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Abstract

Nonparametric inference on monotone functions,
with applications to observational studies

Theodore Westling

Chair of the Supervisory Committee:
Assistant Professor Marco Carone
Department of Biostatistics

In this dissertation, we study general strategies for constructing nonparametric monotone
function estimators in two broad statistical settings. In the first setting, a sensible initial
estimator of the monotone function of interest is available, but may fail to be monotone. We
study the correction of such an estimator obtained via projection onto the space of functions
monotone over a finite grid in the domain. We demonstrate that this corrected estimator is
always at least as good in supremum norm as the initial estimator, and provide conditions un-
der which the two estimators are asymptotically equivalent. In the second setting, a sensible
estimator of the primitive of the function of interest is available. In this setting, estimators
considered in the literature have often been of so-called Grenander type, being representable
as the left derivative of the greatest convex minorant of the primitive estimator. We provide
general conditions for consistency and pointwise convergence in distribution of a class of
generalized Grenander-type estimators. This broad class allows the minorization operation
to be performed on a data-dependent transformation of the domain. We use our general
results from the second setting to perform a detailed study of generalized Grenander-type
estimation of a monotone covariate-adjusted regression curve, which describes the effect of a
continuous exposure on an outcome while adjusting for potential confounders. In particular,

we show how our results can be used to conduct doubly-robust inference for this parameter.
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GLOSSARY

Monotone function: A function f : I — R satisfying either f(z) < f(y) for all z,y € I such
that x <y or f(z) > f(y) for all x,y € I such that x <y, where [l CR

NPMLE: Nonparametric maximum likelihood estimator
R:  The real numbers
R?.  The d-dimensional Euclidean space

¢=(X): The Banach space of functions f : X — R such that sup,q | f(2)| < oo endowed
with supremum norm || f||x := sup,ey | f(2)]

Ly(P): For P a measure on a measurable space (X,€2), the Hilbert space of functions
f:X — Rsuch that [ f?dP < oo, endowed with inner product < f,g >:= [ fgdP

GCM/(G): The Greatest Convex Minorant (GCM) of a function G over an interval I C R,
defined pointwise as G(x) := suppcy,, , F'(x), where Fg 1 is the set of convex functions
F on I such that FF < G

LCM;(G): The Least Concave Minorant (LCM) of a function G over an interval I C R,
defined pointwise as G(z) := infpeg, , I'(x), where Fg 1 is the set of concave functions
F on I such that FF > G

G~: The generalized inverse mapping of a monotone function G : I — R, defined
pointwise as G~ (z) := inf{zx € I : G(u) > =}

O_G: The left derivative function of a left-differentiable function G

P,: The empirical probability measure corresponding to a sample of size n placing mass
1/n at each observation

G,: The empirical process corresponding to a sample of size n, which is defined as the
signed measure n'/2[P, — Py

Is(x): The indicator function that x is in the set S
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Chapter 1

INTRODUCTION
1.1 Definitions and basic facts

1.1.1  Empirical processes

For an arbitrary set T', we define *°(7T") as the Banach space of bounded functions f : T'— R
endowed with supremum norm || f||r := sup,ep | f(¢)]. For a metric space D, we define Cy,(D)
as the space of bounded continuous maps from D to R.

A stochastic process indexed by T is a collection X := {X(t) : t € T} of random variables
X(t) defined on the same measureable space (2, B). We say X has bounded sample paths
if || X(-,w)|l7 < oo for every w. We can consider a stochastic process with bounded sample
paths X a map from Q to ¢>°(T). A sequence {X; : i € N} of stochastic processes on T
with bounded sample paths converges weakly in ¢°°(T') to a random element X of ¢>°(T) if
E*[W(X,)] — Elh(X)] as n — oo for every h € C,(¢>°(T)), and we write X,, ~ X. Here, E*
is the outer expectation, which permits processes X,, to not be Borel-measurable elements of
¢>°(T'). For more detail on outer expectation and weak convergence, we refer the interested
reader to Chapter 1 of van der Vaart and Wellner (1996).

Let {O; : i € N} be a sequence of independent observations from a probability measure
Py on a measurable space (O, B). For n € N, define P,, as the empirical probability measure
that puts mass 1/n at each observation Oq,...,0,. For a function f : O — R, define
Pf := [ fdP for any probability measure P, and G, f as G, := n'/?(P, — P)f. Given a
class of functions & from O — R, {G, f : f € F} forms a stochastic process indexed by F,

and is called the empirical process on F. A random element X of a metric space D is tight



if for every € > 0 there is a compact K C D such that P(X € K) > 1 —¢. A class F is
called Py-Donsker if {G, f : f € F} converges weakly in £°(F) to a tight Borel-measurable
limit process. A detailed study of conditions under which a class is FPy-Donsker, in addition

to many other results about empirical processes, can be found in van der Vaart and Wellner

(1996).

1.1.2  Statistical models and efficiency theory of pathwise differentiable functionals

A statistical model M is a collection of probability measures on a measurable space (O, B).
We say a measure P is dominated by another measure p if ©(S) = 0 implies P(S) = 0, and
we say M is dominated by p if P is dominated by p for every P € M. For a measure P on
(0,B), we define Ly(P) as the Hilbert space of square-integrable functions g : O — R. We
define LY(P) as the linear subspace of functions satisfying Pg = 0.

A one-dimensional path {P, : 0 <t < 7} through a distribution Py in a model M domi-
nated by pu is called differentiable in quadratic mean, also known as Hellinger differentiable,

with score function g € LY(P), if

1/2 1/2 2

. P: — Do 1, .1/2
lim [\ = —39py"| dp=0,
where p; := ‘il—it is the density of P, with respect to u. The collection of all such scores over

one-dimensional paths in M through F is called the tangent set of M at Py, denoted Ty (Fp).
The closure of the linear span of Ty (Fp) is called the tangent space of M at P, denoted
Tni(Py). A statistical model M is finite dimensional or parametric at Py if Ty(Pp) ~ R? for
some d < 00.

A functional or parameter 1 on M is simply a map from M to some other space R.
A PBuclidean parameter is a parameter with R = R* for some 1 < k < oo. A Euclidean
parameter 1) : M — R¥ is called pathwise differentiable at Py relative to M if there exists

a continuous, linear map ¥ : Th(FPy) — R¥ such that for all g € Ty (F) and Hellinger



differentiable paths {P; : 0 <t < 7} with score g,

v(B) — ()

; — (9)

lim
t—0

=0,
2

where || - ||2 denotes the Euclidean norm in R*. Any function Dy := Dp, € L3(F,), which
may depend on summaries of P, such that ¢{(g) = Py[Dog] for all g € Ti(F) is called an
influence function for estimating 1)y := 1p,. If ¢ is pathwise differentiable at Py relative to M,
then by the Reisz representation theorem, there exists a unique influence function contained
in T(P). This function Dj is called the efficient influence function for estimating ¢ under
Py relative to M, and can be found by projecting any influence function Dy on to Ty (Fp).
If M consists of all probability measures on (O, B), then Ty(Py) = LY(F). This can be
seen by defining p; := ¢(t) 'expit(2tg) py for any g € Ly(P,), where c(t) := [ expit(2tg) po
and expit(x) := (14 e *)"'. Then {P : 0 < ¢ < 7} is a one-dimensional path through
Py with score g. Certain types of restrictions to a model do not change the tangent space
T (Fp), such as requiring that |Ph| < oo for every P € M and some fixed function h.
Therefore, we define a nonparametric model as any model M such that Ty (Fy) = LY(F). In
a nonparametric model there is only one influence function, which is necessarily the efficient
influence function. This is because there is only one influence function contained in T (5),
which for a nonparametric model is the entirety of L(FP). We say that M is a semiparametric
model if Thi(P,) is infinite-dimensional, but a strict subset of L(FP). For more on tangent

spaces, efficiency theory, and many worked examples, see Bickel et al. (1998).

1.1.8 FEstimators and asymptotic linearity

An estimator 1, of the evaluation of a parameter b : M — R at F, based on the sample
O4,...,0, is a measureable map from O™ to R. An estimator 1, is said to be weakly con-
sistent for g if (R, || - ||x) is a metric space and ||¢, — Yo||x —50. An estimator 1, of a
Euclidean parameter v € R¥ is asymptotically linear if there exists a function Dy : O — R*

such that PyDy = 0, PyD? < 0o, and 1, = ¥g+P, Do+ R,,, where R,, = op(n~'/2). Dy is then



called the influence function of v,,. Asymptotic linearity of 1,, implies that v,, is weakly con-
sistent for vy (by the Weak Law of Large Numbers) and that n'/2(1b, — ) —— Ny(0, PyD2)
(by the Central Limit Theorem). If a parameter is pathwise differentiable at Fy relative
to M and there exists a consistent estimator of an influence function Dg, then there ex-
ist asymptotically linear estimators of the parameter with influence function D, (Pfanzagl,
1982). An estimator 1), of a pathwise differentiable parameter v is asymptotically efficient
with respect to M if it is asymptotically linear with influence function equal to the efficient
influence function Dj for estimating 1)y with respect to M.

Multiple general-purpose methods exist for constructing asymptotically linear (and effi-
cient) estimators of pathwise differentiable parameters. Suppose that for each n, D,, is an
estimator of an influence function D, based on the observations Oy, ..., O,. By rearranging

terms, we can always write
Un = o + PuDo + 0" 2Gy (D — Do) + ¢ — oo + PoDy = Py D,y . (1.1)

Then 1, would be asymptotically linear if G,,(D,, — D) .0 and Y, — Yo+ Py D, —P,D, =
op(n~'/?). The first statement is true if D,, is contained in a Py-Donsker class of functions
with probability tending to one and Py(D,,— Dy)? 50 (van der Vaart, 1998, Lemma 19.24).
The truth of the second statement depends on the form of v,,. We introduce two general
constructions of 1, for which the second statement can frequently be shown to hold.

The first general construction we consider is the one-step construction. Suppose that
1o and Dy only depend on Py through a summary 7(F,), and write ¢ (7) := ¢(7(P)) and
Dy := Drpy. We do not lose any generality by this assumption, since we can always take
w(P) = P. Let m, be an estimator of my := m(Fy). Then 1 (m,) is referred to as a plug-in
estimator. Also let D,, := D, . A one-step estimator is then defined as v, := ¢(m,)+P, D, .
We then have

VYo — Yo + PoDyp — P, D,y = (7)) — (7o) + By Dx, -

This expression is known as a second-order remainder, whose form depends on the parameter



mapping and influence function. It can often be shown to be op(n~'/2) provided the estimator
T, is tending to my at a fast enough rate in an appropriate sense. We will make use of the

one-step construction throughout this dissertation.

The second general approach we consider is estimating equations-based estimators. In
many cases, the influence function has the form Dy = Dy, ,; i.e., Dp depends on P through
1 and an additional nuisance parameter 7. Since 1)y then solves the equation Zy(¢)) = 0 for
Zo(¢) := PyDy.p,, the estimating equations approach then defines 1, as a solution to the
equation Z,,(¢) = 0 for Z,,(¢) := P, Dy, , where 1, is an estimator of ng. With D,, := Dy, .,
we then have

wn —wO‘i‘PODn_]P)nDn :wn _wO—i_POD’tbn,nn .

The results in Chapter 3.3 of van der Vaart and Wellner (1996) can be used to study the
asymptotics of estimating equations-based estimators. We also note that if Dy, = D7(71) —
for a function D7(71) only depending on P through 7, then v, = ]PnD,(ﬁL) solves the resulting
estimating equation. In this case, the estimating equations-based estimator coincides exactly

with a one-step estimator.

We also mention a third general approach to constructing asymptotically linear esti-
mators based on targeted mazimum likelihood/minimum loss-based estimation, frequently
abbreviated as TMLE. As before, suppose that ¢(P) and Dp only depend on P through
summaries 7(P), and suppose 7, is an initial estimator of 7. TMLE works by finding, via
specific fluctuations of m,, a sensible estimator 7, such that P, D ;- = 0. Then, the targeted
estimator is defined as 1, := (7). Therefore, TMLE estimators have the benefit of being
plug-in estimators, so that they necessarily satisfy probabilistic bounds on v, unlike one-
step and estimating equations-based estimators. Since we do not explicitly use TMLE in
this dissertation, we do not provide more detail here, but instead refer the interested reader

to van der Laan and Rose (2011).



1.2 Background and motivation

1.2.1  Empirical risk minimization

In many scientific settings, investigators are interested in learning about a function known
to be monotone, either due to probabilistic constraints or in view of existing scientific knowl-
edge. The statistical treatment of nonparametric monotone function estimation has a long
and rich history. In the literature, most monotone function estimators have been constructed
via empirical risk minimization. Specifically, suppose that Oq,..., O, are independent ob-
servations on a measurable space (O, B) drawn from a common probability measure Fy. Let
Oy : I — R be a function that we wish to estimate, where I C R is an interval, and suppose it
is known that 6y € O, the space of non-decreasing functions on R. Suppose we have access

to a loss function L : © x O — R such that

0y = argmin/L(Q, 0)dPy(o) .
0cO

We then call Ry(6) := [ L(6,0) dPy(o) the oracle risk of a candidate function 6. Since P
is not known in practice, neither is Ry, and hence we cannot base estimation of 6y on R,.

Instead, we define the empirical risk as R,(0) := [ L(0, 0) dP,(0). We then take

0, := argmin R,,(0) = argmin/L(Q,o) dP,(o) ,
90 0

and we say that 6, is an empirical risk minimizer corresponding to the loss function L.

The above definitions of loss functions and empirical risk minimizers were used extensively
by Vladimir Vapnik in the statistical learning literature (see, e.g., Vapnik, 1992, 1999, 2013).
They are separate from, and not to be confused with, the definitions of loss and risk from

statistical decision theory (see, e.g., Ferguson, 2014).

We note that it is not always immediately clear that a minimizer of R, () exists; often,

proving that 6, exists, in addition to providing an algorithm for finding it, is a substantial



task. Additionaly, in many cases, there is not a unique minimizer of R, (), so that it would
be more accurate to say 6,, € argming.g R,(#). In such cases, we typically define a suitable
convention that uniquely identifies 6,,.

Many monotone function estimators in the literature have been constructed via empirical
risk minimization. This is because many of the parameters treated in the literature on
monotone function estimation can be viewed as an index of the statistical model, in the sense
that the model space is in bijection with the product space corresponding to the parameter
of interest and an additional variation-independent parameter. In such cases, identifying an
appropriate loss function is often easy, and a risk minimization representation is therefore
usually available. However, the fact that empirical risk minimizers under no more than a
monotonicity constraint have useful properties is often quite remarkable. We comment more
on this in certain examples below.

In this dissertation, we are motivated by observational studies. Sampling complications
such as informative treatment attribution, informative missingness, and informative cen-
sorship are common in observational studies. In the presence of such complications, it is
frequently the case that identifying the parameter of interest with the observed data distri-
bution requires adjustment for a set of observed covariates. Appropriate loss functions for
such observed-data parameters may not be readily available, and if they are available, they
may depend on unknown summaries of the data-generating distribution. This motivates us
to study methods of estimating monotone functions that (1) do not rely on empirical risk
minimization, and (2) permit data-adaptive estimation of unknown nuisance parameters.

Before outlining the contributions of this dissertation, we illustrate the preceding dis-
cussion in three examples: estimation of a distribution function, estimation of a monotone
density function, and estimation of a monotone regression function. In each of these exam-
ples, we first discuss a classical estimation problem where an appropriate loss function is
easy to find, and where the resulting empirical risk minimizer has been previously studied.
We then illustrate the challenges that can arise in observational studies by considering iden-

tification of the parameter in the presence of a coarsened at random observed data structure



(Heitjan and Rubin, 1991; Gill et al., 1997).

1.2.2  FEstimation of a distribution function

The simplest and most well-studied monotone parameter is a distribution function. Sup-
pose that O =Y, so that Yi,...,Y,, are independent real-valued observations drawn from
a probability measure F. We note that the distribution function 6, : R — [0, 1] defined
as Og(x) := Py(Y < x) is necessarily non-decreasing on R. For this parameter, the log-
likelihood loss L(6,y) := —log df(y), yields the nonparametric maximum likelihood esti-
mator (NPMLE) 6,,, which can be shown to be equal to 6,(z) = 23" | I(_o (i), and is
known as the empirical distribution function.

Suppose now that, in addition to Y, we observe a binary treatment A. Imagine that
each unit in the population has two potential outcomes Y (0) and Y (1) were they to receive
treatment A = 0 and A = 1, respectively. We wish to estimate the distribution function
of Y(1), but for each unit, we only observe the potential outcome Y = Y (A), where A
is the treatment that the unit actually received. If Y(1) and A are independent, then
PY(1)<z)=PY <z |A=1):=60y(z). The log-likelihood loss can still be used for this
conditional distribution function, and yields the NPMLE

_ %Z:’L:l I(*OO»%](Yi)Ai
%Z?:l A 7

On(z)

known as the empirical conditional distribution function of Y corresponding to A = 1.

If Y(1) and A are not independent, then P(Y'(1) < x) is no longer equal to the conditional
distribution of Y given A = 1. As we explain in Chapter 2, if Y (1) and A are conditionally
independent given a vector of observed covariates W € R%, then P(Y (1) < z) is equal to
the so-called G-computed distribution function 0y(z) := Ep [Po(Y < x| A=1,W)] (Robins,
1986). The outer expectation is taken with respect to the marginal distribution of W, and
the inner probability is with respect to the conditional distribution of Y given A and W.

Due to the outer average over the marginal distribution of W, it is more challenging to find



an appropriate loss function for the G-computed distribution function 6, than it was for
the conditional distribution function of Y given A = 1, and it is thus difficult to specify an
empirical risk minimizer of 6,. We return to this example and provide a monotone estimator

of 6y in Chapter 2.

1.2.3 FEstimation of a monotone density function

Let the observed data be O = T, where T is an event time taking values in R*. Our
parameter of interest is now the density function of T: fy(z) := LPy(T < z). We can
again use the log-likelihood loss function, which now takes the form L(0,t) = —logf(t).
Grenander (1956) showed that the resulting NPMLE of a monotone density function exists,
and characterized it in terms of least concave majorants. This is now commonly referred
to as Grenander’s estimator. We return to this example in Chapter 3. Prakasa Rao (1969)
developed the asymptotic theory of Grenander’s estimator using its characterization as an
empirical risk minimizer.

We note that it is a priori surprising that an empirical risk minimizer of a density func-
tion over the very large space of monotone functions has good statistical properties. Indeed,
without the monotonicity constraint, the empirical risk minimizer of a density function de-
generates to the “density” with point mass 1/n at each observation. This is not a proper
density function with respect to Lebesgue measure, so it is not useful as an estimator of
0. The fact that empirical risk minimizers for challenging parameters such as the density
function exist under the relatively mild monotonicity constraint may be seen as one of the
motivations for incorporating knowledge of monotonicity into the estimation procedure when
such knowledge is available.

An alternative approach to nonparametric estimation of a density function is kernel
smoothing. However, kernel smoothing requires the choice of both a kernel function and
a bandwidth. Grenander’s estimator requires no such choice. This is a recurring theme
for estimators of monotone parameters, and provides another motivation for incorporating

knowledge of a monotonicity constraint.
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Estimation of a monotone density can be extended to the case of independently right-
censored data. Suppose now that the observed data are O = (Y, A), where Y = min{T', C'}
and A = I (T) for C € R* a right-censoring variable. Our parameter of interest 6, is still
the density function of T', but since T is not directly observed, more work must be done to
identify 6y using the observed data. If 7" and C' are independent random variables, then 6,

can be identified as y(z) = —-LSy(x) for

So(e) = [ {1 _ Fl,o(dt)] |

t<z SY’O (t)

where Fi(t) == Po(Y < t,A = 1) is the subdistribution function of Y corresponding to
A =1 and Syy(t) := Py(Y > t) is the conditional proportion-at-risk at time ¢. Here
and throughout, J[ denotes the product-integral transform (Gill and Johansen, 1990). The
NPMLE in this context was derived in Laslett (1982) and McNichols and Padgett (1982),
and its asymptotic behavior was studied in Huang and Zhang (1994).

In some settings, it is not reasonable to expect that 7" and C are independent, in which
case the above identification does not hold. Instead, if T"and C' are conditionally independent

given W € R?, we can still identify y(z) as —-£ Sy(x), but now Sy() is identified as:

Fio(dt | W
So(x) = Ep, {g {1——;5@ ||W>)H , (1.2)
where Fyo(t | w) := Fp(Y <t,A =1| W = w) is the conditional subdistribution function
of Y given W = w corresponding to A = 1 and Syo(t | w) := (Y >t | W = w) is
the conditional proportion-at-risk at time ¢ given W = w. The identification in (1.2) was
described by Beran (1981) in an unpublished technical report, and was used to provide an
estimator of a survival function with conditionally independent right-censoring by Dabrowska
(1989). We call (1.2) a G-computed product integral. As with the G-computed distribution
function, it is not immediately clear what an appropriate loss function is for this parameter,

and if we could find one, it would likely depend on unknown nuisance parameters that
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would need to be estimated from the data. We will return to this discussion and provide an

estimator of §, under conditionally independent right-censoring in Chapter 3.

1.2.} FEstimation of a monotone regression function

Here, the observed data consist of O = (Y, X), where Y € R is an outcome and X € R is a
treatment. The parameter of interest is the regression of Y on X, 6y(z) := Ep [V | X = z].
For this parameter, the least-squares loss function L(6,0) = [y — 6(z)]? may be used. Brunk
(1970) characterized the resulting empirical risk minimizer, which is known as the least-
squares isotonic regression, or simply isotonic regression, of Y on X.

Again, it is surprising that a least-squares estimator under just a monotonicity constraint
yields a useful estimator. Without the monotonicity constraint, the least-squares estimator
at any x is the average of the observed Y -values corresponding to this z, if they exist, and
is undefined otherwise. This estimator is not consistent at any x such that P(X = z) = 0.
However, under a monotonicity constraint, the least-squares estimator exists, and again does
not require choice of a kernel function or bandwidth.

Similarly as in the first example, suppose now that each unit in the population possesses a
potential outcome Y (z) for every possible value x of the treatment, representing the outcome
the unit would have if their treatment were set to level . We are interested in estimating
E[Y(z)], but as before, we only observe the outcome Y = Y (X). If Y(x) and X are
independent, then E[Y(z)] = E[Y | X = x|, and least-squares isotonic regression may
be used to estimate E[Y (z)] using the observed data. However, if Y (z) and X are only
independent given a vector of observed covariate W € R? then we instead have E[Y ()] =
EpEpY | X = 2, W]] := 0p(z), the G-computed regression function. For this parameter,
(Kennedy et al., 2017) demonstrated that

Lo(6, 0) := [% + / 110(, 0) Qo (dw) — 6(x)

forms a proper loss function for 6. Here, po(z,w) := Ep [Y | X =z, W = w] is the outcome
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regression implied by Py, go(z,w) 1= [LPy(X <z | W = w)]/[LP(X < z)], and Q is the
marginal distribution of W implied by Fy. We have indexed L by 0 to indicate that the loss
function depends on these three unknown summaries of F,. In order to define an empirical
risk minimizer based on this loss function, we would need to plug in estimators p,, ¢,, and
@, for these nuisance parameters. Since we do not typically have access to correctly-specified
parametric models for these nuisance parameters, we will want to permit these estimators to
use flexible learning strategies. However, doing so will make existing approaches to providing
asymptotic theory for the resulting estimator not applicable. We return to nonparametric

estimation of this parameter briefly in Chapter 3, and again in more detail in Chapter 4.
1.3 Contribution and organization of the dissertation

In this dissertation, we study general procedures for constructing an estimator of a monotone
function 6y := €p, on an interval I C R. The general procedures we study do not rely on
empirical risk minimization, so their use does not depend on having access to an appropriate
loss function for the parameter of interest. They can therefore be used for parameters arising
from observational studies, including the parameters described above.

We study two types of general procedures, designed for use in two distinct settings. In
the first setting, we have access to an initial estimator 6,, of 6y, but this initial estimator may
fail to be monotone. This occurs frequently, for example, when the estimator is constructed
pointwise over the domain, and each point in the domain requires a separate adjustment
due to the sampling complications present in the study. In Chapter 2, we propose correcting
such an initial estimator 6, by projecting it into the space of monotone functions over a
finite grid in the domain. This is a simple correction procedure, but like any post-estimation
correction procedure, a prior: it carries the risk of disturbing the statistical properties of the
initial estimator. Our main contribution in Chapter 2 is the establishment of general results
guaranteeing that the corrected estimator is always at least as good as the initial estimator,
in a sense that we make precise. Under additional conditions, we establish rates at which the

difference between the initial and corrected estimators goes to zero in probability. We apply
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our general results to the specific problem of estimation and inference for a G-computed

distribution function introduced above.

We primarily have in mind in Chapter 2 initial estimators that are constructed to be
uniformly asymptotically linear, meaning for each x € I, there exists a function Dy, : O — R,

possibly depending on Py, such that PyDy, = 0, PyDj, < oo and

for a remainder term R, , with n*/?sup,;|R,.| = op(1). Uniform asymptotic linearity
of 6, is powerful because it immediately implies a variety of asymptotic properties of 6,
including pointwise weak consistency, uniform weak consistency (if the class {Dy, : © € I}
is Py-Glivenko Cantelli), pointwise asymptotic normality, and weak convergence as a process

indexed by I (if the class {Dy, : € I} is Py-Donsker).

Uniformly asymptotically linear estimators can be constructed when 0p(z) is pathwise
differentiable at Py for each x € I and there is a uniformly consistent estimator of a set of
influence functions {D, ¢ : € I'}. Furthermore, there exist multiple general-purpose meth-
ods for constructing asymptotically linear estimators of pathwise differentiable parameters,
as we discussed above. However, since such estimators perform a correction separately for

each point in the domain, there is no guarantee that these estimators are monotone.

In the second setting we consider, which we address in Chapter 3, an initial nonparametric
estimator of 6y may not be readily available, but a nonparametric estimator of a primitive
function of 6y is available. Primarily, we have in mind in this setting situations where
P +— 0p(x) is not pathwise differentiable with respect to M, but a primitive function I'p(z) is
pathwise differentiable, and hence non- or semiparametric methods may be used to construct

a uniformly asymptotically linear estimator I', of Iy := I'p. For instance, the density

-
function of a continuous random variable is not a pathwise differentiable parameter in a
nonparametric model, and therefore asymptotically linear estimators of a density do not

exist. However, the primitive function of a density is a cumulative distribution function,
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which often is pathwise differentiable. Similarly, the hazard function of a continuous random
variable is not pathwise differentiable in a nonparametric model, but a cumulative hazard
function typically is pathwise differentiable.

We define a broad class of generalized Grenander-type estimators based on differentiating
the greatest convex minorant or least concave majorant of an estimator of a primitive function
of #y. This broad class allows the minorization or majoratization operation to be performed
on a data-dependent transformation of the domain, which has two benefits. First, this
generalization allows many existing estimators from the literature to be represented in our
class. Second, allowing a data-dependent transformation of the domain can provide simplified
estimation procedures in more complicated problems that have not yet been considered.
We provide general conditions for consistency and pointwise convergence in distribution of
estimators in this class. Additionally, we provide simpler conditions and more concrete
distributional theory in the important case that the primitive estimator and data-dependent
transformation function are uniformly asymptotically linear.

We use our general results in the context of three well-studied problems, and show that we
readily recover classical results established separately in each case. Specifically, we consider
estimation of monotone density, hazard, and regression functions. In the first two cases,
we study both fully observed data and independently right-censored data. We also consider
extensions of the three classical monotone problems above to more complex settings in which
covariates must be accounted for, because either the censoring process or the treatment
allocation mechanism are informative, as is typical in observational studies. Specifically, we
derive novel estimators of monotone density and hazard functions for use when the survival
data are subject to right-censoring that may depend on covariates, and a novel estimator
of a monotone dose-response curve for use when the relationship between the exposure and
outcome is confounded by recorded covariates. Unlike for their classical analogues, in these
more difficult problems, nonparametric estimation of the primitive function involves nuisance
functions for which flexible estimation strategies (e.g., machine learning) must be employed.

In Chapter 4, we conduct a detailed study of the final parameter considered in Chap-
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ter 3: the monotone G-computed regression function. G-computed regression functions,
introduced above, describe the effect of a continuous exposure on an outcome while adjust-
ing for potential confounders. Classical methods for estimating such curves often rely on
overly restrictive parametric assumptions, which carry a significant risk of model misspecifi-
cation. It is therefore of interest to estimate and draw inference about these curves without
such strong modeling assumptions. Nonparametric estimation in this context is challenging
because in a nonparametric model these curves cannot be estimated at regular rates and
available estimators will generally be sensitive to the selection of certain tuning parameters.
In Chapter 4, we show that if the covariate-adjusted regression curve is monotone, non-
parametric estimation and inference is possible without the need to select tuning parameters
and under minimal smoothness conditions. Our proposed estimation procedure generalizes
the classical least-squares isotonic regression estimator of a monotone regression function.
We use the general results provided in Chapter 3 to describe theoretical properties of our
proposed estimator, including its irregular asymptotic limit distribution and the potential for
doubly-robust inference. We also illustrate its practical performance via numerical studies,
and use our method to assess the effect of BMI on immune response in HIV vaccine trials.

Finally, Chapter 5 presents a discussion of the work and some potential future directions.
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Chapter 2

CORRECTING AN ESTIMATOR OF A MULTIVARIATE
MONOTONE FUNCTION WITH ISOTONIC REGRESSION

2.1 Introduction

2.1.1 Background

In this chapter, we consider estimation of a possibly multivariate monotone function in
the first setting introduced in Chapter 1: an initial estimator of the monotone function is
available, and may have several desirable statistical properties, yet fail to be monotone. This
often occurs when this estimator is obtained through the pointwise application of a statistical
procedure over the domain of the function. For instance, we may be interested in estimating
a G-computed distribution function 6y, defined pointwise as 0y(t) := Ep [Py(Y <t | A =
1, W)], over its domain R. Here, Y represents an outcome, A is a binary exposure, and W is
a vector of observed confounders of the exposure-outcome relationship. The map ¢ — y(t) is
necessarily monotone. As we discuss in Section 2.4, many asymptotically efficient estimators
of 0y(t) are constructed pointwise for each ¢, and due to random variation, need not be
monotone as a function of ¢.

This thesis is primarily focused on univariate monotone functions, but in this chapter,
we consider the more general setting of multivariate monotone functions. For instance,
suppose now that X is a categorical exposure taking values in X = {1,..., K} and define
Oo(z,t) = Ep[Po(Y <t | X = z,W)], over its domain R x K. As before, the map t —
0o(z,t) is necessarily monotone for each fixed z. In some scientific contexts, it may also be
known that x — 6y(z,t) is monotone for each ¢, in which case 6y is a bivariate component-
wise monotone function. Again, estimators constructed pointwise for each x and ¢ are not

necessarily guaranteed to be monotone in either component.
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In many situations, failure of an estimator to be monotone is a serious problem. This is
most apparent if the monotonicity constraint is probabilistic in nature — that is, there does
not exist a distribution such that the parameter mapping is not monotone. This is the case,
for instance, if 6, is a univariate distribution function. In such settings, returning an estimate
which fails to be monotone is nonsensical, like returning an estimate of a probability outside
the interval [0, 1]. However, even if the monotonicity constraint is based on scientific rather
than probabilistic knowledge, failure of an estimator to be monotone can be problematic.
For example, if the parameter of interest represents average height or weight in children
as a function of age, clinical collaborators and other scientists would be confused by a non-
monotone estimate. Finally, as we will see, there are often finite-sample benefits to be gained
from incorporating the monotonicity constraint.

Whenever this phenomenon occurs, it is natural to seek an estimator that respects the
monotonicity constraint but nevertheless remains close to the initial estimator, which may
otherwise be known to have good statistical properties. A monotone estimator can be con-
structed by projecting the initial estimator onto the space of monotone functions with respect
to some norm. A common choice is the Ls-norm, which amounts to using multivariate iso-
tonic regression to correct the initial estimator. Chernozhukov et al. (2009) demonstrated
that, for each p € [1, 00|, this corrected estimator is closer to the truth in L,-norm and that
confidence bands similarly obtained generally have smaller L,-size while having no smaller
L,-coverage. Therefore, the estimator obtained via isotonic regression inherits the L,-rates
of convergence of the initial estimator, and confidence bands obtained in this fashion are

valid, though possibly conservative.

2.1.2  Contribution and organization of the chapter

In this chapter, we discuss correcting an initial estimator of a multivariate monotone function
by computing the isotonic regression of the estimator over a finite grid in the domain, and
interpolating between grid points. We consider correcting an initial confidence band by

the same procedure applied to the upper and lower limits. We provide three main results
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regarding this correction procedure:

1. we demonstrate that the corrected estimator is at least as good than the initial estimator
in the sense that (a) its uniform loss over the grid used for projecting is less than or
equal to that of the initial estimator for every sample, (b) its uniform loss over the
entire domain is less than or equal to the initial estimator asymptotically, and (c) the
corrected confidence band contains the true function on the grid used for projecting

whenever the initial band does with no cost to average or uniform widths of the band;

2. we provide general sufficient conditions under which the uniform difference between

the initial and corrected estimators is op(r,; ') for a generic sequence 7, — 0o; and

3. we provide simpler sufficient conditions for uniform asymptotic equivalence at the rate

r, = n'/? when the initial estimator is uniformly asymptotically linear.

We note here that the projection approach is not the only possible correction proce-
dure. Chernozhukov et al. (2009) and Chernozhukov et al. (2010) studied a correction based
on monotone rearrangements and compared the two procedures. However, monotone rear-
rangements do not generalize to the multivariate setting as naturally as projections — for
example, Chernozhukov et al. (2009) proposed averaging a variety of possible multivariate
monotone rearrangements to obtain a final monotone estimator. By contrast, the projection
over the space of multivariate monotone functions is unique in both univariate and multi-
variate contexts. Additionally, projections are easy to understand, rely on familiar tools, and
have minimal squared-error impact on the initial estimator among all candidate monotone
corrections.

Daouia and Park (2013) also proposed a correction procedure that consists of taking a
convex combination of upper and lower monotone envelope functions. They demonstrated
that their estimator is asymptotically equivalent to the correction based on projecting in
supremum norm. Therefore, application of their results requires studying the properties of

the projection correction. This is another motivation for the results we provide here.
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The chapter proceeds as follows. In the next section we formally define our statistical
setting. In Section 4.3, we present our results concerning properties of the projected esti-
mator. In Section 2.4, we check our conditions for covariate-adjusted cumulative incidence
curves, both without censoring and with conditionally independent right-censoring. Finally,

in Section 2.5, we present a numerical study.
2.2 Correction procedure

Let M be a statistical model of probability measures on a probability space (O,B). Let
6 : M — (°°(T) be a parameter of interest on M, where T = [0,1]¢ is the d-dimensional
unit cube and ¢>°(7) is the Banach space of bounded functions from T to R equipped with
supremum norm | - ||y. We have specified this particular T for simplicity, but the results
established here apply to any bounded rectangular domain T C R¢. For each P € M, denote
by 0p the evaluation of # at P and note that fp is a bounded real-valued function on J. For
any t € T, denote by p(t) € R the evaluation of p at t.

For any vector ¢t € R? and 1 < j < d, denote by zj the 4" component of z. Define the
partial order < on R? by setting ¢ < ¢’ if and only if t; < t;- for each 1 < j < d. Note
that ¢t < ¢' if and only if ¢ < ' and ¢ # ¢/, which holds if and only if ¢; < ¢, for each j
and t; < t) for at least one j. A function f:R? — R is called (component-wise) monotone
non-decreasing if ¢ < ¢ implies that f(t) < f(t'). Denote ||t|| = max;<;<q|t;| for any vector
t € R?  Additionally, denote by @ C ¢>(7T) the convex set of bounded monotone non-
decreasing functions from T to R. For concreteness we focus on non-decreasing functions,
but all results established here apply equally to non-increasing functions.

Let Mg = {P € M : 0p € ®} C M and suppose that My is nonempty. Generally,
this inclusion is strict only if, rather than being implied by the rules of probability, the
monotonicity constraint stems at least in part from prior scientific knowledge. Also, define
Oy={0€®:0=0p, P M} CO. We are primarily interested in settings where @y = ©,
since in this case there is no additional knowledge about 6 encoded by M, and in particular

there is no danger of yielding a corrected estimator that is compatible with no P € M.
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Suppose that observations Oq,Os, ..., O, are sampled independently from an unknown
distribution Fy € My, and that we wish to estimate 6, := 0p, based on these observations.
Suppose that, for each ¢ € T, we have access to an estimator (i.e. a measurable function of
01,04,...,0,) 0,(t) of y(t). (Note that the assumption that the data are independent and

identically distributed is not necessary for our Theorems 1 and 2 below.)

The central premise of this chapter is that 6, (¢) may have desirable statistical properties
for each t or even uniformly as element of £*°(T), but that 6,, as an element of /*°(T) may not
fall in © for any finite n or even with probability tending to one. Our goal is to provide a
corrected estimator ¢ which necessarily falls in ®, and yet retains the statistical properties
of 0,,. A natural way to accomplish this is to define 8 as the closest element of ® to 6, in
some norm on 7J. Ideally, we would prefer to take ¢ to minimize |0 — 6,|/~ over 6 € O.

However, this is not tractable for two reasons.

The first reason this solution is not tractable is that optimization over the entirety of
T is an infinite-dimensional optimization problem, and is hence frequently not possible to
perform in practice. To resolve this issue, for each n, we let T,, = {t1,t2,..., ¢, } € T be a
possibly random finite rectangular lattice in T over which we will perform the optimization,
and define || - ||, as the supremum norm over T,,. Let w,, = sup;csy minges, ||t — s|| be the
mesh of T, in T, which may be random if T, is random. While it is now computationally
feasible to define 6},  as a minimizer over ¢ € © of the finite-dimensional objective function
|0 — 6,7, , this objective function is challenging due to its non-differentiability. Instead, we

will define
0;, € argmin »  {0(t) — 0,(t)}* . (2.1)

€0 o7,

The squared-error objective function is smooth in its arguments. Furthermore, in dimension
d = 1, 67 thus defined is simply the isotonic regression of #,, on the grid 7, the solution
to which has a closed form representation as the greatest convex minorant of the so-called
cumulative sum diagram. Furthermore, since |0} — 0,5, > [|0; ., — 0x|l7,, all of our results

apply to 0y, ., as well as 6.
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We allow T, to be random because in some circumstances, it may be natural to choose
the grid based on the data. For instance, suppose the computational cost of estimating
0,(tx) at each ¢ is large and the computational cost is linear in the number of grid points
m,, at which the estimation is to be performed. If the user has a fixed computational budget,
then the number of grid points used in practice may depend on the computational burden
of estimating each 6,,(t;), which may itself depend on features of the observed data.

We note that 6’ is only uniquely defined on 7,. To completely characterize 6,,, we
must monotonically interpolate function values between elements of J,,. We will permit any
monotonic interpolation that satisfies a mild condition. By the definition of a rectangular
lattice, every t € T can be assigned a hyper-rectangle whose vertices {si,$s..., S0} are
elements of T,, and whose interior has empty intersection with T,. If multiple such hyper-
rectangles exist for ¢, such as when t lies on the boundary of two or more such hyper-
rectangles, one can be assigned arbitrarily. We will then assume that, for ¢t ¢ T,,, 0 (t) =
S A (8)07 (sg) for S, Ap(t) =1 and 0 < Ay (t) < 1 for each k =1,2,...,2¢ In other words,
we assume that 07 (¢) is a convex combination of the values of 6% on the vertices of the hyper-
rectangle containing ¢. A simple interpolation approach consists of setting 6 (t) = 6 (t')
with ¢’ the element of T, closest to t, and choosing any such element if there are multiple
elements of T,, equally close to t. This particular scheme satisfies our requirement.

Finally, for each n, we let ¢, (t) < u,(t) denote lower and upper endpoints of a confidence
band for 0y(t). We then define £ and u as the corrected versions of ¢,, and u,, using the

same projection and interpolation procedure defined above for obtaining 67 from 6,

2.3 Properties of the projected estimator

2.3.1 Basic properties

The projected estimator 6 is the isotonic regression of 6,, over the grid 7,. Hence, many
existing finite-sample results on isotonic regression can be used to deduce properties of 7.

Theorem 1 below collects a few of these properties, building upon the results of Barlow et al.
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(1972) and Chernozhukov et al. (2009).

Theorem 1. (i) For every n, ||0; — 0|5, < ||0n — o], -
(i1) If w, = op(1) and Oy is uniformly continuous on T, then ||0% —6o||s < [|6,,—6o|7+o0p(1).

(111) If sup{|0o(t) — Oo(s)| : t,s,€ T, ||t — s|| < 0} = o(||d]|%) as 6 — O for a > 0, then
165, = bolls < [[6n — bollr + op(wy)-

(iv) The event {Vt € T, : Oo(t) € [(n(t),u,(t)]} is contained in the event {Vt € T, : Oy(t) €

[65.(8), u (8)]}-

(v) ey, (un(t) = £6,(1) = 2seq, (un(t) = €u(t)) and [ug, — 6|7, < [lun = lolls,

Theorem 1 (i) says that the estimation error of of 8 over the grid T,, is never worse than
that of 0,,, and (ii) and (iii) say that the estimation error of 8% on all of T is asymptotically

no worse than the estimation error of #,, in supremum norm. Similarly, (iv) says that the

ES

*] never has worse coverage than the original band over T,,, and (v)

isotonized band [¢*,u
says that the potential increase in coverage comes at no cost to the average or supremum

width of the bands over 7.

2.3.2  Asymptotic equivalence

While powerful, Theorem 1 does not rule out the possibility that 6 performs strictly bet-

*

] is asymptotically strictly more

ter, even asymptotically, than 6,, or that the band [£}, u
conservative than [(,,u,]. In order to construct confidence intervals or bands with correct
asymptotic coverage, a stronger result is needed: it must be that [|0 — 6,/ = op(r;!),
where r, is a diverging sequence such that r, |6, — 6y||7 is converging in distribution to a

non-degenerate limit distribution. Then, we would have that r,||0} — 6|5 converges in distri-

bution to this same limit, and hence confidence bands constructed based on approximating

*
n’

this limit distribution would have correct coverage when centered around 6, as we discuss

more below.
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We consider the following conditions on the true function 6, and the initial estimator 6,,:

(A1) there exists a deterministic sequence r,, tending to infinity such that, for all § > 0,

Sup |7 {00 (8) = O0(t)} = 72 {00 (5) = Bo(5)}] = 0;
l[t=sl<é/rn
(A2) there exist 0 < Ky < K; < oo such that Ko||t — s|| < |6o(t) — 00(s)| < K|t — s]| for
all t,s € 7.

Condition (A1) is related to, but slightly weaker than, uniform stochastic equicontinuity
(van der Vaart and Wellner, 1996, p. 37). (A1) would follow if, in particular, the process
{rn(0,(t) — 6o(t)) : t € T} would converge weakly to a tight limit process in the space
0>°(T). However, weak convergence to a tight limit is not necessary for (A1) to hold. This is
important for application of our results to kernel smoothing-type estimators, which typically
do not converge weakly to a tight limit, but for which condition (A1) can nevertheless often
be shown to hold.

Condition (A2) may be thought of as constraining the lower modulus of monotonicity of
6y, and is slightly more restrictive than a requirement for strict monotonicity. If, for instance,
0o is differentiable, then (A2) is satisfied with o = 1 if all first-order partial derivatives of
0y are bounded away from zero and above. If instead some partial derivatives are zero, but
only at isolated points, (A2) may still be satisfied with some a < 1.

Based on these conditions, we have the following result.
Theorem 2. If (A1)-(A2) hold and w, = op(r; '), then |6 — O,|lx = op(r,}).

This result indicates that the projected estimator is uniformly asymptotically equivalent
to the original estimator in supremum norm at the rate r,. In addition to conditions (Al)-
(A2), Theorem 2 requires that the mesh w, of T,, tends to zero in probability faster than
r-L. Since T, is chosen by the user, this is not a problem in practice.

The left-hand side of the inequality in condition (A2) excludes, for instance, situations

in which 6y is differentiable with null derivative over an interval. In such cases, #; may have
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strictly smaller variance on these intervals than 6,, because 6 will pool estimates across the
flat region while 6,, may not. Hence, it is possible that #; may asymptotically improve on
0., so that 6% and 6,, are not asymptotically equivalent at the rate r,,.

Our proof of Theorem 2 follows from three lemmas, which we state here. The first lemma

controls the size of deviations in 6, over small neighborhoods.

Lemma 1. If (A1) and (A2) hold and b, = op(r;'), then sup |0,,(t) — 0,(s)] = op(r").

llt—sll<bn
The second lemma controls the size of neighborhoods over which violations in monotonic-
ity can occur. Henceforth, we define h,, = sup {||t — s|| : s, € T, s < t,0,(t) < 0,(s)}.
Lemma 2. If (A1) and (A2) hold, then h,, = op(r;').

Our final lemma bounds the maximal absolute deviation between ' and 6,, over the grid

T, in terms of the supremal deviations of @, over neighborhoods smaller than h,,.

Lemma 3. The inequality maxieg, |0;,(t) — 0n(t)] < Sups_y<p, [0n(s) — 0n(t)| holds.

2.3.8  Construction of confidence bands

Suppose there exists a fixed function v, : T — R such that ¢,, and w,, satisfy:

170 (6 = £0) = Yallr — 0
7 (ttn = 02) = Yally —= 0 (2:2)

Py(Vt € T2 1|0, (t) — Oo(t)] = 7a(t) — 1 —a .

As an example of a confidence band that satisfies display (2.2), suppose o¢(t) > 0 is a scaling

function and ¢, is a fixed constant such that, as n tends to infinity,

PO (Tn

0, — 0o

00

an>—>1—a.
T
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If 0,(t) is an estimator of oy(t) satisfying ||o, — oo||s 50 and Can 1S an estimator of ¢,
satisfying cap iwa, then the Wald-type band with lower and upper endpoints £, (t) =
0, () — Canryton(t) and u,(t) = 0,(t) + car, o, (t) satisfies display (2.2) with v, := ca00.
However, (2.2) can also be satisfied for other types of bands, such as bands constructed with
a consistent bootstrap procedure.

Conditions (A1) and (A2) also imply that, under (2.2), the corrected confidence band
(0%, u’] have the same asymptotic coverage as the original band [¢,, u,], as we state in our

next result.

Corollary 1. If (2.2) holds then [(,,u,] has asymptotic coverage 1 — «. If conditions (A1)
and (A2) also hold, o is uniformly continuous on T, and w, = op(r,'), then [, u’] also

n» -'n

has asymptotic coverage 1 — c.

We also note that Theorem 2 immediately implies that Wald-type confidence bands con-
structed around 6,, have the same asymptotic coverage if they are constructed around 0}

instead.

2.8.4  Special case: asymptotically linear estimators

Suppose now that the initial estimator 6, is uniformly asymptotically linear: for each t € T,
there exists a function Dfj, : O +— R? depending on Py such that [ Df,(0)dPy(o) = 0,
J D7 (0) dPy(0) < oo and

B (1) = Oo(1) + % Z D (0) + Ry (2.3)

for a remainder term R, ; with n*/?sup,cq | R, = op(1). The function D5, is the influence
function of 6, (t) under sampling from F. It is desirable for 6,, to have representation (2.3)
because this then immediately implies its uniform weak consistency as well as the pointwise
asymptotic normality of elements in the process 6,0 = {n*/2{0,(t) — 0o(t)} : t € T}. If

in addition the collection {Dg, : t € T} of influence functions forms a Py-Donsker class,
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the process 6, ¢ converges weakly in ¢>°(T) to a Gaussian process with covariance function
o ¢ (t,8) = [ Dot(0)Dygs(0) dPy(0). Uniform asymptotic confidence bands based on 6,
can then be formed by using appropriate quantiles from any suitable approximation of the
distribution of the maximum of the limiting Gaussian process.

We introduce two additional conditions:

(A1.i) the collection {Dg, : t € T} of influence curves is a Fy-Donsker class;
(Al.ii) X is uniformly continuous in the sense that lim supy,_g 0 [Z0(s,t) — Zo(t,t)[ = 0.

Whenever 6,, is uniformly asymptotically linear, Theorem 2 can be shown to hold under
(Al.), (Al.ii) and (A2), as implied by the theorem below. The validity of (A1l.i) and (A1.ii)
can be assessed by scrutinizing the influence function Dy, of 0,,(t) for each t € T. This fact
renders the verification of these conditions very simple once uniform asymptotic linearity has

been established.

Theorem 3. For any estimator 6,, satisfying (2.3), (Al.i) and (A1.ii) together imply (A1).

2.4 Applications of the general theory

2.4.1 FEstimation of a G-computed distribution function

We first demonstrate the use of Theorem 3 in the particular problem where we wish to draw
inference on a G-computed distribution function. Suppose that the data unit is the vector
O = (Y, A W), where Y is an outcome, A € {0,1} is a treatment indicator, and W is a
vector of baseline covariates. The observed data consist of independent draws X;, Xo,..., X,
from Py € M, where M is an unrestricted nonparametric model.

For P € M, we define the parameter value 0p pointwise as

0p(t) = Ep{P(Y <t|A=1,W)},
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the G-computed distribution function of Y evaluated at t. We are interested in estimating
0y := 0p,. This parameter is often of interest because, under certain causal identification
conditions, 6 is the distribution function of the counterfactual outcome Y (1) defined by the
intervention that deterministically sets treatment A = 1 (Robins, 1986; Gill and Robins,
2001). When there are unmeasured confounders of the relationship between A and Y, the
parameter may no longer have a causal interpretation but could still be appealing as a

covariate-adjusted marginal summary of the conditional distribution of Y given A = 1.

For each ¢, the parameter P +— 0p(t) is pathwise differentiable in the nonparametric

model, and its nonparametric efficient influence function at P € M is given by

o= (y,a,w) D}t(o) {IOt —Qp(t | w) }—i—thlw) 0p(t) ,

gp(

where gp(w) = P(A =1| W = w) is the propensity score and
Qp(t|w)=PY <t|A=1,W =w)

is the conditional treatment-specific distribution function, as implied by P (van der Laan
and Robins, 2003). Given estimators g, and Q, of gy = gp, and Qy = Qp,, respectively,
several approaches can be used to construct, for each ¢, an asymptotically linear estimator of
0o(t) with influence function Dj, := Dj, ;. For example, the use of either optimal estimating

equations or the one-step correction procedure leads to the doubly-robust estimator

n

1
1=1 n l

as discussed in detail in van der Laan and Robins (2003). Under certain conditions on g,

and @, including consistency at fast enough rates, 6, (¢) is asymptotically efficient relative

to M. In this case, 0,(t) satisfies (2.3) with influence function Df,. However, there is no

guarantee that 6,, is monotone.
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In the context of this example, we can identify simple sufficient conditions under which
conditions (A1) and (A2), and hence the asymptotic equivalence of the initial and isotonized
estimators of the G-computed distribution function, are guaranteed. Specifically, we find
that this is the case provided (i) there exists some 1 > 0 such that go(W) > n almost surely
under Py, and (ii) there exist non-negative real-valued functions K, Ky such that, under
Py, K1(W) has non-zero probability of being strictly positive and Ko(W') has finite second
moment, and additionally, Ki(w)[t — s| < |Qo(t | w) — Qo(t | w)| < Ky(w)|t — s| for all
t,se7J.

2.4.2 FEstimation of a G-computed survival function with right-censored data

We now extend the methodology presented in the previous section to estimation and inference
on G-computed survival curves with possibly informative censoring. Suppose that 7" and C'
are positive event and censoring times, respectively, and that the data structure is O =
(Y,A, A, W), where Y = min{T,C}, A = Ip(T), A € {0,1} is a baseline treatment
indicator, and W is a vector of baseline covariates. As before, the data consist of independent
draws O1,0s, ..., 0, from Py € M, where M is a nonparametric model.
For P € M, the parameter of interest is defined pointwise as
Fy p(du | w)
ep(t) = Ep {z;(t [1 - —SY,P(U | w) } } ’

where Fy p(t | w) = P(Y <t,A=1| A=1W = w) is the conditional sub-distribution
function of Y given A =1 and W = w corresponding to A = 1, and Sy p(t | w) = P(Y >t |
A =1,W = w) is the conditional proportion-at-risk at time ¢ given A =1 and W = w. As
discussed in Scharfstein and Robins (2002), if 7" and C' are conditionally independent given
W and P(C >t| A=1W = w) > 7 for P-almost every w, then 0p(t) = Ep{P(T >t |
A =1,W)}, the G-computed survival function of 7. Furthermore, under additional causal

identifiability conditions, this G-computed survival function is equal to the survival function

of the counterfactual event time 7'(1) corresponding to the intervention that sets A = 1.
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As before, P + 0p(t) is pathwise differentiable in the nonparametric model, and its
nonparametric efficient influence function at P € M has the form D}, = Dp; —0p(t), where

Dp, is given by

a 34 (y) At Ap(du | w)

gp(w)sp(t | w)  Sp(y | w)Gply— | w) + . Sp(u]w)Gplu—w) + Sp(t | w)

with Sp(t | w) and Gp(t | w) the conditional survival functions of 7" and C| respectively,
and Ap(t | w) the conditional cumulative hazard function of 7" implied by P, all evaluated
at t and given A =1 and W = w. A simple one-step estimator of 6y(t) is given by 6,(t) =
%Zyzl D,,+(0;), where D, ; is obtained by substituting S,, G,, and g, for Sp, Gp, and gp
respectively, in Dp,;. Conditions under which such a one-step estimator satisfies (2.3) with
Dg ;= Dy, ; are provided in Hubbard et al. (2000).

Condition (A2) is satisfied when the hazard function of 7" is bounded above and below
away from zero, which is very reasonable in many settings. Additionally, it is straightforward
to see that, if the conditional hazard A\g(¢ | w) corresponding to Sy(t | w) exists and is
bounded above by M for Qp-a.e. w and all ¢ € [0,1], and Gy(t | w) and go(w) are bounded

away from zero uniformly in w and ¢, then (A1.i) and (A1.ii) hold.

2.5 Simulation study

We conducted a simulation study to validate our theoretical results in the context of the
first example studied in Section 2.4. For samples sizes n € {100,250, 500, 750, 1000}, we
generated 1000 random datasets as follows. We first simulated a bivariate covariate W with
independent components W; and Wj, respectively distributed as a Bernoulli variate with
success probability 0.5 and a uniform variate on (—1,1). Given W = (wy, ws), treatment
A was simulated from a logistic model with Py(A =1 | Wy = wy, Wy = wy) = expit(0.5 +
wy — 2wsq). Given (Wy, Ws) = (w1, ws) and A = a, Y was simulated as the inverse-logistic
transformation of a normal variate with mean 0.5 + ¢ — 4w and variance 0.3.

For each simulated dataset, we estimated 6y(t) for each unique Y; between 0.1 and 0.9.
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To do so, we used the estimator described above, with propensity score and conditional
treatment-specific distribution function estimated using correctly specified parametric mod-
els. We recorded whether the initial curve had any monotonicity violation as well as the
maximal absolute differences between (i) the initial and and projected estimates, (ii) the ini-
tial estimate and the truth, and (iii) the projected estimate and the truth. We also recorded

the maximal widths of the initial and projected confidence bands.
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Figure 2.1: G-computed distribution function simulation results. Each plot shows cumulative
distributions of a particular quantity over 1000 simulated datasets for each value of n. Left
panel: maximal absolute difference between the initial and projected estimators over the grid
used for projecting, scaled up by y/n. Middle panel: ratio of the maximal absolute difference
between the initial estimator and the truth and the maximal absolute difference between the
projected estimator and the truth. Right panel: ratio of the maximal width of the initial
confidence band and the maximal width of the projected confidence band.

On the left exhibit of Figure 2.1, the empirical distribution of the scaled maximum abso-
lute discrepancy between 0,, and 0} is depicted for all sample sizes studied. This plot confirms
that the discrepancy between these two estimators indeed decreases faster than n='/2, as our
theory suggests. The right exhibit displays for different sample sizes the empirical distribu-
tion function of the ratio between the maximum discrepancy between 6,, and 6, and that of

0% and 6y. This plot confirms that 6} is always at least as close to 6y as 6,, over T,. It also
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Table 2.1: Coverage of 95% confidence bands for the true counterfactual survival function.

n 100 250 500 750 1000
Initial band 90.6 91.8 94.3 93.3 94.2
Monotone band 90.8 91.8 94.3 93.3 94.2

indicates that even in small samples there is often only a negligible difference between 0
and 6,,. However, in some cases, the maximum discrepancy between 6,, and 6, can be up to
15% larger than that between 6 and 6. The empirical coverage of uniform 95% influence
function-based confidence bands based on 6, and of bands obtained by isotonic regression

are provided in Table 2.1. The coverage of the isotonic band is essentially the same as the

initial band.
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Chapter 3

A UNIFIED STUDY OF GENERALIZED GRENANDER-TYPE
ESTIMATORS OF MONOTONE FUNCTIONS

3.1 Introduction

3.1.1 Background

In this chapter, we address the second general setting introduced in Chapter 1. Specifically,
we are primarily motivated by monotone parameters which are not pathwise differentiable
relative to the nonparametric model, and hence cannot be estimated nonparametrically at
the rate n=1/2.

It is a simple fact that the primitive of a non-decreasing function is convex. This ob-
servation serves as motivation to consider as an estimator of the function of interest the
derivative of the greatest convex minorant (GCM) of an estimator of its primitive function.
In the literature on monotone function estimation, many estimators obtained as empirical
risk minimizers can alternatively be represented as the left derivative of the GCM of some
primitive estimator. This is because the definition of the GCM is intimately tied to the nec-
essary and sufficient conditions for optimization of certain risk functionals over the convex
cone of monotone functions (see, e.g., Chapter 2 of Groeneboom and Jongbloed, 2014). In
particular, Grenander’s NPMLE of a monotone density equals the left derivative of the GCM
of the empirical distribution function. In the recent literature, estimators obtained in this
fashion have thus been referred to as being of Grenander-type. Leurgans (1982) is an early
example of a general study of Grenander-type estimators for a class of regression problems.

In a seminal paper, Groeneboom (1985) introduced an approach to studying GCMs based
on an inversion operation. This approach has facilitated the theoretical study of certain

Grenander-type estimators without the need to utilize their representation as empirical risk
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minimizers. For example, under the assumption of independent right-censoring, Huang and
Wellner (1995) used this approach to derive large-sample properties of a monotone hazard
function estimator obtained by differentiating the GCM of the Nelson-Aalen estimator of the
cumulative hazard function. This general strategy was also used by van der Vaart and van der
Laan (2006), who derived and studied an estimator of a covariate-marginalized survival
curve based on current-status data, including possibly high-dimensional and time-varying
covariates. More recently, there has been interest in deriving general results for Grenander-
type estimators applicable to a variety of cases. For instance, Durot (2007), Durot (2012)
and Lopuhad and Musta (2016) derived limit results for the estimation error of Grenander-
type estimators under L,, supremum and Hellinger norms, respectively. Durot et al. (2013)
studied the problem of testing the equality of generic monotone functions with K independent
samples. Durot and Lopuhad (2014), Beare and Fang (2017) and Lopuhad and Musta (2018a)
studied properties of the least concave majorant of an arbitrary estimator of the primitive
function of a monotone parameter. The monograph of Groeneboom and Jongbloed (2014)
also summarizes certain large-sample properties for these estimators. Despite the growing
body of work on the study of Grenander-type estimators, to the best of our knowledge,

general pointwise distributional results are not currently available for these estimators.

3.1.2  Contribution and organization of the chapter

In this chapter, we wish to address the following three key objectives:

1. to provide a unified framework for studying a large class of nonparametric monotone
function estimators that implies classical results but also applies in more complicated,

modern applications;

2. to derive tractable sufficient conditions under which estimators in this class are known
to be consistent and have a non-degenerate limit distribution upon proper centering

and scaling;;
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3. to illustrate the use of this general framework to construct targeted estimators of
monotone parameters that are possibly complex summaries of the observed data dis-
tribution, and whose estimation may require the use of data-adaptive estimators of

nuisance functions.

Our first objective is to introduce a class of monotone estimators that allow the greatest
convex minorization process to be performed on a possibly data-dependent transformation of
the domain. For many monotone estimators in the literature, the greatest convex minoriza-
tion is performed on a transformation of the domain. A strategic domain transformation can
lead to significant benefits in practice, including in some cases the elimination of the need to
estimate challenging nuisance parameters. Unfortunately, to our knowledge, existing results
for general Grenander-type estimators do not apply in a straightforward manner in cases in
which a data-dependent transformation of the domain has been used. We will define a class
that permits such transformations, and demonstrate both how this class encompasses many
existing estimators in the literature and how a transformation can be strategically selected

in novel problems.

Our second goal is to derive sufficient conditions on the estimator of the primitive function
and domain transformation that imply consistency and pointwise convergence in distribu-
tion of the monotone function estimator. We pay special attention to parameters for which
asymptotically linear estimators of the primitive and transformation functions can be con-
structed — in such cases, relatively straightforward sufficient conditions can be developed, and
the limit distribution has a simpler form. To our knowledge, the broad class of estimators
we consider in this chapter has not previously been studied in a unified manner, and hence,
general results for this class do not currently exist. In fact, as mentioned above, general
results on pointwise convergence in distribution also do not appear to be available for the
smaller class of Grenander-type estimators. Because our goal is to provide conditions that
can be readily checked, we demonstrate the utility of our general results for three groups of

examples — estimation of monotone density, hazard and regression functions — and show that
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our results coincide with established results in these settings.

Our third goal is to discuss and illustrate Grenander-type estimation in cases in which
nonparametric estimation of the primitive function requires estimation of challenging nui-
sance parameters. In this sense, our work follows the lead of van der Vaart and van der Laan
(2006), whose setting is of this type. More generally, such primitive functions arise frequently,
for example, when the observed data unit represents a coarsened version of an ideal data
structure, and the coarsening occurs randomly conditional on observed covariates (Heitjan
and Rubin, 1991). In our general results, we provide sufficient conditions that can be readily
applied to such primitive estimators. To demonstrate the application of our theory in such
cases, we consider extensions of the three classical monotone problems above to more com-
plex settings in which covariates must be accounted for, because either the censoring process
or the treatment allocation mechanism are informative, as is typical in observational studies.
Specifically, we derive novel estimators of monotone density and hazard functions for use
when the survival data are subject to right-censoring that may depend on covariates, and a
novel estimator of a monotone dose-response curve for use when the relationship between the
exposure and outcome is confounded by recorded covariates. Unlike for their classical ana-
logues, in these more difficult problems, nonparametric estimation of the primitive function
involves nuisance functions for which flexible estimation strategies (e.g., machine learning)
must be employed. As van der Vaart and van der Laan (2006) was able to achieve in a
particular problem, our general framework explicitly allows the integration of such strategies
while still yielding estimators with a tractable limit theory.

The remainder of the chapter is organized as follows. In Section 3.2, we define the class
of estimators we consider and briefly introduce our three working examples. In Section 3.3,
we present our most general results for the consistency and convergence in distribution of
our class of estimators. We provide refined results, including simpler sufficient conditions
and distributional results, for the special case in which the primitive and transformation
estimators are asymptotically linear in Section 3.4. In Section 3.5, we apply our general

theory in three examples, both for classical parameters and for the novel extensions we
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consider. In Section 3.6, we provide results from simulation studies that evaluate the validity

of the theory in two examples.

3.2 Generalized Grenander-type estimators

3.2.1 Statistical setup and definitions

Throughout, we make use of the following definitions. For intervals I, J C R, define ¢>(I)
as the space of bounded, real-valued functions on I, D; C ¢>([) as the subset of non-
decreasing and cadlag (right-continuous with left-hand limits) functions on I, and Dy, C
D, as the further subset of functions whose range is contained in J. The GCM operator
GCMy @ £>°(I) — £>°(1) is defined for any G' € (*°([) as the pointwise supremum over all
convex functions H < G on I. We note that GCM;(G) is necessarily convex. For G € Dy,
we denote by G~ the generalized inverse mapping = +— inf{u € I : G(u) > z}, and for a
left-differentiable G, we denote by 0_G the left derivative of G.

Suppose Oy, Os, ..., O, are observations sampled independently from an unknown distri-
bution P, contained in a nonparametric model M. We denote by O a prototypical data unit,
and by O(P) the support of O under an arbitrary P € M. We set O := UpenO(P). We
are interested in making inference about an unknown function 6, € D; determined by F, for
an interval I C R. We denote the endpoints of I by a; := inf I and b; := sup /. We define
the primitive function ©¢ of , pointwise for each x € I as Oy(z) = faml Oo(u)du, where if
a; = —oo we assume the integral exists.

In its simplest formulation, a Grenander-type estimator of 6, is given by 0_GCM;(0,,)
for some estimator ©, of ©y,. However, as a critical step in unifying classical estimators
and constructing procedures with possibly improved properties, we wish to allow the GCM
procedure to be performed on a possibly data-dependent transformation of the domain I.
To do so, we first define for any interval J C R the operator Iso; : £>°(J) x Dy ; — >°(I)
as Iso (U, @) = (0_GCM,(¥)) o ® for each ¥ € £>°(I) and ® € Dy ;. Set J = [0, up], with

up € (0,00) possibly depending on Py, and suppose that a domain transform ®, € Dy ; is
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chosen. We may then consider the domain-transformed parameter vy := 6y o &, which has
primitive ¥ defined pointwise as W (t) := fot o(u)du for t € (0,up]. As with 6y and O, 1o
is non-decreasing and W, is convex. Thus, it must be true that Isojg . (Vo, ®o)(z) = Oo(x)
for each x € I at which 6 is left-continuous and such that ®q(u) < ®o(z) for all w < x. This
observation motivates us to consider estimators of 6y of the form Isojy y,,)(V,, ), where ¥,
®,, and u, are estimators of Wy, &y and ug, respectively. We refer to any such estimator
as being of the generalized Grenander-type. This class, of course, contains the standard
Grenander-type estimators: setting ¥,, = ©,, and ®,, = Id for Id the identity mapping yields
0, = 0_-GCM;(0,,). We note that, in this formulation, we require the domain [0, ug] over
which the GCM is performed to be bounded, but not so for the domain I of 6.

Defining I'y := ¥y o ®g, suppose that I',, be an estimator of I'y. In this work, we study

the properties of a generic generalized Grenander-type estimator 6,, of 6, of the form
0 := 150[0,4,] ([ 0 @, , D) . (3.1)

Specifically, our goal is to provide sufficient conditions on the pair (I',, ®,,) under which 6,
is consistent, and under which a suitable standardization of #,, converges in distribution to

a nondegenerate limit.

We note that estimators taking form (3.1) constitute a more restrictive class than the
set of all estimators of the form Isojy y,,)(V,, ®,) for arbitrary ¥,. Our focus on this slightly
less general form is motivated by two reasons. First, as we will see in various examples, I'y
often has a simpler form than ¥, and in such cases, it may be significantly easier to verify
required regularity conditions for I',, and to derive limit distribution properties based on
I',, rather than W¥,,. Second, many celebrated monotone estimators in the literature follow
this particular form. This can be seen by noting that, if ®, is a right-continuous step
function with jumps at points xy, za, ..., x,,, then for each x € I the estimator 6, (z) given
in (3.1) equals the slope at ®,,(x) of the greatest convex minorant of the diagram of points

{(®(x;),n(zy)) : 5 =0,1,...,m}, where xyp = a;. We highlight well-known examples of
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estimators of this type below. In brief, we sacrifice a little generality for a substantial gain
in the ease of application of our results, both for well-known and novel monotone estimators.
Nevertheless, conditions on the pair (¥, ®,) under which consistency and distributional

results hold for 6,, can be derived similarly.

3.2.2  FExamples

Before proceeding to our main results, we briefly discuss the several examples we will use
to illustrate how our framework allows us to not only obtain results on classical estimators
in the monotone estimation literature directly, but also tackle more complex problems for
which no estimators are currently available. These examples will be studied extensively in

Section 3.5.

Example 1: monotone density function

Suppose that T is a univariate positive random variable with non-decreasing density function
fo- The simplest scenario consists of estimating this density using data sampled indepen-
dently from fy. Thus, in this case, the observed data unit is O := T with distribution F
with density function f,. The parameter of interest is then 6y := fy, the density function
of O with support I. Taking ®, to be the identity function, we get that ¥y = 6,. Both
Uy and Oq here represent the distribution function Fy of T. Taking W, to be the empiri-
cal distribution function, ®,, the identity map, I', := ¥,, and u,, := max; O;, the estimator
0y, := Is0p,u,](I'n, ®r) is precisely the NPMLE of 6, that is, Grenander’s estimator. Here, the
transformation ®, plays no role. If T" is right-censored by an independent random censoring
time C, the observed data unit is then O := (Y, A) with Y := min(7,C) and A := (T < C)
with distribution P, implied by the true marginal distributions of 7" and C'. In this case, 6,
can be identified from the observed data distribution using the product-limit transform, and
a natural estimator 6,, of 6, can be obtained by taking ¥,, to be the Kaplan-Meier estimator
of the distribution function W,. This produces the estimator studied by Huang and Wellner
(1995).
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In Section 3.5, we will extend estimation of a monotone density function to the setting in
which the data are subject to possibly informative right-censoring. Specifically, we will only
require T" and C' to be independent conditionally upon a vector W of baseline covariates. We
will study the estimator defined by differentiating the GCM of a one-step estimator of W,,.
As we will discuss, estimation of ¥, in this context requires estimation of nuisance functions.
We will use our general results to provide conditions on the nuisance estimators that imply

consistency and distributional results for 6,,.

Example 2: monotone hazard function

Suppose now that 7' is a univariate positive random variable with non-decreasing hazard
function A\g. In this example, we are interested in 6, := X\g. Setting Sy := 1 — F, to
be the survival function of T, we note that To(u) = [ fo(v)/So(v)®o(dv), and so, taking
D, to satisfy Oy(dv) = Sp(v)dv makes I'g = Fy. The restricted mean lifetime function
Do (u fo So(v)dv satisfies this condition. Using this transformation, the estimator of the
monotone hazard function 6, only requires estimation of Fj.

In Section 3.5, we again extend estimation of a monotone hazard function to allow the
data to be subject to possibly informative right-censoring using the same one-step estimator
I',, of I'y = F} that will be introduced in Example 1 and the data-dependent transformation
P, (u) = [;'[1-Ty(v)]dv. We will show that, once the simpler details regarding the estimation
of a monotone density are established, the asymptotic properties of this estimator of a

monotone hazard are obtained essentially for free.

Example 3: monotone regression function

As our last example, we study estimation of a non-decreasing regression function. In the
simplest setup, the data unit is O := (Y, A) and we are interested in 0y : © — Ey (Y | A = x).
Assume without loss of generality that the data are sorted according to the observed values of
A. Taking I to be the support of A and ®, to be the marginal distribution function of A, we
have that ¥g(u) = Ey [Y | ®o(A) = u] for each u € [0,1], and To(z) = Ey [V (—ooq)(A)] for
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eachz € I. Thus, Iy (z) := 2 37" | Vil )(A;) and @, (z) := L 3" I(_ 41(A;) are natural
nonparametric estimators of I'g(x) and ®¢(x), respectively. Then, 6, := Isojg1)(I'y, ®,,) is the
classical monotone least-squares estimator of 6y. Since ®,, is a step function with jumps at
the observed values of A, 6,,(x) is equal to the left-hand slope of the GCM at ®,,(z) of the
so-called cusum diagram {(®,(Ax),Tn(Ap)) : k =0,1,...,n} = {(£, %) ck=0,1,...,n},
where we let Ag = —00, Sy =0 and S), = Zle Y; for k> 1.

In Section 3.5, we will consider an extension to estimation of a covariate-marginalized
regression function for use when the relationship between exposure and outcome of interest is
confounded. Specifically, we will consider the data unit O := (Y, A, W) with W representing
a vector of potential confounders, and focus on 0y : x +— Ey[Ey (Y | A=x,W)]. Under
untestable causal identifiability conditions, 0y(x) is the mean of the counterfactual outcome
Y (z) obtained by setting exposure at level A = x. This parameter plays a critical role
in causal inference, particularly when the available data are obtained from an observational
study and the exposure assignment process may be informative. To tackle this more complex
parameter, we will again transform the domain using the marginal distribution function of
A, and we will consider a one-step estimator of Ty : &+ E [V [(_oo4)(A) fo(A)/g0(A | W)],
where fy is the marginal density of A and gy the conditional density of A given W.

3.3 General results

We begin with our first set of results on the large-sample properties of ,,. Our goal is to
establish conditions under which consistency and pointwise convergence in distribution hold.
First, we provide general results on the consistency of 6,, both pointwise and uniformly.
We note that the results of Durot (2007), Durot (2012) and Lopuhad and Musta (2016)
imply conditions for consistency of general Grenander-type estimators. However, because the
objective of their work is to establish distributional theory for a global discrepancy between
the estimated and true monotone function, the conditions they require are stronger than
needed for consistency alone. Also, their work is restricted to Grenander-type estimators,

without data-dependent transformations of the domain.
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Below, we refer to the sets I, :=={z € [ : 2=, (u),u € [0,u,]} and I, 3 :={r € l:0<
Oo(x — B) < Po(z + B) < uy,} for g > 0.

We begin by stating two lemmas we will require — proofs are provided in the Appendix.
The first lemma is a generalization of the switch relation first introduced in Groeneboom
(1985) and discussed in detail on page 296 of van der Vaart and Wellner (1996), on page
64 of van der Vaart and van der Laan (2006), in Groeneboom and Jongbloed (2014) and in
Balabdaoui et al. (2011). For brevity, throughout, we will refer to van der Vaart and Wellner
(1996) as VW.

Lemma 4. Let ® and I" be functions from a closed interval I C R to [a,b] C R, where ® is
nondecreasing and cadlag , T and ¥ := T o®~ are lower semi-continuous, and {a,b} C ®(I).
Let 9 be the left derivative of the GCM U of ¥ and 6§ := 1 o ®. Then, for any c € R and
x € I with ®(z) € (a,b), 0(x) > c if and only if sup argmax, ;. {cP(v) — ['(v)} < &~ (P(2)),
where I* := 1IN ([a,b]) ={z el :x=d (u),u € [a,b]}.

The switch relation requires ¥ to be lower semi-continuous. If ¥, is not so, it can be
replaced by its greatest lower semi-continuous minorant. As argued in van der Vaart and
van der Laan (2006), this only possibly changes the GCM at the endpoints of the interval
and has no effect on asymptotic properties (e.g., weak convergence of ¥, ). In the second
lemma, pointwise and uniform finite-sample tail bounds are provided. These tail bounds are
not sharp but suffice to derive consistency results in broad generality. Simpler tail bounds

can be derived in the absence of a transformation ®,.

Lemma 5. Suppose that |®q (u) — z| < y(|lu — Po(x)|) for all u € [0,ug] and a continuous,
strictly increasing function vy : R™ — RT with v(0) = 0, and that ®q is strictly increasing
and continuous on [x — 6,z + 6] C @5 ([0,u,]). Let w : RT — R* be a non-decreasing
function satisfying lim, o w(z) = w(0) = 0, and suppose |Op(u) —bp(x)| < w(|u —x)|). Define
c(6,m) =~y Aw™(n)) and r(d,n) := foc(é’n)/Q [ — w(y(w))] du. Then, for any n > 0 and
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x € I such that ®,(x), Po(z) € (0,u,),
Bo (0n(x) = bo(x)[ > 1) < Py (Ana(n) >7(5/2,0/2)) + Po (Ana = ¢(0/2,1/2))

with An1 (1) = 2|[Tn=Tollo1, + (2[00 (2)[+0) | ®n = Pollco,1, and Ay 2 := 4[|®n—Pollc, (o524
If ® is strictly increasing and continuous on I, |®y'(u) — @5 (v)] < Y(ju — v|) for all

u,v € [0,up], and |0o(u) — Oo(v)| < w(|u—v)|) for all u,v € I, then, for any n, 5 >0,

Py (1100 = Oollss,1, s > 1) < Po(Bui(n) >7(8/2,1/2)) + Py (Buz > c(8/2,1/2))

with By 1(n) := 2Ty — Tolloo.z, + (2]|600]lcos + M) | Pr — Polloc.s, and Bz = 4|| P, — Pol|co.s-

Theorem 4 (Weak consistency). (1) Suppose 0y is continuous at x € I and, for some § > 0
such that [z — 8, x46] C ®5(Jy), ®o is strictly increasing and continuous on [x— &, x+9)].
If IT% = Tolloo, s [|Prn— Polloo,z, and |[Pr, — Pol|co,(z—s2+4 tend to zero in probability, then
0, () — Oo(z).

(2) Suppose Oy and g are uniformly continuous on I, and ¢ is strictly increasing on I. If
T = Lollo,z, and ||®n — Pol|so,r tend to zero in probability, then |0, — Oolloo,r, 5 50
for each fized B > 0.

We note that in part 1 of Theorem 4, we require uniform convergence of I',, and ®,, to
obtain a pointwise result for #,, — this will also be the case for Theorem 5 below. This is
because the GCM is a global procedure, and so, the value of 6,(x1) depends on I';,(x32) even
for x5 not near x;. Without uniform consistency of I',,, #,, may indeed fail to be pointwise
consistent. Also, we note that in part 1 of Theorem 4, we require that I';, — 'y and ®,, — @
tend to zero uniformly over the set I,,. This requirement stems from the fact that 6,, only
depends on I',, through the composition I';, o @, and so, values of I',, only matter at points
in the range of ®,. In part 1, we also require that ®,, — @, tend to zero uniformly in a

neighborhood of z, while in part 2, we require that ®, — ®, tend to zero uniformly over I.
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These requirements allow us to obtain results for x values that are possibly outside I,, for all
n. In many applications, it may be the case that I',, — I'y and ®,, — ¢ both tend to zero in
probability uniformly over I, which implies convergence over I,,.

The weak conditions required for Theorem 4 are especially important for the extensions
of the classical parameters that we consider in Section 3.5. The estimators we propose often
require estimating difficult nuisance parameters, such as conditional hazard, density and
mean functions. While under mild conditions it is typically possible to construct uniformly
consistent estimators of these nuisance parameters, ensuring a given local or uniform rate of
convergence often requires additional knowledge about the true function. Thus, Theorem 4
is useful for guaranteeing consistency under weak conditions.

We now provide lower bounds on the convergence rate of 6,,, both pointwise and uniformly,
depending on (a) the uniform rates of convergence of I',, and ®,, and (b) the moduli of

continuity of 6, and @, .

Theorem 5 (Rates of convergence). Let x € I be given. Suppose that, for some 6 > 0,
[z — 8,24 0) C ®5([0,u0]) and P is strictly increasing and continuous on [v — 0, x +6]. Let
ry, be a fized sequence such that v, ||y, —Tolloo, 1, s 70|/ Prn — Pol|oo,r, and 75| Pr, — Po || 0o, [w—6,0-+6]

are bounded in probability.

(1) If there ezist Ki(x), Ko(x) € [0,00) and ay,a9 € (0,1] such that |0y(u) — Op(z)] <

Ki(z)|u —z|* for alluw € T and |y (u) — ()| < Ko(z)|u — x|*2 for all u € [0, up),
then

12

712 [0, (2) — Oo(x)] = Op(1) .

(2) If Oy is constant on [x — 6, + 0], then ry, [0,(x) — Op(z)] = Op(1).

Let r,, be a fived sequence such that 1|y — Tollsor, and rp|| @, — Polleosr are bounded in

probability, and suppose that ®qy s strictly increasing on 1.

(3) If there exist K1, Ky € [0,00) and aq,ay € (0,1] such that [0y(u) — O(v)| < Kq|u — v|™
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for all u,v € I and | Py (u) — Dy (v)] < Ko|u —v|* for all u,v € [0, up], then

T 102 10 — 00”00,

= 0Op(1)

[nyﬁn

for any (possibly random) positive real sequence B, such that ﬁnﬁll/(pro‘lo@) L .

We note here that the uniform results only cover subintervals of the interval over which
the GCM procedure is performed. This should not be surprising given the poor behavior of
Grenander-type estimators at the boundary of the GCM interval, as discussed, for example,
in Woodroofe and Sun (1993), Kulikov and Lopuha& (2006) and Balabdaoui et al. (2011).
Various boundary corrections have been proposed — applying these in our general framework

is an interesting avenue for future work.

We also note that, in Theorem 5, when 6, and ®, are locally or globally Lipschitz, then

a; = oy = 1 and the resulting rate is Op(rﬁl/z), which yields Op(n~*/*) when r, = n'/2,

~1/3

This rate is slower than the rate n that is often achievable for pointwise convergence

1/2

I

when 6y and &y are differentiable at x and the primitive estimator converges at rate n~
as we discuss below. However, the assumptions in Theorems 5 are significantly weaker than
typically required for the n='/3 rate of convergence: they constrain the supremum norm of
the estimation error rather than its modulus of continuity, and hold when the true function
is Lipschitz but not differentiable. Our results also cover situations in which 6y or ®( are in
Holder classes. The rates provided by Theorem 5 should thus be seen as lower bounds on
the true rate, for use when less is known about the properties of the estimation error or of
the true functions. The distributional results we provide below recover the usual rates under

stronger conditions.

For a fixed sequence r,, of positive real numbers, we now study the pointwise convergence
in distribution of 7, [0,(x) — 6y(x)] at a fixed interior point = € I at which both 6, and ®,

have a strictly positive derivative. Writing I',, o :=I';, —I'g and ®,, o := ®,, — ®¢, we define
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the localized process
Whetu— r2 {Fmo(x +ur, ) — Lyo(x) — Oo(2) [(IJ,LO(x +ur,t) — (IJ,LO(m)} }

and introduce the following conditions:

(B1) for each M > 0, {W,,.(u) : |u| < M} converges weakly in ¢>°[—M, M] to a tight limit
process {W,(u) : |u| < M} with almost surely upper semi-continuous sample paths and

stationary increments;

(B2) {W,(u) + 36,(2)®)(x)u? : uw € R} almost surely possesses a unique and finite point of

minimum;

(B3) there exist a € (1,2), 6* > 0, and a sequence f,, : Rt — R* such that u — u=f,(r,u)
is decreasing, f,(1) = O(1), and Ej [sup|u|§rn5 (Wi z(w)|] < fa(rad) for all large n and
J <o

In addition, we introduce conditions on the uniform convergence of estimators ®,, and I',:
(B4) r Eg [sup)y)<s |Pn (2 + v) — Doz + v)|] — 0 for some § > 0;

p
(B5) |Th.0 — Oo(z) - Prolloo.s,, — 0.

These conditions suffice to apply the argmin continuous mapping theorem to the limit pro-

Cess.

Theorem 6 (Convergence in distribution). If x is a fived interior point of I at which 0y is

differentiable and Py is continuously differentiable, both with positive derivative, conditions

(B1)-(B5) imply that

T [On(2) — O ()] LN —0)(x) argmin { W, (u) + %96(93)@6(:@1?} )

ueR
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If W, = [ro(2)]"2W,y with Wy a standard two-sided Brownian motion process satisfying
Wo(0) = 0, then 1y [Bn(z) — 00(2)] - 70(2) Z with 1o(x) := [40}(x)ro(z)/®)(2)?]"* and Z =
argmin, g {Wo(u) + u?}.

The latter limit distribution is referred to as a scaled Chernoff distribution, since Z is
said to follow the standard Chernoff distribution. This distribution appears prominently in
classical results in nonparametric monotone function estimation and has been extensively
studied (e.g., Groeneboom and Wellner, 2001). It can also be defined as the distribution of
the slope at zero of GCMg(W (z) + %), where W is a standard Brownian motion.

Suppose WY is the limit process that arises when no domain transformation is used in
the construction of a generalized Grenander-type estimator, that is, when both ®; and ®,,

are taken to be the identity map. In this case, under (B1)—(B5), Theorem 6 indicates that

T [0n(2) — Oo(x)] LN —0y(x) arggéin {on(u) + %Gg(x)uQ} )

It is natural to ask how this limit distribution compares to the one obtained using a non-
trivial transformation ®,. In particular, does using ®, change the pointwise distributional
results for 6,7 The answer is of course negative whenever W, and ®f(z)W? are equal in
distribution, since the multiplicative factor ®{(z) then does not change the value of the
minimizer defining the limit distribution. A more detailed discussion of this question and

lower-level conditions are provided in the next section.

3.4 Refined results for asymptotically linear primitive and transformation
estimators

3.4.1 Distributional results

So far, we have not assumed any particular form for estimators I';, and ®,,, and our results can
be applied broadly. However, it is common for these estimators to be linear or asymptotically
linear, and in such cases, simpler, lower-level conditions for consistency of 8,, and convergence

in distribution of r,[0,(2) — 6y (x)] can be derived. Below, we write P f to denote [ f(0)dP (o)
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for any probability measure P and P-integrable function f : O — R. We also use P,
to denote the empirical distribution of independent observations O1, O, ..., O, from Fy so

that P, f = 13" | f(O;) for any f: O — R.

Suppose that, as estimators of I'y and Gy, respectively, I';, and ®,, are uniformly asymp-
totically linear over I, in the sense that there exist functions D} ,: O — Rand L} ,: 0 = R
depending on Py such that, for each # € I, PyD};, = PyL},, = 0 and both PyD}% and PyL}%,

are finite, and
Lo(z) —To(z) =PpD; g+ Hyp and @, (1) — @g(x) = PpLy g+ Rapp (3.2)

where H, , and R, , are stochastic remainder terms. Objects D}, and L’ , are referred to

as the influence functions of I, (z) and ®,,(z), respectively, under sampling from Fj.

Assessing consistency and uniform consistency of 6, is straightforward in this important
case. For example, if the classes {D};, : v € I} and {L}, : x € I} are Fy-Donsker classes,
and the remainder terms satisfy n'/2sup,; |Hy.»| and n'/? sup,; | R,.| tend to zero in prob-
ability, then n'/2||T',, — To||oo.s and n'/2||®, — ®g||«.s are both bounded in probability, and
Theorems 4 and 5 can be directly applied with r, = n'/? provided the required conditions
on 6y and Py hold. As such, we focus here on deriving a refined version of Theorem 6 for

use whenever I',, and ®,, are uniformly asymptotically linear estimators.

It is reasonable to expect the linear terms P, D} ; and P, L  to drive the behavior of the
standardized difference r,,[0,,(z) —6o(z)] in Theorem 6. The natural rate here is r,, = n'/3, for
which Kim and Pollard (1990) provide intuition. Our first goal in this section is to provide
sufficient conditions for weak convergence of the process {n'/°G,g, ,-1s, : |u| < M}, where
G, is the empirical process nt/ 2(P,,— Py) and we define the localized difference function G 1=

w0~ Dio—00(x)(Lsy 0 — L) Kim and Pollard (1990) also provide detailed conditions
for weak convergence of processes of this type. Building upon their results, we are able to

provide simplified sufficient conditions for convergence in distribution of n'/3[0,(x) — 6y(x)]

when I',, and ®,, are uniformly asymptotically linear estimators.
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We begin by introducing conditions we will refer to. First, we define G, r = {gs :
lu| < R} and suppose that G has envelope function G, z. The first two conditions concern
the size of G, r for small R in terms of bracketing or uniform entropy numbers, which for
completeness we define here — see van der Vaart and Wellner (1996) for a comprehensive
treatment. Denote by ||G||p2 = [P(G?)]*/? the Ly(P) norm of a given P-square-integrable
function G : O(P) — R. The bracketing number Nj(e, G, Lo(P)) of a class G with respect to
the Lo(P) norm is the smallest number of e-brackets needed to cover G, where an e-bracket
is any set of functions {f : ¢ < f < u} with ¢ and w such that ||[{ — u|[p2 < €. The
covering number N (e, G, Ly(Q)) of § with respect to the Ly(Q) norm is the smallest number
of e-balls in Ly(Q) required to cover §. The uniform covering number is the supremum of
N(e||Gll2,0, G, L2(Q)) over all discrete probability measures () such that ||G||2,o > 0, where

G is an envelope function for §. We consider conditions on the size of G, gr:

(C1) for some constants C' > 0and 0 < V' < 2, either (Cla) log Ny(e||Garllpy,2: Ga,rs L2 (F)) <
Ce™V or (C1b) logsupy N(e||GarllQ2 Ser L2(Q)) < Ce™ for all € € (0,1] and R

small enough;
(C2) PyG2 , = O(R), and for all > 0, PyG% p{ RGo.r > 1} = o(R), as R — 0.

Condition (C1) replaces the notion of uniform manageability of the class G, g for small R
as defined in Kim and Pollard (1990), whereas condition (C2) directly corresponds to their
condition (vi). Since bounds on the bracketing and uniform entropy numbers have been
derived for many common classes of functions, condition (C1) can be readily checked in
practice. Together, conditions (C1) and (C2) ensure that G, g is a relatively small class, and
this helps to establish the weak convergence of the localized process {W,, ,(u) : |u| < M}.
As in Kim and Pollard (1990), to guarantee that the covariance function of this localized
process stabilizes, it suffices that 6~ sup, <5 Po(gzu — ga)* be bounded for small enough
§ > 0 and that, up to a scaling factor possibly depending on x, 0, o(u,v) := @ ' Py[(gs.0u —

Pog.on) (900 — Pogr.an)] tend to the covariance function o?(u,v) of a two-sided Brownian
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motion as a — 0. Below, we provide simple conditions that imply these two statements for
a broad class of settings that includes our examples.

The covariance function of the Gaussian process to which {G,[D;, — 0o(z)Lf,] : t}
converges weakly is defined pointwise as Xo(s,t) := Fy[D%g — 0o(x)L}o][Dfo — Oo(x) L]
The behavior of ¥y near (z,x) dictates the covariance of the local limit process W, and
hence the scale parameter rko(z). If Xy is differentiable in (s,t) at (z,x), it follows that
ko(z) = 0 and 6, converges at a faster rate, although possibly with an asymptotic bias.
When instead scaled Chernoff asymptotics apply, the covariance function can typically be

written as

Yo(s,t) = X5(s,t) + //_S Ap(s,t,v,w)Hy(dv, w)Qo(dw) (3.3)

for some functions 3§ : I x I = R, Ag: I x I xIxW — Rand Hy: I xW — R depending
on Py, where )y is a probability measure induced by F, on some measurable space W. In
this representation, 3 is taken to be the differentiable portion of the covariance function,
which does not contribute to the scale parameter. The second summand is not differentiable
at (x,x) and makes 0, ,(u,v) tend to a non-zero limit. We consider cases in which Xf, A

and Hj satisfy the following conditions:

(C3) Representation (3.3) holds, and for some § > 0, setting Bs(z) := (z — d,x + ), it is

also true that:

(C3a) 3} is symmetric in its arguments and continuously differentiable on Bs(x);

(C3b) Ay is symmetric in its first two arguments, and s — Ao(s, t, v, w) is differentiable
for Qp-almost every w and each s,t,v € Bs(z), with derivative Aj(s,t,v,w)
continuous in s,t,v each in Bs(z) for Qp-almost every w and satisfying the

boundedness condition

T+0
J[ 7 sw (s tvwltulde, w)Qu(du) < oo

—o00  S,tEBs(x)
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(C3c) v — Ap(z,z,v,w) is continuous at v = x uniformly in w over the support of Qy;

(C3d)v — Hy(v,w) is nondecreasing for all w and differentiable at each v € Bs(x),

with derivative H{(v,w) continuous at v = z uniformly in w over the support

of Qo.

Representation (3.3) is deliberately broad to encompass a wide variety of parameters. Nev-
ertheless, in many settings, the covariance function can be considerably simplified, leading
then to simpler conditions in (C3). For instance, when W is a vector of covariates over which
marginalization is performed to compute the parameter, )y typically plays the role of the
marginal distribution of W under Fy. In classical problems in which there is no adjustment
for covariates, this feature of representation (3.3) is not needed and indeed vanishes. In other
settings, Ay(s,t,v,w) depends on v and w but not on s and t.

Finally, we must ensure that the stochastic remainder terms H,, and R,, arising the
asymptotic linear representations of I',, and ®,, do not contribute to the limit distribution.
Defining H, ,, := Hyyun — Homy, Run := Rotun — Rop and K, (8) := n?/? SUD|y<pn-1/3 |Hop —
QO(x)Ru,nL we consider the following conditions for the asymptotic negligibility of these

remainder terms:

(C4) K,,(0) 50 for each fixed § > 0;

(C5) for some a € (1,2), § — 6 “Ey [K,,(d)] is decreasing for all 6 small enough and n large

enough.

Condition (C4) guarantees that the remainder terms do not contribute to the weak con-
vergence of {W,, ,(u) : |u| < M}, and condition (C5) guarantees that the remainder terms
satisfy condition (B3).

Combining the conditions above, we can state the following master theorem for pointwise
convergence in distribution when the monotone estimator is based upon asymptotically linear

primitive estimators:



ol

Theorem 7. Suppose that, at an interior point x € I, 8y is differentiable and ®q is continu-
ously differentiable with positive derivative. Suppose also that T',, and ®,, are asymptotically
linear estimators of I'y and @, respectively, uniformly over I, such that conditions (C1)-(C5)
and (B4)-(B5) hold. Then

T [0n(2) — Oo(2)] -5 10(2) Z |

where Z follows the standard Chernoff distribution, and 1o(x) = [496(1})/{0(:5)/@6(@2]1/3 is

a scale factor involving ko(x) = [ Ao(z,z, z,w)Hj(z,w)Qo(dw).

3.4.2 Effect of domain transform on limit distribution

As was done briefly after Theorem 6, it is natural to compare the limit distribution obtained
by Theorem 7 when a transformation of the domain is used and when it is not. We will
consider 6, := 1509 4,](On,1d), the estimator obtained by directly isotonizing an estimator
0,, of the primitive function ©y without use of a domain transformation. Denoting by
®, a candidate non-decreasing transformation function, and letting I'y := ¥y o ®y be as
described in Section 3.2, we will also consider 0 := Isop: (I, o @, ,®,), where I', and
®,, are estimators of I'g and @y, respectively. Suppose O,(z),I',(z) and ¥, (z) are each
asymptotically linear estimators of their respective targets with influence functions M; g,
Dj 5 and L}, respectively, under sampling from F.

We wish to compare the scale parameters rko(x) and xj(x) arising from the use of the
distinct estimators 6, (x) and 6%(z). To do so, we can use expression (C3) to examine
the covariance obtained in both cases. However, it appears difficult to say much without
having more specific forms for the involved influence functions. Unfortunately, it also appears
difficult to characterize these influence functions generally since they depend inherently on
the parameter of interest 6y, and we wish to remain agnostic to the form of 8,. Nevertheless,
in our next result, we describe a class of problems, characterized by the generated influence

functions and regularity conditions on these, in which domain transformation has no effect
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on the limit distribution of the generalized Grenander-type estimator.

Theorem 8. Suppose conditions (C1)-(C5) hold for (0,,1d) and (I, ®,,), and the observed
data unit can be partitioned as O = (U, Z) with U € R*™. Suppose that the influence functions

can be expressed as

Mot (u,2) v T (W) ML (u, 2) + Mg (u, 2)
LEg: (u2) = T (w) L) (u, 2) + L2 (u, 2) |

Dk (u,2) = Tjo.e) (w)®)(w) ML (u, 2) + D2 (u, 2) + / Bo(v) Ly o(u, 2)
0

and satisfy the smoothness conditions stated in the Appendiz. Suppose that the density func-
tion hg of the conditional distribution of U given Z exists and is continuous in a neighborhood

of x uniformly over the support of the marginal distribution Q7o of Z. Then, it follows that

Ko(z) = / [Mgg(x,z)r ho(x | 2)Qz0(dz) and
i) = (@@ [ M3 2)] ho(o | Qzald2)

Consequently, n'/? [0,,(x) — Oy(z)] and n'/3 (07 (x) — Oy(z)] have the same limit distribution.

In all the examples we study in Section 3.5, the conditions of Theorem 8 apply. The
forms of M, and Lj , arise naturally in a wide variety of settings because the parameters
considered involve a primitive function. The supposed form of Dj, may seem restrictive
at first glance but is in fact expected given the forms of M7, and L} ,. We now provide a
heuristic justification for the forms of these influence functions.

In a nonparametric model, the efficient influence function M, of ©¢(x) is the unique

element of L3(F) such that, for each sq € LY(P),

0
x = —0p.(u
. /085P<)

for each regular, one-dimensional parametric path {FP.} C M through P, at ¢ = 0 and with

du = PQ(M;:OSO)
e=0
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score sy at € = 0. In the presence of a transformation depending on P, the efficient influence
function L}, of ®g(x) similarly satisfies £®p, (a:)’ _o = Po(L;s0). The nonparametric

efficient influence function D} ; of I'g(x) thus satisfies

o

The first term typically contributes o = Ijo 4 (u)Milg(o)(I)g(u) + D%(o) to the form of D},

an

Po(D} 080) = 9% . (

. Oy (dv) + /OI Oo(v) %@ps(dv)

e=0

M:(Elg in this term is deliberately the same as in the influence function of O (z). The second

term is equal to
/ Qo(U)PQ (LZU,OSO) = PO |:50/ QO(U)LZv,O] s
0 0

so that this term contributes o — ["0o(v) L}, ,(0) to the form of D} . Hence, we get the

general form

8
o

D34(0) = Toa()DR (00 () + D) + [ 6ufo)Liofo)
0
3.4.3 Negligibility of remainder terms

In some applications, the estimators I',, and ®,, may be linear rather than simply asymp-
totically linear. In such situations, the remainder terms H,,, and R, , are identically zero,
and conditions (C4) and (C5) are trivially satisfied. Otherwise, these conditions must be
verified. While in general the exact form of these remainder terms depends upon the specific
parameter under consideration and estimators used, it is frequently the case that part of
the remainder is an empirical process term arising from the estimation of nuisance functions
appearing in the influence functions D} 5 and L} ;, as we illustrate below with one particular
construction. To facilitate the verification of conditions (C4) and (C5) for these empirical
process terms, we outline sufficient conditions in terms of uniform entropy and bracketing

numbers.

In this subsection, we assume that I'o(z) and ®g(x) arise as the evaluation at Py of
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maps from M to R, and denote by I'p(z) and ®p(z) the evaluation of these maps at an
arbitrary P € M. Let m = 7(P) be a summary of P, and suppose that I'p(z), ®p(x) and
the nonparametric efficient influence functions of P — I'p(x) and P +— ®p(x) at P each
only depend on P through 7. Denote these efficient influence functions by D (7) and L% (),
respectively. Since M is nonparametric, it must be that D}, = D;(m) and L}, = L} ()
for my := w(Fp). To emphasize the fact that I'p(z) and ®p(z) depend on P only through T,
we will use the symbols I';(z) and ®,(x) to refer to I'p(z) and ®p(x), respectively.

Under regularity conditions, the so-called one-step estimators
Ly(z) =T, () + P, Di(m,) and  &,(z) := D, (2) + P, L5 (7,) (3.4)

are asymptotically linear and efficient estimators of I'g(z) and ®y(x), even when =, is a
data-adaptive (e.g., machine learning) estimator of 7y (e.g., Pfanzagl, 1982). van der Vaart
and van der Laan (2006) pioneered the use of such one-step estimators in the context of
nonparametric monotone function estimation. When this one-step construction is used, it can
be shown that the remainder terms have the form H, ,, = HQ(UIT)L +H§% and R, , = Rg(clzl + Rg%,
where HY) = (P, — Py))[Di(m,) — D*(m)] and RY) := (P, — Py) [L%(m,) — L*(mo)] are
empirical process terms, and H. ﬁ)l and qu)qj are so-called second-order remainder terms arising
from linearization of the corresponding parameter. Similar representations exist when other
constructive approaches, such as gradient-based estimating equations methodology (e.g.,
van der Laan and Robins, 2003; Tsiatis, 2007) and targeted maximum likelihood estimation
(e.g., van der Laan and Rose, 2011), are used. As we will see in the examples of Section 3.5,
these second-order terms can usually be shown to be asymptotically negligible provided ,
tends to my fast enough in some appropriate norm. Here, we provide conditions on 7, that

ensure that the contribution of H) — 6, (:L')Rg% to K, (0) satisfies conditions (C4) and (C5).

A primary benefit of decomposing the remainder terms as above is that the empiri-
cal process terms can be controlled using empirical process theory, a strategy also used in

van der Vaart and van der Laan (2006). In particular, we can provide conditions under which
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HE) and RY) satisfy conditions (C4) and (C5). Defining g, (7) := [D},,(m) — Di(m)] —
Oo(z)[L: ., (m) — Li(m)], the relevant contribution of these empirical process terms to £, (6)
is

KS)((S) = n1/6 ‘Sl|l<I)6 |Gn [gx,un71/3<ﬂ'n) ~ Gz un—1/3 (71'0)} ‘ .

Suppose that 7, falls in a semimetric space (P, p) , with probability tending to one, and
that G, 9 g is an envelope function for G, 9 g := {guu(7) : |u| < R,m € P}. We consider the

following the conditions:
(D1) for some constants C' > 0 and V' > —1, either

(D1a) log Ny(el| G gllpy 2 Ga.rs La(Fo)) < Ce?, or

(D1b) logsupg N(el|Gop rllg2, Goo.r L2(Q)) < Ce?V

for all € € (0,1] and R small enough;
(D2) RyG% g = O(R), and for all n > 0, PyG% p p{RG.9.r > n} = o(R), as R — 0;
(D3) Py [gou(T) = gaw(7)]> = O(Ju — v|) uniformly for = € P, and

PO [gm,u<7rl) - gx,u(ﬂ-g)]2 _ U
)2 = O([ul)

uniformly for 7wy, m € P and u € [

(D4) there exists some @ € P such that p(m,, 7) L50.

Our next result states that, under these conditions, the remainder term K (0) stated above

is asymptotically negligible in the sense of conditions (C4) and (C5).

Theorem 9. Suppose that, with probability tending to one, m, € P and conditions (D1)-(D4)
hold. Then, KS)((S) satisfies conditions (C4)-(C5).
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We note that conditions (D1) and (D2) together imply conditions (C1) and (C2). As such,
if conditions (D1) and (D2) have been verified, there is no need to also verify conditions (C1)
and (C2).

Theorem 9 is established with the help of the following simple result, which is a useful
generalization of van der Vaart (1998) Theorem 19.24.

Lemma 6. Let {V,(u,f) : u € U, f € F} be a sequence of stochastic processes indexed by
U x F, where (U, dy) and (F,dy) are semi-metric spaces. Let p be the corresponding product
semi-metric on W x F. Suppose V,, are asymptotically uniformly p-equicontinuous in the
sense of VW and dy(fn, fo) tends to zero in probability. Then, sup ey |Va(u, fn) — Vi(u, fo)|

tends to zero in probability.
3.5 Applications of the general theory

In this section, we demonstrate the use of our general results for the three examples intro-
duced in Section 3.2: estimation of monotone density, hazard and regression functions. For
each of these functions of interest, we consider various levels of complexity of the relation-
ship between the observed and ideal data units. This allows us to illustrate that our general
results (i) coincide with classical results in the simpler cases that have already been studied,
and (ii) suggest novel estimation procedures with well-understood inferential properties even
in the context of complex problems that do not appear to have been previously studied.

Below, we focus on distributional results for the various estimators considered.

3.5.1 FExample 1: monotone density function

Let 6y := fy be the density function of an event time 7" with support I := [0, ug], and
suppose that fy is known to be non-decreasing on I. We will not use any transformation in
this example, so we take 5 and ®,, to be the identity map. Thus, 1y = 6, also corresponds
to the density function of T, and Vg = ©y = I'y to its distribution function. Below, we

consider various data settings that increase in complexity. In the first setting, available
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observations are independent draws from the distribution of interest. In the second, each
of these observations are subject to independent right-censoring. In the third, the right-
censoring mechanism is allowed to be informative — only conditional independence of the
event and censoring times given a vector of observed covariates is assumed. The first two
cases have been studied in the literature — for these, we wish to verify that our general results
coincide with results already established. The third case is more difficult and does not seem
to have been studied before. Our work in this setting not only highlights the generality of
the theory in Sections 3.3 and 3.4, but also yields novel methodology.

No censoring

In this simple case, we have that O = T is directly sampled from a distribution with density
function 6y. We wish to estimate 0y(x) for some = € [ at which 6, is differentiable with
positive derivative. Let I',, be the empirical distribution function based on O, O, ..., O,.
This estimator is linear with influence function D} : ¢ + I(_so4)(t) — To(z), and so, the
local process involves the class of functions G, p = {t = [(z244(t) : |u| < R}, which is
Vapnik-éervonenkis. Its covering number is thus polynomial in € with respect to the natural
envelope Gy p : t +— I g/(|t — z|), thus satisfying (B1b). Since 6 is differentiable at «,
G..r satisfies (C2). The asymptotic covariance function of n'/2(T,, — I'y) is Zg : (s,t)
Fo(s At) —o(s)Ip(t). Thus, we have that Xi(s,t) = O0(s)O¢(t), Ao(s,t,y,w) = Oy(y) and
Ho(y,w) = y. It is easy to verify that (C3) is satisfied and furthermore that ko(x) = 6y(x).
Conditions (C4) and (Cb) are trivially satisfied because of the linearity of I',. Theorem 7
vields that n'/3[0,(z) — 0(x)] —= 7o(2)Z, where To(z) = [4f}(2)fo(2)]/? and Z follows the
standard Chernoff distribution. This finding agrees with classical results for the Grenander

estimator (Prakasa Rao, 1969).

Independent censoring

Now, suppose that C'is a positive random variable independent of 7', and that the observed

data unit O = (Y, A), where Y = min(7",C) and A = I(T' < C). The NPMLE of a monotone
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density function based on independently right-censored data was obtained in Laslett (1982)
and McNichols and Padgett (1982), and distributional results were derived in Huang and
Zhang (1994). Huang and Wellner (1995) considered an estimator 6,, obtained by differen-
tiating the GCM of the Kaplan-Meier estimator of the distribution function. While this is
not the NPMLE, Huang and Wellner (1995) showed that it is asymptotically equivalent to
the NPMLE, and it is an attractive estimator because it is simple to construct and reduces

to the Grenander estimator if 7" is fully observed, that is, if C' > T" almost surely.

Since ¥y is the distribution function Fy =1 — Sy with Sy denoting the survival function
of T', it is natural to consider ¥,, := 1 —.5,,, where .S,, is the Kaplan-Meier estimator of Sy. It
is well known that n'/2(S,, — Sp) converges weakly in £>°([0, 7]) to a tight zero-mean Gaussian
process as long as Go(7) > 0 and Sy(7) < 1, where G denotes the survival function of C.
Denoting by Ay the cumulative hazard function corresponding to Sy, the influence function
of the Kaplan-Meier estimator S, (z) is known to be the nonparametric efficient influence

function

Dg, : (y,0) = So(z) [ M[O,x}(y)) _I_/Oy/\z M}

- So(y)Goly Go(u)So(u)

and so, the local difference g, , can be written as

(y,0) —

—[So(z +u) = So()]0 L1004 (V) _ S0(%)0 1 (@14) (y) / MAO(dv) ,

So(y)Go(y) So(y)Go(y) <y S0(v)Go(v)

The class of functions G, g is a Lipschitz transformation of the classes {u — Sy(z+u)—Sy(x) :
lu| < R} and {t — Iz .14 (t) : [u] < R}, and hence satisfies (C1). An envelope function for

Gz.r 1s given by

jo,r)(Jy — ) TR [ (0) y
So(w)Coly) TR /x_R So(0)Coe) ol

Gm,R : (y7 5) =

It is easy to see that (C2) is satisfied if Sy and Gy are positive in a neighborhood of z.

The covariance function is given by ¥ : (s,f) +— OSM %Ao(du). Display (3.3) is

thus satisfied with Ag(s,t,v,w) = [So(t)S0()]/[Go(v)So(v)] and Hy(v,w) = Ag(v). Con-
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dition (C3) is satisfied if 6, is positive and continuous in a neighborhood of . We then
get ko(x) = [So(z)/Go(x)]ho(z) = fo(x)/Go(x), so that the scale parameter is 7o(z) =
[4f5(z) fo(x)/Go(x)]'/3. This agrees with the results of Huang and Wellner (1995).

It remains to scrutinize the conditions arising from the remainder term H,,. If G, is the
Kaplan-Meier estimator of Gy, it is always true that P, D}, . = 0, where Dy, , is the estimator
of Dg , obtained by replacing So and G by S, and G, respectively. It is easy to verify that
H,, can be decomposed as HY) + HE), where HY) = (P, — Po)(D;, ., — Dy ) is the usual

empirical process term and

1= o) [0 |Gy 1] (= Ao
n

is the second-order remainder term. The local remainder emanating from Hg(c,n can be stud-

ied using results from Section 3.4.3. We instead focus on the local remainder K,(f)(é) =

2/3 (2)
n?/ SUD|y|<n—1/3 |Hn,:p

tu— H7(12%|, which can be bounded as

v+~ 6 o(u
Ky(f)(é) < n2/3/0 g:iu; gn((u; — 1‘ |(An, — Ao)(du)| | Ks;uzl/g |Sn(x +u) — S, ()]
(u) | Go(u)

~1/3
N n2/3 /x+5n SO
T

_én—1/3 Sn(u) Gn (U)

1[4, = Ao}

Writing | S, (z4+u) — S, (2)] = n=V2{n'2[S, (x+u) — So(x+u)] —n'/?[S, () — So(x)]} +[So(z+
u) — Sp()], we note that sup,, <s,-1/s [Sn(z +u) — Sp(z)| = op(n™Y2) 4+ Op(n~/3) in view of
the weak convergence of n'/2(S, — Sy) in a neighborhood of 2. Using that fab | f(w)||g(du)| <
SUPye(a | f(WIgllTvijap With || - [|7v,(ap denoting the total variation norm over [a,b], and
that [|A, = Aollrvies < [[Anllrviae + 1 Aollrvies = [An(b) = An(a)] + [Ao(b) — Ag(a)] in view
of the monotonicity of A,, and Ay, we find that

K(z)(é) = [OP(n_l/G)—FOP(l)} Op(n—l/G) _ Op(n_1/6)7

which is sufficient to establish conditions (C4) and (C5).
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Conditionally independent censoring

In many cases, the censoring mechanism may be informative but still independent of the
event time process conditionally on a vector of recorded covariates. For simplicity, we only
consider the case in which these covariates are defined at baseline although the case of time-
varying covariates can be tackled similarly. The observed data unit is now O = (Y, A, W),
and we assume that 7" and C are independent given W. Aslong as Py(A = 1 | W) is bounded
away from zero almost surely, the survival function Sy of T' can be identified pointwise in

terms of the distribution P, of O via the product-limit transform

0=/

t<x

ST

o] Quan).

where Fio(t | w) := Py(Y <t,A=1|W = w) is the conditional subdistribution function of
Y given W = w corresponding to A = 1, Syo(t | w) := Py(Y >t | W = w) is the conditional
proportion-at-risk at time ¢ given W = w, and @)y is the marginal distribution of W under
Py. This constitutes an example of coarsening at random, as described in Heitjan and Rubin
(1991) and Gill et al. (1997). Estimation of the marginal survival function Sy in the context
of conditionally independent censoring has been studied before by Hubbard et al. (2000),
Scharfstein and Robins (2002) and Zeng (2004), among others.

In this context, the nonparametric efficient influence function Dy, of Sp(x) has the form

Dy, — So(x), where Dy, is given by

(y,6,w) = —So(x | w)

oowi(y) (U A(du|w) | w
) / : + Sol | w)

So(y | w)Goly [ w So(u | w)Go(u | w)
with Sp(z | w) and Go(x | w) the conditional survival functions of 7" and C, respectively,
at « given W = w, and Ag(z | w) is the conditional cumulative hazard function of T" at x
given W = w. A simple one-step estimator of I'y(x) is given by I',,(z) := 1 — P, D,, ., where
D,, . is obtained by substituting S,, and G, for Sy, and G, respectively, in Dy ,. Conditions
(C1) and (C2) are satisfied under Lipschitz conditions on Sy and Gy uniformly over w. The
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asymptotic covariance function is given by

So(s,t) = /So(t | w) Sy (s | w)QO(dw)—So(t)SO(S)+//S So(t | w)So(s | w) Ao(dy | w)Qo(dw)

o Goly|w)So(y | w)

and so, we find that display (3.3) holds with X5(s,¢) = [So(t | w)So(s | w)Qo(dw) —
So(t)So(s), Ao(s,t,v,w) = [So(t | w)So(s | w)]/[Go(v | w)Se(v | w)] and Hy(v, w) = Ag(v |
w). Thus, condition (C3) holds, and we get ko(z) = [[fo(z | w)/Go(z | w)]Qo(dw), where
fo(x | w) is the conditional density of T" at = given W = w. It follows directly then that the

Chernoff scale factor is
fola v
4
|: f o\T / £L‘ ’ U} ) )
which reduces to the scale factor of Huang and Wellner (1995) when 7" and C' are independent.

The remainder term H, , again has the form HS% + Hf)l with HS)L = (P, — PO)(D;'.‘W -
D; ) and

2) ._ zlw * Soly | w) Go(@/|w)_ _ w w

Once more, we focus on Hf% Writing 5’7(10) =5, — S, if S,, and G,, are bounded away
from zero in a neighborhood of x with probability tending to one, and if Sy is Lipschitz in x

uniformly in w, then the term K. (6) := n®3 supj,j<sp-13 |H. @ - H:£2%| is bounded by a

r+u,n

constant multiple of

1/2

238 | Ey sup ]S,(lo)(u | W) — S,go)(x | W)|? +on~ /3

lu—z|<e

n

1/2
X [EO sup |Gp(u | W) — Go(u | W)F]

u<zr+e

with probability tending to one. Control of Kff)(é) is highly dependent on the behavior of
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S, and G,,. If, for instance, S,, — Sy and G,, — Gy uniformly tend to zero in probability at
rates faster than n~'/3, then conditions (C4) and (C5) are satisfied. This is not a restrictive
requirement if VW only has few components — in such cases, many nonparametric smoothing-
based estimators satisfy such rates. Otherwise, semiparametric estimators building upon
additional structure (e.g., additivity on an appropriate scale) could be used. Alternatively,
for higher-dimensional W, estimators of the form S,(z | w) = exp [— [3 An(u | w)du] with
A, an estimator of the conditional hazard Ay may be worth considering. For such S,,, we find
that Kq(f)(é) is bounded by a constant multiple of

1/2

50t/ | By sup [Aa(u | W) = Ao(u | W)PEo sup |Gulu | W) = Golu | W)[?

u<z+te u<r+te

with probability tending to one, and so, we require that the product of the convergence
rates of A, — Ao and G,, — G to be faster than n~'/3. In practice, with a moderate or high-
dimensional covariate vector W, it seems desirable to leverage multiple candidate estimators

using ensemble learning (e.g., van der Laan et al., 2007; van der Laan and Rose, 2011).

3.5.2  FExample 2: monotone hazard function

We now consider estimation of 6 := \g, the hazard function of T'. The most obvious approach
to tackle this problem would be to consider an identity transformation as in the previous
example. The primitive function of interest is then the cumulative hazard function Ay, which
can be expressed as the negative logarithm of the survival function Sy and estimated naturally
using any asymptotically linear estimator of Sy, for example. The conditions of Theorem
6 and 7 can then be directly verified. An alternative, more expeditious approach consists
of taking the domain transform ®, to be the restricted mean mapping u — [} So(v)dv. In
such case, I'y is simply the cumulative distribution function Fy. This particular choice of
domain transformation for estimating a monotone hazard function therefore yields the same
parameter 'y as for estimating a monotone density with the identity transform. Denoting

by S, the estimator of the survival function Sy based on the available data, the resulting
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generalized Grenander-type estimator 6, is defined by taking I'), := 1 — S,, and setting ®,,
to be u fou Sp(v)dv. As the result below suggests, when this special domain transform
is used, we can leverage some of the work performed above in analyzing the Grenander-
type estimator of a monotone density function under the various right-censoring schemes

considered. We recall that Id denotes the identity function.

Theorem 10. Suppose that Ey [sup,e;, |Sn(u) — So(uw)|] = o(r;') and set T,y == 1 —S,.
If the pair (T'y,1d) satisfies conditions (B1)-(B3), then the pair (I'y, ®,) with &, : u —
Jy Sn(v)dv necessarily satisfies conditions (B1)~(B5). Thus, for 0, := Isop,) (Tn o @, ®,),
this implies that

T [On () — O ()] N —0(z) argnﬂ;in {W,(u) + 360 (2)So(x)u’}
ue
If W, = [ko(2)]Y2Wy for Wy a two-sided Brownian motion, then r, [0n () — 0o(2)] = 70(z)Z,
where Z is the standard Chernoff distribution and 1o(z) := [466(3:)/@0(@/50(1‘)2]1/3.

Denote by T}; the j™ order statistic of {T1,T5,...,T,} and define T(p) := 0. When
there is no censoring, the choice (T',,, ®,) prescribed above yields that T',, is the empirical
distribution function and ®,, is defined pointwise as ®,,(z) := £ 3"  min(7{;), z), which is
strictly increasing on [0, T(,,)]. Therefore, 0,(x) is the left derivative at ®,(z) of the GCM
of the graph of {(®,(T(), Tn(Tir)) : k = 0,1,...,n} = {(=5)T4y + 158 T4, )tk =
0,1,...,n}. This is the NPMLE of a non-decreasing hazard function with uncensored data
(see, e.g., Chapter 2.6 of Groeneboom and Jongbloed, 2014).

We note that in Section 3.5.1 we verified (B1)—(B3) for each of three right-censoring
schemes for ©, = 1 — 5, and &y and &, both equal to the identity. Thus, to use Theo-
rem 10, it would suffice to verify that Ey [sup,c;, |Sn(u) — So(u)|] tends to zero faster than
n~Y/3. This is straightforward given the weak convergence of n'/2? (S, — Sy). Thus, the

above theorem provides distributional results for monotone hazard function estimators in

each right-censoring scheme considered, as summarized below:
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(i) when there is no censoring, we find 7o(x) = [4\)(2)Ao(x)/So(z)]/3, which agrees with
Prakasa Rao (1970);

(ii) when there is independent right-censoring, we find that
7o(x) = {4 (2) Ao () /[Go() So(2)]}1/?
which agrees with Huang and Wellner (1995);

(iii) when there is conditionally independent right-censoring, an important setting that does

not seem to have been previously studied in the literature, we find that

_ [4N(@) [ folx | w)
To(ﬂf) - {So(x)z Go(:c ‘ w
_ [@o(@) [Gole) [ folx|w) oo N
- {Ghlule) [Goe) [t}

If either T" or C' are independent of W, the unadjusted Kaplan-Meier estimator is consistent
for the true marginal survival function of T', and so, unadjusted estimators of the density
and hazard functions are consistent. In these cases, we may then ask how the asymptotic
distributions of the adjusted and unadjusted estimators compare. Since all limit distribu-
tions are of the scaled Chernoff type, it suffices to compare the scale factors arising from
the different estimators. The second expression in (iii) is helpful to assess the impact of
unnecessary covariate adjustment. If C' and W are independent, then Gy(z | w) = Go(z) for
each w, and so, the scale factors in (ii) and (iii) are identical. If 7" and W are dependent,
so that fo(z | w) = fo(z) for each w, but C' and W are not, then the scale factor in (iii)
is generally larger than that the scale factor in (ii). In summary, when using an adjusted
rather than unadjusted estimator of the hazard function, there may only be a penalty in
asymptotic efficiency when adjusting for covariates that C' depends on but 7" does not. The

relative loss of efficiency is given by { [[Go(x)/Go(z | w)]Qo(dw)}l/s.
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3.5.83 FExample 3: monotone regression function

We finally consider estimation of a monotone regression function. We first focus on the
simple case in which the association between the outcome and exposure of interest is not
confounded. In such cases, the parameter of interest is the conditional mean of the outcome
given exposure level, and the standard least-squares isotonic regression estimators can be
used. We show that our general theory covers this classical case. We then consider the case
in which the relationship between outcome and exposure is confounded but the confounders
of this relationship have been recorded. In this more challenging case, we consider the
marginalization (or standardization) of the conditional mean outcome given exposure level
and confounders over the marginal confounder distribution. We study this problem using
results from Section 3.4, which allow us to provide theory for a novel estimator proposed for

this important case.

No confounding

In the standard least-squares isotonic regression problem, we observe independent replicates
of O := (A,Y), where Y € R is an outcome and A € R is the exposure of interest. We
are interested in the conditional mean function 6y := pug, where ug(x) := Eo (Y | A =x)
is the mean outcome at exposure level z. The primitive function of 6, can be written as
Oo(t) = Eo [Y(—ooy(A)/ fo(A)] for each t, where fy is the marginal density of A. The cor-
responding primitive parameter at x is pathwise differentiable with nonparametric efficient
influence function (a,y) — yI(—sox)(@)/ fo(a) — Og(x). An obvious approach to estimation of
0y consists of constructing an asymptotically linear estimator of ©q — this involves nonpara-
metric estimation of the nuisance density fy — and differentiating the GCM of the resulting
curve — this involves selecting the interval over which the GCM is calculated.

By using a domain transformation, it is possible to avoid both the need for nonparametric
density estimation and the choice of isotonization interval. Let &y be the marginal distribu-

tion function of A. With this transformation, we note that Wy(t) = Ej [YI (—o0,d] (CIDO(A))] and
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Lo(t) = Eo [Y](,Ooﬂ (A)} for each t. This suggests taking ®,, to be the empirical distribution
function based on Ay, As, ..., A, and Ty (z) := £ 57" Yil(—ooq)(Ai). The resulting estimator

T on =1 "1

0, (x) is precisely the well-known least-squares isotonic regression estimator of 0y (z).

Because both I',, and ®,, are linear estimators, these estimators do not generate second-
order remainder terms to analyze. The influence functions of I',, and ®,, are, respectively,
D5, (a,y) = yl(—soa)(a) — To(x) and L, : (a,y) = [(—soa)(a) — Po(x), and so, we find the
localized difference function to be g, : (a,y) — [y — 0o(@)| Lz p+u)(a) — [To(z +u) — To(z)] +
0o () [Po(x +u) — Po(x)]. The second and third summands are constant as functions of (a, y)
and Lipschitz in v with a constant envelope function. Hence, they easily satisfy conditions
(C1) and (C2). The first summand is the fixed function (a,y) — [y — 0p(z)] multiplied by an
element of the class {v + I(g z4y(v) : u > 0}. This class has been studied for the Grenander
estimator of a monotone density function; in particular, it is known to possess polynomial
covering numbers. The natural envelope for the class generated by the first summand is thus
(a,y) = |y — bo(x)|1j0,5)(Ja — x|), which satisfies (C1) and (C2) if, in a neighborhood of «,
the conditional variance function, defined pointwise as o2(t) := Vary(Y | A = t), is bounded
and ®( possesses a positive, continuous density. In such cases, Theorem 7 holds. Through

straightforward calculations, we find that
So(s,t) = = [To(s) — Oo()@o(s)] Lo (t) — o ()P0 ()] + Eo {1(—oesng(A) [Y = bo(2)]"} .

The first summand is continuously differentiable at (x,z) since each of 6 and ®, are
continuously differentiable at x. The second summand can be expressed as fj/;t){ag(u) +
[0(u) — 0p(2)]*}®o(du). We thus confirm that display (3.3) holds with Ag(s,t,v,w) =
o2(v) + [fo(v) — Op(z)]* and Hy = ®y. Provided o2 is continuous at x and ®, is contin-
uously differentiable at x, condition (C3) holds. As such, we obtain that n'/3 [0, (x) — 6y(z)]

has a scaled Chernoff distribution with scale parameter

4%@)03@)} e

) = | P
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coinciding with the classical results of Brunk (1970).

Confounding by recorded covariates

We now consider a scenario in which the relationship between outcome Y and exposure
A is confounded by a vector W of recorded covariates. The observed data unit is thus
O = (W,A)Y). A more relevant estimand in this scenario might be the marginalized
regression function 6y := vy with vg(x) defined as Ey [Ey (Y | A=x,W)]. We note that
vo(x) can be interpreted as a causal dose-response curve if (a) W includes all confounders of
the relationship between A and Y, and (b) the probability of observing an individual subject
to exposure level x is positive in Py-almost every stratum defined by W. In many scientific

settings, it may be known that the causal dose-response curve is monotone in exposure level.

We again consider transformation by the marginal distribution function of A. In other
words, we set ®o(z) := Py(A < z) and take ®,(z) := L 37 | [_ o 11(A;) for each z. We then

T on

have that

roe) = B | == [ @ta, 0 @(du(dn).

where gq is the density ratio (a,w) — fo(a | w)/fo(a), with fo(a | w) denoting the conditional
density function of A at a given W = w and fy(a) is the marginal density function of A at
a as before, and pg is the regression function (a,w) — Eo(Y | A = a,W = w). While in
this case the domain transform does not eliminate the need to estimate nuisance functions,
it nevertheless results in a procedure for which there is no need to choose the interval over

which the GCM is calculated.

Setting no(z, w) := [ I(_coqi(a)po(a, w)Po(da) for each x and w, the nonparametric effi-

cient influence function of I'y(z) is

y — po(a, w)

gola, w) +0o(a) | + no(z, w) — 2Tg(x) .

(w7 a, y) — I(—oo,x] (CL)
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Suppose that u, and g, denote estimators of pg and gg, respectively. If the empirical dis-
tributions ®,, and @,, based on Ay, As, ..., A, and Wy, Wy, ..., W, respectively, are used as
estimators of ®g and (), it is not difficult to show that

1 - Y Hn AMWZ 1
= - I—oo:r Az n AHW
"; ooal(4) gn(As, Wi) ZM

is a one-step estimator of T'g(z), and that it is asymptotically efficient under regularity

conditions on the nuisance estimators p,, and g,.

Conditions (C1)—(Cb) can be verified with routine albeit tedious work. Here, we focus
on condition (C3), which allows us to obtain the scale parameter of the limit distribution,
and on condition (C4), which requires that the nuisance estimators converge sufficiently fast.

For condition (C4), we focus as before on the second-order remainder term Hg(f% given by

//oo pin (11, 0) = pio(u, w)] {M - 1] Py (du) Qo (dw)

go(u, w)

_ / / oo i (11, 0) (D, — ) () (@ — Qo) (duw) .

The contribution to K, (d) of the first summand above is bounded above by

9 1/2
260" sup fo(U){Eo a0, W) — piol, WP B [M—l] }

|z—u|<dn—1/3

which implies that condition (C4) is satisfied if, for some € > 0,

sup  Eg [ (u, W) — po(u, W)]2 sup Eo {% - 1} = Op (n*1/3) '

lz—ul<e lz—u|<e

The contribution of the second summand to K, (J) can easily be controlled using empirical

process theory. To scrutinize condition (C5), the relevant portion of the covariance function
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Yo(s,t) is given by

/ /OW {% o) — o) | Bolda)@uld)

where o2 : (a,w) — Varg(Y | A = a,/W = w) denotes the conditional variance func-
tion of Y given A and W. Under certain smoothness conditions, we have that ro(z) =
fo(x)? [[od(z,w)/ fo(z | w)] Qo(dw), from which we find that the scale parameter of the
limit Chernoff distribution to be

To(7) = {4%(@/ {%} Qo(dw)}l/g‘

The marginalized and marginal regression functions exactly coincide — that is, vy = pg
— if, for example, (i) Y and W are conditionally independent given A, or (ii) A and W are
independent. It is natural then to ask how the limit distribution of estimators of these two
parameters compare under scenarios (i) and (ii), when the parameters in fact agree with
each other. In scenario (i), the scale parameter obtained based on the estimator accounting

for potential confounding reduces to

(dw)
TO,red<x) = {4,U0 0 }

fosc]w

z{fffisﬁ; o) (e

by Jensen’s inequality. Thus, if Y and W are conditionally independent given A, in which
case there is no need to adjust for potential confounders, the marginal isotonic regression
estimator has a more concentrated limit distribution than the marginalized isotonic regression
estimator. In scenario (ii), the scale parameter of the estimator accounting for potential

confounding reduces to

Tored(T) = {4%(@/0(2)($7W)Q0(dw)}1/3 S {%ﬁ‘?m}l/g
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given that [of(z,w)Qo(dw) < of(x) by the law of total variance. Thus, if A and W
are independent, the marginal isotonic regression estimator has a less concentrated limit
distribution than the marginalized isotonic regression estimator. In both scenarios (i) and
(ii), the difference in concentration between the limit distributions of the two estimators
varies with the amount of dependence between A and W. We note that these observations

are analogous to those obtained in linear regression.
3.6 Simulation study

In this section, we report results from a small simulation study conducted to illustrate the
large-sample results derived in Sections 3.3 and 3.4. Here, we consider Examples 1 and 2
from Section 3.5, namely estimation of a monotone density and hazard functions. Since
the purpose of studying the cases without censoring or with independent censoring was
to verify our general results in previously studied settings, our simulation is focused on
the novel and more difficult scenario in which censoring is only conditionally independent.
Through our simulation study, we wish to assess how well the finite-sample distribution of
n'/3 [0, (x) — Oy(z)] approximates the limit distributions derived in the previous section.
Conditionally on a single covariate W distributed uniformly on the interval (—1,41), we
consider the event and censoring times 7" and C' to be independent and to each follow a
Weibull distribution. Specifically, we take the conditional distribution of T' given W = w to
be a Weibull distribution with shape parameter 4 and scale parameter exp (o + aw), while
we take the conditional distribution of C' given W = w to be a Weibull distribution with
shape parameter 2 and scale parameter exp (3o + S1w). We perform simulations under four
distinct settings: (i) both 7" and C' depend on W; (ii) only 7" depends on W; (iii) only C'
depends on W; and (iv) neither 7" nor C' depend on W. To achieve this, in settings (i), (ii),
(iii) and (iv), we set the vector («y, v, Bo, £1) of parameters to be (0.25, —0.375,0.25, —0.75),
(0.25,—0.375,1,0), (0.25,0,0.25,—0.75) and (0.25,0, 1,0), respectively. We note that 7" and
C follow proportional hazards models conditionally on W, and that the marginal density

and hazard functions of 7" are monotone over the interval [0, 1].
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We used the generalized Grenander-type estimators proposed in the previous section to
estimate the marginal density and hazard functions of 7" over [0, 1] in each of the four simula-
tion settings. First, we employed a naive procedure based on the Kaplan-Meier estimator of
So, and second, we used a one-step procedure based on estimating the underlying conditional
event and censoring hazard functions using a Cox model with single covariate W as main
term only. We note that our goal differs from recent work on estimating a monotone baseline
hazard (e.g., Lopuhaéd and Nane, 2013a,b; Lopuhad and Musta, 2017, 2018b). Our interest is
in the marginal distribution of 7" rather than the conditional distribution of T given W = 0.
Additionally, in principle, other consistent estimators of the conditional distributions of T'
and C' given W could be used instead of Cox model-based estimators without changing the

asymptotic results, as discussed in the previous section.

— Correct limit ---- Incorrect limit Adjusted estimator Unadjusted estimator

Both dependent on W T dependent on W C dependent on W Neither dependent on W
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Figure 3.1: Estimated monotone density and hazard functions based on 10 realizations of
datasets including 5000 right-censored observations. Solid black lines are the true density
and hazard functions. Dotted black lines indicate limit of unadjusted estimators.
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Figure 3.2: Empirical variance over 1000 simulations of the standardized monotone density
and hazard estimators and theoretical variance of the corresponding Chernoff limit distribu-
tion.

The true density and hazard functions are plotted in Figure 3.1 along with an overlay of
ten realizations of the estimator based on the naive and one-step procedures for estimating
the marginal survival function Sy based on random samples of size n = 5000. Realizations of
the estimator based on the one-step procedure track the true marginal density and hazard
functions of T" over all four simulation settings, as expected. Realizations of the estimator
based on the naive procedure also track the true marginal density and hazard functions of
T for settings (ii) through (iv), since in each of these settings 7" and C' are independent.
However, in setting (i), the estimator based on the naive procedure is inconsistent. The

limit of the estimators of the marginal density and hazard functions can be derived to be
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Figure 3.3: Sampling distribution over 1000 simulations of the monotone density and hazard
estimators at x = 0.7 and the corresponding theoretical scaled Chernoff limit distribution.
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the density and hazard functions, respectively, corresponding to the survival function

" folu | w)Go(u | w)Qo(dw)

) T So(u | w)Golut | w)Qo(dw) ™

t — exp [—

These density and hazard functions are shown as black dotted lines in Figure 3.1.

In Figure 3.2, the empirical variance over 1000 simulations of n'/?[0,(x) — y(z)] for
n = 5000 is compared to the corresponding theoretical variances based on the limit theory we
have presented in Section 3.5, for values of z between 0 and 1 and under the four considered
scenarios. The sampling variance of the estimator appears close to the theoretical large-
sample variance, except for x values near the upper boundary of the isotonizing interval.
As expected, estimators based on the naive and one-step procedures have nearly identical

sampling variances when only 7" is dependent on W (second column) and when neither 7" nor
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— Limit theory ---- Sample Adjusted estimator — Unadjusted estimator
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Figure 3.4: Sampling distribution over 1000 simulations of the monotone density and hazard
estimators at x = 0.7 and the corresponding theoretical scaled Chernoff limit distribution.
These figures are based on the scenario wherein 7" and C' depend on W.

C' are dependent on W (fourth column), but the sampling variance of the estimator based
on the naive procedure is smaller than that based on the one-step procedure when only C' is
dependent on W (third column).

The empirical sampling distribution over 1000 simulations of n'/?[0,,(0.7) — 6,(0.7)] for
n = 5000 is compared in Figure 3.3 to the theoretical scaled Chernoff limit distributions
under the four different scenarios. In all situations, the sampling distribution approximates
the theoretical limit. In the left-most columns, the bias of the estimator based on the naive
procedure is evident. In Figure 3.4, the empirical sampling distribution of the estimators
in settings where both 7" and C are dependent on W is plotted against the theoretical
scaled Chernoff limit distribution for four different values of sample size n. At n = 500, the

estimators are moderately biased downward, but as n increases, this bias vanishes.
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Chapter 4
CAUSAL ISOTONIC REGRESSION

4.1 Introdocution

4.1.1  Motivation and literature review

In Chapter 3, we introduced the G-computed regression parameter 0p(a) = Ep[Ep[Y | A =
a, W]]. (In this chapter, we change our notation from X to A and z to a in order to be
consistent with the causal inference literature.) We proposed a generalized Grenander-type
estimator of 0y, and considered the key points of the asymptotic theory of this estimator. In
this chapter, we again consider the G-computed regression parameter, but we go in to much
greater detail about the properties of the proposed estimator.

We begin by motivating the G-computed regression function from the perspective of
causal inference. Questions regarding the causal effect of an exposure on an outcome are
ubiquitous in science. Many methods for statistical inference of causal effects address binary
treatments. Specifically, suppose that a treatment A can either be received in full, corre-
sponding to A = 1, or not at all, corresponding to A = 0, and that we are interested in the
causal effect of receiving A on an outcome. In the language of potential outcomes, we let
Y (1) denote a unit’s potential outcome if they were to receive the treatment, and Y (0) their
outcome if not (Neyman, 1923; Rubin, 1974). Throughout this article, we will make the
Stable Unit Treatment Value Assumption: each unit’s potential outcome is independent of
all other units’ treatment assignments, and there is only one version of the treatment (Cox,
1958). We may then aim to estimate m(1) := E[Y (1)], the average over the population of the
outcome were all units assigned to receive treatment, and m(0) := E[Y(0)], the same were all
units assigned to not receive treatment. The difference m(1) —m(0), known as the average

treatment effect, measures the average of the unit-level additive causal effect Y'(1) — Y (0).
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The fundamental challenge of causal inference is that for each unit we only observe the
outcome corresponding to a single treatment value. If A is the treatment actually received
for a unit, we observe Y := Y (A) corresponding to the potential outcome of this received
treatment. For each a € {0, 1}, whether and how we can obtain a valid estimator of m(a)
depends on the relationship between A and Y (a). The simplest scenario is that A and Y (a)

are independent, in which case

m(a) = E[Y(a)] = E[Y(a) | A=a] = E[Y(A) | A=a]| = E[Y | A=a] = pp(a) (4.1)

as long as P(A = a) > 0. We note that pp is a mapping of the distribution P of the observed
data, and we say that the causal quantity m(a) is identified with the observed data mapping
pp(a). We can estimate pp(a) with the observed data by averaging the observed values of Y

in the cohort of units with A = a.

Independence of A and Y (a) is a strong assumption, and typically only holds if treatment
allocation is controlled by the researcher, as is true in randomized trials. In observational
studies, A and Y (a) are often dependent because there are common causes of A and Y (a),
which are also called confounders of the treatment-outcome relationship. In such situations,
m(a) does not generally equal pp(a), and simply conditioning on A = a will not typically
yield valid estimates or inference. However, if we observe all confounders, we may still be
able to identify m(a). Specifically, if A and Y'(a) are conditionally independent given an
observed vector of covariates W, known as unconfoundedness, and additionally P(A = a |

W =w) > 71 >0 for all w in the support W of W, known as positivity, then

EY(a)] = E[E[Y (a) | W]] = E[E[Y (a) | A = a, W]]
— BE[Y(A) | A=a,W]] = BIE[Y | A= a,W]]. (4.2)

The first equality follows from the tower property, the second from unconfoundedness and

positivity, and the fourth from the assumption that Y = Y (A), which is sometimes referred
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to as consistency. The resulting identification m(a) = 0p(a) := E[E[Y | A = a, W]] is known
as the backdoor formula, G-computation, the G-formula, or standardization (Robins, 1986;
Gill and Robins, 2001).

The G-formula (4.2) provides us with a way to estimate the causal quantity m(a) using
the observed data in the presence of observed confounding. If W is supported on a finite
domain W, we may estimate 6p(a) by computing the average value of Y within each strata
(A = a,W = w), for w ranging over W, then averaging these quantities according to the
marginal distribution of W. However, if W is infinite, or its cardinality is large enough
relative to the sample size that there are no or few observations in some strata of W, such
an approach is not feasible. If we have access to a correctly specified parametric model for
the outcome regression function pp(a,w) := E[Y | A = a,W = w]|, we can use maximum
likelihood estimation to obtain a statistically efficient estimator of p(a) (Imbens, 2004).
Alternatively, if we have access to a correctly specified parametric model for the propensity
score mp(a | w) := P(A =a| W = w), we can use an inverse probability weighted estimator
(Rosenbaum and Rubin, 1983).

Correctly-specified parametric models are not often available in practice, and using a
mis-specified parametric model can lead to substantial estimation bias and invalid statistical
inference. Hence, it is desirable to have estimators that do not rely on having correctly speci-
fied parametric models. Many nonparametric estimators for p(a) utilize the fact that it is a
pathwise differentiable parameter with respect to the nonparametric model, which we do not
define here but instead refer the interested reader to Pfanzagl (1982), van der Vaart (1991),
and Bickel et al. (1998). The pathwise differentiability of 0p(a), and additional regularity
conditions, imply that it is possible to construct asymptotically linear estimators of 6p(a)
that converge at a n~'/? rate, where n is the sample size, and moreover that it is possible to
characterize the optimal asymptotic efficiency of any regular and asymptotically linear esti-
mator of fp(a). Such a characterization was provided by Hahn (1998). Augmented inverse
probability weighted estimators (van der Laan and Robins, 2003) and targeted maximum

likelihood estimators (TMLE) (van der Laan and Rose, 2011) are two examples that achieve
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the nonparametric efficiency bound when both the outcome regression and propensity score

/4 Furthermore, these esti-

estimators converge to their true counterparts faster than n~
mators are doubly-robust, meaning they are consistent if either the outcome regression or
propensity score estimators are consistent (Scharfstein et al., 1999; Bang and Robins, 2005).

So far, we have discussed causal inference with binary treatments. However, in many
applied settings treatments of interest are continuous, in the sense that they can take any
value in an interval A C R. In this case, we can again imagine the potential outcome Y (a)
under assigning a unit to treatment level A = a. Now, there are an infinite number of
potential outcomes for each unit, and the corresponding average outcomes m(a) := E[Y (a)]
under assignment of the entire population to treatment A = a over a € I forms a function
from A to R, which is sometimes called the treatment effect curve or causal dose-response
curve.

Many of the principles stated above for identifying m(a) with the observed data A and
Y = Y(A) in the case of a discrete treatment have direct analogues when A is continuous.
If A and Y (a) are independent and the conditional density of A exists and is positive in a
neighborhood of a € I, then m(a) = pp(a) = E[Y | A=a]. If A and Y (a) are conditionally
independent given W and the conditional density of A given W = w is bounded away
from zero uniformly over w € W and over a neighborhood of a € A, then the G-formula
m(a) = 0p(a) = E[E]Y | A = a, W]] still holds (Gill and Robins, 2001).

Although identification of m(a) is similar when A is discrete and continuous, nonparamet-
ric estimation of the resulting identified parameters pp(a) and 0p(a) is quite distinct in these
two settings. The fundamental difference is that, when A is continuous, pp(a) and Op(a)
are no longer pathwise differentiable parameters in the nonparametric model. Thus, many
of the general tools for constructing asymptotically linear estimators, including estimating
equations, one-step estimation, and TMLE, can not be immediately applied to nonparamet-
ric estimation of pp(a) and Op(a), and we do not expect to obtain estimators with n=1/2

rates of convergence. Instead, we must turn to alternative estimation techniques.

Since pp(a) is a marginal regression function, it can be estimated nonparametrically
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using a variety of strategies from nonparametric regression (see, e.g., Gyorfi et al., 2006). The
Nadaraya-Watson estimator (Nadaraya, 1964; Watson, 1964) and local polynomial estimators
(Fan, 1996) are examples of nonparametric regression based on kernel smoothing. These
approaches rely on assumed smoothness of pp(a) as a function of a, require selection of a
kernel function and bandwidth, and the resulting estimators typically converge pointwise at

—2/5

the rate n to a normal distribution whose mean depends on the derivatives of pp(a).

In the presence of observed confounding, Kennedy et al. (2017) recently proposed a local
linear estimator of fp(a) with many of the same properties as the local linear estimator
of pp(a), including the n=2/° rate of convergence to a normal distribution with nonzero
mean. Furthermore, Kennedy et al. (2017) showed that their estimator is doubly-robust.
Additional relevant works include Rubin and van der Laan (2006) and Diaz Munoz and
van der Laan (2011), who discussed data-adaptive estimation of #p(a) but did not consider
doubly-robustness or tools for inference, Robins (2000), who considered estimation of dp(a)
with parametric models, Neugebauer and van der Laan (2007), who considered estimation
and inference for a projection of p(a) on to a parametric working model, and van der Laan
et al. (2018), who presented a general framework for estimation and inference of non-pathwise

differentiable parameters and addressed 0p(a) as an example.

An alternative approach to nonparametric estimation of non-pathwise differentiable func-
tions is to leverage shape constraints of the true function. For instance, if m(a) is known to
be monotone non-decreasing and m(a) = pp(a), then the isotonic regression of Y on A is the
function minimizing the empirical risk corresponding to the squared-error loss function over
all non-decreasing functions (Barlow et al., 1972). This estimator does not require selecting
a kernel function or bandwidth, is invariant to strictly monotone transformations of A, and
converges at the rate n='/3 to a non-normal, but log-concave and mean zero, limiting distri-
bution (Brunk, 1970). We note that estimators of many other monotone parameters have
been proposed and studied, including estimators of monotone density and hazard functions
(see, e.g., Grenander, 1956, Prakasa Rao, 1970). Many of these estimators are presented and
their properties studied in Groeneboom and Jongbloed (2014).
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4.1.2  Contribution and organization of the chapter

In this chapter, we consider nonparametric estimation of the G-computed dose-response curve
Op : a — Ep[Ep[Y | A = a,W]| with a continuous exposure A under the assumption that
0o := 0p, is monotone as a function of a. This problem can be seen as an extension of classical
isotonic regression to the setting where the exposure-outcome relationship is confounded by

recorded covariates. Specifically, we aim to:

1. propose an estimator of fy(a) that extends the isotonic regression estimator;

2. investigate finite-sample and asymptotic properties of our estimator, including invari-
ance to increasing and invertible transformations of A, doubly-robust consistency, and

convergence at the rate =% to a mean zero limit distribution; and

3. propose a method of performing doubly-robust pointwise inference for 6y(a).

Our asymptotic results use the general results for generalized Grenander-type estimators
developed in Chapter 3. In Chapter 3, we introduced the estimator we consider here as
an example of our general approach to generalized Grenander-type estimators. We used
our results to highlight particular elements of the asymptotic properties of this estimator,
including sufficient conditions on the nuisance parameters for convergence in distribution of
the monotone estimator, and we derived the scale parameter arising in the limit distribution
under correct specification of both nuisance parameters. This comprises a small subset of the
results we provide here. In particular, we provide a rigorous treatment of both consistency
and convergence in distribution, including doubly-robust properties of the estimator, and a
practical method for constructing pointwise confidence intervals.

We also note again the work of van der Vaart and van der Laan (2006), who studied
Grenander-type estimation of a survival function from current status data with dependent
censoring. To our knowledge, they were the first to consider Grenander-type estimation in a

setting where constructing an efficient estimator of the primitive function requires estimating
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unknown nuisance functions, and to derive sufficient conditions on the rates of convergence of

~1/3

the nuisance functions that guarantee n="/°-rate convergence in distribution of the monotone

estimator.

Monotonicity of #p(a) is not always an appropriate assumption, but is in many cir-
cumstances reasonable for at least certain parts of the exposure domain. For example, in
biomedical applications many drugs are known to have an increasing average effect on an
outcome within a range of doses. Similarly, in public health, certain exposures, such as ex-
ercise and healthy eating, are known to have increasing average effects on health outcomes,
while other behaviors such as smoking and drug abuse are known to have decreasing average
effects. In economics and sociology, personal characteristics such as income, net worth, and
years of education are known to have monotone relationships with some outcomes. In situa-
tions where prior scientific knowledge indicates that the dose-response curve is monotone, it
is often of interest to know the exact values of the dose-response curve. For instance, we may
wish to know how much of a drug is necessary to achieve a certain average response, or how
much exercise per week is needed to reduce BMI by some amount over a certain period of

time. These are the types of settings in which the methods we develop here can be applied.

The remainder of the chapter is organized as follows. In Section 4.2, we concretely
define our estimator. In Section 4.3, we study finite-sample and asymptotic properties of
our estimator. In Section 4.4, we propose two methods for performing pointwise inference
for Op(a). In Section 4.5, we perform numerical studies to assess the performance of our
estimator in finite samples, and in Section 4.6, we use our estimator to assess the effect of
BMI on immune response in HIV vaccine trials. Proofs of all theorems are provided in the

Appendix.
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4.2 Proposed approach

4.2.1 Definitions and statistical setting

We observe n observations Oq,...,0, sampled independently from a distribution F. A
prototypical observation is composed of O = (Y, A, W), where Y is a response, A is a
continuous exposure, and W is a vector of covariates. We let O =Y x A x W be the support
of Py, where Y C R, A C R is an interval, and W C R?.

Our parameter mapping of interest is the real-valued function {a +— 0p(a) : a € A},
where 0p(a) = Ep[Ep[Y | A = a,W]] and 6y(a) := 0p,(a). Throughout, we index parameter
mappings by 0 for the evaluation of the parameter at Py. We consider the setting where 6y(a)
is known to be a non-decreasing function of a on A, and where the true marginal distribution
function of A, Fy(a) := Py(A < a), is strictly increasing and continuous on A. We denote by
M the set of all probability distributions P supported on O satisfying these two conditions.

As discussed at length in the introduction, under untestable causal assumptions 6y(a) is
equal to the counterfactual mean of Y under assignment of the study population to exposure
A = a (Gill and Robins, 2001). Even if such assumptions cannot be expected to hold or the
scientific question is not causal in nature, y(a) is often of more interest than the marginal
regression function pg(a) := EplY | |A = a] when W is associated with both A and Y.

When Py(A =a) =0, P+ 6p(a) is not a pathwise differentiable parameter with respect
to the nonparametric model at Py (Diaz Munoz and van der Laan, 2011). As a result, many
statistical methods for targeting Euclidean parameters in nonparametric and semiparamet-
ric models, such as estimating equations-based estimators, one-step estimators, generalized
Newton-Raphson estimators, and targeted maximum likelihood estimators, cannot be used

directly to target 0p(a).

4.2.2  Review of isotonic regression

Since our estimator of fy(a) builds upon isotonic regression, we start with a review of the

classical least-squares isotonic regression estimator of pg(a). The isotonic regression of Y on
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A is the function p,, which minimizes the least-squares criterion Y ;' |[Y; — p(A;)]* over all
monotone non-decreasing functions p. It can be obtained via the Pool Adjacent Violators
Algorithm (Ayer et al., 1955; Barlow et al., 1972), and it also has a representation using
greatest convex minorants (GCMs). The GCM of a bounded function f on an interval [a, b]
is defined as the supremum over all convex functions ¢ such that g < f. Then p,(a) can
be shown to equal the left derivative, evaluated at F,(a) for F,, the empirical distribution
function of Ay, ..., A,, of the GCM over the interval [0, 1] of the function obtained by linear

interpolation of the cusum diagram

i T )
{(E,EZYO))w:O,l,...,n},
7=0

where Y(’g) =0 and Y(j) is the Y-value corresponding to the jth sorted A-value for j > 1.

The isotonic regression estimator p,, has many attractive properties. First, unlike smoothing-
based estimators, isotonic regression does not require the choice of a kernel function, band-
width, or any other tuning parameter. Second, it is invariant to increasing and invertible
transformations of A. Specifically, if H : A — R is an increasing and invertible function and
p is the isotonic regression of Yi,...,Y,, on H(Ay),..., H(A,), then p* = p, o H~'. Third,

pr is uniformly consistent on any strict sub-interval of A. Fourth,

nY3pa(a) — pola)] - [4ph(a)o2(a)/ fo(a)]* W

for any a in the interior of A at which: pj(a), fo(a) := Fj(a), and o2(a) = Eo[(Y —
po(a))? | |A = a] exist and are positive and continuous in a neighborhood of a. Here, W :=
argmax,.g{Zo(u) — u?}, where Z; denotes a two-sided Brownian motion originating from
zero, and is said to follow Chernoff’s distribution. The properties of Chernoff’s distribution
are well-studied (Chernoff, 1964; Groeneboom and Wellner, 2001); in particular it is mean-
zero and has moments of all orders, is log-concave, and is well-approximated by a N(0,0.52)

random variable. It appears frequently in the limit distribution of estimators of monotonicity-
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constrained parameters.

4.2.3  Definition of our estimator

For P € M, we define up(a,w) := Ep[Y | A = a, W = w] as the outcome regression function
and gp(a,w) := wp(a | w)/fp(a), where 7p(a | w) :== LP(A < a|W = w) is the conditional
density function of A given W and fp is the marginal density function of A. We then define

the pseudo-outcome &, 40(y, a,w) as

om0, ) = y‘g("—(w;“) + [ wlawtaw).

As noted by Kennedy et al. (2017), Ep,[£u,9.0,(Y, A, W) | A= a] = by(a) if either p = po or
g = go- They used this fact to motivate defining their estimator 6,,,(a) as the local linear

regression with bandwidth h > 0 of the pseudo-outcomes

mengn ()/17 Ah W1), s 7§,Umvgnan (Ym Am Wn)

on Ay, ..., A,, where p, is an estimator of pg, g, is an estimator of gy, and @,, is the empirical
marginal distribution function of W7, ..., W,,. The asymptotics of this nonparametric regres-
sion problem are non-standard since the pseudo-outcomes are dependent when the nuisance
functions p,, and g, are estimated from the data. Nevertheless, Kennedy et al. (2017) showed
that their estimator is consistent if either u, or g, is consistent. They also showed that if

~1/5 and

both nuisance functions converge to their true counterparts fast enough, A} ~ n
additional regularity conditions hold, then n*?[f,, : (a) — 6o(a)] —4s N(bo(a),vo(a)), where
bo(a) is an asymptotic bias term depending on the second derivative of 6.

In our setting, 6y is known to be monotone. Therefore, instead of using a local linear
regression to estimate the conditional mean of the pseudo-outcomes, we will define our es-
timator as the isotonic regression of the pseudo-outcomes on Ay, ..., A,. Using the GCM

representation of isotonic regression stated in the previous section, we can then summarize
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our estimation procedure as follows:

1. Construct estimators fi,, g, of the outcome regression and go = 7o/ fo.

2. Use these estimators to construct I',(a) for each a in the unique values of Ay, ..., A,,

where

n n

]( Ooa] un(Al,W) (43)

i=1 j=1

oo gn(Az, Wy 2

3. Compute the GCM ¥, of the set of points {(i/n,T,(i/n)) :i=0,...,n} over [0, 1].

4. Define 6,(a) as the left derivative of ¥, evaluated at F,(a), for F, the empirical

distribution function of Ay, ..., A,.

Much the same as Kennedy et al. (2017), while our estimator 6,, can be defined as an
isotonic regression of a set of data-dependent pseudo-outcomes, the asymptotic properties
of our estimator do not follow in a straightforward manner from classical results for isotonic
regression because the pseudo-outcomes depend on the estimators pu,, ¢,, and @,, which
themselves depend on all the observations Oy, ..., O,. However, it turns out that our esti-
mator is of the so-called generalized Grenander-type, and therefore we can use the general
asymptotic results of Chapter 3 to study its asymptotic properties.

We first demonstrate that our estimator is a generalized Grenander-type estimator.

We define ¢p = 0p o Fp', and we note that since 6p and F;l are increasing, ¥p is as
—1

well. Therefore, the primitive function Wp(t) = [ p(u = ff; Do, (v) dFp(v) is

a convex function. Next, define I'p := Wp o Fp, so that I'p(a) = f w) Fp(du) =

ffoo pp(u, w) Fp(du) Qp(dw).
The parameter I'p(a) is pathwise differentiable at Py in M for each a, and its nonpara-

metric efficient influence function is given by

¢pa(0) = f(—oo,a](A)Y ;Pf(zz(z;})W) + /_ ' pp(u, W) Fp(du) + I(—.q)(A)0p(A) — 2T'p(a) .
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Denoting P, = (ttn, gn, Frn, @n), a one-step estimator of I'(a) is
I~ .,
Fn(a) = FPn (CL) + E Z¢Pn,a<0i) :
i=1

Since [“__0p,(u) F,(du) = Tp,(a), this one-step estimator is exactly equal to the estimator
defined in (4.3). We then define ¥,, :=I',, 0 F; for F, the empirical quantile function of A,
as our estimator of Wy, and 1, as the left derivative of the GCM of ¥,,. We then have that
0, = 1, o F}, is equivalent to the estimator defined in steps 1-4 above.

This representation allows us to use the general results of Chapter 3 to study the asymp-
totic behavior of our causal isotonic regression estimator #,. In the next section, we will
discuss sufficient conditions on p, and g, that yield consistency of 6,,(a), and convergence in
distribution of n'/3[,(a) — 6y(a)]. In practice, we recommend leveraging multiple candidate
estimators using cross-validation to estimate p, and g, (see, e.g. van der Laan et al., 2007),
as we discuss more below.

If fy(a) were only known to be monotone on a fixed sub-interval Aqg C A, we would
define Fp(a) := P(A <a | A € Ag) as the marginal distribution function restricted to A,
and F, as its empirical counterpart. Similarly, J(_« 4 (A;) in (4.3) would be replaced with

I(—o0,q)(Ai) 14, (A;). In all other respects, our estimation procedure would remain the same.

4.3 Properties of the estimator

4.3.1 Generalization of least-squares isotonic regression

We have claimed that our estimator generalizes the least-squares isotonic regression estima-

tor, and we start this section by explaining precisely what we mean. If it is known that (i)

A is independent of W, then go(a,w) = 1 for all a in the support of A, so that we may

take g,(a,w) = 1 for all @ and w. If, furthermore, it is known that (ii) Y is independent

of W given A, then we may take an estimator u, satisfying u,(a,w) = p,(a) for all a,w.
1

Inserting g, = 1 and any such g, in to (4.3), we can see that I'y(a) = + Y% | oo (A)Y;

n
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and it follows that 6,(a) = p,(a) for each a. Hence, in this case, our estimator reduces to

least-squares isotonic regression.

We note that 6y = py if either of (i) or (ii) hold, but our estimator only reduces to the
least-squares isotonic regression if both (i) and (ii) hold. This can be explained as follows.
Suppose we believe that (i) holds, so we take g, = 1, but we are wrong and in fact A is
not independent of W. Then 6y # pg, so the marginal isotonic regression is not a consistent
estimator of #. However, by the doubly-robust properties of our estimator discussed below,
if we correctly specify p,, our estimator 6,, will still be consistent for 6 even though we have
mis-specified g,. Alternatively, suppose we believe (ii) holds, so we take p,(a,w) = p,(a),
but we are wrong and in fact Y is not conditionally independent of W given A. Then,

0y # po, and as long as we correctly specify g,, our estimator is still consistent for 6.

4.83.2  Invariance to invertible transformations of A

A second important feature of our estimator 6, is that, as with the isotonic regression
estimator, it is invariant to any increasing and invertible transformation of A. We let V =
H(A) for some increasing and invertible function H : A — R, and define 6*(vy) := Eo[Eo[Y |
V = v, W]| = 6y o H '(vy). We note that 6* is also a monotone function. Let (v, w) =
ElY |V =v,W =w] and gj(v,w) = [LR(V < v | W = w)]/[LP(V < v)], and let
iy, gy be estimators of p and g, respectively. If we apply the estimation procedure defined
in the previous section to the data (Y,V, W), we arrive at the estimator 0 (vy) = ¥ o F,
where F* = F,, o H™! is the empirical distribution function of Vi,...,V, and ¢} is the left
derivative of the GCM of ¥y =1I'y o '~ for

1e BRI
r: = — I o0 (V; L “(v,W;) FX(d
00 =32 et T [ o W) i)

—00

1 n Yz . /fk (H(Az), Wz) /H_l(vo)
== T oo i1 (vgy] (Ai 1 + *(H(a), W;) F,(da
n;[( I ey s T WA (), W) Fu(da)
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If it were the case that u)(H(a),w) = pn(a,w) and g’ (H(a),w) = g,(a,w), then we would
have T (vo) = T',(H (v)), so that * =T,,0 H o Ho F,, = W, and thus 6% =6, 0 H'.
In words, our estimator #,, of & would be invariant to H.

We can ensure that pf (H(a),w) = p,(a,w) and g’ (H(a),w) = g,(a,w) in the following
simple manner. Let U; := F,,(A;), which is also equal to F(V;), and let fi,(u,w) be an esti-
mator of the conditional mean of Y given U; = u, W; = w. Then let p,(a, w) = i (Fn(a), w)
and ' (v,w) = fn(Fr(v),w). Similarly, let g,(u,w) be an estimator of the conditional
density of U = u given W = w, and let g,(a,w) = g,(F,(a),w) and g} (v,w) = g,(Ff(v),w).

Invariance to increasing and invertible transformations of A is a desirable property be-
cause the scale of a continuous exposure is statistically arbitrary. For instance, if A is
temperature, it should not matter whether A is measured in degrees Fahrenheit, degrees
Celsius, or Kelvin, or if A is height, it should not matter whether A is measured in meters,
feet, or some other unit of length. The parameters 6 and 6* encode exactly the same infor-
mation about the effect of A on Y, after adjusting for W, so it is natural that an estimator

should not depend on the scale of the exposure. More discussion of invariance can be found

in Chapter 3 of Lehmann and Casella (2006).

4.3.8  Consistency

Next, we provide sufficient conditions for consistency of 6,,. Our conditions require controlling
the uniform entropy of certain classes of functions. For a uniformly bounded class of functions
F, a finite discrete probability measure (), and € > 0, the covering number of F relative to
the Lo(Q) metric, written N(e,F, L2(Q)), is defined as the smallest number of Ly(Q)-balls
of radius less than or equal to € needed to cover F. The uniform entropy of F is then defined
as logsupg N (g, F, Ly(Q)), where the supremum is taken over all finite discrete probability
measures (). For a thorough treatment of covering numbers and their role in empirical

process theory, see, e.g., van der Vaart and Wellner (1996).

We now state our three sufficient conditions for consistency of 6,,.
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(E1) There exist positive and finite constants ¢, d, K, K,, and ky, and a V' < 2 such that,
almost surely as n — 00, 1, is contained in a class of functions F* and ¢, in a class
) satisfying:
(a) |u| < K, for all u € FW,
(b) ky < g < K, for all g € T,
(c) for all € <4, logsupg N (e, FW, Ly(Q)) < ceV/?, and

(d) for all e <4, logsupg N (e, F9 Ly(Q)) < eV

(E2) There exist pio, € F* and go, € F9 such that (Fy x Qo) (in — floo)? 50 and (Fo X

Q0)(gn — goo)> = 0.

(E3) There exist subsets 81, 82, and 83 of A x W such that (Fy x Qo)(8; US2U83) =1 and

where:

(a) foo(a,w) = po(a,w) for all (a,w) € 8,
(b) goo(a,w) = go(a,w) for all (a,w) € 83, and

(C> :uoo(aa UJ) = ,U@(CL,U)) and QOO(av w) = gO(a’u w) for all <a7 U}) S S3-
Under these three conditions we have the follow result.

Theorem 11 (Consistency). Suppose conditions (E1)-(E3) hold. Then 0,(a) i>90(a) for
any a such that Fy(a) € (0,1), 6 is continuous at a, and Fy is strictly increasing in a
neighborhood of a. If 6 is uniformly continuous and Fy s strictly increasing on A then

SUPgen, |On(a) — Oo(a)l 250 for any bounded strict subinterval Ay of A.

We note that in the pointwise statement of Theorem 11, Fy(a) is required to be in the
interior of [0, 1], and similarly, the uniform statement of Theorem 11 only covers bounded
strict subintervals of A. This is due to the well-known issues with Grenander-type estimators

at the boundaries of the domains. Various corrections to this issue have been proposed, and
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it would be interesting to consider these in future work (see, e.g., Woodroofe and Sun, 1993;
Balabdaoui et al., 2011; Kulikov and Lopuhaé, 2006).

Condition (E1) requires that p, and g, are eventually contained in uniformly bounded
function classes of manageable sizes. This condition is easily satisfied if, for instance, F*
and F9) are parametric classes. However, it is also satisfied for many types of semiparametric
function classes. Uniform entropy bounds for many specific types of classes may be found in
Chapter 2.6 of van der Vaart and Wellner (1996).

There is an asymmetry between the entropy requirements for F* and F) in items (c)
and (d) of (E1). This is due to the term [[*_ u,(a, w) F,(da) Q,(dw) in T'y(a). To control
this term, we use an upper bound from the theory of empirical U-processes of the form
fol log supg N (e, F*, Ly(Q)) de (Nolan and Pollard, 1987). Compare this to the uniform
entropy integral fol [logsupgy N(e, J, Ly(Q))]"/? de, which can be used for ordinary empirical
processes indexed by a uniformly bounded class &F.

Cross-validating the observations used to train the nuisance estimators pu, and g, and
the observations at which these estimators are evaluated in the definition of I',, would likely
allow us to avoid the entropy conditions of (E1). However, while the asymptotic theory for
such cross-validated estimators has been established for empirical processes indexed by a
finite set (see, e.g., Zheng and van der Laan, 2011), it is has not, to our knowledge, been
established for empirical processes indexed by infinite sets, as we would need in our results.
We leave further considerations along these lines to future work.

Condition (E2) requires that p, and g, are tending to limit functions p., and g, and
condition (E3) requires that at least one of pi(a, w) = po(a,w) or goo(a, w) = go(a,w) for
(Fy X Qo)-almost every (a,w). If either (i) 8; and 83 are null sets or (ii) 8y and 83 are
null sets, then condition (E3) is known simply as doubly-robustness of the estimator 6,, to
the two nuisance functions py and gy, meaning we achieve consistency as long as either p,
tends to g or g, tends to go. Doubly-robust estimators are at this point a mainstay of
causal inference and have been studied for over two decades (see, e.g., Robins et al., 1994;

Rotnitzky et al., 1998; Scharfstein et al., 1999; van der Laan and Robins, 2003; Neugebauer



91

and van der Laan, 2005; Bang and Robins, 2005). However, (E3) is considerably more general
than classical doubly-robustness, as it allows neither p, nor g, to be correctly specified over
the whole domain, as long as at least one of u, or g, is correctly specified for almost every
point in the domain. This generalization is similar to recent work on 2%-robust, also known
as sequentially doubly robust, estimators in longitudinal studies, where there are 2% possible
ways to achieve consistency for a longitudinal study with K time points (Luedtke et al.,
2017; Rotnitzky et al., 2017). In our setting, there are an infinite number of ways to achieve

consistency.

4.8.4  Convergence in distribution

Next, we study convergence in distribution of n'/?[6,,(a) — 6y(a)] for fixed a. We first define

for any square-integrable functions Ay, ho : A XW =R, a € A, e >0,and S C A xW:

d(hy, hasa,e,8)* == sup Eg, {Is(a, W) [h(a, W) — ha(a, W))*} . (4.4)

la—al<e
We also define o3 (a,w) := Ep, {[Y — puo(A, W)]*|A = a,W = w} as the conditional variance

of Y given A = a and W = w. We now state two more conditions we will require:

(E4) There exists ¢* > 0 such that each of the following holds:

(a) d(tin, proo; a,€%,81) = op(n™1/%);

(b) d(ttn, oo a, €%, 82) — 0;

() d(gn, Goo; @, €%, 81) == 0;

(d) d(gn, goo; a,€*,82) = op(n~'/3); and

(€) dtns tioo; @, €%, 83)d(Gn, oo @, €%, 83) = op(n~'/3).

(E5) The functions Fy, o, foos o, goo, and op are continuously differentiable in @ in a neigh-

borhood of a = a, uniformly over w € 'W.
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Under (E1)-(E5), we have the following result regarding convergence in distribution of

n'/30,(a) — Oy(a)] for fixed a in the interior of A.

Theorem 12 (Convergence in distribution). If conditions (E1)-(E5) hold for a such that
0 < Fy(a) < 1, then

fa)ko(a 1/3
V306, (a) — bo(a)] - [4%} W

where W is Chernoff’s distribution and

0.(4) - %(A))Q

(Y — UOO(Aa W)
goo(A, W)

ko(a) = Eqg, {Ep0 A=a, W] go(a,W)} .

We remind the reader that Chernoft’s distribution is defined as the point of maximum
of a standard two-sided Brownian motion originating from zero minus a quadratic. We note
the similarity of the limit distribution in Theorem 12 to the limit distribution of n'/3[p,,(a) —
po(a)]. In particular, as noted above, when either (i) Y and W are independent given A
or (ii) A is independent of W, 6 is equal to the marginal regression function pg, so we can
directly compare the limit distributions of 6,, and the marginal isotonic regression estimator
pn- Under correct specification of 1y and gg, the limit distribution of p,, is more concentrated
than that of 6, in scenario (i), and less concentrated than that of 6,, in scenario (ii). This
is analogous to results in linear regression, where including a covariate that is uncorrelated
with the outcome inflates the standard error of the coefficient corresponding to A, while
including a covariate that is correlated with the outcome but uncorrelated with A deflates
the standard error of the coefficient corresponding to A.

Theorem 12 highlights an advantage gained by the monotonicity assumption over smooth-
ing methods. As is often true with kernel smoothed estimators, the limit theory of Kennedy
et al. (2017) has an asymptotic bias term depending on the second derivative of 6 at a,
meaning proper confidence intervals require under-smoothing. Since it is not known how

to properly under-smooth for this problem, the confidence intervals ultimately used provide
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asymptotically correct coverage for a smoothed parameter rather than the true parameter.
In contrast, our estimator has a limit theory centered at the truth and hence avoids these
complications. Additionally, smoothing methods require that 6 be twice continuously differ-

entiable at a, while Theorem 12 only requires a single continuous derivative.

Condition (E4) requires that, on the set §; where p, is correctly specified but g, is not,
L4 is converging to it’s limit at a rate faster than n~'/3 uniformly in a neighborhood of a, and
similarly for g, on the set 85. On the set 83 where both p,, and g, are correctly specified, (E4)

~1/3_ Hence, it is

only requires that the product of their rates of convergence is faster than n
possible to attain doubly-robust inference for #,,, meaning we can construct asymptotically
valid confidence intervals and tests for 6 based on 6, as long as at least one of the nuisance

~1/3 to the true nuisance parameter, even if the other

estimators is converging faster than n
nuisance estimator is mis-specified. Furthermore, as with consistency, we allow that neither
[, nor g, is correctly specified everywhere, as long as at least one of them is correctly
specified everywhere.

We contrast this possibility for doubly-robust inference with asymptotically linear esti-
mators of pathwise differentiable parameters, in which case many standard estimators pos-
sess doubly-robust consistency, but not generally doubly-robust convergence in distribution.
This is because doubly-robust convergence in distribution in the asymptotically linear set-
ting would require that one of the nuisance parameters be converging at a rate faster than
n~2, which is not even achieved in correctly specified regular parametric models. The po-
tential for doubly-robust convergence in distribution in our setting is produced by the weaker
op(n~'/3) convergence rate required for the correctly-specified nuisance parameter in (E4a)
and (E4d). This is at least a feasible rate of convergence, though we note that attaining such
a rate of convergence when W has two or more continuous components is only possible with
specialized knowledge of the structural forms of gy or pg. If such additional knowledge is
not available, (A4e) is much more realistic as long as both p, and g, are correctly specified
— for instance, these rates can be achieved in arbitrary dimension under the assumption of

bounded variation norm (van der Laan and Benkeser, 2018). We note that specialized meth-
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ods for doubly-robust convergence in distribution have been developed based on targeting
higher-order bias terms (see, e.g., Benkeser et al., 2017).

If p1oo = o, Ko(a) can be made arbitrarily small by taking g..(a,w) to infinity for all w.
This can be explained as follows. Setting g..(a,w) to infinity implies that g, (a, w) is tending
to infinity, and g, (a, w) equal to infinity corresponds to ', (a) = [[*_ pn(a, w) F,(da) Q,(dw).
With this choice of T',, the isotonic estimator 6, we have provided is exactly equal to the
isotonic regression of the plug-in estimator a — [ pi,(a, w) Qn(dw). Now, when g, # go
is incorrectly specified, in order for the result of Theorem 12 to hold, [ u,(a,w)Qo(dw)

1/3 uni-

must be converging to y(a) in probability for all @ and at a rate faster than n~
formly in neighborhood of a, which implies, under the entropy condition (E1), the same for
[ tn(a,w) Q,(dw). Finally, since the isotonized estimator 6,,(a) is no farther from 6y(a) than
[ pn(a, w) Qn(dw) is (Chernozhukov et al., 2009), 6,,(a) converges in probability to f(a) at

/3. Hence, with this choice of ', n'/?[f,(a) — 6y(a)] converges in

a rate faster than n~
distribution to 0.

The preceding paragraph implies that an isotonized version of a plug-in estimator of
By with a correctly specified estimator u, converging fast enough will converge faster than
the estimator we have proposed. However, such an estimator pu, is not possible without
some additional prior knowledge about the form of pg, such as additional smoothness or a
correctly specified semiparametric model. Furthermore, even if such additional knowledge
were available, asymptotically unbiased inference in such models can still be a significant

challenge. In contrast, Theorem 12 provides means to conduct asymptotically unbiased

inference with much weaker smoothness or structural knowledge of 1.

4.8.5  Comparison with an un-transformed primitive

Our estimator of 6, is based on first transforming the domain by the empirical distribution
function of the exposure A, estimating the primitive function on this transformed scale, and
finally transforming back to the original scale. An alternative procedure could omit the

transformation step. That is, let a_,a; € R be fixed, and define ©p(a) = [ Op(u)du. For
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a < a,, the nonparametric efficient influence function of ©p(a) is

MJMmZii%%¥2+L;MMWWM—@MW

As with I';,, we can construct a one-step estimator 6,,(a) of ©(a). An alternative estimator

6,(a) can then be defined as the left derivative of the GCM of ©,, over [a_, a,].

It is natural to ask how 6,, compares to the estimator 6,, we have studied thus far. First,
we note that, unlike 6,,, ,, neither generalizes the classical isotonic regression estimator nor
is invariant to monotone transformations of A. Additionally, utilizing the transformation Fj
fixes [0, 1] as the interval over which the GCM should be performed. If A is known to be a
bounded set, [a_,a,]| can be taken as the endpoints of A, but otherwise we need to choose

the domain [a_,a,] in defining 0,,.

Turning to an asymptotic analysis, using the results of Chapter 3, we could establish
conditions very similar to (E1)-(E5) under which n'/3[0,(a) — 6q(a)] —=+[46))(a)Ro(a)]/*W

for
. (Y — poo(A, W))?
K'O(a) = EQO {EPO { 7Too<A | W)2

where 74, is the limit of an estimator m, of the conditional density function of A given W.

Aza,W} mo(a | W)} ,

Let [475(a)]'/? be the limit scaling factor of n'/3[0,(a) — fy(a)] and [47(a)]'/? be the
limit scaling factor of n'/3[0,(a) — Oy(a)]. If peo = pto and geo(a, w) = poo(a,w)/ fo(a), then
m0(a) = To(a), so that n'/3[0,(a) — Oy(a)] and n'/3[0,,(a) — Oy(a)] are converging to the same
limit distribution. However, if go, = poo/fo = go but s # jio, the two estimators are not
asymptotically equivalent. Letting 02(a,w) = Ep,[(Y — piso(a, W))? | A = a,W = w], we

have

m@:%m%&%V%ﬂﬂ}_@%m@ﬂﬂ—%@f}

pola | W) fola)
oa(a, W)

7o(a) = 0y (a)Eq, [W] |
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Hence, when the outcome regression model is mis-specified we can potentially gain efficiency
by utilizing the transformation, and the relative gain in efficiency is proportional to the
degree of mis-specification of p,. We note that this does not contradict Theorem 8 since if

4, 18 mis-specified then I'), is not an asymptotically linear estimator.

4.3.6  Nuisance function estimation

Theorem 12 requires the estimator u, of the outcome regression function and the estimator
gn of the “standardized propensity” (the conditional density of A given W divided by the
marginal density of A) be converging fast enough to their true counterparts in the discrepancy
defined in (4.4). The required rate of convergence depends on whether both nuisance param-
eters are correctly specified, in which case the product of their rates needs to be op(n=/?),
or just one is correctly specified, in which case its rate alone needs to be op(n~'/3). These re-
quirements would both be satisfied, for instance, if a correct parametric model were available
for either of the nuisance parameters, but the premise of this article is that such correctly
specified models are rarely available outside of randomized trials.

There are also various semiparametric methods that are able to attain these rates of
convergence, including, for instance, additive models and index models (Horowitz, 2009).
Nonparametric methods, such as kernel smoothing, are attractive because they do not rely
on correct specification of a semiparametric model; however, as the number of continuous
covariates contained in W increases, kernel smoothing methods require additional smoothness
of the true function and the use of higher-order kernels to achieve the required rates of
convergence. Under a mild bounded variation constraint, the nuisance parameters can be
estimated at the rate op(n~'/4) for an arbitrary number of continuous components of W
(van der Laan and Benkeser, 2018), which, as discussed above, is sufficient if both nuisance
parameters are correctly specified.

In practice, we recommend leveraging multiple candidate parametric, semiparametric,
and nonparametric models using cross-validation. For estimation of the outcome regression

estimator u,, this can be accomplished using a standard SuperLearner for a binary or con-
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tinuous outcome, depending on whether Y is binary or continuous (van der Laan et al.,
2007). For estimation of g,, we recommend the following SuperLearner procedure. Define
Up := Fo(X), and recall that gy is equal to the conditional density of Uy given W. Our
estimator g, is defined as an estimator of the conditional density of U := F,(X) given W.
As with any cross-validation procedure, we begin by splitting the observations randomly in
to V nearly-equally-sized folds. For each v € {1,...,V}, we call the observations in fold v
the test set for fold v, and the remaining observations with fold not equal to v the training

set for fold wv.

First, for each v € {1,...,V} we use any standard estimators of a conditional density
function to estimate the conditional density of U given W in the training set for fold v,
and obtain the out-of-sample predicted conditional densities in the test set for fold v. For
instance, these standard estimators may include parametric models, kernel conditional den-
sity estimators, or other non- or semiparametric estimators. We may also choose to use the
location-scale method employed in Kennedy et al. (2017), wherein first a SuperLearner is
used to estimate the conditional mean of U given W, then a SuperLearner is used to estimate
the conditional variance of U given W using the squared residuals of the first SuperLearner,
and finally a univariate kernel density estimator is applied to the standardized residuals of
the result.

Second, we use a modification of the method introduced in Diaz Munoz and van der
Laan (2011) as an additional nonparametric estimator. Let B > 2 be a pre-defined maximal
number of bins. For each fold v and number of bins b € {2,..., B}, we split the unit
interval [0, 1] in to b sub-intervals {(0 = ug, u1], (ug, ua|, .. ., (up—1,up = 1]} using the empirical
quantiles of the values of A in the training set for fold v. Then, for each j € {1,...,b}, we
estimate the probability that U € (u;_1,u;| using any number of standard algorithms for
estimating a conditional mean with a binary outcome. For each such algorithm, we scale the
estimated probabilities to sum to one. Then, we define the estimated conditional density at
(u,w) as the estimated probability that U € (u;_1,u;] given W = w divided by u; — u;_1,

where (u;_1, u;] is the interval containing w.
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We call the collection of all conditional density estimators we consider from these two
steps our library. We denote by K the total number of estimators in our library, and for
each k € {1,..., K}, we let g, (U;, W;) be the out-of-sample estimate for estimator k& and
observation i. We obtain our final estimator by minimizing the empirical risk corresponding
to the log-likelihood loss over all candidate estimators formed by convex combinations of the

V' estimators in our library. That is, we take g, := Zszl A k9n.k, Where

n

K
Ay 1= argmin Z log Z Men (Ui, W) (4.5)

MMk T k=1
for A the K-dimensional simplex.

4.4 Pointwise asymptotic inference

4.4.1  Wald-type confidence intervals

Let 19(a) = 0)(a)ko(a)/ fo(a). If 7,(a) were a consistent estimator of 7y(a), a Wald-type 1 —«

level asymptotic confidence interval for 6y(a) would be

[0:(a) = {47(a)/n} P qasa, Onla) + {47u(a)/n} P q1_apo]

where g, denotes the p-the quantile of W. The quantiles of Chernoft’s distribution W have
been numerically computed and tabulated on a fine grid (Groeneboom and Wellner, 2001),
and in particular are readily available in the statistical programming language R. Hence, we
can construct approximate Wald-type intervals for 6y(a) with correct asymptotic coverage
given a consistent estimator of 79(a).

First, we note that we can write 0} (a)/ fo(a) = ¥}(Fy(a)), where ¢y = 0yoFy . Estimating
Yy rather than 6] and fy preserves our theme of providing an estimator invariant to monotone
transformations of A. Hence, estimation of 7y can be decomposed in to (i) estimation of 1
and (ii) estimation of &.

For (i), we recall that 6, is defined as 1, o F},, and that v, as defined in Section 4.2 is a
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step function, and hence cannot be used directly to provide an estimator of ¢y,. Instead, one
approach to estimating v is to smooth the function v, and to define ¢/, as the derivative
of this smoothed estimator. We have found that a local quadratic kernel smoother of the
points {(u;,¥n(u;)) : j=1,... K} for u; the midpoints of the jump points of ), works well

in practice.

4.4.2  Inference under correct nuisance specification

The remainder of this section is concerned with task (ii): estimation of ko(a). First, we
suppose that g, and pu, are correctly specified, so that g., = go and o, = po. In this case,
ko(a) = Egq,lo3(a, W)/go(a, W)]. One approach to estimating ro(a) in this case is to use
machine learning techniques to estimate the conditional expectation of Z := [V — p,, (A, W)]?
given A and W, which gives an estimator o2 (a,w) of 02(a,w). We can then define a plug-in
estimator of kg(a) as

1 = 02 (a, W)

ffn,PI(CL) = —

n = gu(a,Wi)

In practice, we will typically want to use an ensemble method such as SuperLearner (van der
Laan et al., 2007) to increase the chance that we correctly specify the functional form of o3.
If we do manage to correctly specify o2, then k, pi(a,w) is a consistent estimator of rg(a)
under correct specification of u, and g,.

In the special case of a binary outcome, o2(a,w) = po(a, w)(1 — po(a,w)), so we can set

02 = p1,(1 — pp,). Hence, for a binary outcome with both models correctly specified, we do

not have to perform any additional modeling to consistently estimate ro(a).

4.4.8 Inference under possibly incorrect nuisance specification

As noted above, Theorem 12 provides a limit distribution even if one of the nuisance estima-
tors is not correctly specified, as long as the other estimator is converging fast enough to the
truth. It would be desirable to capitalize on this result by providing an estimator of 1y(a)

that is doubly-robust. Since v, is a doubly-robust estimator of 1, our estimator 1/, of the
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Yy is also doubly-robust. However, the estimator of kg(a) that we described above assumed

that both u, and g, were correctly specified.

In order to define an estimator of x that is consistent even if one of ji, or g is not equal
to its true counterpart, we note that ro(a) = limpo h ™' Ep, [K (M) n(Y, A, W)] for
any bounded, nonnegative kernel function K with bounded support and integrating to one,

where

n(y,a,w) = [% +0(a) — 90(&):| )

nh

Letting 0, (a) = [ pn(a, w) Q,(dw), we define ki, p(a) = & S0 | K (M) N (Y, Ay W)
for

o) = PR g @) - 6,00

Then, under conditions (E1)—(E5) we have that &, j,, (a) RN ro(a) by standard kernel smooth-

ing arguments for any sequence h,, — 0. In particular, s, s, (a) i>/<ao(a) under the very

general form of doubly-robustness specified by condition (E3).

To choose the bandwidth h based on the data, we will use a method motivated by the
mean integrated square error criterion from kernel smoothing. We define v := [ ko(a) Fo(da),
and note that v = Ep,[n(Y, A, W)]. Thus, we also have v = argmin, Ep {[n(Y, A, W) —~]*}.
We thus define k7 := argmin, = 37" [, (Y, A, W) =7, (h)]? for v, (h) := [ knp(a) Fu(da). We
further improve this method by cross-validating the observations used to compute £, 5(a) and

those used to compute the risk. Hence, our doubly-robust estimator of ky(a) is £, pr(a) :=
Kn,hex (@).

We conclude this section with two final remarks regarding this doubly-robust estimator of
ko(a). First, we note that as with our estimator of ¢{(ug), our estimator of xo(a) only depends
on A and a through the order statistics F,,(A) and F,(a). Hence, as before, our estimator
is invariant to monotone transformations of A. Second, we note that if u,(a, w) = u,(a)
does not depend on w and g, = 1, the doubly-robust estimator of ky(a) converges to the

marginal conditional variance Var(Y | A = a), which is the scale parameter for regular
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isotonic regression. Hence, our doubly-robust estimator of kg(a) provides asymptotically
valid coverage for the marginal regression function in the same setting in which our estimator

reduces to the marginal isotonic regression function.
4.5 Numerical studies

In this section we perform numerical experiments to assess the performance of the estimator
of 6y(a) we have introduced and the two methods of pointwise inference we have proposed.

We simulated data as follows. First, we generated W € R* as independent standard
normal deviates. Next, we generated U given W from the conditional distribution corre-
sponding to the conditional density function go(u,w) = A(w) + 2(1 — AMw))u for AM(w) =
0.1 4+ 1.8 x logit ! (sTw), and we then defined A as the standard normal quantile function
of U. Since U thus defined is marginally uniform, A is marginally standard normal. Finally,
conditionally upon A and W, we simulated Y as a Bernoulli random variate with conditional
mean function given by fio(a, w) = logit ™" (v7'@ + v wa + v3a?), where @ denotes (1, w). We
set f=(-1,-1,1,D)T, vy =(-1,-1,-1,1, )T, v = (3,-1,-1,1,1)T and 3 = 3.

We used the causal isotonic regression estimator ,, to estimate the true covariate-adjusted
dose-response curve, which requires specifying nuisance estimators pu, and g,. We consid-
ered four combinations of nuisance estimators. First, we correctly specified both nuisance
estimators by taking u, and g, as maximum likelihood estimators of pg and go. Next, we
kept p, correctly specified, but incorrectly specified g, by setting g,(a,w) = 1 for all @ and
w. Third, we correctly specified g,,, but and incorrectly specified p,, by setting u,(a,w) =0
for all @ and w. Finally, we incorrectly specified both u, and g, by setting u, = 0 and
gn = 1. We constructed pointwise confidence intervals in each setting using both the plug-in
and doubly-robust estimators of x.

As noted previously, in the first three settings, we expect 6, to be consistent for 6,. We
also expect the doubly-robust estimator of ky to provide intervals with asymptotically correct
coverage rates of 0y for each of the first three settings, but only expect the plug-in estimator

of kg to provide intervals with asymptotically correct coverage rates of 6 in the first setting.
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In the fourth setting, 6, reduces to the marginal isotonic regression estimator p,,, which is
consistent for the marginal regression function py. In this case, we expect the doubly-robust
estimator of k to provide asymptotically correct coverage of pg.

The left panel of Figure 4.1 shows a single causal isotonic regression estimate based on a
sample of size n = 5000 with u, and g, correctly specified. Also shown are asymptotic 95%
pointwise confidence intervals constructed using the doubly-robust estimator of kq. The right
panel shows the marginal isotonic regression estimate of the same data and 95% asymptotic
confidence intervals. The true causal and marginal regression curves are shown in red. We
note that 0y(a) # po(a) for a # 0, since both Y and A are dependent on W. Therefore, the
marginal isotonic regression estimator will not be consistent for the true causal parameter.
In this data-generating setting, the causal effect of A on Y is larger in magnitude than the

marginal effect of A on Y, in the sense that 0y(a) has larger variation than pg(a).

Causal isotonic regression Regular isotonic regression

1.00
0.75

0.50 ‘

0.25

8(a)

0.00

Figure 4.1: Causal isotonic regression estimate with correctly specified p, and g, (left) and
regular isotonic regression estimate (right). Pointwise 95% confidence intervals constructed
using the doubly-robust estimator are shown as vertical bars and the true functions are
shown in red.

We performed 1000 simulations each with n = 500, 1000, 2500, 5000,, and 10000 obser-
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vations. Figure 4.2 shows the root mean squared error (RMSE) of the four estimators for
different values a over these 1000 simulations and for each of these sample sizes. We observe
that, for a = 1, correctly specified p,, yields smaller RMSE than incorrectly specified p,, when
gn is correctly specified, and that correctly specified g, yields smaller RMSE than incorrectly
specified g, when p, is correctly specified. The improvement in RMSE in the former case is

substantially larger than the improvement in the latter case.

a=-1 a=0

5 .
2 0.06 Propensity
q’ —
8 Correct
® 0.04 ===+ Incorrect
S
o
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§ 0.02 Outcome regression
S —— Correct
ﬂ%; 0.00 — Incorrect

05 25 5.0 10.00.5 25 5.0 10.00.5 25 5.0 10.0

Sample size / 1000

Figure 4.2: Root mean squared errors (RMSE) for the estimator proposed here for different
values of a and different specifications of the outcome regression pu, and the propensity g,
over one thousand data sets simulated as described in the text. In the left-most panel, all
three lines overlap. In the middle panel, the two red lines overlap.

Figure 4.3 shows the coverage of nominal 95% pointwise confidence intervals for a range
of values of a. As expected, the coverage improves as n grows, especially for values of a in
the tails of the marginal standard normal distribution of A. Under correct specification, the
plug-in method attains close to nominal coverage rates for a between -1 and 1 by n = 1000,
and is anti-conservative otherwise. When the propensity is incorrectly specified, the plug-in
method still performs well in this example, although we would not expect this to always be
the case. Coverage is not shown when p,, = 0, i.e. when the outcome regression is incorrectly
specified, because k, pr = 0 by necessity in this case and hence coverage is exactly zero.

Figure 4.3 also shows the coverage of nominal 95% pointwise doubly-robust confidence

intervals. The doubly-robust method attains close to nominal coverage for large samples
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under all specification settings. Unsurprisingly, compared to the plug-in method, it requires
larger sample sizes to achieve good coverage, especially for values of a in the tails of the
marginal distribution of A. In this example, the doubly-robust method appears to perform
better under mis-specification of p,, because setting i, to a constant removes all randomness
from p,,. The bottom-right panel shows the coverage of the marginal regression function
po(a). In studying the bottom-right panel, we also observe that the doubly-robust method
obtains correct asymptotic coverage of pg(a) when p, = 0 and g, = 1. We emphasize that
the bottom right panel does not display coverage of these confidence intervals for the causal
parameter 6 — the coverage of the intervals for the causal parameter would not be close to
the nominal 95%.

Figure 4.4 presents boxplots of the estimator ¢, (a) of the true derivative ¥ (a) for each of
the nuisance model specifications. The estimators are taken to the one-third power because
that is what appears in the estimator of the pointwise confidence intervals. The estimators
are roughly centered around the truth (shown in red).

Figure 4.5 shows histograms of the plug-in estimator of k¢(a) for u, correctly specified.
The estimators are taken to the one-third power because that is what appears in the estimator
of the pointwise confidence intervals. The estimators are centered around the truth (show in
red) when g, is correctly specified, but are biased when g, is misspecified.

Figure 4.6 shows histograms of the doubly-robust estimator of ko(a). Once again, the
estimators are taken to the one-third power because that is what appears in the estimator
of the pointwise confidence intervals. The estimators are roughly centered around the truth,
which is shown in red, in all settings, though the variance of these estimators is larger than
it is for the plug-in estimator.

We also conducted simulations using machine learning estimators for p, and g,. To
correctly specify u,, and g,,, we used the methods described in Section 4.3.6 applied to the four
covariates Wy, ..., Wy. To incorrectly specify u,, and g,,, we again used the methods described
in Section 4.3.6, but applied only to the covariates W; and W5. Due to computational

limitations, we performed 1000 simulations only for the sample size n = 1000.
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Figure 4.3: Coverage of pointwise 95% doubly-robust (top row) and plug-in (bottom row)
confidence intervals for different values of a over one thousand data sets simulated as de-
scribed in the text. Columns indicate whether the models for p and g were correctly specified.
Correct specifications used parametric models; p was mis-specified by setting it to zero, g
was incorrectly specified by setting it to one. Coverage is zero for the plug-in method with
incorrect p1 (lower left panel). Black dashed lines indicate the nominal coverage rate.

Figure 4.7 shows the coverage of nominal 95% confidence intervals using both the plug-in
and doubly-robust methods. The plug-in intervals achieve very close to nominal cover-
age under correct specification, and also achieve surprisingly good coverage rates when the
propensity is incorrectly specified. The plug-in intervals are somewhat conservative when the
outcome regression is incorrectly specified. The doubly-robust method is anti-conservative
under both correct specification and when the propensity is incorrectly specified, with cover-
age rates mostly between 90% and 95%. It achieves good coverages rates when the outcome

regression is incorrectly specified. These results suggest that the doubly-robust intervals may
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Figure 4.4: Distribution of the estimator ¢, (a) of ¥ (a) for different values of a and specifi-
cations of the nuisance parameters over one thousand data sets simulated as described in the
text with n = 5000 observations. Note that the bottom-right panel corresponds to regular
isotonic regression. Red lines show the true values ¢ (a).
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Figure 4.5: Distribution of the plug-in estimator x,(a) of ko(a) for different values of a
and four specifications of the nuisance parameters over one thousand data sets simulated
as described in the text with n = 5000 observations. Note that the bottom-right panel
corresponds to regular isotonic regression. Red lines show the true values kg(a).
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Figure 4.6: Distribution of the doubly-robust estimator «,(a) of ko(a) for different values of
a and four specifications of the nuisance parameters over one thousand data sets simulated
as described in the text. Note that the bottom-right panel corresponds to regular isotonic
regression. Red lines show the true values ko(a).

require larger sample sizes to achieve good coverage when machine learning estimators are
used for p, and g,. On the other hand, the plug-in intervals appear to be relatively robust

to moderate mis-specification of nuisance parameters in finite samples.
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Figure 4.7: Coverage of pointwise 95% doubly-robust and plug-in confidence intervals using
machine learning estimators and n = 1000 observations. Columns indicate whether the

models for p and g were correctly specified. Black dashed lines indicate the nominal coverage
rate.
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4.6 Effect of BMI on T-cell response in HIV vaccine trials

In this section we use the methods we have presented to assess the effect of body mass index
(BMI) on CD4+ and CD8+ T-cell responses in a collection of clinical trials of candidate HIV
vaccines. We pooled data from the vaccine arms of 11 phase I/1I clinical trials, all conducted
by the HIV Vaccine Trials Network (HVTN). Ten of these trials were previously studied in the
analysis presented in Jin et al. (2015), and descriptions of the trials are contained therein.
The final trial in our pooled analysis is HVTN 100, which randomized 210 participants
to receive four doses of the ALVAC-HIV vaccine (vCP1521). The ALVAC-HIV vaccine,
in combination with an AIDSVAX boost, was found to have statistically significant vaccine

efficacy against HIV-1 in the RV-144 trial conducted in Thailand (Rerks-Ngarm et al., 2009).

CD4+ and CD8+ T-cell responses were measured in all 11 trials using validated intra-
cellular cytokine staining (ICS) at HVTN laboratories. These responses were converted to
binary indicators of whether there was a significant change from baseline using the method
described in Jin et al. (2015). We analyze these binary responses at the first post-final-
vaccination visit, which was scheduled for either two or four weeks after the final vaccina-
tion, depending on the trial. After accounting for missing responses from a small number of
participants, our analysis data sets consisted of sample sizes of n = 439 participants for the

analysis of CD4+ responses and n = 462 participants for the analysis of CD8+ responses.

We are interested in the effect of BMI on the probability of having a positive CD4+ or
CD8+ response. In Jin et al. (2015), the authors examined the relationship between BMI
and T-cell responses in two ways. First, they performed a marginal analysis comparing the
CD4+ and CD8+ response rates among low (BMI < 25) medium (25 < BMI < 30) and high
(BMI > 30) BMI participants. They found a monotonically decreasing trend across these
three categories, and found that low BMI participants had a statistically significantly higher
response rate than high BMI participants using Fisher’s exact test. Second, they performed
a logistic regression of the binary CD4+ and CD8+ responses against sex, age, BMI (not

discretized), vaccination dose, and number of vaccinations. In this adjusted analysis they
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found a statistically significant effect of BMI on CD4+ response rate after adjusting for the
other covariates (OR: 0.92; 95% CI: 0.86, 0.98; p=0.007).

We assessed the effect of BMI on T-cell response using our estimator 6,, of the covariate-
adjusted dose-response function 6 under the assumption that € is monotone decreasing. We
adjusted for sex, age, vaccination dose, number of vaccinations, and study. We estimated
the nuisance parameters pg and gy using the methods described in Section 4.3.6. Finally, we
formed pointwise confidence intervals used the doubly-robust estimator &, pg.

Figure 4.8 presents the estimated probability of a positive CD4+ T-cell response (left
panel) and the estimated probability of a positive CD8+ T-cell response (right panel) as
a function of BMI. Pointwise 95% confidence intervals are shown as vertical bars, and the
marginal distributions of BMI for responders and non-responders are shown as box plots. We
find that BMI had a greater absolute effect on CD4+ T-cell response probability than it did
on CD8+ response probability. Additionally, the change in probability for CD4+ appears to
be largest for BMI < 20.

We estimate that the probability of having a positive CD4+ T-cell response, after adjust-
ing for potential confounders, is 0.57 (95% CI: 0.42, 0.72) for a BMI of 20, 0.50 (0.44, 0.56)
for a BMI of 25, 0.45 (0.35, 0.54) for a BMI of 30, and 0.33 (0.28, 0.38) for a BMI of 35. We
estimate that the probability of having a positive CD8+ T-cell response, after adjusting for
potential confounders, is 0.27 (0.19, 0.34) for a BMI of 20, 0.19 (0.14, 0.23) for a BMI of 25,
0.19 (0.17, 0.21) for a BMI of 30, and 0.19 (0.17, 0.21) for a BMI of 35.
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Figure 4.8: Estimated probabilities of CD4+ (left panel) and CD8+ (right panel) T-cell
response as a function of BMI, adjusted for sex, age, number of vaccinations received, vaccine
dose, and study. Vertical bars indicate pointwise 95% Wald-type confidence intervals using
the doubly-robust inferential method.
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Chapter 5

DISCUSSION AND FUTURE WORK

In this dissertation, we have considered two general approaches to nonparametric esti-
mation of a monotone function. Our first approach applies to settings in which an initial
estimator of the function is available. However, many such estimators of function-valued pa-
rameters in nonparametric and semiparametric models are not guaranteed to respect shape
constraints on the true function. A simple and general solution to this problem is to project
the initial estimator on to the constrained parameter space over a grid whose mesh goes to
zero fast enough with sample size. However, this introduces the possibility that the projected
estimator has different properties than the original estimator. In Chapter 2, we provided re-
sults that the projected estimator is generically no worse than the initial estimator, and that
if the true function is upper and lower Lipschitz and the initial estimator possesses a type
of uniform asymptotic equicontinuity, the projected estimator is uniformly asymptotically

equivalent to the initial estimator.

We also provided especially simple sufficient conditions for this latter result when the
initial estimator is uniformly asymptotically linear. This was our primary motivating setting
upon initially studying this problem, and remains our main setting of interest for the appli-
cation of our results. This is because when the function of interest is pathwise differentiable,
there are multiple existing nonparametric techniques for constructing asymptotically linear
estimators thereof. When the parameter of interest is not pathwise differentiable, asymptot-
ically linear estimation is not possible. While there are many nonparametric techniques for
estimating non-pathwise differentiable parameters, such as kernel smoothing, penalized opti-
mization, and sieves, many of these methods leverage assumed smoothness of the underlying

function, so the resulting estimators are also smooth. In these cases, the general theory we
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developed in Chapter 2 can still often be used to demonstrate that the corrected estimator is
asymptotically equivalent to the initial estimator, but in practice, we have found that initial
estimators which are smooth are much less likely to exhibit monotonicity violations than
initial estimators that are not smooth.

An additional reason that we focused on the asymptotically linear case is that construct-
ing confidence intervals and uniform confidence bands for non-pathwise differentiable func-
tions with correct asymptotic coverage is a very challenging problem. For instance, in kernel
smoothing problems, the kernel smoothed estimator with bandwidth equal to the optimal
bandwidth for minimizing the asymptotic integrated mean square error possesses an asymp-
totic bias. This means that the centered and appropriately rescaled estimator converges in
distribution to a limit distribution that generally has non-zero mean. As a result, standard
methods of constructing pointwise confidence intervals or uniform confidence bands, such as
Wald’s method and the nonparametric bootstrap, generally have asymptotic coverage that is
strictly smaller than the nominal coverage. While the correction procedure we have proposed
would not make the coverage worse, it also would not solve this under-coverage problem.

We studied the application of our results in two examples: a G-computed distribution
function, for use in understanding the effect of a binary exposure on an outcome when the
treatment-outcome relationship is confounded by recorded covariates, both with uncensored
data and possibly informatively right-censored data. In numerical studies, we found that
the projected estimator can yield benefits in small samples, but that these benefits diminish
rapidly as n grows.

While our theory applies to monotone functions of arbitrary dimension d > 1, we only
conducted numerical studies for univariate functions. We suspect that the size of the finite-
sample benefits yielded by the correction procedure increases with dimension. Our reasoning
is that the relative size, measured in metric entropy, of the set of component-wise monotone
functions to the set of bounded variation functions is decreasing exponentially with d. Con-
ducting numerical experiments for d > 1 is an area for future work.

Our theoretical results do not give the exact asymptotic behavior of the projected esti-
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mator or projected confidence band when the true function possesses flat regions, or even
when the the true function has a non-linear lower modulus of continuity. While there is no
danger that confidence regions or tests based on the corrected band would be worse than the
initial bands in such cases, it may be possible to construct tighter regions or more powerful
tests at the same level. This would also be an interesting topic for future research.

Our results from Chapter 2 raise at least two other directions of future work. First, the
same correction procedure can be used for other shape constraints, such as spaces of convex
or log-convex functions or the space of multivariate distribution functions. It would be
interesting to know whether our results extend to these other cases, and especially whether
there is an underlying theory that could be developed. However, our proof techniques were
strongly tied to monotonicity, and hence alternative approaches would likely be needed.

One potential avenue for a general approach is suggested by the literature on projections
in Hilbert spaces. Suppose W is a convex subset of a Hilbert space H. Define Projg : H — ¥
as the metric projection on to W, defined as Projg(z) := argmin,cg ||z —9||u. Zarantonello
(1971) showed that Projg is Hadamard directionally differentiable at any 1y € ¥, and
that its derivative map is given by projection on to the tangent cone to W at 1y, defined

as Ty (1) := {t(b — 1) : t > 0,90 € }. (The directional aspect of the differentiability is

due to the fact that this derivative map need not be linear.) If 1q is an inner point of ¥,
meaning that Tg(10g) = H, then the derivative map is the identity. Suppose ¥ is a convex
shape constrained class in the Hilbert space H := Ly ([0, 1]¢) of square-integrable real-valued
functions on the d-dimensional unit cube [0,1]%. Then the directional differentiability of
Projg and the delta method imply that if r, (1, — 1) converges weakly in H to a tight
limit process W, then r,(¢;; — t) also converges weakly in H to Projry (W), where
U* .= Projyg (1, ) is the corrected estimator. The limit is the same, and r,,||¢% —,||g = op(1),
if 9 is an inner point of W.

The result in the preceding paragraph provides a limit distribution even when 1), is not an

inner point of W, unlike our results in Chapter 2. However, in other respects, the conditions

in the previous paragraph are stronger and the result is weaker than the results we provided
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in Chapter 2. In particular, ||} — ¥,|lm = op(1) does not imply that || — |l =
op(1), and the latter is needed to construct pointwise and uniform confidence bands for Wy
However, strengthening the result to the uniform norm appears challenging. Additionally, in
the preceding paragraph, we defined the corrected estimator W as the projection of v, over
the entire domain [0, 1]¢. This is an infinite-dimensional optimization problem, and hence is
frequently not possible in practice. Instead, it would be preferable to define the projection
over a finite grid in the domain and to interpolate elsewhere, as we did in Chapter 2.

The second question raised by the results of Chapter 2 is whether the efficiency theory of
pathwise differentiable functionals in shape-constrained models can be characterized. Specif-
ically, suppose M is a statistical model of probability measures on a probability space (O, B).
Let F be a subset of a Banach space (B, ||-||g) and 1) : M — F be a parameter mapping. Let
¥ C J represent a subset of F within which the true parameter ¢ is known to lie. Define
My := ¢~ 1(®) as the sub-model of M induced by the shape constraint ¥. Hence, the shape
constraint ¥ on the functional ¥ induces the shape-constrained model M.

As we mentioned in Chapter 1, tangent spaces play a crucial role in the efficiency theory
of pathwise differentiable functionals. In particular, the efficient influence function ¢y of
a pathwise differentiable parameter on M only depends on M through the tangent space
Tn(Py). Hence, if two models possess the same tangent space at P,, then the efficient
influence function for estimating any pathwise differentiable parameter is the same.

It is natural, then, to ask whether the tangent space Ty, (Fy) of a shape-constrained
model can be characterized in terms of the model M, the shape-constrained function ¢, and
the shape constraint W. This would make it possible to find the efficient influence function of
any pathwise differentiable parameter under the shape constraint on . In particular, if we
could find sufficient conditions under which Ty, (FPo) = T (Fp), then under these conditions
the shape constraint would have no effect on the efficiency theory of pathwise differentiable
functionals on the model, so that incorporating the shape constraint in to an estimation
procedure would not yield first-order asymptotic gains.

In Chapter 3, we studied a broad class of estimators of monotone functions based on
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differentiating the greatest convex minorant of a preliminary estimator of a primitive pa-
rameter. A novel aspect of the class we have considered is its allowance for the primitive
parameter to involve a possibly data-dependent transformation of the domain. The class we
defined is useful because it generalizes classical approaches for simple monotone functions,
including density, hazard and regression functions, facilitates the integration of flexible, data-
adaptive learning techniques, and allows valid asymptotic statistical inference. We provided
general asymptotic results for estimators in this class and have also derived refined results
for the important case wherein the primitive estimator is uniformly asymptotically linear.
We have proposed novel estimators of extensions of classical monotone parameters that deal
with common sampling complications, and described their large-sample properties using our

general results.

Our primary goal in Chapter 3 was to establish general theoretical results that can be
applied to study many specific estimators, and as such, there are numerous potential appli-
cations of our results. In Chapter 4, we used our general results from Chapter 3 to study
estimation of one such particular parameter, namely a monotone dose-response function with
informative treatment allocation. We used the G-formula to identify the true counterfactual
mean. This identification requires that we observe all confounders between the exposure and
outcome. Instrumental variables are an alternative identification strategy that is sometimes
useful when the exposure-outcome relationship is likely to be confounded by unobserved vari-
ables. Estimation of a monotone dose-response function identified via instrumental variables

would be an interesting area of future research.

Extension of the parameter we study in Chapter 4 to right-censored data would also be
natural. Specifically, suppose T' € R* is an event time of interest, A is a binary treatment
indicator, X € R is a continuous covariate, measured at baseline, and W € R? is a vector
of other baseline covariates. A parameter of interest in some studies is the G-computed
conditional risk function 0p(z) := Ep[P(T < ty | X = x,A = ap, W)|. For instance, in
vaccine trials, T" represents time to infection by a disease of interest, A represents assignment

to the vaccine or placebo arm of the trial, and X is a potential correlate of risk of infection.
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Op(x) then measures the chance of infection under assignment to arm ag and X = x. For
certain types of covariates X, it may be known that fp is monotone. In observational
studies, estimation of fp is often further complicated by the fact that 7" may be subject to

right-censorship.

Two closely related parameters are risk difference and risk ratio functions. In some situ-
ations, the conditional risk function under assignment to ay and X = x may not necessarily

be monotone, but the conditional risk difference function

Op(z) = Ep[P(T <ty| X =2, A=1,W)] - Ep[P(T <ty | X =2, A=0,W)]

or conditional risk ratio function

EplP(T<ty| X =2, A=0,W)]

Op(z) =

In vaccine trials, these parameters measure the extent to which X is a correlate of protection
of the vaccine against infection. For instance, for some diseases, the more of a particular
antibody is present in a patient’s blood prior to vaccination (often due to previous exposure
to the disease), the more the vaccine elicits an immune response, and hence the better the
vaccine is able to confer protection from the disease. In studies of other types of treatments,
a patient’s health prior to treatment, measured for instance by BMI or blood pressure, is

predictive of the success or failure of the treatment.

In addition to other monotone parameters of interest, there are also a multitude of use-
ful properties and modifications of Grenander-type estimators that have been studied in the
literature and whose extension to our class would be important. For instance, kernel smooth-
ing of a Grenander-type estimator yields a monotone estimator that possesses many of the
properties of usual kernel smoothing estimators, including possibly faster convergence to a
normal distribution (e.g., Mukerjee, 1988; Mammen, 1991; Groeneboom et al., 2010). The

asymptotic distribution of the supremum norm error of Grenander-type estimators has also
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been derived (e.g., Durot, 2012), and extending this result to our class would refine further
our results. Asymptotic results at the boundaries of the domain and corrections for poor
behavior there have been developed and would further enhance the utility of these methods

(e.g., Woodroofe and Sun, 1993; Balabdaoui et al., 2011; Kulikov and Lopuhaé, 2006).

There have also been various proposals for constructing asymptotically valid pointwise
confidence intervals for Grenander-type estimators without the need to compute the compli-
cated scale parameters appearing in their limit distribution. In regular statistical problems,
the bootstrap is one of the most widely used such methods; unfortunately, the nonparametric
bootstrap is known to fail for Grenander-type estimators (e.g., Kosorok, 2008; Sen et al.,
2010). However, these articles have demonstrated that the m-out-of-n bootstrap is valid for
Grenander-type estimators, and that bootstrapping smoothed Grenander-type estimators
can also be an effective strategy for performing inference. Asymptotically pivotal distribu-
tions based on likelihood ratios have also been used to avoid the need to estimate nuisance
parameters in the limit distribution and to provide a basis for improved finite-sample infer-
ence (e.g., Banerjee and Wellner, 2001; Banerjee, 2005a,b, 2007; Groeneboom and Jongbloed,
2015). Considering these strategies in our setting would be particularly interesting.

In Chapter 4, we defined a generalized Grenander-type estimator of a monotone covariate-
marginalized regression function. Under untestable causal assumptions, including that all
confounders of the exposure-outcome relationship are observed, our parameter of interest
in Chapter 4 can be interpreted as a causal dose-response function. We showed that our
estimator generalizes the least-squares estimator of a monotone marginal regression function,
and that it retains many of the attractive properties of said estimator, including invariance
to scale changes of the exposure. We also used our general results from Chapter 3 to provide
sufficient conditions on the estimators of the outcome regression and exposure propensity
functions that imply that our estimator is consistent and that our estimator minus the true

13 t0 a

G-computed regression function converges in distribution pointwise at the rate n
non-standard limit distribution. Our sufficient conditions allow for the possibility of both

doubly-robust consistency and doubly-robust convergence in distribution, and furthermore
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the type of doubly-robustness that we allow is substantially more flexible than standard
notions of doubly-robustness.

Our convergence in distribution result in Chapter 4 is doubly-robust in the sense that
it does not require both nuisance parameter u, and g, to be correctly specified. However,
if one of the nuisance parameters is not correctly specified, then the other parameter needs
to be converging at a rate faster than n~'/3 uniformly over a neighborhood of the point of
interest. This is a strong requirement, and in general requires that the estimator exploit
special structure of the true function, such as multiple continuous derivatives or additivity
over the components of W. In the setting where A is binary, recent work has shown that an
asymptotically linear estimator of §y(a) can be constructed in such a way that the estimator

~1/2 to a normal distribution as long as at least one of the nuisance

converges at the rate n
functions is correctly specified and both estimators convergence to their respective limits at a
rate faster than n~'/4 (Benkeser et al., 2017). This rate of convergence can be guaranteed for
arbitrarily high-dimensional W under the relatively mild assumption of bounded sectional
variation (van der Laan and Benkeser, 2018). It would be interesting to consider estimating
the primitive parameter that arises in our study of the monotone-dose response curve in
Chapter 4 using such a doubly-robust asymptotically linear estimator. We conjecture that
the resulting monotone estimator would converge in distribution to a mean-zero limit as
long as one of the nuisance estimators were correctly specified and both estimators were

1/6

converging at a rate faster than n="/° to their respective limits.
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Appendix A
PROOF OF RESULTS FROM CHAPTER 2

Proof of Theorem 1. Statement (i) follows from Corollary B to Theorem 1.6.1 of Robert-

son et al. (1988). For (ii) and (iii), note that for every ¢t € T" we have by assumption
10:(8) = 6o(D)] < D A(®)IG5(s1) — Bolsi)l + D Au(t)lbo(s1) — bo(t)].
k k

where Y, A\, (t) =1, s € T, for each k, and ||s; —t|| < 2w,. By (i), the first term is bounded
above by sup,cq [0n(s) — 0o(s)|. The second term is bounded above by v(2w,), where we
define v(d) = sup{|0o(t) — Oo(s)| : t,s,€ T, ||t — s|| < &}. If 6y is uniformly continuous on 7,
v(6) = 0 =~(0) as § — 0, so that y(2w,) —, 0 if w, —, 0. If v(J) = 0(0*) as § — 0, then
7(2wn) = op(wy).

Statement (iv) follows from the proof of Proposition 3 of Chernozhukov et al. (2009),
which applies to any order-preserving monotonization procedure. For the first statement
of (v), note that ), o wi(t) = > ,cq un(t), and similarly for £, by their definition as
minimizers of the least-squares criterion function.

The second statement of (v) follows from a slight modification of Robertson et al. (1988)
Theorem 1.6.1. As stated, the result says that ), G(0°(t) —0(t)) < >, G(O() — (1))
for any convex function G : R — R and monotone function ¢, where 6* is the isotonic
regression of 6 over T,,. Their proof can be modified in a straightforward and minimal way
to show that it also holds that } 7, . G(07(t) — 05(t)) < > ,cq G(01(t) — Oa(t)), where now
07 and 65 are the isotonic regressions of §; and 0, over T,,, respectively. As in Corollary B,
taking G(x) = |z|P and letting p — oo yields |07 — 03||5, < ||61 — 62]|7,. Applying this with
01 = u, and 0, = {,, yields the second part of (v). O
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Proof of Lemma 1. By the triangle inequality, 10,(t) — 0,(s)]| <
{0,(t) — 0o(t)} — {0,(s) — Oo(5)} + [00(t) — Oo(s)|. The first term is op(r;') by (Al).
The second term is op(r, ') by (A2). O

Proof of Lemma 2. Let € > 0 and 7, = €¢/r,. Suppose that h, > n,. The there exist
s,t € T with s < t and ||t — s|| > n, such that 6,(s) > 6, (t). We claim that there must also
exist s*,t* € T with s* < t* and ||t* — s*|| € [,/2,n,] such that 0,,(s*) > 6,,(t*). To see this,
let J = |||t —s||/(n./2)] — 1, and note that J > 1. Define t; = s + (jn,/2)(t — s)/||t — s||
for j =0,1,...,J, and set t;11 = t. Thus, t; < tj41 and ||t;41 — ;|| € [1./2,m,] for each
j =0,....J. Since then Y7 {0.(tjs1) — 0a(t;)} = 0,(t) — 0,(s) < 0, it must be that
0,(tj+1) < 6,(t;) for at least one j. This proves the claim.

We now have that h, > 7, implies that there exist s,t € T with s < ¢ and ||t — s|| €
[1/2, 1] such that 6,(s) > 6,,(t). This further implies that

{0n(t) = 0o(1)} = {0n(s) = Oo(s)} < =(00(t) = bo(s)) < —HKol[t — s]| < —Konn/2

by condition (A2). Finally, this allows us to write

[t=sl<e/rn

P(hy>e¢/r,) < P ( sup [ {bn(t) = Oo(t)} = 7a{bn(s) — bo(s)}] > 6) :

By condition (A1), this probability tends to zero for every e > 0, which completes the
proof. O

Proof of Lemma 3. For any t € T,,, Theorem 1.4.4 of Robertson et al. (1988) gives the
representation

g7 (t) = max min 0,(U N L) = min max 6, (U N L),
U€EW; LEL; LeL, Uel
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where, for any finite set S C T,,, 6,,(S) is defined as |S|™' 3" s 0n(s). The sets U range over
the collection U; of upper sets of T,, containing ¢, where U C T, is called an upper set if and
only if t; € U,ty € T,, and t; < t5 implies t5 € U. The sets L range over the collection £; of
lower sets of T,, containing ¢, where L. C T, is called a lower set if and only if t; € L,t5 € T,
and ty <ty implies t5 € L.

Let Uy = {s:s >t} and L; = {s: s < t}. First, suppose there exists Ly € £; and sy € Lo
with s > t and ||[t—sg|| > hy,. Then, we claim that there exists another lower set L{, € £; such
that 0,,(U;NLy) > 0, (U:NLy). If 6,(U:NLy) > 0,(t) = 0,(U;N L), then L = L, satisfies the
claim. Otherwise, if 0,,(U;NLg) < 0,,(t), let L = Lo—{s : s > t,||t—s|| > h,}. One can verify
that L{, € £;, and since so € Lo\ L, L, is a strict subset of Ly. Furthermore, by definition of
By, 0,(s) > 0,(t) for all s > ¢ such that ||t —s|| > h,, and since 60,,(U; N Lo) < 6,,(t), removing
these elements from Ly can only reduce the average, so that 6,,(U; N Ly) < 0,,(U; N Lg). This
establishes the claim. By an analogous argument, we can show that if there exists Uy € U,
and sg € Uy with sg < ¢ and ||t — sg|| > hy, then there exists another upper set U} € U, such
that 6,(Up N L) < 0, (U N Ly).

Let L* € argmin; ., 0,(U; N L) and U* € argmaxy oy, 6,(U N Ly). Then, we have that

0% (t) = maxmin 0, (UN L) > mind,(U;NL)=0,(UnNL")

U€l; LEL, Lely
* — : < — * .
07 (t) min max 0, (UNL) < max 0,(UNL) =0,(U" N Ly)

Hence, 0,,(U; N L*) < 0 (t) < 6,,(U*N L;). By the above argument, 6,,(U; N L*) > inf{0,(s) :
s>t ||t —s|| < h,} and 0, (U* N Ly) < sup{f,(s) : s <t, |t —s| < h,}. Therefore,

inf{0,,(s) — On(t) : It = sl < hn} < O,(t) = 0n(t) < sup{0(s) — On(t) : It — s]| < hn},

and thus, [0 (t) — 0,,(t)| < sup{|0.(s) — 0,(t)] : ||t — s|| < h,}. Taking the maximum over
t € 7, yields the claim. O]
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Proof of Theorem 2. By construction, for each ¢t € T, we can write
* d * d
105(8) = 0u ()] < Z5ZA5(0)107(5) = Onls5)] + T30 ()|0n(s) — Ou(t)]
where s; € T,, and [[s; — || < 2w, for all ¢, s; by definition. Thus, since >, A;(¢) = 1,

sup [0, (t) = 0n(1)] < max|0,(t) — 6n(t)| + sup [fa(s) = Ou(1)] -

teT t€Tn l|s—t]|<2wn

By Lemma 3, the first summand is bounded above by supys_s <y, [0n(s) — 0, (t)[, which is

op(r;!) by Lemmas 1 and 2. The second summand is op(r,; ') by Lemma 1. O

Proof of Corollary 1. For the first statement, we note that £, (t) < 0y(t) < wu,(t) if and

only if
{rnlfn(t) = €(t)] = 70(8)} +70(t) 2 a[0n(t) = Oo()] = —y0(t) = {rnlua(t) — On(t)] —70(1)} -
Therefore, by (2.2),
P(‘v’t €T l,(t) <p(t) < un(t)) —»1-a.
For the second statement, we let 6 > 0, and we note that

sup [ {ln(t) — Oo(t)} — ru{ln(s) — Oo(s)}|

t=sl<é/rn

< sup o {0n(t) = Oo(8)} — rafn(s) = Oo(s)}H + 2llra(On — €n) = 0llr

[t=sl<é/rn

+ sup  [yo(t) = Y0(s)]-

t=sll<é/rn

The first term tends to zero in probability by (A1), the second by (2.2), and the third by

the assumed uniform continuity of 75. An analogous decomposition holds for u,,. Therefore,
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we can apply Theorem 2 with w,, and ¢, in place of 6,, to find that ||€; — £, ||y = op(r,; ') and

luz, = tnllz = op(r;"). 0

Proof of Theorem 3. Let €,6,1 > 0. By (2.3) and since sup,cy | R, | = op(n~1/2),

! {0 (t) = 0o()} — {0a(s) = 0(5)} < 1Guldos — do,s)| +0p(1) .

Condition (Al.ii) implies that {¢o, : t € T} is uniformly mean-square continuous, in the

sense that
lim  sup / (60.(7) — dos(x)}? dPy(z) = 0 .
0 e—sl<h
Since T is totally bounded in || - ||, this also implies that {¢o; : t € T} is totally bounded

in the Ly(Fp) metric. This, in addition to (Al.i), implies that {G,¢o, : t € T} converges
weakly in £°(T) to a Gaussian process G with covariance function 3,. Furthermore, (A1.ii)
implies that this limit process is a tight element of £°°(T). By Theorem 1.5.4 of van der Vaart
and Wellner (1996), {G,¢o, : t € T} is asymptotically tight. By Theorem 1.5.7 of van der
Vaart and Wellner (1996), {G,¢o; : t € T} is thus asymptotically uniformly mean-square

equicontinuous in probability, in the sense that there exists some 6y = do(€,17) > 0 such that

limsupP{ sup |Gy (or — ¢os)| > e} <n,

n—o0 p(s,t)<50

with p(s,t) = [[{¢os(z) — ¢os(x)}2dPy(x)]"/?. By (ALii), supy,_,<p p(t,s) < &y for some
h > 0. Hence, for all n large enough, both dn~'/% < h and P{sup s, |Gn(0s — ¢0,s)| >
€} <, so that

P{ sup ‘Gn<¢0,t _¢O,s)’ > 6} < P{ sup ’Gn(¢0,t_¢0,s)| > 6} <N,

[t—s||<én—1/2 p(t,s)<do

which completes the proof. O
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Appendix B
PROOF OF RESULTS FROM CHAPTER 3

Proof of Lemma 4. Since §(x) = 1(P(x)) and ) = —0_LCM[, )(—I'0®~), where LCM is
the least concave minorant operator, and —I" o &~ is by assumption upper semi-continuous,
the standard switch relation (e.g., Lemma 4.1 of van der Vaart and van der Laan, 2006,
Lemma 3.2 of Groeneboom and Jongbloed, 2014) implies that 6(z) > c¢ if and only if
sup argmax, i, 5 {cu — L'(®7(u))} < ®(x). We note that the set of maximizers is closed
because cu — I'(®~(u)) is upper semi-continuous.

If ¢ # 0, the argmax can only contain elements in the range of ®, since on intervals where
®~ is constant, the function can be made larger by taking u to one end of the interval —
which end of the interval depends on the sign of c. We have used here the fact that a and
b are by assumption in the range of ®. If ¢ = 0, taking sup of the argmax ensures that the

result will be at the right end of an interval. This shows that

sup argfn;x {eu =T (@ (u)} < ®(x) iff sup arger?ax {eu—T(®(uv)} < ®(z),
u€la, ueJ*
where J* := [a,b] Nrange(®). Let & = supargmax,.;. {cu —I'(® (u))}. Because &~ is
strictly increasing on range(®) and hence ®~ = ®~! on range(®), and furthermore, u €
range(®) if and only if (P~ (u)) = u, for every u € J* there is a unique v € I* such that
v == (u) and (v) = u. Let 0 € I* be such an element corresponding to @. Then, we have
that @ < ®(x) if and only if ®(0) < &(z), c®(0) —['(0) > ¢®(v) —I'(v) for all v € I*, and for
any v € I* such that equality holds, v < 0. Finally, ®(v) < ®(x) if and only if 0 < &~ (P(z))

since © € I* and @ is right-continuous and non-decreasing. It follows that 6(z) > ¢ if and
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only if
sup argmax {c®(v) — ['(v)} < 7 (P(z)) . O

vel*

Proof of Lemma 5. First, note that w™(n) > 0 for any n > 0 by right-continuity of w at
n = 0. Thus, w(v) < n for all v < w™(n), so that w(y(u)) < n for all u < vy~ w™(n)). It
is straightforward to see that ¢(§/2,1/2)/2 < v~ *(w™(n)), which implies that r(d,n) > 0 for
all 4,7 > 0.

Let p,(d) = fod [N — w(vy(w))] du. Since ®q is continuous and strictly increasing at x,
we have that &5 (Pg(x)) = x. Recall that ¢y := 6y o ;. Setting & = w o+, the moduli of
continuity of 6y and of ®; at x imply that |1o(u) —1o(t)| < &(Ju—t|) for all uw and t = Py(z).
Note that @~ =~y tow™.

First, suppose x € I,, so that ®, (®,(z)) = x. Define the functions R, ,(u) := I',(u) —
Lo(u) = [+ 6o(2)][®n(u) — Po(u)] and

Do (u)
hn,i(w) == [ + ¢o(8)]@o(u) — To(u) = / [+ ¢o(t) — Yo(v)]dv .
0
By Lemma 1, we have that 6,,(x) — 6y(z) > n holds if and only if

sup argmax {[n + 0y(2)] P, (u) — T'p(uw)} <z iff supargmax {h,(u) — R, ,.(u)} <z

uely, uely

iff  sup  {hy(u) = Buge(w)} > sup {hy(u) = Bge(u)}

ueln:ulr—e u€ly:x—e<u

for some e > 0. Note that sup,c; <o e {hni(w) — Rane(u)} < hyel(x) +
SUPyer, wer {—Rnma(w)} since hy,(u) is non-decreasing for v < z. Let v, . = sup{v €
I :v > 2,0(®o(v) —t) < n}. Then, we can write that sup,c; ., <y {hye(®) = Rnpe(u)} >
ot (v;f

n,1,t

) +infy<,{—Ry,.(u)}. Hence, we have that 6, (x) — 6y(x) > n implies that

() + D {— Ry ()} > Py (07,) + 0 { = Fo ()

u<z
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+

(I)O(”n,n,t)
iff X,, > /t [+ o (t) — Yo(u)]du

‘PO(U;,n,t)—t

with the latter statement implying that X, > [; [ — &(u)]du = py(Po(vy ;) — 1),
where we set Xy, 1= SUD,cr, yer —Rnna(U) +SUDyer, roy Rnpe(u). An analogous argument
for the opposite tail with v, ,, = inf{v € I, : v < 2,0(t — ®o(v)) < n} shows that
0,.(z) — Oo(x) < —n implies that

Y,y > / [0+ dho(w) — do(t))du

O(U’I’T,’l‘],t)

which implies that Y,,, > t=Po(v

Y,

nn = SUDyer,u>e _Rn,—n,w(u) + SUDyer, u<a Rn,—n,z(u)'

Now, we have that max(X,, ,, Y5.n) < 2|y, —Tol0o,1, +2(n+100(2)|) || Pr— Po || 0,1, =: Z

n777 :

Let dpy(t) = [®o(v,y, ) —t] A[t—Po(v,,, ;)] Then, since n > &(u) for u < dny(t), d = p,(d)

n,n,t

;’"’t)[n — @(u)ldu = py(t — ®o(v,,,)), where we have set

is nondecreasing for d < d,,,(t), and hence, {|0,(x) — Oo(z)| > n} C {Z,,, > py (d,, (1))}
Intuitively, since ®q is strictly increasing and continuous, if ®,, is uniformly close to &y, then
®o(vyr, ;) —t and t — Pg(v,,, ;) should be close to &~ (1) with high probability. Therefore, we
use the law of total probability with the event {d, ,(t) < ¢(d,n)/2} to see that

{Znn 2 Py (dny(1))} S {Zny 2 7(8,1)} UA{dny(t) < c(d,1)/2}

Now, dyy(t) < ¢(d,1)/2 implies that either ®o(v,, ;) —t < ¢(8,7)/2 or t — Py(v,, ;) <
c(d,m)/2. Suppose the former. Then, for all v € I,, such that ®g(v) > t + ¢(d,n)/2, it must
be true that &(®g(v) —t) > n and hence ®o(v) —t > & (n). Thus, there is no v € I,
such that ®g(v) € t + [¢(d,1)/2,07(n)), which includes the interval t + [¢(d,1)/2,c(d,n)).
Note that &5 (t +~~1(d)) < = + §, which implies that ®g(z + ) >t +y71(8) > t + ¢(d,n),
and thus @, is strictly increasing and continuous on [®5*(t 4+ ¢(8,7)/2), @5 (t + ¢(6,1))].
Hence, there is no v € I,, also contained in [®;'(¢ + ¢(0,7)/2), P (t + c(6,1))]. Suppose

instead that t — ®¢(v,,, ;) < c(d,7)/2. Then, by similar reasoning, there is no v € I,, also
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contained in [®; ' (t —c(8,7m)), @y (t — c(8,1)/2)]. Since ®g(z — ) > 0 and ®o(x + ) < u, by
assumption, this implies that ®,, is constant on at least one of these intervals. Since ®q is
strictly increasing and continuous on the intervals, we then have that the supremum distance
between ®,, and @, on one of these intervals is at least ¢(d,7)/4. We have now shown that

if x € I,, then

{dnﬂ(t) < 6(57 77)/2} - {HCI)TL - (I)OHOO,[xfé,xﬂi] > C((S» 77)/4} .

Now, if 2 ¢ I,,, then since ), is the left-derivative of ¥,, and ®,, is right-continuous, we

have 0, (z) = 0,,(z,) for z, := & (P, (x))) < x. Hence, we have that

{10 () — Oo(x)| > n} € {[0n(zn) — bo(zn)| > n/2} U{bo(z) — Oo(xs) > n/2}
CAl0n(zn) — Oo(z0)| > /2,2 — x, < 5/2}

U {|0o(z,) — bo(x)| > n/2,2 —x, < /2} U{x — 2, > 6/2}.

Because by assumption ®,(z) € (0,u,), and so, x,, € I,,, we can use the above inclusion on

the first event with § replaced by §/2. For the second term, we note that
{100(x) — Oo(x)| >n/2,2 — 2, < §/2} C{w (n/2) <z —x, < J§/2}.
Hence, we have that
{10n(x) = bo(2)[ > n} € {|0n(2n) = Oo(zn)| > n/2, 2 — 2y < 6/2} U{x — 20 2w (n/2) N6/2}.

The second event implies that ®,, is constant on [z —w™(n/2) Ad/2, x], and since Py is strictly

increasing and continuous there, it implies that

@, — Bollaeso sy > (£ — Bolw —w(1/2) A 5/2)) /2
> 37w (n/2) A 8/2)/2 = c(6/2,0/2)/2
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Therefore, we find that {|6,(z) — 6y(z)| > n} is contained in

{Znn2 2 7(6/2,0/2)} U {10 — Polloc,o-s048) > ¢(0/2,7/2) /4}
U {lI®n = Polloc,fo—s0+0) = c(6/2,1/2)/2)

= {Zn,n/Q > T(6/2777/2)} U {H(I)n - (I)OHOO,[CC—&:C—HS] > 6(5/2777/2)/4} :

The pointwise inequality follows.

The uniform inequality follows from the pointwise inclusions. We note that
SUPger, , 0n(2) — bo(z)| > n implies there is an x € I,, g such that |6,,(z) — 0o(x)| > 1. Thus,
we have that {sup,¢; , |0.(z) —0o(x)| > n} is contained in {Iz € I, 4 : [0, () — Oo(x)| > n},

which can be decomposed as

{31’ S Inﬂ : wn(li) - 90($)| >, (I)n<x> S (O,Un)}

U {Elx € Lp ¢ |0n(z) — Oo(x)] > 1, Bp(z) & (O,un)}.

Since the moduli of continuity are assumed to hold for all , and by construction, for every
x € I, 3, ®o(z — B) and Qo(z + ) are in [0, u,], the pointwise inclusion can be applied to
the first event with 6 = 3. For the second event, note that ®o(z — ), Po(x 4+ 5) € [0, uy]
and ®,,(z) ¢ (0,u,) imply that |®,(z) — ®o(x)| > v (B) and

{14 = Polloc,r = e(8/2,1/2)/4)} U {110 — Polloc,fo—s05) > 7 (B)}
= {H(I)n - (I)0||oo,[r—5,m+5] > C(ﬁ/zv 77/2>/4} : u

Proof of Theorems 4 and 5. For part 1 of Theorem 4 and parts 1 and 2 of Theorem 5,
we use the pointwise tail bound in Lemma 5 with different choices of w and ~. Since w,, —p uy,
®o(z) € (0,up) and P, (z) —p Po(z), with probability tending to one, &, (x) € (0,u,) and
[z — 0,2 + ') C ®;([0,u,]) for some & > 0. For part 2 of Theorem 4 and part 3 of

Theorem 5, we use instead the uniform tail bound. We note that for any 6,7 > 0, ¢(d,n) > 0
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and r(d,n) > 0, which we show in the proof of Lemma 5.

For part 1 of Theorem 4, we take w(v) := [fo(z + v) — Op(x)] V [0o(x) — Op(z — v)], which
is a valid choice since 6, is non-decreasing and continuous at x. Since ®( is continuous
and strictly increasing in a neighborhood of z, so is ®;. Since [0, ug] is bounded, such an
invertible y exists. By the pointwise tail bound in Lemma 5, both A,, 1(n) and A, » are op(1)
by assumption, and the result follows.

For part 1 of Theorem 5, we consider the pointwise tail bound with n = 7, =
norn *12/ 1021 By assumption, w(v) == Kq(z)v* and v(v) := Ks(x)v*? are valid choices.
Since § > 0 and 7, — 0, ¢(6/2,10/2) ~ n! %) = pory/0T1%2) for Jarge n. Thus, the
second term of the upper bound is Py(4r,||®, — Po||oo,jz—s0+5 = mgny, ") for large n. Since
]| P — Poloo,w—s2+5) = Op(1) and 1, = o(1) by assumption, this term tends to zero. Be-
cause 1(0/2,m,/2) ~ r!, the first term of the upper bound is bounded for any 7y > 0 as
ITw — Tolloo.s, and ||®,, — ®p||eo.s, are both Op(r, ') by assumption.

For part 2 of Theorem 5, we take w(v) := 0 for v < § since 6 is constant on [x — J, z + .
As before, since @ is continuous and strictly increasing in a neighborhood of x, such an
invertible v exists. Letting n = n, := nor,*, we have ¢(6/2,1,/2) = v 1(6/2) > 0 for all
n, so the second term of the upper bound tends to zero. Since r(6/2,1,/2) ~ r,; !, the first
term of the upper bound is bounded.

For part 2 of Theorem 4, since it is uniformly continuous, 6y admits a uniform modulus of
continuity, which we choose as w. Since @y is strictly increasing and continuous, ®; is well-
defined and continuous. Since [0, ug] is compact, ®; !'is uniformly continuous and possesses
a continuous and invertible uniform modulus of continuity, which we choose as 7. Thus,
c(B/2,m/2) > 0 and r(5/2,1n/2) > 0 for any 8,7 > 0, and so, both terms in the uniform
upper bound tend to zero by assumption.

For part 3 of Theorem 5, we consider the uniform tail bound with n = 7, =
norn @12/ @192 By agsumption, w(v) = Kjv® and y(v) = Kyv®2 are valid choices.
With probability tending to one, 3, > ry/(Fe192), c(Bn)2,m0/2) ~ rp /0F0192) and so,

rnC(Bn/2,mn/2) tends to +oo in probability. Thus, the second term in the upper bound
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tends to zero. Since r(83,/2,1,/2) ~ r; !, the first term in the upper bound is bounded for
any 1o > 0. O

Proof of Theorem 6. We note that r,[0,(z)—0u(z)] > n if and only
if 0,(xr) > 6p(x) + r;'n, which, by Lemma 4, occurs if and only if
sup argmax,c; {[0o(z) + 7, 'n]®,(v) = Tn(v)} < @, (Pn(z)). The latter event occurs
if and only if

sup argmax {[Ho(x) + r;ln] O, (z+7r, ) Tz + r;lv)} <Tp [@g(@n(m)) — m} )

vEry (In—2x)

Since adding terms not depending on v and scaling by constants does not affect the value of

the maximizer, we note that the left-hand side of the inequality above equals

sup argmax {H, ,,(v) + Ry1(v) + Rn2(v) + Ry 3(v)}

vEry(In—x)

for Hy, zp(0) := =W, 4(v) + [n®(2)] v — [365(2)PH(2)] v? and remainder terms

Rn,l(v) =TR0 [(I)n(x + T;1U> - (I)O(x + Tﬁlv)} ;
Ry 2(v) == 1 [o( + 1, v) — Bo(x) — B(2)(r, 0)] ;
Ro3(v) == —r2 [FO(JJ + 7)) — Oo(2)®o(x 4 1, v) — To(x)

+o(2) o () — 505 ()0 () (r, 'v)°] -

By Slutsky’s Theorem, {H, . ,(v): |v| < M} converges weakly to {H,,(v) : |v| < M}
in (*°[—M,M] for every M > 0 for H,,(v) == —W,(v) + [n®y(z)]v — [36)(z)P)(z)] v*

By the uniform consistency of ®,, to @, at rate faster than 7!

in a neighborhood of z,
supj,<ar [Rn1(v)| = op(1) for all M > 0. Continuous differentiability of ®, at = gives
sup|,<ar [Rn2(v)| = o(1) for all M > 0. Define My, (u) := [[o(x + u) — Op(z)Po(x + u)] —
[To(z) — Oo(x)Po(x)]. Clearly, My, (0) = 0, and Mg ,(u) = ®4(x + u)[fo(z + u) — Op(z)] for

u in a neighborhood of 0, so that Mg ,(0) = 0. Furthermore, M (u)/u — ®4(z)0y(x)
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as v — 0 by the differentiability of 6y and continuity of @) at x, and so, M ,(u) is
twice differentiable at v = 0 with Mg, (0) = ®¢(z)0y(x). Hence, by Taylor’s theorem,
Mog(u) = 2®4(z)0)(x)u?® + ho(u)u?, where ho(u) — 0 as u — 0, from which it fol-
lows that supj, < [Rn3(v)] = o(1) for all M > 0. In view of these findings, writing
R, == R,1 + R,3 + R, 3, we have that {H, ,,(v) + R,(v) : |[v|] < M} converges weakly
to {H,,(v) : |v] < M} for every M > 0. Since there is a neighborhood of = in which & is
strictly increasing and @ is uniformly consistent, r, (I, —z) — R in probability. Therefore,

the argmax continuous mapping theorem (Theorem 3.2.2 of VW) implies that

Up(x,m) :=sup argmax {H, . ,(v) + R,(v)} 4 sup argmax{H, ,(v)} =: 0(x,n)

vETy (In—2) vER
as long as v,(z,n) = Op(l). This fact is established in Lemma 7 below. Since
T'n SUD|,_y<s5 | Pn(u) — Po(u)| = op(1) by assumption and @ is continuously differentiable

at x with positive derivative, r,[®; (®,(x)) — 2] = op(1). Thus, we find that
Py (1 [0n(x) — Op(x)] > n) = Py (f)n(x, n) — 7Ty [(I);((I)n(z)) - x} < 0) — By (v(x,n) <0) .
Using properties of the argmax functional and the stationary increments of W,., we have that

P (i) < 0) = P ~60(e) argmin {IV, -+ 0/850) + 60e) 8 o)) > )

=P, (—Og(x) argmin { W (u) + 16;(2) @ (z)u’} > n)
u€R
for each 7, and the result follows by the Portmanteau Theorem. Finally, if W, = [ro(z)]"/?Wj

for Wy a standard two-sided Brownian motion, a standard argument (see Problem 3.2.5 of

VW) shows that

) o ()12
argmin{Wx(u) + %93(:{:)¢g(m)u2} - {%

u€R

2/3
} argmin { W (u) + u*} . O
u€R
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Lemma 7. Under the conditions of Theorem 3, sup argmax,e,. (1, —s){ Hnzy(v) + Rn(v)} =
Op(1).

Proof of Lemma 7. To establish that 9, = Op(1), we use Theorem 3.2.5 of VW. Write

7 0,(2,m) = sup argmax M, ,(v) for
vel,—x

Myo(v) == =[Ta(@ +v) = Tn(@)] + 00(2)[@n(w +v) — ()] + 17, (2 +v) -

Defining My ,(v) := [To(z +v) — Op(2)Po(z +v)] — [[o(x) — Op(2)Po(x)], we have that — M,
is twice differentiable at u = 0 with negative second derivative, so that —M ,(v) < —cu? for
v in a neighborhood of 0 and some ¢ > 0. The next requirement concerns the modulus of

continuity of M, ,(v) — My ,(v), which we can write as

Eq

lv|<d

sup ’(Mn,w - MO,JJ)(U) - (Mn,x - MO,m)(0)|]

= £,

sup ‘nr;l[cbn(x +v) — @, (z)] — T;Zme(rnv)‘]

lv]<o

IN

T'_2E0

n

sup |Wiz(u)l

|u|<érn

+ |nlr, ' Eo

Sup [@p(z +0) — <1>n<x>>|] .
[v]<é

By assumption, the first term is bounded by r.2f,(r,0). Taking differences with @, and
since @ is continuously differentiable at z, we can find § small enough such that for any
¢ > 0 the second term is bounded up to a constant by r,*|n|(er,* + §). We thus have that

the above expression is bounded up to a constant by

Ja(0) i= 2 fu(rad) + (et 4 6)

By assumption, § — df,(8) is decreasing for some « € (1,2). Additionally, 72 f,(r; ') =
fo(D)+|n|(14€) = O(1). If we can establish that 7, 9, (z,n) = op(1), we will have checked all

the conditions of Theorem 3.2.5 of VW, yielding 7, 9, (z,n) = Op(r,,') and hence 0, (x,n) =
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Op(1).
Simplifying further, we have that r,'0,(x,17) = —x + sup argmax,; Mn,z(v), where

M, o(v) == =T (v) + ®,(v)[0o(x) + 7, '), Setting

Dg(v)
ha(v) == o(t)Po(v) — / Wo(t) — wo(uw)]du

Roa(v) =,  @u(v) + 00(2)[Pn(v) — Po(v)] — [Tn(v) — To(v)]

write M, ,(v) = hy(v)+ Ry, (v). Note that sup,c; |Rn.(v)| = op(1), and that h, is unimodal
and maximized at v = z, but  may not be in [, for any n. Define z;} = inf{v € I,
v > x} and let € > 0. Then, supargmax,.; M,.(v) < x — e implies that h,(z — €) +

SUDyer, e Bnw(V) > he(x)) +infyer, 050 Rz (v), which in turn implies that

o (zh) t
2oup [Rou0) + [ [ono) =ty > [ [ult) = valo)lae

vel, o (z—¢)

Since Py and ), are differentiable with positive derivative at x and t, respectively, for all

e >0, féo(x_g) [o(t) — Yo(v)]dv =: 6 > 0. Additionally, by the boundedness of 1y,

o (z;h)
/t o) — do(®)dv < ¢ [By(z) — Bo(x)]

for some ¢ < co. We claim that z; Ly 2. To see this, first note that x> x + € implies

that ®,(z) = ®,(z + €). Hence, for all 0 < u < § A €/, we have that
(@, () — Po(2)] — [Pn(x + u) — Po(x + u)] = Po(z 4+ u) — Po(z) > u

for some ¢ > 0, again using that ® is differentiable with positive derivative at x. This
implies that 0 < (dA€)c < 2supj, s |Pn(r+u) — Po(z +u)l, the probability of which goes to

zero for any € > 0. Hence, z; 5 2, and so, Do () N Oy () by the Continuous Mapping
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Theorem. We have shown that

P (sup argmax M, ,(v) — 2 < —e> < Py(op(1) > 9.) ,

Ueln

which goes to 0 for each € > 0. The argument for the opposite tail probability is completely

P
analogous, and hence sup argmax,c; M, ,(v) — . O

Proof of Theorem 7. We use Theorems 2.11.22 and 2.11.23 of VW to show weak con-
vergence of W, , to [ko(z)]"/*Wy. In their notation, fn,, = n'/Sg, ,,-s and F,u =
{fou: Jul < M} = n1/69x7Mn71/3 with envelope F, yy = n'/°G ;,,-1/s. Thus, we have that
PyF? = n1/3P0Gi’Mn,1/3 =n?O(Mn~'3) = O(1) for each M > 0 by (C2). For any € > 0
and 7 > 0, R PyG2 p{G.r > n(MR)™'} < Me for all R small enough, so that after some

rearrangement, for all n large enough,
PoF? y{Fom > m'/?} <e.

In the case of Theorem 2.11.23, we will use the first possibility of (Cla) to establish the

convergence of the bracketing entropy integral:

1/2

On
/ [logNﬂ(gHFmMHPo,?agjn,MaL2<P0))} de
0

1/2

5n
:/ [log Nj(en'®||Gy arm-1/8] po.2s /%G pgn—175, La(FPo))] " de
0

1/2

on
_ / [10g Ny (|Gl arn 175 202> G arm1v5s La(Po))] V2 de
0

=0 VR2de) = O —=——— 1| = 0

(/0 ) g) —V2+1
for all 9, — 0. The calculation for the uniform entropy integral using the second possibility
(C1b) to establish Theorem 2.11.22 is identical.

We now show that (C3) implies that, for all ¢ small enough, supy, <5 Po(gz.u — ga)* =
O(9) and that o '[Fy(gr.aufeav) — Fodzaulodzan] — 0°(u,v)ko(z) as o — 0, where
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0?(u,v) == (u A v) — ul(_s0)(t) — VI(_0)(v) is the covariance of a two-sided Brownian

motion. Then we will have that

sup  Po(frs — fui)* = n'/3 sup Po(Gors — Gun)® = O (n1/3(5nn’1/3) =0(,) =0
|s—t|<6n lu—v|<8nn—1/3
for all 6, — 0 and that Fyfpufne — PofouFofoe = nl/?’Pogx’un_l/ggz,m_l/s —
N3Py un-1/3Pogzwn-1s tends to o?(u, v)ko(z); both of these statements are conditions of
Theorems 2.11.22 and 2.11.23 of VW.

Writing s := z+wu and ¢t := x+v, we can show that Py(gzu —gzv)? = So(s,8) —2%0(s, )+
Yo(t,t). Hence, for the first claim, it is sufficient to show that |Xq(s, s) —Xo(s,t)| = O(|s—t|)
for all s, in a neighborhood of z. By assumption, ¥§ is continuously differentiable at (x, x),
which implies that |X§(s,s) — 3§(s,t)] = O(|s — t]) for s,t in a neighborhood of . We can
decompose ff_sg Ao(s, t,u, w)Hy(du, w)Qo(dw) as So(s,t) + So(s,t), where we set

Yo(s,t) = //; Ao(s,t,u,w)Ho(du, w)Qo(dw),

So(s,1) i / / " Aot ) Ho(du, w)Qo(dw)

By (C3b), ¥ is continuously differentiable at (x, z), which implies that |$o(s, s) —Xo(s,t)| =
O(|s—t|) for s,t in a neighborhood of 2. For ¥, we have that |Yo(s,t) — (s, s)| is bounded
above by

//8 | Ao(s, s, u,w) — Ag(s,t,u, w)| Ho(du, w)Qo(dw)
[ ot Htan, w )

Continuous differentiability of Ay around (z,x) implies that the first summand is bounded

above by
|s — ¢ // sup |Ay(s, t,u, w)|Ho(du, w)Qo(dw)
x )

s,t€Bs(x
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for s,t close enough to x, which is bounded up to a constant by |s — t| by assumption.
Boundedness of Ay and continuity of Hy around x for all w yields the same for the second
term.

For the second claim, we first note that the contribution of ¥, to i[PO(gx,augmvav) —

Pogz.auPodear) = = [So(z + au, x + aw) — So(z + au, x) — So(z, z + aw) + So(z, )] is

L [So(z + au, 2 + av) — So(z,x)] — 2 [So(z + au,z) — So(z, z)]

— L [So(w,z + av) — So(z,7)]

which, due to the differentiability of o, tends to (u+v)3)(z, x) — ush(z, x) —vEy(x, z) = 0
as a — 0. Similarly, 3§ does not contribute to the limit. The contribution of 530 therefore

determines the limit entirely. For any fixed r and w, we note that

1 T+ar
—/ Aoz, 2, u, w)Ho(du, w) — rAg(z, 2, 2, w)Hy(x,w)
« x

as  — 0 by the continuous differentiability of u — Hy(u,w) at u = x and the continuity of
u — Ao(z, z,u,w). Since the continuity of x — Ay(z,z, x,w)H)(z,w) is uniform in w and
these functions are (Qy-integrable, by the Dominated Convergence Theorem, for any fixed 7,

we have that

l//:ﬂw Aoz, 2, u, w) Ho(du, w)Qo(dw) — 7”/Ao(ﬂlﬁ,96’,:1:,111)1116(313,w)@o(dw) .

«

We then find that %[io(az + au,z + av) — Xo(z + au, ) — Xo(x, © + aw) + Xo(z, )] can be

written, up to a remainder term tending to zero as a — 0, as

1
o / / e tatun) (¥) = I00.0) (W (w0 rau)(¥) = T(—o0.0) (V) otan) (4)]

X AO(ZEa x,Y, U})Ho(dy, w)QO(dw)

limiting to [uA v — I(_eo0) (W)t — [(—oo0)(0)V] [ Aoz, 2, 2, w)Hj(z, w)Qo(dw), the claimed
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covariance. The remainder term we left out can be expressed as

1

z+a(uAv)
S e e+ avgw) = Aol w)) Holdy, ) Qo)

rt+au
- [(—oo,O) (u)é // [A0(33 + au,z,y, ’U}) - A0($, z,Y, ’LU)] Ho(dy, w)QO(dw)

T+av
w5 [ Aol + avpw) — Ao, 0)] Ho(dy, w)Qofd)

For a small enough the absolute value of each inner difference is bounded by af|u| Vv
|v])|Ay(z, z,y,w)|. Since y — Aj(x,x,y,w) is continuous and y +— Hy(y,w) is differen-
tiable in a neighborhood of z uniformly in w, for a small enough, the absolute value of the

remainder is bounded up to a constant by

// [[(:c,z-i-a(u/\v))(y) + [(—00,0) (U>I(as,m+au) (y) + [(—oo,()) (U)[(a:,z+av) (y)] HO(dya w)QO(dw> .

Since y — H|(y,w) is bounded near z uniformly in w, this bound tends to zero as v — 0.
This, in addition to condition (C4), proves (B1). Since 0} (z) and ®((z) are assumed positive,
(B2) is also satisfied. For (B3), we note that

= 77,1/6E0

Ey| sup |Gy foul

ful<dn1/3

ful<dn1/3

for all n large enough is also implied by assumption (C1) and Theorems 2.14.1 and 2.14.2 of
VW. The remainder term satisfies (B3) by condition (C5). O

Regularity conditions and proof of Theorem 8. Regularity conditions for Theorem
8 include that (s,t,u,z) — MS(}O)(u, Z)Mt%)(u, z) and (s,t,u,z) — LS&(U, z)L,glO)(u,z) satisfy
(C3b) and (C3c), and that the following maps are continuously differentiable in (s,¢) in a
neighborhood of (z, z):

(5,6) = B [To.g(U)MOMF(O)] , (5,6) = By |Tng(0)MF (O)DF(O)04(0)]
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)

(5,1) = By |To.g(U)MO)LE O], (5,1) = Eo | 10,0 (0)L(O) D (0)]
(5,8) = By [To,g(U)LQO)ILEO)] . (5,0 By [ MB©O)MF (0)],

(s.) = Bo [DR(O)DR(O)], (5.1) = B [DR(O)LR(0)],

(s,1) = By [LE(O)LE(0)].

We first examine the covariance arising from the use of ©,, and the identity transforma-
tion. Writing Hy : (u, 2) = Fy(U < u | Z = z), we have that Xo(s,t) = Po(M7,M;,) is equal

to
/[%AWM$Ww%H%Ww@]hmwwﬁﬂm@+M$w¢)%www)

SAL
[ MM w2 Hodn, ) @0l
0

1 2
+ / [[[0,3] (U)Ms(,o) (u7 Z)Mt(,o) (U, Z)

+1p g (u)Mt(}O) (u, Z)MS@O) (u, z) + Mt(f)) (u, Z)Mg)) (u, z)] Py(du,dz) .

By assumption, the second summand plays the role of 3§(s,t) and satisfies (C3a). The first
summand satisfies (C3b) and (C3c) with Ag(s,t,u,z) = MS(IO) (u, z)]\/[t(}]) (u, z) by assumption,
and Hy(u, z) satisfies (C3d) with H{(u, z) = ho(u|z) equal to the conditional density of U
given Z = z. Therefore, the scale factor for the Chernoff distribution in Theorem 4 is equal

to [40}(x)ko(x)]Y/?, where

() = / [Mgfg(x,z)]z ho(z | 2)Qz0(d2).

We then examine the covariance arising from the use of I';, and transformation ®,,. Using

integration by parts, we find that D7,(0) — 0o(x)L},(0) is equal to Ijq(u)Y1s.(u,2) +



149

Ty s.(u, z), where

Tiw: (u,2) = MY (u, 2)®(u) — / LY (u, 2)80(dv) + [Bo(s) — Bo()] Ly (u, 2) |

Yoo (u:2) o DY) — [ L8, 2)o0(de) + Bo(s) — bo(w)] L (w,2)
0

The covariance Yo(s,t) = FPo[D}y — Oo(w)L;o][Dig — 0o(x)L;,] can then be written as
the sum Yg1(s,t) + Loa(s,t) + Los(s,t) + Xoa(s,t) of all cross-product terms. The
sum XYoo + Xp3 + X4 constitutes X, where the summands are defined pointwise as
Yo2(8,8) = [ Tjo,5)(w) Y1 s0(u, 2) Loy i (u, 2) Po(du, dz), Sos(s,t) = Zoa(t,s) and Soa(s,t) =
[[ Yo, 2) Yoy . (u, 2)Po(du,dz). By assumption, each of these expressions is continu-
ously differentiable in (s,f) in a neighborhood of (z,z). Finally, we have Xg;(s,t) =
[ o sng () Yo 5.0 (w, 2) Y14 o (u, 2) Ho(du, 2)Qz0(dz).  The product Ty, (u, 2)Yie.(u, 2)
forms Ag(s,t,u, z), which satisfies (C3b) and (C3c) by assumption. Hence, in this case,
the scale parameter is [40)(x)x5(x)/®h(2)?]"/? in view of Theorem 7, where

@) = [ [MEB 0] ho(o | 2Qu0(de) = Pfaa(o)

Thus, the scale factor obtained coincides with that obtained with ©,, and identity transfor-

mation. L]

Proof of Theorem 9. Let F,,5 = {n'Sq, s(n) : |u < &7 € P} =
n'/%G, 5 5,-1/3, which has envelope Fj,s = n'/°G, 5 s,-1/5. We first show that the pro-
cess {Gn'Cg, ,/ma(m) : lu| < 8,7 € P} is asymptotically p-equicontinuous using Theorems
2.11.1 and 2.11.9 of VW, where p is the product semimetric. We begin by assessing display
(2.11.21) of VW. For the first line, we note that PyF? 1/3P0G2

mné —

Pon-13 = cé for all n

large enough, so PyF? = O(1) as n — oo for all fixed d. For the second line, we have, for

z,n,d

any 7,€ > 0,

PO x n5{F90 n,g > 77n1/2} = nl/BPOGx P.on— 1/3{Gx,?,5n*1/3 > 77”1/3}
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= 5(5n71/3)71P0G§;;P76n—1/3{GI,?,én*1/3 > ((577)((57171/3)71} )

which gives PyF?,, s{Fyns > nn'/?} < d€¢ with ¢ := n for n large enough. Next, we must
show that

sup {n1/3P0 (G un-1/3(m1) — gx,vn—l/:s(ﬂ'g)]z Cu—v| < 0, p(my, M) < 5n} —0

as n — oo for all 6, | 0. We can bound the square root of Py [g, un-1/3(m1) — gm’vn—1/3(ﬂ'2)}2

by

51 1/2 N
{PO [gx,un*1/3 (ﬂ-l) — Gz on—1/3 (7'('1)} } + {PO [gx,vn*1/3 (7T1) — Yron—1/3 (71—2)] } :

By assumption, for all n large enough and up to a multiplicative constant, the first summand
is bounded up by (Ju—uv|n~"/3)1/2  and the second summand, by p(m, m2)(|v|n~1/3)/2. Thus,

we find that

n1/3P0 [gx,un—1/3 (71—1) - gx,vn_1/3(ﬂ2)]2 =0 (HU’ - U| + |U|IO(7T17 7T2>]2) g

uniformly over u, v, m; and 7o, which satisfies the requirement. Under (Dla), for any § > 0
and n large enough, we have that
t 1/2
/ |:Sgp 10% N(gylFm,n,é”Po,Zu ?x,nﬁu LQ(Q)) de
0
1/2

t
= / |:81612p 10g N(‘€n1/6|le,T,6/n1/3 ”P072’ n1/69x,3’,6/n1/37 LZ(Q)) de
0

1/2

de

t
/ Sgp [log N(€||G$,T,5n_1/3 ||P0,27 9x,?,5n_1/37 LQ(Q))}
0

t v tVJrl
O d = 0
(/0 : 8) Vel

as t — 0 since V' > —1. An identical analysis holds under (D1b). We have thus verified
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the conditions of Theorems 2.11.1 or 2.11.9 of VW, and hence, {G,n'/%g, ,, 1/s(7) : u| <
d, m € P} is asymptotically p-equicontinuous. Using (D4) and Lemma 4 (stated and proved
in the Supplementary Material), we obtain the first statement of the theorem. For the second

statement, we use Theorem 2.14.1 and 2.14.2 of VW to obtain that

E{ PO [gf’""*“(ﬂ*)—gw,un—l/fs(w)ﬂ}=0<|1Fz,n,5||po,2>=O(5”2>. =

|u|<6,7m*€P

Proof of Theorem 10. We need to verify conditions (B1)—(B5) for the pair (I',,, ,,). Let

W . be local process for this pair, which we can write pointwise as

Wy (u) = 2 {[Su(z +ur,') = So(a 4+ ur, )] — [Su(z) — So(x)]}

- 90(93)7"n { [@n(x + ur;l) — Og(x + ur;l)] — [®(z) — (I>0(3:)]}

Wi (1) — O ()2 / T 180(0) = So(v)] du

where W, , is the local process for the pair (I',,Id). We can rewrite the second term as

o () /0 W (0)d — urafo() [Sa(z) — So(a)].

Because for each M > 0 we have that {W,, ,(u) : |u| < M} converges weakly in ¢>°[—M, M]
by (B1), so does { [;' Wy .(v)dv : |u| < M} by the continuous mapping theorem. The latter
process is thus uniformly asymptotically negligible when multiplied by r,,;*. The second term
is also negligible since S, (x) — Sp(z) = op(r;,*). It follows then that W . and W, , converge
weakly to the same limit in ¢*°[—M, M] and so, conditions (B1) and (B2) are automatically

satisfied for W) .. The above expansion gives that sup, <, |W, ,(u)| has mean bounded

above by
Ey | sup |[W,.(u)] —I—Ho(x)r;lEo sup / Wz (v)dvo| | +6r,00(x) Eo [rn|Sn(z) — So(z)]]
|u|<dérpn [ul<drn |0
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itself bounded by fu(rnd) + 60()8fu(rnd) + bo(z)rnd since | [ W,.(v)dv| <
|u| Supyy <ju| [Wh(v)|. This expression satisfies (B3) since d f,(rnd) < f(r,0) for each § < 1.

a f=o (& [ 5o -si])

This is similarly true for (B5). O

Condition (B4) is satisfied since

r+v
/0 (S, (1x) — So(u)] du

Proof of Lemma 6. The result follows immediately upon noting that

{sup |V (u, fr) — Vi(u, fo)| > e} C { sup \Vi(u, f) — Vv, g)| > e}

ueU p((uvf)v(vvg))<6

U {dQ(fn,fO) > 5}. 0



153

Appendix C
PROOF OF RESULTS FROM CHAPTER 4

First-order expansions of the primitive estimator

We will say a < b if there exists a ¢ < oo such that a < ¢b. Before proving our main results,

we perform a first-order expansion of I',,(a). We define

a0 = Tis(a) (U [ ) Qo)) + [ o) Bt
- [ m@w) Fugan) Quaa
bl 0)i= Twa@) (VL 4 ey Quian) + [ utaw) Ffaa)

g(a,w) .

_ / / OO (@, @) Fy(da) Qoldd) |

so that I';,(a) = Pp¢pq. Letting oo = @pe goo .0 We have

Putien = [ ttacw) = paleo) (1= 2 Fifaa) Qo) + 1) = Ta)

oo (@, w)

by (E3). Thus, with ¢% , := ¢c.a — I'(a), we have the first-order expansion I',(a) — I'(a) =
]P’ngzﬁj;w + R, 4, Where

Rn,a = (Pn - PO)(¢n,a - qu,a) + P0¢n,a - F((J,) .

. . 3
We decompose R, , in to three remainder terms, > =1 Bnags for

Runi= [ nlacw) = ol (1

gO( ’w)

g (a,w)) dF()(a> ng(U))
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Rn,a,Z = (Pn - PO)((bn,a - (boo,a)

R = / / " (@ w) (Fy — Fo)(da)(Qn — Qo) (dw) - (1)

Furthermore the last term can be written as
1 1 1
2_7L2 Z ’YMn,a(Oia O]) + E ](*oo,a}(a’):un(aa w) (]Pn - PO)(daa dw) + EEPO [[(*Oova](A)'u”(A’ W)] ’
i#]

where

Vusa(03,05) = I(—o0,a (@i) (@i, w5) + I(—oc,a)(a7)play, w;)
— [ U atamtans) + T sl w)] Qula)

— /a [, w;) + p(a’,wy)] Fo(da') + 2/1(_Oo7a](a/)u(a/,w) Fo(da") Qo(dw) .

—00

Before moving to the proofs, we state two lemmas that we will use. Lemma 8 below says
that the entropy of a uniformly bounded class over a product space, when marginalized over
one component of the product space with respect to a fixed probability measure, is bounded

above by the entropy of the original class.

Lemma 8. Let F be a uniformly bounded class of functions f : Zy X Zo — R with |f]| <
K < oo forall f € F. Let R be a fized probability measure on Zy, and define F* = {z; —
[ f(z1,22) R(dz) : f € F}. Then

sup N(eK,F*, Ly(Q)) < sup N(eK/2,F, L»(Q)).
Q Q

Proof. The statement follows immediately from Lemma 5.2 of van der Vaart and van der

Laan (2006) by taking r = s =t = 2. O

The second lemma concerns so-called degenerate U-processes, and is a slight simplification

of Theorem 6 of Nolan and Pollard (1987). A Py-degenerate U-process for a class of functions
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F is defined as a sum of the form {S,(f) : f € F}, where

Sulf) =Y f(0:i.0y),

1<i#j<n

and where each f € F is a function from O x O — R satisfying: (i) f is symmetric in its
arguments, meaning that f(o,0") = f(¢’,0) for all 0,0’ € O and (i) [ f(o0,0")Py(do’) = 0 for

all o € O. For such processes, we have the following result.

Lemma 9. Suppose {S,(f): f € F} be a Py-degenerate U-process. If F is an envelope
function for F, then

1 1
e By {sumsn(f)@ S / {1+1ogsupN<e||F||Q,2,s: Lo(Q)) de| [ Fllryxrc -
1)] fex 0 Q

[n(n —

Proof. We let T, f := ﬁzi# f(0:,0;). We also define 0, := fsup;cq || fllr,2. ™ =
| Fllr, 2, and J,(s) := [;log N(e,F,dr, 2.r) de, where

dro o (f,9) = [Tul(f = 9)/TuF? "> = |f = gl 2/ Flln.s -

Theorem 6 of Nolan and Pollard (1987) then says that

o b (SIS, ] S Ealf + /)]

Now we note that

Jn(s):/o logN(5||F||Tm2,3'“,LQ(’]I‘n))dsg/0 suplog N (e[ Fllga. 7. La(Q) de .

where the supremum is taken over all finite, discrete () such that QF > 0. Next, since

0, < T,, we have

1
EO [Qn + Tan(en/Tn)] < EO[Tn] {1 + / sup log N(5||F||Q,27 ?7 LQ(Q)) de
0 Q
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Finally, by Jensen’s inequality Ey[7,] < || F||pyxpp,2-

Proof of Theorem 11

We use Theorem 4 from Chapter 3 for the both the pointwise and uniform consistency
statements. Since F), is the empirical distribution function, sup,c4 |Fn(a) — Fo(a)| 50 by
the Glivenko-Cantelli Theorem. Hence we only need to show that sup,c 4 |I'n(a)—I'(a)| L50.

We first establish that {¢%,, : @ € A} is a Fy-Donsker class. The class {[(_oq(a) :
a € A} is a VC class and hence also Py-Donsker. Since pi4, is a bounded, fixed function,
{I(—o0q)(a)piss(a,w) : @ € A} is also Py-Donsker, which implies that {[*_ o (a, w)Fy(da) :

a € A} is Py-Donsker by Lemma 8. Hence, by permanence properties of Donsker classes,

{50 s a € A} is a Py-Donsker class and sup,e 4 [Pndl o] = Op(n™/2).
For the first remainder term, we write
sup Ryl < [ i) = )] [1 = 2L (7 e Qo)
acA 01 gn(&,W)
goola, w)
+ (@, w) — po(u, w ‘1——’ Fy x Qo) (da, dw
ot 0) = oo, )] |1 = L (Fy < Qo)
goola, w)
—I—/ (@, W) — oo (U, W '1——‘ Fy x Qo) (da, dw
it 0) = ot )l 1 = SR (B < Qo)

1/2

< [(Fo x Qo)(#tn — t1o0)*(Fo X Qo) (1 = go/n)?]
+ [(Fo x Qo) (ttn — 110)*(Fo X Qo) (1 = goo/gn)’]

+ [(Fo x Qo) (ptn — poo)*(Fo X Qo) (1 — goo/gn)?]

1/2

1/2

By assumption, (Fy x Qo)(tn — pieo)?> = op(1), and since g, is almost surely eventually
bounded uniformly above and below away from zero, (Fy X Qo)(1 — goo/gn)* = op(1) as well.
Furthermore (Fy x Qo)(1 — go/gn)? = Op(1) and (Fy X Qo) (ttn — pto)? = Op(1) by since iy,

Gns Mo, and go are all bounded for n large enough. Hence sup,c4 |[Rna1| = op(1).
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Next we analyze R, ,2. We define

a

e = Iema@) " f o) ot + [ e, Fotany.

g(a, w) oo

and we note that R, .. = (P, — P)(¢] — ¢ ). We then define the stochastic

Hnsgn,a Hooygoo,

process {G, ¢ e FW g e F9 ae A}, We will use Lemma 6 from Chapter 3 to

g0
establish that sup,c4 [v/Rna2| = op(1). In their notation, we set U := A, equipped with
the usual Euclidean norm, and F = F® x F9)  equipped with the product Ly (P,) semi-metric
d((1,9), (i, g") = [Po(p—p" )22+ [Py(g—g')?]"/?. Application of this result requires showing
that the process is uniformly asymptotically p-equicontinuous for p the product semi-metric.
This would be implied if the class {¢/,,, : p € F*,g € F9 a € A} were Py-Donsker.
Note that condition (E1) implies that ) and F) are Py-Donsker classes by van der Vaart
and Wellner (1996) Theorem 2.5.2. Since {I(_xq(a) : @ € A} is a Py-Donsker (established
above), by Lemma 8 below the classes { [ I(_coqj(a)p(a, @) Qo(dw) : p € FW. a € A} and
{[* _n(@w)Fy(da) : p € FW, a € A} are also Py-Donsker. Since F9 is bounded below, the
class {I(_ooq(a)[y — p(a, w)]/g(a,w) : p € FW g € F9 aq € A} is also Py-Donsker. Adding
together these terms yields that the original class is Py-Donsker. The second requirement of
Lemma 6 is satisfied by assumption.

Finally, we turn to R,, 4 3, which has three sub-components. The second sub-component is
an ordinary empirical process involving function classes discussed in the preceding paragraph.
Using these results yields the second component to be Op(n~?/2). The third sub-component
is a bias term which, in view of the uniform boundedness of p,, is Op(n~!). The first sub-
component is a Py-degenerate U-process as defined above, to which we will apply Lemma 9.
The function v, .(0;, 0;) is contained in the class {(al, Wy, Az, Wa) — Vyalar, wr, az,ws) : a €
A, p e 9’(“)}. As we discuss in more detail below, by Lemma 8, Lemma 5.1 of van der Vaart
and van der Laan (2006), and condition (E1), this class has uniform entropy bounded up to

2

a constant by —loge + ¢~"/? relative to a constant envelope. Therefore, Lemma 9 implies
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that
Ey| sup | ) 7a(01,0))|| < [n(n— 1))

neF ) acA i#j

Therefore, the first sub-component of R, .3 is Op(n~!). Thus, we have sup,c4 |Rna3| =
Op (n’l).
We have now controlled all three remainder terms, and hence have successfully showed

that under (E1)-(E3), sup,c4 |[I'n(a) — I'(a) 0.

Proof of Theorem 12

We will use Theorem 7 of Chapter 3 to establish our Theorem 12. In what follows we check
their conditions (C1)—(C5) and (B4)—(B5).

Conditions (C1) and (C2). Define I, ,(a) = [(—ooaty(@) = [(—ooa(a) and gqu(0) =

(0% arul0) — &% 4(0)] — Oo(a)lau(a). Since Fy is by assumption strictly increasing at a, we
then have

Gau(0) = I u(a) %;(Z;)W) + 0 (a) — Qo(a)} + /Iaﬁu(v),uoo(v, w) Fy(dv)

~ [Pacl ) = Pecfa)] — [N+ ) = Dla)] + [Foa+ ) — Fo(a)]
where we are defining 0.(a) = Eq,[tteo(a, W)] and T = [ 05c(a) Fo(da).

The class Jp = {1, : |u| < R} is a VC class of functions by a slight extension of example
2.6.1 of van der Vaart and Wellner (1996). Its envelope function is J,(a) = Ijo,r(|la — al),
and hence supg log N (e[| Jr||@,2, Ir, L2(Q)) < —log(e) by Theorem 2.6.7 of van der Vaart and
Wellner (1996). The class { [ I, . (v) (v, w) Fo(dv) : |u| < R} thus satisfies the same inequal-
ity by Lemma 8. The classes {['wo(a+u) —T'w(a) : |u| < R}, {T'(a+u)—T(a) : Ju| < R} and
{Fo(a+u)—Fy(a) : |u| < R} are sets of constants not depending on the data, bounded up to
a constant by R for R small enough since I and F{y are continuously differentiable in a neigh-

borhood of @, and hence also have uniform entropy bounded up to a constant by — log(e).
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Finally, the class Gp is a linear combination of the above classes, and hence by van der Vaart
and van der Laan (2006) Lemma 5.1, G satisfies supg log N (¢||Gr|| g2, Gr, L2(Q)) S —log(e)
as well. This satisfies condition (C1).

Since I', I'y, and F{y are continuously differentiable in a neighborhood of a, an envelope

function for the class Gr = {gou : |u| < R} is

Y — foo(a, w)

GR(O) = JmR((l) goo(a U))

+ 0 (a) — Op(a)

n / T 5 (0) tise (0, 0) fol(0) dv + K1 R

for some K. Using the triangle inequality on ||Gg|| p,2, for the first term we have

Y (AP FAAIY) + oA, W) — ao A W
B e B e 1

for some K, by the boundedness of 02, 1/¢s0, foo, po and the conditional density m in a

neighborhood of a uniformly over Qp-a.e. w. Similarly bounds hold for the other terms,
yielding PyG% < R for all R small enough as required.

For the second requirement of (C2), we note that for all R small enough and some
constants ky, ko, k3, Gr < Jor(|y|/k1+k2)+ksR. By assumption and properties of probability
densities, for all R small enough and for all ¢ > 0 there is a ¢ such that Py[J, r(A)|Y] > ¢] < e.

This implies that for any n > 0, PyG%1(,/r00)(Gr) < €R for all R small enough.

Condition (C3). Next we need to study the covariance (s, t) = Po[¢%, , —0o(a)V][@5  —
0o(a)v;] for s,t near a, and where v} := I(_ 4(a) — Fy(s), where we may ignore any terms
in the covariance which are continuously differentiable in a neighborhood of (a,a). We thus

have

Pos — 00(a)7; = [doc,s = Too(8) = I'(s)] = Oo(a) [ (oo, (@) — Fo(s)] -
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Expanding Y(s,t), since 'y, ' and Fp are continuously differentiable in a neighborhood of

a, it is straightforward to see that we may focus on

EPo [¢oo,s - GO(G)I(—OO,S](CL)] [(boo,t - GO(G)[(—oo,t}(a)}

_ 5, {I<oo,w]<A> Tt o) - (o) }

+ Ep, {I(oo,s](A) {uo(A I;[;)(A W)( W) + 0 (A) — Go(a)} } /_; foo (@, W) Fy(da)
B { Tl |22 R g () 0] [ e W) Fold
4 B, { /_ Oo oo (0, W) Fo(da) /_ ; o (@, W) Fo(da)} |

The bottom three lines are continuously differentiable for (s,t) in a neighborhood of (a,a)
since floo, Mo, Joos Jo are all continuous in a neighborhood of a, uniformly over Qg-a.e. w.
Hence they do not contribute to the scale parameter of the limit.

By Fubini’s theorem, the first line can be rewritten as:

I ettt ]

By (E5), this satisfies condition (B3), and hence the limit distribution is
[40) (a)Ro(a)/ fo(a)?]'/*W, where

Y_MM<A7 W) ’
( el o) - 90<A>)

A=a, W = w} go(a, w) Qo(dw) Fo(da) .

A=a, W= w] 90(a, W)} fola).

’%O(a) = EQO {EPO

Therefore, [40)(a)&o(a)/ fo(a)?]"/? = [40)(a)ko(a)/ fo(a)]'/?, for ko(a) as defined in the state-

ment of Theorem 12.
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Conditions (C4) and (C5). Next, we need to show that the remainder is negligible.

Denote

Kn,j (5> = n2/3 sup |Rn,a+u,j - Rn,a,j| .
[u|<6/n1/3

For each j we need to show that K, ;(J) 50 for all § small enough and E[K, ;(0)]/6" is
decreasing in § for some 1 < 8 < 2 and for all § small enough and n large enough.
By Fubini’s theorem and simple supremum bounds, for all n large enough and ¢ small

enough, K, 1(6) is bounded up to a constant by

6n1/3 Sup EQO H:un(av W) - :U’0<a’ W)| |gn<a’ W) - 90(a7 W)H

la—al<e*

— n'/3 Sup_ Bgy [Isy (@, W) (e, ) = poc(a, W) (e, W) — g, )]
+ont? sup Eg, s, 0 W) lun(a, W) = o, W) g0, W) = gos(, W)
+ont? sup Egy [lsy(a, W) lin(a, W) = fioo(a, W)l g, W) = oo, W)

S M3 {d(ns proo; @, €%, 81) + d(Gns Goo; @y €%, 82) + d(fin, floo; @y €%, 83)d(Gn, Goo; @y €7, 83)} -

Hence, under conditions (E4a), (E4c), and (E4d), K,1(9) 50 for each §. Furthermore,
E K, 1(5)] /67 is decreasing in § for any 1 < 8 < 2 by the assumed uniform boundedness of

fins Gn; foo, Goor Ho, and go.

We will use Theorem 9 of Chapter 3 to establish negligibility of the empirical process term
K, 5(6), which requires checking conditions (D1)—(D4). Let w = (u,g), which is contained
in the product class P = F® x F) almost surely for all n large enough. We equip P with

the semi-metric
d*(wla w2) = d(,ula H2; @, 8*7‘A X W) + d(gla g2; @, 8*7"4' X W) .

Next, we define

Sk = {su(p.9) : |ul < R, p e FW, g€ 5}
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where

Yy — ,u(a> ’LU)

stawy T+ Baulna W+ BryLou(A)u(A, w)]

sultt, 9)(y, a,w) = I, u(a)

We let Gr be the envelope function for Gr obtained by combining the assumed uni-
form bounds on F® and F and the natural envelope for I,.(a). Specifically, we have
Gr(y,a,w) = I g (|la — a|) [aly| + b] for some a,b < oo. For all R small enough and some

V <1, Gg is a Lipschitz transformation of the classes:

e F which possesses uniform entropy bounded up to a constant by e~V;

e F9) which similarly possesses uniform entropy bounded up to a constant by e~";

e {a — Eg,[u(a,W)] : p € FW}, which possesses uniform entropy bounded up to a

constant by eV by Lemma 8;
o {I,, :|u] < R}, which possesses polynomial covering number;

o {wr Bl (A)u(Aw)] : p € F®W |ul < R}, which has uniform entropy bounded
up to a constant by —loge + &~V by van der Vaart and van der Laan (2006) Lemmas

5.1 and our Lemma 8);
o {Ep[lou(A)to(A, w)] : |u] < R}, which possesses polynomial covering number;
e the singleton class {y}, with covering number equal to one.

Hence by Lemma 5.1 of van der Vaart and van der Laan (2006), the Ly covering number
of Gp relative to G is bounded up to a constant by —loge + e~V + e~ V/2, and since V <
2, fol[log supg N (¢||Grllg.2, Gk, L2(Q))]*/? de is with probability tending to one uniformly
bounded above for all R small enough. This establishes (D1).
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Existence of the conditional variance of Y given A, W in a neighborhood of a and the
positivity of fy in a neighborhood of a yields PyG% < ¢R and that for any € there exists ¢’
such that Py[G%I(/Rr,)(Gr)] < eR for all R small enough. Hence condition (D2) is satisfied.

Turning to (D3), we note that

{Rlsuli9) = sul 9P} < {/[/a+uﬂ(a,w) Fo(ala)]2 Qo(dw)}l/2

a+v
1/2

{ / ] [y ““" +EQO[M(C%W)]rgo(aaw)PO(dy|a>w)Q0(dw)F0(da)} ,

and by the finite conditional second moment of Y given A, W, the boundedness of gy, the
uniform boundedness of y, g, and the positivity of fo near a, we have Py[s, (¢, g) —s.(1t, 9)]* <

|u — v| for all u,v in a neighborhood of 0. Similarly,

{Pols(rua,90) = sulias 92) P} 1* < {/ {/aaﬂ{ul(a,w) — pa(a, w)} Fo(da)}2 on(w)}1/2

¥ { [ [ mta,w) = pafa ) QO(dw)r Fo(da)}1/2
AL e o -]

1/2
x Py(dy | a,w)go(a,w) Qo(dw) Fo(da)}

] Hontewanto ) usto0) - e )] Qi) Fo(da>}1/2 _

We find that for v small enough this is bounded up to a constant by

\/W[{Ia 83‘25* [EQo{Ml(a> W) — ps(a, W)}Q] 12 + |ail|l<)s* [EQo{gl(a, W) — gs(a, W)}Q] 1/2} .

as required. Finally, (D4) is satisfied by assumption.
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For K, 3(6), we first note that (C4) is already satisfied by the work we did in the proof

of Theorem 11, since

2/3 sup ‘Rn,a+u,3 - Rn,a,S‘ S 2n2/3 sup |Rn,a,3| = OP (nil/G)'
|u‘§5/n1/3 acA

n

We check (C5) for each of the three sub-components of K, 3(d) defined by the three sub-
components of R, , 3. Due to the assumed boundedness of |u,|, the contribution of the third
component is bounded for all § small enough up to a constant (not depending on § or n)
by n” 3Py (|A — a| < §/n'/?) < n=%/35, which satisfies (C5). For the second component,

< /0, and hence the expectation of the second

~Y

by Lemma 6, F [sup‘u‘g(;/nl/s ]Gnlwunﬂ
component is bounded up to a constant by /o /n for all § small enough and n large enough,
which is also sufficient for (C5).

The first component requires controlling >, 7, ,.(0i, O;), where we define

Va0 05) = Law(ai) plas, wy) + Lo u(az) plas, w;)

/ []a,u(ai)ﬂ(aia w) + Ia,u<aj)lu’(aj7 w)] Qo(dw)

The function v}, ,, falls in the class

L@ a0, 2) + e wy)) Fde) +2 [ [ Lot w)Fo(da) Qo)

Hs ={Vjau:|ul <o peFW}

Thus, {>_,,;7"(0:,0;) + v* € Hs} is a Fy-degenerate U-process. By a similar logic to
that used above, the class Hs possesses uniform entropy logsupg N (el|Hslg,2, Hs, L2(Q))

v/

bounded up to a constant by —loge + ¢~"/2 relative to the envelope

H(;(al,wl, as, wg) = 2Kul[075}(|(11 — CL|> + QK#I[oﬂ(lCLQ — CL|) —+ 4K“P0(|A — CL| S (5)
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Since —V/2 > —1 and | Hs||p,xpy2 < V0, Lemma 9 yields that

n?BEy | sup

v*€Hs

1
2 ZV*(Ou O)|| Sn Vo

i#]

for all 6 small enough. Hence (C5) is satisfied for this U-process term.

Conditions (B4) and (B5). Condition (B4) is trivially satisfied since our transforma-
tion is the empirical distribution function. Condition (B5) was established in the proof of
Theorem 11 under our conditions (E1)—(E3).

We have now checked all the conditions of Theorem 7 and verified that we have the stated

limit distribution in the course of checking condition (C3). This concludes the proof.



