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The Shephard-Todd-Chevalley Theorem and the Watanabe Theorem are among the ear-
liest results addressing the homological properties of invariant subalgebras. Initially studied
in the context of polynomial algebras, these theorems have motivated researchers to general-
ize their applicability beyond the scope of commutative algebras. Notable instances include,
but certainly are not limited to: Alev and Polo’s studies on enveloping algebra of semisim-
ple Lie algebras and Weyl algebras; Kirkman, Kuzmanovich, and Zhang’s studies on skew
polynomial rings, quantum matrix algebras, non-PI Sklyanin algebras and down up algebras;
Gaddis, Veerapen, and Wang’s studies on semiclassical limits (Poisson algebras) of several
families of Artin-Schelter regular algebras. In this dissertation, we will continue Gaddis,
Veerapen, and Wang’s studies on Poisson algebras, a commutative algebra together with a
non-commutative bracket. Our primary emphasis will be on quadratic Poisson structures
on polynomial rings of three variables. Our objective is to prove variants of the Shephard-
Todd-Chevalley Theorem for these Poisson algebras and their associated algebraic structures:
Poisson enveloping algebras and deformation quantizations. Furthermore, we will prove a
variant of the Watanabe Theorem for Poisson enveloping algebras arising from quadratic

Poisson structures on an arbitrary polynomial ring.
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Chapter 1
INTRODUCTION

This dissertation extensively references two of my preprints, [Ma23a] and [Ma23b]. Sig-

nificant portions of this dissertation have been submitted for publication.
1.1 Motivations and Basic Concepts

Throughout k is an algebraically closed field of characteristic 0.
Let A =k[zy, -+ ,x,] and let G be a finite subgroup of the graded automorphism group

of A. The invariant subalgebra of A under the action of G is
A% :={ac A:¢(a) =aforall ¢ € G}.

It is natural to ask: what properties, in particular, what homological properties does the in-
variant subalgebra A satisfy? Two of the earliest answers are encapsulated in the Shephard-

Todd-Chevalley Theorem and the Watanabe Theorem, stated as follows:

Theorem 1.1.1. (Shephard-Todd-Chevalley Theorem, [ST54], [Cheb5]) Let A = k[z1, - - , 2]
and G be a finite subgroup of the graded automorphism group of A. Then the invariant sub-
algebra A is regular (or equivalently, AY =2 A as k-algebras) if and only if G is generated
by (pseudo-)reflections.

Theorem 1.1.2. (Watanabe Theorem, [Wat74]) Let A = k[zy,---,z,] and G be a finite

subgroup of the graded automorphism group of A containing no (pseudo-)reflections. Then

the invariant subalgebra A% is Gorenstein if and only if det(¢| Al) =1 for all ¢ € G.

In the following decades, the Shephard-Todd-Chevalley Theorem and the Watanabe The-

orem have prompted researchers to generalize their applicability beyond the scope of com-



mutative algebras: if A is a non-commutative Artin-Schelter regular algebra and G is a finite
subgroup of the graded automorphism group of A, under what conditions on G is the in-
variant subalgebra A% Artin-Schelter regular or Artin-Schelter Gorenstein? Artin-Schelter
regular algebras, initially introduced in [AS87], emerged as the “industry standard” when
researchers sought for a non-commutative generalization of polynomial algebras because they

satisfy a range of properties inherent to polynomial algebras. In a more formal manner:

Definition 1.1.3. A finitely generated k-algebra A is called Artin-Schelter regular if

(1) A is connected N-graded: A admits a k-vector space decomposition A = @ A,, such
neN

that A(] =k and AZAJ Q Ai+j for all Z,j € N.
(2) A has finite Gelfand-Kirillov dimension: dimy A,, has polynomial growth.

(3) A has finite global dimension d.
(4) A is Gorenstein: Ext’ (k, A) = , for some [ € Z.

Example 1.1.4. Let A = k(z,y)/(yz — qzy) for some ¢ # 0. Then A is Artin-Schelter

regular and its minimal free resolution of the trivial module k4 is:

—qy

T Ty
0— A(=2) — A(-1)®* ——= 4 -k — 0.

Example 1.1.5. Let A =k(z,y)/(yz — zy — 2?). Then A is Artin-Schelter regular and its

minimal free resolution of the trivial module k4 is:

: -

0= A(-2) ——— A(-1D)P2 —= A -k — 0.



Artin-Schelter Gorensteinness can be described as the homological components of Artin-

Schelter regularity and can be formally defined as follows:

Definition 1.1.6. A finitely generated k-algebra A is called Artin-Schelter Gorenstein if

(1) A has finite injective dimension d.
(2) A is Gorenstein: Ext’y(k, A) = , for some [ € Z.

Example 1.1.7. Let A = k[z]/(2?). Baer’s criterion implies that A is self-injective, which in
turn implies that A is Artin-Schelter Gorenstein. Note that A is not Artin-Schelter regular.
The k-algebra A is a Noetherian local ring of Krull dimension 0. However, the minimal

number of generators of its maximal ideal does not equal to its Krull dimension.

Returning to our discussion of the non-commutative Shephard-Todd-Chevalley question
and the non-commutative Watanabe question. There are some established answers, includ-
ing, but not limited to, universal enveloping algebra of semisimple Lie algebras and Weyl
algebras in [AP95], non-PI Sklyanin algebras of global dimension > 3 in [KKZ09], skew
polynomial rings and quantum matrix algebras in [KKZ10], down-up algebras in [KKZ15].
Recently, Gaddis, Veerapen, and Wang have proposed an investigation into these questions
for Poisson algebras. Broadly speaking, Poisson algebras are a family of commutative alge-

bras endowed with a non-commutative bracket. In a more rigorous language:

Definition 1.1.8. A Poisson algebra is a commutative k-algebra P together with a bracket:
{—,—}: pP® . p

such that

(1) (P,{—,—}) is a Lie algebra over k, namely {—, —} satisfies bilinearity, alternativity,

anti-commutativity, and the Jacobi identity.



(2) {—, —} satisfies the Leibniz rule: {a,bc} = {a,b}c+ b{a,c} for all a,b,c € P.

Definition 1.1.9. Let P = kx4, -, z,] be a Poisson algebra under the standard grading.

e The Poisson algebra P is called quadratic if {P, P} C Ps.

e The modular derivation of P is

i1 0;1:1

for all f € P. The Poisson algebra P is called unimodular if its modular derivation m

vanishes and is called non-unimodular otherwise.

Example 1.1.10. Let P = k[z, y| together with the following bracket:

_(90f0g 9g0f

for some g # 0, for all f,g € P. Then P is a quadratic Poisson algebra. However, P is

Ay}
= Iy = —qx # 0.

non-unimodular: m(z)

Example 1.1.11. Let P = k[z, y| together with the following bracket:

_(9f9g _990f
{f.g}= (%6_y - aa—y)iﬁ,

for all f,g € P. Then P is a quadratic Poisson algebra. However, P is non-unimodular:

m(y) = a{;y} =2 0.

Poisson algebras originally emerged in classical mechanics and subsequently assume a role
in mathematical physics. In recent decades, Poisson algebras have also attracted attention
in pure mathematics due to their proximity to Artin-Schelter regular algebras. One instance

of such proximity is Poisson enveloping algebras.



Definition 1.1.12. Let P be a Poisson algebra. A (The) Poisson enveloping algebra of P
is a triple (U, a, §):

e U is a k-algebra,
e a:(P,-) = U is an algebra homomorphism,
e 5:(P,{—,—}) — Uy is a Lie algebra homomorphism,
subjecting to the following conditions:
(1) a({a,b}) = B(a)a(b) — a(b)B(a) for all a,b € P.
(2) B(ab) = a(a)p(b) + a(b)b(a) for all a,b € P.

(3) If (U',d/, B) is another triple satisfying (1) and (2), then there exists a unique algebra

homomorphism A : U — U’ making the following diagram commutative:
U
P

If P=Kklzy,---,2,] is a quadratic Poisson algebra, then its Poisson enveloping algebra

h
/!
o\ p U

U(P) satisfies a range of preferred properties, including being Artin-Schelter regular. This
is one connection between Poisson algebras and Artin-Schelter regular algebras. Another
connection lies in semiclassical limits and deformation quantizations, which are introduced

in the following definitions:

Definition-Lemma 1.1.13. Let A be a k[[A]]-algebra such that A/hA is a commutative
algebra. Let f,g € A, (f+hA)(g+hA) = (9+hA)(f+hA) and therefore [f,g] = fg—gf =



hy(f,g) for some v(f,g) € A. Let f,g be the projections of f,g on A/hA, respectively.
Define {—, —} : (A/hA)®? — A/hA as follows:

{77?} = F}/(f7g)?

Then (A/RA,{—,—}) is a Poisson algebra, called the semiclassical limit of A.

Definition 1.1.14. Let P be a Poisson algebra. A (graded) deformation quantization of P

is a graded k|[h]]-algebra P, satisfying the following conditions:
(1) P, = P][h]] as graded k[[A]]-modules.

(2) Py/hP; = P as graded k-algebras. In particular, for all f,g € Py, (f +hPy)(g+hPy) =
(9 + hPy)(f + hPy) and therefore [f, g] = fg — gf = hvy(f, g) for some v(f,g) € P.

(3) Let f,g € P, and let f,g be the projections of f,g on P,/hP; = P, respectively. Then
{f.9} =~(f.9)

The Poisson algebra P is called quantizable if P admits a deformation quantization Py. It
is possible for a Poisson algebra to admit multiple non-isomorphic deformation quantizations;
nevertheless, within the scope of this dissertation, our primary focus lies on a variant of the

deformation quantizations constructed in [DMLIS].

As previously mentioned, Poisson algebras are associated with Artin-Schelter regular
algebras through semiclassical limit, deformation quantizations and Poisson enveloping al-

gebras:

deformation quantizations

2\

A

semiclassical limits

Poisson Algebras Artin-Schelter Regular Algebras

2\

Poisson enveloping algebras



These associations have established a strong correlation between investigations of the Shephard-
Todd-Chevalley question and the Watanabe question for Poisson algebras, and investigations
of the same questions for Artin-Schelter regular algebras. In their study [GVW23], Gaddis,
Veerapen, and Wang provided a partial answer to the Shephard-Todd-Chevalley question
by investigating multiple Poisson structures arising from the semiclassical limits of specific
families of Artin-Schelter regular algebras. Additionally, they offered some insights on the
Watanabe question for Poisson enveloping algebras under induced actions. Building upon
their research, we shall further investigate these questions for a broader range of Poisson
structures, with a primary emphasis on quadratic Poisson structures on the polynomial ring

of three variables k[z, 2, z3].

In the remaining part of this section, we will introduce a set of concepts necessary for
understanding the statements of our main results. To start, we will define Poisson homo-

morphisms and Poisson ideals.

Definition 1.1.15. Let P, () be Poisson algebras.

e Amap ¢: P — (@ is called a Poisson homomorphism if ¢ is an algebra homomorphism

and a Lie algebra homomorphism.

o A subset I C P is called a Poisson ideal if I is an ideal and a Lie ideal. An element
f € P is called Poisson normal if {f, P} C fP, or equivalently, the principal ideal (f)

is a Poisson ideal.

Subsequently, we will review the key concepts in non-commutative invariant theory, both

in the context of Poisson algebras and in the context of Artin-Schelter regular algebras.

Definition 1.1.16. Let P = k|[xq,--- , x,] be a Poisson algebra under the standard grading.

e A graded Poisson automorphism of P is a bijective Poisson homomorphism ¢ : P — P
such that ¢(P;) = P, for all i > 0. The graded Poisson automorphism group of P will
be denoted as PAutg, (P).



e A Poisson reflection of P is a finite-order graded Poisson automorphism ¢ : P — P

such that ¢| P has eigenvalues 1,--- ,1,¢£ for some primitive root of unity £&. The set
——

n—1

of Poisson reflections of P will be denoted as PR(P).

Definition 1.1.17. Let A be a connected N-graded k-algebra that is locally finite: dimy A; <

oo for all © € N. Let ¢ be a graded automorphism of A. The trace series of ¢ is

Tra(¢,t) Ztr o[t

In particular, if ¢ is the identity of A, then we recover the Hilbert series of A:

oo

hA(t) = TI‘A<idA,t) = Z(dimk A,)tz

1=0

Suppose that A = k[xy, -+, z,] and ¢ is a graded automorphism of A. Let Ay,--- , \, be

the eigenvalues of gb‘ A The trace series

1 1
det (1, t¢|A (1= Xt)--- (1= t)

TrA(¢7 )

If in particular ¢ is a reflection: A\ =--- = \,_1 = 1 and A, = £ for some primitive root of

unity &, then the trace series

1
(1=t 11 —&t)

TFA(¢, t) =

With this calculation as motivation, Kirkman, Kuzmanovich, and Zhang generalized the

concept of “reflection” to non-commutative settings [KKZ09].

Definition 1.1.18. Let A be an Artin-Schelter regular algebra with Hilbert series h(t) =

1
W for some polynomial f(¢) satisfying f(1) # 0. A quasi-reflection of A is a
1
finite-order graded automorphism ¢ : A — A such that Tra(¢,t) = ——————— for some

(1 —)"~tg(t)



polynomial ¢(t) satisfying g(1) # 0. The set of quasi-reflections of A will be denoted as
QR(4).
1

Let A be an Artin-Schelter regular algebra with Hilbert series ha(t) = m for
some polynomial f(t) satisfying f(1) # 0. A graded automorphism ¢ : A — A is called a
classical reflection if gb‘ A has an eigenvalue 1 of multiplicity n—1 and another eigenvalue & of
multiplicity 1 for some primitive root of unity £&. The following two examples illustrate that

a classical reflection is not necessarily a quasi-reflection, and conversely, a quasi-reflection is

not necessarily a classical reflection.

Example 1.1.19. [Kirl5, Example 1.8] Let A = k(z,y)/(yx + zy) and ¢ be the graded

automorphism of A satisfying ¢| a4 = . The graded automorphism ¢ is a classical
10
reflection because its eigenvalues are £1. However, ¢(z'y’) = y'z? = (—1)Y2?y’ for all
1
i,j > 0and Tra(p,t) = 1 — 2+t -0 448 — ... = Tt By definition, ¢ is not a

quasi-reflection.

Example 1.1.20. [Kirl5, Example 1.8] Let A = k(z,y)/(yz + zy) and ¢ be the graded

automorphism of A satisfying ¢| 4 = 7|, The graded automorphism ¢ is not a classical
1 0
reflection because its eigenvalues are 4. Nevertheless, ¢(z'y’) = (—1)iy'a? = (—1)F gy
1
foralli,5 > 0and Trya(o,t) =1+t +t* 4+t +8+... = ——————— By definition, ¢ is
J 2 A9, 1) TEDED ¢
a quasi-reflection.

Definition 1.1.21. A quantum polynomial ring is a Noetherian Artin-Schelter regular do-

1
main of global dimension n, with Hilbert series h(t) = =
A quasi-reflection ¢ of a quantum polynomial ring A has a structured form, being either a
classical reflection or a mystic reflection: ¢ has order 4 and gzﬁ‘ 4, has eigenvalues 1,--- 1,4, —i
1 N, e’
n—2

[KKZ09, Theorem 3.1]. Note that the graded automorphism ¢ in Example 1.1.20 is a mystic

reflection.

Finally, we introduce the homological determinant.
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Definition-Lemma 1.1.22. Let A be an Artin-Schelter regular algebra of global dimension
1
IL+et+- + gt

for some ¢; € k, 1 < <1 [JZ97, Theorem 2.3]. The homological determinant of ¢ is

n and let ¢ be a graded automorphism of A. The trace series Tra(¢,t) =

hdet(¢) = (—1)"¢; [JZ00, Lemma 2.6] [JZ00, Proposition 4.2].

It is possible to define the homological determinant of a graded automorphism of an Artin-
Schelter Gorenstein algebra. However, within the scope of this dissertation, the algebraic
structures we will investigate are all Artin-Schelter regular. Consequently, we will adopt the
above, simpler definition.

It is noteworthy that the homological determinant hdet : Auty(A) — k* is a group
homomorphism [JZ00, Proposition 2.5]. Additionally, if A = k[xy,--- ,z,], the homological
determinant hdet(¢) coincides with the determinant det(¢)| 4,) 11200, page 322].

1.2 DMain Results

The primary contribution of our research is the following variants of the Shephard-Todd-
Chevalley Theorem and the Watanabe Theorem for quadratic Poisson structures on the

polynomial ring k[z1, x5, x3] and their associated Artin-Schelter regular algebras.

Theorem 1.2.1. (Shephard-Todd-Chevalley Theorem) Let P = k[xy, 2, x3] be a unimodu-
lar quadratic Poisson algebra and let G C PAut,, (P) be a finite subgroup. Then the invariant

subalgebra PY is isomorphic to P as Poisson algebras if and only if G is trivial.

Theorem 1.2.2. (Shephard-Todd-Chevalley Theorem) Let P = k[z1, 25, 23] be a non-
unimodular quadratic Poisson algebra and let G C PAutg(P) be a finite subgroup. If
{—, —} satisfies the following conditions on its coefficients:

e Non-unimodular 1. p,q,r # 0.

e Non-unimodular 2. p,q # 0, p # q, 4p* + ¢*> # 0.
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e Non-unimodular 3. p # 0.

e Non-unimodular 4. p,q # 0.

e Non-unimodular 5. p # 0, %

e Non-unimodular 6. p # 0.

e Non-unimodular 7. p,q # 0, 2p+1r #0, (2p+1)* + ¢* # 0.
e Non-unimodular 8. p # 0, p+ q # 0.

e Non-unimodular 9. p # 0.
I 1 1
1032
e Non-unimodular 11. p # 0, —%, —}1, q # 0.

e Non-unimodular 10. p # 0, —

e Non-unimodular 12. p # 0, —%, —%, q=0.
e Non-unimodular 13. p # 0, —%, qg=0,r=0.
Then the invariant subalgebra P¢ is isomorphic to P as Poisson algebras if and only if G is

trivial.

Let P = Kk[zy,---,x,] be a Poisson algebra and let U(P) be its Poisson enveloping
algebra. If ¢ is a graded Poisson automorphism of P, it is possible to construct a unique

graded automorphism ¢ of U(P) such that

is a commutative diagram.

Theorem 1.2.3. Let P = k[zy,---,x,] be a quadratic Poisson algebra and U(P) be its
Poisson enveloping algebra. Let G be a finite subgroup of the graded Poisson automorphism
group of P and let G = {(E : ¢ € G} be the corresponding finite subgroup of the graded
automorphism group of U(P). The invariant subalgebra U (P)é is Artin-Schelter regular if

and only if G is trivial.
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Theorem 1.2.4. (Watanabe Theorem) Let P = k[zy, - - - , x,] be a quadratic Poisson algebra
and let U(P) be its Poisson enveloping algebra. Let G be a finite subgroup of the graded
Poisson automorphism group of P and let G = {(E : ¢ € G} be the corresponding finite
subgroup of the graded automorphism group of U(P). If G is generated by graded Poisson
automorphisms ¢y, --- , ¢, such that det(aﬁi}Pl) = =+1 for all 1 < ¢ < m, then U(P)é is

Artin-Schelter Gorenstein.

Let P = K[z, x9, 23] be a quadratic Poisson algebra, with its Poisson structure written

as {z;,z;} = Zcﬁjxkxl, 1 < i < j < 3. Donin and Makar-Limanov proved that P is
kL
quantizable, admitting the following deformation quantization [DMLIS8|:

h
Py =k(y1,y2,y3) /([ ys] = B Z & Ykt + Y1) )1<i <3,
ol

for some 0 # h € k. It is possible to prove that P, is a quantum polynomial ring and

PAutg, (P) = Autg, (Fy). If in addition P is unimodular, then PR(P) = QR(F,).

Theorem 1.2.5. (Shephard-Todd-Chevalley Theorem) Let P = k|[xy, z9, 23] be a unimodu-
lar quadratic Poisson algebra. Let G be a finite subgroup of the graded Poisson automorphism
group of P, and G} be the corresponding finite subgroup of the graded automorphism group
of P, under the isomorphism PAut,, (P) = Aut,, (F;). The following are equivalent:

(1) G is generated by Poisson reflections.
(2) Gp, is generated by quasi-reflections.

(3) P is Artin-Schelter regular.

Theorem 1.2.6. Let P = k[xy, 25, x3] be a unimodular quadratic Poisson algebra. Let G
be a finite subgroup of the graded Poisson automorphism group of P and let G}, be the cor-

responding finite subgroup of the graded automorphism group of P, under the isomorphism
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PAuty, (P) 2 Aut,, (Py). Define Q; := P with i viewed as a formal parameter (as opposed

to a scalar value). Then
(1) Qn/(h) = PY as k-algebras.
(2) Forall f,g € Qn, fg— gf = hmi(f, g) for some mi(f,g) € Qn.

(3) @n/(h) together with the following Poisson bracket:

{?75} = Wl(fa g)a

where () denotes the image under the natural projection Q; — Qp/(h), is isomorphic

to PY as Poisson algebras.

deformation quantization
P d » By

invariant
JURLIRAUL

G

B!
Q

>

semiclassical limit



Chapter 2

QUADRATIC POISSON STRUCTURES ON k[X, X, X;]

14

In this chapter, we delve into the classification of quadratic Poisson structures on the

polynomial ring of three variables k|xy, 29, 3], along with their associated algebraic struc-

tures, namely, Poisson enveloping algebras and deformation quantizations.

2.1 Classification of Quadratic Poisson Structures

Let P be the polynomial ring of three variables k[xy, 22, x3]. Dufour and Haraki, Donin

and Marka-Limanov, and Liu and Xu, have independently classified all quadratic Poisson

structures on P into 13 + 1 classes [DH91], [DML98], [LX92]:

Case {x1,z2} {x2, x3} {xs, 1}
1 PT1T2 qTaT3 rr1T3
2 p(af + x3) 2px173 — qT2T3 qr173 + 2pTom3
3 x? 23175 — PT2T3 pT1T3
4 PT1To T2 + qroT3 PT1T3
5 pr? (2p + 1)z123 + o3 — 7173
6 —595% DT2T3 —PT1T3
7 p(x] + x3) (2p +7r)z173 + qToT3 —qr173 + (2p + 1) 1273
8 ’#x% + ’%x% + m% PT1T3 PLoT3
9 —3a? pai — 13+ sw123 1112
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Case {x1, 2} {xs, x3} {xs, 1}
10 —(2p+1)a? pr3 — (4p+ 1)aya3 (2p + 1)z129
11 pr + qr (2p + 1)z 73 0
12 pr? + qu’ 22+ (2p + 1)zy23 0
13 pri + qrs + 27173 ret+ i+ (2p+ 1)z2s 0
u o0 o0 o0

0xs3 0xy (A1)

1
In Case 5, p # 3 In Case 14, ) is a homogeneous polynomial in z1, 9, x3 of degree 3,

called the superpotential of the Poisson structure. For P = k[z1, x5, 23], Luo, Wang, and Wu

have established that unimodularity of a Poisson structure is equivalent to the existence of

a superpotential 2 [LWW15, Proposition 2.6]. In other words, Case 1 - Case 13 consist of

all non-unimodular Poisson structures on P, assuming that the coefficients p, ¢, r are placed

in general positions; Case 14 consists of all unimodular Poisson structures on P.

There are multiple references of the classification of the homogeneous polynomials in

x1, T9, w3 of degree 3, for example [BW79]. Tt should be pointed out that every unimodular

Poisson structure on P = k|xy,z9, 23], or equivalently, every Poisson structure on P =

k[z1, g, 23] derived from a superpotential €, is isomorphic to the Poisson structure derived

from one of the following homogeneous polynomials [HWZ23, Theorem 3.4]:

Case Q
14-1 3
14-2 w17
14-3 271723
14-4 iry + 1123




Case Q

14-5 o3 + 2iu;

14-6 23 + 2213 + 2313

14-7 3 (28 + 23 + a3) — Avywaxs, > #£ 1
14-8 o3 + 2279 + T 17273

14-9 rixs + 1103
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Plugging the classification of €2 into Case 14 yields the classification of unimodular Poisson

structures on k[zq, xs, 23] as follows:

Case {x1, 2} {x2, x3} {xs, 1}
14-1 0 3z? 0

14-2 0 21129 x%
14-3 2212 2T9X3 2x1x3
14-4 0 2r179 + IL‘% x% + 27179
14-5 3 a7 2x973
14-6 T3+ a3 323 + 21113 2T9x3
14-7 T2+ A1y 22 + \rows T2+ A\1173
14-8 T1X9 3x% + 2x179 + 1973 a:% + 2123
14-9 x? 22113 + 13 20129

2.2 Poisson Twistings

Let P = k[zy, -, x,] be anon-unimodular Z-graded Poisson algebra such that Z deg(x;) #

K]
0. It is possible to transform the Poisson structure of P into a unimodular Poisson

1
structure



17

using Poisson twists, the Poisson analog of the Zhang twists [Zha96] of associative algebras.

Definition-Lemma 2.2.1. [TWZ22, Theorem 3.8] Let P = k[zy,--- ,x,] be a Z-graded
Poisson algebra: deg(x;) = d; for all 1 < ¢ < n, such that d = Z d; #0. Let m = {—, —} be

=1
its Poisson structure and let m be its modular derivation. Define

(—, —): pP®? p

£ @9 +{f.g} - 7 dea(f) fmlg) + - deg(g)gm( ),

d
for all homogeneous elements f,g € P. After extending bilinearly, (—, —) is a unimodular
Poisson structure on P. In future discussions, the Poisson algebra (P, (—, —)) will be denoted

1
as P‘ém, with its Poisson structure written as _EE Am.

Example 2.2.2. Let P = k[, x2, 23] be a non-unimodular quadratic Poisson algebra. Then

P can be transformed into the following unimodular Poisson algebras:

Case Superpotential
1 s(p+q+r)vzoms
2 prizs + prixs
3 a:%xg
4 3(2p + @)z wows + S}
i) (p+ %)37%%
6 —sxiny
7 (p + 37)ates + (p+ gr)zies
8 1(3p + q)xizs + (3p + q)adas £ 1o
9 spoi
10 $(3p+ Dayx3 — 2(3p + 1)afxs




Case Superpotential
11 :(3p + 1)xtas + 3qa3
12 323+ $(3p + 1)ztas + 3¢
13 572t 4+ 5 (3p + 1)ates + x103 + 3qu

2.3 Poisson Enveloping Algebras

18

Let P = Kk[zy,---,z,] be a Poisson algebra. Its Poisson enveloping algebra U(P) is

necessarily unique and can be described by an explicit set of generators and relations as

follows:

Theorem 2.3.1. [OPS06, 2.4], [Bav2l, Theorem 2.2] Let P = k[zy,---,x,] be a Pois-

son algebra. The Poisson enveloping algebra U(P) is the free k-algebra generated by

T, Tn, Y1, -, Yn Subjecting to the following relations:

<1> [xiwrj] =0,

n

(2) [yiy] = Z a{xi—’xj}yk,

— Oxy,
(3) [yi ;] = {wi, x5},
forall 1 <4,5 < n, and «a, 3 are defined as the follows:
a: P —=U(P), g:P—U(P)
[ = ; Ly

for all f € P.
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Remark 2.3.2. Since « is the identity map on P, we will abuse notation slightly by omitting
a when referring to the elements a(f) € U(P) for all f € P.

If in addition P = k[zy, -+ ,x,] is quadratic, then the Poisson enveloping algebra U(P)
is Artin-Schelter regular [LWZ17, Corollary 1.5] and satisfies a range of preferred qualities:

e U(P) is Noetherian [Oh99, Proposition 9].

e U(P) admits a Poincaré-Birkhoff-Witt basis:

{at - x;ny? oeylm g e > 0} [OPS06, Theorem 3.7).

e U(P) has global dimension 2n [BZ18, Proposition 2.1].

1

e The Hilbert series hy(p)(t) =

0xy 0xs Oy 0xs
for some ¢ # 0, for all f,g € P. Its Poisson enveloping algebra U(P) is the k-algebra

Example 2.3.3. Let P = k[z1, 23] be the Poisson algebra {f, g} = ( of 99 99 Of )qxlxg,
k(z1, 9, y1,y2) subjecting to the following relations:

® IyX = X1,

® Y2Y1 = Y1Y2 — qT2Y1 — GL1Y2,

® Y11 = T1Y1,

® Y1Ty = TaY1 + qT1T2,

® Yo1 = T1Y2 — 12,

® YoTa = T2Y2.

Example 2.3.4. Let P = k[z1, x5] be the Poisson algebra {f, g} =

of 99 0g Of \
81’1 8%2 8x1 8372 v
for all f,g € P. Its Poisson enveloping algebra U(P) is the k-algebra k(xi, z2,y1, y2) sub-

jecting to the following relations:

® ToT1 = T1X2,
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® Yol = 1Yz — 221y,
® Y11 = T1Y1,

® Y1y = Tayy + 2,

® Yoy = Ty — 7,

® YoTa = T2Y2.

Let P = k|xy,- - , 2, be a quadratic Poisson algebra. Suppose that ¢ is a graded Poisson
automorphism of P. It is natural to ask: does ¢ induce a unique graded automorphism (E on

the Poisson enveloping algebra U(P) that is natural in the sense that the following diagram

P
¢‘/
P

1s commutative:

_xB U(P)

|

¢
—5 U
The answer is affirmative.

Lemma 2.3.5. Let P = k[zy, -+ ,x,| be a quadratic Poisson algebra. Suppose that ¢ is a
graded Poisson automorphism of P. Then there exists a unique graded automorphism gg on

the Poisson enveloping algebra U(P) such that

aop=doa, fod=¢op.

Proof. Define gz~5: U(P) — U(P) as follows: g(xl) = ¢(x;) and g(yl) - Z 9¢(x:)

y;, for all

1 <12 < n. For commutativity, a o ¢ = ggo Q;

Bod(x)=> a¢(xi>yj7 60 Bla:) = oly:) = 8¢(:§i)

=1 3xj

for all 1 < i < n, and therefore 5o ¢ = 50 B. Suppose that 5 : U(P) — U(P) is another
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graded automorphism such that ao ¢ = 5 oaand fo¢ = 5 o . From the commutativity
ao¢= (Eo a, we have 5(:51) = ¢(x;) = 5(:@), for all 1 <4 < n. From the commutativity
ﬁo¢:$oﬁ, we have

d(y:) = po Blas) = Bod(x;) = doBx:) = d(uy),

for all 1 <14 < n. Since (E and 5 agree on the generators of U(P), the graded automorphism

5 coincides with the graded automorphism 5 O]

Retain the above notations. Suppose that G is a subgroup of the graded Poisson auto-
morphism of P. By Lemma 2.3.5, we can construct a subgroup G = {(Z . ¢ € G} of the
graded automorphism group of U(P). It is natural to ask: is G isomorphic to G' as groups?

Once again, the answer is affirmative.

Lemma 2.3.6. Let P = Kk[zy,---,x,] be a quadratic Poisson algebra. Suppose that G is
a subgroup of the graded Poisson automorphism group of P and G = {(E : ¢ € G} is the
corresponding subgroup of the graded automorphism group of U(P). Then G is isomorphic
to G as groups.

Proof. Define G — G o — 5 First, we claim that this mapping is a group homomorphism.
Let ¢1,¢9 € G. It is clear that 5152 and Q;;Q-;Q agree on the generators x1,---,x,. In the

meantime, on the generators yi,-- - , yn,

_¢1 (Z 8%2; )yj)

j=1

n

-3 (250 (325 )
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NN, [(0a(@) [ O¢a(ay)
_ZZCbl( 8xj )( Oy yk)
e 901(0a() O ()

R 5¢1(¢2(~’U@'))yk

&ck

k=1

:@2(%)7

for all 1 <4 < n, in which the fifth equality follows from the commutativity of the following

diagram:
k[ﬂfl, e 7xn] — k[xla e an]
o1 #1
k[xh o 7xn] ﬁ k[mla e wxn]
991 ()
For injectivity, suppose that ¢~1 = ¢~2 On the generators xq,- -+, x,, ¢1(z;) = ¢~1(xz) =

52(561) = ¢o(x;), for all 1 < i < n. Consequently, ¢; = ¢o. Finally, surjectivity follows easily

from the construction. O

2.4 Deformation Quantizations

Let P = k[z1, 9, 23] be a quadratic Poisson algebra, with its Poisson structure written

as {x;,x;} = Zcﬁ’;xkxl, 1 < i < j < 3. Donin and Makar-Limanov proved that P is
,l
quantizable, admitting a deformation quantization:

h

Py = K[[R][{y1, y2, y3) /(i ys] = 5 Z Yk + yiyn) ) 1<ij<s.
ol

In practice, we will work with a variant of the above deformation quantizations, modified
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by replacing the coefficient ring k[[A]] with an algebraically closed field F of characteristic 0.
In a more formal manner, we can replace I, with Py Q] W, or equivalently, we can
replace the coefficient ring k[[i]] by F = k((%)), the Puiseux series of 7 over k. Given that
our attention rarely extends to scalars, we will assume that the formal parameter 4 has been

replaced by a non-zero scalar in k and that F = k. For the remainder of the dissertation, we

will refer this variant as the standard deformation quantization of P.

Theorem 2.4.1. [DMLI8, Theorem 3.1| Let P = k|x1, 22, 3] be a quadratic Poisson algebra,

with its Poisson structure written as {z;, z,} = Z cﬁjxkxl, 1 <17 < 7 < 3. Then the Poisson
k,l
algebra P is quantizable, admitting the standard deformation quantization:

h

Py =Ky, y2.y5)/([ys 93] = 5 > ey + ye) r<i<s.
k.l

for some h € k*.
Working with the standard deformation quantization offers two benefits:

(1) It is imperative to set Ay = k, as Artin-Schelter regularity necessitates a connected
N-grading. In the later part of this section, we will prove that the deformation quan-

tization in Theorem 2.4.1 satisfies Artin-Schelter regularity.

(2) It is computationally (and psychologically) easier to work with scalars from a field

rather than with scalars from a formal power series ring.

Example 2.4.2. Let P = k[x;, 22, 23] be a unimodular quadratic Poisson algebra. The
standard deformation quantization of P is the free k-algebra generated by y1, y2, y3 subjecting

to the following relations:

Case YY1 = YsyY2 = YsYyi1 =

14-1 Y192 Yoy — 3hy? Y193

14-2 Y12 Yoys — 2hy1ys v1ys + hyt
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Case Y2Y1 = Y3y = YsY1 =
14-3 %;?hyz %?ﬁys %;ylyz
14-4 Y1y2 Yoys — 2hy1ys — hys y1ys + hyt + 2hy1ys
14-5 y1y2 — hys Yays — 3hy? (1 + 2hys)ys — 307y}
_ K2 _ 312
14-6 y1ye — hyt — hy3 (— 1352 + i52v2)ys — | (i + 1o52Y2)ys —
a 2
Evei et

2-\h 2h 2 2-\h o 2 24 Mk ho2
14-7 2 Y1Y2 — 35l 21 Y2Y3 — gl S Y1Ys + o5
14-8 %%yz i;—Zyzyg - %y% - SRys + syt

%9192
14-9 Y1ys — hyi (—2hy1 + yo)ys + y1ys — B2yt + 2hyiys
hsy% - 2523/1?& - hy%

Example 2.4.3. Let P = k[z1, x5, 23] be a non-unimodular quadratic Poisson algebra. The
standard deformation quantization of P is the free k-algebra generated by v, y2, y3 subjecting

to the following relations:

Case Y2Y1 = YsYz = Ysyr =
1 §;§Zy1yz %yzy:s 2 s
2 e — phy? —phyd | (— it + | (e +
4+%Zp(§iij)q;)ﬁiqﬁy2)y3 (4+(4p2f§f)h2—4qh) Y2)ys
3 Y12 — hy (— ooz Y1 + 5 y2)ys Sy
4 %ylyz 3;—§Zyzy3 — gyt %ylyg
5 Y1ys — phy? (— 255y + Sk )ys s

6 yiy2 + Syt ;—izyﬂﬁa %ylyg
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Case YaY1 = YsYa = YsY1 =
2 2 4(2p+r)h 4—((2p+r)+¢*)n?
7 Y1y2 — phyt — phy; (_4+((2p+r)€+q2)h2+4qhy1+ (4+((2p+€)2+q2)qh2+4qhy1 +
4—((2p+r)%+¢3)R> 4(2p+r)h
4+((2p+1;)2+q2)qh2+4qhy2)y3 4+((2p+r)g+q2)lh2+4qhy2)y?’
8 yrye — By — (— by + (SCphy, +
h 1)2
k2 hy o) ys Tk yo)Ys
Z2
9 Y1Y2 + %y% (—%yl +y2)ys — (p+ Y1Ys + %y% + §y1y2
2 2 A
%)hy% - %ylyz + %y%
2 L2
10 Y1y + (2p + 1)hyi ((Ap + Vs +yo)ys + | yays + EE2
253
2
wyliw - phy%
11 y1y2 — phyi — qhys Yays — (2p + 1)hy1ys Y1Y3
12 yiy2 — phyt — qhys | yays—hyi—(2p+1)hyys Y1y
13 VY2 — phy% - qhy§ - Y2Ys — Thy% — (2p+ Y1Y3
2hy1ys Dhyys — hys

Lemma 2.4.4. Let P = K[z, 29, 23] be a quadratic Poisson algebra. Then its standard

deformation quantization P; is a quantum polynomial ring of global dimension 3.

Proof. In Case 1 to 7, 9 to 13, 14-1 to 14-6, 14-8, and 14-9, the standard deformation quanti-
zation is an Ore extension of either the skew polynomial ring of two variables or the Jordan
plane, and therefore takes the form of an iterated Ore extension k[y|[ye; 02, d2][ys; 03, d3],
where appropriate selections of graded automorphisms o9 and o3, along with oy-derivation

09 and os-derivation d3, are made. This can be verified by applying the following fact: the

graded automorphisms of the skew polynomial ring of two variables is ca,b#0

0 b
when the relation is written as yoy1 — Ay1y2 (A # 0,+1) and
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a
ca,b# 0 » when the relation is written as y2y1 — y1y2 + A\ys + Aya (X # 0, +1),
—b a
: : a 0 :
and the graded automorphisms of the Jordan plane is :a # 0 p when the relation
b a

is written as yoy1 — Y192 — Ay? (A # 0). These iterated Ore extensions are Noetherian Artin-
Schelter regular domains, as shown in [AST91, Proposition 2] and [GRBWO04, Corollary 2.7,
Exercise 20]. For the Hilbert series, the standard deformation quantization P is isomorphic
to P as graded k-vector spaces, with the isomorphism being established by substituting A
with a non-zero scalar as described in Definition 1.1.14 (1). Consequently, the Hilbert series

bat) = 5 ! =

In Case 14-7, the standard deformation quantization is the three-dimensional Sklyanin
algebra, a family of Artin-Schelter regular algebras initially studied in [AS87] and [ATVdBO07].
The proof of the remaining properties: Noetherian, domain, and Hilbert series, can be found

in a number of references, for example [Wall2, Theorem 2.14].

In Case 8, the standard deformation quantization P, admits a k-linear basis {yiygy’g :
i,7,k > 0} [DMLO8, page 254]. This k-linear basis leads to two implications. Firstly, it

implies that the Hilbert series is hp, (t) = 5+ Secondly, it implies that y3 is a non-zero-

1
(1—1)
divisor. Suppose that fys = 0 for some f € P;. Rewrite f with respect to this k-linear basis:
f= Z c”kyiyéyg The element fys = 0 is a non-trivial linear combination of the k-linear

(4.9,k)
basis {yiysys : 0,5,k > 0}, a contradiction. Similarly, one can demonstrate that ys3f # 0
by using the relations provided in Example 2.4.3. This establishes a sufficient condition for
applying [RZ10, Corollary 1.2]. It is worth noting that while the corollary necessitates a

domain, its proof, specifically the Rees Lemma Ext}, (k, Py) = Extg}(yg)(k, Py/(y3)), only

requires y3 to be a non-zero-divisor. The quotient algebra

(p+q9h o (P+qgh ,

P/ (ys) = k(y1, y2)/ (y2y1 = 112 — 5 YT Y3)
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can be identified with the skew polynomial ring of two variables. Then P is an Artin-Schelter
regular algebra of global dimension 3, possessing 3 generators and 3 relations. Such algebras

are Noetherian, as demonstrated, for instance, in [Ste96, Theorem 3.1]. ]
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Chapter 3

CLASSIFICATIONS OF GRADED POISSON
AUTOMORPHISMS OF P =k[X;, X, Xj]

In this chapter, we delve into the classification of graded Poisson automorphisms for all
quadratic Poisson structures on k[zy, o, 23], as well as the classification of graded automor-

phisms for their standard deformation quantizations.

3.1 Classification Techniques

Let P = k[zy,--- ,2,] be a Poisson algebra under the standard grading. Suppose that
¢ € PAuty, (P). The graded Poisson automorphism ¢ is uniquely determined by its action

on P, = GB kz;, allowing it to be represented as an invertible n x n matrix: ¢ = [aij
i=1
for some a;; € k. By calculation,

] 1<i,j<n

o)) = (06, 60)) = { S an S awan f = 3 (o~ awap) w1,

j=1 1<k<i<n

for all 1 <7 < j < n. In particular, when n = 3, the above calculation can be summarized

as the following lemma:

Lemma 3.1.1. Let P = k[, 29, 3] be a quadratic Poisson algebra and let ¢ € PAut,, (P).
il Q12 dais

Then ¢ can be uniquely represented as an invertible 3 x 3 matrix over k: |a9; @99 ass

agy azz2 ass
satisfying the following equations:

(1) ¢({z1,22}) = (an1a22—a12a21){z1, T2 }+(a12a23—a13a22) {2, 3 }+(a13021 —ar1a23){x3, 21},
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(2) o({x2,x3}) = (as1ase—ageasi){x1, vo}+(asas3—assaszs){wa, x3}+(assas1 —az ass){xs, x1},

(3) ¢({z3,21}) = (a12a31—ar1as2){x1, T2 }+(a13a33—a12a33) {22, x5 }+(a11a33—ar3a31 ) {x3, x1 }.

In some instances, computing the solution set of the equations stated in Lemma 3.1.1
can be exceedingly challenging for both humans and machines. Consequently, we will use

the following techniques for further simplification before proceeding with our computation.

Lemma 3.1.2. Let P =klzy, -+, z,] be a Poisson algebra.

(1) If f € P satisfies: {f,z;} C fP for all 1 <i <mn, then f is Poisson normal.

(2) Let ¢ : P — @ be a graded surjective Poisson homomorphism. If f € P is Poisson

normal, so is ¢(f).

Proof.

(1) Letpe P. {f,p} =) o

&xi

{f,z;}. ¥{f,;} C fPforalll <i<mn,then{f,p} e fP.

(2) Let ¢ € Q. {9(f),q} = {o(f), o(p)} = o({f,p}) = o(fP) = &(f)o(p') € &(f)Q for

some p,p’ € P.
[

Lemma 3.1.3. Let P = (k[zy,--- ,2,),{—, —}p) and Q = (k[z1,--- ,z,),{—, —}¢) be Pois-
son algebras. If {z;,z;}g = M, z;}p for some A € k for all 1 < i < j <n, then the graded
Poisson automorphism group of P is isomorphic to the graded Poisson automorphism group

of @ as groups: PAutg, (P) = PAut,, (Q).

Proof. Let ¢ be a graded Poisson automorphism of P such that ¢| = [aij] Lcijen’ It is
sufficient to demonstrate that ¢ induces a graded Poisson automorphism of (), as the reverse
direction is symmetric. Consider the graded endomorphism of () that is determined by
. To establish that ¢ preserves the Poisson structure of @,

[ Y 11<ij<n

o{zi,zit) = pMai, 25t p) = Me(z:), p(z)}p = {p(z:), 0(75) } o,
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forall1 << 7 <n. O

Lemma 3.1.4. [HTWZ23, Lemma 3.3] Let P = k|[zy,x2, 23] be a Z-graded unimodular
Poisson algebra determined by some homogeneous superpotential 2 such that deg(€2) >
max{deg(xy), deg(zy),deg(x3)}. If ¢ is a graded automorphism of the k-algebra P, then ¢

is a graded Poisson automorphism of the Poisson algebra P if and only if

9p(x1) Op(x1)  OP(x1)

8231 81‘2 8:)33
- Od(z2) Og(z2) Op(x2)
6(Q2) = det ax12 8z22 83:32 Q.
Op(z3) Op(x3) Op(ws)
ox1 Oxa Oxs

In particular, if P = k[z1, x9, 3] is equipped with the standard grading: deg(z;) = deg(xs) =
deg(z3) = 1, then for a graded Poisson automorphism ¢ of the Poisson algebra P, the

image of the superpotential ¢(€2) and the superpotential € differ by a nonzero constant

det [3(¢($1)7¢(I2)7¢($3)) c k.

8(@'1,172,153)

Lemma 3.1.2 and Lemma 3.1.4 provide us means to simplify the equations stated in
Lemma 3.1.1. because a graded Poisson automorphism ¢ necessarily permutes the set of
linear Poisson normal elements of P and fixes the superpotential up to a scalar. Furthermore,
Lemma 3.1.3 enables us to re-scale the Poisson structure in cases where its coefficients p, ¢, r

or its linear Poisson normal elements pose computational challenges.

3.2 Classification for Unimodular Poisson Algebras

In this section, our objective is to provide a classification of graded Poisson automor-
phisms for unimodular Poisson structures on klzy, za, x3).

Unimodular 1. {xy,x9} =0, {x2, 23} = 323, {x3,7,} = 0.

Let ¢ € PAut, (P). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:
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(1) a% = Q22033 — G23032.

These relations simplify to a1; = £+/asa33 — asszazs # 0, a;o = a13 = 0. In conclusion,

+vbf —ce 0 0
PAut,, (P) = a b c| :bf #ce
d e f

Unimodular 2. {xy,x9} =0, {x2, 23} = 22129, {73, 21} = 2%
Let ¢ € PAut, (P). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:
(1) 13021 = A110A23.
(2) 2a11a91 = aszaz — asiass.

(3) CL% = 11033 — 413431

By (4) and (5), a12 = a13 = 0 and aq; # 0. By substituting the variables in (1) and (3),

ass = 0 and agz = aj;. Finally, it can be deduced from (2) that as; = 0. In conclusion,

a 0 0
PAut, (P)=<¢ [0 b 0| :a,b#0

c d a
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Unimodular 3. {x1,xs} = x179, {2, 23} = xo3, {23,721} = T123.
Let ¢ € Autg(P). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:
(1) ai1ao1 = 0.
(2) A12A92 = 0.
(3) a13Q93 — 0.
(4) (11022 + G12021 = A11022 — A12091.
(5) a11Q23 + Q13021 = A13021 — A11023.
(6) (12023 + 13022 = Q12023 — A13022.
(7) a11a31 = 0.
(8) a12a32 = 0.
(9) 13033 = 0.
(10) a11a32 + Q12031 = 12031 — A11032.
(11) aiiass + ayzas = a11a33 — a13a3;.
(12) azass + ajzasy = a13a32 — a12as3.
We conduct a case-by-case examination:

e Suppose that a;; # 0. First, (1), (5), (7), (10) lead to ag; = as3 = az = ase = 0 and

age, azz # 0. Expanding upon this, (2) and (9) imply that aj;p = a13 = 0.
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e Suppose that a;; = 0 and a1 # 0. First, (2), (4), (8), (12) lead to as; = as = azs =
ass = 0 and agg, asz; # 0. Expanding upon this, (3) implies that a3 = 0.

e Suppose that a;; = 0 and a;3 = 0. First, the invertibility of ¢ implies that a;3 # 0.
The equations (3), (6), (9), (11) result in asy = ass = azg; = azz = 0 and asy, azs # 0.

In conclusion,

a 0 0 0 a O 0 0 a
PAutg(P) =410 b 0,0 0 b|,|b 0 0| :a,b,c#0
0 0 ¢ c 0 0 0 ¢ O

Unimodular 4. {x1,x9} =0, {x2, 23} = 2x129 + 23, {73, 21} = 2% + 221 75.
Let ¢ € Autg(P). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:

(1) 2a11a21 + a3, = aszaz — asiass.

(2) 2a12a90 + a3, = ageazs — aszass.

(3) 2&13&23 —+ a%?, =0.

(4) a11a22 + a12G21 + 2120 = A22a33 — A23G32 + Ao3A31 — G21033.
(5) ai; + 2a11a91 = ai1ass — a13az;.

(6) afy + 2a12a02 = a13ass — a12ass.

(7) CL%3 + 2@13(123 = 0.

It can be deduced from (3) and (7) that a;3 = as3 = 0 and asz # 0. Next, we will proceed

with a case-by-case discussion.
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e Suppose that as; # 0 and a;; = 0. From invertibility, aj;o # 0. From (1), ag; = —ass.
If agy # 0, the combination of (2) and (6) leads to a;2 = —ags = a3z and the remaining

equations are nullified. If ags = 0, (4) states that a;» = —ags and the remaining
0 a 0

equations are nullified. Consequently, we have two possible forms for ¢: |—q —a 0],
b ¢ a
0 —a O
—a 0 0], for some a # 0.

b c a

e Suppose that ag; # 0 and ay; # 0. First, a combination of (1) and (5) leads to ay; =
—ag = —agz. If agy # 0, a combination of (2) and (4) implies a;o = 0 and agy = ass
and the remaining equations are nullified. If ass = 0, (4) states that a;o = —ass and

the remaining equations are nullified. Consequently, we have two possible forms for ¢:

—a 0 0 —a —a 0
a a O, |a 0 0}, forsomea##0.
b ¢ a b c a

e Suppose that az; = 0. From invertibility, ase # 0. If ajo # 0, a combination of (2) and
(6) results in a1 = —age = agz, (4) results in a;; = ags, and the remaining equations

are nullified. If a;o = 0, (2) and (4) imply a1; = a2 = azs and the remaining equations
a a 0 a 0 O

are nullified. Consequently, we have two possible forms for ¢: |0 —a 0|, |0 a 0],

b ¢ a b ¢ a
for some a # 0.

In conclusion,

PAutg,(P)=4q |-a —a O|,|-a 0 0|,|a a Of,
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—a —a 0 a a 0 a 0 0
a 0 0],]0 —a 0]/,]0 a 0]:a#0

b ¢ al|l |b ¢ a| |b ¢ a

Unimodular 5. {1, x5} = x3, {x9, w3} = 3%, {13, 21} = 22973.
Let ¢ € Auty(P). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:
(1) a3; = 3a12a93 — 3a13a.
(2) a3 =0.
(3) af, = axass — agsas.
(4) af; =0.
(5) ay1a12 = 0.
(6) 2asza3y = arpaz — ayiass.
(7) agiass + assasz; = 0.

(8) (22033 + G23032 = (11033 — G13031.

It is immediate from (2) and (4) that a13 = a3 = 0 and agz # 0. Expanding upon these,
(1) and (8) suggest that as; = 0 and a;; = ax # 0. Continuing further, (3) and (5) imply

that a;; = ass and a12 = 0. Finally, (6) and (7) necessitate that ag; = azs = 0. In conclusion,

a 0 0
PAut,, (P) = 0 a 0| :a#0
0 0 a
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Unimodular 6. {xy,x9} = 23 + 23, {T2, 13} = 323 + 22123, {23,711} = 27973.
Let ¢ € Autg(P). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:
(1) aiz +az; = 0.
(2) 3Cl%1 + 2a11a31 = a21a32 — A2a31 + 3a2a33 — 3a23a32.
(3) 3(1%2 + 2@12&32 = 21Q32 — Q22031 -
(4) 3&%3 + 2&13&33 =0.
(5) 3aiiarz + arrass + arzaz = 0.
(6) 3aiiaiz + ar1ass + ai3as = azoas3 — A23032.
(7) 3aizais + ar2ass + a13a32 = ag3031 — A21a33.
(8) 2ag1a31 = a12a31 — a11a32 + 3a13a32 — 3a12a33.
(9) a93033 = 0.

(10) agiass + agsas; = 0.

Suppose that ags = 0. Equation (1) and (4) necessitate that a;3 = ag3 = 0, a contradic-
tion to the invertibility. Therefore, it follows that asz3 # 0, and subsequently, according to
equations (1) and (9), a13 = agg = 0. From (6) and (7), a1; = ag and ajs = —as;.

Let us assume that a;2 = 0 (implying ay; = 0 implicitly). From (5), (10), and the

invertibility, az; = agy = 0. Finally, from (2), a1; = ags = a3z and the remaining equations
a 0 0

are nullified. This results in one possible form of ¢: |0 @ 0| for some a # 0. Now, let us

0 0 «a
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consider the alternative scenario ajs # 0. From a combination of (3) and (10), we can derive

that asy = —%au. Substituting our results into (5), we obtain that ag; = —%an. Examining

(8), we observe that a;; = —%a33. Lastly, from (10), a;» = #++v/3a1; and the remaining
—%a :I:‘/Tga 0

equations are nullified. This results in one possible form of ¢: :F\/Tga —%a 0| for some
2a :F%ga a

a # 0. In conclusion,

a 0 0| | —ta +%La 0
PAuty(P) =< 10 a 0|, |F%La —Lla 0f:a#0
0 0 a 20 F3¥34 a

Unimodular 7. {z1, 22} = 2% + w119, {12, 13} = 2 + A\wvoxs, {23, 21} = 23 + A\ 73
This instance has been addressed in [MLTUQ9, Theorem 1|. The graded Poisson auto-

morphism group

a 0 O 1 0 0 010
PAutg,(P)= [ (|0 @ 0| :a#0)x (|0 b 0] :0=&,€)|x{(lo 0 1])
0 0 a 0 0 b? 1 00

Unimodular 8. {x1, T2} = 1129, {79, 13} = 323 + 23179 + Tox3, {3, 71} = 22 + T173.
Let ¢ € Autg(P). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:
(1) arras; = 3aiza3 — 3a13az2 + 13021 — G113
(2) arza9 = 0.
(3) ajzass = 0.

(4) ajrass + aizas = a13a91 — a11G93.
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(5) 3a3, + asiazi + 2a11a91 = 3assaszs — 3a93a32 + A3a31 — A21d33.

(6) 3a%2 + agaass + 2a19a99 = 0.

(7) 3(1%3 + aozasz + 2@13@23 = 0.

(8) 6ajiais + asaszs + agnas: + 2611022 + 2012021 = A21a39 — A22a31 + 220033 — 2a23032.
(9) a11a32 + a12a31 + 2011412 = A12a31 — A11032 + 2013032 — 2a12a33.

Suppose that a;s # 0. By combining (2) and (6), we can deduce that a;s = 0, a
contradiction. Consequently, it follows that a;o = 0. From (3), (4), and the invertibility,
ass = 0. Immediately, (7) translates to a;3 = 0 and a1, a33 # 0. Subsequently, it can be
inferred from (1) and (9) that as; = aza = 0 and age # 0. Based on (5) and (8), it follows

2
a . .
that aqy = ﬁ and az; = asz3 — a1, respectively. In conclusion,

a 0 0
PAut,, (P) = 0 % 0| :a#0
b—a 0 b

Unimodular 9. {x1,xo} = 23, {9, 23} = 2w123 + 23, {73, 71} = 271 75.
Let ¢ € Autg(P). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:
(1) a%l = Q11022 — Q12021 -
(2) afy = a1aa3 — ay3az.
(3) ai;=0.

2 _
(4) a3 + 2a11a31 = A21032 — A22031.
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2 _
(5) a3y + 2a19a39 = G92a33 — A23a32.

(6) a§3 + 2&13&33 = 0.

(7) 2a11a21 = a12a31 — A11032.

The initial step is straightforward. Equations (3), (6), (2) imply a12 = a3 = as3 = 0

and aj1,as3 # 0. Simplify the remaining equations. From (1) and (5), we conclude that

aj; = age = agz. From (7), we deduce that azs = —2a9;. Finally, by examining (4), we
ascertain that ag; = —%. In conclusion,
a 0 0
PAut,, (P) = b a 0| :a#0
P _9p g

3.3 Classification for Non-unimodular Poisson Algebras

In this section, our objective is to provide a classification of graded Poisson automor-
phisms for non-unimodular Poisson structures on k[zy, 2, z3]. In the classification, we will
impose certain restrictions on the coefficients associated with the Poisson structures. The
primary motivation for imposing these conditions is to guarantee that whenever the product
of a coefficient and a variable equals zero: cx; = 0, the variable itself must also be equal to

zero: x; = 0.

Non-unimodular 1. {x1, x5} = prixe, {X2, 23} = quows, {x3, 21} = rejxs.
Restriction on coefficients: —(p = q =r).

The linear Poisson normal elements of P are scalar multiples of xy, 2o, x5 [GW20, page
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1260]. This forces ¢ to take one of the following forms:

a 0 0 a 0 0 0 a O 0 a O 0 0 a 0 0 a
0O b 0],]0 O b|,|b 0 0],|0 0 b|,[b 0 0,0 & 0f,
0 0 ¢ 0 ¢ O 0 0 c c 0 0 0 ¢c O c 00

for some a, b, ¢ # 0. The 1st matrix is a graded Poisson automorphism. However, the 2nd-6th

matrices are not graded Poisson automorphisms. As an illustration, consider the 2nd matrix

Pa:
G2({71, 12}) =pabriws, {pa(71), po(22)} =rabr s,
G2({z2, 23}) =qbcwazs, {Pa(r2), Pa(3)} = — gbcxaws,
b2({z3, 21}) =racriza, {P2(73), Pa(71)} = — paczrizs.
A concurrent satisfaction of all three equalities necessitates setting p = ¢ = r = 0, a

contradiction to our imposed constraints on coefficients. In conclusion,

a 0 0
PAut,, (P) = 0 b 0| :a,bc#0
0 0 ¢

Non-unimodular 2. {x1,zo} = p(a? + x3), {xa, v3} = 2pr173 — U273,
{3,211} = qr123 + 2pT223.
Restriction on coefficients: p,q # 0, p # q, 4p* + ¢> # 0.
A straightforward calculation that solves the equation (ax+bxo+crs)(d;ix1+e;xo+ fizs) =
{axy + bxy + cxs,x;}, 1 < i < 3, shows that the linear Poisson normal elements of P are
scalar multiples of +ix; + 2 and z3. Let ¢ € PAut, (P). By Lemma 3.1.2, there are two

scenarios:

o If ¢(x3) is a scalar multiple of +ix; + xo, then az; = tiazy # 0 and azz = 0.
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o If ¢(x3) is a scalar multiple of 3, then ag;, azx = 0 and azz # 0.

By Lemma 3.1.1, ¢ satisfies the following system of equations, with redundant equations

omitted:
(1) af; + a3 =0.
(2) 2paizaszs = qagzass.
(3) 2payiass + 2paizasy — qagasz — qag3asr = 2pazaass — 2Pazzazz + a23a31 — A21033.
(4) 2paiaass + 2paizass — qasaazs — qaz3a32 = 2Pagzaz; — 2Paa1ass — qaz2a33 + (a23032.
(5) qaizass + qaizasy + 2passazs + 2passazy = 2pajiazs — 2paizaz; — qai3ass + qai2ass.

Suppose that as; = +iazgy # 0 and agz = 0. Equation (5) can be translated as ags =
(Fi — 2)asz. If we substitute this equality into (1): (+2ip+ q)ai; = 0, a contradiction to the
constraint 4p? + ¢* # 0 unless a3 = ag3 = 0. However, a;3 = ag3 = azs = 0 contradicts the
invertibility of ¢.

Suppose that az; = ass = 0 and agz # 0. A combination of (1) and (2) necessitates that

a3 = a3 = 0. Simplify the remaining equations. Equation (3) and (4) imply a;; = age and

@12 = —ao1. In conclusion,
a b 0
PAut, (P)=4¢ |=b a 0| :a,b,c#0
0 0 ¢

Non-unimodular 3. {x1,zo} = 2%, {xe, 23} = 22123 — w23, {X3, 71} = pr173.
Restriction on coefficients: p # 0.
Let ¢ € Auty(P). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:
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(1) a%l = Q11022 — G1202].

(4) 2a11a13 = 2a12a93 — 2013092 + pa13a — Pai1Gas.
(5) 2a12a32 — passase = 0.
(6) 2a11a32 + 2a12a31 — pasiasze — pasaz; = 0.

Immediately, from (2) and (3), we can deduce that aj3 = a13 = 0 and a1; # 0. Therefore,
(1) and (4) imply that a;; = asg and agg = 0, respectively. Lastly, (5) and (6) lead to agy = 0

and az; = 0. In conclusion,

a 0 0
PAuty,(P) =4 |b a 0| :a,b,c#0
0 0 ¢

Non-unimodular 4. {x1,zo} = pr12e, {T2, 23} = 23 + quoxs, {3,711} = pr173.

Restrictions on coefficients: p,q # 0.

A straightforward calculation that solves the equation (ax1+bxo+cr3)(d;xi+e;x0+ fixs) =
{axy + bxy + cxs,x;}, 1 < i < 3, shows that the linear Poisson normal elements of P are
scalar multiples of z1. Let ¢ € PAutg(P). By Lemma 3.1.2, a;o = aj3 = 0 and ay; # 0.
By Lemma 3.1.1, ¢ satisfies the following system of equations, with redundant equations

omitted:
(1) 91 = 0.

(2) Q93 — 0.
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(3) a%l = 220Q33.
(4) a3y = 0.
(5) asy = 0.

Simplification is straightforward: (1), (2), (5) imply that as; = ass = az and ag # 0.
Next, (3) implies that a;; = +,/asass and (4) implies that azs = 0. In conclusion,

+vab 0 0

PAut,, (P) = 0 a 0]|:a,b#0
0 0 b
Non-unimodular 5. {x1,z2} = pa?, {za, 23} = (2p + 1)x123 + X973, {X3, 71} = —173.

Restrictions on coefficients: p # 0, %
Let ¢ € Auty (P). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:
(1) paf; = pairag — paaag.
(2) paiy = 0.
(3) pai; =0.
(4) 2paniaiz = (2p + 1)aiaags — (2p + 1)aizag — ai3az + aniazs.
(5) (2p + 1)aiaass + axasz; = 0.
(6) (2p+ 1)anasz + (2p + 1)aizaz + aziazs + axaz = 0.

Simplification is straightforward. Equation (2) and (3) indicate that a;2 = a;3 = 0 and
a1 # 0. Subsequently, (1) implies that ay1 = agg, (4) implies that ag; = 0, (5) implies that
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asze = 0, and (6) implies that a3 = 0. In conclusion,

a 0 0
PAut,, (P) = b a 0| :a,c#0
0 0 ¢
Non-unimodular 6. {x1,z2} = =123, {22, 23} = prows, {23, 21} = —pr123.

Restrictions on coefficients: p # 0.
Let ¢ € Autg(P). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:

1.2 1 1
(1) —5a11 = —5a11a22 -+ 5@126@1.

(3) —%a% = 0.
(4) —%Gnaw = —paizazi + paiiazs.
(5) pagaazy = 0.

(6) Ppasiass + pageazy = 0.

Notice that (2) and (3) imply that a;o = a13 = 0 and ay; # 0. The remaining simplifica-
tions are: (1) implies that aj; = age, (4) implies that ass = 0, (5) implies that az, = 0, and

(6) implies that az; = 0. In conclusion,

a 0 0
PAut,, (P) = b a 0| :a,c#0
0 0 ¢
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Non-unimodular 7. {xy, 12} = px? + pa3, {2, 23} = qrozsz + (2p + r)w123, {T3, 21} =
(2p + r)xox3 — qT1X3.

Restrictions on coefficients: p,q # 0, 2p+1r #0, (2p+1r)* + ¢* # 0.

A straightforward calculation that solves the equation (axi+bxo+cx3)(d;xi+e;x0+ fixs) =
{axq + bxy + cxs,x;}, 1 < i < 3, shows that the linear Poisson normal elements of P are
scalar multiples of +iz; + 22 and z3. Let ¢ € PAut, (P). By Lemma 3.1.2, there are two

scenarios:

o If ¢(x3) is a scalar multiple of iz + x5, then as; = +iase # 0 and agz = 0.

o If ¢(x3) is a scalar multiple of 3, then ag;, azs = 0 and azz # 0.

By Lemma 3.1.1, ¢ satisfies the following system of equations, with redundant equations

omitted:
(1) af3+a3s =0.
(2) (217 + 7”)@230133 — qaizagz = 0.

(3) qasiaszs+qassazs + (2p+r)aiiass+ (2p+1r)aizas; = (2p+1)(ageass — assaszs) — q(assaz —

a21a33)-

(4) qasass+ qassaza+ (2p+r)aisass+ (2p+1)aizase = q(asass —assase) + (2p+1)(assaz —

a21a33)-

(5) (2p+7)axass+ (2p—+1)azsass — qaiaass — qazase = q(a13asz —arsass) + (2p+7)(anass —

a13a31)-

The simplification process is analogous to that of Non-unimodular 2. Suppose that az; =

+iaszy # 0 and azz = 0. Equation (5) can be translated as a?; + a3; = (ﬁ + %i) ais.

Notice that ig + 2% 4 =4 () as we are assuming (2p + )% 4+ ¢ # 0. However, (1) requires
(2p+r) 2p+r
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a3; + a3; = 0, a contradiction unless a;3 = ag3 = 0. In that case, a;3 = ag3 = azz = 0
contradicts the invertibility of ¢.
Suppose that azg; = aze = 0 and azz # 0. A combination of (1) and (2) necessitates that

a3 = a3 = 0. Simplify the remaining equations. Equation (3) and (4) imply a;; = age and

a12 = —ag;. In conclusion,
a b 0
PAut,, (P)=4¢ |=b a 0| :a,b,c#0
0 0 ¢

Non-unimodular 8. {x1,xs} = B29a% + 22903 + a3, {29, 23} = prias, {3, 11} = prows.

Restrictions on coefficients: p # 0, p+ q # 0.

A straightforward calculation that solves the equation (ax+bxo+crs)(d;ix1+e;xo+ fixs) =
{axy + bxy + cxs, x;}, 1 < i < 3, shows that the linear Poisson normal elements of P are
scalar multiples of z3. Let ¢ € PAutg(P). By Lemma 3.1.2, a3 = az; = 0 and ags # 0.
By Lemma 3.1.1, ¢ satisfies the following system of equations, with redundant equations

omitted:

(1) %Glg + p+qa23 + CL33 = iall(lgg F a12091.
(2) paisass = fazass F azaz:.

(3) paiiass + Paisas; = Pag20a33 — Paa3Qs2.

(4) paisass + paisasy = passasi — pas1azs.

(5) pasgsass = Lajzaz F arase.

Equations (2), (3), (4), and (5) impose the following constraints: a;3 = 0, a11 = ass,

a1y = —agy, asg = 0, respectively. Finally, equation (1) asserts that ajo = £+/a3; — aj1a2.
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In conclusion,

a +vb2 —a? 0
PAutgr(P) = FVb% — a? a ol :b 75 0
0 0 b

Non-unimodular 9. {x1, 22} = —gai, {xs, x3} = pai — 323 + w133, {23, 21} = $2125.

Restrictions on coefficients: p # 0.

A straightforward calculation that solves the equation (axi+bxo+crs)(d;xi+e;x0+ fixs) =
{axq + bxy + cxs,x;}, 1 < i < 3, shows that the linear Poisson normal elements of P are
scalar multiples of x;. By Lemma 3.1.2, a5 = a2 = 0 and ay; # 0. By Lemma 3.1.1, ¢

satisfies the following system of equations, with redundant equations omitted:

12 _ 1 1
(1) —zaf; = —3011G22 + 3A12021 + PA12G23 — Pa13G20.

2 1 1

(2) —3a11012 = 3013021 — 30A11023.

3) 1 —_1 1 —

(3) 3011021 = —3012031 + 3011032 + PA13a32 — PA12A33.

1 1 _1 1
(4) zaia + 3012021 = 3011033 — 3013031

Immediately, it follows that ass = 0, a1y = age, as; = ass, ass = asz in the corresponding

order of (2), (1), (3), (4). In conclusion,

a 0 0
PAut,(P)=4¢ [b a 0| :a#0
c b a

Non-unimodular 10. {x1, 22} = —(2p + )22, {x9, 23} = pa3 — (4p + 1)zy23, {23,721} =
(2p + 1)z 25.

-y : . 11 1
Restrictions on coefficients: p #0,—7,—3,—5.
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A straightforward calculation that solves the equation (axy+bxo+crs)(d;ix1+e;x0+ fizs) =
{axy + bxy + cxs,x;}, 1 < i < 3, shows that the linear Poisson normal elements of P are
scalar multiples of x;. By Lemma 3.1.2, a5 = a2 = 0 and ay; # 0. By Lemma 3.1.1, ¢

satisfies the following system of equations, with redundant equations omitted:
(1) —(2p+ 1)a2, = —(2p + 1)(ar1a2 — ayzas).
(2) —2(2p + 1)ajias = (1 + 2p)(aizaz — ajgass).
(3) pa3, — (1 +4p)ariazs = —(2p + 1)(az1azs — azoaz).
(4) pa3y — (1 + 4p)arsass = p(aznass — assass).
(5) (14 2p)aiiasr = —(2p + 1)(ai2as1 — ar1asz).

2
Immedlately, it follows that a11 = Q92, 423 = 0, Q92 = Q33, 421 = A32, A31 — 221 in the

2a11

corresponding order of (1), (2), (4), (5), (3). In conclusion,

a 00
PAut,, (P) = b a 0| :a#0
2
g—a b a

Non-unimodular 11. {z1, s} = px? + qx3, {x2, 23} = (2p + 1)z123, {73, 21} = 0.

Restriction on coefficients: p # 0, —%, —i, q#0.

A straightforward calculation that solves the equation (ax|+bxo+cxs)(d;xi+e;x0+ fixs) =
{axq + bxy + cxs,x;}, 1 < i < 3, shows that the linear Poisson normal elements of P are

scalar multiples of +i, / %xl + 3 and z3. Let ¢ € PAuty (P). By Lemma 3.1.2, there are

two scenarios:

o If ¢(z3) is a scalar multiple of +i, /%xl + x3, then ag; = =+, /%agg # 0 and

a3y — 0.
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o If ¢(x3) is a scalar multiple of 3, then ag;, azx = 0 and azz # 0.

By Lemma 3.1.1, ¢ satisfies the following system of equations, with redundant equations

omitted:
(1) pai, + qa3, = panas — paizas:.
(2) paf, +qas, = 0.
(3) pafs + qa3s = qaiiass — qai2as:.
(4) 2pariarz + 2qaziazs = (2p + 1)aizags — (2p + 1)aizag.
(5) (2p + 1)ajias; = pasiazy — paseas;.
(6) (2p+ 1)aizass = qaxasy — qazaz:.

Suppose that a3; = =i %%1@33 # 0 and azs = 0. By (2), a;2 = 0 and as # 0.
Since ag; # 0, we may rewrite (5) as agy = —21’%1@11. Constrained by (6), we deduce that

(3p+1)q +q v/ (3;;+1)qa

a13 = Fitg G2 = 11- Upon substituting this equality into (3): ag3 = +aq;.
However, a simplification of (4) shows that 4p + 1 = 0, a contradiction.
Suppose that ag; = agy = 0. It follows from (2) and (6) that a;2 = a13 = 0 and ay; # 0,

and subsequently from (1) and (3) that a;; = ags and ass = faq;. In conclusion,

a 0 0
PAutgr(P) = b a c a 7é 0
0 0 =Za

Non-unimodular 12. {x1, s} = px3 + qa3, {79, x3} = 22 + (1 + 2p)x123, {73, 71} = 0.

Restriction on coefficients: p # 0, —%, —%, q=0.
Let ¢ € Autg(P). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:
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(1) pai, = paiiags — aizag.

(2) pa%Q = 0.

(3) paiy = 0.

(4) afy + (14 2p)arias; = pasiasy — paxasy + Gzza33 — Ag3as:.
(5) 2a11a12 + (1 + 2p)ariase + (1 + 2p)ajzas; = 0.

At once, based on (2) and (3), a;2 = a13 = 0 and ay; # 0. Subsequently, it can be deduced
from (1) and (5) that a1 = ag and azs = 0. Finally, (4) dedicates that ag; = %3=31L  In

1+3p
conclusion,
a 0 0
PAut,, (P) = b a c|:a,d#0
e 00 d

1+3p

Non-unimodular 15. {z1, s} = px3 + qr3 + 21173, {T9, T3} = 1% + 22 + (2p + 1)71 73,
{z3,21} = 0.
Restriction on coefficients: p # 0, —%, q=0,r=0.
A straightforward calculation that solves the equation (ax1+bxo+cr3)(d;x1+e;x0+ fixs) =
{axy + bxy + cxs,x;}, 1 < i < 3, shows that the linear Poisson normal elements of P are
scalar multiples of 21, 3, and (p + 1)x1 + x3. Let ¢ € PAuty (P). By Lemma 3.1.2, ¢‘P1

takes one of the following forms:

1 1
ai 0 0 0 0 a3 (p -+ g)alg 0 a3 (p —+ g)alg 0 a13
21 Ag2 A23| > a21 A2z A23] > 21 A22 A23 | » a1 Q22 Q23
asy 0 as3 asy O ass asy O 0 O 0 as3

By Lemma 3.1.1, ¢ satisfies the following system of equations:

(1) pa?, + 2a11a31 = paiiase — paiaas;.
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(2) pals + 2a13a33 = a12a23 — A1302.

(3) 2paiiaisz + 2ar1ass + 2a13a31 = 2a11a2 — 2612091 + (2p + 1)a12a23 — (2p + 1)aizass.
(4) 2paizais + 2a12a33 + 2a13a32 = 0.

(5) a3; + (2p + 1)a1az; = pagiass — paaz;.

(6) a3z + (2p + 1)arsass = agass — agsasy.

(7) 2as1a33+(2p+1)ariass+(2p+1)aizas = 2aga33—2a92a31+(2p+1)assaszs—(2p+1)assass.

Suppose that gb{Pl takes the form of the first matrix. Based on (1) and (5), we can derive
that as; = £(ag — ai1) and ag = ass. Substituting these values into (11), we ascertain that
aj1 = ag and az; = 0.

Suppose that ng’ P takes the form of the second matrix. Referring to (6), it is clear
that azys = 0. Additionally, by examining (5) and (7), it can be deduced that ass = 0,
contradicting to the invertibility of ¢. As a consequence, no graded Poisson automorphism
can take this form.

Suppose that ¢| P takes the form of the third matrix. Upon simplifying (3) and (11), it
follows that a;; = a13 = age = 0, contradicting to the invertibility of ¢. As a consequence,
no graded Poisson automorphism can take this form.

Suppose that ¢ p, takes the form of the fourth matrix. By combining (3) and (9), it is
deduced that ass = (p + %)alg. However, (1) simplifies to ay; = ag = (p + %)alg, implying
that a11 = a13 = ass = 0, contradicting to the invertibility of ¢. As a consequence, no graded
Poisson automorphism can take this form.

In conclusion,
a 0 0

PAuty,(P)=q |b a c|:a#0
0 0 a
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3.4 Classification for Deformation Quantizations

In this section, our objective is to provide a classification of graded automorphisms for

the standard deformation quantizations of quadratic Poisson structures on k[zy, o, 23].

Let P = k|x1, z2, 23] be a quadratic Poisson algebra and Py be its standard deformation
quantization. Suppose that ¢ € Auty (P;). The graded automorphism ¢ can be uniquely
a1 Giz2 Qi3
represented by a 3 x 3 invertible bmatrix |ay; a9 ag| for some a; € k, 1 < 4,5 < 3,
azy az2 @33
3

satisfying ¢(y;) = Z a;;y;, 1 <1i <3 and the following compatibility conditions on a;;’s:
j=1

h .
5 Zci’j{fb(yk?ﬂ +yiyr) = d(lyi,y5]), 1 < 1,5 < 3.
kil

Expand the RHS:

h
5 Z ijf(b(ykyz + yiyr) =(anaje — ana;)y1, yo]
Kl

+(ainaj3 — aizajs)[ys, ys]
—|—(a1'3aj1 — Gila/jS) [y37 yl]

h 'y
=(anaj — am%‘l)g Z C’f,él (ywyr + yryw)

U
h [N
+aizags — aiaje); kzl: 3 (Y + Yoyr)
+(aa1 — aqa 3)E Z Cg,il/ (Y yr + yoryr ).
’ ! 2 k!l 7

Given that the coefficients of y,y; and 5, on the LHS coincide, and that the coefficients
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of ypyy and ypyr on the RHS also coincide, we may reduce the equation to:

/

k.l KU
Z ¢ 0(yryr) =(anaje — aigaj) Z C12 Y'Y
k,l

KU

k'
+(aipajs — a;3a;2) E Ca3 Y'Yv

kU

K
+(aa1 — anajs) E C31 Ye'Yu-

Bl

In the following lemma, we state the equivalency of classifying the graded automorphisms

of P and classifying the graded Poisson automorphisms of P.

Lemma 3.4.1. Let P = k[xy, 29, 3] be a quadratic Poisson algebra and let Py, be its standard

deformation quantization. Then Aut,, (FP;) = PAut,, (P) as groups.

a1

Proof. Let ¢y, € Auty, (D), written as |ay,

a3
3

Q12
a22

a32

13

ays | for some a;; € k, 1 <14, j < 3. Define

a33

¢ P — P as follows: ¢(z;) = Zaijxj, 1 <@ < 3. It is clear that invertibility of ¢

j=1

is equivalent to the invertibility of ¢ and it remains to show that ¢ preserves the Poisson

bracket. For 1 <i < j <3,

o({zi, z;}) =(anajo — apaji){z1, xa} + (ainajs — aiza){re, x3} + (aisaj — anajs){xs, x1}.

Since {x;, z;} = Z cﬁ’;ka’l, the LHS can be expanded into:

kil

1 ‘el
2 > e dlapar) =(anaz — apaj){z, 25}

PG

+(aipajz — asajo){xs, 3}

+(aizan — anajz){xs, x1}
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Kl
:(ailajz - az‘2aj1) E C19 Tk Ty

KU
KU
+(CL1‘2(IJ'3 — aigajg) E CQ,é T Xy
Wl
i
—l—(aigaﬂ — a,-lajg) E 03’1 T Xy
Wl

Notice that this condition is precisely what makes ¢, a graded homomorphism of Py (by a

h
factor of 5) Up to this point, we have defined a mapping Autg, (P;) — PAuty, (P) : ¢p — ¢
that is apparently a group homomorphism. Its inverse can be constructed in a similar

manner. O

Lemma 3.4.1 states that the classification of Aut, () is equivalent to the classification
of PAut,, (P). In practices, the latter is preferred due to its simplicity (smaller basis), and a

comprehensive classification has already been provided in Section 3.2 and 3.3.

Proposition 3.4.2. Let P = k[z1, 9, x3] be one of the quadratic Poisson algebras and let
P, be its standard deformation quantization. Then PAuty (P) = Aut,(F)) contains the

following automorphisms:

Case PAut,, (P) & Autg,(P;)
_i\/m 0 0-
14-1 a b ¢
L d © f_
_a 0 0_
14-2 06 0
c d a




Case PAut,, (P) & Autg,(P;)
_a 0 O_ _0 a 0_ _0 0 a_
14-3 0 b 0> (0 0 bf,|b 0 0
_O 0 cl ¢ 0 O_ _O c O_
0 a 0_ _O —a 0_ _—a 0 0-
14-4 —a —a 0 —a 0 O)s|a a 0}
b ¢ a b ¢ a b ¢ a
-—a —a 0- _a a 0- -a 0 O-
a 0 0510 —a 0]5]0 a O
_b ¢ a _b ¢ a _b ¢ a
_a 0 0_
14-5 0 a O
_O 0 a
W 0 0 _—%a +¥3q 0|
14-6 0 a 0f) |[F%La —la 0
0 0 a %a :F%ga a
| -1 0 O- -0
14-7 ta#0)x ([0 b 0] :b=&&) | x (|0 )
0 0 b 1
- a 0 O-
14-8 0 % 0
_b—a 0 b_
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Case PAut,, (P) & Autg,(P;)
a 0 0
14-9 b a 0
—% —b a
Case PAut,, (P) = Autg,(P;) Restrictions
-a 0 O-
1 0 b 0 p,q,r # 0.
_O 0 ¢
- a b 0-
2 ~b a 0 pa70,pF#q
00 e 4p* + ¢ # 0.
_a 0 0_
3 b a 0 p#0.
_O 0 q
Va0 0
4 0 a0 p,q # 0.
] 0 0 b_
-a 0 0-
5 b oa 0 p#0.3
_0 0 ¢




Case PAut,, (P) Restrictions
_a 0 0_
6 b a 0 p#£0.
_O 0 g
_ a b 0_
7 b a 0 pq#0,2p+71#0,
0 0 ¢ (2p+7)*+q* #0.
a +vb2 —a? 0
8 TV —a? a 0 p#0,p+q#0.
0 0 b_
-a 0 O-
9 b a 0 p#0.
¢ b al
-a 0 O-
10 b a 0 P#0,—5 —5 3
_a 0 0 _
1 b a c p#0,—3,—1,¢#0.
_O 0 :I:a_
— a 0 O-
12 b a c p#O,—%,q:O..
50

57
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Case PAut,, (P) Restrictions
_a 0 0_
13 b a c p;éO,—%,q:O,r:O.
_0 0 a

Recall that Lemma 3.1.4 [HTWZ23, Lemma 3.3] states that a graded Poisson automor-
phism of a Z-graded unimodular Poisson structure on k[z;, 9, x3] can be characterized as a
graded automorphism of the underlying k-algebra that preserves the superpotential up to a
scalar factor. It is desirable to establish a corresponding lemma for non-unimodular Pois-
son structures on k[zy, x9, z3]; however, a challenge arises due to the absence of the notion
of twisted superpotentials for non-unimodular Poisson structures (in contrast to the well-
established notion of twisted superpotentials for skew Calabi-Yau algebras [MS16, Definition
2.5]). Nonetheless, Lemma 3.4.1 allows us to circumvent this problem by transferring the

lemma to standard deformation quantizations:

Lemma 3.4.3. Let P = k[xy, 29, 3] be a non-unimodular quadratic Poisson algebra. There

exists a polynomial w € k(y1, y2, y3) such that

PAuty(P) = {6 € GLa(K) : 6(w) = A},

for some A4 € k*.

Proof. Since the standard deformation quantization Py is Artin-Schelter regular, its minimal

free resolution of k takes the form:

0= Py(=3) — Pu(=2)®® — P(-1)®* — P, = k — 0.

In particular, every boundary matrix is over (FP;);, and Py is 2-Koszul. Dubois-Violette has

demonstrated that any m-Koszul Artin-Schelter regular algebra is necessarily isomorphic to
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a derivation quotient algebra D(w, 1) for some twisted superpotential w € k{y;, y2,y3) [DVO7,
Theorem 11]. Subsequently, Mori and Smith has established that the graded automorphism
group of Pj has the following property: Autg () = {¢ € GL, (k) : ¢(w) = A\yw} for some
Ay € k* [MS16, Theorem 3.2], and if ¢ € Auty, (Fy), the value A4 is equal to hdet(¢) [MS16,
Theorem 3.3]. Using the isomorphism PAut,, (P) = Auty(F;) in Lemma 3.4.1, we obtain
the desired result. O

According to Lemma 2.4.4, the standard deformation quantization P, of P is Artin-
Schelter regular; consequently, P is skew Calabi-Yau, as these two concepts are equivalent
for connected graded algebras, as established in [RRZ14, Lemma 1.2]. It should be noted
that the w in Lemma 3.4.3 is associated with the skew Calabi-Yau property of P; as in
[Pym15, Theorem 2.6].

As present, our knowledge regarding the w in Lemma 3.4.3 is limited to its existence. An
explicit formula of w would be helpful. My fellow graduate student Jiahao (Eric) Zhang is
currently researching on this topic. Those interested in further developments are encouraged

to follow his work.
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Chapter 4

CLASSIFICATIONS OF POISSON REFLECTIONS OF
P:k[X17X27X3]

In this chapter, we delve into the classification of Poisson reflections for all quadratic
Poisson structures on k[zy, xs, 23], as well as the classification of quasi-reflections for their

standard deformation quantizations.

4.1 Classification for Unimodular Poisson Algebras

In this section, our attention is centered on the classification of Poisson reflections for

unimodular Poisson structures on k[z1, z2, 23].

Unimodular 5, Unimodular 9.
It is clear that there are no Poisson reflections for these Poisson structures, as any graded

Poisson automorphism has three repeated eigenvalues.

Unimodular 1.
+Vbf —ce 0 0

A graded Poisson automorphism ¢ has the form ¢‘ P a b c|. Its eigen-

d e f

values are A — 4 /BF =, Mg Ay = LS EV (62_ P44 Notice that Aghs — N2 IE ¢

is a Poisson reflection, {1, Ao, A3} = {1,1,£} for some primitive root of unity €. If A\ = 1,

then A\A3 = 1, contradicting to {A\a, A3} = {1,&}. If A\ = &, then A A3 = &2, contradicting

to {Xa, A3} = {1,1} unless £ = —1. In that case, \; = =/bf —ce = —1, g+ A3 = b+ f = 2,
-1 0 O

and gb‘Pl takes the form | ¢ b ¢ | subject to the constraint b(2 —b) — ce = 1. Upon

d e 2—-b
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computation, it is found that the (2,3)-entry of the matrix, when raised to the nth power, is

ne. If ¢ has finite order, then ¢ = 0. Given that b(2 — b) = 1, it follows that b = 1 and ¢‘P1
-1 0 0

takes a simpler form | ¢ 1 0]. Again, upon computation, it is found that the (3,2)-entry

d e 1
of the matrix, when raised to the nth power, is ne. If ¢ has finite order, then e = 0. Upon

substituting this value, the resulting matrix has finite order 2. In conclusion,

-1 0 0
PR(P) = a 10
d 01
Unimodular 2.
a 0 0
A graded Poisson automorphism ¢ has the form gb‘ p = |0 b 0] Its eigenvalues are
c d a
a,a,b. If ¢ is a Poisson reflection, a = 1, b = £ for some primitive root of unity &, and

1 00
¢‘P1 takes the form [0 ¢ 0|. When raised to the nth power, the (3,1)-entry of the matrix

c d 1
(gb‘Pl)” is equal to nc, implying that ¢ = 0. In the meantime, the (2,2)-entry of the matrix
n_
is equal to " and the (3,2)-entry of the matrix is equal to d(i—l). If n is a multiple of

the order of £, the matrix ((ﬁ‘ Pl)” is equal to the identity matrix. In conclusion,

1 00
PR(P) = 0 &0
0 d 1

Unimodular 3.
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a 0 0 0 a O
A graded Poisson automorphism ¢ has three possible forms: gb‘ p, =10 b 0f, [0 0 b,

0 0 ¢ c 0 0

0 0 a

b 0 0f. Itisapparent that the first matrix encompasses the following Poisson reflections:
0 ¢ O

-§ 0 0- 1 00 100

0 1 0f, [0 & 0f, |0 1 0] for some primitive root of unity £. For the second and
0 01 0 01 0 0 ¢

third ma:crices, their eigenvalues are \; = vabc, \y = Vabc€s, A3 = Vabc€Z, where &3 is a
primitive 3rd root of unity. If ¢ is a Poisson reflection, then {\;, Ao, \3} = {1, 1,&} for some
primitive root of unity £. If A\; = 1, then M\A3 = &, contradicting to oAz = M. If A\ = &,

A 1 A Vabe€2
then =2 = = = 1, contradicting to 28 = S s &3. Consequently, the second and third
Ay 1 A2 Vabcs

matrices cannot be Poisson reflections. In conclusion,

¢ 00|l |tool [1too
PR(P)=410 1 0|.|0 ¢ o|.|0 1 0
001 |oo 1| |0oo0 ¢

Unimodular 4.

0 a O
A graded Poisson automorphism ¢ has six possible forms: gb} = |—a —a 0],
b ¢ a

0 —a O —a 0 0 —a —a 0 a a 0 a 0 0
—a 0 0|l,la a 0|, a 0 0,0 —a 0|,]|0 a 0| The eigenvalues of
b ¢ a b ¢ a b ¢ a b ¢ a b ¢ a
(-1£iv3)a

2
then {1, Ao, A3} = {1, 1, £} for some primitive root of unity . In any case, Ay + A3 # —Ay, a

the first and fourth matrices are \; = a, Ay, \3 = . If ¢ is a Poisson reflection,
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contradiction. The eigenvalues of the sixth matrix are a, a, a; consequently, it is impossible
for such a matrix to be a Poisson reflection. The eigenvalues of the second, third, and fifth

matrices are Ay = —a, Ay, \3 = a. If ¢ is a Poisson reflection, then ¢ = 1 and there ex-
0 -1 0 -1 0 0 1 1 0

ists three candidates for ¢: |—1 0 0|, |1 1 0|, |0 —1 0|. By a straightforward

b ¢ 1 b ¢ 1 b ¢ 1
calculation,

o -
1 0 0
0 1 0 n is even,
0 -1 0 n(b=c) nlc=b)
2 2
-1 0 0| =4 ) -
b 1 0 —1 0
1 0 0| mnisodd.
246 25t w25 1]

T -
1 0 0
0 1 0 n is even,
-1 00 5c nc 1
1 1 0 =9r¢ - -
b o 1 0 -1 0
-1 0 0| mnisodd.
b—|—"T_lc nc 1

In this case, a finite order Poisson reflection ¢ satisfies ¢ = 0.
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T -
1 0 0
0 1 0 n is even,
Lo nb b 1
0 -1 0| =9 ) -
b o 1 1 1 0
0 -1 0| mnisodd.
nb ”T_lb+c 1
\_ -

In this case, a finite order Poisson reflection ¢ satisfies b = 0.

In conclusion,

0 -1 0| [-1 00 |1 1 0
PR(P)=<|-1 0 o0|.|1 1 0|l.[0 =1 0
b b 1| | b 0 1] |0 ¢ 1

Unimodular 6.

a 0 0
A graded Poisson automorphism ¢ has two possible forms: ng! p =10 a 0,
0 0 a
—%a :I:*/Tga 0
:F\/Tga —%a 0|. The eigenvalues of the former matrix and the latter matrix are A;, Ao, A3 =

te ¥ a

(—1+iv3)a

a,a,a and Ay = a, Ay, \g = 5

, respectively. Neither can be Poisson reflections, as

discussed in prior instances.
Unimodular 7.
Gaddis, Veerapen, and Wang provided a comprehensive analysis of the linear Poisson

normal elements of this particular instance [GVW23, Lemma 4.3]. Given that A\* # 1,

it follows that there are no linear Poisson normal elements, thus excluding any Poisson
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reflections [GVW23, Lemma 2.2].

Unimodular 8.

a 0 0
A graded Poisson automorphism ¢ has the form ng’ p= 0 % 0. Its eigenvalues
b—a 0 b

2
are \{ = a, Ay = %, A3 = b. If ¢ is a Poisson reflection, then {1, Ay, A3} = {1, 1,&} for some

primitive root of unity £. If \; = 1, then A\pA3 = £ # A2, a contradiction. If \; = &, then the
-1 00
constraint AgA3 = )\% implies that £ = —1 and gzﬁ‘ P takes the form | 0 1 0f. Such ¢ has

2 01
finite order 2. In conclusion,

~10 0
PR(P)={|0 1 0
2 0 1

4.2 Classification for Non-unimodular Poisson Algebras

In this section, our attention is centered on the classification of Poisson reflections for

unimodular Poisson structures on k[z1, za, 23]

Non-unimodular 9, Non-unimodular 10, Non-unimodular 13.
It is clear that there are no Poisson reflections for these Poisson structures, as any graded
Poisson automorphism has three repeated eigenvalues.

Non-unimodular 1.
a 0 O

A graded Poisson automorphism ¢ has the form <Z>‘ = |0 b 0|. If ¢ is a Poisson

0 0 ¢
reflection, then two of the variables are equal to 1 and the remaining variable is a primitive
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root of unity £. In conclusion,

€00 1 00 1 00
PR(P)=3%10 1 0|,]0 € 0f,[0 1 0
0 01 0 01 00 ¢
Non-unimodular 2, Non-unimodular 7.
a b 0
A graded Poisson automorphism ¢ has the form gb‘ p=|—b a 0] Its eigenvalues are
0 0 c
a +1b, c. If ¢ is a Poisson reflection, either one of the following occurs:
14+¢ 1-¢
co=5b 2i C T

e a=1,b=0,c=¢,

for some primitive root of unity. Both matrices have finite order. In conclusion,

1 oo [ ££2o0
_ 1- 1
PR(P)=< 10 1 0. |F5 X 0
00 ¢ 0 0 1
Non-unimodular 3, Non-unimodular 5, Non-unimodular 6.
a 0 0
A graded Poisson automorphism ¢ has the form gzﬁ! p = |b a 0] If ¢ is a Poisson
0 0 ¢

reflection, then a = 1 and ¢ = £ for some primitive root of unity. Such matrices have finite

order if and only if b = 0. In conclusion,

100
PR(P)=410 1 0
00 ¢
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Non-unimodular 4.
+vab 0 0
A graded Poisson automorphism ¢ has the form qb} = 0 a 0]. Its eigenvalues

0 0 b
are £v/ab,a,b. If ¢ is a Poisson, then {£+vab,a,b} = {1,1,£} for some primitive root of

unity £. If {a,b} = {1,1}, then choosing —v/ab results in a non-trivial finite order matrix;
otherwise, if {a,b} = {1,£}, then ++v/ab cannot be equal to 1, a contradiction. In conclusion,

-1 0 0
PR(P)={|0 1 0
0 00
Non-unimodular 8.
a V2 —a? 0
A graded Poisson automorphism ¢ has the form qb‘ P = Vb2 —a? a 0. Its

0 0 b
eigenvalues are a ++/a? — b?,b. If ¢ is a Poisson reflection, then {a ++/a? — %, b} = {1,1,£}

for some primitive root of unity &. If {a & v/a? — b2} = {1, 1}, then choosing b = —1 results
in a non-trivial finite order matrix; otherwise, if {a £ va? — b2} = {1,£}, or equivalently,

1
b=1, then a = + and either one of the following occurs:

at+vVai—1=1= Va2 -1 =1-a = ad"-1=(1-a) = a=1,
a—vVa2—1=1= Va2 —1=1-a = a*—1=(1-a)® = a=1.

In either case, we arrive at a contradiction & = 1. In conclusion,

10 0
PR(P)=<{ (0 1 0
00 -1
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Non-unimodular 11.
a 0 O

A graded Poisson automorphism ¢ has the form ¢‘ p=|b a c|- Its eigenvalues are

0 0 Za

a,a,ta, and it is clear that selecting a = 1 leads to a Poisson reflection. In conclusion,

10 0
PR(P) = 01 0
0 0 -1

Non-unimodular 12.
a 0 0

A graded Poisson automorphism ¢ has the form q§| = b a c|. Its eigenvalues

d—a 0 d

3p+1
are a,a,d. Set a = 1 and d = & for some primitive root of unity £. By a straightforward

calculation,
1 0 0

(nz_:ﬁi)c—nc -
(¢’P1> I = — (Zfi)c

3p+1 —
"1
¢ 0 e
| 3p+1 i
In order to have finite order, b = . In conclusion,
3p +

1 00

PR(P) = 3pi1 1 ¢
-1

s 0§

It is time to record all Poisson reflections of non-unimodular quadratic Poisson structures
on k[xy, 9, 3] into a table for future reference.

Proposition 4.2.1. Let P = k[zy,x2, 23] be one of the non-unimodular quadratic Poisson



algebras. Then PR(P) contains the following automorphisms:

Case PR(P) Conditions
_5 0 0 _1 0 o- 1
1 01 0[:]0 € o]-]|0 p,q,r # 0.
00 1] |00 1] |0
I _gif +15
2 01 0, |F5s & p,a#0,p# g,
0 0 0 0 4p? + ¢* # 0.
_1 0 o_
3 010 p#0.
_0 0 5_
-1 0 0-
4 0 10 p.q#0.
0 0 1]
_1 0 o-
5 01 0 p#0.5
_0 0 f_
_1 0 0-
6 010 p#0.
_0 0 5_

69
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Case PR(P) Conditions
1 0o | ££0
7 01 0f,|F% H£ o0 p,q#0,2p+7#0,
00 ¢ 0 0 1 2p+r)+¢*#0.
10 0
8 01 0 p#£0,p+q#0.
00 —1
9 0 p # 0.
10 0 pA0,-1 1 1
10 0
11 01 0 pP#0,—5, -3, ¢#0
00 —1
1 00
12 1 oc p#0,—5,—35, ¢ #0.
sir 0 ¢
13 0 p#0,—-1,¢=0,r=0.

Classification for Deformation Quantizations

standard deformation quantizations of unimodular Poisson structures on k[, o, 3).

We begin by noting the following;:

70

In this section, our attention is centered on the classification of quasi-reflections for the

Lemma 4.3.1. Let P = k[z1, 2, 23] be a unimodular quadratic Poisson algebra and let P,

be its standard deformation quantization. Suppose that ¢ is a graded automorphism of P;.

If ¢ satisfies the following conditions:
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aj; ajp 0
(1) ¢ has the form QS‘Pl: as; azp 0 |,

a31 dazz G33

(2) the coefficients of y1ys3, y2ys3, y2 are equal to 0 in the commutator bracket [y, ya],
(3) the coefficient of y3 are equal to 0 in the commutator brackets [y2, y3] and [ys, y1],
and either of the following conditions:

(4) the commutator bracket [y1,ys] is equal to 0,
(47) the entries ajq, ag; are equal to 0,

(47) the entry ajy is equal to 0 and the coefficient of y3 in the commutator bracket [y;, o]

is equal to 0,

then ¢ is a quasi-reflection if and only if ¢ is a classical reflection.

Proof. Fix a degree d > 0. Take an arbitrary basis element yiyly¥ from (Py)g: i+j+k =d
[DMLIS, page 254]. Apply ¢ to yiyly:

DY yhys) = (annyr + a10y2) (aoyyy + asoys) (asyyy + asays + assys)k.

To compute the trace series Trp, (¢, 1), we determine the coefficient of the term yiyéyz’,f after
rearranging the terms of gzﬁ(yiy%yéf) in lexicographical order.

Given that flipping y» and y; does not result in the generation of y3, the exclusive source
of y3 is the product (asiy; + assys + a33y3)k . In order to generate y'?f, the only choice is the
product of k copies of asszys. This is due to the observation that choosing asiy; or assys in
the product (as1y; + asays + assys)* results in a reduction by one in the number of copies of

ys3, based on the constraints (2) and (3).
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It remains to generate yiy,. If either condition (4), (47), or (4”) is met, it follows that the
coefficient of the term y}y% is identical to the coefficient of the term yiy% when we rearrange
the terms lexicographically subjecting to the relations y,y2 = yoy;. In conjunction with the
above argument regarding y%, the coefficient of the term yiy%ylg is identical to the coefficient
of the term yiy%yg when we rearrange the terms lexicographically in a polynomial ring, that

is, subjecting to the relations y1ys = ya2y1, Y2y3 = y3ye, y3y1 = y1y3. Consequently,

1 1

Trp,(¢,t) = det (I, — t¢’(Ph)1) (1= Xt)--- (1= Apt)’

where A1, --- )\, are the eigenvalues of the matrix ¢| (P
According to [KKZ09, Theorem 3.1], a quasi-reflection of a quantum polynomial ring, to

which P, belongs as established by Lemma 2.4.4, must be either a classical reflection or a

1 1
C-na+e) ” @02 >

some polynomial f(t) satisfying f(1) # 0. This rules out the possibility of ¢ being a mystic

mystic reflection. However, in the latter case, Trp, (¢, ) =

reflection, leading to the conclusion that ¢ is a quasi-reflection if and only if ¢ is a classical

reflection. u

Lemma 4.3.1 resolves 70% of the instances of classifying quasi-reflections for unimodular
quadratic Poisson structures on k[xy, 29, x3]. However, there are certain cases that remain

unaddressed, and these will be discussed in the subsequent lemma.

Lemma 4.3.2. Let P = K[z, 22, 23] be a unimodular quadratic Poisson algebra derived

from the following superpotentials:
1
Ql . :IZ'?, Qg : 25C1$2£E3, QG : Z'? + ZL'%Tg + x%xg, Q7 . g(l’? + l'g + x%) — )\1'1.%'2.1'3, )\3 % 1.

If ¢ is a graded automorphism of the standard deformation quantization Py of P, then ¢ is

a quasi-reflection if and only if ¢ is a classical reflection.

Proof. For Unimodular 1 and Unimodular 3, our objective is to establish that for any graded
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automorphism of the standard deformation quantization Py, the trace series

1
ES Y RN

TrPh (¢7 t) =

where Ay,---, A, are the eigenvalues of ¢|(Pﬁ)1' As illustrate in Lemma 4.3.1, this equality
enables us to conclude that a classical reflection is necessarily a quasi-reflection, and vice

versa.

Unimodular 1. Qy = 3.

+bf —ce 0 0
A graded automorphism ¢ of P, has the form qb‘ Py = a b c|. Fix adegree
d e f
d > 0. Take an arbitrary basis element yiylys from (Py)q: i +j +k = d [DMLIS, page 254].

Apply ¢ to yiydyh:
O(Yihys) = £/bf — ceyi(ayy + bya + cys)’ (dyr + ey + fys)*.

To compute the trace series Trp, (¢,t), we determine the coefficient of the term yi1ylyt after

rearranging the terms of ¢(yy3y%) in lexicographical order.

As ++/bf — cey! already supplies 4}, and flipping the order of any of the variables will not
result in an increase of ¥, and ys, our attention is solely on (bys + cys)?(eys + fys)* within
the last two multiplicands. Using the commutator relation [y, ys] = 3hy?, the coefficient
of the term yiygy’g is identical to the coefficient of the term yiyéy’g when we rearrange the

terms lexicographically in a polynomial ring. Using the same reasoning as in Lemma 4.3.1,

1
Trp,(¢,t) = L=t (1= Mt)

conclude that ¢ cannot be a mystic reflection.

where \q,---, A\, are the eigenvalues of (15|( P and we

Unimodular 3. Q03 = 2x12923.

Applying Lemma 4.3.1, it is sufficient to compute the trace series Trp, (¢,t) of ¢ of the



74

0 a O 0 0 a
forms qbl}(Ph)l =10 0 b ’¢2‘(Ph,)1 = |b 0 0|. Again, fix a degree d > 0 and take an

c 00 0 ¢ O
arbitrary basis element yiy3y% from (Pp)g: i+ j + k = d [DML9S, page 254]. Apply ¢, and

¢a:

h)(z Dk, k, i

%w@%@:aW@%%m—awcg+ﬁ yrybyl,

h 1
1+ﬁw”%%%

Ga(yiays) = a'Vrysylys = a't i
In both instances, the existence of the term yiyy¥ within ¢(yiyiyk) is equivalent to the con-

dition that « = j = k, and when this specific condition is satisfied, the coefficient of y}ygyéf is

identical to the coefficient of yiyéyg when we rearrange the terms lexicographically in a poly-
1

(T —=Xt)-- (1= Apt)’

where A1, .-+, A\, are the eigenvalues of gb’ (P’ and we conclude that ¢ cannot be a mystic

nomial ring. Using the same reasoning as in Lemma 4.3.1, Trp, (¢,t) =

reflection.

For Unimodular 6, we take an alternative approach.
Unimodular 6. Qg : xl + 2213 + x2x3

Our analysis in Section 3.2 shows that there is no classical reflection. As established
in Lemma 2.4.4, the standard deformation quantization P, is a quantum polynomial ring.

Therefore, our objective boils down to demonstrating that a graded automorphism ¢ of the

— %a j:‘/Tga 0
form (b‘ P = ;%ga —%a 0| cannot be a mystic reflection by a combination of Lemma
%a F 3fa a

4.3.1 and [KKZ09, Theorem 3.1]. By calculation,

_1 V3 _ 1.4 V3 4
50 + 5 0 50 + 5 0
3 1 _ 3 1
:Féa —§a 0 - :Féaél —§CL4 0 )
ga $%§a a gt :F%%4 a’
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is not the identity matrix, and, therefore, is not a mystic reflection.

For Unimodular 7, [KKZ09, Theorem 6.2, Corollary 6.3] has provided a comprehensive
analysis of its standard deformation quantization Py, proving that it has no quasi-reflections.
As P, is a quantum polynomial ring, it is tautological to state that ¢ is a quasi-reflection if

and only if ¢ is a classical reflection. O

It is time to record all Poisson reflections (resp. quasi-reflections) of unimodular quadratic
Poisson structures on k[xy, x5, x3] (resp. standard deformation quantization of unimodular

quadratic Poisson structures on k[xy, 29, x3]) into a table for future reference.

Proposition 4.3.3. Let P = k[z1, x2, 23] be one of the unimodular quadratic Poisson alge-
bras and let Py be its standard deformation quantization. Then PR(P) = QR(F;) contains

the following automorphisms:

Case PR (P) = QR(P)

-1 0 0

14-1 a 10

14-2 0 &0

14-3 0 1 0[-|0 & 0f-|0 10




Case PR (P) = QR(P),)

-1 0 0_ _
14-4 1 10

b 0 1
14-5 0
14-6 0
14-7 0

-1 0 0_
14-8 0 10

2 0 1]
14-9 0
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Chapter 5

VARIANTS OF THE SHEPHARD-TODD-CHEVALLEY
THEOREM OF P = k[X|, X, X3

In this chapter, we prove the majority of the main results of this dissertation: variants of
the Shephard-Todd-Chevalley Theorem for quadratic Poisson structures on k[xq, z9, 23] and

their associated algebraic structures.

5.1 Overview

Let P =Kk[zq,--- ,x,] be a Poisson algebra and let G be a finite subgroup of the graded

Poisson automorphism group of P. The invariant subalgebra of P under the action of G
PC={feP:¢(f)=fforall ¢ € G}

is a Poisson algebra under the Poisson structure inherited from P. Establishing P and P¢
are non-isomorphic Poisson algebras, by demonstrating the absence of suitable mappings,
can be a challenging task. In this dissertation, we are primarily relying on the following four
lemmas to distinguish Poisson algebras from their invariant subalgebras.

The first two lemmas assert that unimodularity can distinguish Poisson algebras. Fur-
thermore, when unimodularity is not provided, the Poisson twistings are invariant under

Poisson isomorphisms, provided that appropriate conditions are met.

Lemma 5.1.1. Let P = Kk[z1, - ,z,], @ = Kk[y1,--- ,ys] be Poisson algebras. If P is

unimodular and ) is non-unimodular, then P is not isomorphic to ) as Poisson algebras.

Proof. Let mp, mg be the modular derivations of P, (), respectively. Suppose that P is

isomorphic to ) as Poisson algebras through an isomorphism ¢. Given that the modular



78

derivation m,, is independent of the generators, we may compute mg with respect to the

generators {¢(x1), -, d(z,)}, instead of the conventional generators {yi,--- ,y,}. For all

feq,

= 6 i), - (9 ZTi, = 8 i,
mQ(f) = ; {¢é¢2xz)(9)} = ; % =¢ <; {69—:5@9}) = p(mp(g)) =0,

for some g € P. By definition, the Poisson algebra () is unimodular, a contradiction. O

It should be remarked that to prove the modular derivation of Poisson structure on
k[z1,--- ,z,] is independent of the choice of generators, or more precisely, the choice of
volume forms, requires a more general definition than the one given earlier. For a Poisson
algebra P admitting a volume form v, the divergence of a derivation ¢ with respect to v can
be defined as the unique value that satisfies the equation £,(§) = __ v, and the modular
derivation m can be defined as the mapping that assigns f € P to the negative of the
divergence of the Hamiltonian derivation {f, —}. Using this set of definitions, following a
computation analogous to [TWZ22, page 6], we can establish that when P is a polynomial

Poisson algebra, its modular derivation is independent of the choice of generators.

Lemma 5.1.2. Let P = klzy, -+ ,2,], @ = Kk[y1,--- ,ys] be Poisson algebras under the
standard grading, with their modular derivations written as mp, mg, respectively. If P and
() are isomorphic as Poisson algebras, then their Poisson twistings P~xmr and Q’im@ are

isomorphic as Poisson algebras.

Proof. Suppose that P is isomorphic to () as Poisson algebras through an isomorphism ¢.
Given that P, () are connected N-graded Poisson algebras that are finitely generated in
degree 1, we may assume ¢ is graded [GW20, Theorem 4.2]. First, we claim the following
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diagram is commutative:

P—> 5 Q
mPk ka
P—Q

For all f € P,

Smp()) = 6 (Z @) I I e )}

where the second equality follows from the commutativity of ¢ and differential operators,
and the fourth equality follows from the independence of choice of generators of m,.

Given that P~=2r = P and Q’im@ = (@ as k-algebras, we still have a k-algebra isomor-
phism ¢ between the Poisson twistings, and our task is to demonstrate that ¢ preserves the

Poisson structures. For all 1 <1i,5 < n,

S({e e =0({ze 25} e — 1 amp(a;) + - 1-zmp(a:)
=({re2538) — ~ () mp(e,) + ()6 (x)
={0(a1),0la)}g — ~0{em(6(e)) + ~o{a;)mg(9()
—(9(x0) 6(a;))e

where the third equality follows from the commutativity of the above diagram. m

There are two additional lemmas that, although less general than the former two, are

nonetheless highly useful in this dissertation.

Lemma 5.1.3. Let P = k[z1, 22, 23] be a quadratic Poisson algebra. If @ = k[y1, y2, y3] is a

Poisson algebra satisfying the following conditions:

(1) there exists a pair (i,5) € {1,2,3}*% such that {y;,y;} = f(y1,y2) — rys for some
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homogeneous f with respect to the grading deg(y;) = deg(y,) = 1, and some r € k*,

(2) the bracket {yx,y;} is a scalar multiple of a single monomial in y;, vy, y3, for all

(k, 1) € {1,2,3}¥\{(i, 1)},
then P is not isomorphic to () as Poisson algebras.

Proof. Suppose, for the sake of contradiction, that P and () are isomorphic as Poisson

algebras. Observe that such a Poisson isomorphism passes to a k-algebra isomorphism:

P/({P.P}) = Q/({Q,@Q})

For the k-algebra P, the ideal ({P, P}) is generated by {z;,z;}, where 1 < i,j < 3,

because:

dg 8h
{gvh}_ Z 0z 0 27‘Tj}7

1<ij<3
for all g,h € P. The quotient algebra P/({P, P}) is a connected N-graded algebra that is
finitely generated in degree 1, as the Poisson algebra P is quadratic and consequently the
ideal ({P, P}) admits a set of homogeneous generators of degree 2.

For the k-algebra @), by the same reasoning, the ideal {Q,Q} is generated by {y;,y;},

where 1 < 4,5 < 3. Based on the assumptions, we can write

a1, g, Qs

Yo Yo = Fn, v2) — 1y, {0 Yeto = sUS 05205, {YerYato = L) Us s’

for some {a, b, c} that is a relabeling of {1,2,3}, s,t € k, and a1, as, as, 1, B2, 53 > 0. The

quotient algebra

Q/(Q,QY) =k[y1, y2, ysl/(f — Ty, syT ys2ys® 1y ys? ys?)

a1 (03 t
g11([y1,yz]/(—y1 us?F 5 s )

is a connected N-graded algebra that is finitely generated in degree 1, as f is a homogeneous
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polynomial with respect to the grading deg(y;) = deg(y2) = 1.
Based on the preceding argument, [GW20, Lemma 4.1] applies. However,

dimy (P/({P, P})) =3 # 2 > dimy (Q/({Q,Q})),
a contradiction. ]

Lemma 5.1.4. Let P = k[zy, 29, 3], Q = K[y1, y2, y3] be the following Poisson algebras:

{r1, 10} =ra], {x9,23} = s17173 + SoT0x3, {13, 11} =tT173,

{ylayZ} :Tyf, {92:?/3} =NS1Y1Y3 + NS2Y2Y3, {y:s, yl} =nty1ys,

for some r,t € k*, s1,50 € k, and n # 0,1. Then P is not isomorphic to ) as Poisson

algebras.

Proof. The Poisson algebras P and () are connected N-graded Poisson algebras that are

finitely generated in degree 1. If P and @) are isomorphic as Poisson algebras through a

Poisson isomorphism ¢, then we can assume that ¢ is graded [GW20, Theorem 4.2] and
a1 Qiz2 Qi3

3
record it as |ag a9y agy| for some a;; € k, 1 < 4, < 3, satisfying ¢(x;) = Zaijyj,
j=1

azr @32 Aas3
1 <4 < 3. Given that ¢ is a Poisson homomorphism, ¢ preserves the Poisson structures:

d({x1, w2} p) ={P(x1), ¢<$2>}Q,
o({zs, z1}p) ={0(x3), d(21) }o-

By examining the coefficients of the terms 2, 23, ;23 in the first equality, and the co-

efficient of the term x;x3 in the second equality, we establish the following constraints on

¢‘P1:
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(2) Ta%3 =0,
(3) 2rajiaiz = nSl(a12a23 - a13a22) + nt(a13a21 - a11a23)7

(4) t(arrass + a13az1) = nsy(azase — a12a33) + nt(ay1azs — ajzasy)

Solving the four equalities results in a3 = as3 = azz = 0, contradicting to the invertibility

of ¢. Therefore, no such Poisson isomorphism ¢ exists in the first place. O]

Finally, we introduce an additional approach for distinguishing Poisson algebras: Poisson
cohomology (homology). While our dissertation does not require any computation of Poisson
cohomology (homology) due to the availability of simpler arguments, we include it because
it is a valuable tool for differentiating Poisson algebras from one another in broader con-
texts. Those interested in this subject are encouraged to read [LGPV13], [LWZ17], [TWZ22],
[HTWZ23|

Definition 5.1.5. Let P be a Poisson algebra.

e A derivation of P is a k-linear map 6 : P — P such that 6(fg) = d(f)g+ fd(g) for all
f,geP.

o A Hamiltonian derivation of P is a derivation ¢ : P — P such that ¢ coincides with
{—, f} for some f € P. The k-vector space of Hamiltonian derivations of P will be
denoted as Ham(P).

e A Poisson derivation of P is a derivation § : P — P such that §({f,¢}) = {0(f), 9} +
{f,d0(g)} for all f,g € P. The k-vector space of Poisson derivations of P will be denoted
as PDer(P).

o A skew-symmetric p-derivation of P is a skew-symmetric k-linear map § : A" P — P
that is a derivation in all coordinates. The k-vector space of all skew-symmetric p-

derivation of P will be denoted as Z7(P).
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Definition-Lemma 5.1.6. Let P be a Poisson algebra, with its Poisson structure written
as m. Define a sequence of boundary maps

s 2°(P) = 2*(P)

™

as follows: for all Q € 2 PT(P),

p

Qo+ F =D (1) n( Q.- o)

+ Z T f) s for s fi e s Fine e s fil.

0<i,7<n

The boundary maps d can be realized as a particular instance of the Schouten bracket
(7, —]s, allowing us to demonstrate that d® satisfies the condition d?> = 0 [LGPV13, page
95]. Consequently, the pair (2 *(P),d?) forms a complex, with the pth cohomology group
defined as the pth Poisson cohomology:

PHP(P) = ker d? /imd?™*.

As one may have discovered, Poisson cohomology can be realized as the Poisson coun-
terpart of Hochschild cohomology of associative algebras. The parallels can be observed
in several ways. For instance, the Oth cohomology PH® corresponds to the Poisson cen-
ter Z.(P), the 1st cohomology PH" represents the quotient of the Poisson derivations and
the Hamiltonian derivations PDer(P)/Ham(P), the 2nd cohomology PH? is related to the
classification of infinitesimal deformations, and the 3rd cohomology PH? is associated with
the obstructions of lifting infinitesimal deformations to formal deformations. Furthermore,

the Poisson complex 2Z7*( @ Z'P(P) is a Gerstenhabor algebra under the following
p>0



84

operations A and [—, —|g: for all Q € Z'9(P) and R € 27" (P),

(Q A R) [fla T 7fq+?“] = Z Sgn(g)Q[fa(l)a T afo<q)]R[fa(q+1)a T 7f0<q+7‘)]7

0ESq,r

[Qa R]S[fb ) fq-i-r—l] = Z Sgn(“)Q[R[fo(l)a e fa(r)]7 fo(r+1)a R fo(qurfl)]

UESq,r—l

- Z SgH(O')R[Q[fU(l), T fa(q)]a fJ(T+1)7 T fa(q-i-?“—l)]a

UESr,qfl
where S, ={o0 € 5,4, :0(1) <---<0(q),o(r+1)<---<o(g+r)}.

Example 5.1.7. Let P = k[z,y, 2]/(zy,y* yz) under the Poisson structure = = ydy A 0z.
The Poisson algebra P admits a k-vector space decomposition P = klz, z]>1 @ k @ ky, and
the Poisson complex 2°*(P) can be computed based on the relations of P:

X (P) = (k[z, z]>1 @ ky)Ox + (ky)9y + (k[z, 2]>1 @ ky)0=.

Z22(P) = (ky)ox A Oy + (ky)dy A 0z + (K[z, 2]>1 ® ky)dz A Oz.

Z3(P) = (ky)ox A Oy A Oz,

dk d?

0 —— P "y 27(P) s 22(p) "y 23(P) — 0.

(

klz,xz, 2%, 23 i=0

K[z 22,22, 250)% i=1

After an extensive computation, PH*(P) =
K[z, 22, 2%, 23]5 i=2

0 1> 3

\

When the Poisson algebra P has a limited number of relations, the computation of the
Poisson cohomology of P becomes a formidable task. As an alternative approach, one can
introduce a grading for the Poisson algebra P and use the Hilbert series to describe its

Poisson cohomology. This approach is exemplified in [TWZ22] and [HTWZ23].
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In a dual manner, we can define Poisson homology of a Poisson algebra P using the
Kahler differentials Q'(P) and QP(P) = AP Q'(P). In cases where the Poisson algebra P is
affine and its Kihler differentials Q!(P) admits a free P-basis Q'(P) = ({dwz1,--- ,dx;}) for
some dx; satisfying tr(dz;) = 0, there is a duality between Poisson cohomology and Poisson
homology:

PH,(P) = PH'™(P)

for all n > 0 [LWZ20].

5.2 A Variant for Unimodular Poisson Algebras

In this section, we prove a variant of the Shephard-Todd-Chevalley Theorem for unimod-

ular Poisson structures on k|x1, o, z3], stated as follows:

Theorem 5.2.1. (Shephard-Todd-Chevalley Theorem) Let P = k|[x1, z2, 23] be a unimodu-
lar quadratic Poisson algebra and let G C PAutg, (P) be a finite subgroup. Then the invariant

subalgebra PY is isomorphic to P as Poisson algebras if and only if G is trivial.

Proof. 1t suffices to prove =. The classical Shephard-Todd-Chevalley Theorem states that if
P% = P as algebras, then G is generated by reflections. Since G C PAut, (P), G is generated
by Poisson reflections. By Proposition 4.3.3, Unimodular 5, Unimodular 6, Unimodular
7, Unimodular 9 have no Poisson reflections, hence the statement is trivially true. For
Unimodular 1, Unimodular 2, Unimodular 3, Unimodular 4, Unimodular 8, we proceed with

a detailed analysis of each instance.

Unimodular 1. {z1, 22} = 0, {x2, 23} = 32}, {x3,2:} = 0.
-1 0 0

A Poisson reflection ¢ has the form gb‘ p=1a 1 0] If G contains two distinct Poisson

d 01
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100 100
reflections: qb1|P1 =la; 10 ,qbg{Pl = |ay, 1 0|. However, the product (¢1¢2)‘P1 =
dp 01 dy 0 1
1 0 0

as —a; 1 0|, a matrix of infinite order unless ay = a; and dy = d;. Consequently, we

do—d; 0 1
-1 0 0
may assume that G is cyclic generated: G = | ¢ 1 0| = Zy. To compute the invariant
d 0 1
subalgebra, we start by observing that the polynomials y; = 22, yo = gazl +To, Y3 = —x1+T3

2 2
are algebraically independent and remain invariant under the action of G. Embed the k-

algebra generated by 41, ys, y3 into the invariant subalgebra P. Using Molien’s Theorem to
compute hpa(t), we compare the Hilbert series of these two k-algebras, and conclude that

P% =K[y1, y2,y3]. The Poisson structure on the invariant subalgebra P is:

{y,2} =0, {y2,us} =3u1, {ys,m} =0.

By invoking Lemma 5.1.3, it becomes evident that the Poisson algebras P and @) are non-

isomorphic Poisson algebras.

Unimodular 2. {z1,x9} =0, {x2, 23} = 22139, {73, 21} = 2.

100
A Poisson reflection ¢ has the form gz5| p= (0 & 0f. If G contains two non-commuting
0 d 1
1 0 0 1 0 0

Poisson reflections: ¢1|P1 =10 &, 0 and ¢2’P1 =10 &, 0f,where§,, (resp. &,)isa

0 dy 1 0 dy 1
primitive n;th (resp. nyth) root of unity. Since @1y # ¢o¢y, the product (¢ @ 32_1)|P1 =
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1 00

0 1 0] for some d # 0; however, such a matrix has infinite order, a contradiction. There-

0 d 1
fore, G is a finite abelian group. Keeping ¢; and ¢, as above, the commutativity ¢1¢0o = @21

5712 —1
‘. _1d1.

Decompose G = Z,,, x---xZ,,  for some n; € N satisfying n;|n;1. According to the com-
1 0 0

is equivalent to dy =

mutativity condition, we may take the cyclic generator of Z,,, to be ¢; ‘ = |0 &, 0

Enl-_l
0 _snl—ldl 1

for some primitive n;th root of unity &,,, for all 1 <i < m. Define S={a e N":1 < q; <

ni}. For o = (a;)1<i<m € S, we define €% = €51 - - 5™, According to the Molien’s Theorem,

1 1 ! 1 L
hpc(t) = n ; (1 _t>2(1 _§Qt> = (1 —t)2 (nl"'nm Z (1 —gat)> .

a€sS

1
Before computing Z T,
— (1—=¢1)

of {£&m : 1 < oy < ). To prove the claim, we proceed by induction. When m = 2, the

, we claim that {£* : a € S} is precisely ny - - - n,,,_1 copies

set {£%: a € S} contains the following elements:

2 —1

1 é’nz o 222
2 —1

1 f’ru fnz é.’rn 5112 e gnlglzj
—1 —1¢2 -1 —1
g, G, o e

Each line can be realized as the image of a left multiplication map légll 2 (€ny) = (€ny), for
all 0 < a; < ny — 1. Since n;|ny, and consequently, £ is an element of (£,,), each line is a
permutation of the first line. This proves the base case: {16721 < oy < ny, 1 < ap < ny} s

precisely n; copies of {£,2|1 < ap < no}. Inductively, when m is arbitrary, the set {{*|a € S}
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contains the following elements:

1 Em—l Em—lgnm T Em nm =1

—1Sn,, )

where E,,_; = {{1--- 3:21_1 : 1 < a; < n;}. By the induction hypothesis, the set

Angn 1

&t 11 < ay < omgtods mang - ngp—g copies of {5l 1 1 < gy < N )
Consequently, we can view the preceding lines of elements as nins---n,,_o layers of the

subsequent lines of elements:

2 -1

1 £ G g
2 -1

1 Enm—1&nm gnm—lénm T gnmflérﬁ:
—1—1 —1—1¢2 —1—1 -1

1 67”;/:7; gnm Z’Z;ii Nm, e ggrnrjfi ;,T/L::LL

Again, from the induction hypothesis, the above lines of elements are ninsy - --n,,_1 copies
{&m 1 < ayy < nyy}oas claimed. We can compute the Hilbert series of the invariant subal-

gebra P¢ by using the claim:
1 ny:--Nm—1 1
hpc(t) = _
pott) (1—t)2( ny s T, 2 (1—53;"@)
1 1 1
o, 2, )
1

(1 =)L —trm)’

Set | = n,,. Furthermore, set y; = x1, yo = dyxy + (1 — &, )23, y3 = 4. The elements
Y1, Y2, y3 are three algebraically independent polynomials that are invariant under the action

of G. Consequently, we may embed K[y, s, ys] into the invariant subalgebra PY. Tt is
1

(1—12)2(1—-1)
k[y1,y2,y3] — P¢ is surjective because the cokernel has Hilbert series 0. Accordingly, we

evident that the Hilbert series of k[y1, yo, y3] is , and therefore, the embedding
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conclude that the invariant subalgebra P = K[y, y2,%3] and has the following Poisson

structure:

{ylayQ} = (5n1 - 1)9% {yz,ys} = 25(5711 - 1)y1y3, {93,91} =0.

Suppose that P¢ = P as Poisson algebras. Specifically, by applying (the contrapositive
of) Lemma 5.1.1, the invariant subalgebra is unimodular. This implies that we can find a

superpotential Q € k[yi, ya, y3] satisfying:

0N
" — \Snq 1 27 2 ni 1 ) 0.
ay3 (5 )yl (6 )ylyS y2

It is straightforward to verify no such €2 exists unless [ = 1, or equivalently, unless G is

trivial.

Unimodular 3. {x1, 12} = 22129, {x9, 23} = 2wows, {23, 21} = 22123,
This case is addressed in [GVW23, Theorem 4.5]. The conclusion is as follows: P¢ = P
as Poisson algebras if and only if G is trivial.
Unimodular 4. {x1,xs} =0, {x2, 23} = 2z129 + 23, {73, 21} = 2% + 22175.
0 -1 0 -1 0 0
A Poisson reflection ¢ has three possible forms: qb} = |—-1 0 0,1 1 0],
b b 1 b 0 1
1 1 0
0 —1 0]. First, notice that the finite automorphism group GG cannot contain two Poisson

0 ¢ 1
reflections of the same form.

e Suppose that GG contains two distinct Poisson reflections of the first form: gbl‘ p=
0 -1 0 0 -1 0 1 0 0
1 0 0| |, =|-1 0 0| Theproduct (¢id)|, =| 0 1 0

by b 1 by by 1 by —by by—b 1
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is a matrix of infinite order, contradicting to the finiteness of G.

e Suppose that G contains two distinct Poisson reflections of the second form: gbl{ =

-1 0 0 -1 0 0 1 00
1 1 0}, QSQ‘PI = |1 1 0|. The product (¢1¢2)|P1 = 0 1 0f is a
by 0 1 b, 0 1 by —by 0 1
matrix of infinite order, contradicting to the finiteness of G.

e Suppose that G contains two distinct Poisson reflections of the third form: gz51| =
1 1 0 1 1 0 1 0 0
0 -1 0}, QSQ‘PI = [0 —1 0]|. The product (¢1¢2)|P1 = |0 1 0| is a
0 ¢ 1 0 ¢ 1 0 bp—0b 1

matrix of infinite order, contradicting to the finiteness of G.

Consequently, the finite automorphism group G falls into one of the following three

categories:

(1) The group G is generated by three Poisson reflections of distinct types.

(2) The group G is generated by two Poisson reflections of distinct types.

(3) The group G is generated by a single Poisson reflection.

0 -1 0 -1 0 0 1 1 0
In Case (1), G = <¢1’P1 =|-1 0 0 ’¢2‘P1 =11 10 ,¢3|P1 =10 -1 0f)
a a 1 b 0 1 0 ¢ 1

By calculation, the product (¢;¢pa¢3) |7;,1 is not equal to the identity matrix I3 when n is odd,

and it equals the following matrix:

1 0 0
(¢1¢2¢3)\2 = 0 1 0
sb+c—a) nb+c—a) 1
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when n is even. As a result, the finiteness of G necessitates the condition: a = b+ c¢. Given

this equality, through further calculations, we observe that:

0 -1 of|-1to0o0[] 0 -1 0 11 0
(¢1026)]p = =1 0 0| |1 1 0] |-1 0 of= 0 —1 0| =03,
b+c b+c 1 b 0 1| [b+c b+c 1 0 ¢ 1

~1 00|t 1 0f|-100
(dodsdo)|p, =| 1 1 0| [0 =1 0 |1 1 0| = -1 0 0| =hip,
1

b 0 1| [0 ¢ 1 b 0 b+c b+c 1

11 o[ 0o -1 ooff1 1 0 ~10 0
(¢3¢103)|p, =10 —1 0| | =1 0 0| |0 -1 0] = 1 1 0] =¢2|p-

0 ¢ 1| |b+c b+c 1| |0 ¢ 1 b 0 1

In conclusion, we have established that G = (@1, ¢2, ¢3) = (@1, Pa) = (P2, P3) = (P3, P1),
and it is sufficient to consider the case when G = (¢1, ¢2) for both Case (1) and Case (2).

0 -1 0 -1 0 0
In Case (2), G ¢1‘P1 =|-1 0 0 ,¢2‘P1 =11 1 0|). By calculation,
a a 1 b 0 1

¢1‘p1 = ¢2‘p1 ¢1¢2) | P =13, Q102 # G201

The first equality implies that G is isomorphic to a quotient of the symmetric group Ss.
Further, the second inequality implies that G is isomorphic to S3, as S3 is the smallest finite

non-abelian group. Apply the Molien’s Theorem:

1/ 1 3 2 1
hpa(t) =& (<1 R R T R —t)<1+t+t2>) (- -e)1 )

After calculating / f= e Z o(f) for all monomials f € k[xy, 29, x3] with degree less
e
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or equal to 6, we discover that the elements y; = %(a +b)x; + %(2@ —b)xy + 3, Yo = T2+ 73
+19, Y3 = 225 + 3xiT9 — 3w105 — 205 are three algebraically independent polynomials that
are invariant under the action of G. Embed K[y, y2,y3] into the invariant subalgebra P¢.
Since the domain and codomain share the same Hilbert series, the cokernel is trivial. In other

words, the invariant subalgebra P® = k[yy, ¥, %3] and has the following Poisson structure:

{ylayQ} = Vs, {y27y3} = 07 {y37y1} = —6y§

By applying Lemma 5.1.3, PY is not isomorphic to P as Poisson algebras.

0 -1 0
In Case (3), we will concurrently discuss three subcases: G; = (gzﬁl}Pl =|[-1 0 0|)
a a 1
-1 0 0 1 1 0
Gy = <¢2‘P1 =11 1 0]), and G5 = <g253|P1 = |0 —1 0]). Notice that the finite
b 0 1 0 ¢ 1

automorphism group G; is isomorphic to Z, for all 1 < ¢ < 3, and the Hilbert series of the

invariant subalgebra is

1 1 1 1
hpo(t) = B ((1 e - (1-1)2(1 —|—t)> T 1-02(1 -

by applying Molien’s Theorem. As in our previous analysis, we can find three algebraically

independent polynomials that are invariant under the action of G;:

Y1 Y2 Ys
G1 T1T9 —T1 + T2 ari + T3
Go x? Yoy + a3 1T+ 2
G3 ZL‘% —Cx1 + T3 21‘1 + X9

By comparing the Hilbert series of the domain and the codomain of the embedding
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k[y1, 92, y3] — PY, we ascertain that the invariant subalgebra P% = k[y;, 92, y3] and has the

following Poisson structures:

{y1, y2} {y2,ys} {ys, y1}
G1 0 6y1 + 3 Y1Y2
Gy —4y1y3 %yl - ?J§ 0
Gs 2y1y3 _%yl + %?Jg 0

Suppose that P“ = P as Poisson algebras. Specifically, by applying (the contrapositive
of) Lemma 5.1.1, the invariant subalgebra is unimodular. This implies that we can find a
superpotential Q € k[y;, ya, y3] satisfying:

o0 o5} o)
8_y3 = {3/173/2}7 (9_3/1 = {ZJz’yz}; 8_1/2 = {ys,yl}-

It is straightforward to verify no such Q exists for G, G, and G35, and therefore, P¢ is not
unimodular, a contradiction.

In summary, if G is generated by Poisson reflections, then P¢ is not isomorphic to P as
Poisson algebras. Consequently, the condition P = P as Poisson algebras implies that G

is necessarily trivial.

Unimodular 8. {x1,x9} = x129, {T2, 23} = 373 + 22129 + Tox3, {73, 71} = 2% + 7123.

-1 00
A Poisson reflection ¢ has the form gb{Pl = |0 1 0|. Suppose that G = (¢) = Z,.
2 01

By the Molien’s Theorem,

1 1 1 1
hpa(t) = 9 ((1 — )3 T (1—1)2(1 —|—t)) - (1—1)2(1 —1¢2)

It is not difficult to show that the elements y; = @9, yo = 7y + 73, y3 = 27 are al-

gebraically independent and are invariant under the action of . Consider the natural
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inclusion K[y, ys,%3] < PY. Extend the natural inclusion into a short exact sequence and
apply Hilbert series. Given that the Hilbert series of a short exact sequence sums up to 0,
we deduce that the invariant subalgebra PY = k[yi,ys,%3]. The Poisson structure on the

invariant subalgebra is:

{y1,92} = vive +3ys,  {y2,y3} = 2y2us,  {ys, 11} = 2y1¥s.

To prove that P is not isomorphic to P as Poisson algebras, one can either invoke Lemma

5.1.1 or Lemma 5.1.3. Both approaches are equally straightforward. O]

5.3 A Variant for Non-unimodular Poisson Algebras

In this section, we prove a variant of the Shephard-Todd-Chevalley Theorem for non-

unimodular Poisson structures on k[xy, x5, 3], stated as follows:

Theorem 5.3.1. (Shephard-Todd-Chevalley Theorem) Let P = k[z, x5, 23] be a non-
unimodular quadratic Poisson algebra and let G C PAut, (P) be a finite subgroup. If
{—, —} satisfies the following conditions on its coefficients:

e Non-unimodular 1. p,q,r # 0.

o Non-unimodular 2. p,q # 0, p # q, 4p*> +q¢*> #0

e Non-unimodular 3. p # 0.

e Non-unimodular 4. p,q # 0.

e Non-unimodular 5. p # 0, 3.

e Non-unimodular 6. p # 0.

o Non-unimodular 7. p,q # 0, 2p+71r #0, 2p+7r)>+¢* #0

e Non-unimodular 8. p # 0, p+ q # 0.

e Non-unimodular 9. p # 0.
L
1

11
307 2"
e Non-unimodular 11. p # 0, —%, —}1, q#0.

e Non-unimodular 10. p # 0, —
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e Non-unimodular 12. p # 0, —%, —%, q=0.
e Non-unimodular 13. p # 0, —%, q=0,r#0.
Then the invariant subalgebra P¢ is isomorphic to P as Poisson algebras if and only if G is

trivial.

Proof. In a manner analogous to Theorem 5.2.1, it is sufficient to consider finite auto-
morphism groups that are generated by Poisson reflections. By Proposition 4.2.1, Non-
unimodular 9, Non-unimodular 10 have no Poisson reflections, hence the statement is triv-
ially true. For the remaining Poisson structures, we proceed with a detailed analysis of each

instance.

Non-unimodular 1.

£ 00
A Poisson reflection ¢ is one of the following commuting matrices: (¢;) } p =10 1 0},
0 0 1

1 00 1 00
(¢2)|p1: 0 &0 ,(¢3)‘P1= 0 1 0]. Similarly to the analysis in [GVW23, Proposition

00 1 00 ¢
2.6] and [GVW23, Theorem 4.5], it is clear that a finite Poisson reflection group admits

a decomposition G = G, X G, X G,,, where the subgroups G,,, G,,, G,, acts on the
subalgebras k[z1], k[xs], k[zs], respectively. Set n = exp(Gy,), 11 = zF, m = exp(Ga,),
Yo = a7, | = exp(Gasy), y3 = o4 . The invariant subalgebra PY = k[z7, 23, 2] has the

following Poisson structures:
{y1. 2} = pnmyrys, {2, ys} = gmlyays,  {ys, 11} = rnlyiys.

According to [GW20, Theorem 4.6], a Poisson isomorphism PY = P, or more explicitly, a

Poisson isomorphism between two Poisson structures that are defined by two skew-symmetric
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0O p r 0 pnm  rnl
matrix Mp= |—p 0 ¢| and Mpec = |—pnm 0  gml|, necessitates that Mpli, j] =
—r —q O —rnl  —qml 0

Mpclo(i),o(j)] for some o € S5, for all 1 < 4,5 < 3. Upon scrutiny of the permutations
in S5, it is observed that each odd permutation results in a contradiction, and each even

permutation results in the equality n = m = [ = 1, or equivalently, G is trivial.

Non-unimodular 2, Non-unimodular 7.

For these two Poisson structures, a Poisson reflection ¢ has two possible forms: ¢, } =

100 e % 0
010 7¢2| P :FIQ;Z.’E 1—J2r§ 0. Since ¢1‘ P, and (;52‘ p, are commuting matrices, a
0 0 ¢ 0 0 1

finite Poisson reflection group G is necessarily abelian. Suppose that the finite Poisson

reflection group G is generated by ¢11,- -, P1cys P21, Pacys P31, P3cy, Where ¢ are

100
Poisson reflections of the form (¢517)| p = |0 1 0], @2 are Poisson reflections of the
00 ¢
146 1=¢
= =z U
form (¢; )| s = |55 £ 0|, and ¢ are Poisson reflections of the form (¢3)| B =
0 0 1
146 1=¢
- = 0

1=¢ 1 (|. Through extensive (and routine) computations, the Poisson reflection

0 0 1
group G admits a decomposition:

G = <¢117"' 7¢1c1> X <¢217"' a¢202> X <¢317"' 7¢3C3>7

and each of the three components admits a further decomposition into invariant factors:
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1 0 0 10 0
<¢117"'7¢101>g< 01 0], 5|01 0 >’
_0 0 511 0 0 gldl
[ Lo 1ot Momay — 17omay,
2 21 2 21
<¢21’.”’¢202>:< 1 251»1 1+§1 o, ,|— 22:12 2d2 0 >’
0 0 1 0 0 1
e, . 0 1+&n, 1 €ng, 0
2 29 2 24
1-¢én 1+&n
<¢31’ 7¢3c3> g( 1262711 # 0 RN gidB +£2d3 O >
0 0 1 0 0 1

for some n;|ni1, mjlmjir, ller, for all 1 <@ <dy, 1 <j <ds, 1 <k <ds. Define

Si={aeN": 1< <L}, So={BeN2:1<qo; <m;}, S3={yeN®:1<q; <n}.

For a = (a;)1<i<d, € S1, 6= (Bi)1<i<dy € S2, v = (Vi)1<i<ds € 53, we will write
=g, C=g o, O=61 8.

According to the Molien’s Theorem and the computation in Theorem 5.2.1 Unimodular 2,

1 1
he(f) :(ll-..ld1m1 Ce Mg, - Z Z Z (1—¢t)(1 - &) (1 — &)

n
) ~ES3 BES2 a€ Sy

1 1 1 1 1 1
_ll"'ld1g;3<m1'” Z (n1-"nd3 Z 1—5%) 1—§5t> 11—t

m
da BESs acS
1

(1 = tla)) (1 — ™) (1 — 7))

Set | = l4,, m = mg,, n = ng,. ldentifying three algebraically independent polynomials

that are invariant under the action of G is straightforward: y; = (—ix; + x2)", yo = (iz1 +
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12)™, y3 = 4. The k-algebra k[y;, y2, 3] can be embedded into the invariant subalgebra
PC%.  After comparing the Hilbert series of klyi, 92, 3] and P, it becomes evident that

PY =K[y1, y2,y3]. The Poisson structures on P are:

Non-unimodular {y1, 92} {y2,ys} {ys, y1}
2 —2imnpy1yo —ml(2ip + q)y2ys3 —nl(2ip — q)y1y3
7 —2imnpy1ys —ml(i(2p+71)—q)y2ys | —nl(i(2p+71)+q)y1ys

Suppose that PY is isomorphic to P as Poisson algebras via some Poisson isomorphism
¢. The Poisson normal elements of PY are scalar multiples of 41, y2, y3, while those of P are
scalar multiples of 4ix; + x5, x3. Then Lemma 3.1.2 states that ¢ : P — P necessarily

takes one of the following forms on P

—ta a 0 —ia a 0 b b 0 i b 0 0 0 ¢ 0 0 c
Zb b O 9 O O Cl » _ia a O ) 0 O cl » _ia a O ) Zb b 0 )
0 0 c b b 0 0 0 c —ia a 0 b b 0 —ia a 0

for some a, b, c € k*.

For Unimodular 2, if qb‘ Po takes the form of the first matrix,
Pl

o({y1.92}) =—2imnpab(a; + x3), {61, y2)} = —2ipab(a7 + ),

(Y2, ys}) =—ml(2ip + q)bc(izy + v2)x3, {d(y1,42)} = —(2ip + q)bcxaws.

The condition that ¢ preserves the Poisson structures implies that m = n =1 = 1,
or equivalently, G is trivial. Similarly, one can verify that if qb} Poo takes the form of the
remaining five matrices, then G is trivial, although the argument maly be less straightforward
than taking the form of first matrix.

For Unimodular 7, the argument can be carried out in a similar manner.

It should be noted that Lemma 5.1.2 enables us to simplify the computations, at the cost
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of missing a set of coefficients with measure 0 in (k*)3. In both instances, we can compute the
superpotential associated with the Poisson twistings of the Poisson algebra and its invariant
subalgebra. In the table below, we will label the Non-unimodular 2 (resp. Non-unimodular

7) Poisson algebra as P, (resp. P;), and its invariant subalgebra as P{’ (resp. PY).

Superpotential of The Poisson Twistings
P, p(2? + 23) a3
PF $(=2i(mn +ml +nl)p+ (n — m)lq)y1y2ys
P (p+ 57)(a? + 23)zs
P& %(—2i(mn +ml 4+ nl)p —i(m + n)lr + (m — n)lq)y1y2y3

First, observe that the invariant subalgebra P¢ admits the standard grading: deg(y;) =
deg(y2) = deg(ys) = 1. According to the analysis in Lemma 5.1.2, the Poisson isomorphism
PS % P passes to another Poisson isomorphism (P¢)~3mpe — P=3mr Since (PY)~32r6 =
PG and P=3mr = P as k-algebras, we will, for the sake of simplicity, continue to denote
this Poisson isomorphism on the Poisson twistings as ¢. The Poisson normal elements of
(PG)_%mPG are scalar multiples of 1, ¥, y3, while those of P~3™mr are scalar multiples of
+iz, + 79, 3. Again, Lemma 3.1.2 states that ¢ : P¥ — P necessarily takes the following

forms on <(PG)*%mPG> ;
1

—ia a 0
b b 0],
0 0 ¢

for some a, b, c € k*, up to some re-labelling of 41, ys, y3. This simplifies our computation to
a single case. Now, [HTWZ23, Lemma 3.3] comes into play, establishing that ¢(Qpc) = Qp.
Comparing the coefficients of ¢(Qpc) and Qp, it can be established that ¢(Qpc) # Qp,

except in the case where m =n =1 =1 (G is trivial), or under the following circumstances:

e Non-unimodular 2. 2(mn + ml + nl — 3)p + i(n — m)lqg # 0 for all positive integers
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m,n,l.

e Non-unimodular 7. 2(mn + ml + nl — 3)p + ((m + n)l — 2)r +i(m — n)lg # 0 for all

positive integers m, n, [.

This missing set of coefficients has measure 0 in (k*)3.

Non-unimodular 3, Non-unimodular 5, Non-unimodular 6.

1 00
For these three Poisson structures, a Poisson reflection ¢ has the form: qﬁ} p =10 1 0f.
00 ¢
It is clear that a finite Poisson reflection group G is abelian, and therefore G admits a
decomposition
1 0 0 1 0 0
G=(l0 1 0|)x--x(l01 0])
00 &, 00 &,

for some primitive root of unity &,, satisfying n;|n; 1 for all 1 <i < m. In these three cases,

the Poisson structures on k[z1, zo, 23] satisfies the following properties:
L4 {xth} € k[xl)xQ]a
o {x9,23} = foszz and {x3, 21} = f3123 for some polynomials fog, f31 € k[x1, 22].

Set n = Ny, Y1 = T1, Y2 = T2, Y3 = x5, and ¢ be the correspondence r; < y; and
Ty <> Y. The invariant subalgebra P¢ = kly;, 32, y3] together with the following Poisson

structure:

{y1, 2 pe = o({z1, 22} p),  {y2,ystpe = nw(fos)ys,  {ys, y1tre = ne(f31)ys.

According to Lemma 5.1.4, P“ is not isomorphic to P unless n = 1, or equivalently, G is

trivial.

Non-unimodular 4, Non-unimodular 8, Non-unimodular 11.
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1 0 0
For these three Poisson structures, a Poisson reflection ¢ has the form: qb‘ =101 0
00 —1

Suppose that G = (¢). Due to the simplicity of G, the computations of the invariant sub-
algebras are straightforward. Set y; = x1, yo = ¥9, y3 = x3. The invariant subalgebra

P% = K[y, y2,y3] and has the following Poisson structures:

Non-unimodular {y1,y2} {y2,ys} {ys,y1}
4 2py1ys Y1+ qy2y3 2py1ys
8 Pyt + B 4yl 2py1ys 2pyays
11 PY; + qys 2(2p + Dy1ys 0

In each instance, it is possible to apply Lemma 5.1.3 to demonstrate that P is not

isomorphic to P as Poisson algebras.

Non-unimodular 12.

1 00
A Poisson reflection ¢ has the form: qb‘ = &)ﬁ 1 ¢|. Suppose that a finite
-1
s 0 &
1 0 0
Poisson reflection group G has at least two generators: qb1| p = 3pa+1 1 alf, ¢2| P
En—1
3p+1 0 &

10 0

3;9% 1 b |, for some primitive root of unity &,, &,. Through an exceedingly compli-

E€m—1
B 0 &m
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cated computation,

1 0 0
n—1/¢&m—1
n—1 _ m-—1 _ gn (gm - 1)(a§m + b) n— m—
(P12 @ >‘P1 = 511 1 erlem=1(gg, +b)|
0 0 1
1 0 0
—1(¢m—1
n—1 _ m—1 _ 577} (é-m - 1)<a + bgn) n— m—
(62616567, = - LG a+ b6)

0 0 1
Notice that both matrices have infinite order unless a&,, = —b and b§,, = —a. In combination,
we have b = —af" 1, &, = &1, and

n—1
1 0 0 1 0 0
agn ! n— — a — n—1
¢2|P1 I 3§o+1 1 —agy™t| = i1 L« = (91) ‘Pl'
&n -1 n— n—1
3p+1 0 gn ! 3p+1 0 fn
1 00
In conclusion, a Poisson reflection group G is necessarily isomorphic to Z,, = ( Spi -1 ¢ ).
£-1
i 0§

Once this is established, the computation of the invariant subalgebra becomes straight-

c
forward. Let y; = @1, yo = 22 + ﬁl’g, ys = ( x1 + z3)". The elements yi, o, y3

3p+1
are three algebraically independent polynomials that are invariant under the action of G.
1

(1 =) —t")°

the invariant subalgebra P, which can be obtained using the Molien’s Theorem. As a

coinciding with the Hilbert series of

The Hilbert series of k[y1, 2, y3] is

consequence, P¢ = k[yi, ¥, 93] has the following Poisson structure:

{y1, 92} = pyi, {v2,u3} = 20+ Dnyays,  {ys, v} = 0.

Apply Lemma 5.1.4, P% is not isomorphic to P unless G is trivial. O]
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It may be helpful to document the proof of the Shephard-Todd-Chevalley Theorem in a

table for more efficient reference.

Case Poisson Reflection Group Solved By
14-1 Z, Lemma 5.1.3
14-2 Zy, XX 2y NN Lemma 5.1.1

(Z, x--- ledl)x

14-3 (Zyy X o+ X Zpp, )X [GVW23, Theorem 4.5

’H’Ld2

(Zpy X -+ xan3)

li|li+1a mi|mz’+1a ni’ni-&-l

14-4 Ss, Zs Lemma 5.1.1,
Lemma 5.1.3
14-5 ) Classical STC
14-6 0 Classical STC
14-7 ) Classical STC
14-8 Z Lemma 5.1.1
14-9 0 Classical STC
(Zi, X -+ X 2y, )%
1 (Ziny X =0 X Ly ) % [GW20, Theorem 4.6]

(Zy, X -+ X an3)

li“iﬂ; mi’miJrla ni’ni+1




Case Poisson Reflection Group Solved By
(Zi, X -+ X 2y, )%
2 (Ziny X -0 X Ly ) ¥ Lemma 5.1.2
(Zy, X -+ X an3)
Lillivn, mamigr, nilnig
3 Zy, XX Zy NN Lemma 5.1.4
4 Z, Lemma 5.1.3
5 Zy, XX Zy NN Lemma 5.1.4
6 Z,, XX Zy NN Lemma 5.1.4
(Zi, X -+ X 2y, )%
7 (Zipy X -0 X Ly ) X Lemma 5.1.2
(Zpy X - X Zp,,)
Lillivns mamigr, milnig
8 Zs Lemma 5.1.3
9 0 Classical STC
10 0 Classical STC
11 Zs Lemma 5.1.3
12 Z, Lemma 5.1.4
13 0 Classical STC

104
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5.4 A Variant for Poisson Enveloping Algebras

In this section, we prove a variant of the Shephard-Todd-Chevalley Theorem for Poisson
enveloping algebras of quadratic Poisson structures on k[zy,- -+, x,] under the induced ac-

tion PAut,, (P) — Aute (U(P)). This variant of the Shephard-Todd-Chevalley Theorem is

encapsulated in the following lemma.

Lemma 5.4.1. Let P = k[zy,--- ,x,] be a quadratic Poisson algebra. Let ¢ be a graded

Poisson automorphism of P and let 5 be the corresponding graded automorphism of U(P).

Suppose that qb‘ P has eigenvalues Ay, ---,\,,, with multiplicity cq,--- ¢, respectively.
Then (5|U( P has eigenvalues Ay, --- , A\, with multiplicity 2cq, - - - , 2¢,,, respectively.
Proof. The Poisson enveloping algebra U (P) is a quadratic k-algebra generated by x1, - -+ , x,,
Y1, ,Yn- Recall that in Lemma 2.3.5, 5 is constructed as follows:

e Y - 09 (;)

P(x;) = o(xi),  Byi) = ; oz, Yj>

forall 1 <i<n.
Fix 1 < i < m. Let {v;1,---,vi.,} be a basis for the eigenspace of A\; in P;. By

calculation,

¢(Uz‘,j) = ¢(Uz‘,j) = )\ﬂ)i,j,

n

E) PELCEIR S LRI L

ox
k k=1

" o= 06(v; ;) O () ~ 0p(v; ;)
k=1 [=1

for all 1 < j < ¢;. Given that 5 is a graded automorphism, the vectors ;g(vm), e 0(Vig),

a(z %yk), e ,5(2 %yk) are linearly independent in U(P);. Since Z ci=n,
k k i=1

k=1 k=1
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m m m
Z 2¢; = 2n. Because Z ¢; = n, it follows that ZQCZ' = 2n. This assertion implies that
i=1 i=1

{5@,1), SR P CEISRNND S %y)}

k=1 k=1

i=1
the set

forms an eigenbasis for U(P);. In particular, the multiplicity of A; in U(P); equals to twice
of multiplicity of A; in P;. ]

Now, we are prepared to establish a variant of the Shephard-Todd-Chevalley Theorem
for the Poisson enveloping algebras of quadratic Poisson structures on k[zq,--- ,x,] under

the induced action PAutg, (P) — Aut,, (U(P)).

Theorem 5.4.2. Let P = k[xy, -+ ,z,] be a quadratic Poisson algebra and U(P) be its
Poisson enveloping algebra. Let GG be a finite subgroup of the graded Poisson automorphism
group of P and let G = {5 : ¢ € G} be the corresponding finite subgroup of the graded
automorphism group of U(P). The invariant subalgebra U (P)é is Artin-Schelter regular if

and only if G is trivial.

Proof. 1t suffices to assume the graded Poisson automorphism group G is nontrivial. The
Poisson enveloping algebra U(P), according to [GVW23, Lemma 5.4], is a quantum polyno-
mial ring. Therefore its quasi-reflections, as discussed in [KKZ09, Theorem 3.1], is either a

classical reflection or a mystic reflection:

e The eigenvalues of (Z are 1,--- 1, &, for some primitive root of unity &.
——
2n—1
e The order of gg is 4 and the eigenvalues of 5 are 1,---,1, 17, —i.
2n—2

Comparing to the eigenvalues listed in Lemma 5.4.1, the induced graded automorphism
group G contains no quasi-reflections, which, as indicated in [KKZ09, Lemma 6.1], results
in the invariant subalgebra U (P)é having infinite global dimension. As a consequence, the

invariant subalgebra U(P)% is not Artin-Schelter regular. O
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8x18x2 8x18x2
for some ¢ # 0, for all f,g € P. Let &, be a primitive nth root of unity. Consider the graded

af o dg 0
Example 5.4.3. Let P = k[z1, 23] be the Poisson algebra { f, g} = ( f 99 _ 09 Of )qxlxg,
Poisson automorphism group G = (¢ = [z1 — &,x1, T2 — x3]) of P, and its induced graded
automorphism group G = (5 = [x1 = &1, — T, Y1 > &y, Yo > yo|) of U(P). The
invariant subalgebra U (P) is isomorphic to the graded k-algebra generated by ay, - -+, ani1,

b, ¢ subjecting to the following relations:
o [a;,a;l,

® ;05 = ApQiqj—k,

® aj+1b— Z ( ) ¢’bait1-j,
— \J
J

® j11C— Z (]) ¢’ (c+npb)a;yi_;.
j=0

Its Hilbert series is

n—1
1 (n—1t"+1
T S .
U(P Z ru(p)( nz 1—t)2 1_5%) (1_t)2(1_tn)2

¢€G i=

However, according to [JZ97, Theorem 2.3], if U (P)é has finite global dimension, then its
1
Hilbert series has the form —— for some p(t) € k[t] with p(0) = 1. This is clearly not the

p(t)

case.

5.5 A Variant for Deformation Quantizations

In this section, we prove a variant of the Shephard-Todd-Chevalley Theorem for the
standard deformation quantizations of unimodular Poisson structures on k[, 9, x3], stated

as follows:



108

Theorem 5.5.1. (Shephard-Todd-Chevalley Theorem) Let P = k|[xy, z2, 23] be a unimodu-
lar quadratic Poisson algebra. Let G be a finite subgroup of the graded Poisson automorphism
group of P, and GG, be the corresponding finite subgroup of the graded automorphism group
of P, under the isomorphism PAut,, (P) = Aut,, (F;). The following are equivalent:

(1) G is generated by Poisson reflections.
(2) G, is generated by quasi-reflections.

(3) P is Artin-Schelter regular.

Proof. (1) < (2) is established by Proposition 4.3.3. For (2) < (3), we can apply a combina-
tion of [KKZ09, Lemma 1.10(c)] and [KKZ10, Proposition 2.5] to simplify the proof, reducing
it to proving PhG " has finite global dimension for every finite G, C Autg (P;) generated by
quasi-reflections. In order to prove this statement, we invoke [KKZ10, Theorem 5.3] and con-
clude that for every finite abelian Gj, C Aut,, (P;) generated by quasi-reflections, PhG " has

finite global dimension. This immediately resolves all cases, except when P is determined

0 —1 0
by the superpotential €y = x%wy + x123 and G}, is generated by {gbl‘Pl =|-1 0 0},
a a 1
-1 0 0
Galp =11 10 }
b 0 1

To address this particular case, define a k-algebra homomorphism: ¢ : k(z1, 29, 23) — P,

by mapping
1 b 1 —9b 2 2 9 3 2 o 2 9 3
amrglatdyi+gla=20)p+ys, 20yt 2o 200+ 3Yike — 30ys — 20,

Straightforward computation shows that [zq,2s] = hz3, [29,23] = 0, [23,21] = —6hz3 are
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annihilated by (. As such, ¢ passes through the following quotient:

@ k{21, 22, 23) /([21, 22) = h23, [22, 23] = 0, [23, 21] = —6h23) — Py,

The domain has a k-linear basis {2i2J25 : i, j,k > 0}. In the following argument, we
will assume every polynomial in the domain is written with respect to this k-linear basis.
Suppose that f(z1, 22, 23) € ker . Decompose f into two parts: a part consisting of all the
terms containing z;, called g, and another part consisting of all the remaining terms, called
h. Because f € ker p, we have ¢(g) = —p(h). Rewrite g = z1¢' for some ¢’ € k(z1, 22, 23).

In the equation ¢(g) = —p(h),

1 ~7 1 (A Ala
LHS = 2 (a+0)$(g) + 5(a = 20)12(9") + ys8(g)-

In particular, LHS must contain a term containing ys, as flipping any variable does not
produce any additional y3 in P,. However, RHS does not contain any ys, as ¢(22), p(23) €

k[y1,y2) C Py. This is a contradiction unless g = 0.

Now, the domain of ¢ can be realized as an Ore-extension K[z, 23][21, id, d], where ¢ is the
derivation satisfying §(29) = hzz and §(z23) = 6hz3. Since ker ¢ C K[z, 23] C k|29, 23][21, id, 4],

we may restrict the domain to k[zs, 23] and subsequently restrict the codomain to klyi, y]:

?[22723] LN kly1,y2] C Ph;

-~

P

k[zg,23]

The k-algebra homomorphism ¢ if and only if the k-algebra homomorphism ¢ is injective,
and if and only if ¢(z2), ¢(z3) are algebraically independent. To assert algebraic indepen-

dence, it is sufficient to compute the following determinant as a result of [ER93, Theorem
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2.4]:
(‘3¢(z2) a¢(22) 2y1 + o Y1+ 2y2
dot | O dya | _ = 27(yiy2 + y1y3) # 0.
O0p(23)  OP(z3)
6y? + 6y1yz — 3y3 3yF — 6y1ya — 643
B 0, Y1 +0y1y2 — oYy oy — byiy2 — Oy,

Consequently, ¢ is injective as desired. In addition, it should be noted that the elements
21, 22, 23 along with their commutator relations, remain invariant under the action of the
group Gj. The detailed calculation required to confirm this assertion is routine and, for
the sake of brevity, will be omitted. This, in conjunction with the preceding argument,
demonstrates that Dom(p) can be embedded into P,L? ". To establish an isomorphism, we

complete the embedding into a short exact sequence:
0 — Dom(@) — PC* — P /Dom(@) — 0.

First, since Dom($) has a k-linear basis {2]2525 : i, 7,k > 0}, its Hilbert series Apom(z) (t) =
1

(I—=t)(1—¢2)(1—1t3)
the Molien’s Theorem:

. On a different note, we can calculate the Hilbert series of PhG " using

1 1 3 2
en(?) :6<<1 B R C R TG S G —t)(1+t+t2))
1
=01 —2)1 )

By the additivity of Hilbert series in a short exact sequence, the embedding Domy — PhG "
translates into Domy =2 PhG ". From the isomorphism, we can realize PhG " as an iterated
Ore-extension of an Artin-Schelter regular algebra, and therefore is Artin-Schelter regular

(and has finite global dimension). O
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5.6 Commutativity of Invariants and Deformation Quantizations

In this section, we prove taking invariant subalgebras under finite Poisson reflection
groups and taking standard deformation quantizations are two commutative processes for

unimodular quadratic Poisson structures on k[xy, 2, x3].

Let P = k[xy, 22, 23] be a unimodular quadratic Poisson algebra. Let G be a finite
subgroup of the graded Poisson automorphism group of P and let G, be the corresponding
finite subgroup of the graded automorphism group of P, under the isomorphism PAut,, (P) =
Autg, (P;). After a thorough examination of the proof of Theorem 5.2.1, there are eight

possible combinations of Poisson algebras P and finite Poisson reflection groups G.

Case Superpotential G,
1 Ql ZQ
2 QQ an X X an, ni|nz~+1

(Z), x -+ % Zldl)x
3 Qs (Zmlx--«medz)x
(Zy, X -+ X an3)

li|li+1a mi|mi+17 ni|ni+1

4,5, 6 Qy Z,
7 Q4 Ss
8 Qs Zy

Consider the following polynomials and commutator relations in the standard deformation

quantization Pj:
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Case w1y wa w3
1 y Ly + ys Ly + ys
2 Y1 diyz + (1 = &ny)ys Yh
3 yi ys Ys
4 Y1Y2 —y1+ Y2 ayy + ys
5 yi S+ s Ly + e
6 Ya —cy1 + Y3 2y1 + Y2
7| 5(atb)yit5(2a—b)yatys Vi Y+ e 2y7 + 3yiys — 31195 — 2v3
8 Y2 Y1+ ys3 Y
Case [wy, ws] [w2, ws] [ws, w1 ]
1 0 3hw, 0
2 (&, — 1hw? 20(&n, — 1) hwiws 0
3 i 2mn+hi??irhl)dfg:’ee terms )y | 22 +hig(hlei;§e"g:fe terms s | 2ml+hig(lie_rh()i7eg:ee terms, ) s
4 0 h(6w; 4+ w3) hawyw,
5 —4hwws h(%wl — w3) 0
6 2hwyws —3wy + w3 0
7 hws 0 —6hw?
8 M ggwiws + 555ws) W imrwaws) Mgz wiws)

Lemma 5.6.1. The polynomials w; are invariant under the action of G, and the commutator

relations [w;, w;| are preserved in P.
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We shall introduce one notation before presenting the proof for Lemma 5.6.1. In this
section, for a pair of variables v = (v, v9,v3),w = (wq, wq, w3), we will use ,,, to denote

the k-vector space map:

govw:@k{vivgvz’,f:i—i-j—l—k:d} %@k{wiwgwlgzi—l—j—l—k:d}
d>0 d>0

vivduk swiwwk.
Proof. Choose an arbitrary graded Poisson automorphism ¢ € G. In each case, the poly-
nomial w; is either linear, or it satisfies w; = Yy and ¢(x;) = Axy, or it is contained in
some k(ky; @ kyx) such that [y;, yx] = 0 in the standard deformation quantization Fj. As a
consequence of the construction of gg, the polynomial ¢, (w;) is invariant under the action
of 5

Regarding the commutator relations, it is challenging to prove that these relations are pre-
served in P, systematically because we are working with a variant of the classic deformation
quantization, and there is no natural k-algebra homomorphism from P; to P. Alternatively,
we can conduct a manual verification of each relation in P, since there are a limited number

of cases. For the sake of conciseness, we will omit the calculations and assumes the statement

for free. O]

Based on Lemma 5.6.1, for each case, we can define a k-algebra homomorphism:

D k(z1, 22, 23) /([20, 2j] = Puwz([wi, wy]))1<i <3 — P C P,

21, %2, 23 W1, W2, W3.

In the subsequent three lemmas, we will establish either injectivity or surjectivity for ®

in all cases.

Lemma 5.6.2. For Case 1, Case 2, Case 4, Case 5, Case 6, Case 7, the k-algebra homomor-
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phism & is injective.

Proof. A common characteristic shared by Case 1, Case 2, Case 4, Case 5, Case 6, and Case

7 is the existence of a pair of indices (7,7) € {1,2,3}%? satisfying:

(1) the variable y; is contained in w;,
(2) the variable y; is not contained in wy, for all k € {1,2,3}\{j},
(3) the variables yx,y; commute for all k,[ € {1,2,3}\{i},

(4) the commutator bracket [y;,yx] does not contain a term containing y; for all k& €

{1,2,3},

(5) the variables wy, w; commute for all k,1 € {1,2,3}\{j}.

Suppose that f € ker ®. Decompose f into two parts: a part consisting of all the terms
containing z;, called g, and another part consisting of all the remaining terms, called h.

Because f € ker &, we have ®(g) = —®(h). In the equation,
LHS = y;¢' + remaining terms,

for some polynomial ¢’. In particular, LHS contain at least one term containing y;, as flipping
any variable does not produce an additional y;. However, RHS cannot contain any term
containing y;, as y; is not contained in wy, for all k € {1,2,3}\{j}. This is a contradiction
unless g = 0.

Let {a,b} = {1,2,3}\{j} and {c,d} = {1,2,3}\{i}. The domain of ® can be real-
ized as an Ore-extension k|z,, z3)[2;,1d, 6], for some appropriate choice of §. Since ker @ C
k(zq, 2] C Kk[za4, 2][25,1d, 0], we may restrict the domain to k|z,, z;] and subsequently restrict
the codomain to k[y., ya4]:

E&[Za, Zb] k[ym yd] g Pﬁl

-~

k[za,2p]
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The k-algebra homomorphism & is injective if and only if the k-algebra homomorphism
®’ is injective, and if and only if ®'(z,), ®'(z,) are algebraically independent. To assert
algebraic independence, it is sufficient to compute the following determinant as a result of

[ER93, Theorem 2.4]:

0P (z,)  OP'(z,)

det ayc 8yd ;
0P (z,) 0D'(z)
ayc 8yd
which, in the above cases, does not vanish. Consequently, ® is injective as desired. O

Lemma 5.6.3. For Case 3, the k-algebra homomorphism ® is injective.

Proof. This lemma becomes immediate if we repeat the former half of the proof of Lemma 5.2

(LHS, RHS argument) three times, because in this case, z; = Y, 2o = y&, and 23 + . [

Lemma 5.6.4. For Case 8, the k-algebra homomorphism & is surjective.

Proof. According to Theorem 4.1 and [Ste96, Proposition 1.1], the invariant subalgebra
PhG " has either two generators subjecting to two homogeneous relations or three generators
subjecting to three homogeneous relations. We fall into the latter category because the
elements wy, wy, ws cannot be minimally generated by two elements in Py, and thus, not in
the invariant subalgebra PEG " either. Furthermore, the elements wq, wy, w3 form a minimal

set of generators of PhG " because:

. . G
e the elements w;, wy, ws are contained in P,
e the linear polynomials wy, wy are linearly independent,

e 1o linear elements apart from linear combinations of w; and w, is contained in P,
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e the quadratic polynomial w3 cannot be generated by w; and ws.

Given that wy, wy, w3 lie in the image of ®, the k-algebra homomorphism ® is surjective.

[
We now turn to the proof of Theorem 0.2:

Theorem 5.6.5. Let P = k[z1, 9, 23] be a unimodular quadratic Poisson algebra. Let G be
a finite Poisson reflection group of P and let GG be the corresponding finite quasi-reflection
group of Py under the isomorphism PAuty(P) = Auty(P;). Define Q; := P with h

viewed as a formal parameter (as opposed to a scalar value). Then

(1) Qu/(h) = PY as k-algebras.
(2) For all f,g € Qn, fg—gf = hm(f,g) for some mi(f,g) € Q-

(3) Qr/(h) together with the following Poisson bracket:

{775} = Wl(fa g)a

where () denotes the image under the natural projection @, — Qr/(h), is isomorphic

to P¢ as Poisson algebras.

deformation quantization

> Lp

invariant
JURLIBAUIL

Gh
h

S,
Q

semiclassical limit
Proof. By Lemma 5.6.2, Lemma 5.6.3, Lemma 5.6.4, the k-algebra homomorphism ® is
either injective or surjective. In either case, complete ® to a short exact sequence by adding a

cokernel (injective) or a kernel (surjective). Assign a degree to z; such that deg(z;) = deg(w;),
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for 1 <14 < 3. Observe that the commutator relations are homogeneous and the k-algebra

homomorphism ¢ is graded. For Case 1 - Case 8, the domain of ® admits a k-linear basis
1

(1 — tdes(w1)) (1 — ¢deg(w2))(] — gdeg(ws))’
By applying Molien’s Theorem, it can be deduced that the Hilbert series of the codomain of
1

(1 — ¢dea(wn)) (1 — ¢dea(wa)) (1 — fdes(ws))
Hilbert series, ® is a k-algebra isomorphism.

{20202+ 0,5,k > 0}, leading to a Hilbert series of

®, namely PhG ", is also given by

. By addivity of the

Let Qy := P,? " with h viewed as a formal parameter instead of a scalar value. One can

scrutinize the conditions outlined in Theorem 5.1. It is clear that (1) and (2) hold. For (3),

Case [w1, wa] [wa, w3] [ws, w1 ]
1 0 3wy 0
2 5”;—1_1212 21(52—1_1)21@, 0
3 2mnzi zo 2nlzyz3 2mlz z3
4 —222 — 1223 —22123 0
5 z% — 323 42123 0
6 —22 + 323 —42123 0
7 23 0 —623
8 2129 + 323 22923 22123

Comparing with Theorem 5.2.1, the Poisson algebra @ is isomorphic to P¢ as Poisson

algebras, after suitable re-labelings of zq, 2z, z3. O



118

Chapter 6

A VARIANT OF THE WATANABE THEOREM OF
P=k[Xy, -, Xn]

Let P =k|xy,- -+, z,) be a quadratic Poisson algebra and let U(P) be its Poisson envelop-
ing algebra. Let ¢ be a graded Poisson automorphism of P and let 5 be the corresponding
graded automorphism of U(P). In contrast to Theorem 5.4.2, U (P)é may be Artin-Schelter
Gorenstein in certain instances. In practice, it is challenging to verify this through homo-
logical approaches because, in general, there is no systematic way to describe the generators

and relations of U(P)C. Instead, we shift our attention to [JZ00, Theorem 3.3], the “non-

commutative Watanabe Theorem”:

Theorem 6.0.1. [JZ00, Theorem 3.3] Let A be a Noetherian Artin-Schelter Gorenstein k-
algebra and let H be a finite subgroup of the graded automorphism group of A. If hdeth = 1
for all h € H, then A¥ is Artin-Schelter Gorenstein.

To apply Theorem 6.0.1, we require a formula for computing the homological determinant
of each induced graded automorphism ¢ of U (P), which will be the primary goal of this
chapter.

6.1 A Formula for Calculating Homological Determinant

The subsequent lemma, as an generalization of [GVW23, Theorem 5.6], plays an impor-

tant role in deriving such a formula.

Lemma 6.1.1. Let P =k[zq,--- ,x,] be a quadratic Poisson algebra and let ¢ be a finite-

order graded Poisson automorphism of P. Suppose that ¢| has eigenvalues Ai, -+, A\,
Py



119

with multiplicity ¢y, - - - , ¢y, respectively. Then

1
(L= MO)2 (1= Apt)2em

rI‘I‘U (P) (¢7 )

Proof. Let 1+ Zaiti be the Taylor expansion of Trp(¢,t), where a; € k for all i > 1. It
i>1
is sufficient to prove that (1 + Zaiti)Q = TrU(p)(g, t). Fix d > 1. By [OPS06, Theorem
i>1
3.7], the degree d component of the Poisson enveloping algebra U(P),; admits a k-linear basis

{at -yt gyl Z(pj +q;) =d}. Let rq,--- ,r, >0, and b, ... ,, be the coefficient of

j=1
the term 27 - - a7 in ¢(x]' - - - 27r). Consider the coefficient of the term z* - - - aEryf' - - . ydn
in g(ab" - aPry® ...y, There are three observations:

(1) Given that [z;,2,] = 0 in U(P), the coefficient of the term z?" - - - 22" in ¢(at" - - - 22"

18 Opy - -

(2) Given that [y;,y;] = Z %yk and [y;, z;] = {x;,z;} in U(P), the coefficient of
k
k=1

the term y2 - - - yo in G(y® - - - yin) is by oo g -

(3) Given that ¢(z;) C @ kzy, the coefficient of 2" - - - aPry® . yin in (2l - - - aPryd - . . gyin)
k=1

is b

p1, 7Pan1,"' »dn *

Let 1 + Zciti be the Taylor expansion of TrU(p)(g, t), where ¢; € k for all i > 1.
i>1
According to the definition of the trace series and the above argument, the coefficient relating

to the dimension of the degree d component ¢; equals to the summation of all b,, ... ;,. b4, .. 4n

ranging over p; + -+ +p, +q1 + -+ + ¢, = d. Equivalently, ¢, = Z a;aj, and therefore,

i+j=d
1>1 i>1

1
(L= M) (L= Apt)or

Finally, since P is a commutative polynomial ring, Trp(g,t) =
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and consequently,

1
(1= ME)2 - (1= At )2em”

TI"U(P)@, t) =

as desired. ]

The following result provides a simple formula for calculating the homological determinant

of an induced graded automorphism ¢:

Theorem 6.1.2. Let P =k|xy, -+ ,x,] be a quadratic Poisson algebra and let U(P) be its
Poisson enveloping algebra. Let ¢ be a finite-order graded Poisson automorphism of P and

let ¢ be the induced graded automorphism of U(P). Then
hdeté = (det ¢| , )*.

Proof. By [JZ00, Proposition 4.2], the graded automorphism ¢ is rational over k. Apply
[JZ00, Lemma 2.6], the trace series

TrU(P)(;i t) = (hdet®) "¢ >" + lower terms,

when written as a Laurent series in t~!. By Lemma 6.1.1,

~ 1
T t) =
I'U(P)(¢7 ) (1 _ /\125)201 . (1 — /\mt)gcm
1
- 2
(det(¢|P1)> 2" 4 lower terms
-1
= (det(q§|P1)2> t72" + lower terms.
Comparing the leading coefficient, hdethS = (det ¢| P1)2. ]

With this formula in mind, the answer to the Artin-Schelter Gorensteinness question

becomes a straightforward consequence of Theorem 6.0.1 [JZ00, Theorem 3.3].
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Theorem 6.1.3. Let P =klzy,---, 2, be a quadratic Poisson algebra and let U(P) be its
Poisson enveloping algebra. Let G be a finite subgroup of the graded Poisson automorphism
group of P and let G = {(E : ¢ € G} be the corresponding finite subgroup of the graded au-
tomorphism group of U(P). If G is generated by graded Poisson automorphisms ¢q, - , ¢,
such that det(¢i|P1) = =41 for all 1 <i < m, then U(P)é is Artin-Schelter Gorenstein.

Proof. This is an application of [JZ00, Theorem 3.3] when we substitute the value of the

homological determinant in the formula provided in Theorem 6.1.2. O]

6.2 Examples
In this section, we present two examples to illustrate the effectiveness of Theorem 6.1.3.

Example 6.2.1. Let P = k[xy, 23] be the Poisson algebra

(f.q} = 0f 99 99 Of \
95 = 81’181‘2 81’181’2 @ e;

for some q # 0, for all f,g € P. Let G = Z,, x Z,, be the graded Poisson automorphism
group generated by:

)

1 0
’¢2‘P1: )

Em

where &,, &, are primitive nth, mth root of unity, respectively. It is straightforward to

compute that det(qbl‘Pl) = ¢, and det(¢2|P1) = &n. As a consequence, U(P)é is Artin-

Schelter Gorenstein if and only if n,m € {1, 2}.

Example 6.2.2. Let P = k[x1, s, x3] be the Poisson algebra

_(9f 99 9g Of > af 99 99 Of \, »
{f, 9} = (ax2 01 g 8x3) (2z129 + 3) + D Ows D (22 + 2z125),




122

for all f,g € P. Let G = S5 be the graded Poisson automorphism group generated by:

0 -10 -1 0 0
Gilp, =|-1 0 0f.dlp=[1 1 0,
a a 1 b 0 1

for some a,b € k. Again, it is straightforward to compute that det(¢; = —1 and

[r,)

det(¢o | p) = —1. As a consequence, the invariant subalgebra U (P)é is Artin-Schelter Goren-

stein.
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