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Submodular functions have recently shown utility for a number of machine learning appli-

cations such as information gathering, document summarization, image segmentation, and

string alignment, since they are natural for modeling concepts such as diversity, informa-

tion, and representativeness. Submodular optimization problems are widely studied under

different scenarios, such as submodular minimization without constraints or submodular

maximization under a cardinality constraint. However, in real-world applications, the objec-

tive function is usually not a simple submodular function (or supermodular function) but is

naturally written as an arithmetic combination of submodular and/or supermodular func-

tions. For the first part of this thesis work, we study the property of the widest arithmetic

combinations of submodular and supermodular functions and how we can optimize them.

The content includes sums f1 + g1 , divisions f1/f2, f1/g1, g1/f1, g1/g2, products f1 ∗ f2 and

p-norms fp
1 + fp

2 , where f and g donates submodular and supermodular respectively. We

study the novel optimization problems on these non-submodular functions and propose al-

gorithms to achieve tight approximation guarantees under various constraints. This greatly

expands the study on submodular and non-submodular optimizations and draws a rather

complete picture of optimizing combinations of submodular and supermodular functions.

For the second part of this thesis work, we focus on a biological application on identi-



fication of spectra produced by a shotgun proteomics mass spectrometry experiment using

submodular generalized matchings. This is commonly performed by searching the observed

spectra against a peptide database. The heart of this search procedure is a score function

that evaluates the quality of a hypothesized match between an observed spectrum and a the-

oretical spectrum corresponding to a particular peptide sequence. Accordingly, the success

of a spectrum analysis pipeline depends critically upon this peptide-spectrum score function.

We develop peptide-spectrum score functions that compute the maximum value of a submod-

ular function under m matroid constraints. We call this procedure a submodular generalized

matching (SGM) since it generalizes bipartite matching. We use a greedy algorithm to com-

pute maximization, which can achieve a solution whose objective is guaranteed to be at least

1
1+m

of the true optimum. The advantage of the SGM framework is that known long-range

properties of experimental spectra can be modeled by designing suitable submodular func-

tions and matroid constraints. Experiments on four data sets from various organisms and

mass spectrometry platforms show that the SGM approach leads to significantly improved

performance compared to several state-of-the-art methods.
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Part I

OPTIMIZATION OF ARITHMETIC COMBINATIONS OF
SUBMODULAR AND SUPERMODULAR FUNCTIONS

Part I focuses on the theoretical study of the optimization problems of arithmetic com-

binations of submodular and supermodular functions. In the first chapter, we introduce

the concept of submodular and supermodular functions and maximization and minimization

problems. We further discuss the motivations for studying the arithmetic combinations of

submodular and supermodular functions.

In chapter 2, we discuss the sum of submodular and supermodular functions. The work is

published in Wenruo Bai and Jeff Bilmes. Greed is Still Good: Maximizing Monotone Sub-

modular+Supermodular (BP) Functions. In International Conference on Machine Learning

(ICML), Stockholm, Sweden, July 2018. and Wenruo Bai and Jeffrey Bilmes. Greed is Still

Good: Maximizing Monotone Submodular+Supermodular Functions. Arxiv, abs/1801.07413,

Jan 2018.

In chapter 3, we discuss the ratio of submodular and supermodular functions. The work

is published in Wenruo Bai, Rishabh Iyer, Kai Wei, and Jeff Bilmes. Algorithms for

Optimizing the Ratio of Submodular Functions. In International Conference on Machine

Learning (ICML), New York, NY, July 2016.

In chapter 4, we discuss the product and generalized mean of submodular functions. The

work is from an unpublished paper Wenruo Bai, Shengjie Wang, Tianyi Zhou, and Jeff

Bilmes, Optimizing Means of Submodular Functions.

All these optimization problems are discussed with applications, algorithms, guarantees,

hardness, and synthetic data experiments.
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Chapter 1

PRELIMINARIES: SUBMODULAR OPTIMIZATION

1.1 Submodular and Supermodular Function

Defined over an underlying ground set V , a set function f : 2V → R is said to be submodular

if and only if for all subsets X, Y ⊆ V ,

f(X) + f(Y ) ≥ f(X ∪ Y ) + f(X ∩ Y ) (1.1)

The ground set V is not empty and has a finite number of elements, and throughout the thesis

work, we use n = |V | unless otherwise stated. An equivalent definition for submodularity

is for all subsets X ⊆ Y ⊂ V and for all v ∈ V \ Y , f(v|X) ≥ f(v|Y ), where f(v|X) =

f({v}∪X)−f(X) is a gain notation. This definition is also called diminishing return, which

is the most fundamental property of submodular. A set function f is called monotonic

non-decreasing or non-increasing if and only if f(v|X) ≥ 0 or f(v|X) ≤ 0 for all X ⊂ V

and v ∈ V \ X, respectively. f is called normalized if and only if f(∅) = 0. A normalized

monotonic non-decreasing submodular function has the subadditive property, i.e. f(X) +

f(Y ) ≥ f(X ∪ Y ) for all X, Y ⊆ V . Note that subadditive is different from submodular.

For the counterpart of submodularity, a set function g : 2V → R is called supermodular

if −g is submodular. For all subsets X, Y ⊆ V ,

g(X) + g(Y ) ≤ g(X ∪ Y ) + g(X ∩ Y ) (1.2)

And similarly, for all subsets X ⊆ Y ⊂ V and for all v ∈ V \ Y , g(v|X) ≤ g(v|Y ).

A set function m : 2V → V is called a modular function if m is both submodular and

supermodular. A normalized modular function can be seen as a dot product m(X) = 1X ·m,

where 1X ,m ∈ Rn and 1X,i = 1 for index i if i ∈ X and 1X,i = 0 otherwise.
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1.2 Set Function Optimization

Given a set function h(S), we study the optimization problems

Problem 1. Set function maximization maxS⊆V,S∈C h(X), where C is a constraint.

Problem 2. Set function minimization minS⊆V,S∈C h(X), where C is a constraint.

Usually, we refer S∗ ∈ argmaxS⊆V,S∈C h(X) as the optimal solution for Problem 1; or

S∗ ∈ argminS⊆V,S∈C h(X) for Problem 2 respectively. Let OPT = h(S∗). Note that there is

a trivial algorithm to search all possible subsets of V , and then find S∗ and OPT. However,

this requires an exponential number of queries to the size of the ground set and thus is not

feasible in practice.

In many applications, it is acceptable to find an approximation solution Ŝ, such as h(Ŝ) ≥

γ · OPT for maximization or h(Ŝ) ≤ γ · OPT for minimization. If an algorithm can always

find such a solution, then γ is called a guarantee of this algorithm. Note that there is an

assumption that OPT ≥ 0, otherwise the guarantee is not well defined. For non-deterministic

algorithms, a guarantee can be defined as Eh(Ŝ) ≥ γh(OPT) for maximization, or Eh(Ŝ) ≤

γh(OPT) for minimization. There are other ways to define a guarantee, for example, h(Ŝ) ≥

OPT− γ, but those are beyond the discussion in this thesis work.

Another important assumption is that we can only access the oracle call of function

values of the objective function (or separate components which we will discuss more in

chapter 2). For example, if we know the exact mathematical formula of the set function

such as h(S) = |S|+ 1/|S|, then it might be trivial to solve the optimization problem without

calling the function even once. So we assume the set function is a black box and we can

analyze it using a selected input set and get an output real number. Later in chapter 2, we

may expand the definition, such as h(S) = f(S) + g(S), where we get oracle values of f and

g separately.

In general, a set function h : 2V → R can not be approximated to any positive factor

in either maximization or minimization problem by polynomial oracle calls. An example is
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h(S) = 0 for all S ̸= T and h(T ) = 1 for some random set T ⊆ V . Note we only have oracle

access, so we are not 100% sure to find T unless we search all 2n subsets. Any polynomial

algorithm can only guarantee to find Ŝ such as h(Ŝ) = 0, so guarantee is 0. Moreover, the

guarantee of any polynomial non-deterministic algorithm is at most O(nm)
2n

, which can be

arbitrarily close to 0.

However, given the properties of modularity, submodularity, or supermodularity, it is

possible to solve or approximate the optimization problems. We will first summarize the

known results of submodular/supermodular optimization problems and then discuss how we

can generalize them.

1.3 Known Results of Submodular and Supermodular Optimization

Note that −f is supermodular when f is submodular and max f can be written as −min−f .

So every supermodular optimization problem can be written as an equivalent submodular

optimization problem and vice versa. In general, we won’t need to study supermodular if we

fully understand submodular. However, as discussed in section 1.2, we want to study the case

when OPT ≥ 0 so that the concept of guarantee is well defined. In this case, submodular

and supermodular optimizations are distinct nontrivial problems.

In this thesis work, unless otherwise specified, we focus on non-negative set functions. In

this perspective, we will not treat supermodular functions simply as negative submodular

functions, but also study the unique properties of these classes of functions, as well as an

arithmetic combination of submodular and supermodular functions.

Note in this section, we only introduce the most famous and fundamental results for

submodular and supermodular optimizations and aim to present the overall picture to the

readers, such as which problems are solvable or approximatable. Later in the main part of

this thesis work, we will introduce more recent work on different optimizations problem and

compare it with our novel results.
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1.3.1 maximization and minimization problem

max
S∈V,S∈C

h(S) or min
S∈V,S∈C

h(S) (1.3)

where h is modular, submodular or supermodular, and C is a certain kind of constraint. As

a notation, let h = m, f, g if h is modular, submodular, or supermodular, respectively. The

interesting constraints are

• unconstrained, i.e. C = {S ⊆ V }.

• cardinality constraints, i.e. C =
{
S ⊆ V

∣∣|S| ≤ k
}
.

• matroid constraints. A matroid M = (V, I) is a pair consisting of a ground set V and

a set of subsets I = (I1, I2, . . . ) where Ii ⊆ V for all i. The subsets are said to be

“independent” and to be a matroid if the subsets satisfy certain properties. Specifically,

the pair M = (V, I) is a matroid if it satisfies (i) ∅ ∈ I; (ii) A ⊂ B ∈ I implies that

A ∈ I; and (iii) given A,B ∈ I with |A| > |B| then there exists x ∈ A \ B such that

B ∪ {x} ∈ I. Matroids are extremely powerful combinatorial objects, despite their

simple definition, and have undergone years of mathematical study [99].

• C = {S ⊆ V |f ′(S) ≤ k}, where f ′ is another submodular function.

Unconstrained supermodular function maximization can be exactly solved. This

is equivalent to the well-known unconstrained submodular function minimization

problem [19], since minus submodular function −f is supermodular. If we further assume all

the function values are integers, then the problem can be exactly solved in strong or weak

polynomial time.

Cardinality constrained submodular function maximization can be approximated

to 1/2 [12]. A more famous result is to further assume f is monotonic non-decreasing, then

cardinality constrained monotonic non-decreasing submodular function maxi-

mization problem can be approximated to a factor of 1 − 1/e or κf (1− e−κf ) using a
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simple greedy algorithm [95, 38], where κf = 1 −minv∈V
f(v|V \{v})

f(v|∅) is called the submod-

ular curvature. The greedy algorithm is also one of the key topics of this thesis, and we

will discuss the cases that a greedy or a slightly modified greedy algorithm can still work for

other non-submodular optimization problems and the cases that greedy won’t work.

Matroid constrained submodular function maximization can be approximated to

1 − 1/e for one matroid case using a randomized algorithm [14]. In the case of p matroids,

The greedy algorithm can obtain a 1/p+1 approximation gurantee [37].

Cardinality constrained supermodular function maximization is hard to solve,

even we assume g is monotonic non-decreasing. In fact, the problem can not be approxi-

mated to any positive factor in polynomial time to the size of the ground set V . We can

demonstrate it in a simple example, g(S) = 0 when |S| < k and g(S) = 2|S| − 2k when

|S| ≥ k and S ̸= R and g(R) = 1, where R is an arbitrary set with size equal to k. We can

show g is supermodular and max|S|≤k g(S) = 1 but it is not possible to find the arbitrary set

R in any polynomial oracle call to the function value. Any such algorithm can only find a set

with value 0. Similarly, matroid constrained supermodular function maximization is

inapproximable. However, in a later section, we discuss the concept of supermodular curva-

ture and show the problem, and a more general submodular + supermodular maximization

problem can be approximated if supermodular curvature is less than 1.

1.4 Arithmetic Combinations of Submodular and Supermodular Functions

Arithmetic combinations of submodular and supermodular function includes sums f1 + g1

, divisions f1/f2, f1/g1, g1/f1, g1/g2, products f1 ∗ f2 or p-norms fp
1 + fp

2 , where f and g

donates submodular and supermodular respectively. In the first part of this thesis work, we

focus on the optimization problem of these forms. Note that, we always assume we have

oracle calls of the submodular or supermodular functions individually.

A natural question is why do we want to study these functions? The answers are:

• The problems themselves are theoretically interesting. Imaging we just learned
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sin(x) and cos(x), the next question is always, what is the property of sin(x) + cos(x),

sin(x) ·cos(x), sin(x)/ cos(x) or sin2(x)+cos2(x)? These questions happen in the realm

of submodularity and supermodularity as well. Studying the arithmetic combinations

of submodular and supermodular functions will greatly expand our understanding of

submodularity and supermodularity. We do show that most of the introduced opti-

mization problems are solvable or approximatable to a constant guarantee (some are

related to curvature), using algorithms with polynomial running time. We also showed

the hardness and tightness of the problems. Major results are summarized in Table 2.1

and Table 4.1.1.

• Arithmetic combinations of submodular and supermodular functions nat-

urally occur in many real-world applications. For example, when choosing a

subset of training data in a machine learning system, the submodular function has

the ability to measure redundancies, but it can only diminish, rather than enhance.

There are cases where the full collective utility of these elements is seen only when

utilized together; and this complementary property can be measured by supermodular

set functions. When we want to optimize both properties, it is natural to introduce an

objective function that is a sum of a submodular function and a supermodular func-

tion (BP function). Another example is F-measure, which is the harmonic mean of

the precision and recall and can be written as a ratio of submodular and a modular

function (see Section 3.1.1). This introduces the optimization problem of a Ratio func-

tion. A third example is the robust maximization of two submodular functions, like

maxS min(f1(S), f2(S)). But in real applications, the objective is fully dominated by

either f1(S) or f2(S), and the incremental gain of the larger one does not add to the

final function value. We find that the product function f1(S) · f2(S) is a better objec-

tive function where it can measure robustness while avoiding saturation. Robustness

means the optimal solution should perform well on both f1(S) and f2(S); e.g. S1 s.t

f1(S1) = 2 and f2(S1) = 2 gets higher product value than S2 s.t. f1(S2) = 0.1 and
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f2(S2) = 10. On the other hand, saturation can be prevented, that even in the case of

S2, an element v /∈ S2 s.t. f1(v|S2) = 0 and f2(v|S2) = 10 gets positive gain on f1 · f2,

while the gain is 0 for min(f1, f2). These three examples lead to the three chapters in

the first part of this thesis work.

1.5 Greedy Algorithm

The Greedy algorithm [7, 16] is a technique in combinatorial optimization that makes a

locally optimal choice at each stage in the hope of finding a good global solution. It is one

of the simplest, most widely applied, and most successful algorithms in practice [69, 139, 66,

106, 136]. Due to its simplicity, and low time and memory complexities, it is used empirically

even when no guarantees are known to exist although, being inherently myopic, the greedy

algorithm’s final solution can be arbitrarily far from the optimum solution [6].

On the other hand, there are results going back many years showing where the greedy al-

gorithm is, or almost is, optimal, including Huffman coding [51], linear programming [25, 22],

minimum spanning trees [76, 104], partially ordered sets [30, 22], matroids [27, 24], gree-

doids [72], and so on, perhaps culminating in the association between the greedy algorithm

and submodular functions [26, 96, 15, 39].

Algorithm 1: GreedMax for submodular maximization

1: Input: f , g and constraint set C.

2: Output: An approximation solution X̂.

3: Initialize: X0 ← ∅, i← 0 and R← V

4: while ∃v ∈ R s.t. Xi ∪ v ∈ C do

5: v ∈ argmaxv∈R,Xi∪v∈C f(v|Xi).

6: Xi+1 ← Xi ∪ v.

7: R← R \ v.

8: i← i+ 1.

9: end while

10: Return X̂ ← Xi.
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The greedy algorithm is the major weapon for optimization problems on the arithmetic

combinations of submodular and supermodular functions. In the following chapters, we

proposed the greedy algorithm or modified versions of the greedy algorithm to produce

constant guarantees on various optimization problems.
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Chapter 2

MAXIMIZING MONOTONE
SUBMODULAR+SUPERMODULAR FUNCTIONS

We analyze the performance of the greedy algorithm, and also a discrete semi-gradient

based algorithm, for maximizing the sum of a suBmodular and a suPermodular (BP) function

(both of which are non-negative monotone non-decreasing) under two types of constraints,

either a cardinality constraint or p ≥ 1 matroid independence constraints. These problems

occur naturally in several real-world applications in data science, machine learning, and

artificial intelligence. The problems are ordinarily inapproximable to any factor (as we show).

Using the curvature κf of the submodular term, and introducing κg for the supermodular

term (a natural dual curvature for supermodular functions), however, both of which are

computable in linear time, we show that BP maximization can be efficiently approximated by

both the greedy and the semi-gradient based algorithm. The algorithms yield multiplicative

guarantees of 1
κf

[
1− e−(1−κg)κf

]
and 1−κg

(1−κg)κf+p
for the two types of constraints respectively.

For pure monotone supermodular constrained maximization, these yield 1 − κg and (1 −

κg)/p for the two types of constraints respectively. We also analyze the hardness of BP

maximization and show that our guarantees match hardness by a constant factor and by

O(ln(p)) respectively. Computational experiments are also provided to support our analysis.

This work is published in

Wenruo Bai and Jeff Bilmes. Greed is Still Good: Maximizing Monotone Submod-

ular+Supermodular (BP) Functions. In International Conference on Machine Learning

(ICML), Stockholm, Sweden, July 2018.

Wenruo Bai and Jeffrey Bilmes. Greed is Still Good: Maximizing Monotone Submodu-

lar+Supermodular Functions. Arxiv, abs/1801.07413, Jan 2018.
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2.1 Introduction

Certain subset selection problems in data science are not purely submodular. For example,

when choosing a subset of training data in a machine learning system [132], there might be

not only redundancies but also complementarities amongst certain subsets of elements, where

the full collective utility of these elements is seen only when utilized together. Submodular

functions can only diminish, rather than enhance, the utility of a data item in the presence

of other data items. Supermodular set functions can model such phenomena, and are widely

utilized in economics and social sciences, where the notion of complementary [120] is naturally

needed, but are studied and utilized less frequently in machine learning.

In this chapter, we advance the state of the art in understanding when the greedy (and the

semigradient) algorithm offers a guarantee, in particular for approximating the constrained

maximization of an objective that may be decomposed into the sum of a submodular and

a supermodular function (applications are given in Section 2.1.1). That is, we consider the

following problem

Problem 3. BP function maximization maxX∈Ch(X) := f(X) + g(X), where C ⊆ 2V

is a family of feasible sets, f and g are normalized (f(∅) = 0), monotonic non-decreasing

(f({s}|S) ≥ 0 for any s ∈ V and S ⊆ V ) submodular and supermodular functions respec-

tively1 and hence are non-negative.

We call this problem suBmodular-suPermodular (BP) maximization, and f + g a BP

function, and we say h admits a BP decomposition if ∃f, g such that h = f + g where f

and g are defined as above. In the chapter, the set C may correspond either to a cardinality

constraint (i.e., C = {A ⊆ V | |A| ≤ k} for some k ≥ 0), or alternatively, a more general case

where C is defined as the intersection of p matroids. Hence, we may have C = {X ⊆ V | X ∈

I1 ∩ I2 ∩ · · · ∩ Ip}, where Ii is the set of independent sets for the ith matroidMi = (V, Ii).

1Throughout, f & g are assumed monotonic non-decreasing submodular/submodular functions respec-
tively.
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The performance of the greedy algorithm for some special cases of BP maximization

has been studied before. For example, when g(X) is modular, the problem reduces to

submodular maximization where, if f and g are also monotone, the greedy algorithm is

guaranteed to obtain an 1 − 1/e approximate solution under a cardinality constraint [95]

and 1/p+1 for p matroids [38, 15]. The greedy algorithm often does much better than this in

practice. Correspondingly, the bounds can be significantly improved if we also make further

assumptions on the submodular function. One such assumption is the (total) curvature,

defined as κf = 1−minv∈V
f(v|V \{v})

f(v)
— the greedy algorithm has a 1

κf
(1− e−κf ) and a 1

κf+p

guarantee [15] for a cardinality and for p matroid constraints, respectively. Curvature is also

attractive since it is linear time computable with only oracle function access. Liu et al. [86]

shows that κf can be replaced by a similar quantity, i.e., b = 1 −minv∈A∈I
f({v}|A\{v})

f({v}) for a

single matroidM = (V, I), a quantity defined only on the independent sets of the matroid,

thereby improving the bounds further. In the chapter, however, we utilize the traditional

definition of curvature. The current best guarantee is 1 − κf/e for a cardinality constraint

using modifications of the continuous greedy algorithm [117] and 1
ϵ+p

for multiple matroid

constraints based on a local search algorithm [79]. In another relevant result, Sarpatwar et al.

[107] gives a bound of (1−e−(p+1))/(p+1) for submodular maximization with a single knapsack

and the intersection of p matroid constraints.

When g(X) is not modular, the problem is much harder and is NP-hard to approximate

to any factor (Lemma 1). In this chapter, we show that bounds are obtainable if we make

analogous further assumptions on the supermodular function g. That is, we introduce a

natural curvature notion to monotone non-decreasing nonnegative supermodular functions,

defining the supermodular curvature as κg = κg(V )−g(V \X) = 1 − minv∈V
g(v)

g(v|V \{v}) . We

note that κg is distinct from the steepness [52, 117] of a nonincreasing supermodular function

(see Section 2.3.1). The function g(V )− g(V \X) is a normalized monotonic non-decreasing

submodular function, known as the submodular function dual to the supermodular function g

[39]. Supermodular curvature is a natural dual to submodular curvature and, like submodular

curvature, is computationally feasible to compute, requiring only linear time in the oracle



13

bound hardness

cardinality constraint 1
κf

[
1− e−(1−κg)κf

]
1− κg + ϵ

p matroid constraints 1−κg

(1−κg)κf+p
(1− κg)O( ln p

p
)

Table 2.1: Lower bounds for GreedMax (Alg. 6)/SemiGrad (Alg. 3) and BP maximiza-

tion hardness.

model, unlike other measures of non-submodularity (Section 2.1.2). Hence, given a BP

decomposition of h = f + g, it is possible, as we show below, to derive practical and useful

quality assurances based on the curvature of each component of the decomposition.

We examine two algorithms, GreedMax (Alg. 6) and SemiGrad (Alg. 3) and show

that, despite the two algorithms being different, both of them have a worst-case guarantee

of 1
κf

[
1− e−(1−κg)κf

]
for a cardinality constraint (Theorem 1) and 1−κg

(1−κg)κf+p
for p matroid

constraints (Theorem 2). If κg = 0 (i.e., g is modular), the bounds reduce to 1
κf
(1 − e−κf )

and 1
κf+p

, which recovers the aforementioned bounds. If κg = 1 (i.e., g is fully curved) the

bounds are 0 since, in general, the problem is NP-hard to approximate (Lemma 1). For

pure monotone supermodular function maximization, the bounds yield 1−κg and (1−κg)/p

respectively. We also show that no polynomial algorithm can do better than 1 − κg + ϵ

or (1− κg)O( ln p
p
) for cardinality or multiple matroid constraints respectively unless P=NP.

Therefore, no polynomial algorithm can beat GreedMax by a factor of 1+ϵ
1−e−1 or O(ln(p))

for the two constraints unless P=NP.

2.1.1 Applications

Problem 3 naturally applies to a number of machine learning and data science applications.

Summarization with Complementarity Submodular functions are an expressive set of

models for summarization tasks where they capture how data elements are mutually redun-

dant. In some cases, however, certain subsets might be usefully chosen together, i.e., when
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their elements have a complementary relationship. For example, when choosing a subset of

training data samples for a supervised machine learning system [132], nearby points on oppo-

site sides of a decision boundary would be more useful to characterize this boundary if chosen

together. Also, for the problem of document summarization [83, 81], where a subset of sen-

tences is chosen to represent a document, there are some cases where a single sentence makes

sense only in the context of other sentences, an instance of complementarity. In such cases,

it is reasonable to allow these relationships to be expressed via a monotone supermodular

function. One such complementarity family takes g to be a weighted sum of monotone con-

vex functions composed with non-negative modular functions, as in g(A) =
∑

iwiψi(mi(A)).

A still more expressive family includes the “deep supermodular functions” [9] which consist

of multiple nested layers of such transformations. A natural formulation of the summariza-

tion with complementary problem is to maximize an objective that is the weighted sum of

a monotone submodular utility function and one of the above complementarity functions.

Hence, such a formulation is an instance of Problem 3. In either case, the supermodular

curvature is easy to compute, and for many instances is less than unity leading to a quality

assurance based on the results of this chapter.

Generalized Bipartite Matching Submodularity has been used to generalize bipartite

matching. For example, a generalized bipartite matching [84] procedure starts with a non-

negative weighted bipartite graph (V, U,E), where V is a set of left vertices, U is a set of

right vertices, E ⊆ V ×U is a set of edges, and h : 2E → R+ is a score function on the edges.

Note that a matching constraint is an intersection of two partition matroid constraints, so a

matching can be generalized to the intersection of multiple matroid constraints. Word align-

ment between two sentences of different languages [89] can be viewed as a matching problem,

where each word pair is associated with a score reflecting the desirability of aligning that

pair, and an alignment is formed as the highest scored matching under some constraints. Lin

and Bilmes [84] use a submodular objective functions that can represent complex interac-

tions among alignment decisions. Also in [4], similar bipartite matching generalizations are
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used for the task of peptide identification in tandem mass spectrometry. By utilizing a BP

function in Problem 3, our approach can extend this to allow also for complementarity to be

represented amongst sets of matched vertices. Further discussion of Generalized Bipartite

Matching is followed in Part II

2.1.2 Approach, and Related Studies

An arbitrary set function can always be expressed as a difference of submodular (DS) func-

tions [93, 54]. Although finding such a decomposition itself can be hard [54], the decompo-

sition allows for additional optimization strategies based on discrete semi-gradients (Equa-

tion (2.1)) that do not offer guarantees, even in the unconstrained case [54]. Our problem

is a special case of constrained DS optimization since a negative submodular function is

supermodular. Our problem also asks for a BP decomposition of h which is not always

possible even for monotone functions (Lemma 2). Constrainedly optimizing an arbitrary

monotonic non-decreasing set function is impossible in polynomial time and not even ap-

proximable to any positive factor (Lemma 1). In general, there are two ways to approach

such a problem: one is to offer polynomial time heuristics without any theoretical guarantee

(and hence possibly performing arbitrarily poorly in worst case); another is to analyze (using

possibly exponential time itself, e.g., see below starting with the submodularity ratio) the

set function in order to provide theoretical guarantees. In our framework, as we will see,

the BP decomposition not only allows for additional optimization strategies as does a DS

decomposition, but also, given additional information about the curvature of the two com-

ponents (computable easily in linear time), allows us to show how the set function can be

approximately maximized in polynomial time with guarantees. With a curvature analysis,

not only the greedy algorithm but also a semi-gradient optimization strategy (Alg. 3) at-

tains a guarantee even in the constrained setting. We also argued, in Section 2.1.1, that BP

functions, even considering their loss of expressivity relative to DS functions, are still quite

natural in applications.
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Submodularity Ratio and Curvature Bian et al. [8] offered a bound based on both

the submodularity ratio and a newly introduced form of generalized curvature. The sub-

modularity ratio [20] of a non-negative set function h is defined as the largest scalar γ s.t.∑
ω∈Ω\S h(ω|S) ≥ γh(Ω|S),∀Ω, S ⊆ V and is equal to one if and only if h is submodular[8].

It is often defined as γU,k(h) = minL⊆U,S:|S|≤k,S∩L=∅

∑
x∈S h(x|L)
h(S|L) for U ⊆ V and 1 ≤ k ≤ |V |,

and then γ = γV,|V |(h). The generalized curvature [8] of a non-negative set function h is de-

fined as the smallest scalar α s.t. h(i|S \ {i} ∪Ω) ≥ (1−α)h(i|S \ {i}),∀Ω, S ⊆ V, i ∈ S \Ω.

[8] offers a lower bound of 1
α
(1−e−αγ) for the greedy algorithm. Computing this bound is not

computationally feasible in general because both the submodularity ratio and the generalized

curvature are information theoretically hard to compute under the oracle model, as we show

in Section 2.I.2. This is unlike curvatures κf , κ
g which are both computable in linear time

given only oracle access to both f and g. We make further comparisons between the pair

κf , κ
g with the submodularity ratio in Section 2.I.

Approximately Submodular Functions A function h is said to be ϵ-approximately

submodular if there exists a submodular function f such that (1 − ϵ)f(S) ≤ h(S) ≤ (1 +

ϵ)f(S) for all subsets S. Horel and Singer [49] show that the greedy algorithm achieves

a (1 − 1/e − O(δ)) approximation ratio when ϵ = δ
k
. Furthermore, this bound is tight:

given a 1/k1−β-approximately submodular function, the greedy algorithm no longer provides

a constant factor approximation guarantee.

Elemental Curvature and Total Primal Curvature Wang et al. [128] analyze the

approximation ratio of the greedy algorithm on maximizing non-submodular functions under

cardinality constraints. Their bound is 1 −
(
1−

(∑k−1
i=1 α

i
)−1
)k

based on the elemental

curvature with α = maxS⊆X,i,j∈X
f(i|S∪{j})

f(i|S) , and αi the ith power of α. Smith and Thai

[112] generalize this definition to total primal curvature, Γ(x|B,A) = f(x|A∪B)
f(x|A)

and define an

estimator Γ̂(i, S) satisfying ∀|T | ≤ k, S ⊂ T, i = |T \ S|, x /∈ T ∪ S : Γ(x|T, S) ≤ Γ̂(i, S) + ϵi.

They claim a bound of
[
1 +

(
f(S+)
f(S)

− 1
)∑k−1

t=0 (Γ̂(t, S) + ϵt)
]−1

f(S∗) ≤ f(S) where S is the
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greedy solution, and S+ is the greedy solution for an identical problem for k + 1 cardinality

constraints. They also claim that finding a deterministic strict estimator Γ̂ is not feasible and

therefore, they provide an algorithm for finding a probabilistic estimator based on Monte-

Carlo simulation.

Supermodular Degree Feige and et al. [32] introduce a parameter, the supermodular

degree, for solving the welfare maximization problem. Feldman and et al. [36, 35] use this

concept to analyze monotone set function maximization under a p-extendable system con-

straint with guarantees. A supermodular degree of one element u ∈ V by a set function

h is defined as the cardinality of the set D+
h (u) = {v ∈ V |∃S⊆V h(u|S + v) > h(u|S)}, con-

taining all elements whose existence in a set might increase the marginal contribution of

u. The supermodular degree of h is D+
h = maxu∈V |D+

h (u)|. A set system (V, I) is called

p-extendable [36, 35] if for every two subsets T ⊆ S ∈ I and element u /∈ T for which

T ∪ u ∈ I, there exists a subset Y ⊆ S \ T of cardinality at most p for which S \ Y + u ∈ I,

which is a generalization of the intersection of p matroids. They offer a greedy algorithm

for maximizing a monotonic non-decreasing set function h subject to a p-extendable system

with an guarantee of 1
p(D+

h +1)+1
and time complexity polynomial in n and 2D

+
h [36, 35], where

n = |V |. But again, D+
h can not be calculated in polynomial time in general unlike our

curvatures. Moreover, if we consider a simple supermodular function g(X) = |X|1+α where

α is a small positive number. Then D+
h = n− 1 since all elements have supermodular inter-

actions. Therefore, the time complexity of their algorithm is polynomial in 2n−1 and their

bound is 1
pn+1

, while our algorithm requires at most n2 quires with a performance guarantee

of 1−log(n)κg

p
where κg = 1 − 1

n1+α−(n−1)1+α . When α is small, our bound is around n times

betters than theirs; e.g., n = 10, p = 5, α = 0.05, ours is around 1
7.61

while theirs is 1
51
.

Proportional Submodularity Borodin et al. [10] define the notion of proportionally

submodular functions defined as those set functions h satisfying |X|h(Y ) + |Y |h(X) ≥

|X ∩ Y |h(X ∪ Y ) + |X ∪ Y |h(X ∩ Y ) for all X, Y ⊆ V . The class of proportionally submod-
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ular functions includes both submodular functions and also some supermodular functions,

although there are instances of BP functions, e.g., h(X) = |X|4, that are not proportionally

submodular ([10] proposition 3.12).

Discussion The above results are both useful and complementary with our analyses below

for BP-decomposable functions, thus broadening our understanding of settings where the

greedy and semi-gradient algorithms offer a guarantee. We say our analysis is complemen-

tary in a sense the following example demonstrates. Should a given function h have a BP

decomposition h = f + g, then it is easy, given oracle access to both f and g, to compute

curvatures and establish bounds. On the other hand, if we do not know h’s BP decomposi-

tion, or if h does not admit a BP decomposition (Lemma 2), then we would need to resort,

for example, to the submodularity ratio and generalized curvature bounds of Bian et al. [8].

2.1.3 Recent studies on the sum of submodular and supermodular functions

There are recent studies following this work after it got published in 2018, studying the opti-

mization of the sum of submodular and supermodular functions in different scenarios. Narang

et al. [92] study online suBmodular + suPermodular (BP) maximization with ban-

dit feedback, and propose algorithm achieves sublinear α-regret for α = 1
κf

(
1− e−κf (1−κg)

)
,

where κf and κ
g use the same definition in this work. This choice of α reflects the approxima-

tion ratio of the greedy algorithm for BP functions in the offline setting. Ji et al. [63] propose

a stochastic greedy algorithm that gets a lower performance guarantee 1− e−(1−ϵ)(1−κg),

but with a faster running time O(n log (1/ϵ)).
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2.2 Approximation Algorithms for BP Maximization

Algorithm 2: GreedMax for BP maximization

1: Input: f , g and constraint set C.

2: Output: An approximation solution X̂.

3: Initialize: X0 ← ∅, i← 0 and R← V

4: while ∃v ∈ R s.t. Xi ∪ v ∈ C do

5: v ∈ argmaxv∈R,Xi∪v∈C f(v|Xi) + g(v|Xi).

6: Xi+1 ← Xi ∪ v.

7: R← R \ v.

8: i← i+ 1.

9: end while

10: Return X̂ ← Xi.

Algorithm 3: SemiGrad for BP maximization

1: Input: f , g, constraint set C and an initial set X0

2: Output: An approximation solution X̂.

3: Initialize: i← 0.

4: repeat

5: pick a semigradient gi at Xi of g

6: Xi+1 ∈ argmaxX∈C f(X) + gi(X)\\ 1
κf+gi

(1− e−κf+gi )−Approximately solved by

Algorithm 6

7: i← i+ 1

8: until we have converged (Xi = Xi−1)

9: Return X̂ ← Xi

GreedMax (Alg. 6) The simplest and most well known algorithm for approximate con-

strained non-monotone submodular maximization is the greedy algorithm [95]. We show

that this also works boundedly well for BP maximization when the functions are not both

fully curved (κf ≤ 1, κg < 1). At each step, a feasible element with highest gain with respect
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to the current set is chosen and added to the set. Finally, if no more elements are feasible,

the algorithm returns the greedy set.

SemiGrad (Alg. 3) Akin to convex functions, supermodular functions have tight modular

lower bounds. These bounds are related to the subdifferential ∂g(Y ) of the supermodular

set function g at a set Y ⊆ V , which is defined [39]2 as:

∂g(Y ) = {y ∈ Rn : g(X)− y(X) ≥ g(Y )− y(Y ) for all X ⊆ V } (2.1)

It is possible, moreover, to provide specific subgradients [58, 60], computable in linear

time, that define the following two modular lower bounds:

mg,X,1(Y ) ≜ g(X)−
∑

j∈X\Y

g(j|X\j) +
∑

j∈Y \X

g(j|∅), (2.2)

mg,X,2(Y ) ≜ g(X)−
∑

j∈X\Y

g(j|V \j) +
∑

j∈Y \X

g(j|X). (2.3)

Then mg,X,1(Y ),mg,X,2(Y ) ≤ g(Y ), ∀Y ⊆ V and mg,X,1(X) = mg,X,2(X) = g(X). Removing

constants yields normalized non-negative (since g is monotone) modular functions for gi in

Alg. 3.

Having formally defined the modular lower bound of g, we are ready to discuss how to

apply this machinery to BP maximization. SemiGrad consists of two stages. In the first

stage, it is initialized by an arbitrary set (e.g., ∅, V , or the solution of GreedMax). In the

second stage, SemiGrad replaces g by its modular lower bound, and solves the resulting

problem using GreedyMax. The algorithm repeatedly updates the set and calculates an

updated modular lower bound until convergence.

Since SemiGrad does no worse than the arbitrary initial set, we may start with the

solution of GreedMax and show that SemiGrad is always no worse than GreedMax.

2[39] defines the subdifferential of a submodular set function. The definition of the subdifferential for a
supermodular set function takes the same form (i.e., Equation 2.1) as the definition of the subdifferential
for a submodular function. Specific instances of supermodular subgradients, yielding Equations (2.2)-(2.3)
and as found in [58, 60], however, take a different form than instances of submodular subdifferentials.
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Interestingly, we obtain the same bounds for SemiGrad even if we start with the empty

set (Theorems 3 and 4) despite that they may behave quite differently empirically and yield

different solutions (Section 3.6).

2.3 Analysis of Approximation Algorithms for BP Maximization

We next analyze the performance of two algorithmsGreedMax (Alg. 6) and SemiGrad(Alg. 3)

under a cardinality constraint and under pmatroid constraints. First, we claim that BP max-

imization is hard and can not be approximately solved to any factor in polynomial time in

general.

Lemma 1. [123] There exists an instance of a BP maximization problem that can not be

approximately solved to any positive factor in polynomial time.

Proof. For completeness, Appendix 2.A offers a detailed proof based on [123].

It is also important to realize that not all monotone functions are BP-decomposable, as

the following demonstrates.

Lemma 2. There exists a monotonic non-decreasing set function h that is not BP decom-

posable.

Proof. Let h(X) = min(max(|X|, 1), 3)−1. This function is monotonic, and we wish to show

it is not BP decomposable. Let A ⊂ B be subsets of V with |A| = 1 and |B| = 3. Let v ∈

V \B. We calculate that h(v|∅) = 0, h(v|A) = 1, h(v|B) = 0. So h(v|∅) + h(v|B) < h(v|A).

Assume h(X) = f(X) + g(X) where f is submodular, g is supermodular and both are

monotonic non-decreasing. We have f(v|∅)+f(v|B) ≥ f(v|∅) ≥ f(v|A) and g(v|∅)+g(v|B) ≥

g(v|B) ≥ g(v|A). Therefore h(v|∅)+h(v|B) ≥ h(v|A) by summing the two inequalities, which

is a contradiction. We thus have that h is not BP decomposable.
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2.3.1 Supermodular Curvature

Although BP maximization is therefore not possible in general, we show next that we can

get worst-case lower bounds using curvature whenever the functions in question indeed have

limited curvature.

The (total) curvature of a submodular function f is defined as κf = 1−minv∈V
f(v|V \{v})

f(v)
[15].

Note that 0 ≤ κf ≤ 1 since 0 ≤ f(v|V \ {v}) ≤ f(v) and if κf = 0 then f is modular.

We observed that for any monotonically non-decreasing supermodular function g(X), the

dual submodular function [39] g(V )− g(V \X) is always monotonically non-decreasing and

submodular. Hence, the definition of submodular curvature can be naturally extended to

supermodular functions g:

Definition 1. The supermodular curvature of a non-negative monotone nondecreasing su-

permodular function is defined as κg = κg(V )−g(V \X) = 1−minv∈V
g(v)

g(v|V \{v}) .

For clarity of notation, we use a superscript for supermodular curvature and a subscript

for submodular curvature, which also indicates the duality between the two. In fact, for

supermodular curvature, we can recover the submodular curvature.

Corollary 1. κf = κf(V )−f(V \X).

The dual form also implies similar properties, e.g., we have that 0 ≤ κg ≤ 1 and if κg = 0

then g is modular. In both cases, a form of curvature indicates the degree of submodularity

or supermodularity. If κf = 1 (or κg = 1), we say that f (or g) is fully curved. Intuitively,

a submodular function is very (or fully) curved if there is a context B and element v at

which the gain is close to (or equal to) zero (f(v|B) ≈ 0), whereas a supermodular function

is very (or fully) curved if there is an element v whose valuation is close to (or equal to)

zero (g(v) ≈ 0). We can calculate both submodular and supermodular curvature easily in

linear time. Hence, given a BP decomposition of h = f + g, we can easily calculate both

curvatures, and the corresponding bounds, with only oracle access to f and g.

Proposition 1. Calculating κf or κg requires at most 2|V |+ 1 oracle queries of f or g.
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The steepness [52, 117] of a monotone nonincreasing supermodular function g′ is defined

as s = 1 − minv∈V
g′(v|V \{v})

g′(v|∅) . Here, the numerator and denominator are both negative and

g need not be normalized. Steepness has a similar mathematical form to the submodular

curvature of a nondecreasing submodular function f , i.e., κf = 1 − minv∈V
f(v|V \{v})

f(v|∅) , but

is distinct from the supermodular curvature. Steepness may be used to offer a bound for

the minimization of such nonincreasing supermodular functions [117], whereas we in the

present work are interested in maximizing nondecreasing BP (and, hence, which also includes

supermodular) functions.

2.3.2 Theoretical Guarantees for GreedMax

Before analyzing specific constraints, we first analyze each step of GreedMax based on

submodular and supermodular curvature.

The following holds for any chain of sets, not just those produced by the greedy algorithm.

Lemma 3. For any chain of solutions ∅ = S0 ⊂ S1 ⊂ . . . ⊂ Sk, where |Si| = i, the following

holds for all i = 0 . . . k − 1,

h(X∗) ≤ κf
∑

j:sj∈Si\X∗

aj +
∑

j:sj∈Si∩X∗

aj + h(X∗ \ Si|Si) (2.4)

where {si} = Si \ Si−1, ai = h(si|Si−1) and X
∗ is the optimal set.

Proof. See Appendix 2.B.

Cardinality constraints

In this section, we provide a lower bound for Greedy maximization of a BP function under

a cardinality constraint, inspired by the proof in [15] where they focus only on submodular

functions.
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Lemma 4. GreedMax is guaranteed to obtain a solution X̂ such that

h(X̂) ≥ 1

κf

[
1−

(
1− (1− κg)κf

k

)k
]
h(X∗) (2.5)

where X∗ ∈ argmax|X|≤k h(X), h(X) = f(X) + g(X), κf is the curvature of submodular f

and κg is the curvature of supermodular g.

Proof. See Appendix 2.C.

Theorem 1. Theoretical guarantee in the cardinality constrained case. Greed-

Max is guaranteed to obtain a solution X̂ such that

h(X̂) ≥ 1

κf

[
1− e−(1−κg)κf

]
h(X∗) (2.6)

where X∗ ∈ argmax|X|≤k h(X), h(X) = f(X) + g(X), κf is the curvature of submodular f

and κg is the curvature of supermodular g.

Proof. This follows Lemma 4 and uses the inequality (1 − a
k
)k ≤ e−a for all a ≥ 0 and

k ≥ 1.

Theorem 1 gives a lower bound of GreedMax in terms of the submodular curvature

κf and the supermodular curvature κg. We notice that this bound immediately generalizes

known results and provides one new one.

1. κf = 0, κg = 0, h(X̂) = h(X∗). In this case, the BP problem reduces to modular

maximization under a cardinality constraint, which is solved exactly by the greedy

algorithm.

2. κf > 0, κg = 0, h(X̂) ≥ 1
κf

[1− e−κf ]h(X∗). In this case, BP problem reduces to sub-

modular maximization under a cardinality constraint, and with the same 1
κf

[1− e−κf ]

guarantee for the greedy algorithm [15].

3. If we take κf → 0, we get 1− κg, which is a new curvature-based bound for monotone

supermodular maximization subject to a cardinality constraint.
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4. κg = 1, h(X̂) ≥ 0 which means, in the general fully curved case for g, this offers no

theoretical guarantee for constrained BP or supermodular maximization, consistent

with [123] and Lemma 1.

Weaker Bound in the Cardinality Constrained Case via Simple Analysis

The bound in Equation (2.6) is one of the major contributions of this chapter. Another

bound can be easily achieved using a surrogate objective h′(X) = f(X)+
∑

v∈X g(v), similar

to an approach used in [56]. We have that h′(X) ≤ h(X) thanks to the supermodularity of

g, and we can apply GreedMax directly to h′, the solution of which has a guarantee w.r.t.

the original objective h. The proof of this bound is quite a bit simpler, so we first offer it

here immediately. On the other hand, we also show that the bound obtained by this method

is worse than Equation (2.6) for all 0 < κf , κ
g < 1, sometimes appreciably.

Lemma 5. Weak bound in cardinality constrained case. GreedMax maximizing

h′(X) = f(X) +
∑

v∈X g(v) is guaranteed to obtain a solution X̂ such that

h(X̂) ≥ 1− κg

κf

[
1− e−κf

]
h(X∗) (2.7)

where X∗ ∈ argmax|X|≤k h(X), h(X) = f(X) + g(X), κf is the curvature of submodular f

and κg is the curvature of supermodular g.

Proof. According to Lemma 9 (iv), (1 − κg)h(X) ≤ h′(X) for all X ⊆ V . Also we have

h′(X) ≤ h(X). And h′ is a monotone submodular function with κh′ = 1−minv∈V
h′(v|V \{v})

h′(v)
=

1−minv∈V
f(v|V \{v})+g(v)

f(v)+g(v)
≤ 1−minv∈V

f(v|V \{v})
f(v)

= κf since 0 ≤ f(v|V \ {v}) ≤ f(v).

Using the traditional curvature bound for submodular maximization [15], the greedy

algorithm to maximize h′ provides a solution X̂ s.t. h′(X̂) ≥ 1
κh′

[1− e−κh′ ]h′(X∗) where

X∗ ∈ argmax|X|≤k h(X). Thus, we have

h(X̂) ≥ h′(X̂) ≥ 1

κh′

[
1− e−κh′

]
h′(X∗) ≥ 1

κf

[
1− e−κf

]
h′(X∗) (2.8)

≥ 1− κg

κf

[
1− e−κf

]
h(X∗) (2.9)
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Next, we show that this bound is almost everywhere worse than Equation (2.6).

Lemma 6. 1
κf

[
1− e−(1−κg)κf

]
≥ 1−κg

κf
[1− e−κf ] for all 0 ≤ κf , κ

g ≤ 1 where equality holds

if and only if κf = 0 or κg = 0 or κg = 1. For simplicity, dividing by 0 is defined using

limits, e.g., 1
κf

[
1− e−(1−κg)κf

]
= lim

κf→0+

1
κf

[
1− e−(1−κg)κf

]
= 1− κg when κf = 0.

Proof. Let ϕ(κf , κ
g) = 1

κf

[
1− e−(1−κg)κf

]
and ψ(κf , κ

g) = 1−κg

κf
[1− e−κf ]. Specifically,

ϕ(0, κg) = lim
κf→0+

ϕ(κf , κ
g) = 1 − κg and ψ(0, κg) = lim

κf→0+
ψ(κf , κ

g) = 1 − κg. So if κf = 0,

ϕ(κf , κ
g) = ψ(κf , κ

g).

When 0 < κf ≤ 1, we notice that ϕ(κf , κ
g) = ψ(κf , κ

g) when κg = 0 or κg = 1. When

0 < κg < 1, we have ϕ(κf , κ
g) > ψ(κf , κ

g) since ϕ(κf , κ
g) is a strictly concave function in κg

and ψ(κf , κ
g) is linear in κg.

A simple computation shows the maximum ratio of these two bounds is 1/(1 − e−1) ≈

1.5820 when κf = 1 and κg → 1. As another example, with κf = 1 and κg = ln(e−1) ≈ 0.541,

the ratio is ≈ 1.2688. It should be noted that the modular approximation of g leading

to h′(X) = f(X) +
∑

v∈X g(v) is identical to one iteration of the semigradient approach

(Algorithm 3) using a subgradient of g at ∅. A more complex analysis leads to the improved

bound, as shown in Theorem 3.

Multiple matroid constraints

Matroids are useful combinatorial objects for expressing constraints in discrete problems,

and which are made more useful when taking the intersection of the independent sets of

p > 1 matroids defined on the same ground set [95]. In this section, we show that the greedy

algorithm on a BP function subject to p matroid independent constraints has a guarantee if

g is not fully curved.
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Theorem 2. Theoretical guarantee in the pmatroids case. GreedMax is guaranteed

to obtain a solution X̂ such that

h(X̂) ≥ 1− κg

(1− κg)κf + p
h(X∗) (2.10)

where X∗ ∈ argmaxX∈M1∩...∩Mp
h(X), h(X) = f(X) + g(X), κf is the curvature of submod-

ular f and κg is the curvature of supermodular g.

Proof. See Appendix 2.D.

Theorem 2 gives a theoretical lower bound of GreedMax in terms of submodular cur-

vature κf and supermodular curvature κg for the p matroid constraints case. Like in the

cardinality case, this bound also generalizes known results and yields a new one.

1. κf = 0, κg = 0, h(X̂) ≥ 1
p
h(X∗). In this case, the BP problem reduces to modular

maximization under p matroid constraints [15].

2. κf > 0, κg = 0, h(X̂) ≥ 1
p+κf

h(X∗) . In this case, the BP problem reduces to

submodular maximization under p matroid constraints [15].

3. If we take κf → 0, we get (1 − κg)/p, which is a new curvature-based bound for

monotone supermodular maximization subject to a p matroid constraints.

4. κg = 1, h(X̂) ≥ 0 which means that, in general, there is no theoretical guarantee for

constrained BP or supermodular maximization.

2.3.3 Theoretical guarantee of SemiGrad

In this section, we show a perhaps interesting result that SemiGrad achieves the same

bounds as GreedMax even if we initialize SemiGrad with ∅ and even though the two

algorithms can produce quite different solutions (as demonstrated in Section 3.6).
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(a) Cardinality constraint (b) Multiple matroid constraints

Figure 2.1: Guarantees of GreedMax for two constraint types. The x and y axes are

κf and κg, respectively, and the z axis is the guarantee. In (b), from top to bottom, the

surfaces represent p = 2, 5, 10.
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Theorem 3. SemiGrad initialized with the empty set is guaranteed to obtain a solution X̂

for the cardinality constrained case such that

h(X̂) ≥ 1

κf

[
1− e−(1−κg)κf

]
h(X∗) (2.11)

where X∗ ∈ argmax|X|≤k h(X), h(X) = f(X) + g(X), & κf (resp. κg) is the curvature of f

(resp. g).

Proof. See Appendix 2.E.

Theorem 4. SemiGrad initialized with the empty set is guaranteed to obtain a solution X̂,

feasible for the p matroid constraints, such that

h(X̂) ≥ 1− κg

(1− κg)κf + p
h(X∗) (2.12)

where X∗ ∈ argmaxX∈M1∩...∩Mp
h(X), h = f +g, & κf (resp. κg) is the curvature of f (resp.

g).

Proof. See Appendix 2.F.

All the above guarantees are plotted in Figure 2.1 (in the matroid case for p = 2, 5, or

10 matroids).

2.4 Better Bound Than Theorem 1 by Splitting the Modular Part

We showedGreedMax can maximize BP functions with approximate guarantee 1
κf

[
1− e−(1−κg)κf

]
.

However, a BP split is not unique, and the bound can be improved if we use a ’smarter’

split. In this section, h(X) = f(X) + g(X) and we assume f(X) is not a modular func-

tion, i.e. f(v) > f(V \ {v}) for at least one v ∈ V ; otherwise the best split is trivial,

h(X) = 0 + (f(X) + g(X)), and BP bound is 1− κf+g.

Let f̄(X) = f(X)−
∑

v∈X f(v|V \ {v}) and ḡ(X) = g(X)−
∑

v∈X g(v). It is straightfor-

ward to show that f̄ and ḡ are fully-curved monotonic non-decreasing submodular and super-

modular functions, respectively. Letm(X) = h(X)−f̄(X)−ḡ(X) =
∑

v∈X [f(v|V \ {v}) + g(v)].
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It is possible to split m into mf,λ and mg,λ using a set of parameters λ, where λ ∈ Λ = [0, 1]n,

i.e. 0 ≤ λv ≤ 1 for all v ∈ V . We have mf,λ(X) =
∑

v∈X λvm(v) and mg,λ(X) =∑
v∈X λ̄vm(v), where λ̄v = 1− λv.

So for each λ ∈ Λ, we can get a different BP split of h(X) = fλ(X) + gλ(X), where

fλ(X) = f̄(X) +mf,λ(X) and gλ(X) = ḡ(X) +mg,λ(X). Then the problem is to find the

best λ ∈ Λ that can maximize 1
κfλ

[
1− e−(1−κgλ )κfλ

]
.

Problem 4. Find maxλ∈Λ γλ = 1
κfλ

[
1− e−(1−κgλ )κfλ

]
, given the values of f(v), f(v|V \

{v}), g(v), g(v|V \ {v}) for all v ∈ V .

Note that we only need 4n function values to calculate the best bounds since κfλ and

κgλ only depend on these function values and λ. In Problem 4, we assume that the 4n

function values are fixed, so κfλ and κgλ are functions of λ; i.e. κf (λ) : Rn → R = κfλ ,

κg(λ) : Rn → R = κgλ . We write the curvature as κf (λ) just to emphasize the fact it is a

function of λ, but notation-wise, κf (λ) = κfλ is always true, and similar for g.

Let κf,v(λv) : R → R = 1 − fλ(v|V \{v})
fλ(v)

= f̄(v)

f̄(v)+λvm(v)
, since f̄(v|V \ {v}) = 0. So, by

definition, κf (λ) = maxv∈V κf,v(λv). Similarly, Let κgv(λv) : R → R = 1 − gλ(v)
gλ(v|V \{v}) =

ḡ(v|V \{v})
ḡ(v|V \{v})+λ̄vm(v)

, since ḡ(v) = 0. And, by definition, κg(λ) = maxv∈V κ
g
v(λv).

Lemma 7. In Problem 4, for any λ∗ ∈ argmaxλ∈Λ γλ = 1
κfλ

[
1− e−(1−κgλ )κfλ

]
, we can con-

struct a new λ̂ from λ∗, such that λ̂ ∈ argmaxλ∈Λ γλ, and κf (λ̂) = κf,v(λ̂v) for all v ∈ V .

Proof. Let K = κf (λ
∗) = maxv∈V κf,v(λ

∗
v). Note that 0 < K ≤ 1 because we assume f is

not purely modular,

we construct λ̂ by

λ̂v =
f̄(v)

m(v)

[
1

K
− 1

]
(2.13)

Then we can show

1. λ̂v ≤ λ∗v for all v ∈ V . This is because λ∗v = f̄(v)
m(v)

[
1

κf,v(λ∗
v)
− 1
]
, by reversing the

definition of κf,v(λ
∗
v) =

f̄(v)

f̄(v)+λ∗
vm(v)

, and K ≥ κf,v(λ
∗
v). This also implies λ̂v ≤ 1.
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2. λ̂v ≥ 0 for all v ∈ V . This is because K ≤ 1. Therefore, we know λ̂ ∈ Λ.

3. κf,v(λ̂v) = K for all v ∈ V . Therefore, κf (λ̂) = K.

4. κgv(λ̂v) ≤ κgv(λ
∗
v), since κ

g
v(·) is an non-decreasing function and λ̂v ≤ λ∗v. This implies

κg(λ̂) ≤ κg(λ∗).

γλ depends on the submodular curvature κf (λ) and supermodular curvature κg(λ), and

is monotonic non-increasing of these two curvatures. So γλ̂ ≥ γλ∗ and we already know

λ∗ ∈ argmaxλ∈Λ γλ, then we must have λ̂ ∈ argmaxλ∈Λ γλ

3. is the second property we need for λ̂ in the statement of this lemma.

Corollary 2. maxλ∈Λ γλ = maxλ∈Λ′ γλ, where Λ′ = {λ ∈ Λ|κf,v(λv) = κf (λ),∀v ∈ V }.

Therefore, in Problem 4, we only need to consider the solution set Λ′; in this set, κf,v(λv)

is the same for all v ∈ V .

Let x = 1
κf (λ)

, and we have κf,v(λv) =
1
x
.3

f̄(v)

f̄(v) + λvm(v)
=

1

x
(2.14)

1 +
λvm(v)

f̄(v)
= x (2.15)

λv =
f̄(v)

m(v)
(x− 1) (2.16)

Therefore, we can treat λv as a function of x, since f̄(v) and m(v) are fixed. The range of x

bounded by 0 ≤ λv ≤ 1. So 1 ≤ x ≤ minv∈V
m(v)

f̄(v)
+ 1.

κgv(λv) is a function of λv and can also be treated as a function of x, i,e. κgv(x). So

κg(λ) = maxv∈V κ
g
v(x).

γλ =
1

κfλ

[
1− e−(1−κgλ )κfλ

]
(2.17)

3The intuition of using x = 1
κf (λ)

is f̄(v)
κf,v(λv)

+ ḡ(v|V \{v})
κg
v(λv)

= f̄(v) + ḡ(v|V \ {v}) + m(v). And we have

κf (λ) always greater than 0.
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=
1
1
x

[
1− e−(1−maxv∈V κg

v(x))
1
x

]
(2.18)

= min
v∈V

x

[
1− e

κ
g
v(x)−1

x

]
(2.19)

(2.20)

where κgv(x) = κgv(
f̄(v)
m(v)

(x− 1)) = ḡ(v|V \{v})
ḡ(v|V \{v})+

[
1−

(
f̄(v)
m(v)

(x−1)
)]

m(v)
.

Therefore, we can reconstruct Problem 4 as a one variable optimization problem on

x, given the fixed 4n function values f(v), f(v|V \ {v}), g(v), g(v|V \ {v}) for all v ∈ V .

Furthermore, we can show this function is actually concave.

Lemma 8. γ(x) = minv∈V x
[
1− e

κ
g
v(x)−1

x

]
is a concave function of x.

Proof. Let a = f̄(v)

f̄(v)+ḡ(v|V \{v}+m(v)
, b = ḡ(v|V \{v}

f̄(v)+ḡ(v|V \{v})+m(v)
, we have

γv(x) = x

[
1− e

b
1−ax−1

x

]
(2.21)

d2

dx2
γv(x) = −e

1−ax−b

ax2−x · (2abx− b+ (ax− 1)2)
2 − 2b(ax− 1)a2x3

x3(ax− 1)4
(2.22)

≤ 0 (2.23)

since ax ≤ a
(

m(v)

f̄(v)
+ 1
)
= m(v)+f̄(v)

m(v)+f̄(v)+ḡ(v|V \{v}) ≤ 1.

Then γ(x) is the minimum of multiple concave functions, thus concave.

Corollary 3. Problem 4 can be solved by maxλ∈Λ γλ = max
1≤x≤minv∈V

m(v)

f̄(v)
+1
γ(x), where

γ(x) = minv∈V x

[
1− e

ḡ(v|V \{v})
(f̄(v)+ḡ(v|V \{v}+m(v)−f̄(v)x)x

− 1
x

]
is a concave function of x. Optimal solu-

tion λ∗v =
f̄(v)
m(v)

(x∗ − 1).

Some insights

1. Recall ḡ(v|V \ {v}) = g(v|V \ {v}) − g(v), f̄(v) = f(v) − f(v|V \ {v}) and m(v) =

f(v|V \ {v})+ g(v). γ(x) contains only the initial and final gain of f and g, and is one

variable concave function, thus easy to maximize.
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2. The worst split gives us BP bound 0. This can be achieved by λv = 1 for all v ∈ V ,

and the supermodular part is fully curved. This process can improve the bound from

0 to a positive number.

3. If we break the assumption that f is not purely modular, then γ(x) is a monotonic

non-decreasing function, then the max bound is

limx→+∞ minv∈V x

[
1− e

ḡ(v|V \{v})
ḡ(v|V \{v})+m(v)

−1

x

]
= minv∈V

m(v)
ḡ(v|V \{v})+m(v)

= 1 − κh, aligned

with what we discussed at the beginning of this section.

Compared with trivial splits

1. The worst split, λv = 1 for all v ∈ V . In this case, BP bound is 0.

2. λv = 0 for all v ∈ V . In this case, fλ is fully curved, and BP bound is minv∈V 1 −

e−
m(v)

ḡ(v|V \{v})+m(v) = minv∈V 1− e−
f(v|V \{v})+g(v)

f(v|V \{v})+g(v|V \{v}) . This bound is not 0 if f(v|V \ {v})+

g(v) > 0 for all v ∈ V . However, this trivial split may not give the best bound. For

example, if f is almost modular and g is modular, i.e. κf = ϵ, κg = 0. The best BP

bound is greater or equal to 1
ϵ
(1− e−ϵ) ≈ 1− ϵ, where this trivial split gives us 1−e−1.

3. λv = 1
2
for all v ∈ V . We also use one example to show this split is not optimal. Let

f(X) = |X| and g(X) = max(0, |X| − 1). lambav =
1
2
gives us BP bound 1

3
while the

best split gives us BP bound 1
2
.

4. Random λ ∈ Λ. Usually, these λ will give us a bound close to 0, since the κgλ =

maxv∈V κ
g
v(λv). It is likely to get one λv that is close to 0, thus the κgv(λv) is close

to 1, and dominates the other terms. For example, if f(X) = |X| is purely modular,

and g = max(0, |X| − 1) is fully curved, and f(v) = g(v|V \ {v}). P (minv λv ≤ ϵ) =

1− (1− ϵ)n since all λv are i.i.d., so P (maxv κ
g
v(λv) ≥ 1

1+ϵ
) = 1− (1− ϵ)n. Therefore,

Eλ∈Λγλ ≤ [1− (1− ϵ)n] ·
[
1− 1

1+ϵ

]
+ (1− ϵ)n · 1 = ϵ

1+ϵ
+ (1−ϵ)n

1+ϵ
can be arbitrarily close

to 0 when n→ +∞, while the best split give us BP bound 1
2
.
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2.5 Hardness

We next show that the curvature κg limits the polynomial time approximability of BP max-

imization.

Theorem 5. Hardness for cardinality constrained case. For all 0 ≤ β ≤ 1, there

exists an instance of a BP function h = f + g with supermodular curvature κg = β such

that no poly-time algorithm solving Problem 1 with a cardinality constraint can achieve an

approximation factor better than 1− κg + ϵ, for any ϵ > 0.

Proof. See Appendix 2.G.

For the pmatroid constraints case, Hazan et al. [47] studied the complexity of approximat-

ing p-set packing which is defined as follows: given a family of sets over a certain domain,

find the maximum number of disjoint sets, which is actually a special case of finding the

maximum intersection of p matroids. They claim that this problem cannot be efficiently

approximated to a factor better than O(ln p/p) unless P = NP. We generalize their result to

BP maximization.

Theorem 6. Hardness for p matroids constraint case. For all 0 ≤ β ≤ 1, there exists

an instance of a BP function h = f + g with supermodular curvature κg = β such that no

poly-time algorithm can achieve an approximation factor better than (1 − κg)O( ln p
p
) unless

P=NP.

Proof. See Appendix 2.H.

Corollary 4. No polynomial algorithm can beat GreedMax or SemiGrad by a factor of

1+ϵ
1−e−1 for cardinality, or O(ln(p)) for p matroid constraints, unless P=NP.

2.6 Computational Experiments

We empirically test our guarantees for BP maximization subject to a cardinality constraint

on contrived functions using GreedMax and SemiGrad. For the first experiment, we

let |V | = 20 set the cardinality constraint to k = 10, and partition the ground set into
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(a-1) (a-2)

(b-1) (b-2)

Figure 2.2: Empirical test of our guarantee. The upper and middle surface indicate the

performance of SemiGrad and GreedMax respectively, and the lower surface is the theo-

retical worst case guarantee. (a) and (b) are two sets of experiments. (a-1) and (a-2) are two

rotations of the same 3d plot; (b-1) and (b-2) are two rotations of the same 3d plot. 3d and

interactive version of plot (a) and (b) are available in https://plotly.com/~Wenruo/14/

and https://plotly.com/~Wenruo/12/.

https://plotly.com/~Wenruo/14/
https://plotly.com/~Wenruo/12/
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|V1| = |V2| = k, V1∪V2 = V where V1 = {v1, v2, . . . , vk}. Let wi =
1
α

[(
1− α

k

)i − (1− α
k

)i+1
]

for i = 1, 2, . . . , k. Then we define the submodular and supermodular functions as fol-

lows, f(X) =
[
k−α|X∩V2|

k

]∑
{i:vi∈X}wi +

|X∩V2|
k

, g(X) = |X| − βmin(1 + |X ∩ V1|, |X|, k) +

ϵmax(|X|, |X|+ β
1−β

(|X ∩V2|− k+1)) and h(X) = λf(X)+ (1−λ)g(X) for 0 ≤ α, β, λ ≤ 1

and ϵ = 1× 10−5. Immediately, we notice that κf = α and κg = β. In particular, we choose

α, β, λ = 0, 0.01, 0.02, . . . , 1 and for all cases, we normalize h(X) using either exhaustive

search so that OPT = h(X∗) = 1. Since we are doing a proof-of-concept experiment to ver-

ify the guarantee, we are interested in the worst case performance at curvatures κf and κg.

In Figure 2.2(a), we see that both methods are always above the theoretical worst case guar-

antee, as expected. Interestingly, SemiGrad is doing significantly better than GreedMax

demonstrating the different behavior of the algorithms, despite their identical guarantee.

Moreover, the gap between GreedMax and the bound layer is small (the maximum differ-

ence is 0.1852), which suggests the guarantee for greedy may be almost tight in this case.

The above example is designed to show the tightness of GreedMax and the better

potential performance of SemiGrad. For a next experiment, we again let |V | = 20 and

k = 10, partition the ground set into |V1| = |V2| = k, V1 ∪ V2 = V . Let f(X) = |X ∩ V1|α

and g(X) = max(0, |X∩V2|−β
1−β

) 0 ≤ α, β ≤ 1, and normalize h (by exhaustive search) to ensure

OPT = h(X∗) = 1. Immediately, we notice that the curvature of f is κf = 1− kα +(k− 1)α

and the curvature of g is κg = β. The objective BP function is h(X) = f(X) + g(X).

We see that SemiGrad is again doing better than GreedMax in most but not all cases

(Figure 2.2(b)) and both are above their bounds, as they should be.

Appendices

2.A Proof of Lemma 1

Lemma 1. [123] There exists an instance of a BP maximization problem that can not be

approximately solved to any positive factor in polynomial time.

Proof. We consider the BP problem with ground set n and a cardinality constraint |X| ≤
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k = n/2. Let R ⊆ V be an arbitrary set with |R| = k. Let f = 0 and g′(X) = max(|X|−k, 0)

so that g′(X) = 0 for all |X| = k. g′(X) is clearly supermodular.

Let g(X) = g′(X) for all X ̸= R but g(R) = 0.5. We notice that for X ⊂ V and v /∈ X,

g(v|X) = 0 if |X| ≤ k − 2, g(v|X) = 0 or 0.5 if |X| = k − 1, g(v|X) = 0.5 or 1 if |X| = k,

and g(v|X) = 1 if |X| ≥ k + 1. Immediately, we have for all X ⊂ Y ⊂ V and v /∈ Y ,

g(v|X) ≤ g(v|Y ). Therefore, g(X) is also supermodular.

Next, we use a proof technique similar to [118]. Note that g′(X) = g(X) if and only

if X ̸= R. So for any algorithm maximizing g(X), before it evaluates g(R), all function

evaluations are the same with maximizing g′(X). Additionally, since g′(X) = max(|X|−k, 0),

it is permutation symmetric. Therefore, the algorithm can only do random search to find

R. If the algorithm acquires a polynomial number O(nm) of sets of size k, the probability of

finding R is O(nm)

(nk)
≤ O(nm)

(n/k)k
= O(nm)

2n/2 ≤ O(2−n/2+ϵn) for all ϵ > 0. Therefore, no polynomial

time algorithm can distinguish g and g′ with probability greater than 1 − O(2−n/2+ϵn) and

will return 0 in almost all cases.

Hence, we have max|X|≤k f(X)+g(X) = 0.5 > 0 so no polynomial algorithm can do better

than max|X|≤k f(X) + g′(X) = 0 with high probability, or has any positive guarantee.

2.B Proof of Lemma 3

We begin with the following four-part lemma,

Lemma 9. For a BP function h(X) = f(X) + g(X), we have

(i) h(v|Y ) ≥ (1− κf )h(v|X) for all X ⊆ Y ⊂ V and v /∈ Y

(ii) h(v|Y ) ≤ 1
1−κgh(v|X) for all X ⊆ Y ⊂ V and v /∈ Y

(iii) h(X|Y ) ≥ (1− κf )
∑

v∈X\Y h(v|Y ) for all X, Y ⊆ V

(iv) h(X|Y ) ≤ 1
1−κg

∑
v∈X\Y h(v|Y ) for all X, Y ⊆ V
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Proof. (i) κf = 1−minv∈V
f(v|V \{v})

f(v)
, therefore, f(v|V \ {v}) ≥ (1− κf )f(v) for all v.

So we have f(v|Y ) ≥ f(v|V \ {v}) ≥ (1 − κf )f(v) ≥ (1 − κf )f(v|X) and g(v|Y ) ≥

g(v|X) ≥ (1 − κf )g(v|X) for all X ⊆ Y ⊂ V and v /∈ Y . Therefore, h(v|Y ) ≥

(1− κf )h(v|X) for all X ⊂ Y ⊆ V and v /∈ Y .

(ii) κg = 1−minv∈V
g(v)

g(v|V \{v}) , therefore, g(v|V \ {v}) ≤
1

1−κg g(v) for all v.

So we have g(v|Y ) ≤ g(v|V \ {v}) ≤ 1
1−κg g(v) ≤ 1

1−κg g(v|X) and f(v|Y ) ≤ f(v|X) ≤
1

1−κg f(v|X) for all X ⊆ Y ⊂ V and v /∈ Y . Therefore, h(v|Y ) ≤ 1
1−κgh(v|X) for all

X ⊂ Y ⊆ V and v /∈ Y .

(iii) Let X \ Y be {v1, . . . , vm}, h(X|Y ) =
∑

i=1,2,...,m h(vi|Y ∪ {v1} ∪ {v2} ∪ . . .∪ {vi−1}) ≥

(1− κf )
∑

i=1,2,...,m h(vi|Y ) = (1− κf )
∑

v∈X\Y h(v|Y ), according to Lemma (i).

(iv) Let X \ Y be {v1, . . . , vm}, h(X|Y ) =
∑

i=1,2,...,m h(vi|Y ∪ {v1} ∪ {v2} ∪ . . .∪ {vi−1}) ≤
1

1−κg

∑
i=1,2,...,m h(vi|Y ) = 1

1−κg

∑
v∈X\Y h(v|Y ), according to Lemma (ii).

Lemma 3. For any chain of solutions ∅ = S0 ⊂ S1 ⊂ . . . ⊂ Sk, where |Si| = i, the following

holds for all i = 0 . . . k − 1,

h(X∗) ≤ κf
∑

j:sj∈Si\X∗

aj +
∑

j:sj∈Si∩X∗

aj + h(X∗ \ Si|Si) (2.4)

where {si} = Si \ Si−1, ai = h(si|Si−1) and X
∗ is the optimal set.

Proof. For any i = 0, . . . , k − 1, we focus on the term h(X∗ ∪ Si).

According to basic set operations,

h(X∗ ∪ Si) = h(Si) + h(X∗|Si) = (2.24)

=
∑

j:sj∈Si\X∗

aj +
∑

j:sj∈Si∩X∗

aj + h(X∗ \ Si|Si). (2.25)
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We can also express h(X∗∪Si) the other way around, h(X∗∪Si) = h(X∗)+h(Si\X∗|X∗).

Since we already have an order of element in Si, we can expand h(Si \ X∗|X∗). When

adding sj to the context Sj−1 ∪ X∗ we do not need add elements that are not in Si \ X∗

since h(sj|X∗ ∪ Sj−1) = 0 if sj ∈ X∗. Thus, using Lemma 9 (i), we get h(X∗ ∪ Si) =

h(X∗) +
∑

j:sj∈Si\X∗ h(sj|X∗ ∪ Sj−1) ≥ h(X∗) + (1− κf )
∑

j:sj∈Si\X∗ h(sj|Sj−1).

Therefore, we have inequalities on both sides of h(X∗∪Si) and we can join them together

to get:

h(X∗) + (1− κf )
∑

j:sj∈Si\X∗

aj ≤ κf
∑

j:sj∈Si\X∗

aj +
∑

j:sj∈Si∩X∗

aj + h(X∗ \ Si|Si), (2.26)

or

h(X∗) ≤ κf
∑

j:sj∈Si\X∗

aj +
∑

j:sj∈Si∩X∗

aj + h(X∗ \ Si|Si). (2.27)

2.C Proof of Lemma 4

We begin with an important lemma that is used both for the proof of Lemma 4 and also for

the proof of Theorem 3.

Lemma 10. Given any chain of solutions ∅ = S0 ⊂ S1 ⊂ . . . ⊂ Sk such that |Si| = i, if the

following holds for all i = 0 . . . k − 1:

h(X∗) ≤ α
∑

j:sj∈Si\X∗

aj +
∑

j:sj∈Si∩X∗

aj +
k − |X∗ ∩ Si|

1− β
ai+1 (2.28)

where 0 ≤ α, β ≤ 1 and si = Si \ Si−1, and ai = h(si|Si−1), then we have

h(Sk) ≥
1

α

[
1−

(
1− (1− β)α

k

)k
]
h(X∗). (2.29)

Proof. Assume β < 1 as otherwise the bound is immediate. This lemma aims to show one

inequality (Equation (2.29)) based on k other inequalities (Equation (2.28)) with k variables

a1, . . . , ak. In the inequalities, sj ∈ Sk ∩ X∗ and sj ∈ Sk \ X∗ are not treated identically.
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We will, in fact, correspondingly treat the indices of the elements in Sk ∩X∗ as parameters.

Recall, Sk = {s1, s2, . . . , sk} is an ordered set and Sk has index set {1, 2, . . . , k} = [k]. Let

B = {b1, . . . , bp} ⊆ [k] be the set of indices of Sk ∩ X∗ where bi’s are in increasing order

(so bi < bi+1) and p = |Sk ∩ X∗|. Thus, i ∈ B means si ∈ Sk ∩ X∗, and i ∈ [k] \ B means

si ∈ Sk \X∗.

Our next step is to view this problem as a set of parameterized (by B) linear programming

problems. Each linear programming problem is characterized as finding:

T (B) = T (b1, b2, . . . , bp) = min
a1,a2,...,ak

k∑
i=1

ai (2.30)

subject to

h(X∗) ≤ α
∑

j∈[i−1]\Bi−1

aj +
∑

j∈Bi−1

aj +
k − |Bi−1|
1− β

ai, for i = 1, . . . , k. (2.31)

where Bi = {b ∈ B|b ≤ i}. In this LP problem, a1, . . . , ak are non-negative variables, and

k, α, β and h(X∗) are fixed values. Different indices B = {b1, b2, . . . , bp} define different LP

problems, and our immediate goal is to show that T (∅) ≤ T (b1, b2, . . . , bp) for all b1, b2, . . . , bp

and p ≥ 0. In the below, we will use Υ(B, a, i) to refer to the right hand side of Equa-

tion (2.31) for a given set B, vector a, and index i = 1, . . . , k, and hence Equation (2.31)

becomes h(X∗) ≤ Υ(B, a, i) for i = 1, . . . , k. Note that Υ(B, a, i) is linear in a with non-

negative coefficients.

First, we show that there exists an optimal solution4 a1, a2, . . . , ak s.t. for all r ≤ k − 1

with r ∈ B, ar ≤ ar+1. Let ra be the largest r s.t. r ≤ k− 1, r ∈ B and ar > ar+1; if such an

r does not exist, let ra = 0. Our goal here is equivalent to showing, for any feasible solution

{ai}ki=1 with ra > 0, we can create another feasible solution {a′i}
k
i=1 with ra′ = 0 and the

objective
∑k

i=1 a
′
i ≤

∑k
i=1 ai. We do this iteratively, by in each step showing that for any

feasible solution {ai}ki=1 with ra > 0, we can create another feasible solution {a′i}
k
i=1 with

ra′ ≤ ra − 1 and with objective having
∑k

i=1 a
′
i ≤

∑k
i=1 ai. Repeating this argument leads

ultimately to ra′ = 0.

4Optimal in this case means for the LP, distinct from the optimal BP maximization solution X∗.
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Let r = ra for notational simplicity. Consider the rth and (r + 1)th inequalities:

h(X∗) ≤ α
∑

j≤[r−1]\Br−1

aj +
∑

j∈Br−1

aj +
k − |Br−1|

1− β
ar (2.32)

and

h(X∗) ≤ α
∑

j≤[r−1]\Br−1

aj +
∑

j∈Br−1

aj + ar +
k − |Br−1| − 1

1− β
ar+1. (2.33)

Since ar > ar+1 and β < 1, k−|Br−1|
1−β

ar >
k−|Br−1|−1

1−β
ar+1 + ar and thus the r.h.s. of Eq. (2.32)

is always strictly larger than the r.h.s. of Eq. (2.33).

Therefore, Eq. (2.32) is not tight and it is possible to decrease ar a little bit. Let {a′i} be

another set of solutions with a′i = ai for all i = 1, 2, . . . , r−1; a′r = ar−ϵ; a′i = ai+ϵ/(k−|Br|)

for i = r+ 1, r+ 2, . . . , k and ϵ =
[
1− 1−β

k−|Br−1|

]
[ar − ar+1]. It is easy to see that ϵ > 0 since

|Br−1| ≤ r − 1 ≤ k − 2.

Below, we show that a′r ≤ a′r+1. First, we notice
∑k

i=1 a
′
i ≤

∑k
i=1 ai since |Br| ≤ r and

−ϵ + k−r
k−|Br|ϵ ≤ 0. Next, we want to show that a′1, a

′
2, . . . , a

′
k is still feasible. As mentioned

above, define Υ(B, a, i) = α
∑

j∈[i−1]\Bi−1
aj +

∑
j∈Bi−1

aj +
k−|Bi−1|

1−β
ai.

We examine if h(X∗) ≤ Υ(B, a′, i) or not for each i.

1. For i = 1, 2, . . . , r − 1, Υ(B, a′, i) = Υ(B, a, i) ≥ h(X∗).

2. For i = r, Υ(B, a′, r) − Υ(B, a, r + 1) = k−|Br−1|
1−β

[ar − ϵ] − ar − k−|Br−1|−1
1−β

ar+1 ≥
k−|Br−1|

1−β
[ar − ar+1]+ar+1−ar−k−|Br−1|

1−β
ϵ =

[
k−|Br−1|

1−β
− 1
]
[ar − ar+1]−k−|Br−1|

1−β

[
1− 1−β

k−|Br−1|

]
[ar − ar+1] =

0. So Υ(B, a′, r) ≥ Υ(B, a, r + 1) ≥ h(X∗).

3. For i = r+1, r+2, . . . , k, we compare Υ(B, a′, i) with Υ(B, a, i). Note that Υ(B, a, i) =

α
∑

j∈[i−1]\Bi−1
aj +

∑
j∈Bi−1

aj +
k−|Bi−1|

1−β
ai and it has three terms, that we consider

individually.

3.1. The first term is not decreasing since a′i < ai only if i = r, but r /∈ [i− 1] \ Bi−1.

The increment therefore is at least 0.
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3.2. ar appears in the second term once, and when changing to a′r, will decreases the

value by ϵ. However, a′j = aj + ϵ/(k − |Br|) for all j = r + 1, r + 2, . . . , k. Imme-

diately, we notice the number of such aj in the second term is
∑

j∈Bi−1,j≥r+1 1 =∑
j∈Bi−1,j /∈Br

1 = |Bi−1|−|Br|. So the increment of the second term is |Bi−1|−|Br|
k−|Br| ϵ−

ϵ.

3.3. The third term is increased by k−|Bi−1|
(1−β)(k−|Br|)ϵ ≥

k−|Bi−1|
k−|Br| ϵ.

So overall, the increment is greater than or equal to |Bi−1|−|Br|
k−|Br| ϵ − ϵ + k−|Bi−1|

k−|Br| ϵ ≥ 0,

which means Υ(B, a′, i) ≥ Υ(B, a, i) = h(X∗).

Therefore, {a′i}
k
i=1 still satisfies all the constraints but

∑k
i=1 a

′
k ≤

∑k
i=1 ak. Note that r =

ra = max({r′ ∈ B|r′ ≤ k − 1, ar′ > ar′+1}) by definition. And we have a′i = ai +
ϵ

k−|Br| for

i = r+1, r+2, . . . , k. Therefore, a′r′ ≤ a′r′+1 for any r
′ ∈ B∩ [r+1, k−1]. Next we calculate

a′r − a′r+1 = ar − ar+1 − ϵ − ϵ
k−|Br| =

[
1−

(
1 + 1

k−|Br|

)(
1− 1−β

k−|Br−1|

)]
(ar − ar+1) ≤ 0.

Therefore, a′r′ ≤ a′r′+1 for all r′ ∈ B ∩ [r, k − 1] which implies ra′ ≤ ra − 1.

By repeating the above steps, we can get a feasible solution {a′′} s.t. ra′′ = 0 and∑k
i=1 a

′′
k ≤

∑k
i=1 ak. Therefore, from any optimal solution {ai}ki=1, we can also create an-

other optimal solution {a′′i } s.t. for all r ∈ B and r ≤ k − 1, we have a′′r ≤ a′′r+1. W.l.o.g, we

henceforth consider only the optimal solutions {ai}ki=1 with ra = 0.

Second, we assume r ∈ B but r + 1 /∈ B for some r ≤ k − 1. We can create B′ =

B∪{r + 1}\{r} and show for all {ai}ki=1 that satisfies the constraints of B, {ai}ki=1 will also

still satisfy the constraints of B′ by showing that Υ(B′, a, i) ≥ Υ(B, a, i) for i = 1, . . . , k.

We consider each i in turn.

1. For i = 1, 2, . . . , r, Υ(B, a, i) = Υ(B′, a, i).

2. If i = r + 1, we notice ar moves from the second term to the first, and the third term

is changed from k−|Br|
1−β

ar+1 to k−|B′
r|

1−β
ar+1 and |B′

r| = |Br| − 1. So the overall value is

increased by Υ(B′, a, i)−Υ(B, a, i) = 1
1−β

ar+1 − (1− α)ar ≥ 0 since ar ≤ ar+1.
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3. For i = r+2, r+3, . . . , k, we notice that the third term does not change but ar moves

from the second term to the first and ar+1 moves from the first term to the second.

Thus, the value is increased by Υ(B′, a, i) − Υ(B, a, i) = (1 − α)(ar+1 − ar) ≥ 0 since

ar ≤ ar+1.

Since Υ(B′, a, i) ≥ Υ(B, a, i) for i = 1, . . . , k, we have that T (B′) ≤ T (B). Therefore, if we

see two indexes in B differ by at least 2, we can increase the first index by 1. Repeating this

process, we get

T (B) ≥ T (k − p+ 1, k − p+ 2, . . . , k). (2.34)

Third, if {ai}ki=1 satisfies the constraints for B = {k−p+1, k−p+2, . . . , k}and ak−p+1 ≤

. . . ≤ ak, then {ai}ki=1 also must satisfy the constraints for B′ = {k− p+2, k− p+3, . . . , k}.

We show that Υ(B′, a, i) ≥ Υ(B, a, i) for i = 1, . . . , k and again consider each i in turn.

1. For i = 1, 2, . . . , k − p+ 1, Υ(B′, a, i) = Υ(B, a, i).

2. For i = k − p+ 2, k − p+ 3, . . . , k, the change of the value is Υ(B′, a, i)−Υ(B, a, i) =

(α−1)ak−p+1+
1

1−β
ai. We notice that ai ≥ ak−p+1 since k−p+1, k−p+2, . . . , i−1 ∈ B.

Thus, we have Υ(B′, a, i)−Υ(B, a, i) ≥ 0 and correspondingly T (B) ≥ T (B′).

Repeating this process, therefore, we have that

T (B) ≥ T (∅) (2.35)

Finally, we calculate T (∅). ForB = ∅ and any feasible (for Equation (2.31)) a1, a2, . . . , ak,

let Ti be the partial sum Ti =
∑i

j=1 aj for i = 0, . . . , k with T0 = 0. We get, for i = 1, . . . , k

that h(X∗) ≤ Υ(∅, a, i) which takes the form

h(X∗) ≤ α
∑

j∈[i−1]

aj +
k

1− β
ai, (2.36)

which is the same as

h(X∗) ≤ αTi−1 +
k

1− β
(Ti − Ti−1), (2.37)
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and also, after multiplying both sides by (1 − β)/k and then adding (1/α)h(X∗) to both

sides, the same as

1

α
h(X∗)− Ti ≤

(
1− (1− β)α

k

)(
1

α
h(X∗)− Ti−1

)
. (2.38)

(2.39)

We then repeatedly apply all k inequalities from i = k, . . . , 1, to get

1

α
h(X∗)− Tk ≤

(
1− (1− β)α

k

)k (
1

α
h(X∗)− T0)

)
(2.40)

yielding

Tk ≥
1

α

[
1−

(
1− (1− β)α

k

)k
]
h(X∗). (2.41)

Let γ = 1
α

[
1−

(
1− (1−β)α

k

)k]
. So, for B = ∅ and any feasible a1, a2, . . . , ak, we have∑k

j=1 aj = Tk ≥ γh(X∗). Therefore T (∅) = mina1,a2,...,ak

∑k
i=1 ai ≥ γh(X∗).

Recall that T (B) ≥ T (∅) for all B. We thus have, with ai = h(si|{s1, . . . , si−1}) (which

are also feasible for Equation (2.31) with B again the indices of Sk ∩X∗, which follows from

Equation 2.43), h(Sk) =
∑k

i ai ≥ T (B) ≥ T (∅) ≥ γh(X∗).

Lemma 4. GreedMax is guaranteed to obtain a solution X̂ such that

h(X̂) ≥ 1

κf

[
1−

(
1− (1− κg)κf

k

)k
]
h(X∗) (2.5)

where X∗ ∈ argmax|X|≤k h(X), h(X) = f(X) + g(X), κf is the curvature of submodular f

and κg is the curvature of supermodular g.

Proof. According to Lemma 3, for all i = 0, . . . , k − 1,

h(X∗) ≤ κf
∑

j:sj∈Si\X∗

aj +
∑

j:sj∈Si∩X∗

aj + h(X∗ \ Si|Si) (2.42)

SinceGreedMax is choosing the feasible element with the largest gain, we have h(v|Si) ≤

h(si+1|Si) for all feasible v ∈ X∗. In fact, all elements in X∗ \ Sj are feasible since we are
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considering a cardinality constraint and |Sj| ≤ k − 1. Also, |X∗ \ Sj| = |X∗| − |X∗ ∩ Sj| =

k − |X∗ ∩ Sj|, and therefore from Lemma 3 and Lemma 9(iv), we have that:

h(X∗) ≤ κf
∑

j:sj∈Si\X∗

aj +
∑

j:sj∈Si∩X∗

aj +
k − |X∗ ∩ Si|

1− κg
ai+1 (2.43)

Lemma 10 then yields Equation (2.5) which shows the result for Lemma 4.

2.D Proof of Theorem 2

Theorem 2. Theoretical guarantee in the pmatroids case. GreedMax is guaranteed

to obtain a solution X̂ such that

h(X̂) ≥ 1− κg

(1− κg)κf + p
h(X∗) (2.10)

where X∗ ∈ argmaxX∈M1∩...∩Mp
h(X), h(X) = f(X) + g(X), κf is the curvature of submod-

ular f and κg is the curvature of supermodular g.

Proof. The greedy procedure produces a chain of solutions S0, S1, . . . , Sk such that |Si| = i,

Si ⊂ Si+1, where k is the iteration after which any addition to Sk is infeasible in at least one

matroid, and hence5 |X̂| = k. Immediately, we notice all Si and X
∗ are independent sets for

all p matroids.

For j = 0, . . . , k and l = 1, . . . , p, there exist at least max(|X∗|−j, 0) elements v ∈ X∗\Sj

s.t. v /∈ Sj and Sj+v ∈ I(Ml), which follows from the third property in the matroid definition.

Therefore, for j = 0, . . . , k− 1, l = 1, . . . , p, there are at most j elements of X∗ that can not

be added to Sj.

We next consider the intersection of all p matroids. For j = 0, . . . , k, since in each

matroid, there are at most j elements of X∗ that cannot be added to Sj, the total possible

number of elements for which there exists at least one matroid preventing us from adding to

Sj is jp (the case that the p sets of at most j elements are disjoint). In other words, there

are at least max(|X∗| − pj, 0) different v ∈ |X∗| s.t. v /∈ Sj, Sj ∪ {v} ∈ M1 ∩ . . . ∩Mp.

5There should be no confusion here that the k we refer to in this section is not any cardinality constraint,
but rather the size of the greedy solution.
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We claim |X∗| ≤ pk as otherwise, by setting j = k above, there are still feasible elements

in X∗ \Sk in the context of Sk, which indicates that GreedMax has not ended at iteration

k. Therefore, we are at liberty to create pk− |X∗| dummy elements, that are always feasible

(i.e., independent in all matroids) and that have h(v|X) = 0 for all X ⊂ V for each dummy

v. We add these dummy elements to X∗ and henceforth assume, w.l.o.g., that |X∗| = pk.

We next form an ordered k-partition of X∗ = X0 ∪X1 ∪ . . .∪Xk−1. We show below that

it is possible to form this partition so that it has the following properties for j = 0, . . . , k−1:

1. |Xj| = p;

2. for all v ∈ Xj, we have v /∈ Sj and Sj ∪ {v} ∈ M1 ∩ . . . ∩Mp (i.e., v can be added to

Sj);

3. and for all j s.t. sj+1 ∈ X∗ ∩ Sk, we have sj+1 ∈ Xj.

Immediately, we notice that property 3 is compatible with property 2.

We construct this partition in an order reverse from that of the greedy procedure, that is

we create Xj from j = k−1 to 0. Recall that, at each step with index j = k−1, k−2, . . . , 0,

there are at least |X∗| − pj = p(k − j) elements in X∗ can be added to Sj.

When j = k− 1, there are at least p candidate elements6 in X∗ and we choose p of them

to form Xk−1. The element sk can be added to Sk−1 because the greedy algorithm only adds

feasible elements and hence, if also sk ∈ X∗, then sk can be one of the elements in Xk−1.

Thus, abiding property 3 above, we place sk ∈ Xk−1.

Continuing, for j = k − 2, k − 3, . . . , 0, there are at least p candidate elements in X∗ \

[Xk−1 ∪Xk−2 ∪ . . . ∪Xj+1] since |Xk−1 ∪ Xk−2 ∪ . . . ∪ Xj+1| = p(k − j − 1) and we choose

p of them for Xj. Moreover, if sj+1 ∈ X∗, we notice sj+1 may be one of those candidate

elements because of the greedy properties and since sj+1 /∈ [Xk−1 ∪Xk−2 ∪ . . . ∪Xj+1] (this

follows because sj+1 ∈ Sj′ for any j′ ≥ j + 1, so sj+1 is not a candidate element at step

6Elements that can be added at the given step.
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j′ = k − 2, . . . , j + 1). Similar to what was done in step k − 1, we again choose p candidate

elements to form Xj, and, if sj+1 ∈ X∗, we place sj+1 ∈ Xj.

We then arrive at partition X∗ = X0 ∪ X1 ∪ . . . ∪ Xk−1 with the aforementioned three

properties.

Next, we order the elements in X∗ = {x1, . . . , xpk} where
{
xjp+1, xjp+2, . . . , x(j+1)p

}
= Xj

for j = 0, 1, . . . , k − 1. According to greedy, we have h(xjp+t|Sj) ≤ h(sj+1|Sj) = aj+1 for

t = 1, . . . , p. Recall that ai is defined to be h(si|Si−1). Moreover, if xjp+t ∈ X∗ ∩Sk, we have

xjp+t = sj+1.

According to Lemma 3 above,

h(X∗) ≤ κf
∑

j:sj∈Sk\X∗

aj +
∑

j:sj∈Sk∩X∗

aj + h(X∗ \ Sk|Sk) (2.44)

= κf
∑

j:sj∈Sk\X∗

aj +
∑

j:sj∈Sk∩X∗

h(sj|Sj−1) +

pk∑
i=1

h(xi|Sk ∪ {x1} . . . ∪ {xi−1})1{xi∈X∗\Sk}

(2.45)

≤ κf
∑

j:sj∈Sk\X∗

aj +
1

1− κg
∑

j:sj∈Sk∩X∗

h(sj|Sj−1) +
1

1− κg
k−1∑
j=0

p∑
t=1

h(xjp+t|Sj)1{xjp+t∈X∗\Sk}

(2.46)

= κf
∑

j:sj∈Sk\X∗

aj

+
1

1− κg

 ∑
j:sj∈Sk∩X∗

h(sj|Sj−1) +
k−1∑
j=0

p∑
t=1

h(xjp+t|Sj)−
k−1∑
j=0

p∑
t=1

h(xjp+t|Sj)1{xjp+t∈X∗∩Sk}


(2.47)

= κf
∑

j:sj∈Sk\X∗

aj

+
1

1− κg

 ∑
j:sj∈Sk∩X∗

h(sj|Sj−1) +
k−1∑
j=0

p∑
t=1

h(xjp+t|Sj)−
∑

j:sj∈Sk∩X∗

h(sj|Sj−1)


(2.48)
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≤ κf
∑

j:sj∈Sk\X∗

aj +
1

1− κg
k−1∑
j=0

p∑
t=1

aj+1 (2.49)

≤
[
κf +

p

1− κg

] k−1∑
j=0

aj+1 =

[
κf +

p

1− κg

]
h(X̂) (2.50)

where 1{condition} equals 1 if the condition is met and is 0 otherwise. Lines (2.45) to (2.46)

hold because of Lemma 9 (ii). As for lines (2.47) to (2.48), we notice xjp+t = sj+1 if

xjp+t ∈ X∗ ∩ Sk. Lines 2.48 to 2.49 follows via the greedy procedure.

Therefore, we have our result which is

h(X̂) ≥ 1− κg

(1− κg)κf + p
h(X∗). (2.51)

2.E Proof of Theorem 3

Theorem 3. SemiGrad initialized with the empty set is guaranteed to obtain a solution X̂

for the cardinality constrained case such that

h(X̂) ≥ 1

κf

[
1− e−(1−κg)κf

]
h(X∗) (2.11)

where X∗ ∈ argmax|X|≤k h(X), h(X) = f(X) + g(X), & κf (resp. κg) is the curvature of f

(resp. g).

Proof. If SemiGrad is initialized by empty set, we need to calculate the semigradient of g

at ∅. By definition, we have

mg,∅,1(Y ) = mg,∅,2(Y ) =
∑
v∈Y

g(j) (2.52)

So in the first step of SemiGrad, we are optimizing h′(X) = f(X) +mg(X) = f(X) +∑
v∈X g(v) by GreedMax. We will focus elusively on this step as later iterations can only

improve the objective value.
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According to Lemma 3, we have

h(X∗) ≤ κf
∑

j:sj∈Si\X∗

h(sj|Sj−1) +
∑

j:sj∈Si∩X∗

h(sj|Sj−1) + h(X∗ \ Sj|Sj) (2.53)

Since GreedMax is choosing the feasible element with the largest gain, in the semi-

gradient approximation we have h′(v|Si) ≤ h′(si+1|Si) instead of h(v|Si) ≤ h(si+1|Si). We

get:

h(X∗ \ Sj|Sj) = f(X∗ \ Sj|Sj) + g(X∗ \ Sj|Sj) (2.54)

≤
∑

v∈X∗\Sj

f(v|Sj) +
1

1− κg
∑

v∈X∗\Sj

g(v) (2.55)

≤ 1

1− κg
∑

v∈X∗\Sj

h′(v|Sj) (2.56)

≤ 1

1− κg
∑

v∈X∗\Sj

h′(sj+1|Sj) (2.57)

=
1

1− κg
∑

v∈X∗\Sj

f(sj+1|Sj) + g(sj+1) (2.58)

≤ 1

1− κg
∑

v∈X∗\Sj

f(sj+1|Sj) + g(sj+1|Sj) (2.59)

=
|X∗ \ Sj|
1− κg

h(sj+1|Sj) (2.60)

And hence,

h(X∗) ≤ κf
∑

j:sj∈Si\X∗

ai +
∑

j:sj∈Si∩X∗

ai +
k − |X∗ ∩ Si|

1− κg
si+1. (2.61)

where ai = h(si|Si−1). We then use Lemma 10 to finish the proof.

2.F Proof of Theorem 4

Theorem 4. SemiGrad initialized with the empty set is guaranteed to obtain a solution X̂,

feasible for the p matroid constraints, such that

h(X̂) ≥ 1− κg

(1− κg)κf + p
h(X∗) (2.12)
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where X∗ ∈ argmaxX∈M1∩...∩Mp
h(X), h = f +g, & κf (resp. κg) is the curvature of f (resp.

g).

Proof. If SemiGrad is initialized by empty set, we need to calculate the semigradient of g

at ∅. By definition, we have

mg,∅,1(Y ) = mg,∅,2(Y ) =
∑
v∈Y

g(j) (2.62)

So in the first step of SemiGrad, we are optimizing h′(X) = f(X) +mg(X) = f(X) +∑
v∈X g(v) by GreedMax. We will focus on this step.

According to Lemma 3, we have

h(X∗) ≤ κf
∑

j:sj∈Si\X∗

h(sj|Sj−1) +
∑

j:sj∈Si∩X∗

h(sj|Sj−1) + h(X∗ \ Sj|Sj) (2.63)

We then follow the proofs of Theorems 2 and 3. The only difference is that in Theorem 2

we have h(v|Si) ≤ h(si+1|Si) for all feasible v, but in this proof, we have h′(v|Si) ≤ h′(si+1|Si),

which does not affect the proof as shown in the proof of Theorem 3.

2.G Proof of Theorem 5

Lemma 11. (lemma 4.1 from [118]) Let R be a random subset of V of size α = x
√
n

5
, let

β = x2

5
, and let x be any parameter satisfying x2 = ω(lnn) and such that α and β are integer.

Let f1(X) = min(|X|, α) and f2(X) = min(β + |X ∩ R̄|, |X|, α). Any algorithm that makes

a polynomial number of oracle queries has probability n−ω(1) of distinguishing the functions

f1 and f2.

Theorem 5. Hardness for cardinality constrained case. For all 0 ≤ β ≤ 1, there

exists an instance of a BP function h = f + g with supermodular curvature κg = β such

that no poly-time algorithm solving Problem 1 with a cardinality constraint can achieve an

approximation factor better than 1− κg + ϵ, for any ϵ > 0.
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Proof. κg = α = 0 is trivial since no algorithm can do better than 1.

The case when κg = 1 can be proven using the example in Lemma 1. g(X) = max{|X|−

k, 0}, except for a special set R where g(R) = 0.5 and |R| = k.

For the other case, we prove this result using the hardness construction from [44, 118].

The intuition is to construct two supermodular functions, g and g′ both with curvature

κg which are indistinguishable7 with high probability in polynomial many function queries.

Therefore, any polynomial time algorithm to maximize g(X) can not find X̂ ⊆ V with

|X̂| ≤ k s.t. g(X̂) > maxX≤k g
′(X); otherwise we will have g(X̂) > maxX≤k g

′(X) ≥ g′(X̂)

which contradicts the indistinguishability. In this case, the approximate ratio g(X̂)
OPT

≤ OPT′

OPT

where OPT = maxX≤k g(X) and OPT′ = maxX≤k g
′(X). The guarantee, by definition, is

the best case approximate ratio and, thus no greater than OPT′

OPT
. If any polynomial algorithm

has a guarantee greater than OPT′

OPT
, then it contradicts the information theoretic hardness.

This is meaningful if OPT′ < OPT.

Let g(X) = |X| − βmin{γ + |X ∩ R̄|, |X|, α} and g′(X) = |X| − βmin{|X|, α} , where

R ⊆ V is a random set of cardinality α. Let α = x
√
n/5 and γ = x2/5 and let x be any

parameter satisfying x2 = ω(lnn) s.t. γ < α are positive integers and α ≤ n
2
− 1.8 g and

g′ are modular minus submodular functions, which implies supermodularity. Monotonicity

follows from g(v|X), g′(v|X) ≥ 0. Also, OPT = α− βγ > OPT′ = α(1− β).

Next, we calculate the supermodular curvature. g(∅) = g′(∅) = 0. g(v) = g′(v) = 1−β for

all v ∈ V since α, γ ≥ 1. g(V \ {v}) = g′(V \ {v}) = n− 1− βα and g(V ) = g′(V ) = n− βα

for all v ∈ V since α ≤ n
2
− 1. Therefore, κg = 1 − minv∈V

g(v)
g(v|V−v)

= β. κg
′
= 1 −

minv∈V
g′(v)

g′(v|V−v)
= β. So g and g′ are monotone non-decreasing supermodular functions with

curvature β. Let f(X) = 0 for all X and h(X) = f(X) + g(X) = g(X) is the objective BP

function.

Any algorithm that uses a polynomial number of queries can distinguish g and g′ with

7Indistinguishable means for all sets X that the algorithm evaluates, g(X) = g′(X).

8These examples and the specific parameters like 5 are adopted from [118].
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probability only n−ω(1) according to Lemma 11 [118]. More precisely, g(X) > g′(X)9 if and

only if γ + |X ∩ R̄| < |X| and γ + |X ∩ R̄| < α. It is equivalent with asking |X ∩R| > γ and

|X ∩ R̄| < α − γ. Moreover, Pr(g(X) ̸= g′(X)), where randomness is over random subsets

R ⊆ V of size α, is maximized when |X| = α [118]. In this case, the two conditions become

identical, and since |X| = |X ∩ R̄|+ |X ∩R|, the condition g(X) > g′(X) happens when only

|X ∩R| > γ. Intuitively, E|X ∩R| = α2

n
= γ

5
where R is a random set (of arbitrary size) and

X is an arbitrary but fixed set of size α. So |X ∩ R| is located in small interval around γ
5

and is hardly ever be larger than γ for large n according to the law of large numbers. While

this is only the intuition, a similar reasoning in [118] offers more details.

Therefore, the output X̂ of any polynomial algorithm must satisfies g(X̂) ≤ maxX≤k g
′(X)

since, otherwise the algorithm actually distinguishes the two function at X̂, g(X̂) > maxX≤k g
′(X) ≥

g′(X̂). The approximate ratio g(X̂)
OPT

≤ OPT′

OPT
= α−κgα

α−κgγ
= (1 − κg) 1

1−κg

√
ω(logn)

n

≤ 1 − κg + ϵ.

Therefore, the guarantee of any polynomial algorithm, that, by definition, the best case ap-

proximate ratio, is no greater than 1− κg + ϵ for any ϵ > 0 since, otherwise contradicts the

information theoretic hardness.

2.H Proof of Theorem 6

Theorem 6. Hardness for p matroids constraint case. For all 0 ≤ β ≤ 1, there exists

an instance of a BP function h = f + g with supermodular curvature κg = β such that no

poly-time algorithm can achieve an approximation factor better than (1 − κg)O( ln p
p
) unless

P=NP.

Proof. Consider the p-set problem [47], let R be the maximum disjoint sets of these p sets.

No polynomial algorithm can find a larger number of disjoint sets than O( ln p
p
)|R| [47]. Let

k = O( ln p
p
)|R|. So no polynomial algorithm can find a feasible set with size larger than k

unless P=NP.

9Note that g(X) ≥ g′(X) for all X ⊆ V for any α and γ.
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Let h(X) = (1− β)|X| + βmax{|X| − k, 0}. It is easy to check that h is a BP function

with f = 0 and g = h with κg = β.

Therefore, the output X̂ of any polynomial algorithm that maximizes h under the p-set

constraint (expressible via the intersection of p matroids) must satisfy that |X| ≤ k and,

therefore, h(X̂) ≤ (1 − β)k unless P=NP. But h(X∗) ≥ h(R) = (1 − β)|R| + β(|R| − k) =

|R| − βk.

Thus, the approximate ratio

h(X̂)

h(X∗)
≤ (1− β)k
|R| − βk

≤
(1− β)O( ln p

p
)

1− βO( ln p
p
)
≤

(1− β)O( ln p
p
)

1
2

= (1− κg)O( ln p
p

). (2.64)

since the denominator 1− βO( ln p
p
) ≥ 1

2
asymptotically and 2O( ln p

p
) = O( ln p

p
).

2.I Submodularity Ratio and Generalized Curvature

In this section, we compare the pair κf , κ
g of curvatures with the submodularity ratio [20, 8].

We also show that both the generalized curvature introduced in [8] and the submodularity

ratio [20] appear to be hard to compute in general under the oracle model. Lastly, we

compare the pair κf , κ
g with another notion of curvature introduced in [116], showing a

simple inequality relationship in general and a correspondence when h = g.

2.I.1 Submodularity ratio

The submodularity ratio is defined as

γU,k(h) = min
L⊆U,S:|S|≤k,S∩L=∅

∑
x∈S h(x|L)
h(S|L)

(2.65)

with U ⊆ V and 1 ≤ k ≤ |V | = n, and typically we consider γV,n. We can establish a simple

lower bound of the submodularity ratio based on the supermodular curvature as follows.

Lemma 12. γV,n(h) ≥ 1− κg when h = f + g.

Proof. For all L ⊆ V and S ∩ L = ∅, we have
∑

x∈S h(x|L)
h(S|L) ≥ 1 − κg which follows from

Lemma 9(iv) Thus, γV,n(h) ≥ 1− κg.
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The function h is submodular if and only if γV,n = 1 so one might hope that given a

BP function h = f + g, that as γV,n(h) → 1, correspondingly κg → 0. This is not the case,

however, as can be seen by considering the following example.

Let a be an element of V and define the function g(A) = |A∩(V \{a})|+ϵ|A∩(V \{a})||A∩

{a}|, where ϵ > 0 is a very small number. Immediately, we have that g being supermodular

and monotone. Also note, if a /∈ A then g(A) = |A|; if a ∈ A then g(A) = (|A| − 1)(1 + ϵ).

First, we calculate the supermodular curvature κg. We have that g(a) = 0 and also

g(a|V \ {a}) = ϵ(n− 1). Therefore, the function is fully curved, κg = 1.

Next, we calculate the submodularity ratio γV,n = minL,S⊂V,S∩L=∅

∑
v∈S g(v|L)
g(S|L) . When |S| =

1,
∑

v∈S g(v|L)
g(S|L) = 1. When |S| ≥ 2, we have the following 3 cases (recall that S ∩ L = ∅ so

there is no forth case):

• a ∈ S. g(S|L) = g(S ∪ L)− g(L) = (|S|+ |L| − 1)(1 + ϵ)− |L| is very close to |S| − 1

for very small ϵ.
∑

v∈S g(v|L) = ϵ|L| + |S| − 1, which is also very close to |S| − 1 for

small ϵ. So
∑

v∈S g(v|L)
g(S|L) ≈ 1 for small ϵ.

• a ∈ L. g(S|L) = g(S ∪ L) − g(L) = |S|(1 + ϵ).
∑

v∈S g(v|L) = |S|(1 + ϵ). So∑
v∈S g(v|L)
g(S|L) = 1

• a /∈ S ∪ L. g(S|L) = |S| and
∑

v∈S g(v|L) = |S|. Therefore,
∑

v∈S g(v|L)
g(S|L) = 1.

In all cases,
∑

v∈S g(v|L)
g(S|L) is either 1 or very close to 1 for small ϵ, so γV,n has only 1 as an

upper bound. That is, we have an example function that is purely supermodular and fully

curved (κg = 1) for all non-zero values of ϵ, but the submodularity ratio can be arbitrarily

close to 1. If we consider a weighted sum of a submodular function and this supermodular

function, the submodularity ratio is again arbitrarily close to 1. Therefore, there does not

seem to be an immediately accessible strong relationship between the supermodular curvature

and the submodularity ratio.
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2.I.2 Hardness of Generalized Curvature and Submodularity Ratio

The generalized curvature Bian et al. [8] of a non-negative function h is the smallest scalar

α s.t.

h(v|S \ {v} ∪ Ω) ≥ (1− α)h(v|S \ {v}) (2.66)

for all S,Ω ⊆ V and v ∈ S \ Ω and this is used, in concert with the submodularity ratio, to

produce bounds such as 1
α
(1−e−αγ) for the greedy algorithm. Unfortunately, the generalized

curvature is hard to compute under the oracle model. We have the following.

Lemma 13. There exists an instance of a non-negative function h whose generalized cur-

vature can not be calculated in polynomial time, when we have only oracle access to the

function.

Proof. We consider a non-negative function h′ : 2V → R with ground set size equals n (n

is even number). Let h′(X) = |X| for all X ⊆ V . Let R ⊆ V be an arbitrary set with

|R| = n
2
. Define another set function h : 2V → R, h(X) = h′(X) for all X ⊆ V and X ̸= R;

h(R) = n
2
− 1.

First, we can easily calculate the generalized curvature of h′ and h. We have that αh′ = 0

since h′ is a non-decreasing modular function. For h, let S ∪ Ω = R, S ∩ Ω = ∅, |S|, |Ω| ≥ 1

and v ∈ S, we have h(v|S \ {v} ∪ Ω) = 0 and h(v|S \ {v}) = 1. Therefore α = 1 is the

smallest scalar s.t. h(v|S \ {v} ∪ Ω) ≥ (1− α)h(v|S \ {v}). So, as a conclusion of this part,

the generalized curvature of the two functions are not the same.

Next we use a proof technique similar to [118]. Note that h′(X) = h(X) if and only if

X ̸= R. So for any algorithm trying to calculate αh, before it evaluates h(R), all function

evaluations are the same with calculating αh′ . Additionally, since h(X) = |X|, it is permu-

tation symmetric. Therefore, the algorithm can only do random search to find R. If the

algorithm acquires a polynomial number O(nm) of sets of size n
2
, the probability of finding

R is O(nm)

(n
n
2
)
≤ O(nm)

(n/n
2
)
n
2
= O(nm)

2n/2 ≤ O(2−n/2+ϵn) for all ϵ > 0.
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Therefore, no algorithm can be guaranteed to distinguish h and h′ in polynomial time.

Since the generalized curvature of h and h′ are different, neither of them can be calculated

in polynomial time.

Likewise, the submodularity ratio is unfortunately also hard to compute exactly, in the

oracle model.

Lemma 14. There exists an instance of a non-negative function h whose submodularity ratio

(Equation (2.65)) can not be calculated in polynomial time under only oracle access to that

function.

Proof. We consider a non-negative function h′ : 2V → R with ground set size n (where n

is an even number). Let h′(X) = |X| for all X ⊆ V . Let R ⊆ V be an arbitrary set with

|R| = n
2
. Define another set function h : 2V → R, h(X) = h′(X) for all X ⊆ V and X ̸= R

and h(R) = n
2
− 1.

We can easily calculate the submodularity ratio of both h′ and h as follows. We have

that γV,n(h
′) = 1 since h′ is a non-decreasing modular (and thus submodular) function. For

h, choose an element v1 ∈ R and another element v2 ∈ V \ R, and let L = R \ {v1} and

S = {v1, v2}. We have
∑

v∈S h(v|L)
h(S|L) = h(R)+h(R\{v1}∪{v2})−2h(R\{v1})

h(R∪{v2})−h(R\{v1}) = 1
2
and thus γV,n(h) =

minL,S⊆V,S∩L=∅

∑
v∈S h(v|L)
h(S|L) ≤ 1

2
. Therefore, the submodularity ratio of the two functions are

not the same. Given the submodularity ratio of the two functions, we would be able to tell

them apart.

Next we use a proof technique similar to [118]. We have that h′(X) = h(X) if and only

if X ̸= R. So for any algorithm trying to calculate γV,n(h), before it evaluates h(R), all

function evaluations are the same with calculating γV,n(h
′). Additionally, since h(X) = |X|

is permutation symmetric, the algorithm can only do a random search to find R. If the

algorithm queries a polynomial number O(nm) of sets of size n
2
, the probability of finding R

is O(nm)

(n
n
2
)
≤ O(nm)

(n/n
2
)
n
2
= O(nm)

2n/2 ≤ O(2−n/2+ϵn) for all ϵ > 0.
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Therefore, no algorithm can guarantee to distinguish h and h′ in polynomial time. Since

the submodularity ratio of h and h′ are different, this means that neither of them can be

calculated in polynomial time.

2.I.3 Comparison to Sviridenko et al. [116]’s curvature

Sviridenko et al. [116] (in their Section 8) define a notion of curvature as follows:

1− c = min
j

min
A,B⊆V \j

h(j|A)
h(j|B)

(2.67)

We can establish a simple upper bound on c based on submodular and supermodular curva-

ture. We calculate h(j|A)
h(j|B)

given h = f + g and κf and κg. First, f(j|B) ≤ f(j) ≤ 1
1−κf

f(j|A)

which follows from Lemma 9 (i). Thus f(j|A)
f(j|B)

≥ 1−κf . Next, g(j|A) ≥ g(j) ≥ (1−κg)g(j|B)

which follows from Lemma 9 (ii). Thus, g(j|A)
g(j|B)

≥ 1− κg. Therefore,

h(j|A)
h(j|B)

=
f(j|A) + g(j|A)
f(j|B) + g(j|B)

≥ (1− κf )f(j|B) + (1− κg)g(j|B)

f(j|B) + g(j|B)
(2.68)

≥ min(1− κf , 1− κg)(f(j|B) + g(j|B))

f(j|B) + g(j|B)
≥ min(1− κf , 1− κg) (2.69)

Thus we have 1− c ≥ min(1− κf , 1− κg), or c ≤ max(κf , κ
g).

Note that for purely supermodular functions, κf = 0 and, considering Equation (2.67), we

have c = κg. This coincides with the 1−κg bound and hardness for monotone supermodular

functions — compare Theorem 8.1 of Sviridenko et al. [116] with the present chapter’s item 3

in Section 2.3.2 and Theorem 5.

2.J Modular Approximations to g, Weak/Strong Bounds

In this section, we discuss an approach where the greedy algorithm is run, subject either

to a cardinality constraint or to multiple matroid constraints, on a submodular function

h′ = f +m that acts as a surrogate to the BP function h = f +g. We show that the result of

maximizing this surrogate h′ has a bound with respect to the original BP function for both
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types of constraints. The modular function m is an approximation to the supermodular

function g, and there are a set of conditions that, if they are true, guarantee the bound

exists. In fact, we show there are two types of bounds: (1) weak bounds that can be derived

using a simple analysis (and which are shown in in Lemma 16 for the cardinality case and

Lemma 17 for the multiple matroid case), and also strong bounds which are both tight and

that require a much more complex analysis technique (and which are shown in Lemma 7

for the cardinality case and Lemma 8 for the multiple matroid constraints case). These are

summarized in Table 2.J.1. Included in the set of modular functions that satisfy the stated

conditions are the set of subgradients of g, which are also modular approximations of the

supermodular function. We also show that while all of the functions functions yield the same

bound, some of the modular approximations are tighter than others, and we correspondingly

show an example where optimizing the tighter approximation can lead to an unboundedly

better approximation ratio.

cardinality multiple matroid

weak Lemma 16 Lemma 17

strong Lemma 7 Lemma 8

Table 2.J.1: A table indicating the four lemmas for the weak vs. strong bounds × the

cardinality vs. multiple matroid constraints when optimizing a modular approximation m to

g in the submodular surrogate h′ = f +m.

2.J.1 Modular Approximations

We start by showing various relationships between three possible properties of a given mod-

ular function.

Lemma 15. Consider the following three statements each expressing a property about a given

modular function m : V → R:
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(15.1) : There exists a set of pairs {µv, νv}v∈V such that for all v ∈ V , 0 < µv ≤ 1, νv ≥ 1,

νv
µv

= 1
1−κg , and µvg(v|V \ {v}) ≤ m(v) ≤ νvg(v).

(15.2) : There exists a pair µ, ν such that 0 < µ ≤ 1, ν ≥ 1, ν
µ
= 1

1−κg , and for all v ∈ V ,

µg(v|V \ {v}) ≤ m(v) ≤ νg(v).

(15.3) : There exists a pair µ, ν such that 0 < µ ≤ 1, ν ≥ 1, ν
µ
= 1

1−κg , and for all X ⊆ V ,

µg(X) ≤ m(X) ≤ νg(X).

Then given the above, we have that (15.2)⇒ (15.1) and (15.2)⇒ (15.3).

Proof. (15.2) → (15.1) is trivial. Next, we prove (15.2) → (15.3). For all X ⊆ V , let X ={
x1, x2, . . . , x|X|

}
, we have m(X) =

∑|X|
i=1m(xi) and g(X) =

∑|X|
i=1 g(xi|{x1, x2, . . . , xi−1}).

Therefore

m(X) =

|X|∑
i=1

m(xi) ≤
|X|∑
i=1

νg(xi) (2.70)

≤ ν

|X|∑
i=1

g(xi|{x1, x2, . . . , xi−1}) = νg(X) (2.71)

and

m(X) =

|X|∑
i=1

m(xi) ≥
|X|∑
i=1

µg(xi|V \ {xi}) (2.72)

≥ µ

|X|∑
i=1

g(xi|{x1, x2, . . . , xi−1}) = µg(X) (2.73)

2.J.2 Weak and Strong Bounds, Cardinality Constraints

The next result shows we may obtain weak bounds in the cardinality case relatively easily.
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Lemma 16 (weak bound, cardinality case). Condition (15.3) is a sufficient condition on m

for the greedy solution X̂ resulting from maximizing the surrogate h′ = f + m to have the

following guarantee:

h(X̂) ≥ 1− κg

κf

[
1− e−κf

]
h(X∗), (2.74)

where X∗ ∈ argmax|X|≤k h(X) and h = f + g.

Proof. Immediately, we notice that µh(X) ≤ h′(X) ≤ νh(X) for all X ⊆ V . Also, h′ is a

monotone submodular function with κh′ = 1−minv∈V
h′(v|V \{v})

h′(v)
= 1−minv∈V

f(v|V \{v})+m(v)
f(v)+m(v)

≤

1−minv∈V
f(v|V \{v})

f(v)
= κf since 0 ≤ f(v|V \ {v}) ≤ f(v).

Using the traditional curvature-based bound for submodular maximization [15], the

greedy algorithm maximizing h′ provides a solution X̂ s.t. h′(X̂) ≥ 1
κh′

[1− e−κh′ ]h′(X ′∗) ≥
1

κh′
[1− e−κh′ ]h′(X∗) where X ′∗ ∈ argmax|X|≤k h

′(X) and X∗ ∈ argmax|X|≤k h(X). Thus, we

have

h(X̂) ≥ 1

ν
h′(X̂) ≥ 1

νκh′

[
1− e−κh′

]
h′(X∗) ≥ µ

νκf

[
1− e−κf

]
h(X∗) (2.75)

≥ 1− κg

κf

[
1− e−κf

]
h(X∗). (2.76)

The above bound can be appreciably improved using the following more complex analysis.

The following Lemma uses Lemma 10 to achieve the bound.

Theorem 7 (Strong bound, Cardinality case). Condition (15.1) is a sufficient condition on

m for the greedy solution X̂ resulting from maximizing the surrogate h′ = f +m to have the

following guarantee:

h(X̂) ≥ 1

κf

[
1− e−κf (1−κg)

]
h(X∗), (2.77)

where X∗ ∈ argmax|X|≤k h(X) and h = f + g.
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Proof. Let ∅ = S0 ⊂ S1 ⊂ S2 · · · ⊂ Sk chain of solutions resulting from running greedy on

h′ with |Si| = i and {sj+1} = Sj+1 \ Sj. Restating condition (15.1), we have that m(X) is

modular function satisfying:

µvg(v|V \ {v}) ≤ m(v) ≤ νvg(v) (2.78)

where µv, νv are real values with 0 < µv ≤ 1, νv ≥ 1 and νv
µv

= 1
1−κg for all v.

According to Lemma 3, for the above chain of sets we have that

h(X∗) ≤ κf
∑

j:sj∈Si\X∗

h(sj|Sj−1) +
∑

j:sj∈Si∩X∗

h(sj|Sj−1) + h(X∗ \ Si|Si). (2.79)

Since GreedMax is choosing the next feasible element with the largest gain, in the

h′ surrogate approximation we have h′(v|Si) ≤ h′(si+1|Si) for all v ∈ V \ Si instead of

h(v|Si) ≤ h(si+1|Si) which would result if optimizing h directly. We get:

h(X∗ \ Si|Si) = f(X∗ \ Si|Si) + g(X∗ \ Si|Si) (2.80)

≤
∑

v∈X∗\Si

f(v|Si) + g(v|V \ {v}) (2.81)

≤
∑

v∈X∗\Si

f(v|Si) +
1

µv

m(v) (2.82)

≤
∑

v∈X∗\Si

1

µv

h′(v|Si) (2.83)

≤
∑

v∈X∗\Sj

1

µv

h′(si+1|Si) (2.84)

≤
∑

v∈X∗\Sj

1

µv

[f(si+1|Si) + νvg(si+1)] (2.85)

≤
∑

v∈X∗\Sj

νv
µv

[f(sj+1|Si) + g(sj+1|Si)] (2.86)

=
|X∗ \ Si|
1− κg

h(si+1|Si) (2.87)

And hence,

h(X∗) ≤ κf
∑

j:sj∈Si\X∗

aj +
∑

j:sj∈Si∩X∗

aj +
k − |X∗ ∩ Si|

1− κg
ai+1. (2.88)

where ai = h(si|Si−1). We then use Lemma 10 to finish the proof.
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2.J.3 Weak and Strong Bounds, Multiple Matroid Constraints

We next show that the surrogate function h′ = f +m with appropriate m when optimized

using the greedy procedure using multiple matroids as constraints also has guarantees. Like

in the above case, a simple analysis offers weak bounds, while our more complex analysis

provides better bounds.

Lemma 17 (Weak bound, multiple matroids case). Condition (15.3) is a sufficient condition

on m for the greedy solution X̂ resulting from maximizing the surrogate h′ = f +m to have

the following guarantee:

h(X̂) ≥ 1− κg

κf + p
h(X∗) (2.89)

where X∗ ∈ argmaxX∈M1∩...∩Mp
h(X), and h = f + g.

Proof. Using a proof strategy similar to Lemma 16, we can show the bound is 1−κg multiplied

by the traditional bound of maximizing a submodular function with the same submodular

curvature. The latter bound is 1
κf+p

[15]. Hence, the total bound is 1−κg

κf+p
.

A much stronger bound can be achieved with a more complex analysis.

Theorem 8 (Strong bound, multiple matroids case). Condition (15.1) is a sufficient con-

dition on m for the greedy solution X̂ resulting from maximizing the surrogate h′ = f +m

to have the following guarantee:

h(X̂) ≥ 1− κg

(1− κg)κf + p
h(X∗) (2.90)

where X∗ ∈ argmaxX∈M1∩...∩Mp
h(X), h = f + g.

Proof. The proof is similar to proof of Theorem 4 and the first part is exactly the same.

We order the elements in X∗ = {x1, . . . , xpk}. According to greedy, we have h′(xjp+t|Sj) ≤

h′(sj+1|Sj) for t = 1, . . . , p. Moreover, if xjp+t ∈ X∗ ∩ Sk, we have xjp+t = sj+1.

According to Lemma 3,

h(X∗) ≤ κf
∑

j:sj∈Sk\X∗

h(sj|Sj−1) +
∑

j:sj∈Sk∩X∗

h(sj|Sj−1) + h(X∗ \ Sk|Sk) (2.91)
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= κf
∑

j:sj∈Sk\X∗

h(sj|Sj−1) +
∑

j:sj∈Sk∩X∗

h(sj|Sj−1) +

pk∑
i=1

h(xi|Sk ∪ {x1} . . . ∪ {xi−1})1{xi∈X∗\Sk}

(2.92)

≤ κfh(X̂) +
∑

j:sj∈Sk∩X∗

h′(sj|Sj−1)

µsj

+
k−1∑
j=0

p∑
t=1

h′(xjp+t|Sj)1{xjp+t∈X∗\Sk}

µxjp+t

(2.93)

= κfh(X̂) +
∑

j:sj∈Sk∩X∗

h′(sj|Sj−1)

µsj

+
k−1∑
j=0

p∑
t=1

h′(xjp+t|Sj)

µxjp+t

−
k−1∑
j=0

p∑
t=1

h′(xjp+t|Sj)1{xjp+t∈X∗∩Sk}

µxjp+t

(2.94)

≤ κfh(X̂) +
∑

j:sj∈Sk∩X∗

h′(sj|Sj−1)

µsj

+
k−1∑
j=0

p∑
t=1

h′(xjp+t|Sj)

µxjp+t

−
∑

j:sj∈Sk∩X∗

h′(sj|Sj−1)

µsj

(2.95)

= κfh(X̂) +
k−1∑
j=0

p∑
t=1

h′(xjp+t|Sj)

µxjp+t

(2.96)

≤ κfh(X̂) +
k−1∑
j=0

p∑
t=1

h′(sj+1|Sj)

µxjp+t

(2.97)

≤ κfh(X̂) +
k−1∑
j=0

p∑
t=1

νxjp+t
h(sj+1|Sj)

µxjp+t

(2.98)

≤
[
κf +

p

1− κg

]
h(X̂) (2.99)

where 1{condition} equals 1 if the condition is met and is 0 otherwise. Lines 2.92 to 2.93 hold

because of Lemma 9 (ii). As for lines 2.94 to 2.96, we notice xjp+t = sj+1 if xjp+t ∈ X∗ ∩ Sk.

Lines 2.96 to 2.97 follow via the greedy procedure.

Therefore, we have our result which is

h(X̂) ≥ 1− κg

(1− κg)κf + p
h(X∗). (2.100)
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2.J.4 Modular Instances

There are a number of ways to easily produce modular approximationsm to g that satisfy one

or more of the three conditions in Lemma 15. Define the following modular approximations:

m(X) = (1− κg)
∑
v∈X

g(v|V \ {v}) (2.101)

Lemma 18. m(X) = (1− κg)
∑

v∈X g(v|V \ {v}), m∅(X) =
∑

v∈X g(v) (the sub-gradient of

g at ∅) and mV (X) =
∑

v∈X g(v|V \ {v}) (the sub-gradient of g at V , ignore the constant

term10) satisfy the condition (15.2) in lemma 15.

Lemma 19. mX(Y ), the subgradient of g at X, ignoring the constant term, satisfy the

condition (15.1) in lemma 15

Proof. The subgradients of supermodular g are given in Equations (2.102) and (2.104), but

we restate them again for clarity:

mg,X,1(Y ) ≜ g(X)−
∑

j∈X\Y

g(j|X\j) +
∑

j∈Y \X

g(j|∅), (2.102)

=

[
g(X)−

∑
j∈X

g(j|X \ j)

]
︸ ︷︷ ︸

const. w.r.t. Y

+
∑

j∈X∩Y

g(j|X\j) +
∑

j∈Y \X

g(j|∅), (2.103)

and

mg,X,2(Y ) ≜ g(X)−
∑

j∈X\Y

g(j|V \j) +
∑

j∈Y \X

g(j|X) (2.104)

= g(X)−
∑
j∈X

g(j|V \j) +
∑

j∈X∩Y

g(j|V \j) +
∑

j∈Y \X

g(j|X). (2.105)

If we ignore the terms that are constant w.r.t. Y , we getmg,X,1(v) = g(v|X\{v}) if v ∈ X and

mg,X,1(v) = g(v) if v /∈ X. Also, mg,X,2(v) = g(v|V \ {v}) if v ∈ X and mg,X,1(v) = g(v|X)

if v /∈ X.

10subtracting m(∅) from m
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Thus, for any of the subgradientsmX ∈ {mg,X,1,mg,X,2}, we have thatmX(v) = g(v|AX,v\

{v}) for some subset AX,v ⊆ V . The set AX,v is dependent on both X and v, but we will

not need to know the specific AX,v to finish the proof. The reason is that for any set A,

g(v) ≤ g(v|A \ {v}) ≤ 1
1−κg g(v) and (1− κg)g(v|V \ {v}) ≤ g(v|A \ {v}) ≤ g(v|V \ {v}).

Therefore, we have g(v) ≤ mX(v) ≤ 1
1−κg g(v) and (1 − κg)g(v|V \ {v}) ≤ mX(v) ≤

g(v|V \ {v}) for any subgradient mX . Also, we have g(v|V \{v})
g(v)

≤ 1
1−κg .

Abiding condition (15.2) of Lemma 15, let µv = mX(v)
g(v|V \{v}) and νv = µv

1−κg . We have

0 ≤ µv ≤ 1 ≤ νv and νv
µv

= 1
1−κg . Also we see that µvg(v|V \ {v}) ≤ mX(v) ≤ νvg(v),

the r.h.s. since mX(v)g(v)/(g(v|V \ {v})minv′ [g(v
′)/g(v′|V \ {v′})]) ≥ mX(v)g(v)/(g(v|V \

v)g(v)/g(v|V \ v)) = mX(v)g(v)/g(v) = mX(v) which thus stratifies condition (15.1) in

Lemma 15.
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Chapter 3

OPTIMIZATION OF RATIO OF TWO SUBMODULAR (RS)
FUNCTIONS

We investigate a new optimization problem involving minimizing the Ratio of two Sub-

modular (RS) functions. We argue that this problem occurs naturally in several real world

applications. We then show the connection between this problem and several related prob-

lems including minimizing the difference between submodular functions [54, 93], and to

submodular optimization subject to submodular constraints [55]. We show that RS opti-

mization can be solved with bounded approximation factors. We also provide a hardness

bound and show that our tightest algorithm matches the lower bound up to a log factor.

Finally, we empirically demonstrate the performance and good scalability properties of our

algorithms. The work was previously published in

Wenruo Bai, Rishabh Iyer, Kai Wei, and Jeff Bilmes. Algorithms for Optimizing the

Ratio of Submodular Functions. In International Conference on Machine Learning (ICML),

New York, NY, July 2016.

3.1 Introduction

In this chapter, we study a new class of discrete optimization problems that have the following

form:

Problem 5. min∅⊂X⊆V
f(X)
g(X)

, where f and g are monotone non-decreasing submodular func-

tions.

We call the objective f(X)
g(X)

a ratio of submodular (RS) function. In this chapter only, we

do not require that either f or g is normalized, we only assume f(∅) ≥ 0 and g(∅) ≥ 0. We

assume, w.l.o.g., that both f and g satisfy f(v) > 0, g(v) > 0,∀v ∈ V , since we may simply
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remove any item v ∈ V for consideration if g(v) = 0 and add any item v ∈ V to the solution

if f(v) = 0. As a consequence of this assumption and the monotonicity of f and g, we have

that f(X) > 0, g(X) > 0,∀∅ ⊂ X ⊆ V .

We call this problem RS minimization. In Section 3.5, we extend the algorithms here to

handle non-monotone submodular functions. We also consider a related problem called RS

maximization:

Problem 6. max∅⊂X⊆V
g(X)
f(X)

, where f and g are monotone non-decreasing submodular func-

tions.

We observe that RS Minimization and RS Maximization are equivalent, in that an al-

gorithm for Problem 1 also solves Problem 2. To be precise, given an α-approximation

algorithm (α > 1) for Problem 1, one can achieve a 1/α approximation for Problem 2, using

the solution obtained by the algorithm for Problem 1.

3.1.1 Applications

In the below, we describe how Problems 5 and 6 appear naturally in several machine learning

applications.

Maximizing the F-Measure in Information Retrieval: Consider the problem where

one is given a set U of objects (e.g., documents, images etc.) which can be expressed as a bag

of words W . One can construct a bipartite graph G(U,W,E), where U is the set of objects,

W is the set of words, and the edge eu,w ∈ E between the object u and the word w exists

if the word w is present in the object u. Define a neighborhood function Γ : 2U → 2W on

the bipartite graph G that maps from any subset of the objects X ⊆ U to the set of words

Γ(X) ⊆ W contained in the objects. We are interested in the information retrieval problem

of finding a set of objects that cover exactly a set of target words T ⊆ W . The quality of

any subset X ⊆ U may be measured as the F-Measure of the coverage on the target words
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T . More formally, the quality measure can be defined as:

F (X) =
2|Γ(X) ∩ T |
|T |+ |Γ(X)|

. (3.1)

The goal is to find a set of objects X that maximizes the F-measure F (X). Note that both

|Γ(X) ∩ T | and |T | + |Γ(X)| are monotone submodular. Hence the problem is an instance

of RS maximization (Problem 6).

Normalized Cuts and Ratio Cuts: Another application of RS optimization is the

normalized cut and ratio cut problem, which have been extensively used in image segmen-

tation and clustering [109, 68]. Let G = (V,E) be a similarity graph defined on the set of

vertices V , where wa,a′ is the edge weight between the vertex a and a′ ∈ V and measures

the similarity between these two vertices. Let h(X) =
∑

x∈X
∑

x′∈V \X wx,x′ be the graph

cut function defined on the graph G, and let m(X) =
∑

x∈X
∑

v∈V wx,v be the function that

measures the association of the subset A to the ground set V . The normalized cut problem

as defined in [109] is to minimize the following objective:

h(X)

m(X)
+

h(X)

m(V )−m(X)
, (3.2)

which can further simplified as follows:

h(X)m(V )

m(X)(m(V )−m(X))
. (3.3)

Note that m(V ) is a constant, and both h(X) and m(X)(m(V ) − m(X)) are symmetric

submodular functions. Therefore, the normalized cuts problem can be formulated as a non-

monotone instance of RS minimization (Problem 5). A similar case is given in [94].

Maximizing Diversity & Minimizing Cooperative Costs: A final set of applications

are related to simultaneously maximizing diversity or coverage, while minimizing cooperative

costs. Applications of this involve sensor placement, feature selection [74, 54, 87], and data

subset selection [80, 129, 133]. While these problems are often modeled as a difference of
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submodular functions, or constrained submodular optimization, one can also model them as a

ratio of submodular functions, where the submodular function f models the cooperative costs

while g models information and utility. The ratio g(X)
f(X)

naturally models the cost normalized

utility of the set X. Maximizing g(X)
f(X)

(Problem 6) leads to the best cost normalized subset

X.

3.1.2 Recent studies

There are recent studies after the work was published in 2018. Perrault et al. [102] studied

the relationship between DS and Ratio functions and proposed any algorithm that solves

RS maximization can solve DS maximization, but in a different definition of guarantee,

i.e. find X̂, such that f(X̂) − g(X̂) ≥ γf(X) − g(X) for all X ⊆ V . This is a reverse

analysis of section 3.2. They also propose a knapsack Ψ−greedy algorithm, that finds X̂ such

that Ψ(f(X), g(X)) ≥ Ψ((1− eκg−1) f(X∗), g(X∗)), assuming f and g are two non-negative,

monotone, submodular functions, and Ψ(x, y) is a quasi-convex 2-variables function that is

non-decreasing with respect to the first variable. This is a generalization of Theorem 11, since

x
y
is a quasi-convex function. Wang et al. [127] studied the ratio of monotone non-submodular

functions, and find GreedyRatio has guarantee equal 1
γ∅,|X∗|(g)

· |X∗|
1+(|X∗|−1)(1−κ̄f )(1−κ̃f )

, where

γ∅,|X∗|(g) is the submodularity ratio [8] of g, κ̄f = 1 − minS,T⊆V,v∈S\T
f({v}|S\{v}∪T )
f({v}|S\{v}) , κ̃f =

1−minS,T⊆V,v∈S\T
f({v}|S\{v})

f({v}|S\{v}∪T )
and X∗ is the optimal solution. The result is |X∗|

1+(|X∗|−1)(1−κ̄f )

for submodular f and g case.

3.1.3 RoadMap of this chapter

The rest of the chapter is organized as follows. We first describe connections between RS

minimization and related problems studied in the literature (Section 3.2). In particular, we

show how this is closely related to the problem of minimizing the difference between submod-

ular functions and to the problem of submodular optimization subject to submodular lower

bound and upper bound constraints. In Section 3.3, we provide several approximation algo-

rithms along with the analysis of their approximation guarantees for RS minimization. The
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Algorithm 4: A (1 + ϵ)-approximation algorithm for RS minimization using an

exact algorithm for DS minimization

1: Input: f , g, ϵ ∈ [0, 1) and an exact algorithm for DS minimization.

2: Output: A (1 + ϵ)-approximate solution for Prob. 5

3: Set λmax← f(X)
g(X)

for arbitrary X ⊆ V , and λmin ← 0.

4: while λmax > (1 + ϵ)λmin do

5: λ̄← λmin+λmax

2
.

6: X̂ ← argminX⊃∅[f(X)− λ̄g(X)].

7: if f(X̂)

g(X̂)
≥ λ̄ then

8: λmin ← λ̄

9: else

10: λmax ← λ̄

11: end if

12: end while

13: Return X̂ ← argminX [f(X)− λ̄g(X)].

algorithms include GreedyRatio, Binary Search, Majorization-Minimization, and Ellipsoidal

Approximations. In Section 3.4, we prove matching hardness bounds for this Problem. In

Section 3.5, we consider extensions of RS minimization where f and g may be supermodular

and/or non-monotone submodular. Empirical evaluations on synthetic data are given in

Section 3.6.

3.2 Connections to Related Problems

Connections to DS optimization: A problem related to the RS minimization is the

Difference of Submodular (DS) minimization [93] defined as follows:

Problem: min
X⊆V

[f(X)− λg(X)], (3.4)
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where λ ≥ 0. We call the objective f(X)−λg(X) a difference of submodular (DS) function.

We show below that, in fact, an exact algorithm for DS minimization can be used as a

subroutine to also solve RS minimization via a simple binary search scheme as described in

Alg. 4.

Lemma 20. Given ϵ > 0 and an exact algorithm for solving DS minimization (Problem 3.4),

Algorithm 4 provides a (1 + ϵ)-approximation for RS minimization (Problem 5), by solving

O(log(1/ϵ)) instances of DS minimization.

Proof. When the algorithm terminates, the following holds: minX [f(X) − λming(X)] ≥ 0,

which implies that f(X)
g(X)

≥ λmin,∀X ⊂ V . Therefore, it holds that: f(X̂)

g(X̂)
≤ λmax ≤ (1 +

ϵ)λmin ≤ (1 + ϵ)minX
f(X)
g(X)

.

While RS minimization and DS minimization are closely related, we show below the

class of set functions representable as an RS function is strictly contained by the class of

DS functions. Thus, the DS minimization problem encapsulates a strictly larger class of

combinatorial optimization problems.

Lemma 21. Any RS function can be expressed as a DS function. However, there exists an

instance of a DS function that cannot be represented as an RS function.

Proof. The first half of the lemma holds since any RS function is a set function, and any set

function can be expressed as a DS function [93].

To show the second half of the Lemma, we give a counter-example as follows: Let V =

{1, 2}, h(X) = f1(X) − g1(X) where f1(X) =
√

2|X| and g1(X) = |X|. Note that h(X),

by definition, is a DS function. Assume that h(X) can be expressed as f2(X)
g2(X)

with f2(X)

and g2(X) being non-decreasing submodular functions. We then have that f2(∅) = f2(V ) =

0, since f2(∅)
g2(∅) = f2(V )

g2(V )
= 0. However, we have that f2({1}) = h({1})g2({1}) > 0, which

contradicts the monotonicity of f2.

In Section 3.3, we give bounded approximation algorithms for RS minimization. This is

unlike DS minimization that, in the worst case, is inapproximable [54] — hence, we cannot
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simply optimize log f/g and expect guarantees. Nevertheless, there are a number of heuristic

approaches to DS optimization that work well in practice [54, 93, 67]. Moreover, there are

several special cases of DS minimization that can be solved exactly (Section 3.3) and hence

where a (1 + ϵ)-approximation for RS minimization may be obtained via Algorithm 4.

Algorithm 5: Approx. algorithm for RS minimization using an approximation al-

gorithm for SCSC.

1: Input: f , g, ϵ > 0, and a [σ, ρ] bicriterion approximation algorithm for SCSC.

2: Output: An σ(1+ϵ)
ρ

approximation for Problem 5.

3: c← g(V ), X̂c ← V , and X̂ ← X̂c.

4: while g(X̂c) > minj∈V g(j) do

5: c← (1 + ϵ)−1c

6: X̂c ← [σ, ρ] approx. for Problem 3.5 with c.

7: if f(X̂)

g(X̂)
> f(X̂c)

g(X̂c)
then

8: X̂ ← X̂c

9: end if

10: end while

11: Return X̂.

Relation to SCSC and SCSK: Another related and recently studied class of problems

is submodular optimization subject to submodular cover and submodular knapsack con-

straints [55], namely:

Problem (SCSC): min{f(X) | g(X) ≥ c}, (3.5)

Problem (SCSK): max{g(X) | f(X) ≤ b}, (3.6)

which generalize [136, 1]. These problems are referred to as Submodular Cost Submodular

Cover (SCSC) and Submodular Cost Submodular Knapsack (SCSK), respectively. As shown

in [55], both SCSC and SCSK admit bi-criterion approximation algorithms. Without loss of
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generality, we concentrate on SCSC. An algorithm is a [σ, ρ] bi-criterion algorithm for SCSC

if it is guaranteed to obtain a set X such that f(X) ≤ σf(X∗) (approximate optimality)

and g(X) ≥ ρc (approximate feasibility), where X∗ is the optimizer for SCSC. Note that

it typically holds that σ ≥ 1 and ρ ≤ 1. Interestingly, we show in the below that any

[σ, ρ] bicriterion algorithm for SCSC can be used as a subroutine to yield a σ
ρ
-approximation

algorithm for RS minimization via a simple linear search strategy as described in Algorithm 5.

Lemma 22. Given ϵ > 0, Algorithm 5 is guaranteed to find a solution X̂ which is a σ
ρ
(1+ϵ)-

approximation for RS minimization in O(1/ϵ) calls to a [σ, ρ] bi-criterion algorithm for

SCSC.

Proof. Let X∗ = argminX
f(X)
g(X)

and c∗ = g(X∗). During the linear search procedure, we must

have searched a c such that c ≤ c∗ ≤ (1+ ϵ)c. For such c, we have that f(X̂c) ≤ σf(X∗) and

g(X̂c) ≥ ρc, thanks to the [σ, ρ] bi-criterion guarantee. Therefore, we obtain the following:

f(X̂c)

g(X̂c)
≤ σ

ρ
f(X∗)

c
≤ σ

ρ
(1+ϵ)f(X∗)

c∗
≤ σ(1+ϵ)

ρ
f(X∗)
g(X∗)

.

Using the same argument, we may connect SCSK to RS maximization via the same linear

search strategy. While Lemma 22, — showing that a bicriterion approximation algorithm

for SCSC (or SCSK) can be utilized to solve RS minimization (maximization) with bounded

approximation factors — is theoretically interesting, Algorithm 5 may not be practical for

large-scale problems, since it involves solving O(1/ϵ) instances of SCSC. In Section 3.3, we

provide a number of more efficient approximation algorithms for RS minimization, while still

offering similar guarantees.

3.3 Approximation Algorithms for RS Minimization

In this section, we study four separate cases of RS minimization depending on whether f or

g, are modular or submodular.
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Algorithm 6: GreedRatio for RS minimization

1: Input: f and g.

2: Output: An approximation solution X̂.

3: Initialize: X0 ← ∅, R← V and i← 0.

4: while R ̸= ∅ do

5: v ∈ argminv∈R
f(v|Xi)
g(v|Xi)

.

6: Xi+1 ← Xi ∪ v.

7: R← {v ∈ R|g(v|Xi+1) > 0}

8: i← i+ 1.

9: end while

10: i∗ ∈ argmini
f(Xi)
g(Xi)

.

11: Return X̂ ← Xi∗ .

3.3.1 Modular f and Modular g

When both f and g are modular, RS minimization becomes very easy. We introduce a

simple greedy algorithm–GreedRatio (Algorithm 6) to handle this scenario. The idea

of GreedRatio is to, in each iteration, greedily add an element to the solution set such

that the ratio of the marginal gain by this element is the smallest. When the algorithm

terminates, a chain of sets X1 ⊂ . . . ,⊂ Xℓ (ℓ is the total number of iterations) is obtained,

and the algorithm simply outputs the set Xi∗ that achieves the minimum ratio. Though

simple, we show below that GreedRatio is guaranteed to yield the optimal solution for RS

minimization in this case.

Theorem 9. When f and g are modular, GreedRatio finds the optimal solution for RS

minimization with a complexity of O(n log n).

Proof. Since both f and g are modular functions, we have that f(v|X) = f(v) and g(v|X) =

g(v) for all X ⊆ V and v ∈ V \X. As a simpler implementation of GreedRatio, one may

first obtain a non-decreasing order of the items in V as σ = {vσ1 , . . . , vσn} according to their
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ratio of singleton scores f(v)
g(v)

. Namely,
f(vσ1 )

g(vσ1 )
≤ · · · ≤ f(vσn )

g(vσn )
.

For any threshold τ ≥ 0, define Xτ = {v ∈ V |f(v)
g(v)
≤ τ}. For any 1 ≤ i < j ≤ n, if

vσj
∈ Xτ , then vσi

∈ Xτ , since
f(vσi )

g(vσi )
≤ f(vσj )

g(vσj )
≤ τ . So Xτ is a partial order of {vσ1 , . . . , vσn}

and one of the solution set {Xi}ni=1.

Let X∗ ∈ argminX
f(X)
g(X)

and r∗ = f(X∗)
g(X∗)

. Observe that if any item v satisfies f(v)
g(v)

< r∗,

the item must be contained in X∗, otherwise, adding v to X∗ would further decrease the

objective. Let Xr∗ =
{
v ∈ V |f(v)

g(v)
≤ r∗

}
. Note that Xr∗ is contained in the chain of the

solutions {Xi}ni=1 and that f(Xr∗ )
g(Xr∗ )

≤ r∗, but r∗ is the optimal value, so f(Xr∗ )
g(Xr∗ )

= r∗. Therefore,

the X̂ ← X̂i∗ where i∗ ∈ argmini
f(Xi)
g(Xi)

as the output of GreedRatio is optimal.

The complexity of algorithm involves computing all n ratio of singleton scores and then

takes another O(n log n) to sort them.

3.3.2 Modular f and Submodular g

Next, we study a slightly more general form where f is modular and g is submodular. We

show below that this scenario can still be solved up to a constant 1/(1− 1/e) factor by the

same greedy algorithm– GreedRatio.

Theorem 10. When f is modular and g is submodular, GreedRatio is guaranteed to

obtain a solution X̂ such that

f(X̂)

g(X̂)
≤ e

e− 1

f(X∗)

g(X∗)
, (3.7)

where X∗ ∈ argmin∅⊂X⊆V
f(X)
g(X)

.

Proof. This simply follows as a special case of Theorem 11 (cf. Section 3.3.4) when κf =

0.

We point out that GreedRatio may require a time complexity of O(n2) function eval-

uations in the worst case. However, thanks to the lazy evaluation trick as described in [90],
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Line 5 in GreedRatio need not to recompute the marginal gain for every item in each

round, allowing GreedRatio to scale to large data sets.

3.3.3 Submodular f and Modular g

In contrast to the case above where f is modular and g is submodular, we show that here,

the opposite case, can actually be exactly optimized using the binary search strategy in

Algorithm 4. The key observation is that the corresponding DS minimization becomes an

instance of submodular minimization, which can be optimally solved in poly-time. Hence,

one can achieve a (1 + ϵ)-approximation for this case as a Corollary of Theorem 20:

Corollary 5. When f is submodular and g is modular, using an exact submodular mini-

mization algorithm as a subroutine, Algorithm 4 provides a (1 + ϵ)-approximation for RS

minimization in O(log(1/ϵ)) calls to the subroutine.

3.3.4 Submodular f and Submodular g

Lastly, we study the most general form of RS minimization with both f and g being submod-

ular, and GreedRatio can again be shown to yield a curvature dependent bound for this

problem. The curvature of a submodular function f is defined as follows: [15, 125, 56, 130]:

κf = 1−min
v∈V

f(v|V \ v)
f(v)

∈ [0, 1]. (3.8)

The curvature κf measures how close a submodular function f is to a modular function. f

is fully curved if κf = 1 and is modular if κf = 0. In the below, we show that GreedRatio

approximates the RS minimization problem with a factor in terms of the curvature κf of the

function f .

Theorem 11. When f, g are normalized monotonic non-decreasing submodular functions,

GreedRatio is guaranteed to obtain a solution X̂ such that

f(X̂)

g(X̂)
≤ 1

1− e(κf−1)

f(X∗)

g(X∗)
, (3.9)

where X∗ ∈ argmin∅⊂X⊆V
f(X)
g(X)

and κf is the curvature of the submodular function f .
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Proof. It is equivalent to prove the following:

g(X̂)

f(X̂)
≥ (1− e(κf−1))

g(X∗)

f(X∗)
. (3.10)

DenoteX1, X2, . . . , Xl as the chain of sets obtained by the greedy algorithm and x1, . . . , xℓ

as the sequence of items added during the algorithm. ℓ is the number of rounds when

the algorithm terminates. Note that the terminate condition of GreedRatio is when all

element v ∈ V \Xl, g(v|Xl) = 0, i.e. to avoid divided by 0 when running argmini∈V \Xl

f(v|Xl)
g(v|Xl)

.

g(Xl) = g(V ) ≥ g(X∗). So we have f(Xl) ≥ f(X∗) since f(Xl)
g(Xl)

≥ f(X∗)
g(X∗)

. Denote k as the

largest index in {1, . . . , ℓ} such that f(Xk) ≤ f(X∗).

For i = 1, 2, . . . , k, it holds that:

g(X∗) ≤ g(X∗ ∪Xi−1)

≤ g(Xi−1) +
∑

v∈X∗\Xi−1

g(v|Xi−1)

≤ g(Xi−1) +
∑

v∈X∗\Xi−1

g(xi|Xi−1)

f(xi|Xi−1)
f(v|Xi−1)

The last inequality follows since g(v|Xi−1)
f(v|Xi−1)

≤ g(xi|Xi−1)
f(xi|Xi−1)

as required by the greedy algorithm.

Given the definition of the curvature κf , we have the following

g(X∗)− g(Xi−1) ≤
g(xi|Xi−1)

f(xi|Xi−1)

∑
v∈X∗\Xi−1

f(v|Xi−1)

≤ g(xi|Xi−1)

f(xi|Xi−1)

∑
v∈X∗

f(v)

≤ g(xi|Xi−1)

f(xi|Xi−1)

1

1− κf
f(X∗)

Rearranging the inequality, we obtain the following:

g(X∗)− g(Xi)

g(X∗)− g(Xi−1)
≤
[
1− (1− κf )f(xi|Xi−1)

f(X∗)

]
, (3.11)

which implies

g(X∗)− g(Xk) ≤
k∏

i=1

[
1− (1− κf )f(xi|Xi−1)

f(X∗)

]
g(X∗) (3.12)
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Algorithm 7: EllipsoidApprox

1: Input: f and g

2: Output: An approximation solution X̂.

3:
√
wf ← the ellipsoidal approximation for f

4: X̂ ∈ argminX

√
wf (X)

g(X)
\\ e(1+ϵ)

e−1
−Approximately solved by Algorithm 5

5: Return X̂

≤
k∏

i=1

e

[
−

(1−κf )f(xi|Xi−1)

f(X∗)

]
g(X∗) (3.13)

≤ e

[
−

(1−κf )f(Xk)

f(X∗)

]
g(X∗) (3.14)

Using the fact 1− x ≤ e−x, we then obtain the following:

g(Xk)

f(Xk)
≥

[
1− e

[
−

(1−κf )f(Xk)

f(X∗)

]]
f(X∗)

f(Xk)

g(X∗)

f(X∗)
(3.15)

≥
[
1− e−(1−κf )

] g(X∗)

f(X∗)
. (3.16)

Since (1− e−(1−κg)x)x−1 monotonically decreases in x and f(Xk)
f(X∗)

≤ 1, we have the following:

f(X̂)

g(X̂)
≤ f(Xk)

g(Xk)
≤ 1

1− eκf−1

f(X∗)

g(X∗)
. (3.17)

We point out that Theorem 11 generalizes Theorem 10 when f is modular, i.e., κf = 0.

Note that the approximation guarantee of GreedRatio deteriorates as the curvature κf of

the function f increases and becomes unbounded (and hence vacuous) when the f is fully

curved, i.e., κf = 1.

Ellipsoid Approximation: To yield a bounded approximation algorithm for RS mini-

mization, we provide an algorithmic framework–EllipsoidApprox, which involves com-

puting the ellipsoidal approximation (EA) of a submodular function.
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As shown in Goemans et. al [44], one can approximate any monotone submodular function

f(X) in polynomial time by a surrogate function f̂(X) =
√
wf (X) for a certain modular

weight vector wf ∈ RV , such that√
wf (X) ≤ f(X) ≤ O(

√
n log n)

√
wf (X), ∀X ⊆ V.

To apply the idea of EA to RS minimization, we first replace f(X) by its ellipsoidal

approximation
√
wf (X), and then the problem becomes

min
∅⊂X⊆V

√
wf (X)

g(X)
, (3.18)

for which we may use Algorithm 5 (i.e., linear search with SCSC) to solve. At every round

of Algorithm 5, the SCSC problem has the following form:

min{
√
wf (X)|g(X) ≥ c}, (3.19)

which is effectively,

min{wf (X)|g(X) ≥ c}. (3.20)

Note that Eqn. 3.20 can be solved by the greedy algorithm with a [1, (1 − 1/e)] bicrite-

rion approximation guarantee [55], which then leads to a constant factor approximation for

Eqn. 3.18 thanks to Lemma 22. The following result provides a worst-case approximation

factor of this approach for RS minimization:

Theorem 12. Let
√
wf be the ellipsoidal approximation for f and X̂ be the output solution

of Algorithm 5 on min∅⊂X⊆V

√
wf (X)

g(X)
, it then holds that

f(X̂)

g(X̂)
≤ O(

√
n log n)

f(X∗)

g(X∗)
. (3.21)

Proof. Let X∗ ∈ argminX
f(X)
g(X)

. Since the output solution X̂ of Algorithm 5 has a constant

e
e−1

(1 + ϵ)-approximation for Eqn. 3.18, it then holds that

f(X̂)

g(X̂)
≤ O(

√
n log n)

√
wf (X̂)

g(X̂)
(3.22)
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Algorithm 8: MMin for RS minimization

1: Input: f and g

2: Output: An approximation solution X̂.

3: Initialize: An arbitrary set X0, and t← 0.

4: repeat

5: pick a subgradient ht at X
t of g

6: pick a supergradient mt at X
t of f

7: A ∈ argminX
f(X)
ht(X)
\\ (1 + ϵ)−Approximately solved by Algorithm 4

8: B ∈ argminX
mt(X)
g(X)
\\ e

e−1
−Approximately solved by GreedRatio

9: X t+1 ← argminX∈{A,B}
f(X)
g(X)

10: t← t+ 1

11: until we have converged (X t = X t−1)

12: Return X̂ ← X t

≤ O(
√
n log n)

e

e− 1
(1 + ϵ)

√
wf (X∗)

g(X∗)
(3.23)

≤ O(
√
n log n)

f(X∗)

g(X∗)
(3.24)

As we will see, the O(
√
n log n)-approximation factor provided by this approach matches

the lower bound (hardness) of the RS minimization up to a log factor.

Majorization-Minimization: While the Ellipsoidal Approximation algorithm provides

the tightest approximation factor, it does not scale very well even to medium scale prob-

lems [55]. To this end we propose another framework — Majorization-Minimization (MMin,

see Alg. 8) — that achieves a slightly worse approximation factor, but that scales quite well

to large scale problems. In the spirit of [60, 134], this framework uses modular lower and

modular upper bounds of a submodular function [60] to transform the originally hard RS
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minimization problem to a special case with either f or g being modular. For either case,

the result admits constant approximation algorithms as shown in Section 3.3.2 and 3.3.3.

Moreover, the resulting guarantees can be translated to a curvature dependent guarantee for

the original RS minimization.

Akin to convex functions, submodular functions have tight modular lower bounds. These

bounds are related to the subdifferential ∂f (Y ) of the submodular set function f at a set

Y ⊆ V , which is defined [39] as:

∂f (Y ) = {y ∈ Rn : (3.25)

f(X)− y(X) ≥ f(Y )− y(Y ) for all X ⊆ V }

For a vector x ∈ RV and X ⊆ V , we write x(X) =
∑

j∈X x(j). Denote a subgradient at Y

by hY ∈ ∂f (Y ). The extreme points of ∂f (Y ) may be computed via a greedy algorithm: Let

π be a permutation of V that assigns the elements in Y to the first |Y | positions (π(i) ∈ Y

if and only if i ≤ |Y |). Each such permutation defines a chain with elements Sπ
0 = ∅,

Sπ
i = {π(1), π(2), . . . , π(i)} and Sπ

|Y | = Y . This chain defines an extreme point hπY of ∂f (Y )

with entries

hπY (π(i)) = f(Sπ
i )− f(Sπ

i−1). (3.26)

Defined as above, hπY forms a modular lower bound of f , tight at Y — i.e., hπY (X) =∑
j∈X h

π
Y (j) ≤ f(X),∀X ⊆ V and hπY (Y ) = f(Y ).

We can also define a modular upper bound of a submodular function f via its superdif-

ferentials ∂f (Y ) [62, 58] at Y :

∂f (Y ) = {y ∈ Rn : (3.27)

f(X)− y(X) ≤ f(Y )− y(Y ); for all X ⊆ V }

It is possible, moreover, to provide specific supergradients [58, 60] that define the following

two modular upper bounds (when referring either one, we use mf
X):

mf
X,1(Y ) ≜ f(X)−

∑
j∈X\Y

f(j|X\j) +
∑

j∈Y \X

f(j|∅), (3.28)
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mf
X,2(Y ) ≜ f(X)−

∑
j∈X\Y

f(j|V \j) +
∑

j∈Y \X

f(j|X).

Then mf
X,1(Y ) ≥ f(Y ) and mf

X,2(Y ) ≥ f(Y ),∀Y ⊆ V and mf
X,1(X) = mf

X,2(X) = f(X).

Having formally defined the tight modular upper and lower bounds, we are ready to

discuss how to apply this machinery to RS minimization. MMin consists of two stages. In

the first stage, it replaces f by its modular upper bound and keep g as it is, and then solves

the resulting problem using the algorithms proposed in Section 3.3.2. In the second stage,

MMin replaces g by its modular lower bound and keep f as it is, and then solves the resulting

problem using the algorithms described in Section 3.3.3. Lastly, MMin outputs the better

among these two solutions. We show below that MMin yields a bounded approximation for

RS minimization in terms of the curvature both of κf and κg.

Theorem 13. MMin admits a worst-case approximation factor of O(min{ n
1+(n−1)(1−κf )

, n
1+(n−1)(1−κg)

).

Proof. To prove this theorem, we utilize the Lemma from [56], that stated the following:

Given a monotone submodular function f , it holds that

f(X) ≤ f̂m(X) ≜
∑
j∈X

f(j) ≤ n

1 + (n− 1)(1− κf )
f(X) (3.29)

where f̂m(X) is the simple modular upper bound of f . Since, f̂m approximates f by a

factor of n
1+(n−1)(1−κf )

, the ratio f̂m(X)/g(X) also approximates f(X)/g(X) by the same

factor. Moreover, the same bound holds for approximating g(X) by its modular lower bound.

Hence MMin, produces the two subproblems as discussed in Sections 3.3.2 and 3.3.3. Both

subproblems admit constant approximation algorithms.

Observe that Theorem 13 provides a worst-case approximation for RS minimization that

interpolates between the cases when f and g are modular and submodular. In particular,

when either f or g are modular, MMin provides a constant factor guarantee for this problem.
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3.4 Hardness of RS Optimization

In this section, we provide a worst case hardness result (lower bound) for RS minimization.

We show that when f and g are submodular, the problem is NP hard, and one cannot ap-

proximate it better than a factor of O(
√
n), which matches the bound of EllipsoidApprox

up to a log factor.

Theorem 14. There exist an instance of submodular function f and g such that no poly-time

algorithm can achieve an approximation factor better than n1/2−ϵ, for any ϵ > 0.

Proof. We prove this result using the hardness construction from [44, 118]. The main idea

of the proof technique is to construct two submodular functions f(X) and fR(X) that with

high probability are indistinguishable. Thus, also with high probability, no algorithm can

distinguish between the two functions and the gap in their values provides a lower bound on

the approximation.

Define two monotone submodular functions g(X) = min{|X|, α} and f(X) = min{β +

|X ∩ R̄|, |X|, α}, where R ⊆ V is a random set of cardinality α. Let α and β be an integer

such that α = x
√
n/5 and β = x2/5 for an x2 = ω(log n). Given an arbitrary ϵ > 0, set

x2 = n2ϵ = ω(log n). Then the ratio between g(R) and f(R) is n1/2−ϵ. A Chernoff bound

analysis very similar to [118] reveals that any algorithm that uses a polynomial number of

queries can distinguish f and g with probability only n−ω(1), and therefore cannot reliably

distinguish the functions with a polynomial number of queries. Since no algorithm can

distinguish between f and g, any algorithm will achieve a minimum value of 1 for the following

optimization problem: minX
f(X)
g(X)

, whereas the optimal solution has a value 1/n1/2−ϵ.

3.5 Non-Monotone Submodular and Supermodular f and g

In this section, we investigate extensions of RS minimization to the case when f and g are

non-monotone submodular, and even supermodular.
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3.5.1 Non-Monotone Submodular f and g

Given a modular function g and a non-monotone submodular function f , one can use the

Binary Search algorithm (Algorithm 4), in which case the corresponding DS subproblem

becomes an instance of submodular minimization. Correspondingly, one can easily extend

Theorem 20 to this case, and achieve a 1 + ϵ approximation factor for this problem. We can

also extend our algorithms to the scenario when one of the functions is monotone submodular,

while the other one is non-monotone. For example, if f is monotone submodular, while g

is non-monotone, one can use Ellipsoidal Approximation on f , and keep g as it is. The

problem then becomes, minX

√
wf (X)

g(X)
which is equivalent to maxX

g(X)√
wf (X)

. We can then

convert this to SCSK, max{g(X)|
√
wf (X) ≤ b}, which is an instance of non-monotone

submodular knapsack, which also has constant factor guarantees [33]. Furthermore, if f is

non-monotone, while g is monotone, one can replace g by its modular upper bound, thereby

obtaining an instance of an RS optimization problem, with a non-monotone f and a modular

g, which can be solved by using the Binary search algorithm (Algorithm 4) as discussed at

the beginning of this section. Finally, in case both f and g are non-monotone submodular

(a generalization of [94]), one can use Algorithm 4 and repeatedly solve the resulting DS

optimization problem. While this has no guarantees, this is a reasonable heuristic for this

problem.

3.5.2 Extensions to Supermodular f and g

Consider an instance of Problem 1, when f is modular or submodular, but g is supermod-

ular. One can then use Algorithm 4, and the corresponding DS optimization subproblem

becomes an instance of submodular minimization, which can exactly solved. Hence in this

case Problem 1 is solvable in polynomial time. One can also consider an alternate case, when

f is supermodular, and g is either modular or submodular. In this case, the resulting DS

optimization problem (using Algorithm 4) becomes an instance of submodular maximization,

which can be approximately solved. While this does not directly correspond to an approxi-
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mation guarantee for the original problem, it does provide a reasonable heuristic for solving

the problem. When both f and g are monotone supermodular, it remains an open problem

whether it admits any polynomial time algorithm with bounded approximations.

3.6 Experiments

We empirically evaluate our proposed algorithmic frameworks for RS minimization, including

in particular MMin, GreedRatio, and EllipsoidApprox, on a synthetic data set. In

particular, we evaluate on a generalized form of the F-measure function:

Fλ(X) =
|Γ(X) ∩ T |

λ|T |+ (1− λ)|Γ(X)|
, (3.30)

where 0 ≤ λ ≤ 1 is a parameter that determines a trade-off weight between precision and

recall. Note Fλ=0.5 is the same as the F-measure function defined in Eqn. 3.1. We instantiate

the F-measure function on a randomly generated bipartite graph G(U,W,E). The bipartite

graph is defined with |U | = 100 and |W | = 100. We define an edge between u ∈ U and

w ∈ W independently with probability p = 0.05. The set of targets T ⊆ W is also randomly

chosen with a fixed size 20, i.e., |T | = 20. We run the experiments on 10 instances of the

randomly and independently generated data, and we report the averaged results.

As a baseline, we also implement a random sampling method, where we randomly choose

100 subsets X ⊆ U with size |X| = 50 and report their averaged function valuation in

terms of Fλ and their standard deviation. In Figure 3.6.1, we compare the performance of

all methods on with the varying λ. We observe that GreedRatio, though very efficient,

achieves consistently the best performance for all cases of λ among all optimization algo-

rithms. Comparable performance is achieved by MMin and EllipsoidApprox, although

EllipsoidApprox is much more computationally intensive.
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Chapter 4

OPTIMIZING MEANS OF SUBMODULAR FUNCTIONS

We study the problem of optimizing various means of submodular functions, including

the geometric mean, the generalized mean (often referred to as the Hölder mean), and the

harmonic mean. The three mean objectives essentially involve non-trivial combinations of

submodular functions, including the product, the p-norm, and the ratio between the product

and the sum. We reduce the mean objectives to one of the two problems, namely the non-

negative linear combination f(S)+λg(S) and the robust mean combination min(f(S), g(S)),

depending on the specific mean formulation and whether we aim to maximize or minimize

the mean value. We prove γ based approximation guarantees for the mean objectives, where

γ is the approximation guarantee that we can get for solving the reduced problem (e.g.,

γ = 1 − 1/e for the non-negative linear combination problem using the greedy algorithm

under a cardinality constraint). Optimizing the mean objectives allows us to develop more

complicated objectives of multiple submodular functions, which greatly expands the appli-

cations of submodularity. This is from an unpublished paper by

Wenruo Bai, Shengjie Wang, Tianyi Zhou, and Jeff Bilmes, Optimizing Means of Sub-

modular Functions.

4.1 Introduction

In this chapter, we study the optimization of more general combinations of two non-negative

submodular functions (f(S) ≥ 0 ∀S ⊆ V ) involving various means. The most basic mean is

the arithmetic mean, i.e., f(S)+g(S)
2

, which is still submodular as stated above and therefore

can be solved using any algorithm that optimizes a single submodular function. The robust

mean min(f(S), g(S)) is no longer submodular, and Orlin et al. [98] gives a modified greedy
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algorithm that can achieve a constant guarantee for the maximization case. We extend

those two means to other widely-used mean metrics. To our best knowledge, we are the

first to study the following means of submodular functions, which provide more flexibility in

modeling the trade-offs of submodular function objectives:

• Geometric mean,
√
f(S) · g(S). From the perspective of optimization, optimizing

the geometric mean is equivalent to optimizing the product of two submodular functions

f(S) · g(S), which we denote as the unnormalized form.

• Generalized mean, or referred as the Hölder mean,
[
[f(S)]p+[g(S)]p

2

]1/p
with p > 1. The

unnormalized form is the sum of the p-th power of each of the functions: [f(S)]p +

[g(S)]p.

• Harmonic mean, 2
1/f(S)+1/g(S)

= 2·f(S)·g(S)
f(S)+g(S)

. We remove the 2 factor in the unnormalized

form: f(S)·g(S)
f(S)+g(S)

.

For a clean presentation, we will focus on the unnormalized versions of the mean objec-

tives for the rest of the chapter. In other words, our contribution covers several non-trivial

combinations of submodular functions, including the product of two submodular functions,

the sum of p-th power of two submodular functions, and the ratio between the product and

the sum of two submodular functions. All those combinations of submodular functions do

not preserve submodularity.

We summarize our theoretical results in Table 4.1.1, where we show theoretical guaran-

tees for both minimization and maximization problems. Our main idea to optimize those

mean combinations rely on reductions to the arithmetic mean and robust mean problems.

Therefore the guarantees all depend on the γ factor, which is the approximation guarantee

we get when solving the reduced problem. Note that for the cases of geometric mean and

generalized mean, the power on the γ factor gets normalized to one if we consider the normal-

ized version of the problem, e.g., apply a 1/p-th power for the generalized mean. Thus, our
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results achieve γ approximations in all cases in terms of the normalized problem. Our results

can be extended to combinations of m submodular functions with the same approximation

guarantee at the cost with a longer running time that is exponential in m (more details in

Section 4.5.1). We will focus on the m = 2 case for most of the chapter, and the extension

will be straightforward based on the m = 2 result.

4.2 Applications

Submodular functions have been broadly applied in areas of machine learning, operations

research and economics [140, 48, 108, 103, 74, 105, 122, 111, 110, 131, 82, 141]. The more gen-

eral combinations of submodular functions studied in this chapter further expand potential

applications of submodularity.

More flexible trade-offs between submodular functions. When maximizing var-

ious combinations of two submodular functions, we aim to identify diverse subsets that

trade-off between qualities measured by the two functions. The robust objective focuses

on finding subsets with large values in both functions, which acts like an “and” operation.

The geometric mean shares a similar spirit, but we allow more flexible trade-offs as a subset

may have a smaller value for one function but much larger value for the other to have an

overall large objective value, something not measured (and thus not encouraged) using only

min(f(A), g(A)). On the other extreme, we may consider another aggregation which takes

the maximum over two submodular function max(f(A), g(A)). In such a case, we find subsets

that are diverse based on either function, which is like an “or” operation. We note that when

f(V ) = g(V ) = 1, another form of “or” operation is h(A) = f(A) + g(A)− f(A)g(A) which

preserves submodularity when both f and g are monotone non-decreasing submodular [46].

The generalized norm can achieve the similar effect, as (f(A)p + g(A)p)1/p converges to the

max operation as p → ∞. Also note that when p → 1, we recover the arithmetic mean,

which trades off the two functions on the linear scale.

A Chain of submodular point processes. A submodular point process [59] models

the probability distribution of a subset of items based on a submodular function: Pr(A) ∝
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Maximization Geometric Mean Generalized Mean Harmonic Mean

maxS⊆V,S∈C [·] f(S) · g(S) [f(S)]p + [g(S)]p f(S)·g(S)
f(S)+g(S)

Reduced Problem maxmin(f(S), λg(S)) max f(S) + λg(S) maxmin(f(S), λg(S))

Guarantee γ2

(1+ϵ)3/2
γp

(1+ϵ)p
γ

1+ϵ

Complexity
Tp log1+ϵ

[
maxS f(S)·maxS g(S)

minS,f(S)>0 f(S)·minS,g(S)>0 g(S)

]
,

p = 1 for geometric and harmonic mean.

Monotone Comp. T
4 log

(
2

1−1/e

)
log(1+ϵ)

T
log 4e2

(e−1)2

log(1+ϵ)
T − log ϵ

log(1+ϵ)

m Complexity TO
(

1
(log(1+ϵ))m−1

)
TO

(
1

(log(1+ϵ))m−1

)
TO

(
(− log ϵ)m−1

(log(1+ϵ))m−1

)

Minimization Geometric Mean Generalized Mean Harmonic Mean

minS⊆V,S∈C [·] f(S) · g(S) [f(S)]p + [g(S)]p f(S)·g(S)
f(S)+g(S)

Reduced Problem min f(S) + λg(S) minmax(f(S), λg(S)) min f(S) + λg(S)

Guarantee (1 + ϵ+ ϵ2/16) · γ2 (1 + ϵ)p · γp (1 + ϵ)γ

Complexity
Tp log1+ϵ

[
maxS f(S)·maxS g(S)

minS,f(S)>0 f(S)·minS,g(S)>0 g(S)

]
,

p = 1 for geometric and harmonic mean.

m Complexity TO
(

p

(log(1+ϵ))m−1

)
Table 4.1.1: Summary of our theoretical results. C is some general set constraint, e.g.,

cardinality or matroid constraint. Whether we can solve the constrained version of our

mean objectives depends on whether we can solve the reduced problem under the same

constraint. γ is the approximation guarantee for solving the reduced problem. T is the

running time for solving one instance of the reduced problem. The “Monotone Comp.” row

of the maximization case shows the improved complexity when f and g are monotone. The

“m Complexity” rows show the time complexity if we extend the problem to optimize the

means of m submodular functions instead of only two.
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f(A) where f(·) is a submodular function. The diminishing-returns property naturally mod-

els the notion of diversity and cooperation in the probability distribution. By taking the

product of submodular functions, we can construct a probability distribution based on a

chain. Our results on optimizing the geometric mean of submodular functions enable us to

do MAP inference on such a chain of probability distributions.

Submodular-supermodular Optimization. The submodular-supermodular optimiza-

tion [3] optimizes the objective f(A) + r(A) where r(·) is a supermodular function. By op-

timizing such an objective, we can identify subsets that exhibit both diversity and comple-

mentarity. For example, we can use such a formulation to summarize a large training dataset

with limited samples, which on the one hand, are dispersed in space (diversity), and on the

other hand, can maintain information about classification boundaries (complementarity). We

can treat our generalized mean objective as a special case of the submodular-supermodular

optimization by considering the objective
[
f(A)1/p

]p
+ [m(A)]p = f(A) + [m(A)]p. Given

p > 1, and f(·) monotone submodular, f(A)1/p is still submodular since (·)1/p is a concave

function. m(·) is a non-negative modular function, and [m(A)]p is thus supermodular. By

restricting the supermodular part to the p-th power of a modular function, we can solve the

submodular-supermodular optimization problem with a constant guarantee (taking p as a

constant). Note that in [3], the proven approximation guarantees are based on the curva-

tures of the functions, and vary according to the function values. Even for the special case

of [m(A)]p as the supermodular function, it’s easy to construct the modular function so that

the function is nearly fully-curved and the approximation guarantees become vacuous. On

the contrary, our results show constant bounds irrespective of the function curvatures.

F-measure. F-measure or F1 score captures the trade-offs between the precision and

recall for a classification model. Precisely, F1 =
1

recall−1
+precision−1 , which is the harmonic

mean between the precision and the recall. Note that recall is essentially a modular function

(and thus submodular) and precision is a submodular function. Consider a binary classifica-

tion task and let the predicted positive samples be Â and the true positive samples as A+.

Then recall(Â) = |Â∩A+|
|A+| , which is modular as A+ is fixed given the dataset. precision =
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|Â∩A+|
|Â| is submodular as the gain of the smaller set is larger as 1

|Â| −
1

|Â|+1
gets smaller as

|Â| gets larger. Therefore, F-measure is a harmonic mean of two submodular functions. For

applications such as document summarization, we can identify a subset of words/sentences

that directly optimize the F-measure score with respect to the ground truth summaries.

4.3 Related Work

Optimizations of a single submodular function have been extensively studied. For maximiz-

ing monotone submodular functions, algorithms with constant theoretical guarantees have

been developed for various constraints including cardinality constraint [95], knapsack con-

straint [73, 78], intersection of matroid constraints [38, 124], and p-system constraint [91, 2].

For maximizing non-monotone submodular functions, Buchbinder et al. [12], Buchbinder

and Feldman [11] give constant approximations for the unconstrained case, Buchbinder et al.

[13], Kuhnle [77] for the cardinality constraint case, and Vondrák [126], Gharan and Vondrák

[43], Feldman et al. [34] for the matroid constrained case. Submodular minimization, on the

other hand, can be solved exactly for the unconstrained case [45, 40, 64], while it is informa-

tion theoretically hard to obtain a constant approximation for the constrained case [118]. In

this chapter, for the cases where the reduced problem is the linear combination of submodu-

lar functions, i.e., f(A) + λg(A), we can utilize any of the above results to solve the reduced

problem and the γ approximation factor carries over to our final approximation guarantee.

Several forms of combinations of submodular functions have also been studied. For

the robust mean objective of two monotone submodular functions under a cardinality con-

straint, Orlin et al. [98] proposes a generalized greedy algorithm that gives a constant ap-

proximation, and Krause et al. [75] uses a binary search procedure, which gives a bi-criteria

guarantee. Bai et al. [5] studies the ratio of two submodular functions and provides guaran-

tees based on the curvatures of the two functions. Bai and Bilmes [3] introduces the problem

of submodular-supermodular optimization, and also gives curvature based guarantees. As

discussed above, we can use the generalized mean objective to construct a special case of

the submodular-supermodular optimization, and our methods give constant approximations.
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Also note that supermodular optimization is hard in general, but our results cover some spe-

cial cases of supermodular optimizations that constant approximations are obtainable.

Algorithm 9: Algorithm for minS h(S); h can be f · g, fp + gp or f ·g
f+g

Input: V, λmin, λmax, ϵ

λ← λmin, Ŝ ← ∅

while λ ≤ λmax do

find Sλ by minimizing reduced function of h(S) parameterized by λ.

if h(Sλ) < h(Ŝ) then

Ŝ ← Sλ

end if

λ← (1 + ϵ)λ

end while

Algorithm 10: Algorithm for maxS h(S); h can be f · g, fp + gp or f ·g
f+g

Input: V, λmin, λmax, ϵ

λ← λmin, Ŝ ← ∅

while λ ≤ λmax do

find Sλ by maximizing the reduced function of h(S) parameterized by λ.

if h(Sλ) > h(Ŝ) then

Ŝ ← Sλ

end if

λ← (1 + ϵ)λ

end while

4.4 Main Results: Optimizing Means of Submodular Functions

We optimize the three mean objectives using a similar approach, where we reduce the original

mean objective into one of the two reduced problems: 1) the arithmetic mean like combina-

tion f(S) + λg(S) with λ ≥ 0, and 2) the robust mean like combination min(f(S), λg(S)).

Our algorithm essentially finds a λ value such that the optimal solution of the original mean
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objective and the reduced problem coincides. To find such a λ value, we identify the lower

bound (λmin) and upper bound (λmax) for λ, create an exponentially-spaced sequence be-

tween the two bounds, and search for the optimal λ. Taking the geometric mean objective

as an example, the reduced problem is min f(S)+λg(S) for the unconstrained minimization

case. As shown in Alg. 10, we start with λ ← λmin (details about finding the λ bounds

later), pick an ϵ spacing parameter, which trades off the running time and the spacing den-

sity, solve the reduced problem min f(S) + λg(S) using any out-of-the-box algorithm (e.g.,

Fujishige-Wolfe min-norm), record the solution if the original mean objective is better, and

increase λ by a factor of 1 + ϵ.

4.4.1 Geometric Mean

We show the detailed proof of the following theorem on the maximization of the geometric

mean, which demonstrates the main idea of our reduction. All other cases will follow a

similar spirit, and the details of those cases will be given in Appendix.

Theorem 15. If there is any algorithm that solves maxS,S∈Cmin(f(S), λg(S)) with a guar-

antee γ in T oracle calls for function values of f or g for any λ ≥ 0, Algorithm 10

can get a solution Ŝ in T log1+ϵ

[
maxS f(S)·maxS g(S)

minS,f(S)>0 f(S)·minS,g(S)>0 g(S)

]
oracle calls with the guaran-

tee f(Ŝ) · g(Ŝ) ≥ γ2

(1+ϵ)3/2
maxS⊆V,S∈C f(S) · g(S).

Proof. Let S∗ ∈ argmaxS⊆V,S∈C f(S) · g(S), and let λ∗ = f(S∗)/g(S∗). Algorithm 10 searches

for λ in an exponentially-spaced sequence: λ0, (1 + ϵ)λ0, (1 + ϵ)2λ0, . . . , (1 + ϵ)Nλ0 plus two

boundary cases λ = 0,∞. If we choose λ0 =
minv∈V,f(v)>0 f(v)

maxS g(S)
and N ≥ log1+ϵ

maxS f(S)
λ0 minv∈V,g(v)>0 g(v)

,

we can always find λ̂ such that λ∗
√
1+ϵ
≤ λ̂ ≤

√
1 + ϵ·λ∗. Note that maxS f(S) can be estimated

using any non-monotone submodular optimization algorithm. Let Ŝ be the output by λ̂, and

we have:

f(Ŝ) · g(Ŝ) ≥ 1

λ̂

[
min

(
f(Ŝ), λ̂g(Ŝ)

)]2
(4.1)
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≥ γ2

λ̂

[
min

(
f(S∗), λ̂g(S∗)

)]2
(4.2)

≥ γ2√
1 + ϵ · λ∗

[
min

(
f(S∗),

(
λ∗√
1 + ϵ

)
g(S∗)

)]2
(4.3)

≥ γ2√
1 + ϵ · λ∗

[
min

(
f(S∗),

f(S∗)√
1 + ϵ

)]2
(4.4)

≥ γ2

(1 + ϵ)3/2 · λ∗
[f(S∗)]2 (4.5)

=
γ2

(1 + ϵ)3/2
· f(S∗) · g(S∗) (4.6)

Eq. 4.1 follows the property of the min operator. Such a step is the key for all of our

reductions. In this case, we utilize a mathematical inequality that connects the product of

two functions to the minimum over the two. For the cases of minimization or other mean

objectives, we connect our target to the reduced problem using other inequalities, for example

the Hölder’s inequality. Eq. 4.2 is a result of the γ approximation of the reduced problem;

note that S∗ is not necessarily an optimal solution of the reduced problem, but the inequality

still holds. Eq. 4.3 comes from λ∗
√
1+ϵ
≤ λ̂ ≤

√
1 + ϵ · λ∗. Eq. 4.4 and Eq. 4.6 are based on

λ∗ = f(S∗)/g(S∗). □

Corollary 6. For monotone submodular functions f and g, Under a k cardinality constraint,

i.e. |S| ≤ k, Algorithm 10 is guaranteed to find a solution Ŝ such that f(Ŝ) · g(Ŝ) ≥
(1−1/e−ϵ)2

(1+ϵ)3/2
maxS⊆V,|S|≤k f(S) · g(S).

For maximizing the mean objective of monotone submodular functions, we can utilize

better estimates of the λmax and λmin values to achieve better running time (presented in

Table 4.1.1 row “Monotone Comp.”) as discussed in Section 4.6.

Theorem 16. If there is any algorithm that solves minS,S∈C f(S) + λg(S) with guaran-

tee γ in T oracle calls of function value of f or g for any λ, algorithm 2 can get a solu-

tion Ŝ in T log1+ϵ

[
maxS f(S)·maxS g(S)

minS,f(S)>0 f(S)·minS,g(S)>0 g(S)

]
oracle calls with the guarantee f(Ŝ) · g(Ŝ) ≤

(1 + ϵ+ ϵ2/16) γ2minS⊆V,S∈C f(S) · g(S)
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Corollary 7. For unconstrained cases i.e. S ⊆ V , Algorithm 2 is guaranteed to find a

solution Ŝ such that f(Ŝ) · g(Ŝ) ≤ (1 + ϵ+ ϵ2/16) (1 + ϵ)2minS⊆V f(S) · g(S).

4.4.2 Generalized Mean

Theorem 17. If there is any algorithm that solves maxS,S∈C f(S)+λg(S) with a guarantee γ

in T oracle calls for function values of f or g for any λ ≥ 0, Algorithm 10 can get a solution

Ŝ in Tp log1+ϵ

[
maxS f(S)·maxS g(S)

minS,f(S)>0 f(S)·minS,g(S)>0 g(S)

]
oracle calls with the guarantee fp(Ŝ) + gp(Ŝ) ≥

γp

(1+ϵ)p
maxS⊆V,S∈C f

p(S) + gp(S).

Corollary 8. For monotone submodular functions f and g, under a k cardinality constraint,

i.e. |S| ≤ k, Algorithm 10 is guaranteed to find a solution Ŝ such that fp(Ŝ) + gp(Ŝ) ≥(
1−1/e
1+ϵ

)p
maxS⊆V,|S|≤k f

p(S) + gp(S).

Theorem 18. If there is any algorithm that solves minS,S∈C max(f(S), λg(S)) with guarantee

γ in T oracle calls of function value of f or g for any λ, Algorithm 9 can get a solution Ŝ

in in Tp log1+ϵ

[
maxS f(S)·maxS g(S)

minS,f(S)>0 f(S)·minS,g(S)>0 g(S)

]
oracle calls with the guarantee fp(Ŝ) + gp(Ŝ) ≤

(1 + ϵ)pγp minS⊆V,S∈C f
p(S) + gp(S).

4.4.3 Harmonic Mean

Theorem 19. If there is any algorithm that solves maxS,S∈Cmin(f(S), λg(S)) with a guar-

antee γ in T oracle calls for function values of f or g for any λ ≥ 0, Algorithm 10

can get a solution Ŝ in T log1+ϵ

[
maxS f(S)·maxS g(S)

minS,f(S)>0 f(S)·minS,g(S)>0 g(S)

]
oracle calls with the guaran-

tee f(Ŝ)·g(Ŝ)
f(Ŝ)+g(Ŝ)

≥ γ
(1+ϵ)

maxS⊆V,S∈C
f(S)·g(S)
f(S)+g(S)

.

Corollary 9. For monotone submodular functions f and g, Under a k cardinality con-

straint, i.e. |S| ≤ k, Algorithm 10 is guaranteed to find a solution Ŝ such that f(Ŝ)·g(Ŝ)
f(Ŝ)+g(Ŝ)

≥
1−1/e
(1+ϵ)

maxS⊆V,|S|≤k
f(S)·g(S)
f(S)+g(S)

.

Theorem 20. If there is any algorithm that solves minS,S∈C f(S) + λg(S) with guarantee

γ in T oracle calls of function value of f or g for any λ, Algorithm 9 can get a solution
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Ŝ in in T log1+ϵ

[
maxS f(S)·maxS g(S)

minS,f(S)>0 f(S)·minS,g(S)>0 g(S)

]
oracle calls with the guarantee f(Ŝ)·g(Ŝ)

f(Ŝ)+g(Ŝ)
≤ (1 +

ϵ)γmaxS⊆V,S∈C
f(S)·g(S)
f(S)+g(S)

.

Corollary 10. For unconstrained cases i.e. S ⊆ V , Algorithm 9 is guaranteed to find a

solution Ŝ such that f(Ŝ)·g(Ŝ)
f(Ŝ)+g(Ŝ)

≤ (1 + ϵ)maxS⊆V,S∈C
f(S)·g(S)
f(S)+g(S)

.

4.5 Generalization to m Submodular Functions

4.5.1 Generalization to m Submodular Functions with Multi-linear Search

In previous sections, we have discussed the geometric/generalized/harmonic mean of two

submodular functions. The proposed algorithm can be generalized to m submodular func-

tions with the same guarantee at the costs of longer running time (still polynomial in ϵ and

n but exponential in m), so the method is only scalable if m is small enough and treated as

a constant.

Geometric mean (product of m submodular functions) We can extend our algo-

rithm to optimize a reduced function λ1f1(S)+λ2f2(S)+ . . .+λmfm(S) for the minimization

problem and min(λ1f1(S), λ2f2(S), . . . , λmfm(S)) for the maximization problem respectively.

The key step to prove the guarantee follows the inequality:

min
i
(λifi(S)) ≤

(∏
i

λifi(S)

)1/m

≤
∑

i λifi(S)

n
. (4.7)

Assuming we know fi(S
∗)/f1(S∗), ∀i ≥ 2, where S∗ is the optimizer of the original optimization

problem, we can solve the problem by setting λ1 = 1 and λi = fi(S
∗)/f1(S∗), ∀i ≥ 2. The

optimizer of the reduced problem is also the optimizer of the original problem with the

same approximation guarantees. Note that we assume we know the λi’s, but we can

guess the values by multi-linear search over m− 1 dimensions (note λ1 = 1 is fixed) with a

bounded multiplicative error 1 + ϵ. Running time is exponential in m, but polynomial on n

and 1
log(1+ϵ)

.

Generalized mean (p-norm) of m submodular functions. We apply the same idea

as the geometric mean case. The reduced problems are maxi λifi(S) for minimization and
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∑
i λifi(S) for maximization. The key inequalities are:

(
∑

i f
p
i (S)/m)

1/p ≤ max
i
λifi(S), and (4.8)

∑
i

λifi(S) ≤

(∑
i

fp
i (S)

)1/p(∑
i

λqi

)1/q

, (4.9)

where 1/p + 1/q = 1, according to Hölder’s inequality. Then we use the same multi-linear

search algorithms for λi’s and again we can find λi close to fp−1
i (S∗)/fp−1

1 (S∗) with at most

1 + ϵ multiplicative error. Finally, we get the same approximation guarantee of the original

problem (p-norm) but with an increase of running time that is exponential in m.

Harmonic mean of m submodular functions. The same idea applies here, and note

that the harmonic mean can be seen as a generalized p-norm with p = −1. Hölder’s in-

equality can also be generalized in the case where p < 0, but with a reversed direction of

inequality. The multi-linear search algorithm can therefore solve the optimization problem

by solving the reduced problems with proper λi’s.

4.5.2 Generalization to Quadratic Forms of m Submodular Functions

A quadratic form is a polynomial with terms all of degree two, e.g.
∑

i,j aijfi(S)fj(S). This

is a natural generalization of our main results, which cover the optimization of f 2 + g2 and

f · g. Without loss of generality, we assume aij is symmetric, i.e., aij = aji. In general,

we can not approximate the problem to any factor using a polynomial time algorithm for

either the maximization or the minimization case even with a constant number of functions.

Consider the following example:

f(S)− g(S) = (f
1/2(S))2 − (g

1/2(S))2. (4.10)

The right hand side is a quadratic form and the left hand side is a difference of two submodu-

lar functions, which can represent any set function and it has been shown to be inapproximat-

able to any factor by [57]. Properties of the coefficient matrix A = [aij] plays a critical role.

Consider one case where we can diagonalize the coefficient matrix A = [aij] = P TΛP with
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non-negative eigenvalues and eigenvectors (non-negative on all entries). We can re-arrange

the objective function as ∑
i

λif̃
2
i (S), where f̃i(S) =

∑
j

Pijfj(S). (4.11)

If λi, Pij ≥ 0 ∀i, j, λif̃i(·) is submodular, so the problem is equivalent to the 2-norm of

m submodular functions optimizations. Consider a different case where the rank of the

coefficient matrix is 1, we can then factorize
∑

i,j aijfi(S)fj(S) as
∏

i

∑
j Qijfj(S). If Qij are

all non-negative, the quadratic form objective be reduced to the product of m submodular

functions. It remains an open problem on identifying necessary and sufficient conditions

of the coefficient matrix so that the quadratic form of submodular functions can be solved

approximately with constant guarantees.

4.6 Discussion

4.6.1 Other Approaches

We can apply simpler strategies to achieve weaker constant approximation guarantees on the

maximization of the geometric mean and the generalized mean of two monotone submodular

functions under cardinality constraints. Essentially, assuming the cardinality constraint k

is an even number, we can first use the greedy algorithm to optimize maxS,|S|≤k/2 f(S) and

maxS,|S|≤k/2 g(S) separately, denote the corresponding solutions as Ŝf and Ŝg respectively,

and take Ŝ = Ŝf ∪ Ŝg as the final solution. Due to submodularity, f(Ŝf ) ≥ 1−1/e
2
f(S∗) and

f(Ŝg) ≥ 1−1/e
2
g(S∗). We therefore have

f(Ŝ)g(Ŝ) ≥ f(Ŝf )g(Ŝg) ≥
γ2

4
f(S∗)g(S∗), (4.12)

f(Ŝ)p + g(Ŝ)p ≥ f(Ŝf )
p + g(Ŝg)

p ≥ γp

2p
(f(S∗)p + g(S∗)p). (4.13)

Compared to the linear search results, the above guarantee has an extra 1/4 factor for the

product case and an extra 2−p factor for the p-norm case.

Another approach to maximize the product of two monotone submodular functions is to

consider the logarithmic of the objective, i.e., log(f(S)g(S)) = log(f(S)) + log(g(S)), and
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note that since log(·) is concave, log(f(·)) + log(g(·)) remains submodular. Any submodular

algorithm that achieves a multiplicative guarantee on the logarithmic objective translates into

a power bound for the original product objective, i.e., f(Ŝ)g(Ŝ) ≥ (f(S∗)g(S∗))γ, where Ŝ is

the solution to maxS,S∈C log(f(S))+log(g(S)) with multiplicative approximation guarantee γ.

4.6.2 Better Running Time for Maximization of Means of Monotone Submodular Functions

Our linear search based algorithm requires estimation of λmin and λmax, which are related to

f(S∗)/g(S∗) and g(S∗)/f(S∗). For non-monotone submodular functions, we use a naive estimation

(maxS f(S)/minv,g(v)>0 g(v),maxS g(S)/minv,f(v)>0 f(v)). However, we can improve the bounds given f

and g are monotone. As discussed in Section 4.6.1, there is a half-half simple greedy algorithm

to achieve a (1−1/e)2/4 guarantee. The solution can also be used to estimate f(S∗) and g(S∗),

since f(Ŝ) ≥ 1−1/e
2
f(S∗) and g(Ŝ) ≥ 1−1/e

2
g(S∗).

For the geometric mean (product) problem, we know that f(Ŝ) · g(Ŝ) ≤ f(S∗) · g(S∗).

We have

[1− 1/e]2

4

f(Ŝ)

g(Ŝ)
≤ λ∗ =

f(A∗)

g(A∗)
≤ 4

[1− 1/e]2
f(Ŝ)

g(Ŝ)
(4.14)

The number of iterations is upper bounded by log1+ϵ
16

[1−1/e]4
= O( 1

log(1+ϵ)
)

For the harmonic mean problem, we know f(Ŝ)·g(Ŝ)
f(Ŝ)+g(Ŝ)

≤ f(S∗)·g(S∗)
f(S∗)+g(S∗)

. We have[
e+ 1

e− 1
+

2eg(Ŝ)

(e− 1)f(Ŝ)

]−2

≤ λ∗ =
f 2(S∗)

g2(S∗)
≤

[
e+ 1

e− 1
+

2ef(Ŝ)

(e− 1)g(Ŝ)

]2
(4.15)

The number of iterations is upper bounded by log1+ϵ
4e2

(e−1)2
= O( 1

log(1+ϵ)
)

For Generalized mean (p-norm) problem, our bound is γp

(1+ϵ)p
, but there is also a naive

bound γp

1+
fp(S∗)
gp(S∗)

by just optimizing fp(S) itself. So we only need to search for ϵ−1 ≤ f(S∗)
g(S∗)

≤ ϵ,

i.e. ϵ1−p ≤ λp ≤ ϵp−1. The number of iterations is upper bounded by − log(ϵ)
log(1+ϵ)

.

4.6.3 Product v.s. Robust: Product Guarantees Robust but Robust does not Guarantee

Product.

Orlin et al. [98] gives a constant approximation for the robust monotone submodular function
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maximization of two submodular functions under a cardinality constraint:

max
S,|S|≤k

min(f(S), g(S)). (4.16)

A disadvantage of the robust formulation is that the objective can saturate if only one

function saturates due to submodularity, e.g., f dominates g and g saturates due to submod-

ularity. In such situations, additional gains on f do not contribute to the robust objective

at all. On the contrary, the product of f and g does not have the saturation problem, i.e.

the objective function saturates if and only if both functions saturate. Moreover, we claim

that maximizing the product also optimizes the robust objective with a constant guarantee.

Consider S∗
p ∈ argmax|S|≤k f(S) · g(S) and S∗

m ∈ argmax|S|≤k min(f(S), g(S)). Therefore

min(f(S∗
p), g(S

∗
p)) ≥

(e−1)2

4e2
min(f(S∗

m), g(S
∗
m)), but S∗

m does not have any approximation

guarantee on the product maximization problem. Thus, we claim that product guarantees

robust but robust does not guarantee product.

4.7 Experiments

We perform synthetic experiments for proof-of-concept and compare our proposed algorithms

with two baseline heuristics methods: greedy on the objective and random subset selection.

For the first experiment, we investigate the problem of maximizing a product of two sub-

modular functions under a cardinality constraint. We use the facility location function for

f and g, which is a widely used submodular function in practice. We set the ground set

size |V | to 30 and partition V into V1 and V2, |V1| = |V2| = |V |/2. We define f on V1 and

g on V2, i.e. f(V2) = g(V1) = 0. f and g are both facility location functions, i.e., f(S) =∑
v∈V1

maxu∈S wv,u and g(S) =
∑

v∈V2
maxu∈S w

′
v,u, where wv,u and w′

v,u are two randomly

generated matrices with entries in [0, 1]. To test the robustness of various methods, we put

t = 0, 2, 4, 6, 8 decoy elements into the ground set, where f(v) = g(v) = 0 for a decoy element

v. For the second synthetic experiment, we test the performance of various methods on the

problem of maximizing the generalized mean (p-norm) of two submodular functions. In this

case, f has the same definition as the previous experiment, and we set g(S) = min(|S∩V2|,4)
4

with
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n = 30 and k = 6. g is designed to be hard for the greedy heuristics, since it has larger gains

in the beginning and saturates early. Figure 4.7.1a and 4.7.1b show the results of comparison,

where we find the proposed algorithms can consistently outperform the baseline heuristics.

The differences also tend to be more significant as we have more adversaries in the function

construction, thanks to the constant approximation guarantees of the proposed algorithms.

4.8 Conclusions

We study the maximization and minimization of three mean objectives of submodular func-

tions, including the geometric mean, the generalized mean and the harmonic mean. We

reduce those three mean objectives to the problem of arithmetic mean and robust mean.

The general combinations of submodular functions in the studied three mean objectives in-

clude the product, the p-norm, and the ratio between the product and the sum of submodular

functions, which allow us to design objectives involving complex trade-offs between submod-

ular functions, and apply submodular optimization to a wider range of applications. Our

approach also gives rise to many future research directions that are deeply involved about

the computability of combinations of submodular functions: are there algorithms that have

a polynomial dependence on m for optimizing various means of m submodular functions,

and what are the necessary and sufficient conditions for the combinations of submodular

functions to be approximated with constant factors in polynomial time?
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Figure 4.7.1: Comparison with baseline heuristics methods.
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Appendices

4.A Proof of Theorem 16

Proof. Let S∗ ∈ argminS⊆V,S∈C f(S) · g(S), let λ∗ = f(S∗)/g(S∗). Algorithm 9 is searching for

λ in a way like λ0, (1 + ϵ)λ0, (1 + ϵ)2λ0, . . . , (1 + ϵ)Nλ0 plus two boundary cases λ = 0,∞. If

we choose λ0 =
minv∈V,f(v)>0 f(v)

maxA⊆V g(A)
and N ≥ log1+ϵ

maxA⊆V f(A)

λ0 minv∈V,g(v)>0 g(v)
, we can always find λ̂ such

that λ∗
√
1+ϵ
≤ λ̂ ≤

√
1 + ϵ · λ∗. Let Ŝ be the output by λ̂

Therefore, we have

f(Ŝ) · g(Ŝ) ≤ 1

λ̂

[
f(Ŝ) + λ̂g(Ŝ)

2

]2
(4.17)

≤ γ2

λ̂

[
f(S∗) + λ̂g(S∗)

2

]2
(4.18)

≤
√
1 + ϵ · γ2

4λ∗

[
f(S∗) +

√
1 + ϵ · λ∗ · g(S∗)

]2
(4.19)

≤
√
1 + ϵ · γ2 ·

(
1 +
√
1 + ϵ

)2
4λ∗

[f(S∗)]2 (4.20)

=

√
1 + ϵ ·

(
1 +
√
1 + ϵ

)2
4

· γ2 · f(S∗) · g(S∗) (4.21)

< (1 + ϵ+ ϵ2/16) · γ2 · f(S∗) · g(S∗). (4.22)

The first inequality uses simple algebra, and the second inequality uses the γ approxima-

tion guarantee on the reduced problem. The third and the fourth inequality uses relationships

between λ̂ and λ∗: λ∗
√
1+ϵ
≤ λ̂ ≤

√
1 + ϵ · λ∗, and the definition for λ∗: λ∗ = f(S∗)/g(S∗).

Since we search over all possible λ values in an exponentially-spaced sequence, we can

always find the λ̂ with the property stated above. As we take the best over all searched λ

values, the found result will be better than λ̂ and gives the desired approximation guarantee.

□
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4.B Proof of Theorem 17

Proof. The concept of proof is similar with previous ones. Let λ∗ = gp−1(S∗)/fp−1(S∗), where

S∗ ∈ argmaxS∈C f
p(S) + gp(S). We use the same definition for λ̂ and Ŝ.

fp(Ŝ) + gp(Ŝ) ≥

[
f(Ŝ) + λ̂g(Ŝ)

]p
[
1 + λ̂q

]p/q (4.23)

≥
γp
[
f(S∗) + λ̂g(S∗)

]p
[
1 + λ̂q

]p/q (4.24)

≥
γp
[
f(S∗) + (1+ϵ)−

1/2gp−1(S∗)
fp−1(S∗)

g(S∗)
]p

[
1 +

[
(1+ϵ)1/2gp−1(S∗)

fp−1(S∗)

]q]p/q (4.25)

≥
γp
[
f(S∗) + gp−1(S∗)

fp−1(S∗)
g(S∗)

]p
(1 + ϵ)p

[
1 +

[
gp−1(S∗)
fp−1(S∗)

]q]p/q (4.26)

=
γp [fp(S∗) + gp(S∗)]p

(1 + ϵ)p [f q(p−1)(S∗) + gq(p−1)(S∗)]
p/q

(4.27)

=
γp [fp(S∗) + gp(S∗)]p

(1 + ϵ)p [fp(S∗) + gp(S∗)]
p/q

(4.28)

=
γp

(1 + ϵ)p
[fp(S∗) + gp(S∗)] (4.29)

The first inequality follows Hölder’s inequality applied to two vectors: (f(Ŝ), g(Ŝ)) and

(1, λ). The second inequality uses the γ approximation guarantee of the reduced problem.

The third and the fourth inequalities use the definition for λ∗ and λ̂. The following equations

follow 1/q + 1/p = 1, using properties such as (p− 1)q = p, and p− p/q = 1. □
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4.C Proof of Theorem 18

Proof. First, we prove the following inequality: ∀ a, b, λ ≥ 0, p ≥ 1, a+ b > 0,

[ap + bp]
1/p ≤ (1 + λ−p)

1/p max (a, λb) (4.30)

If a ≥ λb, the right hand side equals to (1 + λ−p)1/p · a ≥ (1 +
(
a
b

)−p
)1/p · a = [ap + bp]

1/p.

If a ≤ λb, the right hand side equals to (1+λ−p)1/p ·λ ·b = (1+λp)1/p ·b ≥ (1+
(
a
b

)p
)1/p ·b =

[ap + bp]
1/p.

Therefore, let λ∗ = f(S∗)
g(S∗)

. We can use linear search to find λ∗
√
1+ϵ
≤ λ̂ ≤

√
1 + ϵ · λ∗.

fp(Ŝ) + gp(Ŝ) ≤
[
(1 + λ̂−p)

1/p max(f(Ŝ), λ̂g(Ŝ))
]p

(4.31)

≤
[
(1 + λ̂−p)

1/pγmax(f(S∗), λ̂g(S∗))
]p

(4.32)

≤
[
(1 + ((1 + ϵ)−

1/2λ∗)−p)
1/pγmax(f(S∗), (1 + ϵ)

1/2λ∗g(S∗))
]p

(4.33)

≤
[
(1 + ϵ)(1 + (λ∗)−p)

1/pγmax(f(S∗), λ∗g(S∗))
]p

(4.34)

= (1 + ϵ)pγp

(1 + (f(S∗)

g(S∗)

)−p
)1/p

f(S∗)

p

(4.35)

= (1 + ϵ)pγp [fp(S∗) + gp(S∗)] (4.36)

The first inequality follows from the inequality proved in Eq. 4.30. The second inequality

is based on the γ approximation guarantee of the reduced problem. The third and the fourth

inequalities follow the definitions for λ∗ and λ̂. □



107

4.D Proof of Theorem 19

Proof. First we prove the following inequality, for any a, b, λ ≥ 0, a+ b > 0

ab

a+ b
≥ min (a, λb)

1 + λ
(4.37)

If a ≥ λb, the right hand side equals to λb
1+λ

= b
1+1/λ

≤ b
1+b/a

= ab
a+b

.

If a < λb, the right hand side equals to a
1+λ

< a
1+a/b

= ab
a+b

.

Let λ∗ = f(S∗)
g(S∗)

. We can use linear search to find λ∗
√
1+ϵ
≤ λ̂ ≤

√
1 + ϵ · λ∗. So we have

f(Ŝ) ∗ g(Ŝ)
f(Ŝ) + g(Ŝ)

≥
min

(
f(Ŝ), λ̂g(Ŝ)

)
1 + λ̂

(4.38)

≥
γmin

(
f(S∗), λ̂g(S∗)

)
1 + λ̂

(4.39)

≥
γmin

(
f(S∗), (1 + ϵ)−1/2λ∗g(S∗)

)
1 + (1 + ϵ)1/2λ∗

(4.40)

≥ γmin (f(S∗), λ∗g(S∗))

(1 + ϵ)(1 + λ∗)
(4.41)

=
γf(S∗)

(1 + ϵ)(1 + f(S∗)
g(S∗)

)
(4.42)

=
γf(S∗)g(S∗)

(1 + ϵ)(f(S∗) + g(S∗))
(4.43)

The first inequality follows the inequality we have proved in Eq. 4.37. The second in-

equality follows the γ approximation guarantee of the reduced problem. The third and the

fourth inequality follows the definitions of λ∗ and λ̂. □
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4.E Proof of Theorem 20

Proof. Let λ∗ = f2(S∗)
g2(S∗)

. We can use linear search to find λ∗
√
1+ϵ
≤ λ̂ ≤

√
1 + ϵ · λ∗. So we have

f(Ŝ)g(Ŝ)

f(Ŝ) + g(Ŝ))
≤ f(Ŝ) + λ̂g(Ŝ)

(1 + λ̂1/2)2
(4.44)

≤
γ
(
f(S∗) + λ̂g(S∗)

)
(1 + λ̂1/2)2

(4.45)

≤
γ
(
f(S∗) + (1 + ϵ)1/2λ∗g(S∗)

)
(1 + (((1 + ϵ)−1/2)λ∗)

1/2
)2

(4.46)

≤ (1 + ϵ)γ (f(S∗) + λ∗g(S∗))

(1 + (λ∗)
1/2)2

(4.47)

=
(1 + ϵ)γf(S∗)g(S∗)

f(S∗) + g(S∗)
(4.48)

For the first inequality, we use Hölder’s inequality for 0 < p < 1 and q < 0, i.e., |xy| ≥

||x||p||y||q where x, y are two vectors. In our case, we apply it to vectors: (f(Ŝ, g(Ŝ)) and

(1, λ). For the second inequality, we utilize the γ approximation guarantee of the reduced

problem. The third and the fourth inequalities follow the definitions of λ∗ and λ̂. □
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4.F Proof for maximization of Geometric mean of m submodular functions

Here we give a detailed proof to demonstrate the extension to m submodular functions of

Theorem 15 as discussed in Section 4.5.1. The extension of other theorems follow the same

idea.

Proof. The optimization problem is maxS∈C
∏m

i fi(S), where every fi(S) is a non-negative

submodular function. We define λ∗1 = 1 and λ∗i = f1(S∗)
fi(S∗)

for i = 2, 3, . . . ,m. λ∗i ’s are

unknown but we use multi-linear search to find λ̂i such that 1√
1+ϵ

λ∗i ≤ λ̂i ≤
√
1 + ϵλ∗i . The

search requires
∏m

i=2 log1+ϵ
max f1(S)max fi(S)
min f1(S)min fi(S)

rounds, which is exponential tom, but polynomial

to other parameters for fixed m. Suppose we can find Ŝ as an approximate solution to

maxS∈C mini(λi · fi(S)). We have

m∏
i=1

fi(Ŝ) ≥

[
mini(λ̂i · fi(Ŝ))

]m
1 ·
∏m

i=2 λ̂i
(4.49)

≥

[
γmini(λ̂i · fi(S∗))

]m
∏m

i=2 λ̂i
(4.50)

≥

[
γmini(

λ∗
i√
1+ϵ
· fi(S∗))

]m
∏m

i=2

√
1 + ϵλ∗i

(4.51)

≥ γm [mini(λ
∗
i · fi(S∗))]m

(1 + ϵ)
2m−1

2

∏m
i=2 λ

∗
i

(4.52)

=
γm
[
mini(

f1(S∗)
fi(S∗)

· fi(S∗))
]m

(1 + ϵ)
2m−1

2

∏m
i=2

f1(S∗)
fi(S∗)

(4.53)

=
γm
∏m

i=1 fi(S
∗)

(1 + ϵ)
2m−1

2

(4.54)

The bound is still tight in terms of the γ dependence and aligns with m = 2 case in Theo-

rem 15. □
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Part II

SUBMODULAR GENERALIZED MATCHING FOR PEPTIDE
IDENTIFICATION IN TANDEM MASS SPECTROMETRY

Part II focuses on the biological application of submodular generalized matching (SGM)

for peptide identification in tandem mass spectrometry. In chapter 5, we introduce the prob-

lem of mass spectrometry database search and point out that a score function is a key to the

success of the searching algorithm. In chapter 6, We discuss the design of submodular gener-

alized matching as the score function. In chapter 7, we demonstrate that our proposed score

function can be computed efficiently and outperforms a variety of state-of-the-art methods

across multiple data sets. The work is published in

Wenruo Bai, Jeffrey Bilmes, and William Stafford Noble. Submodular generalized

matching for peptide identification in tandem mass spectrometry. IEEE/ACM transactions

on Computational Biology and Bioinformatics, IEEE, 2018.

Wenruo Bai, Jeffrey Bilmes, and William S. Noble. Bipartite Matching Generaliza-

tions for Peptide Identification in Tandem Mass Spectrometry. In 7th ACM Conference on

Bioinformatics, Computational Biology, and Health Informatics (ACM BCB), ACM SIGBio,

ACM SIGBio, Seattle, WA, October 2016., which is the winner of the best paper award

at the conference.
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Chapter 5

INTRODUCTION

5.1 Introduction

A shotgun proteomics experiment produces on the order of 10 mass spectra per second, each

of which ideally is generated by a single peptide species. Hence, before the data can be

used to answer high-level biological questions—like which functional classes of proteins are

differentially expressed in one experimental condition versus another—we must first answer a

simpler question, namely, “What peptide species was responsible for generating this observed

spectrum?”

Over the past two decades, since the description in 1994 of the SEQUEST algorithm [29],

by far the most common way to answer this question has been via database search. All such

methods follow roughly the same form. The input is a set of observed spectra and a database

of peptides, typically derived from the protein sequences of the organism under study. The

database search algorithm is then deceptively simple: for each observed spectrum, we (1)

extract from the database all peptides whose masses lie within a user-specified tolerance

of the precursor mass associated with the spectrum, (2) compute a quality score for each

peptide-spectrum match (PSM), and (3) assign to the spectrum the candidate peptide that

received the best score.

Clearly, the success or failure of a database search method depends very strongly upon

the quality of its score function. A good database search score function must exhibit at

least three distinct properties. First, it must be quick to compute. At a production rate of

10 spectra per second, where each spectrum must be compared to hundreds or thousands

of candidate peptides, an expensive score function will quickly become the bottleneck in

any analysis pipeline. Second, the function must be accurate, in the sense that it usually
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succeeds in assigning the best score to the candidate peptide that actually was responsible

for generating the observed spectrum. Third, the function must be well calibrated, so that

the score assigned to the top peptide for one spectrum can be compared directly to the

score assigned to the top peptide for a second spectrum. This third property is important

because, in practice, the output of a database search algorithm is a ranked list of PSMs, one

per observed spectrum. Because many observed spectra cannot be accurately identified, it is

critical that the top of this ranked list of PSMs is highly enriched for correct identifications.

Calibration is also important for comparing spectra containing different numbers of peaks,

since an uncalibrated algorithm tends to give higher scores to more dense spectra.

Dozens of database search score functions have been described in the literature (reviewed

in [97]). Most rely on first transforming the peptide sequence into a theoretical spectrum

and then computing some type of similarity score between the observed and theoretical

spectra. Existing similarity functions rely on cross-correlation (SEQUEST) [29], dot product

(X!Tandem) [18], Poisson scoring (OMSSA) [42], hypergeometric scores (Myrimatch) [119],

probabilistic models (ProbID) [138] or simple counts of overlapping peaks (Morpheus) [135].

In this work, we propose to model the affinity between an observed and theoretical

spectrum using a process we call a “submodular generalized matching” (SGM). This approach

generalizes and provides greater modeling power than standard bipartite matching. In order

to describe SGMs, we need first to describe bipartite matchings, submodular functions and

their optimization, and matroids. We briefly do so in the next few paragraphs and further

discuss submodular function in Section 5.2.

A maximum bipartite matching starts with a non-negative weighted bipartite graph

(V, U,E,w), where V is a set of “left” vertices, U is a set of “right” vertices, E ⊆ V ×U is a

set of edges, and w : E → R+ is a weight function on the edges, where w(A) =
∑

a∈Aw(a)

for any edge set A ⊆ E. The goal of a maximum bipartite matching process is to find a set of

edges A ⊆ E that maximizes w(A) but that is a matching, i.e., no vertex may be incident to

more than one edge. Conceptually, one might treat computing a peptide-spectrum matching

score as finding a maximum matching in a bipartite graph consisting of an observed spec-
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trum (represented by the vertices V ), a theoretical spectrum (the vertices U), and the edges

E (feasible explanations of the observed by the theoretical spectra). In other words, given

an edge e ∈ E where e = (v, u) with v ∈ V , u ∈ U , the weight w(e) (which may be zero)

indicates the degree to which theoretical peak u matches observed peak v.

For several reasons, however, maximum bipartite matching alone is inadequate to produce

a good peptide-spectrum scoring function. First, only one edge in a traditional matching may

be incident to a vertex, even though, as described below, a given theoretical fragmentation

event might produce multiple effects in the observed spectrum. Conversely, several different

theoretical peaks might potentially explain a single observed peak. Second, the score function

of a bipartite matching w(A) is necessarily additive, meaning that the weight of an edge does

not change when considered in the context of other edges added to a matching. In practice,

an optimal score function might need to combine matching scores in a non-additive fashion.

To address the first problem, we use matroid constraints, and to address the second problem

we use submodular functions. Together, these two approaches achieve our generalization.

In fact, bipartite matching can be described in exactly this way. Given a weighted

bipartite graph (V, U,E,w), we can formulate maximum bipartite matching as maximizing

w(A) subject to A being independent in two matroids. Depending on the matroids (as

described below) we may relax the constraint that an edge is incident only to one vertex. In

fact, with this formulation, each vertex (within either V or U) may have its own limit on

incident edges. This means that, for a vertex x ∈ V ∪ U , we may define a limit kx on how

many edges in a generalized matching may be incident to x.

Submodular matching generalizes this idea further as follows: rather than maximize an

additive weight function w(A), we instead maximize a submodular function f . That is,

submodular matching finds an edge set A ⊂ E that maximizes f(A) subject to multiple

matroid constraints, A ∈ I1 ∩ I2. Submodular matching is NP-hard, but it can be well-

approximated extremely efficiently using a greedy algorithm that has a mathematical quality

guarantee, namely, that the solution provided by the greedy algorithm (Alg. 11) is no worse

than 1/3 times the best possible solution—this approximation ratio is constant regardless
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of the problem size [95]. Submodularity can be further exploited to accelerate the greedy

implementation, leading to an algorithm often called accelerated or lazy greedy [90] (Alg. 12)

having almost linear time complexity in practice. Hence, computationally, the approach

scales to very large data set sizes.

In this work, we demonstrate how submodular matching with matroid constraints can be

used to design a natural mass spectrometry score function that incorporates two important

pieces of prior knowledge about peptide fragmentation. First, the proposed score function

keeps track of situations in which a single observed peak can be explained by more than

one peak in the theoretical spectrum. Such a collision might occur, for example, in the

fragmentation of the +2 charged peptide SSLEVHIR. One of the prefix ions (SS) has an m/z

value nearly exactly equal to one of the suffix ions (R). If the observed spectrum has a peak

at 175 Da/charge, then existing score functions must choose between scoring this peak as a

single match or as two matches. The submodular approach, by contrast, allows us to assign

a diminished score to the second match. Second, our proposed score function allows us to,

in effect, assign “extra credit” to pairs of observed-theoretical matches that are mutually

reinforcing. For example, when we evaluate the hypothesis that an observed spectrum was

produced by the fragmentation of peptide QNSHLTIK, we expect a single cleavage event

to produce a prefix ion (e.g., QNS with m/z=330 Da/charge) and its corresponding suffix

ion (HLTIK with m/z=611 Da/charge). If the observed spectrum contains peaks at both

611 Da/charge and 330 Da/charge, then SGM offers full joint, or non-diminished, credit to

these pair of peaks, to account for their complementary nature. The SGM approach also

simultaneously discredits any other sets of peaks that should not be in a complementary

relationship with each other, for the given peptide. As we see above, the edge interactions

can be both local and global, and this is exactly the power of submodular functions, which

can model these properties easily while allowing fast approximate maximization.

We demonstrate that our proposed score function can be computed efficiently and that the

resulting score function outperforms a variety of state-of-the-art methods across multiple data

sets. Specifically, we compare SGMs with four existing methods, XCorr [21], MS-GF+ [71],
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XCorr p-value [50] and Mascot [17]. We compute the number of spectra identified at a 1%

false discovery rate (FDR) threshold, observing statistically significant improvements relative

to the second-best method (p < 0.05, Wilcoxon signed-rank test, Fig 7.4.2).

A related framework is called max b-matching [70]. A b-matching is a set of edges M

such that at most b(v) edges in M are incident on each vertex v ∈ V . Recent studies have

proposed efficient algorithms to find a b-matching of maximum weight with 1/2 guarantee.

We note that this framework and SGM share a similar ability to allow multiple edges incident

to one vertex. However, SGM is more flexible because it allows modelling the interaction

between edges, whereas b-matching requires simply adding up the edge weights.

5.2 Background: Submodular Function

In this section, we give further background introduction of submodular functions. Recall

that a set function f : 2E → R is called submodular if and only if for any A ⊆ B ⊂ E and

v ∈ E \B, f satisfies f(A∪{v})−f(A) ≥ f(B∪{v})−f(B). We define the gain of v in the

context of X as f(v|X) ≜ f(X ∪ {v}) − f(X). Thus, f is submodular if f(v|X) ≥ f(v|Y )

for X ⊆ Y and v /∈ Y . The function f is called monotonically non-decreasing if f(v|A) ≥ 0

for all v ∈ E and A ⊆ E, where f(v|A) = f({v} ∪ A) − f(A) is the gain of v given A.

Submodularity is preserved within a convex cone, that is, if f1 and f2 are both submodular

functions, then λ1f1 + λ2f2 is also submodular for all λ1, λ2 ≥ 0.

People have studied different classes of submodular functions such as entropy [88], set

cover [41], deep submodular functions[23] and so on. Among them, perhaps the most simple

class is that of the concave of modular functions. Suppose that f : 2E → R is a monotone

non-decreasing submodular function and g : R → R is a monotone non-decreasing concave

function, then g(f(A)) is submodular [113].

Optimizing an arbitrary set function is computationally intractable in polynomial time.

However, submodularity provides possibilities for a variety of optimization problems. For

example, minimizing a submodular function unconstrainedly can be exactly solved in poly-

nomial time [53]. The minimum cut problem is a special case of this general minimization
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problem. However, the corresponding maximization problem is known to be NP-hard [31].

On the other hand, maximizing a monotonically non-decreasing submodular function under a

cardinality constraint can be approximately solved by a simple greedy algorithm with a worst

case lower bound of 1− 1
e
[38]. In recent years, due in part to the increasing set of applications

in machine learning that can utilize submodularity, many other related optimization prob-

lems have been studied, including submodular cover and submodular knapsack constrained

submodular optimization [61], online submodular maximization [115], and optimizing ratios

of submodular functions [5], to name only a few.

In this chapter, we consider the problem of submodular maximization under multiple

matroid constraints. In 1978, Nemhauser et al. [95] proposed a Greed algorithm (Alg. 11)

which is guaranteed to obtain a solution Â such that

f(Â) ≥ 1

m+ 1
f(A∗), (5.1)

where A∗ ∈ argmaxA∈∩iIi f(A) andMi = (E, Ii), for i = 1, . . . ,m are a set of m matroids

to be used as constraints. The time complexity of Greed is O(n2) and can be further

accelerated by LazyGreed [90] (Alg. 12) which obtains the same solution as Greed. The

1
m+1

bound can be further improved to 1 − 1
e

[14] for m = 1 and 1
m+ϵ

[79] for m ≥ 2

using multilinear extension and the continuous greedy algorithm. These algorithm are more

computationally expensive, especially since they cannot use the accelerated greedy trick.

Since our goal is not only to produce a good, but also a fast, scoring function, we elected to

use the faster algorithms (LazyGreed), having the 1
m+1

guarantee.

Another benefit of submodularity and SGM is that we can deliberately punish certain

pairs of elements by making small changes to the submodular function. This is extremely

useful for designing suitable functions whenever we observe good biological properties of

MS/MS. For example, if an observed peak is well-explained by a given theoretical peak, then

any other theoretical peak that also explains the same observed peak should be discounted,

as we will further discuss in section 6.3. Let f0 : 2E → R be a normalized, monotonically

non-decreasing submodular function, and consider two elements a, b ∈ E. Let f ′ : 2E → R be
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Algorithm 11: Greed for submodular maximization. [95]

1: Input: f and m matroid constraintsMi = (E, Ii).

2: Output: An approximation solution Â.

3: Â← ∅

4: while exists v ∈ E \ Â s.t. ({v} ∪ Â) ∈ ∩iIi do

5: v̂ ∈ argmaxv∈E\Â,({v}∪Â)∈∩iIi f(v|Â)

6: Â← {v̂} ∪ Â

7: end while

8: return Â

another submodular function where f ′(A) = f ′(A ∩ {a, b}) for all A ⊆ E, f ′(∅) = f ′({a}) =

f ′({b}) = 0 and −minv∈{a,b} f0(v|E \ {v}) ≤ f ′({a, b}) ≤ 0. Note that f ′(a|E \ {a}) =

f ′(E)− f ′(E \ {a}) = f ′(a, b)− f ′(b) = f ′(a, b) = f ′(b|E \ {b}) since f ′(v) = 0 for v ∈ {a, b}.

Lemma 23. f(A) = f0(A) + f ′(A) is a monotonically non-decreasing submodular function.

Proof. f ′(A) is submodular by definition and so is f(A) = f0(A)+f
′(A) since submodularity

is preserved when adding submodular functions.

For all v ∈ E \ {a, b},

f(v|E \ {v}) = f0(v|E \ {v}) + f ′(v|E \ {v}) (5.2)

= f0(v|E \ {v}) ≥ 0. (5.3)

For v ∈ {a, b},

f(v|E \ {v}) = f0(v|E \ {v}) + f ′(v|E \ {v}) (5.4)

≥ f0(v|E \ {v})− min
v∈{a,b}

f0(v|E \ {v}) ≥ 0. (5.5)

According to submodularity, if all the final gains are non-negative (e.g. f(v|E \ {v}) ≥ 0 for

all v ∈ E), then f(A) is monotonically non-deceasing.
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We claim that adding f ′ to f0 does not encourage choosing the pair a, b when solving

maxA∈C f(A) = maxA∈C f0(A) + f ′(A) instead of maxA∈C f0(A) where C is any constraint.

Lemma 24. For A∗ ∈ argmaxA∈C f0(A), if |A∗ ∩ {a, b}| ≤ 1, then A∗ ∈ argmaxA∈C f(A)

and maxA∈C f(A) = maxA∈C f0(A). If |A∗ ∩ {a, b}| = 2, then maxA∈C f(A) ≤ maxA∈C f0(A).

For an α-approximate solution Â of maxA∈C f0(A), if |Â ∩ {a, b}| ≤ 1, then Â is still an

α-approximate solution of maxA∈C f(A) and f(Â) = f0(Â). If |Â∩{a, b}| = 2, f(Â) ≤ f0(Â).

Proof. Recall the definition of f ′(A): f ′(A) = f ′(A∩{a, b}) for all A ⊆ E, f ′(∅) = f ′({a}) =

f ′({b}) = 0 and −minv∈{a,b} f0(v|E \ {v}) ≤ f ′({a, b}) ≤ 0. Immediately, we have f(A) =

f0(A)+f
′(A) ≤ f0(A) for all A ⊆ E, since f ′(A) ≤ 0. So maxA∈C f(A) ≤ maxA∈C f0(A). This

covers the case when |A∗ ∩{a, b}| = 2 where we see score penalty of minv∈{a,b} f0(v|E \ {v}).

If |A∗∩{a, b}| ≤ 1, then f ′(A∗) = 0 and f(A) = f0(A)+f
′(A) ≤ f0(A) ≤ f0(A

∗) ≤ f(A∗)

for all A ⊆ E. So A∗ ∈ argmaxA∈C f(A) and maxA∈C f(A) = f(A∗) = f0(A
∗) + f ′(A∗) =

f0(A
∗) + 0 = maxA∈C f0(A). This shows that when |A∗ ∩ {a, b}| ≤ 1, score is not penalized.

For the second part of α-approximate solution Â, again we have f(Â) ≤ f0(Â). This

covers the case when |Â ∩ {a, b}| = 2, and we see score penalty of minv∈{a,b} f0(v|E \ {v}).

If |Â ∩ {a, b}| ≤ 1, then we have f(Â) = f0(Â) + f ′(Â) = f0(Â) + 0 = f0(Â). Therefore,

f(Â)
maxA∈C f(A)

= f0(Â)+f ′(Â)
maxA∈C f(A)

= f0(Â)
maxA∈C f(A)

≥ f0(Â)

maxA∈C f0(Â)
≥ α. So Â is still an α-approximate

solution for maxA∈C f(A) and the score is not penalized.

Hence, adding f ′ will only punish the score of the pair a and b; otherwise, the scores will

be unaffected.

In practice, we use a concave over modular function, f(A) = g(
∑

v∈A∩{a,b}wv), where

g is a monotonically non-deceasing concave function, and w is a non-negative weight for

each element. Immediately, we have f(A) = f0(A) + f ′(A) where f0(A) =
∑

v∈A∩{a,b} g(wv)

and f ′
0(A) = 1A={a,b}(g(wa) + g(wb) − g(wa + wb)), and using lemma 24, we show that f

does not encourage choosing the pair of a, b compared to
∑

v∈A∩{a,b} g(wv), which has no

interaction between elements. But unfortunately, the opposite of lemma 24, where we would
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award a particular pair of complementary elements, does not hold. It is hard to model

complementary properties of multiple elements using submodularity. However, in this part,

we use an interesting trick (see Section 6.3.2 for full details) to achieve this goal.

5.3 Background: Mass Spectrometry Database Search

In this section, we introduce the spectrum identification problem. Given an observed spec-

trum dataset S and a peptide database P , for each s ∈ S with precursor m/z value of ms

and precursor charge value cs, we wish to find the peptide p ∈ P responsible for generat-

ing s. With the knowledge of ms and cs, it is unnecessary to consider all p in the entire

database. We assume that the responsible p has a mass approximately equal to the precur-

sor ms, subject to a tolerance ω determined by the settings in the first round of MS/MS.

Let Ps = P (ms, cs,P , ω) = {p : s ∈ P , |m(y)/cs −ms| ≤ ω}. In database search, only the

peptides in Ps, the candidate peptides, are scored. A scored spectrum-peptide pair is called

a peptide-spectrum match (PSM).

Denoting an arbitrary scoring function as s(p, s), the spectrum identification problem,

for a given s, computes:

p∗ ∈ argmax
p∈P (ms,cs,P,ω)

s(p, s) (5.6)

The scoring function s(p, s) is the core of any search method and a crucial determinant

of the performance. We next introduce the widely used SEQUEST method and then show

how we generalize it using submodular generalized matching.

5.3.1 The SEQUEST algorithm

SEQUEST [29] was the very first database search engine. It has a rather simple mechanism

and runs very fast while having good performance. Nowadays, SEQUEST is still widely used,

and many modern search engines such as MS-GF+ cite [71] and the XCorr p-value [50], which

will be later described in Section 7.2, build their algorithms using ideas similar to that of

SEQUEST.
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We begin by describing SEQUEST because it also provides a good starting point for

SGM. Prior to analysis, each observed spectrum is preprocessed in two steps. First, the

intensity of each peak is replaced by its square root. Second, the m/z range spanned by

the spectrum is divided into 10 regions uniformly, and the intensities within each region are

normalized so that the highest intensity in that region is 50. This second step reduces the

amount of intensity variation along the m/z axis.

Next, a theoretical spectrum is constructed for each candidate peptide. A peptide with

n amino acids is fragmented into n − 1 prefix ions (called “b-ions”) and n − 1 suffix ions

(called “y-ions”). For each b-ion and y-ion with mass mb and my, theoretical peaks with

intensity 50 are placed at mb and my, and neutral loss peaks with intensity 10 are placed at

mb − 17, mb − 18, mb − 28, my − 17. my − 18, corresponding to losses of ammonia (NH3, 17

Da), water (H2O, 18 Da) and carbon monoxide (CO, 28 Da). Furthermore, if the observed

spectrum has a precursor charge greater than +2, then higher charged versions of the above

peaks are also added to the theoretical spectrum.

The traditional SEQUEST score function, called XCorr, is a dot product between one

theoretical and one observed spectrum, and can be calculated as follows:

SEQUEST(p, s̃) = ⟨p, s̃⟩ − 1

151

75∑
τ=−75

N∑
i=1

p(i)s̃(i− τ) (5.7)

= ⟨p, s̃− 1

151

75∑
τ=−75

s̃τ ⟩ (5.8)

where s̃ is the observed spectrum, p is the theoretical spectrum and s̃′ = s̃ − 1
151

∑75
τ=−75 s̃τ

is called the background spectrum with s̃τ (i) = s̃(i− τ).
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Algorithm 12: LazyGreed for submodular maximization. [90]

1: Input: f and m matroid constraintsMi = (E, Ii).

2: Output: An approximation solution Â.

3: Â← ∅; Initialize priority queue Q.

4: for v ∈ E do

5: INSERT(Q, f(v))

6: end for

7: while Q not empty do

8: (v, a)← POP(Q)

9: if ({v} ∪ Â) ∈ ∩iIi then

10: isFresh← (α = f(v|Â))

11: if not isFresh then

12: α← f(v|Â)

13: end if

14: if isFreash or α ≥ max(Q) then

15: Â← Â ∪ {v}

16: else

17: INSERT(Q, (v, α))

18: end if

19: end if

20: end while

21: return Â
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Chapter 6

SUBMODULAR GENERALIZED MATCHINGS

Producing a score function S via SGM involves four steps. First, we create a distinct

bipartite graph where the left vertices V correspond to the observed peaks and the right

vertices U to theoretical peaks for each PSM needing to be scored. Second, we produce a

submodular evaluation function f(A) defined over edges of that bipartite graph. Third, we

define a set of matroidsMv = (E, Iv) andMu = (E, Iu) whose independent sets are to be

used as constraints. Fourth, we compute the score itself, s = maxA∈Iv∩Iu f(A). We discuss

each of these steps in detail below.

6.1 Bipartite Graph Production

All of our models have as their core a bipartite graph representation of the matching between

observed and theoretical spectra peaks (Figure 6.1.1A). A bipartite graph is one whose ver-

tices can be divided into two disjoint sets U and V such that every graph edge e = (v, u)

connects a vertex v ∈ V to a vertex u ∈ U . For each PSM, we build a bipartite graph

G = (V, U,E), where V and U are the sets of peaks in the observed and theoretical spec-

trum, respectively, and for e = (v, u) ∈ E, theoretical peak u is responsible for the existence

of observed peak v with a corresponding weight w(e).

For a given edge e = {v, u}, the weight w(e) is defined as w′({v, u})xvyu, where w′({v, u})

is a weight matrix and xv, yu are intensities of v and u. w′({v, u}) describes the general

biological relationship between the observed and theoretical peaks given their mass-to-charge

ratios, mv and mu. For example, if mu−mv is close to 0 or 18 (a water loss), then w′({v, u})

should be high. Note that the matrix w′ is sparse since we do not expect relationships to exist

between two peaks at an arbitrary m/z difference. Also, the values of w′ are a function only
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V: Observed U: Theoretical

EAMCG

       HN

MCGHN

   EA

V: Observed U: Theoretical

EAMCG

       HN

MCGHN

    EA

A B

Figure 6.1.1: PSM bipartite graphs. (A) V is the set of all peaks in an observed spec-

trum. The horizontal lines attached on the left represent the peak intensities in the observed

spectrum. U is the set of all fragment ions for a given theoretical spectrum derived from a

given peptide. An edge (v, u) connects v ∈ V with u ∈ U if v might possibly be explained by

u with an associated non-negative weight. (B) Red lines are selected edges for a particular

match. Non-horizontal edges might correspond to neutral losses.
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of the m/z difference, i.e., w′({v, u}) = h(mv −mu) where h(·) is a function and is learned

empirically using the average intensity near high-confidence b-ions and y-ions (Section 6.2).

Note that our empirical weights may also be helpful for other scoring methods. In Section 7.6,

we show that using our empirical weighting scheme does indeed yield improvements for a

method like SEQUEST; however, the submodular function introduced in the next section

makes better use of this weighting information.

6.2 Empirical Weights

In this section, we show how we derive our empirical weights that lead to the improved

performance demonstrated in Figure 7.6.1.

Figure 6.2.1 shows the average intensities of observed peaks near b-ions or y-ions in high

confidence PSMs (q = 0.01) for the worm-01 charge +2 data set. Figure 6.2.2 shows the

average intensities for one data set, Plasmodium TMT-10 (described in Section 7.1). In the

figures, we see strong peaks at the b- and y-ions, as well as peaks with offsets of +1 Th

peaks (+1 isotope peaks), -17 Th (NH3-loss), -18 Th (H2O-loss) and (for b-ions) -28 Th

peaks (CO-loss).

The edges are added to E based on these average intensities for b-ion and y-ions sep-

arately. The weight of each edge is w({v, u}) = w′({v, u})x(mv), where mv is the m/z of

v, and x is the preprocessed observed spectrum as introduced in Section 5.3.1. Recall that

in Section 6.1, w′({v, u}) is determined by mv − mu. For low resolution data, w′({v, u})

is read from Table 6.2.1. For high resolution data, the w′({v, u}) values are obtained from

Figure 6.2.2. In both settings, we calculate mv − mu and use the number in the table or

intensity in the plot.

For charge +3 data, where the b-ions and y-ions are charge +1 or charge +2, we do similar

steps but using the mass-to-charge ratio of the higher charged ion, where mv,c+ = mv,1++c−1

c

is the m/z of charge c+ ion of v.
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Table 6.2.1: The empirical weights w({ev, eu}) used for low resolution data (yeast and worm).

For each v and u, we compute the mass-to-charge ratio difference mv − mu and read the

correspond entry from the table.

b-ion

mv − mu -28 -27 -19 -18 -17 -16

w′({v, u}) 0.1101 0.0225 0.0121 0.3128 0.2364 0.0784

mv − mu -15 -12 -1 0 +1 +2

w′({v, u}) 0.0112 0.0107 0.0481 0.6122 0.2514 0.0511

y-ion

mv − mu -18 -17 -16 0 +1 +2

w′({v, u}) 0.1364 0.1179 0.0345 1 0.4253 0.0741

6.3 Submodular Evaluation Function

In this section, we define the submodular set function f(A) producing a score of an edge set

A, that corresponds to how well a set of theoretical peaks (the vertex subset of U incident

to edges A) explains a set of observed peaks (the vertex subset of V incident to edges A).

While the function f may evaluate an arbitrary subset of edges, we only consider sets A

that constitute matchings subject to the matroid constraints when producing PSM scores,.

Therefore, we assume that A is a matching when describing this function.

Before discuss the particular function we have designed for PSM scoring, we describe a set

of properties of f that naturally lead us to the class of monotone non-decreasing submodular

functions. First, in general, we want the theoretical spectrum to explain as much of the

observed spectrum as possible. This means that if one match is a subset of the other,

then we expect the first to score no greater than the second. In other words, f should be

monotone non-decreasing, or f(A) ≤ f(B) for all A ⊆ B. Second, in many cases, we would

not wish to over-credit a given set of selected edges. For example, if an observed peak is

well-explained by a given theoretical peak, then any other theoretical peak that also explains

the same observed peak should be discounted or, in some sense, “explained away.” Without

some kind of discounting procedure, we would be overconfident about this observed peak.

Moreover, a non-discounted score function might discourage an optimization algorithm from
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Figure 6.2.1: Average intensity near b-ion and y-ion peaks from high-confidence (q < 0.01)

PSMs in the worm-01 dataset. We see strong signals at m/z=0 (central peak), m/z=+1 (+1

isotope), m/z=-17 (NH3 loss), m/z=-18 (H2O loss) and m/z=-28 (CO loss for b-ion only).

finding alternative explanations of the theoretical peak. This is a natural diminishing returns

property, and can be described as f(A ∪ {e}) − f(A) ≥ f(B ∪ {e}) − f(B), ∀A ⊆ B ⊂ E

and e /∈ B. This is equivalent to the definition of submodular functions.

In general, even approximately maximizing an arbitrary set function is hopelessly in-

tractable since it at least costs O(2|E|), exponential in the number of set of edges. However,

maximizing a monotonically non-decreasing submodular function subject to cardinality con-

straints can be approximately solved by a simple and efficient greedy algorithm with a 1− 1
e

guarantee [38]. The same algorithm maximizes said function subject to intersection of two

matroid constraints (described below) with a 1/3 guarantee [95]. Hence, submodular func-

tions are both natural for the problem of generalized matching for PSM scores, but also allow

efficient algorithms to obtain approximate optima of high quality.

There are rich classes of submodular set functions that one might choose from. We have

developed a family of such functions, as described below, that are uniquely suited for PSM

scoring and that allow for a rich and powerful relationship to exist between a peptide and its
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Figure 6.2.2: Average intensity near b-ion and y-ion from high-confidence (q < 0.01) PSMs in

the Plasmodium TMT-10 dataset. We see strong signals at m/z=0 (central peak), m/z=+1

(+1 isotope), m/z=-17 (NH3 loss), m/z=-18 (H2O loss) and m/z=-28 (CO loss for b-ion

only). The intensities in this figure are also used for the empirical weights w({ev, eu}) for

high resolution data for both Plasmodium and human. For each v and v, we compute the

mass-to-charge ratio difference mv −mu and then use the corresponding peak intensity.

observed spectrum. In the following two subsections, we describe two submodular functions

f1 and f2, that each capture an important part of PSM scoring. Taking a convex combination

of such functions preserves submodularity (e.g., f = f1 + f2 is submodular when the fi’s are

submodular). So our final scoring method is a mixture of two functions. This is discussed

next.

6.3.1 Matching one observed peak to multiple theoretical peaks

In general, we do not want an observed peak to be over-explained and hence over-valued

by multiple fragment ions. When an observed peak is accounted for on the left side, if it

is matched again, then the second match should not be given as much credit as when the

second match is considered alone. This diminishing returns property is exactly modeled



128

V: Observed U: Theoretical
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       HN
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Figure 6.3.1: Illustration of submodular functions. V is the set of all peaks in an

observed spectrum, with blue horizontal lines representing the observed spectrum intensities.

U is the set of all fragment ions for a given theoretical spectrum. Edge (v, u) with v ∈ V

and u ∈ U if v might possibly be explained by u with an associated non-negative weight.

E is set of all edges. (A) Two theoretical peaks match the same observed peak. The

submodular function assigns a score intermediate between the max and the sum of the two

edge scores. (B) Two complementary theoretical peaks match to different observed peaks.

The submodular function assigns a “bonus” for this complementarity.
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by submodularity since if ei is the ith match, then f(ei|e1, . . . , ei−1) ≤ f(ei) whenever f is

a submodular function. Here we assume that f(∅) = 0. This relationship is depicted in

Figure 6.3.1A and can be represented using the following function:

f1(A) =
∑
v∈V

g1

( ∑
e∈A∩δv

w(e)

)
, (6.1)

where g1(x) : R+ to R is a monotonically non-decreasing concave function and δv ⊆ E are the

edges incident to node v ∈ V . The function f1(A) therefore provides submodularity on the

edges grouped by the observed node due to the use of δv. f1(A) is a submodular function

since it is a sum of monotonically non-decreasing concave functions composed with non-

negative modular set functions [113]. Note that we have flexibility in the choice of g1(x), and

are allowed to model this interaction in diverse ways using different g1(x) functions. In our

experiments we use g1(x) = β log(1 + β−1x), where β is a parameter. We also experimented

with g1 = xα for α = 1/2, 1/3 and 1/4, but this class of function yielded worse empirical

results (data not shown).

6.3.2 Scoring complementary pairs of matched observed peaks

In a spectrum produced by a well fragmented peptide, b-ions and corresponding y-ions always

appear in pairs. Therefore, a score function should ideally provide a boost for a b-ion vb

if its corresponding y-ion vb̄ is also present (Figure 6.3.1B). This leads to a relationship of

the inequality, f(ab ∪ ab̄) > f(ab) + f(ab̄), where ab ∈ δvb and ab̄ ∈ δvb̄. Unfortunately, this

relationship is supermodular (essentially a negative submodular), which is a much harder

or impossible to optimize with mathematical worst case guarantees. Therefore, we use a

modular function to express the inherent complementarity between b- and corresponding

y-ions. Such functions are as close to supermodular as possible while still being submodular.

Hence, relationships among edges that are naturally supermodular use a modular function;

relationships that are naturally modular use a weakly submodular function, and relationships

that are naturally submodular use a strong submodular function. The “strength” of the

submodularity, in this context, corresponds precisely to the curvature (magnitude of the
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second derivative) of the concave functions that are employed Given a concave over modular

function f(A) = g(m(A)), we define curvature, in the current context, as |d
2g(x)
dx2 |x=m(V ). For

PSM scoring, we therefore use the following function, which acts as our submodular surrogate

for a supermodular relationship between corresponding ion pairs:

f2(A) = γ2
∑

i∈Ub-ion

[√
m
(
A ∩

(
Ei ∪

∑
j ̸=i

Ej̄

))
+
√
m (A ∩ Eī)

]
(6.2)

where Ub-ion is the set of b-ions for a given theoretical spectrum, and if i is an b-ion then ī

is the corresponding y-ion, and vice versa. (We say that ī is the co-ion of i, and any j ̸= i,

j̄ is a “non-co” ion.) The function m(A) =
∑

e∈Awe is a modular weight function. The

coefficient γ2 =
√∑

e∈E w(e) scales the function to be combined with the other fi’s. Hence,

we see that f2 maximally credits any edge sets in A that correspond to an ion and its co-ion

(since they are in different components in each term of the sum), whereas any edges that

do not have this complementary (i.e., an ion and its non-co ions) are discounted if they are

jointly selected within A.

6.3.3 Combination of submodular functions

We can use a weighted sum of the above two submodular functions as the evaluation function.

The magnitude of the weight is important, because we do not want one term to dominate

the other. For example, if f1 is naturally larger than f2 (i.e. f1(A)≫ f2(A) for all A ⊆ E),

then when maximizing the sum f1 + f2, the solution will focus primarily on f1 with little

consideration of f2. To avoid this problem, we use the following combination:

f(A)=[λcalf1(E)+(1−λcal)f2(E)]
[
λmch

f1(A)
f1(E)

+(1−λmch)
f2(A)
f2(E)

]

where 0 ≤ λcal, λmch ≤ 1. Inside the brackets, we use a convex mixture of normalized

functions so that 0 ≤ f1(A)/f1(E) ≤ 1 is always comparable with 0 ≤ f2(A)/f2(E) ≤ 1. The

mixture, however, is still normalized to be in the range [0, 1] so we then calibrate this result

by multiplying by λcalf1(E) + (1 − λcal)f2(E) which does not affect the optimization since
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Observed, V

Theoretical, U

Figure 6.3.2: Visualization of the bipartite graph. The top nodes are observed peaks and

the bottom ones are theoretical. Red solid lines are selected edges while dashed lines are

unselected. On the top, corresponding observed peaks for b and y-ion pair are connected

and thick if they are matched. On the bottom, matched b and y-ion pairs are marked in

same color.
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it is independent of A. Intuitively, this calibration ensures that PSM scores are comparable

across different observed spectra (Figure 6.3.3).

To understand further why the calibration procedure is helpful, consider the expression

for f(A):

f(A)=[λcalf1(E)+(1−λcal)f2(E)]
[
λmch

f1(A)
f1(E)

+(1−λmch)
f2(A)
f2(E)

]
=(λcalλmchf1(E)+λ̄calλmchf2(E)) f1(A)

f1(E)

+(λ̄calλ̄mchf2(E)+λcalλ̄mchf1(E)) f2(A)
f2(E)

=α1f̄1(A)+α2f̄2(A),

where λ̄i = 1−λi for convenience, where f̄i(A) = fi(A)/fi(E) for i ∈ {1, 2} are now two [0, 1]-

normalized (and hence compatible) submodular functions as mentioned above, and where αi,

i ∈ {1, 2} are two coefficients. These coefficients, in fact, both mix and scale the functions,

because α1 = λmch(λcalf1(E) + λ̄calf2(E)) and α2 = λ̄mch(λ̄calf̄2(E) + λcalf̄1(E)). Hence, we

see how λmch influences the optimization while λcal selects a calibration score. These are

hyperparameters over the algorithm and can be tuned on a development set. Figure 6.7.1

below shows the effects of these parameters.

6.4 Matroid Constraints

Now that we have an appropriate submodular evaluation function f , we next discuss how

we produce the final PSM score s. One possible approach would use s = f(E), thereby

allowing all possible edges to comprise a score. This would be a poor choice, however, since

the observed spectrum contains many noise peaks, and we have no oracle to decide whether a

given peak is real signal or not. Although preprocessing steps can be very helpful to limit the

influence of noise, it is impossible to fully eliminate all such cases. Moreover, the observed

peaks of one fragment ion may happen to have the same m/z as other ions. In this case, the

latter ion will have an unexpected co-ion, and we do not want to reward this in any way.

Thus, using all edges E will produce a final score that suffers from many false interactions.

Fortunately, when we use a submodular function as described above, we expect the edges
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Figure 6.3.3: Score calibration of SGM. Each panel plots, for a single charge state, the

SGM score distribution of top-scoring PSMs, separated into target and decoy distributions.

Panels on the left are uncalibrated scores, and panels on the right are calibrated. In each

plot, the x-axis is normalized so that the score threshold at q = 0.01 equals 1.
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that do accurately explain the observed spectrum, in general, to have much greater weights

than the noise edges. Moreover, limiting the set of edges being scored to satisfy certain

constraints (which we call a “generalized matching”) forces the edges comprising a score to

compete with each other. This competition limits the ability of incorrect edges to artificially

boost the score. Finally, for most false PSMs, even the best set of edges will not lead to a

high score.

The next question is how to set up the right constraints. A simple way is to use standard

bipartite matching constraints. This, as mentioned in Section 5.1, is problematic since every

edge in such a matching can be incident to at most only one vertex. In practice, one observed

peak might be explained by multiple fragment ions, and one fragment ion might truly explain

multiple observed peaks. What we would like is a “generalized matching” where every vertex

may be incident to more than one, but we still limit the total number of edges.

The intersection of two matroid constraints perfectly represents this generalized matching

property. As mentioned in Section 1.3, Part I, a matroid is a pair (E, I), where E is a finite

set and I is a family of what are called “independent” subsets of E. An edge set solution

A satisfies a matroid constraint if and only if A ∈ I. A particular kind of matroid that

is useful for our model is called a partition matroid. A partition matroid is based on a

partition of E into ℓ disjoint subsets sets {Ei}ℓi=1, and ℓ non-negative integers {ki}ℓi=1, where

∪ℓi=1Ei = E and Ei ∩ Ej = ∅ for i ̸= j. A set A ⊆ E is independent if and only if

|A ∩ Ei| ≤ ki,∀i. Therefore, I = {A|A ⊆ E, |A ∩ Ei| ≤ ki,∀i}. We have two natural

partitions of edges E, namely {δv, v ∈ V } and {δu, u ∈ U} where, again, δ(v) is the set

of edges incident to v and likewise for δ(u). Therefore, we define two partition matroids

Mv = (E, Iv) and Mu = (E, Iu), where Iv = {A|A ⊆ E, |A ∩ δ(v)| ≤ kv ∀v ∈ V } and

Iu = {A|A ⊂ E, |A ∩ δ(u)| ≤ ku ∀u ∈ U}. We immediately see that a matching constraint

for A is equivalent to A ∈ Iv ∩Iu, where kv = ku = 1 for all v ∈ V and u ∈ u. A natural and

immediate generalization of bipartite matching, moreover, is to set kv ≥ 1 and/or ku ≥ 1,

where kv (resp. ku) corresponds to the maximum allowed number of incident edges to vertex

v (resp. u) in any generalized matching. The values kv and ku are seen as parameters of
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the constraint and correspond, for example, to allowing an observed peak to be explained

by multiple fragment ions and one ion to explain multiple observed peaks in the PSM. In

practice, we set kv = ∞, because in the four datasets we studied, the maximum number of

edges connected to v is only 2. Hence, there is no need for constraints on the observed side.

6.5 The Final Score Function

Our final score, for a given PSM, is computed as maxA∈Iv∩Iu f(A), where Iv and Iu are

the independent sets of two partition matroids with appropriate values of kv and ku. An

exact solution is computationally intractable, but fortunately, as mentioned previously, an

approximate solution can be easily and scalably calculated using a simple greedy algorithm

with a mathematical guarantee of 1/3 [15].

Our score function can be regarded as a generalization of both SEQUEST and maxi-

mum bipartite matching. SEQUEST uses a dot product operation to calculate the score

which is, in fact, equivalent to maximizing a modular set function subject to a particular

bipartite matching constraint, namely, one where |δv| = |δu| = 1, i.e., where edges exist

only between a theoretical peak and its corresponding observed peak. One difference be-

tween SEQUEST and such a bipartite score is that SEQUEST uses a background spectrum

s̃′ = (s̃ − 1
151

∑75
τ=−75 s̃τ ) (i.e., the difference between a foreground and average background

spectra, which can be negative) rather than just a non-negative foreground spectrum. In

a submodular matching, however, we cannot use the background spectrum directly since it

is not always non-negative, something that would violate both the monotonicity and sub-

modularity of our objective f(A) and render the efficient greedy algorithm mathematically

vacuous. However, we can use the background information without resulting in negative

values if we subtract a similar background factor after finding the maximum matching, as

in: s = maxA∈Iv∪Iu f(A)−ατ , where α is a parameter and τ =
∑

i∈U
1

151

∑75
j=−75 s̃(m/zi+ j)

is a background factor. Subtracting τ from the score is not precisely the same as using the

background spectrum in SEQUEST but has the same intended purpose and, as we show be-

low, works well while preserving monotonicity, submodularity, and hence the mathematical
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guarantees and applicability of the greedy algorithm.

6.6 Score Calibration

As described in Section 5.1, calibration is a critical step of a good score function. We say that

a PSM score function is well calibrated if a score of x assigned to spectrum si has the same

meaning or significance as a score of x assigned to spectrum sj. During a database search,

the top-scoring PSMs from different observed spectra are combined into a final, ranked list.

The ranking will be reflective of the true qualities of the PSMs only if the scores of different

observed spectra are comparable. In SGM, we calibrate each PSM’s score by subtracting the

average score of all the PSMs involving that spectrum, as follows

s∗(p, s) = s(p, s)−
∑

p′∈Ps
s(p′, s)

|Ps|
, (6.3)

where s(p, s) is the non-calibrated score, and Ps is the set of candidate peptides associated

with spectrum s.

The subtraction term is a constant with respect to each spectrum and does not affect

which peptide is chosen. Rather, it only helps to produce a good overall ranking of top-

scoring PSMs. Other search methods, such as MS-GF+ and the XCorr p-value, calibrate

scores using dynamic programming. Using similar techniques for SGM scoring is left to

future research, because SGM scoring is inherently non-linear, unlike SEQUEST which is a

simple linear dot-product-based score.

6.7 Selection of Score Function Parameters

Our submodular functions use the hyperparameters λcal, λmch and {ku}u∈U . To select val-

ues for these hyperparameters, we performed an FDR-based evaluation with cases ku ∈

{1, 2, 3, 4, 5} when λcal = λmch = 1.0 on the data set worm-01-ch2 (described in Section 7.1).

The results (Figure 6.7.1(a)) show that ku = 2 yields the best performance. Next, we tested

cases λcal ∈ {0.4, 0.6, 0.8, 1.0} on yeast-01-ch2, while fixing λmch = 1.0. We then selected

λcal = 0.6 based on these results (Figure 6.7.1(b)). Next, we tested λmch ∈ {0.4, 0.6, 0.8, 1.0}
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Figure 6.7.1: FDR-based evaluation of SGM using different hyperparameters.

while fixing λcal = 0.6. The value λmch = 0.8 had the best performance (Figure 6.7.1(c)).

For α, we calculate the average score of SGM,

α1 =

∑
s∈S
∑

p∈Ps∪Ds
s(p, s)∑

s∈S |Ps ∪Ds|

and the average foreground score of SEQUEST,

α2 =

∑
s∈S
∑

p∈Ps∪Ds
⟨p, s⟩∑

s∈S |Ps ∪Ds|
,

where S is the set of all observed spectra and Ps and Ds are corresponding target and decoy

sets of s ∈ S. The value α is then chosen to be α2

α1
. Although the derivation of these

parameters was empirical in our study, we hope in future work to develop strategies that can

learn these automatically.

Ideally, these hyperparameters generalize across the different datasets. To test this, we

tried all combinations of hyperparameters on one run from the yeast and worm data sets

(yeast-01 and worm-01). The results (Figure 6.7.2) show that the parameters that work well

on one dataset tend also to work well on the other dataset, implying that the parameters

generalize well across datasets.
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Figure 6.7.2: The plot shows the number of high-confidence PSMs (q ≤ 0.01) obtained by

SGM on the yeast data (x-axis) versus the worm data set (y-axis). Every point represents

the performance of one combination of parameters.
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Chapter 7

METHODS AND RESULTS

We use four different data sets to benchmark the performance of SGM relative to three

state-of-the-art methods, and we employ several different quality measures to compare the

results.

7.1 Data Sets

The yeast (S. cerevisiae) and worm (C. elegans) data sets were collected using tryptic diges-

tion followed by acquisition using low-resolution precursor scans and low-resolution fragment

ions. A total of 108,291 yeast and 68,252 worm spectra with charges ranging from 1+ to 3+

were collected. Each search was performed using a ±3.0 Da tolerance for selecting candidate

peptides. Peptides were derived from proteins using tryptic cleavage rules without proline

suppression and allowing no missed cleavages. A single fixed carbamidomethyl modification

was included. Further details about these data sets, along with the corresponding protein

databases, may be found in [65].

The malaria parasite Plasmodium falciparum was digested using Lys-C, labeled with

an isobaric tandem mass tag (TMT) relabeling agent, and collected using high-resolution

precursor scans and high-resolution fragment ions. The data set consists of 240,762 spectra

with charges ranging from 2+ through 6+. Searches were run using a 50 ppm tolerance for

selecting candidate peptides, a 0.03 Da fragment mass tolerance, a fixed carbamidomethyl

modification, and a fixed TMT labeling modification of lysine and N-terminal amino acids.

Further details may be found in [101].

The human dataset was digested using trypsin, labeled with an isobaric tandem mass

tag (TMT) relabeling agent, and collected using high-resolution precursor scans and high-
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resolution fragment ions. The data set consists of 1,133,534 spectra with charges ranging

from 2+ through 6+. Searches were run using a 10 ppm tolerance for selecting candidate

peptides, a 0.02 Da fragment mass tolerance, a fixed carbamidomethyl modification, and a

fixed TMT labeling modification of lysine and N-terminal amino acids. Further details may

be found in [137].

7.2 Database Search Methods

We compare SGM with four state-of-art methods: SEQUEST, MS-GF+ [71], XCorr p-

value [50] and Mascot[17]. In Section 5.3, we have already described SEQUEST and its

XCorr score function. In the experiments, we use a re-implementation of SEQUEST called

“Tide” [21], available in Crux version 2.1.16790 [100]. One problem with SEQUEST in

practice, as demonstrated below, is that the raw XCorr score is poorly calibrated. The MS-

GF+ [71] search engine uses an alternative score function and employs dynamic programming

to exactly compute the score distribution over the universe of candidate peptides for a linear

scoring function. This gives far better calibration. In the experiment, we use MS-GF+

version 9980, and PSMs are ranked by the “Evalue” score. The XCorr p-value [50] uses

a similar dynamic programming approach to calibration, applied to the SEQUEST XCorr

score. We also use Crux for XCorr p-value. For clarity, we refer to the two variants of

SEQUEST as “XCorr” (for results based on ranking with the raw XCorr score) and “p-value”

(for results based on ranking by the XCorr p-value). Mascot is another traditional searching

method. Unlike Sequest, Mascot uses a probabilistic metric to measure the likelihood of

observed spectra and candidate peptides. We use an online Mascot server (version 2.3.01).

To ensure a fair comparison, we use equivalent values for search settings for all search

engines whenever possible. In general, we use the appropriate discretization of the fragment

m/z axis for each given data set. The only exception is that, for technical reasons related

to the dynamic programming procedure, the XCorr p-value can only be calculated using an

m/z resolution of 1.0005079 Da. For Tide, MS-GF+ and Mascot, default search parameters

are used, except that, to make a fair comparison, handling of isotope peak errors is turned
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off in MS-GF+. (In the Appendix, we show that this option does not affect our conclusions.)

Furthermore, to avoid variability in how proteins are digested to peptides and how “decoy”

peptides (see Section 7.3) are generated, we use the same digested peptide database as input

to all search algorithms. We create these databases by using the “tide-index” command in

Crux, with “clip-nterm-methionine” set to “True”.

7.3 Evaluation of Methods

We employ a widely used approach, target/decoy search [28], to assign confidence estimates

to PSM scores. These confidence estimates allow us to compare the performance of different

search engines, since there is no ground truth to measure accuracy. We create a “decoy”

set by randomly permuting the (non-terminal) amino acids of each peptide in a “target”

set, which is the real candidate peptide set. For each spectrum, all peptides in a database

comprised of targets plus decoys are searched, and the single peptide with the highest score

is selected. If more than one peptide has the highest value, then ties are broken randomly.

Two complementary metrics for comparing two algorithms using target/decoy search were

considered. The first, simpler approach is the “target match percentage” (TMP), defined as

the fraction of observed spectra for which the top-scoring match involves a target peptide. For

a perfectly random score function, the TMP is expected to be ∼50%. The best possible TMP

is 100%; however, this is not achievable in practice, because any real data set will contain

spectra that cannot be identified, either because the corresponding generating peptide is

not in the given peptide database or because the spectrum was generated by a non-peptide

contaminant. These “foreign” spectra are expected to match targets and decoys with equal

frequency. TMP is not a widely used performance measure; however, we employ it here

because TMP provides a measure of the quality of a score function that is independent of a

score function’s calibration. This is because the TMP only compares scores for PSMs within

one spectra. Hence, the distribution of PSM scores for spectrum A can be dramatically

different from another spectrum B, but the TMP achieved by the score function can still be

high.
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Table 7.4.1: Target match percentage achieved by the four score functions on four data sets.

In each row, the maximal value is shaded red.

Dataset SGM MS-GF+ p-value XCorr

yeast 70.59 66.19 65.47 64.91

worm 82.83 77.59 77.39 76.43

Plasmodium 69.91 66.85 65.53 69.39

human 74.40 60.40 73.26 74.12

Additional steps are required to evaluate the calibration of a score function. After ob-

taining a ranked list of the top-scoring PSM for each spectrum, we set a score threshold and

label every PSM scoring better than the threshold as “accepted.” The false discovery rate

at a given threshold can be estimated as FDR = number of accepted decoy PSMs
total number of accepted PSMs

[28]. In practice,

we compute for each PSM its corresponding q-value, defined as the minimum FDR at which

a PSM with that score is accepted [114]. Because many mass spectrometry studies report

results using an FDR threshold of 1%, we sometimes report the number of target PSMs

accepted at q ≤ 0.01. To evaluate the performance of a search engine over a variety of

q-value thresholds, we also plot the number of accepted target PSMs as a function of q-value

threshold and compute the area under the plot from 0 ≤ q ≤ 0.1. Because the FDR-based

evaluation involves creating a ranked list of top-scoring PSMs from many different spectra,

this metric requires good cross-spectrum calibration.

7.4 Comparison of Four Search Methods

We begin by computing the target match percentage of the four search methods—SGM, MS-

GF+, p-value and XCorr—on the four data sets described in Section 7.1. In all four cases,

SGM achieves the greatest TMP (Table 7.4.1). Each of these data sets consists of multiple

mass spectrometry runs: 3, 3, 20, and 100, for the yeast, worm, Plasmodium and human data



143

sets, respectively. Consequently, for the latter two data sets we were able to compute the

TMP separately for each run and then use a Wilcoxon signed-rank test to identify statistically

significant differences. This analysis (Figure 7.4.2) indicates that, for the malaria data set,

SGM performs better than XCorr (p = 0.11), and for the human data set, SGM performs

significantly better than all three competing methods (p = 1.6 × 10−5). The consistently

good TMP performance of the SGM method on these diverse data sets indicates that, for

each observed spectrum, this score function does a very good job of ranking the generating

peptide above all other candidate peptides.

Next we evaluate the methods using false discovery rate estimation, thereby additionally

taking into account the calibration of the scores. In practice, this evaluation is the most

important, since it directly reflects how the end user will interpret the results of the search.

The results (Figure 7.4.1) suggest that, once again, SGM performs better than MS-GF+,

XCorr, XCorr p-value and Mascot for the yeast, worm and Plasmodium data sets. We

quantified the performance of the first four methods by counting the number of accepted

PSMs at a q-value threshold of 0.01, and we again used a Wilcoxon signed-rank test to

estimate significant differences for the data sets comprised of many runs. This analysis shows

that SGM significantly outperforms all three competing methods on both the Plasmodium

and human data sets. The p-values relative to the second-ranked method, XCorr, are 0.0015

for Plasmodium and 0.0014 for the human data set (Figure 7.4.2).

7.5 Verifying the Utility of Submodularity

The SGM approach employs a combination of two submodular functions, each of which

is designed to capture a particular property of high quality matches between spectra and

peptides. To verify that the good results in Section 7.4 are indeed a reflection of these prop-

erties, we examined more closely the high-confidence identifications produced by SGM. For

this analysis, we focus on a single, randomly selected run (“TMT10”) from the Plasmodium

data set.

First, we show that f1 discourages choosing multiple edges incident to one observed peak.
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Figure 7.4.1: FDR-based comparison of search methods. Each panel plots, for a single

data set and a variety of score functions, the number of spectra identified as a function of

FDR threshold.



145

69.5%

65.7%71.3%

57.5%

SGM

74.9%

XCorr

74.7%

Pvalue

74.0%

MS-GF+

61.1%

(A) Plasmodium TMP (B) human TMP

2216.2

2023.02062.4

2518.8
SGM

4574.7

Pvalue

4530.9

Xcorr

4389.3

MS-GF+

4135.0

(C) Plasmodium accepted PSMs (D) human accepted PSMs
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the comparison between four methods in terms of the target match percentage or the number

of targets PSMs accepted at q < 0.01. A directed edge from A to B means that method

A’s mean score is significantly larger (p < 0.05) than method B’s mean score, according to

a Wilcoxon signed-rank test. The numbers in the nodes are mean values.
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Figure 7.5.1: PSM properties captured by the submodular function. (A) The number

of multiple matched observed peaks decreases when we use the submodular function f1. (B)

The number of multiple matched b- and y-ion pairs increases when we use the submodular

function f2.
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To do so, we compare the number of multiply matched observed peaks in high confidence

PSMs (q ≤ 0.01) generated using two methods: a simple, modular approach versus using

f1. The distribution of the number of multiply matched peaks decreases when we use f1

(Figure 7.5.1A), which implies that our submodular function discourages multiply matched

observed peaks.

Second, we show that f2 encourages choosing a b-ion if its corresponding y-ion is already

chosen, and vice versa. As before, we compute the number of jointly matched b- and y-ion

pairs among the high confidence PSMs, with and without inclusion of f2. As expected, the

number of matched b- and y-ion pairs increases when we use f2 (Figure 7.5.1B), implying

that our submodular function indeed encourages such matching.

7.6 Investigation of Empirical Weights

Our method is different from XCorr in two respects. First, we use empirically derived edge

weights based on an analysis of the data (Section 6.2). Second, we generalize the dot product

score to one based on a submodular generalized matching. We performed further experiments

to ascertain which of these two changes are primarily responsible for the good results reported

above.

In particular, we contrast our empirical weights with the “classical” weights employed

by methods such as XCorr and MS-GF+. The methods use a fixed weights for each ion

type. The classical weights used in the XCorr score are defined as w′({v, u}) = δmv ,mu +

0.2
∑

l∈{−17,−18,−28} δmv+l,mu , δi,j = 1 if i = j and 0 otherwise. Hence, the classical weight is

1 if mv −mu = 0; 0.2 if mv −mu ∈ {−17,−18,−28} and 0 otherwise.

To investigate the relative importance of SGM and the empirical weighting scheme, we

analyze the contributions of these two components separately. We do the test on a single

run (“TMT10”) from the Plasmodium data set, evaluating performance using target-decoy

q-values. We compare four different search methods: SGM with and without empirical

weights, and XCorr with and without empirical weights. In this experiment (Figure 7.6.1),

the combination of SGM with empirical weights achieves by far the best performance. While
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Figure 7.6.1: Evaluation of the SGM and XCorr score functions on a subset of the Plasmod-

ium data set, with and without using the empirical weighting scheme.
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SGM MS-GF+ p-value XCorr

8.48× 10−2s 8.99× 10−2s 6.89× 10−2s 3.39× 10−3s

Table 7.7.1: Run time of four methods per spectrum on the Plasmodium TMT-10 data set.

the empirical weights help both XCorr and SGM, the SGM with the standard XCorr weights

is still better than XCorr with our empirical weights. Hence, it is fair to say that the SGM

process is the more important of the two. This is not surprising because the power of SGM,

and the use of submodular functions, is that we can allow global long-range interaction

amongst edge scores, something that is not possible with XCorr.

7.7 Running Time

To evaluate the running time of SGM relative to other search tools, we measured the wall

clock time of four search methods on a single Intel Core 2 Quad Q9550 2.83GHz CPU on the

Plasmodium TMT-10 dataset. The dataset consists of 8841 spectra, each with an average of

365 target peptides and an equal number of decoy peptides. This analysis (Table 7.7.1) shows

that SGM has a comparable run time with MS-GF+ and the Tide p-value. The raw XCorr

score calculation is extremely fast because it simply consists of calculating a dot product,

with no explicit calibration procedure.
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Chapter 8

CONCLUSION

In Part I, we have introduced a novel class of set functions: Arithmetic Combinations of

Submodular and Supermodular functions, and the associated optimization problems. The

class covers all classical arithmetic operations, sums f1 + g1 , divisions f1/f2, f1/g1, g1/f1,

g1/g2, products f1 ∗ f2 and p-norms fp
1 + fp

2 . We also show these functions naturally appear

in real-world applications. Submodular measures redundancies while supermodular mea-

sures complementarities. Therefore, the arithmetic combinations of these naturally measure

both properties, and using different combinations allows different trade-offs, thus falling into

different applications.

We propose classical or novel algorithms that solve these problems with performance

guarantees in polynomial time. We also study the hardness of these optimization problems,

and our proposed algorithm’s performance guarantee has 0 or a small gap with hardness.

• In chapter 2, we study sum of suBmodular and suPermodular (BP) maximization

and propose supermodular curvature κg that measures the degree of su-

permodularity. We propose GreedMax and SemiGrad have performance

guarantee of 1
κf

[
1− e−κf (1−κg)

]
and 1−κg

(1−κg)κf+p
for cardinality constraint and p

matroid constraints, respectively. We also calculate hardness is 1 − κg + ϵ

and (1− κg)O( ln p
p
), respectively.

• In chapter 3, we study Ratio function minimization. For the submodular

over supermodular case, we propose a 1+ϵ linear search algorithm; for mod-

ular over modular case, we propose GreedRatio can find the exact optimal

solution; for submodular over submodular case, we propose GreedRatio
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has performance guarantee 1

1−e
(κf−1) , and EllipsoidApprox has performance

guarantee O (
√
n log n), where hardness is O (

√
n) in this case.

• In chapter 4, we study generalized mean optimization, including Geometric

Mean (Product), Generalized Mean (p-norm) and Harmonic Mean (product

over sum). We propose a linear search algorithm that can solve the problems

with at most (1+ϵ)p or (1−ϵ)p reduction (multiplicative) from the guarantees

of the reduced problems, for example, submodular optimizations, which

match the known hardness result of the problem.

In Part II, we have introduced a novel class of score functions for use in tandem mass spec-

trometry database search. A key advantage of our SGM is that we can model many PSM

properties, including long-range interactions among peaks in an observed spectrum, using a

rich and powerful framework, namely that of submodularity and various matroid constraints.

An additional advantage is that our model runs fast since we may use a simple accelerated

greedy algorithm to find the maximum value of the submodular function with a mathemat-

ical quality guarantee of 1
3
. We show that our approach achieves statistically significant

improvements in performance relative to several state-of-the-art methods according to two

different evaluation metrics.

In SGM, we use three hyperparameters, chosen from a grid of possible values (Section 6.7).

Our empirical analysis suggests that these hyperparameters generalize well across datasets.

Therefore, we do not need to re-tune these hyperparameters to different datasets.

In future studies, we will explore other submodular functions in an attempt to further

improve performance. For example, we can explore algorithms that can learn submodular

functions and parameters from training data [85, 121]. We can will also consider other

generalizations of our framework to better model the process of spectrum generation.
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Appendices

MSGF+ isotopic peak option. In Section 7.2, to ensure a fair comparison, the op-

tions designed to handle errors in precursor isotopic peak selection are turned off

for all methods. For completeness, we also include performance of MS-GF+ with

isotope peak errors on (Figure 8..1). The results show that MS-GF+ benefits

from appropriate handling of isotope peak errors but still does not outperform

SGM.
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Figure 8..1: FDR-based comparison of MSGF+ with isotopic error handling on

and off. Each panel plots, for a single data set and a variety of score functions, the number

of spectra identified as a function of FDR threshold.
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Near-optimally teaching the crowd to classify. arXiv preprint arXiv:1402.2092, 2014.

[112] J David Smith and My T Thai. Breaking the bonds of submodularity: Empirical es-

timation of approximation ratios for monotone non-submodular greedy maximization.

arXiv preprint arXiv:1702.07002, 2017.

[113] P. Stobbe and A. Krause. Efficient minimization of decomposable submodular func-

tions. In NIPS, 2010.

[114] J. D. Storey and R. Tibshirani. Statistical significance for genome-wide studies. Pro-

ceedings of the National Academy of Sciences of the United States of America, 100:

9440–9445, 2003.

[115] Matthew Streeter and Daniel Golovin. An online algorithm for maximizing submodular

functions. In Advances in Neural Information Processing Systems, pages 1577–1584,

2009.
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