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CHAPTER 1I

Introduction, With a Review Of Efficiency

1.1 Chapter Introduction. This dissertation had its con-

ception as an attempt to understand why (or in what way)
certain statistical estimation techniques used in problems
involving nuisance parameters might be '"the best possible"
instead of 'the best available.'" The setting is parametric
estimation in which there are two kinds of parameters:
Those we are interested in estimating (hereafter called
parameters of interest and denoted ©) and those which are
necessary to model the problem correctly, but which are
only a burden as far as estimation of 6 goes (they will

be called nuisance parameters and denoted ¢). As will be
demonstrated below, the presence of the nuisance parameters
can distort maximum likelihood estimation, and so various
techniques are used to find estimates which are less im-
pacted by their presence. The following example will serve

to fix ideas.

1.1.1 Example. Let Xij' for i =1,2,...,nand j = 1,...k,
be independent and normally distributed with common vari-
ance 6 and mean values Exij = ¢i' which only depend on 1i.
This is the classic one-way analysis of variance (ANOVA)
model, with the parameter of interest being the common vari-

ance. The following set of statistics is sufficient:



k
X. =k!' I X.. , i=1, ,n
i, j=1 ij
2 2 k X 2
S = z r (X.,. - )
nk i=1 j=1 ij i

The maximum likelihood estimate (m.l.e.) of 6 is

A = Q2
8.y = S / nk.

If we hold n, which is the number of '"treatments,'" fixed,
and let k become infinite, then by standard m.l.e. results
we have

P
nk g as k -» =,

If, however, we were to fix k, and let n, which is equal

to the number of nuisance parameters, become infinite, then
we have the following classic inconsistency result of Ney-
man and Scott (1948):

8 E 6(k-1)/k as n -+ o«

nk :

As a replacement for the maximum likelihood estimate, one

might use:



(1) sg =SS/ n(k-1),
which is consistent as either n or k become infinite. As
we will see later, the estimate (1) has several other nat-
ural derivations in addition to being a consistency-
adjusted m.1l.e. (i.e., MVUE, CMLE, Invariance). It is cer-
tainly the most commonly used estimate. We now ask, is
this estimate in some way optimal in the asymptotic set-
ting where n becomes infinite?

The investigation which led to the contents of this
dissertation was in fact started because of a lower bound
result by E.B. Anderson (1970, 1973) which suggested that
it was possible that this estimate of the variance was not
the "best possible" as n went to infinity. This disser-
tation demonstrates that the reason that classic efficiency
results are not appropriate to this problem is that they
fail to take into account the fact that the nuisance para-
meters remain essentially unknown as n becomes large. In
particular, there are no consistent estimates of the ¢ 's.
A satisfactory way to account for their unknown character
is to introduce into the key theorems concerning efficiency

what are called mixing distributions over the nuisance

parameter space. That is, in addition to considering den-

sities f(x;0,¢), we also use mixed densities:




(2) £(x;0,P) = J £(x;0,¢) dP(¢).

. These densities are only used within the theorems. The
actual initial modelling of the problem remains unchanged
from the parameter space (6, 4).

Although the idea of using mixed distributions (8,P)
seemed elegant and powerful in its infancy, it proved com-
plex in its adolescence. As the reader will see, the
chief problems in an asymptotic analysis (n goes to infin-
ity) of a model such as Example 1.1.1 is that the nuisance
parameter space becomes R” , infinite dimensional Euclidean

space.

1.1.2 An Outline. The remainder of Chapter 1 is devoted to

a review of classical efficiency results. It is intended
as background material for the rest of the dissertation.
Chapter 2 states the problem of information and ef-
ficiency in the presence of nuisance parameters and briefly
reviews procedures used to find good estimates. It at-
tempts to answer the question: When is an estimate the
""pest possible?" Included is a brief discussion of the
distinction between '"best possible'" and "admissible.'" Sev-
eral key examples are presented, which, along with Example
1.1.1, are followed through the dissertation in order to

elucidate and test the ideas.



Central to the techniques used to find good esti-
mates in the presence of nuisance parameters is the reduc-
tion of the problem to one where the nuisance parameters
play a smaller role. One such technique is discussed in
Chapter 3, where estimators based on using m.l.e. methods
on conditional likelihoods are developed. This chapter
reviews the work of E.B. Andersen (1970, 1973) on condi-
tional maximum likelihood estimators (CMLE). His extensive
labors include showing the asymptotic normality of such
estimators and deriving a lower bound theorem for estima-
tion in this setting. It is in fact this bound that is
referred to above as providing unsettling results in Ex-
ample 1.1.1.

In Chapter 4, the first original material is intro-
duced. The setting is lower bounds for unbiased estimation.
We will see there that mixing distributions over the nui-
sance parameter space ¢ make a natural entry into the prob-
lem of information, and that the proper antecedents to the
notion of using mixing distributions as a means to improve
lower bounds were papers by E.W. Barankin (1949) and J.
Kiefer (1951).

Two important concepts enter in this chapter. First,
an information measure K is defined which is closely re-
lated to the Fisher Information I, but has the added power

given by mixing distribution. Secondly, in the key



(s7]

examples we find that the K-information in the problem
is the same as the Fisher Information for the statistic
we wish to use.

The fifth chapter takes an additional step to apply
the notion of mixing distributions to lower bounds on the
asymptotic variance of the asymptotic normal estimates.
The way proves to be a bit tortuous, but it is shown that
there is a legitimate asymptotic framework in which the
lower bounds are more stringent than Andersen's. In par-
ticular, s;k is shown to be optimal.

In the sixth chapter we turn to another concept of
asymptotic efficiency based on Bahadur's notion (1971) of
asymptotic effective variance. Despite its somewhat eso-
teric character, there are good reasons for its inclusion.
The structure of the chapter is simpler than its predeces-
sor, and the entry of the mixing distributions into the
asymptotic structure come in a more natural manner. It is,
in fact, in this setting that the significance of mixing

distributions first became apparent.

We now turn to the second part of Chapter 1, a review
of some of the classical information-efficiency results,
based primarily on the treatment in C.R. Rao (1973). Al-
though in the remaining chapters of the dissertation we

will use a product parameter space O0x &, where 0 is open



in Rm, for the rest of this chapter there will be no nui-

sance parameters, and so the parameter space is 0 alone.

1.2 Fisher's Information. Suppose that X is a k-dimen-

sional vector valued random variable, with a probability
density f(x;6) with respect to sigma-finite measure v on

Rk. For the moment assume m=1, so that © is unidimen-

sional. Assume that for any measurable set C in Rk

3 PN _ 9 .
This is satisfied under several different dominating condi-
tions. (See M. Loeve {1977}, p. 127.) It is typically

satisfied for exponential families. (See E.L. Lehmann

{1959}, p. 52.) Define the score function to be the first

derivative of the log likelihood. It will be denoted U or
U(6) depending on whether we need to emphasize its func-

tional character. That is:

(4) U(e) := 2 log f(X;8) / 96.

Notice that since U = f'/f where the prime denoted differ-

entiation with respect to 6, we have by equation (3) that



EC U(s) ; ©) J £'(X;6) dv

o J f(x;6)dv/96 = 31/36 = O.

The 6 following the semicolon in the expectation means that
the expectation is taken with respect to density f(x;0).

Define the Fisher's Information in density f at 6 to be:

I(6) := E(C U(p) )* = Var U(8),

where E and Var are computed under 6.
For example, if we return to Example 1.1.1, and let

¢i=0, i=1,...,n, then we have:

(5) U(e) = - nk / 20 + IX%2. / 28%,
ij 1d

I(8) = nk/262.

In the above setting, Fisher's Information has the

following properties (see Rao {1973}, section 5a.4):

1.2.1 Additivity. Let I, and I, be the information in two

independent random variables, and let I be the information
in (X,,X,). Then I = I, + I,. Hence if Xl,...,Xn are
independent identically distributed random variables with

information I in each X, their joint information is nI.



In Example 1.1.1, the information in each k-vector

- : 2
Xi : (Xi1’xi2""’xik) 1s'k/29 . When the means are all
equal to zero, we have an i.i.d. problem, and additivity

implies that the information in all n k-vectors is nk/282.

1.2.2 Information in a statistic. Suppose T is a meas-

urable function of X, with density g(t;6) with respect

to the measure v, where the density g satisfies equation

(3). Define the g-score function Ug(e) to be the partial
derivative of the log g(t;6) with respect to 8, in direct

analogy to (4). Define the Fisher information in T (or g)

to be
6 I = Var U .
(6) g(e) g(e)
We then have the following results:

a. E (U(g) | T=t) = Ug(e).
b. I > Ig.

In our example, S;k is distributed as 6 times a
chi-square with n(k-1) degrees of freedom. It follows that
if g is the density of S;k, then

Ig(e) = n(k-1)/262 < I(8) = nk/262.
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1.2.3. Sufficiency. If Ig = I, then U(8) = Ug(e) almost

everywhere-v, so

f(X;8) = g(T;8) H(X,T).

This is a situation in which T is sufficient for 6.

1.2.4 Definition. 1If 6 is an m-dimensional vector, define

the r-th score function as

Ur(e) = 3 log f(x;e)/aer

Assume (3) holds for the partials a/aei. Let the Fish-

er's Information matrix I be that m by m matrix which has

as its rs-th entry:

IrS := E( UrUS).
Results analogous to 1.2.1 to 1.2.3 can be obtained. In
particular, the matrix I - Ig is non-negative definite.

If we compute the Fisher's information matrix for
Example 1.1.1, where now we use (e,¢1,...,¢n) for (6,,...,
8 ), we get a diagonal matrix with diagonal entries:

m

(7) I,; = nk/262% ; I, = k/6 for r#l.
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1.3 Finite sample efficiency. (Rao {1973}, section 5c.2)

The setting is as follows: we are trying to estimate g(8),
a real-valued function of 8, where 6 is a real vector-
valued parameter for a family of probability measures {Fe}
which can be expressed as densities f(x;6) with respect
to a sigma-finite measure v. The observation vector is X.
T is any unbiased estimate of g.

Fix a null parameter 8, through the rest of this
section and let E(.) and Var(.) Pz understood to be taken

at the null unless otherwise stated. The likelihood ratio

L(X;8) = £(X;6)/f(X;8,)

is sometimes abbreviated to L or L(6) in what follows.
Now if Fe is absolutely continuous with respect to Feo,
which we abbreviate to 6<<8,, then L is finite a.e.-v.

Thus L(X;0) f(X;8,) = f(X;8) a.e.-v and E(L) = 1. Also,

if T is unbiased for g, we have

(8) E(T) = g(8,) ; E(TL) = g(8).

It follows from the Cauchy-Schwartz inequality that:

(9) Var T Var L > (g(8) - g(80))2.
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This leads to the Chapman-Robbins lower bound result:

(10) Var T > sup { (g(0)-g(8,))?/Var L(8) }
)
where the supremum is restriced to 6<<8,. Notice that this

result required no assumptions on the §-space other than
being an index space. If, however, 0 is an open subset of
R, f has Fisher's information I, g is continuously dif-

ferentiable, and the family of functions:

D(g) := (L(o) - 1)2/(6 = 8;)2

is uniformly integrable for 6 near 6,, then (10) implies:

. (g(8) - g(8o))?
Var T > 1lim / D(8).

2
But D(g) » (f'/f) as 6 » 8,4, so

(11) Var T > (g8'(80))%/1(8,)-

The term to the right of the inequality in (11) will be

referred to as the Cramer-Rao lower bound.

We can similarly derive a lower bound from the Chap-
man Robbins inequality (10) when 6§ = (61,...,em) is

vector-valued. Suppose g(6) is a real-valued function with



13

continuous first partials in the 6 -components, and set

(12) h (8) := ag(o)/aer r

t

]
-
=]
()
=
o))

h := (hl,...,hm)
Then under regularity conditions on the density f, the

multi-dimensional analogue of (11) is:
(13) Var T > h'I 'n

where I, the Fisher's information, is assumed to be non-
singular.
Based upon the lower bound (13), we can define the

Cramer-Rao efficiency of an unbiased estimator to be:

(14) eff(T) := h'I 'h/Var T

Notice that in the case when 6 is unidimensional, the
larger the information number I is, the smaller Var T
has to be in order to achieve the same efficiency. This
provides some justification for calling I an information.
The larger it is, the better job of estimating we can
theoretically do.

However, unless there is an estimate with efficiency

1, knowing the efficiency of an estimate does not tell if
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it is the most efficient estimate. If for some g, the
lower bound upon which the efficiency definition is based
(in this case, Cramer-Rao) is met, it will be called
tight. It is well known that the Cramer-Rao lower bound
is not tight. 1In particular, it is known that only sta-
tistics T which are linear functions of the scores
Uy,...,U  can meet the bound. (Cox and Hinkley {1974},
p. 156.)

In Example 1.1.1 s;k, defined in (1), is the mini-
mum variance unbiased estimate of 6 because it is a func-
tion of a complete and sufficient statistic (Lehmann-
Scheffe Theorem). It has variance 262 /n(k-1), whereas
the Cramer-Rao lcwer bound for g(8) = 6 is 262%/nk from (7).
Hence:

(15) eff(s2 (k-1)/k.

k) =
In Chapter 4, a lower bound for Example 1.1.1 is developed
which is achieved by sék. Hence in that setting, S;k will

have efficiency 1.

1.4 Asymptotic efficiency. We first establish an asymp-

totic model. We suppose we have i.i.d. observations X,,
X,,... from density f(x;6), where f has Fisher's informa-

tion I. We let x(n) = (X ...,xn) and call a sequence of

1°?
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measurable functions Tl(x(l)), Tz(x(z)),... an esti-
mator.

1.4.1 CAN estimates. It is often reasonable (thanks to

the Central Limit Theorem) to restrict attention to es-

timators Tn which are consistent and asymptotically nor-
mal (CAN). That is, there exists a positive asymptotic

variance v(6) such that:

1 L
n 2(Tn—g(e))/v(e) > N(0,1) as n » o,

We might ask if there is a lower bound for the asymptotic
variance v(0). While it was once thought true that the

Cramer-Rao lower bound
t,-1
(16) v(g) > h™“I "h

held, an example of its failure was provided by J.L. Hodges
(see LeCam, 1953): Suppose Tn is CAN for 6, with asymp-

totic variance v(9). Consider the estimator defined by

1
' = 3 4
T, =aT if [T | <n

b

n else,

where a is a constant. Then Tﬁ is CAN for 9, with variance

azv(O) at O and v(8) elsewhere. It follows that there
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can be no lower bound to the asymptotic variance of a
CAN estimator.

An estimator is called superefficient if for all
parameter values the estimate is asymptotically normal with
an asymptotic variance never exceeding and sometimes less
than the Cramer-Rao lower bound. What are we to make of
superefficient estimators? Cox and Hinkley (1974) suggest
that superefficiency is not a "statistically important
idea" for the following three reasons. First, LeCam (1953)
has shown that the set of points of superefficiency is
Lebesgue measure zero. Second, if we were to construct
hypothesis tests from these estimators, we would get no
improvement in performance. Finally, for any fixed n, the
reduction in mean squared error for parameter points near
to the point of superefficiency is balanced by an in-
crease in mean squared error at points a moderate distance
away.

Whether or not superefficiency is statistically im-
portant, it is a mathematical nuisance. For this reason,
several alternative versions of efficiency have been

developed.

1.4.2 Fisher efficiency. Suppose we have i.i.d. observa-

tions with Fisher's information I in each observation.

Assume 6 univariate. Let I(Tk) represent the Fisher's
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information in Tk’ as defined in 1.2.2. Let I(Tn)/nI

be the efficiency of Tn for n finite, and let the limit

of the ratio go as n goes to infinity be the asymptotic

Fisher efficiency of Tn’ if the 1limit exists.

This definition of asymptotic efficiency has lia-
bilities also. A statistic Tn can be fully efficient even
if it is not consistent--the measure I(Tn), while giving
information about the discriminatory power of Tn's dis~
tribution, does not tell us if Tn is itself a good estima-

tor.

1.4.4 CUAN estimates. Another approach to the problem

of superefficiency is to further restrict the class of CAN
estimates to eliminate those which are superefficient.
This approach is similar to the one used in Chapter 5.
We restrict ourselves to 6~ univariate and g (86) = 6.

CUAN estimators are defined to be CAN estimators
for which the approach to normality of n—%(Tn—e) is uniform
in compact intervals of 8. The reasonableness of this
restriction comes from the following: One of the advan-
tages of considering CAN estimators is that inference can
be drawn using the normal distribution. Given a CAN es-
timator, a natural way to test the hypothesis 6 = 6, is

to use as a critical region, provided V is continuous,

(17) n~% T -6l / v"‘l"(Tn) > d(a).
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Based on (17), we may be tempted to construct a confi-

dence interval for 6 of the form

[

(18) T+ d(a) vE(T )n”

However, this procedure is not justified unless the CAN
estimator is also CUAN. That is, CUAN estimates fit nat-
urally into a hypothesis testing framework. Further,

the uniformity restriction suffices to eliminate any points
of superefficiency: For CUAN estimates of 6, the lower
bound for asymptotic variance at all null points 6 is

=1

I "(8).

1.5 Second order efficiency. Now we have defined a class

of estimates (CUAN) for which the Cramer-Rao bound is
valid, given sufficient regularity of the densities.
Further, given some additional assumptions, a technique
is known for reaching that bound: maximum likelihood es-
timates.

Having reached this plateau, we discover a new prob-
lem-~-there may be other fully efficient estimators, and
we may want a way of distinguishing between them. In par-
ticular, if we have a multinomial distribution on m cells,
with a probability distribution parameterized by 6 real,

then we might estimate 6 by maximum likelihood, minimum
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chi-square, or modified minimum chi-square: all are
efficient in the CUAN sense.

Since this dissertation will deal only with what
is called first order efficiency, this section is intended
merely to call the reader's attention to the fact that a
more sophisticated treatment of efficiency ('second order™)
has been worked on, with Rao (1963) and Efron (1974) being

sources of discussion.

1.6 Asymptotic Effective Variance. Another approach to

the problem of efficiency in an asymptotic setting is an
offspring of the development of the theory of the prob-
ability of large deviations. The theory of asymptotic
effective variance is more elegant mathematically than
that of CUAN estimation, but it is less compelling as an
important measure of the effectiveness of an estimator.
This section is a brief synopsis of material to be found
in R.R. Bahadur's SIAM publication, Some Limit Theorems
in Statistics (1971) and material in several related ar-
ticles (1960, 1967).

In Chapter 6 we will draw on the theory of asymp-
totic effective variance as an additional verification
of the utility of mixing distributions as a tool for prov-
ing lower bound theorems.

We start with an information measure introduced by
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S. Kullback and R.A. Leibler (1951).

1.6.1 Kullback-Leibler Information. Let P and Q be prob-

ability measures on some measurable space. If Q is not
absolutely continuous with respect to P, let K(Q,P):=w.
If Q is absolutely continuous with respect to P, let L(x)
be the Radon-Nikodyn derivative, so that: dQ = L(x) dP.

We then define

K(Q,P) E(1n L(x); Q).

thice that K(Q,P)

E(L In L ; P)

1.6.2 Theorem. K is well-defined. O <K <o, K=20

if and only if P = Q.

For the proof of this, see Bahadur (1971).

The number K is an index of the statistical dis-
tance betweén P and Q. The smaller K is, the more dif-
ficult it is to discriminate between P and Q, as will be
seen in what follows.

K is intimately related to the Fisher information
I when in a parametric setting. In particular, let 0 be

open in Rm, and for each 6 in 0, suppose f(x;8) is a den-
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sity with respect to a sigma-finite measure v. Fix a
null 6,, let L(X;6) be the likelihood ratio f(X;8)/f(X;6,),
and let K(6,6,) denote the information distance between

the measures associated with 6 and 6,. That is,
(19) K(6,609) = E(C L(8) 1In L(8) ; 8¢).

1.63 Theorem. Under sufficient regularity on the densities

(see Kullback, 1968), we have
K(8,80) ~ 2(8-00)"1(80) (8-85) as [0-8,] » O

where ~ means that the ratio of the two sides goes to one

as |8-8,| goes to zero.
For a proof, see Kullback (1968).

In particular, this means that if § is univariate,
then the second derivative of K(8,6,) with respect to 8,
when evaluated at 6,, is I(8,). The following lemma is
analogous to the additivity of Fisher's information (see

1.2.2).

1.6.4 Lemma (Additivity) If X and Y are independent random

variables whose densities generate informations K, and K,
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respectively, then the information for (X,Y) is K,+K,.

Proof. 1If L, and L, are the likelihood ratios for
X, and X, respectively, then by independence the joint
likelihood ratio can be represented as L,L,. Hence the

joint information is

E(C In L1L, ; 6) = E( 1In L, ; 8) + E( In L, ; 8)

=K1 +K2.

We now turn to an important lemma, called Stein's
lemma by Bahadur (1971), which relates hypothesis test-
ing to the Kullback-Leibler distance. Choose and fix 6,
and 9§, and consider testing the simple hypothesis that
8 = B¢ versus the simple alternative that 6 = 6,. Let B
be given, with O<g<l, and consider only tests with fixed
power B3 against 6:. For each n, let an=an(8) be the
infinum of all available sizes under the stated power re-
qurements, when the sample size is n. By the Neyman-
Pearson lemma, it is known that the infinum is attained by

a possibly randomized test.
1.6.6 Lemma. For each B,

n~' log a (B) > -K(6,,0,) a5 0 » «
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This is proved in Bahadur (1971). A generalized

version is proved in Chapter 6.

In addition to having an intrinsic interest of its
own, this lemma turns out to be a key tool in the estima-
tion theory which we now develop.

Suppose that g is a real-valued functional defined
on ©. For each n, let Tn=Tn(X(n)) be a measurable function

which is to be thought of as a point estimate of g.

1.6.7 Definition. Define Tn=Tn(e,6), the effective stan-

dard deviation of Tn’ by
(20) P( |T -g(8)| > € ) = P( N(0,1) > ¢/T).

Notice that if Tn is exactly normally distributed,
with mean g(6), then Tn is the actual standard deviation
for each n. Tn is consistent if and only if the left hand
side of (20) goes to zero as n goes to infinity. hence
if and only if Tn goes to zero.

If Tn is CAN with asymptotic variance v(8); then,

for any positive h,

(21) lim n T2 ( n"%h.8) = v(e).

n-—>o
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In (21), we let € = n—%h go to zero as n goes to
infinity. If instead we hold € fixed, we get a different
kind of limiting result which we now present. Assume that
© is open in Rm, and g is a continuously differentiable
function of 8, with a vector of partials h. Assume that
there exists an m by m positive definite symmetric matrix

I(6,) such that for the fixed null point
(22) K(6,00) ~ 3(6-60)°I(80)(8-6,) as 6 » 6o.

Recall that by Theorem 1.6.3, (22) holds with I being the
Fisher's information, given sufficient regularity. How-
ever, (22) can hold even under failure of the differen-
tiability of the density as a function of 6. The double
exponential is an example, used by Bahadur (1971), in which
(22) holds even though the Fisher's information is not
defined.

Under the above assumptions, the following result

holds. It should be compared with (13) and (16).
1.6.8 Theorem. If Tn is a consistent estimate of g, then
(23) lim inf lim inf nT2(€,8) > h'I7'(6)h

e >0 n > ©

for every 8.
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This is proved in Bahadur (1971).

1.6.9 Definition. Call the left hand side of (23) the

asymptotic effective variance (a.e.v.) of Tn'

In view of Theorem 1.6.8, Bahadur suggests that an

estimator be called efficient in the sense of a.e.v. if

it attains the lower bound. The reader is referred to
Bahadur (1960, 1967) for partial results concerning the
efficiency of the MLE. The following lemma provides a

simple means of computing a.e.v.

1.6.10 Lemma. If Z,,Z,,... are i.i.d. random variables
such that E(exp(tZ)) exists in some t-neighborhood of zero,
then the a.e.v. of Zn = n_l(Zl+...+Zn) as an estimate of

E(Z) is Var (Z).
For a proof, see Bahadur (1960).

1.6.11 Example. In Example 1.1.1, if we hold n fixed,
and let k become infinite, then we have an infinite i.i.d.

sequence. If we use (8,¢,,...,¢.) for (6,,...,6_ ), and
1 n 1

m
consider estimates of 6, we get lower bound 2ez/n. The
estimate s;k is distributed like the average of k-1 i.i.d.

observations from 6 times a chi-square with n degrees of
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freedom which has been divided by n. Applying lemma
1.6.10, the a.e.v. of S;k is 202/n. Hence the lower bound

is tight, and S;k is fully efficient (a.e.v.).



CHAPTER 11

Nuisance Parameters

2.1 Chapter Introduction. The focus of the dissertation

is on the following quite general situation. For the ob-
servation random variable X there is a parametric prob-
ability model whose probability measures can be expressed
as a family of densities f(x;6,¢) with respect to a sigma-
finite measure v. The parameter pair (6,¢) come from a
Cartesian product parameter space Ox&. 0 will be an open
subset of R (univariate) and ¢ will be required to be a
measurable space so that we may put probability measures
on it. In the examples, ¢ will be a subset of Rk, with
the usual Borel field of measurable sets. The parameter
to be estimated will be 6; the nuisance parameter will be ¢.
We will be interested in determining how well we can
estimate § in the absence of knowledge of ¢. First con-
sider the simple situation where ¢ is real-vector valued,
and the conditions for the Cramer-Rao lower bound hold
(Chapter 1, {13}). 1In this setting, the partition of the
parameter space into 6 and ¢ yields a corresponding par-
tition of the information matrix I into submatrices I,,,
I,,, I,,, I,,, where, in particular, I,; is the 1 by 1
matrix (scalar) in the upper left corner. We let I'!, 1!2,
I2!', and I%2 be the corresponding partition of the matrix
I-l, when I is nonsingular. In this setting, when estimat-

ing functions g(g) of 6 alone, the Cramer-Rao lower bound
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is of the form:

t

(1) Var T > h'I''h = R21!!,

where h, now a scalar, is the derivative of g with respect

to 6. Call (P! the information about 6 available in

the presence of ¢, as it determines the lower bound for

estimates of § alone. Denote this I(6;¢). Unless other-
wise stated, it will be this available information which
the letter "I" will represent through the rest of the
dissertation.

A standard result from matrix algebra is that

(2) I(0;0) = Iy -~ I,, 153 I,,.

Notice that if the nuisance parameter ¢ was a known con-
stant instead of an unknown parameter, the information
about 6 would be I,;. Thus the term I,,I531,; in (2)
is a correction factor for the unknown character of the
nuisance parameter.

The next lemma gives a computational device for
finding the available information when we have independent

observations with different nuisance parameters.

2.1.1 Lemma. (Additivity) Suppose X and Y are indepedent
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observations from densities f(x;6,¢:) and g(y;6,¢,) res-
pectively. Suppose they have available information
Ix(e;¢1) and Iy(e;¢2) respectively. Then the available

information in (X,Y) is equal to * + 1Y,

Proof. 1If the parameter ordering (6,¢:,¢>) is used
then the Fisher's information matrices for X and Y are

of the form:

ST _ -
Ill IIZ 0 IS171 0 I?.’Z
*=|1F, 1¥, of, ¥={0o o o©
o o0 0 Ay, o 1,

Because of independence, by 1.2.1 we have

19 _ X L Y.

The formula (2) for inversion gives the (1,1) entry of
the inverse of I(X’Y) as:

X X

y X =14,y y ¥ \-1.¥
I11 + I11 - I12 (Izz) I21 - Ilz (122) IZ]

= 1%(8;0:) + 1Y(6;4,).

2.1.2 Example. We again call on Example 1.1.1. The

Fisher's information matrix for this problem is given in
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(7) of Chapter 1. When n =1, I(8;¢,) = k/26%2. If we have
n independent k-vectors Xl,...,Xn, with means ¢1,...,¢n,
then, by the additivity lemma, the joint information is

1) (5.4 (™)y = piy202.

2.2 Problem parameters. We now discuss cases where due

to the unusual parameterization of ¢, the classic means
of determining lower bounds and efficiency are inappli-

cable.

2.2.1 Infinitely many real parameters. Suppose now that

X1:'~'»Xn is a sequence of independent random vectors
where Xi comes from density f(x;e,¢i).' Here 6 is a single
fixed real parameter, but ¢ie¢ can vary from observation
to observation. The X's are i.i.d. only if the ¢'s are
constant. As n becomes infinite, then the nuisance para-
meter becomes an infinite sequence ¢, = (¢,,05,...). Of
course, the Fisher information is defined for any n finite,
but the question remains as to what the asymptotic infor-
mation is. As will be discussed in Chapter 3, E.B. Ander-
son (1973) used the 1limit as n becomes infinite of
1) (g5 6(™) )02,

Hereafter this general model will be called a Type 1
model. The reader will recognize that Example 1.1.1 is

such a model.
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2.2.2 Probability measure parameters. The parametric

model f(Xi;e,¢i) is the same as in the preceding section
(2.2.1) but now the ¢i are viewed as an i.i.d. sequence

from some unknown probability measure P on ¢. From this
point of view, the observations Xi are themselves i.i.d.
random variables from mixed density f(x;6,P), defined in
(2), Chapter 1.

Here the nuisance parameter space is properly viewed
as P, the family of probability measures on ¢. In this
case, one cannot differentiate with respect to the nui-
sance parameter, so there is no I'isher information. Here-

after, this model will be called a Type II model.

If we view the means ¢i in the one way ANOVA model
as having come from an unknown distribution P, then it is

a type II model.

2.2.3 Function parameters. This type of parameter is well

illustrated by the following famous example. Suppose that
for each i, the observation Ti comes from the following

density:

Ot 50,9(.)525) :=

t
. 0(t) exp(8z;) exp(=f ¢ (s)e®Zi ds),
0

where t is restricted to the positive real axis. This is
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the proportional hazards model for survival data proposed
by D.R. Cox (1972). Here the function ¢(.), called the
underlying hazard rate, serves the role of nuisance para-
meter. The z; are observed covariates whose presence
keeps us from having i.i.d. observations. The 6 parameter
is the regression parameter which is to be estimated.
While this modei is of substantial intrinsic inter-
est as an example of nuisance parameters interfer?ng with
information about the parameter of interest, we concen-
trate here on the difficulties involved in the Type I and
I1 models. See B. Efron (1977) for a modified Fisher's

information approach to efficiency in Cox's model.

2.3 The Key Models. These are the models which we will

follow through the discussion of the problems involved
in determining the information present in the presence of
nuisance parameters. They were chosen for a variety of

reasons, and will represent a diversity of characteristics:

2.3.1 Model A. This is Example 1.1.1. It is a must for
inclusion because of its importance in the development of
ideas concerning nuisance parameters, starting with Neyman
and Scott's 1948 paper. It is in some ways a less prac-
tical example than those which follow because one usually

thinks of the mean vector as being the parameter of interest
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in the one way ANOVA.
2.3.2 Model B. For this example, the observation vector

for each i is a pair (Xi’Yi) of independent Bernoullis.

The respective success parameters are:

o]
I

P(X;=1)= expé+o, / {1+ expe+¢i},

ie]
n

P(Y;=1) = expo, / {1 + exp¢i}.

It follows that the log odds ratio, log pi(l—qiyqi(l—pi),
is equal to 6 for all pairs of observations. The parameter
© is typically thought of as being a treatment effect when
this model is used. This model, called a "matched pairs"
model, can be found in D.R. Cox (1970), along with an

example of its use.

2.3.3 Model C. This is just an extension of Model B to
the case where the pair (Xi’Yi) are binomials instead of
Bernoullis. The same success parameters are used, and 6
is still the log odds ratio for all pairs. Each pair can
be thought of as being a 2 by 2 table. We let r. and S3
represent the sample size parameters of Xi and Yi respec-
tively.
This model is separated from Model B because of

mathematical distinctions which will be made later. This
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model is treated in section 5.3 of Cox (1970).

2.3.4 Model D. For each i, we observe Xi = (Xiﬂ“”xik)’

a vector of i.i.d. observations from the following density:

£(x;6,6;) = exp {-(x-¢,)/ €} / ¢ if x>¢,,
=0 else.
Thus Xij = eYij t 5, where the Yij s are independent unit

exponentials. This classic problem is used by E.L. Lehmann
(1959) in problem 12 of chapter 5 as an example of condi-
tional hypothesis testing. It will turn out to present
certain difficulties in the chapters to come, which is,

of course, a valuable contribution.

2.3.5 Model E. For each i we observe a pair of independ-
ent Bernoulli random variables (Xi’Yi)’ each with proba-
bility of success % + e¢i, where ¢i is +1 or -1 and 6 is
in the interval (0,3). The following genetics problem
yields this model.

Suppose that for a certain type of bacteria there
are two identifiable subtypes, A, and A,. When a bacteria
divides, each of the two progeny is assumed to have a

probability p of changing from the subtype of its ancestor

and a probability of 1-p of staying the same subtype. The
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two progeny are assumed to mutate independently. We ob-
serve the subtypes of the progeny and identify the outcome
with a pair of Bernoullis (X,Y), each of which is 1 if
subtype A1 is observed and O for subtype A,. The ancestral
subtype is assumed unknown.

Now if we model the probabilities with parameters
(p,¢), where ¢ = +1 if the ancestor is A, and ¢ = -1 if
the ancestor is A,, then the pair (p,¢) is unidentifiable,
as it generates the same probability distribution as
(1-p,~%). However, if we assume p is less than 3 (or
restrict ourselves to estimating 6:= |34 - p|) then the

problem reduces to model E.

2.4 Failure of the MLE. The examples are now used to de-

monstrate that the MLE commonly fails in the Type I model
as n becomes infinite. This is done to motivate the con-

sideration of other types of estimation in these models.

2.4.1 Model A. As mentioned in Section 1.1.1, Neyman and
Scott (1948) proved that the MLE was inconsistent, and that,

in fact, it converges in probability to 6(k-1)/k.

2.4.2 Model B. For the n matched pairs of Bernoullis
(Xi’Yi)’ let n, be the number of pairs with Xi+Yi = 1 and

n, be the number with Xi+Yi=2. Then the MLE of 6 is
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(Andersen {1973} ):

(3) 6, = 2 log(n, - x. +n,) - 2 log(x. - n,).

P
Andersen shows that én + 26 as n » o,

2.4.3 Model D. For each k-vector Xi’ the MLE of ¢i is
the minimum of Xil""’xik‘ With these 61 substituted

into the likelihood equations, the MLE of 6 is

(4) b =2 T (X5 - $,) / nk.

(=]
.

Note that (Johnson and Kotz {1970}):
- %) =86 *¢; - 0/k - ¢; = 6(k-1)/k.

Also note that the terms k™' 3 (Xij—$i) are i.i.d. over i,
J

so that the strong law of large numbers holds. Hence

- (k-1)6/k as n +» «,

D>

nk

Once again the MLE is inconsistent.

2.4.4 Model E. By sufficiency, the problem reduces to

observing Si 1= Xi + Yi’ a binomial (2,§+e¢i) random
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variable. The likelihood for each possible observation is:

P(S; = 0) = (% - 8¢;)%,
P(S; = 1) = 2(3 - 80;)(3 + ¢,0) = 2(% - 8%),
P(S; = 2) = (3 + ¢;0)%.

Thus the MLE for ¢i is clearly

3; = -1 if §; = 0,
3, = +1 if S, = 2,
" = + 3 =

b3 I1 if Si 1

Substituting these back into the full likelihood, and let-
ting n, be the number of times (out of n) that Si=1’ we
get:

£C s 0,0 = (3 + )" Piz-0)™

Maximizing this with respect to 6 gives the unique solu-
tion to the likelihood equation: § = 3 - % n,/n. Next
note that n, is itself binomial with sample size n and suc-

cess parameter 2(%4-62). This gives the result that

(5) E(§,) = % + 02,
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It follows by the strong law of large numbers that § con-
verges almost surely to the right hand term of (5).
Again, the MLE is inconsistent, although here the degree
of bias depends on ¢, and, in fact, decreases as 6 in-

creases.

2.4.5 MLE's for Type II models. Kiefer and Wolfowitz

(1956) have shown that there exist, under certain assump-
tions, consistent maximum likelihood type estimates of
(9,P) in Type II models (see section 2.2.2). Despite

the attractiveness of this result, there is a substantial
practical difficulty involved in maximizing over the space
of probability measures on ¢, and so this result appears
to be of little practical importance. However, it should
be noted that if the nuisance sequence ¢,,¢,,... can be
modeled as having come from a smooth parametric family of
measures, then joint maximum likelihood estimation of the
full set of parameters may yield a consistent and comput-

able estimate of 6.

2.5 Ancillarity. Having demonstrated the dangers of maxi-

mum likelihood estimation, we now probe into alternative
approaches to the problem of nuisance parameters. The
first approach we consider involves the use of conditional

likelihoods. However, lurking behind the use of conditional
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likelihoods is the concept of ancillarity. Here is a
brief introduction.

To start the discussion of ancillarity, assume for
the moment there is no nuisance parameter. Following Cox
and Hinkley (1974), Chapter 2, suppose that there is a
minimal sufficient statistic S, where dim (S) is greater
than dim (9). If we can write S = (T,C), where C has a
marginal distribution which doesn't depend on €, then C
is called an ancillary statistic (T is sometimes referred
to as being conditionally sufficient). If C is a maximal

such statistic, then the conditionality principle dictates

that conclusions about the parameter of interest are to be
drawn as if C were fixed at its observed value c--the onlv
randomness to be considered by the statistician is that of
T given C=c.

The arguments to be given for such a principle can
be quite convincing, as the following example demonstrates.
Suppose that a random variable T is known to be normally
distributed with unknown mean U, and with variance 1 or
10,000 depending on whether an independent Bernoulli ran-
dom variable C turns up O or 1. Then S = (T,C) is suffi-
cient, and C is ancillary. Suppose we observe (t,0).

Is it reasonable that an interpretation of the data should
be affected by the fact that the variance could have 10,000,

but was not? As stated in Cox and Hinkley, "We may think
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of C as an indicator of which 'experiment' was actually
performed to produce the data."

Even if we subscribe to such a principle, there are
some immediate difficulties in applying it. In addition
to the problem of how C should be found, there are situ-
ations where C is not unique. See Cox and Hinkley (1974),
example 2.28.

To extend the concept of ancillarity to the nuisance
parameter situation, suppose S = (T,C) is minimal suffi-
cient for (6,¢), where the distribution of C depends on [
but not on 6, and the conditional distribution of T given
C=c depends on 6 but not ¢. If the densities exist, this

means there is a factorization of the form:

(6) f(t,e;08,¢9) =p( tle ;5 8 )r(ec; ¢ ),

where p and r are respectively the conditional and marginal
densities. 1In this case, we also call C ancillary for @,
and T conditionally sufficient for & in the presence of ¢.
Although the justification for doing the analysis
conditionally on C=c again seems quite reasonable, there
are two points relevant to what follows. First, it is clear
that maximizing the likelihood f in (6) consists of sepa-
rately maximizing p over 6 and r over ¢. Hence the MLE

of & depends only on the conditional density p. This means
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the MLE is the same as the conditional MLE, and so, as
will be seen in the next chapter, it is typically consis-
tent.

Second, the Cramer-Rao lower bound for 6 also does
not depend on r, in the following sense. If we define
I, == E (3 1In p/36)% and I. :=E(3 1n r/3¢)*, then the
Fisher information matrix for f is diagonal, with Ip and
Ir as entries (1,1) and (2,2). So the available infor-
mation about 6§ is I(8;¢) = Ip, the Fisher's information in
p.

Thus this notion of ancillary seems to fit in with
the notions of information from Chapter 1. The marginal
likelihood of C has no information in the sense that it has
no input into the available Fisher's information about 6.

The Cramer-Rao lower bound is based on the information in

the conditional density.

2.6 Conditional Likelihoods. The logical next step beyond

ancillarity is to consider conditioning on a statistic
C whose distribution depends on 6, in addition to ¢, but
only in some yet-to-be-defined weak way. 1In this section
we consider the problem of finding C, and in the next, the
problem of weak ancillarity.

The aim is to find a conditional likelihood p which

does not depend functionally on ¢. Once done, maximization
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of the conditional likelihood with respect to 6 is often
straightforward, resulting in conditional MLE's (CMLE).
The properties of these estimates will be discussed in
the next chapter. 1In this section, we ask the question,
"How do we find a conditioning statistic C such that p
has an optimal amount of information about 87?"

Andersen (1973) shows how to proceed: Fix 6. Sup-
pose that the statistic C is minimally sufficient for ¢
with 6 fixed, for all 6, and that C does not depend func-
tionally on 6. Then the conditional probabilities given
C=c do not depend on ¢. Since C is minimally sufficient,
it is unambiguously the optimal such factorization.

This procedure does not always work. Often the
minimally sufficient C is a function of 6 or is not a
reduction from the full data at all (so that the condi-
tional likelihood is uninformative). However, it works

on all but one of the key models.

2.6.1 Model A. (One way ANOVA) The sample mean vector

X(n) = (Xl.,...,Xn.) is minimal sufficient for ¢(n).

Thus we consider the conditional distribution of the data
x(n),

given Since S;k is independent of the sample mean

vector, and they are jointly sufficient, it follows that
the conditional distribution desired is exactly the mar-

ginal distribution of Sﬁk’
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The CMLE for this distribution, as shown in Andersen

(1973), is S;k’ as defined in (1) of Chapter 1.

2.6.2 Models B and C. (Paired Binomials) The statistics

Xi+Yi are minimal sufficient for the by - Conditioning
on the Xi+Yi is equivalent to arguing conditionally on the
marginal totals of a 2 by 2 table. For further discussion,

see Cox (1970).

2.6.3 Model D. (Exponential with unknown support) We
first transform the data, using the theory of the spacings
of exponential random variables (see Johnson and Kotz
{1970}). For each i, the order statistics
X§1)<X§2)<...<X§k) are sufficient for 6 and ;- Transform

these to new variables,

v, = kx{V)

1 1

Zg; = (k-3+1) x{) x0Ty for 5 =2,k
Then {Yi - k¢i, Zij :i=1,...,n ; j = 2,...,k} are dis-

tributed as independent, identically distributed exponen-

tials with mean 6. The vector (Yi’ Z "Zik) is suf-

iz2? " "
ficient for (e,¢i) for each 1i.
Given this transformation, Yi is minimally sufficient

for ¢i for each i. By independence, the conditional
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distribution of the data given (Yl,...,Yn) is equivalent
to the marginal distribution of the n vectors (lev--’zlk)’

...,(an,...,Z It follows that the CMLE of 8 is just

nk)'
the mean of the n(k-1) Zi.'s.

J
2.6.4 Model E. (Genetics Bernoulli) There are, in fact,
no conditional distributions which depend only on 6. One
argument for this is as follows: Fix 6. The factoriza-
tion theorem (Lehmann {1959}, p. 49) states that if a
statistic T = T(s) is sufficient for ¢, then the density

may be written in the form

(7) f(s;0,¢) = g(T(s),06,¢) h(s,0)

for some functions g and h. If T is a genuine data reduc-

tion, then T(s,) = T(s,) for some S, %S and the factoriza-

2
tion (7) implies that the ratio f(sl;6,¢)/f(sz;6,¢) does
not depend on ¢. A simple check reveals that this is not
true for any of the possible (51»52) pairs in this problem.
Hence S is itself minimal sufficient for ¢. Since the

conditional distribution of S given S is uninformative, the

conditional approach yields nothing in this model.

2.7 Ancillarity and Information. What has been lost by

using the conditional likelihood? Consider again Model A,

the one-way ANOVA.
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2.7.1 Model A. Let n = 1 for the moment, as this will
suffice to demonstrate the problem. The sufficient sta-
tistics (T,C) := (ka, X,.) are independent, so by the

additivity of Fisher's information

Leeory = Ie + Ips
where
= - —l
1/262 0 (k-1)/262 0
I.= and I, =
¢ 0 k)82 T 0 0

— - — .

Because the distribution of C depends on 8, there is a
Fisher information loss when only the distribution of T
is used. In this case it is 1/262.

Is this loss real, or is the information about @ in
the distribution of the mean C too corfounded with the
nuisance parameter to be used? One might argue the latter
for the following reasons. First, the minimum variance un-
biased estimator of 6 depends only on T. Second, the IT
matrix yields a Cramer-Rao lower bound which is met by the
MVUE, which suggests IT might be more accurately represent-
ing the information in the problem. Finally, as will be
shown in the next section, T is a natural invariant for
the problem.

On the other hand, C. Stein (1964) has shown that

no estimates which are functions of S;k are admissible under
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squared error loss. In fact, there are estimates which
have uniformly better risk. The point to be made is that
results based on lower bounds, such as in Chapter 1, are
cruder than results such as Stein's. However, the lower
bound results of Chapter 1 do indicate that, if we let
k»>, the Stein type estimate cannot have superior asymp-
totic effective variance, and if it is asymptotically
normal it cannot have superior asymptotic variance. That
is to say, the additional information to be garnered by
using the Stein estimate is negligible for sufficiently
large sample sizes.

The above remarks concerning asymptotic results
pertain only to the case where k becomes infinite. It
still could be the case that the Stein estimator is strictly
superior to S;k as n becomes infinite, by one of the two
criteria, asymptotic variance or asymptotic effective
variance. This question will be answered in Chapters 5

and 6.

1.7.2 Models B and C. (Matched pairs and paired bino-

mials) Here again there is controversy concerning the infor-
mation in the conditioning statistic, Xi+Yi. The condition-
al distribution of a paired binomial with Xi+Yi fixed is

that of a 2 by 2 table with all the marginal totals fixed.
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R.A. Fisher (1935) originally proposed this conditioning
argument:

To the many methods of treatment hitherto suggested

for the 2 by 2 table the concept of ancillary in-

formation suggests this new one. Let us blot out
the contents of the table, leaving only the marginal
frequencies. If it be admitted that these marginal
frequencies by themselves supply no information on
the point at issue, namely, as to the proportionality
of the frequencies in the body of the table, we may
recognize the information they supply as wholly
ancillary...
That is, Fisher puts the marginal totals in the category
of ancillary statistics, even though their distribution
depends on 6, the parameter of interest. (Details about
the marginal distribution and its Fisher information can
be found in Chapter 4.)

There have been several attempts to justify Fisher's
apparently intuitive remark about ancillarity. D. Basu
(1977), O. Barndorff-Nielsen (1973), and Sprott (1975)
consider various ways of clearly defining when one should
use a conditional argument. In particular, Barndorff-
Nielsen and Sprott disagree on the ancillarity of the mar-
ginal totals. Sprott concluded that '"on occasion. . .the
marginal totals apparently can contain information," be-
cause they did not satisfy his ancillarity criterion.

On the other hand, they met Bardorff-Nielsen's M-ancil-
larity criterion.

Plackett (1977) took a different approach. He showed

that using traditional inference procedures, one could not
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obtain useful estimates or tests from the marginal distri-
bution alone. This result leaves open the possibility that
the marginal distribution contributes information to the
full likelihood by a synergistic effect.

In this dissertation, the approach is taken that
the proper measure of information in a statistical model
should relate to how well that information can be used to
estimate the parameters. In Chapters 4, 5, and 6 it will be
demonstrated that the conditional likelihoods for Models
A, B, C, and D found in Section 2.6 do contain all the in-
formation in the sense that by using them one can reach the

lower bounds of those chapters.

2.8 Invariance. The one technique developed so far for

limiting the role of the nuisance parameters has been con-
ditioning. Given a density, there is a natural approach
to finding the conditional likelihood depending on 6 alone
which has the most information about 6. Suppose we now
focus on the marginal likelihoods instead. How does one
go about finding a marginal likelihood which depends only
on 6 and has the most information about 6? The answer is
not obvious. However, there is a technique which often
yields such a marginal likelihood.

In a 1963 paper G.A. Barnard defined the notion of

a statistic which is marginally sufficient by invariance.
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Suppose that there are sufficient statistics (S,C) for (6,9¢)
such that there exists a group G of transformations on the
parameter space that leave 6 fixed, but not ¢. Further,
the corresponding group of transformations on the sample
space is such that it leaves S fixed, but is completely
transitive on C. That is, the action of G can be used to
move any outcome C=c to any other C=c¢'. Then S is said to
be marginally sufficient.

This technique turns out to be quite useful on our

key models:

2.8.1 Model A. The location transformation g defined by

g
xij > xij + gy, 1= 1,...,n. and j = 1,...,k,
where gl,...,gn is a set of real numbers, corresponds to

the transformation

on the parameter space. Under the action of g, the means

X. are completely transitive, and S; is fixed. Hence S;

i. k k

is marginally sufficient.

2.8.2 Model B and C. There are no transformations leaving
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8 fixed.

2.8.3 Model D. (Exponential) We use the same sample space

transformation as in 2.8.1. It yields the same transfor-

mation of the parameter space. In the notation of 2.6.3,

Yi""’Yn are transitive under g, and the scaled spacings
Zij’ J>2, are fixed. Hence the latter are marginally suf-
ficient.

2.8.4 Model E. (Genetics Bernoulli) The observations are
Bernoulli pairs (X,, Yl)""’(Xn’Yn)' Recall that the bi-
nomials Sl,...,Sn were sufficient for the problem. Define
the statistic Wi to be the indicator for {Si=1}. The Wi's
are independent Bernoullis with success parameter 2(3-62).
Then for each i the two element group Gi on the same sample
space consisting of the identity and (x,y) = (1-x,1-y)
yields a corresponding group on the parameter space con-
sisting of the identity and (6,¢) - (6,-¢). The same group
leaves Wi invariant. It is transitive on Xi' A group of
transformations for the entire sequence (Xl,Yl),...,(Xn,Yn)
can be constructed as the Cartesian product of the groups
Gi' The statistic W(n) 1= (Wl,...,Wn) is invariant, and
X(n) 1= (Xl,...,Xn) is transitive.

Thus, for Model E invariance yields a marginal like-

lihood depending only on 6. Recall that conditioning failed
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(2.6.4). On the other hand, for the paired Binomials, con-

ditioning worked (2.6.2) but invariance failed.

2.8.5 Information and invariance. Invariance arguments

are clearly a useful tool for reducing one's attention to

a marginal likelihood which depends only on the parameter

of interest. The question remains, how much information

was lost in the process? One can obviate this question

by appealing to an invariance principle. That is, one could
presume that using invariant statistics was a concern over-
riding such issues as admissibility. 1If, however, one asks
if one is getting the best possible estimates from invariant
statistics, then one is returned to the controversies sur-
rounding ancillarity. Since we use only the information

in the marginal likelihood of the invariant, we seek Jjus-
tification for not using the information in the conditional
likelihood of the data given the invariant statistic. This
conditional likelihood will often depend on the parameter

of interest 6. 1In particular, in Model A, S; is the in-

k
variant, so the conditional likelihood of the sample means

f(n) given S;k, which by independence is just the marginal
likelihood of the sample means, is the unused portion of the
full likelihood. It has a distribution depending on 6.

Hence the same controversy discussed in 2.7 is relevant

here.
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2.9 Partial Likelihood. A common approach to answering

questions concerning the information lost when using a
conditional or marginal likelihood for estimation has been
to appeal to statistical principles such as invariance and
ancillarity. But suppose a more sophisticated estimation
is used, and that instead of using a simple marginal or
conditional likelihood for estimation, we use a more compli-
cated factorization of the full likelihood. If the like-
lihood factor used is no longer recognizable as having come
from a single statistic, then conditionality and invariance
principles are outmoded, but the question of information
remains.

In 1975, D.R. Cox proposed the concept of partial
likelihood, gave some important examples of its usefullness,
and outlined some large sample results for estimates based
upon maximizing the partial likelihood.

Suppose the vector Y of observations is transformed
into a sequence (XI,SI,Xz,Sz,...,Xn,Yn), where the compo-
nents may themselves be vectors. Denote by Py the condi-

tional likelihood of Si given X(l) = (X ""’Xi) and

1

s(=1) 2 (s,,...,8,

1_1). Let ri be the conditional like-

lihood of X; given x(i-1) and S(l_l). Provided densities

exist, the full density can be written
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(8) £ x(®) M)y o

)

|x(i) S(i-l)) r. (x, | x(1-1) J(i-1)
’ i i ’

Cox defined p := 1 pi to be the partial likelihood based
on S in the sequence (Xj’sj)‘ If p is a function of para-
meter 6, but not ¢, then maximization of p often yields

a CAN estimate of 9. (Cox, 1975).

Relevant to the discussion of conditionality and
invariance is Cox's comment: 'Both marginal and condi-
tional likelihoods are in a natural sense ordinary like-
lihoods for derived experiments, but the same is not true
in general for partial likelihoods; this is because of the
way the conditioning events change." The partial likeli-
hood, while a useful tool for isolating information about
the parameter of interest, is thus not necessarily derived
from the usual statistical principles.

Among the open problems mentioned by Cox is the
following: "To specify circumstances under which all or
nearly all the relevant information is contained in the
partial 1likelihood.' Since marginal and conditional 1like-
lihoods are special cases of partial likelihoods, the answer
to this question is relevant to the discussions of informa-
tion in 2.7 and 2.8.5. This dissertation is a discussion
of a general solution to the problem of information in the

presence of nuisance parameters, and so is an answer to
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Cox's question. But before developing the necessary theory,
we turn, in Chapter 3, to the work of E.B. Andersen. It

is relevant at this point because it presents his answer to
the question of information in conditional likelihoods,
based on the Fisher's information matrix. A modification
of his approach will be used in the original material in

Chapters 4 through 6.



CHAPTER I11

Conditional Maximum Likelihood Estimates

3.1 Chapter Introduction. Consider the type I model in-

troduced in 2.2.1. The basic approach suggested by Chapter
2 is that one search for a factorization of the density of

Xi of the form

f(x;8,0) = p(x;8) r(x;6,¢),

where either p or r is a marginal density for a statistic
C, and the other is the corresponding conditional. Once
done, a natural approach is to use maximum likelihood
estimation techniques on the partial likelihood pn=np(xi;e).

There is a fundamental distinction to be made be-
tween a partial likelihood which is a product of condi-
tionals and one which is a product of marginals. If p
is the marginal density for a statistic C(x), then
CI,CZ,C3,... is an i.i.d. sequence. The reason is that
the distribution of C depends only on 6. It follows that
the theory of maximum likelihood estimation for i.i.d.
random variables holds.

If, however, the partial likelihood is a product
of conditionals, classic maximum likelihood‘theory does

not apply. Define the partial score statistic for the

observation Xi to be the m-vector Up(Xi) with the k-th

component



56

(1) 31ln p(Xi;e) / 96 ,» k=1,2,...,m

Define the partial information to be the m by m matrix

(2) (o590 = BC UPx WP N ).

Notice that since p does not depend functionally on ¢,
the partial information depends on ¢i only through the
expectation. If p is a conditional likelihood, with con-
ditioning statistic C, then the conditional distribution
of Up(Xi), given Ci=ci’ does not depend on ¢. However,
since the distribution of C typically depends on ¢, the
unconditional distribution of the score often does also.
The upshot of this is that adjustments must be made in the
usual maximum likelihood theory to take into account the
fact that the scores are not identically distributed and
that the informations may differ for each observation.
E.B. Andersen, in a monograph titled Conditional
Inference and Models for Measuring (1973), produced the
necessary adjustments of maximum likelihood theory needed
to treat properly partizl likelihoods that are products
of conditional likelihoods. He established results con-
cerning the existence, consistency, and asymptotic nor-
mality of the conditional MLE's. Since his material is

important background for the material presented in this
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dissertation, this chapter presents a brief summary of it.
Also presented here is Andersen's lower bound for asymp-

totically normal estimates of the type I model, analogous
to those discussed in Chapter 1. An improved version will

be found in Chapter 5.

3.2 Assumptions on the model. The setting is the same as

for the Type I and Type II models, with some additional
restrictions. X, ,X,,... is a sequence of independent
random variables with a Euclidean range space, where Xi is
distributed according to one of a parametric family of
probability measures { P(.;6,¢) }. The parameter space
is a product space O X &, where © is an open subset of
Rm and ¢ is a topological space. As before, § is fixed
for all observations X1’ but ¢ is allowed to vary. It is
assumed that the measures P( . ; 68,¢) are absolutely con-
tinuous with respect to each other.

The next example reveals that unless the sequence
of nuisance parameters has some assumptions placed upon it,

there may be no reasonable estimators whatsoever.

3.2.1 Example. The observations Xi are independently
normally distributed with mean 6 and variance ;- The
parameter of interest here, in contrast to model A, is the

mean. Assuming the sequence of variances ¢y,9,,... to be
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known, the MLE of 6 is
. n n
(3) 6. = I X.6./ I ¢,
2 n 1 1
- 2 — - -
N(e,on), where oL ( i $. )

It is clear that the MLE is consistent if and only if o;

goes to zero as n becomes infinite, which will be true if

¢;1 + o, In particular, it is inconsistent for
1

i
. =n2, n=1,2,....

ne~s

=]

The conclusion to be drawn is that for some sequences
of ¢'s, reasonable estimates may not exist. In order to
restrict the possible sequences, Andersen uses two dif-

ferent assumptions.

3.2.2 Assumption. The range space ¢ of the ¢'s is a com-

pact topological space.

3.2.3 Assumption. The sequence ¢,,4, ... is a sequence of

j.i.d. random variables from an unknown distribution.

Assumption 3.2.2 is a restriction on the Type I
model. The second assumption is identical to 2.2.2, the
Type II model. It does not control the range of the ¢'s,

but does prevent such irregular behavior as the sequence
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(0,1,2,3,...). Notice that both assumptions are sufficient

to make the estimate in example 3.2.1 consistent.

3.3 Sufficiency. Recall from Section 2.6 that the object

in conditional likelihood estimation was to find a statis-
tic C such that the conditional distribution of X given C
does not depend on the parameter ¢. Anderson ({1973}, Sec-
tion 2.4) discusses various forms of sufficiency which
might be relevant to this problem. As discussed in 2.6, he
concludes that the most useful formulation is as follows:
fix 6. Suppose that the statistic C, which does not depend
functionally on the parameters, is minimally sufficient

for { P( . ;6,¢) : ¢ed }, for every 6. Then the condition-
al probability distributions of X given C do not depend

on 8 and is the appropriate likelihood to use. However,
the technique did not work for model E, the genetics Ber-
noulli, because the minimal sufficient statistic C for each
8 was equivalent to all the data. We find another failure

of this technique in the following example.

3.3.1 Example. The model is the same as 3.2.1, except
that now Xi is a k-vector (instead of a l-vector) of i.i.d.
normal variables, with mean 8 and variance ¢i. For any

fixed 6 and for each i, the statistic
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( Xij—e )?

e

Jj=1

is minimal sufficient for ¢i. Since this statistic e-
pends on the parameter of interest 6, Andersen's con-
ditional likelihood approach fails to identify a condi-

tional likelihood.

3.4 Conditional MLE's. This section reviews Andersen’'s

formal derivation of CMLE's. Let V be an arbitrary but
fixed member of { P( . ;60,6 ) }. By the absolute con-
tinuity assumption of Section 3.2, the distribution of X
has a density f(x;6,¢i) with respect to Vv. Let V¥ be
the probability measure induced from v by a measurable
function C, so that v* (B) = y( CeB ) for any measurable
set B. Since v* is finite, and the probability distribui
tion of C is dominated by v*, Ci has a density r(c;6,¢i)
with respect to v*. Since the range space of Xi is as-
sumed to be a Euclidean space it is known (Lehmann {1959},
p. 43) that there exists a version of the conditional
probability of Xi given Ci=c which is a true probability
measure. If Gc is the conditional probability measure

given Ci=c, then

(4) p(x | c;6 ) = f(x;0,¢) / r(c;0,d)
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is a density for the conditional probability measures of
Xi given Ci=c with respect to the measure Gc. The_left
hand side of (4) is independent of ¢ because of the suf-
ficienecy of C.

Now the Xi's are independent, so the conditional

density of x(n):=(xl,...,xn) given c(“):=(c1,...,cn) is

(5) p_( x(B) | (1) .gy

0 p(x. | c, ; 8 ).

1 1 1

n=as

i

Define as the conditional maximum likelihood estimator

(CMLE) that set of values of 8 which maximize (5). An-
dersen notes that since two minimal sufficient statistics
can only differ on sets of measure 0 with respect to the
distribution of (Xl,...,Xn), the CMLE is essentially
uniquely determined, provided that equation (5) has a
unique maximum.

Further, Andersen proves that if one starts with
densities for X and C based on sigma-finite measures U and
U* respectively, the conditional likelihoods one would
obtain would only differ by a constant from (5), and so

the inference would be identical.

3.5 Consistency of the CMLE. We start with the Type I

model. In order to prove that the CMLE is consistent

Andersen ({1973}, Section 2.6) specifies a set of assump-
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tions about the parametric family of probabilities. Fix
a null point 6, at which consistency is to be checked.
The first assumption ensures that there is information

about 6 in the conditional likelihood:

3.5.1 Assumption. (Positive conditional information)

Assume there exists a set B in the range space of C such
that P( CeB;8,,¢) is positive for all ¢ in ¢ and for
each 6 in a neighborhood of 0, and for all ceB, there

exists a set Ac(e) such that

a. p(x | c; 8, ) 7 p(x | c;8 ) for all xeA (6)

b. P( Ac(e) | C=c ; 8, ) > O.

Assumption 3.5.1 requires that the conditional den-
sity not be constant in 6 for some neighborhood of 0,
for a set of C-values with positive measure. The next
assumption specifies the CMLE as the solution to the partial

likelihood equations.

3.5.2 Assumption. (Unique solution) Assume log p(xlc;e)

is for all x and ¢ a differentiable function of 6, and the

conditional likelihood equations

(6)

B

i=1
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where UP is the partial score, have for almost all vectors

c(n) a unique solution é; in © which also maximizes the

(n) l C(n);e).

conditional likelihood pn(x

3.5.3 Assumption. (Continuity) Assume that

E( log p(xlc;e);60,¢) and Var ( log p(x[c;e);eo,¢) are,

for all 9 in 0O continuous functions of ¢, where OO,

0 1
a subset of 0, is an open neighborhood of the null point
6, -
3.5.4 Theorem (Andersen {1973}, p. 45), (Type I consis-
tency) Under assumptions 3.5.1 through 3.5.3, the CMLE

6; converges almost surely to the true parameter 6,.
In the Type II model, where the ¢'s are assumed
to be an i.i.d. sequence from null distribution P,, An-

derson (1973) used the following assumptions:

3.5.5 Assumption. As in 3.5.1, except that B is a set

in the range space of C such that P(CeB;eo,Po) is positive.

3.5.6 Assumption. Same as 3.5.2.

3.5.7 Assumption. For 6 in an open neighborhood of B,

E( log p(x|c;e) ; 6, , P ) exists.
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3.5.8 Theorem. (Andersen {1973}, p. 51), (Type II consis-
tency) Under Assumptions 3.5.5 through 3.5.7, the CMLE é;
converges almost surely to 6, under the true distribution

(GO,PO).

We have already indicated that in our key models for
which a CMLE exists (A through D), it is consistent. We

now discuss Model B in more detail.

3.5.9 Example. Recall that in Model B, the matched pairs
model, the statistic Ci=Xi+Yi was minimal sufficient for
¢i under fixed 6. (2.6.2.) The conditional distribution
of Xi given Ci=1 is Bernoulli, with success parameter
exp(8)/(1+exp(6)). 1If Ci=0 or 2, then Xi must be 0 or 1
respectiyely, and so the conditional measure is 1 if xi is
consistent with Cyo and 0 if not. Tor any sequence
(cl,...,cn) with exactly n, ones and n, twos, (x. - n,)

is the number of pairs (xi,yi) equal to (1,0). Hence the

conditional likelihood is:

P(X(n)=X(n) l C(n)=c(n);6) =

exp ( (x.-n,)) / 1 + exp(6))"

(n)

provided that x is consistent with c(n). Maximizing

the likelihood gives the CMLE:

e; = log (x.—nz) - log (nl—x.+n2)
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In 2.4.2 the MLE 6n for this problem was given. Compar-

~ ~

ing with Equation (3) of Chapter 2, we see that e§=en/2,

g

and so is consistent, because (Section 2.4.2), én 20 .

3.6 Asymptotic normality. Andersen ({1973}, section 3.2)

also establishes conditions under which consistent CMLE's
are asymptotically normal. Let Lp = log p. As before,
P is the partial score vector. Define the m by m matrix

vP by its ij-th entry:
p . P= 27 P
(7) Vij (6;0) : 32L" / aeiaej.

That is, vP is the matrix of second partials of Lp.

The following assumptions are used in order to ensure

the asymptotic normality of the CMLE in the Type I model:

3.6.1 Assumption. (Regularity) The first, second, and

third partials of L exist for all 6 in 0. For all ¢ in

o}
a. E (U 6,4) = 0,

b. E (—Vp; 8,¢) = Ip, the partial information,

and there exist positive integrable functions ij such

that for all e in O,
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53 LP 20 ;36 ;30 H, (x) for all i,j,k.

k=

3.6.2 Assumption. (Continuity) The density f(x;8,¢)

is continuous in ¢ for all x. TFor all i,j,k the functions

. p :
Var ( Vij,90,¢), 155(8,.0), E( Hop o 5, ¢), and

Var ( ij ; 0,,9) are finite, continuous functions of ¢
in ¢. 1In addition, Ip(60;¢) is nonsingular for all ¢ in ¢.
Now define, for null parameter (8,,%,,%,,...),

N e1

126,10y (8,50,

i=1

Since Ig is a symmetric square matrix, there exists a
matrix Bn such that Iﬁ = BnBE. Any other solution to

Iﬁ = BnBE is an orthogonal transformation of Bn' Ortho-
gonal transformations do not affect, however, the results

in the sequel, so one need not be concerned with the

exact form of Bn'

3.6.3 Lemma. (Asymptotic normality of score) Under as-

sumptions 3.6.1 and 3.6.2, the random variable

1

[ ae =

Py . -
UP(X;58,) B

i=1
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converges in law, under null parameter (80,¢1,¢2,...),

to an m-dimensional standard normal.

3.6.4 Theorem (Anderson {1973}, p. 84), (Type I asymp-
totic normality) Under assumptions 3.5.1 through 3.5.3
and 3.6.1 through 3.6.2, the CMLE 6; is asymptotically
normally distributed with mean 0, and variance matrix
(Ig)—l. That is, (é; - 6,) B, converges in law to an
m-dimensional standard normal distribution under

(90,¢1,¢2;---)-

In order to achieve normality under the Type II

model the assumptions needed are:

3.6.5 Assumption. Let 0, be an open neighborhood of 8,

the true value of 6, and define

P,n . = p T,
(8) 1°ce ;P = E ( PP o,,p)).

Then it is assumed that:

E (u’; 8,P) =0

and

. - 1P -
E(-V; 8,,P,) = 1°(8 ;P ).
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Further, assume that there exist positive integrable (under

(eo,Po)) functions ij such that for all 6 in Oo

k < ij for all 1i,j,k.

3 1P
3% LV / 30 ;86 ;36
Finally, assume that P is nonsingular.
3.6.6 Theorem. Under assumptions 3.5.5 through 3.5.7
and 3.6.5, the CMLE converges in law to an m-dimensional

. . . . . , -1
normal distribution with mean eo and variance matrix (Ip) .

3.7 Uniform convergence to normality. Recall from Chap-

ter 1 the two basic approaches to deriving a Cramer-Rao
type lower bound for asymptotic variances. In the first
(Section 1.4.1), the result held only for almost all 6
(Lebesgue measure). In the second, a uniformity condition
on the asymptotic normality yielded a bound which held
for‘all 6. As reviewed next, Andersen, taking a mixed
approach to the problem, assumes a uniformity only with
respect to the nuisance parameter and derives a result

which holds for almost all § (Lebesgue measure).

3.7.1 Definition. A random variable Y_ = Yn(x(n)) is said

to converge ¢-uniformly in distribution to a distribution

function G(x) if for each continuity point x of G,
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sup { | P(Y_ < x;0,6™) —Gx) | } » 0

as n »> o,
The supremum is taken over the sequences (¢1,¢2,...).
3.7.2 Theorem. (Uniform convergence for Type I) Under
the assumptions of Theorem 3.6.4, (é; - 60) Bn converges

¢-uniformly to a standard normal distribution.

3.8 Andersen's Lower Bound. In a Type I model, after n

observations, the parameters in the model are (6,¢(n)).
We now suppose that the nuisance parameter space ¢ is an
open subset of RS, for a positive integer s. Further,
suppose the density displays the necessary regularity in ©
and ¢ so that the full Fisher's information matrix In
exists and is positive definite. Then a multivariate
version of the Cramer-Rao lower bound is that for any
unbiased estimate T of the m-vector 6, the matrix
Var T -~ In(e;¢(n)) is nonnegative definite, where In(6;¢(n))
is as defined in Equation (2) of Chapter 2 (Rao {1973},
p. 326).

Now the CMLE is not characterized by its unbiased-
ness but rather by its asymptotic normality. Andersen
(1973) therefore extends LeCam's lower bound result (1953)

to the setting of the Type I model. The result stated
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(n))

below is that the available Fisher's information In(6;¢
determines a lower bound for asymptotic variance except
on a g-set of Lebesgue measure zero. His proof follows

a proof by R.R. Bahadur (1964).

3.8.1 Theorem. (Andersen {1973}, p. 97), (Lower Bound)
Suppose Tn is asymptotically normally distributed with
mean 6 and variance matrix Vn‘ Suppose the convergence
is ¢~uniform in the sense of Definition 3.7.1. Then if
nv_ and n_IIn(e;¢(n)) both tend to a finite 1limit, the

limit of nVn - n-lIn is nonnegative definite.

3.8.2 Example. In Model A, the estimator S;k’ which is
the CMLE, is CAN, and satisfied the uniformity condition.
It has asymptotic variance 262/(k-1). The Andersen lower

bound is the inverse of

lim n7'1_(8;6¢™) = 1im n™' nk/20% = k/207.
n-+o n-e
Thus the estimator S;k fails to meet Andersen's lower
bound. We ask, is this because there are better esti-
mates? Andersen ({1973} , p. 95) states his answer:
"Failure of the CMLE to attain the lower bound does not
exclude the estimator from having the smallest variance

among ¢-uniform asymptotically normally distributed
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estimators. Cases of inefficiency are, therefore, dif-
ficult to identify.' That is, Andersen's bound is not
tight. It may by that the estimator s;k has the smallest

possible asymptotic variance. Indeed, it will be so shown

in Chapter 5.

In Section 3.6 of his monograph, Andersen (1973)
discusses sufficient conditions for his lower bound to
be achieved. The following criterion turns out to be

useful.

3.8.3 Lemma. The asymptotic variance of the CMLE at-
tains the lower bound if log f(x;6,¢) is a differentiable
function of ¢ and ¢ and if there exist functions di(e,¢)

such that
9 log r(c;6,0) / 38, = d;(8,¢) 3 log r(c;6,¢)/3¢,
for i = 1,...,m and almost all values of c.
Andersen defines a form of ancillarity weaker than
that discussed herein in Section 2.5. Recall that C was

called ancillary there if it had a distribution depending

only on ¢.



72

3.8.4 Definition. A statistic C = C(xX) is called weakly

ancillary for 6 in the presence of ¢ if for any given
values (90,¢0) of (86,¢), there exists a differentiable

function ¢(68) of 6 with ¢(60) = ¢, such that for all 6

(6) r(c;8,,9,) = r(c;6,¢(8))

for almost all values of c.

3.8.5 Theorem. If C is weakly ancillary (and hence if

C is ancillary) the CMLE attains the Andersen lower bound.

3.8.6 Theorem. If C is ancillary in the weak or strong
sense then the direct and the conditional MLE coincide,
whenever both are obtained as unique roots of the like-

lihood eqguation.
Finally, we come to some examples to which Andersen
has applied his lower bound theorem (3.8.1). The follow-

ing section is a summary from his 1970 paper.

3.9 Andersen's Applications. The models to be discussed

are all pairwise comparisons. Consider n independent pairs
of independent random variables (Xi’Yi) with distributions

given by
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dF(x)

exp( (8+p)x + p(x)) / c(6+p) dv(x)

and

dF(y) exp( ¢y + p(y)) / c(d) dv(y).

The statistic T = X+Y is minimal sufficient for ¢ when ¢

is fixed. The CMLE for 6 is given as the unique solution

to
n n
b} X; = Z 93 log d(ti,e) ]/ 06,
i=1 i=1
where, if At = { x : T(x) =t }, then
d(t;,0) := J exp( 6x + p(x) + p(t-x)) dv(x|t).
A
t

By specifying the functions ¢, p, and v in four different

ways, the following four models are derived:

3.9.1 Example. (Normal) Let v be Legesgue measure on R,
let p(x) = -3x?, and c(w) =(2ﬂ)-1exp (3w?). Then the joint
density of (X,Y) is

f(x,y) = exp (-3(x-96-¢)2 -3(y-¢)2 ) / 2m.

The estimation problem is that of estimating the difference

in mean between two sets of normally distributed observa-
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vations having the same variance. The CMLE is X - y.
It attains the Andersen lower bound for asymptotic vari-

ance.

3.9.2 Example. (Poisson) Let v be counting measure on
the positive integers, p(x) = -log x!, and c(w) =
exp(exp(w)). The estimation problem is that of estimating
the ratio of the mean values of two series of independent
Poisson-distributed observations when this ratio is as-
sumed to be constant. The Andersen lower bound for asymp-

totic variance is attained by the CMLE log x - log V.

3.9.3 Example . (Bernoulli) If we let vV be counting meas-
ure on {0,1}, p(x) = 0, and c(w) = 1 + exp (w), then
the model is the same as Model B. The CMLE (see 3.5.9)

does not achieve the bound.

3.9.4 Example. (Exponential) Let Vv be Lebesgue measure
-1

on (0,»), p(x) = 0, and c(w) = (-w) for w in (-=,0).

The joint density of (X,Y) is

f(x,y) = (-8-¢) (-¢) exp (6x + ¢(x+y) )

for x and y positive. That is, X and Y are independent

exponentials, with respective means (e+¢)_1and ¢—1
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Again the lower bound for variance is not attained by the

CMLE, which is the solution to

N~
B

X; = -n/6 +

L . tiexp(tie) / (exp(tie) -1).

i 1

Andersen concludes this group of examples with the
comment: '"'Thus for the two first models the lower bound
is attained, while it is not the case for two other mo-
dels. In all four cases the CMLE is a reasonable estimate
for 6, but for the binomial (3.9.3) and gamma (3.9.4)
versions of the exponential family the estimate fails to
be completely efficient in the same sense of least pos-
sible asymptotic variance. Although no estimates with
more optimal asymptotic behaviour are known to the author

the question remains open whether such estimates exist."



CHAPTER IV

Information In Unbiased Estimation

4.1 Chapter Introduction. The central problem which

this paper addresses has now been introduced: What are
reasonable optimality and efficiency criteria in the pre-
sence of nuisance parameters? In the one way ANOVA
(Model A), there is a traditional estimate for the vari-
ance, namely S;k’ which seems to be a reasonable estimate
in the presence of the nuisance parameters, but which
does not meet Andersen's lower bound for asymptotic vari-
ance. In Models B and C, the paired binomials, there is
the same discrepancy between the intuitive feeling that
the CMLE might be the most desirable estimate and the
theory of Andersen. 1In Model D, the exponentials with
unknown support, there is a natural estimate which is
UMVUE, CMLE, and invariant-based MLE, but since Fisher's
information is undefined, we have no conclusions about
asymptotic efficiency. In Model E, there is again no
Fisher's information, but there does exist an invariant
marginal which seems to be highly informative. Does it
provide fully efficient estimators?

The question of the optimality of the preceding
estimators in the presence of nuisance parameters is not
answered any differently using Fisher efficiency or Cramer-
Rao efficiency. However, there is a substantial body of

knowledge about unbiased estimation which warns against
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taking the Cramer-Rao lower bound too seriously. Not only
do we know that the lower bound is not tight, but we also
know better ways of determining if an unbiased estimate is
best possible in terms of variance; for example, using the
Lehmann~Scheffe theorem (see Bickel and Doksum {1977}, p. 122).

However, it is a statistician's expectation that
everything will be fine if the sample is large enough
since, in typical problems, the asymptotic bound based on
Fisher's information will be tight and will be attained
by maximum likelihood estimation. It is disturbing there-
fore to find an asymptotic model in which MLE's are often
inconsistent and the Fisher information lower bound may not
be tight.

The logical place to start to climb the asymptotic
heights is in the lowlands of unbiased estimation. In
this chapter, finite sample results will be shown to give
substantial clues to the asymptotic efficiency questions.
In Model A the estimator S;k has an efficiency of (k-1)/k
based both on the Cramer-Rao lower bound (see Section 1.3,
equation (15)) and on the Andersen lower bound (see Section
3.8.2). It seems logical that if one could increase the
Cramer-Rao lower bound by using a "more accurate' infor-

mation measure than Fisher's I, so that eff(s; =1,

Kk’
then one might also be able to increase the asymptotic
efficiency to 1 by using the limit (as n+o) of the same

information measure. This will, in fact, be the case.
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4,2 J-Information. The exploration for better information

measures starts with the Chapman-Robbins lower bound of
Section 1.3, now interpreted in a nuisance parameter
framework. The parameter 6 is real-valued. The parameter
¢ is from an arbitrary indexing set. Thus the following
discussion apvnlies to the Type Il model by the interpre-
tation that ¢ is a probability measure. Fix a null point
(eo,¢0). If T is an unbiased estimate of g, then eguation

(10) of Chapter 1 becomes

(1) Var T_>_(sup){ (g(8)-g(e ))? / Var L(8,¢) },
6.0

where L(8,¢) := f(X;e,¢)/f(X;eo,¢0) and the supremum is
taken over (e,¢)<<(eo,¢o). Now recall that in the deriva-
tion of the Cramer-Rao bound ( equation (11) of Chapter 1)
the approach was to take the limit as 66, of the term
~within the brackets {} in equation (1) above. But now this
term depends on ¢ in addition to 8.

This suggests the following approach. For each 8

define

(2) J*(e) := inf { Var L(6,¢) 1},
¢

where the infinum is restricted to ¢ such that (8,¢) <<

(eo,¢0). If one thinks of Var L(6,¢) as a measure of the
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distance between (60,¢0) and (6,p), then the distance J*
gives an indication of how small that distance can be made
by choosing '"least favorable" ¢'s.

Using (2) in (1) gives the equation

(3) Var T > sup { (g(8)-g(8,))* / J*(®) }.

0
Now, if one defines J(8,;¢,):= lim J*(8)/(86-6,)?, assuming
the limit exists, then (3) leads to the following lower

bound result:

(4) Var T > (g'(8,))° / J(8,:9,).

This is a natural analogue to the Cramer-Rao lower bound,
with J playing the role of I.

The same bound (4) may be derived without requiring
the convergence of J*(e)/(6-60)2 by making the following

definitions: Define the upper J-information to be

J¥ = lim inf J*(8) / (6-6,)%;

+
5 - 6,

the lower J-information to be

J” := lim inf J*(8) / (6-6,)2;
6~ 0,
and the J-information to be

J :=inf { 37,37 ).
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Then equation (4) holds. An upper or lower J-information
will be called exact if "lim inf" can be replaced by "lim."
It is important to notice that in the derivation

of the lower bound (4) there are no assumptions about
differentiability of the densities with respect to ¢.
Hence it can be applied to Type I models D and E. More-
over, it will be applicable to the Type II models. This

latter possibility will be postponed until Section 4.4.8.

4.2.1 Example. (Model D) We compute the J-information
in a single observation X:= Xij which is an exponential
with mean 6 and support (¢,~). The information for the
full model will be established later by an additivity
lemma. Now J* is computed by minimizing Var L(6,¢), but
since Var L = E L?- 1, attention may be restricted to
the term E L? for the minimization.

Notice that E L? = E( L? ; 6,:9o ) = ECL ; 6,0 ).
So, if we let E*( . ) = E( . ; 6,¢4), then

8, exp(-x/0)exp(¢/6)
Ex L = E* ( )

6 exp(-x/6,)exp(d,/6,)

E L2

X=¢
(6,/6) exp (¢-¢,)/ 6, E*(exp{—g—(-1+weo)})

Since (X-¢)/6 is a unit exponential under (6,¢), and so

has moment generating function (1—1:)_1 for t<1l, the last
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expression becomes

1

(5) = (8,/8) exp{(4-6,)/8 )} (2 - 8/6,)"

for 6<20,. The requirement that (e,¢)<<(eo,¢o) restricts
the minimization of (5) to >0, - On this set, (5) is
minimized at ¢=¢,, and so

(6) J*(8) = (8,/8) (2 - 8/8,)7 -1

Now if J* is twice differentiable at 6, with J*(60)=O

and J*'(eo) = 0, then by L'Hopital's rule,

(7) lim  J*(8)/(6-6,)% = J*"(8,)/2
66,

Applying this computational device to (6), one finds that

(8) J(8,:i¢,) = 65"

Notice that because we used ¢=¢, in the calculations,

they were carried out as if ¢ were a constant rather than

a parameter. That is, the calculations were restricted

to the one parameter family of densities f(x;0,¢,) . Thus
it is not surprising that the J-information in (8) is ex-

actly the same as the Fisher's information in an exponential
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random variable with mean 60.

4.2.2 Example. (Model E) We compute the information in
a single Bernoulli random variable X with mean 3+6¢. The

likelihood ratio for this problem is:

X

(3 + 66)5(% - 09)'

L(8,$) =
(3 +6,0,07(% - 68,0,)"

=X

Recall that ¢ was in {-1,+1}. Notice that L(6,¢,) > 1,

but L(8,-¢,) »>1 as 6 -~ 6,, provided 6, # 0. It follows
by Fatou's lemma that Var L(8,-¢,) A~ 0 as 6 » 0. Since
L(x;e,¢0) +~1as 6 -~ 6, for every x, and we are in a finite
discrete sample space, Var L(6,¢0) + O0Oas 6 » 6. The

conclusion is that for 6 sufficiently close to 6.,

(9) J*(8)

inf { Var L(6’¢0)’ Var L(e,-d)o) }

Var L(6,¢o)
Since once again the nuisance parameter can be considered

as a constant, we may compute the Fisher's information

for the Bernoulli random variable with mean %+e¢o to get

(10) J(6,36,) = (3-83)7"

In Models D and E, the J-information essentially
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ignored the nuisance parameter. One asks, is this reason-
able? It is analogous to a diagonal Fisher's information,
and so is not unreasonable: in the model where the full
Fisher information matrix exists, the nuisance parameter
correction factor is 1121;2121. (See Section 2.1.) Thus
in cases where the Fisher's matrix is diagonal, as in Model
A, there is no correction for the unknown character of

the nuisance parameter.

The analogy with the diagonal Fisher's information
matrix is particularly appropriate because in many models
the J-information is the corrected Fisher's information.
In Type I Models A, B, and C the J-information is the same
as the corrected Fisher information. This is quite gener-
ally true for densities which meet regularity conditions
in 6 and ¢. The following theorem (4.2.5) has stronger
assumptions than needed, but suffices to demonstrate the
close relationship between J and I. But first, a lemma is

needed.

4.2.3 Lemma. Suppose aeRu and BeRv are row vectors. Sup-
pose that I is an u+v by u+t+v symmetric positive definite
matrix. Let I!! be the square submatrix in the upper left
corner of I”' of dimension u by u. Then

inf (a,8)I (a,8)t = a(I11) Yot

B
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and the infinum is attained at 8 = aIlzIZ:.

Proof. Let I , I , I , and I be the submatrices
- 11 12 21 22

corresponding to the natural partition of I between the

u-th and u+l-th rows and the u-th and the u+l-th columns.

From standard matrix results (I'!)"! = 1 -1 I'1 , so
11 12 22 21
if we set
[i I7'1 I '1
12 22 21 12
I, =
21 22
then the quadratic form of interest becomes:
t -1 t
(11) (¢,8) T (@.B8)" = (a,8) I (a,8)® + o(I'!) '

It is first shown that I, is nonnegative definite. Since
I,, is real symmetric, there exists an orthogonal matrix
P and a diagonal matrix D such that I,, = PDPt (see Rao
{1973}, p. 39). From this it follows that I;; = PD_lPt.
For any row vectors agRu and BeRV, define vy:= aIlzPD_% and

1
§:= RPD®. Then

t

t -
(0,8) Io(a,B) = 1,,1531,,a% + 2aI,,8% + BI,, g

vyt + 2yst + sst

(y+8) (y+&)t



Now notice that if B=-a1121;;, then -a=6 and so the first
term on the right hand side of (11) is zero. Since it is
always nonnegative, the infinum over B must be there

attained, at which point (11) equals oa(I'!) o,

For the parameter vector (6,¢), let the superscript
(1) denote partial differentiation with respect to the
i-th component. Let (1.3) denote the second partial with

respect to the i-th and j-th component.

4.2.4 Assumptions.

(a) 0 is a subset 6f R and ¢ is a subset of RS,
for some integer s.

(b) The density f(x; 6, ¢ has for all x first
and second partial derivatives in6 and ¢ at the null.

() EC LY (6, 09) = 0 ana B¢ L) 5 4, =0

(d) First and second order partial differen-
tiation can be passed inside the expectation sign in
E L?(8,4) at the null.

(e) There exists a solution £(8) to

inf Var L (6,¢) = Var L(6,&E(6) )
¢
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in a neighborhood of 6, such that £(6,) = ¢, and £ is

0

twice differentiable in 6 at 0, -
4.2.5 Theorem. Under assumptions 4.2.4, J(0;¢) = I(6;¢9).

Proof. First use 4.2.4.d to éompute the partials

of Var (L(6,¢)) at the null:

(12) (var Ls,6)) M) = (1Y) = 2 8 (1)

0O at the null.

And

(13) (Var L(g,6))1'3) = 2 g 1(3:3) ¢ 4 o g ,(1)03)

2 I,. at the null.
1]

We wish to compute the limit of J*(e)/(e—eo)z as 6 ap-
proaches 6, ,. Since J*(8) = Var (L(8,£(8)), the above
conditions ensure that J*(8) is twice differentiable at

the null with respect to 6. An application of L'Hopital's
rule may therefore be made, as in equation (7). Let

z(6) = (6,£(8)). Then

p (var L(s,,£(8,0)1 ") 2y (o))
1

I (8,)

0 by (12) above.

The second derivative is
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J*(,) =5 I (Var L(s, g8, T3z rp: 4
1

z

j

+ 1 Var L6, ,£(8,)) Py
1

= § 32 Iij CiCJ by (12) and (13).

It follows that with ¢' = (1,£'(8,)),
1" -_— 1 t ]
J¥"(O,) = 2(¢")" I (g).

Now apply lemma 4.2.3, with o¢=1 and B8=£'(8,). The result
is that J*"(0,) would be minimized if £'(8,)=-1,,1;, and

there take on value 2(111)-1. Hence J(9,;0,)>(I'')7' by

equation (7). Notice that if we set Y(8) = —I;;IZI(G-GO),
then
(14) Var L(6, v(8)) > Var L(6, £(6)) = J*(9).

Dividing through (14) by (6-6 )%, and letting 6 =6, the

limiting equation is
11,1 ]
(I°7) 2 J(8,;9,).
-1
Hence J(8,;¢,) = (I'!)7 = I(8,;0,).

Next, it is shown that the J-information has the
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computationally desirable property of additivity.

4.2.6 Lemma. (Additivity) Suppose X1 and X, are inde-

pendent observations from densities fi(xi;e,¢i), i=1,2.
Suppose X and X have exact upper (lower) J-informations
Jj(e;¢1) and J:(e;¢2). Then the joint wvariables (Xl,Xz)

have exact upper (lower) information J+(e;¢l,¢2) =

+
37 (850,) + J7 (850,).

Proof. Let Li = fi(Xi;e,¢i)/fi(Xi;eo,¢io), i=1,2,
where (eo’¢1o’¢zo) is the null parameter at which the
information is being computed. Then the likelihood ratio

of (X1’X2) is LIL{, and

(15) Var L1L2 EL2LZ- 1 E(L% 1) +E(L2 1)

+ E(Li—l) E(L;—l)

Let J;(e) := inf E (Li - 1), i =1,2. By taking infinums
6
over (¢1,¢2) and dividing by (6-6,)? the last equation

becomes

(16) (6-6,)"° inf Var L,L,

(¢,+0,)
J*(6) J¥(8)

- + + J¥(8)JI¥(8)(8-6, "
(6-6,)2  (6-8,)2
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The exactness assumption implies that it is sufficient to
consider limits as 6 - e:. If either one of JT or J: is

infinite, then the limit as 6 - e: of the right hand side
of (16) is + . If both the upper informations are finite,

then

: + _+
lim,  J¥(8)Jf(8) / (8-6,)* =0 J, J, = O.
8-+6,
Hence from (16), in either case,
+ + +
J(8,30,0:95,) =J; +J,
as required.
4.2.7 Lemma. (Additivity) Suppose Xl,...,Xk are i.i.d.
observations from density f(x;8,¢). If X has upper
(lower) information Jj(e;¢) and J¥(6)-0 as 6»6:%9then the
joint upper (lower) information J+(e;¢) in X1""’Xk is

4
le(e;¢). (Exactness not required.)

Proof. Let Li:=f(Xi;e,¢)/f(Xi;eo,¢0). Then

L:=IL, is the joint likelihood ratio. Then EL?=(EL2)¥,

SO
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inf {EL?} = J*(8) +1 = ( inf {ELf})k
¢ ¢

( 3x(8) +D)¥.

It follows that

lim inf J*(8)/(6-6,)?

i

lim inf ( (J*(8)+1)5-1) / (8-6,)?

(Ix(e) +1)k-1 J*(9)

1im inf

J¥(9) (6-6,)?

Since J*(8)-+0 as e+e:('), this then becomes,

k lim inf J*(8)/(6-6 )2

+
k J].

4.2.8 Example. (Model D) Combining 4.2.6 and 4.2.7

with equation (8) gives the information in Model D as:
(17) J(8;4) = nk/e?
4.2.9 Example. (Model E) Combining the information in

the pair (Xi’Yi) by using 4.2.7, then using 4.2.6 on the

set of n pairs, gives, with equation (10):
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(18) J(6;¢) = 2n/(%-8%)

4.2.10 Comments. The J-information has been shown herein
to be very similar to the Fisher's information. The ad-
vantage to this formulation is that for densities which
are not differentiable in ¢, one has an information measure
very much like the Fisher's measure. It is additive, and,
provided the number of nuisance parameters remains finite,
it should be the basis of a tight lower bound for asymp-
totic variance. The J-information will in fact be the
information of choice in those asymptotic models (such as
Type I1) in which the density for each observation (or
likelihood factor) depends on the entire nuisance para-
meter. The discussion of J-information in the Type I1
model will come later in this chapter.

In any model, such as the Type I, in which each ob-
servation depends on an independent parameter, the J-infor-
mation is, however, insufficient. Basing a lower bound
on the J-information in Type I Model A, for example, leads
to the same lower bound as Andersen's. This maintains
the conflict between the bound and the intuitive notion
that s;k has all the information. By using the Barankin
lower bound (introduced next), a better measure (K-infor-
mation) will be derived. The K-information will be found

to coincide with the J-information in the Type II model,
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but will be smaller in the Type I model, where the J and

I informations appear to be too large.

4.3 Barankin's Lower Bound. In a 1949 paper, E.W. Baran-

kin found the best possible found for unbiased estimation
for a large class of problems. This is the setting:

The parameter space is @ indexed by A, with no given struc-
ture. Once again, there are densities with respect to

a sigma finite measure v. Assume that the likelihood

ratio L(A) := f(x;A)/f(x;Ao) is defined almost everywhere
(v) and has finite second moment with respect to the null
measure A, . The goal is to estimate a (non-constant)

function g(i).

4.3.1 Definition. Define Barankin's lower bound for un-

biased estimators of g()) at A, to be

|>i a; C2(xy) - g(xg) )|?

C(g,x,) := sup { b,

Var(Za_.L(Ax.) )
i 1 i

where the supremum is taken over finite sets of real
numbers{ai} and parameter points {Ai} such that the de-

nominator and the numerator are not both zero.

4.3.2 Theorem. (Barankin {1949})

(i) A necessary and sufficient condition that there
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exist an unbiased estimate of g with finite variance at
is that C(g,xo)<w.

(ii) If T is unbiased for g()x), for all ), then
Var T>C(g,x), for all A.

(iii) 1If C(g,X, )<~, then there exists a unique
unbiased estimate T, with Var T = C(g,AO). Thus T0 is
the unique unbiased estimate which is best at A, (Lo-

cally best unbiased)

4.3.3 Kiefer's Modifications. 1In 1951 Kiefer pointed

out that the constant C(g,A) could be derived as follows.
Suppose Q@ is a measurable space, with all one point sets
{1} included in the sigma-field of sets. Denote by f(x;P)
the mixed probability density S f(x;u) dP(u). Let g(P)

:= f g(u) dP(u) and L(P) := f L(u) dP(u). Then we have

(19) C(g) = sup { (g(P,) - g(P,)V/E( L(P )-L(P,))? 1},
P, ,P,
where the supremum is taken over probability measures P,
and P, which have mass concentrated on a finite number
of points. This reault is easily obtained from definition
4.3.1.
The power of formulation (19) comes from extending

the class of probability measures as follows:
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4.3.4 Definition. Define a probability measure P on Q
to be unbiased for g if there is a support £, for P such

that A<<i, for all AeQ, and if for all T unbiased for g,

(20) E(T;P) = g(P).

It should be noted that (20) is equivalent to the

following interchange of orders of integration:

(21) SO T £(x;u) dP(u) dv(x) = f/T f(x;u) dv(x) dP(u).

This interchange can be justified under two conditions
using Fubini's Theorem (see Loeve {1977}, p. 137): 1If
T is nonnegative; or if Tf is absolutely integrable P x v.
Use of Fubini's Theorem is justified only if Q and the
sample space are sigma-finite.

If P, and P, are measures unbiased for g, then appli-

cation of the Cauchy-Schwartz inequality yields

(22) E( T-g(2,))% E( L(P,) - L(P,))? > (g(P,)-g(P,))>2.

Equation (22) yields the lower bound result

(23) Var T > sup (g(P,)-g(P,))?/E(L(P,)-L(P,))?
P,P
1’72
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where the supremum is taken over Pl, P2 which are unbiased
for g. It should be noted that Xiefer (1951) derivéd

this bound without making the unbiased requirement (21)
explicit. The advantages of Kiefer's bound (23) over
Barankin's are twofold: First, it provides a bound even
when the likelihood ratios L(.) are not defined almost
everywhere-~v. Secondly, since the class of probability
measures has been extended, it is often easier to find

a measure at which the bound is attained. Both these

points are reinforced by the following examples from

Kiefer (1951).

4.3.5 Example. Let Xl,...,Xn be i.i.d. observations
from a uniform (0,)) distribution, for A>0. By suffi-
ciency it suffices to consider the maximum Y of the ob-
servations. It can be shown that, as n-+«, the Chapman-
Robbins bound becomes .648A2/n?. On the other hand, if
we define dP,(u) = (n+1)A7 ' (u/A,)" du for ue(0,),) and

define P2 by P2{A0}= 1, then the Kiefer lower bound be-

comes A%/n(n+2). It is attained by the unbiased estimator
Y(n+1)/n.
4.3.6 Example. Let Xl,...,Xn be i.i.d. observations

from the distribution with density exp(-(x-1)) for X>A.

Here Z, the minimum of the observations, is sufficient
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for A and has density exp (~n(z-1)) for z>A. The Chapman-
Robbins bound is .648/n%. On the other hand, putting
dPl(u) - n exp(—n(u—Ao)) for u>) and letting P2 put mass 1
at {1,} the Kiefer lower bound is n"?, attained by the
variance of the unbiased estimator Z - n~'.

These two examples suggest that significant improve-
ments in lower bounds can be made by consideriﬁg mixing
distributions over the parameter space. The next step is
to use this additional leverage to derive a new informa-

tion measure.

4.4 K-information. We start by putting the Barankin lower

bound in a form which resembles the Chapman~Robbins bound.
Let pu{6} and u{¢} be probability measures with mass 1 at
{6} and {¢} respectively. Suppose that Q is a probability
measure on ¢ such that y{6} x Q is an unbiased measure on
© x &. Then using P1= v{6} x Q and P,= u{e} x u{¢0}

in (22) yields

(24) Var T Var L(6,Q) > (g(8) - g(8,))?,

where

L(8,Q) = £(X:8,Q)/f(X;8,,0,)-
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Comparing this with equation (1) suggests the following

modification of the J* distance.

4.4.1 Definition. Let Pe be the family of all probability
measures Q on ¢ such that p{8} x Q is unbiased. Define

the K*-distance between § and the null (6,,9,) to be

(25) K¥(g) := inf { Var L(8,Q) : Q ¢ Pel

If Var L(8,¢) is a measure of the distance between
(6,,9,) and (6,¢), then K* is an indication of how much
that distance can be reduced by choosing 'least favorable
distributions" on the nuisance parameter ¢. The notion
of least favorable distribution plays an important role
in the theory of hypothesis testing, for which see Lehmann
(1959), p. 90. 1In the hypothesis testing framework, one
seeks the distribution Q which minimizes the power of the
most powerful size o test of H : (6,Q) versus K : (60,¢0).
In (25), one seeks distributions which minimize the vari-
ance of the likelihood ratio.

For the purpose of computing K*, it will be desir-
to a larger family P* The

6 8-
next lemma demonstrates that in many cases we may take the

able to extend the family p

infinum over all probability measures on ¢.
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4.4.2 Lemma. If E(T;6,¢) is continuous in ¢ for all
positive measurable functions T with finite mean and if

@e is the set of all ¢'s such that (e,¢)<<(eo,¢o), then

every probability measure with compact support in ¢e is
in Pe. Further, if Pg is the family of tight probability
measures with support in ¢ then

e ¥
K*¥(6) = inf { Var L (8,Q) : Q ¢ Pé]

Proof. See Billingsley (1968), p. 9, for a discus-
sion of tightness. Herein we use the result that if Q
is a tight measure, then there exists an increasing se-
guence of compact sets {Ak} such that Q(Ak)+1 as koo,
Suppose T is an unbiased estimator of g. Suppose

that Q has compact support Ao Then E( |T| ; 6,¢), by

g°
continuity, is a bounded continuous function of ¢ on that
support. Because of the boundedness, Fubini's Theorem

may be applied to make the following interchange of orders

of integration:

g(e) = J E(T;6,¢) dQ = E(T;6,Q).

Hence yu{8} x'Q is unbiased.
If Q is tight, but not of compact support, choose

compact set A such that Q(A) > 1-e. Define the conditional
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probability measure Q* by Q* (B) = Q(ANB)/Q(A). We then

have:

£(x;0,Q%) = Q(A) { £(x;0,Q) - / _f(x;0,4) dQ )
A

(26)

| A

£(x;6,Q)/Q(A)

Hence we have:

Var ( L(8,Q%)) = E( f£(X:8,Q*)/f(X;6,,¢,))%-1

I A

E(L?(8,Q)/Q%(A))-1

E(L(6,Q))? (1-e)"2-1.

A

(27)

Now as ¢ becomes arbitrarily small, the right hand side

of equation (27) approaches Var ( L(6,Q)). Hence

lim Var L(6,Q*) < Var L(8,Q),
Ao, -

where Q*cp and so K*(g)<inf{Var L(6,Q) :QePé}. The

e H
reverse inequality is trivial.

4.4.3 Definition. Define the upper K-information to be

K* := lim_inf K*(8)/(6-6,)% ;

80,
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the lower K-information to be

K~ := lim inf K*(8)/(6-6,)% ;
667

and the K-information to be

K := inf { K ,K'}.

An upper or lower K-information will be called exact if

"lim inf" may be replaced by "lim."

4.4.4 Theorem. (Lower Bound) If T is an unbiased esti-

mator of g then
Var T > (g'(6))%/ K(6;¢)
Proof. Follows from (24 and (25).
4.4.5 Theorem. K(6;¢) < J(8;¢).
Proof. The relationship J*(8)>K*(8) follows by
comparing (2) and (25).

Theorem 4.4.4 demonstrates that K-information serves

the same role in the formation of lower bounds for unbiased
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estimation as I and J-information. Theorem 4.4.5 indi-
cates that it is possible that progress has been made in
the direction of finding a more accurate measure. The

possibility is confirmed in the following discussion of
Model A. The K-information in other models will not be
computed until necessary preliminary remarks concerning
K-information and likelihood factorizations are made in

Section 4.6.

4.4.6 Example. (Model A) The K-information is the

2
nk’

Model A, is fully efficient. First, the requirements of

sought-for measure by which the estimate s used in
Lemma 4.4.2 are satisfied. The proof is postponed to
4.9.2. For e»e;, it will be shown that there is a se-
quence of probability measures Qe in P* such that

8

éig_ Var L(8,Q,)/(6-6,)% = n(k-1)/267.
>

Then, because Qe is in p#

e'

(28) K7(8,30,) ™) < n(k-1)/26;

On the other hand, Var S;k = {n(k—l)/zeg}-l, so by Theorem

4.4.5
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(29) K(8,:0, ™)) > n(k-1)/202.
Since K<K ', we have by (28) and (29) that
(30) (8,56, ™) = K7(6,:6, ™) = n(k-1)/202.

It follows that the K-efficiency of S;k is 1, provided Qe
exists.

Now it simplifies the computations (and suggests a
generalization) to work with the density f of the suf-
ficient statistics (Sék, fl., fz',...,fn.). Because of

independence this can be written

f(s,x(n);e,cb(n)) = p(s;0)r(x,;6,0,).. (X 56,6

where p, the marginal} of S;k, is the density of 6 times a
chi-square with n(k-1) degrees of freedom, and T the
marginal of Xi.’ is the density of a normal random vari-
able with mean ¢4 and variance 6/Kk.

The probability measure to be used on the nuisance

parameter (¢1,...,¢n) is defined by Qe = Qelx...xQen.
where
L
L

Under (e,¢i), Xi = ¢; + n(6), where n(6) is normally
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distributed with mean O and variance 6/k. Hence, if ¢i

has the distribution in (31), then by the convolution

formula for normal random variables, under (G,Qei)

L

X. = ¢

i + (6 + (6,-8)) = o,

jo T n(e ).

io

That is, Xi has the same distribution under (G,Qei) and
(60,¢i0). In fact, if we use the usual smooth version

of the normal density for likelihood r, then

(32) r(xi;e,Qei) = J r(x;:6,¢) dQ = r(x;300,4,,).

io
Thus the likelihood ratio for the density f, which is

2 . X . '3 .
P(82;50) r(X, ;8,Q5,)...7(X ;6,Q, )

(33) L(8,Qy) = - - :
P(Spyi0) T(X, 50,,00)...7(X 8,6 ,)

by virtue of (32) becomes

0

(34) L (8) = p(S2,;6) / p(S2, : 8),

the partial likelihood ratio for the density of S; This

K
is exactly the likelihood ratio for a one-parameter prob-

lem involving S;k alone. Hence we have
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lim Var (L(6,Q,))/(8-6,)% = I°(8 ) = n(k-1)/2¢,
6-67

where IP is the Fisher's information in marginal of S;k'
4.4.7 Comments. This example has several notable fea-
tures. One is the way in which the marginal densities of
the means were factored out of the problem. Section 4.6
below is devoted to discovering the relationships between
likelihood factorizations and the K-information.

The lower bound result of Theorem 4.4.4 also estab-
lishes some new information about unbiased estimation of
functions of g. While the Cramer-Rao efficiency of S;k is
(k-1)/k, there could conceivably exist a function g(6)
other than g and an unbiased estimator T of g such that

(g'(84))%/ (nk/262)

eff .. T = > (k-1)/k.
CR Var T

It is now seen that consideration of the K-information
does not allow such a possibility, since it would make the
K-efficiency of T greater than 1 and thereby violate
Theorem 4.4.4.

Another key point of this example is that the mix-
ing distributions Qe used very definitely required 6<6,,

as can be seen in (31). The asymmetry of the K-information
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in the sense of K+#K- will continue to be a striking
feature through the rest of this paper.

Another important observation to be made concerns
the additivity of the measure. From equation (30), it
follows that the K-information about 6 in k i.i.d. N(¢,8)
random variables is (k-1)/262. Thus the K-information is
not additive over i.i.d. observations, which makes its
computation more difficult.

On the other hand, it would appear from (30) that
the K-information might be additive over the n distinct
nuisance parameters. This possibility is studied in Sec-
tion 4.5. But first, the relationship between J,K, and the

Type II model is discussed.

4.4.8 Type II model. Suppose X is an observation from

density f(x;6,Q), where Q is an unknown probability dis-
tribution on parameter space ¢. It will be itself regarded
as a parameter from the space P of probability measures

on ¢. Let (eo,Qo) be the null. In this case the J*-

distance is
J*(8) = inf { Var L(8,Q) ; QeP }.

This should be compared with (25), the definition of K*.

The difference between a Type I model K*-information and a



106

Type II model J*-information is in the null distributions
allowed and the restriction in K* to unbiased probability
measures.

In order to determine a K*-distance for the Type I1I
model, mixing distributions X are put on the nuisance
parameters, the Q-measures. Notice, however, that this

does not increase the original family of likelihoods:

L(6,A)

J 7 L(6,9) dQ(d) dr(Q)
J L(6,6) dQ*(¢) = L(8,Q*)

where the measure Q* is defined by

Q*(B) = J/5 dQ(¢) dx(Q) = J Q(B) di.

Since the minimization of Var L(6,Q) takes place over the

same family of likelihoods,
(35) inf Var L(6,)) = K*(8) = J*(8) = inf Var L(6,Q)
A Q

The K and J-informations for more than one observation from
the Type II model are not necessarily identical. A dis-
cussion of this issue (4.5.9) must await a discussion of

the additivity of the K-information.
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4.5 Additivity of the K-information. Let Xl,...Xn be a

sequence of independent random variables, where the den-
sity of Xi is f(x;e,¢i). Let the null parameter be
(eo,¢§n)):=(eo,¢low..,¢n0). In the following, numeric
subscripts indicate restriction to the density of Xi’
whereas the superscript (n) indicates use of the product

density. For example, P represents the family of mea-

6i
sures which are unbiased for the likelihood f(x;e,¢i) at
(e°,¢i0),where Pén) represents the measures on ®n which

are unbiased for the joint density.

elx...xPen is contained in

Then if Xi has exact upper (lower) K-information

4.5.1 Lemma. Suppose that p
(n)
Pe .
KI:=K+(90;¢10), then the upper (lower) K-information in

(X ,...,Xn) satisfies

1

(36) KMo 0™ kP v L4k

Proof. It suffices to prove the lemma for n = 2.
If Li’ i=1,2, is the likelihood ratio for Xi’ then the
joint likelihood ratio is L = LILZ; For any product

measure leQ2 on & x ¢ ,

Var L(e,leQz)

it

E(L°(8,Q,xQ,) - 1)

. 2 2
E L1(8,0)E L7(6,Q,) - 1
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= Var L?(6,Q,) + Var L,(8,Q,)

+ Var L (6,Q,)Var L _(8,R,).

Taking the infirum over the measures Q1 and Q2 in the above

gives

(37) inf Var L(8,Q,xQ,) = K*(8) + K% (8) + K*(g)K*()
Q,.Q,

However, the K*-distance for the joint likelihood is the
infinum of the left hand side of (37) over all probability
(2)
6

measures in p , not just the product measures. Hence

(38) k+(*)(9) < K¥(8) + Kx(5) +K¥(8)K*()

Divide equation (38) through by (e—eo)2 let e»e:. and use
the exactness (the limits exist) of the upper K-informa-

tions to attain the result.

Lemma 4.5.1 establishes a form of subadditivity for
the K-information. The full additivity of the informa-
tion is true under some assumptions that result from a
consideration of the minimization process in (25). The

following definition will be useful for the discussion:
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4.5.2 Definition. A family P of probability measures will

be called convex if for all P and Q in P, and any q in

(0,1), the probability measure qP + (1-q)Q is in P.

4.5.3 Lemma. Pe is convex.

Proof. E( T ;8,qP+(1-9)Q)

GE(T;6,P)+(1-q)(T;6,R)

]

qg(8) + (1-q) g(6)

g(0).

4.5.4 Definition. If there exists a probability measure

P in P, such that inf { EL%(8,Q) ; QePy } = EL2(8,P), then

call P a least favorable distribution (LFD). Denote the

set of all such least favorable distributions LFD(Pe).

4.5.5 Theorem.
(a) P is in LFD(Pe) if and only if EL?(8,P)

EL(6,P)L(6,Q) for all Q in P

A

5"
(b) If P and Q are in LFD(Pe),then L(6,Q) = L(8,P)

)

.s.—(60,¢0).

Proof. For any P and Q in P, let Fq be the proba-

S

bility measure in p_, defined by Fq = qgP + (1-q)Q. Let

0

(39) Lq 1= L(G,Fq) = qL(8.,P) + (1-q)L(6,Q),
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By the convexity of the square function
(40) ELa < q EL?(6,P) + (1-g) EL?(8,Q),

with equality if and only if L(6,P) = L(6,Q) a.s. (eo,¢0).
The proof of (b) is immediate from this.

As a function of q, ELé is a convex quadratic, so
it has a unique minimum for ge(-w,»). There are three
possible locations for the minimum:

(i) 1If ELa is minimized for q < 0, then it is
strictly increasing for q in (0.1,) so inf{ELé;qe(O,l)}
= EL?(6,P). The function ELa is minimized for q < 0 if

and only if
(41) EL2(8,P) < EL(0,P) EL(8,Q).

(ii) If ELa is minimized for q > 1, then on the
range (0,1) the infinum is EL?(6,Q) and equation (41)
holds with P and Q reversed in roles.

(iii) If ELé is minimized for g in (0,1), then the

infinum occurs at
(42) q = E{L(8,P)L(6,Q) - L?(6,P)}/E{L(6,P)-L(6.Q)}?2

and equals
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EL? (9 ’P) EL? (6 1Q) - {EL(e )P)L(e ’Q)}2
(43)

E {L(¢,P) - L(6,Q)?

Part (a) of the theorem is now proved by noting that
if P is at least favorable distribution, then ELZ must

be minimized at g < O for all p.m. Q, and so (41) holds.

4.5.6 Theorem. (Existence) Suppose & is a separable
metric space and let a be a compact subset of ¢&. Let

Pe(a) be the subset of P_ consisting of measures with

6
support in a. Assume Lemma 4.4.2 holds. Suppose
EL(6,¢,)L(6,0,) is finite and continuous in ¢, and ¢,.

Then there exists a least favorable distribution for Pe(a).

Proof. Let pP,,P,,... be a sequence of p.m. from

Pe(a) such that
(44) EL?(e,P, ) » inf { EL?(8,Q) : QePy(a) } as now.

The family {Pn} is tight, as all measures have the same
compact support, and it is therefore relatively compact
(see Billingsley {1968}, p. 37). It follows that there
exists a subsequence, labelled {Pn} without loss of general-

w
ity, and a probability measure P0 such that Pn+P0 as n-oo,

By lemma 4.4.2, P, is in Pe(a). This weak convergence,
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along with separability, implies the weak convergence of
the product measures, anPn ¥ PoxP0 as n»o. Now by assump-
tion EL(9,¢1)L(e,¢2) is continuous on axa, and hence

bounded, since gxa is compact, so weak convergence implies

(45) EL? (8,P ) = ff EL(0,9,)L(6,0,) dP_xP_

¥

/S EL(8,4,)L(8,¢,) dP xP  as nsw

EL? (g ,P )
Comparing (44) and (45) gives the result.

4.5.7 Corollary. Under the same assumptions as in Theorem
4.5.6, if a, is an increasing sequence of compact sets

such that a, > and if Pn = LFD{Pe(an)}, then

lim EL2(g,P ) = K*(p) + 1.

N->co

Proof. For any Q in P let Qn be the conditional

e ’
probability measure Q(.|an). Now Q(an)+Q(¢) =1, so,

using equation (26), we have

(46) EL (o,P ) < EL2(9,Q) < ELZ(G,Q)/Q(an)+EL2(6,Q)

as N+w. Since K*(6)+1 is the infinum of the right hand



113

side of (46), we are done.

4.5.8 Theorem. (Additivity) In addition to the assump-

tions of Theorem 4.5.6, assume ¢ is sigma-compact. Sup-

pose that for each Xi in X1’Xz""'Xn’ a sequence of
independent random variables, there is an exact upper K-
information K; 1= K(eo;¢io) as in 4.5.1. Then the exact
upper K-information in (X1”"’Xn) is
k" (W) -kt s 4 kT
1 n

Proof. It suffices to prove the theorem for n = 2.
Let Li(¢i) 1= L(Xi;6,¢i) be the likelihood ratio for Xi’
i=1,2. Let ay be an increasing sequence of compact
sets such that ap>® as k+o. Let Pki be a least favorable
distribution for 1likelihood Li in family Pei(ak)' Then it
will be shown that Pklek2 is a least favorable distri-
bution for likelihood L = L]L2 in family Péz)(akxak) by

using the criterion of Theorem 4.5.5(a). By that theorem,
2 : =
(47) ELi(e,Pki) < ELi(e,Pki) Li(e,¢i) for i 1,2,

where ¢i can take on any value in a - Equation (47) then

yvields
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2
2 2
(48) B L] (P JELY (P, ) </ T ELy (Py )Ly (65)40(0, 10,)
for any probability measure Q on aypxay - Rearranging terms
on the right side of (48) and relabelling the expression
on the left gives

(49) E L2(Pk kaz) < E L(Pkasz) L(Q).

1

By Theorem 4.5.5(a), Pklek2 is least favorable. From the

corollary, 4.5.6,

kx(?)(6) = 1im E L3 (P ) L2(P ) - 1

koo
= 1 2 2 -
lim E Ll(Pkl) E Lz(sz) 1.
k>
Now applying the corollary again to the right hand side,

we have

(50) k+(2) ()

0

(K¥ + 1)(K¥ + 1) - 1

K* + K* + K*K*.
1 2 1 2

Dividing (50) by (e—eo)z and letting e»e:, the result is

obtained.

The investigation of the additivity of the K-infor-
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mation now provides the background needed for continuing
the discussion started in Section 4.4.8 concerning the
relationship between J and K-information in the Type II

model.

4.5.9 Type II model. In the Type II model the K* and J*

distances for a single observation Xi were identical (35).

If, however, there are n i.i.d. observations X1""'Xn

with null parameter (eo,Qo), then

7™ (g = inf FLF(Q).. .ELE(Q) - 1

(51)

igf J EL?(¢1)...EL;(¢n) dex0x...x0-1

whereas the K¥-distance is

k+(" () = int E{ /L, (Q)...L (Q) dx(Q)}? - 1
A
(52) = iQn*f E{ SL(6). L (o) dQ*(d)(n))}z_l’

where the probability measure Q* is defined on @n by

a@*(6‘™)) = da(e,)...dQCs,) Ar(Q).

In comparing (51) and (52) one notices that the K* dis-

tance involves minimizing over measures Q* which may not
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be true product measures. However, one of the important
principles underlying the proof of Theorem 4.5.8 (additi-
vity) is that in order to minimize E( S L1(¢1)...Ln(¢n)dQY,
it typically suffices to use product measures le...xQn
where Qi "minimizes" EL%(Qi). An informal application of
this principle to (51) and (52) yields the conclusion that
for the Type II model the distance measures J* and K* are

often identical. From this point forth only the J* mea-

sure will be used on Type II models.

This section has dealt with the additivity of the K*-
information. Although these results are of mathematical
interest, as far as estimation is concerned we are not
merely interested in the K-information per se, but also
in determining whether or not an estimation procedure is
in some sense fully efficient. The next two sections
examine this issue in terms of likelihood factorization and

the K-lower bound (4.4.4).

4.6 Likelihood factorizations. Recall that in Chapters 2

and 3 likelihood factorizations were used as a basis for
inference in the presence of nuisance parameters. These
factorization schemes, including the Cox partial likelihood
of Section 2.9, will now be put in a more general frame-

work. The motivation for the following formal definitions
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of likelihood factorizations is that they seem to capture
some relevant mathematical features of likelihood factor-
izations without being tied to any particular mode of

derivation. Thus we may compare at one time all marginal,
conditional, Cox partial, and any other likelihood factor-

izations for a single density.

4.6.1 Definition. Suppose that the vector-valued random

variable X has density f(x;6,¢) with respect to a sigma-
finite measure. A function g(x;0,p) will be called a

likelihood if for all (¢,¢) and (eo,¢0) in Ox¢

E{ L(8,0) 585,03 =1

where Lg = g(X;e,¢)/g(X;eO,¢0) is the g-likelihood ratio.

4.6.2 The Cox likelihood. Suppose that for random vector

(Y1""'Yn) there exists for each i, i = 1,...,n, and

each fixed y(l—l), a measure v ( . | y(l-l)) on the range

space of Y. such that the function £ ( yi| y(l—l);e,¢)

= fi(e,¢) is the density with respect to vy for the con-
ditional distribution of Y. given y(i-1) y(l_l) under

(6,4). Then the joint density for the full vector

n

(Yl,...,Yn) is 1 f{e,qﬁ with respect to the measure v(n)
i-1

defined by
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n n n-
av(™M (y(M)y < dvn(ynly( 1))..-dvl(yl)-
Under an obvious relabelling this can be seen to be a

factorization of the Cox type (Section 2.9, Equation

(8).) Let S be any nonempty subset of (1,2,...,n).

Let

g = n(fi ; 1eS). It will be shown that g is a likelihood.

Let (6,¢) and (60,¢0) be given. Then

E(Lg 5 00,00) = S Lg f fi(eo,tbo)d\)n...dv1
= [ I £* dv ...dv,.
i i1
where f; 1= fi(60,¢0) if i £ S,

£,(6,¢) if ieS.

(i-1)

’

But for each i and each fixed y
(i-1) (i-1)
% =
Hence

E ( Lg ; 60,(1)0) = f{[ f; d\)n...d\)l

=/(fx.£X_ (ST dv,_dv

1

I (f*...fg_l)(ff;dvn)dvn

n-2"

.. v,

..d%
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as claimed.
The conclusion is that the Cox partial likelihood
is indeed a likelihood in the sense of definition 4.6.1,

where S = {2,4,6,...}.

4.6.3 Definition. A factorization of the density f = pr

will be called a likelihood factorization if each of p and

r are themselves likelihoods. It will be called a partial

likelihood factorization if, in addition, one of p or r

does not depend functionally on ¢. It will be standard
notation herein for this factor to be labelled p. It will

be called the partial likelihood and r will be called the

remainder likelihood.

4.7 Complete Factorizations. Given a likelihood factor-

ization f=pr, how does one know if the "information" in r
about 6 is so confounded with nuisance parameters that it
can be safely ignored for estimation purposes? The answer
depends, of course, on the meaning given to the word 'in-
formation." The K-information is used in this section to

develop and support an answer to this question.
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Recall from Chapter 3 the definitions of the partial

score
Up(Xi;e) = 31ln p(X;8)/98,

the partial likelihood ratio,

Lp(Xi;e) = p(X;6)/p(X;8,),

and the partial Fisher information

. = 2 .
Ip(6,¢) E( Up(e) ; 86,9 ).

This terminology will now be used for the definition of
likelihood of 4.6.1. Notice, in particular, that if
|(Lp(e) - 1)/(6-60)| is dominated by integrable random
variable Y in a 6-neighborhood of 8,, then the 1ikélihood
definition of 4.6.1 implies that the mean of the score

is zero:
(53) 0 = E( (Lp(e)—l)/(e—eo)) + E( Up(eo) ).

Hence Ip = Var Up. If the dominating random variable Y

is square integrable, then
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(54) E (Lp(e) - 1)2/(6-6,)°~E U; = 1 as 6+6,.

p
What is the relationship between the partial infor-

mation and the K-information? The intuitive feeling is

that the partial likelihood has less information than the

full likelihood, hence
(55) I <X

The following two lemmas reveal that (55) is generally
true for factorizations where one of p or r is a marginal
distribution. It is conjectured that it holds for all
partial likelihood factorizations, subject to mild regu-

larity conditions on p and r.

4.7.1 Lemma. If f = pr is a partial likelihood factori-
zation such that p is a marginal distribution for some

statistic C and p satisfies (54), then K > 1

f P’

Proof. Let Lp = p(c;6)/p(c;0,) , L.

r(x|c;6,¢)/r(x|c;0,,4,), and L.(Q):=/L.dQ(¢). Then
the variance of the likelihood ratio may be decomposed as

follows:

E L2L

2 -1=EL?1+ E L2(L_-1)2+ 2EL?(L_-1).
bpr p p T p T
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It is shown that the last summand is zero. Write

E L;(Lr-l) E{ E (L;(Lr—1)|C) }

E { 12 E(L,-1|C) }

E{L2x 0}= 0.
L, x 01}

In the above E(Lr—1[C) = 0 because Lr is the conditional

likelihood ratio. Hence:

K* =EFEL?2 -1 + inf E L2 (L - 1)2.
(8) 2 n 2 (L.(Q) - 1)
The last summand is nonnegative, and equals zero if Lr(Q)=L
If (54) holds, dividing through by (e—eo)z and letting

e+eo yields the desired result.

4.7.2 Lemma. If f = pr is a partial likelihood factori-

zation such that (54) holds,

lim E(L_-1)*" -9 )% = E(U)" < o
JLim E(L-1)"/(8-5,) (u,)
1}

and r is a marginal likelihood for some statistic C, then

KfZIp

Proof. The same notation will be used as in Lemma
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4.7.1. The variance of the likelihood ratio is decomposed

EL2L2 -1=ELZ -1+EL2 -1 + R,
bpr p r

where the remainder R may be expressed

fao)
I

E(Lé—l) (L;—l)

132 /(71 _1)2 ~13)2¢(71, -
E(Lp 1) (Lp 1) + 2E(Lp 1) (Lr 1)

+ 2E(Lp-1)(Lr—1)2 + 4E(Lp—1)(Lr-1).

The last two summands are zero. The last is zero because
p and r are likelihoods. The next to last is zero because
Lp is the conditional likelihood ratio (same argument as

Lemma 4.7.1). Hence the variance of the likelihood ratio

may be written

E L2L2Z -1 =E L2 -1+ E(L_-1)2(L_-1)?2 + R_,
pr jo) P r 1
= _ 2 -1)2 -
where R, E(Lr 1)2 + 2 E(Lp 1) (Lr 1). Let Rl(He) be
the corresponding variable with Lr(He) substituted for Lr'

It will be shown that

lim inf R,(Hj) (8-8.)7° > 0
68+ (-) B



124

for any sequences of distributions H The conclusion of

9"
the lemma will follow because E(Lp—l)z(LrHe -1)%>0.
Because of the inequality (a+b)230, for any real num-

bers a and b, the following inequality holds:
2 L 2
—2(Lp-1) (Lr—l) < (Lp—l) +(Lr—1) .

So for any He,

lim inf R (Hg)(6-8,)"">1lim - E(L_-1)“(6-08,) "
o+6+(-) Te-+6, P

=0
by assumption.
The two preceding lemmas are motivation for the
notion of a complete factorization, where the word complete
is meant to suggest that the information about 6 has been

completely factored into the partial 1likelihood.

4.7.3 Definition. Suppose that for the partial likeli-

hood factorization f = pr it is true that

(56) K, =1

where Kf is the K-information in density f and I_ is the
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partial Fisher's information in p. Then the factorization

will be called complete.

4.7.4 Theorem. If f = pr is a complete factorization,

then for any T unbiased for g
(57) Var T > (g'(eo))zllp-
Proof. Compare (55) and the K-lower bound 4.4.4.

This theorem suggests that if "all the information"
in p can be used by a statistic, then the bound is tight.
The simplest case occurs if p is a marginal distribution
for a statistic C. Then (57) is the Cramer-Rao lower bound

for unbiased estimates T which are functions of C alone.

4.7.5 Corollary. If f = pr is a complete factorization,
with p a marginal likelihood, then any unbiased statistic
which is a linear function of the partial score Up will

meet the lower bound.

4.7.6 Applications. 1In Model A, the partial is the mar-

ginal of S;k' which is 9 times a chi-square with n(k-1)

degrees of freedom. Hence
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= - - =1 1572 Q2
Up 3(-n(k-1)s ")+ % 6 8% i
Thus S;k meets the lower bound.
In Model D, the exponentials with unknown support,
the scaled spacings Zij are i.i.d. exponential, mean 9,
random variables. (See 2.6.3.) The partial score, based

on their marginal distribution, is

Up = -n(k-1)p~ ' + 67 2z2..,

so Z.. meets the lower bound.

In Model E, the genetics Bernoulli, the marginal
likelihood of the Wi is that of independent Bernoullis with
common mean q = (4 - 26%2), If the problem is transformed

into the g-parameter system (one to one), then
Up(q) = (W. - nq) / q(1-q).
Hence W., as an estimate of q, meets the lower bound.

4.7.7 Conditional likelihoods. The lower bound (57)

does not have a simple interpretation for purely condi-
tional partial likelihoods, such as in Models B and C,
the paired binomials. The motivation for the definition

4.7.1 for conditional likelihoods must wait until Chapter 5,
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when lower bounds for asymptotic variance are derived
based on a modified version of Kf. This will imply that
if an estimator can be found with asymptotic variance
equal to the Cramer-Rao type lower bound based on Ip, as
was true for the CMLE (3.6.4), then complete factoriza-
tion will ensure that the bound is tight and that those
estimators are optimal in that setting.

The following lemma demonstrates that any lower

bounds for unbiased estimation derived for Models B and C

must serve merely as guidelines to the intuition.

4,7.8 Lemma. In Models B and C there are no unbiased

estimates for any nonconstant function of g§.

Proof. Let C =X + Y. Then for all g, P(C = 0;6,¢)
+~ 1l as ¢ » -». Also, when C = O, the conditional distri-
bution of X given C does not depend on 6, so E( T | C = 0)

is a constant for any statistic T. Now notice that
ET = ¢ E(T|{C=c;6) P(C=c;0,¢) ~ E(T|[C=0) as ¢+~
c

Hence T cannot be unbiased.

4.8 Simple Nuisance Likelihoods. If it were always a

simple matter to compute the information Kf, then checking
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for completeness of the factorization would be straight-
forward. However, it appears to be difficult to directly
compute the infinum of Var L(€,Q) over Pe. For that rea-
son, a sufficient condition is developed in this section.
In example (4.4.6), instead of directly computing
K*¥(g) for Model A by finding the infinum of Var L(8,0Q),

we used a sequence of mixing distributions Q. in Var L(6,Q)

‘0
which appeared to "least favorable'" in the sense that they
eliminated the remainder likelihood from the likelihood

ratio, so that L(8,R ) = Lp(e). This approach is now for-

malized so that it may be used on the other models.

4.8.1 Definition. Suppose that r is a likelihood such

that for either e+e: or e+e;, there exist probability mea-

sures Qe in Pé such that

(58) S r(x;6,¢) dQ6(¢) = r(x;8,,4,) for all x.

Then r is called a simple nuisance likelihood. It will be

called upper or lower depending on whether e»e: or 6+8; in
(58). Distributions which satisfy (58) will be called

nuisance eliminating.

4.8.2 Lemma. Suppose that f = pr is a partial likelihood

factorization such that the partial information Ip exists,
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(54) holds, and r is a simple nuisance likelihood. If

Kfin, then pr is a complete factorization.
Proof. By the definition of K*-distance,
K*(g) < E (L(B,Qe) - 1) = E ( Lp(e) -1)%.
Divide through by (e—eo)2 and let 68, .

4.8.3 Comments. The use of the word "simple'" in simple
nuisance likelihood is meant to suggest that showing that
(58) holds is simple relative to the difficulty in comput-
ing K-information. As the examples in Section 4.9 will
demonstrate, demonstrating that there exist Qe such that
(58) holds is often nontrivial.

The word ''simple" is appropriate in another sense.
In a partial likelihood factorization pr, if the remainder

r is a simple nuisance, then the factorization possesses

the following uniqueness property.

4.8.4 Lemma. If f = pr is a partial likelihood factori-

zation and r is a simple nuisance, then the factorization
is unique in the sense that for any other such factoriza-
tion p*r¥*, L(e) = L(g) a.s.-(6_,¢,) for all g such that

P P 0 0
(58) holds for r and r*. Further, E 1n Lp is maximized
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among all partial likelihood factorizations by the factor-

ization where r is a simple nuisance.

Proof. Suppose the p*r* is a partial likelihood
factorization, but r* is not necessarily simple nuisance.

Then
(59) pr = p*r* implies r = p*r*/p.
Since r is a simple nuisance, the equality r(x;e,Qe)

= r(x;eo,¢o) holds for some p.m. Qe. The conclusion of

(59) implies

r((x;6,Q)" (x;8)/p(x;6)

= T*(X;8,,0,)p*(x:6,)/p(x:8),
which becomes, with rearranging,
Lpx(8,Q) = L (8)/L_,(8).
Since r* is a likelihood, E Lr*(e,Q) = 1, and so appli-
cation of Jensens inequality (e.g. Loeve {1977}, p. 161)

yields

(60) 0 =Zh1ELr*5E 1n Lr* = E 1n Lp(e) - E 1n Lp*(G),
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with equality if and only if Lp(e) = Lp*(e) a.s.-null.

Both conclusions of the lemma now follow.

Let us now consider how the simple nuisance criterion
applies to the Type II model. Suppose that the density
f for each of the i.i.d. random variables Xi has a partial
likelihood factorization f(x;6,Q) = p(x;6) r(x;0,0).
Recall from Section 4.4.8 that putting a probability
measure A on the space of probability measures on ¢ did
not increase the family of likelihoods. Thus for the
Type II model the proper interpretation of (58) is that
for null (6,,Q,) and 6+6t or 6+8,, there exist probability

measures Qe on ¢ such that
(61) r(x;e,Qe) = r(x;8,,Q,) for all x.

We are fortunate in that once (58) is shown for the ori-

ginal space ¢, (61) follows:

4.8.5 Lemma. Suppose that for each ¢ in ¢ there exists

a probability measure Qg such that
r(x;e,Qg) = r(x;60,¢) for all x.

Then for each probability measure Q

30 there exists a
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probability measure Q@ such that (61) holds.
Proof. Let dQ,(y) = ng(y) dQ, (¢).

The reverse implication does not follow. That is, it is
possible that (61) holds for a large family of nulls Q,
without (58) holding. This will be the case for Model C
(Section 4.9). The significance of this observation is
that we will be able to draw strong lower bound conclu-
suions only for the Type II model in the paired binomial

problem.

To summarize Section 4.8, the central topic was the
concept of the simple nuisance likelihood. It was shown
to imply complete factorization, given regularity of the
partial likelihood. A nuisance likelihood could thus be
said to have no K-information. The uniqueness properties
shown to be implied by the simple nuisance criterion pro-
vide reassurance that the nuisance criterion will not lead
to dual routes of inference. Finally, the notion of
nuisance likelihood carried over in a simple manner into
the Type II model. The next step, and the goal of Section
4.9, is to show that the simple nuisance likelihood cri-
terion can be applied to the key models to determine if

a factorization is complete.
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4.9 The Key Models Revisited. It is time (at long last)

to return to the five models introduced in Chapter 2.
Factorizations in each model were displayed there which
seemed to partition out most of the information about 6.
We now examine those factorizations in light of the re-
sults of this chapter and determine if the remainder
likelihoods of the simple nuisance type.

Before commencing, however, some preliminary re-

marks of a technical nature are needed.

4.9.1 Minimization with product measures. In each of

the models the factorization for the density of (X],...,Xn)

could be expressed in the form

p(x;:6) r(xi;6,¢i)-

That is, there were separate partial-remainder factoriza-
tions for each observation Xi’ In the search for a "nui-
sance removing distribution,'" in the sense of solving (58),
it makes intuitive sense, based on the discussion in Sec-
tion 4.5 on additivity, to limit consideration to product
measures Qelx...xQen, where Qei satisfies (58) for
r(xi;e,¢i). This approach will be taken herein, and be-
cause of the focus on the individual observation Xi’ the

subscript i will often be omitted from the notation.
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4.9.4 The families PO and Pg. The next point concerns
the family Pe in which the search for Q6=Qei is made.

For Models B, C, and E, the underlying measure v puts mass
on a finite set of points. It follows that, since orders
of integration can always be interchanged, every probabil-
ity measure on the space ¢ is unbiased. (In none of these
models did the support depend on the parameters.)

In Model D. the exponentials with unknown support,
it is clear that (8,¢4)<<(8,,8,) if and only if ¢<¢,, so
the support of Qe is limited to the latter set. If lemma
4.4.2 holds, we may search for nuisance eliminating dis-
tributions in Pg, which would here include all probability
measures with that support. We check the condition of
the lemma. For any positive measurable function T,

E(T;e,¢)=?".?+e“kexp(k¢/e)exp(—ZxﬂB)dxl".dxn
¢ ¢
This is continuous in ¢ by the continuity of the integral
and exp(ko/9).

Model A can be discussed in the more general context
of exponential families. If T is positive and integrable
for all (©,¢) and f(x;0,9) = c(B,0) exp (EK1(9,¢) Si(X))-

then the natural parameter space for measure Vv

N\) = { (esd)) ; [ exp (Z)\i(ﬁ.fb)si) dv < =« )
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is contained in %J, the natural parameter space for the
measure p defined by dp = Tvd , by the integrability as-
sumption. By Theorem 9 of Lehmann ({1959}, p. 52) it

follows that both

- _
c (8,¢) = f exp (IA;S;)dv
and

c™'(8,9) E(T;0,¢) = / exp (I);S,)du
are analytic function of the Ai. Hence under the conti-
nuity of the Ai(e,¢) as functions of ¢, lemma 4.4.2 is

satisfied. Model A is such an exponential family model.

4.9.3 Regularity of Lp. Another regularity problem con-

cerns the satisfaction of (54). Once again this is satis-
fied in Models B, C, and E because the underlying measure
v has finite point support. More generally, if the par-

tial likelihood is in the exponential family, say
p(x;6) = c(6) exp (Ix(8) 8,),
then the squared partial likelihood ratio is

L7 = exp {25;(2;(8) - A;(8,))} c*(8)/c?(8 ).

2
p
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Let du(x) = £(x;6,,¢ ) dv(x). Then if EL; exists, the
parameters 2(Ai(e) - Ai(eo)) are in the natural parameter
space with respect to p, so we may appeal again to Leh-
mann's Theorem 8 to obtain, provided the Ai(e) are them-

selves twice differentiable in 6,

62 E L2 6 =2 ELL'

(62) d b / 9 o p

and

63 2 E L2 2 = EL L" + EL'2,
(63) d b / 36 oo b

A similar argument to the above, with Lp substituted for

Lé, yields

64 EL =EL' =20
(64) 3 D / 96 b

and

65 E L 2 = EL" = 0,
(65) d o / 936 N

since E Ln = 1. Evaluating (62) and (63) at 6=6, gives

ELZ = 2 2 = . - s
3 ELZ /38 ‘e=eo O and 3 ELE / 36 |e=eo 2I,. It follows
by L'Hopital's rule that

(66) (ELS - 1)/(6-8,)% ~ 1 as 6-+8,

p

as desired. The partial likelihoods in Models A and D

are exponential family and so satisfy (66).
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4.9.4 Computation of Ip. If p is a conditional likeli-
hood, there is a trick which sometimes simplifies the com-
putation of the information Ip. IfT E L; = E L% = 0, as
in the exponential family (see (65)), then the (1,1) en-

try of the full Fisher matrix is

—
Il

E (3 In £/38)2 = E(f'/£)? = E((f'/£)?-L})

11

E( =32 1n f/3 62)
and in the same manner

Ip = E(-32? 1n p/36?%).

The partial information Ip may therefore be computed from

—
0

- E(-5 1n pr/562) = E(-32 (1n p+ln r)/3682%)

Ip + E (-3%2 1n r/362).
This technique will be used in Model C.

We now discuss the key models in terms of the simple
nuisance property and the resulting partial information.
Model A has already been presented in 4.4.6 and 4.4.7.

Equations (33) and (34) demonstrate that the remainder
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likelihood, the marginal distribution of the sample means,
has for nuisance eliminating distribution a product of
normal measures (31). The remaining models will be pre-

sented in increasing order of difficulty.

4.9.5 Model E. For each i the observations are a pair
of independent Bernoulli random variables (Xi,Yi), each
with probability of success % + 6¢ ;- The parameter 8§ is
in the interval (0,%) and ¢i is +1 or -1. We let Si=Xi+Yi
and Wi=I(Si=1), where I is the indicator function. In
Section 2.8.4 we reduced to Wl,...,Wn by an invariance
argument. In this case then, the partial likelihood p
for each i is the marginal for W. The remainder is the
conditional likelihood of S given W.

It is now shown that the remainder is a simple nui-
sance. If the conditioning event is W=1, then S=1 with

probability one. If W=0, then

P(S=0 | W=0)

(3+6¢)2/((3+6¢)2 +(3-60)%)

P(S=1 | W=0)

I
(@)

P(S5=2 | W=0) 1-P(S=0 | W=0)

Condition (58) will be shown for null (60,1). The case

(eo,—l) differs only in details. We exclude null eo=0.
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When the conditioning event is W=1, then any mixing distri-
bution satisfies (58), so we may restrict attention to
showing that S given W=0, which has a Bernoulli distri-
bution, has the same success parameter under (e,Qe) as
under (eo,l). Let @ = Q(1) for any probability measure Q

on (-1,+1). Let
a(p) := (3+6)%2/((3-8)% + (3-9)2).

The equation P(S=0 | W=0;8,Q) = P(S=0 | W=0; 6,1) yields

by substitution

q a(e) + (1-q) (1-a(e)) = a(e, ).

Solving for q gives

(68) q = (a(e ) + a(e) -1)/(2a(s) - 1).

For Q to define a measure Q, it must lie in the interval
from 0 to 1. Since a(8)>% for 8#0, the right hand side

of (68) is positive. Also the right hand side of (68) is
less than 1 if and only if a(eo)<a(e). The function a(g)
is monotone increasing in (0,%), so that a(p,)<a(e) is
implied by 6,<6. It follows that for ¢+6,, the Q, distri-

bution defined by (68) is nuisance eliminating in the
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sense of (58).

We now compute the partial information so as to
compare it with the J-information. The Fisher's informa-
tion Ip in the marginal distribution, since W is just

a Bernoulli ($-262?) random variable, is
Ip = 1602 /(3+262)(3-262)
Since the J-information was, from 4.2.2, 2(3-62)7"!

, the

ratio is
I,/3 = 20%/(3+62) = 1 - {(3-267)/(3+207)},

a function which is monotonely increasing from O to 1 as
f goes from O to 4. Since the factorization is complete,
this is also the ratio of the K-information to the J-infor-

mation.

4.9.6 Model B. For each i we observe a Bernoulli pair
(Xi’Yi) whose success parameters have a common log odds
ratio g over i. It has been argued (Section 2.6) that a
natural partial likelihood to use is the conditional like-
lihood of X given X + Y. The remainder likelihood is thus
the marginal for X+Y. If we let p=(1+e6+¢)—1(1+e¢)-1,

then the distribution may be expressed
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r(0;6,¢) = o,
r(1;6,4) = (1+e%) %,
and r(2;6,¢) = ee+2¢p-

Because any two probabilities determine the third, it is
sufficient to find a measure Q such that r(x;8,Q)=r(x:;6,,¢,)
for x=0 and 1.

Define a6(¢) = r(0;8,9) and Be(¢) = r(1;6,¢). Then
as ¢ goes from -« to +w, (ae(¢),Be(¢)) traces out a path

in the unit square. The following items can be shown:

(1) (ag(9),85(4)) » (1,0) as ¢=—e.

(11)  (ay(9),B5(¢)) > (0,0) as g+,

(iii) The paths for 6 and -6 overlap. No other
path, however, intersects the path for & on the interior
of the square.

(iv) The path is continuous. For each value g in
(0,1), there is a unique ¢a in R such that ae(¢a) = o.
That is, there is an invertible onto function between
(-»,+=) and (0,1) which takes ¢ to q. Write Bga):=B, (¢ ).

(v) As a function of qa, Be(a) is continuous and
differentiable. It is concave, and has maximum value at

¢, = -6/2, where

(69) sup g,(a) = (1+2/ (e~8/%ef/2y 1
(e}
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This supremum is increasing in |6].
From (i) through (v) we can draw the following
conclusions. If |9|>|90L then sup B,(a)>sup B, (a).
o O o 8

Because the naths do not cross, and they are continuous,
Be(a)>Be (a) for all a. Let a0=ae(¢0). By continuity,

0 ]
on the interval (O,ao). Be(a) takes on all values in
(O,Be(a)). Hence there exists o, <a, such that
Be(a1)=q)(a0). Similarily, there is a_>a_ such that

0 2 0

BB(az) = Beo(ao). Thus there exist ¢1 1= ¢a1 and ¢2:=¢

such that Be(¢]) = Be(¢2) = Beo(¢0). That is,

a

(70) r(1;6,¢0 ) = r(1;6,¢,) = r(1:6,,¢,).

Also, because a,<o,<a,, there exists g in (0,1) such that

qo, + (1—q)a2= o That is,

.-
(71) qQ r(0:08,¢6,) + (1-q) r(0;6,¢ ) = r(0;8 .4 ).

By (70) and (71), the measure Qe with mass q at ¢, and
mass 1l-q at ¢, yields r(x;e,Qe) = r(x;eo,¢o) for x =0,1,
and 2, provided [6]|>]6 |.

The computation of the Fisher's information in the
partial likelihood will be performed in Section 4.9.9,

when Model C is discussed.

2



143

4.9.7 Mathematical Interlude. As seen in 4.9.6, deter-

mining if a likelihood is a simple nuisance can be quite
difficult even in a simple model. Better techniques are
needed for determining if the family of equations (58)
have a solution Qe. The following theory has proved
somewhat fruitful.

Supprose that (58) can be reduced a condition on the
moments of Q. There is an extensive theory developed about
whether a distribution Q exists on R with any given
moment sequence Mg Hyreeen where uk=ka dQ(x). The reader
is referred to The Laplace Transform by David Widder (1941).
In the models remaining, the following results from that

source are used. Define the k-th moment matrix by

[~ =
Mo My weo Wy,
Py Hy --- W
M= K/241 if k is even,
“k/z . uk
- |
Wy ¥, -e 1"(k+1)/2
Uy U,
and M=\ . if k is odd.
H(k+1) fh. . . M
L —

4.9.7.1 Theorem (Widder {1941}, p. 138) A necessary and
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sufficient condition that the equations

(71) st dP(t) =y
o n

have a nondecreasing solution P with infinitely many points

of increase is that det M, >0, for k=0,1,2,....

k
Notice that this condition is equivalent to the
matrices Mi all being positive definite, as a symmetric
matrix is positive definite if and only if all its prin-
cipal leading minors have positive determinants (Seber

{1971}, p. 35).

4.9.7.2 Theorem. (Widder {1941}, p. 138) A necessary
and sufficient condition that the equations (71) have a
nondecreasing solution with finitely many points of in-
crease is that the matrices Mk be nonnegative definite for

all k, with at least one positive semidefinite.
These results are now used in Model D.

4.9.8 Model D. In the transformed problem (see Section
2.6.3) ZT’Zz""’Zk are independent random variables,
where each of Z’{‘+k¢,Zz,...,Zk have an exponential distri-

bution with mean g. Let Y=ZT. It was argued, based both
on invariance and an Andersen-conditioning argument that
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a reasonable partial likelihood was the marginal likeli-

hood of Z,,...,2 Hence the remainder likelihood is

K
the marginal for Y.
In showing that there exists a nuisance eliminating
distribution, we may assume without loss of generality
that ¢,=0, as other cases can be translated into that one.
The requirement that (6,¢)<<(eo,¢o) then implies that the
measures in P; must have nonnegative support. Under (6,¢),
Y L 6W + n¢, where W is a unit exponential. Let U/n be

a random variable with distribution Q, independent of W.

Then under (6,Q),
L
Y = 6w + U.
Hence the equation
L
(72) 6W + U = 6,W

expresses the likelihood relationship (58). How do we
establish (72)? Suppose that there exists a distribution
Q for U such that the moments of 6W + U are the same as
those of 6,%. Equation (72) then follows if those moments
uniquely determine the distribution. The following cri-

terion for the latter is from Breiman ({19€8}, p. 182).
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4.9.8.1 Proposition. If

-1
lim sup 'uz/n <
n >

then there exists at most one distribution function F

satisfying

g =1/ xk dF(x).
n
The moments of GOW are un = G?n!. Proposition
4.9.8.1 holds because
n n~!
lim (6 n!) /n =6 /e
n-+oe
by Sterlings formula (Rao {1973}, p. 59).
Hence we search for a distribution Q such that the
moments of 6W + U match those of 6 ,W. Let the k-th moment
of U be bk' Setting the moments of 8W + U and 6,V equal

gives the system of equations:

n
n 1 ok = all
z (k) k! 6 bn 6o n! for n

1,2,3,....
k=0 -k

Put into matrix form, this becomes
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where 8% = (1,b ,b ,.o...b ), o = (1,8, 11,0221, . 8001y,

and Ae is the lower triangular (n+l) by (n+l) matrix de-

fined by
- (11 . 1yy ai-d . .
(Ae)ij (i-1)'/(j-1)! © for i > j
=0 else.
The matrix (Ae)-l is simple in structure, consisting of

1's down the diagonal, positive entries in positions

(i-1,i), and zeroes elsewhere:

-1 _ -
(Ae )ii =1 ’ 1 0:1; 1,
(Ae )1_1 = -i6 ’ 1 = 1;2’ 1,
-1
and (Ae )i,j = 0 else.

This simple inversion works because of the relationship:
(-m6, 1) ((m-1)1/k! 6™ 7% mijxr @Kyt oo

Solving the equation for B yields

(73) B = AZ'a = (1,(8,.-8)1'8'", ..., (8. -8)nte""
0 o 0 0

1.t
5 .

)
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Can (73) be a moment vector? First notice that 6 must be
less than eo, as the positive random variable U must have
positive moments. Assuming this is true, notice that

6,(8,-6) """ = (6/(6,-6).0,0,...,0) +

(1,116 ,2182,...,87n!),

where the last vector is the moment sequence for GOW.

Let Mk be the moment matrix of GOW, let M; be the moment
matrix for gW+U, and let Dk be the matrix of the same di-
mension as Mk with e/(eo-e) in the (1,1) position and

zeroes elsewhere. Then

* =
M = M] (60—6)/9 for k odd
* = - +
and M M] (80 6)/8 D] for k even.

x 1S, by

Theorem 4.9.7.1. For k even, M; is positive definite

For k odd, M; is positive definite because M

because Mk is positive definite and Dk is nonnegative
definite. The conclusion is that for 6<6,, equation

(72) has a solution and hence so does equation (58). Thus
the marginal likelihood of Y is a simple nuisance.

Recall from 4.2.8 that the J-information was k/62.

For this problem, the partial likelihood is the density
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for the k-1 independent exponential (8) random variables

Z ,...,2

) The Fisher's information in p, which is also

n
the K-information, is Ip(e:¢) = (k-1)/92. Comparing the
two informations, one sees that the adjustment for the

nuisance parameter is the equivalent of the loss of one

observation.

4.9.9 Model C. The observations are pairs of independent
binomials (Xi’Yi)’ with sample sizes ri,si respectively.
The parameter of interest ¢ is the log odds ratio,

which is constant through all observations. The partial
likelihood suggested by the Andersen conditioning argu-
ment, and earlier by Fisher, is the conditional 1likelihood
of the pair given the sum X+Y. The remainder likelihood
is therefore that of the sum X+Y.

This model is the most tantalizing of the models
presented here. The conditional argument is both fre-
quently used and somewhat controversial. Unfortunately,
as will be seen, some of the uncertainty about the op-~
timality of the CMLE will still remain after tha analysis
of this paper. First, we check to see if the simple
nuisance criteria works for r and s greater than one (re-
call that it worked for r=1 and s=1 in Model B). It turns
out that it doesn't for the Type I likelihood, but that

for a large class of null distributions Qo, it works in
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the Type II likelihood. It is conjectured that this is
a model in which the factorization is complete, but the

simple nuisance criterion fails.

Define the function fk(e) to be the coefficient of

0+¢ T s

e‘bk in the polynomial expansion of (1l+e (1+e¢) in

powers of e¢. Define

p(6,0) P(X+Y = 0 ; 8,¢)

(1+e979y7T (1+e%y7S,

Then the marginal distribution of X + Y may be expressed as
- K - - K¢
(74) P(X+Y = k ; 8,¢) = p(8,¢)e £,08).

Thus in this model equation (58) is equivalent to the

followint r+s+l1 equations:

(75) £ o(8,0) °1,(0) 49, = p(8,.6,) exp(ko,)E, (8,)

for k = 0,1,...,r+s.

Let uk(e) = fk(eo)/fk(e). Suppose that there exists a

measure w on R such that
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(76) 5 e®®%0) 4uey = u (8)  k=0,1,2,...,r+s.

Then dQ(¢) = p(60,¢0)/p0(6,¢) dw(¢) would be a solution
to equation (75). The measure Q so defined would of ne-
cessity be a probability measure, because summing the
equations (75) over k gives S/ 1 dQ = 1. Now (76) holds

only if there exists a measure w* on (0,») such that
(77) ;x5 qur(x) = L (8)  k=0,1,2,... r+s,

SO0 we may apply the moment theory of Section 4.9.7. An

important result is stated in the following lemma.

4.9.9.1 Lemma. For sample sizes r=s=2 and null (6,.00)
= (O,¢o), the marginal likelihood of X+Y is not a simple

nuisance.

Proof. It will be shown that det M,< O for the

purported moment sequence (77). The matrix is

p— —

1 2(1+e%)"!  6(1+4ef+e268)?
M, = 2(1+e)7? 6(1+4e%+e20)7  g(14e8)"te™?
6(1+4e8+e26)7! 2(1+ef) e P e 28

Making the substitutions 0L=(1+ee)_1 and 8 =a(1l-a) the
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determinant may be expressed

a® (1-48)° (-2)

det M“ =
g2 (1+2g)3

Since <%, with strict inequality for 8#0, the determi-
nant is strictly negative. It follows that the matrix
Mk cannot be nonnegative definite. Thus the remainder is

not a simple nuisance.

4.9.9.2 Theorem. Under the null parameter (eo,Qo),
where Qo is any distribution on ¢ with infinitely many
points of increase, the marginal likelihood of X+Y is a

simple nuisance.

Proof. Let uk(e) = P(X+Y = k ; eo,Qo)/fk(e).
Define measure w by dw(¢) = p(60,¢) dQ0(¢). Then w is a
finite measure, as p(eo,¢) is a probability and so is
between O and 1. The distribution function for w has
infinitely many points of increase because Qo does and

p(eo,¢) is strictly positive. ©Notice that
P(X+Y = k; 6,0 ) = f p(8_,0) € (5 ) dQ
v 0400, pLo ¢ k'Y 0

implies, by division by fk(eo), that
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5 e o(s,,0) da,

He(8,)

5 e awie) k = 0,1,2,...,r+s

From the last, it is clear that “k(eo) is a moment se-
quence for a distribution w with infinitely many points
of increase. So the sequence of moment matrices Mo(eo),“”
Mr+s(eo) all have positive determinants. Since the H (8)
are continuous functions of 6, so are the corresponding
moment matrices Mk(e). Hence for 6 in a neighborhood of

0 det Mk(6)>0 for k = 0,1,2,...,r+s. It follows that

0 b4
uk(e) is also a sequence of moments for some distribution,
provided 6 is sufficiently close to 60. Hence there

exists a measure Wg on R such that
k¢ - -
S e dwe(¢) = uk(e) for k = 0,1,2,...,r+s.

If we now define Q, by dQ, (¢) = p"1(6,0) dw, (¢), then

i

(78) P(X+Y = k; 6,Q) = J & £ (8) 0(8,0) dq,

5 5 (6) dwg ()

£,(8) rekd dwg (6)

£,(8) 1 (8)

P( X+Y = k ;8,,Q,).
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It is clear by summing over both sides of (78) over k
that Qe must be a probability measure, and so the simple

nuisance property is established.

We now compare the Fisher information about 6 in
the full density with that in the conditional. The Fisher

information in the pair (Xi,Yi) is

I,(8,6;) =

r.p;(1-p;)  r.p;(1-p,) 1
(3" |

where Py and q; are the respective success parameters of
Xi and Yi’ Hence the Fisher information about 6 available

in the presence of ¢ is
(79) I;(05¢5)=r;p;(1-p,)a(1-qy)/(r ;p, (1-p )+s,q(1-q,).

The partial information in the conditional likeli-
hood will be computed using (67) of 4.9.4. That is, we
will subtract the information in the marginal X+Y from
the (1,1) entry of the full Fisher matrix. Writing the

marginal density as in (74)

3(1ln p(0,9) ek¢ fk(e))/ae2

521n r/362

- rp(1l-p) + 32 1n fk(e)/aez.

7
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Taking expectations on both sides, and applying (67) yields
. = - 2 2
(80) Ip(6,¢) E (- 93“1n fx+Y(e)/86 ).
The calculations are now carried out for Model B,
where r=s=1. 1In this case, fo(e)=1, f](e)=(1+ee) and

f.(9)=e®. So, if p=P{x=1},

(81) I P(X+Y = 1; 6,6) e°/(1+e%)2

p(1-p) (1+e®7®y (1+e9) 2 (14e?)7?.

Recall that in this case the factorization is complete.

4.10 The symmetry problem. In the Type I model, the

following example demonstrates the need for further devel-
opment of the preceding information theory. Let
XI,XZ,...,Xn be a sequence of independent random variables,
where Xi is normally distributed with mean 6 and variance
¢i' This example was previously used to demonstrate the
need to consider carefully the sequence ¢,.¢,,. .. in con-
structing an asymptotic model (see 3.2.1). The MLE for 8,

(n)

when ¢ =(¢1,...,¢n) is assumed known, is

n n
(82) 6" = 5 oxpel' e e
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If we now consider T(a(n)) as a function of the constants

(

.,an), then for every null (60,¢0n)) the estimator

(n)=¢§n),

the lower bound for the null (eo,¢§n)) based on Fisher's

(al,..

T(a(n)) is unbiased. Further, when a it attains
information. It follows that the Fisher's bound is the
best possible. Thus the K-information must equal the
Fisher's information, since otherwise the K-information
would provide a better bound.

In this, or any other Type I model, in the face of
the unknown character of the sequence ¢1,...,¢n, it seems
unlikely that one would wish to choose an estimator, such

(n))

as T(a which was locally optimal, at ¢gn)=a(n), but
which would perform rather poorly for a permutation of the
null sequence.

One way to approach this problem is to use as a loss
function for the unbiased estimator T the function

1

I E {((T-8)% ; 0,16'™))
i

(83) (n!)"

(n)

where n¢ ranges over the permutations of the sequence
¢1,...,¢u. Under such a loss it can be shown that an
asymmetric estimator is no longer optimal: The loss
function (83) is equivalent to computing the variance of

T with respect to the density
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(84) £x(x;0,0%)) = (@)™ T £(xs0, 16(D)).
i

In this density the order statistics 0(®) are sufficient.
Let E* be expectation with respect to (84). For any un-
biased estimator T, the estimator E*(Tlo(n)) is unbiased,
is symmetric, and by the Rao-Blackwell Theorem (see Bickel
and Doksum {1977}, p. 121) has variance at least as small
as T. In fact, under completeness of O(H), E*(T]O(n)) is
the unique minimum variance unbiased estimator, provided
it has finite variance (see Bickel and Doksum {1977},
p. 122). Notice that in the normal example,
Ex(T(a(™)y 0™y < x.

What happens if one uses density f* in lieu of f
in the preceding theory of unbiased estimation? Does one
alter the corrected Fisher's information? 1In the normal
example, the conditional distribution of X(n) given O(n)
does not depend on 6, therefore O(n) contains all the cor-
rected Fisher information. Does one alter the K-informa-
tion? This has not yet been worked out. It is worth
pointing out, however, that a lower bound based on the K-
information in the order statistics cannot be less than
the K-lower bound based on the full likelihood. Hence
if there is a symmetric estimator which meets the bound,
as in Models A, D, and E, the K-information in the marginal

must be the same as in the full likelihood.



158

4.11 Chapter summary. The chapter started with the notion

of J-information, which proved to be a close relative
of.the Fisher information. It had the added benefit of
being well defined when the nuisance parameter is not real
valued or when differentiability requirements do not hold.

The K-information, based on Barankin's lower bound,
went a step beyond the J-information. It was the key
measure used herein to check the optimality of the partial
likelihood factorization.

The computation of the K-information, however, is
by no means simple. In this chapter the main tool used
was the notion of the simple nuisance likelihood. It was
used to determine if a factorization was complete in the
sense that all the information about 6 necessary for un-
biased estimation could be presumed to be in the partial
likelihood.

It was found that in the Type I models, save Model C,
the remainder likelihoods were simple nuisances. In all
the Type II models, with a restriction on Model C's null
nuisance parameter, the remainder likelihoods were simple
nuisances. In Models A, D, and E these results were
compelling, as the resulting lower bounds were tight. In
Models B and C, the results were merely suggestive, as

no unbiased estimators exist.
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The next chapter applies the insights into informa-
tion gained in this chapter to the problem of lower bounds
for the asymptotic variances of asymptotically normal es-

timates.



CHAPTER V

Lower Bounds for Asymptotically Normal Estimates

5.1 Chapter Introduction. In Chapter 4 lower bounds for

unbiased estimation were developed which had the advan-
tages of being both well-defined in cases where ¢ was not
Euclidean and more powerful than the Cramer-Rao bound

when ¢ was Euclidean. This chapter extends these results
to lower bounds for consistent asymptotically normal es-
timates by using the same basic tool, mixing distributions
over the nuisance parameter space.

The methods used herein are modifications and ex-
tensions of those of Bahadur (1964). The necessary ground-
work of creating an asymptotic model suitable for those
methods is made in Sections 5.2 through 5.5. The K-infor-
mation, is, unfortunately, not directly suitable for this
model, as certain smoothness assumptions must be satis-
fied by the mixing distributions. The effect of these
assumptions is discussed in Section 2.9.

A lower bound theorem for the asymptotic variance
of asymptotically normal estimates is developed in Sections
5.6 through 5.8. Section 5.10 discusses circumstances
in which the criterion for estimators of the lower bound
theorem is so strict that there are no such estimates.

A solution to this problem is developed in 5.11 and 5.12.
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5.2 The asymptotic model. The sequence X1'Xz"" of ran-
dom variables is assumed to be so distributed that the
marginal distribution of X(n)=(X],...,Xn) is generated

by the density

f(n)(X(n); 6,0)

with respect to a measure v(n) on the observation space

{(X1""'Xn)}' It is further supposed that the density

f(n) has a factorization into component densities fi:
(n) , (n) 2 (1)

(1) f (x ; 8,0) = 1m0 f.(x IO R

1

i_

The functions fi are not functions of the index n. The
model (1) will be called the general model. The para-
meter € is assumed to be real valued, from open set 0.
The'parameter ¢ is assumed to be from parameter space &.
The Type I model fits the general model, with the
interpretation that the nuisance parameter space is @w, the
space of infinite sequences ¢(m)=(¢1,¢2,...). The density
fi in (1) then becomes the density of observation Xi' For
the Type I model, Fn will denote the empirical measure on
¢ which puts mass 1/n at each of¢1,...,¢n. An assumption
which will be used for some models in the following text

is that Fn converges weakly to a probability measure F.
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The Type II model fits the general model by the
identification fi(x(i); B,) = f(xi;e,Q). The nuisance
parameter space is P, the space of probability measures
on ¢.

Within this framework, attention will be restricted
to estimation of 6, rather than a function thereof.

Further, in parallel with classical theory, we consider

a specialized class of estimators.

5.2.1 Definition. A sequence of measurable functions

Tn(x(n)) will be called a consistently asymptotically

normal (CAN) estimator at (6,¢) provided that there ex-
ists a normalizing constant v=v(6,¢), called the asyvmp-

totic variance, such that

3 3 L
n (Tn—e)/v + N(0,1) as n-w.

The essential focus here is on CAN estimators.
As pointed out in 1.4.1, however, the problem of super-
efficiency prevents a useful lower bound theory for the
asymptotic variances of CAN estimators. One solution
in nuisance-free models was to require the estimators to
be uniformly asymptotically normal (CUAN, 1.4.3). The
uniformity was required over compact sets of ©. In his

discussion of conditional maximum likelihood estimates
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in the Type I model, E.B. Andersen (1973) used the concept
of ¢~uniform convergence (see Section 3.7.1), for which
uniformity was required only over the nuisance space.

Herein, a weaker requirement will be used.

5.2.2 Definition. The sequence of estimators Tn will be

called ¢~uniformly median unbiased (UMU) at 6 if

sup {]P(Tn<e;e,¢) - 3|} + 0 as n-w.
o
The requirement that an estimator be UMU is essen-

tially a technical one in order to obviate superefficient
estimates, rather than expressing a desirable property
of the estimator. The requirement that Tn be ¢-uniformly
normal, as in Andersen (see 3.7.1), could be justified
however based on the confidence interval argument of
Section 1.4.4. The weaker requirement will be used here

because it suffices for the proofs.

5.3 Bahadur's proof. The lower bound of this chapter is

derived by making suitable modifications in a proof, given
by Bahadur (1964), of the Fisher lower bound for asymp-
totic variance in a nuisance-free i.i.d. model. His ap-
proach is sketched here.

Suppose that X,,X,,... are i.i.d. observations from
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density f(x;6), for 6 real valued. The density is as-

sumed differentiable in §. The score random variables are

U; =3 1n £(X;;6) / 36 , i=1,2,3,....

-3
Then, under regularity assumptions, n~2

ZUi is asymptoti-
cally normal, with mean O and variance I:= E(Ui).

Rather than consider the scores directly, let

- -3 . - . ) :
en eo+n , let L(Xi,en) = f(Xi,en)/f(Xi.eo), and consider
n
(2) Vn = E 1n L(Xi;en).

Then a Taylor's expansion of Vn yields

(3) V. ~n

L
+ N(O,I) + 3I under eo, as n-o,
where I = I(eo). Bahadur also shows that
X2 L 1
(4) (Vn - 3I)/ I® > N(I®,1) as now

under laws P( . ;en) for Vn’
Each CAN estimate Tn may be turned into a test of
H :86=86_ versus alternative Hn:e=6n. Since Vn generates

0 0

the most powerful test of this hypothesis (Neyman-Pearson
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lemma), the two tests may be compared. Bahadur does this
in such a fashion, using (3) and (4), so as to show that
for almost all & (Lebesgue measure), the asymptotic vari-

~1
ance of Tn exceeds I

5.4 Directional Scores. We now seek to generalize

Bahadur's argument to the nuisance parameter model, start-

ing with an expanded notion of the score function Ui'
Suppose that f(x;6,¢), with ¢ in RS, satisfies

the necessary regularity conditions in 6 and ¢ so that the

full Fisher's information matrix I exists. The score

functions are U8 = 9 1ln £/36 and Ui = 95 1ln f/a¢i. Fix

null (90,¢0). For the row vector w = (w

,W_) in RS,
s

N

let ¢w(e) = ¢0+(e—60)w. Then ¢w(eo)=¢0, and

(=]
n

(5) 9ln f(x:6,¢ (6))/38

= Ue + wlU¢l + ... + wsU¢
This score, which depends on a direction w in RS, has
mean zero and variance (1,w)I(1,w)t. It will be called

the direction w score. By lemma 4.2.3, the variance is

minimized for direction w*=IIZI;;, at which point

~-1 . . .

Var U ,=I -I I~ I , the Fisher information corrected
w 11 12227 21

for the nuisance parameters. The direction wk is, in

this sense, the least favorable direction.
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The scores may be represented in a way which sug-
gests a link to the material of the previous chapter.
Let L(6,¢) = f(X;e,¢)/f(X;eo,¢o). Then, since 1n:f(x£0,¢0)

does not depend on 6 or ¢, we may write the score U. as

0

9 1n L(e,¢)/ae|(e Instead of directions w in o,

010o)°
consider "directions'" in P, the space of probability
measures on ¢, defined by functionals He:O+P which assign
probability measures to points in 6. For our purposes

the most important example occurs when H. is nuisance

8
eliminating for the likelihood factorization pr. 1In this

case the "direction H'" score would be
6 3 1n L(6,H 06 = 9 1In L _(8)/96 = U_,
(6) (6,Hg) /36 5(8)/ o

the partial score. It is important to note here that He
need only exist for e+e: or e»e;, so that the partial
in (6) is technically only a left or right derivative.

We now formalize the notion of a directional score in P.

5.4.1 Definition. Let He be a function which, for some
c>0, assigns to each 6 in either (eo,eo+c) or (eo-c,eo)
a probability measure, denoted He , in P. The density

fH(e):=f(x;e,He) will be called the direction-H density.

The direction-H log likelihood ratio is defined to be
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DH(G) = 1n L(G,He) = 1In fH(e)/f(x;80,¢o).

5.4.2 Definition. If f.(8)>f (8 ) as e»e:(“) and the

right (left) derivative

UH(eo) 1= 11T(_§DH(6)'DH(60)} / (e-eo)
0

exists, then that derivative is called the direction-

H score. The function He will then be called a score

producing functional. Define the Fisher's information

in direction-H to be

IH(eo) 1= Var(UH(eo)).

5.4.3 Definition. A score-producing functional H will be

called regular if

a. Dﬁ(e) exists in an open interval adjoining 60,
and Dy (8)-Uy(8 ) as e+e:(').

b. Dﬁ(e) exists in an open interval adjoining to 60.
The right (left) second derivative at 60 exists, and is
continuous with Dﬁ(e). Denote this right hand second
derivative Uﬁ.

c. The following interchange of 1imit and integral

can be made:
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E(Up) = Lim" B {(£(0)~£,(8 )/£,(6 )(6-8,)}=0.

d. IH(eo) E(—Uﬁ).

The above definition applies to any measurable para-
meter space ¢. If ¢ is a Euclidean space, then, under the
conditions for the existence of the Fisher's information
matrix, the direction-H score is identical to the direc-
tion w score if He is defined to put mass 1 at ¢w(e).

One advantage of considering directions in P is, of course,
that under simple nuisance conditions the partial scores

may be so generated (see equation (6)).

5.4.4 Application to simple nuisance. If the direction

H is the '"nuisance eliminating'" direction for a partial
likelihood factorization f = pr, then the regularity as-

sumptions a through d above are satisfied if

a. Up exists in a neighborhood of 8, -
b. 3? 1In p/362 exists and is continuous in a neigh-
borhood of 60.
c. E(U = 0.
( p)
d. E(p"/p) = 0, as this implies that -E(521ln p/362)
= E(p' 2 =1,
(p'/p) p

These are all satisfied if p is from a smooth exponential



169

family (see 4.9.3).

5.5 Convergence Conditions on the Scores. In order to

create an asymptotically normal variable to correspond

with Vn of equation (2), the directions He will be chosen
in such a manner that the log likelihood ratio for the full
density is a sum of random variables. Under mixing dis-
tribution H at stage n, the log likelihood of the general

model,
n 5 £ (xi0,0) i = 10 s 1 o£(x(P)i0,0) an,

does not necessarily decompose into a sum. This difficulty
leads to the use of distinct approaches for models of
differing structure.

| In the Type I model, where there is a distinct
_parameter ¢i for each fi' using the product measure Hén) =
H X ... X H on ¢n vields a log likelihood ratio

1,8 n,eo

p{™(e) = £ 1n L;(0,H; )

8
which is a sum of independent random variables.

In any model where the density fi depends on the
entire nuisance parameter ¢, such as in the Type II model,

then insertion of a randomizing measure fails to provide
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summability. In effect, it induces correlations among
the scores. The remaining alternative is to use the ana-
logy of the J-information. Select g in ¢ which is least
favorable for each 6 and let H,  put mass 1 there. Then

e

p{™ =1 1n Li(X;8,0,)-

In summary it is assumed that He is chosen so that
at stage n there is a score Uén) = I Ui obtained by dif-
ferentiation from Dén). For the Type I and Type II models
the Ui will be independent. In the Type II model they will
be identically distributed. In the Type I model, however,
the null distributions of the Ui may depend on ;- If
the He are nuisance eliminating distributions for a fac-
torization f = pr, where p is a marginal likelihood, then
the scores Ui are i.i.d., as their distribution depends
only on o.

For more general factorizations, f(n) = Hfi, it will

be assumed that the scores are uncorrelated, so that

var (u{™)) = 5 var (V) =11,

where Ii is a directional Fisher's information for density

f..
i

The convergence assumptions needed for the proof



171

are now presented. After each assumption will be a dis-

cussion of its validity for Models A through E,

5.5.1 Assumption. E(U(n))z/n =z Ii/n converges to an

asymptotic information number I in (0,=).

For any model in which the Ui are i.i.d. random
variables, this condition will be satisfied because
Ii=Ij=I for all i and j. Thus this condition is satisfied
for any model of Type II. Further, it holds for Models
A, D, and E of Type I, since in these models the partial
likelihoods are marginals. For a Type I model where
the partial is not a marginal, the following remarks are
relevant,

Assume the probability measure function Hi,e
signed to the i-th likelihood ratio is itself a function of

as-

i through ¢i only. This would be the case if we were

using nuisance eliminating distributions or least favorable
distributions. Then the corresponding directional infor-
mation is Ién)(e;¢(n)) =n [ IH(9;¢) an(¢), where Fn is
the empirical measure of ¢1""’¢n and IH(e;¢i) is the
direction-H information for observation Xi' In this case
sufficient conditions for assumption 5.5.1 to hold are that
IH(6;¢) is a bounded continuous function of ¢ and that

w
Fn+F, a probability measure on ¢. In this case
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(7) I =7 Ig(e;¢) dF (o)
In Model B, the partial information is

I, =P {X+Y = 1 ; 0,0,) ®/(1ved)?,

which is bounded and continuous in ¢, so the asymptotic

information is
I =/ P(X+Y=1; 6,6) dF(¢) e’/(1+e®)?

Model C does not have a simple nuisance factoriza-

tion as a Type I Model, so it will not be considered here.

-1
5.5.2 Assumption. n-2u(™ L neo 1).

Again, this condition is satisfied for any model
of Type II and for Models A, D, E of Type I, by a central
limit theorem for the i.i.d. scores Ui' For models in
which the scores are not i.i.d., a different justifica-
tion must be sought. 1In the case of Model B, we use
Liapunov Theorem (e.g., Rao {1973}, p. 127). That is, if

we let b(e;¢i) = E(|Ui|3), then assumption 5.5.2 holds if

b(8;¢ ))1/3/ ( g 1(6;0 ))% + 0 as n-ow
oy 1oy '

n
(8) (z
=1 i=1

1
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The ratio in equation (8) may be rewritten
p p s
0/ (soo;0) aF )2/ nPoracese ar )2

Hence if it is shown that both b a.d I are bounded contin-
uous functions of ¢, this ratio converges to zero and
hence 5.5.2 holds by Liapunov's Theorem. In Model B the

partial scores are

= - e/ +e =
U, = (X; - e /(1+e”)) I{X,+Y =1},
where I denotes the indicator function. Hence -all ab-
solute moments are bounded by 1. Since the point pro-
babilities are continuous in the finite sample space, all
expectations are continuous. It follows that assumption
5.5.2 holds if FnﬂF as n-w.

n P

5.5.3 Assumption. n = % Uy + 1 >0.
i=1

Assumption 5.5.3 holds if the Ui are i.i.d. random
variables because of 5.4.1.d and the weak law of large
numbers. In Model B,

v=e B, 2 —_
U = e/(1+e®)? IX.4v, = 1},

w
so the requisite condition is, given that FnﬁF,
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P
n” g I{X,+Y, = 1} > | P(X+Y=1; 6 ,0) dF(d).

By Chebyshev's Theorem (W.L.L.N.) (e.g., Rao {1973},
p. 112) it suffices that

n~' S I(8;:0) dF_~ 0.

This holds because I(0;¢) is bounded and continuous as a
function of ¢.

5.5.4 Assumption. For any sequence 6; ,h =1,2,3,...,

5
such that eﬁ is in (90,60+n ) for each n,

=1 (n)n ' E
n (DH (9;) - UH) 0.

The following lemma gives a useful sufficient condition

for this assumption.

5.5.5 Lemma. (Bahadur {1964}) If the log likelihoods
Di are of the form h(Si), where the Si are a sequence of
i.i.d random variables and h is a measururable function of
s and the parameters, then the following condition suf-
fices for assumption 5.5.4: there exists a measureable

integrable function M(x) such that for all x
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|Dy(8) - Us | < M(x)

Proof. Let

(8) A (8) = sup {|DJ(8) - U!| : 6e(6,,8, + 6)}.

0
If we let m(8) be the mean of Ai(é), then the Lebesgue
dominated convergence theorem, using M(x), implies that

m(8)+0 as §+0. For all n larger than 6 ' and all x(n),

n
-1 " ] o= ! -1,_ =1
(9) n |i£l DY (8%) - U;| =n"' £ A (n"")=n IA,(8).
By the S.L.L.N.,
(10) n~! g A;(8) » m(8).

The conclusion follows by letting 6-+0 in (9).

For the case of non-i.i.d scores, the following corollary

is relevant.

5.5.6 Corollary to Proof. If (10) holds for Ai(5) de-

fined as in (8), and m($)+0, then assumption 5.5.4 holds.

In all models considered except for Type I Model B
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the partial scores are i.i.d. and the condition of Lemma
5.5.5 is a regularity condition routinely satisfied by
the exponential family.
For Model B, the function Ai of (8) is
A;(8) = A(8) I(X;+Y.=1),
where
A(8) = sup(|e®/(1+e®)2-eP0 /(14600 )2 10e (6, ,8,+6)}.

Since A(§ ) >0 as §-0, it is clear that 5.5.6 holds.

5.5.7 Summary of results for partial scores. The con-

vergence conditions of 5.5.1 through 5.5.4 are satisfied
by the partial likelihood ratios for all ¢-sequences for
Type 1 Models A, D, and E, because of their i,i.d. nature.
For Type I Model B, they are satisfied provided anF.

The conditions are satisfied for all Type I1 models be-
cause of the i.i.d. nature of the ratios.

5.5.8 Definition. The score producing functional H, will

]
be called normal at (eo,¢0) if it is regular and Assump-

tions 5.5.1 through 5.5.4 are satisfied by the directional

log likelihood rations Dén).
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e

5.6 Asymptotic Normality of Dézl. Let en=6o+n

Assume He is normal. Call the distribution generated by
(en,Hen) on (X],...,Xn) the n-th alternative distribution.
Denote the probabilities and expectations with respect

to this distribution by Pn and En unless otherwise stated.
The unsubscripted P and E will continue to represent
probabilities and expectations with respect to the null
distribution (eo,¢0) The log likelihood ratio DH(Gn) de-
termines the most powerful size o test of the null (60,¢0)
versus the n-th alternative. We now proceed to compute

its asymptotic distribution under both the null and the

alternative. Let

(10) z = (™o ) + 172} / 1
n H n :

5.6.1 Theorem. Under convergence assumptions 5.5.1

L
through 5.5.4, Zn+N(0,1) under the null.

Proof. (As in Bahadur, {1964}) 1t follows from the

differentiability of the scores and Taylor's Theorem that
-1 - -
(11) D" (6,0 = n 20 4 anT1u) gyt (D oxy gy

By comparing the limits of the first, second, and third

summands of the right hand side of (11) with assumptions
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5.5.2, 5.5.3, and 5.5.4 respectively, the theorem is
proved.

5.6.2 Theorem. Let Cn = {x(n):Zn<z}. Then

P(Cn) = N(z) + o(1)

s
and P (C ) = N(z-I%) + o(1),

where N is the distribution function for the standard

normal.

Proof. (As in Bahadur {1964}) The first result
restates Theorem 5.6.1. For the second, let In be the

indicator function for set Cn' Then

- e(m),, . (n)
P (C) =/ 1 £7(X ’en'Hen) av ™ (x)

I exp(Dén)(Bn)) f(n)(x;eo,¢°)dv(n)(x)

[ exp(-1/2) I_ ex (I%Z ) dp_ (z2)
b n b n Zn

where PZ
n

the standard normal. Since the integrand is a bounded

, the null distribution of Zn’ converges to N,

continuous function the last expression may be written

Z
= exp (-1/2) / exp(I¥y) dN(y) + o(1),

- 00
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which by a change of variable yields
1
exp (~-1/2) exp (I/2) N(z-I®) + o(l),
the desired result.

5.7 A lower bound theorem. The lower bound theorem in

this section provides a sufficient condition for the
directional score information to provide a lower bound
for the asymptotic variance of an asymptotically normal
estimate. In the next section, the sufficient condition
will be seen to hold almost universally in the parameter

space.

5.7.1 Theorem. If Tn is CAN at null (eo,eo), with asymp-~

totic variance v, and

’

. . 1
(12) lim inf Pn(Tn < en) < 3
n - o

then V>I§1(eo;¢o) for all normal H.

s
Proof. (Bahadur {1964}) Choose z>I%?. Define Cn as
in Theorem 5.6.2. Let An be the complement of Cn' By

that theorem
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i 1
1;m Pn(An)<2

By assumption (12), if Bn = {x(n) T > en}, then

lim sup Pn(Bn)z%.
n > o
Hence there exists a subsequence m ,m,,m,,... of the posi-

tive integers such that
(13) Pn(Bn) > Pn(An) , h=m m_, ....

For each n = m regard An and Bn as critical regions for
testing the null against the n-th alternative. For its
size, the region An provides the test with the greatest
power. Equation (13) states that it has less power than Bn'
It follows that An must have a smaller size for each n

in that same subsequence:

(14) P(Bn) < P(An) ., =m .m

1’ 2

The asymptotic normality of Tn yvields

P(B ) = P {T_>p )

E

-3 -3 -3
v “>v °} = 1-N(v *)+o(1).

—

P {(T ~8,)n
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From Theorem 5.6.2, P(An)=1—N(z)+o(1), and so (13) implies

that

1 - N(vE) + o(1) > 1 - N(z) + o(1).

1
2

. . i N .
Hence v “<z. Since z>I® was arbitrary, the theorem is

proved.

5.8 The universality of the bound. For each null point

(eo,¢0) we may attempt to construct a log likelihood ratio

DH(.), where the normal score generating functional He is

a function of the null (60,¢0). If no such functional

exists for a point (80,¢0), the asymptotic information is

defined to be I*(@ ;¢,) = ». Otherwise, the asymptotic

information I* is defined to be infinum of IH(60:¢0) over

all normal score generating functionals H.

It is thus presumed that at each parameter point
there is an asymptotic information I*. The question we
now ask is, given an estimator Tn which is CAN on a subset
of O0x¢, on '"how many" points of that subset can the asymp-
totic variance be smaller than I*~'? The answer, given
below, is that I*~' is a lower bound for the asymptotic

variance of all Tn UMU for all 6, at all null points

(e°,¢o), with the possible exception of a Lebesgue measure

zero set of 80.
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To show this, regard 6 as a real variable and, for

all n and 0, let

h (8) sup {IP(Tn<e : 6,0) - 3|} if 8 in 0,

o

0 else.

It is clear that hn(e) is between O and 4. Under the as-

sumption of UMU, hn(e)»O as n»«, Now let gn(e)=hn(6n).

5.8.1 Lemma. (Bahadur {1964}) There exists a set N
of Lebesgue measure zero and a sequence ml,mz,... of in-

creasing integers such that 1lim 8m (86) = 0 if 6¢n.
r r

Proof. Letting N be the standard normal distribution,
-1
i) gn(e) dN(6) = [ fn(6+n %) dN(8),

which by a change of variable equals

s fn(e) exp {-(2n)" + n_%ﬁ} dN(8).

Lebesgue's dominated convergence theorem then implies that

the latter converges to zero. Hence there exists a sequence

m, such that, except for a N«null set, g, B8oes to zero
r



183

as n+eo. Since N-null sets are Lebesgue null sets, the

lemma is proved.

5.8.2 Theorem. If Tn is UMU for all 6, then I*_](eo;Go)
is a lower bound for the asymptotic variance of Tn at all
parameter points at which Tn is CAN, with the possible

exception of a set of 6, with Lebesgue measure zero.
Proof. Lemma 5.8.1 proves that

’ - 1 = o4}
Sgp |P(Tn<8n. en,¢) 3] ~ 0 asn m_ >,

for 0, not in a null set N. It follows that for any family

of distributions He (which are allowed to depend on
n

(6,.0,)),

JOIP(T <85 8, .9) - 3| dHen (¢) -0

as n=mr+w, provided 0, is not in N. It is immediate that

|/ P(T <8 ; 6, ,H | >0

(S

9 ) -
n

along the subsequence m., except for a null set which is
independent of the distributions He which were chosen.

n
it follows that the condition (12) of Theorem 5.7.1 holds
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for 6, not in ¥ and all functionals H which generate
scores which satisfy the convergence conditions. Hence
for all (eo,¢o), with 60 not in §y, if Tn is CAWN at (eo,¢°),
then its asymptotic variance is no smaller than

; -1 . = —1 .

1gf Ly (Bg3d) = I* “(8,30,)-

5.9 The asymptotic informationﬂli. It is conjectured

that in a smooth parametric family the I* information
for the Type I model is the same as the limit as n+w of
the K-information. It is true for Models A, D, and E,
where they are both equal to In’ the partial information.
The reason that they are known to equal those models is
as follows: First, in each the partial likelihood is a
directional score, so that I*in. Secondly, it will be
shown below that KiI*. Since in these models K=Ip, we must
have K=I*=Ip

Suppose that the continuity assumption of lemma 4.4.2
is satisfied and ¢ is sigma-compact, so that the minimiza-
tion involved in K* can take place over P, the family of
probability measures on ¢. For upper score generating
functional HG‘ assume that (L(e,He) - 1)2/(6—90)2 is
uniformly integrable with respect to the null distribution.

Then

K*(g) Var L(e.He)
= . +E(UH)2 =

(e-6,)? (6-6,)?

IH'
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It follows that KfiIH for all upper H. Similarly K'<I
for all lower H.

On the other hand, suppose that for each 6>86, there
exists a least favorable distribution Gé in the sense of
definition 4.5.4. Then if L(e,Ge) generates a directional
score at (eo,¢o), we have K+=IG. The conjecture is
based on the presumption that if the'density f is smooth
enough, then Ge and the likelihood ratio it generates will
be also.

In the Type II model, one can make a similar argu-
ment, except that in this case the I* information equals
the J-information provided that for the least favorable
distribution Qg in P, L(6,Qy) = f(X;e,Qe)/f(X;eo,Qo) is
smooth enough to qualify as a directional-score-generating

likelihood ratio.

5.10 Some questions. Thus far the theory has moved

smoothly along the path laid by Bahadur. But the diffi-

culties have merely been delayed, as will be seen shortly.

5.10.1 Do the proposed estimators meet the bound? (The

key models) The answer is yes in the Type I Models A, B,
D, and E, as the partial maximum likelihood estimates
involved have variance equal to the inverse of the partial

Fisher information. Recall that this is generally true
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for conditional maximum likelihood estimates (see 3.6.4)
and marginal likelihood estimates (because of their i.i.d.
nature).

The answer is still yes in all the Type II models,
where for Model C the bound is restricted to null points
(eo,Qo) such that QO has infinitely many points of in-

crease.

5.10.2 Are the proposed estimators CAN-UMU? (Type I model)

In Models A, D, and E, since the estimators S;k' an‘ and
Wn are i.i.d. averages, they are CAN. They are UMU be-
cause their distributions do not depend on ¢.

In Model B, if ¢~+*x, then P(X+Y=1; 6,4)>0. It

follows that if the sequence ¢h¢2,¢3,... trends large in

absolute value at a fast enough rate, then

iix P(Xi+Yi = 1; 6,¢i) < o,

It follows by the Borel-Cantelli lemma (e.g., Rao {1973},

p. 137), that

P(Xi+Yi = 1 infinitely often) = O.

Since the conditional distribution is binomial, with

effective sample size equal to the number of times Xi+Yi=1,
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it follows that the CMLE Tn is not consistent. The in-
consistency is itself not a problem as the lower bound
theorem 5.8.2 did not require the estimate to be univer-
sally CAN. However, it was required to be universally UMU.
Do we expect the CMLE Tn of Model B to be median unbiased
for finite effective sample sizes? The answer is no. And
is this a reasonable requirement for a family of estimates?
It is not, as for some sequences of nuisance parameters
there well may be no consistent estimators. In Model B
the information about ¢ is effectively washing out as ¢-w.

The discussion about how the UMU requirement might
be weakened is postponed until the analogous problem in

the Type II model is discussed.

5.10.3 Are the Type Il estimators CAN-UMU? The remarks

of 5.10.2 still hold for Models A, D, and E: vyes, they
are.

In Model B the requirement that

sup (|P(T <6 ; 6,Q) - 3]) » Oasn +» =
Q

appears to be too demanding. The reason is that by using

Q with high tail probabilities,

P {X;+Y, = 1; 6.Q}
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can be made arbitrarily small. The smaller this probability
is, the slower the approach to median-unbiasedness of any
estimator based on the conditional likelihood would be,

since the effective sample size of the binomial distribu-

tion will grow more slowly.

5.11 UMU on compact sets. Andersen's solution to the

problem of ill-trending sequences is to restrict the ¢-
sequence so that each ¢i comes from a compact set ¢,. This
assured a uniform approach to normality of the CMLE, Tn’

and so, in particular,

(15) sup { |P(T, <6: 6,67)) = 4] }>0asn » =,

For the CMLE, (15) is true for every compact set ¢, under

the conditions of Theorem 3.7.2.

5.11.1 Definition. If Tn is an estimator which satisfies
(15) for every compact set ¢0 contained in ¢, then Tn is

uniformly median unbiased over c¢ompact sets (UMUC).

There are two approaches which might now be taken.
In the first, we restrict attention to the compact ¢, - The
preceding theory applies in this case, with the exception

that in deriving the directional scores for a null
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)y (=)
(8,,6,°7). o,

must be in é? and the mixing distributions
used to create the directional score must have support
in @?. The information I*(¢o) := inf {IH(90;¢§m)) : He
with support in ¢0] then determines a lower bound for

estimators which satisfy (15), the UMU condition for the
set ¢0. Suppose that for a sequence of compact sets @k

increasing to ¢ we have
I*(¢,) » I*(¢) as koo,

Then the following intuition is reinforced: Even if there
exists an a priori compact bound on the ¢-sequence, if

that compact set is sufficiently large, the resulting lower
bound is indistinguishable from the one for unbounded
sequences. Hence, in particular, if that bound is unknown,
then I*(¢) is the best bound one can use.

Unfortunately, this approach cannot be taken in this
chapter. The regularity and convergence conditions of 5.4
and 5.5 appear to make the theory very difficult. This
approach will, however, be used in Chapter 6, where asymp-
totic effective variance is used as an optimality criteria.

The route which will be taken here is to find suf-
ficient conditions under which UMUC implies the lower bound
theorem 5.8.2. Recall that a sufficient condition for the

lower bound to hold at (eo,¢gm)) was that for the score
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distributions He to be used

(16) lim inf P(Tn<en : en,He <
n - o© n

We wish to know when Tn being UMUC will imply that this
holds for almost all eo, for the set of He we desire to
use.

Fortunately, in two of our models the criterion (16)
is no obstacle. First, in Model E, the space ¢ consists
of two points and so is compact. In Model B, the mixing
distributions are themselves of common compact support
provided the ¢-sequence is bounded. The proof of this
is now sketched.

Recall (Section 4.9.6) that the nuisance eliminating
distributions H6 for the remainder likelihood (which was

the marginal of X+Y) put mass on two points ¢  and o

such that
r(l; 6,07) = r(1; 8,,6,) = r(1;8,¢7).

If ¢(m) is in ¢ (and hence bounded), then {r(l;e,¢i)}is
bounded away from zero, and hence so are {r(1;8,¢;} and
{r(l:e,¢1}. But because the latter two sequences are

bounded away from O, the ¢-sequences within them must be

bounded away from *«. That is, the nuisance eliminating
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distributions have support in compact set ®l. Applying
the results of 5.9 to the parameter space OX¢T gives the
result (16) for almost all 6 and all ¢(m) in 6%

0 0"

Suppose now that H, does not necessarily have com-

6
pact support. Because of the UMUC condition, if we define

()

h  (8) := sup {IP(Tn< 6: 6.0 ) - %|}if & in ©
%k
= 0 else,
where @k, k =1,2,3,... is a sequence of compact sets

increasing to sigma-comapct ¢, then by lemma 5.8.1 for each
k there exists a null set Nk and a sequence of integers m.
which depends on k such that 1lim hm k(en) = 0 if eéNk.

From the proof of Theorem 5.8.2, itrfollows that for any
probability measure Gn with support in ¢

k

(17) ]P(Tn<en ; en,Gn) -3 > 0asn=m_ -+ o

for all eo not in ¥

ko
n _ n
For any measure He on ¢, let Hek = He ( .| ¢k),
the conditional probability measure. Because H has sup-

6k

port in @E, application of (17) yields

N . 1
(18) lim inf P(Tn<6n, en,Henk)iz, 60¢N

n->co

k*
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Does this last inequality imply (16)? The following
lemma provides a crude measure of the difference between
the probabilities to be compared:

o= 5] . - .
(19) a |..(Tn 6,30, B ) P(’I‘n 6,0 ,H

n’' 6
n n

6 )

5.11.2 Lemma. For any measurable set B, if H0 is the

conditional probability measure H(.IA), then
|P(B; 0,H) - P(B; 6,H,)| < 2 H(A®)/H(A).

Proof. Let H(A) = §. Let I be the indicator func-

tion for the set B. First notice that

£(x;6,H ) 51 f f£(x:8,4) dH
A

§ " (£(x:8,H) - f £(x:0.4) dH).
AC

Thus we have

|P(B;8,H) P(Big,H )|=
s s 1 (670x;0,H)~1(x;0,H)+ J £(x;0, ddv|
A

<6—lfI(1-6)f(X:9.H)dv+6_1ff£(x:e,¢)dH dv,
< A |
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by the triangle inequality. Substituting 1 for I, then

applying Fubini's Theorem yields

= §7'(1-8) s f(x;0,H) dv+a“,ffcf(x;e,¢) dHd v
A

2 (1-8)/6.
This is what was to be shown.

A straightforward application of Lemma 5.11.2 is

the following
-1 n
(19) 2k < 2(H6n(®k) - 1),

where an is defined in (18).

k

5.11.3 Theorem. If

(20) lim  lim inf H, (of) =
K >0 n -+ o en

and if Tn is UMUC, then Iﬁ‘is a lower bound for the asymp-
totic variance of Tn at all parameter points at which Tn
is CAN, provided ¢%“°€Ub; and 6 ¢V, a set of Lebesgue

measure zero.
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Proof. It will be shown that the inequality (12)
holds at the stated parameter points, where N=UNk. Sup-

pose eogm. Assumption (20), together with Equation (19)

yields

lim 1im sup Qg = 0
K+ N—>co
Let ¢ be positive. Choose and fix k so large that
lim sup & k<E- Let n, be given. There exists n ., without

n -+ o

loss of generality greater than n, such that for all

n>n_, ank<2€. Also, from (18), there exists n2>n0 such

that

P(Tn<en; 6.,H ) < P(Tn<en; en’Henk) + a

Since € was arbitrary, Equation (12) holds.

5.11.4 Application. Suppose that in Model A, the one way

ANOVA, the nuisance parameter iS<§f), with entries b0
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bounded by ¢ in absolute value. Let Ak be the closed
interval from -k to k. The nuisance eliminating distribu-
tion for the marginal likelihood of the cell means is

H, ='ﬁ N(¢io,nm%). Let Z be a standard normal random
va?i;gie. The generalized Chebyshev inequality (e.g.,

Chung {1974}, p. 48) yields a bound on the tail proba-

bilities of the distribution He
n

-1 8 -2 =8
p, = P(n 4|Z|_>_r) < EZ° n 'r

The interval Ar+c contains a closed interval of width r

centered above each mean ¢i°' as all the means are con-

tained in A_. Denote the constant r °EZ® by a. Then

B (AR ) = 1 1-P(In"% 2 + 6. | > r+c))
> (1-p )"
a/n
> (1--— )P,
- n

It is well known that if b _-+b, then (l—bn/n)n+e—b. It

follows that He (A2+C)+1 as n»x, It follows that Theorem
n
5.11.3 holds. Notice that in this case all that was needed

to achieve (12) was UMU on a single compact set Ar+c which

contained the null sequence, with r arbitrarily small. The
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implication is that given an a priori bound on the means,
say Cy> for all mean sequences which have a bound strictly
less than Cor the estimate S;k is optimal in the sense that

I;I is a lower bound for such sequences for almost all g.

5.11.5 Application. 1In the preceding application the cri-

terion (20) was verified using only the moments of H. Thus
this technique is a natural accessory to the approach of
Section 4.9.7, where the existence of a nuisance eliminat-
ing distribution H was demonstrated by the computation of
its moments.

Unfortunately, in Model D, the tails of the H are

®n

not shrinking fast enough. As can be seen from equation
(73) of Section 4.9.8, the k~th moment goes to zero at the
-3

rate |en—e| =n °. (In the normal example, it went down at
n_k/“.) The use of the Chebyshev inequality as in the pre-
vious example fails, and it is conjectured that in this case
(20) fails. Thus without further investigation, the UMU

requirement cannot be reduced to UMUC and still retain the

partial likelihood lower bound.

5.12 UMU in the Type II model. For the Type II model the

natural analogy to the UMUC requirement for the Type 1

model is



197

(21) sup {|P(T_<6 :8,Q) - 3|} > 0asn >
QeP* n
where P* consists of those measures on ¢ with compact sup-
port. Estimators which satisfy (21) will also be called
UMUC, with the context used to distinguish between Type 1
UMUC and Type II UMUC. |
For a given null Q0 with compact support, recall the

nuisance eliminating distribution
dQ := dH} dQ,(¢)

from Lemma 4.8.5, where Hg is a Type I nuisance eliminating

distribution. The measure Q is not of compact support
unless Hg is. In Models B and E, since the nuisance eli-
minating distributions are of compact support, UMUC is suf-
ficient to yield lower bounds based on the partial infor-
mations. The arguments are similar to those of Section
5.11.

If the Hg are not of compact support, use compact

support @k for the conditional measure H¢ '=H¢( |¢ Let

Bk™ o k)'
dan = ng k dQ0(¢). Judicious use of Lemma 5.11.2 then
n

yields

[PC T <65 8,,Q) - P(T, <6 ;5 6., )|
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=|/P(T _<6_;6 H¢(n)>—P(T oo 0"
n n’ ns e n n) n’ e k

yaol (4 ()]
n n

= ¢1 -1 N
| s (Hen(¢k)) dQ0(¢l)...dQ0(¢n) 1

¢ -n
(s Ho (o)) dQ (¢) ) 1

n
The following analogy to Theorem 5.11.3 then holds:
5.12.1 Theorem. (Type II model) If for all Q,eP*

lim lim inf (fHY (¢,) dQ )® = 1,
3] k 0
k n n
where Hg are nuisance eliminating for the factorization
f = pr, and the partial scores satisfy the regularity con-
ditions of 5.4.1, then the asymptotic variance of a UMUC
estimate Tn is not smaller than I;I(eo;Qo) except possibly

for a Lebesgue null set of g -

5.12.2 Application. In Model A, if Q has support in the

closed interval from -c to +c, then let Ar be the closed

+c
interval from -r-c to +r+c. The arguments of 5.11.4 demon-

strate that

¢ n_ n
(JHG (A,o) d4Q,)"= (s1-p dQ))

= (1-pn)n +1 as n » w.
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5.12.3 Other applications. As before, in Model D, the

tails of the nuisance eliminating distributions fail to

shrink fast enough as n»«. In Model B, the measures are
compact. In Model C, not enough is known about the nui-
sance eliminating distributions. (See 4.9.9.) 1In Model

E, the space ¢ is compact.

5.13 Chapter summary. The lower bound conclusions for the

key models may be thus summarized:

5.13.1 Model A. The CMLE Sﬁk is optimal among all esti-
mates which are CAN-UMUC, for both Type I and Type II mo-

dels.

5.13.2 Model B. The CMLE achieves the lower bound for
CAN-UMUC estimates, both Type I and Type II. 1In the Type
I models, the bound exists only along those sequences for

w
which Fn + F.

5.13.3 Model C. There is a Type II lower bound for CAN-

UMU estimates based on the partial likelihood. The reduc-
tion to CAN-UMUC estimates was not made, and since the CMLE
is conjectured not to be UMU, its optimality is not estab-

lished.
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5.13.4 Model D. The CMLE achieves a lower bound for CAN-
UMU estimates and is itself CAN-UMU. It is unknown if the

same bound holds for CAN-UMUC estimates.

5.13.5 Model E. The invariant MLE achieves the lower

bound for CAN-UMUC estimates.



CHAPTER VI

Lower Bounds For Asymptotic Effective Variance

6.1 Chapter Introduction. Like Chapter 5, the aim of this

chapter is developing criteria with which to judge the
asymptotic performance of estimators. It is based on the
notion of asymptotic effective variance (see Section 1.6).
The advantages and disadvantages of asymptotic effective
variance (aev) as a measure of asymptotic efficiency are
discussed in Section 6.2. The overall conclusion is that
it is worthy of inclusion in this paper.

Section 6.3 ties together the Kullback-Leibler in-
formation distance (1.6.1) with the partial likelihood
factorization. Then, an asymptotic model for which the
Kullback-Leibler information is appropriate is presented
in 6.4. That information distance is then related to the
asymptotic theory of testing by a key lemma.

The lower bound theorem is proved in Section 6.5.
The proof is based on a comparison of the Neyman-Pearson
test (simple versus simple) with a test based on the esti-
mator Tn’ using the lemma of Section 6.4. The comparison
yields the lower bound.

The next section, 6.6, discusses the computation of
the lower bound in the case where there is a partial-simple
nuisance factorization.

Sections 6.7 and 6.8 return to the problems discussed

in 5.10. In some cases, the Type I space 0x9” is too large
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for us to expect (or desire) estimators to be everywhere
consistent. A reduction to compact sets is made in these
sections. Finally, Section 6.9 revisits the key models to

discuss the implications of the theoretical work.

6.2 Asymptotic Effective Variance. The Definitions 1.6.7

and 1.6.9 have the following interpretation in the nui-
sance parameter situation: Let Z be a standard normal ran-
dom variable. Then Ty, = Tn(g;eo,¢o), the effective stan-
dard deviation of an estimator Tn for the function g(g),

is defined by
P(|T -g(6,)]>e) = P(|Z|>c/t ).

To compare two normal distributions with zero mean, it
suffices to compare the variances. A comparison of the
effective standard deviations Tn(g) of two estimators can
yield a different outcome for each value of €. In order to
obtain a single limiting quantity to compare, namely the
asymptotic effective variance, the limit infinum as ¢ goes
to zero is used. If Tn is a sequence of estimators of g(o),
then the asymptotic effective variance at the null (64,9,

of that sequence is

aev(T_) := lim inf 1im inf nt2(e).
n E—)o n-Nn n
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Recall from Section 1.6 that Bahadur (1971) devel-
oped a lower bound theory for aev in i.i.d. models. Let us
consider the advantages and disadvantages of using aev
as an efficiency criterion.

The definition of asymptotic effective variance ap-
plies to any estimating sequence Tn’ and in some ways this
generality is a liability. When comparing the asymptotic
variance of two CAN estimators, the intuitive feeling might
be that for a large enough sample size both estimators are
close to normality in distribution. Hence a comparison
of variances would yield the more desirable estimate (with
the caveat that the speed of the approach to normality is
relevant). What does aev tell us? It is directly related

to the quantity

lim inf nP{ITn—g(eo)Iie}.
n-o
(See 6.5.2.) This quantity indicates something about the
probability that the standardized variable n%(Tn-g(eo)) has
a large deviation (n%e+m as n-»») from zero. It is doubtful
that the probability of a large deviation is as important
to the practicing statistician as the variance of his es-
timate. From a decision theoretic viewpoint, asymptotic
variance is similar to mean square error risk, while aev

measures risk for a loss which is 1 for large deviations



204

and 0 else.

Further, the aev concept is in some ways unattrac-
tive mathematically. The computation of the aev of an
estimator can be difficult compared with computing its
asymptotic variance. Also, the question of when the maxi-
mum likelihood estimate meets the lower bound (1.6.8) in
the i.i.d. situation is only partially solved (Bahadur
{1971}). Since the computation and theory of the aev are
difficult for the MLE, one suspects that they will be more

so for CMLE's or other partial MLE's.

There are, however, ways in which the concept of aev
proves an advantage. First, since the concept applies to
all estimators, the lower bound derived will hold for all
consistent estimators. Next, there is no problem of super-
efficiency. Lower bound results will hold for all null
points simultaneously, without any "almost all 6," res-
triction. This result is obtained without uniformity
requirements on the estimators. Also, the theory corres-
ponds to the asymptotic theory of testing of Bahadur. It
will be seen that aev tells us something about the pro;
perties of the estimator when used as a test statistic.

The final advantage of the aev concept is that the-

orems may be proved without regularity and convergence
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assumptions such as those of Sections 5.4 and 5.5. As
a result, the problem of ill-mannered sequences which was
dealt with in Sections 5.10, 5.11, and 5.12 of the preced-
ing chapter can be treated here in a more satisfactory

manner.

6.3 Partial Likelihoods. 1In the nuisance parameter set-

ting, the Kullback-Leibler information distance (1.6.1)

between (g,¢) and (eo,¢o) will be expressed as

k(8,d) E(L(8,¢) 1n L(g,¢)) for (6,9)<<(8 ,0,),

» else,

where L(g,¢) = f(X;e,¢)/f(X;eo,¢o). The greek letter «
will be used here to avoid confusion with the K-information
of Chapter 4. If the parameter space is extended to 9xP
by mixing distributions on ¢, the k-distance between (6,H)
and (eo,¢o) is «(6,H) := E(L(6,H) 1n L(6,H)).

Consider now the impact of using as mixing distri-
butions the nuisance eliminating distributions H for a

partial likelihood factorization f = pr. In that case:
K(G,He) = E{Lp(e) 1n Lp(e)} = Kp(e)-

The following lemma provides a connection between the
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partial Fisher's information Ip and the partial Kullback-

Leibler information distance Kp(e). It is analogous to
Theorem 1.6.3, which related the k-distance to the full

Fisher information.

6.3.1 Lemma. Suppose p is a partial likelihood such
that E Lﬁ = 0, E L; = 0, and the function Kp(e) is twice
differentiable in 6 at 60, with

3k _(6)/36 = E3L_ 1n L /36
Kp( )/ b p/

s - 2 =
i« (8)/3(6-6,)% = 1 .(8,).
0

Proof. Apply L'Hopital's rule. The first derivative

of Kp(e) at 60 is zero, and the second is Ip(eo):

(9 E(L’ L+ L
kp(8) (Ly 1In Lj p

"y E"1L+L'2+L”.
Kp( ) (Lp n L, ( p) )

p

Since Lp(eo) = 1, the result is straightforward.
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The following lemma suggests that the above result
holds quite generally if p is from an- exponential family.
6.3.2 Lemma. If p(x;8) = c()\) exp (AtS), where S = S(x)

and x=)(p) are vectors, then

c(A)

EL InL = I (a;08) = a;(8 Dac™ (h)/82;

C(AO)

where Ao = A(eo).

Proof. The following string of equalities uses two
key results: the theorem of Lehmann ({1959}, p. 52) con-
cerning the differentiability under an integral of an
exponential function, and the fact that E Lp = 1 implies

that
t t _
E exp(a S-2,'8) = c(xo)/C(A)-

The equalities:

ELyIn Lo=c()e (A IE{z(h;-2y, T, P ST(A=x, )

'm

=c(A)c"1(A0)z(Ai—xio) sy~ E{exp St(x—xon

>
-

=C(A)c-1(xo)z(xi—xio) §§; c ().
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6.4 Asymptotic Model. As in Chapter 5, the general

asymptotic model will be for X(n) to have marginal density

1

nh=s

8,0) =

i
with respect to measure v(n). Also, as before, restric-
tion must be placed on the use of mixing distributions so
that the log likelihood ratio 1n L(n) is a sum. In this
case it is not needed for a Central Limit Theorem, but
rather for a Weak Law of Large Numbers. Hence in the Type
I model the mixing distributions Hén) will be product

n .
measures, ] Hgl, where the superscript ¢i indicates that
i=

the mixing distribution corresponds to null (eo’¢i) for

observation Xi' In this case then
1n L(M)(x(n), e,Hén)) = I 1n L(X; 6,H$1).

In the Type II model, or any other where each density fi
depends on the entire muisance ¢, one may use no mixing,
only least favorable parameters ¢6' (In the Type II model,
of course, the mixing distributions are themselves the

parameters. )

6.4.1 Assumptions. Thus for the general model it is as-

sumed that the log likelihood ratio is a sum for some
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alternative (8 ,H) to the null (89,0,4):
n L6 H) = 5 1n L. (6 ,H).
It is further assumed that

(a) Ky = E(1ln Li ; 8,H) < =, and

(b) n~!(z 1n Ly = «;) Ly 0 under (6,H).

The Assumption 6.4.1.b is a WLLN result. Thus if
one is using for H a nuisance eliminating distribution,
in a Type II model or in a Type I model where P is a mar-
ginal likelihood, 1n Li = 1n Lp(Xi)’ i=11,2,3,... is an
i.i.d. sequence, so the assumption holds provided the mean
Kp(e) is finite. Other Type I cases will be discussed
later when the subject of null sequences is covered

(Section 6.7).

The above assumptions yield the following lemma, a

generalization of Lemma 1.6.6 (Bahadur).

6.4.2 Lemma. Let an(e) be the size of the least size

test of power B for testing the null hypothesis PO:=P(9 6.)
0»YQ0

against the alternative 13'1:=P(e H) based on X(n). For all
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Be(0,1)

lim inf n"'1n o _(B) > - lim sup n_IZKi.
n-+>o n - n-—oo
Proof. (Based on Bahadur {1971}) Let Wy be the
least size test (possibly randomized). Let dn be any se-
quence of positive constants, and let Jn = I{L(n)idn}.

Then

(1) an(B) = ECw,) S w, dP

n

J I dPo

-1 (n).
dn S annL dPo

=1
= dn S Jhwn dPl

-R) - (n) ., -1
((1-8) - P (L") >q ) }a~ ',
For the sequence dn we will use exp (zKi+ne), for ¢>0.
Notice then that

n” Y 1n LM g4 d ) = n”'(x(1n L,~K.) - ne)

P
+ —¢ under (6,Q),
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by Assumption 6.4.1.b. It follows that P](L(n)>dn) is

0(1l) as n»«. The inequality starting at (1) then yields:

_ - o(1)
n~! 1in a (B)>n

-1
In {d ' (1- —)(1-8)}

1-8

=—n—12Ki-E+n—1 In(l-0(1))+o(1).

Taking the limes inferior of both sides of the last in-

equality gives the desired result, since ¢ was arbitrary.

6.4.3 Definition. Let k:=1im sup n‘IZKi be the asymptotic

n--eo
k-information.

6.5 The Lower Bound. We are now prepared to generalize

Bahadur's lower bound theorem for asymptotic effective
variance from the i.i.d. case to the general model. As
in Chapter 5, the estimator Tn is turned into a test sta-

tistic. Let
(2) Jn(e) = I(ITn - g(eo)l > ).
Then, when viewed as a test, Jn(s) has size E(Jn(e)):=an(€)

The lemmas below will enable us to relate an(e) to the ef-

fective standard deviations and the aev (Tn).
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6.5.1 Lemma. For t positive, Z a standard normal ran-

dom variable,

(t7 -t7)(2t) Fexp(-t2/2) < P(|Z]>t)

< t7hem T exp(-t2/2).
Proof. See Feller (1968), p. 175.

6.5.2 Lemma. Suppose 1lim inf an(g)>0 for some ¢>0.

If Tn is consistent for g(8) in (eo,¢0), then

aev (Tn) = ~2{1lim inf 1im inf {(ne?)ln an(e)}fﬁ
€0 n->o
Proof. (Bahadur {1971}) Since an(e) is strictly
positive for n large, and since a (e) = P{|Z] > e/rn(a)}
by definition, it follows that Th is strictly positive
(possibly infinite). Since Tn is consistent, Tn(e)-+0 as

n+w, Since T, is positive, but goes to zero, Lemma 6.5.1

above yields
1n an(e) = -ez/zT;(e)(1+o(1)) as n-+o,

The lemma follows by an appropriate modification of the

last equation.
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The following easy lemma is the only step required
to insert the mixing distribution H into the Bahadur
theory. Let Bn(e;6,¢) = E(Jn(e); 8,¢) and Bn(g; 6,H) :=
Ex(Jn(E))’ where Jn is defined as in (2), and El is expec-

tation with respect to Pa’

6.5.3 Lemma. 1If Tn is consistent for g(g) in (6,6), then

By(ei6,H) »1 for |e(e)-g(e )|>e>0.

Proof. By consistency Bn(g; 9,4)>1 for all ¢. Thus
if H is any probability measure on ¢, the dominated con-

vergence theorem implies:
Bn(e,H) = f Bn(e; 6,¢) dH - 1 as n-w.

Next, we establish the information measure which
will play the role that the K-information played in Chap-
ter 4 and the I* information played in Chapter 5: the

denominator in a Cramer-Rao-type lower bound.

6.5.4 Definition. Let He be a function which assigns a

a probability measure He to all © in a neighborhood ad-

joining 60. Define the direction-H «*-information to be
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= 14 - 2
Kﬁ = lim su K(G,He)/%(e-eo) .

+( -
607 (
6.5.5 Theorem. For any He satisfying 6.4.1 and any con-
sistent estimator Tn
' 2 %
(3) aev(T ) > ( g'(8,))%/xk-

Bzggi. (Modification of Bahadur {1971}) For
pe(0,1), let e:=p|g(6)-g(6,)|. Let J (e) be the test
statistic defined in (2). By Lemma 6.5.3, the power of
this test, Bn(g;e,He),goes to 1 as n»». In particular,
then, sn(g;e,He)>% for n larger than some n . Let
an(e) i= E(Jn(e)) be the size of this test. A comparison
with the size a; of the least size test of power % gives

*
an(e) > af.

Hence by Lemma 6.4.2

(4) lim inf n_l:h]an(e) > lim inf n~} 1n aX
N-oow - N->o
i -E(e ;H)‘

Thus, using the definition of ¢,
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(5) lim inf  1im inf (ne?2)”' 1n o, (e)
E-)O n—)OD .
-3 (0 ,H ) (6-6 )2

> lim inf
- e+ej(-) %(e—eo)2 p2(g(e)—g(eo))2

From the right hand term of (5) we obtain —%Kﬁ/pz(g'(eo))z.
Since p was arbitrary in (0,1), p = 1 maintains the in-
equality.

Next, consider the left hand term of (5). If
Kﬁ = o, then (3) holds trivially. If not, then (5) implies
that 1ig+inf an(g)>0 for ¢ sufficiently small. Hence

Lemma 6.5.2 applies to the left hand term of (5), yielding

the proper inequality.

6.6 Computing ¢* for the simple nuisance problem. Suppose

that the Xi's are independent and that their common density
f has a partial likelihood factorization f = pr. Further,
suppose that r is a simple nuisance. We now consider the
computation of Kﬁ for the nuisance eliminating distribution.

In the Type II model, if Qe is nuisance eliminating, then
(6, =k _(8
(8,Qg) =k (8)

and so an application of Lemma 6.3.1 yields k* = I

Q p’

In the Type I model, does the «* information reduce

to the partial Fisher's information? Let Hg be nuisance
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eliminating for null (6,,9), let Kg(e) be the partial
k-distance for null (eo,¢), and, in general, let the super-
script ¢ denote that the null to be used is (eo,¢). Sup-
pose that lemma 6.3.1 holds for each null (eo,¢i) for nulil

sequence (w)=( y¢.,...). Does it follow that
¢ ¢,.9,

KH

are marginal distributions as there is no dependence on

¥ = 1lim sup n_lz Igi(e )? It is true when the partials

0
index i. It is not necessarily true otherwise, as two
limiting operations must otherwise be reversed. This will

be seen in the following lemma.

u
Let » denote uniform convergence with respect to

the variable ¢.
6.6.1 Lemma (Type I model) If
u +( -
€2(6)/3(8-6,)2 17(9,) as 6+07(")

then

(| s =]

k = i -1 ¢ = T
KH lim sup n Ip(e) = 1

Proof. By definition
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k¥ = 1lim sup 1lim sup n_]ZK¢i(e)/(%)(9-9 ).
H + p 0
e—>eo Nn->oo

The given uniformity condition ensures that the two limes

superior may be reversed in order.

The only Type I model of the non-marginal type with

a simple nuisance is Model B. In that model

MOVEICEISE
= P{X+Y=1; 6,:9} E(Lp 1n Lp|x+Y=1)/%(e—eo)2.
The term P(X+Y=1; eo,¢) is constant in 6. The term
E(Ly In L |X+¥=1)/3(8-0 )
does not depend on ¢. Hence it converges uniformly in ¢
to the conditional Fisher's information ee/(1+ee)2. Lemma

6.6.2 is thus applicable for every ¢-sequence.

6.7 The reduction to compact sets. The lower bound

theorem 6.5.5 required that the estimator Tn be consistent
for all (6,¢), where in the Type I model ¢ means infinite
()

sequences ¢ and in the Type II model ¢ means probability

measures Q in P. As discussed in 5.10, it may be unreason-
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able to expect consistency over such a large space. In
fact, such a space is larger than we might consider rea-
sonable for modelling many statistical problems.

Hence, as before, we will use for a Type I space

¢B:=U¢:, where compact ¢, are increasing to ¢. If ¢=R,

k
then ¢B consists of all bounded sequences. On this space
the CMLE is, under regularity, consistent (see 3.5.4).
In the type II model no reduction need be made for the sake
of the CMLE, as it is consistent for 6 in (8,Q), for all
Q (see 3.5.8). However, results about the space PB, the
family of probability measures with compact support, will
be a corollary to the considerations for @B.
A byproduct of restricting to QB is the satisfaction
of Assumption 6.4.1.Db. If the variance of 1n Li(e,H¢)
under (6,H¢) is continuous in ¢, then it is bounded for ¢
from a compact set. It follows that the WLLN implies that
assumption (e.g., by Chebyshev's Theorem, Rao {1973},
p. 112). 1In particular, this is true for Type I Model B.
The following theorem demonstrates an advantage of
using aev theory over CAN theory in the nuisance parameter

setting. It greatly simplifies the reduction to compact

sets.

6.7.1 Theorem. 1If Qk is a sequence of compact sets in-

creasing to ¢, and Hk ;= H( .l@k) are the conditional
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probability measures based on ¢k’ then

lim K(G,Hk) = x(6,H)

koo

provided « (8 ,H)<wx,.

Proof. Let Lk:=é L(6,p) dH, L = L(8,H). Notice that
k

L(e,Hk) = Lk/H(Qk). Then

— _1 —
(6) K(G,Hk) = H (¢k) E(Lk 1n Lk) 1n H(@k).
Since H(@k)+1 as k+», we need only show that:

E Lk In Lk -+ K(6,H).

Let J, = I{Lkil}. Then botn L, and J

k are monotonely in-

k

creasing in k. Write

k

(7) EL InL =EJ L 1n L + E(l—Jk) Lk In L

k k k7k k k'

The function JkLk In Lk is strictly increasing in k, with

limit (L 1n L), and positive, so the monotone convergence

of the integral applies. The function (1_Jk) Lk 1n Lk is

bounded above as it is negative and bounded below by e’
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because the function y 1In y is so bounded. The dominated

convergence theorem then applies to (l—Jk) Lk 1n Lk -

(L 1n L),
Application of the convergence theorems to (7)
yields the theorem.

6.7.2 Corollary. (Type II model) If &, are compact sets

k
increasing to ¢, then any estimator Tn consistent for g(8)

in @xpB satisfies

aev (T ) > (g'(8,))%/x}

for all H which satisfy Assumptions 6.4.1.

Proof. Any estimator which is consistent on PB is

consistent for each Hk. Thus we may proceed in Theorem

6.5.5 until the inequality (4) using mixing distribution

Hk' Here (4) becomes
lim inf n~' 1n a (e) > -x(8,H).

Applying the limiting result of 6.7.1 to this yields

lim inf n”' 1n o (e) > -«(8,H).
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The rest of the proof of 6.5.5 proceeds as before.

The last corollary quite tidily disposes of the
question of compact sets for the Type II model. Uﬁfor-
tunately, the Type I model turns out to be quite difficult
at this point. The result needed for substitution in

Equation (4) is
K(8,H) » k(6,H").
Thus the following interchange is needed:

(8) lim 1lim sup n_]ZK(e,Hii)
k n

= lim sup lim n~'zk(e,n%i).
n k

This will be true provided that the limiting result in

Theorem 6.7.1 is uniform for ¢ in compact sets.

It should be pointed out that the difficulty here is
largely mathematical, not conceptual. If the null para-
meter is ¢) = (4,6,¢,...), then the 1limit interchange
in (8) is trivial. Similarly, if the sequence(¢1,¢2,¢3,n.)
contains only a finite (but arbitrarily large) number of
different numbers, the limit is uniform over that set in

Theorem 6.7.1, and (8) holds.
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In the following, notation will be trimmed consi-
derably because the variables 6 and H will be fixed. 1In
particular,

th:= 7 £(X;6,¢) an_, % := £(x;6,89),

%
wi= TR/EKe L0, LY = 2%0(x56 L 0).

k

=
©
I

What is desired, then, is
u
(9) K¢(9,H£) - K¢(9,H¢) as Koo,

The following uniform convergence results will be useful:

6.7.3 Uniform Convergence Criteria. (Rudin {1964},

pp. 136, 153)

(a) Suppose fn(¢) are continuous functions on a
compact space, and that fn converge pointwise to f, another
continuous function. If the fn are monotonically decreas-

. . u
ing at each ¢ as n increases, then fn -+ f.

(b) The sum of two uniformly convergent sequences is

uniformly convergent.

(c) The product of two uniformly convergent
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sequences of bounded functions is a uniformly convergent

sequence.

The following assumptions are used for the Type I
model. They will be simplified later for the simple nui-

sance model.

6.7.4 Continuity Assumptions. The following integrals

exist and are continuous functions of the parameter ¢ for

all k:

(2) #%(o)

() S £%in L% - 1n Li) dv

(c) re£f- fi)(ln L - 1n Li) dv
(@) 72® =12y |10 L9 av.

6.7.5 Theorem. Under assumptions 6.7.4,

u

K¢(e,Hi) > «%6,1%) as kow,

with the uniformity being over all compact sets.

Proof. A reexpression of (6) becomes

1

K¢(e,H?k) = (H¢(¢k))‘ Ifi in L® dv - 1n H¢(¢k).

k
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Application of Assumption 6.7.4(a) with convergence cri-
terion 6.7.3(a) gives

u
H¢(¢k) > 1.

It follows, by 6.7.3(b) and (c), that it suffices to show
that

u
s fﬁ 1n Lﬁdv > 5 £% 1n L® av = «%s,8%).

It will be shown that

dv

(10) s £% 1n L% ay - g fi 1n Lﬁ

converges uniformly to zero by showing that it is the sum
of three uniformly converging terms. Important to the
argument is the monotonely increasing character of Lﬁ and
fﬁ. The difference (10) is the sum of three terms:

(a) s £% (1n L® - 1n Lﬁ) dv
(b) -f (f¢-fﬁ)(1n L - 1n Lﬁ) dv
(e) s (£% - £2) 1n 12 ay

The terms (a) and (b) are continuous in ¢ by assumption.

Terms (a) and (b) are, respectively, monotonely decreasing
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and the negative of a monotonely decreasing sequence.
Hence they converge uniformly to zero. Term (c) is

bounded by in absolute value
r(£% - £%) |1n L4 av
which by assumption is continuous, and which is monotonely

decreasing to 0, hence converges uniformly. This implies

(c) does also.

6.7.6 Corollary. Under Assumption 6.7.4,
k(6 HY) » (o ,H")

for all null sequences in ¢

B"

6.7.7 Theorem. (Type I) If for ¢ 0, then K(G,H: ) ~»
S— K

K(G,H:), then
[ 2
aev (T ) > (g'(8,))°/x}
for all Tn consistent for g(6) over OXOB.

Proof. As in the proof of 6.7.2.
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The continuity assumptions thus provide a sufficient
condition for the reduction to compact sets. They are,
however, themselves awkward, and so a revised set will be
found for partial likelihood-simple nuisance factoriza-

tions.

6.8 Continuity Assumptions and Simple Nuisance. In this

section a simplified set of assumptions is found to replace
the continuity assumptions 6.7.4 for the situation when the
Hg are nuisance eliminating probability measurec for a

partial likelihood factorization f = pr. First, a lemma.

6.8.1 Lemma. If Hg are nuisance eliminating, if f(x;8,¢),
fi, and E(L; ; eo,¢) are continuous in ¢, then continuity

assumptions 6.7.4 (b), (c¢), and (d) are satisfied.

Proof. Since under the above hypothesis the inte-
grands of the functions in the continuity assumptions are
continuous, it will suffice to show that the limit as
¢+¢, and integral can be interchanged:

Suppose filln Li| is bounded above by v-integrable
M(¢), such that S M(¢) dv - [ M(¢0) dv < = gs ¢+¢o. Since
the same function is bounded below by zero, the extended
dominated convergence theorem applies (e.g., Rao {1973},

p. 136). Hence ffi|1n Li[ v fiolln Lio]dv, as required
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for continuity. Using M(¢) and ~-M(¢) as upper and lower

dominating functions implies that ffi 1n Li dv -

ffio 1n Lio dv.

= )
Let Jk. I {Lkzl}. Then

¢ ¢ ¢ ¢ ¢ ¢
|fy 1n Ly | |kak In L + (1-J,) f; In LkI

¢ ¢ . ¢ ¢
5|kak1nLk| + |(1—Jk)f(x,60,¢)LklnLkL

Now use the fact that for x greater than 1, 0<ln x <x,

and for x less than 1, 0>x 1n xz—e-l, to get

| A

o, ¢ -1 .
Jpefely + (1-J,) e "£(X;6,,¢)

< 208,,0)0(L*? + £(x;6,,9).

If Hg is nuisance eliminating, then L¢ = Lp, hence the

bound
M(o) = £(x;6,¢) (L; + 1),
By assumption S/M(¢)dv = EL; + 1 is continuous in ¢.

A similar bounding argument works for the other sum-

mands involved in continuity assumptions (b), (c), and (d).
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6.8.2 Theorem. If the Hg are nuisance eliminating, then
the following assumptions are sufficient for the lower

bound
aev(Tn) 2 (g'(eo))z/K;,

where Tn is consistent for g(9) in erB:

(a) E(L2?; 6_,4¢) is continuous in ¢ .
p 0

¢ W o N
(b) Hy - He0 as ¢>¢,.

(c) ¢k are continuity intervals for all Hg.

(d) f(x;6,¢) is continuous in ¢

25993' It is demonstrated that continuity assump-
tions 6.7.4 hold. Assumption (a) follows from the equi-
valence of weak convergence and convergence on continuity
intervals.

If f(x;6,¢) is continuous in ¢, then for each (x,0)
it is bounded on @k, and so by the definition of weak con-

vergence,

;o £(x:0,v) ng’(v) > [ f(x; 0,v) dng"(v)
o) N

as ¢>¢_ . Hence f¢ is continuous. Application of Lemma
0 k
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6.8.1 completes the proof.

6.9 Applications. There are two questions to be answered

about each of the key models. First, does the partial
likelihood generate a lower bound for aev in ox¢B or just
Ox°? Secondly, does the partial MLE meet the bound?

To the latter point the reader is reminded of Lemma 1.6.10:
the sample mean of i.i.d. random variables, when used as

an estimate of the mean, has for aev the variance, provided
that the moment generating function exists in a neighbor-

hood of =zero.

6.9.1 Model A. This model meets the requirements of

Theorem 6.8.2:

(a) Since the partial likelihood is a marginal,

E Lé does not depend on ¢.

L
-6 ) = H® as 0>0 -

L w
(b) HY = N(o,08-6) > N( ¢,, ]

0

(c) Hg have continuous distribution functions, so

all intervals are continuity intervals.

(d) f(x; 6,¢) is continuous in ¢.

Further, the estimator Sﬁk meets the Type I and

Type II lower bound by Lemma 1.6.10, and so is fully effi-
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cient (QB and PB).

6.9.2 Model B, The issues of Theorem 6.8.2 are avoided

by noting that for any ¢(m) in ¢ the nuisance eliminat-

B’
ing distributions can be structured to have support in a
compact set ¢ . (See Section 5.11.) Hence, for the res-
tricted parameter space ¢0 Theorem 6.5.5 implies that K;
may be used for a lower bound for estimators which are
consistent for all nuisance parameters in Q?. This family
of estimators contains all estimators consistent on @B.
It is true that lower bound for both Type I and
Type II models is met by the CMLE--however, the current

proof requires substantial use of the theory of large

deviations and so is omitted.

6.9.3 Model C. Here we have only a Type II model lower
bound. It has not been established that the CMLE meets

that bound.

6.9.4 Model D. The density f(x;6,¢) is not continuous in
¢. Thus Theorem 6.8.2 may not be used. Thus the bound
has not been established for estimators consistent on ¢B.
The MLE th, however, is consistent for all sequences in

Rm and meets the lower bound for estimators consistent
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over all such sequences by Lemma 1.6.10. Further, it
meets the Type 1 lower bound for aev for all null se-—
quences with only a finite number of different values.
(See discussion following Equation (8).) It meets the
Type 11 lower bound for OXPB.

6.9.5 Model E. As the space ¢ is compact, there is no
problem with null sequences:- The estimator W is fully
efficient aev as an estimator of the transformed parameter

3-262 by Lemma 1.6.10.
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