that W5 and W3 meet at a
(random) time 7. If T" is to be a triple collision between all three particles, we have two

cases:

5.1. There is an € > 0 with W; having no contact with Wy in [T — €, T)).

5.2. For every € > 0, W, makes contact with Wy in (7" — €, 7).

There is one more case that needs to be covered, though the three particles do not actually

make contact.

5.3. There are two increasing sequences of stopping times 7,,, 7, where W5 and W3 make
contact on 7, and W; makes contact with W5 on 7}, and T,, < 1! < T, with T,
bounded.

Lemma 5.1. The first case of triple collision does not occur, almost surely, for Wi =

X, Wy =Y and W3 = 1.
Proof. Let T be the first time that Y hits 1. For a given € > 0, define

Ty=inf{t >0: X(s) #Y(s) for s € [t —¢,1]},

T, =inf{t >T,1: X(s) #Y(s) for s € [t —€,t]}.

and let A be the event {7}, < T'}, which has positive probability for some ¢ small enough,
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and B be the event {B(t) + X(T,,)) =1-=Y(T,) at time t = %T(:)‘)} . Then we have

E(14lp) = E(E(14lp|Fr1,)

= E(LLE(1p|o(Y(T,), V(T,), X(T%))) = 0

Because X < Y < 1 this says that there is not a triple collision between these two
particles with the line. Let Ty = inf {¢ > 0: Y'(t) = 1} be the first time that Y reaches the
upper barrier. We will be considering a piecewise stochastic process for Y that has slope
between two positive numbers v, > v; > 0. Designate L, as the first time V' reaches a, we
define Y (t) as Y (t) for t € [0,T] if L,, > T > L,,,, otherwise if L,, < T we let Y (t) = Y (¢)
for t € [0, Ly,], and Y (t) = (t — Ly, Jvu+Y (Ly,) when t > L,, until this line hits 1, if L,>T
we let Y (¢) = vt for t € [0,1/v)]. (These definitions are strictly for convenience, in the end
we will obtain almost sure pathwise properties for Y while letting v; — 0 and v, — oo will
give the same pathwise properties for Y'). Now define the following stopping times:

Uy,

H=mf{t=0:V{) =u}, n =17

Uy

Zi =t {t > Zua e X(O) = YO}, 70 = 7577

Lemma 5.2. Let B(t) be standard Brownian motion reflected under the line vit. Let € > 0
and let C > 0 be some constant. Then the probability of excursions with maxy /.| B(t)|< C
does not contact the line vt during times in the interval [i, Uil] has probability greater than

some o > 0 that does not depend on e.

Proof. Let FP be the filtration of a standard Brownian motion. Consider the change of
measure P(~)(.), the Girsanov transform, given by P(-")(A) = E(147;) when A € FP and
where Z; = exp(—v;B(t) — .50t). Then B(t) under P(~*) is Brownian motion with drift



90

—u;t. Therefore the excursions in question refer to the event

(% U

A€:{0< |B(t>|<0fori<t<i}

1 1 1
€ € u l

1 1 1
€ € u l

C 1 1
0<|B(t)|< —=for —<t<—( =B
Ve Uy Uy

where the equality in distribution is under P. Notice that A, and B are both contained in

Il

‘FlB/vz and that these two events have the same probability under P. Because P and P(~*+) are

equivalent on ]ff;vu, this shows that IP’(_”“)(AE) does not degenerate with e. O

Corollary 5.3. The second case of triple collision does not occur, almost surely, for Wi =

X, Wy =Y and W3 = 1.

Proof. Define the stopping times 7, to be the first time that X hits Y after it reaches a
height of 1 — %, and let A, be the event where T,, < T Brownian motion restarted at 7,,
has an excursion behaving as in the previous lemma. Here T is the first time Y reaches
1. It follows geometrically by observing individual excursions that the A, are are disjoint.
Their probability is bounded below by « in the previous lemma, whence they occur only a
finite number of times. Taking the upper bounding slope to infinity, v, — oo, and the lower

bounding slope to zero, v; — 0, gives the result. O

5.1 Trapping the Inert Particle

The main result in Section 4 could be viewed as a proof showing triple collisions between
the inert particle Y, the Brownian particle X, and the reflecting wall at the origin collide
almost never in the regime Y > X > 0. Put another way, Y does not trap the process X. In
this subsection we give a partial result showing the Brownian particle cannot trap the inert

particle when X > Y > 0 and Y reflects from the origin. The construction of this regime is
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Theorem [2.11 The Brownian particle X (¢) could “trap” the inert particle Y () at the origin

in a number of ways. Consider the stopping time

T :=inf{t > 0: lim X(s) = 0}. (5.1)

s—tt

It is clearly adapted to the filtration of B(t) since {T' < t} € o{X(s) : s <t} C F;. We say
the Brownian particle X traps the inert particle Y at T if T < oo and lim; .+ Y(t) = 0.

Trapping can be separated into three disjoint events:

T1: There is an € > 0 such that X(s) > Y (s) for s € (T —¢,T].

T2: There is an € > 0 such that for all 0 < n < ¢, there is a 7 € (" — 1, T] such that
X(1)=Y(7).

T3: For all € > 0 there is an s € (T' — ¢, T such that Y (s) = 0.

Condition T3 is saying Y has an infinite number of reflections in a finite time 7" for which

hmt_>T+ Y(t) =0.
Proposition 5.4. The event T1 occurs with probability zero.

Proof. We prove this for an arbitrary initial condition X (0) = z > y = Y'(0) and V(0) =
—v < 0. In other words, the inert particle travels toward the origin with the Brownian
particle above it. Consider note that X (t) — Y (¢) is equal to B(t) + vt + x — y until the first
time X collides with Y. Let 7 = inf{t > 0: B(t) + vt + © — y = 0}. Notice the event T1 is

the same as {7 = y/v}, which clearly has probability zero. O

To show the event T2 occurs with probability zero we use the following lemma.
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Lemma 5.5. Fiz v,,v; > 0. Let B(t) be standard Brownian motion reflected under the
line vit. Let € > 0 and let C' > 0 be some constant. The probability a Brownian path with
max{o,¢/v)| B(t)|< C' does not contact the line vt during times in the interval [;=, =] has

probability greater than some o > 0 when € varies in a bounded set.

Proof. Let FP be the filtration of a standard Brownian motion. Consider the change of
measure P(~)(.), the Girsanov transform, given by P(-*)(A) = E(1,Z,) when A € FF and
where Z; = exp(—v,B(t) —.5v?t). Then B(t) under P(~*) is Brownian motion with drift —u;t.
It is known that |B(t) — v;t| is distributed as the process of reflected Brownian motion, see

[25]. It suffices to consider the event
A€:{0<|B()|<Cfor—<t< }
1 1 t
_ {o NG I % for < £ <

1 1 1
€ € u l

C 1 1
< 0<|B(t)|< —=for —<t< — 3 =B,
Ve o vy, vy

where the equality in distribution is under P. Notice that A, and B are both contained in
FEB 7, and that these two events have the same probability under P. Clearly P(B,) does not de-
generate as € — 0. Because P and P(~") are equivalent on ]-"13/M, this shows that P(—v«)(A,)
because equivalent measure have the same null sets. But P(~")(A,) is the probability of the

event in question, proving the lemma. O
Proposition 5.6. The event T2 occurs with probability zero.

Proof. Suppose out initial conditions are X (0) =z > y = Y (0), and V(0) = v € R. Clearly
Y will reach its maximum and reverse direction, almost surely, as studied in the beginning
of Section 2. So it suffices to take V(0) = —v < 0 after applying the strong Markov property
to a stopping time after the Y has reached its maximum. For instance, one could take the

stopping time to be the first time Y hits a repeated value and V' < 0. Now, we know that V'
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decreases, so Y hits the origin sometimes in the interval [0, y/v]. Let 7 = inf{t < 0: Y'(¢) = 0}
denote this time. Since the local time of X on Y is stochastically bounded above by the
running maximum of B(t) below the horizontal line =, we see that |V(7)] is finite almost
surely. Fix C' > 0. We alter the process (X, Y, V) given in Theorem to get a new process
(X¢, Yo, Vo) where the process is the same up until the stopping time

1o = 1inf{t > 0: |[V(t)|> C}.

From ¢ € [7¢, 00| we declare Vi (t) = V(7¢) = —C. In other words, (X¢(t), Yo (t), Vo(t)) =
(X(t),Y(t),V(t)) for t € [0, 7¢], while for t € [7¢, 00|, Ye(t) = Y (7¢) — Ct and X (t) behave
as Brownian motion reflected from this line Y& such that Xo(7¢) = X(7¢). We show the
event T2 corresponding to (X¢, Y, Vi) is a null event. Define the stopping times recursively

as

Ty = inf{t > 0: Xc(t) = Yo(t) < 1}

Loy = inf{t > T, + Y(T,)/(C + 1) : Xc(t) = Yo(b)}-
Now define the events
An = {Xc(t) > Yo(t) : t € Yo(T0)/(C + 1), Yo(T,) /v]}-
One can see that
An D {Xc(t) > Yo(T,) —v(t = Tn) : t € [Yo(Tn) /(C + 1), Ye(Tn) vl},
By Lemma [5.3}

P(Anl(Xc(Th), Yo(Th), Va(Th)))
> P{Xc(t) > Yo(Th) —v(t = T,) - t € [Yo(T0) /(C + 1), Yo (Tn) /o] (Xe(Tn), Yo (Tn), Vo(Tn)))

> .

In other words, this lower bound holds when conditioning on any of the value (X¢(7T5,), Yo (Th), Ve(Th)).
Let T = inf{t > 0 : Yo(¢t) = 0} be the first time Yo hits the origin. Clearly AS € Fp, .,
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because T,,11 is the next time X¢ and Y make contact after time Yo (7,,)/(C + 1). By the
strong Markov property and the above, we compute
P(T,1 <T)<PA]N...NAY)

< /P(Ai n...N ASLKXC)YCaVC)(Tn) = (x7yaz))P<<XC:YC>VC)(Tn) < (dx,dy,dz))

< /P(A; N (A (X Yo, Vo) (T) = (2,9, 2))
PAL (X, Yo, Vo) (Tn) = (2, y, 2))P((Xe, Yo, Vo) (Tn) € (dz, dy, dz))
<(1-a) /]P’(A‘{ N...NA |(Xe, Yo, Veo)(T,) = (x,y,2))P((Xe, Yo, Vo) (T,) € (dx, dy, dz))
=1—-a)PATN...NA_ ).
By induction we see

PATN...NAY) <(1—a)",
and so

P11 <T)<(1l—a)"

as well. We see that

P(Event T2 occurs for (X¢, Yo, Vo)) <P(M02 {7, < T}) = lim P(T,, < T) = 0.

n—oo

Going back to the original process (X, Y, V'), we know that (X¢, Yo, Vo) — (X, Y, V) almost
surely on compact sets by our definition of (X¢,Ye, Vi) and because sup,eo, |V I< o0
almost surely. Therefore, if the event T2 occured for (X,Y,V) with positive probability,
it must also occur with positive probability for (X¢, Yo, Vi) for some large C. Because we

showed this does not happen, the result follows. O
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1 Introduction

The first and second chapters reference Knights study of Brownian motion with inert drift
[33]. White constructed a multidimensional analog in [45] that was also studied in [3] by
Bass, Burdzy, Chen and Hairer. The multidimensional analog is a pair of processes (X, K)
where X is a diffusion reflecting inside a sufficiently smooth domain D in R", and K is the

drift. This drift is the inward normal integrated against the local time. That is,

X(t) = B(t) +/ (X (s))dL(s) +/ K(s)ds,
0 0 (1.1)
K(t) = Ko+ / n(X(s))dL(s).

Here n(x) is the inward unit normal for x € 9D and ¢ — L(t) is a nondecreasing contin-
uous function flat off of dD. By this we mean L increases only on X 1(dD).

The authors show (X, K') has a stationary distribution of p x 7, where p is the uniform
distribution on D and 7 is the standard Gaussian distribution on R”. This is interesting
in part because the stationary distribution of the drift does not depend on D. Notice the
marginal processes are not Markovian. This is clear, since X has a drift that is dependent
on its past. When X is one dimensional and D = [0,00) the process X is called one
dimensional reflected Brownian motion with inert drift which is essentially the same as the
process introduced by Knight.

In [9)], Burdzy and White attempt to answer this question from the discrete point of view.
Let (X, L) be a pair of processes with state space .2 x R Here .& is a finite set so without
loss of generality we consider . = {1,..., N}. Burdzy and White consider such processes
where the transition rate of X to move between two states depends on L, which depends on
the time X has spent on previous states. We call this class of processes C and describe it in
more detail in the next section. The authors find necessary and sufficient conditions for such
a process (X, L) to have stationary distribution p x v where in this situation g is the uniform
measure on % and + is the Gaussian distribution on R?. The Gaussian stationarity for the

velocity term does not seem to result from a central limit theorem. The authors conjecture



97

that one dimensional Brownian motion with inert drift can be approximated by processes
in the class C and suggest this as one explanation for both this Gaussian behavior of the
velocity and the stationary distribution of (X, L) decoupling into a product form. The first
contribution of this chapter is the proof of this conjecture.

This is just one example where a process with memory has a Gaussian stationary dis-
tribution. See [23], where Gauthier studies diffusions whose drift is also dependant on the
diffusions past. He shows the displacement obtains a Gaussian stationary distribution under
rescaling, as time approaches infinity.

The second contribution of this chapter concerns a pair of reflected Brownian motions
(X1, X5) separated by a Newtonian/inert particle Y whose drift is proportional to the dif-
ference of its local time of contact between X; and X,. For a pair of independent Brownian
motions (B1, By) both adapted to a continuous filtration F;, while (X7,Y, X5, V') solves the

following system with initial conditions (x1,y, z2,v),

dX, = dBy — dL,, dXy = dBy + dL,
v ()
dt
L;(0) =0, L; is nondecreasing continuous, and flat off of {s : X;(s) =Y (s)},

=v+ K(Ly(t) — L1(t)) =: V (1),

Xl(O) =1 <y= Y(O) < X9 = X2(0),
Xi(t) > Y(t) > Xy(t) for all £ € [0,T], almost surely.
See example sample paths in Figure . Strong existence of this system was studied in [45],

unfortunately the proof contains a nontrivial gap that we complete. Moreover, we use the

discrete approximation scheme of processes in class C, described above, to find an invariant

measure of (X1,Y, Xo, V).
2 Markov Processes with Memory

Before introducing the class of processes C, we introduce common facts of Poisson processes

and point process with stochatic intensity. We reference [5, Chapter 2].
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A

0 500 1000 1500 2000 2500

Figure 3.1: Sample path simulations of the previous system with X; <Y < X5. Notice that

X1, X5 have different initial values between the figures.

2.1 Nonhomogeneous Poisson processes

The Poisson distribution of mean A is a random variables Z with probability mass function

A

P(Z=n)=ce e

A homogeneous Poisson process N(t),t > 0 with state space N and intensity (or rate) A is a

process such that

(ii) N has independent increments,

(iii) The number of jumps in an interval (a,b) is Poisson r.v. with mean \(b — a).

Typically we denote N (a,b] is the number of jumps in the interval (a, b]. A nonhomogeneous
Poisson process with a nonnegative locally integrable rate (or intensity) function A(t) is

defined similarly, where A(a,b) = f; A(s)ds and

(i) N(0) =0, as.
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(ii) N has independent increments,
(iii) N is RCLL, a.s.
(iv) N(a,b] < Poisson(A(a, b)).
If we let T = inf{¢t : N(¢) > 0} be the first jump time, then
P(T > t) = P(N(t) = 0) = e A0 = ¢~ Jo A®)ds,

Lemma 2.1. Let Ny, Ny be two independent Poisson processes with rate functions Ay, As.

Then N1+ Ny is a Poisson process with rate A\ + As.

Proof. Recall that the sum of two independent Poisson random variables of rates a, b is itself
a Poisson random variable of rate a + b. Using this fact, the items (i)-(iv) are easily verified

for Ny + Ny with a rate function of A\; + As. O

Lemma 2.2. Let Ni(t), Na(t),t > 0 be two independent Poisson processes with rate functions
A1, Ao, respectively. Let T1, Ty be the first jump time of Ny, Ny respectively. Then Ty ATy is

the first jump time of a Poisson process with rate function Ay + As.

Proof. Clearly T; and T, are independent. Let A;(0,t) = ff Ai(s)ds for i = 1,2. For any

t >0,
P(Tl NTy > t) = P(Tl >t Ty > t)
= eiAl(Ovt)6*A2(0,t)
— o~ (A1(01)+A5(0,1))
— e JoCuls)+rals)ds
proving the lemma. .

Lemma 2.3. Let A\, Ay be two rate functions such that \i(t) < X\ao(t) for all t > 0 and let
T1, T be the first jump time of their corresponding Poisson process. Then Ty stochastically

dominates Ts.
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Proof. One could prove this simply from the explicit expression of the tail distribution.
Another way is the use Lemma above. Define A\g = Ao — A\; and let T be the first
jump of a Poisson process with rate function \g independent from 7. By the Lemma above,
To N T4 T » so there is a coupling of (77,7T3) such that 77 > T almost surely. Hence T

stochastically dominates T5. n

In [5, Chapter 1], Brémaud discusses the notion of point processes adapted to a filtration
F: whose intensity A(s) is not a deterministic function but rather a process adapted to F;

with certain conditions.

Definition 2.4. [J, II] Let N; be a point process adapted to the filtration F; and let Ay be a
nonnegative JF-progressive process such that fg Asds < 0o almost surely for each t € [0,T].

If for all nonnegative F;-predictable processes Cy,

E (/OOO csts) _E (/OOO (Js)\sds> , (2.1)

then we say N; has stochastic intensity \;.

Remark 2.5. In the proofs of later results we will refer to point processes with a given
intensity or jump/step size. By a point process of jump /step size a and (stochastic) intensity
A we mean a process alN; where N; is a point process with (stochastic) intensity A. It may

occur that a is negative.

In this context, we have the following extension of Lemmas and to processes with

stochastic intensities.

Lemma 2.6. Let Ni, Ny be two independent point processes with stochastic intensities A\', \?
adapted to filtrations F*, F? respectively. Then Ni + Ny is a point process with stochastic
intensity \' + \?, adapted to F; = o (F}, F?).

Proof. The fact that N1, Ny are independent implies the two processes do not have common
jumps, so that (Ny, Np) is a multivariate point process. The result follows from [5, T15,

Chapter I1.2]. O
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Lemma 2.7. Let Ny be a point processes with stochastic intensity X! > X\, almost surely, for
some \ € (0,00). Then we can enlarge the probability space to support a Poisson point process
N, with constant intensity X\ and a point process N3 of stochastic intensity \> = \' — X\ such

that N3 is independent of Ny and Ny 4 Ny + N3 almost surely.

Remark 2.8. It is relatively clear that one can generate a Poisson point process N, with
constant intensity A\ which is independent of N,. It is most likely the case that Lemma
could be generalized to the case when N, also has stochastic intensity dominated by A! under
additional assumptions. However, we don’t require this and go through the details only in

the case N, has constant intensity:.

Proof. Enlarge the probability space to support two independent processes Nj, Ni where NJ
is a Poisson point process of rate A and N} is a point process with stochastic rate A3 = A1 — .
By Lemma Ny < N3 4+ N3, and the processes are adapted to the filtration generated by
(N1, Na, N3). O

2.2 Class C of Markov Processes with Memory

As mentioned above, Burdzy and White study continuous time Markov processes (X, L) on
L x R? where . = {1,2,...,N} is a finite set. For each j € # we associate a vector
v; € R? and define L;(t) = Leb(0 < s < t: X(s) = j) as the time X has spent at location j

until time ¢. We also define

L(t) =) v;Ly(t)
jesL
as the accumulated time X spends at each location. The transition rates of X will depend

on L(t). More preciseley, define RCLL functions
Qij : Rd — R.

The functions a;; are the rate functions for the Poisson process defining the transition of
X from i to j. Conditional on X () =4, L(to) = [, the jump rate of X transitioning from i to

J is a;; (14 [t —to]v;) with t > ¢o. In other words, for a fixed time ¢, we condition on L(ty) ={
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and X (to) = i, let V;(t) be a Poisson process with rate function a;;(l + [t — to|v;),t > to such
that N; are mutually independent for j # . Let T;; be the first jump time of N;(¢). By
Section [2.1] above,

t
]P)(T;‘J >1+ t0|X(t0) = i, L(to) = l) = exXp (—/ Ojij(l + S’UZ‘)dS) y

0
for all ¢ > 0. Pick j' such that T} ;; = min;; T; ;, and define the first transition of X after
time ¢ to be location j’ and occur at time T; j;. The pair (X, L) is a strong Markov process
with generator

AFG) = v -V GD + ) auIFGD = f(.0] G =1,....N, LR
1#]

Burdzy and White assume (X, L) is irreducible in the sense that there is some {jo} x U C
% x R? such that

P((X(t), L(t)) € {jo} x U|X(0) =4, L(0) = 1) >0, forall (i,]) € £ x R%.

We denote C as the class of such processes. See Brémaud’s description of a doubly-stochastic
point process in [B, Chapter 2|. Here X has a stochastic intensity function adapted to right
continuous filtration generated by X.

Define a distribution on . x R? given by h(j,1) = p,;g(l), where the p; is the probability
mass at j € £, and ¢(l) is a measure on R?. This gives a measure 7 on .Z x R via 7(i,1) =
piq(l).

Theorem 2.9. (Burdzy and White, [9]) Consider a Markov process (X (t), L(t)) with values
in £ x RY. When Ly =1, X(s) transitions from i — j with rate a;;(l) which is continuous

with 1. With 7 as above, 0 < s <t and f € CL(L x RY),

Ex(f(X(t), L())) — Ex(f(X(s), L(s))) :/Z /uz(j, D(A™h)(5, D)dld=

S I pa
where
i#
Consequently, the distribution m is invariant if and only if A*h = 0.
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3 Equivalent formulation of Brownian motion reflecting from Newtonian bound-
ary

In the first chapter of this thesis we described the triple (X,Y, V) where X is Brownian
motion reflecting from the inert particle Y. We recall the setup, which is a probability
space (2, P, (Fi)i>0) with the filtration (F;):>o satisfying the usual conditions supporting a
Brownian motion B. Take an (F;):>o-Brownian motion B(t¢) and a coefficient X > 0 and

an initial velocity v € R for the massive particle. Consider continuous J; adapted processes

(X,Y, V) which satisfy:

dX =dB +dL,
dY =V (t)dt := (v — KL(t))dt,

(3.1)
X(t) > Y(t), for all ¢, almost surely,

L is nondecreasing, and is flat away from the set {s: X(s) = Y (s)}.

By flat we mean
/R]-{ZX(Z)>Y(Z)}(8)dL(S) = 0.

See the first chapter for existence and uniqueness. As mentioned previously, Burdzy and
White give conjectures essentially asserting the triple (X,Y,V) can be approximated by

processes in the class C. To do this we consider an equivalent formulation of (X,Y, V).

3.1 Equivalent Formulation

The equivalent formulation of the system ({3.1)) is given by considering the gap process G(t) =
X(t) =Y (t). Obviously G > 0, almost surely, and from (3.1)) one can see

dG = dB + dL + K Ldt, (3.2)

where L is continuous nondecreasing, and flat off U~!(0). That is, G is a reflected diffusion

whose drift is proportional to it’s local time at zero. We consider a pair of processes (U, V)
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adapted to JF; such that for fixed K > 0,v € R

V(t) = —v+ KMY(t), (3.3)
MY(t) = sup [~U(s)] V0.

0<s<t

In the system above, it is clear from the definition of MY that U+ MY > 0 and it follows from
the Skorohod lemma [1.2| that MY is flat off the set {s: U(s) + MY(s) = 0}. It follows that
B(t)+MV > — [V (s)ds and MY is flat off of {s : B(t)+ MV = — [} V(s)ds}. Consequently

(B(t) + MYt — /0 V(s)ds, —V(t))

satisfies the original equation (3.1)), and one can similarly go from a solution of (3.3)) to (3.1)).
This demonstrates the equivalence of the two systems (3.1)) and .

As mentioned in the first chapter, existence of a solution to (3.1]) first began by Knight
in [33], and later a strong solution to a slightly more general process was attained via the

employment of a Skorohod map by David White in [45] that we give below.

Theorem 3.1 (White, [45]). For every f € C([0,T],R), K > 0,v € R there is a unique pair

of continuous functions (I,V) such that

x(t) = (1) + 1(¢),
V(t) = v+ Km(t),

m(t) = Oiligt[—x(s) v 0.

Skorohod’s Lemma implies that m is the unique monotonically increasing, continuous

function which is flat off of the level set {s : x(s)+m(s) = 0} such that x+m is nonnegative.
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4 Discrete Approximation

4.1 Definition of Processes

The reflected diffusion is a process whose drift depends on the local time of the diffusion
at zero. If we are to approximate this diffusion with a Markov process on a fine lattice 27"N
one would intuitively want the upward “velocity” to depend on the accumulated time spent at
zero. This drift will be a Poisson process whose intensity function is stochastic and depends
on the accumulated time the process spends at zero. This is exactly the setting described
by the class C in the above subsection, where we use the same notation to describe one
candidate for such a discrete process. Such a process (X, V.X) is in class C defined on the
lattice 27"N x R such that v; = 0 for all j # 0,vp = K2". (We may the dependence on n
for convenience). In other words, the rate will only depend on the accumulated time at zero.

For an initial “velocity” v € R, we define

VE(t) = —v+ K2"Lo(t) = —v + K2" - Leb(0 < s < t : X,(s) = 0).

n
The rate functions a;; : R — R are defined as

Qi(itsign(yz—m) (1) = 22" + 2°(1) = 2*" + 2"V, X (1), (4.1)

ai(i—sign(l)Q—")(l) = 22n’
when | = VX (1), except when i = 0 where we do not allow a downward transition. Intuitively,

by Lemma [2.2] the point process X,, can be decomposed into a sum of independent processes

Sy, Z, whose rate functions sum to that of X,,.

Definition 4.1. For a process Q(t) we define M®(t) as the signed running minimum below
zero of Q). That 1is,
MO(t) = max[-Q(s)] V0.

0<s<t

Consider the processes (S, Z,, V,,) on (27"Z)* x R where

(i) S, is a continuous time simple random walk on 27"Z with upward/downward jump

rate 227,
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(ii) Z, is a point process with upward (resp. downward) stochastic and adapted jump rate

of 2"|V,,| when V,, > 0 (resp. V,, < 0), with jump sizes of 27" (resp. —27")

(iii) We have

Vo(t) = —v+ K2" - Leb(0 < s < t: U,(s) = —M,(s)),
Uy, = Sn+ Zm
M, (t) := MY (t).

Point processes with adapted intensity functions are discussed in [5, Chapter 2|. In our
situation V,, is adapted to the right continuous filtration F; generated by the pair (S, Z,).
With these definitions (U,, + M, V},) has the same law as (X, VX) in that it is of class C
and satisfies . To see this, first note that U, + M, = S,, + Z, + M,, is a nonnegative
process on 2-"N. By Lemma , S, + Z, has a jump rate function of 22" + 2"V, (t) where

Vo(t) = —v+ K2" - Leb{0 < s < t: Uy,(s) = —M,(s)}
= —v+ K2" - Leb{0 < s <t :Up,(s) + M,(s) =0},

(U, + M,,V,,) is one realization of the process (X, V,X) in class C given by (4.1)). In the

proofs of the following subsections we define

L,(t)=2"-Leb{0 < s <t:U,(s) + M,(s) = 0}.

4.2 Theorem Statement

Compare the equivalent formulation of Brownian motion with Inert Drift (BMID) in (3.3))
to the definition of the processes (S, Z,, Vi, Uy) in the previous subsection item (iii). One
would expect that (Sy,V;, Z,,U,) converges in some appropriate sense to (B,V, [(V,U).

This is the main result of this chapter.
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Theorem 4.2. For K > 0 andv € R, which is the initial condition of =V, let (Sy, Zpn, Vi, Up)
be defined by (i)-(iii) in the previous subsection. Then

(S0 Vi Zos Un) —sa (B, V. / V,0)
0

in the Skorohod topology D([0,T],RY), where (B,V,de,U) is a quadruple of continuous
processes adapted to the Brownian filtration of the first coordinate B with the following holding
for allt € [0,T] almost surely:

S
—~
~+~
~—
I

B(t) + /t V(z)dz,
V(t) = —v+ KMY(t),

where MY is the running minimum given in Definition .

Remark 4.3. Let D([0,7T],R) denote the space of RCLL paths equipped with the Skorohod
metric d [I5, Chapter 3 Section 5|. If a process W, with paths in D([0,T],R) converges
weakly to W then according to the Skorohod representation, [I5, Theorem 3.1.8|, we can
place W,,, W on the same probability space such that

d(W,, W) — 0,
almost surely. If the limiting process W is continuous almost surely, then we also have

[Wo = Wlloryi= sup [Wa(s) - W(s)|— 0,

0<s<T

almost surely. See [I5, Chapter 3 Section 5| and [I5, Chapter 3 Section 10| (Ethier and
Kurtz), and [4, Chapter 3| (Billingsley).
4.3 Proof of Theorem[{.3

The rest of this section will be devoted to the proof of Theorem [£.2 We split the proof into

a number of lemmata. The first of which gives tightness of the sequence.



108

Lemma 4.4. The collection of processes {(Sn, Zn, V) : n € N} is tight in D([0,T],R?) x
C[0,T] € D([0,T],R?). Because U,, = Sy, + Z,, it follows that {(Sy, Vyn, Zn,Uy,) : n € N} is
also tight in D([0,T],R) x C[0,T] x D([0,T],R?). Furthermore, all limiting processes are

continuous.

We prove Lemma [£.4] at the end of the section. Assuming Lemma [£.4] holds, it remains to

show there is a unique limit.

Lemma 4.5. Consider a subsequence ny with processes (Sn,, Zn,s Vi, Un,) converging to
(S,Z,V,U) in D([0,T),RY). Then (S,Z,V,U) is continuous and satisfies the equivalent
formulation for BMID given in (3.3)). That is,

(i) Ut) = 5(t) + Z(1),
(ii) S(t) is a Brownian motion,

(iii) V(t) = KL(t) — v, where L(t) = maxo<s<:[—U(s)] V 0,

t

(v) Z(t) = /V(s)ds.

0

Remark 4.6. Since this equivalent formulation of BMID is unique in law, Lemma[d.4] charac-
terizes the subsequential limits of (S, Z,, V},). See the first chapter and [45] where existence
(and uniqueness) of such a system is proved. Consequently Lemma shows convergence

of the entire sequence to this equivalent formulation of BMID.

4.4 Proof of Lemma[4.5]

We separately prove items (i)-(iv) given in The proof of (iii) was inspired by the proof
of Lévy’s theorem given in [37, Chapter 6] where the authors essentially note the equivalence
of the processes (U, + M,,V,) and (X, V,X) described in subsection 4.1 above for the case
K = 0. Lévy’s theorem is the statement that (L,|B|) and (MZ, B + M?), yield the same
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distribution on C'([0,T],R?). Here L is the local time of |B] at zero. See [30, Chapter 3.6]

for detailed statement.

Proof of (i):

This follows trivially from the definition of U, = S,, + Z,,.

Proof of (i1):

Recall S,(t) is a continuous time scaled simple random walk. Since S,,, converges to S, S is

a Brownian motion by Donsker’s theorem.

Proof of (iii):

We give a brief outline of the proof using heuristics. Recall L, = 2" - Leb(0 < s < t :
Un(s) = —M,(s)) and V,, = —v + KL,. Each time M, increases, U, will make approxi-
mately a Geometric(1/2) number of visits to this new minimum value before M,, increases
again. Also, U, will spend approximately an Exp(2?") amount of time at each one of these
visits. Therefore L,,, which is the total amount of time U, spends on —M,, scaled by 2", is

approximately
2" My, 2" M,

S 2Bap(2) = Y Eap(2),

i=1
where Fxp(2") indicates independent exponential random variables. If you suppose this sum

is concentrated around its expectation, then L, is approximately

2" My,

Z 27" = M,.
=1

If M,, converges almost surely to a process M in C[0,T], then one expects L,, to converge to
M as well.
We now begin the formal proof by making the above explanation rigorous. By tightness,

and without loss of generality, assume L,, — L and U,, — U almost surely in the uniform
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norm of continuous functions. See Remark [£.3] We will use a localization argument to show

that L = MY almost surely. For a positive constant C' > |v|, define
T = inf{t > 0: L,, > C}.

For each nj, consider a modifincation of (Sy, , Zy,, Un, ), denoted (SS, ZS ,US ), solving the

nE? —“ng?

system (i)-(iii) in subsection 4.1 but replacing (iii) with

VEOt) = —v+ K[2"Leb(0 < s <t : UY(s) = —MS(s)) A C],
US =59+ 29,
MC(t) == MU% ().

n

Heuristically speaking we are stopping L,, when it reaches C' while keeping the other dynamics
the same. Note that (SS ,ZS UL ) is the same as (Sn,, Zn,,Un,) on the interval [O,T((;”)],

Nng?

while on [Tg”), 00) we stop Lg at C. Here Lg Fix m > 0 and let
(n ) _ ) . 17C _ 1e;
;o =inf{t > U, () =—-m=—M; }, T,
be the consecutive times Ugc arrives at —m when Mnck =m. Let
ZF =inf{s > 0: US (1) + 5) > U (1))}

and
zj_:inf{s>0 UC( +5)<Uc(ma))}

ny)

be the amount of time until the next positive, respectively negative, jump of U, C after Tm 5
Then z;f A z; is the time ng spends on —m during it’s % visit to m when Mf;; = m. Since
|LS|< C, the stochastic intensity of ZS is 27 |V,C'| is bounded below by 22" — v and above
by 22 4+ C2™ . We set v = 0 in the remaining computations for convenience, so the positive
jump times of Uﬁ’; = Sffk + ng have intensity 22" + 2”k]Van| and the negative jump times
arrive with intensity 2*". In other words, z; < Exp(22).

By Lemma[2.3]we may enlarge the probability space to contain two independent sequences

of i.i.d. exponential {v;}ien, {€i}ien that are also independent of z; , with rates 227 and
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C2™ respectively, and where

) . + .
VJ/\ejgzj < vj,

almost surely. Consequently,
zy ANvjNep < 25 A z;r < z; Avj, almost surely. (4.2)

Define

A

i 1{zj_/\uj:1/j}7 Bj = 1{2{/\2}':2}'}’ Cj = 1{2;/\1/3‘/\6]‘21/]‘/\6]'}'

By construction A;, B;, C; are Bernoulli random variables and are coupled so that
A; < B; <}, almost surely.

The definition of A;, C; depend on ny, which is hidden from notation. While the sequence
(B,) is not an i.i.d. sequence, and is not a sequence of independent random variables since
the jump rate changes with time, both (A;) and (B,) are i.i.d. sequences of Bernoulli(1/2),
Bernoulli([1 + C27"]/[2 + C27"*]), respectively. Consider the first index j such that A,
(resp. Bj;) is zero. For each 0 < i2™™ < m denote @; as the number of visits to —i27" by
U,, while Mrf; = 427" This is the number of visits Unck makes to —i27"" when —i27" is
the running minimum. We will sandwich @); above and below geometric random variables.

Clearly,

the initial sequence of By,..., Bg,_1 represents the number of times Unck jumps up after
arriving to it’s (signed) running minimum. But for each of these upward jumps U,i must

make another visit to the signed running minimum —:i27"*. Consider
W,=inf{j >1: A; =0}V, =inf{j >1:C; =0}.

Because (4,), (C;) are each i.i.d. sequences of Bernoulli random variables, W;, V; are geomet-
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ric random variables and we have

W; < Q; <V, almost surely,

1 )(1—|—C’/2”k>’€—1.

PVi=k) = <2 +C/em ) \2 4 C)2m

That is, W;, V; are geometrically distributed with parameters 1/2, [1 + C27"]/[2 + C27"*]
respectively.

Notice that qu; visits all sites between 0 and m up until time o), (Also notice that
S,, is identical to S¢ since it is a continuous time random walk not depending on L,,). Here
Mf;; = MY%. Since the size of each step is 27" this means that until time 7'75?’“), Mnck has
visited between 2"*m — 1 and 2"*m + 1 sites.

Let T; be the time that {M,,(s) : s € [0,77(,2'{)]} spends at that vertex 27", where
0 <427 < m. Since |LS|< C, the stochastic intensity of Z is 2"|V,C|, which is bounded
below by 22" — v and above by 22" + C2™. We set v = 0 in the remaining computations

for convenience, so the jump times of Unck = Sgk + ng have intensity 22" + 2”’€|Vnck|, which

is bounded below by 22" and above by 2%* + C'2™. By Lemma definition of v;, e;, z;

Wi Wi Vi Vi
" 2 — § — 2 — . P E —
(an = Zj,i VAN Vi N €ji S T; S zj,i AN Vi + Zj,i VAN Vi =: q)nk + Zj,i N Vji,
J=1 Jj=1 =W, J=W,

almost surely. We add the additional subscripts j,: are added to make it clear the collection
of random variables depend on 7, e.g. z;; is a double array of i.i.d. Exp(22") random variables.
By Lemma , z; Ay, is an Exp(2°**!) random variable independent from A;. Because
z; Avj/\ej is a measurable function of z; Av; and e, both of which are independent from Ay,
hence z; A vj Ae; is independent from A; as well. Consequently z; A v; A e; is independent

from W;. Since we defined
27k M, (s)

& _ n
Lnk(5> - Z 2 kﬂ’

i=1
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we have

2" M (s)—1

DL 2O S L)

i=1

2"k My (s)+1 2" M (s)+1 (4 3)
i=1 i=1 =W
=: Ry, (s).

The sum of a Geometric(p) number of independent exponentials of rate A is exponential with
rate pA. Since W, V; are geometric and independent of y}, p;, it follows that (I);fk is distributed
as an exponential of rate (2>"* +(C27)/2, and similarly ®;, has exponential rate 22", We
think of 2”’6<I>;fk as an exponential random variable with rate approximately 2"+ while in
fact 2"k @;k is an exponential with rate exactly 22"+, Our assumption that Unck () converges
uniformly on [0, 7] to a process U, almost surely, implies have Mnck (+) converges uniformly
on [0,7] to MY“. We will show that the left hand and right hand sides of converges
almost surely to MU¢ (s) for each fixed s € [0, T]. We go through the details for the left hand

side, and the right hand is similar. Notice that

27 M, (5) 21 MU (s)

DR SR

i=1 =1

27k [ME, (s)vMUC (5)] 1 27k MG, (5)- MY (s)] (44)
< > 2P, < oo > %

=27k MG, ()AMVE (5] =

almost surely, where e; are i.i.d. exp(1) that are independent from Mg; . The last inequality
comes from Lemmaand the fact that 2" ®,! < exp(2"+C/2). Since | M (s)—MU% (s)|—

0, almost surely, the strong law of large numbers implies that

27k |ME, (s)- MU ()|

o Z e; — 0, almost surely.
i=1
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We can express 2" @;fk as 27" u¥ where u; < exp(1 + C2~(+1) and so

27k MU (s) 1 27k MU ()
new'c k
D, e =on D Ul
i=1 =1
Conditional on MY (s) we compute
1 Q”kMUc(s) 1
k|agUC _ ng A fUC
Var o Z_Zl w; MY (s) | = 22nk2 kM (s)(1+02_(nk+1))2
MY (s)

T2 4 O+ 072w

which approaches zero. The expectation conditional on M ue (s) is

1 Z"kMUc(s) 1
L k| agU® _ agU°
E | 5 Zl wi| MY (s) | = M7 () Ty
1=
Consequently
27 MU (s) 27k MU (s)

Z Q"k(I);fk = 2—71% Z ub — MUC(S),

i=1 i=1
almost surely, and by (4.4]),

2% MS (s)

> 2mel — MU (s), (4.5)

i=1
in probability. Therefore we can find a subsequence nj where the above converges almost
surely. Similarly one can show

27 M (s)

> 2mel — MY (s), (4.6)

i=1
in probability. The right side of (4.3]) will then converges to M US after showing

2"k M (s)+1

Vi
DD DETRZE
J=W;

i=1



115

converges to zero in probability. But this follows from two applications of Wald’s equation,

the second of which uses the filtration generated (for fixed i) by z-

G
v,
E(Z zj_’i/\uj’i>—E(V WiE(z;; Avji)

J=W;
5 24 C27™ 1
= - : =:!0An,

which clearly approaches zero. Now, using Lemma the moment bound for the number

vj; and e;; to compute

of sums in Wald’s equation is satisfied, we compute

2 M (s)+1

Vi
E Z Z Zi, NV | = E(Z"’“Mnok) Uy,
—y

i=1
which also approaches zero. Consequently

27k MG (s)+

Z Z:zﬂ/\yjZ

converges to zero in probability and as mentioned, and therefore 7, converges to M ue,
Consequently we can find some common subsequence nj, where and both occur
simultaneously, almost surely for fixed s. We relabel n; as nj. By and the squeeze
theorem LS (s) = Ly, (Tg”“) A s) converges to MU (s) for each s € [0, 7], almost surely.
By a Cantor diagonalization one can find a subsequence ny such that LS (s) — M U (s)
for each rational s € [0,7]. Since we assumed LS, converges uniformly to some continuous
process LY, it follows that LY = M UY almost surely. We will now extend this to show the
unlocalized processes L is equal to MY almost surely. Notice that for any € > 0,

sup |Ln, (s) — MY(s)|— 0

0<s<T

holds almost surely on the event {T¢_. > T} where
Te =inf{s >0: MY(s) > C}

is the first time the limit function MY passes C — e. To see this, recall the dynamics of

(8¢, z¢ UC) (s Znys Un,) on [0, Tﬁ] Since L,, — L by our assumption of tightness

ng’ ne?
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and L, L,, are nondecreasing, we know that Tc_. < limsup,, Tnck —¢. Therefore MU =
lim,, L = MY on [0,Tc—c AT) C [0,limsup,, TS ]. As C approaches infinity, we see that

Nk

MY = lim,, L,, uniformly on [0, 7], almost surely. This completes the proof of (iii).

Proof of (iv):

As in the other proofs, Remark and Lemma give a subsequence (S, , Zn,., Vo, Ln,,,)
such that
(Snm7an,Vnm,an> — (87 Z) V) L) (47)

in the uniform norm on C([0,7]); we have U,,, — U on C([0,7]) as well. In the previous

proof we showed L(t) ¥ MU (t) while here we wish to show

Z(t) = /V(m)dm, for t € [0, 7. (4.8)

where V = KMV — v. We take v = 0 for the time being and reduce to this case using a

strong Markov property. It suffices to demonstrate

s

o () 2 / V(x)da (4.9)
0
for fixed s € [0,T], for some subsequence n, of n,,. This implies the finite dimensional

distribution of Z(-) are the same as those of / MY (s)ds. The two processes will then agree
0

on [0, 7], almost surely, because both processes are continuous. For a given n,
Zn(8) i= 2" Z,(s)

counts the number of jumps of Z, by time s. Alternatively this counts the number of inter
arrival times {uy : k > 1} between jumps given by the process Z,,. (We hide the dependence
on n for convenience).

Let
Té”) = inf{s > 0: V,(s) > C} for a given C > 0,

ap= sup Vu(s), ap= inf V,(s).

SE Uk, Uk+1] s€[up,up41]
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Assume for the time being that for every fixed § > 0, with aribtrarily high probability
sup{ (Uip1 — 1) : Zn, (6 As) <i < Zy, (s)} — 0. (4.10)

We use the gap times w1 — up as the time step in a Riemann sum approximation of the
integral in (4.9). By the definition of @y, a; and the inert clock, one has a sequence py, of

i.i.d. Exp(2") random variables such that

(g1 — ug) < pg < Op(Upg1 — up),

therefore
Z’n'm (S) Zﬂm (S) Zﬂm (S)
Z oy (U1 — ug) < Z pr < Z  (Up1 — ) (4.11)
k=Zn,, (6As) k=Zn,, (6/s) k=Zn,, (6As)

where we define the left and right sums to be zero should the set of such indices an (0NAs) <
k < Z, (s) be empty.
From (4.10) together with (4.7) and Riemann integrability of the limiting function gives

Z’nm (8) s Zﬂm (S)
Jim NZ Ay (Upy1 — ug) = / V(z)dz = Jim ~Z Wn(upsr —u)  (4.12)
k=Zn,, (61s) SAs k=Zn,, (6As)

with high probability, where convergence holds uniformly on [0, 7). By the squeeze theorem

Z"m (S) y
Z e — / V(z)dz (4.13)
k=L, (51\5) SAs

with high probability as well. Since the puy are i.i.d. exponential of rate 2" and an (s) =

2mm 7 (s) with Z, (-) — Z(-) almost surely, the law of large numbers implies

Znpn (5)
Z e —= Z(s) — Z(5 A s),
k=Zn,, (6As)
for each s € [0, T]. Therefore
Z(s)—Z(ONs)= / V(z)dz (4.14)

dNs
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for each s in [0, 7], with arbitrarily high probability. Hence (4.14)) occurs with probability

one. Since Z(6) — 0 almost surely and fo z)dr — 0, as 6 — 0, this gives

as wanted.

To demonstrate , recall the jump process Z, determining its interarrival times
u;+1 — u; has intensity process bounded below by €/K on the interval [7‘6("’“), o0). Heuristically,
the intensity cannot be too small so the interarrival times are not too large. By Lemma
there exists an i.i.d. sequence v; of exponentials with rate = ¢/ K and which stochastically

dominate ;11 —u;. As 'V, — V almost surely, and v > 0 so that V,, and V are monotone,

we have

lim sup 7" < T. := inf{s > 0 : V(s) > €}, (4.15)
Ty — 00

almost surely. We first show sup{us1—u; : Zn,, (0) <i < Zy,, ()} 50 For0<n<1,C >0,

P(sup{(uis1 — ) : Zn,, (6) i < Zp,, (¢ )} > 1)

< P(sup{(uit1 — ;) : an( )y < < Zy, (1 )} >, ) < 8) + P(rm) > )

< P(sup{vi : 1 <i < Z,, ()} > n) + P(r") > 0)

< P(sup{v;, 1 <i < C2"} >, Z, (t) < C2") + P(Z,, (t) > C2") + P(r{") > §)
<P(v; >n: some 1 <i<C2")+P(Z,(t) > C)+P(r™) > §)

< C2"P(v; > ) + P(r") > §)

< C2"exp(—nu2™) + P(Z,(t) > C) + P(r™) > §).

Taking lim sup with respect to m,, on both sides and applying (4.15) and the assumption
that Z,, — Z almost surely,

lim sup P(sup{ (w11 — w)  Zp, () < < Zn, (1)} >n) <P(Z(t) > C) +P(T. > ).

n—oo

Since C| e > 0 are arbitrary

lim sup P(sup{ (w11 — w;) Zn,, (0) <i < Z, (t)} >n) =0,

n—oo
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for every fixed 6 > 0. Consequently there exists a subsequence n/, where (4.10]) holds which
is sufficient for our proof of (iv).
To show the case v < 0 reduces to the above, notice that

T 3¢/2 < liminf 7)< im sup 7 < Ty

Ny, —>00 Ty —3 00

For almost each w in our probability space there is an N(w) such that V,,  is monotone on
the intervals [0, liminf,, TEZ’")} and [limsup, _, . Te("’"),T] for all n,, > N(w). With this

fact we can apply the above proof to show
t
2(t) = / V(a)da for t € [0,T 4.5 AT] U [Tseps AT, 7).
0
In addition to this,

T36/2/\T
/ |V (z)|dz < (3¢/2)T, almost surely,

T_3./2AT

which goes to zero as € — 0. It follows that Z(s) = [,V (z)dx for s € [0,T] in the case v < 0

as well. ]

4.5 Lemmalf.4: Tightness of (Sn, Zn,Vy)

Recall that our process (S,, Z,, V;,) are in D([0,T],R?), the space of RCLL paths with the
Skorohod topology defined by the product metric d x d x d where d is the Skorohod metric,
see [4]. The following definition is inspired from notes by Ruth Williams on tightness of

stochastic process.

Definition 4.7. A sequence of processes {X; : i € N} in D([0,T],R) is said to be C-tight if

{Xi :i €N} is tight on D(]0,T],R) and all limiting processes are continuous.

See Remark [4.3] The proof that (S,, Z,,V,) is tight is broken into a number of lemmas.
Recall that L,,(t) = 2"Leb(0 < s < t : U,(s) = —M,(s)) where U, = S, +Z, and M, = M
and that V,, = —v + KL,
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Definition 4.8. For f € D([0,T],R), let

w(f,0) == sup |f(t) = f(s)].

0<s<t<T
[t—s|<d

be the modulus of continuity of f.

Recall that || f||{a,5= SUPycqpes| f(2)]-

Lemma 4.9. [2d, Proposition VI.53.26] A sequence of processes X,, in D([0,T],R) is C-tight

if and only if for every e > 0,

(i) lime_o0 limsup,,_, o P(| Xn|/p,n> C) =0

(7) lims_,olimsup,,_, . P(w(X,,d) > ¢€) =0.

Remark 4.10. Notice that (i) follows from (ii) and lime_, lim sup,,_, .. P(|X,,(0)|> C) = 0.
to see this, take § = 1 and € = C'/2 so that by definition of the modulus of continuity

T
1 Xallio.ry< [ Xn(0)]+ ) w(Xa, 1).
i=1
Consequently, the triangle inequality gives

P Xnllpr1> C) < P(1X0n(0)[+w(Xy, 1) > C)
< P(|X,.(0)> C/2) + P(w(X,, 1) > C/2),

from which it is clear that (ii) and lime—o lim sup,,_, . P(| X, (0)|> C) = 0 imply (i).
Lemma 4.11. Assume that the sequences (X,,), (X)), (X)) are in D([0,T],R) and
Xo(t) = X(s) < Xn(t) — Xn(s) < Xo(t) = X;(s), 0<s<t.

almost surely. If both (X)) and (X!") are C-tight, then (X,,) is also C-tight.
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Proof. For any C' > 0, the triangle inequality gives
P(IXnllpr1> C) < P(|Xollom> C/2) + P(| X7 llj011> C/2),

which verifies condition (i) in the statement of Lemma by taking lime o limsup,,_, ., of

both sides. Similarly, for every 6,e¢ > 0,
P(w(X,,0) > €) < P(w(X),0) > €/2) + P(w(X],d) > €/2),

and taking lims_, lim sup,,_, ., on both sides verifies condition (ii) in the statement of Lemma

4.9 [

Lemma 4.12. There is a probability space (2, P) supporting (Sy, Zn, Vy) that also support

processes

U, =S.+ 27,

M = MY,

L (t)=2"Leb(0 < s <t:U, =—M)).

where Z!, is a Poisson point process Z! of intensity |v2"| and jump size sign(v)2~" such that

0 < Z1(t) — Z4(5) < Zu(t) — Zu(5), (4.16)
for all0 < s <t <T, almost surely, and

0 < L,(t)— Ly(s) < L (t) — L, (s), (4.17)
for all0 < s <t <T, almost surely.

Proof. By definition V,, > —v almost surely. Recall that Z,, is a point process with stochastic
intensity [2"V,,| and jump size sign(V,,)27", so by Lemma we assume the probability space
included a process Z! with downward stochastic jump intensity |v2"| and step size 27" such
that

Z(t) — Z0(5) < Za(t) — Zu(s)



122

for all 0 < s <t < T, almost surely. This demonstrates (4.16|). It follows that

almost surely. Notice both U, + MY U’ + MY" are equivalent to reflected continuous time
walks which may transition from zero to zero. For instance, a transition of U,, from its running
minimum corresponds to a transition from zero for the walk U, + M,,. Both nonnegative
walks U,, + M,,, U} + M/ transition as a continuous time (nonnegative) random walk but with
an additional “drift” process of Z,, Z/, respectively. Since Z,, > Z! the process of U,, + MV
dominates that of U/ + MY'. That is,

U, + M, > U, + M, >0, almost surely. (4.18)

In other words, U] + M) is zero whenever U, + M, is zero. Consequently, {s < z < t :

Ulz)=—-M)(2)} C{z:s<z<t,Uyz) = —M,(z)} for every (s,t) C [0,T], almost surely.

Therefore
0 < L(t) — Lals) < LL(8) — L (5), (4.19)
for every (s,t) C [0,T], almost surely, demonstrating (4.17)). ]

Lemma 4.13. For each n € N let N, be a Poisson process with intenstiy C2". Then
27" N, (t),t € [0, T] converges in D([0,T],R) to the line g(t) = Ct. In particular {27"N,(t) :
t €10,T],n € N} is C-tight.

Proof. This is in fact classical, but we give a proof. N, (t) is a Poisson process with rate
C2",s0 N,(t) —C2"t = N,(t) —2"g(t) is a martingale. Consequently 27" (N, (t) —2"¢(t)) =
27" N,(t) — g(t) is also a martingle. By Doob’s martingale inequality and Cauchy-Schwarz,

for any € > 0

P( sup [27"N,(t) = g(t)[> €) < e 'E[27"No(T) — g(T)|

0<s<T

< e 'y/Var(2—"N, (7))
— 671272710271

— 0.
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Thus 27" N,,(t) converges weakly in D([0,7],R) to g because convergence in the uniform

norm implies convergence in the Skorohod topology on D([0,T],R) [4]. O

Lemma 4.14. For every T > 0, E(M,(T)) < E(M,(T)) < 2,/2T + |v|T + [v]2~™ where v
is the initial value of V,, and M) is defined as in Lemma .

Proof. According to Lemma we enlarge our probability space to contain (S, Z,, V,,) as

well as the Z! given in that lemma statement. Consequently,

Up = Sp(t) + Z,(t) > S, (t) + Z/ (¢t) =: U,
for all t € [0, T], almost surely, which implies

M, (T) := MY(T) < MV+(T) = M}(T),

almost surely. By Doob’s Martingale inequality, and the fact that Z/ (7T') is distributed as

—2""Poisson(|v2"T|), we compute

E(Mn(T)) < E(M,(T))

< 2V/E(|S,(T) + Z;,(T)]?)
< 2\/E(S2(T)) + [v]2=" + [v|T.

We can express the continuous time random walk S, as 27"(Ny(t) — Na(t)) where N; are
independent Poisson processes of rate 22", and consequently E(S,(7T)?) = Var(S,(T)?%) =
272" (Var(N1(T')) + Var(No(T))) = 2T. Substituting this into the previous string of inequali-

ties, we have

E(M,(T)) < 2/2T + |v|T + |v[]2—".
O]
Lemma 4.15. Let X < Exp(A),Y 2 Exp(u) be independent. Then X NY < Exp(A + p)
is independent from W = lixay=xy. Furthermore P(W = 1) = A\/(A + ). In other words,

the minimum of two independent exponential random variables is independent from which

exponential r.v. occured first.
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Proof. Because X, Y are independent we can write their joint pdf as f(x,y) = Apexp(—Az—

wy). With this one can compute, for any z > 0,

PXAY >2W=1)=P(XAY >z XAY = X)

:/Zoo/xoof(ﬂfay)dydx'p(XA;:X)

A e KA
w4 A A

— o~ (A Fp)z

=P(XAY > 2).
U

Lemma 4.16. For each T > 0, L, converges in distribution to MP™", where B™"(t) =

B(t)—wvt where B is a Brownian motion. In particular {L,, : n € N} is C-tight. Furthermore,
sup,, EL,(T) <sup, EL! (T) < oc.

Proof of lemma. We begin by showing the weak convergence for which we use a similar
technique to that used in the proof of Lemma (iii). We record the amount of time
U, spends at each maximum, and express L (t) as the sum of these. By Lemma [4.13]
Z!(t) = —27"N,(t) converges in probability to ¢g(¢) = —uvt in distribution on D(]0,T],R). By
Donsker’s theorem S,, converges in distribution to a Brownian motion B, and consequently
U := S, + Z! converges in distribution to B + g =: U’. This implies M’ := MU converges
to MY in distribution because f — M/ is continuous in the Skorohod topology. Note that
2" MU' (t) 4 1 is the number of levels the running minimum of U’ has reached by time ¢. Let

7U) =inf{t > 0: U/ (t) = —j27"}, so that 70 is the first time M’ reaches 27™. Define
Ty := Leb{s > 79 | —U/(s) = M/ (s) = j27"}.

Then,

2 M, (t) 27 M/, (£)+1

N L<Lm<2 YT, (4.20)
=0
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for all [s,t) C [0,7], almost surely. The process U, will jump up upon the arrival of

an Exp(2?") random variable, call it ug), while it will jump down upon the arrival of

an Exp(2?" + |v2"|) random variable ,u,(f ’ V;) where V; =

1o

g AR
Vi, = 0} is the number of times U}, visits —j27" while M is j27". Because V; < Bernoulli(p)

Consider the pair (,u](gj) A ,u,(gj)/,

@) By Lemma @.15, V; is independent from all u,(gj) A ug)l. Then W; = inf{k :
k TPk

with p given below, W; is the first time this sequence of Bernoulli’s is zero. Thus, W; is a

Geometric(p) random variable independent of ugj ), ugj )" Thus

Wi
7= w' Ap
i=1

is a Geometric sum of i.i.d. exponential random variables from which it is independent. Such
a sum is exponential of rate pA, where

22n

_ _ 9o2n+1 n
- 22n+1+,02n’ A=2 + 02"

p

That is, T} < Exp(p\) = Exp(22"). We show the left hand side of (4.20) is tight, while the
proof of the right hand side being tight is essentially identical. Clearly

2" M;, (s)
sup 27" — M (s)] <27
s€[0,T7] ;
Without loss of generality, we may assume M, converges almost surely to M’ by the Skorohod
representation theorem and the fact shown above that M/ converges to M’ in distribution.

Therefore
2" M, (s)

> oo Ry Vi
=1

2" M;,(s)
To show 2" Z T; converges in probability to M’ it suffices to show
i=1

2" My, (s) 2" My, (s)

2 S - Y 2.
=1 =1
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Because T < Exp(22"), we know z; := 2"T; < Exp(2"). Hence

2" M/ (s) 2" M/, (s) 2" M/, (s)
Z T; - Z 2= ) (5-27)
=1

Note that z; — 27" are i.i.d. mean zero random variables with variance 272", so by Kol-

mogorov’s maximal inequality, for each C| e > 0 we have

2" M (s)
P sup (z2j —27")| > €
s€[0,7T ; !

k

<P sup
<1<k<2nc Zl

(2 —27")

> 6) +P(M(T) > C)

§P< sup Z|z]—2 "|>e>+P(M’( ) > C)

1<k<2"C

2nC
< e ?Var (Z(z] — 2_")> +P(M(T) > C)

i=1

< e 22"C27 + P(ML(T) > O).

Because M, converges to M’ almost surely,

2" M, (s)
limsupP | sup Z (2 —27") > €

n—00 s€[0,T]

< limsup P(M)(T) > C)

n—o0

— P(M'(T) > O),

where C' > 0 is arbitrary. Because M’ is a continuous process C' can be chosen so P(M'(T) >

(') is arbitrarily small. Hence

(s)

2n M,
S (-2 50,
=1

and the left hand side of (4.20]) converges in probability to M’. The convergence in probability



127

for the right hand side is similar, and because (4.20)) is an almost sure bound,

P Ly, — M[|> €)

2" M (s) 2" M (s)+1
<P[ sup [2" Z T,— M| >¢e/2] +P | sup |27 Z T,— M| >¢/2],
s€[0,T) =0 s€[0,T7] §=0

and taking limsup,,_, ., on both sides shows

limsup P(|| L], — M'||> €) =0,

n—oo
for every € > 0. Thus L/, converges in probability to M’. That L! converges to a continuous

process implies the sequence {L/ : n € N} is C-tight.
Corollary 4.17. The collection of processes {L,, : n € N} is C-tight.

Proof. This follows directly from (4.19), the fact that {L! : n € N} is C-tight by Lemma
(and that the zero process is trivially C-tight, and Lemma [4.9] [

Lemma 4.18. The collection of processes {Z, : n € N} is C-tight.

We will use a localization argument by stopping the stochastic intensity of Z,, when it

becomes large. Recall that |2"V,,| is stochastic intensity of Z,,. For C' > v > 0 let

Té =inf{t > 0: V,(t) >C}:inf{t>():Ln(t) > U;C}.

Define a process 7, such that ZnhoyTg]: Zn|[o,Tg}, almost surely, while after time 77 let 7.
have intensity C2" and jump size 27". By Lemma we can stochastically dominate the
number of transition made by Z, in a given time interval by the number of transitions made
by a point process Z!(t) of intensity C2" and jump size 27" (in the same time interval).

More precisely, Z!(t) = 27" N(C2"t) where N is Poisson process of unit intensity. So

0 < [Zu(t) = Zu(s)|< |Z,(1) = Z,(s)] (4.21)
for every interval (s,t) C [0, Tén)], almost surely. By monotonicity of Z! and Doob’s maximal

inequality, for fixed €,d,C' > 0 we have
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IP’( sup sup | Z,(u) — Z,(v)|> e)

te[0,7—6] t<u,v<t+d

<B( sw s (Z,) = Zu(0)l> € TE > T) + PIE) <)
t€[0,7—6] t<u,v<t+d

< IP’( sup  sup |Zl(u) — Z}(v)|> 6) + P(TSY < T)

te[0,T—6] t<u,v<t+§

]P’( sup | ZL(t +8) — ZL(t)|> e) + P(L(T) > O)

t€[0,7—6]

sup,, E(Ln(T))

<P( sup |Z}(t+0) - Zi(0)]>€) +

t€[0,7—46]

By Lemma and Lemma (.9 we know

lim limsupIP’( sup | ZM(t +8) — ZM(t)|> e) ~0.

6=0 noo te[0,7—6]
Therefore, by Lemma [£.16] and applying Chebyshev’s inequality, there exists a constant
A independent of C| e, n such that

Ql

lim lim supIP’( sup sup | Zy(u) — Z,(v)|> e) <
=0 pooo te[0,7—8) t<u,u<t+6

By choosing C arbitrarily large, this shows

<1$i—r>% liinﬁs;}p]?(teﬁ)l’;p_a] t<5}}12+6\Zn(u) — Zn(v)|> €> = 0.
Hence Z, satisfies (ii) of Lemmal[4.9] Condition (i) follows from Remark [4.10]and the fact that
Z,(0) = 0 almost surely, successfully verifying the conditions of C-tightness for {Z,, : n € N}
given in Lemma [£.9] O

Corollary 4.19. The collection of processes {(Sn, Zn, V) : n €} are C-tight.

Proof. The collection {(Sy, Z,, V,) : n €} is C-tight in the product metric on D([0,T],R) x
D([0,T],R) x D([0,7],R) which will follow from C-tightness of each marginal sequence.
Note that S, is C-tight by Donsker’s theorem while V,, = v — K L,, and Z,, are C-tight from

Corollary and Lemma [£.18] O
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5 Two Brownian motions separated by an inert particle

In this section we consider a system of processes (X1,Y, X5, V) on C(R,R*). The processes
X1, Xy are the lower and upper, respectively, Brownian particles separated by an inert parti-
cle Y. The velocity of Y is V. In [45] Section 4|, White gives existence of the system up until
a triple collision of the processes X7, X5,Y. The processes exist for all real times, almost
surely, once one shows that triple collisions occur with probability zero. Unfortunately, the
proof of [45, Theorem 4.1] contains an oversight in the upper bound demonstrating satis-
faction of Novikov’s condition for V. We remedy this by apply a localization argument to
V followed by a Grénwall inequality that applies pathwise. Because the inequality applies
pathwise, we are able to obtain similar bounds when undoing the localization. We begin by
recalling White’s theorem of the Skorohod map used to construct the system of one Brownian

particle reflecting from an inert particle.

Theorem 5.1. (White, [45, Theorem 2.1]) Let f(t) be a continuous function with f(0) > 0,

and let u(l) > 0 be a continuous monotone function with

|1(a) = p(0)]

sup ————— < o0
a<b<l b—a

for each l. There is a unique continuous function L(t) which satisfies

t

(i) «(t) = £(t) + L(t) + / o Lis)ds >0,

0
(1) L(0) =0, L(t) is nondecreasing,

o0

(iii) L(t) is flat off {t : x(t) = 0}, that is, /1{x(s)>0}dL(3) = 0.

0
Remark 5.2. The statement of Theorem is more general than is needed to construct
Brownian motion with inert drift as described in the the first chapter of this thesis. In
particular, setting p(l) = Kl for K > 0 is equivalent to the Skorohod map given in Theorem
when n = 1 of the first chapter.
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Theorem 5.3. Let (2, P, F;) be a filtered probability space supporting two indepenent Brow-
nian motions By, By. Here JF; can be taken to be o(F}, F}?) where F; is the continuous
filtration generated by B;,i = 1,2. Fix K > 0 and real initial conditions x1,x2,v,y such
that ©1 < y < xo. There exists a stopping time T, and continuous processes (X1,Y, X5, V)

adapted to Finr.,, such that

Xi(t) <Y(t) < Xo(t), forallt € [0,T], almost surely,
X1 =x1+ B — L,

Xo = x9 + By + Lo,

V=v+4 K(L — L), (5.1)
dy
= , Y(0) =y,

L;(0) =0 and L; is a continuous and nondecreasing,
L; is flat off {s: Xi(s) =Y (s)}.

Regarding the stopping time T, consider the recursively defined stopping times
T =inf{t >T/:Y, = X/}, Ty = 0,

T =inf{t >T/:Y, = X}}, Ty = 0,

and relabel them all under one index as T;. Then

T, = lim T,,. (5.2)

n—o0

For every fixed ¢, (X (t), Y (t),V(t)) takes values in WXR where S = {(z,y) € R* : = > y}.
In this section we show that the invariant measure for the two particle system given above

has an invariant measure p x vx for (X,Y,V) on W x R.

Remark 5.4. A single inert-particle interacting with one Brownian particle has a strong
solution provided by a Skorohod map that is applied pathwise on the probability space as
described in the first chapter.
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Proof. For a given interval [T}, T;;;] the process Y interacts with one X' exactly as one
Brownian motion and the inert particle. Therefore we define the system by relying on the the
Skorohod map construction as mentioned in Remark [5.2for the one particle interaction, which
we apply path-by-path on [0, 77], and recursively to [T;, T;11]. This gives strong existence

until the first time of a triple collision between X;, X5,Y, which we define as

T:= lim T,. (5.3)

n—oo

]

5.1 Motivation and relation to similar systems

To complete the construction of the system and correct the oversight in [45], we must

show triple collisions occur with probability zero, that is T' = oo.

Theorem 5.5. We have P(T = 00) = 1. As a result, there ezists a pathwise unique strong

solution to the system (5.1)) with processes (X1,Y, Xo, V') defined for all time, almost surely.

Theorem [5.5] follows from Corollary [5.8] of the following lemma.

Lemma 5.6. For a given t > 0, there are positive constants B depending on K.,t, and «

depending on t, K, x1,xo, such that for A > «
P( sup |V (s)|> /\) <e NP,
0<s<tAToo
Proof. For C' > 0, define
7o =inf{0 <t < T : |V ()|> C}

as the first time the process |V| reaches C, so that V(s A 7¢) is a bounded process. Recall
the definition of the T; given in the statement of Theorem [5.3] Also recall the inert particle
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Y ineracts with only one Brownian particle in the time interval [T}, T;,1] and we define
(X1,Y, X5, V) using the Skorohod map definition for one Brownian particle interaction per

Remark . By (5.1]), the following occurs for all ¢ € [0, Ty A 7¢|, almost surely under P,

(i) L; is nondecreasing and flat off of {B; —Y; = 0},

(i) BY(t) — Y(t) + Ly(t) > 0, Y(t) — By(t) + La(t) > 0.

The Novikov condition is satisfied for V(s A 7¢) because it is bounded. Consequently a Gir-
sanov transformation gives the existence of a probability measure Q equivalent (i.e. mutually

absolutely continuous) to P such that the joint processes
(Bi(t), Bs(t)) := (Bi(t) = Y(£), Y () — Ba(1))

stopped at 7o A T, are distributed as a pair of two stopped independent Brownian motions
under @, [30, Theorem 5.1]. Consider the processes (X!, Y, X2 v)rronr under this Q. Since
Q and P are mutually absolutely continuous, almost sure events under P are almost sure
events under Q. Therefore (i) and (ii) above translate to the following holding for ¢ € [0, T\, A

Tc], almost surely under Q,

(i) By(t) — Ly(t) <0, and By(t) + Lo(t) > 0,

(ii) L; is nondecreasing and flat off of {t : B;(t) = 0}.

It follows from uniqueness of the classical Skorohod map that

Li(t) = max (By(s) V 0), and Ly(t) = max (—Bs(s) V 0),

0<s<t 0<s<t
for all t € [0,7¢ A T, almost surely under Q. Lévy’s theorem says (Etz + L 2L%) has the

same distribution as (|Bi|, A;(0)), reflected Brownian motion and its local time at zero. Since
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P <« Q, and by definition of gi(t), the functions L; (resp. L) is path-by-path the running
maximum of By + x; above Y (resp. the running minimum of By + 5 below Y') and has the
same distribution as the local time X; spends on Y. This enables us to complete the following
calculation necessary for a Grénwall inequality bound. For 0 < t < 7o A T, the following

holds almost surely under P,

V()= [K(L1(t) — La(t))|< K L1(t) + K La(t)
< K(zz + max|Y(s)|+ max|Bi(s)]) + K (22 + max[Y(s)|+ max|By(s)|)

= K(z2 — 21 + max|Bs(s)|+ max|By(s)]) + 2K max|Y (s)|
t
< K(zz — o1+ max|By(s)|+ max|Bi(s)])) + 2K [ max|V(z)|ds
0

Since the right hand is nondecreasing, the inequality holds when taking sup of the left hand

side. Therefore

t

< — . .
onax V()< K(zz — 21 + max|By(s)|+ max|Bi(s)]) + 2K | max|V(z)lds.  (5.4)
0

For w,a, B continuous on [0,b) with the negative part of a locally integrable, Gronwall’s

inequality states that u(s) < a(s) + /B(z)u(z)dz implies
0

t

) < ale)+ [a@pen [ swar).

0
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Applying this to the bound (j5.4)) yields the following, almost surely,

oJax V(0] < K(zz — 21 + max|Ba(s)|+ max| Bi(s)))

t
+ K/ (29 — 21 + gg?§|B2(s)|+ 323%’31(5”) exp 2K |t — s|ds
0

2Kt _
< (1+te)K(xg — x1 + £§§|B2<S)|+ 52?§|Bl(s)|)
<a+ 5(&1§§|Bz(5)|+ %ggt\Bl(S)D

= a+ 5(M2(t> + Ml(t))a

for some positive constants «, 8 that only depend on ¢, K and the initial positions x1, z9
and where M;(t) = maxo<s<t(—Bi(s) vV 0). We have the following set inclusions holds almost
surely,

{ max |V(s)|>w}C{ngt/\Too}C{a+B(M1(t)+M2(t))2w}.

0<s<tATo

For w > «,

IP’( max |V (s)|> w)

0<s<tNAT
<P(1y <tATw)
<P (a +8 (gggé\Bz(S)H ggggt\Bl(S)O > w)
§P<M1+M2> wga)

w —
<21P><M1 )
< T

< 2IP>(|Wt|> w;;)

_ 2]P’(Wt > w2_ﬁa> + QIED(Wt < _w;ﬁa)

< ge-(52)

_w?
< 8e sp%
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where we get a tail bound for Orgaé]Bi(sH from the fact that for fixed ¢, ggaéct]Bi(s) ]i |N(0,1)]
where N(0,¢) is a normal random variable of variance t, [30]. Relabel 83%t as (3 in the

statement of the lemma. O
We have two corollary’s from [5.6]

Corollary 5.7. 7o N1, — T, as C' — oo.

Proof. By Lemma [5.0], for any C,t > 0,

Pt NToo <t NTx) < IP’( sup |V (s)|> C’) :

0<s<tATeo

which approaches zero as C' — oo. O

Corollary 5.8. For every C > 0, ¢ < Ty almost surely and X1(T;) < Xo(T;) for alli € N.

Furthermore T, = 0o almost surely.

Proof. Fix t > 0. From the previous corollary we know that |V is almost surely finite on
[0,¢ A 7o A Tio]. Furthermore 7¢ — oo in probability. Recall 7¢ = inf{s > 0 : |V (s)|= C}
is the first time |V| reaches C. Upon reaching 7o stop the value of V' while keeping the
same dynamics of the other processes. Denote this altered version as X, V¢ X{ V¢ In
other words (X, X{, V¢ VO) satisfy the system but with V¢ fixed at sign(V (7¢))C
for times after 7¢. (Consequently Y¢(s) = Y (7¢) + sign(V (7¢))C(s — 7¢)) for s > 7o, and
XE are relecting Brownian motions from Y°.) Because V¢ is bounded and defined for all
time, we have E (exp / t\Vc(s)|ds) < o0o. Consequently V¢ satisfies Novikov’s condition,
allowing us to apply a (O}irsanov transform, as done in the proof of Lemma [5.6] to see that
(X —YC YY — XY{) behaves as a pair of independent Brownian motions each reflecting
from zero under a probability measure Q equivalent to P. Since two dimensional reflected
Brownian motion hitting the origin at some time in [0, ¢] is a null event, the same probability
both X (s) = X (s) for some s € [0, ] also has probability zero. But (X, XYY V) =
(X1,Y, X5, V) on the interval [0, A 7¢ A Tw]. Hence X3, X5 do not collide on the interval
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[0,t A Tc A T|, almost surely. This implies that ¢ A 7o < T\, almost surely, for each t > 0.
Consequenlty 7¢ < Ty, almost surely. By this fact and Lemma [5.6] for a fixed tq > 0,

]P)(TC S to) = ]P)(TC S to A Too)

—P ( max_ |V(s)]> 0) ,

0<s<toAToo
which approaches zero as as C' approaches infinity. Consequently 7« > t; with arbitrarily high
probability as C' approaches infinity, for every fixed ty. Thus ¢ty < 7¢ < T with probability
approaching 1. Therefore 7o — oo almost surely, guaranteeing that X;, X5 collide with

probability zero and completing the proof. O

6 Discrete Approximation and an Invariant Measure of Two Brownian motions
separated by an inert particle

In this section we establish an invariant measure of (Xi,Y, X5, V) by rigorously applying
the procedure conjectured by Burdzy and White in [9]. The idea is the following: We
approximate the system (Xi,Y, X5, V) by a system of other three particles jumping on a
discrete lattice 27"Z of class C. Then apply Theorem to the processes of class C to
obtain the invariant measure 7™ for each n so that passing to the limit gives an invariant
measure of the system (Xi,Y, X5, V). This process behaves as a continuous-time Markov
process whose intensities of jumps can depend on the time the particles spend at the same
location (i.e. a collision). We say “invariant measure” because it obtains infinite mass and is

no longer a probability space.

6.1 Definition of Processes and Discrete Convergence
For each n € N, consider a process

(XT(t),Y"™(t), X5 (1)), for t € R := [0, 00)
that for a fixed time lies in the state space of a discrete wedge

Wy = A{(x1,y,22) € 2773 <y < To}, (6.1)
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whose trajectories are right-continuous with left limits. We wish that its dynamics emulate
that of (Xi,Y, X3) given in (5.1)). We do so by specifying a system of point processes very
similar to that of (i)-(iii) of Section 4.1. Let

X7(0) =27, Y™(0) =y", X3(0) = 5.
Define the scaled times of collisions as
LI(t) :=2"Leb(s € [0,t] : X[*(t) = Y5'(t)), fori=1,2.

For i = 1,2 let SP'(t) be a simple continuous time random walk with interarrival jump times
of i.i.d. Exp(2*") with jump size of 27". Then (X7,Y™, X3 V") is a point process defined
by

(i) X7= 857+ M and X3 = Sy — M}, where
My (t) = MY" 751 (t), and My(t) = M527Y" (1)

is the running maximum of S; above Y™, the running minimum of S} below Y",

respectively.
(ii) V™(t) = v, — KL3(t) + KL}(t), where

L} (t) :==2"Leb(s € [0,t] : X['(t) = Y5'(¢)), fori=1,2.

(iii) Y™ is a point process of stochastic intensity |2"V"| with step size sign(V")27".

Such a process exists because it falls into the class C of processes. As in the previous sections
we denote the Skorohod space of functions D([0, T, R?) with the (complete) Skorohod metric,

and C([0,T],R?) the space of continuous functions with the uniform norm.

Theorem 6.1. Fiz to > 0 and consider the system (XY, X?) from (5.1]) with the initial

conditions satisfying

n n n
Ty —> Lo, Ty —> T2, Y — Y, Up — Vp.
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Then
Z, = (XY XD V) — Ei= (X, Y X, V)

weakly in D([0, 1], R?) x C([0, 1], R).

Proof. The idea is to construct a probability space supporting the sequence of processes
=, that converge to the limiting system = uniformly on [0, ], almost surely. We do this
inductively between the hitting times [0,7}) where T; is as (5.3). We start from initial con-
ditions such that X;(0) < Y(0) and by assumption the initial conditions of =, converges
to the initial condition of =. We first show there is a probability space supporting =,, =
such that Z,, converges almost surely in the uniform norm to = on [0,7}). By the Skorohod
representation theorem, Donsker’s theorem, and Lemma [£.13] there exists a probability space
(Q4,Py) supporting two independent continuous time simple random walks S}, S7, indepen-
dent Brownian motions By, Bs, and a Poisson point process Z" of intensity |v2"| and steps

of sign(v)2~" such that

ST — Billjo,.)— 0, almost surely,

1S5 — Bal|jo,— 0, almost surely, (6.2)

1Z™" = glljo.to)— 0, almost surely.
where g(t) = vt. Let T" = inf{t > 0 : S;(t) + a? = Z™(t) + y",i = 1,2} be the first time
one of ST + zf or S§ + zf contacts Z" 4+ y". By , Tl(n) converges, almost surely, to T}
where T7 := inf{t > 0 : B;(t) +x; = g(t) +y}. Because T is finite almost surely Because this
is the first time the Brownian particles contact Y, X;(t) = B;(t) +x; and Y (t) = g(t) +y on
[0,7}). Furthermore,

o XZ || [O,Tl(n)/\T1 Ato]

almost surely. This is the base case construction of the probability space (21, P). By Corol-
lary lim,, XI"(TI(")) = Xi(Th) < X3(T3) = lim, X{L(T;n). For a fixed element in the
probability space Q; we have either X™(T\™) = Y"(T\"™) or X2(T{™) = Y™(T{™). Let

L= {i: Xp(T™) = y(T™), i =1,2}
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indicate which process makes contact with Y™ at this stopping time. We will now “patch” new
processes from a new probability space conditional on I. Create another probability space
(€22,Py) supporting independent continuous time random walks ST, and S, that converge
uniformly on [0, £o], almost surely, to independent Brownian motions Bj o, By 5. Assume [ =
2, the case I =1 is similar. By Theorem and Skorohod’s representation theorem we may
assume () also supports (X3, Y5", V3*) with initial conditions (Xor (T, Y (1™ Vi (T™Y),
that converge uniformly on [0, %], almost surely, to (X229, Y2, V2) solving with the ini-
tial condition (Xy1(T1),Y1(T1),Vi(T1)). Define Xi; = S15 4+ X1.1(T\). (Should I = 1,
we construct a similar process (X7, Y5", V5') but with X, reflecting below Y;'). Define
Ty =inf{t >0: X;p =Y} and I, = {3 : X}L’Q(TQ(H)) = Y"(T{"}. Continue this by in-
duction. For a given k € N with probability spaces €24, ...,8; and sequences of processes
(X7, Y, X8, V), (XT, Y Xy, Vi) along with stopping times 17, ..., T} and indi-
cators of contact Iy,..., I}, construct a probability space €2, independent of €;,1 <i <k
supporting independent continuous time random walks ST, ., and Sy, that converge uni-
formly on [0, %], almost surely, to independent Brownian motions By j41, Ba x+1 adapted to
ftl’kH,EQ’kH respectively. We also assume €2, supports (ng 1 Y, Vi) with initial
conditions (X, (T I(:), YT, Vi(T™)), that converge uniformly on [0, to], almost surely, to
(X1, k415 Yit1, Vir1) solving but with X, x11 reflecting above Y} if I, = 2, and with
the initial condition (X, x(7%), Yi(T%), Vi(Tx)). This completes the induction step giving
existence of a sequence of probability spaces €);,7 € N supporting the processes mentioned.

We consider the infinite product as a probability space,

i=1 =1
and the times ,
T =) T
j=1
which represent the times between collisions of the “patched” process

== (X1, X5, Y, V).
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For ¢t € [T}, T}, ], we define (X{,Y”, X5, V') on (Q,P) by
E(t) = (X1,Y, X5, V() = (Xiks1, Yert, Xogr1, Vip1)(E — Tk).
Similarly define two Brownian motions by
Bi(t) = Biisr(t = Th), By(t) = Bapra(t — Ti)

for t € [T}, T}.,]. The B; are adapted to the filtration F; := a(]-"éif“, . ,Fffil) fori =1, 2,
which implies B, B} are independent. By construction (X7, X}, Y, V) solve (5.1) and is
defined until 77, = lim;_,o, 77, which is infinite almost surely by Corollary . Similarly

define the discrete approximations as follows. For fixed n, k € N define

k
Tk(")/ _ Z Ti(n)
i=1

B T(n)/] let

and for t € [T,En) ot 1

20(t) = (XM, YO X VO () = (X, Y X, Vi) (= TY).

By construction

=/ _ =/
120 = =g nay vy, = 0

almost surely on (€2, P). Because T, ’gn)’ — T almost surely, this implies
= =
1=, — Ello.y— 0,

almost surely on (€2, P), for every k& € N. By Corollary P(T] > to) — 1 as k goes to
infinity. Consequently ||Z], — Z'||jo,,,)— 0 almost surely. Because =, 2=, and & £ =, this

completes the proof. O

6.2 Invariant measure

In this last section we apply Burdzy and White’s Theorem to the processes =,, to estab-

lish an invariant measure for the process = = (X;,Y, X3, V) of the previous section. now
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piece together the discrete approximation given in the first section by patching together the
convergence between [T}, T;,1]. Intuitively we think of the Brownian particles X; as “light”
and the particle Y as “heavy.” We define the space in which X = (X1, Y, X?) takes place to
be

W= {(z,y,2) rx <y <z}
and the discrete space

WP=WN2 "L x2 "7 x 27 "7.

At time ¢, the process X" := (X7, Y", X7') will transition from one state to another according
to a point process with the intensities given below. See Sections ?? and 4.1. If (7, j, k) € W"

with no coordinates adjacent:

2n
(i,5.k) == (i +27", 5. k),
2n
(i,5,k) 25 (6,5 + 27" k).
The second component of X™ is Y, which transitions either upward or downward depending
on the sign of V.

v (t)2n

(6,5, k) "9 — 27" k), otherwise. (6.4)

Recall in Section 6.1 (ii), that
Vi(t) .= K2"(Leb{0 < s <t: X]'(s) =Y"(s)} — Leb{0 < s <t: XJ(s) =Y"(s)}). (6.5)

This definition is the same as our discrete drift d in the previous section except we have more
than one particle which its value depends.

The process (X™, V™) converges to by the results in the first section. A similar
convergence result holds when considering an altered version of X" to be defined on W" and
reflecting the particles upon reaching either n or —n, and we will relabel X™ as this alteration.

The convergence of this altered process to the solution of (5.1 follows from Theorem
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because the paths of X are bounded almost surely. The process &X}* is a Markov process
whose transition rate to the next state depends on the time spent at previous locations, and
so falls into the class C of processes studied by Burdzy and White in [9] as we mentioned in
Section 2.2]

The main application of their paper will allow us to calculate an invariant measure for

(X1,Y, X5, V). We define this to mean a measure v on YW x R such that

/ E(f(Z)|Z0 = (y.1))dw(y.1) / £y, Dy, 1), (6.6)

for each ¢ > 0 and every compactly supported continuous real function f € C.(WW x R). Once
we know the measure is o—finite it is only required to show such an equality for f = 1x
where K € B(W x R) because such a measure is defined by its values on compacta. In this
case v may not a probability measure. For example one uses the same definition to see that
Lebesgue measure on R is a stationary measure with respect to one dimension Brownian

motion W;. This is easy to see because for any a < b

b—y
1
/E(]i(a by (W) [Wo = y)dy = / / exp(—2%/2t)dxdy = b — a
’ V2nt
a—y T

so that the measure on R given by beginning with Lebesgue measure and running Brownian
motion is the same as Lebesgue measure itself. By Tonelli’s theorem this also holds for any

spatially invariant stochastic process.

Theorem 6.2. Let o be uniform measure on W and vi = N(O K) be a normal distribution

with variance K. Then (X1,Y, X% V) is stationary under the measure v := j X Y.

Proof. Fix a compact set A C W x R. We consider the measure v, := u, X 7 on W" x R

where the first measure is uniform on W" N [—n,n]® and the second is N(0, K). Clearly
lim a,v,(A) = v(A). (6.7)
n—0o0

where a,, = v([—n, n]*) =~ n®.
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Recall the processes (X7, Y™, XJ', V™) are defined so X", Y" cannot transition above/below

+n. For ¢t > 0 define

90 (Y, 1) = E(La (A7, V) [AG" = (yn, 1)),

ey, 1) = E (1a (X, Y2, X7, V(1) (X, Yo, X5, V(0) = (y,1))

where y,, is the element in WW" wherein each projection R;y,, is the smallest element in 27"7Z
larger than R;y, i = 1,2, 3; this is defined for large enough n. By Theorem JLI{}O|gt(y, l)—
g¢ (y,1)|— 0 for all (y,1) € W x R. This discrete process follows the framework of the
previous proposition with . = W"N[—n, n|> and d = 1. For 2, = (i1, j1, k1), 22 = (ia, j2, ko) €
W" we see v, = 0 unless iy = ji, or j; = ky. Similarly a.,.,(I) = 0 unless one of their

components are adjacent. Let B C W x R,

‘/Wngt(yal)dV(y»l)—/SXRgf(y,l)andyn(y, l)‘

/gtdu—/gfozndun +/ gfoénan-i-/ grdv
B B (SxR)\B (WxR)\B

By pointwise convergence of g} to ¢:, along with (6.7)) and uniform boundedness of g}, shows
/ gidy — / gfdun‘ — 0 as n — oo. Recall the definition of g depends
B B

(6.8)
<

the first term

on a fixed compact set A C W. The space W is a cone in R®. This set A is where the
path (X', Y, X?), must land in at time ¢, so in particular X! and X7 must be in R; A, Ry A
respectively. If B D A is sufficiently large, then the chance of this occurring with an initial
location of y € S\ B will decrease as ||y||— oo. More precisely, by the definition of W,
if (y1,9,93) =y € W, and ||y||= r > 0, then one of |y|, |ys|> /(1 + v/2). Otherwise
lya|< /(1 + v/2) since y3 < yo < y1, and the triangle inequality shows

r 72 72
< 07 70 + ,O, < ——+ +
yl1< (10, y2, 0)][+][(y1, 0, ya)|| G \/(1+\/§>2 TG
r V2r
= + =r
1+v2 142

would give a contradiction. The regular Brownian paths B! < X! and B? > X?, g will be

bounded by a proportional of the chance that B! beginning from Ry, and B? beginning



144

from Ryy, will reach Ry A, (resp. RyA) by time t for y € S\ B. This probability decreases
exponentially with R;A, Ry A. Without loss of generality we may assume R;A = |[a;, b;].

Symbolically, there is a compact set B and constant D > 0 such that

< DellWli?/2t
This shows that for a given € > 0 we can choose a large enough set B such that / gidv < €.
S\B
Similarly we can choose B so that / g, da, v, < € by adapting the previous argument by
S\B

replacing the Brownian paths B!, B? replaced with continuous time random walk that depend

on n. Therefore

‘/g(y,l)du(y, l)—/gf(y,l)andyn(y)‘ 0

as n — 0o. We calculate /gfozndl/n(y, [) via (2.9) knowing that for i, 7 € W" N [—n,n| and
V™(s) = [. In this case g(l) is the density of a N(0, K') random variable. In their notation

v; = £K2" p; = |IW" N [-n,n]?|~ n27"

where the sign of v; depends on whether X7'(s) or X (s) is contacting Y. That is, if
Ryi = Ryt then the sign is negative. The transition rates are the same as the process
(X7 (s), Y"(s), X5(s)) given V"(s) as in (6.4)), yet our process X7 (resp. X7') reflects upon
n (resp. —n.).
By plugging in these values we see that
Ah(5,1) = =pv;Va(l) + D [piaii (1) — pjazi()]q(l) = 0
i#j

for all j. We give one example of this calculation when (X7,Y™ XJ) = (¢,7,7) = z with i
sufficiently below j. This means that the inert particle Y is contacting the top random walker
X3. Let’s say V™ =1 > 0, so the inert particle Y is pushing against X7'. In this case

a)

v, = —K2" s7q(l) = — 7



145

Now consider the possible path connections to z, i.e the configurations which can travel to
and from z:

= £27"0,4), 2= (j,i—27"4), 25 = (j,i,i £27").
The process (X7, Y™, XJ) may transition from z; to z (indicated by —) or to z; from z

(«—) with the following rates

2277, 2m 22n

21> 2, g — 2, Z3 < 2.

(Note that z may not transition to zy since the drift [ is positive, so we say this transition
rate is zero. Also, these are the only transition locations to and from z since Y cannot move

past X7'). All the p,,, p, are the same, so

Ah(z,1) = p (=0 V q(1) + [az, (1) = @z, (1) + a2y (1) = @y (1) + @252 (1) — a2z, (D]a(1))
=p (=lg()2" + [2°" — 2°" + 12" 4 2°" — 2*"]q(1))
= p(—lq()2" + 1q(1)2") = 0.

One can check see this also holds for various other configurations. Hence in the previous

notation in (2.9)) that for 0 < s <t

/wwgt(y’l)d”(y’ l)_/ gs(y, dv(y, 1)

WxR

—tim [ gy Dandu(y,l) — / G (s Dandv(y, )

n—oo0 JouRr WxR
= lim o, (E,(g(X", V")) — E.(g(X, V"))

n—0o0

= lim %/t > /uz(j, D(A*R)(5,1)dldz

n—00 4 )
s JeEWrN[-nn]? pa

=0,

and so

/W Rgt(y, Ddv(y,l) = / gs(y, Ddv(y, 1)

WxR
for any 0 < s < t. Thus v = pu X 7 satisfies , and is consequently an invariant measure

for (X1 Y, X2 V). ]
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