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PART T

Cooperative Binding

of Nucleosides by Polynucleotides

"I thought all the trees were whispering to each other, passing
news and plots along in an unintelligible language; and the
branches swayed and groped without any wind."

from The Lord of the Rings, Part I, by J.R.R. Tolkien
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I. Introduction

The biological activity of a macromolecule within the living
cell is dependent on the primary, secondary, and tertiary structures of
the molecule.! The primary structure is defined as the sequential
arrangement of the basic building blocks of the molecule, which are the
amino acids in the case of proteins and the nucleotides in the base of the
nucleic acids. The secondary structure is defined by the three dimen-
sional conformation of the macromolecule. For example, the secondary
structure of native deoxyribonucleic acid (DNA) is composed of two inter-
twining, right-handed helical strands of complementary polynucleotides.2
The tertia;y structure is defined as the three dimensional arrangement
of a complex formed from several macromolecules.

Since the complementary strands of native DNA must separate before
replication c;n occur, the binding forces which stabilize the secondary
structure must be considerably weaker than those of the primary structure.
The resistence to thermal denaturation of DNA is dependent on the base
pair composition (adenine—%hymine (A-T) or guanine-cytosine (G-C)) of the
molecule,? fherefore one can conclude that the binding forces between
the complementary bases are not the same. Attempts to directly measure
the binding interaction between complimentary base pairs in aqueous solution
fail because of the #reddminant stacking, or hydrophobic, interaction." !°
Infrared and nmr studies of the base pairs in a non-aqueous media, where the
stacking interaction is greatly diminished, indicate that the G-C inter-

11716 1t is not known, how-

action is stronger than the A-T interaction.
ever, what the effect of the solvent is on this interaction.
Although chromatographic evidence supporting the Watson-Crick pairing

scheme in aqueous solution has been presented,17 as yet no- quantitative
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determinations of the strength of any of these hydrogen-bond associations

18 and

in aqueous solution have been made. However, Miles and coworkers,
also Huang and Ts'd,19 have independently observed the association of

adenosine with polyuridylic acid in aqueous solution to form a 1:2
(purine:pyrimidine) helical structure that possesses an IR spectrum

resembling that of the 2polyU + polyA helical complex in the 1500-1700 cm“1
rangel® It seems intuitively apparent that the free energy for the

H-bond associétion of the adenosine with its corresponding pyrimidines on

each of the two polyU strands should be contained in the binding data along
with the A-A stacking interaction energy,1~9 and that this datum is potentially
obtainable by appropriate analysis of the data,

In the present study, the grand ensemble formulation of the one-dimensional
Ising model is extended to describe the reaction 2polymer + solute = complex.
Explicit consideration is given to the sliding and loop degeneracies of the
polymer particléé, and the polymer-polymer interactions as well as the
polymer-solute interactions. A simpler nearest-neighbor model which allows
only one solute stack, hence no loop degeneracy, gives simple expressions
that relate the characteristic thermodynamic-parameters to data obtainable
from the expérimental solute binding curve. The simple model is applied

to the equilibrium dialysis studies of the polyuridylic acid + adenosine,19

20

polyuridylic acid + adenosine + guanosine, and the polycytidylic acid

21

+ guanosine systems.
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II. Review

Under certain experimental conditions, the anomalous behavior of
a property of a polymer solution as a function of some thermodynamic

variable is attributed to a helix~coil transition of the secondary

structure. Some of these properties, such as the dieletric constant,22

425

s 23 . . . 2
electrophoretic mobility, intrinsic viscosity, volume changes of

. 6 . . . . 27 .
the solutlon,2 changes in macroscopic film dimensions, electric
- . 36537 . 28
birefringence, and the buoyant density in Cs2S04, depend on the
size and shape of the complex and not on the minute details of the

secondary structure. On the other hand, the inference of helical content

in a system by optical measurements such as optical absorbance,29’3°

3135

optical rotatory disperson, optical rotation, 3® and circular

3% js dependent on the microscopic detail of the secondary

-

structure., For-example, molecular exciton theory attributes the optical

dichroism,

activity of a helical segment to the resonance interactions between
T = 1* transitions of the amides in proteins or the bases in polynucleic

$oTH7 Disruption of these interactions, such as in thermal denatura-

acids.
tién, necessarily affects the optical activity of the complex. It should
be pointed out that optical measurements alone may not be sufficient

in detecting changes in the secondary structure. Indeed, the calorimetric
detection of a thermal transition of tropocollagen- in a region where the
optical activity does not change implies an optically inactive stabilizing

9

interaction other than the amide interaction.” Furthermore, the inabil-

“8 to find a crucial negative rotatory band just

ity of Cassim and Yang
below the accessible range raises the question of the validity of the
molecular exciton theory for explaining the optical activity of the

polypeptide helix.
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The introduction of hydrogen ions into a solution of polypeptides
or polynucleotides iﬁduces a helix-~-to-coil transition of the secéndary
structure.23’2.7’s°’51 This isothermal transition is attributed to a
competition for the hydrogen bonding sites which help to stabilize the
helical structure. The stability of a helical segment is also strongly

influenced by the presence of metal cations. These ion-polymer inter-

52,53

actions can be specific, such as the interactions of lithium and

copper(II)31 with the amide groups of polypeptides, or diffuse, such

as the association of magnesium ions with poly(L-glutamic acid).su

The diffuse ion-polymer interactions are those which can be explained
without reference to a particular functional group on the polymer.
Polynucleotides offer two types of sites for specific interactions
with iéns. There are those sites located on the bases at whicﬁ metal
ion binding tends to destabilize the helical structure, and there are
the negatively.éﬂargéd phosphate groups along the backbone of the mole-

cule on which metal ion binding presumably stabilizes the helical struc-

5 55-60 55

. 60 . 55,60
calcium,” "’ barium, °’

. . 25
ture. The ions of magnesium man-

55,60-62,67 55,61,67 55,61

ganese(II), cobalt(II), nickel(II) and zinc®®

ey R . . . 28,6
stabilize the helical DNA structure while the ions of silver,” 2 3

31,55,60,68 24,60,64~66

copper(1iI), cadmium,55 lead(II)°® and mecury (I1)
ydestabilize the helical structure. The classification of ions as sta-
bilizers or destabilizers is. clearly a relative classification. For

1 . 55 .
80581 nd iron(II) act as stabilizers at low

example, copper(II)
concentrations and destabilizers at higher concentrations. Furthermore,
magnesium ions are also found to interact with the base moiety of

5'-ribonucleotides®’ and adenosinephospha,t.es.70
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19-21

Polynucleotides form complexes with nucleosides, oligonucleo-

1 29,36

via hydrogen bonds between the com-

tides,7 and polynucleotides

plementary purine-pyrimidine pairs. The resulting complex is either a

o19229536 19~21,29,36

tw or three stranded helix. The thermodynamic

parameters are also found to be dependent on the length of the oligomern’76
and the relative directioﬁs of the sugar-phosphate backbones (i.e.,
parallel or antiparallel).76

Proteins also form complexes with polynucleotides.ao’”’73 The
stability of the complex is dependent on whether ;he polynucleotide
is in a helical or random coil configuration and on the code triplet
of the polypeptide. If the code triplet contains at least two identical
bases, then the complex formed with a homopolymer composed of - this
coding 5ase and in the random coil configuration is more stablé than
the complex with the polynucleotide in the helical configuration.72
.Higuchi‘and Tsuﬂéiso suggest four different types of polynucleotide~-
polylysine complexes, depending on the stoichiometric lysine/nucleotide
ratio. Two of the complexes involve the protein molecule wrapping
itself around the double helix, either in the helical grove or across
the helical grove in a zig-zag pattern, thus shielding the negative
charge of the phosphate groups.

Another mode of complex formation with polynucleotides is the
intercalation of a portion of the molecule between the bases of the

20,75,77 . . . .
> 1T In the intercalation mechanism, a portion of

polynucleotide.
the binding molecule interacts with the purine or pyrimidine ring through
stacking or hydrophobic interactions and not by hydrogen bonds with the

bases. For example, proflavin cations rest on the flat rings.of the

nucleic acid bases in the complex with calf thymus DNA.”°
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The separation, or '"melting," of the component strands in a
multi-stranded complex does not occur simultaneously thropghout the
complex. As a result, loops occur in the secondary structure., The
presence of loops affects the physical properties of the complex, as
demonstrated by the change in viscosity on ring formation in the poly-

8 If the polymers are composed of repeating

decamethylene adipate syst-:em.7
units, then it is possible for the strands of the complex to "slip" with
respect to each other. That is, sliding degeneracy can occur if it is
possible to displace a fixed configuration of loops and bonds at least
one repeating unit along one of the strands in the complex.

A more detailed discussion of the factors that influence the
stability of the secondary structure of polynucleotides can be found
elsewhere in the literature.3%°77>7°
Since po;ymer systems are essentially one-dimensional systems,

the combinatorial®’ and matrix®!’8?2

methods of calculating the partition
function for one-dimensional systems with nearest-neighbor interactions
have been applied directly to the polymer system. More recently, the
method of sequence generating functions has been developed for systems
of very long polymer chains.®328%

In their now classic paper, Zimm and Bragg85 pointed out the
importance of a ''nucleation" parameter in describing transition curves
of polypeptides. The nucleation parameter was defined as a measure of
the degree of difficulty in forming a helical segment from a random
coil configuration. At about the same time, Hill discussed the applica-
bility of the generalized one-dimensional Ising model to synthetic

polynucleotides, the a~helix, and DNA.%% - The simple model for polypeptide

systems has since been extended to include sequences of residue types,87
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88,89 0

solvent effects, two kinds of nucleation,9 and the kinetics

of the helix-coil transition.?!723

A theoretical deécription of the melting of DNA is mdre complicate&
than the description of polypeptide melting because of the formation
of loops in the secondary structure. The ring weighting factor is
generally accepted to be proportional to (j+1)_k, where j is the number

of broken bonds within the loop and k is dependent on the characteris-

947100

tics of the polymer backbone. For example, k has the value 1.5

194

for a three dimensional random flight mode and is estimated to be

1.75 and 2 for the self-avoiding Markovian chain®% and for calculations
of the convergence of the mean square radius of random walks subject

to the excluded volume effect,®® respectively. Klotz has shown that
the slope at the midpoint of the transition curve is sensitive to the
value of k, hence exact values of the nearest-neighbor interaction
energy cannot‘béJobtainediunless a precise value of k is known.'?!
Because of the computational time involved for very long chains, no
exact calculations of the effect of the ring weighting factor have yet
been published. The results of several approximate models have been

d101“106

publishe with the general conclusion that the transition profile

sharpens with increasing values of k.

The first formal treatment of the effect of different interaction

107

energies for the A-T and G-C pairs is due to Lifson. The major

difficulty of the copolymer problem is not knowing the precise sequence
of the base pairs in a particular DNA molecule.

Several authors have investigated the copolymer problem as either

a Markov distribution}°8—1L° regular repeating array,1°7’11°—112 or

1105113

a random distribution. At one extreme of the distribution spectrum,
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where the A-T and G-C pairs alternately occur, the transition profile
was found to resemble that of a homogeneous polymer. At the othér
extreme, where a block of A-T pairs is followed by a block of G-C
pairs, the transition profile was found to have two distinct regions
corresponding to the two blocks. In general, the profile of the random
distribution was found to‘be flatter and less sharp than that of the

110 Reiss 25_51}13 discussed the meaning of a

regular distribution.
randomized sequence in detail and presented criteria for using either
the geometric or arithmetic average of the A-T and G~C binding para-
meters. Their "blended" partition function yeilded a transition profile
similar to that of a homogeneous system., They also pointed out that

the breadth of the transition curve could be used to theoretically

determine the composition of the DNA molecule being studied. Crothers!!*

investigated the eifect of the form of the partition function (i.e.,
"solid" latticeiéérsus "liquid" lattice) and concluded that composition
fluctuations over a large region of the molecule must be included

in the randomized distribu;ion to accurately describe the melting
transition.

The first study of the binding of small molecules to proteins was
due to Scatchard.'!® He proposed a model which was essentiaily a Bragg-
Williams approximation using an average neighbor interaction with a
random distribution of bound molecules. Steiner®'® developed an exact
nearest-neighbor model for the titration of a polynucleotide by hydrogen
ions. He found that mismatching of the strands within a helical region
broadened the transition curve while the preference of the ions for the
helical region sharpened the transition. The nearest-neighbor model

has been extended to include the binding of oligomers!!” !!? and small
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molecules which aggregate in solution,!20212!

The'problem of binding molecules of intermediate chain length is
conceptually no different from that of binding oligomers or polymers.
It is more difficult, however, to obtain a tractable expression for
the intermediate chain length problem because an exact nearest-neighbor
model would lead to very large matrices and the finite length prevents
one from using limiting expressions. Zimm!’2 has solved the problem for
finite chain lengths in terms of the eigenvalues of the generating
matrix, but no calculations were presented nor were the eigenvalues
related to the thermodynamic parameters of interest. It is conceivable

that certain problems lend themselves to a matrix contraction similar

22

to that of Litan.! Laiken and N'emethy approach the ligand binding

to proteins as a Markov process with no neighbor interactions,'?3

The effect of chain length has been studied from the kinetics of

124

nucleotide syﬁthesis and helix-coil equilibrium in two-stranded nucleic

acids.'?% It was found that chain lengths above a "critical" length

4

favored the growth of the polynucleotide chain!2?* and that the degree

125

of bonding became independent of the concentration. Using the smaller

126

chain lengths of oligomers, Applequist and Damle investigated the

effect of sliding degeneracy and concluded that the "all or none" model
for oligomer binding is good at small chain lengths.

Other problems that have been investigated theoretically are hairpin

1275128 29

helics, the binding of organic catioms around the DNA double helix,!

the relationship of the cooperativity of the helix-coil tramsition to
hydrodynamic data,130 and the sequence-generating formalism for multi-

stranded polynucleotides,3?
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III. General Description of the Polymer-Solute-Solvent Systems

The multicomponent systems under consideration in this study
consist of monodisperse polymers, smaller solute particles, and solvent
molecules, Any one particular system is restricted to contain only
one type of polymer but may have several different types of smaller solute
particles present, therefore the term "solute ﬁarticles“ in the remainder of
the text pertains only to the smaller solute particles. In general there is
no a yggg:; restriction on the degree of aggregation between the particles
in the system. For simplicity, it is assumed that the solute particles
exist as monomers in solution and that the polymers aggregate only with the
solute and solvent particles. Furthermore, each binding site on the polymer
is assumed to be either completely solvated or bound with a solute particle.

The states of the system as a whole are divided into two classest
those states associated with the bound states of the polymer (class I);
and those states pertaining to the remaining solution of solute particles
(class II). A bound state of a particular binding site is defined by the
type of particle bound to the site. Clearly, the bound state of the poly-
mer is defined by the particular arrangement of the states of the sites.

For a polymer of N sites, each capable of existing in L states, there are
i polymer states (configuration states).

In order to establish equilibrium between the bound particles on the
polymer (subsystem I) and the particles in solution (subsystem II), it is
necessary to be.able to exchange particles between these two sﬁbsystems.

To avoid.creating physically unreasonable holes in either subsystem, a
particle that is transferred from I to II must be coupled with a transfer

of a particle from II to I.
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The distinguishing feature of subsystem I is the degree of aggrega-
tion that can occur, In addition to the interaction energy resulting from
the associatlon of a particle to a'polymer site, there are energies of
interaction arising from the nelghboring bound particles. There is no
restriction on the range of interaction with neighboring particles and
the range may extend over the entire length of the polymer. The main
objectivé is to calculate the partition function of all possible states for
a particular system. Clearly, the complexity of the problem increases with
the heterogeneity of the polymer, the number of different types of solute

particles present, and the range cf interaction between the bound particles.
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IV. Thermodynamic Parameters for Two~State, Nearest-Neighbor

Interaction Systen,

Consider a three component system consisting of homogeneous polymers,
solute, and solvent particles. Bach site on the polymer can exist in elther
of two gtatest bound with a solute particle, denoted by Q; or bound with
a solvent particle, denoted by 1. There are 2N configurations for a
polymer with N sites. It is further assumed that a bound particle can only
interact with adjacent bound particles.

At constant temperature and pressure, the condition for equilibrium
between subsystems I and II is the equivalence of the chemical potentials

for the two subsystems,
u(e) = w (o) . ' (1)

¥here o = 0,lffor solute, solvent particles, respectively. If the solu-
tion is suffieiently dilute so that the solute particles approximate
Henry's Law behavior, one may write for the absolute chemical potential in

II

‘wppe) = uf () + RT2aX . (2)

where, according to Kauzmann, !3®2 ugl(a) is the molar chemical potential of
component O which is fixed (i.e., not allowed to move) in the solution and
as a consequence possesses no entropy of mixing, and Xa is the mole fraction

of component ®. For the present system, we have the approxiwations
upp(0) = w3 (0) + RT2nX ) (3)

upp{l) = upp(a) . (&)
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The standard state of the polymer is defined as the completely sol-
vated polymer{ The free energy of binding F(d) is the free energy
required to transfer one mole of fixed molecules from bulk solution to

single isolated sites on the polymer, as defined by the scheme

‘—e + o (fixed) = l—-on + s (fixed) - - (5)
F(o) = [£'(@-uy(@] + [uy@-£' M1 s ;

wherel—- represents the binding site and s represents the required number

of solute molecules to completely solvate the site. For simplicity, we
assume only one solvent particle per site. The quantities £'(a) and £'(1)
are the absolute chemical potentials of particle ¢ and solvent, reépectively,
vhen bound to the single site.

The nearest-neighbor interaction energy is defined in terms of the

-

schene

> + 2 o (fixed) = + 2 s (fixed) , (6)
s : o
vhere the total free eﬁergy for this process is
BF, = 20€" (-1 (@] + 201 (D)-£' (D] , (7
+ f(ala) - £(1]1) = 2F(a) + S(o;0) ,
where s(a,0) = fla]a) - £(1[1) .

The quantities f(a|a) and £(1]1) represent the additional interaction
with neighboring sites under conditions of uniform bonding. Finally we
. must consideér tlie &ffect of heafest-neighbor interaction under conditions

of -mixed "binding.acedrding to the: scheme”
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- s ‘ s
+ o (fixed) = + s (fixed) . (8)
' o

for which we have
AF, = [£'(@)-p7(@] + [k W-£' W] + £@f1) - £aly (9

where f(a[l) is the additional interaction energy arising between neighboring
sites with mixed binding. It is conceivable that £(o|1) # £(1|a) for
directional chains,

Egqs.(5), (7), and (9) determine the parameters of interest: the
intrinsic association energy f(a) of particle o; the nearest-neighbor
stacking interaction energy'g(d,d) = f(o|a)-£(1[1); and the mixed stacking
energies S(a,1) = f(d[l)-f(lll) and S(1,a) = £(1]a)-f(1[1). For the two-

state system, the Boltzmann weighting factors are defined as

- .

F, = exp(-F(0)/RT) - ' (10)
F, = exp(~-F(1)/RT) =1 ) (11)
S,, = exp(~5(0,0)/8T) , (12)
Sq1 = exp(-5(0,1)/RT) , (13)
S,, = exp(-5(1,0)/RT) ' (14)

and Sy, = exp(-S(1,1)/RT) = 1 . (15)
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v. The Grand Partition Function for a Two-State Nearest-

Neighbor Interaction System

The number of solute particles No and solvent particles N1 can vary
in subsystem I, but the total number of particles is subject to the con-
straint N° + N1 = N, where N is the total number of sites on the polymer,

The grand partition function GPF(N) is defined as!33

iy = (Noi&(")\ [@-N ) (1)
PF(N) = E;OQXP RT /exp\ RT /Q(NO’N) ’ (16)

where Q(NO,N) is the canonical configuration interaction partition function

for a system containing N_ bound solute particles, Q(NO,N) is defined by

( f;(a)+f12(ale)+f;(5)+f23(e[6)+...+f§§g)) an
Y RT .

where the summé£ion is over all of the states of the sites, fi(w) is the
free energy of association of particle w at site 1 and fj'j;l(a|¢) is the
free energy of interactlon of particle d at site j with particle ¢ at site
j+i. Since the total number of £'(0) terms that appear in Eq.(17) is No,
the sum over N, in the grand partition function and the constraint on the

sum in Q(N_,N) can be simultaneously removed with the substitutions

£,(0) = £:(0) - u (0) R (18)
and fi(l) = fi(l) - uI(l) . (19)
Eq.(16) then becomes
1 1 £ ()+E . (a|B)HE, (BY+E,  (Bly)+...+£,(E)
GPF(N) =Z 'Z""zexp(- 1 12 l 2RT 23 N ) (20)

o=o0 B=o &=o
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The subscripts on the quantities appearing in the exponent can be
dropped if the individual site summations are separated. Thus, after

defining the quantity

(w) + f (viw)
m(y | w) Eexp( itl RT R | ) , (21)
Eq.(20) can be expressed as
£,(\f 1 1 1
GPF(N) = Zexp 2 @)} = n@BIN|...\Zn@[D]]...| . (22)
B=0 Y=0 E=0
Since the order of summation can be reversed, i.e.;
1 1 1 1
2> n@|B) 2 mBly) = > [ 2 nla|B)nB]y) , (23)
B=o0 Y=0 Y=0\ B=0 :

Eq.(ZZ) can be written in the form of a matrix multiplication

GPF(N) = (exp( fég)) exp( —é,%) em N-1, (;:) 0, (24a)

where the generating matrix m is defined as

m(0|0) m(0|1)

RS
i

(24b)
m(1]0) m(1]1)
Since the average number of bound solute particles ﬁ; is related to the

grand partition function by?!3*

= ain GPF(N) - 3¢n GPF(N) 25
N, = RE apI(U) RT auua)) ’ (25)

It is clear that the term m(1|1) is of no consequence to the calculation
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of ﬁo. Therefore, we can factor the quantity m(lll) from the matrix in

Eq.(24a) to obtain

1
GPF(N) = exp[-£(1) /RT] [m(1]1) IV (% F,,1) -t ( 1) : (26)

where the generating matrix M is defined as [cf., Egs.(10) through (15)]

XOFDSOO SOI

27

1 3cd
1

XoFyS10 1

In the limit of very long chain lengths, i.e., N + o, the grand
partition function is proportional to the Nth power of the largest eigen-
value of the generating matrix (cf., Appendix B), Thus, for the par-
ticular model under consideration, the fraction of total sites 6 that are

bound by solute particles is

-

. N
"y = 0 _"RT 9f%nAy; _ ofniy
M R T OB ’ @8
where ) 1
\ (%FoSoo + 1) + [(XeFoSop — 1)? + 4X,FpS)S011°
Y= : : (29)

is the largest eigenvalue of the generating matrix defined in Eq.(27).

One can easily derlve the expressions

XoFoSep =1 (8 =1 , (30)
s \F
-1 00
20/3%n%, | gy = 7 (810301) , (31)
and aze/aznx02|e=% =0 , (32)

'from,Eq.(29). In the case.of dilute aqueous.solutions, substitution of
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Xo=n/55 into Eq.(30) leads to the result

m, , = 23 (33)
0= FySy ’

where me=% is the molality of the solute at the midpoint of the binding
curve. It is clear from Egs.(31) and (33) that the midpoint concentration
and the slope at the midpoint obtained from a plot of € versus in(m) cannot
uniquely determine the four parameters F;,5,,,S;,, and S;;.

The possibility that the wings of the transition contain additional
information which might enable a unique selection of the parameters was
investigated by numerical computations. The values of the midpoint con-
centration (= 3x10” %) and slope at the midpoint (3 30) were obtained from
the equilibrium dialysis curve reported by Huang and Ts'o for the poly-
uridylic acid-adenosine system, Huang and Ts'o found that the complexes

-

formed in this system follow the stoichioretries,

2 polyU + A = poly(2U+A) (5%) ~. (34)

and polyU + A = poly(U+A) (20%) , (35)

where polyU denotes folyuridylic acld and A represents adenosine.

The experimental curve at 5°C of Huang and Ts'o is presented in
Figure 1 for comparison vith the computed curves. The shaded area is
bounded by two caiculated curves employing the sets of molar energy para-
meters F(0);5(0,0);5(1,0) = S(0,1) of -20,440;+15,000;+10,145 -and
+l9.560;?25,000;-9,855 calories per mole, respectively. The finite width
of the shaded area is a consequence of the finite chain length of 500
nucleotide units used in the calculations. It is apparent from these cal-
culations that the midpoint concentration and the slnpe_at,the;mldpoiﬁt

completely characterize the calculated curves for this simple model. At
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Figure 1

A comparison of calculated and experimental curves. The dashed
line represents the experimental data of Huang'and Ts'o.!? The
shaded region includes all theoretical curves calculated from.
Egqs. 25 and 26 with parameters that satisfy Eqs. 30 and 31 and
that lie in the range (F = -20,440, fAA—fSS = 415,000, fAs_fss =
+10,145) to (F = +19,560, £,,~f__ = -25,000, 'fAS-fss = -9855).

The width of the shaded region at the midpoint arises from the

finite chain length.
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this point it is assumed that So1 = Slo = 1, which is equivalent to the
assumption that a solute particle cannot distinguish between subéystems
I and II by solvent-solute interactions alone. All of the subscripts can
now be dropped since the problem is reduced to a pseudo one-component system.
Egs.(31) and (33) then define the parameters S and F which characterize

the binding curve

S = 16[(39/82nm)le=;£]2 , (36)

and F = —g—s—l . (37)
m e=1
%

The grand partition function for the simple system becomes

oFS L N-1
cF() = X1 7 . [t €
A mF 1 1

55

-

where the quantity exp(—f(l)/R’I‘)[m(Zl.Il)]N-l has been dropped since it does

not affect the calculation of‘ﬁo.
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VI. Extension of the Simple Model: Inclusion of Sliding Degeneracy

for a (2 Polymer + Solute)-Complex

According to the data of Haung and Ts'0,? two polyuridylic acid
molecules form a complex with adenosine at 5°C. If the two polymer chains
are in register over the entire polymer length, i.e., nucleotide i on one
chain is adjacent to nucleotide i of the other chain for all 1 <1< N, then
the simple model can be directly applied to the process described by
Eq.(34). In general, however, the two chains are randomly aligned. The
simple model can easily be extended to include the degeneracy due to poly-
mer alignment if the adsorption region, which is defined by the first énd
last bound solute particle in the complex, is in register. This condition
~ is certainly met by one-solute-stack complexes, Therefore, a sufficient
condition is that the number of solute-solute junctions within an adsorp-
tion region is much larger than the number of solute-solvent Jjunctions.,
The cooperativity parameter ¢ is defined as the ratio of the Boltzmann

welghting factors for these two types of junctions

Thus, the criterion for a one-solute-stack complex is simply

NN 1

ON ’ (40)

where N is the length of the polymer. If there are n sites within the
adsorption region, there are N-n+l ways of arranging the remairing sites
of each polymer, or a degeneracy of (N-n+l)Z.

The grand partition function for this extended system is
mFS- n=1.

N =E 1
: 55
GPFS(N) = 1 + > (N-n+l) 2<—g“;f.'o>. o . (é) . (41)

n=l S5 1 ,
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The zeros occurring in the row and column vectors eliminate those states
of n units bounded at the ends of solvent molecules. From equations (39),

(36) and the assumption that S,, =S,, = 1, vwe have the identity
g =1/8 . (42)

Huang and Ts'o report that the slope at the midpoint of the solute binding
curve for the polyU + adenosine system lies between 30 and 60, '° Using the

minimum value of 30 and a chain length of 500 nucleotide units, we find

= —————165(38)2 - 28.8 : (43)
Certainly the polyU + adenosine system meets the criterion for a one-solute~-
stack systen, .

Tt is now profitable to consider the ratio (GPFS(N)) /GPF(N) for the
states with bound solute particles in the limit of infinite chain length.
Using the largest eigenvalues of the generating matrices in Eqs.(38) and
(41), we have

N
[GPFS(N + ®)]/GPF(N + ®) = clzl(n-n+1)2(1/x+)N'“+l , (44)

n=

vhere C, is a function of m,F, and S and is independent of N (see Appendix

B). The change of variables p = N-n+l leads to the result

GPFS(N > ) _ = 2 P
SR Cx;/;lp (/A : (45)

For all cases in which S,, # 0 # Slo,%+>l and the summation in Eq,(45)

caﬁ be written in the functional fornm

T p2/APT = MO /(A1) . (46)
p=0 . ]
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Since the ratio (GPFS(N -+ ))/GPF(N + =) is finite and independent of N,

e

substitution of GPFS(N) C, A (A, + 1)GPF(N)/(A, - 1)° into the éxpres-

sion for 6 leads to the result

94nGPF (N-»»)
9inm "

92nCPF(N>®) . 1, Cy A+ (Ayt1)

~ L
3tmm T N (A-D° N

6 = (47)

A comparison of calculated curves both with and without cénsideration of
the sliding degeneracy for two different chain lengths is presented in
Figure 2. It is apparent that the effect of degeneracy decreases as the
length of the chain varies from 100 units to 500 units. Therefore, the mid-
point conditions defined by Egs.(36) and (37) can be directly applied to

the (2polymertsolute)-complex for very long chains.
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Figure 2

A comparison of caiculated curves both with and without consider-
ation of the sliding degemeracy. (a) N = 500, no sliding
degeneracy, (———); (b) N = 500, sliding degeneracy, (---—- )3
(c) N = 100, no sliding degeneracy, (——=—); (d) N = 100, sliding
degeneracy, (seses++--). All curves computed with F = -140,

fAA--fSS = -5300, and fAs—fss = 0 cal/mole.
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VII. Extension of the Simple Model: Inclusion of Energy Partitioning

Hithin an Adsorption Unit in a (2Polymer + Solute)-Complex

The two-state model for an adsorption unit 1s not generally valild
for the (2polymer + solute)-complex as described in Eq.(34). In
addition to the interactions involving the solute particle A, there may
also be interactions between the two polymer molecules. For example,
a base on one polymer may form a bond with a base on the other polymer.
Assuming a nearest-neighbor model for both the polymer-polymer interactions
[denoted by (p-p)] and the polymer-solute interactions [denoted by (p-s)]

the four molar energies of interest are schematically defined by

(p-p) association P

T = | (48)
S T O i

Aa(p~p)-(p-p) nearest-neighbor interaction W
: , (49)

| I ! T

T
i | I | I

(p-s) association B A

T\t Alfixed) = ‘_—ﬁ‘_\_ , (50)

and the (p-s)-(p-s) nearest-neighbor interaction V

/A\ /f\ _- /,/% }% /
Y/ S WAV

where the solvent molecules are omitted for simplicity. The corres-

ponding Boltzmann weighting factors P,W,B, and V are defined in a manner
analogous to Egs.(10) through (15). Furtheremore, the model is restricted
to0 one-solute-stack systems. The four puossible states for one adsorption

unit with their yespective welighting factors are given in Figure 3.
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Figure 3
State I IT
Weighting factor %%? P

-

The symbols m, B, and P are defined in the text.

III

55

v
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Representative states of the adsorption region are given in Figure 4.
The grand partition function for a linear system can be calculated by
a generating matrix M whose elements M(i,j) are the weighting factors for
the addition of site k+1 in state j when site k is in state i (cf., Appen-

dix A). In general,

N N
GPFS(N) = 1 + Zl(n-n+1)2g-1~f"l-g+ =1 + Z (N-n+1) 2GPF(n) , (52)
n=

= n=1

where,g;}f'are the appropriate row and column vecﬁors, respectively,

whose elements reflect the basic assumptions concerning the end sites of
the linear system. If the (p-p) and (p-s) sites are mutually independent
of each other (i.e., no enhancement of the parameters 5}5}?, and 7),

then all four states described in Pigure 3 are accessible to an adsorption

unit and the generating matrix is given by

-

mBPVH BV
55 W 55 1

mBPW B
5 W u 1

£ mBPV — ) (3)

55 P 55 1

mBP B '
55 P 55 1

The matrix M can be written as a tensor product of two matrices which

generate the states of the (p-p) sites and (p-s) sites, i.e.,

BV
55
M = ® : (54)

PW 1

[9,)
[V, }
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Substitution of Eq.(54) into Eq.(52) leads to the result

N T
PW 1 =5 1 + : '
GRES(N) = 1'+) (Ment+l)?a- ® b , (55)
- mB
n=1 P 1 55 1
where a = (mBP/55,0,mB/55,0) and b = (1,0,1,0). In the limit n * <, the

GPF(n) can be approximated by the product of the largest eigenvalues of

the two generating matrices,

GPF(n + ®) = (A A > . (56)
*o-p) " (p-s)

Therefore, as one would e%pect, the solute bindiné curve is independent
of the parameters P and W in the case of unrestricted binding.

| . Case 1: Restricted Solute Binding

Consider the case when (p-s) binding is allowed to occur only when
(p-p) binding also oécurs. In this case, the weighting factor for state
III of Figure 3‘35 zero. According to the rules of formulating the
generating matrix, the column corresponding to site k+1 in state III is

composed entirely of zeros. The grand partition function is then

n-1

mBPVW
—%5 PW o -1

1

mBP yﬁ%‘i W0 11 1y
GPF(n) = (—5—5—,0,0,0) . (57)

mBPV 0
.

o]
mBP
<5 P 0 1

Since the column of zeros effectively eliminates the contribution of the

corresponding row, we can substitute zeros for the elements in this row.
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. Figure 4

Representatives of types of configurations in the adsorption
region of the 2polymer + A system
I and II‘are pure states (homogeneous)

IIT and IV are mixed states
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Inte:changing the columns and rows corresponding to states III and IV in
‘Figure 3 brings the matrix M into block diagonal form. Eq.(57) can then
be written as

n=1
mBPVW PW 1
55 1

mBPH 0
e PH 1 . . (58)

mBP
55

GPF(n) = (—“?f.o,o)

LIMIT OF WEAK NEAREST-NEIGHBOR INTERACTION

Eqs.(55) and (57) can be further reduced in the limit of weak nearest-

neighbor interaction, i.e., when PW = P, It is kncwn that free uracil

does not dimerize to any appreciable extent in aqueous solution,7,%,3%,136
whereas adenosine polymerizes at least to the pentamer.® Using fhe mole
fraction standard state, the stacking energies for the uracil dimerization
and the adenosine polymerization are -1900 and -3600 calories per mole, res—
pectively.9 Assuming that the uracil bases are the only significant contri-
buﬁers to'ﬁ, the value -1900 calories per mole represents a maximum value
for W. The uracil bases in dinucleotides!36 and trinucleotides,!®? how-
ever, are not stacked. Since the maximum interaction between bases océurs
when the bases are stacked,!3® the interaction between the uracil bases in
. the oligomers is less than -1900 calories per mole (i.e., more positive).
Using a nearest-neighbor model with mono-and dinucleotide data, Tinoco

et. al. showed that the optical rotatory disperslon predicted for the polyU
was greater than observed.!3® The interpretation of this result was that

the interaction between the uracil bases in the polymer was less than in

.the dinucleotide. Furthermore,. it.is not possible to distinguish between
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the two-stranded or three-stranded complexes poly(U+A) and poly(2U+A) in
the polyl + adenosine system'®>2% or the polyU + polyAl"*? system by optical
rotation. The implication is that the absolute interaction between the
uracil bases in polyU is less attractive than 1900 calories per mole and
the change in this interéction on the formation of a complex ¥ is much
smaller. The neglect of W in the polyU + adenosine system appears to be

a reasonable first approximation.

Case 2: Unrestricted Solute Binding
It is assumed that the binding of a solute particle 1s independent
of the state at the (p-p) sites in the limit of weak nearest-neighbor

interactions is simplifiled to

n-1

i 1| | : (59)
. P 1 P 1
By defining the quantity
1= (1,0) ' (60)

" we can write the GPF(n) for the present case as

o P 1 |-’31-311n-1
err(n) = T2 (L@, o 22 )| @y* (61)
| %
which further simplifies to
| my "t
GPF(n) = % (P+1)7(3,0) | ?° (1) . (62)
i

mB
|55
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Case 3: Restricted Solute Binding

In the limit of weak nearest-neighbor interactions, Eq.(57)

becomes

BBV n-1

== P o1

mBP 1

me e P 0 1 .
GPF(n) = (%:540,0,0) ol (63)

mE 5 5 3

55 . 0

mBP

55 P 0 1

Further simplification can be effected by first defining the quantities

0 1 (6x)
B = ’ 64
* 0 1
and
G
é: - ’ (65)
33 1
and then noting the identities
-l n-2 -2
PA B (PA+B) PA- (pa+E)?™% 3
- = zzn-z * g_n-z RE (66)
PA B (PA+B) PA (Pa+E) 3
and
1 1
PA . = (pg + B) . . (67)
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The grand partition function GPF(n) for the restricted (p-s) binding case

then becomes

. |
GPF(n) = nEP (1 0) (PA + 13)n ~1 (oJ ’ (68)

which is, explicitly,

| . mBgX X n-l
55(P+1) 10
GPF(n) = (P+1)" -5-5%%%5 (1,0) . (;) . (69)
1

55‘ P+L;

The grand partition function including sliding degeneracy‘GPFS(N) for the
two cases aret

Case 1 ' n-1

GPFS(N) = 1 +Z(N-n+l)2 “‘BSP (P+1)™(1,0) > (1} s (70)
A . 0

Case 2 ' n-1

. ‘ mBVP

n 55(P+1) 1

GPFS(N) = 1 +IIZ._-]-(N-nf1) (P+1) 35755)-(1 0) o (0). (71)
S5(F+1) X

Clearly, the factér (N-n+1)2 is the degeneracy of the polymer chains ex-
terior to the adsorption region, (P+1)" is the canonical partition function
for the (p-p) sites and therefore represents the degeneracy of states
interior to the absoprtion region, and P/(P+l) is the provability that a
particular (p-p) site within the adsorption rezion is bound (c£., the
Langmui: adsorption isothernm). ‘DeTining A+ to be the largest eigenvalue of
- either generating matrix in Eq.(70) or Eq.(71), the ratio GPF:(l-w)/GEF(N-)

is [ ignoring -the xatio.C.which -occurs in- Eqa (i4)]



35

N
2{;(N-n+l)2(P+1)nk+n-l
GPFS(N*®) . T=

GPF (N*®) A+N

Ne1 (BFDAL[(RH AL

= (P+1) [+ ;=117 . (72)

Since (P+1)N+L is independent of the solute molality and (P+1)A+[(P+1)A++1]/
[(P+1)A+-1]3 is independent of N, it can be concluded that the solute binding
curve calculated from Eq.(28) is identical to

o2nGPFS (N*®) _ ofnA, ,
ofnm inm ’ (7 )

=1
®=x

for very large chains., Therefore, the midpcint conditions defined by Eqs.(BO),

(31), and (32) are applicable to Case 1 and Case 2 if one makes the iden-

tities
FeB (Case 2) 'y (74)
P = %—EI (Casg 3) ’ (75)

S=V (Both cases) . (76)
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VIII. Results and Discussion

There is no ambiguity in the physical interpretation of the mid-
point parameters F and S [ef., Eq.(36) and (37)] for the (polymer +
solute)-complex'system. The parameter F is simply the intrinsic equilibrium
constant for the solute particles in the mole fraction standard state and
S is the Boltzmann factor for the solute-solute interaction energy. This
interpretation is also valid for the (2polymer + solute)-complex systen
only if the state of the (p-s) site is completely independent of the state
of the (p-p) site [cf., Eq.(56)]. Calculated curves for the restricted
solute binding model [cf., Eq.(58)], in which the total interaction energy
is B+ P+ V + ¥ = -5440 calories per mole, are presented in Figure 5.
It is quite clear that the slope and midpoint concentration are strongly
dependent on the way the total energy of interaction is partitioned among
the various pérameters. The curves are divided into two groups, according
to the total nearest-neighbor interaction energy V o+ ﬁ, and presented in
Figure 6. The midpoints of the curves within each group are superimposed
to illustrate the effect of energy partitioning on the shape of the curve,
Thé inclusion of sliding degeneracy does not alter the symmetry of the
curves about the midpoint of the transition. It is also apparent that the
slope of a curve at the midpoint is not a simple function involving the
product VW, It is inferred that a solute binding curve which is symmetric
about the midpoint concentrétion is completely characterized 'ty the slope
and the solute concentration at the midpoint., Furthermore, the parameters
F and S that can be obtained from these characteristic parameters [cf.,
Eqs.(36) and (37)] do not give unique values of the energies assoclated with
the binding process. The molarrquantities~F.and~§~for four systems that

form a (2polymer + solute)~complex are listed in Table I.
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Figure 5

Calculated binding curves for Case 1. All of the calculations
[Eq.(52)] were made with the constraint BPVW = exp(-5440/RT),
The quantity X (cal/mole) is defined by X = exp(-X/RT), where

X=B’ P' v' Orw-

Curve B P v ]
-0-0-0~- - 140 0 -5300 0
=X Kmw X o ] 2140 +2000 -3300 -2000
secesie -2140 +2000 -5300 0
~3000 0 -24110 0

- === =3000 0 -4410 +2000
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Figure 6

Effect of the partitioning of energy on the shape of the

binding curves

»

+ W = -5300 cal/mole

<|

Group 1

Group 2 V + W = -2440 cal/mole

Nofca.tion is the same as in Figure 5.
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PolyU + Adenosine

The equilibrium dialysis curve of Huang and Ts'o!? for the (2polyU +
adenosine)-complex is presented in Figure 1. They estimate the slope at
the midpoint to be in the range 30-60 which corresponds to nearest-neighbor
s tacking energies of -5300 and -6060 calories per mole, respectively.

The values of F foi these extremes of the estimated slope are given in
Table I, One notices that the very small or slightly positive values of
the standard binding energy implies a negligible or slightly repulsive
hydrogen-bond interaction between a singie adenosine and the uridines on
the polyU, if this is the only contributor to F. Since (deoxy) adenosines
stack by themselves with an effective equilibrium constant of 12 at 25009.
it may be deduced that the effective equilibrium constant is not much greater
than 40 at 5°C unless the AH for this process is in excess of 5500 calories
per mole, This)is to be compared with an effective equilibrium constant
here of about 3.4x10%2 for the addition of an adenosine to the polyU com-
plex at the midpoint of the transition at 5°C. Thus, the tendency of
adenosines to associate on the polyU is about eight times (or more) greater
than its tendency toward self-association, Certainly Huang and Ts'o observed
no significant amount of self-association of édenosine under their experi-
mental conditions. It is clear from the values of F that essentially none
of thls enhanced association of adenésine with_the'polyU complex can be
attributed to simple hydrogén-bonding of the adenosine to the poiyU. One
may infer that the quantity S cannot simply represent the free energy for
stacking of adenosines, but must contain as well one or more of the
following contributions: (i) a contribution from stacking of uridines;

(11) a contribution to the A-U and/or U-U hydrogen-bond association
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TABLE I

Characteristic Parameters F and S for (2Polymer + Solute)-Complex Systens

_ Midpoint - F s o
System Concentration (Cal/tiole) Temperature K
PolyU + Adenosine 3,1x10™ 2 - 140, ~5300_ 278

+ 660 -6060b ' 278
PolyC + guancsine 5.3x10" " ~3853 ~2800, 288
PolyC + Guo-3'-P 1.1x10"3 -4349 ~2100, 298
PolyC + Guo-5'0P 7,0x10~" -3600 -2600,, 275

PolyU = poly uridylic acid

PolyC = polycytidylic acid

Guo-3'-? = guancsine-3'-phosphate
Guo-5'-P = guanosine-5'-phosphate

a) obtained from reported slope of 30'°
b) obtained from reported slope of 60'°

¢) value reported in literature®!
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energies when the neighboring units are hydrogen bonded and also stacked

to this unit; (iii) an extra contribution to the A-A and/or U~-U stacking
energy that is gained upon hydrogeh-bond formation, and which is large enough
to compensate for the energetically unfavorable hydrogen bonds that are
formed. The argument presented in Section VIIfor the neglect of the U-U
stacking intéraction effectively rules out (i), Because of the large ionic
strength effect on the binding cu:cve,19 the repulsive energy between the
negatively charged phosphate groups on the different chains apparently
contributes significantly to P (oxr F). Since the two polyU chains do not

19 3t is safe to assume that any

self-associate to any appreciable extent,
hydrogen~bonding that might occur between the uridines is not sufficient

to overcome the repulsive nature of the phosphate groups. It is also ap-
parent from the foiﬁ of Eqs.(74) and (75) that the presence of U-U hydrogen-
bonding cannot be deduced from solute binding curves alone., Therefore,

the enhancement‘éf adenosine association on the formation of U-U hydrogen
bonds must be considered to be a speculation at this point. The prevalent
notion that the hydrogen-bond association energies and the stacking energies
are simple constants independent of one another is now open to question,
Since the complex formed here is multi-stranded, it might be expected that
a pre-existing bound site would greatly facilitate the binding at the
n;;;;boring sites, as much of the electrostatic work recquired to join the
two polyU chains has alreédy been done in establishing the initial bound
site. Indeed, the inabllity of the theoretical curve which is calculated
from the paxameéers obtained at the midpoint to coincide with the entire
experimental curve can be explained in terms of mutual enhancement of the
parameters. Furthermore, the value of P, and hence F, changes at higher

coverage since there is extensive counter-ion condensation as the two

polyU strands are brought 't.ogether.”1
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It is of interest to compare the values of F obtained here with the
standard free-energy change for the hydrogen bond dimeriiation of
N-methylacetamide in aqueous solufion determined at 25°C by'Klotz and

142 gince the measured AH was found to be zero, the same value

Frazen,
of AF may be applied at 5°C. After correcting their number for the con-
version from a 1.0 molar standard state to a 1.0 mole fraction standard
state, one finds AF = +880 calories per mole which is somewhat more repul-
sive than the values obtained here for F, Infra-red studies by Klotz and
Franzen on urea indicate that dimerization of urea by hydrogen-bonding does
not proceed to a significant extent, certainly not with the equilibrium
constant calculated by Schellman!“? from the vapor pressure data of Scatch-
ard, Hamer and Wood,!'"“3 so that Schellman's free energy for dimerization of
urea in aqueous solution AF = =730 calories per mole (converied to 1.0

mole fraction.standard state at 5°C) is at present a doubtful quantity.

In any case theéé two previous values bracket the extreme values of 5,

and thereby serve to reinforce the conclusion that the association energy
of the three-stranded complex is not drastically different from more con-
ventional assoclations involving hydrogen bands.

It should also be noted that Applequist and Damle!2?°® attempted to
determine thermodynamic parameters equivalent to F and S from the temperature
dependence of the hypochromicity of oligomers of adenylic acid. Unfor-
tunately, the temperatufé dependence of the hydregen bonding cquilibrium
constant for the first bond between two chains could not be determined
with any-reason;ble certainty, although the absolute magnitude of this
constant at the midpoint (~50°C) was obtalned with satisfactory precision.
Thus, their data is not readily translated 1o 5°C. However, if a temperature

coefficient of zero is arbitrarily assumed then a standard .free energy
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AF = -570 calories per mole is deduced at 5°C for 1.0 mole fraction
standard state. . This number is not too far out of line with those consi-

dered above.

\ . PolyU + Adenosine + Guanosine

The simultaneous binding of guanosine and adenosine to polyuridylic
acid studied by Pitha, Huang, and Ts*0?° potentially contains the dif-
ference of binding energies of A and G for the primary sites on the polylU

chains. The GPF(N) is calculated by

N-1
mF,.S n.r.S, .
. 55 55
1
m .S m. k.S
- 4 A°GA calentee .
[myFy/55,m570/55,17 |~z oz 1| |1}, (72)
o 1
o | MaF mFe N
55 55
where F, = exp(in/RT), i=A,G, ors

sij = exp[-(fij - £ J)/RT] = exp(-Sij/ET) ,

fr e A S
and it is assumed that bAs S.p = Sgg =9 = 1e
The added feature to the computation is the requirement of a constant

total concentration of the guanosine molecules. The details of the
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computational procedure are given in Appendix C,
The parameters FA and EAA were chosen to provide an optimum fit of

the calculated adenosine binding éurve to the experimental data. This

optimum curve is displayed along with the experimental isotherm in Figure 7.

It is notable that the optimum values of F, and S

A AA
calories per mole, respectively, differ drastically from those obtained

of ~4000 and -1550

from the data of Huang and Ts'o!® (-140 and -5300 calories, respectively).
Even so, the éum ﬁA + §AA, which determines the midpoint of the binding
~curve, in this case 1s -5550 calories per mole, which agrees fairly well
with the ~5440 calories per mole found for the earlier data, For some
unknown reason the binding curves are very much less steep in this sample.

After the parameters characterizing the adenosine binding had been
established, trial and error computations of guanosine binding were
carried out for ?arious values of fh, §EG’ and —AG = §6A. When the atso~
lute magnitude gf the free energy change for A addition exceeds that for G
addition one finds that the curves of % G bound versus 1n(qA) always ex=
hibit maxima at about the same value of m, corresponding to 707% binding on
the A adsorption isotherm. Typical calculated curves are compared with the
experimental data in Figure 7. If hydrogen bond association dominates the
G binding, the maxima in the G binding curves may be found at much lower
values of Mpe but they #lways occur. It is simply not possible to find
parameters ﬁéggbcg and EAG that exhibit simultaneously the delayed onset
of G binding and the absence of any maximum in G binding near the nmiddle-
binding region of the A isotherm, even without any consideration of the
magnitudes of the numbers involved.

Having established that the primary mode of G binding is not a com-

petition with A for the hydrogen-bonding sites on the polyU, it is



45

Figure 7

The simultaneous binding of A and G to polyU as a function of m,.
The solid curves A and G represent the experimental data 6f Pitha,
Huang and Ts'o for A- and G-binding, respectively. The crosses

(x x x x) denote the values fof A-binding calculated using a
binding energy FA = -4000, and a stacking energy fAA - FSS =

-1550 cal/mole. The A-binding curves‘employ the left-hand
ordinate, while the G-binding curves utilize the one on the right.
The circles (o o0 o 0), squares (MR ® &), and dots (. . . .) are
all G-binding values calculated using the above parameters for
A~binding anq'a%§o stack?ng energies fAG - fsS = fGG - fSS = =1550
cal/mole. These G-binding curves differ only in their binding
energies: (i) for the circles ?é = ~3400 cal/mole; (ii) for the
squares fb = =2800 cal/mole; (iii) for the dots fé = -1500 cal/mole.
The experimental data were taken in a solution containing 0.4 M
NaCl, 0.0l tris buffer, 1.5x10 > M r(v)_, and 1.1 - 1.2x10"° M

guanosine at 5°C. The calculations were performed using a value

m; = .1.0x10-5 M, and an assumed chain length of 500 nucleotides.
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desirable to establish an upper limit for the extent of competitlve binding.
Ih other words, suppose we assume that a small component of the total bin-
ding proceeds according to the competitive model and ask how large this
component could be and still escape detection, The more precise question
to ask is, "what is the largest possible value of the ratio of bound
guanosine to total guanosine < mg >/mg at the maximum of any competitive
binding curve that could escape detection?” Presumably this value is
.01 (1%) or less. The long initial rise of all the competitive curves in
contrast to the steep ascent of the experimental curve insures that any
compefitive binding amounting to 1% or more would have been readily detected,
especially since a resolution of at least 0.5% is indicated by the authors.?2?
Now, setting all stacking parameters equal to §AA = =1550 calories per mole,
a unique value for the binding parameter EG may be found that just satisfies
the éondition,<m§$/mg = ,011 at the maximum of the isotherm. For the
optimum parametéis. it was foun& that f& = «1600 calories per mole. Since
there is some evidence from the stacking of free nucleosides that ~

S,.>S,,, it may be inferred that -1600 represents a lower bound to the

AG” TAA

free energy for G binding (exclusive of stacking) on the primary uracil
sites. The difference in binding energies fb - EA = 42400 calories per mole
" is, then, likewise a lower limit.

Calculations were also performed for a hypothetical case in which

FA = -1000 and SAA

FG - fk = +2400 and the equivalence of the stacking parzmeters to SAA’

= -4550 calories per mole. Retaining the diffcrence in
the ratio <m§$/mg was found to be equal to .,016, The maximum occurred at
a somewhat lower value of m, owing mainly to the enhanced sharpness of the
transition. Thus, it is seen that a difference in binding free cnergy

of +2400 calories per mole between incorrect and correct bases leads to
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a maximum competitive G binding of 1-2%, quite irrespective of the
relative magnitudes of the binding and stacking free energies.

It is felt that, if the actu#l difference in binding free~energiles
between the incorrect (G) and correct (A) bases were +2400 calories
per mole or smaller, then the competitive binding would have been large
enough to have been detected. One is forced to conclude that the
difference in binding free energies is greater than +2400 calories per
mole. This corresponds to a specificity of at least exp(+2400/RT) = 80:1
in favor of A at 5°C.

Although the A adsorption isotherm in the present study is apparently

19

not as steep as that reported by Huang and Ts'o, it is intriguing to

consider the possibility that the result here for the difference in binding

free energy also applies to the steeper case. In that eventuality, the

,

free energy Fé f?r G tinding would be required to be substantially positive,
since -140 < ?A < +620 calories per mole for the steeper curve. A positive
fé (for the 1.0 mole fraction standard state) implies an effective repul-
sion of incorrect bases. At the present it would appear that such repul-
sion is the only means of achieving the observed genetic specificity!*"
of ~10° from a purely equilibrium molecular specificity, since the
observed strengths of association of correct pairs are in fact rather
weak. 1?2718
Achieving specificity through strong repulsion of incorrect bases,
rather than Qia_strong attraction of correct tases, offers ihe advantage
of a much more rapid kinetics. With the 1.0 mole fraction standard state
a completely neutral affinity of incorrect bases for cne another would be

inc

characterized by an equilibrium constant KX = 1,0, so that a speclificity

of 10° could only come from a strong association of correct bases with a
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K;orr = 10°, For the 1.0 M standard state this equilibrium constant.
Kﬁorr = 10°/55.5 = 1,8x107 M~ ', Since there is an upper limit of

~ a9 =l -1
% =10 M sec” for the bimolecular association rate constant, the

dissociation rate constant cannot be larger than K = 55 sec"1 which is
an order of magnitude too small to accommodate the observed replication
rate of > 10° nucleotides/sec. That is, the DNA chains could not possibly
serarate rapidly enough if all of the specificity were vested in the sta-
bility of correct pairs relative to neutral ircorrect pairs. However, if
the association of correct pairs remains weak and specificity is achieved
via repulsion of incorrect pairs, then there is no problem with the kine-
tics since Kﬁorr may be as small as ,018 (neutral affinity), which lies
within the limits set by the free-energies found from the data of Huang and
Ts'o, and k could be as large as 5.5x10° sec”! which can certainly accom-
modate the obsef?ed replication rate,

We now want to consider the possibility that the guanosine and adeno-
sine form a complex in solution and that this complex competes for the pri-
mary sites on the polyU. .The reaction for the formation of the ccmplex is

A+G=2¢C , (78)
with an effective equilibrium constant

K = mc/mAmG y (79)
The complex C can now be treated simply as a third solute pdfulClC in
solution, thus providing another possible state for a site cn the polymer.

Solving Eq-(?9) for msy the GPF(N) is then calculated by the matrix

multiplication which is similar in form to that of hawlings and Schneidei,12°
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N-1
GPF(N) = mFaSun  PeFeSac myMKF oS,
| 55 55 1 55 .
mFSen  "FeSuo L myKF S N
55 55 55
(mAFA meFe L mAmGKFG) 11 (80
557 55" 55 maFy m:Fq my K )
55 55 1 55 1
L FSea  MeFoSee L mynoKFoSaa
55 55 55

It is clear that C is not bound by having both A and G bind to adjacent
polyU sites since this would be equivalent to having A and G cempete
independently for the primary sites., By having the complex form in solu-
tion with subsequent competitive binding for one primary site, we provide
a mechanism for increasing the bound guanosine particles beyond the 70%
bound adenocine isotherm. For simplicity, we assume that K = 1 (or that K
is absorbed iﬁ the parameter Fc) and SAG = SGA = SAA and employ the optimuﬁ
parameters fk = -4000 and §AA = ~1550 calories per mole. In view of the
esults of guanosine binding to primary sites, the parameter fb = =1000 cal-
ories per mole vas éssumed in order to supress the maximum in the guanosine

binding at the primary sites. The parameters Fc and SAC = SCA = SGC = SCG

= SCC were assumed adjustable. Two of the calculated curves are presented

in Figure 8 along with the experimental A and G binding isotherms. It is

quite. clear that the calculated G curves are not linear but approach a plateau.
It should be pointed out that Eq.(80) is valid for a mcdel in which

only the guanosine molecules are allowed to intercalate between the primary

polylU sites subject to the restriction that at least one of the neighbors

be adenosine. This is quite clear if the mode of binding the conplex C

is via hydrogen bonding of the adenosine to the.uracil while ihe guanosine
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Figure 8

Intercalation model for guanosine binding by polyU. The experimental

20

curves were reported by Pitha, Huang, and Ts'o. The computed curves

employed the parameters.f = ~4000 cal/mole, F, = -1550 cal/mole, and

A G
N = 500. The adjustable parameters are FC and SAC = SCA = SGC = SCG =
SCC' T
( ) exﬁerimental isotherm for adenosine binding
( - - =) experimental isotherm for guanosine binding
( x-x-x ) FC = 03 SCC = ~4600 cal/mole
( 0-0o-0 ) TF, = -4200 cal/mole; S, = -2350 cal/mole

C cc
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J

"stacks" with the adenosine., Allowing the guanosine to complex with
another guanoéine, hence intercalation between neighboring guanosines on
primary sites, is of no advantage since guanosine is "squeezed off" the

primary sites at higher adenosine concentration.
Polycytidylic Acid + Guanylic Monomers

Equilibrium dialysis studies of the interaction between polycytidylic
aclid and guanylic monomexrs (i.e., guanosine, guanosine~5'-phosphate, and
guanosine—B'-phosphate) were recently completed by Sarocchi, Courtois, and
Guschlbauer.?! They analyzed their data by making Hill plots (0 versus
ln(mg), where 6 is the fraction of sites bound and mé is the molality of
free G) and Scatchard plots [1n(r/m£(n-r))—versus r where r/n is the frac-
tion of sites bound]. The values that they obtained from these plots are

presented in Table II,

TABLE II
Nearest-neighbor Intrinsic
energy (cal/mole) equilibrium
Temperature constant
Monomer o¢ (Hi11) (Scatchard) (Scatchaxd)
guanosine 15 ~-2800 =2700 170
guo-5'-P 2 -2600 -2700 170
guo-3'-P 25 -2100 -2500 110

It is clear from the values of the nearest-neighbor energy obtained
from the Hill plot [identical to Eq.(36)] that a single stack model is
not valid for this system. For example, if we assume that the chain

length of polyC is 500 units, then ithe test for a one-solute-stack complex 1is
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1 _ S _ exp(2800/576) . 129
o °N = 500 500 <t ’ (81)

which does not meet the criterion [cf., Eq.(40)]. A model is presented
in Appendix E which includes the formation of loops, but no tractable ex-
pressions have yet evolved that are as simple as Egs.(36) and (37).

It is shown in Appendix D that the exact nearest-neighbor‘model and

the average-neighbor model (Bragg-Williams model) give equivalent midpoint
expressions only in the limit of weak neighbor interactions (S/2RT << 1).
Furthermore, if one does a Scatchard-type plot with parameters obtained
with the exact nearest-neighber model, one obtains a curve that is almost
linear in the 20-80% bound region (cf., Figs. 9 and 10)., Therefore, ex-
trapolation of this apparently linear region to zero bound solute particles
does not give the "true” intrinsic association constant as predicted by
Scatchard's theory. Since Scatchard-type plots are used extensively in
the analysis.of-small-moiecule binding to polymers,2'22%225:5%:83 54 may be
of interest to compare the exact nearest-neighbor model with the Bragg-
Williams model at the midpoint. Guschlbauer's Eq.(2)?! has the same math-

ematical form as obtained from the Bragg-Williams model,
(r/my)exp(2Ex/kT) = k (n-r) ' (82)

vhere E is the average-neighbor energy, ko 1s the intrinsic equilibrium
constant, me is the molality of free zuanosine, and r/n is the fraction
of sites occupied. At the midpoint, we have r/n = 1/2., Guschlhauer?!
found that n = 1/2 the systems that his group studied, which implies that
only half of the total available sites are used in the formation of the
complex, i.e., a two-stranded complex with respect to the polyC. There-

fore, T = 1/4 and Eq.(82) becomes,
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mGkoexp(-E/ZkT) =1 | . (83)

If we now equate the molar average interaction energy‘§ with the exact -
nearest-neighbor energy §, then comparison of the midpoint condition fof

the exact model
mexp(~F/RT)exp(-S/RT) = 1 a (84)
with Eq.(83) leads to the identity

k, = exp(-F/&T)exp(-5/2RT) . (85)

In other words, extrapolation of a Scatchard-type plot through the mid-

point region to zero concentration yields an "apparent” intrinsic constant

gapp = k, exp(+5/2RT) . , (86)

where ) -
k, = exp(-F/RT) - ' (87)
is the "true"” intrinsic binding constant.
Guschlbauer’s reported values of ko are presented in Table III along

with the values calculated by the empirical equation
k, = exp(~F/RT)exp(-S/2RT)/55 = exp(+§/2RT)/mG ' (88)

where ma is the concentration of free G at the midpoint of the transition
[cf., Eq.(82)]. The calculation employed the repcrted Hiil value for
S and the estimated midpoint concentration which was obiained from the

published binding curves.?!
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TABLE III

Comparison of the Reported and Calculated Values of ko

Estimated Kk

Midpsint 0
Monomer Concentration Reported Calculated
guanosine 5,3x10" " 170 165
Guo-3°-P 11,0x10™" 110 152
Guo-5'~P 7,0x10™ " 170 133

If one takes into consideration the fact that the exberimental
value of ko was not obtained from an extrapolation of the slope at the
midpoint, the agreement between the calculated and experimental values of
k° is quite good. But, this now presents a dilemma, since the average
nearest-neighéor-interaction at the midpoint should not be equivalent to
the exact nearest-neighbor interaction energy. Scatchard plots were made
on the data obtained from exact nearest-neighbor calculations and presented
in Figures 9 and 10. It is apparent from these figures that the region
most accessible to experiment, i.e., from 20-80% bound, is almost linear
as predicted by Scatchard's theory. Experimental curves presented by other
authors2%>59:83 3150 have data points at the extremes of the transition
region which do not fall on the linear plot. Sander and Ts'o®? specifically
point out the presence of such points in their data and attempt to fit the
data by introducing an "apparent” equilibrium constant, which is the Scat-
chard coﬁstant ko modified by an “interference” factor (i.e., kapp =
koexp(-¢u), where ¢ is the interference factor and v is the fraction of

sites occupied). On closer inspection, Scatchard plots do become linear
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Figure 9

Scatchard plots using exact nearest-neighbor parameters and computed

values of 6 at T = 278° and N = 500,

= -4000 cal/mole; S

( eeees ) F = -1550 cal/mole
(-~-) F = -4000 cal/mole; S = -1440 cal/mole
( x-x-x ) F =.-3000 cal/mole; S = -2440 cal/mole
(———) F= o;"s' = =5550 cal/mole

exp (-3000/RT) /55

i

Actual value of ko

Actual value of k= exp(-4000/RT)/55
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Figure 10

Scatchaxrd plot using exact nearest-neighbor parameters and computed

values of 6. Notation is the same as in Figure 9.
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in the region of low coverage (cf., Figure 10). This result is not entirely
unexpected since in the low coverage region the assumption of random adsorp-
tlon of the solute molecules is vaiid. Unfortunately, this region is not

always subject to study with any degree of accuracy.

"TRUE" PHASE TRANSITIONS IN ONE DIMENSION

Within the past few years, interest has been shown in the possibility
of the (m#tﬁematical) occurrence of a first-order phase transition in a
one-dimensional system.97‘1°°’1“5'1“8’?5’119 The usual criterion for the
presence of an nth order phase transition in the mathematical models is

the discontinuity of the nth derivative of some thermodynamic funciion.

which was first proposed by Ehrenfest.!“? As pointed out by Baur and Nosano,'"

the conventicnal proofs for the non-existence of a "true" first-order phase
transition aséume the interaction energies are of finite range and finite
strength., Higher-order phase transitions can (mathematically) occur in
a two-stranded complex such as DNA if the ring weighting exponent k
(ct., Appendix E) is allowed to have values greater than 2.97’99

The matrix formulation of the partition function offers another
definition of a phrase transition which is more suited to our purpose,
namely the equivalence of two eigenvalues at some particular value of a
therﬁodynamic variable, 81215 The eigenvalues for the generating matrix
defined in Eq.(38) are (cf., Appendix B)

-

s o (mE/55+1) + [(mFS/55+1)% - 4(mFS/55-mF/55) 1
+ 2 >

(88)

S
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A

_ (wF/55+1) - [(mF/55+1)2 - 4(uFS/55-mF/55) 12 (89)
= 2 *

The difference between the two eigenvalues evaluated at the midpoint of

the transition is
A, -\ =2/s% o, (90)

where the condition mFS/55 = 1 is utilized. The nearest~-neighbor inter-
action energy is related to the separation of the two eigenvalues at the
midpoint and therefore should influence the breadth of the transition
region. In the special case of an infinitely large attractive interaction
energy, the two eigenvalues coalesce and a "true” phase transition occurs.

On defining the quantities
s = mFS/55 ’ (91)
and ‘ o =1/s ' , (92)

The generating matrix of Eq.(38) can be written in a form identical to

that of Zimm and Bragg, ®°

(93)

R=
n

Os 1
As the attractlive interaction energy becomes very large, and assuning s
remains finite, the generating matrix takes on the form

s 1

e
i

(94)

The grand -partition function for this special case can then be written
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in the simplified form

N-2
sN.l ZE: st 1 .
GPF(N) =(-5"1F-5-,1) | n=0 , (95)
0 1
crr(i) =1+ 3O g (96)
or PF(N) =1 + — S . 9
55 2 | .

It should be noted that the terms in the sum correspond to all of the
possible states in a system which nucleate at one end of the polymer and
"grow"” toward the other end. We can convert this "zipper” model into a

"melting”" model by simply factoring out sN from the sum, i.e.,

N-l N-1 Nen
(nF/55) Zo s =5 ZU (1/s) ’ (97)
n= n=

where s = (mF/55)sN, wh§ch corresponds to a completely bound polymer of
- N+1 units, We choose to rewrite the sum as

N-1 ©
sy 3 (/) = syl z M) =s0x) . (98)

where X = l/s and the chain length is allowed to go to irfinity. If we
do not allow the polymer to melt from the ends, but rather from the middle,
then a loop 1s formed. In this case, each term in the sum must have

another factor to account for the ring weighting, i.e,,

PIELEEND ML , (99)
. &

J=1

where "j = b/(j+1)k, b is the Boltzmann factor for the nearest-neighbor

interaction energy, -and -k is the .xing weighting exponent., To completely
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change the notation from the model of binding solute particles to that

of melting a double helix, we reinterpret the factor Sye Certainly we are
no longer interested in the concentration of solute particles since these
no longer exist in the model. Since the goal of this exercise is to show
the mathematical equivalence of the matrix method with the generating se-
quence method, we change both the notation and the interpretation of the

characteristic parameters to coincide with existing theories, i.e.,

£ = . (100)

e

where X represents a factor containing the entropy and end effect, !1°

Multiplying Eq.(100) by the polymer concentration yields the new definition

of Sy»

. s, = cs Y . (101)

still keeping in mind that N+l is the chain length, We now observe that
Eqs.(101) and (98) are precisely the definitions of s, and G(x) used by
Applequist®®s!*7 and Damle™'® in their extension of the theory of Lifson
and Zimm. '°® It is also true that the eigenvalues of Eq.(95) correspond to

the two regions of the transition mentioned by Applequist,1“7 i.eey

>
1§}

}—i
Ill.

V%, (s <s) , (102)

>
I

/2]
i

/%, (s >s) : (103)

Thus far, the inclusion of more than one ring has been simply to raise
the function slG(x) to the power corresponding to the number of rings and

106,147

then sum over all possible numbers of rings. This approximation

appears to be valid in the infinite chain length limit since the states
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which correspond to overlapping of rings are negligible compared to the
states of widely separated rings. Furthermore, larger rings tend to grow
at the expense of smaller rings, i.e., (j + j')k < (jj')k when j,3' > 2,
which tends to decrease the welght of a poiymer state containing many rings
if the interaction energy between neighboring sites is attractive. In the
finite chain length case, however, the restriction on the number of sites
within and without the loop is crucial. That is, the sum in Eq.(98)
cannot be allowed to go to infinity. Fortunately, as shown in Appendix E,
if Na/ zé SW where N is the chain length and SW is the effective Boltzmann
weighting factor for the total nearest-neighbor interaction energy, then

multiple loop contributions are negligible.
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APPENDIX A: DERIVATION OF THE GENERALIZED GENERATING MATRIX

It is assumed that L-1 dilufe.species in addition to the solvent
molecules have the capacity to bind to the N sites in subsystem L.
Furthermore, it is assumed that the interaction of the state at site i
extends over a range of 2pt+l sites, i.e., from site i-p to site i+p. All
sites are assumed to interact pairwise with all others with a potential
which depends only on the species bound at the sites and the relative
displacement as measured by the intervening number of sites r-1. The
interaction energy of order I, fi_r’i(d[B) is the energy of interaction
of site i-r occupied by species d with site i occupied by species B.
This quantity is assumed to be independent of the value of 1 so long as
j-r > 0 and may be denoted by f(r[d[B). The range of r may be extended

to include r=0 if we set

-

£(0]alB) = f(a)éa,s s (A1)

where £(a) = £'(a) - u(a) and 8, 8 is the Kronecker delta function. If
’ .

we first set

W(r|a|8) = exp[-f(r|a|B)/RT] , (A2)

then for an adsorption region of N sites the grand partition function be-

comes
L-1 L-1 -1
GPF(N)= Ejow(olala) %:OW(OIB[B)W(lIu[B) > woly|nwalglvvz|ald)
= - .Y=O
L-1 i
%:_'OW@I&IE)W(leI&) eee WN-2[BE)W(N-1[a] &) e, (A3)

- An appreciable simplification of the grand partition functiaen can only be

achieved when the interaction between sites is negligible for sites
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separated by more than p-1 intervening sites, where p-l << N, Assuming
that this is the case, we note that the first p site of subsystem I taken
as a group can exist in any one of L? configurations. The corresponding
LP different energles result from the particular configurations of this
set of p sites. Using the convention that (L-1) implies a solvent bound
at a particular site, while 0,ly...s(L-2) denotes a partiéular molecular
type of the remaining (1~1) dailute species, the configurations of the p

sites can-be represented by p-digit L-nary (i.e., base L) numbers:

Site
State 1l 2 Jeeeoosse D=2 -1 P
1 0 0 0 ees O 0 0
2 0 0 0 eee O 0 1
3 .0 0 0 eee O 0 3
L 0 0 0 e O 0 L=l
1? 0 0 0 «se O L-1 L-1
1242 0 0 0 eee 1 0 1
L? L-1 L-1 L-l +e. L-1 L-1 L-1

We now construct a vector vhose components are numbered by the ordered
p-digit L-nary numbers characterizing the configuratioris. The Boltzmann
statistical welghting factor of a particular configuration is recorded in

the corresponding position of the statistical weight vector. For
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example, in the case where only 3 species can bind (t.eep, L = 3) and
interactions only up to the fourth nearest neighbor are allowed (.00, p = L),

the initial row vector is
1° = [s(0000),5(0001),5(0002),5(0010),...,5(2221),5(2222)] , (a5)

where S(klmn) is the statistical weight of a chain 4 units long in the con-
figuration klmn., Addition of the site ptl in conjunction with all possible
states of the previous p-l sites simply regenerates the L? configurations
of the first p sites. This new stastical weight vector can be generated
by multiplying the initial weight vector by an appropriate LP x 1P matrix
g whose rows and columns are also labeled by the ordered p-digit L-nary

indices and whose matrix elements are given by

M(aBY. . ..'.['r,a'B"Y' . 'E"n") = GBG.'(SQ’,B'. ..G“_E,V(OLOL'B' . .'n") > (A6)

where
V(aa'8"...m)=w(o|rt [mu@]g'|r") .. Wip-a|8' [rHu(p-1|a' [t)W(p|a[n"), (A7)
is the contribution.to the statistical weight obtained by addition of a

site in state 7' to a pre-existing state of p-1 sites in the configuration

a'B'Y'ees&'e For the particular case L=3, p = 4, is a matrix of the form
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s| o 1 0 0 2
Site Label in. s o 0 0 0 2
Sequence 3| o 0 1 0 2
12 3.4 2l 0 0 0 1 2
0 0 0O v{00000) v(00001) 0 0 0
0 0 0 1 0 0 0 0 0
0100 0 0 0 v(01000) )
10 1 0 0 ) v(10100) 0 0
2 00O v(20000) 0 0 0 0
2 2 2 2 . 0 0 0 0 v(22222)

Since the terminal p-1 sites of the new row index must be identical to the
initial p-1 sités of the column index, there are at most L non-zero elements
in any column. It is possible that a particular model may have fewer than
L non zero elements. For example, if it is physically impossible for two
bulky solute particles to occupy adjacent binding sites then the corres-
ponding nearest-neighbor interaction energy is effectively infinite and
the Boltzmann weighting factor is zero,

Each matrix element has a value which depends upon its corresponding
column index that represents the configuration of the terminal p sites
of the chain (now pFl units in length). Multipiyinz the initial row vector
;o on the left into the matrix M results in a ncw row vector 51 whose

positions (i.e., columns) are labeled by the cclumn indices of M. In
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general there are L non-vanishing products which are summed to form the
element of ;1; The lmportant feature is that the non-vanishing row elements
in a particular column of the matrix M are located such that only the ele-
ments in Lo whose indices contain a terminal sequence of p~l digits matching
the initial sequence of p-1 digits in the column index of M give non-vanishing
contributions., For the particular case L =3, p=4 the nultiplication

gives us

I' = 1% = [5(0000)V(00000)+5(1000)V(10000)+5(2000)V(20000)] , (49)
[s(0000)v(00001)+3(1000)V(10001)+5(2000)V(20001)] ,
eee s [8(0001)v(00010)+s(1001)V(20010)+S(2001)V(20010)] 5 seey
[s(0222)v(02222)+8(1222)V(12222)+5(2222)V(22222)] .

The value of an element in I' is just the statistical weight of all
possible sequences of the p+i sites whose terminal p sites have the con-
figuration spécified by the index (i.e., column) of that element. Repeated
multiplication by M generates new vectors whose elements correspond to all
possible configﬁrations vwhose terminal p sites correspond to the index of

- the vector component. The sum over the statistical weights of all possible

allowed configurations is the grand partition function,

GPF(N) = 1°- ¥"P . 1" . (A10)

~

where 1 1s a row vector whose elements are either unity or zero depending
on the restrictions imposed-.-on the terminal p sites of the chain of length

N,
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APPENDIX B:s SIMPLIFICATION OF THE GRAND PARTITION FUNCTION IN THE

INFINITE CHAIN LENGTH LIMIT.

Consider the general case in which the grand partition function is

calculated by the matrix multiplication

GPF(N) =g - ¥ - b ., (B1)

~

where §,§+ are appropriate row and column vectors, respectively, and M
is the generating matrix for a sequence of N sites, If Z‘! and g are

matrices which dlagonalize 5, i.e.,

-1

RA3

.M-g = A 9 (BZ)

and subject to the condition

~1 . =fl - & , (33)

3

=3
n

13
H

" where § is the identity matrix, then Eq.(Bl) can be written in the form

GPF(N) =3 - T - A" - 770 o ' . (B4)

E
-

If it is assumed that the largest element of A occupies the (1,1)

position and that it is non-degenerate, then as N approaches infinity

1 0 0 eee 1 o 0.
N s00 e e *
. 0 (Az/}‘l) 0 .y 0 0 0 (B5)
A 2 )
0 o (/)b o 0  0...
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In this linmit Eq.(B4) simplifies to the expression

GPF(N + ») = ANGH ,
where G=(a 1), ’
: -1
and H= (T 1p), .

For the general case when M is a 2x2 matrix of the form

-

M= ’
- c 1
we have the eigenvalue equation
A B X, _ A 0 X,
c 1| \x o Al \x, '

whose solutions are

A = (A+1) + r(A+l)2-4(A-Bc)11/2
M 5

.= (A-i-l) - [LA'H-)Z-LP(A-BC)-]I/Z

and A > ’

vwhere A+ > A_. Requirement of normalization of. the eigenvectors
(x,5%,) and (x%,x}) corresponding to the eigenvalues A _and A,

respectively, leads to the matrices T and 271

N B =B

T o= 1 1 _ | D+ b_

- ’
x x (A-).) (A- A—)

1
2 D, D

(B6)

(87)

(88)

(B9)

(B10)

(B11)

(B12)

(313)



69
-D4 (A=) ) D
B M
and T =3 , (B14)
- )\+ A D_(A-A4)
=5 D,

where p, = [8 + (a-2,)7]/ ‘ (B15)

The quantity C, introduced in Eq.(hh) can now be evaluated. The
generating matrices for the GPF(N) and GPFS(N) are identical [cf.,
Eqs.(38) and (41)], therefore the corresponding values of G and H as

defined in Eqs.(B7) and B8), respectively, are found to be

B GPF(N)] = 771 (,1) + T7'(1,2) ,  (B16)

e[GPF(N)] = T(1,1) , (B17)

H GPFS(N)] = T7°(3,1) ’ (818)

and s G[GPFS(N)] = %% (1,1) . (B19)
The ratio C, is

c | HFGPFS(N)WGrG;FS(N)]_ w1 (1,1) (B20)

1 = TH GPF(N) JGLGEF(N) | ~ 54T '(1,1) + T7}(1,2)] °

Substituting the values A = mFS/55 and B = 1 into Egs.(B13) and B(14)

and noting mFS/55 - A_ = A+ - 1, we arrive at the expression

N mFS(+ - 1)
T 55[3\4 - (mF3/55) ~ 1]

c, . (B21)
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APPENDIX C: THE COMPUTATION

The fraction of sites that are occupied by component i on the

polyU chain of N units is given by

04nGPF(N)

= 1
6; = N 9%nm,
i

X : (e

for the single stack model, where GPF(N) is defined by Eq.(38).

At a particular value of My the GPF(N) was first computed for the
values (1 + G)mA and (1 - G)mA which were then used to approximate the
derivative by the finite difference

onGPF(N)

nGPE(W)| _ o +Sm, 2nGPF(N)
BanA

m=(l—6)mA

n, g (T+8)m, ~ In(l-8)m, . (€2)

The values § = ,01 and § = ,001 did not result in significantly different
curves. Most of the computations, however, employed & = ,001.

According to Eq.(38), the generating matrix is raised to the (N-1)th
power. The actual computation did not involve N-1 matrix multiplications.
N-1 was broken down into sums and products involving only 2 and 1. For

example,
500 = 2X2X(2X2X(2X(2X(2X(2:#+1)+1)+1)+1)+1) . (c3)

Thus, the actual multiplication involved only thirieen matrix multiplica-
tions when N = 501. If degeneracy is included [ef., Eq.(41)7], then it is

clear that each multiplication must be done independently.

~ Although Eq,(Cl) is valid for the calculation of the fraction of sites
occupied by guanosine in the studies by Pitha, Huang, and Ts'o,2° the sit-

uation is complicated by the fact that the concentration m, of free
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guanosine is not directly given, but rather the total concentration is

fixed at mg = 1,0x10 M, We have then
b
mg =<my >+ mg . (cy)

where mg is the molality of free guanosine, and mg is the total average
(over solutions both inside and outside the dialysis membrane, where

mg = 0) molality of bound guanosine. It is clear that

<mg> =0 = :U > , (c5)

where My is the total average (inside and outside the dlalysis membrane)
molality of the uracils. In this calculation an iterative procedure was
employed in which a trial value mé(i) Wwas selected, and 6 then calculated
using the appropriate analogue of Eq.(Cl) after which < mg(i) > was calcu-
lated from Eq.(C5). At the end of each iteration step the sum [mé(i) +

< mg(i) >] was compared with mg [¢f., Eq.(C4)], and the trial value
mg(i+l) adjusted in such a way as to improve the agreement at the end of
the subsequent (i+l)th iteration. This stepwise procedure was repeated
until for some i the condition

b f ‘ _
< mg(4) > + (1) -1 107" , (cé)

A

0

G

was met, and the prevailing hg(i) and < mg(i) > were adopied as the average
molalities of, respectively, free and bound G,

Once a value of mg satisfying Eq.(Cé) had been found, this value was
then used in a final iteration step in which the sliding degeneracy was

included [cf., Eq.(#1)]. It was found that after. this final iteration



b £ '
< > +
I -1 ¢ 1072 , (c7)

So that conservation [ 2f£., Eq.(C4)] was adequately satisfied.
The use of GPF(N) rather than GPFS(N) for all iterations except the
last was dictated by the much smaller amount of computer time required for

evaluating GPF(N).
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APPERDIX D: CONDITIOCN FOR MIDPOINT EQUIVALENCE OF BRAGG-WILLIAMS AND

NEAREST~NEIGHBOR MODELS FOR LINEAR ADSORPTION

The Bragg-Williams approximation assumes that the average interaction
energy can be substituted for the actual interaction energy and that the
solute particles are randomly bound to the potential surf;ce. For the
random distribution, the probability that any one site is bound is b/N,
where b is the number of bound solute particles and N is the number of sites.
If S is the molar nearest-neighbor interaction energy, then the average

interaction energy is
<8 > = o(bMN)1S/2 = BPS/N , (p1)
where the coordination number ¢ is equal to 2 in the linear system and the

factor % corrects for counting the pairs twice, The cannoical partition

function then-‘becomes

] * 23
a(v,v,T) = g.r(%’:gﬁ exp(~E2) exp(-22 ’ (D2)

where F is the molar binding energy. Making use of the relationship

?g = -RTZnQ(b,V,T) , (D3)

where fg is the free energy of one mole of lattice particles containing

b bound species in their infinite dilution stardard state., The chemical
potential of an ideal solution of lattice particles with the bound species
is

W = P+ RTnX, , (D4&)
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vhere Xb is the mole fraction of lattice particles with b bound species.

The chemical potential of the free solute species is
_ .0
Mg = Ug + RT4nX, ’ (Ds)

where the subscript f denotes the free solute species., The free energy

for the reaction (G = solute monomer)

P+ WG = PG , (D6)
is given by
AF/RT = Yo He® , (07)
RT
Kn(xb/Xbe)—Zn(N'/(N—b)'b') + + b? S/NRT . (D8)

Expressing Eq.(D8) in terms of molalities,

b%s

= = fa(m /m 2) - In(Nt/(N-b)1b1) + —FP- - bnss + 25, (D9)
and noting Scatchard's Eq:(l)
(AP, /RT = ,Q,ncU/COCX + fav!(n-v)!/n! - Vink + w? (D10)
we have the identities
= S/NRT ' (p11)
’ k = exp{-F/RT)/55 , (D12)
and c.=m . (D13)

v U

The equation of interest, however, is Scatchard's Eq.(4),
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fnk'ec = 2n;%5-+ 20'0 , (Dp1y)

where k' = kexp(w), w' = (l+l/n)w; and U is the average association.

Comparison of Eq.(D14) with Guschlbauer's Eq.(2),2?!

E;eZEr/kT = k_(n-r) : ' (D15)
implies the identities
T =V /2N ’ (p16)
n = N/2N = .5 ' (p17)
k, = ket = (55) F/FIIS/NRT ., ()
and E/KT = 2Nw - 2S/RT . (n19)

»

Substitution of Eqs.(D18) and (D19) into Eq.(D15) and then evaluation
at the midpoint v = N/2 results in the expression

e o-F/RT ~5/RT S/NRT _

55 1 . (D20)

In the infinite chain length limit, Eq.(DZO) becomes identical to
Eq.(33). Defining the fraction of sites bound as 6 = r/n; Eq.(DlS)

becomes

_ 8 258/RT
or fnk  + fam; = 0B - &n(1-6) + 250/RT , (D22)

Differentiating Eq.(D22) with respect to fnm; and then solving for

ae/aznmc, we obtain



76

30 _ 1
DSanG T 1 + 1 25 e (D23)
6t 18 R
At the midpoint, 6 = % and
20 1
Y e = = (D24)
azan o=l 2S/RT ’
For S/2RT <<1, Eq.(D24) takes the form
_96 =L 1 . 1 - 1
0=%

Eq.(D25) is identical to Eg.{36) in the limit of weak interactions. This
result is not entirely unexpected since all models involving neighbor inter-

actions should reduce to the ideal case in the limit of weak interactions.
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APPENDIX E: INCLUSION OF RING FORMATION IN COMPLEXES OF FINITE CHAIN LENGTH

It is clear from Eq.(hO) that the assumption of only one solute stack
is not valid for very long chains or pairticles with repulsive or weakly
attractive interactions. Under these conditions, an accurate description
of the solute binding curve must include the possibility of forming one or
more loops. Since the solute particles are monomers, loop formation is
only meaningful in terms of the polymer configuration of the complex, For
one loop containing j non-bonded bases, the infinite chain length limit ring

welghting factor, or interuption parameter, 3gl0l23042129

o) = 2K(541) ful g42)K , (E1)

where j+l is the ring degeneracy factor, W is the Boltzmann weighting fac-
tor as defined by Eq.(49), and k has a value between 1.5 and 2. The factox
jtl cannot be included when the chains are of finite length since this
amounts to the transfer of sites from one polymer to the other. This is
obvious for two chains that are attached at the terminal sites. We now
define the ring weighting factor for a single ring of fixed configuration,
i.e.,, m non-bonded bases from chain p and m*' non-bonded bases from chain

'y as

Ry o = [2/(mim’ + 2)] . (52)

Consider an adsoprtion region which is defined by the first and last
bound particle.. It is assumed that: |

(l). the thermodynamic paramters depend only on the state of the solute
binding sites;

(2) no loops can form within a bound solute stack.
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The effect of assumption 1 is the simplification of the mathematics, since
Egs.(56),(74), and (75) imply that a one stack region is essentially a
two parameter problem., Assumption 2 is a reflection of the monomeric
nature of the solute particles. It does not seem to be physically reason-
able to force a "kink" in the polymer structure to simultaneously acconm-
modate a wniform structure of the solute stack., For this reason, there
must be at least one polymer site from each polymer in every loop that is
formed, In terms of the ring degeneracy factor for the infinite chain
length limit, j+1 is replaced by j-l.

We adopt the notation that m, and mi represent the number of

non—bqnded bases in loop i from the chains p and p', respectively. Then
the total number L of non-bonded bases in a given configuration of the

adsorpfion region is

L=28+4 ’ (E3)

where L=y m ’ (EL4)
. r _
Y = Zi .m:;.‘ . (E5)

We now ask what the degeneracy is for a fixed configuration of loops,
Clearly, we can adjust the arrangement of the bonded solute particles within
the adsorption region by simply "sliding" the interfacial solute varti-
cles from one side of the 160p to the other side ¢f the same loop. This
Yabacus" effect is nothing more than the arrangement of balls in boxes since
at least one solute particle must remain to separate the iwo adjacent

loops. The degeneracy factor is simply

Ao = (b=1)%/ni(b=1-n)} s (E6)
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TABLE E1

Representative Portions of the Calculated Solute Binding Curves*

(v/N) x 100

mx10° A B c D E
1.5 15,37 22.79 22.85 2L, 149 23,29
2.0 19.32 27.80 27.89 30.00 28,65
2,5 24,80 33.15 33.25 35,90 34439
3.0 31,73 38.61 38.71 41,84 40,19
4,0 47.15 48,81 148,87 52450 50.75
b5 k.77 53.37 53.40 56.96 55430
5.0 61.43 57.43 5744 60,78 59.25
7.0 77.62 69.07 69.03 71.01 70,61
9.5 85.65 | 77,14 77409 7758 7743
12.0 89.39 81.86 81.81 81.29 81.63

15,0 91,88 85.46 85.41 84.10 84.85
16,0 97. 74 86437 86.32 84,81 85.66

Notation Model (Chain length = 11 units)

A= GPFS(N) Single solute stack only (vith sliding degeneracy)

B = GPFS(N) + GPF1(N) Single solute stack and single loop (exact)

C = GPFR(N) Single solute stack and multiple loops (exact)

D= GPFS(N) + GPFS1(N) Single solute stack and integrated single loop
. ring weighting factor

=
]

GPFS(N) + GPFA(N) Single solute stack and average single lcop size

* parameters used in these calculations:

F = =5490 cal/mole ; S = 50 cal/mole ; W= 50 cal/molé
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where b is the total number of bound solute particles and n is the number
of loops. The sliding degeneracy, i.e., the arrangement of non-bonded

polymer sites exterior to the adsorption region, is given by

D,

Noby & L° = (N-b—Z‘l‘l)(N-b-,Q"f'l) ) (E7)

where N is the length of the polymer. The grand partition function can be
found in the following manner. Assume that the entire adsorption region

is bound by solute particles, i.e., only one stack. The Boltzmann

weighting factor for a single stack of b solute particles is (mF/55)bSb'l,
where m,F, and S are defined in Section IV, The introduction of a single
loop within the solute stack changes the Boltzmann weighting factor to
(mF/55)bSb'2. In general, the introduction of n loops into a stack of

b solute particles results in a Boltzmann weighting factor of (mF/55)th_1-n.
The contributjion to the partition function of a fixed configuraiion of loops

C{mi,mi}, i.e., a particular set of numbers {mi,mi}, is given by

“b-1~- n
'} =
Clngome} = (uf/55) ™1 AL LDy Lo TO Ram o ()
We.have not yet considered the abacus effect of the non-bonded sites within
the loop., Clearly, the factor (wmim' + 2)~k prevents one from writing a
simple expression analogous to Eq.(Eé). At this point of the development,.
no simplifying expression has. been found for the atacus effect of the loops.,

The contribution to the partition function for a fixed set {£,2'} is the

summation of Eq.(E8) over all possible sets of {mi,m{}, ie€ey

c{2,8'} = EE: C{m.m"}

{mi,mi} i . (E9)
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Explicitly, C{%,2'} is

_ b=l-n
cl2,8'} = (uF/55)% A DL 0 G gy 0 (BL0)
= T
G =
where L, ,n {n,m'} iT_T ms oMy ’ (E11)
i’
L-1- m; L1~ m
 gemHl gt-ntl font2em, glemt2emd T iz Tr%_ ( -k
2k' XX} m. +m'+2
(Ta‘: ) 5 ) } > _ ) i=1
m1=l m1£I m2=]_ mé:]_ mn_1=l m;l_l=l
) (ElZ)
and it is understood that
n-1
mEL-3 m . (E3)
i=1
.. n-1
v Y ’
and » m =4 Z;i my . (E14)

The grand partition function with rings GPFR(N) can be written as

b N-b N-b K
) wf P -1 o 2% (b-1) (N-b-£+1) (N-b-2'+1)
. GPERMD = 1+ 55 S LB +,LZ=:1 bz SW (AL

(N—l)/2 N-n N-b N-b

Z ) ZZ(mFlSS)bblnnbszw 2,00, * (F13)

b=n+l £=n 2'-n

The Tirst two summations represent the contributions to the partition
function of the single solute stack and single loop confisurations, while

the last expression represents the multiple loop. contributions.
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Single Loop Contributions for Long Chains

The contributions of the single loop configurations are

GPFL(N) = g = (m_F)bSb—z (b-1)2" (-b-bt) (=b-2'41)  (gpg)
b1 221 27=1 V23 W (e '+2)k
N . N-b N-b
) -2 (b-1)2* 1)2 (b4 (-b-2'+D) g1y
Z(f’) Z L (2+2142)K (=17
b=1 21 2'=1

We now assume that the summations over % and L' can be replaced by integrals
when N-b>>1, 1.e. ’

b N-b N-b
(N~b~2+1) (N-b=2"'+1) =~ (N-b-£'+1)d8’
Z Z (L 2K 5 (N-b-2+1)d2 | gk - (B18)
2=1 2'=1 1 1

If we ignore any small integers occuring with N-b, the largest term after

infegration becones

=) R 104210

k,N,b ~ (4-k) (3-k) (2-k) (1-k) ?

I (E19)

For the random flight model of the polymers (k=1.5), Eq.(E19) becomes

N 572
13/2,N,b = 1.44(N-b) . (E20)



83 .
The grand partition function for the one stack and one loop contributions

can then be approximated by

GPFS1(N) = SN: (-‘2}‘—')bs'f"‘l[(n-b-rl)2 2@, ‘“‘)(b‘l)(N'b) J (E21)
=]

55
It follows directly from Eq.(E21) that the formation of loops can be
ignored if

3/2
2.888°77 "

S 1 ’ (E22)

when b = N/2 and N/2 >>1,

Now consider the average loop size for a fixed number of bound solute
particles. The distribution function for the total number of states is

defined as

Py g, gt = (b=1) (N-b-2H1) (N-b-2'+1) . (E23)

The average number pf non~bonded bases from chain p in the single loop

configuration is given by (N-b >> 1)

" N-b N-b
<9> = _é‘ pb,z,g,ﬂ.dﬂ. { pb’g,z,dl , (E24)
N-b N-b (N-b)
= J @-b-gredyf S @-b-pD)de = S5 (E25)
1 1

A similar result is obtained for <&'>, hence

<05 4 <O'> = %(N-b) i (E26)
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The grand partition function for the average chain length model for single

stack and single loop contributions is then

N , k

b p, 2
FY .b-1 b
GPFA(N) = (9—) s N-b+1)2 + E27
o ji: 55 (} ) SW[2(N-b)/3+21k |’ (E27)
b=1
where
N-b N-b _ S
o= -1 § § Qi-b-tr) (n-b-pt4nyagagt « LD (E28)
: 1 1
This result can also be derived from the direct summation
N-b .
2 (N-b-2+41) = (N-b) + (N-b-1) + ... +2+1 ,
=1
= (N=b+l) + (N-b+l) + oue . ’

) {8-v+1)(N-b)/2 ' (E29)

with a similar expression for the summation over £'., When k = 1.5 and
b - N/2, the eriterion for neglecting single loop contributions is

A

SH 1 . (E30)

The calculated results for binding curves using GPFS(N) [cf., Eq.(41)],
GPFS(N) + GPFL(N), GPFR(N), GPFS(N) + GPF31(N), and GPFS(X) + GPFA(N) are
presented in Table El, In place of the matrix multiplicatien ocecurring
in GPFS(N) the factor (mF/55)pr-l was used. Sihcg the computation time
required to calculate GPFR(N) was large, the chain length was restricted
to 11 units (i.e., 5 loops). It is clear from Table EL that the largest
contribution to the partition function is from the introduction of the first

loop while other lqops do -not: significantly alter the calculated binding
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Figure 11
Numerical evaluation of
N-b N-b
Pexact ~ Z Z. (b~1) (N=b=-2+1) (N-b-£'+1)
2=1 &'=1

where the number of bound-particles Nb = b and the total number of

sites on a single chain is N = 11.
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Figure 12

Fraction R of states counted in the approximation given in Eq. (E28),

where
g = {b-1) (N-b)?
4pexact
where p is defined in Figure 11,

exact
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curve. The reason for the apparent excellent agreement between the exact
single loop contributions and the integrated forms becomes clear with in—
spection of Figures 11 and 12, where the density of states function defined
by Eq.(E28) is evaluated and compared with the exact values. These

figurés indicate that more than 95% of the states are accounted for by the
density function over the range of states that give significant contri-
butions to the grand partition function. Furthermore, if the stacking para-

meters S and W are sufficiently attractive such that
N < s ’ (E31)

then the agreement between the three methods vastly improves since the
importance of the single loop configurations has correspondingly decreased.
The effect of the formation of loops when the criterion defined in
Eq.(Ejl) is not met is 1llustrated in Figure 13, Numerical calculations
of the coefficiéhts in Eé.(Elj) indicate that the grand partition function

for N =11 and b= 6 is

GPFR(11) = 1 + (nF/55)°s°[ 36 + 211/SW + 1.52/(SW)? + ,228/(sw)*

+ ,01/(sW)* + ,00008/(sW)°] 5 (E32)

One can now expliéitly determine the particular value of SW which is
required in order.to significantly alter the weight of a particular loop
configuration. The effect of xrepulsive values for W is shown in'Figure 13.
By matching the midpoints, the effect on the shape of the transition curve
is illustrated in Figure 14, It is clear that the inclusion of five loops
introduces an asymmetry in the calculated curve since the coefficients
rertaining to the different numbers of loops are not symietric abtout the

value b= N/2. ' The numcrical values :of “the cocfficients are given in Table E2,
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Figure 13

Effect of loop degeneracy on the solute binding curve for N = 1l.
All four curves employ the parameters fA = -5490 cal/mole and
Spp = +50 cal/mole.

(——— ) no loops

( eeees ) 1 loop, W = 42137 cal/mole

(- --) 5 Toops, W =+1093 cal/mole

( x-x-x ) S5 loops, W = 42137 cal/mole
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Figure 14

Effect of loop degeneracy on the shape of the curve., The notation

is the same as in Figure 13.
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TABLE E2

Numerical Values of Loop Configuration Coefficients as a Function of the

Number of Bound Solute Particles (N=11)

Number of
Bound Number of Loops in Configuration

Particles 2 . 3 4 5
1 0 0 0 0
2 0 0 0 0
3 5.71 | Y 0 0
L L,01 1.37 0 0
5 2,61 . 628 . «059 0
6 1.52 .228 .010 8.6x10™"
? 75 .055 6.9x10™" 0
8 T .26k ) «0055 0 0
9 .« Ol 0 0 0
10 - 0 0 0 0

E
o.
o
o
o
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PART II

The Role of Orientation
Constraints and Rotational Diffusion

in Bimolecular Solution Kinetics

"'How fast is he going?' asked Pipin. 'Fast by the wind, but
very smooth. And how light his footfalls are!'

'He is running now as fast as the swiftest horse could gallop,'
answered Gandalf; 'but that is not fast for him.'"

from The Lord of the Rings, Part II, by J.R.R. Tolkien
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Y. Introduction

The classical theory of diffusion in bimolecular solution kinetics, -
as formulated by Smoluchowski,1 Debye.2 Collins and Kimball,® Noyes, " and
Schurr,5 i1s strictly applicable only to spherical particles that are
uniformly reactive over their entire surface. For this special case the
theory is now fairly complete in the sense that the steady-state forward
and reverse rate constants are known, even in the presence of srpherically
symmetric interparticle potentials, and moreover the frequency-response
spectrum of such a reaction has also been obtained.’ More recently, a
general theory of the kinetics of a diffusion-controlled reaction
between two chemically asymmetric molecules has been presented.16 Only
the formalism was developed in this study and no calculations were per-
formed. The authors correctly concluded that angulaf constraints lead
to factors, leés_than uni@y.‘which multiply Smoluchowski'’s ideal
diffusion-controlled expression, but erroneously inferred the impossibility
of drawing any definite conclusions about the nonuniformity at the sur-
face from the steady-state rate constants alone. A simpler model, which
results in more tractable expressions, is developed in the present study.

Of special interest is the effect of -orientation constraints on the
maximum diffusion-controlled bimolecular rate constant, A fairly large
number of enzyme-substrate assoclation rate constants are known to lie in
a range 10°% - 5x10°% M™! sec™?, which is sufficiently far below the value
of 8x10° predicted by the Smoluchowski formula that the possibility of
diffusion-control has generally been dismissed. At lcast for some of these
enzyme-substrate pairs the substrate is sufficiently larze that its
orientation probably proceéds by a process closely akin to classical

rotational diffusion. .:Such palrs certainly linclude Old Yellow Enzyme with
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flavin mononucleotidez and the Hgoz-horseradisﬁ peroxiéase complex with
cytochromé ce,'and may also include‘ﬁ-amylase with amylése,gand liver
alcohol dehydrogenase with diphosphopyridine nucleotide,!® It is the main
thesis of this study that moderate angular constraints imposed on reac-
tants that orient by rotational diffusion produce rather drastic decreases
in the maximum diffus;on-controlled rate constant. Thus, it is entirely
possible that reactions previously thought to be far from the diffusion-
controlled range in fact aie strongly viscosity dependent. Furthermoxe,
a knowledge of the maximum diffusion-controlled rate constant may permit
a rational estimate of the allowed angular tolerance for the chemical

reaction.
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II. The Model

The microscopic process treated here is the reaction of orientable -
spheres of hydrodynamic radius RH suspended in an infinite half-space of
solution with localized sites on a bounding plane (cf. TFigure 1). Each
sphere is assumed to have only one localized reactive sitef We define
the orientation vector as the vector originating from the center of the
sphere and passing through the center of the reacting site on the sur-
face of the sphere. The orientation of this vector is characterized by
the polar angle O with respect to the downward normal into the plane and
the azimuthal angle ¢ with respect to an arbitrary vector in the plane.

Each reaction site on the'plane can be associated with a set of
coordinate axes. Since the distance of closest approach of the center
of the sphere to the plane is the hydrodynamic radiﬁs Ry it is conven-
ient to placeilhe.origin at a point located directly above the reaction site
at a distance Ry from the surface. If the distances betﬁeen neighboring
reaction sites are large compared to the extents of the diffusion gradients
at the sites, then the entire collection of sites may be thought of as
an ensemble describing ‘a reduced system, the reaction at one site. We
can then superimpose all of the origins and define only one set of
coordinate axes. The z—axis is defined to be the downward normal into
the plane and & is the polar angle with respect to this axis. The
azimuthal angle B is measured with respect to an arbitrary x-axis. The
distance of any arbitrary point in the allowed solution half-space from
the origin is defined as r. ‘The allowed ranges for the polar coordinates
are 0 £ r €£® T2 £ QKW and 0 € B g2m,

Because the. extents of concentration gradients associated with neigh-

boring sites donot ‘overlap, the: concentration of spheres is essentially
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Figure 1

Schematic diagram of the model for reaction between a mobile,
orientable sphere bearing a reactive site and a localized,
stationary siibq cn the plane. In order for resaction to occur
the center of the ‘sphere must lie on ;the small hemisphere, and

8 must be less than or equal to some §,.
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constant at large values of r in the reduced system, Furthermore, all
orlentations are assumed to be equally probable in the limit r + =, It
i1s clear from the symmetry of the problem that the distribution function
describing the concentration of the spheres at the point r,a,B with
orientation 0,¢ is independent of @,B8, and ¢. Let c(r,8)2nr’sinedrd9/2
be the number of spheres between r and r + dr with orientations in the
range § and @ + d8 in the infinite half-space. The continuity equation
for spheres in the steady-state limit is

90,(__:_lai' 9 0= DV 2e(, 6) +8V o(r, 0) ’ (12)

where the Laplacian operators are defined as

2 _ (143(x%3/0r)

Vo= (G755 _ ’ (1b)
’ 2 1l \o({sinB3/9386
T V= (Shpsingd/ae) : (1c)

and D and ® are the translational and rotational diffusion coefficients,
respectively,

In order for two reacting sites to interact, the center of the
sphere must come within a target radius RT of the origin associated with
the site on the pléne. A reaction hemlsphere is obtained by sweeping a
vector of length RT through all allowed values of @ and B, The projectioﬂ
lines of the base of the reaction hemisphere onto the surface of the plane
define a reaction cylinder. 1In order for a reaction to cceur, the cénter
of the diffusing sphere must lie within the reaction henisphere and the
site on the sphere must be within the reaction cylinder. The maximum
allowed angular-tolerance for the orientation vector is defined as the

critical angle.go.
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Consideration of the boundary conditions completes the description
of the model., Since the concentration of spheres becomes constant as

r > «®, we have

lim c(xr) = lim '§c(r,6)sin6d6/2 =c, s (2a)
r &+ ® r > o
where c(r) is the total concentration of spheres of all orientations
betwéen r and r + dr. It is required that, at the surface of the reac-
tion hemisphere of area ZHR%, the total inward current is equivalent to
the net rate of reaction, If there are Nb bound sites and Ne empty sites
on the bounding plane; the net rate of reaction per empty site with spheres

of a particular orientation 6 is

2ﬂR%D3c(r,9)/8rlr=RT = k:x(e)c(RT,e) - kgx(e)NB/Ne , (2b)

-

¢ .0 : e s s s s
where ka' kd are the intrinsic association and dissociation rate constants,

‘respectively, and X(0) for the present medel is the step function

1 (06 < eo)

X(e) = ’ (ZC)
. 0 (6<8< M
0 .
that defines the range of 6 over which a reaction may occur. Integration
of Eq.(Zb) over all orientations of the spheres leads to the total rate

of reaction per empty site,

Uj
J = 2mRZp §8c(r,0)/8r| _ sin6de/2 : (24)
0

Ry

Eqs.(Za) and (2b) constitute the boundary conditions for this model and

Eq.(2d) is an auwxiliary equation that defines the total rate J.
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1II. The Formal Solution

Separation of variables in Eq.(1a) leads to an expression

for c(r,0) in terms of a series expansion in Legendre polynonmials,

c(x,0) = Efibn(r)Pn(cose) . (3)
n=0 :
Substitution of Eq.(3) into Eq.(la) and subsequent multiplication
by Pm(cose)sinede/2 followed by integration over the allowed values of

6 leads to the differential equation for bm(r),

[D/rzjafrzabm(r)/ar]

or

- ®n(nt1)b (r) = 0 . (4)

Thus, we have the solutions

by(z) ="A + B/r (m=0) ' (52)

bm(r) = Cmexp(-Kmr)/r (m # 0) , (5b)

where k= [m(m+l)GVD]1/2 and A, B, and C_ are constants. From the
boundary condition expressed in Eq.(2a), the corresponding positive expo-

nential solutions are forbidden and
A= co 5 . (6)\

Since Py(cos8) = 1, substitution of Eq.(5a) into the auxiliary condition

[Eq.(2d)] gives directly,

B = -J/2m . (7)
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The only problem that remains is finding an expression for the
coefficients C . Substitution of Eq.(3) into the boundary condition
given by Eq.(2b), multiplication on the left by Pm(cose)sinede/Q, and

subsequent evaluation of the integral leads to the expression

-Cmexp(-KmRT)(Km + l/RT)

2m+l
Coth + B/ag)F,. +E Qc exp(—K LROX ’ (62)
where m = 1,2,3,...
X = g P_(cos0)X(0)P_(cos)120d0 . (8b)
Q = k_/2mR.D - (8c)
and | . P = kg(Nb/Ne)/znnTD . (8a)

Eq.(8a) can be written in the matrix form

6c =L, ’ (9)
where the elemenfs of the column vector C are just the coefficlients
e, =¢, | , (10)
and the vector L is defined by
(L), = [aa + B/R)-PIX_ : (11)
The matrix G is defined by
_Qexp(-KnRT)xm 1 Sn,n
G = - exp(- KRT)(K Ly mn ’ (12)

m By

T ?m+l
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where Gm n is the Kronecker delta function. The coefficients Cm can be
’ .

obtained directly from Eq.(9),
¢ =¢ 'L, . (13)

In the event that a computer program for finding the inverse of a non-
symmetric matrix is not available, a procedure for finding the Cm's by
first symmetrizing G is presented in Appendix A,

J is determined by multiplying Eq.(2b) by P,(cos8)sin6d6/2 and then

integrating over the allowed values of 08, thus obtalning

= "§kh£c(RT,6) - (kg/k;)(Nb/Ne)]x(e)sinede/z . (1%)
Substitution of Egs.(13), (11), (7)y and (6) into Eq.(14) gives the
expression

. J = [ka(co - 2ﬂDRT -k (Nb/N )19
e, - ) FIL ) fonea/, - Gs)

Rearrangement of Eq.(15) and multiplying by N_ leads to the total

reaction rate

0 0
kJ(2mRpD)e N, = ki(2mR DN,

e=M, = (2R D/SUH) + k ’ (16)
0
= a
e S 1y, ¢ g8 67 [ont-n i

and | (%), = % K (27)
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The effective association rate constant 1is

. k;(ZﬂRTD) . . .
K = (énRTD/SUM) T k: (em® molec™! sec™?) . (18)
and the effective dissociation rate constant is
. k2(27R D)
'3 g 2D . (19)

B (2mR D/SUM) + k;

Apart from the factor SUM in the denominator, these expressions are
equivalent to those obtained for spheres that are uniformly reactive
over their entire surface, provided only half of the allowed solid angle

is accessible,
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IV. The Numerical Computation

The molar forward rate constant kM is defined as

Iy = N,K/1000 (2 mole”! sec”?) |, (20a)

where NA is Avagadro's number. Since the main objective is the investi-
gation of the diffusion-controlled limit for the association reaction,
the results are presented only for the molar forward rate constant keff

in the diffusion-controlled region

where k; is the molar intrinsic association rate

? 1
k! = k.N,/1000 . (21)

-

In the calculatiéns presented here k; is chosen such that (Q = 10)

It is possible to ascertain the effect of rotational constraints by
comparison with the corresgonding diffusion~controlled rate constant for
uniformly reacting spheres. The diffusion-controlled rate constant for
the reaction of such spheres in infinite half-space solution with an

identical sphere rigidly attached to the plane at a bottom tangent is

= (2P ‘ -1 -1
Kyspr 3A2v\29H)D/1ooo (2 mole” sec ), . (22)

where 2RH is now the target radius. If Stokes Laws are employed for
the friction factors associated with translational and rotational m>tions

of the spheres, then the diffusion coefficients may be written as

D = KI/6™R, ' ' (23)



110

® = KT/8mR; ’ (24)

where N is the solvent viscosity, k is Boltzmann's constant, and T is
the absolute temperature. The quantity kdiff is independent of RH’

and at T = 300°K, N = ,008 poise,

kyipp = 2°08 x 10° (% mole™! sec”?) . (25)

Substitution of Egs.(23) and (24) into Eq.(12) leads to the result
that every term in the matrix G can be written as a function of
RT/RH' (RT)-I. and 8;, Furthermore, according to Eq.(17), SUM is a
function simply of RT/RH and 8, Thus, at constant n and T, the
effective rate constants of Egs.(18) and (19) are functions of RT/RH and
0y only. The ratio keff/kdiff provides a direct measure of the effective-
ness of the radial and orientational constraints in reducing the maximun

theoretical rate constant below that value expected for uniformly reac-

tive spheres. Computed values of k are plotted against the

et/ Faies
allowed reactive angular range 9, in Figure 2 for three values of RT/RH.

The limiting values at 9, ; T give the effect of the radial constraint
alone,

Consider a sphere whose center is exactly a distance RH from the
surface of the plane and with its orientation vector normal to the plane,
The reaction condition ailows the center of the sphere a translational
tolerance of 2RT. The orientation vector, however, is not required to
be normal to the plane for a reaction to occur. Eor stheres rotated to
the critical angle 6y, the projection of the center ¢f the recaction site
onto the surface of the plane has an additional tolerance of ZGGRH for

small 6,0 It seems probable that in reality the reaction tolerance for

spatial deviation of the site on the sphere is the same, whether originating
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from translation or rotation of the sphere. Therefore, the relation

26,R, = 2R, , (26)

is maintained for the remainder of the calculations. It follows that

+> <«
k, k, and ke are functions of RT/RH’ T, and ne A "universal” curve

ff

of k as a function of 60 is presented in Figure 3, where

eff/kdiff
60 = R/Ry,
Because of the inverse relationship between the size of the angular
tolerance and the number of polynomials that are needed in the computation,
the storage capacity of the computer limited the choice of a minimum value
for 60. Since the quantities an were calculated by numerical integra-
tion in the event a different functional form of X(6) may be employed,
cost consideration dictated that the following set of arbitrary rules be

used to determine the number of polynomials used for a particular angle By

number of polynomials angular tolerance (radians)
140 .05 to .8
80 ) .8 to 1.6
Lo 1.6 to 3.14

To illustrate that these rules lead to a value for SUM [cf. Eq.(17)]
that has sufficiently converged so no gross error is introduced, the quan-

tities SUM-X,, and kM/k at 8, = .05 as a function of the number of

diff
polynomials is ﬁresented in Figure 4, In all calculations, the nunber of
points interior to the range of the angular tolerance in performing the
runerical integration was 200. All calculations were verformed on a

CDC 6400 ccmputer.
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Figure 2

9
Computed values of keff/ka kéff/2.08x10 as a function of

iff
the allowed angular reaction range 8,. For the triangles (4)
RH/RT = 4,0, gg = 2,6x10% M~ ! sec” !; for the filled circles (®)
RH/PT = 7.6, k;'é 1.49x10° M 'sec”!; for the open circles (0)

| RH/RT = 10; k; = 1,04x10° M 'sec !, For all calculations

T = 300 k, N = .008 poise.
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Figure 3

Computed values of keff/kdiff as a function of 8, = Rp/R;. The

value of k: was _ghosen so that Q k:/ ZTrRHD = 10.0 for each
point calculated. The range of k; values was from 5x10° - 3x10°

M !sec™!, For these calculations T = 300°K, n = .008.
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Figure 4

Convergence of SUM - X and (kﬁ/kﬁiff) as a function of the
number of Legendre polynomials used in the calculation. In all

cases, X, = 6.2518x10" * and 6, = ,05 radians.
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V. Viscosity Dependence

It is known that the reciprocal of the effective association rate
constant for uniformly reacting spheres is a linear function of the
solvent viscosity. For the reaction of uniformly reacting spheres in
the infinite solution half space with uniformly reacting spheres of radius

BH fixed to the bounding plane, we have the relationship
1k po= 1/k} + 1500 /N, KT , (27)

where we have used Ry = 2R;. Rearrangement of Eq.(18) for the corres-

ponding reaction of spheres bearing localized reaction sites gives

3000nR,
1
/iy = KIS0 + N KR, . (28)

Since it is not possible, at this time, to obtain an analytical expression
for SUM as a function of viscosity, the functional dependence is deduced

from numerical calculations. A plot of the reciprocal of kM’ as calculated
by Eq.(18), as a function of viscosity results in a curve which only slightly
deviates from linearity over several orders of magnitude in the viscosity,

It is concluded, therefore, that

)
S ANt B ’ (29)

where A and B are constants and the corrections for curvature are neglec~

ted. Substitution of Eq.(29) into Eq.(28) leads to the result

R
30
Wity = 7 + (G0 2 + %) . (30)
a A T a

Since SUM + 1 as 8y * W, it is required that A > 0 and B » 1 in this limit

to retain the eguivalence of Eqs.(30) and (28).
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Defining the quantity

L= exp(~K_Rm)
= -1 m T
W —;_"l,(g O R , (31)
Eq.(17) becomes
1 1 1 ¢ 1 ) .
= = \ J ’ (32)
SUM X @i X 1+ Qw/xoo

where Q is defined in Eq.(8c). It is necessarily true that
02 51 . (33)
xno

For example, at 6, = .05 radians, W = -4,59x10" ° and X ,, = 5.82x10" “,
Furthermore, 0< QW <1 in the diffusion-controlled region. Eq.(32) can

then be expressed as a power series

-

SO N | 1(°°|ow|"

T tx Bk ) (34)
SUM xoo Xou n=l|xoo ’

where the vertical lines denote the absolute value. Since only the second

term on the right hand side of Eq.(34) is viscosity dependent, Eq.(29) can

be written as .

1 1

SHCT +3'(1—(A'H+B') . (35)
ou 00

The quantity B’ is determined as follows. In the limit N * 0 according

to Eq.(lZ),

T : (36)

hence QW -0 since Q is directly proportional to the viscosity.
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In this limit, Eq.(32) becomes

0 N ’ (37)
SUM  X,,
which implies that B' = 0. As a result, Eq.(28) becomes
000
1 At 3 3H)
1/k, = —=— + n( + . (38)
M Xooka" X, oka', N AkTRT
For this particular case where X(0) is a step function,
ssinggg _ (1-0so)
xoo I 2 = 2 . (39)
Therefore, we arrive at the desired expression
OOOR
2 24" 3000Ry
l/k = - 7 N - ’ + = ) ° (40)
M- (1 cosed)ka “1 coseﬁ)ka N kTR,

Pl

Since both the uniformly reacting spheres and the localized reacting site
spheres give a linear dependence of 1/kM as a function of solvent viscosity,
the question arises as to how they might be distinguished from each other
experimentally. If there is a very stringent angular requirement, it is
obvious from Eq.(40) that the intercept should be noticeably different
from zero (i.e., usually l/k; << 1 in the diffusion~-controlled region).
Furthermore, it can be demonstrated by numerical calculations that the
slope is strongly dependent on the angular constraint. Consider two
systems which are identical in every respect except one system, which we
define to be the "real” system, has an angular constraint on the reaction,
It is assumed that we perform experiments on the "real”system and obtain
the slope S from 1/kM as-a function of viscosity. We now try to interpret

S in terms of the "model” system of uniformly reacting spheres., In the
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1imit 6 ~ 7, Eq.(40) becomes

= [ ]
lim 1/ky l/ka+n(3OOORH/N W KTR) . (41)
6°+ﬂ
The "effective“RH/Rrxatio that we would then calculate for the “real®

system is simply

RH/RT @ (NAKI‘/BOOO)S . (42)

For a "real” system in which g, = 1/7, T = 300%, and k; = 1.482107, it is
found that S = .656x10-u. The calculated curves for both the "real” and
"model” systems are presented in Figure 5. Furthermore, from the

knowledge of RH/RT used in the calculation, we find that

3000R, /N, kTR, = 8.,4x10”" , (43)

hence the contribgtion to the slope due to the angular constraint is

m%ﬁ%gg =8 - (BOOORH/NAI:TRT) = 657.6x107 7 . (L)

It can be concluded from Egs.(43) and (44) that the angular constraint
gives the predominant contribution to the slope for this case, Thus,
a definite non-zera intercept or an unusually large RH/RT ratio obtained
from the slope of l/kM as a function of n is indicative of an angular
constraint.

Now consider a reaction with an angular constraint that 1s not in
the diffusion-controlled region (i.e., k! 2 kdiff)' According to Eq.(40),
we should expect a definite non-zero intercert and ar unreasorable esti-

mate of the effective RH/RT ratio. The magnitude of the limit
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Figure 5

The reciprocal (kM)"1 of the computed bimolecular rate constant
as a function of viscosity n. For the filled triangles (A)
RT/RH =9, = 1/7, k! = 1.4x107; for the open circles (O)

Rp/Ry = 6, = .37, k) = 1.53%107; for the filled squares (8)
/Ry = 9, = 1/7, ]

Rp/Ry = 1/555, 8, = W, k} = 1.48x1073 for the open triangies (A)

L

1.48x10°%; for the filled circles (®)

Ro/Ry = 1/3, k) = 3.46x107, The k! above are given in units of

M~! sec™!. For all of the calculations T = 300°K. The filled

circles represent a special case which is defined in Section V.
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1lim l/kH = l/kg is to be considered in order to distinguish between the
n+0

two regions wﬁen no "extreme” orientation restriction is imposed on the -
reaction (i.e., where 1-cos6 - 0). Clearly, a reasonable orientation
constraint only acts to increase the intercept by two or three orders of
magnitude at the most. For example, l-cosf = 1.4x10" ° when 8, = 3°,

Since k; >k = 108, the intercept for the diffusion-controlled region

diff
should have an upper 1limit on the order of 10~°, On the other hand, there
is no restriction on the intercept in the non-diffusion control region.
As illustrated in Section VI in which the data of Wetmur and Davidson is
reinterpreted, the intercept can be used to determine the degree of
diffusion control for a reaction.

Since the factor pertaining to the oxrientation constraint,
2A'/(1-cose°), and the reciprocal of the intrinsic rate constant occur
as a product in the expression for the slope, it is not possible to deduce
anything about the degree of diffusion control due to the presence of
the unknown quantity A'. As discussed in the paragraph preceding Eq.(44),
which is.valid for all magnitudes of k;. the slope can be used to indicate

the presence of angular constraints on the reaction being studied.
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VI. Results and Discussion

It is quite clear from Figures 2 and 3 that a moderate orlehtation'
constraint leads to a drastic reduction in kéff/kﬁiff' For example, a
reduction in the maximum rate constant of four and a half orders of mag-
nitude is effected with an angular constraint of 8, = .05_radians = 2,86
degrees. This is not an extremelystringent constraint since the total
angle subtended by the reaction cone is 260. Furthermore, it can be ex-
pected that molecules which have an azimuthal requirement would exhibit
a more drastic reduction in the maximum rate constant. The values of
keff/kdiff at 0, = T exhibit a reduction in the rate constant from the
radial constraint because RT is used in place of 2RH' Due to the choice

of a finite value of k;. the limiting values of k at 60 =5

ere/Kases
are not exactly equal to RT/QRH. Thus, the k .. value is approximately

10% below its‘maximum value since k;/keff = 10,

1. Reaction of the H;0,-Horseradish Peroxidase Complex with Cytochrome ¢

Farwell and Ackerman® have examined the viscosity dependence of the
raté of association of.Hzoz-horseradish peroxidase with cytochrome c. -
The bimolecular rate cénstant for this association was. observed to become
viscosity dependent when the viscosity was about ten times that of water,
and the rate constant had the value ky = 5_x10S M 'sec™'. In water, pre-
sumably, the rate constant has its low viscosity limiting value.
According to Eq.(40), in the limit n =+ 0,

_ k;(l-coseo) (45)
lim K, = 22— 0 ] k5
nro O 2

- The problem is to select a.k; and a 8 = RT/RH such that the following

two condiiions-are~approximately,satisfied:
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k;(l-coseo)/Z = 5x10° M~ ! sec”? ’ (46)

e

and the rate constant kM becomes viscosity dependent when n = 0.05 poise.
Inspectlion of the expressions for g and SUM indicates that increasing the
viscosity will begin to affect the rate constant when k; ~ (.25)(2nRTDNA/1oooO
= (kTNA/BOOO)(.ZS)eo. If we now specify that this relation shall obtain when

n = ,05, then we find’
' - 7
k! = 4,2x107 ’ (47)

which together with Eq.(46) permits determination of both k; and 6y

whose values are

6, = 37 radians ’ (48)

and k! = 1.5%107 M7 sec”’ ' . (49)

»

Values of ky dombﬁted using Eqs.(48) and (49) are plotted against the

inverse viscosity in Figure 6. The experimental data of Farwell and
Ackerman are alsb shown for comparison. A curve computed using 60 = ,143
radians and k! = 1.48x10" M sec” is also shown to indicate the semsitivity

of the result to choice of angular constraint,

2. The Effect of Viscosity on the Rate of Renaturation of DNA

Wetmur and Davidson!! have presented a thorough study of the
renaturation rate of various DNA's as a function cf complexity, chain-length,
temperature, and viscosity. The observed complexity and chain-length

dependence were summarized concisely in their Eq.(20) as follows:

k, = 3.5x10°LE/N ' (50)
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Figure 6

The bimolecular rate constant ky for the association of the
H,0,-horseradish peroxldase complex with cytochrome c as a
function of the reciprocal viscosity 1/nm. The filled circles
(®) represent-the data of Farwell and Ackerman (cf., ref, 8).
Solid line A is .the theo:t:etical curve computed with RT/BH =

8, = 37 k! = 1.5x107 M"! sec”™ !, Solid line B is a theoretical

curve computed with -RT/RH =0, = .13, k] = 1.48x107 M lsec” 1,
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where k, 1s the second order rate constant calculated from V, = k2P2/4.
V, being the molar rate of base pair formation and P the denatufed DNA
phosphorus concentration; L is thelaverage number of bases per single-
stranded DNA molecule; and N is the complexity, or number of base pairs in
non-repeating sequences for a given biological species. The rate coﬁstant
k, applies at a temperature 25 degrees below the melting temperature, |
(Tm-25)°c. and [Naf] = 1,0M in aqueous solution in the neutral pH range.
Furthermore, the rate constant was strongly viscosity dependent. The
constant k, also exhibited a moderately broad maximum as a function of
(Tme) with the maximum occuring some 20-30°C below T

The linearity of the second-order rate plots of the optical density
bver 75% of the renaturation range certainly argues that the bimolecular
step is rate-limiting. Furthermore, the L% dependence of k2 and its
sharp viscosity dependence strongly suggests that this bimolecular step
is diffusion-confiolled. On the basis of general theoretical arguments
(neglecting diffusion-control) Wetmur and Davidson showed that k, should
be proportional to L, since.this is the number of base-pairs formed in the
rapid'zippering reaction immediateiy following each bimolecular reccgni-
tion, or nucleation, step. Since the diffusion coefficient for a non-
draining random coil has the form D « TL"Y/2n"%, 1t is apparent that, if
the reactlion were diffusiqn-controlled, one nmight expect to find k, « LI/2
as was observed. All of these considerations were carefully made by
Wetmur and Davidson, who nonetheless rejected diffusiocn-control of the
bimolecular step.primarily on the grounds that the ébsolute rate constant
calculated according to the formula of Smoluchowski k, = hﬁ(ZD)RT would be
far too large for any reasonable choice of.reaction radiuS'RT. From the

ﬁrevious calculations in Section V it is easily shown that a.cylindrically
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symmetric orlentation constraint of 6o = .05 radians (or an allowed fraq—
tion of total solid angle £(.05) = 6.3x10-4) Will reduce the diffusion-
controlled rate by three orders of magnitude, quite apart from the small
target effect (1.e., RT < twice the effective hydrodynamic radius =
2kT/6TMD) already considered by Wetmur and Davidson. Removal of cylindrical
symmetry by including an azimuthal constraint will reduce the diffusion=-
controlled rate constant even further below the value predicted by the
Smoluchowskl equation. Such constraints for the alignment of strands
during the nucleation step are not unreasonable., Presumably a number of
btase-pairs must be nearly aligned so that they can react almost simultan-
eously. A single hydrogen bond could not hold such large particles against
their Brownian motion. If the polar axis from which 0, is measured is
taken along the molecular axis, then a reaction cone constraint of 64 = 3°
for the axis of the complimentary strand is not unreasonable. Further-
more, it is difficult to.see how more than a quarter of the.azimuthal
" angular range of the other strand could permit reaction to occur, since the
bases of the two parallel chéins must be pointing toward one another.

AIt is possible to assess the role of rotational diffusion by con-~
sidering the hypothetical case in which no rotational diffuéion occurs but
the orientation cﬁnstraint is still retained. Assuming random orientations,

the fraction of molecules with the correct orientation is given by

S"o singdy = 17°°%%

f(eo) = 3 —5 , (51)

which is equivalent to X for the case when X(0) is a step function
[cf., Eq.(2b)]. For mutually diffusing spherical particlss in total

solution space, i.e., 47 and 2D will occur in kd instead of 2w and-D

iff

in Eq.(22), the effective diffusion-controlled rate constant is
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just the Smoluchowski result with a modified concentration

ywR-(2D)[ £(6, N, ;
Ko, b 10[00 o] ’ (52)

since only those molecules with the proper orientation can react., As-
suming an azimuthal constraint (arising from the cylindrical shape of the
molecules) introduces another factor of % into Eq.(52) in accord with the
preceding paragraph, then one can expect an effective second order diffusion-
cont:oliéd rate constant of the form

" 3x10™ *4p(2D)R

when 0, = .05 radians. .

The argument that Wetmur and Davidson present for rejection of
diffusion-control is summarized as follows. Since the renaturation pro-
cess is bimolecular, it is assumed that a certain fraction of sites 8
function as nuci;ating sites for the reaction., If N is the complexity
of the chain and P is the dena‘tured phosphate concentration, then the
concentration of any one unique nucleation site is BP/2N, Iflﬁq is the
average rate constant for nucleation, then the rate of nucleation per
site is RN(BP/ZN)Z. or the total rate of nucleation for BN sites is
kN(BP/ZN)ZBN.; However, if the strands are exactly complimentary, then L

base pairs are formed for each nucleation, hence

V = kB3(L/4N)F? . (54)

Comparison of Eq.(54) with the experimental rate expression ¥ = ksz/h

leads to the identity

k, = B%ky(L/N) . (55)
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If the nucleation step is truly diffusion-controlled, then

ky = hn(ZD)RT(NA/1000). Therefore, the target radius is

k, (N/L) 1000

Re = w(2D)33 N, . (56)

Substitution of L = N,D = 1,9x10" ° en® sec™’, and k, = 18001™" sec™’

into Eq,(56) for T7 phage, Wetmur and Davidson arrived at their Eq.(23)
Ry = 6x107*%8™ %em . (57)

For B = 1/20, they find tﬁat RT = 5x10-tEm, which is a reasonable value.
Their computer calculations, however, suggest that every site may be a
nucleation site (i.e., B = 1), which leads to the unreasonable value

RT = 6x10f12cm. Furthermore, they argue, the inclusion of segmental dif=-
fusion acts to decrease the value of B8 (i.e., one nucleating site per 20
nucleotides) ﬁeeded to obtain a reasonable value of RT. From this argument,
Wetmur and Davidson‘coﬁclude that the rate determining step is not
diffusion-controlled. Substitution of Eq.(53) for ky in Eq.(55) and using

the parameters for T7 phage, one finds

By = 2x10'?6-? cn . (58)

It becomes obvious that the inclusion of rotational diffusion leads to
reasonable estimates for both RT and B.

Wang and Davidson!S have argued that segment diffusion will increase
the reaction rate by a factor bf 100 above that due to transzlational
diffusion.alone. Their estimate hinges in a crucial way on the value of
the segmental diffusion coefficient and the interpretation of its role
in determining the encounter frequency. The segmental diffusion coeffi-

cient was estimated from the shortest relaxation time in the electric
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birefringence spectrum, and used in Smoluchowski's formula to compute

the segment encounter rate. Although this procedure may give a crude
estimate of the dynamics of segment$ engaged in low amplitude, small-
displacement motions, it ;s hardly adequate to descrive diffusion along

a steep and extensive diffusion gradienf varying as RT/r, where r > RT

can be as large as the dimensions of the entire polymer molecule. Surely
the effective segmental diffusion coefficient for diffusion into a sink

is very much smaller than that applicable to the relaxation of small
distortions of the radial distribution function. For this reason the
conjectured rate enhancement by a factor of 100 due to segmental diffusion
appears to be an overestimate. Furthermore, the coulombic repulsion of
the strands will act to reduce the rate constant below the value predicted
by Smoluchowski's formula.

In any event, the mechanism advanced by Wetmur and Davidson to
account for the L% dependence of the bimolecular rate constant, the ex-
cluded volume effect, is inconsistent with their contention that the bimole-
cular step is not diffusion-controlled. It simply isn't possible to
impose a large scale geometric constraint (i.e., excluded volume) to reduce
the rate of reéction of these flexible, freely-diffusing, single-strand
molecules without introducing a concommitment "diffuéion-control” of that
reaction., Only if these polymers were highly branched, or formed meta-
stable bonds so as to inhibit free diffusion, would such a conclusion require
modification, T@e imposition of a large scale geometric ccnstr&int is
capable only of reducing the diffusion rate constani. Since the extent of
diffusion-control depends upon the relative competion of the intrinsic rate
constant and the diffusion rate constant, the decrease in the diffusion

rate constant will either leave the rate unchanged or decrease it
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[ef. Eq.(28)7. Clearly an excluded volume effect of such a magnitude
as to make itself felt in the rate constant implies a large degreé of
diffusion-control of the reaction {(i.e., k; >> kdiff)‘

A feature of the renaturation reaction that is difficult to reconcile
with complete dlffusion-cqntrol is the bell-shaped temperature dependehce
of the bimolecular rate constant kz. It is possible to examine the ques-
tion of the degree of diffusion control by plotting l/k2 versus n/T.

As is apparent from Figure 5, one expects a nearly straight line for any

reaction, irrespective of the degree of diffusion-control. However, the
k;(l—coseo)

2
[cf. Eq.(40)] provide a measure of the degree of diffusion-control d

relative magnitudes of kN and its low viscosity 1limit kﬁ =

defined by

d=1-k/x° <dg
=l-kJky 3 0<d<1 . (59)

-

Thus; any reciprocal plot of 1/kM as a function of viscosity for which the
intercept 1/k§ is significantly different from zero cannot represent a com=-
pleiely diffusion-controlled reaction (i.e., d < 1 which implies k; +$ kdiff)'
A mbdifiqation of the reciprocal plot that may be empioyed when the tempara-
ture is not held constant is to graph 1/k, as a functien of (n/T)rel' waere
(n/TDrel is ¢efined tc be the value of N/T fcr ihe azctual solvent al the tew-
perature of renaturation divided bj n/T for an agusous sciution with the same
salt concentraiion at the temperoture spocified.  Tuis iype of plit has not
been investigated nunerically, but it is expected to daviale vut clightly
~from linearity if k; is only weakly temperature deperdsznt over ihe same inter-
val. Such plots for the data of Wetmur and Davidseon are given in Figures 7 and
8, in which the AT = Tm-T values associafed with each point are also presented.

Examining Figure 7 for the ethylene glycol data:.first, it is obscrved that
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Figure 7

Recifrocal plot of 1/k2 vs (n/T)rel for the renaturation of
mechanically sheared T4 DNA in 0.4 M-sodium ion in phosphate
buffer, pH 7, containing ethylene glycol to enhance the viscosity.
These data were reported bj Wetmur and Davidson (ref. 11). The
values of (Tm—?r) associated with each measureﬁent are indicated
in the figure. Th is the melting point of DNA in a sclution of
the given composition, and Tr is the temperature at which the

kinetics of the reaction were observed.
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Figure 8

Reciprocal plot of l/kM vs (TI/T)rel for the renaturation of
mechanically sheared T4 DNA in 0.4 M-sodium ion (®), and in
1.0 M-sodium ion (@), in phosphate buffer, pH 7.0, containing
sucrose to enhance the viscosity. These data were reported by
Wetmur and Davidson (see ref, 11)., The values of (Tm-Tr)
associated with ‘each measurement are indicated in the figure;

see legend of Figure 7 for explanation.
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the data taken in the range AT =19 - 33.5 give a good straight line

with a significant positive intercept. Furthermore, the AT = 18 point
lies above this line while the 26 and 33.5 points lie below this line..
If the intrinsic molar rate constant k; increases with decreasing temper-
ature, then one would expect points of smaller AT to lie above, and the
points pf larger AT to lie below, as observed. Taking the intercept in

Figure 7 to be l/kM = ,005 one finds at [Na+] = 0.4 M a degree of

diffusion-control for (n/T)rel = 1 of approximately
d =1 - 50(,005) = .75 . (60)

The corresponding data for the sucrose solutions in 0.4 M and 1.0 M
Na.+ ion are plotted in Figure 8, The data for the 1.0 M Na+ solutions
apparently have an intercept that is not significan;ly different from
zero. The data for the 0.4 M Na™ solutions appear to have an intercept
somewhat diffé?ent from zero, but its significance is more open to ques=-
tion than it was for the ethylene glycol data. However, if one specifies
that only points in the range AT = 29 ~ 33.5 are to be considered, then
a reasonable straighf line and intercept are obtained. Again, points
with AT less than the "main” range of values lie above the line drawn,
as expected if g; increases with decreasing témperature below Tm. Although
rather less accuracy can be claimed in this instance, the degree of | .
diffusion-control at AT = 31° and [Naf] = 0.4 for (n/T),. , = 1 is found to

be (taking l/k; = ,022)
d=1-(45.6)(.022) = .90 . (61)

The degree of diffusion-control at AT = 25° and [Na'] = 1.0 is evidently

d = 1 for all values of (n/T)Inl for which the d.ita were obtained. The
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implication is that the intrinsic rate constant k; is fast enough in the
Presence of the extra salt so that the rate constant is essentially com-
pletely diffusion-controlled in'aqueous solution. A reciprocal plot of
the NaClO§ data of Wetmur and Davidson produced a negative intercept.
This is probably a consequence of the effect of the salt either on k;
directly, or on the intermolecular potential. It certainly would not be
surprising to discover that the intrinsic rate constant k; was in general
enhanced by increased salt., It may well prove possible by working at lower
ionic strengths to obtain rate constants with smaller degrees of diffusion-
control than those found by Wetmur and Davidson.

If it may be assumed that the intrinsic rate constants and orienta-
tion constraints at the nucleation sites are unaffected by the solutes
used to enhance the viscosity, whether sucrose or ethylene glycol, then
the estimated values of the intercepts may be employed to obtain the ratio

of the intrinsicﬁiate constants at the two values of AT

k;(31)/ka"(21) = 455/200 = 2,3 . (62)

There now arises the interesting possibility’that k; does not have a
bell-shaped temperature dependence at all, ai least in this region, and
that instead it is monotonically increasing function of AT. The observed
decline in the value of kA2 (or kM) with decreasing T could then be interxr-
preted as the onset of diffusion-control of the overall rate constznt in
the plateau region.

The proposea reaction mechanism of Wetmur and Davidson is based on
the assumption that the reaction is not diffusion-controlled. Their
proposed mechanism, briefly, is the diffusion of two polymer molecules

towards each other until one nucleotide unit on one chain is within a radius
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RT_of the second chain. This initiating step is followed by a nucleation
step in which a single bond is formed between these nucleotides. The
remaining step is simply the zippering of adjacent complimentary base
units until a sequence of N base pairs is attained, The mechanism is

represented by

k 1,0 ' ko 1 kl 2 kN-x N
[ ] ~150, s1, 25, ¢ cee 3
A+ A < C, = C, = ) = 4 , (63)
' 0,-1 1,0 2,1 N,N-1

where Ci is the species containing i bonded base pairs., The equilibrium

constants for the three major steps in the mechanism are,

k—l,O/kO,—l = szTS/3 ’ (64)
ko,1/k1,o =08 ) ’ (65)
_' ..ki,i+1/1fi+1,i TR ’ (66)

(since CN is favored at equilibrium)

where O constitutes a nucleation parameter measuring the degree of diffi-
culty for the nucleating step. If ¢ is divided up into contributions

from the forward and reverse steps, then one can write

kD,l = dfkf ’ (67)
ky,o = kg/so, ’ (68)
0f0, = O . (69)

For a system not too close to equilibrium, their steady state analysis

leads to the equation
(4/3)RE k.(N,/1000)
My = 1A, e, 1y, (70)
(kB2 /3D) + o + (G)( + +0 4 ]

LS 8.5 S35 ee .SN‘-I

1 12 1 2
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where D 1s twice the diffusion coefficient of one polymer molecule.
| Based oﬁ ihe'conclusion that ky is not diffusion-controlled and the assump-
tion that the dissocliation of the first unstacked base pair is more rapid
than the others, Wetmur and Davidson conclude that the third term in the
denominator of Eq.(70) is the dominant term,

(4 /3)RT ke (NA/1000)

ky = ’ (71)
v _1_+_S_];s—+ . *oeee +ss ls
. Sl T2 81.5283 190

N-1
which is proportional to kf.

Wétmur and Davidson explain the bell shaped temperature dependence
of ky by noting the formal eqﬁivalence of ky [cf. Eq.(71)] with that

obtained by Sanders and Ross. '’

The observed chalin length and viscosity
dependence is explained, in their final analysis, by postulating that
the stabilization reaction (i.e., the formation of the first ten or twenty
bonds) takes'plgée by first stretching the coil without translational or
rotational motion of the molecule as a whole through the solvent. The
steric hindranée mechanism would then explain the chain length dependence.
The viscosity dependence is then explained by assuming kf for the rate
determining step is viscosity dependent.

It is cleér that the proposed mechanlsm is postulated to obtain
compatable parameters for RT and B in Eq.(S?) since the net effect of
the mechanism is to substitute the diffusion of small molecules (i.e.,
kf is assumed to be viscosity dependent) for the diffusion of laxge
molecules [cf. Eq.(64)]. It is crucial in the argument of Wetmur and
Davidson that the bonds participating in the stabilization reaction are
already pre-aligned so that no motion of the polymer as a whole is involved

in the rate determining step. If an orientation constraint is assumed

to be present in this reaction then
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>
k-l.o =k ’ (72)

and | Kopey = K | . (73)
where k and ¥ are defined by Egs.(18) and (19), respectively. It should
fe emphasized that Eqs.(72) and (73) do not represent the total rate
expressions since the zippering mechanism is not included. The ratio of
these quantities replaces the expression given in Eq.(éu). In this in-

stance the steady-state analysls, in molar quantities, is

1o (loy/i)icr
- XZ at = ? (71"’)
_k_f...{.._];.*..;(-l‘..f.._l._.*. e +____.].-__)
i o ols s.s S.S,..S
f 1 172 17 Z2°°"N=1
vwhich may be reduced exactly to
- ’ . . . '
_1 2A kpka
Az ot T k9
1 daf 1 1 1 1
T e e )
ky D(SUI'I kf(cf S, 5,8, , sls?_sa...sN_l)
’ (75)

where kp = 2nRTD is the diffusion-controlled rate constant with both
polar and azimuthal constraints [cf. Egq.(53)] and s} =o0s ., If the
zippering reactlion rates are to affect the overall rate of reaction in
the absence of diffusion~control of the bimolecular step as suggested by
Wetmur and Davidson, then l/SUM in Eq.(?S) must be‘negligible compared
to the other terms in the brackets. Therefore, the bimolecular assocla-

tion rate constant can be written as

) '
- 1 -a-e‘- = kaa'/Y ’ (76)
AZ 3t Tk +kSfy ’
k
) l l 1 o0 e N 1
where = =t =+ =+ + oo - .
Y T:‘{Gf 3; S;.SZ 3;52 ba . "‘-’N-l
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Clearly, if kf is proportional to the diffusion coefficient of the
nucleotide units, then -(1/A%)9A/5t should always be inversely pioportional
to the viscosity, so that a reclprocal plot of kM as a function of vis-
éosity will always have a zero intercept. Although the experimental data
presented in Figures 7 and 8 are not unequivical, they do not appear to
substantiate a zero intefcept. The mechanism proposed by Wetmur and David-
son to account for the viscosity dependence of the overall bimolecular
rate constant is evidently not supported by thelr data.

In order for the steady-state assumption to be valid for an inter-
mediate step, its logarithmic time derivative must be small (in absolute
value) compared to the logarithmic time derivative of the concentration
of reactants. This condition is certainly not met for those intermediates
participating in the rapid zlippering reaction which follows thé rate
dstermining siep. The steady-state approximation empioyed by Wetmur and
Davidson is appiicable, thexrefore, only to the Co component of the process
described by Eq.(63). A more reascnable model would entail the assignment
of a cooperativity parameter to each of the steps in the stabilization
reaction., Thus, provided fhat diffusion-control of the bimolecular step
is accepted, the mechanism proposed by Wetmur and Davidson might still be
employed to account for the increase in the overall rate constant with de~ .
creasing T over at least part of the observed range. Using the definitions:

(i) N =2 P, the number of intermediates involved in the
stabilization reaction

(ii) ki'i"'l - ankf’ i= ognongp"l

(111) kygn,4 = kf/scnb. {1 = 0peeegP-1 :
- (1v) O 9 =9, | ;
)k 500/k4,5 = 59, :

(vi) (o)™t =0 ;
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where 0 is the cooperativity parameter for overall helical stability,

the steady-state treatment of the states 0 to P-1 leads to

L]
-1 oA, “pa ; (77)
A° ot kQ 2 P-1
o 1 d 1 (2, ... (1
k2t Ep S ko l+§+l§)+ +(§)
f'nf

where § = 0 s, Eq. (77) can be further reduced to the concise form

, |
BN kpka . (78)
, 2
AT oL L, fa1-amf
atksmTEs . 1T-1/
f'nf

The success of Eq.(?O) in predicting the unusual temperature behavior

is the similarity in form to a valid steady-state approximation, such as
given in Eq.(77). A plot of t-i?%%)-l as a function of viscosity has
an intercept

-1

[o]
o ( 2 ki 1-a/sf Ya , (79)
M':

+
O(1- -
ga(l cosBy) kfonf 1-1/} 1000

in which the source of the temperature dependence is manifested explicitly.

3. Comparison with lModel of Solc and Stockmayer

The model proposed by Solec and Stockmayer!® for the reaction between
two chemically asymmetric molecules is primarily the diffusion of a spheri-
cal particle with two orientation vectors toward a fixed spnere that is
uniformly reactive over the entire surface. One of the orientaticn vec-
tors on the diffusion sphere represents the transposed orientation vector
of the fixed sphere. Thus, for a collision to occur between spheres A and
B, the center of the diffusing sphere having a relative diifusion coef-
ficjent D= DA + DB must fall within a collision radius r = T) + Tys

where T, and ry are the radii of sphere A and B, respectively. For a

reaction to occur as a result of the collision, the orientation vectors
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é and g must be properly aligned. The general solution to the diffusion
equation for this model..which Solc and Siockmayer find by the méthod of
Laplace transformation, consists of a series solution involving modified
Bessel functions of the third kind, sphefical harmonics, and "unknown”
constants of six indices ln addition to the transformation variable.
Since analftical solutions to their diffusion equation do not exist,
Sole and Stockmayer proceed to study the limiting cases for short and long
¢imes. They find that, at short times, the rate constant k(t) is indepen-
dent of the rotational diffusion coefficient and is simply Smoluchowski's
result multiplied by the fractional active surface area. This is the same
result for non-rotating spheres as expressed in Eq.(52), In the long
time 1imit, however, Solc and Stockmayer did not find an explicit solution.

Their Eq.(20) for this limit is
k(t) = 4manc [2n%/2a (000)+2(a%/Dt)*/2(a, (000)+a,(000))] + 0(+™*/2), (80)

where D = DA + DB

total volume concentration of spheres with the two orientation vectors,

v 1s the effective collision radius, C, is the initial

and o‘(,(000),0‘0&(000) are the first two unknown coefficients of the expan-
sion in their Eq.(B8) '
: © 2 1/2
a(ik k,3p) =) o:dn(iklkz) (%) p(n-2)/2. ' (81)
n::
where p is the Laplace transformation variable.
Clearly, in the limit t + », Eq,(80) reduces to the steady-state

rate constant
k(t + ») = 4naDc02ﬂ1/2ao(000) . (82)

To make the theory of Solc and Stockmayer coincident with the present
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study, Eq.(18) is modified to account for total solution space

R kZ( 4TR D) (3)
szTD/SUM + k‘; ’

where D = DA + DB. Unforﬁunately, the term SUM has a complicated function-
al dependence on 5;[:°f' ' Egs.(8c), (31), and (34)] and a simple expression
 for the diffusion-controlled rate constant (kg + ®) cannot be obtained

at this time. If one retains the usual functional form for the diffusion-

controlled rate constant ky by defining an "effective"” target radius R%
[o]
Ry = RTka/(4TTRTD/SUM + k) , (84)
we find that RT is related to a by

Ry = ka2'n'1/ 2a.0,4(000) /[ (k2-813/ 22D, (000) )SUM] . (85)

In the absence of numerical calculations, Solc and Stockmayer state
that no definite conclusion can be drawn about the heterogeneity of the
reacting surface unless there is a gross discrepancy between the reactive
cross section and the known dimensions of the molecule. In view of Eq.(85),
this appears to be a reasonable conclusion., But the weaknesses of this
argument are the neceséity of an a priori knowledge of the hydrodynamic
radius and the lack of a quantitative interpretatiop of “gross discrepancy.”

Perhaps a more sensitivg method for detecting the presence of an
angular constraint is measuring the slope of l/kM as a function of viscosity,
As implied by the numerical calculation in Section V, the slope.is greatly
affected by the angular constraint. Furthermore, this method is not 1lim-
ited to diffusion-controlled reactions and does not require an a Ppriori

knowledge of the hydrodynamic radius. Value judgments pertaining to “eross
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discrepancies” are replaced by the more quantitative measure of (RH/RT)eff’
which can be calculated from the slope.

It is possible to assess the effect of rotational diffusion on the
rate of reaction in the following manner. The rate constant for non-
rotating spheres with a reaction site on a plane can be obtained by mul-
tiplying keo [ef. Eq.(52)] by #. The ratio 4k ff/k60 represents the
enhancement factor due to rotational diffusion.

In the region of small angles, Eq.(Sl) is approximated by the expan-
sion

0 (ieo)zn . eﬁ

'l-coseo = 1- 0—7553?—'- - . (86)

n=

Substituting Eq.(86) into Eq.(20) and noting the restriction imposed on

Ry icf. Eq.(26)] predicts that k_.. is roughly proportional to 8] for

eff
small angles. -

As indicated in Table I, the effective diffusion controlled rate
constant is enhanced by a factor of approximately 2 at small angles over
the rate constant iﬁ which no rotation is allowed to occur. The implica-
tion is that rotationai diffusion is simply not fast enough to alleviate
the angular constraint., If RT is independent of the choicerf 8,» then
keff wbuld be approximately proportional to the fraction of molecules
w%th the proper orieqtation. For small angles, this would be approximately

)

—5 as indicated in Eq.(86). It does not seem physically reasonratle,

however, to impose a rigid angular constraint while simultaneously allowling

a large uncertainty in the translational position.
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APPENDIX A: FINDING THE INVERSE OF THE MATRIX G

The matrix G is defined to be

¢ = "@P(KRIX ok LR (x +1/RT)

ma R, il (al)

Since an = xnm’ the only term preventing the matrix G from being symmetric

is exp(-k_R.). This term can be symmetrized by nultiplying G . by

exp[—RT(Km—Kn)/Z], with the result
¢ - =Qexp [H(K HKk JR./2IX ) :
mn RT exp

The term containingg o which occurs only in the diagonal elements, is
m,

(A2)

m,
2mtl '

unaffected by this multiplication. Therefore, we define the matrices

. ; (g?)mn = exp(—KmRT/Z)Gm’n , (A3)
-1 '
Em = SPOHQR/2)S , (a%)

and write Eq.(A2) in matrix form

E%E D, 5 Z(gf) e TR ST WO V)t O}

for 1 # j» Multiplication of Eq.(9) in the text on the left by

results in

Ry
N
R®
o]
fl
Ry
Aﬂ
RO
R m|
o
Q)
]
1ty

L ’ (A6)

. We now solve for C,

c = g‘l"f(gl"f” G _g'%)"a’”’ L , (A7)
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1
§ % 45 symmetric, it is now a simple matter to diagon-

1
Because Eﬁ

RS

alize the resulting product with the transformation

g( 15 g"‘l}é) -1 =

~

13
=

) (A8)

n

where the product S §-1 gives the identity matrix, Eq.(A7) then becomes

1
=5, -1

c=5 (8

-1 L '
)7 e, - (A9)

=
R

= o o

1 -1 ~1.1
= £ A8 e,

The problem now becomes one of finding S and A, since (§)mn = (§-l)nm
-l - s

and (Q )m,n = 6m,n/(§)m,n‘ There are several numerical routines

available, such as the Jacobi method, for finding the eigenvalues and

elgenvectors of a symmetric matrix.
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GLOSSARY OF k TERMS

Boltzmann's constant.

Intrinsic association constant (cm® molec™  sec” )[cf. Eq.(2b)].
Intrinsic unimolecular dissociation constant [cf. Eq.(2b)].
Intrinsic association constant (2 mole™ sec™ )[cf. Eq.(21)].

-l -l
General bimolecular association rate constant (cm molec  sec )
[cf. Eq.(18)].

General dissociation constant [ef. Eq.(19)7.

General bimolecular association rate constant (2 mole ' sec™ ')
[cf. Eq.(20a)].

-1 -1
Bimolecular association rate constant (2 mole sec ) in
diffusion-control region (Q > 1)[cf. Eq.(20b)].

rd

Diffusion-controlled rate conotant (k' > ») with both polar and
azimuthal constraints [ cf. Eq.(75)].

Diffusiog-contro}leq rate constant for uniformly reactive
spheres [ cf. Eq.(22)].

Diffusion-controlled rate constant for a reaction with an
angular constraint but the spheres cannot rotate [ef. Eq.(52)].

Diffusion-controlled rate constant for a system with both
polar and azimuthal angular constraints [ ef. Eq.(53)].

Diffusion-controlled rate constant of Wetmur and Davidson

[ef. Eq.(50)7].

Renaturation rate constant for DNA of Wetmur and Davidson

[cf. Eq.(70)7.

Time-dependent bimolecular association rate constant of Sole
and Stockmayer [ cf. Eq.(80)].
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PART III1

Dynamic Light Scattering

from Solutions of Calf Thymus DNA

"It drew now to evening by the hour, and the light was so dim
that even far-sighted men upon the Citadel could discern little clearly
upon the fields, save only the burnings that ever multiplied, and the
lines of fire that grew in length and speed. At last, less than a
mile from the City, a more ordered mass of men came into view, marching

not running, still holding together."

from The Lord of the Rings, Part III, by J.R.R. Tolkien
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I. Introduction

It has been known for many years that fluctuations in the polariza-
bility of dense media give rise to scattered light.!™ Since the advent
of continuous gas lasers, the theoretical foundation for dynamic light
scattering from macromolecules in solution has been rapidly developing.
A theory of spectral broadening of light scattered from dynamic fluc-
tuations of macromolecules by translational diffusion was developed?®
678

and subsequently the phenomenon was experimentally observed. A theory

for dynamic light scattering associated with the decay of concentration

fluctuations of species by rapid chemical reaction was recently developedg-

and has already been realized in ionic'? and helix-coil reactions.'’
The decay of fluctuations in polarization by rotational diffusion of op-
tically anisotropic molecules has been investigated theoreticallylu and
experimentall} observed in solutions of tobacco mosaic virus'® and
1ysozymé.16 The prediction of simultaneous contributions of rotational
and translational diffusion of rigid rods whose length is comparable to
that of the incident radiation’  has been experimentally verified.'®
Conventional methods for studying relaxation processes involve the
technique of imposing a sudden change of condition on the equilibrium
system. The change must be large enough so that one can monitor some
observable quantity, such as the optical absorbancé. It is conceivable
that in some cases the size 5f the applied perturbation may exceed the
limits of validity for application of a linear response theory.. In
contrast, light scattering techniques probe the temporal decay of the

much smaller spontaneous fluctuations of the equilibrium parameters.

11
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Until recently, both the theoretical formulation and experimental
analysis have been carried out in the frequency domain. In the present'
study, a theoretical formulation for the autocorrelation function of
the phototube current due to the scattered light is developed in
Section III. The general formulation is applied to the special cases
of translational diffusion of polymers and rotational diffusion of
optically anisotropic particles. The case when two types of particles
are present, one being much larger than the other, is also discussed.
The experimental appartus is described in detail in Section IV and the
stepwise alignment procedure is presented in Section V. Section VI is
devoted to the preparation and characterization of the calf thymus DNA

used in this study,
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Figure 1

The incident radiation Ein(g,t) is scattered from the point
r and detected at point R. The dashed lines represent to total
illuminated volume, with the origin of the laboratory reference

frame located.,at its center.
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II. The Scattered Field

It is assumed that the total scattered electric field which is
detected at some point in space arises entirely from a small portion
of a total solution. This illuminated region is assumed to be small
enough so that the intensity of the incident radiation is effectively
constant at any particular instant in time but large enmough to consider
the medium as a classical continuum. It is further assumed that the
scattered region is a rectangular parallelopiped of dimensions
Lx’Ly’Lz’ The position of any point in space is measured with respect
to a set of coordinate axes that are pafallel to the edges of the
parallelopiped and whose origin is located at the center of the parallelo-
piped (cf., Figure 1). This pérticular set of coordinates axes is
referred to as the laboratory reference frame.

The incident electric field gin(z,t') at time t' at a point r

within the scattering region induces a polarization P(r,t') according

to the equation
B(r,t") = g(r,t") E; (r,t") ; (1

where g(g,t') is the instantaneous polarizability tensor at r. The incident
electric field drives the induced polarization which then generates the
scattered field. If the point of observation R in the medium is in the
radiation zone (i.e., R-r = R), then the field dgs(g,w) radiated by induced
oscillations in the polarization in the volume element d35 and.with fre-

quency W is given by the expression!?

(2)

w \2RxRxP (r,w) exp[il R-r /Cpld’r
& (R = - [L)BREE, P[3~..Crn]~ ’
s '~ Cm |B|
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where Cm is the speed of light in the medium. It is assumed that the
medium ektends’out to the detector to avoid any ambiguity regarding the
index of refraction appropriate to the wave vector of the scattered field.
The light intensity, or the Poynting vector, at the detector does not
depend upon the location of the boundary between the sample and the air,
except for a small time delay, so long as the scattered beam traverses
the boundary at normal incidence. This ambiguity does not arise if the
pertubation solution of Maxwell's equations inside the sample is employed.5

Our main concern, however, is with the time dependence of the

scattered field. We define the symmetrical time Fourier transform of
the scattered field by

40

dE (R,t) = ——1——1/ Sexp(—iwt)dE (R,w) dw . (3)
~5 ~ (Z'N) 2 < ~g ~7

If we write the incident field with frequency w, as

E;n(Et") = E] (Dexp(-iut") ; (4)

and substitute this expression into Eq.(1) and then take the inverse

Fourier transform, we arrive at the expression
= w° _
B(E,N) = gin(s)a(z’w wo) ’ (5

in which it is assumed that the medium is isotropic, and where we have

defined

$o0
a(;,m—wo) = L,Se;q:p[i-(w-wo)t']oc(;;,t')dt' . (6)

If the only significant amplitude of the Fourier transform defined in

Eq.(6) occurs when W, then the Fourier transform of Eq.(2) becomes
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2
w RxRx
dE_(R,t) = -(—9> >

—
T Caf (2m?R|?

Joo

Sexp(—imt)g(g,m)exp(iIg—glw/Cm)dw a’x . N

00

We now substitute Eq.(6) into Eq.(3) to obtain

M )ZRxRxE‘.’ (r)d’c

dE_(R,t) = -(—° ;
S Gl JRIPen?

40
S-eXP(-iwt)exp(+i|grglwlcm)u(g,w—wo)dw . (8)

Factoring the quantity exp[imo(lgrgllcm - t)] from the integral in Eq.(8),

we arrive at the expression

w \2RxRxE; (£)d’c
dg_ (R,t) = —(E‘l
’ m |8|®
exp[+in_(|R-r]/C ~t) Ja(z,t-[R-x|/C) , (9)
where 4o
. 1 . ‘
O‘(Est‘IB‘EI/Cm) = ———)-;iSa(g,w-wo)exp[-l(w-wo)(t—lg-l:l/cm)]dw . (10)
2 .
=00

It is clear that the quantity defined by Eq.(10) is the polarizability
at the point r at the time of scattering, i.e., t' = t‘]R‘EI/Cm- The
total scattered field in this approximation is simply obtained by inte-

grating Eq.(9) over the scattering volume,

0 2
E (R t) = - _9 Exix.
~s 0 I V) |R|3
m ~
o/ ; . _ _ _lp_ 3
§ 22 @emplin (|Rzl /o0 Itz el Rzl /e’ (1)

\Y
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We now write the cross products in Eq.(11) as

)
RxRxE,_(r) n
~~T~qn st o .
ORI Al N (12)
and define ks by
%
¢ 1Bzl = kg ®p) S (13)

where n is the unit vector lying in the plane of gin(g,t') and R and
perpendicular to g, Es and 150 are the wave vectors of the Rayleigh
scattered and incident fields, respectively, and ¢ is the angle between
R and Ein' Substitution of Egs.(13) and (13) into Eq.(1l) and subsequent

rearrangement leads to the expression

w \2 sind|E. |exp(ik_sR)exp(-iw t)
- o "1 7int ~5 ~ o oo
ES(‘ER"t) B(Cm . Igl OL(IS,t IB EI/Cm) ’ (14)
where the scattering vector K is defined by
K=k -k R (15)

~S ~0

and the inverse space Fourier transform of the polarizability is

recognized as

oK, t~|R-xl/C) = gﬁ3gexp(-i§~£)a(5,t—|g—;l/cm> . (16)
v

Since the integration in Eq.(16) is over a finite volume of solution, the

space Fourier transform is a sum over the allowed wave vectors K,

a(r,t-[R-z]/c ) = £ ) o', t-|Rx|/C ) exp(+ik' D), an
. K'
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where the components of K' are k; = Znn;/Lx, etc.,, and V is the scattering
volume.,
If the polarizability can be written as the sum of a space average
part <o> and a fluctuating part 6a(g,t—|g—5|/0m), then Eq.(16) can be

written as

_oa(IS,t-IB—EI/Cm) = <or>g d35exp(—i§-£)+5dsgé‘a(}:,t—|§-£|/Cm) exp(—ils-l:). (18)
\Y v

It is clear from Eq.(18) that the space average part does not contribute
to the scattered light (except at K = 0) and that onlf fluctuations in the
polarizability with wave vector K as defined in Eq.(15) contribute to the
‘ scattered field at R.

In addition to the preceeding assumptions about the scattering
region, it is assumed that the fluctuations in the polarizability, or
index of refraction, arise primarily from the fluctuations in the concen-
tration, orientation, and configuration of dissolved macromolecules in
dilute solution. It is also assumed that the intensity of scattered light
is ;ufficiently large that the scattered electric field at the detector
is a well-behaved classical quantity and that quantum statistics are
unimportant. Finally, it is assumed that only a small fraction of the

incident field is scattered on a single passage through the sample, so

that multiple scattering may be neglected.
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III. The Autocorrelation Function

In the experiment described here, the scattered light at a point
R is detected by a phototube. The intensity of light at this point

~at time t is

C C
E3
I(R,t) = 77|E(R,©)|% = 20 F [0 (K, t Dok, t")] , (19)

where
IEinlzsin2¢ W, N
= —— s (20)

F
° |r|2 Cn

and t' is the time when light was scattered from the sample. Since the
instantaneous phototube current J(t) is proportional to the intensity of

the scattered field at the detector, one may write
- J(t) = Ao*(K,t"alK,t") . (21)

The a.c. component of the phototube current (see below) is then relayed

to a capacitor in an analog channel of a PDP-12 laboratory computer. The
digitized voltage over 25 microsecbnd intervals is then stored on tape

and the autocorrelation function of the phototube current. (See Section VII
for details of computation.) The autocorrelation function of the photo-

tube current is, in general,

QI = A2 (K, O, DK, tHDa, ), .+ (22)

It is not possible to determine the components of the autocorrelation
function from the present form of Eq.(22). 1In order to obtain this infor-

mation, we write the polarizability of the scattering region as
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N
a5, = oy 8lr-r,(t)] o, (23)
i=1
‘where we have assumed that there are N independent infinitesimal scat-

tering centers within the scattering region. The Fourier transform of

Eq.(28) gives [cf., Eq.(16)]
o N
a(R,t) = azexp[-ng-;i(c)]' . (24)

i=1
Substitution of Eq.(24) into Eq.(22) and equating the time average to the

ensemble average leads to the result

<I(0)J(T)>t = A2 }: Z Z Zéxp(ig-[ri(o)-rj (o)+rk('r)—r£('r)_]%ns. (25)

i j k &

Since the term in the brackets in Eq.(25) is an ensémble average, the
terms with sub%c;ipts occurring an odd number of times vanish. Similarly,
the terms witﬁ i=k#j=1 also vanish. There remain N terms of unity when
i=j=k=1, N(N—l)_terms of unity when i=j#k=1, and N(N-1) terms when i=1#j=k.
The autocorrelation function of the phototube current for a system of N

independent scattering.centers is

<§(°)J(Ti>% = A%q* N2+ E:EEéxP(ig.[ri(o)—ri(T)+rj(T)-rj(°)])j%ns . (26)
i#j

In general, the autocorrelation function for the phototube current has a

time-independent (d.c.) component and a time-dependent (a.c.) component.
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THE PHOTOTUBE AUTOCORRELATION FUNCTION DUE TO TRANSLATIONAL

DIFFUSION OF POLYMERS

Let us assume that each of the N polymers in solution have u
scattering centers of polarizability 0. The polarizability of the
scattering region can then be written as

N

u
ar,t) 2oy Y SR (D-r3(0)] : 27
r=1 f=1

where gI(t) is the position of the center of mass of the Ith polymer
measured from the origin of the laboratory reference frame and Ei(t)

is the position of the Bth scattering center on the Ith polymer measured

in the molecular-fixed coordinates of the Ith polymer. The autocorrelation

function for the phototube current is

’

<axp[i§-(;&I(o)+g§(o)—5J(o)--Y(o)+RK(T)+r2('c)-RL(T)-rE('c).)1 , (28)

where the angular brackets denote the ensemble average.

on defining the quantity
!
By(6) =) expliker[(D)] - : (29)

e=1

where j = I,J,K, or L, we can rewrite Eq.(28) in the simpler form

<J(o‘)J(T> = Aza“[ [ Z Z

I J K L

ompiKs IRy (0) Ry (0)+Ry ()R (1) DBy (0) B (0) By (DB (1) (30)
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If the internal motions of the polymers are independent of the motion
of the center of mass, then the average of products in Eq. (30) can be

written as the product of averages,

SIOHGYE AZa‘*z Z Z Z
I J K L

Cexp (K- [B; ()R (0H+R (D-R (D 1) B (BB (DB (D) - (3D

In view of the discussion in the preceeding section, the only nonzero
contributions to Eq.(31) come from the terms I=J=K=L, I=J#K=L, and
I=L#J=K.

When I=J#K=L for a system of independent molecules, we have the
identities

@I(O)B;(o)BKmB;(TD - @I(O)B:(o><BK(T)B;(T)> = B(0)Bx(o)) 2. (32)
The quaﬁtity P(K), defined as
P®) = 2% {B(0)B" (o) : (33)

is the usual interference factor due to the intermal structure of the
polymer. Since there are N(N-1) terms of this type, the total contribution
to the d.c. component of the autocorrelation function of the phototube

current is
<J(o)J(r)>d.c. = A’-N(N—l)agu"Pz(g) (I=J#K=L). (34)

When I=J=K=L we have the time-dependent '"self" term contributions

due. to the internal motions of the polymer,

N ___ H U
nt (e 1) = Z Yy Z <xp(1K-[rB(o)- Y(1)-x (o)+rC(T)]> (35)
I=1 6: = =] :
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Since the molecules are assumed to be independent, Dint(g,T) is propor-
tional to the number of polymers N.
When I=L#K=J we have the time-dependent term which depends on both

the motion of the center of mass and the internal motions of the polymer,

<J(0)J(T) (I=L#K=J) = z X
IJ

(oxp (3K [ (0)~R1(D) Jexp K+ (B (1) -B () 1) (DB (D)B(0)B ()Y *  (36)

Since the molecules are independent and their internal and external

motions are uncorrelated, we can write Eq.(36) as the product of averages,

Q@3 (1=1#x=0) = [z, D1 &, D (¢ &, 017 (x, 1), (37)

. . e
where the correlation functions for the center of mass C Xt(I§,T) and

»

the internal motions Cint(g,T) are defined, respectively,

N
*E® =Y Cexp (1R (R ()R (M D) : (38)
1=1 '
and ™t g, n) = G B . (39)

The complete expression for the autocorrelation function of the phototube
current due to translational and internal motions of polymers in dilute

solution is

COMOYEE A'zag{u‘*N(N—mz<1~<>+[cex“<r~<,r>ci“ta~<,~r)12+Di“ta~<,m. (40)

ext

In order to evaluate C (K, T), we assume that the concentration of

polymers at the point r at time t is described by the distribution function
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c(r,t) which satisfies the diffusion equation,

dc(x,t)

= Dy2 '
5= DV2c(z,t) R (41)

where D is the translational diffusion coefficient and V2is the spatial
Laplacian operator. The autocorrelation function then involves an

integration over the volume element at the two different times,

¢ (k) =<§Sexp[-ils'.(s-s')]C(E,O)C(s',T)d3£d35'> . (42)
vy
The double integral in Eq.(42) is recognized as the spatial Fourier
transform as defined in Eq.(16) at the two different times. The inverse

space Fourier transform,

c(xr,t) = %ZC(E',t)exp(ilf"g) ‘ > (43)
» K'

is inserted into Eq.(41l) and yields the expressions,

Z BC(%;,t) =Z—DK'2C(§',t) ) , (44)
I,S' Kl
and QeXt(g,T) = <E*(§,o)c(§,o§>exp(-KzDT) s (45)

where we have used the solution to Eq.(44)
c(K,t) = c(g,o)exp(—Kth) s (46)

in Eq.(45).
. %
The task now remains to find an expression for <§(g,o) c(g,oi> in
terms of known quantities of the system. Since Eq.(l5) can be interpreted

either as a Bragg reflection or a conservation of momentum equation, the
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magnitude of the scattering vector-K is simply (cf., Figure 2)
|| = 2|k |sin(6/2) ’ (47)

where 8 is the scattering angle. Since the uniform distribution of
scattering centers does not contribute to the scattered field except at
K=0, the quantity <é(§,0)*c(§,02> is simply a measure of the probability
of a flucuation occurring with the wave vector K. We assume that the

time average and the ensemble average of this amplitude are equivalent,

(&0 "e(x,00), = 0 ek, 00>, : (48)

ens

In order to average over all possible initial conditions at constant
temperature and pressure, it is assumed that the probability of observing
any particular fluctuation state of the system relative to the uniform,

or equilibrium, state is

P[g?ériO!] = Gexp —AF[G;ég.O)] , (49)
o

where G is a proportionality constant and AF[6c(r,0)] is the Gibbs free
energy change associated with the fluctuation. For a system of non-
interacting particles, the exponential argument simply becomes AS(8c(r,0)]1/k,
where AS[8c(r,0)] is the entropy change associated with the fluctuations.

To proceed, we first divide the total volume of solution into smaller

volumes AV. The concentration c; in cell i can then be expressed as
_ 4.0
¢y —,(ni + oni)/AV s (50)

where ng = N/M is the number of particles in the uniform distribution
of the system of N particles and M.cells. The probability of observing

the most probable distribution is proportional to the number of ways
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Figure 2.

Relationship between the incident wave vector 50, scattered

wave vector ks’ and the scattering vector K of the fluctuation.
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of achieving this distribution,

N1
P o W (51)
most n?!ng!... nﬁ!//tot ,

where Wto is the total number of possible arrangements of the distribu-

t

tion of particles. The probability of observing any other distribution

is also proportional to the number of ways of achieving that distribution,

‘ ©ON!
Pother o n,!n,! ...nu!//%tot ’ (52)

which leads to the relative probability

0, 0, 0, o
n;!n,!n eee 0!
1 23" u'

3 S Y Y n,! ' (53)

We now use Stirling's approximation in taking the logarithm of PR and
retain only the first two terms of the logarithmic expansion of

1n(l+6ni/ng) to obtain

- o (&H)z 1 ““Qa
2,nPR = 2:: -Gniﬁnni - 500 + E-(nO)Z . (54)
i * i

If the last term inside the summation can be neglected, we find that the

relative probability for a fluctuation to occur is simply a Guassian,

(6u,)? 1
P_ = exp|- ———| = exp|- — E Sc, (r,0)2AV . (55)
R o o i~
2n, 2c, &
R 1 1

If the summation over the volume elements in Eq.(55) can be replaced
by an integration over the total volume, then the probability of observing

a fluctuation P[Sc(zr,0)] then becomes
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P[8c(x,0)] =Bexp (— -i—]é—- S [6c(£,0)*6c(5,0)]d3£> . (56)
° 3 .

where B is the normalization constant. Substitution of the Fourier
transform of §c(r,0) [cf., Eq.(43)] into the integral leads to the

expansion

S. [6c(x,0)]%d%; =
v

= Sdsg‘(z 5 c*(g,omc(g',O)exp[—i<1~<-1~<'>-r1)= 3 le@ol® N
v K K' K

~

Therefore, the probability of observing a particular amplitude in the K

modes is

P[Gc(gl,O),Sc(gz,O),Sc(l_ga,O),...éc(gw,O)] o exp(— ZVi Z |6c(1§,0)]2> +(58)
’ o
K

Since each K mode has a Gaussian probability which is independent of the

other K modes, we finally arrive at the desired expressions

<c*(1$,0)c(1§,0> = Ve, s (59)

Cext

and (,T) = Ve_exp(-K?DT) : (60)
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THE AUTOCORRELATION FUNCTION FOR ROTATIONAL DIFFUSION OF OPTICALLY

ANTSOTROPIC POLYMERS

Assume that the parallelopiped described in Section II is oriented
in such a way that the incident beam propagates along the y-axis with a
polarization along the z-axis. We define this set of coordinate axes as

the laboratory reference frame. The incident electric field Ein(g,t)

Ein(@t) = [E [expliCkyy - w )] , (61)

where lkyl = 2ﬂ/Am, Am being the wavelength of light in the medium. If
the scattering region 1is anisotropic, then the interaction of the z-component
of the polarizability with the incident driving electric field results
in an x~-component in the scattered field.

Every polymer is assumed Fo be made up of a sequence of U scattering
centers of ide;tital length, each possessing the same excess polarizability
tensor (with respect to the solvent). The polarizability tensor is assumed

to be cylindrically symmetric about the long axis of the particular segment

and may be expressed in dyadic form as
g = 0 IE F o]+ ooy Kk , (62)

where the unit vector g lies along the directional segment axis and

g, 3 are any pair of mutually perpendicular vectors in the transverse
plane. A segment with arbitrary orientation relative to the laboratory
frame is illustrated in Figure 3. The induced polarizations of segment

j on polymer I along the laboratory z and x axes are, respectively,
S ST _ 1, o o
P, (y5t") = loj+(o, o) | cosbly e |IE explitk y-u tM)] , (63a)

Px(}'§,t') = la (o, —ao)cose(}';,t')cosx(y?,t')]Ezexp[i(kyy-wot’)], (63b)
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Figure 3

Relationship between the anisotropic polarizability vector

Oy =0y the incident field Ez with the wave vector ky, and the
laboratory coordinate system. The angles § and X define the
orientation of the anisotropic vector with respect to the z and

x axes, respectively.,

-
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where Ezexp([i(kyy-wot')] is the instantaneous electric field associated
with the light wave, and cose(yi,t') and cosx(y§,t’) are the projéctions
of the directional segment axis j of polymer I on the laboratory z and
X axes at time t', respectively. The depolarized component of the forward
scattered light is radiated by the x-component of the induced polariza-
tion, which arises entirely from the anisotropy of the segment polariza-
bility. The contribution of segment j of polymer I to the scattered

field detected at Y at time t is simply

1 asz(y;:,t') I
E_(Y,t) = 32 2 ly-y:] s (64)
% ? YCm ot £ = £ - ___C_J_
m

where it is assumed that the detector is in the radiation zone.. According
to Eq.(63b) there are two sources of time dependence in Px(yi,t'); (1)

the projection; cosB, cosX vary in time, and (ii) the external driving
field oscillates in time with angular frequency ® . When the projections
cosB, cos) are only weakly time-dependent in the sense that their Fourier
components are significant only for values of the angular frequency that

are.very small compared to w,s then Eq.(64) becomes

U)Z

=9 - I I .
EX(Y,t) = YCZ(G“ ao)cose(yj,t )cosx(yj,t')Ezexp[l(kyY-wot)]. (65)
m

The total scattered field is the sum of such contributions from every
segment of every molecule in the scattering region. When the scattering
region is small in dimension compared with the distance to the detector Y,

one finds for the scattered intensity of depolarized light at the detector

C .
= 2
I (t) = zm'Ex(Y’t)l
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y 2

0,2 wO (OL“ OLO) u a
= (Ez) lﬂTC3 Z Z ose(y ,t )cosx(y st . (66)

The correlation function of interest is

ws
<[ ()1 (t+’1‘)> —— (0‘" =0g)

Y1612 C

<(Z Z cose(y‘:{,t')c‘.os)((yi,t:'))2 (Z . cosG(y?,t'-H:? cosx(yﬁ,tﬁ-r))%, (67)

J i I

where < N >t denotes a time average.

We make the usual assumption that the time average is equal to an
origin-independent ensemble average, and also we assume that the rotational
motions .of different molecules are uncorrelated. In view of the discv.ission
for independent particles preceeding Eq.(26), we have three contributions

to the ensemblé average

N(N-1) e*(8,¢,0)g(8,0,00p%  (i=j#k=1) , (68a)
N <]g*(8,¢,0)8(8,9,7) | %) (i=j=k=1) , (68b)
and N(N-1) € 2%(0,,0)8(8,4,TI)?  (i=1#i=k) . (68c)

where we have defined

g(6,¢,t) = jS S§c(0,¢,t)cosBcosxd(cosb)dp s (69)
6 ¢ |
where 6c(6,¢,t) is the distribution function for the orientations of the
segments which gives the fraction of segments per unit solid angle with
directional segment axes in the element of solid angle 6,¢ at time t.
This distribution function may be expandgd in the complete set of

spherical harmonics,
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8e(8,6,t) = ) by (DY, (0,0) : (70)
L,m

Substitution of Eq.(70) into Eqs.(68) and subsequent substitution into
E.(67) leads to the result

(E)

<I ()1 (t+1.')> o 202 (0, ~0) N2

2
(2 212 Ipq\ om (0)bpq(0)>> +(2 zlgm o] 2m(0)bpq("r)>) . (71

s Pyq m p,q

where we have retained only the quadratic terms in N and defined the

integrals Il o by
b

Iz’m = S-S Yz’m(6,¢)cosecosxd(cosa)§¢ . (72)

-

To evaluate the integral, .we use the addition theorem of Legendre polyno-
rd

mials to express cos) as

| | +1
cosx = P (cosx) = (47/3) > Yf’m,(e,@yl 1 (1/2,0). (73)

m'=~1

The integral now has the form

2,m

D ey

S Y, (9,¢)cosbcosxd(cosb)dd =
¢

41

: S Y (8,0Y (8, 0)Y |, (1/2,0)cos0d(cos0)dg. (74)

4

+1
=-10 ¢

t

It is clear from Eq.(74) that the ¢ integration gives 27 when m = m 0,

+]1 and zero otherwise. The term Y1 m,(1r/2,0) is non-zero when m' = *1
b
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with the result that the only non-vanishing integrals are

_-Vi?l_ *
I2,11 -+ Y30 Iz,:l . (75)

The intensity autocorrelation function becomes finally

(e° ) 2
16
<& ()1 (t+Ti> - zcg (a‘|_ao)“N2u2 55%

{ (<|b2,1(0) | 2> - Reé:’l(O)bz’_l(()») 2
s oy o)) o

For a polymer whose length is very long compared to its persistence length
it is expected that the crossterm Re(é:’l(o)bz’_l(Tf> is negligible compared
. to the direct term <é:’1(0)b2’1(Ti>. Thus, the time~varying part of the

. phototube curr?nt Jac(t) arising from the depolarized intensity has a
correlation function essentially proportional to the square of the autocor-

relation function for the amplitude of Y2 1(6;4)) [or equivalently Y, _i(e,¢)]
b . ’

fluctuations in the angular distribution of segments, i.e.,
/ ~ < E >2
SO CL R NN OLING) . (77)

where
T
( ) o

2,2 16w

-0, ) (78)

00Q b
and Q is the efficiency of the phototube.

In order to proceed from Eq.(77), we must adopt a model for the
reorientation of the polymer molecules. Let us assume that the long axes

for-the molecules behave like independent rigid rods. The development of
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the probability function for an arbitrary distribution of points omn a
unit sphere (i.e., the tips of the orientation vectors) is identical to
that which led to Eq.(55). At this point, however, the integration is
carried out over all initial angle orientations [6c(0,¢,t=0) = 6c(6,¢)]
instead of the spatial volume of the solution, using the appropriate

probability weighting function

(6n,)?
exp —Zjﬁ—)= exp(—- T’Z%:- SS [8c(8,9)1%d(cosB)dd] . (79)
T * °8 ¢

The quantity 6c(8,¢,t) is governed by the rotational diffusion equation of

Debye
08c(6,9,t) _ DV26¢(8,6,t) , (80)

ot

where-Vé is the Laplacian operator over the surface of a sphere

S N TSP N S
Vo = sind 36 " 39 * 5in7s Te2 , (81)

and DQ is the rotational diffusion coefficient. Substitution of Eq.(70)

into Eq.(81) leads to the equation for b, m(t),
]

0

sz-ﬁz’m(t) = —2(£+1)D9b2,m(t) s (82)
with the solution .
bz’m(t) = bl,m(C)exp[—2(£+l)DQt] . (83)

The distribution function for the orientation fluctuations 6c(0,¢,t) is

8c(8,4,t) = sz’m(mexpx—sz(z-a-l)bgcnz,m(o,@ : (84)

2,m
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Substituting Eq.(70) into Eq.(79) and using the orthogonality property
of the spherical harmonics, we have for the probability weighting function

at t = 0,

Y v, (@]?
2 £,m

exp(_ l’g 8c(8,$)?d(cos®dp | _ o | Zom - _ (85)
[0}

2c
0 °

The normalized probability function then takes on the form

. 2W
exp(- Flbg ol
l,bl O,bl lo.o)dbl -ldbl odbl 1..' = I[ bl . (86)
’ ’ ’ ’ ’ L,m N/2

Py = PO, _

where N/4m is the uniform concentration R of points over the solid angle.
We then have the following averages for the manifestly Gaussian distribu-

tion of amplitudes

<b2»;1‘11(0)> - SPNbR,m(O)dbl,—ldbl,odb1,1"’ =0, (87)
and
<<%2,m(0)b2',m'(02> = ‘SPNbl,m(o)bl',m'(O)dbl,-ldbl,odbl’l"'

= (N/4m)6 (88)

Z,l'am,m' .

Therefore, the £,m and %',m' modes are uncorrelated on the average and

Eq.(76) reduces exactly to Eq.(77) which now has the form

<Jac(t)Jac(t+'r> = 2 exp(-120,7) . (89)
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THE AUTOCORRELATION FUNCTION OF THE PHOTOTUBE CURRENT WHEN TWO TYPES

OF PARTICLES ARE PRESENT

It is conceivable that the sample one uses in a dynamic light
scatﬁering experiment is not perfect in the sense that only one type of
particle is present in solution. For example, some molecules may form
high molecular weight aggregates or dust particles may be present in the
solution. ﬁe assume, therefore, that the sample contains two species
of macromolecules; one which is very much larger than the other. 1In
a unit volume of solution there are N, of the smaller molecules each made

S

up of U segments, or scattering centers, with excess polarizability Og

There are also NL~of the larger species each containing U segments of

excess polarizability aL. The instantaneous polarizability of the point

r in solution is

-

N N,
oz, 0) = ogp SIr-r;(0)] + oy sirr (6)] , (90)
j=1 k=1

ﬁith,the Fourier transform [cf., Eq.(24)]

W o
a(k,t) = aSZexp[—ig-gj(t)] + OLLZ_exp[—ig°£k(t)] . (91)
=1 k=1

The position Ei(t) of the Bth segment in the mth molecule may be expressed
in terms of the center of mass Bm of the molecule and the relative dis-

placement I therefrom,

() = R () + 1o(e) , (92)
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When Eq.(92) is substituﬁed into Eq.(91), which in turn is employed in

Eq.(22), the following expression results,

<J(t)J(t+T)> LY XZZZ *<%%nn

k,%,m,n Qs B,Y56
esp(iK- [R (0)+13(0)4R_(D+z5 (1) -Ry (D -r[ (DR (O (0] . (93)

In view of the discussion preceding Eq.(40), the autocorrelation function

for the phototube current becomes
<J(O)J(T)> Az{ N g (Ng=1) (uzPS(g))2 + OLI':NL(NL-l) (v?p (K))?
+ 202NN, WP0PPG (P (€) + o [CT¥E (R, 1) 12165 (K, )12
+ et >tk 1) 12 [Clnt(k 1% + 2a aLceXt(K )Clnt(K T)CeXt(K,T)Cént'(g,T)

© o+ el + o, 'r)} . (94)

int

where P(K), D X,1), CeXt(g,T), and Clnt(g,r) are derined by Egs.(33),

'(35), (38), and (39), respectively, for the molecules S or L. Since the
Dint(g,T) terms in Eq.(94) ;ontain only a single sum over the molecules,
while the remaining terms contain double sums over the molecules, the
'former terms may be expected to be exceedingly small compared to the
latter under essentially all experimental conditions, and they will

henceforth be ignored. Retaining only the terms which are quadratic in

the numbers of melecules, Eq.(94) can be written as

CHOI() = A2 [0ZNGH?P (K)+a2N VPP, (K) ]

+ [a 1nt(K T)C (S’T)+aicint(§:T)CEXt(K’T)]2 , (95)
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where the first term of Eq.(95) represents the static contribution and
the secoﬁd term contains the time dependence of the autocérrelation
function [cf., Eq.(26)].

For rigid rods undergoing rotational Brownian Motion, for flexible
coils undergoing internal segment diffusion, and for ions on the surfaces
of either rod-like or spherical colloids, the autocorrelation function
C;nt(g,T) for the internal motions is a sum of exponential decays with
relaxation times that are independent of K, or scattering angle 6, but with
amplitudes that do depend upon K, or 6. Furthermore, in all of these cases
the longest reléxation time (associated with electrically neutral fluc-
tuations in the case of the ions) is infinity, and the amplitudes of this
stationary mode is just u? times the interference factor that one would
calculate for thé equilibrium distribution of segments over the appro-
priate internmal coordinates. Fluctuations about this uniform distribution

produce additional scattered light, and also give rise to the non-stationary

decays in Clnt(K,T) For the molecules of dimension much smaller than

Cm/w0 the amplltude of the stationary mode is dominant at all angles,
though it exhibits a maximum at zero scattered angle that may be quite
sharply peaked for large molecules (cf., Fig. 4). The amplitudes of the
non-stationary decays vanish at 6=0°.

For the special cases mentioned above, then, one may write

(X,T) = B exp(—T/TSl) + B exp(-T/TSz) + e, (96)

0 Sl s2

with a corresponding equation for the L molecules, and to an exceedingly

high degree of accuracy, Eq.(95) becomes
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Figure 4

Relative scattering envelops Bg, and BLo for two different sizes of

-

particles S and L.
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@I = A2{}aéNSuZPS(g)+a§NLu2PL(§)]2

2172 _ow2 2 _ 2 -
+aSNSV exp(—2K DST)[BSO+2Bsoleexp( T/TSl)+B31exp( 2T/TSl)+ eos]

Yar2vs2 _o12 22 - 2 -
+a N7V exp(-2K DLT)[BL0+2BLOBL1exp( T/TL1)+BLlexp( 2T/TL1)+ eesl

2.2 2 2 -
+20%02 NN, V2exp[-K? (Dg+D  )T] [Bg 0B, +B, (Bo, exp(~T/T

SO"LO "LO"Ss1 Sl)

+BSoBL1eXp(—T/TL1)+leBLlexp(—T/TSl)exp(—T/TLl)+ ool 97)

When there are enough large particles so that BLO greatly exceeds BSO
over the entire accessible range of scattering angles, then the experiment

is doomed to fail. When BLO is negligible compared to BSO over the entire

angular range, then the high molecular weight material will pose no pro-

blem. Owing to the much greater size of the L particles, will in

Bro
general decrease much more rapidly with increasing 6 than does BSO'

»

Thus, it is possible for BLo to be significant compared to BSO at

small scattering angles, but to be also negligible compared to BSO

at larger scattering angles. It may be anticipated that this will be

the usual experimental circumstance in studies on dilute solutions of

macromolecules. Furthermore, since BSO and BLO are scattering factors

for the equilibrium distribution of the molecules over their internal

coordinétes, BLO and BSO must be proportional to uv? and u?, respectively,

provided that the geometry is kept constant. However, B_, and B being

S1 L1’

scattering factors for mean square fluctuations from the uniform dis-
tribution are proportional to VU and U, respectively, and thus may be

expected to remain smaller than B. . or BSO’ respectively, so long as

L0

the wavelength of light is longer than the radius of gyration RG of

" the molecule. Since BSl and BLl vanish at 6 = 0, they must possess
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maxima at larger scattering angles. Clearly, the products BSOBSl’

BLOBLl’ BSOBLi’ and BLOBSl have maxima at some scattering angle greater.

than 6 = 0. When BLO is sharply peaked in the forward direction as

would be the case for dust or very high molecular weight aggregates,
then the products BLOBLl and BLOle must manifest their maxima at fairly
small scattering angles, certainly at much smaller angles than those

for BSOBSl and BSOBLl'
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IV, Description and Operation of the Apparatus
THE LASER

In order to analyze the time dependent component of the scattered
light in terms of molecular motions, a continuous source of coherent inci-
dent -radiation is necessa?y.

The 6328A line of a Spectra-Physics Médel 125A He-Ne gas laser
was employed in these experiments. As a precaution against possible
fluctuations in the intensity of the incident beam due to temperature
changes within the plasma tube, an arbitrary warm-up period of two
hours was allotted before each experimental run. The operating power
of the unattenuated beam was measured to be between 65-70 milliwatts.

Ihe r.f. field of the Model 261 RF/DC Exciter, which was the,aécompanying
power supply_for the laser was turned up to its maximum power in order
to minimize theﬂéignal due to the oscillations in the laser beam. Even
with this procedure, these oscillations gave a significant contribution.
to the zero—-angle scattered light in the very dilute concentration range.
It was also noticedvthat the laser produced a faint blue halo around the
primary beam. This unpolarizéd blue light was eliminated by a filter
which transmitted light of wavelengths longer than 5800A. The angle
between the direction of propagation of the incident beam and the surface
of the filter waé at some angle other than 90° in order to prevent

reflection of the beam back into the plasma tube.
THE POLARIZERS

The 10mm low power polarizers were purchased from Special Optics of
Cedar Grove, New Jersey. It was not possible to completely extinguish

the incident beam with only one polarizer. This may, in part, be due
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to the intrinsic .03% linear cross component of the laser, The phototube
current resulting from this component was measured to be 1/30 of the cur-
rent due to light scattered from a .055 mg/ml solution of DNA. At
maximum transmission of one polarizer, the power of the transmitted beam
was reduced by approximately 337, probably due to reflection. The
polarizers were each mounted in two concentric aluminum cylinders for
easy adjustment, the outer cylinder being fixed to the optical bench.
A set screw prevented the inmer cylinder from slipping with respect to the
outer cylinder in the course of an experiment. The orientation of the polar-
izers with respect to the polarization of the incident beam was determined
by the phototube current since the power meter was not sufficiently
sensitive to small rotations of the polarizer. Prior to mounting the
sample and lenses, the second polarizer (cf., Figure 5) was adjusted to
the minimu@ transmission as determined by the current., The first
polariier was tﬁén placed on the optical bench and rotated until a minimum
current was obtained. 1In this configuration, the first polarizer was
assumed to be positioned in such a way as to minimize the transmission of
the cross component in the laser beam. This orientation of the first
polarizer was not changed throughout an experimental run. The second
polarizer was always adjusted to a minimum value before any data was
collected in the depolarized experiments., In the polarized finite-
angle Rayleigh scattering experiments, the second polarizer was set at
a maximum transmission at the beginning of the experimental run and was
not changed in éhe course of the run,

The aluminum cylinder mounts were built by Mr. Dick Kair

of this department.
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Figure 5

Schematic diagram of the apparatus. The component parts of this

apparatus are discussed in detail in Section IV. The configuration

presented in this diagram is for the zero-angle depolarized scattering

experiment.
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THE LENSES

Two 10-cm focal length lenses were used in these experiments. The"
first lens was fixed in a mount that could be adjusted in three direc-
tions whereas the second lens could only be adjusted in the plane
perpendicular to the propagation of the incident beam. The lenses
were fixed in their mounts in such a way as to prevent reflection of
light along the direction of propagation of the incident beam. The
lenses were periodically cleaned between experimental runs by wiping their
surfaces with lens paper moistened with spectroscopic grade acetone.

The lens mounts were built by Mr. Howard Fulton of this department.

THE SCATTERING CELLS

The cellfused in the zero-angle experiments was a double jacketed
cell with parallel optical quality pyrex windows. The capacity of the
cell was approximately 50 ml. Prior to filling with the sample, the cell
was flushed with apﬁroximately 3 liters of distilled water. The water
was filtered directly with the aid of an aspirator into the cell through
«22-3.0 micron Millipore filters. Since the sintered glass support in
the commercial Millipore filter holder may contribute dust to the
solution, the final two rinsings were done with the solvent by gravity-
flow with unsupported Millipore filters. The sample to be used in the
experiment was then filtered by graQity-flow through 3.0 micron Millipore
filters.

The cylindrical cell used in the polarized Rayleigh experiments
was made from low birefringence.optical quality pyrex tubing. The

capacity of the cell was approximately 25 ml. Since there was only one
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Figure 6

Schematic diagrams of the sample cells used in the finite-angle
Rayleigh scattering experiments (cell A) and the zero—angle
depolarized scattering experiments (cell B). The arrows represent

the direction of water flow.
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opening in the cell, the stem of the filter holder protruded into the
cell in an attempt to circulate the water when rinsing the cell. Prior
to filling the cell with‘the sample solution, the cell was placed in the
laser beam to check for Tyndal séattering. The sample was then allowed
to gravity-flow through a 3.0 micron Millipore filter directly into the
cell. Temperature control was obtained by means of a specially designed
water jacket. The water jacket consisted Qf two cylindrical metal containers
which fit tightly over the top and bottom portions of the cell. "0" rings
were used at’the points of contact of the cell and water jackets to
prevent leakage of the circulating water. When the cell was in place,
there was apprxomately a 1-2mm spacing between the top and bottom inner
surfaces of the water jacket. |

In the experiments that were carried out on the I-beam (see below),
water was circulated through the water jackets while data was being col-
lected. ThisA&é; not poésible in earlier experiments because the optical
bench was not completely decoupled from the external apparatus.(i.e.,
water bath). Wﬁenever the temperature was changed, approximately 15-30
minutes were allowed to establish equilibrium in the cell after the
temperature attained the new valve.

The scatteriﬁg cells were made by Mr. Ollin Barber and the cylindrical

water jacket was built by Mr. Dick Kair of this department.
THE VIBRATION-DAMPING TABLE

The vibration-damping table was a 3000 pound I-beam which was
decoupled from the floor by 16 springs. The springs were placed in groups
of four on four sets of metal plates for stability and distribution of

weight. The metal plates were then bolted to two smaller I-beams which,
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in turn, supported the larger I-beam. The springs were selected to
compress almost to solid when supporting the total weight. Each spring
was stabilized to horizontal motioﬁ by being placed in a metal cap at
each plate and then running a bolt through the center of the spring leading
from the bottom plate to the upper plate, Each spring acted independently
and was not fixed to either plate., It was estimated that the resonance
frequency of the table was aéproximately 3/2 cycles per second.

To take advantage of the mass of the I-beam, the rotary milling
table used in these experiments was bolted to the I-beam. The optical
bench was fixed to the milling table and the scattering angles were read
directly from the calibration on the milling table. All of the optical
equipment used in the zero-angle depolarized experiments were mounted on
the optical bench. In the finite-angle experiments, however, the sample
cell, first lens, and first polarizer were mounted on a specially designed
platform that w;; bolted to the vibration-damping table, This enabled
the scattering angle to be changed without altering the initial alignment

of the sample cell,
THE PHOTOTUBE

An RCA IP28 phototube and an ITT FW 130 phototube were used in these
experiments. The ITT FW 130 with an S-20 photocathode surface was better
suited for experiments with low intensity scattered light because of its
low noise/signal ratio and optimum quantum efficiency at the laser fre-
quency. Each phototube was housed in a specially designed aluminum case
to shield it from external radiation. The phototube was then attached to
a long brass tube which helped prevent extraneous light from reaching the
sensitive portion of the phototube. Once the apparatus was-aligned, the

phototube housing was then clamped to the optical bench to prevent
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vibrations and slippage. It was not found necessary to cool the
ITT FW 130 phototube in the experiments described here.
The housing units were designed by Mr. Sheldon Danielson and

built by Mr. Howard Fulton of this department,
ELECTRONICS

The electronic amplification and‘filtering system was designed and
built by Mr. Sheldon Danielson with the help of Mr. Peté Wichern of this
department, The d.c. component of the phototube current is continuously
displayed on a long time-constant d.c. meter, while the fluctuating part
is passed through a filter circuit with a response flat to within 17
from 3Hz to 50KHz and a cut—-off was designed to prevent demodulation of
high ffequency components by the lower frequency rate of digitétion. At
the time this.high frequency cut-off was first employed it definitely im—
proved the sigﬁéi quality. There were also two independent attenuator
controls with a combined attenuation of 100. At zero settings, the
attenuators reduced the built-in amplification of 10° to 103,

The filtered (a.c.) signal is relayed to the Analog-Digital converter
of aAPDP-12 computer by approximately 10 feet of coaxial cable. At
designated times under program control the computer initiates the
(18 microsecond) A-D cénversion, and stores. the resulting value of the
voltage in one of 7168 succegsive locations in core. When the core is
completely filled, the data-taking program is interrupted and the stored
data is transferred to tape. Upon completion of the transfer the data-
taking program resumes operation and collects voltages at another 7168
suécessive time intervals, which in turn are stofed on the tape, etc.

Though operating under program control, the actual initiation of the A-D
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conversion is controlled by signals from a 400 KHz quartz crystal clock
and associated buffer registers (KW12 Real Time Clock supplied with the
computer by Digital Equipment Corporatiom).

The digitized signal could be monitored using the scope display
of the computer. The phototube voltage was adjusted to an appropriate
value using the scope display of the signal record. It was found that
an oscilloscope with both external and line triggering modes was
essential for the detection of coherent noise in a continuous display of

the phototube signal.
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V. Alignment and Focussing

The optical bench was mounted on the milling table and fixed at
the zero-angle reading of the vernier scale. A movable target Qas”then
placed on the optical bench and raised to the level of the laser beam.
The target was then translated from one end of the bench to the other.
Both the laser and the optical bench were adjusted so that the beam was
coincident with the target at both ends of the optical bench. Once this
configuration was attained, the milling tabie was bolted to the I-beam
and a target was fixed to the wall.

| At the beginning of each experiment, the polarizers, lenses, and
the sample cell were realigned and fixed in position. In the zero-
angle experiments the front polarizer and filter were fixed in.position
first (cf., Figure 5). The first lens was then placed in position and
adjusted untii the laser beam was symmetric about the target on the wall,
The secbnd lens was then placed on the optical bench and adjusted until
the laser beam was inside the target boundaries, The second polarizer
was then placed in position. Finally, the sample was piaced in a posi-
tién such that the focal point of the first lens was at the center of the
solution.

For the finite—angle scattering studies, the first polarizer and lens
were mounted on a fixed platform together with the.scattering cell. The
scattering cell and water jaéket were simply resting on the platform
inside a specially designed well. The center of the well was placed
directly above the center of the milling table. Due to its cylindrical
shape, the scattering cell gives double images on the wall when not
properly aligned. Alignment was performed by adjusting the position of

the cell in the well until the two images were superimposed, The first
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lens was then placed in position and translated until the focal point

was at the center of the solution. Transverse adjustment of the lens

was made to supefimpose the two images on the wall. The remainder of the
aligﬁment procedure was the same as described above,

Since the ITT FW 130 phototube has a 2mm active spot, the initial
position of the brass collimator is important in reducing the time |
required to find the maximum signal. If the tube is improperly aligned,
the beam of scattered light may bounce off the walls of the tube and
one may erroneously obtain a "maximum" in the signal. To helé prevent
stray light from reaching the phototube due to this bouncing effect,
the walls of the tube were lined with black cloth. The presence of stray
>light was further minimized by using electrician's tape to reduce the
front opening of the tube to a square of approximately 3mm on a side.

The initial alignment was then made by placing a plug with a pin hole

at its center iﬁ‘the far end of the collimator and adjusting the position
of the brass tube until the laser light attains maximum intensity on the
wall, The second lens is then adjusted until a sharp image appears on

a card held at the point where the sensitive area of the phototube is
expected to be when it is mounted on the back of the collimator. Since
the lenses are mounted at an angle to prevent reflection along the

path of the primary beam, it was necessary to readjust the transverse
position of the lens in the focussing procedure. The focus was regularly
checked prior to data collection at every temperature, since the quality
of the signal wés strongly dependent on how well the scattered beam was
focussed, For the angular studies, a solution of polystyrene spheres

was used to provide the image since the scattered light was more intense

from this solution. The focus was initially checked at three or more angles.
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Having aligﬁed the apparatus and focussed the scattered light, the
phototube was then placed in position. The vertical and hofizonfal posi-
tions of the phototube were adjusted until a maximum current was
obtained. 1In the polarized Rayleigh scattering experiments, the second
polarizer was then adjusted until a maximum current was obtained and
then fixed in position with the set screw. This position was not
changed throughout the experimental run. In the zero-angle depolarized
experiments, the polarizer was always set to a minimum before collecting
data. It was extremely important to minimize the current readings in
these depolarized experiments since the primary beam can heterodyne-beat
with the scattered light. Once the minimum was found, an oscilloscope
was used to adjust the final position of the phototube. For some unknown
reason; the a.c. signal on the oscilloscope appeared as cusps ﬁith super-
imposed grass, if the phototube was not properly aligned. Presumably
these cusps weré—due to the plasma oscillations in the laser since they
were observed to increase in magnitude when the power of the r.f. exitor
was turned down. These cusps also appeared if the light was not focussed
through the centers of the lenses. No cusps were observed in the polarized
Rayleigh experiments.

Once the phototube had been positioned, it was then clamped to the
optical bench to prevent slippage during the collection of data. Any
fine adjustment for improving the signal after the phototube was
fixed in position was carried out by readjustment of the horizontal and
vertical positions of the second lens. The signal was then displayed

on the scope of the PDP 12.
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VI. Calf Thymus DNA
PREPARATION OF THE SAMPLE

The most expenéive commercially available grade of highly
polymerized calf thymus DNA (Lot No. AJ1l) was purchased from Worthing-
ton Biochemical Corporation, Freehold, New Jersey. The fibrous material
was introduced directly into a cellophane dialysis bag which contained
approximately 50 ml of gravity-flow Millipore-filtered buffer solutiom.
The buffer consisted of .0953 g/l of KH PO, and 1.1217 g/1 of K HPO,
dissolved in distilled water. The ionic strength was .02'and the pH
was measured to be 7.6, The solution of DNA was then dialyzed against
500 ml of buffer solution with an EDTA concentration of ,01M. The dialysis
was carried out in a cold room (5°C) with continuous agitation using a
magnetic stirrer. The fibrous material was completely dissolved within
6 hours. The DﬁA was dialyzed twice against the EDTA solution, for 24
hours each time. The DNA solution was then dialyzed 5 or more times against
500 ml of the buffer solution without EDTA. The dialysis periods with
the buffer solution varied from 8 to 24 hours, with the final dialysis
always being 24 hours. The DNA solution was then plaéed in a volumetric
flask and stored in the cold room until needed. Preparations of DNA
solutions that were older than 5 weeks were not used in any of the experi-
ments. The stock solution was diluted to the desired concentration with
gravity-flow, Millipore-filtered buffer solution immediately before an
experiment. Co;centrations were obtained at room temperature using an
optical density of A260 = 20 for a lmg/ml solution.?® The Azao/Azso
ratio was found to be .370/.700 = .528, which is comparable to the value

.55 obtained for the low-protein-contaminated sample of calf thymus DNA

used by Liebe and Stuehr.?!
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ABSORBANCE-TEMPERATURE PROFILE

The transition temperature Tm was obtained from the temperature
profile of the hypochromicity (Figure 7. The presence of sucrose
(47 g/100 ml solution) did not significantly alter the T » though the
transition seemed slightly broader (Figure 9). The absorbance-temperature
profile of a DNA solution with an excess of Mg2+ per base was determined
to test the effectiveness of the EDTA treatment (Figure 8). The Tm
changed by almost 9° which indicates that an appreciable fraction of the
phosphate groups cannot possess bound divalent ions after the EDTA treat-
ment. The optical densities for these measurements are presented in
Table I. The total weight lost due to evaporation in a complete tempera-

ture run (approximately 6 hours) was less than .03 grams.
VISCOSITY MEASUREMENTS

The flow times through an Ostwald viscometer for different aliquots
of the same DNA solutions were measured concurrently with the light
. scattering experiment. The viscometer was cleaned by filling it with
concentrated sulfuric acid and letting it stand overnight. After
pouring out the acid, approximately 2 liters of distilled Millipore-
filtered water were flushed through the_viscometer with the aid of an
aspirator. The trate of flow was adjusted so water completely filled
the viscometer and no bubbles were trapped in the bulb., After rinsing,
the viscometer was inverted and air was drawn through it untii dry.
The viscdmeter remained inverfed until needed., The DNA solutions
were first filtered once through a 3.0 micron Millipore filter under
gravity flow and then 3 m; were pipetted directly into the viscometer.

Between runs at different temperatures the ends of the viscometer were
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Figure 7

Hypochromicity-temperature profile of calf thymus DNA in the phos-
phate buffer. The hypochromicity H was calculated from the optical

absorbance Azso(T) at the temperature T(OC) by the relationship

Ao (D) - 4,,(49.6)

T A, ,(81) - A, ,(49.6)

The Tm is approkima;ely 67°c.
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Figure 8

- Hypochromicity-temperature profile of calf thymus DNA in the

phosphate buffer with an excess of magnesium ions present

(Mg2+/phosphate ~4). A change of ~9° in the Tm (cf., Figure 7)

infers that an appreciable fraction of the phosphate groups

cannot possess bound divalent ions after the EDTA treatment.
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Figure 9

- Absorbance~temperature profiles of calf thymus DNA in buffer (x)
and sucrose + buffer (o). The concentration of the sucrose was

approximately-47 g/100 ml of solution.
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connected by a rubber tube to form a closed loop in an attempt to prevent
changes in concentration due to evaporation.
The temperature dependence of the viscometer proportionality con-

stant A(T), defined by
n =AMt , (98)

where n is the viscosity in centipoise and t is in seconds, was determined
from the known values of n for distilled water. Within an error of 1%

of the known values of n for water A(T) was found to have the form
A(T) = .006884 + 1.4571/T , . (99)

in the temperature range 20-80°c.
In the computation of the relative viscosity nrel’ the flow times
were used directly, i.e.,
tso‘ution
n = s (100)
rel t
solvent
since Eq.(98) is not sufficiently accurate. The flow time for the K, HPO,, ,
KH2P0“ buffer at a particular temperature was not measured concurrently
with the experiment but was obtained from a smooth curve drawn through
previously measured flow times at several temperatures. These flow times
are presented in Table II. The computed values of the viscosity n and

nsé/c = (nrel—l)/c are listed in Table III. The temperature dependence of
nsp/c is illustrated in Figure 11.

To determine if the Miilipore—filtering sheared the DNA, the flow
times of unfiltered and filtered solutions of .035 mg/ml were determined.
The DNA solution was filtered 5 times by gravity~flow through a 3.0 micron

Millipore filter. The flow times of 81.84 and 81.92 seconds for the
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TABLE I

a
260

Temperature (°C) in parenthesis

Optical Absorbance A

DNA + Mg2T DNA + Sucrose’ DNA
.255(25) .311(26.4) .223(26.9)
.257(41.7) .315(32.1) .223(41.7)
.250(50.7) .312(41.0) .225(57.5)
.250(57.3) .312(50.8) .226(60.4)
.254(65.0) .312(53.4) .246(64.5)
.258(69.5) .314(56.0) .262(65.0)
.281(73.5) .314(58.0) .272(67.2)
.304(75.3) .321(62.1) .279(68.5)
.313(76.5) .328(63.4) .292(71.0)
.322(77.4) .335(64.4) .300(72.5)
.335(79.1) .344(65.2) .304(74.8)
.330(81.0) .350(66.2) .305(77.1)
.350(64.5) .360(66.8) .305(84.0)
.350(95.4) .371(68.1)

.375(69.1)

.385(70.8)

.393(72.8)

.415(78.9)

.418(84.4)

.415(87.5)

a-loss of <.03 grams in course of these measurements.
b-.078 mg/ml + sucrose which was dilluted by 5 with sucrose solution.
A

A2°° = ,528 at 20°cC.
260
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Figure 10

Flow times of 3 ml of gravity—flow Millipore-filtered KZHPOQ,

KH2P0“ buffer. The flow times used in the calculation of nsp

were obtained, from the smooth curve,
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TABLE III
Concentration n(Solution) (nsp/c)xlO—?. Temperature
(mg/ml) (Centipoise) (dl/gm) (°c)
.068 .6360 2.38 49.5
.6108 2.40 52.0
.5803 2.47 55.4
.5333 2.33 60.4
4713 2.13 68.2
.4365 1.69 72.0
4079 1.44 76.4
.3904 1.22 78.8
.62 ] 1.5884 2.96 48.0
1.4460 2.90 53.0
1.3422 2.86 57.0
1.1608 2.61 63.0
.8698 1.97 72.0
. 8562 2.09 76.0
.7617 1.85 80.0.
.6623 1.57 85.0
.078+sucrose . 2.5825 - 46,0
.- 2.0554 - 53.5
1.5607 - 65.0
1,3895 - 70.8
1.0514 - 82.0
.018+sucrose 1.1363 - ' 49,1
.9562 - 60.5
.7971 - 67.4
.7292 - 72.5

[n] = 23.4 dl/g
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Figure 11

Reduced viscosity (nsp/c) as a function of temperature for
.62 mg/ml (x) and .068 mg/ml (o) solutions of calf thymus DNA

in the phosphate buffer.
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unfiltered and filtered solutions, respectively, indicate that the DNA
was not sheared in this process. Similar results were reported for slow

flow rates of DNA solutions through a .22 micron Millipore filter.2?

APPROXIMATE MOLECULAR WEIGHT

The intrinsic viscosity was determined from the specific viscosity

by the relationship

nsp/c = [n] + k[nl2c s (101)

where ¢ is the concentration of DNA in g/dl. Using the specific viscosity
computed at 48°C for the .62 and .068 mg/ml solutions of DNA and elimina-
ting the term containing k, we find that

In] = 23.4dl/g . (102)

- .

Using the expression employed by Eigner and Doty22

[n] = 6.9x10" 'M"’ , (103)
and also of Spatz and Crothers,23
M = 3.82x10%[n]'"" , (104)

we obtain molecular weights of 3x10° and 2.4x10%, respectively. Since
the intrinsic viscosity of calf thymus DNA increases as the shear rate
of the viscometer decreases,zu 3x10°% is an underestimate of the true
molecular weight. A more accurate molecular weight is obtained if

corrections for the rate of shear are taken into consideration (see Section IX).
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VII, Calcuation of the Autocorrelation Function

Let us consider a time-varying amplitude A(t) that characterizes
some property of a physical system (macroscopic) whose time-average

is zero,
<A(t)>t =0 . (105)

Since the macroscopic behavior of a system originates from the microscopic
details of the system, it is clear that the time evolution of A(t) must

be related to the motion of the microécopic particles. Since the motions
of these particles are of finite velocity, one can always chose a time
interval T such that the value A(t'+T) must, in some way, depend on the
value A(t'), where t' is any arbitrary time. Therefore, the average
value of the product A(t')A(t'+T) does not have a zero average for a
sufficiently small value of T. We define the time—-average autocorrelation

function-<?(t)A(t¥Ti>t as
T
<A(t)A(t+T)>t Z lim %-5A(t)A(t+’r)dt s (106)

-»00

==
where T is the period of observation. The equivalence between time and
ensemble averages, together with the independence of origin of the en-
semble average that is implied by such an ergodic assumption, is here

invoked to obtain

tm

Qmaen), = QOAM) = 6D : (107)

The time average is obtained experimentally by observing the property
A(t) in successive time intervals of duration b for a time period T. In

a single record there are (T/b)+l data points. The single record
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autocorrelation function Sj(nb), where j denotes the record index and

n is an integer, is calculated according to the formula

e A (D)4, (i+nb)
s (b) = > L , (108)
=1
where m = (T/b)+l-n and 0 € n € T/b. The autocorrelation function c(m),
where T = nb, is simply the average of the M single record autocorrelation

functions, i.e.,

M
o) =% Y 5,0 : (109)

i=1

where M = 18 for the calculations reported in this stu&y.

According to Poincaré's Recurrence Theorem, all systems with finite
volume and finifé energy eventually return arbitrarily close to every state
that is available to the system, provided a sufficient amount of time
has elapsed (Poinéaré Recurrence Time)., The autocorrelation function
should also be periodic if this condition is met. On the other hand, if
the molecular processes are truly random and T is much less than the
Poincaré Recurrence Time, then Eq.(109) should approach a well-defined
curve that damps to zero at long times when M - «,

It was a general procedure to collect data at two time intervals:

25 microseconds and either 250 microseconds or 500 microseconds. After
the data was collected at a designated time delay, the autocorrelation
function Sl(nb) was computed for 1024 points. The computation time for
this single record autocorrelation function was approximately 12 minutes.
At the end of thé computation, Sl(nb) was displayed on the scope of the

PDP-12. The data was saved if the magnitude of any ripples that were
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present contributed less than 107 of the display. If the alignment was
not neariy peffect, and if the second polarizer was not at a brecise mini~
mum, in the zero-angle depolarized experiments, the cusps in the signal
introduced a periodic component into the autocorrelation functionm.
Consequently, a typical time required to collect two good data tapes at
one temperature for the zero-angle experiments was greatef than 2 hours,
compared to less than one hour for two tapes of data for finite-angle
studies of the_polarized Rayleigh component. The C(T) calculated using
all the data.on the tape were calculated at a later date using the
RK08 disk.

In the computation of C(T), one had the option of calculating a
'single sequence of p points at q data point intervals, or two sequences
of p and r points at intervals of q and s points. For example, most of

the calculatiens performed in this study involved the computation of 71.

points (ﬁoint.lvindexed as 0) at every point and then 180 points at 10
éoint intérvals, starting with point 81, The first computation was stored
in tape blocks 4 and 5 while the second computation was stored in blocks
6 and 7. At the end of the computation, a contiguous display of both
segments of C(t) [i.e., not the entire contents of blocks 4 and 5 but
only those 1ocatidns storing C(T)] appeared on the scope of the PDP-12
at the end of the calculation. The values for p,q,r, and s were variable
quantities that were read by the computer through the sense switches on

its front panel,
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VIII. Results

The calculated autocorrelation functions obtained from the zero-
angle scattered light data are presented in Figures 12-18. A
semi-log plot of a typical autocorrelation function is presented in
Figure 19 for the data collected at 25 and 500 microsecond intervals.
The low frequency ripples that appear in the 500 microsecond dataiare
probably due to mechanical vibrations. To illustrate that the apparent
linear portion of the 25 microsecond plot is not the longest relaxatién
time, the data is aléo plotted at 10 point intervals, It is inferred
from Figure 19 that the autocorrelation function is composed of at
least two, and probably several, exponential decay functions. If only
the short and long times are to be considered, we can characterize the

autocorrelation function by the general equation

- . ’

.C(%) = Aexé(—r/tl) + Bexp(-T/tz) + C » (110)

where A,B,C are constants and t,,t, are the two characteristic times
at the extremes of the semi-log plot. It is shown in Appendix B that
these extreme relaxation times are related to molecular relaxation times

Tmolec by

te = T 1ec!2 ) (111)

where t. represents either extreme characteristic time. Several of these
curves were subjected to a least-squares analysis (see Appendix A for
the details).

The error in the parameters t1 and t2 obtained from any one particular
curve is typically less than 15% with the majority of these curves having

an error of approximately 10%. Since the error was computed from the
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Figuré 12

The autocorrelation function C(t) for the K,HPO,, KH,PO, buffer
at room temperature. The relative nagnitude of C(T) for the
buffer compared‘to C(t) for a .068 mg/ml solution oﬁ DNA is
approximately 1/4 as determined from the scaling factors in the
programs which compute the autocorrelation function and remove
the numerical values of the (normalized) autocorrelation function

from the tape.
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Figure 13
Computed autocorrelation function for the .62 mg/ml solution
of calf thymus DNA at 48°C. The scattered light was detected

by the RCA IP28 phototube.
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Figure 14

Computed autocorrelation function for the .068 mg/ml solution of
calf thymus DNA at 49°C. The scattered light was detected by the
ITT FW 130 phototube. Even though the concentration of DNA was
10 times smalier; the computed curve has less scatter than the

curve in Figure 13. This is a result of the better quality of the

phototube.
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Figure 15

Computed autocorrelation function for the .068 mg/ml solution of
calf thymus DNA at 72°C. Note that the relaxation time at 72°C

is longer than at 49°C (cf., Figure 14).
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Figure 16

Computed autocorrelation function for a,.62 mg/ml solution of calf
thymus DNA at 85°C. The ripples (approximately 120 Hz) are due to
laser beam fluctuations and always occur in the zero-angle depolarized
experiments i;-the second polarizer is not completely crossed to a
minimum; The reéulting relaxation times are twice as long for this

heterodyne-beat signal than for the homodyne-beat signal (second

polarizer set at a minimum).
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Figure 17

Computed autocorrelation function for a .078 mg/ml solution of

calf thymus DNA in which 47 grams of sucrose/100 ml of solution

‘'were added. -
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Figure 18

Computed autocorrelation function for a .078 mg/ml solution of

calf thymus DNA in which 47 grams of sucrose/100 ml of solution

-

were added.
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Figure 19

Semi-log plot of C(T) vs. the data point number for the .068 mg/ml
concentration of calf thymus in the phosphate buffer at 49°C., The
dots (-? represent the computed autocorrelation function from data
collected at 25 microsecond intervals and displayed at one point
intervals. The triangles '(A) represent the same autocorrelation
function as the dots, with every 10th point being displayed in
this plot. The open circles .(o) represent the computed auto-—
correlation fuﬁéiion from data collgpte& at 500 microsecond
intervals. The ripple is due to mechanical vibration and intro-

duces a periodic component to the autocorrelation.
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maximum and minimum slopes of the semi-log plot, the major source of the
error is due'td the sﬁperimposed mechanical vibration. The curvé in
Figure 16 has the largest error of the data reported in this study
(approximately 60%). The higher frequency (~120 Hz) ripples occurring
in this particular function are due to the intensity oscillations in

the laser light and not due to the lower frequency vibrations. This

is a typical result for the zero-angle depolarized experiment if the
second polarizer is not crossed to a minimum. The scattered signal then
heterodyne-beats with the primary beam and the characteristic relaxa-

tion time is then equivalent with the molecular relaxation time,

t. =T
e molec . (112)

rd

Therefdre, the characteristic times obtained from heterodyne-béat experi-
ments are twice as long as those obtained from the homodyne-beat (self-
beat) experimeﬁéé (see Appendix B).

The characteristic times for the calf thyﬁus DNA solutions used in
these experiments are presented in Tables IV and V. The relaxation
time-temperature profiles for these experiments are presented in
Figures 20-22. Except for the .078 mg/ml solution with a high concentra-
tion of sucrose (47 g/100 ml of solution) a characteristic feature of
these curves is the maximum which occurs approximately 4° above the Tm.
The data obtained on the sucrose samples are mnot as reliable as the
.62 and .068 mg/ml samples because the former samples were filtered
through the commercial Millipore filter holder under pressure, and it
is not known if the DNA was sheared to a lower molecular weight. This

is also the reason why no definite conclusions can be drawn about the

viscosity dependence of the relaxation times. Comparing Figures 20 and 21,
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TABLE IV
Worthington Calf Thymus DNA in

K,HPO, , KH PO, buffer

Characteristic Time

(microseconds) Data
Collection
Concentration Graph Least-Squares Interval
(mg/ml) T(OC) t1 t2 t1 o] _ t2 (microseconds)
.62 48 920 7400 1230 9548 25(a)
48 (1800) (11500) 500(d)
53 910 11000 ' 500(d)
57 980 10900 580 5.8x10°> 10900 25(a)
57 1060 13000 -3 500(d)
63 . 733 4.5x10 9800 25(a)
.63 950 11200 : 500(b)
72 3120 17000 500(b)
. 76 602 , 8700 25(b)
76 1590 14000 . - 500(a)
80 1320 9800 L, 500 (a)
85 600 6100 - 7x10 1800 25(c)
85 (1380)* (12700)* 500 (d)
.068 49.5 690 6500 -3 25(b)
52 1190 8120 - 6x10 5452 25(b)
55.4 410 5800 25 (b)
60.3 - 7100 ' 25(b)
68,2 - 7000 L 25 (a)
72 525 10000 605 1x10_2 9007 25(a)
76.4 840 16200 343  1x10_, 7970 25 (b)
78.8 530 5710 - 8x10 . 4444 25 (c)
49.5 - . 7200 500 (b)
52 - 6700 500 (c)
55.4 - 7200 ' 500 (c)
60.4 - 6000 500 (c)
68.2 - 11350 500 (b)
72 - 13200 500 (b)
76.4 - 10300 500 (b)

( ) = unreliable data~--error greater than 157.

# heterodyne-beat

Data rating: (a) = negligible ripple to (d) = ripple is 10% of curve
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TABLE V

Worthington Calf Thymus DNA in

K,HPO,, KH,PO, buffer + sucrose

Characteristic Time

~ (microseconds) Data
Solution Collection
Concentration 0T graph least-squares Viscosity Interval
(mg/ml) (o t, t t t, n (microseconds)
.078 + sucrose|46 - 12760 2096]12214 | 2.583 25
53.5| - 9350 2.055 25
53.5 - 8740 2.055 500
65 - 6880 1.561 25
65 - 7800 1.561 500
70.8 - 6750 - 6580 1.390 25
70.8 - 7200 1.390 500
82 - 4950 1.051 25
.018 + sucrose|49.1{ 590 |10870 1.136 25
.160.5 (1140 10870 .956 25
60.5 - . 7180 .956 250
67 .4 - 12270 .797 250
72.5| - 6600 | .729 250
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Figure 20

Characteristic times as a function of temperature for the .068 mg/ml
solution of calf thymus DNA in phosphate buffer. The open circles
(o) are the longest relaxation times obtained from data collected

at 500 microsecond intervals. The crosses (x) above the value.of

6 milliseconds are the longest relaxation times obtained from data
collected at éS.microsecond intervals while the crosses below 6
milliseconds are the shortest relaxation times obtained from the
same data. The solid circles (s) are the values for the longest
relaxation times obtained from a least-squares analysis of the

25 microsecond data.
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Figure 21

Characteristic times as a function of temperature for the .62 mg/ml
solution of calf thymus DNA. The notation is the same as in Figure 20.
The least-squares analysis of the 25 microsecond data at 85°C
(represented by (S)) resulted in essentially one exponential function
for C(1). 'Thi;’is probaﬁly due to convergence of the least-squares
analysis to a nearby minimum (but not the absolute minimum) in the

function S since a semi-log plot clearly indicates at least two

exponential functionms.
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Figure 22

Longest characteristic relaxation times for calf thymus DﬁA dis-
solved in the phbsphate buffer and then diluted with sucrose

(in buffer) solutions. The triangles (A) are the values of the
relaxation times obtained from data collected at 25 microsecond
intervals while the inverted triangles (V) are the values
obtaiged from data collected at 250 microsecond intervals, The
crosses (x) déﬁote the values of the relaxation times 6btained
from data collected at 25 microsecond intervals and the open
circles repréégn; the values calculated from data collected at
500 microsecond intervals. It is not known if the higher
concentrations of both DNA and sucrose (cf., Table V for the
viscosities of these samples) are responsible for the suppression
of the maximum that was observed in the other samples or if this
apparent suppores;ion results from shearing the DNA in the

filtering process.
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there does appear to be a concentration dependence (also implying a
viscosity dependence) in the relaxation times. If a viscosity dependence‘
is present, then one might expect it to be a.classical-type of dependence
for these large molecules. The characteristic relaxation time should

then have the general form
t_ = E(x)/T o (113)

where n is the viscosity, T is the absolute temperature, and F(r) absorbs
all of the constants and is a function of the molecular dimensions r.

The temperature profiles of F(r) for the samples used in the present
study are presented in Figures 23 and 24,

The temperature profilé of the op;ical density A260 for DNA in the
potassium phosphate buffer is presented in Figure 25 along with the
temperature pyrofiles of the longest relaxation time and nsp/c for the
.068 mg/ml sampiés.

The polarized finite-angle Rayleigh component of a .018 mg/ml
solution of DNA was also ipvestigated in the temperature regions immediately
below the transitién, at the maximum of F(r), and in a region where the
specific viscosity had decreased by a factor of approximately 2 from the
first region. Data was taken at several angles in the region prior to
the transition in order to obtain the diffusion'coefficient from the
sin®(6/2) dependence, which is illustrated in Figure 26. The results of

the finite-angle study are summarized in Tables VIIT and IX.
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TABLE VI
Characteristic t T
Times F(r) = 2
(migroseconds) n
sec-deg Data
centipoise Collection
Concentration Temperature Interval
(mg/ml) oc t, t, Fl(r) Fz(r) (microseconds)

.62 48 920 7400 .185 1.495 25
.62 48 (1800) (11500) .362 2,32 500
.62 48*% 1230 9548 . 248 1.930 25
.62 53 910 11000 .204 2,480 500
.62 57 9280 10900 «239 2.689 25
.62 57% 580 10900 142 2,680 25
.62 57 1060 13000 .260 3.196 500
.62 63% 733 9792 .212 2.834 25
.62 63 950 11200 «275 3.242 500
.62 72 3120 17000 1.235 6,743 500
.62 76% 600 8700 . 245 3.546 25
.62 76 1590 14000 .648 5.707 500
.62 80 1320 9800 .612 4,541 500
.62 - 85 600 6100 .321 3.297 25
.068 49,5 690 6500 347 3.296 25
.068 49,5 - 7174 - 3.637 500
.068 52 1190 8120 .633 4,323 25
.068 © 52% - 5452 - 2,901 25
.068 52 - 6700 - 3.565 500
.068 55.4 . 410 5773 .231 3.267 25
.068 55.4 : - 7200 - 4,074 500
.068 60.3 - 7100 - 4,436 25
.068 60.4 - 6000 - 3.751 500
.068 68.2 - 7000 - 5.068 25
.068 68.2 - 11350 - 8.217 500
.068 72 525 10000 .415 7.903 25
.068 72% 605 9007 478 7.118 25
.068 72 . - 13200 - 10.432 500
.068 76.4 840 10162 .723 8.704 25
.068 76.4% 343 7970 .294 6.827 25
.068 76.4 - 10300 - 8.823 500
.068 78.8 530 5710 473 5.146 25
.068 "78.8% - 4444 - 4,004 25

*Least-squares values
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Figure 23

Temperature dependence of F(x) = tT/n for the longest-relaxation
time of calf thymus DNA dissolved in the phosphate buffer. The
time intervals used in collection data are: delta (A), 500
microseconds;- theta (@), 25 microseconds; crosses (x), 25 micro-
seconds; open éirdles (o), 500 microseconds. The symbols (¢)
and (e) represent the least—squa;es computed values from the

25 microsecond data of the, .62 mg/ml and .068 mg/ml solutions,

respectively,
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TABLE VII

Data

Characteristic tzT Collection

Concentration Temperature time t, Fz(r) = —_ Interval

(mg/ml) oC (microseconds) N (microseconds)

.078+sucrose 46° 12755 1.5756 25
46°% 12214 1.5087 25
53.5 9346 1.4846 25
65 6875 1.4889 25
70.8 6750 1.6701 25
70.8% 6580 1.6281 25
82 4950 1.6714 25
53.5 8740 - 1.3884 500
65 7800 1.6893 500
70.8 7200 1.7815 500
.018+sucrose 49.1 10871 3.0815 25
60.5 10870 4.0450 25
60.5 7182 2.6726 250
67.4 12270 5.2396 250
72.5 6600 3.1269 250

*Least—-squares calculation
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Figure 24

Temperature dependence of F(r) = tT/n for the longest relaxation
time of calf thymus DNA solutions diluted with concentrated
sucrose solutions. The time intervals used in collecting data
are: trianglés'(A), 250 microseconds; inverted triangles ),

25 microseconds; open circles (o), 500 microseconds; crosses (x),

25 microseconds.
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Figure 25

Temperature profiles of the reduced viscosity and longest
relaxation time for the .068 mg/ml solution of DNA along with the
optical absorbance of DNA in the phosphate buffer. The ordinate
for the reduced viscosity (x) is in units of dl/g. The ordinate
for the relaxation time @,®,0) is in units of milliseconds.

The sinéle open circles (o) are the characteristic times obtained
from the 25 microsecond data. The double circles @ are the
longest relaxation times obtained from data collected at 500
microseconds. The error was determined from the maximum and
minimum'slope of the semi-log plot of the autocorrelation function.
The triple circles are the valﬁés obtained from a least-squares

analysis of the 25 microsecond data.
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Figure 26

Sin?(8/2) dependencé of the reciprocal of the shortest (t,)

and longest (tz) characteristic times obtained from finite-angle
polarized Rayleigh scattering data. The long time component

is probably due to aggregation or dust. The non-zero intercept
is indicative of rotational (or internal) relaxation processes
contributing to the scattered light in addition to the trans-
lational relaxation process. The diffusion coefficient obtained
from the slﬁpe of (1/t1) v;. sin?(8/2) is comparable to the value

.2x10_7cm2/sec obtained by Dubin, Lunacek, and Benedek ﬁsing

self-beating light scattering techniques.
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IX. Discussion

On the basis of a comparison of the Azao/Azso ratio and the com—

puted intrinsic viscosity (high shear rate) of the calf thymus DNA
used in the present study with existing literature values, we infer
that the DNA samples were of low protein contamination and were not
unusually degraded, The total percent absorbance change [A260

(27) = 37% further suggests that all of the DNA was in

(84) -
A260(27)]/A260
the native form. A change in the Tm by almost 9° (to a higher value)
resulting from the addition of an excess of Mg2+ (Mg/P = 4) implies

that the phosphate groups of the EDTA treated'DNA possess very few,‘

if any, bound divalent ions.‘ Comparison of Figure 12 with

Figures 13-18 indicates that the Millipore-filtered solvent (i.e.,

dust particles present in the solvent) does not contribute significantly
to the autoco}relation function. We must conclude, therefore, that the
relaxation times obtained from the computed autocorrelation functions
pertain to molecular relaxation processes in the DNA molecule.

A number 6f déterminations of orientationa; relaxation times of
nafive DNA's have been previously reported and the more recent of these
are collected in Table X togethér with the method of measurement. Except
for the dielectric dispersion figure all direct measurements were per-
formed by stopped-flow techniques. Therdieletric dispersion probably
arises almost entirely from fhe ion~atmosphere polarizaticn and provides
essentially no hard information regarding orientational relaxation of the
DNA itself. A number of estimates of the rotational diffusion coef-
ficient based on steady-state flow-dichroism or birefringence measurements
have élso been made, and these results too are presented in Table X. It

is necessary to assume that the molecules are rigid ellipsoids in order
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to obtaiﬁ a value of the rotational diffusion coefficient from these
measurements. The T2 and T4 DNA's used in the stopped-flow measure-
ments had molecular weights of 1.2-1.3x10%, much higher than the calf
thyﬁus used in this study. Callis and Davidson®® found an empirical

relation between the longest relaxation time and the molecular weight

-14 1,6

T. = 5.0x10 M . (114)

1,

Using this-relation one may estimate the time appropriate for calf
thymus DNA of any particular molecular weight. The molecular weight of

this calf thymus DNA was estimated from its viscosity. The Ostwald

viscometer employed had a velocity-average shear-rate ldv/drlVel =
APR2/15nL, (where AP = pressure drop, R = capillary radius, L = length
of capillary,.and n is the médium viscosity) of about 2060 sec-l.

At this shear,raFe, the observed nsp/c is 23 dl/g, which lies somewhat
above Fhe curvebof log(nsplc) vSs. (shear)lﬁ found for calf thymus DNA by

Frommer and Miller.2"

It may be inferred from their graph that this
DNA has an nSP/c at zero-shear in excess of 72.5 dl/g, perhaps as high as
90 dl/g. Using this estimate (72.5 d1/g) for nSP/c at zero-shear, the

molecular weight is estimated from the relation of Spatz and Crothers,?3

M= 3.82x10“[n];°“ , (115)

to be M =~ 15x10%., Also the S,,. OFf Frommer and Miller's DNA is peaked
]

at 26 corresponding to M = 14.5x10%, Taking the value M = 15x10° for our

calf thymus DNA, the estimated relaxation time is
T, = 14x10  sec , (116)

which is slower by about a factor of two than was found here at 50°c.
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Allowance for the higher temperature (50°¢C vs. 25°C) and concomitantly
lower solvent viscosity (.56 cp vs. .89 cp) characterizing these.studies
(compared to those of Callis and Davidson) would be expected to bring
the estimated T quite close to the values observed here at 50°C. The
lower ionic strength (.02 vs. .l) employed in the current studies
might be expected to slow the rate of rotational relaxation as Wada has

26 From Wada's results a slowing down by about 30% ﬁight be

shown,
expected at 25°C, and presumably even less ét higher temperatures. 1In
view of the uncertainties involved in estimating the molecular weight and
the different conditions prevailing in the two studies, the agreement
between the relaxation times is satisfactory. Certainly, the dichroism
(or birefringence) relaxation times are in principle the same as the
ones appearing in the autocorrelation function of the depolarized com-
ponent of the-scattered light.

The two oﬁtstanding features of the T-dependence of the relaxation
times are: (i) the maximum occurring in the relaxation times near
T = 72°C and (ii) the failure of the relaxation times to decrease on
the high T side of the transition to values well below those charac-
terizing the native form on the low T side, despite a substantial de-
crease in the viscosity as T is raised through the transition. Such
behavior clearly contradicts the predictions of the Rouse-Zimm?7’28

model as derived by Zimm. The expressions for the longest relaxation

time in the "free-draining" and '"non-free draining' limits are
T, = éMnn] /n®RT , (117a)
and T, = Mn[n]_/.586RT(4.04) , (117b)

1

respectively, where n is the solvent viscosity and R is the gas constant.
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It is apparent that any decrease in either M or [n]o as the temperature
is raised above IM should lead to a decrease iﬁ T,, contrary to what
w;s observed. Collapse of a rigidvrod structure to random coils would
also be expected to yield a much reduced relaxation time. Both the
rigid rod and freely-jointed bead-spring models are inadequate to ac-
count for these data.

The near equality of rotational relaxation rates (above and below
TM) for molecules of such different character suggests that somewhat
different mechanisms operate above and below TM. On the high T side
of the transition, the molecules might be expected to resemble closely
the freely-jointed Kuhn segments of the Rouse-~Zimm model. However,
below TM the rigidity to axial torsion of the molecule is not con-
cordant with the free-jointing of the beads and springs essential to
that model. It is probable that in a flexible, but still torsiomally
rigid, moleculé-;he rotational Brownian motion about the long-axis of
any segment is coupled to the end-over-end motion of the segments about
their short—axes. Thus, the long-axial Brownian motion of a bent speed-
ometer cable in a swimming pool will produce’also some short-axis
reorientations of some of the segﬁents in the cable. The friction
coefficient for spinning about the axis of the cable (or molecule)
is rather low, and the motion is quite rapid. Some coupling of this
rapid motion to the end-over-end reorientation of segments might be
expected to enhance the raterf relaxation of the optical anisotropy
(as the purely long-axis spinning will not do).

This torsional rigidity is distinct from flexibility or rigidity

with respect to short axis bending. As the temperature is increased

toward TM the DNA melts locally, perhaps at bends, and the long-axis
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Brownian motion is not propagated through those melted regions because
they have lost their torsional rigidity. The rate of the long—akis
diffusion will increase since the friction coefficients for the
shortened rotating segments are smaller, Yet, because the torsional
rigidity fails over a short distance,'the long—-axis rotations do not
couple with the end-over-end short-axis rotations of distant segments,
and it is therefore less effective in relaxing the fluctuations in
segment orientations. At this point (near TM) the rate of relaxation
of the segment orientations has slowed to a minimum. Further melting
completely decouples the long-axis from the end-over-end segment rota-
tions, but the flexibility increase enables these latter motions to

proceed slightly faster than before.
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APPENDIX A: LEAST-SQUARES CALCULATION

The autocorrelation function for the experiments in this study

is assumed to be of the general form,
C(nt) = Aexp(-an) + Bexp(-bn) + C s (AD)

where A,B,C are constants, n is an integer, t is the unit time interval,
and a = t/tl, b = t/tz, where t,,t, are the characteristic relaxation

times., The weighted least-squares method then minimizes the function

N
2wn[nn - Cnt)}2 = s , (A2)

n=m

where Wn is the weighting factor of point n, Dn is Fhe value of the nth
point of Fhe computed autocorrelation fumction, m,N are the initial and
final points, respectively, in the region. To eliminate any complication
arising from very fast relaxation processes, m was éhosen such that
mt > 250 microseconds.

If the initial guesses for the parameters A,B,C,a, and b are very

close to the "true" values, we can expand Eq.(Al) in a Taylors series

and retain only the first correction term,

c(nt) = c%(nt) + Zic—g—g?ll Lo , (A3)
=0 .
o

where o is a generalized parameter, Co(nt) is C(nt) evaluated at the initial

o . . e .
' — o is the difference between the initial

guess parameters, and Aw = o
guess and the first corrected value of the parameter. Substituting

Eq.(A3) into Eq.(A2), minimizing the function S with respect to the



238
parameters o, and retaining only the first derivative terms, leads to the

expression,

Z ( - Ct) - z BC(nt)I Ao> (z BC(nt)I o) =0 . (A%)
o o=q, 8 B=B -

If we now define the vectors

®, = do , (45)

- BC(nt)
(Dy = ) WD, - )15 | , (46)
=0,
and the matrix
N . ’ :
- oC(nt) oC{nt)
(g)aB - an E) 9B | _ o ? (a7)
o n=m o=a,
B=B
we can write Eq.(A4) in the form
I=GR . - (48)

Therefore, the value of the first corrected guess parameter o' is

obtained by solving Eq.(A8) for (g)a
1 _ . © -1
o =o + (gD, . (49)

This procedure is repeated until the fractional change Aa/a is less
than some arbitrary value for all of the parameters.

Since A,B, and C are constants, we can obtain expressions for these
parameters in terms of exp(-a) anq exp(~b). Minimization of Eq.(A2)

with respect to these parameters leads to the expressions,
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N N
A =[Z wn[Dn - Bexp(—bn)—C]exp(-—anE/Z Wnexp(—Zan) , (A10)
. n=m

n=m

N N

B ={Z wn[Dn - Aexp(-an)-Clexp(-bn) Z Wnexp(—-?.bn) , (A11)
n=m n=m
N N

C= [Z wn(Dn ~ Aexp(-an) -Bexp(—bnz) Z Wn . . (A12)
n=m n=m

For given values of a and b, we can solve the set of simultaneous

equations (A10) to (Al2) for A, B, and C. On defining the quantities

N

F(1l) = X Wnexp(-an) s (Al3a)
) . n=m
N

F(2) = 2 W exp(-bn) , (A13b)
n=m
N

F(3) = 3 W, , (Al3c)
n=m
N

F(4) = WnDn R (A134d)
n=m
N

F(5) = z Wnexp(-an) s (Al3e)

n=m
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N

:F(6) = EZ WnDnexp(—an)

n=m

N

F(7) = Z Wnexp(—na-'-nb)

F(8)

F(9)

F(10)

F(ll{

F(12)
F(13)

F(14)

1}

n=m

F(8)F(3) - [F(1)]?
F(8)F(9) - F(6)F(7)
F(4)F(8) - F(6)F(1)
F(1)F(7) - F(2)F(8)
F(8)F(5) - [F(D]}?

The quantities A, B, and C are

and

[F(LO)F(11)+F(12)F(13) 1/[F(14)F(10)~-F(14) F(13)]

b

[F(6)F(3)~F(4)F(1) 1/F(10)-B{F(7) F(3)-F(2)F(1) ]/F(10),

[F(4)-AF(1)-BF(2)]/F(13)

(A13f)

(Al3g)

(A13h)

(A131)

(A133)

(A13k)

(A131)

(Al3m)

(Al3n)

(A14)

(Al15)

(A16)
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In the actual computation of the least—squareé values of the parameters,
the initial guess values for a and b were obtained from a semi-log
plot of the computed autocorrelation function and the initial guess valués
for A, B, and C were computed from Eqs.(Al4)-(Al5). If the autocorrelation
function appeéred to be a single exponential, the rows and columms
corresponding to the parameters B and b in Eq.(A9) were set equal to
zero and, of course, B was set equal to zero in Eqs.(AlS) ana (Al6).

It was found that some of the curves could not be fit to an equation
of the form in Eq.(Al). After a few iterations, some of the parameters
would obtain enormously large values. This is probably because the
matrix g was ill-conditioned.

For each curve that was fit by the least-squares method, the function

g = [S/(N-m)];i ' ’ (a17)

’,

was computed. The parameters obtained from the best least-squares fit

were found to be reliable when o < 10—2.
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APPENDIX B: MIXING WITH THE PRIMARY BEAM

When the analyzing polarizer is rotated away from the intensity
minimum, then some of the primary beam is mixed with the scattered
beam, resulting in an alteraticn of the correlation function of the
phototube current. If ¢ is the angle by which the analyzer is
rotated from the intensity minimum; then the transmitted electric

field amplitude at the detector is just

Es

(R,t) = E_(R,t)cos¢ + E, (R,t)sing . (B1)
The intensity is

Ty() = z%lEd,(R,t)!z =

2 .2 2c . *
cos ¢Ix(t) + sin ¢Iz(t) + = cos¢51n¢Ex(R,t)Ez(R,;) , (B2)
and its autocorrelation function is given by

<I¢(t)]'_¢(t+1:)>t = cos*o (DI (=41,

42

+ 16m2

cosz¢sm2¢<€:(R,t)Ex(R, t+’r)Ez(R,t)E:(R,t+T)>t
+ sin*¢ Iz(t)Iz(t+'r)>t + cos?¢sin?¢ I (0T (t+1) + :[z(t)l:x(t+r>t

% ' _.‘*
+ %—ﬂ%os%sinq; Ix(t)EX(R,t+T)EZ(R,t+T) + LX(R,t)Ez(R,t)Ix(t+’r)>t

2 % *
+ 4—;cos¢s.in3¢ I-(6)E_ (R, t+T)E, (R, t+7) + EX(R,t)Ez(R,t)IZ(t+T)>t . (B3)

The last two averages rigorously vanish when the motions of the molecules

responsible for the scattering are uncorrelated. Writing Eq.(66) as
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N wu 2
F ' '
I(c) = Iz(t)-(—E'o—)-Z Z z_ cose(tJj)cosx(tJj) . (B4)
- Z° \J=1 j=1
we find
I¢(t)1¢(t+T) = cos"¢(T_(6)I_(t+1)p {A + %FZN(N—l)uzM(r)z}
1
+ 4cosz¢sin2¢<§z(t)lz(t+T) tj%%%?‘%; ?M(T)
+ sin‘*¢éz(t)lz(t+r)>t
+ 2cosz¢sin2¢<?z(t)IZ(t+T);;Ak R (B5)
where
& s * %
M(T) = %- 6’251(0)b2,1('{)>ens - ReéZ,l(o)bZ,'-l(T) ens ' (B6)

The term with M(T) is the heterodyne term resulting from mixing the scattered
beam with the primary beam, while the M(T) term is the so-called homo-
dyne term. When the molecglar correlation function M(T) is an exponential

decay, then the héferodyne term will decay half as rapidly as the homodyne

term,
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