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Area under the receiving operator characteristic curve (AUC) is a commonly reported mea-

sure of discriminative performance for binary prediction models. However, there are con-

cerns about AUC being a misleading measure of prediction performance in the rare event

setting. This setting is commonly encountered with clinical prediction models, since many

events of clinical importance, such as suicide, occur only rarely. We conducted a simulation

study to investigate what drives inaccurate or unstable AUC performance in the rare event

setting. Specifically, we aimed to determine whether a small number of events is the main

driver of the poor AUC performance, or if the main driver is truly the event rate (i.e.,

there are many events, but they represent a small fraction of the total observations). We

also investigated the behavior of other commonly used measures of prediction performance,

such as PPV, accuracy, sensitivity, and specificity. Our results indicate that poor AUC

performance—as measured by empirical bias, empirical MSE, variability of cross-validated

AUC estimates, and empirical coverage of bootstrap intervals—is driven by the number of

events, not event rate. While which measure of model performance is of greatest interest

depends on how a model will be used, AUC is reliable in the rare event setting provided

that the total number of events is moderately large.
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Chapter 1

INTRODUCTION

1.1 Clinical prediction models

Predictive models for use in the clinical setting are of interest as a way to obtain more

accurate prognoses and diagnoses [38], guide clinical decision-making through early warning

systems [39], identify patients at risk for an adverse outcome [44], and better allocate health

resources [9]. Some traditional severity scales, such as APACHE II in the critical care

context, are constructed by scoring each item and then summing to obtain the overall

severity score. In APACHE II, for example, each item is a physiological measure and is

scored based on the deviation from “normal” values [27]. Tools such as logistic regression,

penalized regression, or tree-based methods o↵er a di↵erent approach to creating predictive

models, and these tools can also provide a continuous risk score. In some contexts, this

continuous risk score is of interest. However, in the clinical setting predictive models can

also be useful when they serve as screening tests to identify patients at risk [9]. In these

cases, where the outcome of interest is binary, a continuous (0-1) risk score output by a

prediction model is interpreted as the predicted probability of experiencing the outcome.

To use a predictive model that outputs a continuous risk score as a binary classifier,

there has to be a decision threshold. Anything with a risk score higher than this threshold

is a predicted event, while anything lower than this threshold is a predicted non-event. The

predicted event statuses can fall into four possible categories: false positives (FP), false

negatives (FN ), true positives (TP), and true negatives (TN ); these four quantities make

up the confusion matrix. If we think of characterizing performance with proportions or rates

instead of counts, we can show that the true positive rate (TPR, also known as sensitivity)

and false positive rate (FPR, 1 - specificity) together are su�cient to completely charac-

terize both the information from the confusion matrix and the classifier performance [35].

Various measures of prediction performance can be calculated from the confusion matrix,
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and di↵erent prediction performance metrics provide di↵erent information. Which metric

is of greatest importance depends on the context in which a predictive model will be used,

and looking at multiple metrics can give a fuller understanding of classifier performance.

However, all measures of prediction performance calculated from the confusion matrix are

dependent on the decision threshold, because the relative numbers of false positives, false

negatives, true positives, and true negatives—and correspondingly the false positive rate

and and true positive rate—depend on the decision threshold.

1.2 The rare event setting

Often, clinically important events occur only rarely. An example of a rare, clinically im-

portant event is suicide. In one paper presenting a model predicting suicide death and

suicide attempt, a sample of 2.96 million patients with 10,275,853 mental health visits and

9,685,206 primary care visits had a per-visit suicide attempt rate of 0.62% and 0.26% for

mental health visits and primary care visits, respectively. Suicide deaths were even more

rare, with a per-visit event rate of 0.02% for mental health visits and 0.01% for primary

care visits [44]. Despite this rarity, suicide was the 10th leading cause of death in 2019 (the

last year before the SARS-CoV-2 pandemic). In 2019 there were over 47, 000 suicide deaths,

representing 13.9 suicide deaths per 100, 000 population [28]. Predicting suicide deaths and

attempts in order to identify individuals at risk—so that these individuals can be o↵ered

services—is clearly of interest. A 2019 systematic review found a total of 64 unique suicide

prediction models [4]. The rare event setting, however, presents some challenges to pre-

diction. For one, even with a large number of observations the absolute number of events

may be small. In predictive modeling of binary outcomes, the number of events, not just

the total sample size, is of importance. Additionally, a small event rate impacts the inter-

pretation of some common measures of predictive model performance, because the overall

event rate (specifically, balanced versus unbalanced data) impacts the behaviors of these

measures [32, 43].
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1.3 What is AUC?

Setting aside the rare event setting for a moment, the dependence on a decision threshold

also complicates the use of measures such as false positive rate and true positive rate to

compare or describe classifier performance. One alternative to choosing a single decision

threshold is to plot the FPR (x-axis) and TPR (y-axis) against each other as the decision

threshold varies over all possible values. The FPR and TPR must vary with each other

as the decision threshold changes, and the result is a curve called the Receiver Operating

Characteristic (ROC) curve. An ROC curve that lies more toward the upper left-hand

corner of the ROC space indicates better performance than a curve that lies closer to the

x = y diagonal [35].

While ROC curves can be compared qualitatively, a one-number summary of classifier

performance is desirable for model comparison [46]. The area under the ROC curve (AUC)

is such a one-number summary of the ROC curve. The true AUC of a classifier can be

interpreted as the probability of correctly ranking a randomly selected event/non-event

pair [19]. In the setting of a predictive model that outputs a predicted probability, let X

be the predictors, Y be the binary outcome with Y = 1 indicating an event and Y = 0

indicating a non-event, and f(X) the predicted probability. Then the true AUC is

AUCtrue = P [f(Xi) > f(Xj) | Yi = 1, Yj = 0].

Correspondence between this meaning of AUC and the Wilcoxon statistic gives a formula for

estimating AUC directly from the data and classifier output [19]. Using the same notation

as above and letting n be the number of observations,

AUC = n�2
nX

i=1

X

j 6=i

I(f(xi) > f(xj) | yi = 1, yj = 0).

AUC is a measure of discriminative performance. Discrimination refers to relative pre-

dictive accuracy, i.e., how well a model separates events from non-events. Calibration, in

contrast, refers to absolute predictive performance, i.e., how well predicted probabilities

align with the observed outcome proportions in a new sample [22]. As implied by the in-
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terpretation of the true AUC as a probability, AUC can take values between 1 and 0. An

AUC of 1 indicates perfect discrimination. In all possible event/non-event pairs (yi, yj) with

yi = 1 and yj = 0, f(xi) > f(xj). An AUC of 0 also indicates perfect discrimination, but

(problematically) with predicted probabilities of events lower than predicted probabilities of

non-events: f(xi) < f(xj) for all event/non-event pairs. An AUC of 0.5 indicates the worst

possible discriminative performance. In 50% of pairs, f(xi) > f(xj) and in 50% of pairs

f(xi) < f(xj), i.e. the classifier performs no better than assigning predicted probabilities

at random [7].

1.4 Arguments for and against the use of AUC

There are various arguments for and against the use of AUC in evaluating the performance

of predictive models. One argument for AUC is that it satisfies three characteristics of a

good measure of the performance of a binary classifier. A good measure of classifier per-

formance should be: 1) a single number with the same scale for all systems; 2) objective,

i.e., not reliant on the subjective decisions of the people creating the model; and 3) rela-

tively independent of the event rate [46]. A single number makes comparisons of classifiers

straightforward, especially in comparison to graphical measures of performance such as the

ROC curve or the precision-recall curve [7, 46]. Unlike accuracy, sensitivity, or specificity

(among other performance measures), AUC is also objective. While these other measures

require the specification of a decision threshold for classifying predicted probabilities or

scores as events or non-events, AUC averages over all possible thresholds [15]. This inde-

pendence from the choice of threshold is especially desirable when there is no clear rationale

for the decision threshold [7]. The decision threshold controls the bias toward false positives

and false negatives [46], but only vary rarely can we know with any certainty, or even agree

upon, the relative costs of false positives versus false negatives [7]. In fact, the optimal

trade-o↵ between false negatives and false positives may vary by setting [15]. Finally, in

comparison to performance measures such as accuracy, AUC is also relatively un-influenced

by the event rate [7, 22, 46].

Another argument for the use of AUC as a measure of model performance is that it is

an interpretable, intuitive metric of discriminative performance. Since AUC is based on the
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ranking or ordering of a classifier, specifically pairwise comparisons of predicted probabilities

or scores of events and non-events, we can think of it as a “natural criterion” for discrim-

ination [12]. This is reflected in the interpretation of AUC as the probability of correctly

ranking an event/non-event pair [19]. In some contexts, this discriminative performance is

the most relevant aspect of model performance to capture. In the setting of clinical predic-

tion models, an example of such a context is when the ultimate aim of a prediction model

is to identify those at highest risk so that they can be o↵ered additional resources. When

those resources are limited, the goal is to correctly discriminate the individuals who would

most benefit from those resources from those who would receive no benefit or less benefit

[45]. AUC is also intuitive in that it incorporates an understanding that false positive rate

and true positive rate are linked and will vary together as the decision threshold changes

[46]. Finally, some authors argue for the use of AUC because it performs better in model

selection than accuracy. Ling, Huang, and Zhang (2003) showed that AUC is statistically

consistent with accuracy, but is more discriminating than accuracy.

More discriminating, here, refers to the idea that there will be fewer “ties” between

models with AUC than with accuracy [33]. Rosset (2004) demonstrated, on both real and

simulated datasets, that in many situations out-of-sample AUC can better select the models

that minimize future misclassification error than out-of-sample misclassification error. While

out-of-sample AUC might be biased for estimating misclassification error, intuitively it has

lower variance than out-of-sample misclassification error because AUC is calculated using

more comparisons [42].

Many have also made arguments against the use AUC. Some of these arguments take

the view that calibration, not discrimination, is the most important dimension of model

performance. This view that calibration is more important is based on the idea that assessing

or predicting risk is fundamentally prognostic, not diagnostic, in nature [22, 45]. Since

AUC does not measure the calibration of a model, it is then follows that it is impossible to

interpret how “good” a model is based on its AUC [16, 22]. A model can have very poor

calibration but high AUC, since predicted probabilities do not impact AUC beyond their

role in ranking [11]. Furthermore, in real world settings, perfect discrimination (AUC =

1) and perfect calibration are incompatible. Assuming a uniform distribution of true risk,
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the maximum AUC obtainable by a model with perfect calibration is only 0.83 [14]. Under

more realistic assumptions of risk distribution, specifically cardiovascular risk, Cook (2007)

suggested that the maximum AUC of a perfectly calibrated model would be between 0.75

and 0.9 [11]. In addition to this argument against AUC based on the view that calibration

is the most important measure of performance, there have been arguments against the use

of AUC based on the views that post-test probability (e.g., the probability of having the

event given classification into the high-risk group) is most relevant [37], or that AUC may

be undesirable because it aggregates over pairs of false positive and true positive rates that

would never be of practical significance. This last point was made in discussing potential

benefits of using partial-AUC instead of AUC in certain contexts [15].

AUC is also sometimes considered insensitive, in that adding new, important predictors

to a model may result in only small increases in AUC. Cook (2007) shows this insensitivity

of AUC in the context of models for cardiovascular events and predictors such as smoking

history or serum cholesterol levels. She argues that if AUC were to be used as the only metric

of model selection, this insensitivity would result in erroneous elimination of candidate

predictors that meaningfully improve calibration—specifically, the stratification of patients

into risk categories—but that only minimally improve AUC. This argument takes the view

that in this context of predicting cardiovascular risk the calibration of a model is of greater

importance than its discriminative performance [11].

There are also concerns that AUC can be misleading. If ROC curves for two predictive

models cross, their AUCs may be identical but one model may have meaningfully worse

performance than the other in the region of decision threshold values that are clinically

relevant. Even when the ROC curves do not cross, the AUCs may be similar even though

there are meaningful di↵erences in performance in the region of relevant threshold values

[34]. There are especially concerns about AUC, and ROC curves more generally, being

misleading or uninformative in the rare event setting [2, 6, 32, 43].

1.5 Poor AUC performance in the rare event setting

In a recent paper, Adhikari et al. (2021) suggested that AUC may be problematic in the

rare event setting and recommended that in this setting AUC should not be reported as a
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primary metric of prediction performance [2]. Using simulated data of varying complexity

as well as data from a state-mandated clinical registry of aortic valve replacements, the

authors demonstrated that even when AUC is high other measures of model performance

can be poor. In particular, they found that high AUC could be accompanied by a very low

true positive rate at the threshold chosen to optimize accuracy. Thus, they argued that

AUC is misleading in the rare event setting and so should be avoided. Instead, Adhikari

et al. recommended reporting a suite of other prediction metrics [2]. In contrast to this

recommendation of avoiding AUC in the rare event setting, in their work creating suicide risk

prediction models, biostatisticians at the Kaiser Permanente Washington Health Research

Institute have found AUC to be a useful metric of prediction performance in this setting

and have not observed issues with its use. While anecdotal, this observation motivated this

complementary simulation study investigating the reliability of prediction metrics—and

what drives that reliability—in the rare event setting.

1.6 Goals of this simulation study

The goal of this simulation study is to investigate what drives inaccurate or unstable AUC

performance in the rare event setting. As discussed above, there are many arguments for

and against the use of AUC as a measure of predictive model performance. However, in

the rare event setting, a commonly encountered sentiment is that AUC is an “incorrect”

measure of model performance. By demonstrating the statistical properties of AUC in this

setting, our goal was to shift the question from “is AUC correct in the rare event setting”

to “is AUC a performance measure of interest” given the context of prediction.

Specifically, we aimed to determine if a small number of events is the true driver of poor

AUC performance, or if the true driver is event rate. While the focus of this simulation is

AUC, in concordance with the view that evaluating performance using a suite of prediction

metrics provides a fuller understanding of model performance, we also investigated the

behavior of multiple other metrics. Understanding how the reliability of each of these

metrics depends di↵erently on event rate, the number of events, and the number of non-

events is useful for interpreting their meaning. Additionally, we investigated if methods

such as stratified data splitting, averaging over multiple rounds of cross-validation to obtain
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metric estimates, or using a certain type of confidence intervals can guard against poor

behavior.
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Chapter 2

DATA

Data for each simulation was generated by sampling without replacement from a full

dataset of 3,081,420 observations derived from an existing Suicide Risk Supplement (SRS)

dataset. This SRS dataset contains 25 million outpatient mental health visits by 3 million

patients, where an outpatient mental health visit is defined as a visit to a mental health

provider or a primary care visit with a mental health diagnosis. Seven sites, all members of

the Mental Health Research Network, contributed data to the SRS dataset: HealthPartners;

Henry Ford Health System; and the Colorado, Hawaii, Northwest, Southern California, and

Washington regions of Kaiser Permanente. The SRS dataset consists of all outpatient mental

health visits by patients 13 years of age or older that occurred within these health systems

between January 1, 2009 and September 30, 2017. [10]

The full dataset was created by randomly sampling one mental health visit per patient.

For individuals with an event at any visit, a visit with an event was sampled. Thus, each

observation in the full dataset corresponds to a separate individual. The binary event

was suicide death within 90 days of the mental health visit. The true event rate in the

full dataset, R0, was 0.918%. There were 149 predictors. These predictors consisted of

demographic characteristics, mental health and substance abuse diagnoses, other medical

diagnoses, past suicide or self-injury attempts, past inpatient or emergency mental health

care, dispensed medications, and PHQ-8 score [10, 44]. All predictors except patient age in

years and PHQ-8 score (ordinal 0-8) were coded as binary indicators.
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Chapter 3

METHODS

3.1 Overview of simulations

In this simulation study we varied the size of the training set and the event rate, allowing

us to investigate the reliability of prediction metrics in di↵erent settings of sample size

and event rarity. Specifically with regard to AUC, varying the training set size allowed

us to investigate whether a small number of events is the main driver of the poor AUC

performance sometimes observed in the rare event setting, or if the main driver is truly

the event rate (i.e., there are many events, but they represent a small fraction of the total

observations).

In addition to varying the training set size and event rate, we considered both naive and

stratified cross-validation sampling strategies in order to investigate if sampling strategy

can help guard against undesirable prediction metric behavior in the rare event setting.

Under a naive sampling strategy, we randomly sampled event and non-event observations

in aggregate. For division of data into cross-validation folds, this sampling strategy often

results in folds with di↵ering number of events and di↵ering event rates. Under a stratified

sampling strategy, we randomly sampled event and non-event observations separately in

order to obtain equal–or due to non-divisibility close to equal–number of events and event

rates across cross-validation folds.

In total, we conducted a total of 84 simulations by varying the training set size, event

rate, and sampling strategy and considering three di↵erent prediction algorithms: logistic

regression, ridge logistic regression, and random forest with probability trees. We considered

five di↵erent training set sizes (5,000, 10,000, 50,000, 100,000, and 1 million), three di↵erent

event rates (R0/2 = 0.459%, R0 = 0.918%, and R0⇥2 = 1.836%), and two di↵erent sampling

strategies (naive and stratified). For the largest training set size of 1 million observations,

we only used event rates R0/2 and R0 because we had an insu�cient number of events in
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the full dataset to create a training set and test set both of size 1 million and event rate

of R0 ⇥ 2. Otherwise, however, we conducted simulations with all possible combinations of

training set size, event rate, sampling strategy, and algorithm. Each simulation consisted of

1000 (for ridge regression and logistic regression) or 500 (for random forest) replications of

the procedure. Only 500 replications were done for random forest due to limits on computing

time.

Diagrams of the main simulation procedure are provided in Appendix A and outlined

in detail in later chapter sections. An overview of the procedure is provided below in

Figure 3.1. While AUC was the primary prediction performance metric of interest, we also

calculated Brier score, accuracy, sensitivity, specificity, positive predictive value (PPV),

negative predictive value (NPV), F1 score, and F0.5 score.

Simulation Procedure Overview

Inputs: event rate, training set size, algorithm (and hyperparameters),
CV sampling strategy

1 Sample training and test sets from the full dataset
2 Perform 10-fold cross validation to estimate prediction metrics and

obtain out-of-sample predicted probabilities
3 Save CV prediction metrics and out-of-sample fold predicted proba-

bilities
4 Bootstrap with out-of-sample fold predicted probabilities to obtain

95% CIs for prediction metrics
5 Fit model on entire training set
6 Predict on test set to obtain test set prediction metrics
7 Save CV prediction metrics, test set prediction metrics, and 95% CIs

Figure 3.1: Overview of the simulation procedure.

3.2 Computing

All simulations and analyses were conducted in R version 4.1.1 [41]. Logistic regression was

implemented using the base R stats package, penalized regression using the package glmnet

(version 4.1-4) [17], and random forest using the package ranger (version 0.14.1) [48]. The

foreach package was used to implement parallel computing [13]. For reproducibility, each
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replication of the main simulations used a unique random seed from a pre-defined sequence

of random seeds.

3.3 Evaluation of prediction metric performance and reliability

For each simulation and for each performance metric, we measured performance by calcu-

lating following: the empirical bias of the cross-validated metrics for estimating the test-set

performance; the empirical coverage of the 95% confidence intervals for the test-set per-

formance metrics; the empirical mean squared error of cross-validated performance metrics

for estimating the test-set performance metrics; the average width of the 95% confidence

intervals; and the empirical variability of the cross-validated performance metrics. Table 3.1

provides details on how these measures of performance were calculated from the simulation

replicates.

Performance measure Formula or measure(s)

Empirical bias
1

r

rX

i=1

(mi,CV �mi,test)

Empirical coverage of 95% CI
1

r

rX

i=1

I95%CI(mi,test)

Empirical mean squared error
1

r

rX

i=1

⇣
mi,CV � 1

r

rX

j=1

mj,test

⌘2

Empirical variability variance, range, and IQR of mCV

Table 3.1: Calculation of performance measures from the simulation replicates. Total num-
ber of simulations r (500 or 1000), cross-validated performance metric mCV, test-set perfor-
mance metric mtest, and I95%CI(x) is an indicator function that equals one if x falls within
the bounds of the 95% CI (inclusive on both sides), zero otherwise.

3.4 Data generation

Data for each simulation iteration was generated by sampling without replacement from

the full dataset of 3,081,420 observations derived from the Suicide Risk Supplement (SRS)

dataset. To create the training set of size ntrain and test set of size 1 ⇥ 106, both with

event rate R, we sampled dR · ntraine and dR · (1 ⇥ 106)e independent event observations
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and ntrain � dR · ntraine and 1 ⇥ 106 � dR · (1 ⇥ 106)e independent non-event observations,

respectively.

3.5 Algorithms

We considered three algorithms: logistic regression, ridge logistic regression, and random

forest. Logistic regression was selected due to its relative stability and its appropriateness

for the binary outcome. Ridge regression, selected as an example of a penalized regression

method, is a form of penalized regression using the `2 shrinkage penalty �
Pp

j=1 �
2
j , where

p is the number of predictors and �j are the regression coe�cients [25]. Random forest

is an ensemble tree-based method where a forest of B trees corresponding to B bootstrap

samples of the training set is constructed and then predictions obtained by averaging over

the trees (or majority voting, in the case of classification trees) in the forest. For each

split in each tree, a random sample of m predictors are considered, which de-correlates the

trees. Additionally, each tree is grown to a specified depth or minimum node size. [26]. We

used probability trees to obtain predicted probabilities of the event occurring. Tree-based

methods such as random forest allow for many interactions between predictors without

explicitly coding these interactions, in contrast to logistic regression or ridge regression.

In these simulations, we did not include interactions between our predictors for logistic

regression or ridge regression.

3.5.1 Algorithm hyperparameters

The regularization parameter � for ridge regression and the minimum node size, number of

predictors m considered at each split, the depth of tree, and number of trees B for random

forest forest are all hyperparameters. With the exception of the number of trees B, these

hyperparameters control the bias-variance trade-o↵ in the algorithms, and are selected to

optimize test-set performance [25, 26]. One common approach is to tune over a grid of

possible hyperparameter values using cross-validation on the training set. Cross-validation

is used to obtain an estimate of test set prediction performance at each grid value, then the

grid value at which optimum performance is achieved is selected. Using cross-validation for

hyperparameter selection in this way can be computationally intensive.
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The goal of this simulation study was not to optimize the prediction performance of a

given model but rather to understand how the reliability of measures of prediction perfor-

mance depend on event rate, training set size, and sampling strategy. For each simulation

replication, the model fit on the training set needed to use generally appropriate hypera-

rameter values, but those hyperparameter values did not need to the values optimal for the

replication-specific training set sampled. Given the overall aim of the simulation study, we

sought to investigate if we could save computation time by selecting fixed hyperparameters

— i.e., for each replication of a simulation with a given rate, training set size, sampling

strategy use the same hyperparameter values for the ridge regression or random forest algo-

rithms — instead of performing cross-validation with in the sampled training set to select the

hyperparameter(s) in each simulation replication. We determined that we would use fixed

hyperparameters if there was stability in the hyperparameter selected across training sets

sampled from the full data; if there was stability in the 10-fold cross-validated AUC across

di↵erent values of the hyperparameter parameter selected; or if there was little di↵erence in

the 10-fold cross-validated AUC obtained by using a fixed hyperparameter compared to that

obtained by using cross-validation to select the hyperparameter on each replicate-specific

sampled training set separately.

For random forest, which has multiple hyperparameters, we only considered tuning over

the minimum node size. The number of predictors m randomly sampled as candidates at

each split was kept constant at 12, the floor of the square root of the number of features

p = 149. Previous work has suggested that setting m equal to the square root of the number

of features is generally a reasonable default setting [5], and previous work with this SRS

data had suggested that this default in reasonable to use here. The maximum number of

nodes a tree could have was not restricted beyond the natural restriction imposed by the

minimum node size. The number of trees grown, B, was also kept fixed for a given training

set size. Evaluation via visual inspection of the increase then plateau in ten-fold cross-

validated AUC as number of trees in the forest increased showed that a smaller number of

trees could be used for the larger training set sizes, and Table 3.6 shows the number of trees

used for each training set size.
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3.6 Investigating the use of fixed hyperparameters

Prior to running the main simulations, we conducted an investigation where we used an

identical data-generating mechanism and main processes to the full simulations, but with a

smaller number of replications, to investigate whether we could use a fixed hyperparameter

for each combination of algorithm (random forest, ridge regression), sample size (ntrain =

5, 000, 10, 000, 50, 000, 100, 000, or 1 million), event rate (R0/2, R0, 2 ⇥ R0), and sampling

strategy (naive or stratified) instead of selecting the hyperparameter via cross-validation on

the sampled training set in each simulation replicate.

This investigation consisted of two parts: 1) nested cross-validation for tuning param-

eter selection (inner folds) and estimating AUC (outer folds); and 2) a small number of

simulations, with relatively few replications, to assess if there was a large di↵erence between

the cross-validated AUC when the selected fixed hyperparameters were used and the cross-

validated AUC obtained when we used 20-fold cross-validation to select the hyperparameter

in the sampled training set. We referred to the second part of this fixed hyperparameter

investigations as pilot simulations.

3.6.1 Determining and assessing fixed hyperparameters using nested cross-validation

Nested cross-validation with ten outer folds and twenty inner folds was utilized to select

the fixed hyperparameters and assess the stability of the cross-validated AUC and selected

hyperparameters across cross-validation rounds (Figure A.1, Appendix A). In each replicate

of the procedure, a training set of size ntrain and rate R was randomly sampled from the

full dataset. The training set was then divided into ten outer cross-validation folds, using

either a stratified sampling strategy or a naive sampling strategy. For each outer hold-out

fold, the nine training folds were further divided into twenty inner cross-validation folds,

again using either a stratified or naive sampling strategy. The sampling strategy utilized

was always consistent across inner and outer folds. Cross-validation for hyperparameter

parameter selection was then performed within the inner folds. For both random forest and

ridge regression, the value of hyperparameter selected was the value that maximized the

20-fold inner cross-validated AUC, i.e., the average over the 20 folds of the out-of-sample
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AUC.

For random forest, tuning was performed over the minimum terminal node size for the

probability trees. The grid of minimum node sizes tuned over was a subset of the maximal set

of minimum node sizes {10, 100, 1000, 10000, 25000, 50000} (Table 3.2). The subset di↵ered

by training set sample size such that the minimum node size never exceeded or was equal to

the sample size size and, for the larger sample sizes, the smallest minimum node sizes were

dropped. For sample sizes greater than 1⇥ 104, we did not tune over a minimum nodes size

of 10. For sample sizes greater than 5⇥ 104, we additionally did not tune over a minimum

node size of 100. We also did not tune over a minimum node size of 1,000 for a training set

size of 1⇥ 105. Finally, we did not tune over a minimum node size of 25000 for the sample

size of 5⇥ 104, since we felt this minimum node size was unlikely to be selected as optimal

in this setting.

Training set size Grid of minimum node sizes

5⇥ 103 {10, 100, 1000}
1⇥ 104 {10, 100, 1000}
5⇥ 104 {100, 1000, 10000}
1⇥ 105 {1000, 10000, 25000, 50000}
1⇥ 106 {10000, 25000, 50000}

Table 3.2: Grid of minimum node sizes tuned over for each training set size, random forest.

For ridge regression, the package glmnet internally computes a sequence of (by default)

100 values of the regularization parameter � [17]. We tuned over this internally generated

sequence of 100 values of �. Of note, however, is that the sequence di↵ers depending on the

training data supplied, so for each outer fold and replication of the procedure the exact �

sequence di↵ered slightly.

Using the value of the hyperparameter selected to minimize the 20-fold inner cross-

validated AUC, we then re-fit the algorithm on all the data contained within the outer

training folds. Using this model, we predicted on the outer hold-out fold, then used these

predictions to calculate the out-of-sample AUC. By repeating this procedure for each of

the ten outer folds and averaging over the out-of-sample AUCs from the 10 outer folds, we
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obtained the 10-fold outer cross-validated AUC estimate. We also obtained a set of ten

selected hyperparameter values, one for each outer cross-validation fold.

For each combination of rate, sampling strategy, and training set size we first completed

ten replications of the nested cross-validation procedure. After these ten replications, we

calculated the standard deviation of the cross-validated AUCs. If the standard deviation

was less than 0.01 (indicating stability of the cross-validated AUC), or if there was stability

in the values of hyperparameter selected in the inner rounds of cross-validation, no further

replications were done. For ridge regression and the regularization parameter �, we consid-

ered there to be stability in the value of � selected if, across all outer folds of all replications

of nested cross-validation, the standard deviation of the selected � values was less than 0.01.

For random forest, we considered there to be stability in the minimum node size selected

if the same minimum node size grid value was selected in all or nearly all outer folds and

replications. If the standard deviation of the cross-validated AUC was greater than or equal

to 0.01 and there was not clear stability in the values of the selected hyperparameters,

another 40 replications were completed. We then calculated the standard deviation of the

cross-validated AUCs from the 50 total replications. Again, if the standard deviation of the

10-fold outer cross-validated AUC was less than 0.01 or if there was stability in the selected

hyperparameters, no further replications were completed. Otherwise, 50 more replications

were conducted, for a total of 100 replications of the nested cross-validation procedure. At

the point where the standard deviation of the AUC was less than 0.01 or there was stability

in the selected hyperparameters (10 or 50 replications), or after 100 replications, we defined

the fixed tuning parameter—for the given combination of training set sample size, event

rate, and sampling strategy—as the mode (random forest) or median (ridge regression) of

the hyperparameter values selected from the all aggregated rounds of inner cross-validation

(Figure A.2, Appendix A).

3.6.2 Pilot simulations for further assessing fixed hyperparameter validity

To further assess the validity of the nested cross-validation procedure for selecting fixed

tuning parameters, we used the pilot simulations to check if the 10-fold cross-validated
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Decision Tree for Nested Cross-Validation Continuation

1 Do 10 (40, 50) rounds of nested cross validation
2 Using all rounds, calculate SD(CV-AUC) and SD(�) or frequencies

at which the minimum node sizes in the grid are chosen
3 Assess if SD(CV-AUC) < 0.01, SD(�) < 0.01), or one minimum node

size in grid selected with high frequency
4 If stability in hyperparameter or CV-AUC, or 100 total rounds of

nested-cross-validation, go to 5.
If there is not stability and less than 100 total rounds of nested cross-
validation, repeat 1-3

5 Selected fixed hyperparameter as median(�) or mode(minimum node
size)

Figure 3.2: Decision tree for the rounds of nested cross-validation.

AUC di↵ered meaningfully when using the fixed hyperparameter versus a replication-specific

cross-validation-selected hyperparameter. These pilot simulations (Figure A.3, Appendix A)

used the same data-generating mechanism and main processes as the nested cross-validation

and main simulations, a small number of replications (50), and three combinations of event

rate, sampling strategy, and sample size (Table 3.3). For random forest, since after 100

replications of the nested cross-validation procedure with a the combination of ntrain =

5⇥ 103, rate = R0/2, and a naive sampling strategy there was a tie for the mode between

a minimum node size of 100 and 1,000, we conducted Pilot Simulation #1 once with a

minimum node size of 100 as the fixed hyperparameter and once with a minimum node size

of 1000 as the fixed hyperparameter.

We considered these three combinations of training set size, event rate, and sampling

strategy (Table 3.3) because the nested cross-validation procedure suggested that there was

greater variability in 10-fold cross-validated AUC and hyperparameters selected at a smaller

training set sizes, smaller event rates, and a naive sampling strategy. Thus, we believed

that if there were to be a large di↵erence in the 10-fold cross-validated AUC when using

the fixed hyperparameter compared to a replication-specific 20-fold cross-validation-selected

hyperparameter the di↵erence would be largest in this setting. The three combinations of

Pilot Simulations #1, #2, and #3 were chosen as representative examples of small training
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set size combinations. Using smaller event rates (R0/2 and R0) and a naive sampling

strategy for the smallest training set size and the largest event rate (R0⇥2) and a stratified

sampling strategy for a training set size of 1⇥104 facilitated a comparison of the di↵erences

in cross-validated AUC in more or less “di�cult” settings.

Pilot Sim. ntrain Rate Sampling strat. �fixed Fixed min. node size

Sim. # 1 5⇥ 103 R0/2 naive 0.398191 100 or 1000
Sim. # 2 5⇥ 103 R0 naive 0.210478 100
Sim. # 3 1⇥ 104 R0 ⇥ 2 stratified 0.049776 100

Table 3.3: Training set size, event rate, sampling strategy, along with the fixed regularization
parameter and fixed minimum node size(s) used, for the three pilot simulations.

For each replication of the pilot simulation, we sampled a training set of size ntrain and

rate R. This training set was then broken into 20 folds using the specified sampling strat-

egy, and we used 20-fold cross-validation, with same procedure as the inner cross-validation

described above, to select the optimal hyperparameter. The hyperparameter selected via

this cross-validation was then compared to the relevant fixed hyperparameter. If the hyper-

parameters were equal, this was recorded and the replication ended. If the hyperparameters

di↵ered, 10-fold cross-validation to obtain an estimate of the cross-validated AUC was per-

formed using the hyperparameter selected via 20-fold cross-validation on the same training

set and then again using the fixed tuning parameter. We then calculated the di↵erence

between these two cross-validated AUC values.

After 50 replications of this procedure, we averaged (over the replications where the

cross-validated-selected tuning parameter and the fixed tuning parameters di↵ered; if the

tuning parameters were identical, then the CV-AUC would be identical) the di↵erence in

the AUC values. This average di↵erence provided an indication as to if using a fixed tuning

parameter meaningfully a↵ected the value of cross-validated AUC obtained, in comparison

to using cross-validation to select the tuning parameter in each each separate replication of

the simulation procedure.
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3.6.3 Fixed hyperparameter values used in the main simulation

The stability of the hyperparameters parameters selected in the nested cross-validation

procedure (Section 3.6.1), the variability (as measured by standard deviation) of the cross-

validated AUC, and the results of the pilot simulation (Section 3.6.2) were all considered in

assessing the validity of using fixed turning parameters in the main simulations. The stabil-

ity of the hyperparameters selected refers, in this case, to how much variation was present

in the value of hyperparameter that maximized cross-validated AUC in the inner 20-fold

cross-validation. For ridge regression and the regularization parameter �, we quantified this

variability using standard deviation, with smaller standard deviation suggesting greater sta-

bility. For random forest and minimum node size, we assessed stability using the frequency

at which the fixed minimum node size was selected in the inner cross-validation. If one grid

value was selected at high frequency, we considered there to be stability in minimum node

size selected.

Results of the fixed hyperparameter investigation (Section 3.6.1, Section 3.6.2) indicated

that tuning parameters could be fixed for all combinations of scenarios of interest and sample

size. The fixed tuning parameters selected are provided in Tables 3.4 and 3.5.

Ridge regression

The distribution of regularization parameters, �, selected by inner 20-fold cross-validation

displayed a strong right skew when the training set size was small but became more normally

distributed as sample size increased. Additionally, the regularization parameters selected

became more stable (smaller standard deviation) as sample size increased and were more

stable for larger event rates and a stratified sampling strategy (Figure 3.3, note the log10

scaled x-axis). The standard deviation of the cross-validated AUC also decreased as sample

size increased and was smaller for larger event rates (Figure 3.4).

For the larger training set sizes (ntrain = 1⇥105 and ntrain = 1⇥102), with 10 replications

of the nested cross-validation procedure (Section 3.6.1) the standard deviations of the cross-

validated AUCs were small, with SD(AUC) < 0.01 for all but the naive sampling strategy

and smallest event rate (R0/2) for ntrain = 1⇥ 105. For this combination of rate, sampling
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Figure 3.3: Regularization parameters � selected in the inner folds of the nested cross-
validation procedure replicates.
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Figure 3.4: Standard deviation of 10-fold cross-validated AUC across nested cross-validation
procedure replicates, ridge regression.

strategy, and training set size the standard deviation of AUC after ten replications was

0.013. However, for all combinations of rate, sampling strategy, and these two largest

training set sizes the regularization parameters selected were stable. With a training set

size of 1 ⇥ 105, we found SD(�) < 0.002 for all sampling strategies and rate combinations.

With a training set size of 1⇥ 106, we observed SD(�) < 5⇥ 1�5 for all sampling strategy

and rate combinations. Thus, for these training set sizes, the fixed tuning parameter was

selected by taking the median of 100 selected regularization parameters from ten replications

of the nested cross-validation procedure.

For a training set size of 5 ⇥ 104, with 10 replications of the pilot simulation (Sec-

tion 3.6.2) the standard deviation of the cross-validated AUC was less than 0.01, or the

standard deviation of the selected regularization parameters was less than 0.01, for the two

larger event rates (R0 and 2R0). For the smallest event rate, R0/2, and both sampling

strategies after 100 replications of nested cross-validation the standard deviation of the se-

lected regularization parameters was small (near or below 0.01). Thus, for this training set

size the fixed regularization parameters were selected by taking the median of 100 selected
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regularization parameters from ten iterations of the nested cross-validation procedure for all

but the smallest event rate. For the smallest event rate, the fixed regularization parameters

were selected by taking the median of 1000 selected regularization parameters from 100

replications of the nested cross-validation procedure.

For the smallest training set sizes (ntrain = 5, 000 and ntrain = 10, 000), after 100 repli-

cations of the pilot simulation the standard deviation of the cross-validated AUC and the

standard deviation of the regularization parameters selected remained above 0.01 for all

rates and sampling strategies. However, the results of the pilot simulation indicated that

using the fixed tuning parameter did not result in a meaningfully lower cross-validated

AUC compared to, in each separate replication, using 20-fold cross-validation on the sam-

pled training set to select the hyperparameter used. The mean di↵erence in cross-validated

AUC, AUCcv�AUCfixed, was �0.0006, 0.0014, and �0.0022 for Pilot Sim. #3, #2 and #1

(Table 3.3), respectively.

For all training set sizes, we concluded that fixed hyperparameters could be used. For

the smallest training set sizes, fixed regularization parameters � were selected by taking

the median of the 1000 selected regularization parameters from 100 replications of nested

cross-validation. See Table 3.4 for the values of the chosen hyperparameters.

Random Forest

Stability of the minimum node size selected increased as the training set size increased. The

standard deviation of the cross-validated AUC was smaller for larger event rates and, for

smaller training set sizes, was smaller with a stratified sampling strategy compared to a

naive sampling strategy (Figure 3.5). In all cases, it was possible to select a minimum node

size by taking the mode of 100 minimum node sizes selected across 10 replications of the

nested cross-validation procedure.

For the larger training set sizes (ntrain = 5 ⇥ 104, 1 ⇥ 105, and 1 ⇥ 106) the standard

deviation of the cross-validated AUC was small (near or below 0.01) and the minimum

node size grid values selected were very stable. For these larger training set sizes, over

10 replications of the nested cross-validation, the same minimum node size was selected in
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Figure 3.5: Standard deviation of 10-fold cross-validated AUC across nested cross-validation
procedure replicates, random forest.

every round of inner cross-validation. For the smaller training set sizes, there was more

variability across rounds of inner cross-validation in the minimum node size that maximized

cross-validated AUC and the standard deviation of the outer-fold cross-validated AUC was

larger. The standard deviation of this outer-fold cross-validated AUC ranged from 0.013 to

0.036 for a training set size of 1⇥104 and from 0.028 to 0.062 for a training set size of 5⇥103.

However, using cross-validation to select a minimum node size did not meaningfully increase

cross-validated AUC compared to using a fixed minimum node size. The mean di↵erence in

cross-validated AUC, AUCcv � AUCfixed, was 0.0016, 0.0023, and 0.0079 for for Pilot Sim.

#3, #2 and both fixed minimum sizes of Pilot Sim. #1 (Table 3.3), respectively.

3.7 Details of the simulation procedure

For each replication of the main simulation procedure, a training set of size ntrain and a

test set of size 1 million were randomly sampled from the home data set (Section 3.4). The

training set was then divided into ten folds using the specified sampling strategy (naive or

stratified sampling), and 10-fold cross-validation performed to estimate AUC, Brier score,
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Training set size
Sampling strategy and rate 5⇥ 103 1⇥ 104 5⇥ 104 1⇥ 105 1⇥ 106

naive, R = R0/2 0.398191 0.176459 0.008997 0.003368 0.000866
naive, R = R0 0.210478 0.074001 0.007241 0.001757 0.001645
naive, R = R0 ⇥ 2 0.139739 0.039777 0.003381 0.002935 0.002968
stratified, R = R0/2 0.368710 0.112562 0.007737 0.004101 0.000887
stratified, R = R0 0.271674 0.056800 0.007044 0.001855 0.001650
stratified, R = R0 ⇥ 2 0.137977 0.049776 0.003318 0.002995 0.002987

Table 3.4: Selected values of fixed hyperparameter � for ridge regression.

Training set size
Sampling strategy and rate 5⇥ 103 1⇥ 104 5⇥ 104 1⇥ 105 1⇥ 106

naive, R = R0/2 100 1000 1000 1000 10000
naive, R = R0 100 100 1000 1000 10000
naive, R = R0 ⇥ 2 100 100 1000 1000 10000
stratified, R = R0/2 100 1000 1000 1000 10000
stratified, R = R0 100 100 1000 1000 10000
stratified, R = R0 ⇥ 2 100 100 1000 1000 10000

Table 3.5: Selected fixed minimum node sizes for random forest.

accuracy, specificity, sensitivity, positive predictive value (PPV), negative predictive value

(NPV), F1 score, and F0.5 score. The metrics requiring predicted events, not predicted

probabilities, (all except AUC and Brier score) were calculated using thresholds of 90th,

95th, and 99th percentiles of predicted probabilities from the training folds. For example,

for the 90th percentile threshold and hold-out fold k, a cuto↵ value corresponding to the 90th

percentile of predicted probabilities, pk,90th was determined using the predicted probabilities

from the observations in the training folds. Then, predicting on the hold-out fold, all

observations with predicted probabilities of greater than pk,90th were predicted events, and

all observations with predicted probabilities of less than or equal to pk,90th were predicted

non-events. We saved the hold-out fold predicted probabilities for bootstrapping later in

the simulation procedure. We also obtained influence curve based confidence intervals for

cross-validated AUC using the cvAUC package [31].

Under a naive sampling strategy, and especially at the smaller training set sizes and
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Training set size Number of trees

5⇥ 103 250
1⇥ 104 250
5⇥ 104 250
1⇥ 105 100
1⇥ 106 50

Table 3.6: Number of trees selected for each training set size, random forest.

event rates, on occasion folds had no events. These folds without events were then excluded

during cross-validation, since at least one true event was required to obtain an estimate of

the hold-out fold AUC, and AUC was the primary prediction performance metric of interest.

We next fit the algorithm on the entire training set to obtain a fitted model and corre-

sponding thresholds of predicted probabilities p90th, p95th, and p99th. These thresholds of

predicted probabilities for the model fit on the entire training set and the hold-out fold pre-

dicted probabilities from the cross-validation procedure were used to obtain 95% bootstrap

confidence intervals for all prediction performance metrics. Two distinct bootstrapping

procedures were utilized: one in which re-sampling and metric calculation was performed

within each cross-validation fold separately, and then the metrics averaged over the folds;

and another in which the hold-out fold predicted probabilities were first aggregated and

the re-sampling and metric calculation performed across the folds. We will henceforth refer

to the former bootstrapping procedure as the within-fold bootstrap and the latter as the

across-fold bootstrap. For both procedures, 500 bootstrap replications were used. Using

these 500 replications, for each of the two procedures and each of the prediction metrics,

both a Wald-type 95% CI and a percentile-type 95% CI were calculated. Thus, for each

prediction metric four bootstrap 95% confidence intervals were obtained: across-fold Wald,

across-fold percentile, within-fold Wald, and within-fold percentile. Further details of the

bootstrapping procedure can be found in subsection 3.7.1.

Finally, we used the model fit on the entire training set and the corresponding thresholds

of predicted probabilities p90th, p95th, and p99th to predict on the test set. We used these

test set predictions and the true outcomes to calculate test set AUC, Brier score, accuracy,
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specificity, sensitivity, PPV, NPV, F1 score, and F2 score calculated at the 90th, 95th, and

99th percentile thresholds.

Overall, for each replication of the main simulation procedure we obtained and saved

the following: 10-fold cross-validated prediction metrics and CIs for CV-AUC (obtained on

the training set); across-fold 95% Wald-type bootstrap CIs, across-fold 95% percentile-type

bootstrap CIs, within-fold 95% Wald-type bootstrap CIs, within-fold 95% percentile-type

bootstrap CIs (all obtained on the training set); and test-set prediction metrics. Addition-

ally, for the two smallest training set sizes ntrain = 5⇥103 and ntrain = 1⇥104 we performed

ten-by-ten cross-validation and did bootstrapping based on this ten-by-ten cross-validation.

Thus, for these two smallest training set sizes we obtained cross-validated prediction metrics

and bootstrap CIs for both one round of cross-validation and for ten-by-ten cross-validation.

Further details on this ten-by-ten cross-validation and bootstrapping can be found in sub-

section 3.7.2.

3.7.1 Bootstrapping

Bootstrapping was done with the hold-out fold predicted probabilities from the cross-

validation procedure and, for those metrics calculated using predicted events, the 90th,

95th, and 99th percentile thresholds of predicted probabilities from the model fit on the

entire training set. When there were folds without events, as occurred occasionally under

a naive sampling strategy, we used only the hold-out fold predicted probabilities from folds

with events.

For the within-fold bootstrapping procedure, for each bootstrap replication, we first re-

sampled with replacement within each cross-validation fold separately to obtain a bootstrap

sample for each fold. With each fold’s bootstrap sample, we then calculated the fold-specific

prediction metrics, using the percentile thresholds to obtain predicted events from the pre-

dicted probabilities as needed. We then averaged over the folds, in a manner analogous

to cross-validation, to obtain the bootstrap prediction metrics. For the across-fold boot-

strapping procedure, for each bootstrap replication, we first aggregated the hold-out fold

predicted probabilities. We then re-sampled the predicted probabilities with replacement to
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obtain the bootstrap sample. From this bootstrap sample, we then calculated the bootstrap

prediction metrics, using the percentile thresholds as needed.

Five-hundred replications of the above procedure resulted in two sets of bootstrap values,

each of size 500, for each prediction metric m:

Mwithin = {m1,within,m2,within, . . . ,m500,within}, and

Macross = {m1,across,m2,across, . . . ,m500,across}.

The across- and within-fold Wald-type bootstrap 95% confidence intervals were then calcu-

lated, respectively, as

(M̄within � 1.96 · SD(Mwithin), M̄within + 1.96 · SD(Mwithin)), and

(M̄across � 1.96 · SD(Macross), M̄across + 1.96 · SD(Macross)),

where M̄ represents the mean of the 500 bootstrap values. The across- and within-fold

percentile bootstrap 95% CIs were calculated as

(Q2.5%(Mwithin), Q97.5%(Mwithin)), and

(Q2.5%(Macross), Q97.5%(Macross)),

where Qx(M) is the x quantile of the 500 bootstrap values.

3.7.2 Ten-by-ten cross-validation and bootstrap confidence intervals

For the two smallest training set sizes, 5⇥ 103 and 1⇥ 104, we conducted ten-by-ten cross

validation to estimate the prediction metrics. In ten-by-ten cross-validation, ten rounds of

ten-fold cross-validation are performed, with a di↵erent random split of the training data

into ten folds each time, resulting in ten (one for each round) cross-validated estimates

of each metric. Then, averaging over the cross-validation rounds yields a single average

cross-validated estimate of the metric.

In performing ten-by-ten cross-validation we obtained ten sets of hold-out probabili-
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ties, one for each cross-validation round. Using these ten sets of holdout probabilities,

we obtained ten-by-ten bootstrap confidence intervals. For each cross-validation round, we

performed the 500 replications of the bootstrap procedure, resulting in 5,000 bootstrap

estimates of each metric, from which we calculated Wald-type and percentile bootstrap

confidence intervals.

3.8 Investigating the variability introduced by sampling a test set

Although the size of the test set is large (1 million), sampling the test set from the full data

set introduces sampling variability into the iteration-specific test set prediction metric value.

To ascertain the size of this variability—distinct from the variability introduced by sampling

the training set—for each algorithm we calculated the standard deviation, IQR, and range of

1,000 test set AUC values from using the same model to predict on independently sampled

test sets. We used an event rate of R0 = 0.0092, and trained the models on a training set of

size 1 million. For the ridge logistic regression and random forest algorithms, we used the

fixed hyperparameters corresponding to this rate, training set size, and a naive sampling

strategy.

3.9 Monte Carlo standard error

The Monte Carlo error (MCE), a measure of between-simulation variability, is formally

defined as the standard deviation of the Monte Carlo estimator b'r, where r is the number

of replicates:

MCE(b'r) =
p
Var(b'r). [29]

We estimated the MCE of the empirical bias and the empirical coverage of 95% CIs

using an asymptotic approach. In a simulation with r replicates, for each replicate i with

sampled data Xi we obtain the target quantity '(Xi). For empirical coverage, this is an

indicator of if the 95% confidence interval covers the test set value. For empirical bias,

this is the distance between the test set value and the training set value. The Monte Carlo

estimator is then

b'r =
1

r

rX

i=1

'(Xi).
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Appealing to the strong law of large numbers and the Central Limit Theorem, an estimate

of the MCE is

dMCE(b'r) =
1

r

vuut
rX

i=1

('(Xi)� b'r)2. [29]
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Chapter 4

RESULTS: AUC

4.1 Empirical Coverage

4.1.1 Number of events in the training set drives coverage

For random forest and ridge logistic regression, the empirical coverage of the 95% confidence

intervals for the iteration-specific test set AUC initially increased as the number of training

set events increased, but then decreased for the largest number of events. Figure 4.1 shows

this pattern for the percentile-type bootstrap confidence intervals calculated by bootstrap

sampling across the aggregated holdout fold predicted probabilities. For both random forest

and ridge regression, and for all four types of bootstrap confidence intervals, empirical

coverage was between approximately 90% and 95% for all but the training set size and

event rate combinations that resulted in the three smallest number of events in the training

set, and for a training set size of 1 million. Empirical coverage was worst at a training set size

of 1 million for the bootstrap confidence intervals, with coverage of approximately 80-85%.

Empirical coverage of the influence-curve based confidence intervals for the cross-validated

AUC followed a pattern similar to that of the bootstrap confidence intervals. However, for

these influence curve based confidence intervals the lowest empirical coverage occurred at

the two smallest training set sizes and was below 80% (Tables 4.1, 4.2).

Empirical coverage of the 95% confidence intervals for test set AUC was generally lower

for logistic regression than for random forest or ridge logistic regression. Only for an absolute

number of events nevent = 919, and nevent = 1837—with the exception of the influence curve

based confidence intervals at the smallest total number of events, nevent = 23—did we

observe an empirical coverage of greater than 90%. Additionally, with logistic regression

the empirical coverage decreased from the smallest number of events to nevent = 92, then

increased from nevent = 184 to nevent = 1837, until decreasing again for the largest number

of events (nevent = 4591 and nevent = 9181) (Figure 4.1, Table, 4.3).
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Figure 4.1: Empirical coverage of test set AUC using percentile-type bootstrap confidence
intervals versus number of events in the training set. Bootstrap re-sampling was done across
the aggregated holdout fold predicted probabilities. Colors correspond to the training set
size, while the red dotted lines represent the nominal 95% coverage level. Monte Carlo
error is displayed in error bars. Grid columns correspond to the sampling strategy used for
cross-validation, naive (left) or stratified (right). Grid rows correspond to the algorithm
used: logistic regression (top), random forest (middle), or ridge regression (bottom).
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Empirical coverage of the 95% confidence intervals for test set AUC was driven by

number of events in the training set, not event rate. In simulations with di↵erent training

set sizes and event rates, but the same absolute number of events—e.g., ntrain = 50, 000 and

R = 0.0092 versus ntrain = 100, 000 and R = 0.0046, both of which have nevent = 460—there

was no systematic di↵erence in coverage. That is, in such pairs the combination with a lower

event rate did not systematically have worse coverage. And, in most of these pairs, there

was no di↵erence in coverage at the level of precision appropriate given the Monte Carlo

error present.

Except for the simulations with the smallest number of events in the training set

(nevent = 23, 36, and 92), there was no di↵erence—after accounting for Monte Carlo Error—

in coverage obtained by using a stratified sampling strategy compared to a naive sampling

strategy. When the training set had few events, the empirical coverage depended on the

combination of sampling strategy, algorithm, and the the number of events. For example,

at nevent = 23 a naive sampling strategy resulted in higher empirical coverage in logistic

regression and random forest, but lower coverage in ridge regression. At nevent = 46, a

stratified sampling strategy resulted in higher empirical coverage for all algorithms.

4.1.2 Coverage is similar for the di↵erent types of bootstrap confidence intervals

Overall, the empirical coverage for test set AUC for di↵erent types of bootstrap confidence

intervals (Section 3.7.1) was similar. We did not observe that one procedure for bootstrap-

ping (sampling with replacement across the aggregated holdout fold probabilities versus

sampling with replacement within each fold separately) or one type of confidence interval

(percentile or Wald) resulted in meaningfully and consistently (across algorithms, training

set sizes, sampling strategy, and rates) better coverage than another. We did, however,

observe that the influence curve based confidence intervals had worse performance than the

bootstrap confidence intervals when the number of events in the training set was small.

It was not until nevent ⇡ 184 that the coverage of these influence curve based confidence

intervals was similar to that of the bootstrap confidence intervals. The exception to this

pattern is the high (99%) empirical coverage observed with the influence curve confidence
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Table 4.1: Empirical coverage of 95% confidence intervals for AUC with the random forest
algorithm. Colors correspond to coverage.

intervals with logistic regression at the smallest number of training set events (Tables 4.1,

4.2, 4.3). However, the logistic regression influence function based confidence intervals at

this smallest number of events were wide (average width, 0.39 and 0.38 for a naive and

stratified sampling strategy, respectively) and there was high positive bias (Figure 4.4).

4.1.3 Width of confidence intervals decreases as nevent increases

The average width (CIupper bound � CIlower bound) of the 95% confidence intervals decreased

as the number of events increased (Figure 4.2). As with coverage, this decrease in width

appeared to be driven by the number of events. The average width of the confidence intervals
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Table 4.2: Empirical coverage of 95% confidence intervals for AUC with ridge regression.
Colors correspond to coverage.
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Table 4.3: Empirical coverage of 95% confidence intervals for AUC with logistic regression.
Colors correspond to coverage.
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Figure 4.2: Average width of percentile-type bootstrap confidence intervals for AUC versus
number of events in the training set. Bootstrap re-sampling was done across the aggregated
holdout fold predicted probabilities. Colors correspond to the training set size. Monte Carlo
error is displayed in error bars. Grid columns correspond to the sampling strategy used for
cross-validation, naive (left) or stratified (right). Grid rows correspond to the algorithm
used: logistic regression (top), random forest (middle), or ridge regression (bottom).

was similar between random forest and ridge regression, and for these two algorithms the

decrease in width with number of training set events was monotone. When the number

of events was smaller (approximately nevent < 460), the average width of the confidence

intervals was wider with logistic regression than with random forest or ridge regression.

At larger number of events the widths were more similar between the three algorithms.

Additionally, with logistic regression the average width of the confidence intervals at the

smallest number of events, nevent = 23, was smaller than the average width of the confidence

intervals at the next smallest number of events, nevent = 46.
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At the largest number of events, corresponding to a training set size of 1 million, the con-

fidence intervals were very narrow for all algorithms, with an average width of approximately

0.01. For a training set size of 100,000, the average width of the confidence intervals was

approximately 0.04, 0.03, and 0.02 for event rates R = 0.0046 (nevent = 460), R = 0.0092

(nevent = 919), and R = 0.0184 (nevent = 1837), respectively.

4.1.4 Averaging test-set AUC increases empirical coverage

We also calculated the empirical coverage of the 95% confidence intervals for the average

test set AUC, where we averaged over the iteration-specific test set AUCs from the simu-

lation replicates of a given training set size, event rate, sampling strategy, and algorithm

combination (either 1,000 or 500). This empirical coverage of the average test set AUC is

1

r

rX

i=1

I95%CI

�
1
r

Pr
i=1 AUCi,test

�
,

in contrast to the empirical coverage of the iteration-specific test set AUC

1

r

rX

i=1

I95%CI

�
AUCi,test

�
,

where r is the number of replicates. Note that while the algorithms and, if applicable, hyper-

parameters remained constant between simulation iterations, the models di↵ered because

they were trained on di↵erent randomly sampled training sets.

At the smaller training set sizes and number of events, there was little di↵erence in

the empirical coverage of the iteration-specific test set AUC and the average test set AUC.

However, as the training set size increased the empirical coverage of the average test set

AUC and the iteration-specific test set AUC diverged. While the coverage of the average

test set AUC remained at or above 95% when ntrain = 1 million and ntrain = 100, 000, the

coverage of the iteration-specific test set did not. At a training set size of 1 million, there

was an approximately 10 percentage point di↵erence in coverage. At a training set size of

100,000, the coverage of the average test set AUC was slightly higher than the coverage of

the iteration-specific test set AUC. For logistic regression, there was a di↵erence in empirical



39

Figure 4.3: Empirical coverage of iteration-specific average (over iterations) test set AUC
versus number of events in the training set. Coverage is for bootstrap percentile-type in-
tervals, where bootstrap re-sampling was done across the aggregated holdout fold predicted
probabilities. Both sampling strategies (naive and stratified) are represented. Colors cor-
respond to coverage of the iteration-specific or average test set values, while the red dotted
lines represent the nominal 95% coverage level. Grid rows correspond to the algorithm used:
logistic regression (top), random forest (middle), or ridge regression (bottom).
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coverage for all but the smallest training set size of 5,000 (Figure 4.3).

4.2 Empirical Bias

4.2.1 Bias decreases as nevent increases

The empirical bias of the cross-validated AUC estimate for test set AUC trended toward

zero as the number of events in the training set increased. Similar to the pattern for

empirical coverage of the 95% confidence intervals, the empirical bias for AUC appeared

to be driven by the number of events in the training set. The empirical bias was almost

always negative, indicating that the cross-validated AUC estimate was on average lower

than the iteration-specific test set AUC for most combinations of training set size, event

rate, sampling strategy, and algorithm. A notable exception is the positive bias observed for

logistic regression at nevent = 23 and for random forest and ridge regression at nevent = 23,

nevent = 46, and nevent = 92 for some combinations of training set size, sampling strategy,

and rate. However, for ridge regression and random forest the Monte Carlo standard error

for the empirical bias was relatively large relative to the size of the bias.

The size of the empirical bias for test set AUC was similar for the ridge logistic regression

and random forest algorithms. There was greater empirical bias with logistic regression. At

the smaller training set size, the empirical bias observed with logistic regression was an

order of magnitude larger than the empirical bias observed with ridge regression or random

forest. When the training set had a large number of events (approximately nevent > 1, 000),

the empirical bias was very close to zero for all algorithms. For example, with a training

set size of 1 million we had |empirical bias|  0.0005 for all algorithms, and with a training

set size of 100,000 we had |empirical bias|  0.001 for random forest and ridge regression

and |empirical bias|  0.005 for logistic regression.

4.2.2 Variability of AUCCV � AUCtest decreases as nevent increases

As the number of events in the training set increased—so, for a given training set size, as

the event rate increased—there was less variability in the value of AUCCV�AUCtest across

simulation iterations (Figure 4.5). With a smaller number of events in the training set
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Figure 4.4: Empirical bias for AUC (AUCCV�AUCtest) versus the number of events in the
training set. Colors correspond to the training set size, and Monte Carlo error is displayed
in error bars. Grid columns correspond to the sampling strategy used for cross-validation,
naive (left) or stratified (right). Grid rows correspond to the algorithm used: logistic
regression (top), random forest (middle), or ridge regression (bottom).
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Figure 4.5: Boxplots of iteration-specific bias for AUC (AUCCV � AUCtest), stratified by
event rate, versus training set size. Colors correspond to event rate. Grid columns corre-
spond to the sampling strategy used for cross-validation, naive (left) or stratified (right).
Grid rows correspond to the algorithm used: logistic regression (top), random forest (mid-
dle), or ridge regression (bottom).

(nevent < 200), the absolute di↵erence between the cross-validated AUC estimate and the

test set AUC was, in many simulation iterations, greater than 0.1. While the empirical bias

for AUC was mostly negative, for any one simulation replicate the cross-validated AUC

could either underestimate or overestimate the test set AUC. The greatest variability in

AUCCV �AUCtest occurred with logistic regression at the smaller training set sizes.

4.2.3 Absolute bias scaled by
p
ntrain does not trend to zero

The coverage of the 95% confidence intervals is based on the bias scaled (i.e., multiplied) by

the square root of the training set size going to zero as the square root of the training set size
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Figure 4.6: Absolute empirical bias scaled by
p
ntrain versus

p
ntrain. Colors represent

the number of events in the training set size. Grid columns correspond to the sampling
strategy used for cross-validation, naive (left) or stratified (right). Grid rows correspond
to the algorithm used: logistic regression (top), random forest (middle), or ridge regression
(bottom).

increases. While the empirical bias for AUC trended toward zero as the number of events in

the training set increased, for random forest and ridge regression the absolute value of the

empirical bias scaled by the square root of the training set size did not trend to zero with

the square root of training set size (Figure 4.6). Instead, the scaled absolute empirical bias

increased or remained flat. In contrast, for logistic regression the scaled absolute empirical

bias did trend to zero with the square root of the training set size. However, at smaller

training set sizes the scaled absolute empirical bias was larger for logistic regression than

for ridge regression or random forest.
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4.3 Empirical Mean Squared Error

4.3.1 Mean squared error decreases as nevent increases

The empirical mean squared error (MSE) trended quickly to zero as the number of events

in the training set increased (Figure 4.7). Like with bias and confidence interval coverage,

the MSE appeared to be driven by number of events, not event rate. For a given number

of events in the training set, there was no systematic di↵erence in MSE by training set size

or event rate. The decrease in empirical MSE as nevent increased was monotone for the

ridge regression and random forest algorithms, while for logistic regression the decrease in

MSE was montonone for nevent � 46. The MSE was less than 0.001 when nevent � 184

for all algorithms and both a naive and stratified sampling strategy. Except for random

forest and ridge regression at the two smallest number of training set events, nevent = 23

and nevent = 46, there was little di↵erence in MSE between a naive and stratified sampling

strategy. At these small number of events, the MSE was lower with a stratified sampling

strategy.

4.4 Variability and Trends in Cross Validated and Test Set AUC

Variability in the cross-validated AUC estimate across simulation iterations decreased as

the number of events in the training set increased (Figure 4.8). For a given training set size,

there was less variability at larger event rates (more events in the training set). The mean

cross-validated AUC also increased with the number of events in the training set. There

was little overall di↵erence in the variability of cross-validated AUC comparing a naive and

stratified sampling strategy for creating cross-validation folds.

At the three smallest training set sizes (ntrain = 5,000, 10,000, and 50,000) there was

much greater variability in the cross-validated AUC estimates from logistic regression com-

pared to the random forest and ridge logistic regression algorithms. On average, the cross-

validated AUC estimates from logistic regression were lower than those from the random

forest or ridge regression algorithms. The variability and values of cross-validated AUC

estimates were comparable for random forest and ridge logistic regression.

Similarly, variability in the test set AUC across simulation iterations decreased as the
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Figure 4.7: Empirical mean squared error for AUC versus the number of events in the
training set. Colors correspond to the training set size, and Monte Carlo error is displayed
in error bars. Grid columns correspond to the sampling strategy used for cross-validation,
naive (left) or stratified (right). Grid rows correspond to the algorithm used: logistic
regression (top), random forest (middle), or ridge regression (bottom).
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Figure 4.8: Boxplots of iteration-specific cross-validated AUC, stratified by event rate, ver-
sus training set size. Colors correspond to event rate. Grid columns correspond to the
sampling strategy used for cross-validation, naive (left) or stratified (right). Grid rows cor-
respond to the algorithm used: logistic regression (top), random forest (middle), or ridge
regression (bottom).
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Algorithm SD(AUCtest) IQR(AUCtest) Range(AUCtest) Avg. 95% CI width
Logistic 0.0017 0.0022 0.0118 0.0079
Random Forest 0.0015 0.0021 0.0097 0.0076
Ridge 0.0017 0.0024 0.0123 0.0080

Table 4.4: Measures of spread of test set AUC from one fixed model (trained on a training
set of size 1 million) and 1,000 independently sampled test sets of size 1 million, along with
the average width of 95% bootstrap percentile-type CI—from sampling across the holdout
fold predicted probabilities—with a training set set size of 1 million and a naive sampling
strategy. Event rate was R0 = 0.0092.

number of events in the training set increased. However, the variability in test set AUC was

less than the variability in cross-validated AUC. At the three smaller training set sizes, the

variability for logistic regression was greater than the variability for the ridge and random

forest algorthms. The variability in test set AUC was comparable for random forest and

ridge regression across training set sizes and event rates. The average test set AUC increased

as the number of events in the training set increased. For logistic regression, in addition to

the large amount of variability present at ntrain = 5, 000 and ntrain = 10, 000, the average

test set AUC at these training set sizes was low—less than 0.8 at all event rates, and less

than 0.6 for the two settings with the smallest number of events in the training set. For

random forest and ridge regression, the increase in average test set AUC was small.

4.5 Variability Due to Sampling of the Test Set

Sampling the test set from the full dataset introduces sampling variability to the iteration-

specific test set AUC value. We investigated this variability by, for each algorithm, training

a model on a training set of size one million, then calculating the test set AUC for this

model from 1,000 independently sampled training sets of size one million (Section 3.8).

Table 4.4 gives the standard deviation, IQR, and range of these test set AUC values, as

well as the average width of bootstrap percentile-type confidence intervals at a training set

size of 1 million. While the variability of AUC across test sets was small (SD < 0.002 and

range < 0.015 for all algorithms), this variability was not small relative to the average width

of the confidence intervals.
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Figure 4.9: Boxplots of iteration-specific test set AUC, stratified by event rate, versus
training set size. Colors correspond to event rate. Grid columns correspond to the sampling
strategy used for cross-validation, naive (left) or stratified (right). Grid rows correspond
to the algorithm used: logistic regression (top), random forest (middle), or ridge regression
(bottom).
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Figure 4.10: Variability of test set AUC for a fixed model across 1,000 independently sampled
test sets of size 1 million. The fixed models, one for each algorithm, were trained on a
training set of size 1 million. Event rate was R = 0.0092. Horizontal lines within violin
plots represent the 5th and 95th quantiles.

Accounting for the variability of AUC across test sets in calculating the empirical cover-

age of resulted in, for the larger training set sizes, empirical coverage closer to the nominal

95% level (Figure 4.11). The di↵erence in coverage increased as the number of events in the

training set increase, and was largest at a training set size of 1 million. When the number

of training set events was small, there was little di↵erence in coverage. We accounted for

this variability by looking at the coverage of the iteration-specific test set AUC ±0.0016.

That is, for each simulation replicate and confidence interval type, we determined if the 95%

confidence interval contained AUCtest, AUCtest + 0.0016, or AUCtest � 0.0016, all of which

were treated the same. The value of 0.0016 was chosen as the average standard deviation of

test set AUC (from the same model but independently sampled test sets) across algorithms,

rounded to 4 digits.
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Figure 4.11: Empirical coverage of 95% percentile-type bootstrap confidence intervals, with
bootstrap re-sampling done across the aggregated hold out fold predicted probabilities,
before and after adjusting for variability due to test set sampling. We adjusted for this
variability by calculating the coverage of the iteration-specific test set AUC ±0.0016, the
average (across algorithms) standard deviation of the test set AUC from 1,000 independently
test sets with a model trained on a training set size of 1 million and event rate R0 =
0.0092. Colors represent coverage before (lighter blue) or after (dark blue) adjustment.
The gray lines represent the distance between the adjusted and unadjusted coverage for
a given algorithm, cross-validation sampling strategy, and number of training set events.
Grid columns correspond to the sampling strategy used for cross-validation, naive (left) or
stratified (right). Grid rows correspond to the algorithm used: logistic regression (top),
random forest (middle), or ridge regression (bottom).
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4.6 Ten-by-ten Cross Validation

4.6.1 Ten rounds of cross validation moderately improves performance at small training

set sizes

For the two smallest training set sizes, we used ten rounds of ten-fold cross validation (ten-

by-ten CV) to estimate prediction performance metrics and to obtain out of sample (holdout

fold) predicted probabilities, in addition to using only one round of ten-fold cross validation

(one-by-ten CV). The aim of doing both ten-by-ten cross validation and one-by-ten cross

validation was to compare the reliability of prediction performance metrics obtained from

ten-by-ten cross validation to the reliability under one-by-ten cross validation.

Ten-by-ten cross-validation did not result in meaningfully smaller absolute empirical bias

for AUC compared to using only one round of ten-fold cross validation to estimate AUC,

except for random forest and ridge regression at the smallest training set size (ntrain = 5, 000)

and event rate (R0 = 0.0046). Overall, the absolute empirical bias was not consistently lower

with ten-by-ten cross validation than with one-by-ten cross validation (Figure 4.12). The

empirical MSE for the ten-by-ten cross-validated AUC was, however, systematically lower

than the MSE for one-by-ten cross-validated AUC. The di↵erence between the MSEs was

largest when the number of training set events was smallest and was greater under a naive

sampling strategy compared to a stratified sampling strategy. However, with slightly more

training set events the di↵erence in MSE was very small (Figure 4.13). Similarly, empirical

coverage of the test set AUC by bootstrap intervals was higher when bootstrapping was

done with the holdout fold predicted probabilities from ten rounds of cross validation, as

opposed to one round. However, the di↵erence in coverage was small and decreased as the

number of events in the training set increased. The di↵erence in coverage was especially

small for ridge regression, and largest for logistic regression (Figure 4.14).
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Figure 4.12: Absolute empirical bias for AUC at the two smallest training set sizes (ntrain =
5, 000 and ntrain = 10, 000) and all three event rates. Colors represent the number of
cross-validation rounds used to obtain cross-validated AUC, ten rounds (dark red) and one
round (coral). The yellow lines represent the distance between the bias from 10-by-10 cross-
validated AUC and 1-by-10 cross-validated AUC. Grid columns correspond to the sampling
strategy used for cross-validation, naive (left) or stratified (right). Grid rows correspond
to the algorithm used: logistic regression (top), random forest (middle), or ridge regression
(bottom).
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Figure 4.13: Empirical mean squared error for AUC at the two smallest training set sizes
(ntrain = 5, 000 and ntrain = 10, 000) and all three event rates. Colors represent the number
of cross-validation rounds used to obtain cross-validated AUC, ten rounds (dark red) and
one round (coral). The yellow lines represent the distance between the MSE from 10-
by-10 cross-validated AUC and 1-by-10 cross-validated AUC. Grid columns correspond to
the sampling strategy used for cross-validation, naive (left) or stratified (right). Grid rows
correspond to the algorithm used: logistic regression (top), random forest (middle), or ridge
regression (bottom).
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Figure 4.14: Empirical coverage of percentile-type bootstrap intervals, with bootstrap re-
sampling done across the aggregated hold out fold predicted probabilities, at at the two
smallest training set sizes (ntrain = 5, 000 and ntrain = 10, 000) and all three event rates.
Colors represent the number of cross-validation rounds used, ten rounds (dark red) and one
round (coral). Yellow lines represent the distance between the coverage using 10-by-10 cross-
validation and the coverage using A 1-by-10 cross-validation. Grid columns correspond to
the sampling strategy used for cross-validation, naive (left) or stratified (right). Grid rows
correspond to the algorithm used: logistic regression (top), random forest (middle), or ridge
regression (bottom).
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Chapter 5

RESULTS: OTHER PERFORMANCE METRICS

While AUC was the primary prediction performance metric of interest in this simulation

study, we also calculated accuracy, Brier score, F1 score, F0.5 score, NPV, PPV, sensitivity,

and specificity using (where applicable) the 90th, 95th, and 99th percentiles of training set

predicted probabilities for obtaining predicted events. Like AUC, the reliability of sensitivity

—as measured by empirical bias, empirical MSE, empirical variability of the cross-validated

estimate across simulation replicates, and the empirical coverage of the 95% CIs—depended

on the number of events in the training set but not directly on event rate. That is, there was

not a dependence on event rate beyond, for a given training set size, there being more events

with a larger event rate. The reliability of specificity also had little dependence on event

rate, although empirical MSE and the variability of cross-validated specificity estimates

across simulation replicates had greater dependence on the size of the training set than on

the number of events in the training set. The reliability of the other prediction performance

metrics, however, did depend directly on rate.

In the following sections we report the simulation results for each metric in turn.

We report the results for accuracy, sensitivity, and specificity—all at the 95th percentile

threshold—in greater detail. For the other metrics, we note how the patterns in reliability

with event rate, training set size, sampling strategy, and number of training set events are

similar to or di↵erent from those of AUC, accuracy, and sensitivity. We also note any other

observations of interest. Table 2.1 gives an overview of the patterns observed with these

prediction performance metrics, while Appendix B and Appendix C contain tables of the

measures of performance organized by metric, algorithm, and percentile threshold.

As with AUC, for many performance metrics—all except Brier score—the empirical cov-

erage of the 95% bootstrap confidence intervals dropped for a training set size of 1 million,

although the amount by which the coverage dropped varied by metric and percentile thresh-
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old of predicted probabilities used define a predicted event. Unlike with AUC, however, we

did not formally investigate the variability of the iteration-specific test set value for these

other performance metrics of interest, although this variability surely exists and similarly

would impact the empirical coverage of the boostrap intervals. This is noted here to provide

context to coverage results for these other prediction performance metrics.

Metric
Drivers of trends in bias,
MSE, and Var(CV-value)*

Bias (pos. or neg.,
on average)

Trends in test set value
with rate

Accuracy rate, ntrain negative lower with smaller rate
Brier Score rate, ntrain positive lower with smaller rate
F1 Score rate, ntrain negative lower with smaller rate

F0.5 Score rate, ntrain

positive for ntrain =
5, 000 and 10, 000,
then negative

lower with smaller rate

NPV rate, ntrain negative higher with smaller rate
PPV rate, ntrain negative lower with smaller rate

Sensitivity
nevent

no direct dependence on
rate

negative no di↵erence with rate†

Specificity
nnon-event

no direct dependence on
rate

negative no di↵erence with rate‡

* Absolute bias, MSE and Var(CV-value) decreased as the training set size increased
† Expect for logistic regression at the two smallest training set sizes
‡ Except for logistic regression and the smallest training set size

Table 5.1: Patterns in empirical bias, empirical MSE, variance of the cross-validated esti-
mates, and average test set value for prediction performance metrics other than AUC.

5.1 Accuracy

Coverage of the 95% bootstrap confidence intervals (Figure 5.1, percentile-type confidence

intervals with bootstrap re-sampling done across the aggregated hold out fold predicted

probabilities) for accuracy at the 95th percentile threshold depended on the algorithm and

training set size. For logistic regression, the lowest empirical coverage occurred at the two

smallest number of training set events, nevent = 23 and nevent = 46. At a training set

size of 1 million coverage was approximately 80%. Otherwise, coverage of the confidence
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intervals was near 95%. With logistic regression, there was little di↵erence in coverage

between a naive and stratified sampling strategy for creating cross-validation folds. For

ridge regression, empirical coverage was near the nominal 95% value for all but a training

set size of 1 million and for the smallest number of events in the the training set with a naive

sampling strategy. In all combinations of training set size, event rate, and sampling strategy,

empirical coverage for ridge regression was greater than 80%. For random forest, empirical

coverage at a training set size of 1 million was only approximately 40%, while coverage at

other training set sizes was at or greater than 80%. For random forest, coverage appeared to

be dependent on the size of the training set, which was not the case for logistic regression and

ridge regression. While Figure 5.1 only shows coverage of one type of bootstrap confidence

interval, the pattern and levels of empirical coverage were similar for the other types of

confidence intervals. Additionally, on average, coverage was slightly higher at a higher

percentile threshold.

Empirical bias for accuracy was generally negative, and the absolute empirical bias

decreased as the training set size increased (Figure 5.2). The magnitude of the empirical bias

for random forest and ridge regression was similar. The absolute empirical bias for logistic

regression was larger at the smaller training set sizes (ntrain = 5, 000 and ntrain = 10, 000),

however the magnitude of the bias for all three algorithms was similar at the larger training

set sizes. At the smallest training set size and event rate a naive sampling strategy resulted

in greater absolute bias compared to a stratified sampling strategy. The di↵erence was most

pronounced for ridge regression and random forest. However, at larger training set sizes

there was little to no di↵erence in empirical bias between a naive and stratified sampling

strategy.

The MSE for accuracy depended on training set size and event rate (Figure 5.3). In

general, MSE was lower at larger training set sizes and was higher for larger event rates.

The MSE for random forest and ridge regression was similar at all training set sizes. The

empirical MSE for logistic regression was much larger than that for random forest and ridge

regression at the smallest training set size. Except at the smallest training set size and

event rate, there was little or no di↵erence in empirical MSE between a naive and stratified

sampling strategy.
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Figure 5.1: Empirical coverage of test set accuracy at the 95th percentile, using percentile-
type bootstrap confidence intervals, versus number of events in the training set. Bootstrap
re-sampling was done across the aggregated holdout fold predicted probabilities. Colors
correspond to the training set size, while the red dotted lines represent the nominal 95%
coverage level. Monte Carlo error is displayed in error bars. Grid columns correspond to
the sampling strategy used for cross-validation, naive (left) or stratified (right). Grid rows
correspond to the algorithm used: logistic regression (top), random forest (middle), or ridge
regression (bottom).
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Figure 5.2: Empirical bias for accuracy at the 95th percentile versus the number of events in
the training set. Positive bias indicates that, averaging across iterations, the cross-validated
accuracy was higher than the test set accuracy. Colors correspond to the training set size,
and Monte Carlo error is displayed in error bars. Grid columns correspond to the sampling
strategy used for cross-validation, naive (left) or stratified (right). Grid rows correspond
to the algorithm used: logistic regression (top), random forest (middle), or ridge regression
(bottom).
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Figure 5.3: Empirical mean squared error for accuracy at the 95th percentile versus the
number of events in the training set. Colors correspond to the training set size, and Monte
Carlo error is displayed in error bars. Grid columns correspond to the sampling strategy used
for cross-validation, naive (left) or stratified (right). Grid rows correspond to the algorithm
used: logistic regression (top), random forest (middle), or ridge regression (bottom).
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Like MSE, the variability of the cross-validated accuracy across iterations depended

on the training set size and event rate. The variance of CV-accuracy was lower at larger

training set sizes and higher for larger event rates (Figure 5.4). The variance of CV-accuracy

was, at the smaller training set sizes, larger for logistic regression than for random forest

or ridge regression. The cross-validated accuracy estimate was, for some iterations with

the logistic regression model, very low at the smallest training set size. For example, at

ntrain = 5, 000 and R = 0.0046 and with a stratified sampling strategy, the minimum 95th

percentile CV-accuracy observed was only 0.0046. Comparatively, for random forest and

ridge regression the equivalent minimum cross-validated accuracies were 0.939 and 0.944,

respectively. At the larger training set sizes the three algorithms had similar variances and

similar values for cross validated accuracy.

5.2 Sensitivity

The empirical coverage for sensitivity at the 95th percentile was driven by number of events

in the training set (Figure 5.5). For all algorithms and cross-validation fold sampling strate-

gies, coverage was lowest for a training set of size 1 million. There was little di↵erence in

empirical coverage between a naive and stratified sampling strategy, except at the smallest

number of training set events and, for random forest only, at a training set size of 1 mil-

lion. In these instances, a naive sampling strategy resulted in worse coverage. Overall, the

best coverage was observed for ridge regression, with empirical coverage slightly below the

nominal 95% value in almost all instances. Coverage for random forest was similar to that

for logistic regression, except when the number of events in the training set was large. As

the number of events in the training set increased beyond 500, the empirical coverage for

random forest decreased. In contrast, for logistic regression and ridge regression there was

only a decrease in coverage at the two largest number of training set events. Coverage for

logistic regression first decreased between nevent = 23 and nevent = 46, then increased as

the number of events increased until dropping for two largest number of training set events.

Except at the smallest training set sizes, there was little di↵erence in coverage between the

types of bootstrap confidence intervals. Additionally, there was slightly higher coverage

on average for test set sensitivity at a lower percentile threshold. For example, coverage
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Figure 5.4: Variance of cross-validated accuracy at the 95th versus the number of events
in the training set. Colors correspond to the training set size, and Monte Carlo error is
displayed in error bars. Grid columns correspond to the sampling strategy used for cross-
validation, naive (left) or stratified (right). Grid rows correspond to the algorithm used:
logistic regression (top), random forest (middle), or ridge regression (bottom).
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was slightly higher for sensitivity at the 90th percentile compared to sensitivity at the 95th

percentile.

As with AUC, the empirical bias (Figure 5.6), empirical MSE (Figure 5.7), and variance

of the CV sensitivity estimate across simulation replicates (not shown) trended toward zero

with the number of events in the training set. The random forest and ridge regression al-

gorithms had similar values of bias, MSE, and variance. The bias, MSE, and variance for

logistic regression were notably larger—compared to those for ridge regression and random

forest— when the number of events in the training set was small. However, the values be-

came more similar between all three algorithms as the number of events increased. Bias was

mostly negative, indicating that, on average, the cross-validated sensitivity underestimated

the test set sensitivity. Additionally, bias, MSE, and variance were similar at the 90th, 95th,

and 99th percentile thresholds.

5.3 Brier Score

Variance of the cross-validated Brier score estimate, empirical MSE, and empirical bias all

depended on the event rate in addition to the training set size. For a given training set

size, variance, bias, and MSE were higher at a larger event rate. As the training set size

increased, the absolute di↵erence in empirical bias, MSE and variance between the event

rates decreased. The average test set Brier score also depended on the event rate, with a

higher event rate corresponding to a higher Brier score. For ridge regression and random

forest, empirical coverage of the 95% bootstrap confidence intervals was 100% for all types

of bootstrap intervals, except for at the smallest event rate and smallest training set size.

For logistic regression, empirical coverage of the bootstrap confidence intervals was 100%

for all but the two smallest training set sizes, ntrain = 5, 000 and ntrain = 10, 000.

5.4 F1 Score

The variance of the cross-validated F1 score, its empirical MSE, and its empirical bias

depended on event rate in addition to the training set size. At the 90th and 95th percentile

thresholds, for a given training set size the variance and MSE were higher at a larger event

rate, with the absolute di↵erence between event rates decreasing as the training set size
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Figure 5.5: Empirical coverage of test set sensitivity at the 95th percentile, using percentile-
type bootstrap confidence intervals, versus number of events in the training set. Bootstrap
re-sampling was done across the aggregated holdout fold predicted probabilities. Colors
correspond to the training set size, while the red dotted lines represent the nominal 95%
coverage level. Monte Carlo error is displayed in error bars. Grid columns correspond to
the sampling strategy used for cross-validation, naive (left) or stratified (right). Grid rows
correspond to the algorithm used: logistic regression (top), random forest (middle), or ridge
regression (bottom).
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Figure 5.6: Empirical bias for sensitivity at the 95th percentile versus the number of events in
the training set. Positive bias indicates that, averaging across iterations, the cross-validated
sensitivity was higher than the test set sensitivity. Colors correspond to the training set size,
and Monte Carlo error is displayed in error bars. Grid columns correspond to the sampling
strategy used for cross-validation, naive (left) or stratified (right). Grid rows correspond
to the algorithm used: logistic regression (top), random forest (middle), or ridge regression
(bottom).
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Figure 5.7: Empirical mean squared error for sensitivity at the 95th percentile versus the
number of events in the training set. Colors correspond to the training set size, and Monte
Carlo error is displayed in error bars. Grid columns correspond to the sampling strategy used
for cross-validation, naive (left) or stratified (right). Grid rows correspond to the algorithm
used: logistic regression (top), random forest (middle), or ridge regression (bottom).
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increased. Variance and MSE at the 99th percentile depended more on training set size than

event rate. At this 99th perecentile threshold, the MSE and variance for the intermediate

event rate was generally the largest and the MSE and variance for the largest event rate

the smallest. The pattern in empirical bias with event rate was less clearly defined than for

variance and MSE. However, the absolute empirical bias decreased as the training set size

increased. At the smaller training set sizes and with random forest and ridge regression,

a stratified sampling strategy also resulted in lower absolute empirical bias than a naive

sampling strategy.

For the random forest and ridge regression algorithms, coverage of the 95% boot-

strap confidence intervals formed an inverted U-shape, with lower empirical coverage at

ntrain = 5, 000 and ntrain = 1 million than at the intermediate training set sizes. Figure

5.8 shows this shape for PPV at the 95th percentile threshold. Coverage was higher at a

lower percentile threshold. For example, looking specifically at ridge regression, coverage at

the 90th percentile threshold was always above 95% while coverage at the 99th percentile

was always below 95%. For logistic regression, coverage also formed an inverted U-shape

with the exception of the two simulations (naive and stratified sampling strategy) with the

smallest number of training set events, where coverage was higher. Overall, there was little

di↵erence in coverage between a naive and stratified sampling strategy.

5.5 F0.5 Score

The patterns in F0.5 score empirical absolute bias, MSE, coverage, and variance of the

cross-validated estimate across simulation replicates were very similar to the patterns for

F1 score. However, the empirical F0.5 score tended to be positive at smaller training set

sizes (ntrain = 5, 000 and ntrain = 10, 000), then comparatively very near zero for the larger

training set sizes.

5.6 Negative Predictive Value

At training set sizes greater than 5,000, the absolute empirical bias, empirical MSE, and

variance of the cross-validated NPV estimates across simulation replicates were—at a given

training set size—greater at a larger event rate. The absolute di↵erence in bias, MSE, and
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variance between event rates decreased as the training set size increased. At a training set

size of 5,000 there was greater variability in the performance measures. The magnitudes of

bias, MSE, and variance were similar between the three algorithms. There was also little

di↵erence in empirical coverage of the 95% bootstrap confidence intervals between algo-

rithms. Coverage was higher for NPV at a higher percentile threshold. However, coverage

of all interval types was greater than 95% for all but a training set size of 1 million. For all

performance measures, there was little di↵erence between a naive and stratified sampling

strategy.

5.7 Positive Predictive Value

As with NPV, the empirical bias, empirical MSE, and variance of the cross-validated PPV

estimates depended on the event rate as well as the training set size. With PPV, the

empirical bias was noticeably greater in magnitude at a training set size of of 5,000 and

10,000 in comparison to larger training set sizes. This pattern in bias with training set size

dominated over any pattern with event rate. However, there was a clear pattern in MSE

and variance of the cross-validated PPV estimates with event rate. For a given training set

size, the MSE and variance were greater at a larger event rate, and the absolute di↵erence

in MSE and variance between event rates decreased as the training set size increased. As

with F1 score, the coverage of the 95% bootstrap confidence intervals formed an inverted

U-shape (Figure 5.8). With all performance measures, there was little di↵erence between a

naive and stratified sampling strategy for creation of cross-validation folds.

5.8 Specificity

The empirical MSE and empirical bias for specificity, and the variance of cross-validated

specificity across simulation replicates, depended primarily on the number of non-events in

the training set. However, since all event rates considered in this simulation study were

small, nnon-event = (1 � R) ⇥ ntrain ⇡ ntrain, and thus the biggest di↵erences in reliability

measures were between training set sizes, not between di↵erent event rates for a given

training set size. MSE and variance were similar across event rates for a given training

set size, although the MSE and variance were slightly higher at a smaller number of non-
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Figure 5.8: Empirical coverage of test set PPV at the 95th percentile, using percentile-
type bootstrap confidence intervals, versus number of events in the training set. Bootstrap
re-sampling was done across the aggregated holdout fold predicted probabilities. Colors
correspond to the training set size, while the red dotted lines represent the nominal 95%
coverage level. Monte Carlo error is displayed in error bars. Grid columns correspond to
the sampling strategy used for cross-validation, naive (left) or stratified (right). Grid rows
correspond to the algorithm used: logistic regression (top), random forest (middle), or ridge
regression (bottom).
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Figure 5.9: Empirical mean squared error for specificity at the 95th percentile versus the
number of events in the training set. Colors correspond to the training set size, and Monte
Carlo error is displayed in error bars. Grid columns correspond to the sampling strategy used
for cross-validation, naive (left) or stratified (right). Grid rows correspond to the algorithm
used: logistic regression (top), random forest (middle), or ridge regression (bottom).

events (larger number of events) for a given training set size (Figure 5.9 for MSE, figure

for variance not shown). Figure 5.10 shows the empirical bias for specificity at the 95th

percentile threshold plotted against the size of the training set. Especially on the log-scale,

in this setting ntrain is a good approximation of nnon-events. As the number of training

set non-events increased, the absolute empirical bias decreased. However, there was little

di↵erence in empirical bias comparing di↵erent rates for a given training set size, after

accounting for variability in the empirical bias due to the simulation Monte Carlo error.

There also was some dependence on the number of training set non-events in the empiri-

cal coverage of the 95% bootstrap confidence intervals. However, this dependence appeared
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Figure 5.10: Empirical bias for specificity at the 95th percentile versus training set size.
Colors correspond to the event rate, and Monte Carlo error is displayed in error bars.
Grid columns correspond to the sampling strategy used for cross-validation, naive (left) or
stratified (right). Grid rows correspond to the algorithm used: logistic regression (top),
random forest (middle), or ridge regression (bottom). Note that training set size was used
for the x-axis since log(nnon-events) ⇡ log(ntrain) at the small events rates used.
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only for the random forest algorithm, with which there was slightly lower coverage with a

larger training set size (which, again, corresponds to a larger number of training set non-

events). For ridge regression and logistic regression, this dependence on the number of

training set non-event was less apparent. And, for ridge regression, coverage of the boot-

strap intervals for specificity at the 90th, 95th, and 99th percentile thresholds was at or

near the nominal 95% level for almost all combination of training set size and event rate

(Figure 5.11).

There was little di↵erence in mean squared error or variance of the cross-validated es-

timates between a naive and stratified sampling strategy, except for at the smallest event

rate and training set size (Figure 5.9). In this instance, MSE and variance were higher with

a naive sampling strategy. There was little di↵erence in bias or coverage comparing naive

and stratified sampling strategies at all number of training set sizes and event rates (Figures

5.11, 5.10).
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Figure 5.11: Empirical coverage of test set specificity at the 95th percentile, using percentile-
type bootstrap confidence intervals, versus number of events in the training set. Bootstrap
re-sampling was done across the aggregated holdout fold predicted probabilities. Colors
correspond to the training set size, while the red dotted lines represent the nominal 95%
coverage level. Monte Carlo error is displayed in error bars. Grid columns correspond to
the sampling strategy used for cross-validation, naive (left) or stratified (right). Grid rows
correspond to the algorithm used: logistic regression (top), random forest (middle), or ridge
regression (bottom).
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Chapter 6

DISCUSSION

6.1 Poor performance of logistic regression with small nevent

Logistic regression performed particularly poorly when the number of events in the training

set was small. Empirical bias, MSE, and confidence interval coverage for AUC were all

worse than those for random forest or ridge regression until a training set size of 100,000.

With a very small number of events (nevent  92), the absolute empirical bias for AUC

was approximately ten times greater for logistic regression than for random forest or ridge

regression (Figure 4.4). While with the random forest and ridge regression algorithms

empirical coverage of most types of bootstrap intervals for the iteration-specific test set

AUC was above 90% for all but the smallest number of training set events and ntrain = 1

million (Tables 4.1, 4.2), with logistic regression empirical coverage of the bootstrap intervals

was not greater than or equal to 90% until nevent = 919.

We also saw evidence of the poor performance of logistic regression when there were

few events in the training set through the values and variability of CV-AUC estimates and

test set AUC. Variability of the cross-validated and test set AUC values across simulation

replicates was higher for logistic regression than for random forest or ridge regression, and

there could be large di↵erences between the cross-validated AUC estimate and the test set

AUC (Figures 4.8, 4.9, 4.5). The average test set AUC and average cross-validated AUC for

logistic regression were very low when there were few training set events: below 0.6 for the

two smallest nevent, and below 0.7 for the third smallest number of events in the training

set, nevent = 92. At the very smallest number of events, nevent = 23, in many replicates the

logistic regression test set AUC was even below 0.5.

This poor performance of logistic regression when there were few events in the training

set is consistent with simulation studies that have shown increased bias and variability in

parameter estimates when the number of events per variable (EPV) is low. A commonly
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suggested guideline, and one supported by these simulation studies, is that with logistic

regression EPV should be ten or greater [40]. Also using a simulation study approach,

Vittingho↵ and McColluch (2007) suggested that under some scenarios this ten EPV rule

could be relaxed. However, they also noted that the EPV below which logistic regression

had increasingly poor performance depended on data structure, and suggested that a higher

EPV—such as EPV � 20—might be appropriate in the prediction setting. In particular,

they found binary predictors with low predictor prevalence necessitate a larger EPV [47].

Note that in the data used in this simulation almost all predictors were binary, and the

predictor prevalence could be low.

With 149 predictors, the events per variable in our training set did not exceed 10 until

nevent = 1, 837 (EPV = 12.3), which corresponds to a training set size of 100, 000 and our

largest event rate of 0.0184. Even under a more relaxed EPV rule of thumb, the EPV did

not exceed five until nevent = 919, a number of events corresponding to ntrain = 100, 000 and

R = 0.0092 or ntrain = 50, 000 and R = 0.0046. With the three event rates we considered in

this simulation study, with a training set size of 10, 000 we always had an EPV < 2 and with

a training set size of 5, 000 we always had an EPV < 1. We would expect random forest and

ridge regression to have better performance when the EPV is low, since both algorithms

perform variable selection. With ridge regression, this variable selection is implemented via

the L2 penalty. While this L2 penalty does not result in variables being “kicked out” of

the model as with the lasso and its L1 penalty, it shrinks the coe�cients of some variables

very close to zero. With random forest, we see an implementation of variable selection

in the selection of the split rule, at each split, that results in the greatest classification

improvement as measured by the Gini index [24].

Another sign of poor logistic regression performance with small nevent was that while

the estimation procedure never failed to converge, with a small number of events we often

encountered warnings that the fitted logistic regression model resulted in predicted prob-

abilities of zero or one. While for the purposes of this simulation study we ignored these

warnings, they are a sign that the model was over-fitting the data and that the predicted

probabilities were unreliable.
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6.2 Naive versus stratified sampling strategies for creating cross-validation

folds

At the smallest training set size, ntrain = 5, 000, and two smallest event rates, a stratified

sampling strategy for creating cross-validation folds sometimes resulted in slightly improved

coverage of the bootstrap intervals and a lower MSE for AUC. When accounting for the

Monte Carlo error present in this simulation study, there was little di↵erence in absolute bias

comparing a naive and stratified sampling strategy, even at the smallest training set size and

event rates. However, the improved reliability provided by utilizing a stratified sampling

strategy for creating cross-validation folds was neither consistent nor large in magnitude,

and any advantage of a stratified sampling strategy disappeared once there were a moderate

number of training set events.

The clearest advantage of a stratified sampling strategy for creating cross-validation

folds when there are few training set events is that it ensures that all folds have at least one

event. With few events, a naive sampling strategy often resulted in folds without any events.

Calculating AUC requires at least one true event, and thus we could not calculate out-of-

sample AUC for these folds with no events. While in this simulation study we worked around

this issue by averaging over the out-of-sample AUC from only those folds with events to

obtain a cross-validated AUC estimate, this solution is not desirable. It reduces the number

of models averaged over to obtain the cross-validated estimate, and those models averaged

over are trained on data that in aggregate has a slightly inflated event rate in comparison

to the entire training set. In contrast, a stratified sampling strategy ensures that every

fold has an event—unless there are more folds than events, in which case either there are

unreasonably many folds or such a small number of events that the cross-validation sampling

strategy becomes a secondary concern.

6.3 Ten-by-ten cross-validation and improvement in reliability

In contrast to using a stratified sampling strategy, ten-by-ten cross-validation o↵ered a small

but consistent improvement in reliability for small training set sizes and event rates. For

all algorithms, the empirical MSE of the ten-by-ten cross-validated AUC for the iteration-
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specific test set AUC was smaller than the MSE of the one-by-ten (one round of ten-fold

cross-validation) cross-validated AUC (Figure 4.13). Additionally, for all algorithms the

empirical coverage of the bootstrap intervals obtained using the out-of-sample predicted

probabilities from ten rounds of ten-fold cross-validation was greater than the coverage of

bootstrap intervals obtained using the predicted probabilities from only one round of ten-

fold cross-validation (Figure 4.14). Ten-by-ten cross-validation also generally resulted in

lower absolute empirical bias for AUC, although perhaps due to the larger relative Monte

Carlo error for bias this improvement was not as consistent as that for MSE or coverage

(Figure 4.12).

Improvement in AUC coverage, bias, and MSE was greatest for logistic regression and

smallest for ridge regression, with improvement for the random forest algorithm interme-

diate. However, the improved reliability o↵ered by averaging over the cross-validated esti-

mates, or in the case of coverage bootstrapping with the out-of-sample predicted probabil-

ities from multiple rounds of cross-validation, quickly decreased as the number of events in

the training set increased. By ntrain = 10, 000 and our second largest event rate, R = 0.0092,

the di↵erence in reliability measures for ten-by-ten and one-by-ten was negligible. For some

algorithms (particularly ridge regression) and measures of reliability, the di↵erence became

negligible even sooner.

These results from the simulation study suggest that multiple rounds of cross-validation

to estimate performance measures and obtain hold-out-fold predicted probabilities can be

advantageous in the rare event setting when the training set size is relatively small. However,

there is little advantage to multiple rounds cross-validation when the training set size and

number of events are larger. At larger training set sizes, doing many rounds of cross-

validation is also more computationally costly.

6.4 Comparing confidence interval types

We observed little di↵erence in empirical coverage with di↵erent types of bootstrap con-

fidence intervals. There was little di↵erence between Wald and percentile-type intervals.

There was also little di↵erence between re-sampling across the aggregated out-of-sample

predicted probabilities obtained from the ten-fold cross validation versus re-sampling and
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calculating the prediction metric within the folds, then averaging over the folds. This re-

sult suggests that there is little advantage to respecting the original cross-validation fold

divisions in the bootstrapping procedure, as opposed to ignoring the folds and sampling the

out-of-sample predicted probabilities in aggregate. We also find no compelling reason, based

on this simulation study and the observed empirical coverage, to prefer either a Wald-type

or percentile-type interval for AUC. However, we also note that Wald intervals may be un-

desirable because they assume that AUC estimates follow a normal distribution, which may

not be the case. There are also other types of bootstrap intervals not considered in this sim-

ulation study, such as bootstrap intervals obtained using the studentised or non-studentised

pivotal method, or bias-corrected percentile intervals [8].

Bootstrap intervals did provide better empirical coverage than influence curve based

confidence intervals for AUC when the number of events in the training set was small. Not

until a training set size of 50,000 did the influence curve based intervals provide similar

empirical coverage to the bootstrap intervals. However, we would expect poor coverage of

influence curve intervals when the training set size is small, since these intervals use an

asymptotic estimate of the variance of the cross-validated AUC and thus are asymptotic

95% intervals. Fundamentally, the validity of these intervals arises from the Central Limit

Theorem and the fact that the empirical AUC is an asymptotically linear and normal

estimator for the true AUC [31]. In fact, in their paper proposing the influence curve

based intervals for AUC, LeDell, Petersen, and van der Laan show, using a simulation

study approach, that the coverage of these intervals may be below the nominal 95% level

when the size of the training set is small. They suggest that with a small training set size

bootstrapping may be a preferable for obtaining confidence intervals, especially because with

a small training set size the computational expense of bootstrapping is not prohibitively

high. The true advantage of the influence curve approach is that with a large training set

size it provides an interval with good coverage without having to bootstrap [31]. Our results

are consistent with this argument, since the influence curve intervals for AUC had equivalent

coverage to the bootstrap intervals with large training set sizes and at large training set

sizes bootstrapping was computationally expensive.



79

6.5 Impact of sampling a test set on the evaluation of empirical coverage

We were initially surprised by the drop in empirical coverage observed at the largest training

set size, ntrain = 1 million. For some metrics and algorithms, we even saw a drop in coverage

at ntrain = 100, 000, in comparison to the empirical coverage at the next smallest training

set size, ntrain = 50, 000. However, further investigation suggested that this decrease in

empirical coverage was due to the additional variability introduced by sampling a test set

of size 1 million. The iteration-specific test set AUC is not the true AUC parameter, rather

it is itself an estimate of that parameter.

Using a fixed model trained on a test set of size 1 million, we found that the variance

of test set AUC (from 1,000 independently sampled test sets) was approximately 0.0016.

While this variability from test set sampling was present at all training set sizes, it only

resulted in noticeably lower empirical coverage at large training set sizes because of the

narrow width of the confidence intervals at these large training set sizes. When the width

of the intervals is small, the relative variability due to sampling the test set is large, and

thus becomes an important driver of the coverage of the iteration-specific test set prediction

metric. However, when the width of the intervals is large relative to this variability, as is

the case at smaller training set sizes, this variability has a small or negligible impact on

empirical coverage.

Since the goal of this simulation study was to evaluate how, in a rare event setting,

the reliability of AUC and other prediction metrics change as the size of the training set

increases, the impact of this variability due to test set sampling on measures of reliability—

especially confidence interval coverage—at larger training set sizes is an important limitation

to our results. We used two approaches to account for this variability. Although we limited

these approaches to AUC, they could also be applied to other performance metrics. While

these approaches provided important insight into the impact of this test set variability,

ultimately both have drawbacks.

The first way in which we accounted for the variability from sampling a test set was

to look at the coverage of the average test set AUC, where we averaged over simulation

replicates with the same training set size, sampling strategy, algorithm, and event rate
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(Figure 4.3). While this averaging reduced variability due to sampling the test set, since each

simulation replicate used a di↵erent training set each simulation replicate had a di↵erent

fitted model. Thus, the coverage of this average test set AUC can be thought of as the

coverage of the true AUC parameter for a given algorithm with given fixed hyperparameters,

but not the coverage of the true AUC of a specific fitted model. While both true AUCs

are interesting quantities, the quantity we were focused on in this simulation study was the

true AUC for a specific fitted model.

The second way in which we accounted for the variability from sampling a test set was

to look at the coverage of the iteration-specific test set AUC ± the approximate standard

deviation of test set AUC from a single fixed model trained on a training set of size 1 million

(Figure 4.11). We used SD(AUCtest) = 0.0016 for all algorithms, hyperparameters (which

di↵ered for a naive versus stratified sampling strategy), event rates, and training set sizes.

However, the small simulation we conducted to evaluate the variability of test set AUC

across test sets suggested that the variability may di↵er by algorithm (Table 4.4). The

variability may also change with training set size, fixed hyperparameters, and event rate.

Thus, using a single value for SD(AUCtest) may be problematic. More fundamentally, even

with good, setting-dependent estimates of SD(AUCtest), adjusting for test set variability by

examining the coverage of the iteration-specific test set AUC ± SD(AUCtest) is an imperfect

solution. With this approach, we are looking at the overlap of two intervals, and for any

one iteration the true AUC could be very close to the test set AUC or further from the test

set AUC than SD(AUCtest).

Given the drawbacks of the two above approaches for adjusting for the variability due to

test set sampling and the impact of this variability on the results of this simulation study,

we plan to re-run the simulations with a small change in procedure. Instead of using a single

test set to estimate the true model-specific prediction metric, mtrue, for each replicate we

will sample multiple test sets, calculate the metric from the fitted model in each test set,

and then average over the test set metrics to obtain our estimate of the true out-of-sample

prediction metric, m̂. For example, with h test sets, our estimate of the true metric would
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be

m̂ =
1

h

hX

i=1

mtest,i.

Averaging over independently sampled test sets in this way will reduce the variability due

to test set sampling and give us a better estimate of the true metric. We will then use this

estimate m̂ to obtain empirical coverage, empirical bias, and empirical MSE.

Before we re-run the simulations, we first need to establish how many test sets h we need

to sample in each simulation replicate. In order to do so, we can use the widths of the 95%

confidence intervals for the predictions metrics as a guide. We want the variability in m̂

across iterations to be small relative to the width of the narrowest confidence intervals, but

out of consideration of computation time we do not want the number of sampled test sets

h to be unnecessarily large. A simulation-based approach for determining an appropriate

h under this framework is proposed in Figure 6.1. In re-running the simulations, to cut

down on computation we additionally will not do ten-by-ten cross-validation for the the two

smallest training set sizes, ntrain = 5, 000 and ntrain = 10, 000, and we will only bootstrap

across the aggregated holdout fold predicted probabilities. At the smallest training set

sizes, the variability due to sampling the test set is small relative to the confidence interval

width, so had little impact on our results. Thus, we would learn little by repeating the

comparison of ten-by-ten and one-by-ten cross validation using the new estimate of true

AUC. Ten-by-ten cross validation is also computationally costly, so overall it makes little

sense to include it when re-running the simulations. Similarly, we saw little di↵erence in

the coverage of the types of bootstrap intervals, and doing only one type of bootstrapping

will save computation time.

6.6 Reliance on nevent, nnon-event, and event rate

In overview, we found that the reliability of a prediction metric—as measured by empirical

coverage of confidence intervals, empirical bias, empirical MSE, and variability of the cross-

validated metric across replicates—could be driven by nevent, driven by nnon-event, or have

some direct reliance on the event rate. Number of events in the training set drove the

reliability of AUC and sensitivity. Number of non-events in the training set drove the
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Simulation for determining the number of test sets h to sample

For each replicate
1 Sample a training set of size 1 million and 200 test sets of size 1 million
2 Fit the model on the training set
3 Using the fitted model, calculate each prediction metric m on each test set
4 Average over the first 10, first 25,. . . , all 200 test sets to obtain m̂10, m̂25,. . . ,

m̂200

For each algorithms/hyperparameter combination
5 Repeat 1-4 1,000 times
6 From the 1,000 replicates, calculate SD(m̂10), SD(m̂25), . . . , SD(m̂200)

Over all algorithms/hyperparameter combinations
7 For each metric and algorithm combination, using the previous simulation

study results calculate wm, the narrowest average CI width for metric m
8 Select the number of test sets h such that h is as small as possible but that,

for all metrics m and algorithms/hyperparameter combinations, SD(m̂h) <
g(wm), where g(wm) is some function of wm that serves as an appropriate
threshold

Figure 6.1: Simulation procedure for deciding the number of test sets to sample when re-
running the simulations. Note that the maximum variability across simulation replicates is
a function of confidence interval width for the training set size and rate that results in the
narrowest confidence intervals.

reliability of specificity. The reliability of accuracy, Brier score, PPV, NPV, F1 score, and

F0.5 score all showed some direct reliance of event rate in addition to being driven by the

size of the training set.

Of course, the number of events in a training set directly relies on the training set size

and event rate: nevent = ntrain ⇥ R. When an event is rare, the number of events can be

small even with relatively large data sets. However, if the reliability of a performance metric

is driven by the number of events, with a large data set (e.g., millions of observations) even

with a very rare event we will still have su�ciently many events for the estimated prediction

metric to provide a reliable understanding of the performance of a predictive model. We

do not have to worry about the prediction metric being unreliable simply because the event

rate is small. While this distinction between poor performance of a prediction metric with

respect to its reliability in rare event settings may be unimportant in settings where large

data sets are not available, it is crucial in settings—such as the use of health-system EHR
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data to build clinical prediction models—where large data sets are increasingly available

and computationally feasible to work with.

6.7 AUC is reliable when number events is large

This last point is particularly salient with respect to AUC, which is commonly used to

assess discriminative model performance. The results of this simulation study show that

the reliability of AUC is driven by the number of events in the training set, not event rate.

Moreover, even in the setting of a very rare event—the smallest event rate we considered was

R = 0.0046, or approximately one event for every 217 non-events—these simulations show

that AUC performs well provided that the number of events in the training set is su�ciently

large. The largest training set size we considered was 1 million, which corresponds to 4,591

training set events for the smallest event rate. At this number of events, the cross-validated

AUC was very nearly unbiased for the iteration-specific test set AUC (Figure 4.4), and the

MSE was very near zero (Figure 5.3). The variability of the cross-validated AUC across

simulation replicates was also small (Figure 4.8). The IQR of the cross-validated AUC was

only 0.004 for ridge regression (under both a naive and stratified sampling strategy), and

was slightly smaller for the logistic regression and random forest algorithms. While evalu-

ating the empirical coverage of the confidence intervals was complicated by the variability

introduced by sampling a test set, we hypothesize that when re-running the simulations—

with the previously described modification meant to minimize that variability—we will see

empirical coverage at the nominal 95% level.

We did find that AUC was less reliable when the number of events in the training set

was very small. In particular, there was notably high variability in cross-validated AUC

across sampled training sets (Figure 4.8), and the distance between the cross-validated AUC

and the test set AUC for any one test set/training set pair could be large (Figure 4.5). For

example, with ridge regression and the the second smallest number of events, nevent = 46,

the IQR of the cross-validated AUC estimates was approximately 0.05 for all sampling

strategies and event rates, while the range was about 0.25. While the poor performance of

AUC with so few events may be expected, we feel that it is still important to highlight here.

However, even at our very smallest event rate, R = 0.0046, we did not need a test set of size
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1 million for the cross-validated AUC to show good reliability. At this smallest event rate

cross-validated AUC was nearly unbiased for the iteration test-set AUC (bias < 0.001), had

low MSE (< 0.0002), and had low variability (IQR for  0.015) across iterations even when

there were only 460 events in the training set (ntrain = 100, 000). While the acceptable

amounts of bias and variability are clearly context dependent, overall we conclude that

AUC has good performance in the rare event setting when that the total number of events

is moderately large.
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Chapter 7

CONCLUSION

This simulation study shows that the reliability of AUC is driven by the number of events

in the training set, not the event rate. In contrast, some other commonly used metrics of

model performance, especially accuracy, have reliability that is in part driven by the event

rate. Even in the rare event setting, we found AUC to be reliable as long as the number

of events in the training set was su�ciently large. However, while AUC is both a useful

measure of the performance of a predictive model and is reliable in the rare event setting,

we also emphasize that looking at multiple metrics of model performance can give a more

complete picture of a model’s strengths and weaknesses. Di↵erent performance metrics

provide di↵erent information, and ultimately which metric is of greatest interest depends

on how a predictive model will be used.
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Appendix A

SIMULATION PROCEDURE DIAGRAMS
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Figure A.1: Nested cross-validation
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Figure A.2: Tuning parameter selection procedure
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Figure A.3: Pilot simulation
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Figure A.4: Main simulation, overview of procedure
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Figure A.5: Main simulation, cross-validation
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Figure A.6: Main simulation, bootstrapping procedure
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Figure A.7: Ten-by-ten cross-validation
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Figure A.8: Ten-by-ten bootstrapping procedure
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Appendix B

CONFIDENCE INTERVAL COVERAGE

B.1 Area under the ROC curve (AUC)

Table B.1: Coverage of 95% confidence intervals for AUC, random forest.
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Table B.2: Coverage of 95% confidence intervals for AUC, ridge regression.
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Table B.3: Coverage of 95% confidence intervals for AUC, logistic regression.
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B.2 Brier Score

Table B.4: Coverage of 95% confidence intervals for Brier score, random forest.
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Table B.5: Coverage of 95% confidence intervals for Brier score, ridge regression.
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Table B.6: Coverage of 95% confidence intervals for Brier score, logistic regression.
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B.3 Accuracy

Table B.7: Coverage of 95% confidence intervals for accuracy at the 90th percentile, random
forest.
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Table B.8: Coverage of 95% confidence intervals for accuracy at the 95th percentile, random
forest.
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Table B.9: Coverage of 95% confidence intervals for accuracy at the 99th percentile, random
forest.
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Table B.10: Coverage of 95% confidence intervals for accuracy at the 90th percentile, ridge
regression.
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Table B.11: Coverage of 95% confidence intervals for accuracy at the 95th percentile, ridge
regression.
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Table B.12: Coverage of 95% confidence intervals for accuracy at the 99th percentile, ridge
regression.
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Table B.13: Coverage of 95% confidence intervals for accuracy at the 90th percentile, logistic
regression.
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Table B.14: Coverage of 95% confidence intervals for accuracy at the 95th percentile, logistic
regression.
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Table B.15: Coverage of 95% confidence intervals for accuracy at the 99th percentile, logistic
regression.
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B.4 Sensitivity

Table B.16: Coverage of 95% confidence intervals for sensitivity at the 90th percentile,
random forest.
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Table B.17: Coverage of 95% confidence intervals for sensitivity at the 95th percentile,
random forest.
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Table B.18: Coverage of 95% confidence intervals for sensitivity at the 99th percentile,
random forest.
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Table B.19: Coverage of 95% confidence intervals for sensitivity at the 90th percentile, ridge
regression.
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Table B.20: Coverage of 95% confidence intervals for sensitivity at the 95th percentile, ridge
regression.
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Table B.21: Coverage of 95% confidence intervals for sensitivity at the 99th percentile, ridge
regression.
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Table B.22: Coverage of 95% confidence intervals for sensitivity at the 90th percentile,
logistic regression.
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Table B.23: Coverage of 95% confidence intervals for sensitivity at the 95th percentile,
logistic regression.
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Table B.24: Coverage of 95% confidence intervals for sensitivity at the 99th percentile,
logistic regression.
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B.5 Specificity

Table B.25: Coverage of 95% confidence intervals for specificity at the 90th percentile,
random forest.
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Table B.26: Coverage of 95% confidence intervals for specificity at the 95th percentile,
random forest.
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Table B.27: Coverage of 95% confidence intervals for specificity at the 99th percentile,
random forest.
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Table B.28: Coverage of 95% confidence intervals for specificity at the 90th percentile, ridge
regression.
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Table B.29: Coverage of 95% confidence intervals for specificity at the 95th percentile, ridge
regression.
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Table B.30: Coverage of 95% confidence intervals for specificity at the 99th percentile, ridge
regression.
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Table B.31: Coverage of 95% confidence intervals for specificity at the 90th percentile,
logistic regression.



131

Table B.32: Coverage of 95% confidence intervals for specificity at the 95th percentile,
logistic regression.



132

Table B.33: Coverage of 95% confidence intervals for specificity at the 99th percentile,
logistic regression.
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B.6 Negative Predictive Value (NPV)

Table B.34: Coverage of 95% confidence intervals for NPV at the 90th percentile, random
forest.
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Table B.35: Coverage of 95% confidence intervals for NPV at the 95th percentile, random
forest.
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Table B.36: Coverage of 95% confidence intervals for NPV at the 99th percentile, random
forest.



136

Table B.37: Coverage of 95% confidence intervals for NPV at the 90th percentile, ridge
regression.
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Table B.38: Coverage of 95% confidence intervals for NPV at the 95th percentile, ridge
regression.
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Table B.39: Coverage of 95% confidence intervals for NPV at the 99th percentile, ridge
regression.
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Table B.40: Coverage of 95% confidence intervals for NPV at the 90th percentile, logistic
regression.
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Table B.41: Coverage of 95% confidence intervals for NPV at the 95th percentile, logistic
regression.
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Table B.42: Coverage of 95% confidence intervals for NPV at the 99th percentile, logistic
regression.
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B.7 Positive Predictive Value (PPV)

Table B.43: Coverage of 95% confidence intervals for PPV at the 90th percentile, random
forest.
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Table B.44: Coverage of 95% confidence intervals for PPV at the 95th percentile, random
forest.
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Table B.45: Coverage of 95% confidence intervals for PPV at the 99th percentile, random
forest.
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Table B.46: Coverage of 95% confidence intervals for PPV at the 90th percentile, ridge
regression.
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Table B.47: Coverage of 95% confidence intervals for PPV at the 95th percentile, ridge
regression.
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Table B.48: Coverage of 95% confidence intervals for PPV at the 99th percentile, ridge
regression.
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Table B.49: Coverage of 95% confidence intervals for PPV at the 90th percentile, logistic
regression.
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Table B.50: Coverage of 95% confidence intervals for PPV at the 95th percentile, logistic
regression.
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Table B.51: Coverage of 95% confidence intervals for PPV at the 99th percentile, logistic
regression.
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Appendix C

BIAS, MSE, AND CV-VALUE VARIABILITY

C.1 Area under the ROC curve (AUC)

Table C.1: Bias, MSE, and Variability for AUC, random forest.
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Table C.2: Bias, MSE, and Variability for AUC, ridge regression.
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Table C.3: Bias, MSE, and Variability for AUC, logistic regression.
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C.2 Brier Score

Table C.4: Bias, MSE, and Variability for Brier score, random forest.
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Table C.5: Bias, MSE, and Variability for Brier score, ridge regression.
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Table C.6: Bias, MSE, and Variability for Brier score, logistic regression.



157

C.3 Accuracy

Table C.7: Bias, MSE, and Variability accuracy at the 90th percentile, random forest.
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Table C.8: Bias, MSE, and Variability accuracy at the 95th percentile, random forest.
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Table C.9: Bias, MSE, and Variability accuracy at the 99th percentile, random forest.
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Table C.10: Bias, MSE, and Variability for accuracy at the 90th percentile, ridge regression.
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Table C.11: Bias, MSE, and Variability for accuracy at the 95th percentile, ridge regression.
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Table C.12: Bias, MSE, and Variability for accuracy at the 99th percentile, ridge regression.
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Table C.13: Bias, MSE, and Variability for accuracy at the 90th percentile, logistic regres-
sion.
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Table C.14: Bias, MSE, and Variability for accuracy at the 95th percentile, logistic regres-
sion.
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Table C.15: Bias, MSE, and Variability for accuracy at the 99th percentile, logistic regres-
sion.
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C.4 Sensitivity

Table C.16: Bias, MSE, and Variability for sensitivity at the 90th percentile, random forest.
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Table C.17: Bias, MSE, and Variability for sensitivity at the 95th percentile, random forest.
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Table C.18: Bias, MSE, and Variability for sensitivity at the 99th percentile, random forest.



169

Table C.19: Bias, MSE, and Variability for sensitivity at the 90th percentile, ridge regres-
sion.
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Table C.20: Bias, MSE, and Variability for sensitivity at the 95th percentile, ridge regres-
sion.
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Table C.21: Bias, MSE, and Variability for sensitivity at the 99th percentile, ridge regres-
sion.
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Table C.22: Bias, MSE, and Variability for sensitivity at the 90th percentile, logistic regres-
sion.
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Table C.23: Bias, MSE, and Variability for sensitivity at the 95th percentile, logistic regres-
sion.
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Table C.24: Bias, MSE, and Variability for sensitivity at the 99th percentile, logistic regres-
sion.
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C.5 Specificity

Table C.25: Bias, MSE, and Variability for specificity at the 90th percentile, random forest.
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Table C.26: Bias, MSE, and Variability for specificity at the 95th percentile, random forest.
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Table C.27: Bias, MSE, and Variability for specificity at the 99th percentile, random forest.
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Table C.28: Bias, MSE, and Variability for specificity at the 90th percentile, ridge regression.
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Table C.29: Bias, MSE, and Variability for specificity at the 95th percentile, ridge regression.
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Table C.30: Bias, MSE, and Variability for specificity at the 99th percentile, ridge regression.
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Table C.31: Bias, MSE, and Variability for specificity at the 90th percentile, logistic regres-
sion.
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Table C.32: Bias, MSE, and Variability for specificity at the 95th percentile, logistic regres-
sion.
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Table C.33: Bias, MSE, and Variability for specificity at the 99th percentile, logistic regres-
sion.
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C.6 Negative Predictive Value (NPV)

Table C.34: Bias, MSE, and Variability intervals for NPV at the 90th percentile, random
forest.
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Table C.35: Bias, MSE, and Variability for NPV at the 95th percentile, random forest.
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Table C.36: Bias, MSE, and Variability for NPV at the 99th percentile, random forest.
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Table C.37: Bias, MSE, and Variability for NPV at the 90th percentile, ridge regression.
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Table C.38: Bias, MSE, and Variability for NPV at the 95th percentile, ridge regression.
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Table C.39: Bias, MSE, and Variability for NPV at the 99th percentile, ridge regression.
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Table C.40: Bias, MSE, and Variability for NPV at the 90th percentile, logistic regression.
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Table C.41: Bias, MSE, and Variability for NPV at the 95th percentile, logistic regression.
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Table C.42: Bias, MSE, and Variability for NPV at the 99th percentile, logistic regression.
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C.7 Positive Predictive Value (PPV)

Table C.43: Bias, MSE, and Variability for PPV at the 90th percentile, random forest.
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Table C.44: Bias, MSE, and Variability for PPV at the 95th percentile, random forest.
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Table C.45: Bias, MSE, and Variability for PPV at the 99th percentile, random forest.
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Table C.46: Bias, MSE, and Variability for PPV at the 90th percentile, ridge regression.
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Table C.47: Bias, MSE, and Variability for PPV at the 95th percentile, ridge regression.
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Table C.48: Bias, MSE, and Variability for PPV at the 99th percentile, ridge regression.
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Table C.49: Bias, MSE, and Variability for PPV at the 90th percentile, logistic regression.
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Table C.50: Bias, MSE, and Variability for PPV at the 95th percentile, logistic regression.
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Table C.51: Bias, MSE, and Variability for PPV at the 99th percentile, logistic regression.
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C.8 F1 Score

Table C.52: Bias, MSE, and Variability for F1 score at the 90th percentile, random forest.
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Table C.53: Bias, MSE, and Variability for F1 score at the 95th percentile, random forest.
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Table C.54: Bias, MSE, and Variability for F1 score at the 99th percentile, random forest.



205

Table C.55: Bias, MSE, and Variability for F1 score at the 90th percentile, ridge regression.
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Table C.56: Bias, MSE, and Variability for F1 score at the 95th percentile, ridge regression.
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Table C.57: Bias, MSE, and Variability for F1 score at the 99th percentile, ridge regression.
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Table C.58: Bias, MSE, and Variability for F1 score at the 90th percentile, logistic regression.
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Table C.59: Bias, MSE, and Variability for F1 score at the 95th percentile, logistic regression.
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Table C.60: Bias, MSE, and Variability for F1 score at the 99th percentile, logistic regression.
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C.9 F0.5 Score

Table C.61: Bias, MSE, and Variability for F0.5 score at the 90th percentile, random forest.
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Table C.62: Bias, MSE, and Variability for F0.5 score at the 95th percentile, random forest.
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Table C.63: Bias, MSE, and Variability for F0.5 score at the 99th percentile, random forest.
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Table C.64: Bias, MSE, and Variability for F0.5 score at the 90th percentile, ridge regression.
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Table C.65: Bias, MSE, and Variability for F0.5 score at the 95th percentile, ridge regression.
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Table C.66: Bias, MSE, and Variability for F0.5 score at the 99th percentile, ridge regression.
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Table C.67: Bias, MSE, and Variability for F0.5 score at the 90th percentile, logistic regres-
sion.
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Table C.68: Bias, MSE, and Variability for F0.5 score at the 95th percentile, logistic regres-
sion.
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Table C.69: Bias, MSE, and Variability for F0.5 score at the 99th percentile, logistic regres-
sion.


