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Autonomous swarms are an ensemble of thousands of expendable, ideally low-cost, systems

or robots working collaboratively to accomplish missions in harsh environments, where a

single monolithic system is either too risky or impractical for successful completion of the

collective objective. Due to their distinguishing advantages in redundancy, reconfigurability,

and robustness, guidance and control of autonomous swarms have become a rapidly emerging

research area, with particularly strong interest in future space missions. This dissertation

addresses both the guidance and control problems in a hierarchically decomposed framework

in order to keep each level tractable while ensuring mathematical guarantees such as stability

and convergence at each level of the hierarchy. As a result, the proposed solutions at each

level employ different mathematical tools and methods, while the overall framework is unified

through the notion of spatial density.

The first part of the dissertation addresses the guidance level of the proposed hierarchical

framework by focusing on high-level density sequence design that interfaces with lower-level

swarm control. It presents additional results extending prior work on Markov chain-based

synthesis of desired density sequences. New constraints are introduced into the Markov chain

synthesis optimization problem to provide additional control over the transitional behavior

of target density sequences, particularly with respect to the spatial trajectory probabilities

of individual agents.



The second and core part of the dissertation addresses the control level of the hierar-

chical framework by developing a decentralized, density-based swarm control algorithm for

tracking desired spatial density distributions. The proposed control algorithm assumes heat

equation-based transition dynamics for the swarm and employs a density feedback control

law based on nonparametric local density estimation from local agent measurements. Sta-

bility and convergence of the resulting closed-loop system are established in the continuum

limit, yielding asymptotic guarantees with increasing numbers of agents. In addition, formal

collision avoidance guarantees are derived for a class of kernel functions used in the local

density estimation process. Finally, the control framework is extended with an adaptive

mechanism that enables decentralized, online optimization of the density estimation param-

eters, allowing each agent to adjust its estimation strategy in real time using only local

information.
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1

Chapter 1

INTRODUCTION

The concept of deploying a sheer number of autonomous vehicles has emerged as a new

paradigm over the last several decades. Control of these autonomous multi-vehicle systems

has attracted a significant research interest due to the new capabilities and robustness that it

provides in numerous engineering applications such as swarms of micro vehicles for surveil-

lance, large distributed RF/microwave arrays, ground or aerial vehicle swarms for search

and rescue, and mobile aerial, naval, land or space-based sensor networks. Employing many

low-cost agents rather than more capable yet expensive few vehicles has self-evident benefits

on redundancy, reconfigurability and parallelism. For instance, losing a highly capable single

vehicle due to a failure or adversarial action can terminate a mission, whereas the loss of

several vehicles in a swarm can be compensated without jeopardizing the mission. Swarms

can dynamically form different patterns/configurations based on evolving mission require-

ments, and by balancing computational resources over a number of vehicles, different tasks

can be operated simultaneously. Furthermore, the ability to recover from loss of several ve-

hicles opens up a room for disposable vehicle concept while facilitating various new strategic

mission scenarios.

Despite its benefits, guiding and controlling a swarm of vehicles to achieve desired for-

mations and coordinated maneuvers introduces significant challenges. First, the guidance

and control architecture is required to handle large ensemble of vehicles, i.e., algorithmic

scalability is essential to enable control of swarms. Therefore, decentralization is crucial as

each agent/vehicle comes with limited resources in computation, communication, sensing,

and actuation. Second, robustness is critical: swarms must adapt to dynamic environmental

changes (e.g., external disturbances) and internal modifications (e.g., agent loss or addition)
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relying only locally available information. Finally, ensuring collision avoidance and mitigat-

ing conflicts within performance envelope of agents for large-scale swarms is a crucial yet

a formidable requirement for many swarm applications. Hence, the lack of scalable, robust

and readily available coordination algorithms continues to be one of the key bottlenecks of

swarm technology.

1.1 Research Motivation and Objectives

As autonomy advances further and becomes more prevalent, many scientific missions in-

creasingly rely on more sophisticated and capable systems. Ranging from robotic arms to

probes and rovers, robots continue to be an essential part of such missions and are expected

to play a significant role in future endeavors. Swarm robotics is poised to play an impor-

tant role in these future settings, offering capabilities that monolithic systems intrinsically

lack. In fact, swarm intelligence [16] has emerged as an interdisciplinary field, with applica-

tions spanning engineering [25, 123, 15, 57], physics [127], biology [64], sociology [70], and

more. Recent proposals for scientific missions leveraging swarm technology include NASA’s

“Orbiting Rainbows” concept [14] for space-borne exoplanet imaging telescope, and swarm

robotics-based designs submitted by four finalist teams [1, 2, 3, 5] competing for “Shell

Ocean Discovery XPRIZE” [4]. The former mission concept seeks to address the challenges

and costs associated with launching and constructing large, complex space telescope mirrors,

while the latter aspires to new deep-sea technologies for scalable autonomous high-resolution

ocean exploration. Additionally, an interesting space exploration mission concept is pro-

posed for micro-gravity environments such as surface exploration of small bodies, comets

and asteroids [30, 106]. Utilizing multi-agent system of internally actuated spacecraft/rover

hybrids that makes “hopping” maneuvers on the surface, the project envisions a mission

architecture that is technically feasible and cost efficient for scientific explorations in low

gravity environments.

The growing interest in swarm technology comes with distinctive engineering challenges

in various aspects such as providing sufficient sensing, perception & communication systems,
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robust and distributed coordination & control algorithms and integration of human operators

and teammates [81]. The objective of this research is to develop an architecture and its nec-

essary algorithmic components for coordinating and controlling swarms of tens to thousands

of autonomous vehicles using the concept of density. Specifically, this research will address

two main challenges: (i) specification and synthesis of desired target configuration of the

swarm, (ii) autonomous control of each unit to achieve the target swarm configuration. The

following criteria are considered to be primitives for swarm guidance & control and will be

the point of interest for finding a systematic way to address aforementioned challenges:

• Scalability & Decentralization: Multi-agent systems with sheer number of agents man-

date scalable coordination and control algorithms. Since the dimensions of the swarm

state space (joint state space of all agents) increases with the number of agents, the

computational complexity of the coordination problem suffers from the population size,

rendering many centralized algorithms computationally intractable. Furthermore, con-

centration of the information from all the agents to a centralized unit may not even be

possible for some applications due to limited sensing and communication capabilities

of each agent. Most importantly, if the centralized unit fails to deliver computations,

the whole mission is jeopardized as there is no notion of redundancy. Therefore, de-

centralization of computations and relying on local information is crucial for real world

swarm applications.

• Safety: Safety of the swarm can be elaborated two-fold: (i) safety against hazardous

or uncertainty induced factors from the environment, (ii) safety against the internal

interactions between agents. Swarm may have to operate in a domain where certain

regions are risky for the operation of agents or less favorable for exploration. Hence,

the probability (or frequency) of visiting that region is desired to be low compared to

the rest of the domain. Similarly, due to the characteristics of regions (lighting condi-

tions, topological features, GPS coverage, limited communication etc.), uncertainties

may emerge in sensing and perception, thus, it is aspired to have less agents work-
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ing simultaneously in some regions to eliminate conflicts due to uncertainties. These

high-level environmental concerns must be addressed along with safe agent interactions

within the swarm via generation of collision/conflict free trajectories through vehicle

level control policies. Therefore, it is imperative for vehicle level control algorithm to

be aware and respectful of high-level specifications while performing local maneuvers.

• Resource Optimality: Resource management is a significant concern in many aerospace

applications. Especially in cases where the lifespan of the mission is determined by

the amount of fuel/power within the system, efficient use of the resources becomes

mandatory. In a multi-agent system, achieving a certain goal can be accomplished in

various different ways as the number of agents in the system provides more degree of

freedom than a monolithic system. Leveraging this degree of freedom to obtain resource

efficient decision and control mechanisms not only extends the mission lifespan but also

reduces the cost of many applications.

• Mathematical guarantees for desired system behavior: Guidance and control systems

are typically desired to have mathematical guarantees to ensure satisfactory perfor-

mance. The mathematical results covers variety of notions, including, but not limited

to, convergence of the algorithm, stability of the system, obeying vehicle constraints,

optimal use of resources, collision avoidance, robustness to uncertainties etc. In case of

swarm guidance and control, a new set of performance metrics emerges such as achiev-

ing a desired swarm behavior, being able to reconfigure with evolving specifications &

conditions.

• Consideration of agent constraints: Each agent in a swarm is subjected to physical

limitations. In other words, desired trajectory or motion commands that are required

by the high-level coordination commands might be infeasible due to the constraints

on actuation capabilities of each agent. Therefore, the coordination algorithm must

account for these limitations when generating feasible control commands.
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Addressing these criteria will guide the development of swarm control systems that are

both effective and adaptable to a wide range of mission requirements. Taking these criteria

as a guiding framework, this research aims to lay the groundwork for swarm control systems

that not only meet the technical demands of scalability, safety, and resource efficiency but also

enhance the practical deployment of swarm technologies across practical mission scenarios.

With primary focus being space applications ranging from Low Earth Orbit (e.g., spreading

high-speed Internet with swarm of satellites) to deep space and planetary explorations (e.g,

dozens of small probes to explore asteroids, comets), the outcome of this research can also be

beneficial for aerial, naval or land-based surveillance, search and rescue/recovery applications

along with wild-land firefighting and agricultural operations.

1.2 State Of The Art

The concept of swarm intelligence stems from observations of natural systems, such as bird

flocks, fish schools, and ant colonies, where complex behaviors emerge from simple local rules.

Inspired by these natural phenomena, early computational models for distributed systems

paved the way for swarm robotics and autonomous multi-agent systems [20]. These sys-

tems exemplify the transformative potential of biologically inspired strategies in addressing

technological challenges, bridging the gap between natural intelligence and artificial systems.

Early research in the 1980s and 1990s laid the foundation for swarm robotics by exploring

self-organizing behaviors, drawing from fields such as artificial intelligence, control theory,

and biology. A landmark in the development of the field was the implementation of reactive

robots, exemplified by Rodney Brooks’ subsumption architecture [27], which demonstrated

how simple, behavior-based control could enable robots to perform tasks autonomously in

dynamic environments. In [28], Brooks suggested that rather than relying on isolated cogni-

tive models, one should focus on creating systems from a collection of simple machines that

operate without shared representations or central control. These systems should function

within complex environments and have their complexity gradually increased over time. While

this approach may not necessarily produce the “optimal” form of intelligence in some sense,
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Brooks argued that it could offer a viable solution where other strategies have failed. With

the advent of more powerful computational tools and advancements in communication tech-

nologies, swarm robotics has grown significantly in scope and application. The early 2000s

saw the deployment of robotic swarms in experimental scenarios, such as the SWARM-BOTS

project [47], which demonstrated cooperative object transport and path finding. As the field

continued to evolve, research shifted toward scalability, robustness, and fault tolerance, en-

abling larger and more complex swarms [25]. In recent years, swarm robotics has been

proposed for diverse domains, including search-and-rescue operations [115], environmental

monitoring, and space exploration, demonstrating the potential of decentralized systems to

tackle real-world challenges.

Building on the foundational work of early swarm robotics and the principles of biologi-

cally inspired strategies, the focus of swarm behavior in multi-agent systems has increasingly

centered around replicating the emergent behaviors observed in natural systems. From these

natural models, three key principlesflocking, formation control, and self-organizationhave

emerged as the cornerstones for designing and controlling artificial swarms.

Flocking refers to the process by which agents align, attract, and separate to achieve

cohesive group motion. Inspired by Reynolds’ classic “boids” model [112], flocking is typically

governed by three simple rules: (i) separation rule for avoiding collisions with nearby agents,

(ii) alignment rule for steering towards the average heading of neighboring agents, and

finally, (iii) cohesion rule for moving towards the average position of nearby agents. These

rules enable swarms to maintain unity while navigating through dynamic environments,

making flocking a key behavior in applications like drone swarms and satellite constellations.

Flocking models have been extended to include external influences such as environmental

variations [87, 99] and leader-driven dynamics [121], enhancing their utility in goal-oriented

missions.

Formation control focuses on arranging agents into specific spatial patterns, such as

lines, grids, or complex shapes, to accomplish mission objectives. This principle is critical

in applications like surveillance, where agents must maximize coverage, or communication
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networks, where maintaining line-of-sight is essential. Techniques for formation control often

rely on graph theory, where agents are modeled as nodes and their interactions as edges [93].

Consensus-based protocols [84] are widely used to achieve and maintain desired formations.

Some techniques also have integrated formation control with intrinsic network connectivity

constraints to adapt patterns dynamically based on mission requirements [78].

Self-organization enables swarms to exhibit robust adaptation to dynamic environments

without centralized control. This principle leverages local interactions to produce emer-

gent global behaviors, such as clustering, dispersion, or synchronized oscillations. Self-

organization is particularly valuable in unstructured or uncertain environments, where pre-

defined control strategies may fail. Biological models, such as ant foraging and termite

nest building, have inspired self-organizing algorithms in artificial swarms. For instance,

pheromone-based models are used in robotic swarms to coordinate tasks like search and res-

cue [60]. Information consensus algorithms [111] and game-theoretic approaches [117] further

enhance self-organization by enabling agents to negotiate and adapt to changing conditions

in real time.

Control of multi-agent systems requires decision-making strategies that enable individ-

ual agents with limited capabilities and resources to achieve collective objectives. Existing

approaches to swarm modeling and control can be broadly categorized into two perspec-

tives: (i) microscopic point of view considers each agent as a fundamental unit of the system

and models the behavior of each agent along with interactions between the agents; (ii)

macroscopic point of view considers a high-level abstraction of the system and describes the

collective behavior of the whole swarm rather than modeling agents individually [67]. Nu-

merous microscopic control approaches have been proposed, such as leader-follower solutions

[45, 131], where the swarm characterizes its motion based on trajectories of leader agents,

as well as algorithms that leverage the notion of consensus over networked dynamical sys-

tems [93, 33, 32, 59, 132, 100]. Other methods include artificial potential field approaches

[31, 13, 61, 75], distributed adaptive strategies for obstacle avoidance [72], and Coulomb’s

law-based nonlinear control techniques using electrostatic forces for spacecraft formation
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control [122, 116]. Miscellaneous agent-level methods are compiled in [136]. While effective

for coordination and collision avoidance, most microscopic approaches emphasize inter-agent

distances, local interactions, or explicit waypoint assignments [96], which limits their scal-

ability and suitability for high-level tasks such as autonomous pattern generation, spatial

deployment, and complex collective behaviors in large populations.

Macroscopic models, by contrast, primarily focus on the collective behavior of the swarm

and are particularly suited for large populations consisting of hundreds or thousands of

agents, where individual interactions become computationally intractable to model. In this

framework, the swarm is treated as a continuum and its evolution is governed by partial

differential equations (PDEs), mean-field models, or probabilistic density dynamics. For ex-

ample, macroscopic swarm dynamics have been modeled using the advection equation [56],

reaction-diffusion equations for deployment and self-organization tasks [110, 76], and incom-

pressible flow formulations to regulate collective motion and spatial distributions [108, 109].

Recent work has also explored high-dimensional continuification and mixed-reality environ-

ments to bridge discrete swarm systems and continuum control models [91]. A compre-

hensive overview of such mean-field and continuum-based approaches is provided in [49].

Density-based control has attracted increasing attention due to several advantages it offers.

First, the notion of density admits both probabilistic and deterministic interpretations, en-

abling applications ranging from stochastic coverage and surveillance (in time domain for

a low number of agents) to deterministic pattern formation (in spatial domain for a large

number of agents). Second, density-based formulations allow mission specifications to be

expressed directly at the swarm level, facilitating the synthesis of complex collective behav-

iors while abstracting away individual agent interactions. Furthermore, density regulation

can implicitly encode agent-level constraints such as collision avoidance when appropriately

formulated. Early examples of density control using repulsive and attractive interactions for

group motion and segregation are presented in [133]. More recent work has explored density

stabilization on manifolds for nonholonomic agents [50], pseudo-localization based density

control for self-organizing swarms without global positioning [82, 83], and probabilistic den-
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sity evolution for stochastic coverage tasks [48]. PDE-constrained optimization frameworks

have been proposed for density regulation of large-scale robotic swarms [119], along with ro-

bust and predictive extensions based on mean-field and model predictive control techniques

to explicitly address uncertainty and disturbances in swarm dynamics [120, 36].

Optimal transport (OT) theory has emerged as a powerful tool for density-based swarm

guidance, providing a principled framework for steering swarm distributions between desired

configurations. Probabilistic swarm guidance using OT has been investigated in [12], with

extensions to swarm-to-swarm engagement scenarios [124] and decentralized state-dependent

Markov chain synthesis for swarm guidance [125]. Gradient-flow formulations of density prop-

agation in stochastic systems further strengthen the connection between OT and macroscopic

swarm control [29], while discrete-time linear-quadratic regulation via optimal transport es-

tablishes links between classical control theory and distributional dynamics [38]. These

approaches have also been extended to incorporate temporal logic specifications [46] and

predictive pattern formation in collective motion [130].

1.3 Proposed Approach

As the number of agents increases, the complexity of the microscopic models grows, hence,

establishing stability and convergence characteristics of the overall swarm in a verifiable

manner becomes arduous. Therefore, for guidance and control of swarms with very large

number of agents, macroscopic models are preferred over microscopic models. Sole utilization

of macroscopic models, on the other hand, generally fails to capture inter-agent interactions

and hinders strong guarantees for conflict/collision avoidance. As it is illustrated in Figure

1.1, the guidance and control architecture in this research presents a hierarchical utilization

of both models to utilize desirable properties of each approach.

Density Guidance & Control Architecture

Decomposing the problem into hierarchical guidance and control architecture, and addressing

each component separately while keeping the hierarchical framework coherent provides sev-
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eral advantages. First, the decomposition provides flexibility to use different mathematical

models for each component, hence, desirable properties of different models can be lever-

aged simultaneously. Second, overall swarm specifications can be enforced and addressed in

different levels of abstraction. For instance, while convergence to desired behavior or recon-

figurability can be addressed at density guidance level, communication & sensing limitations

and collision/conflict avoidance is enforced in the density control level. Finally verifiabil-

ity of each component’s characteristics is simplified, i.e., a tractable problem decomposition

facilitates a tractable verification process.

Previous research [8, 9, 43, 44] has addressed the methodologies to design sequence of

desired density commands with prescribed properties such as safety, motion, and flow con-

straints. The proposed method in this research specifically focuses on generating a vehicle

level control signals, which uses the local density information as a feedback to achieve desired

density commands provided by high-level coordination algorithm. The idea is that, desired

 Density Controller 
(High-level 

Coordination) 

Vehicle Controller 
(Low-level Control) 

Vehicle  
 

Coordination 
Inputs 

 

Control  
Inputs 
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Output 
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low-level   control    
(Bounds on the 
density) 
 

State/control 
constraints 
(Vehicle dynamics) 
 

 
 

Density Control

Density Guidance

Figure 1.1: A hierarchical swarm density coordination and control architecture: High-level
Coordination provides motion commands(coordination inputs) for the vehicle controller and
low-level control generates motion plans (control inputs) to follow these commands.
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macroscopic behavior, i.e., the sequence of density commands, can be produced by using

the techniques presented in these earlier papers, and the density feedback law mentioned in

[53] can be used to track them by generating microscopic signals, i.e, velocity fields, as a

function of the desired density and the current local density estimate. Hence, this approach

is made feasible due to a coherent combination of macroscopic and microscopic models. The

high-level density commands are generated considering the collective behavior of the swarm,

while local density information is obtained by interactions between agents. To this end,

formulating the swarm control problem as a density control problem is the first key step of

the proposed algorithm.

1.4 Thesis Outline

Building on the challenges and opportunities discussed in this chapter, this dissertation devel-

ops a hierarchical, density-based guidance and control framework that integrates high-level

probabilistic density synthesis with decentralized feedback control. The proposed approach

is designed to achieve scalability, safety, and robustness while providing provable stability

and convergence guarantees in the large-population limit. To this end:

• Chapter 2 introduces the density guidance problem and presents a probabilistic frame-

work for high-level swarm coordination. Desired swarm behaviors are specified in terms

of spatial density distributions, and a constrained Markov chain synthesis approach

is developed to generate admissible density evolution sequences that encode motion,

safety, and flow constraints.

• Chapter 3 addresses the decentralized density control problem, focusing on the design

of local feedback control laws that enable individual agents to track desired density dis-

tributions. Inspired by the heat equation, the proposed density-based control method

is formulated using nonparametric local density estimation, and stability and conver-

gence properties are established in the continuum limit.
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• Chapter 4 investigates collision avoidance properties of density-based control laws and

presents a formal analysis of a modified density-based feedback strategy. Sufficient

conditions are derived under which inter-agent collisions are avoided. Theoretical guar-

antees are established for a class of kernel functions, providing lower bounds on the

achievable minimum inter-agent distance under the proposed control law.

• Chapter 5 focuses on adaptive local density estimation for decentralized swarm control.

Fundamental relationships between weak formulations of PDEs, the heat operator,

and the parameters of Gaussian kernel based local density estimators are established.

Dynamic average consensus based estimation schemes are developed to improve density

reconstruction and promote well-distributed swarm configurations.

Finally, Chapter 6 concludes the dissertation with a summary of the main contributions

and discusses potential directions for future research in density-based swarm guidance and

control.
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Chapter 2

DENSITY GUIDANCE PROBLEM

This chapter addresses the problem of guiding large-scale swarms by regulating their spa-

tial density through probabilistic state transitions. Density guidance determines the desired

evolution of the swarm density, while subsequent chapters develop feedback control laws that

realize these density commands through agent motion. Rather than prescribing individual

agent trajectories, the proposed approach models swarm evolution at the distribution level

using Markov chains, enabling a scalable guidance framework that is robust to agent-level

uncertainties and heterogeneity. By formulating swarm guidance as a density steering prob-

lem over a finite state space, Markov chain models provide a principled means to encode

motion constraints, environmental structure, and safety requirements directly into the tran-

sition dynamics. This chapter presents a constrained Markov chain synthesis framework for

density-based swarm guidance. It begins with the necessary background, followed by a for-

mal problem formulation and the introduction of the Markov Chain Synthesis Problem with

constraints. The proposed method is then illustrated through simulations and demonstra-

tions that highlight convergence behavior, constraint satisfaction, and practical applicability,

along with their temporal and spatial interpretations in swarm guidance scenarios.

2.1 Background

Throughout the chapter the following partial list of notation is used: Rd is the d dimensional

real vector space; N is set of nonnegative integers, i.e., N = {0, 1, 2, . . .}; N+ is set of positive

integers, i.e., N+ = {1, 2, . . .}; N+
n = {1, 2, . . . n}; ∅ denotes the empty set; 0 is the zero

vector/matrix of appropriate dimensions; vT is the transpose of the vector v; ‖v‖ is the

2-norm of the vector v; θ ∈ Pn is said to be a probability vector if θ ≥ 0 and 1Tθ = 1;
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I is the identity matrix; 1 and 0 are the one and zero matrices (or vectors) respectively

with appropriate dimensions; ei is a vector of appropriate dimension with its ith entry +1

and rest zeros; Q = QT � (�)0 implies that Q is a symmetric positive (semi-)definite

matrix; R > (≥)H implies that R[i, j] > (≥)H[i, j] for all i, j; R > (≥)0 implies that R

a positive (non-negative) matrix; For P = PT � 0,
∥∥v
∥∥
P

=
∥∥P 1/2v

∥∥ where P = P 1/2P 1/2

is a factorization of P with P 1/2 = P 1/2T � 0 (e.g., P 1/2 = UΛ1/2UT where P = UΛUT

is an eigenvector decomposition of P ); ⊗ denotes the Kronecker product; � represents the

Hadamard (Schur) product.

2.1.1 Discrete-time Markov Chains

The following material reviews definitions and fundamental properties of finite-state Markov

chains used throughout this chapter. In particular, concepts such as state space representa-

tions, transition matrices, stationary distributions, and irreducibility are introduced, along

with several standard lemmas that support later statements on stability and constraint sat-

isfaction.

Definition 1 A Markov chain is a discrete-time stochastic process such that each random

variable takes values in a discrete set and for all states the conditional probability distribution

of the future states of the process (conditional on both past and present states) depends only

on the present state (i.e. Markovian property).

A Markov chain can be represented with three parameters S, M and x(0) [11]. Here,

S is the finite set of states S = {s1, . . . , sn}, that is, there is a discrete state space with

cardinality n and sj is referred to as “jth state”; M is the the state transition matrix, which

will be referred to as Markov matrix, whose entries are defined as the transition probabilities;

i.e.,

M [i, j] = prob{s(t+ 1) = si|s(t) = sj}, (2.1)

and x(0) is a probability vector giving the initial state probability distribution, where x(0)[i]

gives the probability of the ith initial state. A discrete-time system is considered where
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s(t) ∈ S is the state of the agent at time t ∈ N and ‘s(t) = si’ is the event that the state is

the ith state at time t. Then, the probability density distribution x(t) ∈ Pn is defined as

x[i](t) = prob{s(t) = si}, (2.2)

where t is the discrete time index and x[i](t) is the probability of an agent to be in ith state.

Since M [i, j] gives the probability of transition from state j to state i, Markov matrix M

determines the time evolution of the probability distribution as

x(t+ 1) = Mx(t), t ∈ N. (2.3)

If the transitional probabilities does not depend on time k, the Markov chain is called

stationary or homogeneous. The well-established conditions that a Markov matrix should

satisfy can be given as follows:

M ≥ 0, 1TM = 1T (2.4)

Here the first property states that each entry of the Markov matrix must be nonnegative as

it corresponds to a probabilistic quantity. The second property means that M is a column

stochastic matrix and ensures that the sum of probabilities of transitions from state j to all

the states in S is 1. Such matrices can be characterized as follows.

Definition 2 Matrix M ∈ Rn×n is a Markov matrix, M ∈ Pn×n, if M ≥ 0 and 1TM = 1T.

Note that the probability vector x(t) stays normalized as 1Tx(t) = 1 for all t ≥ 0. This

follows from the fact that 1Tx(0) = 1 and 1TM = 1T, which implies that 1TM tx(0) =

1TM (t−1)x(0) = . . . = 1Tx(0) = 1.

Definition 3 Consider the Markov chain M , as given in (A.1). A distribution v ∈ Pn is

called a stationary distribution of M if it satisfies the equation

Mv = v. (2.5)
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Clearly if v is the stationary distribution of M , then x(t) = v, ∀t = to, to + 1, . . . , if

x(to) = v, to ∈ N+. which follows from (A.1) and (2.5) . A matrix M ∈ Pn×n that satisfies

the constraint (2.5) is a column stochastic matrix where v is the eigenvector corresponding

to eigenvalue 1 [73, 55].

Definition 4 [86] A Markov chain M is called irreducible if for any two states i, j ∈ N+
n

there exists an integer t such that M t(i, j) > 0.

This means that it is possible to get from any state to any other state using only transitions

of positive probability.

Lemma 1 [86] Let M be the transition matrix of an irreducible Markov chain. There exists

a unique probability distribution v satisfying Mv = v .

Lemma 2 [7] Consider the Markov chain M , with a stationary distibution v. Then for any

probability vector x(0) ∈ Pn, it follows that limt→∞ x(t) = v for the system (A.1) if and only

if spectral radius of (M − v1T) is less than 1, i.e., ρ(M − v1T) < 1.

2.2 Problem Formulation

The goal of the density guidance problem is to generate a sequence of density profiles that

converges to a final desired density. One can consider the time evolution of density as a

solution of a partial differential equation. However, when constraints on transient density

profiles are involved with a task to converge to a specific final desired density, the synthesis

of the evolution process for continuous density profiles becomes significantly challenging. To

this end, in order to ease the incorporation of density constraints, infinite-dimensional density

guidance process is transformed into a finite-dimensional synthesis problem by partitioning

the configuration space R into m disjoint subregions Ri, i = 1, . . . ,m, i.e., R =
m⋃

i=1

Ri, and

Ri ∩ Rj = ∅ for i 6= j. As it can be seen from Figure 2.1, this decomposition represents

the discretization of the continuous state-space, where each subregion represents a discrete

state in the configuration space. Similarly, a density distribution fR(x) can be stated as a
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R

@R

Figure 2.1: Illustration of the partitioned configuration space R with a continuous boundary
∂R into disjoint subregions Ri.

probability mass function θ ∈ Pm over the partitioned space R as follows:

θ[i] =

∫

Ri

fR(x)dx, ∀i ∈ {1, . . . ,m},

Now, consider a swarm of N agents. Let nth agent state be rn(k) ∈ R at time index k ∈ N,

then we can define θn(k) ∈ Pm such that the ith element θn[i](k) is the probability of the

event that rn(k) is in subregion Ri at time index k, i.e.,

θn[i](k) := prob
(
rn(k) ∈ Ri

)
, i=1, ...,m, n=1, ..., N, (2.6)

where agents are assumed to be acting independently i.e., the probabilities of these N events

are statistically independent. The discretization (2.6) facilitates a finite-dimensional problem

formulation where constraints can be imposed directly on the vector θn(k).

Remark 1 The density guidance algorithm feeds the sequence of probability mass functions

θn(k) to density controller with a certain frequency. Therefore, the desired density commands

are constructed as a piecewise continuous function in time as follows,

θ̄n(t) = θn(k), ∀t ∈
(
(k − 1)∆t, k∆t

]
, k ∈ N+
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where ∆t is the duration between two consecutive desired density command updates.

2.2.1 Problem Definition

Let θn(0) ∈ Pm be the initial probability mass distributions of agents in a swarm, given a

specified steady-state swarm distribution ν ∈ Pm, the density guidance problem is defined as

finding a sequence of θn(k) for all agents such that the following constraints are satisfied for

all k ∈ N:

prob
{
rn(k + 1)∈Rj

∣∣ rn(k)∈Ri

}
=0 if Aa[i, j]=0, (Reachability) (2.7)

Lθn(k) ≤ p, ∀θn(k) ≤ q, (Density constraints) (2.8)

limk→∞ θn(k) = v, ∀θn(0) ∈ Pm, (Ergodicity) (2.9)

where Aa is the adjacency matrix defining the allowable transitions among subregions be-

tween two consecutive time indices, i.e., Aa[i, j] = 1 if the transition from subregion i to j is

allowable, and is zero otherwise. L, q, and p are given matrices and vectors specifying density

constraints. Reachability constraint prohibits undesirable or infeasible (within the maneuver

envelope of each agent) transitions between subregions, whereas density constraints (also

known as safety constraints) bound a prescribed linear functions of the sequence of desired

density commands. Finally, ergodicity constraint ensures asymptotic convergence to pre-

scribed steady-state final distribution. The density constraints are formulated in a general

linear form and captures several types of constraints with different selection of the parame-

ters. For example, they can be used to enforce an upper bound on the density or to bound

the rate of change of density for each subregion.

2.2.2 Markov Chain Model

The main idea of the density guidance algorithm is to formulate the evolution of each agent’s

probability mass function θn(k) as a column stochastic matrix [17, 73], Mn(k) ∈ Rm×m such
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that,

Mn[j, i](k) := prob
{
rn(k + 1)∈Rj

∣∣ rn(k)∈Ri

}
∀i, j = 1, . . . ,m, ∀k ∈ N (2.10)

i.e., the nth agent’s state in subregion Ri transitions to subregion Rj between two consec-

utive time indices with probability Mn[j, i](k). Note that Mn(k) ≥ 0 and 1TMn(k) = 1T,

i.e., Mn(k) is a column stochastic matrix, which we will also refer to as a Markov matrix.

Consequently, for k = 0, 1, . . .

θn(k + 1) = Mn(k)θn(k), n = 1, ..., N, with θn(0) ∈ Pm. (2.11)

Note that the probability vector θn(k) ∈ Pm for all k ≥ 0 [6]. The Equation (2.11) shapes

the evolution of each agent’s probability mass function
{
θn(k)

}N
n=1

, rather than generating

individual agent state trajectories
{
rn(k)

}N
n=1

[10].

Assumption 1 From this point on, it will be assumed that each agent has the same Markov

matrix at any given time index and same initial density distribution, that is, Mn(k) = M(k),

and θn(0) = θ(0) = θ0 ∀n.

When all agents act independently by using an identical Markov matrix, we have two math-

ematical interpretations for θ(k):

(i) θ(k) is the vector of expected ratios of the number of agents in each subregion,

(ii) the ensemble of agent states,
{
rn(k)

}N
n=1

, has a distribution that approaches θ(k) with

probability one as N goes to infinity.

So the swarm probability mass function evolves with,

θ(k + 1) = M(k) θ(k), with θ(0) = θ0. (2.12)

See the Lemma 11 in Appendix A for detailed analysis of these two interpretations.
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2.3 Markov Chain Synthesis Problem with Constraints

Using the Markov Chain model, the density guidance problem defined in Section 2.2.1 is

formulated as a Markov chain synthesis problem in which all desired constraints given by

(2.7), (2.8) and (2.9) are imposed on the Markov matrix. Reachability constraints are easy

to capture by construction and can be enforced with a linear equality condition on Markov

matrix. Imposing ergodicity constraints on Markov chains is an addressed problem [86], and

equivalent Linear-Matrix Inequality (LMI) conditions on Markov matrix has been presented

in recent studies [7, 23, 24]. The density constraints, on the other hand, is a challenging

formulation problem. For density upper bound constraints, a set of equivalent conditions

on Markov chains were presented in [11], which are useful analysis results to check whether

a given Markov chain satisfies the density upper bound constraints or not. The research

presented in [9, 41] extends on these results by providing a computationally tractable convex

analysis method but also, more importantly, a convex optimization based synthesis method.

Then, our previous work [44] generalized these density upper bound constraints to a linear

form that captures these constraints along with additional useful constraints. Before pre-

senting the convex programming formulation of the Markov chain synthesis problem, the

formulation and convexification of the constraints will be given.

2.3.1 Formulation & Convexification of the Constraints

Reachability Constraints

Reachability constraints are imposed on matrix M(k) to restrict allowable agent motion or

to ensure the generation of physically realizable agent motion commands by limiting the

set of subregions reachable from each subregion. For example, it may not be desirable or

even physically possible for an agent in Rj to transition to some other subregion Ri in a

single density command update. Such transition constraints are captured by the adjacency

matrix Aa as defined in (2.7) and can be enforced to Markov chain synthesis problem by

setting the associated transition element of M(k) to zero, i.e., M(k)[i, j] = 0. Noting that
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Aa is assumed to be time-invariant, these transition constraints are imposed on M(k) by the

following equality constraint,

(11T − AT
a )�M(k) = 0 ∀k ∈ N. (2.13)

The entry Aa[i, j] of Aa is defined for the transition from Ri to Rj while the entry M(k)[i, j]

is defined for the transition from Rj to Ri, hence the transpose operator for Aa is used in

(2.13). It is also important to note that, in order to synthesize an ergodic Markov chain that

is valid for any initial distribution, there has to be a sequence of subregions that connects

• Agent Dynamics 
• State & Control 

Constraints

Ri

Partitioned Configuration 
Space     with Adjacency   R Aa

Reachability 
Analysis

Markov Chain 
Synthesis with 
Constraints

M(k)
Density Guidance 

Policy

Sequence of density 
distribution commands

✓(k) ✓(k+1)

k�t (k+1)�t

✓̄(t)

Decentralized 
Density Feedback Control

Figure 2.2: Interplay between high-level swarm coordination and low-level vehicle control
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Rj to Ri for every pair (i, j). This can be ensured by selecting Aa as the edges of a strongly

connected graph, i.e. for some integer k, Aka is a positive matrix. Since the Equation (2.13) is

linear in M(k), no convexification is required, i.e., it can be utilized in a convex programming

formulation in its current form.

Density Constraints

The density constraints are captured in a generic form with the following set of inequalities

L(k) θ(k) ≤ q(k), ∀ θ(k) ≤ p(k), k ∈ N, (2.14)

where, L is a linear function of M . Since θ(k) evolves with (2.12), the constraint (2.14) is a

bilinear, non-convex constraint as both M(k) and θ(k) are solution variables. The following

theorem gives the convexification of these bilinear constraints by set of equivalent linear

inequality constraints. As it is presented in [42], the theorem is proved by using the duality

theory of convex optimization. The final form of the constraints presents an equivalent

convex optimization formulation which enables a computationally tractable synthesis by

using Interior Point Method (IPM) algorithms [98].

Theorem 1 [9, 44, 42] Consider the Markov chain given by (2.12). Then,

L(k) θ(k) ≤ q(k), ∀ θ(k) ≤ p(k), (2.15)

if and only if there exist S(k) ∈ Rm×m and y(k) ∈ Rm such that

S(k) ≥ 0,
[
L(k) + S(k) + y(k)1T

]
≥ 0,

y(k) + q(k) ≥
[
L(k) + S(k) + y(k)1T

]
p(k).

(2.16)

Note that p(k) = 1 can be a choice in general, but other values of p(k) will also be useful

in capturing different types of density constraints. The bounds are generally taken as time-

invariant but the proof given in [44, 42] is constructed for the time-varying case to provide
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most general linear result. It is also critical to note that the conditions given in (2.16) define

linear inequality constraints on the solution variables, S(k), y(k), M(k), if L(k) is a linear

function of M(k), which is the main utility of the theorem. The density constraints given by

(2.14) captures a variety of temporal and spatial density constraints with different selection

of L(k), q(k) and p(k).

1. Density Upper Bound Constraint [11, 9, 40]: These set of constraints ensure that the

density vector components stay below the components of a prescribed values and they can

be formulated with L(k) = M(k), q(k) = d(k+1), and p(k) = d(k), which yields,

θ(k) ≤ d(k), k = N+ (2.17)

where 0 < d(k) ≤ 1 ∀k ∈ N+ is a vector defining the prescribed density upper bounds for

each subregion Ri and it is assumed that θ(0) ≤ d(0). This constraint is also known as safety

constraint in Markov chain literature [11] and it can be used to bound the expected number

of agents (by using the expectation interpretation of the probabilistic density as explained

by Lemma 11 in Appendix A) in each subregion over time. Invoking Theorem 1 with proper

selections for L(k), q(k) and p(k) yields the following corollary that states the equivalent

linear matrix inequalities for the density upper bound constraints.

Corollary 1 Consider the Markov chain given by (2.12). For every θ(0) ≤ d(0), θ(k) ≤
d(k), ∀k ∈ N+, if and only if there exists S(k) ∈ Rm×m and y(k) ∈ Rm such that, for

k = 0, 1, . . .

S(k) ≥ 0,
[
M(k) + S(k) + y(k)1T

]
≥ 0,

y(k) + d(k + 1) ≥
[
M(k) + S(k) + y(k)1T

]
d(k).

(2.18)

2. Density Flow Constraint : Since the synthesized density commands are defined at discrete

time instances, the density upper bound constraints given by (2.17) can be violated during
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transitions between consecutive density commands k → k+1. Although the density feedback

controller is ultimately tasked to avoid collisions/conflicts due to high density of agents over

a subregion, the density guidance algorithm must enable/facilitate the low-level controllers

to perform the prescribed motion by producing commands that are consistent with density

upper bound constraints. This objective can be achieved via an additional constraint on the

flow through the subregions ensuring that the expected number of agents in each subregion is

bounded by a prescribed quantity for all time - for a given upper bound on the total number

of agents. Let θ̄[i](k) be the maximum possible density for Ri during the time interval I(k) in

between the temporal stages k and k+1, and Tr∈ Rm×m be a non-negative trajectory matrix

for each subregion that describes the feasible paths containing subregion Rr, r ∈ {1, . . . ,m}:
For i, j ∈ {1, . . . ,m},

Tr[i, j] =





pr[i, j] if path j → i passes through Rr

0 otherwise
, (2.19)

where pr[i, j] ∈ [0, 1] is the probability that the path from j → i passes through Rr. Note

that pr[i, j] = 1 when there is only a single feasible path between subregions Ri and Rj that

must go through the Rr. Equipped with the trajectory matrix, the maximum density in Ri

at any time t ∈
(
(k − 1)∆t, k∆t

]
is bounded by the sum of the probability that an agent

choses to stay in Ri, the probability that an agent from another subregion transits to Ri,

and the probability that an agent passes through Ri,

θ̄[i](t) ≤ θ[i](k)︸ ︷︷ ︸
agents in Ri at k

+
∑

j 6=i

M [i, j](k) θ[j](k)

︸ ︷︷ ︸
agents moving into Ri

+ 1T
(
Ti �M(k)

)
θ(k).︸ ︷︷ ︸

agents passing through Ri

(2.20)
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This inequality can be written in a matrix form for all subregions as follows,

θ̄(t) ≤ θ(k) +M(k)θ(k)− diag
(
M(k)

)
θ(k) +

m∑

i=1

ei1
T
(
Ti �M(k)

)
θ(k)

=

(
I +M(k)− diag

(
M(k)

)
+

m∑

i=1

ei1
T
(
Ti �M(k)

)
)
θ(k).

Using this relation, we can put a bound on maximum density on every subregion as θ̄(t) ≤
α(k) for all k ∈ N. With the assumption that (2.17) holds, we can write the following:

(
I +M(k)− diag

(
M(k)

)
+

m∑

i=1

ei1
T
(
Ti �M(k)

)
)
θ(k) ≤ α(k), ∀ θ(k) ≤ d(k), k ∈ N

(2.21)

The density flow constraint given by (2.21) can also be captured by the general density

constraint form (2.14) via the following selections:

L(k) = I +M(k)− diag
(
M(k)

)
+

m∑

i=1

ei1
T
(
Ti �M(k)

)
,

q(k) = α(k), p(k) = d(k).

(2.22)

Upon the selections given by (2.22), we can have the following corollary for density flow

constraints.

Corollary 2 Consider the Markov chain given by (2.12). For θ(k) ≤ d(k), k ∈ N, the

constraint (2.15) with (2.22) holds if and only if there exist S(k) ∈ Rm×m and y(k) ∈Rm,

such that, for k = 0, 1, . . .

S(k) ≥ 0, Γ(k) ≥ 0,

y(k) + α(k) ≥ Γ(k)d(k),
(2.23)

where Γ(k) = I +M(k)− diag
(
M(k)

)
+
∑m

i=1 ei1
T
(
Ti �M(k)

)
+ S(k) + y(k)1T.
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3. Density Rate Constraint : Density rate constraint bounds the change of density between

two consecutive density profiles, i.e., θ(k) and θ(k + 1) over subregions and is stated as

follows,

−f ≤ θ(k + 1)− θ(k) ≤ f, ∀ θ(k) ≤ d(k), k ∈ N,

where f ≥ 0 bounds the density rate. The general density constraints can capture density

rate constraints with the following selection of parameters,

L(k) =


M − I
I −M


 , q(k) =


f
f


 , p(k) = d(k). (2.24)

4. Density Diffusivity Constraint : This constraint limits the spatial gradients of the density

with a prescribed vector, w(k) ≥ 0,

−w(k) ≤ D1 θ(k) ≤ w(k), ∀ θ(k) ≤ d, k ∈ N+

where D1 is a discrete approximation to the first order spatial derivative. The density

diffusivity constraint ensures that the density evolves smoothly without steep jumps in the

density between neighboring subregions. This inequality can be captured by the general

form by letting

L(k) =


 D1

−D1


 , q(k) =


w(k)

w(k)


 , p(k) = d(k). (2.25)

Remark 2 Similar results can be obtained for the density rate and density diffusivity con-

straints by using Theorem 1 and selections defined by (2.24) and (2.25).



27

Convergence to Desired Density – Ergodicity Constraint

As it is stated in Section 2.2.1, the sequence of density commands are required to converge

to a final desired density. Therefore the Markov chain M(k) must be synthesized such that

for any given initial distribution θ(0) ∈ Pm, the steady-state distribution v ∈ Pm of M(k) is

the final desired density, i.e.,

lim
k→∞

θ(k) = v, and M(k) v = v.

Note that for the Markov chain M(k) the condition M(k) v = v means v is the eigenvector

of M(k) corresponding to its largest eigenvalue one [73, 55]. M(k) v = v is a set of linear

(hence convex) equalities, however this constraint alone is not sufficient for convergence to

distribution v. The convergence constraint can be achieved by imposing a Lyapunov type

condition as follows: For some P = PT � 0 and λ ∈ [0, 1)

∥∥θ(k + 1)− v
∥∥
P
≤ λ

∥∥θ(k)− v
∥∥
P
, k = 0, 1, . . . . (2.26)

which implies
∥∥θ(k)−v

∥∥
P
≤ λk

∥∥θ(0)−v
∥∥
P

, i.e., exponential convergence to v from any θ(0),

therefore limk→∞ θ(k) = v. In the special case when the Markov matrix M(k) is constant

with respect to time index k, Lemma 2 established a necessary and sufficient condition for

asymptotic convergence on the design of matrix M , denoted as the spectral radius condition

[7],

ρ(M − v1T) < 1. (2.27)

The synthesis of such constant Markov matrices also ensures the feasibility of online design of

time-varying Markov matrices. From linear system theory [35, 79], if there exists a Lyapunov

matrix P = PT � 0, the spectral radius condition (2.27) is equivalent to the following

inequality for some λ ∈ [0, 1):

λ2P − (M − v1T)TP (M − v1T) � 0. (2.28)
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This inequality is a bilinear matrix inequality with both M and P as solution variables.

Inequality (2.28) can be shown to be equivalent to the following matrix inequality with some

matrix G [39, 7] 
 λ2P (M − v1T)TGT

G(M − v1T) G+GT − P


 � 0. (2.29)

Here, the equivalence can be shown by applying Schur complement with respect to the block

(2,2) and multiplying block (1,1) with [I −(M − v1T)T] from the left and with its transpose

from the right. In (2.29) G is a prescribed matrix, which is selected as G = diag(v)−1 in

our implementations. To determine the λ, a line search can be conducted to find minimum

feasible λ, hence maximum convergence rate. A more detailed discussion on the choice of G

and λ can be found in [9]. It is important to note that prescribing the matrix G brings along

a source of conservatism. Attempt to obtain matrix G from optimization can be achieved by

solving Bilinear Matrix Inequalities (BMIs) with the expense of exponential computational

complexity that grows with the problem size. Therefore it is only applicable to small size

problems.

2.3.2 Markov Chain Synthesis with Semidefinite Programming (SDP)

All design constraints have been formulated as equivalent linear equality (2.13), linear in-

equality (2.16) and linear matrix inequality (LMI) (2.29) constraints. Therefore, an LMI

optimization problem with the given constraints can be formulated to synthesize a Markov

matrix. The optimization problem is a feasibility problem, however a minimization can be

performed with a suitable cost function. For instance, observe that M = I is a limiting case

since it stops the density evolution based on (2.12), hence making M ' I yields a sense of

minimized overall density changes in each subregion, in other words, synthesizing M as close

as possible to I minimizes the number of transitions between subregions. For this goal, the

following cost can be minimized for minimal overall action [7]: 1T
(
1− diag(M)

)
. This cost

function is particularly useful to be used with a randomized algorithm given in Appendix

A where, even the convergence to desired density is achieved, the transitions still occur
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due to the randomized partition changing decisions. While perpetual partition changing

decisions, therefore nonstop swarm motion, is not suitable for fuel efficient missions, it is a

viable setup for surveillance applications. On the other hand, there are deterministic control

algorithms such as in Chapter 3 which ensures that when the desired density is achieved

the relative swarm motion ceases. For these type of control algorithms the guidance cost

function of trace(M) is a fitting choice as it maximizes the number of partition changes and

hence increases the convergence rate to the desired density. Both of these applications will

be addressed both with numerical examples and laboratory demonstrations.

With a prescribed matrix G and a convergence rate λ ∈ [0, 1), the following LMI op-

timization problem can be solved to synthesize a desirable Markov matrix when L, q, p in

(2.15) are all constant quantities in each time indices:

Optimization Problem 1 SDP Formulation for Markov Chain Synthesis

Cost Function: min
M,P,S,y

1T
(
1− diag(M)

)
s.t.

Markov Chain Properties: 1TM = 1T, M ≥ 0, Mv = v

Reachability Constraints: (11T − AT
a )�M = 0

Density Constraints: S ≥ 0, [L+ S + y1T] ≥ 0

y + q ≥ [L+ S + y1T]p

Convergence Constraints:


 λ2P (M − v1T)TGT

G(M − v1T) G+GT − P


 � 0

P = PT � 0 G = diag(v)−1

Note that, in optimization problem above λ is considered to be known. This is a mild

assumption since a line search can be performed for λ to find its smallest feasible value, i.e.,

the fastest convergence rate.
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2.3.3 QP Synthesis of Markov Chain with Density Feedback

The Markov chain synthesis problem given in previous section is utilized in an open loop

fashion, i.e., the Markov matrix M synthesized once and density commands are propagated

with the same matrix throughout the swarm maneuver. When the measurements or esti-

mates of the probabilistic density distribution are available, they can be utilized to update

the Markov matrix, which leads to a faster convergence. The density of agent states are

assumed to be given at this point, and for implementation purposes they can be estimated

whether centrally or in some decentralized manner. Using this extra information for density,

a receding horizon based synthesis of M(k) can be formed for a given θ(k). Assuming that

there exists a Markov matrix M̂ , a stochastic matrix satisfying the constraints of the Opti-

mization Problem 1 with a corresponding positive definite matrix P , for a given θ(k), the

following Quadratic Programming (QP) problem can be solved to find a new M(k):

Optimization Problem 2 QP Problem for Markov Chain Update with Density Feedback

Updated Markov Chain: M(k) = arg min
M
‖Mθ(k)− v‖P s.t.

Markov Chain Properties: 1TM = 1T, M ≥ 0, Mv = v

Reachability Constraints: (11T − AT
a )�M = 0

Density Constraints: Lθ(k) ≤ q

Optimization Problems 1-2 allow imposing the constraint θ(k) ≤ d, as in (2.17), together

with L̂ θ(k) ≤ α with L̂ as L in (2.22) with constant M , d, and α via

L =


M
L̂


 , p = d, and q =


d
α


 .

The optimal solution of Problem 2 provides the Markov matrix M(k) that leads to the

closest density distribution to v, with respect to a norm defined by matrix P . Since, the

optimization problem 2 is solved at each time index k, convergence and recursive feasibility
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of this feedback strategy is in question. Hence, the next lemma is provided, proof of which

can be found in [44, 42].

Lemma 3 Suppose that there exists a Markov matrix and P = PT � 0 satisfying the con-

straints of the optimization problem 1. Then the Markov Matrix M(k) obtained by solving

the QP given by Problem 2 for each θ(k) results in limk→∞ θ(k) = v for any θ(0) ≤ p while

satisfying the motion and general safety constraints with constant values of L, q, p in (2.15).

Furthermore a feasible solution of the QP given by Problem 2 will exist for all time.

According to Lemma 3, if there exists a Markov matrix M̂ , satisfying the constraints of the

optimization Problem 1, then the convergence and the recursive feasibility of the proposed

feedback method is guaranteed with the QP formulation given by Problem 2.

2.4 Numerical Simulations & Experimental Validation

2.4.1 Density Sequence Generation

The objective of this space mirror example is to illustrate the synthesis of density commands

using the constrained Markov chain framework developed in the previous sections. In par-

ticular, the example demonstrates the simultaneous enforcement of reachability constraints,

transient density constraints, and convergence to a prescribed steady-state density distribu-

tion. As it is illustrated in Figure 2.3 the operational domain is partitioned into 19 hexagonal

bins. The adjacency structure is selected such that transitions are only permitted between

neighboring partitions. The synthesized Markov matrix must respect the underlying mo-

tion limitations while steering the swarm from the concentrated initial configuration toward

the desired deployment over the inner and outer layers. Density constraints are imposed

throughout the maneuver to ensure that the generated density commands remain feasible

for the lower-level density control algorithms responsible for realizing the desired swarm mo-

tion. To ease the illustration, symmetric safety constraints are applied and the results are

presented only for a portion of the domain emphasized by green color in the Figure 2.3.
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Figure 2.3: Partitioning for the Space Mirror Example and the Configuration of the Partitions
with indices. All the density configurations and density constraints are deliberately chosen
symmetric, hence only the green colored partitions are presented in the following figures.
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The initial and desired density configurations are also visually demonstrated in Figure 2.3.

The spectral properties of the synthesized Markov matrices shown in Figure 2.4 provide

additional insight into the effect of the imposed constraints. As additional constraints are

introduced, the synthesized Markov matrices tend to exhibit eigenvalues that are closer to

the unit circle, resulting in slower mixing and convergence rates. This behavior is reflected

in the evolution of the density error norm. Nevertheless, all synthesized matrices retain the

desired stationary distribution and satisfy the ergodicity conditions required for convergence.

The mission is the deployment of arbitrary number of agents from the Partition 1 to other

partitions labeled as inner layer and outer layer. The resulting density evolution is shown

in Figures 2.5. The density propagates outward from Partition 1 through the admissible

transitions while preserving the imposed constraints. The evolution exhibits the character-
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istic behavior of a constrained diffusion process, where density can only propagate through

admissible transitions and therefore spreads progressively from the source partition toward

the target equilibrium configuration.

2.4.2 Stochastic Planning

This demonstration illustrates the use of the density guidance method for the single agent

case via randomized motion driven by a Markov chain. In this example, the randomized

motion of single agent solves a surveillance problem. In other words, an agent is instructed

to cover the area that is discretized by 25 number of subregion as mentioned in Section 2.2

with equal probability. The motion of the agent is determined by the probabilistic guidance

algorithm given in Appendix A. For this discretized domain, a Markov chain is synthesized

whose stationary distribution produces the ACL pattern. Figure 2.6 illustrates the gradual

emergence of the desired density distribution from the randomized motion of a single agent.

An important distinction is that the desired density is not realized instantaneously. At any

given time the agent occupies only a single partition. Instead, the density emerges through

the long-term visitation statistics of the randomized trajectory. This behavior is consistent

with the stationary-distribution properties of the synthesized Markov chain and demonstrates

how density guidance can be interpreted through long-term occupancy statistics.

Rather than using multiple agents, the notion of density is satisfied on the expected

duration that agent spends in each subregion, i.e., the agent traverses the domain while

spending time in each subregion enforced by the desired density command. As it is further

discussed in Appendix A via Lemma 11, the probabilistic interpretation of density in a

subregion is the probability of finding an agent in that subregion, and this experiment given

by Figure 2.7 demonstrates this interpretation. As time progresses, the fraction of time spent

in each partition converges to the prescribed density distribution.

The experiment provides an intuitive visualization of the law-of-large-numbers interpreta-

tion discussed in Appendix A. In the multi-agent setting, the density represents the fraction

of agents occupying each subregion at a given time. In contrast, for the single agent case, the
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Figure 2.6: Snapshots from the ensemble of temporal agent locations and fractions of time
spent in each subregion for single agent case

same density distribution emerges through temporal averaging of the agent trajectory. As

the observation horizon increases, the empirical occupancy measure converges to the desired

stationary distribution, producing the prescribed spatial pattern.
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Figure 2.7: Time ensemble of randomized motion of single agent which generates ACL.
For full video: https://www.youtube.com/watch?v=Ekpqa39LBd0

This example demonstrates that the proposed density guidance framework admits both

ensemble and ergodic interpretations. In the multi-agent setting the density describes the

spatial distribution of population of agents, whereas in the single agent setting the same

density emerges through temporal averaging of a randomized trajectory. Therefore, the

Markov chain synthesis framework is applicable not only to swarm deployment problems but

also to stochastic planning and persistent surveillance missions.
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Chapter 3

DENSITY FEEDBACK CONTROL

This chapter develops a density feedback control method for driving large-scale swarms

through continuous-space interactions toward prescribed desired density profiles. In con-

trast to open-loop or distribution-level planning approaches, the proposed method regulates

swarm behavior by closing the feedback loop between locally estimated density information

and agent-level motion commands. The resulting closed-loop dynamics can be interpreted

as a density evolution governed by velocity fields induced by local density errors. By con-

structing velocity fields directly from density errors, the framework enables decentralized

and scalable control laws that remain responsive to environmental changes, disturbances,

and modeling uncertainties. The chapter begins with the necessary background and prob-

lem formulation, followed by methods for local density estimation and density control via

velocity field generation. Techniques for spatial smoothing of desired density profiles are

then introduced to establish a connection with the previously developed density guidance

methods. The effectiveness of the proposed approach is demonstrated through numerical

simulations and experimental validation.

3.1 Background

This section provides a brief mathematical background regarding the necessary algorithmic

components of the proposed density feedback control method. The following is a partial

list of notation used: N is set of nonnegative integers, i.e., N = {0, 1, 2, . . .}; N+ is set of

positive integers, i.e., N+ = {1, 2, . . .}; T, stands for range of time and unless otherwise

is stated, it represents the nonnegative axis [0,∞); ∅ denotes the empty set; 0 is the zero

vector/matrix of appropriate dimensions; vT is the transpose of the vector v; ‖v‖ is the 2-
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norm of the vector v; F † is the adjoint of the operator F ; gradient operator is denoted as∇ =[
∂
∂x1
, ∂
∂x2
, . . . , ∂

∂xn

]T
, Laplacian is denoted as ∆(·) = ∇T∇(·) =

∑d
i=1

∂2(·)
∂x2i

and Hessian is

denoted asH(·) = ∇2(·); C1(R,R) represents the family of continuously differentiable scalar

functions over R; det(·) stands for determinant operator; sup(·) represent the supremum

operator; E[ · ] is the expectation operator; θ ∈ Pn is said to be a probability vector if θ ≥ 0

and 1Tθ = 1;

3.1.1 Swarm Density Distribution

Consider a swarm of N ∈ N+ agents with point mass dynamics that are distributed over

the configuration space R ⊂ Rd with a continuous boundary ∂R. The swarm density is

defined as the fraction of agents per unit volume obtained in the limit N → ∞, and it can

be described at any point x ∈ R at time t ∈ R+ as follows,

ρ(t,x) = lim
ε→0

1

VBε(x)

(
lim
N→∞

nBε(x)

N

)
, (3.1)

where Bε(x) is the ε-neighborhood of a point x defined as, Bε(x) =
{
ξ ∈ Rd : ‖ξ − x‖ <

ε
}
, in which nBε(x) is the total number of agents within Bε(x) and VBε(x) is the volume of

Bε(x). Assuming the agent configurations are independent samples, the law of large numbers

(Theorem 5.4.2 in [34]) implies that the remaining limit expression can be interpreted as the

probability of having an agent in the ε-neighborhood of a point x ∈ R at time t ∈ R+,

lim
N→∞

nBε(x)

N
= prob

(
r(t) ∈ Bε(x)

)
,

where r(t) ∈ R is the configuration of an agent (can be position, velocity, heading angle,

and so on). This probability can also be written in the following form,

prob
(
r(t) ∈ Bε(x)

)
=

∫

Bε(x)

fR(t,x) dx,
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where, Bε(x) = {ξ ∈ Rd : ‖ξ−x‖ ≤ ε} is the closed neighborhood, dx :=
∫
dx1

∫
dx2· · ·

∫
dxd

and fR(t,x) is the probability density function (PDF) that defines the distribution of the

swarm over the space R and has positivity and unit integral properties:

fR(t,x) ≥ 0 ∀t ∈ R+, ∀x ∈ R, (3.2a)
∫

R
fR(t,x)dx = 1 ∀t ∈ R+. (3.2b)

Here, the swarm with N agents at time t can be considered as a realization of the PDF

fR(t,x), i.e., N samples drawn from this PDF. In the context of swarm density control,

fR(t,x) will be referred to as the swarm density distribution. Since practical applications

cannot accommodate the condition N →∞, one of the tasks in this research is to estimate

fR(t,x), or equivalently, approximate ρ(t,x) efficiently.

Remark 3 The definition of swarm density distribution is given with the assumption that

the swarm is homogeneous i.e. all agents are identical. Although this assumption is adopted

throughout this research, the framework can be generalized to swarms with heterogeneous

agents using the notion of weighted distributions [103]. This approach adjusts ρ(t,x) in

(3.1) by putting an emphasis on each agent via assigned individual weights.

3.1.2 Stochastic Density Evolution

The swarm density distribution introduced in the previous section can be interpreted as the

probability density associated with the state of a representative agent evolving in config-

uration space. To establish a connection between individual agent motion and continuum

swarm density evolution, consider the stochastic differential equation

dXt = µ(t,Xt) dt+ σ(t,Xt) dWt, (3.3)

where Xt ∈ Rd denotes the agent state, µ(t,Xt) is the drift vector field, σ(t,Xt) is the

diffusion matrix, and Wt is a Wiener process. The probability density function associated
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with Xt is denoted by fR(t,x). A classical result from stochastic process theory states that

fR(t,x) evolves according to the Fokker-Planck equation [90, 101],

∂

∂t
fR(t,x) = −

d∑

i=1

∂

∂xi

(
µ(t,x)fR(t,x)

)
+

1

2

d∑

i=1

d∑

j=1

∂2

∂xi∂xj

(
Dij(t,x)fR(t,x)

)
. (3.4)

where D(t,x) = σ(t,x)σ>(t,x) is the diffusion tensor.

This equation provides a continuum description of how a population of agents evolves

under the combined effects of deterministic motion and stochastic disturbances, whereas

(3.3) describes individual sample paths. The Fokker-Planck equation is introduced here

to illustrate the relationship between agent-level motion and continuum density evolution,

which motivates the density-based control laws developed in the remainder of this chapter.

3.2 Problem Formulation

Consider a swarm of N agents with states xi(t) ∈ R. Under deterministic velocity-driven

motion, the the constraint-free agent dynamics are given by

ẋi(t) = v(t,xi(t)). (3.5)

The associated swarm density fR(t,x) evolves according to the continuity equation

∂fR(t,x)

∂t
= −∇ ·

(
v(t,x) fR(t,x)

)
, (3.6)

which is obtained from the Fokker-Planck equation (3.4) under vanishing diffusion, i.e.,

σ(t,x) = 0.

The swarm density is interpreted as a continuum representation of the agent ensemble,

where each agent follows (3.5). The objective of this chapter is to synthesize a decentralized

velocity field v(t,x) such that the swarm density fR(t,x) converges to a desired continuously
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differentiable target density fdR(x), i.e.,

lim
t→∞

fR(t,x) = fdR(x), ∀x ∈ R. (3.7)

The control law is required to be implementable in a decentralized manner using only local

information, motivating the density estimation and velocity synthesis methods developed in

the following sections.

3.2.1 Problem Definition

Let S(t) = {x1(t),x2(t), . . . ,xN(t)} be a homogeneous swarm of N agents that are dis-

tributed over configuration space i.e. xi(t) ∈ R ∀i ∈ {1, . . . , N} with the initial swarm

density distribution fR(t0,x). For a given continuously differentiable desired density dis-

tribution fdR(x) ∈ C1(R,R), the density control problem is defined as synthesizing a local

density feedback law based on velocity field v(t,x) such that, when followed by agents, the

swarm density distribution satisfies the following condition,

lim
t→∞

fR(t,x) = fdR(x). (3.8)

As it is illustrated in Figure 3.1, the idea is that, the sequence of desired density commands

(analogous to reference signals in feedback control systems) can be generated using the

density guidance method presented in Chapter 2 or any other density guidance method (see

[37]), and the density feedback law to be introduced in this chapter can be used to track these

desired density commands. Along with the information of current estimated density f̂R(t,x),

on-board controllers will translate density commands fdR(x) to a velocity field v
(
t,x(t)

)
in

a decentralized feedback fashion for each agent to track. The resulting velocity field will be

a continuous function over R which empirically reduces collision propensity and motivates

the collision analysis developed in Chapter 4.

The key desired property in density feedback control architecture is the decentralization
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Figure 3.1: The block diagram of the local density feedback control architecture for swarm
of agents to track desired density commands.

of computations and relying on local resources on each agent. Therefore, both density

estimation and density control algorithm needs to be able to operate on local information.

These two algorithmic components will be introduced next.

3.3 Local Density Estimation

As it can be seen from Figure 3.1, the feedback law to generate velocity field requires estimates

of the local density distribution, i.e., density distribution around each agent and its gradient.

To that end, before getting into the details of velocity field generation, this section addresses

the local density estimation problem for the swarm of agents.

Having finite number of agents, N , prohibits the exact calculation of the local densities

ρ(t,xi(t)), ∀xi(t) ∈ S(t). Therefore, we aim to estimate swarm density distribution fR(t,x),

or equivalently, approximate ρ(t,x) from given agent configurations. Previous work [44]

utilized simple counting algorithm, which partitions the configuration space into subspaces,
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then calculates the density profile by just counting the number of agents within each subspace

(see Figure 3.2). Due to its procedure, this methodology resembles Eulerian approach for

numerical solutions of partial differential equations. However, this approach not only renders

the algorithm centralized, but also the local estimations will be sensitive to the partition-

ing method, as partitions affect the resolution of the density profile over the configuration

space. Furthermore, sole counting approach does not scale well with the number of partitions

from an algorithmic standpoint, hence, preferred increase in the resolution of density profile

induces a bottleneck via computational complexity.

In order to obtain decentralized and domain independent estimation, we shifted our focus

to Lagrangian approaches in which all the calculations are performed around a neighborhood

of particles. The notion of particles aligns well with each individual agent in the swarm,

and the ability to perform the calculations from the perspective of each agent enables local

computations, hence, decentralization of the coordination algorithm. The first naive attempt

to implement this approach can be simple Lagrangian counting algorithm, i.e., each agent

counts the number of agents within the prescribed vicinity. Though this naive method meets

the decentralization requirement, it fails to capture how close the agents are within the

neighborhood, which can be a critical piece of information as far as collision avoidance is

Previous Approach (Eulerian) Lagrangian with solely Counting Lagrangian with weighted Counting

R

!1

Figure 3.2: Different Estimation Methods: Solely counting Eulerian approach (left), solely
counting Lagrangian approach (middle), weighted counting Lagrangian approach (right).
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concerned. Furthermore, the density information is discretized in a non-smooth way, i.e.,

small changes in agent locations, changes particularly close to vicinity border, can affect the

propagation of density substantially. In order to reflect the notion of closeness to the density

calculations more structure is required in the estimation process that exploits measure of

distance.

Obtaining the density information from particles/samples has been studied in different

domains such as Kernel Density Estimation (KDE) [113, 102] for estimating the probability

density function of a random variable from a given set of samples, and Smooth Particle

Hydrodynamics (SPH) [94] for approximating the flow density in numerical solutions of the

partial differential equations for fluid dynamics. Following [102], the kernel density estimate

of fR(t,x) for any point x ∈ R at time t is given by,

f̂R(t,x) =

∫

R

1

det (H)
K
(
H−1(x− ξ)

)
dPN(t, ξ) (3.9)

where dPN(t, ξ) is defined as,

dPN(t, ξ) =
1

N

N∑

i=1

δ
(
ξ − xi(t)

)
dξ,

in which δ(·) stands for the multi-dimensional Dirac δ-function defined as, δ(ξ − x) =
∏d

k=1 δ
(
ξk − [x]k

)
, and substitution reduces (3.9) to the following form

f̂R(t,x) =
1

N det (H)

N∑

i=1

K
(
H−1

(
x− xi(t)

))
. (3.10)

In (3.10), K(·) : Rd → R is called a multivariate smoothing kernel function with d × d

symmetric and positive definite smoothing parameter matrix H. Generally, H is chosen

as a diagonal matrix diag(h1, h2, . . . , hd) with idential entries in each dimension, i.e., hk =

h, ∀k ∈ {1, . . . , d} [68], where h is known as interpolation length. Also, a multivariate
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kernel typically takes the following product form (e.g., Gaussian kernel function), K(x) =

K([x]1)K([x]2) . . . K([x]d). Consequently, the local density distribution around an agent i is

estimated as follows,

f̂R(t,xi(t)) =
1

Nhd

N∑

j=1

[
d∏

k=1

K

([
xi(t)− xj(t)

]
k

h

)]
. (3.11)

As (3.11) illustrates, estimation is performed locally from each agent’s perspective, i.e., each

agent uses the measurements of relative distances of other agents. The choice of kernel

function and its parameters plays a significant role in the characteristic of the local density

estimates as it will be explained next.

3.3.1 Smoothing Kernel Function

Kernel density estimation boils down to a proper choice of kernel function K(·) : R → R

and smoothing parameter h. Typically, kernel functions are chosen such that they satisfy

the following properties [102],

sup
−∞<x<∞

∣∣K(x)
∣∣ <∞, (3.12a)

∫ ∞

−∞

∣∣K(x)
∣∣ dx <∞, (3.12b)

lim
x→∞

∣∣xK(x)
∣∣ = 0. (3.12c)

The following theorem [19] states the set of conditions for probability density function estima-

tion (3.11) to be asymptotically unbiased in the sense that if smoothing parameter h = h(N)

is chosen as function of N such that

lim
N→∞

h(N) = 0. (3.13)
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Theorem 2 Suppose K(x) is a Borel function satisfying the conditions (3.12). Let g(x)

satisfy
∫∞
−∞ |g(x)| dx <∞ and let h(N) be a sequence of positive constants satisfying (3.13).

Define

ĝ(x) =
1

h(N)

∫ ∞

−∞
K

(
ξ

h(N)

)
g(x− ξ) dξ, (3.14)

then the following relation holds for every point x

lim
N→∞

ĝ(x) = g(x)

∫ ∞

−∞
K(ξ) dξ. (3.15)

Consequently, the estimates defined by (3.10) are asymptotically unbiased at all points x at

which fR(t,x) is continuous if the function K(x) satisfies (3.12) and if h satisfies (3.13)

along with the following, ∫ ∞

−∞
K(ξ) dξ = 1. (3.16)

Definition 5 A kernel function K(·) : Rd → R called radially symmetric if there exists a

function K̂(·) : [0,∞)→ R such that K(x) = K̂
(
‖x‖2

)
∀x ∈ Rd. Also, a function is radially

symmetric if and only if K(Ox) = K(x) for any orthogonal matrix O ∈ Rd×d.

In the context of this work, K(x) is chosen to be radially symmetric and unimodal, i.e., K(x)

has a single maximum/peak (also known as mode) that occurs at x = 0. Also note that the

definition (3.14) with (3.13),(3.15) and (3.16), implies that

lim
N→∞

(
1

h(N)
K

(
ξ

h(N)

))
= δ(ξ).

In other words, as h(N)→0 the smoothing kernel approaches to Dirac δ-function, hence, the

estimation f̂R(t,x) approaches to the continuous actual swarm density distribution fR(t,x)

as given by the Theorem 1 in [129]:

Theorem 3 (Weak consistency) Let the assumption limN→∞Nh(N) =∞ hold. Then,

at each point of continuity x of f , the estimator fN(x) is weakly consistent, i.e. for each
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ε > 0

lim
N→∞

P(|fN(x)− f(x)| > ε) = 0. (3.17)

Note that, for finite N , smoothing parameter h can not be arbitrary small, as after certain

hmin the estimate f̂R(t,x) becomes nothing but N number of impulses at agent locations.

The kernel function K(x) determines the characteristics of the spikes in the estimation

f̂R(t,x) and this estimate is continuously differentiable, i.e. f̂R(t,x) ∈ C1(R,R) provided

that K(x) ∈ C1(R,R). Also observe that, if K(x) ≥ 0 ∀x ∈ R and K(x) satisfies (3.16),

then the density estimates given by (3.11) satisfy the properties of probability density func-

tions given as (3.2). Figure 3.3 illustrates a density estimation example with high number

of agents randomly dispersed within triangular bins with respect to a density field over an

arbitrary domain using Gaussian kernel function. The choice of kernel functions can de-

pend various factors such as desired density features and calculation complexity for practical

implementations. Table 3.3.1 presents various examples of kernel functions [102] with their

Fourier transforms and roughness values.

Previous Approach (Eulerian) Lagrangian with solely Counting Lagrangian with weighted Counting

R

Local Density &  
Density Gradient Estimation

1

K(x) =
2

⇡
exp

✓
�2

xT x

h2

◆

Figure 3.3: An Estimation Example: Gaussian kernel function with its gradient (left), and
the estimation performed at agent locations for N = 500 with the 2-dimensional Gaussian
kernel function where h = 75 (right).
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Table 3.1: Examples of Kernel Functions with Fourier Transform and Roughness Parameters

K(x)

∫ ∞

−∞
eiωxK(x) dx

∫ ∞

−∞
K2(x) dx

1
2
, |x| ≤ 1

0, |x| > 1

sin ω

ω

1

2

1− |x|, |x| ≤ 1

0, |x| > 1

{
sin (ω/2)

ω/2

}2
2

3

4
3
− 8x2 + 8|x|3, |x| < 1

2

8
3

(
1− |x|

)3
, 1

2
≤ |x| ≤ 1

0, |x| > 1

{
sin (ω/4)

ω/4

}4

0.96

1√
2π
e−

1
2
x2 e−

1
2
ω2 1

2
√
π

1
2
e−|x|

(
1 + ω2

)−1 1

2

1

π

(
1 + x2

)−1
e−|ω|

1

π

1

2π

{
sin (x/2)

x/2

}2 1− |ω|, |ω| ≤ 1

0, |ω| > 1

1

3π

Proposition 1 Density estimations defined by (3.10) with positive unimodal kernel func-

tions are bounded at agent locations as follows:

1

Nhd
K
(
0
)
≤ f̂R

(
xi(t)

)
≤ 1

hd
K
(
0
)
.

Proof: The lower bound follows from Condition 3.12c and substituting x = xi along with

‖xi − xj‖ → ∞ for all i 6= j in (3.10). The upper bound follows from using unimodality of

K(x) and substituting x = xi along with xj = xi ∀j.
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The self-contribution of each particle provides a strictly positive lower bound on the density

estimate as it is given by Proposition 1.

3.3.2 Selection of Smoothing Parameter

The smoothing parameter controls the degree of smoothing in the estimation process, and the

necessity of h > hmin (or finite N) incurs a bias error for the estimation f̂R(t,x). Selection

of h affects the behavior of the density estimator. More specifically, if h is small, then the

estimator will give results with high noise and variance (more spiky estimates), similarly

if h is large then the estimations will be too smooth, and perform poorly to capture the

characteristics of the actual density. There are various empirical methods to pick smoothing

parameter h, and the choice of the method is strongly tied with the specific application

at hand, but typically, smoothing parameter h is chosen such that it minimizes the overall

integral of mean-squared error (MSE) between f̂R(t,x) and fR(t,x) which is defined as

E
[(
f̂R(t,x)− fR(t,x)

)2
]

= bias
(
f̂R(t,x)

)2
+ var

(
f̂R(t,x)

)
. (3.18)

Note that the expression (3.18) demonstrates the bias-variance trade-off where the bias and

variance expressions are as follows [68],

bias
(
f̂R(t,x)

)
= E

[
f̂R(t,x)− fR(t,x)

]
= hν

κν
ν!

d∑

k=1

∂ν

∂xνk
fR(t,x) + o(hν), (3.19)

var
(
f̂R(t,x)

)
= E

[
f̂R(t,x)2

]
− E

[
f̂R(t,x)

]2
=

fR(t,x)R(K)d

Nhd
+O

( 1

N

)
, (3.20)

where ν is the order of K(x) which is the index of first non-zero moment κj:

κj =

∫ ∞

−∞
xjK(x) dx,
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and R(K) is called roughness of K(x) and calculated as,

R(K) =

∫ ∞

−∞
K2(x) dx.

In (3.19) the expression o(hν) means the remaining terms are of smaller order than hν as

h→∞, also it is assumed that ∂ν+1

∂xν+1
k

fR(t,x) exists. In (3.20) the expression O(1/N) means

the remaining terms are of the same order as 1/N .

R(K) is used as the measure of difficulty to estimate K(x), i.e., larger the value of R(K)

more difficult it is to estimate K(x) [118]. Unfortunately, closed-form solution for h that

achieves the minimum for the integral of (3.18) does not exists [68]. A rule of thumb for

determining h is to replace fR(t,x) in (3.19) and (3.20) with another elementary function

(e.g., Gaussian) and find the minimizing h as if the actual density fR(t,x) is the elementary

function. The general form for minimizing h is given as follows,

h∗ = σ̂ Cν(K, d) N−1/(2ν+d), (3.21)

where σ̂ is the standard deviation of the N sample, and Cν(K, d) is a constant depends on

the order of K, number of dimensions d and the roughness of the elementary function that is

assumed to be the actual density. Numerical Cν(K, d) values for some elementary functions

are given in Table 7 in [68]. The further results in this research reveal that the choice of

smoothing parameter h has a direct implication on the transient behavior of the motion of

agents and collision radius for each agent, more specifically, an arbitrary collision radius can

be enforced via choosing proper smoothing parameter in the density estimation process.

Remark 4 As it can be seen from (3.19), for symmetric non-negative kernels, i.e., second-

order kernels (ν = 2), the bias error is O(h2). However, as it is mentioned in [94], this error

will be smaller when particles being propagated by certain dynamical equations that drive the

particles to lower potential energy states.
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3.4 Density Control via Velocity Field Generation

The purpose of the velocity field generation algorithm is to relate macroscopic level signals,

i.e., swarm density distribution to agent level dynamical quantities, i.e., velocity of the

vehicle. In the derivation of velocity field synthesis method presented in this research, partial

differential equations, more specifically the heat equation plays a critical role.

The heat equation is a parabolic partial differential equation that describes the evolution

of temperature in time over a region:

∂u(t,x)

∂t
= α∆u(t,x), (3.22)

where α > 0 is called thermal diffusivity constant. This equation is also known as a special

form of diffusion equation in which the diffusion constant α is considered to be a function

of x and u. The approach is to employ heat equation to describe the evolution of the swarm

density distribution given by fR(t,x), in time.

Similar to feedback control law logic, let the difference between the current and desired

probability density functions be

Φ(t,x) := fR(t,x)− fdR(x) x ∈ R

The idea is to find the velocity field that transforms Equation (3.6) to heat equation given

in (3.24a). For this purpose, the following feedback law is proposed to compute the velocity

as a function of Φ(t,x) and fR(t,x),

v(t,x) = −α ∇Φ(t,x)

fR(t,x)
. (3.23)

Noting that the desired density is constant in time, i.e. ∂fdR(x)/∂t = 0, we can rewrite (3.6)
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with the proposed velocity field as follows,

∂Φ

∂t
(t,x) = α∆Φ(t,x), x ∈ R, t > t0 (3.24a)

Φ(t0,x) = fR(t0,x)− fdR(x). (3.24b)

and suppose that Φ(t,x) satisfies the boundary condition ∇Φ(t,x) = 0 on ∂R. Then
∫
RΦ(t,x)dx is conserved for all t ≥ t0, and, since we have,

∫

R
fR(t,x)dx =

∫

R
fdR(x)dx ∀t ≥ t0 (3.25)

the following holds, ∫

R
Φ(t,x) dx = 0 ∀t ≥ t0. (3.26)

Intuitively, the sink/source free diffusion process (heat equation) converges to its average

value, i.e. achieves consensus over the process domain. Defining the diffusion process over

Φ(t,x) i.e. the profile of difference from desired density, will drive Φ(t,x) to its average value

across the domain which is zero. Therefore the diffusion process will ensure convergence to

the desired density, since Φ(t,x) → 0 ∀x ∈ R is equivalent to fR(t0,x) → fdR(x). To this

end, the following theorem gives the main result which shows that, in case of N → ∞, the

swarm converges to the desired density distribution from any initial distribution when the

velocity field is synthesized with (3.23). Also recall from Theorem 3 that, in the continuum

limit N → ∞, density estimates converge to the true density distribution, i.e., f̂R → fR,

with probability 1.

Theorem 4 Consider a swarm S(t) as a continuum, commanded with continuous desired

density function fdR(x), where the motion of each agent is governed by the following dynamics,

ẋ(t) = −α ∇Φ(t,x)

fR(t,x)
. (3.27)

As t→∞, for any initial conditions of the agents in the swarm, the density difference Φ(t,x)
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for each agent asymptotically converges to zero i.e.

lim
t→∞

Φ(t,x) = 0 x ∈ R,

hence the swarm density distribution fR(t,x) approaches to the desired density distribution

fdR(x), and velocities of all the agents vanish asymptotically, i.e., limt→∞ ẋ(t) = 0.

Proof: For the analysis we define the following positive definite function as the Lyapunov

function for the swarm:

V (t) =
1

2

∫

R

(
fR(t,x)

α

)2

ẋTẋ dx =
1

2

∫

R
∇Φ(t,x)T∇Φ(t,x) dx. (3.28)

Taking the time derivative of Lyapunov function V (t) yields,

V̇ (t) =

∫

R
∇Φ(t,x)T∇Φ̇(t,x) dx,

by using heat equation Φ̇(t,x) = α∆Φ(t,x) and the third derivative vector calculus,

V̇ (t) =

∫

R
∇Φ(t,x)T

(
∇
(
α∆Φ(t,x)

))
dx = α

∫

R
∇Φ(t,x)T∆

(
∇Φ(t,x)

)
dx.

Employing a change of variables as ζ(t,x) = ∇Φ(t,x) yields

V̇ (t) = α

∫

R
ζ(t,x)T∆ζ(t,x) dx

Also the boundary condition ∇Φ(t,x) = 0 on ∂R can be written as Dirichlet boundary

condition of ζ(t,x) = 0 on ∂R. Then we can conclude V̇ (t) < 0 because of the fact that,

Dirichlet eigenvalue problem for ∆ operator has countably many strictly negative eigenvalues

[88]. Consequently, limt→∞∇Φ(t,x) = 0, which implies limt→∞ ẋ(t) = 0. Furthermore,

lim
t→∞

Φ(t,x) = const. (3.29)
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Since fR(t,x) and fdR(x) are continuous then Φ(t,x) is also continuous, and because of (3.26),

lim
t→∞

Φ(t,x) = 0, which implies asymptotic convergence

lim
t→∞

fR(t,x) = fdR(x) ∀x ∈ R.

Remark 5 The result (3.29) implies that even if the relation (3.25) does not hold, the desired

density fdR(x) will be achieved with a bias of Φ(t,x) = const. This means if the amount of

agents over the domain R increase or decrease at an instant without tuning N in (3.11), the

velocity field will act to preserve the characteristics of the desired density fdR(x).

In the following years the results in Theorem 4 has been extended [135, 134] in two aspects.

First the velocity field is generalized such that it captures the stochastic effects/motions

modeled by (3.3) with the assumption that Wiener process is a full state vector, i.e., W(t) ∈
Rd and diffusion function is a scalar field i.e., σ(t,x) ∈ R . Second, Lyapunov-based stability

analysis has been performed to show a stronger result of exponential stability as given by the

following theorem proof of which is provided in Appendix B.1.

Theorem 5 [135, 134] Consider the following velocity field for the swarm S(t),

ẋ(t) = −α(t,x)∇Φ(t,x)−∇
(
σ2(t,x) fR(t,x)/2

)

fR(t,x)
. (3.30)

where α(t,x) > 0 is the diffusion parameter that satisfies,

sup
(t,x)

α(t,x) <∞ and inf
(t,x)

α(t,x) > 0.

If the solution satisfies fR(t,x) > 0 for all t > 0, then ‖Φ(t,x)‖L2(R) → 0 exponentially.

The velocity field requires the local density distribution and its gradient, and this in-

formation is estimated on-board of each agent with the local information, hence, making
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the algorithm decentralized. By each agent following this local velocity accurately with the

feedback of local density estimate, the swarm will be driven to the desired density fdR(x)

autonomously. Also, as it is mentioned in Remark 4, since the heat equation, and hence, the

velocity field spreads agents locally uniformly, the bias error will be better than O(h2).

The velocity field defined by (3.23) represents a non-linear single integrator dynamics

and does not account for any sophisticated agent dynamics. Although this can be perceived

as a constraining assumption, any real-world application of the proposed control law can

be implemented as a velocity tracking application as it is demonstrated in Section 3.5.2.

However, the control commands should comply with each agent’s performance envelope, i.e.

the maximum rate of change in the state. The next result show how this upper bound can

be set by proper choice of estimation parameters and control gain α.

Lemma 4 Given a swarm of agents S(t) = {x1(t),x2(t), . . . ,xN(t)}, xi(t) ∈ Rd ∀i, where,

(i) the motion of each is governed by (3.23), (ii) agents perform kernel density estimation

using (3.10), (iii) both the unimodal kernel function K(x) and the desired density commands

fdR(x) are Lipschitz continuous with constants LK > 0 and LρD ≥ 0 respectively, then for the

velocity field the following holds:

‖ẋi‖2 ≤
α

K0

(
(N − 1)LK +NhdLρD

)
,

where K0 = K
(
0
)
.

Proof: Observing the following,

‖ẋi‖2 = α

∥∥∇f̂R(t,xi)−∇fdR(xi)
∥∥

2

f̂R(t,xi)
≤ α

max
∥∥∇f̂R(t,xi)−∇fdR(xi)

∥∥
2

min f̂R(t,xi)
,
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and using Proposition 1 for the lower bound on estimated density one has,

α
max

∥∥∇f̂R(t,xi)−∇fdR(xi)
∥∥

2

min f̂R(t,xi)
=

αNhd

K0

max
∥∥∇f̂R(t,xi)−∇fdR(xi)

∥∥
2

≤ αNhd

K0

(
max

∥∥∇f̂R(t,xi)
∥∥

2
+ max

∥∥∇fdR(xi)
∥∥

2

)

≤ αNhd

K0

(
1

Nhd
max

∑

i 6=j

∥∥∥∥∇K
(

xi − xj
h

)∥∥∥∥
2

+ max
∥∥∇fdR(xi)

∥∥
2

)

≤ αNhd

K0

(
N − 1

Nhd
LK + LρD

)

the last result of Lipschitz constants follows from (473C-c) in [58].

Note that the Lipschitz continuous desired density fdR(x) assumption in Lemma 4 may not

comply with the output of density guidance algorithm, hence, a solution to the spatially

discontinuous desired density command case will be addressed next.

3.4.1 Spatial Smoothing for Desired Density Profiles

The sequence of desired density commands θ(k), k ∈ N generated by the guidance algorithm

given in Chapter 2 are piecewise constant over the domain because of the discretization

induced by Markov chain formulation. The gradient of the raw guidance commands are zero

almost everywhere, and it is not defined at the edges of discretized partitions. In order to be

coherent with local density estimation approach, smoothing is applied via spatial convolution

of Markov Chain density distribution with the same kernel function used for local density

estimation as,

fdR(x) = ρdMC(x) ∗ K(x) =

∫
ρdMC(ξ) K(x− ξ) dξ. (3.31)
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where, ρdMC(·) : Rd → R is a piecewise constant function over configuration space R such

that,

ρdMC(x) :=
θ[i]∫
Ri

dx
, ∀x ∈ Ri.

Figure 3.4: Smoothing for the Markov chain Probability Mass Function: Smoothing kernels
are applied to the desired probability mass function obtained from Markov chain based
density guidance (left), and continuously differentiable desired density profiles (right) are
attained to be used in density feedback control.

The effective range of kernel functions, i.e. the range for agents to communicate or sense

each other, is generally given by the multiple ν of smoothing parameter h for kernels with

compact support, i.e. K = {x : ‖x‖ ≤ νh}, where ν is the order of the kernel. Hence, for a

given configuration space R of the swarm, the density estimates and smooth desired density

functions are defined over the set D, which is obtained by the Minkowski sum of K and R:

D = R+K = {r + k : r ∈ R, k ∈ K}.

Upper bound for the magnitude of the velocity field given in Lemma 4 can also be calculated
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for this case, and before presenting the upper bound for desired density commands in the

form of (3.31), the following result (473D-d, g) in [58] will be provided.

Lemma 5 [58] Suppose that f and g are Lebesgue measurable real-valued functions defined

µ-almost everywhere in Rd.

(i) If f is integrable and g is bounded, Lipschitz and defined everywhere, then f ∗ ∇g and

∇(f ∗ g) are defined everywhere and equal, where f ∗ ∇g =

(
f ∗ ∂g

∂ξ1

, . . . , f ∗ ∂g
∂ξd

)
.

Moreover, f ∗ ∇g = ∇(f ∗ g) is Lipschitz.

(ii) If f is integrable and φ : Rd → Rd is a bounded measurable function with components

φ1, . . . , φd, and we write (f ∗ φ)(x) =
(
(f ∗ φ1)(x), . . . , (f ∗ φd)(x)

)
, then

∥∥(f ∗ φ)(x)
∥∥ ≤

∥∥f
∥∥

1
sup
y∈Rd

∥∥φ(y)
∥∥ for every x ∈ Rd.

Corollary 3 Given a swarm of agents S(t) = {x1(t),x2(t), . . . ,xN(t)}, xi(t) ∈ Rd ∀i,
where, (i) the motion of each is governed by (3.23), (ii) agents perform kernel density esti-

mation using (3.10), (iii) unimodal kernel function K(x) is Lipschitz continuous with con-

stants LK > 0, and (iv) the desired density commands fdR(x) are defined by (3.31), then the

following holds for the velocity field:

‖ẋi‖2 ≤
α

K
(
0
) (N(hd + 1)− 1

)
LK .

.

Proof: For a normalized density function, or probability density function one has∫ ∞

−∞
ρdMC(x)dx = 1, i.e., ‖ρdMC(x)‖1 = 1, also K(x) is Lipschitz, hence, using (i) in Lemma

5 yields,

∥∥∇fdR(x)
∥∥ =

∥∥∇
(
ρdMC(x) ∗ K(x)

)∥∥ =
∥∥ρdMC(x) ∗ ∇K(x)

∥∥,
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which is Lipschitz by (i). Now, using (ii) in Lemma 5 one has the Lipschitz coefficient as,

∥∥ρdMC(x) ∗ ∇K(x)
∥∥ ≤

∥∥ρdMC(x)
∥∥

1
sup
y∈Rd

∥∥∇K(y)
∥∥ = LK

The last equality follows from (473C-c) in [58]. Substituting LK for LρD in Lemma 4 com-

pletes the proof.

The bounds given by Lemma 4 and Corollary 3 are useful when synthesizing velocity fields

that respect agents’ performance envelope. It is also important to note that the Lipschitz

coefficient LK can be regulated by the smoothing parameter h, hence, choice of smoothing

parameter for kernel density estimation will impose an upper bound on the magnitude of

the velocity field agents are able to follow.

3.5 Numerical Simulations & Experimental Validation

3.5.1 Pattern Generation

In this simulation, the capability of the synthesized controller is illustrated to generate

complex patterns. In Figure 3.5, a swarm of N = 1000 agents starting from a random

sample of positions with uniform distribution is commanded to desired density defined by

the picture of Lenna. The picture file processed to construct a normalized continuous desired

swarm density function. The local density estimator utilizes a multi-dimensional Gaussian

kernel function:

K(x) =
2

π
exp

(
−2

xTx

h2

)
,

and the smoothing parameter h is taken as h = L/20 where L is the length of the squared

domain. The effective radius around each agent is Reff = 2h. Also, the heat equation based

controller has the diffusion constant of α = 5. Results show that swarm of 1000 agents

almost converged to the desired density distribution after T = 1000. Also, agents are locally

uniformly distributed and agent locations and inter-agent distances are solely determined by

the density command. Figure 3.6 shows the integral of point-wise error over the domain in
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Figure 3.5: The swarm density distribution in time towards desired density.
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time defined as,

E(t) =

∫

R

∣∣f̂R(t,x)− fdR(x)
∣∣dx

Even though the error dissipates in time, residual steady-state error arises from finite-
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0.1

E
rr

o
r

Figure 3.6: The Mean Squared Error in time.

population density estimation and fixed-bandwidth smoothing. h. The reason of this error

is the fact that the smoothing parameter is calculated with a heuristic. As it is mentioned

earlier, the next task of the research will address dynamically changing smoothing parameters

to minimize estimation induced errors.

Low Earth Orbit Density Control

Consider a spacecraft swarm in circular low Earth orbit. The relative dynamics of each

spacecraft to the circular orbit are governed by Clohessy-Wiltshire equations [126]:

ẍ = 2ωẏ + 3ω2x+ fx

ÿ = −2ωẋ+ fy

z̈ = −ω2z + fz

(3.32)
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Here x, y and z are the spacecraft’s relative position to orbit in local-vertical local-horizontal

(LVLH) cartesian coordinates associated with an orbital frame. The x-axis points in the

zenith direction, the z-axis is normal to the orbital plane, and the y-axis is determined with

right-hand rule. The forces exerted in each axis are given as fx, fy and fz, and ω represents

the orbital frequency given as:

ω =

√
µ

a3
,

where a is the radius of the circular orbit and µ is the standard gravitational parameter. For

fx = fy = fz = 0, the analytical solution of the equations (3.32) reveals that if the initial

condition of the swarm satisfies:

ẏ(0) = −2ωx(0)

then the swarm stays bounded and all spacecraft are period matched. The following definition

[65] gives the conditions we assume after this point on.

Definition 6 A swarm is referred to as a planar Orbit Type Matched (OTM) swarm if it

satisfies the following conditions: For all spacecraft i = 1, . . . , N,

(a) Period Matched with parameter ω, ẏi(0) = −2ωxi(0),

(b) Centroid Matched with parameter yo, yo,i := yi(0)− 2ẋi(0)/ω = yo

(c) In-plane motion, zi(t) = 0 ∀t.

Note that the condition (c) is not necessary for the method proposed in this research, but it

is used to keep the discussion contained. When the conditions (a) and (b) are satisfied, all

spacecraft follow fuel efficient trajectories that are J2-invariant elliptical orbits in the LVLH

frame. In order to minimize control inputs, these invariant elliptical orbits will be utilized as
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the steady-state solutions. Therefore, the density commands will be enforced in a different

coordinate system that is denoted as Scaled and Rotated (SR) coordinates:


x̄(0)

ȳ(0)


 = RT(ωt)S−1


 x(t)

y(t)− yo


 (3.33)

where,

R(ωt) =


 cos(ωt) sin(ωt)

− sin(ωt) cos(ωt)


 and S =


1 0

0 2


 .

Note that coordinate transformation is time dependent while the SR coordinates in a planar

OTM swarm are time-invariant. Therefore, the density commands will be given in SR

coordinates. Moreover, the conditions (a) and (b) implies that the velocity of a spacecraft

is defined by the LVLH location of the spacecraft as,

ẋ(t) =
ω

2

(
y(t)− yo

)

ẏ(t) = −2ωx(t),

(3.34)

hence, for an OTM swarm, a point in SR coordinates defines a position and velocity in LVLH

coordinates. Consequently, the control law (3.23) will be used for achieving the desired

density commands in SR coordinates while transitioning the spacecraft between states in

LVLH coordinates.

Given ω and fx = fy = fz = 0, the equations (3.32) are linear and for given ∆t, the time-

invariant closed form solution of these differential equations can be written in the matrix

form as:


rk+1

vk+1


 =


Φrr Φrv

Φvr Φvv




rk

vk




Note that Φrr,Φrv,Φvr and Φvv are all invertible. Assuming an impulse control (as change
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in velocity) ∆v, 2 sequential impulses ∆v1 and ∆v2 are required to transition from state i

to state j as:


rj,i

vj,i


 = Φ


ri

vi


+


 0

∆v1


 and


rj

vj


 = Φ


rj,i

vj,i


+


 0

∆v2




Moreover, these impulse control signals can be uniquely determined with the following rela-

tion,


∆v1

∆v2


 =


Φrv 0

Φvv I



−1(

Φ−1


rj

vj


− Φ


ri

vi



)
. (3.35)

The idea is to find the next SR coordinate using the density commands and the control law

(3.23), then map this coordinate to the LVLH frame and calculate the necessary velocity to

be in the invariant ellipse. Finally use this successor LVLH state information to calculate

the required control signals and perform the maneuver. The algorithm can be summarized

in the following steps:

For all spacecraft i = 1, . . . , N,

1. At time t, map the current LVLH location [xi(t), yi(t)]
T to SR coordinate [x̄i(t), ȳi(t)]

T

using (3.33), and broadcast this location to other spacecraft,

2. Estimate the current density in SR coordinates using (3.11) with the information re-

ceived from other spacecraft,

3. Invoke the density based controller (3.23) and calculate the next SR coordinate [x̄i(t+

∆t), ȳi(t+ ∆t)]T,
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4. Map the next SR coordinate back to LVLH using,

rj =


 xi(t+ ∆t)

yi(t+ ∆t)− yo


 = SR

(
ω(t+ ∆t)

)

x̄i(t+ ∆t)

ȳi(t+ ∆t)




5. Calculate the velocity component vj of the next state in LVLH using (3.34),

6. Compute the required 2 sequential impulse controls, i.e., ∆v1 and ∆v2 to achieve

[rj,vj]
T using (3.35), and apply the control inputs with ∆t/2 timesteps.

7. t← t+ ∆t, and go back to Step 1.

Following this procedure, the swarm of spacecraft will converge to the desired density distri-

bution in SR coordinates. The corresponding distribution in LVLH frame will be a stretched

and constantly rotating version of the desired density with the orbit frequency of ω.

Orbital Simulation: Consider an OTM swarm of N = 200 spacecraft randomly deployed

to a circular orbit at 500km altitude. Upon deployment, the swarm is commanded to a

star density distribution, where the local density measurements are performed via Gaussian

Kernel function with interpolation length h = 20. The controller gain is chosen as α = 2.

Timestep for each control signal is taken as 60 seconds, hence each density feedback is given

in ∆t = 120 seconds.

As it can be seen from Figure 3.7, the swarm converges to the desired density profile of

star form. Also, the desired density distribution rotates in the orbital frame with the orbital

frequency ω = 0.00110678 rad/s which gives the orbital period T = 5677 s. The Figure 3.8

shows the stream of control signals in time. As the swarm approaches to the desired density

profile, the control signals, i.e., changes in velocities dissipates.
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Figure 3.7: The evolution of the swarm through time illustrated in both LVLH frame and
Scaled-Rotated coordinates.
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Figure 3.8: Control signals in time with maximum magnitude over the swarm(red),
mean(black), and min(blue).

3.5.2 Pattern Generation via Drones

This demonstration aims to illustrate the velocity field based density control law (3.23) in a

laboratory setting using 10 number of Crazyflie 2.0 quadrotors. Agents are commanded to

generate patterns, specifically to create the letters A, C and L sequentially. For the control

law, the diffusion constant α is chosen as 5. The density estimations are performed with

2-dimensional Gaussian kernel where the interpolation length h is chosen as 40 cm. Figure

3.9 provides the raw desired density commands that are read from images of the letters, and

smooth versions of the raw input. Smooth density distributions are obtained via the spatial

smoothing technique given in Section 3.4.1 using the same Gaussian kernel function that is

used to estimate the density of agents.

Desired density commands are transformed to position commands using the heat equa-

tion based density feedback control law, and position commands are tracked by on-board

PID controllers of the Crazyflie 2.0 quadrotors. Position feedback has been achieved with

OptiTrack motion capture system, hence each quadrotor is equipped with unique 3D config-
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Figure 3.9: Raw Desired Density Commands read from images of letters A, C, L and the
smooth counterparts for the raw input commands

uration of 4 reflective markers. It is important to note that the letter L has a less area given

the letter widths are taken equal. Therefore, in order to preserve aspect ratio of the letter L

and avoid agents getting too close to each other, some portion of the probability mass has

been sent to top right corner in the frame of the letter L. Figure 3.11, presents the density

estimations performed during A, C, L command sequence. Even though the maneuvers are

performed in 3-dimensional space given by 6 × 7 × 3 meters, the density estimations have

been performed in x − y space since the motion has been designed in 2-dimensional planar

space with 30◦ inclination.

Figure 3.10 presents the snapshots from the laboratory demonstration. Full video for

the generation of A,C, L sequence can be accessed via the link given in the caption. It is

important to note that, mild perturbations have been observed during the experiment due

to the disturbances and insufficiently tuned PID controllers after addition of 4 markers on
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A

C

L

Figure 3.10: Deterministic Pattern Generation with 10 agents to form letter A, C and L
respectively. For full video: https://youtu.be/_Dxf_wx1l84

each quadrotor. Nevertheless agents settled in the desired A, C, L patterns sequentially.
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Figure 3.11: Kernel Density Estimations using Gaussian Kernels during the A, C, L sequence
over the domain that 10 Crazyflie quadrotors perform their maneuvers.
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Chapter 4

COLLISION AVOIDANCE ANALYSIS

In this chapter, collision avoidance guarantees are provided for density feedback control

law with a certain class of kernel functions used in local density estimations. The lower

bound on the minimum relative distance will be investigated using the dynamics of inter-

agent distances. Furthermore, some observations regarding the relation between minimum

collision radius and smoothing parameter h in density estimation (3.10) will be provided

along with analytical expressions for determining the smoothing parameter to induce desired

collision radius. Before the collision avoidance analysis, the following assumption will be

employed throughout this research.

Assumption 2 For any given h > 0, a differentiable kernel function Kh(x) has Lipschitz

continuous gradient ∇Kh(x) with Lipschitz constant of Lh, i.e.,

∥∥∇Kh(x)−∇Kh(y)
∥∥ ≤ Lh

∥∥x− y
∥∥, ∀x,y ∈ Rd \ {0}

such that

lim
h→0

Lh =∞.

Within the context of this work, Assumption 2 is a mild one in the sense that all the

implementations and analyses of the proposed method are carried out with kernel functions
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that comply with this condition:

Kh(x) =
1

2h

1
(

1 +
(
|x|/h

))2 , x ∈ R ⇒ Lh =
3

h3
(4.1)

Kh(x) =
1

Cdhd
exp

(
−‖x‖

h

)
, x ∈ Rd ⇒ Lh =

1

Cdhd+2
, d ≥ 1 (4.2)

where Cd = {2, 2π, 8π, 12π2, . . . } for d = 1, 2, . . . . Also note that (4.1) is only a 1-dimensional

kernel function, because, even if |x| is replaced with ‖x‖, the kernel function does not satisfy

the Condition (3.12b) for density estimation.

4.1 Background

Before the density feedback control is outlined and its collision avoidance guarantees are

presented, the definitions and theorems used throughout the chapter are introduced. The

chapter begins with the definition of initial value problem (also referred to as the Cauchy

problem):

Definition 7 (Initial Value Problem) Cauchy problem is a differential equation ẋ(t) =

f
(
t,x(t)

)
with f : Ω ⊂ R×Rd → Rd where Ω is an open set of R×Rd, along with an initial

condition
(
t0,x0

)
∈ Ω.

In order for an initial value problem to be well-posed [66], i.e., (i) a solution exists, (ii) the

solution is unique, and (iii) the solution depends continuously on the initial conditions, one

needs the following assumption [104].

Assumption 3 f : Ω ⊂ R × Rd → Rd is continuous and satisfies the following locally

Lipschitz condition: for each
(
t,x
)
∈ Ω, there exist a neighborhood O of

(
t,x
)

in Ω and a

constant L > 0 such that,

∥∥f(s, y)− f(s, w)
∥∥ ≤ L

∥∥y − w
∥∥, ∀(s, y), (s, w) ∈ O.
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By Rademacher Theorem [97], any function that satisfies Assumption 3 is differentiable

almost everywhere in Ω. The following result follows from Rademacher Theorem.

Proposition 2 If f : Ω→ Rd is differentiable and globally Lipschitz on Ω, then ‖∇f‖L∞(Ω) ≤
L, where L is the Lipschitz constant of f over Ω.

We next provide the notion of positive invariance which is also often referred to as flow

invariance [18].

Definition 8 Let D be a nonempty subset of an open set X ⊆ Rd, given the differential

equation,

ẋ(t) = f
(
x(t)

)
, t ≥ 0, (4.3)

with f : X → Rd, the set D is said to be a flow-invariant set with respect to (4.3) if every

solution x : [0, T )→ X of (4.3) with x(0) ∈ D, verifies x(t) ∈ D for all t ∈ [0, T ).

Flow invariance (or positive invariance) ensures that every solution of (4.3) starting from

D remains in the set D, given that it exists. Before getting to the main theorem, we will

provide the notion of distance from a set as follows:

Definition 9 Given a set D ⊂ Rd and a point y ∈ Rd, the distance between D and y is

defined as, dist(y,D) = infw∈D ‖y − w‖∗, where ‖ · ‖∗ is any relevant norm.

Definition 10 The nonempty set D is said to be closed in X if D = D ∩ X , where D

denotes the closure of D.

The following theorem presents the necessary and sufficient conditions for positive invariance.

It is an important result for the characterization of positively invariant sets for continuous

time systems [95], which is also independently studied by [26, 21] and generalized by [92].

Theorem 6 (Weak Positive Invariance) Given the differential equation (4.3), assume

that for each initial condition x(0) in an open set X , (4.3) admits a (not necessarily unique)
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solution defined for all t ≥ 0. Let D ⊂ X be a closed set. Then, D is weakly positively

invariant with respect to (4.3) if and only if:

f(x) ∈ TD(x), ∀x ∈ D, (4.4)

where TD(x) is Bouligand’s tangent cone [22] defined as,

TD(x) =

{
z : lim inf

τ→0

dist(x + τz,D)

τ
= 0

}
. (4.5)

Corollary 4 (Positive Invariance) The positive invariance of D is equivalent to condition

(4.4) if more strict assumption of uniqueness of the solution for every x(0) ∈ X is satisfied

under the assumptions/conditions of Theorem 6.

As a consequence of Corollary 4, the notion of weak positive invariance turns into positive

invariance when Assumption 3 is satisfied.

Remark 6 It is important to note that Corollary 4 holds even if f is defined and locally

Lipschitz only on D [105].

As it is stated in [105], in case of Remark 6, Corollary 4 becomes a result of existence

rather than a problem of invariance. In other words, if D ⊂ X is closed and f is globally

Lipschitz on D, then the condition (4.4) guarantees the existence and uniqueness of solution

x(t) : [0,+∞)→ D to the differential equation (4.3) with x(0) = x0 ∈ D [92].

Note that the condition (4.4) is only meaningful when x ∈ ∂D, since TD(x) becomes Rd

when x ∈ int{D}. Under the assumption of uniqueness of the solution x(t), the condition

(4.4) along with the definition of tangent cone (4.5) means that if the vector ẋ = f(x) points

inside or it is tangent to D for all x ∈ ∂D, then the trajectory x(t) remains in D for all t

[18]. Now consider the case where the set D can be defined by a finite set of inequalities of

the form:

D = {x : gk(x) ≤ 0, k = 1, 2, . . . , c} (4.6)
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where gk(x) ∈ C1(X ,R) ∀k. Consequently, the interior of the set is given by,

int{D} = {x : gk(x) < 0, k = 1, 2, . . . , c}.

Defining the set of active constraints as

Act(x) = {i : gi(x) = 0},

simplifies the tangent cone (4.5) for x ∈ ∂D as follows [18]:

TD(x) =
{
z : ∇gi(x)Tz ≤ 0, ∀i ∈ Act(x)

}
. (4.7)

4.2 Problem Formulation

The foundation of the collision avoidance analysis is to find a lower bound Rc on the minimum

inter-agent distances among all agents at all times, i.e.,

‖xi(t)− xj(t)‖2 ≥ Rc, ∀(i, j) and ∀t. (4.8)

Let the constrained set of inter-agent distances be,

V(Rc) , {X ∈ RNd | ‖xi − xj‖2 ≥ Rc ∀(i, j)}, (4.9)

where X = [xT
1 , . . . ,x

T
N ]T. The objective can be formulated as to find Rc > 0, such that

V(Rc) is a positive/flow invariant set with respect to the dynamics that govern the motion

of xi(t) ∀i. Defining rij(t) = xi(t) − xj(t), and dropping the time argument for notational

convenience, the dynamics for inter-agent vectors can be stated as follows:

ṙij = frij(X) = fi(X)− fj(X), ∀(i, j), (4.10)
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where the individual agent dynamics are defined as,

ẋi(t) = −α∇
(
ρ(xi)− ρD(xi)

)
. (4.11)

Given that the dynamics (4.11) satisfies Assumption 3 then (4.10) also satisfies Assumption

3. Now observe that the set V(Rc) is written in terms of N(N − 1)/2 number of inequalities,

and it is a closed set by Definition 10. Therefore it fits the set representation (4.6) with

gij(rij) = Rc−‖rij‖2. Using Corollary 4 and the tangent cone definition (4.7) along with the

assumption Rc ≤ ‖rij(0)‖2 ∀(i, j), the equivalent condition for positive invariance of V(Rc)

can be written as follows,

frij(X) ∈
{
z : ∇rijgij(rij)

Tz ≤ 0
}
, ∀(i, j) ∈ Act(X) (4.12)

where Act(X) is defined as,

Act(X) = {(i, j) : gij(xi − xj) = 0}.

Further simplification of

∇rijgij(rij)
Tṙij = ∇rij

(
Rc − ‖rij‖2

)T
ṙij = − rTij

‖rij‖2

ṙij ≤ 0,

yields the following form,

rTij ṙij ≥ 0, ∀(i, j) ∈ Act(X) (4.13)

Defining,

ηij(t) ,
1

2

d

dt

(
rTij rij

)
= (ẋi − ẋj)

T(xi − xj),
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the positive invariance condition can be stated as

‖rij(t)‖2 = Rc ⇒ ηij(t) ≥ 0 ∀(i, j). (4.14)

The condition (4.14) states that, whenever any inter-agent distance drops down to lower

bound Rc, the time derivative of the distance function acts to preserve or increase the dis-

tance. In order to show the guarantee for collision avoidance, i.e, existence of Rc > 0 under

the dynamics (4.11), (i) first the worst case swarm configuration will be defined and identi-

fied, (ii) then the satisfaction of condition (4.14) under the worst case swarm configuration

will be verified.

4.2.1 Worst Case Swarm Configuration

Without loss of generality, consider a case where ∃(i, j) such that ‖rij(0)‖2 = Rc. For a

swarm of N agents, the velocities for ith and jth agents can be written as follows:

ẋi = −α
(

1

N

N∑

l 6=i

∇Kh

(
ril
)
−∇ρD

(
xi
)
)
,

ẋj = −α
(

1

N

N∑

l 6=j

∇Kh

(
rjl
)
−∇ρD

(
xj
)
)
.

Assuming that the kernel function is even, i.e., Kh

(
r
)

= Kh

(
− r
)
, hence, −∇Kh

(
r
)

=

∇Kh

(
−r
)
, the definition of ηij can be stated as,

ηij = (xi − xj)
T(ẋi − ẋj)

= −α rTij

(
1

N

N∑

l 6=i

∇Kh

(
ril
)
− 1

N

N∑

l 6=j

∇Kh

(
rjl
)
−
(
∇ρD(xi)−∇ρD(xj)

))
,
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where self (i, j) term can be seperated from the cross terms as follows,

ηij = −α
(

2

N
rTij∇Kh

(
rij
)

(4.15a)

+
1

N
rTij
∑

l 6=i,j

(
∇Kh

(
ril
)
−∇Kh

(
rjl
))

(4.15b)

− rTij

(
∇ρD(xi)−∇ρD(xj)

))
≥ 0. (4.15c)

Notice that, in the definition of ηij, the term (4.15a) is a function of relative location rij, the

term (4.15b) is defined by the relative configuration of other agents’ locations {ril, rjl} ∀l 6=
{i, j}, and the term (4.15c) is determined by the desired density ρD(x) at the location of ith

and jth agents. Now, the worst possible configuration of agents in a swarm can be stated in

terms of ηij as follows.

Definition 11 (Worst Case Swarm Configuration) Given a relative location rij and

desired density ρD(x), worst case swarm configuration for the pair of agents (i, j) is the

configuration of all agents that minimizes ηij, i.e.,

η̄ij = − 2

N
rTij∇Kh

(
rij
)

− 1

N
max
xl

{
rTij
∑

l 6=i,j

(
∇Kh

(
ril
)
−∇Kh

(
rjl
))
}

+ min
xi,xj

{
rTij

(
∇ρD

(
xi
)
−∇ρD

(
xj
))
}
. (4.16)

The argument pertaining to worst case swarm configuration is that, if the η̄ij ≥ 0 is satisfied,

then ηij ≥ 0 will be satisfied for any agent configuration in a swarm at any time. The

identification of worst case swarm configuration can be performed in 2 consecutive steps:

Step 1: Given rij and ρD(x), the worst case swarm configuration of xi and xj can be
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calculated by performing the following optimization problem:

min
xi,xj

rTij

(
∇ρD

(
xi
)
−∇ρD

(
xj
))

s.t. ‖rij‖2 = Rc

Remark 7 In the case of uniform desired density, i.e., ∇ρD(x) = 0 ∀x, the values of xi

and xj can be chosen arbitrarily with the constraint of ‖rij‖2 = Rc.

Step 2: Once the information of xi and xj is obtained, the identification of the worst case

swarm configuration for the rest of the agents can be obtained with the following optimization

problem:

Optimization Problem 3 Worst Case Swarm Configuration

max
X\{xi,xj}

rTij

(∑

l 6=i,j

∇Kh

(
ril
)
−
∑

l 6=i,j

∇Kh

(
rjl
)
)

s.t. ‖rij‖2 ≤ ‖rkl‖2, ∀(k, l)

Given that ‖rij(0)‖2 = Rc, the set of constraints in Problem 3 ensure thatRc ≤ ‖rkl(0)‖2 ∀(k, l).
Solving for Problem 3 yields xl(0) where l 6= {i, j}, and it only provides the worst case swarm

configuration for the agents i and j. In other words, the solution yields the worst case swarm

configuration for arbitrary pair of agents. In order to show that V(Rc) is a positive invariant

set even for worst case swarm configuration one needs the following result.

Lemma 6 Given xi(0) and xj(0) with ‖rij(0)‖2 = Rc, and xl(0) where l 6= {i, j} as a

solution of Problem 3, define Vij(Rc) , {X ∈ RNd | ‖xi − xj‖2 ≥ Rc}. If Vij(Rc) is a

positive invariant set under (4.11) then V(Rc) is also positive invariant.

Proof: The solution of Problem 3 yields initial conditions for agents where Rc ≤
‖rkl(0)‖2, ∀(k, l), hence, X(0) ∈ V(Rc). Now, it needs to be shown that, X(t) ∈ V(Rc), ∀t >
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0. Since Vij(Rc) is a positive invariant set under (4.11), by the definition of (4.16), the con-

dition

‖rij(t)‖2 = Rc ⇒ ηij(t) ≥ η̄ij(0) ≥ 0 (4.17)

is satisfied for ∀t ≥ 0. Now observe that (4.17) is also satisfied for rkl(t), ∀(k, l), ∀t ≥ 0,

because Problem 3 yields the worst possible configuration for an arbitrary pair in the swarm

and there cannot be a pair in the swarm which is in even worse condition than the pair (i, j).

In other words, η̄ij(0) is the lower bound for any ηkl(t), i.e.,

ηkl(t) ≥ η̄ij(0) ≥ 0, ∀(k, l), and ∀t ≥ 0.

Therefore, even in the worst case swarm configuration for (i, j), the condition (4.14) is

satisfied for all pairs of agents, hence X(t) ∈ V(Rc), ∀t ≥ 0.

4.2.2 KKT Conditions for Problem 3

In order to identify the worst case configuration of agents in a swarm, the Karush-Kuhn-

Tucker (KKT) conditions of Problem 3 will be used. Define the Lagrangian as follows:

L(X,u) = rTij

(∑

l 6=i,j

∇Kh

(
ril
)
−
∑

l 6=i,j

∇Kh

(
rjl
)
)

+
∑

k,l 6=i,j

(
ukl

(∥∥rij
∥∥2 −

∥∥rkl
∥∥2
))

,

where u ∈ R
N(N−1)

2
−1 and it is the vector of dual variables for all inter-agent distance con-

straints except rij. Then the KKT conditions are:

∇xlL = Jxl

[
∇Kh

(
ril
)
−∇Kh

(
rjl
)]

rij + 2

(
N∑

k<l

ukl
(
rkl
)

+
N∑

k>l

ulk
(
rlk
)
)

= 0,
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Figure 4.1: Parametrization of all 1-dimensional swarm configurations with respect to N =
2M , P ∈ {−M+1,−M+2, . . . ,M−1}, and εk ≥ 0 ∀k.

ukl

(∥∥rij
∥∥2 −

∥∥rkl
∥∥2
)

= 0

ukl ≥ 0



 ∀k : k < l,

ulk

(∥∥rij
∥∥2 −

∥∥rlk
∥∥2
)

= 0

ulk ≥ 0



 ∀k : l < k.

∀l 6= {i, j}, where Jxl is the Jacobian operator with respect to xl. Solving for these equations

for arbitrary number of dimensions is a challenging task. The solution for d = 1 case will be

provided first, then a conservative generalization will be presented for arbitrary number of

dimensions to prove collision avoidance property.

4.3 Analysis for 1-Dimensional Case

In the following analysis, only 1-dimensional problem is considered and Problem 3 is trans-

formed into a simpler representation. Prior to doing so, the following assumption on the

kernel function is employed to eliminate conservatism in the analysis.

Assumption 4 Kh : R→ [0,∞) is a symmetric continuous kernel function such that:

d2

dx2
Kh(x)

∣∣∣∣
x=x1

<
d2

dx2
Kh(x)

∣∣∣∣
x=x2

for all |x1| > |x2|

where x1, x2 6= 0, i.e., d2

dx2
Kh(x) = ∇2Kh(x) strictly decreases away from 0.
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Assuming that N = 2M , is an even number, and without loss of generality i = 1 and j = 2,

the objective of Problem 3 for all possible agent configurations can be stated around x1 and

x2 as follows:

JN,P = r12

[
M+P∑

m=2

(
∇Kh

(
r1,2m−1

)
−∇Kh

(
r2,2m−1

))
+

M−P∑

m=2

(
∇Kh

(
r1,2m

)
−∇Kh

(
r2,2m

))
]

(4.18)

where rij = xi − xj, P ∈ {−M+1,−M+2, . . . ,M−1}, and,

r1,2m−1 = −
(

(m−1)Rc +
m∑

k=2

ε2k−1

)
,

r2,2m−1 = −
(
mRc +

m∑

k=2

ε2k−1

)
,

r1,2m = mRc +
m∑

k=2

ε2k,

r2,2m = (m−1)Rc +
m∑

k=2

ε2k,

(4.19)

where εk ∈ [0,∞) ∀k, as it can be seen from Figure 4.1. The introduction of perturbation

terms εk ≥ 0 is performed in such a way that the resulting swarm configuration is guaranteed

to satisfy the constraints of Problem 3. Following this parametrization,

1. it will be shown that for any value of P ∈ {−M+1,−M+2, . . . ,M−1}, the maximum

J∗N,P is attained when εk = 0, ∀k ∈ {3, . . . , N},

2. then it will be shown that P ∗ = arg maxP J∗N,P = 0.

Lemma 7 For all P ∈ {−M+1,−M+2, . . . ,M−1}, the objective JN,P attains its maximum

when εk = 0 ∀k.
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Proof: Deriving the gradient of (4.18) yields:

∂JN,P
∂ε2n−1

= r12

M+P∑

m=n

(
−∇2Kh

(
− (m−1)Rc −

m∑

k=2

ε2k−1

)
+ ∇2Kh

(
−mRc −

m∑

k=2

ε2k−1

))

∂JN,P
∂ε2n

= r12

M−P∑

m=n

(
∇2Kh

(
mRc +

m∑

k=2

ε2k

)
− ∇2Kh

(
(m−1)Rc +

m∑

k=2

ε2k

))
.

Since Kh(x) is symmetric, ∇2Kh(−x) = ∇2Kh(x). Given that m ≥ 2, Rc > 0, and following

Assumption 4, one can see that for all εk ≥ 0, all gradients are negative, i.e.,

∂JN,P
∂ε2n−1

< 0,
∂JN,P
∂ε2n

< 0, ∀n.

Since there are no saddle points in the half-closed interval of [0,∞), the maximum is achieved

at the boundary, and since the gradient is negative for all εk ≥ 0 and all P ∈ {−M+1,−M+

2, . . . ,M−1}, the maximum is achieved at εk = 0 ∀k ∈ {3, . . . , N}.

Proposition 3 For the class of Kh : R → [0,∞) that satisfies Assumption 4 the following

holds for x1, x2 ∈ R+:

∇Kh

(
x1

)
+∇Kh

(
x2

)
≤ 2∇Kh

(
(x1 + x2)/2

)

Proof: Since ∇2Kh(x) is strictly decreasing on R+, ∇Kh(x) is a concave function on R+,

hence the inequality follows.

Lemma 8 For the class of Kh : R → [0,∞) that satisfies Assumption 4, the worst case

swarm configuration in case of d = 1 is given as follows:

x2m−1 =

(
m− 1

2

)
Rc x2m = −

(
m− 1

2

)
Rc (4.20)

for m = 1, . . . ,M , where N = 2M .
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Proof: Using the objective definition (4.18), define

P ∗ = arg max
P

JN,P , s.t. εk = 0 ∀k ∈ {3, . . . , N},

it will be shown that P ∗ = 0. Now, observe the following:

∆J = JN,P−JN,0

= r12

[
M+P∑

m=M+1

∇Kh

(
r1,2m−1

)
−∇Kh

(
r2,2m−1

)
−

M∑

m=M−P+1

(
∇Kh

(
r1,2m

)
−∇Kh

(
r2,2m

))
]

= r12

[
M+P∑

m=M+1

∇Kh

(
mRc

)
−∇Kh

(
(m−1)Rc

)
+

M∑

m=M−P+1

(
∇Kh

(
(m−1)Rc

)
−∇Kh

(
mRc

))
]
,

cancelling terms in series yields the following,

∆J = r12

[
∇Kh

(
(M+P )Rc

)
+∇Kh

(
(M−P )Rc

)
− 2∇Kh

(
MRc

)]
≤ 0,

for any P ∈ {−M+1,−M+2, . . . ,M−1}. The last inequality is due to Proposition 3. Setting

x1 = Rc/2 and x2 = −Rc/2, the equations (4.20) follow from (4.19).

Remark 8 Note that the solution given by (4.20) is one of the equal objective value solutions,

as changing the indices among agents would yield a different solution with the same objective

value. The agent indices in Lemma 8 are chosen for convenience.

Upon identification of the worst case swarm configuration, if one can find Rc > 0, such that

the condition (4.14) is satisfied, then the collision avoidance guarantee will be established.

Corollary 5 Given Kh(x) : R → [0,∞) that satisfies Assumption 4, and a desired density

function with Lipschitz continuous gradient ∇ρD(x), the upper bound on the maximum fea-

sible collision radius Rc for agents following the dynamics (4.11) is given by the following
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implicit inequality:

∇Kh

(
MRc

)
+MRcLρD ≤ 0, (4.21)

where LρD is the Lipschitz constant for the desired density gradient ∇ρD(x).

Proof: The inequality is obtained using the result in Lemma 8 with Definition 11, and

substituting (4.20) in (4.16) as follows:

η̄12 =− 2

N
Rc∇Kh

(
Rc

)
− 1

N
Rc

(
− 2∇Kh

(
Rc

)
+ 2∇Kh

(
MRc

))

+ min
xi,xj

{
rTij

(
∇ρD

(
xi
)
−∇ρD

(
xj
))
}

=− 2

N
Rc∇Kh

(
MRc

)
−Rc

2LρD ≥ 0,

⇒ −∇Kh

(
MRc

)
≥MRcLρD .

The inequality (4.21) is kernel specific and can be solved for a preferred kernel function. The

next result shows the existence of Rc > 0 for (4.1).

Theorem 7 Given a swarm of agents S(t) = {x1(t), x2(t), . . . , xN(t)}, xi(t) ∈ R ∀i,
where,

(i) the motion of each is governed by (4.11), with

min
1≤i 6=j≤N

∣∣rij(0)
∣∣ ≥ Rc,

(ii) agents perform kernel density estimation using (4.1),

(iii) the desired density commands have Lipschitz continuous gradient ∇ρD(x) with LρD ≥ 0,

then ∃Rc > 0, such that

min
1≤i 6=j≤N

∣∣rij(t)
∣∣ ≥ Rc ∀t ≥ 0.
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Proof: Using the Corollary 5, and rewriting (4.21) for (4.1), one has

h

(MRc + h)3
−MRcLρD ≥ 0, (4.22)

where N = 2M . Define ξ = MRc/h and L̂ = h3LρD , and note that for any h > 0 and Rc > 0

one has ξ > 0 and L̂ ≥ 0, then

1

(ξ + 1)3
− ξL̂ ≥ 0 ⇒ 1− ξ(ξ + 1)3L̂ ≥ 0,

using inequality (ξ + 1)4L̂ ≥ ξ(ξ + 1)3L̂ yields,

1 ≥ (ξ + 1)4L̂ ⇒ 4

√
1

L̂
− 1 ≥ ξ

⇒ 2h

N

(
4

√
1

h3LρD
− 1

)
≥ Rc.

The last inequality gives an upper bound for Rc and it follows that ∀h ∈
(

0, 3

√
1

LρD

)
there

exists Rc > 0.

Remark 9 An intiutive observation from the collision avoidance guaranteeing interval of h

values is that,

lim
LρD→0

max h =∞, and lim
LρD→∞

max h = 0,

where the first relation suggests that for uniform density case, i.e. LρD = 0, any interpolation

length h complies with positive invariance condition, hence starting from initial configuration

S(0) = {x1(0), x2(0), . . . , xN(0)}, the swarm will keep expanding and all inter-agent distances

will keep increasing.

Also it is important to note that, for (4.1) the interval h ∈ (0, 3
√

1/LρD) is still conservative

for any LρD > 0 due to the polynomial inequality used in the proof. Nevertheless, the
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theorem provides an existence result for Rc > 0 and guarantees collision avoidance property

of the control law (4.11) with kernel function (4.1). If one wants to solve the exact interval

for h, the inequality (4.22) needs to be solved for h numerically for given N = 2M , LρD and

preferred Rc. Demonstration of this process will be presented in numerical examples.

Numerical Examples

Consider the kernel function (4.1) which satisfies (3.12), (3.16) and Assumption 4. First we

will show how the inequality (4.22) can be used to choose h for a desired collision radius,

with respect to the Lipschitz constant of the desired density gradient. Then, we will simu-

late (4.11) for arbitrary h values and show the collision radius predicted by (4.22) is satisfied.

Design Example: The goal of the demonstration is to show how to pick interpolation

parameter h to induce the desired collision radius Rc. For that purpose, we have chosen

three different Lipschitz constants L ∈ {0.0001, 0.01, 1.0, 10.0} for desired density gradients

∇ρD(x), and three different numbers of agents N ∈ {10, 30, 100}. Figure 4.2 shows the

Rc profiles with respect to h for all combinations of L and N . As it can be seen from

the figure, as the Lipschitz constant for ∇ρD(x) increases, the collision radius that (4.11)

provides decreases, i.e., higher variance in the desired density gradients causes a smaller

collision radius that agents can have. Similarly, as the number agents increases to create the

same density pattern, Rc decreases since the same pattern will be more dense in terms of

the number of agents it has been formed with.

Statistical Simulation Example: In this example, we performed 50 simulations for each

h ∈ {1, 2, 3, 4, 6, 8, 12} values, using the following desired density function:

ρD(x) =
1

(σ
√
π)

exp

(
−x

2

σ2

)
,

where σ = 35. We predicted Rc using (4.22) and initiated all the simulations from randomly

sampled initial agent locations that respects ‖xi(0) − xj(0)‖2 ≥ Rc, ∀(i, j). Minimum,
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Figure 4.2: Collision radius Rc with respect to interpolation length h for L ∈
{0.0001, 0.01, 1.0, 10.0} and N ∈ {10, 30, 100} cases.

maximum, and mean values of the observed inter-agent distances are recorded and visualized

in Figure 4.3, where the red dashed line represents the Rc values predicted by (4.22). As

the figure illustrates, the minimum recorded inter-agent distances are always greater than

theoretical bound given by (4.22). The figure on the right presents output of one of the

simulations for h = 8 case. The initial condition (blue dots) propagated by (4.11) and the

steady-state configuration (red dots) satisfied the desired density configuration.
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Figure 4.3: Top: Simulations with different h parameters. For each h ∈ {1, 2, 3, 4, 6, 8, 12}
50 simulations with different initial conditions were run, and minimum observed inter-agent
distance was recorded and compared with what (4.22) predicts. Bottom: Output of one of
the simulations for h = 8 case. Blue dots are the initial, red dots are the steady-state agent
locations of (4.11) with density values calculated at agent locations, and dashed line is ρD(x).
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4.4 Conservative Generalization to Higher Dimensions

Pursuing the solution of Problem 3, especially for number of dimensions where d > 1, is

challenging. In order to make the problem more tractable, the following formulation will be

employed where the constraints between agents other than ith and jth are relaxed as follows:

Optimization Problem 4 Relaxed Worst Case Swarm Configuration

max
X\{xi,xj}

rTij

(∑

l 6=i,j

∇Kh

(
ril
)
−
∑

l 6=i,j

∇Kh

(
rjl
)
)

s.t. ‖rij‖2 ≤ ‖ril‖2, ∀(i, l)
‖rij‖2 ≤ ‖rjl‖2, ∀(j, l)

Proposition 4 If the solution obtained from Problem 4 satisfy (4.14), then the solution

obtained from Problem 3 also satisfies (4.14).

Proof: Note that Problem 3 and Problem 4 has the same objective function. Given

‖rij‖2 = Rc, let the optimal values for the objective function of these problems be as J∗1

and J∗2 respectively. Then it is known that J∗2 ≥ J∗1 , since Problem 4 has less number

of constraints, hence, larger feasible domain to optimize over. Let η̄
(1)
ij and η̄

(2)
ij are the

evaluation of (4.16) for J∗1 and J∗2 , then is can be observed that,

η̄
(1)
ij +

J∗1
N

= η̄
(2)
ij +

J∗2
N
≥ η̄

(2)
ij +

J∗1
N
,

and if η̄
(2)
ij ≥ 0, then η̄

(1)
ij ≥ η̄

(2)
ij ≥ 0.
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4.4.1 KKT Conditions for Relaxed Problem

To identify the relaxed worst case configuration of agents in a swarm, we derive the Karush-

Kuhn-Tucker (KKT) conditions of Problem 4. Define the Lagrangian as follows:

L(x,u,v) = rTij

(∑

l 6=i,j

∇Kh

(
ril
)
−
∑

l 6=i,j

∇Kh

(
rjl
)
)

+
∑

l 6=i,j

(
ul

(∥∥rij
∥∥2 −

∥∥ril
∥∥2
)

+ vl

(∥∥rij
∥∥2 −

∥∥rjl
∥∥2
))

,

the KKT conditions are:

∂

∂xl
L =

(
∇xl∇Kh

(
ril
)
−∇xl∇Kh

(
rjl
))

rij

+ 2ul
(
ril
)

+ 2vl
(
rjl
)

= 0 ∀l 6= {i, j},

ul

(∥∥rij
∥∥2 −

∥∥ril
∥∥2
)

= 0

vl

(∥∥rij
∥∥2 −

∥∥rjl
∥∥2
)

= 0

ul, vl ≥ 0





∀l 6= {i, j},

It is crucial to note that the equations for each agent xl where l 6= {i, j} are independent of

each other. Furthermore, the cost function can be written as sum of sub-costs where each

sub-cost represents the cost incurred by individual agent. Consequently, one can observe

that using the relaxed formulation decomposes one optimization problem with (N − 2)d

variables to N − 2 number of optimization problems with d variables. Therefore, solving

only 3-agent problem will suffice for further analysis, and this result can be used to prove

collision avoidance for arbitrary N case. This relaxation will yield conservative results for

systems where N ≥ 5, but ensuring the collision avoidance using Problem 4, will guarantee

collision avoidance property for (4.11) in arbitrary dimensions.

Now, using Definition 11 along with decoupling thanks to relaxation in Problem 4 one
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has

η̄ij = − 2

N
rTij∇Kh

(
rij
)

− N − 2

N
max
xl

{∥∥rij
∥∥∥∥∇Kh

(
ril
)
−∇Kh

(
rjl
)∥∥}

−
∥∥rij

∥∥∥∥∇ρD
(
xi
)
−∇ρD

(
xj
)∥∥,

using Assumption 2 and Lipschitz continuous gradient ∇ρD(x) yields,

η̄ij = − 2

N
rTij∇Kh

(
rij
)
− N − 2

N
Rc

2Lh −Rc
2LρD , (4.23)

Now (4.23) will be investigated for both 1-dimensional kernel (4.1) and Laplacian kernel (4.2)

for arbitrary dimensions.

4.4.2 Comparison of Exact and Conservative Analysis for 1-Dimensional Kernel

Substituting the gradient of (4.1) and Lh to (4.23) yields the following,

η̄ij = − 2

N
rTij∇Kh

(
rij
)
−Rc

2

(
N − 2

N
Lh + LρD

)

=
2

N

Rch

(Rc + h)3
−Rc

2

(
N − 2

N

3

h3
+ LρD

)
≥ 0,

with N = 2M , further simplification yields,

h

(Rc + h)3
−Rc

(
(M − 1)

3

h3
+MLρD

)
≥ 0, (4.24)

1

(ξ + 1)3
− ξ
(

3(M − 1) +Mh3LρD

)
≥ 0,

where ξ = Rc/h. Note that
(
3(M−1)+Mh3LρD

)
> 0 for all M > 1. Define the polynomial,

p(ξ) = ξ
(
ξ + 1

)3 − 1

3(M − 1) +Mh3LρD
≤ 0.
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Figure 4.4: Exact (4.22) versus conservative (4.24) bounds on collision radius Rc with respect
to interpolation length h for different number of agents N and desired density gradient
Lipschitz constants LρD

which has all positive coefficients but the last one, hence, the number of variations in sign

in the sequence of the coefficients is only one. Therefore, by Descartes’s Rule of Signs [128],

there is exactly one positive real root of p(ξ) = 0, i.e., ∃ξ
(
M,h, LρD

)
> 0, consequently,

Rc ≤ ξ
(
M,h, LρD

)
h.

From exact (4.22) and conservative (4.24) bound inequalities, one can verify that the set of

parameters Rc, h,M,LρD that satisfies (4.22) also satisfies (4.24). Figure 4.4 demonstrates

the comparison of curves defined by (4.22) and (4.24).
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4.4.3 Conservative Analysis for Laplacian Kernel

Similar to the previous analysis for 1-dimensional kernel case, substituting the gradient of

(4.2) and Lh in (4.23) yields the following,

η̄ij = − 2

N
rTij∇Kh

(
rij
)
−Rc

2

(
N − 2

N
Lh + LρD

)

=
2Rc

NCdhd+1
exp

(
−Rc

h

)

− Rc
2

(
N − 2

N

1

Cdhd+2
+ LρD

)
≥ 0,

further simplification yields,

exp

(
−Rc

h

)
−Rc

(
M − 1

h
+ Cdh

d+1MLρD

)
≥ 0, (4.25)

exp
(
− ξ
)
− ξ
(

(M − 1) + Cdh
d+2MLρD

)
≥ 0,

where ξ = Rc/h and N = 2M . Note that
(
(M − 1) + Cdh

d+2MLρD
)
> 0 for all M > 1.

For existence of collision radius Rc > 0, using the lower bound for exp(−ξ) gives,

exp(−ξ) ≥ 1− ξ ≥ ξ
(

(M − 1) + Cdh
d+2MLρD

)

and further manipulation of the inequality yields,

1− ξ ≥ ξ
(

(M − 1) + Cdh
d+2MLρD

)

1 ≥ ξ
(
M + Cdh

d+2MLρD

)

which gives the positive upper bound Rc > 0 as follows,

h

M(1 + Cdhd+2LρD)
≥ Rc. (4.26)
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Note that conservatism in (4.26) is twofold: the conservatism introduced by relaxed problem,

i.e., Problem 4, and the conservatism due to a lower bounding function for exp(−ξ). However,

the upper bound (4.26), not only ensures collision avoidance but also gives a coarse method

to choose interpolation length h. If one wants to eliminate the latter factor, the inequality

(4.25) can be solved numerically. As it can be seen from Figure 4.5, the difference between

0 1 2 3 4 5
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0.15

0.2
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d = 2, L
D

 = 0.1, N = 4
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D

 = 0.1, N = 4, lower bound
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 = 0.1, N = 4

d = 3, L
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 = 0.1, N = 4, lower bound

d = 3, L
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 = 0.1, N = 10

d = 3, L
D

 = 0.1, N = 10, lower bound

d = 2, L
D

 = 0.1, N = 50

d = 2, L
D

 = 0.1, N = 50, lower bound

Figure 4.5: Comparison between upper bounds of collision avoidance radius Rc from (4.25)
and (4.26) with respect to interpolation length h for different number of dimensions d, number
of agents N and desired density gradient Lipschitz constants LρD

bounds obtained by (4.25) and (4.26) decreases as the number of agents increases.
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Chapter 5

ADAPTIVE DENSITY ESTIMATION

In the preceding chapters, density-based swarm guidance and control were formulated

using continuum representations, with kernel density estimation and heat-equation-driven

dynamics serving as the primary instruments for shaping collective behavior. In these for-

mulations, the smoothing parameter governing density estimation was treated as a design

constant, selected through heuristics (3.21), global tuning considerations (3.5.1) or collision

avoidance radius bounds (4.26). While effective in many scenarios, such fixed choices impose

an implicit scale on the swarm, limiting responsiveness to spatial heterogeneity, local con-

gestion, and evolving mission requirements. This chapter removes the smoothing parameter

from the realm of heuristic design and instead embeds it directly into the dynamical struc-

ture of the system. By allowing the kernel bandwidth to evolve locally and autonomously,

the swarm acquires the ability to adapt its own perceptual resolution in space and time.

Importantly, this adaptation is achieved without introducing centralized coordination or ex-

plicit global optimization. Guided by the same diffusion principles used to regulate swarm

density, each agent responds only to locally available density information and simple up-

date laws, yet the resulting density estimate exhibits coherent, globally meaningful struc-

ture. This perspective aligns with the broader philosophy of behavior-based and emergent

systems, wherein complex collective organization arises from the interaction of simple mech-

anisms rather than from elaborate agent-level intelligence. Here, adaptive density resolution

emerges as a collective property of the swarm, not as an externally imposed design choice.

The resulting framework preserves the analytical tractability of heat-equation-based density

evolution while extending its expressiveness and robustness in dynamically changing envi-

ronments. Simulation results demonstrate that locally adaptive density estimation improves
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responsiveness to spatial non-uniformities and enhances the performance of density-based

control laws, particularly in regimes where fixed smoothing scales prove inadequate.

The chapter proceeds as follows. Notation is first established and properties of the heat

semigroup and its kernel representation are recalled, providing the continuum foundation for

density evolution. A coupled continuum formulation of interacting heat equations is then

introduced, together with its associated semigroup and stability properties. Building on

this, a finite-agent kernel density representation is derived, revealing an explicit connection

between agent interactions and the underlying continuum diffusion structure. The adaptive

bandwidth is not introduced as an independent modeling assumption, but instead arises from

consistency between kernel smoothing and the underlying diffusion dynamics. This leads

to a weak formulation of the resulting transport-diffusion system, clarifying how bandwidth

evolution can be interpreted in a distributional sense. Finally, a decentralized implementation

is developed in which both agent dynamics and adaptive bandwidth evolution are expressed

in distributed form. Dynamic average consensus estimators are introduced to approximate

the global functionals appearing in the bandwidth dynamics using only local neighbor-to-

neighbor communication, yielding a fully distributed realization of the coupled system.

5.1 Background

The following notation and definitions are adopted for use throughout this chapter. The

sets of natural numbers and positive natural numbers are denoted by N0, N respectively.

The set of positive real numbers is denoted by R+. The closure of set Ω is denoted by Ω.

The boundary ∂Ω of set Ω is defined as Ω \ Ω with \ denoting set subtraction. The partial

derivative with respect to the ith variable is denoted by ∂i. Partial derivatives of arbitrary

order are denoted by Dα =
∏d

i=1 ∂
αi
i , where α = (α1, . . . , αd) ∈ Nd

0 is a multi-index. The

notation
⊕N

i= 1 indicates the direct sum that consisting of N -component vectors with each

component treated independently.

The analysis in this chapter relies on standard results from semigroup theory, Sobolev

spaces, and Lyapunov stability summarized in Appendix D.
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5.1.1 Heat Equation as a Generator of C0-semigroup

Consider the heat equation:

ϑ̇(x, t) = α∆ϑ(x, t), in Rd × (0,∞)

ϑ(x, 0) = ϑ0(x) on Rd
(5.1)

for α > 0, where ϑ0(x) is a given function in X := Lp(Rd), 1 ≤ p <∞. The solution to this

heat equation is explicitly given by,

(
S(t)ϑ0

)
(x) :=

1

(4παt)d/2

∫

Rd
e−

‖x−τ‖2
4αt ϑ0(τ)dτ, t > 0, x ∈ Rd, (5.2)

where ϑ0 ∈ Lp(Rd). The definition (5.2) is known as heat semigroup, Gaussian semigroup

or diffusion semigroup, and was one of the main sources for the development of semigroup

theory [52]. By defining heat kernel as follows,

Kt(x) :=
1

(4παt)d/2
e−

‖x‖2
4αt ,

∫

Rd
Kt(x)dx = 1, t > 0, (5.3)

the heat semigroup can be restated in a convolution form as follows,

(
S(t)ϑ0

)
(x) =

(
Kt ∗ ϑ0

)
(x). (5.4)

Note that Kt ∈ S(Rd). Next step is to demonstrate that heat semigroup is a C0-semigroup,

and it is given by the following proposition detailed proof of which can be found in [74].

Proposition 5 The family of maps S(t) given by,

(
S(t)f

)
(x) =

(
Kt ∗ f

)
(x), for t > 0,

(
S(0)f

)
(x) = f(x)

is a strongly continuous semigroup (C0-semigroup) on S(Rd), furthermore its infinitesimal
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generator is,

ASf = lim
t→0+

1

t

(
S(t)f − f

)
= α∆f,

for all f ∈ S(Rd).

S(Rd) is not a Banach space. Fortunately, the properties of heat semigroup has been studied

in Banach spaces, i.e. Sobolev space, and the following results state the C0-semigroup and

its generator in W k,p(Rd) and its detailed proof can be found in [89, 74].

Proposition 6 The semigroup {S(t), t ≥ 0} is a C0-semigroup on W k,p(Rd) for 1 ≤ p <∞
and k ∈ N0.

Theorem 8 The generator AS of the semigroup {S(t), t ≥ 0} on Lp(Rd) for 1 < p <∞ is

given by ASf = α∆f and its domain D(AS) is the Sobolev space W 2,p(Rd).

Remark 10 S(Rd) is invariant under the semigroup {S(t), t ≥ 0} and dense both in Lp(Rd)

and W k,p(Rd) for all 1 ≤ p <∞. Therefore, using the Definition 19 and Theorem 8, S(Rd)

is the core for generator AS : W 2,p(Rd)→ Lp(Rd) for 1 < p <∞.

Corollary 6 The heat equation given by (5.1) with Θ(0) = ϑ0 ∈ W 2,p(Rd) ⊂ Lp(Rd) has a

unique solution Θ ∈ C1
(
R+, L

p(Rd)
)
, where 1 < p < ∞, and as it is previously stated by

(5.2), the solution is Θ(t) = S(t)ϑ0, t > 0.

Theorem 9 (Green’s Formula [54]) Given U is a bounded, open subset of Rd, and ∂U

is C1, let u, v ∈ C2(Ū). Then,

∫

U

∇v · ∇u dx = −
∫

U

u∆v dx +

∫

∂U

(ν · ∇v)u dS,

where ν ∈ Rd is the outward pointing unit normal vector field on ∂U .
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5.2 Problem Formulation in the Continuum

Consider the set of interacting heat equations as follows:

ϑ̇i − α∆ϑi = −β
∑

i 6=j

(ϑi − ϑj), in Rd × (0,∞)

ϑi(x, 0) = ρi
(
x, 0
)
− ρD(x) on Rd




∀i ∈ {1, . . . , N} (5.5)

for α, β > 0. Assume ϑi(x, 0) ∈ W 2,p(Rd), for all i ∈ {1, . . . , N}. One can write the system

of heat equations (5.5) in the following operator form as an abstract Cauchy problem:

V̇(x, t) = ÃV(x, t),

V(x, 0) = V0(x),
(5.6)

where V(x, t) := [ϑ1(x, t), . . . , ϑN(x, t)]T ∈ ⊕N
i= 1W

2,p(Rd), and Ã :
⊕N

i= 1W
2,p(Rd) →

⊕N
i= 1 L

p(Rd) is a linear operator defined as follows:

Ã = A− βL, where A = α
N⊕

i= 1

∆, (5.7)

and L ∈ RN×N � 0 is the Laplacian matrix of the connected communication graph between

individual systems. Throughout the chapter, the variables are related by ϑi(x, t) = ρi(x, t)−
ρD(x). The next objective is to investigate the existence, uniqueness, and stability properties

of the system (5.6).

Theorem 10 Given a linear operator Ã :
⊕N

i= 1W
2,p(Rd)→⊕N

i= 1 L
p(Rd) such that

Ã = α

N⊕

i= 1

∆− βL, α, β > 0,

then the operator Ã is the infinitesimal generator of a C0-semigroup S̃(t) on
⊕N

i= 1 L
p(Rd)

for 1 < p <∞.
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Proof: From Theorem 8, we know that α∆ϑi is the infinitesimal generator of a C0-

semigroup on Lp(Rd) for 1 < p <∞ and its domain is the Sobolev space W 2,p(Rd). Given

ÃV = AV − βLV = α
N⊕

i= 1

∆ϑi − βLV ,

where the first part of the sum is the direct sum of infinitesimal generators of C0-semigroups

(heat semigroups), so it is itself the infinitesimal generator of a C0-semigroup [77]. The

second part of the sum is composed of a linear bounded operator, ‖βLV‖ ≤ β(N − 1)‖V‖,
hence using the bounded perturbation Theorem 15 in the domain of

⊕N
i= 1W

2,p(Rd) with

1 < p < ∞, it follows that the operator Ã is the infinitesimal generator of a C0-semigroup

S̃(t) on
⊕N

i= 1 L
p(Rd).

Corollary 7 (Existence & Uniqueness) Let 1 < p < ∞, then the heat equations sys-

tem given by (5.5), with initial condition V0 ∈
⊕N

i= 1W
2,p(Rd) has a unique solution V ∈

C1(R+,
⊕N

i= 1 L
p(Rd)) and it is explicitly given by V(t) = S̃(t)V0, t ≥ 0, for any V0 ∈

⊕N
i= 1W

2,p(Rd).

Proof: Corollary is the direct result of Theorem 16, and Theorem 10.

5.2.1 Continuum Stability Analysis

Having established existence and uniqueness of solutions for the coupled heat system (5.5),

attention is now directed toward its stability and asymptotic convergence properties. Con-

sider density error cost given as follows:

Φ(t) =
1

2

∫

Rd
VTV dx =

1

2

N∑

i=1

∫

Rd
ϑ2
i dx =

1

2

N∑

i=1

∫

Rd

(
ρi
(
x, t
)
− ρD(x)

)2
dx (5.8)

The following result establishes that the density error functional (5.8) is non-increasing under

the heat system dynamics (5.5).
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Lemma 9 (Non-increasing density error) Let ρD, ρi
(
x, t
)
∈ S(Rd) ∀i ∈ {1, . . . , N},

and L � 0, then density error given by (5.8) under the dynamics (5.5) is non-increasing,

i.e., Φ̇(t) ≤ 0.

Proof:

d

dt
Φ =

d

dt

(
1

2

∫

Rd
VTV dx

)
=

∫

Rd
VT V̇ dx =

∫

Rd
VT ÃV dx =

∫

Rd
VT
(
A− βL

)
V dx

=

∫

Rd
VTAV dx − β

∫

Rd
VTLV dx,

= α
N∑

i=1

∫

Rd
ϑi∆ϑi dx − β

∫

Rd
VTLV dx

and the first term can be written as,

∫

Rd
ϑi∆ϑi dx = lim

R→∞

∫

BR(0)

ϑi∆ϑi dx

= − lim
R→∞

∫

BR(0)

‖∇ϑi‖2 dx + lim
R→∞

∫

∂BR(0)

ϑi (ν · ∇ϑi) dS (via Theorem 9)

= −
∫

Rd
‖∇ϑi‖2 dx.

The last equality is due to the fact that ρD, ρi
(
x, t
)
∈ S(Rd), hence, ϑi ∈ S(Rd) and

lim‖x‖→∞ ‖x‖kDαϑi = 0, for all k ∈ N0 and α ∈ Nd
0, i.e., ϑi and its partial derivatives decay

rapidly (o(R−k) ∀k ∈ N0), while the surface measure only scales with o(Rd−1). Therefore the

surface integral on ∂BR(0) goes to zero as R → ∞. Substituting it back to time derivative

yields,

d

dt
Φ = −α

N∑

i=1

∫

Rd
‖∇ϑi‖2 dx− β

∫

Rd
VTLV dx

= −
(
α

N∑

i=1

∫

Rd
‖∇ϑi‖2 dx + β

∫

Rd
VTLV dx

)
≤ 0.
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The next result demonstrates the convexity of density error (5.8) with respect to time argu-

ment under the heat system dynamics (5.5).

Lemma 10 (Convexity of density error in time) Density error Φ(t) given by (5.8) is

convex with respect to t ∈ R+ under the heat system dynamics (5.5).

Proof: It suffices to check the second derivative of the density error in time:

d2

dt2
Φ = − d

dt

(
α

N∑

i=1

∫

Rd
‖∇ϑi‖2 dx + β

∫

Rd
VTLV dx

)

= −2α
N∑

i=1

∫

Rd
(∇ϑi)T∇ϑ̇i dx − 2β

∫

Rd
V̇TLV dx using Leibniz rule over S(Rd)

= 2α
N∑

i=1

∫

Rd
ϑ̇i∆ϑi dx − 2β

∫

Rd
V̇TLV dx using Theorem (9)

= 2

∫

Rd
V̇T

(
α

N⊕

i= 1

∆ϑi

)
dx − 2

∫

Rd
V̇T(βLV) dx

= 2

∫

Rd
V̇TV̇ dx = 2‖V̇‖2

L2(Rd) ≥ 0.

Thus the density error evolves as a convex, non-increasing functional in time, with its

rate of decrease approaching zero monotonically. Using Lemma 9, 10, one can argue that

limt→∞Φ(t) = c and c ≥ 0. The following is the formal argument for Asymptotic Stability

of the heat system dynamics (5.5).

Theorem 11 (Asymptotic Stability) Given ρD, ρi ∈ S(Rd) ∀i ∈ {1, . . . , N}, consider

the system of heat equations (5.5) in abstract Cauchy form V̇ = ÃV with initial condition

V0 ∈
⊕N

i=1 S(Rd) ⊂⊕N
i=1W

2,p(Rd). Let Ã :
⊕N

i= 1W
2,p(Rd)→⊕N

i= 1 L
p(Rd) for 1 < p <∞

denote the infinitesimal generator of the C0-semigroup {S̃(t), t ≥ 0}. Then each orbit

Υ
(
V0

)
= {S̃(t)V0, t ≥ 0} of the system (5.5) is bounded in

⊕N
i=1 L2(Rd), and each agent’s

density error vanishes asymptotically in L2(Rd), i.e., limt→∞ ‖ρi(·, t) − ρD‖L2(Rd) = 0 ∀i ∈
{1, . . . , N}.
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Proof: To establish stability, we consider the following candidate Lyapunov functional,

V
(
V
)

=
α

2

N∑

i=1

∫

Rd
‖∇ϑi‖2 dx+

β

2

∫

Rd
VTLV dx,

which is non-negative, and taking the time derivative along the trajectories of the system

yields V̇
(
V
)

= −‖V̇‖2
L2(Rd)

≤ 0 by Lemma 10, confirming that V (V(t)) ≤ V (V0) ∀t ≥ 0.

Moreover, by Lemma 9, Φ(t) = 1
2
‖V(·, t)‖2

L2(Rd)
≤ Φ(0), ∀t ≥ 0, hence ‖V(·, t)‖L2(Rd) ≤√

2Φ(0). Therefore the positive orbit Υ(V0) = {S̃(t)V0 : t ≥ 0} is bounded in (
⊕N

i=1 L2(Rd)).

To establish asymptotic convergence to the equilibrium point, we explicitly evaluate the

action of the C0-semigroup S̃(t) = eÃt via the spatial Fourier transform. Let V̂(ξ, t) denote

the component-wise spatial Fourier transform of V(x, t) with respect to the frequency vector

ξ ∈ Rd. Transforming the abstract Cauchy form V̇ = ÃV =
(
α
⊕N

i= 1 ∆ − βL
)
V yields a

system of decoupled linear matrix ordinary differential equations for each frequency ξ:

d

dt
V̂(ξ, t) = −

(
α‖ξ‖2IN + βL

)
V̂(ξ, t).

Since the identity matrix IN and the graph Laplacian L commute, the unique solution in the

frequency domain is given explicitly by:

V̂(ξ, t) = e−α‖ξ‖
2te−βLtV̂0(ξ).

Using the spectral decomposition of the symmetric, positive semi-definite undirected con-

nected graph Laplacian L with eigenvalues 0 = λ1 < λ2 ≤ · · · ≤ λN and corresponding

orthonormal eigenvectors {v1, . . . ,vN}, where v1 = 1√
N

1, the matrix exponential factors as:

e−βLt = v1v
T
1 +

N∑

k=2

e−βλktvkv
T
k .
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Substituting this representation back into the Fourier solution yields:

V̂(ξ, t) = e−α‖ξ‖
2t

(
v1v

T
1 V̂0(ξ) +

N∑

k=2

e−βλktvkv
T
k V̂0(ξ)

)
.

By Parseval-Plancherel identity, the L2(Rd) norm of the state trajectory satisfies:

‖V(·, t)‖2
L2(Rd) =

∫

Rd
e−2α‖ξ‖2t

∥∥∥∥∥v1v
T
1 V̂0(ξ) +

N∑

k=2

e−βλktvkv
T
k V̂0(ξ)

∥∥∥∥∥

2

dξ.

For any fixed ξ ∈ Rd \ {0}, the continuous dispersion factor satisfies limt→∞ e
−2α‖ξ‖2t = 0.

Concurrently, for the discrete network topologies, limt→∞ e
−βλkt = 0 exponentially fast for

all k ≥ 2 since λk > 0 for a connected graph. Because V0 ∈
⊕N

i=1 S(Rd), its Fourier

transform decays rapidly, ensuring that the integrand is bounded by an integrable function

independent of t. Applying the Lebesgue Dominated Convergence Theorem, and observing

that the integrand converges pointwise to zero for almost every ξ ∈ Rd, allows the limit to

be passed under the integral sign:

lim
t→∞
‖V(·, t)‖2

L2(Rd) =

∫

Rd


 lim
t→∞

e−2α‖ξ‖2t

∥∥∥∥∥v1v
T
1 V̂0(ξ) +

N∑

k=2

e−βλktvkv
T
k V̂0(ξ)

∥∥∥∥∥

2

 dξ

= 0.

Thus, limt→∞ ‖V(·, t)‖L2(Rd) = 0, establishing that the density error vector V(t) converges to

zero asymptotically in the L2(Rd) norm space, which implies the collective swarm profiles ρi

converge to the target distribution ρD in the mean-square sense.

The following differential inequality further characterizes the dissipation structure and decay

behavior of the system, verifying that the asymptotic convergence is algebraic rather than
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uniformly exponential. Starting with the fundamental dissipation relation:

α
N∑

i=1

∫

Rd
‖∇ϑi‖2 dx+ β

∫

Rd
VTLV dx = −

∫

Rd
VT
(
A− βL

)
V dx,

and applying the Cauchy-Schwarz inequality to the right-hand side yields:

α

N∑

i=1

∫

Rd
‖∇ϑi‖2 dx+ β

∫

Rd
VTLV dx ≤

(∫

Rd
‖V‖2 dx

)1/2(∫

Rd
‖AV − βLV‖2 dx

)1/2

(
α

N∑

i=1

∫

Rd
‖∇ϑi‖2 dx+ β

∫

Rd
VTLV dx

)2

≤
(∫

Rd
VTV dx

)(∫

Rd
V̇TV̇ dx

)
.

Using (5.8), the inequality can be framed in terms of the Lyapunov functional V (V) and its

derivatives:

(
2V (V)

)2 ≤
(
2Φ(t)

) (
−V̇ (V)

)
,

which reduces to the non-linear differential inequality:

V̇ (V) ≤ − 2

Φ(t)
V 2(V). (5.9)

Using Lemma 9, the functional Φ(t) is monotonically non-increasing and is bounded from

above by its initial value, Φ(t) ≤ Φ(0) = Φ0. Substituting this upper bound into the

denominator of (5.9) preserves the inequality:

V̇ (t) ≤ − 2

Φ0

V 2(t).

Separating variables and integrating from 0 to t yields:

−
∫ V (t)

V (0)

dV

V 2
≥ 2

Φ0

∫ t

0

dt =⇒ 1

V (t)
− 1

V (0)
≥ 2

Φ0

t.
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Rearranging for V (t) yields the explicit contractive bound:

V (t) ≤ V (0)

1 +
(

2V (0)
Φ0

)
t

= O
(
t−1
)
.

This explicitly establishes an algebraic (polynomial) upper decay bound of order O(t−1).

Also note that, the case of Φ(t) = 0 is not excluded by Definition 23.

Remark 11 The LaSalle Invariance Principle stated in Theorem [18] cannot be invoked di-

rectly in Theorem 11 because the spatial domain Rd is unbounded. In particular, bounded

subsets of spaces such as W 2,p(Rd) or L2(Rd) are generally not relatively compact, and there-

fore bounded trajectories do not necessarily possess precompact positive orbits. In this case,

the existence of a non-increasing Lyapunov functional alone is insufficient to guarantee con-

vergence of trajectories to the largest invariant subset of V : V̇ (V) = 0. This contrasts with

the finite-dimensional case, where bounded sets are automatically relatively compact by the

Heine–Borel theorem, allowing bounded trajectories to admit convergent subsequences. As a

result, the standard finite-dimensional LaSalle Invariance Principle yields asymptotic conver-

gence under substantially weaker compactness assumptions than those available in infinite-

dimensional evolution equations posed on unbounded spatial domains.

5.3 Finite-Agent Realization

To this point, the analysis has been conducted at the continuum level, where swarm evolution

is represented by density fields rather than discrete agent trajectories. This section devel-

ops the corresponding finite-agent realization for the case of constant and identical kernel

bandwidth parameters h across the swarm, establishing the connection between the contin-

uum heat-equation formulation and distributed agent interactions. The resulting framework

will subsequently serve as the foundation for the adaptive and spatially varying bandwidth
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dynamics introduced in the following section. Recall the following density estimate:

ρ(x,X , h) =
1

N

N∑

j=1

Kh

(
x− xj

)
=

1

Nhd

N∑

j=1

K

(
x− xj
h

)
(5.10)

and its gradient at any point x ∈ Rd:

∇xρ(x,X , h) =
1

N

N∑

j=1

∇xKh

(
x− xj

)
=

1

Nhd

N∑

j=1

∇xK

(
x− xj
h

)
(5.11)

where X := [xT
1 , . . . ,x

T
N ]T, i.e. the direct sum of location of all agents in the swarm. Similarly,

density estimates and their gradients at agent locations xi are defined as follows:

ρi := ρ(xi,X , h) =
1

Nhd

N∑

j=1

K

(
xi − xj
h

)
, (5.12)

∇ρi := ∇ρ(xi,X , h) =
1

Nhd

N∑

j 6=i

∇K
(

xi − xj
h

)
, (5.13)

Recall the heat-equation-based control law that has been used for each agent xi so far:

ẋi = −α ∇ρi −∇ρ̂D(xi)

ρi
, (5.14)

where ρ̂D(x) is the smoothed desired density (with an arbitrary choice of smoothing kernel)

given as follows:

ρ̂D(x) = (Kh ∗ ρD)(x). (5.15)

Note that, so far the same kernel function Kh(x) has been used to smoothen the desired

density function ρD(x). Now consider the previously defined (5.8) density error cost for the

case of identical and constant, i.e., hj = h, ∀j ∈ {1, . . . , N} and ḣ = 0 over the swarm as
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follows:

min
X

Φ(X , h) = min
X

1

2

N∑

j=1

∫

Rd

(
ρ(x,X , hj)− ρD(x)

)2
dx = min

X

N

2

∫

Rd
ϑ2(x,X , h) dx.

(5.16)

One can calculate the gradient of the cost function Φ(X , h) with respect the agent states xi

as follows:

∇xiΦ(X , h) = N

∫

Rd
ϑ(x,X , h) ∇xiϑ(x,X , h) dx, ∀i ∈ {1, . . . , N},

= N

(∫

Rd
ρ(x,X , h) ∇xiρ(x,X , h) dx −

∫

Rd
ρD(x) ∇xiρ(x,X , h) dx

)
,

now using the following partial,

∇xiρ(x,X , h) =
1

N
∇xiKh

(
x− xi

)
, ∀xi ∈ S.

we have,

∇xiΦ(X , h) =

∫

Rd
ρ(x,X , h) ∇xiKh

(
x− xi

)
dx −

∫

Rd
ρD(x) ∇xiKh

(
x− xi

)
dx

assuming radially symmetric kernel function Kh(x) implies ∇xiKh

(
x− xi

)
= −∇xiKh

(
xi −

x
)

= ∇xKh

(
xi − x

)
, and yields the following,

∇xiΦ(X , h) =

∫

Rd
ρ(x,X , h) ∇xKh

(
xi − x

)
dx −

∫

Rd
ρD(x) ∇xKh

(
xi − x

)
dx

=
(
ρ ∗ ∇Kh

)
(xi) −

(
ρD ∗ ∇Kh

)
(xi).
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As long as ρD(x) is integrable and Kh(x) ∈ C1(Rd,R) we have the following,

∇xiΦ(X , h) =
(
ρ ∗ ∇Kh

)
(xi) −

(
ρD ∗ ∇Kh

)
(xi),

=
1

N

N∑

j 6=i

∇
(
Kh ∗Kh

)(
xi − xj

)
− ∇

(
ρD ∗Kh

)
(xi) (5.17)

Considering the cost gradient calculated as (5.17) and defining a new kernel function as

follows:

K̂(x) =
(
Kh ∗Kh

)
(x), (5.18)

and associated density estimates using K̂(x),

ρ(xi) =
1

N

N∑

j=1

K̂ (xi − xj) ,

∇ρ(xi) =
1

N

N∑

j 6=i

∇K̂ (xi − xj) ,

ρ̂D(xi) = (Kh ∗ ρD)(xi),

the heat equation based control law given by (5.14) can be rewritten as:

ẋi = −α∇ρ
(
xi
)
−∇ρ̂D(xi)

ρ
(
xi
) = −α∇xiΦ(X , h)

ρ
(
xi
) . (5.19)

The expression (5.19) demonstrates the fact that, the heat equation based control law can

be written in terms of gradient of the density error minimization cost and current calculated

density for the finite number of agents case. The stability and convergence arguments for

the global constant h in the finite agent case can be found in Appendix B.2.
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Remark 12 In case of using Gaussian Kernel for density estimations, i.e.,

Kh(x) =
1

(
h
√
π
)d exp

(
−x

T
x

h2

)

self-convolution (Kh ∗Kh)(x) is also a Gaussian kernel with the following relation

K̂(x) =
(
Kh ∗Kh

)
(x) =

1
(
h
√

2π
)d exp

(
−x

T
x

2h2

)
= K√2h(x).

The preceding continuum analysis and finite-agent formulation establish the analytical

and computational framework used to interpret adaptive bandwidth evolution as a diffusion-

driven process. In particular, the heat-equation formulation provides the continuum dynam-

ics governing density evolution, while the finite-agent realization connects these dynamics

to distributed kernel-based interactions implementable through local agent communication.

Building upon this foundation, the following section introduces adaptive kernel bandwidth

dynamics, where each agent evolves its own local estimation scale according to diffusion-

inspired update laws derived from the structure of the Gaussian heat kernel.

5.4 Individual & Adaptive Estimation

This section presents a method to find optimal parameters for the individual density esti-

mates. Each agent calculates its own density estimation parameters, then using consensus,

the swarm synchronizes the estimation parameters hi to reach a global estimation parameter.

In this section, the Gaussian kernel is assumed for all density estimations due to its relevance

to the heat kernel,

Kh(x) =
1

(
h
√
π
)d exp

(
−x

T
x

h2

)
.
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hence the density at any point x ∈ Rd for N agent swarm is written as:

ρ(x,X , h) =
1

N

N∑

j=1

Kh(x− xj) =
1

Nπd/2

N∑

j=1

1

hd
exp

(
−‖x− xj‖2

h2

)
.

The control law for the adaptive hi parameters will be driven via heat equation system

(5.5) whose stability has been proven in the previous section. The key observation enabling

adaptive bandwidth dynamics is that, for Gaussian kernels, differentiation with respect to

bandwidth is equivalent to diffusion in space:

Observation 1 Consider the following derivations for Gaussian Kernel,

∂

∂h
ρ(x,X , h) =

1

Nπd/2

N∑

j=1

(
2‖x− xj‖2 − h2 d

hd+3

)
exp

(
−‖x− xj‖2

h2

)

=
1

N

N∑

j=1

(
2‖x− xj‖2 − h2 d

h3

)
Kh(x− xj)

∆xρ(x,X , h) =
2

Nπd/2

N∑

j=1

(
2‖x− xj‖2 − h2 d

hd+4

)
exp

(
−‖x− xj‖2

h2

)

=
2

N

N∑

j=1

(
2‖x− xj‖2 − h2 d

h4

)
Kh(x− xj)

which yields the following relation:

2

h

∂

∂h
ρ(x,X , h) = ∆xρ(x,X , h). (5.20)

Observation 1 provides the key structural bridge between adaptive density estimation and

diffusion dynamics. As a consistency check, assume that ẋi = 0 ∀i,

ρ̇(x,X , h) = ḣ
∂

∂h
ρ(x,X , h)
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and the heat equation becomes,

ρ̇(x,X , h) = ḣ
∂

∂h
ρ(x,X , h) = ∆ρ(x,X , h)−∆ρD(x),

and using (5.20) yields

ḣ
h

2
∆ρ(x,X , h) = ∆ρ(x,X , h)−∆ρD(x). (5.21)

Remark 13 In the case of ρD(x) = 0, ∀x ∈ Rd, one gets the following,

ḣ
h

2
∆ρ(x,X , h) = ∆ρ(x,X , h),

which yields the original solution of the heat equation defined by the heat kernel,

ḣ =
2

h
. (5.22)

The solution to the ordinary differential equation (ODE) defined by (5.22) is h(t) =
√

4t+ h2
0.

In particular, taking h0 = 0 recovers the fundamental solution of the heat equation, namely

the heat kernel (5.3). This observation provides a natural consistency check and highlights

why Gaussian densities arise canonically in semigroup theory. Indeed, the heat kernel rep-

resents diffusion in time and is invariant under the action of its generator, the Laplacian ∆.

Moreover, Remark 13 also shows that the ODE (5.22) is well-defined point-wise for every

x ∈ Rd independently of agent locations X .

In case of ρD(x) 6= 0, the resulting dynamics introduce nontrivial input terms into the

heat equation. These inputs generally destroy point-wise consistency and prevent the evo-

lution from being represented solely by the heat semigroup, thereby necessitating a weak

(distributional) formulation of the problem. The weak formulation aligns naturally with

a decentralized interpretation of the dynamics, in which computation is performed locally
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around agent locations rather than over the entire ambient space Rd.

5.4.1 Using Weak Formulation

The density ρ(x,X , h) is defined as a kernel density estimate for a finite number of agents

and is therefore inherently localized around the agent positions {xi}Ni=1. Naturally, rather

than seeking a point-wise solution of the governing heat equation over all of Rd, it is natural

and sufficient to characterize the evolution of ρ in a weak (distributional) sense, evaluated

against test functions near the agents. From this perspective, the density estimate may be

interpreted as the kernel regularization of an empirical measure consisting of a finite sum

of Dirac delta distributions located at the agent positions. The associated diffusion process

can therefore be viewed as evolving, in time, the configuration of these Dirac masses through

convolution with the heat kernel (see Appendix C), such that the resulting smooth density

best approximates a prescribed target density ρD(x). Again for ẋi = 0 ∀i, multiplying both

sides of (5.21) by a test function φ(x) and integrating over Rd yields the following weak

formulation:

ḣ
h

2

∫

Rd
∆ρ(x,X , h)φ(x)dx =

∫

Rd
∆ρ(x,X , h)φ(x)dx −

∫

Rd
∆ρD(x)φ(x)dx. (5.23)

This weak formulation unlocks several important advantages. It relaxes the regularity re-

quirements on ρD, allowing the dynamics to be defined even when point-wise Laplacians

fail to exist. Solutions of the weak formulation inherit additional regularity through the

smoothing properties of the semigroup and recover classical solutions whenever sufficient

regularity exists. Finally, the weak form is inherently suited for localized and decentralized

computation, since the evolution is tested only locally rather than enforced globally over Rd.

Although test functions are typically chosen from C∞c (Rd) in classical weak formula-

tions (e.g., finite element methods), the requirement of compact support is not essential in

the present setting. Since the density ρ(x,X , h) is defined as a sum of rapidly decaying

Gaussian-based kernels and the target density ρD ∈ L1(Rd), all pairings appearing in the
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weak formulation are well-defined for a broader class of smooth test functions with suitable

decay at infinity. In particular, test functions drawn from Schwartz space, i.e., φ ∈ S(Rd) can

be employed without ambiguity, with differential operators acting on ρD in the distributional

sense. In this setting, decay of the test functions replaces compact support in ensuring the

validity of the integration-by-parts identities (see proof of Lemma 9). This flexibility allows

the weak formulation to better reflect the global structure of the diffusion process while

remaining fully consistent with classical distributional theory. Testing the weak formulation

against the current density ρ(x,X , h) yields the following relation,

ḣ
h

2

∫

Rd
∆ρ(x,X , h)ρ(x,X , h)dx =

∫

Rd
∆ρ(x,X , h)ρ(x,X , h)dx −

∫

Rd
ρD(x)∆ρ(x,X , h)dx

=

∫

Rd
∆ρ(x,X , h)

(
ρ(x,X , h)− ρD(x)

)
dx

=
2

h

∫

Rd

∂

∂h
ρ(x,X , h)

(
ρ(x,X , h)− ρD(x)

)
dx

=
1

h

∂

∂h

(∫

Rd

(
ρ(x,X , h)− ρD(x)

)2
dx

)
.

The following observation provides additional insight into the left-hand side term by revealing

its intrinsic non-positivity and therefore characterizes a monotone decay of density roughness

under bandwidth diffusion.

Observation 2 Note the following relations,

∫

Rd
∆ρ(x,X , h)ρ(x,X , h)dx = −

∫

Rd
(∇ρ(x,X , h))T∇ρ(x,X , h)dx

= −
∫

Rd
‖∇ρ(x,X , h))‖2 dx ≤ 0

therefore, using the Observation 1 yields,

h

2

∫

Rd
∆ρ(x,X , h)ρ(x,X , h)dx =

∫

Rd

∂

∂h
ρ(x,X , h)ρ(x,X , h)dx

=
1

2

∂

∂h

(∫

Rd

(
ρ(x,X , h)

)2
dx

)
≤ 0.
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Using Observation 2 one gets the following relation for the h state propagation equation for

the case of ẋi = 0 ∀i,

ḣ =
2

h

∂

∂h

{∫

Rd

(
ρ(x,X , h)− ρD(x)

)2
dx

}

∂

∂h

{∫

Rd

(
ρ(x,X , h)

)2
dx

} (5.24)

Note that it is trivial to recover Remark 13 by setting ρD(x) = 0, ∀x ∈ Rd in (5.24). Also,

the adaptive bandwidth dynamics given by (5.24) drive the system toward stationary points

of the density mismatch with respect to bandwidth.

Remark 14 The denominator in (5.24) is non-positive by Observation 2. Moreover, for

Gaussian-based kernel densities,

∂

∂h

{∫

Rd

(
ρ(x,X , h)

)2
dx

}
→ 0

only asymptotically as h → ∞, corresponding to the fully diffused limit where the density

becomes spatially flattened. Therefore, the singularity of (5.24) is associated with the asymp-

totic diffusion regime rather than finite-h behavior.

The relation given by (5.24) is defined for global h value for the entire swarm under

the stationary agent locations assumptions. When the agent locations evolve according

to the control law (5.19), the swarm density becomes explicitly time-dependent through

the trajectories xi(t). Therefore, the evolution equation must additionally account for the

transport induced by the motion of the agents as follows:

ḣ
∂

∂h
ρ(x,X , h) +

N∑

j=1

∇T
xj
ρ(x,X , h) ẋj = ∆ρ(x,X , h)−∆ρD(x). (5.25)
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Taking the weak formulation with test function ρ(x,X , h) yields,

ḣ

∫

Rd

∂

∂h
ρ(x,X , h)ρ(x,X , h)dx +

N∑

j=1

∫

Rd
ρ(x,X , h)∇T

xj
ρ(x,X , h)dx ẋj

=

∫

Rd
ρ(x,X , h)

(
∆ρ(x,X , h)−∆ρD(x)

)
dx,

which can be written as,

ḣ
∂

∂h

{∫

Rd

(
ρ(x,X , h)

)2
dx

}
+

N∑

j=1

∇T
xj

{∫

Rd

(
ρ(x,X , h)

)2
dx

}
ẋj

=
2

h

∂

∂h

{∫

Rd

(
ρ(x,X , h)− ρD(x)

)2
dx

}

that gives the following extension to (5.24),

ḣ =
2

h

∂

∂h

{∫

Rd

(
ρ(x,X , h)− ρD(x)

)2
dx

}

∂

∂h

{∫

Rd

(
ρ(x,X , h)

)2
dx

} −

N∑

i=1

∇T
xi

{∫

Rd

(
ρ(x,X , h)

)2
dx

}
ẋi

∂

∂h

{∫

Rd

(
ρ(x,X , h)

)2
dx

} (5.26)

Although the propagation law in the Equation (5.26) is written in a compact global form, a

decentralized implementation requires a more careful examination of the information struc-

ture induced by each term. In particular, the evolution of the smoothing parameter depends

on quantities involving pairwise interactions across the entire swarm. Even though several

components of the dynamics can be locally measured by individual agents, the resulting

exact propagation law requires access to globally aggregated information. To expose this

structure explicitly, the denominator and numerator terms are decomposed into averages of

locally measurable quantities. This decomposition reveals the precise information that must

either be communicated or estimated through distributed coordination mechanisms. More

specifically, each agent can evaluate contributions generated by its own local neighborhood

interactions, while the complete propagation law requires the network-wide averages of these
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local measurements. Taking a closer look at the denominator term in the Equation (5.26),

∂

∂h

{
1

2

∫

Rd

(
ρ(x,X , h)

)2
dx

}
=

1

2

∂

∂h

(
1

N2

N∑

i=1

N∑

j=1

(
Kh ∗Kh

)(
xi − xj

)
)

=
1

N

N∑

i=1

∂

∂h

(
1

2N

N∑

j=1

(
Kh ∗Kh

)(
xi − xj

)
)

=
1

N

N∑

i=1

λi(X , h) = Λ(X , h).

The term λi(X , h) is locally measured by agent i. However the denominator term requires the

mean of all these local measurements. Hence, the propagation equation for state h requires

global information. Similarly,

∂

∂h

{
1

2

∫

Rd

(
ρ(x,X , h)− ρD(x)

)2
dx

}
=

1

2

∂

∂h

{(
1

N2

N∑

i=1

N∑

j=1

(
Kh ∗Kh

)(
xi − xj

)
)

− 2

(
1

N

N∑

i=1

(
Kh ∗ ρD

)(
xi
)
)

+

∫

Rd
ρD(x)2 dx

}

=
1

N

N∑

i=1

(
λi(X , h) − ∂

∂h

(
Kh ∗ ρD

)(
xi
))

.

Combining the diffusion mismatch contribution with the transport correction term yields the

following aggregated numerator quantity,

Ξ(X , h) =
2

h

∂

∂h

{
1

2

∫

Rd

(
ρ(x,X , h)− ρD(x)

)2
dx

}
−

N∑

i=1

∇T
xi

{
1

2

∫

Rd

(
ρ(x,X , h)

)2
dx

}
ẋi

=
1

N

N∑

i=1

2

h

(
λi(X , h) − ∂

∂h

(
Kh ∗ ρD

)(
xi
))
− 1

N

N∑

i=1

(
1

N

N∑

j 6=i

∇T
xi

(
Kh ∗Kh

)(
xi − xj

)
)

ẋi

=
1

N

N∑

i=1

(
2

h

(
λi(X , h) − ∂

∂h

(
Kh ∗ ρD

)(
xi
))
− µT

i (X , h) ẋi

)

=
1

N

N∑

i=1

ξi(X , h),
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which reduces the equation (5.26) into the following form:

ḣ =
Ξ(X , h)

Λ(X , h)
=

1

N

N∑

j=1

ξj(X , h)

1

N

N∑

j=1

λj(X , h)

. (5.27)

The propagation law (5.27) describes the evolution of a single globally shared smoothing

parameter. However, as demonstrated by the heat system (5.5), each agent maintains its

own local smoothing state hi, resulting in a distributed collection of density representations

parameterized by H = [h1, . . . , hN ]T. Therefore, the transport-induced heat equation given

by (5.25) must be generalized from a single diffusion process to a coupled system of interacting

heat equations whose synchronization is enforced through additional consensus coupling

terms as follows,

ḣi
∂

∂hi
ρ(x,X , hi) +

N∑

j=1

∇T
xj
ρ(x,X , hi) ẋj = ∆ρ(x,X , hi)−∆ρD(x) + Ci(x,X ,H),

for all i ∈ {1, . . . , N}, where,

Ci(x,X ,H) = −β
∑

j 6=i

aij
(
ρ(x,X , hi)− ρ(x,X , hj)

)
.

Note that consensus term is defined over densities ρ, as oppose to density errors ϑ defined

in [5.16]. However, ϑi − ϑj = ρi − ρj in the case of constant and universal desired density

ρD. The corresponding weak formulation generated by the consensus coupling becomes,

∫

Rd
Ci(x,X ,H)ρ(x,X , hi)dx = −β

∑

i 6=j

aij

∫

Rd

(
ρ(x,X , hi)− ρ(x,X , hj)

)
ρ(x,X , hi)dx.
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Finally, using this consensus term in (5.27) yields the following individual hi dynamics,

ḣi =

1

N

N∑

j=1

ξj(X , hi)

1

N

N∑

j=1

λj(X , hi)
+

∫

Rd
Ci(x,X ,H)ρ(x,X , hi)dx

1

N

N∑

j=1

λj(X , hi)
(5.28)

5.4.2 Decentralized Implementation

Although the coupled propagation law given by (5.28) provides a continuum-consistent syn-

chronization mechanism between local density representations, its direct implementation

introduces severe computational and structural challenges in a decentralized setting.

First, the weak formulation generated by the continuous density consensus coupling,

∫

Rd
Ci(x,X ,H)ρ(x,X , hi)dx = −β

∑

j 6=i

aij

∫

Rd

(
ρ(x,X , hi)− ρ(x,X , hj)

)
ρ(x,X , hi)dx,

introduces prohibitive computational complexity compared to the original heat propagation

dynamics. Because each local density field is already expressed as a kernel expansion over

the finite swarm configuration X , evaluating pairwise synchronization integrals over these

full density fields requires calculating complicated interactions between all particles simulta-

neously. This yields an effective triple interaction structure whose computational cost scales

betweenO(N2) andO(N3) per agent, depending on evaluation reuse. However, since all local

density representations are evaluated using the exact same underlying spatial configuration

X , the dominant source of disagreement between neighboring agents stems primarily from

discrepancies between their individual smoothing parameters hi. Therefore, rather than syn-

chronizing the full high-dimensional density fields directly, one can introduce a structurally

reduced synchronization mechanism directly on the bandwidth states. The localized band-

width coupling scales linearly with neighborhood size and simplifies individual propagation
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dynamics to:

ḣi =
Ξi

Λi

− kh
N∑

j 6=i

aij(hi − hj), (5.29)

where aij = Khi(xi−xj), and kh > 0 is a consensus gain enforcing alignment of local spatial

scales.

Second, evaluating the exact propagation law derived from the weak formulation (5.28)

requires the following agent-dependent quantities,

Ξi =
1

N

N∑

j=1

ξj(X , hi),

Λi =
1

N

N∑

j=1

λj(X , hi).

Unlike conventional distributed averaging problems, the local contributions appearing in

these averages are evaluated using the receiving agent’s bandwidth state hi rather than

the contributing agent’s local bandwidth state hj. Therefore, the quantities Ξi and Λi do

not correspond to standard network averages of locally measurable signals and cannot be

recovered directly through conventional dynamic average consensus mechanisms. To obtain

a scalable decentralized implementation, we instead introduce the approximations

Ξi ≈ Ξ(X ,H) =
1

N

N∑

j=1

ξj(X , hj),

Λi ≈ Λ(X ,H) =
1

N

N∑

j=1

λj(X , hj),

which replace the agent-dependent evaluations with averages of quantities that are locally

computable by each contributing agent. This approximation becomes exact on the bandwidth-

consensus subspace h1 = · · · = hN , and its accuracy improves as the bandwidth synchroniza-

tion term in (5.29) drives neighboring bandwidth states toward agreement. It is important to
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note that, the bandwidth consensus dynamics serve a dual purpose: they not only synchro-

nize neighboring smoothing scales but also reduce the approximation error introduced by

replacing the agent-dependent quantities Ξi and Λi with globally averaged quantities com-

patible with dynamic average consensus estimation. Because these quantities rely on globally

aggregated information, they are not directly accessible to agents operating under localized

communication topologies. Furthermore, because Λ(X ,H) acts as a time-varying denomina-

tor, recovering it via distributed consensus estimators introduces structural vulnerabilities:

transient estimator tracking errors or initialization lag can drive the local denominator esti-

mate near zero, triggering numerical instabilities in ḣi.

To bypass these estimation and singularity challenges, the following two distinct struc-

tural remedies to approximate the continuous dynamics are investigated.

Remedy 1: Directional Gradient Simplification (Λi → −1)

By Remark 14, the global denominator Λ(X ,H) is strictly negative-definite away from the

fully diffused limit (h → ∞). Thus, one alternative is to completely eliminate the tracking

of the denominator scalar and substitute a constant value of −1. Under this simplification,

the bandwidth dynamics in (5.29) reduce to:

ḣi = −Ξ̂i − kh
N∑

j 6=i

aij(hi − hj).

This drastically minimizes communication overhead and network state complexity. Because

agents no longer need to track Λ(X ,H), the required distributed dynamic consensus esti-

mators and their associated internal states are cut exactly in half. However, the explicit

connection to the physical time-scale of continuous spatial diffusion is broken; the system no

longer recovers the fundamental solution h(t) =
√

4t+ h2
0 when ρD = 0. Additionally, an

explicit tuning gain must be introduced to account for different swarm dimensions.
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Remedy 2: Coincident Agent Approximation of the Non-Positivity Scaling

An alternate approach leverages a high-density local approximation to isolate the spatial

dependency of Λ(X ,H). For the purpose of evaluating the denominator alone, one can

evaluate the interaction under the assumption that local variations dominate, approximating

the local swarm configuration as locally coincident (xi ≈ xj, ∀j). Using the Gaussian self-

convolution given by Remark 12, and evaluating this at zero spatial separation yields the

peak amplitude in a d-dimensional space:

Khi
√

2(0) =
1

(
hi
√

2
√
π
)d =

1
(
2π
)d/2

hdi
.

Substituting this localized kernel interaction directly into the definition of Λi yields an an-

alytical, hi state-dependent scalar expression for the local denominator that requires zero

inter-agent communication:

Λ(hi) ≈
1

2

∂

∂hi

[
1

(
2π
)d/2

hdi

]
= − d

2
(
2π
)d/2

hd+1
i

. (5.30)

This retains the structural dependency on the spatial dimension d and the current band-

width hi, preserving the natural damping behavior of the continuous diffusion model. More

importantly, the mathematical singularity is isolated strictly to hi = 0. However, treating

the denominator as a purely local function yields a mismatch with the true continuous weak

formulation when the swarm undergoes extreme spatial dispersion.

Evaluating these options, remedy 2 offers the most balanced compromise, maintaining

continuum structural consistency while localizing the singularity structure to the physically

meaningful limit hi → 0. Under this framework, agents only need to estimate the global

numerator term Ξ(X ,H). To asymptotically recover this network-wide average using only

neighbor-to-neighbor communications, a distributed proportional dynamic average consensus

estimator [80] can be employed. Each agent maintains an internal estimator state [Ξ̂i wi]
T ∈
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R2 governed by:

ẇi = −γwi −
N∑

j 6=i

aij(t)
(
Ξ̂i − Ξ̂j

)
,

Ξ̂i = wi + ξi(X , hi),
(5.31)

where γ ≥ 0 introduces proportional damping to attenuate accumulation tracking errors

stemming from time-varying local agent measurements ξi(X , hi). Assuming the interaction

graph remains connected and the local measurements vary sufficiently slowly relative to the

estimator dynamics, Ξ̂i tracks the network average 1
N

∑N
j=1 ξj(X , hj) with arbitrarily small

error under sufficiently fast estimator dynamics. Combining the motion control laws, the

localized bandwidth consensus, the analytical denominator reduction (5.30), and the dynamic

numerator estimator (5.31), the closed-loop, decentralized swarm dynamics become:

ẋi = −∇xiΦ(X , hi)
ρ(xi,X , hi)

,

ḣi = −Cdhd+1
i Ξ̂i − kh

N∑

j 6=i

Khi(xi − xj)(hi − hj),

ẇi = −γwi −
N∑

j 6=i

Khi(xi − xj)(Ξ̂i − Ξ̂j),

Ξ̂i = wi + ξi(X , hi),

(5.32)

where Cd =
2(2π)d/2

d
. It should be emphasized that the resulting decentralized bandwidth

dynamics given in (5.32) no longer coincide exactly with the centralized propagation law

(5.28). During transient operation, estimator errors introduce perturbations into the band-

width evolution, and the resulting closed-loop system should therefore be interpreted as an

approximation of the ideal heat-flow dynamics. Furthermore, additional analysis is required

to establish positive invariance of the admissible set hi > 0 and to characterize the behavior

of (5.32) near such degeneracies. These questions are left for future investigation.
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5.5 Numerical Simulations

To illustrate the behavior of the decentralized implementation developed in Section 5.4.2,

numerical simulations are conducted using the closed-loop dynamics (5.32). The objectives of

these experiments are twofold. First, we investigate whether the decentralized approximation

successfully drives the swarm toward a prescribed target density. Second, we examine how

the adaptive bandwidth dynamics influence the quality of finite-agent density representations

and how the resulting bandwidth values depend on swarm size. The desired density is

Figure 5.1: Desired Density Profile

generated from a grayscale image given by Figure 5.1 and represented through the kernel-

density framework introduced previously. In all simulations, agent positions are initialized

randomly over the domain and bandwidth states are initialized uniformly. The decentralized

controller is then evolved until the swarm approaches its steady-state configuration.

Control Response with Different Population Sizes

Figure 5.2 illustrates the evolution of the swarm density for three different population sizes.

In all cases, the decentralized controller successfully drives the swarm toward the desired

density despite relying solely on localized communication and distributed bandwidth adap-
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Figure 5.2: Evolution of the decentralized adaptive-bandwidth density controller for N = 16,
64, and 256 agents over a 100 × 100 domain. Each row corresponds to a different swarm
size and each column corresponds to a snapshot in time. Colored regions denote the swarm
density ρ(x,X , h̄) and black markers indicate agent locations.
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Figure 5.3: Mean bandwidth evolution for the decentralized adaptive density controller with
N = 16, 64, and 256 agents. Solid curves show the mean bandwidth h̄(t), while shaded
envelopes indicate the range mini hi(t) ≤ hi(t) ≤ maxi hi(t).

tation. As the number of agents increases, the resulting density representation captures

progressively finer geometric features of the target distribution. This behavior is expected

since larger swarms provide a denser sampling of the desired density and therefore require

less artificial smoothing to construct an accurate kernel-density estimate.

A notable feature of the proposed controller is that the bandwidth states are not pre-

scribed a priori but instead evolve according to the decentralized adaptation law. Therefore,

the amount of smoothing required by the density representation emerges directly from the

closed-loop dynamics.

The corresponding bandwidth trajectories are shown in Figure 5.3. For all swarm sizes,

the adaptive law initially increases the bandwidth, thereby enlarging the kernel support and

smoothing large-scale discrepancies between the current and desired densities. As the swarm

reorganizes and approaches the target distribution, the bandwidth gradually decreases, al-

lowing increasingly finer spatial features to be represented. More importantly, the steady-
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state bandwidth exhibits a clear dependence on swarm size. Larger populations converge to

smaller equilibrium bandwidth values, whereas smaller populations require larger amounts

of smoothing to compensate for the limited spatial sampling provided by the finite number

of agents. This behavior is consistent with the asymptotic relationship established in (3.13)

and may be summarized qualitatively as

N ↑ =⇒ h? ↓ .

The simulations therefore suggest that the proposed adaptation law automatically learns the

amount of smoothing required by the finite-agent representation. Rather than selecting a

fixed bandwidth manually, the controller continuously adjusts the kernel scale to balance den-

sity accuracy and spatial resolution throughout the evolution. As the swarm size increases,

the adaptive mechanism naturally reduces the required smoothing, enabling higher-fidelity

approximations of the desired density while preserving the decentralized structure of the

algorithm.

Comparison with Fixed-Bandwidth Density Representations

While Figures 5.2 and 5.3 demonstrate that the proposed adaptation law automatically

selects bandwidth values according to the available swarm population, they do not directly

quantify the benefit of adapting the bandwidth during execution. To assess the contribution

of the bandwidth dynamics, additional simulations are performed using a fixed population

size of N = 32 agents. Four controllers are considered. Three simulations employ constant

bandwidth values h ∈ {6.0, 7.5, 9.0} throughout the entire evolution, while the fourth uses

the adaptive bandwidth dynamics proposed in (5.32). All simulations are initialized from

identical random agent configurations and are tasked with reproducing the same desired

density shown in Figure 5.1.

Figure 5.4 compares the resulting steady-state density representations. Although all

controllers drive the swarm toward the desired distribution, the quality of the final approxi-
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Figure 5.4: Comparison of steady-state density representations obtained using fixed and
adaptive bandwidths for a swarm of N = 32 agents. The fixed-bandwidth controllers employ
constant kernel scales h = 6, h = 7.5, and h = 9, while the adaptive controller evolves the
bandwidth according to (5.32) and converges to h̄ ≈ 6.23.

mation varies significantly with the selected bandwidth value. Smaller bandwidths preserve

fine geometric features but may suffer from insufficient smoothing during transient evolution,

whereas larger bandwidths provide stronger regularization at the expense of reduced spatial

resolution. Because the optimal amount of smoothing depends on the current state of the

swarm, no single constant bandwidth performs uniformly well throughout the entire trajec-

tory. The adaptive controller avoids this trade-off by continuously adjusting the kernel scale
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in response to the evolving density mismatch. Starting from a larger initial bandwidth, the

adaptation law first increases the effective smoothing level to facilitate large-scale density re-

organization and subsequently reduces the bandwidth as the swarm approaches the desired

distribution. In the present simulation, the mean bandwidth converges to approximately

h? ≈ 6.23, indicating that the controller automatically selects a smoothing level consistent

with the finite-agent representation required at equilibrium.

Figure 5.5 provides a quantitative comparison through the density-error functional Φ(X (t), h̄(t))

Figure 5.5: Performance comparison between fixed and adaptive bandwidth density con-
trollers for N = 32 agents. The upper panel shows the density-error functional Φ(X (t), h̄(t))
for three fixed bandwidth values and the proposed adaptive bandwidth strategy. The lower
panel shows the corresponding adaptive bandwidth evolution, where the solid curve denotes
the mean bandwidth h̄(t) and the shaded region indicates the range mini hi(t) ≤ hi(t) ≤
maxi hi(t).
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defined by (5.16). Among all tested configurations, the adaptive controller achieves the lowest

final density error despite starting from a larger initial bandwidth. Moreover, the accompa-

nying bandwidth trajectory reveals how the controller transitions between coarse and fine

density representations during the evolution. This indicates that a single fixed bandwidth

cannot simultaneously provide the smoothing required during early transient evolution and

the spatial resolution required near equilibrium. By continuously adjusting the kernel scale,

the adaptive controller is able to satisfy both objectives via improving both transient and

steady-state density reconstruction performance within a single closed-loop framework.

Collectively, the simulations demonstrate that the decentralized approximation intro-

duced in Section 5.4.2 preserves the essential behavior of the continuous density-feedback

formulation while remaining implementable using only local communication. Furthermore,

the adaptive bandwidth dynamics automatically compensate for finite-agent effects, allowing

the swarm to balance smoothing and spatial resolution without requiring manual bandwidth

selection.
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Chapter 6

CONCLUSION AND FUTURE WORK

6.1 Concluding Remarks

This dissertation investigated the problem of guiding and controlling large-scale robotic

swarms through density-based representations and decentralized feedback mechanisms. By

shifting the focus from individual agent trajectories to collective density evolution, the pro-

posed framework enables scalable, robust, and interpretable swarm coordination strategies

that are well suited for large populations operating under local information.

At the guidance level, a probabilistic density guidance framework was developed to encode

desired swarm behaviors in terms of spatial density distributions. A constrained Markov

chain synthesis approach was presented to generate admissible density evolution sequences

that respect motion, safety, and flow constraints, providing a principled mechanism for high-

level swarm coordination. This formulation enables systematic integration of environmental

structure and mission requirements directly into the guidance layer.

At the control level, decentralized density feedback laws inspired by the heat equation

were proposed to enable individual agents to track desired density distributions using only lo-

cal information. By leveraging nonparametric local density estimation, the resulting control

laws are fully decentralized and scalable. Rigorous analysis established stability and conver-

gence properties in the continuum limit, providing formal guarantees for large-population

behavior.

Safety considerations were addressed through a detailed analysis of collision avoidance

properties of density-based control laws. A modified feedback strategy was analyzed, and

sufficient conditions were derived under which inter-agent collisions are avoided. Explicit

lower bounds on the achievable minimum inter-agent distance were established for a class
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of kernel functions, offering theoretical insight into the interplay between density smoothing

and collision avoidance.

Finally, the dissertation examined adaptive local density estimation mechanisms for de-

centralized swarm control. Fundamental relationships between weak formulations of partial

differential equations, the heat operator, and Gaussian kernel based density estimators were

established. Dynamic average consensus based estimation schemes were developed to improve

density reconstruction and promote well-distributed swarm configurations in the absence of

global information.

Together, these contributions form a cohesive hierarchical framework that bridges high-

level probabilistic guidance, decentralized density feedback control, safety analysis, and adap-

tive estimation. The results demonstrate that density-based approaches provide a powerful

and flexible foundation for scalable swarm guidance and control with provable guarantees.

6.2 Further Directions

Several promising directions remain for extending the results of this dissertation. With

respect to decentralized density feedback control, one natural extension is the incorporation of

stochastic effects in agent dynamics and sensing. While the present work primarily considers

deterministic agent motion, real-world swarm systems are subject to process noise, sensor

errors, and actuation uncertainty. Incorporating stochasticity through Fokker-Planck type

formulations or stochastic density evolution models could provide more realistic performance

guarantees.

Another direction concerns asynchronous updates and communication delays among

agents. The proposed control and estimation schemes assume synchronized updates, whereas

practical systems often operate asynchronously. Extending the analysis to asynchronous or

event-triggered implementations would further enhance robustness and applicability. Ad-

ditionally, the framework could be generalized to accommodate broader classes of agent

dynamics beyond the models considered in this dissertation. Investigating density feedback

laws for systems with heterogeneous dynamics or higher-order motion models remains an
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open area of research. Finally, relaxing the assumption that desired density distributions are

directly available at agent locations, i.e., allowing specifications at arbitrary spatial locations

or through indirect measurements, would increase flexibility in practical deployments.

From the perspective of collision avoidance, several avenues warrant further investiga-

tion. While sufficient conditions were derived to guarantee collision avoidance under modi-

fied density-based feedback laws, extending these results to fully cover heat-equation driven

dynamics remains an open challenge. In particular, tighter analytical bounds on the mini-

mum achievable inter-agent distance, especially in higher-dimensional spaces, would provide

sharper safety guarantees. Moreover, the present analysis assumes fixed and homogeneous

smoothing parameters in the density estimation process. Studying collision avoidance prop-

erties under variable or spatially local smoothing parameters could yield less conservative

bounds and improved performance, particularly in non-uniform density scenarios.

With respect to adaptive density estimation, future work includes the development of

formal convergence proofs for the modified consensus and gradient-tracking mechanisms in-

troduced in this dissertation. While empirical and analytical evidence suggests improved

density reconstruction, a complete theoretical characterization would strengthen the founda-

tions of the proposed estimation framework. Further investigation is also needed into the role

of communication topology and connectivity graphs in defining local density estimates. Dif-

ferent graph structures may significantly affect estimation accuracy and convergence rates. In

addition, the impact of imperfect onboard convolution operations for estimating desired den-

sity distributions, particularly under limited sensing or computational constraints, remains

an important practical consideration. Finally, while the heat equation provides a natural

and analytically tractable mechanism for deriving adaptive smoothing parameters, it rep-

resents only one possible design choice. Alternative control laws that prioritize constraint

satisfaction, optimality with respect to different cost metrics, or task-specific objectives may

offer improved performance in certain applications and constitute an interesting direction

for future research.
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[53] U. Eren and B. Açıkmeşe. Velocity field generation for density control of swarms using
heat equation and smoothing kernels. IFAC World Congress, Toulouse, France, 2017.

[54] Lawrence C Evans. Partial differential equations, volume 19. American mathematical
society, 2022.

[55] M. Fiedler. Special Matrices and Their Applications in Numerical Mathematics. Dover,
2008.

[56] Greg Foderaro, Silvia Ferrari, and Thomas A Wettergren. Distributed optimal control
for multi-agent trajectory optimization. Automatica, 50(1):149–154, 2014.

[57] Terrence Fong, Illah Nourbakhsh, and Kerstin Dautenhahn. A survey of socially inter-
active robots. Robotics and autonomous systems, 42(3-4):143–166, 2003.

[58] David H Fremlin. Measure theory, volume 4. Torres Fremlin, 2000.

[59] Luca Galbusera, Marco Pietro Enrico Marciandi, Paolo Bolzern, and Giancarlo Ferrari-
Trecate. Control schemes based on the wave equation for consensus in multi-agent
systems with double-integrator dynamics. In Decision and Control, 2007 46th IEEE
Conference on, pages 1498–1503. IEEE, 2007.
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[97] Aleš Nekvinda and Luděk Zaj́ıček. A simple proof of the rademacher theorem. Časopis
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Appendix A

PROBABILISTIC GUIDANCE ALGORITHM (PGA)

Assuming that each agent can determine its current state and has an algorithm to sample

a random number from a uniform distribution, the PGA [10] can be implemented by using

Mn as follows:

Algorithm 1: Probabilistic Guidance Algorithm (PGA)

Given r1(0), . . . , rN(0), set k = 0;

Each agent performs the following;

while true do

Agent determines its current subregion, e.g., rn(k) ∈ Ri;

Agent generates a random number z that is uniformly distributed in [0, 1];

if z ≤Mn[1, i] then

j = 1;

else

find q ∈ {2, . . . ,m} such that,
∑q−1

l=1 Mn[l, i] ≤ z ≤∑q
l=1Mn[l, i];

j = q;

end
Agent transitions from subregion Ri to Rj, i.e., rn(k + 1) ∈ Rj;

k ← k + 1
end

With the definition of PGA we can state the following lemma that provides two interpreta-

tions for the swarm mass distribution θ(k): (i) θ(k) is the vector of expected ratios of the

number of agents in each subregion, (ii) the ensemble of agent states,
{
rn(k)

}N
n=1

, has a

distribution that approaches θ(k) with probability one as N →∞.

Lemma 11 Consider N agents where θ1(0)= . . .=θN(0)=θ0 ∈ Pm with θn, n={1, . . . , N}
defined as in (2.6). Further, suppose that each agent uses the PGA algorithm with the same
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Markov matrix M(k), that is, M1(k)= . . .=MN(k)=M(k). Then, θ1(k)= . . .=θN(k)=θ(k)

for k = 0, 1, . . . , where

θ(k + 1) = M(k)θ(k), with θ(0) = θ0, and (A.1)

θ[i](k) = prob(r(k) ∈ Ri) = E
[

n[i](k)

N

]
, i=1, . . . ,m, (A.2)

prob(r(k) ∈ Ri) is the probability of finding an agent in the ith subregion, and n(k) is the

vector of the number of agent states in each subregion at time index k. Furthermore,

prob

(
lim
N→∞

n(k)

N
= θ(k)

)
= 1, k = 0, 1, . . . . (A.3)

Proof: It is straight forward to show that (2.11) implies (A.1) by using the the Total

Probability theorem [34] and noting that prob(r(k + 1) ∈ Ri) =
∑m

j=1 prob(r(k + 1) ∈
Ri|prob(r(k) ∈ Rj))prob(r(k) ∈ Rj). Since the PGA algorithm uses the same Markov matrix

for each agent at each time, M1(k) = . . .=MN(k) =M(k) with θ1(0) = . . .= θN(0) = θ(0),

the probability distribution of all agents evolves according to (A.1). Clearly prob(r(k) ∈
Ri) is the probability of finding any of the agents in ith subregion. Since E

[
n[i](k)

]
=

∑N
n=1 θn[i](k) = Nθ[i](k), we have θ(k) = E

[
n(k)/N

]
.

Next, we prove (A.3) by using standard arguments as in Theorem 5.4.2 of [34]. Consider

θ[i](k) which is the probability of finding any agent in Ri at time index k. Consider a

new Random Variable (RV), Zn[i](k), such that Zn[i](k) = 1 if the agent n is in Ri at time

index k, and zero otherwise. Clearly, E
[
Zn[i](k)

]
= θn[i](k) = θ[i](k) and Zn[i](k), n =

1, ..., N, form Independently Identically Distributed (iid) RVs. Then it follows that n[i](k) =

Z1[i](k) + . . . + ZN [i](k). Since Zn[i](k), n = 1, ..., N are iid RVs and E
[
|Zn[i](k)|

]
<

∞, we can use the strong law of large numbers theorem, Theorem 5.4.2 [34], to conclude,

prob

(
limN→∞

n[i](k)

N
= θ[i](k)

)
= 1, which implies (A.3).

It follows from the independent and identically distributed agent realizations that θ(k) =
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E
[
n(k)

]
/N , hence, the actual distribution of agent states n(k)/N will generally be different

from θ(k). However, n(k)/N can be made arbitrarily close to θ(k) with large number of

agents [10].
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Appendix B

HEAT EQUATION BASED CONTROL

B.1 Exponential Convergence

Before giving the proof of Theorem 12 which is provided in [135, 134] with different versions,

the following lemmas will be used in the main result.

Lemma 12 (Divergence Theorem) For a smooth vector field F over a bounded open set

R ⊆ Rd with boundary ∂R, the the integral of the divergence ∇ · F over R is equal to the

surface integral of F over ∂R:

∫

R
∇ · F dx =

∫

∂R
F · n dS (B.1)

where n is the outward normal vector to the boundary ∂R, and dS is the measure on the

boundary. For a scalar field u and a vector field F,

∫

R
u
(
∇ · F

)
dx =

∫

∂R
u
(
F · n

)
dS −

∫

R
∇u · F dx. (B.2)

Lemma 13 (Poincaré Inequality) [85] For p ∈ [1,∞) and R a bounded connected open

subset of Rd with a Lipschitz boundary, there exists a constant C depending only on R and

p such that for every function f ∈ W 1,p(R),

‖f − fR‖Lp(R) ≤ C‖∇f‖Lp(R) (B.3)

where fR = 1
|R|

∫
R f dx, and |R| is the Lebesgue measure of R.

Now assuming that Wiener process is a full state vector, i.e., W(t) ∈ Rd and diffusion
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function is a scalar field i.e., σ(t,x) ∈ R the exponential convergence and stability result can

be presented as follows.

Theorem 12 [135, 134] Consider the following velocity field for the swarm S(t),

ẋ(t) = −α(t,x)∇Φ(t,x)−∇
(
σ2(t,x) fR(t,x)/2

)

fR(t,x)
. (B.4)

where α(t,x) > 0 is the diffusion parameter that satisfies,

sup
(t,x)

α(t,x) <∞ and inf
(t,x)

α(t,x) > 0.

If the solution satisfies fR(t,x) > 0 for all t > 0, then ‖Φ(t,x)‖L2(R) → 0 exponentially.

Proof: First observe that for scalar field diffusion function σ(t,x) ∈ R the Fokker-Planck

equation (3.4) simplifies to:

ḟR(t,x) = −∇ ·
(
v(t,x)fR(t,x)

)
+

1

2
∇ · ∇

(
σ2(t,x)fR(t,x)

)
. (B.5)

now substituting the control law defined by (B.4) into (B.5):

ḟR(t,x) = ∇ ·
(
v(t,x)fR(t,x)

)
+

1

2
∇ · ∇

(
σ2(t,x)fR(t,x)

)
(B.6)

= ∇ ·
(
α(t,x)∇Φ(t,x)− 1

2
∇
(
σ2(t,x) fR(t,x)

))
+

1

2
∇ · ∇

(
σ2(t,x)fR(t,x)

)
(B.7)

= ∇ ·
(
α(t,x)∇Φ(t,x)

)
(B.8)

again considering time-invariant desired density, the equation (B.5) becomes a non-linear

heat equation:

Φ̇(t,x) = ∇ ·
(
α(t,x)∇Φ(t,x)

)
(B.9)

with a Neumann boundary condition of ∇Φ(t,x) = 0, ∀x ∈ ∂R.
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Now consider a Lyapunov function:

V (t) =
1

2
‖Φ(t,x)‖2

L2(R) =
1

2

∫

R
Φ2(t,x) dx, (B.10)

and define αmin(t) = infx∈R α(t,x) > 0, ∀t ∈ [0,∞), then we have,

V̇ (t) =

∫

R
Φ(t,x)Φ̇(t,x) dx =

∫

R
Φ(t,x)∇ ·

(
α(t,x)∇Φ(t,x)

)
dx

=

∫

∂R
Φ(t,x)

(
α(t,x)∇Φ(t,x) · n

)
dS−

∫

R
∇Φ(t,x) · α(t,x)∇Φ(t,x) dx (divergence)

= −
∫

R
∇Φ(t,x) · α(t,x)∇Φ(t,x) dx (Neumann BC)

≤ −αmin(t)

∫

R
‖∇Φ(t,x)‖2

2 dx

≤ −αmin(t)

C2

∫

R
|Φ(t,x)|2 dx (Poincaré Inequality)

Note that last inequality uses the fact that ΦR(t) =
∫
RΦ(t,x)dx = 0, and implies exponential

convergence.

B.2 Finite-Agent Analysis

Under the dynamics (5.19), the density error cost function Φ(X , h) is dissipated in time, i.e.,

Φ̇(X , h) =
N∑

i=1

∇T

xi
Φ(X , h) ẋi = −α

N∑

i=1

‖∇xiΦ(X , h)‖2

ρ
(
xi
) ≤ 0, (B.11)

which implies that the value Φ(X , h) is non-increasing, hence all the sublevel sets {X̂ ∈
RNd | Φ(X̂ , h) ≤ C} are invariant. Consequently, trajectories initialized in a bounded sub-

level set remain bounded for all future time.

Lemma 14 If f(t) is continuous on a ≤ t <∞ and
∫∞
a
f(t)dt converges, then limt→∞ f(t) =

0 if, and only if, f(t) is uniformly continuous on a ≤ t <∞.

One can show the stability & convergence of the system (5.19) as follows.
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Theorem 13 (Stability & Convergence) Given any initial condition x1(0), . . . ,xN(0) ∈
Rd, the solution of the system (5.19) satisfies:

lim
t→∞

∇xiΦ(X , h) = 0 ∀i, (B.12)

for kernel functions where K(x) and ∇K(x) are both differentiable and Lipschitz continuous.

Proof: Note that 0 < ε ≤ ρ(xi) ≤ ρ̄ < ∞ ∀i ∈ {1, . . . , N} by kernel density estimation

(5.12) and 0 < α. For differentiable and Lipschitz continuous K(x) and ∇K(x), it follows

that the function:

F (X , h) = α
N∑

i=1

‖∇xiΦ(X , h)‖2

ρ
(
xi
)

is differentiable and has bounded gradient i.e. ‖∇XF (X , h)‖ ≤ C, hence it is also Lipschitz

continuous in X argument. Since Lipschitz continuity implies uniform continuity, we will

investigate the convergence of the following integral and use Lemma 14:

η =

∫ ∞

0

F (X , h) dt =

∫ ∞

0

α
N∑

i=1

‖∇xiΦ(X , h)‖2

ρ
(
xi
) dt.

using (B.11) one has,

∫ t

0

α
N∑

i=1

‖∇xiΦ(X , h)‖2

ρ
(
xi
) dτ =

∫ t

0

−Φ̇(X (τ), h) dτ = Φ(X (0), h)− Φ(X (t), h)

≤ sup
t

(
Φ0 − Φ(X (t), h)

)

= Φ0 − inf
t

(
Φ(X (t), h)

)

= Φ0 − inf
X̂∈Ω

(
Φ(X̂ , h)

)

≤ Φ0 <∞,
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where Ω =
{
X ∈ RNd | Φ(X , h) ≤ Φ0

}
. Therefore it follows from Lemma 14 that,

η <∞ ⇒ lim
t→∞

α

N∑

i=1

‖∇xiΦ(X , h)‖2

ρ
(
xi
) = 0 ⇒ lim

t→∞
∇xiΦ(X , h) = 0, ∀i ∈ {1, . . . , N}.

Theorem 13 establishes Lyapunov stability of the sublevel sets of Φ(X , h) together with

convergence to the critical set characterized by ∇XΦ(X , h) = 0. However, asymptotic con-

vergence toward minimizing equilibria requires additional assumptions on the structure of the

critical points X ? = {X ∈ RNd | ∇XΦ(X , h) = 0}. To be more precise, critical points need to

be isolated local minima. Strict local minimum is a sufficient condition when Φ(X , h) is an-

alytic function, i.e., it is C∞ and at all points in its domain, function converges to its Taylor

Series approximation. If Φ(X , h) is an analytic function then one can invoke Lojasiewicz’s

inequality which is given as follows.

Lemma 15 (Lojasiewicz’s inequality) Let f be a real analytic function on a neighbour-

hood of z ∈ Rn. Then there are constants c > 0 and a ∈ [0, 1) such that

‖∇f(x)‖ ≥ c|f(x)− f(z)|a

in some neighborhood of z.

Now consider X̄ ∈ X ? and define V (X ) = Φ(X , h) − Φ(X̄ , h) ≥ 0 which is defined in the

neighborhood of X̄ and is an analytic function. Since 0 < ε ≤ ρ(xi) ≤ ρ̄ < ∞ ∀i, one has
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the following,

V̇ (X ) = −α
N∑

i=1

‖∇xiΦ(X , h)‖2

ρ
(
xi
) ≤ −α

N∑

i=1

‖∇xiΦ(X , h)‖2

ρ̄

= −α
ρ̄
‖∇XΦ(X , h)‖2

≤ −αc
2

ρ̄

∣∣Φ(X , h)− Φ(X̄ , h)
∣∣2a

= −C V (X )2a.

The last inequality follows from Lemma 15. Therefore the closed-loop system satisfies

V̇ (X ) ≤ −CV (X )2a, which implies local asymptotic convergence toward an equilibrium

point X̄ ∈ X ? with convergence rate determined by the Lojasiewicz’s exponent a. In partic-

ular, when a = 1/2, the equilibrium is locally exponentially stable.
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Appendix C

DENSITY AS KERNEL MOLLIFICATION OF EMPIRICAL
MEASURES

Observation 3 Given agent locations xi(t) ∈ Rd ∀i ∈ {1, . . . , N}, define an empirical

measure (generalized function) for the agent locations

ID(t,x) =
1

N

N∑

i=1

δ
(
x− xi(t)

)

then the density estimation (or physical density approximation) given with (3.10) can be

written in the convolution form as follows:

ρ(t,x) = ID(t,x) ∗Kh(x) =

∫

Rd
ID(t, τ)Kh(x− τ) dτ

=
1

N

∫

Rd

N∑

i=1

δ
(
τ − xi(t)

)
Kh(x− τ) dτ

=
1

N

N∑

i=1

∫

Rd
δ
(
τ − xi(t)

)
Kh(x− τ) dτ

=
1

N

N∑

i=1

Kh

(
x− xi(t)

)
,

(C.1)

where Kh(x) is defined with the assumption of equal smoothing parameters h > 0 for each

dimension as,

Kh(x) = h−dK
(x

h

)

Therefore, the density estimation is obtained as the convolution of an interaction kernel

with the empirical measure supported at the agent locations. Here, the empirical measure is
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interpreted in the sense of distributions. From this point on, the following notation is used,

ρ(x,X ) = ρ(x,x1, . . . ,xN) := ρ(t,x),

ID(x,X ) = ID(x,x1, . . . ,xN) := ID(t,x).

Empirical measure ID(x,X ) is not absolutely continuous with respect to a Riemannian

measure whereas the convolution form approximation ρ(x,X ) does satisfy this property

and has the notion of density given
∫
Rd Kh(x)dx = 1. Dirac Delta δ(x) is a generalized

function, that is, a continuous linear functional defined on the space of all real functions

with continuous derivative of all orders and compact support [62]. The convolution with

Dirac measure is well defined because δ is concentrated at a point (see p. 104 in [62]).

Lemma 16 (Theorem 6.37 (d)-(e) in [114]) Suppose u and v are generalized functions

with supports Su and Sv,

1. If δ is the Dirac measure, then Dαu = Dαδ ∗ u.

2. If at least one of the sets Su and Sv is compact, then Dα(u∗v) = (Dαu)∗v = u∗ (Dαv)

for every multi-index α which denotes an ordered n-tuple α = (α1, . . . , αn) of non-negative

integers αi with each multi-index is associated the differential operator

Dα =

(
∂

∂ξ1

)α1

. . .

(
∂

∂ξd

)αn

whose order is |α| = ∑αi. If |α| = 0 then, Dαu = u.

Using Lemma 16 and assuming that Kh(x) ∈ C1(R,R), we can state the following for

the density gradient estimations:

∇x

(
ρ(x,X )

)
= ∇x

(
ID(x,X ) ∗Kh(x)

)
= ID(x,X ) ∗ ∇Kh(x).

This construction provides a rigorous link between finite agent configurations and smooth

density fields used throughout the dissertation.
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Appendix D

PRELIMINARIES ON FUNCTIONAL ANALYSIS &
SEMIGROUPS

This appendix summarizes standard results from functional analysis, semigroup theory,

and stability theory used in the dissertation. Detailed proofs and classical background are

included here for completeness.

D.1 Functional Spaces and Operators

Definition 12 (Cauchy sequence) Let (X, d) be a metric space, i.e., non-empty set X

together with a metric d on the X. The sequence (xn)n∈N ⊆ X is a Cauchy sequence if for

all ε > 0 there exists an Nε ∈ N such that for all n,m ≥ Nε, d(xn, xm) < ε.

Definition 13 (Complete Metric Space) A metric space (X, d) is complete if every

Cauchy sequence in X has a limit in X, i.e., every Cauchy sequence is convergent in X

with respect to the metric d.

Definition 14 (Banach Space) A Banach space X is a normed vector space that is com-

plete with respect to the metric induced by its norm, i.e. d(x, y) = ‖x− y‖X .
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The following are some of the function spaces for 1 ≤ p < ∞ which are Banach under the

given norms [52, 69]:

Lp(Rd, X) =

{
f : Rd → X :

∫

Rd
‖f(x)‖pX dx <∞

}
, ‖f‖Lp(Rd,X) =

(∫

Rd
‖f(x)‖pX dx

)1/p

L∞(Rd, X) =
{
f : Rd → X : f is essentially bounded

}
, ‖f‖L∞(Rd,X) = ess sup

x∈Rd
‖f(x)‖X

Cb(Rd, X) =
{
f ∈ L∞(Rd, X) : f is bounded, continuous

}
, ‖f‖L∞(Rd,X) = sup

x∈Rd
‖f(x)‖X

C0(Rd, X) =

{
f ∈ Cb(Rd, X) : lim

‖x‖→∞
f(x) = 0

}
, ‖f‖L∞(Rd,X) = sup

x∈Rd
‖f(x)‖X

A closed subspace of a Banach space X is itself a Banach space under the norm of X.

Conversely, if a subspace of X is a Banach space under the norm of X, then it is a closed

subspace of X. Therefore, Cb(Rd, X) and C0(Rd, X) are closed subspaces of L∞(Rd, X) under

the ‖f‖L∞(Rd,X) [69]. Typically, for X = R second argument is omitted in the definition, e.g.,

Lp(Rd). Another Banach space of interest within this context is the Sobolev space which is

defined for 1 ≤ p ≤ ∞, α ∈ Nd
0, and k ∈ N0 as follows:

W k,p(Rd) =
{
f ∈ Lp(Rd) : Dαf ∈ Lp(Rd) for all |α| ≤ k

}
, ‖f‖Wk,p(Rd) :=

∑

|α|≤k

‖Dαf‖Lp(Rd)

If p = 2, it is customary to write Hk(Rd) := W k,2(Rd), which denotes Hilbert space with the

norm ‖ · ‖Wk,2 [54]. Note that H0(Rd) = L2(Rd).

The following are subspaces of L∞(Rd), but they are not closed subspaces, hence they

are not Banach spaces under ‖ · ‖L∞(Rd),

Cc(Rd) =
{
f ∈ Cb(Rd) : f has compact support

}
,

C∞b (Rd) =
{
f ∈ Cb(Rd) : f is infinitely differentiable, Dαf ∈ L∞(Rd) for all α ∈ Nd

0

}
,

S(Rd) =

{
f ∈ C∞b (Rd) : lim

‖x‖→∞
‖x‖kDαf(x) = 0, for all k ∈ N0 and α ∈ Nd

0

}
,
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The space S(Rd) is called the Schwartz space of rapidly decreasing functions.

Definition 15 (Bounded Linear Operator) Let (X, ‖ · ‖X) and (Y, ‖ · ‖Y ) be normed

spaces. The operator T : X → Y is a bounded linear operator if T is linear, and there exists

M > 0 such that

‖Tx‖Y ≤M‖x‖X for all x ∈ X.

The space of bounded linear operators is denoted as L(X, Y ) and it is equipped with the

operator norm that is defined by,

‖T‖L(X,Y ) := inf
{
M : ‖Tx‖Y ≤M‖x‖X for all x ∈ X

}
, T ∈ L(X, Y ).

Note that, L(X) is the space of bounded linear operators from a normed space (X, ‖ · ‖X) to

itself.

D.2 Semigroups

Following definitions and results can be found in [107, 51, 52]

Definition 16 (Semigroup) A semigroup on a complete metric space (X, d) is a family of

maps {S(t) : X → X, t ≥ 0} such that,

(i) S(0) is the identity on X;

(ii) S(t)
(
S(τ)x

)
= S(t+ τ)x for all x ∈ X and t, τ ≥ 0;

(iii) for each t ≥ 0, S(t) : X → X is continuous with respect to d.

Definition 17 (C0-semigroup) A semigroup of bounded linear operators is strongly con-

tinuous if for all x ∈ X, t→ S(t)x is continuous for t ≥ 0. Due to (ii), continuity on t = 0

is sufficient for strong continuity (Proposition 1.3 [52]), i.e.,

lim
t→0+

S(t)x = x for each x ∈ X with respect to d.
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A strongly continuous semigroup of bounded linear operators on X is called C0-semigroup.

Definition 18 (Infinitesimal Generator) The infinitesimal generator of a C0-semigroup

is an operator AS defined by,

ASx = lim
t→0+

1

t

(
S(t)x− x

)
for x ∈ D(AS)

where D(AS) is the domain of the generator consisting of all functions x ∈ X for which this

limit in X exists, i.e.,

D(AS) =

{
x ∈ X : lim

t→0+

1

t

(
S(t)x− x

)
exists

}
.

Note that each S(t) : X → X is linear if AS is linear.

Proposition 7 Let {S(t) : X → X, t ≥ 0} be a C0-semigroup on a Banach space X with

generator AS.

(a) S(t) is bounded, i.e., there exist constants ω ≥ 0 and M ≥ 1 such that ‖S(t)‖ ≤Meωt

for all t ≥ 0.

(b) The domain D(AS) is dense in X, i.e., D(AS) = X and AS is a closed operator.

(c) D(AS) is invariant under the semigroup, i.e., for all x ∈ D(AS) and t ≥ 0, S(t)x ∈
D(AS).

(d) The generator and the semigroup commute, i.e., for all x ∈ D(AS) and t ≥ 0,

ASS(t)x = S(t)ASx.

(e) For all x ∈ D(AS), t→ S(t)x is continuously differentiable for t ≥ 0, and

d

dt
S(t)x = ASS(t)x = S(t)ASx, t ≥ 0.
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Definition 19 (Core for a Generator) Let {S(t) : X → X, t ≥ 0} be a C0-semigroup

on a Banach space X with generator AS : D(AS) ⊂ X → X. A subspace D of D(AS) is

called a core for AS if D is invariant under the semigroup {S(t) : X → X, t ≥ 0}, and D is

dense in D(AS) with respect to the graph norm ‖x‖AS := ‖x‖X + ‖ASx‖X .

Theorem 14 (Uniqueness of C0-semigroup) The generator of a C0-semigroup is a

closed and densely defined linear operator that determines the semigroup uniquely.

Theorem 15 (Bounded Perturbation) Let {S(t) : X → X, t ≥ 0} be a C0-semigroup

on a Banach space X with generator AS. Let B be a bounded linear operator, i.e. B ∈ L(X),

then the operator,

ÃS := AS +B with the domain D(ÃS) := D(AS)

generates a C0-semigroup {S̃(t) : X → X, t ≥ 0} and there exist constants ω ≥ 0 and M ≥ 1

such that

‖S̃(t)‖ ≤Me(ω+M‖B‖)t for all t ≥ 0.

D.2.1 Abstract Cauchy Problem

Consider the abstract Cauchy problem (or initial value problem)

dΘ(t)

dt
= AΘ(t), t > 0

Θ(0) = Θ0,

(D.1)

where Θ0 ∈ D(A), and A is an operator from its domain D(A) in X to X. Assume X is a

Banach space, then the equation Θ̇ = AΘ is interpreted to mean that Θ(t) belongs to D(A)

and that,

lim
h→0

∥∥h−1[Θ(t+ h)−Θ(t)]− AΘ(t)
∥∥ = 0,
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where ‖ · ‖ denotes the norm in X [63]. The following result gives the conditions for well-

posedness and uniqueness of the solution for (D.1).

Theorem 16 (Well-posedness & Uniqueness Theorem I in [63]) The abstract

Cauchy problem given by (D.1) (with A is linear) is well-posed iff A is the generator

of a (C0) semigroup {S(t) : X → X, t ≥ 0}. In this case, there exists a unique so-

lution Θ : R+ → D(A) of (D.1) such that Θ ∈ C1(R+, X) and it is explicitly given by

Θ(t) = S(t)Θ0, for any Θ0 ∈ D(A).

D.2.2 Stability of Semigroups

Definitions and results given in section can be found in [71].

Definition 20 (Dynamical System, Definition 4.1.1) A dynamical system (nonlinear

semigroup) on a complete metric space (C, d) is a family of maps {S(t) : C → C, t ≥ 0}
such that,

(i) for each t ≥ 0, S(t) is continuous from C to C;

(ii) for each x ∈ C, t→ S(t)x is continuous;

(iii) S(0) is the identity on C;

(iv) S(t)
(
S(τ)x

)
= S(t+ τ)x for all x ∈ C and t, τ ≥ 0.

It is important to note that all the conditions in Definition 20 are identical to conditions in

Definition 16 with additional strong continuity condition given by Definition 20-(ii). There-

fore, in the case of semigroup of bounded linear operators, dynamical system given by Defi-

nition 20 reduces to C0-semigroup definition.

Definition 21 (Equilibrium Point, Definition 4.1.2) Let {S(t), t ≥ 0} be a dynamical

system on C and for any x ∈ C, let Υ(x) = {S(t)x, t ≥ 0} be the orbit through x. We say

x is an equilibrium point if Υ(x) = {x}. Υ(x) is a periodic orbit if there exists p > 0 such

that Υ(x) = {S(t)x, p ≥ t ≥ 0} 6= {x}.
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Definition 22 (Stability, Definition 4.1.2) An orbit Υ(x) (or sometimes, the point x)

is

• stable if S(t)y → S(t)x as y → x, y ∈ C, uniformly in t ≥ 0; i.e. if for any ε > 0 there

exists δ(ε) > 0 such that for all t ≥ 0, ‖S(t)y−S(t)x‖C < ε whenever ‖y−x‖C < δ(ε),

y ∈ C,

• unstable if it is not stable,

• uniformly asymptotically stable if it is stable and also there is a neighborhood N = {y ∈
C : ‖y − x‖C < r} such that ‖S(t)y − S(t)x‖C → 0 as t→∞, uniformly for y ∈ N ,

• exponentially asymptotically stable if there exists α, β > 0 such that ‖S(t)y−S(t)x‖C ≤
α‖y − x‖C e−β(t−t0), for all t ≥ t0 and all x, y ∈ C,

where ‖ · ‖C is the norm defined on C.

Definition 23 (Lyapunov function, Definition 4.1.3) Let {S(t), t ≥ 0} be a dynamical

system on C. A Lyapunov function is a continuous real-valued function V on C such that,

V̇ (x) = lim sup
t→0+

V
(
S(t)x

)
− V (x)

t
≤ 0

for all x ∈ C. Note that the possibility of V̇ (x) being −∞ is not excluded.

Theorem 17 (Lyapunov Stability, Theorem 4.1.4) Let {S(t), t ≥ 0} be a dynamical

system on C, and let 0 be an equilibrium point in C. Suppose V is a Lyapunov function on

C which satisfies V (0) = 0, V (x) ≥ c(‖x‖) for x ∈ C, where c(·) is a continuous strictly

increasing function, c(0) = 0, c(r) > 0 for r > 0. Then 0 is stable.

Suppose in addition that V̇ (x) ≤ −c1(‖x‖), where c1(·) is also continuous, increasing and

positive, with c1(0) = 0. Then 0 is uniformly asymptotically stable.
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Definition 24 (Invariant Set, Definition 4.3.1) Let {S(t), t ≥ 0} be a dynamical sys-

tem on a complete metric space C. A set K ⊂ C is invariant if, for any x0 ∈ K, there exists

a continuous curve x : R→ K with x(0) = x0 and

S(t)x(τ) = x(t+ τ) for −∞ < τ <∞, t ≥ 0.

Theorem 18 (LaSalle Invariance Principle, Theorem 4.3.4) Let V by a Lyapunov

function on C (so V̇ (x) ≤ 0), define

E = {x ∈ C : V̇ (x) = 0},

and let M be the largest invariant subset of E. If {S(t)x0, t ≥ 0} lies in a compact set in

C, then S(t)x0 →M as t→∞.
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