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This thesis includes a brief summary of statistical models used in stepped wedge design

(Chapter 1) and an introduction to variants for the stepped wedge design with multiple inter-

ventions (Chapter 2), including Concurrent, Replacement, Supplementation, and Factorial

designs. Under the basic model with random cluster effect, nonparametric fixed time effects,

and fixed treatment effect, estimates of the treatment effects and variances of the estimates

are presented and compared. In some specific settings, the Supplementation design is found

to be preferable to the Replacement design, and provides more precise estimates. In Chap-

ter 3, the model with random time effects is discussed. Performances of different methods,

including generalized estimating equation and linear mixed models, are presented in terms

of the mean and standard deviation of the estimates of the treatment effect, coverage of the

95% confidence intervals for the estimates, and mean of the estimates of the slope. Some

limitations of this work are discussed in Chapter 4.
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Chapter 1

STANDARD STEPPED WEDGE DESIGN

A stepped wedge design is a unidirectional crossover design for cluster randomized trials

(CRT). At baseline in a typical stepped wedge design, none of the clusters receive the in-

tervention. The intervention is implemented sequentially to the trial participants (either as

individuals or clusters of individuals) over a number of time periods. The order in which the

different individuals or clusters receive the intervention is determined at random[1]. Once

introduced, the intervention is never removed and all clusters receive the intervention of

interest at the end of the study. Table 1.1 shows a stepped wedge design for 3 clusters.

Time Interval 1 Time Interval 2 Time Interval 3 Time Interval 4

Cluster 1 0 1 1 1

Cluster 2 0 0 1 1

Cluster 3 0 0 0 1

Table 1.1: Standard Stepped Wedge Design with 3 Clusters

Compared to a parallel design or a classic crossover design, a standard stepped wedge

design typically involves more time periods which extends the length of the study. However,

there are some advantages of using a stepped wedge design. First, instead of implementing

the intervention to half of the clusters at the same time, a stepped wedge design allows

the researchers to implement the intervention in steps, which may be easier in practice.

In addition, a stepped wedge design is more appropriate than a crossover design when the

intervention cannot be removed after implementation due to practical reasons or ethical

concerns, for example, knowledge or training cannot be removed after being given.
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In this chapter, I discussed the standard stepped wedge design with one intervention,

including statistical models for this design, statistical estimates of treatment effect, and a

comparison of variances of the treatment effect in different designs.

1.1 Generalized Linear Model

Before explaining the statistical models for a stepped wedge design, let me briefly in-

troduce the generalized linear model (GLM)[2] with identity link function and normally

distributed errors. It can be written as Equation 1.1,

Y = Zβ + ε (1.1)

where Y is a vector of outcomes, Z is a design matrix, β is a vector of parameters, and ε is

a vector of the errors (not necessarily independent). Let V = V ar(ε). Then the estimates

of the parameters are

β̂ = (Z′V−1Z)−1(Z′V−1Y) (1.2)

and the covariance matrix of β̂ is

Cov(β̂) = (Z′V−1Z)−1 (1.3)

1.2 Statistical Models for Stepped Wedge Designs

In a stepped wedge design, the treatment effect is partially confounded with time by

design. To estimate the treatment effect, it is critical to properly account for time effects in

the model. Time effects can be modeled in many different ways, such as fixed nonparametric

time effects, linear time effects, or random time effects (i.e. time effects that vary by cluster),

etc. Chapters 1 and 2 focus on the models with fixed time effects, and the model with random

time effects will be discussed in chapter 3.
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1.2.1 Nonparametric Time Effects Model

Hussey and Hughes describe a model with nonparametric time effects and fixed treatment

effect for the standard stepped wedge design[3]. Their model also includes random cluster

effects to model the correlation between observations within the same cluster.

For a design with I clusters, T time intervals, and N individuals sampled per cluster per

time interval, let Yijk be the response corresponding to individual k in time period j from

cluster i (i in 1, · · · , I; j in 1, · · · , J ; k in 1, · · · , N), and let µij be the mean response for

cluster i in time interval j. The model for µij can be written as

µij = µ+ αi + βj +Xijθ (1.4)

where αi is a random effect for cluster i (i in 1, · · · , I) such that αi ∼ N(0, τ 2); βj is a fixed

effect corresponding to time interval j (j in 1, · · · , T − 1, and βT = 0 for identifiability);

Xij is an indicator of the treatment mode in cluster i in time interval j (1=intervention;

0=control) and θ is the treatment effect.

Then, the individual level responses and response means for clusters may be modeled as

Yijk = µij + eijk (1.5)

Yij = µij + eij (1.6)

respectively, where eijk
iid∼ N(0, σ2

e); eij =
∑
k

eijk/N
iid∼ N(0, σ2) and σ2 = σ2

e/N . The

intraclass correlation (ICC) characterizes the correlation between individuals from the same

cluster, and is defined as

ρ =
τ 2

τ 2 + σ2
e

(1.7)

In this thesis, I assume that N is always equal and only consider the situation where τ 2

and σ2 are known. Therefore, the estimates as well as the variance of the fixed effects may be
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obtained using a GLM analysis on the cluster means, Yij. Specifically, let V be an IT × IT

block diagonal matrix, where each T × T block within V describes the correlation structure

between the cluster response means for different time intervals, and has the structure


σ2 + τ 2 τ 2 · · · τ 2

τ 2 σ2 + τ 2 · · · τ 2

...
...

. . .
...

τ 2 τ 2 · · · σ2 + τ 2

 (1.8)

Let Z be the design matrix with IT rows and (T + 1) columns, where the first column

corresponds to the intercept; the second to the T th columns correspond to the nonparametric

time effects, and the (T + 1)th column corresponds to the treatment effect. For a simple

stepped wedge design with 2 clusters (shown in Table 1.2), the design matrix is presented as

Equation 1.9.

Time Interval 1 Time Interval 2 Time Interval 3

Cluster 1 0 1 1

Cluster 2 0 0 1

Table 1.2: Standard Stepped Wedge Design with 2 Clusters



1 1 0 0

1 0 1 1

1 0 0 1

1 1 0 0

1 0 1 0

1 0 0 1


(1.9)

Then, the Model 1.6 can be written as,
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Y = Zβ + e (1.10)

where e ∼ N(0,V ).

1.2.2 No Time Effect Model

If there is no time effect, the statistical model can be simplified as

µij = µ+ αi +Xijθ (1.11)

The estimates and variances of the fixed effects can be calculated by using GLM. In this

case, V remains the same as the nonparametric time effects model, while the design matrix

here has dimension IT ×2. Under the no time effect model, the design matrix for the simple

2-cluster stepped wedge design (Table 1.2) is



1 0

1 1

1 1

1 0

1 0

1 1


(1.12)

1.2.3 Linear Time Effects Model

In this model, I assume a linear relationship between time and µij. The statistical model

can be written as

µij = µ+ αi + tjβ +Xijθ (1.13)

where tj = beginning time point of time interval j, and t1 = 0. Thus, β is the slope for the

time effects. V remains the same as the nonparametric time effects model, but the design



6

matrix here has dimension IT × 3. Under the linear time effects model, the design matrix

for the 2-cluster stepped wedge design (Table 1.2) is



1 0 0

1 t2 1

1 t3 1

1 0 0

1 t2 0

1 t3 1


(1.14)

1.2.4 Random Treatment Effect Model

All the above models assume that the intervention effect, θ, is constant across clusters.

However, the effect of the intervention may vary from cluster to cluster due to variation in

the quality of implementation or other factors. A statistical model with random treatment

effect is

µij = µ+ αi + βj +Xijθ +Xijγi (1.15)

where γi ∼ N(0, η2) is a random treatment effect for cluster i [4]. In addition, there could

be a correlation between the cluster random effect and the treatment random effect, which

can be written as Cov(αi, γi) = ν. The fixed effect estimates and variances can be calculated

using GLM. The design matrix, Z, remains the same as the nonparametric time effects

model. Covariance matrix, V , remains an IT × IT block diagonal matrix, but the T × T

blocks have different structures now. Let me take the simple stepped wedge design with 3

clusters (Table 1.1) as an example. The covariance matrix V is


V1 0 0

0 V2 0

0 0 V3

 (1.16)
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where V1 is


σ2 + τ 2 τ 2 τ 2 τ 2

τ 2 σ2 + τ 2 + η2 + 2ν τ 2 + η2 τ 2 + η2

τ 2 τ 2 + η2 σ2 + τ 2 + η2 + 2ν τ 2 + η2

τ 2 τ 2 + η2 τ 2 + η2 σ2 + τ 2 + η2 + 2ν

 (1.17)

V2 is


σ2 + τ 2 τ 2 τ 2 τ 2

τ 2 σ2 + τ 2 τ 2 τ 2

τ 2 τ 2 σ2 + τ 2 + η2 + 2ν τ 2 + η2

τ 2 τ 2 τ 2 + η2 σ2 + τ 2 + η2 + 2ν

 (1.18)

V3 is


σ2 + τ 2 τ 2 τ 2 τ 2

τ 2 σ2 + τ 2 τ 2 τ 2

τ 2 τ 2 σ2 + τ 2 τ 2

τ 2 τ 2 τ 2 σ2 + τ 2 + η2 + 2ν

 (1.19)

1.2.5 Random Time Effects Model

As an extension to the nonparametric time effects model, the random effects of time can

be taken into consideration. The statistical model is

µij = µ+ αi + βj + ζij +Xijθ (1.20)

where ζij ∼ N(0, κ2j) is a random time effect for cluster i in time interval j. When using

GLM to get the estimates, the design matrix has dimension IT×3 and the covariance matrix

is a IT × IT matrix. If assuming that the random time effect and the random cluster effect

are independent, each T × T block in the covariance matrix has the following structure:
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
σ2 + τ 2 + κ21 τ 2 · · · τ 2

τ 2 σ2 + τ 2 + κ22 · · · τ 2

...
...

. . .
...

τ 2 τ 2 · · · σ2 + τ 2 + κ2T

 (1.21)

1.3 Numerical Estimates and Scientific Intuitions

The nonparametric time effects model (Model 1.4) is the most commonly used model

for stepped wedge design. To understand it better, I used Mathematica[5] to calculate the

estimate of the intervention effect, as well as the variance of the estimate, in specific designs.

1.3.1 Stepped Wedge Design with 2 Clusters and 3 Time Intervals

First, I investigated the estimates in the simplest stepped wedge design with 2 clusters

and 3 time intervals (as shown in Table 1.2). The estimate of the intervention effect can be

written as

θ̂ =
1

σ2 + 2τ 2

[
σ2(Y12 − Y22) + τ 2 (−Y11 + 2Y12 − Y13 + Y21 − 2Y22 + Y23)

]
=

1

1 + δ

[
(Y12 − Y22) + δ

(
−1

2
Y11 + Y12 −

1

2
Y13

)
+ δ

(
1

2
Y21 − Y22 +

1

2
Y23

)] (1.22)

which is equal to

θ̂ =
1

1 + δ
(Y12 − Y22)

+
δ

1 + δ

[1

4
[Y12 − Y11 − (Y22 − Y21)] +

1

4
[Y13 − Y11 − (Y13 − Y12 + Y22 − Y21)]

+
1

4
[Y23 − Y21 − (Y13 − Y12 + Y22 − Y21)] +

1

4
[Y23 − Y22 − (Y13 − Y12)]

] (1.23)

where δ = 2τ 2/σ2. Note that when ICC = 0 (i.e. independent case), δ = 0 and δ increases

with the increase of ICC (Equation 1.7). Therefore, under independent cases, the estimate
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of the intervention effect is only based on the between-cluster comparison (Y12 − Y22) in

time interval 2. When ICC > 0, the estimate of the intervention effect can be written

as a weighted sum of this between-cluster comparison and within-cluster comparisons (e.g.

Y12−Y11−(Y22−Y21) is the comparison between Y12 and Y11 minus an estimate of the temporal

change between time 1 and time 2, Y22− Y21). The weight for the within-cluster comparison

will increase with the increase of ICC, and when ICC → 1, δ →∞ and
δ

1 + δ
→ 1, so

θ̂ can be derived from the within-cluster comparisons, and each of the treatment-baseline

comparison is equally weighted.

For the design in Table 1.2, the estimate of the variance of the intervention effect can be

written as

ˆV ar(θ̂) =
2σ2(σ2 + 3τ 2)

σ2 + 2τ 2
(1.24)

which is equal to

ˆV ar(θ̂) = σ2(2 +
δ

1 + δ
) (1.25)

Therefore, when ICC = 0, the estimate of variance is 2σ2 and as ICC → 1, the variance

→ 3σ2.

1.3.2 Stepped Wedge Design with 2 Clusters and 4 Time Intervals

To investigate the influence of the additional time intervals at the end of the study, I

calculate the estimates in the stepped wedge design with 2 clusters and 4 time intervals (as

shown in Table 1.3). Assume that N , which is the number of observations per cluster per

time interval, is always equal.

The estimate of the intervention effect is

θ̂′ =
1

σ2 + 3τ 2

[
σ2(Y12−Y22)+τ 2 (−Y11 + 3Y12 − Y13 − Y14 + Y21 − 3Y22 + Y23 + Y24)

]
(1.26)
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Time Interval 1 Time Interval 2 Time Interval 3 Time Interval 4

Cluster 1 0 1 1 1

Cluster 2 0 0 1 1

Table 1.3: Stepped wedge design for 2 clusters with 4 time intervals.

I was not able to get a meaningful form for this equation, because here are different ways

to estimate the change in the mean over time. For example, for the difference between time

effects for time interval 2 and time interval 4, it could be estimated directly as Y14 − Y12 or

could be estimated by adding the difference between time 4 and time 3, and the difference

between time 3 and time 2. Things become too complicated to be easily interpreted.

The estimate of the variance of intervention effect is

ˆV ar(θ̂′) =
2σ2(σ2 + 4τ 2)

σ2 + 3τ 2
(1.27)

which is equal to

ˆV ar(θ̂′) = σ2(
4

3
+

2/3

1 + δ′
) (1.28)

where δ′ = 3τ2

σ2 .When ICC = 0, i.e. δ′ = 0, the variance of the estimate is 2σ2 as before.

Therefore, additional time intervals at the end of the study will not change the variance of

the estimate of intervention effect under the independent case. However, the ratio of ˆV ar(θ̂)

and ˆV ar(θ̂′) is

ˆV ar(θ̂)

ˆV ar(θ̂′)
=

(σ2 + 3τ 2)2

(σ2 + 2τ 2)(σ2 + 4τ 2)

=
σ4 + 6σ2τ 2 + 9τ 4

σ4 + 6σ2τ 2 + 8τ 4

≥ 1

(1.29)

The ratio is strictly greater than 1 when τ 2 > 0. Therefore, for ICC > 0, the variance of

estimate of intervention effect decreases with additional time intervals at the end of study.
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Hussey and Hughes[3] gave a general form of the variance of θ̂, which is

V ar(θ̂) =
Iσ2(σ2 + Tτ 2)

(IU −W )σ2 + (U2 + ITU − TW − IV )τ 2
(1.30)

where U =
∑

ij Xij, W =
∑

j(
∑

iXij)
2, and V =

∑
i(
∑

j Xij)
2.

Therefore, the variances of the intervention effects can be calculated and compared for

any of the standard stepped wedge designs.
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Chapter 2

STEPPED WEDGE DESIGN WITH MULTIPLE
INTERVENTIONS

In this chapter, I will introduce the statistical models used for stepped wedge designs with

multiple interventions, as well as different variations of the designs. I will also investigate the

variances of the estimates of different interventions under different designs. The assumption

that there is no interaction between different interventions is made for all of the models. I

also assumed 100 subjects in each cluster and the baseline prevalence equal to 0.05 when

calculating variances of treatment effects under specific designs, which means σ2
e = 0.05 ×

(1− 0.05).

2.1 Statistical Models for Multiple Interventions

For stepped wedge design with multiple interventions, the model for the mean of cluster

i in time interval j, µij, under the nonparametric time effects model can be written as

µij = µ+ αi + βj +
M∑
m=1

Xmijθm (2.1)

where Xmij is the indicator of the treatment mode in cluster i in interval j for intervention

m, and θm is the treatment effect for intervention m.

The estimates and variances of intervention effects can be calculated using GLM, as I did

for the standard stepped wedge designs. Notice that for designs with M interventions, the

design matrix has IT rows and (T +M) columns, and the (T +m)th column corresponds to

the indicators of the mth treatment, where m = 1, · · · ,M .

For the random treatment effects model with multiple treatments, the model for µij can

be written as
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µij = µ+ αi + βj +
M∑
m=1

Xmijθm +
M∑
m=1

Xmijγmi (2.2)

where γmi ∼ N(0, η2m) is the random treatment effect for treatment m and cluster i. Assume

that Cov(αi, γmi) = νm and Cov(γmi, γni) = ξmn for m 6= n.

2.2 Different Designs for Multiple interventions

In this section, I will introduce 4 kinds of designs for 2 interventions: concurrent design,

replacement design, supplementation design and factorial design. For the first three designs,

they can be easily extended to multiple interventions, while our discussion of the factorial

design is limited to the case of 2 interventions.

2.2.1 Concurrent Design

Table 2.1 presents the concurrent design for 2 interventions and 6 clusters, with 4 time

intervals.

Time Interval 1 Time Interval 2 Time Interval 3 Time Interval 4

Cluster 1 0 1 1 1

Cluster 2 0 0 1 1

Cluster 3 0 0 0 1

Cluster 4 0 2 2 2

Cluster 5 0 0 2 2

Cluster 6 0 0 0 2

Table 2.1: Concurrent stepped wedge design for 2 interventions and 6 clusters with 4 time
intervals.

Basically, the concurrent design is a design where the interventions are implemented

simultaneously and separately as in the standard stepped wedge design. For every cluster,
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only one intervention is implemented, and at the end of the study, clusters received different

interventions.

2.2.2 Replacement Design

Table 2.2 provides an example of replacement design for 2 interventions and 3 clusters

with 6 time intervals.

Time 1 Time 2 Time 3 Time 4 Time 5 Time 6

Cluster 1 0 1 1 2 2 2

Cluster 2 0 0 1 1 2 2

Cluster 3 0 0 0 1 1 2

Table 2.2: Replacement stepped wedge design for 2 interventions and 3 clusters with 6 time
intervals.

In replacement designs, intervention 1 is replaced by intervention 2 (which is replaced

by intervention 3, etc). Every cluster receives all of the interventions, but there is only one

intervention implemented per time interval. At the end of the study, all of the clusters receive

the same intervention, i.e. the last intervention.

2.2.3 Supplementation Design

Table 2.3 shows an example of a supplementation design for 2 interventions and 3 clusters

with 6 time intervals.

In supplementation designs, interventions are added to the previous interventions. Similar

to the replacement designs, every cluster receives all of the interventions, and at the end of

the study, all of the clusters receive all of the interventions. The replacement design and the

supplementation design can be very similar to each other, and therefore, comparable. I will

compare the treatment effects in the two designs later in Section 2.7.
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Time 1 Time 2 Time 3 Time 4 Time 5 Time 6

Cluster 1 0 1 1 1+2 1+2 1+2

Cluster 2 0 0 1 1 1+2 1+2

Cluster 3 0 0 0 1 1 1+2

Table 2.3: Supplementation stepped wedge design for 2 interventions and 3 clusters with 6
time intervals.

2.2.4 Factorial Design

Table 2.4 presents an example of factorial design for 2 interventions and 4 clusters with

5 time intervals.

Time 1 Time 2 Time 3 Time 4 Time 5

Cluster 1 0 1 1 1+2 1+2

Cluster 2 0 0 1 1 1+2

Cluster 3 0 0 2 2 1+2

Cluster 4 0 2 2 1+2 1+2

Table 2.4: Factorial stepped wedge design for 2 interventions and 4 clusters with 5 time
intervals.

The factorial design is a mixture of concurrent and supplementation designs. The ad-

vantage of factorial design is that it allows researchers to use fewer clusters (comparing to

concurrent design), and fewer time intervals (comparing to replacement design and supple-

mentation design) to evaluate two interventions at the same time.

2.3 Analyses for Concurrent Design

Since the concurrent design is symmetric for both of the interventions, under the fixed

treatment effects models, the variances of the two intervention effects are equal, i.e. it has
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the same power to evaluate the two fixed treatment effects. Adding more time intervals of

treatment at the end of the design will decrease the variances for both of the treatment effects.

Figure 2.1 shows the variance-ICC relationship for interventions in the original concurrent

design (Table 2.1), and designs with additional time periods under the nonparametric time

effects model (Equation 2.1).
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Figure 2.1: Variances of treatment effects vs. ICC for the concurrent design (Table 2.1) and
designs with additional time periods using nonparametric time effect model.

Examples of blocks in covariance matrix of the concurrent design (Table 2.1), under the

random treatment effects model (Equation 2.2), are shown in Appendix A. For simplicity,

I assumed that Cov(αi, γmi) = νm = 0 (i.e. the random cluster effect and the random

treatment effect for intervention m are independent) and Cov(γmi, γni) = ξmn = 0 for m 6= n

(i.e. the random effects for two different interventions, m and n, are independent), and

found that if η21 = η22, the variances of the fixed treatment effects for interventions 1 and 2

are equal. If η21 and η22 are not equal, the variances of the fixed treatment effects are still

equal to each other when τ 2 = 0, but when τ 2 > 0, the intervention with larger variance for

the random treatment effect has larger variance for the fixed treatment effect, too.
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2.4 Analyses for Replacement Design

To get a basic understanding of the replacement design, I used Mathematica to calculate

the numerical results for the estimates of treatment effects in the simplest replacement design

with 2 clusters and 4 time intervals (Table 2.5), under the nonparametric time effect model.

Time Interval 1 Time Interval 2 Time Interval 3 Time Interval 4

Cluster 1 0 1 2 2

Cluster 2 0 0 1 2

Table 2.5: The simplest replacement stepped wedge design for 2 interventions with 2 clusters
and 4 time intervals.

The estimate of the treatment effect for intervention 1 is:

θ̂1 =
1

σ2 + 2τ 2

[
σ2(Y12 − Y22) + τ 2 (−Y11 + 2Y12 − Y14 + Y21 − 2Y22 + Y24)

]
=

1

1 + δ

[
(Y12 − Y22) + δ

(
−1

2
Y11 + Y12 −

1

2
Y14

)
+ δ

(
1

2
Y21 − Y22 +

1

2
Y24

)] (2.3)

where δ = 2τ2

σ2 . It is equal to

θ̂1 =
1

1 + δ
(Y12 − Y22)

+
δ

1 + δ

[1

4
[Y12 − Y11 − (Y22 − Y21)] +

1

4
[Y14 − Y11 − (Y14 − Y12 + Y22 − Y21)]

+
1

4
[Y24 − Y21 − (Y14 − Y12 + Y22 − Y21)] +

1

4
[Y24 − Y22 − (Y14 − Y12)]

] (2.4)

The estimate can be divided into two parts: between-cluster comparison and within-cluster

comparison. When ICC = 0, i.e. δ = 0, the estimate is derived from the between-cluster

comparison, Y12 − Y22. When ICC > 0, i.e. δ > 0, the estimate is the sum of weighted

between-cluster comparison and within-cluster comparison. In this design, the treatment

effect for intervention 1 can be estimated using within-cluster comparisons in four ways.

The first is the direct treatment-control comparison, Y12 − Y11, minus the estimate of the
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temporal change between time 2 and time 1, which is Y22 − Y21. The other three parts are

a little bit tricky. The second is Y14 − Y11 − (Y14 − Y12 + Y22 − Y21), where Y14 − Y11 is the

estimate of the treatment effect for intervention 2 plus the estimate of the temporal change

between time 4 and time 1, Y14−Y12 is the estimate of the difference between the treatment

effects for intervention 2 and intervention 1 plus the estimate of the temporal change between

time 4 and time 2, and Y22− Y21 is the estimate of the temporal change between time 2 and

time 1. Therefore, Y14 − Y11 − (Y14 − Y12 + Y22 − Y21) is an estimate of the treatment effect

for intervention 1 by using within-cluster comparison. The third and the fourth terms can

be explained similarly.

The estimate of treatment effect for intervention 2 is

θ̂2 =
1

σ2 + 2τ 2

[
σ2(Y13 − Y23 + Y12 − Y22) + 2τ 2 (−Y11 + Y12 + Y13 − Y14 + Y21 − Y22 − Y23 + Y24)

]
=

1

1 + δ
[(Y13 − Y23 + Y12 − Y22) + δ (−Y11 + Y12 + Y13 − Y14) + δ (Y21 − Y22 − Y23 + Y24)]

(2.5)

which is equal to

θ̂2 =
1

1 + δ
(Y13 − Y23 + Y12 − Y22)

+
δ

1 + δ

[
(Y24 − Y22)− (Y14 − Y13)− (Y23 − Y22) + (Y12 − Y11)− (Y22 − Y21)

] (2.6)

Similarly to the estimate for intervention 1, the θ2 can be divided into two parts: between-

cluster comparison and within-cluster comparison. (Y13 − Y23 + Y12 − Y22) is the between-

cluster comparison part. For the within-cluster comparison, (Y24 − Y22) is the estimate of

treatment effect for intervention 2 plus the estimate of temporal change between time 4 and

time 2; (Y14−Y13) is the estimate of temporal change between time 4 and time 3; (Y23−Y22)

is the estimate of temporal change between time 3 and time 2 plus the treatment effect for

intervention 1; and (Y12−Y11)−(Y22−Y21) is the estimate of treatment effect for intervention

1.
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When ICC = 0, θ̂1 = Y12−Y22, and θ̂2 = Y13−Y23+Y12−Y22, that is, to estimate treatment

effect for intervention 1, there is a direct treatment-control comparison, while to estimate

treatment effect for intervention 2, it can only use indirect comparisons. Therefore, it is

reasonable to guess that there is less power to evaluate the treatment effect for intervention

2, i.e. the variance of the treatment effect for intervention 2 is larger.

The variance-ICC relationships for both interventions in the replacement design (Table

2.2) are shown in Figure 2.2. The variance of the treatment effect for intervention 2 is larger

as I expected.

0.000 0.005 0.010 0.015 0.020 0.025 0.030

0.
00

04
0.

00
08

0.
00

12

ICC

V
ar

ia
nc

e 
of

 η

Intervention 1
Intervention 2

Figure 2.2: Variances of treatment effects vs. ICC for the replacement design (Table 2.2)
under the nonparametric time effect model.

Adding additional time periods of intervention 2 in the end of the design will decrease

both of the variances of the intervention effects when ICC > 0, as shown in Figure 2.3.

I want to investigate the influence of the number of time intervals of intervention 1 on

the variances of both treatment effects, too. Figure 2.4 shows the variance-ICC relationships

for both interventions in the replacement design with 5 clusters and different numbers of

time intervals of intervention 1 under the nonparametric time effect model (see Table 2.6
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Figure 2.3: Variances of treatment effects vs. ICC for the original replacement design (Table
2.2) and designs with additional time periods under the nonparametric time effect model.

for an example with 2 time intervals of intervention 1). I used the designs with from 1 to

4 time intervals of intervention 1, because when there are more than 4 time intervals for

intervention 1, they are just additional time periods where all clusters receive intervention

1. The additional time intervals will not change the variances in the independent case, and

will decrease the variances of treatment effects when ICC > 0.

1 2 3 4 5 6 7 8

Cluster 1 0 1 1 2 2 2 2 2

Cluster 2 0 0 1 1 2 2 2 2

Cluster 3 0 0 0 1 1 2 2 2

Cluster 4 0 0 0 0 1 1 2 2

Cluster 5 0 0 0 0 0 1 1 2

Table 2.6: The replacement stepped wedge design for 2 interventions with 5 clusters and 2
time intervals for intervention 1. Every column corresponds to one time interval.
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Interestingly, the variances of the treatment effects show no consistent pattern (Figure

2.4). One potential explanation is that when adding more time intervals for intervention 1,

it will gain power to evaluate the treatment effect for intervention 1 by having more direct

treatment-control comparisons and more data points, but it will also lose some power to

estimate more time effects; for estimating the treatment effect for intervention 2, with the

increase of the number of time intervals for intervention 1, it will lose some power because of

the decrease of the number of direct comparisons between intervention 2 and control and the

need to estimate more time effects, but a little power will be gained by having more indirect

comparisons.
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Figure 2.4: Variances of treatment effects vs. ICC for replacement designs for 5 clusters and
with different numbers of time intervals for intervention 1, under the nonparametric time
effect model.

To better understand these interesting results, I investigated the variance-ICC relation-

ships for the same replacement designs under the linear time effect model (Figure 2.5) and

the no time effect model (Figure 2.6), respectively.

Under the linear time effect model, no matter how many time intervals are in the de-

sign, there is only one parameter for time effect. Therefore, with more time intervals for
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intervention 1, the variance of the treatment effect for intervention 1 always decreases, and

interestingly, the variance of treatment effect for intervention 2 always increases with more

time intervals for intervention 1.
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Figure 2.5: Variances of treatment effects vs. ICC for replacement designs for 5 clusters
and with different numbers of time intervals for intervention 1, under the linear time effect
model.

Under the no time effect model, it can compare intervals in different time periods to

get the between-cluster comparison. Therefore, the variances of treatment effects for both

interventions will decrease with the increase of the number of time intervals for intervention

1.

Under the random time effects, an example of a block in the covariance matrix is shown

in Appendix A. For simplicity, I assumed that Cov(αi, γmi) = νm = 0 (i.e. the random

cluster effect and the random treatment effect for intervention m are independent) and

Cov(γmi, γni) = ξmn = 0 for m 6= n (i.e. the random effects for two different interventions,

m and n, are independent). Under this assumption, if η21 ≤ η22, the variance of the fixed

treatment effect for interventions 1 is smaller than the variance for intervention 2. If η21 ≥ η22,

there might be a crossing point in the variances as τ 2 increasing. The variance of the fixed
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Figure 2.6: Variances of treatment effects vs. ICC for replacement designs for 5 clusters and
with different numbers of time intervals for intervention 1, under the no time effect model.

treatment effect for intervention 1 might be larger than the variance for intervention 2 when

ICC is large enough.

2.5 Analyses for Supplementation Design

Similar to the analyses for the replacement design, to get a basic understanding of supple-

mentation design, I used Mathematica to calculate the numerical results for the estimates of

treatment effects in the simplest supplementation design with 2 clusters and 4 time intervals

(Table 2.7), under the nonparametric time effect model.

Time Interval 1 Time Interval 2 Time Interval 3 Time Interval 4

Cluster 1 0 1 1+2 1+2

Cluster 2 0 0 1 1+2

Table 2.7: The simplest supplementation stepped wedge design for 2 interventions with 2
clusters and 4 time intervals.
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The estimate of the treatment effect for intervention 1 is:

θ̂1 =
1

σ2 + 2τ 2

[
σ2(Y12 − Y22) + τ 2 (−Y11 + 2Y12 − Y14 + Y21 − 2Y22 + Y24)

]
=

1

1 + δ

[
(Y12 − Y22) + δ

(
−1

2
Y11 + Y12 −

1

2
Y14

)
+ δ

(
1

2
Y21 − Y22 +

1

2
Y24

)] (2.7)

where δ = 2τ2

σ2 . Rewriting gives

θ̂1 =
1

1 + δ
(Y12 − Y22)

+
δ

1 + δ

[1

4
[Y12 − Y11 − (Y22 − Y21)] +

1

4
[Y14 − Y11 − (Y14 − Y12 + Y22 − Y21)]

+
1

4
[Y24 − Y21 − (Y14 − Y12 + Y22 − Y21)] +

1

4
[Y24 − Y22 − (Y14 − Y12)]

] (2.8)

θ̂1 in the supplementation design is the same as the result in the replacement design, and it

can be explained similarly.

The estimate of treatment effect for intervention 2 is

θ̂2 =
1

σ2 + 2τ 2

[
σ2(Y13 − Y23) + τ 2 (−Y11 + 2Y13 − Y14 + Y21 − 2Y23 + Y24)

]
=

1

1 + δ

[
(Y13 − Y23) + δ

(
−1

2
Y11 + Y13 −

1

2
Y14

)
+ δ

(
1

2
Y21 − Y23 +

1

2
Y24

)] (2.9)

which is equal to

θ̂2 =
1

1 + δ
(Y13 − Y23)

+
δ

1 + δ

[1

4
[Y13 − Y11 − (Y23 − Y21)] +

1

4
[Y14 − Y11 − (Y14 − Y13 + Y23 − Y21)]

+
1

4
[Y24 − Y21 − (Y14 − Y13 + Y23 − Y21)] +

1

4
[Y24 − Y23 − (Y14 − Y13)]

] (2.10)

Unlike the results in replacement design, θ̂2 in supplementation design has the same form as

θ̂1 and I would expect that the variances of treatment effects for both interventions would

be the same under fixed intervention effect models.
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The variance-ICC relationships for both interventions in the supplementation design

(Table 2.3) under the nonparametric time effect model are shown in Figure 2.7. The two

variances of the treatment effects are equal to each other as I expected.
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Figure 2.7: Variances of treatment effects vs. ICC for the supplementation design (Table
2.3) under the nonparametric time effect model.

Similar to the results for replacement designs, adding additional time periods of treatment

in the end of the design will decrease both of the variances of the intervention effects when

ICC > 0. And there is no consistent pattern for designs with different numbers of time

intervals of only intervention 1.

An example of a block in the covariance matrix for the supplementation design un-

der random treatment effects model is presented in the Appendix A. If I assume that

Cov(αi, γmi) = νm = 0 (i.e. the random cluster effect and the random treatment effect

for intervention m are independent) and Cov(γmi, γni) = ξmn = 0 for m 6= n (i.e. the random

effects for two different interventions, m and n, are independent), the variance of the fixed

treatment effect for intervention 1 will be smaller than the variance for intervention 2 when

η21 ≤ η22 and ICC > 0. If η21 > η22, there will be a crossing point in the variance-ICC plots
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and the variance of the fixed treatment effect for intervention 1 will be larger when ICC is

large enough.

2.6 Analyses for Factorial Design

The factorial design is symmetric and is designed to introduce both interventions simul-

taneously. Therefore, the variances of the treatment effects for both interventions are equal

under fixed treatment effect models. Additional time periods of treatment at the end of the

study will decrease the variances of both treatment effects.

Under the random treatment effect model, examples of blocks in the covariance matrix

are shown in Appendix A. The variances of fixed treatment effects for both interventions will

be equal if η21 = η22. When η2s are unequal, the intervention with larger η2 will have larger

variance for the fixed treatment effect with all nonzero ICC.

2.7 Across Designs Comparison

Designs with the different numbers of clusters or numbers of time intervals are not com-

parable to each other. Based on the characteristics of each design, only the replacement and

supplementation designs are comparable. Therefore, I compared the variances of the treat-

ment effects in these two designs (Table 2.2 and Table 2.3), which have the same number of

clusters and time intervals. Plots of variance-ICC relationships are shown in Figure 2.8.

Variances of treatment effects in the supplementation design and the variance of treatment

effect for intervention 1 in the corresponding replacement design are equal to each other under

the nonparametric time effect model, while the variance of treatment effect for intervention

2 in the replacement design is larger. That is, it would have more power to evaluate the

treatment effect for intervention 2 using the supplementation design. Therefore, if possible, I

would prefer supplementation design to replacement design just on statistical ground. There

might be other considerations that make one or the other design preferable or infeasible.
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Figure 2.8: Variances of treatment effects vs. ICC for the replacement design (Table 2.2)
and the supplementation design (Table 2.3) under the nonparametric time effect model.
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Chapter 3

RANDOM TIME EFFECTS MODEL

In the previous chapters, I only considered models with fixed time effects. However, in

real cases, there might be random time effects for different clusters. In this chapter, I will use

simulations to compare the performances of linear mixed models (LMM) with and without

the random effect for time, and generalized estimating equation (GEE).

3.1 Data Simulation

There are a number of ways to simulate data under the random time effects model. For

simplicity, I used the random linear time effects model, which is the linear time effects model

(1.13) with random slopes. It can be written as

Yij = µij + eij

and

µij = µ+ αi + tjβi +Xijθ (3.1)

where tj = beginning time in interval j, and βi ∼ N(β, s2). In the simulations, I assumed

tj = j and µ = 0.3.

I considered three cases: the true treatment effect (θ) equal to -0.2, 0, and 0.2. For each

case, data were simulated with the standard deviation of the random slope (s) equal to 0

(i.e. the fixed linear time effect model), 0.003, 0.006, 0.009, and 0.012, and with the mean

of the slope (β) equal to -0.01, 0, and 0.01. For every situation with specific θ, s and β,

1000 datasets were simulated under the assumptions that N (number of observations per

time interval per cluster) = 100, τ (standard deviation of the random cluster effect) = 0.05,
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and σe (standard deviation of an individual-level error) = 0.5 (σ (standard deviation of a

cluster-level error) = 0.05). I used the standard stepped wedge design with 10 clusters and

11 time periods, which means j = 0, · · · , 10.

For each simulation, I analyzed the data using LMM with random intercept, LMM with

random intercept and random slope, and GEE with exchangeable correlation. Because of

the small number of clusters, I also looked at the inflated standard errors for both of the

LMMs and the GEE model.

Inflated S.E. =

√
Number of Clusters

Number of Clusters - Number of Fixed Effects
× S.E.

=

√
10

7
× S.E.

(3.2)

3.2 Simulation Results
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Figure 3.1: Mean of θ̂ vs. S.D. of the slope.
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Figure 3.2: S.D. of θ̂ vs. S.D. of the slope.

Figures 3.1 and 3.2 show the mean and standard deviation of the estimates of treatment

effect when the true treatment effect(θ) = 0.2. Legend is in the form: model; mean of



30

the slope. According to Figure 3.1, the mean of the estimates of treatment effect fluctuate

around the true value. Compared to the standard deviation of the estimates, the deviations

from the true value are not large enough to suggest a bias. Figure 3.2 shows that generally,

the standard deviation of the estimates of treatment effect increase with the increase of the

standard deviation of the random slope. The standard deviation of the random slope from

the true model (i.e. LMM with random intercept and random slope) is the smallest among

all the three models under the same assumption.
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Figure 3.3: Coverages of the 95% confidence intervals for the treatment effect using non-
inflated standard errors versus standard deviation of random slope for the time effect.

Coverages of the 95% confidence intervals for the treatment effect when θ = 0.2 are

shown in Figure 3.3. Overall, the true model, LMM with random intercept and random

slope, has the best performance, as the coverage is around 95% with varying s. The LMM

with random intercept and the model using the naive standard error from GEE provide good

coverage when s is small but decrease as s increases. The coverage from the model using
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the robust standard error from GEE is around 90%, but there is not a clear decrease in the

coverage with the increase of s.

Since the number of clusters in the dataset is small (10 clusters), it might be helpful to

use inflated standard errors as defined above in Equation 3.2. The mean of the standard

errors from simulations should be close to the standard deviation of θ̂. Figures 3.4 and

3.5 show the correlations between the mean of the non-inflated standard errors and the

standard deviations of the estimates of treatment effect, and the correlation between the

inflated mean standard errors and the standard deviations, respectively, for the case when

θ = 0.2. According to the figures, the mean of the original standard errors are generally

smaller than the standard deviations and the mean non-inflated standard errors from the true

model (LMM with random intercept and random slope) are the closest to the corresponding

standard deviations, while the mean of the inflated standard errors are generally higher than

the standard deviations and the mean inflated robust standard errors from the GEE are the

closest to the corresponding standard deviations. Based on these results, I would expect to

have better coverage for 95% confidence intervals for treatment effects with inflated standard

errors.
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Figure 3.4: Mean of the non-inflated standard errors versus the standard deviations of the
estimates of treatment effect. The dash line is a line with intercept equal to 0, and slope
equal to 1. Circles, triangles (point up), plus, cross, and diamond symbols correspond to the
cases when s = 0, 0.003, 0.006, 0.009, and 0.012, respectively.
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Figure 3.5: Mean of the inflated standard errors versus the standard deviations of the esti-
mates of treatment effect. The dash line is a line with intercept equal to 0, and slope equal
to 1. Circles, triangles (point up), plus, cross, and diamond symbols correspond to the cases
when s = 0, 0.003, 0.006, 0.009, and 0.012, respectively.

Coverages of the 95% confidence intervals for the treatment effect using the inflated

standard errors are shown in Figure 3.6. The coverage increases for all of the models with

the correction. Typically, the coverage from the model using inflated robust standard errors

from GEE increases and gets closer to 0.95. However, note that all the three models, the

LMM with random intercept, GEE with naive standard errors, and the LMM with random

intercept and random slope, provide good coverage without the inflation.

Finally, I am interested to see how these three models perform to estimate the slope

(coefficient of time). Figure 3.7 shows the mean of the estimates of slope for the three

models when θ = 0.2. The mean of the estimates of slope are close to each other under all

the three models, and there are very small deviations from the true value when s greater

than 0 in some cases. For all of the above results, I found similar patterns with varying θ.

In conclusion, the LMM with random intercept and random slope has the best perfor-

mance, which is not surprising since it is the true model. The estimates of treatment effect

from the LMM with only random intercept and the GEE model with exchangeable correla-

tion fluctuate around the true value and close to each other and the standard errors from

the LMM with only random intercept are close to the naive standard errors from the GEE
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Figure 3.6: Coverages of the 95% confidence intervals for the treatment effect using inflated
standard errors versus standard deviation of random slope for the time effect.

model, too. The robust standard error from the GEE model is the smallest among the four

kinds of standard errors under the same assumption. It has the lowest coverage of the 95%

confidence interval for treatment effect. However, the coverage would not decrease much

with the increase of the standard deviation of the random slope and will be acceptable after

simple correction.
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time effect.



35

Chapter 4

DISCUSSION AND LIMITATION

Classic stepped wedge designs usually include only one intervention. This thesis is aimed

to extend the cases to multiple interventions, and compare the performances of some basic

variants. However, there are some assumptions made in the analyses for simplicity, which

might not be correct in real applications.

First, I assumed the numbers of individuals per time interval per cluster (N) are always

equal. The relationships between the variances of the estimates of the two treatment effects

in the Concurrent, Replacement, Supplementation, and Factorial designs would be different

if there are different numbers of individuals for different time intervals or clusters.

Second, for analyses under the random treatment effects model, I assumed that the ran-

dom cluster effect and the random treatment effect for every intervention are independent, as

well as the random effects for two different interventions are independent. These assumptions

would be inappropriate if, for example, the treatment effect is larger when the cluster-level

mean is higher. However, the situation will be complicated if all these correlations were

taken into consideration. I just listed some examples of the blocks in the covariance matrices

under the random treatment effects model in the Appendix.

Third, for the analyses under the random time effects model in Chapter 3, I made a

strong assumption that the time trend for every cluster is linear. This assumption simplifies

the analyses, but it also limits the generalizability of our conclusions. One of many other

possible ways to simulate data for the random time effects model is to use the nonparametric

time effects model with random effect for every time effect. Note that the correlation between

consecutive time intervals might need to be considered in that model.
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GLOSSARY

CRT: stands for cluster randomized trials, which randomize groups, rather than individual
subjects, to receive different interventions[6].

GLM: stands for generalized linear model, which is a statistical regression model.

LMM: stands for linear mixed models[7]. It is a statistical model, which includes fixed
effects and random effects.

GEE: stands for generalized estimating equation[8], which is an extension of generalized
linear models for the analysis of longitudinal data.

36
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Appendix A

COVARIANCE MATRIX FOR RANDOM TREATMENT
EFFECTS MODEL WITH MULTIPLE INTERVENTIONS

For a design with I clusters and T time intervals, the covariance matrix under random

treatment effects model (Equation 2.2) is a block diagonal matrix with dimension IT × IT .

Examples of T × T block matrix for different designs are presented below. For cases with 2

interventions, there is only one ξ term. Therefore, I assume that ξ12 = ξ.

A.1 Concurrent design with 2 interventions

For the design shown in Table 2.1, the first block in the covariance matrix, which corre-

sponds to the first row in the table, is


σ2 + τ 2 τ 2 + ν1 τ 2 + ν1 τ 2 + ν1

τ 2 + ν1 σ2 + τ 2 + η21 + 2ν1 τ 2 + η21 + 2ν1 τ 2 + η21 + 2ν1

τ 2 + ν1 τ 2 + η21 + 2ν1 σ2 + τ 2 + η21 + 2ν1 τ 2 + η21 + 2ν1

τ 2 + ν1 τ 2 + η21 + 2ν1 τ 2 + η21 + 2ν1 σ2 + τ 2 + η21 + 2ν1


The fifth block in the covariance matrix, which corresponds to the fifth row in Table 2.1, is


σ2 + τ 2 τ 2 τ 2 + ν2 τ 2 + ν2

τ 2 σ2 + τ 2 τ 2 + ν2 τ 2 + ν2

τ 2 + ν2 τ 2 + ν2 σ2 + τ 2 + η22 + 2ν2 τ 2 + η22 + 2ν2

τ 2 + ν2 τ 2 + ν2 τ 2 + η22 + 2ν2 σ2 + τ 2 + η22 + 2ν2


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A.2 Replacement design with 2 interventions

For the design shown in Table 2.2, the first block in the covariance matrix, which corre-

sponds to the first row in the table, is



σ2+τ 2 τ 2+ν1 τ 2+ν1 τ 2+ν2 τ 2+ν2 τ 2+ν2

τ 2+ν1 σ2+τ 2+η21+2ν1 τ 2+η21+2ν1 τ 2+ν1+ν2+ξ τ 2+ν1+ν2+ξ τ 2+ν1+ν2+ξ

τ 2+ν1 τ 2+η21+2ν1 σ2+τ 2+η21+2ν1 τ 2+ν1+ν2+ξ τ 2+ν1+ν2+ξ τ 2+ν1+ν2+ξ

τ 2+ν2 τ 2+ν1+ν2+ξ τ 2+ν1+ν2+ξ σ2+τ 2+η22+2ν2 τ 2+η22+2ν2 τ 2+η22+2ν2

τ 2+ν2 τ 2+ν1+ν2+ξ τ 2+ν1+ν2+ξ τ 2+η22+2ν2 σ2+τ 2+η22+2ν2 τ 2+η22+2ν2

τ 2+ν2 τ 2+ν1+ν2+ξ τ 2+ν1+ν2+ξ τ 2+η22+2ν2 τ 2+η22+2ν2 σ2+τ 2+η22+2ν2



A.3 Supplementaion design with 2 interventions

For the design shown in Table 2.3, the third block in the covariance matrix, which corre-

sponds to the third row in the table, is



σ2+τ 2 τ 2 τ 2 τ 2+ν1 τ 2+ν1 τ 2+ν1+ν2

τ 2 σ2+τ 2 τ 2 τ 2+ν1 τ 2+ν1 τ 2+ν1+ν2

τ 2 τ 2 σ2+τ 2 τ 2+ν1 τ 2+ν1 τ 2+ν1+ν2

τ 2+ν1 τ 2+ν1 τ 2+ν1 σ2+τ 2+η21+2ν1 τ 2+η21+2ν1 τ 2+η21+2ν1+ν2+ξ

τ 2+ν1 τ 2+ν1 τ 2+ν1 τ 2+η21+2ν1 σ2+τ 2+η21+2ν1 τ 2+η21+2ν1+ν2+ξ

τ 2+ν1+ν2 τ
2+ν1+ν2 τ

2+ν1+ν2 τ
2+η21+2ν1+ν2+ξ τ 2+η21+2ν1+ν2+ξ σ2+τ 2+η21+η22+2(ν1+ν2+ξ)



A.4 Factorial design with 2 interventions

For the design shown in Table 2.4, the second block in the covariance matrix, which

corresponds to the second row in the table, is
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

σ2+τ 2 τ 2 τ 2+ν1 τ 2+ν1 τ 2+ν1+ν2

τ 2 σ2+τ 2 τ 2+ν1 τ 2+ν1 τ 2+ν1+ν2

τ 2+ν1 τ 2+ν1 σ2+τ 2+η21+2ν1 τ 2+η21+2ν1 τ 2+η21+2ν1+ν2+ξ

τ 2+ν1 τ 2+ν1 τ 2+η21+2ν1 σ2+τ 2+η21+2ν1 τ 2+η21+2ν1+ν2+ξ

τ 2+ν1+ν2 τ 2+ν1+ν2 τ 2+η21+2ν1+ν2+ξ τ 2+η21+2ν1+ν2+ξ σ2+τ 2+η21+η22+2(ν1+ν2+ξ)




