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The nonlinear time series analysis has been applied widely in many empirical macroeconomic
studies and deepened our understanding of the economy. One of the traditional issues of
most importance is how to describe the monetary policy conducted by the central bank. A
monetary policy reaction function is a hypothetical function connecting the central bank’s
monetary policy instrument with the central bank’s objectives, e.g., the stability of the
output and inflation. The first two chapters in this dissertation add to the literature of the
nonlinear monetary policy reaction function through the lens of the Taylor rule using U.S.
data. On the other hand, understanding the macroeconomic dynamics has long been the
main motivation of using nonlinear time series analysis. The state space model is one of the
most useful techniques which can be applied to a wide range of empirical problems. The
third chapter in this dissertation is concerned with a class of the state space models whose
disturbances follow stochastic volatility processes.

For reasons which will become clear as this dissertation proceeds, I adopt Bayesian
approaches, which are especially useful for comparing several competing empirical models
and for estimating models that are nonlinear in latent variables, to deal with all issues under

consideration.
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Chapter 1

AIMING LOW OR REACTING STRONGLY? TIME-VARYING
POLICY TARGETS AND REGIME SWITCHES IN U.S. MONETARY
POLICY

This paper is concerned with the sources of time variation in U.S. monetary policy
through the lens of the Taylor rule. Two important aspects of the Taylor rule are examined:
the inflation target and the response coefficients. Allowing either or both of them to vary
over time leads to four versions of the Taylor rule, which are empirically compared within a
Bayesian framework. The results indicate that the most distinctive feature of U.S. monetary
policy is the time-varying inflation targets, and that response coefficients have not been
switching over time. The implications are twofold. First, aiming for a low inflation target
is the most plausible channel through which U.S. monetary policy contributed to the Great
Moderation. Second, assuming a constant inflation target might lead to a biased conclusion

that the response coefficients have been switching over time.

Keywords. Taylor rule, Time-varying inflation target, Regime-switching response coeffi-

cients, Bayes factor.

1.1 Introduction

It has been recognized that the stability of the macroeconomy can be enhanced through
proper economic policy actions, among which the monetary policy plays an indispensable
role. In order to understand the main driving forces of the Great Moderation, a substantial
reduction in the volatility of business cycle fluctuations starting in the mid-1980s, there has
been burgeoning theoretical research on how the changes in the monetary policy targets

and reactions affect the macroeconomic stability.! However, empirical studies have not yet

IFor example, according to Coibion and Gorodnichenko [2011], changes in the monetary policy targets,
especially the inflation target, could dramatically alter the determinacy region of a macroeconomic model
and, therefore, the inference about the driving force of the Great Moderation.



provided an unambiguous answer to the following question: Is it the monetary policy targets
or reactions that have been varying over the past five decades?

The broad and general notion of monetary policy can be formalized by the Taylor rule
(Taylor [1993]), a hypothetical but representative policy rule. Under the simplest Taylor
rule, the central bank adjusts the short-term nominal interest rate ¢; around its equilibrium
level 4; in response to the output gap z; and to the deviation of inflation m; from its target

levels 7* according to:
iy = iy + ap(m — ) + azpxy. (1.1)

Note that the inflation target define the gaps, (my — 7*), meaning that the estimates of
the response coefficient, «,, depend to a great extent on how the unobserved inflation
target are specified. Through the lens of the Taylor rule, the research question translates
to investigating whether 7* or . is actually time-varying.

We propose an empirical framework based on a Markov-switching Vector Autoregression
model, in which we impose restrictions so that the equation for the short-run nominal inter-
est rate corresponds to the Taylor rule similar to equation (1.1). Most importantly, we do
not assume that the monetary policy targets and reactions switch simultaneously, so that our
empirical framework allows us to capture infrequent changes in monetary policy reactions
under the different behaviors of the monetary policy targets. We tackle our question using
a simple strategy based on the model comparison: we construct two classes of the Taylor
rule: one assuming constant policy targets and one assuming time-varying policy targets.
Within each class, two versions of the Taylor rule are estimated and compared: one with
constant coefficients and one with Markov-switching coefficients. Examining these versions
of the Taylor rule allows us to learn whether the Markov-switching response coefficients or
time-varying policy targets are more preferred by the data.

Despite our simple empirical strategy, we are confronted with three technical issues
along the way. First, to compare models within each class is equivalent to test the Markov-
switching coefficients of the monetary policy rule. It is a challenging task within a frequentist
framework in that some nuisance parameters are not identified under the null hypothesis

of no regime switch, so the asymptotic distributions of the usual test statistics are non-



standard. Second, introducing the time-varying policy targets into the Taylor rule might
cause an identification problem, implying that estimating time-varying policy targets and
Markov-switching response coefficients jointly needs extremely strong prior beliefs on the
values of parameters. Third, according to Sims and Zha [2006], failure to allow for het-
eroskedasticity properly can strongly bias statistical evidence in favor of significant shifts in
response coefficients describing monetary policy. Furthermore, even when the heteroskedas-
ticity is taken into account, it may be problematic if the coefficients in the MS-VAR are
assumed to switch simultaneously with volatilities in shocks.

To deal with these difficulties, we cast the estimation within a Bayesian framework.
One of the advantages of the Bayesian approach is that the model comparison or selection
is simply conducted via the Bayes factor, which can be approximated accurately through
the numerical simulation. Instead of estimating the monetary policy targets and reactions
jointly, we adopt a two-step approach for the class of models assuming time-varying policy
targets: in the first step, we obtain a set of estimates of the monetary policy targets using
methods proposed in the literature; then we estimate the reaction parameters based on the
estimated policy targets. Finally, we follow Bianchi [2013] and assume that coefficients of
the empirical model and volatilities of shocks evolve as two independent Markov processes.

Our first empirical finding indicates that the most distinctive feature of U.S. monetary
policy is the time-varying policy targets, especially the inflation targets. Among all models
under our consideration, the “best-fit” model selected by the Bayes factor is the Taylor rule
with constant response coefficients and time-varying policy targets. The implication of this
result is two-fold: firstly, consistent with Sims and Zha [2006], we find no evidence of regime
switches in the response coefficients. Therefore, we cannot corroborate the “good-policy”
explanation of the Great Moderation proposed byClarida et al. [2000], which argued that
U.S. monetary policy reactions changed a great deal and that the policy rule apparently
followed in the 1970s implied “sunspot” fluctuations of an arbitrary large size. Secondly,
the evidence for the time-varying inflation targets highlights the alternative good-policy
explanation proposed by Coibion and Gorodnichenko [2011]: by lowering the inflation target,
the stability of the economy could be enhanced even with no change in the response of the

central bank to macroeconomic variables.



Our empirical results also show that assuming constant monetary policy targets might
lead to the spurious evidence for the Markov-switching response coefficients. Within the
class of models assuming constant policy targets, the model comparison indicates that the
Taylor rule with Markov-switching response coefficients is “very strongly” preferred by the
data according to the Bayes factor. We find, however, the opposite result within the class
of models assuming time-varying policy targets. Probing deeper into the reason for these
opposite findings, we find that the response coefficients might be forced to switch in the
model in which the inflation targets are misspecified. It has been found, e.g., Ireland [2007],
that the inflation target was high in the 1970s and has been low since early 1980s. Therefore,
if the inflation targets are assumed to be constant over time, the inflation gap in the 1970s
will be over-estimated, and the response coeflicient will be underestimated. As a result, the
estimated response coefficient of the inflation gap can be lower than it is in other periods.?
We thus argue that special attention should be paid to the time-varying monetary policy
targets embedded in an empirical monetary policy reaction function, e.g., the Taylor rule,
especially when some coefficients are switching over time.

The outline of the remainder of the paper is as follows. Section 2 introduces the empirical
frameworks and defines the classes of models under consideration. In section 3, we present
the estimated time-varying policy targets and the procedure for estimating and compar-
ing models under consideration. We discuss the empirical results in section 4. Section 5

concludes.
1.2 Model Specification and Class of Models
We use a Markov-Switching Vector Autoregression (MS-VAR) model of the form:

A(Sc,t)Yt = q)()(sc,t) =+ (I)l(sc,t)Yt—l + ...+ (I)p(sc,t)Yt—p =+ €, (12)

ene ZIN(0,02(s04)), K=y, m,i. (1.3)

2Cogley et al. [2010] also found similar results. By allowing inflation targets drifting overtime, they
estimated a DSGE model for two subsamples: 1960:Q1 to 1979:Q3 and 1982:Q4to 2006:Q4, excluding
the years of monetary targeting, and found that the response coefficients of inflation gaps in these two
samples are very closed. They argued that the presence of a time-varying inflation target may reduces the
difference between reactions to inflation in the two subsamples.



where Y, is a 3 x 1 vector of endogenous variables, consisting of a measure of overall slack
in the real economy (z), the inflation rate (), and the short-run nominal interest rate (i).3
A is a lower diagonal matrix with ones on the diagonal. The recursive identification scheme
is also used by many empirical studies, e.g., Christiano et al. [2005]. To avoid potential bias
caused by the heteroskedasticity of the macroeconomic time series, we follow Sims et al.
[2008] and Bianchi [2013] and assume that the coefficients and the volatilities of the shocks
in the MS-VAR model evolve independently as Markov processes. That is, s.; and s, are

two independent unobserved two-state Markov-switching variables that evolve according to

transition probabilities given below:

Prisji =1|sji—1 = 1] = p11,;
PT[SjJ = 0|5j,t—1 = 1] =1 — P11y
Pr(sji = 0[sji—1 = 0] = poo,;

Pr(sjt=1[sjt—1 = 0] =1 — poo,;;
and a generic Markov-switching coefficient, 6, evolves as follow:
0(sjt) = Oo(1 — sj¢) + 1554, (1.4)

for j = c,v.

The MS-VAR model, equations (1.2), (1.3), and the evolving processes of s.; and s, ,
forms the basis of our empirical framework. Note that the lower triangular contemporane-
ous matrix, A, implies that the output growth and inflation do not respond instantaneously
to a monetary policy shock, while the short-run nominal interest rate responds contem-
poraneously to the output growth and inflation. In line with the Taylor rule, the third
equation in system (1.2) thus can be interpreted as the monetary policy reaction function.
However, all the policy targets embedded in the Taylor rule are lumped into a intercept
term of the system (1.2) , leading to the difficulty of clearly distinguishing changes in the

monetary policy targets and reactions. To deal with this difficulty, we impose restrictions

3Sims et al. [2008] adopted a similar three-variables recursive MS-VAR to investigate whether the coeffi-
cients in the policy equation have changed or the variances for structural shocks have changed.



on coefficients of the third equation in system (1.2) based on the following four versions of

the Taylor rule.

1.2.1 A constant coefficient Taylor rule with constant policy targets

Let if denote the Fed’s target rate for the Federal Funds rate in period t:
¥ =1+ agp[m — 7 4 gy, (1.5)

where 7* is the long-run inflation target, so ¢, by construction, is the desired nominal interest
rate when both gaps are closed. We follow Clarida et al. [2000] and assume i = 7 +7*, and
rr is the neutral, or equilibrium, real interest rate, which is determined by non-monetary
factors in the long run. However, this specification assumes an immediate adjustment of
the actual Funds rate to its target level, and thus ignores the Federal Reserve’s tendency to
smooth changes in the Funds rate. We follow Clarida et al. [2000] and assume the actual

Federal Funds rate, i;, is set by
it = (1= p(1))iy + p(L)it—1 + €. (1.6)

€+ is the shock to the Federal Funds rate, reflecting possible randomness in policy actions
or the Fed’s imperfect control over interest rates. p(L) = p1 + poL + ...+ p,LP~! is a lag
polynomial.

Combine (1.6) and (1.5), we obtain the following monetary policy reaction function:

it = Bo + Brme + Byyr + p(L)ig—1 + €y, (1.7)
where
Bo=(1—pD)[rr+ (1 —az)r"],
ﬁﬂ = (1 - p(l))aﬂ') and ﬁx = (1 - p(l))ax

Note that equation (1.7) corresponds to the (restricted) interest rate equation in MS-VAR
model*. The restrictions implied by the Taylor rule are that coefficients of lagged m; and z;

in the interest rate equation are zero.

Tt can be seen by letting B, = —az1 and B = —a32, where a;; is the (4, j) element of matrix A.



In what follows we introduce the other three versions of the Taylor rule, each of which
is differentiated by its specification of the target rate, i.e., equation (1.5). Other model
specifications, i.e., the desired nominal interest rate i = rr + 7* and interest rate smoothing

behaviors, are retained for all cases under consideration.

1.2.2 A regime-switching coefficient Taylor rule with constant policy targets

In this case, we allow the long-run responses to the inflation gap and the output growth

gap in equation (1.5) to be Markov-switching as follows

'ftk = :L' + aq‘r(sc,t)[ﬂ-t — 71'*] + Oéx(sc,t)xtv (18)

= ag(Sct) + 0x(Set)me + ap(Scr) T

where ag(sct) = 1 + (1 — an(Set))m™. Ser is a unobserved two-state Markov-switching
variable, and o (s.) and oy (s.) evolve according to equation (1.4). Models similar to (1.8)
have been used in the literature to investigate the regime-switching Monetary policy rule.
For example, Davig and Leeper [2011] assume away the interest rate smoothing behavior
and augment equation (1.8) with a error term. Bunzel and Enders [2010] consider the
interest rate smoothing behavior and investigate the possibility that the Taylor rule should

be formulated as a threshold process.

1.2.3 A constant coefficient Taylor rule with time-varying policy targets

Based on the linear Taylor rule (1.5), we allow the policy targets to be time-varying and

obtain the third version of the Taylor rule as follows:
¥ =iy + agp[m — 7] 4 g, (1.9)

where 7, = 7 + .

Incorporating the time-varying policy targets involves in a technical difficulty. Under
the same assumptions of the desired nominal interest rate and the interest rate smoothing
behavior, the intercept term is time-varying because of time-varying policy targets. Simple
regression technique cannot be used to estimate coefficients o and «,, Instead, a filtering

technique, such as Kalman filter, should be used to cope with the time-varying policy targets.



For example, Leigh [2008] use a state space model and the Kalman filter to estimate a model
similar to (1.9) for the post-Volcker period. Even though under our model specification the
Kalman filter cannot be directly applied because of the Markov-switching volatilities, the
Kim [1994]’s filter can be used to deal with a general linear state space model with Markov-
switching parameters.

We adopt, however, an alternative two-step approach for these models with time-varying
policy targets because of a concern about the identification. For illustration, we consider

the simplest Taylor rule as follows:
it = Qngt + €, (1.10)

where ¢g; = [m; — 7] is the inflation gap. Under this example, by letting 7} = m — cgs, we
could always multiply a.: by a factor ¢ without changing the value of the likelihood function.
For example, assume we have three observations of the inflation rate: {2%, 2.5%, 3%}, the

following two outcomes are observational equivalent:

1. =2, and 7} = {2%, 2%, 2%}, and

2. a=1, and n} = {2%,1.5%,1%}.

The value of the likelihood function evaluated at these two sets of estimates are the same, so
the likelihood-based inference cannot distinguish these two cases from each other. However,
under the assumption of constant 7*, the other cases are ruled out except the first one. From
this point of view, the assumption of constant policy targets can be taken as an important
identification assumption.

The two-step approach works as follows: First obtain estimates of time-varying policy
targets using methods that have been adopted successfully in the literature; Second, estimate
coefficients based on estimated time-varying policy targets. The two-step approach has
several appealing features: it reduces the computational cost substantially, given that we
have paid the “fixed cost” in the first step; it allows us to check the robustness of our results
with respect to various estimates of policy targets found in the literature; and it achieves

better identification.



1.2.4 A regime-switching coefficient Taylor rule with time-varying policy targets

In our last case we allows the coefficients in (1.9) to be regime-switching as follows:
i =it + an(ser) [T — ]+ aw(ser) T, (1.11)

where %t =1+ 7). Sct is unobserved two-state Markov-switching variable, and oy (s.¢) and
ay(Sc,t) evolve according to equation (1.4).

Estimating MS-VAR model embedding equation (1.11) and heteroskedasticity is a chal-
lenging task because it involves in computing and maximizing complicated likelihood func-
tion, which possibly has many local maximum. Furthermore, the identification issue be-
comes more severe because there are more possible cases that deliver the same value of the
likelihood function. For example, given the simplest Taylor rule (1.10), in additional to the

two possibilities provided above, we could have

3. ay ={2,1,1}, and 7} = {2%, 1.5%, 1%}, and

4. oy ={1,2,2}, and 7} = {2%, 2%, 2%}.

All these four outcomes are observationally equivalent. In fact, the number of possibilities

can be expanded without limit.

Castelnuovo et al. [2013] made an interesting attempt to estimate regime-switching co-
efficients and time-varying policy targets jointly within a Bayesian framework. They in-
corporate a trend-cycle decomposition of the inflation to help identify the trend inflation,
which is interpreted as the inflation target. Furthermore, the Bayesian inference combines
researchers’ prior beliefs and data information to form posterior distributions of parameters,
so it provides an opportunity to achieve identification through the use of strong prior beliefs
on the parameter space. Because our main interest is in the evidence of regime switches in
coeflicients, we do not employ strong prior beliefs on the coefficients and, instead, use the

two step approach to cope with the identification issue.
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1.3 Model Estimation and Comparison

To compare models with constant and regime-switching coefficients is essentially to test the

hypotheses as follows:

Hy : Q0w = Al,ry, Qo x = Ul g

)

Hy : o, 7& a1y, QO ?é a1,z

However, in our empirical framework, the transition probabilities of Markov processes are
nuisance parameters that do not exist under the null hypothesis of no regime switch. Thus,
the problem is nonstandard, and the classical asymptotic results do not hold for the likeli-
hood ratio test statistic. As such, we could therefore apply the testing procedure proposed
by Hansen [1992] and Garcia [1998]. Alternatively, we cast the problem into a Bayesian
framework because of several important features. First, the nuisance parameters that exist
under the alternative but not under the null do not pose any special problem. The main
issue in Bayesian model selection comes down to calculating the marginal likelihood for each
model, obtained by numerically integrating the nuisance parameters out of the joint den-
sity. This procedure works whether the nuisance parameters exist under the null hypothesis
or not. Second, as pointed out by Koop and Potter [1998], classical solutions also must
integrate out the nuisance parameters, but the integration is with respect to an arbitrary
distribution. In the Bayesian approach, there is a sense in which information in the data is
used to integrate out nuisance parameters.

In this section, we first discuss estimation of the time-varying policy targets needed
for the two-step approach. Then we introduce the Bayesian method for estimating model

parameters and the computation method for the Bayes factor.

1.8.1 Estimation of Time-varying Policy Targets

In additional to the inflation target 7}, we also need a set of estimates of the neutral real
interest rate because of our assumption of the desired nominal interest rate. The estimates
of the neutral real interest rates are obtained according to the results from Laubach and

Williams [2003], who find that the two-sided Kalman filter estimates and the two-sided
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estimates from the Hodrick-Prescott filters with the smoothing parameter of 6400 are very
similar. Therefore, we let rr; be equal to the estimates form the HP filters of ex post
real rate, defined as the difference between the funds rate and the realized inflation rate.
Specifically, we approximate the target growth rate of real GDP by the Hodrick-Prescott
trend of the growth rate of real GDP. Finally, following Cogley and Sbordone [2008], we
approximate long-run inflation target as the Beveridge-Nelson trend component of inflation
from a reduced-form time-varying parameter VAR (TVPVAR) described briefly as follows:?

Assume 1, a m x 1 vector, follows a TVPVAR process:
Zt = Ut + FtZt,1 + Et, € ~ N(O, Qt) (112)

where Z; = [y;,...,y;_p1]. We follow Cogley and Sbordone [2008]’s method, to define
trend inflation as the level to which inflation is expected to settle after short-run fluctuations
die out, 7 = lim; o Eymy;. They approximate this by calculating a local-to date t

estimate of mean inflation from the VAR,

mi = en(I = F) " i,

where e, is a selector vector. 6

Figure (1.1) shows estimates of the desired interest rate, rr; + 7, the inflation target,
7y, and the output growth target, y;, respectively. The estimated output growth target is
stable around the 3.25%, the sample average of the annualized growth rate of real GDP
over our sample period. The estimated inflation targets raised substantially in the period
of Great Inflation, 1970s, and lowered down at the beginning of Paul Volcker’s tenure as
its Chairman. This finding is consistent with Paul Volcker’s well-known disinflation policy

in early 1980s. After Alan Greenespan took office on August, 1987, the inflation target

5They interpret movements in trend inflation as changes in the Federal Reserve’s inflation target.

5The data we used for estimating TVPVAR is the same as those used by Cogley and Sargent [2005],
consisting of unemployment rates, inflation rates, and interest rates. Unemployment rates are measured
by all civilian unemployment rate, inflation rates by annualized quarterly rate of change of Chain-type
GDP deflater. and the interest rates by the yield on 3-Month Treasury bill rates. The sample spans from
1948:Q1 to 2010:Q4, and we work with VAR(2) representation for nominal interest, quarterly inflation,
and logit of unemployment. The MCMC method used to estimate TVPVAR can be found in Cogley and
Sargent [2005] and Koop and Korobilis [2010], and we thank authors for generously providing Matlab
codes for replication.
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Figure 1.1: Data and Time-varying Policy Targets

had been around 2%, a value known to be the target for most advanced country central
banks (Romer and Romer [2002]) and a sufficient cushion to make the zero lower bound

unimportant in a world of small shocks (Blanchard et al. [2010]).

1.3.2  Estimation of Regime-switching Coefficients

For all models we estimate and compare, we draw samples from the the marginal posterior

distributions for the following parameters:

® = [A()), ®o(j), .., Pp(h)], & =[07()),05(5),03(j)],
SC = [8071,...,8071“], Sv = [81171,...,31)711],

P = [poo,c,pn,apoo,v,pn,u],

for 5 = 0,1, given appropriate prior distributions of them. These marginal posterior distri-

butions may be obtained from the joint posterior distribution
f(®,0,Sc, Sy, p|Data).

However, the hierarchical nature of the model allows us to easily employ the Gibbs sampling

to obtain the marginal posterior distributions of interest. This is done by successively
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sampling from the full conditional densities. The following describes the Gibbs sampling

procedure:

Choose a starting values, for g =1,...,G:
(1) Generate ®9) from f(®|Data,o1), 8,971 8 9=1),
(2) Generate 0@ from f(o|Data, ®9),S. 971 8, 9=1),
(3) Generate S¢9) from f(S¢|Data, ®9), o) 8,9~ plo-1),
(4) Generate 8¢9 from f(Sy|Data, ®9), o(@ 8. 9) plo—1).
(5) Generate p9) from f(p|Data,@(9),0(9),SC(9),SV(9)).

Because of the recursive structure, the MS-VAR (1.2) can be estimated equation-by-
equation. Therefore, conditional on unobserved states and variances of structural shocks,
the conditional density of ® can be further broken down into three blocks, one for each
equation in (1.2). For the equation of the nominal interest rate, on which we impose the
restrictions implied by the Taylor rule, the conditional density is slightly different but is
still known up to a normalizing constant, so the Gibbs sampling can be used. Other steps

are relatively standard,” so we leave the details of the posterior simulation in the appendix.

1.8.8 Model Comparison

Let w be the model indicator parameter. Thus, when w = k, we assume that the data have
arisen from case k, according to a probability function (marginal likelihood) m(Yr|w = k).
The Bayes factor is defined as the ratio of marginal likelihoods (or marginal data density)
for models under consideration:

m(Yr|w = k)

Bpjp=——"—"t
B (Yo w = h)’

k# h,

"See Kim and Nelson [1999] for extensive introduction to the Bayesian approach of Markov Switching
models.
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where By, ), refers to the Bayes factor in favor of case k. The Bayes factor, according to
Kass and Raftery [1995], ‘is a summary of the evidence provided by the data in favor of
one scientific theory, represented by a statistical model, as opposed to another’. Given the
marginal likelihoods and Bayes factors, the comparison between models can be made ac-

cording to the criteria provided by Kass and Raftery [1995]:

21n B;; Evidence against M

0 to 2 Not worth more than a bare mention
2to06 Positive

6 to 10 Strong

>10 Very strong.

Since in most of the case we do not know the exact form for m(Yp|w = i), recently
literature of Bayesian model comparison relies heavily on simulation approximation. The
modified harmonic mean (MHM) method of Dey [1994] has been a widely used method for
computing the marginal data density. Let 0 as a collection of all the free parameters in
the model. Denote the likelihood function by p(Yr|f) and the prior density by p(#). Given

these two objects, the marginal likelihood is defined as
m(Yile =) = [ p(¥r|o)p(6)ds

The MHM method used to approximate the above integral numerically is based on the

following theorem

m(Yrlw = i)! :/(91)(1/7]?’(;))1)@1)(9]}@)(10, (1.13)

where O is the support of the posterior probability density and h(#), often called a weighting

function, is any probability density whose support is contained in ©. Denote

_ne)
90) = L7100

A numerical evaluation of the integral on the right hand side of (1.13) can be accomplished

in principle through the Monte Carlo (MC) integration

N
(Ve =) = 3" g(6"), (1.14)
n=1
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where #() is the ith draw of @ from the posterior distribution p(6|Y7). If g(#) is bounded
above, the rate of convergence from this MC approximation is likely to be practical.
Geweke [1999] proposes an implementation with A(.) constructed from the posterior
simulator. The sample mean # and sample covariance matrix ) can be calculated from
draws of 6 from the posterior simulator. The weighting function is chosen to be a truncated
multivariate Gaussian density with mean @ and covariance 2. The tail of the Gaussian
distribution is truncated to ensure that the support of the weighting function is contained
in the support of posterior. However, Sims et al. [2008] argue that if the parameters are
allowed to vary over time, the posterior density tends to be non-Gaussian can be very low
at the sample mean, especially when the posterior density has multiple peaks. Therefore,
a truncated Gaussian density function tends to be a poor local approximation to the non-
Gaussian posterior density. Furthermore, the likelihood can get close to zero in the interior
points of the parameter space. To deal with these problems, Sims et al. [2008] propose a new
implementation of the MHM method based on a family of elliptical distribution centered at

posterior mode, é, and scaled by
Q=3 (00— 4) (00— d)
N i=1

Interested readers are referred to Sims et al. [2008] for thorough discussion and computa-

tional details.

1.4 Empirical Results

1.4.1 Data and Priors

We use U.S. quarterly data spanning from 1961:1 to 2008:4 in this section. We measure
the overall slack in the real economy as z; = y; — 7, where y; represents the 4-quarter
growth rate of the real GDP and 7 is the Hodrick-Prescott trend of y;. The inflation rate is
measured by the 4-quarter growth rate of the GDP deflator, and we use the effective federal

funds rates as the short-run nominal interest rate.

We assume that parameters are a-prior independently distributed across blocks, so that
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the joint prior can be expressed as the product of marginal priors,

f(®,0,p) = f(®)f(o)f(p)

We employ Normal priors for ®, inverted Gamma distributions for o, and, finally, Beta
distributions for p. The prior mean of the coefficients of the growth rate and the inflation
equation are all zero except for the elements corresponding to the first own lag of the
dependent variable in each equation, and prior variance are set to be 1. These non-zero
elements are set to be 0.9, expressing a belief that the individual variable follows AR(1)
process. For the interest rate equation, on which the Taylor rule is imposed, the prior
mean and variance are set as follows: ;. ~ N(0.5,0.5%) for i = 1,2, aj ~ N(1,0.5%)
and ag r ~ N(1.5, 0.52). The priors for the response to the output growth are symmetric
across regimes, but we set asymmetric priors for the responses to inflation. This is meant
to reflect the a-priori belief that the inflationary stance of the Federal Reserve has changed
over time. However, the priors are very loose, implying a substantial degree of overlapping.
The smoothness parameters, p is assumed to follow a normal distribution: p ~ N(0.6,0.22).
The priors for all elements in o are inverted Gamma IG(1,1). Finally, the priors for p are
Beta(50,2), implying the a-prior expected duration of each regime to be 26 quarters, or 6.5

years.

Throughout this section, all inferences are based on 50,000 Gibbs simulations, after
discarding the initial 10,000 Gibbs simulations in order to mitigate the effects of initial
conditions. The number of lags in the MS-VAR is chosen to be 2 according to Bayes

factors.®

While estimating models we allow only the coefficients in the interest rate equation
are switching over time. This assumption is motivated by one of Sims and Zha [2006]’s
findings that the best-fit model among those that do allow coefficients to change is one that
constrains the changes to occur only in the monetary policy equation, while coefficients in

the other equations remain constant.
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Table 1.1: Log Marginal Likelihood of Different Versions of the Taylor Rule

Cont. Coef. MS Coef.

Cont. Targets -521.4319  -516.3000
TV Targets -505.8665  -513.5657

* MS Coef. refers to Markov-switching response coeffi-

cient. TV Targets refers to time-varying policy targets.

1.4.2 The “Best-fit” Monetary Policy Reaction Function

Table (1.1) shows log marginal likelihoods of all four models under consideration. The
logarithm of the Bayes factor comparing two versions of the Taylor rule is the difference
between the log marginal likelihoods; therefore, table (1.1) clearly indicates that the “best-
fit” version of the Taylor rule is one with constant response coefficients and time-varying
policy targets, and that the evidence is very strong, according to Kass and Raftery [1995]’s
criteria.

Knowing the best-fit version of the Taylor rule is not sufficient to answer our main
question: Is it the monetary policy targets or reactions which have been varying over the
past five decades? By comparing the two versions of the Taylor rule assuming constant
policy targets, whose log marginal likelihoods are listed in the first row of table (1.1), we
find that the Markov-switching response coefficients is “very strongly” preferred by the U.S.
data. Therefore, even though the best-fit model is not characterized by Markov-switching
response coefficients, we cannot eliminate the possibility that the monetary policy reactions
have been changing as well.

The fact that the version of the Taylor rule with both time-varying policy targets and
reactions is not selected by the Bayes factor provides a clue to solve this problem. If
the Taylor rules incorporating time variation in policy targets or reactions along could have
actually improved upon the benchmark Taylor rule, how could the Taylor rule characterized

by both features not be selected as the best-fit model? One possible reason is that one of

8Marginal likelihoods of models with different lags are not reported but available upon request.
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Figure 1.2: Inflation Rates and Inflation Targets

the two features does not in fact help describing the U.S. monetary policy behaviors, and
it seems so just because the other feature is mis-specified.

In Figure (1.2), we plot inflation rates, measured by annualized quarterly change of
GDP deflators, and two sets of estimates of inflation targets to contrast the behaviors of
the inflation gap.? Notice that in 1970s, the inflation gap implied by the constant inflation
target was much larger than that implied by the time-varying inflation target, revealing a
possibility that the evidence for Markov-switching response coefficients is just a consequence
of mis-specification. That is, in the case where the time variation in the inflation target is
not properly taken account for, the Fed’s responses to inflation gaps can exhibit significant

time variations even if in fact they are better described by constant coefficients.

1.4.8 Are response coefficients Markov-switching?

To verify our explanation of the puzzling results from model comparisons, we further investi-
gate estimates of parameters and smoothed probabilities of s, in all four cases. Table (1.2)
shows estimation results from models assuming constant policy targets, that is, equations

(1.5) and (1.8). Note that estimates of as are the Fed’s “long-run” responses to respective

9The constant inflation target is set to be 2.5 %, which is close to the value found in Bianchi [2013],
and the time-varying inflation targets are based on our estimates using a time-varying parameter vector
autoregression model as in Cogley and Sbordone [2008].



Table 1.2: Estimation Results from Models Assuming Constant Policy Targets

Constant Coeflicients

Regime-Switching Coefficients

Mean SD  90% Bands Mean SD 90% Bands
ay(se=0) 158 038 (0.97,2.21) 082 031  (0.36, 1.36)
ay(se=1) - ; ; 0.94 036  (0.40, 1.58)
ar(se=0) 156 023 (1.19,1.94) 215 033  (1.62, 2.72)
ar(se=1) - . : 112 023 (0.75, 1.48)
ao(se=0) 046 054 (-0.43,1.34) 104 069  (-0.11, 2.14)
aglse=1) - . ; 0.04 084  (-1.42,1.34)
P1 1.31  0.06 (1.21, 1.42) 1.25 0.07 (1.14, 1.36)
P2 -0.36 0.06 (-0.48,-0.29) -0.35 0.06 (-0.45, -0.24)

19

* SD refer to standard deviation. 90% Bands refers to 90% posterior probability
bands.

targeting variable, and the contemporaneous, or short-run, responses can be obtained by
(1 — p)a. Concerning the parameters of the Taylor rule, the Federal Funds rate reacts to
deviations of inflation from its target more strongly under Regime 1 (s, = 0) than it does
under Regime 2 (s, = 1). Thus I shall refer to Regime 1 as the Hawk regime, while Regime
2 will be the Dove regime. The output growth seems to play a similar role in both cases: the
long run response to output growth gap is not significantly different between two regimes

since 90 % bands of them overlap substantially.

Figure (1.3) shows the smoothed probabilities assigned to the Dove regime. The mone-
tary policy had been under Dove regime for most of the pre-1980 period. After late 1970s,
when long period of passive monetary policy ended, the stance of the monetary policy had
been more anti-inflationary for most the 1980s and the 1990s, except that Dove regime
recurred in the first half of 1990s. These regime-switching behaviors of the monetary policy
before 2000 are, by and large, consistent with Clarida et al. [2000]’s empirical results: inter-

est rate policy in the Volcker-Greenspan period appears to have been much more sensitive
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Figure 1.3: State Probabilities

to changes in inflation than in the pre-Volcker period. However, the Dove regime has re-
turned to dominate since the beginning of 2000s. This result corroborates the view of Sims
and Zha [2006] that monetary policy regime changes are better modeled as stochastic and
reversible.

The results from models assuming constant policy targets point to a clear conclusion that
the monetary policy was subject to significant regime switches. However, we notice that
the time when the regime switches remarkably coincides with the time when the inflation
target is subject to change. For example, it is well-known that the inflation target dropped
substantially after Paul Volcker took office in October 1979, e.g., Kozicki and Tinsley [2009]
and Cogley et al. [2010]. Furthermore, as shown in figure (1.2), in the mid of 1990s, the
inflation target declined significantly after the recession of the early 1990s.!° Even though
the estimates of the inflation targets suffer from a great amount of uncertainty, it cannot be
ruled out that the regimes detected in figure (1.3) actually capture time variations in the
policy targets instead of that in the responses coefficients.

Table (1.3) shows estimation results obtained from models assuming time-varying policy
targets. These estimates are, by and large, similar to those from models assuming constant
policy targets, but with a greater degree of uncertainty. Notice that the long-run response to

the inflation gap enlarges under Hawk regime, but the 90% bands of a,; under two regimes

10The decline of the inflation target in the mid of 1990s is consistent with the idea of the opportunistic
approach to disinflation, by Orphanides and Wilcox [2002], which states that the central bank should
wait for exogenous circumstances - e.g. favorable supply shocks and unforeseen recessions - to deliver the
desired additional reduction in inflation.
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Table 1.3: Estimation Results from Models Assuming Time-varying Policy Target

Constant Coefficients Regime-Switching Coefficients

Mean SD  90% Bands Mean SD 90% Bands

ay(se=0) 072 021 (0.42,1.09) 013 048  (-0.62, 0.95)
ay(se=1) - . ; 0.75 027  (0.38,1.23)
ar(se=0) 1.33 026 (092, 1.76) 2.67 0.69  (1.42, 3.68)
Ozﬂ-(sc = 1) - - - 0.77 0.30 (0.25, 1.24)
P1 1.28 0.06 (1.18, 1.37) 1.19  0.06 (1.09, 1.29)
02 -0.41  0.05 (-0.50,-0.33) -0.36 0.06 (-0.45, -0.27)
* SD refer to standard deviation. 90% Bands refers to 90% posterior probability
bands.
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Figure 1.4: State Probabilities

overlaps substantially. Furthermore, figure (1.4) shows the smoothed probabilities assigned
to the Dove regime over our sample period. We could see that these smoothed probabilities
do not exhibit obvious regime-switching patterns as shown clearly in figure (1.3).

To sum up, the empirical results shown above point to following two important messages:
1) When the monetary policy targets are assume to be constant over time, the evidence
for Markov-switching response coefficients is very strong; 2) Once the monetary policy
targets are considered to be time-varying, there is no evidence for regime switch in response
coefficients. They imply that improvements in the marginal likelihood we observed in the

first row of table (1.1) is possibly a consequence of the mis-specified monetary policy targets.
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Table 1.4: Log Marginal Likelihood under Different Priors

CC-CT RS-CT CC-TT RS-TT

Prior A.1 -521.6667 -516.9395 -506.0170 -513.2383
Prior A.2 -520.0728 -517.1238 -506.7362 -513.6370
Prior A.3 -529.9243 -517.0785 -505.1758 -506.4708

* CC refers to constant coefficients. RS refers to regime-switching
coefficient. ~CT refers to constant policy targets. TT refers to

time-varying policy targets.

Therefore, a better strategy to understand the role played by the monetary policy reactions
might be to compare the second row of table (1.1), which leads to the answer to our main
question: it is the monetary policy targets, not reactions, which has been varying over the

past five decades.

1.4.4 Robustness Check

Within the Bayesian framework, inferences are sometimes dependent upon the priors em-
ployed, so it is important to evaluate the Bayes factor over a range of possibilities. We use
informative and proper priors to ensure that the Bayes factor is well defined, but hyperpa-
rameters we specified imply disperse prior distributions except for two sets of parameters:
long-run response coefficients o and transition probabilities p. They are important param-
eters which determine how the monetary policy rule evolves over time, thus it is crucial to
check whether our results hinge on the prior distributions we specify.

We specify the following alternative priors to reflect different prior beliefs about how the

monetary policy might evolve overtime:

e Prior A.1: p ~ Beta(10,1). Others remain the same.

e Prior A.2: «a;, ~ N(0.5,1) for i = 1,2, a1 ~ N(1,1) and agr ~ N(1.5,1). Other

remain the same.
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e Prior A.3: a;, ~ N(0.5,0.1%) for i = 1,2, a1 » ~ N(1,0.1%) and ag, ~ N(1.5,0.1%).

Other remain the same.

Prior A.1 implies a wide range of the expected duration of each regime: 90% interval is
[3.86,195.46], or 0.97 to 48.87 years. Prior A.2 increases the prior variance of each response
coefficient, reflecting the prior beliefs that response coefficients are mot different across
regimes. On the other hand, prior A.3 decreases the prior variance of each response coeffi-
cient, reflecting the prior beliefs that response coefficients are very different across regimes.
Table (1.4) shows the log marginal likelihood computed using three alternative priors: The
constant coefficient Taylor rule with time-varying policy targets is always preferred by the
data under all cases. Even under the prior A.3 which imply very strong prior beliefs, the
regime-switching coefficient Taylor rule still cannot improve upon the constant coefficient

Taylor rule.
1.5 Conclusion

Searching for regime switches in the monetary policy is complicated by the time-varying
monetary policy targets. Despite its appealing ability to extremely simplify empirical model,
assuming constant policy targets might result in misleading evidence for regime switches
in coefficients of the Taylor rule. In this paper, we show that time-varying policy targets
play a crucial role in U.S. monetary policy in the past five decades. The Bayesian model
comparison indicates that constant coefficient Taylor rule with time-varying policy targets
is very strongly preferred by the data. Furthermore, once we incorporate the time-varying
policy targets in the Taylor rule, the response coefficients of the monetary policy rule were
not subject to regime switches, even under the very strong prior beliefs about the regime-
switching response coefficients.

Our empirical results highlight the role of U.S. monetary policy in the Great Moderation.
Sims and Zha [2006] argue against the original “good policy” explanation proposed by
Clarida et al. [2000] and shows that there were no regime switch in the response coefficients
describing U.S. monetary policy. From this perspective, we agree with Sims and Zha [2006]

in that our results also show no evidence for the regime switch in the response coefficients.
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However, we find empirical supports for the alternative “good policy” explanation for the
Great Moderation proposed by the Coibion and Gorodnichenko [2011], who argued that
by lowering the inflation target, the monetary authority could enhance the stability of the
U.S. economy even with no change in the response of the central bank to macroeconomic
variables.

Our analysis also sheds some light on modeling nonlinear economic time series, e.g.
smooth transition autoregression and Markov-switching autoregression, which have been
used to understand the nature of the economy over the course of a business cycle. Because
many macroeconomic models assume that some macroeconomic variables only deviate from
their “neutral levels” temporarily and refer to the deviation as “gap”, statistical properties
of the gap come to the center of economists’ attentions. The lesson we learned from this
paper is that special attention should be given to the neutral level of the macroeconomic
variable under consideration, especially when the neutral level is arguably changing over

time.
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Chapter 2

WAS THERE NONLINEARITY IN U.S. MONETARY POLICY? A
BAYESIAN APPROACH

In this paper, several versions of nonlinear forward-looking Taylor rule are estimated
and compared within a Bayesian framework. Endogeneity problem caused by forward-
looking variables are dealt with using a Bayesian Instrumental Variable estimator. Empirical
evidence indicates that regime-switching behaviors of the Federal Reserve emerged after
1990. The regime is characterized by the sign of the output gap, meaning that the Fed
reacts to inflation and output gap aggressively during a recession. Without a concern of
recession, adjustments of the federal funds rate become very persistent and the volatility
of monetary policy shocks shrinks substantially. Furthermore, the best-fit nonlinear Taylor

rule can describe U.S. monetary policy better than a linear Taylor rule.

Keywords. Nonlinear Taylor rule, Forward-looking, Regime-switching, Bayesian Instru-

mental Variable.

2.1 Introduction

Linking movements in the federal funds rate to macroeconomic variables by a linear equa-
tion, or so-called policy rule, help economists and the general public understand how U.S.
monetary policy is conducted. However, without committing to a specific rule, the Federal
Reserve’s (Fed) decisions on adjusting the federal funds rate might not be invariant to the
ongoing economic situation. It is not hard to imagine a scenario that the Fed’s reactions
are more accommodative when key macroeconomic variables are wandering inside a certain
“comfort zone”, and aggressive when outside. In this paper, we empirically investigate the
possibility that U.S. monetary policy could be described better by a nonlinear Taylor rule.

As put by Taylor [1993], Taylor rule is a “hypothetical but representative policy rule”
which links the federal funds rate to the inflation gap and the output gap. It has been
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Figure 2.1: The Classic Taylor Rule

used widely in many theoretical macro models as a equation describing how the short-term
nominal interest rate is adjusted. In figure 2.1, we plot the quarterly federal funds rate and
the policy rate constructed using the classic Taylor rule, r, = 241, +0.5(m; —2)+0.5y;, where
7 is the inflation rate and y; is the output gap!'. Gray bars represent the NBER recession
dates. Despite that the policy rate moved closely with the federal funds rate around these
recession dates, there are periods where the Taylor rule does not capture movements of the
federal funds rate well. Notably, the period from 2002 to 2006, according to Taylor [2011],
is “a period during which policy deviated from the practice of at least the previous two
decades.” Furthermore, Bernanke [2006] also notes that the tightening cycle began at the
end of 2004 is notably different from previous experiences.

Motivated by the periodic failure to capture movements in the federal funds rate, we are
interested in whether the nonlinear Taylor rule can serve an alternative to the linear Taylor.
We use the forward-looking Taylor rule proposed by Clarida et al. [2000] as the benchmark

linear model of U.S. monetary policy. The nonlinearity is introduced by augmenting the

! As Taylor [1993], we use yearly rate of change of the GDP deflator as a measure of inflation and CBO’s
estimates of output gap
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linear model with additional terms capturing changes in behaviors between “regimes”, which
are pre-determined and implied by theoretical models of optimal monetary policy. For
example, Bec et al. [2002] assume Fed’s preference on output gap is asymmetric and find
that the optimal reaction to positive and negative output gap are different. In this case,
we can define the regime according to the sign of the output gap. We also examine the
possibility that U.S. monetary policy underwent a structural break in the mid of our sample.
In such cases, regime-switching behaviors would only emerge before or after a pre-specified
break date.

We cast the estimation into a Bayesian framework, within which marginal likelihoods
can be used to compare models directly and, in the case where several competing models
are similar, serve as the weights for averaging models. The endogeneity problem caused
by replacing forward-looking variables in the Taylor rule by ex-post realized data is dealt
with using the standard Instrumental Variable (IV) estimation to. Following Cogley and
Startz [2012], we cast the IV equations into a seemingly unrelated regressions (SUR) system
with nonlinear parameters, so Gibbs sampling can be used to draw samples from posterior
distributions of parameters.

Our empirical results indicate that the Fed’s reactions might be different when the
economy is producing above potential output, and this regime-switching behavior emerged
after 1990. Estimates obtained from the best-fit model imply that changes in reactions
are two-fold: When the Fed perceives a concern of recession, it (1) adjusts the funds rate
relatively quicker and (2) reacts to macroeconomic variables more aggressively than it does
otherwise. In addition, in the regime where the output gap is positive, the Fed’s reactions
are characterized by greater persistence, defined as the sum of AR coefficients, and smaller
volatility of monetary policy shocks. This finding is in line with Basistha and Startz [2004],
who find that the 1990s saw a longer duration in the regime where the desired federal funds
rate is static, and Bernanke [2006)’s observation that policy moved more gradually than it
did before 2004. We also compare the performance of linear and nonlinear Taylor rule on
capturing movements of the Federal Funds rate. The best-fit nonlinear Taylor rule does
better describe the U.S. monetary policy reactions than the linear Taylor rule.

The outline of the remainder of the paper is as follows. Section 2 introduces the empirical
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frameworks and specify nonlinear Taylor rules under consideration. In section 3, we present
the Bayesian IV estimation using Gibbs sampler. We discuss the empirical results and

implications in section 4. Section 5 concludes.
2.2 DModeling Monetary Policy Reactions

2.2.1 A forward-looking Taylor rule

Our empirical framework is based on a linear forward-looking Taylor rule with interest rate

smoothing:

i =(1 = p()[i + axBy(mip1 — 1) + ay By (yes1)]

+ p(L)ig—1 + my, (2.1)

where p(L) = p1L + ...+ ppL? is the lag polynomial, and m; is a random disturbance
term, or the monetary policy shock. m; and y; are the inflation and the output gap, so 7 by
construction is the desired nominal interest rate when both inflation gap and output gap are
closed. We follow Clarida et al. [2000] and assume that 7 = 7+ 7*, where 7 is the neutral, or
equilibrium, real interest rate, and 7 is the long-run inflation target. E;(xy1) refer to the
1-step-ahead predictions of variable x; formed by the Fed conditional on the information
available at the beginning of time t. Replacing expected values by realized future values,

we have
it =(1 = p(1)[i + an (w1 — ) + ayyera] + p(L)ig—1 + ey, (2.2)

where
et =my — (1= p(1))[ax (i1 — Ee(me41)) + oy (g1 — Ee(yes1))]-

Note that regressors, 41 and yp41, in equation (2.2) are correlated with the disturbance
term ey; therefore, OLS estimator is not consistent. We follow Kim and Nelson [2006] and
deal with the endogeneity problem using Instrumental Variable (IV) estimation.

The Taylor rule contains two unobserved policy variables: 7 and 7*. In the original
paper, Taylor [1993] assumes 7 and 7* are both constant and equal to 2 %, which are

reasonable measures for short sample period. We do not follow this specification because
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assuming constant 7* may introduce bias to estimates of response coefficients in the period
when the inflation was higher than the sample average. It has been found that inflation
targets were higher in 1970s other periods, see, for example, Ireland [2007], thus assuming
constant inflation targets would overstate inflation gaps in 1970s and understate the Fed’s
reactions to inflation gaps. To avoid these problems, we obtain a set of measures of time-

varying 7, and 7} prior to all estimation, and rewrite equation (2.2) as follows

(it — it) =Brgi+1 + Byyir1 + p(1) (i1 — ir)

+ pgAitfl +...+ ppAZ'tfp + e, (23)

where giy1 = m41 — 7/ is the inflation gap. Note that rewriting the lagged terms of #; into
the form of the Dickey-Fuller regression does not change the equation fundamentally. It
only changes the interpretation of autoregressive coefficients — p(1) can be interpreted as
the persistence, or smoothness, of monetary policy reactions. We will discuss the selection
of 7, and 7} latter.

By defining z; as a ¢ x 1 vector of instrumental variables, we have the following instru-

menting equations:

z; 0 v
gt+1 _ t 71 n 1,t ’ (2'4)
Yir1 0 z V2 Vot
and [e, 14,124 ~ N(0,X). For clarity of discussion, we rewrite equations (2.3) and (2.4)

in the following compact form:
it = XiB+ e
Xmg = ZI{F + V¢

and [es, ) ~ N(X) and if = iy — is. Xt = [Xnt, Xat] is a (k1 + ko) x 1 vector of the all
regressors of equation (2.3), and X,; and X,; are endogenous and exogenous regressors,

respectively.

2.2.2  Forms of nonlinearity

In this subsection, we introduce several versions of the nonlinear Taylor rule and cast them

into our framework. It has been shown that under assumptions of quadratic loss function
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and linear Phillips Curve, the optimal monetary policy rule is linear. However, various
versions of the Taylor rule can be derived even with a slight adjustment of one of these two
assumptions. Many empirical studies have found evidence supporting one specific version
of the Taylor rule?, but summarizing these results does not help us understand which one
can best describe realized federal funds rates over past decades. One of our contribution is
that we estimate several versions of the nonlinear Taylor rule within a unified framework
which allows us to compare these rules directly.

A nonlinear Taylor rule assumes that response coefficients are switching between two

regimes, governed by a state variable S, and equations (2.3) and (2.4) becomes:

i = XiB(St) + e (2.5)

Xnt = ZgF(St) + Vi (26)

and [e;, ] ~ N(0,2(S;)). St = 0,1 and for any generic parameter, 6(S;) = (1—5S;)0p+S:01.
If we assume that S; is depending on a set of macroeconomic variables, equations (2.5) and
(2.6) become threshold-switching processes. The forms of nonlinearity we considered are

listed as follows:

(a). Sy=0ify > 0.

(b). S; =0 if 7, < 7).

(c). Sy =0ify; >0orm <7l
(d). Sg=0if |m — 7| <6

The theoretical foundation of the threshold-type Taylor rule is based on the assumption
of the policy maker’s loss function in optimal monetary policy analysis. Gertler et al.
[1999] shows that under the quadratic loss function, Ly ; = (7 — 7*)? + k;y?, the optimal

monetary policy rule is linear. Given assumptions of the rest of the economy unchanged, a

20sborn et al. [2005] make a attempt to test nonlinearity within several versions of the Taylor rule and
find that the inclusion of the interaction between inflation deviations and the output gap appears to
characterize the nonlinear policy rule adequately.
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nonlinear monetary policy rule can be derived by assuming alternative loss function. Model
(a) corresponds to Bec et al. [2002]’s business-cycle dependent monetary policy rule, which
is derived based on a asymmetric loss function as Lp = I(y: > 0)Lg1 + I(y: < 0)Lg2.
This loss function implies that the monetary authority may adopt a more (less) aggressive
reaction to a deviation of inflation and output from their targeted levels, depending on the
state of the economy.® Similar idea applies to model (b) and (c), where 7} is inherited
inflation and depends on the history of past inflation. Model (d) represents Orphanides and
Wilcox [2002]’s opportunistic approach to disinflation, under which a central bank controls
inflation aggressively when inflation is far from its target, but concentrates more on output
stabilization when inflation is close to its targets. The underlying loss function is assumed
as Lo = (1 — )2 + kly|. According to Aksoy et al. [2006], 7! is an intermediate target

which corresponds to a weighted average of the long-run target, 7*, and inherited inflation,

7. That is, 7/ = (1 — p)7* + prh.

2.2.8 FExtensions

Models represented by equations (2.5), (2.6) and Sy introduced above might be too restrictive
because they assume that 1) the Fed has been reacting nonlinearly throughout the entire
sample periods and 2) the covariance matrix are also switching with monetary policy regime.
In this subsection, we introduce some extensions of our basic nonlinear Taylor rules along

these two dimensions.

Subsample-specific nonlinearity

To incorporate the possibility of period-specific nonlinearity, we consider the cases where
nonlinearity emerges only in a subsample. Taking form (a) as an example, we consider the

following alternatives:

° StZOIfytEO

3They empirically find that the Fed seems to be essentially concerned with inflationary pressures during
economic booms — trying to avoid any economic overheating — whereas contractions are essentially devoted
to economic activity stabilization for the post-Volcker periods.
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o S;=0ify >0and I(t <Tb).

e Sy =0ify, >0 and I(t > Tb).

where I(e) is a indicator function that is equal to one if the enclosed statement is true, and
Tb is a break date.

The dating of the breakpoint is treated as known and certain, and we specify the known
breakpoint at 1982:4 or 1990:1 in this paper. The first break date 1982:4 is a “popular”
option in the literature since it has been believed that U.S. monetary underwent a structural
change after Paul Volcker’s disinflation policy. For example, Osborn et al. [2005], using
sample excluding the years of monetary targeting, find that while there is significant evidence
of nonlinearity for the period to 1979, there is little such evidence for the subsequent period.
Although it is a sensible assumption, by splitting sample into pre- and post- Volcker periods,
one might miss another form of nonlinearity studied by Basistha and Startz [2004]. They
model the desired Federal Funds rate in a two-regime setting, one when the Fed makes no
change and the other when the Fed is moving the desired rate to a new level, and show
that the probability of being in the static-desired-rate regime increased significantly in the
1990s. In fact, the second breakpoint, 1990:1, is the break date used by Basistha and Startz
[2004].

The Great Moderation

One of the most prominent features of U.S. economy for the past four decades is the Great
Moderation, a substantial reduction in the volatility of business cycle fluctuations starting
in the mid-1980s. Even though the Great Moderation does not affect consistency of OLS-
based estimators in the context of linear regression, it might have enormous effects on
the model selection and comparison.? Since all models introduced so far assume that the
covariance matrix of error terms is regime-switching, variations in volatilities caused by

the Great Moderation are not incorporated. To avoid misleading model comparison, we

*According to Sims and Zha [2006], failure to take account for the heteroscedasticity can strongly bias
statistical evidence in favor of significant shifts in response coefficients describing monetary policy.
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also estimate another version which takes into account the Great Moderation for all models
under consideration.

The models with the Great Moderation can be written as follows:

iy = XiB + e, (2.7)
Xt = ZIT + 13, (2.8)
[et, Vt]/ ~ N(O, (1 - dt))\E + th), (29)

where d; = 1 if t > 1984Q4 and A > 1. Note that A scales up or down the entire covari-
ance matrix X, while maintaining the correlation between errors unchanged. The greatest
advantage of this specification is that it substantially reduces the number of parameters.
However, this benefit comes at a cost of reduced flexibility — we cannot capture idiosyncratic

changes of each element in the covariance matrix.

2.3 Bayesian Inference and Model Selection Procedure

Our primary goal is to compare some non-nested models represented by different speci-
fications of S;. Within a frequentist framework, it can be done by establishing several
hypotheses in which one of the models are assumed to be true, and one can test those hy-
potheses (see Pesaran and Weeks [2007] for extensive review). Under the context of linear
regression models, test statistics based on i.i.d. errors has been developed by, for instance,
Davidson and MacKinnon [1981] and Ericsson [1983]. Recently, test non-nested regres-
sion models with exogenous regressors using heteroscedasticity /autocorrelation-consistent
(HAC) estimator has been proposed (see Choi and Kiefer [2008] and Godfrey [2011]). Even
though their results are not ready to be extended to regression models with endogenous
regressors, testing non-nested IV regressions using Generalized Method of Moment (GMM)
is possible (Hall and Pelletier [2011]).

We instead cast the estimation within a Bayesian framework in order to take advantage
of important features this framework provides. First, unlike the classical likelihood-ratio
test, non-nested models do not pose any special problem within Bayesian model comparison.
The main issue is to compute the marginal likelihood of each model, which does not have

closed form in most of cases. Fortunately, simulation-based approaches can be used to
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accurately approximate the marginal likelihood. Second, Bayesian approach deal with model
uncertainty in a coherent way. According to Davidson and MacKinnon [2004], testing each
of two non-nested models against the other may or may not allow us to choose one model
over the other. When a pairwise classical test does not reject either model, data appear to
be compatible with both models. Within a Bayesian framework, we can examine the extent
to which a model is preferred by the data for all models, and marginal likelihoods serve as

the weights for model averaging if multiple models are equally preferred.

Third, classical test for nonlinearity within each model is an nonstandard problem. Some
nuisance parameters, for example, the variance-covariance matrix in one of the regime, are
not identified under the null hypothesis of no nonlinearity, so the asymptotic distributions
of the usual test statistics are nonstandard. However, the nuisance parameters that exist
under the alternative but not under the null do not pose any special problem within a
Bayesian framework. As pointed out by Koop and Potter [1998], classical solutions also must
integrate out the nuisance parameters, but the integration is with respect to an arbitrary
distribution. In the Bayesian approach, there is a sense in which information in the data is

used to integrate out nuisance parameters.

In this section, we introduce a Gibbs sampler for a Bayesian Instrumental Variable (BIV)
estimator with normal errors and priors. The algorithm is developed by Cogley and Startz
[2012]%, who observe while the seemingly unrelated regression formulation of instrumental
variables is nonlinear in its parameters, Gibbs sampling is possible if parameters are blocked
in the right way. Here we describe a Gibbs sampler for a model with multiple instruments
and endogenous right-hand variables. Note that the state variable, S;, is not endogenously
determined by our model, so it does not introduce any difficulty other than doubling up
the number of parameters. For the clarity of discussion, we suppress the notation S; in the

following derivations without loss of generality.

5The Matlab code can be obtained at http://startz.weebly.com/.
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2.3.1 A Gibbs Sampler

Define z; is a vector of valid instrumental variables, then the IV regression are

iy = X,8+ e (2.10)
Xt = (I ® 2z¢)y + 14, (2.11)
€t
~N(0,%).
vt

X is a k vector of endogenous regressors, v is a kg x 1 vector and ¢ is the number of
instrumental variables®.

We estimate the model using the control function approach, see Kim [2009] for extensive
review. The main idea behind the control function approach is to model the dependence
of disturbance terms in a way that allows us to construct a function such that, conditional
on the function, the endogeneity problem in the regression equation of interest disappears.
Under the normality assumption, it is easy to construct the control function to eliminate
endogeneity by the fact that e;|vy ~ N(¢y, H), where ¢; and H are conditional mean and

conditional variance computed as follows:
=YX,
Ct - ev~—pyy Vt
2 -1
H=0.-%,%,,%.,

0,2

g | % S|
Yve Sy
Note that ¢; is a function of disturbances of IV equations so it is not a fixed number. The
control function is e; = ¢; + chol(H )e;, where ¢ is an i.i.d. disturbance following N(0,1).
Substitute the control function into equation (2.10), then we obtain a regression equation
with i.i.d. disturbance.

Gibbs sampling is accomplished in three blocks: X|v, 5, 8]y, X, and |5, %. We assume

that parameters are independent a priori across blocks,

p(B,T,%) = p(B)p(v)p(X). (2.12)

SWithout loss of generality, in this subsection we assume all regressors are endogenous. Incorporating
exogenous regressors does not cause any problem in what follows.



36

Marginal priors are specified so that the conditional posterior for each block has a convenient

form. The data are denoted D = (y, X, Z). The Gibbs sampler involves the following steps:

Choose a starting values, for s =1,...,5":
(1) Take a random draw, 8¢ from B|D,~(~1) n(s—1),
(2) Take a random draw, v(*) from v|D, 3(*), 5(s=1).

(3) Take a random draw, X9 from X|D, (), (%),

We leave details of the posterior simulation in the appendix.

2.3.2 Models with the Great Moderation

Incorporating the Great Moderation can be dealt with by adding one more block to the
Gibbs sampler. Conditional on A, we can divide both sides of equations (2.7) and (2.8) by
(1— dt)ﬁ, and draw posterior samples of 5, I'; and ¥ using the Gibbs sampler introduced
in previous subsection. Therefore, we only need the conditional distribution of A|3,T", %, D
to complete the Gibbs sampler.

We assume independent inverse gamma priors for A. Let u; = [et, ;. Conditional on 3

and I', u; are observable, and we can transform these residuals according to
chol () Yy = iy ~ N(0, (1 — d)Mjy1 + dIpi1), (2.13)

where chol is the Cholesky decomposition of a positive definite matrix. Thus the likelihood
function of A depends only on the values of u; for which d; = 0. Let U denote a T'd x 1
vector containing all u; for which d; = 0, and the likelihood of U is

) T2 s 00
raw=c(3) @0 e:cp< v )

where C' is a constant. It follows immediately that the conditional posterior of A; is char-

acterized by

Td 70
ANB,I,%, D~ IG (2 + a0, UQU + b0> (2.14)

where a¢ and by are hyperparameters of the prior distribution.
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2.3.8 Bayesian Model Comparison

Bayesian model comparison is based on the Bayes Factor defined as follows
By, = PT(D|M¢).
v Pr(D[M;)

where D represents data, and Pr(D|M;) is the marginal likelihood for Model i. According to
Kass and Raftery [1995], Bayes factor “is a summary of the evidence provided by the data in
favor of one scientific theory, represented by a statistical model, as opposed to another”. In
most of cases, however, the exact form for Pr(D|M;) is not feasible, and recently literature
of Bayesian model comparison relies heavily on simulation approximation. In this paper, we
adopt Chibs [1995]’s method to compute the marginal likelihood and give the computational
details in appendix.

Given Bayes factors comparing two models, decisions can be made according to a con-

venient criteria, provided by Kass and Raftery [1995], as follows:

2n B;; Evidence against M,

0to 2 Not worth more than a bare mention
2 to 6 Positive

6 to 10 Strong

>10 Very strong.

It is more intuitive to interpret these cutoff points by how much more likely the data support
model A versus model B. If two times the Bayes Factor comparing model A and B equals
2, 6, or 10, it implies that model A is about 2.7, 21, or 22000 times more likely than model

B to be the correct model.
2.4 Empirical Results

2.4.1 Data

The data set we used in the empirical study of the nonlinear Taylor rule consists of inflation,
the output gap, and the effective federal funds rates form 1967Q1 to 2010Q1. Inflation is

measured by annualized quarterly percentage change of GDP deflator. In order to account
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for the fact that real GDP is often subject to substantial revisions, we follow Croushore
and Stark [2001] and use real time value of real GDP available at the Federal Reserve Bank
of Philadelphia. The output gap is measure as the percentage deviation of the real time
real GDP form its Hodrick-Prescott (HP) trend.” Instrumental variables include 4 lags of
the following variables: inflation, the real time output gaps, and the effective federal funds
rates.

It has been recognized that there were periods when the Fed focused more on monetary-
aggregate-targeting rather than interest-rate-targeting policy.®. Using interest-rate-targeting
reaction function, e.g., Taylor rule, to describe U.S. monetary reaction during these periods
might not be appropriate for two reasons: 1) The comovements between inflation and the
nominal interest rate do not reflect intentional monetary policy reactions. 2) Extremely
volatile nominal interest rates might distort estimates of coefficients of a reactions function.
Therefore, we exclude the sample from 1979Q4 to 1982Q4 in this section.

We let 7; be equal to the estimates form the HP filters of ex post real rate, defined as the
difference between the funds rate and the realized inflation rate”. We approximate long-run
inflation target as the Beveridge-Nelson trend component of inflation from a reduced-form

time-varying parameter VAR (TVPVAR) described briefly as follows
Zy =+ FZi 1+ B, e~ N(0,%) (2.15)

where Z; = [y}, . . ., yé—p_s_ﬂ/, and y; is a m X 1 vector containing inflation. Following Cogley
and Sbordone [2008]’s method, we define trend inflation as the level to which inflation is

expected to settle after short-run fluctuations die out!'?.

"Bunzel and Enders [2010] and Martin and Milas [2010] both use the same method. Bunzel and Enders
[2010] provide step-by-step details of constructing the real time output gap.

8For example, Sims and Zha [2006] find a monetary regime corresponds to the Volcker reserve targeting
period, roughly 1979Q4 to 1982Q4, and shows clearly the targeting of monetary aggregates, rather than
interest rates.

°The estimates of 7; are obtained according to the results from Laubach and Williams [2003], who find
that the two-sided Kalman filter estimates and the two-sided estimates from the Hodrick-Prescott filters
with the smoothing parameter of 6400 are very similar.

107t can be approximated this by calculating a local-to date t estimate of mean inflation from the VAR,

7[': = 6;([ — Ft)_1Ut.
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2.4.2 Priors

The parameters are assumed to be independent across blocks, so that the joint prior can be

expressed as the product of marginal priors,

f(B,T,%) = f(B) (D) f(X)

The prior for 3 is independent normal distribution. We specify a ‘no-difference’ prior in
that prior means of coefficients of the monetary policy rules are identical in two regimes, i.e.,
Bs,=ij ~ N(0.2,1) for i = 0,1 and j = 7, y. The smoothness parameters, pg,—; ;, is assumed
to follow a normal distribution: pg,—i1+ ...+ pg,=ip ~ N(0.7,1) and pg,—;p ~ N(0,1) for
p > 1. The prior distribution of T, coefficients of the IV regressions, are normal, and the
prior mean of I' are all zero except for the elements corresponding to the first own lag of
the dependent variable in each equation. These elements are set to be 0.7. Prior variance

are set to be 1. Our prior for ¥ is Inverse-Wishart,

F(2) = IW(0.10441,5).

Finally, we assume!!

FO) = 162, 1).
The Gibbs sampler runs 15,000 times for all models and the first 5,000 draws are dis-

carded to eliminate the effects of initial values. This procedure gives us 10,000 posterior

samples, upon which the following analyses are based.

2.4.3 Were there nonlinearity in U.S. monetary policy?

Table (2.1) shows the marginal likelihoods of all models under consideration. In additional

to nonlinear Taylor rules, we also report the marginal likelihood of the linear Taylor rule.
The first finding is that nonlinearity in the Taylor rule is supported by the U.S. data.

In the baseline cases, Many alternative nonlinear Taylor rules have greater marginal likeli-

hoods than the linear Taylor rule does. The evidence for nonlinearity weakens in the cases

where e is a selector vector. Following Cogley and Sargent [2005], we work with VAR(2) representation
for nominal interest, quarterly inflation, and logit of unemployment. We thank Tim Cogley for generously
providing Matlab codes for replication.

"The inverse gamma density IG(a,b) is fra(z;a,b) = %z_(“+1)exp(—b/z).
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Table 2.1: Marginal Likelihoods

e Baseline.

Th=1983 Tbh=1990
All Post-Tb Pre-Tb  Post-Tb  Pre-Tb
(a) -649.3519 -635.4586 -662.0831 -616.8803 -667.8296
(b) -664.6001 -657.3281 -675.2080 -653.9156 -671.0012
(¢) -651.0741 -628.9552 -666.7968 -627.2781 -666.8096
(d) -633.4804 -622.9028 -644.5577 -638.3988  -674.4710
No Switching: -638.3142
e Incorporating the Great Moderation.
Th=1983 Th=1990
All Post-Tb Pre-Tb  Post-Tb  Pre-Tb
(a) -654.8705 -650.4744 -649.8828 -625.1804 -665.1430
(b) -666.7784 -663.3320 -648.4467 -660.5057 -648.9072
(¢c) -649.4301 -650.6145 -652.4276 -642.9967 -657.7126
(d) -654.6445 -645.4849 -641.6545 -651.2638  -649.4522

No Switching: -621.2624

*(a) Sy =1ify, < 0. (b) Sy =1ifm¢ > 7. (¢)S¢ =0ifys > 0orm < 7h. (d)S:=1
if |y — mf| > 6. We use n) = Z?zl m—; as in Martin and Milas [2010]. Log marginal
likelihoods are approximated using Chibs [1995]’s method and evaluated at posterior
medians of the parameters. “Post-Tb” refers to the model in which nonlinearity only
emerges in periods after Th. p and § in (d) are treated as hyperparameters and set

to be equal to 0.6 and 0.5 respectively, based on the estimates of Martin and Milas
[2010].
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incorporating the Great Moderation. However, nothing prevents us from comparing models
across cases, so all models listed in table (2.1) can be directly compared. We thus conclude

that U.S. data strongly support the nonlinear Taylor rule.

The second noteworthy pattern found in table (2.1) is that nonlinearity might not be
an all-time phenomenon. For all forms of nonlinearity, there is at least one model with
subsample-specific nonlinearity can beat strongly the model assuming nonlinearity in full
sample. Furthermore, how the sample is divided could affect the model selection. By
dividing sample into post- and pre-Volcker periods, the model which implied by the op-
portunistic approach of disinflation would be selected. However, by dividing sample into
pre- and post-Greenspan sample'?, we will select the model implied by the asymmetric loss

function.

The best-fit model selected by marginal likelihoods suggests that the Fed’s behaviors
change when the output gap turns to positive, and this regime-switching behavior emerged
in the beginning of 1990. Table (2.2) reports estimates of parameters of the best-fit model.
Several differences between the two regimes stand out. First, the contemporary responses
coefficients of the inflation gap and output gap are different across regimes. Generally
speaking, the Fed’s reactions are more accommodative in the comfort zone. Second, the
federal funds rate is much more persistent in the comfort zone than it is otherwise, meaning
that the Fed will adjust the federal funds rate in a more rapid way when it perceives a
concern of recession. Third, volatilities of the error terms are much smaller in the comfort
zone. Note that we cannot interpret {2; as volatility of the monetary policy shocks because
e is equation (2.3) is a composition of the monetary policy shock and expectation errors.
Therefore, the volatility of the monetary policy shocks should be even smaller than 0.06.

To sum up, estimates reported in table (2.2) imply that the monetary policy reactions
are regime-switching and depending on whether the economy is producing below potential
output. After 1990, the Fed seems to be more accommodative to inflation gap and output
gap and adjusts the federal fund rate in a smooth and relatively predictable way when

economy is booming.

12 Allen Greenspan took office in August 1987, which is close to our break date 1990Q1.
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Table 2.2: “Best-fit” nonlinear Taylor rule

y—1 > 0 and t > 1990Q1 Otherwise

Mean SD  90% Bands Mean SD 90% Bands
B, 015 024 (-0.26,0.50) 0.38 0.12  (0.19, 0.59)
By 0.09 0.05 (0.01, 0.19) 0.11  0.05 (0.03, 0.19)
p(l) 098 0.03 (0.94, 1.04) 0.75 0.07 (0.62, 0.86)
ps  -049 0.19 (-0.80,-0.18) -0.26 0.09 (-0.41,-0.11)
Q; 007 004 (004,015 054 0.11 (0.40, 0.74)
Q. 038 0.09 (025054 1.37 020 (108, 1.72)
Qy 0.12 0.03 (0.08,0.18) 0.67 0.10 (0.53, 0.84)
Q. -0.05 011 (-0.20,0.14) -0.30 0.19 (-0.63, -4e~3)
Q;, -001 002 (-0.05002) 003 007 (-0.09,0.15)
me -0.03 0.04 (-0.09, 0.03) 0.04 0.09 (-0.11, 0.20)

p(1) refers to the sum of all AR coefficients, SD to standard deviation, and 90% Bands

to 90% posterior probability bands.
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2.4.4 Describing U.S. Monetary Policy Using Nonlinear Taylor

The marginal likelihood reflects model “fitness” of the entire SUR system, not just of the
monetary policy rule. Therefore, it is possible that the best-fit model chosen by the marginal
likelihood might not be able to describe U.S. monetary policy reactions better than linear
Taylor rule is. In this subsection, we examine the ability of the best-fit nonlinear Taylor

rule to describe the monetary policy reactions over the past two decades!®.

We set up a small macro model based on a reduced form VAR, in conjunction with an
explicit description of the process, the Taylor rule, generating short-term nominal rates.
The model consists of two parts: 1) monetary policy and 2) inflation and real activity. We

assume the monetary policy follows the forward-looking Taylor rules

it =(1 = p()[i + ax Ey(m1 — ) + oy By (yes1)] + p(L)ig—1 + my.

Coefficients of the monetary policy rule are set to be the posterior mean of the corresponding
model.. The inflation gap and the output gap are determined by simple reduced form
equations from a VAR with four lags each of the inflation gap, the output gap, and the
federal funds rate. That is,

= o(L) " +ey (2.16)

Throughout the rest of this subsection, we set 7* = 2.5% and 7 = 2%, so that i = 4.5%.
And we obtain VAR coefficients using OLS equation-by-equation. For nonlinear Taylor
rule, we estimate the VAR for each regime because coefficients of the reduced form VAR

are functions of coefficients describing the monetary policy.

Given parameter values, this simple macro model can be easily solved for the endogenous

13We focus on the past two decades since our best-fit model indicates that regime-switching behaviors
emerged after 1990
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Figure 2.2: Linear and Nonlinear Taylor rule
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variables'®. The solution takes the following form:

i — 1 141 — 1

m—nt | = V(L) w1 — 7 | T e (2.17)
Yt Yt—-1

As pointed out by Favero [2006], the interpretation of the reduced form could be different
but different interpretation does not affect the resulting forecast short-term rates. For the
purpose of forecasting, we rewrite the solution in state space form as Xy = FX; 1 + F,
where X; = [i — 4,71 — 7, Y, ..., 01_3 — 1, m_3 — 7%, y;_3]’. Therefore, the 1-step ahead
forecast of policy rate at time ¢ is the first element of FX;_; plus .

We report actual and fitted federal funds rates using the linear and the nonlinear Taylor

rules in the upper panel of figure 2.2. The lower panel show the difference between actual

MWe use Uhlig’s toolkit which are available at http://www2.wiwi.hu-
berlin.de/institute/wpol/html/toolkit.htm
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and fitted federal funds rates. Gray bars indicates times when the output gap was negative.
The nonlinear Taylor rule captures adjustments of the federal funds rate relatively closer
than the linear Taylor rule does, especially in periods where the economy was producing
above the potential. The most significant difference was in the period between 2003 and
2007. The linear Taylor rule consistently overstates adjustments of the federal funds rate,
while the nonlinear rule fit rather well. In fact, as put by Bernanke [2006], the tightening
cycle began at the end of June 2004 is notable in that its onset was delayed for longer than
many observer expected and that policy moved gradually. The fitted federal funds rates

using nonlinear Taylor rules are indeed consistent with Bernanke’s observations.
2.5 Conclusion

Monetary policy reactions may not be symmetric as described by a simple Taylor. We
confirm this possibility by means of the Bayesian model comparison. Several theoretical
founded nonlinear Taylor rule are estimated and compared within a Bayesian framework,
and endogeneity problem is dealt with using a Bayesian Instrumental Variable estimator.
Empirical results indicate that monetary policy reactions are regime-switching after 1990
and depending on whether the economy is producing below potential output. On the other
hand, the Fed is more accommodative to inflation gap and output gap and adjusts the
federal fund rate in a smooth and relatively predictable way when economy is booming. We
show that the nonlinear Taylor can describe the behaviors of the federal funds rate better

than the linear Taylor rule.
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Chapter 3

AN EFFICIENT BAYESIAN INFERENCE FOR THE STATE SPACE
MODELS WITH THE STOCHASTIC VOLATILITY

This paper is concerned with the Bayesian inference of a class of linear state space
models whose disturbances follow stochastic volatility processes. The non-Gaussian distur-
bances in the model are approximated using a mixture of normals, as in Kim et al. [1998].
The conventional auxiliary mixture sampler treats the mixture indicator variable as a la-
tent variable and simulates the model using the data augmentation method. Alternatively,
we suggest a Metropolis-Hasting-within-Gibbs (MHGibbs) sampler, which is implemented
without conditioning on the mixture indicator variable. Using simulated data, we show that
the MHGibbs sampler significantly outperforms the conventional auxiliary mixture sampler
by a factor from 4 to 11. We revisit the unobserved component model with the stochastic

volatility used by Stock and Watson [2007] as an empirical application.

Keywords. Bayesian Inference, Metropolis-Hasting, Gibbs sampler, State Space Model,

Stochastic Volatility, Auxiliary Mixture Sampler.

3.1 Introduction

The state space model has become a workhorse for statistical analysis of time series in
macroeconomics and finance. The traditional estimation method of the linear Gaussian state
space model relies on the prediction error decomposition of the likelihood function, which
can be effectively evaluated using the Kalman filter. Maximizing the likelihood function
with respect to the model parameters leads to the the maximum likelihood estimator (MLE).
However, implementing the MLE for the linear state space models whose disturbances follow
stochastic volatility processes (SS-SV model hereinafter) is difficult in that some of the latent

variables enter nonlinearly and that there is no analytical form for the likelihood function.!

! Alternative frequentist approaches, e.g., Koopman and Bos [2004], and simulation-based filtering tech-
niques, e.g., Creal [2012], have been proposed to deal with this difficulty.
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In this paper, we focus on the Bayesian Markov-Chain Monte Marlo (MCMC) approaches
and suggest a simple algorithm which requires neither a new filtering technique nor a novel
sampler, while improving the efficiency to a great extent.

The Bayesian MCMC methods allow computational problems to be divided into a num-
ber of tractable subproblems which are solved iteratively. The SS-SV model thus can be
dealt with by dividing it into the SS-block and the SV-block. Conditional on the knowledge
of the SV-block, the SS-SV model becomes a linear Gaussian state space model, and pos-
terior samples can be drawn using the simulation smoothers as surveyed in Giordani et al.
[2011]. As for the SV-block, Kim et al. [1998] show that the similar simulation smoother
can also be applied to the stochastic volatility process by approximating non-Gaussian er-
rors using a mixture of normals. This approach requires to update an auxiliary indicator
variable, indicating which component of the mixture of normals the error belongs to, in each
iteration of the MCMC algorithm, and thus is called the auxiliary mixture sampler (AMS
hereinafter). The AMS has been applied successfully in many empirical studies?.

Caution should be exercised, however, when using the AMS to estimate a SS-SV model.
Our simulation study indicate that the generic AMS can fail to capture the true values of
the model parameters and the latent variables in a simple local level model with a stochastic
volatility process. We propose two alternative AMS: (1) the iterated AMS which runs the
SV-block for multiple times in each iteration of the AMS, and (2) the disturbance-based
AMS which reformulates the sampling scheme in terms of the disturbances of the stochastic
volatility process as in Bos and Shephard [2006]. Simulation study shows that both methods
generate MCMC draws which converge to the same posterior distributions covering the true
values of the model parameters.

The main contribution of this paper to is to add to the literature by suggesting a
Metropolis-Hasting-within-Gibbs sampler (MHGibbs hereinafter) which does not need to
draw the auxiliary indicator variable. As pointed out by Carter and Kohn [1996], there
might be a strong dependence between the indicator variable and the latent variable in

some models which may cause inefficient MCMC draws. Therefore, the efficiency of the

2See Koop and Korobilis [2010] for an excellent introduction to the AMS for the SS-SV model and several
applications in empirical macroeconomics.
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AMS could be enhanced by marginalizing the mixture indicator variable. We note that
conditioning on the other part of the model, the SS-block forms a linear Gaussian state
space model, while the SV-block forms a switching linear Gaussian state space model. The
likelihood functions in both blocks can be thus evaluated using the prediction error decom-
position and conventional filtering techniques, i.e., the Kalman filter and the Kim’s filter
(Kim [1994])3. Accordingly, a Metropolis-Hasting algorithm can be used to draw the pa-
rameters for either SS-block or SV-block, and we can obtain a posterior draw of the latent

variables using the simulation smoothers.

The MHGibbs sampler is implemented without drawing the auxiliary indicator variable
and approximates the non-Gaussian errors within the filtering procedure. This feature has
the potential to lead to fast exploration of the parameter space and to improve the efficiency
of the MCMC algorithm. The simulation study shows that MCMC draws generated by
the MHGibbs sampler also cover to the true value without the need of multiple runs in
each iteration. Furthermore, the inefficiency analysis indicates that the MHGibbs sampler
outperforms the two versions of the AMS by a factor from 4 to 11. We apply the MHGibbs
sampler to fully estimate the unobserved component model with stochastic volatility and
find similar results as in Stock and Watson [2007] except for the greater variability in the

transitory component of U.S. inflation.

The outline of the remainder of the paper is as follows. Section 2 review the conventional
Gibbs sampler and introduce the novel MHGibbs sampler for a generic SS-SV model. In
section 3, we compare the performance of the Gibbs sampler and the MHGibbs sampler
using simulated data. We apply the MHGibbs sampler to a unobserved component model

of U.S. inflation in section 4. Section 5 concludes.

3Kim’s filter is an extension of the Kalman filter dealing with a class of switching linear state space
models. See Kim and Nelson [1999] for the introduction and examples.
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3.2 The State Space Model with Stochastic Volatility

3.2.1 General Specification

The Gaussian SS-SV model can be formulated as follows:

yt = ¢ + HBy + Re;  (Measurement equation) (3.1)

Br =di+ FBi—1 + Wu, (Transition equation), (3.2)

where y; is a p x 1 vector of observations, f; is a ¢ x 1 vector of latent variables. In what
follows we assume that ¢ = p = 1 without loss of generality. Assume e, ~ N(0,02,)

and u; ~ N (0,057t), ¢, H, R, dy, F', W are possibly time-varying conformable matrices

containing unknown parameters. Note that the volatilities of the errors are time-varying in

equations (3.1) and (3.2). Following the stochastic volatility literature, we assume that the

2
et

2

variances of the errors, o7, and o, follow two latent stochastic processes. To ensure that

these processes always generate non-negative values for variances, we assume

er = exp(he,/2)ef, (3.3)
up = exp(hy,/2)uy, and (3.4)
hji=hji1+mne for j=e,u, (3.5)

where e; and uj are both iid. N(0,1) and n;; ~ N(O,af,’j). Note that hj; can also be
assumed to follow a stationary autoregressive process at the cost of extra parameters. In
this paper, we focus on the random walk process used extensively in macroeconomic studies,
e.g., Stock and Watson [2007]. As pointed out by Bos and Shephard [2006], when the aim
is solely to smooth the data, rather than predict future values, it often makes sense to use
a random walk process.

Many empirical macroeconomic models are nested in the SS-SV model represented by
equations (3.1) to (3.5). For example, Cogley and Sargent [2005] first incorporate the
stochastic volatility into a Time-varying vector autoregressive model. Stock and Watson
[2007] introduce the stochastic volatility into a trend-cycle decomposition of U.S. inflation.

Del Negro and Schorfheide [2011] summarize some applications of the stochastic volatil-

ity in DSGE models. However, estimating SS-SV model is a challenging task because the
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likelihood function cannot be directly evaluated through the Kalman filter. Therefore,
the Maximum Likelihood Estimation (MLE) will not be feasible unless some simulation-
based techniques, e.g., particle filter, are used to approximate the likelihood. Among many
estimation methods proposed in the literature, Bayesian MCMC methods have gained in-
creasing popularity, probably because of the ease of implementation. In what follows, we
first introduce the widely-used Gibbs sampler, namely, the auxiliary mixture sampler (AMS

hereinafter), and then introduce the MHGibbs sampler.

3.2.2  The Auxiliary Mizture Sampler

The AMS uses the fact that the SS-SV model is a conditionally Gaussian state space model,
introduced by Carter and Kohn [1994], and this class has a convenient blocking structure
which allows us to implement MCMC techniques. Let parameters contained in ¢, F', H, d, R,
and W be denoted by 6, and those in equations (3.3) to (3.5) by 0s,. 87 = [Bo, B1,- .., Br)
and h” = [hg, h1, ..., hr]" are vectors of latent stochastic processes. Let D denote available

data used for empirical studies. In principle, the AMS consists of the following three steps:

1. Draw random sample from 6y, 0s,|D, BT, hT.
2. Draw random sample from 37 |D, 6y, 0s,, hT .

3. Draw random sample from h’|D, Oy, 05, 7.

The first step is usually standard. We can rewrite the conditional density of 0,605, as

follows:

f(Oss,05| D, BT, 0T) = f(0ss|D, 050, BT, hT) f (00| D, BT, A7),

= f(0ss| D, BT, hT) f (00| D, BT).

Note that h” contains all information on #,, and that conditioning on A’ and 87, 6, is
irrelevant to 6ss. Thus the second equality holds. With Normal and inverse-Gamma priors,
f(05|D, BT hT) and f(04,|D, hT) usually are well-known distributions, such as Normal and

inverse-Gamma, so drawing samples from these conditional distributions is straightforward.
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The second step can be done easily by the fact that conditional on A7, ag’t and agi are
known, so equations (3.1) and (3.2) form a Gaussian linear state space model. An efficient
way to sample BT is multi-move sampling, which starts by representing the joint density as

the product of 7'+ 1 conditional densities:
T-1

FBTID) = f(BrID) TT f(BelBrsrs - - Br. D).

t=0
Note we suppress conditioning on fsg, s, k. for notional clarity. Because of the Markov

property of 5, it can be shown that

F(BelBes1s- -5 Br, D) o< f(Bex1|Be) f (Belye)-

The above two equations motivate the Forward-Filtering Backward-Sampling (FFBS hence-
forth) sampling scheme, e.g., Carter and Kohn [1994]. See appendix or Kim and Nelson
[1999] for details of the implementation of the FFBS.

The third step is challenging in that equations (3.3) to (3.5) do not form a linear state

space model. Following Harvey et al. [1994], we transform these equations by:

(ye — cr — HB)? = €] = exp(hey)e;”
(By — dy — Fﬁt,l)Q = u? = exp(h%t)u?.

Notice that conditional on s, and 87, errors e; and u; are conditionally observable. Take

log to above two equations, we obtain

In e? = het +In e}kQ = et + Zet (3.6)

In ut2 = hy +1In uf2 = hyt + Zut- (3.7)

Even though equations (3.6), (3.7), and (3.5) form a linear state space model, the errors in
these two equations follow log-x? distribution, meaning that the FFBS cannot be applied
to draw sample from h',|D, Oy, 0s,, BT .

Kim et al. [1998] deal with this difficulty by approximating the log-x? distribution by a

7-components mixture normal distribution with the representation

Zjtsie =1~ N(m;, l/l-2),

Pr(sj =1) = g. (3.8)
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Table 3.1: Selection of the mixing distribution to be logy?

2

) qi m; v

1 0.00609 1.92677 0.11265
2 0.04775 1.34744 0.17788
3 0.13057 0.73504 0.26768
4 020674 0.02266 0.40611
5 0.22715 0.85173  0.62699
6 0.18842 1.97278  0.98583
7 0.12047  3.46788  1.57469
8 0.05591 5.55246  2.54498
9 0.01575 8.68384 4.16591
10 0.00115 14.65000 7.33342

for j = e, u, where s; is an unobserved mixture component indicator with probability ¢; for
1=1,2,...,7. qi,m,, I/Z-Q are known constants that are chosen to approximate closely the
log-x? distribution. Omori et al. [2007] improve the already accurate approximation using
a 10-components mixture normal distribution, which is used in this paper. The weights,
means and variances are given in Table 3.1.

The mixture-normal approximation allows us to rewrite equations (3.6) and (3.7) as

follows:

In 6? =Ms,, + het + Vseytzz,t (3.9)

ln ul% = mSu,t + h’ut + Vsu‘t'z:;tv (310)

where 27, and 27, are both standard normal. Equations (3.9), (3.10) and (3.5) fall into
the category of the switching linear Gaussian state space model* in that the parameter
matrices are switching among 10 states. The basic MCMC method for the switching linear

Gaussian state space model is the data augmentation scheme, which updates the indicator

“For textbook introduction and discussion, see Kim and Nelson [1999] and Fruhwirth-Schnatter [2006].
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T = [s1,...,87)", KT

variables, s.; and s,;, in each iteration. Note that conditional on s
can be simulated using the FFBS discussed above. Finally, conditional on all the model
parameters and the latent variables, s’ also can be updated using the multi-move sampling
similar to that used for drawing 57. Specifically, draw s” period-by-period according to the
following probabilities:

fn(nef = helss = i)gi
Yty (e = hedlse = k)ax

We summarize the Gibbs sampler in algorithm 1. See appendix for details of the full

pT(St = Z|Z/t) =

conditional distributions.

Algorithm 1 The AMS for the SS-SV model

1. Draw random sample from 6y, 05,|D, 37, hT by drawing

(a) Oss from O, D, BT, AT and

(b) Oy, from O,|D,hT.
2. Draw random sample from 57D, 0, 0s,, b7 .

3. Draw random sample from h”,s7|D, 0,0, 57 by drawing

(a) AT from hT|D, 055,05, BT, sT.

(b) ST fI'OHl ST’D,essyesvyﬁTa hT'

3.2.8 The Disturbance-based Auxiliary Mixture Sampler

The AMS outlined in Algorithm 1 implies, by construction, high dependence between pa-
rameters and the latent variables, leading to loss of the efficiency. Bos and Shephard [2006]
note that the slow mixing of the MCMC samplers is caused in part by the choice of con-
ditioning variables in the Gibbs chain. That is, the latent variables, hT and 7, are very

informative on the parameters governing the evolving processes, 0, and g, leading to slow
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exploration of the parameter space. To “break” the high dependence caused by inefficient
blocking of the Gibbs sampler, they propose a simple reformulation of the sampling scheme
in terms of the errors of the stochastic volatility process.

The stochastic volatility process was defined in terms of
he =hi—1 +m, m = opwi, (3.11)

where w; is a white noise. Note that there is a one-to-one relation between the h; and the
white noise disturbance w;. Therefore, the conditioning in the block sampler can also be
done on wy, which by construction contains less information on the value of the parameters.

Inspired by Bos and Shephard [2006], we modify the AMS as outlined in Algorithm 2.
Note that w! = [wy,...,wr] is the vectors of the white noise disturbances in the stochastic
volatility processes. Because the modified AMS is based on the white noise disturbance, we

called Algorithm 2 as the disturbance-based auxiliary mixture sampler (DAMS hereinafter).

Algorithm 2 Disturbance-based AMS for the SS-SV model

1. Draw random sample from 0, 4, D, w”
2. Draw random sample from 7, |D, 0y, 05y, w? .

3. Draw random sample from h”, sT|D, 0y, 05,, BT by drawing

(a) AT from hT|D, 0y, 0s,, BT, sT. Reconstruct w? .

(b) ST fI'OHl ST|D,953,98U7BT7MT‘

Note that the step 1 is different from step 1 of AMS for now we are no longer conditioning
on h”. Instead, we are conditioning on the standardized disturbances for the h; process. The
consequence is that as the parameters change so do the conditional variances, exp(h:/2),
and that the full conditional densities needed for the Gibbs sampler are not known in closed

form. Therefore, we use the Metropolis-Hasting algorithm for step 1 of the DAMS.? Another

5Given any value for 655 and 0., we can construct the the conditional variances, exp(h/2), according to
wT, and obtain the likelihood by the Kalman filter and the prediction error decomposition.
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trivial difference is that once given a draw of A’ in step 3.a, we need to reconstruct w’ by

standardizing hy — he—1.

3.2.4 The Metropolis- Hasting-within-Gibbs Sampler

While the AMS works well for many cases, the indicator variable, s;, is not itself a quantity
of economic interest. It just serves as a device to approximate the non-Gaussian errors
as close as possible. Although the data augmentation scheme which draws samples for s;
enables the use of the Kalman filter and the FFBS, as pointed out by Carter and Kohn
[1996], there might be a strong dependence between the indicator variable and the latent
variable in some models which may cause inefficient MCMC draws. In this subsection, we
suggest a simple MCMC method which breaks this dependence and is implemented without
conditioning on the indicator variable.

The MHGibbs is motivated by the fact that drawing the auxiliary indicator variable is
not essential for implementing the MCMC method. Take equation (3.9) as an example to

illustrate the MHGibbs algorithm. Let y; = Ine?, we have:

yi = Mg, , + het + Vse,tzz,t (3.12)

het = het—1+Ter, My~ N(0,07,). (3.13)

Conditioning on s”, drawing samples for he,t using the efficient FFBS requires a set of filtered
means and variances, denoted by E(he¢|¥y, s¢) and V (het| Uy, s¢), where ¥ = (y7,...,y;)
representing the information available up to time ¢. Because the indicator variable is a
discrete-valued random variable, we can integrate s; out and obtain the following filtered

means and variances:
K

E(het|U1) = E(heylsy =i, Uy)pr(sy = i|¥y) = he gy (3.14)
=1

K
V(het| W) =Y AV (hel s, 50 = i) + (B(he s, 51 = i) = heye)” } pr(se = §|s)  (3.15)
=1

Note that we suppress the conditioning of 87 and 6, for the notational clarity. Thus

T

drawing samples for h; using the efficient FFBS without conditioning on s* is practicable

if we can obtain the filter means and variances fort =1,...,T.
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Without conditioning on s”, however, Kalman filter is infeasible in practice because the
number of components in the filtering density is increasing exponentially fast. Running
the exact recursive filter requires combining all K!~! (K=10 in our approximation) normal
posterior density with each of the K states of s;, running in total K parallel Kalman filters.
This problem has been long studied in the literature of switching state space model, see Kim
and Nelson [1999] and Fruhwirth-Schnatter [2006]. Notably, Kim [1994] develops a filtering
scheme for a class of the state space models with Markov-switching parameters. Because
the mixture process is a special case of the Markov-switching process, a simplified version
of the Kim’s filter can be used to compute the filtered means and variance, i.e., equations
(3.14) and (3.15). See appendix for the details of the simplified Kim’s filter.

An important “by-product” obtained by a practice of the Kim’s filter is the likelihood

of ¥, ...,y using the prediction error decomposition as follows:

T
Ft - lol) = T Fwil®e, o2,).
t=1

where the one-step ahead density, f(y;|¥; 1,07 ), is normal with the filtered mean and
variance computed as in (3.14) and (3.15). According to the basic Bayes’ rule, the posterior

distribution of 07277 is proportional to the product of the likelihood and the prior density,

e

that is,

Flogelyls. ur) o< fi, - wrlog ) flog o),

2

where f(a%’e) is the prior density of o .

which is usually assumed to be a well-known

2

e Without conditioning on nT

distribution. Therefore, it is possible to draw sample of o
and s’ according to the above posterior kernel . Let 672776 be a draw from some proposal
density q(a%ye; 07%7(68 _1)), and 0727,(5 Y e the previous draw of the MCMC chain. Accept the
proposed draw with the following probability
- - 2(s—1) . ~

oWl I G alene Vi)

@ =minq L " %1 .2(s—1) 2(s—1) X ~9 . 2(s—1)

fi, - vyT|U17,e )f(one ) Q(%,evan,e )

If the proposed draw is accepted, the filtered means and variances associated with &%?e are

used to as the input of the FFBS to generate h. ;. Otherwise, generate h.; according to the

. . . 2(s—1
filtered means and variances associated with Jn,(e ),
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We summarize the MHGibbs sampler in Algorithm 3. Comparing to the AMS, there are
two main differences which may improve the efficiency of the MHGibbs sampler. Firstly, the
MHGibbs sampler is not conditioning on the indicator variable, s’ so it substantially re-
duces the dependence between the indicator variable and the latent variable, 7.6 Secondly,
parameters are drawn without conditioning on the corresponding latent variable. That is,

we draw 6., unconditional on A7 and 6, on AT

Algorithm 3 MHGibbs sampler for the SS-SV model

1. Draw random sample from 6y, 87|D, 05,, h" by drawing
(a) Oss from O,4|D, AT and
(b) 87 from BT|D, AT, b,.

2. Draw random sample from 0, h’'|D, 0,5, 57 by drawing

(a) Oy, from 0,,|D, BT and

(b) AT from AT|D, BT, 0.

3.2.5 Comparing Some Alternative Samplers

The literature of the stochastic volatility is too enormous to be briefly surveyed in this
subsection. We thus only focus on the most relevant approach. Chib et al. [2002] use
Metropolis-Hastings algorithm to draw 6, without conditioning on A’ but conditioning on
sT. The idea is that conditional on s”, the likelihood function can be easily evaluated from
the output of the Kalman filter recursions, and thus the posterior kernel can be obtained
by combining the likelihood with the prior density. From this point of view, the MHGibbs

sampler improves upon Chib et al. [2002] in that it samples 65, without conditioning on both

In fact, making inference about the filtered and smoothed probability of s, is straightforward using
MHGibbs sampler. We can do one more step after step 2.(b): draw s” from s7|D,hT, 87, 0s,. The first
block concerning ST and 6, is not affected relevant to s, so this step is redundant unless s, is itself of
interest for research question.
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hT and s”. Stoffer and Wall [2004] replace the In x? errors in the stochastic volatility process
by a mixture of two normals. Instead of approximating In x2, they treat the means and the
variances of the mixture of normals as the model parameters, and estimate the model using
MLE, where the likelihood function is evaluated using the same filtering technique as in this

paper, i.e., simplified Kim’s filter.

Several notable alternative methods for the SS-SV model have have been proposed in
the literature. Koopman and Bos [2004] consider a combination of the linear Gaussian state
space model and a common stochastic volatility model, meaning that the signal/noise ratio
is constant over time. They cast the estimation within a Frequentist framework and develop
a MLE based on simulation techniques. However, as they recognized, allowing for only one
stochastic volatility process might be regarded as a limitation. The SS-SV model considered
in this paper covers a wider range of interesting models that can be used in practice in that

it allow for multiple stochastic volatilities and time-varying signal /noise ratio.

Within a Bayesian framework, Bos and Shephard [2006] estimate the SS-SV model using
the “single-move” Metropolis-Hasting algorithm for drawing h” and the FFBS for drawing
BT, Since the mixing properties of the MCMC draws obtained using the single-move sampler
can be poor, according to Giordani et al. [2011], the FFBS-based samplers introduced in
this paper can potentially outperform the single-move sampler. Giordani and Kohn [2008]
discuss how to estimate the state space model with the stochastic volatility based on the
algorithm originally proposed by Carter and Kohn [1996]. They point out that drawing the

T conditional on the states, hT, can be very inefficient when s” and A7

indicator variables, s
are highly correlated. They propose a MCMC approach to draw s’ without conditioning
on h” and find that the efficiency gain is remarkable. The idea of our approach is in line
with Giordani and Kohn [2008]’s argument, but we draw parameters and states without
conditioning on s7. We believe that in the cases where the indicator variable, s;, just serves

as a device for approximating, our algorithm might be easier to implement in that it does

not involve novel filtering and sampling techniques.
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3.3 Simulation Study

3.8.1 Data Generating Process and Priors

In this section, we compare AMS outlined in Algorithms 1 and MHGibbs sampler outlined

in Algorithm 2 using simulated data generated by the following process:

Yt =t +ey, e~ N(Oa exp(ht/z))v
pe = pe—1 +ug up ~ N(O, Ui)a

hi =hi1+mn n~ N(OJ?])-

This is a local level model with the stochastic volatility. Note that there are only two fixed
parameters in this model, o2 and ag, so it is useful to compare performance of these two
algorithms. The data are generated based on true value o2 = 0% = 0.01.

We implement two algorithms assuming that prior distributions for o2 and 0727 are both
Inversed-Gamma, IG(1,0.05)7. Following suggestions of Durbin and Koopman [2001], we
set diffuse priors, N(0,100), on initial values of latent variables, hy and pg. For the MHGibbs
sampler, we generate the candidate draw according to a random walk, 8() = §0—1) 4 2 where
0 is the parameter drawn for i-th iteration of the Gibbs sampler, and z ~ N(0,¢). cis
chosen to ensure that the average acceptance probability is in the region 0.2 to 0.5, based
on suggestion in section 5.5.2 of Koop [2003]. In this simulation, ¢ is set to be 0.0005, and

average acceptance probabilities are 0.3270 and 0.4397 for o2 and o2, respectively. Each

n w
sampler runs 50,000 times and the first 10,000 draws are discarded to eliminate the effects
of initial values. This procedure gives us 40,000 posterior samples, upon which the following

analyses are based.

3.8.2  Modifying the AMS

We first report the prior and the posterior distributions of ¢, and o, (the upper panels) and
the 90 % credible set of the estimated latent variables (the lower panels) using the AMS

in Figure (3.1). The vertical line represents the true value, 0.1. It is surprising that the

"The inverse gamma, density 1G(a,b) is fia(z;a,b) = %z_(“+1)exp(—b/z).
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Figure 3.1: Posterior simulation according to the AMS

broadly-used AMS fails to capture the true values in this simple case.® In fact, Niemi and
West [2010] also find similar results in the supplemental material of their paper, and they
argue that the inadequacy of the FFBS-enabling approximation to the distribution of the
log chi-squared errors is a key reason. They also note that using normal mixtures with more
components can alleviate this problem to some degree, but not remove it. Since Omori et al.
[2007] show that the 10-component mixture-normal greatly improves the approximation of
log-x? distribution, we believe that there should be other reason for the serious failure of

the AMS.

In additional to the approximation error, we find that the mixing indicator variable, s,
plays a crucial role in causing the failure of the AMS. Because 37 is subject to uncertainty,
the left-hand-side variable in equation (3.9) is changing over iterations of the AMS. As
the consequence, s7 drawn in previous the iteration might be able to approximate the
distribution of errors well, causing a really volatile draw of hT. Motivated by this conjecture,

we modify the generic AMS as follows: for each iteration of the AMS, run the step 3 of

8We obtain the same results even with half a million draws and different initial points, so neither the
slow convergence nor the bad luck seem to be a plausible reason.
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Figure 3.2: Posterior density (upper panels) and autocorrelations (lower panels) of draws
of parameters according to different samplers

Algorithm 1 for k times. We call this method as the iterated AMS and use k = 10 in what

follows.

3.3.8 Performances of Different Samplers

Figure 3.2 shows estimation result using different samplers. The posterior densities of o,
and o, shown in the upper panels cover the true value with positive probability, and all three
samplers converge to the same stationary distribution. As slow mixing of MCMC draws
implies strong correlation in the chain of sampled parameter vectors, it is instructive to
look at the correlation of the individual parameters. The lower panels of Figure 3.2 display
the autocorrelation of the samples of o, and o, using different samplers. The estimated
autocorrelation of the draws using the MHGibbs sampler dies out after about 10 lags, while
that using the iterated AMS remains positive after 50 lags. The performance of the DAMS
is comparable with the iterated AMS for o, but is better than the iterated AMS for for o,.
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Table 3.2: Efficiency Analysis

Iterated AMS DAMS MHGibbs

Inefficiency Factor
oy 45.3694 58.1206 5.8160
Oy 34.4591 16.8173 4.0324

CPU time for
100 draws (seconds) 71.9571 15.6046  22.4978

Table 3.2 displays the estimated inefficiency factors defined as

Var(0¢)

Ineff(é(;) = W 5

where g = G™1 Zle 09 is the sample mean of a generic parameter 6, G is the total
number of the MCMC draws, and s? is just the sample variance of [9(1), .. .,H(G)]. Intu-
itively, Var(jg) measures the “long-run” variance of the sequence [#1), ..., 8(%)] and has
to compensate for the fact that this sequence is correlated.” Thus the inefficiency factor
is the ratio of variance of ég to the variance of ég relevant for the case of independent
draws. A low value of inefficiency factor is preferred, while a value of one indicates that
the sampler delivers an uncorrelated set of draws. According to Table 3.2, the MHGibbs
sampler outperforms the two versions of the AMS by a factor from 4 to 11. Note that
even though the DAMS does not always outperform the iterated AMS, the iterated AMS
requires k x N iterations in total to obtain N posterior draws for SV-block, leading to an
increase in computing time by a factor of k. Thus the DAMS is more efficient in terms of
the computation time.

Finally, we report the posterior median and the 90 % credible set of MH-Gibbs estimated

latent variables in Figure 3.3. Estimates using other samplers are very similar thus we do

9We follow Koop [2003] (see chapter 4) and estimate Var(dg) using the Matlab code from Jim LeSage’s
Econometrics Toolbox.
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Figure 3.3: Posterior distributions of latent variables

not report here'®. The MHGibbs sampler works well and captures the true latent variables

closely.
3.4 Empirical Application

In this section we revisit the unobserved component stochastic volatility (UCSV hereinafter)
model proposed by Stock and Watson [2007] (SW hereinafter). The UCSV model approxi-
mates inflation as a sum of a persistent and a transitory component. The persistent com-
ponent captures the trend in inflation, while the transitory component captures deviations
of inflation from its trend value. Furthermore, the variability of both the trend and tempo-
rary components are allowed to change over time. The UCSV model assumes that inflation

evolves according the the following process:

T =Tt + 0, M= exp(hnt/2)Cnt (3.16)
T =Ti-1t €, € = exp(het/2)Cet (3.17)
Tt = huyt1 + vy (3.18)
het = het—1+ Ver (3.19)

10T hese results are not a consequence of using a special sample. We have tried several different sequences
generated by the same model, and similar results emerge.
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where (¢ = (Gyyt5 Gep) is i4.d. N(0, I2), vy = (v, Vey) is 1d.d. N(O,diag(['y%,'y?])), (¢t and vy
are independently distributed. Note that this model has only two parameters, %2] and 2,
which control the smoothness of the stochastic volatility process. SW set 'yg =~2=0.2and
find that the 1970s through 1983 was a period of high volatility of the permanent innovation,
Oct, but there is little change in the estimates of the variance of the transitory innovation,
Tt

Even though the restriction ’y% = +2 = 0.2 works well for U.S. inflation, there are two
reasons that an attempt to estimate these parameters is important. Firstly, there is no guid-
ance on how to choose reasonable values for parameters while applying the UCSV model
to other time series. Furthermore, the number of possible extensions of the UCSV model
is unlimited. It is not difficult to incorporate higher order dynamics into the transitory
component, 7, so that the extended model can be used for a broader set of time series,
e.g., real GDP. In such cases, it is almost impossible to choose a set of reasonable values for
the parameters describing latent variables. Secondly, being able to estimate parameters is
important to take advantage of the Bayesian approach, e.g., Model comparison or averag-
ing. The marginal likelihood, by construction, is not conditioning on specific values of the
parameters. Therefore, if the model comparison and averaging are of the most importance
in a research agenda, one should estimate the model parameters instead of choosing a set
of reasonable values.

We apply the MHGibbs sampler to estimate UCSV model using U.S. GDP inflation, from
1953:1-2010:1V. Following SW, we measure inflation as the annualized quarterly change in
the GDP price deflator (400 times the log difference of the deflator). We do not impose
restriction on 7727 and 72, so that there are two fixed parameters. Prior distributions for o2
and 0727 are both Inversed-Gamma, IG(1,0.05). We set diffuse priors, N(0,100), on initial
values of latent variables, hy; o, heo and pg. We generates candidate draws according to a
random walk, and c is chosen to be 0.005. The average acceptance probabilities are 0.4975
and 0.4881 for 0727 and o2, respectively. The sampler runs 15,000 times and the first 5,000
draws are discarded to eliminate the effects of initial values. This procedure gives us 10,000
posterior samples, upon which the following analyses are based.

Figure 3.4 shows the posterior median of latent variables, and the dotted lines represent
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Figure 3.4: Latent Variables in UCSV Model

90 % credible set. The posterior distributions are by and large consistent with those in
SW, except that the standard deviation of the transitory component also shifted up during
1970s. Therefore, the standard deviation of the permanent component during 1970s did
not increase as much as found in SW. Figure 3.5 shows the posterior distributions of ’y%
and 72, and the vertical lines represent the values chosen by SW. Even though the values
chosen by SW have nontrivial posterior density, the uncertainty associated with 'yg and 7?2
is great. Because ignoring the uncertainty may lead to biased statistical evidence in favor
of the UCSV model, estimating the UCSV model using the MHGibbs sampler is suggested

for research concerning the “fitness” of various empirical models for U.S. inflation.
3.5 Conclusion

In this paper we have proposed and compared three methods for the SS-SV model. With
the 10-component mixture of normals approximating the log-x? distributions, We have
shown that the conventional AMS, which is conditioning on the mixture indicator variable,

can fail to capture the true model parameters. Two simple modifications of the AMS
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Figure 3.5: Parameters in UCSV Model

have been proposed: iterated AMS and disturbance-based AMS. However, we have shown
that drawing the mixture indicator variable is not necessary and proposed a new method,
MHGibbs sampler, based on conventional Kalman filter and Kim’s filter. We illustrated
these methods on simulated and real data.

Using simulation data, we have shown that the MHGibbs sampler outperforms signifi-
cantly both AMSs in that the simulated chain displayed better mixing properties. Further-
more, the disturbance-based AMS reduces the computation time substantially comparing
to the iterated AMS. We have applied the MHGibbs sampler to the UCSV model proposed
by Stock and Watson [2007], and similar results have been found except that the transitory

component of U.S. inflation exhibited greater volatility in 1970s.
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Appendix A
THE GIBBS SAMPLER FOR CHAPTER 2

Choose a starting values, for g =1,...,G:

Generate ®9) from f(®|Data, o@D S 9~1 8§, 9= plo-1),

Given a random draw of state variable, the MS-VAR model can be rewritten as three
regression equations, then the posterior distribution of &) can be drawn from a
normal distribution with specific mean and variance. We will use the following fact:
Let Y = X + e be a generic regression, where Y and e are T' x 1 vectors, and X is
T x K matrix of rank K. e ~ N(0,02I). Assume a normal prior for 8 ~ N(BoXg), the
posterior distribution of 3 is N (1, %1), where

Bi= (5" + 02X X) T (S B + 02 XTY), (A1)

Y= o2 XX) (A.2)

Due to the recursive structure of the MS-VAR, drawing sample from posterior distri-
butions of ¢ can be done equation-by-equation. For the output growth and inflation
equations, results (A.1) and (A.2) can be directly applied. For example, the output

growth equation is

Y = [1) Yt—1,Tt—1, /it—17 <oy Yt—p, Tt—p, it—p]gby + €yt

€yt ~ N(O, h?;,t)’ h;,t = (1 — Swt)O';O + Sv,to';,la

where ¢, is a 3*p+ 1 x 1 vector of parameters. Given the knowledge of S, ; and oy,

the stochastic variance h;t is known. By dividing both side by h, ; we have

* * * . * * -k *
Y = yt/hys = [1/hy,t7 Y1 T 15 b—1s s Ytpps Ty zt—p]‘ﬁy i

ey~ N(0,1).



75

Stack all observations into a matrix then draw ¢, using (A.1) and (A.2). The coeffi-
cients in the inflation equation can be drawn using the same procedure, but note that

regressors include contemporaneous output growth ;.

The interest rate equation contains regime-switching coefficients, but it becomes a
common linear regression given the knowledge of S.;. We take the following two
steps to draw sample from posterior distributions of coefficients in the interest rate

equation. Let a0 = [0, ar 0, 0.0, 201, Or 1, 0y 1) and p = [p1,..., ppl’.
e Draw a|Data, p, o, Sc, Sy Subtract both side by p(L)i;—;:

Z‘t - p(L)it—l = (1 - p(l))[a0,0(1 - Sc,t) + aT(,O(l - Sc,t)ﬂ't + ay,O(l - Sc,t)yt

+ 0,15¢t + 0 1S4 + 0y 1.5c,1ye] + €it

where e;; ~ N(0, h?’t) and h?’t =(1- Sm)azo + Swail. Divide both side by h; ¢,

we have
_ i — p(L)ig1
“= hit
(1—=Sct) (L —=Sce)m (L—Sct)yr Ser Seame Scryr
= (1 - p(l)) ] ’ ] ) ] [N > -
hz,t hz,t hz,t hz,t hz,t hz,t

{ 00,0, Q0 Qly,0, Q0,15 Q15 Oy 1 /+ et
where ef, ~ N (0,1). Stack all observations into a matrix then draw a using
(A.1) and (A.2).
e Draw p|Data, o, 0, Sc, Sy
Let 3 = ao(Se,t) + o (Se)m + 0y (Set)ye. Given the knowledge of a, the interest

rate equation can be rewritten as follows:
it — iy = p1(ig—1 — %t) + .+ pp(i—p — %t) + €it

Divide both side by h; ¢, then we have

R 5 N P1
b, = =% |1 U -1 — U . *
+ = h = A goeey h : + ei’t
it it it

)

Pp
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where e}, ~ N(0,1). Stack all observations into a matrix then draw p using

(A.1) and (A.2).

(2) Generate @) from f(U|Data,<I°(g),Sc(g_l),Sv(g_l),p(g_l)).

Given the knowledge of state variables and MS-VAR coefficients, the error term in
each equation is observed. The sampling scheme of volatilities o9 is then based on

the “observed” error terms. Note that the sample scheme is identical across equations.
Let e denote a T x 1 vector of generic error term, and
et ~ N(0,h2), h?=(1—S,4)08 + Sp10%
Assume o} = (1 + f)o?, and f > —1, we have
hi = o3 (1 + S f)

The sampling scheme consists of two steps:

e Generate o1|Data, f, ®,Sc, Sy.
Divide the e; by /1 + S, f, we have

* €t
6 = ——
! vV 1+ Sv,tf

Given an inverse Gamma distribution, IG(1/2,00/2), as a conjugate prior for

~ N(0,07).

03, the posterior distribution of o3 is IG(v1/2,61/2) where
T
v =vg+ 1T, 51:(504-26:2
t=1

e Generate f|Data,ocq, ®,Sc, Sy.

Divide e; by oo, we have

et = SN N@O,1+Sy:f).

o
Note that the likelihood function of f depends only on the values of e; for which
Syt = 1. Therefore, given an inverse Gamma distribution as a conjugate prior

for f = (1 + f), the posterior distribution of f is IG(v2/2,62/2) where

Ny
vy =vg+T1, 0d2=20do —I—Zet**Q,



7

where N1 = t:S,; = 1; T1 is the cardinalities of Ni; and the sum is over the

elements in V7.

(3) Generate S.9) from f(Sc\Data,<I>(9),0'(9),Sv(g_l),p(g_l)).

Define
irg = (1= p(1)[cwo,; + omyme + g jye] + p(L)ie—1, j=0,1.

It can be seen as the “fitted” interest rate under regime 0 and 1. The interest rate

equation can be simplified as follows:
it = (1 — Sc,t)%t,(] + Sc,tit,l + €ity, €5t~ N(O, h?,t)' (AS)

hi ¢ is known conditional on o and Sy. Equation (A.3) is a standard Markov-switching
model Bayesian inference of the Markov-switching model has been widely used, and
we would outline the sampling scheme in this appendix and refer readers to Kim and

Nelson [1999] for the extensive review.

Suppressing the conditioning on the model parameters, it can be shown that

T-1
g(scﬁT) = g(Sc,T ET) H g(Sc,t‘Sc,tJrhgt)a
t=1
where #; = [i1,...,i]. It suggests the following two steps:

1. Run Hamilton [1989]’s basic filter to get g(Se|i¢), for ¢t = 1,...,T. The last

iteration of the filter provides us with g(Sc,TﬁT), from which S 7 is generated.

2. To generate S; conditional on S ;41 and ir, we employ the following results:

g(Sc,t|Sc,t+1a zt) X Q(Sc,t—H‘Sc,t)g(sc,tﬁt)a

where ¢(Sc4+1/5+) is the transition probability. Then calculate Pr[S.; =

1Se,t41, i¢] in the following way:

~ SC SC g ]_ SC — 1 ~
PT[SCvt = ]‘|SC,t+1,it] = lg( ’t+1‘ ot )g( ot |7’t)

> im0 9(Seat1lSer = 3)9(Ses = jlir)

Then generate S.; according to the above probability.
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(4)

Generate S, 9 from f(SV|Data,@(9),0(9),SC(9),p(9_1)).

Given the knowledge of state variables and MS-VAR coefficients, the error term in

each equation is observed. Thus we have

Cyit
ent | ~N(0,5), g =(1—S8,1)%0 + Sps21 (A.4)
€it

where ¥; = diag([aio,aio,azo]). Notice that equation (A.4) is also a standard

Markov-Switching model. Therefore, the same sampling scheme used to draw S.

can be applied to generate Sy .

Generate pl9) from f(p|Data,<I>(9),a(9),Sc(9),SV(9)).

Conditional on S; and Sy, notice that p are independent of the data set, and the
model’s other parameters. We use beta distributions as conjugate priors for the tran-
sition probabilities. Interested readers are referred to Kim and Nelson [1999] for the

review and details.
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Appendix B
THE GIBBS SAMPLER FOR CHAPTER 3

The model can be written as follows:

’ftk = ﬁ/Xt + et (Bl)
X, = (I ® #)y + . (B.2)
€t
~N(0,%).
Uy

where X; is a k x 1 vector of endogenous regressors, and z; is a ¢ X 1 vectors of instru-

mental variables. The Gibbs sampler consists of the following three blocks: For clarity,

we define some matrix that will be used in the what follows: X = [X7, Xo,..., X7|" and
Z =z1,20,...,27), i =[i},i5,...,i%], e = [e1,ea,...,er] and v = [v1,1,...,v7].
° By, X

Conditional on +, the error terms in the IV regressions, 14, are “observed”. Let

ev

DY
Y=
EVG El/l/

The distribution of e;|v; is normal N(c¢;, H) where

-1
Ct = ZeyZW Uy

H=02-%,%,'%,.,

Therefore, we can have the following regression equation:

yby =iy —cr = Xt + &
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where & = (e; —¢;). Notice now the error term & is iid zero mean and known variance
H, therefore, with normal conjugate prior of 5, p(8) = N(5y,Vg), then the conditional

posterior is

p(Bl7, %, D) = N(B, Vp), (B.3)
Vs=H(HVs+X'X)"",

B=V;s {Yglﬁo + X' (yb - C))} :

where yb = [yb1, ybe, ..., ybr].

7|8, .

Conditional of 3, equations (B.1) and (B.2) can be written as a seemingly unrelated
regression that is linear in the unknown  parameters,
it p®Z o

= v+ : (B.4)
vec(X) Iy ®Z vec(v)

Note that the error term in the first equation, vg is a composition of e and v. For
example, the first element of vy is e; + f'v1. Let up = [vg0, V41, - - -, ik, given § and
Y, we know that u; ~ N(0,£2), where
, L
Q= LA by LA ,
0 I 0 I

Call the left-hand side variables of i-th equation g; and the right hand side variables f
i-th equation X;. Assuming a normal prior p(y) = N (70,V~), the conditional posterior
p(v]8, X, D) is normal with variance
k+1
v, = (\_/;1 + ZX;z—lXi> : (B.5)
i=1

and mean
k+1

5=V, (\_/'Vlfyo +3° X{zlgi> . (B.6)

i=1
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e X|B,0

Conditional on (T', 5, D), the residuals in equations (B.1) and (B.2) are observable.
Let w = [ug,ug,...,ur). We assume the prior p(X) is inverse Wishart with scale
matrix S and degrees of freedom df > k 4+ 1. Since the conditional likelihood func-
tion is Gaussian, the posterior is also inverse Wishart with scale matrix S =S+u'u
and degrees of freedom DF = df + N. Hence X can be drawn by sampling from a
IW (S, DF) distribution.

B.1 Chib’s Method

The marginal likelihood of the model can be computed by applying Chib’s (1995) method.
Let 6 be the set of all parameters, i.e., 5,I', 3. The “basic marginal likelihood identity”is

p(y, X|0%, Z)p(6")
p(0*|D)

While the identity in equation (B.7) holds for any value of 6%, we want to be sure that ¥* is
positive definite. As a recommendation, let 5* = median(5®) and v* = median(v®), where
the superscript s indicates draws from the MCMC distribution. Then, using the residuals
(8, 7). let T* = TN ciel/IV.

The values of the likelihood and prior in equation (B.7) can be computed directly. Note

that the log likelihood is given by

N
. N(k+1) N . 1 N
logp(y, X|0%,Z) = —#log(%r) - ElogdetZ - QZle;(E ) Les.
1=
The posterior density for #* can be decompose as follows:
p(B",7", X|D) = p(v*|D) x p(B*|D,~") x p(X*|D, B, 7). (B.8)

The order of parameters in equation (B.8) reflects computational efficiency rather than
anything more fundamental. The evaluation of (B.8) proceeds in three steps. If the draws

from the MCMC are indexed s = 1,...5, then

S
p(vec(v*)|D) ~ Z (v*; 75, V. (B.9)
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where fx(-) is the density of a normal pdf and 5°, Vj have already been calculated in the
second block in the original MCMC.

Calculation of p(5*|D,~*) — the second term in (B.8) — requires a second run of the
MCMC procedure outlined above, except that the second block is omitted and v* replaces

draws of . Index the draws of this auxiliary sampler by sg = 1,...53. Then

Sg
p(5°|D,") ~ ;ﬁ S° I8 B, V), (B.10)

sg=1
where (3%, ‘_/g f are calculated as in the first block above.

The conditional posterior p(X|D, /3,7) is simulated in the third block above. Hence the

final term in (B.8) can be evaluated as
p(X*|D, B*,v*) = frw(Z*|DF, S), (B.11)

where the scale matrix S is evaluated at 8*,~*,as in the third block above.
Collecting the results of (B.9), (B.10), and (B.11) and multiplying them together delivers
the denominator of (B.7). Dividing the posterior kernel p(y, X|6*, Z)p(6*) by the result

delivers the marginal likelihood p(y, X |Z).
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Appendix C
THE AUXILIARY MIXTURE SAMPLER

In this appendix, we illustrate the details of the AMS for the general SS-SV model as

follows:

yt = c+ HpB + Re (C.1)
Br=d+ Fpi1+ Wu, (C.2)
er = exp(he,/2)e;, (C.3)
up = exp(hug/2)u], ()
hjt = hji—1 +mn5e for j=e,u, (C.5)

where ¢, H, R, d, F', W are possibly time-varying matrices containing unknown parameters.

e; and uy are both ii.d. N(0,1) and n; ~ N(OJ%,J’)

1. Draw random sample from 0, 6,|D, 57, hT.

Note that conditional on A7 and h”, 0 and 6y, are independent, so we can draw a
sample from Os|D, 87, hT and 0,,|D, 87, k1. These two conditional distributions are
usually standard with Normal or inverse-Gamma prior distributions. For example,
in the local level model with stochastic volatility used in our simulation study, u; =
B¢ — Bi—_1 is observed conditional on data and 7. Assume the prior for o2 is inverse-
Gammal! with hyperparameters ag and by, and the posterior distribution of o2 will be

also inverse-Gamma as follows

T T o2
aalD, BT, AT ~ IG(§ + ao, Zleut + bo).

See Kim and Nelson [1999] for more examples of the posterior distribution of model

parameters.

!The inverse gamma density IG(a,b) is fra(z;a,b) = %z_(“"'l)exp(—b/z).
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2. Draw random sample from 7, |D, 0, 0s,, h'.

Given the model parameters and h”, the SS-SV model becomes a standard state
space model. Many simulation method can be used to draw random sample from
BT, |D, 0,05, hT, and we adopt the FFBS developed by Carter and Kohn [1994].

First, run the basic filtering as follows:

Prediction
Byt—1 =d+ FB1)t-1,
Py = FP_y; 1 F' + WaitW'
Mejt—1 = Yt — Ytjt—1 = Yt — Hﬂt\t—l —C
Jtje—1 = HPt|t71H/ + RU?,tR/
Updating
B¢ = Bje—1 + Pt|t—1H/ftﬁl_177t\t—1

Pyy = Pyi—1 — Pt\t—1H/ftﬁ1_1HPt\t—1

Save f; and Py, and generate St from N (Bpp, Ptyjr). Then do backward sampling

by computing

Bult.pers = Bujp + Py F'(F Py F' + Woo W) (Bryr — FByy — d),

Py g,y = Py — Py F'(FPy, F' + WJitW’)‘lFPt’“,

fort =T —1,T —2,...,1. Finally, for each ¢, generate 3; from N (7,3, ., Pty 3., )

. Draw random sample from h', s7|D, 0,0, 8T.

This block is done by two steps.

(a) AT from hT|D, 0,04, BT, sT.
Transform the SS-SV model according to equations (3.9) and (3.10). Conditional
on the mixture indicators, s, The FFBS sampling scheme summarized above

can be used to draw sample from h''|D, s, 04, B, 57 with correct specifications
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of the coefficient matrices. That is, H = 1, ¢(s;) = m(sy), R=1,d =0, F =1,
W =1.

(b) s from sT|D, 0,05y, BT, hT.

This step can be done by independently sampling each s; using the probability

mass function:
Pr(s; =1i|D, By, hy) qifN(lnef\ht + mi,yg), 7 < 10.

The same procedure applies for In u?.
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Appendix D
SIMPLIFIED KIM’S FILTER

Let © denotes the all constant parameters, and ¥, the information available up to time

t. The likelihood function can be obtained by

T T
LK = Hf(yt‘gv \I/t—1) - HZf(ytvst’@7 \Pt—l)

t=1 t=1 st
T

=11>_ fwilsi, 0, % 1)pr(si|©, ¥, 1)
t=1 st

= HZf Yilst, ©, Wi_1)pr(st) Hlkt
t=1 s¢

Note that because the mixture indicator, s;, are not serially correlated, and it is independent
with © a priori, pr(s; = i|©,¥y_1) = pr(s; = i) = ¢ given in Table 3.1. For notational
clarity, we suppress the conditioning on © in this appendix.

Let the SV-part of the SS-SV model be represented by the following equations:

yy=m(se=1)+ P +v(se=1)z (D.1)

B = Bi—1 + oy, (D.2)

where [z, 1:]" ~ N(0,I2). Let By, = E(B|¥;), and P is the mean squared error of the
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forecast. Given the initial By|g and Pp o, implement the Kalman filter for each i as follows:

Prediction
Bijt—1 = Bi—1)i—15
B =P a1+ 01277
ft(‘it)_l =Yt — Bt|t71 —m(s = 1),
ft(|? 1 =Py tv ?(s0 =),
Updating
5,5“ Bije—1 + Pyji— 1(ft| D7 15,5‘?_1

Pt(|t) = Pt\t—l - Pt|t—1(ft|t_1)_lpt\t—1
The conditional density, f(y:|¥;—1), is thus computed by
k . .
Ui = Fl @) = Y InCul £ i) % @i
i=1

where fy is the normal density.
Following Kim and Nelson [1999], we can collapse terms to obtain f;, and Py, which

are needed for next iteration of the Kalman filter as follows:

k
Bie = E(Be| W) = ES[EB|Yo)lsi) = D E(Belse = i, Wo)pr(se = i|Wy)
=1

k
Z (s = i W) (D.3)
Py, = EAE[(B: — Byu)(Br — Bye)' |94 |5t}

k
= Z E[(Br = Buye) (B — By st = 3, Welpr(se = j|¥y)
=1
k
- Z E[(81 = By + B — Bur) (Br = BY) + By — Bu) lse = 5, Wlpr(s, = j| W)

- Z { fe T 5t|t)(ﬂt|t 5t\t) }PT(St = j|¥:) (D.4)

Note that pr(s; = i|¥;) # ¢; because y; contains information about s;. Once y; is
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observed at the end of time ¢, we can update the probability in the following way:

pr(se =4, y| V1)
f(ye|Wi-1)
_ fyelse =4, We1)gs (D.5)
lk;

pT(St = Zf‘I’t) = pT(St = i|‘pt717 yt) =

To sum up, the likelihood function is evaluated in the following steps:

1. For each t, compute 77{‘ ,_q and ftj‘ ;1 by the basic Kalman filter.
2. Compute Uk = log(lky).
3. Update B;; and P, using (D.3), (D.4) and (D.5).

Once we run through ¢t = 1,..., T, the log of the kernel of f(O|y1,...,yr) is computed by

T
log(PK) =In f(©) +>_ ilk
t=1

where f(©) is the prior density, and PK denotes the “posterior density”. Using the
Metropolis-Hasting sampler, we can sample from the posterior distribution f(O|yi,...,yr).

Given a draw of O, we can easily draw sample from f(8|y1,...,yr,©) using the FFBS
proposed by Carter and Kohn [1994]. Run the filter above and save 3, and P,;. Then
generate St from N(Bpp, Prir) and proceed the following for ¢t =T —1,..., 1

Bt gesr = Beje + Prje(Pype + 0%)‘1(ﬁt+1 = By,

Pyt.rsr = Pre — Poe(Pye + 072;)_1 t/\t

For each t, generate B¢ from N (By¢ 8,, .5 Ptejt,8,41)-



