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The Shephard-Todd-Chevalley Theorem and the Watanabe Theorem are among the ear-

liest results addressing the homological properties of invariant subalgebras. Initially studied

in the context of polynomial algebras, these theorems have motivated researchers to general-

ize their applicability beyond the scope of commutative algebras. Notable instances include,

but certainly are not limited to: Alev and Polo’s studies on enveloping algebra of semisim-

ple Lie algebras and Weyl algebras; Kirkman, Kuzmanovich, and Zhang’s studies on skew

polynomial rings, quantum matrix algebras, non-PI Sklyanin algebras and down up algebras;

Gaddis, Veerapen, and Wang’s studies on semiclassical limits (Poisson algebras) of several

families of Artin-Schelter regular algebras. In this dissertation, we will continue Gaddis,

Veerapen, and Wang’s studies on Poisson algebras, a commutative algebra together with a

non-commutative bracket. Our primary emphasis will be on quadratic Poisson structures

on polynomial rings of three variables. Our objective is to prove variants of the Shephard-

Todd-Chevalley Theorem for these Poisson algebras and their associated algebraic structures:

Poisson enveloping algebras and deformation quantizations. Furthermore, we will prove a

variant of the Watanabe Theorem for Poisson enveloping algebras arising from quadratic

Poisson structures on an arbitrary polynomial ring.
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Chapter 1

INTRODUCTION

This dissertation extensively references two of my preprints, [Ma23a] and [Ma23b]. Sig-

nificant portions of this dissertation have been submitted for publication.

1.1 Motivations and Basic Concepts

Throughout k is an algebraically closed field of characteristic 0.

Let A = k[x1, · · · , xn] and let G be a finite subgroup of the graded automorphism group

of A. The invariant subalgebra of A under the action of G is

AG := {a ∈ A : ϕ(a) = a for all ϕ ∈ G} .

It is natural to ask: what properties, in particular, what homological properties does the in-

variant subalgebra AG satisfy? Two of the earliest answers are encapsulated in the Shephard-

Todd-Chevalley Theorem and the Watanabe Theorem, stated as follows:

Theorem 1.1.1. (Shephard-Todd-Chevalley Theorem, [ST54], [Che55]) LetA = k[x1, · · · , xn]

and G be a finite subgroup of the graded automorphism group of A. Then the invariant sub-

algebra AG is regular (or equivalently, AG ∼= A as k-algebras) if and only if G is generated

by (pseudo-)reflections.

Theorem 1.1.2. (Watanabe Theorem, [Wat74]) Let A = k[x1, · · · , xn] and G be a finite

subgroup of the graded automorphism group of A containing no (pseudo-)reflections. Then

the invariant subalgebra AG is Gorenstein if and only if det(ϕ
∣∣
A1
) = 1 for all ϕ ∈ G.

In the following decades, the Shephard-Todd-Chevalley Theorem and the Watanabe The-

orem have prompted researchers to generalize their applicability beyond the scope of com-
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mutative algebras: if A is a non-commutative Artin-Schelter regular algebra and G is a finite

subgroup of the graded automorphism group of A, under what conditions on G is the in-

variant subalgebra AG Artin-Schelter regular or Artin-Schelter Gorenstein? Artin-Schelter

regular algebras, initially introduced in [AS87], emerged as the “industry standard” when

researchers sought for a non-commutative generalization of polynomial algebras because they

satisfy a range of properties inherent to polynomial algebras. In a more formal manner:

Definition 1.1.3. A finitely generated k-algebra A is called Artin-Schelter regular if

(1) A is connected N-graded: A admits a k-vector space decomposition A =
⊕
n∈N

An such

that A0 = k and AiAj ⊆ Ai+j for all i, j ∈ N.

(2) A has finite Gelfand-Kirillov dimension: dimkAn has polynomial growth.

(3) A has finite global dimension d.

(4) A is Gorenstein: ExtiA(k, A) ∼=

0 i ̸= d

k(l) i = d

, for some l ∈ Z.

Example 1.1.4. Let A = k⟨x, y⟩/(yx − qxy) for some q ̸= 0. Then A is Artin-Schelter

regular and its minimal free resolution of the trivial module kA is:

0 → A(−2)

−qy

x


−−−−−→ A(−1)⊕2

[
x y

]
−−−−−→ A → k → 0.

Example 1.1.5. Let A = k⟨x, y⟩/(yx− xy − x2). Then A is Artin-Schelter regular and its

minimal free resolution of the trivial module kA is:

0 → A(−2)

−y − x

x


−−−−−−−→ A(−1)⊕2

[
x y

]
−−−−−→ A → k → 0.
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Artin-Schelter Gorensteinness can be described as the homological components of Artin-

Schelter regularity and can be formally defined as follows:

Definition 1.1.6. A finitely generated k-algebra A is called Artin-Schelter Gorenstein if

(1) A has finite injective dimension d.

(2) A is Gorenstein: ExtiA(k, A) ∼=

0 i ̸= d

k(l) i = d

, for some l ∈ Z.

Example 1.1.7. Let A = k[x]/(x2). Baer’s criterion implies that A is self-injective, which in

turn implies that A is Artin-Schelter Gorenstein. Note that A is not Artin-Schelter regular.

The k-algebra A is a Noetherian local ring of Krull dimension 0. However, the minimal

number of generators of its maximal ideal does not equal to its Krull dimension.

Returning to our discussion of the non-commutative Shephard-Todd-Chevalley question

and the non-commutative Watanabe question. There are some established answers, includ-

ing, but not limited to, universal enveloping algebra of semisimple Lie algebras and Weyl

algebras in [AP95], non-PI Sklyanin algebras of global dimension ≥ 3 in [KKZ09], skew

polynomial rings and quantum matrix algebras in [KKZ10], down-up algebras in [KKZ15].

Recently, Gaddis, Veerapen, and Wang have proposed an investigation into these questions

for Poisson algebras. Broadly speaking, Poisson algebras are a family of commutative alge-

bras endowed with a non-commutative bracket. In a more rigorous language:

Definition 1.1.8. A Poisson algebra is a commutative k-algebra P together with a bracket:

{−,−} : P⊗2 → P

such that

(1) (P, {−,−}) is a Lie algebra over k, namely {−,−} satisfies bilinearity, alternativity,

anti-commutativity, and the Jacobi identity.
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(2) {−,−} satisfies the Leibniz rule: {a, bc} = {a, b}c+ b{a, c} for all a, b, c ∈ P .

Definition 1.1.9. Let P = k[x1, · · · , xn] be a Poisson algebra under the standard grading.

• The Poisson algebra P is called quadratic if {P1, P1} ⊆ P2.

• The modular derivation of P is

m(f) :=
n∑

i=1

∂{xi, f}
∂xi

for all f ∈ P . The Poisson algebra P is called unimodular if its modular derivation m

vanishes and is called non-unimodular otherwise.

Example 1.1.10. Let P = k[x, y] together with the following bracket:

{f, g} =

(
∂f

∂x

∂g

∂y
− ∂g

∂x

∂f

∂y

)
qxy,

for some q ̸= 0, for all f, g ∈ P . Then P is a quadratic Poisson algebra. However, P is

non-unimodular: m(x) =
∂{y, x}
∂y

= −qx ̸= 0.

Example 1.1.11. Let P = k[x, y] together with the following bracket:

{f, g} =

(
∂f

∂x

∂g

∂y
− ∂g

∂x

∂f

∂y

)
x2,

for all f, g ∈ P . Then P is a quadratic Poisson algebra. However, P is non-unimodular:

m(y) =
∂{x, y}
∂x

= 2x ̸= 0.

Poisson algebras originally emerged in classical mechanics and subsequently assume a role

in mathematical physics. In recent decades, Poisson algebras have also attracted attention

in pure mathematics due to their proximity to Artin-Schelter regular algebras. One instance

of such proximity is Poisson enveloping algebras.
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Definition 1.1.12. Let P be a Poisson algebra. A (The) Poisson enveloping algebra of P

is a triple (U, α, β):

• U is a k-algebra,

• α : (P, ·) → U is an algebra homomorphism,

• β : (P, {−,−}) → UL is a Lie algebra homomorphism,

subjecting to the following conditions:

(1) α({a, b}) = β(a)α(b)− α(b)β(a) for all a, b ∈ P .

(2) β(ab) = α(a)β(b) + α(b)β(a) for all a, b ∈ P .

(3) If (U ′, α′, β′) is another triple satisfying (1) and (2), then there exists a unique algebra

homomorphism h : U → U ′ making the following diagram commutative:

U

P U ′

h

α′,β′

α,β

If P = k[x1, · · · , xn] is a quadratic Poisson algebra, then its Poisson enveloping algebra

U(P ) satisfies a range of preferred properties, including being Artin-Schelter regular. This

is one connection between Poisson algebras and Artin-Schelter regular algebras. Another

connection lies in semiclassical limits and deformation quantizations, which are introduced

in the following definitions:

Definition-Lemma 1.1.13. Let A be a k[[ℏ]]-algebra such that A/ℏA is a commutative

algebra. Let f, g ∈ A, (f +ℏA)(g+ℏA) = (g+ℏA)(f +ℏA) and therefore [f, g] = fg− gf =
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ℏγ(f, g) for some γ(f, g) ∈ A. Let f, g be the projections of f, g on A/ℏA, respectively.

Define {−,−} : (A/ℏA)⊗2 → A/ℏA as follows:

{f, g} = γ(f, g),

Then (A/ℏA, {−,−}) is a Poisson algebra, called the semiclassical limit of A.

Definition 1.1.14. Let P be a Poisson algebra. A (graded) deformation quantization of P

is a graded k[[ℏ]]-algebra Pℏ satisfying the following conditions:

(1) Pℏ ∼= P [[ℏ]] as graded k[[ℏ]]-modules.

(2) Pℏ/ℏPℏ ∼= P as graded k-algebras. In particular, for all f, g ∈ Pℏ, (f +ℏPℏ)(g+ℏPℏ) =

(g + ℏPℏ)(f + ℏPℏ) and therefore [f, g] = fg − gf = ℏγ(f, g) for some γ(f, g) ∈ Pℏ.

(3) Let f, g ∈ Pℏ and let f, g be the projections of f, g on Pℏ/ℏPℏ ∼= P , respectively. Then

{f, g} = γ(f, g).

The Poisson algebra P is called quantizable if P admits a deformation quantization Pℏ. It

is possible for a Poisson algebra to admit multiple non-isomorphic deformation quantizations;

nevertheless, within the scope of this dissertation, our primary focus lies on a variant of the

deformation quantizations constructed in [DML98].

As previously mentioned, Poisson algebras are associated with Artin-Schelter regular

algebras through semiclassical limit, deformation quantizations and Poisson enveloping al-

gebras:

Poisson Algebras Artin-Schelter Regular Algebras

deformation quantizations

Poisson enveloping algebras

semiclassical limits
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These associations have established a strong correlation between investigations of the Shephard-

Todd-Chevalley question and the Watanabe question for Poisson algebras, and investigations

of the same questions for Artin-Schelter regular algebras. In their study [GVW23], Gaddis,

Veerapen, and Wang provided a partial answer to the Shephard-Todd-Chevalley question

by investigating multiple Poisson structures arising from the semiclassical limits of specific

families of Artin-Schelter regular algebras. Additionally, they offered some insights on the

Watanabe question for Poisson enveloping algebras under induced actions. Building upon

their research, we shall further investigate these questions for a broader range of Poisson

structures, with a primary emphasis on quadratic Poisson structures on the polynomial ring

of three variables k[x1, x2, x3].

In the remaining part of this section, we will introduce a set of concepts necessary for

understanding the statements of our main results. To start, we will define Poisson homo-

morphisms and Poisson ideals.

Definition 1.1.15. Let P , Q be Poisson algebras.

• A map ϕ : P → Q is called a Poisson homomorphism if ϕ is an algebra homomorphism

and a Lie algebra homomorphism.

• A subset I ⊆ P is called a Poisson ideal if I is an ideal and a Lie ideal. An element

f ∈ P is called Poisson normal if {f, P} ⊆ fP , or equivalently, the principal ideal (f)

is a Poisson ideal.

Subsequently, we will review the key concepts in non-commutative invariant theory, both

in the context of Poisson algebras and in the context of Artin-Schelter regular algebras.

Definition 1.1.16. Let P = k[x1, · · · , xn] be a Poisson algebra under the standard grading.

• A graded Poisson automorphism of P is a bijective Poisson homomorphism ϕ : P → P

such that ϕ(Pi) = Pi for all i ≥ 0. The graded Poisson automorphism group of P will

be denoted as PAutgr(P ).
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• A Poisson reflection of P is a finite-order graded Poisson automorphism ϕ : P → P

such that ϕ
∣∣
P1

has eigenvalues 1, · · · , 1︸ ︷︷ ︸
n−1

, ξ for some primitive root of unity ξ. The set

of Poisson reflections of P will be denoted as PR(P ).

Definition 1.1.17. Let A be a connected N-graded k-algebra that is locally finite: dimk Ai <

∞ for all i ∈ N. Let ϕ be a graded automorphism of A. The trace series of ϕ is

TrA(ϕ, t) =
∞∑
i=0

tr(ϕ
∣∣
Ai
)ti.

In particular, if ϕ is the identity of A, then we recover the Hilbert series of A:

hA(t) = TrA(idA, t) =
∞∑
i=0

(dimkAi)t
i.

Suppose that A = k[x1, · · · , xn] and ϕ is a graded automorphism of A. Let λ1, · · · , λn be

the eigenvalues of ϕ
∣∣
A1
. The trace series

TrA(ϕ, t) =
1

det(In − tϕ
∣∣
A1
)
=

1

(1− λ1t) · · · (1− λnt)
.

If in particular ϕ is a reflection: λ1 = · · · = λn−1 = 1 and λn = ξ for some primitive root of

unity ξ, then the trace series

TrA(ϕ, t) =
1

(1− t)n−1(1− ξt)
.

With this calculation as motivation, Kirkman, Kuzmanovich, and Zhang generalized the

concept of “reflection” to non-commutative settings [KKZ09].

Definition 1.1.18. Let A be an Artin-Schelter regular algebra with Hilbert series hA(t) =
1

(1− t)nf(t)
for some polynomial f(t) satisfying f(1) ̸= 0. A quasi-reflection of A is a

finite-order graded automorphism ϕ : A → A such that TrA(ϕ, t) =
1

(1− t)n−1g(t)
for some
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polynomial g(t) satisfying g(1) ̸= 0. The set of quasi-reflections of A will be denoted as

QR(A).

Let A be an Artin-Schelter regular algebra with Hilbert series hA(t) =
1

(1− t)nf(t)
for

some polynomial f(t) satisfying f(1) ̸= 0. A graded automorphism ϕ : A → A is called a

classical reflection if ϕ
∣∣
A1

has an eigenvalue 1 of multiplicity n−1 and another eigenvalue ξ of

multiplicity 1 for some primitive root of unity ξ. The following two examples illustrate that

a classical reflection is not necessarily a quasi-reflection, and conversely, a quasi-reflection is

not necessarily a classical reflection.

Example 1.1.19. [Kir15, Example 1.8] Let A = k⟨x, y⟩/(yx + xy) and ϕ be the graded

automorphism of A satisfying ϕ
∣∣
A1

=

0 1

1 0

. The graded automorphism ϕ is a classical

reflection because its eigenvalues are ±1. However, ϕ(xiyj) = yixj = (−1)ijxjyi for all

i, j ≥ 0 and TrA(ϕ, t) = 1 − t2 + t4 − t6 + t8 − · · · =
1

1 + t2
. By definition, ϕ is not a

quasi-reflection.

Example 1.1.20. [Kir15, Example 1.8] Let A = k⟨x, y⟩/(yx + xy) and ϕ be the graded

automorphism of A satisfying ϕ
∣∣
A1

=

0 −1

1 0

. The graded automorphism ϕ is not a classical

reflection because its eigenvalues are ±i. Nevertheless, ϕ(xiyj) = (−1)iyixj = (−1)i(j+1)xjyi

for all i, j ≥ 0 and TrA(ϕ, t) = 1 + t2 + t4 + t6 + t8 + · · · = 1

(1− t)(1 + t)
. By definition, ϕ is

a quasi-reflection.

Definition 1.1.21. A quantum polynomial ring is a Noetherian Artin-Schelter regular do-

main of global dimension n, with Hilbert series hA(t) =
1

(1− t)n
.

A quasi-reflection ϕ of a quantum polynomial ring A has a structured form, being either a

classical reflection or amystic reflection: ϕ has order 4 and ϕ
∣∣
A1

has eigenvalues 1, · · · , 1︸ ︷︷ ︸
n−2

, i,−i

[KKZ09, Theorem 3.1]. Note that the graded automorphism ϕ in Example 1.1.20 is a mystic

reflection.

Finally, we introduce the homological determinant.
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Definition-Lemma 1.1.22. Let A be an Artin-Schelter regular algebra of global dimension

n and let ϕ be a graded automorphism of A. The trace series TrA(ϕ, t) =
1

1 + c1t+ · · ·+ cltl

for some ci ∈ k, 1 ≤ i ≤ l [JZ97, Theorem 2.3]. The homological determinant of ϕ is

hdet(ϕ) = (−1)ncl [JZ00, Lemma 2.6] [JZ00, Proposition 4.2].

It is possible to define the homological determinant of a graded automorphism of an Artin-

Schelter Gorenstein algebra. However, within the scope of this dissertation, the algebraic

structures we will investigate are all Artin-Schelter regular. Consequently, we will adopt the

above, simpler definition.

It is noteworthy that the homological determinant hdet : Autgr(A) → k× is a group

homomorphism [JZ00, Proposition 2.5]. Additionally, if A = k[x1, · · · , xn], the homological

determinant hdet(ϕ) coincides with the determinant det(ϕ
∣∣
A1
) [JZ00, page 322].

1.2 Main Results

The primary contribution of our research is the following variants of the Shephard-Todd-

Chevalley Theorem and the Watanabe Theorem for quadratic Poisson structures on the

polynomial ring k[x1, x2, x3] and their associated Artin-Schelter regular algebras.

Theorem 1.2.1. (Shephard-Todd-Chevalley Theorem) Let P = k[x1, x2, x3] be a unimodu-

lar quadratic Poisson algebra and let G ⊆ PAutgr(P ) be a finite subgroup. Then the invariant

subalgebra PG is isomorphic to P as Poisson algebras if and only if G is trivial.

Theorem 1.2.2. (Shephard-Todd-Chevalley Theorem) Let P = k[x1, x2, x3] be a non-

unimodular quadratic Poisson algebra and let G ⊆ PAutgr(P ) be a finite subgroup. If

{−,−} satisfies the following conditions on its coefficients:

• Non-unimodular 1. p, q, r ̸= 0.

• Non-unimodular 2. p, q ̸= 0, p ̸= q, 4p2 + q2 ̸= 0.
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• Non-unimodular 3. p ̸= 0.

• Non-unimodular 4. p, q ̸= 0.

• Non-unimodular 5. p ̸= 0, 1
2
.

• Non-unimodular 6. p ̸= 0.

• Non-unimodular 7. p, q ̸= 0, 2p+ r ̸= 0, (2p+ r)2 + q2 ̸= 0.

• Non-unimodular 8. p ̸= 0, p+ q ̸= 0.

• Non-unimodular 9. p ̸= 0.

• Non-unimodular 10. p ̸= 0,−1
4
,−1

3
,−1

2
.

• Non-unimodular 11. p ̸= 0,−1
2
,−1

4
, q ̸= 0.

• Non-unimodular 12. p ̸= 0,−1
2
,−1

3
, q = 0.

• Non-unimodular 13. p ̸= 0,−1
2
, q = 0, r = 0.

Then the invariant subalgebra PG is isomorphic to P as Poisson algebras if and only if G is

trivial.

Let P = k[x1, · · · , xn] be a Poisson algebra and let U(P ) be its Poisson enveloping

algebra. If ϕ is a graded Poisson automorphism of P , it is possible to construct a unique

graded automorphism ϕ̃ of U(P ) such that

P P

U(P ) U(P )

ϕ

α,β α,β

ϕ̃

is a commutative diagram.

Theorem 1.2.3. Let P = k[x1, · · · , xn] be a quadratic Poisson algebra and U(P ) be its

Poisson enveloping algebra. Let G be a finite subgroup of the graded Poisson automorphism

group of P and let G̃ = {ϕ̃ : ϕ ∈ G} be the corresponding finite subgroup of the graded

automorphism group of U(P ). The invariant subalgebra U(P )G̃ is Artin-Schelter regular if

and only if G is trivial.
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Theorem 1.2.4. (Watanabe Theorem) Let P = k[x1, · · · , xn] be a quadratic Poisson algebra

and let U(P ) be its Poisson enveloping algebra. Let G be a finite subgroup of the graded

Poisson automorphism group of P and let G̃ = {ϕ̃ : ϕ ∈ G} be the corresponding finite

subgroup of the graded automorphism group of U(P ). If G is generated by graded Poisson

automorphisms ϕ1, · · · , ϕm such that det(ϕi

∣∣
P1
) = ±1 for all 1 ≤ i ≤ m, then U(P )G̃ is

Artin-Schelter Gorenstein.

Let P = k[x1, x2, x3] be a quadratic Poisson algebra, with its Poisson structure written

as {xi, xj} =
∑
k,l

ck,li,jxkxl, 1 ≤ i < j ≤ 3. Donin and Makar-Limanov proved that P is

quantizable, admitting the following deformation quantization [DML98]:

Pℏ = k⟨y1, y2, y3⟩/([yi, yj] =
ℏ
2

∑
k,l

ck,li,j (ykyl + ylyk))1≤i,j≤3,

for some 0 ̸= ℏ ∈ k. It is possible to prove that Pℏ is a quantum polynomial ring and

PAutgr(P ) ∼= Autgr(Pℏ). If in addition P is unimodular, then PR(P ) ∼= QR(Pℏ).

Theorem 1.2.5. (Shephard-Todd-Chevalley Theorem) Let P = k[x1, x2, x3] be a unimodu-

lar quadratic Poisson algebra. LetG be a finite subgroup of the graded Poisson automorphism

group of P , and Gℏ be the corresponding finite subgroup of the graded automorphism group

of Pℏ under the isomorphism PAutgr(P ) ∼= Autgr(Pℏ). The following are equivalent:

(1) G is generated by Poisson reflections.

(2) Gℏ is generated by quasi-reflections.

(3) PGℏ
ℏ is Artin-Schelter regular.

Theorem 1.2.6. Let P = k[x1, x2, x3] be a unimodular quadratic Poisson algebra. Let G

be a finite subgroup of the graded Poisson automorphism group of P and let Gℏ be the cor-

responding finite subgroup of the graded automorphism group of Pℏ under the isomorphism
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PAutgr(P ) ∼= Autgr(Pℏ). Define Qℏ := PGℏ
ℏ , with ℏ viewed as a formal parameter (as opposed

to a scalar value). Then

(1) Qℏ/(ℏ) ∼= PG as k-algebras.

(2) For all f, g ∈ Qℏ, fg − gf = ℏπ1(f, g) for some π1(f, g) ∈ Qℏ.

(3) Qℏ/(ℏ) together with the following Poisson bracket:

{f, g} = π1(f, g),

where ( ) denotes the image under the natural projection Qℏ → Qℏ/(ℏ), is isomorphic

to PG as Poisson algebras.

P Pℏ

PG PGℏ
ℏ

deformation quantization

in
va
ri
an

t in
varian

t

semiclassical limit
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Chapter 2

QUADRATIC POISSON STRUCTURES ON k[X1, X2, X3]

In this chapter, we delve into the classification of quadratic Poisson structures on the

polynomial ring of three variables k[x1, x2, x3], along with their associated algebraic struc-

tures, namely, Poisson enveloping algebras and deformation quantizations.

2.1 Classification of Quadratic Poisson Structures

Let P be the polynomial ring of three variables k[x1, x2, x3]. Dufour and Haraki, Donin

and Marka-Limanov, and Liu and Xu, have independently classified all quadratic Poisson

structures on P into 13 + 1 classes [DH91], [DML98], [LX92]:

Case {x1, x2} {x2, x3} {x3, x1}

1 px1x2 qx2x3 rx1x3

2 p(x2
1 + x2

2) 2px1x3 − qx2x3 qx1x3 + 2px2x3

3 x2
1 2x1x3 − px2x3 px1x3

4 px1x2 x2
1 + qx2x3 px1x3

5 px2
1 (2p+ 1)x1x3 + x2x3 −x1x3

6 −1
2
x2
1 px2x3 −px1x3

7 p(x2
1 + x2

2) (2p+ r)x1x3 + qx2x3 −qx1x3 + (2p+ r)x2x3

8 p+q
2
x2
1 +

p+q
2
x2
2 ± x2

3 px1x3 px2x3

9 −1
3
x2
1 px2

1 − 1
3
x2
2 +

1
3
x1x3

1
3
x1x2
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Case {x1, x2} {x2, x3} {x3, x1}

10 −(2p+ 1)x2
1 px2

2 − (4p+ 1)x1x3 (2p+ 1)x1x2

11 px2
1 + qx2

3 (2p+ 1)x1x3 0

12 px2
1 + qx2

3 x2
1 + (2p+ 1)x1x3 0

13 px2
1 + qx2

3 + 2x1x3 rx2
1 + x2

3 + (2p+ 1)x1x3 0

14
∂Ω

∂x3

∂Ω

∂x1

∂Ω

∂x2

In Case 5, p ̸= 1

2
. In Case 14, Ω is a homogeneous polynomial in x1, x2, x3 of degree 3,

called the superpotential of the Poisson structure. For P = k[x1, x2, x3], Luo, Wang, and Wu

have established that unimodularity of a Poisson structure is equivalent to the existence of

a superpotential Ω [LWW15, Proposition 2.6]. In other words, Case 1 - Case 13 consist of

all non-unimodular Poisson structures on P , assuming that the coefficients p, q, r are placed

in general positions; Case 14 consists of all unimodular Poisson structures on P .

There are multiple references of the classification of the homogeneous polynomials in

x1, x2, x3 of degree 3, for example [BW79]. It should be pointed out that every unimodular

Poisson structure on P = k[x1, x2, x3], or equivalently, every Poisson structure on P =

k[x1, x2, x3] derived from a superpotential Ω, is isomorphic to the Poisson structure derived

from one of the following homogeneous polynomials [HWZ23, Theorem 3.4]:

Case Ω

14-1 x3
1

14-2 x2
1x2

14-3 2x1x2x3

14-4 x2
1x2 + x1x

2
2
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Case Ω

14-5 x3
1 + x2

2x3

14-6 x3
1 + x2

1x3 + x2
2x3

14-7 1
3
(x3

1 + x3
2 + x3

3)− λx1x2x3, λ
3 ̸= 1

14-8 x3
1 + x2

1x2 + x1x2x3

14-9 x2
1x3 + x1x

2
2

Plugging the classification of Ω into Case 14 yields the classification of unimodular Poisson

structures on k[x1, x2, x3] as follows:

Case {x1, x2} {x2, x3} {x3, x1}

14-1 0 3x2
1 0

14-2 0 2x1x2 x2
1

14-3 2x1x2 2x2x3 2x1x3

14-4 0 2x1x2 + x2
2 x2

1 + 2x1x2

14-5 x2
2 3x2

1 2x2x3

14-6 x2
1 + x2

2 3x2
1 + 2x1x3 2x2x3

14-7 x2
3 + λx1x2 x2

1 + λx2x3 x2
2 + λx1x3

14-8 x1x2 3x2
1 + 2x1x2 + x2x3 x2

1 + x1x3

14-9 x2
1 2x1x3 + x2

2 2x1x2

2.2 Poisson Twistings

Let P = k[x1, · · · , xn] be a non-unimodular Z-graded Poisson algebra such that
n∑

i=1

deg(xi) ̸=

0. It is possible to transform the Poisson structure of P into a unimodular Poisson structure
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using Poisson twists, the Poisson analog of the Zhang twists [Zha96] of associative algebras.

Definition-Lemma 2.2.1. [TWZ22, Theorem 3.8] Let P = k[x1, · · · , xn] be a Z-graded

Poisson algebra: deg(xi) = di for all 1 ≤ i ≤ n, such that d =
n∑

i=1

di ̸= 0. Let π = {−,−} be

its Poisson structure and let m be its modular derivation. Define

⟨−,−⟩ : P⊗2 →P

f ⊗ g 7→{f, g} − 1

d
deg(f)fm(g) +

1

d
deg(g)gm(f),

for all homogeneous elements f, g ∈ P . After extending bilinearly, ⟨−,−⟩ is a unimodular

Poisson structure on P . In future discussions, the Poisson algebra (P, ⟨−,−⟩) will be denoted

as P− 1
d
m, with its Poisson structure written as −1

d
E ∧m.

Example 2.2.2. Let P = k[x1, x2, x3] be a non-unimodular quadratic Poisson algebra. Then

P can be transformed into the following unimodular Poisson algebras:

Case Superpotential

1 1
3
(p+ q + r)x1x2x3

2 px2
1x3 + px2

2x3

3 x2
1x2

4 1
3
(2p+ q)x1x2x3 +

1
3
x3
1

5 (p+ 1
3
)x2

1x3

6 −1
6
x2
1x3

7 (p+ 1
3
r)x2

1x3 + (p+ 1
3
r)x2

2x3

8 1
6
(3p+ q)x2

1x3 +
1
6
(3p+ q)x2

2x3 ± 1
3
x3
3

9 1
3
px3

1

10 1
3
(3p+ 1)x1x

2
2 − 2

3
(3p+ 1)x2

1x3
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Case Superpotential

11 1
3
(3p+ 1)x2

1x3 +
1
3
qx3

3

12 1
3
x3
1 +

1
3
(3p+ 1)x2

1x3 +
1
3
qx3

3

13 1
3
rx3

1 +
1
3
(3p+ 1)x2

1x3 + x1x
2
3 +

1
3
qx3

3

2.3 Poisson Enveloping Algebras

Let P = k[x1, · · · , xn] be a Poisson algebra. Its Poisson enveloping algebra U(P ) is

necessarily unique and can be described by an explicit set of generators and relations as

follows:

Theorem 2.3.1. [OPS06, 2.4], [Bav21, Theorem 2.2] Let P = k[x1, · · · , xn] be a Pois-

son algebra. The Poisson enveloping algebra U(P ) is the free k-algebra generated by

x1, · · · , xn, y1, · · · , yn subjecting to the following relations:

(1) [xi, xj] = 0,

(2) [yi, yj] =
n∑

k=1

∂{xi, xj}
∂xk

yk,

(3) [yi, xj] = {xi, xj},

for all 1 ≤ i, j ≤ n, and α, β are defined as the follows:

α : P →U(P ), β : P → U(P )

f 7→f, f 7→
n∑

k=1

∂f

∂xk

yk,

for all f ∈ P .
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Remark 2.3.2. Since α is the identity map on P , we will abuse notation slightly by omitting

α when referring to the elements α(f) ∈ U(P ) for all f ∈ P .

If in addition P = k[x1, · · · , xn] is quadratic, then the Poisson enveloping algebra U(P )

is Artin-Schelter regular [LWZ17, Corollary 1.5] and satisfies a range of preferred qualities:

• U(P ) is Noetherian [Oh99, Proposition 9].

• U(P ) admits a Poincaré-Birkhoff-Witt basis:

{xi1
1 · · · xin

n yj11 · · · yjnn : ir, js ≥ 0} [OPS06,Theorem 3.7].

• U(P ) has global dimension 2n [BZ18, Proposition 2.1].

• The Hilbert series hU(P )(t) =
1

(1− t)2n
[GVW23, Lemma 5.4].

Example 2.3.3. Let P = k[x1, x2] be the Poisson algebra {f, g} =

(
∂f

∂x1

∂g

∂x2

− ∂g

∂x1

∂f

∂x2

)
qx1x2,

for some q ̸= 0, for all f, g ∈ P . Its Poisson enveloping algebra U(P ) is the k-algebra

k⟨x1, x2, y1, y2⟩ subjecting to the following relations:

• x2x1 = x1x2,

• y2y1 = y1y2 − qx2y1 − qx1y2,

• y1x1 = x1y1,

• y1x2 = x2y1 + qx1x2,

• y2x1 = x1y2 − qx1x2,

• y2x2 = x2y2.

Example 2.3.4. Let P = k[x1, x2] be the Poisson algebra {f, g} =

(
∂f

∂x1

∂g

∂x2

− ∂g

∂x1

∂f

∂x2

)
x2
1,

for all f, g ∈ P . Its Poisson enveloping algebra U(P ) is the k-algebra k⟨x1, x2, y1, y2⟩ sub-

jecting to the following relations:

• x2x1 = x1x2,
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• y2y1 = y1y2 − 2x1y1,

• y1x1 = x1y1,

• y1x2 = x2y1 + x2
1,

• y2x1 = x1y2 − x2
1,

• y2x2 = x2y2.

Let P = k[x1, · · · , xn] be a quadratic Poisson algebra. Suppose that ϕ is a graded Poisson

automorphism of P . It is natural to ask: does ϕ induce a unique graded automorphism ϕ̃ on

the Poisson enveloping algebra U(P ) that is natural in the sense that the following diagram

is commutative:

P U(P )

P U(P )

α, β

ϕ ϕ̃

α, β

The answer is affirmative.

Lemma 2.3.5. Let P = k[x1, · · · , xn] be a quadratic Poisson algebra. Suppose that ϕ is a

graded Poisson automorphism of P . Then there exists a unique graded automorphism ϕ̃ on

the Poisson enveloping algebra U(P ) such that

α ◦ ϕ = ϕ̃ ◦ α, β ◦ ϕ = ϕ̃ ◦ β.

Proof. Define ϕ̃ : U(P ) → U(P ) as follows: ϕ̃(xi) = ϕ(xi) and ϕ̃(yi) =
n∑

j=1

∂ϕ(xi)

∂xj

yj, for all

1 ≤ i ≤ n. For commutativity, α ◦ ϕ = ϕ̃ ◦ α;

β ◦ ϕ(xi) =
n∑

j=1

∂ϕ(xi)

∂xj

yj, ϕ̃ ◦ β(xi) = ϕ̃(yi) =
n∑

j=1

∂ϕ(xi)

∂xj

yj,

for all 1 ≤ i ≤ n, and therefore β ◦ ϕ = ϕ̃ ◦ β. Suppose that
˜̃
ϕ : U(P ) → U(P ) is another
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graded automorphism such that α ◦ ϕ =
˜̃
ϕ ◦ α and β ◦ ϕ =

˜̃
ϕ ◦ β. From the commutativity

α ◦ ϕ =
˜̃
ϕ ◦ α, we have

˜̃
ϕ(xi) = ϕ(xi) = ϕ̃(xi), for all 1 ≤ i ≤ n. From the commutativity

β ◦ ϕ =
˜̃
ϕ ◦ β, we have

˜̃
ϕ(yi) =

˜̃
ϕ ◦ β(xi) = β ◦ ϕ(xi) = ϕ̃ ◦ β(xi) = ϕ̃(yi),

for all 1 ≤ i ≤ n. Since
˜̃
ϕ and ϕ̃ agree on the generators of U(P ), the graded automorphism˜̃

ϕ coincides with the graded automorphism ϕ̃.

Retain the above notations. Suppose that G is a subgroup of the graded Poisson auto-

morphism of P . By Lemma 2.3.5, we can construct a subgroup G̃ = {ϕ̃ : ϕ ∈ G} of the

graded automorphism group of U(P ). It is natural to ask: is G̃ isomorphic to G as groups?

Once again, the answer is affirmative.

Lemma 2.3.6. Let P = k[x1, · · · , xn] be a quadratic Poisson algebra. Suppose that G is

a subgroup of the graded Poisson automorphism group of P and G̃ = {ϕ̃ : ϕ ∈ G} is the

corresponding subgroup of the graded automorphism group of U(P ). Then G̃ is isomorphic

to G as groups.

Proof. Define G → G̃ : ϕ 7→ ϕ̃. First, we claim that this mapping is a group homomorphism.

Let ϕ1, ϕ2 ∈ G. It is clear that ϕ̃1ϕ̃2 and ϕ̃1ϕ2 agree on the generators x1, · · · , xn. In the

meantime, on the generators y1, · · · , yn,

ϕ̃1ϕ̃2(yi) =ϕ̃1(ϕ̃2(yi))

=ϕ̃1

(
n∑

j=1

∂ϕ2(xi)

∂xj

yj

)

=
n∑

j=1

ϕ1

(
∂ϕ2(xi)

∂xj

)( n∑
k=1

∂ϕ1(xj)

∂xk

yk

)
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=
n∑

j=1

n∑
k=1

ϕ1

(
∂ϕ2(xi)

∂xj

)(
∂ϕ1(xj)

∂xk

yk

)

=
n∑

j=1

n∑
k=1

∂ϕ1(ϕ2(xi))

∂ϕ1(xj)

∂ϕ1(xj)

∂xk

yk

=
n∑

k=1

∂ϕ1(ϕ2(xi))

∂xk

yk

=ϕ̃1ϕ2(yi),

for all 1 ≤ i ≤ n, in which the fifth equality follows from the commutativity of the following

diagram:

k[x1, · · · , xn] k[x1, · · · , xn]

k[x1, · · · , xn] k[x1, · · · , xn]

∂
∂xj

ϕ1 ϕ1

∂
∂ϕ1(xj)

For injectivity, suppose that ϕ̃1 = ϕ̃2. On the generators x1, · · · , xn, ϕ1(xi) = ϕ̃1(xi) =

ϕ̃2(xi) = ϕ2(xi), for all 1 ≤ i ≤ n. Consequently, ϕ1 = ϕ2. Finally, surjectivity follows easily

from the construction.

2.4 Deformation Quantizations

Let P = k[x1, x2, x3] be a quadratic Poisson algebra, with its Poisson structure written

as {xi, xj} =
∑
k,l

ck,li,jxkxl, 1 ≤ i < j ≤ 3. Donin and Makar-Limanov proved that P is

quantizable, admitting a deformation quantization:

Pℏ = k[[ℏ]]⟨y1, y2, y3⟩/([yi, yj] =
ℏ
2

∑
k,l

ck,li,j (ykyl + ylyk))1≤i,j≤3.

In practice, we will work with a variant of the above deformation quantizations, modified
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by replacing the coefficient ring k[[ℏ]] with an algebraically closed field F of characteristic 0.

In a more formal manner, we can replace Pℏ with Pℏ ⊗k[[ℏ]] k((ℏ)), or equivalently, we can

replace the coefficient ring k[[ℏ]] by F = k((ℏ)), the Puiseux series of ℏ over k. Given that

our attention rarely extends to scalars, we will assume that the formal parameter ℏ has been

replaced by a non-zero scalar in k and that F = k. For the remainder of the dissertation, we

will refer this variant as the standard deformation quantization of P .

Theorem 2.4.1. [DML98, Theorem 3.1] Let P = k[x1, x2, x3] be a quadratic Poisson algebra,

with its Poisson structure written as {xi, xj} =
∑
k,l

ck,li,jxkxl, 1 ≤ i < j ≤ 3. Then the Poisson

algebra P is quantizable, admitting the standard deformation quantization:

Pℏ = k⟨y1, y2, y3⟩/([yi, yj] =
ℏ
2

∑
k,l

ck,li,j (ykyl + ylyk))1≤i,j≤3,

for some ℏ ∈ k×.

Working with the standard deformation quantization offers two benefits:

(1) It is imperative to set A0 = k, as Artin-Schelter regularity necessitates a connected

N-grading. In the later part of this section, we will prove that the deformation quan-

tization in Theorem 2.4.1 satisfies Artin-Schelter regularity.

(2) It is computationally (and psychologically) easier to work with scalars from a field

rather than with scalars from a formal power series ring.

Example 2.4.2. Let P = k[x1, x2, x3] be a unimodular quadratic Poisson algebra. The

standard deformation quantization of P is the free k-algebra generated by y1, y2, y3 subjecting

to the following relations:

Case y2y1 = y3y2 = y3y1 =

14-1 y1y2 y2y3 − 3ℏy21 y1y3

14-2 y1y2 y2y3 − 2ℏy1y2 y1y3 + ℏy21
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Case y2y1 = y3y2 = y3y1 =

14-3 1−ℏ
1+ℏy1y2

1−ℏ
1+ℏy2y3

1+ℏ
1−ℏy1y3

14-4 y1y2 y2y3 − 2ℏy1y2 − ℏy22 y1y3 + ℏy21 + 2ℏy1y2

14-5 y1y2 − ℏy22 y2y3 − 3ℏy21 (y1 + 2ℏy2)y3 − 3ℏ2y21

14-6 y1y2 − ℏy21 − ℏy22 (− 2ℏ
1+ℏ2y1 +

1−ℏ2
1+ℏ2y2)y3 −

3ℏ
1+ℏ2y

2
1

(1−ℏ2
1+ℏ2y1 +

2ℏ
1+ℏ2y2)y3 −

3ℏ2
1+ℏ2y

2
1

14-7 2−λℏ
2+λℏy1y2 −

2ℏ
2+λℏy

2
3

2−λℏ
2+λℏy2y3 −

2ℏ
2+λℏy

2
1

2+λℏ
2−λℏy1y3 +

ℏ
2−λℏy

2
2

14-8 2−ℏ
2+ℏy1y2

2−ℏ
2+ℏy2y3 −

6ℏ
2+ℏy

2
1 −

8ℏ
(2+ℏ)2y1y2

2+ℏ
2−ℏy1y3 +

2ℏ
2−ℏy

2
1

14-9 y1y2 − ℏy21 (−2ℏy1 + y2)y3 +

ℏ3y21 − 2ℏ2y1y2 − ℏy22

y1y3 − ℏ2y21 + 2ℏy1y2

Example 2.4.3. Let P = k[x1, x2, x3] be a non-unimodular quadratic Poisson algebra. The

standard deformation quantization of P is the free k-algebra generated by y1, y2, y3 subjecting

to the following relations:

Case y2y1 = y3y2 = y3y1 =

1 2−pℏ
2+pℏy1y2

2−qℏ
2+qℏy2y3

2+rℏ
2−rℏy1y3

2 y1y2 − pℏy21 − pℏy22 (− 8pℏ
4+(4p2+q2)ℏ2−4qℏy1 +

4−(4p2+q2)ℏ2
4+(4p2+q2)ℏ2−4qℏy2)y3

( 4−(4p2+q2)ℏ2
(4+(4p2+q2)ℏ2−4qℏ)y1 +

8pℏ
(4+(4p2+q2)ℏ2−4qℏ)y2)y3

3 y1y2 − ℏy21 (− 8ℏ
(2−pℏ)2y1 +

2+pℏ
2−pℏy2)y3

2+pℏ
2−pℏy1y3

4 2−pℏ
2+pℏy1y2

2−qℏ
2+qℏy2y3 −

2ℏ
2+qℏy

2
1

2+pℏ
2−pℏy1y3

5 y1y2 − pℏy21 (−4(2p+1)ℏ
(2+ℏ)2 y1 +

2−ℏ
2+ℏy2)y3

2−ℏ
2+ℏy1y3

6 y1y2 +
ℏ
2
y21

2−pℏ
2+pℏy2y3

2−pℏ
2+pℏy1y3



25

Case y2y1 = y3y2 = y3y1 =

7 y1y2 − pℏy21 − pℏy22 (− 4(2p+r)ℏ
4+((2p+r)2+q2)ℏ2+4qℏy1+

4−((2p+r)2+q2)ℏ2
4+((2p+r)2+q2)ℏ2+4qℏy2)y3

( 4−((2p+r)2+q2)ℏ2
4+((2p+r)2+q2)ℏ2+4qℏy1 +

4(2p+r)ℏ
4+((2p+r)2+q2)ℏ2+4qℏy2)y3

8 y1y2 − (p+q)ℏ
2

y21 −
(p+q)ℏ

2
y22 ∓ ℏy23

(− 4pℏ
4+p2ℏ2y1 +

(2+pℏ)2
4+p2ℏ2 y2)y3

( (2+pℏ)(2−pℏ)
4+p2ℏ2 y1 +

4pℏ
4+p2ℏ2y2)y3

9 y1y2 +
ℏ
3
y21 (−ℏ

3
y1 + y2)y3 − (p+

ℏ2
108

)ℏy21 − ℏ2
18
y1y2 +

ℏ
3
y22

y1y3 +
ℏ2
18
y21 +

ℏ
3
y1y2

10 y1y2 + (2p+ 1)ℏy21 ((4p+ 1)ℏy1 + y2)y3 +

(4p+1)(2p+1)2ℏ3
4

y21 +

(4p+1)(2p+1)ℏ2
2

y1y2 − pℏy22

y1y3 +
(2p+1)2ℏ2

2
y21 +

(2p+ 1)ℏy1y2

11 y1y2 − pℏy21 − qℏy23 y2y3 − (2p+ 1)ℏy1y3 y1y3

12 y1y2 − pℏy21 − qℏy23 y2y3−ℏy21−(2p+1)ℏy1y3 y1y3

13 y1y2 − pℏy21 − qℏy23 −

2ℏy1y3

y2y3 − rℏy21 − (2p+

1)ℏy1y3 − ℏy23

y1y3

Lemma 2.4.4. Let P = k[x1, x2, x3] be a quadratic Poisson algebra. Then its standard

deformation quantization Pℏ is a quantum polynomial ring of global dimension 3.

Proof. In Case 1 to 7, 9 to 13, 14-1 to 14-6, 14-8, and 14-9, the standard deformation quanti-

zation is an Ore extension of either the skew polynomial ring of two variables or the Jordan

plane, and therefore takes the form of an iterated Ore extension k[y1][y2;σ2, δ2][y3;σ3, δ3],

where appropriate selections of graded automorphisms σ2 and σ3, along with σ2-derivation

δ2 and σ3-derivation δ3, are made. This can be verified by applying the following fact: the

graded automorphisms of the skew polynomial ring of two variables is


a 0

0 b

 : a, b ̸= 0


when the relation is written as y2y1 − λy1y2 (λ ̸= 0,±1) and
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
 a b

−b a

 : a, b ̸= 0

 when the relation is written as y2y1 − y1y2 + λy21 + λy22 (λ ̸= 0,±1),

and the graded automorphisms of the Jordan plane is


a 0

b a

 : a ̸= 0

 when the relation

is written as y2y1 − y1y2 − λy21 (λ ̸= 0). These iterated Ore extensions are Noetherian Artin-

Schelter regular domains, as shown in [AST91, Proposition 2] and [GRBW04, Corollary 2.7,

Exercise 2O]. For the Hilbert series, the standard deformation quantization Pℏ is isomorphic

to P as graded k-vector spaces, with the isomorphism being established by substituting ℏ

with a non-zero scalar as described in Definition 1.1.14 (1). Consequently, the Hilbert series

hPℏ(t) =
1

(1− t)3
.

In Case 14-7, the standard deformation quantization is the three-dimensional Sklyanin

algebra, a family of Artin-Schelter regular algebras initially studied in [AS87] and [ATVdB07].

The proof of the remaining properties: Noetherian, domain, and Hilbert series, can be found

in a number of references, for example [Wal12, Theorem 2.14].

In Case 8, the standard deformation quantization Pℏ admits a k-linear basis {yi1y
j
2y

k
3 :

i, j, k ≥ 0} [DML98, page 254]. This k-linear basis leads to two implications. Firstly, it

implies that the Hilbert series is hPℏ(t) =
1

(1− t)3
. Secondly, it implies that y3 is a non-zero-

divisor. Suppose that fy3 = 0 for some f ∈ Pℏ. Rewrite f with respect to this k-linear basis:

f =
∑
(i,j,k)

ci,j,ky
i
1y

j
2y

k
3 . The element fy3 = 0 is a non-trivial linear combination of the k-linear

basis {yi1y
j
2y

k
3 : i, j, k ≥ 0}, a contradiction. Similarly, one can demonstrate that y3f ̸= 0

by using the relations provided in Example 2.4.3. This establishes a sufficient condition for

applying [RZ10, Corollary 1.2]. It is worth noting that while the corollary necessitates a

domain, its proof, specifically the Rees Lemma ExtiPℏ
(k, Pℏ) ∼= Exti−1

Pℏ/(y3)
(k, Pℏ/(y3)), only

requires y3 to be a non-zero-divisor. The quotient algebra

Pℏ/(y3) ∼= k⟨y1, y2⟩/(y2y1 = y1y2 −
(p+ q)ℏ

2
y21 −

(p+ q)ℏ
2

y22)
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can be identified with the skew polynomial ring of two variables. Then Pℏ is an Artin-Schelter

regular algebra of global dimension 3, possessing 3 generators and 3 relations. Such algebras

are Noetherian, as demonstrated, for instance, in [Ste96, Theorem 3.1].
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Chapter 3

CLASSIFICATIONS OF GRADED POISSON
AUTOMORPHISMS OF P = k[X1, X2, X3]

In this chapter, we delve into the classification of graded Poisson automorphisms for all

quadratic Poisson structures on k[x1, x2, x3], as well as the classification of graded automor-

phisms for their standard deformation quantizations.

3.1 Classification Techniques

Let P = k[x1, · · · , xn] be a Poisson algebra under the standard grading. Suppose that

ϕ ∈ PAutgr(P ). The graded Poisson automorphism ϕ is uniquely determined by its action

on P1 =
n⊕

i=1

kxi, allowing it to be represented as an invertible n×n matrix: ϕ =
[
aij

]
1≤i,j≤n

for some aij ∈ k. By calculation,

ϕ({xi, xj}) = {ϕ(xi), ϕ(xj)} =

{ n∑
k=1

aikxk,
n∑

j=1

ajlxl

}
=

∑
1≤k<l≤n

(aikajl − ailajk){xk, xl},

for all 1 ≤ i ≤ j ≤ n. In particular, when n = 3, the above calculation can be summarized

as the following lemma:

Lemma 3.1.1. Let P = k[x1, x2, x3] be a quadratic Poisson algebra and let ϕ ∈ PAutgr(P ).

Then ϕ can be uniquely represented as an invertible 3 × 3 matrix over k:


a11 a12 a13

a21 a22 a23

a31 a32 a33


satisfying the following equations:

(1) ϕ({x1, x2}) = (a11a22−a12a21){x1, x2}+(a12a23−a13a22){x2, x3}+(a13a21−a11a23){x3, x1},
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(2) ϕ({x2, x3}) = (a21a32−a22a31){x1, x2}+(a22a33−a23a32){x2, x3}+(a23a31−a21a33){x3, x1},

(3) ϕ({x3, x1}) = (a12a31−a11a32){x1, x2}+(a13a32−a12a33){x2, x3}+(a11a33−a13a31){x3, x1}.

In some instances, computing the solution set of the equations stated in Lemma 3.1.1

can be exceedingly challenging for both humans and machines. Consequently, we will use

the following techniques for further simplification before proceeding with our computation.

Lemma 3.1.2. Let P = k[x1, · · · , xn] be a Poisson algebra.

(1) If f ∈ P satisfies: {f, xi} ⊆ fP for all 1 ≤ i ≤ n, then f is Poisson normal.

(2) Let ϕ : P → Q be a graded surjective Poisson homomorphism. If f ∈ P is Poisson

normal, so is ϕ(f).

Proof.

(1) Let p ∈ P . {f, p} =
n∑

i=1

∂p

∂xi

{f, xi}. If {f, xi} ⊆ fP for all 1 ≤ i ≤ n, then {f, p} ∈ fP .

(2) Let q ∈ Q. {ϕ(f), q} = {ϕ(f), ϕ(p)} = ϕ({f, p}) = ϕ(fp′) = ϕ(f)ϕ(p′) ∈ ϕ(f)Q for

some p, p′ ∈ P .

Lemma 3.1.3. Let P = (k[x1, · · · , xn], {−,−}P ) and Q = (k[x1, · · · , xn], {−,−}Q) be Pois-

son algebras. If {xi, xj}Q = λ{xi, xj}P for some λ ∈ k for all 1 ≤ i ≤ j ≤ n, then the graded

Poisson automorphism group of P is isomorphic to the graded Poisson automorphism group

of Q as groups: PAutgr(P ) ∼= PAutgr(Q).

Proof. Let ϕ be a graded Poisson automorphism of P such that ϕ
∣∣
P1

=
[
aij

]
1≤i,j≤n

. It is

sufficient to demonstrate that ϕ induces a graded Poisson automorphism of Q, as the reverse

direction is symmetric. Consider the graded endomorphism of Q that is determined by[
aij

]
1≤i,j≤n

. To establish that φ preserves the Poisson structure of Q,

φ({xi, xj}Q) = φ(λ{xi, xj}P ) = λ{φ(xi), φ(xj)}P = {φ(xi), φ(xj)}Q,
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for all 1 ≤ i ≤ j ≤ n.

Lemma 3.1.4. [HTWZ23, Lemma 3.3] Let P = k[x1, x2, x3] be a Z-graded unimodular

Poisson algebra determined by some homogeneous superpotential Ω such that deg(Ω) >

max{deg(x1), deg(x2), deg(x3)}. If ϕ is a graded automorphism of the k-algebra P , then ϕ

is a graded Poisson automorphism of the Poisson algebra P if and only if

ϕ(Ω) = det


∂ϕ(x1)
∂x1

∂ϕ(x1)
∂x2

∂ϕ(x1)
∂x3

∂ϕ(x2)
∂x1

∂ϕ(x2)
∂x2

∂ϕ(x2)
∂x3

∂ϕ(x3)
∂x1

∂ϕ(x3)
∂x2

∂ϕ(x3)
∂x3

Ω.

In particular, if P = k[x1, x2, x3] is equipped with the standard grading: deg(x1) = deg(x2) =

deg(x3) = 1, then for a graded Poisson automorphism ϕ of the Poisson algebra P , the

image of the superpotential ϕ(Ω) and the superpotential Ω differ by a nonzero constant

det
[
∂(ϕ(x1),ϕ(x2),ϕ(x3))

∂(x1,x2,x3)

]
∈ k.

Lemma 3.1.2 and Lemma 3.1.4 provide us means to simplify the equations stated in

Lemma 3.1.1. because a graded Poisson automorphism ϕ necessarily permutes the set of

linear Poisson normal elements of P and fixes the superpotential up to a scalar. Furthermore,

Lemma 3.1.3 enables us to re-scale the Poisson structure in cases where its coefficients p, q, r

or its linear Poisson normal elements pose computational challenges.

3.2 Classification for Unimodular Poisson Algebras

In this section, our objective is to provide a classification of graded Poisson automor-

phisms for unimodular Poisson structures on k[x1, x2, x3].

Unimodular 1. {x1, x2} = 0, {x2, x3} = 3x2
1, {x3, x1} = 0.

Let ϕ ∈ PAutgr(P ). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:
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(1) a211 = a22a33 − a23a32.

(2) a212 = 0.

(3) a213 = 0.

These relations simplify to a11 = ±
√
a22a33 − a23a32 ̸= 0, a12 = a13 = 0. In conclusion,

PAutgr(P ) =



±
√
bf − ce 0 0

a b c

d e f

 : bf ̸= ce

 .

Unimodular 2. {x1, x2} = 0, {x2, x3} = 2x1x2, {x3, x1} = x2
1.

Let ϕ ∈ PAutgr(P ). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:

(1) a13a21 = a11a23.

(2) 2a11a21 = a23a31 − a21a33.

(3) a211 = a11a33 − a13a31.

(4) a212 = 0.

(5) a213 = 0.

By (4) and (5), a12 = a13 = 0 and a11 ̸= 0. By substituting the variables in (1) and (3),

a23 = 0 and a33 = a11. Finally, it can be deduced from (2) that a21 = 0. In conclusion,

PAutgr(P ) =



a 0 0

0 b 0

c d a

 : a, b ̸= 0

 .
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Unimodular 3. {x1, x2} = x1x2, {x2, x3} = x2x3, {x3, x1} = x1x3.

Let ϕ ∈ Autgr(P ). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:

(1) a11a21 = 0.

(2) a12a22 = 0.

(3) a13a23 = 0.

(4) a11a22 + a12a21 = a11a22 − a12a21.

(5) a11a23 + a13a21 = a13a21 − a11a23.

(6) a12a23 + a13a22 = a12a23 − a13a22.

(7) a11a31 = 0.

(8) a12a32 = 0.

(9) a13a33 = 0.

(10) a11a32 + a12a31 = a12a31 − a11a32.

(11) a11a33 + a13a31 = a11a33 − a13a31.

(12) a12a33 + a13a32 = a13a32 − a12a33.

We conduct a case-by-case examination:

• Suppose that a11 ̸= 0. First, (1), (5), (7), (10) lead to a21 = a23 = a31 = a32 = 0 and

a22, a33 ̸= 0. Expanding upon this, (2) and (9) imply that a12 = a13 = 0.
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• Suppose that a11 = 0 and a12 ̸= 0. First, (2), (4), (8), (12) lead to a21 = a22 = a32 =

a33 = 0 and a23, a31 ̸= 0. Expanding upon this, (3) implies that a13 = 0.

• Suppose that a11 = 0 and a12 = 0. First, the invertibility of ϕ implies that a13 ̸= 0.

The equations (3), (6), (9), (11) result in a22 = a23 = a31 = a33 = 0 and a21, a32 ̸= 0.

In conclusion,

PAutgr(P ) =



a 0 0

0 b 0

0 0 c

 ,


0 a 0

0 0 b

c 0 0

 ,


0 0 a

b 0 0

0 c 0

 : a, b, c ̸= 0

 .

Unimodular 4. {x1, x2} = 0, {x2, x3} = 2x1x2 + x2
2, {x3, x1} = x2

1 + 2x1x2.

Let ϕ ∈ Autgr(P ). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:

(1) 2a11a21 + a221 = a23a31 − a21a33.

(2) 2a12a22 + a222 = a22a33 − a23a32.

(3) 2a13a23 + a223 = 0.

(4) a11a22 + a12a21 + a21a22 = a22a33 − a23a32 + a23a31 − a21a33.

(5) a211 + 2a11a21 = a11a33 − a13a31.

(6) a212 + 2a12a22 = a13a32 − a12a33.

(7) a213 + 2a13a23 = 0.

It can be deduced from (3) and (7) that a13 = a23 = 0 and a33 ̸= 0. Next, we will proceed

with a case-by-case discussion.
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• Suppose that a21 ̸= 0 and a11 = 0. From invertibility, a12 ̸= 0. From (1), a21 = −a33.

If a22 ̸= 0, the combination of (2) and (6) leads to a12 = −a22 = a33 and the remaining

equations are nullified. If a22 = 0, (4) states that a12 = −a33 and the remaining

equations are nullified. Consequently, we have two possible forms for ϕ:


0 a 0

−a −a 0

b c a

,


0 −a 0

−a 0 0

b c a

, for some a ̸= 0.

• Suppose that a21 ̸= 0 and a11 ̸= 0. First, a combination of (1) and (5) leads to a11 =

−a21 = −a33. If a22 ̸= 0, a combination of (2) and (4) implies a12 = 0 and a22 = a33

and the remaining equations are nullified. If a22 = 0, (4) states that a12 = −a33 and

the remaining equations are nullified. Consequently, we have two possible forms for ϕ:
−a 0 0

a a 0

b c a

,

−a −a 0

a 0 0

b c a

, for some a ̸= 0.

• Suppose that a21 = 0. From invertibility, a22 ̸= 0. If a12 ̸= 0, a combination of (2) and

(6) results in a12 = −a22 = a33, (4) results in a11 = a33, and the remaining equations

are nullified. If a12 = 0, (2) and (4) imply a11 = a22 = a33 and the remaining equations

are nullified. Consequently, we have two possible forms for ϕ:


a a 0

0 −a 0

b c a

,

a 0 0

0 a 0

b c a

,
for some a ̸= 0.

In conclusion,

PAutgr(P ) =




0 a 0

−a −a 0

b c a

 ,


0 −a 0

−a 0 0

b c a

 ,


−a 0 0

a a 0

b c a

 ,


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

−a −a 0

a 0 0

b c a

 ,


a a 0

0 −a 0

b c a

 ,


a 0 0

0 a 0

b c a

 : a ̸= 0

 .

Unimodular 5. {x1, x2} = x2
2, {x2, x3} = 3x2

1, {x3, x1} = 2x2x3.

Let ϕ ∈ Autgr(P ). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:

(1) a221 = 3a12a23 − 3a13a22.

(2) a223 = 0.

(3) a211 = a22a33 − a23a32.

(4) a213 = 0.

(5) a11a12 = 0.

(6) 2a22a32 = a12a31 − a11a32.

(7) a21a32 + a22a31 = 0.

(8) a22a33 + a23a32 = a11a33 − a13a31.

It is immediate from (2) and (4) that a13 = a23 = 0 and a33 ̸= 0. Expanding upon these,

(1) and (8) suggest that a21 = 0 and a11 = a22 ̸= 0. Continuing further, (3) and (5) imply

that a11 = a33 and a12 = 0. Finally, (6) and (7) necessitate that a31 = a32 = 0. In conclusion,

PAutgr(P ) =



a 0 0

0 a 0

0 0 a

 : a ̸= 0

 .
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Unimodular 6. {x1, x2} = x2
1 + x2

2, {x2, x3} = 3x2
1 + 2x1x3, {x3, x1} = 2x2x3.

Let ϕ ∈ Autgr(P ). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:

(1) a213 + a223 = 0.

(2) 3a211 + 2a11a31 = a21a32 − a22a31 + 3a22a33 − 3a23a32.

(3) 3a212 + 2a12a32 = a21a32 − a22a31.

(4) 3a213 + 2a13a33 = 0.

(5) 3a11a12 + a11a32 + a12a31 = 0.

(6) 3a11a13 + a11a33 + a13a31 = a22a33 − a23a32.

(7) 3a12a13 + a12a33 + a13a32 = a23a31 − a21a33.

(8) 2a21a31 = a12a31 − a11a32 + 3a13a32 − 3a12a33.

(9) a23a33 = 0.

(10) a21a32 + a22a31 = 0.

Suppose that a33 = 0. Equation (1) and (4) necessitate that a13 = a23 = 0, a contradic-

tion to the invertibility. Therefore, it follows that a33 ̸= 0, and subsequently, according to

equations (1) and (9), a13 = a23 = 0. From (6) and (7), a11 = a22 and a12 = −a21.

Let us assume that a12 = 0 (implying a21 = 0 implicitly). From (5), (10), and the

invertibility, a31 = a32 = 0. Finally, from (2), a11 = a22 = a33 and the remaining equations

are nullified. This results in one possible form of ϕ:


a 0 0

0 a 0

0 0 a

 for some a ̸= 0. Now, let us
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consider the alternative scenario a12 ̸= 0. From a combination of (3) and (10), we can derive

that a32 = −3
4
a12. Substituting our results into (5), we obtain that a31 = −9

4
a11. Examining

(8), we observe that a11 = −1
2
a33. Lastly, from (10), a12 = ±

√
3a11 and the remaining

equations are nullified. This results in one possible form of ϕ:


−1

2
a ±

√
3
2
a 0

∓
√
3
2
a −1

2
a 0

9
8
a ∓3

√
3

8
a a

 for some

a ̸= 0. In conclusion,

PAutgr(P ) =



a 0 0

0 a 0

0 0 a

 ,


−1

2
a ±

√
3
2
a 0

∓
√
3
2
a −1

2
a 0

9
8
a ∓3

√
3

8
a a

 : a ̸= 0

 .

Unimodular 7. {x1, x2} = x2
3 + λx1x2, {x2, x3} = x2

1 + λx2x3, {x3, x1} = x2
2 + λx1x3.

This instance has been addressed in [MLTU09, Theorem 1]. The graded Poisson auto-

morphism group

PAutgr(P ) =

⟨


a 0 0

0 a 0

0 0 a

 : a ̸= 0⟩ × ⟨


1 0 0

0 b 0

0 0 b2

 : b = ξ3, ξ
2
3⟩

⋊ ⟨


0 1 0

0 0 1

1 0 0

⟩.

Unimodular 8. {x1, x2} = x1x2, {x2, x3} = 3x2
1 + 2x1x2 + x2x3, {x3, x1} = x2

1 + x1x3.

Let ϕ ∈ Autgr(P ). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:

(1) a11a21 = 3a12a23 − 3a13a22 + a13a21 − a11a23.

(2) a12a22 = 0.

(3) a13a23 = 0.

(4) a11a23 + a13a21 = a13a21 − a11a23.
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(5) 3a211 + a21a31 + 2a11a21 = 3a22a33 − 3a23a32 + a23a31 − a21a33.

(6) 3a212 + a22a32 + 2a12a22 = 0.

(7) 3a213 + a23a33 + 2a13a23 = 0.

(8) 6a11a12 + a21a32 + a22a31 + 2a11a22 + 2a12a21 = a21a32 − a22a31 + 2a22a33 − 2a23a32.

(9) a11a32 + a12a31 + 2a11a12 = a12a31 − a11a32 + 2a13a32 − 2a12a33.

Suppose that a12 ̸= 0. By combining (2) and (6), we can deduce that a12 = 0, a

contradiction. Consequently, it follows that a12 = 0. From (3), (4), and the invertibility,

a23 = 0. Immediately, (7) translates to a13 = 0 and a11, a33 ̸= 0. Subsequently, it can be

inferred from (1) and (9) that a21 = a32 = 0 and a22 ̸= 0. Based on (5) and (8), it follows

that a22 =
a211
a33

and a31 = a33 − a11, respectively. In conclusion,

PAutgr(P ) =




a 0 0

0 a2

b
0

b− a 0 b

 : a ̸= 0

 .

Unimodular 9. {x1, x2} = x2
1, {x2, x3} = 2x1x3 + x2

2, {x3, x1} = 2x1x2.

Let ϕ ∈ Autgr(P ). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:

(1) a211 = a11a22 − a12a21.

(2) a212 = a12a23 − a13a22.

(3) a213 = 0.

(4) a221 + 2a11a31 = a21a32 − a22a31.
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(5) a222 + 2a12a32 = a22a33 − a23a32.

(6) a223 + 2a13a33 = 0.

(7) 2a11a21 = a12a31 − a11a32.

The initial step is straightforward. Equations (3), (6), (2) imply a12 = a13 = a23 = 0

and a11, a33 ̸= 0. Simplify the remaining equations. From (1) and (5), we conclude that

a11 = a22 = a33. From (7), we deduce that a32 = −2a21. Finally, by examining (4), we

ascertain that a31 = −a221
a11

. In conclusion,

PAutgr(P ) =




a 0 0

b a 0

− b2

a
−2b a

 : a ̸= 0

 .

3.3 Classification for Non-unimodular Poisson Algebras

In this section, our objective is to provide a classification of graded Poisson automor-

phisms for non-unimodular Poisson structures on k[x1, x2, x3]. In the classification, we will

impose certain restrictions on the coefficients associated with the Poisson structures. The

primary motivation for imposing these conditions is to guarantee that whenever the product

of a coefficient and a variable equals zero: cxi = 0, the variable itself must also be equal to

zero: xi = 0.

Non-unimodular 1. {x1, x2} = px1x2, {x2, x3} = qx2x3, {x3, x1} = rx1x3.

Restriction on coefficients : ¬(p = q = r).

The linear Poisson normal elements of P are scalar multiples of x1, x2, x3 [GW20, page
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1260]. This forces ϕ to take one of the following forms:


a 0 0

0 b 0

0 0 c

 ,


a 0 0

0 0 b

0 c 0

 ,


0 a 0

b 0 0

0 0 c

 ,


0 a 0

0 0 b

c 0 0

 ,


0 0 a

b 0 0

0 c 0

 ,


0 0 a

0 b 0

c 0 0

 ,

for some a, b, c ̸= 0. The 1st matrix is a graded Poisson automorphism. However, the 2nd-6th

matrices are not graded Poisson automorphisms. As an illustration, consider the 2nd matrix

ϕ2:

ϕ2({x1, x2}) =pabx1x3, {ϕ2(x1), ϕ2(x2)} =rabx1x3,

ϕ2({x2, x3}) =qbcx2x3, {ϕ2(x2), ϕ2(x3)} =− qbcx2x3,

ϕ2({x3, x1}) =racx1x2, {ϕ2(x3), ϕ2(x1)} =− pacx1x2.

A concurrent satisfaction of all three equalities necessitates setting p = q = r = 0, a

contradiction to our imposed constraints on coefficients. In conclusion,

PAutgr(P ) =



a 0 0

0 b 0

0 0 c

 : a, b, c ̸= 0

 .

Non-unimodular 2. {x1, x2} = p(x2
1 + x2

2), {x2, x3} = 2px1x3 − qx2x3,

{x3, x1} = qx1x3 + 2px2x3.

Restriction on coefficients : p, q ̸= 0, p ̸= q, 4p2 + q2 ̸= 0.

A straightforward calculation that solves the equation (ax1+bx2+cx3)(dix1+eix2+fix3) =

{ax1 + bx2 + cx3, xi}, 1 ≤ i ≤ 3, shows that the linear Poisson normal elements of P are

scalar multiples of ±ix1 + x2 and x3. Let ϕ ∈ PAutgr(P ). By Lemma 3.1.2, there are two

scenarios:

• If ϕ(x3) is a scalar multiple of ±ix1 + x2, then a31 = ±ia32 ̸= 0 and a33 = 0.
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• If ϕ(x3) is a scalar multiple of x3, then a31, a32 = 0 and a33 ̸= 0.

By Lemma 3.1.1, ϕ satisfies the following system of equations, with redundant equations

omitted:

(1) a213 + a223 = 0.

(2) 2pa13a33 = qa23a33.

(3) 2pa11a33 + 2pa13a31 − qa21a33 − qa23a31 = 2pa22a33 − 2pa23a32 + qa23a31 − qa21a33.

(4) 2pa12a33 + 2pa13a32 − qa22a33 − qa23a32 = 2pa23a31 − 2pa21a33 − qa22a33 + qa23a32.

(5) qa12a33 + qa13a32 + 2pa22a33 + 2pa23a32 = 2pa11a33 − 2pa13a31 − qa13a32 + qa12a33.

Suppose that a31 = ±ia32 ̸= 0 and a33 = 0. Equation (5) can be translated as a23 =

(∓i− q
p
)a13. If we substitute this equality into (1): (±2ip+ q)a213 = 0, a contradiction to the

constraint 4p2 + q2 ̸= 0 unless a13 = a23 = 0. However, a13 = a23 = a33 = 0 contradicts the

invertibility of ϕ.

Suppose that a31 = a32 = 0 and a33 ̸= 0. A combination of (1) and (2) necessitates that

a13 = a23 = 0. Simplify the remaining equations. Equation (3) and (4) imply a11 = a22 and

a12 = −a21. In conclusion,

PAutgr(P ) =




a b 0

−b a 0

0 0 c

 : a, b, c ̸= 0

 .

Non-unimodular 3. {x1, x2} = x2
1, {x2, x3} = 2x1x3 − px2x3, {x3, x1} = px1x3.

Restriction on coefficients : p ̸= 0.

Let ϕ ∈ Autgr(P ). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:
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(1) a211 = a11a22 − a12a21.

(2) a212 = 0.

(3) a213 = 0.

(4) 2a11a13 = 2a12a23 − 2a13a22 + pa13a21 − pa11a23.

(5) 2a12a32 − pa22a32 = 0.

(6) 2a11a32 + 2a12a31 − pa21a32 − pa22a31 = 0.

Immediately, from (2) and (3), we can deduce that a12 = a13 = 0 and a11 ̸= 0. Therefore,

(1) and (4) imply that a11 = a22 and a23 = 0, respectively. Lastly, (5) and (6) lead to a32 = 0

and a31 = 0. In conclusion,

PAutgr(P ) =



a 0 0

b a 0

0 0 c

 : a, b, c ̸= 0

 .

Non-unimodular 4. {x1, x2} = px1x2, {x2, x3} = x2
1 + qx2x3, {x3, x1} = px1x3.

Restrictions on coefficients : p, q ̸= 0.

A straightforward calculation that solves the equation (ax1+bx2+cx3)(dix1+eix2+fix3) =

{ax1 + bx2 + cx3, xi}, 1 ≤ i ≤ 3, shows that the linear Poisson normal elements of P are

scalar multiples of x1. Let ϕ ∈ PAutgr(P ). By Lemma 3.1.2, a12 = a13 = 0 and a11 ̸= 0.

By Lemma 3.1.1, ϕ satisfies the following system of equations, with redundant equations

omitted:

(1) a21 = 0.

(2) a23 = 0.
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(3) a211 = a22a33.

(4) a32 = 0.

(5) a31 = 0.

Simplification is straightforward: (1), (2), (5) imply that a21 = a23 = a31 and a22 ̸= 0.

Next, (3) implies that a11 = ±√
a22a33 and (4) implies that a32 = 0. In conclusion,

PAutgr(P ) =



±
√
ab 0 0

0 a 0

0 0 b

 : a, b ̸= 0

 .

Non-unimodular 5. {x1, x2} = px2
1, {x2, x3} = (2p+ 1)x1x3 + x2x3, {x3, x1} = −x1x3.

Restrictions on coefficients : p ̸= 0, 1
2
.

Let ϕ ∈ Autgr(P ). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:

(1) pa211 = pa11a22 − pa12a21.

(2) pa212 = 0.

(3) pa213 = 0.

(4) 2pa11a13 = (2p+ 1)a12a23 − (2p+ 1)a13a22 − a13a21 + a11a23.

(5) (2p+ 1)a12a32 + a22a32 = 0.

(6) (2p+ 1)a11a32 + (2p+ 1)a12a31 + a21a32 + a22a31 = 0.

Simplification is straightforward. Equation (2) and (3) indicate that a12 = a13 = 0 and

a11 ̸= 0. Subsequently, (1) implies that a11 = a22, (4) implies that a23 = 0, (5) implies that
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a32 = 0, and (6) implies that a31 = 0. In conclusion,

PAutgr(P ) =



a 0 0

b a 0

0 0 c

 : a, c ̸= 0

 .

Non-unimodular 6. {x1, x2} = −1
2
x2
1, {x2, x3} = px2x3, {x3, x1} = −px1x3.

Restrictions on coefficients : p ̸= 0.

Let ϕ ∈ Autgr(P ). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:

(1) −1
2
a211 = −1

2
a11a22 +

1
2
a12a21.

(2) −1
2
a212 = 0.

(3) −1
2
a213 = 0.

(4) −1
2
a11a13 = −pa13a21 + pa11a23.

(5) pa22a32 = 0.

(6) pa21a32 + pa22a31 = 0.

Notice that (2) and (3) imply that a12 = a13 = 0 and a11 ̸= 0. The remaining simplifica-

tions are: (1) implies that a11 = a22, (4) implies that a23 = 0, (5) implies that a32 = 0, and

(6) implies that a31 = 0. In conclusion,

PAutgr(P ) =



a 0 0

b a 0

0 0 c

 : a, c ̸= 0

 .
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Non-unimodular 7. {x1, x2} = px2
1 + px2

2, {x2, x3} = qx2x3 + (2p + r)x1x3, {x3, x1} =

(2p+ r)x2x3 − qx1x3.

Restrictions on coefficients : p, q ̸= 0, 2p+ r ̸= 0, (2p+ r)2 + q2 ̸= 0.

A straightforward calculation that solves the equation (ax1+bx2+cx3)(dix1+eix2+fix3) =

{ax1 + bx2 + cx3, xi}, 1 ≤ i ≤ 3, shows that the linear Poisson normal elements of P are

scalar multiples of ±ix1 + x2 and x3. Let ϕ ∈ PAutgr(P ). By Lemma 3.1.2, there are two

scenarios:

• If ϕ(x3) is a scalar multiple of ±ix1 + x2, then a31 = ±ia32 ̸= 0 and a33 = 0.

• If ϕ(x3) is a scalar multiple of x3, then a31, a32 = 0 and a33 ̸= 0.

By Lemma 3.1.1, ϕ satisfies the following system of equations, with redundant equations

omitted:

(1) a213 + a223 = 0.

(2) (2p+ r)a23a33 − qa13a33 = 0.

(3) qa21a33+qa23a31+(2p+r)a11a33+(2p+r)a13a31 = (2p+r)(a22a33−a23a32)−q(a23a31−

a21a33).

(4) qa22a33+qa23a32+(2p+r)a12a33+(2p+r)a13a32 = q(a22a33−a23a32)+(2p+r)(a23a31−

a21a33).

(5) (2p+r)a22a33+(2p+r)a23a32−qa12a33−qa13a32 = q(a13a32−a12a33)+(2p+r)(a11a33−

a13a31).

The simplification process is analogous to that of Non-unimodular 2. Suppose that a31 =

±ia32 ̸= 0 and a33 = 0. Equation (5) can be translated as a213 + a223 =
(

4q2

(2p+r)2
± 4q

2p+r
i
)
a213.

Notice that 4q2

(2p+r)2
± 4q

2p+r
i ̸= 0 as we are assuming (2p+ r)2 + q2 ̸= 0. However, (1) requires
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a213 + a223 = 0, a contradiction unless a13 = a23 = 0. In that case, a13 = a23 = a33 = 0

contradicts the invertibility of ϕ.

Suppose that a31 = a32 = 0 and a33 ̸= 0. A combination of (1) and (2) necessitates that

a13 = a23 = 0. Simplify the remaining equations. Equation (3) and (4) imply a11 = a22 and

a12 = −a21. In conclusion,

PAutgr(P ) =




a b 0

−b a 0

0 0 c

 : a, b, c ̸= 0

 .

Non-unimodular 8. {x1, x2} = p+q
2
x2
1 +

p+q
2
x2
2 ± x2

3, {x2, x3} = px1x3, {x3, x1} = px2x3.

Restrictions on coefficients : p ̸= 0, p+ q ̸= 0.

A straightforward calculation that solves the equation (ax1+bx2+cx3)(dix1+eix2+fix3) =

{ax1 + bx2 + cx3, xi}, 1 ≤ i ≤ 3, shows that the linear Poisson normal elements of P are

scalar multiples of x3. Let ϕ ∈ PAutgr(P ). By Lemma 3.1.2, a31 = a32 = 0 and a33 ̸= 0.

By Lemma 3.1.1, ϕ satisfies the following system of equations, with redundant equations

omitted:

(1) p+q
2
a213 +

p+q
2
a223 ± a233 = ±a11a22 ∓ a12a21.

(2) pa13a33 = ±a21a32 ∓ a22a31.

(3) pa11a33 + pa13a31 = pa22a33 − pa23a32.

(4) pa12a33 + pa13a32 = pa23a31 − pa21a33.

(5) pa23a33 = ±a12a31 ∓ a11a32.

Equations (2), (3), (4), and (5) impose the following constraints: a13 = 0, a11 = a22,

a12 = −a21, a23 = 0, respectively. Finally, equation (1) asserts that a12 = ±
√
a233 − a11a22.
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In conclusion,

PAutgr(P ) =




a ±
√
b2 − a2 0

∓
√
b2 − a2 a 0

0 0 b

 : b ̸= 0

 .

Non-unimodular 9. {x1, x2} = −1
3
x2
1, {x2, x3} = px2

1 − 1
3
x2
2 +

1
3
x1x3, {x3, x1} = 1

3
x1x2.

Restrictions on coefficients : p ̸= 0.

A straightforward calculation that solves the equation (ax1+bx2+cx3)(dix1+eix2+fix3) =

{ax1 + bx2 + cx3, xi}, 1 ≤ i ≤ 3, shows that the linear Poisson normal elements of P are

scalar multiples of x1. By Lemma 3.1.2, a12 = a12 = 0 and a11 ̸= 0. By Lemma 3.1.1, ϕ

satisfies the following system of equations, with redundant equations omitted:

(1) −1
3
a211 = −1

3
a11a22 +

1
3
a12a21 + pa12a23 − pa13a22.

(2) −2
3
a11a12 =

1
3
a13a21 − 1

3
a11a23.

(3) 1
3
a11a21 = −1

3
a12a31 +

1
3
a11a32 + pa13a32 − pa12a33.

(4) 1
3
a11a22 +

1
3
a12a21 =

1
3
a11a33 − 1

3
a13a31.

Immediately, it follows that a23 = 0, a11 = a22, a21 = a32, a22 = a33 in the corresponding

order of (2), (1), (3), (4). In conclusion,

PAutgr(P ) =



a 0 0

b a 0

c b a

 : a ̸= 0

 .

Non-unimodular 10. {x1, x2} = −(2p + 1)x2
1, {x2, x3} = px2

2 − (4p + 1)x1x3, {x3, x1} =

(2p+ 1)x1x2.

Restrictions on coefficients : p ̸= 0,−1
4
,−1

3
,−1

2
.
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A straightforward calculation that solves the equation (ax1+bx2+cx3)(dix1+eix2+fix3) =

{ax1 + bx2 + cx3, xi}, 1 ≤ i ≤ 3, shows that the linear Poisson normal elements of P are

scalar multiples of x1. By Lemma 3.1.2, a12 = a12 = 0 and a11 ̸= 0. By Lemma 3.1.1, ϕ

satisfies the following system of equations, with redundant equations omitted:

(1) −(2p+ 1)a211 = −(2p+ 1)(a11a22 − a12a21).

(2) −2(2p+ 1)a11a12 = (1 + 2p)(a13a21 − a11a23).

(3) pa221 − (1 + 4p)a11a31 = −(2p+ 1)(a21a32 − a22a31).

(4) pa222 − (1 + 4p)a12a32 = p(a22a33 − a23a32).

(5) (1 + 2p)a11a21 = −(2p+ 1)(a12a31 − a11a32).

Immediately, it follows that a11 = a22, a23 = 0, a22 = a33, a21 = a32, a31 =
a221
2a11

in the

corresponding order of (1), (2), (4), (5), (3). In conclusion,

PAutgr(P ) =



a 0 0

b a 0

b2

2a
b a

 : a ̸= 0

 .

Non-unimodular 11. {x1, x2} = px2
1 + qx2

3, {x2, x3} = (2p+ 1)x1x3, {x3, x1} = 0.

Restriction on coefficients : p ̸= 0,−1
2
,−1

4
, q ̸= 0.

A straightforward calculation that solves the equation (ax1+bx2+cx3)(dix1+eix2+fix3) =

{ax1 + bx2 + cx3, xi}, 1 ≤ i ≤ 3, shows that the linear Poisson normal elements of P are

scalar multiples of ±i
√

3p+1
q

x1 + x3 and x3. Let ϕ ∈ PAutgr(P ). By Lemma 3.1.2, there are

two scenarios:

• If ϕ(x3) is a scalar multiple of ±i
√

3p+1
q

x1 + x3, then a31 = ±i
√

3p+1
q

a33 ̸= 0 and

a32 = 0.
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• If ϕ(x3) is a scalar multiple of x3, then a31, a32 = 0 and a33 ̸= 0.

By Lemma 3.1.1, ϕ satisfies the following system of equations, with redundant equations

omitted:

(1) pa211 + qa231 = pa11a22 − pa12a21.

(2) pa212 + qa232 = 0.

(3) pa213 + qa233 = qa11a22 − qa12a21.

(4) 2pa11a13 + 2qa31a33 = (2p+ 1)a12a23 − (2p+ 1)a13a22.

(5) (2p+ 1)a11a31 = pa21a32 − pa22a31.

(6) (2p+ 1)a13a33 = qa21a32 − qa22a31.

Suppose that a31 = ±i
√

3p+1
q

a33 ̸= 0 and a32 = 0. By (2), a12 = 0 and a22 ̸= 0.

Since a31 ̸= 0, we may rewrite (5) as a22 = −2p+1
p

a11. Constrained by (6), we deduce that

a13 = ∓i

√
(3p+1)q

2p+1
a22 = ±i

√
(3p+1)q

p
a11. Upon substituting this equality into (3): a33 = ±a11.

However, a simplification of (4) shows that 4p+ 1 = 0, a contradiction.

Suppose that a31 = a32 = 0. It follows from (2) and (6) that a12 = a13 = 0 and a11 ̸= 0,

and subsequently from (1) and (3) that a11 = a22 and a33 = ±a11. In conclusion,

PAutgr(P ) =



a 0 0

b a c

0 0 ±a

 : a ̸= 0

 .

Non-unimodular 12. {x1, x2} = px2
1 + qx2

3, {x2, x3} = x2
1 + (1 + 2p)x1x3, {x3, x1} = 0.

Restriction on coefficients : p ̸= 0,−1
2
,−1

3
, q = 0.

Let ϕ ∈ Autgr(P ). By Lemma 3.1.1, we have the following system of equations, with

redundant equations omitted:
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(1) pa211 = pa11a22 − a13a22.

(2) pa212 = 0.

(3) pa213 = 0.

(4) a211 + (1 + 2p)a11a31 = pa21a32 − pa22a31 + a22a33 − a23a32.

(5) 2a11a12 + (1 + 2p)a11a32 + (1 + 2p)a12a31 = 0.

At once, based on (2) and (3), a12 = a13 = 0 and a11 ̸= 0. Subsequently, it can be deduced

from (1) and (5) that a11 = a22 and a32 = 0. Finally, (4) dedicates that a31 = a33−a11
1+3p

. In

conclusion,

PAutgr(P ) =




a 0 0

b a c

d−a
1+3p

0 d

 : a, d ̸= 0

 .

Non-unimodular 13. {x1, x2} = px2
1 + qx2

3 + 2x1x3, {x2, x3} = rx2
1 + x2

3 + (2p+ 1)x1x3,

{x3, x1} = 0.

Restriction on coefficients : p ̸= 0,−1
2
, q = 0, r = 0.

A straightforward calculation that solves the equation (ax1+bx2+cx3)(dix1+eix2+fix3) =

{ax1 + bx2 + cx3, xi}, 1 ≤ i ≤ 3, shows that the linear Poisson normal elements of P are

scalar multiples of x1, x3, and (p + 1
3
)x1 + x3. Let ϕ ∈ PAutgr(P ). By Lemma 3.1.2, ϕ

∣∣
P1

takes one of the following forms:
a11 0 0

a21 a22 a23

a31 0 a33

 ,


0 0 a13

a21 a22 a23

a31 0 a33

 ,


(p+ 1

3
)a13 0 a13

a21 a22 a23

a31 0 0

 ,


(p+ 1

3
)a13 0 a13

a21 a22 a23

0 0 a33

 .

By Lemma 3.1.1, ϕ satisfies the following system of equations:

(1) pa211 + 2a11a31 = pa11a22 − pa12a21.
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(2) pa213 + 2a13a33 = a12a23 − a13a22.

(3) 2pa11a13 + 2a11a33 + 2a13a31 = 2a11a22 − 2a12a21 + (2p+ 1)a12a23 − (2p+ 1)a13a22.

(4) 2pa12a13 + 2a12a33 + 2a13a32 = 0.

(5) a231 + (2p+ 1)a11a31 = pa21a32 − pa22a31.

(6) a233 + (2p+ 1)a13a33 = a22a33 − a23a32.

(7) 2a31a33+(2p+1)a11a33+(2p+1)a13a31 = 2a21a32−2a22a31+(2p+1)a22a33−(2p+1)a23a32.

Suppose that ϕ
∣∣
P1

takes the form of the first matrix. Based on (1) and (5), we can derive

that a31 =
p
2
(a22 − a11) and a22 = a33. Substituting these values into (11), we ascertain that

a11 = a22 and a31 = 0.

Suppose that ϕ
∣∣
P1

takes the form of the second matrix. Referring to (6), it is clear

that a32 = 0. Additionally, by examining (5) and (7), it can be deduced that a22 = 0,

contradicting to the invertibility of ϕ. As a consequence, no graded Poisson automorphism

can take this form.

Suppose that ϕ
∣∣
P1

takes the form of the third matrix. Upon simplifying (3) and (11), it

follows that a11 = a13 = a22 = 0, contradicting to the invertibility of ϕ. As a consequence,

no graded Poisson automorphism can take this form.

Suppose that ϕ
∣∣
P1

takes the form of the fourth matrix. By combining (3) and (9), it is

deduced that a22 = (p + 2
3
)a13. However, (1) simplifies to a11 = a22 = (p + 1

3
)a13, implying

that a11 = a13 = a22 = 0, contradicting to the invertibility of ϕ. As a consequence, no graded

Poisson automorphism can take this form.

In conclusion,

PAutgr(P ) =



a 0 0

b a c

0 0 a

 : a ̸= 0

 .



52

3.4 Classification for Deformation Quantizations

In this section, our objective is to provide a classification of graded automorphisms for

the standard deformation quantizations of quadratic Poisson structures on k[x1, x2, x3].

Let P = k[x1, x2, x3] be a quadratic Poisson algebra and Pℏ be its standard deformation

quantization. Suppose that ϕ ∈ Autgr(Pℏ). The graded automorphism ϕ can be uniquely

represented by a 3 × 3 invertible bmatrix


a11 a12 a13

a21 a22 a23

a31 a32 a33

 for some aij ∈ k, 1 ≤ i, j ≤ 3,

satisfying ϕ(yi) =
3∑

j=1

aijyj, 1 ≤ i ≤ 3 and the following compatibility conditions on aij’s:

ℏ
2

∑
k,l

ck,li,jϕ(ykyl + ylyk) = ϕ([yi, yj]), 1 ≤ i, j ≤ 3.

Expand the RHS:

ℏ
2

∑
k,l

ck,li,jϕ(ykyl + ylyk) =(ai1aj2 − ai2aj1)[y1, y2]

+(ai2aj3 − ai3aj2)[y2, y3]

+(ai3aj1 − ai1aj3)[y3, y1]

=(ai1aj2 − ai2aj1)
ℏ
2

∑
k′,l′

ck
′,l′

1,2 (yk′yl′ + yl′yk′)

+(ai2aj3 − ai3aj2)
ℏ
2

∑
k′,l′

ck
′,l′

2,3 (yk′yl′ + yl′yk′)

+(ai3aj1 − ai1aj3)
ℏ
2

∑
k′,l′

ck
′,l′

3,1 (yk′yl′ + yl′yk′).

Given that the coefficients of ykyl and ylyk on the LHS coincide, and that the coefficients
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of yk′yl′ and yl′yk′ on the RHS also coincide, we may reduce the equation to:

∑
k,l

ck,li,jϕ(ykyl) =(ai1aj2 − ai2aj1)
∑
k′,l′

ck
′,l′

1,2 yk′yl′

+(ai2aj3 − ai3aj2)
∑
k′,l′

ck
′,l′

2,3 yk′yl′

+(ai3aj1 − ai1aj3)
∑
k′,l′

ck
′,l′

3,1 yk′yl′ .

In the following lemma, we state the equivalency of classifying the graded automorphisms

of Pℏ and classifying the graded Poisson automorphisms of P .

Lemma 3.4.1. Let P = k[x1, x2, x3] be a quadratic Poisson algebra and let Pℏ be its standard

deformation quantization. Then Autgr(Pℏ) ∼= PAutgr(P ) as groups.

Proof. Let ϕℏ ∈ Autgr(Pℏ), written as


a11 a12 a13

a21 a22 a23

a31 a32 a33

 for some aij ∈ k, 1 ≤ i, j ≤ 3. Define

ϕ : P → P as follows: ϕ(xi) =
3∑

j=1

aijxj, 1 ≤ i ≤ 3. It is clear that invertibility of ϕℏ

is equivalent to the invertibility of ϕ and it remains to show that ϕ preserves the Poisson

bracket. For 1 ≤ i < j ≤ 3,

ϕ({xi, xj}) =(ai1aj2 − ai2aj1){x1, x2}+ (ai2aj3 − ai3aj2){x2, x3}+ (ai3aj1 − ai1aj3){x3, x1}.

Since {xi, xj} =
∑
k,l

ck,li,jxkxl, the LHS can be expanded into:

1

2

∑
k′,l′

ck
′,l′

i,j ϕ(xk′xl′) =(ai1aj2 − ai2aj1){x1, x2}

+(ai2aj3 − ai3aj2){x2, x3}

+(ai3aj1 − ai1aj3){x3, x1}
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=(ai1aj2 − ai2aj1)
∑
k′,l′

ck
′,l′

1,2 xk′xl′

+(ai2aj3 − ai3aj2)
∑
k′,l′

ck
′,l′

2,3 xk′xl′

+(ai3aj1 − ai1aj3)
∑
k′,l′

ck
′,l′

3,1 xk′xl′ .

Notice that this condition is precisely what makes ϕℏ a graded homomorphism of Pℏ (by a

factor of
ℏ
2
). Up to this point, we have defined a mapping Autgr(Pℏ) → PAutgr(P ) : ϕℏ 7→ ϕ

that is apparently a group homomorphism. Its inverse can be constructed in a similar

manner.

Lemma 3.4.1 states that the classification of Autgr(Pℏ) is equivalent to the classification

of PAutgr(P ). In practices, the latter is preferred due to its simplicity (smaller basis), and a

comprehensive classification has already been provided in Section 3.2 and 3.3.

Proposition 3.4.2. Let P = k[x1, x2, x3] be one of the quadratic Poisson algebras and let

Pℏ be its standard deformation quantization. Then PAutgr(P ) ∼= Autgr(Pℏ) contains the

following automorphisms:

Case PAutgr(P) ∼= Autgr(Pℏ)

14-1


±
√
bf − ce 0 0

a b c

d e f



14-2


a 0 0

0 b 0

c d a


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Case PAutgr(P) ∼= Autgr(Pℏ)

14-3


a 0 0

0 b 0

0 0 c

,

0 a 0

0 0 b

c 0 0

,

0 0 a

b 0 0

0 c 0



14-4


0 a 0

−a −a 0

b c a

 ,


0 −a 0

−a 0 0

b c a

 ,


−a 0 0

a a 0

b c a

,

−a −a 0

a 0 0

b c a

 ,


a a 0

0 −a 0

b c a

 ,


a 0 0

0 a 0

b c a



14-5


a 0 0

0 a 0

0 0 a



14-6


a 0 0

0 a 0

0 0 a

,

−1

2
a ±

√
3
2
a 0

∓
√
3
2
a −1

2
a 0

9
8
a ∓3

√
3

8
a a



14-7

⟨


a 0 0

0 a 0

0 0 a

 : a ̸= 0⟩ × ⟨


1 0 0

0 b 0

0 0 b2

 : b = ξ3, ξ
2
3⟩

⋊ ⟨


0 1 0

0 0 1

1 0 0

⟩,

14-8


a 0 0

0 a2

b
0

b− a 0 b


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Case PAutgr(P) ∼= Autgr(Pℏ)

14-9


a 0 0

b a 0

− b2

a
−b a



Case PAutgr(P) ∼= Autgr(Pℏ) Restrictions

1


a 0 0

0 b 0

0 0 c

 p, q, r ̸= 0.

2


a b 0

−b a 0

0 0 c

 p, q ̸= 0, p ̸= q,

4p2 + q2 ̸= 0.

3


a 0 0

b a 0

0 0 c

 p ̸= 0.

4


±
√
ab 0 0

0 a 0

0 0 b

 p, q ̸= 0.

5


a 0 0

b a 0

0 0 c

 p ̸= 0, 1
2
.
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Case PAutgr(P ) Restrictions

6


a 0 0

b a 0

0 0 c

 p ̸= 0.

7


a b 0

−b a 0

0 0 c

 p, q ̸= 0, 2p+ r ̸= 0,

(2p+ r)2 + q2 ̸= 0.

8


a ±

√
b2 − a2 0

∓
√
b2 − a2 a 0

0 0 b

 p ̸= 0, p+ q ̸= 0.

9


a 0 0

b a 0

c b a

 p ̸= 0.

10


a 0 0

b a 0

b2

2a
b a

 p ̸= 0,−1
4
,−1

3
,−1

2
.

11


a 0 0

b a c

0 0 ±a

 p ̸= 0,−1
2
,−1

4
, q ̸= 0.

12


a 0 0

b a c

d−a
1+3p

0 d

 p ̸= 0,−1
2
, q = 0..
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Case PAutgr(P ) Restrictions

13


a 0 0

b a c

0 0 a

 p ̸= 0,−1
2
, q = 0, r = 0.

Recall that Lemma 3.1.4 [HTWZ23, Lemma 3.3] states that a graded Poisson automor-

phism of a Z-graded unimodular Poisson structure on k[x1, x2, x3] can be characterized as a

graded automorphism of the underlying k-algebra that preserves the superpotential up to a

scalar factor. It is desirable to establish a corresponding lemma for non-unimodular Pois-

son structures on k[x1, x2, x3]; however, a challenge arises due to the absence of the notion

of twisted superpotentials for non-unimodular Poisson structures (in contrast to the well-

established notion of twisted superpotentials for skew Calabi-Yau algebras [MS16, Definition

2.5]). Nonetheless, Lemma 3.4.1 allows us to circumvent this problem by transferring the

lemma to standard deformation quantizations:

Lemma 3.4.3. Let P = k[x1, x2, x3] be a non-unimodular quadratic Poisson algebra. There

exists a polynomial ω ∈ k⟨y1, y2, y3⟩ such that

PAutgr(P ) = {ϕ ∈ GLn(k) : ϕ(ω) = λϕω},

for some λϕ ∈ k×.

Proof. Since the standard deformation quantization Pℏ is Artin-Schelter regular, its minimal

free resolution of k takes the form:

0 → Pℏ(−3) −→ Pℏ(−2)⊕3 −→ Pℏ(−1)⊕3 −→ Pℏ → k → 0.

In particular, every boundary matrix is over (Pℏ)1, and Pℏ is 2-Koszul. Dubois-Violette has

demonstrated that any m-Koszul Artin-Schelter regular algebra is necessarily isomorphic to
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a derivation quotient algebra D(ω, 1) for some twisted superpotential ω ∈ k⟨y1, y2, y3⟩ [DV07,

Theorem 11]. Subsequently, Mori and Smith has established that the graded automorphism

group of Pℏ has the following property: Autgr(Pℏ) = {ϕ ∈ GLn(k) : ϕ(ω) = λϕω} for some

λϕ ∈ k× [MS16, Theorem 3.2], and if ϕ ∈ Autgr(Pℏ), the value λϕ is equal to hdet(ϕ) [MS16,

Theorem 3.3]. Using the isomorphism PAutgr(P ) ∼= Autgr(Pℏ) in Lemma 3.4.1, we obtain

the desired result.

According to Lemma 2.4.4, the standard deformation quantization Pℏ of P is Artin-

Schelter regular; consequently, Pℏ is skew Calabi-Yau, as these two concepts are equivalent

for connected graded algebras, as established in [RRZ14, Lemma 1.2]. It should be noted

that the ω in Lemma 3.4.3 is associated with the skew Calabi-Yau property of Pℏ as in

[Pym15, Theorem 2.6].

As present, our knowledge regarding the ω in Lemma 3.4.3 is limited to its existence. An

explicit formula of ω would be helpful. My fellow graduate student Jiahao (Eric) Zhang is

currently researching on this topic. Those interested in further developments are encouraged

to follow his work.
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Chapter 4

CLASSIFICATIONS OF POISSON REFLECTIONS OF
P = k[X1, X2, X3]

In this chapter, we delve into the classification of Poisson reflections for all quadratic

Poisson structures on k[x1, x2, x3], as well as the classification of quasi-reflections for their

standard deformation quantizations.

4.1 Classification for Unimodular Poisson Algebras

In this section, our attention is centered on the classification of Poisson reflections for

unimodular Poisson structures on k[x1, x2, x3].

Unimodular 5, Unimodular 9.

It is clear that there are no Poisson reflections for these Poisson structures, as any graded

Poisson automorphism has three repeated eigenvalues.

Unimodular 1.

A graded Poisson automorphism ϕ has the form ϕ
∣∣
P1

=


±
√
bf − ce 0 0

a b c

d e f

. Its eigen-

values are λ1 = ±
√
bf − ce, λ2, λ3 =

b+ f ±
√

(b− f)2 + 4ce

2
. Notice that λ2λ3 = λ2

1. If ϕ

is a Poisson reflection, {λ1, λ2, λ3} = {1, 1, ξ} for some primitive root of unity ξ. If λ1 = 1,

then λ2λ3 = 1, contradicting to {λ2, λ3} = {1, ξ}. If λ1 = ξ, then λ2λ3 = ξ2, contradicting

to {λ2, λ3} = {1, 1} unless ξ = −1. In that case, λ1 = ±
√
bf − ce = −1, λ2+λ3 = b+f = 2,

and ϕ
∣∣
P1

takes the form


−1 0 0

a b c

d e 2− b

 subject to the constraint b(2 − b) − ce = 1. Upon
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computation, it is found that the (2,3)-entry of the matrix, when raised to the nth power, is

nc. If ϕ has finite order, then c = 0. Given that b(2− b) = 1, it follows that b = 1 and ϕ
∣∣
P1

takes a simpler form


−1 0 0

a 1 0

d e 1

. Again, upon computation, it is found that the (3,2)-entry

of the matrix, when raised to the nth power, is ne. If ϕ has finite order, then e = 0. Upon

substituting this value, the resulting matrix has finite order 2. In conclusion,

PR(P ) =



−1 0 0

a 1 0

d 0 1


 .

Unimodular 2.

A graded Poisson automorphism ϕ has the form ϕ
∣∣
P1

=


a 0 0

0 b 0

c d a

. Its eigenvalues are

a, a, b. If ϕ is a Poisson reflection, a = 1, b = ξ for some primitive root of unity ξ, and

ϕ
∣∣
P1

takes the form


1 0 0

0 ξ 0

c d 1

. When raised to the nth power, the (3,1)-entry of the matrix

(ϕ
∣∣
P1
)n is equal to nc, implying that c = 0. In the meantime, the (2,2)-entry of the matrix

is equal to ξn and the (3,2)-entry of the matrix is equal to d
(ξn − 1)

ξ − 1
. If n is a multiple of

the order of ξ, the matrix (ϕ
∣∣
P1
)n is equal to the identity matrix. In conclusion,

PR(P ) =



1 0 0

0 ξ 0

0 d 1


 .

Unimodular 3.
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A graded Poisson automorphism ϕ has three possible forms: ϕ
∣∣
P1

=


a 0 0

0 b 0

0 0 c

,

0 a 0

0 0 b

c 0 0

,

0 0 a

b 0 0

0 c 0

. It is apparent that the first matrix encompasses the following Poisson reflections:


ξ 0 0

0 1 0

0 0 1

,

1 0 0

0 ξ 0

0 0 1

,

1 0 0

0 1 0

0 0 ξ

 for some primitive root of unity ξ. For the second and

third matrices, their eigenvalues are λ1 = 3
√
abc, λ2 = 3

√
abcξ3, λ3 = 3

√
abcξ23 , where ξ3 is a

primitive 3rd root of unity. If ϕ is a Poisson reflection, then {λ1, λ2, λ3} = {1, 1, ξ} for some

primitive root of unity ξ. If λ1 = 1, then λ2λ3 = ξ, contradicting to λ2λ3 = λ2
1. If λ1 = ξ,

then
λ3

λ2

=
1

1
= 1, contradicting to

λ3

λ2

=
3
√
abcξ23

3
√
abcξ3

= ξ3. Consequently, the second and third

matrices cannot be Poisson reflections. In conclusion,

PR(P ) =



ξ 0 0

0 1 0

0 0 1

 ,


1 0 0

0 ξ 0

0 0 1

 ,


1 0 0

0 1 0

0 0 ξ


 .

Unimodular 4.

A graded Poisson automorphism ϕ has six possible forms: ϕ
∣∣
P1

=


0 a 0

−a −a 0

b c a

,


0 −a 0

−a 0 0

b c a

 ,


−a 0 0

a a 0

b c a

 ,


−a −a 0

a 0 0

b c a

 ,


a a 0

0 −a 0

b c a

 ,


a 0 0

0 a 0

b c a

. The eigenvalues of

the first and fourth matrices are λ1 = a, λ2, λ3 =
(−1± i

√
3)a

2
. If ϕ is a Poisson reflection,

then {λ1, λ2, λ3} = {1, 1, ξ} for some primitive root of unity ξ. In any case, λ2+λ3 ̸= −λ1, a
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contradiction. The eigenvalues of the sixth matrix are a, a, a; consequently, it is impossible

for such a matrix to be a Poisson reflection. The eigenvalues of the second, third, and fifth

matrices are λ1 = −a, λ2, λ3 = a. If ϕ is a Poisson reflection, then a = 1 and there ex-

ists three candidates for ϕ:


0 −1 0

−1 0 0

b c 1

,

−1 0 0

1 1 0

b c 1

,

1 1 0

0 −1 0

b c 1

. By a straightforward

calculation,


0 −1 0

−1 0 0

b c 1


n

=




1 0 0

0 1 0

n(b−c)
2

n(c−b)
2

1

 n is even,


0 −1 0

−1 0 0

n+1
2
b− n−1

2
c n+1

2
c− n−1

2
b 1

 n is odd.

In this case, a finite order Poisson reflection ϕ satisfies b = c.


−1 0 0

1 1 0

b c 1


n

=




1 0 0

0 1 0

n
2
c nc 1

 n is even,


0 −1 0

−1 0 0

b+ n−1
2
c nc 1

 n is odd.

In this case, a finite order Poisson reflection ϕ satisfies c = 0.
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
1 1 0

0 −1 0

b c 1


n

=




1 0 0

0 1 0

nb n
2
b 1

 n is even,


1 1 0

0 −1 0

nb n−1
2
b+ c 1

 n is odd.

In this case, a finite order Poisson reflection ϕ satisfies b = 0.

In conclusion,

PR(P ) =




0 −1 0

−1 0 0

b b 1

 ,


−1 0 0

1 1 0

b 0 1

 ,


1 1 0

0 −1 0

0 c 1


 .

Unimodular 6.

A graded Poisson automorphism ϕ has two possible forms: ϕ
∣∣
P1

=


a 0 0

0 a 0

0 0 a

,

−1

2
a ±

√
3
2
a 0

∓
√
3
2
a −1

2
a 0

9
8
a ∓3

√
3

8
a a

. The eigenvalues of the former matrix and the latter matrix are λ1, λ2, λ3 =

a, a, a and λ1 = a, λ2, λ3 =
(−1± i

√
3)a

2
, respectively. Neither can be Poisson reflections, as

discussed in prior instances.

Unimodular 7.

Gaddis, Veerapen, and Wang provided a comprehensive analysis of the linear Poisson

normal elements of this particular instance [GVW23, Lemma 4.3]. Given that λ3 ̸= 1,

it follows that there are no linear Poisson normal elements, thus excluding any Poisson
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reflections [GVW23, Lemma 2.2].

Unimodular 8.

A graded Poisson automorphism ϕ has the form ϕ
∣∣
P1

=


a 0 0

0 a2

b
0

b− a 0 b

. Its eigenvalues

are λ1 = a, λ2 =
a2

b
, λ3 = b. If ϕ is a Poisson reflection, then {λ1, λ2, λ3} = {1, 1, ξ} for some

primitive root of unity ξ. If λ1 = 1, then λ2λ3 = ξ ̸= λ2
1, a contradiction. If λ1 = ξ, then the

constraint λ2λ3 = λ2
1 implies that ξ = −1 and ϕ

∣∣
P1

takes the form


−1 0 0

0 1 0

2 0 1

. Such ϕ has

finite order 2. In conclusion,

PR(P ) =



−1 0 0

0 1 0

2 0 1


 .

4.2 Classification for Non-unimodular Poisson Algebras

In this section, our attention is centered on the classification of Poisson reflections for

unimodular Poisson structures on k[x1, x2, x3].

Non-unimodular 9, Non-unimodular 10, Non-unimodular 13.

It is clear that there are no Poisson reflections for these Poisson structures, as any graded

Poisson automorphism has three repeated eigenvalues.

Non-unimodular 1.

A graded Poisson automorphism ϕ has the form ϕ
∣∣
P1

=


a 0 0

0 b 0

0 0 c

. If ϕ is a Poisson

reflection, then two of the variables are equal to 1 and the remaining variable is a primitive
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root of unity ξ. In conclusion,

PR(P ) =



ξ 0 0

0 1 0

0 0 1

 ,


1 0 0

0 ξ 0

0 0 1

 ,


1 0 0

0 1 0

0 0 ξ


 .

Non-unimodular 2, Non-unimodular 7.

A graded Poisson automorphism ϕ has the form ϕ
∣∣
P1

=


a b 0

−b a 0

0 0 c

. Its eigenvalues are
a± ib, c. If ϕ is a Poisson reflection, either one of the following occurs:

• a =
1 + ξ

2
, b = ±1− ξ

2i
, c = 1,

• a = 1, b = 0, c = ξ,

for some primitive root of unity. Both matrices have finite order. In conclusion,

PR(P ) =



1 0 0

0 1 0

0 0 ξ

 ,


1+ξ
2

±1−ξ
2i

0

∓1−ξ
2i

1+ξ
2

0

0 0 1


 .

Non-unimodular 3, Non-unimodular 5, Non-unimodular 6.

A graded Poisson automorphism ϕ has the form ϕ
∣∣
P1

=


a 0 0

b a 0

0 0 c

. If ϕ is a Poisson

reflection, then a = 1 and c = ξ for some primitive root of unity. Such matrices have finite

order if and only if b = 0. In conclusion,

PR(P ) =



1 0 0

0 1 0

0 0 ξ


 .
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Non-unimodular 4.

A graded Poisson automorphism ϕ has the form ϕ
∣∣
P1

=


±
√
ab 0 0

0 a 0

0 0 b

. Its eigenvalues

are ±
√
ab, a, b. If ϕ is a Poisson, then {±

√
ab, a, b} = {1, 1, ξ} for some primitive root of

unity ξ. If {a, b} = {1, 1}, then choosing −
√
ab results in a non-trivial finite order matrix;

otherwise, if {a, b} = {1, ξ}, then ±
√
ab cannot be equal to 1, a contradiction. In conclusion,

PR(P ) =



−1 0 0

0 1 0

0 0 0


 .

Non-unimodular 8.

A graded Poisson automorphism ϕ has the form ϕ
∣∣
P1

=


a ±

√
b2 − a2 0

∓
√
b2 − a2 a 0

0 0 b

. Its
eigenvalues are a±

√
a2 − b2, b. If ϕ is a Poisson reflection, then {a±

√
a2 − b2, b} = {1, 1, ξ}

for some primitive root of unity ξ. If {a±
√
a2 − b2} = {1, 1}, then choosing b = −1 results

in a non-trivial finite order matrix; otherwise, if {a ±
√
a2 − b2} = {1, ξ}, or equivalently,

b = 1, then a =
1 + ξ

2
and either one of the following occurs:

a+
√
a2 − 1 =1 ⇒

√
a2 − 1 = 1− a ⇒ a2 − 1 = (1− a)2 ⇒ a = 1,

a−
√
a2 − 1 =1 ⇒ −

√
a2 − 1= 1− a ⇒ a2 − 1 = (1− a)2 ⇒ a = 1.

In either case, we arrive at a contradiction ξ = 1. In conclusion,

PR(P ) =



1 0 0

0 1 0

0 0 −1


 .



68

Non-unimodular 11.

A graded Poisson automorphism ϕ has the form ϕ
∣∣
P1

=


a 0 0

b a c

0 0 ±a

. Its eigenvalues are
a, a,±a, and it is clear that selecting a = 1 leads to a Poisson reflection. In conclusion,

PR(P ) =



1 0 0

0 1 0

0 0 −1


 .

Non-unimodular 12.

A graded Poisson automorphism ϕ has the form ϕ
∣∣
P1

=


a 0 0

b a c

d−a
3p+1

0 d

. Its eigenvalues

are a, a, d. Set a = 1 and d = ξ for some primitive root of unity ξ. By a straightforward

calculation,

(ϕ
∣∣
P1
)n =



1 0 0

nb+

(
n−1∑
i=0

ξi)c− nc

3p+ 1
1 (

n−1∑
i=0

ξi)c

ξn − 1

3p+ 1
0 ξn


In order to have finite order, b =

c

3p+ 1
. In conclusion,

PR(P ) =




1 0 0

c
3p+1

1 c

ξ−1
3p+1

0 ξ


 .

It is time to record all Poisson reflections of non-unimodular quadratic Poisson structures

on k[x1, x2, x3] into a table for future reference.

Proposition 4.2.1. Let P = k[x1, x2, x3] be one of the non-unimodular quadratic Poisson
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algebras. Then PR(P ) contains the following automorphisms:

Case PR(P ) Conditions

1


ξ 0 0

0 1 0

0 0 1

 ,


1 0 0

0 ξ 0

0 0 1

 ,


1 0 0

0 1 0

0 0 ξ

 p, q, r ̸= 0.

2


1 0 0

0 1 0

0 0 ξ

 ,


1+ξ
2

±1−ξ
2i

0

∓1−ξ
2i

1+ξ
2

0

0 0 1

 p, q ̸= 0, p ̸= q,

4p2 + q2 ̸= 0.

3


1 0 0

0 1 0

0 0 ξ

 p ̸= 0.

4


−1 0 0

0 1 0

0 0 1

 p, q ̸= 0.

5


1 0 0

0 1 0

0 0 ξ

 p ̸= 0, 1
2
.

6


1 0 0

0 1 0

0 0 ξ

 p ̸= 0.



70

Case PR(P ) Conditions

7


1 0 0

0 1 0

0 0 ξ

 ,


1+ξ
2

±1−ξ
2i

0

∓1−ξ
2i

1+ξ
2

0

0 0 1

 p, q ̸= 0, 2p+ r ̸= 0,

(2p+ r)2 + q2 ̸= 0.

8


1 0 0

0 1 0

0 0 −1

 p ̸= 0, p+ q ̸= 0.

9 ∅ p ̸= 0.

10 ∅ p ̸= 0,−1
4
,−1

3
,−1

2
.

11


1 0 0

0 1 0

0 0 −1

 p ̸= 0,−1
2
,−1

4
, q ̸= 0.

12


1 0 0

c
3p+1

1 c

ξ−1
3p+1

0 ξ

 p ̸= 0,−1
2
,−1

3
, q ̸= 0.

13 ∅ p ̸= 0,−1
2
, q = 0, r = 0.

4.3 Classification for Deformation Quantizations

In this section, our attention is centered on the classification of quasi-reflections for the

standard deformation quantizations of unimodular Poisson structures on k[x1, x2, x3].

We begin by noting the following:

Lemma 4.3.1. Let P = k[x1, x2, x3] be a unimodular quadratic Poisson algebra and let Pℏ

be its standard deformation quantization. Suppose that ϕ is a graded automorphism of Pℏ.

If ϕ satisfies the following conditions:
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(1) ϕ has the form ϕ
∣∣
P1

=


a11 a12 0

a21 a22 0

a31 a32 a33

,

(2) the coefficients of y1y3, y2y3, y
2
3 are equal to 0 in the commutator bracket [y1, y2],

(3) the coefficient of y23 are equal to 0 in the commutator brackets [y2, y3] and [y3, y1],

and either of the following conditions:

(4) the commutator bracket [y1, y2] is equal to 0,

(4’) the entries a12, a21 are equal to 0,

(4”) the entry a12 is equal to 0 and the coefficient of y22 in the commutator bracket [y1, y2]

is equal to 0,

then ϕ is a quasi-reflection if and only if ϕ is a classical reflection.

Proof. Fix a degree d ≥ 0. Take an arbitrary basis element yi1y
j
2y

k
3 from (Pℏ)d: i+ j + k = d

[DML98, page 254]. Apply ϕ to yi1y
j
2y

k
3 :

ϕ(yi1y
j
2y

k
3) = (a11y1 + a12y2)

i(a21y1 + a22y2)
j(a31y1 + a32y2 + a33y3)

k.

To compute the trace series TrPℏ(ϕ, t), we determine the coefficient of the term yi1y
j
2y

k
3 after

rearranging the terms of ϕ(yi1y
j
2y

k
3) in lexicographical order.

Given that flipping y2 and y1 does not result in the generation of y3, the exclusive source

of y3 is the product (a31y1 + a32y2 + a33y3)
k. In order to generate yk3 , the only choice is the

product of k copies of a33y3. This is due to the observation that choosing a31y1 or a32y2 in

the product (a31y1 + a32y2 + a33y3)
k results in a reduction by one in the number of copies of

y3, based on the constraints (2) and (3).
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It remains to generate yi1y
j
2. If either condition (4), (4’), or (4”) is met, it follows that the

coefficient of the term yi1y
j
2 is identical to the coefficient of the term yi1y

j
2 when we rearrange

the terms lexicographically subjecting to the relations y1y2 = y2y1. In conjunction with the

above argument regarding yk3 , the coefficient of the term yi1y
j
2y

k
3 is identical to the coefficient

of the term yi1y
j
2y

k
3 when we rearrange the terms lexicographically in a polynomial ring, that

is, subjecting to the relations y1y2 = y2y1, y2y3 = y3y2, y3y1 = y1y3. Consequently,

TrPℏ(ϕ, t) =
1

det(In − tϕ
∣∣
(Pℏ)1

)
=

1

(1− λ1t) · · · (1− λnt)
,

where λ1, · · · , λn are the eigenvalues of the matrix ϕ
∣∣
(Pℏ)1

.

According to [KKZ09, Theorem 3.1], a quasi-reflection of a quantum polynomial ring, to

which Pℏ belongs as established by Lemma 2.4.4, must be either a classical reflection or a

mystic reflection. However, in the latter case, TrPℏ(ϕ, t) =
1

(1− t)(1 + t2)
̸= 1

(1− t)2f(t)
for

some polynomial f(t) satisfying f(1) ̸= 0. This rules out the possibility of ϕ being a mystic

reflection, leading to the conclusion that ϕ is a quasi-reflection if and only if ϕ is a classical

reflection.

Lemma 4.3.1 resolves 70% of the instances of classifying quasi-reflections for unimodular

quadratic Poisson structures on k[x1, x2, x3]. However, there are certain cases that remain

unaddressed, and these will be discussed in the subsequent lemma.

Lemma 4.3.2. Let P = k[x1, x2, x3] be a unimodular quadratic Poisson algebra derived

from the following superpotentials:

Ω1 : x
3
1, Ω3 : 2x1x2x3, Ω6 : x

3
1 + x2

1x3 + x2
2x3, Ω7 :

1

3
(x3

1 + x3
2 + x3

3)− λx1x2x3, λ
3 ̸= 1.

If ϕ is a graded automorphism of the standard deformation quantization Pℏ of P , then ϕ is

a quasi-reflection if and only if ϕ is a classical reflection.

Proof. For Unimodular 1 and Unimodular 3, our objective is to establish that for any graded
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automorphism of the standard deformation quantization Pℏ, the trace series

TrPℏ(ϕ, t) =
1

(1− λ1t) · · · (1− λnt)
,

where λ1, · · · , λn are the eigenvalues of ϕ
∣∣
(Pℏ)1

. As illustrate in Lemma 4.3.1, this equality

enables us to conclude that a classical reflection is necessarily a quasi-reflection, and vice

versa.

Unimodular 1. Ω1 = x3
1.

A graded automorphism ϕ of Pℏ has the form ϕ
∣∣
(Pℏ)1

=


±
√
bf − ce 0 0

a b c

d e f

. Fix a degree

d ≥ 0. Take an arbitrary basis element yi1y
j
2y

k
3 from (Pℏ)d: i+ j + k = d [DML98, page 254].

Apply ϕ to yi1y
j
2y

k
3 :

ϕ(yi1y
j
2y

k
3) = ±

√
bf − ceyi1(ay1 + by2 + cy3)

j(dy1 + ey2 + fy3)
k.

To compute the trace series TrPℏ(ϕ, t), we determine the coefficient of the term yi1y
j
2y

k
3 after

rearranging the terms of ϕ(yi1y
j
2y

k
3) in lexicographical order.

As ±
√
bf − ceyi1 already supplies yi1, and flipping the order of any of the variables will not

result in an increase of y2 and y3, our attention is solely on (by2 + cy3)
j(ey2 + fy3)

k within

the last two multiplicands. Using the commutator relation [y2, y3] = 3ℏy21, the coefficient

of the term yi1y
j
2y

k
3 is identical to the coefficient of the term yi1y

j
2y

k
3 when we rearrange the

terms lexicographically in a polynomial ring. Using the same reasoning as in Lemma 4.3.1,

TrPℏ(ϕ, t) =
1

(1− λ1t) · · · (1− λnt)
, where λ1, · · · , λn are the eigenvalues of ϕ

∣∣
(Pℏ)1

, and we

conclude that ϕ cannot be a mystic reflection.

Unimodular 3. Ω3 = 2x1x2x3.

Applying Lemma 4.3.1, it is sufficient to compute the trace series TrPℏ(ϕ, t) of ϕ of the
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forms ϕ1

∣∣
(Pℏ)1

=


0 a 0

0 0 b

c 0 0

 , ϕ2

∣∣
(Pℏ)1

=


0 0 a

b 0 0

0 c 0

. Again, fix a degree d ≥ 0 and take an

arbitrary basis element yi1y
j
2y

k
3 from (Pℏ)d: i + j + k = d [DML98, page 254]. Apply ϕ1 and

ϕ2:

ϕ1(y
i
1y

j
2y

k
3) = aibjckyi2y

j
3y

k
1 = aibjck(

1− ℏ
1 + ℏ

)(i−j)kyk1y
i
2y

j
3,

ϕ2(y
i
1y

j
2y

k
3) = aibjckyi3y

j
1y

k
2 = aibjck(

1− ℏ
1 + ℏ

)(k−j)iyj1y
k
2y

i
3.

In both instances, the existence of the term yi1y
j
2y

k
3 within ϕ(yi1y

j
2y

k
3) is equivalent to the con-

dition that i = j = k, and when this specific condition is satisfied, the coefficient of yi1y
j
2y

k
3 is

identical to the coefficient of yi1y
j
2y

k
3 when we rearrange the terms lexicographically in a poly-

nomial ring. Using the same reasoning as in Lemma 4.3.1, TrPℏ(ϕ, t) =
1

(1− λ1t) · · · (1− λnt)
,

where λ1, · · · , λn are the eigenvalues of ϕ
∣∣
(Pℏ)1

, and we conclude that ϕ cannot be a mystic

reflection.

For Unimodular 6, we take an alternative approach.

Unimodular 6. Ω6 : x
3
1 + x2

1x3 + x2
2x3.

Our analysis in Section 3.2 shows that there is no classical reflection. As established

in Lemma 2.4.4, the standard deformation quantization Pℏ is a quantum polynomial ring.

Therefore, our objective boils down to demonstrating that a graded automorphism ϕ of the

form ϕ
∣∣
(Pℏ)1

=


−1

2
a ±

√
3
2
a 0

∓
√
3
2
a −1

2
a 0

9
8
a ∓3

√
3

8
a a

 cannot be a mystic reflection by a combination of Lemma

4.3.1 and [KKZ09, Theorem 3.1]. By calculation,


−1

2
a ±

√
3
2
a 0

∓
√
3
2
a −1

2
a 0

9
8
a ∓3

√
3

8
a a


4

=


−1

2
a4 ±

√
3
2
a4 0

∓
√
3
2
a4 −1

2
a4 0

9
8
a4 ∓3

√
3

8
a4 a4

 ,
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is not the identity matrix, and, therefore, is not a mystic reflection.

For Unimodular 7, [KKZ09, Theorem 6.2, Corollary 6.3] has provided a comprehensive

analysis of its standard deformation quantization Pℏ, proving that it has no quasi-reflections.

As Pℏ is a quantum polynomial ring, it is tautological to state that ϕ is a quasi-reflection if

and only if ϕ is a classical reflection.

It is time to record all Poisson reflections (resp. quasi-reflections) of unimodular quadratic

Poisson structures on k[x1, x2, x3] (resp. standard deformation quantization of unimodular

quadratic Poisson structures on k[x1, x2, x3]) into a table for future reference.

Proposition 4.3.3. Let P = k[x1, x2, x3] be one of the unimodular quadratic Poisson alge-

bras and let Pℏ be its standard deformation quantization. Then PR(P ) = QR(Pℏ) contains

the following automorphisms:

Case PR (P ) = QR(Pℏ)

14-1


−1 0 0

a 1 0

d 0 1



14-2


1 0 0

0 ξ 0

0 d 1



14-3


1 0 0

0 1 0

0 0 ξ

,

1 0 0

0 ξ 0

0 0 1

,

ξ 0 0

0 1 0

0 0 1


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Case PR (P ) = QR(Pℏ)

14-4


0 −1 0

−1 0 0

b b 1

,

−1 0 0

1 1 0

b 0 1

,

1 1 0

0 −1 0

0 c 1


14-5 ∅

14-6 ∅

14-7 ∅

14-8


−1 0 0

0 1 0

2 0 1


14-9 ∅
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Chapter 5

VARIANTS OF THE SHEPHARD-TODD-CHEVALLEY
THEOREM OF P = k[X1, X2, X3]

In this chapter, we prove the majority of the main results of this dissertation: variants of

the Shephard-Todd-Chevalley Theorem for quadratic Poisson structures on k[x1, x2, x3] and

their associated algebraic structures.

5.1 Overview

Let P = k[x1, · · · , xn] be a Poisson algebra and let G be a finite subgroup of the graded

Poisson automorphism group of P . The invariant subalgebra of P under the action of G

PG = {f ∈ P : ϕ(f) = f for all ϕ ∈ G}

is a Poisson algebra under the Poisson structure inherited from P . Establishing P and PG

are non-isomorphic Poisson algebras, by demonstrating the absence of suitable mappings,

can be a challenging task. In this dissertation, we are primarily relying on the following four

lemmas to distinguish Poisson algebras from their invariant subalgebras.

The first two lemmas assert that unimodularity can distinguish Poisson algebras. Fur-

thermore, when unimodularity is not provided, the Poisson twistings are invariant under

Poisson isomorphisms, provided that appropriate conditions are met.

Lemma 5.1.1. Let P = k[x1, · · · , xn], Q = k[y1, · · · , yn] be Poisson algebras. If P is

unimodular and Q is non-unimodular, then P is not isomorphic to Q as Poisson algebras.

Proof. Let mP ,mQ be the modular derivations of P,Q, respectively. Suppose that P is

isomorphic to Q as Poisson algebras through an isomorphism ϕ. Given that the modular
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derivation mQ is independent of the generators, we may compute mQ with respect to the

generators {ϕ(x1), · · · , ϕ(xn)}, instead of the conventional generators {y1, · · · , yn}. For all

f ∈ Q,

mQ(f) =
n∑

i=1

∂{ϕ(xi), ϕ(g)}
∂ϕ(xi)

=
n∑

i=1

∂ϕ{xi, g}
∂ϕ(xi)

= ϕ

(
n∑

i=1

∂{xi, g}
∂xi

)
= ϕ(mP (g)) = 0,

for some g ∈ P . By definition, the Poisson algebra Q is unimodular, a contradiction.

It should be remarked that to prove the modular derivation of Poisson structure on

k[x1, · · · , xn] is independent of the choice of generators, or more precisely, the choice of

volume forms, requires a more general definition than the one given earlier. For a Poisson

algebra P admitting a volume form ν, the divergence of a derivation δ with respect to ν can

be defined as the unique value that satisfies the equation Lν(δ) = ν, and the modular

derivation m can be defined as the mapping that assigns f ∈ P to the negative of the

divergence of the Hamiltonian derivation {f,−}. Using this set of definitions, following a

computation analogous to [TWZ22, page 6], we can establish that when P is a polynomial

Poisson algebra, its modular derivation is independent of the choice of generators.

Lemma 5.1.2. Let P = k[x1, · · · , xn], Q = k[y1, · · · , yn] be Poisson algebras under the

standard grading, with their modular derivations written as mP ,mQ, respectively. If P and

Q are isomorphic as Poisson algebras, then their Poisson twistings P− 1
n
mP and Q− 1

n
mQ are

isomorphic as Poisson algebras.

Proof. Suppose that P is isomorphic to Q as Poisson algebras through an isomorphism ϕ.

Given that P , Q are connected N-graded Poisson algebras that are finitely generated in

degree 1, we may assume ϕ is graded [GW20, Theorem 4.2]. First, we claim the following
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diagram is commutative:

P Q

P Q

ϕ

mP mQ

ϕ

For all f ∈ P ,

ϕ(mP (f)) = ϕ

(
n∑

i=1

∂{xi, f}
∂xi

)
=

n∑
i=1

∂ϕ({xi, f})
∂ϕ(xi)

=
n∑

i=1

∂{ϕ(xi), ϕ(f)}
∂ϕ(xi)

= mQ(ϕ(f)),

where the second equality follows from the commutativity of ϕ and differential operators,

and the fourth equality follows from the independence of choice of generators of mQ.

Given that P− 1
n
mP = P and Q− 1

n
mQ = Q as k-algebras, we still have a k-algebra isomor-

phism ϕ between the Poisson twistings, and our task is to demonstrate that ϕ preserves the

Poisson structures. For all 1 ≤ i, j ≤ n,

ϕ(⟨xi, xj⟩)P =ϕ({xi, xj}P − 1

n
· 1 · ximP (xj) +

1

n
· 1 · xjmP (xi))

=ϕ({xi, xj}P )−
1

n
ϕ(xi)ϕ(mP (xj)) +

1

n
ϕ(xj)ϕ(mP (xi))

={ϕ(xi), ϕ(xj)}Q − 1

n
ϕ(xi)mQ(ϕ(xj)) +

1

n
ϕ(xj)mQ(ϕ(xi))

=⟨ϕ(xi), ϕ(xj)⟩Q,

where the third equality follows from the commutativity of the above diagram.

There are two additional lemmas that, although less general than the former two, are

nonetheless highly useful in this dissertation.

Lemma 5.1.3. Let P = k[x1, x2, x3] be a quadratic Poisson algebra. If Q = k[y1, y2, y3] is a

Poisson algebra satisfying the following conditions:

(1) there exists a pair (i, j) ∈ {1, 2, 3}⊕2 such that {yi, yj} = f(y1, y2) − ry3 for some
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homogeneous f with respect to the grading deg(y1) = deg(y2) = 1, and some r ∈ k×,

(2) the bracket {yk, yl} is a scalar multiple of a single monomial in y1, y2, y3, for all

(k, l) ∈ {1, 2, 3}⊕2\{(i, j)},

then P is not isomorphic to Q as Poisson algebras.

Proof. Suppose, for the sake of contradiction, that P and Q are isomorphic as Poisson

algebras. Observe that such a Poisson isomorphism passes to a k-algebra isomorphism:

P/({P, P}) ∼−→ Q/({Q,Q})

For the k-algebra P , the ideal ({P, P}) is generated by {xi, xj}, where 1 ≤ i, j ≤ 3,

because:

{g, h} =
∑

1≤i,j≤3

∂g

∂xi

∂h

∂xj

{xi, xj},

for all g, h ∈ P . The quotient algebra P/({P, P}) is a connected N-graded algebra that is

finitely generated in degree 1, as the Poisson algebra P is quadratic and consequently the

ideal ({P, P}) admits a set of homogeneous generators of degree 2.

For the k-algebra Q, by the same reasoning, the ideal {Q,Q} is generated by {yi, yj},

where 1 ≤ i, j ≤ 3. Based on the assumptions, we can write

{ya, yb}Q = f(y1, y2)− ry1, {yb, yc}Q = syα1
1 yα2

2 yα3
3 , {yc, ya}Q = tyβ1

1 yβ2

2 yβ3

3 ,

for some {a, b, c} that is a relabeling of {1, 2, 3}, s, t ∈ k, and α1, α2, α3, β1, β2, β3 ≥ 0. The

quotient algebra

Q/({Q,Q}) =k[y1, y2, y3]/(f − ry1, sy
α1
1 yα2

2 yα3
3 , tyβ1

1 yβ2

2 yβ3

3 )

∼=k[y1, y2]/(
s

rα3
yα1
1 yα2

2 fα3 ,
t

rβ3
yβ1

1 yβ2

2 fβ3)

is a connected N-graded algebra that is finitely generated in degree 1, as f is a homogeneous
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polynomial with respect to the grading deg(y1) = deg(y2) = 1.

Based on the preceding argument, [GW20, Lemma 4.1] applies. However,

dimk
(
P/({P, P})

)
= 3 ̸= 2 ≥ dimk

(
Q/({Q,Q})

)
,

a contradiction.

Lemma 5.1.4. Let P = k[x1, x2, x3], Q = k[y1, y2, y3] be the following Poisson algebras:

{x1, x2} =rx2
1, {x2, x3} = s1x1x3 + s2x2x3, {x3, x1} =tx1x3,

{y1, y2} =ry21, {y2, y3} = ns1y1y3 + ns2y2y3, {y3, y1} =nty1y3,

for some r, t ∈ k×, s1, s2 ∈ k, and n ̸= 0, 1. Then P is not isomorphic to Q as Poisson

algebras.

Proof. The Poisson algebras P and Q are connected N-graded Poisson algebras that are

finitely generated in degree 1. If P and Q are isomorphic as Poisson algebras through a

Poisson isomorphism ϕ, then we can assume that ϕ is graded [GW20, Theorem 4.2] and

record it as


a11 a12 a13

a21 a22 a23

a31 a32 a33

 for some aij ∈ k, 1 ≤ i, j ≤ 3, satisfying ϕ(xi) =
3∑

j=1

aijyj,

1 ≤ i ≤ 3. Given that ϕ is a Poisson homomorphism, ϕ preserves the Poisson structures:

ϕ({x1, x2}P ) ={ϕ(x1), ϕ(x2)}Q,

ϕ({x3, x1}P ) ={ϕ(x3), ϕ(x1)}Q.

By examining the coefficients of the terms x2
2, x

2
3, x1x3 in the first equality, and the co-

efficient of the term x1x3 in the second equality, we establish the following constraints on

ϕ
∣∣
P1
:

(1) ra212 = 0,
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(2) ra213 = 0,

(3) 2ra11a13 = ns1(a12a23 − a13a22) + nt(a13a21 − a11a23),

(4) t(a11a33 + a13a31) = ns1(a13a32 − a12a33) + nt(a11a33 − a13a31)

Solving the four equalities results in a13 = a23 = a33 = 0, contradicting to the invertibility

of ϕ. Therefore, no such Poisson isomorphism ϕ exists in the first place.

Finally, we introduce an additional approach for distinguishing Poisson algebras: Poisson

cohomology (homology). While our dissertation does not require any computation of Poisson

cohomology (homology) due to the availability of simpler arguments, we include it because

it is a valuable tool for differentiating Poisson algebras from one another in broader con-

texts. Those interested in this subject are encouraged to read [LGPV13], [LWZ17], [TWZ22],

[HTWZ23]

Definition 5.1.5. Let P be a Poisson algebra.

• A derivation of P is a k-linear map δ : P → P such that δ(fg) = δ(f)g + fδ(g) for all

f, g ∈ P .

• A Hamiltonian derivation of P is a derivation δ : P → P such that δ coincides with

{−, f} for some f ∈ P . The k-vector space of Hamiltonian derivations of P will be

denoted as Ham(P ).

• A Poisson derivation of P is a derivation δ : P → P such that δ({f, g}) = {δ(f), g}+

{f, δ(g)} for all f, g ∈ P . The k-vector space of Poisson derivations of P will be denoted

as PDer(P ).

• A skew-symmetric p-derivation of P is a skew-symmetric k-linear map δ :
∧p P → P

that is a derivation in all coordinates. The k-vector space of all skew-symmetric p-

derivation of P will be denoted as X p(P ).
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Definition-Lemma 5.1.6. Let P be a Poisson algebra, with its Poisson structure written

as π. Define a sequence of boundary maps

d•π : X •(P ) → X •+1(P )

as follows: for all Q ∈ X p+1(P ),

dpπ(Q)[f0, · · · , fp] =
p∑

i=0

(−1)iπ(fi, Q[f0, · · · , f̂i, · · · , fp])

+
∑

0≤i,j≤n

Q[π(fi, fj), f0, · · · , f̂i, · · · , f̂j, · · · , fk].

The boundary maps d•π can be realized as a particular instance of the Schouten bracket

[π,−]S, allowing us to demonstrate that d•π satisfies the condition d2π = 0 [LGPV13, page

95]. Consequently, the pair (X •(P ), d•π) forms a complex, with the pth cohomology group

defined as the pth Poisson cohomology :

PHp(P ) = ker dpπ/imdp−1
π .

As one may have discovered, Poisson cohomology can be realized as the Poisson coun-

terpart of Hochschild cohomology of associative algebras. The parallels can be observed

in several ways. For instance, the 0th cohomology PH0 corresponds to the Poisson cen-

ter Zπ(P ), the 1st cohomology PH1 represents the quotient of the Poisson derivations and

the Hamiltonian derivations PDer(P )/Ham(P ), the 2nd cohomology PH2 is related to the

classification of infinitesimal deformations, and the 3rd cohomology PH3 is associated with

the obstructions of lifting infinitesimal deformations to formal deformations. Furthermore,

the Poisson complex X •(P ) =
⊕
p≥0

X p(P ) is a Gerstenhabor algebra under the following
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operations ∧ and [−,−]S: for all Q ∈ X q(P ) and R ∈ X r(P ),

(Q ∧R)[f1, · · · , fq+r] =
∑

σ∈Sq,r

sgn(σ)Q[fσ(1), · · · , fσ(q)]R[fσ(q+1), · · · , fσ(q+r)],

[Q,R]S[f1, · · · , fq+r−1] =
∑

σ∈Sq,r−1

sgn(σ)Q[R[fσ(1), · · · fσ(r)], fσ(r+1), · · · , fσ(q+r−1)]

−
∑

σ∈Sr,q−1

sgn(σ)R[Q[fσ(1), · · · fσ(q)], fσ(r+1), · · · , fσ(q+r−1)],

where Sq,r = {σ ∈ Sq+r : σ(1) < · · · < σ(q), σ(r + 1) < · · · < σ(q + r)}.

Example 5.1.7. Let P = k[x, y, z]/(xy, y2, yz) under the Poisson structure π = y∂y ∧ ∂z.

The Poisson algebra P admits a k-vector space decomposition P = k[x, z]≥1 ⊕ k ⊕ ky, and

the Poisson complex X •(P ) can be computed based on the relations of P :

X 1(P ) = (k[x, z]≥1 ⊕ ky)∂x+ (ky)∂y + (k[x, z]≥1 ⊕ ky)∂z.

X 2(P ) = (ky)∂x ∧ ∂y + (ky)∂y ∧ ∂z + (k[x, z]≥1 ⊕ ky)∂x ∧ ∂z.

X 3(P ) = (ky)∂x ∧ ∂y ∧ ∂z.

0 P X 1(P ) X 2(P ) X 3(P ) 0.
d0π d1π d2π

After an extensive computation, PH i(P ) ∼=



k[x, xz, z2, z3] i = 0

(k[x, xz, z2, z3]≥1)
⊕2 i = 1

k[x, xz, z2, z3]≥1 i = 2

0 i ≥ 3

.

When the Poisson algebra P has a limited number of relations, the computation of the

Poisson cohomology of P becomes a formidable task. As an alternative approach, one can

introduce a grading for the Poisson algebra P and use the Hilbert series to describe its

Poisson cohomology. This approach is exemplified in [TWZ22] and [HTWZ23].
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In a dual manner, we can define Poisson homology of a Poisson algebra P using the

Kähler differentials Ω1(P ) and Ωp(P ) =
∧p Ω1(P ). In cases where the Poisson algebra P is

affine and its Kähler differentials Ω1(P ) admits a free P -basis Ω1(P ) = ⟨{dx1, · · · , dxl}⟩ for

some dxi satisfying tr(dxi) = 0, there is a duality between Poisson cohomology and Poisson

homology:

PHn(P ) ∼= PH l−n(P )

for all n ≥ 0 [LWZ20].

5.2 A Variant for Unimodular Poisson Algebras

In this section, we prove a variant of the Shephard-Todd-Chevalley Theorem for unimod-

ular Poisson structures on k[x1, x2, x3], stated as follows:

Theorem 5.2.1. (Shephard-Todd-Chevalley Theorem) Let P = k[x1, x2, x3] be a unimodu-

lar quadratic Poisson algebra and let G ⊆ PAutgr(P ) be a finite subgroup. Then the invariant

subalgebra PG is isomorphic to P as Poisson algebras if and only if G is trivial.

Proof. It suffices to prove ⇒. The classical Shephard-Todd-Chevalley Theorem states that if

PG ∼= P as algebras, then G is generated by reflections. Since G ⊆ PAutgr(P ), G is generated

by Poisson reflections. By Proposition 4.3.3, Unimodular 5, Unimodular 6, Unimodular

7, Unimodular 9 have no Poisson reflections, hence the statement is trivially true. For

Unimodular 1, Unimodular 2, Unimodular 3, Unimodular 4, Unimodular 8, we proceed with

a detailed analysis of each instance.

Unimodular 1. {x1, x2} = 0, {x2, x3} = 3x2
1, {x3, x1} = 0.

A Poisson reflection ϕ has the form ϕ
∣∣
P1

=


−1 0 0

a 1 0

d 0 1

. IfG contains two distinct Poisson



86

reflections: ϕ1

∣∣
P1

=


−1 0 0

a1 1 0

d1 0 1

, ϕ2

∣∣
P1

=


−1 0 0

a2 1 0

d2 0 1

. However, the product (ϕ1ϕ2)
∣∣
P1

=


1 0 0

a2 − a1 1 0

d2 − d1 0 1

, a matrix of infinite order unless a2 = a1 and d2 = d1. Consequently, we

may assume that G is cyclic generated: G =


−1 0 0

a 1 0

d 0 1

 ∼= Z2. To compute the invariant

subalgebra, we start by observing that the polynomials y1 = x2
1, y2 =

a

2
x1+x2, y3 =

d

2
x1+x3

are algebraically independent and remain invariant under the action of G. Embed the k-

algebra generated by y1, y2, y3 into the invariant subalgebra PG. Using Molien’s Theorem to

compute hPG(t), we compare the Hilbert series of these two k-algebras, and conclude that

PG = k[y1, y2, y3]. The Poisson structure on the invariant subalgebra PG is:

{y1, y2} = 0, {y2, y3} = 3y1, {y3, y1} = 0.

By invoking Lemma 5.1.3, it becomes evident that the Poisson algebras P and Q are non-

isomorphic Poisson algebras.

Unimodular 2. {x1, x2} = 0, {x2, x3} = 2x1x2, {x3, x1} = x2
1.

A Poisson reflection ϕ has the form ϕ
∣∣
P1

=


1 0 0

0 ξ 0

0 d 1

. If G contains two non-commuting

Poisson reflections: ϕ1

∣∣
P1

=


1 0 0

0 ξn1 0

0 d1 1

 and ϕ2

∣∣
P1

=


1 0 0

0 ξn2 0

0 d2 1

, where ξn1 (resp. ξn2) is a

primitive n1th (resp. n2th) root of unity. Since ϕ1ϕ2 ̸= ϕ2ϕ1, the product (ϕ1ϕ2ϕ
n1−1
1 ϕn2−1

2 )
∣∣
P1

=
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
1 0 0

0 1 0

0 d 1

 for some d ̸= 0; however, such a matrix has infinite order, a contradiction. There-

fore, G is a finite abelian group. Keeping ϕ1 and ϕ2 as above, the commutativity ϕ1ϕ2 = ϕ2ϕ1

is equivalent to d2 =
ξn2 − 1

ξn1 − 1
d1.

Decompose G ∼= Zn1×· · ·×Znm for some ni ∈ N satisfying ni|ni+1. According to the com-

mutativity condition, we may take the cyclic generator of Zni
to be ϕi

∣∣
P1

=


1 0 0

0 ξni
0

0
ξni−1

ξn1−1
d1 1


for some primitive nith root of unity ξni

, for all 1 ≤ i ≤ m. Define S = {α ∈ Nm : 1 ≤ αi ≤

ni}. For α = (αi)1≤i≤m ∈ S, we define ξα = ξα1
n1

· · · ξαm
nm

. According to the Molien’s Theorem,

hPG(t) =
1

n1 · · ·nm

∑
α∈S

1

(1− t)2(1− ξαt)
=

1

(1− t)2

(
1

n1 · · ·nm

∑
α∈S

1

(1− ξαt)

)
.

Before computing
∑
α∈S

1

(1− ξαt)
, we claim that {ξα : α ∈ S} is precisely n1 · · ·nm−1 copies

of {ξαm
nm

: 1 ≤ αm ≤ nm}. To prove the claim, we proceed by induction. When m = 2, the

set {ξα : α ∈ S} contains the following elements:

1 ξn2 ξ2n2
· · · ξn2−1

n2

1 ξn1ξn2 ξn1ξ
2
n2

· · · ξn1ξ
n2−1
n2

...
...

...
. . .

...

1 ξn1−1
n1

ξn2 ξn1−1
n1

ξ2n2
· · · ξn1−1

n1
ξn2−1
n2

Each line can be realized as the image of a left multiplication map lξα1
n1

: ⟨ξn2⟩ → ⟨ξn2⟩, for

all 0 ≤ α1 ≤ n1 − 1. Since n1|n2, and consequently, ξα1
n1

is an element of ⟨ξn2⟩, each line is a

permutation of the first line. This proves the base case: {ξα1
n1
ξα2
n2
|1 ≤ α1 ≤ n1, 1 ≤ α2 ≤ n2} is

precisely n1 copies of {ξα2
n2
|1 ≤ α2 ≤ n2}. Inductively, whenm is arbitrary, the set {ξα|α ∈ S}
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contains the following elements:

1 Em−1 Em−1ξnm · · · Em−1ξ
nm−1
nm

,

where Em−1 = {ξα1
n1

· · · ξαnm−1
nm−1 : 1 ≤ αi ≤ ni}. By the induction hypothesis, the set

{ξα1
n1

· · · ξαnm−1
nm−1 : 1 ≤ αi ≤ ni} is n1n2 · · ·nm−2 copies of {ξαm−1

nm−1
: 1 ≤ αm−1 ≤ nm−1}.

Consequently, we can view the preceding lines of elements as n1n2 · · ·nm−2 layers of the

subsequent lines of elements:

1 ξnm ξ2nm
· · · ξnm−1

nm

1 ξnm−1ξnm ξnm−1ξ
2
nm

· · · ξnm−1ξ
nm−1
nm

...
...

...
. . .

...

1 ξnm−1−1
nm−1

ξnm ξnm−1−1
nm−1

ξ2nm
· · · ξnm−1−1

nm−1
ξnm−1
nm

Again, from the induction hypothesis, the above lines of elements are n1n2 · · ·nm−1 copies

{ξαm
nm

|1 ≤ αm ≤ nm} as claimed. We can compute the Hilbert series of the invariant subal-

gebra PG by using the claim:

hPG(t) =
1

(1− t)2

(
n1 · · ·nm−1

n1 · · ·nm

∑
1≤αm≤nm

1

(1− ξαm
nm

t)

)
=

1

(1− t)2

(
1

nm

∑
1≤αm≤nm

1

(1− ξαm
nm

t)

)
=

1

(1− t)2(1− tnm)
.

Set l = nm. Furthermore, set y1 = x1, y2 = d1x2 + (1 − ξn1)x3, y3 = xl
2. The elements

y1, y2, y3 are three algebraically independent polynomials that are invariant under the action

of G. Consequently, we may embed k[y1, y2, y3] into the invariant subalgebra PG. It is

evident that the Hilbert series of k[y1, y2, y3] is
1

(1− t)2(1− tl)
, and therefore, the embedding

k[y1, y2, y3] ↪→ PG is surjective because the cokernel has Hilbert series 0. Accordingly, we
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conclude that the invariant subalgebra PG = k[y1, y2, y3] and has the following Poisson

structure:

{y1, y2} = (ξn1 − 1)y21, {y2, y3} = 2l(ξn1 − 1)y1y3, {y3, y1} = 0.

Suppose that PG ∼= P as Poisson algebras. Specifically, by applying (the contrapositive

of) Lemma 5.1.1, the invariant subalgebra is unimodular. This implies that we can find a

superpotential Ω ∈ k[y1, y2, y3] satisfying:

∂Ω

∂y3
= (ξn1 − 1)y21,

∂Ω

∂y1
= 2l(ξn1 − 1)y1y3,

∂Ω

∂y2
= 0.

It is straightforward to verify no such Ω exists unless l = 1, or equivalently, unless G is

trivial.

Unimodular 3. {x1, x2} = 2x1x2, {x2, x3} = 2x2x3, {x3, x1} = 2x1x3.

This case is addressed in [GVW23, Theorem 4.5]. The conclusion is as follows: PG ∼= P

as Poisson algebras if and only if G is trivial.

Unimodular 4. {x1, x2} = 0, {x2, x3} = 2x1x2 + x2
2, {x3, x1} = x2

1 + 2x1x2.

A Poisson reflection ϕ has three possible forms: ϕ
∣∣
P1

=


0 −1 0

−1 0 0

b b 1

 ,


−1 0 0

1 1 0

b 0 1

,

1 1 0

0 −1 0

0 c 1

. First, notice that the finite automorphism group G cannot contain two Poisson

reflections of the same form.

• Suppose that G contains two distinct Poisson reflections of the first form: ϕ1

∣∣
P1

=
0 −1 0

−1 0 0

b1 b1 1

, ϕ2

∣∣
P1

=


0 −1 0

−1 0 0

b2 b2 1

. The product (ϕ1ϕ2)
∣∣
P1

=


1 0 0

0 1 0

b2 − b1 b2 − b1 1


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is a matrix of infinite order, contradicting to the finiteness of G.

• Suppose that G contains two distinct Poisson reflections of the second form: ϕ1

∣∣
P1

=
−1 0 0

1 1 0

b1 0 1

, ϕ2

∣∣
P1

=


−1 0 0

1 1 0

b2 0 1

. The product (ϕ1ϕ2)
∣∣
P1

=


1 0 0

0 1 0

b2 − b1 0 1

 is a

matrix of infinite order, contradicting to the finiteness of G.

• Suppose that G contains two distinct Poisson reflections of the third form: ϕ1

∣∣
P1

=
1 1 0

0 −1 0

0 c1 1

, ϕ2

∣∣
P1

=


1 1 0

0 −1 0

0 c2 1

. The product (ϕ1ϕ2)
∣∣
P1

=


1 0 0

0 1 0

0 b2 − b1 1

 is a

matrix of infinite order, contradicting to the finiteness of G.

Consequently, the finite automorphism group G falls into one of the following three

categories:

(1) The group G is generated by three Poisson reflections of distinct types.

(2) The group G is generated by two Poisson reflections of distinct types.

(3) The group G is generated by a single Poisson reflection.

In Case (1), G = ⟨ϕ1

∣∣
P1

=


0 −1 0

−1 0 0

a a 1

 , ϕ2

∣∣
P1

=


−1 0 0

1 1 0

b 0 1

 , ϕ3

∣∣
P1

=


1 1 0

0 −1 0

0 c 1

⟩.
By calculation, the product (ϕ1ϕ2ϕ3)

∣∣n
P1

is not equal to the identity matrix I3 when n is odd,

and it equals the following matrix:

(ϕ1ϕ2ϕ3)
∣∣n
P1

=


1 0 0

0 1 0

n
2
(b+ c− a) n(b+ c− a) 1


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when n is even. As a result, the finiteness of G necessitates the condition: a = b+ c. Given

this equality, through further calculations, we observe that:

(ϕ1ϕ2ϕ1)
∣∣
P1

=


0 −1 0

−1 0 0

b+ c b+ c 1



−1 0 0

1 1 0

b 0 1




0 −1 0

−1 0 0

b+ c b+ c 1

 =


1 1 0

0 −1 0

0 c 1

 =ϕ3

∣∣
P1
,

(ϕ2ϕ3ϕ2)
∣∣
P1

=


−1 0 0

1 1 0

b 0 1



1 1 0

0 −1 0

0 c 1



−1 0 0

1 1 0

b 0 1

 =


0 −1 0

−1 0 0

b+ c b+ c 1

 =ϕ1

∣∣
P1
,

(ϕ3ϕ1ϕ3)
∣∣
P1

=


1 1 0

0 −1 0

0 c 1




0 −1 0

−1 0 0

b+ c b+ c 1



1 1 0

0 −1 0

0 c 1

 =


−1 0 0

1 1 0

b 0 1

 =ϕ2

∣∣
P1
.

In conclusion, we have established that G = ⟨ϕ1, ϕ2, ϕ3⟩ = ⟨ϕ1, ϕ2⟩ = ⟨ϕ2, ϕ3⟩ = ⟨ϕ3, ϕ1⟩,

and it is sufficient to consider the case when G = ⟨ϕ1, ϕ2⟩ for both Case (1) and Case (2).

In Case (2), G = ⟨ϕ1

∣∣
P1

=


0 −1 0

−1 0 0

a a 1

 , ϕ2

∣∣
P1

=


−1 0 0

1 1 0

b 0 1

⟩. By calculation,

ϕ2
1

∣∣
P1

= ϕ2
2

∣∣
P1

= (ϕ1ϕ2)
3
∣∣
P1

= I3, ϕ1ϕ2 ̸= ϕ2ϕ1.

The first equality implies that G is isomorphic to a quotient of the symmetric group S3.

Further, the second inequality implies that G is isomorphic to S3, as S3 is the smallest finite

non-abelian group. Apply the Molien’s Theorem:

hPG(t) =
1

6

(
1

(1− t)3
+

3

(1− t)2(1 + t)
+

2

(1− t)(1 + t+ t2)

)
=

1

(1− t)(1− t2)(1− t3)
.

After calculating

∫
f =

1

|G|
∑
ϕ∈G

ϕ(f) for all monomials f ∈ k[x1, x2, x3] with degree less
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or equal to 6, we discover that the elements y1 =
1

3
(a+ b)x1 +

1

3
(2a− b)x2 + x3, y2 = x2

1+x2
2

+x1x2, y3 = 2x3
1 + 3x2

1x2 − 3x1x
2
2 − 2x3

2 are three algebraically independent polynomials that

are invariant under the action of G. Embed k[y1, y2, y3] into the invariant subalgebra PG.

Since the domain and codomain share the same Hilbert series, the cokernel is trivial. In other

words, the invariant subalgebra PG = k[y1, y2, y3] and has the following Poisson structure:

{y1, y2} = y3, {y2, y3} = 0, {y3, y1} = −6y22.

By applying Lemma 5.1.3, PG is not isomorphic to P as Poisson algebras.

In Case (3), we will concurrently discuss three subcases: G1 = ⟨ϕ1

∣∣
P1

=


0 −1 0

−1 0 0

a a 1

⟩,

G2 = ⟨ϕ2

∣∣
P1

=


−1 0 0

1 1 0

b 0 1

⟩, and G3 = ⟨ϕ3

∣∣
P1

=


1 1 0

0 −1 0

0 c 1

⟩. Notice that the finite

automorphism group Gi is isomorphic to Z2 for all 1 ≤ i ≤ 3, and the Hilbert series of the

invariant subalgebra is

hPG(t) =
1

2

(
1

(1− t)3
+

1

(1− t)2(1 + t)

)
=

1

(1− t)2(1− t2)

by applying Molien’s Theorem. As in our previous analysis, we can find three algebraically

independent polynomials that are invariant under the action of Gi:

y1 y2 y3

G1 x1x2 −x1 + x2 ax1 + x3

G2 x2
1

b
2
x1 + x3

1
2
x1 + x2

G3 x2
2 −cx1 + x3 2x1 + x2

By comparing the Hilbert series of the domain and the codomain of the embedding
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k[y1, y2, y3] ↪→ PG, we ascertain that the invariant subalgebra PG = k[y1, y2, y3] and has the

following Poisson structures:

{y1, y2} {y2, y3} {y3, y1}

G1 0 6y1 + y22 y1y2

G2 −4y1y3
3
4
y1 − y23 0

G3 2y1y3 −3
2
y1 +

1
2
y23 0

Suppose that PG ∼= P as Poisson algebras. Specifically, by applying (the contrapositive

of) Lemma 5.1.1, the invariant subalgebra is unimodular. This implies that we can find a

superpotential Ω ∈ k[y1, y2, y3] satisfying:

∂Ω

∂y3
= {y1, y2},

∂Ω

∂y1
= {y2, y3},

∂Ω

∂y2
= {y3, y1}.

It is straightforward to verify no such Ω exists for G1, G2, and G3, and therefore, PG is not

unimodular, a contradiction.

In summary, if G is generated by Poisson reflections, then PG is not isomorphic to P as

Poisson algebras. Consequently, the condition PG ∼= P as Poisson algebras implies that G

is necessarily trivial.

Unimodular 8. {x1, x2} = x1x2, {x2, x3} = 3x2
1 + 2x1x2 + x2x3, {x3, x1} = x2

1 + x1x3.

A Poisson reflection ϕ has the form ϕ
∣∣
P1

=


−1 0 0

0 1 0

2 0 1

. Suppose that G = ⟨ϕ⟩ ∼= Z2.

By the Molien’s Theorem,

hPG(t) =
1

2

(
1

(1− t)3
+

1

(1− t)2(1 + t)

)
=

1

(1− t)2(1− t2)
.

It is not difficult to show that the elements y1 = x2, y2 = x1 + x3, y3 = x2
1 are al-

gebraically independent and are invariant under the action of G. Consider the natural
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inclusion k[y1, y2, y3] ↪→ PG. Extend the natural inclusion into a short exact sequence and

apply Hilbert series. Given that the Hilbert series of a short exact sequence sums up to 0,

we deduce that the invariant subalgebra PG = k[y1, y2, y3]. The Poisson structure on the

invariant subalgebra is:

{y1, y2} = y1y2 + 3y3, {y2, y3} = 2y2y3, {y3, y1} = 2y1y3.

To prove that PG is not isomorphic to P as Poisson algebras, one can either invoke Lemma

5.1.1 or Lemma 5.1.3. Both approaches are equally straightforward.

5.3 A Variant for Non-unimodular Poisson Algebras

In this section, we prove a variant of the Shephard-Todd-Chevalley Theorem for non-

unimodular Poisson structures on k[x1, x2, x3], stated as follows:

Theorem 5.3.1. (Shephard-Todd-Chevalley Theorem) Let P = k[x1, x2, x3] be a non-

unimodular quadratic Poisson algebra and let G ⊆ PAutgr(P ) be a finite subgroup. If

{−,−} satisfies the following conditions on its coefficients:

• Non-unimodular 1. p, q, r ̸= 0.

• Non-unimodular 2. p, q ̸= 0, p ̸= q, 4p2 + q2 ̸= 0

• Non-unimodular 3. p ̸= 0.

• Non-unimodular 4. p, q ̸= 0.

• Non-unimodular 5. p ̸= 0, 1
2
.

• Non-unimodular 6. p ̸= 0.

• Non-unimodular 7. p, q ̸= 0, 2p+ r ̸= 0, (2p+ r)2 + q2 ̸= 0

• Non-unimodular 8. p ̸= 0, p+ q ̸= 0.

• Non-unimodular 9. p ̸= 0.

• Non-unimodular 10. p ̸= 0,−1
4
,−1

3
,−1

2
.

• Non-unimodular 11. p ̸= 0,−1
2
,−1

4
, q ̸= 0.
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• Non-unimodular 12. p ̸= 0,−1
2
,−1

3
, q = 0.

• Non-unimodular 13. p ̸= 0,−1
2
, q = 0, r ̸= 0.

Then the invariant subalgebra PG is isomorphic to P as Poisson algebras if and only if G is

trivial.

Proof. In a manner analogous to Theorem 5.2.1, it is sufficient to consider finite auto-

morphism groups that are generated by Poisson reflections. By Proposition 4.2.1, Non-

unimodular 9, Non-unimodular 10 have no Poisson reflections, hence the statement is triv-

ially true. For the remaining Poisson structures, we proceed with a detailed analysis of each

instance.

Non-unimodular 1.

A Poisson reflection ϕ is one of the following commuting matrices: (ϕ1)
∣∣
P1

=


ξ 0 0

0 1 0

0 0 1

,

(ϕ2)
∣∣
P1

=


1 0 0

0 ξ 0

0 0 1

, (ϕ3)
∣∣
P1

=


1 0 0

0 1 0

0 0 ξ

. Similarly to the analysis in [GVW23, Proposition

2.6] and [GVW23, Theorem 4.5], it is clear that a finite Poisson reflection group admits

a decomposition G ∼= Gx1 × Gx2 × Gx3 , where the subgroups Gx1 , Gx2 , Gx3 acts on the

subalgebras k[x1], k[x2], k[x3], respectively. Set n = exp(Gx1), y1 = xn
1 , m = exp(Gx2),

y2 = xm
2 , l = exp(Gx3), y3 = xl

3 . The invariant subalgebra PG = k[xn
1 , x

m
2 , x

l
3] has the

following Poisson structures:

{y1, y2} = pnmy1y2, {y2, y3} = qmly2y3, {y3, y1} = rnly1y3.

According to [GW20, Theorem 4.6], a Poisson isomorphism PG ∼= P , or more explicitly, a

Poisson isomorphism between two Poisson structures that are defined by two skew-symmetric
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matrixMP =


0 p r

−p 0 q

−r −q 0

 andMPG =


0 pnm rnl

−pnm 0 qml

−rnl −qml 0

, necessitates thatMP [i, j] =

MPG [σ(i), σ(j)] for some σ ∈ S3, for all 1 ≤ i, j ≤ 3. Upon scrutiny of the permutations

in S3, it is observed that each odd permutation results in a contradiction, and each even

permutation results in the equality n = m = l = 1, or equivalently, G is trivial.

Non-unimodular 2, Non-unimodular 7.

For these two Poisson structures, a Poisson reflection ϕ has two possible forms: ϕ1

∣∣
P1

=
1 0 0

0 1 0

0 0 ξ

 , ϕ2

∣∣
P1

=


1+ξ
2

±1−ξ
2i

0

∓1−ξ
2i

1+ξ
2

0

0 0 1

. Since ϕ1

∣∣
P1

and ϕ2

∣∣
P1

are commuting matrices, a

finite Poisson reflection group G is necessarily abelian. Suppose that the finite Poisson

reflection group G is generated by ϕ11, · · · , ϕ1c1 , ϕ21, · · · , ϕ2c2 , ϕ31, · · · , ϕ3c3 , where ϕ1 are

Poisson reflections of the form (ϕ1 )
∣∣
P1

=


1 0 0

0 1 0

0 0 ξ

, ϕ2 are Poisson reflections of the

form (ϕ2 )
∣∣
P1

=


1+ξ
2

1−ξ
2i

0

−1−ξ
2i

1+ξ
2

0

0 0 1

, and ϕ3 are Poisson reflections of the form (ϕ3 )
∣∣
P1

=


1+ξ
2

−1−ξ
2i

0

1−ξ
2i

1+ξ
2

0

0 0 1

. Through extensive (and routine) computations, the Poisson reflection

group G admits a decomposition:

G ∼= ⟨ϕ11, · · · , ϕ1c1⟩ × ⟨ϕ21, · · · , ϕ2c2⟩ × ⟨ϕ31, · · · , ϕ3c3⟩,

and each of the three components admits a further decomposition into invariant factors:
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⟨ϕ11, · · · , ϕ1c1⟩ ∼=⟨


1 0 0

0 1 0

0 0 ξl1

 , · · · ,


1 0 0

0 1 0

0 0 ξld1

⟩,

⟨ϕ21, · · · , ϕ2c2⟩ ∼=⟨


1+ξm1

2

1−ξm1

2i
0

−1−ξm1

2i

1+ξm1

2
0

0 0 1

 , · · · ,


1+ξmd2

2

1−ξmd2

2i
0

−
1−ξmd2

2i

1+ξmd2

2
0

0 0 1

⟩,

⟨ϕ31, · · · , ϕ3c3⟩ ∼=⟨


1+ξn1

2
−1−ξn1

2i
0

1−ξn1

2i

1+ξn1

2
0

0 0 1

 , · · · ,


1+ξnd3

2
−

1−ξnd3

2i
0

1−ξnd3

2i

1+ξnd3

2
0

0 0 1

⟩.

for some ni|ni+1, mj|mj+1, lk|lk+1, for all 1 ≤ i ≤ d1, 1 ≤ j ≤ d2, 1 ≤ k ≤ d3. Define

S1 = {α ∈ Nd1 : 1 ≤ αi ≤ li}, S2 = {β ∈ Nd2 : 1 ≤ αi ≤ mi}, S3 = {γ ∈ Nd3 : 1 ≤ αi ≤ ni}.

For α = (αi)1≤i≤d1 ∈ S1, β = (βi)1≤i≤d2 ∈ S2, γ = (γi)1≤i≤d3 ∈ S3, we will write

ξα = ξα1
l1

· · · ξαd1
ld1

, ξβ = ξβ1
m1

· · · ξβd2
md2

, ξγ = ξγ1n1
· · · ξγd3nd3

.

According to the Molien’s Theorem and the computation in Theorem 5.2.1 Unimodular 2,

hPG(t) =
1

(l1 · · · ld1m1 · · ·md2 · · ·n1 · · ·nd3)

∑
γ∈S3

∑
β∈S2

∑
α∈S1

1

(1− ξαt)(1− ξβt)(1− ξγt)

=
1

l1 · · · ld1

∑
γ∈S3

(
1

m1 · · ·md2

∑
β∈S2

(
1

n1 · · ·nd3

∑
α∈S1

1

1− ξαt

)
1

1− ξβt

)
1

1− ξγt

=
1

(1− tld1 )(1− tmd2 )(1− tnd3 )
.

Set l = ld1 , m = md2 , n = nd3 . Identifying three algebraically independent polynomials

that are invariant under the action of G is straightforward: y1 = (−ix1 + x2)
n, y2 = (ix1 +
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x2)
m, y3 = xl

3. The k-algebra k[y1, y2, y3] can be embedded into the invariant subalgebra

PG. After comparing the Hilbert series of k[y1, y2, y3] and PG, it becomes evident that

PG = k[y1, y2, y3]. The Poisson structures on PG are:

Non-unimodular {y1, y2} {y2, y3} {y3, y1}

2 −2imnpy1y2 −ml(2ip+ q)y2y3 −nl(2ip− q)y1y3

7 −2imnpy1y2 −ml(i(2p+r)−q)y2y3 −nl(i(2p+r)+q)y1y3

Suppose that PG is isomorphic to P as Poisson algebras via some Poisson isomorphism

ϕ. The Poisson normal elements of PG are scalar multiples of y1, y2, y3, while those of P are

scalar multiples of ±ix1 + x2, x3. Then Lemma 3.1.2 states that ϕ : PG → P necessarily

takes one of the following forms on PG
1 :


−ia a 0

ib b 0

0 0 c

 ,


−ia a 0

0 0 c

ib b 0

 ,


ib b 0

−ia a 0

0 0 c

 ,


ib b 0

0 0 c

−ia a 0

 ,


0 0 c

−ia a 0

ib b 0

 ,


0 0 c

ib b 0

−ia a 0

 ,

for some a, b, c ∈ k×.

For Unimodular 2, if ϕ
∣∣
P
PG
1

takes the form of the first matrix,

ϕ({y1, y2}) =−2imnpab(x2
1 + x2

2), {ϕ(y1, y2)} = −2ipab(x2
1 + x2

2),

ϕ({y2, y3}) =−ml(2ip+ q)bc(ix1 + x2)x3, {ϕ(y1, y2)} = −(2ip+ q)bcx2x3.

The condition that ϕ preserves the Poisson structures implies that m = n = l = 1,

or equivalently, G is trivial. Similarly, one can verify that if ϕ
∣∣
P
PG
1

takes the form of the

remaining five matrices, then G is trivial, although the argument may be less straightforward

than taking the form of first matrix.

For Unimodular 7, the argument can be carried out in a similar manner.

It should be noted that Lemma 5.1.2 enables us to simplify the computations, at the cost
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of missing a set of coefficients with measure 0 in (k×)3. In both instances, we can compute the

superpotential associated with the Poisson twistings of the Poisson algebra and its invariant

subalgebra. In the table below, we will label the Non-unimodular 2 (resp. Non-unimodular

7 ) Poisson algebra as P2 (resp. P7), and its invariant subalgebra as PG
2 (resp. PG

7 ).

Superpotential of The Poisson Twistings

P2 p(x2
1 + x2

2)x3

PG
2

1
3
(−2i(mn+ml + nl)p+ (n−m)lq)y1y2y3

P7 (p+ 1
3
r)(x2

1 + x2
2)x3

PG
7

1
3
(−2i(mn+ml + nl)p− i(m+ n)lr + (m− n)lq)y1y2y3

First, observe that the invariant subalgebra PG admits the standard grading: deg(y1) =

deg(y2) = deg(y3) = 1. According to the analysis in Lemma 5.1.2, the Poisson isomorphism

PG ϕ−→ P passes to another Poisson isomorphism (PG)−
1
3
m

PG → P− 1
3
mP . Since (PG)−

1
3
m

PG =

PG and P− 1
3
mP = P as k-algebras, we will, for the sake of simplicity, continue to denote

this Poisson isomorphism on the Poisson twistings as ϕ. The Poisson normal elements of

(PG)−
1
3
m

PG are scalar multiples of y1, y2, y3, while those of P− 1
3
mP are scalar multiples of

±ix1 + x2, x3. Again, Lemma 3.1.2 states that ϕ : PG → P necessarily takes the following

forms on
(
(PG)−

1
3
m

PG

)
1
: 

−ia a 0

ib b 0

0 0 c

 ,

for some a, b, c ∈ k×, up to some re-labelling of y1, y2, y3. This simplifies our computation to

a single case. Now, [HTWZ23, Lemma 3.3] comes into play, establishing that ϕ(ΩPG) = ΩP .

Comparing the coefficients of ϕ(ΩPG) and ΩP , it can be established that ϕ(ΩPG) ̸= ΩP ,

except in the case where m = n = l = 1 (G is trivial), or under the following circumstances:

• Non-unimodular 2. 2(mn + ml + nl − 3)p + i(n − m)lq ̸= 0 for all positive integers
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m,n, l.

• Non-unimodular 7. 2(mn +ml + nl − 3)p + ((m + n)l − 2)r + i(m − n)lq ̸= 0 for all

positive integers m,n, l.

This missing set of coefficients has measure 0 in (k×)3.

Non-unimodular 3, Non-unimodular 5, Non-unimodular 6.

For these three Poisson structures, a Poisson reflection ϕ has the form: ϕ
∣∣
P1

=


1 0 0

0 1 0

0 0 ξ

.
It is clear that a finite Poisson reflection group G is abelian, and therefore G admits a

decomposition

G ∼= ⟨


1 0 0

0 1 0

0 0 ξn1

⟩ × · · · × ⟨


1 0 0

0 1 0

0 0 ξnm

⟩,
for some primitive root of unity ξni

satisfying ni|ni+1 for all 1 ≤ i ≤ m. In these three cases,

the Poisson structures on k[x1, x2, x3] satisfies the following properties:

• {x1, x2} ∈ k[x1, x2],

• {x2, x3} = f23x3 and {x3, x1} = f31x3 for some polynomials f23, f31 ∈ k[x1, x2].

Set n = nm, y1 = x1, y2 = x2, y3 = xn
3 , and φ be the correspondence x1 ↔ y1 and

x2 ↔ y2. The invariant subalgebra PG = k[y1, y2, y3] together with the following Poisson

structure:

{y1, y2}PG = φ({x1, x2}P ), {y2, y3}PG = nφ(f23)y3, {y3, y1}PG = nφ(f31)y3.

According to Lemma 5.1.4, PG is not isomorphic to P unless n = 1, or equivalently, G is

trivial.

Non-unimodular 4, Non-unimodular 8, Non-unimodular 11.
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For these three Poisson structures, a Poisson reflection ϕ has the form: ϕ
∣∣
P1

=


1 0 0

0 1 0

0 0 −1

.
Suppose that G = ⟨ϕ⟩. Due to the simplicity of G, the computations of the invariant sub-

algebras are straightforward. Set y1 = x1, y2 = x2, y3 = x2
3. The invariant subalgebra

PG = k[y1, y2, y3] and has the following Poisson structures:

Non-unimodular {y1, y2} {y2, y3} {y3, y1}

4 2py1y2 y1 + qy2y3 2py1y3

8 p+q
2
y21 +

p+q
2

± y23 2py1y3 2py2y3

11 py21 + qy3 2(2p+ 1)y1y3 0

In each instance, it is possible to apply Lemma 5.1.3 to demonstrate that PG is not

isomorphic to P as Poisson algebras.

Non-unimodular 12.

A Poisson reflection ϕ has the form: ϕ
∣∣
P1

=


1 0 0

c
3p+1

1 c

ξ−1
3p+1

0 ξ

. Suppose that a finite

Poisson reflection group G has at least two generators: ϕ1

∣∣
P1

=


1 0 0

a
3p+1

1 a

ξn−1
3p+1

0 ξn

, ϕ2

∣∣
P1

=


1 0 0

b
3p+1

1 b

ξm−1
3p+1

0 ξm

, for some primitive root of unity ξn, ξm. Through an exceedingly compli-
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cated computation,

(ϕ1ϕ2ϕ
n−1
1 ϕm−1

2 )
∣∣
P1

=


1 0 0

ξn−1
n (ξm−1

m − 1)(aξm + b)

3p+ 1
1 ξn−1

n ξm−1
m (aξm + b)

0 0 1

 ,

(ϕ2ϕ1ϕ
n−1
2 ϕm−1

1 )
∣∣
P1

=


1 0 0

ξn−1
n (ξm−1

m − 1)(a+ bξn)

3p+ 1
1 ξn−1

n ξm−1
m (a+ bξn)

0 0 1

 .

Notice that both matrices have infinite order unless aξm = −b and bξn = −a. In combination,

we have b = −aξn−1
n , ξm = ξn−1

n , and

ϕ2

∣∣
P1

=


1 0 0

−aξn−1
n

3p+1
1 −aξn−1

n

ξn−1
n −1
3p+1

0 ξn−1
n

 =


1 0 0

a
3p+1

1 a

ξn−1
3p+1

0 ξn


n−1

= (ϕ1)
n−1
∣∣
P1
.

In conclusion, a Poisson reflection group G is necessarily isomorphic to Zn = ⟨


1 0 0

c
3p+1

1 c

ξ−1
3p+1

0 ξ

⟩.
Once this is established, the computation of the invariant subalgebra becomes straight-

forward. Let y1 = x1, y2 = x2 +
c

1− ξn
x3, y3 = (

1

3p+ 1
x1 + x3)

n. The elements y1, y2, y3

are three algebraically independent polynomials that are invariant under the action of G.

The Hilbert series of k[y1, y2, y3] is
1

(1− t)2(1− tn)
, coinciding with the Hilbert series of

the invariant subalgebra PG, which can be obtained using the Molien’s Theorem. As a

consequence, PG = k[y1, y2, y3] has the following Poisson structure:

{y1, y2} = py21, {y2, y3} = (2p+ 1)ny1y3, {y3, y1} = 0.

Apply Lemma 5.1.4, PG is not isomorphic to P unless G is trivial.
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It may be helpful to document the proof of the Shephard-Todd-Chevalley Theorem in a

table for more efficient reference.

Case Poisson Reflection Group Solved By

14-1 Z2 Lemma 5.1.3

14-2 Zn1 × · · · × Znm , ni|ni+1 Lemma 5.1.1

(Zl1 × · · · × Zld1
)×

14-3 (Zm1 × · · · × Zmd2
)× [GVW23, Theorem 4.5]

(Zn1 × · · · × Znd3
)

li|li+1, mi|mi+1, ni|ni+1

14-4 S3, Z2 Lemma 5.1.1,

Lemma 5.1.3

14-5 ∅ Classical STC

14-6 ∅ Classical STC

14-7 ∅ Classical STC

14-8 Z2 Lemma 5.1.1

14-9 ∅ Classical STC

(Zl1 × · · · × Zld1
)×

1 (Zm1 × · · · × Zmd2
)× [GW20, Theorem 4.6]

(Zn1 × · · · × Znd3
)

li|li+1, mi|mi+1, ni|ni+1
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Case Poisson Reflection Group Solved By

(Zl1 × · · · × Zld1
)×

2 (Zm1 × · · · × Zmd2
)× Lemma 5.1.2

(Zn1 × · · · × Znd3
)

li|li+1, mi|mi+1, ni|ni+1

3 Zn1 × · · · × Znm , ni|ni+1 Lemma 5.1.4

4 Z2 Lemma 5.1.3

5 Zn1 × · · · × Znm , ni|ni+1 Lemma 5.1.4

6 Zn1 × · · · × Znm , ni|ni+1 Lemma 5.1.4

(Zl1 × · · · × Zld1
)×

7 (Zm1 × · · · × Zmd2
)× Lemma 5.1.2

(Zn1 × · · · × Znd3
)

li|li+1, mi|mi+1, ni|ni+1

8 Z2 Lemma 5.1.3

9 ∅ Classical STC

10 ∅ Classical STC

11 Z2 Lemma 5.1.3

12 Zn Lemma 5.1.4

13 ∅ Classical STC
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5.4 A Variant for Poisson Enveloping Algebras

In this section, we prove a variant of the Shephard-Todd-Chevalley Theorem for Poisson

enveloping algebras of quadratic Poisson structures on k[x1, · · · , xn] under the induced ac-

tion PAutgr(P ) → Autgr(U(P )). This variant of the Shephard-Todd-Chevalley Theorem is

encapsulated in the following lemma.

Lemma 5.4.1. Let P = k[x1, · · · , xn] be a quadratic Poisson algebra. Let ϕ be a graded

Poisson automorphism of P and let ϕ̃ be the corresponding graded automorphism of U(P ).

Suppose that ϕ
∣∣
P1

has eigenvalues λ1, · · · , λm, with multiplicity c1, · · · , cm, respectively.

Then ϕ̃
∣∣
U(P )1

has eigenvalues λ1, · · · , λm, with multiplicity 2c1, · · · , 2cm, respectively.

Proof. The Poisson enveloping algebra U(P ) is a quadratic k-algebra generated by x1, · · · , xn,

y1, · · · , yn. Recall that in Lemma 2.3.5, ϕ̃ is constructed as follows:

ϕ̃(xi) = ϕ(xi), ϕ̃(yi) =
n∑

j=1

∂ϕ(xi)

∂xj

yj,

for all 1 ≤ i ≤ n.

Fix 1 ≤ i ≤ m. Let {vi,1, · · · , vi,ci} be a basis for the eigenspace of λi in P1. By

calculation,

ϕ̃(vi,j) = ϕ(vi,j) = λivi,j,

ϕ̃(
n∑

k=1

∂ϕ(vi,j)

∂xk

yk) =
n∑

k=1

ϕ

(
∂(λivi,j)

∂xk

)
ϕ̃(yk) =λi

n∑
k=1

ϕ(
∂vi,j
∂xk

)ϕ̃(yk)

=λi

n∑
k=1

n∑
l=1

∂ϕ(vi,j)

∂ϕ(xk)

∂ϕ(xk)

∂xl

yl = λi

n∑
l=1

∂ϕ(vi,j)

∂xl

yl.

for all 1 ≤ j ≤ ci. Given that ϕ̃ is a graded automorphism, the vectors ϕ̃(vi,1), · · · , ϕ̃(vi,ci),

ϕ̃(
n∑

k=1

∂ϕ(vi,j)

∂xk

yk), · · · , ϕ̃(
n∑

k=1

∂ϕ(vci)

∂xk

yk) are linearly independent in U(P )1. Since
m∑
i=1

ci = n,
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m∑
i=1

2ci = 2n. Because
m∑
i=1

ci = n, it follows that
m∑
i=1

2ci = 2n. This assertion implies that

the set {
ϕ̃(vi,1), · · · , ϕ̃(vi,ci), ϕ̃(

n∑
k=1

∂ϕ(vi,j)

∂xk

yk), · · · , ϕ̃(
n∑

k=1

∂ϕ(vci)

∂xk

yk)

}
1≤i≤m

forms an eigenbasis for U(P )1. In particular, the multiplicity of λi in U(P )1 equals to twice

of multiplicity of λi in P1.

Now, we are prepared to establish a variant of the Shephard-Todd-Chevalley Theorem

for the Poisson enveloping algebras of quadratic Poisson structures on k[x1, · · · , xn] under

the induced action PAutgr(P ) → Autgr(U(P )).

Theorem 5.4.2. Let P = k[x1, · · · , xn] be a quadratic Poisson algebra and U(P ) be its

Poisson enveloping algebra. Let G be a finite subgroup of the graded Poisson automorphism

group of P and let G̃ = {ϕ̃ : ϕ ∈ G} be the corresponding finite subgroup of the graded

automorphism group of U(P ). The invariant subalgebra U(P )G̃ is Artin-Schelter regular if

and only if G is trivial.

Proof. It suffices to assume the graded Poisson automorphism group G is nontrivial. The

Poisson enveloping algebra U(P ), according to [GVW23, Lemma 5.4], is a quantum polyno-

mial ring. Therefore its quasi-reflections, as discussed in [KKZ09, Theorem 3.1], is either a

classical reflection or a mystic reflection:

• The eigenvalues of ϕ̃ are 1, · · · , 1︸ ︷︷ ︸
2n−1

, ξ, for some primitive root of unity ξ.

• The order of ϕ̃ is 4 and the eigenvalues of ϕ̃ are 1, · · · , 1︸ ︷︷ ︸
2n−2

, i, −i.

Comparing to the eigenvalues listed in Lemma 5.4.1, the induced graded automorphism

group G̃ contains no quasi-reflections, which, as indicated in [KKZ09, Lemma 6.1], results

in the invariant subalgebra U(P )G̃ having infinite global dimension. As a consequence, the

invariant subalgebra U(P )G̃ is not Artin-Schelter regular.
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Example 5.4.3. Let P = k[x1, x2] be the Poisson algebra {f, g} =

(
∂f

∂x1

∂g

∂x2

− ∂g

∂x1

∂f

∂x2

)
qx1x2,

for some q ̸= 0, for all f, g ∈ P . Let ξn be a primitive nth root of unity. Consider the graded

Poisson automorphism group G = ⟨ϕ = [x1 7→ ξnx1, x2 7→ x2]⟩ of P , and its induced graded

automorphism group G̃ = ⟨ϕ̃ = [x1 7→ ξnx1, x2 7→ x2, y1 7→ ξny1, y2 7→ y2]⟩ of U(P ). The

invariant subalgebra U(P )G̃ is isomorphic to the graded k-algebra generated by a1, · · · , an+1,

b, c subjecting to the following relations:

• [ai, aj],

• aiaj = akai+j−k,

• ai+1b−
i∑

j=0

(
i

j

)
qjbai+1−j,

• ai+1c−
i∑

j=0

(
i

j

)
qj(c+ npb)ai+1−j.

Its Hilbert series is

HU(P )G̃(t) =
1

n

∑
ϕ̃∈G̃

TrU(P )(ϕ̃, t) =
1

n

n−1∑
i=0

1

(1− t)2(1− ξit)2
=

(n− 1)tn + 1

(1− t)2(1− tn)2
.

However, according to [JZ97, Theorem 2.3], if U(P )G̃ has finite global dimension, then its

Hilbert series has the form
1

p(t)
for some p(t) ∈ k[t] with p(0) = 1. This is clearly not the

case.

5.5 A Variant for Deformation Quantizations

In this section, we prove a variant of the Shephard-Todd-Chevalley Theorem for the

standard deformation quantizations of unimodular Poisson structures on k[x1, x2, x3], stated

as follows:
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Theorem 5.5.1. (Shephard-Todd-Chevalley Theorem) Let P = k[x1, x2, x3] be a unimodu-

lar quadratic Poisson algebra. LetG be a finite subgroup of the graded Poisson automorphism

group of P , and Gℏ be the corresponding finite subgroup of the graded automorphism group

of Pℏ under the isomorphism PAutgr(P ) ∼= Autgr(Pℏ). The following are equivalent:

(1) G is generated by Poisson reflections.

(2) Gℏ is generated by quasi-reflections.

(3) PGℏ
ℏ is Artin-Schelter regular.

Proof. (1) ⇔ (2) is established by Proposition 4.3.3. For (2) ⇔ (3), we can apply a combina-

tion of [KKZ09, Lemma 1.10(c)] and [KKZ10, Proposition 2.5] to simplify the proof, reducing

it to proving PGℏ
ℏ has finite global dimension for every finite Gℏ ⊆ Autgr(Pℏ) generated by

quasi-reflections. In order to prove this statement, we invoke [KKZ10, Theorem 5.3] and con-

clude that for every finite abelian Gℏ ⊆ Autgr(Pℏ) generated by quasi-reflections, PGℏ
ℏ has

finite global dimension. This immediately resolves all cases, except when P is determined

by the superpotential Ω4 = x2
1x2 + x1x

2
2 and Gℏ is generated by

{
ϕ1

∣∣
P1

=


0 −1 0

−1 0 0

a a 1

,

ϕ2

∣∣
P1

=


−1 0 0

1 1 0

b 0 1


}
.

To address this particular case, define a k-algebra homomorphism: φ : k⟨z1, z2, z3⟩ → Pℏ,

by mapping

z1 7→
1

3
(a+ b)y1+

1

3
(a− 2b)y2+ y3, z2 7→ y21 + y22 + y1y2, z3 7→ 2y31 +3y21y2− 3y1y

2
2 − 2y32.

Straightforward computation shows that [z1, z2] = ℏz3, [z2, z3] = 0, [z3, z1] = −6ℏz22 are



109

annihilated by φ. As such, φ passes through the following quotient:

φ̃ : k⟨z1, z2, z3⟩/([z1, z2] = ℏz3, [z2, z3] = 0, [z3, z1] = −6ℏz22) → Pℏ.

The domain has a k-linear basis {zi1z
j
2z

k
3 : i, j, k ≥ 0}. In the following argument, we

will assume every polynomial in the domain is written with respect to this k-linear basis.

Suppose that f(z1, z2, z3) ∈ ker φ̃. Decompose f into two parts: a part consisting of all the

terms containing z1, called g, and another part consisting of all the remaining terms, called

h. Because f ∈ ker φ̃, we have φ̃(g) = −φ̃(h). Rewrite g = z1g
′ for some g′ ∈ k⟨z1, z2, z3⟩.

In the equation φ̃(g) = −φ̃(h),

LHS =
1

3
(a+ b)y1φ̃(g

′) +
1

3
(a− 2b)y2φ̃(g

′) + y3φ̃(g
′).

In particular, LHS must contain a term containing y3, as flipping any variable does not

produce any additional y3 in Pℏ. However, RHS does not contain any y3, as φ(z2), φ(z3) ∈

k[y1, y2] ⊆ Pℏ. This is a contradiction unless g = 0.

Now, the domain of φ̃ can be realized as an Ore-extension k[z2, z3][z1, id, δ], where δ is the

derivation satisfying δ(z2) = ℏz3 and δ(z3) = 6ℏz22 . Since ker φ̃ ⊆ k[z2, z3] ⊆ k[z2, z3][z1, id, δ],

we may restrict the domain to k[z2, z3] and subsequently restrict the codomain to k[y1, y2]:

k[z2, z3]
ϕ−−−→ k[y1, y2] ⊆ Pℏ.︸ ︷︷ ︸
φ̃

∣∣
k[z2,z3]

The k-algebra homomorphism φ̃ if and only if the k-algebra homomorphism ϕ is injective,

and if and only if ϕ(z2), ϕ(z3) are algebraically independent. To assert algebraic indepen-

dence, it is sufficient to compute the following determinant as a result of [ER93, Theorem
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2.4]:

det


∂ϕ(z2)

∂y1

∂ϕ(z2)

∂y2

∂ϕ(z3)

∂y1

∂ϕ(z3)

∂y2

 =

∣∣∣∣∣∣∣∣∣∣
2y1 + y2 y1 + 2y2

6y21 + 6y1y2 − 3y22 3y21 − 6y1y2 − 6y22

∣∣∣∣∣∣∣∣∣∣
= 27(y21y2 + y1y

2
2) ̸= 0.

Consequently, φ̃ is injective as desired. In addition, it should be noted that the elements

z1, z2, z3 along with their commutator relations, remain invariant under the action of the

group Gℏ. The detailed calculation required to confirm this assertion is routine and, for

the sake of brevity, will be omitted. This, in conjunction with the preceding argument,

demonstrates that Dom(φ̃) can be embedded into PGℏ
ℏ . To establish an isomorphism, we

complete the embedding into a short exact sequence:

0 → Dom(φ̃) → PGℏ
ℏ → PGℏ

ℏ /Dom(φ̃) → 0.

First, since Dom(φ̃) has a k-linear basis {zi1z
j
2z

k
3 : i, j, k ≥ 0}, its Hilbert series hDom(φ̃)(t) =

1

(1− t)(1− t2)(1− t3)
. On a different note, we can calculate the Hilbert series of PGℏ

ℏ using

the Molien’s Theorem:

hPℏ
Gℏ (t) =

1

6

(
1

(1− t)3
+

3

(1− t)2(1 + t)
+

2

(1− t)(1 + t+ t2)

)
=

1

(1− t)(1− t2)(1− t3)
.

By the additivity of Hilbert series in a short exact sequence, the embedding Domφ̃ ↪→ PGℏ
ℏ

translates into Domφ̃ ∼= PGℏ
ℏ . From the isomorphism, we can realize PGℏ

ℏ as an iterated

Ore-extension of an Artin-Schelter regular algebra, and therefore is Artin-Schelter regular

(and has finite global dimension).
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5.6 Commutativity of Invariants and Deformation Quantizations

In this section, we prove taking invariant subalgebras under finite Poisson reflection

groups and taking standard deformation quantizations are two commutative processes for

unimodular quadratic Poisson structures on k[x1, x2, x3].

Let P = k[x1, x2, x3] be a unimodular quadratic Poisson algebra. Let G be a finite

subgroup of the graded Poisson automorphism group of P and let Gℏ be the corresponding

finite subgroup of the graded automorphism group of Pℏ under the isomorphism PAutgr(P ) ∼=

Autgr(Pℏ). After a thorough examination of the proof of Theorem 5.2.1, there are eight

possible combinations of Poisson algebras P and finite Poisson reflection groups G.

Case Superpotential Gℏ

1 Ω1 Z2

2 Ω2 Zn1 × · · · × Znm , ni|ni+1

(Zl1 × · · · × Zld1
)×

3 Ω3 (Zm1 × · · · × Zmd2
)×

(Zn1 × · · · × Znd3
)

li|li+1, mi|mi+1, ni|ni+1

4, 5, 6 Ω4 Z2

7 Ω4 S3

8 Ω8 Z2

Consider the following polynomials and commutator relations in the standard deformation

quantization Pℏ:
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Case w1 w2 w3

1 y21
a
2
y1 + y2

d
2
y1 + y3

2 y1 d1y2 + (1− ξn1)y3 yl2

3 ym1 yn2 yl3

4 y1y2 −y1 + y2 ay1 + y3

5 y21
b
2
y1 + y3

1
2
y1 + y2

6 y22 −cy1 + y3 2y1 + y2

7 1
3
(a+b)y1+

1
3
(2a−b)y2+y3 y21 + y22 + y1y2 2y31 +3y21y2 − 3y1y

2
2 − 2y32

8 y2 y1 + y3 y21

Case [w1, w2] [w2, w3] [w3, w1]

1 0 3ℏw1 0

2 (ξn1 − 1)ℏw2
1 2l(ξn1 − 1)ℏw1w3 0

3 ℏ2mn+higher degree terms
(1+ℏ)mn w1w2 ℏ2nl+higher degree terms

(1+ℏ)mn w2w3 ℏ2ml+higher degree terms
(1−ℏ)mn w1w3

4 0 ℏ(6w1 + w2
2) ℏw1w2

5 −4ℏw1w3 ℏ(3
4
w1 − w2

3) 0

6 2ℏw1w3 −3
2
w1 +

1
2
w2

3 0

7 ℏw3 0 −6ℏw2
2

8 ℏ( 2
2+ℏw1w2 +

6
2+ℏw3) ℏ( 8

(2+ℏ)2w2w3) ℏ( 8
(2−ℏ)2w1w3)

Lemma 5.6.1. The polynomials wi are invariant under the action ofGℏ, and the commutator

relations [wi, wj] are preserved in Pℏ.
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We shall introduce one notation before presenting the proof for Lemma 5.6.1. In this

section, for a pair of variables v = (v1, v2, v3), w = (w1, w2, w3), we will use φvw to denote

the k-vector space map:

φvw :
⊕
d≥0

k
{
vi1v

j
2v

k
3 : i+ j + k = d

}
→
⊕
d≥0

k
{
wi

1w
j
2w

k
3 : i+ j + k = d

}
vi1v

j
2v

k
3 7→wi

1w
j
2w

k
3 .

Proof. Choose an arbitrary graded Poisson automorphism ϕ ∈ G. In each case, the poly-

nomial wi is either linear, or it satisfies wi = ynj and ϕ(xj) = λxk, or it is contained in

some k⟨kyj ⊕ kyk⟩ such that [yj, yk] = 0 in the standard deformation quantization Pℏ. As a

consequence of the construction of ϕ̃, the polynomial φxy(wi) is invariant under the action

of ϕ̃.

Regarding the commutator relations, it is challenging to prove that these relations are pre-

served in Pℏ systematically because we are working with a variant of the classic deformation

quantization, and there is no natural k-algebra homomorphism from Pℏ to P . Alternatively,

we can conduct a manual verification of each relation in Pℏ since there are a limited number

of cases. For the sake of conciseness, we will omit the calculations and assumes the statement

for free.

Based on Lemma 5.6.1, for each case, we can define a k-algebra homomorphism:

Φ : k⟨z1, z2, z3⟩/([zi, zj] = φwz([wi, wj]))1≤i,j≤3 →PGℏ
ℏ ⊆ Pℏ,

z1, z2, z3 7→w1, w2, w3.

In the subsequent three lemmas, we will establish either injectivity or surjectivity for Φ

in all cases.

Lemma 5.6.2. For Case 1, Case 2, Case 4, Case 5, Case 6, Case 7, the k-algebra homomor-
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phism Φ is injective.

Proof. A common characteristic shared by Case 1, Case 2, Case 4, Case 5, Case 6, and Case

7 is the existence of a pair of indices (i, j) ∈ {1, 2, 3}⊕2 satisfying:

(1) the variable yi is contained in wj,

(2) the variable yi is not contained in wk for all k ∈ {1, 2, 3}\{j},

(3) the variables yk, yl commute for all k, l ∈ {1, 2, 3}\{i},

(4) the commutator bracket [yi, yk] does not contain a term containing yi for all k ∈

{1, 2, 3},

(5) the variables wk, wl commute for all k, l ∈ {1, 2, 3}\{j}.

Suppose that f ∈ kerΦ. Decompose f into two parts: a part consisting of all the terms

containing zj, called g, and another part consisting of all the remaining terms, called h.

Because f ∈ kerΦ, we have Φ(g) = −Φ(h). In the equation,

LHS = yig
′ + remaining terms,

for some polynomial g′. In particular, LHS contain at least one term containing yi, as flipping

any variable does not produce an additional yi. However, RHS cannot contain any term

containing yi, as yi is not contained in wk for all k ∈ {1, 2, 3}\{j}. This is a contradiction

unless g = 0.

Let {a, b} = {1, 2, 3}\{j} and {c, d} = {1, 2, 3}\{i}. The domain of Φ can be real-

ized as an Ore-extension k[za, zb][zj, id, δ], for some appropriate choice of δ. Since kerΦ ⊆

k[za, zb] ⊆ k[za, zb][zj, id, δ], we may restrict the domain to k[za, zb] and subsequently restrict

the codomain to k[yc, yd]:

k[za, zb]
Φ′

−−−→ k[yc, yd] ⊆ Pℏ.︸ ︷︷ ︸
Φ

∣∣
k[za,zb]
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The k-algebra homomorphism Φ is injective if and only if the k-algebra homomorphism

Φ′ is injective, and if and only if Φ′(za), Φ
′(zb) are algebraically independent. To assert

algebraic independence, it is sufficient to compute the following determinant as a result of

[ER93, Theorem 2.4]:

det


∂Φ′(za)

∂yc

∂Φ′(za)

∂yd

∂Φ′(zb)

∂yc

∂Φ′(zb)

∂yd

 ,

which, in the above cases, does not vanish. Consequently, Φ is injective as desired.

Lemma 5.6.3. For Case 3, the k-algebra homomorphism Φ is injective.

Proof. This lemma becomes immediate if we repeat the former half of the proof of Lemma 5.2

(LHS, RHS argument) three times, because in this case, z1 7→ ym1 , z2 7→ yn2 , and z3 7→ yl3.

Lemma 5.6.4. For Case 8, the k-algebra homomorphism Φ is surjective.

Proof. According to Theorem 4.1 and [Ste96, Proposition 1.1], the invariant subalgebra

PGℏ
ℏ has either two generators subjecting to two homogeneous relations or three generators

subjecting to three homogeneous relations. We fall into the latter category because the

elements w1, w2, w3 cannot be minimally generated by two elements in Pℏ, and thus, not in

the invariant subalgebra PGℏ
ℏ either. Furthermore, the elements w1, w2, w3 form a minimal

set of generators of PGℏ
ℏ because:

• the elements w1, w2, w3 are contained in PGℏ
ℏ ,

• the linear polynomials w1, w2 are linearly independent,

• no linear elements apart from linear combinations of w1 and w2 is contained in PGℏ
ℏ ,
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• the quadratic polynomial w3 cannot be generated by w1 and w2.

Given that w1, w2, w3 lie in the image of Φ, the k-algebra homomorphism Φ is surjective.

We now turn to the proof of Theorem 0.2:

Theorem 5.6.5. Let P = k[x1, x2, x3] be a unimodular quadratic Poisson algebra. Let G be

a finite Poisson reflection group of P and let Gℏ be the corresponding finite quasi-reflection

group of Pℏ under the isomorphism PAutgr(P ) ∼= Autgr(Pℏ). Define Qℏ := PGℏ
ℏ , with ℏ

viewed as a formal parameter (as opposed to a scalar value). Then

(1) Qℏ/(ℏ) ∼= PG as k-algebras.

(2) For all f, g ∈ Qℏ, fg − gf = ℏπ1(f, g) for some π1(f, g) ∈ Qℏ.

(3) Qℏ/(ℏ) together with the following Poisson bracket:

{f, g} = π1(f, g),

where ( ) denotes the image under the natural projection Qℏ → Qℏ/(ℏ), is isomorphic

to PG as Poisson algebras.

P Pℏ

PG PGℏ
ℏ

deformation quantization

in
va
ri
an

t in
varian

t

semiclassical limit

Proof. By Lemma 5.6.2, Lemma 5.6.3, Lemma 5.6.4, the k-algebra homomorphism Φ is

either injective or surjective. In either case, complete Φ to a short exact sequence by adding a

cokernel (injective) or a kernel (surjective). Assign a degree to zi such that deg(zi) = deg(wi),
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for 1 ≤ i ≤ 3. Observe that the commutator relations are homogeneous and the k-algebra

homomorphism Φ is graded. For Case 1 - Case 8, the domain of Φ admits a k-linear basis

{zi1z
j
2z

k
3 : i, j, k ≥ 0}, leading to a Hilbert series of

1

(1− tdeg(w1))(1− tdeg(w2))(1− tdeg(w3))
.

By applying Molien’s Theorem, it can be deduced that the Hilbert series of the codomain of

Φ, namely PGℏ
ℏ , is also given by

1

(1− tdeg(w1))(1− tdeg(w2))(1− tdeg(w3))
. By addivity of the

Hilbert series, Φ is a k-algebra isomorphism.

Let Qℏ := PGℏ
ℏ , with ℏ viewed as a formal parameter instead of a scalar value. One can

scrutinize the conditions outlined in Theorem 5.1. It is clear that (1) and (2) hold. For (3),

Case [w1, w2] [w2, w3] [w3, w1]

1 0 3w1 0

2
ξn1−1

a1
z21

2l(ξn1−1)

a1
z1z3 0

3 2mnz1z2 2nlz2z3 2mlz1z3

4 −2z21 − 12z3 −2z1z3 0

5 z21 − 3z3 4z1z3 0

6 −z21 + 3z3 −4z1z3 0

7 z3 0 −6z22

8 z1z2 + 3z3 2z2z3 2z1z3

Comparing with Theorem 5.2.1, the Poisson algebra Qℏ is isomorphic to PG as Poisson

algebras, after suitable re-labelings of z1, z2, z3.
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Chapter 6

A VARIANT OF THE WATANABE THEOREM OF
P = k[X1, · · · , XN ]

Let P = k[x1, · · · , xn] be a quadratic Poisson algebra and let U(P ) be its Poisson envelop-

ing algebra. Let ϕ be a graded Poisson automorphism of P and let ϕ̃ be the corresponding

graded automorphism of U(P ). In contrast to Theorem 5.4.2, U(P )G̃ may be Artin–Schelter

Gorenstein in certain instances. In practice, it is challenging to verify this through homo-

logical approaches because, in general, there is no systematic way to describe the generators

and relations of U(P )G̃. Instead, we shift our attention to [JZ00, Theorem 3.3], the “non-

commutative Watanabe Theorem”:

Theorem 6.0.1. [JZ00, Theorem 3.3] Let A be a Noetherian Artin-Schelter Gorenstein k-

algebra and let H be a finite subgroup of the graded automorphism group of A. If hdeth = 1

for all h ∈ H, then AH is Artin-Schelter Gorenstein.

To apply Theorem 6.0.1, we require a formula for computing the homological determinant

of each induced graded automorphism ϕ̃ of U(P ), which will be the primary goal of this

chapter.

6.1 A Formula for Calculating Homological Determinant

The subsequent lemma, as an generalization of [GVW23, Theorem 5.6], plays an impor-

tant role in deriving such a formula.

Lemma 6.1.1. Let P = k[x1, · · · , xn] be a quadratic Poisson algebra and let ϕ be a finite-

order graded Poisson automorphism of P . Suppose that ϕ

∣∣∣∣
P1

has eigenvalues λ1, · · · , λm,
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with multiplicity c1, · · · , cm, respectively. Then

TrU(P )(ϕ̃, t) =
1

(1− λ1t)2c1 · · · (1− λmt)2cm
.

Proof. Let 1 +
∑
i≥1

ait
i be the Taylor expansion of TrP (ϕ, t), where ai ∈ k for all i ≥ 1. It

is sufficient to prove that (1 +
∑
i≥1

ait
i)2 = TrU(P )(ϕ̃, t). Fix d ≥ 1. By [OPS06, Theorem

3.7], the degree d component of the Poisson enveloping algebra U(P )d admits a k-linear basis

{xp1
1 · · ·xpn

n yq11 · · · yqnn :
n∑

j=1

(pj + qj) = d}. Let r1, · · · , rn ≥ 0, and br1,··· ,rn be the coefficient of

the term xr1
1 · · ·xrn

n in ϕ(xr1
1 · · ·xrn

n ). Consider the coefficient of the term xp1
1 · · ·xpn

n yq11 · · · yqnn
in ϕ̃(xp1

1 · · ·xpn
n yq11 · · · yqnn ). There are three observations:

(1) Given that [xi, xj] = 0 in U(P ), the coefficient of the term xp1
1 · · ·xpn

n in ϕ̃(xp1
1 · · · xpn

n )

is bp1,··· ,pn .

(2) Given that [yi, yj] =
n∑

k=1

∂{xi, xj}
∂xk

yk and [yi, xj] = {xi, xj} in U(P ), the coefficient of

the term yq11 · · · yqnn in ϕ̃(yq11 · · · yqnn ) is bq1,··· ,qn .

(3) Given that ϕ̃(xj) ⊆
n⊕

k=1

kxk, the coefficient of xp1
1 · · ·xpn

n yq11 · · · yqnn in ϕ̃(xp1
1 · · ·xpn

n yq11 · · · yqnn )

is bp1,··· ,pnbq1,··· ,qn .

Let 1 +
∑
i≥1

cit
i be the Taylor expansion of TrU(P )(ϕ̃, t), where ci ∈ k for all i ≥ 1.

According to the definition of the trace series and the above argument, the coefficient relating

to the dimension of the degree d component cd equals to the summation of all bp1,··· ,pnbq1,··· ,qn

ranging over p1 + · · · + pn + q1 + · · · + qn = d. Equivalently, cd =
∑
i+j=d

aiaj, and therefore,

(1 +
∑
i≥1

ait
i)2 = 1 +

∑
i≥1

cit
i.

Finally, since P is a commutative polynomial ring, TrP (g, t) =
1

(1− λ1t)c1 · · · (1− λmt)cm
,
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and consequently,

TrU(P )(ϕ̃, t) =
1

(1− λ1t)2c1 · · · (1− λmt)2cm
,

as desired.

The following result provides a simple formula for calculating the homological determinant

of an induced graded automorphism ϕ:

Theorem 6.1.2. Let P = k[x1, · · · , xn] be a quadratic Poisson algebra and let U(P ) be its

Poisson enveloping algebra. Let ϕ be a finite-order graded Poisson automorphism of P and

let ϕ̃ be the induced graded automorphism of U(P ). Then

hdetϕ̃ = (detϕ
∣∣
P1
)2.

Proof. By [JZ00, Proposition 4.2], the graded automorphism ϕ̃ is rational over k. Apply

[JZ00, Lemma 2.6], the trace series

TrU(P )(ϕ̃, t) = (hdetϕ̃)−1t−2n + lower terms,

when written as a Laurent series in t−1. By Lemma 6.1.1,

TrU(P )(ϕ̃, t) =
1

(1− λ1t)2c1 · · · (1− λmt)2cm

=
1(

det(ϕ
∣∣
P1
)
)2

t2n + lower terms

=
(
det(ϕ

∣∣
P1
)2
)−1

t−2n + lower terms.

Comparing the leading coefficient, hdetϕ̃ = (detϕ
∣∣
P1
)2.

With this formula in mind, the answer to the Artin-Schelter Gorensteinness question

becomes a straightforward consequence of Theorem 6.0.1 [JZ00, Theorem 3.3].
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Theorem 6.1.3. Let P = k[x1, · · · , xn] be a quadratic Poisson algebra and let U(P ) be its

Poisson enveloping algebra. Let G be a finite subgroup of the graded Poisson automorphism

group of P and let G̃ = {ϕ̃ : ϕ ∈ G} be the corresponding finite subgroup of the graded au-

tomorphism group of U(P ). If G is generated by graded Poisson automorphisms ϕ1, · · · , ϕm

such that det(ϕi

∣∣
P1
) = ±1 for all 1 ≤ i ≤ m, then U(P )G̃ is Artin-Schelter Gorenstein.

Proof. This is an application of [JZ00, Theorem 3.3] when we substitute the value of the

homological determinant in the formula provided in Theorem 6.1.2.

6.2 Examples

In this section, we present two examples to illustrate the effectiveness of Theorem 6.1.3.

Example 6.2.1. Let P = k[x1, x2] be the Poisson algebra

{f, g} =

(
∂f

∂x1

∂g

∂x2

− ∂g

∂x1

∂f

∂x2

)
qx1x2,

for some q ̸= 0, for all f, g ∈ P . Let G ∼= Zn × Zm be the graded Poisson automorphism

group generated by:

ϕ1

∣∣
P1

=

ξn 0

0 1

 , ϕ2

∣∣
P1

=

1 0

0 ξm

 ,

where ξn, ξm are primitive nth, mth root of unity, respectively. It is straightforward to

compute that det(ϕ1

∣∣
P1
) = ξn and det(ϕ2

∣∣
P1
) = ξm. As a consequence, U(P )G̃ is Artin-

Schelter Gorenstein if and only if n,m ∈ {1, 2}.

Example 6.2.2. Let P = k[x1, x2, x3] be the Poisson algebra

{f, g} =

(
∂f

∂x2

∂g

∂x3

− ∂g

∂x2

∂f

∂x3

)
(2x1x2 + x2

2) +

(
∂f

∂x3

∂g

∂x1

− ∂g

∂x3

∂f

∂x1

)
(x2

1 + 2x1x2),



122

for all f, g ∈ P . Let G ∼= S3 be the graded Poisson automorphism group generated by:

ϕ1

∣∣
P1

=


0 −1 0

−1 0 0

a a 1

 , ϕ2

∣∣
P1

=


−1 0 0

1 1 0

b 0 1

 ,

for some a, b ∈ k. Again, it is straightforward to compute that det(ϕ1

∣∣
P1
) = −1 and

det(ϕ2

∣∣
P1
) = −1. As a consequence, the invariant subalgebra U(P )G̃ is Artin-Schelter Goren-

stein.
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