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In this thesis, we study K-spectral sets and use them to bound norms of functions of nonnor-
mal matrices. For a fixed constant K > 0, the set € is said to be a K-spectral set for a matrix
A if the spectrum A(A) is contained in € and the inequality || f(A)|| < Ksup,cq |f(2)] holds
for all rational functions defined on 2 with poles outside of €). K-spectral sets are useful
for studying nonnormal matrices, for which the asymptotic behavior of || f(A)|| suggested by
the eigenvalues may not agree well with the short-time or transient behavior.

We extend a result of Crouzeix and Palencia [I7], who show that the numerical range
W(A) = {(v*Av) : v € C",|Jv|]| = 1} is a (1 4+ v/2)-spectral set for any n x n matrix A,
to sets in the complex plane which do not necessarily contain W (A). This allows us to
study more general K-spectral sets of interest, such as disks or half-planes. We also find
some special cases in which the constant (1 + 1/2) for W (A) can be replaced by 2, which
is the value conjectured by Crouzeix. Additionally, we also provide details of our numerical
studies related to Crouzeix’s conjecture and K-spectral sets. This includes the construction
of functions using numerical conformal mapping and optimization procedures to find bounds
for K-spectral sets, as well as other bounds found via our extension of the Crouzeix-Palencia
arguments or the numerical construction of near-normal dilations of matrices. We compare
different analytical and numerical bounds found using these methods, and illustrate how

these can be used for potential applications of interest.
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NOTATION AND ABBREVIATIONS

The complex plane

The open unit disk

The induced 2-norm of a matrix A

The supremum of the absolute value of f in a set Q C C
The numerical range (field of values) of a matrix A

The spectrum of a matrix A

The kth largest singular value of a given matrix

The set of continuous functions on a set 2

The set of analytic functions in €2

The set of functions H(Q) N C(Q)

A bijective conformal mapping from a set €2 to D

The resolvent of a matrix (21 — A)™*

A finite Blaschke product

The minimal constant such that for all f € A(Q), ||f(A)| < callflla
The closure of a set (2

The complex conjugate of a value z or f(z)

The numerical abscissa: max.cy(a) Re(2)

The spectral abscissa: max.caa) Re(z)

The numerical radius: max.cw () |2|

The spectral radius: max,ea(a) ||

v



Chapter 1

INTRODUCTION

1.1 Eigenvalues and nonnormality

Many problems in applied mathematics involve estimating || f(A)]||, where A is a matrix, f is
a complex-valued function defined on a subset of the complex plane containing the spectrum
(eigenvalues) of A, and || - || denotes the induced 2-norm of a matrix. For instance, the
stability of a system of differential equations 2/(t) = Az(t) is determined by ||e!4||, and
the stability of the finite difference scheme z, = Ax;_; depends on [|A*||. In practice, the
spectrum is the most common tool to answer these stability questions, and is indeed very
useful in asymptotic regimes. If the spectrum A(A) lies in the left half-plane (for ') or in
the open unit disk (for A¥), then the solution must eventually decay as t, k — oco. However,
one finds that for nonnormal matrices, the asymptotic behavior of these functions suggested
by the eigenvalues may not agree well with the short-time or transient behavior. For example,

if A is an n x n Jordan block with eigenvalue 0,

then ||A*|| =1 for 1 <k < n, but A(A) = {0}.

If A is a normal matrix, then it is unitarily diagonalizable, i.e. A = QAQ* where A is a

diagonal matrix and () is a unitary matrix. More generally, if A is a diagonalizable matrix



so that A = VAV ™! then for the dynamical system 2/(t) = Az(t) we have

l=()]] = [le**=(0)]]
<l fl=(0)]
= VeV 2 (0)]

< VIV max (O]

Notice that if A were normal, then V' could be taken to be unitary so that ||[V]| = ||V = 1,
and we have a tight upper bound on the behavior of ||z(¢)|| based only on the spectrum.

For a function f analytic in a neighborhood of A(A) and diagonalizable A = VAV ™! we
have a similar bound based on the decomposition f(A) =V f(A)V ! namely

(A < w(V) max [FA)] (1.1)

AEA(A

When A is highly nonnormal, in the sense that the condition number x(V') = ||V |||V Y| >
1, then this bound becomes weaker, as large condition numbers may significantly overesti-
mate ||f(A)|. Thus, alternative means of estimating bounds for ||f(A)|| are necessary for

nonnormal matrices.
1.2 Functions of matrices

As we wish to study norms of functions of matrices, let us recall the various definitions of
a function of a matrix f(A); see, for example, [29]. As before, assume that f is analytic in
a neighborhood of the spectrum of A. Recall that any A € C"*" can be expressed in the
Jordan canonical form A = PJP~!, where J is a block diagonal matrix of Jordan blocks

J = diag(J1, Ja, . .., J,) of the form

Ji € e,



where my +mgo + - -+ +m, = n. We can define the matrix function f(A) using the Jordan

blocks as follows:

f(A) = Pf(J)P~! = Pdiag(f(Jx)P ",

where (1)
, me=D) ()
oW s L0
FOR) = Fw |
f'(Ax)
f(Ak)
Another useful definition uses a generalization of the Cauchy integral theorem,
1 -1
1) = 5= [ FET - 47 (1.2

where f is analytic on and inside a closed contour I' that encloses A(A). Both of these
approaches are helpful ways to view matrix functions, as the Jordan normal form provides
a convenient algebraic form for function evaluation, while the resolvent-based definition is
useful for bounding functions on different domains. Additionally, the resolvent form provides
a natural extension to infinite dimensional operators on Hilbert or Banach spaces.

In the finite-dimensional case, where both definitions apply, they are equivalent. Let
f(2) be a given complex-valued analytic function on a simply connected open set ) C
C, and let I' C Q be any simple closed rectifiable curve that strictly encloses all of the
cigenvalues of A. Additionally, suppose that A is diagonalizable. Then, A = VAV ™! with
A = diag(Aq, ..., \n), and the Cauchy integral theorem gives

L /F f(2)(2l — A)ldz = - /F F(2) (] — VAV Adz

21 271

— V diag {%/Ff(z)(z— /\1)‘1dz,...7%/f(z)(t— M)tz | V!
=V diag(f(\1),..., fOu)V !
= f(A),

which gives the desired result for diagonalizable matrices. This can be extended to the

general case by taking appropriate limits - see e.g. Theorem 6.2.28 in [30] for details.



1.3 K-spectral sets

Having defined suitable interpretations of f(A), we define K-spectral sets and determine
some of their basic properties. While we mostly consider only finite-dimensional matrices
corresponding to the Hilbert space C" with the standard inner product throughout this
paper, we define K-spectral sets in the general setting of a complex Hilbert space H.

Suppose that A € L(H) is a bounded linear operator on H. Let € be a closed set in the
complex plane. For a constant K > 0, the set () is a K-spectral set for A if the spectrum
A(A) is in © and we have

LF (A< Kl flle, (1.3)

for every f € R(f), the set of complex-valued rational functions defined on Q with poles
outside of Q. Here, || - ||o denotes the co-norm of f on €. In particular, §2 is a spectral set
for A if it is a K-spectral set with K = 1. Spectral sets were first introduced by John von

Neumann [44], who proved the inequality

LA A < [ fllm, (1.4)

where f is a polynomial (more generally, a rational function with poles outside the closed
unit disk D, or any function that is analytic in D and continuous on the boundary) and A
is a Hilbert space contraction, meaning ||A|| < 1. In other words, the closed unit disk is a
spectral set for contraction operators. If A is a normal matrix, then the spectrum A(A) is a

minimal spectral set, i.e. a spectral set having no proper closed subset which is spectral.

1.3.1 Numerical range

The numerical range (also called the field of values) of a matrix A € C"*" is the set
W(A) = {(Av,v) : v € C"||v|| = 1}. (1.5)

Clearly A(A) C W(A), as we can simply take v to be a normalized eigenvector corresponding

to eigenvalue A\, and v*Av = v*vA = X. The numerical range is a closed, convex subset of



C [30] that contains the convex hull of the spectrum A(A), and if A is normal, then this
containment is an identity. For highly nonnormal matrices, the numerical range may be
considerably larger than the minimal convex set containing the spectrum. Then it may
give extra information about the matrix that can be used for estimating norms of matrix
functions.

We first note some basic properties of the numerical range; see, for example, [27] and
[43]. Note that if z € W(A), then

Re._2tZ_ . (A+A
eZ=—— =V 5 v,

for some unit vector v. It follows that the real part of the numerical range is

e () = [ (255) e (252

The rightmost part of the numerical range is an important quantity in applications, so we

define the numerical abscissa as

A+ A*
w(A) = zgl}la(}jl) Re 2z = Amax < 5 ) . (1.6)

This idea can also be used to determine the intersection of W (A) with any line in the complex
plane, forming the basis of the standard algorithm used to compute points on the boundary
of the numerical range [30].

The numerical range is useful in the context of estimating norms of functions of matrices,
especially for initial short-time behavior. For example, we can show that the rightmost
point in W (A) determines the initial slope of ||e4|| at t = 0. Let ¢ be any vector such that
|zo|| = 1. We have

d d , . i 1/2
EHGMJ;OH T T (zge e ay)
d
= (a1 + 1A (I + tA)z0)"

A+ A
=Xy B Zo-



In fact, for all ¢ > 0, it can be shown that

HetAH < etw(A)'

Note that |[e!|| < 1 for all ¢ > 0 if and only if w(A) < 0.
We define the numerical radius as
r(A) = sup |z|. (1.7)
zeW (A)

This satisfies the following power inequality
IA*]] < 2(r(A))",

a result due to Berger [§]. While the downside of the numerical range is that it may be much
larger than the spectrum for nonnormal matrices and can give significant overestimates after
initial or transient behavior, it does have the advantage of being robust to perturbations,
due to the fact [43]:

W(A+E)CW(A) + DIIEH’

where D denotes the closed disk about 0 of radius ||E|| and the set sum denotes the
set of all points z + e where z € W(A) and e € EIIEH' Finally, we mention that Michel
Crouzeix has conjectured [12) 13] that the numerical range is a 2-spectral set. Though this
conjecture is simple to state and all numerical experiments thus far suggest that it is true, it
has successfully been proven only in a few very simple special cases. This conjecture and the
subsequent work has been a major driving force in recent years for the study of functions of
nonnormal matrices, so Chapter 2 is devoted to its discussion. In particular, Crouzeix and

Palencia proved that the numerical range is a (1 + v/2)-spectral set in [17].

1.8.2 The Kreiss matriz theorem

The Kreiss matrix theorem [33] concerns the chacterization of matrices and families of ma-

trices which are power bounded. Define

P(A) = sup [|A%].
k>0



The matrix A is said to be power bounded if P(A) < co. One may be concerned with bound-
ing an entire family of matrices when studying the stability of discretizations of differential
equations, since one needs to consider a family of matrices as the mesh width h and/or time
step At tends to 0. Kreiss related the power bound for A with a constant now known as
the Kreiss constant (with respect to matrix powers), which is defined as the smallest C' for

which

C
_ AN <
|(z—A)| < =1 VzeC,lz| > 1,
or equivalently,
K(A) = ISl‘lpl(IZI =Dz = A7 (1.8)
z|>

This constant provides a measure of how fast the resolvent norm blows up as z approaches

D, and gives bounds on powers of any n by n matrix A as follows:
K(A) <P(A) <enk(A). (1.9)

The proof is based on a complicated argument based on the resolvent that can be found in
[43]. In particular, this provides a bound on the transient growth that powers of nonnormal
matrices may exhibit. The constant in has been reduced over the course of three
decades due to the cumulative efforts of several authors, finally resulting in the constant en
[40] in (L.9). The bound in shows that for a fixed matrix A, all powers remain bounded
so long as its Kreiss constant KC(A) is finite, which is true if and only if p(4) < 1 with no
defective eigenvalues on the unit circle. It can also be used to show that a family of matrices
is uniformly power bounded if and only if there is a uniform bound on the Kreiss constants
IC(A) of all matrices in the family, so long as the family is of the same fixed dimension.

We can describe analogues of and for matrix exponentials. Define the Kreiss
constant of A with respect to the left half-plane by

Ke(d) = sup (Re(2))|(z = A)] (1.10)

We have, for any n X n matrix A,

Ke(A) < sup |l < enk.(A). (1.11)
0



1.3.83  e-pseudospectrum

Another K-spectral set commonly used to study matrices and operators is the e-pseudospectrum,
which was introduced and popularized by Nick Trefethen in the 1990s - see [43] for a
comprehensive review on the subject. There are several equivalent definitions of the e-

pseudospectrum A (A), for a given € > 0 and matrix A € C"*™:

A(A)={2€C:ze A(A+ E), for some E with ||E| < €}
={z€C:|(zf — A7 >1/e}

={z € C: ||Av — zv|| < € for some unit vector v}.

These different definitions can be useful in different contexts, but the second definition based
on the resolvent norm is the most useful definition for the purpose of investigating the
behavior of functions of matrices.

To illustrate the use of pseudospectra as an alternative to the traditional spectrum for
bounding functions of matrices, we list some basic definitions and results below. The e-
pseudospectral abscissa of A measures the rightmost extent of A.(A):

a.(A) = sup Re z, (1.12)

Z€A€<A)

and the e-pseudospectral radius of A measures the maximum magnitude in A (A):

p(A) = sup |z|. (1.13)

2€A(a)

Also, a(A) and p(A) denote the traditional spectral abscissa and spectral radius respectively.

For any function f analytic in a neighborhood of A(A), we have

[ (A= max | f(A)],

AeA(

and equality holds when A is normal. Thus:

le ]l = e, JAM] = p(A)".



For a simple upper bound using pseudospectra, we have the following theorem. Let I'. be
the boundary of the e-psuedospectrum for some ¢ > 0, and suppose f is an analytic function
on I'. and its interior. Then,

1A < 25 max |£(2)], (1.14)

— 2me z€T.

where L. denotes the arc length of I, - this can be shown using the Cauchy integral form of
f(A) and the resolvent definition of pseudospectra. Note that this implies that the closure of
the e-pseudospectrum is a K-spectral set for K = L./(2me). For the special cases considered

above we have

Le
Pe (A)k

L,
4] < e, Ak <
2me 2me

)

Typically, larger values of € yield tighter bounds for small ¢ and k, while smaller values
are better for larger ¢ and k. We can think of pseudospectra as interpolating between the
spectrum (which gives asymptotic behavior and corresponds to € — 0) and the numerical
range (which gives a better indication of initial behavior, and corresponds to larger values
of €).

We can also express the Kreiss constants and in terms of pseudospectra as

K(A) = sup w, Ke(A) = sup aE(A).

e>0 € e>0 €

Thus, the Kreiss constants can be viewed as a measure of how far the pseudospectra of A

extend outside the unit circle or into the right half-plane.

1.3.4 Other K-spectral sets

There are still other K-spectral sets of interest beyond those discussed thus far. For example,
one may ask when the left half-plane is a K-spectral set for a certain matrix A in order to

1], or similarly ask when the unit disk is a

bound the norm of the matrix exponential ||e
K-spectral set to bound norms of matrix powers ||A*||. These sets are of particular interest

due to the possibilities of applications, so we focus on them later starting in Chapter 3.
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Finally, we close this section by mentioning other candidate K-spectral sets which have
been studied in recent years, many of which can be found in Badea and Beckermann’s
reference article on K-spectral sets [2]. For matrices with special structure, there are some
simple examples of spectral sets. An n X n matrix is normal if and only if its spectrum A(A)
is a spectral set for A; the unit circle T is a spectral set for A if and only if A is unitary; and
the real axis R is a spectral set for A if and only if A is Hermitian (self-adjoint).

Beckermann, Crouzeix, and Delyon determined many K -spectral sets containing the nu-
merical range (i.e. W(A) C Q); see [4] and [6]. For example, they showed that a convex
sector or strip containing W (A) is (2 + %)—Spectral. If the boundary of € is a parabola or
hyperbola, then €2 is also (2 + \%)—spectral. Similar bounds were found for ellipses and reg-
ular polygons containing W (A). However, all of these results have since been made obsolete
due to a phenomenal recent result by Crouzeix and Palencia, who show that the numerical
range is a (1 + v/2)-spectral set. We give an outline of their proof in Chapter 2. In Chap-
ter 3, we extend the Crouzeix-Palencia result to sets which do not necessarily contain the
numerical range. In particular, we focus on disks and half-planes, and use our extension
of the Crouzeix-Palencia result to give both analytical bounds on || f(A)|| in Chapter 3 and
numerical bounds on || f(A)| in Chapters 4 and 5.
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Chapter 2
CROUZEIX’S CONJECTURE

2.1 Background and history
In [12] and [13], M. Crouzeix made the following conjecture:

Conjecture 2.1.1. For any matrix A € C™" and any polynomial p, we have

(A < 2[lpllw(a). (2.1)

In other words, the numerical range of a matrix is conjectured to be a 2-spectral set. The
groundwork for this conjecture had been laid in earlier papers, beginning as early as von
Neumann’s work on spectral sets (in particular, disks and half-planes) in [44]. The modern
development of the study of the numerical range as a K-spectral set can be attributed to
B. and D. Delyon in [18], who showed that the numerical range is K-spectral with K =
3+ (27 diameter(Q)?/ area(£2))3, where  is any compact convex set containing W (A). The
key ingredient in their proof was the use of an integral representation formula for operators
based on the Cauchy transform and a double layer potential. In the two decades following
this work, Crouzeix and others have tackled the problem of refining the constant K for the
general case, as well as for various special classes of matrices.

We already have bounds of the form based on the spectrum of a diagonalizable
matrix A = VAV ™! which imply that W (A) is 2-spectral if V satisfies x(V) < 2. In
particular, normal matrices satisfy the bound , in which case W(A) is the convex hull
of A(A) and is also a spectral set. Below, we list some of the functions f and matrix classes

A for which it is known that || f(A)| <2/ f|lwa):

e f(z) = (2 — z)"™. This is originally due to a power inequality proved by Berger [§].
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W(A) is a circular disk. This result [35] is due to Okubo and Ando.

A is a 2x 2 matriz. This proof uses a similarity transformation and the explicit formula
for the conformal map from the numerical range (here an elliptical disk) onto the unit

disk [12].

A is a quadratic matriz. This means that (A — z11)(A — z31) = 0 for some z1, 2o € C.
Then, A is unitarily similar to a direct sum of 1 x 1 and 2 x 2 matrices, the numerical

range is an ellipse, and ([2.1)) follows by reduction to the 2 x 2 case [15].

A is a 3 X 3 matriz with elliptical numerical range centered at an eigenvalue. This

means that A is of the form

a bl 0
c1 a bQ ) a, ka Cr € C.
0 c a

This proof [22] uses similar techniques as in [12] for the 2 x 2 case, but uses several

different similarities for different parameter regimes.

A is of the form al + DP or al + PD, where a € C, D 1is a diagonal matrixz, and P is
a permutation matriz. The inequality (2.1)) was first shown to hold [26] for perturbed
Jordan blocks of the form

J, = - . M\veC.
-

v A

In this case, W(A) has n-fold symmetry, and the image of A by a conformal mapping
from W(A) onto the unit disk D has the form cA for some constant c. This was
generalized to a larger class of matrices in [I0], and to matrices of the form al + DP

in [22].
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Remark: In all of these cases, while the conformal mapping ¢ taking W (A) onto the unit
disk may be a complicated function, p(A) is just a linear function of A: p(A) = aA + 51.
Recall that, for A diagonalizable, ¢(A) is completely determined by the values of ¢ at the
eigenvalues of A so that ¢(A) may have a very simple formula even when the general formula
for ¢(2) is complicated.

We examine some of these proofs in greater detail to illustrate the techniques involved,
starting with Crouzeix’s proof of the 2 x 2 case [12]. This proof uses a different set of tools
from the integral representation formula used in [I8], as most relevant quantities can be
explicitly calculated for 2 X 2 matrices. We provide a sketch of the proof given in [12] below.

We define

ba(A) == sup{[|f(A)][ - f € HZ(), [ [l <1}, (2.2)

where H>(§2) denotes the Hardy space
H>®(Q) :={f : f holomorphic and bounded in Q}.

Note that 1q(A) has the following properties. If ¢ is a holomorphic isomorphism from 2
onto the unit disk D, then ¥g(A) = ¥p(p(A)), since for any f € H>®(2) we can write
f(A) = g(p(A)) with g :== fo ™ and f and g have the same infinity norm. Also, if
A= X"'TX then we have f(A) = X 1 f(T)X, and so ¥q(A) = ¢o(T) when X is a unitary
matrix. Due to the Schur decomposition, we need only consider upper triangular matrices
with eigenvalues of A along the diagonal.

To prove the 2 x 2 case, we begin by considering €2 = ID. From the above, we need only

consider matrices of the form

Aty
T = , A1, Ao € D,vy € C. (23)

0 A

Furthermore, we can replace v by |y| via a unitary similarity. Also, we can always find

an automorphism ¢ such that ¢(A;) + ¢(A2) = 0 and ¢(A;) € (0,1), meaning it is sufficient
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to consider the case where T is of the form

A 26
T = . Ae(0,1), §>0. (2.4)
0 —A

We can easily compute ||T|| = § + VA2 + 02. We claim that
Up(T) = max(1, ||T]}). (2.5)

If |T'|| < 1, then von Neumann’s inequality asserts that ¢p(7") = 1, so we need only consider
when ||T']] > 1. Clearly we have ¢p(T") < ||T||, as we can take f(z) = z in the definition of

¥p(T'). The opposite inequality is shown via a similarity transformation of the form

1 2 \2
- s 5= 1+ A :1 A 266.

L g EX 2.6
0 8 v te 21 28)

We compute
. A1)\
B:= X \TX = ,
0 =X

and note that ||B|| =1, so ¥p(B) = 1 and ¢p(T) < || X||¢n(B)|| X || = x(X), where x(X)
denotes the condition number of X. After more algebra, one finds that x(X) = ||T||, which
yields the result.

Let 2 be a convex set containing W (A), let ¢ denote a holomorphic bijection from

onto the unit disk D, and recall that ¥q(T") = ¥p(p(T)). We invoke the previous result with

the mapped matrix

p(r) = [P A g PR )

. o) N (2.7)

Finally, we explicitly compute the value of the bound 1q(A) with Q = W(A). If A is
normal, then to(A) = 1, so we need only consider nonnormal matrices. In this case it is
known that W(A) is always an elliptical disk. Due to the invariance of ¥ under unitary

T . . . Y
similarity transformations, scaling, and translations, we can assume that A = and

0 -1
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that v > 0. Then, W(A) is an ellipse with foci 1 and minor axis ~. Setting v = p — 1/p,
we have that the major axis is p + 1/p, and the conformal map from W (A) onto D is known

explicitly:

0= o { - U

P 1
where t,, denotes the nth Chebyshev polynomial. Inserting this into the expression for ||¢(A)||
gives P(A) = ¥q(A) = pp(1). For 2 by 2 matrices, the disk case follows by continuity, so
that ¢¥(A) =2 if W(A) is a disk.

The techniques used here involve the careful determination of a suitable similarity trans-
formation, which is not obvious a priori, as well as the use of the explicit formula for the
conformal map from the ellipse to the disk. This sort of approach may be best suited for
simple low-dimensional cases, or matrices with very special structure. For example, Glader,
Lindstréom, and Kirula use similar techniques in [22] in order to prove the conjecture for 3 x 3

matrices with elliptic numerical range centered at an eigenvalue, which have the form

a bl 0
cT a 62 ) a, bk‘a Ck € C. (28)
0 ¢ a

They use similar techniques as Crouzeix does in [12], as the conformal map from the ellipse
to the disk is known. However, they must go to much greater lengths to construct various
similarity transformations X such that the condition number £(X) < 2. First, they simplify

matters by parameterizing the family of matrices they study to those of the form

1 gq/r r*—1/r?
0 0 qr , qg>0,0<r<1. (29)
0 0 -1

Their analysis is much more involved, as they must construct different similarity transfor-

mations for different parameter regimes, as well as obtain tighter estimates on the values of

the conformal map. This entails numerical optimization to provide structural clues for the
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optimal similarity transformations in tandem with elementary (but lengthy) optimization by
hand. Despite the daunting amount of algebra and careful analysis done here, their proof
still cannot cover all 3 x 3 matrices with elliptical numerical range, let alone all 3 x 3 matrices
in general. One of the issues with extending to matrices with elliptic numerical range that
is not centered at an eigenvalue is that we no longer have the simple relation ¢(A) = cA for
some ¢ < 1. Crouzeix uses interesting methods in [I4] in an attempt to prove the conjecture
for 3 x 3 nilpotent matrices, including asymptotic expansions of the conformal mapping and
numerical optimization, but is not able to obtain a fully mathematical proof.

Aside from some reductions to the 2 x 2 case, the only other major class of matrices for
which Crouzeix’s conjecture has been proven is for certain perturbed Jordan blocks. The
study of these types of matrices begins with [20], in which Greenbaum and Choi prove the

conjecture for matrices of the form

J, = - ., M\veC. (2.10)
o

v A

Again, the primary technique is to show that if ¢ is a bijective conformal map from W (A)
to D, then ¢(A) is similar to a contraction via a similarity transformation X with condition
number k(X) < 2. The key insight here is that even though the numerical range of .J, may
satisfy a complicated equation and the conformal mapping ¢ from W (J,) to D may be a
complicated function, the action on the eigenvalues is linear due to the n-fold symmetry of
W(J,), and ¢(J,) = ¢(J, — AI). This mapped matrix is diagonally similar to Jeum, — A,
which is a contraction for |v| < ¢, and for 1 < ¢ < 21 the condition number of the
similarity transformation is at most 2. Thus, Greenbaum and Choi reduce the problem to
bounding the constant ¢ in the conformal mapping in order to maintain both properties.

For 1 > |v| > 27/(™=D_ the eigenvector matrix of J, has condition number less than
2, so they can assume v < 27"/(=1_ Bounds for various values of n and v in this regime

are obtained via estimates using disks inside the numerical range, as well as approximate
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mappings which take regions slightly inside W (.J,)) to regions containing ID. The results here

were generalized further by D. Choi in [10] to matrices of the form

A (5]
Jo = . ‘ ' , AeCa=(m,...,a,) € C". (2.11)
e QG

Qay, A

This proof is slightly more involved, but has the same key feature of n-fold symmetry of the
numerical range and uses similar methods as [26].

Though some of these partial results are impressive and promising, this method of con-
structing similarity transformations taking ¢(A) to a contraction is likely difficult to gener-
alize. In all of the proven cases thus far, a key property was the simple action of ¢ on the
eigenvalues of A, i.e. p(A) = cA. Additionally, enough information was known about the
conformal maps (an explicit formula for the ellipse cases, as well as useful symmetry prop-
erties and approximations for the perturbed Jordan blocks) so that it was possible to bound
the constant ¢. This approach could still be useful for proving the conjecture for matrices
satisfying ¢(A) = cA, but different ideas are likely necessary to tackle more general cases.

Until recent developments, the best estimate for the general case was from Crouzeix in
[13], which drew upon integral representation formulas used in the work of B. and F. Delyon
in [I8] in order to show that the numerical range is a K-spectral set with 2 < K < 11.08.
The integral estimates in this work are quite involved geometrically, and Crouzeix himself
was convinced that a new approach would be needed to improve this bound, as noted in the

following remark:

There is no doubt that refinements are possible which would decrease this bound.
We are convinced that our estimate is very pessimistic, but to improve it drasti-

cally, it is clear that we have to find a completely different method.

Despite this pessimistic outlook, this work still contained useful results and strategies. One
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interesting result is that not only did Crouzeix prove the inequality

Ip(A)|| < 11.08 sup |p(z)], (2.12)
zeW(A)

for any square matrix A and polynomial p, but he also showed that a stronger version of this

inequality holds. A set 2 C C is a complete K-spectral set for A if
IP(A)] < Ksup 1P, (2.13)

for all matrix-valued polynomials P. By this, we mean that P(z) is an ¢ x m matrix whose
(i, j)-entry is p;;(z) for some polynomial p;;, and P(A) is an ¢ x m array of operators whose
(4, j)-block is p;;(A). In [I3], Crouzeix shows that the numerical range W (A) is not only a
K-spectral set, but a complete K-spectral set:

IP(A)]l < K sup [|P(z)]], (2.14)
zeW(A)

for some K with 2 < K < 11.08, for all £ x m matrix-valued polynomials P, and all
positive integers ¢ and m. This is sometimes referred to as the completely bounded version
of Crouzeix’s theorem. While the majority of this dissertation is primarily concerned with
the standard form of Crouzeix’s conjecture and K-spectral sets, we will return to the idea
of complete K-spectral sets when discussing numerical experiments on matrix dilations.
Another key element in [I3] is the use of the following double layer potential as a part of

the integral representation formula for polynomials defined on Q:

(o, 2) = ldi (arg(o — 2)) = —— < e _ ;_2) . (2.15)

T ds 2m \o — 2

Here, €2 is a bounded convex domain in C such that W(A) C Q, o(s) parameterizes the
smooth boundary 0f) in terms of arclength s with § = arg (3—‘8’), and z € Q. If z = o, then
u(o, z) is the curvature of 0N at 0. A key property of this potential is that its operator-valued
form,

(o, A) = % ("0 — A — (T — A7), (2.16)
is well-defined and positive semi-definite for o € 92 when W(A) C . This property would

again be useful in refinements made by Crouzeix and Palencia in [I7], to be discussed in the

following section.
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2.2 Crouzeix-Palencia result

The optimal constant in Crouzeix’s conjecture remained 11.08 for about a decade after the
work done in [I3]. However, a major breakthrough occurred in late 2016, when Palencia
announced that he had reduced the constant from 11.08 to 1 + v/2 during a conference in
Crete on evolution equations [36]. Crouzeix simplified Palencia’s arguments, leading to a
concise and beautiful joint paper [I7]. We provide a sketch of the main ideas used in their
proof, as extensions and applications of this work constitute a significant portion of this
thesis.
Let Q C C be a smooth, bounded, convex domain which contains the numerical range
W(A). Using a sequence of smooth convex domains 2, O W(A), they show that
IF A< (1 +v2) sup |f(=)], (2.17)
2EW(A)
which we refer to as the Crouzeix-Palencia result. Similar to earlier work in [I§] and [13],
the approach here uses the Cauchy transform and an integral representation formula based

on the double layer potential. From the Cauchy integral formula, we have

1
F(A) = = / (o] — A)"Lf(o)do. (2.18)
27TZ 80
If we parameterize 02 by arclength s running from 0 to L, this becomes
L J/(S)
1) = | G2 Rlo(). A f(o(s)ds. (219)

where R(o, A) is the resolvent (ol — A)~L.
A key idea in [I7] is the study of the Cauchy transform g of the conjugate of f,

g(A) = /O ") R(o(s). A F(o(5))ds. (2.20)

271

Note that f(o(s)) is not analytic, so the Cauchy integral formula cannot be directly applied

here. Crouzeix and Palencia analyzed the operator

S = f(A) + g(A) = / u(o(s), A)f(o(s))ds, (2.21)
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where the Hermitian operator (o, A) is

u(o(), A) = 2 Rio(s), A) + [

211

7(s)

27

R(o(s), A)] . (2.22)

Note that this is the same double layer potential used in [18] and [13]. They argued that if Q
is a convex region containing W (A), then u(o, A) is positive semidefinite for o € 9. Using
this fact, they show that for f € A(Q2) with || f||q = 1, there holds ||S|| = || f(A)+g(A)*] < 2.
Recall that A(€) refers to the space of functions analytic inside € and continuous in €2.

The remainder of [17] is devoted to relating || f(A) + g(A)*|| to ||f(A)]. Crouzeix and
Palencia show that if g(z) is defined in Q by

g(z) = L /(o) do, (2.23)

21t Joq o — 2

then g € A(Q2) when extended continuously to the boundary 992, and ||g|lq < || f|lq. Using
this fact in tandem with the previous results, they show that for 2 D W(A) and for all

fe A,
1f (A < Cq Sup f(z)], Ca<1+V2 (2.24)

Taking limits as 2 tends to W(A) gives the desired result regarding the numerical range.
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Chapter 3
EXTENSIONS OF THE CROUZEIX-PALENCIA RESULT

We demonstrate how to extend the arguments of Crouzeix and Palencia in [17] to show
that regions (2 in the complex plane that do not necessarily contain the numerical range W (A)
are K-spectral sets. In particular, we consider various disks and half-planes containing the
spectrum of A. This chapter describes the work done in [9], as well as some additional
applications using this extension.

The chapter is organized as follows. We begin by proving some basic theorems extending
the results of Crouzeix and Palencia in [17] to regions € containing the spectrum of A but
not necessarily all of W(A). The techniques used are similar to those in [I7]. See also
[7] which also uses similar ideas to our extension but instead involves Faber polynomials.
In the following section, we discuss the form of the function f that maximizes the ratio
LA/ flle. If Ais an n by n matrix, then for any nonempty simply connected open set
2 containing the spectrum of A (but not all of C), there exists a function f that attains

max ;c 4 () 1A/ flle, and the form of f is known to be [I3, 21}, 23]

f(z) = Bow(z), (3.1)

where ¢ is a bijective conformal mapping from €2 to the unit disk D and B is a Blaschke

product of degree at most n — 1,

n—1

i Z—

B(z):egnl_a;, laj| < 1. (3.2)
=1 !

We prove some properties of this optimal B. In particular, we show that if || B(¢(A))|| > 1
and if v, is a right singular vector of B(¢(A)) corresponding to the largest singular value oy,

then (Bvy,v1) = 0. Using this result, we can replace the bound 1+v2in ) with 2 in some
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special cases (where the bound has already been shown to hold, but by different means),
which is the value conjectured by Crouzeix. We also use these results to derive bounds
for regions containing the spectrum of A but not necessarily containing W (A). Numerical

studies of these properties and bounds for more general cases are discussed in Chapter 4.

3.1 DMain results

As in the previous section, let A be a square matrix, and let 2 be a region with smooth
boundary containing the spectrum of A in its interior. In [17], Crouzeix and Palencia show
that the numerical range W (A) is a (1 4+ v/2)-spectral set for A, i.e. for any f analytic in
the interior of W(A) and continuous on its boundary,

LA < A+ V2 fllwe = 1 +V2) sup [f(2)]. (3.3)

zeW(A)
Recall that for any function f € A(Q2) := H(Q) N C(Q), we have

FA) = - /6 (o1 =47 f(o)io (3.4)

o

via the Cauchy integral formula. If we parameterize 0€2 by arc length s from 0 to L, this

becomes

271

f= [ T po(s), A)f (o (5))ds. (3.5)

where R(o, A) is the resolvent, (¢ — A)~'. Crouzeix and Palencia also looked at

o= [ T po(s), A Flo(s))ds, (3.6)

211
and the operator
S = F(A) +9(4)" = [ o). A (os))ds, (3.7)

where the Hermitian operator u(o(s), A) is

R(o(s), A)} : (3.8)
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They argued that if € is a convex region containing W (A), then (o, A) is positive semidefinite
for o € 0€). In order to extend their arguments to regions €2 that do not necessarily contain
W(A), we define

Mo, A) = (0, A) = Ain(p1(0, AT, (3.9)

where Apin(1t(o, A)) is the minimum of the spectrum of (o, A) at the point o € 9€2. Thus,
M (o, A) is positive semidefinite on 0.
Using the same method of proof as in [17], we establish the following:

Lemma 3.1.1. Let Q be a region with smooth boundary containing the spectrum of A in its

interior. For f € A(Q) with ||f|la =1, let

S = f(A) + g(A) +1I,  qi=-— / Muin (0 (5), A) f(0(s))ds. (3.10)

Then ||S]| <2+ 6, where
L
5= — / Nuin (110 (), A))ds. (3.11)
0

Proof. Let u and v be any two unit vectors. For convenience, write M (s) for M(o(s), A)

and /\min<8> for Amin(ﬂ(a(‘S)?A))' Then,

[(Sv,u)| = L<M<s>v,u>f<a<s>>ds
/ (M (), )lds  (since [|f]lq = 1)
/ (M (s)u,u)/? - (M(s)v,v)"?ds (Cauchy-Schwarz, since M(s) is PSD)
< ([ ortemnas) ([ 3 nis) " bunsaborsis nequi)

1/2

([ > P
( w91V u) (2 [ vt v ([ ot v )

(
(
(
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as desired. O

Remark 1: Note that  can be positive or negative (but necessarily cannot be less than —2).
It is 0 if Q = W(A), positive if € is a subset of int(W (A)), and negative if Q is convex and
W (A) is a subset of the interior of Q. This follows from the fact shown in [I7] that if 7 lies
on the tangent line to W(A) at a point ¢ € W (A), the infimum of the spectrum of the
Hermitian part of (o/(s)/(mi))R(7, A) is 0, while on the side of this line that does not contain

W (A) it is positive and on the side that does contain W (A) it is negative.

Remark 2: The region () in Lemma need not be simply connected. For example,
it could consist of a union of smooth regions (e.g. disks), each of which encloses a part of

the spectrum.

The remainder of [17] is aimed at relating ||f(A) + g(A)*|| to ||f(A)||. We assume that
2 is a bounded conver domain with smooth boundary. It is shown in [I7] that if g(z) is
defined in Q2 by L

o) = L [ L9y, (3.12)

21t Jogq 0 — 2

then g € A(Q) (when g is extended continuously to 9€2), g(A) satisfies (3.6)), and

lglle < [[flla- (3.13)

Further, it is shown that g(0Q) := {g(0) : 0 € 0Q} is contained in the convex hull of the
complex conjugate of the set f(0Q) := {f(0) : 0 € 0Q}.
For any bounded set {2 containing the spectrum of A in its interior, there is a minimal

constant cq(A) (which we write as cq for convenience) such that for all f € A(Q),

IF (A < call flla- (3.14)

One such constant can be derived from the Cauchy integral formula:

170 < 52 ([ o = 7ol ) 1l (3.15)
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but this is usually not optimal. The following theorem uses Lemma [3.1.1] and inequality

(3.13)) to obtain a new upper bound on cg.

Theorem 3.1.2. Let € be a convex domain with smooth boundary containing the spectrum

of A in its interior. Then

c9§1+g+\/2+5+52/4+&, (3.16)
where
L L
S== [ o) s, 4= [ Panlnlolenaplds. (317)
0 0
Proof. Let f € A(Q) satisty ||f]lo = 1. From (3.10)), we can write
fA)" = 5% = (g(A) + 7).
Multiply by f(A)*f(A) on the left and by f(A) on the right to obtain
[FA) A = FIA) F(A)S™F(A) = F(A) F(A)(9(A) +7T) [ (A).
Now take norms on each side and use the fact the the norm of any function of A is less than

or equal to cq times the supremum of that function on €2 to find

LI < IS+ cal (AN, A=) == F&)9(2) +T)F(2).
< A2+0) +A1+4),  (since S <246 and [[hfla < 1+ 4).

Since this holds for all f € A(Q) with || f||q = 1, it follows that
ch < (24 06) +ch(1+7),

and solving the quadratic inequality ¢ — (2 + d)cq — (1 +4) < 0 for cq gives the desired
result. O

In all of our numerical experiments (to be discussed in detail in Chapter 4), it has always
been the case that || f(A)|| < || f(A) +g(A)*[|, when f is the function with || f|lw ) = 1 that
maximizes ||p(A)| over all p € A(W(A)) with ||p||w ) = 1. If this could be proved, then it
would establish Crouzeix’s conjecture from the results in [I7]. While we do not know of a
proof of this in general, we can establish this for some special cases of matrices and provide

simple proofs of some old results discussed in Chapter 2.
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3.2 Optimal Blaschke products

As before, assume that A is a general n by n matrix. If Q is any simply connected proper
open subset of C containing the spectrum of A, then there is a function f such that || f|lq =1
and || f(A)|| = cq. This function f is known to be of the form B o ¢ [I3] 21], 23] where ¢ is
any bijective conformal mapping from €2 to the unit disk D, and B is a Blaschke product of

degree at most n — 1. Recall that a Blaschke product of degree at most n — 1 has the form

n—1

i Z— Q5

B(z) = e® | | 1_@;, | < 1, (3.18)
=1 !

and maps the unit disk to itself. We have allowed |a;| = 1 in this definition so that the
degree of B(z) can be less than n — 1, since factors with |a;| = 1 are just unit scalars.
Now, suppose we have a matrix ¥ whose spectrum lies inside the unit disk D, and assume
that U is diagonalizable [ If p is a function that is analytic in D, and if ¥ = VAV ! is an
eigendecomposition of ¥, then p(¥) = Vp(A)V . Tt is shown in [23] that of all functions
f analytic in D and satisfying f(A) = p(A) (and hence f(¥) = p(V¥)), the unique one with
smallest H> norm on D is a scalar multiple of a Blaschke product of degree at most n — 1.
This means that for any function p analytic in D, if p is not a scalar multiple of such a
Blaschke product, then the ratio ||p(¥)||/||p|lp can be increased by replacing p with uB (or
just B), where B is a Blaschke product of degree at most n — 1 and uB(A) = p(A). Thus

we can write

()]l
= [B(E)]- (3.19)
PEH™> ||p||D B of the form
In general, we do not know of an analytic formula for the roots a;, 7 = 1,...,n—1, of this

optimal Blaschke product. However, the following property of the optimal B was observed

by us numerically, and a proof was provided by Crouzeix:

Theorem 3.2.1. Let W be an n by n matrix whose spectrum is inside the unit disk D and

let B be a Blaschke product of degree at most n— 1 that mazimizes | B(¥)|| over all Blaschke

!The following results extend, by taking appropriate limits, to the case where VU is not diagonalizable.
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products B of degree at most n—1. Assume that |[B(W)|| > 1. If vy is a right singular vector

of B(¥) corresponding to the largest singular value oy, then

<B(\I/)U1,U1> =0. (320)

Proof. Let M = B(W¥), where B is the Blaschke product of the form (3.18]) for which || B(V)]|

is maximal. No matrix of the form
(M —oz[)([—@M)_l, la] < 1,

can have larger norm than M since this is also a Blaschke product in ¥. Let v; be a
unit right singular vector of M corresponding to the largest singular value o7, and define

w = (I —aM)v;. Then
I(M = al)v || = (M = al)(I = aM) ™ w|| < ou[|(1 = aM)v|.
Squaring both sides, this becomes
(Mvy, M) — 2Re(@(Muvy,v1)) + |a* < oi[1 — 2Re(@(Muvy,v1)) + |a*(Muvy, Mvy)],
and since (Muvy, Mv,) = o3,
2(07 — )Re(a(Mwvy,v1)) < |al*(o] — 1).
Choosing « so that @(Mwvy,v1) = |a|[{(Mwvy,v1)|, we have
2lo|[(Mvy,vi)| < |af*(o7 + 1),
and letting |o| — 0, this implies that [(Mwy,v1)| = 0. O

We use this result in tandem with the Crouzeix-Palencia result and its extension in the
following section, where we prove some old results using these new techniques, as well as
provide new bounds for regions which do not necessarily contain W (A). However, it is likely
that there is much more to say about the optimal Blaschke product, both in general and for

special cases. An interesting open problem is to determine other properties of the optimal

B.
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3.3 Bounds for special cases

In this section, we use some of the tools discussed in previous sections to find bounds for
various special classes of matrices and candidate K-spectral sets. First, we use the Crouzeix-
Palencia result in tandem with the optimal Blaschke product condition to provide simpler
proofs of some known results for special classes of matrices and sets €. We derive some
bounds using sets which do not necessarily contain W (A) by utilizing our extension of the

Crouzeix-Palencia result.

3.3.1 Qs a disk

First, we consider the case where (2 is a closed disk, which may or may not contain W (A).

Theorem 3.3.1. If the spectrum of A is contained in a closed disk 2, then ) is a max{1,2+
d}-spectral set for A, where § is defined in .

Proof. Suppose (2 is a closed disk with center ¢. We have (see pg. 205 of [38], for example)

IR S A GO
g(z)—2—m, 8QU_ZdJ—f(c), z € (L

Hence, g(A) = f(¢)I. Now, suppose that f = B o ¢ is a function that maximzes ||f(A)]|
over all functions with ||f|jq = 1. Furthermore, assume || f(A)|| > 1 and let v; denote the
unit right singular vector of f(A) corresponding to the largest singular value oy and let

uy = f(A)vi /| f(A)vy| denote the corresponding unit left singular vector. Then,
ui[f(A) + g(A)" + yl]or = wi f(A)vr = [ f(A)]],

since ujv, = 0 by Theorem [3.2.1} It follows that || f(A)| < max{1,|S||} in as desired.
[l

In particular, this provides a new proof of the following statement due to Okuno and

Ando [35]:

If W(A) is contained inside a closed disk €2, then  is a 2-spectral set for A. (3.21)
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This follows from the above, because in this case § < 0. Furthermore, if W(A) is a proper
subset of €2, then cq < 2, and even if € does not contain all of W (A), the estimate ||f(A)]] <
max{1,2+0} - || f|lq still holds.

3.3.2 A case in which the bound is sharp

From the previous section, we know that if €2 is a disk containing the spectrum of A in its
interior, then € is a max{1,2 4 J}-set, where 0 is defined as in (3.17). We show that this
bound is sharp when A is a 3 by 3 Jordan block and € is a disk of radius less than or equal

to 1 centered at the eigenvalue of A, which we take to be 0 for convenience.

Theorem 3.3.2. Let A be a 3 by 3 Jordan block with eigenvalue 0 and let  be any disk

about the origin with radius r < 1. Then

ax IADT 249, (3.22)

m =
reA® || flla

where § is defined in .

Proof. The function f that achieves the maximum in is of the form B o ¢, where B
is a Blaschke product of degree at most 2 and ¢(z) = z/r maps €2 to the unit disk D. Since
©(A) is a scalar multiple of a Jordan block, it is easy to see that the optimal B is B(z) = 2?
for r < 1. Hence, the left-hand side of is 1/r%.

Now we evaluate the right-hand side of (3.22)). Since o(s) = re’*/™ on 9Q, we can write

—is/r e—2is/r

1 < 5
/ is/r r T
UQSZ.)R(U(S),A) = (eI - A = ﬁ 0 1 <,
0 0 1
and
9 e—;s/r e—i';s/'r
po@) A = o | 22 o
’ 2 27:/7" is/r '
2 )

r2 r
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For r <1, the smallest eigenvalue of this matrix is

Thus, 2 + 6 = r2, and the bound is achieved. O

3.8.8 A different bound on cyy(a)

Since a disk containing the spectrum of a matrix ¥ is a max{1, 240 }-spectral set for ¥, we can
use this to obtain a different bound on cy(4). Let ¢ be a bijective conformal mapping from
W (A) to the unit disk D. Then D is a K-spectral set for ¢(A), where K = max{1,2+d,(4)},

and
boa) = — / " N (1(o(5), 9(A)))ds, (3.23)

where o(s) = €. Tt follows that W (A) is a K-spectral set for A, with the same value of K,
since for any f € A(W(A)), we have

IF A = 11f o o™ (e(AD] < KIIf 0 o b = K| fllw(a)-

Thus far, bounds of this type have only been useful for determining numerically better
bounds on ¢y 4y (or more generally, co with the spectrum of A contained in 2) for some test
problems, to be discussed in Chapter 4. It is an open question whether such bounds can be

determined theoretically. See [16] for some early work in this direction.

3.3.4  Conditions for other special cases

We have seen that we can use the techniques of the preceding sections to show that Crouzeix’s
conjecture holds for matrices whose numerical range is a circular disk. We know that the

conjecture has been proven to hold for other classes of matrices listed at the beginning of
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Chapter 2, and that in all of these cases ¢(A) is a linear function of A: p(A) = aA + B1,
where ¢ is the conformal mapping taking W (A) onto . From our numerical experiments,
it appears that in all of these cases the function g corresponding to the optimal f has the

form
g(A) = col +ci(f(A) (3.24)
Assuming || f(A)]| > 1, we have

C1
LA
If Re(c;) > 0, or more generally, Re(cy) > |c1]?/(2]|f(A)||?), then this is greater than or

equal to [ f(A)[|, whence || f(A)[| < [15]].
Since the optimal f has magnitude 1 on 02, f(¢) in (3.12) can be replaced by 1/f(o)
and formula (3.12)) can be expanded using the residue theorem:

1 1 1 1
=55 fo 7o~ 7+ 2 (e )

where each (3; is a distinct root of f. For example, suppose the optimal Blaschke product B

[ f(A) + g(A)" + | = | L (A + (3.25)

has degree 1, which is always true for 2 by 2 matrices and holds for some other special cases.
Then, the formula for g(z) becomes

() = 1 _ 1
IO RNCEOVICN
where 5 € W (A) is the point that is mapped to 0 by f. If it turns out that f(A) = ¢(A—I)

for some constant ¢, then
c

g(A) = (1 - m) FA) (3.26)

and Crouzeix’s conjecture can be proven to hold for this matrix A if it can be shown that

the constant in parentheses has positive real part.

3.8.5 Aisa 2 by 2 matriz

We know that Crouzeix’s conjecture holds for 2 by 2 matrices [12], but we provide a new

proof by showing here that if A is diagonalizable, then g(A) is a positive multiple of f(A)~!
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and the result follows from [17] and (3.24]-[3.25). If the 2 by 2 matrix A is not diagonalizable,
then it is unitarily similar to a scalar multiple of a Jordan block, and since the numerical
range is a disk in this case, it follows from the previous argument that g(A) is a multiple of
the identity.

In order to make use of the results of the previous section, we need the form of the optimal
Blaschke product. For the particular case of 2 by 2 matrices, we can use Theorem from
the previous section in order to provide new proofs of the following results, which can be

found in slightly different forms in [12].

Lemma 3.3.3. Let A be a 2 by 2 matriz whose spectrum lies inside the unit disk, and let

M = B(A), where B is the Blaschke product of degree 1 for which || B(A)|| is mazimal. Then,
a necessary condition for || B(A)|| to be mazimal is that tr(B(A)) = 0.

Proof. Assume that ||B(A)|| > 1. Write a singular value decomposition of M as M = UXV™*,
where U = (u1,us) and V' = (v, v3). Since Mv; = w07 is orthogonal to vy, the left singular
vector uy satisfies u; = vye’®t for some ) € [0,27). Similarly, since uy is orthogonal to uy,
we have uy = v1¢ for some 6y € [0,27). Thus we can write

e op 0 0 016"91

M(U1,U2) = (02701) ) = (0177)2) )
0 6102 0 09 02€Z02 0

It follows that M is unitarily similar to the matrix
0 alewl

09 €i62 0

whose eigenvalues are =+./g,02e"®%%2)/2 Thus, a necessary condition for ||B(A)|| to be

maximal is that tr(B(A)) = 0. O

Lemma 3.3.4. Let A be a 2 X 2 matriz with eigenvalues \1, Ay inside the unit disk. Let

B(z) = __az, la| <1, (3.27)
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and assume that | B(A)|| > 1 for some a. A necessary condition for o to maximize | B(A)||

i8

)\1 — )\2 —

= — . 3.28

1 —a\ 1 —als (3:28)
If Ay = =Xy, then o = 0 is the unique maximizer of ||B(A)||. Otherwise, a maximizer a of
|B(A)|| must satisfy |a| <1 and

2 2 —
1+ |a]* = ——(a+adet(A)). (3.29)

tr(A)

Proof. Condition follows from the fact that the eigenvalues of B(A) are (A — «)/(1 —
aM\), k= 1,2. After some algebra, this becomes

)\1 + )\2 — 200 — 2)\1/\2 + |O[|2(/\1 + /\2) = 07 (330)

and if Ay = —\q, this becomes

o =aM. (3.31)

If @ # 0, this would imply |A;| = 1, contradicting the assumption that |[\;| < 1. Hence,
a = 0 must be the unique maximizer of ||B(A)||. Otherwise, if A\; # —M\s, then dividing by
)\1 + )\2 ylelds

L+ |af® =

al A 3.32
/\1+)\2(a+a12), (3.32)

which is equivalent to |3.29, O

With these lemmas in hand, we return to showing Crouzeix’s conjecture holds for 2 by 2
matrices. Due to the invariance of the relation (3.14)) under unitary similarity transformations

and scalings and translations of A, we can assume that A is of the form
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Then W (A) is an elliptical disk with foci £1, major axis of length v/4 + a2 on the real axis,
and minor axis of length a on the imaginary axis. The conformal mapping from W (A) onto
D can be written as (see p. 373-374 of [28], for example)
2z =L 2(—1)"Ty,(2)
p(z) = ?exp {; W} )

where T, is the 2nth Chebyshev polynomial of the first kind and p = (a + Va2 + 4) /2.

Note that ¢ maps the eigenvalues £1 to +p(1) € D. Hence, from Theorem , we
know that the root of the optimal Blaschke product is 0 for ¥ = ¢(A), since the eigenvalues
of U are equal in magnitude and of opposite sign. This implies that if f maximizes ||f(A)]|
with || f(A)|lwy = 1, then f is of the form f(z) = (B o ¢)(2) = ¢(2), and we also have
f(A) = ¢(1)A. Tt follows from with 5 = 0 that

o) = (1= S5 ) s,

¢'(0)
Note that
_ 2 i 20 0 = 2o IS 2
e(l) =" p{;MHpM}, @) =7 p{;MHpM)},

from which it is clear that the coefficient of f(A)~! is real and positive. If f(A) = UXV* is an
SVD of f(A), then g(A) = nVE~1U* where n = 1 —¢(1)/¢'(0) > 0, and g(A)* = nUX"1V*.
Thus,

‘ S U
uilf(A) + g(A) v = [[F (A + A = 1A CAI,

implying that || f(A)| < ||f(A) + g(A)*|| < 2, as expected.
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Chapter 4

NUMERICAL EXPERIMENTS

The previous chapters cover many of the recent advancements in the study of K-spectral
sets, in particular the numerical range. However, there remain many difficult open ques-
tions. It is generally difficult to analytically determine a value of K for which a given set
is K-spectral, so numerical computations can be useful for studying these sets. We can
numerically compute the function f of the form that attains sup s 4. || FAN/F e
by first determining a conformal mapping from €2 to the unit disk ID numerically, and then

determining the roots of the optimal Blaschke product via an optimization procedure.

In this chapter, we detail some of the numerical experiments done to study K-spectral
sets. We begin by detailing the procedure for constructing numerical conformal maps from
a given region () to the unit disk. While we are interested primarily in studying norms
of functions of matrices, some of the techniques described here are currently being used in
more general contexts and are, in fact, incorporated into the software package Chebfun [20].
We focus on the case of a domain 2 with a smooth boundary, and use the Kerzmann-Stein
integral equation [31, B2] to compute the conformal mapping. Smooth boundaries can be
represented very accurately and concisely with Chebyshev or trigonometric series, so we

make use of the open-source software package Chebfun [20] for our implementation.

We show how one can attempt to compute the optimal f of the form B o ¢ for a given
A and region €2 containing the spectrum of A by numerically determining the roots of the
optimal Blaschke product in order to maximize ||f(A)| = ||B(¢(A))||. We have no
guarantee that we will find the optimal roots, but this allows us to give an approximation
of cq In . We believe this is close to the true value of cq, and it is at least a lower

bound up to roundoff error. For diagonalizable matrices A = VAV ™! we can evaluate f(A)
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by using the value of f at the eigenvalues and setting f(A) = V f(A)V 1. In cases where A
is not diagonalizable or the eigenvectors are extremely ill-conditioned, the Cauchy integral
formula can be used to evaluate f(A).

The remainder of the chapter is devoted to numerical experiments which make use of these
techniques. In particular, we compute some numerical bounds using 0 and A, in (3.11)
for various test problems, and compare with other numerical bounds found via optimization
methods or computing Cauchy integrals as in . We also do some numerical studies
of Amin(pt(0, A)) to try to gain insight on its behavior inside or outside of W (A), as well as
detail some experiments with computing matrix dilations. If A is a linear operator on a
Hilbert space H (e.g. a square matrix in C"*™), then a dilation of A is a linear operator M
on a larger space K D H such that A = Py M|y, where Py is the orthogonal projection onto
H. These dilations are potentially useful objects in the study of ||f(A)]|, since they may
have nice properties that A does not have. Even if A is highly nonnormal, one can construct
well-behaved (near normal) dilations that could be used instead to bound |[f(A)||. We show
how to construct these numerically, and we study the behavior of functions of these dilations

and how it compares to that of the original operator.
4.1 Numerical conformal mapping

A standard method of constructing conformal maps is to use Schwarz-Christoffel mappings,
which provide transformations of the upper half-plane or the unit disk onto the interior of
a simple polygon. By approximating the numerical range W (A) with a polygon and using
a numerical package such as the SC toolbox [19], developed by Driscoll and Trefethen, one
can obtain an approximation to the desired mapping ¢(A). This method works best when
the sets to be mapped are polygonal, such as the numerical range of a diagonal matrix.
However, in the context of nonnormal matrices, we are mostly interested in sets with smooth
boundaries. The boundary of the numerical range W (A) may be some combination of
smooth parts and straight line segments, and for most generic matrices the boundary is

analytic. Other means of constructing these conformal maps based on integral equations
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take advantage of this smoothness and yield a more efficient numerical procedure.

In Crouzeix’s numerical experiments for 3 x 3 matrices [I5], he employs a modification of
Symm’s method [41], which involves solving an integral equation of the first kind to obtain
the boundary correspondence function between 0W (A) and the unit circle. This is done by
writing ¢(z) = zexp(u + i), where u(z) and v(z) are harmonic real-valued functions and
noting that u(z) = —log |z| on OW (A). Parameterizing the boundary as () with 6 € [0, 27|

and noting that there exists a real-valued density function ¢ such that

(u+iv)(z) = /0 ' q(0)log(o(0) — z)db, /0 ' q(0)do = —1, (4.1)

Crouzeix solves the boundary equation v = —log|z| by approximating ¢(f) by a degree
n trigonometric polynomial and using the trapezoidal rule with 2n + 1 collocation points.
As long as the boundary is analytic, this method is very efficient, with super-algebraic
convergence due to the trapezoidal rule, though there are some difficulties dealing with non-

generic geometries with corners and cusps.

4.1.1  Conformal mapping in Chebfun

For our numerical experiments dealing with nonnormal matrices, we use the software package
Chebfun [20] in order to conformally map domains with smooth boundaries to the unit
disk. Such domains can be represented very accurately and concisely with Chebyshev or
trigonometric series, as is done in Chebfun, and that representation of boundary curves
can very easily be differentiated, integrated, or otherwise manipulated. This means that
the boundary correspondence function, defining the image of points on the boundary of
such a domain under the conformal map, can be computed to an accuracy near the limits
of machine precision and the conditioning of the problem. This boundary correspondence
function can again be represented very accurately as a Chebyshev or trigonometric series and
used with the Cauchy integral formula to find the images of interior points in the domain.
We use the same technique to compute the image of a square matrix A whose eigenvalues lie

inside the region under the mapping. The inverse boundary correspondence function can be
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determined using bisection or other methods and once this is computed it too can be used
with the Cauchy integral formula to compute inverse images of interior points or of matrices.

For comparison, we consider using a simple polygonal approximation to the domain and
the SC package [19] for conformally mapping the polygon. Although this package is accurate
and easy to use, it cannot, of course, take advantage of the smooth boundary, and so cannot
achieve the level of accuracy that we achieve in Chebfun.

To do the conformal mapping of such a domain 2 to the unit disk D, we use the Kerzman-
Stein integral equation [31], 32]. This method is based upon the relationship between the
Riemann mapping function of a smooth, bounded, simply connected domain €2 and the Szego

kernel S of €2. The Szego kernel satisfies the relation

S?(z,a), z €€,

where ¢ : Q@ — D is the desired conformal mapping sending a to 0. One can find ¢(z2)

without any integration via

. , z € 012,
i |¢'(2)]

where T'(z) denotes the unit tangent to 02 at z. In order to compute S, we use the method

in [32], which computes S as the solution of an integral equation of the second kind,

f(z)+ /eaQ A(z,w) f(w)do = h(z), z € 09, (4.2)

where f(z) = S(z,a), do denotes an element of arc length on 052, the right-hand side is

, z € 010,

and the kernel function is

w# 2z (0if w=2).

Afw, 2) = [L T'(2) } 1T

2miw — 2 2mi z —w’
This has the advantage of a smooth, skew-Hermitian kernel, which gives rise to a well-

conditioned linear system of equations once discretized. We parameterize the boundary in
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terms of arclength with a Chebyshev interpolant, and employ equally spaced collocation
points so that the trapezoidal rule yields geometric convergence. After solving for S, we use
its relationship with the Riemann mapping function to compute the boundary correspon-
dence between 02 and the unit circle T. Finally, we compute the map at interior points by
way of the Cauchy integral formula.

Now we demonstrate the level of accuracy we can achieve with this approach. Let ) = E,
denote the interior of the Bernstein ellipse with foci at &1 and with semiminor and semimajor
axis lengths summing to p > 1. The formula for the conformal map from £, to D is explicitly
known in terms of Jacobi elliptic functions, so we can compare our numerical results with
that of the SC package against the known mapping. For this numerical experiment, we
calculate the boundary map using the Kerzman-Stein equation with n points, as well as
the SC map using the same n points for the approximating polygon. We map an interior
ellipse E,/2 inside the unit disk and evaluate the sup-norm of the difference between each
approximation ¢, and the known solution ¢. In Tables and [4.2] we show the sup-norms
lo(E,/2) — ¢n(E,/2)|le for varying number of points n and different values for p. Note that
p = 1.7 roughly corresponds to an axis ratio of 2 : 1, while p = 1.2 corresponds to a ratio
of about 5 : 1, so significant crowding begins to occur for such an elongated ellipse. Despite
this, the Chebfun implementation of the Kerman-Stein method gives very accurate results
for the interior mapping for all cases, while the SC package struggles mapping elongated
ellipses with significant crowding, and generally cannot match the same level of accuracy.
For example, when p = 1.2, the SC Toolbox gives a warning signifying instability due to
crowding, and the error actually begins to increase with at least n = 128 points. We see
this in Tables and [4.2] with the first showing errors using the Kerzman-Stein method
implemented in Chebfun, and the second showing errors using the SC package.

The boundary mapping is very fast to compute even with a large number of sample points,
S0 it is easy to obtain a highly accurate boundary correspondence function. As can be seen
in the following tables, the interior map retains the accuracy of the boundary mapping, even

with the additional Cauchy integral. This interior mapping is also accurate very close to the
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Table 4.1: Error norms ||¢(E,/2) — ¢n(E,/2)|« for mapping n points in the interior of a
Bernstein ellipse £/, using the Kerzman-Stein integral equation. As the number of discretiza-
tion points n increases, the error rapidly decreases, eventually reaching the limits of machine

precision and the conditioning of the problem. The problem is more ill-conditioned as p gets

smaller due to crowding.

n| p=17 | p=14 | p=12
16 | 1.3-107* | 2.1-1073 | 2.9-102
32 1 30-107% | 7.6-10°° | 8.6-1074
64 | 5.0-1073| 1.0-10°% | 5.6-10°¢
128 | 6.2-107% | 1.3-1072 | 1.6- 1077
256 | 3.6-107%5 | 8.0-10715 | 3.4 10710

Table 4.2: Error norms ||¢(E,/2) — ¢n(E,/2)|| for mapping n points in the interior of a
Bernstein ellipse F, using the SC package. In this case, the error begins to stagnate as n

gets larger and p gets smaller, as this method suffers worse from crowding instabilities.

n p=17 p=14 p=12

16 | 54-107*|3.8-107|3.5-1073
32 [1.3-107%195-107* | 8.1-107*
64 |32-107*|24-107*|2.0-107*
128 | 8.0-107° | 5.9-107° | 6.7-1073
256 [ 2.0-1075 | 1.5-1075 | 3.1- 1071
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boundary, even though the Cauchy integrals become nearly singular. Additionally, we can
write the inverse interior map from D to € in terms of the boundary correspondence function,
so we can obtain similar levels of accuracy for the inverse map. If one desires the inverse
boundary correspondence function, then a simple bisection or Newton iteration scheme can
be used to find inverse images pointwise, which can be fit with a trigonometric interpolant.
The following plots show some examples in which disks and rays in the unit disk (upper-left

corner) are conformally mapped to various smooth domains:
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Figure 4.1: Mapping disks and rays in the unit disk to various smooth domains

4.1.2  Some improvements using rational approrimants

Recently, drastic speedups were achieved by using rational functions to approximate the
conformal map. The AAA (“aggressive Antoulas-Anderson”) algorithm [34] implemented in

Matlab makes use of the following key ideas for approximation by rational functions on a set

in the complex plane:
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1. Representation of the rational approximant in barycentric form with interpolation at

certain support points selected from a set provided by the user.

2. Grow the approximation degree one by one, selecting support points in a systematic

greedy fashion to avoid exponential instabilities.

3. Solve linear algebra problems at each step using linearized least-squares fitting.

This can be used in tandem with our Chebfun implementation of the Kerzman-Stein
integral equation for conformal mapping. One method is to use the Kerzman-Stein integral
equation to solve for the images along the unit circle of points along the boundary of the
original domain €2, and use the AAA algorithm to compute a rational function interpolating
this data, i.e. an approximation to the conformal map ¢ mapping €2 to D [24]. For more
accuracy in the approximation, one can compute mappings of some interior points using
Cauchy integrals and the boundary correspondence function, and supply this as extra data

for interpolation.

This is most useful when an approximation to the conformal map ¢ is desired at many
points, because the rational function supplied by the AAA algorithm is lightning fast to
evaluate. There are some stability issues due the appearance of spurious poles at some steps
of the algorithm, so one cannot generally achieve the same level accuracy as careful Cauchy
integrals for mapping individual points. However, one can still generally achieve a relative
accuracy near 107 for smooth domains that don’t have long and thin regions, and can map
hundreds of thousands of points in the time frame on the order of a second. For example,
the plot below shows the numerical range of a random 4 by 4 matrix and 10,000 interior

points mapped to the unit disk in under a tenth of a second on a dual-core i5 laptop:
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Figure 4.2: Mapping many points to the unit disk using the AAA algorithm for rational

approximation

4.2 Computing bounds on ||f(A)| numerically

Using the methods described in Chapter 3 and the previous section, we show how to compute
bounds on norms of functions of matrices numerically. For these experiments, we will take
o to lie on a circle enclosing the spectrum of a given matrix A but not necessarily enclosing
the numerical range W (A). More precisely, we first determine the center ¢ and radius r of
the smallest circle enclosing the spectrum of A, and then consider circles about ¢ with radius

R>r, ie.

o(s) = c+ Re™/ ", o'(s) = e/,

where s parameterizes the circle 0X2 by arclength from 0 to 2rR. We compute A, (1o, A))
at points ¢ on these circles, and use this to bound cq in (3.14) for each disk €. For a first

example, let us consider a 3 x 3 perturbed Jordan block:

0 10
A=|o0 o0 1. (4.3)
0.1 0 0

In Figure we plot the eigenvalues and numerical range of A, as well as the disks on which

we compute Apin.
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Figure 4.3: Eigenvalues (blue x’s) and numerical range (solid blue curve) of the 3 by 3
perturbed Jordan block (4.3). The red dashed circles are the ones on which A, (p(o, A))

was computed.

We provide a plot of A\yin(s) for each of the circles as functions of the arclength s along
each curve in Figure[£.4] In this plot, the bottom curve corresponds to the innermost circle,
and the curves move up as the circles become larger. We see from the figure that Ay,
decreases rapidly as o moves inside W(A) towards the spectrum, but it grows very slowly as

o moves outside W (A).

Table shows the values of § and % in and the upper bound bound on ¢ in (3.16])
(labeled Kjs) for each each of the disks, starting with the smallest disk about the spectrum.
Because the regions we are considering are disks, we can actually employ the improved bound
¢ <24 0 in Theorem [3.3.1] We compare these bounds on ¢q with the upper bound found
using the Cauchy integral formula and the resolvent norm in (labeled Kcauchy), and
with the numerical computation of ||f(A)|| = ||B o ¢|| = ¢q. The latter computation is
done by first determining a conformal map ¢ from 2 to the unit disk DD, and then using

an optimization routine to determine the roots of the Blaschke product B which maximize
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Figure 4.4: Plot of Apin(u(o(s), A)) vs. arclength s on each of the dashed circles in Figure
[4.3] The bottom curve corresponds to the innermost circle surrounding the spectrum, and

the curves move up as the circles become larger.

IIf(A)]| = ||B o ¢l||. We believe that this is, within numerical error, the true value of cq, but
it at least provides a lower bound for cq. Notice that in all cases, 2 + 0 < K5 < Kcauchy;
and that in some cases, the improved disk bound cq < 2+ is very close to the largest value
returned by our optimization code for ||B o ¢(A)||. Recall from that this bound is
actually made sharp for the 3 x 3 Jordan block with no perturbation.

Let us now consider a random complex upper triangular matrix A of dimension n = 12
and run through the same computations. In Figure [£.5] we again plot the eigenvalues and
numerical range of A, together with disks on which we compute Ayi,. We plot Ay, as a
function of arclength in 4.6] and compute the same numerical bounds as before in Table [4.4].

Even for this random matrix, we get similar results: 2 + 0 < K5 < Kcauchy in all cases.

As mentioned in Chapter 3, we can use the quantity d,(4) in (3.23) in order to obtain
numerically better bounds on ¢y (4) for the test problems considered in this section. For the

3 x 3 perturbed Jordan block, 0,4y = —0.0013, implying that W (A) is a 1.9987-spectral set



5 gl Ks | 240 | Kcauay | [|B(o(A))]
2.6706 | 2.6706 | 5.3559 | 4.6706 | 6.1273 3.8360
0.8854 | 0.8854 | 3.4344 | 2.8854 | 4.1915 2.7465
0.0943 | 0.1221 | 2.5367 | 2.0943 | 3.3667 2.0629
-0.3869 | 0.3869 | 2.2339 | 1.6131 | 2.8760 1.6061
-0.7131 | 0.7131 | 2.1019 | 1.2869 | 2.5472 1.2858
-0.9475 | 0.9475 | 2.0177 | 1.0525 | 2.3118 1.0525

Table 4.3: Values of § and 7 in (3.17]

and upper bounds (K and 2+40) on cq in

3.16
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, upper

bound Kcauchy 01 ¢ in (3.15), and lower bound || B(¢(A))|| found by numerical optimization

of B for disks in Figure .

Figure 4.5: Eigenvalues (blue x’s) and numerical range (solid blue curve) of a random complex

upper triangular matrix A of dimension n = 12. The red dashed circles are the ones on which

Amin(24(0, A)) was computed.
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Figure 4.6: Plot of Ayin(u(o(s), A)) vs. arclength s on each of the dashed circles in Figure

4.5 The bottom curve corresponds to the innermost circle surrounding the spectrum, and

the curves move up as the circles become larger.

o ol K; 240 | Kcaueny | [[Ble(A))]l
11.3176 | 11.3176 | 14.1859 | 13.3176 | 16.8946 5.9760
3.0361 | 3.0361 | 5.7393 | 5.0361 | 7.4288 2.8609
1.0012 1.0012 | 3.5629 | 3.0012 | 4.8246 2.1673
0.1629 | 0.1699 | 2.6110 | 2.1629 | 3.6602 1.8147
-0.2735 | 0.2735 | 2.2841 1.7265 | 3.0160 1.5789

-0.5389 | 0.5389 | 2.1702 1.4611 2.6127 1.4010

Table 4.4: Values of § and 7 in

3.17]

and upper bounds (K5 and 24 §) on cq in

3.16

, upper

bound Kcauchy 01 ¢ in (3.15), and lower bound || B(¢(A))|| found by numerical optimization
of B for disks in Figure .
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for A, since max{1, 2+ d,(a)} = 1.9987. Similarly, for the 12 by 12 random upper triangular
matrix, d,4) = 0.0112, implying that W (A) is a 2.0112-spectral set for A. This method
provides better numerical upper bounds than previously known bounds, and it is an open
question whether such bounds can be determined theoretically. However, the numerical
result for the random upper triangular matrix suggests that this will not be a way to prove

Crouzeix’s conjecture, since the bound is larger than the conjectured value of 2.
4.3 Experiments involving matrix dilations

In this section, we describe work in our paper [25], which details our numerical studies of
matrix dilations and their applications to the study of nonnormal matrices. We begin by
recalling the definition of a matrix dilation and suggest why studying them may be useful for
bounding norms of functions of nonnormal matrices. Let A be a square matrix or a linear
operator on a Hilbert space H. A dilation of A is a linear operator Z on a larger space
K D H such that A = PyZ|g, where Py is an orthogonal projection onto H. In the case
where A is an n by n matrix, we can identify H = C" with the subset of K = CV, N > n,
consisting of vectors whose last N — n components are 0. Then, any N by N matrix of the

form

7 —

X* ok

is a dilation of A. If we also require that Z™ be a dilation of A™ for all positive integers m,
then Z is said to be a power dilation of A.

Dilations of an operator A may have nice properties that A does not have, which can
prove useful for bounding norms of functions of nonnormal matrices. We know from the
previous chapters that if A is highly nonnormal, then the spectrum A(A) may give little
useful information regarding the norms of functions of A. However, if Z is a (near) normal
power dilation of A, then [[p(A)|| < [[p(Z)| for any polynomial p since p(A) is a block of
p(Z), and ||p(Z)]| is (approximately) determined by A(Z). More concretely, if Z is similar

to a normal operator N via a similarity transformation S with moderate condition number
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r(S), then [[p(A)[ < [[p(Z)]] < K(S) sup.ea(z) [p(2)]-

4.3.1 Constructing finite unitary dilations

In our approach, we construct near normal dilations of nonnormal matrices, with the spec-
trum of the dilated operator Z around the boundary of the numerical range of the matrix
A that it dilates. To do this, we make use of a theorem by Sz.-Nagy [42], which states that
every contraction C' (||C|| < 1) has a unitary power dilation U. In matrix form, this dilation

is a doubly infinite block triangular matrix known as the Schéffer matrix [39]:

0 I
0 Do —C*
U= C  Dc- . De=(I-C"0)'2 (4.4)
0 I
0

Unfortunately, this is necessarily an infinite dilation and if it is truncated to obtain a finite
matrix, then the truncated matrix is no longer unitary. However, one can construct finite
unitary dilations with a similar structure as follows (see, for example, p. 59 of [30]). Begin

with any unitary dilation of C, e.g.,

¢ De (4.5)
De —C*
Form a larger matrix Uy by adding identity operators in the following fashion:
C  Dc-
I
U = . (4.6)
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This finite matrix is unitary, and U;" is a dilation of C™ for m = 1,...,k — 1. If an
operator A is similar to a contraction C' via a well-conditioned similarity transformation,
ie. A= XCX! with k(X) < @, then the unitary dilations and become near
normal dilations of A once appropriate similarity transformations are applied. Define S =
block diag(...,I,X,I,...) and S}, = block diag(X,I,...,I). Then SUS™' and S,U,,S; " are
dilations of A. If X is normalized so that || X|| = 1, then x(5) = k(Sk) = k(X).

Recall the definition (2.13)) of a complete K-spectral set. It was shown by Paulsen [37]
that if the unit disk D is a complete K-spectral set for an operator A, then A is similar to a
contraction via a similarity transformation with condition number K : A = XCX ! k(X)) =
K. Now, assume that the interior of the numerical range W (A) is nonempty and not all of
C. Let ¢ be a bijective conformal mapping from the interior of W(A) to the unit disk D,
extended continuously to the boundary. It follows from the Crouzeix-Palencia result
that the unit disk I is a complete K-spectral set for ¢(A) for some K < 1+ /2. Hence,
from Paulsen’s theorem we have p(A) = XCX !, where C is a contraction and x(X) = K.

Sz.-Nagy’s theorem implies that C' has a unitary power dilation U, and ¢ ~!(U) is a normal
power dilation of ¢~!(C') with spectrum on W (A). Let S = block diag(...,I,X,1,...).
Then S~ (U)S™! is a power dilation of A with spectrum on W (A) that is similar to the
normal operator ¢! (U) via a similarity transformation S with conditon number K. In other
words, every matrix A whose numerical range has nonempty interior has a near normal power
dilation with spectrum on W (A).

We are interested in the construction of finite dilations using finite matrices. If C' is a
finite matrix and one considers a dilation Uy of the form , then one can construct an
mth degree polynomial approximation f,, to ¢! that satisfies f,,(C) = ¢~ 1(C). Assuming
k> m + 1, then f,,(U) will be a normal dilation of »~!(C) with spectrum approximately
on OW(A) and satisfying that [f,,(Ug)] is a dilation of [~ }(C)]¢ for £ = 1,...,k — m.

I on D to any desired level of

One can take the degree of f,, large enough to approximate ¢~
accuracy and make powers [ f,,,(Uy)]¢ be dilations of [¢~1(C)]* for any finite number of powers

(. Finally, defining S = block diag(X,I,...,I), we have that Sy f,,(Uy)S; " is a dilation of
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A with spectrum approximately on 0W (A) that is similar to the normal operator f,,(Uy)

via a similarity transformation S, whose condition number is K.

4.3.2  Numerical construction of near normal dilations

Using the ideas in the previous sections, we can numerically construct a finite near normal

dilation Z of a given n by n matrix A with spectrum approximately on W (A) as follows:

1. Compute the numerical range W (A). We do this using the fov command in Chebfun
[20], which uses a standard algorithm [30] to compute points along the boundary of

W (A) and fits a Chebyshev series to a level of accuracy near machine precision.

2. Compute a bijective conformal mapping from W (A) to the unit disk D. We do this by
using the Chebfun implementation of the Kerzman-Stein integral equation described

in Section 4.1.1.

3. Evaluate ¢(A), where ¢ is the conformal map from W(A) to D. For diagonalizable
matrices, this can be done by evaluating ¢ at the eigenvalues of A, and for the general
case, this can be done by discretizing the Cauchy integral formula using the trapezoidal

rule.

4. Find a similarity transformation X such that C' = X 'p(A)X is a contraction and the
condition number of X is minimized. We do this by attempting to solve constrained

optimization problems using fmincon in MATLAB.

5. Form a finite unitary dilation of the form (4.6), adjusting the number of blocks & as
necessary to ensure that we can approximate functions of interest using polynomials

of degree at most k — 1.

6. Evaluate ¢ !(Uy) and a polynomial approximation f,,(Uy), such that the degree m <
k—1, fn(C) = ¢ 1(C), and f,,(Uy) = ¢~ '(Ug). This is often a computational stum-
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bling block, as the degree of polynomial needed to approximate the inverse map =1

may be quite large, especially when trying to map long thin regions to the unit disk.

7. After computing f,,(Ux), multiply its first block row on the left by X and its first block
column on the right by X! to obtain the dilation Z of A.

We have carried out this procedure successfully only for very small matrices A, as it
quickly becomes computationally difficult as the dimension increases. As an alternative,
we can instead require Z to have its spectrum on a circle enclosing W (A) rather than on
OW (A), which is a substantially simpler computational problem. We first compute W (A)
and a circle enclosing it, and map this circle to the unit disk by shifting and scaling. If the
circle about W (A) has center ¢ and radius r, then ¢(z) = (z — ¢)/r. The numerical range of
o(A) is W(p(A)) = (W(A) — ¢)/r and is a subset of D. We can use a fixed point iteration
due to Choi and Greenbaum [I1] and based on work by Okubo and Ando [I], 35] in order
to find a matrix X with x(X) < 2 such that C' = X 'p(A)X is a contraction. Because the
numerical radius of ¢(A) is less than or equal to 1, it is guaranteed to converge. Additionally,
after constructing C' and forming the unitary dilation Uy as in (4.6)), we have no issues with
evaluating = (Uy) since o~ 1(z) = rz + ¢ is a first degree polynomial. We form the matrix
Z = Spp H(Ui)S, !, where S), = block diag(X, I,...,I). Z is a dilation of A with spectrum
on the disk enclosing W (A) and with eigenvectors having condition number at most 2, and

its powers Z" will be dilations of the corresponding powers A™ for m =1,..., k — 1.

4.3.83  FEzxamples
To illustrate this approach, consider a matrix of the form

A a
A= , a > 0.
0 A

The numerical range of an n by n Jordan block with eigenvalue A is a disk about A of radius

r = cos(m/(n+ 1)), so in this case W(A) is a disk about A of radius r = a/2. Applying the



93

conformal map ¢(Z) = (z — \)/r gives

and applying the algorithm given in [11] yields a matrix X such that C' = X 1p(A)X is a

contraction, with

1 0
X = . =
0 1/2 00

We construct a unitary dilation U of the form (4.6|) using this contraction C, and map back
to W(A) with ¢~ '(U) = M+ 2U. Finally, apply the similarity transformation to ¢~*(U) by
left-multiplying the first two rows by X and right-multiplying the first two columns by X!

to obtain the following matrix Z:

A a 0 0
0 X 0 a/4
A0 a2 0
. 0 A 0 a2 0
a/2 0 0 0 A0
0 0 —a/2 0 0 A

The matrix Z is a near-normal dilation of A with spectrum on OW (A).
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3 25 2 15 1 05 0 05 1
Figure 4.7: W(A) together with eigenvalues of Z for A = —1,a = 4.

We would also like to understand the behavior of these dilations in relation to the original
operators being dilated. As a starting point, we investigate evolution processes, i.e. solutions
to systems of differential equations. For example, consider the system of differential equations

y = Ay with

which has the solution y(t) = e!4yy. We would like to compare || with ||et?]).

Suppose that §/ = Z¢. Then, @(t) = e4§(0) and ||e'?|| < 2% = 2¢!, since Z has
an eigenvector matrix with condition number 2 and the spectral abscissa of Z is at most
a(A), which is the numerical abscissa of A. Since €'Z is a dilation of e, it follows that
let4]] < ||| < 2€'. This is slightly weaker than the known bound ||e*|| < ™) (see pg.

138 of [43]), but this same bounding technique can be used for other functions as well.

We show the behavior of y(t) = e4y(0) and §(t) = €Z§(0) in the plots below, where

y(0) = [ug, vo]T is a random initial vector and §(0) = [ug, vo, 0, ..., 0]7:
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Figure 4.8: Behavior of y(t) (asterisks) and g(t) (solid lines).

The asterisks are the components of y(¢), and the solid line goes through the components
of gy(t). The horizontal axis indicates the index of the components - there are 80 total
components in this numerical experiment since we used 38 additional identity blocks in the
construction of the finite dilation, yielding an 80 by 80 near normal dilation Z. We can see
that for early time (¢ = 0.1,0.25), the first two components dominate the behavior, as a
small disturbance begins to appear in the rightmost components. Later at times ¢ = 0.5 and
t = 1, this disturbance has grown to be about the same size as the first two components
corresponding to the original matrix A. Later at ¢t = 2, the first two components begin to
decay, while the rightmost components continue to grow. Finally, at ¢ = 4, the rightmost
components introduced by the dilation have completely dwarfed the decaying components
on the left, and have aggregated to form a leftward advecting wave, completely dwarfing the
decaying components on the left corresponding to the original operator. We can also see
that the norm ratios ||e!?||/|e4|| rapidly increase, so that by ¢t = 4, it is clear that bounding

let4]] with ||et?]| would no longer be of any practical use.



o6

We can understand the difference in the behavior of these operators in the following sense.
The original equation 3’ = Ay is a pair of coupled ordinary differential equations, and we
may think of the dilation equation ¢’ = Zy as spatially differenced approximation to a pair

of coupled partial differential equations. Define

Ui (t)
U1 (t)

uk(t)
Vk (t)

where u;(t) and v;(t) are approximations to the multivariate functions u(x,t) and v(z,t) at

x = 7. The middle blocks of the dilated equation 3’ = Zy are

du; ou

- = —U]’ —+ 2Uj+1 = Uj + 2(Uj+1 — Uj) ~ Uj —+ 2— R

dv; ov '
% = —’Uj + 2Uj+1 = Uj + 2(Uj+1 — Uj) ~ Uj + 2% o

We can interpret this as a method of lines approach with forward differencing in the spatial
domain for the advection equations u; = u+ 2u, and vy = v+ 2v,, with boundary conditions
coupling v and v at the ends of the domain. Recall that w; — cw, = aw has the solution
w(t) = e™wo(x + ct), which is a wave traveling to the left with speed ¢ and growing or

decaying like e,

The equations for u;(t) and v;(t),j = 1,...,k, can actually be solved exactly, assuming
that ug(0) = v2(0) = - -+ = ug(0) = vk (0) = 0. From (4.7)), we have

t
v, = —vp — 2uy = ui(t) = e up(0) — 2/ e~ "uy(s)ds,
0
which remains zero as long as us(s) = 0 for s < t¢. We also have, for j =k —1,...,2,
t
G- = ul) =) -2 [ s
0

which is zero as long as vj41(s) = 0 for s < t. This implies that v,, ..., v are all 0 until the

wave on the right in Figure reaches block 2. However, at this point e'? is no longer a
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dilation of e, so we need to include more blocks in the dilation Z in order to study times
this large.

We can proceed similarly to evaluate each u;. For uy, we have
t
up = —up +2u; = vp(t) = e "ug(0) + 2/ e~y (s)ds.
0

Note that wu;(t) and vi(t) are the same as the solutions for the original problem, so that
uy (t) = e tug + 4te vy and v1(t) = e vg. Thus, we can substitute the expression for wu(s)
to obtain

¢
ug(t) = 2/ e~ e g + dse " vglds = 2tetug + 4t2e .
0

The equation for ug_q is
¢
U = —Up_1 +2u, = up_(t) = 2/ ey (s)ds,
0
and substituting the expression for ug(s) yields

8
uk_l(t) = €_t |:2t2U0 + §t31}0:| .

Continuing in this fashion, we iteratively compute ug_o,ug_3,... to find that
2T AT
up_i(t) =e " | — T g + — ' uel, j=0,...,k—2. 4.9
e-5(t) G+D 0T G+2) 0} J (4.9)

While we had originally hoped that the behavior of ||e!?|| could be useful for understanding
the behavior of ||| for at least small times ¢, even this simple example shows that the
dilated operator takes on a life of its own. It is mainly the middle blocks of that
determine the behavior of ||| and e/44(0). Generating the near-normal dilation by way of
finding a contraction C' to which ¢(A) is 2-similar eventually leads to the equations in (4.8)).
These dictate the behavior of the dilated operator, which generates a wave that grows like
et and moves left at speed 2, but these do not directly involve the matrix A at all and are

instead determined by the mapping ¢~* from D to W (A).
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Chapter 5
APPLICATIONS AND OPEN PROBLEMS

In this chapter, we discuss some applications of the analytical and numerical methods used
in Chapters 3 and 4 to bound norms of functions of matrices. We apply the methods of these
chapters for specific classes of functions of matrices which are useful for applications, such
as matrix powers and exponentials. We conclude by summarizing the research done in this
dissertation and mentioning some interesting open problems and other potential application

areas not discussed here.

5.1 Applications

Examples of some functions of matrices which may be seen in practice include the following:

e The solution of a linear system (A — ¢t[)z = b is given in terms of the resolvent:

2(t) = (A — t)'b.

e The solution of the dynamical system u’'(t) + Au(t) = 0 is given in terms of the matrix

exponential: u(t) = exp(—tA)u(0).

e The solution of the second order differential equation u”(t) + Au(t) = 0 is given in

terms of trigonometric matrix functions and matrix roots: wu(t) = cos(v/At)u(0) +

(VA) " sin(v/At)u/(0).

e The solution of the difference equation u;, = Auyg_ is given in terms of matrix powers:
ur = AFuy. The convergence behavior of iterative methods like Gauss-Seidel or SOR

also involves norms of matrix powers.
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e The convergence behavior of some Krylov subspace iterations, such as GMRES, depend

on norms of polynomials of matrices.

e Decay bounds for singular values of solutions to certain Lyapunov equations with low-

rank right hand sides depend on rational functions of matrices [5]

e The behavior of nonlinear systems of the form u/(t) = Au(t) + f(u(t)), whose solu-
tion is determined by the linear problem. Nonnormal effects may lead to nonlinear

instabilities, even when the linear problem is asymptotically stable.

We will focus primarily on matrix powers A* and matrix exponentials e, for which
interesting sets to investigate are disks and half-planes, respectively. In particular, we would
like to determine when the unit disk D is a K-spectral set for a given matrix A with spectrum
inside ID and for some moderate value of K, even if the numerical range extends far outside .
This would be helpful for bounding norms of matrix powers when A is nonnormal. Similarly,

we would like to do the same for the left half-plane II, and matrix exponentials e.

5.1.1 Matrix powers

For powers of matrices A¥, we are most often interested in investigating the unit disk as a
possible K-spectral set. Even if the numerical range W (A) extends well past the unit disk,
we can still determine upper bounds on ||A*|| using D via the methods of Chapter 3 and 4.
As a simple first example, let us consider a matrix for which we can calculate some bounds
explicitly. Let A be a scaled Jordan block of the form

A= , —-l1<A<1l,a>0.

The spectrum of this matrix consists of a double eigenvalue A\ € (—1, 1), but the numerical

range is a disk centered at A with radius a/2, so it may extend outside of the unit disk. We



can explicitly calculate the operator pu(o(s), A) in (3.8) with this particular matrix A:

/ , .
u(o(s), A) = 027(;)1%(0(3),14) + {027(;)3(0(8)7A)}
2—2) cos(s) ae’s
= i 14+A2—2X cos(s) (I—Xei®)2
27 ae”* 2—2\ cos(s) ’

(1—Xe—?5)2 1+A2—2X\ cos(s)

which has minimum eigenvalue

1 [(2—a—2)\cos(s)
Aumin(s) = o (1 + A2 — 2 cos(s)) '

Integrating, we find that

a

27
= — . - 94—
J /0 Amin(5)ds + 1 2

60

implying that the unit disk is a K -spectral set for A with X' < max{1,2+¢} = max{1l,a/(1—

A%)}. In particular, when a < 1 — A2, we have K = 1 and ||A|| < 1, and we recover von

Neumann’s inequality for the disk, which states that D is a spectral set if and only if ||A|| < 1.

When a > 1 — A2, we get the bound K < a/(1 — A\?). For instance, with the matrix

0.8 0.54
0 08

we have K < 0.8/(1 — (0.54)%) = 1.5, meaning that powers A* can never grow to be larger

than 1.5 in norm. We know that a disk about the numerical range is always a 2-spectral

set for any matrix A. In this case, the numerical range of A extends slightly outside of D,

and yet D is actually at most a 1.5-spectral set for A. In fact, we can determine that D is

exactly a 1.5-spectral set, since we can explicitly compute the optimal Blasckhe product to

be (A — 0.81)(I — 0.8A)7!, which has norm 1.5.

Generally, the formulas for bounds found this way will not be as simple. Let us consider

another 2 x 2 matrix
A a

0 =X

, 0<A<l,aelR



61

The numerical range W (A) is now an ellipse centered at the origin with minor axis a and

major axis v/4A? 4+ a?. Running through the same calculations, we find that

K<2+46
T (- vﬂm (0% = (1 = X)) Bic(n) + (14 X*)*Ea(n,m)) .

where Ex(m) denotes the elliptic integral of the first kind:

w/2
Eg(m) = / [1 —msin®(9)]~V/2a6,
0
and E,(n,m) denotes the elliptic integral of the third kind:
w/2
Bu(nm) = [ (1= nsin?(0)) 11— msind(9)) Vs
0

with parameters
B 4N[(1 = N?)? — a?] 4)\?

T A-R@ e T I

As before, we can use this bound to find matrices for which the unit disk is K-spectral with

K <2 even if W(A) is not contained in D. For instance, if

0.8 1.5
A= ,
0 —-038

the unit disk is approximately a 1.9791-spectral set, even though the numerical radius r(A) ~
1.0966 extends past the unit disk. However, we can see that these bounds quickly become
difficult to calculate explicitly, as even the 2 by 2 case contains messy elliptic integrals. Hence,
unless one can find effective lower bounds on A, for particular matrices, these techniques
are best suited for numerical bounds.

To see how this sort of bound may be useful in practice, consider the steady-state

advection-diffusion problem (see e.g. page 237 of [43])
—vu'(z) + y'(x) = f(z), 2 €[0,1],u(0) =a,u(l) =5,

for constant viscosity v > 0 and wind speed v > 0. In order to approximate solutions to this

numerically, we could discretize the interval [0, 1] with n + 2 uniformly spaced grid points
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and use centered finite differences to give rise to an n by n coefficient matrix. We can label
points from left to right (downwind with v > 0), or from right to left (upwind). Here, the
terms downwind and upwind arise from the fact that the first ordering follows the direction
of the wind v and the second is against it. The coefficient matrix for the downwind scheme
is

- 8 g
A= (— - —, 2v, —v+ —> 1
tridiag | —v o v, v o) (5.1)

while the coefficient matrix for the upwind scheme is the transpose of this matrix,

— tridiae (—v + -1
A-tr1d1ag< V+2n, 2u, —v 2n>' (5.2)

Suppose that we use Gauss-Seidel iteration to compute the solution u. In this case, we split
the matrix into its diagonal, strictly lower triangular, and strictly upper triangular parts,
A= D+ L+U, and use the iteration matrix S = —(D+ L)~'U. The upwind and downwind
schemes lead to Gauss-Seidel iteration matrices with different nonnormal properties, which
affect the rate at which these schemes converge. We can observe this effect by calculating
bounds of the form 2 + ¢ from Theorem for several disks containing the spectrum.

In Figure |5.1 we see the spectrum and numerical range of the iteration matrix S corre-
sponding to the downwind scheme . We notice that the numerical range is contained
well within the unit disk, so we expect for ||S*|| to initially decay proportionally to r(A)*,
where r(A) & 0.8216 is the numerical radius. In fact, in Figure[5.2} we see that || S*|| quickly
approaches the asymptotic decay rate dictated by the spectral radius p(S)* ~ (0.4335)%, and
is near machine epsilon using around 50 iterations (note the logarithmic scale on the y-axis).
We also have bounds of the form 2 + ¢ using the disks in Figure 5.1} Notice from Figure [5.2
that while the bounds corresponding to disks of larger radii (i.e. 0.9 and 1.0) are better ini-
tially, they are clearly gross overestimates as k gets larger. Because ||.S|| = 0.8578, we know
those disks cannot get better bounds than the simple estimate ||S*|| < ||S||*. However, since
the spectrum is well inside DD, we can get bounds using smaller disks that go inside of the
numerical range of S. For these disks, we get bounds which are initially large overestimates,

but then more closely match the true behavior of ||S*¥|| for intermediate and large values of
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Figure 5.1: Eigenvalues (blue x’s) and numerical range (solid blue curve) of the Gauss-Seidel
iteration matrix corresponding to the downwind scheme ((5.1). The red dashed circles are

the ones on which Ay, (p(o, A)) was computed.

k. In a similar fashion to choosing € for calculations involving the e-pseudospectrum of S,
we can choose the radius of the disk so that € is closer to the boundary of the spectrum,
which gives better long-time estimates, or close to the numerical range or unit disk, which

gives better short-time estimates.

However, we see that when we switch to the upwind scheme , the nonnormal effects
are more noticeable. From looking at Figure [5.3, we should already be concerned with the
enlarged numerical range - in this case, the numerical range is nearly at the boundary of the
unit disk, even though the spectrum is the same as that of the downwind iteration matrix.
Even though W (S) does not extend outside of the unit disk, we see from Figure [5.4] that the
iteration scheme takes much longer to begin approaching the asymptotic decay rate. We can
see this by examining the constants 249 corresponding to the bounds using disks of different
radii. In this case, the unit disk is a spectral set, and the bound from this disk is very close
to the simple bound ||S*|| < [|S]|¥, since ||S]| ~ 0.9992. However, the disk of radius 0.5 is

a 2.5604 - 10 -spectral set, implying that many more iterations are necessary for the upper
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s

Figure 5.2: ||S¥|| (blue x’s) for the downwind iteration matrix S together with several upper
and lower bounds. The black line is the lower bound p(S)¥, the red dashed lines are upper
bounds of the form 2+ 6 from the disks in Figure[5.1] and the green line is the upper bound
IS*

0.8

0.6 -
0.2 !
-0.2 \

.06

08|

Figure 5.3: Eigenvalues (blue x’s) and numerical range (solid blue curve) of the Gauss-Seidel
iteration matrix corresponding to the upwind scheme ([5.2)). The red dashed circles are the

ones on which Ay, (p(o, A)) was computed.
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s

0 1‘0 2‘0 36 46 56 6‘0 7‘0 80
k
Figure 5.4: ||S*|| (blue x’s) for the upwind iteration matrix together with several upper and

lower bounds. The black line is the lower bound p(S)*, the red dashed lines are upper bounds
of the form 2 4 ¢ from the disks in Figure and the green line is the upper bound || S|/*.

bounds from this set to overtake those from the larger disks. This example shows not only
does the spectrum fail to tell the full story of the behavior of powers of a nonnormal matrix,
but the numerical range may not give sufficient bounds, even when it lies inside the unit
disk. Here we used disks of varying radii between the spectrum and numerical range as our
max{1,2+ J}-sets, which can be used to piece together the transient behavior and show the
transition from initial decay rates dictated by numerical radius to asymptotic decay rates

dictated by the spectrum.

5.1.2  Matriz exponentials

(). In this case, we investigate

We now seek bounds on norms of matrix exponentials ||e
various half-planes II. := {z : Re(z) < ¢} as possible K-spectral sets, particularly the left
half-plane IIy. However, we can reduce the half-plane problem to the disk problem and study

matrix exponentials in the same way that we studied matrix powers in the previous section.
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Let o(z) = (2+1)/(2 — 1), so that ¢(A) = (A+1I)(A —I)~!. This function is a bijective
conformal mapping from I, to the unit disk I, which implies that II; is a max{1, 2+ d,(a)}-
set, with d,(4) defined as in (3.23). As in the previous section, let us first consider a simple

2 by 2 matrix of the form

A a
A= , A <0, a>0.
0 A
The mapped matrix is then
M1 _ 2
[ 3= D12
p(A) = .
A1

From the calculations in the previous section, we find that

27 a
Op(a) = —/0 Amin(8, p(A))ds = =2 — BI%

meaning that the left half-plane Il is a K-spectral set with K = max{1,|a/2\|}. For

instance, with the matrix

A= , (5.3)

we have K < 1.75, meaning that ¢ can never grow larger than 1.75 in norm. One can also
investigate the decay on different time scales by doing the same calculations with different
half-planes. We already know an upper bound on initial behavior based on the numerical

tw(A) — (L5}t

abscissa, namely that |[e!]| < e , as well as a lower bound on the asymptotic

(A = ¢=2. Using these tech-

behavior based on the spectral abscissa, namely ||e!4]| > et
niques, we can determine other bounds on initial to transient behavior using half-planes
contained within the right-half plane (i.e. II, with ¢ < w(A) = 1.5) and bounds for transient
to asymptotic behavior using half-planes contained within the left-half plane (i.e. Il. with
¢ > a(A) = —2). We can see some example bounds using various half-planes together with
the bounds based on the numerical and spectral abscissas in Figure [5.5]

For another example of a heavily nonnormal matrix we can analyze in the same way,

let us consider a 60 by 60 Chebyshev spectral approximation A to an advection-diffusion
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1072

0 0.5 1 15 2 2.5 3 3.5 4
Figure 5.5: ||e'|| (blue x’s) for the matrix A in 1' with several upper and lower bounds.
The black line is the lower bound e'*), the red dashed lines are upper bounds of the form
2 + ¢ from various half-planes II,. corresponding to lines of slope ¢ on the semi-log plot, and

the green line is the upper bound e®(4).
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el

Figure 5.6: ||e*4]| (blue x’s) for a Chebyshev spectral approximation A to Lu = nug, +
ug, u(0) = u(1) = 0,7 = 0.015, with several upper and lower bounds. The black line is the
lower bound e/ the red dashed lines are upper bounds of the form 2 + ¢ from various
half-planes II,. corresponding to lines of slope ¢ on the semi-log plot, and the green line is

the upper bound e,

operator, Lu = Nz, + tg, u(0) = u(1) = 0, where n = 0.015. This example can be found in
pp. 410-11 of [43]. Using various half-planes between the spectral and numerical abscissas

as before, we obtain the bounds in Figure [5.6|

5.1.3  Other applications

We end this section by briefly mentioning some other possibilities for candidate K-spectral
sets which may be useful for bounding functions of matrices in different applications. In
particular, we recall that the region €2 in Lemma need not be simply connected. It
could consist of a union of disks, each of which encloses a part of spectrum. Such a set

may be thought of as an alternative to e-pseudospectra, where the boundary of 2 does



69

not necessarily have constant resolvent norm. Another example which has already proven
useful is an annulus, with the spectrum contained inside of the outer disk and outside of the
inner disk. In fact, it is proved in an upcoming paper by Crouzeix and Greenbaum [16] that
various annular regions are (1++/2)-spectral sets and that a more general convex region with
a circular hole or cutout is a (3 +2v/3)-spectral set. The proofs make use of our extension of
the Crouzeix-Palencia result together with some estimates on A;,. These results are used to
give bounds on the convergence rate of the GMRES algorithm for solving linear systems by
choosing a region that includes the origin the origin, as well as for rational Krylov subspace
methods for approximating f(A)b by using a region which avoids the poles of the rational

function approximating f.
5.2 Summary and open problems

In this dissertation, we have studied the use of K-spectral sets for bounding functions of
nonnormal matrices. In particular, in [9] we have shown how the arguments in [I7] can be
extended in order to provide information about regions that contain the spectrum of A but
not necessarily all of the numerical range W (A). Some of the most interesting regions for
applications are disks about the spectrum, which we have shown to be K-spectral sets for
K = max{1,2 + ¢}. This not only provides a new proof that if W (A) C D, then D is a
2-spectral set for A, but it also provides useful bounds for norms of matrix powers || A¥||,
as well as for norms of matrix exponentials ||e!|| by conformally mapping half-planes to
D. This extension is being applied in [16] to annular regions, which are ideal K-spectral
sets for studying rational functions with poles. Some interesting open problems here involve
determining values of K for other K-spectral sets that may be useful for applications, or
to prove some of the numerical bounds discussed in this thesis analytically, even if just for
special cases.

We derived one property of optimal Blaschke products, as in Blaschke products that
maximize ||B(¥)|| where ¥ is a given matrix whose spectrum lies in the unit disk. In

particular, if || B(W)|| > 1, then the left and right singular vectors of B(¥) corresponding to
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the largest singular value must be orthogonal to each other. This fact can be used to provide
new proofs of Crouzeix’s conjecture for special classes of matrices, and an interesting open
problem is to determine other properties of this optimal B.

We described some of the numerical methods involved in our computational experiments
involving K-spectral sets. Perhaps most useful is the implementation of numerical conformal
mapping in Chebfun, which has since been adapted and improved in [24] and is certainly use-
ful beyond the study of K-spectral sets. Another interesting series of numerical experiments
involved the construction of near-normal dilations of nonnormal matrices, with the spectrum
of the dilated operator around the boundary of the numerical range of the original matrix.
While there has been much work aimed at proving the existence of dilations with various
special properties, there has been little study of the behavior of functions of these dilations,
especially when compared to the original operator. Doing this comparison for some matrix
exponentials, we found that the dilated operator takes on a life of its own and eventually
dominates the part corresponding to the original operator.

Attempting to prove Crouzeix’s conjecture is a notoriously difficult problem, but this is
what helped spark the recent flood of interest in K-spectral sets and nonnormal matrices.
The Crouzeix-Palencia result is especially powerful, since it provides new mathematical tools
which are useful both for the numerical range and for more general K-spectral sets, as
shown in this dissertation. The best hope for proving the conjecture may be to show that
IF(A < [If(A) + g(A)*|| for the optimal f, at least for some certain classes of matrices.
This is something we consistently observed numerically, and would prove the conjecture if
true in general. For applications, a more interesting problem would be to continue to study

properties of A, for regions such as disks, half-planes, or sets with holes.
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