STABLE PROCESSES HAVE THORNS
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ABSTRACT. Let X (t) be the symmetric a-stable process in R%, o € (0,2), d > 2. For
f:(0,1) — (0,00) let D(f) be the thorn {x € R : x1 € (0,1), |(z2,... ,24)| < f(z1)}. We
give an integral criterion in terms of f for the existence of a random time s such that X(t)
remains in X (s) + D(f) for all t € [s,s+ 1).

1. INTRODUCTION

Let X(t) be the symmetric a-stable process in R, i.e., the Markov process with
independent and homogeneous increments and the characteristic function of the form
EreitX(t) = gwe—tll]” 4 ¢ ¢ R4 t > 0. We will consider only pure jump multidimen-
sional stable processes, i.e., we will assume that d > 2 and « € (0,2). We will denote by
Q2 the probability space on which X (¢) is defined. We may and will assume that all paths
t — X(t,w), w € Q, are right continuous with left limits ([Be]).

Let f : (0,1) — (0,00) be a nondecreasing left continuous function which satisfies
lim, o+ f(r) = 0. For x = (21, %2, ... ,74) € R? we will write & = (xa,... ,24). We define
a thorn D(f) as follows,

D(f) ={r e R%: 2, €(0,1),|Z| < f(x1)}.

The closure of D(f) will be denoted by D(f).
The main result of our paper is the following. If a thorn D(f) is not very thin then X (¢)

has D(f)-thorn points at some random times s, i.e., the trajectory stays for t € [s,s + 1)
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within the (translated) closed thorn whose sharp point is at X (s). A formal statement of
the result is contained in Theorem 1.1.

We will fix some t; > 0 and often suppress it in the notation. Let

A(f) ={w € Q: There exists time s = s(w) > 0 such that
X(t,w) € X(s,w) + D(f) for all t € [s,5+1tg)},

% r d+a—1
I(f) = /0 Ci) it (7«)3+a dr.

Theorem 1.1. For any ty > 0, the probability of A(f) is equal to
(i) 14f I(f) = oo,
(i) 0 if I(f) < 0.

It is easy to check that if f(r) = r|logr|? then I(f) = oo if and only if 8 > —1/(d +
a — 1). Local properties of stochastic processes are often described by comparing process
trajectories with “regularly varying” functions. Our integral criterion allows us to consider
very rough thorns, for example, if f is non-decreasing and for some constant ¢ > 0, there
exist arbitrarily small » > 0 with f(r) > cr, then I(f) = co and so the stable process has
thorn points defined by such functions f.

If f(r) = cr for some constant ¢ > 0, the set D(f) is a cone. Brownian motion has cone
points for some but not all values of ¢ > 0. Cone points were discussed for the first time
in [B], [E] and [S]. See [BaB| for a review of recent results on Brownian path properties
related to cone points.

The existence of cone points on Brownian paths is a non-trivial result which requires
several technical ingredients developed and collected by several authors over the years.
Here is a sketch of a proof of the existence of cone points for stable processes using a
“soft” argument. Fix any ¢ > 0 and let f(r) = c¢r. Since X (¢) has jumps, with positive
probability there will be a jump time s = s(w) such that {X(¢t,w),0 <t < s} C X(s,w) +
D(f). Standard arguments based on scaling and the strong Markov property can be
used to strengthen this claim; one can show that for every € > 0, with probability 1,
there exists s = s(w) € (0,e) with {X(t,w),0 < t < s} C X(s,w)+ D(f). Fix an
arbitrarily small p > 0. Let §; > 0 be so small that with probability greater than 1 —2"!p,
there is a jump time s = s(w) € (0,1 — 271, such that | X (s,w) — X(s—,w)| > &; and
{X(t,w),0 <t <s}C X(s,w)+ D(f). Let S1 be the smallest s with this property (or oo,
if there is no such s). Suppose that S; < co. Since S is a stopping time, by the strong

Markov property one can find d, > 0 so small that with probability greater than 1 —272p,
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there is a jump time s = s(w) € (S7,1 — 272), such that |X(s,w) — X(s—,w)| > d2 and
{X(t,w), 51 <t < s} C X(s,w)+ D(f). We let Sy be the smallest s > S; with this
property (S; = oo, if there is no such s). By induction, with probability not less than
1 — p, we will have a sequence of stopping times Sy increasing to S, < 1. Elementary
geometry shows that {X(t,w),0 <t < Seo} C X(Soo,w) + D(f). Let {X(t),t € [0,1]} be
the cadlag version of {X (1 —t),t € [0,1]}. The process X (t) has the same distribution as
X(t). It is elementary to check that X (¢) has a cone point at s = 1 — Su, i.e., the event
A(f) holds for X with s = 1 — S and some to > 0. Since p > 0 is arbitrary, cone points
exist with probability 1.

The soft proof of existence of cone points for stable processes had indicated to us the
existence of thorn points before we started our project.

We would like to point out another case when a “soft” (although clever) argument can
yield a result whose continuous counterpart is quite difficult. According to Proposition 3
of [J], there is no uniform modulus of continuity for a “generic” Lévy process, which would
apply at all times ¢ at which the process does not have a jump.

Our study of thorn points has been motivated in several ways. First of all, the main
result seems to have some interest of its own. Second, studying local path properties of
stochastic processes is a test for the corresponding potential theoretic methods. Finally, it
was shown in [LG] that Brownian cone points are related to reflected Brownian motion in
a wedge. Hence, one may expect that thorn points for stable processes might be related
to “censored” stable processes, the subject of a forthcoming paper [BBC].

One may ask whether stable processes have thorn points with arbitrary (random) direc-
tions unlike those in Theorem 1.1. The corresponding problem for Brownian cone points
is not very hard because cones with small angles fit into some cones with larger angles and
different axes of symmetry. No such inclusion holds for thorns oriented in different ways
and so the problem is much harder when the direction of the thorn is not fixed. Some
preliminary estimates indicate that the problem is tractable using the same methods as in
[ABP].

We will use many methods and ideas from [B], [D], [Dv], [GP] and [S]. What we bor-
rowed from those papers is the general structure of the proof—thorn points (times) are
approximated by times when the path starts a relatively long sojourn inside the (trans-
lated) thorn, starting from a point strictly inside the thorn but close to its tip. The
implementation of this idea for Brownian cone points (see, for example, [B]) depended on
estimates for the hitting time of the cone boundary. The discontinuity of stable paths

requires some essentially new ideas. Informally, one has to slice the thorn D(f) into pieces
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of the form {z € D(f) : z1 € [27%,27%+1)}. Then one has to estimate probabilities of
various possible sequences of jumps of the stable process between the pieces of the thorn.
The main estimates of this type are contained in Lemmas 3.2 and 4.5.

The paper has three more sections. The next section contains a review of well known
results on stable processes which are needed in the proof of Theorem 1.1. Some of these
results can be found in [Be], a very well written monograph on Lévy processes. A very
useful review of potential theoretic aspects of symmetric stable processes relevant to our
project may be found in [Bo], [BB1] and [C]. Section 3 contains the proof of the “easy” part
of Theorem 1.1, i.e., part (i). Section 4 is the longest and most technical of all sections—it
presents the proof of Theorem 1.1 (ii).

We are grateful to David White and the referee for careful reading of the manuscript

and many helpful suggestions.

2. PRELIMINARIES

Let N = {0, 1,2,...} denote the set of natural numbers and Ny = N\{0}. Let d € N.
By | - | we will denote the Euclidean norm in R¢. For any subset U C R? we will denote
its complement by U¢, its closure by U and its boundary by OU. Furthermore for z € R¢,
r>0and U,V C R? we put B(x,7) = {y € R*: |z —y| < r}, vU = {ry : y € U},
dist(U,V) = inf{ly — z| : y € U, z € V} and oy (x) = dist(z,0U). We will write m(U)
for the d-dimensional Lebesgue measure of the set U C R?. B(R%) will denote the Borel
o-algebra of R%.

We will write ¢ = ¢(«, 3, ... ,7) to indicate the dependence of a constant ¢ on parame-
ters, functions, etc. The constants may change their value from one use to the next, even
on the same line in the same formula. However, the set of parameters on which a constant
may depend will not change from its one use to another. The constants denoted with ¢
will be always assumed finite and strictly positive.

From now on let a € (0,2) and d € N, d > 2, unless stated otherwise. We will follow
terminology and notation from [BG] most of the time.

We will assume that the probability space £ on which the process X (t) is defined is
the “canonical” space of all functions w from [0,00) to R¢ such that ¢+ — w(t) is right
continuous and has left limits. X (¢,w) is given by X (t,w) = w(t). Shift operators will be
denoted by 6, (t > 0), i.e., 0 : Q@ — Q, (Ayw)(s) = w(t + s). The operators 0; are also
extended to stopping times 7" and are denoted then by 67. Since some of the stopping
times may equal oo (for some w € ) it will be convenient to use the following convention

(see [BG] for more details). For each w € Q we put X (oco,w) = w(o0) = A, where A is an
4



extra point not in RY. We also add to Q a point wa such that for all ¢ € [0, 00] we have
X(t,wa) =wal(t) = A, Oow = wa, w € L.

A symmetric a-stable process X (t) can be constructed in a formal way so that it is a
standard process [BG, Ch. I, Definition 9.2] and satisfies the following properties. The
distribution of the process starting from x € R? will be denoted by P* and E® will denote
the corresponding expectation. We will assume that €2 is equipped with a o-field M which
is “universally complete” in the following sense: if F' € M and P*(F) = 0 for all z € R
then every subset of F' is in M.

Let I € M and Y be an M-measurable random variable. If we write P(F) = a (or
E(Y) = a), this will mean that a is the common value of P%(F) for all x € R? (or E*(Y)
respectively).

We will denote by p(t,z,y) = pi(z — ), t > 0, z,y € R%, the transition densities of
X(t), ie., PY(X(t) € U) = [,p(t,z,y)dy, U € B(R?). For each t > 0 the function
p¢(-) is bounded and continuous on R? and has the following useful scaling property,
pi(x) = t=Yop (x/tY*), z € R

The Lévy measure of the process X (t) is of the form v(dz) = Cy _o|2z|*~¢ dx where

Cany =T((d ~7)/2)/(277Y2[T(7/2)))-

For an open set U C RY we define 7y = inf{t > 0 : X (t) € U°}, the first entry time
of U¢. Tt is well known that 7, and a“7y (a > 0) have the same distribution under P°.
In the sequel we will need the following elementary estimate. If U is an open bounded set
then

(2.1) Pe(1y > t) < c1(a, U) exp(—ca(a, U)t), t>0,z € R

We will briefly indicate how to prove (2.1). Since p;(x) is everywhere positive and U is
bounded, PY(ry > 1) < PY(X(1) € U) < e3(a,U) < 1 for all y € RY. By the Markov
property, PY(ry > k) < ¢k for all k > 1 and y € RY, from which (2.1) follows.

XD (#),..., XD (t) will denote one dimensional components of the process X (t), i.e.,
X(t) = (XO@),...,X@(¢t)). It is known that each component X () is a symmetric

a-stable process on the line. For any open set U C R and i = 1,... ,d, we will denote
(2.2) D =inf{t >0: XD(t) e U},

For an open set U C R? and z € R?, the distribution P*(ry < oo; X (7¢7) € -) will be

called the a-harmonic measure for U and denoted by puf;(-). It is well known that for any
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a>0and V € B(R?), the following scaling property holds
P(w(X(TaU) € CLV) = Pw(X(TU) S V)

In the case of a ball B(0,r), r > 0, for any x € B(0,r), the a-harmonic measure /ffB(o "

has a density function Q,(z,-) (the Poisson kernel) given by the formula

Ca(r? — [x]?)*/2(|y|* — r?)= 2|z —y|=¢, for |y| >,
0, for |y| <,

23 Qe ={

where C¢ = T'(d/2)m~ %2 sin(ra/2) [BGR]. This formula holds also for d = 1.

Similarly, in the case of the complement of the ball B(0,r), for any x € (B(0,7))¢, the

a-harmonic measure u*———  has a densit
HBwom)e Y

= Ca(|z|> = r2)>2(r? — |y[3) /2w —y|™¢, for [y| <,
20 Ot -]
0, for |y| > r.

We would like to point out that this formula does not apply when d =1 and a > 1.

We can easily derive a formula for the density of the a-harmonic measure for the half-
space H = {x € R?: z; < 0} using (2.3) and (2.4). Fix some x = (x1,...,24) € H. One
can use (2.3) applied with d = 1 to show that Pml(X(l)(T((Pmo)) = 0) = 0 for all integer
n > 1. This easily implies that Pml(X(l)(T((i)oo’O)) =0) = 0. Hence P*(X () € OH) = 0.
Next, for any n € Ny let v, = (—n,z2,... ,24), Wy = (n,T2,...,24), V(n) = B(v,,n)
and W (n) = (B(wp,n))¢. For any U C (H)¢, U € B(R?), we have

PHX (tw(m) € UN(W(n))) = P*(X(rn) € UN (W(n))°)

> PY(X(Tvm)) € UN W (n))°).

These inequalities combined with (2.3) and (2.4) yield upon passing to the limit, when
n — o0, the following formula for the density of the a-harmonic measure p%,,
Cd 63/%(x) 6, (y) & —y|7?, for y € (H)",
(25) QH(SC,y) — a YH ( ) H (y) | y| Yy (_)
0, for y € H,
for z € H.
We define the potential kernel u(z,y) of the process X (t) by

u(z,y) :/0 p(t,x,y)dt, z,yecR
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y|*~< (the Riesz kernel). For any open set

According to [BG] we have u(x,y) =
U C RY we define

(26) GU(‘/Bay) :u(xvy)_Em(TU <OO;U(X<TU)7y))7 (177y€Rd, x;éy,

and call Gy (x,y) the Green function for U. We put Gy (z,x) = coif x € U and Gy (z,x) =
0if z ¢ U. It is well known that if U; C U, are open sets then we have Gy, (z,y) <
Gu,(z,y), z,y € R For any open set U and non-negative Borel measurable function h,

the Green function satisfies
TU
B [T = [ Golepht)dy, s <R
0 U

In particular, we have

(2.7) Em(TU):/UGU(a:,y)dy.

Suppose that U C R? is an open, nonempty, bounded set, V € B(R9) and dist(U, V) >
0. The following formula recovers the a-harmonic measure from the Green function. A
connection between the Lévy measure and the harmonic measure established in [IW] yields

forx e U,

T C’d —«
(2.8) P(X(TU)GV)Z/GU.Q?y/ ]y—z\d“" dy.
We can combine (2.7) and (2.8) to obtain
(2.9) P*(X(1y) € V) < e(d, ) E*(ty)sup{ly — 2|7 *:y € U,z € V}m(V).

Using (2.8) we can express Q,.(z,2), r >0, x € B(0,7), z € R%, |z| > r, in terms of the

Green function for B(0,r), namely,

CYd —
Qr T,z :/ G T xayédy
(z:2) B(0,r) 50 )’y—z‘dJra

Recall (2.3), multiply both sides of the last formula by |z|¢*® and let |z| — oo to see that
210 BTen = [ Goonlu)dy=Cl Cae) ! 02— el <r
B(0,r

This formula holds also for d = 1.
It will be convenient to use a summability condition for a series in place of the integral
criterion given in Theorem 1.1. Let

J(f) — Z (f<2_k))d+a_1 )

—k\d+a—1
e

We leave the proof of the following elementary result to the reader.

Lemma 2.1. I(f) < oo if and only if J(f) < cc.
7



3. PrROOF OF THEOREM 1.1(1)

Recall that ty > 0 is fixed and assume that I(f) = oco. Let g(z) = f(z) Az. It is
elementary to see that I(f) = oo implies that I(g) = co. To prove Theorem 1.1(i), it will
suffice to show that P(A(g)) = 1.

We need some more notation. Let {a,}22; be a sequence of natural numbers satisfying
a1 = 2, apy1 > an, n € No. The values of a,’s will be chosen later in this section. For

n € N1 we denote

W(n) ={z € D(g) : 21 € (0,27"")},
V(n) ={x € D(g) : x1 € 279+, 279 )}

Additionally, we put

W) =W U{zeR: 2 € (1/2,1),|F] < g(1/2)},
V(0)={zecR¥:z; €(4/6,5/6),|%| < g(1/2)/2}.

For n € N we denote
Un)={zeR¥:z €271 27"), %] < g(27"72)/2}.
Lemma 3.1. (i) For allz € U(n), n € N, n > 3, we have
P*(X (tw()) € V(0)) 2 (e, d)g*(27"7?).
(ii) For allx € W(n), n € Ny, and k < a,, — 2, k € N, we have
P (X (1) € U(R)) > clar, d) B (ryrny ) (27472) - (274-2) =t
Proof. For each x € U(n) we have B = B(x,g(27""2)/2) Cc W(1), for n > 3. Hence

P*(X(tw)) € V(0)) > P*(X(78) € V(0)). By (2.8) the last expression is greater than

or equal to
c(a, d)/ Gp(x,y)dy = c(a, d)E* (1B) = ¢(a, d)Q*O‘ga(27"*2)E0(TB(0,1)).
B

This proves the first part of the lemma.
Using (2.8) again we obtain,

P*(X (1w (n)) € U(K))

—d—a
> o B (rwe) (suplly = oy € Wiz € UMY m@(h).
8



Note that
sup{ly — z| :y € W(n),z € U(k)} <27+

and
m(U(k)) = c(a, d)27*2g"1(27772).

Part (ii) of the lemma follows from the three formulae. [

Consider the following events,

Py ={X(twq@)) € V(0)},
Frp1 = {X(Tw(ms) EV()}INOLL  F,, neN;.

TW(n41)" ™

Note that on the set {X (T (,,4+1)) € V(n)} we have

Oy ey X (Twy) € V(E—1)} = {X(tw@) € V(k—1)}

forany n > k > 1, k,n € N, so that F,,;; = ﬂZi}{X(TW(k)) eVik-1)}.

Recall that {a,} is a sequence of natural numbers satisfying a1 = 2, a,+1 > an, n € N4.

Lemma 3.2. One can find a sequence {a,}5%, depending on o, d and g such that for all
n €N, and z € W(n),

(3.1) P*(F,) > %Px(Fl).

Proof. Let H,, = F1 \ F,, and ¢, = n/(n+ 1), n € N;. We will show that there exists a

sequence {a, }52 ; such that
(3.2) P*(H,) < ¢, P*(F,), ze€W(n),neN;.

Clearly, (3.1) follows from (3.2).

We will prove (3.2) by induction. For n = 1, (3.2) is trivial. Assume that we have
chosen ay,aqg, ... ,a, for some m € N, and that (3.2) holds for n = 1,2,... ,m. Consider
some a,,+1 € N with a,,+1 > a,,, whose value will be chosen later in the proof.

For any x € W(m + 1) we have

Am 41 —2

P*(Fpy1) > > E° (X(TW(m+1)) € U(k);PX(TW(m“’)(Fm)) :
k=amV3

9



For z € U(k), where k € N, a,, V3 < k < a1 — 2, we obtain from (3.2) and Lemma
3.1(i),
1
P*(Fy) 2 5 P*(F) = o, d)g™(27"77).
From this and Lemma 3.1(ii) we get,
Am41—2 . r—
(gt

(3.3)  P"(Fui1) > oo, d)E" (tw(ms1) D

k=a,,V3

o T)draT xeW(m-+1).

On the other hand, for any = € W (m + 1) we have,

P*(Hyi1) = PP(Fy: X (r i) € V) (0 Fun)®)

(3.4) + P*(F1; X (Tw(m+1)) & V(m))
=1+1I.

Applying (3.2) with n = m we obtain,

1= E* (X(riw(min) € V(m); PXUwn) (B 0 )
(3.5)
< cm BT (X(TW(m-I-l)) € V(m)QPX(TWmH))(Fm)) = e P*(Fg1)-

Using (2.9) we get,

11 < P*(X (1)) € W(0)\ V()
< cfor d)(270m — 270 ) OB ()

< c(a,d) (274 )_a_dEx (Tw(m_H) ).

We have J(g) = oo. Hence, in view of (3.3) we can take a,,+1 large enough so that
IT < (cmt1—Cm)P*(Finy1), © € W(m+1). This, (3.5) and (3.4) give (3.2) for n = m+1.
This completes the proof of the induction step. [

For the remainder of this section, let {a,}>2 ; be a fixed sequence chosen as in Lemma
3.2. For each n € N fix a point y, € V(n) N {x € R¢: |7| = 0}.
Forn e Ny and k£ =1,2,... ,n consider the following stopping times

Sp=inf{t>0: X(t) ¢ XO0) -y, +W(n—-Fk+1)}.

We will define another sequence of stopping times R,,. We let R, be the first of these
times ST, 5%,...,S) for which X(S}) ¢ X(0) —y, + V(n — k). If there is no such S7,

then we put R, =inf{t > 0: X(¢) ¢ X(0) —y, + W(0)}.
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Lemma 3.3. There ezists a constant ¢ = ¢(a,d, g,tg) such that

P(R, > to) > cE(R,), n€N,.

Proof. We have
E(Rn) = E"(Rn)
< EY"(Tw(0))
= EY (tw (1)) + £ <X(TW(1)) e W(0)\ W(1); EX(TW(U)(TW(O))) :
The last term can be bounded by c(a, d) EY" (Ty (1)) using (2.9). Hence,
E(R,) < c(a, d)EY" (Tw(1))-
On the other hand we have

P(Ry, > tg) = P (R, > to)
> P ﬂ{X(TW(j)) eV =1} {rw) o bryu = to}
j=1

This is equal to
Evn (Fn;X(TW(n) € V(0); PXw) (1) > to)) ,

Note that inf,cv oy P*(Tw 0y > to) is strictly positive so the last expression is greater than
c(a,d, g,to) P (Fy). By Lemma 3.2 and (2.8), this is greater than cEY" (1 (1y). We have
shown that P(R, > tg) > cEY"(Tw(1)). The argument can be completed by combining
this inequality with an upper bound for FR,, obtained earlier in the proof. [

For 5,1 € N and n € N let us define the following stopping times.

T(0,n,1) = 2lt,,

T(j7n, l) + (Rn A to) o 0T(j,n,l)> if T(j,n, l) < 2ty + to,
T(j7n,l), if T(],n,l) Z 2lt0 —|—t0.

Next, for j,n,l as above define events

T(j+1,n,l)={

F(j,n, ) ={T(G +1,n,1)—T(j,n,l) =to}.

Let us also put H! = U;io F(j,n,0),l e N, ne N,.

The proof of the following lemma is based on ideas from [D, Section 2] and [B].
11



Lemma 3.4. There exists ng = no(a, d,tg) € N4 such that for alln > ng, n € N and all
1 € N we have P(H.) > c(a,d, g,to).

Proof. First note that F(R,) — 0 as n — oo. Indeed, EY"(R,) < EY"(1y), where
U={zecR:z € (0,1)}. But BV (1) equals c(a,d)((1/2)% — |1/2 — |yn||?)*/?, by
(2.10).

Hence, for all n > ng(«,d, tg) € Ni, n € N, there exists m,, € N such that

(3.6) to/3 < maE(Ry) < to/2.

It follows that
E(T(mn,n,1) = 2ltg) = E | Y _[T(j,n,1) = T(j — 1,n,1)] | <mnE(Ry) < to/2.
j=1

Hence
(37) P(T(mn,n,l) - tho > to) < 1/2

Since F(j1,n,1) N F(j2,n,1) =0 for j1 # jo,

paty > p (U FGon

Jj=1

3

S P(F(G,n.1))

3y

n

P(T(j,n, l) < 2ty + tQ)P(Rn > to)
1

nP(T(my,n,l) <2ty +to)P(R, > to).

\VAR
=)

By Lemma 3.3 and (3.7) this is bounded from below by ¢(«, d, g, to)m, E(R,,). This proves

the lemma in view of (3.6). O

Proof of Theorem 1.1 (i). For any [ € N let H! = limsup,, .., H! and define the following
subset of ().

Al ={weQ: 3 s=s(w) € [2ty, 2ty + to] such that

X(t,w) € X(s,w) + D(g) for all t € [s,s+tg)}.
12



We will show that H! C A’ for all | € N. Assume that w € H'. Then there exist
strictly increasing sequences {ji}7>, and {nx}72; (both depending on w) such that w €
ﬂ;ozl F(jk,nk,1). We may assume by passing to a subsequence, if necessary, that the
sequence T'(jr,ng,l,w) is convergent to s as k — oo for some s = s(w) € [2ltg, 2lty + to].
We can also assume that {T'(ji, ng, [, w)}52, is either strictly increasing or nonincreasing.
We will write s = T'(jk, n, l,w) for short.

First consider the case when this sequence is strictly increasing to s. Recall that all paths
have left-hand limits and are right continuous. We will argue that the path t — X (¢,w) is
continuous at s, i.e., lim;_,; X (t,w) = X (s,w).

Ifw € F(jg,nk,!) then for t € [sg, sp+to) the path X (t,w) staysin X (sg,w)—yn, +W(0).
Moreover, for t € [s, sk + to) and each m = 0,1,... ,n; — 1, if the path X (¢,w) leaves
X (s, w) = Yn, + W(nr —m) then it goes to X (sg,w) — Yn, + V(nr —m — 1). Note also
that X (sg,w) — yn, tends to limys X (¢, w) as k — oo.

Suppose that X (t,w) has a jump at ¢ = s, i.e. lim;5 X (¢,w) # X (s,w). Then for large
k, since s T s, the path X (¢,w) would have to jump at time t = s from one of the sets
X (Sk,w)—Yn, + W(ni—m) to a point in the complement of X (si,w)—yn, +V (ng—m—1),
for some m € {0,1,...,n; — 1}. This contradiction shows that X (¢,w) is continuous at
t = sif {sp}72, is strictly increasing. Thus limy_ o X (sk,w) = X (s,w) in this case.

The same holds if {s;}72, is nonincreasing, by the right continuity of the trajectories.

In both cases we have
X(t,w) € X(sk,w) — yn, + W(0) C X(sk,w) — yn,, + D(g), for te& [sg,sk+to).

Since limg 0o X(Sk,w) = X(s,w) and limg oo yn, = 0, we conclude that X(t,w) €
X (s,w)+ D(g) for all t € [s,s + t). This completes the proof of H! C Al.

Note that (A(g))® C Ni2e(A)° C NZy(HY. By Lemma 3.4, we have P(H') >
c(a,d, g,ty). The events {(H')}i°, are independent so P((),2,(H")¢) = 0. Hence, we
obtain P(A(g)) =1. O

4. PROOF OF THEOREM 1.1(11)

We will start by deriving some estimates for the a-harmonic measure of a d-dimensional
cylinder. The estimates in Lemmas 4.2 and 4.3 are more or less standard. Similar estimates
were obtained in [BB2, Lemma 3|. However, since we could not find a direct reference for
our estimates, we will spell out their proofs in detail.

We put

Ciry={zecR%:2; <0,|Z| <r}, r>0.
13



The “unit” cylinder C(1) will be denoted C for short. Let ®(a,b) = {z € R% :a < 21 <
b,|Z] < 1}, and similarly, ®[a,b) = {z € R? : a < z; < b,|Z| < 1}. We will write
H={reR*: 2 <0}

Our next lemma says that although C is not bounded, (2.8) holds for C in place of U.

Lemma 4.1. Let V C H€ be a Borel set such that dist(C,V') > 0. For any x € C we have

(4.1) P*(X(1c) € V) :/CGc(x,y)/Vwc_Yd’—Zﬁ;adzdy

< c(a, d)E* (1¢) sup{|y — z|_d_°‘ cyelC,zeVim(V).

We also have E*(1¢) < c¢(a), z € C.

Proof. Recall (2.2), put F,, = (X(l)(T((Pmo)) € (—o0,—n]), n € N4, and note that F,+; C
F,, n € N. Fix any z € C. By (2.3) applied with d = 1 we have lim,,_,, P*(F,) = 0.

Therefore for P*-almost all w € € there exists N = N(w) € N such that for all n > N,
n € N, we have w ¢ F,, and consequently 7, 0)(w) = 7¢(w). It follows from (2.6) that
Go(—n,0)(z,y) increases to Ge(z,y), y € R? as n T co. Consequently, by letting n T oo in
the formula (2.8) for ®(—n,0) and V' we get (4.1).

The last assertion of the lemma follows from the inequality E®(1¢) < E®*2 (T((E)Ll)). O

Lemma 4.2. For any v = (v1,... ,24) € C we have

P*(X(1¢) € ®0, |z1])) < c(a, d)|zy| 47>,

Proof. Let | = |z1|/5. By taking c(«, d) large enough we may and will assume that [ > 1.
We have

P*(X(1c) € @[0, |z1])) < PY(X(T9(-o00,~a1)) € ®[=31,50))
+ P( X (To(—o0,~21)) € ®[~1,51))
+ PY(X(Top(—o00,—a1)) € [—41, =31);
X(To(—o0,—21)) € ®[=21, =1); X (Ta(—00,0)) € P[0, 51))
=TI+ 1I+1I1.

The three terms on the right hand side represent three possible ways in which the process

can go from C to ®[0, |x1|). The first two terms represent direct jumps while the last term
14



corresponds to three jumps. Applying (4.1) we get I+ 11 < c¢(a,d)l~%~**!. By the strong

Markov property we obtain
Il = E* | X(To(—c0,—a1)) € ®[—4l, =31);
EX(T@FOO’?Z“)) [X(TCP(—OO,—ZZ)) € (I)[_217 _l);
PXscoe20) (X (g oo ) € @[0,50)] |.
Note that for any y € ®[—2I, —1) we get by (2.5),

PY(X(To(—00,0)) € ®[0,51)) < PY(X () € ®[0,51))

S C(Oé,d)la/Qd/ 57;(1/2(2) dZ S Cl7d+1 S Cl(fd—a+1)/3'
®[0,51)

Similarly, for y € ®[—4l,—3l), putting v = y + (21,0, ... ,0) and using translation invari-

ance of X we obtain
PY(X (Ta(—o0,—21y) € B[=21,—1)) < PY (X (13) € ®[0,1)) < el{7doFD/3,
For the same reason,
P*(X (To(—oo,—ap)) € ®[—4l,—31)) < cl{7d7+D/3,

We can combine the last three estimates to show that ITI < c(a,d)l~?=**1, This and

similar estimates for I and II prove the lemma. [

Lemma 4.3. Let V C H® be an arbitrary Borel set, r > 0 and x = (x1,... ,24) € C(r) be
such that 1 < —r. We have

o ,r,a/2
4.2 P*(X(1e(m) €V Sca,d/ V1| dz.
( ) ( ( C( )) ) ( ) v |LIZ‘—Z|d+O‘ (5%/2(2/) >

Proof. By scaling we have P*(X (1¢(,) € V) = P%/"(X(7¢(1y) € r~'V). The right hand
side of (4.2) has a similar scaling property so we may and will assume that r = 1.

Let Vi = {2z €V :3|z| < |z —z|} and Vo = V \ V. For z € V; we have |z| > 2|z|,
|z — 2| < 2|z] and d¢(z) > |z|/2. Clearly, dist(C,V;) > 0. Throughout the proof R will
denote the integral on the right hand side of (4.2). By (4.1) for C and V; we obtain

P*(X(1e) € 1) < c(a, d)E* (1¢) ]z|_d_o‘ dz
Vi
< c(a,d)/ (|2 — 2/2) "% dz < cR.
Vi
15



Next we will estimate P*(X(7¢) € V2). Our argument will be similar to that in the
proof of Lemma 4.2. We will bound the probability in question by the sum of three terms
which represent different ways in which the process can jump from C to V5. Let [ = |z1]/3.
We have,

Px(X(Tc) c VQ) < Px(X(T¢(_OO7_Ql)) € ‘/2)
+ B (X (7 oo, -o0)) € D[=1,0); PXCoo20) (X (1) € V3))
B (X (7 oo, o)) € D[=21, —1); PX(om20) (X (1) € V) )
=I+1I+1I1I.
To complete the proof it will suffice to show that each of the three terms on the right hand

side is bounded by cR. The inequality I < cR follows easily from (4.1).
By (4.1) applied with ®(—o0, —2[) and ®[—[,0) in place of C and V, and using (2.5),

Ci,—a
I7 :/ G@(—oo,—zz)(%v)/ %P@’(X(TH) € Vo) dydv
®(—o00,—21) o |

—1,0) v —y
d
WD [ e [ P € Va)dy
! ®(—o00,—21) ®[—1,0)

c xX
= ot T<I>(—oo7—2z)/ PY(X (1) € Va)dy
®[—1,0)

C

e P

a/2
dz dy.
ld+°‘ / [—1,0) /Vz ly — z]déa/z (2)

For z € V5 we have

/ W g / ly— 272 dy < c(a, d),
®[—1,0)

IA

[—1,0) ly — 2|4
% d 1 1
1< C(sia) / 7 dz < c(a,d)/ 7 dz < cR.
! va 057 (2) Vo |z — z|d+eds/ % (2)

Now, let us consider I1I. We have

IIT < P*(X(To(—o0,—21)) € ®[=2[, 1)) sup  PY(X(my) € Va).
yed®[—21,—1)

The first factor can be bounded using Lemma 4.2,

Pw(X(ch(_oo,_zl)) € ®[—2l,-1)) < ¢(a, d)l—d—a—i—l.
16



For any y € ®[—-2[, —1) we get from (2.5)

1¢/2 4z c dz
PY(X () € V) < c(a,d)/ < / .
Ve |y — z|d5${/2(2) [d=a/2 Vo 5%/2(z)

Recall that d > 2, a < 2 and | > 1/3. This implies that [~247%/2+1 < ¢(a,d)I=%~2. Tt
follows that

l—d—a+1 dz
I < c(a, d) /
jd—a/2 Va 604/2

H (2)
c dz / dz
< <c <cR.
[t /\/2 6%/2(,2) Ve o — z]d+0‘(5$;/2(z)

The proof is complete. [

We will assume from now on that I(f) < co. Let g(x) = 2f(x) and note that I(g) < oc.
If for all z € (0,1/2] we have g(x) < /2 then we set K7 = 2. Otherwise we set

Ky =sup{k e N: k>2 3 z (277 27" such that g(z) > 2/2}.

It is elementary to check that the condition (g) < oo implies that K7 < co. In the sequel
we will use the fact that g(z) < x/2 for all x € (0,27 %1].
For [ € N, we put

W(l) = {z € D(g): 21 € (0,27")},
V(I)={zeD(g): =1 €[2771,27")},
Ul)={zcR¥: 2, €(0,27Y),]2] < g(27)}
Ul)={zeR%: 2, (0,271, < g2}

For ,n e Ny, n>1 let
W(l,n)=W({)uU(n).

Note that the sets W (), V(l) and U(l) are similar to but not identical to sets denoted by
the same letters in Section 3.

Recall our convention concerning the constants—they can change their values from line
to line. We will need two constants whose values cannot change in this way. To emphasize
the different nature of these genuine constants, we will denote them ¢; and ¢;. They will

appear for the first time in Lemmas 4.4 and 4.5.
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Lemma 4.4. For any k,l € N, k> Ky, and x € ﬁ(l) we have
P* (X (1u@) € V(k) < éi(a, d)g*(27)g"H(27M) (27" 774
It follows that for k,l as above, n € N4, n > 1 and x € W(l + 1,n) we have,
P* (X (twan) € V(K) < & (a,d)g*(27")g? H(27F) 27 7)o

The last inequality is also true for k,l as above, n =1 and x € ﬁ(n)

Proof. We begin by proving the first inequality. Note that for | < k we have V (k) C U(I)
so P*(X(1yqy) € V(k)) = 0. Therefore we can and do assume that [ > k.
Let v=(271,0,...,0). By Lemma 4.3,

Pw(X(TU(l)) € V(k)) < Pm_U(X(TC(g(Q—l))) S V(k) — ’U)

a(9-l a/2 91
§c(a,d)/ 9°( )d+a J /g )\/1 dz
V(k)—v |T =V — 2] 67/ 7 (2)

< cg“(2‘l)(2"“)‘“‘d/v(k) <g:;5—$_)l)v1> dz.
—v H z

For £ = [ — 1, direct calculations show that the last integral is bounded from above by
c(a, d)2 L gd=1(271+1) For k < [—1, the last integral is bounded from above by m(V (k)).
These estimates easily imply the first inequality in the statement of the lemma.

Since W(l,n) c U(l), W(l +1,n) c U(l) for n > I, and W(n,n) = U(n), the second

inequality in the lemma is a direct consequence of the first one. [J

For any n € N we will define inductively a sequence of stopping times S(m, n), starting

with S(0,n) = 0 and S(1,n) = Tw (n,n). For any m,n € N we define

TW(i—1,n), if X(S(m,n)) € V(i), for some i >2,i € N,

S(m+1,n) = { S(m,n), if X(S(m,n)) ¢ W(2).

The following lemma gives an estimate for the probability that the process starting from
x € ﬁ(n) will end up in V (k) at time S(m,n), and, moreover, 0 < S(1,n) < ... < S(m,n).
Lemma 4.5. Let Ky = Ko(a,d,g) € N be the smallest constant satisfying Ko > K1 and

% —j+1yydta—1
(4.3) J(g, Ko) =61 ) (g(é_j)dl)a_l < %»
j=Ko

18




where ¢1 = ¢1(a,d) is the constant from Lemma 4.4. For any m € Ny, n > k > Ky,
n,k € N and z € U(n) we have

(4.4) PE(S(m—1,n) < S(m,n); X(S(m,n)) € V(k)) < ég*(27")27™,
where &y = 26, g1 (27F) (27 k) —a—d+L,

Proof. The constant K is finite because I(g) < oo (see Lemma 2.1).

First note that for m € N4, we have P*(X(S(m,n)) € V(n)) = 0. This follows from
the fact that S(m,n) = 7w () for some j < n, j € Ny and V(n) C W(j,n) (j may
depend on z, w and m). This gives (4.4) for k = n. So from now on we will assume that
k<n-—1.

We will prove (4.4) by induction on m. For m = 1, (4.4) follows from the second
inequality in Lemma 4.4 for [ = n.

Suppose we have proved (4.4) for some m € Ny and all n,k € N, n—1>k > Ky. We
will show (4.4) for m + 1. For any n,k e Nyn—1>k > Ky and x € ﬁ(n) we have

PE(S(m,n) < S(m+1,n); X(S(m+1,n)) e V(k)) =

S (Stm = 1,m) < S(m,n); X(S(m,n)) € V(j); PXED (X (15 1.)) € V(R)))
j=k

By our induction hypothesis and Lemma 4.4 this is bounded from above by

n_l _ ) - _ _ a )
226 gd 1(2 j) a(2—n)2—mclgd 1(2 k)g (2 J+1)
1 (2-7)atd—1 (2—F)atd—1

. . 1 . . N oo
e G agtTeT)er 2
(2—j)a+d—1

~ —nyo—m 9
= zclga(z 71)2 m(2—k)a+d—1
ji=k

~ a+d—1(2—j+1)

~ _afg—n\o—m o C19
< Cpg”(277)2 Z (2-7)a+d—1
Jj=Ko

290((2771)2717171'

VAN
)

The last inequality is due to (4.3). We have shown that (4.4) holds for m+1. O

Now we will define inductively stopping times S(m,n,x). They are “translated” versions
of S(m,n)’s so their definition is analogous to the definition of S(m,n).

For n € N, we will write y, = (27"72,0,...,0) € R% For z € R%, n € N we set
S(0,n,x) =0 and

S(1,m,2) = To—y, +w(nn) = 0f{t >0: X(t) € 2 — yn + W(n,n)}.
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For m,n € N, and z € R? we define S(m + 1,n,z) to be
To—yptW(i—1,n) = i0f{t > 0: X(t) ¢ v —yp + W(i —1,n)},

if X(S(m,n,x)) € x—y,+ V(i) for some i > 2, i € N. If X(S(m,n,x)) ¢z —y, + W(2)
then we define S(m + 1,n,z) to be S(m,n,x).

For n > k, k,n,m € N4, consider the following events
H(n,m,k,x) ={S(m —1,n,z) < S(m,n,z); X(S(m,n,z)) € z —y, + V(k)}.
Lemma 4.6. Forn >k > Koy, k,n,m € N,, x € R%, we have

P*(H(n,m,k,x)) < c(a,d, g, k)g*(27")27™.

Proof. We have P*(H(n,m,k,z)) = PY~(H(n,m, k,y,)) and S(m,n,y,) = S(m,n). Also

note that y,, € U (n). Therefore Lemma 4.6 is a direct consequence of Lemma 4.5. [

Lemma 4.7. Let {Z;}$2, be i.i.d. random variables such that Z; > 0, E(Z;) > 0 and
E(Z;)* < oco. There exists a constant ¢ depending only on the distribution of Zy such that
for any M > 1, M € R, we have

iP (iZz < M) <cM.
j=1 i=1

Proof. Let un = EZ;. Let jo be the smallest integer with jou > 2M. We have

4
J
B (Z(Zi - u)) < GE(Zi — p)* +35°E(Zi — p)* < ¢f%,

=1

because all terms which contain E(Z; — u) are equal to zero.

For j = jo,
J j j 4
P(ZZiSM>§P(Z(Zi—M) EJM—M):P (Z(Zi—u)> > (ju — M)
1= 7/.— 4 i
SE(Q(Zi-w)| Gu=M""<cf*(n/2)" <ej™

=1



It follows that

Srlsaen) Se(Sasu) Se(Sasy

< jo+ ch—Q <2M/p+ 1+ 2e.
J=Jjo

This clearly implies the lemma. [J
For any n € N4 and z € R? let
An,z) =z +{zcR%: 2 € (=27"72,27"72) |3| < g(27™)/2}.

For j € N and n € N we define the following stopping times: 7'(0,n) = 0,
T(j+Ln) =T(,n) + Ta(m,x(0) © O7(in)-
An alternative but equivalent definition is
T+ 1,n)=inf{s > T(j,n) : X(s) & A(n, X(T(j,n)))}.

Lemma 4.8. For any N e N, n>k > Ky, k,n,m € N, we have

P {76 < NYA 6z Hnm, b X(0)] | < ela,d g, k)N2™
§=0
We also have P(lim;_, T'(j,n) < 00) =0 for n € N.
Proof. By the strong Markov property applied at T'(j,n) and Lemma 4.6,
<o, d, g, k)P(T(J,n) < N)g*(27")27™.

Therefore, to prove the first part of the lemma it will be sufficient to show that
(4.5) ZP ) < N) < cla,d)Ng=*(27").
Jj=

We have T(j + 1,n) < T(j + 1,n) for stopping times T(j + 1,n) defined by

f(j +1,n) =T(j,n) + TB(x(0),9(2-7)/2) © OT(jn)s JE€N.
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A~

Let Y; = g~ “(27")2%[T(i,n)—T(i—1,n)], ¢ € N4, and note that {¥;}2, are i.i.d. random

variables with the same distribution as 7p(x(0),1)- We have

ZP(T(j, n) <N)<1+4> P[> (T(i,n) - T(i—1,n)) < N)

< 1+§:P zjj(f(z’,n)—T(i—l,n)) SN)

[y

J

(4.6) =1+ ip Svi< g_a(2_")2°‘N> .

=1

It is easy to show that E(Y;)* < oo using (2.1). So we can apply Lemma 4.7 to estimate
the right-hand side of (4.6). This gives (4.5).
The last claim in the lemma follows easily from the fact that the series in (4.5) is

convergent for every fixed N. [

Let
M ={weQ: 3 s=s(w)>0,3 t; =t;(w) > 0 such that
X(t,w) = X(s,w) forall t €l[s,s+1t1)}.
We have
(4.7) P() =0,

because for every pair of rationals s1 # so, P(X(s1) # X(s2)) = 1.

Proof of Theorem 1.1 (ii). For any n € N, and € R? let
Un,z)=z+{z€R%: 2 € (=27",27"), |3| < g(27™)}.
For s > 0 and n € N, we define stopping times
Q(s,n) =inf{t > s: X(t) ¢ U(n, X(s))}.

By the right continuity of paths we obtain Q(s,n) > s for all s. For w € Q\ ; we also
have lim,,,~ Q(s,n,w) = s and lim,,_,o X (Q(s,n,w)) = X (s,w) for all s.

Next, let us write ﬁ(n,x) =U(n,z)\U(n+1,2),n € Ny, 2 € R? and for w € Q\ O,
s >0 and ¢t > 0 define

Z(s,t,w) ={l € Ny : Ja € Ny such that Q(s,a,w) € (s,s+1),

X(Q(s,a,w),w) € ﬁ(l, X(s,w))}.
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Our remarks about Q(s,n) imply that for all w € Q\ ©Q4, s > 0 and ¢ > 0 the number of
elements of Z(s,t,w) is infinite.
Let Qy = QUU,—  {lim; o, T'(j,n) < oo}. By Lemma 4.8 and (4.7) we have P(Q3) = 0.
Recall that XM (¢),..., X(@(t) denote the components of X (t). We will write D(f, k) =
{x € D(f): 21 € (0,27%)}, k€ N. Forany N € N, and k > Ko+ 1, k € N, let us denote

A(f,[0,N], k) = {w €\ Qy: Is=s(w) €[0,N], It =t1(w) > 0 such that
(i) X(t,w) € X(s,w) + D(f, Ko +2) forall t€ [s,s+t1),

(i)  sup |X(1)(t,w)—X(1)(s,w)|E[2k1,2k)}.
t€[s,s+t1)

Recall A(f) and a fixed time ty > 0 from the Introduction. By the right continuity of
paths we have . .
Afycu ) U Af[0,N]E).
N=1k=Ko+1
To prove Theorem 1.1(ii) it will suffice to show that for any N € N, and k > Ky + 1,
k € N, we have P(A(f,[0,N],k)) = 0.
Fix N and k. For s > 0,¢t>0,w € Q\ Q; and i > k, i € N, we will write

Z(s,tyi,k,w) =Z(s,t,w)N{k,k+1,...;9—1}.

Let # denote the number of elements of a set. For i > k, m € N, and T' = [0, N] or
['=[0,N]N[T(,n),T(+1,n)),j €N, n =1, let

A(f, T i,m, k) ={w e Q\ Qo : Js=s(w) €T, It; = t1(w) > 0 such that
(i) X(t,w) € X(s,w)+ D(f, Ko+ 2) for all t € [s,s+1t),

(i) sup [XO(tw) - XD(s,w)| € 27,275),
t€[s,s+t1)

(iil) #Z(s,t1,1,k,w) > m}.
We claim that if
(4.8) weA(f,[0,NIN[T(j,n), T(j+1,n)),t,3m, k),

and j,n,i € N,n>1¢ >k, me N, then

oo  k+1

(4.9) we{T@Gn) <Nynoz, . IU U H® b X(0)]|.
l=m b=k—1
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To show the above claim is true is straightforward but tedious so we defer the argument
to the end of the proof.
Assume that (4.8) implies (4.9). If w € A(f,[0, N],,3m, k) then

0o oo k+1
we F(n,m,k):= | {TGn) <Nynoz, o | U Hn b X( 0))”
j=0 l=m b=k—1
Consequently,
(4.10) L A(f,10,N],4,3m, k) C liminf F(n,m, k).
i=k+1

Lemma 4.8 easily implies that
(4.11) P(F(n,m,k)) <cla,d, fE)N2™™ n >k, nmeN,.

Since for any s > 0, ¢t > 0 and w € Q\ £ the set Z(s,t,w) has infinitely many elements,

we have

(4.12) A(f,[0,NL k) () U A(f£.[0,N],i,3m, k).

m=1i=k+1
From (4.11) we obtain P((,°_, liminf,, o F(n,m,k)) = 0. This, (4.10), (4.11) and (4.12)
imply that P(A(f, [0, N],k)) = 0. Consequently, P(A(f)) = 0.

Now, what is left, is to prove that (4.8) implies (4.9). Assume that w satisfies (4.8).
Then there exist s = s(w) € [T(j4,n),T(j 4+ 1,n)) and t; = t;(w) > 0 such that X (¢t,w) €
X(s,w)+{x € D(f) : 21 €[0,27%)} for all t € [s, s+ t1). This follows from conditions (i)
and (ii) in the definition of A(f,T',,3m, k). We will define G1-jumps and, later, Go-jumps.
Here G stands for “good” and subscripts indicate two different but closely related types of
jumps. A G1-jump occurs if at the first time ¢ € [s, s + ¢1) when the path X (-,w) leaves

U(qr, X(s,w)) N (X (s,w) + {x € D(f) : 21 € [0,275)})
= X(s,w)+{x e D(f): 2, €[0,277)}

it jumps to

U(g2, X (5,w)) N (X (s,0) + {& € D(f) : 21 € [0,279)})

= X(s,w)+{x € D(f):x € 2797 27%2)}
24



for some particular q;,q> € N, which are chosen below. We say that the first G;-jump
occurs if ¢ > ¢ and © > ¢o > k. For the “consecutive” Gp-jumps, the corresponding
condition is ¢ — 1 > ¢; > ¢q2 > k. Note that the numbers ¢; and ¢» are chosen so that
G1-jumps corrrespond to Z(s,t1,1, k,w).

The fact that w satisfies (4.8) implies that for ¢ € [s,s + t1), the path X (f,w) has at
least 3m G1-jumps.

Next we define a Go-jump. We will say that the first G-jump occurs if at the first time
t > T(j,n) when the path X (-,w) leaves the set X(T'(j,n)) — yn + W(n,n), it jumps to

X(T(j,n) = yn+ V(@) = X(T(,n)) = yn +{z € D(g) : 21 € [27971,279)}

for some ¢ € N4, n > ¢ > b. We will say that consecutive Ga-jumps occur if for some
1,92 € Np,m>q > q2 > b, ¢1 —qo > 1, at the first time ¢t > T'(j,n) when the path

X(-,w) leaves
X(T(j,n)) =yn+W(a —Ln) = X(T(j,n)) —yn+{z € D(g) : 21 € (0,277 }UU(n)),
it jumps to

X(T(j,n) = yn+ V(a2) = X(T(j,n)) — yn + {2 € D(g) : 21 € [27=71,27%)}.

Go-jumps correspond to H(n,l,b, X(0)) and S(I,n, X(0)).
If w satisfies (4.9) then for t > T'(j,n), the path X (¢,w) has at least m Ga-jumps.

Recall we have assumed that w satisfies (4.8) and let
Z = (217 227 s 7Zd) - X(‘S?w) - (X(T(]7 n)) - yn)

Since s € [T'(j,n),T'(j+1,n)) the vector X (s,w)—X(T(j,n)) belongs to A(n,0), so in par-
ticular |Z| = |(22,...,24)] < g(27™)/2 = f(27™). Put 2’ = (0,2) and 2" = (21,0,...,0).
We may think of 2’ as the vertical part of the vector z and of 2” as the horizontal part.
Recall that W(n,n) =U(n) = {z € R4 : 21 € (0,27"),|2| < g(27)}

For s € [T(j,n),T(j +1,n)), we have

(4.13) X(s,w) € A(n, X(T(5,n))) € X(T(5,n)) = yn + U(n),

(4.14) X(s,w) + D(f, Ko +2) € X(T(j,n)) = yn + (D(g, Ko) UU(n)).
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We also have

(4.15) 2 4+ X(T(j5,n)) — yn + {x € D(f) : 21 € (0,279)}
C X(T(5,n) —yn + ({z € D(g) : z1 € (0,279} U T (n)),

for g € N, n > q and

(4.16) 2+ X(T(G,n) —yn +{z € D(f) 2 € 2777, 279)}
C X(T(j,n)) —yn +{z € D(g) : 21 € [27971,279)},

for ¢ € Ny, n—1> q. It follows from (4.13)-(4.16) that (4.8) implies (4.9), except for two
fine points of the argument, which are discussed below.

Let us denote D(q) = {z € D(f) : 1 € [279 1,279} and recall V(q) = {z € D(g) :
r1 €[27971,279)}, g e N.

(i) There is a difference between G1-jumps and Go-jumps. Suppose that during some
G1-jump, the process jumps to the set X (s,w)+ D(q). Then during the next G1-jump, the
process may jump to the “nearest neighbor” of this set, i.e., the set X (s,w) —}—B(q —1). On
the other hand if during some G3-jump the process jumps to the set X (1T'(j,n)) —yn+V(q)
then during the next Gs-jump the process cannot jump to the “nearest neighbor” of this
set, i.e., the set X (T'(4,n)) —yn+V(g—1). We indicate how to resolve this problem below.

(ii) Recall that 2" = (21,0,...,0) is the horizontal part of the vector z = X (s,w) —
(X(T'(j,n)) — yn). There is a “small horizontal translation” by the vector z” between the
sets X (s,w) + D(q) and X(T(j,n)) — yn + V(q). Since the vector X (s,w) — X(T(j,n))
belongs to A(n,0) we have |2”| < 2772+ |y,| = 27! so the vector 2" is relatively small
in comparison to the sets D(q) and V(q) for n — 1 < q.

The way we can deal with problems in (i) and (ii) is by having at least 3m Gi-jumps
in (4.8). This guaranties, in spite of the difference between Gi-jumps and Ga-jumps and
the “small horizontal translations,” that the path X (¢,w) has at least m Ga-jumps.

Similarly in (4.9) we consider an auxiliary parameter b = k — 1, k or k + 1. This
parameter is chosen so that the condition (ii) in the definition of A(f,T",4,3m, k) implies
that after one of the Ga-jumps, the path is in X(7'(j,n)) —y, + V(b) (for b=k — 1, k or
k+1). O
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