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Recent emergence of the common disease-rare variant hypothesis has renewed interest in 

the use of large pedigrees for identifying rare causal variants. Genotyping of dense variants using 

technologies that include next-generation sequencing platforms is common in the search for such 

variants. In my dissertation, I developed and implemented computationally efficient approaches 

that are suitable for imputing genotypes and detecting Mendelian consistent (MC) genotyping 

errors of dense variants on large pedigrees.  

I developed a pedigree-based approach to impute dense genotypes. By leveraging 

information from existing genotypes already assayed from previous studies, my approach can 

facilitate cost-effective use of sequence data for genetic analysis in the pursuit of rare causal 

variants, especially on large pedigrees. This approach is based on the use of inferred inheritance 

vectors (IVs). In this approach, I first sampled IVs by using a Markov chain Monte Carlo 



 

 

sampler that can handle large pedigrees. A set of IVs is sampled using genotypes from a sparse 

set of markers that may consist of existing genotypes. Using sampled IVs, I imputed genotypes 

by estimating the probability distribution of genotypes for each individual and for each marker. I 

showed that my approach allows us to call alleles with high accuracy. Using a real pedigree, I 

showed that my approach is substantially more effective in calling rare alleles than BEAGLE, 

which is a population-based imputation approach. In addition, I evaluated my approach under 

different conditions, which include framework marker types, density of framework panel, 

threshold for calling genotypes, and population allele frequencies on calling genotypes. 

I also developed a pedigree-based approach to detect MC genotyping errors. Detection of 

genotyping errors is a necessary step to minimize false results in genetic analysis and is 

especially important when the rate of genotyping errors is high, as has been reported in the 

current next-generation sequence data. Similar to the genotype imputation approach, this error 

detection approach is based on the use of sampled IVs. Using sampled IVs, I proposed two test 

statistics to detect MC genotyping errors. Unlike existing approaches, my approach enables error 

detection on large pedigrees with many markers. Using simulations, I showed that my approach 

effectively detects MC genotyping errors. In addition, I evaluated the effectiveness of my 

approach as a function of parameters, including the genotype observed pattern, density of 

framework markers, error rate, allele frequencies, and number of sampled inheritance vectors. 

I concluded my dissertation by documenting some future directions of my research. In 

particular, one topic is about providing guidance for sequencing choices in pedigrees. Because of 

the current cost of sequencing, investigators may only have resource to sequence a few subjects 

per pedigree, so we need to carefully prioritize who to sequence. I provided some ideas about 

using a statistical framework to compare among design choices of subject selection and proposed 



 

 

  

 

a method to select subjects. This work may facilitate improved and informed sequencing 

decisions. 
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Chapter 1  

INTRODUCTION 

 

Why do some people have certain traits? Advances in molecular biology in past decades 

enable us to explore the answer. A major focus in human genetics is to determine the genetic 

basis of trait phenotypes. In my dissertation, I document the contributions that I made to this 

field. Specifically, I have developed an approach to impute genotypes and an approach to detect 

Mendelian consistent genotyping errors for dense variants that are particularly applicable to large 

pedigrees. 

 

1.1 Basic Biology 

 

The genetic instruction of life is passed down from one generation to another by a 

molecule called Deoxyribonucleic acid (DNA). DNA consists of a sequence of bases chained 

together. Each base is one of four types: guanine, adenine, thymine, and cytosine. In humans, 

DNA molecules are packaged into chromosomes. A typical human has about 3.4 billion DNA 

base pairs organized into 46 pairs of chromosomes: 22 pairs of autosomes and 1 pair of sex 

chromosomes. Each cell contains a copy of these chromosomes. The collection of inherited DNA, 

which includes these chromosomes as well as mitochondrial DNA, are referred to as the human 

genome. 
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Efforts have been made to catalogue the genetic variation in humans [Gibbs, et al. 2003]. 

Genetic variants are sites in the human genome where differences among individuals have been 

identified. Different forms of a variant are called alleles. There are different types of genetic 

variants. For instance, a single nucleotide polymorphism (SNP) is a variation at a single 

nucleotide in the genome. A microsatellite, or short tandem repeat (STR), is variation in the 

number of repeating short DNA sequences at a particular location. Other types of variations, 

including deletion and copy number variation (CNVs), also exist. Genetic variation exists in a 

population because of occurrence of mutations, or rare changes to DNA sequences, that are 

passed down to the next generation. Studying genetic variation can help us understand the 

differences in phenotypes among individuals. 

Genotyping is the determination of the allelic types of genetic variants. Different 

biological assays at the DNA-level have been developed to genotype different types of genetic 

variants. Array-based technologies are widely used for genotyping SNPs that have already been 

catalogued in human populations. With current technology, a genotyping array has probes for 

millions of SNPs. More recently, sequencing technologies are increasingly used. Unlike array-

based technology, sequencing discovers un-catalogued variants, which includes variants that are 

rarely observed in populations. Hence, sequencing allows us to detect variants that have not been 

catalogued. 
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1.2 Identifying the Genetic Cause of Diseases 

 

 A central hypothesis is that genetic variation in humans influences some phenotypes. A 

strong support for this hypothesis is that some phenotypes are heritable in families. We conduct 

experiments to try to find regions on the human chromosomes that are associated with those 

heritable phenotypes. To conduct these experiments, we need to collect DNA samples from 

individuals and measure their phenotypes. We then analyze the data to find evidence of 

relationship between genetic variation and phenotypes.  

 Strategies used to identify disease genes have evolved considerably over the past few 

decades. Pedigrees have long been central to the discovery of genes for simple Mendelian traits, 

leading to the identification of nearly 4500 disease genes by the end of 2011 [Amberger, et al. 

2011]. The use of pedigrees, however, has not lead to findings that immediately explain the 

genetic cause of many of the more complex diseases. Since then, a shift towards the hypothesis 

that some common variants greatly elevate the risk of some complex diseases has led to large 

collaborative efforts to first identify those common variants using Genome Wide Association 

Studies (GWAS) of large population-based samples [Collins, et al. 1997] . While GWAS have 

yielded many candidate loci [Manolio, et al. 2008], common variants now appear to explain only 

a small percentage of heritability [Manolio, et al. 2009]. Empirical evidence [Bodmer and 

Bonilla 2008; Cohen, et al. 2004; Gorlov, et al. 2011; Leigh, et al. 2008; Li, et al. 2009; Sanna, et 

al. 2011] also suggests that some heritable complex diseases may more suitably be explained by 

rare variants. This hypothesis is leading to a resurgence in the use of large pedigrees, because the 

analysis of sequence data collected in large pedigrees is a particularly efficient design for 

identifying rare variants that affect disease risk [Cirulli and Goldstein 2010; Ott, et al. 2011]. 
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The reason that the large pedigree design is efficient stems from enrichment of rare 

functional alleles in such pedigrees. In a pedigree in which multiple subjects have the heritable 

phenotype of interest, it is likely that these subjects inherited copies of the same functional allele. 

Also, pedigrees offer other advantages such as the control for genetic heterogeneity and 

population stratification, direct estimation of genetic contribution of different loci, and analysis 

of effects of parental original of alleles [Ott, et al. 2011].  

 

1.3 Inheritance 

 

My work focuses on pedigrees and requires a basic understanding of inheritance. In a 

pedigree, founders are individuals whose parents are not specified. Non-founders are individuals 

who are descendants of some founders. A genetic locus is a location on a chromosome. The 

plural form of locus is loci. The Mendel’s First Law states that at a genetic locus, each parent 

passes exactly a copy of his or her two alleles to an offspring, and each of the two copies has an 

equal chance to be transmitted. We refer to the process through which there is transmission of a 

copy of DNA as meiosis.  

A chromosome that an offspring inherits from a parent may be a combination of parental 

DNA strands (Figure 1.1). Because of the biological process called genetic recombination, an 

offspring can inherit the maternal copy of a parent’s DNA at one position and the paternal copy 

of the parent’s DNA at another position. Nevertheless, because crossovers do not occur 

frequently on a chromosome, the chance that two nearby loci originate from the same parental 

chromosome is high. Genetic linkage describes the phenomenon that two DNA segments near 
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each other tend to be inherited together. A haplotype refers to a specific combination of alleles at 

multiple loci on a chromosome. 

 

Figure 1.1 An example illustrating genetic recombination during meiosis: (A) a pair of 

homologous chromosomes; (B) each chromosome duplicates, producing two pairs of sister-

chromatids; (C) exchange of genetic material between non-sister chromatids; D) 4 haploid 

gametes are produced, and 2 of the haploid gametes are recombinant chromosomes. 

 

Here we define some terminology. A genetic marker is a genetic variant with known 

DNA location chosen for genetic analysis. Recombination fraction is the proportion of 

recombinants between two loci [Speed and Waterman 1996]. A map function relates 
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recombination fractions to distances in a genetic map, which specify the positions of genetic 

markers on a chromosome on an additive scale. A commonly used map function is the Haldane 

map function, which assumes that crossover events occur as a Poisson process, implying that 

recombination events occur independently across intervals. In other words, there is no 

interference between crossover events. 

A concept central to inheritance is identity-by-descent (IBD). A pair of individuals is IBD at a 

locus if they inherit copies of the same ancestral chromosome. In the context of my work, the 

ancestral chromosome is carried by a founder in the pedigree. A pair of individuals either shares 

0, 1, or 2 alleles IBD. For instance, a non-inbred parent and a child share 1 allele IBD, and a pair 

of siblings shares either 0, 1, or 2 copies of alleles IBD at a locus. Other more distantly related 

individuals may also be IBD at a locus. In the next chapter, we will discuss inheritance vectors 

(IVs), which represents IBD in a pedigree.  

 

1.4 Overview of my Dissertation 

 

In my dissertation, I first define IVs and an existing framework for inferring IVs using 

genetic data (Chapter 2). This framework enables me to develop an approach to impute missing 

genotypes (Chapter 3) and to detect genotyping errors (Chapter 4) in pedigrees. I discuss 

thoughts of how to select subjects for sequencing in pedigrees (Chapter 5). Finally, I conclude 

my dissertation by summarizing my contributions and discuss potential future directions 

(Chapter 6).  



7 

 

 

 

 

Chapter 2  

INFERENCE OF INHERITANCE VECTORS 

 

2.1 Overview of Chapter 

 

 Inheritance vectors (IVs) form the foundation of my work on genotype imputation and 

error detection. Therefore, in this chapter, we first define what IVs are. Then, we review an 

existing framework for inferring IVs probabilistically. This probabilistic framework is based on a 

hidden Markov model (HMM). Next, we briefly review an existing method that uses Markov 

chain Monte Carlo (MCMC) to infer IVs in large pedigree. Last, we discuss sampling of IVs at 

the positions of dense markers using IVs inferred from framework markers.  

 

2.2 Terminology 

 

 IVs represent the transmission of DNA in a pedigree. Let 𝑆𝑣 denote the IV at locus 𝑥. 

𝑆𝑥 = (𝑆1𝑥, … , 𝑆𝑀𝑥) is composed of a collection of segregation indicators 𝑆𝑚𝑥, for 𝑚 = 1,… ,𝑀, 

in a pedigree with 𝑀 meioses [Kruglyak, et al. 1996; Lander and Green 1987].  In a pedigree 

with 𝑛𝑛𝑓 non-founders, 𝑀 = 2𝑛𝑛𝑓. Segregation indicators are used to represent whether the 

maternal or paternal copy of DNA of a parent is transmitted from the parent to an offspring at a 

locus. Each segregation indicator 𝑆𝑚𝑥 is a binary variable where 
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𝑆𝑚𝑥 = mat    if DNA is transmitted from the parent’s maternal DNA (the grand maternal DNA) 

at locus 𝑥 in meiosis 𝑚  and 

𝑆𝑚𝑥 = pat   if DNA is transmitted from the parent’s paternal DNA (the grand paternal DNA) at 

locus 𝑥 in meiosis 𝑚. 

 

2.3 The Hidden Markov Model Framework 

 

Although the true IV at each locus is not observable, we can use observed genotype data 

at multiple loci to infer IVs using a HMM. A widely used algorithm to compute the likelihood of 

observed genotypes based on the HMM is the Lander-Green algorithm [Lander and Green 1987] 

(Figure 2.1). The Lander-Green algorithm is based on a model in which the observed data are the 

observed genotypes (𝑮 = (𝐺1, … 𝐺𝐿)) at locus 𝑙 = 1,… , 𝐿 and the hidden states are the IVs 

(𝑺 = (𝑆1, … , 𝑆𝐿)) at the corresponding loci. We specify the penetrance probability 𝑃(𝐺𝑙|𝑆𝑙) as the 

probability of genotypes conditional on the IV at locus 𝑙. We also specify the transition 

probability 𝑃(𝑆𝑙|𝑆𝑙−1) as the probability of IV at locus 𝑙 conditional on the IV at the previous 

locus 𝑙 − 1. We use the first order Markov process to model IVs at the loci. Hence, the 

probability of the current event depends only on the most recent past event but not on any earlier 

events preceding the most recent past event. 
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Figure 2.1 The HMM framework used in the Lander-Green algorithm 

 

To calculate 𝑃(𝐺𝑙|𝑆𝑙), we construct IBD-graphs using the 𝑆𝑙. First, we give a pair of 

distinct labels for each founder to represent their unique chromosomes. Collectively, we label 

founders with founder chromosomes labels from 1 to 2𝑛𝑓, where 𝑛𝑓 is the number of founders. 

We call these numerical labels founder genome labels (FGLs). Second, for each non-founder, 

from the top to the bottom generation, we label the transmitted chromosomes by FGL using 

information from 𝑆𝑙 to indicate which founding chromosomes are being transmitted. Third, we 

construct IBD-graphs. In each graph, the nodes are the FGLs. Each individual has a pair of 

FGLs. We create an edge by joining two FGLs for each individual who is observed for genotype 

at locus 𝑙. By joining FGLs, we form IBD-graphs. Let 𝑖𝑏𝑑𝑔1, 𝑖𝑏𝑑𝑔2,... denote the set of IBD-

graphs that are constructed.  Using these IBD-graphs, we can calculate 𝑃(𝐺𝑙|𝑆𝑙) efficiently, as 

will be discussed below [Kruglyak, et al. 1996; Sobel and Lange 1996].  

Before we discuss the calculation of 𝑃(𝐺𝑙|𝑆𝑙), we first consider computing the 

unconditional probability of the genotypes in founders, as denoted by 𝑃(𝐺𝑙
𝐹). Since the 

chromosomes of founders are assumed to be independent of each other, the alleles at a locus are 
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assumed to be sampled randomly from the population with probability equal to their allele 

frequencies denoted by 𝑞1, 𝑞2, …. Therefore, 𝑃(𝐺𝑙
𝐹) is just a product of the allele frequencies of 

the founder alleles. 

The calculation of 𝑃(𝐺𝑙|𝑆𝑙) is computationally efficient and is similar to the calculation 

of 𝑃(𝐺𝑙
𝐹). Conditional on 𝑆𝑙, calculating the probability of observed genotypes only involves 

multiplying the allele frequencies of distinct copies of observed alleles. We convert 𝑆𝑙 into 

independent IBD-graphs 𝑖𝑏𝑑𝑔𝑧, indexed by 𝑧 = 1,2, …, because the use of IBD-graphs enables 

us to identify which founder alleles are distinct. Let 𝐺𝑙
𝑧 denote the set of genotypes of marker 𝑙 

that are partitioned to 𝑖𝑏𝑑𝑔𝑧. For each 𝑖𝑏𝑑𝑔𝑧, there are at most 2 possible assignments, as 

denoted by 𝐴𝑎
𝑧 , 𝑎 = 1,2, of how alleles can be matched to FGLs in the 𝑖𝑏𝑑𝑔𝑧. For instance, in 

Figure 2.2, there is exactly 1 deterministic assignment of alleles to this IBD-graph because this 

IBD-graph contains a connected pair of nodes matching to a homozygous genotype. On the other 

hand, Figure 2.3 contains an IBD-graph in which 2 assignments of alleles to the IBD-graph are 

equally likely. Hence, for each 𝑖𝑏𝑑𝑔𝑧, the probability of the genotypes partitioned to 𝑖𝑏𝑑𝑔𝑧 and 

conditional on 𝐴𝑎
𝑧 , is equal to the product of population allele frequencies of the alleles assigned 

to the distinct FGLs. Hence, 

𝑃(𝐺𝑙
𝑧 |𝑖𝑏𝑑𝑔𝑧 , 𝐴𝑎

𝑧) =  ∏ 𝑞𝑗𝑧𝑎𝑗 ,  

where 𝑞𝑗𝑧𝑎 is the allele frequency of allele 𝑗 belonging to 𝑖𝑏𝑑𝑔𝑧 in assignment 𝐴𝑎
𝑧 . 

Then, the probability of genotypes that are partitioned to 𝑖𝑏𝑑𝑔𝑧 is 

𝑃(𝐺𝑙
𝑧 |𝑖𝑏𝑑𝑔𝑧) = ∑ 𝑃(𝐺𝑙

𝑧|𝑖𝑏𝑑𝑔𝑧 , 𝐴𝑎
𝑧)𝑎 𝑃(𝐴𝑎

𝑧). 

Finally to calculate 𝑃(𝐺𝑙|𝑆𝑙), we multiply the calculated probabilities of all partitions of 

the observed genotypes. 
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𝑃(𝐺𝑙|𝑆𝑙) =∏𝑃(𝐺𝑙
𝑧 |𝑖𝑏𝑑𝑔𝑧)

𝑧

 

 

 

Figure 2.2 An example illustrating that only 1 assignment of alleles is consistent with this IBD-

graph: A) In this pedigree, subjects are labeled by lower case roman numerals, FGLs are labeled 

by numbers, and observed genotypes are labeled by letters. B) IBD-graph is constructed by using 

information from (A) 
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Figure 2.3 An example illustrating that 2 assignments of alleles are consistent with this IBD-

graph: A) In this pedigree, subjects are labeled by lower case roman numerals, FGLs are labeled 

by numbers, and observed genotypes are labeled by letters. B) IBD-graph is constructed by using 

information from (A) 

 

We can also easily calculate 𝑃(𝑆𝑙|𝑆𝑙−1). Recall that 𝑆𝑙 = (𝑆1,𝑙, … , 𝑆𝑀,𝑙) for 𝑀 meioses. By 

Mendel’s First Law, meioses are assumed to be independent. Therefore,  

𝑃(𝑆𝑙|𝑆𝑙−1) = ∏ 𝑃(𝑆𝑚,𝑙|𝑆𝑚,𝑙−1)
𝑀
𝑚=1 . 

𝑃(𝑆𝑚,𝑙|𝑆𝑚,𝑙−1) is a function of the recombination rate in the interval between locus 𝑙 and 

𝑙 − 1, as denoted by 𝜌𝑙. In my work, I assume that male and female meioses have the same 

recombination rates. Assuming the Haldane map function, the recombination rate between locus 

𝑙 and locus 𝑙 − 1 as separated by the distance 𝑑 in Morgan units is  𝜌𝑙 =
1

2
(1 − 𝑒−2𝑑).  
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𝑃(𝑆𝑚,𝑙 = 𝑠|𝑆𝑚,𝑙−1) = 1 − 𝜌𝑙        if 𝑠 = 𝑆𝑚,𝑙−1  

        = 𝜌𝑙   otherwise. 

 

The inference of IVs involves the evaluation of joint probabilities over loci conditional 

on genotypes. Fortunately, these calculations can be performed efficiently because the terms in 

the HMM can be factored and evaluated using the standard forward and backward algorithms 

[Baum, et al. 1970]. As a demonstration, we consider evaluating the likelihood 𝑃(𝐺). 

I use the colon symbol as a symbol for inclusion in range. For example, let 𝐺𝑥:𝑦 =

(𝐺𝑥, 𝐺𝑥+1, … , 𝐺𝑦) denote all the observed genotypes from locus 𝑥 to 𝑦. Also recall that for 

brevity, 𝑮 = (𝐺1, … , 𝐺𝐿). 

 

𝑃(𝑮) =∑𝑃(𝐺1:𝐿, 𝑆1:𝐿 = 𝑠1:𝐿)

𝑠1:𝐿

 

=∑𝑃(𝑆1 = 𝑠1)

𝑠1:𝐿

∏𝑃(𝑆𝑙 = 𝑠𝑙|𝑆𝑙−1 = 𝑠𝑙−1)

𝐿

𝑙=2

∏𝑃(𝐺𝑙|𝑆𝑙 = 𝑠𝑙)

𝐿

𝑙=1

=∑…

𝑠3:𝐿

∑𝑃(𝑆3 = 𝑠3|𝑆2 = 𝑠2)𝑃(𝐺2|𝑆2 = 𝑠2)

𝑠2

∑𝑃(𝑆2 = 𝑠2|𝑆1 = 𝑠1)𝑃(𝐺1|𝑆1 = 𝑠1)

𝑠1

 

              𝑃(𝑆1 = 𝑠1) 

 In the equation above, we see that a seemingly cumbersome calculation can be factored 

into a calculation that depends on successively evaluating one summation at a time [Baum, et al. 

1970]. In the factorization above, each summation consists of summing over 2𝑀 operations, 

where 𝑛𝑛𝑓  is the number of non-founders and 𝑀 = 2𝑛𝑛𝑓 is the number of meioses in the 

pedigree. Since the Markov dependency is between a pair of loci and we have 𝐿 loci, we need to 
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perform computation on the order of 𝑂(𝐿2𝑀2𝑀). Indeed, this calculation can be sped up by 

using a recursive divide-and-conquer algorithm on each meiosis to decrease the run time 

complexity to order 𝑂(𝐿𝑀2𝑀) [Fishelson and Geiger 2004; Idury and Elston 1997]. 

 

2.4 Inferring IVs 

 

 Using the HMM, we can summarize inferred IVs in several ways: (1) the marginal 

probability distribution  of IVs, (2) sampled set of IVs across loci, and (3) most likely IVs across 

loci. 

 

(1) We calculate 𝑃(𝑆𝑙|𝐺), the marginal probability distribution of IVs conditional on all 

observed genotypes. Here we discuss how to calculate such probability. 

𝑃(𝑆𝑙|𝑮) =
𝑃(𝑆𝑙, 𝑮)

𝑃(𝑮)
 

=
𝑃(𝐺1:𝑙, 𝑆𝑙 = 𝑠 )𝑃(𝐺𝑙+1:𝐿|𝐺1:𝑙, 𝑆𝑙 = 𝑠)

𝑃(𝑮)
 

=
𝑃(𝐺1:𝑙, 𝑆𝑙 = 𝑠 )𝑃(𝐺𝑙+1:𝐿|𝑆𝑙 = 𝑠)

𝑃(𝑮)
 

The last equality is true because of the conditional independence between 𝐺1:𝑙 and 𝐺𝑙+1:𝐿 

conditional on 𝑆𝑙. All three terms above are calculated similarly and efficiently using the 

forward or backward algorithm. 
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(2) We can also extend this calculation to calculate the joint distribution of IVs across loci, 

but because the number of joint IVs across loci is exponential to the number of loci, 

enumeration of all joint IVs states are not pursued. Instead, when the joint IVs are of 

interest, it is more practical to sample IVs jointly. In this HMM, we can obtain a Monte-

Carlo sampling of IVs [Thompson 2000].  

 

a. Calculate and store 𝑃(𝑆𝑙 = 𝑠|𝐺1:𝑙) of all 𝑠 for 𝑙 = 2,… , 𝐿 using forward computation 

b. Calculate and sample successively from 𝑃(𝑆𝑙 = 𝑠|𝑮, 𝑆𝑙+1) from 𝑙 = 𝐿 − 1 to 1.  

𝑃(𝑆𝑙 = 𝑠|𝑮, 𝑆𝑙+1) = 𝑃(𝑆𝑙 = 𝑠|𝐺1:𝑙, 𝑆𝑙+1) 

=
𝑃( 𝑆𝑙 = 𝑠|𝐺1:𝑙)𝑃(𝑆𝑙+1|𝑆𝑙 = 𝑠)

∑ 𝑃( 𝑆𝑙 = 𝑥|𝐺1:𝑙)𝑃(𝑆𝑙+1|𝑆𝑙 = 𝑥)𝑥
 

(3) In addition to sampling the IVs, the Viterbi algorithm [Viterbi 1967] can be used to find 

the most likely path of IVs across multiple loci. However, a disadvantage of using this 

approach is that it does not summarize uncertainty. 

 

2.5 MCMC Sampling of IVs 

 

We use the program gl_auto [Thompson 2011] in MORGAN to sample IVs at the 

positions of framework markers. The program samples IVs by using observed genotypes of the 

framework markers (𝐺𝐹
𝑜𝑏) and population allele frequencies, in a manner similar to other 

pedigree-based linkage analysis methods [Abecasis, et al. 2002; Heath 1997; Kruglyak, et al. 

1996; Lathrop, et al. 1984] . The program samples IVs from probabilities obtained by either 

exact or MCMC-based computation [Heath 1997; Thompson and Heath 1999; Tong and 
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Thompson 2008]. In sampling from exact probabilities, gl_auto uses the framework in the 

Lander-Green algorithm [Lander and Green 1987] to compute 𝑃(𝑆𝑙 = 𝑠|𝐺1:𝑙), for each 𝑠 and 

each 𝑙 = 1,… , 𝐿. After that, gl_auto performs Monte Carlo sampling of IVs by the algorithm 

described in Section 2.4. However, this approach is computationally infeasible for large 

pedigrees. To handle large pedigrees, gl_auto uses a hybrid MCMC sampler based on both the 

Elston-Stewart [Elston and Stewart 1971] and Lander-Green algorithms, with components of this 

likelihood stored for subsequent efficient Monte Carlo sampling of IVs [Tong and Thompson 

2008]. Evaluation of an older version of this hybrid sampler suggests that it outperforms 

SimWalk2, a widely used MCMC-based linkage analysis program, in terms of accuracy and 

computational speed when analyzing dense di-allelic markers typed on large and small pedigrees 

[Wijsman, et al. 2006]. Results have also shown that the current sampler in MORGAN performs 

even better than this older sampler [Tong and Thompson 2008]. We sample a set of IVs at the 

positions of the framework markers. 

The MCMC sampler in MORGAN has been continuously refined over time. The original 

MCMC algorithm was a full-locus Gibbs sampler (L-sampler) that used reverse peeling (Heath, 

1997). However, mixing can be poor for tightly linked markers [Daw, et al. 2005]. The meiosis 

sampler (M-sampler) was subsequently developed to sample IVs of a single meiosis jointly 

across loci [Thompson and Heath 1999]. This sampler was combined with the L-sampler to form 

the LM-sampler. The algorithm switches between the L and M samplers. This combined sampler 

performs better than either sampler and is irreducible. The multi-meiosis (MM) sampler allows 

the sampler to propose updates on several meioses simultaneously [Tong and Thompson 2008]. 

This scheme leads to substantial improvement on mixing when compared to the M-sampler. This 

sampler is combined with the L-sampler to form the LMM-sampler. The LMM sampler is 
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implemented in the program gl_auto from the MORGAN package [Thompson 2011]. 

 

2.6 From Sparse to Dense positions 

 

 To clarify what follows, we first present some terminology. We define a framework 

marker panel to be a relatively sparse set of markers that are used jointly to infer IVs along a 

chromosome of interest. The framework marker panel may consist of any marker types, 

including short tandem repeats (STRs), single nucleotide polymorphisms (SNPs), or a 

combination of these or other types of markers.  These markers are assumed to be free of 

genotyping errors, even if in reality they are not. These framework markers are assumed to be in 

linkage equilibrium (LE) and may be genotyped on a high fraction of subjects in a pedigree. We 

define a dense marker panel to be additional markers that are not part of the framework panel.  

In this section, I discuss a method to infer IVs at arbitrary dense positions. Because IVs 

are highly correlated across nearby positions, we can infer IVs sampled at arbitrary positions by 

using IVs sampled at the positions of framework markers. IVs sampled at dense positions can be 

well inferred without using dense markers because the use of a moderate number of framework 

markers can generally extract much of the information about the IVs in a pedigree [Wijsman, et 

al. 2006; Wilcox, et al. 2005]. 

 

2.6.1 Sampling IVs at the Positions of Framework Markers 

 We first infer IVs at sparse positions. Using gl_auto, we sample a set of IVs jointly across 

chromosomes at the positions of framework markers. These markers are relatively sparse and 



18 

 

 

assumed to be in linkage equilibrium.  

Because framework markers are assumed to be sparse, we want to choose framework 

markers that are informative about meiotic transmission at the framework loci. Three factors 

increase the chance of picking informative markers. First, framework markers typed on a large 

number of subjects tends to be much more informative than markers typed on fewer subjects. 

Second, framework markers that are multi-allelic tend to be more informative than di-allelic 

markers. One measure for marker informativeness is the polymorphic information content 

[Botstein, et al. 1980]. Multi-allelic markers with equal allele frequencies are more informative 

than di-allelic markers with equal allele frequencies. Third, if framework markers are SNPs, 

markers with high minor allele frequencies tend to be more informative. 

 

2.6.2 Sampling IVs at the Positions of Dense Markers 

We first define some notation. Let 𝑆𝑣 denote the IV at the position of a dense marker 𝑣. 

The dense marker 𝑣 is flanked on the left by a framework marker 𝑗 and on the right by a 

framework marker 𝑗 + 1. Analogously, let 𝑆𝑗 denotes the IV at position 𝑗 and 𝑆𝑚𝑗 denotes its 

segregation indicator for 𝑚 = 1,… ,𝑀.  

 

 

Figure 2.4 The dense marker  is flanked by two framework markers. 
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We seek to sample from 𝑃(𝑆𝑣 = . |𝐺𝐹
𝑜𝑏), the probability distribution of IVs at the position 

of the dense marker 𝑣 conditional on observed framework markers. Let 𝐹 denote all framework 

markers. Since IVs are highly correlated across nearby positions, we infer IVs sampled at the 

position of the dense marker 𝑣 by only using IVs sampled at the positions of the framework 

markers. Given the Haldane Map function [Haldane 1919], IVs sampled at the positions of the 

closest flanking framework markers contain all information for the inference of IV at the position 

of the dense marker 𝑣 [Sobel, et al. 2001], i.e., 𝑃(𝑆𝑣 = 𝑠𝑣|𝑆𝐹 = 𝑠𝐹) = 𝑃(𝑆𝑣 = 𝑠𝑣|𝑆𝑗 = 𝑠𝑗 , 𝑆𝑗+1 =

𝑠𝑗+1), where 𝑠𝑣 and 𝑠𝐹 are configurations of IV at dense position 𝑣 and framework positions 𝐹. A 

set of IVs is sampled marginally for each dense marker 𝑣. 

 Since the 𝑀 meioses in a pedigree are independent, sampling 𝑆𝑣 corresponds to sampling each 

𝑆𝑖𝑣 independently. Under the Haldane map function,  

𝑃(𝑆𝑚𝑣 = 𝑠𝑚𝑣, 𝑆𝑚 𝑗+1 = 𝑠𝑚 𝑗+1|𝑆𝑚𝑗 = 𝑠𝑚𝑗) = 𝑃(𝑆𝑚𝑣 = 𝑠𝑚𝑣|𝑆𝑚𝑗 = 𝑠𝑚𝑗)𝑃(𝑆𝑚 𝑗+1 =

𝑠𝑚 𝑗+1|𝑆𝑚𝑣 = 𝑠𝑚𝑣), where 𝑠𝑚𝑣 specifies whether the chromosome is inherited maternally or 

paternally at position 𝑣.  

Since 𝑃(𝑆𝑚𝑣 = 𝑠𝑚𝑣|𝑆𝑚𝑗 = 𝑠𝑚𝑗 , 𝑆𝑚 𝑗+1 = 𝑠𝑚 𝑗+1) =
𝑃(𝑆𝑚𝑣=𝑠𝑚𝑣,𝑆𝑚 𝑗+1=𝑠𝑚 𝑗+1|𝑆𝑚𝑗=𝑠𝑚𝑗)

𝑃(𝑆𝑚 𝑗+1=𝑠𝑚 𝑗+1|𝑆𝑚𝑗=𝑠𝑚𝑗)
,  it is 

straightforward to sample 𝑆𝑚𝑣 conditional on the IVs at the flanking markers. 

Each term is calculated easily given the Haldane map function. At position 𝑣, one IV (𝑆𝑣
𝑘) 

is sampled from jointly-sampled IVs obtained at positions 𝑗 and 𝑗 + 1. We repeat this process to 

sample a total of 𝑛 such IVs. This set of 𝑆𝑣
𝑘, for 𝑘 = 1, … , 𝑛, provides an estimate of the 

probability 𝑃(𝑆𝑣 = 𝑠𝑣|𝐺𝐹
𝑜𝑏), since  
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𝑃(𝑆𝑣 = 𝑠𝑣|𝐺𝐹
𝑜𝑏) =∑𝑃(𝑆𝐹 = 𝑠𝐹|𝐺𝐹

𝑜𝑏)𝑃(𝑆𝑣 = 𝑠𝑣|𝑆𝐹 = 𝑠𝐹 , 𝐺𝐹
𝑜𝑏)

𝑠𝐹

 

= ∑𝑃(𝑆𝐹 = 𝑠𝐹|𝐺𝐹
𝑜𝑏)𝑃(𝑆𝑣 = 𝑠𝑣|𝑆𝐹 = 𝑠𝐹)

𝑠𝐹

 

= ∑𝑃(𝑆𝐹 = 𝑠𝐹|𝐺𝐹
𝑜𝑏)𝑃(𝑆𝑣 = 𝑠𝑣|𝑆𝑗 = 𝑠𝑗 , 𝑆𝑗+1 = 𝑠𝑗+1)

𝑠𝐹

 

Then 𝑃̂(𝑆𝑣 = 𝑠𝑣|𝐺𝐹
𝑜𝑏) =

1

𝑛
∑ 𝑃(𝑆𝑣 = 𝑠𝑣

𝑘|𝑆𝑗 = 𝑠𝑗
𝑘, 𝑆𝑗+1 = 𝑠𝑗+1

𝑘 )𝑛
𝑘=1  is the required estimate, since 

𝑆𝐹 is realized from 𝑃(𝑆𝐹 = 𝑠𝐹|𝐺𝐹
𝑜𝑏). 
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Chapter 3  

GENOTYPE IMPUTATION 

 

In this chapter, I first discuss the background and motivation for imputing genotypes. 

Then, I review existing methods. Next, I present a computationally efficient approach for 

imputing dense genotypes on large pedigrees, which is implemented in the program GIGI 

(Genotype Imputation Given Inheritance). My MCMC-based approach uses only a sparse set of 

markers typed on most subjects, plus dense markers typed on a few subjects. By analyzing both 

simulated and real data, I demonstrate that my approach can impute many alleles accurately on 

many subjects in large pedigrees, even including some completely unobserved subjects. In 

addition, I evaluate parameters that affect imputation quality and demonstrate that our imputation 

approach is substantially more accurate for imputing rare alleles in a large pedigree than the use 

of the state-of-the-art population-based approach in BEAGLE. 

 

3.1  Background and Motivation 

 

 While essential to the identification of causal variants, generation of very dense 

genotypes from platforms that include next-generation sequencing technologies is both 

expensive and challenging. First, the total cost of producing dense genotypes on many subjects 

remains expensive, especially for sequence data. Nevertheless, it can be important to carry out a 

deep and comprehensive analysis of all variants in a region of interest in order to reach a 
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conclusion about a causal locus [Musunuru, et al. 2010; Rosenthal, et al. 2011]. Second, it is not 

always possible to produce genotypes on all subjects because of the quality and quantity of 

available DNA. This issue is particularly acute in the case of high-throughput sequencing. 

Together, these two potential issues can inhibit optimal analyses. One solution is to genotype a 

subset of individuals and carry out genotype imputation to infer missing genotypes on 

unobserved subjects. Genotype imputation is a cost-effective approach to leverage existing 

genotype data, which are often available on many subjects, with new dense genotypes collected 

on just a few subjects.  

 

3.2 Existing Methods for Genotype Imputation 

 

 Population-based and pedigree-based genotype imputation methods exist. Genotype 

imputation, as a general example of imputation [Little and Rubin 1987], typically infers missing 

data by borrowing information from correlated observations. Imputation in population-based 

samples leverages information from the correlation among dense markers due to linkage 

disequilibrium (LD) observed in outside reference samples of unrelated individuals [Browning 

and Browning 2007; Delaneau, et al. 2011; Howie, et al. 2009; Li, et al. 2010; Scheet and 

Stephens 2006; Stephens, et al. 2001]. In contrast, imputation in pedigrees uses the correlation of 

genotypes among relatives derived from sharing of genomic segments identical by descent (IBD) 

within pedigrees. For small pedigrees, Burdick and colleagues developed an imputation method 

and applied it to imputation of dense genotypes [Burdick, et al. 2006; Chen and Abecasis 2006]. 

In their study, sparse markers were available in all generations and dense markers were only 

available in the top two generations. They demonstrated that dense genotypes can be imputed in 
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the bottom generation. Rule-based long-range phasing methods, which detect long strings of 

non-conflicting homozygous genotypes to identify shared haplotypes between relatives, have 

also been developed [Daetwyler, et al. 2011; Kong, et al. 2008]. 

 These existing genotype imputation methods have major limitations for use in large 

pedigrees. Population-based methods cannot impute genotypes on relatives who are completely 

unobserved for marker genotypes when used in the context of ignored pedigree structure. In 

addition, while high imputation accuracy can often be achieved when sufficient numbers of 

subjects in a reference panel are available [Browning and Browning 2009], imputation of rare 

variants is particularly difficult [Krithika, et al. 2012; Li, et al. 2011]. Existing pedigree-based 

methods also have major limitations. Burdick’s method cannot handle large pedigrees with many 

markers due to computational constraints. While existing rule-based methods [Daetwyler, et al. 

2011; Kong, et al. 2008] can handle large pedigrees, they are ad hoc. In addition, they require 

high-quality dense genotype data on subjects for whom we want to impute data and do not 

account for recombination events. 

 

3.3 My Approach to Impute Genotypes in Pedigrees 

 

The dense markers to impute can be genotypes obtained from sequence data or from a 

dense SNP panel. These genotypes may be typed on fewer and even different subjects in the 

pedigree. 

 

3.3.1 Overview 

My goal is to impute genotypes of dense markers on the unobserved subjects. Here the 
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imputation relies on correlation due to inheritance in the pedigree. The inheritance of shared 

segments of chromosome is represented by inheritance vectors (IV) [Lander and Green 1987]. 

The imputation approach consists of four steps:  

(1) Sample IVs at the positions of the framework markers conditional on the observed 

genotypes at the framework markers. 

(2) Sample IVs at the positions of the dense markers conditional on the IVs sampled at 

the positions of the framework markers and the meiotic map. 

(3) Estimate the probability distribution for each unobserved genotype at the dense 

marker positions conditional on all observed dense genotypes, known or estimated 

allele frequencies for the dense markers, and position-specific IVs corresponding to 

the dense markers. 

(4) Call genotypes using the estimated probabilities and user-specified thresholds. 

 

3.3.2 Details 

Imputing dense genotypes 

I estimate the probability distribution of the missing genotype of subject 𝑝 of dense 

marker 𝑣 ( 𝐺𝑝𝑣), conditional on the observed genotypes of all framework markers (𝐺𝐹
𝑜𝑏), the 

observed genotypes (𝐺𝑣
𝑜𝑏) of dense marker 𝑣, and the allele frequencies of dense marker 𝑣. For 

each genotype configuration 𝑔, our estimator is based on the calculation: 

 𝑃(𝐺𝑝𝑣 = 𝑔 |𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏) = ∑ 𝑃(𝐺𝑝𝑣 = 𝑔|𝑆𝑣 = 𝑠, 𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏)𝑃(𝑆𝑣 = 𝑠|𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏)𝑠   

                    ≅ ∑ 𝑃(𝐺𝑝𝑣 = 𝑔| 𝑆𝑣 = 𝑠, 𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏)𝑃(𝑆𝑣 = 𝑠|𝐺𝐹
𝑜𝑏)𝑠    (1) 

                    ≅ ∑ 𝑃(𝐺𝑝𝑣 = 𝑔| 𝑆𝑣 = 𝑠, 𝐺𝑣
𝑜𝑏)𝑃(𝑆𝑣 = 𝑠|𝐺𝐹

𝑜𝑏)𝑠        (2)  
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Equation (1) is an exact equality if dense marker 𝑣 is one of the framework markers: ie. 𝐺𝑣
𝑜𝑏 ⊆

𝐺𝐹
𝑜𝑏 . In general, equation (1) is a good approximation when 𝑃(𝑆𝑣 = 𝑠|𝐺𝐹

𝑜𝑏 , 𝐺𝑣
𝑜𝑏) ≅

𝑃(𝑆𝑣 = 𝑠|𝐺𝐹
𝑜𝑏), which says that the inference of IVs at the position of dense marker 𝑣 is not 

influenced much by the addition of the genotypes of dense marker 𝑣, given that we already 

observe the genotypes of the framework markers. Equation (2) is a good approximation when 

𝑃(𝐺𝑝𝑣 = 𝑔|𝑆𝑣 = 𝑠, 𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏) ≅ 𝑃(𝐺𝑝𝑣 = 𝑔| 𝑆𝑣 = 𝑠, 𝐺𝑣
𝑜𝑏). Indeed, this approximation is an 

exact equality if the framework markers are in linkage equilibrium with dense marker 𝑣, as is 

assumed in the Lander-Green algorithm [Lander and Green 1987]. See Appendix A for further 

discussion. 𝑃(𝐺𝑝𝑣 = 𝑔|𝑆𝑣 = 𝑠, 𝐺𝑣
𝑜𝑏) in equation (2) is calculated by 

𝑃(𝐺𝑝𝑣 = 𝑔|𝑆𝑣 = 𝑠, 𝐺𝑣
𝑜𝑏) =

𝑃(𝐺𝑝𝑣=𝑔,𝐺𝑣
𝑜𝑏| 𝑆𝑣=𝑠)

∑ 𝑃(𝐺𝑝𝑣=𝑘,𝐺𝑣
𝑜𝑏| 𝑆𝑣=𝑠)𝑘

.      (3) 

Each term in equation (3) can be computed efficiently [Kruglyak, et al. 1996; Sobel and Lange 

1996]. The second term of equation (2) is estimated by the sampled IVs at position 𝑣. Since IVs 

are sampled conditionally on 𝐺𝐹
𝑜𝑏, equation (2) provides a Monte Carlo estimator for imputation 

of 𝐺𝑝𝑣. 

  𝑃̂(𝐺𝑝𝑣 = 𝑔 |𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏) =
1

𝑛
∑ 𝑃(𝐺𝑝𝑣 = 𝑔|𝑆𝑣

𝑘, 𝐺𝑣
𝑜𝑏)𝑛

𝑘=1 ,      (4) 

where 𝑆𝑣
𝑘 is the IVs sampled at iteration 𝑘, for 𝑘 = 1,… , 𝑛. Equation (4) assumes that all 𝑆𝑣

𝑘 are 

consistent with the observed genotypes of dense marker 𝑣. For practical purposes, we propose a 

modified estimator (5) that is based only on the sampled IVs that are consistent with the 

observed genotypes of marker 𝑣 : 

𝑃̂(𝐺𝑝𝑣 = 𝑔|𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏) =
1

𝑛∗
∑ 𝑃(𝐺𝑝𝑣 = 𝑔|𝑆𝑣

𝑘 , 𝐺𝑣
𝑜𝑏) 𝑛

𝑘=1 ,    (5) 

 where 𝑛∗ = ∑ 𝐼(𝑃(𝐺𝑣
𝑜𝑏| 𝑆𝑣

𝑘) > 0)𝑛
𝑘=1 . 𝐼(𝑃(𝐺𝑣

𝑜𝑏| 𝑆𝑣
𝑘) > 0) is an indicator that the IVs sampled at 
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iteration 𝑘 is consistent with 𝐺𝐹
𝑜𝑏. Thus, 𝑛∗ is the number of sampled IVs that are consistent with 

the observed genotypes at dense marker 𝑣. A more thorough discussion of the estimators is 

presented in Appendix A. 

Calling Genotypes 

While I can leave the imputed results as estimated probabilities, we can also call 

genotypes. Using a confidence-based genotype-calling approach, I call both alleles 

if  𝑃̂(𝐺𝑝𝑣 = 𝑔|𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏) > 𝑡1, where 𝑡1 is a user-defined threshold. In allele-calling, I first use 

genotype-calling. If we cannot call the complete genotype, we call one of the two alleles if 

𝑃̂(𝐺𝑝𝑣 = 𝑎/. |𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏) > 𝑡2, where 𝑎/. denotes that the genotype contains an 𝑎 allele. While 

this second threshold 𝑡2 can be arbitrary, we set 𝑡2 = 𝑡1 +
1−𝑡1

2
 . A reason for this choice is that 

for a di-allelic marker, the algorithm will select the more probable genotype configuration when 

the estimated probability of the heterozygous configuration is equal to 𝑡1. Besides the 

confidence-based genotype-calling approach, we can alternatively call the most-probable 

genotype. In this approach, a genotype call is always made. 

Note: 

To achieve computational efficiency, I use the approximation that 𝑃(𝑆𝑣 = 𝑠|𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏) ≅

𝑃(𝑆𝑣 = 𝑠|𝐺𝐹
𝑜𝑏). Making this approximation allows us to sample IV by using only framework 

markers. This approximation states that the knowledge of 𝐺𝑣
𝑜𝑏does not dramatically influence the 

inference of 𝑆𝑣 given that 𝐺𝐹
𝑜𝑏 is already observed. This approximation is reasonable because 

meiotic events on a chromosome do not occur frequently and the use of a moderately sparse set 

of markers can often extract much of the information of the IV in a pedigree [Wijsman, et al. 

2006; Wilcox, et al. 2005]. 
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3.4 Evaluating Imputation Performance using Simulation 

 

3.4.1  Measuring Quality 

 I used three metrics to evaluate imputation quality. Call rate measures the percentage of 

alleles called, accuracy measures the percentage of alleles called correctly among the alleles 

called, and consistency measures the percentage of IVs that are consistent with the observed 

genotypes at a marker locus. In real data, these metrics were calculated by averaging over all 

marker loci and across all subjects. In simulated data, these metrics were further averaged over 

all simulation replicates. In addition, I summarized the call rate by subject. 

 

3.4.2 Simulated Data 

Pedigrees 

 I simulated data on a 5-generation pedigree of 52 subjects (Figure 3.1). While this 

pedigree is beyond the limit of exact computational methods for multipoint computation, the use 

of gl_auto’s MCMC option enabled computation on this large pedigree. I used simulated descent 

patterns from a previous study [Wijsman, et al. 2006] to obtain genotypes in non-founders after 

simulating genotypes in founders. I analyzed several replicates with different descent patterns. 

Results from the first 10 replicates gave consistent interpretation and were therefore deemed a 

sufficient sample size. 
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Figure 3.1 Simulated pedigree of 52 subjects. Different designs of subjects observed for 

genotypes are indicated by different shading schemes: all subjects (shaded or not shaded); many 

subjects (any shaded); and few subjects (black shaded). Classes of subjects are indicated by 

letters. 

 

Markers 

 I simulated both framework and dense markers on a chromosome of 100 centimorgan 

(cM). I simulated two types of framework markers: di-allelic and 4-allelic. The di-allelic markers 

with uniform allele frequencies spaced uniformly at one marker per 0.5 cM represented a SNP 

linkage panel. The 4-allelic markers with uniform allele frequencies spaced uniformly at one 

marker per 4 cM represented a STR marker panel. The 4-allelic markers represent what may 

exist in a region where there has been some follow-up genotyping. To examine a density of STR 
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markers that is more commonly available in legacy samples in initial genome scans, I also 

thinned the STRs to a density of one marker per 8 cM. To test the effect of framework marker 

density and observed data patterns, I also thinned the framework SNP markers and varied the 

number of observed subjects, as described below. In addition to the framework markers, I 

simulated 25,000 uniformly-spaced di-allelic dense markers at a density of one marker per .004 

cM with population allele frequencies simulated from the uniform [0, 1] distribution. These 

markers approximate markers from SNP-chip or variants that might be available from high-

throughput sequencing. After generating the complete marker dataset by simulating the founder 

alleles and gene-dropping through the descent patterns as described above, I retained dense SNPs 

in only 22 subjects, as indicated by the unlabeled subjects in Figure 1. I imputed genotypes on 

the 30 labeled subjects. 

 

3.4.3 Analysis of Simulated Data 

 I varied the number of subjects typed and choices of framework marker panels (Table 

3.1). I considered three designs where all (52), many (36), or few (22) subjects were genotyped 

for framework markers (Figure 3.1). The design where all subjects were genotyped for 

framework markers (Sa) was unrealistic but provided a benchmark for optimal inference of IVs. 

The other designs captured more realistic situations where only subjects from the more recent 

generations were available. Besides the number of subjects observed for genotypes, I considered 

different types of framework marker panels: SNP-only (S), STR-only (M), and hybrid SNP and 

STR panels of various marker densities (Table 3.1). The hybrid panels (SfM
4

m and SfM
8
m) 

captured the situation where STR markers observed on many subjects from older studies were 

combined with newly collected dense markers observed on fewer subjects.   
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Table 3.1. Designs of framework marker panels used in simulation  

Designs Number of 

Subjects  typed  

 SNPs STRs 

Sa 52 - 

Sm 36 - 

Sf 22 - 

SfM
4

m 22 36 

M
4

m - 36 

SfM
8

m 22 36 

M
8

m - 36 

SNPs (S) were spaced at 0.5cM apart; superscript indicates marker density of STRs (M) in cM 

per marker; subscript refers to whether all (a), many (m), or few (f) subjects were typed. Refer to 

Figure 3.1 for the different designs. 

 

I also evaluated four other conditions that might affect the imputation quality. I varied the 

density of the framework markers, as the density of markers might affect the inference of IVs 

[Wijsman, et al. 2006]. For this purpose, I thinned the original 0.5 cM spaced framework SNPs 

to obtain 1 cM and 2 cM spaced SNPs. I varied the call threshold on accuracy and call rate by 

varying call thresholds ranging from  𝑡1=0.5 to 0.999999 (~1) while fixing  𝑡2 midway between 

𝑡1 and 1. I refer to the case where the call threshold was ~1 as “practically deterministic”. Unless 
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otherwise stated, the default  𝑡1=0.8 and  𝑡2=0.9 call thresholds were used. I investigated the 

effect of minor allele frequencies (MAF) on imputation accuracy by binning markers into MAF 

bins of size 0.01. Finally, I investigated the effect of the distance of dense markers from the 

closest framework markers under a STR-only framework panel (M
8

m), again by binning dense 

markers by the distance from their closest framework markers.  

The meiotic map for the SNP markers was obtained by converting sequence position to 

Haldane map position by linear interpolation using the positions of the STRs from the Rutger 

map [Matise, et al. 2007] and the sequence positions of the STR markers with map positions 

determined by the Haldane map function. The population allele frequencies of the SNP markers 

were estimated using this pedigree along with 3 other large pedigrees with similar European 

ethnicity. The estimation was performed using Loki ver 2.4.6 [Heath 1997] in order to account 

for the pedigree structures. 

 

3.4.4 Results and Interpretations 

 

Data Patterns and Framework Marker Panels 

 High call rates were obtained in most subjects from multiple branches in the simulated 

large pedigree (Figure 3.2). In the SfM
8

m framework panel, subjects descended from the central 

pedigree, who tended to share more alleles with relatives, had higher call rates than married-in 

spouses (96.1% vs. 88.7% for Group D vs. F; 95.4% vs. 81.2% for E vs. G). In addition, high 

call rates were observed in subjects from the bottom generation who had multiple relatives typed 

for dense markers but were not themselves typed for dense markers (95.8% in Group L). Also, 
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high call rates were observed even in some subjects who were not typed for either sparse 

framework markers or dense markers ( >95% in Group D, E, and I). 

 

 

Figure 3.2 Call rate across classes of subjects: we used the SfM
8

m framework panel from 

simulation. Refer to Figure 3.1 for the description of the different classes of subjects. 

 

The call rate depended much more on the number of subjects typed than on the density of 

framework markers. Among different framework panels considered (Table 3.2), the design 

where only a few subjects were typed for framework SNPs (Sf) gave the lowest call rate (78.8%). 

Regardless of the type of panel, having more subjects typed for the framework panel increased 

the call rate to 89.1-92.1%, for Sm and all STR panels. Genotyping the majority of subjects for 

the framework panel (92.1% for Sm) is nearly as beneficial as genotyping all subjects (93.5% for 
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Sa). In contrast, altering marker density did not strongly influence the call rate. Doubling the 

density of STR markers increased the call rate only slightly (89.1% vs. 90.7% for M
8

m vs. M
4

m). 

Similarly, increasing density by adding SNP markers on a few subjects to an existing STR panel 

only slightly improved the call rate, both when the STR panel was sparse (89.1% vs. 90.9% for 

M
8

m vs. SfM
8

m) or dense (90.7% vs. 91.5% for M
4

m vs. SfM
4

m).  
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Table 3.2. The effect of different framework panels on imputation quality evaluated using 

simulated data 

Quality 

Metric 

(%) 

Panels with only SNPs  Panels with STRs 

Sa Sm Sf SfM
4

m M
4

m SfM
8

m M
8

m 

Called  93.5  

(91.7,95.8)
a 

92.1  

(90.1,94.7) 

78.8  

(77.8,79.6) 

91.5 

(89.7,93.1) 

90.7 

(87.2,93.1) 

90.9 

(89.5,92.8) 

89.1 

(86.3,90.2) 

Accur-

acy  

99.6 

(99.4,99.7) 

99.2 

(97.8,99.6) 

98.7 

(97.0,99.5) 

99.2 

(98.6,99.6) 

99.2 

(98.9,99.4) 

98.6 

(98.0,99.4) 

98.6 

(98.1,99.0) 

        
Consist-

ency 

93.6 92.1 90.2 92.4 71.0 91.6 54.2 

a. range across 10 runs: (low, high) 

 

 When I call a genotype, it is highly accurate across all conditions considered (Table 3.2). 

Among SNP-only panels, the accuracy was the lowest in the Sf design (98.7%). Typing more 

subjects for SNPs (Sm) only slightly increased the accuracy (99.2%). Doubling the density of 

STR markers also only slightly increased the accuracy (98.6% vs. 99.2% for M
8

m vs. M
4
m). In 

addition, the 4cM spaced STR panel typed on many subjects (M
4

m) was similar in accuracy to 

the denser but di-allelic SNP panel typed on many subjects (Sm). Unlike the call rate, increasing 

density by adding SNP markers on a few subjects to an existing STR panel did not improve 

accuracy at all, whether the STR panel was sparse (98.6% for M
8

m and SfM
8

m) or dense (99.2% 

for M
4

m and SfM
4

m). 
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 Both the call rate and accuracy increased only slightly when the density of the SNP 

framework panel increased (Table 3.3). Among SNP-only panels typed on many subjects, the 

call rate increased slightly when doubling the SNP density from one marker per 2 cM (90.5%) to 

one marker per 1cM (91.7%) and again when doubling density from one marker per 1 cM to one 

marker per 0.5 cM (92.1%). Similarly, while the accuracy increased slightly when doubling SNP 

density from one marker per 2cM (98.9%) to one marker per 1cM (99.2%), it did not further 

increase when doubling from one marker per 1 cM to one marker per 0.5 cM. Both gains, 

however, were modest, as the call rate and the accuracy were high even at the 2 cM density. 

Overall, these marginal increases in both call rate and accuracy were consistent with the previous 

results from increasing the STR marker density (Table 3.2).  

 

Table 3.3. The effect of different marker density on imputation quality evaluated using the Sm 

panel in simulated data 

Quality Metric (%) Spacing of SNPs in Framework Panel (cM) typed on Sm 

 0.5 1 2 

Called 92.1 (90.1, 94.7)
a 

91.7 (90.3, 93.8) 90.5 (88.6, 93.5) 

Accuracy 99.2 (97.8, 99.6) 99.2 (97.8, 99.5) 98.9 (98.1, 99,4) 

    
Consistency 92.1 84.5 69.5 

a. range across 10 runs: (low, high) 
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 Unlike call rate and accuracy, consistency depended strongly on the density of 

framework markers (Table 3.3). All panels which contained the 0.5cM spaced SNPs had high 

consistency (> 90.2%) (Table 3.2). However, consistency decreased as the density of framework 

markers decreased. As the marker spacing in SNP-only panels decreased from 0.5cM to 2cM, 

consistency decreased from 92.1% to 69.5% (Table 3.3). Similarly, as the marker spacing in 

STR-only panels decreased from 4cM to 8cM, consistency also decreased from 71.0% to 54.2% 

(Table 3.2). Even though the 8cM spaced STR panel (M
8

m) had the lowest consistency (54.2%), 

the call rate and the accuracy were still high. 

 

Other Parameters 

 Call thresholds affected both call rate and accuracy but in different directions. The use of 

a more stringent call threshold decreased the call rate (Figure 3.3). For instance, under the design 

SfM
8

m, the call rate decreased from 95.8% to 81.0% as the call threshold increased from 𝑡1=0.6 

to 𝑡1=0.99. In contrast, the use of a more stringent threshold increased the accuracy: accuracy 

increased from 97.8% to 99.9% as the call threshold increased from 𝑡1=0.6 to 𝑡1=0.99. However, 

the change in accuracy was less dramatic than that of the call rate, since accuracy was already 

high at a liberal call threshold (97.8% for 𝑡1=0.6). In this particular simulation, a reasonable 

balance between call rate and accuracy was achieved at the call threshold of 𝑡1=0.8.  
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Figure 3.3 Call rate and accuracy as a function of call threshold. We used the SfM
8

m framework 

panel from simulation. 

 

 The minor allele frequency (MAF) of dense markers also affected quality metrics. At the 

default 𝑡1=0.8 call threshold, the call rate decreased as the MAF increased (Figure 3.4A). Also, 

there was a sudden drop in the call rate at MAF=0.2. Examination of the call rate when I varied 

the call thresholds suggested that the MAF coinciding with the location of the sudden increase 

was at 1 − 𝑡1 (not shown). The reason is most likely because the call threshold directly 

determines where the imputation algorithm relies primarily on using allele frequencies to make 

calls. Besides the call rate, the accuracy decreased as the MAF increased from 0 to 0.2 but was 

approximately constant near 99.1% for frequencies above 0.2. I also called alleles using the 
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“practically deterministic” threshold (Figure 3.4B). Similar to the call rate with 𝑡1=0.8, the call 

rate with this threshold continued to show a decreasing trend as the MAF increased. However, 

the imputation accuracy was almost perfect regardless of the MAF. 

 

 

Figure 3.4 Call rate and accuracy as a function of minor allele frequency. I used the SfM
8

m 

framework panel from simulation. Different call thresholds were used: A) t1 =0.8, t2 =0.9 and B) 

practically deterministic. 

 

 The distance between dense genotypes and their respective nearest framework markers 

affected consistency much more than the call rate and accuracy (Figure 3.5). Under the M
8

m 

panel, consistency decreased substantially as dense genotypes were farther from the nearest 

framework markers, e.g., from ~63% to ~45% as the map distance increased from 0 cM to 4 cM. 
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On the other hand, the accuracy and call rate did not drop much as the map distance increased, 

even though decreasing trends were observed. 

 

Figure 3.5 Impact of distance from the nearest framework marker. We used the M
8

m framework 

panel from simulation. We measured the A) accuracy, B) call rate, and C) consistency. 
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3.5 Evaluating Imputation Performance using Real Data 

 

3.5.1 Analysis of Real Data 

 Analysis of a real dataset allowed evaluation of my approach in data that contains 

complexities not captured well in simulated data. These include, but are not limited to, variable 

marker informativeness, potential misspecification of the genetic map and allele frequencies, 

undetected genotyping errors, and LD between markers. I used a 5-generation pedigree of 95-

members [Wijsman, et al. 1998; Wijsman, et al. 2010], with some branches from the original 

pedigree omitted because they contained neither sparse nor dense marker data. Of the subjects 

retained, the average sibship sizes in the second, third, fourth, and fifth generations were 3, 3.8, 2, 

and 1.4. This pedigree also included one large sibship of size 9. I focused on imputing SNPs in a 

~50 cM interval defined as a region of interest for a cardiovascular trait [Wijsman, et al. 2010]. 

My original dataset contained 60 subjects observed for 323 SNPs and 64 subjects observed for 

21 STRs in the lowest 4 generations. Most of these SNPs were tightly linked with a few adjacent 

SNPs. 

I performed an analysis that resembled the situation where we had legacy genome scan 

marker data and now collected new denser markers on a few subjects (Table 3.4). I retained SNP 

genotypes on 13 subjects scattered throughout different branches of the pedigree, and I masked 

SNP genotypes on the other 47 subjects. To infer IVs, I used a framework panel composed of all 

available STRs and a subset of 29 SNPs spaced out across the region of interest from the 13 

subjects. Then, I used the sampled IVs and observed SNPs on the 13 subjects to impute missing 

genotypes of 294 SNP markers on the other subjects. The masked genotypes from the 47 subjects 

allowed us to evaluate the accuracy of imputation. The meiotic map for the SNP markers was 
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obtained by linear interpolating from Haldane map position of STR markers[Matise, et al. 2007] 

with sequence positions of both STRs and SNPs. The population allele frequencies of the SNP 

markers were estimated by Loki (version 2.4.6) [Heath 1997] using this pedigree along with 3 

other large pedigrees with similar European ethnicity. 

 

Table 3.4: Number of markers and number of subjects typed in the real data analysis with GIGI 

  Markers Subjects 

Framework panel STRs 21 64 

SNPs 29 13 

Dense genotypes SNPs 294 13 

Missing genotypes to 

impute 

SNPs 294 82
a
 

a. These 82 subjects are completely unobserved for SNPs, but some of them are observed 

for STRs 

 

 

3.5.2 Results and Interpretations 

High imputation accuracy and call rate were also obtained on the real data. In the real 

pedigree, the method called 68% of alleles among the 47-subjects that could be validated and 

achieved an accuracy of 97.6% using the default threshold (Figure 3.6). Relaxation of the call 

threshold to 𝑡1=0.6 increased the call rate to 85% but with a decline to 93% in the accuracy. 

Similar to the simulated data, allele call rate was inversely related to the population allele 

frequency (not shown).  
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Figure 3.6 Call rate and accuracy as a function of call threshold in real pedigree 

 

3.6 Comparison with BEAGLE 

 

 I compared GIGI to BEAGLE, a state of the art population-based genotype imputation 

approach [Browning and Browning 2009; Browning and Browning 2007]. BEAGLE can be used 

by ignoring the pedigree structure. Since BEAGLE uses information from population-level LD 

while not incorporating the pedigree structure, I sought to understand how the use of different 

sources of information may affect genotype imputation in a pedigree. I used the same real-data 

pedigree and region of interest. I computed the accuracy and call rate over all genotypes, as well 

as separately, over rare SNPs. I defined a rare allele to be the minor allele of a SNP with minor 

allele frequency less than 0.05. The accuracy of imputing rare alleles is especially important 
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because the primary motivation for using such pedigrees may be to identify rare variants that 

affect disease risk or phenotypic variation.  

 

I evaluated GIGI and BEAGLE 3.3 (Table 3.5) using the real dataset. Since BEAGLE 

does not output genotype probabilities if I use both STRs and SNPs, I modified the previous 

analysis to perform a SNP-only analysis (Figure 3.7: n1 = 13, n2 = 47; n3 = 35). Similar to the  

previous analysis, the same 13 subjects were given the complete genotype data. In BEAGLEs 

terminology, these genotype data were the outside reference samples used to infer haplotypes of 

dense markers. In the other 47 subjects, we kept genotypes of 35 approximately evenly-spaced 

SNPs and masked genotypes of the remaining 288 SNPs. Under this setup (Design FW), I 

compared GIGI and BEAGLE based on the imputed results of the masked SNPs on the 47 

subjects. 
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Table 3.5 Number of subjects in different SNP-based designs used for the comparison between 

GIGI and BEAGLE  

  Program 

  GIGI BEAGLE 

Experiment
a
  Framework Framework Leave-One-Out 

Design   FW FW FWO L1 L1O 

SNPs
 b
 Sparse 47 47 47 0 0 

Dense 13 13 13+202 13+47 13+47
 
+202

 
 

a. FW=Framework Panel; L1=Leave-One-Out; O=includes the same SNPs on 202 subjects 

from 3 other pedigrees as a reference panel. See text. 

b. Sparse = 35 SNPs; Dense=all 323 SNPs, except in the Leave-One-Out analysis which 

omits 1 SNP at a time from the 47 subjects. See text. 

 

 

 

Figure 3.7 Different subjects have different levels of genotypes. Some subjects (n1 of them) had 

observed genotypes for both framework markers (top ticks) and dense markers (bottom ticks); n2 

of the subjects had observed genotypes for framework markers but had missing genotypes 

(symbol ?) for dense markers; n3 of the subjects were completely unobserved for both framework 

and dense markers. 
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3.6.1 Design of Experiment 

I also evaluated BEAGLE under other designs (Table 3.4). When markers are tightly 

linked and when sample size of the outside reference is large, BEAGLE is more likely to 

perform well. In Design L1, we supplied BEAGLE with more markers by using a Leave- 

One-Out analysis where we imputed one SNP at a time, based on all other SNPs. In this 

Leave-One-Out analysis, genotypes of each SNP in the 47 subjects were omitted sequentially 

and were subsequently imputed back. In Design FWO, we added genotypes from 202 subjects 

to the outside reference panel (Figure 3.7: n1 = 13+202, n2 = 47; n3 = 35). These 202 subjects 

were derived from 3 other pedigrees of similar ethnic background and who were typed on the 

same SNP platform. In Design L1O, I supplied both dense markers and additional outside 

reference samples. In each design, I called genotypes using both the most probable genotype 

calling and the threshold based approaches. To evaluate the performance of imputing rare 

alleles, I performed a subgroup analysis in genotypes that contained at least one copy of 

rare allele. 

 

3.6.2 Results and Findings 

 GIGI called genotypes containing rare alleles with substantially higher accuracy than 

BEAGLE (Table 3.6). Under design FW and using the most probable genotype calling, GIGI 

called these genotypes with an accuracy of 62.9%, in contrast to BEAGLE, which only achieved 

an accuracy of 4.5%. Increasing the number of dense markers and providing more subjects in the 

reference panel (design L1, and L1O) improved BEAGLE’s accuracy in calling genotypes 

containing rare alleles (up to 28.1%), but the accuracy was still much lower than that for GIGI. 

In addition, GIGI called 46.2% more rare genotypes for relatives who were completely untyped. 
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These genotypes were not called by BEAGLE because BEAGLE did not impute genotypes on 

completely unobserved subjects. Using the confidence-based calling with the default threshold 

(Table 3.6), the same trends were observed. 

 

Table 3.6. Comparison between GIGI and BEAGLE under various designs of the real data 

   Program 

   GIGI BEAGLE 

Call 

Choice  

Group
a
 Metric

b
 FWK

c
 FWK

c
 Leave-One-Out

c
 

  FW FW FWO L1 L1O 

Most 

Probable 

Rare A 62.9 4.5 4.5 28.1 14.6 

Overall A 79.7 70.2 73.3 82.5 95.4 

Threshold Rare A 67.1 5.2 4.5 15.7 17.6 

  C 82.0 86.5 100 57.3 76.4 

 Overall A 96.4 88.8 91.5 95.1 98.0 

  C 47.7 47.1 43.8 54.1 93.6 

a. Rare = among genotypes containing at least 1 copy of rare allele 

b. A=accuracy (%), C =call rate (%). Under the most probable genotype calling approach, 

C=100%, and therefore has been omitted. 

c. Design. FWK=Framework. Refer to Table 3.5 for the description of the designs. 

 

 I also compared the overall genotype accuracy and genotype call rate in GIGI and 

BEAGLE (Table 3.6). Under the design FW and using the most probable genotype calling, GIGI 

called genotypes with higher accuracy than BEAGLE (79.7% vs. 70.2%). However, the 
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availability of outside reference (FWO) or dense framework marker panel (L1) improved both 

accuracy and call rate in BEAGLE. In particular, the joint use of dense framework SNPs and 

outside references (L1O) improved the imputation accuracy of BEAGLE substantially (95.4%). 

The accuracy of imputing genotypes using GIGI could increase substantially to 96.4% when 

using the default threshold. However, the tradeoff was that a considerable fraction of genotypes 

was not called (52.3%). 

 

3.7 Discussion 

 

I have introduced an approach for carrying out genotype imputation in potentially large 

pedigrees. By harnessing existing computational tools that combine exact computation with 

MCMC-based sampling, my imputation approach can be used in pedigrees that range from small 

to very large with a range of possible missing data that may include founders. My results 

demonstrate that imputed genotypes can be accurate and obtained with high call rate. Results 

from analysis of the simulated data suggest that the number of subjects genotyped for a 

framework panel has a higher influence on the quality of imputed genotypes than does marker 

density. Also, results from the analysis of real data show that my genotype imputation approach 

has higher accuracy than the population-based approach as implemented in the state-of-the-art 

BEAGLE in imputing rare alleles. 

 My imputation approach can efficiently incorporate new collections of very dense 

markers, including high-throughput sequencing data, into studies involving existing genome scan 

data. Results obtained here suggest that an existing framework panel does not need to have high 

density to infer IVs as needed for genotype imputation. This is consistent with both theory 
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[Boehnke 1994] and past results [Wijsman, et al. 2006; Wilcox, et al. 2005] that show 

diminishing gains in determining inheritance at a particular position with increasing marker 

density. My results suggest that markers from existing genome scans can be leveraged to allow 

genotype imputation of dense markers on many individuals when these existing marker 

genotypes are coupled with dense markers typed on some subjects.  

Results from the comparison between GIGI and BEAGLE have several implications. 

First, GIGI provides much higher accuracy in calling rare alleles than does BEAGLE. This is an 

expected outcome, since explicitly modeling the transmission of genomic segments using the 

pedigree structure allows rare alleles on such segments to be reliably called. In contrast, 

BEAGLE is not accurate in calling rare alleles, a result which agrees with other studies [Krithika, 

et al. 2012; Li, et al. 2011]. When rare alleles are segregating in only one pedigree, increasing the 

reference sample size is unlikely to help impute such rare alleles. Such pedigree-specific rare or 

ultra-rare alleles may be typical, especially for causal risk alleles, as is suggested by the very 

large number of alleles known for some disease loci[Leigh, et al. 2008]. Second, conditioning on 

the pedigree structure together with marker data in the pedigree allows imputation of genotypes 

in relatives who are unobserved for any genotypes. Both of these considerations are important 

when the motivation is to identify rare causal variants in pedigrees. Third, BEAGLE excels at 

imputing common variants when both dense markers and an adequate number of reference 

samples are present. Under these conditions, BEAGLE imputes common alleles quite accurately 

and calls them with high confidence; however, the availability of dense framework markers 

typed on many subjects is not always guaranteed in pedigree studies. A potential future direction 

would be to integrate the use of information from population LD that BEAGLE uses into GIGI to 

improve the call rate for common variants. 
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Two notable features of our approach allow efficient imputation in large pedigrees. First, 

our approach separates the inference of IVs from imputation of dense genotypes. One advantage 

of this strategy is that it circumvents the linkage equilibrium assumption between markers that is 

needed for application of the Lander-Green algorithm. This is an advantage because the 

estimated probability of IVs may be incorrect if the linkage equilibrium assumption is violated, 

which may lead to an increase in false-positive linkage signals [Huang, et al. 2004; Schaid, et al. 

2002]. Another advantage is computational efficiency, which is achieved because IVs only 

needed to be sampled once using sparse framework markers. This approach is in contrast to the 

computationally intensive approach used in MERLIN to incorporate LD through the use of 

haplotype blocks [Abecasis, et al. 2002]. Second, our approach uses a state-of-the-art MCMC 

sampler for analysis of large pedigrees. This allows us to sample IVs to enable analyses that are 

otherwise computationally intractable on large pedigrees.  

Genetic analyses can be performed with dense imputed genotypes to identify variants that affect 

traits. In large pedigrees, it may be fruitful to limit the initial search space to regions where there 

is positive evidence for linkage with the trait, since only here is there sufficient joint segregation 

of trait and markers to provide strong confidence in any implicated variants. In these regions, we 

can then search for causal variants using different approaches. One approach is to perform a 

measured genotype approach on imputed SNPs, treating them as covariates to adjust out a 

linkage signal [Almasy and Blangero 2004] in, e.g., a variance component analysis. Another 

approach is to perform a family-based association test that is suitable for small [Lunetta, et al. 

2000] or large pedigrees [Bourgain, et al. 2003]. Yet another approach is to perform exploratory 

analyses using simple filters to correlate disease status with rare variants. Since many types of 

analysis require genotypes on many subjects, the use of imputed genotypes will enable these 
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types of analyses. In any case, where imputation is used, the most significant results should be 

checked with direct genotyping, just as is standard for population-based studies [Thomas, et al. 

2009]. 

 Misspecifying population allele frequencies can affect imputations. When some founders 

are not observed, the use of inaccurate population allele frequencies in framework markers may 

affect the inference of IVs. Then, the use of inaccurately inferred IVs may decrease imputation 

accuracy. Misspecifying the allele frequencies of the dense markers also affects imputation. 

When an IV suggests that a founder allele is not observed, my genotype imputation approach 

uses the population allele frequency to infer this missing allele. Misspecifying the population 

allele frequency can, therefore, affects imputation accuracy. Nevertheless, if an allele is called 

using constraint from the pedigree structure or IV, the call will not be affected by the population 

allele frequencies. If I set a higher call threshold, less calls will be made using the population 

allele frequencies, so misspecifying the population allele frequencies will matter less. 

There were two most obvious explanations of why wrong imputation calls were made on 

some subjects even under the practically deterministic threshold. First, the sampled IVs might be 

inaccurate. For instance, if framework genotypes contain Mendelian consistent genotyping 

errors, the sampled IVs could be biased. Also, if the framework genotypes are not informative, 

sampled IVs might not be similar to the true IV. If the entire set of the finite number of sampled 

IVs are not representative of the true distribution of IVs, imputation calls could be wrong even 

under the deterministic threshold. Second, issues with MCMC mixing could also affect genotype 

imputation, preventing IVs from being sampled at the correct distribution from all allowable 

states. This could also lead to bias in the estimated probabilities of genotypes in imputation. 
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3.8 Software Availability 

 

The imputation method is implemented in the Genotype Imputation Given Imputation 

(GIGI) software and is written in C++. It is publicly available at 

http://faculty.washington.edu/wijsman/software.shtml. 

 

 

3.9 Concluding Remark 

 

My genotype imputation approach, as implemented in GIGI, can facilitate cost-effective 

genetic analyses, including but not limited to the identification of rare causal variants in complex 

traits. Since rare alleles affecting traits can be enriched in pedigrees, the use of large pedigrees is 

an efficient design to detect signals that are statistically significant. Such pedigrees are emerging 

as an important class of data used to identify rare causal variants. Statistical analyses of such 

large pedigrees using imputed dense genotypes may benefit from increased power.   

http://faculty.washington.edu/wijsman/software.shtml
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Chapter 4  

DETECTION OF MENDELIAN CONSISTENT GENOTYPING ERRORS 

 

In this chapter, I first discuss the background and motivation for detecting genotyping 

errors. Second, I survey existing approaches. Third, I present my approach that enables effective 

detection of Mendelian consistent genotyping errors of dense markers typed on pedigrees. In a 

simulated large pedigree, I show that my method can detect a high percentage of Mendelian 

consistent genotyping errors. Fourth, I evaluate parameters and conditions that affect the 

performance of error detection. Fifth, I compare my error detection approach to some existing 

approaches. Finally, I present a preliminary investigation of potential extension to my approach 

that can reduce false positives in error detection. 

 

4.1 Background and Motivation 

 

 A major goal in human genetics is to understand how human biology functions. By first 

identifying mutations in human chromosomes that lead to diseases, further investigations can 

help delineate the molecular mechanisms that affect normal body functions. In this pursuit, 

analyzing families using approach such as linkage analyses followed by fine-mapping methods 

has successfully led to the identification of over 4500 genes associated with diseases [Amberger, 

et al. 2011]. Genetic analyses require the use of genotypes identified from genetic variants, and 

validity of analyses ultimately depends on the accuracy of genotype measurements. However, 
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from older technologies used in Single Tandem Repeats (STRs) and Single Nucleotide 

Polymorphisms (SNPs) to newer technology used in sequence data, none of these genotyping 

technologies are immune to genotyping errors. 

 Genotyping errors affect the validity of results in genetic studies. Genotyping errors 

affect the quality of genetic maps [Buetow 1991; Goldstein, et al. 1997; Hackett and Broadfoot 

2003], haplotype reconstruction [Kirk and Cardon 2002], and measures of Linkage-

Disequilibrium [Akey, et al. 2001; Hackett and Broadfoot 2003]. They also reduce power in 

association analyses [Abecasis, et al. 2001] and affect linkage analysis [Cherny, et al. 2001; 

Lebrec, et al. 2008]. For linkage analysis, moderately low genotyping error rate can either 

decrease power [Abecasis, et al. 2001; Douglas, et al. 2000; Walters 2005] or lead to false 

evidence of linkage [Douglas, et al. 2002]. Genotyping errors continue to impact results from 

analysis performed using current genotyping technologies. For instance, genotyping errors inflate 

the type I error rates in the transmission disequilibrium test [Gordon, et al. 2001; Mitchell, et al. 

2003] and haplotype-based tests [Knapp and Becker 2004]. Furthermore, in genotype imputation, 

genotyping errors can additionally propagate to imputed genotypes, which can lead to problems 

in downstream analysis. Hence, genotyping errors should first be removed if an analysis does not 

explicitly account for them.  

In pedigrees, genotyping errors are either Mendelian inconsistent (MI) or Mendelian 

consistent (MC). A MI genotyping error is a genotyping error that is detected because the 

observed genotypes are not consistent with the transmission pattern as specified by Mendel’s 

First Law. Specialized program such as PedCheck [O'Connell and Weeks 1997] and many 

programs to perform linkage analyses [Abecasis, et al. 2002; Lathrop, et al. 1983; Sobel, et al. 

2002] can be used to detect MI errors. When a marker is flagged as Mendelian Inconsistent (MI), 
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this marker most likely has genotyping error or a de-novo mutation. The fraction of errors that 

escape the Mendelian Inconsistency check depends largely on a particular pedigree structure 

[Mukhopadhyay, et al. 2004] and can be high [Douglas, et al. 2002; Gordon, et al. 1999], 

especially when a considerable numbers of subjects are unobserved for genotypes. If a 

genotyping error is not MI, it is MC and cannot be detected using MI checks. The detection of 

genotyping errors in SNPs is more difficult than in STRs because genotyping errors in di-allelic 

SNPs can escape MI checks more easily[Douglas, et al. 2002]. Thus, a tool to detect MC 

genotyping errors are needed for analyses that uses dense di-allelic markers.  

 

4.1.1 MC errors in Di-allelic Markers can Affect Linkage Analysis  

While studies have investigated the problem that genotyping errors in sparse markers can 

affect linkage results [Abecasis, et al. 2001; Douglas, et al. 2000], here I demonstrate that MC 

genotyping errors can also affect linkage results in modern genotype data involving di-allelic 

markers. Using the same 52-member pedigree as previously described (Figure 3.1), I selected 5 

simulated descent patterns on a 100cM chromosome [Wijsman, et al. 2006] in which a trait with 

risk allele D with allele frequency of 0.2 was in the middle of the chromosome. These simulated 

descent patterns were chosen because there were modest maximum lod scores. Using these 

descent patterns, I simulated clean genotypes of framework markers with a density of 1 marker 

per 0.5 cM and retained marker genotypes on 34 subjects, which is a subset of subjects identical 

to the design in Figure 3.1 2, except with 2 subjects removed from the 3
rd

 generation. In each 

run, I simulated 2 MC genotyping errors by changing the allelic state of randomly selected 

genotype and only retaining errors that are MC in framework markers between 40 cM and 60 cM 
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on the 100 cM chromosome. I repeated this process 30 times for each chosen descent patterns to 

obtain a total of 150 genotype-marker datasets. Finally, I performed linkage analyses using 

lm_multiple from MORGAN.  I used the same trait model as was previously used [Wijsman, et 

al. 2006] with incomplete penetrance parameters: dd=0.05, Dd=0.7, and DD=0.8. Then, I plotted 

the lod scores at the positions of the framework markers for each dataset.  

Results from these simulations showed that even one or two MC errors can affect the 

results of linkage analysis on a marker panel with SNPs spaced at a density of 1 marker per 0.5 

cM. In the first example, MC error attenuated the linkage signal at the position of the trait locus 

(Figure 4.1) and therefore deflected the position with strongest evidence of linkage. This could 

mislead an investigator into discounting the precise positions of the trait locus. In the second 

example, MC error inflated the maximum lod score (Figure 4.1). 

 

Figure 4.1 The presence of one or two MC genotyping errors in SNPs can affect the result of 

linkage analyses: dash line: no error; solid line: with 2 genotyping errors; vertical line: position 

of the trait locus. 
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Genotyping errors will likely present major challenges to studies based on genotypes 

generated from next-generation sequence. At the present, the rate of genotyping errors in Next-

Generation sequence data is still quite high [Zhi, et al. 2012]. Therefore, traditional analyses 

performed using these new sequence data inherit and may even exaggerate all existing problems 

that are associated with the analyses using SNP genotypes from array-based platforms. Moreover, 

genotyping errors likely hinder the identification of real rare functional variants. An important 

concern is that rare alleles that are identified can be artifact of genotyping errors.  

 

 

4.2 Survey of Existing Methods 

 

Inheritance vectors (IVs) [Lander and Green 1987], which represent the inheritance of 

chromosomes in related individuals, provide a framework to understand existing MI and MC 

error detection approaches in pedigrees. MI checks implemented in PedCheck [O'Connell and 

Weeks 1997] are single-marker approaches that evaluate markers one-by-one, flagging a marker 

if the likelihood is 0. This requirement is equivalent to checking that the observed genotypes are 

incompatible with all possible configurations of IVs. MC error detection approaches are an 

extension to the MI check. These approaches perform multi-point computation that use 

genotypes of neighboring markers to probabilistically model the transmission of chromosomes. 

The transmission of chromosomes in the pedigree can be represented by IVs. Using the 

probability distribution of IVs at each marker, MC error detection approaches then identify 

potential errors by using summary statistics such as the posterior probability of error.  
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 While MC genotyping error detection approaches are useful, existing approaches are not 

suitable for use on large pedigrees with many dense markers, such as variants identified in 

sequence data. One class of approaches aims to detect “excess recombinants”. While effective 

for detection of MC genotyping errors, this class of approaches is either limited to use in sibling-

pairs [Douglas, et al. 2000], trios [Sieberts, et al. 2002], small pedigrees [Abecasis, et al. 2002], 

or are not computationally inefficient for large pedigrees that have a large number of markers 

[Sobel, et al. 2002]. Another class of approaches detects MC genotyping errors by using 

information from Linkage Disequilibrium [Becker, et al. 2006; Kennedy, et al. 2008; Zou, et al. 

2003]. These approaches used observed genotypes from multiple unrelated subjects or families 

to estimate haplotype frequencies and detected errors by computing test statistics based on 

likelihood ratios. However, this approach also has many limitations, which includes (1) the 

requirement for externally phased haplotypes that may not be available, (2) a requirement for 

tightly linked markers, (3) limitation to use in trios and nuclear families, and (4) potentially poor 

performance for identifying errors in rare variants because of the lack of reference samples that 

have those rare variants. Thus, development of a method is needed to detect MC genotyping 

errors suitable for dense markers such as variants identified from sequence data. 

 

 

4.3 A New Approach to Detect Mendelian Consistent Genotyping Errors 

 

4.3.1 Overview 

IVs can be used to identify errors in markers that are Mendelian consistent.  If we had the 

true IV, it could be used to detect MC genotyping errors by checking whether the true IV is 
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consistent with the observed genotypes. An IV is consistent with the observed genotypes if there 

is at least one configuration in which alleles of the observed genotypes can be assigned to the 

descent information specified by the IV. If the genotypes of markers are free of errors, the true IV 

at the positions of these markers would be consistent with the observed genotypes. On the other 

hand, inconsistency between the observed marker genotypes and the true IV is an indicator for 

genotyping errors. Figure 4.2 illustrates the use of an IV to detect a MC error. In this figure, the 

observed genotypes are consistent with the pedigree structure. However, inconsistency between 

observed genotypes and IV suggests a genotyping error. In reality, any biological phenomenon 

that leads to a departure from Mendel’s First Law (eg. mutations or deletions) also results in 

inconsistency, but in this work we would ignore this possibility. 

 

Figure 4.2 An example illustrating that MC genotyping error can be detected by IV: A) In this 

pedigree, subjects are labeled by roman numerals, FGLs are labeled by numbers, and observed 

genotypes are labeled by letters. B) Incompatibility between the observed genotypes and IBD-

graph will result from any order of which subjects used to construct the IBD-graph. Order of 

subjects used: (left)  iii, iv, then ii (right): iii, ii, then iv 
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While the true IV is not observable, we can infer IVs probabilistically to detect probable 

genotyping errors. We can sample a set of IVs at a position between framework marker positions 

by using the approach described in Chapter 2. While the genotypes of framework markers must 

be consistent with the set of sampled IVs at framework positions, markers genotyped at other 

positions are not guaranteed to be consistent with the sampled IVs. If a sampled IV between the 

position of two framework markers is informative of the true pattern of chromosomal descent, 

inconsistency between a sampled IV at that position and genotypes of a dense marker at that 

position provides evidence for a genotyping error. The presence of inconsistency in a single 

sampled IV is not by itself an indicator of error, but if we assume that at least a reasonable 

percentage of the sampled IVs are informative, a very low percentage of consistent sampled IVs 

suggests the presence of a genotyping error.  

My approach consists of four steps. 

(1) Sample IVs at the positions of the framework markers conditional on genotypes of the 

framework markers 

(2) Sample IVs at the positions of the dense markers conditional on the IVs sampled at 

the positions of the framework markers and the meiotic map 

(3) Flag a dense marker as having genotyping error if its test statistic is less than a pre-

defined threshold (e.g. 5%). Two test statistics are proposed: 

• S1. Percent consistency: percentage of sampled IVs that are consistent with 

the observed genotypes of the dense marker 

• S2. Posterior probability of  no error 

(4) If a genotyping error is flagged by S2, identify the subject that most likely has the 

genotyping error 
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4.3.2 Details of the Approach 

Detecting Mendelian consistent genotyping errors 

I first define some terminology. Let 𝐺𝑣 be the observed genotypes, 𝑋𝑣 be the true 

genotypes that may be different from 𝐺𝑣, and 𝑆𝑣
𝑘 be the k

th
 sampled IV at dense marker 𝑣. In 

addition, let 𝐹 be the framework markers used to infer IVs and 𝐺𝐹 be the observed genotypes of 

the framework markers. I assume that 𝐺𝐹 does not contain genotyping errors.  

I propose two test statistics to detect MC genotyping errors in dense marker 𝑣: 

S1: Percent consistency 

%𝑐𝑜𝑛𝑠𝑖𝑠𝑡𝑒𝑛𝑐𝑦 =
1

𝑛
∑𝐼(𝑃(𝐺𝑣|𝑆𝑣

𝑘) > 0)

𝑛

𝑘=1

 

S2: Estimated posterior probability of the unobserved genotype configuration 

𝑃̂(𝑋𝑣 = 𝑥|𝐺𝐹 , 𝐺𝑣) =
1

𝑛∗
∑

𝑃(𝑋𝑣=𝑥|𝑆𝑣
𝑘)𝑃(𝐺𝑣|𝑋𝑣=𝑥)

∑ 𝑃(𝑋𝑣=𝑤|𝑆𝑣
𝑘)𝑃(𝐺𝑣|𝑋𝑣=𝑤)𝑤

 𝑛
𝑖=1     (1), 

where 𝑛∗ = ∑ 𝐼(𝑛
𝑖=1 ∑ 𝑃(𝑋𝑣 = 𝑤|𝑆𝑣

𝑖)𝑃(𝐺𝑣|𝑋𝑣 = 𝑤)𝑤 > 0). The term 

𝐼(∑ 𝑃(𝑋𝑣 = 𝑤|𝑆𝑣
𝑘)𝑃(𝐺𝑣|𝑋𝑣 = 𝑤)𝑤 > 0) is an indicator variable that is 1 if 𝑆𝑣

𝑘 is consistent with 

at least one configuration of 𝑋𝑣 and 0 otherwise. There is no guaranteed that 𝑛∗ = 𝑛 because my 

error model does not assume the presence of multiple genotyping errors and because the sampled 

IVs are not necessarily the true IV. In each of S1 and S2, the approach flags a marker if the test 

statistic is below a pre-defined threshold 𝑐. 

S1 and S2 offer different strengths and weaknesses. S1 has two main advantages. First, 

computing S1 is fast, which is ideal for scanning for errors in a large number of markers. Second, 

the calculation of S1 does not require the use of allele frequencies. Even though S1 contains the 

term 𝑃(𝐺𝑣|𝑆𝑣
𝑘), evaluating whether the quantity is greater than 0 does not involve the use of 
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allele frequencies, which is an advantage because allele frequencies may not be easily available. 

On the other hand, S2 also has an unique advantage. While S2 is computationally more intensive 

than S1, S2 can be used to help identify which subject likely contains the error, as will be 

discussed below. 

 

S2 is derived as follows: 

𝑃(𝑋𝑣 = 𝑥|𝐺𝐹 , 𝐺𝑣) =  ∑𝑃(𝑋𝑣 = 𝑥|𝐺𝑣, 𝑆𝑣 = 𝑠, 𝐺𝐹)𝑃(𝑆𝑣 = 𝑠|𝐺𝐹, 𝐺𝑣)

𝑠

 

=  ∑
𝑃(𝑋𝑣 = 𝑥, 𝐺𝑣|𝑆𝑣 = 𝑠 , 𝐺𝐹)

𝑃(𝐺𝑣|𝑆𝑣 = 𝑠, 𝐺𝐹)
𝑃(𝑆𝑣 = 𝑠|𝐺𝐹 , 𝐺𝑣)

𝑠

 

≅  ∑
𝑃(𝑋𝑣 = 𝑥, 𝐺𝑣|𝑆𝑣 = 𝑠, 𝐺𝐹)

𝑃(𝐺𝑣|𝑆𝑣 = 𝑠, 𝐺𝐹)
𝑃(𝑆𝑣 = 𝑠|𝐺𝐹)

𝑠

 

≅  ∑
𝑃(𝑋𝑣 = 𝑥, 𝐺𝑣|𝑆𝑣 = 𝑠)

𝑃(𝐺𝑣|𝑆𝑣 = 𝑠)
𝑃(𝑆𝑣 = 𝑠|𝐺𝐹)

𝑠

 

=  ∑
𝑃(𝑋𝑣 = 𝑥|𝑆𝑣 = 𝑠)𝑃(𝐺𝑣|𝑋𝑣 = 𝑥, 𝑆𝑣 = 𝑠)

∑ 𝑃(𝑋𝑣 = 𝑘|𝑆𝑣 = 𝑠)𝑃(𝐺𝑣|𝑋𝑣 = 𝑘, 𝑆𝑣 = 𝑠)𝑘
𝑃(𝑆𝑣 = 𝑠|𝐺𝐹)

𝑠

 

=  ∑
𝑃(𝑋𝑣 = 𝑥|𝑆𝑣 = 𝑠)𝑃(𝐺𝑣|𝑋𝑣 = 𝑥)

∑ 𝑃(𝑋𝑣 = 𝑘|𝑆𝑣 = 𝑠)𝑃(𝐺𝑣|𝑋𝑣 = 𝑘)𝑘
𝑃(𝑆𝑣 = 𝑠|𝐺𝐹)

𝑠

 

Refer to section 3.3.2 for a discussion of the inequality in the third and fourth line of the above 

equation.  

Each 𝑆𝑣
𝑘 is not guaranteed to be Mendelian consistent with some 𝑥 unless dense marker 𝑣 

is a framework marker. Inconsistency between 𝑆𝑣
𝑘 and a particular joint genotype configuration 

occurs because either 𝑆𝑣
𝑘 is not the true IV or the joint genotypes at the dense marker 𝑣 contains 

an error. Here, I assume that if 𝑆𝑣
𝑘 is not consistent with any  𝑥, then 𝑆𝑣

𝑘 is a sampled IV of low 
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quality that should not be used. Therefore, I use the modified estimator: 

𝑃̂(𝑋𝑣 = 𝑥|𝐺𝐹 , 𝐺𝑣) =
1

𝑛∗
∑

𝑃(𝑋𝑣=𝑥|𝑆𝑣
𝑘)𝑃(𝐺𝑣|𝑋𝑣=𝑥)

∑ 𝑃(𝑋𝑣=𝑤|𝑆𝑣
𝑘)𝑃(𝐺𝑣|𝑋𝑣=𝑤)𝑤

𝑛
𝑖=1 , 

where 𝑛∗ = ∑ 𝐼(∑ 𝑃(𝑋𝑣 = 𝑤|𝑆𝑣
𝑘)𝑃(𝐺𝑣|𝑋𝑣 = 𝑤)𝑤 > 0)𝑛

𝑘=1 . 

S2 estimates the posterior probability of a joint genotype configuration being the truth. 

When 𝑥 = 𝐺𝑣, 𝑃̂(𝑋𝑣 = 𝑥|𝐺𝐹 , 𝐺𝑣) estimates the posterior probability that there is no genotyping 

error. When 𝑥 ≠ 𝐺𝑣, 𝑃̂(𝑋𝑣 = 𝑥|𝐺𝐹 , 𝐺𝑣) estimates the posterior probability of other joint genotype 

configurations. Thus, these estimated probabilities can be used to identify the subject who most 

likely has genotyping error. Calculating S2 is straightforward because 𝑃(𝑋𝑣 = 𝑥|𝑆𝑣
𝑘) in Equation 

(1) can be efficiently computed [Kruglyak, et al. 1996; Sobel and Lange 1996].  

Calculating the posterior probability in S2 requires an error model in the 𝑃(𝐺𝑣|𝑋𝑣 = 𝑔) 

term of Equation (1). First, the model assumes that genotyping errors are independent at different 

markers and in different individuals with error probability ε. Hence, if 𝑚 subjects are observed at 

dense marker 𝑣, 𝑃(𝐺𝑣|𝑋𝑣 = 𝐺𝑣) = (1 − 𝜀)𝑚. Second, if there is a genotyping error, only 1 of the 

2 alleles is incorrect and the 2 alleles have an equal chance to be incorrect. Third, in a marker 

with 𝑡 allelic types, the true allele of the incorrect allele is any of the 𝑡 − 1 other allelic types 

with an uniform probability 
1

𝑡−1
. For instance, if the true joint genotypes 𝑥 and observed joint 

genotypes 𝐺𝑣 differ only at subject 𝑝, as denoted by the true genotype 𝑥𝑝 and the observed 

genotype 𝐺𝑝𝑣, 

 𝑃(𝐺𝑣|𝑋𝑣 = 𝑥) = (1 − 𝜀)𝑚−1 𝜀 𝑃(𝐺𝑝𝑣|𝑥𝑝; 𝐺𝑝𝑣 ≠ 𝑥𝑝). For di-allelic SNP, 

𝑃(𝐺𝑝𝑣 = 𝐴𝐴|𝑥𝑝 =  𝐴𝑎; 𝐺𝑝𝑣 ≠ 𝑥𝑝) =
1

2
  and 𝑃(𝐺𝑝𝑣 = 𝐴𝑎|𝑥𝑝 = 𝐴𝐴; 𝐺𝑝𝑣 ≠ 𝑥𝑣) = 1. This simple 

error model allows efficient computation because it restricts the number of possible true 

genotypes. 
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To further achieve computational efficiency, the model assumes that the pedigree has at 

most 1 genotyping error at dense marker 𝑣. This strategy avoids the task of enumerating all 

potential true genotyping configurations exhaustively, which includes the unlikely configurations 

with multiple genotyping errors. Thus, this model evaluates at most 1 + 2𝑚(𝑡 − 1) instead of up 

to 𝑡2𝑚 configurations, which grows exponentially with the number of observed genotypes. 

 

4.4 Evaluation using Simulated Data 

 

4.4.1 Simulation 

 Pedigrees 

I used the same 52 member simulated pedigree as previously described (Figure 3.1) to 

evaluate my error detection approach. I also used the same 3 designs for which subjects are 

observed for genotypes to test the ability to detect MC genotyping errors when varying the 

completeness of the observed genotype data. 

 

Markers 

I simulated both framework and dense markers on a chromosome of 100 centi-Morgans 

(cM) (Figure 4.3). I simulated 200 di-allelic framework markers spaced uniformly at a density of 

1 marker per 0.5 cM. In addition to the framework markers, I simulated 25,000 di-allelic dense 

markers spaced uniformly at a density of 1 marker per 0.004 cM with population allele 

frequencies simulated from the uniform 0-1 distribution. For each run, I generated the complete 

genotype marker dataset by simulating founder alleles and gene-dropping through the descent 

patterns. Then, I introduced errors on top of the simulated genotypes. For each combination of 
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subjects observed for dense markers, genotyping errors were introduced independently at pre-

defined allelic error rate 𝜀 as defined below. 

 

 

Figure 4.3 Schematic diagram of the framework (top ticks) and dense markers (bottom ticks) in a 

region. 

 

4.4.2 Measuring Performance 

I used several quality metrics to evaluate the error detection approach. Under each 

experimental condition, I computed sensitivity, specificity, and positive predictive value (PPV). 

Sensitivity is the percentage of markers flagged at markers that contained MC genotyping error. 

Specificity is the percentage of markers not being flagged at markers that did not have 

genotyping errors. Positive predictive value is the percentage of flagged markers that indeed 

contained a MC genotyping error. In S2, I also computed the accuracy of identification of the 

correct subject who had MC errors in markers that in reality did have MC errors. To compare the 

performance of using the test statistics S1 and S2 over a range of detection thresholds, I also 

plotted the Receiver Operating Characteristic curve, which plots sensitivity against specificity as 

a function of the detection threshold. Unless otherwise stated, S1 was the only calculated test 

statistic. 

4.4.3 Analysis 

For each experimental condition, error detection followed a sequence of steps. First, the 

approach sampled IVs by using framework markers obtained with gl_auto. The approach 

sampled a total of 50,000 IVs but kept every 50
th

 IV for error detection to obtain a set of IVs that 



65 

 

 

were relatively uncorrelated. Second, I removed MI genotyping errors of dense markers using 

gl_auto’s Mendelian Inconsistency check option. Third, I detected MC errors by using the test 

statistic S1 on the remaining markers that passed the MI check.  

 

Default Experimental Condition 

I set up a default experimental condition. In this default setting, both framework and 

dense genotypes were typed on the design with “many” subjects (Figure 3.1). Errors were 

simulated at a rate of 𝜀=0.25%. In the error check, the approach computed both test statistics S1 

and S2. The default error detection threshold is 0.05. If S2 flagged an error, the approach 

attempted to identify the subject who most likely had the MC error. As a benchmark, I also used 

the simulated true IVs at dense positions to detect MC errors. The percentage of markers 

inconsistent with the true IVs is the percentage of markers with error that we hope to detect when 

my method uses inferred IVs instead of the true IV. The default summaries were reported using 

results from run #1, but results from other runs were also presented whenever there was a need to 

illustrate the variability of the results. Since the quality metrics are not as meaningful when 

summarized as averages, results were reported per run. 

I evaluated our error detection approach under default experimental conditions. First, I 

compared the performance of using S1 and S2, as S2 might perform better because it used an 

error model. Second, I varied the threshold of error detection from the most stringent threshold 

of 0% to a relaxed threshold of 20% to evaluate the impact of relaxing the threshold. Third, I 

varied the number of IVs used to determine if the use of more IVs would improve error 

detection. Fourth, I stratified the markers by bins of minor allele frequencies (MAF) to 

investigate if MAF of markers affected the quality metrics. In particular, it is of interest to 
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determine if my approach can effectively detect genotyping errors for markers with low MAF. 

 

Evaluation of the Effect of Other Parameters 

I evaluated several other parameters that might affect the performance of error detection. 

First, I varied the number of subjects typed for dense SNP markers by using the same 3 observed 

designs patterns (i.e. all (52) subjects observed, most (36) subjects observed, and few (22) 

subjects observed), as were used in Chapter 3 (Figure 3.1) to evaluate how different levels of 

pedigree constraints affected error detection. Second, I varied the number of subjects typed for 

framework markers to evaluate whether the use of less informative IVs negatively affected error 

detection. Third, I thinned the framework markers into a marker per 1 cM and a marker per 2cM 

to test the effect of varying framework marker spacing. Fourth, I varied 𝜀 at levels 0.005%, 

0.05%, 0.25%, and 1%. This range of error rates encompasses the error rates of different 

genotyping platforms including SNP platforms, STR genotyping platform, and other platforms 

that resembles current sequencing technologies that have been reported to be more error-prone. 

 

4.4.4 Results and Interpretations 

Genotyping error detection with the default condition 

 My approach detected most MC genotyping errors. Under the default experimental 

condition (DmFm), my approach achieved high sensitivity (88.9%) that matched very closely the 

sensitivity obtained by using the true IV (90.8%) (Table 4.1). In addition, the specificity (99.0%) 

and PPV (93.5%) were high (Table 4.1). The worst sensitivity, specificity, and PPV across runs 

were greater than 83%, 97%, and 83%, respectively. In most of the runs, the ROC graph showed 

that the test statistics S1 and S2 performed similarly in the range of the thresholds considered, 
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but in run #6, S2 has higher specificity at similar sensitivity under the threshold of 0.01 (Figure 

4.4). In addition, S1 and S2 intersected at the threshold of 0%. These observations were 

consistent across runs (not shown). Also, S2 accurately identified subjects with error (84.2%) in 

run #1. 
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Table 4.1: Effect of the number of subjects typed for dense markers and framework markers 

  Design
1
 

  DaFa DaFm DaFf DmFa DmFm
2
 DmFf DfFa DfFm DfFf 

Run 

#1 

Sens
3
 88.7 -

4
 - 89.8 88.9 - 66.6 65.4 65.0 

Spec
3
 98.9 - - 99.2 99.0 - 99.7 99.6 99.5 

PPV
3
 91.9 - - 94.4 93.5 - 95.8 95.3 94.0 

True IV 

Sens
3
  

89.7 - - 90.8 90.8 - 68.0 68.0 68.0 

Run 

#10 

Sens
3
 95.7 -

4
 - 88.9 89.1 - 59.6 59.3 56.8 

Spec
3
 99.1 - - 99.2 98.5 - 99.7 99.5 99.7 

PPV
3
 93.7 - - 94.5 90.3 - 96.0 93.2 95.6 

True IV 

Sens
3
  

96.7 - - 90.0 90.0 - 60.8 60.8 60.8 

1. Design with subjects typed for dense (D) and framework markers (F) on all (a),  many 

(m), or few (f) subjects 

2. Default experimental setting: dense markers on many subjects and Framework markers 

on many subjects 

3. Sens=Sensitivity; Spec=Specificity; PPV=Positive Predictive Value; True IV 

Sens=Sensitivity obtained using the true IV to detect MC genotyping errors 

4. - = these experimental condition were not considered 
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Run #1 

 

Run #2 

 

Run #3 

 

Run #4 

 

Run #5 

 

Run #6 

 

Figure 4.4 Receiver Operating Characteristic curves comparing the performance of error 

detection using different summary statistic as a function of thresholds. Evaluation at different 

thresholds, as indicated by points, increased at an increment of 1% from the rightmost 0%  
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 Increasing the threshold of detection increased the sensitivity but decreased the 

specificity and the PPV (Figure 4.4). In run #1, as the threshold relaxed slightly from the most 

stringent level of 0% to 1%, sensitivity increased markedly (81.3% to 88.0%). As the threshold 

continued to relax from 1% to 20%, sensitivity increased only slightly (88.0% to 90.1%). This 

qualitative finding was observed in all runs. In contrast, as the threshold relaxed from 0% to 20%, 

specificity decreased gradually from 100% to 96.3%. A small decrease in specificity influenced 

the PPV substantially, as was evident by a large drop in PPV by 20.1% corresponding to a 

decrease of 3.7% in specificity. Even at the threshold of 0%, specificity was not 100% (eg. 99.3% 

for run #3 in Figure 4.4), which suggests that even the most stringent threshold did not guarantee 

perfect specificity.  

 

 The use of more IVs also improved the ability to detect MC genotyping errors (Table 4.2). 

Specificity increased from 97.1% to 99.0% as the number of IVs increased from 10 to 1000, 

which led the PPV to increase from 83.2% to 93.5%. In contrast, sensitivity stayed roughly 

constant when the number of IVs used increased from 10 to 1000 (89.3% and 88.9%). Across 

runs, the magnitude of improvement with increasing the number of IVs varied. For instance, in 

run #3, PPV only increased minimally from 87.7% to 89.4% as the number of IVs used increased 

from 10 to 1000. 
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Table 4.2: Effect of varying the number of IVs used to detect MC genotyping errors 

  Number of inheritance vectors 

 Metric 10 50 100 500 1000 

Run #1 Sensitivity 89.3 89.0 89.1 88.9 88.9 

Specificity 97.1 98.2 98.0 99.0 99.0 

PPV 83.2 88.6 87.6 93.2 93.5 

Run #3 

(lowest 

diff. PPV) 

Sensitivity 87.4 87.6 87.6 87.7 87.7 

Specificity 98.0 98.2 98.2 98.3 98.3 

PPV 87.7 89.0 88.9 89.4 89.4 

Run #4 

(highest 

diff. PPV) 

Sensitivity 91.8 91.7 91.8 91.8 93.5 

Specificity 97.9 98.9 98.8 99.0 99.0 

PPV 87.4 92.9 92.7 93.8 98.7 

*scoring statistic S1 was used 

 

 The MAF of dense markers affected the quality metrics (Table 4.3). Higher MAF did not 

lead to an increase or decrease sensitivity. However, specificity dropped gradually from 100% in 

the MAF=[0-0.05] bin to 98.3% in the MAF=(0.40-0.50] bin, which led to a decrease of PPV 

from 99.7% to 89.9%. At very low MAF, the error detection approach continued to be effective 

at detecting genotyping errors. 
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Table 4.3: Quality metrics as a function of the range of minor allele frequencies of dense markers 

  Minor Allele Frequency 

 

 

Metric [0-0.05] (0.05-

0.10] 

(0.10-

0.20] 

(0.20-

0.30] 

(0.30-

0.40] 

(0.40-

0.50] 

Run 

#1 

Sensitivity 88.3 87.5 87.7 88.9 90.9 89.1 

Specificity 100 99.7 99.2 99.2 98.5 98.3 

PPV 99.7 97.7 95.0 94.7 90.2 89.9 

*scoring statistic S1 was used 

 

 

Experiments 

 Typing more subjects for dense markers significantly improved the sensitivity but 

decreased specificity (Table 4.1). Sensitivity increased substantially when the number of subjects 

typed for dense markers increased (66.6% for DfFa design vs. 89.8% for DmFa design), when all 

subjects were typed for framework markers. This observation was consistent across runs (not 

shown). In run #1, as well as in most other runs, sensitivity did not increase much when the 

number of subjects typed for dense markers increased from many to all (89.8% for DmFa design 

vs. 88.7% for DaFa design), suggesting that most constraints between dense genotypes and 

descent patterns needed to detect MC errors were present when many subjects were typed for 

dense markers. However, in run #10, sensitivity continued to increase when the number of 

subjects typed for dense markers increased from many to all subjects (88.9% for DmFa design vs. 

95.7% for DaFa design) (Table 4.1). In run #1, unlike sensitivity, specificity (99.7% for DfFa , 

99.2% for DmFa, and 98.9%, for DaFa) and PPV (95.8% for DfFa, 94.4%, for DmFa and 91.9% for 
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DaFa) decreased as the number of subjects typed increased (Table 4.1). The decrease in 

specificity reflects an increase in false detections. An increase in false detections likely occurs 

because typing more subjects for dense markers increases the ability to distinguish that many 

inferred IVs are not the true IV, which is an alternative explanation for inconsistency. 

 In contrast, typing more subjects for framework markers did not greatly improve 

performance. Sensitivity, specificity, and PPV only increased slightly as more subjects were 

typed for framework markers (Table 4.1). For instance, when only a few subjects were typed for 

the dense markers, increasing the number of subjects typed for framework markers from few up 

to all subjects (DfFf design to DfFa design) only slightly increased sensitivity from 65% to 66.6%, 

specificity from 99.5% to 99.7%, and PPV from 94% to 95.8% for run #1 (Table 4.1). Even 

though these increases seemed trivial, these increasing trends were observed in all runs (not 

shown). 

 While the number of subjects typed for framework markers did not substantially affect 

the quality of error detection, the spacing of framework markers substantially affected specificity 

and PPV (Table 4.4). The specificity decreased moderately as the spacing of framework panel 

increased from a marker per 0.5 cM to a marker per 1 cM (99% to 96.1%) but decreased 

substantially as the spacing of framework panel decreased from a marker per 1 cM to a marker 

per 2 cM (96.1% to 82.8%). Even though specificity dropped merely by 2.9% when density 

decreased from the 1 marker per 0.5 cM to 1 marker per 1 cM, PPV decreased substantially from 

93.5% to 78.2%. At 1 marker per 2 cM, PPV was only 45%. A histogram of the percentage of 

IVs consistent with observed dense genotypes suggested that a higher percentage of markers had 

very low consistency as the framework density decreased (Figure 4.5). In some other runs, such 

as run #6, the PPV did not decrease (83.1% to 83.6%) when the density decreased from a marker 
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per 0.5 cM to a marker per 1 cM. Nevertheless, the PPV did dramatically decrease as the density 

decreased from a marker per 1 cM to a marker per 2 cM.  

 

Table 4.4: Effect of varying the density of framework markers 

  Framework Marker Density (cM between markers) 

 Metric 0.5 1 2 

Run #1 Sensitivity 88.9 86.5 87.8 

Specificity 99.0 96.1 82.8 

PPV 93.5 78.2 45.0 

Run #6  Sensitivity 91.0 89.4 88.1 

Specificity 97.1 97.3 85.8 

PPV 83.1 83.6 48.9 

**Run #6 - smallest diff. in PPV between density 0.5 and 1 
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Figure 4.5 Varying the density of the framework panel affects the distribution of the percentage 

of sampled IVs that are consistent with the observed genotypes across markers, as illustrated 

using results from run #1:  A) 0.5 cM; B) 1 cM; C) 2 cM between adjacent framework markers 

 

A higher error rate greatly increased the PPV but not the sensitivity and specificity (Table 

4.5). Whereas the PPV was only 22.8% when the allelic error rate was 0.005%, the PPV 

increased to 98.7% when the allelic error rate increased to 1%. Because sensitivity and 

specificity were similar across all error rates, this increase in PPV was mainly because at higher 

rates there were more errors to detect.  

 

 

 

 

 

 

 

A

 

B 

 

C 
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Table 4.5: Effect of different allelic error rates  

  Allelic Error Rate 

 Metric 0.005% 0.05% 0.25% 1% 

Run #1 Sensitivity 87.7 86.9 88.9 91.5 

Specificity 99.0 99.0 99.0 99.0 

PPV 22.8* 72.8 93.5 98.7 

* the total number of errors was low 

 

 When fewer numbers of subjects were typed for dense di-allelic markers, a higher 

percentage of the errors were MC (Table 4.6). For instance, at an allelic error rate of 0.25%, the 

percentage of MC errors was 45.5% when all subjects were observed for dense markers. The 

percentage of MC errors increased to 94.8% when only a few subjects were observed for dense 

markers, respectively. This result illustrates that especially when only a few subjects are 

observed, most genotyping errors will remain undetected by only using a MI check.  
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Table 4.6. Effect of the number of subjects typed for dense markers on the percentage of 

genotyping errors that are MC– run #1: Total number of errors (%MC) 

Dense marker 

design 

Allelic error rate 

 0.005% 0.05% 0.25% 1% 

All 122 (38.5%) 1240 (49.7%) 5783 (45.5%) 16291 (36.9%) 

Many 95 (85.3%) 24132 (81.7%) 4175 (80.0%) 12856 (75.1%) 

Few 59 (94.9%) 542 (93.0%) 2617 (94.8%) 9020 (93.2%) 

 

4.4.5 Discussion 

I highlight a few results. First, my simulated results show that my error detection approach 

can achieve high sensitivity, specificity, and PPV. Second, when a true genotyping error is 

detected, the approach can identify with high accuracy a subject who has a genotyping error. 

Third, the test statistic S1 has almost identical sensitivity as the test statistic S2. The 

incorporation of an error model and allele frequencies into S2 does not improve the ability to 

globally detect genotyping errors, which suggests that the constraint from sampled IVs largely 

determines the ability of our approach to detect errors.  

My error detection approach excels in detecting MC genotyping errors in rare variants. The 

results from simulations show that specificity and PPV increase as the minor allele frequency of 

the marker increases, while sensitivity stays roughly constant. A simple explanation for this 

increasing trend in specificity is that clean markers with lower MAF contain a higher percentage 

of homozygous alleles for the major allele in observed genotypes, so they are consistent with a 

larger set of IVs when the genotypes do not have errors.  
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The quality of sampled IVs affects the ability to detect genotyping errors. Evaluation 

suggests that the use of inferred IVs is almost as effective as the use of the true IV to identify 

errors. However, specificity of error detection increases if I use IVs that are closer to the truth, 

since the use of the theoretical true IV always yields perfect specificity. An important 

consideration is that my detection approach requires the use of a moderate number of framework 

markers to infer IVs to increase specificity to an acceptable level, a result which agrees with a 

general earlier remark that multipoint error detection methods are effective only when the marker 

density is relatively high [Chang, et al. 2006]. More precisely, if the framework markers are not 

informative about the descent pattern at the dense markers, a high fraction of IVs will likely be 

inconsistent even with clean observed dense genotypes. Under such a scenario, the specificity of 

error detection would be low because clean markers would also be flagged as containing error. 

This result is in contrast to genotype imputation which does not require stringent marker density 

to achieve high imputation accuracy (Section 3.4). Also, contrary to imputation, for error 

detection marker density is more crucial than who is typed for framework markers. Regardless, 

informative markers should still be used, and the use of other informative framework markers 

such as multi-allelic markers may improve the inference of IVs. 

If we are not confident that our framework markers are free of errors, it is beneficial to 

run the error detection procedure using a few sets of framework markers. Framework markers 

that contain genotyping errors may lead to biased sampling of IVs [Lebrec, et al. 2008; Markus, 

et al. 2011]. To reduce the number of false error calls, we may consider using a few sets of 

framework markers to detect genotyping errors.  

We can greatly improve the computational time. Our results from simulations suggest 

that the use of a smaller set of IVs decreases specificity but does not substantially decreases 
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sensitivity. Because of these properties, we may first run the error detection program on a small 

number of IVs (e.g. 10 IVs) as an initial scan with a more lenient threshold to screen out most 

markers that are free of errors. Then, on a much reduced set of markers that are enriched for 

errors, we can re-run the error detection program using a full set of IVs. In addition, because S1 

is much faster than S2, and because the two scores give comparable performance, S1 should be 

used in the initial scan. Then, on a subsequent scan, S2 can be used to additionally identify the 

subjects that most likely have genotyping errors. 

The gl_auto program has a practical limit on the number of framework markers that we 

can use. Because of the potential issue in MCMC mixing and the violation of the assumption that 

markers are not in linkage disequilibrium as part of the Lander-Green algorithm, framework 

markers can not be too closely spaced. For instance, MCMC mixing issue could lead to biased 

sampling of IVs that are not similar to the true IV, so observed genotypes could be inconsistent 

with all those finite number of sampled IVs. However, if at some point we can integrate even 

more markers into the inference of IVs, a more accurate and precise set of IV may be obtained. 

With such set of IV, the approach described here would likely show improvement in specificity 

and PPV. 

The results from evaluating the effect of varying the allelic error rates and observed data 

pattern for dense genotypes have three implications. First, known information about error rate 

should be taken into consideration when choosing a threshold for error detection. If the error rate 

is low, a higher fraction of flagged markers will likely to be false positives, so a more stringent 

threshold may be appropriate. Second, when only a few subjects are typed for the dense markers, 

my approach, as in other existing MC error detection approaches, has reduced ability to detect 

MC genotyping errors. Third, when only a few subjects are typed for dense markers, a high 
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percentage of errors will be MC. This result illustrates that the use of only the MI check alone to 

detect genotyping errors is inadequate. 

 

4.5 Comparison with Existing Methods 

 

In this section, I compared several existing approaches for detecting MC genotyping 

errors. I considered Sibmed [Douglas, et al. 2000], Eclipse [Sieberts, et al. 2002], Mendel [Sobel, 

et al. 2002], Simwalk2 [Sobel, et al. 2002], Merlin [Abecasis, et al. 2002], and my approach, all 

of which belong to the same class of approach that uses descent patterns to detect MC 

genotyping errors. I first describe their similarities and differences. Then, I evaluate and compare 

these approaches by simulation.  

4.5.1 Model Comparison 

 Most of these approaches have constraints on the structure of pedigrees. Sibmed handles 

sibling-pairs only. Eclipse handles various configurations of three individuals. Merlin, Mendel, 

and my approach handle small general pedigrees. Merlin and Mendel, however, cannot handle 

large pedigrees because the computational burden increases exponentially with the number of 

non-founders. The use of MCMC methodology enables my approach and Simwalk2 to handle 

large pedigrees. Because the basic framework of Mendel and Simwalk2 are identical, I will omit 

Simwalk2 for brevity.  Table 4.7 summarizes the different approaches.  
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Table 4.7 Summary of approaches to detect MC genotyping errors.  

 My 

approach 

Mendel/ 

Simwalk 2 

Merlin Sibmed Eclipse 

Features:      

Pedigree Large  Small/ 

Large 

Small  Sibpair Three 

subjects 

Suitable for many dense markers Yes No Yes? Maybe Maybe 

Identify subject with error Yes Yes Yes? No No 

Need to supply allele frequencies No in S1; 

Yes in S2 

Yes Yes Yes Yes 

Detect errors in all markers No
A
 Yes Yes Yes Yes 

Model:      

HMM Likelihood evaluation Exact or 

MCMC  

Exact/ 

MCMC 

Exact Exact  Exact  

Deal with markers in LD Yes No Option? No No 

Use an error model Yes
B
/No Yes No Yes Yes 

Assume error in at most 1 genotype Yes No Yes No No 

Detect errors using Statistic/ 

Prob. 

Prob. Statistic Prob. Prob. 

A. We assume that framework markers are clean- can check framework markers by using 

different framework panels 

B. No in S1, Yes in S2: See Figure 4.7 

 

 



82 

 

 

  All these approaches use a HMM. The underlying hidden states of the four approaches 

are identical. While the hidden states in Sibmed and Eclipse are the number of shared alleles 

identical-by-descent among individuals at each locus, these hidden states can also be expressed 

as IVs, as in Mendel, Merlin, and my method. Merlin uses the basic Lander-Green algorithm and 

without an error model (Figure 2.1). In contrast, other approaches extend the Lander-Green 

algorithm to model errors. 

Sibmed, Eclipse, Mendel, and my approach model genotyping errors. All of these 

methods assume that error in each genotype occurs independently with an error rate 𝜀. 

Nevertheless, these approaches model errors differently. Sibmed simply models errors by 

distinguishing whether the observed genotypes at a locus are completely correct or not. If the 

observed genotypes of the sibings contain an error, Sibmed calculates the probability of observed 

genotypes as if they are randomly selected from the population: i.e. 𝑃(𝐺𝑘|𝑆𝑘; 𝑒  𝑜 ) =

𝑃(𝐺1𝑘)𝑃(𝐺2𝑘) at the k
th

 locus, where 𝐺1𝑘 and 𝐺2𝑘 are the genotypes of the first and second 

siblings, respectively. Specifically, Sibmed calculates the probability of observed genotypes 

conditional on the alleles that are not IBD. Unlike Sibmed, Eclipse, Mendel, and my approach 

model the true genotype at the level of each observed subject. Eclipse and Mendel explicitly 

model the true genotypes within the HMM framework at each locus (Figure 4.6). The true 

genotypes at each locus are hidden states which may be different from the observed true 

genotypes. The calculation of the likelihood of the observed genotypes involves enumerating 

different possibilities of what the true genotypes are. While Sibmed, Eclipse and Mendel model 

genotyping error at each marker, my approach assumes that framework markers have 0% error 

(clean). The second test statistic of my method only models error at each test position (Figure 

4.7).  
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Figure 4.6  HMM with error model at every locus in Eclipse and Mendel . Let S, X, G, and 

subscript denote the IV, true genotypes, observed genotypes, and locus index, respectively. 
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Figure 4.7 HMM with error model only at the position of test position in my approach. Let S, X, 

G, and subscript denote the IV, true genotypes, observed genotypes, and locus index, 

respectively. 

 

 Eclipse, my approach, and Mendel use different error models. Eclipse and my approach 

assume that at most one of the two alleles in a genotype contains error. If a genotyping error is 

present, the true allele is equally likely to be of any other allelic types. This restriction alleviates 

the need of having to enumerate all possibilities of what are the true genotypes. In my approach, 

the model further restricts one genotyping error per locus. Mendel has options for different error 

models. The first error model is identical to that of Eclipse. Another error model integrates 

population allele frequencies of different alleles. I will consider this as the default error model in 

Mendel. Mendel also implements other error models that are based on empirical error rates, but 

they are not discussed here. 
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These approaches use different test statistics to detect genotyping errors. Sibmed, Eclipse, 

and Mendel calculate the posterior probability of no error. Because Mendel considers 

configurations of other possible true genotypes, Mendel can also calculate the posterior 

probability of other true genotypes to suggest the most likely true genotype configuration. Such 

feature was not implemented in Eclipse. My approach calculates either the percent consistency or 

the posterior probability of genotyping configuration as test statistics. Like Mendel, the latter 

statistic can be used to identify the most likely error genotype, and thus the most likely subject 

who contains error. The error detection procedure implemented in Merlin does not use posterior  

probability and instead computes a test statistic for each observed genotype omitted one at a time, 

thus enabling Merlin to inform us which genotype most likely contains an error [Abecasis, et al. 

2002; Mukhopadhyay, et al. 2004]. For each genotype 𝑔, Merlin computes a genotype mistyping 

score  . A large value of   suggests the presence of genotyping error in genotype 𝑔. This test 

statistic  =   𝑛𝑙𝑖𝑛𝑘 𝑑/ 𝑙𝑖𝑛𝑘 𝑑. The term  𝑙𝑖𝑛𝑘 𝑑 =
𝐿(𝐺 𝑔| )

𝐿(𝐺| )
, where 𝐿(𝐺| ) and 𝐿(𝐺 𝑔| ) are the 

likelihood of all observed genotypes and the likelihood of all observed genotypes but omitting 

genotype 𝑔, respectively, computed using the Lander-Green algorithm with recombination 

fractions between markers denoted collectively by  . The term   𝑛𝑙𝑖𝑛𝑘 𝑑 =
𝐿(𝐺 𝑔| =

1

2
)

𝐿(𝐺| =
1

2
)

 are the 

ratio of analogous likelihoods calculated assuming that all markers are unlinked. For ease of 

comparison, I used the inverse of the test statistic, so the test flags genotyping error if the test 

statistic is below a threshold. In a marker, a test statistic was calculated by omitting each 

observed genotype. I used the minimum of the test statistics as the test statistic to detect errors 

for each marker. 
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4.5.2 Evaluation 

 I simulated data on small pedigrees to test the performance of these methods. I simulated 

a 5-member nuclear family (2 parents+ 3 siblings) with all subjects observed for genotypes. I 

simulated a small chromosome of 10 cM.  In each of the 1000 datasets, I simulated 30 SNPs with 

MAF of 0.5. For simplicity, I simulated the clean data by dropping alleles through randomly 

simulated descent pattern that did not contain recombination. In each dataset, I created an error 

dataset by changing an allele of the 15
th

 marker (middle marker) of one randomly selected 

subject and a double-error dataset by changing an allele of the 16
th

 marker (neighboring marker) 

on another randomly selected subject.  

I compared the performance of the different approaches. First, I checked and discarded 

any datasets that failed the Mendelian Inconsistency check. In the MC datasets, I checked for 

genotyping errors using my own implementations of various approaches: Sibmed, Eclipse, 

Mendel, Merlin, and my approach. The implementations were all based on exact calculation 

under the HMM framework and without any stochastic component. I extended Sibmed (Sibmed-

e) and Eclipse (Eclipse-e) for use in 5 observed individuals. Sibmed-e, Eclipse-e, and Mendel are 

only different because of their error models, as were already discussed. I calculated the 

sensitivity and specificity of detecting errors in the middle marker and used these summaries as 

the main metric to evaluate performance. In addition, I calculated the sensitivity and specificity 

of detecting errors in the middle marker when the neighboring marker has a MC genotyping 

error to investigate the robustness of various methods to detect error given error at a neighboring 

marker. I flagged an error if each test statistic in Sibmed, Eclipse, Mendel, and my approach is 

below 0.10 and flagged an error if the test statistic in Merlin is smaller than 0.01. As would be 
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seen in the results section, any sensible choice of thresholds as those that I have chosen would 

yield similar interpretation. 

 I also investigated the effect of not simultaneously using genotypes of all observed 

subjects. Since the original algorithm of Sibmed is restricted to the use in sibling pairs without 

parents, I split the pedigree into three sibling pairs. On each dataset, I ran Sibmed on each sibling 

pair and flagged genotyping error if the test statistic in any pair was below 0.10. Like Sibmed, 

the original algorithm of Eclipse does not use parental genotypes. Analogously, I ran Eclipse on 

three siblings to evaluate the loss of not using parental genotypes.  

 

4.5.3 Results of Evaluation 

 

The approaches performed equally well when all 5 subjects were observed. All methods 

achieved a high sensitivity of 89.0% among datasets with MC genotyping errors. All methods 

achieved perfect specificity (100%). In probability-based methods, the test statistics of error data 

were either high or extremely low (Figure 4.8), while the test statistics of clean data was all quite 

high (Figure 4.9). Since the test statistics never dropped below 0.8, any threshold between 0.1 

and 0.8 would achieve the same sensitivity and sensitivity. 
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Figure 4.8 Sensitivity analysis: test statistics at the middle marker in datasets that contain errors 

in the middle marker. 
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Figure 4.9 Specificity analysis: test statistics computed at the middle marker in clean datasets. 
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 The presence of MC genotyping error at the neighboring marker affected the performance 

of some but not all approaches (Table 4.8). Sensitivity was the lowest in Merlin (60.3%) and my 

approach (63.8% and 62.8%). Sibmed-e, which treated all errors as one group, also had lower 

sensitivity compared to Mendel and Eclipse-e (68.7% in Sibmed-e vs. 89.1% in Eclipse-e and 

Mendel). In fact, Sibmed-e and Eclipse-e did not suffer from genotyping errors at the 

neighboring marker. At the threshold of 0.1, my approach with the consistency statistic had a 

specificity of 99.75%, while all other approaches continued to achieve 100% specificity. In 

approaches that had lower sensitivity, a fraction of the test statistics were dispersed towards the 

direction of no detection (Figure 4.10). In my approach, error at the neighboring marker shifted a 

fraction of the test statistics towards low values, which is the direction of detection, in datasets 

that did not contain error in the middle marker (Figure 4.11). This result suggested that in my 

approach, I should choose a low threshold to ensure high specificity when I use percent 

consistency as the test statistic to minimize false positives. Another interesting observation is that 

when the framework marker has an error, the use of posterior probability as the test statistic 

seems to be more robust in protecting specificity than the use of percent consistency (Figure 

4.11). 
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Table 4.8. Performance of testing for MC genotyping errors at the middle marker in the presence 

of MC genotyping error at the neighboring marker. 

 Sibmed -

extended 

Eclipse -

extended 

Merlin Mendel My method 

(Consistency 

/Posterior 

Probability) 

My method–

no error at 

neighboring 

marker  

Sensitivity 68.7 89.1 60.3 89.1 63.8/62.8 89.1 

Specificity 100 100 100 100 99.75/100 100 
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Figure 4.10 Sensitivity analysis: Test statistics at the middle marker in datasets with MC 

genotyping errors in both the middle marker and neighboring marker. 
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Figure 4.11 Specificity analysis: Test statistics of the middle marker in datasets with MC 

genotyping errors in the neighboring marker. 

 

Not simultaneously using all observed subjects decreased the power to detect MC 

genotyping errors (Table 4.9). Splitting the trio of children into 3 pairs decreased sensitivity to 

detect MC errors in children slightly from 53.2 to 48.8%. In the trio of children, Eclipse, which 
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used a more complicated error model, slightly outperformed Sibmed (53.7% vs. 53.2%). 

Availability of genotypes from parents substantially increased sensitivity to detect MC errors in 

children (100%). 

 

Table 4.9. Different use of genotype data affect sensitivity (%) in detecting MC genotyping 

errors 

 Pairwise children- 

Sibmed 

Children trio –

extended-

Sibmed 

Children trio –

Eclipse 

Parents and children 

– Eclipse/all other 

methods 

Children 48.8 53.2 53.7 100 

Parents 0 0 0 73.7 

Overall 28.4 30.9 31.3 89.0 

 

4.5.4 Discussion 

 What detection threshold should we choose in probability-based methods? It was 

suggested that the choice should depend on the pedigree structure and observed patterns 

[Mukhopadhyay, et al. 2004]. My result from previous section shows the test statistics are either 

very low or quite high in markers that contain genotyping errors, which suggests that some MC 

errors are detectable while others are not. This observation is consistent with the hypothesis that 

since information to detect MC errors comes primarily from inconsistency between observed 

alleles and the most likely inferred IVs, MC genotyping errors that are detectable should lead to 

low posterior probabilities that the joint genotypes do not contain an error. We observe that error 

at the neighboring marker inflates a portion of probabilities in error data and deflates a portion of 



95 

 

 

probabilities in otherwise clean data. This outcome is also likely in other suboptimal settings 

where IVs are not precisely or accurately inferred. Hence, if we need to test many markers, we 

may wish to choose a low threshold to ensure high specificity to reduce the number of false 

positives. Ultimately, the type of downstream genetic analysis we want to perform can influence 

the choice of threshold. 

 The simulation explored the question of whether modeling errors is useful. The fact that 

the use of percent consistency as a test statistic used in my method and the ratio statistic used in 

MERLIN detects as many MC genotyping errors as do methods that uses error models suggests 

that information to detect MC errors comes primarily from inconsistency between observed 

alleles and the most likely inferred IVs. Nevertheless, in the presence of multiple genotyping 

errors at nearby loci, result suggests that having accurately inferred IVs affects the quality of 

error detection. Explicitly modeling errors at every locus improves the inference of IVs. Results 

also show that the error model in Sibmed is less adequate than those in other error models, which 

model error for each observed genotype. The error model in Sibmed was originally developed 

for handling sibling pairs, so it was not the ideal choice for handling more general pedigree 

structures. The error models in Eclipse and Mendel work well, which shows that incorporating 

errors at the level of per genotype is beneficial. These error models would likely work well for 

other pedigree structures and likely will not benefit much from increasing the model complexity, 

since most information to detect errors come from the compatibility between most likely states of 

IVs and observed genotypes, as was argued in Section 4.4.  

My approach does not model errors at every locus. Rather, it assumes that we already 

have clean framework markers to infer IVs. These framework markers can be derived from the 

use of a subset of dense markers. Because framework markers are relatively sparse, we can 
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expect that even if genotyping errors are present in the framework panel, the number of 

genotyping errors will be much fewer by chance. If genotyping error in framework markers is a 

concern, we can use multiple framework panels to detect genotyping errors to minimize the 

problem associated with errors in framework markers. 

My error detection approach has a few unique features that enable efficient computation 

for detection of errors in many markers on large pedigrees. First, I separate the inference of IVs 

from error detection. This feature prevents wasteful computation associated with using markers 

that do not add much power and prevents the inference of IVs from violating the assumption that 

markers are in Linkage Equilibrium, which are inherent in all existing methods. In principle, 

when inferred IVs are informative of the true descent pattern, error detection on dense markers 

should be high in sensitivity and specificity. Second, I sample IVs at dense positions by using 

IVs sampled at framework positions. This feature allows me either to use percent consistency 

(S1) as a test statistic or to calculate posterior probability of true genotype (S2) at each test 

position. The percent consistency test is very computationally efficient because unlike 

approaches that use an error model, it does not require enumeration over possibilities of true 

genotypes. Third, in test statistic S2, in which I incorporate an error model, I restrict genotyping 

error to only one subject per marker. Unless the error rate is high or the pedigree is quite large, 

genotyping errors will rarely occur in multiple individuals. Thus, this implementation speeds up 

the calculation at each test position. With slight modification, less restricted enumeration of 

genotype configurations can be achieved to allow for, e.g., two genotyping errors at a locus, if 

desired. 

I used idealistic simulation conditions. The simulation assumes that there is no LD 

between markers, markers are relatively close to each other, markers have high MAF and tend to 
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be more informative, there is no recombination in this region, and all 5 subjects are observed. 

These conditions enable all these HMM-based approaches to infer IVs well, which is a 

requirement for all these methods to work well. Since the simulation conditions are ideal, my 

simulation also illustrates that some MC genotyping errors are not detectable even if IVs are 

well-inferred. 

 

4.6 Visualizing Genotyping Errors and the Joint Consistency Test 

 

Using my approach for error detection, I tested for genotyping errors on a 62-member 

large pedigree (Figure 4.12). In a ~30cM region of a chromosome of interest, 4333 SNPs were 

previously cleaned by MI checks. To detect MC genotyping errors, I computed the percent 

consistency for each SNP. 

 

Figure 4.12 Detection of Mendelian consistent genotyping errors is performed on a 62-subjects 

5-generation real pedigree. 
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4.6.1 Using Sampled IVs to Detect Mendelian Consistent Genotyping Errors 

The percent consistency varied across SNPs. While most SNPs had a high percent 

consistency, some SNPs had very low percent consistency (Figure 4.13). A total of 36 SNPs had 

genotypes that were inconsistent with all sampled IVs at their respective loci. These markers 

were flagged as candidates for having MC genotyping errors. 

 

 

Figure 4.13 Histogram of the percentage of consistency IVs of SNPs in the R-pedigree data 

 

 I also plotted the percent consistency across SNPs (Figure 4.14). It contained a few 

interesting features. First, there were some markers with low consistency that could be 

candidates for having genotyping errors. Second, the percent consistency often fluctuated greatly 
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from one SNP to another. Third, there was correlation in the percent consistency between nearby 

SNPs. For instance, between marker 3000 and 3200, the percent consistency was either at the top 

or moving on a gradually increasing baseline. In addition, there was huge fluctuation between 

high percent consistency and low percent consistency between marker 2450 and 2900 and 

between marker 3950 and the last marker.  
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Figure 4.14 Plot of the percentage of consistent IVs by SNP marker index to detect MC 

genotyping errors in the real pedigree data. 



101 

 

 

 



102 

 

 

 



103 

 

 

 

The main reason why the percent consistency fluctuated greatly between nearby SNP 

markers is because different markers may contain different information about the chromosomal 

descent. It is important to recognize that most of these markers likely do not contain genotyping 

errors. Thus, a more likely explanation is that since SNP markers may have different genotype 

configurations and none of them are fully informative about the true descent pattern, genotypes 

at each marker may be consistent with a different set of IVs (Figure 4.15). Hence, the percentage 

of consistent IVs may still vary between test positions in a region without recombination. 
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Figure 4.15 Schematic diagram of the set of sampled IVs that are consistent with each marker, as 

illustrated by inner ellipses. The black box represents the intersection of the sets of IVs that are 

consistent with all 3 markers. 

 

As future direction, we can consider using dense SNP markers within a small 

neighborhood to jointly improve the existing inference of IVs. Existing inference of IVs uses 

gl_auto to sample IVs at framework positions and then uses the procedure described in Section 

2.6 to sample IVs at a dense position. The inference of IVs from such set of IVs can be further 

refined by using dense SNP markers that are very close together. When a sampled IV is well-

inferred, genotypes of nearby dense markers should all be consistent with this IV unless there are 

genotyping errors or unless this neighborhood contains recombination. Thus, joint-consistency 

between dense markers and a sampled IV can further assure that this sampled IV is well-inferred.  

 

4.6.2 Visualizing MC Genotyping Errors Using Joint-Inconsistency Test 

The joint-consistency approach can be used to detect MC genotyping errors. The 

rationale for this approach is that the use of multiple neighboring markers at each test position 
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can help select the best IVs for testing. This approach modifies the percent consistency approach 

(marginal approach) as described in Section 4.3. As in the marginal approach, the joint-consistent 

approach samples IVs at positions corresponding to the dense markers using IVs at the 

framework positions. Then, at each test position, each sampled IV is checked for joint-

consistency with multiple neighboring markers but excluding the marker at the test position. A 

sampled IV is scored as consistent if it is consistent with the genotypes of all dense markers in 

this neighborhood and inconsistent otherwise. After repeating the joint-consistency check for 

each sampled IVs, the approach summarizes the percentage of joint-consistent IVs.  

The joint-consistency approach flags for signatures of genotyping error (Figure 4.16). 

Unlike the marginal approach that flags for low percentage of consistent IVs, the joint-consistent 

approach searches for a signature pattern. This approach assumes that only one error exists 

within a neighborhood of markers. If this genotyping error at a dense marker is detectable by 

well-inferred IVs, then any test positions that include this marker as a neighboring marker will 

have a low percentage of joint-consistent IVs. However, the percentage of joint-consistent IVs 

should be considerably higher at the test position of the bad marker than at the neighboring test 

positions, since the joint-consistency at the bad marker position excludes performing consistency 

check with the bad marker. Thus, the presence of a genotyping error will lead to a pattern 

illustrated in Figure 4.16.  
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Figure 4.16 Pattern that resembles a signature of error 

 

The joint-consistency approach requires us to define what a neighborhood is. This 

approach assumes that loci that are close together share the same underlying descent pattern. 

Here, I arbitrarily define a neighborhood to be up to 5 closest markers on each side within 0.20 

cM from a test position. As the approach test different positions, it slides the neighborhood of 

markers using a “moving-window” approach. 2 

 

4.6.3 Analysis 

I applied the joint-consistency approach on the real pedigree data (Figure 4.12). The 

diagnostic plot had three interesting features. First, the joint-consistency approach flagged 

substantially fewer markers by using the previously described signatures to detect errors. For 

instance, while marker 145 and marker 1006 showed clear signatures of error (Figure 4.17), none 

of the 22 markers between marker 4260 and the last marker flagged by the marginal consistency 

approach (Figure 4.14) was also flagged by the joint-consistency approach (Figure 4.17). Even 

though there was a marker flagged by the joint-consistency approach, this marker was not 

flagged by the marginal consistency approach. Second, a large patch of test positions had very 
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low percentage of joint-consistent IVs. Almost all test positions between marker 3940 and the 

last marker had 0 percent consistency in the joint-consistency approach (Figure 4.17), whereas in 

the same region the percent consistency fluctuated greatly between high and low values in the 

marginal consistency approach (Figure 4.14). Third, the joint-consistency plot had much 

smoother trends than the marginal consistency plot (Figure 4.14). A good example is the test 

statistics between marker 1500 and marker 1700. Whereas the test statistics constantly fluctuated 

up and down in the marginal consistency plot, the test statistics were mostly on an increasing 

trend in the joint-consistency plot. A discussion about such trends is presented in Section 4.6.4. 
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Figure 4.17 Plot of the percentage of joint-consistent IVs by SNP marker index to detect MC 

genotyping errors in the real pedigree data. 
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4.6.4 Discussion 

Compared to the marginal consistency plot, the joint-consistency plot had much smoother 

trends. This is an expected result because the use of multiple neighboring markers allows 

adjacent test positions to use similar information to refine the inference of IVs. In the moving 

windows approach, discrepancy between adjacent test positions results mainly from the use of a 

slightly different set of markers because neighborhood of markers to include are different at 

different test positions. The percentages of consistent IVs at nearby positions do not fluctuate 

much, which implies that the influence from the excluded markers at the boundary of adjacent 

test positions is often small. However, two adjacent test positions can still have very different 

joint-consistent percentages when one test position uses an informative marker that is 
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inconsistent with many sampled IVs and the other test position does not use this marker. The 

reduction of fluctuation is a nice property because we can now determine how well the IVs are 

sampled along the chromosome by evaluating the percentage of joint-consistency in a general 

region. 

The main advantage of this joint-consistency approach is that it can decrease the false 

detection rate. The joint use of dense markers helps us to identify regions where we cannot 

sample IVs well. The use of multiple markers, some of which are informative, allows us to 

visualize regions where we cannot sample IVs well by detecting test positions with low 

percentages of joint-consistent IVs. At such regions, we cannot tell whether markers indeed have 

errors. Thus, to avoid false positives, we may not want to flag markers in those regions. 

The joint-consistency approach, however, is potentially more conservative than the 

marginal-consistency approach. We call IVs well-inferred when the sampled IVs are consistent 

with all markers in the neighborhood. A concern is that the requirement for consistency with 

multiple markers is too stringent. This is because even if the sampled IVs are not entirely 

accurate in the entire pedigree, these sampled IVs may still be adequate for error detection. What 

ultimately matters is that the relevant part of the IVs that are needed to detect genotyping errors 

is sampled sufficiently well. 

The number of markers in a neighborhood affects the joint-consistency approach. While 

the main advantage for using more markers in the neighborhood is to refine the set of sampled 

IVs, there are two notable disadvantages. First, the use of more markers in the neighborhood 

increases computational burden, since the computational time increases linearly with the number 

of markers in the neighborhood. Second, the joint-consistency approach assumes that adjacent 

test positions only contain one bad marker. The presence of multiple errors occurring at nearby 
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test positions can affect the detection of errors in this region, since the signature of error would 

be wiped out by a continuous patch of low joint-consistent percentages caused by errors at 

multiple nearby markers. 

 The decision of whether to use the marginal-consistency or joint-consistency depends on 

how stringent the user wants the test to be. If higher sensitivity is desired, the marginal-

consistency approach should be used because it flags errors even when we have suspicion that 

inconsistency between observed genotypes and sampled IVs is because the sampled IVs are not 

similar to the true IV. On the other hand, if higher specificity is desired, the joint-consistent 

approach should be used because it would minimize calling genotyping errors in regions of a 

chromosome where IVs of the entire descent of a pedigree cannot be sampled well. 

 

4.7 Concluding Remark 

 

It is important to minimize the chance of false findings when we conduct genetics 

studies. Because of the amount of time, money, and effort we invest in these studies, we should 

never neglect proper checks to improve the quality of genotype data before we carry out any 

major analyses. My practical approach and implemented program to detect genotyping errors 

enables researchers to efficiently perform this crucial quality check of dense genotypes in 

pedigrees. My approach provides a line of defense against false findings. However, when we 

have indication of the existence of genotyping errors, it may be worthwhile to re-determine the 

genotypes in the laboratory. 
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Chapter 5  

EFFICIENT SELECTION OF SUBJECTS FOR SEQUENCING 

 When we have a limited budget, we should design our experiment in a cost effective way. 

Because sequencing is still expensive and we may not have the resources to sequence all subjects 

in a pedigree, it is ideal to answer the same scientific question by only sequencing a small 

number of subjects. To facilitate such a design, I developed a genotype imputation approach to 

impute missing genotypes (Chapter 3). I showed that the approach can achieve high accuracy 

when alleles are called using deterministic constraints from IVs (Section 3.4). However, the 

number of alleles that the approach can call deterministically depends greatly on which subjects 

are sequenced. Thus, it is important to develop an approach to prioritize subjects for sequencing. 

The purpose of this chapter is to present some ideas that I will investigate in the future. 

 

5.1 General Considerations  

 

 There are a few aspects we should consider in the selection of subjects for sequencing. 

First, selection should depend on the purpose of the study and our scientific hypothesis. If we 

want to identify rare risk variants, we should select subjects who can increase our chance of 

seeing these rare variants. Second, selection should depend on prior available information. For 

instance, do we expect risk variants to be segregating within a region we already identified to 

have evidence for linkage, or do we expect the risk variants to be anywhere on the chromosome? 

If we can narrow down our search space to a specific region, we should select subjects that 
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optimize our chance to extract the most information for a local region. In addition, subject 

selection should depend on the information that we know about phenotypes of interest. For 

instance, if a disease is segregating within a family, we may prefer to ascertain some subjects 

who are affected and who are connected to the central pedigree. Third, subject selection may 

need to consider the specific method of analysis that we propose to use. For instance, if the 

method of analysis uses only subjects with phenotype data, we should only consider choosing 

among subjects who have phenotype data.  

 

5.2 Thoughts for Selection of Subjects  

 

 Here, we consider a specific scenario:  (1) our goal is to detect risk variants, (2) we only 

have a budget to genotype a fixed number of subjects, (3) we have identified a region that most 

likely contains the rare variant, (4) we have existing genotype data that we can use to infer IVs, 

and (5) we plan to sequence a few subjects and then impute missing genotypes. 

We assume that our goal is to select a set of subjects that maximizes the total number of 

alleles that we can reliably impute in the pedigree. Under the scenario above, inferred IVs can 

guide subject selection. The idea is to select subjects who offer the most incremental value.  

 

5.2.1 Statistical Framework for Subject Selection 

I introduce a statistical framework for subject selection that uses coverage as a metric. 

Coverage is the expected fraction of the copies of alleles in a variant that are determined after 

pedigree-based genotype imputation conditional on an IV. As an expected value, this measure 

naturally accounts for whether the observed alleles in the pedigree can be assigned 
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unambiguously to the FGLs, which is a necessary condition to imputing alleles deterministically 

using GIGI. Thus, coverage reflects the fraction of alleles that are either well-imputed or 

sequenced. When all subjects are not genotyped, coverage has a value of 0. On the other hand, 

when all subjects are genotyped for this variant or if all alleles in the pedigree can be imputed 

deterministically, coverage has a value of 1. By using coverage, we can compare among designs 

for subject selection. 

 Coverage can be computed by using exact calculation. The calculation first involves 

translating IV into disjoint identity-by-descent-graphs, as denoted by 𝑖𝑏𝑑𝑔𝑖, for 𝑖 = 1,2, … , 𝐼. 

Define   to be the number of subjects in the pedigree, so 2  is the total number of alleles in the 

pedigree at a locus. In each 𝑖𝑏𝑑𝑔𝑖, there is a probability 𝑝𝑖 that the observed alleles are 

deterministically assigned to 𝑖𝑏𝑑𝑔𝑖 and a probability 𝑞𝑖 that the observed alleles are not 

deterministically assigned to 𝑖𝑏𝑑𝑔𝑖. If the observed alleles are deterministically assigned 

to 𝑖𝑏𝑑𝑔𝑖, a total of 𝐴𝑖 alleles in the pedigree can be determined unambiguously. If alleles are not 

deterministically assigned to 𝑖𝑏𝑑𝑔𝑖, a total of  𝑖 alleles can be determined unambiguously. 

Coverage is expressed as  

Coverage =
1

2 
∑ (𝐴𝑖𝑝𝑖𝑖 +  𝑖𝑞𝑖)  (1), 

 𝐴𝑖 and  𝑖 in Equation (1) are simple to calculate. 𝐴𝑖 is equal to the total number of copies 

of FGLs that are shared by FGLs in 𝑖𝑏𝑑𝑔𝑖. This is because if alleles are deterministically 

assigned to 𝑖𝑏𝑑𝑔𝑖, all other alleles which share the same FGLs as the observed alleles in the 

𝑖𝑏𝑑𝑔𝑖 would be determined.   𝑖 is 2 times the number of subjects from 𝑖𝑏𝑑𝑔𝑖 + number of 

subjects who share both alleles IBD with any people from 𝑖𝑏𝑑𝑔𝑖. This is because if alleles are 

not deterministically assigned to 𝑖𝑏𝑑𝑔𝑖, only the observed genotypes or genotypes from 
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unobserved subjects who share both alleles identical-by-descent with at least an observed subject 

can be determined unambiguously. 

 For di-allelic variant such as the majority of SNPs, it is simple to calculate 𝑞𝑖 and  𝑝𝑖 in 

Equation (1). 𝑞𝑖 is equal to the probability that alleles from 𝑖𝑏𝑑𝑔𝑖 display a pattern of alternating 

allelic types. For instance, if an 𝐼  𝐺1 is a linear graph 1 −  −  , 𝑞𝑖 = 𝑃 𝑃𝑎𝑃 + 𝑃𝑎𝑃 𝑃𝑎 =

𝑃 𝑃𝑎, where 𝑃  denotes the population allele frequency of the major allele and 𝑃𝑎 is the 

population allele frequency of the minor allele. 𝑝𝑖 = 1 − 𝑞𝑖. 

 

5.2.2 Estimating Coverage 

While coverage is a conceptual quantity defined for an arbitrary IV, for practical use, we 

extend the concept of coverage to local and genome-wide coverage. First, local coverage is the 

estimated coverage at a locus of interest. Using the approach described in Chapter 2, we can 

sample IVs at a locus of interest by using framework markers. To estimate local coverage, 

coverage is called and averaged across a set of inferred IVs. When prior information about a 

candidate chromosomal region is available, the use of local coverage can be used as the metric to 

optimize genotype imputation in a local region. Second, genome-wide coverage is the estimated 

expected coverage at a random locus in the genome. Genome-wide coverage can be 

approximated by averaging coverage calculated across a large set of randomly sampled IVs. 

When the study is interested in optimizing genotype imputation without knowledge of a 

candidate region, the use of the genome-wide coverage may be a more appropriate measure.  
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5.2.3 Joint-Prioritized Selection Method 

 I developed a “joint-prioritized” subject selection method to sequentially select 𝑚 

subjects from 𝑛 potential subjects. The method consists of a few steps. First, the method iterates 

through the entire list of subjects and ranks choices using the estimated coverage as a metric. It 

retains a ranked list of top 𝑐 (e.g. 𝑐 =  ) choices that has the highest estimated coverage and 

discards the unselected choices. These top choices are called templates for the next step. Second, 

the method selects the second subject using each template one-by-one. Using each selected 

subject from the template, the method adds a new subject that is not in the template and 

computes the estimated coverage. Thus, a total of 𝑐(𝑛 − 1) coverage scores are calculated. Third, 

the method retains 𝑐 unique combinations of selected subjects with the highest coverage. These 

top 𝑐 selections now become the new templates for the next step. Fourth, step two and three are 

repeated until 𝑚 subjects are selected. After 𝑚 selection steps, the final templates become the 

final choices. 

The “joint-prioritized” subject selection method offers a few theoretical properties. First, 

this method is superior to the stepwise-forward selection because it explores many more 

combinations of selection choices. However, as a base case when 𝑐 = 1, the method reduces to 

the stepwise-forward selection. Second, when 𝑐 > 1, the method maintains flexibility in who to 

select to achieve higher chance of finding better designs after all selection steps. Unlike forward-

stepwise selection, the joint-prioritized selection method does not select a list of subjects with 

certainty after each step but instead continues to refine selection on top of templates. This 

scheme is more enticing than a selection scheme that makes permanent choices after each step. 

Third, the method builds on multiple first selections. This scheme is potentially beneficial 

because different starting choices may have high influence on subsequent choices. Fourth, the 
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method keeps computation low by focusing only on high potential building blocks. The premise 

is that only top templates are likely to be high quality building blocks. Fifth, this scheme enables 

efficient computation. The number of calculation is only 𝑐 times more than forward-stepwise 

selection, where 𝑐 is a fixed number much smaller than 𝑛. Hence, computation is still on the 

order of O(nmc), where  c is the number of templates to keep, n is the total number of subjects to 

select from, and  m is the number of subjects to select, which requires just a few times more 

computation than stepwise-forward selection, of which computation complexity is on the order 

O(nm). 

 

5.3 Thoughts for Selecting the Minimum Number of Subjects for Imputing Rare Alleles 

under Specific Scenario 

 

 I now look at this question from the perspective of trying to sequence the minimum 

number of subjects to impute the rare risk allele. For consistency between the recessive and 

dominant mode of disease, the risk allele will be labeled by the lower case letter “a”. As a 

starting point for later investigation, I use a set of assumptions.  

 

Assumptions: 

(1) We can infer the descent pattern perfectly using already collected markers. For 

instance, we already collected very informative markers for linkage analyses. 

(2) A single disease variant causes the disease in every affected subject in the pedigree 

(3) Mendel’s Law of Segregation 
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Recessive Disease 

If the disease is recessive, as defined by true homozygosity in the same base pair variant 

on both chromosomes, we only need to sequence as few as 1 affected subject. The pair of risk 

alleles that this affected subject has is trivially phased deterministically to a pair of FGL on the 

IBD-graph (Figure 5.1). Thus, we can impute the risk alleles on any subjects who share any 

FGLs with this affected individual. On the other hand, if the descent pattern suggests that more 

than 2 founder chromosomes contain the same risk allele, then we have to sequence other 

affected subjects to obtain the other distinct copies of the risk allele (Figure 5.2). 

 

Figure 5.1 In this recessive disease example, we only need to sequence 1 subject to impute all 

copies of the risk alleles in all carriers. FGL 1 and 4 have the “a” (risk) alleles. A) FGLs are 

labeled by numbers and genotypes are labeled by letters. B) IBD-graph is constructed by using 

information from (A). 
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Figure 5.2 Recessive disease with multiple affected subjects. In this case, we need to sequence 2 

subjects to impute all copies of the risk alleles in all carriers. FGL 1, 4, and 5 have the “a” (risk) 

alleles. A) FGLs are labeled by numbers and genotypes are labeled by letters. B) IBD-graph is 

constructed by using information from (A). 

 

Dominant Disease 

If we have a dominant disease, we need to sequence a minimum of 2 subjects. Similar to 

the case of recessive disease, the first person to sequence should be one of the affected subjects. 

Sequencing this person ensures that we observe a copy of the disease variant. If this subject is 

homozygous for the risk allele, we end up with the scenario above. On the other hand, if this 

subject has 1 risk allele and 1 normal allele, then we need to sequence one more subject for the 

purpose of unambiguously assigning the observed alleles to FGLs , which I will refer to as 
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phasing alleles to FGLs. 

The second subject to sequence should be a relative of this first person who is IBD for 

exactly 1 allele with the first person and homozygous for either the risk or normal allele at the 

risk locus. The reason for sequencing the second subject is to ensure that the risk allele can be 

phased deterministically to a FGL on the IBD-graph (Figure 5.3). In this example, once the 

mother in the first generation and the affected child are sequenced, we can impute the risk allele 

in all remaining affected subjects. After determining the phase, we can assign the phased risk 

allele to all individuals who share the same FGL. If we make one further assumption that 

P(disease | at least 1 risk allele) = 1, then the requirement for the second person is guaranteed if 

we sequence either the unaffected parent or the unaffected child of the affected subject we 

already sequenced. More generally, if the penetrance of the disease is high, sequencing the 

unaffected child or the unaffected parent of the affected subject are both sensible options.  
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Figure 5.3 In this dominant disease example, we only need to sequence 2 subjects. Any subjects 

who have FGL=1 inherit the “a” (risk) allele. A) FGLs are labeled by numbers and genotypes are 

labeled by letters. B) IBD-graph is constructed by using information from (A). 

 

The assumption that P(disease | at least 1 risk allele) = 1 is often not realistic. In complex 

disease, a risk allele increases the risk of the disease but does not always lead to the disease. If 

we have a rare disease variant in the population, the normal married-in spouse of the subject who 

carries the risk allele likely is homozygous for the normal allele. Hence, the unaffected married-

in parent can be used to phase the rare risk allele. Thus, sequencing the married-in is a sensible 

option (Figure 5.3).  
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Sequencing both parents, one of whom is affected, will not enable phasing (Figure 5.4). 

Even though all alleles are observed when both parents are sequenced in a nuclear family, we can 

not know whether the affected parent passes down the risk or normal allele to each offspring. 

Likewise, sequencing the affected parent and the affected child (Figure 5.5) or sequencing two 

affected sibs (not shown) does not enable phasing if both of them are heterozygous for the risk 

alleles. 

 

 

Figure 5.4 An example showing that the phase is unresolved when sequencing only the parents. 

A) FGLs are labeled by numbers and genotypes are labeled by letters. B) IBD-graph is 

constructed by using information from (A). 
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Figure 5.5 An example showing that the phase is unresolved when sequencing two connected 

subjects with heterozygous genotypes. This illustrates that sequencing only affected subjects 

would not enable us to unambiguously assign the risk allele to the FGL. A) FGLs are labeled by 

numbers and genotypes are labeled by letters. B) IBD-graph is constructed by using information 

from (A). 

 

In real situation, typing more affected subjects than the minimum of two subjects may be 

needed. First, we can be more confident that an identified rare allele is not a genotyping error if 

multiple affected subjects are observed for this rare allele. Multiple observation of a rare allele 

significantly decreases the probability of identifying a false rare allele. Second, the assumption 

that IVs are well inferred may be false. For instance, genotyping errors can negatively affect the 

inference of IVs, as was noted in Chapter 4. Since my approach to impute genotypes and decide 

who to sequence depends largely on the quality of the inferred IVs, we may need to sequence 

additional subjects also if there is uncertainty in the inferred IVs. 

 

If the goal is to maximize the number of total imputed alleles in multiple loci across a 
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region, then sequencing the affected child and married-in parent may not always be the best 

design. For instance, consider a pedigree where the inner parent has multiple siblings. If we 

sequence the inner parent instead of the married-in parent, we can likely impute many more total 

alleles in the siblings of the inner parent. This is because the inner parent shares many alleles 

with the siblings. 
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Chapter 6  

DISCUSSION 

 

I developed an approach to impute genotypes and detect genotyping errors that can be 

used for dense variants on large pedigrees. My genotype imputation approach allows us to infer 

missing dense genotypes using dense genotypes collected on a few subjects with existing sparse 

genotypes. This is likely a useful tool in the immediate future because dense genotyping is still 

expensive and because it is not always possible to generate dense genotypes on all subjects. My 

genotyping error detection approach facilitates quality checking of genetic data by detecting 

hidden errors not identified by standard Mendelian Inconsistency checks. Both approaches are 

computationally efficient and are suitable for use with dense variants. Also, the fact that my 

approaches can be used on large pedigrees is especially important because large pedigrees have 

important roles in genetics. My approaches are implemented in computer programs and are 

available to the genetics community. 

 

6.1 Thoughts for Future Directions 

 

The framework for inferring IVs is central to many applications of pedigree-based 

genetic analysis. In the past, this framework has allowed important applications such as finding 

evidence for linkage between chromosomal regions and phenotypes [Almasy and Blangero 1998; 

Kruglyak, et al. 1996], identifying causal variants through fine-mapping methods [Almasy and 
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Blangero 2004], and inferring relatedness among individuals [Epstein, et al. 2000]. Here I used 

inferred IVs to impute genotypes (Chapter 3) and to detect Mendelian consistent genotyping 

errors (Chapter 4). This framework also allows me to tackle new problems. 

Aside from the topic of effective selection of subjects for sequencing, my research also 

generates other potential future directions. These topics include genotype calling in sequencing 

and potential for low coverage sequencing in pedigrees, haplotype determination in dense 

markers and precise determination of recombination, multiple imputation in genotype 

imputation, benefit of using imputed genotypes, and detection of de novo mutations. We further 

discuss these topics below. 

 

6.1.1 Calling Genotypes and Potential for Low Coverage Sequencing 

Next-generation sequencing is becoming an important tool for discovering functional 

variants in both population-based and family-based studies. In this type of data, the probability of 

making a correct genotyping call increases as a function of sequencing depth. It is important to 

have enough sequencing reads to achieve the desired call accuracy. Within related individuals in 

a family, there may be redundant information due to the sharing of segments of chromosomes 

between relatives. We can use this level of information to improve genotype calling. Hence, it 

may be possible to reduce sequencing depth to obtain a desired average calling accuracy. 

One extension would be to use our framework for inferring IVs to call genotypes for 

next-generation sequencing data in pedigrees. Using MCMC samplers to realize IVs, the 

approach will be computationally feasible for pedigree of any size. This topic is a natural 

extension of genotype imputation. Loosely speaking, this approach to call genotypes is genotype 

imputation with an additional layer of complexity that the observed genotypes are not 
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deterministic. In genotype imputation, the input data consists of observed genotypes with the 

assumption that they are correct. The pair of alleles in the genotype of an observed individual is 

assumed to be observed. In this model for joint-calling and imputation, we would not assume 

that both alleles are sequenced. We would calculate the probability of genotype configurations 

for subjects who are sequenced or not sequenced, conditional on sequencing reads of subjects 

who are observed. This calculation will likely to be similar to the calculation of missing 

genotype presented in Chapter 3, except that the probability of genotype is also calculated for 

each observed subject because it is possible that not both alleles in each genotype are 

ascertained. The probability that both alleles are typed increases with more reads at the position 

of the variant. We can then call genotypes probabilistically on subjects who are sequenced and 

impute genotypes on those who are not sequenced. 

 

6.1.2 Phasing Haplotypes of Dense Markers 

Our framework for inferring IVs also allows us to develop a method to phase dense 

haplotypes in pedigrees. This method allows us to statistically phase haplotypes of tightly-linked 

markers in observed individuals and can then potentially impute haplotypes on individuals 

unobserved for genotypes. The ability to phase genotypes depends largely on the structure of the 

pedigree and the observed pattern for genotypes. When I impute genotypes, I often see that many 

observed alleles are deterministically matched to an inferred set of IVs. Thus, I can use inferred 

IVs to perform long range phasing of haplotypes. This proposed scheme to phase haplotypes of 

dense markers by first using framework markers to infer IVs will be an extension to the genotype 

imputation approach that I developed in Chapter 3. 

I propose an outline of a potential approach to perform long-range phasing of dense 
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genotypes that can handle large pedigrees. These dense genotypes can include framework 

genotypes used to infer IVs. Existing approach such as Simwalk [Sobel and Lange 1996] is not 

designed for phasing haplotypes of dense markers on large pedigrees because (1) the use of 

dense markers may lead to mixing issues when using a MCMC sampler to perform computation, 

(2) time of computation is impractical when the number of markers to phase is large on large 

pedigrees, and (3) the use of dense markers may violate the LD assumption. Violation of the LD 

assumption might affect the reliability of inferred haplotypes [Schaid, et al. 2002]. This potential 

work aims to avoid these problems.  

Outline: 

(1) Use sparse framework markers to infer IVs at dense marker positions 

(2) Identify the set of alleles from observed subjects that are deterministically assigned to 

a sampled IVs. Repeat this for each marker of interest. Repeat this exercise for each 

set of jointly-sampled IVs. The deterministic information provides the backbone of 

phasing. 

a. Uncertainty in phase exists at many levels: the set of phased alleles may be 

different across IVs, subjects, and markers   

i. Not all alleles in a marker can be assigned deterministically to the 

FGLs of an IV. If we are interested in calculating the probability of the 

haplotypes of these markers later, we need to incorporate them in the 

next step 

ii. We need to account for the possibility of label switching in FGLs 

when we phase haplotypes across IVs. 

b. This deterministic phasing information must be stored in a condensed way. We 
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can use a template to store phased haplotypes. We record departures from this 

haplotype template as we process through IVs and record the number of those 

haplotypes as we phase different IVs. We can use a tree structure to 

dynamically grow and shrink the template of phased haplotypes. Storing the 

information efficiently is a challenge. 

(3) Summarize uncertainty in phases. This is another challenge. 

 

Results from Chapter 4 suggests that even though the framework markers used to infer 

IVs are sparse, the accuracy of imputing genotypes is high when calls are made using the 

deterministic constraints from inferred IVs. We have to evaluate if IVs inferred by sparse 

framework markers are also adequately well-inferred for phasing. For instance, one concern is 

that the phasing of dense genotypes may require us to have a finer resolution of where 

recombination breakpoints occur. It might be necessary to develop an improved method to infer 

IVs that can incorporate additional information from dense genotypes.  

Hence, another related topic is whether there is a practical way to integrate dense 

genotypes that are not in the framework panel into inferring IVs. Results from Chapter 4 suggest 

that dense markers offer deterministic constraints that can be utilized for inferring IVs. To infer 

IVs on large pedigrees, we have resorted to using MCMC-based samplers. Under this approach, 

we cannot add dense markers because of the MCMC mixing problems and the assumption that 

markers are in linkage equilibrium. In addition, computational burden increases with more 

markers. Even if dense markers cannot be practically integrated as usual into the sampling of 

IVs, we can potentially devise a sequential approach to integrate deterministic information from 

dense markers to refine the inference of IVs after we realize IVs using sparse framework 
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markers.  

 

6.1.3 Evaluating the Benefit of using Imputed Genotypes for Analysis 

 As mentioned in Chapter 3, we can use imputed genotypes for analysis. The use of 

imputed genotypes potentially facilitates cost-effective analysis, but we have not yet performed 

an in-depth evaluation of how useful imputed genotypes are. We can perform simulation to 

evaluate how much power we can gain from using imputed genotypes to identify rare causal 

variants. Such investigation can also enable us to have a better understanding of what summary 

of imputed results we should use for downstream analyses. For example, in a test for association, 

preliminary study suggested that the use of imputed genotypes, as summarized by dose of the 

minor allele as the fixed effect in a linear mixed model, could potentially increase the ability to 

detect causal alleles [Marchani, et al. 2013].  

 

6.1.4 Multiple Imputation in Genotype Imputation 

It is straightforward to implement an option for multiple imputation to my existing 

genotype imputation approach. Currently, a probability distribution of each genotype is estimated 

marginally for each unobserved individual in the pedigree. For practical purpose, a user may 

decide to impute each genotype by choosing the most likely configuration or by using a 

confidence threshold. However, calling genotype once does not take into account of the 

uncertainty in imputation. Multiple imputation of genotypes allows us to capture uncertainty in 

imputed results, so downstream statistical analyses may become more valid than if analyses are 

based only on single imputation calls. Moreover, imputed genotypes, together with observed 

genotypes, are not guaranteed to be Mendelian consistent because the current method call 
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genotypes marginally across IVs.  

 

6.1.5 Integrating Information from Linkage Disequilibrium to Impute Genotypes 

 My approach to impute genotypes may benefit from integrating information from LD. In 

GIGI, we impute alleles using IVs and observed genotypes marginally without using information 

from LD. On the other hand, population-based imputation approaches use LD to impute 

genotypes. Since information from both LD and IVs are useful, combining the two sources of 

information may improve imputation. My results in Chapter 3 suggest that BEAGLE excels in 

imputing common variants while GIGI excels in imputing rare variants.  

My approach is to combine calls from GIGI and BEAGLE. As a first attempt, I suggested 

an algorithm to combine the results of GIGI and BEAGLE [Marchani, et al. 2013]. First, I called 

alleles using GIGI by using a very high call threshold (t1=0.99 and t2=0.995). Second, I called 

additional alleles using results from BEAGLE with the default threshold of t1=0.8 and t2=0.9 

only if the calls from BEAGLE are not in conflict with those of GIGI. Results from Chapter 3 

suggested that imputation using GIGI is accurate when calls rely on the use of information from 

pedigree structure and inferred IBD graphs. The use of high call threshold forced most calls in 

GIGI to be made using such information. Results suggested that combining calls from GIGI and 

BEAGLE improves call rate and accuracy for common variants over the use of only GIGI or 

BEAGLE [Marchani, et al. 2013].  

Alternatively, we can use an approach that conditions on each inferred IVs. After 

sampling IVs, we combine imputed genotypes from BEAGLE and only let BEAGLE to override 

imputed calls if the imputed genotypes are compatible with those from GIGI. We can then 

average those calls across IVs. 
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6.1.6 Detection of De Novo Mutations 

My current approach to detect genotyping error assumes the absence of de novo 

mutations. In reality, de novo mutations exist. Both de novo mutations and genotyping errors can 

lead to inconsistency between observed genotypes and inferred IVs and are not distinguishable in 

my current error detection approach. However, when a de novo mutation occurs in an observed 

individual and in an observed descendant who inherits the same mutation, it may be possible to 

distinguish between the two possibilities. For instance, if there is an unexpected change in allele 

in an individual and also in at least one of the individual’s descendent, we may be more willing 

to believe that having a de novo mutation has occurred instead of two independent genotyping 

errors. It may be possible to extend the error model that I currently use in my error detection 

approach. This modification would involve the use of a de novo mutation rate and need to allow 

for mutant allele to be matched to a single FGL as the original allele. Evaluation of this potential 

extension through simulation will elucidate the strength and limit of this approach. In particular, 

evaluation using different pedigree structures will enable us to understand what pedigree 

structures are needed to accurately distinguish genotyping errors from de novo mutations. While 

this section focuses on de novo mutations, an extension to my error detection framework may 

also allow us to detect other structural variants such as deletions. 

The use of pedigrees is an important design used in genetics. As genetics is the study of 

heredity, it is natural to use pedigrees to find answers to questions that are related to inheritance.  

In my research, I demonstrated that the use of statistical thinking can improve the efficiency and 

validity of pedigree-based studies. As we continue to face new challenges in genetics studies, 

statistical thinking will continue to provide guidance for future research.   
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Appendix A 

Convergence property of the estimators: 

Under the assumption that dense marker 𝑣 is in linkage equilibrium with the framework 

markers, the estimator 𝑃̃(𝐺𝑝𝑣|𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏) =
∑ 𝑃(𝐺𝑝𝑣|𝑆𝑣

𝑘,𝐺𝑣
𝑜𝑏) 𝑃(𝐺𝑣

𝑜𝑏| 𝑆𝑣
𝑘)𝑛

𝑘=1

∑   𝑃(𝐺𝑣
𝑜𝑏| 𝑆𝑣

𝑘)𝑛
𝑘=1

 converges to 

𝑃(𝑆𝑣 = 𝑠|𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏) in probability as 𝑛 goes to infinity. The modified estimator 

𝑃̂(𝐺𝑝𝑣|𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏) =
1

𝑛∗
∑ 𝑃(𝐺𝑝𝑣|𝑆𝑣

𝑘, 𝐺𝑣
𝑜𝑏) 𝑛

𝑘=1 , where 𝑛∗ = ∑ 𝐼(𝑃(𝐺𝑣
𝑜𝑏|𝑆𝑣𝑘) > 0)𝑛

𝑘=1 , converges 

to a quantity like 𝑃(𝐺𝑝𝑣 |𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏) that replaces the emission probability 𝑃(𝐺𝑣
𝑜𝑏|𝑠) by the 

emission function 𝐼(𝑃(𝐺𝑣
𝑜𝑏|𝑠) > 0) at the position 𝑣. However, in test datasets, the estimates 

from the two estimators are often similar (data not shown). 

 

Proof of convergence: 

To see this, let ℎ(𝐺𝑣
𝑜𝑏, 𝑠) be the generic emission function at the position 𝑣, conditional 

on the IV 𝑠 at the position 𝑣. Most commonly, ℎ(𝐺𝑣
𝑜𝑏 , 𝑠) = 𝑃(𝐺𝑣

𝑜𝑏|𝑠). 

We show equality between 𝑃(𝑆𝑣 = 𝑠|𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏) and 𝑝 =
𝑃(𝑆𝑣=𝑠|𝐺𝐹

𝑜𝑏)ℎ(𝐺𝑣
𝑜𝑏,𝑠)

∑ 𝑃(𝑆𝑣=𝑤|𝐺𝐹
𝑜𝑏)ℎ(𝐺𝑣

𝑜𝑏,𝑤)𝑤
 when 

ℎ(𝐺𝑣
𝑜𝑏 , 𝑠) = 𝑃(𝐺𝑣

𝑜𝑏| 𝑠). For brevity, we omit the inclusion of allele frequencies into the equation 

below. We assume that the dense marker 𝑣 is not in linkage disequilibrium with the framework 

markers, which are indexed from 1 to 𝑀.  

 

Define 𝛼𝑗(𝑠) = 𝑃(𝐺1
𝑜𝑏 , … , 𝐺𝑗

𝑜𝑏 , 𝑆𝑗 = 𝑠) and 𝛽𝑗(𝑠) = 𝑃(𝐺𝑗+1
𝑜𝑏 , … , 𝐺𝑀

𝑜𝑏|𝑆𝑗 = 𝑠). 
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      𝑝 =
𝑃(𝑆𝑣=𝑠|𝐺𝐹

𝑜𝑏)ℎ(𝐺𝑣
𝑜𝑏,𝑠)

∑ 𝑃(𝑆𝑣=𝑤|𝐺𝐹
𝑜𝑏)ℎ(𝐺𝑣

𝑜𝑏,𝑤)𝑤
  

        =
𝑃(𝑆𝑣=𝑠,𝐺𝐹

𝑜𝑏)ℎ(𝐺𝑣
𝑜𝑏,𝑠)

∑ 𝑃(𝑆𝑣=𝑤,𝐺𝐹
𝑜𝑏)ℎ(𝐺𝑣

𝑜𝑏,𝑤)𝑤
  

  =
∑ ∑ 𝑃(𝑆𝑣=𝑠|𝑆𝑗=𝑥,𝑆𝑗+1=𝑦,𝐺𝐹

𝑜𝑏)𝑃(𝑆𝑗=𝑥,𝑆𝑗+1=𝑦,𝐺𝐹
𝑜𝑏)ℎ(𝐺𝑣

𝑜𝑏,𝑠)𝑦𝑥

∑ ∑ ∑ 𝑃(𝑆𝑣=𝑤|𝑆𝑗=𝑥,𝑆𝑗+1=𝑦,𝐺𝐹
𝑜𝑏)𝑃(𝑆𝑗=𝑥,𝑆𝑗+1=𝑦,𝐺𝐹

𝑜𝑏)ℎ(𝐺𝑣
𝑜𝑏,𝑤)𝑦𝑥𝑤

  

  =
∑ ∑ 𝑃(𝑆𝑣=𝑠|𝑆𝑗=𝑥,𝑆𝑗+1=𝑦)𝑃(𝑆𝑗=𝑥,𝑆𝑗+1=𝑦,𝐺𝐹

𝑜𝑏)ℎ(𝐺𝑣
𝑜𝑏,𝑠)𝑦𝑥

∑ ∑ ∑ 𝑃(𝑆𝑣=𝑤|𝑆𝑗=𝑥,𝑆𝑗+1=𝑦)𝑃(𝑆𝑗=𝑥,𝑆𝑗+1=𝑦,𝐺𝐹
𝑜𝑏)ℎ(𝐺𝑣

𝑜𝑏,𝑤)𝑦𝑥𝑤
  

  =
∑ ∑ 𝑃(𝑆𝑣=𝑠|𝑆𝑗=𝑥,𝑆𝑗+1=𝑦)𝛼𝑗(𝑥)𝑃(𝑆𝑗+1=𝑦|𝑆𝑗=𝑥)𝑃(𝐺𝑗+1

𝑜𝑏 |𝑆𝑗+1=𝑦)𝛽𝑗+1(𝑦)ℎ(𝐺𝑣
𝑜𝑏,𝑠)𝑦𝑥

∑ ∑ ∑ 𝑃(𝑆𝑣=𝑤|𝑆𝑗=𝑥,𝑆𝑗+1=𝑦)𝛼𝑗(𝑥)𝑃(𝑆𝑗+1=𝑦|𝑆𝑗=𝑥)𝑃(𝐺𝑗+1
𝑜𝑏 |𝑆𝑗+1=𝑦)𝛽𝑗+1(𝑦)ℎ(𝐺𝑣

𝑜𝑏,𝑤)𝑦𝑥𝑤

  

        =
∑ ∑ 𝛼𝑗(𝑥)𝑃(𝑆𝑣=𝑠|𝑆𝑗=𝑥)ℎ(𝐺𝑣

𝑜𝑏,𝑠)𝑃(𝑆𝑗+1=𝑦|𝑆𝑣=𝑠)𝑃(𝐺𝑗+1
𝑜𝑏 |𝑆𝑗+1=𝑦)𝛽𝑗+1(𝑦)𝑦𝑥

∑ ∑ ∑ 𝛼𝑗(𝑥)𝑃(𝑆𝑣=𝑤|𝑆𝑗=𝑥)ℎ(𝐺𝑣
𝑜𝑏,𝑤)𝑃(𝑆𝑗+1=𝑦|𝑆𝑣=𝑤)𝑃(𝐺𝑗+1

𝑜𝑏 |𝑆𝑗+1=𝑦)𝛽𝑗+1(𝑦)𝑦𝑥𝑤

 

        =
𝑃(𝑆𝑣=𝑠,𝐺𝐹

𝑜𝑏,𝐺𝑣
𝑜𝑏) 

∑ 𝑃(𝑆𝑣=𝑤,𝐺𝐹
𝑜𝑏,𝐺𝑣

𝑜𝑏)𝑤
  [when ℎ(𝐺𝑣

𝑜𝑏 , 𝑠) = 𝑃(𝐺𝑣
𝑜𝑏|𝑠)] 

        = 𝑃(𝑆𝑣 = 𝑠|𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏)   

, which holds because 

𝑃(𝑆𝑣 = 𝑠|𝑆𝑗 = 𝑥, 𝑆𝑗+1 = 𝑦)𝑃(𝑆𝑗+1 = 𝑦|𝑆𝑗 = 𝑥) = 𝑃(𝑆𝑣 = 𝑠|𝑆𝑗 = 𝑥)𝑃(𝑆𝑗+1 = 𝑦|𝑆𝑣 = 𝑠)  

by the property of the Haldane Map function. 

 

If ℎ(𝐺𝑣
𝑜𝑏, 𝑠) = 𝑃(𝐺𝑣

𝑜𝑏|𝑠), this equation becomes the usual calculation of 𝑃(𝑆𝑣 = 𝑠|𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏). 

This result tells us that the proper way to update the probability distribution of 𝑆𝑣 after adding 

genotypes of the dense marker 𝑣 is to reweight the top and bottom by the emission probability of 

the dense marker 𝑣. Alternatively, we can define 

 ℎ(𝐺𝑣
𝑜𝑏 , 𝑠) = 𝑃(𝐺𝑣

𝑜𝑏𝑖𝑠 𝑐𝑜𝑚𝑝𝑎𝑡𝑖𝑏𝑙𝑒 𝑤𝑖𝑡ℎ 𝑠) 

    = {
1 𝑖𝑓 𝑃(𝐺𝑣

𝑜𝑏|𝑠) > 0

0 𝑖𝑓 𝑃(𝐺𝑣
𝑜𝑏|𝑠) = 0
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    = 𝐼(𝑃(𝐺𝑣
𝑜𝑏|𝑠) > 0)  

This emission function only uses the deterministic information of 𝐺𝑣
𝑜𝑏 and does not depend on 

the allele frequency of the dense marker 𝑣. Hence, the use of this emission function avoids the 

negative impact as a result of falsely assuming that the tightly linked markers are in linkage 

equilibrium with each other, which is an unrealistic assumption. 

Now, we calculate 𝑃(𝐺𝑝𝑣|𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏). 

 𝑃(𝐺𝑝𝑣|𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏) =  ∑ 𝑃(𝐺𝑝𝑣|𝑆𝑣 = 𝑠, 𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏)𝑃(𝑆𝑣 = 𝑠|𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏)𝑠  

     = ∑ 𝑃(𝐺𝑝𝑣|𝑆𝑣 = 𝑠, 𝐺𝑣
𝑜𝑏)𝑃(𝑆𝑣 = 𝑠|𝐺𝐹

𝑜𝑏 , 𝐺𝑣
𝑜𝑏)𝑠  

     = ∑ 𝑃(𝐺𝑝𝑣|𝑆𝑣 = 𝑠, 𝐺𝑣
𝑜𝑏)

𝑃(𝑆𝑣=𝑠|𝐺𝐹
𝑜𝑏)𝑃(𝐺𝑣

𝑜𝑏|𝑠)

∑ 𝑃(𝑆𝑣=𝑤|𝐺𝐹
𝑜𝑏)𝑃(𝐺𝑣

𝑜𝑏|𝑠)𝑤
𝑠  

A natural estimator of 𝑃(𝐺𝑝𝑣|𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏) is to plug in 𝑃̂(𝑆𝑣 = 𝑠|𝐺𝐹
𝑜𝑏) for 𝑃(𝑆𝑣 = 𝑠|𝐺𝐹

𝑜𝑏). 

𝑃̂(𝑆𝑣 = 𝑠|𝐺𝐹
𝑜𝑏) =

1

𝑛
∑ 𝐼(𝑆𝑣𝑘 = 𝑠𝑛
𝑘=1 |𝐺𝐹

𝑜𝑏) is an empirical estimator of 𝑃(𝑆𝑣 = 𝑠|𝐺𝐹
𝑜𝑏) using the 

realized MCMC samples 𝑆𝑣1, … , 𝑆𝑣𝑛. We propose the estimator 

𝑃̃(𝐺𝑝𝑣|𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏) = ∑ 𝑃(𝐺𝑝𝑣|𝑆𝑣 = 𝑠, 𝐺𝑣
𝑜𝑏)𝑠

 𝑃̂(𝑆𝑣=𝑠|𝐺𝐹
𝑜𝑏)𝑃(𝐺𝑣

𝑜𝑏|𝑠)

∑ 𝑃̂(𝑆𝑣=𝑤|𝐺𝐹
𝑜𝑏)𝑃(𝐺𝑣

𝑜𝑏|𝑠)𝑤
  

    =
∑ 𝑃(𝐺𝑝𝑣|𝑆𝑣=𝑠,𝐺𝑣

𝑜𝑏) 
1

𝑛
∑ 𝐼(𝑆𝑣

𝑘=𝑠𝑛
𝑘=1 |𝐺𝐹

𝑜𝑏)𝑃(𝐺𝑣
𝑜𝑏|𝑠)𝑠

∑  
1

𝑛
∑ 𝐼(𝑆𝑣

𝑘=𝑤𝑛
𝑘=1 |𝐺𝐹

𝑜𝑏)𝑃(𝐺𝑣
𝑜𝑏|𝑠)𝑤

  

    =
∑ 𝑃(𝐺𝑝𝑣|𝑆𝑣

𝑘,𝐺𝑣
𝑜𝑏) 𝑃(𝐺𝑣

𝑜𝑏|𝑆𝑣
𝑘)𝑛

𝑘=1

∑ 𝑃(𝐺𝑣
𝑜𝑏|𝑆𝑣

𝑘)𝑛
𝑘=1

  

    
𝑝
→  𝑃(𝐺𝑝𝑣|𝐺𝐹

𝑜𝑏 , 𝐺𝑣
𝑜𝑏) 

If we replace 𝑃(𝐺𝑣
𝑜𝑏|𝑠) by 𝐼(𝑃(𝐺𝑣

𝑜𝑏|𝑠) > 0) at dense marker 𝑣, the second estimator becomes 

𝑃̂(𝐺𝑝𝑣|𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏) =
∑ 𝑃(𝐺𝑝𝑣|𝑆𝑣𝑘,𝐺𝑣

𝑜𝑏) 𝐼(𝑃(𝐺𝑣
𝑜𝑏|  𝑆𝑣𝑘)>0)

𝑛
𝑘=1

∑  𝐼(𝑃(𝐺𝑣
𝑜𝑏|  𝑆𝑣𝑘)>0)

𝑛
𝑘=1

  

  =
1

𝑛∗
∑  𝑃(𝐺𝑝𝑣|𝑆𝑣𝑘, 𝐺𝑣

𝑜𝑏) 𝐼(𝑃(𝐺𝑣
𝑜𝑏|  𝑆𝑣𝑘) > 0)𝑛

𝑘=1   
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In Chapter 4, I used 𝑃̂(𝐺𝑝𝑣|𝐺𝐹
𝑜𝑏 , 𝐺𝑣

𝑜𝑏) as the estimator because this estimator does not require the 

assumption that the dense marker 𝑣 and framework markers are in linkage equilibrium.  
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