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Physics

Heavy-ion collisions at the Relativistic Heavy Ion Collider (RHIC) produce a tremendous

amount of data but new techniques are necessary for a comprehensive understanding of

the physics behind these collisions. We present measurements from the STAR detector of

both pt-integral and pt-differential azimuth two-particle correlations on azimuth (φ) and

pseudorapidity (η) for unidentified hadrons in Au-Au collisions at
√
sNN = 62 and 200

GeV. The azimuth correlations can be fit to extract a quadrupole component—related

to conventional v2 measures—and a same-side peak. Both pt-integral and pt-differential

results are presented as functions of Au-Au centrality. We observe simple universal energy

and centrality trends for the pt-integral quadrupole component. pt-differential results can

be transformed to reveal quadrupole pt spectra that are nearly independent of centrality. A

parametrization of the pt-differential quadrupole shows a simple pt dependence that can be

factorized from the centrality and collision energy dependence above 0.75 GeV/c. Observed

trends seem to be in conflict with standard hydrodynamic theories.

Angular correlations contain jet-like structure with most-probable hadron momentum

∼ 1 GeV/c. For better comparison to RHIC data we analyze the energy scale dependence

of fragmentation functions from e+-e− collisions on rapidity y. The results in a parameter-

ization of fragmentation functions that enables extrapolation to low Q in order to describe

fragment distributions at low transverse momentum pt in heavy ion collisions. We convert





measured minimum-bias jet-like angular correlations to single-particle hadron yields and

compare them with parton fragment yields inferred from spectrum hard components. We

find that jet-like correlations in central 200 GeV Au-Au collisions correspond quantitatively

to pQCD predictions, and the jet-correlated hadron yield comprises one third of the Au-Au

final state in central collisions. These observations conflict with claims of “jet quenching”

at RHIC.
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Chapter 1

INTRODUCTION

1.1 Nuclear Collisions

The study of high-energy heavy-ion collisions involves colliding large nuclei at energy scales

typically encountered in high-energy elementary particle physics. The development of accel-

erators able to achieve increasingly large energies in the center-of-mass frame of a collision of

leptons or hadrons has been the driving force behind developments in high-energy physics.

High center-of-mass energy allows new particles to be created and new physical regimes to

be studied. For example, if an electron and a positron collide at high energy they produce

a system with a large amount of available energy but no net quantum numbers—conserved

quantities which restrict allowed particle production. This permits new heavier particles

to be created. In a proton-proton collider such as the Large Hadron Collider (LHC) at

CERN, the collisions occur in the substructure of the proton, but the ultimate goal is the

same. Protons are not fundamental particles, and in this energy regime most of the hard

scatterings are dominated by gluons found within the protons.

While the physics goals of the heavy-ion program at the Relativistic Heavy Ion Collider

(RHIC) differ from elementary particle physics, the accelerator and detectors have much

in common. Originally, the primary goal of the relativistic heavy-ion physics program was

the creation of a quark gluon plasma (QGP), a deconfined state of matter consisting of

free quarks and gluons. But even if no QGP were formed at RHIC there is still much

to be learned by studying heavy-ion collisions. In the most general sense what we study

in heavy-ion collisions is collective effects in nuclear matter under extreme conditions. In

this dissertation we summarize statistical methods to analyze RHIC data with as little bias

as possible in order to avoid imposing preconceived physical models. Many conventional

analysis techniques at RHIC are based on physical assumptions which can produce biased

conclusions.
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1.1.1 The Quark Gluon Plasma

Quantum Chromodynamics (QCD) is the theory that describes the strong nuclear force

holding nuclei together. One of the essential properties of QCD is confinement: quarks and

gluons cannot exist as free particles and are instead confined in particles known as hadrons.

In QCD—unlike the similar theory of quantum electrodynamics (QED) which describes

electromagnetism—the force-carrying gluons themselves carry the “charge” of the strong

nuclear force: color. This means that the QCD field is strongly self-interacting. A pair of

electrically charged particles in a bound state can be pulled apart, and the strength of the

force between the particles diminishes with distance. But the QCD field between a pair

of particles with color is confined within narrow tubes and does not become weaker with

distance. In fact as one does work on the system in an attempt to separate a pair of bound

quarks eventually there will be enough energy to create a new quark-antiquark pair. This

new quark-antiquark pair may bind with existing quarks to form new hadrons. The quarks

can only exist in a colorless bound state with other colored particles. This is the property

of confinement.

This phenomenon is the principle behind jets, which are prevalent in all hadronic col-

lisions above a center of mass energy of about 13 GeV [159] and will be explained further

in Sec. 1.3. Under the extreme temperatures and pressures present in heavy-ion collisions

it has been proposed that the quarks and gluons within hadronic matter might exist as a

plasma rather than in hadronic bound states. This quark-gluon plasma would be a funda-

mentally new state of strongly-interacting matter[130]. Creating this state has been one of

the principle goals of the RHIC program.

Because the search for the QGP has been the driving goal behind the development of

the RHIC physics program many of the observables that have been studied at RHIC were

chosen according to models which claimed they should be signatures of a QGP. However,

while pure QCD calculations of QGP properties under ideal conditions have been performed

using lattice QCD, it is impossible to calculate all possible dynamics in a heavy-ion collision

with current techniques. QCD is a difficult theory to work with even in ideal circumstances

because the self-interactions of the QCD field make it highly nonlinear. In a heavy-ion



3

collision the QGP, if produced at all, is an extremely short-lived state existing in a violent

and dynamic environment. Because QCD calculations of QGP properties under these cir-

cumstances are nearly impossible to make, much of the theory discussed in the field relies

on simplified models based on hydrodynamics.

An expected consequence of the formation of a QGP is rapid collective expansion, typ-

ically called “flow” [101]. It should be noted, however, that the existence of flow does not

require a QGP. Hydrodynamics is the standard framework for analyzing flow and we will

spend much of this paper exploring the implications of flow for experimental observables.

However, we wish to avoid imposing preconceptions on the data and will attempt to analyze

the collective behavior of nuclear matter in a model-independent way.

1.1.2 History of Heavy-Ion Physics

High energy heavy-ion collisions have been studied since the Bevalac; the name given to

the union of the 6 GeV Bevatron accelerator at Lawrence Berkeley National Laboratory

and the SuperHILAC linear accelerator. The Bevatron was built as a weak-focusing proton

synchroton which began operating in 1954, and SuperHILAC was a flexible linear accelerator

that originally functioned independently but was linked to the Bevatron in 1974. The

Bevalac was the only machine in the world capable of accelerating any element on the

periodic table. A wide variety of fixed-target heavy ion collisions were carried out there.

Physics at Bevalac energies is very different from what we study today at RHIC, but

many of the measurement techniques used today have their origins at the Bevalac. Hy-

drodynamic models were developed at the Bevalac, but they described different underlying

physics. Since there wasn’t enough energy at the Bevalac to produce a QGP, or even sig-

nificant additional particle production, these models described compression-expansion cycle

of projectile nucleons involved in the collision [152]. Observations from the Bevalac were

largely consistent with these hydro models, including sideways deflection of the momentum

flux and complete nucleon stopping at near-zero impact parameters [144].

The next major facility for studying heavy ion collisions at the time was the 33 GeV

Alternating Gradient Synchrotron (AGS) built at Brookhaven lab which began operating
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in 1960. This facility is actually still in use today as the booster for RHIC.

Prior to the RHIC program the highest-energy heavy-ion accelerator was the Super

Proton Synchrotron (SPS) at CERN. Housed in a 6.9 km circumference tunnel, the SPS

has been operating since 1976 and is capable of accelerating protons to 450 GeV and Pb

ions to 158 GeV per nucleon (fixed target). It is still in use today as the booster for the

Large Hadron Collider. Heavy-ion physics at SPS energies is qualitatively different from

that at the Bevalac. At the SPS production of new hadrons from jets became possible, while

at much lower energies the observed particles are dominated by the protons and neutrons

already present in the nuclei of the colliding ions.

The Bevalac, AGS and SPS accelerators all drove fixed-target programs. A fixed target

means that the center-of-mass energy available in collisions is considerably less than the

beam energy, and the gap between the energy of the accelerator and the center-of-mass

energy only gets larger at higher energies. For instance the 158 GeV per nucleon Pb beam

used at the SPS only corresponds to about 17 GeV per nucleon in the center-of-mass frame.

Moving to a collider allows access to the beam full energy. When two projectiles collide

with equal but opposite momenta, the lab frame is the center-of-mass frame and the available

energy is the sum of the energy in the two beams. The world’s first hadron collider was

the Intersecting Storage Rings (ISR) at CERN which began running in 1971, but heavy-ion

experiments were not performed with a collider prior to RHIC.

After the success of the ISR at CERN there were plans to build a proton-proton collider

at Brookhaven National Lab called ISABELLE, after “Intersecting Storage Accelerator”

plus “Belle” for beauty—a reference to the original name of the bottom quark. But that

project ran into many problems, in particular with the superconducting magnets that were

necessary for the desired energies. After many setbacks the project was canceled in 1983.

With the growing importance of heavy-ion physics an alternative use of the ISABELLE

facility was proposed. It was found that a Relativistic Heavy Ion Collider could be built on

the site of the ISABELLE project [129]. Construction of RHIC was completed in 1999 and

physics data taking began with the first collisions occurring in Run 1 on June 12, 2000 at

56 GeV per nucleon center-of-mass. Subsequent operations achieved 130 GeV per nucleon

later in 2000. The design energy of 200 GeV per nucleon was achieved during Run 2 in



5

2001.

The Large Hadron Collider (LHC) heavy-ion physics program is now running at a much

higher energy than RHIC, capable of colliding heavy ions at 2.76 TeV per nucleon. Some

might question the value of continuing RHIC in the LHC era, but there is still much to

learn at RHIC energies. A number of observables—some of which will be discussed in this

paper—have hinted at a fundamental shift in physics between SPS and RHIC energies. If

there is a phase transition in that region then it makes sense to study observables near

the transition point rather than well past it at LHC energies. A recent beam energy scan

program at RHIC intentionally lowered the machine’s energy well below design energy in

order to probe for this transition. And this paper will demonstrate that there is still much

we don’t completely understand even at full RHIC energy.

1.2 Hydrodynamics

The QGP phase of matter is conventionally described theoretically in terms of relativistic

hydrodynamics. In a hydrodynamic description of A-A collisions a large pressure is assumed

to arise early in the initial state and drives collective motion or flows. Flows manifest both as

radial expansion of the the system—known as radial flow—and an anisotropy in the azimuth

particle distribution due to an initial-state overlap anisotropy in non-central collision, which

can be described as either directed flow or elliptic flow. These types of flow will be discussed

throughout this paper.

1.2.1 Assumptions of Hydrodynamics

For hydrodynamics to be applicable there must first be a locally thermalized system [154].

The exact mechanism of thermalization is unknown, and the requirement for thermalization

is one of the most difficult aspects of hydrodynamic theory. The timescale required for

thermalization is actually less than the size of the system divided by the speed of light,

which means that complete thermalization is not even possible in principle. But many

models assume only local thermalization.

There are actually three components to a hydrodynamic calculation. The first is the rel-

ativistic hydrodynamics calculation, followed by freezeout (hadron production), and hadron
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rescattering. Furthermore, since a hydrodynamic calculation starts with the assumption of

a locally-equilibrated system it cannot describe anything about the system prior to equili-

bration. Initial conditions have to be provided from some other source, and different initial

conditions can affect the final outcome significantly.

Momentum anisotropies in the final state (produced particles that can be measured in

a detector) require the existence of an initial spatial anisotropy. In standard hydrodynamic

theory final-state anisotropy requires rescattering within the produced matter [101]. In

any collision that is not perfectly central there is a natural spatial anisotropy defined by

the reaction plane, the plane defined by the impact parameter between two nuclei and the

beam direction.

The emergence of hadrons from a QGP system is typically described as “freezeout”. In

theoretical models hadrons are generated at freezeout with procedures such as the Cooper-

Fry formula. The hadrons are subsequently rescattered with a model such as Relativistic

Quantum Molecular Dynamics (RQMD) [154]. There are actually two different freezeouts

in hydrodynamic theory, a chemical freezeout which fixes the abundance of hadron species

and a kinetic freezeout after which the hadrons are no longer rescattering enough to act as

a thermal system.

Unfortunately, there is no comprehensive theoretical model that can address all of the

complexities in heavy-ion physics. Instead we have a patchwork of several theories and

models applied to specific aspects of the collision system, each with its own assumptions,

tunable parameters, and uncertainties [26]. Conceptual advancement must be driven by

experiment rather than theory.

1.2.2 Predictions of Hydrodynamics

While many observations from RHIC have been attributed to hydrodynamics, after the first

few years of RHIC running it is clear that there is no “smoking gun” evidence that a QGP

has been formed [26]. The QGP has even been predicted to exist at SPS energies but should

“live” longer at RHIC [154]. The size of the system can also affect QGP properties, and

this has been explored to some degree at RHIC with collisions of smaller copper nuclei in
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place of gold nuclei.

One class of hydrodynamic predictions is global event variables: statistical measures

based on integrals of particle yields over momentum space (kinetically accessible) inspired

by thermodynamic quantities. Examples of analogs to temperature include spectrum inverse

slope parameter T and ensemble-mean pt, p̂t. Analogs to chemistry include hadron yields

and their ratios, for instance the K/π meson ratio [64, 77]. There are also several measures

related to critical point fluctuations [151].

One of the most widely-discussed global features is the large-scale angular structure of

the event-wise particle distribution. This is commonly expressed using low-order spherical

or cylindrical harmonics on azimuth and described as “flow”. Flow may manifest itself in

several ways. Radial flow is inferred from the transverse momentum spectra of measured

hadrons. The hydrodynamic expansion of the medium is said to drive a collective velocity

of produced hadrons. It is measured with phenomenological fits to the pt spectra assuming

some (ad hoc) velocity profile and a common decoupling temperature [106].

In addition to radial expansion, flow might produce an anisotropy in the momentum

distribution of particles produced in a non-central nucleus-nucleus collision. In non-central

collisions it may be possible for hydrodynamics to convert the initial spatial anisotropy

into a momentum anisotropy, described as elliptic flow. Elliptic flow is said to be mea-

sured at RHIC by observing the azimuth anisotropy of the measured hadron spectrum

dN/(dyp⊥dp⊥dφp) [101]. Anisotropic flow is also claimed to have been observed at the AGS

[63] and SPS [140].

The conventional measure of elliptic flow is v2, which is defined theoretically by the

second component of the Fourier decomposition of the particle azimuth distribution relative

to the plane of the collision. This reaction plane is not a directly observable quantity

however, and there are a number of systematic biases that make estimating it difficult.

Techniques for measuring v2 will be explored in Chapters 4 and 5. In hydrodynamics the

maximum v2 occurs in the limit of perfect local thermal equilibrium at every space-time

point [101].

Some authors refer to the measured quantity v2 directly as “elliptic flow” but this is a

confusing practice. Elliptic flow is a physical mechanism and v2 is a measured anisotropy
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in the particle distribution. While the theory of elliptic flow certainly does produce a v2

coefficient, other physical processes can as well. It is dangerous to assume that any observed

v2 is the result of elliptic flow.

It is generally assumed that large-scale angular structure represents collective motion

of the thermalized medium. Therefore, large v2 values are interpreted by many as direct

evidence for event-wise thermalization in heavy ion collisions [74]. This leads to fitting event-

wise angular distributions with model functions conventionally associated with collective

dynamics, that are then interpreted physically as thermodynamic in nature.

The hydrodynamic description of heavy-ion collisions is far from complete, however.

Hydrodynamic predictions are expected to fail for very peripheral collisions as well as at

sufficiently high pt. There is still a conflict between continuum hydrodynamics and discrete

multiparticle systems. Furthermore, hydrodynamic models are classical models and do not

include quantum mechanical effects. Quantum effects may still play a major role in heavy-

ion collisions.

1.2.3 The “Nonflow” Problem

Thus far we have been describing hydrodynamics and its predictions as if flow were the only

mechanism responsible for particle dynamics at RHIC. In real data other processes can affect

bulk measurements, such as Hanbury Brown Twiss (HBT) correlations, resonance decays,

and jets. In the context of v2 measurements such effects are often collectively referred to as

“nonflow”. While several factors may contribute to nonflow, there is evidence that a large

number of minijets—fragments from low-energy partons, mainly gluons—are produced at

RHIC [28, 29], and this is likely the dominant source of nonflow.

Hydrodynamics cannot describe jets, so it is typically assumed that jets are either not

produced until the freeze-out stage or must come from very high-energy partons that have

to force their way through the QGP medium. Jets produced under these conditions would

therefore have very different scaling properties from jets produced from fragmentation in

vacuum. For instance, the number of observed jets would be suppressed in heavy-ion colli-

sions compared to a linear superposition of nucleon-nucleon collisions. We will discuss jets
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in more detail in the next section.

In a conventional flow analysis all azimuth correlation structures not attributable to

hydrodynamic flow are labeled “nonflow” and treated as a systematic bias. While nonflow

has a relatively small contribution to correlation structures at SPS energies and below,

at RHIC there is evidence of copious minijet production that’s actually in excess of what

would be predicted from a superposition of nucleon-nucleon collisions [29, 28, 138, 139, 30].

This means that the nonflow contribution may be as large or even larger than the flow

contribution. If that is the case then it is necessary to reassess this analysis strategy and

treat “flow” and “nonflow” more equally.

1.3 pQCD in HEP and Nuclear Collisions

QCD describes the strong interaction, but it is a difficult theory to work with. In [87] it was

said about QCD, “Perhaps it is for the first time in the history of physics that a theory which

is neither precisely defined nor proved to have the right to exist as a consistent theory has

become so popular.” The non-abelian nature of the QCD field means it is self-interacting.

As a result there are very few conditions in which analytic calculations can be made within

the theory. Even numerical techniques like lattice QCD are inefficient and difficult to apply.

Despite the difficulties of working with QCD it has been a successful theory within certain

limits. One of these is the high-energy perturbative QCD (or pQCD) limit, the principle

prediction of which is fragmentation. Fragmentation is a fractal-like splitting process in

which an initial high-energy parton turns into a shower of correlated hadrons we call a jet.

Since hadrons are massive particles there is a minimum amount of energy needed to create

them so unlike a true fractal the QCD splitting process cannot continue indefinitely. The

end result is a shower of correlated final-state hadrons. Perturbative QCD does a good job

of describing these jets over a large range of energies.

Feynman rules in the QCD Yang-Mills theory made it possible to perform calculations

with perturbation theory by expanding amplitudes in the dimensionless coupling αs, analo-

gous to the fine structure constant in QED [87]. But the color coupling constant αs = g2/4π

is not small as in QED. This makes the perturbative expansion difficult, and it is typically

limited to high energies.
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1.3.1 Descriptions of Jets

The field of high-energy heavy-ion collisions is unique because of the convergence of the

disciplines of nuclear physics and high energy physics. So far we have discussed the hy-

drodynamic description of nuclear collisions and bulk properties which are usually only

studied in nuclear physics. However, jets have been observed experimentally in high-energy

collisions since 1975 with the SPEAR e+e- storage ring at the Stanford Linear Accelerator

Center [99]. They remain an important contribution at RHIC.

Jets can be produced in any collision with sufficient energy. Jets in hadronic collisions are

common, but they are simpler to analyze in e+-e- collisions. In the most common e+-e- jet

event, a back-to-back quark-antiquark pair is produced initially and each quark fragments

into a jet. In the simplest jet events in e+-e- the back-to-back jet pairs (dijet) is all that is

produced in the collision. Not only is it a very clean signal, but we know the precise energy

of the initial partons because momentum conservation dictates that each must have exactly

half of the center-of-mass collision energy.

Hadronic collisions are more complicated, since hadrons are not elementary particles.

There can be a hard scattering between a pair of quarks or gluons within a hadron, but

the remaining components of the hadron must also react in some way which produces

backgrounds. Furthermore, the initial energy of the partons produced in a hard scattering

can’t be known exactly because the momenta of quarks and gluons within a hadron will

fluctuate. But jets are an important process and have been observed in some form or other

by every modern hadronic collider.

In heavy-ion collisions it is possible that the jet structure is actually modified compared

to what we observe in proton-proton collisions [28, 168]. There has even been some debate

over what the term “jet” means. Some would claim that true jets are only produced by a

vacuum pQCD fragmentation process. Meaning that if the parton interacts with a medium

before or during fragmentation then whatever is produced isn’t actually a jet. The frag-

mentation process of a jet in a strongly-interacting medium is altered. In this dissertation

we will use the most basic definition: a jet is a cluster of correlated particles produced from

a single parton (a quark or gluon). But in this context we must be explicit about what we



11

are measuring or calculating as a jet.

At high energies in elementary collisions jets have been well described by perturbative

QCD calculations. However, these calculations start in the limit of asymptotic freedom and

cannot describe jets fragments at very low energies [165]. Experimental techniques has also

relied on large-energy hadron clusters to identify jets and were therefore not effective at

measuring low-energy jets. Low-energy jets are a problem for both theory and experiment.

But we must remember that pQCD is, by nature, nothing more than an approximation

to the true QCD physics. If a pQCD approximation at an energy outside of its range of

validity does not accurately describe an observation it is not necessarily a failure of QCD

as a theory of nature. It is a failure of our ability to calculate quantities using QCD.

1.3.2 Minijets at RHIC

Throughout this dissertation we will use the term “minijet” for low-energy jets observed

without a jet trigger. A number of observations at RHIC have indicated that the non-

sinusoidal components of angular correlations are dominated by fragments from low-energy

partons [29, 138, 28, 165]. These have been studied using both fluctuation techniques [29]

and two-particle correlations [138, 28]. This document emphasizes correlation techniques.

We identify certain correlations of small numbers of hadrons—sometimes only two or three

in a cluster—as minijets.

High-energy jets are an important part of QCD theory and experiment, being one of the

few observable processes that can be accurately calculated in QCD theory using perturbation

techniques. Due to the asymptotic freedom at high energies in QCD theory, the pQCD

expansion starts at high energies and then works towards lower energies. Since the initial

discover of jets many measurements have been made with a wide variety of collision systems

and detectors. As pQCD theory has continued to develop, adding next-to-leading order

(NLO) and next-to-next-to-leading order (NNLO) terms, the boundary of what can be

described theoretically has been pushed lower and lower. At the same time more-sensitive

experimental techniques have led to jet measurements at lower and lower energies.

The term “minijet” was first used by the UA1 collaboration [43] and referred to jet-like
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structure that pushes the boundary of what is typically classified as a jet. It is very difficult

to calculate pQCD terms beyond NNLO, so minijets may occur at energies below what

can be described theoretically. Even so, pQCD is ultimately an approximation and minijet

observations appear to be on a continuum with higher-energy jet measurements. It is not

unreasonable to label them as jets.

While certain angular correlation structure is one of the defining properties of jets, an

angular correlation alone does not imply that the correlation was the product of fragmenta-

tion of a parton. Jet-like angular structure is a necessary but not sufficient condition. With

detailed analysis of the momentum dependence, centrality evolution, and the relationship

to jet observations in other collisions systems it is possible to link the angular correlation

measurements done at RHIC to fragmentation processes as will be discussed in Chapter 9.

Minijet observations are important theoretically as well as experimentally. QCD theory

predicts that an abundance of soft gluons (minijets) should be produced in collisions at

RHIC. [114] Furthermore, minijets may dominate the production mechanism for the QCD

medium (QGP) [132, 62]. Minijets may also serve as a probe of medium properties, including

the extent of thermalization. It’s possible that minijet effects can even offer alternative

explanations for certain hydrodynamic observables. Minijets may relate medium properties

and collective motion to a theoretical QCD context. Minijets can be regarded as Brownian

probe particles for the QCD medium. Their systematics provide strong constraints on

“nonflow” in the conventional flow context.

1.4 Correlations

In much of high-energy physics there is an emphasis on quantities that can be extracted

from a single event. A large event sample is desired for statistical purposes, of course, but

many fundamental techniques such as jet reconstruction have to be done effectively on an

event-by-event basis. In the extremely noisy environment of heavy-ion collisions this isn’t

always a practical approach. Throughout much of this document we discuss techniques

which determine correlations averaged over ensembles of many events. We find that this is

a powerful tool for the analysis of heavy-ion data.

There is a large volume of data collected in heavy-ion collisions, not simply in terms of
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the number of events but also the number of particle tracks observed in each event. This

can lead to novel analysis approaches. A typical analysis may address millions of events,

each of which can include over a thousand observed particles in each event. Fig. 1.1 gives

an example of a single central Au-Au collision in the STAR time projection chamber (TPC)

[15]. The details of how this detector works will be explained in Chapter 2, but for now

it is enough to understand that each line represents a track made by one particle in the

TPC. When dealing with so much data a statistical approach must be taken. Many of the

techniques presented in this dissertation were developed from information-theory principles

and then applied to particle data for heavy-ion collisions.

Figure 1.1: Example of tracks in a reconstructed event in the STAR TPC [15].

Correlation techniques are not new to particle physics. The most general methods

for studying any sort of anisotropy in particle production require measuring correlations

between particles. An early example is measurements of two-particle angular correlations

in p-p collisions at the CERN ISR on momentum subspace (η, φ) [113] which were described

in terms of longitudinal (string) fragmentation [53].

Correlation measurements are sensitive to a range of physical processes. The benefit is

that they can be sensitive even to very small effects which may be difficult to observe any
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other way. But since so many different physical processes can contribute to a correlation,

at times it can be difficult to properly interpret the results. Correlations are also very

sensitive to systematic issues in data taking and track reconstruction. Some of these issues

can be reduced with the proper choice of statistical reference—see Chapter 5—but even so

interpreting correlation data physically should be done with caution.

Nuclear collisions may exhibit complex correlation structures that depend on the ge-

ometry of the parton collisions, nucleon collisions, and nucleus collisions corresponding to

minijets, N-N collision dynamics, and collective behavior. All three sources are important.

Hydrodynamic flow is not isolated from these other mechanisms, but instead exists on a

continuum with them. We therefore require analysis methods that treat the jet and flow

contributions on equal footing in order to provide distinction and comparisons. We also

do not wish to impose the hypothesis being tested onto the measurements. For these goals

correlation analysis is the best available tool. Correlations can be measured and modeled in

p-p and Au-Au collisions without imposing a physical hypothesis, and they provide access

to fragments from minimum-bias partons as well as even softer physics.

In Chapter 5 we will present analysis methods and statistical measures that can be used

to distinguish geometrically the azimuth quadrupole moment attributed to elliptic flow from

“nonflow” effects, primarily minijet correlations. Quadrupole amplitudes are obtained from

fits to 2D angular autocorrelations on azimuth and pseudorapidity. Jet structures are also

isolated and can be related to known fragmentation processes.

1.5 Structure of this Dissertation

This Introduction gives a broad overview of the points that will be discussed over the

course of this document. Chapter 2 will discuss the experimental setup, variables, and

data sets of the RHIC facility and STAR experiment. Chapter 3 will discuss the conflict

between hard and soft physics in heavy-ion collisions. Chapter 4 will give an overview of the

standard flow analysis techniques and measurements in use today. Chapter 5 will describe

the correlation methods unique to this analysis. Chapter 6 will apply those methods to

pt-integral data. Chapter 7 will apply those methods to pt-differential data. Chapter 8

will discuss an analysis of fragmentation functions in e+e− collisions and how it relates to
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heavy-ion collisions. Chapter 9 will return to our correlation data and discuss what we can

learn from the observed same-side peak structure in the context of minijets. Finally, we will

discuss what all of these results mean for the field of heavy-ion physics in Chapter 10
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Chapter 2

THE STAR EXPERIMENT

2.1 Overview of RHIC

The Relativistic Heavy Ion Collider was constructed to investigate strongly interacting

matter at high energy density. This is accomplished by colliding heavy ions at per-nucleon

center-of-mass energies (
√
sNN ) up to 200 GeV. Typically, gold ions are collided but p-p

collisions are an important reference system. d-Au and Cu-Cu collisions have been used

to study the properties of different collision systems. There is also a spin physics program

at RHIC using polarized proton beams, but the spin program will not be discussed in this

document.

RHIC was designed to be an extremely flexible machine. As mentioned in Chapter 1

it was built in the 3.8 km circumference tunnel originally intended for the ISABELLE

accelerator. During the design of RHIC some of its parameters were constrained by the

desire to reuse existing ISABELLE facilities, but many of its features were brand new.

RHIC was designed to be able to collide proton beams as well as beams of different ion

species with the same center of mass energy per nucleon. This requires beam rigidities—

which correspond to the strength of the magnets necessary to steer the beam—to be able to

vary by as much as a factor of 2.5. Asymmetric collisions are also possible, with the most

the extreme case being colliding gold ions with a deuteron beam. This requires separate

rings that can operate with different magnetic fields as the rigidities of the two beams will be

different. Unfortunately while the beam rigidities at RHIC can accommodate both protons

and gold ions it is not possible to operate the two beam lines with such a large rigidity

difference simultaneously so proton-gold collisions are not possible.

One of the principal design features of RHIC is the use of superconducting magnets.

Cryogenically cooled to 4 Kelvin the dipole bending magnets generate the 3.458 T field

necessary for 100 GeV per nucleon beams to make their trip around the RHIC tunnel. In
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addition to the bending magnets a number of additional magnets are needed for focusing,

primarily quadrupoles and sextupoles. Gold ions experience a much stronger intrabeam

scattering from Coulomb repulsion than protons do, as the force is proportional to Z2/A2

[100]. Therefore, a heavy-ion accelerator needs much stronger focusing than a typical proton

machine.

RHIC was also designed for a spin physics program that collides polarized proton beams.

It is the highest energy polarized proton facility in the world. The spin vector precession

frequency is proportional to Gγ, where G is the anomalous magnetic moment of the proton

and γ is the usual Lorentz factor [100]. The number and strength of potentially depolarizing

resonances increase along with this frequency, so the higher the beam energy the more

difficult it is to maintain beam polarization, which was a significant factor in the design of

RHIC.

2.1.1 The Acceleration Process

The RHIC rings are the final stage of the acceleration process, but there are several addi-

tional systems required to create the beam and bring it to injection energy. Fig. 2.1 shows

the complete BNL accelerator complex. For heavy-ion physics the important facilities are

the tandem Van de Graaf accelerators, the AGS booster, the AGS, and RHIC itself.

For 40 years the ion source of the AGS and RHIC complex was a pair of tandem Van

de Graaf accelerators, though that has now been replaced by the Electron Beam Ion Source

(EBIS) facility. The data used in this dissertation were taken with the older Van de Graaf

facility in place. The purpose of both facilities was to function as an ion source and handle

the initial acceleration of these ions. Ions would enter the booster accelerator with energies

as high as 2 MeV per nucleon and Q = +32. There is also a 200 MeV linear accelerator

which functions as the first stage for protons.

The booster accelerates the ions up to 95 MeV per nucleon and bunches the beam with

a two-cavity RF system. The bunching process operates on the eighth harmonic of the

revolution frequency to produce one bunch per harmonic and reaches a frequency of 5 MHz.

When it is time to extract the beam the eight bunches are merged into four and the ions are
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Figure 2.1: An overview of the BNL accelerator complex containing RHIC, its boosters,
and sources [100].
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Figure 2.2: Left: RHIC geometric layout and beam lines [100]. Right: A summary of
integrated luminosities for RHIC heavy-ion runs gathered from [59].

stripped to Q = +77 and delivered to the AGS. The tandem-booster cycle itself operated

at a rate of 5 Hz, producing 16 bunches in the AGS. The AGS merged these bunches and

accelerates the single bunch to 10.8 GeV per nucleon. The final two electrons are then

stripped on the way to RHIC.

Each ring of RHIC consists of three inner and three outer arcs and six interaction regions

joining them. Figure 2.2 (left panel) shows a more detailed diagram of the accelerator.

Arcs are divided into 11 cells, with each cell consisting of a single dipole and a spool-piece

assembly each containing a quadrupole and a sextupole, plus concentric correction elements.

In total the arc system consists of 288 dipoles, 276 quadrupoles, 288 sextupoles, and 492

corrector magnets.

Each RHIC ring is typically filled with 60 bunches from the AGS, with each bunch

containing approximately 109 ions. The insertion system consists of 108 dipoles and 216

quadrupoles. In addition there are 72 trim quadrupoles. These systems allow RHIC to

reach up to 100 GeV per nucleon per beam.
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RHIC reached its design goal of 200 GeV center-of-mass energy in Au-Au collisions in

Run 2 (2001). Since then RHIC has surpassed its luminosity goals. Figure 2.2 (right panel)

shows integrated luminosity numbers for all heavy-ion physics runs to date. In this paper

we will be using Au-Au collision data from runs 1 and 4.

2.2 Overview of STAR

The Solenoidal Tracker at RHIC (STAR) experiment is one of four experiments located at

the Relativistic Heavy Ion Collider (RHIC) at Brookhaven National Laboratory. STAR and

PHENIX—the two large detector systems—are still operational. The other two experiments,

PHOBOS and BRAHMS, were smaller more-specialized experiments which are no longer

running.

While PHENIX was developed as a collection of specialized subsystems designed to

be sensitive to specific physics signals and emphasized non-hadronic physics, STAR was

designed to track as many particles as possible to obtain more general information about

each event. STAR’s design emphasizes hadronic physics. STAR has much in common

with detectors used in high energy particle physics, being built around a large solenoid and

tracking chamber with full azimuth coverage.

2.2.1 STAR detector subsystems

STAR was designed to measure many observables simultaneously with the intent of looking

for signatures of a QGP phase transition. The primary design feature of STAR is measure-

ment of hadron production over a large solid angle with high precision tracking. This is

primarily achieved in STAR’s large-volume time projection chamber (TPC). In addition a

Silicon Vertex Tracker (SVT) for charge particle tracking close to the interaction region was

part of the initial design for STAR, but it has been removed in the most recent runs. The

SVT consisted of 216 silicon drift detectors (or about 13 million pixels) arranged in three

cylindrical layers at approximately 7, 11, and 15 cm from the beam axis [15]. This was

supplemented with a layer of Silicon Strip Detectors (SSD) which are still in place.

There is a basic diagram of the STAR detector subsystems in Fig. 2.3. The heart of

STAR is the 4 m long TPC with complete 2π azimuth coverage and a pseudorapidity range
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Figure 2.3: A Perspective view of the various detector subsystems in STAR [15].

|η| ≤ 1.8. It provides the equivalent of 70 million voxels (3D space bins) via 136,608 channels

of front-end electronics (FEE) [15]. The momentum of tracked particles is determined by

the curvature of particle tracks in the 0.5 Tesla magnetic field. Another important feature of

the STAR detector is particle identification by ionization energy loss (dE/dx) in the TPC. A

recent upgrade to STAR has added a time of flight (TOF) system based on multigap resistive

plate chambers (RPC) which greatly enhances its particle identification capabilities [128].

The TOF system extends the momentum range at which particles can be identified but was

not available for the present analysis.

Additional tracking is provided in the forward region with a pair of radial-drift forward

TPCs (FTPC) covering 2π azimuth and 2.5 < |η| < 4. There is also an electromagnetic

calorimeter (EMC) and endcap electromagnetic calorimeter (EEMC) that feature shower-

maximum detectors to distinguish high momentum single photons from photon pairs pro-

duced by meson decays (not shown on the diagram).

The Zero Degree Calorimeters (ZDC) measure neutral particles produced in the direction
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of the beampipe and are important for triggering as will be discussed in Section 2.3.2. The

ZDCs consist of tungsten absorber plates with optical fiber connections to a PMT. Since

the ZDCs are outside of the dipole magnets charged particles are deflected and can’t reach

them. However, neutrons produced from the breakup of the heavy-ion nuclei in a non-central

collision continue along the original beam direction and reach the ZDCs. The ZDCs are

unique detectors in that they measure a larger signal in peripheral collisions than in central

collisions. In a central collision most of the nucleons participate in the collision and do not

maintain their initial forward momentum. However an extremely peripheral collision may

fail to completely break up the collision nuclei, producing fewer neutrons than a slightly

more central collision. The ZDC will then measure a smaller signal for the most peripheral

collisions.

The first major subsystem for triggering was the Central Trigger Barrel (CTB). That

has now been replaced by the TOF system. The CTB consisted of 240 slats surrounding

the TPC which measured charged particle multiplicities in 2π azimuth and |η| ≤ 1. Unlike

the TPC the CTB didn’t do any detailed tracking, but it was a much faster detector so it

could be used for triggering. Like most mid-rapidity detectors the CTB provided a stronger

signal for more-central collisions, since more particles are produced.

The kinematic quantities describing the particles we measure are the particle’s azimuth

angle φ, pseudorapidity η, and transverse momentum pt. Pseudorapidity is a spatial co-

ordinate describing the polar angle of a particle relative to the beam axis, defined by

η ≡ − ln[tan(θ/2)] where θ is the polar angle. Transverse momentum pt is measured by

the curvature of tracks in the TPC. The majority of data in used in the analysis presented

in this document are based entirely on the TPC for consistency, reliability, and quantity.

2.2.2 Kinematics

The precise location of a collision event in the detector is called the event vertex. Particles

produced in the event travel outwards from this vertex through the various detector sub-

systems. The vertex position is tightly constrained in two dimensions by the geometry of

the beampipe but it can vary significantly along the beam axis.
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Because of the cylindrical symmetry of the detector it is natural to separate kinematic

variables into longitudinal (typically referred to as the z coordinate in a Cartesian coordi-

nate system) and transverse quantities (the x-y plane). This is particularly important for

momentum since it is measured by observing the curve of a particle track in the detector

magnetic field. Due to the orientation of the magnetic field we can only measure momentum

in the transverse plane. The magnitude of the momentum in the transverse plane is the

transverse momentum pt, with p2
t = p2

x + p2
y. We also refer to other transverse variables

that defined in a similar manner.

It is conventional in particle physics to use a rapidity yz for the longitudinal momentum

pz. Rapidity is a relativistic measure of speed constructed such that rapidities in parallel

directions are simply additive. The small-rapidity limit is equivalent to non-relativistic

speed. The formal definition of rapidity is a hyperbolic angle

y ≡ tanh−1 v

c
. (2.1)

In particle physics the following definition is commonly used for longitudinal rapidity

yz =
1

2
ln

(
E + pz
E − pz

)
(2.2)

= ln

(
E + pz
mt

)
,

where E is the total energy and m2
t = m2 + p2

t . This variable is so common in high-energy

physics it is often simply referred to as “rapidity” and represented with just y. However we

use rapidity yt in the transverse direction as well so the distinction is important. Transverse

rapidity yt is calculated from

yt =
1

2
ln

(
Et + pt
Et − pt

)
. (2.3)

In the case of longitudinal rapidity, if E � m—meaning a highly relativistic particle—

then we can make the approximation E ≈ |p|, which leads to the definition of pseudorapidity

η,

η =
1

2
ln

( |p|+ pz
|p| − pz

)
. (2.4)
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However it is much more common to see pseudorapidity written in the form:

η = − ln

[
tan

(
θ

2

)]
, (2.5)

where θ is the polar angle. In this equation we see that while pseudorapidity is derived from

a measurement of momentum it actually doesn’t depend on the momentum magnitude at

all. Instead it is a measure of the polar angle that the particle was emitted with respect to

the beam axis. This is because for large-momentum particles their speed in the lab frame is

always approximately c. What is relevant is simply the direction of the momentum vector

which depends only on the particle’s relative momentum in the transverse and longitudinal

directions, not the total momentum of the particle.

If particles are emitted perpendicular to the beam (θ = π/2) then η = 0, while in the

limit of particles emitted near the beam axis η approaches ±∞. It is common to use η as

an angular coordinate along with azimuth angle φ for describing the particles produced in

a collision. Since longitudinal momentum cannot be measured directly in experiments like

STAR it can be tempting to make the approximation yz ≈ η. However, this relationship

only holds if the total momentum of the particle is sufficiently large and the total momentum

of large-η particles is often poorly known. Large η does not imply large yz in the absence

of knowledge of pt.

2.2.3 Centrality

Collisions of heavy-ions are different from collisions of elementary particles because heavy-

ions are large complex objects, and it is not necessary for all of the atomic nucleus to be

involved in the collision. If we think about the collisions in terms of an impact parameter

b, then a completely central b = 0 collision is an infinitesimally unlikely event. In most

collisions not all of the particles that make up the nucleus will actually participate in the

collision. If we model a nucleus as a solid sphere of radius R then b should range from 0 for

the most central collisions to 2R for the most peripheral collisions.

When we describe collision energies of heavy-ions we use center-of-mass per nucleon-

nucleon collision, or
√
sNN . The full center-of-mass energy of a nucleus-nucleus collision

would actually be that number times half the number of participant nucleons. Thus the
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total energy of a RHIC collision depends directly on the centrality of that collision. But

total energy is not the relevant quantity for most RHIC physics, as that energy is spread

over many particles and distinct binary collisions. But one quantity which varies with total

energy is the observed multiplicity of particles produced in an event. Because the total

energy of a collision varies dramatically with centrality so does the multiplicity. This makes

multiplicity a useful proxy for centrality.

Impact parameter b is an easy to understand description of heavy-ion centrality from

a theoretical standpoint but is not actually observed directly in a collision. As a result

there are several other centrality measures in use. The least model-dependent approach

is to simply observe the multiplicity distribution over many events and then divide the

distribution into bins corresponding to fractions of the total cross section. For instance,

if 10% of events have a multiplicity greater than 800 and 20% have a multiplicity greater

than 700, then events with a multiplicity larger than 800 are in the 0-10% bin, events with

a multiplicity between 700 and 800 are in the 10-20% bin, etc. For this centrality measure

0% corresponds to the most central events and 100% corresponds to the most peripheral

events.

Other centrality measures in use are model-dependent, such as the number of nucleons

that participate in the collision, npart, and the number of N-N binary collisions (individ-

ual nucleon-nucleon collisions), nbin (also sometimes denoted ncoll). These parameters are

estimated using a Monte Carlo Glauber model [131]. Nucleons are randomly positioned

within the two spherical nuclei based on their nuclear density profiles, and the nuclei are

overlapped for a given impact parameter. If any two nucleons are within the minimum

distance for their inelastic scattering cross section they are assumed to interact.

npart and nbin scale differently because a given nucleon can actually experience multiple

binary collisions if the part of the nucleus it passes through is multiple nucleons thick.

Thus, the ratio of nbin to npart/2 can actually be interpreted as the average path length

through the colliding nuclei. We define this ratio as ν and show in Chapter 6 that is a useful

centrality measure with convenient scaling properties.
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2.3 Data Acquisition

2.3.1 DAQ system

The STAR data acquisition system (DAQ) must receive data from multiple detectors with

a wide range of readout rates. The raw data size of a single even can be as high as about

200 MB and the original DAQ system processed input event rates of up to 100 Hz [15].

Subsequent upgrades to the DAQ system now allow for rates of up to 1000 Hz.

RHIC beams are optimized so that a collision is likely to occur in each bunch crossing.

Since RHIC began operations the rate of bunch crossings has increased significantly as

improvements have been made to the accelerator. Bunch crossing rates can now approach

up to 10 MHz. This is a much higher rate than STAR is capable of recording, so triggers

are necessary to reduce the rate of recorded data.

The TPC, FTPC, and SVT (for those runs when it was present) together produce about

80 MB of information per event. Even after the triggers DAQ event rates in the hundreds of

hertz mean that this is too large an amount of information to write to tape for permanent

storage. The DAQ system can optimize the raw data the detectors produce and dramatically

reduce this data volume to around 30 MB/s [124]. This is a more manageable quantity.

2.3.2 Triggers

The purpose of a trigger system is to use low-level hardware and software on the actual de-

tector to reduce the data volume to a level that can be processed by the DAQ system. Events

can be thrown out at random but there would then be no reason to have an accelerator event

rate higher than what the DAQ can record. Triggers are used to select characteristic signa-

tures of rare events, boosting their contribution to the number of recorded events beyond

their normal likelihood. In this document we only discuss minimum-bias data, produced

from a simple trigger designed only to determine whether or not an event has occurred.

Minimum bias events do occur with a greater frequency than the DAQ can process so the

number is reduced with a prescaler.

Triggers work in stages, with initially very fast detectors and trigger systems that can

reduce the data volume to the point where more time can be spent to make a decision



27

about each event. Level-0 triggers use fast detectors and issue an event trigger immediately.

Following that there is a period of several milliseconds required for detectors to read out

and digitize data. Level-1 triggers operate during this time period and spend 100 µs to

analyze the event with more finely-grained criteria. Level-2 triggers spend 5 ms. If an

event passes all of these triggers it proceeds to Level 3, which is a higher level analysis that

involves complete online reconstruction of the event [33]. This is done with a rack of CPUs

integrated within the DAQ system.

The fastest detectors are the Zero Degree Calorimeters (ZDCs) and Central Trigger

Barrel (CTB), the latter having been upgraded to the TOF system in more recent runs.

The data used in the present analysis was taken using the CTB system. Even for minimum-

bias data we wish to ascertain that there was an actual event recorded in the detector,

so the basis for a minimum-bias trigger is coincidence of neutrons in the two ZDCs and a

minimum threshold in the CTB. As mentioned in Section 2.2.1, the ZDC and CTB signals

tend to have opposite dependence on centrality. This dependence is shown in Fig. 2.4. The

minimum-bias event rate should be nearly as high as the bunch-crossing rate which can be

much higher than what the STAR DAQ can process. In any given data-taking run a portion

of the events will be minimum-bias, reduced by a prescaler, while triggers for less common

events are run in parallel.

2.3.3 Data Sets

Data collected with the STAR detector is organized into different data sets based on the type

of collisions, year of the run, and trigger conditions. While there are many trigger types—

typically searching for rare events like very high-pt jets—this analysis focuses exclusively on

minimum-bias data.

Minimum-bias data are useful for correlation analysis and studies of collective behavior.

By nature collective behavior should occur in most events so there is no need to trigger for

special event characteristics. In fact, using such a trigger could introduce biases that make

the analysis more difficult. STAR has triggers for central collisions as well, but we wish to

understand the entire centrality evolution of the system from the most peripheral to the
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Figure 2.4: Summed pulse heights for events in the ZDC and CTB [15].

most central events. For this analysis it makes more sense to use a trigger that keeps all

centralities and then divide events into centrality classes in the analysis itself.

In this analysis we discuss certain cuts (conditions), including event cuts. But cuts are

distinct from triggers because they are performed in a high-level analysis after the data have

been processed. Given the strict time limits imposed by a triggering scenario the types of

analysis that can be performed are limited.

2.4 The STAR TPC

Since the STAR time projection chamber (TPC) is the most important detector subsystem

in STAR and the system primarily responsible for all of the data that will be used in this

analysis it is necessary to describe the TPC technology in more detail. The first major

application of a TPC was the PEP-4 detector at SLAC. Prior to the STAR experiment

large volume TPCs were used with great success in heavy-ion physics as part of the NA49

detector at the SPS.

The STAR TPC was the largest TPC in the world when constructed, though it has

now been surpassed by the ALICE experiment at the LHC. TPCs are useful in particle
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and nuclear physics because they can accurately track many particles simultaneously with

minimal material budget. As they are entirely gas-filled there is a much lower likelihood

that particles being measured undergo hard scatterings within the detector material when

compared to most competing technologies.

2.4.1 About TPCs

TPC operation is based on digitizing tracks deposited in the TPC chamber as fast charged

particles pass through it. These particles ionize the gas in the TPC. The secondary electrons

released in the ionization process then drift along a uniform electric field to readouts (in

STAR these readouts are on the end caps). The location where a drift electron hits the end

cap provides information about its position in two dimensions (x, y). The third coordinate

(z) comes from the drift time.

It is much more economical to fill a large volume with gas to make a TPC than to

build a similar sized solid state detector, such as a silicon detector. This has practical

applications for physics as well. Standard tracking detectors all measure a particle’s scalar

momentum by the amount its track curves in a magnetic field. For higher momentum

resolution it is necessary to have either a stronger magnetic field (which can cause low-

momentum particles to spiral) or a larger physical detector volume so the curvature in the

track is more discernible. The TPC excels at covering large volumes, and with a low material

budget can also track very low-momentum particles that might not make it through other

detectors.

The major limitation of TPCs is the drift time; they are inherently slow detectors.

Not only are they unsuitable for triggering but with the collision rates of modern particle

physics experiments it is normal for tracks from several distinct events to be drifting in a

TPC simultaneously. This “pileup” complicates the data analysis because it is necessary to

figure out which tracks belong to which events.
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Figure 2.5: Diagram of the STAR TPC [52].

2.4.2 STAR TPC design

Details about the STAR TPC design can be found in [52]. The STAR TPC is a 4.2 m long

cylindrical volume with the cross section of an annulus with inner radius 50 cm and outer

radius 200 cm. It is separated into east and west halves by a central membrane. Each half

is further divided into 12 wedge-shaped sectors and each sector is split into inner and an

outer subsectors. See Fig. 2.5.

Electrons produced in the TPC gas volume drift in a uniform electric field of 135 V/cm.

The central membrane operated at 28 kV and the end caps at ground. This means electrons

always drift away from the central membrane to the anodes at the endcaps.

The TPC volume is bounded by the Inner Field Cage (IFC) and Outer Field Cage

(OFC). The field cage cylinders consist of a series of equipotential rings, constructed from

183 2 MOhm resistors. The inner field cage is constructed out of aluminum to reduce the

chance of multiple scattering at the inner radius. The outer field cage was constructed out

of copper for simpler electrical connections and construction. Scattering in the detector is
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Figure 2.6: Diagram of a single sector of the STAR TPC [52].

minimal. The inner field cage is only 0.5% of a radiation length. The outer cage is 1.3% of

a radiation length, which is comparable to the gas in the detector.

The TPC is filled with P10 gas, which is a mixture of 90% argon and 10% methane. It is

a common gas for TPCs and has a fast drift velocity that peaks with a relatively low electric

field. The gas is held 2 mbar above atmospheric pressure which prevents contamination from

electron absorbers which can interfere with the drift electrons. Common electron absorbers

are water, which is kept at less than 10 ppm, and oxygen which is kept at less than 100 ppm.

Drifting electrons are measured in the endcap readout which uses Multi-Wire Propor-

tional Chambers (MWPC) with readout pads. There are 136,608 such pads in the detector.

A diagram of a single TPC sector is given in in Fig. 2.6. Drifting electrons induce an

avalanche when they approach the thin anode wires. The avalanche provides an amplifica-

tion factor of 1000-3000. Image charge is spread over several adjacent pads, allowing for

accurate reconstruction of the original track position to within a small fraction of a pad

width.

The anode field wires are complemented by a ground grid plane in order to terminate
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the field in the avalanche region and provide additional shielding for the pads. This ground

grid is located 2mm from the inner subsector and 4mm from the outer subsector. There is

also a gating grid, 6mm from the ground grid, which acts as a shutter to control the entry

of electrons from the TPC drift volume to the anode planes. It can be made transparent to

electrons while events are being recorded and block them otherwise.

The TPC magnet coils carry up to 4500 A of current and consume 3.5 MW of power

to produce a maximum field strength of 0.5 T. A detailed description of the TPC magnet

is given in [65]. It consists of 30 flux return bars, four end rings, and two poletips. Ten

5.3 m inner diameter coils create the magnetic field with two space trim and two poletrip

trim coils to help maintain field uniformity. The magnet weighs 1100 tons with 272 tons of

supporting structure

2.4.3 STAR TPC Performance

The TPC’s theoretical maximum acceptance of high momentum particles perpendicular to

the beam axis is 96%, with some tracks lost in sector boundaries, but a fiducial volume cut

excludes hits on the outermost pads which reduces the acceptance to 94%. Though exact

running conditions vary, bad pads and dead channels as well as software issues like track

merging can further reduce the acceptance to 80-90% depending on the run [52].

Since the z-coordinate of a particle’s position is determined by drift time the drift velocity

of electrons in the TPC must be known to within 0.1%. Variations in the drift velocity can

be caused by the gas mixture, temperature, pressure, and electric field variations. For

calibration purposes a narrow ultraviolet laser beam is split with many small mirrors made

from glass rods with a 45 degree cut and covered in a 100% reflective dielectric coating in

order to produce 252 laser beams that sample each half of the TPC [5]. These laser beams

imitate charged particle tracks. Since the position of the lasers is known they make an

effective calibration tool. Any errors affects track curvature and therefore particle scalar

momentum. The relative error between a track model fit and a point is 50µm. The absolute

error for any single point is 500 µm.

It is possible to estimate a primary vertex from the global average of all event tracks to
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within 0.3 mm for central collisions [52]. This can help to improve momentum resolution

and isolate secondary vertices. Transverse momentum is determined by projecting a track

to the (x, y)-plane and then fitting a circle through both the hit points within the TPC and

the primary vertex. An example of a reconstructed event for a central collision in the TPC

was shown in Fig 1.1.

The TPC is the heart of the STAR experiment and is a very powerful and versatile

detector. It is capable of measuring positions and momentum from a handful of tracks in

an extremely peripheral collision to over a thousand tracks in a central Au-Au collision

with great accuracy. TPC data will be the basis of the analysis discussed throughout this

dissertation.



34

Chapter 3

THE RHIC CONFLICT

3.1 Two Components

Heavy-ion collisions are complex and there are many different physical processes that con-

tribute to the final-state properties we observe in our detectors. The most common classi-

fication we see in heavy-ion physics is the division of certain event properties into distinct

“hard” and “’soft” components. Different theoretical calculations and measurement tech-

niques have been developed to analyze these different regimes. The interplay of these two

components is the source of much conflict and misunderstandings in the field of heavy-ion

physics. This will be a recurring theme throughout this dissertation.

3.1.1 Motivation

Hard processes are processes with a large momentum transfer to the hadron system in

which distances small in comparison to the dimensions of hadrons are important. Hard

processes have been extensively studied outside of the field of heavy-ion physics as well.

Examples include—but are not limited to—deep inelastic scattering of leptons on hadrons,

e+-e- annihilation into hadron jets, and the production of large pt partons in proton-proton

collisions which fragment to produce jets. The last example is the hard process that is most

closely resembles heavy-ion physics. Fragmentation in e+-e- is also quite important and its

relationship to hadronic collisions will be discussed in Chapter 8.

Soft processes in nuclear collisions are typically collective or statistical properties of low-

pt particles. But that is a broad category. We will find that exactly what constitutes “high”

and what constitute “low” pt varies significantly depending on the specific physical process

and historical context. In heavy-ion physics “soft” processes is something of a catch-all term

for any particles that were not produced from a hard scattering of two partons that under-

went fragmentation. In most RHIC theories soft physics is the domain of hydrodynamic
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calculations, though there are other low-pt effects as well such as HBT correlations.

It was conjectured some time ago [70] that particle production in high-energy nucleus-

nucleus collisions would be dominated by hard processes. But measurements at the SPS

[112] remained approximately consistent with scaling based on the number of participant nu-

cleons npart (typically associated with soft physics) and the “wounded nucleon” model [68].

There are deviations from perfect npart scaling even at the SPS, as the WA98 Collaboration

observed scaling of n1.08
part in 158 GeV (fixed target) Pb-Pb collisions [38]. RHIC physics is

at high enough center-of-mass energy to see completely new types of energy scaling come

into play.

There is a vested interest in the separation of hard and soft components because many

authors believe (i.e., [146]) that properties of the soft particles are properties of the QGP

matter produced in the collision while the hard component exists outside of this theory.

From this perspective hard particles are just a background produced from jets that exists

on top of the properties we do wish to study at RHIC. In this document we will find

that both components are essential parts of RHIC collisions and the separation of the two

components is difficult but possible with appropriate methods.

3.1.2 Heavy-Ion Multiplicities

If we start with the simple model that a heavy-ion collision is composed of several indepen-

dent nucleon-nucleon collisions then each collision can produce some combination of soft

particles and hard particles in the final state. The Kharzeev-Nardi description of heavy-ion

multiplicities starts with the assumption that soft processes scale with the number of par-

ticipant nucleons npart and hard processes scale with the number of binary collisions nbin

to give us two distinct components [120]

dn

dη
= (1− x)npp

〈npart〉
2

+ xnpp 〈nbin〉 , (3.1)

where x is the fraction of the multiplicity measured in p-p collision npp due to hard processes

and (1−x) is the remaining fraction from soft processes. The value of x must be determined

phenomenologically. The simplest assumption we can make is that x is a constant value,

however it is also possible for it to vary with centrality or other conditions.
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This two component model is found throughout the field of heavy-ion physics. It is

referenced in much of the theory in the field as well as event generators such as HIJING

[175]. It is a convenient model because the hard component can be simulated based on well-

studied pQCD processes with a sound theoretical basis while the soft component—which is

more difficult to predict from QCD calculations—can be based on simpler phenomenological

models.

3.1.3 Two Components of Proton-Proton Collisions

While this distinction between soft and hard physics is often discussed in heavy-ion collisions,

it should be noted that even protons are composite objects as they are made of quarks and

gluons and get most of their mass from binding energy. Even in proton-proton collisions

there is a distinction between hard scattering of partons and the breakup of the rest of the

proton (“the underlying event”). This means that proton-proton collisions can also exhibit

separate hard and soft components.

This was clearly shown in a detailed analysis that STAR conducted in [24] of the multi-

plicity dependence of spectra data in proton-proton collisions. Data are classified according

to the observed charged multiplicity in one event n̂ch, as see in the first two panels of in

Fig. 3.1, on pt and transverse rapidity yt. While pt is a more conventional variable, by

nature it forces the majority of the data to the low-pt edge of the plot. yt presents a more

balanced picture since yt ∼ ln pt as pt gets large. We make the assumption that events with

hard scatterings should tend to produce more particles than events without. The solid lines

show a soft component reference that will be explained below. In the last panel the spectra

data on yt are all given the same normalization and we see a common underlying shape.

Under the assumption that the average multiplicity variation between events is due to

the hard component we can define the soft component as the limiting case where the where

the observed event multiplicity goes to zero. A Lévy distribution is a good choice for the

soft component shape [180] and appears to match the data well [24]:

S0(mt;β0, n) = As/(1 + β0(mt −mπ)/n)n. (3.2)

The pion mass mπ is being assumed for all unidentified particles. Parameters β0 and n
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Figure 3.1: First panel: Measured spectra in proton-proton collisions on pt organized into
ten different multiplicity classes. The solid curve is a soft component reference. Second
panel: The same data plotted on yt. Third panel: The different multiplicity classes are
normalized and a common underlying spectrum shape is revealed [24].

are fit to the data while the amplitude As is fixed by normalization. The next step of the

analysis is to subtract out the common soft component shape, as seen in Fig. 3.2 (left panel).

Once the soft component has been subtracted there is what appears to be a Gaussian

of varying amplitude in the remaining spectra. There is some deviation for low-pt in the

low-multiplicity classes, but there are also significant uncertainties there. In Fig. 3.2 (right

panel) the hard components of the different multiplicity classes have been given a common

normalization.

What this demonstrates is that hard the proton-proton spectrum can be reasonably

described by a simple formula. The functional form of the hard component does not very

with multiplicity, only its amplitude. So if we describe the hard component by

H0(yt; ȳt, σyt) = Ah exp

−1

2

[
yt − ȳt
σyt

]2
 , (3.3)

then all of the proton-proton spectra can be described by

1

yt

dn

dyt
= ns(n̂ch)S0(yt) + nh(n̂ch)H0(yt), (3.4)

where ns and nh are the soft and hard component multiplicities. The components S0 and
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Figure 3.2: Left panel: Spectra data with the soft component subtracted. Right panel: The
hard components of the spectrum [24].

H0 have only two parameters each and yet this simple model is a better fit to the data than

the standard 30-parameter power-law model [24].

There is additional evidence in favor of a two-component interpretation of proton-proton

data in the form of two-particle correlations. The two-particle analogue of spectra would be

a correlation in (pt1, pt2) space. These types of correlations will be explained in more detail

in Chapter 5, but for now just consider the density of particle pairs to be the two-particle

analogue of a single-particle density. Similar to how a spectrum can be constructed from a

histogram of observed particle pt values, a correlation can be constructed from a histogram

of pairs of particle (pt1, pt2) values. It is more convenient to work in (yt1, yt2) space for

reasons discussed in Sec. 2.2.2, which yields the two-particle yt × yt correlation from [139]

shown in Fig. 3.3 (left panel).

The existence of two distinct components in the two-particle space is visually obvious.

There are two distinct peaks that are separated well enough that we can isolate them

with a simple diagonal cut in (yt1, yt2). The second and third panels of Fig. 3.3 give the

corresponding angular correlations for the two regions defined by this cut. The angular

correlation is constructed by projecting the four dimensional angular space (η1, η2, φ1, φ2)

to the difference variables (η∆ and φ∆). A more detailed analysis of correlations will have

to wait until after we have introduced the complete methodology in Chapter 5. But even
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Figure 3.3: First panel: Longitudinal (soft) and transverse (hard) fragment correlations
on (yt1, yt2). Second panel: Soft fragment angular correlations on difference axes (η∆, φ∆)
Third panel: Hard fragment angular correlations [139].

on a qualitative level it should be clear that the angular correlations in the two different

yt× yt regions have very different properties. The “high-yt” region exhibits exactly the sort

of angular correlation structure we expect from jets—a narrow jet peak and an away-side

ridge from momentum conservation—while the low-yt region appears to have contributions

from a variety of sources, including longitudinal fragmentation, HBT correlations and e+-e-

pair production. While we are primarily concerned with the study of hadrons the effect of

e+-e- pair production from photons can’t be completely eliminated by cuts.

This clean separation of the two physical regimes is only possible in the two-particle

space. The cut we made is diagonal in (yt1, yt2), along the difference axis. The single-particle

spectrum is related to a projection of the two-particle correlation to yt1 or yt2 which implies

that there should be considerable overlap between the two components. Of course it is

possible to make a single-particle pt cut above the soft component but in order to eliminate

soft contributions it would also have to be above the mode of the “hard” peak. Meaning

that in order to completely avoid soft contributions with a cut in the one-dimensional space

it would be necessary to cut out the majority of the particles produced in hard processes as

well. This is consistent with the spectra data see in Fig. 3.1 and Fig. 3.2. The separation

into hard and soft components was based on the shape of the spectra but there was still

considerable overlap between the components.

Actually, there is no fundamental reason why such a clean separation should be possible
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even in the two-particle space. We will see in heavy ions that the “hard” component

softens and there is considerable overlap with the “soft” particles even in the two-particle

space. There may well be distinct physical processes contributing to the final correlations we

observe in heavy-ion collisions, but there is no basis for believing that the pt distributions of

these processes won’t overlap. To really understand heavy-ion collisions a more systematic

approach is necessary. We will introduce such an approach in Chapter 7.

3.2 The Soft Component

The previous section established the importance of hard and soft components in heavy-ion

collisions so now we will explore some of the existing theory and observations describing

each component. Most theories describing the soft component fall into the category of

hydrodynamics. The interpretation of heavy-ion collisions in terms of hydrodynamic flow

is a major part of heavy-ion physics theory and it has also influenced the development of

experimental observation techniques.

3.2.1 Theory

Hydrodynamic theories—in which a thermalized parton flux leads to large energy and pres-

sure gradients which drive hydrodynamic flows [107]—dominate discussions of soft physics

at RHIC. The basic theory behind hydrodynamics was presented in Sec. 1.2. There are

additional physics present in the soft regime as well, for example Hanbury Brown Twiss

(HBT) correlations but these are outside the scope of this work.

Hydrodynamic flows—elliptic flow in particular—are the most important physical ob-

servables predicted by hydrodynamic theory. Anisotropic flow is considered by many to be

a fundamental part of hydrodynamic theory since it is unique to systems with rescattering.

According to hydrodynamic theory if a system does not produce some sort of medium with

rescattering it should be impossible to have an elliptic flow term. Large anisotropic flow is

not observed in proton-proton collisions, consistent with this expectation.

The hydrodynamic limit is where complete thermalization is assumed. In this case the

mean free path is much smaller than the geometric size of the system. This implies that

the centrality dependence of hydrodynamic processes in this regime should be completely



41

governed by the initial geometry of the system [172]. This geometry is typically described

in terms of the number of participating nucleons and the eccentricity of the overlap region

of the two colliding nuclei. These factors change drastically with centrality.

The other extreme is the low density limit (LDL) where dynamic thermalization is not

expected and it produces different predictions for the centrality dependence of physics such

as elliptic flow. In LDL the mean free path is comparable or larger than the system size.

In the extreme limit of infinite mean free path there should be no azimuth anisotropy [172].

LDL can be thought of as the first correction to the collisionless limit, with only small

changes in particle momenta from rescattering during the evolution of the system. This

results in a value of v2 proportional to the eccentricity of overlap between the colliding

nuclei as well as the initial particle space density (which determines the probability of

rescattering) [103].

The QGP phase transition was expected to be accompanied by critical fluctuations [151].

The idea is that a system evolving near the boundary of a phase transition should develop

significant dynamical fluctuations away from its mean thermodynamic properties. However,

the RHIC program has failed to produce any compelling evidence for critical fluctuations.

The introduction of finite viscosity to hydrodynamic models complicates the calculations

but it has been done. It has been found that any viscosity will reduce v2 and make it difficult

to explain the large values that have been experimentally observed. The conclusion that can

be drawn from this is that there is very little viscosity in the QGP produced at RHIC—it

must be at or near the theoretical lower limit—and thus RHIC creates a “perfect liquid”

[105, 82]. Of course this is predicated on the validity of hydrodynamic models to the data

they are attempting to describe.

3.2.2 Observables

One method proposed to demonstrate the existence of QCD matter is to measure trends of

global event variables, statistical measures formulated by analogy with macroscopic thermo-

dynamic quantities and based on integrals of particle yields over kinematically accessible mo-

mentum space. Corresponding fluctuation measures have been formulated for the event-wise
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mean pt, p̂t (“temperature” fluctuations), the K/π ratio (chemical or flavor fluctuations),

and the baryon to meson ratio (another type of chemical fluctuation) [153, 102, 97, 156, 7].

Large-scale angular structure of the event-wise particle distribution is another global

feature. The components of angular structure can be described by low-order spherical or

cylindrical harmonics or “flows.” The basic assumption is that such structure represents

collective motion of a thermalized medium, and hydrodynamics is therefore an appropriate

description. Observation of larger flow amplitudes is therefore interpreted by many to

provide direct evidence for event-wise thermalization in heavy ion collisions [74]. Given those

assumptions each collision event is treated separately. Event-wise angular distributions are

fitted with model functions associated with collective dynamics. The model parameters are

interpreted physically in a thermodynamic (i.e., collective, thermalized) context.

At Bevalac energies there is a large observed sideways flow [143], but the mechanism is

very different from what we see at RHIC energies. For these low-energy collisions we are

seeing “squeeze-out” of the constituent nucleons rather than forming new particles from

some sort of QGP. One qualitative difference between this kind of flow and what we observe

at RHIC is that the direction of the flow relative to the reaction plane is different.

One of the initial analysis tools used at the Bevalac was the directivity vector in the

transverse plane

[83] ~̃Q1 ≡
n∑
i

wi~pti =
n∑
i

wipti~u(φi) (3.5)

= Q̃1~u(Ψ1),

for individual partile momenta ~pti, a weight wi, unit vectors ~u, and where Ψ1 is an estimate

of the true reaction-plane angle. The weights wi are set to ±1 corresponding to whether the

particles are in the forward or backward halves of the detector. Particles in a mid-rapidity

region are often excluded.

This quantity is most closely related to what is now called directed flow, or v1. Unlike

v2—which was introduced in Chapter 1 and is related to elliptic flow—v1 is expected to

be zero when measuring particles at the same pseudorapidity. Nonzero values are obtained

by comparing particles in forward and backward regions of the detector. The response

of the medium is expected to be proportional to the driving force so the ratio v2/ε is
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another quantity of interest. Here ε is the eccentricity which will be defined in Sec. 4.3 and

describes the initial collision geometry. In the LDL limit of ideal hydrodynamics v2 ∝ ε

[134]. Chapter 4 will go into detail about the various methods used for estimating flows

with a focus on v2. Elliptic flow observations will be discussed extensively in Chapters 6

and 7 and are a major focus of this dissertation so we will not go into more detail about

them them here.

Predictions of critical point fluctuations have been difficult to verify in part because of

significant non-critical fluctuations in processes unrelated to a thermodynamic phase tran-

sition [151]. The challenge is to devise a method for measuring fluctuations that minimizes

experimental artifacts and can discriminate between statistical and non-statistical effects.

While global fluctuation measures have failed to provide compelling evidence for critical

point fluctuations the development of fluctuation theory did lay the groundwork for cor-

relation analysis due to the relationship between correlations and fluctuations that will be

discussed in Chapter 5.

Another common field of study in heavy-ion physics is quantum correlations or HBT.

HBT is named for astronomers R. Hanbury Brown and R. Q. Twiss who measured the size

of stars with interferometry. HBT correlations are seen between identical particle types at

small momentum values and this is to infer space-time dimensions of the particle emission

source [126]. While HBT correlations are certainly a real effect, we will see in Chapters 6

and 7 that they are dwarfed by other correlation sources.

3.3 The Hard Component

There is little dispute that at RHIC energies QCD plays a role in heavy-ion collisions. It is,

after all, the fundamental theory for strong interactions. But QCD theory is non-abelian

and it is difficult to calculate observable quantities within the theory outside of very specific

limiting cases. Most QCD calculations are therefore either high-energy perturbative cases,

effective field theories, or lattice QCD approximations. Hard scatterings are one type of

QCD process that has a long history of being well-described by perturbative QCD theory.

But are vacuum QCD calculations applicable to RHIC collisions?
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3.3.1 Theory

At higher multiplicities, particle production from a pair of protons colliding at RHIC ener-

gies is dominated by jets. Even in heavy-ion collisions jets should play some role, though

there is debate over how extensive that role is. There is ample evidence for high-energy

triggered jets even in nuclear collisions but it has been suggested that the bulk of particle

production at RHIC could from recombination of quarks in the QGP medium rather than

fragmentation [96]. Hadron production in a QGP-dominated system can differ significantly

from in vacuum. If there really is a plasma of quarks and gluons created then partons can

form hadrons by combining with quarks present in the plasma. This effect is expected to be

most significant for intermediate momentum hadrons and since this recombination process

favors the production of baryons such as protons it can affect the proton to pion ratio [98].

On the other hand QCD theory calculations have predicted that an abundance of soft

gluons (minijets) should be produced in relativistic collisions at RHIC [114]. Copious gluon

production may drive formation of the colored medium in heavy ion collisions and global

hydrodynamic phenomena [132, 133]. However, the degree of equilibration of minijets in

heavy ion collisions remains uncertain theoretically and experimentally. We should therefore

search for and study remnants of low-Q2 (energy scale Q ∼ 1 - 5 GeV) partons in single-

particle and two-particle distributions of final-state hadrons. As we will see in Chapter 8,

low-Q2 fragmentation is related to local parton-hadron duality (LPHD).

Flow and QCD need not be irreconcilable since copious gluon production could drive

formation of the colored medium in heavy ion collisions and global hydrodynamic phenom-

ena [132, 133]. But the degree of equilibration of minijets in heavy ion collisions remains

uncertain both theoretically and experimentally. A non-equilibrated system can produce

very different results from the flow-centric hypothesis. With so many disparate theories ad-

vancement needs to come from experimental observables. The next two sections will make

a case for the importance of jets—especially minijets—at RHIC.
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3.3.2 Observables

The phenomenon of jets is unusual in QCD in that it can be calculated accurately theoreti-

cally but is also relatively easy to measure experimentally. Jets are therefore one of the most

important observables in QCD. Initial measurements of two-particle angular correlations in

p-p collisions at Fermilab (fixed target) and the CERN ISR on momentum subspace (η, φ)

(pseudorapidity and azimuth) [179] were described in terms of longitudinal (string) fragmen-

tation [53]. Jets—correlated fragments from hard-scattered partons—were first observed at

larger pt and
√
s, establishing the nature of hard parton scattering and the validity of per-

turbative QCD (pQCD) [55]. A pioneering study of two-particle fragmentation functions in

LEP e+-e− collisions is described in [19] (cf. a related theoretical treatment in [93]).

Of course the most unambiguous way to study jets is with full jet reconstruction. Com-

plete jet reconstruction in heavy-ion collisions poses many problems but it is an ongoing

field of research. But the studies that have been done are inconclusive and are outside the

scope of this document .

One jet-related phenomenon which is frequently claimed to be observed at RHIC is so-

called “jet quenching”, which refers to a body of evidence that suggests that jet production

is reduced in central A-A collisions compared to more peripheral or p-p collisions. Studies of

high-pt physics at RHIC have been dominated by claims of jet quenching. Jet quenching is

typically presented in one of two forms: the nuclear modification factor RAA and correlation

measurements. RAA is defined as the ratio of the pt-spectra produced in A-A collisions to

the spectra of proton-proton collisions. In the context of jet quenching, correlations studies

are typically done using high-pt trigger particles and modification of the away-side ridge is

observed.

An example of RAA for charged hadrons at STAR is shown in Fig. 3.4 [31]. This example

is for all charged hadrons but RAA can be—and typically is—calculated for specific hadron

or even lepton species. In the most central 0-5% collisions RAA is said to be suppressed at

higher pt when compared to more peripheral collisions and this is interpreted to mean that

high-pt jet production is reduced or quenched in central collisions.

However when just taking the ratio between A-A and p-p spectra the result will be
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Figure 3.4: RAA for charged hadrons at STAR for different centralities [31].

completely dominated by the fact that there are simply more particles produced in A-A

collisions. This is a trivial result of the fact that there are both more participating nucleons

and binary collisions between nucleons in A-A collisions. It is therefore necessary to scale

the p-p spectra by some factor to make a reasonable comparison. But what should that

factor be? RAA studies make the assumption that above a certain momentum value the

spectra are dominated by hard physics and therefore the spectra should be scaled by the

number of binary collisions. In this view RAA is only relevant for higher momenta particles

but it is thought to be a reasonable approximation in that regime.

But we saw in Sec. 3.1.3 that the p-p spectra have distinct hard and soft components

which scale differently. Furthermore, the soft component is relevant at much higher pt

than is typically assumed. Because the soft and hard components scale differently it is

impossible to construct a meaningful spectrum ratio by scaling the entire spectrum by a
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single number. However if the soft and hard components are isolated before making the ratio

then it is possible to create the equivalent of RAA for just the hard component. In that

case scaling by the number of binary collisions is valid. Such an analysis was done in [159]

and it presents a different interpretation. It is true that at high-pt the hard component

is reduced in central Au-Au compared to peripheral or p-p collisions, but at low-pt it is

actually enhanced. This is impossible to discern from a normal RAA analysis where the low-

pt part of the hard component is overwhelmed by a soft component that has been scaled

by the wrong factor. The enhancement of the low-pt part of the hard component suggests

that jets are being modified by the medium but not quenched. In fact jets in central Au-Au

collisions appear to produce more total particles with less energy per particle.

Jet quenching is also claimed to be observed in two-particle correlations such as is seen

in the bottom two panels of Fig. 3.5 [23]. These correlation studies are done both with a

high-pt trigger particle and a pt cut for the “associated” particles that are correlated with

that trigger. The claim is that the away-side ridge at ∆φ = π vanishes in central Au-Au

collisions when compared to p-p collisions.
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Figure 3.5: Background subtracted ∆η and ∆φ distributions for p-p and 0-5% central Au-
Au collisions with a trigger particle 4 < ptrigt < 6 GeV/c and two different associated particle
pt ranges [23].
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In Chapter 6 and 7 we conduct extensive correlation studies of both pt-integral correla-

tions and correlations with marginal pt cuts—cuts where only the pt of one of the particles

in the two-particle correlation is restricted. We see absolutely no evidence for any sort of

quenching in these correlations. In order to see this effect it is necessary to impose signifi-

cant pt cuts on both particles. The example in Fig. 3.5 has a trigger particle pt of at least

4 GeV and an associated particle pt of at least 2 GeV. This ignores the vast majority of

the particles in an event and again is completely consistent with the modification of jets

in central Au-Au rather than quenching. The particles from those jets still exist just at a

lower pt but have been excluded with these cuts.

The quantitative correspondence between spectrum hard components [24, 159] and

pQCD fragment distributions established in Ref. [161] strongly suggests that the parton

fragment interpretation for hard components is valid. However, no such correspondence has

been established for minimum-bias angular correlations (without pt “trigger/associated”

cuts). Interpretation of low-pt jet-like features as true jet structure [138, 139, 28, 84] is

questioned by some as outside the scope of high-pt hard processes nominally described by

pQCD (e.g. [96, 7]). Coupling spectrum hard components and minimum-bias jet-like corre-

lations to pQCD predictions within a single quantitative system would provide compelling

support for a comprehensive interpretation in terms of parton fragmentation to minijets.

This will be explored more in Chapter 9.

3.3.3 Minijets in Nuclear Collisions

The UA1 collaboration at the CERN SPS measured jets from minimum bias trigger data for
√
s = 200 GeV to 900 GeV proton-antiproton collisions [43] using their standard jet-finding

algorithm [58]. In typical jet studies a high-pt trigger is used to look for rare events with

large-energy jets but in this UA1 analysis they analyzed all of their data looking for energy

clusters in their calorimeter. They found that clusters with Et as low as 5 GeV met all of

their jet criteria and coined them “minijets”.

Early predictions for minijets at RHIC energies estimated an average of 100 jets with

pt > 3 GeV/c in central U-U collisions [114]. Subsequent analyses of high-pt spectra and
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correlations at RHIC led to the conclusion that there was significant jet quenching and

such low-pt minijets, even if they existed, would not make it through the medium in any

meaningful form. Furthermore, precise pQCD predictions were not available for these low-

momentum minijets.

We mentioned in Chapter 1 the existence of low-Q2 (energy scale Q ∼ 1−5 GeV) parton

fragments we call minijets which are observable using correlation techniques. We will go into

more detail about them in Chapter 8 and Chapter 9. These types of jets are very difficult

to observe with conventional jet-finding algorithms even in clean collision environments,

and with the large number of particles produced in heavy-ion collisions that becomes even

more difficult. Thus it is necessary to use statistical analysis methods. Measurements of

two-particle correlations at RHIC have revealed substantial unequilibrated low-Q2 parton

fragmentation structure in p-p and Au-Au collisions [157, 29, 30, 142, 170, 138, 28, 136, 137]

Fragment correlations have been measured in p-p collisions on transverse rapidity yt (de-

fined below) and complementary angular subspace (η, φ) with no jet hypothesis (no high-pt

trigger particle), providing access to fragments from minimum-bias partons (no analysis

constraint on parton momentum) dominated by minijets. Jet correlations have been ob-

served in p-p collisions for hadron pt down to 0.35 GeV/c (parton Q ∼ 1−2 GeV) [137, 157].

Similar measurements in heavy ion collisions have revealed unexpected complexity.

In p-p and A-A collisions at RHIC we encounter copious parton fragmentation in an

energy regime where pQCD is not applicable but where trends from pQCD may provide

semi-quantitative guidance for analysis and interpretation. We therefore distinguish be-

tween conditional pQCD fragmentation functions and unconditional fragment distributions

measured in nuclear collisions. Given that distinction we can attempt to connect low-Q2

phenomena in nuclear collisions to QCD through the close connection between FFs and

fragment distributions as a limiting case. This is a new aspect of fragmentation which lies

outside the scope of conventional pQCD fragmentation analysis.

Minijet-related correlations observed in p-p collisions are strongly modified with in-

creasing centrality in Au-Au collisions. While low-Q2 partons play an important role in

forming the colored medium and driving large-scale hydrodynamic phenomena according

to theory, they may also function as sensitive probes of that medium. However, theoret-
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ical descriptions of low-Q2 scattering and fragmentation are limited. Factorization is not

applicable since low-Q2 parton scattering and fragmentation remain intimately connected.

However, new aspects of fragmentation observed via correlations in nuclear collisions (in-

cluding strong dependence of fragment angular correlations on Q2 [138]) suggest a complex

but understandable low-Q2 process. See Chapter 9 for more details.

To facilitate theoretical descriptions of low-Q2 phenomena we have attempted to extrap-

olate a phenomenological representation of measured FFs in e+-e− collisions to low Q2 as

will be seen in Chapter 8. We want to connect two-particle fragment correlations in p-p and

heavy ion collisions to pQCD and conventional jet phenomenology through single-particle

fragmentation functions. The extrapolation imposes special demands on the fragment rep-

resentation (particularly for small particle momenta) which have led us to employ rapidity y

and normalized rapidity u as our basic kinematic variables. That decision led to the discov-

ery that the beta distribution on u is a good model of light-quark and gluon fragmentation

functions.

Demonstrating the existence and properties of collective flows and of jets using cor-

relation techniques is actually formally equivalent. Both phenomena manifest as correla-

tions between particles produced in the collision and many of the analysis methods overlap.

Therefore it makes sense to study both simultaneously and on equal footing. We will present

a method for doing so in Chapter 5.
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Chapter 4

CONVENTIONAL ANALYSIS METHODS

4.1 Reaction Kinematics

This chapter describes conventional methods for analyzing azimuth anisotropy in nuclear

collisions. Azimuth anisotropy can refer to any correlation signal on the azimuth coordinate

but is most commonly attributed to correlations related to the initial-state geometry of the

heavy-ion collision. Such correlations are believed to play an insignificant role in proton-

proton collisions but dominate heavy-ion physics. The conversion of the initial collision-

system geometry to azimuth correlations of final-state particles is typically attributed to a

flowing medium formed early in the event.

In Chapter 2 we introduced the primary measurement variables we will be concerned

with in this analysis: transverse momentum pt, azimuth angle φ, and pseudorapidity η for

each particle we observe in the STAR TPC. This chapter explains how we go from those

variables to v2, a conventional measure of “azimuth anisotropy.”

4.1.1 Collision Planes

When two ions collide with a non-zero impact parameter the A-A overlap defines a natural

set of variables. The reaction plane is the name given to the plane defined by the impact

parameter between the two colliding ions and the direction they travel in the beampipe,

defining the z axis in this coordinate system. The reaction plane is a theoretical concept

since it is not something we can measure directly in an experiment. The reaction-plane

angle Ψr is the azimuth angle of this plane with respect to the detector. The orientation of

the detector with respect to the overlap of the colliding ions is arbitrary, so most analyses

are concerned with momentum angles relative to the reaction plane or an estimate of that

direction.

The event plane (EP) is an estimation of the reaction plane using particles measured in
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a collision event. It will be described in more detail in Sec. 4.2.1. The EP is the basis for

the most common v2 calculation methods. Given a finite number of particles in an event

the event plane can never be a perfect estimation of the reaction plane. Certain methods

are said to compensate for the event-plane uncertainty. In addition to statistical issues

the estimation of the event plane can by biased by sources of correlation unrelated to the

reaction plane, which leads to the so-called “nonflow” problem discussed throughout this

document.

There is one more collision plane discussed in heavy-ion physics known as the participant

plane. The participant plane was introduced because if there are significant fluctuations in

the positions of nucleons within a nucleus then the plane of the nucleons participating in a

collision does not perfectly correspond to the ideal plane defined by the impact parameter

of the nuclei [71]. If point-like nucleons randomly populate a symmetric volume that defines

the nucleus then in any given collision it is possible to define a distinct plane by the distri-

bution of the nucleons rather than the nuclei modeled as spheres. The participant model of

eccentricity discussed in Sec. 4.3 is closely related to this concept and has been proposed as

a means of describing so-called “flow fluctuations”.

4.1.2 Nonflow

The catch-all term “nonflow” is used to refer to correlations that can potentially contribute

to the measured values of v2 but are not directly correlated with the initial geometry of

the collision system. If an observed azimuth anisotropy measured by v2 is driven by hy-

drodynamic flows in response to pressure gradients then it is usually referred to as “flow”.

Historically, it was generally assumed that the only major source of correlations is flow, but

that assumption is not valid at SPS energies and above [72]. Since azimuth correlations

are the only way to measure flow methods must be adopted that can distinguish between

“flow” and “nonflow” correlations.

Several physical processes can contribute “nonflow” correlations. Development of new v2

estimation methods has been driven primarily by a desire to eliminate these contributions.

Examples of nonflow sources include jets, resonance decays, and quantum HBT correlations.
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We will provide ample evidence in Chapters 6, 7, and 9 that the dominant source of nonflow

correlations at RHIC is the production of a large number of minijets. Understanding the

relationship between “nonflow” and minijets is thus essential.

Conventional methods sometimes refer erroneously to self-pair contributions to angular

correlations as “autocorrelations” in the sense of a bias or systematic error. The autocorre-

lation function is a well-defined mathematical concept which we will use extensively in this

dissertation. The autocorrelation concept is described in detail in Chapter 5. The self-pair

contribution can be entirely eliminated with appropriate methods and is not considered here

as part of the nonflow term.

4.1.3 Flow Fluctuations

With two-particle analysis methods we cannot measure linear v2 directly. Instead we calcu-

late v2
2 for each event, and then take the ensemble average over many events. Even though

v2 may not be a measurable quantity, the fundamental inequality v2
2 ≥ v2

2 still holds. The

“extra” term can be referred to as v2 fluctuations σ2
2 since it arises from event-by-event

variations in v2: v2
2 = v2

2 + σ2
2

However in multiparticle analyses—which were originally introduced to reduce nonflow

correlations, see Sec. 4.2.3—the fluctuation term can actually appear with the opposite

sign. For instance for Gaussian-random fluctuations in a four-particle cumulant v2, v2
2{4} ≈

v2
2−σ2

2 [174]. But this contradicts the naive expectation that the difference between v2 in a

two-particle correlation and v2 in a multiparticle correlations is entirely due to the nonflow

term. Instead we find that this difference is due to some combination of v2 fluctuations

and nonflow effects. There have even been suggestions that this difference is dominated

the fluctuation term and that nonflow is a relatively small contribution to the two-particle

correlation. But actually isolating the two terms is difficult without a two-particle method

that isn’t sensitive to nonflow. We will present exactly such a method in Chapter 5.

The participant model of nucleons mentioned in Sec. 4.1.1 is closely related to the concept

of flow fluctuations because it provides a possible mechanism for significant event-by-event

fluctuations in v2. This will come up again in Sec. 4.3 when we discuss eccentricity.
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4.2 v2 Methods

It is simple to define vm theoretically, but it is difficult to obtain unbiased measurements of

it. We can define a Fourier decomposition of the distribution of particle emission azimuth

angles with respect to the true reaction plane:

E
d3n

d3p
=

1

2π

d2n

ptdptdyz

(
1 +

∞∑
m=1

2vm cos(m(φ−Ψr))

)
. (4.1)

The sine terms vanish due to reflection symmetry with respect to the reaction plane. This is

a nominal definition of vm but not a useful measurement technique since Ψr isn’t observable.

Therefore, many conventional measurement techniques first attempt to estimate the reaction

plane. But other techniques that use angular correlations directly are closely related to these

methods.

4.2.1 Event Plane Method

The standard event-plane (EP) method of calculating v2—typically represented by v2{EP}—

involves estimating the reaction plane of the collision using the particles measured in the

TPC. This estimate of the reaction plane is called the event plane. v2 is then calculated as

the second Fourier component of the distribution of tracks within the TPC relative to the

event-plane estimate rather than the true reaction plane. In the absence of systematic bias

the value of v2 calculated this way will always be too small because in a system with finite

multiplicity there will always be random fluctuations in the reaction plane estimation. It

therefore must be corrected by a factor known as the “event-plane resolution”.

The method of calculating vm coefficients from estimates of the reaction plane was

initially proposed by Danielewicz and Odyniec [83] and was further developed in [141] to

the form presented here. The first step is to define the components of the event flow vector

Qm using the sum over measured tracks:

Qm cos(mΨm) = Xm =
∑
i

wi cos(mφi), (4.2)

Qm sin(mΨm) = Ym =
∑
i

wi sin(mφi),
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which leads to

Ψm =
1

m

(
tan−1

∑
iwi sin(mφi)∑
iwi cos(mφi)

)
, (4.3)

where the sums are over all particles used in the event-plane determination and the wi are

weight factors defined below. Ψm is the event-plane and there is an event plane defined for

each harmonic m. Because of the importance of the v2 coefficient to flow theories the term

“event plane” is often used synonymously with Ψ2, which will be a focus of this analysis.

For real experimental data biases from the finite detector acceptance affect the measured

event plane. Since there is no physical correlation between the collision orientation and the

detector we expect that the event-plane distribution with respect to the detector should

be isotropic. That is not necessarily the case if there are gaps in the detector acceptance.

Several methods exist to correct for this problem (called “flattening”), but the most common

involves using the distribution of measured particles over many events as a measure of the

detector acceptance. The inverse of this distribution is used to determine weights wi in the

above event-plane calculation.

Other flattening methods include re-centering the (Xm, Ym) distributions by subtracting

their average over all events, using mixed events as a reference, and fitting the unweighted

event-plane distribution with a Fourier expansion to devise an event-by-event shifting of

event planes. These methods are described in more detail in [141] but none of them are

without complications. It is always necessary to check that the corrected event plane dis-

tribution is indeed isotropic (uniform on φ).

Once the event-plane angle has been calculated it is possible to study particle distribu-

tions with respect to it. Recall the definition of the vm coefficients in terms of the azimuth

distribution of particles with respect to the reaction plane from Eq. (4.1). We now write

this in terms of the event-plane angle [141]:

d(wn)

d(φ−Ψm)
=
wn

2π

(
1 +

∞∑
k=1

2vobskm cos(km(φ−Ψm))

)
(4.4)

We use km in this equation because the Fourier coefficient vm can be for any harmonic that

is a multiple of m. For instance, when m = 2 all even terms are used. w is a weight value

set to 1 for the standard study of particle number flow. But it is also possible to study other
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quantities. For instance, w could be set to pt to study transverse momentum flow. The

coefficients are referred to as vobsm to distinguish them from the true vm values in Eq. (4.1).

We can evaluate the vobsm coefficients directly by

vobsm = 〈cos(m(φ−Ψm))〉 , (4.5)

where the brackets represent an average over the particles in an event. In practice v2 is

measured using many events so there is an average over events not shown here. So long

as the even plane is being estimated with a finite number of particles it will always have

some random variation around the true reaction plane even in the absence of any systematic

biases. These random variations will reduce the value of vobsm so it is necessary to correct it

by a quantity known as the event-plane resolution [141] to get:

vm{EP} =
vobsm

〈cos(m(ψm − ψr))〉
, (4.6)

The label vm{EP} represents the standard event-plane method of estimating vm. Several

such methods will be discussed so it is necessary to distinguish them symbolically.

There is a self-pair bias—sometimes erroneously referred to as an “autocorrelation”—

introduced when calculating the contribution to vm of a particle that was used in the

estimation of the event plane. One possible method to deal with this is to use sub-events,

where half the particles in an event are used to estimate the event plane and the other half

are used to estimate vm. This will be discussed more in the next section, but in practice

the standard event plane method actually involves calculating a separate event plane for

each particle using all the particles in the event except that particle. So in the average in

Eq. (4.5) we actually replace Ψn with a slightly different angle for each particle.

There are both analytic and data-based ways to determine the event-plane resolution.

An analytic expression is derived in [141, 171]:

〈cos[km(ψn − ψr)]〉 =

√
π

2
√

2
χme

−χ2
m/4

[
I k−1

2
(χ2
m/4) + I k+1

2
(χ2
m/4)

]
, (4.7)

where Ix is the modified Bessel function of order x and χm ≡ vm/σ where σ2 = 〈w2〉/(2n〈w〉),

n being the number of particles used to determine the event plane. This is an unwieldy
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expression but we found in [166] that it can be well-approximated with the much simpler

expression

〈cos[m(ψm − ψr)]〉 ≈
√
n− 1

n

Vm
Qm

, (4.8)

where V 2
m = n2v2

m is a quantity that will be discussed in Chapter 5. While it may seem

circular to define the event-plane resolution in terms of vm, this is actually an essential

property of the event-plane resolution which relates the event-plane method to direct angular

correlation methods.

This “standard” (event plane) method of measuring v2 depends on shifting the single-

particle densities according to the estimate of the reaction plane and averaging the shifted

single-particle densities. If the reaction plane were known perfectly this would be immune

to any correlations that are not with respect to the reaction plane. When averaged over

many events they would contribute as a flat background. However, when the reaction plane

is estimated using particles in the event there are correlations between the particles used

to estimate the reaction plane and the particles used to measure the azimuth anisotropy,

making the event-plane technique effectively another type of two-particle correlation. This

is also the origin of the nonflow problem in the event-plane method.

A detailed analysis of the relationship between the even-plane method and two-particle

correlations is presented in Chapter 5, but to a close approximation the event-plane method

is not different from taking the second Fourier coefficient of a straightforward two-particle

correlation calculation. The language used when discussing event-plane v2 tends to confuse

this relationship, but with some simple approximations the mathematics can be made un-

ambiguous [166]. For this reason we assume v2{EP} ≈ v2{2}, where v2{2} is obtained from

1D sinusoid fits to a basic two-particle correlation.

4.2.2 Event Plane Variations

There is actually a whole class of methods based on the basic event-plane method described

above, introducing only small variations. Usually these variations take the form of limiting

the particles used in the event-plane estimation. The most basic type uses subevents to

separate the particles used to estimate the reaction planes from the particles used to measure
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v2. Using random subevents selected from all available particles reduces the statistical

power of the v2 measurement, but it can potentially eliminate certain systematic issues.

However subevents are most commonly chosen using specific criteria rather than randomly.

For instance, the event plane is estimated using particles with pseudorapidities larger than

some value and v2 is measured with particles that have pseudorapidities smaller than that

value. It is generally believed that having a pseudorapidity gap between the particles used

to estimate the event plane and the particles used to measure v2 should reduce nonflow

contributions. This reduces the statistical power of the analysis in exchange for possibly

reducing systematic effects.

The event-plane estimation is not necessarily restricted to particles measured in the

TPC. One version of this method used by the STAR collaboration actually estimates the

event plane using particles from the FTPC detector system at large η while calculating v2

with particles in the TPC at smaller η. This method is typically referred to as v2{FTPC}.

Using the FTPC allows for a much larger pseudorapidity separation between the two sets

of particles.

Other phase-space cuts besides pseudorapidity can be used to distinguish the particles

used to determine the event plane from the particles that are correlated with it to determine

v2. In a pt-differential v2 analysis the event plane is still typically determined with the full

range of measured pt values while the particles correlated with it are divided into pt bins

to observe the pt dependence. pt cuts can also be made in an effort to reduce the impact

of nonflow (jet) correlations. But as we saw for the two-component model in Chapter 3

the overlap between the hard (jet) and soft (nonjet) components of heavy-ion collisions is

significant, so this approach is not actually effective.

4.2.3 Multiparticle Methods

Correlations of four or more particles are typically referred to as multiparticle correlations.

Several multiparticle v2 methods are commonly in use today. They are favored as a way to

reduce or eliminate contributions from nonflow. Multiparticle v2 is based on the idea that

there is only one reaction plane per event so all particles contributing to a flow correlation
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should be correlated with that plane. Nonflow correlations on the other hand tend to come

from many distinct processes producing a smaller number of highly-correlated particles.

For instance, if minijets produce clusters of only a few particles that are correlated with

each other and not with other minijets in the event their contribution to a multiparticle

correlation should be much smaller than in a two-particle correlation.

By looking at correlations of four or more particles, contributions to the correlation from

isolated groups of particles should be significantly reduced. The impact of this reduction is

even stronger than one might naively estimate thanks to combinatorics. Even if a minijet

or other isolated group of particles does contain more than four particles it only contributes

to a four-particle correlation if all four particles sampled are from the same minijet. When

a single minijet only represents a small fraction of the number of particles in the collision

this becomes statistically unlikely. More precisely, if an event has n total particles and

N uncorrelated physical processes that each produce k particles, then the magnitude of a

two-particle correlation is proportional to kN(N − 1)/n2 while a four-particle correlation is

proportional to kN(N − 1)(N − 2)(N − 3)/n4. If N � n then the second quantity will be

significantly smaller.

The multiparticle cumulant analysis [73] is a popular type of multiparticle v2 measure-

ment method. The idea of cumulants is to develop an expansion where lower-order con-

tributions are subtracted from the higher-order terms. In complex notation the standard

two-particle azimuth correlation can be expressed as

vm{2} ≡
〈
eim(φ1−φ2)

〉
= 〈eimφ1〉〈e−imφ2〉+

〈〈
eim(φ1−φ2)

〉〉
, (4.9)

where 〈〈eim(φ1−φ2)〉〉 is the second-order cumulant. In this case the first-order terms should

vanish by symmetry in a perfect detector. They are nonzero if the detector has limits

in its acceptance, so the second-order cumulant is nothing more than a simple two-particle

correlation that has been corrected for detector artifacts. It is therefore directly comparable

to the two-particle correlations that we will describe in Chapter 5.

Now consider the four-particle case. Construct the average of all possible combinations

of four particles [73]〈
eim(φ1+φ2−φ3−φ4)

〉
= 〈eim(φ1−φ3)〉〈eim(φ2−φ4)〉+ 〈eim(φ1−φ4)〉〈eim(φ2−φ3)〉 (4.10)
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+
〈〈
eim(φ1+φ2−φ3−φ4)

〉〉
,

where 〈〈eim(φ1+φ2−φ3−φ4)〉〉 is then the four-particle cumulant. The other terms on the right-

hand side are two-particle correlations. Due to the symmetry between the φi variables this

can be rewritten as

〈
eim(φ1+φ2−φ3−φ4)

〉
= 2〈eim(φ1−φ3)〉2

〈〈
eim(φ1+φ2−φ3−φ4)

〉〉
. (4.11)

This procedure can be generalized to higher orders, but in practice there is not much

difference seen between four-particle cumulants and cumulants of six or more particles [22].

While it is possible to compute these correlations directly it is extremely difficult compu-

tationally since the calculation scales as O(nk) for multiplicity n and cumulant order k. For

heavy-ion collisions n can be over 1000 so a complete computation would take dramatically

longer than the two-particle case. In practice it is more common to use a generating function

to calculate higher-order cumulants [73] . A related multiparticle method is the Lee-Yang

zeroes (LYZ) method which obtains v2 from zeroes in the complex plane of a generating

function of azimuth correlations [67]. LYZ is in some sense analogous to an infinite-order

cumulant, but we will not discuss it further here.

Multiparticle methods can considerably reduce the effect of nonflow correlations but

there are limitations. “Multiplicity distortions” associated with small even multiplicities

are a significant systematic issue that can be minimized to some degree by analysis strate-

gies. But they remain an issue in conventional flow measurements. For this reason flow

measurements using many-particle methods are often omitted for the most peripheral col-

lisions. For the generating-function and similar methods to work at all it is necessary that

vm � 1/n [73]. These methods will fail if v2 is too small or in very-peripheral collisions

where n is too small. Statistical errors in many-particle analyses depend on the resolution

parameter χ ≈ vm
√
n [67]. For usable results it is necessary that χ > 1. These issues can

also explain the difficulty of measuring v2 with many-particle methods in the most central

collisions at STAR because while n is certainly not small in this regime we will show in

Chapter 6 that v2 can be unexpectedly small.
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4.3 Eccentricity

Some interpretations of the final-state Au-Au azimuth asymmetry require understanding

the geometry of the initial collision system as characterized by the eccentricity [150] defined

by

ε =
〈y〉2 − 〈x〉2

〈y〉2 + 〈x〉2
, (4.12)

where x and y are coordinates in the plane perpendicular to the beam axis and x refers to the

direction along the reaction plane. This is basically the initial-state position-space analogue

to v2 but is not an experimentally observable quantity and must be estimated from models.

There are major disagreements concerning the correct way to calculate eccentricities for

nuclear collisions.

One of the simplest approaches is the optical model, in which the colliding nuclei are

approximated by continuous transverse density profiles, typically modeled by a Woods-

Saxon distribution. We shall refer to the resulting ε estimates as εopt. In this model the

density of participants per nuclear collision is [110]

d2npart
ds2

= TA(bA) ·
(
1− e−TB(bB)σNN

)
+ TB(bB) ·

(
1− e−TA(bA)σNN

)
, (4.13)

where σNN is the nucleon-nucleon cross section, TA and TB are the nuclear thickness func-

tions

TA(|~s|) =

∫
dzρA(z,~s), (4.14)

and ρA and ρB are the Woods-Saxon distributions

ρA(r) = ρ0 ·
1

1 + e(r−RA)/a
, (4.15)

with r =
√
s2 + z2, RA = 1.12 ·A1/3, ρ0 = 0.159 GeV/fm3, and a = 0.535 fm for Au [110].

The calculation in [110] was done for the SPS energy
√
sNN = 17 GeV assuming a

nucleon-nucleon cross section of 30 mb and then parametrized with a 5th order polynomial.

At RHIC energies (200 GeV) a cross section of 42 mb is more appropriate. Furthermore,

as can be seen in the left panel of Fig 4.1, the given parametrization does not describe the
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Figure 4.1: Left panel: Calculations from the wounded nucleon optical eccentricity model.
The solid curve is the parametrization for a 30 mb nucleon-nucleon cross section given in
[110]. Middle panel: Optical eccentricity εopt and participant eccentricity εpart [158] vs
participant nucleon number npart. Right panel: The same curves vs mean participant path
length ν. The vertical dash-dot line denotes the mean value of ν for N-N collisions [169]

most peripheral collisions. We seek a complete description of eccentricity and so repeated

the calculation with the appropriate 42 mb cross section (open circles). A polynomial

parametrization was attempted, but to get reasonable agreement with the simulation out

to the most peripheral data required significantly more terms. We then found an alternate

and much simpler parametrization using a beta distribution on nbin:

εopt(nbin) =
1

5.68
log10

(
3nbin

2

)0.96

log10

(
1136

nbin

)0.81

, (4.16)

which describes the calculation with great accuracy. This parametrization of the eccentricity

is also shown in the second and third panels of Fig. 4.1 on both npart and ν.

The other major approach to eccentricity calculations is the participant-nucleon model of

eccentricity. A Monte Carlo toy model builds nuclei by randomly placing nucleons according

to a Woods-Saxon density distribution [66]. This model is used as a mechanism to introduce

significant event-by-event fluctuations even for a fixed impact parameter. We shall refer to

this estimate as εpart. This model is favored because of the apparent scaling the ratio

v2/εpart exhibits between Cu-Cu and Au-Au collision systems [49]. However, in [49] v2 was

measured with the event-plane method which does not account adequately for nonflow (jet)

biases which are large in central collisions. Any apparent scaling based on measurements
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with large uncorrected systematic biases should be questioned. The second and third panels

of Fig. 4.1 show the large differences between the participant and optical eccentricities.

By construction εpart is made to produce significant eccentricity (and therefore v2) fluc-

tuations in the most central collisions, meaning that unlike the optical eccentricity it does

not approach zero. But εpart also behaves pathologically for peripheral collisions, actually

approaching unity for the most peripheral collisions. This would imply that the nucleons

behave as point-like objects. This flaw is not considered important in many v2 studies since

they focus primarily on the mid-central to central collision region and do not consider very

peripheral collisions. But if we desire a complete description of v2 for all centralities then

the behavior of the participant model in peripheral collisions is a serious limitation.

We will see in Chapter 6 that the v2 measurements from this study approach zero for

central collisions, consistent with εopt. There is simply no need to invoke a participant

eccentricity model to explain this data. Given the possibility that elliptic flow is a “long-

wavelength” probe [158]—which would actually reduce any dependence on the initial posi-

tions or transverse structure of individual nucleons—we believe that εopt is a more realistic

approximation.

4.4 Monte Carlo Studies

Due to the number and complexity of the different v2 measurement methods, it is useful to

test them with a simple Monte Carlo model. Our goal is neither to produce an accurate

physics simulation nor to model detector effects, but rather to compare the effectiveness of

different methods on a variety of input signals with different but known amounts of azimuth

correlations, clusters (jet production), and fluctuations.

We explore three types of correlation signals with Monte Carlo simulations. First are

minijets described by two or more particles distributed according to a two-dimensional

Gaussian probability function about the jet center. The number of particles in a minijet

is determined according to a Poisson distribution. The second source of correlation comes

from flow terms. Both v1 and v2 terms can be described, but v1 is typically set to zero.

These terms are implemented by first randomly selecting a true reaction plane and then

biasing the distribution of single particles and minijet centers by sinusoids.
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The third source of correlations is momentum conservation. Momentum conservation

is difficult to treat properly in a simple simulation since there are many ways to conserve

momentum. For instance, momentum conservation in hard scatterings should to be domi-

nated by the products of back-to-back parton pairs. On the other hand, in a thermal system

momentum is conserved among all particles in the event but that is difficult to simulate.

We will not attempt to model the full details of nuclear collisions. Instead it is necessary

to explore several different algorithms and compare them to in the data. For instance, if

we assume that most events are dominated by back-to-back scattering of partons we could

generate single particles and minijets in roughly back-to-back pairs. Rather than making

them perfectly back-to-back the second minijet in the pair can be determined by a Gaussian

on azimuth centered away from the first minijet (acoplanarity).

A different approach to momentum conservation is to assign each particle a momentum

value and keep a running total of the momentum of the system as more particles are added.

The magnitude and direction of that momentum can then be used to bias the probability

distribution for the next particle added so that it is less likely to be in the direction of

the current total momentum vector. This produces a rough approximation to thermal

momentum conservation.

Neither approach strictly conserves momentum, although the momentum of observed

particles in a real collision is also not strictly conserved since there exist particles that are

produced but not observed in the detector. These methods do produce a rough approxima-

tion to the effect of momentum conservation in real collisions. The back-to-back scattering

approach produces an away-side Gaussian on φ, not necessarily a cosine. But since φ is

periodic this away-side Gaussian is actually repeated every 2π and in the limit of large

Gaussian width it approaches a simple cosine. A large width is not unusual for the mo-

mentum scales encountered in minimum-bias collisions at RHIC due to kt broadening—the

transverse component of the initial parton momentum—so either approach can produce

results similar to the observed data.

We can then calculate v2 from these simple simulations with different methods to un-

derstand their sensitivity to these signals to under controlled conditions. In the first panel

of Fig. 4.2 we have adjusted the parameters of the Monte Carlo to roughly follow expected
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Figure 4.2: First Panel: Simulated centrality evolution of v2{2}, v2{4}, and v2{2D}. Sec-
ond Panel: Effect on simulated v2{2}, v2{4}, and v2{2D} as a function of increasing v2

fluctuation width in the absence of the minijet term. Third Panel: Effect on simulated
v2{2}, v2{4}, and v2{2D} as a function of increasing v2 fluctuation width in presence of a
minijet term.

centrality trends and display three v2 methods: Two-particle cumulant v2{2}, four-particle

cumulant v2{4}, and v2 from two-dimensional fits to two-particle correlations v2{2D}—

which is the method introduced in Chapter 5 and the major focus of this work. We see

that both v2{4} and v2{2D} effectively handle the minijet component of the simulation

with very different approaches while v2{2} gives a significantly higher value because of the

“nonflow” (jet) contribution.

Since v2 fluctuations are another area of interest we can also model fluctuations simply by

randomly varying v2 parameters event-to-event. For simplicity this is done with a uniform

random distribution of v2 values with some width. While that may not seem like a physically

realistic situation, v2 is always measured within a centrality bin, not at a specific centrality

value. For our purposes a uniform distribution works well enough. The second panel of

Fig. 4.2 shows the effect of v2 fluctuations in the absence of any other terms in the simulation.

In this case v2{2} and v2{2D} behave identically while v2{4} has the opposite behavior.

In the third panel we re-introduce the minijet term which again contributes to a larger

v2{2} value. When just comparing the different between v2{2} and v2{4} it is ambiguous

whether the source is nonflow or fluctuations. This is the fluctuation puzzle introduced
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early in this chapter. v2{2D}, on the other hand, is still a two-particle correlation which

is affected by fluctuations the same way v2
2 is. Since v2{2D} can also handle the minijet

contribution it offers a potential solution to the fluctuation problem. In the next chapter

we will explain generalized angular correlations and the v2{2D} method in greater detail

and then in Chapter 6 and Chapter 7 we will apply this method to real data.
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Chapter 5

CORRELATIONS

5.1 Overview

Correlation analysis is a flexible and reliable tool for studying the distribution of particles

produced in a heavy-ion collision. The correlation method we will present in this chapter

is based on the standard autocorrelation technique commonly used in signal analysis but

adapted to the particular needs of this analysis.

Autocorrelations are fundamental in many fields including time-series analysis, the Brow-

nian motion problem and its generalizations, and astrophysics. They serve as a powerful tool

for separating “flow” and “nonflow”. They do not suffer from “finite multiplicity biases”

and permit the study of A-A centralities from central collisions to N-N collisions.

5.1.1 Motivation

Cross-correlations are used to measure the similarity of two waveforms with a lag (time

shift) applied to one of them. Though often applied to functions on time the formalism is

more general. An autocorrelation is defined as the cross-correlation of a signal with itself.

On a continuous variable x this is written

ρA(x∆) =

∫ ∞
−∞

ρ(x′)ρ(x′ − x∆)dx′. (5.1)

In signal processing the quantity x∆ is often referred to as the lag.

Norbert Wiener first applied autocorrelations to the study of Brownian motion. The

autocorrelation concept was developed in response to the Brownian motion problem and

the Langevin equation which contains a stochastic term. In the Brownian motion problem

there was a need to separate large-scale, possibly-deterministic probe-particle motion from

small-scale random motion due to collisions with water molecules.

There is a formal similarity between event-wise particle distributions on angle and the
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time series of displacements of a particle in Brownian motion. Both cases involve a discrete

distribution which combines a large random component with a smaller deterministic com-

ponent and the correlation analysis is used to distinguish the two. In heavy-ion collisions

at STAR we want to extract the azimuth correlation structure which persists over an event

ensemble from event-wise random variations.

The key advantage of autocorrelations is that all of the structure (information) in an

event is preserved, which for heavy-ion collisions includes both “flow” and “nonflow” effects.

Understanding how to separate the distinct correlation components is the focus of much of

this analysis. We apply this correlation method to multiple variables simultaneously and use

the joint correlation—a correlation on multiple variables—structure to distinguish different

physical features.

The autocorrelation method has many useful properties. Of note for this analysis is the

fact that the autocorrelation of the sum of two or more uncorrelated functions is the sum of

the autocorrelations of the functions. This will be important for interpreting correlation data

since several distinct physical processes may contribute to the total correlation structure.

The autocorrelation of a system with multiple uncorrelated sources of correlation—meaning

there are correlations within one source but not correlations between different sources—do

not depend on the overall positions of these sources. This means many different sources

of correlations can overlap and contribute to a common structure. For instance, a single

minijet may be difficult to detect at RHIC but so long as minijets are produced with similar

characteristics many distinct minijets will contribute to one peak.

5.1.2 Fluctuations

Historically, global fluctuation measures have been popular tools to study heavy-ion col-

lisions. But fluctuation measures can be calculated for different scales and yield different

results than a global analysis. For instance, the fluctuations within a small bin can be dif-

ferent from the global fluctuations over an entire detector. Furthermore, it has been shown

that fluctuation measures are nothing more than integrals of correlations [155]. There is

no information contained in a global fluctuation measure that is not present in the corre-
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sponding differential correlation measure and it is always possible to obtain the fluctuation

measure by integrating the correlation. If the scale-dependent fluctuations have been cal-

culated then it is possible to invert these fluctuations to obtain differential correlations

[155, 142]. A correlation cannot be calculated from a single fluctuation scale, but if fluctu-

ations are calculated as a function of a scale variable then it is possible to solve an integral

equation to derive the correlations from the fluctuations.

The relationship between correlations and fluctuations is interesting in its own right,

but in practice if the data to calculate fluctuations as a function of a scale parameter are

available it is possible to simply calculate the correlations directly. In terms of computation

time it is possible for the fluctuation method to be more efficient with proper optimizations,

though both methods are still of the same order. But it is easier to use the direct correlation

method when performing more involved analyses with sub-binning of particles within an

event. That is the method employed in this analysis.

From the beginning of the field of heavy-ion collisions there was major emphasis placed

on fluctuation measurements which persists even today. Experiments often report global

fluctuation values—not scale dependent—to compare with theoretical calculations. Such

quantities may be easy to calculate in theoretical models, but real heavy-ion collisions often

contain additional physics not present in these models. Correlations analyses contain more

information than global fluctuation measures. So much information that many of the details

observed in correlations are not well modeled theoretically. This can make direct comparison

to theory difficult, but the goal of this analysis is to present the most comprehensive and

accurate representation of phenomenology in heavy-ion collisions possible.

5.1.3 Application of Correlations to RHIC

As discussed in Chapter 3, hard and soft processes play significant roles in heavy-ion colli-

sions at RHIC. We strive to treat all contributions to correlations on equal footing. To avoid

imposing the hypothesis being tested on the measurement scheme we develop a consistent

set of neutral symbols, manipulate random variables with minimal approximations, intro-

duce proper statistical references so that systematic correlations of any origin can be isolated
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unambiguously, and treat azimuth structure ab initio in a model-independent manner using

standard mathematical methods [166].

We make no approximations in the statistical analysis and invoke proper correlation

references to obtain a minimally-biased, self-consistent analysis system in which “flow” and

“nonflow” terms are both represented. These terms are then distinguished by applying fits

to the correlation data with different physically-motivated components deduced from the

structure of the data itself. The physical interpretation of these components is not unique

but is well-motivated by numerous observations at RHIC. This methodology will then be

applied to data in Chapter 6 and Chapter 7.

5.2 The Two-particle Correlation Method

We now present in detail the two-particle correlation analysis method that is used through-

out this document.

5.2.1 Pair Counting

We wish to analyze the continuum parent density (particle source) but it is not directly

observable. Instead we will construct correlations of observed particles in an event to infer

properties of the parent density. In practice an autocorrelation can be derived from a pair

density ρ(x1, x2) by projecting it along diagonals in space (x1, x2) parallel to the sum axis

x1 + x2. We do this via pair counting: we loop through all possible pairs of particles in an

event (with the exception of self pairs) to construct the pair density. By filling histograms

on the difference variables, x1 − x2, we are averaging over the sum axis.

The event-wise azimuth density can be represented as a sum over Dirac delta functions

ρ(x) =
n∑
i=1

riδ(x− xi), (5.2)

where n is the number of particles and the ri are weights determined by the physical context.

For number correlations ri = 1 but they could also represent the pt or Et of a particle. The

two-particle density in one event is then the Cartesian product ρ(x1, x2) = ρ(x1)ρ(x2)

ρ(x1, x2) =
n∑
i=1

r2
i δ(x1 − xi)δ(x2 − xi) (5.3)
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+
n,n−1∑
i 6=j

rirj δ(x1 − xi)δ(x2 − xj),

with the first term representing self pairs which we will ignore. In practice this event-

wise density is histogrammed and then averaged over an event ensemble as explained in in

Sec. 5.2.3.

Rather than describing this space in terms of x1 and x2 we can convert it to sum and

difference variables xΣ = x1 + x2 and x∆ = x1 − x2. The projection by averaging of the

two-particle density onto x∆ is mathematically equivalent to the standard autocorrelation.

Consider a binned space x with bin width δ. The autocorrelation on a periodic variable x

with period 2π is then

ρA(x∆) =
1

2πδ

∫ π

−π
dx′Σ

∫ x∆+δ/2

x∆−δ/2
dx′∆ ρ(x′1)ρ(x′2) (5.4)

=
1

πδ

∫ x∆+δ/2

x∆−δ/2
dx′∆

∫ π+x′
∆

2

−π+x′
∆

2

dx′1 ρ(x′1)ρ(x′1 − x′∆).

If we take advantage of the periodicity of x then in the limit where the bin width goes to

zero we get

ρA(x∆) =
1

2π

∫ π

−π
ρ(x′)ρ(x′ − x∆)dx′, (5.5)

which is the standard definition of an autocorrelation for a periodic variable.

In Fig. 5.1 we illustrate two different averaging schemes for the case where the single-

particle space has been pre-binned and for the case where the binning occurs on the difference

variable directly [155]. In the first panel the autocorrelation is constructed as an average of

diagonal combinations of microbins of a 2D histogram on (x1, x2) An autocorrelation can

be constructed on an already binned space in this manner, but we will only be dealing with

autocorrelations made directly from pair counting as illustrated the right panel.

The same pair counting procedure can be applied even if x is not periodic, however

there are some additional complications. The autocorrelation of a periodic function always

has the same period as the original function, but when we apply this method to a finite

non-periodic space the range of x∆ will be twice that of x. In addition, simple combinatorics

tells us that pair counting will produce a triangular distribution peaked at the mean value
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Figure 5.1: Autocorrelation averaging schemes on xΣ = x1 + x2 for a prebinned single-
particle space (left panel) and for pairs accumulated directly into bins on the two-particle
difference axis (right panel) [155].

of x∆. It is a simple procedure to correct for this triangular bias, but it does mean that

the statistical significance of bins at the extreme values of x∆ will be significantly less than

those in the center.

5.2.2 Correlation Spaces

Up to this point we have only discussed correlations on a generic variable x. Now let us

consider the variables used in the analysis of heavy-ion collisions. The relevant variables we

measure for tracks in the STAR TPC are azimuth angle φ, pseudorapidity η, and transverse

momentum pt. In a two-particle analysis we are therefore analyzing a six dimensional space,

(η1, η2, φ1, φ2, pt1, pt2)

It is possible to construct correlations on any pair of these variables, but for this analysis

we will be focusing on η and φ while making cuts on pt. The variables η and φ are treated

equally in this analysis because they are both angular variables indicating the momenta of

particles produced in the collision and it is natural to consider them simultaneously. One

major distinction is that φ is periodic while η is not, but the correlation can still be con-

structed. The autocorrelation concept is not restricted to periodic boundary distributions

or discrete Fourier transforms [57].

A 2D—or joint—autocorrelation is made by applying the pair-counting procedure to
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two pairs of variables simultaneously. In this analysis it is typically a projection from the

(η1, η2, φ1, φ2) space onto the (η∆, φ∆) space. Although the details of the averaging schemes

on η and φ differ because only φ is periodic the resulting autocorrelations are formally

equivalent. The projection onto the difference variables is nominally exact on φ with an

ideal detector but only approximate on η, depending on the validity of the “boost invariance”

(stationarity) over the relevant pseudorapidity interval [155]. pt can either be integrated to

produce pt-integrated correlations or we can define a set of pt cut bins to do a pt-dependent

analysis.

Events are typically divided into bins on collision centrality, so we will study the evolution

of correlation structures with centrality. We develop a complete description of correlations

from the most peripheral to the most central collisions. pt cuts serve as another tool

which can be utilized to study correlation systematics. Since the two-particle pt space is

two-dimensional there are actually many ways to define pt cuts. Chapter 6 will focus on

pt-integrated (inclusive pt) correlations while Chapter 7 discusses a particular class of pt

cuts.

Centrality determination is done at the event level. The same analysis procedure is

applied to different classes of events and the details of the analysis do not change. pt cuts

are a bit different in this respect since they are applied to particle pairs within an event. We

need to construct sub-bins within an event for different pairs of particles based on the pair

momentum in the two-dimensional (pt1, pt2) space. Pair density histograms are constructed

for the angular variables as normal within the momentum sub-bins.

5.2.3 Event Ensembles

While the autocorrelation procedure is mathematically well-defined for a single event, in

practice the number of particles in an event is far too small—even in central Au-Au

collisions—to measure two-particle densities with any statistical accuracy. It is therefore

essential to construct an average of the autocorrelations over many events. Even within a

single event there can be many different physical processes which contribute to the corre-

lation, but we know that the autocorrelation of a sum of uncorrelated distributions is the
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sum of the corresponding autocorrelations. This doesn’t change when averaging over many

events. Assuming that the events being summed are similar enough to be dominated by the

same physical processes—it is best not to sum events with drastically different properties—

then in effect we are doing nothing more than increasing the number of terms being summed

and therefore the statistical power of the final correlation.

It is interesting to note that for the full two-particle density on (φΣ, φ∆, ηΣ, η∆) we

should not expect there to be a lack of information on (φΣ, ηΣ) within a single event. This

is because the overall position with respect to the detector is relevant for a single event.

In particular, in an event with a reaction plane and particles correlated with respect to it

there should be significant structure on φΣ within one event. But in practice there are not

enough particles in one event to construct useful correlations of this form.

When we average over many events the information on (φΣ, ηΣ)—which is not part

of the autocorrelation—is lost while the information on (φ∆, η∆)—the autocorrelation—is

successfully averaged. The differences between particle positions do not depend on absolute

position or orientation of the overall event. They are relative variables. This way we

can access information in the two-particle correlations no matter how small the event-wise

multiplicities are, so long as there is a sufficient number of collision events.

All of the quantities referred to so far in this chapter have been event-wise quantities.

The ensemble average over events comes into play in Sec. 5.4.1. In order to avoid confusion

in the following sections, we will refer to event-wise quantities with a tilde and quantities

that are ensemble-averaged without a tilde.

5.2.4 Correlation Measures

A proper statistical measure can help us understand how these correlations scale with cen-

trality, momentum, and other variables. In general the single-particle ensemble-averaged

distribution ρ(η, φ) can have arbitrary structure. We wish to subtract a statistical reference

structure from the two-particle distribution ρ(η1, φ1, η2, φ2) to isolate “true” two-particle

correlations. In this section we will only be considering weight ri = 1 (from Eq. 5.2), or

number correlations.
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We construct correlation histograms both for pairs of particles taken from the same

event (sibling pairs) and pairs of particles taken from different events (mixed pairs). The

latter provides a reference ρref that only contains information about the single-particle

distribution. It is still affected by overall multiplicities and imperfections in the detector’s

acceptance. We use it to both eliminate detector artifacts and to create a measure with

desirable scaling properties. Correlation amplitudes are extracted from pair ratio ∆ρ/ρref ≡

(ρsib − ρmix)/ρmix = ρsib/ρmix − 1. This quantity has the advantage of only containing the

ratio of ρsib and ρmix. Detector artifacts can then be canceled out in the ratio when these

quantities are properly normalized. ∆ρ/ρref is a per-pair measure.

Alternatively we may use ∆ρ/
√
ρref, a per-particle measure that has useful scaling prop-

erties when the total number of charged particles—denoted n or nch—is varied. This mea-

sure is inspired by Pearson’s normalized covariance converted to a density ratio [166]. We

will see the advantages of this approach in Chapter 6. But in practice this is not a “safe”

way to construct our correlation measure because detector artifacts will not be eliminated

in this ratio. For this reason we sometimes use the expression ∆ρ/
√
ρref as a shorthand

for
√
ρs∆ρ/ρref where ρs is an ideal version of ρref that is free from detector effects. In the

case of angular correlations this is nothing more than a constant value (ρ0) since within

the STAR acceptance particles are emitted isotropically and the only structure in ρref is

detector artifacts. But that is not true for yt × yt correlations as the overall multiplicity is

highly yt-dependent. When comparing correlations in different multiplicity bins—such as

when analyzing them as a function of centrality—a per-particle measure is preferred because

a per-pair measure can be dominated by the change in multiplicity alone.

Given N events there are N(N − 1) possible mixed events. We are limited statistically

by the number of sibling pairs, so there is no reason to calculate the correlations for all

possible mixed events. Furthermore it is desirable to mix only “similar” events (similar

properties) in order to avoid creating artifacts in the data. For this reason we typically

bin events into multiplicity and z-vertex position classes and only match events with such

properties for creating the mixed-pair reference.

This approach can be contrasted with the widely-used ZYAM (zero yield at minimum)

method which should really only be applicable for narrow, well-separated peaks on azimuth.
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The primary difference is in the normalization of mixed pairs to sibling pairs. The ZYAM

method imposes the criterion that the minimum of the correlation histogram ∆ρ should

have value zero and adjusts the background or ρref normalization in order to achieve that.

But if the physics signal contains distinct but overlapping peaks then it is possible that the

true correlation value of the minimum of the histogram should be nonzero. The ZYAM nor-

malization also affects the amplitudes of the peaks and can lead to questionable conclusions

[164].

5.3 Reaction Plane-Dependent Correlations

The original goal of this research was to study minijet correlations relative to the reaction

plane. This was thought to be achievable with methods similar to those used in three-particle

correlations [9]. However, instead of describing the correlations with respect to a trigger

particle, we would use the estimated event plane as the third “particle”. As mentioned

in Sec. 5.2.3 there is still information on the φΣ axis of the two-particle correlation if the

correlations are shifted with respect to a well-defined event plane for each event.

This would be done by estimating the event plane for each event with the standard

methods described in Chapter 4. Then a correlation similar to the standard (φ1, φ2) two-

particle correlation can be constructed but with the reaction plane angle subtracted to

make a (φ1−ψr, φ2−ψr) correlation. We tested this on the same basic Monte Carlo model

introduced in Sec. 4.4. The first panel of Fig. 5.2 is an example of what a standard (φ1, φ2)

correlation looks like without subtracting the reaction-plane angle. Since we average over

many events and the events are all randomly oriented with respect to our detector there is

only information on the difference angle φ∆ = φ1 − φ2.

In the second panel of Fig. 5.2 we use the true reaction-plane angle—known from the

simulation—to do the subtraction. This is the ideal case, and does not reflect real exper-

imental data. With each event shifted by this angle there is significant structure on the

sum axis in addition to the difference axis. Even though there is a significant minijet term

present in the simulation—though it is not necessarily correlated with the reaction plane—

the data in this format is still dominated by v2. To study minijet properties it would be

necessary to subtract the large v2 contribution.
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In simulations we have access to the true reaction-plane angle, but that isn’t an ob-

servable quantity in real data. So we wish to estimate the event-plane using the standard

EP method. As described in Sec. 4.2.1, in order to eliminate self-pair biases it is standard

practice to estimate a slightly different event plane for each particle using all particles in

the event except that particle. When we attempted to use this approach with simulated

data it differed dramatically from the ideal case with the true reaction-plane angle. A nec-

essary but not sufficient criterion for any good reaction-plane estimation algorithm is that

for uncorrelated data the (φ1 − ψ2, φ2 − ψ2) plot should have no correlations induced by

the reaction-plane estimation algorithm itself. In the third panel of Fig. 5.2 we apply this

procedure to uniform random data and find that is not the case for the standard event-plane

method. There is a significant correlation structure created by the algorithm for estimating

the event plane.

The only way to avoid such artificial correlations is to completely exclude tracks that

were used in the estimation of the reaction plane from the two-particle correlation. This is

essentially the sub-event method. We select half of the particles in an event at random to

estimate the event plane and use the other half to create the correlation. We find that this

method does not introduce any correlations in uniform random data, though it does reduce

the statistical significance of our measurement since we are only using half the particles.

It also reduces the event-plane resolution. The fourth panel of Fig. 5.2 shows the result of

applying this method to the Monte Carlo data. In this simplified case it compares favorably

with the true reaction-plane method.

But this is still a rather idealized situation. The simulation was done with a perfect

detector which requires no φ-weighting to estimate the event plane. The only non-flow effects

came from small Gaussian clusters of particles and a simplified momentum-conservation

algorithm. Real data would require more thorough analysis.

v2 dominates these correlations, and if we wish to study the minijet structure with respect

to the reaction plane v2 must first be subtracted. There are complications, however. In the

standard event-plane v2 method imperfect estimation of the event plane necessitates the

introduction of a quantity known as the event-plane resolution to “correct” vobs2 (or really

to make it equivalent to a two-particle correlation as we will see in Sec. 5.4.2). There is a
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very similar problem here but imperfect estimation of the event plane doesn’t only reduce

the amplitude of v2, it actually smears out the correlation along the sum axis. This alters

the shape of the v2 term, and the magnitude of that effect is dependent on the event-plane

resolution. Furthermore, existing measurements of v2 were significantly affected by nonflow

effects and/or fluctuations and it is very difficult to apply them under these circumstances.

The original goal of this study was to compute a two-particle jet correlation relative

to the event plane (effectively a three-particle correlation) in order to study minijets with

respect to the Au-Au reaction plane. To really understand this however required a precise

understanding of the v2 background. The available methods gave a wide range of values

that were not adequately understood. While the original goal seemed to have achieved

limited success in simulations, this was not the case with real data. We needed to develop

better methods for measuring v2 accurately and directly using two-particle correlations.
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Figure 5.2: First Panel: A Monte Carlo calculation of a (φ1, φ2) correlation without any
reaction-plane subtraction. Second Panel: The (φ1 − Ψr, φ2 − Ψr) correlation of the same
data using the true reaction plane from the Monte Carlo simulation. Third Panel: The
(φ1−Ψ2, φ2−Ψ2) correlation of uniform random data using an event plane estimated with
the standard event-plane method. Fourth Panel: The (φ1 −Ψ2, φ2 −Ψ2) correlation of the
simulated data using a sub-event method.
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5.4 Autocorrelation Algebra

We will now describe the detailed algebraic structure of azimuth autocorrelations, their

relationship to standard v2 measurements, and how we can interpret our results.

5.4.1 Fourier Transforms of Autocorrelations

We first consider correlations on azimuth alone. The Fourier transform of the event-wise

single particle density on azimuth is

ρ̃(φ) =
∞∑

m=−∞

Q̃m

2π
exp(imφ) (5.6)

=
Q0

2π
+ 2

∞∑
m=1

Q̃m
2π

cos(m[φ−Ψm]),

where boldface Q̃m is an event-wise complex amplitude, Q̃m is its magnitude and Ψm its

phase angle. Since ρ(φ) is a real function we arrive at the second line. Q̃m/2π = ρm is

the amplitude of the density variation associated with the mth sinusoid, and in the case of

number correlations Q̃m is the number of particles in 2pi for a uniform density [166].

Now we apply Eq. (5.6) to the autocorrelation definition on a periodic variable in

Eq. (5.5)

ρ̃A(φ∆) =
1

2π

∫ π

π
dφ

( ∞∑
m=−∞

Q̃m

2π
exp(imφ)

) ∞∑
m′=−∞

Q̃∗m′

2π
exp(−im′[φ+ φ∆])

(5.7)

=
∞∑

m=−∞

Q̃2
m

[2π]2
exp(−imφ∆)

=
Q̃2

0

[2π]2
+ 2

∞∑
m=1

Q̃2
m

[2π]2
cos(mφ∆).

We see that the autocorrelation of a Fourier series with coefficients Q̃m/2π is itself a Fourier

series with coefficients [Q̃m/2π]2. The phase angle Ψm has been eliminated as the sinusoids

are in terms of angle difference φ∆. This is an application of the Wiener-Khintchine theorem

which relates power-spectrum elements to the autocorrelation.

The reverse transform is

Q̃2
m = n2〈r cos(m[φ−Ψm])〉2 (5.8)
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= 2π

∫ π

−π
dφ∆ρ̃A(φ∆) cos(mφ∆)

=
n∑

i,j=1

rirj cos(m[φi − φj ])

= n〈r2〉+ n(n− 1)〈r2 cos(mφ∆)〉

≡ Q̃2
ref + Ṽ 2

m

where the angle brackets represent event-wise averages. The term denoted Q̃2
ref is a “white-

noise” background and the term denoted Ṽ 2
m is the true two-particle azimuth correlation.

Since the terms are positive definite the relationship also holds for ensemble-averaged

quantities. The ensemble-averaged Fourier transform is

ρA =
Q2

0

[2π]2
+ 2

∞∑
m=1

Q2
m

[2π]2
cos(mφ∆), (5.9)

while the reverse transform is [166]

Q2
m = n〈r2〉+ n(n− 1)〈r2 cos(mφ∆)〉, (5.10)

where the convention Q2
m = Q̃2

m has been adopted.

Recall from Sec. 4.2.1 that vm coefficients are defined by a Fourier series in the single-

particle density. We wish to relate the power-spectrum Q̃m coefficients to the conventional

“flow” measure. To do this insert the event-wise reverse Fourier transform Eq. (5.8) into

the ensemble-averaged Eq. (5.9). Note that there is no cross-term between the white-noise

background and true two-particle correlation because they are uncorrelated by definition.

The result is

ρA(φ∆) =
n〈r2〉

2π
δ(φ∆) +

n(n− 1)〈r2〉
[2π]2

+ 2
∞∑
m=1

V 2
m

[2π]2
cos(mφ∆). (5.11)

The first term is the self-pair term, which in our analysis is simply excluded. The second

term is a uniform component V 2
0 = n(n− 1)〈r2〉. The third term is the sinusoidal correla-

tion structure. This is the basis for the relationship between two-particle correlations and

conventional flow measurements.

We will now construct the quantity ∆ρA/
√
ρA,ref . Assume for simplicity that our fac-

torizable reference autocorrelation is ρA,ref (φ1, φ2) = ρ0(φ1)ρ0(φ2) is a constant on φ—

reasonable if ignoring detector artifacts—equal to ρ0 = n̄/(2π∆η) ' d2n/dηdφ, where ∆η
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is the acceptance on η. ∆ρA = ρA − ρA,ref which gives

∆ρA√
ρA,ref

=
σ2
n − n̄
2πn̄

+ 2
∞∑
m=1

V 2
m

2πn̄
cos(mφ∆) (5.12)

≡ ∆ρA[0]
√
ρA,ref

+ 2
∞∑
m=1

∆ρA[m]
√
ρA,ref

cos(mφ∆),

where σn is the standard deviation. The first term is the density ratio average over the

acceptance. The second term directly relates the correlations in this measure to the usual

sinusoid Vm coefficients.

5.4.2 Relationship to vm coefficients

Measuring the true vm on φ alone in the presence of “nonflow” effects is very difficult.

However it is possible to calculate a 2D correlation simultaneously on φ and η and use the

characteristic η dependence to distinguish different physical contributions. This is because

“flow” and “nonflow” contributions have very different η dependence. But first let’s assume

that there are only sinusoidal correlations. We will also omit the ri weights for simplicity.

Now recall the definition of vm{EP} from Section 4.2.1

vm{EP} =
vobsm

〈cos(m(ψm − ψr))〉
. (5.13)

The two-particle correlation density V 2
m is:

V 2
m =

n∑
i=1

n−1∑
j 6=i

~u(mφi) · ~u(mφj) = n2v2
m{2}, (5.14)

where n is the particle multiplicity of an event and ~u are unit vectors. The second part of the

above expression introduces the relationship to the two-particle cumulant method, denoted

by v2{2}. The Vm here are strictly Fourier components of the total two-particle azimuth

density and include “nonflow” effects that might be better described by non-Fourier terms.

If we use Eq. (4.3) in Eq. (5.14) then we arrive at the following relationship:

Vm = n

{
1

n

n∑
i=1

~u(mφi)

}
· ~u(mψm)

Qm
Vm

. (5.15)

In Ref. [166] an expression for the event-plane resolution was derived:

〈cos[m(ψm − ψr)]〉 ≈
√
n− 1

n

Vm
Qm

. (5.16)
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Inserting this into Eq. (5.15) gives:

Vm ≈ n
vobsm

〈cos(m(ψm − ψr))〉
= nvm{EP}, (5.17)

recalling the definition of v2{EP} in Eq. 4.6. Thus we find that the event-plane method

of measuring v2, while often presented using different language, is nothing more but a type

of two-particle correlation. This means that direct comparison between event-plane and

autocorrelation methods is reasonable.

The Fourier coefficients of the correlation amplitude in Eq. 5.12 can be compared to the

standard v2 measure with the relation ∆ρ[m]/
√
ρref = ρ0(b)v2

m where ρ0(b) = dnch/2πdη. A

simple Fourier decomposition would be all that is necessary if the only sources of correlations

were related to flow. However, in real data there is also a significant contributions from

“nonflow” terms, which have very different structure.

5.4.3 Gaussian Correlations

We observe structures besides sinusoids in data. One of the most common form of correlation

we see are Gaussian peaks. There are several physical processes that can produce Gaussian

peaks, such as minijets or HBT correlations. Any process that produces correlated clusters

of particles has a tendency to make Gaussian correlations centered at the origin of (η∆, φ∆).

The autocorrelation of a single Gaussian peak is also a Gaussian peak. For a single-

particle density of the form

ρ̃(x) = e−x
2/2σ2

(5.18)

the autocorrelation is then

ρ̃A(x∆) =

∫ ∞
−∞

e−x
′2/2σ2

e−(x′−x∆)2/2σ2
dx′ (5.19)

=

∫ ∞
−∞

e−(2x′′+ 1
2
x2

∆)/σ2
dx′′

= σ
√
πe−x

2
∆/4σ

2
,

which other than the overall constant is just the same Gaussian with a
√

2 larger width.

This was done for a non-periodic autocorrelation, however on a periodic variable there would
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be a periodic array of Gaussians with centers shifted by 2π, 4π, etc. But the integral is the

same as when integrating a single Gaussian from −∞ to ∞.

However, a single-particle density with only one Gaussian peak is not a realistic scenario.

What we actually observe in some real events is a number of Gaussian features, and there

can be cross-terms between them. But the correlation term produced by particles within

a single peak is always centered at x∆ = 0. This means that any Gaussian peaks in the

single-particle correlation will contribute to a single peak at x∆ = 0. However the cross-

terms between peaks will produce many peaks in the correlation, the positions of which can

vary due to differing separation between peaks.

That is within a single event, but when we take the ensemble average over many events—

or indeed if the number of peaks in a single event was large enough, though this is physically

unlikely—in the absence of correlations between different peaks the cross-terms will average

out to a constant background. But if some peaks are correlated then we will see that in the

final correlation. For example, conservation of momentum will tend to produce back-to-back

(dijet) peaks that result in another correlation centered at φ∆ = π.

This peak will be elongated on η because of the nature of our coordinate system. The

opposite momentum of a particle traveling in direction φi is φi − π. This means that

the difference between the emission angles of two particles with opposite momentum on

azimuth is π. But even if two particles have opposite momenta on pseudorapidity—which

isn’t even necessarily true—that implies a change in sign from ηi to −ηi. The difference is

then 2ηi, which does nothing to constrain the correlation on η∆ unless the single-particle

distribution itself has an η-dependence. Within the STAR acceptance the η-dependence

of the multiplicity distribution for most events is approximately flat and therefore we can

expect correlations from momentum conservation to be flat on η∆.

Of course processes besides back-to-back jets must still conserve momentum. In events

at RHIC with many produced particles it is possible to have thermal momentum conser-

vation among most particles in an event. This produces a correlation structure which can

be indistinguishable in shape from momentum conservation in dijets, though it would be

expected to have different scaling properties with centrality, for instance.
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5.5 Fit Models

The greatest strength of the autocorrelation method—its sensitivity to even small sources

of correlations—can also be its greatest weakness. Since multiple distinct physical processes

can contribute to observed correlations, direct comparison to simplified physical models—

which may only account for a subset of what occurs in a nuclear collision—can be ambiguous.

Of course an accurate model of every physical process in a nuclear collision would have to

be consistent with the correlation data, but no such model exists. Instead we can isolate

distinct components of a correlation by fitting them with model functions.

5.5.1 Observed Structures

So far we have compared these two-particle correlations to conventional v2 measures under

the assumption that all of the correlation structure present is naturally described in terms

of a Fourier series expansion on azimuth. In real data that is not the case and it is necessary

to account for other structures in our analysis. By using fits to the 2D correlation struc-

ture we can use the information on azimuth and pseudorapidity simultaneously in order to

distinguish different correlation structures.

Our fit model is inspired by observation of detailed correlations in proton-proton colli-

sions [138, 139]. As will be shown in Chapter 6, very peripheral Au-Au collisions are similar

to proton-proton collisions. Thus, if we want a complete understanding of the Au-Au colli-

sion system as a function of centrality it is natural to start by understanding proton-proton

correlation structures.

The principal structures we observe in proton-proton collisions are a 2D same-side Gaus-

sian peak, a 1D Gaussian on η∆, and a dipole component cos(φ∆). There is also a sharp

peak at the origin representing electron pairs and HBT effects which we model with a 2D

exponential. The 2D Gaussian peak can be largely attributed to minijet production, as will

be shown in Chapter 9. The dipole can be attributed to momentum conservation, whether

primarily from back-to-back jet production or thermal momentum conservation. The 1D

Gaussian on η∆ is related to soft physics (projectile dissociation) and can be seen in the

cuts made in Sec. 3.1.3.
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When we go from the proton-proton collision system to heavy ions we find that all

of these terms are still present and one additional term must be included: a quadrupole

component cos(2φ∆). This is the term which directly corresponds to the conventional

measure v2. In order to measure the azimuth quadrupole we fit all components with a 2D

model and extract the quadrupole term, which can then be related to the conventional v2

measure as described above.

With all of these terms included the fit function is,

F = AD cos(φ∆ − π) +AQ cos(2φ∆) +Asofte
− 1

2

(
η∆
σsoft

)2

+A2De
− 1

2

{(
φ∆
σφ∆

)2

+

(
η∆
ση∆

)2
}

+ Aexpe
−
{(

φ∆
wφ∆

)2

+

(
η∆
wη∆

)2
}1/2

+A0. (5.20)

Including the amplitudes and widths there are 11 fit parameters: AD, AQ, A0, Asoft, A2D,

Aexp, σ0, ση∆ , σφ∆
, wη∆ , and wφ∆

. We will see in Chapter 6 that these 11 parameters

successfully describe heavy-ion collision data accurately from the most peripheral to the

most central collisions.

5.5.2 Fit Methods

In order to fit these 2D histograms we invoke a standard χ2 fit using the MINUIT MIGRAD

minimization package [111]. Parameter errors are estimated using MINOS [111]. The fit

function used is Eq. 5.20 with 11 free parameters. Six of these parameters are amplitudes and

can be fit quite easily, but five terms correspond to the widths of Gaussian and exponential

terms making this a nonlinear fit process.

Of course, as in any nonlinear fit there is no guarantee that the local minimum found

by MIGRAD is the true global minimum. Unfortunately, there is no easy solution to this

problem so we have have adopted a brute-force approach. Rather than simply fitting the

histograms once, we first establish reasonable limits on the values of the parameters based

on the range of the histogram. Overall amplitudes can vary dramatically depending on

the correlation measure used, but common-sense limits can be adopted. For instance, the

amplitude of a sinusoid term should never exceed the difference between the maximum and

minimum points on the histogram. Limits are placed on the widths of Gaussian terms based
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on experience observing these widths over a wide range of centrality and pt conditions, but

the limits are fixed for all histograms.

Once reasonable limits have been established it is possible to fit the histograms by ran-

domly selecting starting values from within the acceptable ranges of parameters. The fitting

process can then be repeated hundreds of times with a different random starting point each

time. We seed the fitting algorithm with random starting points in the allowed parameter

space and then repeat this procedure for each histogram 500-1000 times. This produces a

distribution of χ2 values for each histogram that provides a check on the stability of the fit.

The the with the overall minimum χ2 is taken to be the optimal fit, but with enough fitting

attempts we can also learn something about the stability of the fitting procedure.

This procedure may seem unnecessary when fitting a few histograms, but as we will see

in Chapter 7 when exploring the combined space of centrality and pt for different collisions

energies and studying the impact of variations on our fit model we can be fitting hundreds

or even thousands of different histograms. Having a consistent and reproducible method for

producing optimal fits is essential.
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Chapter 6

PT -INTEGRAL AZIMUTH QUADRUPOLE

6.1 Applied Correlations

As described in Chapter 5, we construct minimum-bias angular autocorrelations by con-

sidering all possible pairs of particles in an event within a defined acceptance and track

quality standards. In general one can consider structures in the pair density on 6D momen-

tum space (pt1, η1, φ1, pt2, η2, φ2). In this analysis we study pt-integrated correlations on the

angular subspace (η1, φ1, η2, φ2), where the angular variables for relativistic collisions are

pseudorapidity η and azimuth φ.

6.1.1 Data Selection

Events are selected using the STAR Minbias trigger which requires a minimum energy

threshold deposited in the Central Trigger Barrel, coincidence in both Zero-Degree Calorime-

ters, and a reconstructed event vertex as discussed in Chapter 2. Primary vertices were re-

quired to be within 25 cm of the TPC’s axial center, well within the TPC’s fiducial volume

which extends to ±100 cm in the longitudinal direction.

Once an event has been selected, pairs are formed from tracks measured in the TPC.

However not all tracks in an event are necessarily suitable for a given analysis so track cuts

are imposed. Track cuts can be set for kinematic restrictions, track reconstruction quality,

and particle identification.

Kinematic cuts include restrictions on the momentum of measured particles as well

as their angular (azimuth and pseudorapidity) variables. We wish to be as inclusive as

possible in this analysis so the entire 2π azimuth range is included and |η| ≤ 1. While

the TPC actually does extend beyond η = 1, for very large η the reconstruction efficiency

drops rapidly which can introduce correlation artifacts. Therefore these regions have been

excluded [84].
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The transverse momentum pt of each particle is restricted to be between the STAR TPC’s

smallest measurable momentum pt = 0.15 GeV/c and an upper limit of pt = 15 GeV/c. This

limit was chosen because very high pt tracks can be problematic for track reconstruction.

High momentum tracks do not curve much in the TPC’s magnetic field so it can be difficult

to even determine the sign of their charge.

Tracks are reconstructed by fitting hit points in the TPC. We can place restrictions on

the number of fit points used for tracks that we accept. A large number of track fragments

have only 11-13 points. To ensure that we are using good tracks we require them to have

a minimum of 15 fit points. In addition, based on a track’s position in the TPC we can

get a rough estimate of the expected number of fit points. We only accept tracks with at

least 52% of their expected fit points. This is to avoid problems with split tracks: points

produced by a single particle that are actually reconstructed as two separate tracks. We

also make cuts on the χ2 of the helix fit to the tracks fit points to be within 0.0 < χ2 < 3.0.

And we exclude tracks with errors flagged by the track reconstruction program.

The distance-of-closest-approach (DCA) cut of a reconstructed track is used to distin-

guish the primary particles produced in the collision from secondary particles produced

from weak decays or interaction with the detector material. We restrict the DCA of a track

to be within 3 cm of the primary vertex which accepts a large fraction of true primary

hadrons in addition to approximately 12% background contamination from weak decays

and interactions with the material in the detector [21, 11].

This analysis does not deal directly with particle identification. However, there is a

simple PID cut made in order to reduce the background from electrons and positrons,

typically produced as pairs from photon conversions. This cut is made based on the dE/dx

(energy loss per unit path length) in the TPC. Completely distinguishing electrons from

hadrons with dE/dx measurements in STAR is impossible, and we only make this cut in

regions were the electron band is distinct. Particles with dE/dx within 1.5σ of the expected

values for electrons in the momentum ranges 0.2 < p < 0.45 GeV/c and 0.7 < p < 0.8 GeV/c

are excluded. This cut reduces but does not eliminate the electron background. However,

more aggressive cuts would affect our hadron correlations. Finally, we only accept particles

with charge ±e.
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6.1.2 Event Mixing

As explained in Chapter 5, we combine pairs events in order to construct the mixed-pair

correlation reference. If the events being paired have significantly different physical prop-

erties this can introduce artifacts in the correlations. Given N events there are N(N − 1)

possible event pairs, but there is little statistical advantage to having the number of mixed

event pairs exceed the number of events. Therefore we only use a subset of the possible

event pairs and establish criteria for determining which events should be paired for mixing.

The first criterion is multiplicity. Certain correlation structures can vary rapidly with

multiplicity, so mixing events with significantly different multiplicities can be problematic.

We determine centrality from multiplicity, so the simplest rule we can make is to do event

mixing only with events within the same centrality bin. In the more-peripheral bins this is

sufficient, but in the more-central bins a single bin corresponds to a much larger range of

multiplicities. We therefore divide the most central bins into additional sub-bins ∆nch = 50

wide.

We also restrict event pairs based on the primary vertex z position. From our event cuts

all events are restricted to |z| ≤ 25 cm, but events for mixing are placed into 10 z-vertex bins

that are each 5 cm wide which cover the full 5 cm range. Events are only paired with other

events in the same z-vertex bin. Correlations are calculated separately for each multiplicity

and z-vertex sub-bin and the final correlation is constructed from a weighted average of the

correlations in each sub-bin.

6.1.3 Pair cuts

Since all two-particle correlations are constructed from particle-pair densities, we can also

make cuts on particle pairs in addition to cuts on tracks and events. At first it may seem

counter-intuitive, but pair cuts can actually avoid significant issues with tracks lost in the

event reconstruction due to merging and crossing in the TPC.

There is already a track cut based on fit points designed to remove artifacts when a

single track is reconstructed as two or more tracks. But the reverse process, called merging,

can also happen when two nearby tracks are reconstructed as a single track. This creates a
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pair loss which is highly biased towards closely-correlated tracks. The pair loss means that

the density of sibling pairs with small angular separations is suppressed. In the mixed-event

reference there is no angular bias. Track losses affect the correlation amplitude, so the final

correlation pair ratio is suppressed for small η∆ and φ∆ [84].

In addition to track merging there can be pair losses from track crossings. When two

tracks cross in the TPC there is a much greater chance of one or both tracks being recon-

structed as split tracks. Since we make a track cut to remove split tracks, this means that

tracks that cross are more likely to be excluded and further pair loss is produced. This

pair suppression also depends on the total density of tracks in the TPC—higher density

increases the chance of tracks crossing—so the effect is centrality-dependent.

Unlike track merging, track crossing affects particles with a small η∆ separation but over

a broad range of φ∆ because different particles can bend different amounts in the magnetic

field, or even in the opposite direction if the two particles have different charges. But the

magnetic field only affects the particle’s position in φ so the pair losses are still biased

towards small η∆.

These pair losses can be corrected by making cuts that remove the mixed-event reference

pairs as well as sibling pairs. If the pair loss is present in the reference as well as the sibling

pairs then it will be corrected in the ratio. To avoid losses from merging tracks we cut

particles with separations of 5 cm or less and to avoid losses from crossing tracks we cut

particles with average longitudinal separations less than 5 cm [84].

6.1.4 Event-based Pileup Cut

Two-particle correlations of this form are very sensitive to pileup effects. Pileup occurs

when there is sufficient beam luminosity such that particles from untriggered collisions

in a different bunch crossing may appear in readout of a triggered collision event. The

standard STAR track reconstruction procedure significantly reduces pileup effects, however

some tracks may still be misidentified as belonging to the triggered event. The amount

of pileup depends on the luminosity RHIC was run at, which varies significantly between

different runs. About 0.5% of Run 4 events used in this analysis are estimated to contain
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pileup tracks while only about 0.05% of Run 2 events do [37]. Despite these small numbers,

pileup can have a real impact on the observed correlation structures. Since pileup tracks are

biases towards large pseudorapidity values there is a “W”-shaped η∆-dependent correlation

between pileup tracks and true tracks in the event. The pileup structure has no significant

dependence on φ∆.

Events containing pileup tracks are identified by looking for distinctive patterns in the

event-wise track end-point distributions in the longitudinal drift direction of the TPC that

result from the bi-directional drift of the STAR TPC [37]. Particle tracks from pileup are

either split by the TPC’s central membrane or truncated before the TPC readout plane.

But this cut is designed to look for patterns in the ensemble of tracks in an event, not on a

track-by-track basis. So it can be used only to throw out whole events that contain pileup

tracks. For this reason it is still necessary to have good track reconstruction that minimizes

the number of pileup tracks or else we would be forced to throw out a significant fraction

of events.

This procedure also does not completely eliminate pileup. However, if we calculate

correlation histograms both with and without the pileup cut the difference between the two

correlation histograms tells us the shape of correlations that come from pileup. A centrality-

independent pileup detection efficiency (1−f) = 0.25±0.1 is assumed for this analysis based

on the fraction of pileup events with insufficient tracks crossing the central membrane to be

identified as pileup [37]. We then scale the pileup correlation by this efficiency and subtract

that from the correlations with no pileup filter to estimate the real pileup-free correlation.

6.2 Two-Particle Correlations on Energy and Centrality

We wish to analyze correlation data to study the azimuth quadrupole component, which is

the term most closely related to v2. Rather than just treating the quadrupole contribution to

these correlations as a background for jets or other physics, we wish to use the correlations

themselves as a way to measure v2. This requires an accurate fit model and a physical

interpretation of the fit components.
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6.2.1 Data Sets

We analyzed data from the STAR’s TPC at a uniform 0.5 T magnetic field at collision

energies of
√
sNN = 62 and 200 GeV. As mentioned in Chapter 2 we use a minimum-bias

trigger which requires a coincidence between the ZDC and CTB. The event, track, and pair

cuts described above are applied.

This analysis used 6.7 million events at
√
sNN = 62 GeV from RHIC Run 4 (in 2004)

and 1.2 million events at
√
sNN = 200 from RHIC Run 2 (in 2001). Older Run 2 data were

used because RHIC operated at a much lower luminosity during early runs which produced a

very clean data set with minimal pile-up. For the pt-integrated analysis there was sufficient

statistics in this dataset. For the pt-differential analysis presented in the next chapter more

events are required for sufficient statistics and the Run 4 data is used for 200 GeV collisions

as well.

The centrality of each event is determined by the measured charge multiplicity, nch. We

have found that it is important to use the same pseudorapidity acceptance |η| < 1 to deter-

mine centrality that is used for the correlation analysis. A standard reference multiplicity

used in STAR is defined in the region |η| < 0.5. But if we base our analysis on this ref-

erence multiplicity significant artifacts arise in the correlation histograms due to canonical

suppression. Correlations within the restricted reference-multiplicity pair acceptance are

suppressed relative to those outside of it.

We determine centralities with the method developed in [169] based on the observed

charged particle multiplicity in the TPC. There are nine ∼ 10% bins from 100% (most

peripheral) to 10% (most central), and the last 10% is divided into two 5% bins. We

usually express centrality with the average path length parameter ν defined in Sec. 2.2.3.

6.2.2 2D Correlations

Following the procedure described in Chapter 5 we constructed 2D two-particle angular

correlations on (η∆, φ∆) for the desired pt acceptance and 11 centrality bins. Fig. 6.1 shows

the correlations from 200 GeV Au-Au collisions and Fig. 6.2 shows the correlations from

62 GeV collisions. These correlations use the per-particle correlation measure ∆ρ/
√
ρref .
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Figure 6.1: ∆ρ/
√
ρref data histograms for 200 GeV pt-integrated correlations in 10% frac-

tional centrality increments for the first 9 bins from 90-100% central collisions in the top
right to 10-20% central collisions on the third line. The 0-10% range has been split into two
bins, the last two histograms being 5-10% and 0-5% central collisions.
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Figure 6.2: ∆ρ/
√
ρref data histograms for 62 GeV pt-integrated correlations in 10% fractional

centrality increments for the first 9 bins from 90-100% central collisions in the top right to
10-20% central collisions on the third line. The 0-10% range has been split into two bins,
the last two histograms being 5-10% and 0-5% central collisions.
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pt-integrated 2D angular autocorrelations contain two dominate types of structure: η∆-

dependent peaks and η∆-independent sinusoids cos(φ∆) and cos(2φ∆), where the cos(2φ∆)

sinusoid can be identified with “elliptic flow”, and the m = 2 Fourier component of the

remaining structure is largely responsible for “nonflow”. In this chapter we will focus

primarily on the sinusoidal structures. In Chapter 9 we will return to discussing the peak

structures.

6.2.3 Fits to 2D Correlations

The correlation data for each energy and centrality were fitted with a six-component model

function that was given in Eq. 5.20 and motivated by structure observed in data from

200 GeV p-p collisions [138]. Figures 6.3 through 6.6 show the fits and residuals for all

centralities from 200 GeV and 62 GeV Au-Au collisions. The eleven-parameter fit does an

excellent job of describing 2D data for both energies and all centralities.

Figure 6.7 shows the major fit parameters as a function of centrality parameter ν. One

of the most visibly striking features is the sudden increase of the same-side peak ampli-

tude and η width above mid-central (ν ≈ 3) collisions. There is no corresponding kink in

the quadrupole term or other parameters that corresponds to this sudden increase. The

point where the same-side peak starts to increase rapidly is sometimes referred to as the

sharp transition [84, 37]. This will be a major point when discussing a conjectured “ridge”

structure in Chapter 9.

Here we focus on the quadrupole term and its relation to conventional v2 measures. As

described in Chapter 4, v2 can be directly related to the ∆ρ/
√
ρref quadrupole amplitude

by

AQ{2D} =
∆ρ[2]
√
ρref
≡ ρ0v

2
2{2D}(b). (6.1)

When written in terms of the standard v2 measure we refer to this quantity as v2{2D}

because it is produced from a two-dimensional fitting procedure. Fig. 6.8 (top two panels)

compares 2D fit results for ∆ρ[2]/
√
ρref (first panel), with corresponding values of v2 (second

panel) from published analyses. Quadrupole fit results for 200 GeV (solid dots) and 62 GeV

(solid upright triangles) data show a strong increase with centrality up to to mid-central
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Figure 6.3: Fits to the ∆ρ/
√
ρref data histograms in Fig. 6.1 for 200 GeV pt-integrated

correlations in 10% fractional centrality increments for the first 9 bins from 90-100% central
collisions in the top right to 10-20% central collisions on the third line. The 0-10% range has
been split into two bins, the last two histograms being 5-10% and 0-5% central collisions.
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Figure 6.4: ∆ρ/
√
ρref residuals from the histograms fits in Fig. 6.3 for 200 GeV pt-integrated

correlations in 10% fractional centrality increments for the first 9 bins from 90-100% central
collisions in the top right to 10-20% central collisions on the third line. The 0-10% range has
been split into two bins, the last two histograms being 5-10% and 0-5% central collisions.
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Figure 6.5: Fits to the ∆ρ/
√
ρref data histograms in Fig. 6.1 for 62 GeV pt-integrated

correlations in 10% fractional centrality increments for the first 9 bins from 90-100% central
collisions in the top right to 10-20% central collisions on the third line. The 0-10% range has
been split into two bins, the last two histograms being 5-10% and 0-5% central collisions.
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Figure 6.6: ∆ρ/
√
ρref residuals from the histograms fits in Fig. 6.3 for 62 GeV pt-integrated

correlations in 10% fractional centrality increments for the first 9 bins from 90-100% central
collisions in the top right to 10-20% central collisions on the third line. The 0-10% range has
been split into two bins, the last two histograms being 5-10% and 0-5% central collisions.
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Figure 6.7: The major fit parameters for 200 and 62 GeV collisions as a function of centrality
on centrality parameter ν [37]. In the order of the figures they are the amplitude of the
same-side peak, the width of the same-side Gaussian peak on η, the width of the same-side
Gaussian peak on φ, the amplitude of the dipole term, the amplitude of the quadrupole term,
and the same-side peak width aspect ratio ση∆/σφ∆

. The dotted and dashed curves indicate
Glauber linear superposition estimates for 62 and 200 GeV same-side peak amplitudes. The
hatched regions indicate the full range of systematic uncertainties.

collisions followed by reduction to zero for the most central collisions. v2{EP} data from

NA49 (inverted solid triangles) [140] provide a reference for energy-dependence systematics.

Published data for two-particle v2{2} (open circles) and four-particle cumulant v2{4}

(open squares) at 200 GeV [32] are compared to v2{2D} (solid points) from this 2D au-

tocorrelation analysis. The v2{1D} (open triangles) are fits of cos(2φ∆) to 1D projections

onto φ∆ of the 200 GeV 2D autocorrelations, roughly consistent with the v2{2} analysis as

expected [166, 158] and substantially larger than the 2D fits. That “nonflow” offset is ex-

pected from a conventional 1D flow analysis: the difference between open triangles and solid

dots is exactly the m = 2 Fourier component of the same-side minijet peak [158]. v2{4}



102

is expected to eliminate nonflow assuming that “elliptic” flow is a collective property of

many particles, whereas “nonflow” describes independent “clusters” of a few particles [73].

The open squares in Fig. 6.8 (top two panels) are closer to the 2D analysis, but systematic

deviations outside published uncertainties remain. We conclude that the main source of

difference v2{2} − v2{4} is the same-side minijet peak [158], not v2 fluctuations [148, 50].

The comparison of v2{2D} and v2{1D} allows us to estimate the contribution of “non-

flow” to uncorrected v2 data from 200 GeV Au-Au collisions to be between 20-100%, vary-

ing with centrality. The problem is largest for the most central collisions, since not only is

v2{2D} approaching zero but also the amplitude of the minijet term is near its maximum.

6.3 Trends and Parametrization

Measurements of the quadrupole moment over a broad range of centralities and energies

provide qualitatively new insights into the correlation phenomenon thought to represent

elliptic flow. Quadrupole amplitudes follow simple systematic trends on centrality and

energy described by only two initial-state parameters for all systems down to 13 GeV.

6.3.1 Quadrupole Systematics

From the quadrupole data in Fig. 6.8 (upper-left panel) we have determined that data

at different energies can be described by a common function on centrality and vary only

in amplitude. The energy dependence of the amplitude is found to be proportional to

log(
√
sNN/13 GeV). We introduce the energy scaling factor

R(
√
sNN ) ≡ log(

√
sNN/13 GeV)/ log(200/13). (6.2)

If we plot quadrupole amplitudes divided by the square of the eccentricity as a function of

R(
√
sNN )nbin we observe the linear trend seen in Fig. 6.8 (lower-left panel). The complete

set of quadrupole data can then be described as a function of energy and impact parameter

b by

AQ{2D} = ρ0(b)v2
2{2D}(b) = AR(

√
sNN )ε2opt(b)nbin(b). (6.3)
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where coefficient A is defined by 1000A = 4.5 ± 0.2, εopt is the eccentricity of the initial

collision system defined in Sec. 4.3, and nbin(b) is the number of binary collisions. Eccen-

tricity is not a measurable quantity and must be calculated in a model. We will be using

the parametrization of the optical model of eccentricity given by Eq. (4.16).

Deviations of 17 GeV event-plane v2 from the linear trend are consistent with expected

crosstalk from minijets at that energy [158]. Eq. (6.3) accurately describes measured pt-

integrated azimuth quadrupole moments in heavy ion collisions for all centralities down to

N-N collisions and all energies down to
√
sNN ∼ 13 GeV. Transformed to each plotting

space it defines the dashed curves in Fig. 6.8. The dash-dotted curves passing through the

200 GeV 1D projection points in Fig. 6.8 are obtained by adding “nonflow” parametrization

g2/2π = 0.004ν1.5 to AQ{2D} [158].

We can contrast this simple description of the data with the hydro-inspired v2/ε vs

1/Sdnch/dη format [172] shown in Fig. 6.8 (lower-right panel). For thermal equilibrium the

expectation is the ideal-hydro limit v2/ε→ constant. Previous v2 measurements have been

interpreted to suggest that central Au-Au collisions at 200 GeV attain the ideal hydro limit

(full thermalization over some substantial space-time volume) [173]. The present analysis

is inconsistent with such expectations.

We find a universal trend on Nbin and
√
sNN for all data as in Fig. 6.8 (third panel).

We confirm the parametrization in Eq. (6.3) by observing the linear trend when plotting

(1/ε2)∆ρ[2]/
√
ρref vs. R(

√
sNN )nbin(b). This parametrization of the quadrupole term gives

a complete factorization of the energy and centrality dependence of the quadrupole term.

In the next chapter we will also include pt dependence.

6.3.2 Non-quadrupole Trends

We have also fitted the same-side minijet peak in the 62 and 200 GeV Au-Au autocorrela-

tions. This 2D Gaussian peak centered at (0, 0) in (η∆, φ∆) space is a major contributing

term to correlations at all observed centralities and pt. In studies of quadrupole (v2) system-

atics the jet contribution is often dismissed as “nonflow”. However, it has very interesting

properties of its own. The centrality dependence of this peak in pt-integral form reveals jet-
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like systematics identical with those for p-p collisions in more-peripheral Au-Au collisions

which scale with the number of binary collisions as expected of jets up to a transition point.

Above the transition point a more rapid increase in amplitude and width of this peak is

one of the most poorly-understood features in heavy-ion physics today. We will discuss it

further in Chapter 9.
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Figure 6.8: Top two panels: pt-integrated quadrupole results in terms of ∆ρ/
√
ρref and

v2. The solid circles and solid triangles are quadrupole results from 2D fitting at 200 and
62 GeV respectively. The open circles and open squares are v2{2} and v2{4} results for
200 GeV collisions [32]. The upside-down solid triangles are 17 GeV results from NA49
[140]. The open triangles are from projecting the 2D correlations to just φ∆ and fitting
with only Fourier components. The dashed curves are from our parametrization of the
data. Lower-left panel: Energy and centrality dependence of the quadrupole using the
optical eccentricity for 200 and 62 GeV data from this study and 17 GeV results from
NA49 [140]. Lower-right panel: A hydro-inspired plot of v2/ε vs LDL (low-density limit)
parameter 1/Sdnch/dη [172].



106

Chapter 7

PT -DIFFERENTIAL AZIMUTH QUADRUPOLE

Studying the pt dependence of the quadrupole instead of the pt-integrated quantity can

provide a greater understanding of the physical processes that produce these correlations.

But first we must define pt dependence in this system. Since the quadrupole is measured

with two-particle correlations the correlation amplitude depends on the pt of both particles.

This defines a two-dimensional pt space. In this chapter we will introduce the concept

of marginal distributions for v2(pt) measurements, defined by correlating particles within

a given pt bin with the entire event [116]. Then we will analyze the pt-dependence of

quadrupole correlations and construct a quadrupole spectrum.

7.1 yt × yt Space and Cuts

Angular correlations without a trigger particle are constructed by considering all possible

pairs of particles in an event. For each particle the azimuth angle φ, pseudorapidity η and

transverse momentum pt are measured, defining a six dimensional two-particle space. In

the previous chapter and published works we explored this space by integrating over all pt

and projecting to the angular difference variables [115, 84, 28]. We now wish to examine

correlations in different pt regions.

7.1.1 Marginal Distributions

We will be using transverse rapidity in place of pt, as introduced in Sec. 2.2.2. Transverse

rapidity yt is defined by yt = ln{(pt + mt)/m}. For unidentified particles (hadrons) we

assume m is the pion mass. yt scales as ln(pt) for larger pt values but remains well defined

for pt → 0 and can therefore be used over the entire kinematic range of particles produced

at RHIC. Under the assumption that m is the pion mass yt is simply a logarithmic trans-

formation of pt. But yt is a convenient change of variables for the momentum scales we
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study.

We construct yt-dependent correlations by defining several bins in yt × yt space and

constructing two-particle correlations for each bin. A marginal distribution is defined by

restricting the yt of one of the particles to be within a certain range while allowing the

second particle to span all yt. Because of the inherent diagonal symmetry in yt × yt space

this produces cross-shaped cuts as seen in Fig. 7.1 (left panel). Because of the cross shape

of marginal distributions a complete set of marginal bins will overlap with each other in

yt× yt space. A particular particle pair does not belong to a unique marginal yt bin. When

binning particles in practice it is better to define a two-dimensional grid of square bins in

yt × yt which can then be summed in different combinations to produce the marginal cut

spaces.

Marginal distributions are preferred because they yield the maximum possible statistical

power for exploring higher pt. Recall the definition of the two-particle correlation density Vm

from Eq. 5.14, V 2
m =

∑n
i=1

∑n−1
j 6=i ~u(mφi) · ~u(mφj) = n2v2

m{2}. This equation assumed that

both indices were being summed over all particles. By restricting just one of the particles
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we get,

Vm(b)Vm(b, pt) =
n∑
i=1

n−1∑
j 6=i,pmin<pt(j)<pmax

~u(mφi) · ~u(mφj) = n2vm(b)vm(b, pt) (7.1)

These cuts are analogous to the procedure in a standard event-plane v2(pt) analysis [141]

in which particles from the full momentum range are said to estimate the event plane and

particles in the momentum interval are correlated to it. The marginal distributions allow

us to study correlations at large pt values and are easily converted into the usual v2(pt)

measure for comparison with published v2(pt) data.

7.1.2 Alternative pt Cuts

Of course marginal distributions are not the only possible way to divide a two-dimensional

pt × pt space. It is possible to fully explore the two-dimensional pt space with a two-

dimensional grid of cuts, though the resolution of this grid would be limited with by the

available statistics. Alternatively one could consider increasing the minimum pt of both

particles, but this reduces statistics rapidly compared to a marginal pt cut.

In Chapter 3 we described an analysis of proton-proton collisions that cleanly separates

“soft” and “hard” correlations [139]. It is tempting to apply the same approach to heavy-ion

collisions. However, in practice the peak of the hard correlations moves to lower pt as the

centrality is increased and there is significant overlap between the two peaks, implying that

a clean separation of these components with a single diagonal cut in pt × pt space is not

possible for heavy-ion collisions.

Triggered high-pt correlations have upper and lower bounds on the momentum of both

the trigger particle and associated particles [10]. The trigger-particle momentum is higher

than that for the associated particles, so this is equivalent to exploring an off-diagonal box

in the untriggered pt × pt space. Using events from a high-pt trigger to construct high-pt

correlations does provide access to a larger number of events that contain high-pt particles

than a minimum bias trigger and therefore improve statistics at high pt. But it is difficult

to study the complete pt scaling and centrality dependence with triggered events.
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7.2 Fitting

The fit procedure is similar to that used in the pt-integrated results of Chapter 6 with one

major exception: We no longer attempt to model the sharp exponential peak. Instead we

simply exclude bins near the angular origin from the fit. This exclusion cut has the effect

of making the fits more stable over a wide pt range but it can be a problem for the most

peripheral bins where the width of the exponential approaches that of the same-side 2D

Gaussian.

7.2.1 Fit Models

In Chapter 5 we introduced a fit model that works well for describing pt-integrated correla-

tions for all centralities. This model also works well for the low-pt region of pt-differential

correlations—as that region dominates pt-integrated correlations. However if we want to

study the pt evolutions of mid-central and central collisions this model has limitations.

At high pt the exponential peak which we attributed to HBT and electron pair production

disappears. This should be expected as these are both low-pt phenomena. As a result a näıve

application of this fit model is under-constrained as it would mean fitting a single peak—

the minijet peak—with both Gaussian and an exponential terms. This makes variations

in either component difficult to interpret. But we can’t just neglect the exponential peak

either. Though it becomes negligible at high-pt it is still an important component at low-pt

and we want to study the entire pt range with a consistent model.

Fortunately in mid-central and central collisions the exponential peak is quite narrow.

If we simply exclude a region near the origin of the correlations from our fit it is possible

to accurately describe most centralities without including an exponential peak in the fit.

This model does not work well in the most peripheral collisions where the exponential peak

is wider. However in mid-central and central collisions it gives good fits with low residuals

over the full pt range.

The angular correlation histograms are constructed with 24 bins on φ∆ with centers

ranging from −π/2 to 17π/12 in steps of π/12 and 25 bins on η∆ with centers ranging

from −1.92 to 1.92. A total of seven bins are excluded from the fit: bin centers of η∆ = 0,



110

φ∆ = 0,±π/12 and η∆ = ±0.08,±0.16, φ∆ = 0. This is a cross shaped exclusion region

elongated in the η direction because it requires more eta bins to cover the same numerical

range. This has the effect of making the fits more stable over a wide pt range but it can

still be problematic for the most peripheral collisions.

The complete fitting function is then

F = AD cos(φ∆ − π) +AQ cos(2φ∆) +Asofte
− 1

2

(
η∆
σ0

)2

+ A2De
− 1

2

{
(φ∆/σφ∆)

2
+(η∆/ση∆)

2
}

+A0. (7.2)

There are 5 terms and 8 parameters. Two of the terms are sinusoids on φ∆, one is a

constant offset, and one term models only structure on η∆. Thus, the remaining term—the

two-dimensional Gaussian—is solely responsible for describing “nonflow” [166].

7.2.2 Fit Applicability

As mentioned this fit model requires that the exponential term observed in the pt-integrated

data be either narrow or not present at all. The middle panel of Fig. 7.1 contains the η

and φ widths of the pt-integrated exponential peak measured in Chapter 6. Note that the

maximum width of the exponential peak is around 0.35 in both η∆ and φ∆ in the most

peripheral collisions. This extends significantly beyond the excluded region. Of course

more bins could be excluded but the central region is still important for fitting the minijet

peak. The more bins excluded from the fit the less reliable the fit of the Gaussian peak will

be. But the widths of the exponential peak drop off rapidly in centrality and are already

around 0.20 near the transition region. If we analyze the pt-dependence of mid-central to

central collisions with this technique the results should be reliable, but the most peripheral

bins should be excluded.

We should also consider the possibility that the away-side ridge is modified. We are

modeling the away-side ridge with a dipole for simplicity, but a more complete description

of the away-side structure would be with a periodic array of Gaussian peaks centered at π,

3π, etc. The dipole description applies in the limit where the widths of the Gaussian peaks

become large. Fig. 7.1 (right panel) shows the calculated Fourier coefficients of such an
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array of Gaussians as a function of the Gaussian width. We find the dipole approximation

works well in pt-integrated correlations but the Gaussian width should narrow with pt. If it

narrows enough the dipole approximation will no longer be valid. Fits have been done with

an away-side Gaussian rather than a dipole but for the momentum range in this study it

did not appear to make a significant difference.

One final consideration is the possibility of a deformed same-side peak. In high-pt

triggered correlations the same-side peak is sometimes modeled with two separate “jet” and

“ridge” components [10]. This will be explored further in Chapter 9. The present analysis

does not extend as high in pt as the triggered particle correlations and the marginal pt

cuts do not restrict the second (“associated”) particle at all. Our pt cuts appear to be

less sensitive to this phenomenon and no significant deformation of the same-side peak is

observed in this analysis. It’s true that a single Gaussian may not be a perfect model either,

but attempting to introduce additional terms seems premature for the available data. Some

bins may contain small fit residuals but no clear systematic behavior is observed. And

given the success of the single Gaussian approach in the low-pt regime additional terms

would potentially make the fit function under-constrained in that regime.

7.3 Results

This analysis is based on 14.5 million Au-Au collisions at
√
sNN = 200 GeV and 6.7 million

Au-Au collisions at
√
sNN = 62 GeV observed with the STAR TPC. The acceptance was

defined by transverse momentum pt > 0.15 GeV/c, |η| < 1 and 2π azimuth. Minimum-bias

event samples were divided into the standard 11 centrality bins: nine ∼ 10% bins from near

100% to 10%, the last 10% divided into two ∼ 5% bins. We apply the same event, track,

and pair cuts as described in Sec. 6.1.

7.3.1 Data

In this analysis there is a minimum pt cutoff of 150 MeV/c for all particles which corresponds

to a pion yt of 0.93. We have made nine marginal yt cuts—as described in Sec. 7.1.1—for

each centrality class of events and for both 62 and 200 GeV collisions. The first bin includes

particles from yt of 0.93 to 1.4. Above that there are 7 bins evenly spaced in yt with a width
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Figure 7.2: Example of the yt evolution of correlation structures for 62 GeV 40-50% central
collisions. The plots correspond to yt bins of yt < 1.4, 1.8 < yt < 2.2, 2.6 < yt < 3.0, and
3.4 < yt < 3.8.
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Figure 7.3: Example of the yt evolution of correlation structures for 200 GeV 40-50% central
collisions. The plots correspond to yt bins of yt < 1.4, 1.8 < yt < 2.2, 2.6 < yt < 3.0, and
3.4 < yt < 3.8.

of 0.4 units of transverse rapidity. The final bin includes all particles greater than yt = 4.2.

In pt these bin edges correspond to 0.27 GeV/c, 0.41 GeV/c, 0.62 GeV/c, 0.94 GeV/c,

1.4 GeV/c, 2.1 GeV/c, 3.1 GeV/c, and 4.7 GeV/c. However the top pt bin is excluded from

the 62 GeV results due to the lack of statistics. This means that there are 187 histograms

in this pt-differential analysis, 99 for 200 GeV collisions and 88 for 62 GeV collisions. Due

to the large number of histograms to fit, the automated fitting procedure described in

Section 5.5.2 is used. This produces a very large number of figures so the complete set of

data, fits, and residuals is provided in Appendix A. Figures 7.2 and 7.3 show an example

of the pt-evolution in mid-central collisions for 62 and 200 GeV collisions. For pt-dependent

correlations we are measuring the correlation amplitude in terms of ∆ρ/ρref rather than

∆ρ/
√
ρref—see Sec. 5.2.4—so that it is not necessary to determine ρ0 for each pt bin. This

also simplifies the conversion to the standard v2 measure.



113

∆
η

­2 ­1.5 ­1 ­0.5
0 0.5 1 1.5 2∆

φ

­1
0

1
2

3
4

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

0.02

FitFit

∆
η

­2 ­1.5 ­1 ­0.5
0 0.5 1 1.5 2∆

φ

­1
0

1
2

3
4

0

0.005

0.01

0.015

0.02

0.025

FitFit

∆
η

­2 ­1.5 ­1 ­0.5
0 0.5 1 1.5 2∆

φ

­1
0

1
2

3
4

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045

FitFit

∆
η

­2 ­1.5 ­1 ­0.5
0 0.5 1 1.5 2∆

φ

­1
0

1
2

3
4

0.02

0.03

0.04

0.05

0.06

0.07

0.08

FitFit

Figure 7.4: Example of the yt evolution of the correlation fit for 62 GeV 40-50% central
collisions. The plots correspond to yt bins of yt < 1.4, 1.8 < yt < 2.2, 2.6 < yt < 3.0, and
3.4 < yt < 3.8.
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Figure 7.5: Example of the yt evolution of the correlation fit for 200 GeV 40-50% central
collisions. The plots correspond to yt bins of yt < 1.4, 1.8 < yt < 2.2, 2.6 < yt < 3.0, and
3.4 < yt < 3.8.

7.3.2 Fits

In Fig. 7.4 and 7.5 are examples of the pt-dependence of the fit models for mid-central

collisions for 62 and 200 GeV collisions respectively. Fig. 7.6 and 7.7 show the corresponding

residuals. Again, the full set is in Appendix A.

The major fit parameters are shown in Fig. 7.8 for 62 GeV collisions and in Fig. 7.9

for 200 GeV collisions for several centralities. The 2D Gaussian amplitudes and azimuth

widths follow expected trends for both energies. However, the widths on pseudorapidity

seem to be largely independent of yt over a large range. This unusual behavior is related to

high-pt observations that have been coined “the ridge”. But in this chapter we will focus

primarily on the quadrupole term. We will return to studying the same-side minijet peak

in Chapter 9.

The quadrupole term follows similar pt dependence for each centrality range shown, sug-

gesting that there is a possibility of factorizing the centrality and pt dependence. We will
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Figure 7.6: Example of the yt evolution of fit residuals for 62 GeV 40-50% central collisions.
The plots correspond to yt bins of yt < 1.4, 1.8 < yt < 2.2, 2.6 < yt < 3.0, and 3.4 < yt <
3.8.
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Figure 7.7: Example of the yt evolution of fit residuals for 200 GeV 40-50% central collisions.
The plots correspond to yt bins of yt < 1.4, 1.8 < yt < 2.2, 2.6 < yt < 3.0, and 3.4 < yt <
3.8.

explore that possibility in the next section. In Chapter 6 we already discussed the colli-

sion energy and centrality dependence, so total factorization and a simple parametrization

are possible. However, the limitations of our fitting model prevent us from applying this

approach to all centralities.

To compare these correlation amplitudes to published v2 data, quadrupole amplitudes

in ∆ρ/ρref can be converted into v2 values by the simple relationship, 2v2
2{2D} ≡ ∆ρ[2]/ρref.

However, the marginal distribution produces data of the form 2v2(b, pt)v2(b), not 2[v2(b, pt)]
2.

So the fit amplitude must be divided by pt-integrated v2(b) results obtained in Chapter 6.

In our fit model the non-quadrupole term with the largest contribution to the second

Fourier component on azimuth is the same-side 2D Gaussian peak. We can calculate the

contribution to the second Fourier component of a 2D Gaussian of given amplitude and

widths, which we know for the same-side peak from our fit parameters. Since the exponential

peak is not significant at higher pt, and other terms do not contribute to the second Fourier
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Figure 7.8: Fit parameters for 62 GeV collisions: Same-side peak amplitude, width in eta,
width in phi, and quadrupole amplitude as a function of yt for 10-20%, 20-30%, 30-40%,
40-50%, 50-60%, and 60-70% central collisions. Error bars are for fitting errors only.
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Figure 7.9: Fit parameters for 200 GeV collisions: Same-side peak amplitude, width in eta,
width in phi, and quadrupole amplitude as a function of yt for 10-20%, 20-30%, 30-40%,
40-50%, 50-60%, and 60-70% central collisions. Error bars are for fitting errors only.
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Figure 7.10: Comparison of quadrupole (closed circles) and the second Fourier component of
the 2D same-side Gaussian (closed upside-down triangles) to v2{EP} results (open circles)
[22] for 30-40%, 5-10%, and 0-5% central collisions. The dark solid curve in the first two
panels is the sum of the quadrupole and same-side peak terms.

component on azimuth, this gives us a direct measure of the so-called “nonflow” contribution

to v2. Fig. 7.10 shows measured quadrupole results vs. pt from this analysis compared to

previously published v2{EP} results for 30-40%, 5-10% and 0-5% central collisions [22]. The

curve labeled “2D SS peak” is the contribution to the second Fourier component calculated

from our parametrization of the 2D Gaussian peak, while the “nonjet quadrupole” is the

measured quadrupole amplitude converted to v2. The curve labeled “sum” is the sum of

these two components and it compares favorably with published v2{EP} results.

For 0-5% central collisions we do not observe a significant nonzero quadrupole term.

An estimated upper limit is plotted as the lower hatched region. We see that published

v2{EP} data are well-described by the jet curve alone, with no contribution from the

nonjet quadrupole term. Not only does the 2D Gaussian peak dominate central collisions,

the jet contribution to the total quadrupole is strongly dependent on both centrality and

pt. Simplified models of “nonflow” that do not take this dependence into account lead to a

misrepresentation of v2. What is often attributed to “elliptic flow” in more-central Au-Au

collisions is actually the quadrupole component of the same-side jet peak. We find that

there is negligible true (nonjet) quadrupole present in the most central collisions.
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7.4 Quadrupole Properties

The pt-dependence of the quadrupole term measured in two-particle correlations can be

further analyzed to factorize the collision energy, centrality, and pt dependence of the

quadrupole term and develop a quadrupole spectrum. This leads to a very simple, compact,

and complete representation of the quadrupole.

7.4.1 Quadrupole Spectrum

Consider the case of minimum-bias identified particles results from STAR [6]. In Ref. [158]

it was shown that by plotting v2/pt on proper yt for identified hadron species the particles

appear to come from a single boosted source. This is reproduced in Fig. 7.11 (upper-left

panel). This is most evident for the more massive particles. Since the pion mass is of

the same order as the lowest pt we can measure in STAR there are few observed pions in

the necessary pt range to see this boost. In Fig. 7.11 (upper-right panel) we plot just the

lambdas, which makes the boost more explicit.

Now consider the centrality-dependent (denoted by b) production of an azimuth quadrupole

term from a general boosted source. First make the general assumption that the single-

particle density on yt and φ can be decomposed into azimuth-dependent and azimuth-

averaged terms:

ρ(yt, φ, b) = ρ0(yt, b) + ρ2(yt, φ, b). (7.3)

At this point we do not make any assumptions about the nature of the azimuth dependence.

Then apply the continuum definition of v2:

v2(yt, b) ≡
1

2π

∫ 2π
0 dφρ(yt, φ, b) cos[2(φ− ψR)]

1
2π

∫ 2π
0 dφρ(yt, φ, b)

≈
1

2π

∫ 2π
0 dφρ2(yt, φ, b) cos[2(φ− ψR)]

ρ0(yt, b)
≡ V2(yt, b)

ρ0(yt, b)
. (7.4)

Only the azimuth-dependent term contributes to the numerator, and the denominator is the

single-particle spectrum [158]. What we study with correlations is actually the numerator

of this expression which we denote by V2(yt, b).
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To calculate V2 in terms of a quadrupole spectrum we need to introduce a boost model

denoted ρ2(yt, φ). A general boost model for A-A collisions should have both monopole

(radial flow, Hubble expansion) and quadrupole terms, which is easily expressed in yt:

∆yt(φ) = ∆yt0 + ∆yt2 cos(2[φ− ψR]), (7.5)

with ∆yt2 ≤ ∆yt0 a necessary condition for a positive-definite boost. Using a simple blast-

wave model with a Maxwell-Boltzmann distribution for a locally-thermalized source the

boosted spectrum’s azimuth-dependent term then has the form [158]:

ρ2(yt, φ) = A2yt exp{−µ2[cosh(yt −∆yt(φ))− 1]}, (7.6)

where µ2 = m0/T2 and T2 is the quadrupole spectrum’s temperature. If we insert our

boost model into Eq. (7.6) and factor the φ-dependent terms of ρ2 into the form ρ2(yt, φ) =

ρ2(yt)× F1(yt, φ)× F2(yt, φ) where

F1(yt, φ) = exp{m′t[cosh(∆yt2 cos[2(φ− ψr)])− 1]/T2}

F2(yt, φ) = exp{p′t[sinh(∆yt2 cos[2(φ− ψr)])/T2}. (7.7)

We identify ρ2(yt) as the azimuth-integrated quadrupole spectrum. Inserting this into the

numerator of Eq. (7.4) and evaluating the integral yields

V2(yt, b) ≈
p′t∆yt2(b)

2T2
ρ2(yt, b). (7.8)

Finally, we want to isolate ρ2(yt, b) by taking the unit-integral ratio of measured quan-

tities:

Q(yt, b) ≡
V2(yt, b)/pt
V2(b) 〈1/pt〉

≈ ρ2(yt, b)

ρ2(b)
. (7.9)

The parameters from the blast-wave model present in Eq. (7.8) drop out in the ratio and

Q(yt, b), shown in Fig. 7.11 (lower-left panel), directly relates measured parameters to the

quadrupole spectrum for 5-10%, 10-20%, 20-30%, 30-40%, 40-50%, 50-60%, and 60-70%

central 200 GeV collisions. The universal scaling behavior revealed in this plotting form is

remarkable. All centralities seems to exhibit approximately the same form, though there

are some deviations for the most central cases at low-pt. We conjecture that there is a
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centrality-independent Q0(yt) which is well-described by a boosted Lévy distribution with

parameters T2 = 0.09 GeV, n2 = 13.8, and ∆yt0 = 0.58 (dashed curve), though there are

significant deviations for the more-central events at low pt. This boost is the same that was

observed in the case of minimum-bias identified hadrons in Fig. 7.11 (top two panels).

Similar behavior has been observed for published identified-particle v2 data for minimum-

bias collisions [158], as seen in the lower-right panel of Fig. 7.11 plotted against proper yt

for each particle species. The different particle species have different yt dependence, which

however corresponds to the same common mt spectrum (solid curves) and the same common

∆yt0 boost. The boost is a single, sharp value contradicting flow models that depend on

Hubble expansion, which would result in a broad range of boosts.

7.4.2 Parametrization

A more detailed study of the systematics of the pt-dependent quadrupole is possible. First,

consider rearranging the definition of Q in Eq. (7.9) and use the definition of V2 from

Eq. (7.4) to get

v2{2D}(pt, b) =

〈
1

pt

〉
ptv2{2D}(b)

[
ρ0(b)Q0(pt)

ρ0(pt, b)

]
. (7.10)

The quantity ρ0(b)Q0(pt)/ρ0(pt, b) has a pt dependence described by the ratio of the quadrupole

Lévy distribution to the single-particle spectrum. This is approximately an exponential for

larger values of pt.

We can then construct a new parametrization of the form

v2{2D}(pt, b) ≈
〈

1

pt

〉
ptv2{2D}(b) exp(−pt/4)× f(pt, b), (7.11)

where f(pt, b) is a dimensionless factor needed to describe deviations from the exponential

form at low-pt. It can be fit to the data with the form

f(pt, b) = 1 + C(b)[erf(yt − 1.2)− erf(1.8− 1.2)], (7.12)

where C(b) = 0.12 − (ν − 3.4)/5 − [(ν − 3.4)/2]5. This parametrization provides a more

accurate description of the quadrupole term over a wider range of pt and centrality than the

Lévy distribution alone. The factor f(pt, b) is approximately 1 above about 0.75 GeV/c.
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Figure 7.11: Upper-left panel: Identified v2(pt)/pt for pions (closed circles), kaons (open
triangles), and protons (open circles) for minimum-bias collisions [6] vs. proper yt for
the particle species [158]. Upper-right panel: A magnification of the results for lambda
particles. Lower-left panel: The quadrupole spectrum of unidentified particles for a range
of centralities at 200 GeV. Lower-right panel: The minimum-bias quadrupole spectrum for
different particle species [158].
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Where the pt dependence of v2{2D}(pt, b) is entirely described by the factor pt exp(−pt/4).

This leads to a factorization of the pt and centrality dependence of v2(pt, b) for higher pt.

This factorization can be combined with the factorization of collision energy and centrality

dependence of the pt-integrated quadrupole v2{2D}(b,
√
sNN )described in Sec. 6.3.1 for a

complete description of the azimuth quadrupole component, at least at higher pt. This

implies that there is very simple underlying behavior of the azimuth quadrupole.

We have developed a comprehensive understanding of the quadrupole term of pt-dependent

correlations. There is a universe quadrupole spectrum with a single, sharp boost. We will

analyze the “nonflow” 2D Gaussian term in more detail in Chapter 9. But first we take a

detour to study jet fragmentation in a much simpler system.
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Chapter 8

FRAGMENTATION FUNCTIONS IN e+-e− COLLISIONS

8.1 Motivation

QCD theory predicts that an abundance of soft gluons (minijets) should be produced in

relativistic collisions at RHIC [114]. Copious gluon production may drive formation of the

colored medium in heavy ion collisions and global hydrodynamic phenomena [132, 133].

However, the degree of equilibration of minijets in heavy ion collisions remains uncertain

theoretically and experimentally. In Chapters 6, 7, and Appendix A we see examples of

significant jet-like correlations in heavy-ion collisions. We want to know if these correlations

are really produced from parton fragmentation.

Fragmentation functions have been studied extensively in e+-e- collisions because it is

a very clean system. In a standard dijet event a quark and antiquark are produced which

subsequently fragment to produce two back-to-back jets. Since these two jets are all that

is present in the event, momentum conservation demands that each parton have exactly

half of the initial collision energy. This makes e+-e- collisions an ideal system for studying

fragmentation, as the parton energy can is known and there is minimal background from

other processes. It is very difficult to study fragmentation functions in heavy-ion collisions,

but we will derived a parametrization of fragmentation in e+-e- collisions that can be applied

to heavy-ion collisions.

Initial measurements of two-particle angular correlations in p-p collisions at Fermilab

(fixed target) and the CERN ISR on momentum subspace (η, φ) (pseudorapidity and az-

imuth) [179] were described in terms of longitudinal (string) fragmentation [53]. Jets—

correlated fragments from hard-scattered partons—were first observed at larger pt and
√
s,

establishing the nature of hard parton scattering and the validity of perturbative QCD

(pQCD) [43]. A pioneering study of two-particle fragmentation functions in LEP e+-e−

collisions is described in [19] (cf. a related theoretical treatment in [93]).



124

Minijet correlations in p-p and heavy-ion collisions observed at RHIC represent QCD in

a non-perturbative context: parton scattering, energy loss and fragmentation at low Q2. We

wish to connect those measurements to QCD theory via parton fragmentation measurements

at larger Q2 in elementary collisions. A context for two-particle fragment distributions at

RHIC can be established by studying single-particle fragmentation functions (FFs) from

p-p̄ and e+-e− collisions, the latter providing especially precise access to the fragmentation

process down to very low parton Q (dijet energy) and hadron momentum.

Low-Q2 fragmentation is related to local parton-hadron duality (LPHD) which provides

a correspondence between pQCD parton predictions and hadronic observables [60, 61, 86].

According to LPHD conversion of partons to hadrons occurs locally in configuration space,

with almost no distortion of the parton momentum distribution. The structural difference

between a parton and a hadron should vanish for Q ∼ 1 - 2 GeV where parton production is

most abundant in RHIC collisions. LPHD is important for low-Q2 partons where ‘fragmenta-

tion’ may terminate with one or two partons (and hence hadrons). Minijet-related minimum-

bias two-particle correlations studied in p-p and A-A collisions [170, 28, 157, 138, 29, 137]

may therefore provide details of parton fragmentation at the energy scale where LPHD is

most important.

Modification of parton scattering and fragmentation in the QCD medium of heavy ion

collisions may reveal properties of the medium itself. A theoretical study of in-medium

modification of the single-particle FF in A-A collisions is reported in [75]. The expectation

is deformation of the in vacuum FF toward lower momentum, possibly corresponding to ob-

served changes in the single-particle pt spectrum ratio RAA with collision centrality [31, 20].

A related study of two-particle correlations in heavy ion collisions, especially the asymptotic

approach of fragment distributions to thermal equilibrium with increasing parton dissipation

in the medium, is reported in [30]. Given the close connection between single-particle FFs

and minijet-related two-particle fragment correlations, correlation measurements in heavy

ion collisions may provide a more differential picture of properties of the QCD medium and

its influence on low-Q2 parton fragmentation.

In this chapter we establish a basis for extrapolation of measured e+-e− FFs to small

energy scales as preparation for similar extrapolations in nuclear collisions. This is not a
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theoretical analysis based on pQCD methods. For an example of such an analysis which

consistently describes FFs over a large xp (momentum fraction) range cf. [44] and the related

discussion in Sec. 8.6.3. This is a phenomenological analysis of FF data intended to provide

the best possible extrapolation down to small parton energies where pQCD assumptions

such as colinearity and factorization become are not justified.

The chapter is organized as follows: We first present a new method of analyzing fragmen-

tation functions, with emphasis on rapidity y as a preferred kinematic variable for low-Q2

fragmentation studies. We then consider the general properties of FFs in the context of

the double-log approximation (DLA), angular ordering and color coherence. We compare

measured FFs from e+-e− collisions at three energies on several momentum variables and

describe a new form of approximate energy-scale invariance on normalized rapidity u. We

demonstrate that FFs on u are precisely modeled by the beta distribution. We consider

FFs for identified hadrons and identified partons. Based on fits to measured FFs and jet

multiplicity data we develop a simple, precise parameterization of e+-e− FFs valid over a

broad energy range. Finally, we use our parameterization to study scaling violations and

extrapolation to low Q2.

8.2 Fragmentation Functions

The FF D(xE , Q
2) as used in this analysis is a single-particle density 2dn/dxE of hadron

fragments on energy fraction xE = Ehadron/Eparton produced by a pair of partons (dijet)

with total energy Q (Q2 = −q2 is the negative invariant mass squared for the initial mo-

mentum transfer). Momentum fraction xp = phadron/pparton approximates xE if particle

momenta are measured. At large x the distribution shape reflects energy conservation dur-

ing the parton splitting cascade. At small x the shape is determined by quantum coherence

of gluon emission (gluon or color coherence and the hadron size scale) [40, 88]. The FF

data used in this study are hadron distributions reported on momentum fraction xp, or

ξp ≡ ln(1/xp). Distributions on xp emphasize pQCD aspects of parton fragmentation at

large p (e.g., scaling violations). For non-pQCD effects, especially the role of gluon coher-

ence, logarithmic variable ξp provides better visual access to the relevant small-xp (large-ξp)

region.
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8.2.1 Analysis Method

Dh
p (x,Q2 or s) is the FF for parton type p and hadron type h at the energy scale denoted

by Q2 or s. The parton-species-inclusive distribution Dh(x, s) is discussed in Sec. 8.2.6,

and the fragment-flavor-inclusive distribution Dp(x, s) is discussed in Sec. 8.2.7. The total

FF is D(x, s) =
∑
hD

h(x, s). The corresponding FF on ξ is D(ξ, s) = xD(x, s), with

Jacobian factor x. FFs satisfy relations
∫ 1

0 dxD(x, s) = 2n ( dijet fragment multiplicity)

and
∫ 1

0 dxxD(x, s) = 2 (dijet energy conservation) [69]. To simplify notation we adopt the

convention that symbol D represents any fragmentation function, with the specific form

[Jacobian relation to D(x, s)] implied by the first argument. Plot axes are labeled with the

corresponding dijet particle density D(x, s) → 2dn/dx, D(ξ, s) → 2dn/dξ, etc. to avoid

confusion.

This study focuses on low-Q2 parton fragmentation. Since ξp and pQCD expansion

parameter Y (Q) = ln(Q/Λ) (Λ represents a reference energy scale) are undefined as p,

Q → 0 we introduce rapidity y (well-behaved in that limit) as an alternative logarithmic

momentum/energy variable. The rapidity along axis ẑ is yz(~p;m0) ≡ ln[(E + pz)/mt], with

transverse (to ẑ) mass m2
t = m2

0 + p2
t . In frames co-moving on ẑ ~p → pt, E → mt and

y → yt = ln{(mt+pt)/m0}. In a frame where p is the only non-zero momentum component

y(p;m0) = ln[(E + p)/m0], with y → ln(2p/m0) for p � m0 and → p/m0 for p � m0. m0

may be a quark or hadron mass or energy scale Λ.

Given the limiting cases for y we note that ln(
√
s/m0) ∼ y(

√
s/2;m0) ≡ ymax, the

kinematic limit for fragment rapidities. Similarly, Y (Q) = ln(Q/Λ) ∼ y(Q/2; Λ) is a rapidity

measure of the energy scale relative to a reference scale. We observe for data a lower

limit ymin which may depend on fragment species and collision system (e+-e− vs p-p̄). For

unidentified fragments we assign the pion mass m0 → mπ to all hadrons (but cf. Sec. 8.2.6).

From data distributions on xp or ξp for parton energy scale Q or CM energy
√
s we extract

fragment momenta p and calculate equivalent rapidities y (fragments) and ymax (partons).

Data distributions on xp or ξp are transformed to distributions on y using appropriate

Jacobians. In [12] ln(1/xp)→ ln{(E + p)parton/(E + p)hadron} = ymax − y exactly.

Most e+-e− FFs plotted on normalized rapidity u ≡ (y−ymin)/(ymax−ymin) ≈ 1−ξp/Y
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have a particularly simple form described by the beta distribution. The unit-normal beta

distribution defined on u ∈ [0, 1] is β(u; p, q) = up−1 (1 − u)q−1/B(p, q), with parameters

p, q ≥ 0 and beta function B(p, q) = Γ(p) Γ(q)
Γ(p+q) . Parameters p and q determine the shape of

the distribution below and above the mode (most probable point) respectively. The mode

is u∗ = p−1
p+q−2 , the mean is ū = p

p+q and the variance is σ2
u = p q

(p+q)2(p+q+1)
≈ 1

4(p+q+1) (to

2%) [165].

8.2.2 e+-e- Fragmentation Functions

The double log approximation (DLA [88]) provides a context for extrapolating the fragmen-

tation process to low Q2. The fragment emission probability is approximated by a uniform

density on logarithmic space [log(θ), log(p)], where θ is the radiated-parton emission angle

and p is its momentum. The distribution is sketched in Fig. 8.1 (upper-left panel), where

P is the leading-parton momentum and Θ ∼ 1 is the jet angular acceptance. The large

solid triangle represents the kinematic boundary for the first radiated parton. The smaller

triangles illustrate the self-similar nature of the splitting process (angular ordering [121]),

each radiated parton becoming itself a DLA radiator. Alternatively, the DLA may be ex-

pressed in terms of d log(kt)/dy, where kt is the transverse momentum component relative

to the radiating parton momentum, and y is the radiated parton rapidity [54]. The flat

DLA emission probability is terminated at some kt (grey band in Fig. 8.1 upper-left panel)

due to gluon coherence [88]. For sufficiently small kt the conjugate transverse size of the

virtual gluon overlaps the radiating parent parton and parton showering is terminated.

The general form of the FF and its evolution with pparton corresponding to the DLA with

angular ordering and gluon coherence (modified leading log approximation or MLLA [181])

is sketched in Fig. 8.1 (upper-right panel). We expect a monotonic increase with decreasing

y below ymax due to showering. The available phase space (above the band in the left panel)

is however reduced with decreasing y by gluon coherence, causing the FF to turn over, with

a maximum at y∗ (the mode). The distribution then falls to zero at some ymin which may

be nearly independent of ymax. The FF is apparently self-similar at two levels: the internal

cascade and its external boundary. Reducing the maximum opening angle Θ (dash-dot line)
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or increasing the parton momentum P (dashed line) changes the boundary of the cascade

(upper-left panel) and correspondingly the FF (upper-right panel).

8.2.3 Fragment Distribution on xp and ξp

Single-particle FFs from e+-e− collisions have been studied extensively (e.g., [78, 40, 17,

3, 16, 18]). The FF data plotted in Figs. 8.1 - 8.3 were obtained from collisions at three

energy scales (CM energy Q =
√
s = 14, 44 and 91.2 GeV) measured at PETRA [78] and

LEP [40] for unidentified hadrons from unidentified partons (flavor-inclusive jets). Those

distributions are fiducial for this study because of the exceptional data quality and fragment

momentum coverage. We consider the data in several presentation schemes and then develop

a parameterized representation for extrapolation to low Q2.

In Fig. 8.1 we plot fragment distributions on momentum fraction xp (lower-left panel)

and logarithmic equivalent ξp (lower-right panel). Distributions on xp emphasize the large-

xp (small-ξp) region where pQCD is expected to best describe data, where the näıve parton

model predicts ‘scaling’ or invariance of the parton distribution on energy scale Q. The

dashed reference line in the third panel illustrates the exponential model sometimes used

to characterize FFs on xp. The vertical dotted line corresponds to ξp = 1.5 in the right

panel: only a small fraction of fragments fall above that point. The data exhibit systematic

scaling violations (Q dependence) described by the DGLAP evolution equations [165, 85,

48]. To study scaling violations FFs on xp are parameterized by a model function such as

Dh
p (x,Q2) = N xα (1− x)β (1 + γ/x), where the four parameters depend on parton type p,

hadron type h and energy scale Q [176, 122]. Distribution details in the small-xp region

(e.g., below xp = 0.1) are minimized in this format (cf. Sec. 8.6.3).

We can also plot data on ξp (lower-right panel) which emphasizes the small-xp (large-ξp)

region and better reveals non-perturbative details of fragmentation. The distribution is ap-

proximately Gaussian, with mode ξ∗p and r.m.s. width σξp predicted by pQCD (cf. Sec. 8.5).

As noted, the fall-off at large ξp and maximum at ξ∗p result from gluon coherence [40, 88].

Measurement of the full fragment distribution above and below the mode is important for

a complete characterization of the fragmentation process.
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The solid curves in Figs. 8.1 - 8.3 are obtained from beta distributions on normalized

rapidity u determined by the systematic trends of beta parameters (p, q) plotted in Fig. 8.11

(left panel) (cf. Sec. 8.4.3) and transformed to each plotting space with appropriate Jaco-

bians. Some approximation to ‘scaling’ or energy-scale independence is expected at large

xp (small ξp). Another form of scaling at small xp (large ξp) may be explored by plotting

distributions on rapidity y.

8.2.4 Fragment Distributions on y

Fragmentation functions plotted on ξp coincide at the kinematic limit ξp = 0 corresponding

to the parton momentum. However, in Fig. 8.2 (upper-left panel) we observe that the FFs for

three energies plotted on y have a common low-momentum limit ymin ∼ 0.35 (vertical line,

and cf. Sec. 8.3.1). That alignment is possible because y has the well-defined limiting value

0 as momentum p→ 0. Each data FF is terminated at the upper end by its kinematic limit

ymax = y(
√
s/2;m0) (vertical lines) corresponding to ξp = 0 in Fig. 8.1 (lower-left panel).

The distribution maxima increase monotonically with collision energy. The FFs in the left

panel illustrate the self-similarity sketched in Fig. 8.1 (upper-right panel) and confirm an

expectation for DLA scaling: fragmentation at small y should be nearly independent of the

leading parton momentum.

In Fig. 8.2 (upper-right panel) we plot FFs from p-p̄ collisions at FNAL [17] (the points

are samples from the original data distributions used here to illustrate qualitative features).

While the general features are similar to FFs for e+-e− collisions the lower limit ymin is

considerably larger for p-p̄ collisions (note the dotted reference line common to the two

panels). The larger ymin for p-p̄ collisions (∼ 1.5) may be due to the finite jet-cone opening

angle [17] and/or the presence of the underlying event [36] which must be distinguished

from jet fragments. The Gaussian curve labeled MB represents a minimum-bias fragment

distribution (no selection is imposed on the parton momentum spectrum) derived from the

event-multiplicity dependence of p-p pt spectra [24] which compares well with the system-

atics of FFs obtained from p-p̄ jet reconstruction.

In Fig. 8.2 we compare FFs on ξp ≡ ln(Q/2p) (lower-left panel) and ymax−y ∼ ln(Q/2p)
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(lower-right panel). The distributions are equivalent below the upper half-maximum points

(p � m0), above which distributions on ymax − y drop rapidly toward well-defined limits

at ymax − ymin. Distributions on ξp extend in principle to ∞, but the transformed beta

distributions limit at pmin ∼ mπ/2 or ξp ∼ ln(Q/mπ), indicated by vertical lines in Fig. 8.2

(lower-left panel). This comparison suggests that rapidity y(Q/2;m0) or difference ymax−y

could replace ξp in FF studies. Rapidity y(Q/2; Λ) could also replace pQCD expansion

parameter Y (Q) = ln(Q/Λ), remaining well-defined for Q→ 0 while preserving established

pQCD relations for larger Q. Fig. 8.2 also suggests that rescaling the rapidity by ymax−ymin

might provide more differential access to FFs.
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Figure 8.1: Upper-left panel: Schematic illustration of the double-log approximation (DLA)
to parton fragmentation. Upper-right panel: Self-similar variation with energy of the the
corresponding fragment distribution on y. Lower-left panel: e+-e− fragmentation functions
on fractional momentum xp = pfragment/pparton for three CM energies. The dashed line is an
exponential reference. Lower-right panel: The same fragmentation functions on logarithmic
variable ξp = ln(1/xp). The vertical dotted lines mark equivalent points on the two variables.
The solid curves are determined by the parameterization from this analysis.
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Figure 8.2: Upper-left panel: Fragmentation functions on rapidity y for e+-e− collisions.
Upper-right panel: Fragmentation functions on rapidity y for p-p̄ collisions. Lower-left
panel: Comparison of fragmentation functions for three energies on ξp. Lower-right panel:
The same comparison on ymax − y. Differences are noticeable only for small y or p (large
ξp).
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8.2.5 Fragment Distribution on u

Expectations of approximate energy scaling at large xp and a different form of scaling (gluon

coherence) at small xp seem to require conflicting plotting strategies on ξp and y. However,

both forms can be accommodated with normalized rapidity u ≡ (y− ymin)/(ymax− ymin) ∈

[0, 1]. FFs from e+-e− collisions can be factored as D(u, ymax) = 2n(ymax) g(u, ymax),

with dijet multiplicity 2n(ymax) (cf. Fig. 8.10) and unit-normal form factor g(u, ymax). In

Fig. 8.3 we plot the three representative FFs transformed to 1/n(ymax) dn/du ≡ g(u, ymax).

Multiplicity 2n(ymax) can be obtained from fits to data, but also from the shape of g(u, ymax)

based on an energy sum rule (cf. Sec. 8.4.2).
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Figure 8.3: Fragmentation functions plotted on normalized rapidity u in linear (left panel)
and semi-log (right panel) formats. The data distributions have been normalized by the
corresponding di-jet multiplicity at each energy (lower solid curves in Fig. 8.10) determined
by parameters (p, q). The data for three energies are plotted, but the curves for only 14 and
91 GeV are plotted to provide visible separation.

We have determined that form factor g(u, ymax) is well-described by beta distribution

β(u; p, q) defined in Sec. 8.2.1. While there are substantial ‘scaling violations’ on xp or ξp

[165], the normalized FF shapes on u in Fig. 8.3 are nearly independent of Q2 or ymax over

a large energy range. However, the remaining small variations with energy are significant,

and well described by energy-dependent beta parameters (p, q) plotted in Fig. 8.11 and

discussed in Sec. 8.4.3.
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8.2.6 Identified Hadron Fragments

We define rapidities for unidentified hadrons by assigning the pion mass m0 → mπ to several

particle species. To assess the consequences we use identified-particle FF data for two CM

energies. In Fig. 8.4 we show data g(u, ymax) and best-fit model β(u; p, q) for identified

charged pions π± (left panel) and kaons K± (right panel) at 10 GeV [45] and 91 GeV [79].

Parton rapidity ymax is determined in each case with the identified hadron fragment mass.

The distributions for identified protons (p,p̄) show similar behavior but with larger statistical

errors. The pion FFs have widths similar to unidentified hadrons, but the peak modes are

significantly lower (0.38 vs 0.41 at 91 GeV). The kaon peak modes are comparable to those

for unidentified hadrons but the peak width at higher energy is significantly larger. The

kaon FF shape seems to converge on the pion distribution at lower energy. The apparent

blending of quark flavors could be related to the convergence of the gluon and quark FFs

at lower energy in Fig. 8.11.
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Figure 8.4: Fragmentation functions for two CM energies and for pion (left panel) and kaon
(right panel) fragments plotted on normalized rapidity u.

To determine the effect of assigning the pion mass to unidentified fragments we used

the following procedure. Data distributions on xp for three identified fragment species (the

91 GeV data in Fig. 8.4) were transformed to normalized rapidity u with the proper mass

assignments. Functions β(u; p, q) were fitted to each species, transformed back to xp and
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plotted (dash-dot curves) with the data in Fig. 8.5 (left panel). The model functions on

xp were summed to represent the combination of unidentified hadrons and transformed to

rapidity y assuming the pion mass, giving the solid curve in Fig. 8.5 (right panel). The

dotted curve was obtained by assigning the pion mass to all data, transforming to u, fitting

the resulting distribution and then transforming back to y. We conclude from the results

that misidentifying kaons and protons as pions in unidentified hadrons shifts the FF peak

mode at 91 GeV from the pion value ∼ 0.38 to the inclusive hadron value ∼ 0.41 in Fig. 8.3

(left panel). The dashed and dash-dot curves are fits to the individual fragment species

with proper masses used to determine the rapidities.
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Figure 8.5: Left panel: Fragmentation function data for
√
s = 91 GeV and for three hadron

species on fractional momentum xp and corresponding beta-distribution fits on normalized
rapidity u transformed to xp (dash-dot curves). Right panel: Dashed and dash-dot curves
for identified hadrons with proper mass assignments transformed from the left panel. The
solid curve is a sum on xp of the beta-distribution fits from identified fragments in the left
panel transformed to rapidity y with a pion mass assignment. The solid curve is close to
the distribution obtained from inclusive hadrons (dotted curve).

From this exercise certain trends are notable: Proton fragments have the largest mo-

menta but the smallest rapidities. When transformed to normalized rapidity u the FFs

for different fragment species are similar in shape (beta distribution) but exhibit small but

significant mode variations with parton energy and hadron species (cf. Fig. 8.7 and the

discussion following for a summary of flavor dependence). Unit-normal data distributions
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g(u, ymax) for all light hadron species are well-described by model β(u; p, q), establishing

applicability of the beta distribution to FFs for identified light meson and baryon fragments

as well as to inclusive hadrons.

8.2.7 Identified Partons

We now consider the role of parton identity in FF systematics. Normalized data distribu-

tions on u are shown in Fig. 8.6 for inclusive hadrons from udsc-quark jets (upper-left), gluon

jets (upper-right) and b-quark jets (lower-left) for several parton energies in each case [4, 1].

The measured FFs for light quarks and gluons are well described by model β(u; p, q), shape

parameters (p, q) depending on parton species and energy scale. Dijet multiplicities are

obtained as the best-fit coefficients of the unit-normal beta distribution. As expected, there

is a substantial difference between quark and gluon FFs at larger jet energies, and a strong

energy dependence of gluon jet shapes for smaller jet energies evident in the upper-right

panel (the two solid curves correspond to ∼ 5 and 40 GeV gluons) (cf. Sec. 8.4.3). The

b-quark data in the lower-left panel are not well described by the beta distribution. The

best-fit beta distributions for
√
s = 91.2 GeV udsc quark and Q = 80.2 GeV (equivalent

dijet energy) gluon jets (data with the best statistics) are repeated as the dashed (βq) and

dash-dot (βg) curves respectively in all three panels to provide references.

In Fig. 8.6 (lower-right panel) we compare FFs from different parton types in a more

differential format. As noted, βq (dashed curves) for light fragments in udsc jets and βg

(dash-dot curves) for gluon jets are approximate limiting cases for all β(u; p, q). We therefore

define vmax ≡ ln(βq + βg), vmin ≡ − ln(1/βq + 1/βg) and normalized variable v(β) ≡

(lnβ − vmin)/(vmax − vmin), with v(βq) + v(βg) = 1. We plot v(βq) (dashed), v(βg) (dash-

dot) and v(βb) (solid) in the lower-right panel with the corresponding data for
√
s = 91.2

GeV quarks and Q = 80.2 GeV gluons (also cf. data and solid curves in Fig. 8.9 (first two

panels)).

The light-fragment distribution from b quarks (solid dots) coincides with v(βq) (and

open circles) for u < 0.7, but diverges sharply from the quark-jet trend above that point

and descends towards v(βg) (and open triangles) for u > 0.7. The b-quark fragment data
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Figure 8.6: Unit-normal fragment distributions on normalized rapidity u for udsc quarks
(upper left), b quarks (lower left) and gluons (upper right) fragmenting to inclusive hadrons.
Lower-right panel: Normalized logarithmic variable v(β) (see text) measures the FF shape
for b-quark jets (solid) relative to those for gluon jets (dash-dot) and udsc-quark jets
(dashed) as references.

were reduced by 10% to coincide with the quark-jet curve below u ∼ 0.7. The initial

normalization is represented by the beta-distribution fit v(βb) (solid curve) with mode near

0.5. With this more differential format we confirm that b-quark light-hadron fragments are

not well described by a beta distribution. The exceptional softness of the b-quark FF (for

unidentified fragments) was anticipated theoretically [177] (and cf. Fig. 8.7).

In Fig. 8.7 we summarize FF data and models for several fragment and parton types.

The pion, kaon and proton FFs are beta-distribution fits to 91 GeV identified-fragment data

(pion and kaon data are shown in Fig. 8.4). The gluon FF is the beta distribution defined at

80 GeV by (p, q) systematics in Fig. 8.11 (cf. comparison with FF data in Fig. 8.9 – second
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Figure 8.7: Distributions on u for several quark/meson flavor combinations, showing evo-
lution of the g(u, ymax) shape with quark/meson mass. The c → D data are from [76, 46],
and the b → B data are from [104]. The energies are dijet energies.

panel). The solid dots are b → B data from [104] compared to a best-fit beta distribution

(dash-dot curve) and theory (solid curve). Low-statistics c → D data from [76, 46] are

summarized by a best-fit beta distribution (dash-dot curve) and theory (solid curve).

The two solid curves on the right of Fig. 8.7 are from a theoretical treatment of heavy-

quark fragmentation in which the FF for Q → H(Qq̄) + q is approximated by DH
Q (xp) ∝

1/{1−1/xp−εQ/(1−xp)}2/xp, with εQ ∝ 1/m2
Q [135]. The agreement of DB

b (u) (right-most

solid curve) with b-quark data (solid points) [104] using εQ = 1.16/m2
b = 0.055 and mb ∼ 4.6

GeV/c2 is good. The dash-dot curve is the best-fit beta distribution with (p, q) = (23, 3)

which does not describe the b → B data. That failure may be related to the exceptional

behavior of b→ light hadrons discussed in connection with Fig. 8.6 (lower panels). The solid

curve for c → D is DD
c (u) from the heavy-quark theory treatment, with εQ = 0.57/m2

c =

0.29 and mc ∼ 1.4 GeV/c2. The associated dash-dot curve is a beta distribution with

(p, q) = (7.0, 2.8) which best describes the data from [76, 46]. Both curves are consistent

with the data, but the data errors are large below the FF peak mode.

FF modes increase monotonically with increasing meson and parton mass. However, the

proton FF mode for udsc jets is lower than the inclusive hadron mode for gluon jets and

the FF is significantly broader. The kaon FF shows the effect of the heavier s-quark mass,

consistent with the trend for charm and bottom quarks (however, see the next paragraph).
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The FF mass dependence on normalized rapidity u is subtle compared to the kinematic

dependence on meson and parton masses encountered on pt, ξp or y.

To summarize flavor dependence, the beta distribution describes the FF data for iden-

tified light quarks and gluons fragmenting to identified light mesons or baryons, providing

a compact representation of the flavor dependence of fragmentation. The quality of the de-

scription is not good for heavy quarks fragmenting to light or heavy mesons. However, the

region near u = 1 can be compared with non-perturbative trends for light-quark fragmenta-

tion extrapolated to small Q2 in Fig. 8.11 (right panel), where the fragmentation ‘cascade’

is a single splitting or no splitting (parton → hadron).

8.3 Parametrization of Fragmentation Functions

We now fit the beta distribution to a sample of measured FFs falling in three groups: 1)

the five fiducial FFs for unidentified fragments from flavor-inclusive partons distinguished

by nearly complete coverage of the kinematically-allowed fragment momenta [40, 78] and

a selection of data for 2) identified fragments and 3) identified partons to explore the role

of hadron and parton species in fragmentation. Data in the form D(u, ymax) are fitted

with model function 2n(ymax)β(u; p, q) (cf. Sec. 8.2.1), minimizing χ2 while freely varying

parameters 2n, p, and q, with u = (y−ymin)/(ymax−ymin) and ymin constrained to specified

values based on systematics studies.

8.3.1 Inclusive fragments from inclusive partons

We first fit FF data for inclusive hadrons and partons. Table 8.1 contains the best-fit

parameters for the five fiducial FFs (OPAL [40] and TASSO [78] data) with ymin = 0.35

(p = 0.05 GeV/c). The model functions with starred energies are compared to data in

Figs. 8.1 - 8.3. As noted, the FF shape is nearly independent of
√
s, but there is a significant

trend for q to increase and p to decrease with increasing energy scale, shifting the FF mode

to smaller u. The fitted multiplicities agree with the q-q̄ multiplicity curves and data in

Fig. 8.10.

Fig. 8.8 shows the systematic dependence of beta parameters (p, q) on the choice of ymin.

The first three panels illustrate the variation of fits and data on u with ymin for energies
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√
s (GeV) 2n p q χ2/ν

14* 8.8±0.10 2.95±0.08 3.52±0.07 16/18

22 10.7±0.15 2.91±0.06 3.52±0.08 25/20

35 13.4±0.05 2.84±0.02 3.50±0.02 148/22

44* 14.6±0.10 2.89 ±0.03 3.52±0.04 49/22

91.2* 20.4±0.05 2.84±0.01 3.67±0.01 86/51

Table 8.1: Unidentified fragments from unidentified partons: Beta-distribution parameters
from χ2 fits to fragmentation functions for five energies. The FFs for starred energies are
plotted in Figs. 8.1 - 8.3.

14, 44 and 91 GeV. χ2 variations are small over the interval shown. Variation with ymin is

greater for smaller u and smaller ymax. Those trends are reflected in the summary of (p, q)

variations in the lower-right panel: the p variation is greater, and more so for lower energy.

The lines have slopes 0.8 (solid) and 1.6 (dashed). We set ymin = 0.35 for all inclusive fits

and discuss the related systematic uncertainties in Sec. 8.4.3. The shift of OPAL (rescaled)

q data in the lower-right panel (closed squares to open circles) results from increasing all

particle momenta by 6.5% to test the effect of uncertainty in the momentum calibration.

The p data are much less affected.

8.3.2 Identified fragments from inclusive partons

We next explore the role of hadron identity in fragmentation, with m0 → mhadron assigned

for both fragment and parton rapidities. Fits to identified hadron fragments from flavor-

inclusive partons at
√
s = 10 GeV [45] and 91 GeV [79] plotted in Fig. 8.4 and Fig. 8.5 (left

panel) are presented in Table 8.2. Trends for fragmentation to light hadrons are summarized

in Fig. 8.7. For pions, parameter p is smaller and q larger than for inclusive hadrons in

Table 8.1, shifting the peak mode to smaller u as noted previously and understood as an

effect of misidentifying kaons and protons as pions in the inclusive hadron fragment mixture.

The pion fit χ2 is large; however the fit residuals are generally point-to-point random and
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Figure 8.8: A study of the systematic effect on fiducial FFs and their beta parameters (p, q)
of variations with ymin. The low ends of the FFs are most sensitive, and therefore p and
FFs for low ymax are affected most. The trends in the lower-right panel may be compared
with the (p, q) entries in Table 8.1.

substantially larger than the stated errors, especially toward the ends of the distribution.

The 10 GeV kaon peak is similar to the pion peak. However, the 91 GeV kaon peak

is much wider (p + q is reduced) and the mode is shifted substantially to the right (q − p

is reduced) relative to the pion peak, consistent with the quark mass-dependence trend

in Fig. 8.7. The proton peak mode is shifted further to the left, beyond the pion and

gluon peaks as shown in Fig. 8.7, mainly by reduction of p. We note in passing that

ymin ∼ ln
[
m0+50 MeV/c2

m0

]
.
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FID 2n p q ymin χ2/ν

√
s = 8 - 18 GeV

π± 5.63±0.02 2.92±0.03 3.96±0.05 0.35 89/49

K± 0.88±0.025 3.15±0.12 3.84±0.19 0.10 33/39

p, p̄ 0.18±0.02 2.60±0.40 4.30±1.00 0.05 21/24

√
s = 91.2 GeV

incl. 20.4±0.05 2.84±0.01 3.67±0.01 0.35 86/51

π± 17.36±0.03 2.66±0.01 3.77±0.01 0.35 483/36

K± 2.39±0.03 2.58±0.03 2.99±0.01 0.10 10/26

p, p̄ 1.10±0.02 2.36±0.04 3.58±0.07 0.05 17/23

Table 8.2: Identified fragments from unidentified partons: Beta-distribution parameters
from χ2 fits to fragmentation functions for pions, kaons and protons at

√
s = 8 - 18 and

91.2 GeV

8.3.3 Inclusive fragments from identified partons

Finally, we consider data for unidentified hadron fragments from identified partons for two

parton classes shown in Fig. 8.6: udsc quarks (in combination) and gluons. The fit results

are shown in Fig. 8.9 (top two panels) and Table 8.3. The ‘inclusive’ table entry (first row)

repeats the 91 GeV results from unidentified hadrons in Table 8.1 for reference. Parameters

for the free χ2 fit to the udsc FF data in the second row of the table reflect a width similar

to the inclusive data (q + p is similar), but the mode is shifted to slightly larger u (q − p

is smaller). Details of the fitting procedure are shown in Fig. 8.9 (upper-left panel). The

points are substantially larger than the reported errors. The free fit (solid curve) is strongly

influenced by the single point at u ∼ 0.13. The χ2 is large, and the fit function misses the

data near the peak. As for the pion fragment FF data the udsc data errors appear to be

underestimated.

The dashed curve is constrained by the (p, q) energy systematics in Fig. 8.11 (left panel)

consistent with fits to the fiducial inclusive FFs (second udsc row of the table). The peak of
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PID 2n p q ymin χ2/ν

incl. 20.4±0.05 2.84±0.01 3.67±0.01 0.35 86/51

udsc 18.36±0.04 2.99±0.015 3.55±0.015 0.35 209/19

udsc param. (p, q) 2.85±0.05 3.58±0.05 0.35 550/19

gluon 27.2±0.4 3.50±0.10 5.10±0.15 0.35 5.7/22

gluon param. (p, q) 3.43±0.10 5.30±0.10 0.35 14.4/22

Table 8.3: Unidentified fragments from identified partons: Beta-distribution parameters
from χ2 fits to fragmentation functions for udsc quarks with

√
s = 91.2 GeV and gluons

with Q = 80.2 GeV.

the data FF is better described, but the increased deviation from the small-u point greatly

increases the χ2. We expect the udsc FF to differ slightly from the flavor-inclusive FF (small

shift to the right) due to the absence of gluon fragments, and the free fit is consistent with

that expectation. We expect the udsc/inclusive multiplicity ratio to be 0.94 [2] but observe

18.36/20.4 = 0.90, suggesting that the udsc FF height is underestimated by the free fit.

In Fig. 8.9 (upper-right panel) we show a free fit to FF data from gluon jets (solid

curve) producing the fit parameters in the first gluon row of Table 8.3, which are plotted

as open squares in Fig. 8.11 (left panel) and provide constraints on the gluon (p, q) energy

systematics discussed in Sec. 8.4.3. The free fit has an unusually small χ2; the data errors

above the mode seem large compared to the residuals there. The dashed curve is a ‘fit’ with

parameters constrained to the 80 GeV (pg, qg) systematic values from Fig. 8.11 (left panel)

and reported with its χ2 value in the second gluon row of Table 8.3.
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Figure 8.9: Upper two panels: Details of beta distribution fits to fragmentation functions
for identified partons fragmenting to unidentified hadrons. The solid curves are free fits to
data. The dashed curves are determined by the (p,q) systematics in Fig. 8.11 (left panel).
Lower two panels: Unit-normal model functions β(y or u; p, q) from fits to FFs for identified
fragments (pions, kaons and protons) and inclusive fragments, all from inclusive partons at√
s = 91.2 GeV, plotted on rapidity y and normalized rapidity u.
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8.4 Energy Scale Dependence

We can combine fits to fiducial FF data and dijet multiplicity data to determine the en-

ergy dependence of (p, q) for quark and gluon jets over a broad energy range. Fits to data

g(u, ymax) with model β(u; p, q) determine specific values (p, q) which constrain parameter-

ized curves (p(ymax), q(ymax)). Fits to 2n(ymax) data via the 〈xE〉 integral of β(u; p, q) also

constrain the parameterizations, especially important in energy intervals where there are no

FF data available. The resulting (p, q) energy trends efficiently represent e+-e− FFs over a

broad energy range and provide a basis for extrapolating FFs to low Q2.

8.4.1 Energy conservation sum rule

The total FF D(xE , s) =
∑
hD

h(xE , s) (sum over all hadron species) integrates to total

dijet multiplicity
∫ 1
2m0/

√
s dxE D(xE , s) = 2ntot(s) and satisfies the energy sum rule (ESR)∫ 1

2m0/
√
s dxE xE D(xE , s) = 2 [69]. The ratio of the integrals defines mean energy fraction

〈xE〉 = 1/ntot(s). Switching to (u, y, ymax), since D(u, ymax) ≡ 2ntot(ymax) g(u, ymax) and

g(u, ymax) ≈ β(u; p, q) we have 〈xE〉 ≈
∫ 1

0 duxE(u, ymax)β(u; p, q), with xE(u, ymax) =

cosh[y(u)]/ cosh(ymax) and y(u) = u ymax+(1−u) ymin. Those relations connecting β(u; p, q)

to ntot(ymax) are used below to obtain the energy dependence of (p, q) from multiplicity data.

Given several hadron species h with FFs Dh(xE) and dijet multiplicities 2nh we expect

ESR =
∑
h 2nh 〈xE〉h = 2, provided all species are integrated. However, if only charged

hadrons are detected we expect ESR ∼ 2/3 × 2 ∼ 1.33. We can test the charged-fraction

ESR using the fits to charged pion, kaon and proton data at 91 GeV from Table 8.2. The

ESR for inclusive FFs can be tested with the fits from Table 8.1. In general, if f is the

ESR fraction for detected particles (f ∼ 2/3 for the charged-hadron fraction) we expect

the relation 〈xE〉 = f/n(ymax) between monojet (charged-particle) multiplicity and energy

fraction, which we use below to relate multiplicities to beta parameters (p, q).

Beta distribution fits to FFs gh(y or u, ymax) for identified pions, kaons and protons at

91.2 GeV from Table 8.2 and the FF for inclusive hadrons are plotted on rapidity y and

normalized rapidity u in Fig. 8.9 (bottom two panels). The parameters for those curves are

used to obtain 〈xE〉h for each hadron species using the correct hadron mass and 〈xE〉incl for
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the inclusive distribution assigning the pion mass to all hadrons. We use the 2n fit values in

the tables to obtain
∑
h 2nh 〈xE〉h = 1.25± 0.03 (f = 0.62) and 2nincl 〈xE〉incl = 1.18± 0.05

(f = 0.59) for identified and inclusive charged fragments. If 〈xE〉incl is calculated with

the weighted-mean mass 0.2 GeV (weighted by the hadron multiplicities in Table 8.2) we

obtain ESR = 1.4±0.05. The same procedure applied to the fits to lower-energy data from

Table 8.2 gives ESR ∼ 1.1. The exact energy scale for the lower-energy sum rule is not

clear because of the scale range, but the result is roughly consistent with expectations. For

the inclusive analysis below assuming the pion mass we use ESR factor 1.18.

8.4.2 Dijet multiplicities from β(u; p, q) shapes

Dijet multiplicity 2n can be obtained directly by integrating measured and extrapolated

FF data, as in Tables 8.1 - 8.3. However, as we have just shown there is a correspondence

between 2n(ymax) and the shape of data FF g(u; ymax) or fitted model function β(u; p, q)

determined by parameters [p(ymax), q(ymax)]. We have obtained for inclusive charged frag-

ments with pion mass assignment the relation 2n(ymax) = 1.18/
∫ 1

0 duxE(u, ymax)β(u; p, q)

at 91.2 GeV which we now use to relate energy trends of FF shape parameters (p, q) to

fragment multiplicities. Measured multiplicity trends on parton energy thereby provide

constraints on the energy dependence of FF parameters (p, q), even in energy intervals

where there are no measurements of FFs.

Fig. 8.10 shows dijet multiplicities 2n for g-g and q-q̄ parton pairs. Precise multiplicity

data for quark jets from two-jet events have been available for some time. New methods

have produced similarly precise gluon-jet multiplicities from three-jet e+-e− events. Data

for gluon jets were obtained from CDF (closed triangles) [18], CLEO (open triangles) [42],

OPAL ‘jet-boost’ algorithm (open circles) [3] and OPAL inclusive (star) [16]. Data for

quark jets were obtained from a compilation (Table 6 in [90]) and multiplied by factor 0.94

(the fraction of udsc jets in a flavor-inclusive sample [2]) to compare with the gluon jet

multiplicities. The large points labeled π and K are multiplicities from fits to identified

fragment data [79, 39, 45] in Table 8.2 plotted with the indicated multipliers. The hatched

regions represent the domain of low-Q2 partons which motivates this extrapolation study.
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Figure 8.10: Dijet charged-particle multiplicity vs energy scale Q (dijet energy) plotted in
a conventional format (left panel) and vs parton rapidity assuming the pion mass (right
panel). The solid curves are quark and gluon dijet multiplicities 2nq and 2ng obtained from
the (p, q) parameterizations in Fig. 8.11 (left panel). The dash-dot curve in the left panel is
from a 3NLO pQCD expression. The udsc quark-jet multiplicities for unidentified hadrons
(solid dots) are taken from a survey in [90]. The dotted curves in the right panel illustrate
quadratic trends A (ymax − ymin)2 (see text).

The solid curves in Fig. 8.10 are multiplicities derived from the (p, q) energy trends using

the relations defined above. The (p, q) parameterizations are adjusted to fit the multiplicity

data but constrained by (p, q) values from fits to fiducial FFs. The resulting (p, q) energy

dependence is described in the next subsection. Because 2n ∝ 1/〈xE〉 and 〈xE〉 is monotonic

with mean ū = p/(p + q), multiplicities are mainly determined by ratio q/p or difference

q− p (i.e., the mode or mean of the beta distribution), and only weakly dependent on sum

q + p (the width). A unique description of (p, q) over a broad energy range requires fits

to multiplicity trends supplemented by the fits to fiducial FFs described in the previous

section.

Quark-jet multiplicities are described in the MLLA by 3NLO expression nq(Y ) = K/2.25·

Y −a1 C2
exp{2C

√
Y+a δ(Y )}, with Y = ln(

√
s/Λ), C =

√
4nc/b and b = (11nc−2nf )/3 [89].

We used a1 = 0.3 from [80] and K = 0.13 and Λ = 0.15 GeV from Table 8.1 and the func-

tional form of δg(Y ) from Fig. 3 in [89] for δ(Y ) (all for nf = 5). We set the coefficient of

δ(Y ) to a = 1.8 to obtain the best agreement with quark-jet data, shown by the dash-dot
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curve in Fig. 8.10 (left panel) just visible relative to our parameterization (solid curve).

Variation of dijet multiplicities in the form A (ymax − ymin)2 would be expected for the

self-similar scaling illustrated in Fig. 8.1 with fixed FF mode u∗. Quadratic trends for

quark and gluon jets are illustrated by the dotted curves in Fig. 8.10 (right panel), with

A = 0.5 for quarks and 1.45 · 0.5 for gluons. Deviations from the quadratic trend for quark-

jet multiplicities in Fig. 8.10 correspond to the linear variation of (pq, qq) with ymax above

ymax = 4.5 in Fig. 8.11 (left panel) which shift u∗ to smaller values, as illustrated in the right

panel of that figure. Gluon-jet multiplicities deviate more dramatically from the quadratic

trend at lower energies, moving from the quark-jet curve to a gluon-jet trend about 50%

larger within the energy interval ymax = 3.5− 5 (Q = 5− 20 GeV) as the quark-gluon color

charge difference emerges. Above 20 GeV the gluon-jet multiplicities reflect the smaller

linear variation of (pg, qg) with ymax in that energy interval.

8.4.3 Energy dependence of β(u; p, q) parameters

Fig. 8.11 (left panel) shows the (p, q) energy dependence which produces the quark and

gluon jet multiplicities (solid curves) in Fig. 8.10 and the solid curves compared to fiducial

FFs in Figs. 8.1 - 8.3. Those curves summarize the energy dependence of udsc and gluon

fragmentation to unidentified hadrons in e+-e− collisions. We assume that the shapes of

inclusive (dominated by light quarks) and udsc FFs are approximately the same, as in Fig.

6 of [4]. Inclusive and udsc jet FFs at 91.2 GeV are compared in Table 8.3 and Fig. 8.9

(upper-left panel) and found to be similar. The vertical dotted lines mark the limits of

multiplicity measurements, while the vertical dash-dot lines mark the limits of measured

FFs used in this analysis. The upper ten solid points represent the fiducial FFs. The

open squares represent the single gluon FF in Fig. 8.9 (upper-right panel) which constrains

(pg, qg).

The (p, q) curves in Fig. 8.11 (left panel) are described by

pq = 2.90± 0.05− (0.05± 0.01) (ymax − 5.3) (8.1)

qq = 3.50± 0.05 + (0.05± 0.01) (ymax − 5.3)− (0.8± 0.2) (ymax − 4.5)[tanh(ymax − 3.5)− 1]/2

pg = pq + [(0.07± 0.02) (ymax − 5.3) + 0.55± 0.05]× {tanh[(2.5± 0.5) (ymax − 4.1± 0.1)] + 1}/2
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qg = qq + [(0.07± 0.02) (ymax − 5.3) + 1.70± 0.07]× {tanh[(2.5± 0.5) (ymax − 4.1± 0.1)] + 1}/2

The pq expression in Eq. (8.1) is determined only by linear interpolation and extrapolation

of fits to the hadron- and parton-inclusive fiducial FFs. Given that definition of pq the curve

for qq is then defined only by the fit to the udsc quark-jet multiplicity data in Fig. 8.10. The

agreement in Fig. 8.11 between qq determined by fitting light-quark multiplicities 2nq (upper

solid curve) and by fitting individual inclusive-parton FFs (upper solid points) indicates the

consistency of the two methods. The expression for pg is guided by the fit to a single gluon

FF denoted by the open square point in Fig. 8.11 (left panel). For further discussion of its

impact on scaling violations see Ref. [165].
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Figure 8.11: Left panel: Beta-distribution parameters (pq, qq) and (qg, pg) respectively for
light-quark (solid) and gluon (dashed) jets and corresponding gluon-to-quark-jet multiplicity
ratio r vs parton rapidity ymax. Right panel: Unit-normal FFs (beta distributions) obtained
from parameters in the left panel plotted on normalized rapidity u for quark (solid) and
gluon (dashed) jets and for nine equal-spaced values of parton rapidity ymax illustrating
peak shape evolution with energy scale.

The error bands in the central region represent correlated systematic errors related to

the uncertainty in ymin. As ymin varies the dominant effect is common displacement of p

and q (cf. Fig. 8.8). Multiplicity depends mainly on the mode or mean of the fragment

distribution, and therefore primarily on the ratio or difference of p and q. Multiplicity is
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therefore insensitive to the choice of ymin. The FF width on the other hand depends directly

on the sum p + q and is therefore more influenced by the choice of ymin. To the right of

the left dash-dot line the (p, q) vary slowly and linearly with increasing energy scale. The

energy dependence for light quarks implies a slight reduction of the mode with the peak

width unchanged, consistent with the fiducial FFs in this study (e.g., Fig. 8.3). The gluon

FF shows similar mode variation, but the width is also reduced with increasing energy.

Below the left dash-dot line (Q ∼ 10 GeV) the (p, q) change rapidly. The multiplicity

data, especially the CLEO data, require a sharp drop in q in that energy interval for both

quarks and gluons which is effected by the tanh term in qq of Eq. (8.1). The convergence

of the quark and gluon (p, q) at the energy scale defined by the lower dotted line, again

required by the CLEO data, is effected by the tanh terms in pg and qg. Below ymax = 3.6

(Q = 5 GeV) there is no guidance from data, but we speculate as follows. At 5 GeV the

average jet multiplicity is ∼ 2.5 and there is no distinction between quark and gluon jets,

p ∼ q and the FF is therefore symmetric about the midpoint on u. We argue that at lower

energies the mean jet multiplicity approaches one and the FF approaches a delta function

at u = 1, requiring q → 1 and p → ∞. We sketch those trends with large error bands in

the left panel as a simple extrapolation of the trends derived from data.

In Fig. 8.11 (right panel) we show a sequence of model functions for nine equal ymax steps

from 1.6 to 7.8, with parameters derived from the (p, q) curves in the left panel for gluon and

quark FFs. The modes for quark jets (solid curves) and gluon jets (dashed curves) move

from left to right with decreasing energy scale, and the dotted curves for ymax < 3.6 (Q < 5

GeV) represent both parton types in common. Below 5 GeV the FFs slew to the right and

may approach a delta-function limit at u = 1. Those low-Q2 trends can be compared with

the theoretical description of heavy quark fragmentation on the right of Fig. 8.7.

The energy dependence of gluon-to-quark-jet multiplicity ratio r = ng/nq derived from

the beta parameters is plotted as the lowest solid curve in Fig. 8.11 (left panel). The open

points are taken from [41] and the solid points are from [13]. r is expected to approach the

ratio of color factors CA/CF = 2.25 at large Q. The ratio indeed increases monotonically

with ymax from unity at ymax ∼ 3.5 (p ∼ 2 GeV/c and n ∼ 2), but the approach to CA/CF

is slow. The overall trend is in rough agreement with theory [92, 80].
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The ratio slope r′ = dr/dymax ∼ dr/d ln(Q) is also of theoretical interest but difficult

to calculate since it is very sensitive to perturbative corrections [80]. Slope r′ derived from

(p, q) rises to peak value 0.45 at ymax ∼ 4, then falls to 0.11 at ymax = 5 (Q = 20 GeV) and

rises linearly to 0.13 at ymax = 8 (Q = 400 GeV). The value r’ = 0.1 is in rough agreement

with theory [80]. In contrast to the slow evolution of r the rapid separation of qq and qg

with increasing energy between the lower dotted and dash-dot vertical lines of Fig. 8.11

(left panel) contrasted with a nearly fixed difference between them above that region may

provide a clearer manifestation of the emergence of color charge.

8.4.4 Fragmentation functions on (y, ymax)

We can use the parameterized beta distribution to construct a 2D fragment distribu-

tion on (y, ymax) as follows. Form factor β(u; p, q) describes the shapes of FFs over a

broad Q2 interval. The beta distribution in turn determines multiplicity n(ymax) through

〈xE〉 over the same range (Fig. 8.10). We combine the two factors to form D(y, ymax) =

2n(ymax)β[u(y, ymin, ymax); p(ymax), q(ymax)].

In Fig. 8.12 (left panel) we plot D(y, ymax). The vertical dotted and dash-dot lines

mark the same energies as in Fig. 8.11 (left panel). The dashed curve is a ‘locus of modes’

(positions of maxima) of conditional distributions on y for fixed ymax. The approach of

that curve to the solid diagonal line (y = ymax) at lower left corresponds to the approach

of the dotted curves in Fig. 8.11 (right panel) to u = 1. The horizontal dotted line denotes

ymin, and ymax = 8 corresponds to
√
s ∼ 400 GeV. This joint fragment density provides

the basis for extrapolating FFs down to Q ∼ 1 GeV (ymax ∼ 2). Fig. 8.12 (right panel) is a

transformation of the left panel onto (ymax, y − ymax), with y − ymax ∼ lnxp = −ξp, which

illustrates in the upper-right corner scaling violations: variation of the fragment density

with increasing ln(Q/Λ)→ ymax at constant xp or ξp (constant y − ymax) [165].
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Figure 8.12: Left panel: Joint fragment distribution D(y, ymax) on fragment and parton
rapidities for inclusive partons (∼ udsc quarks) and inclusive hadrons. Fragmentation func-
tions are vertical slices (conditional distributions) from the joint distribution. Right panel:
The same distribution transformed to (y− ymax, ymax), with ymax− y ∼ ξp, the logarithmic
relative momentum. The vertical dash-dot lines define the interval determined by fiducial
FFs plus dijet multiplicities. The intervals between vertical dash-dot and dotted lines are
defined only by multiplicity trends. The upper-right region of the right panel illustrates
scaling violations.

8.5 Peak statistics and pQCD

We have constructed a simple parameterized model of FFs for e+-e− collisions which com-

pares well with data. In this section we compare the energy dependence of peak statistics on

u and ξp inferred from our parameterization with predictions from pQCD. Fragmentation-

function peak statistics predicted by pQCD [93, 69, 94, 14] can be compared to peak statis-

tics u∗ (mode), ū (mean) and σ2
u (variance) for distribution β(u; p, q). The mode for the

β distribution is u∗ = p−1
p+q−2 and the mean is ū = p

p+q , with (p, q) determined by the

parameterizations in Fig. 8.11. The mode on y is y∗ = u∗ ymax + (1− u∗) ymin.

In Fig. 8.13 (left panel) we show measured values of ξ∗p in the form ymax − ξ∗p ∼ y∗

(consistent with Fig. 8.2) vs ymax [comparable to plots of ξ∗p vs ln(Q/Λ)] for eight quark-jet

and fourteen gluon-jet energies [40, 78, 14]. The solid curve y∗(ymax) for quark jets inferred

from our (p, q) parameterization is the same as the dashed curve in Fig. 8.12 (left panel).

The five stars are obtained from our fits to the fiducial FFs in Table 8.1 (compare to peak
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Figure 8.13: Left panel: Comparison of fragmentation-function modes vs parton rapidity
from quark and gluon data (points) with ‘locus of modes’ trends (solid and dashed curves)
derived from (p, q) energy systematics in Fig. 8.11 (left panel) and from the MLLA (dash-dot
and dotted curves). Right panel: Comparison at two energies of FF data, beta distributions
on u and MLLA Gaussians suitably transformed to u.

modes in Fig. 8.2). The errors are smaller than the points.

The MLLA predicts for inclusive jets ξ∗p = 0.5Y2 +c2

√
Y2−c2

2, with Y2 ≡ ln(Q/2Λ) (note

the 2 in the denominator), c2 ≡ a/
√

16b nc, a = b/n2
c and b = (11nc − 2nf )/3 [181]. The

MLLA prediction for ξ∗p transformed to ymax − ξ∗p is plotted as the dash-dot curve in the

left panel. The curve corresponds to nf = 5, but changes with nf → 3 are within the data

errors. The hatched area is the region of interest for study of low-Q2 partons. The MLLA

curve diverges from the (pq, qq) parameterization (solid curve) in that region.

We can also obtain a mode prediction for gluon jets. The MLLA prediction for the

quark-gluon mode difference is ∆ξ∗ = ξ∗g − ξ∗q ≈ 1
12

(
1 +

nf
n3
c

)
+ O(

√
αs) ∼ 0.1 [94, 14].

Taking the inclusive ξ∗p prediction above as ξ∗q we plot ymax − ξ∗g = ymax − ξ∗q −∆ξ∗ as the

dotted curve in Fig. 8.13, which agrees fairly well above ymax = 4.5 (Q ∼ 12 GeV) with the

gluon y∗ trend (dashed curve) obtained from parameters (pg, qg) in Fig. 8.11. Data from [14]

for FF modes from gluon jets are plotted as solid triangles. The modes were obtained from

Gaussian fits to gluon FF data over limited intervals on ξp. The data are well described by

the dashed curve obtained from our (p, q) energy systematics and by the MLLA prediction.
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The MLLA width prediction on ξp is σξp = Y 3/4/
√

2c1, with c1 =
√

36nc/b [40]. The

width on ξp should be equivalent to the width on y (cf. Fig. 8.2). The variance of the

beta distribution on u is σ2
u = p q

(p+q)2(p+q+1)
' 1

4(p+q+1) ∼ 0.035 for flavor-inclusive e+-e−

jets. Thus, the observed r.m.s. width on y is σy ∼ 0.2 ymax ∼ 0.2Y , the coefficient nearly

independent of ymax per the (p, q) systematics in Fig. 8.11. That result is inconsistent with

the MLLA width prediction σy ∼ 0.37Y 3/4.

Measured FFs have been compared directly with analytic predictions of peak statistics

from the MLLA and with Gaussians on ξp defined by parameters from perturbative ap-

proximations [93]. In Fig. 8.13 (right panel) we compare beta distributions and data for

two energies on normalized rapidity u with corresponding MLLA Gaussians (normalized to

unit integral) using the parameters described above. The Gaussian tails do not describe

the data. Our parameterized model is consistent with pQCD predictions at larger Q2, and

the beta distributions (solid curves) demonstrate good sensitivity to small but meaningful

systematic variations with energy of the FF data. The good fit of beta distributions to data

over all fragment momenta insures a well-defined peak integral.

8.6 Discussion

Our intention in this study has been to provide the phenomenological means to extrapo-

late e+-e− parton fragmentation functions to low Q2 where the perturbative description of

QCD is not applicable. We have been guided by the many precise measurements of e+-e−

fragmentation functions and their relationship to pQCD predictions now available. Par-

ton scattering and fragmentation at low Q2 are in turn important for understanding p-p

and A-A collisions at RHIC. As a result of this study we have found that the beta dis-

tribution provides a simple but precise description of FFs which accomplishes the desired

extrapolation but also reveals some interesting new aspects of parton fragmentation.

8.6.1 The beta distribution as compact representation

FFs for e+-e− collisions transformed to y are approximately self-similar with increasing ymax,

as sketched in Fig. 8.1. They are bounded by parton rapidity ymax and lower limit ymin.

Those trends suggest a further transformation to normalized rapidity u = (y−ymin)/(ymax−
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ymin). Measured FFs plotted on u are nearly independent of parton energy and can be

factorized into dijet multiplicity 2n(ymax) and unit-normal form factor g(u, ymax) which is

modeled by the beta distribution. Since energy conservation relates the dijet multiplicity to

the form-factor shape the fragmentation process is completely represented by the energy-

scale dependence of parameters (p, q) of the beta distribution.

The beta distribution with two energy-dependent parameters thus precisely describes

light-flavor FF data over the scale interval Q ∈ [5, 100] GeV (e.g., Figs. 8.1 - 8.3) and can

be extended to lower energies, accomplishing the main goal of this study: extrapolation of

fragmentation systematics down to fragment multiplicity n ∼ 1-2 and energy scale Q ∼ 1

GeV. We also obtain simple representations of FFs on (x, s) or (y, ymax) (continuous 2D

surface) for studies of scaling violations over the full kinematic range.

8.6.2 Fragmentation as an equilibration process

Why does the beta distribution provide a good description of e+-e− FFs? β(u; p, q) describes

systems in which entropy is maximized (e.g., by a parton cascade) on a bounded interval

(e.g., bounded by the leading-parton energy). β(u; p, q) is one instance of the exponential

family of probability distributions p(x) which can be defined in terms of a maximum-entropy

condition with constraints [109]. The beta distribution defined on x ∈ [0, 1] maximizes

the Shannon entropy S = −
∫
dx p(x) ln[p(x)] subject to constraints on geometric means

ln(x) =
∫
dx p(x) ln(x) and ln(1− x). The Gaussian distribution can be similarly defined,

with constraints on its first and second moments x̄ and x2.

Given those properties of the beta distribution and its good description of FFs, frag-

mentation of light quarks and gluons can be viewed as an equilibration process controlled

by two opposing tendencies: parton splitting as a form of downscale energy transport which

increases entropy and gluon coherence which constrains the splitting at a scale conjugate

to hadron size. The observed fragment distribution is then a maximum-entropy configu-

ration balancing those two tendencies. Of the two beta parameters q reflects the splitting

tendency and p reflects the hadron size constraint. The DGLAP equations which describe

the perturbative splitting (transport) process are thus coupled to the soft part of the FF by
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entropy maximization as well as energy conservation.

8.6.3 Conventional pQCD fragmentation functions

Do benefits from the introduction of (y, ymax), u and the beta distribution justify a new

approach to fragmentation? In Fig. 8.14 we compare FF data to a beta distribution fit from

this analysis and a pQCD model FF (KKP) obtained from a conventional scaling violations

analysis using the DGLAP equations [122] and defined by 14 parameters for each parton-

hadron combination. Fig. 8.14 (left panel) shows the OPAL 91 GeV FF data from Fig. 8.1

(third and fourth panels) with the KKP fragmentation function (dashed curve) and the FF

from this analysis (solid curve). With the exception of a small deviation at large xp the

agreement in this format appears to be good (also cf. Fig. 8.1 – third panel).
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Figure 8.14: Left panel: Beta distribution (solid) and KKP FF (dashed) curves compared
to OPAL 91 GeV data points (open circles) on linear momentum variable xp. Right panel:
The same curves and data transformed to normalized rapidity u. The vertical dotted lines
both correspond to xp = 0.1.

Fig. 8.14 (right panel) shows the same distributions on normalized rapidity u. The KKP

FF based on DGLAP evolution deviates strongly from data below u = 0.7 and accurately

represents less than 10% of the fragments at 91 GeV. The vertical dotted line in each panel

shows the intended region of validity (xp > 0.1) of the KKP and similar FFs. In contrast,

the FF from our analysis, based on the beta distribution and defined by two parameters per
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parton-hadron combination with simple energy dependence above Q = 20 GeV, accurately

describes the data on xp over six orders of magnitude and, extrapolating the full data

distribution down to zero momentum, provides a well-defined multiplicity integral.

Recent improvements in the pQCD description of FFs have lead to much improved

coverage on xp. In [44] a consistent combination of DGLAP evolution, resummation of

soft gluon logarithms and incorporation of hadron mass effects provides a semi-quantitative

description below the FF mode on y or u while retaining good agreement above the mode.

Such theoretical advances provide a context for the present phenomenological analysis.

8.6.4 Energy dependence and applications

We have studied the energy dependence of FFs as represented by beta distribution parame-

ters (p, q) in Figs. 8.10 – 8.13. The direct relation between dijet multiplicities and FF shape

parameters via the energy sum rule provides a new method for extending the FF descrip-

tion over a broad energy range. The connection between shape parameters (p, q) and dijet

multiplicity 2n(ymax) is particularly important for extrapolation to low Q2 (e.g., the CLEO

multiplicity data provide strong constraints on low-energy FF evolution).

A striking feature of Fig. 8.10 is the bifurcation of quark and gluon trends near Q ∼ 5

GeV and evolution to large separation by Q ∼ 20 GeV, with a dramatic correspondence

in Fig. 8.11 (left panel). Above 20 GeV the system exhibits simple pQCD trends which

are most apparent in Fig. 8.11. Corresponding peak modes on u remain close to 0.4 over

a broad energy range. It is not clear from Fig. 8.10 that peak modes increase rapidly near

5 GeV and approach unity below that point, but that trend can be inferred from Fig. 8.11

which provides important extrapolation guidance. Mode trends are illustrated in Fig. 8.13

and agree well with data and pQCD predictions in the energy range above 15 GeV. There

is additional discussion of scaling violations in [165].

The beta distribution model provides and simple and complete description of fragmen-

tation functions of light hadrons which suggests that at large enough energy scales fragmen-

tation is an entropy-maximizing equilibration process. We will apply this parametrization

to the same-side peak of heavy-ion collisions in the next chapter.
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Chapter 9

THE SAME-SIDE PEAK

The bulk of the correlation analys presented thus far has focused on the quadrupole

component and its relationship to conventional v2 measures. Yet in exploring the quadrupole

term we have also had to recognize the importance of another component: the same-side (SS)

2D Gaussian peak and its corresponding away-side (AS) ridge. We have found in Chapters 6

and 7 that the magnitude of this term is comparable or greater than the quadrupole term,

and it has many unique properties. In fact it is the SS 2D peak that dominates in central

A-A collisions.

In this chapter we present the hypothesis that the SS peak is dominated by jet frag-

mentation from low-Q2 partons which is modified—but not quenched or suppressed—by the

presence of a strongly-interacting medium.

9.1 Same-Side Peak Properties

The methods for constructing and fitting correlations were discussed in Chapters 5 through

7. Here we will review the final fit parameters but with an emphasis on the terms that

describe the same-side peak and their properties.

9.1.1 Centrality Dependence

The centrality dependence of the pt-integrated same-side peak established in Chapter 6 is

reproduced in Fig. 9.1. The dashed and dotted curves in the first panel represent binary

collision scaling in a Glauber linear superposition of nucleon-nucleon collisions for 200 and

62 GeV respectively [37]. These curves are what we would expect from hard scatterings in

nuclear collisions if they were nothing more than a superposition of many nucleon-nucleon

collisions with no collective behavior. The most peripheral collisions follow this trend ex-

actly. When moving to more central collisions there is a significant deviation from this
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trend which starts from about ν = 2.5. At the same point there is more significant growth

in η width of the same side peak. This growth only affects η while the φ width actually

decreases from its value in the most peripheral collisions and then stays relatively constant

for mid-central to central collisions.
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Figure 9.1: First panel: Centrality-dependence of the pt-integrated same-side peak ampli-
tude for 62 and 200 GeV collisions. Second panel: Width of the same-side peak on η. Third
panel: Width of the same-side peak on φ. Fourth panel: Amplitude of the away-side dipole.
[37]

The last panel of Fig. 9.1 shows the behavior of the away-side ridge. The shape of its

centrality dependence for both 62 and 200 GeV collisions exactly matches the shape of the

SS peak amplitudes. It should be noted that there is absolutely no requirement in the fit

model that these parameters match. This trend is perfectly consistent with the assumption

that the away-side peak is produced from momentum conservation in dijet production.

Global momentum conservation of a thermal system, on the other hand, would scale with

the number of participating nucleons.

Correlations in the most peripheral bin of Au-Au collisions are nearly identical to those

observed in proton-proton collisions [138, 139]. This is because in a very peripheral collision

the majority of the nucleons in the colliding nuclei do not even participate in the collision

and just continue down the beampipe. The most peripheral bin of Au-Au collisions is

essentially describing nucleon-nucleon collisions.

The same-side structure in p-p correlations is reproduced well by the PYTHIA Monte

Carlo event generator and does not appear in PYTHIA simulations if hard parton scat-

tering to jets is disabled [139]. Jets individually identified in event-wise analysis of energy
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(calorimeter) angular distributions on (η, φ) follow the expected pQCD parton spectrum

down to 5 GeV (3-4 GeV without background) [43, 8]. Trends for jet-like correlations and

event-wise reconstructed jets are consistent: The most-probable hadron pt for minimum-

bias jet-like correlations in p-p collisions is 1 GeV/c, consistent with the observed 3-4 GeV

lower limit to calorimeter-based reconstructed-jet energy spectra [43, 161].

The same-side peak trends are in sharp contrast to the simple behavior of the quadrupole

component, which as we saw in Chapter 6 exhibits no sharp transition and is easily parame-

trized. With the away-side ridge behavior mirroring the same-side peak and the quadrupole

following a separate and smooth trend there is no way for the sudden growth of the same-

side peak to result from a poor fit. If the fit model mis-attributed some other aspect of

the correlations to the same-side peak this should be visible in the quadrupole component.

There aren’t any other components in the fit model with sufficient magnitude to account for

the difference. The large pt-integrated same-side peak is a real phenomenon that contradicts

the conventional heavy-ion collision scenario for more-central collisions.

9.1.2 pt Dependence

With marginal yt distributions we can study the yt dependence of the SS peak as well.

Measured ∆ρ/ρref amplitudes and widths in η∆ and φ∆ of the SS peak are plotted in

Fig. 9.2. The amplitude of the SS peak increases significantly with yt for all centralities

although for this per-pair measure direct comparisons are complicated. However, the widths

are not affected by the choice of correlation measure. The φ∆ width appears to be basically

independent of centrality and narrows significantly at higher yt.

What is most remarkable that the large η∆ widths above the transition point (third and

fourth panel) persist even at large yt. In fact, the SS peak’s yt dependence is roughly flat

over a significant yt interval (up to pt = 4 GeV/c) for all centralities above the transition

point. The naive (pQCD) expectation is that the peak should narrow in both η and φ as

hadron pt increases if the SS peak is describing correlations between fragments from higher-

energy partons. While the mechanism behind this η broadening is not well understood, it

should possible to develop a correspondence between the pt-dependent Gaussian peak and
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Figure 9.2: 62 and 200 GeV amplitudes and widths in η∆ and φ∆ of the Gaussian jet peak
as a function of yt for several different centralities.

hard components of single-particle spectra in a future analysis.

The existence of significant SS correlations at large η∆ even at high pt is closely related to

the phenomenon that has been termed “the ridge”. The mechanism for these “long-range”

correlations is not well understood, but we do want to understand how this analysis relates

to existing ridge observations.

9.2 The Ridge

The phenomenon known as “the ridge” is probably the single most poorly understood

observation in modern heavy-ion physics. Many theories have been put forward to explain

it, but they typically either lack detailed predictions or fail to be consistent with all existing

observations.

The term was coined in the context of central collisions with high-pt triggers. In that

scenario it was observed that same-side two-particle correlations could be described by a

narrow “jet” peak on top of a relatively flat background. The flat same-side correlation is
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what is now referred to as “the ridge”. The unusual properties of the pt-integrated same-

side correlations described above constitute another aspect of the ridge and are sometimes

referred to collectively as the “soft ridge”.

9.2.1 Ridge properties

Figure 9.3 is one of the most iconic examples of The Ridge [10]. It is a 2D correlation

but unlike the analysis in this dissertation it was made using a high-pt trigger. Rather

than constructing the correlation from all pairs of particles in an event, the trigger particle

is correlated with “associated” (non-triggered) particles. Typically there are additional pt

cuts imposed on the associated particles as well. While using a high-pt trigger does make it

possible to collect more events containing high-pt particles than a minimum-bias trigger, it

also limits the scope of the analysis. If we recall Fig. 7.1—the diagram of the yt cuts used

in constructing marginal distributions—a typical high-pt triggered analysis with cuts on the

associated particle momentum would be a small off-diagonal box in this space. Furthermore,

high-pt triggers are also frequently restricted to central collisions under the assumption that

is where the physics of interest will be present. But we wish to examine the full centrality

dependence.

The SS peak in this case is not a simple Gaussian. In the high-pt triggered correlation

analysis in Ref. [10] it is modeled with the combination of a Gaussian peak—which is labeled

the “jet” part—and an η∆-independent component—which is labeled the “ridge” part. This

is the origin of the ridge terminology. It is conventionally assumed that the ridge is some

new physical phenomenon unrelated to jet physics.

Using the methods described in this dissertation we are in a unique position to examine

the complete phenomenology of the ridge in both pt and centrality. But first we need to

understand the difference between the fit model introduced in Eq. (5.20) and these triggered

correlations. Our fit model does not contain separate “jet” and “ridge” contributions. There

is a contribution to the SS structure from the quadrupole term which is η∆-independent,

but the high-pt trigger results are also corrected for v2 before introducing the separate “jet”

and “ridge” contributions [10]. Differences in v2 measurement methods are not enough to
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Figure 9.3: The charged di-hadron distribution in central Au-Au collisions for 2 GeV/c <
passoct and 3 < ptrigt < 4 GeV/c [10].

explain the difference in peak shapes.

To better understand the peak shape we subtract the quadrupole term and 1D η∆

term—though this is a negligible contribution for more-central collisions and higher pt—

from measured pt-dependent correlations. Two marginal pt bins are shown in Fig. 9.4

for both 50-60% central collisions—just before the transition point—and 10-20% central

collisions—where the amplitude and width of the SS peak are at maximum. The first pt bin

is 0.94 GeV/c < pt < 1.4 GeV/c and the second is 2.1 GeV/c < pt < 3.1 GeV/c. The first

bin has large enough pt to lack a significant electron peak but would still conventionally be

considered part of the soft regime. The second bin has high enough pt to be comparable to

cuts made in the triggered analysis. Though it is not our highest pt bin, higher bins begin

to suffer from lack of statistics, and detailed comparisons of peak shapes become difficult.

The quadrupole-subtracted peaks and residuals in Fig. 9.4 provide no evidence for any

significant deviation from a simple SS Gaussian. The Gaussian is very broad on η∆, but it

is not broad enough to be require an η∆-independent function as part of the peak model.
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Figure 9.4: Top row: Quadrupole-subtracted correlations histograms in 200 GeV collisions
for 50-60% central collisions with marginal pt cuts 0.94 GeV/c < pt < 1.4 GeV/c and
2.1 GeV/c < pt < 3.1 GeV/c and 10-20% central collision with the same pt cuts. Bottom
row: Fit residuals for the same histograms as above.

This is what we observe for all centralities and pt intervals in this study. While the pt region

explored in the triggered analysis does extend a bit higher than the data presented here the

most significant distinction is which particles the pt cuts are applied to. In the triggered

analysis cuts are made on both the trigger and associated particles while the marginal pt

bins only impose a cut on the pt of one particle. We conclude that it is necessary to restrict

the pt of both particles to see distinct “jet” and “ridge” components.

Centrality-dependence of the high-pt triggered ridge is largely ignored, as the triggers are

typically used to select more central events. But with the full complement of minimum-bias

collisions we can study the centrality evolution as well. See Appendix A for the full set

of plots. So long as the centrality is below the transition point we see a single narrow 2D

Gaussian peak which becomes slightly narrower at higher pt. This trend is expected for jets.

For pt-integrated and marginal pt bins above the transition point we see a much broader

2D SS peak with an η∆-dependence largely independent of pt, but the peak narrows on φ∆

at higher pt.

It is natural to propose three regimes: In peripheral collisions GLS scaling holds and we

see jet peaks analogous to those in p-p collisions at all pt. Above the transition point and

at lower-pt there is a single broad Gaussian peak which evolves smoothly from the peak in
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more-peripheral collisions. Finally, when specific pt cuts are made in more-central collisions

there is a significant modification of the SS peak shape which introduces another component

to the fit model.

Unfortunately, most attempts to explain the ridge have focused exclusively on the third

regime. The ridge structure has been interpreted as evidence of a dense, flowing QCD

medium [105, 82]. It is typically assumed that the low-pt broad Gaussian is just a man-

ifestation of the “soft ridge”. The jet component is assumed to be negligible at lower-pt

since it is thought to be a high-pt phenomenon that is washed out by the large number of

low-pt particles. But we see clear signs of jet physics in more peripheral collisions for all pt

bins. And the 2D SS jet peak smoothly evolves into the “soft ridge” with centrality. It is

only with very specific kinematic cuts that distinct “jet” and “ridge” structures appear to

emerge at all. A complete ridge theory needs to explain all of these observations.

9.2.2 Triangular Flow

One of the more-popular explanations for the ridge is the concept of “triangular flow”, which

states that the ridge is the result of fluctuations in the typical flow mechanism assumed to

produce v2. It is conjectured that these fluctuations manifest in such a way that they

produce higher multipole terms, such as a sextupole component or v3 term. While the

collision system should be bilaterally symmetric on average, fluctuations in the nucleon

positions at the time of the collision are said to actually produce a “triangular” distribution

[51].

We do not observe any sextupole term in the residuals of our fits. It should be noted

that the significant φ-dependent terms in our fit model are only the dipole, quadrupole, and

SS Gaussian. The presence of the Gaussian means that this is not simply an orthogonal

set of functions. It is possible that adding a sextupole to our fit function could change our

results. However attempts to do so have shown that the sextupole term does nothing more

than describe part of the Gaussian peak in the 1D projection onto φ∆. The Gaussian is still

a necessary part of the fit function because even in the 1D case v3 cannot accomodate all

of the observed structure. We could of course add v4, v5, etc. terms to attempt to describe
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the data without a Gaussian. However the result is just the Fourier decomposition of a

Gaussian peak, which is a less compact and less useful description of the data than just

using the Gaussian parameters. See App. B of Ref. [37] for a more detailed discussion of

alternative fits.

It is common in v3 analyses to only examine the φ∆ dependence. But our fit model is

further constrained in η∆. Even in the most central collisions—where the η∆ width of the

Gaussian is very large—a ridge that is perfectly flat in η∆ does not describe the data well.

Not only are higher multipoles a cumbersome way of describing the 1D data they can’t

describe the 2D data at all.

Finally, as stated above triangular flow depends on the presence of large flow fluctuations.

But our observations in Chapter 6 and 7 indicate that there is essentially no quadrupole

amplitude in the most central collisions. Fluctuation models predict significant v2 (ellip-

tic flow) in central collisions, because that is where conjectured fluctuations appear to be

greatest. Our observations seem inconsistent with large flow fluctuations, and without large

flow fluctuations there can be no physical motivation for a v3 term. Thus, triangular flow

appears to be an inadequate explanation for the ridge.

9.3 The p-p Ridge

The CMS collaboration has published a study of angular correlations in p-p collisions at the

LHC [118, 167]. A notable result is the appearance of a same-side “ridge” structure with

specific kinematic cuts. This ridge structure has been compared to that observed at RHIC

[10]. It has been suggested that this correspondence implies that a dense medium may also

form in p-p collisions at 7 TeV.

We can make a quantitative comparison between CMS results at 7 TeV and STAR

results at 0.2 TeV. In the CMS study a quadrupole term was not considered because v2

is usually assumed to be zero in p-p collisions. But it is possible for a small quadrupole

component to be present even in p-p collisions. In Chapter 6 we established the energy

dependence of the nonjet quadrupole. It is possible to perform a simple extrapolation to

CMS energy. If we then introduce a proxy for “centrality” in p-p we find that observed

trends in the quadrupole in Au-Au collisions can actually explain the SS “ridge” that CMS
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observed with specific kinematic cuts.

9.3.1 SS ridge and curvatures at the azimuth origin

Appearance of a SS ridge depends on the total curvature at the azimuth origin φ∆ = 0. A

visible ridge is equivalent to a significant negative SS curvature over an extended η∆ interval.

The SS total azimuth curvature depends in part on curvature contributions from the AS 1D

peak and nonjet quadrupole. Depending on the relative amplitudes of the two components

a SS ridge feature may be visible or not. Other contributions to the SS curvature may be

present. It is important to distinguish and understand the possible appearance of a visible

SS ridge due to the nonjet quadrupole component, which may contribute to ridge formation

under some circumstances. We now develop a description of SS curvature systematics.

A closed expression for the SS (φ∆ = 0) curvature from a unit-amplitude AS 1D Gaussian

periodic peak array with r.m.s. width σφ (approximated by two Gaussians centered at

φ∆ = ±π) is given by

C(σφ) =

(
π4

σ4
φ

− π2

σ2
φ

)
2

π2
exp{−π2/2σ2

φ}. (9.1)

The SS curvature is negligible for σφ < 0.6 (Gaussians are fully resolved).
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Figure 9.5: Left: Same-side curvature contributions Cm from four away-side (AS) 1D Gaus-
sian multipoles m = 1 . . . 4 as a function of the AS peak r.m.s. width. Right: Same-side
curvature in closed form for an AS 1D Gaussian peak (solid curve) and for Eq. (9.3) trun-
cated at m = 3 (dashed curve). The dipole curvature (dash-dotted curve) is included for
reference.

The unit-amplitude AS 1D peak array can be expressed as a Fourier series with coeffi-
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cients give by

Fm(σφ) = σφ

√
2/π exp{−m2σ2

φ/2}. (9.2)

The curvature evaluated at φ∆ = 0 for an AS 1D peak array with unit amplitude and r.m.s.

width σφ is then given by

Ctot(σφ) =
∑
m=1

(−1)m−1m2Fm(σφ), (9.3)

Figure 9.5 (left panel) shows individual multipole contributions Cm(σφ) = m2Fm(σφ)

to the curvature sum in Eq. (9.3) for m = 1 . . . 4. Fig. 9.5 (right panel) shows the exact

expression C in Eq. (9.1) (solid curve) and the series in Eq. (9.3) Ctot truncated at m = 3

(dashed curve). The deviation from the solid curve is consistent with neglect of the (negative

of the) m = 4 term in the left panel. The dipole contribution C1 (dash-dotted curve) is

included for reference. The hatched region near σφ = 1 represents 2D fits to 200 GeV NSD

p-p data with an AS 1D Gaussian model. The hatched region near σφ = 1.5 represents 2D

fits to more-central Au-Au data where the AS 1D peak is well modeled by an AS dipole

only.

For an AS 1D peak with amplitude A1D and width σφ ≥ 1 (consistent with p-p minimum-

bias and Au-Au data) Eq. (9.3) can be truncated to two multipoles

CAS(σφ) = B1(σφ)− 4B2(σφ) (9.4)

≡ AD(σφ)/2− 4× 2AQ(σφ).

where Bm(σφ) = Fm(σφ)A1D [164], and 2D fit parameters AD and AQ are defined in

Eq. (5.20). An additional (negative) curvature contribution comes from nonjet quadrupole

AQ{2D}. A SS ridge should appear if the total SS curvature is significantly negative or

16 [AQ(σφ) +AQ{2D}] /AD > 1. That relation is the central issue for this analysis.

9.3.2 Au-Au vs p-p collision geometry descriptions

A-A collision centrality is defined in the standard way described in Sec. 2.2.3. p-p collision

centrality is of significant interest at the LHC [95]. We can in principle relate measured
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nch to p-p collision centrality, but we currently have no p-p equivalent to the A-A Glauber

model based on participant nucleons. An analogy might be made between participant

nucleons in A-A collisions and “participant partons” in p-p collisions derived from the

nucleon parton distribution function (PDF). Participant partons, the number depending

on p-p centrality or soft momentum transfer, may engage in binary interactions, some of

which would result in large-angle parton scattering. Hadron production then arises from

projectile-nucleon fragmentation (soft component) and semi-hard parton scattering to form

jets (hard component).

In the two-component study of single-particle pt spectra from 200 GeV p-p collisions

the spectrum hard component was found to scale in amplitude (relative to the soft compo-

nent) approximately linearly with nch as nch was increased by a factor ten relative to the

NSD value [24]. The spectrum hard component is quantitatively consistent with minijet

correlations [168] and with pQCD-calculated fragment distributions [161]. The p-p hard-

component absolute yield increases by a factor 50 as the total particle multiplicity near

mid-rapidity increases ten-fold. Equivalently, the jet frequency per p-p collision within one

unit of η increases from 2% to nearly 100% [24].

Based on the two-component model we interpret the nch systematics of spectra and

correlations in terms of p-p centrality as follows. For all centralities the soft component

arising from longitudinal fragmentation of projectile nucleons comprises no less than 90% of

the hadron production, thus defining an “overlap volume” for the p-p collision determined

by the large-scale soft momentum transfer. The hard-component fraction changes from 2%

to 10%, but the hard-component absolute yield increases by factor 50, indicating a large

increase in the number of participant-parton binary interactions (similar to Nbin in A-A

collisions). Those systematics suggest that nch is closely correlated with p-p centrality

despite strong event-wise fluctuations in nucleon shape and impact parameter. Increases

with nch are not dominated by jet production but instead by p-p overlap volume.

The overlap of extended (≈ spherical) objects also implies a geometric eccentricity which

may be relevant to an azimuth quadrupole in the p-p hadronic final state. We argue by

analogy that eccentricity in p-p collisions follows a similar trend to that in A-A collisions,

that of two intersecting spheres. The eccentricity of minimum-bias p-p (N-N) collisions
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may then be approximated by an average over more-peripheral A-A collisions. Just as for

A-A collisions the p-p eccentricity may increase initially with increasing nch (centrality) but

then fall off for more-central collisions, the extent depending on the magnitude of geometry

fluctuations in p-p compared to Au-Au collisions. We estimate εopt ≈ 0.3 for minimum-bias

p-p collisions based on εopt centrality dependence for more-peripheral Au-Au collisions [115].

9.3.3 2D histogram A-B comparisons

Angular correlation histograms for this study were binned as 25×28 on (η∆, φ∆) to match the

CMS binning. Detailed comparisons of contour lines between data and model functions then

permit quantitative inference of model parameters from the CMS data, typically accurate

to 10% for the simple structures in p-p correlations. The CMS color palette includes 20

colors, whereas this study employs 50 colors, causing minor differences in shading in some

regions but increasing sensitivity. The intervals spanned by vertical scales are nearly the

same for model and CMS data in each comparison, although the offsets may differ. By

careful A-B comparisons a good approximation to direct χ2 model fits to histogram data

can be achieved. Model uncertainties are discussed in more detail in Ref. [167].

We will use our standard 2D fit model from Eq. (5.20) to extrapolate parameters for

comparison to the CMS data. We will also invoke the energy scaling observed in Eq. (6.2)

and the energy and centrality dependence of the quadrupole term observed in Eq. (6.3).

9.3.4 p-p minijet collision-energy systematics

The parameters for the five most-peripheral Au-Au centrality bins in Chapter 6 are relevant

to this study. The SS and AS peak amplitudes (A2D and A1D respectively) for those bins

closely follow a Glauber linear superposition (GLS) trend ∝ ν for ν ≤ 3 [37], with ν ≈ 1.25

equivalent to minimum-bias N-N collisions [169]. GLS scaling implies that jet correlations

for Au-Au collisions within that centrality interval are predicted by jet correlations in p-p

collisions, and the reverse. The relative error for each centrality and energy is given by

A2D ± 7% and A1D ± 5%.

The SS 2D Gaussian term can also be represented as ρ0(b)j2(η∆, φ∆, b), defining j2 as a
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measure for jet correlations statistically equivalent to v2
2 for the azimuth quadrupole. See

details in Sec. 9.4. We base extrapolation of 200 GeV jet correlations to 7 TeV on quadrupole

energy scaling factor R(
√
sNN )) in Eq. (6.2). The predicted relation between 62 and 200

GeV is ln(200/13.5)/ ln(62/13.5) = 1.75. The observed amplitude ratio for the SS 2D peak

averaged over the five most-peripheral Au-Au centrality bins is 1.65 ± 10%, in agreement

with Eq. (6.2). However, the ratio for the AS 1D peak amplitude is 0.95± 7%.

The difference between the two cases is consistent with jet systematics. The SS 2D

peak amplitude represents the projected single-jet density on longitudinal rapidity yz, while

the AS 1D peak (AS ridge) amplitude represents the dijet density on 2D space (yz1, yz2).

The two share a common dijet total cross section σdijet(
√
s). Longitudinal rapidity yz is

bounded kinematically by the beam energy ∼ log(
√
s). Since the kinematic bound for the

1D rapidity space goes as log(
√
s) and that for the 2D space goes as log2(

√
s) the difference

between SS and AS energy scaling trends may differ by one factor log(
√
s). That substantial

difference in energy scaling between AS 1D peak and azimuth quadrupole amplitudes is of

central importance to appearance of the SS ridge at LHC energies but not at RHIC energies

(see Sec. 9.3.13).

9.3.5 p-p minijet multiplicity and pt systematics

Jet angular correlations in p-p collisions scale with nch as follows (consistent with spectrum

hard-component trends from Ref. [24]). The mean jet fragment multiplicity (∼ 2.5, domi-

nated by 3 GeV jets) does not change significantly with p-p nch (the number of correlated

pairs per jet is fixed), but the jet frequency increases by a factor 50 with 10× increase in

nch, rising to about one dijet per p-p collision. Jet correlations measured by ρ0 j
2 then scale

up as 10× (50/102) = 5, since pair ratio j2 represents correlated pairs / reference pairs.

For p-p correlations on yt × yt at 200 GeV [138, 139] the SS jet correlation structure

(single 2D peak) extends down to pt ≈ 0.35 GeV/c, with mode at 1 GeV/c . Nearly half the

SS-correlated pairs appear below the mode. In contrast, AS correlations are cut off near 0.7

GeV/c due to initial-state kt effects. Thus, a smaller fraction of AS pairs appears below 1

GeV/c. For pt ∈ [1, 3] GeV/c cuts at 7 TeV imposed on corresponding angular correlations
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the SS 2D peak amplitude should be reduced approximately by factor 1/3 and the AS 1D

peak reduced by factor 1/2.

9.3.6 Minimum-bias angular correlations

We compare minimum-bias angular correlations at RHIC energies to equivalent results from

7 TeV p-p data. Comparison of jet correlations from minimum-bias p-p collisions for the two

cases tests an assumed energy extrapolation of RHIC data. We also compare responses to

applied nch and pt cuts. Correlation parameters for two energies and several cut conditions

are summarized in Table 9.1. Comparison of quadrupole and jet extrapolations to CMS

data tests the hypothesis that the SS ridge in 7 TeV p-p data results from a combination

of nonjet quadrupole and AS dipole structure in angular correlations.

Energy extrapolation of minimum-bias nonjet azimuth quadrupole amplitude AQ{2D}

to 7 TeV follows Eq. (6.2) established below 200 GeV, and extrapolation of the corresponding

SS 2D peak amplitude A2D follows the same trend. We then scale those 200 GeV parameters

to CMS results at 7 TeV as RX = [R(7 TeV) 2π∆η] AX , with R(7 TeV) = 2.3 and ∆η = 4.8,

or RX ≈ 70AX . As noted in Sec. 9.3.4, energy dependence of the AS 1D peak amplitude

near 200 GeV is consistent with no change with energy. Only the acceptance factor is

include and RD ≈ 30AD. The resulting extrapolation in Fig. 9.6 (first panel) compares well

with CMS minimum-bias data in the second panel. It is notable that the large φ elongation

(2:1) of the SS 2D peak observed in 200 GeV p-p collisions [139] seems to persist in 7 TeV

collisions, as does the 1D Gaussian on η∆ associated with longitudinal projectile-nucleon

fragmentation [138].

9.3.7 High-multiplicity cut

Figure 9.6 (third panel) shows the model function in Fig. 9.6 (first panel) with the following

changes: (i) The SS 2D peak amplitude is scaled up by factor 3, (ii) The AS 1D peak

amplitude is scaled up by factor 4, (iii) the SS peak φ width is reduced from 0.9 to 0.65 and

the η width from 0.64 to 0.58, and (iv) the 1D η Gaussian is eliminated. Those changes

relative to the minimum-bias case are required to achieve agreement between model and



173

φ
∆

∆
η

∆
φ

 ∆
ρ

 /
 √

ρ
r
e
f

η ∆

(a)

-4
-2

0
2

4

0

2

4

0
2
4
6
8

10

φ
∆

∆
η

∆
φ

 ∆
ρ

 /
 √

ρ
r
e
f

η ∆

(c)

-4
-2

0
2

4

0

2

4

0

10

20

30

Figure 9.6: (a) The parametrization of 200 GeV p-p data from [138, 139] (left panel) rescaled
by energy-dependent factor R(7 TeV) = 2.3 and CMS acceptance factor ∆η∆φ. The AS
ridge is not scaled up by the energy factor. (b) CMS angular correlations for minimum-bias
7 TeV p-p collisions [118]. (c) Model function from (a) with jet structure increased by
factor 3 and quadrupole increased by factor 6, with SS peak narrowed on η∆ and with 1D
η∆ Gaussian removed. (d) CMS pt-integral angular correlations for high-multiplicity 7 TeV
p-p collisions [118].

data in this figure and in Fig. 9.7. The extrapolated jet structure in the third panel compares

well with CMS data in the fourth panel with the exception of the narrow contribution from

quantum correlations and electron pairs at the origin not included in the model.

Selecting high-multiplicity p-p collisions biases the jet frequency per event to larger

values [24]. As argued in Sec. 9.3.2 the increased hard scattering can be interpreted as

the result of increased p-p centrality induced by the multiplicity cut. For 200 GeV p-p

correlations a similar multiplicity cut increases jet correlation structure by a factor 5 [138]

compared to factor 3 noted for the SS 2D peak in 7 TeV data. The difference is discussed

in Sec. 9.3.11.

Figure 9.7 shows the results in Fig. 9.6 with the vertical axis range reduced by a factor

5 to enhance small-amplitude details. Correspondence of the SS jet peaks near the base

is evident. The AS ridge shows significant reduction in the data at larger η∆ (lower-left

panel) which is not included in the model function (upper-right panel) inferred within the

STAR TPC η acceptance. The approximately 20% falloff at larger η∆ is not critical to this

analysis.

The nonjet-quadrupole amplitude is increased by factor 6 for this figure to 2RQ{2D} =

0.42 (relative to the extrapolated minimum-bias value). The larger quadrupole amplitude is



174

φ
∆

∆
η

∆
φ 

∆
ρ

 /
 √

ρ
r
e
f

η ∆

(a)

-4
-2

0
2

4

0

2

4

0

2

4

6

φ
∆

∆
η

∆
φ 

∆
ρ

 /
 √

ρ
r
e
f

η ∆

(a)

-4
-2

0
2

4

0

2

4

0

1

2

3

Figure 9.7: Histograms from Fig. 8.2 rescaled by factor 5. Upper-left panel: Model function
from Fig. 9.6 (third panel) but with quadrupole amplitude increased by factor 6 to RQ =
0.42. Lower-left panel: CMS pt-integral correlations for high-multiplicity cut [118]. Upper-
right panel: Model function from the top left panel with the same quadrupole amplitude
but with jet correlation amplitudes and peak widths reduced (see text). Lower-right panel:
CMS correlations for high-multiplicity cut and pt ∈ [1, 3] GeV/c [118].
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√
s (TeV) Condition 2AQ AD/2 A2D 16AQ/AD 2RQ RD/2 R2D ση σφ

0.2 MB 0.001 + .0023 0.023 0.058 0.57±0.16 0.03 + 0.069 0.69 1.74 0.64 0.9

7 MB 0.0023 + 0.0023 0.023 0.133 0.80±0.22 0.07 + 0.069 0.69 4.0 0.64 0.9

7 nch cut 0.014 + 0.0092 0.092 0.39 1.01±0.28 0.42 + 0.29 2.9 12.0 0.58 0.65

7 pt, nch cuts 0.014 + 0.0047 0.047 0.13 1.59±0.44 0.42 + 0.14 1.45 4.0 0.55 0.55

Table 9.1: p-p correlation systematics. Entries represent systematics inferred from RHIC
data at 200 GeV and parameters inferred by modeling CMS angular correlation histograms
at 7 TeV from Ref. [118]. The left columns indicate collision energy and cut conditions,
including minimum-bias (MB) data. The AX represent parameters from STAR per-particle
analysis with an intensive correlation measure. The RX represent corresponding CMS data
including extensive acceptance factor 2π∆η ≈ 30. The two entries in the 2AQ and 2RQ
columns correspond to nonjet and jet-related (AS peak) quadrupoles respectively.

required to change the SS curvature in |η∆| > 2 from concave upward (positive curvature)

to slightly concave downward (negative curvature). The 6-fold quadrupole increase is thus

already required by CMS data prior to imposition of pt cuts. The SS curvature issue is

further discussed in Sec. 9.3.13.

9.3.8 High-multiplicity plus high-pt cuts

Figure 9.7 (upper-right panel) shows the model in Fig. 9.7 (upper-left panel) with the

following changes: (i) The φ width of the SS 2D peak is further reduced from 0.65 to 0.55

leading to a symmetric SS peak on (η∆, φ∆), (ii) The SS peak amplitude is reduced by factor

1/3 and AS 1D peak by factor 1/2 compared to the high-multiplicity cut alone and (iii)

the nonjet quadrupole amplitude remains the same as for the high-multiplicity cut alone—

2RQ{2D} = 0.42 increased by factor 6 from minimum-bias 0.07. Those changes provide good

agreement between model (upper-right panel) and CMS data (lower-right panel), especially

near the base of the SS 2D peak. With high-pt cuts we expect to eliminate some fraction

of the jet contribution and possibly to change the quadrupole amplitude. The required

changes in jet structure at 7 TeV agree well with the effects of reduced pt acceptance for

jet-correlated pairs at 200 GeV [138, 139]. Appearance of the SS ridge in relation to factors

affecting the SS curvature is further discussed in Sec. 9.3.13.
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9.3.9 Quadrupole/jet ratio and SS curvatures

Appearance of a SS ridge depends on the condition 16AQ,tot/AD > 1, where AQ,tot =

AQ(σφ) + AQ{2D}. The first term in AQ,tot scales with the AS 1D (jet) peak amplitude

A1D, the second is the nonjet quadrupole amplitude. The AS 1D peak model in Fig. 9.6

(first panel) is a Gaussian with σφ ≈ 1. The jet-related quadrupole component of the AS

peak is then 2AQ(σφ = 1) ≈ 0.1AD [164]. For the curvature discussion in Sec. 9.3.13 the 1D

Gaussian is approximated as the sum of AS dipole and quadrupole terms only. Requiring an

equivalent net curvature at φ∆ = 0 leads to 2AQ(σφ) ≈ 0.05AD. The jet-related quadrupole

then includes estimated curvature contributions from higher Fourier components of the AS

peak (mainly the sextupole). Nonjet and jet-related quadrupoles (in that order) are shown

in both 2AQ and 2RQ columns of Table 9.1.

The split between AQ{2D} and AQ(σφ) is the dominant uncertainty in characterization

of 2D angular correlations in peripheral and central A-A collisions and low-multiplicity p-p

collisions, where the nonjet quadrupole amplitude is small relative to the jet amplitudes.

The uncertainty in the latter dominates the uncertainty in 16AQ/AD. Combining relative

uncertainties in AQ{2D} (25%), AQ(σφ) (10%) and AD (10%) leads to 16AQ/AD±28%,

included in the corresponding column of Table 9.1.

9.3.10 Inferred model parameters

This analysis reveals that minimum-bias jet structure at 7 TeV is remarkably similar to that

at RHIC energies. The same-side 2D peak amplitude continues to follow the log(
√
s) energy

scaling established between 17 and 200 GeV, while any change in the AS 1D amplitude is

much less, consistent with the AS trend at lower energies. Changes in jet structure with

applied nch and pt cuts at 7 TeV are also similar to those observed in 200 GeV p-p collisions.

Novel structure in the form of a same-side ridge does appear at 7 TeV with application

of certain multiplicity and pt cuts. Does the ridge structure imply novel physics in LHC p-p

collisions, or is it simply related to phenomena observed at lower energies? In the following

sections we review jet and quadrupole correlation systematics in p-p and Au-Au collisions

and consider how a combination of increased collision energy plus nch and pt cuts can lead
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to a visible SS ridge.

Table 9.1 presents results from extrapolation of RHIC p-p data to 7 TeV and from

modeling CMS data histograms for several cut conditions. The first row summarizes results

for p-p collisions at 200 GeV (jet parameters) or extrapolated from Au-Au centrality trends

(nonjet quadrupole parameter). In general, STAR (AX) and CMS (RX) parameters are

related by RX = 2π∆ηAX ≈ 30AX , since ∆η = 4.8.

In the second row, the SS peak and quadrupole amplitudes determined at 200 GeV

have been scaled up with energy by factor R(
√
s) = 2.3 inferred from jet and quadrupole

energy systematics below 200 GeV. AS dipole amplitude AD remains the same, consistent

with jet structure trends below 200 GeV. The comparison in Fig. 9.6 indicates that energy

extrapolation of 200 GeV jet correlations provides good agreement with 7 TeV data.

In the third row, parameters have been modified in response to the nch cut. Jet peak

amplitudes are further increased by factors 3 (SS) and 4 (AS) and the quadrupole amplitude

by factor 6 to match the structure observed in Figs. 9.6 and 9.7 (left panels). In the fourth

row, parameters have been further modified in response to the pt cut. The quadrupole

amplitude is unchanged. SS 2D peak amplitude ASS is reduced by factor 1/3 and AS dipole

amplitude AD is reduced by factor 1/2 to match the structure in Fig. 9.7 (right panels).

Figure 9.6 (first two panels) tests extrapolation of jet structure from 200 GeV to 7 TeV.

The extrapolation is reasonably accurate. Fig. 9.6 (last two panels) tests the effect of the

nch cut on 7 TeV jet structure compared to the response at 200 GeV. Response to cuts at

the two energies is quantitatively similar. Figure 9.7 probes the effect of applied cuts on the

extrapolated nonjet quadrupole and its possible contribution to formation of the SS ridge.

9.3.11 p-p and Au-Au centrality trends

From CMS data we conclude that both AQ{2D} (nonjet quadrupole) and AD (jets) increase

with increasing p-p multiplicity (by factors 6 and 3 respectively for a factor-7 increase in

nch), and that the ratio AQ{2D}/AD may therefore double). Are such trends consistent

with p-p and Au-Au collisions at 200 GeV? We have two sources of information about

p-p multiplicity trends at RHIC energies: a) measured 200 GeV p-p systematics and b)
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arguments by analogy with Au-Au collision centrality.

p-p minijet multiplicity systematics at 200 GeV As noted in Sec. 9.3.2 selection of

high-multiplicity p-p events is expected to bias toward more-central collisions with larger

dijet production [95]. Two-component analysis of 200 GeV p-p pt spectra revealed that

with a ten-fold increase in multiplicity the jet frequency increased by a factor 50 (100% of

collisions), which should correspond to a factor-5 increase in jet correlations (Sec. 9.3.5) [24].

Jet correlation measurements at 200 GeV confirmed that the per-particle jet correlation

amplitude increases by about a factor 5 [138, 139].

At 7 TeV the minimum-bias jet frequency is expected to increase relative to 200 GeV

by factor R(7 TeV) = 2.3 to almost 5%. The maximum frequency increase should then

be 50/2.3 = 22. With a 7-fold increase in event multiplicity we expect the jet correlation

amplitude to increase by factor 7(22/72) ≈ 3. In Sec. 9.3.7 we confirm from CMS data that

application of a factor-7 high-multiplicity cut does increase the jet correlation amplitude by

factor 3.

Au-Au quadrupole centrality systematics The nonjet quadrupole in A-A collisions

below 200 GeV depends only on collision energy and initial geometry in the form b/b0 (the

relative geometry of intersecting spheres), not on absolute system size. The two trends are

factorized as in Eq. (6.3). We argue by analogy between p-p and Au-Au centrality that the

same increase in p-p centrality which leads to increased jet production should produce a

corresponding quadrupole increase.

The measured nonjet quadrupole amplitude is expressed in terms of A-A centrality

parameters by AQ{2D} = ρ0(b)v2
2{2D} ∝ nbinε2opt [115]. The AS 1D peak amplitude) scales

with A-A centrality as AD/2 ∝ ρ0(b)j2 ∝ ν/(1+x(ν−1)) ≈ ν ][84]. The Glauber parameters

are related by nbin ∼ ν4 and npart ∼ ν3. Thus, AQ/AD scales with Au-Au centrality as

ν3 ∼ npart, which increases by a factor 50 up to the maximum of AQ beyond which the

rapid decrease of ε2opt(b) dominates.

We assume that ε2opt changes (increases) slowly with nch in p-p collisions and that the

quadrupole amplitude increases at least as fast as the AS 1D peak amplitude and probably
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faster with nch based on Au-Au centrality systematics. A nonjet quadruple increase twice

the jet increase as required by CMS data (SS curvature) is thus consistent with measured

p-p and Au-Au centrality trends at RHIC energies.

9.3.12 p-p minijet response to pt cuts

In Sec. 9.3.8 we observed that with pt ∈ [1, 3] GeV/c cuts imposed the 7 TeV SS peak

amplitude is reduced by factor 1/3 and the AS ridge is reduced by factor 1/2. As noted

in Sec. 9.3.5 in p-p correlations on yt × yt at 200 GeV [138, 139] SS jet correlations extend

down to pt = 0.3 GeV/c with the mode at 1 GeV/c. Nearly half the SS peak correlated

pairs appear below the mode on pt. In contrast, AS correlations are cut off near 0.7 GeV/c

due to initial-state kt effects. A smaller fraction of AS pairs appears below 1 GeV/c. The pt

cut systematics at 7 TeV are thus consistent with 200 GeV jet structure on yt×yt. With the

high-multiplicity cut (more-central p-p collisions) the SS peak azimuth width decreases from

0.9 to 0.65. With the high-pt cut the SS 2D azimuth width is further reduced to 0.55 leading

to a symmetric on (η∆, φ∆) SS jet peak. Similar reductions in SS peak azimuth width are

observed at 200 GeV and are consistent with centrality trends in Au-Au collisions [84].

9.3.13 Azimuth curvatures and SS ridge phenomenon

This analysis tests the hypothesis that the ridge observed in p-p data at 7 TeV results

from a competition between two curvature contributions on φ∆ within |η∆| > 2 (excluding

the SS 2D peak). A visible ridge may appear when the sum of correlation structure near

φ∆ = 0 becomes significantly concave downward (negative curvature). In minimum-bias

p-p collisions at 7 TeV and all p-p collisions at RHIC energies we observe only a positive

curvature in that region (no visible ridge).

The dominant structures within |η∆| > 2 are the AS dipole cos(φ∆−π) and the azimuth

quadrupole cos(2φ∆). The curvature of cos(2φ∆) at φ∆ = 0 is four times the curvature

of cos(φ∆ − π) with opposite sign. Like the CMS ridge, the 200 GeV nonjet quadrupole

and AS 1D jet peak (dipole) are insensitive to charge combination, with equal amplitude

for like-sign and unlike-sign charge pairs [27]. The SS net curvature is then determined by
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the coefficients of two sinusoids—AD/2 for the dipole and 2AQ for the quadrupole. Zero

net curvature corresponds to 4× 2AQ = AD/2 or 16AQ/AD = 1. That ratio is included in

Table 9.1. A ridge (negative curvature) is observed if that ratio is significantly greater than

1. A small relative change in correlation amplitudes may result in qualitative appearance

or disappearance of a SS ridge.

As revealed in Table 9.1 the increase in amplitude with increased collision energy (fac-

tor 2) plus applied pt (factor 2) and nch (factor 1.5) cuts at 7 TeV increases the nonjet

quadrupole amplitude relative to the AS dipole by an overall factor 6, changing the SS

curvature sign and producing a visible SS ridge.

9.3.14 Relevance of the Au-Au SS ridge to p-p collisions

The jet-related SS “ridge” observed in more-central Au-Au collisions at RHIC energies has

been compared with the SS ridge observed in 7 TeV p-p collisions. Two manifestations of the

Au-Au ridge phenomenon are notable: (i) η elongation of a monolithic SS peak accurately

described by a single 2D Gaussian [28, 84] and (ii) development of a seemingly separate

ridge-like structure beneath a symmetric 2D jet peak with certain applied pt cuts [10]. Item

(i), well established for “untriggered” (no pt cuts) jet correlations and for some combinations

of pt cuts, has been referred to as a “soft ridge,” although there is no separate ridge per

se. Item (ii) is inferred from other combinations of pt cuts (“trigger-associated” dihadron

analysis).

Elongation of the pt-integral SS 2D peak (i) undergoes a sharp transition on centrality

in A-A collisions (both Au-Au and Cu-Cu collisions) [84]. For more-peripheral A-A and p-p

collisions the SS peak is strongly elongated in the φ direction (3:2) [139]. For more-central

collisions the SS peak transitions to strong elongation in the η direction (3:1) [37]. The

(sharp) transition in peak properties occurs within a small centrality interval. Variation of

SS jet peak structure with pt cuts (ii) is complex, depending strongly on different charge-

sign combinations, hadron pt and hadron species. Assignment of certain aspects of peak

structure to a distinct ridge phenomenon for some pt cuts is questionable.

We observe that for p-p collisions the minimum-bias SS 2D peak η and φ widths have the
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same value at 7 TeV as at 200 GeV and are reduced slightly with pt and dnch cuts. Thus,

item (i) η broadening is not observed. The appearance of a SS “ridge” in CMS p-p data

for some cut combinations could be associated with item (ii). However, the absence of item

(i) and consistency with known azimuth quadrupole systematics makes interpretation (ii)

unlikely. There is thus no indication from p-p data that the CMS ridge is directly associated

with the SS 2D (jet) peak. A more definitive resolution may come from systematic study

of Pb-Pb centrality systematics.

The R(
√
s) trend Eq. (6.2) inferred from angular correlation energy systematics below

200 GeV in Chapter 6 also describes NSD p-p particle densities above 200 GeV. The NSD

value dnch/dη = 2.5 at 200 GeV combined with R(7 TeV) = 2.3 predicts 5.75 consistent

with the CMS measurement ∼ 5.8 [119]. The CMS high-multiplicity cut produces a 7-fold

increase over the NSD angular density to dnch/dη = 40. In a study of 200 GeV p-p pt

spectra [24] the multiplicity variation included a 10-fold increase (to dnch/dη = 25). The

maximum particle density studied at 200 GeV is 60% of the maximum at 7 TeV. Thus, RHIC

and LHC p-p particle densities are directly comparable, and much smaller than densities

achieve in more-central Au-Au collisions at RHIC.

9.4 Parton Fragment Yields

We introduced the concept of minijets in Chapter 1. In Chapter 3 we introduced the two-

component model of p-p spectra that includes a “hard” component dominated by jet frag-

mentation. Ref. [159] expands the two-component model to A-A collisions. In Chapters 6

and 7 we examined the behavior of the quadrupole component of two-particle correlations.

In Sec. 9.1.1 we examined the centrality dependence of the same-side peak. Chapter 8

established a detailed description of minijets in e+-e- collisions. Ref. [161] shows how this

simple parametrization might be modified in heavy-ion collisions. We now wish to use those

results to examine the nature of the SS peak in heavy-ion collisions.

We wish to establish a direct connection between minimum-bias jet angular correlations

and spectrum hard components . We test the following hypothesis: (i) a jet-like “same-side”

2D peak at the origin in angular correlations (intrajet correlations within single jets) repre-

sents all minimum-bias parton fragments and (ii) those same fragments also appear as the
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spectrum hard component. Measured spectrum hard components from p-p and Au-Au col-

lisions have been described by pQCD [161]. By establishing a quantitative relation between

jet-like correlations and spectrum yields we relate minimum-bias jet (minijet) correlations

directly to pQCD theory.

9.4.1 Parton Fragment Distributions

The quantitative correspondence between spectrum hard components [24, 159] and pQCD

fragment distributions established in Ref. [161] strongly suggests that the parton fragment

interpretation for hard components is valid. However, no such correspondence has been

established for minimum-bias angular correlations (without pt “trigger/associated” cuts).

Interpretation of low-pt jet-like features as true jet structure [138, 139, 28, 84] is questioned

by many as outside the scope of high-pt hard processes nominally described by pQCD

(e.g. [96, 7]). Coupling spectrum hard components and minimum-bias jet-like correlations

to pQCD predictions within a single quantitative system would provide compelling support

for a comprehensive interpretation in terms of parton fragmentation to minijets. To achieve

the connection we transform two-particle jet correlations to the equivalent single-particle

fragment distributions by factorization of the correlated-pair density.

The context of this analysis is a two-component model of fragmentation—longitudinal [53]

and transverse [147]—manifested in 1D pt spectra and 2D two-particle angular correla-

tions [24, 159, 161]. The two-component model as invoked here represents two orthogonal

fragmentation systems: longitudinal projectile-nucleon fragmentation (soft component) and

transverse large-angle-scattered parton fragmentation (hard component). That picture is

consistent with the PYTHIA Monte Carlo model of p-p collisions [147]. The terminology

“soft” and “hard” refers to the initial N-N or parton-parton momentum transfer, not to

the hadron fragment pt which may extend down to zero momentum. In this analysis we

focus on fragmentation of large-angle-scattered partons manifesting as hard components in

pt spectra and jets in angular correlations.

The spectrum hard component (HC) was discovered in a p-p spectrum analysis [24].

The HC was later interpreted as hadron fragments from minimum-bias jets. The HC is
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defined as the measured pt {or yt = ln [(mt + pt)/mπ] with m2
t = p2

t +m2
π} hadron spectrum

minus a fixed soft component (SC). The SC (interpreted as longitudinal projectile-nucleon

fragmentation) is in turn defined as the limiting case of spectrum variation with event

multiplicity (p-p) or centrality (A-A), which limit should correspond to no transversely-

scattered parton fragmentation [24, 159]. Two-component analysis of Au-Au collisions re-

vealed that the HC undergoes strong evolution with increasing centrality: Suppression at

larger pt ∼ 10 GeV/c [31] is closely correlated with much larger enhancement at smaller

pt ∼ 0.5 GeV/c [159]

In Chapter 8 fragmentation functions (FF) for light quarks and gluons fragmenting to

unidentified hadrons were accurately parametrized over a large kinematic domain down

to zero fragment momentum. A parametrization of so-called “medium-modified” FFs

(mFFs) [75] has also been developed [161]. By folding a pQCD parton spectrum with

parametrized e+-e− or p-p̄ FFs or calculated mFFs we obtain fragment distributions (FDs)

which provide a good description of spectrum hard components down to small fragment

momentum (pt ∼ 0.3 GeV/c) [161].

9.4.2 Analysis Method

pt-integrated jet angular correlations on 4D angle space (η1, η2, φ1, φ2) (pseudorapidity η

and azimuth φ) represented by pair density J2(η1, η2, φ1, φ2, b)—representing our correlation

measurements—are converted to single-particle 2D density J(η, φ, b) via calculated pQCD

“jet frequency” f(b) (b is the A-A impact parameter). J(b) (averaged over the angular

acceptance) is in turn compared with spectrum hard component HAA(b), and therefore

with pQCD calculations as in Ref. [161].

To convert jet angular correlations to fragment yields we require a model of the single-

particle angular density. We denote the charged-particle 2D density on (η, φ) by ρ0 =

dnch/2πdη, with the two-component spectrum model (first line) [120]

2

npart
ρ0(b) = SNN + ν HAA(b) (9.5)

≈ ρpp {1 + x (ν − 1)} ,

where SNN is the soft component, by hypothesis independent of Au-Au centrality, and
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HAA(b) is the hard component. Eq. (9.5) (second line) is an alternative two-component

model proposed in Ref. [120]. Parameter x represents the (fixed) hard-component fraction

of particle production. The 2D charged-particle density for
√
sNN = 200 GeV NSD p-p

(N-N) collisions is assumed in this analysis to be ρpp = 2.5/2π ≈ 0.4. The alternative (KN)

model is further discussed in Ref. [168].

To convert jet-correlated pairs to single-particle fragment yields we must factorize the

pair distribution. The first step is to average the SS 2D peak over the angular acceptance

to obtain 4D density J2(b) = ρ2
0(b) j2(b). Schematically,

∆ρ

ρref
(η∆, φ∆, b)

model fit→ j2(η∆, φ∆, b)
average→ j2(b). (9.6)

Combining measured pair ratio j2(b) with measured single-particle 2D angular density ρ0(b)

we obtain the mean two-particle 4D angular density of fragment pairs

J2(b) = nj(b)

(
nch,j
2π∆η

)2

, (9.7)

where nj(b) is the pQCD calculated per-event jet number in acceptance ∆η, and nch,j(b) is

the inferred jet fragment multiplicity. That expression represents the hypothesis that the

SS 2D peak includes all intrajet correlated pairs.

Eq. (9.7) leads to a factorization assumption: The mean number of correlated hadron

pairs in a jet is approximately the square of the mean jet fragment multiplicity (significant

fluctuation effects are discussed in Ref. [168]. Given jet-number hypothesis nj(b) within

acceptance ∆η the 2D fragment density on (η, φ) is then

J(b) ≡ nj(b)
√
J2(b)/nj(b) (9.8)

= nj(b) ρ0(b)
√
j2(b)/nj(b)

= nj(b)
nch,j(b)

2π∆η
.

J(b) is the 2D angular density of parton fragments within the acceptance inferred from jet

angular correlations. Note that J2(b) 6= [J(b)]2. The relation between measured two-particle

and inferred single-particle angular densities in Eq. (9.8) is based on a jet hypothesis.

Jet correlations are related through J(b) to spectrum hard component HAA(b) by(
2π

nbin

)
J(b) = f(b)nch,j(b) =

dnh
dη
≡ 2πHAA(b), (9.9)
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where f(b) ≡ (1/nbin) dnj(b)/dη is the calculated jet frequency defined in Ref. [24] for

NSD p-p (N-N) collisions, and dnh/dη is the hard-component multiplicity density on η

(see Sec. 9.4.7). Equation (9.8) (third line) is consistent with Eq. (9) of Ref. [161]. Com-

bined with Eq. (9.9) it relates measured jet angular correlations directly to hard-component

yield HAA(b) {integral of spectrum hard component HAA(yt, b) [159]} assuming that HAA

represents a jet fragment density [161].

There are two acceptance issues for jets: (i) fragment losses from jets at η acceptance

boundaries and (ii) the number of jets per dijet (fraction of jets with a partner) within

η acceptance ∆η. The first depends on jet size relative to η acceptance (ση/∆η), the

second on fractional η acceptance relative to 4π (∆η/∆η4π), where ∆η4π is defined by

nj,tot = ∆η4π × dnj/dη(η = 0). Jet fragment multiplicities nch,j are reduced from a pQCD

ideal [168]. The reduced multiplicity is then assumed to be point-like at the jet (parton)

location on (η, φ). Ideal (4π) values are indicated in relevant plots. The number of jets per

dijet which appear in acceptance ∆η is denoted by εj ∈ [1, 2] (see Sec. 9.4.3).

9.4.3 Jet angular correlations

Figure 9.8 (first two panels) shows smooth parametrizations of data for the SS 2D peak

amplitude, η and φ widths from
√
sNN = 200 GeV Au-Au collisions. The data are described

to a few percent except for the interval ν > 5 where A2D and ση data typically fall below

the parametrizations. The systematic uncertainty in A2D and ση in that interval increases

to 10%.

Figure 9.8 (third panel) shows the angle-averaged SS peak pair yield (solid curve) in

the form ρ0(b) j2(b) for pairs within the angular acceptance and the yield extrapolated to

4π (dashed curve). Angle average j2(b) is defined in terms of SS peak parameters. The

dash-dotted curve is the GLS reference. The difference between the 4π and (∆η = 2, 2π)

curves is large for this pair measure because the pair acceptance depends on the square of

the relative η acceptance ∆η/∆η4π. The curve labeled 4π is related to the SS 2D peak

“volume” V in Ref. [84] by V/2π∆η = V/4π, where ∆η = 2.
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Figure 9.8: Fit parameters versus centrality measure ν for the same-side 2D peak in corre-
lation data on (η∆, φ∆) from Au-Au collisions at

√
sNN = 200 GeV [84]. First panel: The

same-side 2D Gaussian amplitude. Second panel: The 2D peak rms widths. Third panel:
The product of single-particle 2D angular density ρ0(b) and angle-averaged pair ratio j2(b)
representing the same-side 2D peak in jet angular correlations. Fourth panel: The number
of jets per dijet εj within acceptance ∆η as a function of the η acceptance relative to an
effective 4π acceptance.

9.4.4 Jet Properties from Correlations

We combine measured jet correlations in the form j2(b) with a pQCD estimate of jet pro-

duction to determine jet frequency f(b) and mean jet multiplicity nch,j(b). By removing

nbin from jet systematics in A-A collisions we obtain two slowly-varying factors which can

be studied in detail.

A parton fragment distribution (FD) on rapidity y can be defined for individual NSD

N-N collisions by the pQCD folding integral [161]

d2nh
dy dη

=
εj(∆η)/2

σNSD ∆η4π

∫ ∞
0
dymaxDxx(y, ymax, b)

dσdijet
dymax

=
f(b)

2σdijet

∫ ∞
0

dymaxDxx(y, ymax, b)
dσdijet
dymax

= f(b)Dxx(y, b)/2 =
2π

nbin
J(y, b). (9.10)

Dxx(y, ymax, b) is an FF ensemble from collision system xx which may therefore in-

clude “in-medium” modifications in p-p collisions or in Au-Au depending on centrality b.

dσdijet/dymax is the pQCD dijet spectrum on parton rapidity ymax = ln(2Ejet/mπ). The

FD shape is ensemble-mean FF Dxx(y, b). Below fragment momentum 2 GeV/c the FD is

dominated by the FF of 3 GeV jets. εj(∆η) ∈ [1, 2] measures the mean number of jets per
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dijet in acceptance ∆η (assuming point-like jets). ∆η4π is the effective 4π η acceptance.

Relating pQCD FDs to measured spectrum hard components provides constraints on par-

ton spectrum parameters: the exponent of the power law and the effective spectrum cutoff

energy which determines dijet total cross section σdijet(b).

The integral of Dxx(y, ymax) over fragment rapidity y is dijet fragment multiplicity

2nch,j(ymax). Integrating both sides of Eq. (9.10) over fragment rapidity gives the per-

participant-pair fragment angular density on η

dnh
dη

=
εj(∆η)

σNSD ∆η4π

∫ ∞
0
dymax nch,j(ymax)

dσdijet
dymax

(9.11)

= f(b)nch,j(b) =
2π

nbin
J(b),

where nch,j is the per-jet fragment multiplicity averaged over the minimum-bias parton

spectrum, effectively the fragment multiplicity for partons near the 3 GeV spectrum cutoff.

Eq. (9.9) was used to obtain the second line. The jet properties in Eq. (9.11)—minimum-bias

jet frequency f(b) and mean jet fragment multiplicity nch,j(b)—relate jet angular correla-

tions to spectrum hard components and pQCD fragment distributions [161].

9.4.5 Jet frequency from pQCD

Jet frequency f(b) is defined via Eq. (9.11) by

f(b) ≡ 1

nbin(b)

dnj(b)

dη
(9.12)

=
εj(b)σdijet(b)

σNSD∆η4π(b)
,

where σNSD = 36.5 mb is the total cross section for non-single-diffractive (NSD) N-N

collisions [47], and nbin is the mean number of N-N binary collisions per Au-Au collision. The

f(b) estimate is constrained by comparisons between pQCD FD calculations and measured

HCs [161]. σdijet(b) is determined by the parton spectrum cutoff inferred from hadron

spectrum hard components.

In Fig. 9.8 (last panel) the number of jets per dijet within acceptance ∆η is εj(∆η) =

1/(1 − a/2), with fractional η acceptance a = ∆η/∆η4π [161]. The points correspond to

a = 1/5, 2/5, 2/4, three cases relevant to this analysis. The first two cases are for 200 GeV
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p-p collisions with ∆η = 1, 2, the last for central Au-Au collisions with ∆η = 2 and ∆η4π

reduced by 20% (e.g. from a shift in projectile-nucleon parton distributions).

In Fig. 9.9 (first panel) the solid curve describes the estimated centrality variation of jet

frequency f(b) for 200 GeV Au-Au collisions in acceptance ∆η = 2. The single data point is

from Ref. [24], where an analysis of pt spectra from 200 GeV NSD p-p collisions within ∆η =

1 invoked Eq. (9.11) (second line) with HAA = dnh/2πdη and an estimate of nch,j = 2.5 for

Ejet ∼ 4 GeV from Ref. [35] to determine fpp = (dnh/dη)/nch,j = 0.03/2.5 = 0.012± 0.004.

The pQCD prediction for f(b) from Eq. (9.12) for p-p collisions within ∆η = 1 is

fpp =
1.1× 2.5 mb

36.5 mb× 5
(9.13)

≈ 0.015± 0.0025,

consistent with Ref. [24] and represented by the lower hatched band. For increased accep-

tance ∆η = 2 εj → 1.26 from 1.1, so fpp → 0.0175 which fixes the left end of the solid curve,

with 15% uncertainty.

In more-central Au-Au collisions a 1.6-fold increase in the dijet cross section relative to

p-p is inferred from comparisons of FDs to measured spectrum hard-component shapes [161].

Retaining the effective 4π jet acceptance on η assumed for p-p collisions the f(b) value is

therefore

fAu-Au(b = 0) =
1.26× 4 mb

36.5 mb× 5
(9.14)

≈ 0.028± 0.0045.

If ∆η4π(b) were to decrease by 20% in central Au-Au collisions then εj increases to 1.35

and fAu-Au(b=0)→ 0.037. The two values establish limits on the estimated f(b) for central

Au-Au collisions. The combined uncertainty for more-central collisions is then ±20%. The

transition from the p-p estimate to the range of values for more-central Au-Au collisions

is assumed to be step-like based on observed sharp transitions in the pt spectrum hard

component [159] and jet angular correlations [84]. The transition begins near ν = 2.5 and

ends near ν = 3.5. See also Fig. 9.8 (second panel).

Figure 9.9 (second panel) shows the number of jets nj(b) = nbin ∆η f(b) within ∆η = 2

for 200 GeV Au-Au collisions (solid curve) and the corresponding GLS reference (dashed
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Figure 9.9: First panel: Jet frequency f(b) = (1/nbin) dnj/dη vs centrality parameter ν
for
√
sNN = 200 GeV Au-Au collisions (upper hatched band) and for NSD p-p collisions

(open circle [24], lower hatched band). Second panel: Corresponding total jet number nj(b)
in angular acceptance ∆η = 2. Third panel: Mean jet fragment multiplicity nch,j(b) vs
centrality parameter ν for

√
sNN = 200 GeV Au-Au collisions (upper hatched band) and p-

p collisions (lower hatched band). Fourth panel: Spectrum hard-component yield 2πHAA(b)
vs ν inferred from two-particle jet correlations (solid curve) and from single-particle spectra
(solid points) [159]. The lower hatched band and open point represent the hard-component
yield obtained from NSD p-p collisions [24].

curve) representing binary-collision scaling of p-p (N-N) collisions. The lower hatched band

represents the value for p-p collisions. It is notable that deviations of jet properties from the

GLS reference become significant where the jet number per unit η becomes substantially

greater than unity (upper hatched region) near ν ∼ 2.5, the location of the sharp transition

in spectrum hard components and jet angular correlations.

9.4.6 Fragment multiplicity from angular correlations

We can now combine estimated jet frequencies with measured jet angular correlations to pre-

dict mean jet fragment multiplicities. The minimum-bias fragment multiplicity is obtained

by introducing the nj(b) hypothesis into Eq. (9.7) to obtain

nj(b)n
2
ch,j(b) = (2π∆η)2 J2(b) (9.15)

= n2
ch(b) j2(b) fragment pairs

nch,j(b) = nch(b)
√
j2(b)/nj(b),

where nch(b) = 2π∆η ρ0(b) (charged multiplicity in the angular acceptance) and j2(b) are

measured quantities.
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Figure 9.9 (third panel) shows rms jet multiplicity nch,j(b) inferred from Eq. (9.15)

(third line) as a function of Au-Au centrality. The solid curve is the result within 2D

angular acceptance (∆η,∆φ) = (2, 2π) including edge losses. The dashed curve is the result

for a 4π acceptance with 100% jet fragment efficiency.

While the detected jet fragment multiplicity for more-central Au-Au collisions is rea-

sonably well determined, that for peripheral collisions appears to be overestimated when

compared to single-particle results [161]. From p-p spectrum hard-component measurements

and from e=-e− and p-p̄ FF systematics we expect a mean p-p jet fragment multiplicity

of 2-3 [35, 24, 165]. For minimum jet energy 3 GeV and mean fragment multiplicity 2-3

we obtain a most-probable fragment momentum ∼ 1.2 GeV/c, consistent with observa-

tions [24]. nch,j ∼ 4-5 from jet correlations suggests a significant contribution to j2(b) from

fluctuations, as discussed in Ref. [168].

9.4.7 Jet fragment angular density

We now combine jet properties inferred from angular correlations to predict jet fragment

densities which can be compared with measured spectrum hard components.

Differential hard component HAA(yt, b) represents the mean parton fragment spectrum

per N-N binary collision within an A-A collision. For A-A transparency (GLS reference)

HAA(b) = HNN independent of centrality. HAA has been obtained from measured spectra

by a subtraction procedure [24, 159] and compared quantitatively to pQCD fragment distri-

butions [161]. Integral hard component HAA(b) represents by hypothesis the angular density

of large-angle-scattered-parton fragments within an acceptance. In the present analysis we

can infer HAA(b) from jet angular correlations by

2πHAA(b) = f(b)nch,j(b) (9.16)

HAA(b) =
1

nbin
ρ0(b)

√
nj(b) j2(b),

where the second line follows from Eq. (9.15).

Figure 9.9 (fourth panel) shows 2πHAA(b) obtained from jet angular correlations for

limited η acceptance and jet edge losses (solid curve) and for 4π acceptance with 100%-

efficient fragment detection (dashed curve). The p-p datum (open circle) was inferred from
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spectrum data with ∆η = 1 [24]. The value 2πHpp = 2.5 × 0.012 = 0.03 was based on a

näıve Gaussian model for Hpp(yt) without exponential tail. For ∆η = 2 and a more accurate

model function we obtain

2πHAA(b) ≈ 2.5× 0.018 = 0.045, (9.17)

defining a revised GLS reference with uncertainty marked by the lower hatched band.

The Au-Au data (solid points) are derived from the “total hadrons” data in Fig. 15

(left panel) of Ref. [159]. The consistency between jet correlations and spectrum hard

components is good, except for peripheral A-A collisions where there may be a significant

fluctuation contribution to jet correlations, as discussed in App. C of Ref. [168]. A factor

4-5 increase in HAA with Au-Au centrality is suggested by spectrum and minimum-bias jet

correlation data.

Multiplying Eq. (9.16) through by ν/2π or ν gives

νHAA(b) =
2

npart
nch,j

dnj
2πdη

(9.18)

=
2

npart
ρ0(b)

√
nj(b) j2(b).

νHAA(b) is the total hard component of the two-component spectrum model in Eq. (9.5)

(first line). Figure 9.10 (left panel) shows the two-component particle yield SNN +νHAA(b)

predicted by measured jet angular correlations (bold solid curve). Soft component SNN is by

hypothesis fixed at ≈ 0.4 [2D density on (η, φ)] for all centralities. The solid points are the

“total hadrons” data in Fig. 15 (left panel) of Ref. [159] divided by 2π. The dash-dotted line

is the Kharzeev-Nardi (KN) approximation to per-participant charged-hadron 2D density

(2/npart)ρ0(b) assumed for this analysis [120]. νHAA increases by a factor 6×(4-5) = 25-30

relative to the hard component in p-p collisions.

Figure 9.10 (right panel) shows 2D angular density ρ0(b) on (η, φ). The solid curve is KN

model ρ0(b) = (npart/2)ρpp [1 + x(ν − 1)] with ρpp = 0.4 and fixed x = 0.09 for Au-Au at 200

GeV [120]. The KN model describes minimum-bias data in more-central collisions but fails

in more-peripheral collisions where corrected yield data are sparse. For more-peripheral

collisions we expect a GLS trend extrapolated from p-p collisions with x ∼ 0.018-0.035
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Figure 9.10: Left: The per-participant-pair total hadron angular density (2/npart) ρ0(b)
derived from two-particle jet correlations (solid curve) and from spectrum data (open [24]
and solid [159] points). Note the suppressed zero. The lower hatched band represents a
Glauber linear superposition (GLS) reference. Right: The corresponding Kharzeev-Nardi
(KN) two-component model (solid curve) for the single-particle angular density (dash-dotted
line in the left panel).

(lower hatched band in the left panel). The sharp transition in jet angular correlations near

ν = 2.5 explains the large change in KN parameter x.

According to Eq. (9.18) (second line) the fractional hard component

F ≡ ν HAA/{(2/npart) ρ0} ≈ 0.3, (9.19)

from spectrum analysis of central Au-Au collisions [159]. It can also be obtained from

angular correlations via
√
nj(b) j2(b). (F is the same quantity defined in Ref. [120].) The

first factor in the radicand is obtained from pQCD (relative systematic uncertainty < 20%).

The second factor is from measured jet angular correlations (relative uncertainty small).

For central Au-Au collisions we obtain ρ0 j
2 ∼ 0.165, ρ0 ∼ 110 and nj ∼ 70, leading to

F = 0.32. That result is consistent with the analysis in Ref. [120], but in this case inferred

directly from jet correlations.

We conclude that the observed increase in particle production beyond participant scaling

in central Au-Au collisions is fully explained in terms of jet angular correlations. Combining

angular correlation measurements and a pQCD estimate of jet number we find that one

third of the final state in 200 GeV central Au-Au collisions is associated with resolved jet

correlations (relative uncertainty < 10%).
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9.4.8 Systematic uncertainties

Systematic uncertainties for jet-related particle production have different trends below and

above the “sharp transition” in jet characteristics near ν = 2.5. The primary data source

for this SS peak analysis is pair ratio j2(b) derived from fits to the same-side 2D peak and

averaged over the angular acceptance. The numerical uncertainty in the underlying 2D

histograms is negligible compared to other uncertainties in the analysis. Derivation of j2(b)

from 2D histograms involves model fits which, for the same-side 2D peak, have uncertainties

of order 5% since the 2D peak is a dominant correlation structure.

Uncertainty in mean event-wise jet number nj(b)↔ f(b) is substantial due to uncertainty

in σdijet(b) and ∆η4π, as shown in Fig. 9.9 (left panel). σdijet(b) depends on comparisons

between calculated pQCD fragment distributions and spectrum hard components in p-p and

Au-Au collisions, specifically the location of the mode of the hard component on yt [161].

For p-p collisions the cross-section estimate was 2.5±0.6 mb, or a 25% relative uncertainty.

Evolution of the spectrum hard component with centrality led to inference of a 4±1 mb cross

section in central Au-Au due to a 10% downward shift of the effective cutoff energy [161].

We also include the possibility that the effective 4π η acceptance may be reduced in more-

central Au-Au collisions due to “slowing” of the projectile, but this is very speculative. The

uncertainties are summarized by the hatched regions in Fig. 9.9 (left panel).

Uncertainties in mean jet fragment multiplicity nch,j(b) are indicated by the hatched

regions in Fig. 9.9 (third panel). The upper hatched region describes the multiplicity es-

timate derived from angular correlations assuming pair factorization. Uncertainties for

more-central A-A collisions are dominated by the 20% contribution from the jet frequency.

However, the square root reduces the relative uncertainty to approximately 10%. In more-

peripheral collisions possible fluctuation contributions to j2(b) substantially increase the

uncertainty in nch,j(b) (see App. C of Ref. [168]). However, information from elementary

collisions can be invoked to supplement the multiplicity estimate there. The lower hatched

region describes a fragment multiplicity estimate based on measured fragmentation func-

tions and their uncertainties.

Jet fragment yields can be estimated by 2πHAA(b) = f(b)nch,j(b). However, because
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the uncertainties in the factors are strongly correlated they do not add quadratically. In fact,

the relative uncertainties in HAA(b) and nch,j(b) are the same, since nch,j(b) ∝
√
j2(b)/nj(b)

and HAA ∝
√
j2(b)nj(b). Factors nch(b) and Glauber parameters omitted in that compar-

ison have relatively small uncertainties. The factors in the radicands have independent

uncertainties, with the 20% for nj dominating. Because of the square root the relative

uncertainty in both quantities is ±10% for more-central collisions. For peripheral collisions

the uncertainty increases because of the fluctuation contribution.

The per-participant-pair total charged-particle yield in the two-component model is

(2/npart) ρ0(b) = SNN + νHAA(b). The relative uncertainty in the total hadron yield as

inferred from jet correlations is significant for central collisions but negligible for peripheral

collisions, since νHAA increases by a factor 30 with centrality.

9.4.9 pQCD jets and low-pt structure

The direct comparison in Figs. 9.9 (fourth panel) and 9.10 (left panel) between previously-

measured spectrum hard components and comparable data inferred from a jet-like feature

in angular correlations (present analysis) seems to provide substantial additional support

for a minimum-bias jet interpretation. Thus, we find that independent procedures based on

a jet hypothesis agree within estimated uncertainties and with a pQCD calculation.

According to pQCD theory jets (correlated hadron fragments of scattered partons)

should contribute significant structure in both correlations and single-particle spectra. Jets

should appear in spectra as a hard-component contribution over some pt interval. Jets

should also appear as a same-side 2D peak and away-side ridge in combinatoric two-particle

correlations. But, how far down in pt does “true” jet structure extend? Is a jet description

valid for minimum-bias jets with energy peaked near 3 GeV and fragments with pt ≈ 1

GeV/c?

Phenomenologically, spectrum hard component HAA is defined for more-peripheral A-A

collisions in the two-component model as the part of the spectrum that scales as nbin, or as

ν relative to npart/2 (participant scaling) [159]. That definition emerged from a physical-

model-independent analysis of p-p collisions [24]. Later comparisons to pQCD calculations
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lent support to a jet fragment interpretation down to ∼ 0.3 GeV/c [161].

In the present study jet-like structure in pt-integral two-particle correlations [84] is com-

pared with HAA(yt, b) from spectra integrated to obtain yields HAA(b) [159]. The detailed

analysis assumes a jet mechanism for correlation structure and the validity of pQCD ap-

plied to that structure. The agreement is remarkable. Since the mode of jet-correlated

particles is equivalent to pt = 1 GeV/c [138, 139] we conclude that true jet correlations

must extend significantly below 1 GeV/c. The quantitative agreement of spectrum struc-

ture, correlation structure and pQCD calculations supports a consistent minimum-bias jet

picture: Correlated fragments from minimum-bias partons (∼ 3 GeV) play a major role in

all RHIC collisions for hadron momenta down to about 0.3 GeV/c.

References [162, 163] provide several examples of the consequences of format choices.

Some conventional plotting formats effectively minimize manifestations of parton fragmen-

tation. A comparison between Fig. 9.10 (left panel) and Fig. 9.9 (fourth panel) provides an

illustration.

In Fig. 9.10 (left panel) both spectrum data (points) and correlations (solid curve) seem

to be consistent with the linear KN model (dash-dotted line). Even with the substantial

plot offset it is difficult to see any effect of the sharp transition, and it could be argued from

that plot that there is none.

In Fig. 9.9 (fourth panel) the more differential format clearly shows significant deviations,

since the KN model in that format would correspond to a constant value proportional to

the fixed KN x parameter (see App. D of Ref. [168]). Correlation and spectrum data

provide clear evidence for a sharp transition in jet characteristics as the rapid increase to

the right of ν = 2.5 in data points (spectra) and solid curve (correlations) relative to the

GLS extrapolation 2πHAA = 0.045.

Comparing the structure in Fig. 9.8 and the examples above we observe a progression

of reduced sensitivity to jet properties from correlated pairs (transition dominating) to

differential hard-component particle yields (transition clearly apparent) to total hadron

yields (transition effectively concealed).

Factorization of minimum-bias jet correlations provides new access to pQCD processes

at low parton energies and fragment momenta where most of the fragment yield appears in
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nuclear collisions. The SS 2D peak, interpreted in terms of minimum-bias jets, is quanti-

tatively connected to pQCD through pair factorization and the spectrum hard component.

The connection persists down to parton energy 3 GeV and hadron momentum zero.

Jet fragment yield nch,j(b) is effectively the fragment multiplicity of 3 GeV jets because

of the parton power-law spectrum cutoff. Fragment yields inferred from correlations can

be compared with 3 GeV multiplicities extrapolated from e+e− FFs in Chapter 8 and from

p-p̄ jets [161], with and without proposed medium-modification effects.

Inferred jet frequency nj(b) is of central importance to RHIC physics. It describes the

number of jets that appear as correlated fragments in the final state, integrated over the

entire parton spectrum and some η acceptance ∆η. Minimum-bias correlation data establish

a constraint on nj(b) that agrees with the spectrum hard-component analysis. Those results

imply that essentially all initial-state large-angle-scattered partons down to 3 GeV observed

in p-p collisions also survive to the final state in central Au-Au collisions (scaled per binary

N-N collision) as resolved jet angular correlations.
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Chapter 10

CONCLUSIONS

In Chapter 3 we explored the conflict which is central both to heavy-ion physics and

this document: namely the dispute between the roles of the soft and hard components in

nuclear collisions. The conventional interpretation of RHIC physics heavily emphasizes the

soft component and claims that there is a locally-thermalized hydrodynamically expanding

medium which is the dominant source of correlations in nuclear collisions. Studies of hard

process exist of course, but are typically restricted to high-pt triggered correlations and

treated as an exception. We have found evidence that minijets appear to play a significant

role in heavy-ion collisions. While these processes are not as “hard” as jets as described

by pQCD theory we nevertheless find that they exist on a continuum with standard pQCD

physics. Far from being an exception, minijets appear to dominate much of the physics of

RHIC collisions.

10.1 Quadrupole

The azimuth anisotropy typically measured with v2 is one of the most important observables

in conventional flow theory. In Chapter 4 we described the conventional approaches for

measuring v2 and their limitations. We introduced a new approach using 2D two-particles

correlations in Chapter 5 and extracted a quadrupole term from fits to those correlations

that can be directly related to v2. The nonjet quadrupole term can be distinguished from

η-dependent “nonflow”, which we argued in Chapter 9 is dominated by minijets. Several

properties of the nonjet quadrupole itself seem to conflict with hydrodynamic expectations

and suggest that it could be due to a novel QCD phenomenon.

In Chapter 6 we analyzed the quadrupole term of pt-integrated two-particle correla-

tion histograms over the complete centrality range of collisions at RHIC. Using the optical

Glauber model of eccentricity we find that the trend ∆ρ[2]/
√
ρref ∝ R(

√
sNN )nbin(b)ε2opt(b)



198

with R(
√
sNN ) ∝ log(

√
sNN/13 GeV) describes the data for all energies below 200GeV and

Au-Au centralities. All pt-integrated Au-Au azimuth quadrupole data from 13 to 200 GeV

are represented by two initial-state parameters. This is in sharp contrast to the standard

hydrodynamical expectation of an equation-of-state, for which we see no evidence.

The pt-differential histograms in Chapter 7 exhibit simple trends on collision energy and

centrality. The dependence on collisions energy and centrality can be factorized to produce a

very accurate description of pt-integrated data. We found that the low-pt identified-particle

data are inconsistent with transverse Hubble expansion. The pt-dependent quadrupole com-

ponent is used to construct a boosted quadrupole spectrum that is approximately centrality-

independent and well described by a fixed boosted Lévy distribution. Quadrupole system-

atics reveal a system with remarkably simple scaling behavior and a possible factorization of

the collision energy, centrality, and pt dependence. This system seems to contradict typical

hydrodynamic expectations in nuclear collisions. The observed energy scaling provides a

prediction for the LHC.

Hydro interpretation of the azimuth quadrupole as representing “elliptic flow” may be

questioned. Strong jet (“nonflow”) contributions to published v2 data have confused their

interpretation [160]. When jet contributions are eliminated from v2 by using 2D angular

correlations systematic trends inconsistent with hydro are revealed [115]. We also see no

evidence for large flow fluctuations. Reassessment of published v2 data in a broader con-

text suggests the possibility of an alternative interpretation in terms of novel QCD field

phenomena [160, 158].

10.2 Minijets

A two-component spectra model describes proton-proton collisions well [24] but attempts

to measure radial flow in heavy-ion collisions with identified-hadron spectra in the context

of a two-component spectrum model failed [159]. Contrary to expectations all spectrum

evolution with centrality was confined to a jet-related hard component. The spectrum hard

component can be quantitatively related to pQCD calculations [161], supporting the con-

clusion that the hard component represents minimum-bias parton fragmentation. The cor-

relations observed in proton-proton collisions can be clearly associated with hard processes
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[138, 139]. In heavy-ion collisions we see that these structures are modified in a contin-

uous fashion as a function of centrality. The two-component spectrum analysis strongly

suggests that the fragmentation process is modified in heavy-ion collisions but jets are not

“quenched” [159, 161].

To understand fragmentation functions better we analyzed e+-e- collisions. In Chapter 8

we described a simple phenomenological parametrization of fragmentation functions (FF)

in e+-e- collisions that is accurate even at very low-Q2. In Chapter 9 we describe a simple

modification of this parametrization that is capable of accounting for RHIC data under the

assumption that fragmentation is modified in mid to central collisions.

We have examined the variation of FFs with parton energy on conventional kinematic

variables xp and ξp, on rapidity y and on normalized rapidity u. We find that FFs plotted

on rapidity y vary with energy in a nearly self-similar manner. FFs transformed to u are

well described by the product of dijet multiplicity and a unit-normal form factor modeled by

the beta distribution. The latter is determined by parameters (p, q) which exhibit modest

linear variations within perturbative energy scale range 2Ejet = Q > 20 GeV. The beta

distribution shape, when combined with an energy-conservation sum rule, also determines

dijet multiplicities. The factored representation on u thus provides a simple and compact

representation of e+-e− FFs over a broad energy range and permits extrapolation to small

energy scales.

The beta distribution model suggests that fragmentation of light partons (at larger en-

ergy scales) can be viewed as an entropy-maximizing equilibration process. In this analysis

the energy dependence of fragmentation has been extrapolated down to a kinematic region

not accessed by conventional methods. Such low-Q2 extrapolation provides a phenomeno-

logical context for minijet-related two-particle correlations in p-p and A-A collisions at

RHIC, forming a basis for theoretical treatments of in-medium dissipation of low-Q2 partons

and the subsequent hadronization process in heavy ion collisions. The observed fragment

spectrum in heavy ion collisions can be related to modified fragmentation functions from

elementary collisions [161].

The centrality dependence of the jet peak observed in 2D angular correlations in heavy-

ion collisions at RHIC exhibits a remarkable transition in its amplitude and width on pseudo-
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rapidity. The large η width of the SS peak—sometimes referred to as “the ridge”—remains

one of the least understood phenomena in heavy-ion collisions. But the claim that the

same-side peak is due to “triangular flow” caused by large flow fluctuations is not consis-

tent with the data. There is also a “proton-proton” ridge claimed to be observed in CMS

collisions with certain kinematic cuts but it is actually a manifestation of the quadrupole

term [118, 167].

The amplitude and widths of the 2D jet peak can be used to derive parton fragment yields

[168]. Minimum-bias jet (minijet) angular correlations have been converted to absolute

parton fragment yields which are found to comprise approximately one third of the hadronic

final state in 200 GeV central Au-Au collisions. Direct comparison of minijet correlations

with previously-measured spectrum hard-component yields reveals good agreement within

data uncertainties.

pQCD fragment distributions calculated by folding a minimum-bias parton energy spec-

trum with a parametrization of measured fragmentation functions accurately describe mea-

sured spectrum hard components. The combined results reveal that almost all large-angle-

scattered partons down to 3 GeV parton energy survive as true jet manifestations in spectra

and correlations, albeit with significant modification of fragmentation.

The large number of jets we observe in more-central heavy ion collisions and newly

discovered quadrupole systematics seem to conflict with much of the conventional interpre-

tation of RHIC collisions in terms of a dense partonic medium with small viscosity (per-

fect liquid). Large jet contributions to spectra and correlations quantitatively described

by pQCD theory contradict claims of early thermalization by parton multiple scattering

and formation of a strongly-coupled, small-viscosity QGP. We certainly observe significant

modification of parton fragmentation, but the basic pQCD processes persist even in the

most-central Au-Au collisions at RHIC.

10.3 Implications for RHIC

The claims in this document contradict much of the “standard” interpretation of heavy-ion

physics. This should not be perceived as a rejection of the RHIC program or experiments.

There is a huge quantity of quality data that has been recorded at RHIC, and this analysis
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would not have been possible without it. The problem we address is strictly about the

interpretation of those data. The study of QCD dynamics at RHIC competes with a strong

emphasis on hydro models and possible QGP formation. The importance of fragmentation

in RHIC collisions has become more apparent in several recent studies. The issue for A-A

collisions is the major changes in parton scattering and fragmentation that occur at smaller

pt within larger A-A space-time volumes.

Hydro-motivated analysis of RHIC data tends to interpret the large parton fragment

contribution below 2 GeV/c in terms of flow phenomena. pQCD descriptions are artificially

restricted to small regions of momentum space (high pt). The role of parton fragmentation

is thereby minimized. Model-independent analysis of spectrum and correlation structure

reveals new fragmentation features described quantitatively by pQCD over the full hadron

momentum range [168].

A significant consequence of this analysis is the confirmation of less-direct indications

that a substantial fraction of the final state in central Au-Au collisions consists of resolved

jets with energies as low as 3 GeV [28, 84, 159, 161]. The evolution of nuclear collisions

is apparently dominated by parton scattering and fragmentation even in the most central

Au-Au collisions, albeit the fragmentation process may be strongly modified [75]. The

evolution of nuclear collisions is apparently dominated by parton fragmentation even in

the most central Au-Au collisions. Those results pose significant difficulties for the RHIC

“perfect liquid” paradigm. Several examples follow.

Multiple scattering of partons and hadrons might lead to formation of thermalized par-

tonic and/or hadronic media. However, in these studies we find no loss of initial scattered

partons to thermalization, only redistribution of parton energy within jets during fragmen-

tation. Strong jet correlations persist for low-energy partons and low-momentum hadrons,

contradicting significant multiple scattering of either partons or hadrons. In particular,

the same-side 2D peak narrows on azimuth, which is inconsistent with parton or hadron

multiple scattering in a dense medium.

Parton multiple scattering might establish a dense thermalized medium (opaque core)

which absorbs most partons. Any surviving jets would then be emitted from a “corona”

region at the (radial) surface of the collision system. Imposition of high-pt triggers would
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bias toward “tangential emission” from the corona and unmodified jet pairs. However,

focusing only on yield reductions in high-pt bins (RAA [31], “triggered” jet correlations [10])

to conclude parton absorption in a dense medium is misleading. Reduced fragment number

at larger pt should not be interpreted as a reduction in the precursor-parton number. The

inference error may be large due to the steepness of the fragment spectrum arising from

the underlying parton power-law spectrum. Final-state jet structure should be studied over

the full hadron pt acceptance to best understand parton precursors. The present analysis

combined with other studies suggests that the number of resolved final-state jets per N-N

collision increases with A-A centrality. Fragmentation is modified, with more fragments at

smaller hadron momentum as the general trend.

It has been suggested that energetic partons passing through a dense medium might

produce “Mach shocks” manifested as a distortion in the “away-side” jet. Distortions in

background-subtracted data (azimuth double peak near π) are interpreted to imply forma-

tion of Mach shocks in the dense medium. However, all jets within the angular acceptance

must appear in the minimum-bias same-side (SS) jet peak. Any deformation of “away-side”

jets should then appear in the SS peak. But that is not observed. The “away-side” jet is

a fiction. The away-side peak at π radians in minimum-bias angular correlations reflects

interjet correlations between jets, not a single “away-side” jet. Broadening of the away-side

peak reflects acoplanarity of the parton partners (e.g. kt broadening), not internal jet struc-

ture. Even the lowest-energy jets are not deformed azimuthally [84]. We conclude that the

double-peaked structure attributed to Mach cones arises from biased v2 data which may

include a substantial jet contribution (“nonflow”) [164]. Such double peaks do not appear

in the great majority of unsubtracted or “raw” dihadron correlation data.

Scattered partons at energy scales of a few GeV might undergo multiple scattering

to form a dense thermalized partonic medium. The large thermalized parton flux could

then lead to large energy densities and pressure gradients which could drive hydrody-

namic flows [107]. However, analysis of parton fragment yields [168] combined with two-

component spectrum analysis [159] and direct comparisons of spectrum data with pQCD

calculations [161] indicates that all initial-state large-angle-scattered partons appearing as

jets in p-p collisions (down to a 3 GeV parton spectrum cutoff) also appear as resolved
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jets in central Au-Au collisions. None of the expected pQCD parton spectrum is lost to

thermalization. Partons do not contribute to large (thermal) energy densities or pressure

gradients. These conclusions are consistent with failure to observe significant radial flow in

differential spectrum analysis of 200 GeV Au-Au collisions with identified hadrons [159].

There are still many challenges that remain. Work is in progress to use the TOF detec-

tors at STAR to do minimum-bias correlations with identified particles. Such an analysis

should add another layer of understanding to correlation structures at RHIC. The mecha-

nism behind the large-η∆ “ridge” observations is still poorly understood. The details of the

pt-dependence of the same-side peak have not been fully explored and that could potentially

provide new insights into this puzzle. Of course there are challenges for theorists as well.

Some aspects of this work have focused on the importance of minijets at RHIC, but com-

pared to high-pt jets minijets are still poorly understood theoretically. The modification

of fragmentation functions in more-central heavy-ion collisions as proposed in this disserta-

tion is empirically driven, and a more rigorous theoretical understanding would be helpful.

We have also presented a complete parametrization of nonjet quadrupole systematics that

seems to contradict hydro theory. The nonjet quadrupole does not exhibit the transition

observed in jet production and appears to be a distinct phenomenon but it could potentially

be related to QCD field interactions driven by the initial collision geometry [160, 158]. We

have only begun to scratch the surface of an exciting new aspect of QCD physics.
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Appendix A

PT -DEPENDENT CORRELATIONS PLOTS

The following several pages shows the complete dataset of pt-differential two-particle

correlations for all centralities, pt bins, and both 200 GeV and 62 GeV collision energies.

First we show the data for a given collision system and centrality for each pt bin, then the

fit to those histograms, and finally the residuals from the fit. For the plots of residuals the

bins excluded from the fit—see Chapter 7—are set to zero.
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Figure A.1: Data histograms for 200 GeV 90-100% central collisions. Starting from the
upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.2: Fits to the histograms for 200 GeV 90-100% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.3: Residuals for the fits to the histograms for 200 GeV 90-100% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.4: Data histograms for 200 GeV 80-90% central collisions. Starting from the upper
left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6, 2.6 < yt < 3.0,
3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.5: Fits to the histograms for 200 GeV 80-90% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.6: Residuals for the fits to the histograms for 200 GeV 80-90% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.7: Data histograms for 200 GeV 70-80% central collisions. Starting from the upper
left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6, 2.6 < yt < 3.0,
3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.8: Fits to the histograms for 200 GeV 70-80% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.9: Residuals for the fits to the histograms for 200 GeV 70-80% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.10: Data histograms for 200 GeV 60-70% central collisions. Starting from the
upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.11: Fits to the histograms for 200 GeV 60-70% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.12: Residuals for the fits to the histograms for 200 GeV 60-70% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.13: Data histograms for 200 GeV 50-60% central collisions. Starting from the
upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.14: Fits to the histograms for 200 GeV 50-60% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.15: Residuals for the fits to the histograms for 200 GeV 50-60% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.16: Data histograms for 200 GeV 40-50% central collisions. Starting from the
upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.17: Fits to the histograms for 200 GeV 40-50% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.18: Residuals for the fits to the histograms for 200 GeV 40-50% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.19: Data histograms for 200 GeV 30-40% central collisions. Starting from the
upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.20: Fits to the histograms for 200 GeV 30-40% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.21: Residuals for the fits to the histograms for 200 GeV 30-40% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.22: Data histograms for 200 GeV 20-30% central collisions. Starting from the
upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.23: Fits to the histograms for 200 GeV 20-30% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.24: Residuals for the fits to the histograms for 200 GeV 20-30% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.25: Data histograms for 200 GeV 10-20% central collisions. Starting from the
upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.26: Fits to the histograms for 200 GeV 10-20% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.27: Residuals for the fits to the histograms for 200 GeV 10-20% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.28: Data histograms for 200 GeV 5-10% central collisions. Starting from the upper
left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6, 2.6 < yt < 3.0,
3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.29: Fits to the histograms for 200 GeV 5-10% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.30: Residuals for the fits to the histograms for 200 GeV 5-10% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.31: Data histograms for 200 GeV 0-5% central collisions. Starting from the upper
left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6, 2.6 < yt < 3.0,
3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.32: Fits to the histograms for 200 GeV 0-5% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.33: Residuals for the fits to the histograms for 200 GeV 0-5% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, 3.8 < yt < 4.2, and yt > 4.2.
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Figure A.34: Data histograms for 62 GeV 90-100% central collisions. Starting from the
upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8, and 3.8 < yt < 4.2.
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Figure A.35: Fits to the histograms for 62 GeV 90-100% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.36: Residuals for the fits to the histograms for 62 GeV 90-100% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.37: Data histograms for 62 GeV 80-90% central collisions. Starting from the upper
left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6, 2.6 < yt < 3.0,
3.0 < yt < 3.4, 3.4 < yt < 3.8, and 3.8 < yt < 4.2.
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Figure A.38: Fits to the histograms for 62 GeV 80-90% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.39: Residuals for the fits to the histograms for 62 GeV 80-90% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.40: Data histograms for 62 GeV 70-80% central collisions. Starting from the upper
left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6, 2.6 < yt < 3.0,
3.0 < yt < 3.4, 3.4 < yt < 3.8, and 3.8 < yt < 4.2.
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Figure A.41: Fits to the histograms for 62 GeV 70-80% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.42: Residuals for the fits to the histograms for 62 GeV 70-80% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.43: Data histograms for 62 GeV 60-70% central collisions. Starting from the upper
left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6, 2.6 < yt < 3.0,
3.0 < yt < 3.4, 3.4 < yt < 3.8, and 3.8 < yt < 4.2.
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Figure A.44: Fits to the histograms for 62 GeV 60-70% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.45: Residuals for the fits to the histograms for 62 GeV 60-70% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.46: Data histograms for 62 GeV 50-60% central collisions. Starting from the upper
left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6, 2.6 < yt < 3.0,
3.0 < yt < 3.4, 3.4 < yt < 3.8, and 3.8 < yt < 4.2.
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Figure A.47: Fits to the histograms for 62 GeV 50-60% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.48: Residuals for the fits to the histograms for 62 GeV 50-60% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.49: Data histograms for 62 GeV 40-50% central collisions. Starting from the upper
left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6, 2.6 < yt < 3.0,
3.0 < yt < 3.4, 3.4 < yt < 3.8, and 3.8 < yt < 4.2.
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Figure A.50: Fits to the histograms for 62 GeV 40-50% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.51: Residuals for the fits to the histograms for 62 GeV 40-50% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.52: Data histograms for 62 GeV 30-40% central collisions. Starting from the upper
left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6, 2.6 < yt < 3.0,
3.0 < yt < 3.4, 3.4 < yt < 3.8, and 3.8 < yt < 4.2.
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Figure A.53: Fits to the histograms for 62 GeV 30-40% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.54: Residuals for the fits to the histograms for 62 GeV 30-40% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.55: Data histograms for 62 GeV 20-30% central collisions. Starting from the upper
left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6, 2.6 < yt < 3.0,
3.0 < yt < 3.4, 3.4 < yt < 3.8, and 3.8 < yt < 4.2.
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Figure A.56: Fits to the histograms for 62 GeV 20-30% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.57: Residuals for the fits to the histograms for 62 GeV 20-30% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.58: Data histograms for 62 GeV 10-20% central collisions. Starting from the upper
left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6, 2.6 < yt < 3.0,
3.0 < yt < 3.4, 3.4 < yt < 3.8, and 3.8 < yt < 4.2.
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Figure A.59: Fits to the histograms for 62 GeV 10-20% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.60: Residuals for the fits to the histograms for 62 GeV 10-20% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.61: Data histograms for 62 GeV 5-10% central collisions. Starting from the upper
left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6, 2.6 < yt < 3.0,
3.0 < yt < 3.4, 3.4 < yt < 3.8, and 3.8 < yt < 4.2.
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Figure A.62: Fits to the histograms for 62 GeV 5-10% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.63: Residuals for the fits to the histograms for 62 GeV 5-10% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.64: Data histograms for 62 GeV 0-5% central collisions. Starting from the upper
left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6, 2.6 < yt < 3.0,
3.0 < yt < 3.4, 3.4 < yt < 3.8, and 3.8 < yt < 4.2.
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Figure A.65: Fits to the histograms for 62 GeV 0-5% central collisions. Starting from
the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2, 2.2 < yt < 2.6,
2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.
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Figure A.66: Residuals for the fits to the histograms for 62 GeV 0-5% central collisions.
Starting from the upper left the yt bins are yt < 1.4, 1.4 < yt < 1.8, 1.8 < yt < 2.2,
2.2 < yt < 2.6, 2.6 < yt < 3.0, 3.0 < yt < 3.4, 3.4 < yt < 3.8 and 3.8 < yt < 4.2.


