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The aim of this thesis is to develop a general numerical solution method for geo-
metrically non-linear structures. Most common work involves tedious derivations of
analytic tangent stiffness matrices. The major objective of the current work is to
develop a numerically generated tangent stiffness matrix that allows for a general and
easily implementable solution method. The thesis begins with the definition of the
tangent stiffness matrix and a discussion of the Newton-Raphson incremental-iterative
method typically used to solve geometrically non-linear problems. This is followed by
a detailed description of how the tangent stiffness matrix is numerically generated us-
ing complex variable differentiation to approximate sensitivities. The thesis proceeds
with details of the solution method applied to three different structural elements: 3D
truss, membrane, and 3D beam. These discussions include numeric examples for each
type of structure, the results of which are compared with the literature and ANSYS
solutions. The results from the present work show that solutions obtained using the
general numerically generated tangent stiffness matrix are accurate. While computa-
tional effort is increased, the method is especially attractive in the context of research

involving small finite element models.
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Chapter 1
INTRODUCTION

1.1 Background and Motivation

When analyzing flexible structures, such as high aspect ratio airplane wings, a typical
linear elastic analysis may not adequately capture the true response of the structure.
In linear elastic analysis, deflections are assumed to be small relative to member size,
meaning there is a relatively small difference between the undeformed and deformed
shape of the structure. The static equilibrium equations for the structure are based
on the undeformed geometry and the strains are linear functions of the displacements,
resulting in linear equilibrium equations. However, when the displacements and rota-
tions of the structure become large, it is necessary to include the effects of geometric
stiffness in order to obtain results that are accurate and physically representative.
Geometric stiffness is a function of the internal force in the member and the change
in location of its nodes. For a structure to remain in static equilibrium as it under-
goes finite deformations, forces are developed in the members to balance externally
applied force. These internal forces caused by the change in geometry result in an
increase in stiffness, known as ”stress stiffening” or ”geometric stiffening”. To solve
structures of this nature, it is more accurate to refer the static equilibrium equations
to the deformed configuration. The strains are then non-linear functions of the dis-
placements, resulting in non-linear equilibrium equations. This kind of problem is
called geometrically non-linear.

Analysis of geometrically non-linear problems typically starts with implementa-
tion of a finite element method (FEM) that results in a set of non-linear algebraic

equations, R(u) = P, where P is the externally applied load and R is a non-linear



function of the nodal displacements. This set of non-linear equations is linearized by

dividing the problem into incremental load steps, resulting in the relation

[Kr]Au= AP (1.1)

where [K7] is the tangent stiffness matrix, the calculation of which is crucial for
finding a solution to the geometrically non-linear problem. To increase the accuracy
of the linearized approximation, the incremental method is combined with an iterative
method in order to converge on the exact solution. The tangent stiffness matrix is
calculated at each iteration.

Extensive research and development has been done regarding the derivation of the
non-linear governing equations and the tangent stiffness matrices for various structural
finite elements, and many textbooks have been written on the topic of non-linear
finite elements, including [1], [3], [4], and [22]. Previous work is primarily focused
on analytic derivations starting from FEM variational methods, such as in [12], [13],
[14], and [15] where the principal of minimum potential energy is used to derive the
non-linear equations, or in [2] and [21], where the non-linear equations are derived
using the principal of virtual work. Additionally, existing assumptions may be used
in conjunction with FEM, such as in [16] where conventional beam-column theory
is employed in the derivation for a non-linear space frame. The work done in [9]
and [19] involves derivation of the geometric stiffness matrix beginning with a load
perturbation of the equilibrium equations. In all these previous works, the non-linear
finite element equations and resulting geometric or tangent stiffness matrices are
arrived at through time-consuming, tedious, and complicated analytic derivations.
With the advent of more sophisticated computing power, and in an effort to allow
for the derivation of more complex finite elements, work has been done in utilizing
numerical methods in the derivations. Symbolic algebra is used in [8] to carry out the
derivations that are too complex to do analytically. Some work has also been done

using derivative approximation methods, such as a forward finite difference Frechét



derivative used in [7] and a complex variable derivative method used in [5]. All of these
methods, however, still lack a level of ease and generality that would allow for the
creation of a simple and general computer program to solve geometrically non-linear
problems.

The motivation for the present work is to present a method for numerically gener-
ating tangent stiffness matrices in a manner that results in a solution method for ge-
ometrically non-linear structures that is completely general and easily implementable
as a computer program. The solution technique begins with a load perturbation of
the non-linear force equilibrium equations, similar to that done in [9] and [19]. As
long as the method for determining internal member forces is known — which it typ-
ically is from linear elastic analysis — then the tangent stiffness matrix is calculated
numerically in exactly the same manner for every finite element type. While there
may be computational costs for larger structures, proceeding in this manner avoids
tedious and complicated analytic derivations or unnecessary assumptions unique to

element types that could limit solution accuracy.
1.2 Report Structure

The present work proceeds with Chapter 2 in which the tangent stiffness matrix is
derived and an incremental-iterative method for solving the geometrically nonlinear
problem is introduced, specifically the Newton-Raphson method. The details for
using complex variable derivatives to approximate sensitivities in order to numerically
calculate the tangent stiffness matrix is then introduced and derived.

Chapters 3, 4, and 5 present the solution process for three different structural
elements: 3D truss, membrane, and 3D beam elements. Each chapter contains a
detailed discussion of how the elements are defined in space, and how the internal
forces for each element type are calculated, which is a necessary process to proceed
with the numerical generation of the tangent stiffness matrix. Additionally, each

chapter contains numeric examples comparing solutions found using the numerical



tangent stiffness matrix with results obtained in literature using analytically calcu-
lated tangent stiffness matrices or using commercial finite element software. The
present solution method was coded in MATLAB in order to solve the examples. A
pseudocode for the solution method is provided in Appendix A.

Finally, Chapter 6 is a concluding discussion of the results and possible directions

for future improvements and research.



Chapter 2
SOLUTION METHOD

2.1 Tangent stiffness matrix

The solution method for a geometrically non-linear problem begins with a linearization
of the non-linear equilibrium equations, such as the general force equilibrium equations

given by,

Pext = Fint(u) (2.1)

where Fi,t is a vector of nodal internal member forces, which are functions of
the nodal degree of freedom (DOF) displacements!, u. Py is a vector of externally
applied loads.? Assuming there is a known set of nodal displacement DOFSs, ug, that
satisfies equation (2.1), the equilibrium equations can be linearized by perturbing the
force about this known solution point. A small perturbation of the externally applied
load corresponds to a perturbation in the nodal DOF displacements and equation

(2.1) becomes

Pext + dP = Fint (uo -+ dU) (22)

A first-order taylor series expansion of the right hand side of equation (2.2) results

n

IThe term “displacements” is used in this chapter to denote both linear displacements and rota-
tions.

2Generally, the external forces may be follower forces and therefore will also be dependant on the
nodal displacement degrees of freedom. However, for the purpose of simplicity, follower forces are
not considered in this derivation.
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Since up is a solution that satisfies equation (2.1), equation (2.3) reduces to

OF;
dp = == du = [Kr(up)]du (2.4)
ou |,_,
0
where
i OF;nt 1 OFint 1 OF;nt1 i
oul Ousg T Oum
OF; OF; OF;
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[Kr(u)]=—2=| " 2 o (2.5)
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L Oui Ousg T Oum

is the tangent stiffness matrix, with m being the total number of nodal DOFs in
the structure. From equation (2.5) it can be seen that the tangent stiffness matrix is
essentially a matrix of sensitivities. In particular, it is the sensitivities of the internal
member forces to perturbations in the nodal displacement DOFs of the system. The
tangent stiffness matrix contains information regarding both the linear elastic and

geometric stiffness of the structure.
2.2 Incremental-iterative solution technique: Netwon-Raphson method

As with any set of non-linear equations, the most effective way to solve the geometri-
cally non-linear problem is to use an incremental-iterative technique. For the present
work a Newton-Raphson method is used. The externally applied load is divided into
increments, AP, and at each increment a Newton-Raphson iteration is run in order

to converge on the equilibrium condition, as illustrated in Figure 2.1.
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Figure 2.1: Newton-Raphson incremental-iterative solution method

Given an initial configuration for the structure, and thus the initial nodal DOF
displacement vector ug, the initial tangent stiffness matrix, [K7(ug)], can be calcu-
lated. The externally applied load is then incremented by some small increment, AP,
and the linearized system of equations from equation (2.4) is solved for the nodal

incremental displacement due to the external load:

sur = [Kr(ug)] 'AP = [Kr(ug)] 'Pext 1 (2.6)



Here the subscripts represent the increment number, and the superscripts represent
the iteration number.

The internal member forces at the updated configuration, Fin(ug + duj), are
calculated, and the equilibrium condition from equation (2.1) is checked. That is, for

equilibrium to be satisfied,

Pext,l - Fint<u0 + 6111) =0 (27)

However, since a linear approximation was used to solve for the nodal displace-
ments, it is likely that there is an unbalance in the force equilibrium, otherwise known

as a residual force R. The equilibrium equation is then,

Pext,l - Fint<u0 + 6111) = Ri (28)

and iteration proceeds to converge on a solution for the nodal DOF displacements
that results in the residual being as close to zero as possible. This is done by cal-
culating the updated tangent stiffness matrix from the updated nodal displacements

and solving for the nodal displacement increments due to the residual force,

(5uf = [Kr(up + (5u})]_1R} (2.9)

The updated internal member forces, Fiu(ug + dul + du?), are again calculated,

and the equilibrium equation becomes,

Pext1 — Fint(uo + duj + du?) = R? (2.10)



If the residual is not close to zero within an acceptable tolerance, then the process
is repeated. If the residual is approximately zero, then the equilibrium condition has
been achieved and the new updated equilibrium configuration due to the externally
applied load of Pexeq is Uy = ug + (dul + du2 + -+ + dul) = ug + Auy, where i is
the number of iterations required to achieve the equilibrium condition.

The solution process continues by again incrementing the externally applied load
such that Pext2 = Pext1 + AP, and proceeding with the iteration on the linear
system of equations. This is repeated until the full applied load is reached, with the
final solution being u; = ug + Auy + Aug + - - - + Au;, where j is the total number
of load increments.

While it is one of the simplest iterative methods to implement, the Newton-
Raphson method is not the most numerically robust. In particular, for buckling
problems, or structures with snap-through tendencies, there may be a point at which
the tangent stiffness matrix becomes singular and the solution ‘blows up’. For this
reason, more sophisticated incremental-iterative methods are often used, including
the arc length method, the generalized displacement control method as presented in
[21], or the BFGS iteration method as presented in [1]. However, for this current
work, only simple structural problems are analyzed for which the Newton-Raphson

method is acceptable.
2.3 Numerically Generated Tangent Stiffness Matrix

Calculating the tangent stiffness matrix is integral to finding a solution to the geo-
metrically non-linear problem. In order to develop a solution method that is general
and easily implementable, the present work focuses on a method for calculating the
tangent stiffness matrix numerically.

As shown in equation (2.5), the elements of the tangent stiffness matrix are sen-
sitivities of the internal member forces to perturbations in the global nodal DOF

displacements of the structure. There are many different numerical differentiation
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techniques that could be employed to calculate these sensitivities, most common be-
ing any finite difference method, such as the central difference method. However,
while finite difference methods are typically easy to implement, step size often be-
comes an issue with these methods. It is desirable to choose a smaller step size in
order to obtain greater accuracy, but with a finite difference method a step size that
is too small can result in subtractive cancellation round-off error and numerical insta-
bility. This type of error can be completely avoided, however, if the first derivative is
estimated using a complex variable differentiation method.

An approximation of the first derivative using complex variable analysis begins
by defining a complex function, f(z) = f(z +iy) = u(x,y) + tv(z, y), where u and v
are real functions. Combining the Cauchy-Riemann equations derived from complex

function differentiation,

ou Ov
— = — 2.11
or 0Oy (2.112)
ou v
— = 2.11b
oy ox ( )
and the definition of a derivative, yields
ou v . wv(x+ily+h))—v(r+iy)
P P h - (2.12)

Since we are dealing with real structures, where the forces and degrees of freedom
are real values, we restrict ourselves to the real axis, meaning that y = 0, so v(z,y) =

v(z) =0 and f(x +iy) = f(z) = u(x). Equation (2.12) then becomes

O x) _ 0@t 0) oy, Imaglf (e +ih)] (2.13)

ox h—0 h h—0 h

To approximate the derivative, h is assumed to be a very small finite step size,

and equation (2.13) becomes
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of (x) - Imag|f(x + ih)]
ox h

. (2.14)

Detailed derivation of the ‘complex-step derivative approximation’ and discus-
sion regarding its numerical robustness compared to other approximation methods is
presented in [10], [11], and [20]. Of particular importance is that complex variable
differentiation is relatively easy to implement while still allowing for a very small step
size that translates into very high accuracy without the problem of round-off errors.

Equation (2.14) can then be used to approximate the sensitivities of the internal
member forces to perturbations in the global nodal DOF's, and thus used to find the
components of the tangent stiffness matrix. The code, instead of being written using
real variables, is written using complex variables for all entities involved.

To achieve this, the first step is to numerically perturb each global nodal DOF.
This is done by defining a nodal displacement vector populated with zeros, except for
the component of the vector corresponding to the perturbed DOF, which is updated
from zero to +¢h. This is equivalent to saying that only one particular DOF has been
slightly perturbed while the rest have remained fixed. The resulting vector is the

nodal displacement perturbation vector,

( )
0
0
duperturbed = . (215)
0+h
0
\ J

where h is the chosen step size for the complex variable derivative approximation.

With the global nodal perturbation vector established, the global DOFs for the
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structure are updated as follows:

Uperturbed = U + duperturbed (216)

The updated nodal DOF's in the local element axis system can then be calculated.
The specific calculation of the local nodal DOF motions from the global nodal DOF
motions is dependant on the particular finite element being used in the structural
problem, and is typically a known procedure from linear-elastic analysis. It is dis-
cussed in further detail for three particular element types in following chapters of this
work.

Next, the internal member forces resulting form the perturbed local nodal DOF
motions are calculated. Since the internal structural forces are a result of elastic
deformation in the member, the linear-elastic equations are used to calculate the

forces as follows:

[kE]uperturbed, local = fint ,perturbed (2 17)

where [kg] is the linear-elastic stiffness matrix for the particular structural el-
ement, and fj,; are the internal elastic forces referred to in the local element axis
system. Since fi,; are the forces resulting from a complex variable perturbation, the
values of the force vector will themselves be complex values (the linear-elastic stiff-
ness matrix is of course real valued, but complex algebra is used in the computer
code). Note that while large motions are allowed, it is assumed that in their own
local coordinates, elements deform only by small deformations. This justifies using
linear force-deformation relations in those element coordinate systems.

The local internal forces are transformed from the element local axis system to

the global axis system using a transformation matrix, [T,
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Fint,perturbed = [T]Tfint,perturbed (218)

resulting in a complex valued vector representing the nodal member forces in the
global axes due to a complex variable perturbation of one of the global nodal DOFs.
Equation (2.14) is used to numerically approximate the sensitivities of these mem-
ber forces to the perturbation of the specific DOF as follows:
( OFint 1 )

Ouyp

OFint 2
a:Fint,pe'rtu'rbed o Imag[Fint,perturbed o Ouyp

ou,, h

b (2.19)

aFint,m
. Oup )

where m is the total number of DOFs in the system, and p is the index corre-
sponding to the particular perturbed DOF.

The vector resulting from equation (2.19) becomes the column of the tangent
stiffness matrix corresponding to the particular perturbed DOF, specifically the p*
column. The above process is repeated for each global nodal DOF perturbation until
all the columns of the tangent stiffness matrix have been generated. This is easily
executed in a code by creating a loop that runs through each of the global DOFs and
constructing the corresponding [Kr] column. This process for numerically generating
[Kr] is the same for all structures, regardless of element type, resulting in the desired

generality. Note that the resulting tangent stiffness matrix is in general not symmetric.
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Chapter 3
TRUSS ELEMENTS

The following is a detailed derivation of the present solution method applied to ge-
ometrically non-linear three-dimensional structures constructed from truss elements.
The derivation is followed by examples with calculated results that are compared with

results from the literature.
3.1 Solution Method

A simple two-noded truss element is used for analyzing geometrically non-linear three-
dimensional truss structures. This element carries axial load only, so in the local
element axis has only one degree of freedom at each node. However, when transformed
into the global axis system, each node has three degrees of freedom - displacement in

the X, Y, and Z directions, as illustrated in Figure 3.1.

V2

i,
¥ 2 "'_"_.-""

uz

i

Figure 3.1: Truss element nodal degrees of freedom in local and global axis systems.
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Element Definition

The geometry and movement of the truss element in three-dimensional space is com-
pletely defined by the location of the two nodes. The node locations are obtained
from the location of the nodes in global coordinates. The coordinates are initially
defined for the undeformed structure, and as the structure deforms the incremental

displacements at the nodes are determined by solving the linear equation

[KT]AU = (Pext - Fint) (31)

where,

Au={AX, AY; AZ - AX,, AY, AZ,}"
and m is the total number of nodes in the structure. The global coordinates are

updated from the incremental nodal displacements as illustrated in Figure 3.2.

(X2 + AXg, Y1+ AY2, Za+ AZD)

(X1 + AXy, Y1+ AY, Z1+ AZ)
Y ® .
I:Xh Yh Zl:} I:XE, Yz, Z}_J-

X

Figure 3.2: Updating of truss element node locations from underformed to deformed

configuration.
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With the global node locations determined, each truss element in the structure is

completely defined in space.

Force Calculation and Solution Process

For a geometrically non-linear structure, finding the increment in internal member
forces as the structure changes geometry is instrumental to the solution process.
The process of finding the internal member forces is also an integral component of
the numerical tangent stiffness generation. The internal forces are a result of linear
elastic deformation, which is determined by the motion of the nodes relative to the
local truss element axis, X.

The displacements of the nodes relative to the element axis are found by calcu-
lating the displacement of node 2 relative to node 1 in the local axis system of each

element. Therefore, at node 1 the relative displacement is

The displacement of node 2 relative to node 1 is then simply the extension of the
element in the local axis direction, which is the same as the change in element length.

Therefore, at node 2 the relative displacement is

’&2 = Lnew - Linitial (33)

where the length of the element, L, is calculated from the node locations in global

coordinates as follows:

L=+(Xo—X1)2+ Yo=Y+ (Zo — Z,)?



17

Thus, the local elastic deformation vector for the truss element is,

Uy 0
Welastic = R - (34)
U2 Lnew - Lim‘tial

and is illustrated in Figure 3.3.

ot
;Lm‘“&

2 ~ Lne¥

T

=9 = %
ﬁ'{ = e 2 —_.___,‘y x
hrj-i.:-".

Y 1
1 /
X
Z
Figure 3.3: Elastic deformation of truss element in the local axis system.

The internal forces in the truss element resulting from the elastic deformation are

then found using the linear-elastic equation

[kE]uelastic — lelement (35)

where [kg] is the local linear-elastic stiffness matrix for the truss element, which

is given as

AE 1 —1

3.6
Linitial -1 1 ( )

[ke] =
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where A is the cross-sectional area of the truss element, and E is Young’s Modulus
for the material.

The forces calculated in equation (3.5) are due only to the change in geometry of
the structure and do not include the effects of any pre-existing stresses in the elements.
Therefore, if the structure was prestressed, thus having pre-existing internal element
forces, it is necessary to account for them by adding them to the calculated forces. The
pre-existing internal forces do not change as the structure deforms, but do contribute
to the overall nodal forces in the structure.

The local element forces, felement, are transformed into the global coordinate sys-

tem as follows:

element

\ 7" global

where [T is the transformation matrix from the local axis system to the global
axis system. The transformation matrix for the truss element is made up of direction
cosines calculated from the global node coordinates, and typically has the following

form:

where the direction cosines are,

XQ—Xl }/2_}/1 ZQ_Zl
_ o .
r " L L

mx
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The global forces are then assembled into the full internal force vector for the
structure, Fi,¢, and the unbalanced load can then be calculated in order to check
for equilibrium, as discussed in Section 2.2. The process for calculating the internal
member forces as outlined above is also required for numerically generating the tan-
gent stiffness matrix, which is done using a nodal displacement perturbation vector,

as described in Section 2.3.
3.2 Numeric Results

The solution method for the present work involving the numerically generated tangent
stiffness matrix is implemented in a MATLAB code, which is then used to obtain
results for two different truss structure examples. The same truss structures are solved
by Levy and Spillers in [9], using an analytically derived geometric stiffness matrix
which is added to the linear-elastic stiffness matrix to create the tangent stiffness
matrix. For both examples, the final updated nodal coordinates of the structure are

compared.

3.2.1 Biot’s Two-Bar Truss

The Biot two-bar truss is a classical example of a linearly unstable structure which can
only be solved by considering the deformed equilibrium, meaning a tangent stiffness
matrix is required.

The structure is made up of two truss elements, with cross-sectional area of
0.0127in?, initial length of 2004n, and a Young’s Modulus of £ = 10, 000, 000 psi. A
force of 70 [bs is applied at the centre node in the downward direction. Additionally,
the truss elements are initially prestressed with each element carrying an initial axial
force of 1000 lbs. The problem is divided into 10 increments, such that each time
equilibrium is achieved in the deformed configuration, the external load is increased
by AP..; = 7 lbs, until a final load of 70 lbs is reached. At that point, the final node

locations of the structure are output. The result is compared in Table 3.1 with the
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o
s

<
—e— o

A 1

Figure 3.4: Biot’s two-bar truss structure.

final nodal positions obtained by Levy using an analytically derived [Kr] in example
3.6.1 in [9]. Only the updated coordinates of node 1 are compared, as node 1 is the

only node that is not constrained.

Table 3.1: Comparison of final global node coordinates in Biot’s truss problem.

Levy Analytic [Kr]  Numeric [Kr|
X 0.20000000% 103 0.20000000% 103
Y  -0.65565399x 101 -0.65564547x 10"
7! 0 0

The Y-coordinate result from the numerical [Kr| solution method differs from the

analytic [K7| solution by only 0.0013%.

IThe truss structure analyzed by Levy is two dimensional. The Z-coordinate is assumed to be
zero for all nodes
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3.2.2 C(Cablenet

The above Biot’s truss problem was quite small, with only three nodes and two
elements. The following example, a prestressed ‘cablenet’; is analyzed to determine

how the numerical method behaves with a slightly larger problem.

10t 1Y 129
13 17 21
Y ] 2 3 4
L [ ] L » &
13 1 2 3 19
14 18 22
X 5 6 7 8
14* 2l 57 A 20
z 15 19 23
9 10 11 12
> » L ] &
15 7 g ) 21
16 20 24
16 17" 18

Figure 3.5: Prestressed cablenet made up of space truss elements.

The structure has 21 nodes and is made up of 24 space truss elements, with
cross-sectional area of 0.25 in?, initial length of 60 in, and a Young’s Modulus of
E = 30,000,000 psi. The structure is constrained in all three degrees of freedom at
the 12 outside nodes. A total force of 10,000 Ibs is applied downward at the centre
node (node 5 in Figure 3.5). The truss elements are prestressed, with each element
carrying an axial force of 20,000 [/bs. The problem is divided into 20 increments, such

that each time equilibrium is achieved in the deformed configuration, the external load
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is increased by AP,,; = 500 lbs. It should be noted that dividing the problem into
more increments, with AP,,;, = 50 [bs for example, results in a negligible increase in
accuracy, but a more than 700% increase in run time. The final coordinate locations
of the unconstrained nodes are outputted and compared in Table 3.2 with the results
obtained by Levy using an analytically derived tangent stiffness matrix in example
3.6.2 in [9].

Again, even for a slightly larger problem, the method using a numerically cal-
culated tangent stiffness matrix produces the same results as the method using an
analytic tangent stiffness matrix, within a percentage difference of less than 0.02%.

Since the results are almost identical, what might be of more interest is the dif-
ference in the computational cost. For the above cablenet truss structure problem, a
MATLAB code is written which implements the solution process using the geometric
stiffness matrix that is analytically derived by Levy in [9] to calculate the tangent
stiffness matrix. Both this code and the code in which the tangent stiffness matrix
is calculated numerically are run, and the run times are measured using the tic/toc
MATLAB function. The numerical [Kr] code takes 2.739 seconds to reach a final
solution, whereas the analytic [K7] code takes only 0.463 seconds to reach the final
solution. While this is an almost 500% increase in run time, for such a small problem
as this one and others typically analyzed in a research setting, the run time is still
quite fast. However, it is easy to see that for much larger problems that may be

encountered in industry, the increase in run time would be very significant.
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Table 3.2: Comparison of final global node coordinates in prestessed cablenet truss

problem
Node Levy Analytic [K7]  Numeric [K7]  Percent Difference, %

1 X 0.60000097x10%  0.60000097x 102 0

Y  0.17999990x10%  0.17999990% 103 0

Z  -0.13456794x10'  -0.13455144x 10! 0.01226
2 X 0.12000000x10*  0.12000000%10? 0

Y  0.17994911x10°  0.17994914x103 0

Z  -0.26924913x10"  -0.26921606x 10! 0.01228
3 X 0.17999990x10°  0.17999990%10? 0

Y  0.17999990x10%  0.17999990x 103 0

Z  -0.13456794x10'  -0.13455144x10! 0.01226
4 X 0.60050886x10%  0.60050860x 107 0

Y  0.12000000x10*  0.12000000x 103 0

Z  -0.26924913x10'  -0.26921606x 10 0.01228
5 X 0.12000000x10*  0.12000000%10? 0

Y  0.12000000x10*  0.12000000x 103 0

Z  -0.71144376x10'  -0.71131884x10! 0.01756
6 X 0.17994911x 103 0.17994914x 103 0

Y  0.12000000x10*  0.12000000x 10° 0

Z  -0.26924913x10"  -0.26921606x 10! 0.01228
7 X 0.60000097x10%  0.60000097x 102 0

Y  0.60000097x10%  0.60000097x 102 0

Z  -0.13456794x10"  -0.13455144x10! 0.01226
8 X 0.12000000x10*  0.12000000x10? 0

Y  0.60050886x10%  0.60050860x 102 0

Z  -0.26924913x10"  -0.26921606x 10! 0.01228
9 X 0.17999990x10°  0.17999990x10? 0

Y  0.60000097x10*  0.60000097 x 102 0

7
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Chapter 4
MEMBRANE ELEMENTS

The following is a detailed derivation of the present solution method applied to
geometrically non-linear structures constructed from membrane elements. The deriva-
tion is followed by an example with calculated results that are compared with results

from the literature.
4.1 Solution Method

A three-noded constant strain triangle (CST) element is used for analyzing geometri-
cally nonlinear membrane structures. This element carries in-plane load only, and so
in the local element axis system has six degrees of freedom, two at each of the three
nodes, corresponding to planar translational motion. Membrane structures do not
carry bending loads and locally there is no out of plane motion or rotation. However,
the elements may be assembled in three-dimensional space, and when transformed into
the global axis system, each node will have three degrees of freedom - displacement

in the X, Y, and Z directions, as illustrated in Figure 4.1.

Element Definition

The geometry and movement of the membrane CST element in three-dimensional
space is completely defined by the location of the three nodes. The node locations are
obtained from the global nodal coordinates. The coordinates are initially defined for
the undeformed structure, and as the structure deforms the incremental displacements

at the nodes are determined by solving the linear equation
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ia

Figure 4.1: Membrane element nodal degrees of freedom in local and global axis

systems.

[KT]AU = (Pext - Fint) (41)

where,

Au={AX, AY, AZ - AX, AY, AZ,}

and m is the total number of nodes in the structure. The global coordinates are
updated from the incremental nodal displacements as illustrated in Figure 4.2.
With the global node locations determined, each membrane element in the struc-

ture is completely defined in space.
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(X2, Y2, Z2)
(X5, Y3, Z3)
(X2 + AXo, Y2+ AY2, 22+ AZD)
Y
(X1, Y1, Z1)
X —-
(X1 + AX), Yot AY, 21+ AZY) (X3 + AXa, Ya+ AYs, Za+ AZ3)

Figure 4.2: Updating of membrane element node locations from undeformed to de-

formed configuration

Force Calculation and Solution Process

Calculating the internal member forces is an instrumental step in both the solution
process and the numerical tangent stiffness matrix generation. The internal member
forces are a result of the elastic deformation of the element, which is determined by
the motion of the element nodes in the local element axis system.

The displacements of the nodes in the local element axis system are found by first
establishing the local axis system and determining the local coordinates, as illustrated
in Figure 4.3. A detailed derivation for finding point 4 and determining the lengths
of all the element sides that are then equivalent to the node coordinates is given by
S. S. Rao on pages 319 — 320 of [18].

The elastic deformation is then found by calculating the displacement of node 2
and node 3 relative to node 1 in the local axis system. Therefore, the displacement

of node 1 is
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(f21ﬁ2) = (D! du}

3
(X5, 73) = (dz4, dra)

(%,5.)=(0.0)

Figure 4.3: Membrane element nodal coordinates in local coordinate system.

u; = = (42)

The displacement of node 2 relative to node 1 is then the change in length of the
side connecting nodes 1 and 2, and is given by
Us 0

Ug = = (43)
V2 d12,new - de,initial

The displacement of node 3 relative to node 1 is equivalent to the change in local

coordinates of the node, and is given by

us d34,new - d34,im‘tial
us — = (44)

U3 d14,new - d14,initial
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Combining equations (4.2), (4.3), and (4.4) gives the local elastic deformation for

the membrane element,

u
Uelastic = § U2 (6 X 1) (45)

us
The internal member forces in the membrane element resulting from the elastic

deformation are then found using the linear-elastic equation

[kE]uelastic — lelement (46)

where [kg|, (6 x 6), is the local linear-elastic stiffness matrix for the CST mem-

brane element, which is typically given as

[kp] = tA[B]"[D](B] (4.7)

where t is the thickness of the element, and A is the area of the CST element
which is calculated from the local node coordinates using the following element area

equation:
A= (3) (@20 =30~ (32— 20— ) (4.5)

The matrix [D] is the constituent matrix for the element. Since membranes are
typically thin, the constitutive relations used are for a plane stress assumption, and

[D] is typically given for an isotropic material as
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1 v 0
FE
Dl=1——= v 1 0 (4.9)
0 0 1iz¢

2

where FE is the Young’s Modulus and v is the Poisson’s ratio for the material.
The matrix [B] is a matrix derived from the strain-displacement relations for the
element, such that ¢ = [BJu (where € is the strain), and for the CST element is

typically given as

. Y32 0 —U31 0 Y21 0
[B] = ﬂ 0 _i32 O i‘31 O —i'zl (410)
—T32 Y32 T31 —U31  —To Y21

where,

Again, as with the truss element, the forces calculated in equation (4.6) are due
only to the change in geometry of the structure and do not include the effects of any
pre-existing stresses in the elements. Therefore, if the structure was prestressed, thus
having pre-existing internal forces, it is necessary to account for them by adding them
to the calculated forces.

The local element forces at the element nodes, fojement, are transformed into the

global coordinate system as follows:
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( 3\
Fa:,l
Fy71 ( )
fx,l
Fz,l f
,1
Fx,Z fy
x,2
F,» = [1" (4.11)
fy,2
Fz,2
f$,3
F:L’,3
Fy 3 \ fy’3 7/ element
\ s ) global

where [T] is the transformation matrix from the local coordinate system to the
global coordinate system. The transformation matrix for the CST membrane element
is made up of direction cosines for the local element axes calculated from the global

node coordinates and element side lengths, and typically has the form:

l34 m3q4 n3g O 0 0O O 0 0
lig miz niz 0 0 0O 0 0 0
0 0 0 Iy mas n 0 0 0
7] = 34 34 T34 (4.12)
0 0 0 l12 mi2 M2 0 0 0
0 0 0 0 0 0 l34 ms3q N34
0 0 0 O 0 0 li2 mia nio
where the direction cosines are,
X3 — Xy Y —Y), Zy — Zy
loy = —2 "= = : = 4.13
34 ds, ;o M3y dss ;o N34 ds, ( )
X2 — X1 }/2 - }/1 Z2 - Zl
lip=————; mp= Nig =

) = )
di2 di2
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The global forces are then assembled into the full internal force vector for the
structure, Fiut, and the unbalanced load can then be calculated in order to deter-
mine if the equilibrium condition has been satisfied, as discussed in Section 2.2. The
process for calculating the internal member forces as outlined above is also required
for numerically generating the tangent stiffness matrix, which is done using a nodal

displacement perturbation vector, as described in Section 2.3.
4.2 Numeric Results

The solution method for the present work involving the numerically generated tangent
stiffness matrix is implemented in a MATLAB code, which is then used to obtain
results for membrane structures. The prestressed cablenet truss structure that was
solved in Section 3.2.2 is remodelled using CST membrane elements and solved using
the current MATLAB code. The same structure is solved by Levy in example 6.6.3
in [9] using an analytically derived tangent stiffness matrix, and the results for the

final node locations are compared.

4.2.1  Flat Stretched Membrane

The structure is made up of 25 nodes and 32 membrane elements, with thickness
t = 0.004167 in, Young’s Modulus of £ = 30,000,000 psi, and Poisson’s Ratio of
v = 0.3. Like the cablenet truss, the structure is constrained in all global degrees of
freedom at the 16 outside nodes. A total force of 10,000 [bs is applied downward at the
centre node (node 5 in Figure 4.4). The problem is divided into 5 increments, meaning
each time equilibrium is achieved the external load is increased by AP,,; = 2000 lbs.
The final coordinate locations of the unconstrained nodes are outputted and compared
in Table 4.1 with the Levy results.

From the results it can be seen that the method using a numerically derived tan-
gent stiffness matrix yields the same results as the method using an analytic tangent

stiffness matrix, within a percentage difference of less than 0.05%.
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Figure 4.4: Flat stretched membrane modelled using CLT elements.
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Table 4.1: Comparison of final global node coordinates in prestessed flat stretched

membrane problem.

Node Levy Analytic [K7] Numeric [Kr] Percent Difference, %

1 X -0.59985 % 102 -0.59985 % 102 0

Y 0.59985x 10 0.59985x 10 0

Z -0.14309x 10* -0.14315x10* 0.0419
2 X -0.25607x1071 0.00000x 102 0

Y 0.59983x 102 0.59983x 102 0

Z -0.26046 x 10* -0.26045x 10* 0.0038
3 X 0.59985x 102 0.59985x 102 0

Y 0.59985x 102 0.59985x 102 0

Z -0.14309x 10* -0.14315x10* 0.0419
4 X -0.59983 x 102 -0.59983x 102 0

Y  -0.82747x107" 0.00000x 102 0

Z -0.26045%10* -0.26052x10* 0.0269
5 X 0.39495x 10716 -0.00000x 102 0

Y 0.36615x 10716 -0.00000x 102 0

Z -0.66418x10* -0.66404x 10* 0.0211
6 X 0.59983 x 10? 0.59983x 102 0

Y 0.82668x 1071 -0.00000% 102 0

Z -0.26045x 10* -0.26052x 10* 0.0269
7T X -0.59985x 102 -0.59985x 102 0

Y -0.59985 % 102 -0.59985x 102 0

Z -0.14309% 10* -0.14315x10* 0.0419
g8 X 0.27357x1071 -0.00000x 102 0

Y -0.59983x 102 -0.59983x 102 0

Z -0.26046 x 10* -0.26045x10* 0.0038
9 X 0.59985x 102 0.59985x 102 0

Y -0.59985€2 -0.59985x 102 0

7 n142navinl n14215v1nl nnAata
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Chapter 5
BEAM ELEMENTS

The following is a detailed derivation of the present solution method applied to ge-
ometrically non-linear structures constructed from three-dimensional beam elements.
The derivation is followed by examples with calculated results that are compared with

results from the literature and commercial FEM software.
5.1 Solution Method

A two-noded three-dimensional beam element is used for analyzing geometrically
nonlinear beam structures. Beam elements are capable of transferring axial load,
shear load, and bending loads, so at each node there are six degrees of freedom,
resulting in twelve degree of freedom motions total for the element. In particular,
at each node there are three displacement degrees of freedom and three rotational
degrees of freedom, in both the local element and global axis systems, as illustrated
in Figure 5.1.

The beam element is a significantly more complex than the truss and membrane
elements previously analyzed because it has not only nodal linear displacements, but
also nodal rotations. It is mainly the small nodal rotations that contribute to the
linear elastic forces in the beam element. However, as the whole structure deflects
due to the applied load, the beam element also undergoes finite rigid body rotations
in space. In other words, the beam element is a co-rotational element, and it is
necessary to distinguish between and separate the small relative rotations from the
finite rotations at the nodes. When analyzing the beam element it is necessary to

keep track of not only the global coordinates of each node, but also the nodal finite
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Figure 5.1: Beam element nodal degrees of freedom in local and global axes systems.

rotations. This is the primary difficulty of the beam element, and there have been
many different attempts at addressing this issue. For example, in [21], Yang and
Kuo use six separate axis systems to track and locate the beam element, while in [9]
and [19], Levy and Spillers use primarily rotation matrices to position the element in

space. The present method uses considerations from both these approaches.

Element Definition

The geometry and movement of the three-dimensional beam element in space is com-
pletely defined by the location of the nodes and two orthogonal axis systems: one
defining the orientation of the left end cross-section and one defining the orientation
of the right end cross-section. This allows for a complete description of the beam,
including both the rigid body motion and the elastic deformation.

The node locations are obtained from the global node coordinates. The coordi-

nates are initially defined for the undeformed structure. As the structure deforms,
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the incremental displacements and incremental rotations at the nodes are determined

by solving the linear equation

[KT]AU = (Pext - Fint) (51)

where,

Au :{AXl AYi AZl AGIJ A9y71 Aﬁz,l
AX,, AY, AZ, ANOpm A0y, A0},

and m is the total number of nodes in the structure. The motion in global coor-
dinates is updated from the incremental nodal displacements as illustrated in Figure

0.2,

(X2 + AXa, Y2 + AY3, Za+ AZ))

(X1 + AX), Y1 + AY ), Z1 + AZ))

X ._——/__’_’Q:‘:’z, Z3)

(X1, Y1, Z1)

Figure 5.2: Updating of beam element global node locations from undeformed to

deformed configuration.

Updating nodal rotations and tracking the cross-section axis systems is more com-

plicated. As indicated, each element has a left and right cross-section axis system that
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defines the rotation of the two element nodes. For a single long structure that is made
of many beam elements, such as a cantilevered beam, the left cross-section of one el-
ement and the right cross-section of the adjoining element will be aligned and will
rotate together as the structure deforms, as illustrated in Figure 5.3a. In this case,
the nodal rotation is uniquely defined by the rotation of the cross-sections. However,
for structures where two or more elements at different orientations join at a node,
as illustrated in Figure 5.3b, the cross-section axes will no longer be aligned and the

rotations of the cross-sections alone will not define the rotation of the node.

Cross-section axes of
elements 1 and 2
Right cross-section axis of Left cross-section axis of
element 1 clement 2 - element 1 element 2 _
element 1 element 2

L ad Left cross-section axis of node i @/p,

. %
node i element 3 o
WJ

element 2

element 1 element 1

element 2
node {

(a) Aligned Cross-Section Axes (b) Unaligned Cross-Section Axes

Figure 5.3: Alignment of beam element left and right cross-section axes in multi-

element structures.

In order to address this problem and define the rotation of a node in a multi-
element structure, a single nodal rotation axis system is defined at each node. From
this axis system a rotation matrix for the node is determined, [L;s|, where the sub-
script ‘iG’ indicates that the matrix represents a rotation from the global coordinate
system to the nodal rotation coordinate system for node 7. Initially the nodal rotation
axis system is aligned with the global axis system, but as the structure deforms the
nodal rotation matrix is updated based on the incremental node rotations from the

solution to equation (5.1). These rotations are small finite rotations.
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For small finite rotations, a rotation matrix can usually be approximated by using

small angle approximations and neglecting second order terms as follows:

1 dyp  —db
L= |-dy 1  do (5.2)
g —d¢ 1
de
where < @ p are small Euler angles, which in the case of the beam element
dvp
Ab,
are equivalent to the small-angle rotations at the node, ¢ Ag, ». However, because
Ad,

equation (5.2) is only a first order approximation, it does not satisfy the properties
of a transformation matrix. Specifically, [L]T[L] # [I], and use of this approximated
rotation matrix would introduce errors into the solution. Therefore, to update the
nodal rotation matrix from the small-angle rotations, a rotation matrix that has all
the precise transformation matrix properties needs to be constructed. This is done
using the FEuler Theorem, which states that every coordinate axis rotation can be
represented by a unique single angular rotation, «, about one axis, n = {n; ny, nz},
where a, ni, no, and ng are called the Euler parameters. Using the Euler parameters,

a complete and correct rotation matrix can be constructed as follows:

(5.3)
cosa+ (1 —cosa)n? (1 —cosa)ning —ngsina (1 — cosa)nyng + ng sin
[R] = | (1 — cosa)nyn; +ngsina cosa + (1 — cosa)n3 (1 — cosa)ngng — ny sin «

(1 —cosa)ngn; —ngsina (1 —cosa)nzng +nysina cosa+ (1 — cosa)n?

The Euler parameters are constructed from the small-angle rotations as follows:
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Aa = \/Aeg + AG2 + AP (5.4)
nq A@x
1
- 5.5
el O v A el (5:5)
ns AGZ

Using equations (5.4) and (5.5) in equation (5.3) results in an incremental nodal
rotation matrix, [R(A«)], which is then used to update the full nodal rotation matrix

as follows:

[Liclupdatea = [R(AQ)][Lic] (5.6)

From the updated nodal rotation matrix the new left and right cross-section axis
systems can be determined. The cross-section axes are defined as three orthogonal
basis vectors with components relative to the nodal rotation matriz. The 1-axis basis
vector is normal to the cross-section, and the 2-axis and 3-axis basis vectors point in

the principal directions of the cross-section, as illustrated in Figure 5.4.

€,

- . Cross-section axis
, ﬁ_} system
Nodal rotation axis
A system

Figure 5.4: Beam element cross-section axis system basis vectors.

These basis vectors are used to construct a rotation matrix for the cross-section,
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[L ;] for the left node and [Lg;| for the right node, with each basis vector being a row in
the matrix. The subscripts ‘Li” and ‘Ri’ indicate that the rotation matrices represent
a rotation from the nodal rotation coordinate system at node i to the cross-section
coordinate system.

As the structure deforms the cross-sections rotate with the nodes, but the relative
relationship between the nodal rotation axes and the cross-section axes does not
change, meaning the rotation matrices [Lz;] and [Lg;] are constants throughout the
solution process. Therefore, with the rotations from global to nodal and from nodal
to cross-section known, finding the orientation of the left and right cross-sections with
respect to the global axis system is achieved by a simple rotation matrix calculation,

as follows:

[Lrc| = [Lri[Lic] (5.7)
[Lrc] = [Lril[Lic] (5.8)

where the subscripts ‘LG’ and ‘RG’ indicate that the rotation matrices repre-
sent a rotation from the global coordinate system to the left and right cross-section
coordinate systems.

With the global node locations and global cross-section axis systems determined,

each beam element in the structure is completely defined in space.

Force Calculation and Solution Process

Calculating the internal member forces is an instrumental step in both the solution
process and the tangent stiffness matrix generation. The internal forces are a result
of elastic deformation and not rigid body motion, so for the beam element the elastic
deformation must be extracted from the full motion of the beam. This is achieved

by defining a beam element reference axis and then determining the motion of the
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nodes relative to that reference axis. The beam element reference axis defines the rigid
body motion of the beam element. Motions of the nodes relative to this beam element
reference axis system determines the elastic forces and moments in the element.

The beam element axis system is made up of the three basis vectors égy, €go, and

éps, as illustrated in Figure 5.5.

Figure 5.5: Beam element reference axis system.

The vector égy, which is the beam element reference axis, is typically defined as
pointing from the left node to the right node, and can be easily calculated from the

node locations in global coordinates as follows:

X — Xy

. 1

€ep1 — E Y2 — }/1 (59)
Jo — 1

where L =/(Xy— X2+ (Yo —Y1)2+ (2, — Z,)2

The question then becomes how to define the égs and égs basis vectors. If the
beam element did not bend or twist along its length, then the end cross-sections would
remain aligned and the two basis vectors would simply align with the principal axes of

the cross-sections. However, typically the left and right cross-sections do not remain
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rotationally aligned. It is logical to use some combination of the two cross-section
axis systems to define the beam element axis system. One possibility is to align the
épo and égs vectors with only the left cross-section or only the right cross-section.
In the present work, however, an average of the two cross-sections is used, in order to
capture all motions of the element. For interest, a comparison of all three methods is
presented in Appendix B.

First, the 2-axis of the left cross-section, €5, and the 2-axis of the right cross
section, éra, are extracted from the cross-section rotation matrices, [L1g] and [Lgg].
Taking the cross-product of a cross-section 2-vector with ég; results in a vector per-
pendicular to the beam reference axis. To find égg the cross-product is calculated for

both cross-sections and the average is taken as follows:
. LY (/. . . .
€pg = 5 [(eBl X eLz) -+ (eBl X eRz)] (510)

Once ég; and égz have been calculated, égs is found by simply taking a cross-

product of ég; and égs as follows:

éBZ = éB3 X éBl (511)

The result is an orthogonal axis system for the beam element. A rotation matrix,
[Lpc], is constructed from the beam element axes by using each of the basis vectors
as a matrix row. The subscript ‘BG’ indicates that the rotation matrix represents a
rotation from the global coordinate system to the beam element coordinate system.

With the beam element axis system established, it is possible to determine the
movement of the nodes relative to the beam reference axis, and therefore the elastic
deformation. The small-angle rotations of the nodes relative to the beam reference

axis are determined by calculating rotations from the beam reference axis to the
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cross-section reference axis, represented by the rotation matrices [Lpg] and [Lgg] for
the left and right ends respectively. These matrices are found by noting that a full
rotation from global axis to cross-section axis can be done through a sequence of

rotations, from global to beam and then beam to cross-section, as follows:

[Lrc] = [LiBl[Lbc] (5.12)

[Lrc) = [Lrsl[LBa]

and therefore,

[Lis] = [Lic][Laa]" (5.13)

[Lrp] = [Lral[Lpal"

Thus, with the global cross-section rotation matrices and beam element rotation
matrices already defined, the relative cross-section rotation matrices are easily calcu-
lated.

The relative nodal rotations are assumed to be small angles, so [L; ] and [Lgp| are
assumed to have the form of Equation (5.3). The Euler parameters for the rotation

can then be backed out of the rotation matrix as follows:

—(Rgg — Rgg) = 27L1 sin o
—(Rs; — Ry3) = 2nsysinav From Equation (5.3)

—(R12 — Rgl) == 2713 sin o
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4(sin 04)2(7”@ + n% + n%) == (Rgg — R32)2 + (R31 — R13)2 + <R12 — R21)2

ni +n3+n3 =1 by definition

. 1
sino = 5\/(R23 — R33)? + (R31 — R13)? + (Ri2 — Ro1)?

Let A= \/(Rgg - R32)2 + (Rgl - R13)2 + (R12 - R21)2

Therefore,

o = sin~? (%) (5.14)

ny —(R23)\—R32)
n={p,p=q -t (5.15)
ns *(R12)\*R21)

The small-angle rotation of the left node with respect to the beam element refer-

ence axis is therefore,

QL:I?
9]_, = QLy = rny, (516)
eLz

where,
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o = sin™*! (%) (5.17)

—(LrB,23—L1B,32)
AL

n; = _(LLB,3)1\L_LLB,13) (518)

—(Lre12—LrB21)
AL

AL = \/(LLB,ZS — Lip32)?+ (Lipst — Lipis)® + (Lipi2 — Lipoi)?

Similarly the small-angle rotation of the right node with respect to the beam

element reference axis is as follows:
QR = eBy — aphp (519)

where,

A
ar =sin! (713) (5.20)

—(LrB,23—LRB,32)
AR

*(LRB,3)1\;LRB,13) (5.21)

—(LrB,12—LRrB,21)
AR

AR = \/(LRB,QB — Lgp32)®+ (Lrpsi — Lrp13)? + (Lrpi2 — Lrp21)?

nrp =

The displacements of the nodes relative to the beam element reference axis are
found by calculating the displacement of the right node relative to the left node in the

beam axis coordinate system. Therefore, at the left node the relative displacement is
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ULy

ap = {upy ¢ = (5.22)

o o O

ULz

The displacement of the right node relative to the left node is found by trans-
forming the known node locations from the global axis to the local beam axis and
subtracting off the original length of the element. Because the beam element reference
axis is assumed to pass through the left and right nodes, the y and z components of
the displacement of the right end in the element reference axis system will be zero
and there will be only an x component of displacement. The result is the extension
of the element in the direction of the beam element reference axis, and therefore at

the right node the relative displacement is

XR - XL Loriginal
ur = [Lpaly Ye— Yy ¢ — 0 (5.23)
Zr— 2, 0

Note that the global node coordinates are transformed to the local beam element
axis system by premultiplying with the [Lpg| matrix. This is because the [Lpg]
matrix gives the rotation from the global axes to the beam axes, and is therefore
equivalent to a transformation matrix from global to local coordinate systems.

Combining equations (5.16), (5.19), (5.22), and (5.23), gives the local elastic de-

formation vector for a beam element,

Uegstic = (524)
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The forces and moments in the beam element resulting from the elastic deforma-

tion are then found using the linear-elastic equation for beam elements as follows:

[kE]uelastic — lelement (525)

where [kg] is the local linear-elastic stiffness matrix for the element, which for
an Euler-Bernoulli beam is given by equation (5.26). It should be noted that the
linear-elastic stiffness matrix for any kind of beam element can be easily slotted in
to this solution process. For example, see [17], page 79, for a beam element stiffness

matrix accounting for transverse shear effects.
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The local element forces and moments, felement, are transformed into components

in the global coordinate system as follows:

Fur far

FyrL fur

FzL sz

M,r M,r

M,y (Lecl” 0] 0] [0 | M

o e 7 U U R o
Fur [0] 0]  [Lge]"  [0] for

Fyr | [0] [0] O] [Lec]"| | fur

FzR sz

M.r Mg

Myr Myr

\ Mzr 7/ gobal \ M-k ) element

The global forces and moments are then assembled into the full internal force
vector for the structure, Fi,¢, and the unbalanced load can then be calculated in order
to check for equilibrium, as discussed in Section 2.2. The process for calculating the
internal member forces is also required for numerically generating the tangent stiffness
matrix, which is done using a nodal displacement perturbation vector as described in

Section 2.3.

5.2 Numeric Results

The solution method for the present work involving the numerically generated tan-
gents stiffness matrix is implemented in a MATLAB code, which is then used to solve
several examples of geometrically non-linear three-dimensional beam problems. The
results are compared with results from the corresponding examples in the literature

or using ANSYS commercial FEM software.
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5.2.1 FElastica Cantilevered Beam

The elastica cantilevered beam is a typical large deflection planar Fuler-Bernoulli
problem. The problem consists of a long thin cantilevered beam subject to a tip load,

y, and a tip moment, M., that increases with a given multiple of the tip load. Two
different cases are analyzed: one where the tip load remains vertical (non-follower
force) and one where the tip force changes direction and remains perpendicular to the
beam element reference axis (follower force). For both cases, the problem is solved
using the present MATLAB code and the tip force versus the vertical deflection of
the beam tip is plotted. The same problems are solved by John Lau in [6] using a
closed form solution to the beam differential equations. The results from Lau’s paper

are plotted for comparison.

Non-Follower Force

The applied tip force, P,, remains in the global Y-direction throughout the solution

process. The plotted results are shown in Figure 5.7.

WAL

Figure 5.6: Elastica beam problem with non-follower applied tip force and tip moment.
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Follower Force

The applied tip force, P,, changes direction throughout the solution process to remain
perpendicular to the beam element reference axis . The plotted results are shown in

Figure 5.9.

WA

Figure 5.8: Elastica beam problem with follower applied tip force and tip moment.

It can be seen from the two elastica beam examples that the results from the
present solution method using a numerically generated tangent stiffness matrix matches
well with the direct closed from solution to the beam differential equations, showing

that no accuracy is lost with the general numerical method.
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Figure 5.9: Force-deflection results for elastica beam problem with increasing follower

applied tip force and tip moment.
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5.2.2  Space Frame with Out-Of-Plane Loading

The elastica beam problem solved in the previous example, while a good example
of large deflection, is only representative of in-plane loading and deflection. The
following example shows how the present solution method behaves when there is
both in-plane loading and out-of-plane loading and deflection. The structure shown
in Figure 5.10 is subjected to an applied vertical tip load of Fy = 20 (b, as well as a
simultaneously applied lateral tip load of F; = 10 [b. The structure is solved using
the MATLAB code for the present solution method, as well as using ANSYS. The
plotted force-deflection results for both the vertical tip displacement and the lateral

tip displacement are shown in Figure 5.11 and Figure 5.12.

Y
X
7y
z
y
A
10.64"
z { 1!!
<>
0.12” ¥ e

cross-section

Figure 5.10: Space frame structure with a combination of in-plane and out-of-plane

loading.
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Figure 5.11: Force-deflection results showing vertical tip deflection for space frame

structure with combined in-plane and out-of-plane loading.
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Figure 5.12: Force-deflection results showing lateral tip deflection for space frame

structure with combined in-plane and out-of-plane loading.

It can be seen from the results that the present solution method using a numerically
generated tangent stiffness matrix agrees well with the commercial finite element
software results, showing that the general numerical method is capable of accurately

capturing out-of-plane motion.
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Chapter 6
CONCLUSION

To obtain an accurate representation of the large deflection of a structure, it
is necessary to include geometric stiffness in the formulation of the problem. This
leads to non-linearity and increased complexity that is not present in a simple linear-
elastic analysis. Extensive work has already been done to derive the equations for
geometrically non-linear problems. Solutions have been developed for many different
kinds of structural elements, from simple truss elements to space frames, which have
added complexity due to non-commutative finite rotations. Most work that has been
done so far involves the use of typical finite element derivations, such as variational
principals and minimization of potential energy, to derive analytic expressions that
are solved using an iterative linearization technique. In order to obtain the required
tangent or geometric stiffness matrices, tedious analytic calculations are required.
In addition to the laboriousness of the analytic derivation, the complexity of the
calculations limits analysis to relatively simple element types and structures. Some
attempts to alleviate these inherent problems with analytic derivation have been
made by introducing techniques involving numerical approximations of derivatives
to estimate the specific derivatives required in the derivation of the tangent and
geometric stiffness matrices. However, these techniques still lack ease and generality.

The present work introduces a method to numerically generate the tangent stiff-
ness matrix for a structure in a way that is general and automatic, regardless of the
specific structural element being analyzed. Since the method involves calculating the
sensitivities of the element force to perturbations in the global degrees of freedom of

the structure, all that is required is the knowledge of how to calculate the internal
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element forces caused by the elastic deformations, which is typically already known
from linear-elastic analysis. The sensitivities are numerically estimated using com-
plex variable differentiation, which is straight-forward to implement and less sensitive
to step-size than finite difference derivative approximation methods. In this way, a
general and easily implemented solution method is developed that can be used to
evaluate the large deflections and rotations of a geometrically non-linear structure
made up of any structural elements.

Several structures were solved using the present method and compared with re-
sults from literature or from a commercial finite element analysis software. Static
analysis was performed on three-dimensional truss structures, membrane structures,
and beam structures, and final values for nodal location or force-displacement plots
were compared. In all cases the results obtained from the method using a general
numerically generated tangent stiffness matrix were the same as the results obtained
from analytical methods, to within very small differences. This shows that no infor-
mation is lost in generalizing the solution method and that the numerically generated
tangent stiffness matrix, while using derivative approximations to obtain sensitivities,
is just as accurate as the tedious analytically derived equations.

The greatest limitation with the present method, however, is the extensive com-
putational cost. The numerical technique for calculating the sensitivities requires a
loop in which each of the global degrees of freedom is individually perturbed and
the internal element forces calculated. As the number of global degrees of freedom
increases, the computational time required to execute this loop grows. Additionally,
in the Newton-Rhapson method the tangent stiffness matrix is calculated at every
iteration. Since the matrix is generated from a numerical approximation, it may take
more iterations to converge on the equilibrium condition than with the analytically
derived matrix. There are, however, several improvements that could be implemented
to alleviate the computational time issue. For example, much work has been done

to find more efficient iterative techniques, beyond the Newton-Rhapson method, that
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would allow convergence to occur more quickly. This includes methods such as the
displacement-control method or the arc-length method. Furthermore, since the tech-
nique for numerically calculating the tangent stiffness matrix involves perturbing each
degree of freedom independently, it would be possible to use parallel computing to exe-
cute the loop thus speeding up the computation time. Overall, the present technique
is attractive in a research setting where finite element problems of relatively small
scale are to be solved, and non-linear finite element codes using different elements are
to be produced quickly.

Future directions for the present work would include implementing some of the
above mentioned strategies to speed up computation time, making the computational
cost more comparable to analytic methods. Additionally, this method could be eas-
ily implemented for other non-linear structural problems, such as problems involving
non-linear materials or non-linear forces. With the introduction of aerodynamic forc-
ing, this method could be implemented in aeroelastic analysis for more general and

automatic solution methods involving non-linear structures.
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Appendix A
SOLUTION METHOD PSEUDOCODE
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% Define and initialize all parameters and values required for analysis

Define: Total number of nodes and elements in structure.

Define: Geometric properties; eg. length, section area, moments of inertia, etc.

Define: Material properties; eg. Young’s Modulus, shear modulus, etc.
Initialize all axis systems, as required (for beam element):

e Node rotation axis aligned with global axis.

e Left and right cross-section orientation relative to node rotation axis.

e Calculate beam reference axis system from initial cross-sections.
Define: Single point constraint boundary conditions for structure.
Define: Final total applied loading = Fy.
Define: Total number of load steps = NLS.
Calculate: AP = Fy,;/(No. of load steps)
Define: Initial external and internal loads.
Pext =0
Fine =0 % If structure is prestressed, then Fj,; # 0
Define: Convergence tolerance = tol.

Define: Complex variable differentiation step size = h

% Begin incremental solution method
fori=1: NLS do
Pext,z’ - Pext,(z‘—l) + AP

Punbalanced = Pext g Fint,(i—l)
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while |Pynpalanced| < tol or n < prescribed no. of iterations do
% Numerically generate tangent stiffness matrix.
for dof =1 : No. of nodes do
Wperturbed = 0
Wperturbed (A0 f) = Wperturbea(dof) +ih % Perturb particular dof.
coordinatespertyrbed = coordinates™1) + Uperturbed
% If beam element, update nodal rotation matrices
[Lic]perturbed = R[Aperturped][Lic] "™V
for el =1 : No. of elements do
Calculate: elastic deformation for element = Uelastic perturbed
felement perturbed = [KE]Uelastic perturbed

Calculate: transformation matrix, [7]

_ T
Felement,perturbed - [T] felement,perturbed

Assemble into full internal force vector, Fing perturted

end for
Imag[Fint perturbed]
[KT]dofth column — hper o
end for

u”" = [K7]"'"Punbalanced
coordinates™ = coordinates™ 1) + u”
% If beam element, update nodal rotation matrices
[Lic]" = R[Ad][Lig] "V
for el =1 : No. of elements do
Calculate: elastic deformation for element = Uegastic
felement = [kE]uelastic
Calculate: transformation matrix, [T]]
Felement = [T]" felement
Assemble into full internal force vector, Fintg

end for



. _ n
RecalCU1ate- Punbalanced — Pext,i - Fintﬂ'

end while

coordinates™ V) = coordinates™
[Lic]™ Y = [Lig]" % For beam element
Pext (i-1) = Pext

Fint,(ifl) = Fintz

end for

64
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Appendix B

BEAM ELEMENT AXIS SYSTEM FORMULATION
COMPARISON

When defining the beam element reference axis system, it is typical to define the
ég1 basis vector as passing through the left and right nodes. The question then
becomes how to define the égs and égs basis vectors based on the left and right
end cross-section axes. For this thesis, an average of the two cross-sections was used.
However, as mentioned on page 9 of Section 5, this is not the only solution. Alternate
methods include using only the left cross-section axes to define the basis vectors,
or using only the right cross-section axes. Changing between these different beam
element axis definition methods is as simple as changing one line in the solution code.
In particular, when the average is used (as in the present work), the égs basis vector

is found using the following single equation:

éps = (%) [(ép1 X r2) + (€p1 X €ra)] (B.1)

If only the left cross-section axis system is used, the single equation above is

changed to the following:

€3 = €p1 X L2 (B-2)

Similarly, if only the right cross-section axis system is used, égs is found using the

following equation:
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€3 = €1 X €r2 (B-3)

For all three methods, the égs basis vector is found the same way, using the

following equation:

ép2 = €p3 X €p1 (B-4)

It is of interest to see how the different methods for formulating the beam element
axis system compare. This is done by using all three methods to find the beam
element reference axes for the space frame structure problem that was analyzed in
Section 5.2.2. Three different cases were analyzed: one where only two beam elements
were used, one where 10 beam elements were used, and one where 20 beam elements
were used. The force-deflection results for the three different cases, using the three
different beam element reference axis definitions, are shown in Figures B.1, B.2, and
B.3 below.

As can be seen from the results, for a structure that is made up of very few
elements the results are not accurate when only one of the end cross-sections is used
to formulate the beam element axis system. This is because with fewer elements,
the elements themselves are longer and the nodes are further apart, meaning there
is likely to be more bend and twist between the two nodes that needs to be taken
into consideration. This is why the average of the two cross-sections yields the best
results. This is further confirmed by noting that as the number of elements increases,
and therefore the distance between the left and right ends decreases, the results using
all three methods converge on the most accurate solution. This is because there is
less distance between the two cross-sections for bend and twist to occur, and so the

cross-section axes are closer to aligned. The conclusion to be drawn from this, is that
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as long as enough elements are used, it is simple to swap out different formulations
for the beam element axis system within the solution method code, thus emphasizing

the generality and simplicity of the code itself.

Load, Fy (lbs)
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Figure B.1: Comparison of the different beam element axis system definition methods

used to find the vertical tip deflection for the space frame structure made up of 2

elements
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Figure B.2: Comparison of the different beam element axis system definition methods

used to find the vertical tip deflection for the space frame structure made up of 10

elements
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Figure B.3: Comparison of the different beam element axis system definition methods
used to find the vertical tip deflection for the space frame structure made up of 20

elements



