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Abstract

2D Chiral Algebras from Koszul Duality & Associativity

Victor E. Fernandez

Chair of the Supervisory Committee:

Assistant Professor Natalie Paquette

Department of Physics

In this thesis, we will explain how the techniques of Koszul duality and associativity can be used to
completely determine certain celestial chiral algebras, characterizing collinear splitting functions not just at
tree-level but to arbitrary loop order. To apply this technique, and indeed for the celestial chiral algebra to
exist, the corresponding 4d massless theory must admit a local gauge-anomaly-free lift to twistor space. We
will also use Koszul duality in a different context, the AdS/CFT correspondence, to determine the planar
chiral algebra for a certain supersymmetric CFT. This provides a new and analytic method to completely
determine the 2 and 3-point functions of 1/4-BPS operators in the duality. This thesis is based upon collab-
orative work appearing in [Fernandez| [2023|], [Fernandez et al.|[2024]], and forthcoming work |Fernandez and

Paquettel, with the coauthors listed explicitly at the beginning of each chapter.
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Chapter 1

Introduction

Computing loop-level scattering amplitudes of non-supersymmetric quantum field theories remains a chal-
lenge. While there has been astonishing progress in the case of (planar) 4d N = 4 super-Yang Mills (SYM)
(e.g.|Arkani-Hamed et al.|[2022] and references therein), going beyond two-loop computations in ordinary,
non-supersymmetric Yang-Mills theory has proven difficult—though see [Bern et al.| [2000]; Badger et al.
[2013]]; |Dunbar et al.| [2016alb, [2017]]; Kosower and Pogel| [2022alb]] for impressive computations of two-

loop all—+ amplitudes.

In Costello and Paquette [2022b]], the authors proposed a novel perturbative approach, hereafter called the
chiral algebra bootstrap, to computing unintegrated form factors for a special (but not necessarily supersym-
metric!) class of 4d theories. This approach in principle transmutes difficult higher-loop computations into
elementary—albeit potentially tedious—algebraic manipulations. The chiral algebra bootstrap, in brief,
equates 4d form factors for so-called twistorial theories with correlation functions of a 2d chiral algebra

Costello and Paquette [2022b]].

A chiral algebra is a mathematical structure, Beilinson and Drinfeld [[2004]], governing symmetries in many
physical systems of interest. They are best-known for constituting the (holomorphic half of) the symmetries
of a two-dimensional (hereafter 2d) conformal field theory, D1 Francesco et al.| [1997]; Ginsparg| [1988]],

which describes systems at second order phase transitions. The Virasoro algebra, which is the infinite di-
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mensional enhancement of conformal symmetry in 2d, is perhaps the most famous and simplest example of

a chiral algebra.

However, it has been understood in recent years that 2d chiral algebras also appear as interesting subsectors
of (possibly higher dimensional) supersymmetric quantum field theories (e.g. [Kapustin| [2005]]; Beem et al.
[2015]), where they capture a subset of protected, or BPS, observables. Moreover, chiral algebras have been
shown to govern the soft, collinear limits (i.e. protected infrared physics) of four dimensional scattering
amplitudes of massless particles |(Guevara et al.| [2021b]], at least at tree-level. This applies even to theories
which are not necessarily supersymmetric. This realization arose from performing a Mellin transform to the
boost eigenbasis on S-matrix elements, and is of interest in the search for a putative “celestial conformal

field theory” holographic dual for flat spacetimes Pasterski| [2021]]; [Raclariul [(2021].

The importance of the chiral algebra bootstrap lies in the fact that it allows us trade the computation of
higher-loop quantities in this restricted class of non-supersymmetric gauge theories, for algebraic manipu-
lations in a holomorphic 2d algebra. Twistorial theories are quantum field theories that lift to local, holo-
morphic quantum field theories on twistor space, which has six real dimensions. A necessary condition for
a 4d theory to lift to a local holomorphic theory on twistor space is that the corresponding 6d theory is itself

well-defined and free from gauge anomalies.

An example of a twistorial theory is self-dual Yang Mills (SDYM) coupled to some anomaly-cancelling
matter. In particular, we can use the chiral algebra bootstrap to obtain form factor integrands for SDYM
which reproduce amplitudes of Yang-Mills theory also coupled to some matter. This means that we can
obtain integrands for QCD coupled to a fine-tuned number of fundamentals, which would allow us to obtain

loop-level results.

Given a twistorial theory, we can extract the 2d chiral algebra we are interested in by viewing the chiral

algebra as a defect theory coupled to the holomorphic *bulk’ theory on twistor space. In other words, we

use Koszul duality.

14



Koszul duality is a mathematical framework which allows us to take an algebra A, satisfying certain condi-
tions, and obtain a new Koszul dual algebra A' such that (A')' = A. This can be extended to act on chiral
algebras, and produce a new Koszul dual chiral algebra. This extension was proposed from a physics point
of view in (Costello and Paquette| [2021al] and reviewed in [Paquette and Williams| [2021]] and formalized in

ongoing mathematical efforts \Gui et al.| [[(2022]].

In particular, suppose we have some twist (see e.g. |Garner and Paquette| [(2022] for a review and addi-
tional references) of a BRST-invariant (i.e. gauge-invariant) supersymmetric quantum field theory (QFT) in
d-dimensions. After the twist (i.e. pass to the cohomology of a certain supercharge, to isolate observables
which are BPS which are respect to that supercharge), we suppose that the QFT is defined on C x R¢~2 and
is holomorphic along C. We define A to be the differential-graded (DG) chiral algebra of local operators of
the twisted QFT restricted to C; we do not require the operators to be BRST-invariant, and so we include
ghosts, anti-ghosts, etc. A has a known differential (twisted BRST charge) and OPE. Then the Koszul dual
A" is defined as the universal chiral algebra that can be consistently coupled to our original theory along C.
In other words, A' is the most general algebra of operators of a holomorphic defect theory on C: any 2d
holomorphic theory which can be consistently coupled to the original theory must furnish a representation

of A

Demanding that this coupling be BRST invariant places contraints on the OPEs between the operators of
A'. This procedure can be modeled by Feynman diagrams, which in turn allows us to work in perturbation
theory ensuring BRST invariance order-by-order. This thesis describes how this can be used alongside either
integration methods or associativity to obtain an OPE description of A' as a power series in some parameter

(h or a loop-counting parameter in the celestial context, or 1 /N in the AdS/CFT context).
We can also use Koszul duality in the context of twisted holography, a proposal to access protected quanti-

ties on both sides of a holographic duality. In particular, we consider twists which endow the local operators

which survive with the structure of a chiral algebra |Costello and Li| [2016]; |Costello and Gaiotto| [2018]];
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Costello and Paquette [2022b]], and utilize the technique of Koszul duality to obtain the chiral algebra of the

dual field theory.

In this thesis, we will explore this relatively simple twist in the context of (top-down models of) AdS3/CFT5,
in particular AdS3 x S%x K3, and describe the twist of supergravity, identify the corresponding (general-
ization of) BCOV theory, and enumerate twisted supergravity states. We will also obtain the N — oo, or

planar, limit of the chiral algebra of the dual CFT.

1.1 Structure of Thesis

In Chapter 2, we study the uplift of self-dual Yang Mills (SDYM) to twistor space, and how to define and
extract its celestial chiral algebra of conformally soft modes. However, the twistorial uplift of SDYM suffers
from a gauge anomaly, which needs to be cancelled |Costello|[2021]]. When the anomaly on twistor space is
cancelled, the chiral algebra exists to all-loop order, using Koszul duality arguments applied to the twistorial
uplift. We review different ways to cancel the 6d gauge anomaly, which in 4d corresponds to cancelling
the one-loop all-positive-helicity Feynman diagram. For the anomaly-cancelled theories, which we call
twistorial theories, we construct the complete celestial chiral algebra to arbitrary loop order by explicitly
determining the OPEs. We do this by first obtaining one-loop results via direct integration, and then going

beyond by enforcing associativity of the OPEs.

In Chapter 3, we describe the twist of type IIB supergravity on AdS3 x S3 x K3, and use it to obtain
the N — oo (planar) limit of the chiral algebra of the dual 2d supersymmetric CFT via Koszul duality. Al-
though we do not compute 1/N corrections in this work, the methods in principle extend to these perturbative
corrections. This approach involves slightly generalizing Koszul duality methods to account for the fact that
the 2d CFT is the (low energy limit of the) worldvolume theory of D-branes, and the D-branes source a field
which backreacts on the supergravity theory. In the twisted theory, miraculously, one only needs to compute
a finite number of backreaction contributions, encoded by bulk-defect Feynman diagrams, at each order in

N. We present a general class of holomorphic integrals to compute these corrections.
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Chapter 2

Self-dual Yang Mills

2.1 Introduction

Recently, perturbative gauge anomalies for holomorphic theories on twistor space have been studied Costello
[2021]] and interesting families of anomaly-free theories have emerged. These take the form of self-dual
gauge theories (Costello| [2021]] and gravity Bittleston et al.| [2023]], coupled to additional matter. The
anomaly-cancellation condition for gauge theory, which constrains the possible matter content, is given
by the equation

Tragj(X*) = Trr(X*) = A2 g Traun(X?)?, 2.1

where we will explicitly display the value of the proportionality constant later in the text. Here, X is an
element of the gauge Lie algebra g and the traces are respectively, in the adjoint, matter representation R,
and fundamental representation. When there is no matter, so that the second term vanishes, the anomaly-
cancellation condition takes the form of a Green-Schwarz mechanism with proportionality constant A2,
wherein tree exchange of a scalar field cancels the one-loop box diagram in 6d ﬂ We refer to complete
descriptions of these 6d theories, and the derivation of their reductions to 4d, to |Costello| [2021]]. Instead,
we content ourselves by listing some interesting anomaly-free twistorial theories (see|Costello|[2021} 2023]]

for more details and examples):

'In fact, this condition can be understood as the holomorphic twist of the anomaly cancellation condition for 6d A" = (1, 0)
theories with a tensor multiplet.

17



The 4d WZW model of Losev et al. [1996] with G = SO(8) coupled to an additional scalar field
with a fourth-order kinetic term. This example has a known uplift to a holomorphic twist of the Type
I string, which was exploited in|Costello et al.| [2023bla] to create a top-down holographic dual for an

asymptotically flat spacetime.

Self-dual Yang-Mills theory (SDYM) can be supersymmetrized to N' = 4 super-SDYM, which can-
cels the anomaly. This case has been well-studied by many other authors following [Witten| [2004]], so

we will focus on non-supersymmetric theories in this note.

SDYM with gauge algebra g = slg, sl3, s0(8), e,7,3 coupled to a periodic scalar field (which we call

“the axion”, since it couples to F' A F' in 4d) with a fourth-order kinetic term.

Self-dual general relativity (SDGR), also coupled to a fourth-order scalar field Bittleston et al.|[2023]].

SDYM with gauge group SU(N) coupled to the “axion” and additional NV fundamentals and N anti-

fundamentals (i.e. with Ny = N,).

SDYM with gauge group SO(N) coupled to the “axion” and Ny = N, — 8.

SDYM with SU(N) gauge group and matter in 8F & 8FY & A2F @ A2FV Costello [2023]). Here F'
is the fundamental and F'V the anti-fundamental. The simplest examples in this sequence are SU (2)

with Ny = 8 and SU(3) with Ny = 9.

We emphasize that in the last item, the anomaly is cancelled purely by ordinary matter; the “axion” of the

Green-Schwarz mechanism decouples completely.

In this chapter, we will mostly focus on the theories in items 3, 5, 7 of the above list for concreteness,

but our results readily generalize to all twistorial theories ﬂ

*The OPE expressions for SDGR are slightly more complicated than for the SDYM theories. We sketch results for the SDGR
throughout the text separately. See also Bittleston| [2023a].
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With twistorial theories in hand, we can now state the main theorem of |Costello and Paquette|[2022bf]. The
theorem concerns form factors, which are matrix elements between a local operator acting on the vacuum,

and asymptotic scattering states (0|O|p; . .. pnﬂ In short, we propose

<0|O|p1 .- ~pn> = <O|V1 [5‘1](21) e Vn[j‘n](zn)bd (2.2)

where the angle brackets on the right-hand side denote a 2d correlation function with a choice of conformal
block (O] and vertex operator insertions V,, labeled by spinor helicity variables for on-shell massless mo-
menta Pog = Aaas p? = 0. We fix the scaling ambiguity of the spinors, per usual, such that A, = (1, 2)
with z the holomorphic coordinate at null infinity. The chiral algebra is therefore often called a celestial
chiral algebra, because it is supported on the celestial sphere or, more precisely, on the twistor sphere as-
sociated to the origin of R*. Since the chiral algebra is a holomorphic object, the dependence on the two
spinor helicity variables is asymmetric, with rotations of the A variables corresponding to a 2d SU (2) flavor
symmetry. This is immediate in the twistor space formulation, since the latter naturally geometrizes analyt-

ically continued momenta.

We will compute form factors in these 4d theories, with the insertion of a single local operator at a fixed
location (the origin). Note that ordinary S-matrix elements in twistorial theories vanish, i.e. twistorial theo-
ries are in a sense integrable, but form factors do not. Since we do not integrate over the operator’s position

(although one may choose to subsequently do this by hand), we call this quantity the form factor integrand.

Theorem: Costello-Paquette (Costello and Paquette [2022b])): Form factor integrands are equivalent to
2d correlation functions in the chiral algebra of conformally soft modes of the 4d theory (often called the
celestial chiral algebra |Pate et al.| [2021)]; \Guevara et al.| [2021b|]; |Strominger [2021]). An alternative,
but equivalent, derivation of the chiral algebra from the 6d perspective is given in |Costello and Paquette
[2022b)].

The dictionary between 4d and 2d quantities is:

3We have the operator acting on the left vacuum to more immediately match with notational conventions from twistor space.
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* Local operators in 4d are in bijective correspondence with conformal blocks of the chiral al-
gebra. Note that the chiral algebra is non-unitary, and has an infinite family of conformal blocks
even on the sphere. This result was established abstractly in [Costello and Paquette| [2022b]], and the
authors computed several simple examples which were essentially fixed by symmetry. Additional
constructive methods for deriving the correspondence using the 6d uplift of these local operators in

combination with the methods of (Costello and Paquette|[2022b]] can be found in|Bu and Casali|[2022]].

» States of the twistorial theory in a boost eigenbasis are in bijective correspondence with local
operators in the 2d chiral algebra. It is often helpful to work with the 4d Mellin-transformed states
and the corresponding 2d local operators, i.e. conformally soft modes, since the latter have simple
OPEs. On the other hand, for form factor computations, we will typically resum the soft modes
into hard states V[;\] (z) using appropriate powers of the energy and components of Ag (i.e. the anti-
holomorphic coordinates of the chiral algebra plane in Euclidean signature), leading in 4d to the usual

asymptotic scattering states in the momentum eigenbasis.

* Holomorphic collinear limits in the 4d twistorial theory correspond to the OPE limit of the
celestial chiral algebra. The OPE singularities include the usual singularities arising from collinear-
splitting functions of the self-dual gauge theory, which are one-loop exact and appear in the SDYM
S-matrix. There are, however, additional subleading singularities which can appear in form factors.
From the OPE point of view, these singularities multiply normal-ordered products of operators and
comprise non-factorizing contributions to the holomorphic collinear limit of the twistorial theory.
Without these contributions, the chiral algebra OPE based on 2-particle collinear splitting functions

fails to be associative on its own.

In Costello and Paquette] [2022al], it was explained that twistorial theories have well-defined, and in particu-
lar associative, celestial chiral algebras even at the quantum level; the cancellation of the 6d gauge anomaly

restores a naive failure of the Jacobi identityﬂ Thus, the chiral algebra bootstrap is well-defined for loop-

4SeeRen et al.|[2022]; Kapec|[2024]); Ball et al.|[2023b] for other explorations and proposed solutions for failures of associativity
at the quantum level in celestial chiral algebras more generally. In particular, seeBall|[2023]];|Ball et al.|[2023a] for proposed repairs
of associativity involving contributions from multiple simultaneous collinear limits, which requires weakening the locality axiom
of the algebra.
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level form factor integrands.

An important property of form factor integrands computed in twistorial theories is that they are rational
functions with certain allowed poles. Poles can only appear when two 2d local operators approach each
other z; — z; — 0 (in holomorphic coordinates on the celestial sphere, i.e. the support of the chiral algebra).
In 4d notation, this amounts to poles only in (ij) o eaﬁz\?)\f . This is a consequence of the fact that cor-
relation functions in a twistorial theory (which, unlike S-matrix elements, do not vanish) are entire analytic
functions with singularities only on the analytically continued lightcone, ||z; — z;||?> = 0, for z; € C*. In
brief, this is because points in 4d spacetime lift to copies of CP! on twistor space, which do not intersect
each other unless the condition above is satisfied. In particular, this disallows theories with divergences of
the form log||x||. For example, in [Costello| [2021] it was demonstrated that the logarithmic divergence in
the two-point function of F'2, the self-dual part of the field strength, in SDYM is cancelled by a logarithmic

divergence arising from exchange of the fourth-order anomaly-cancelling axion.

For concreteness, let us now consider form factor integrands for 4d SDYM gauge theory coupled to the

axion, with no additional matter. SDYM is a non-unitary theory with action Chalmers and Siegel| [[1996]]

/ tr (B A F(A)_) 2.3)

where A is the gauge field, F_ is the self-dual part of the field strength, and B is a g-valued self-dual two-
form field. It is well-known that if we add to this theory the term % gy J tr(B A B) and integrate out B, we
obtain a theory that is perturbatively equivalent to ordinary Yang-Mills theory El This deformation tells us
that form factors of SDYM with the insertion of the operator tr(3?) are equivalent to ordinary Yang-Mills
amplitudes. In our twistorial theory, we do not integrate over the location of tr(532), and so obtain ampli-
tude integrands. More seriously, our SDYM theory is coupled to the axion (or other anomaly-cancelling
matter), so that such form factor integrands reproduce amplitudes of Yang-Mills theory also coupled to the
axion (and/or other matter). This however suggests one natural avenue of progress: focus on the form factor

integrands of the theories in item 7, and obtain integrands for QCD coupled to a fine-tuned number of fun-

There is a nontrivial theta-angle, which we ignore for the purposes of this note. We will only do perturbative computations.
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damentals, but no fourth-order axion. Although this is a different amount of matter from the real-world, it
is a way to obtain loop-level results in non-supersymmetric QFTs. By twistoriality, these quantities will be

rational.

The key ingredient to running the chiral algebra bootstrap is knowledge of the chiral algebra OPEs to,
ideally, arbitrary loop order, as products of chiral algebra operators in the corresponding correlation func-
tion can be reduced iteratively to more elementary form factors with the OPE. This is independent of the
choice of conformal block/4d local operator. For example, a negative-helicity gluon operator becoming co-
incident with a positive-helicity counterpart can, according to the OPE, be replaced with a normally-ordered
product of some number of negative-helicity gluons (depending on the loop order), multiplied by a known
function of (ij)~! (coming from the OPE pole) and [ij] (coming from the repackaging of soft modes into

hard eigenstates).

In |Costello and Paquette| [2022a]; (Costello| [2023]], the chiral algebra OPEs for certain terms up to one-
loop order, and for the choices of anomaly-cancelling matter in items 3 and 7 were determined. The known
pieces of those chiral algebras were sufficient to run the chiral algebra bootstrap for certain interesting
tree-level |(Costello and Paquette| [2022b]], one-loop |Costello and Paquette| [[2022a]], and two-loops |Costello
[2023] form factors. In particular, the form factors in our twistorial SDYM theories with a tr(B?) insertion,
arbitrary numbers of positive helicity gluons, and 2 — [ negative helicity gluons for [ = 0,1, 2 loops are
equivalent to ordinary Yang-Mills amplitude integrands. The tree-level result, in particular, reproduces the
famous Parke-Taylor formula. Happily, the soft modes that give nonvanishing contributions to these form

factors were those whose OPEs were completely determined by the known one-loop chiral algebra.

(As a brief aside, note that in twistorial theories, the one-loop all—+ amplitudes vanish; this is one way
to account for the simplicity of these theories. Nonetheless, a tree-level chiral algebra computation involv-
ing an insertion of the conformal block corresponding to (Ap)? with p the axion, rather than tr(B?), can
recover the SDYM or YM one-loop all—+ amplitude |Costello and Paquette| [2022bf]. At four points, this is

immediately apparent since tree-level axion exchange is introduced precisely to cancel the one-loop gauge
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box-diagram, but the chiral algebra bootstrap can be used to compute the complete n-point result of Bern

et al.| [1994]]; Mahlon! [1994]).

If we had the all-orders chiral algebra OPEs in hand, there are several directions one can explore with the

chiral algebra bootstrap, and which we hope to report on in follow-up work. These include the following.

* One can study higher-loop form factors which will give the same answer in SDYM as in full YM. The
simplest example of such a quantity is the n-loop term in the form factor with an insertion of tr(B™),
and arbitrary numbers of positive helicity gluons. The n = 2 case was computed in |Costello| [2023]].
We plan to report on the n = 3 case in a future publication; this, to our knowledge, would be the first

form factor computation in a non-supersymmetric theory beyond 2-loops.

* One can study the SU(N) gauge theories in item 5, which include both standard matter (N funda-
mental flavors) and an axion anomaly-cancelling sector. Form factors for these theories are rational,
but [-loop axion exchanges contribute to [ + 1-loop QCD contributions, wherein they cancel non-
rational contributions order by order. As pointed out in (Costello|[2023]], this suggests one can extract
transcendental pieces of ordinary QCD quantities by computing lower-point and lower-order axion
exchanges. This is a complementary application of twistorial theories to the chiral algebra bootstrap
we focus on here. On the other hand, the computations of (Costello| [[2023]] showed that leading terms
in an expansion in N are independent of the axion, so that these terms can be computed with the chiral

algebra bootstrap and matched with the corresponding quantity in QCD at higher loops.

* The complete theorem of |Costello and Paquette| [2022b] did not restrict to a single insertion of a 4d
local operator. In fact, multiple local operator insertions can be considered. In that case, the form
factor integrand takes the form of a sum of products of 2d chiral algebra correlators with appropriate
conformal blocks and 4d OPE coefficients. The 4d OPE coefficients and the conformal blocks arise
by taking the OPE of the 4d local operators. Since the theories are twistorial, the 4d theory is also
conformally invariant. The 4d OPE coefficients will produce more general functions of the spacetime
coordinates than in the single-operator case, but should still be constrained by crossing symmetry in

the 4d sense. Nevertheless, they need to be specified in addition to the 2d OPE in order for this more
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general bootstrap program to be run. Only a tree-level example of this procedure has been computed in
Costello and Paquette] [2022b]], leading to an expression closely related to the CSW formula Cachazo
et al.[[2004]. While the single-operator form factors provide a bootstrap approach rather analogous
to BCFW recursion relations, this more general form factor integrand should provide a twistorial

analogue of CSW rules.

2.2 Background

2.2.1 Self-dual Yang Mills on Twistor Space

The uplift of self-dual Yang Mills (SDYM) to twistor space PT is realized by a holomorphic BF-type action
given by[Y

SIA, B = (217”> / Te(BFO2(A)) = (217”> / Tr(BIA + %B[A, A)) 2.4)
PT PT

where the holomorphic gauge field is A € Q%1 (PT, g) and the other adjoint-valued ﬁeld[]is B € Q3Y(PT, g),

for g a complex semi-simple Lie algebra.

Upon reduction to 4d, the reduction of B, called B € Q2 (R*, g), gives negative helicity gluons in the
4d BF theory while the reduction of A, called A € Q'(R*,g), contains the positive-helicity degrees of

freedom |Ward [[1977]] Mason!| [2005]],
/Tr(B ANF(A)-). (2.5)

R4

The fields A and B are subject to two gauge variations with generators x € Q*9(PT, g) and v € Q3°(PT, g),
SA=0x+I[Ax] B=0dv+[B,x (2.6)

In the BV formalism, we extend A to a field in Q%*(PPT, g)[1] and B to one in Q3*(PPT, g)[1], where [1]
denotes a shift in ghost number so that fields in Dolbeault degree j are in ghost number 1 — j. In particular,

the (*, 1) component of these polyform fields correspond to the physical fields. Explicitly, the resulting

%We normalize the integral such that the (extended) chiral algebra tree-level OPEs have no factors of (274) L.
"In general, B takes values in the dual Lie algebra g, and the action employs the canonical pairing between g, g
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polyform fields are written as
A=x+A+B"+1vY B=v+B+A +y (2.7

where (- )V denotes the antifield of ( - ). The resulting BV action is

27 211

S|A B] = (1) / Te(BFO2(A)) — <1> / Tr(BIA + %B[A, A)). 2.8)
PT PT

Writing the action out in terms of the components of the polyform fields,

(1>/Tr<Av <ax + A, X}) +BY (81/ + [A,v] + (B, X]> + %X\/bOX] +V[x, V]) 29
PT

2mi
The BRST transformation of the fields are encoded in their equations of motion. Since d.)v yields the
equation of motion for (-), we have the following BRST transformations:

SJA=0x+[Ax]  B=0v+[Av]+[Bx] 5X:%[X,X] ov =[x, v]. (2.10)

Note that holomorphic BF theory is invariant under simultaneous rescalings:
h— AR B— \B (2.11)

upon restoring the usual factor of 1/A which multiplies the (Euclidean) action. We will treat & as a formal
real parameter deforming the chiral algebra, and enabling us to keep track of the corresponding loop order

in the 4d theory.

2.2.2 Celestial Chiral Algebra for SDYM

We can extract the chiral algebra of conformally soft modes of the 4d twistorial theory by considering a

1

defect along a holomorphic plane C C C3? with coordinates z, v', v? such that the plane is located at

vl = dﬂ and coupling this defect theory to our holomorphic BF theory in the most general way possible

8Since anomalies are local, it is sufficient to work with this local model for CP* C PT.
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Generator | Field | Scaling Dimension | Spin | Combined Dilatation | Weight
J[tlatQ]stiZO A —(t1+t2) 1_¥ 1 0
J[tl,tQ],ti >0 B —(t1+t2+2) _1— t1—5t2 0 1

Table 2.1: Local operators of the 2d chiral algebra, the 6d fields they source, and their quantum numbers.
By scaling dimension, we mean charge under scaling of Euclidean 4d spacetime R*. Here, spin refers to the
holomorphic 2d conformal weight, and combined dilatation corresponds to the charge of the operator under
simultaneous dilatations z — z/r on the celestial sphere and x — /7 on 4d spacetime. Finally, weight
describes how the operator transforms under a rescaling of A.

Costello and Paquette [2021b],

211
k1,k2>0

~. 1 1 1 2 ~ 1 2
S[A,B;J,J]:( ) > (W> /d2z<Ja[k1,k2](‘)fl@fQAg+Ja[k1,k2]85185282> (2.12)
C

in terms of some general defect operators J and J. Notice that, in contrast to the classical action of an
ordinary current/gauge field coupling, in a holomorphic theory we must include holomorphic modes of the
gauge field in the transverse directions to obtain the most general possible expression Costello and Paquette
[2021D].

This is then inserted into the path integral as (where we leave the usual trace over gauge indices implicit):

> (;.)/ [150A 87,7 (2.13)

1

This gives rise to two towers of operators which the chiral algebra comprise, J[k', k2] and J[k', k2.

Requiring that the coupling to the defect theory be invariant under rescaling of /, we find that the defect

operators must transform non-trivially:

ho M= J—J J— <. (2.14)

>| <

We say that J has weight 0 and J has weight 1. We list the operators, their quantum numbers, and the fields

to which they couple via these bulk-defect couplings, in Table 2.1]

The OPEs between our 2d chiral algebra operators are determined by the requirement that the coupling
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J J J
B A B A
J J J

Figure 2.1: Cancellation of the gauge anomaly of these diagrams leads to the tree-level OPEs.

between the defect theory, as in(2.13)), and the holomorphic BF be gauge invariant. In (holomorphic) the-
ories with a 2d holomorphic defect, we compute chiral algebra OPEs rather than ordinary commutators.
Moreover, by expanding the path-ordered exponential, we find contributions to the OPE at each order in .
The mathematical formulation of this principle is called Koszul duality; see |Paquette and Williams| [2021]]
for a review and other references therein. In other words, the OPEs are defined such that, order-by-order in
pertubation theory, all non-vanishing BRST-variations of Feynman diagrams (which in this case are Witten-

like diagrams, since we focus on the interactions from bulk/defect couplings) at that loop order must cancel.

2.2.3 Tree-Level OPEs

The tree-level Feynman diagrams for the bulk-defect interactions and the bulk-defect couplings are illus-
trated in Figure The requirement that the gauge anomalies of these diagrams cancels uniquely fixes the

tree-level OPE.

The A — B propagator P(Z, W) is defined via the equations
1 \_
P(Z,W) = J(Z, W) (p), (2) op-—92),  [fz0z -1 @)
7r
C3
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where j : (C? x C* — C3) is the difference map (Z, W) — (Z — W), p € QO2)(C?), and 64)(2) is
the (0, 3)-form o-function with support at Z = 0. A nice discussion of propagators and Feynman rules in

holomorphic gauge theories can be found in|Gwilliam and Williams| [[(2019]].

Explicitly, the propagator is given by

1 )2 - (Z —W)ed(Z —W)Pd(Z — Wy

P(Z,W) = (277 17 W (2.16)

Note that is sufficient to act only on by the linearized gauge variation on the first external leg of each diagram.

The gauge anomaly of the two diagrams on the left of Figure are then given byﬂ

12 _
By dzJe[k](2) f5, | DEP(Z, X)Ox“(X) A (X)d* X 2.17)
<2m> Z 4
L ’ 7 c k A a b 3
<2m-> Z dzJe[k](2) fap C/S DFP(Z, X)9v*(X)AY(X)d* X (2.18)

where we have denoted the location of the vertex as X = (20, %), [y are the structure constants, and we

have also made the definition DX = W@fj 8';; . Integrating by parts and using the identity P(Z, X) =

—(2m1)0®)(Z — X)), these two expressions simplify to:

1
(2'> / 2 Jelk] (=) fa D <X“(z)«4"(2)> (2.19)
T . o
(21) / d*2Jc[K](2) f, DY (Va(Z)Ab(z)) (2.20)
T o 0
Meanwhile, the gauge anomaly from the two diagrams on the right of Figure[2.1] are
1 2
B <2m) / &*zd*w I, [t](2) Jo[r) (w) DLdx " (2) DL AL (w)| 2.21)
CxC v*=0
12 N
- <2m> / d*zd*w I, [t] (2) Jo[r) (w) DLdsv* (2) DLAL(w) | (2.22)
v*=0
CxC

°It is notationally convenient to write k to represent (k*, k), and we will do so for the rest of the paper.
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where the points z and w are separated by a distance |z —w| > €, where € is a small point-splitting regulator.

Integrating by parts we pick up boundary terms where |z — w| = ¢,

2
() / P a0 RPN () DAL w) 2.23)
vi=0
|z—w|=€
2 t. a r 1b
(m) / Pw § e [0:) hir)(w) Dl ()DL w) . (2.24)
|z—w|=€
Specializing the external legs to be test functions of the form
X(2) =) @) @) =) )T A= () ) (2.25)
the requirement that the gauge anomalies cancels becomes:
Res (Ju[t](2) Blr)(w)) = fiJolt + r)(w) (2.26)
Res (Jo[t)(2) Jo[r](w) = fiodelt + 7](w) (2.27)

This means that, at tree-level, gauge invariance of the coupling to the defect constrains the OPEs between

the defect operators to be

Jalt](2) Jo[r] (w) ~
Jalt](2) Jy[r](w) ~ ﬁcﬁ+ﬂ(> (2.29)

fbc et + 7] (w) (2.28)

This is the level-0 Kac-Moody algebra for g[v!, v?], discovered in the context of the celestial chiral algebra

for gauge theory |Guevara et al.|[2021al].

2.2.4 Anomaly

The 6d holomorphic BF theory suffers from an anomaly which arises from a box diagram shown in Figure

[2.2] This means that the 6d theory (and our chiral algebra) is not consistent at the quantum level. Depending
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A A

Figure 2.2: The gauge anomaly of this diagram is non-vanishing and is not canceled by the gauge anomaly
of other diagrams. This makes the 6d theory anomalous beyond the classical level.

on the gauge algebra (and gauge group), we can cancel this anomaly by either introducing an axion-like
field, introducing ordinary matter, or both. In the case of having both the axion-like field and ordinary

matter in a representation R of g, the anomaly cancelling condition is
Trag (X*) — Tra(X") = Ag g Trrn(X?)? (2:30)

for a proportionality constant Ay g.

Once this anomaly is canceled, the theory suffers no further failures of gauge invariance at higher loop

orders and thus becomes consistent at the quantum level (Costello [2021]].

2.2.5 Axion

We couple our theory to a field n € Q%!(PT), constrained to satisfy On = 0, which self-interacts via the

free-limit of the BCOV |Bershadsky et al.|[[1994]] action:

_Y N foum
Sy = 5 <2m,>/8 non. (2.31)
PT

with the following interaction term:

2T

<1> %ig\/ﬁ / nTr(ASA) (2.32)
PT
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where we have deﬁnedT_U]
~ )\g

8 (QWi)\/ﬁ

and inserted a factor of \/ﬁ in the interaction term to ensure that the theory remains invariant under a

(2.33)

rescaling of h:

h—s A= B n— V. (2.34)

This new field is subject to the following gauge variation with generator y € Q20 (PPT):
on = 0. (2.35)
Extending 7 to a field in Q%*(PT)[1], we find an additional term to the gauge variation of 7 and B
o1 = By — AgTr(9xD.A) 8B = 0B = v+ [A, v] + [B, x] — A\g(7OA + 1ndx). (2.36)

In|Costello| [2021]), it was shown that this extension to the holomorphic BF theory is realized in 4d spacetime

by a new axion-like field

1 _
pla) =5 / o~ 'n, (2.37)
(0}

coupled to SDYM via
/ <;(Ap)2 + V2 pTr(F(A) A F(A))). (2.38)

R4

2.2.6 Chiral Algebra Including The Axion

The introduction of the axion field enlarges our chiral algebra by adding two extra towers E[t] and F'[t].
These towers come from the defect coupling to the axion. Instead of working with n directly, we choose

to work with a (1,1)-form « satisfying da = 7 to easily implement the constraint on 7. This field is then

'%For notational convenience, we have dropped the subscript R. If the gauge group is either sz, sl3, 505 or one of the exceptional
algebras, \q is defined by the anomaly-cancellation condition in the absence of additional matter, Tr(X*)aqj = A2Tr(X ),
'"Here we are integrating over the CP* corresponding to 2 € R*.
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subject to two gauge variations generated by w € Q%!(PT) and 6 € Q'O(PT):

Sa = Ow + 9. (2.39)

The most general way that the defect theory couples to the axion is

1 1 2 m an
Sloses] = (2m> Z (kl!k2!>/d zez[m, n|Ojt 0oy (2.40)
C

E1,k2>0

where a5 = (o, ;).

Gauge invariance of the coupling under & — Ow leads to a constraint involving the e; and e, operators,
which tells us that the operators are not independent. This is the reason why we only get two additional
towers, as opposed to three. The towers E|r, s| and F'[r, s] are then linear combinations of the e; and e,
operators

Elf] = —(tlitz>ez[t] Flt] = <M12+2>(62[t1 L] — e[t £+ 1), (2.41)

Using Koszul duality considerations similar to before, we can derive the tree-level OPEs of the enlarged
chiral algebra. For more details, see section 7.2 of |Costello and Paquette| [2022b]] and section 10 of Zeng

[2023b].

The tree-level OPEs of the 2d chiral algebra (including the axion) are:

Tat)(2) Tyl )(0) ~ it 7. [t 4+ #](0) + %&g\/ﬁf(ab(rlﬁ — 2 Flt+ 7 — 1](0) (2.42)

T
- %Xg\/ﬁf{ab(tl + 2)AE[t +7](0)

b

- AgVRE g (t' + % + 71 + r2)Eft + ](0).
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Jalt](2) Jo[r)(0) ~ — fop Jis [t + 7](0). (243)

1,2 _ 42,1\ . ~
E[1)(2)Ja[r](0) ~ % (ﬂ) VAL + 7 — 1)(0). (2.44)
. s R P2 N
F[t](2)J,[r](0) ~ —%x\g\/ﬁaJa[t +7)(0) — ;Ag\/ﬁ@ + M) Ju[t +7](0). (2.45)

where K is the Killing form.

Note that we label the corrections of order /A as tree-level because they arise from cancelling the gauge
variation of a diagram with the topology of a tree: one cubic vertex connecting two external legs to a single

defect operator.

Requiring that the coupling to the defect theory be invariant under rescaling of /, we find that these de-

fect operators must also transform non-trivially:

E F
h—= A\ = F— — F— —. (2.46)

VA VA

We say that £/ and F' have weight % To summarize, we list the operators, their quantum numbers, and the
fields to which they couple via these bulk-defect couplings, in Table [2.2] Note that charge under combined

dilatations tells us that the .J.J, E.J, and EE OPEs are non-singular (1/z has combined dilatation 1).
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Generator Field | Scaling Dimension Spin Combined Dilatation | Weight
Jlt1,t2], 1 >0 A “(t1 + ) [ aik : 5
J[t1,t2],t; >0 B —(t1 + 12 +2) _1_% 0 .

Elty,ta), t1 +ta>1| 7 (1 + 12) I 5 7
Flt1,t2],t; >0 n —(th + t2 + 2) —uin T 2

Table 2.2: Local operators of the 2d chiral algebra (including the axion), the 6d fields they source, and
their quantum numbers. By scaling dimension, we mean charge under scaling of Euclidean 4d spacetime
R*. Here, spin refers to the holomorphic 2d conformal weight, and combined dilatation corresponds to the
charge of the operator under simultaneous dilatations z — z /7 on the celestial sphere and x — +/rx on 4d
spacetime. Finally, weight describes how the operator transforms under a rescaling of h.

2.3 One-Loop Corrections From Direct Integration

Here we reproduce the relevant work done in |Fernandez| [2023]] with minor modifications, which was origi-
nally published with the title "One-loop corrections to the celestial chiral algebra from Koszul Duality". The

original abstract follows.

2.3.1 Abstract

We consider self-dual Yang-Mills theory (SDYM) in four dimensions and its lift to holomorphic BF theory
on twistor space. Following the work of Costello and Paquette, we couple SDYM to a quartic axion field,
which guarantees associativity of the (extended) celestial chiral algebra at the quantum level. We demon-

strate how to reproduce their one-loop quantum deformation to the chiral algebra using Koszul duality.

2.3.2 One-Loop Corrections of Generators

The One-loop corrections are determined by the OPEs involving .J[0], J[0], J[1], and J[1], since these gen-
erate the algebra. In (Costello and Paquette| [2022a], the quantum corrections to the .J[1].J[1] and .J[1].J[1]
OPEs were computed using known 4d collinear splitting amplitudes and constraints from associativityl]z]
Here, we demonstrate how the same result can be obtained through Koszul duality using the integration
methods developed in [Paquette and Williams| [2021]]; Bittleston| [2023b]]. In particular, a similar computa-
tion in the setting of self-dual gravity coupled to a 4"-order gravitational axion was performed in [Bittleston

[2023b], and we closely follow the presentation therein.

">There are no quantum corrections to any OPEs between any generator and J[0] or J[0].
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Figure 2.3: One-loop Feynman diagrams for the bulk-defect interactions.

A A

J

Figure 2.4: Necessarily vanishes in a 6d holomorphic theory.

Since axion defect operators necessarily come with factors of /7 coming from the vertex and their weight is
only 1/2, one-loop corrections to these OPEs cannot involve the axion operators. This immediately follows
from the fact that 1-loop corrections come with an explicit factor of &, and we must respect the symmetry
under rescaling of %. In addition, we are required to increase by one the number of J’s so that the powers of

A match on both sides of the OPE upon rescaling hFEI

The one-loop Feynman diagrams that yield anomalies in the bulk-defect coupling which contribute to these
corrections are illustrated in Figure[2.3] A priori, we should also consider the BRST variation of the diagram
in Figure [2.4] Nonetheless, in Williams| [(2018]] it was proven that this contribution necessarily vanishes in
a 6d holomorphic theory.

We denote the location of the defect operators as Z = (z1,0%) and W = (29,0%), where we again

In our later sections, we discuss this in greater detail.
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require that their distance satisfy |27 — 2| > ¢. We denote the location of the vertices as X = (2%, 2%) and

Y = (3°,y%). We also define 2y = % and 219 = 21 — 29.

The linearized BRST variation of the left-most diagram in Figure corresponding to the gauge varia-

tion acting on the left external leg, is given by the general form

12 - —
<2m> / derdzn K] (1) Jal) (22) K T, iy M2, 22:9, AY) (2.47)
C2 7
Soa gb N1 k . 3 3v- b I
Mz, 2000 A = (5 ) (5= DE P(Z, X)9x*(X)d XP(X, Y )d®Y A(Y) DL P(Y, W)
b 7T
(C3)2
(2.48)

where the structure constants f;, come from the trivalent vertices labeled by the cubic interaction of the
action, the Killing form K¢ come from the bivalent vertex labeled by the quadratic interaction, and P is the
A — B propagator, as defined in[2.16] The second term, which corresponds to the gauge variation acting on

the right external leg, can be obtained from this expression by exchanging J <+ J before taking any OPEs.

Integrating by parts leads to terms where J acts on a propagator, and a boundary term where |z12| = e.
Since P(Z, W) = —(27i)6®)(Z — W), where §®) (Z — W) is the (0, 3)-form d-function with support at
Z — W =0, these terms correspond to contractions of the internal edges. Diagrammatically this takes the

form of Figure[2.3]

Consider the contraction coming from the term with P(Z;, Z;). The resulting expression will contain holo-
morphic derivatives acting on the product P(Z, Zy)x(Z)A(Z;)P(Zy, W). This product is proportional
to:

—& b =t i e T
(a5 211021kdZ11) (€357 Z 120 1202 12). (2.49)

Denoting the location of the vertex as Z; = (z, v,‘j), the differences Z; and Zyo become (z1x, —vg‘) and
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e

Figure 2.5: Diagrammatic representation of propagator contraction.

(zk2, vg‘) The only terms that survive are those which do not have more than two cﬁi‘,
(eatnZkdZ 1k dZ5) (€27 23202 pydZhy) = — 40T ey 3,6 dPTpdZ 1z . (2.50)

Summing over the ¢ indices, we find that the contributions coming from contractions are proportional to
€4 B@dﬂﬁ = [0,9] = 0. This means that the only anomalous contributions come from the boundary term,
which takes the form:

1\? ~
_<2m> /dzo ?{ dzngc[k](21)Jd[l](22)Kef gefl?f%(zlaz%xaw‘lb) (2.51)

C |z12|=€

where we enforce dz; = dzo = dZz.

To restrict to those contributions which correct the J[1].J[1] OPE, we match scaling dimensions and find
that only the term with k& = (0,0) and [ = (0, 0) contributes. Therefore we need to compute the following

quantity:

(21, 20; X%, AY) = (1>2< ! )2 / P(Z, X)\YX)d3XP(X,Y)d*Y A°(Y)P(Y,W). (2.52)

(0,0)(0,0) 2 2
(C3)?

To obtain the one-loop correction to the J[0, 1](2)J[1, 0](w) OPE, we specialize the external legs to be test
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functions of the form x%(X) = 2°(2?) and A°(Y) = (y")dy":

1N/ 1\*/1\?
0,2 1,0 -
: i) = — =) 8z12dz T 2.53
0o BT Y ) <27m'> (4772) <2> 10 e (253
Oz, gla*y'
T = / & X d%Y - . (2.54)
(C3)2 1Z — X[°|X — Y[|8[]y — W||°

(€2)?

where we have used the fact that the antiholomorphic form structure
70 47" d7° Ve 7t A7, A7) Ve T2 d 7 d 7
(6655 1:(:d 1xd l:(:)(efjéf :tyd xyd xy)(egm y2d y2d y2)' (255)
with dz; = dzy = dzj, simplifies to:
8[0s, Uy Z12dZ0dZ,d*T,.d*D,. (2.56)
We compute this integral explicitly in Section(2.3.3)). The result is
(—2mi)® 3z + 22 1

_ 3z 1Y) _
T =— 2022 ytdy®) = =04 2 ) dz. 2.57
(C3)2 (2136 |z12/? (07%70)(%@@ vy dy) 9672 \ 212 Ty )0 257)

After inserting this into (2.5T)) and performing the contour integral, the anomalous contribution coming from

both terms then becomes

1 1 ~ -
(35 ) oz [ a0 (300 s J0.000.0): Go) 4 K fo iy a0000) ) 259)
C

Cel = K (fe, fie + fLf55).

We can simplify the second term by repeated use of the Jacobi identity after writing it as

ef pc L. c c
K ffaefl()jfféd = §K f(fgefbf _fi()ie af)f(lic (2.59)
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and making use of the fact that the Casimir in the adjoint representation is 2", which gives us the identity:

Kebfe fl = opVse. (2.60)

Putting it all together, we obtain:

211

2
(57) [ s (3R sty + £i)  200.000400.01: (o) = 1 50 00.000) ). 260
C

We now demand that the gauge anomaly of the top-right diagram of Figure[2.1] cancels this expression:
1\? 9 Z12
— e d°zg dz12J, [0, 1] (Zl)Jb[l, 0](2’2) 5 + 20 |- (2.62)
C |212‘:6

Performing the contour integrals,

Res(Ju[0, 11(2) J[1,0(0)) = o K7 (feo il + Jfip) + e0,017af0,0] - (0)  263)

327r2
Res(2a[0, 1](2) Jy[1, 0](0)) = — == Qf %Jc[0,0](0). (2.64)

We thus see that gauge invariance holds if and only if the OPE correction has the form

Ja[0,1](2)Jp[1, 0] (w) ~ — (s + Fie i) + Je[0,01J4[0,0] : (w) (2.65)
/8 c T B c T
+ (Z — w)2 f(leC [0, 0] (w) + 2(2 — U}) fabaJc [O, 0] (w), (266)
with the numerical constants[]
1 3 hY hY

O BT gz DT e @mi)ie (267)

Note that the added term 9.J is a consequence of symmetry, in particular, the requirement that
Jp[1,0](2)Ja[0, 1](w) ~ —J4[0,1](2) Jp[1, 0] (w). (2.68)

'“This matches what was found in|Costello and Paquette|[2022a] after adjusting the normalization convention. See footnote@
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Similarly, we can compute the correction to the .J, [0, 1].J;[0, 1] OPE. Scaling dimension again fixes k =
(0,0) and I = (0,0), and we take the external legs to be test functions of the form v(X)* = 2°(x?) and
Ab(Y) = (yl)dy The linearized BRST variation of the right diagram in Figure corresponding to

the gauge variation acting on the left external leg, then simplifies to, after integrating by parts:

1 ? T T d 0,2 ,1;0
_<2m> /dzo 7{ d’212‘]c[0’0](21)Jd[0’O](ZZ)Kfefgefbf(o7(%7o)(zl’Z25$ % ydy”). (2.69)
C |z12]=¢€

Demanding that the gauge anomaly of the bottom-right diagram of Figure [2.1| cancels this expression, we

find that the OPE is
~ a e c ~ ~
Ja[0,1](2)Jy[1, 0] (w) ~ K T e fiy + Je[0,01J4[0,0] = (w). (2.70)

Notice that even though the axion did not appear explicitly in the computation of the one-loop diagram
(in contrast to the computations in |Costello and Paquette| [2022a] which make direct use of the extended
tree-level OPEs, including the E¥ and F' generators) Koszul duality is guaranteed to output a well-defined
associative chiral algebra, with the precise numerical coefficients characteristic of the axion-coupled twistor

theory.

2.3.3 Explicit Integral Calculation

This calculation is a slight adaptation of the integral techniques employed in Appendix C of [Bittleston

[2023b], whose notation we largely follow. We spell out the details below.

Ol —1,.2,,1
7 - / S X dSY 2°[z,ylz%y , Q2.71)
@~ ) O XX Y W

We first integrate over d®Y". Using Feynman parametrization,

n
(>t —1)! n " n
nol =1 ‘ n o =20
=1t ;ai /z’l}ldtit?l 1o(1- Zti)(ztm) = 2.72)
o L@ =Dy =1 =1
1= )

131t is sufficient to only consider the linearized-BRST gauge variation acting on 1.

40



we can rewrite the integral as

5! 1 20z, ylay!
P AD, / dtt?(1 — ¢ 2/d6Y ! . 2.73
/ @ez—xp ) @O Y R YR 1 - oy — W @73)
c3 (0,1] c3

We defineY =Y —tX — (1 — )W and retain only the terms that are invariant under phase rotations of .

These are the only terms that have nonvanishing contributions:

51 1 _ 0/,.2 2
—/dGX'QS/dttQ(l —t)Q/d6Y T . (2.74)
22 [z — X Y+ (@ =) X = W|2)°
c3 , C3
Now we define r; = |7°|? and use d?§’ = —idr;df; to simplify the above integral to
—2mi)320|22|?
/ d° X 2| T\HZ )‘;“6’ / dit*(1 — t)? / drodrydry— & L @75)
(2 + (1 = 1) X — WI]?)°
=0

Using (2.71) with ¢; = 1, we can integrate over drodridry. We now perform the same steps as before to
integrate over d°X. We define X = X —tZ — (1 — t)W, and retain only the terms that are invariant under

phase rotations of z:

2 212
_(=2mi) / At2(1 — t)(tz1 + (1 — )z / dX— Gl . (2.76)
/| (KT + 61 — )]s — 22

Defining r; = || and integrating over drodridradfodf;dfs, we are left with
(—2mi)®
(23|21 — 22f?

/dt(tzzl + (1 —t)29). (2.77)

(0,1]

Performing the integral and rewriting the resulting expression in terms of 215 and zg, we finally obtain

7 o ()3t (2.78)
(C9)? (2% [z12/?
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2.3.4 General Form of the 1-Loop Corrections

Suppose that we are interested in the one-loop corrections to the J,[t].Jp[rr] OPE. We specialize the external

legs of the left diagram in Figure 2.3]to be test functions be of the form:

X(X) =@ @A) = N ) dp (2.79)
With this choice of test functions, /k\/ll is given by:
M AN SRV ERYE . (24 k' + k)12 41 4 12)! . 5 20
e ==\3) \am) @) ety (&, @30
I /(ﬁxfyw%aymﬁv%zU“Cﬂyﬂx%“@ﬂvwwywwrﬁww2 281
(C3)? (12 = X|2pP+R R (| X = YI2)3(]Y — W2)3+0+8 '

(C3)?

Using Feynman parametrization and defining Y = Y — tX — (1 — )W, the integral over d®°Y becomes:

@+ﬂ+w!/ﬁa_Nwﬂw/f?mm@+@ﬂﬂw+mﬂﬂf+mW%ﬁ+mw2
2+ 0+ (V]I +¢(1 = )| X — W[2)6+2+2

We need to only retain the terms which are invariant under phase rotations of §%. Using the binomial

theorem, the numerator of the integrand is:
=5 277\, ~ —a/=~1 _ —by/~ 2_c/ <o _
D T 7D 70 (e e 72 () R (7 R (2 e 7 (G (2.82)

where we have defined ) ,

=335 () ()0 o2

a=0 b=0 c=
The only terms that contribute from the first piece of (2.82) are those satisfying a = b and ¢ = d + 1, and

the only terms that contribute from the second piece are those satisfying a = b + 1 and ¢ = d. Defining
Z mmzr:ll)mm(rzl: +1) / 12 B mm(rzl: +1) mmil 12 L 2
a)\c—1 a—1 a c
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we can perform the integrals and obtain

al(rt+r? —a—-c)l(a+ec—D)2+1+12-a—c)
Z 22+ 1+ 2)(rt 4+ r2)!

(—2mi)? CIg (2.84)

ac

where Z; corresponds to the integral over d®X with the added ¢ terms coming from the integration over
&

%Y

I dGX‘rO(x )t1+r fa( )k1+l1+1 a(l. )t2+r 70( )k2+l2+1 c 5 85
cs (|| Z — X||2)3+k" 4K (]| X — W||2)3+1 +2—a—c ' (2.85)
To integrate over d° X, we perform the same steps as above. Namely, we use Feynman parametrization, then
define X = X —tZ — (1 —¢)W, and only retain the terms which are invariant under phase rotations of z<.

We find that

_(—2mi)? (tt +rt —a)(#? + 7% —0)!O(21, 22)
G |-+ R+ I+ —a—o) 2+t + 2+l 412 —a—c)!

(2.86)

Clz1,22) = CHE + DA+ 4+ P —a—)a+ A+ + D+ 4+ 12 —a—0c)lz.  (2.87)

In addition, we find the requirement that t* 4+ 7! = k' + ' 4+ 1 and t> + 2 = k? + [2 + 1. Putting it all

together, we find that ./]é/ll is:

Mt r) = —< ! )(Ml(t "2 2/\/12(15 r)>dzo (2.88)

k,l 1672 212

where we have the following definitions

<t +r2—a—-o)la+c—Dlale!(t +rt —a)(2+ 72 ) A+ L+ VA + 1P+ 12 —a—¢)!

My(t,r) =
k,ll( ) — (rt+r2) A+ttt + 2 +rt+1r2 —a—c)!

— K+2-1'—-2+a+c
My(t,r) =Y

k.l a62+t1+t2+7"1+7"27a76 k.l

~— 1
2= (wwmw)z

where the M“ are the coefficients in the M (¢, r) sum.
kil
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Using these results, we find that the one-loop corrections have the general formE]

1 ) k+l=t+r—1 ~

Ja[t])(z) Jolr](w) ~ — < Y. K ffefsz/k\j(tﬂ") + fgefsz%(t,r)) s Jelk]Jall] = (w)

1672(2 — w) e
+ <:7T2>/>€/7[l2(t,r) gb<(z _lw)Q e 1_ w)a> Je[t + 1 — 1](w) (2.89)
_ 1 k+l=t+r—1 of e _ _
Jo[t])(2) Jp[r](w) ~ — <167T2(z—w)> Z Jk\/ll(t, rK aefof J[k]Jq[l] : (w). (2.90)
ki l;>0

'®Note that the structure of the double pole in is agreement with the results found in Bittleston| [2023b].
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2.4 All-Loop Corrections From Associativity

Here we reproduce forthcoming work |[Fernandez and Paquette| with the title "Associativity is enough: an
all-orders 2d chiral algebra for 4d form factors", written in collaboration with Natalie Paquette. The abstract

follows.

2.4.1 Abstract

In four-dimensional gauge theories with twistorial uplifts, generalized towers of soft modes (including states
of both helicities) form a 2d chiral algebra even at the quantum level. The 2d OPE limit of this chiral
algebra coincides with the holomorphic collinear limit in 4d. This is true, in particular, for self-dual Yang-
Mills (SDYM) theory coupled to special choices of matter, the latter being required to make the theory
twistorial. The second author and Costello proposed that form factors of such twistorial 4d theories could be
computed as 2d chiral algebra correlators; in turn, there exist form factors of the twistorial SDYM theories
with insertions of appropriate local operators that are equivalent to certain amplitude integrands in QCD
(coupled to special matter content). While some exact results up to two-loops have been computed using
the 1-loop chiral algebra determined thus far, higher orders of the quantum-deformed chiral algebra must
be determined to continue the “chiral algebra bootstrap” program for loop-level integrands of these non-
supersymmetric theories. In this paper, using only elementary constraints from symmetries and associativity,

we obtain closed-form expressions for the complete extended chiral algebra to arbitrary loop-order.

2.4.2 Form of OPE Corrections from Symmetry
Axion-Coupled SDYM

If the gauge group is either sls, sl3, 505 or one of the exceptional algebras, the anomaly of the 6d theory can
be canceled by a Green-Schwarz mechanism which works by coupling our theory to a field € Q%1(PT)

which self-interacts via the free-limit of the BCOV |Bershadsky et al.|[[1994] action, as explained in an earlier

R R P
Sy = 5 <2m,>/8 non. (2.91)
PT
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Generator Field | Scaling Dimension Spin Combined Dilatation | Weight
Jlt1,t2], 1 >0 A “(t1 + ) [ aik : 5
J[t1,t2],t; >0 B —(t1 + 12 +2) _1_% 0 .

Elty,ta), t1 +ta>1| 7 (1 + 12) I 5 7
Flt1,t2],t; >0 n —(th + t2 + 2) —uin T 2

Table 2.3: Local operators of the 2d chiral algebra, the 6d fields they source, and their quantum numbers.
By scaling dimension, we mean charge under scaling of Euclidean 4d spacetime R*. Here, spin refers to the
holomorphic 2d conformal weight, and combined dilatation corresponds to the charge of the operator under
simultaneous dilatations 2 — 2 on the celestial sphere and x — /72 on 4d spacetime. Finally, weight
describes how the operator transforms under a rescaling of A.

The full anomaly-free action is then

SIA,B,n] = (217”> / (Tr(BFOQ(A)) 4 %8—177577 + ;xg\/ﬁnTr(AaA)> (2.92)
PT

where we have the following deﬁnitio

. A
Ag= — 2 —. 2.93
YT 2mi)V12 299
The chiral algebra consists then of four towers of operators, see Table[2.3]
Recall that upon reduction to 4d, we obtain the usual BF action [2.5]plus the following terms:
1 .
Sl = [ 5807 + VER(F A F), (2.94)

We will refer to this 4d theory as the twistorial theory, due to the existence of the uplift[2.92]to twistor space
at the quantum level.
Feynman Diagrams & the OPE

The OPEs between our 2d chiral algebra operators are determined by the requirement that the coupling be-

tween the defect theory as in (2.13)|'®|and the axion-coupled SDYM be gauge invariant. This is analogous to

'7)\q is defined by the anomaly-cancellation condition in the absence of additional matter, Tr(X*)uj = A2 Tr(X?)R,.
8There is a subtlety for the matter towers (in both SDYM and SDGR), which couple to a constrained BCOV field 7, satisfying
On = 0. In the Koszul duality approach of |Costello and Paquette] [2022b]], ‘off-shell” currents which couple to the unconstrained
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how gauge-invariance of an ordinary Wilson line tells us that the J’s satisfy the current algebra of the gauge
algebra. In (holomorphic) theories with a 2d holomorphic defect, we compute chiral algebra OPEs rather
than ordinary commutators. Moreover, by expanding the path-ordered exponential, we find contributions to
the OPE at each order in /, whereas no such deformations to the current algebra are possible for an ordinary
Wilson line in a theory with compact gauge group. The mathematical formulation of this principle is called
Koszul duality; see Paquette and Williams|[2021]] for a review and other references therein. In other words,
the OPEs are defined such that, order-by-order in pertubation theory, all non-vanishing BRST-variations of
Feynman diagrams (which in this case are Witten-like diagrams, since we focus on the interactions from
bulk/defect couplings) at that loop order must cancel. The diagrammatic perspective will be useful for us in

what follows.

Schematically, the contributions from BRST non-invariant diagrams consist of a normal-ordered product
of the operators on the defect, and contractions between these operators. To determine which diagrams
contribute to a given OPE, we will restrict the structural diagrammatic possibilities using a.) the fact that
the interactions in the twistorial Lagrangian are only cubic in form, and b.) enforcement of invariance under

rescaling of /. This will allow us to determine the allowed operators on the defect. Let us see this explicitly.

Suppose that we are interested in the OPE of two defect operators which couple to the fields ¢ and @9,
[ of which are n (2 > | > 0), and assume that the combined weight of such operators (in the sense of Table
[2.3) is wi2. Consider an m-loop diagram with external legs ¢ and ¢, and N operators on the defect with
combined weight w. Due to the cubic nature of the interactions, the lowest-order diagram with /N operators
on the defect and two external legs is an (N — 1)th-order diagram, therefore N — m < 1. Suppose now
that out of the N operators, n; are J, no are J , ng are F, and ny4 are F'. The assumption that the combined

weight is w gives us the following equation

w=ny + w (2.95)
field components were introduced via couplings as in[2.13]and the constraint was applied at the end to convert their OPEs into OPEs
for the ‘on-shell’ operators E, F' using the linear relation 7.2.5 in|Costello and Paquette| [2022b]]. One can run the arguments of this
section directly with the off-shell fields and reach the same conclusion. This is guaranteed to work since our arguments (matching
quantum numbers, cubic interactions in the Lagrangian, and how the diagram topology affects the form of the OPE corrections)
apply to both the off-shell and on-shell degrees of freedom.
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Figure 2.6: Requiring that the gauge anomaly of these diagrams cancel lead to non-trivial higher-order
corrections to the OPEs of our defect operators.
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In the standard loop-expansion, an m-loop diagram comes with an explicit factor of ™. If this diagram
also has s vertices of the form ;\g VhnAA, then the normal-ordered product OPE correction comes with
a factor of 5\93 R™t3. Note that since this is the only interaction involving 7 and it is linear in 7, all axion
external legs and axion defect operators necessarily come with a factor of 5\9 V/h. This gives us the inequality
s > n3 + ng + I. We now impose invariance under rescaling of & by requiring that both sides of the OPE
have matching weight. This results in the following equation:

w=wys+m+ g (2.96)

Using these equations, we find the following inequalities:

l
12N—m2n2+n3+n4—m:wlg+wZw12+§+n3+n420. (2.97)

From this, we immediately learn that there are no anomalous Feynman diagrams that contribute non-trivially
to the F'.J , FF, and F'F OPEs since wig + % > 1. Therefore, the only OPE corrections are to the J.J, JJ R
EJ, and FJ OPEs, and considering the various possible cases in and using (2.95) and (2.96)), we find

that only the (BRST variations of) Feynman diagrams in Figure [2.6|contribute to the OPE.
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In other words, these inequalities are sufficiently strong to fix the allowed operator content on the defect, or
equivalently, the operators that can appear on the right-hand-side of the OPE. In particular, (2.97) precludes
an arbitrary number of J’s from appearing on the defect. To see how this works, fix s, ns, n4 such that
1> wig+ w > 0. Then fixes N to be either m or m + 1 (m is only allowed if w2 + w
equals zero), and (2.95) fixes ng in terms of n3,n4, w, the last of which is determined by (2.96). Using

n1 = N — ng — n3g — ny, we see that the number of J’s is fixed as well.

As an example consider wio = 1,/ = 0. The only allowed s,n3,ng4 are s = ng = ng = 0. The in-
equality in reduces to 1 > N —m > 1 which fixes N = m + 1, and (2.95) and (2.96) give us the

following equality w = m + 1 = no. This determines n; = 0.

General form of the OPE

The diagrams in Figure [2.6|1lead to all higher-order (i.e. beyond tree-level) OPE corrections, which can be
expressed as an expansion in 7 € R>g. We display these OPEs below. The operator content on the right-
hand-side of the OPE was determined by the arguments of the previous section. By matching the quantum
numbers under combined dilatations (see Table [2.3]) we can further fix the order of the poles they multiply,
since 1/z and 0, each have combined dilatation = 1. In the remainder of this note, we will use associativity

to determine the unknown coefficients that appear below.

Z;”:ng kj=t+r—m

J Ju (0 1 T I C N C R A VAIDE

alt](2)[r](0) ~ — > (tg)[ 1y wos K] gp s iy [k i;[kj] -
m>1  ki>0 ’ Jj=2

jmakmtrem ) ) o T
2 hm(mﬁ)[kl, o bl ..-,km];z“’”31> JIEACE
m>1 k>0 ’ =

i kj=t+r—m

. 1 (m) o 1 (m o mo
+ Z )\ghm < d [kl,...,km]zlbmlm + (6)[k1,...,km]21bmlmal> : H i []fj] :

2
23 K30 22 (tr) 2 () e
Z;":'Fll kj=t+r—m-—1 me+1
{ ema4l 1 (m) 12 Ima1 | T .
+ > A" 2= i Tkt oo Ko L Flka] T Ji (k)] -
m>1 ki>0 (&) j=2
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m+1
X am+ i 1 (m) z “Im 192l
+ E /\gh 3 ( g)[kl,... s ka1 a2b R R E hk kl,... m+1]a2b +10 ) [k‘l]

m>1 k;’zo (t =2

.

+1z
je kj=ttr—m m+1

- 177 (m) Jir-i
Talt)(2)Blr](0) ~ > A N T Y L H Ji; [k;
m>1 ki>0 (t.r)
12’]@51 kj=t-+r—m—1 (m) mal
3 L i1 5
E[t](2)A[r)(0) ~ - > AR G Ry o]y T (R
m>1 ki>0 (t.r) j=1

' (m) .
F[t](Z)Jb[T](O) ~ Z )\ghm-i-% <2 kr [kl, . karl];)l m+1

1 (m) 11 o mtl
+ = l)[k:1,... s kmatly o H Ji, [kj

Z(t

where k7 is the i-th component of k;, and O; TIm6; = ([T2Z] 6:)06;(TTF, 6:), where the 6; denote

=j+1
chiral algebra operators. As always, : ... : denotes normal-ordered products:
:
0003+ () = i (04(2)0,0) ~ 6205 (w)). 2.9%)

The sum over the k; has been constrained by several symmetries. The first is simply scaling dimension (in
the sense of Table 2.3), which imposes k + [ = t + r — 1. Next, we write the complexified 4d Lorentz
algebra as sly(C)_ x sly(C) 4. The eigenvalue of the former factor is spin (holomorphic conformal weight)
as reported in Table and which acts on the celestial sphere by Mdébius transformations. The second
factor sl2(C) 4, which we will use to constrain the sum, mixes the twistor fibre coordinates, which are the
components of A% and hence is a flavor symmetry from the point of view of the chiral algebra. The opera-
tors 8[m, n], from either matter or gluon towers, live in a representation of highest weight (m + n)/2 (with
0]m + n, 0] furnishing the highest weight state, etc.) and have eigenvalue (m — n)/2 under the Cartan of

5[(2) 4. Imposing invariance under this flavor symmetry restricts the sum further, such that the components
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each satisfy k; +1; =t; +r; — 1.

We remark that, at one-loop, some of these OPE coefficients were determined in (Costello and Paquette
[2022a] with associativity. Those were the OPEs for the strong generators of the chiral algebra: J[1], J[1].
In §2.4.3] we will see explicitly that all OPE coefficients can be determined, via associativity, in terms of
the OPE coefficients appearing in the one-loop OPE of the strong generators, as conjectured in |Costello and

Paquette| [2022a]]. Those, and some additional, one-loop OPEs were also reproduced in |[Fernandez| [2023]]

with the direct Koszul duality methods.

Additionally, the coefficients of the terms with single poles, for the non-axion-coupled chiral algebras (i.e.
the chiral algebras generated by J, J and w, only), were determined in Zeng| [2023b]] using the (quite
different) method of homotopy transfer. The latter technique uses the presence of a homotopical algebra
that is inherent in twisted theories of cohomological type (see |Garner and Paquette [2023]] for pedagogical
lectures), like the holomorphic theories on twistor space that appear in this note. Because of the difference in
methods and perspective, the expressions of Zeng| [2023b] look at first sight quite different from the expres-
sions we find @ We have nonetheless checked that our overlapping results agree beautifully. In particular,
the recursion relation we derive from associativity in §2.4.3] gives the same solution as the A, relation

satisfied by the higher homotopical operations m,, of Zeng|[2023b] for the corresponding OPE coefficient.

2.4.3 Associativity is Enough

We now proceed to determine the coefficients of the OPEs in §2.4.2] It will turn out to be convenient to

express all of the coefficients as elementary functions of f (m) and then to find the exact solution for f(™).

Indeed, one of our goals for this note is to provide workmanlike formulas for the OPE coefficients that can be easily plugged
in to Mathematica for use in form factor computations.

51



21 21 22
: 22 = ‘ — ‘

Figure 2.7: We enforce associativity by enforcing this equality.

Compilation of key formulas

Our strategy is simple. We enforce associativity of the OPEs order-by-order in 4 by demanding that the

following identity holds for all choices of operators ¢1, @2, @3:

%22:2 dzozh ( j{m:l ¢1(z1)¢2(zz)> #3(0) = 7I{Z1=2 dz1¢1(21) ( f@ﬂ d22z§¢2(22)¢3(0)>
- (e }{2':2 dzo230(22) ( 7|i1=1 d21¢1(2’1)¢3(0)>

where | € Z>¢, and Fj is 1 if the operator ¢; is fermionic and O otherwise, the added factor (—1)F 152 g
relevant when we consider the case of adding matter content. This will fix the unknown coefficients of our

OPE corrections.

Writing the OPEs as

(z —w)"

$i(2)dj(w) ~ >

n>1

we find that, after performing the contour integrals, this equality reduces to:

{ord2h103tir = {o1{d203 i1 — (1) {da{p1d3}1 it (2.99)

It will also be convenient, from time to time, to rewrite the left-hand-side of this expression using the

identity:

_1\nAan—I—1
Z %{¢3{¢1¢2}1}n = {p1{p2s}ir1}1 — (=) {pa{p103}1 }i41- (2.100)

n>l+1 (n—1—1)!
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This is because we can use Wick’s theorem to easily evaluate OPEs between an operator and a normal-

ordered product (in that order):

(01760 1) = (o) f et =) 2 (5@t + (1P @)

21

:<y>2 Zgudz(z_w)l_l l{, da <{¢1¢2}n<x>¢3<w>+(_1)F1F2¢2<x>{¢1¢3}n<w>>

r—w (z —x)n (z —w)”
I —

-1
= (rdnhon: (w)+ ()P dafonoad @)+ 3 (1) (oroabidadin s (w)
n=1

This expression is particularly useful because charge under combined dilatation tells us that [ is at most

equal to 3. In practice, we will only need to consider [ = 1, 2, as we will see shortly.

It turns out that only the following choice of operators ¢1,¢2, ¢3 yield a non-trivial equality in (2.99):

¢1=¢2=¢3=J pi=¢;=J ¢pc{J,E F}.

To see that this is the case note that the only singular OPEs involving ¢y, are those with J, ie. ¢y (z)J(0).
This means that non-trivial associativity requirements can only be obtained from at least one of the operators
being J. The results of obtained from the rescaling symmetry tells us that the OPE ¢y (z).J(0) results
in a normal-ordered product of J, which in turn only has a singular OPEs with J. Therefore, we need at

least two of the operators to be J for a non-trivial equality.

We prove in Appendix that it is sufficient to consider the following associativity conditions:

{Ja[tl{Tp[r] Tels]}1 11 = {Tplr]{ Talt] Tels] Y1 b1 — {Tels]{Talt] To[r] }1 1 (2.101)

{Jalt] Jolri}rJelshr = {Ja[ti{Jplr]Jels] i} = {Jplri{ Jalt] Je[s] 31 11 (2.102)

53



{E[t{Jolr]Jels]ti = {Hlr{ Bl Jels] b b — {Je[sHElt]Jb[r] b b (2.103)
{FIt{Jolr]Jelsl}it = {{F T [r] b Jels] by + { J[r Lt Je[s]}1 (2.104)

{FIEI[r]Jels]hte = {blrl{Flt]Jelsl}obr = {Je[sH{Jblr] F[i]}1 }2. (2.105)

To understand why these five equations can fix our thirteen unknown coefficients, it is important to note
that some of these associativity conditions result in more than one meaningful equality. This is because
the coefficients of distinct operators cannot cancel one another, and therefore terms in the associativity
equations with different operator content should satisfy these relations independently of one another. The

operator content of each of these associativity conditions and the coefficients they fix are as follows:

- (m)
(2.101)) —-: Hj‘]ij : = f Associativity Equation

- (m) - (m)

cJy I Ji s = a L i s = e (m)

J YA

[@2.102) — ) - ) - ) o
:FHJ- Jij D=1 ZaEH]- Ji]. = 2EaJZ‘1 Hj Jij = hy

(m)  (m) (m)  (m) - (m)

[2:103) —: H]Jij: = j = f 2.104) —: HjJij: =1 - f 2.105) —: HJJZ-].: =k — f

where we have grouped ¢(™ and (™) into a single coefficient cg\m). It is convenient to separate them in

intermediate calculations, since they represent contributions from two different diagrams in although
they contribute to the same singular term in the OPE.
Finally, let us also denote bf\m) as the coefficient that combines the contributions from (™ and d(™). We can

fix bf\m) and ¢(™) using the invariance of the left-hand-side of the OPE under the exchange z > w followed
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by (a,t) <> (b, 7). Doing this, we find an expression relating bf\m) to cE\m):

. . (m) o
(g)l\) [kla ey km]zlb-nzm + (g)l\) [kb e km]zg"’tm = Ox [kla ) km]zlbmzm (2.106)
(t,7) (r,t) (tr)

(m) O w o
b [k ke K5 4 b e R, B
(t,r) (tr)

and an expression relating ¢(™ to hgm):

(m) G2 vim (m) ig- iy (m) B2 im
G Kty oo Kt )27 = by [kt ey 1] ™ 4 By (R e B ] (2.107)
(t,r) (t,r) (mt)

(m)

These equalities are sufficient to obtain b, and g™ Thus, all the unknown coefficients can be accounted

for with these relations.

We present some illustrative worked examples of the manipulations that determine these coefficients in

Appendix [2.4.6] In the next section, we will simply present the results of the computations.

m
OPE coefficients in terms of f

We make the following definitions:

Koy ™" = =y K gy i agam K 0 (2.108)
alt,k) =t2(k' +1) = ' (k* +1)  B(t) =t + ¢ (2.109)

Performing computations as in Appendix [2.4.6 for each equation in the set (2.101)-(2.105) (except one,
(m) (m)
which we will solve in the next subsection for f itself) fixes the coefficients in terms of the f (k1, ..., km41)

(t,r)
as follows

(m) P (m) iy-ei
(f)[kla---,km+l]all, = (f)(kla"'akm+l)Kaz mH
t,r t,r

The expression for the missing coefficients ¢, and the analogue in the matter sector will be presented in the published version.
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crkmp |y = f (k1,...,km+1)Kzl tmtl f (Ko, k1, ooy K1) B2 00

(&) (t,r)

(m) simnt

et (kay ey ks, k) K
(t,r)

okl = <a(t7 kl)(f)(kl + 1, k) ot — ko — 1, k1)(f)(k2, ki + 1, kmy1) + ..
v t,r

m+1

t_m Z klakl k2,...,]{,’m+1,k1 +1)>K;%Zm+l
77‘)
o Fog ]2 = —B(ky) <(f)(k:1, oo kma1) + (f)(k‘g, iy ooy kmg1) + -
t,r tor

-I—(f)(kz,... m+1’/€1)> :j)“imH
t,r

k] T = <5(—t)(f)(/€17 cooskmy1) + Blk2 +1 - t)(f)(kz,/ﬁ, oo k) +
t,r t,r
m+1 ( )
Z ki+m—t) f (ko ..., km+1,k1)> K2im
( r)
’i2"'im+1 (m) (m) i?"'im+1
"’km+1]ab = —ﬁ(k’l) (f)(kg,kl,...,km+1)+...+(f)(k2,...,k:m+1,k1) Kab —
t,r t,r

— B(k1) ((f)(ks,k:z, ki, oo kmy1) + o+ (f)(kg,kz, . km+17k1>>Ka‘}’,2 mil _
t,r e
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_/B(kl) f (k37"'7km+17k27k1>Kf37 e

(t,r)

(m) iy t,k (m) o

J [k17~--7km+1]b1 = — a( 1) f (kl,...,km+1)K11]K,i mtl
(t,r) 6@) (t—1,r) J

) i1 Blky + 1) () e
E e R & (2o D FACTS SR
) i1 (m) i

Ul e kel 70 = = f (Rt g ) KK
(tr) (i) 7

Associativity also requires that the following equation holds for any m:

(2.110)

(m) (m) (m)
f (klv"'akm-f-l) = f <k17"'7km+1)_ f (kl _ra"'ukm—i—l)
(r,t+s) (t+r,5) (t.s)
(m) mL (m—n) (n)
+ f Bty okmir =)= Y f (ke Bmens D) f (Rmentts s kg1
(Tvt) n=1 (Tvt) (l,S)
m—1 (m—n) (n)
+ ) f (ko bmgr) (1 k).
n=1 (t’s) (Tal)

where the coefficients need to also satisfy the following property:

(m) (m)
f kg1, k) = (=)™ f (k1y ooy kmg1)-
(r,t) (t,r)

This property of the coefficients comes from invariance of the left-hand-side of the OPE under the exchange

Im41°7%1

z <+ w followed by (a,t) <+ (b,r), where we use K" = (—1)"‘_11(;})'"i"‘+1 to compare the resulting

expressions. We will derive (2.110) in the next subsection and solve it in §2.4.3|and 2.4.3]
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(m)
A recursion relation for f

Consider the following associativity equation at order A™1/2:

{F ] TolrIhaJels] e + {[r{EF [t Jelsl e = {F[E{Js[r] Je[s]}2 11

Since the only non-trivial OPE F' has is with .J, it immediately follows that the right-hand side of this

equation vanishes. The left-hand side can easily be calculated, with the result:

St k=t trts—m

=t (m) . (m)
0= 3 Al 2( Ptk by = 1 [k = 8, R )2 4
5i>0 (t+r,s) (tr)
1>
m—1 n _ (m—n) ) ) m+1
Z z L N 1 ST S A S () ) H Ji, [k
n:l ls
_m . (m) : : .
Expressing ( l )(k:l, weeykm41) in terms of  f (ki, ..., k1) using §2.4.3| rearranging the terms, and using
t,r (t,r)
the following equalities:
Tmt1°701 m—1 71 Im+1 (m) m(m)
K, =(-1)" K, [ (ks e k1) = (=)™ f (k1, oy k1)
(r,¢) (t,r)
we obtain the following equation:
D A (m) (m)
0= Z ( f (kl,...,km+1)— f (kl,...,km+1)— f (kl—r,...,km+1)+
5 >0 (t+r,s) (r,t+s) (t,s)
>
(m) e (m-n) (n)
+ f bty by =)= Y f Bty kmns D) f (Bmg1ons oo kmg1)+
(r,t) ne1 (ryt) (1,s)
() (m—n) e il
- Z (f)(klv "'7k7l+1) (f) (lvkn—l—% oo Km1 ) " H Jzy
n=1 (sl t,s
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This equality can only hold if the coefficients satisfy (2.110).

Solving the recursion relation for m =1

We first find a closed-form expression for the one-loop coefficient f (1), to seed our recursion relation. The

recursion relation at m = 1 is:

(1) (1) (1) (1)

f k)= f (D)= f(k—=r0)+ f (k1—s)=0. (2.111)

(t+r,s) (r,t+s) (t,9) (r,t)

(1)

We first notice that setting 7 = ¢t = 0 and t = s = 0 immediately tells us that f (k,[) vanishes if r = 0 or
(r,t)

t=0.

Next, we will rearrange, fix s = 1, and relabel to obtain the following expression:

1) 1) (1)

1)
f (kal) = f (kvl) - f (k‘—?",l) + f (kal_s) (2112)
(r,t) (m—s,s) (t—s,s) (rjt—s)

with s = (1,0) or (0,1), m = (r' +t',72 + t?) = (m', m?P'] and we are considering only > 1. The
relabeling has restricted us to the range ¢ > 2 such that #* — s > 0. By specializing to s = (1,0) and
s = (0,1) and iteratively applying (2.112)), we find the following expression:

(1) t 1)

fn=>) f (KL E2 1 41— 5,17) (2.113)

D DU A G A S eV A S b
e (1)

+ f (k17k27l1_t1712+1_j)'
j; (Tl’mz_j)(o’l)

1)
where for convenience we’ve extended the definition of f, in particular, we define it to be equal to zero

whenever any of its indices 7, ', k, I* are negative.This expression is valid for all r and ¢, with the follow-

2'n this subsection, the loop counting parameter, which we have also been calling m, is set to 1, so we hope that there will be
no confusion with this new tuple variable.
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ing convention being used: 22:1 — 0.

This equation tells us that a coefficient at level n, where n = m! 4+ m?, is fixed by coefficients of level
(1) (1)
n* < n if we have obtained the coefficients of the form f and f . This means that if
(m!—1,m?)(1,0) (m',m2—1)(0,1)

we have an expression for these two special cases, we can use the value of the coefficients in the OPEs be-
(1)

tween the strong generators?2|to construct the whole tower of coefficients f . This is expected for abstract
(r,t)

representation theoretic reasons, and here we see this realized explicitly in formulas.

(1)
We will first use an inductive argument to obtain closed-form expressions for the coefficients f special-
(1)
ized to s = (1,0), (0, 1), and then use the result in (2.113) to determine the general coefficients f .
(rit)
1) (1)
Determining f & f by induction
(r1,r2)(1,0) (rt,r2)(0,1)
To determine what these coefficients should be, we start with (2.1T1):
(1) 1) 1) 1)
(r,t+s) (t,s) (r,t) (t+r,s)
1) 1) 1) (1) 1)
:_f(k_ral)+ f(kvl_3)+ f(k_tvl)_ f(k,l—8)+ f (k;)l)
(t,s) (r,t) (r,s) (t,r) (t,r+s)
1) 1) 1) (1) (1)
= - f (k‘-T,l)-F f (kvl_5)+ f (k_tvl)_ f (k7l_s)_ f (k_tal)
(t,s) (r,t) (r,s) (t,r) (s,7)
e 1)
+ fkl=r)+ [ (k1)
(t,s) (t+s,7)
This gives us the following identity:
1) (1) (1) (1) 1)
(t+s,r) (t+s,7) (t,9) (ryt) (r,s)
(1) 1) 1)
+ f(kil—9)+ f(k=t,)+ f (k,1—7).
(t,T) (s,r) (t,S)
2The strong generators of the chiral algebra are J[t] and J[t] with ¢ < 1. In particular, we have that the non-vanishing
coefficients are (Jl”) (0,0) = — (}) (0,0) = 553

(0,1)(1,0) (1,0)(0,1)
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Specializing to t = (m,n — 1),r = s = (0, 1), this equation gives us the following expression:

1) 1) 1) 1)
P+ f WK = f  (E-sD+  f (-sh). 2.116)
(m,n)(0,1) (m,n)(0,1) (m,n—1)(0,1) (m,n—1)(0,1)

Next, let us suppose that the following equalities hold for 7! + r2 < m + n in preparation for an inductive

argument:
O = (L) P R R ) -
(r1,r2)(1,0) ’ 1672 (7‘1 + r2 + 1)'k1'k2'l1'l2' '
Oy = (L) P R R ) .
(r1,r2)(0,1) ’ 1672 (’r‘l + r2 + 1)'k1'k2'l1'l2' ’

where 7%, k*,I° > 0 and the constraint k + [ = ¢ + 7 — 1 is satisfied. With this assumption, our identity

(2.116) simplifies to:

(1) (1) 1 m!n!(kl + /<:2)!(l1 + 12)!
k,l k)= — 2.119
(mjnl])l.(()’l)( ’ ) + (m7n{(0,1)( ’ ) <167T2> (m + n)‘kl'k2'll'l2' ( )
This suggests that we should look for a solution of the form:
1) -
(k) =ag(m,n)h(k,l)+a a (k1) (2.120)
(m,n)(0,1) (m,n)
such that
N m!n! - - Y+ k2N (1M 412
- N 1

Notice that a general solution to (2.119) so far allows for a possible second term parameterized by an unde-
termined function @(k, 1), though for the induction argument we want this to be zero; we will shortly show

that this is indeed the case using (2.111) in order to fix g, h inductively.
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(1)
It will now be convenient to use the following property of the f coefficients:

(1) (1)
o kLR =— f B EL . (2.123)

(7”1,7”2)(t1,t2) (7"2,7"1)(t27t1)

This property is a consequence of sly(C) 4 equivariance. Since the theory treats both indices in each label
equally, we expect the result of exchanging them both in each label to result in at most a sign difference.
The symmetry is a kinematical operation and should be the same for all coefficients at fixed loop order m;
therefore, we can determine the sign difference by knowing how the lowest-lying coefficient behaves under
this symmetry. For m = 1, the known ¢ +r = 2 coefficients immediately tell us that this operation produces
an overall minus sign. Note that this symmetry will only be used in this argument, so we make no mention

of it in later sections.

Applying this antisymmetry property to (2.119), we find the expression:

T ;T T Ty
(n,m{(l,o)(k )1 )+(n’m])‘(170)(l k) = —a CERSIE =T (2.124)

where the subscript T" denotes k7 = (k2,k'). Analogously to our previous expression (2.119), (2.124)

suggests that we seek a solution of the form

(1) .
£k ) =—agm,n)h(k)+a & (k1) (2.125)
(n,m)(1,0) (n,m)

where v has the same symmetry properties as f . (We will presently show v is zero).

The antisymmetry property (2.123) implies that the function ﬁ(kz, [) in our ansatze, (2.120) and (2.125),

must satisfy

h(k,1) = h(k",17). (2.126)

This follows since our so-far-undetermined functions % (k, [) and o(k, () are themselves constrained by anti-

symmetry.
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With this setup in hand, let us now run the inductive argument. With the assumption on the coefficients

for r' + 12 < m +n, (2.117) and (2.118)), we wish to show that the solution holds for 7! 4+ r? = m + n.

This will necessitate fixing g, h appropriately, and demonstrating the vanishing of @, v

To access and solve for the coefficients with 7! + 72 = m + n, we will use (2.112) with r = (m,0),

t=(0,n+1),and s = (0, 1), and then with r = (n + 1,0),¢ = (0,m), and s = (0, 1):

() (1) B

f (klak2allal2) = f (klakQal1>l2)+ f (klak;2al1,l2_1) (2127)
(m,0)(0,n+1) (m,n)(0,1) (m,0)(0,n)

) 1 7.2 41 42 ) 1 7.2 41 42 ) 1 7.2 41 42

£k R ) = £ R £ FR R 2 1),
(n+1,0)(0,m) (n+1,m—1)(0,1) (n+1,0)(0,m—1)

(1)
We can now use the antisymmetry property of the f coefficients, and then iteratively use both equations in

(2.127) to obtain:
W @) T T @) 2 1 1.2 71 @ 2 1 7.2 7.1
f (k?l)_ f (l >k; ): f (lalakak _1)_ f (l _1>l7k7k)
(mn)(0,1) (n+1 m—1)(0,1) (n+1,0)(0,m—1) (n,0)(0,m)
k41 (1)
—Z CGANESE ==Y f (P =1L R E 1),
=1 (e Lm— 1—3 (0,1) j=1 (n;m=3)(0,1)

Now, observe that all the terms on the right-hand side are of the form (2.118)), and the terms on the left-hand

side are of the form (2.120). Plugging in these expressions, performing the sum, and simplifying, we find:

(m—1'n 1, 22 91 27 - (m—=1)nl(14+ k' + £+ 12)!
e = 2.12
(m 1 )] ( + k' 241+ (kD) + CEIEEE (2.128)
with
F= a (ki o (T kD). 2.12
(mI,L )( )= (n—i—l?tm—l)( ) (2.129)
We thus find:
h(k,1) = Atk + RN AT (2.130)

(24 kL 4+ B2+ 18+ 12)EHE21M2!
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o (kD)= a (1% E". (2.131)
(m,n)( ) (n—l—l,m—l)( )

Therefore, we find that (2.120) and (2.125) match with (2.118)) and (2.117)), respectively, but with the addi-

tion of the function 7. (It is easy to show that @ (k,1) = — © (kT,i7) using the ansatze and (2.123).

(m,n) (n,m)

Finally, the easiest way to see that @ vanishes at level £ + r = m + n 4 1 is via explicit computation,
plugging in known coefficients at lower level into (Z.IT1). In particular, for this step we simply perform
a brute force computation at low levels and then infer the vanishing holds in general, and do not assume

(2.117)) and (2.118)). Consequently, v also vanishes.

Setting u to zero, we at last obtain:

(1) 11,.2) 1 2\1(71 AN

o) = < 1 2>r .rl.(lJ;k‘ +k‘1).(2l 1+2l )! (2.132)
(r1,r2)(1,0) 167 (T +r +1)!/€ 1£21111]21

) 11,.21 1 2171 4 72\

o =— L \r 21+ kK5I +1 ).’ (2.133)
(r1,r2)(0,1) 1672 (1"1 +r2 4+ 1)']{21']{72'l1'l2'

as desired.

The general one-loop result

1)
We can now finally insert (2.132) and (2.133) into (2.113) to solve for the coefficients f with completely

general parameters (r!,r2), (t!,¢?) and arguments (k!, k2), (11, 1?).

It is convenient to make the following definition first:

0(z)f(p) = a (2.134)

(1)
for f(p) any function. We will use this notation to account for the fact that the coefficients f (k,1) are
(rt)
identically zero if any of its indices are less than zero; this fact comes directly from the definition of the
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tower of generators as shown in Table

We also make the following definition:

i PR 1 rUr21(1 4+ kY 4 B2 + 12)!
m(r k1) = 00k O( )<16W2> < P 137 > (2.135)

1)
We thus find the following expression for [ (k,1):
(r;t)

(}) (k,1) = 0(r)Y0(tHO(ENO(I) S (r +t — 1 — k — 1) x (2.136)
(rt)

tl
X {Z <m(7‘1 +t1 —j,T2+t2;k1,k2,l1 +1_j7l2) _m(tl _j7t2;k1 —T17k2—T2,ll +]-_j7l2))

Jj=1

t2
— Zm(rl,TQ +¢2 —j;k:l,k:2,l1 —tl,l2 +1 —j)}
j=1

This is our desired result, from which we can completely fix the rest of the chiral algebra.

Solving the recursion relation for m > 1

We expect the J[r]J[t] OPE to receive no correction at order 2™ if t! + ¢ < m. This translates to the

(m)
following property of the coefficients f :

(m) - 1, 2 1, .2
f(kiyeskmy1) =0 if ¢ +t°<m or r +r*<m.
(rt)

This means that for m > 1, fixing s = (1,0) or (0,1) in the recursion relation gives us the following

expression:

(m) (m) (m—1) (1)

[ (ki oskmgr) = f (kiyoskmger —s) = f (ks kg1, ) f (B Brns1)
(r,t) (rit—s) (r,t—s) (L,s)

(m—1) 1)
+ (kla"'vkm) f (l,]{?erl)-
(r,0) (t—s,s)
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Iteratively applying the recursion relation, we find the following equality:

(m) £ (m-1) (1)
fookesbmal ==Y f [keskeel  f [kmi(kh 1 k)]
(rl,r2)(t1,t2) j:l (T17T2)(tl_jvt2) (l17l2)(170)
o m- &y ) L
Y lkeskal  f (kg + 1= G k)]
j:l (7'177'2)(117[2) (tlfj’tZ)(lvo)
o mo M L ,
_Z f [k17>km—17l] f [kmv(km+1 t 7km+1+1_.7)]
j:l (Tl’rz)(oftQ_j) (11112)(0’1)

Beginning with our expression (2.136) for m = 1, this can be solved at arbitrary loop order. In particular,
this equation tells us that the coefficients at order m can be fully determined by the m = 1 coefficients,
which in turn are all fixed by the ¢ + r = 2 one-loop corrections. We thus find that the OPE one-loop correc-
tions to the OPEs between the strong generators of the chiral algebra fully determines all OPE corrections
to the chiral algebra.

(m)

f also admits a more representation-theoretic closed-form expression as in (10.11) of |Zeng [2023b]. We

reproduce the formula here. We first make the following definitions:

=3 ) =04t mi =) me= (- r?)

ji = %(kzl + ]‘%2) m; = _%(kzl - k'?) Iy = Zf:ljk M;, = Zf:lﬁk (2.137)
. = . . i—m)!(j !

Je=Jo+Jk a=0  amp=2p-m N(m)= %

The formula is as followsE]

(24, — 14 3)(2), + 1201 — 2ai-1 + 1) y

(t.r)
(mm+2)(k1, wkm1) Za E 2]2—l+2—al 1)(2]1 1+l—1—CLl 1)

(2.138)

- N(j{, m o, M. T o, —
% 2]2+1—m< (j1, m1)N(jy 2)>erigjlnff;]21+$llx

[T NG;, m)

We correct a small sign error in(Zeng|[2023b|): for m = 1, the correct expression can be obtained by multiplying by sign(¢'r* —
t?r1) when t'r? — t*r! is non-zero.
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m+1 T k—1 . k—1 _
o1+ o= "5 Jk-1—ak Je—1—ar—1.j5 Tk —ak
I "
< mo+My_1,My,ma+My
k=2

Ik —ak Jk T+ 5L
i . ap a2 az| . . .
where CJHlllQm2M are the Clebsch-Gordan coefficients and is the Wigner 6j symbol.
b1 b2 b3

(m)
The relationship between (m,,+2) and f is then given by:

(m)

J k) = — (M) (2.139)

2.4.4 Including Ordinary Matter

By including additional matter content in a representation R of g, we can cancel the gauge anomaly more

generally if the following trace identity holds |Costello| [2023]]:

Tragy(X*) = Trr(X") = A £ Trnn(X?)° (2.140)
for a proportionality constant Ay g. We make the definition 5\97 R =g 2;\1,")’55. In some special cases with

fundamental matter, like SU(2) with Ny = 8 or SU(3) with Ny = 9, the axion decouples completely

(Ag,r = 0) and anomaly cancellation is satisfied simply via Trygj(X?) = Trr(X?).

As in |Costello| [2023]], whose notation we will also closely follow, we can immediately generalize our
previous formulas for the OPE §2.4.2] by using a superfield formalism that replaces the Lie algebra g —
gr = g & IR, where 11 denotes a fermionic parity shift of the matter. In particular, we can simply replace
the usual Lie algebra structure constants with structure constants of gp in our formulas; a, b will continue to
denote the gauge indices of g, while indices 7, 7 span a basis of R; in particular, the new structure constants

gga encode the action of g on R.

More precisely, let e; denote a basis of R and e’ a basis for the dual. We write gga = —<ej ,a€i), SO
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Generator Field | Scaling Dimension Spin Combined Dilatation | Weight
J[tl,tz],tizo A —(t1+t2) 1—% 1 0
Jlt1,ta], t; >0 B —(ti+ta+2) | -1-40tk 0 1

Elti,ta], t1 +ta>11] 7 —(t1 + t2) —hik 0 1/2
F[tl,tQ],tiZO n —(t1—|—t2+2) —% 1 1/2
M;[t1,to], t; >0 Vi | —(t1+ta+1/2) =h=h 3/4 1/2
Mj[tl,tg],tizo wz —(t1+t2—|—3/2) —H_tl%b 1/4 1/2

Table 2.4: Extended chiral algebra operators when coupled to matter. We display the 6d fields to which
they couple and their quantum numbers, in the same notation as in Table @

that f7, and gfa are the structure constants of gr. The Killing form K continues to refer to the invariant

pairing on g only. Finally, we will replace ;\g with 5\97 R

Likewise, the gauge theory with matter has a lift to twistor space given by holomorphic BF theory valued
in the Lie superalgebra gr(—1), where the (—1) factor denotes a twist of R by the line bundle O(—1). In
particular, the 6d fields include positive-helicity fermions 1; € Q%! (PT, R ® O(—1)) and negative-helicity
fermions ¥ € QUY(PT, g ® O(—3)); see Costello|[2023] for more details.

The inclusion of ordinary matter means that our 2d chiral algebra acquires two additional towers of op-

erators M;[t], M;[r]. We present their quantum numbers in Table

New Tree-Level OPEs

We first reproduce the tree-level OPEs for the chiral algebra extended by matter (Costello| [2023]]:

M;[t](2)Ja[r](0) ~ %gZan [t 4 7](0) (2.141)
FE{e)(2)alr)(0) ~ Zgl, Ny lt + 7](0) .14
Mift)(2)M;[r](0) ~ — g Jalt +71(0) (2.143)

These OPEs are in addition to the singular tree-level OPEs of §2.2.3]
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N
N

Figure 2.8: The cancellation of the gauge anomaly of these diagrams results in additional corrections to the
OPEs of the operators in the chiral algebra with matter

New Diagrams

The methods of section §2.4.2]are still valid. We now let n5 be the number of M defect operators, and ng
the number of M operators. We modify all equations by ns + ng — ns + ng4 + ns + ng, except for the
constraint on s. Explicitly,

ng + ng +ns + ng S+ mn3 +ng + ns + ng

w=ng+ 5 1>N—-—m>wio+ 5 > 0. (2.144)

Considering all allowed cases, we find that the only new diagrams are those of Figure[2.8] In particular, only
the JJ OPE gets deformed by the inclusion of matter. Note that combined dilatation rules out some of the

resulting cases.

General OPE Corrections

As an expansion in £, the additional higher-order OPE corrections of the 2d chiral algebra with matter are:

12;”;’11 kj=t+r—m (m) m—+1
m (m d3-dymt1,i] ~ ~
Ja[t](2) Jo[r](0) ~ 2 > W™ (K e kol Y Mk | M [Ro) T Ja, k] -
m>1 ki>0 (tr) j=3
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>y kj=ttr—m

1 (m) 1(m
+ Z hm <2 b* [kl, ,km]gll) dm + *(C*) [kl, ’km]ill)

m>1 k; >0 27 (t,r) 2 (t,r)
Z;n:ﬁl kj=t4+r—m m) m—+1
m do iy 1, =
Mi[t](2)Jo[r](0) ~ — > A T I e VA N AL
m>1 ki>0 (t.r) j=2
1Z;nz+11 kj=t+r—m (m) ' m+1
MBI ~ = X e e kg k) TT )
m>1 ki>0 (t.r) j=2

. Z;’:il kj=t+r—m (m) me+1

~ m di---dm ~

Mift)(2)M;[r](0) ~ — Y W™ D [k s k|5 T Ty ]
m>1 k>0 (t.r) j=1

Note that, exactly as in |Costello and Paquette, [2022a], the one-loop OPEs of the strong generators of this

extended algebra were obtained in [Costello| [2023]]. We reproduce and generalize these results.

Additional Associativity Conditions

The minimal set of non-trivial associativity conditions that need to be satisfied is expanded by the emergence

of:

{M;[s{Ja[t] Jo[r]}1i 1 = {Ja[tl{M;[s]Jp[r]}1 1 — {J[r[{M;[s] Ja[t]}1 1

{Mi[s{Ja[t) To[r1} 11 = {JaltH{Mils] T[]} }e — {To[rH{ Mils] Jalt] 1}

{Je[sHM M)} 1}y = —{MG LML) Telsh by — {Malr]{M; [t Je[s]}a

where we have used the same arguments as before to reduce the number of equations.
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The fact that none of these associativity conditions couple matter fields to the axion towers readily follow
from the general OPE corrections. In particular, M and M have trivial OPEs with J, E and F'. However,

the associativity condition (2.101)) picks up extra terms coming from the deformation of the J.J OPE.

To easily solve for the unknown coefficients, we can set s = 0 in the first two equations of this list, and in the
third » = 0. Note that the second equation in this list results in the same equation as the first, immediately
giving us the equality:

(m) (m)

(e*)[k‘l, B (d*)[kl, ooy b ]y (2.148)
t,r t,r

Solving the associativity equations analogously to the examples presented in Appendix [2.4.6] we find the

following expressions for the unknown coefficients:

m s (m) iiden (m) idee ,
((a*))[kl’ okl = (f)[klw--,kmﬂ]Gjde et (f)[k?b o B, g Gl
t,r t,r t,r

+ f [kQ’kl""km+1]Gzlzl)d3 1 +...+ f [k37k13"'7km+1ak2]GZz dm 1] 4 ...
(t,r) (t,r)

(m) e i (m) .
+ 'f [kQ’ T karl’ kl]Gf;Zg At +.ot f [k37 ) km+1a k27 kl]GZ?) dt1]
(t,r) (t,r)

(m) PN o (m)
Ao [k, ooy ko1l = F [y K JGR2 T L f

[k, oo o, G4
(t,r) (t,r) 2,

(m) (m)
T R TS AW i s

(&) Y (t.r)
where ngd:*'“dm“ is a generalization of Kj;'“dm“ (2.108)). Instead of having a combination of only struc-
ture constants f7, we now have a combination which also includes gga. The upper and lower indices of
fobdg"'dm“ determine precisely which combination of f, g appears, which we will explain presently. No-

tice that our results agree with the one-loop results derived in (3.6) of |(Costello| [2023]]. Except for this Lie

algebra information, we emphasize that these coefficients are basically identical to their counterparts in the
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axion-coupled theory without additional matter.

We define K% = k4%, where r is a normalization constant which we defined in Appendix The

easiest way to determine the composition of f, g that constitute ngd?’mdm“

is by going left to right start-
ing with the first two indices: the first upper index and the first bottom index. These two indices determine
which structure constant appears first. The remaining unfixed index of that structure constant and the second
upper index of G determines the next structure constant, and so on. Then, add as many K’s as you need to

contract the unfixed indices, in the same way as in Kg"im“. Carrying this out fully fixes the definition of

G. To illustrate, we present a few explicit examples:

o pedije b 0 jd2 _ yreiea j  pdo
Gy, = K]Mzgajlgbjg Gy = K"%g foe,
ijds _ yojije poeie i 0 ds Jdsi _ grjije redzda J ods i
Gab =K K Yaj19jse; fbez Gab = KK 9ajr 95253 Ibja

2.4.5 Proof of the sufficiency of (2.101)-(2.105]

In this appendix, we will prove that the equations (2.101)-(2.103) constitute a minimal set of associativity

equations to be solved, which contain all the information about our chiral algebra.

Naively, the non-trivial associativity conditions that need to be satisfied are:

Halt] Jo[rlhrdels] i = {Jaltl{ Jo[r]Je[s] b1t — {Jplr{Jalt] Je[s]}1 11 (2.149)
{{JaltlJo[r]}1Je[s]}e = {Jaltl{ Jo[r]Je[s]}2}1 — {Jolr[{ Jalt] Je[s]}1 }2 (2.150)
{Jaltl T [rI}1 el = {Taltl{Tolr] Je[s]}1 11 — {lr]{ Jalt] Jels] 1 ha (2.151)
{{Taltl ol 1 Telsl b = {Jaltl{Tplr) Jels]} i} — {TolrH{ Jalt] els] 31 o (2.152)
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{alt) 1 Telshhy = {Jaltl{ T[] Jels] b} — {Tolr{ Jalt] Jels]} 1 ha (2.153)

HEMDlr b1 Jelslh = {E[H{Jlr] Jels| b} = {S[r{E[t] Je[s] 1 1 (2.154)
LB 1 Jels]h = {JultHE[r]Jels]h b — {E[ri{Jalt] Je[s]}1 1 (2.155)
{Jalt]Tolr 11 Els]hr = {Ja[ti{J[r]Els]}1 11 = {[r{Jalt] Els]}1 11 (2.156)
{Ft]TlrhrJels] i = {F I [r) Je[s] by — {J[r{F [t Je[s]}1 (2.157)
{Iult]F I Jelslh = {Jaltl{Flr]Je[sl}i b — {Flr{Ja[t] Je[s]}1 11 (2.158)
{altl B[] Flslbh = {Jalt{D[r] Flsl}i b — {J[ri{ Jalt] Fls]}1 11 (2.159)
HEE [Tt Jelslye = {F[U{Jplr]Je[sl}2 b1 = {Jp[r{F[t] Je[s]}1 )2 (2.160)
{Ialt]Flri}iJelsl}e = {Jalti{Flr]Je[s]}o}r = {F[r{Jalt}Je[s] }1 }2 (2.161)
{Laltl B[] 1 Flsl}e = {Jalti{ ] Flsl}2br — {Jp[r{ Ja[t}F[s]}1}2 (2.162)

where we have merely listed all non-trivial possibilities for ¢1, ¢2, ¢3. This is enough to make even the

bravest graduate student hesitate, but happily there are many redundancies.

By taking into account the charge of these operators under combined dilatations we can reduce the number
of conditions that need to be checked to the set (2.101)-(2.105)). In particular, we will make use of the fact

that if 6,,, 6,, have charge m, n under combined dilatations, then {6,,0,, }; has charge m +n — [.
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Now, let 6 be an operator of charge 0 under combined dilatations (i.e. J,E), and suppose that the following

equalities have been established for the chiral algebra:

{Jaltl[r] b1 delslh = {Jaltl{ Jo[r) Jels] bt = {Tplr{Jalt] Jels]}1 1 (2.163)
H{Jaltl[r]110lsl e = {Jalti{Jlr]0ls] 11 11 = {IlrI{ Jalt]O]s]}1 11 (2.164)
{F ] TelrhaJels] i = {F[E{p[r)Jels] 11 = {J[r{F [t Je[s]}1 1 (2.165)
L F I Jelslte = {Julti{F[r] Jelsl}a b — {F[r]{Ja[t] Je[s]}1}2 (2.166)

We first show that (2.163) implies (2.150). To do this, we start with (2.163)), we use the charge of the terms
to exchange z <+ w per the standard OPE manipulation. Some elementary manipulations and canceling

terms then gives (2.150). Explicitly:

LHS = —{Jc[s|{ Ja[t]Jo[r]}1}1 + O{{Jalt] Jo[r]}1Jc[s] }2

= {alt]Jelslti o[t = {Jalti{Jels] Tolrl}itr + O Jalt] Jo[r]}1 Je[s] )2

RHS = —{Jo[t]{Je[s]p[r]}1}1 + {Ja[tO{Tu[r] Je[s] o t1 + {{alt] Jels]} Tolr] 11 — O{Tp[r]{Jalt] Je[s]}1 }2

=HJalt]le[sTtadolrt = {Jalti{Jels] To[rI}tr + O Jaltl{Jo[r] Jels]}ota — O{Jp[rI{ Ja[t] Je[s]}1 }2

This gives us the equality

H{Jalt] Jo[rI}rJels]}e = O Jaltl{Jolr] Jelsl}ots — O{Jblr){ Jalt] Je[s]}1 }o.
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The overall derivative can only act on the resulting defect operators and annihilates none of them, so we can

simply drop it and recover [2.150}

We now show that (2.164) implies (2.151) (taking 6 = J) and (2.154) (taking @ = E) and similarly implies
(2.152), (2.155). To do this, we first show that (2.164) implies (Z.151)), (2.154), and then we show that
[ETST), @T53) imply (T52). (ZT53). To wit:

I @164 = @I51), 2.154):

{OlJb[r] 1 Jels] b = —{Je[sH{O[t) Jb[r] 11 1

= {Jelsl{Jp[r0ft]}1 11

= {Jels] BolrIh0[t}1 + {Sp[r{ Je[sl0[t]}1 11

= {00t Ilr]Jels]ta s = {[rI{O[] Je[s]}i }a-

2. @164 — @.I52), 2.I53):

{Jaltl0lr]}1 Jelsl} = —{{0[r) Jalt]}1 Jels] 1

= {Jaltl{Or]Jels]}1 b1 — {01 I{ Ja[t] Je[s] 1 11

To conclude the proof, we will next show that (2.163)) implies (2.158)) and (2.160); (2.166) implies (2.162);
and (2.165)), together with (2.166)), imply the remaining equation (2.159).

75



I @T63) — EI58)

{Jalt{F[rlJelslhi b = {F[ri{Jalt] Jels]}i }r = —{H{F[r]Jalt]}1 Jels] 1

= {Jalt]Flrl}1Jelslts = {0 Jalt] Flr]} Je[s] 1

= {Jalt]Elrl}1Jels] 1

2. 165 = [2.160):

Start with (2.163).

LHS = —{Je[s{F[t]o[r]}1}1 + O{{Ft] Jolr]}1Jels]}o

RHS = {F[t]{Jy[r]Je[s]}1}1 + {{EF[t]Je[sl}1p[r]}1 — OLLFE Jels] 31 J[r] }2

= —{F[{Jels]lr}i by + {F[HO{D[r] Je[s] o ta + {{EF ] Je[s]} 1 Jolr]hs — OL{F[H] Jels] b Jolr] b2

This gives us the equality

O{F[t]Jo[r]}1Jels] e = OLF[{Jp[r] Jels] ot — {Jp[r{F[t] Je[s]}1 }2.
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Dropping the overall derivative, we obtain[2.160} 3. (2.166) — (2.162):

{Jalt] To[r]}1 Fls]}e = {Fsl{Jalt]Jo[r]}1}2

= {Jaltl{Flsl[r]}ot1 — {{Jalt}F[s]}1Jo[r]}o

= {Jaltl{Jo[r]F[s]}2}1 = {Jolr{Jalt] Fs]}1}2

4. 2163) and 2.166) = @2.159):
We will expand the left-hand-side and the right-hand-side of (2.159) and, using the two parent identities,

show that they agree.

LHS = —{F[t{Js[r]Je[s]}1}1 + O{F[{Jolr]Je[s]}1}o

RHS = —{Jy[r]{F[t]Je[s]}1}1 + {Je[sH{F[t] Tp[r]}1 }1 + {Tp[r]O{F[t] Je[s]}2 }1 — {Je[s]O{F[t] Jo[r] }2 1

= —{Blrf{F [t Jelslti by + {Te[sHE [ T[]} b + O{ S lr{F [t Jels] oty — O{Je[sH{F [t Jb[r]} 2}

Rearranging,

(I FITe[s]h b = {FELR sl — (T sHEE A =

= LBl Jels]yoh — OLI[SI{F ) blrT}ot — OLFIA{ T[] els]} )
Expanding out both sides,

LHS = —{{F[]J,[r]}1 Je[s]}1 — {J[s{ F[)p[r]}1 11 = —0{{F[t] Jo[r]}1Tc[s]}2
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RHS = 0{{J,[r]F[t]}1Jc[s]}2 — O{J[s|{F[t]Jo[r]}2}1

= —OUF[tDlrl}rJelsl} + 0{0{ o[ F'[t] o Jelsl}a — O{Je[s{F[t]Jo[r]}o}s

= —OUF [ D[rl}Jelsl}e — O{{EF [t Jp[r]}adels]hr — O{Je[sH [l Jo[r]}o

= —O{F[t]Jo[rI}1Jelsl}e + O{Jels{ F[t] Jolr] ot — O{Je[sH{HE[t]Jo[r]}a}a

= —0{{F[t) Jo[r]}1Je[s]}2

We thus find that both sides agree, meaning that (2.159) holds.

Putting this together, the remaining independent equalities are precisely those in (2.101)-(2.103):

{Jaltllr]hrdelslh = {Jaltl{ Jo[r]Jels] bt = {Ilr{Jalt] Jels]}1 1

{{Jalt] Tl b el = {Jalt{Tplr) Jelsl} b — {Tolr{ Jalt]Jels]}1 11

Halt] 1} Elslh = {JatH{ DM E[s]}1 11 — {Jolrl{ Jalt] E[s]}1 11

[Tt Jelslh = {F[{[r] Jelsl}itr = {T[rl{F'[t] Je[s]}1 11

{Jalt]Flri}iJels]}e = {Ja[ti{Flr]Je[s]}o}1 = {F[r{Jalt} Je[s]}1 }2

This completes the proof.
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2.4.6 Sample associativity computations

(m)
We present in this appendix several sample derivations of the OPE coefficients, in terms of f , that we

presented in §2.4.3] Since there is much repetition in these computations, we restrict ourselves to presenting
several illuminating examples; we present them in decreasing order of straightforwardness, with the most
intricate example displayed last.

(m)
Determination of |

(m)

We will first determine the coefficient [ , which governs the following single-pole term in the F'.J OPE:

+1 _
Z;-":l kj=t+r—m m+1

. (m)
F[t](2)Jp[r](0) ~ Z Aghm+%C(tlr)[k;l,...,k:mﬂ Ja ’m“a) HJ” S (2.167)

m>1 k;ZO

Consider (2 with s = 0. We expand both sides of the equation.

Z;n:tl kj=t+r—m (m) m—+1
LHS = > Mgh™ 2 1 [ty oo K 12 lm“f“ : H AITE (2.168)
m>1 k;’zo ()

Z;n:ﬁl kj=t+r—m m—+1
RHS = — > At f [ty vooy Ko |40 H (2.169)
m>1 ki>0 (t.r) j=1

Comparing both sides, we immediately obtain:

(m) iqeni (m) 1§ 2
(tlT)[kl,...,ka]bl ml — —(tf)[kl,...,km+1]K“]Kji L (2.170)

. L. (m)
Determination of «

The coefficient (Tg) appears in the following term of the J.JJ OPE:

Z;n:+11 kj=t+r—m (m) o m+1
Tal)(2)Blr)(0) ~ - 3 hm(ta)[kl, S s AR I AL
m>1 k>0 " Jj=2
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We first show that the following equality holds for m > 1, where K "-Im i defined in (2.108):

Ki1"'im+1 j

ju Ll = T e BT L KT 2.171)

To do this, we use induction on m. Note that for the algebras of interest, the Killing form K, can always
be brought to a form o d4. Let k denote the proportionality constant. This will allow us to use the Jacobi

identity.

. i1de pj _ poj1je £i1 pio J1j2 gi2 pi1 ¢J J1J2 £i2 J
Base Case: K, oy =K fmfa]2 =K f(mf fbj1 + K fahf fhc (2.172)
Ji2 11 J1 i1 7
Kba 0] 7I{fb fcj1fja7,i b]fJ]1 aé

. Jio 11 11] pio 1112 £j
- Kba cj + K cj + ij act

Therefore, the statement holds for m = 1.

Inductive Step: K” ml gb = K;;l i ] ijf;;;“ (2.173)
i +im i1 im—1] pim m £ im
(ijf 11 + ..+ Kb;l 1] pt + K21 R JIC)K31]2fa]2+1

K]ZQ 74m+1f’b1_'_ +K]12 ]1m+1 lm KJK” “Tm ] flm+1

cj Jjicdaji

:Klj)lz---lm+1fz1 4. +K21 “imJ lm+1 —i—K“ 41 7
a

ac*

Thus, the statement holds.

We now consider associativity condition (2.101)) with s = 0. We expand both sides of the equation.

Z;"jll kj=t+r—m mal
LHS = Z hm((t ))[kl,...,kmﬂ]f;f Tmt i H Ji; k5] : (2.174)
m>1 k;izo "
Sy ky=ter—m —
RHS = — Z W f Tk k| K KL im gl H AIE (2.175)
m>1 k>0 ()
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Z;H:J’il kj=t+r—m (m o m—+1
+ > R f Tkt e B VK L T s eg)
m>1 ki>0 (t.r) j=1

ST kj=ttr—m

oy () g (™ it o m+l
- Z h ( f {kl’ R km+1] + (71) f [km+1a ceey kl])Kja m b . H Jij [k‘]] :
m>1 k>0 (r?) (t.r) o
i ky=tirom y (m) o m
+ Z R f [k, ..., km+1]‘;22---lm+l + .o+ f k2, ks, kl]zzb---@mﬂj)fé; : H J’ij k]
m>1 k;-ZO (t,r) (t,r) e

where we have used (2.171)) to simplify the right-hand-side.

Comparing both sides and matching the coefficients of the terms with structure constant fczj1 we finally

obtain:

(m)

kl’ e km+1]a1b = f [li EE) km+1]a1b m +.t f [k27 L3) k’m-‘rlv kl];b m
&) (t.r) (t7)

(73) [

‘ (m)
We also find, by examining the coefficients of the terms with f7,, that f satisfy the following relation:

(m) (m)
F et o) = (S1™ f Ty, o b (2.176)
(ry) (t,r)

o (m)
Determination of ;

(m)
The coefficient j that we will next determine appears in the OPE

m+1
. S kj=t+r—m—1 _—

E[t](2)B[r](0) ~ = > xgnm%(?) [, eoes b ]y T s, ] - -

z v .
m>1 ki>0 (&) j=1

The form of the axion interaction, n.A0.A, tells us that the vertex factor is proportional to that of B.A?
(after stripping away the Lie algebra information), with the proportionality constant some function of the
momentum variables. Since the external legs of the diagrams in Figure [2.9]do not contribute propagators,

this means that we should expect the contribution of the diagram with external legs 1 and J to be proportional
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to the contribution of the diagram with external legs 3 and A upon replacing E[t] — J[t — 1], where we

have matched the quantum numbers spin and scaling dimension in an sls(C)_-invariant way. Explicitly,

(m) ( (m)

k m)
J [kl,...,/{m+1] = q [t,?“, kl,...,km+1] f [k’l,...,k‘m+1], (2177)
(t,?”) (t—l,’l”)

. (m) .
for some expression ¢  we have yet to determine.

It turns out that we can fix (T(;) directly from the tree-level OPEs, since the tree-level diagrams encode

the vertex factor proportionality constant we mentioned above:

(m) a(t, k
using the definitions (2.109)), and we thus obtain:
G [y ooy Ko ] = —<a( ! 1)> Foo(kty oo by ) KT K 270 (2.179)
(t,r) 6(1:) (t—1,r) J

We can plug this solution into (2.103) order by order in m to verify that the associativity condition holds.
To illustrate, we work this out explicitly for m = 1 and m = 2. Note that this process can be continued
to higher order in m, but the structure of the diagrams do not change, meaning that going beyond m > 2
yields no new dynamics but the difficulty of showing that the solutions hold increases significantly due to

the proliferation of terms and Lie algebra indices. Similar comments apply for other coefficients. m=1

2 kj=t+rts—2

(1) 117 tk ’LZ 2
s— 5 (7 sl - (R) B ”)H

t,r+s)

k;ﬁzo
Z?:l kj=t+r4+s—2
. ( ) ]112 (1) 'Ll]l
RHS — 3 J [kr—r kel for 4+ 5 [kn ke — ]2 f2)
k’;ZO (t 5) (tv )
(1) (1) 2 _ 261 (1)
— J [k — s, kol [k, Ry — )0 £ — () P
(t,r) I ( r) . th 12 ) gsm1)
A2 42,1 (1) 2
| = (o1, Ko}
< th+ 2 )(t+rf1 5) bR ) 1;[
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Manipulating indices, this reduces to:
Sy kj=ttrts—2 0 0 n
0= > ( g lkeska] = G [k kel + G [k — ko] (2.180)

k>0 trts) (t.7+5) (19)

) 1) 1) thr? — 21 1
+ [kl’kQ - ‘9] - J [kQ)kl _T] - J [k2 - Sakl] + ()( f [kl,kg]

(tr) (t,s) (tr) th+ 2 t+r—1,s)
tl 2 t2 1 (1) (t kl) (1)
t1+t2 ) t+s]i1r)[k2’k1] (t1+t )(f)[k1+1t’k2]
2
at,ke)) 1) ivi
- (t1+t2 >(r£)[k1’k2+1_t Fae™ 1:[
Using (2.110), it is easy to see this equation is satisfied.
m=2
i kj=ttr+s—3
(2) i1i04 ]1 () 1z3() 1%
LHS = > g [k, ko, ksl [ ksl [y, kol it (2.181)
k‘i>0 (t7T+8) ( ) s
j_
3
a(t, k1) @ Jiai
_<t1+t2>(m)[1€1+1 t ko, ks 123) H
Z?Zl kj=t+r+s—3
( ) 227 ( ) 11J183 £
RHS = Z ( )[k:l—T‘ k‘2,k‘3]]l23 —|—(])[k‘1,k‘2—7‘ ks’ 171 3f2 (2.182)
1 t S t.s
k>0
() i ot 1) (@) i
T )[kl’ oo kg =™ fog, = ‘@ >[l’ Fale B(Zf)[kl’ kol
(1) . 55 (}) o, g2 (tlsz - t231> (}) oy, o, g0
(t?s) A e R N
2 2)
- (tj)[kl = s ke R} 0 i )[kl’k2 s, ksl 5,
(2) 1192J1 £i 1 ) Jiiz 1192
— J k1 ko, kg — sl 2 3+ G (ks f [k, kol
(t.r) (t,r) (1,5)
(1) tir? — 2! @)
5 a7 (ko + () P lhka ki )
(tr) (L) ! 82 ) r-1,s) ]1;[1
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Manipulating the indices through repeated use of the Jacobi identity, we find that this simplifies to the

following expression:

Z? 1 kj=t+r+s—3 @ @ @

0= > Jo (ki kasks]+ G (ks ko, k] — G [ka, ks, ki (2.183)
k>0 (t,r+s) (t,r+s) (t,r+s)
i>
(2) (2) 2 (2)
— J [ke, ki ksl — j (ki —r ko k3]l + § [ke,ky —r k3] 4+ j [ko, ks, k1 — 7]
(t,r+s) (t,9) (t,9) (t,9)
(2 (2) (2) 2
— j ks ko, kv — 7]+ j [ko, ks — s, ki) — J [ks — s, ko, k1] — j [ki, k2, ks — 5]
(t,s) (t,r) (t,r) (t,r)
) o o o
+ J [ka ki ks —s)— j [l ks] f ke k1]l + 7 [ks, 0] f [k, k1]l — 3 [L, k1] f [ko, k3]
(t,r) (t,s) L,r) (t,9) (L,r) (t,r) (1,8)
o ) o) o) o) ) o)
+ J [k, 1) f k2, ks] — J (ko ks] f [k1, 0]+ § [ks ko] f k1, 0] — j [k1, ko] f I, ks3]
(t,r) (1,8) (t,0) (r,s) (1) (r,s) ) (r,s)
1) (1) g2 _ g2l (2) 2 2,0 (2)
i ko, K L.k _ ks, ko, k —_— ki, ko, k
+(£7,l)[ > 1](7{:)[, 2 ( th+¢2 )(t+sf1,r)[ b ] ¥ ( th+12 )(t+rf1,s)[ 1 hzs
Oé(t, k‘l) (2 (t kz) (2)
+ <t1—|—t2>(r{c)[k +1—t, kg,kg] a1 (f)[kl,kg—i-l t, kg]
Oé(t, k3) (2) 11921, ]
1 K 11243 .
# (G0 bt 1) L
(m)

Fix k1, k2, k3 such that Z?:l k; = t+r+s— 3, and insert the expression for j . Grouping terms, we find:

(2) (2) (2)
0=a(t k) < — f ki ke, ksl +  f (k1 — ko, k3] + f k1, ko, k3 — 5] (2.184)
(t—1,r+s) (t—1,s) (t—1,r)
(2) (1) (1) (1) 1)
=Pt tkakd = Ut F ekl F ko] F g k3]>
(r,s) (t—1,r) (,s) ) (r,s
(2 (2) (2
aft, k‘2)< [ (ko ks ko] +  f (ko ki ks3] —  f [k ki — 7 k3]
(t—1,r+s) (t—1,r+s) (t—1,s)
@ (@) @) @
— f lke,ks, kv —r]— f [ke,ks—s,ki]l— f [ke,ks,kv—7r]— f [ko,ki,ks— s]
(t—1,s) (t—1,r) (t—1,8) (t—1,r)
(2) (1) (1) (1) (1)
P ket 1tk F Deaks] F el — f ekl £ [ k3])
(r,s) (t=1,0) (r,s) (t,0) (r,s)
(2) (2) (2)
a(t, ks) < — f lks,ke, kil + f [k3—s ko ki) f (ks ko, ki — ]
(t—1,r+s) (t—1,r) (t—1,s)
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Figure 2.9: Illustration of the flow of momentum.

(2) (1) 1) 1) 1)
- -tk = (k] S ]+ f Bk S )
(s,r) (t—1,s) (L,r) () (s,7)
911 1,19 1) 1) o1 Lo (1) (1)
+ @+ -t +1) f [Lks] f (ke ka] + (70 +1) =t (5+1)) f [Lka] [ [ko, k3]
(t—1,s) (L,r) (t—1,r) (,s)
(2) (2)

+ (tQT‘l — t17"2) ( f [kla k?) k3] - f [kl - kQ’ k3]>
(t+r—1,s) (t=1,8)

2) )

(
+(t281 —t1$2) <( fl )[kg,kz,k‘ﬂ - ( fll )[k‘3—8,/€2,k‘1]>
t+s—1,r t—1,r

Using (2.110), we can show that the right-hand-side vanishes, thus the associativity condition is satisfied.

(m)
The methods for determining % are identical to the ones used in this section, so we omit those details.

.. (m)
Determination of i

(m)
Let us next determine ¢ , which comes from the following term in the J.J OPE:

Z;":le kj=t+r—m-—1

. 11 (m) i mAl
Ja[t](2) Jy[r](0) ~ > Agnmh;(tzﬂ[/ﬁ,...,kmﬂ];b " Pl [T k) -
m>1 ki>0 ’ Jj=2

Most of the logic from the previous section goes through unchanged, but there are two key differences:
the placement of the n—vertex is not fixed, and now there is an n—propagator. For the purposes of this
section it is sufficient to know that the n-propagator is proportional to the derivative of the gauge propagator,

Pln2 ~ 01 P12; see Bittleston et al.|[2023]] for more details. As a result, we pick up functions of momentum
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variables coming both from the n—vertex and the n—propagator. With the replacement F'[k;| — J[k1 + 1],
we expect the contribution from the relevant diagram to be proportional to the diagram with external legs A
and A and defect operator content .J and .J, with the placement of F' in the relevant diagram matching that

of J in the other. In summary, we are looking a solution of the form

(m) (m) (m)
A [kl,...,k‘erﬂ =q [t,?“, k‘l,...,k‘m+1] f [klw-',karl]"'--- (2.185)
(t.r) (1) (t,r)

(m) (m)
..+ q [t,T,kl,...,]{?erl] f [k‘g,...,k‘erl,]{?l].

(m+1) (t,r)

m
We can again determine an expression for (q) directly from the tree-level OPEs. Note that in extracting the

()
n-vertex factor from tree-level OPE, we must be more careful than in the previous section; in particular, we

must account for the different possible locations of the n—vertex in the diagram. In the context of these

m+1

diagrams, the avatar of momentum conservation is ¢t + 7 = » =1 (kj + 1). We interpret this as t + r

momentum flowing in from the external legs, ¢ from the left-most external leg and r from the right-most

m—+1

external leg, and » """ (k; + 1) momentum flowing out in the direction of the defect operators, k;j + 1 of

momentum per defect operator. We illustrate this in Figure

With this interpretation of momentum flow, we see that the tree-level OPE gives us (Tc’]l) [t, 7 K1y ooy Kt ]
(4)
is given by:

(m)
%[tm k1, .o kmy1] = a(pj, k1) (2.186)
J

where we are reading the flow of momentum from left to right, as in Figure[2.9] and p; is interpreted as the

incoming momentum, which is given by the simple expression:

J

i :t_Z(ij). (2.187)
i=2
This finally gives us the equality
(m) (m) (m)
7 [kl, cees km+1] = Oz(t, kl) f [kl, cees km+1] + Oé(pm—f—l, kl) f []{72, coey Bt kl]. (2.188)

(tr) (t,r) (t,r)
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Let us explicitly demonstrate that the associativity condition (2.102)) is satisfied with this solution for m = 1

and m = 2.

3 = _
2o kj=ttr+s—3 1 )

@ PR
0 = Z < - ( ] )I:kla kQ]fa‘]lf be - (r77:‘r )[kl, kQ]fbjl (s’t’l—i_T)

ia pJ1
‘ s fCJQ-1 b (2.189)
ki >0

1) (1) (1) ;
+(l)[7€1,k‘2 tf; fajl—(l)[k'l,kfz rlfiLfe + Z)[klak? slfapfed,

(1) (1)
—alt, k) f [k’l +1—t, kg]fj C]1 —a(r,ky) f [kl +1—r, kz]f] le
(r,s) (t,5)
(1)
Oé(S,lﬁ)(f)[lﬁ +1—s,ko]f] fbjl aft k1) f (ko k1 +1—1]f] fzm
t,r

1
f
(r:5)
(1)
f

(1) ,
ofr,kr) f ke, ki +1—7]fl fﬁl + (s, k1)

[kg, ki+1-— S]f fa]1> : F[kl]ji2 [kg] :
(t,8) (t,r)

(m)
Plugging in our expression for 4 , and using (2.110), it is easy to see the right-hand-side vanishes as ex-
pected.
m=2
o kj=t+r+s—3 2) @) .
0= > ((t K2 S)[kl,ka,ks]ZEﬁg +(Ti)[k1,k2 t ksl{ iz, (2.190)
ki>0 ’ ’
L7 k1, ko, kg — 82271 fi2 — 5 o, ko, g2 f21 — 7 k1, ko — 7, kg ldLis 2
(7‘,5) 1, 2, h3 a]l (r,t—i—s) 1, h2, 3bj1 ac (t,) 1, h2 b]l
_ (2') [k k o ]l2]1f (2‘) [k ko k ]izis J1 + ()[k k k ]Jlls
(t?s) 1, 2, 3 r stZ—i-T) 1, V2, 3Cj1 ab (Z) 1, h2 — 8 3 le
@ 1271 pi3 W Ji W 1213 W 12 ( ) Jii3
+ t?r)[kl,kg,kg — S]ab ch (r?s)[kl’l]bc f [k‘g,kg]]la + (Z)[kil,kg]a]l( )[l k ]
D st F ooy ksl — 3 sk @ 11, ksl G o198 F (o ko)
+ t:LSI: 1, ](ZC(Z{",)[ 2 3]]111 _( )[ 1, Z]bjl( )[ 3] _(?T)I: 1, ]ab(l{:[ 2, 3]]10
(1) ( ) Jris ( ) Jiiaiz
+ )[klﬂkQ]ql( )U yksloy”® + alt, kl)Kajl( )[kl —t+ 1, ko, kslg,
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( )

a(t, k) K, aj1( )[k:l —t+1, ko, k3 ]lezzs —afr, kl)ijl(( ))[kl — 7+ 1, ke, gl Jioiz

3
2 L -
a(s, k1)ch1 (ia))[lﬁ — 541, ks, k3]£21215> : F[kl] I | Jz‘j [k]]
T i—9

Fix ki, k2, k3 such that their sum equals t + r» + s — 3. Manipulating the indices, we can separate the

expression into three pieces that must vanish independently:

@) (@) @)
0= (— ? [kl,kz,kﬂ + [k‘l,kz,kg,} + 2 [kl,kQ,kg—T'] (2.191)
(t,r+s) (s,t+r t,s)
@) 2) @ )
+ 1 [kh k3 -, k?] + 1 [kla k37 k? - t] + { [kl) k? S, k3] - 1 [kla l] f [k3> k?]
(t,5) () (t) ) iy
(1) 1) (1) 1) 1) 1) & 1)
+ 0 [k, 0] f ks, ko] — i [ki, k3] f [ka, 0] — @ [k1 ko] f [k3, 1] — @ [k1,ks] f [I, ko]
(tr) (1,5) (r,0) (t,s) ) (r,s) (ryt (t,s)
M ) ®) @)
+ i [k1, ko] f (k3,0 +a(r ky) f k2, k3, k1 +1—7r]+a(s ki) [ [ke, k3, k1 +1— 5]
(s:) (r,t) (t,s) (t,r)
(2) (2) (2)
Oé(t, k‘l) f [lﬁ +1—t, ks, ]{32] — a(r, ]{31) f [k‘l +1—r, ks, /6‘2] + a(s, /-6‘1) f [k‘Q, k1+1—s, ]€3]
(r,8) (t,s) (t.r)

(2
k) F ok + 1 k] A

(r,8)
(2 (2) (2) (2
+ <— i ks ko] + 0 ks ks — 8] — 0 [k ks — tks] — i [k Ko ks)
(t,r+s) (tr) (r,5) (s,t+7)
(1) 1) (1) (1) (1) 1) (1) (1)
— i [k, 1) f [ko,ks]+ i [ki,ks] f [Lko] — 4 [k, 0] f [ks kol — @ [k, ko] f k3, ]

(r,9) (L,t) (0 (r,5) (t.7) (1,5) (s:0) (t,7)
2 (2) (2)

04(7“, k‘l) f [k‘g, kQ, ki+1— 7”] + a(s, kl) f [k’g, k‘g, ki +1-— S] + Oé(?“, kl) f [kg, ki+1— T, ]{2]
(t,9) (t,r) (t,s)

(2)

(2)
+ CV(’I’, kl) f [k)l +1—r, ks, kg} + a(t, kl) [kl +1—1t, ks, kz])Kw’lQ J1

aji

(t,9) (r,s)
) 2 @) )
+ < 1 [k‘l,kg,k‘g]—F 1 [k‘l,kg,k‘g]— 1 [kl,kg,kg—s]—F 1 [k‘l,kg—t,k‘g]

(s,t+r) (s,t+r) (t,r) (r,s)
(2 () 2 2)

+ (tZ )[lﬁ, ko, k3 — 7”] + )[kl, ks, ko — t] + (tl )[kl, ks —r, kg] + tl )[kl, ko — s, kg]
1) 1) 1) 1) 1) 1) &) (1)

— i [k, /€2] f [l, k) + i [ki,l] f [k, ko] — i [k1,ks] f [k, 0]+ i [k1,ks] f [ko,]]
(0 (tr) (1,s) () (t,9) (s,0) (t,r)
1) 1) (,) 1) 1) 1) 1) 1)

— i [k, k‘z] f (k3 1) — i [k1,ks] f [l ko] + i [k, ko] f [ks, U]+ @ [k1,1] f [Ko,ks]
(t.0) 7,5) (nl) (,s) (s,) (r,t) (t.7) (L,5)
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Generator Field | Scaling Dimension Spin Combined Dilatation | Weight
wlty, ta], t; >0 H 2 — (t; +to) 2_% 1 0
ﬁ)[tl,tg],ti >0 g _(t1+t2+4) 9 _ t142rt2 0 1

elti,to,ti +t2a>1| n —(t1 + t2) —u¥h 0 i

Table 2.5: Local operators of the extended chiral algebra for axion-coupled SDGR, the 6d fields to which
they couple, and the quantum numbers labeled as in Table

(2) (2) (2)

*O[(’F,]Cl) f [kﬁg,k‘lelfT‘,kg} *Oé(?”,kl) f [k?1+1*’l“, kig,k‘g] *Oé(?",kl) f {lirl*’r‘,k?Q,k‘g]
(t,8) (t,s) (t:s)
(2) (2) (2)

—Oé(t, k‘l) f [k‘l +1—1t, kg,kiz] —Oé(t, k’l) f [k‘g,k‘l—i—l —t,k‘g] —Oé(t,k‘l) f [k‘1+1 —t,k‘g,kg]
(r,8) (r,8) (r,s)

(2) L
+a(s,ky) f [ko, k1 +1— s,k;;])KZi]l ¥ — (a,t) <> (b,r).

cj1
(t,r)

Using (2.110), we can show that all three equations vanish, and so the associativity condition is satisfied.

m
The methods for determining ( g) are identical to the ones used in this section, so we omit those details.

2.4.7 Remarks on Self-dual Gravity

The arguments from the previous sections can be repeated mutis mutandis for the case of self-dual gravity
and its twistorial uplift, which is Poisson-BF theory. We will simply present the results of this analysis.
To consistently quantize the theory, one must deform it just as in the case of self-dual Yang-Mills. Again,
a Green-Schwarz mechanism can be applied, introducing a fourth-order axion-like field Bittleston et al.
[2023]], to which we refer the reader for details. Analagously to the gauge theory case (Costello and Paquette
[2022a]]; [Fernandez| [2023]], part of the one-loop OPE for this theory has been fixed via associativity and
Koszul duality analyses Bittleston| [2023a]]. In particular, our presentation here of the chiral algebra and its
bulk-defect coupling elide several subtleties which are treated carefully in Bittleston| [2023a]], but which do

not affect the present analysis.

The axion-coupled Poisson-BF theory is
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1 1 ~ . 1 - .
S[H,G,n) = <2m,) / <gT0’2(’H) + 58‘117877 +n0*H0y 1 + ZH\/ﬁnaﬁad’HaaaBaH). (2.192)
PT

Here, G € Q3 (PT, O(-2)), H € Q°2(PT, O(2)) is the “Hamiltonian field” and T%2(H) = OH+{H, H},
using the Poisson bracket of weight —2 on the fibres of twistor space. Like Ay, p is fixed by the anomaly-

cancellation condition to be 11> = X (55)2.

The tree-level OPEs for axion-coupled SDGR are as follows |Costello and Paquette| [2022b]]; |/Adamo et al.
[2022]]; Bittleston| [[2023al]:

wlt](2)w[r](0) ~ 1(t1r2 — 2rHw[t +r — 1](0) — éﬂ\/ﬁRg(t, r)f[t +r — 3](0) (2.193)

z

+ %u\/ﬁRz(t,’f’)e[t + 7 —2J(0)

1 th+¢2 -2
— t t -2 .
+ zM\/ﬁ(t1+t2+r1+r2—4>R2( ,m)0e[t + 1 — 2](0)

W[t](2)w[r](0) ~ %(t%«? —2rYHaft + r — 1](0). (2.194)

elt] (z)w[r)(0) ~ %(tlﬁ — t%reft +r — 1)(0) + %u\/ﬁRg(T, tyw[t +r — 3)(0). (2.195)

FIt(2)wr](0) ~ %(t%«? — 2r1) f[t + 7 — 1)(0) (2.196)
+ ;(%)dt%—r](m + <t1 +:;i:f+r2>8e[t+r](0)

1 th+ 24l 42
—ZQ,M\/ﬁRQ(r,t)< PN >w[t+r—2](0)
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1 rl4r2-2 5

1 2 7"1 ,r2
f1t1(2) f[r](0) ~ 212< + r1t+—7|:2t+ 5T +;; " 2>w[t +7)(0) (2.197)
1 2
+2 (1 7«1t+;t+2) ot +r)(0)
elf(2)7171(0) ~ L(5? — 2r il +r — 1)(0) 2.198)

where the R, (t,r) are defined as follows:

n 11421,.11,.2
n tH =t el
R,(t,r) = -1y . 2.199

) =2 (1) () a=e == 219
Note that, as in the case of SDYM, we label the corrections of order v/7 as tree-level because they arise from

cancelling the gauge variation of a tree-level diagram.

This theory is invariant under simultaneous rescalings:
Fs A GG n— V. (2.200)

Again, invariance of the coupling to the defect theory tells us that the defect operators transform non-

trivially:
e f

e— — - ——. 2.201
VA / VA ( )

We say that w has weight 0, e and f have weight %, and w has weight 1.

> &

w —

Exactly as in SDYM, w, w are conformally soft graviton modes of positive and negative helicities, respec-
tively, while e, f are matter currents which couple to the fourth-order axion. See Bittleston|[2023al] for the

explicit bulk/defect couplings.
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Figure 2.10: Requiring that the gauge anomaly of these diagrams—and all possible variations of these
diagrams that arise from permuting the positions of the defect operators—cancel lead to non-trivial higher-
order corrections to the axion-extended SDGR chiral algebra OPEs.

Noting that the interactions in this theory are also only cubic, we can use our results from before:

12N—m2w12+W20. (2.202)
together with (2.95), (2.96). Note that we no longer have the constraint on s. This is because, unlike
their SDYM counterparts E, F', the towers coupling to the axion e, f are no longer required to appear with
the factor of /2 from the 7H# vertex: SDGR has an additional n7H vertex which scales like /. This
leads to the possibility of additional diagrams with external 7-legs; see Figure 2.10] Note that the case

w2 = 0,n3 = 1,n4 = 0, s = 1 is ruled out by that the assumption that m is an integer.

We use the same notation as in §2.4.2] Using the same logic as before, the general OPE corrections at
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higher orders in A are determined to be:

Zm+1kj—t+r 1-2m m-+1

(m)
wlt](z)w[r](0) ~ = > B A (Kpy o k) = wlki] Hw

z , (t,r)
m>1 ki>0

2Ly kj=t+r—2-2m

1 (m) 1 (m) R m i
+ > hm< B (ky,....km) + = C (kl,...,km)é?l) Ttk

2
m>1 k>0 Z“(t,r) Z (tr) =1
2T kj=ttr—2-2m L (m) | (m) m
2pm Kty oo km) + = E (ki, o k)0 ) [T @[] :
+ Z ILL Z2(t )( 1, I )+ Z(t,r)( 1 ) )81 Hw[ ]]
m>2  ki>0 j=1
Z;n:tl kj=t+r7372m 1 (m) m+1
m-i-li I . ]
+ > | ph T Z(t’r)(k‘h ooy kmg1) © flRa] | wlk;] -
m>1 ki>0 Jj=2
ZWL+1 k’ =t+r—2—2m 1 ( ) 1 2 (m) m—+1
+ > Wias: (Z G (koo him1) + - > Hy (koo bmy1) k) selka] T @lks) -
m>1 k>0 (&) k=1 (1) j=2
Zm'H kj=t+r—1-2m m+1
1 ~
+ > B M (K1, s bing) : FlRielko] [T olky]
m>1 k>0 &) =3
+ Z hm<22 ! (k‘l,...,km_H) + ;ZOk (kl,...,km+1)8k> : e[kl]e[kg] UN)[]{?J‘] :
m>1 ki>0 &) jo=1(t:7) =3
k+#2
Zm+1 k; —t+r—1—2m m) m+1
w[t](2)w[r](0) ~ ; > n" (tF (P Y H wlk
m>1 k>0 "
Z;n:tl kj:t+7‘7372m (m) m—+1
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m>1 ki>0
Z'm+1 J_t+r—1—2m (m) m-1
- A" P (k1,....km
—I- . Z (t,r)( 1 +1) ];[

m>1 k;lzo
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Zmﬁl kj=t+r—2—2m m+1

7= (m) (m)
ft](z)w[r](0) ~ Z Mhm+ ( : )(k17--->km+1) + i(tl;)(kl,--- me1 51) H wlk

. 22,
m>1 k>0
zm+l =l m+1
- B Q (ko ki) : flK1]
+ P Z (g)( 1 +1 1 H wlk
m>1 ki>0
= kj:HHmhm 1 (R) ki,..., k 1(5) Kty ooy g 1)O k Ta k
+ Z (Zz(tr)( 1y ooy K1) + 2 )( 1y ooy K1) 1> s elki] | wlk;) :
m>1  ki>0 j=2
YL kj=t+r—2m mtl
m( 1 1(m) . .
Mo~ S (22(3)<k1,...,km>+Z(g)<kl,...,km>al) ] b
m>1 ki>0 ’ ' j=1
Z;n:tl kj=t+r—1-2m (m) mal
e[t](2)f[r](0) ~ — > WV (i, ooy ki) Hw

z (t,r)

m>1 k;lzo

In the case of SDYM, we labeled the OPE coefficients as a(™) . .. 1("™) in alphabetical order. To ease compar-
ison with that example, we label the OPE coefficients for SDGR of the same structural type as their SDYM
counterparts (with obvious relabelings of the positive helicity, negative helicity, and matter operators) with
the corresponding capital letters A(™ ... L") The coefficients from M ™) ... V(™) are unique to axion-

coupled SDGR for the reasons explicated in the previous section.

Also notice that, although the OPEs for both (axion-coupled) SDYM and SDGR involve an infinite sum
of terms in an h expansion, the chiral algebras are extremely simple: the high degree of symmetry con-

strains the OPEs to have only single or double poles.

The minimal set of associativity equation we derived for axion-coupled SDYM is still valid for the case
of SDGR with the dictionary: J — w, J — w, B — e, FF — f. This is because charge under combined
dilatation is preserved by this dictionary, and the manipulations done in Appendix [2.4.5] depend solely on

this quantum number. Nonetheless, the vertex nnH expands the minimal set to also include the following
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associativity conditions:

{witl{elr]flslih = {flsi{elrlwlt]}i}r = {elr]{flslw[t]}1 h (2.203)
{wltl{fTr]fls]}ih = {wltlf I flsh + {F Ir{wt) flsl i h (2.204)
{wltl{fIr]fls]h1}e = {fIr{wlt] fls]ke b = {F[sH{STrw(t]}1 }o- (2.205)

The proof of this is identical to the one presented in Appendix [2.4.5]

As in the case of SDYM, we expect the coefficients T{ to be equal to the coefficients (}?' . We also ex-
pect to be able to fix all the coefficients in terms of the coefficients (?7), but we cannot immediately infer
what the other dependencies are from our work on SDYM. This is because it is not obvious how the intro-
duction of new terms coming from the additional vertex, as well as the difference in the tree-level OPEs,
affects the associativity calculations. We highlight that the lack of Lie algebra information means that we
cannot divide the resulting associativity equations into separate pieces that vanish independently as easily
as we were able to in SDYM (see, for instance, the examples in Appendix [2.4.6). It may be, however, that
without Lie algebra indices, the resulting expressions could potentially be simpler to manipulate at arbitrary

order in h.

In any case, we will leave the full solution of the (extended) SDGR associativity equations to follow-up

work.
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Chapter 3

Twisted holography on AdSs x S° x K3 &

the planar chiral algebra

Here we reproduce the work done in [Fernandez et al.| [2024]] written in collaboration with Natalie Paquette

and Brian Williams. The original abstract follows.

3.1 Abstract

In this work, we revisit and elaborate on twisted holography for AdS; x S? x X with X = T4, K3, with
a particular focus on K3. We describe the twist of supergravity, identify the corresponding (generalization
of) BCOV theory, and enumerate twisted supergravity states. We use this knowledge, and the technique of
Koszul duality, to obtain the N — oo, or planar, limit of the chiral algebra of the dual CFT. The resulting
symmetries are strong enough to fix planar 2 and 3-point functions in the twisted theory or, equivalently, in
a 1/4-BPS subsector of the original duality. This technique can in principle be used to compute corrections

to the chiral algebra perturbatively in 1/N.

3.2 Introduction & Summary

Twisted holography (Costello and Li| [2016]; (Costello and Gaiotto| [2018]]; |Costello and Paquette, [2022b]] is

a proposal to access protected quantities on both sides of a holographic duality. While twists of field theory
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have been studied for a long time, and correspond to restricting to the cohomology of a chosen supercharge,
twisting a supergravity or (spacetime) string theory involves turning on a background vev for the bosonic
ghost associated to the corresponding supertranslation (Costello and Li| [2016]]. Many choices of twists are
possible, corresponding to the family of nilpotent supercharges available in the supersymmetry or super-
conformal algebra. One interesting, and relatively accessible, class of twists are those which endow the
surviving local operators with the structure of a chiral algebra. In four real dimensions, such a twist has
been an area of active recent inquiry |Beem et al.[|[2015] and was applied to the twisted holography of 4d
N = 4 super Yang-Mills inCostello and Gaiotto| [2018]]. In two real dimensions, such a twist is simply the
half-twist Witten| [[1998]]; [Kapustin| [2005]], and does not change the effective dimensionality of the twisted
field theory or its bulk dual. We will explore this relatively simple twist in the context of (top-down models
of) AdSs/CFTj, in particular AdSs X S$3x K3. Many similar results for the case when K3 is replaced by T*

have already appeared in the companion paper (Costello and Paquette| [2022b)].

It is important to note, however, that the half-twisted theory (equivalently, the minimal, holomorphic twist
in two dimensions) is sensitive to nonperturbative corrections, such as worldsheet instantons, which makes
studying a global description of the twist of the SCFT on K3 from first principles somewhat challenging.
The mathematical version of this statement is that the chiral de Rham complex of a nontrivial compact man-
ifold is given locally as a sheaf of free vertex algebras, but gluing these local descriptions together is not
easy. Although we will derive such a local description of the twist on the field theory side, we emphasize
a way to circumvent the global challenge: given the description of a twisted supergravity theory, one may
apply the operation of Koszul duality to obtain the chiral algebra of the dual field theory. In particular,
the global subalgebra of the chiral algebra, which can also be deduced by considering vacuum-preserving
diffeomorphisms of the bulk geometry, appears in this construction. That the mathematical operation of
Koszul duality may govern part of the holographic dictionary in twisted holography was first suggested in
Costello| [2017]] and successfully applied to AdS/CFT in [Costello and Paquette] [[2022b]]. For a review of

Koszul duality and further citations, see Paquette and Williams| [2021]].

The plan of this chapter is as follows. In §3.3] we will give our description of the holomorphic twist of
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IIB supergravity in six dimensions (upon compactification on K3). We describe how our twisted action can
be obtained by integrating out the vev of a bosonic superghost. We then derive the backreacted geometry
in the presence of the twisted D1-D5 system. In §3.4] we enumerate the states in twisted supergravity and
reproduce the elliptic genus computation of de Boer| [1999bla] in this language. In we review the
computation of the N — oo elliptic genus from the orbifold SCFT Sym’¥(K3) and its matching with the su-
pergravity computation, and twist a local model of the B-brane D1-D5 brane system. This twist recovers the
expected description of the chiral de Rham complex of Sym” (C?) (i.e. the half-twist of the symmetric orb-
ifold SCFT) in the infrared. The Loday-Quillen-Tsygan theorem, which is a natural tool in the large-/V limit
of twisted holography (e.g. Zeng| [2023al], |(Ginot et al.|[2022])), gives equivalent results in the N — oo limit
to this local model of the twist, but has not yet been developed mathematically for the global K3 geometry.
Consequently, in §3.6|and we turn our attention to the determination of the planar chiral algebra of the
dual field theory from Koszul duality, first studying the chiral algebra Koszul dual of twisted IIB supergrav-
ity on C? x K3 and then incorporating the effects of the D-brane backreaction using a perturbative Feynman
diagrammatic approach; while incorporating the effects of backreaction perturbatively from flat space would
normally involve the summation of an infinite number of diagrams, the problem simplifies dramatically in
twisted holography. There are a finite number of nonzero diagrams at each order in N |Costello and Paquette
[2022b], and only 3 in the planar limit. We also comment on the global subalgebras of the chiral algebras

dual to the symmetries of the flat space and backreacted (i.e. holographic) geometries, respectively.

3.3 Twisted supergravity in six dimensions

The compactification of type IIB supergravity on a Calabi—Yau surface results in a supergravity theory
which enjoys ' = (2, 0) supersymmetry. We concern ourselves with a simplification obtained by twisting
the original type IIB supergravity with respect to a particular ten-dimensional supercharge. This supercharge
is such that the resulting compactified theory is holomorphic in the sense that it only depends on the complex

structure of the six-dimensional spacetime.

As found in Costello and Paquette, [2022b], in the case that the complex surface is 7%, this holomorphic

theory is an extended version of the famous Kodaira—Spencer theory introduced in Bershadsky et al.|[1994]]
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to describe the closed string field theory of the B-model on a Calabi—Yau threefold. In this paper we mostly
consider the case where the surface we compactify along is a K3 surface, referring to|Costello and Paquette
[2022b] for details in the case where the surface is 7%. This section outlines the description of this extension
of Kodaira—Spencer theory. More generally, we comment on a similar extension of Kodaira—Spencer theory
which depends on the data of a commutative super ring equipped with a trace (in the physically meaningful

cases, this ring corresponds to the graded cohomology ring of either K3 or T* and trace is integration).

We recall some generalities on twisting supergravity following the foundational work in |Costello and Li
[2016]. In any supergravity theory there are ghosts for both local diffeomorphisms and local supersymme-
try. Ghosts for local supersymmetries are bosonic ghosts and are typically realized as sections of a spinor
bundle over spacetime. Twisted supergravity is simply supergravity in a background where a particular
bosonic ghost for local supersymmetry acquires a nonzero expectation value (). In addition to being part
of a consistent background for supergravity, () must satisfy the Maurer—Cartan equation [Q), Q] = 0, where
[—, —] is supercommutator in the local supersymmetry algebra. In this sense, for deformations of flat space,
the classification of twisting supercharges for supergravity is closely related to twists of ordinary field theo-

ries.

The ten-dimensional IIB supersymmetry algebra admits a range of such twisting supercharges. We con-
cern ourselves with a so called ‘minimal’ (or holomorphic) twisting supercharge () which has the property
that it is stabilized by SU (5) in the Lorentz group Spin(10). Such twists exist whenever the ten-dimensional
spacetime is a Calabi—Yau manifold of dimension five. In|Costello and Li| [2016] a conjecture for this twist
is given as a certain limit of the string field theory obtained from the topological B-model on the Calabi—Yau

fivefold. The free limit of this conjecture has been proven in Saberi and Williams|[2021]].

We remark on a caveat involving this conjecture. First, the topological B-model has critical complex dimen-
sion three, meaning that genus g amplitudes are nonzero only when the dimension of the Calabi—Yau target
manifold is three. On the other hand, there is no U(1) factor of the R-symmetry in the ten-dimensional

IIB super Poincaré group which is compatible with the choice of a holomorphic supercharge (). These
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issues are related. On one hand, while there are no nonzero amplitudes for insertions of operators of total
ghost number zero, there are nonzero amplitudes involving operators of nonzero ghost number (here we
mean ghost number computed from the worldsheet perspective). On the other, the fact that there is no U (1)
within the R-symmetry that is compatible with () means that the fields in the resulting twisted theory do
not have a consistent spacetime ghost number, but only a ghost number modulo 2. These two observations
are consistent with the fact that Kodaira—Spencer theory defined on a Calabi—Yau manifold of dimension
different from three is a theory with ghost number grading by the group Z /2, rather than the typical integral
grading. One can think of this Z/2 as fermion parity, so there is no longer an invariant distinction between
ghosts and ordinary fermions in this theory. We will observe, nevertheless, that upon compactification of
this ten-dimensional Kodaira—Spencer theory to six-dimensions that we are able to lift this Z /2 grading to a

fairly natural integral one (but of course this choice is not unique).

3.3.1 Kodaira-Spencer theory and IIB supergravity

We turn to a recollection of the conjectural holomorphic twist of type IIB supergravity in ten dimensions
as originally described in (Costello and Li [2016]. Our discussion largely follows (Costello and Paquette

[2022b]]. We refer to these references for more details.

The holomorphic supercharge used to minimally twist supergravity is invariant under SU(5) C Spin(10),
and so can be defined on any Calabi—Yau fivefold X . In|Costello and Li [2016], as we just recalled, it was
conjectured that the holomorphic twist of IIB supergravity is equivalent to a certain truncation of the topo-

logical B-model on X E] We will assume this conjecture throughout the paper, and we will provide further

justification in section §3.3.2]

The fields of Kodaira—Spencer theory on the Calabi—Yau fivefold X are given in terms of the Dolbeault

complex of polyvector fields on X; that is, sections of exterior powers of the holomorphic tangent bundle

!"This truncation was referred to as ‘minimal’ Kodaira—Spencer theory in loc. cit.. It effectively throws out the non-propagating
fields.
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with values in (0, x) Dolbeault forms:

PV (X) = Q% (X, N'TX). (3.1)
In local holomorphic coordinates 21, . . ., z5 such a polyvector field can be expressed as
=T Az s O Oy (32)

It is convenient to express polyvector fields in terms of a single superfield. To do this, we rename dz; as
5; and 0, as 67. Bear in mind that § transforms as a holomorphic vector while § transforms as an anti-

holomorphic covector. With this notation, a general polyvector field
1 € PV(X) = @; PV (X) (3.3)

can be thought of as a smooth function

on the superspace C?1°*° where the odd cordinates are 67, 0; fori,i = 1,...,5.

The space of fields of Kodaira—Spencer theory is not all polyvector fields: rather, the fields are polyvec-
tor fields which satisfy the constraint that they are divergence-free with respect to the holomorphic volume
form 2. Geometrically, this means that L,£) = 0 where L, is the Lie derivative EI; equivalently this is the

condition O = 0 where 0 is the divergence operator. In coordinates this reads

0= 090, (3.5)

>We will always omit the wedge product symbol A.
3We recall that the Lie bracket on polyvector fields is the Schouten bracket, which reduces to the usual Lie bracket on ordinary
vector fields.
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In addition to O = 0 we also require that
891 ce 895/1 = 0, (36)

which effectively throws away the top power of Tx. We will justify this additional condition shortly.

To define the action functional we utilize an integration map
Q p— —
/ (PVSP(X) ~ C®°(X)0 60, --- 05 — C (3.7)
X

whichis [(uVQ)ALQ, with Q the Calabi—Yau form. This operation simply projects out the PV%5 component
of the Kodaira—Spencer field, to get (0, 5) form, then integrates this against the holomorphic volume form.
In terms of the superspace description this is the usual integration along X together with the Berezinian

integral along the odd directions.

A typical feature of Kodaira—Spencer theory, formulated naively, is that the kinetic part of the Lagrangian
contains a non-local expression involving the distributional inverse of the divergence operator 0. While this
is not globally well-defined, the condition that ;1 be in the kernel of O ensures that there exists locally such

a polyvector field.

In summary, the fields of Kodaira—Spencer theory are

PV(X) Nkero. (3.8)
The Lagrangian is
(AL
- w0~ p+ — I (3.9)
2 Jx 6 /x

The conjecture originally put forth in |Costello and Li| [2016] is that this Lagrangian captures the super-
symmetric sector of IIB supergravity as described above. The superfield p captures all the original fields,

anti-fields, ghosts, etc. of type IIB supergravity after integrating out those fields which become massive
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in the holomorphic twist. Since the field p includes anti-fields and anti-ghosts, we can describe the BV

anti-bracket in this notation. The BV anti-bracket of two super-fields is
{1(2,2,0,0), w(w,w,n,m)} = 0,,05:0(z — w)d(z —w) (0 —7)(0 — n)ld. (3.10)

The appearance of the holomorphic derivative 0., in the expression above is one way to understand the

appearance of the non-local kinetic term in the Lagrangian.

From this BV anti-bracket it is clear that the component of the super-field p proportional to the top polyvec-

tor Og1 - - - Oys does not propagate. It is therefore convenient to impose the additional constraint
891"'895#:0 (311)

on the fields of Kodaira—Spencer theory, as mentioned earlier.

We can avoid part of the non-locality appearing in the action by introducing a field /i;,..;, € PV** which

satisfies

(8/‘2)?11'21'3 = H;kligig’ (312)

where the bullet denotes arbitrary anti-holomorphic form type. We can do this because we have the con-

straint O = 0. Then, the kinetic term in the Lagrangian above can be written as

o — 1 o ——
/611 15631_”35MZ‘18,U,Z'2...¢5 —i—2/621 ’5;“11'2(88 1,&)1'31'41'5. (3.13)

This Lagrangian is still non-local, but the only non-locality involves the field PV2*(X). We will see the

significance of this field from the perspective of supergravity in the next subsection.

3.3.2 Matching supergravity with Kodaira—Spencer theory

At the level of free fields, the match between the holomorphic twist of type IIB supergravity on R0 = C5

and Kodaira—Spencer theory has been performed in Saberi and Williams| [2021]]. Here, we spell out a pre-
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cise relationship between the fields of Kodaira—Spencer theory and those of supergravity, to illustrate how
Kodaira-Spencer theory encodes (the twist of) the physical field content. For clarity of presentation we will

work on flat space near the flat Kihler metric géj = 54,

The most important bosonic field in supergravity is, of course, the metric tensor. As representations of
SU(5), the metric tensor breaks into three components: g%/, gij, gTj. To leading order, the components
g", gij are rendered massive in the twist and can hence be removed. The remaining component of the

metric corresponds to the field ui in Kodaira—Spencer theory via the Kéhler form
PERR L (3.14)

The fermionic fields of type IIB supergravity include a gravitino. In the untwisted theory the gravitino has
a spinor index and a vector index. As an SU(5) representation, the 16-dimensional spinor representation
S4 of SO(10) decomposes as a sum of three irreducible representations: the trivial representation, the
exterior square of the anti-fundamental representation, and the fourth exterior power of the anti-fundamental
representation:

St ~gu(5 C@ AT @ AT, (3.15)

The component which survives the twist is the holomorphic vector valued in the exterior square in the above
equation, and we denote this field by

A2, (3.16)

which we can view as an element PV1:2(C?).

The antifield to the component of the gravitino )\3152 is a tensor of the form /\;‘52, where the * just in-
dicates that this is an anti-field in the physical theory. Since the gravitino is an odd field, its anti-field
has overall even parity. It turns out that it is the derivative of this anti-field that corresponds to a field of
Kodaira—Spencer theory

*ko kikoirigiz . _ 17233
O Ny, € Uo7, ToT iiats G-17)
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That is, we view the derivative of the anti-field as an element of PV33, Following the discussion above, we

can use the equation p = 0 to replace the field ujl-j?j 3 by a field [ satistying

111213

J1J2d3 _ ~J1J273
Mil'iZiS - aZj'“'jhiQig' (318)

Note that ,&j 1923 i 4 field of type PV43. Using this modified field in Kodaira—Spencer theory, we can more

ji1i2i3

easily match with the anti-gravitino via

ikki kili2i37;4 o j1j2j3
)\1112 e €l1l2j1j2j3’uk”i1i2i4' (3.19)

Next, let us explicitly match the holomorphic twist of type 1IB supergravity with Kodaira—Spencer theory at
the level of the kinetic term in the Lagrangian. In (3.13)) we have expressed the kinetic term in the Kodaira—
Spencer action as a sum of two terms. We first show how there is a similar kinetic term involving the metric

g and the anti-field to the gravitino A* when we twist type IIB supergravity.

Recall that the holomorphic twist amounts to assigning a certain component of the superghost a nontrivial
VEV. As an SU (5) representation the superghost () can be written as a sum of three tensors QO Q3152 , le i,
which are the components of the even exterior powers of the anti-fundamental representation of SU(5).
Here Q) denotes the SU(5) invariant component of the superghost in the N = (1, 0) subalgebra; this is the
component in which the holomorphic supercharge lives. A term in the BV action involving A* and () arises

from a supersymmetric variation of the gravitino A.

Reverting back to SO(10) notation, where a,b = 1,...,10 are vector indices and «, 3,... = 1,...,32

are spinor indices, the supersymmetric variation of the gravitino is of the form
SAY = 0ap (0, € + AT (g)€”). (3.20)

Here A is the spin Levi-Civita tensor in the spin representation of Spin(l())ﬂ Taking a perturbative expan-

sion of the flat metric of the form §%° + ¢® and working to low order in g®°, we can write the ordinary

“We use A instead of T" for the Levi-Civita connection to avoid confusion with ['-matrices.
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Levi-Civita connection as
1
AL = 50a(Dn.9" + D™ — 0ag™) + O(g”)- (321)

In terms of this ordinary Levi-Civita connection, the spin Levi-Civita connection can be written, employing
the usual I'-matrices, as

AgP =T1oTg Al (3.22)

We are interested in the covariant derivative of the constant spinor ),

As before, a spinor decomposes, as an SU(5) representation, into a sum of even exterior powers of the
anti-fundamental representation. The index (0) represents the SU (5) invariant part of the spinor. A simple
computation with I'-matrices shows that the components of the spin Levi-Civita connection whose lower

index is (0) and upper index is (i) are

AR — Atk §ii

A

@
©
@F _ g
o = A478"

where the ordinary Christoffel symbols appear on the right hand side (with SU (5) indices).

Plugging in[3.22] we see that the desired variation of the gravitino is

O] = 5z AR
= 5%5]'3' A; 0
= %%57’ I5, (%gﬁ + 0z, 9" — 8;9%) )
= %5% (5%@ g - 0s gzz) (0

— 6,05 g7
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In the last line we have used the fact that 7, j appear anti-symmetrically on the left hand side. It follows that

once we assign a nonzero VEV to the superghost Q(?) in the BV action there is a term of the form
i *
(8%9”(55))\%3. (3.23)
This matches precisely with the first term in the Kodaira—Spencer kinetic action.

The final fields we describe in terms of the holomorphic twist are the Ramond—Ramond fields in super-
gravity. These fields are sourced by D(2k — 1)-branes and are forms of degree 8 — 2k. In the original
presentation of Kodaira—Spencer theory, certain components of the field strengths of such forms are present
as polyvector fields. The field strength is a form of degree 9 — 2k; in the holomorphic twist the component
of this form which survives is of Hodge type (5 — k,4 — k) and corresponds to polyvector field of type

(k,4 — k) using the isomorphism
PVFATF(CP) v QP HAH(CP) c PR @ C (3.24)

determined by the Calabi—Yau form.

A special Ramond-Ramond form is the four-form C' € Q*(R!?) sourced by a D3-brane. Such a field
is required to be ‘chiral’ in the sense that its field strength ' = dC is self-dual. The component of the field
strength

Fitizjijads o QS’Q((CS) (3.25)

survives the holomorphic twist. Using the holomorphic volume form, these components are identified with
the fields

F 112717273 —> 6]1]2]3]4]51'1’]’4‘7'5 (3‘26)

which is a polyvector field of type (2, 2). Self-duality becomes the constraint 0; ,u?k?? = 0 that this polyvec-

tor field be divergence-free. This constraint gives rise to the non-local kinetic term present in equation

(3.13). For more on the relationship between constraints and non-local kinetic terms we refer to[Saberi and
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Williams| [2023]].

This concludes our general discussion of the twist of ten-dimensional type IIB supergravity in terms of

Kodaira—Spencer theory. We now turn to compactifications as understood in the twist.

3.3.3 Compactification of Kodaira—Spencer theory

We will focus on the setting where we compactify Kodaira-Spencer theory on a complex surface. This
section largely follows |Costello and Paquette| [2022b]], which analyzed the compactification of Kodaira-
Spencer theory on T (but actually can be extended to any compact holomorphic symplectic surface with
no difficulty), and the subsequent backreaction computation in the twisted D1-D5 system. Many of the

computations easily generalize when the T is replaced by K3.

Let Y be a complex surface (which we will soon take to be compact) with a fixed holomorphic symplectic
structure. A general field of Kodaira—Spencer theory on C3 x Y is a Dolbeault-valued polyvector field
which is annihilated by the divergence operator with respect to the holomorphic volume form. We will use

coordinates z, wy, we on C3 and we fix the standard Calabi—Yau form Q = dzdw;dws.

A Dolbeault-valued polyvector field of* on C3 x Y of type (k,*) can be written as a tensor product of

one on C? with one on Y’

abr = 3" B @At (3.27)

i+j=k
where 3%* ~47* are polyvector fields of type (i, *), (j, *) on C3, Y respectively. Polyvector fields on Y’
are the same as differential forms, because the holomorphic symplectic form on Y identifies the tangent
and cotangent bundles. In particular, the harmonic polyvector fields are given simply by the de Rham
cohomology of Y. Furthermore, polyvector fields on Y which are harmonic are automatically in the kernel
of the divergence operator 0, by standard Hodge theory arguments. To summarize, there is an equivalence
of graded algebras

PV(C* ® <ker8|pv(y)> ~ PV(C*) @ H*(Y). (3.28)
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We will use this equivalence to describe the fields of the theory on C3 upon compactification along Y. Let
R=H*(Y) (3.29)

denote the cohomology ring of Y. We are interested in the case that Y is a K 3 surface, in which case this

algebra is generated by even elements 7,7, n, for a = 1, ... 20 subject to the relations

n”?=n"=0 Nty = Pyl (3.30)

where hgy, is a non-degenerate symmetric pairing on C2°. Let I denote the ideal generated by these equa-

tions so that R = C[n, 77,14]/1.

As before, we write the polyvector fields on C? in terms of a superspace by introducing odd variables
6%, 6;. Here, 6" represents the coordinate vector field 9, and 6; represents the coordinate Dolbeault form

dz;. Then we can write the field content as a collection of superfields
(2, %,0°,05,m) € ®; ;PV(C?) @ R. (3.31)

Here, we are using the shorthand 7 to inform that there is a dependence on 1,7, and n,, a = 1,...,20. As

such, such a superfield decomposes in its dependencies on the generators of the cohomology of Y as

1(2,2,0%,07) + iy (2,2, 0%, 0:)n + pn(2, 2,0, 0:)7 + p®(2, 2, 0%, 0:)na + pni (2,2, 0", 0:)nm.  (3.32)

We emphasize that the n-variables represent harmonic polyvector fields on Y and so are not acted on by any

differential operators along C3.

The superfield satisfies the equation Op = dﬂ where, in the superspace formulation,

0 =05 e (3.33)

>For notational simplicity, we will no longer make manifest the dependence of the divergence operator on §2.
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0 = 0i0.,. (3.34)

We denote by
Q
/ ()i : PV @ R — miPV>® — C (3.35)
C3

the projection onto the summand Cnp C R followed by integration as in (3.7). We emphasize that the

notation (— )|,z means we pick up only the 7 component.

The Lagrangian is
Lt 1 3,3
3 ) pOO ™ iy + B C1’| iy (3.36)

We can simplify the field content somewhat, following |Costello and Gaiotto| [2018]] which the authors in
Costello and Li| [2016]] refer to as minimal Kodaira—Spencer theory. We note that the coefficient of 016293
does not appear in the kinetic term in the action. This field does not propagate, so we can (and will) impose
the additional constraint

Op1 020 ji(2,%,0,0,1m) = 0. (3.37)

This constraint only removes a single topological degree of freedom and hence will not significantly modify

quantities like OPEs later on.

Next, let us expand the superfield 1 only in the 6° variables:
pw=pu(z,%,0,n) + pi(z,%,0,n)0 + ... (3.38)

We note that the constraint Jy;; = 0 implies that there is some super-field

fijk (2,2, 0,m) = a(z,Z,0,m)eii (3.39)

so that 0., fi;j% = jt;k. This is parallel to the maneuver that we made for Kodaira—Spencer theory on C® as

in (3.12) above.
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It is convenient to rephrase the theory in terms of the field a(z,%,0,7), which has no holomorphic in-

dex. We will also change notation and let v(z, %z, 8, 7) be the term with no §* dependence in the superfield

M(Zaz7 9797 77)

In summary, we have the following fundamental superfields in the compactified theory on C3:

* 1i(2,%,0,1)0" which we identify with an element in the graded space

1 € PVH*(C?) @ RJ[1]. (3.40)

* a(z,%,0,n) which we identify with an element of the graded space

ac QO (CH®R. (3.41)

* v(z,%,0,n) which we also identify with an element of the graded space

v € Q%*(C?) ® R[2). (3.42)

We explain the cohomological shifts in the next paragraph. In terms of these fields, the Lagrangian is
L €500, (07 ) jed® 2 Oyd3 2|5 + & ki b dP 2] 0, A2 . (3.43
2 Jes €7 0 (07 ) jrd” 2|y + s a0yd’zlng + 5 s €ijk it pd” 2]y + s i 0z, yd’ 2. (3.43)

In this expression we project onto the component 77 as before.

Just as when we twist a field theory, when we twist a supergravity theory the ghost number of the twisted
theory is a mixture of the ghost number and a U(1)z-charge of the original physical theory. To define a
consistent ghost number, one can choose any U(1)g in the physical theory under which the supercharge
has weight 1. In general, there are many ways to do this. It is convenient for us to make the following

assignments of ghost number.

* The fermionic variables 7, have ghost number 0.
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+ The anti-commuting variables #; have ghost number 1.

The field o has ghost number zero.

The field . has ghost number —1 (so that the 6; component has ghost number zero).

The field v has ghost number —2 (so that the 51-@]- component of v has ghost number zero).

With these choices one can check that the action (3.43) is ghost number zero. Note that in the case R = C
the choice of ghost numbers we take here is in agreement of the presentation of Kodaira—Spencer theory on
C3 as in [Costello and Gaiotto [2018], who used this formulation to explore the chiral algebra subsector of

4d N = 4 SYM and its twisted gravity dualﬂ

3.3.4 Compactification and twisted multiplets

In this section we comment on the content of twisted six-dimensional N = (2,0) supergravity in terms of

standard six-dimensional N' = (2, 0) multiplets.

In six-dimensional N' = (2,0) supersymmetry there are two multiplets which appear in compactifications
from ten dimensions: (i) the graviton multiplet and (ii) the tensor (or chiral two-form [Witten| [1997]]) mul-
tiplet (the latter being the same multiplet describing the twist of a single M5 brane in eleven-dimensional
supergravity on R'!). The holomorphic twists of these multiplets have been characterized in [Saberi and
Williams| [2021], 2023|]. By virtue of their holomorphicity, each theory shares a linear gauge symmetry by
the O operator, schematically of the form §® = 9® and so in the free field descriptions below we will use

Dolbeault complexes to label twists of the multiplets.

We recall the field content of each of the twisted six-dimensional multiplets, whose origin we will review in

more detail below.

(i) The holomorphic twist of the the graviton multiplet has fundamental fields

(1, p, @) € (TIPVE*(C?)[1) Nker 9) (3.44)

®See also [Bonetti and Rastelli| [2018] for the first exploration of the gravitational dual of the chiral algebra subsector of 4d
N =4SYM.
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as well as fields

(,71” BJ) c QO,*((C?))@Q D QO,*(C3)@2 D QO,*((C?))GBQ (345)

where 7,7 = 1,2,3. In N/ = (1,0) language this is the holomorphic twist of a N' = (1,0) graviton

multiplet, three hypermultiplets, and a single " = (1,0) tensor multiplet.

(i) The holomorphic twist of the N" = (2, 0) tensor multiplet has fields
a € (IIQ**(C*)[1]) Nker 9, (3.46)

together with

(v, B) € QU (C*)#2. (3.47)

In N' = (1,0) language this is the holomorphic twist of a single hypermultiplet and a single N =

(1,0) tensor multiplet.

We will see how these multiplets arise from compactification of our ansatz for the twist of type IIB super-
gravity on a K3 surface. Following the above presentation of Kodaira—Spencer theory we express the field

content of the twist of type IIB supergravity on a Calabi—Yau fivefold X as:

(v11B, Brig) € PV (X) @ PVY*(X) Nker 9
(1B, prre) € IPVY*(X) Nker & @ IIPV3*(X) N ker &

arrp € PV2’*(X) Nker 9.

where II denotes parity shift.

On a fivefold of the form X = C3 x Y where Y is a K3 surface, ~vr1B decomposes as

vire = (7,70.2) € QVF(C?) @ Q%*(C?) @ H**(Y). (3.48)
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Up to topological degrees of freedom, S;rp decomposes also as
(B, Bao) € Q°*(C?) & Q% (CP) @ HO(Y). (3.49)
The field p17rp decomposes as
prre = (p,ap2; 1) € (PVI*(C)[1] @ PV (CH)[1] ® HY2(Y)) Nker 0 @ Q%*(C*) @ H(Y), (3.50)

where the divergence is with respect to the CY form on C3. We decompose I further as (’Yf/p :)"1“71) where
Y1 € Q0*(C3) is associated to the Kihler form w € H%'(Y) and @’ = 1,...,19 labels the remaining

cohomology classes in H!(Y).

Similarly, if we neglect topological degrees of freedom, the field pr;p decomposes as

(paz0,B) € (PV™*(C)[1] © H22(Y) & PV (C)[1] @ H2O(Y)) Mker d & Q7% (C) @ HY\(Y),
(3.51)
where we decompose B as (5'11:17 Bfl) where Bﬁ € Q0*(C3) is associated to the Kihler form and o/ =

1,...,19.

Finally, the field a;rp decomposes, up to topological degrees of freedom, as
(3, 8,720, Bo.a; A) € QO (C?)P @ (PVI*(C?) Nker ) ® H(C?) (3.52)

~ / .
where we further decompose A as (&%, of ;) as we did above.

Now we can assemble these fields into twisted multiplets as follows.

¢ The fields

(1, p. &% 7,7, 451, B, 8, BY) (3.53)

comprise the twist of the A' = (2, 0) graviton multiplet.
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¢ The fields

(0,2, 2,0, O/f,,ﬁ 70,25 72,05 V?:p Bo.2, 82,04 5?:1) (3.54)
comprise the twist of 1 + 1 4+ 19 = 21 tensor multiplets with A" = (2, 0) supersymmetry.

To conclude, we see that in terms of multiplets the compactification of the twist of type IIB supergravity on
a K3 surface decomposes as

type IIB supergravity ~ (i) + 21(ii). (3.55)

This combination of multiplets is known to be anomaly free and is compatible with the description of the
K3 compactification of the physical type IIB supergravity (see, e.g., [Townsend| [[1984]]) at the level of the
holomorphic twist. It would be interesting to work out the anomaly cancellation mechanism in a purely

holomorphic language, following similar work as in|Costello and Li| [[2020].

3.3.5 Backreaction as a deformation

From now on we fix the holomorphic coordinates (z, w1, wz) on C3. We start with type IIB supergravity on
C3 x Y, with Y a K3 surface, and consider a system of D1-D5 branes where some number of D1 branes

wrap the complex line {w; = 0} in C3 and a point in K 3:
{w; =0} x {z} cC3x Y (3.56)

and some number of D5 branes wrap the same complex line {w; = 0} in C? together with the entire K3
surface:

{w; =0} x K3 C3xY. (3.57)

The effective open string theory associated to this system of branes will be supported on the intersection of

this system which is simply the complex line {w; = 0} in C3.

Using classic results |Dijkgraaf] [1999]], we can apply a duality to turn this into a D3 brane system which
wraps

Cx0xXLcCxYy (3.58)
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for a (special) Lagrangian two-cycle 2 C Y. This follows from the fact that any general D-brane (bound)
state on Y may be described by a Mukai vector v, which is a primitive vector such that F' € 420, F2 > (.
Any two such vectors of equal length can be related to one another by T-duality transformations in O(I'+20).
Of course, matching the moduli between the two duality frames can be an involved task. For our purposes,
we will only need a few basic features in this frameﬂ As in our setup, B-branes (which, again, are BPS with
respect to some chosen N = (2, 2) subalgebra of the ' = (4, 4) superconformal algebra) on K3 surfaces

can wrap not only 2-cycles, but also curves of dimension 0 and 4 (i.e. points or the entire /& 3 surface).

In the last section, we argued that the compactification along a K 3 surface becomes an extended version of
Kodaira—Spencer theory where the extra fields are labeled by the cohomology of the surface. Upon compact-
ification, the D3 system becomes a system of B-type branes in this extended version of Kodaira—Spencer

theory.

The charge of these branes is labeled by a cohomology class
Fe H*Y)CR. (3.59)
In particular, we take F' to be a primitive Mukai vector, as above. We denote
N = <F, F> (3.60)

using the inner product on H?(Y). Explicitly, if F' = fn + fn + %, for f, f, f. complex numbers, then
N =2ff + f®f%hq, where hy is the fixed non-degenerate symmetric pairing. Then the D-brane charge is

related to the number of D1-D5 branes in the original duality frame N ~ N Ngﬂ (To satisfy the primitivity

7 A simpler application of these ideas, in which the dimensionality of the wrapped cycle does not change, is the following. The
positive-definite 4-plane which specifies the hyperkéhler structure on K3 can be decomposed into two orthogonal 2-planes which
amounts to making a choice of complex structure and complexified (by the B-field) Kihler form. A quaternionic rotation of the
4-plane then exchanges the complex and Kéhler structures, which is equivalent to a mirror symmetry transformation on the K3
surface. This will exchange the notion of B-branes and A-branes on K3, where B-branes wrap holomorphic curves (with respect to
a chosen complex structure) and A-branes wrapping special Lagrangian 2-cycles. This point of view can also be reformulated as
an application of the Strominger-Yau-Zaslow Strominger et al.| [[1996] picture of mirror symmetry as a composition of 7T'-dualities
acting on an elliptic fiber.

8We will always work in the supergravity approximation, and neglect the difference between the D-brane charges and numbers
of D-branes in this work.
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condition, we assume N1, N5 are coprime. Since the supergravity theory is only sensitive to the product [V,

rather than the constituents N1, Vs, it is often convenient to take N1 = N, N5 = 1).

Notice that the length of the D-brane charge vector F? is of order N. We will always work in the su-
pergravity limit in which any formal series in the inverse of these parameters is treated as an asymptotic
series. More generally, let us explicate the parameters available to us in twisted supergravity. Exactly as in
Costello and Paquette| [2022b], the Kodaira-Spencer Lagrangian on flat space comes with an overall power
of é with g, the string coupling constant, which can be completely absorbed by rescaling of the fermionic
variables 7, — g5~ '/1,. However, in the backreacted geometry, rescaling the fermionic variables rescales
the D-brane charge vector F' by gis and N by é so that g5 ~ \/% as usual. We will always perform this
rescaling. Notice that it is convenient for us to start with flat space and treat the backreaction perturbatively,
i.e. as a small-N expansion; as in |Costello and Paquette| [2022b]], we find that the backreaction truncates

to a finite series due to the presence of the fermionic coordinates, so one can work equally well in small-N

(which is convenient for the Koszul duality computations in the sequel), or in large- N (as usual for holog-

raphyﬂ

Generally, the backreaction deforms the geometry away from the locus of the brane. Before backreact-
ing, we should say what geometry is actually being deformed. In the case of ordinary Kodaira—Spencer
theory on C3, it was shown in|Costello and Gaiotto| [2018] that the backreaction of B-branes along C C C3
deformed the complex structure on C3 \ C to the deformed conifold, isomorphic to SLy(C). In the case of
the compactification of the IIB string on 7, the resulting backreacting geometry is a super enhancement of

the conifold |Costello and Paquette|[2022b].

Our case is similar in that the branes are supported along the same locus as in |Costello and Gaiotto| [2018];

Costello and Paquette| [2022b]]. The difference is that, compared to |Costello and Gaiotto| [2018]], we are

By contrast, [Costello and Gaiotto| [2018]] works in the exact deformed geometry, rather than perturbatively around flat space,
so that IV is fixed immediately as the period of the holomorphic volume form. It is a phenomenological observation in twisted
holographic computations that observables (at the very least, observables involving operators with conformal weights that do not
scale with V) either truncate to finite series in /N or can be resummed to quantities analytic in /N, allowing us to match small-/V
(Koszul duality) expansions with the large- N holographic expansions; it would be desirable to have a more fundamental proof of
these observations.
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working with a bigger space of fields, roughly extended by the cohomology of the K3 surface. Recall
that R = H*(Y) denoted the cohomology ring of the K3 surface. Notice that this algebra is canonically
augmented by the map which sends all non-unit generators to zero (see |Paquette and Williams| [2021]] for
a physical interpretation of the augmentation and its relationship to Koszul duality). A useful perspective
on the extended version of Kodaira—Spencer theory we obtain by compactification along K3 is as a family
of theories over the scheme Spec R. This family has the property that over the augmentation ideal mp we
obtain ordinary Kodaira—Spencer theory. We will see that in the case of type IIB compactified on a K3
surface that the backreaction determines an infinitesimal deformation of the complex manifold C3 \ C over

Spec R.

If R is any local ring, an infinitesimal deformation of a complex manifold M, over Spec R is an element

taes € PVEL(Mp) @ mp (3.61)

satisfying the Maurer—Cartan equation. In our case, My = C3 \ C and f14. 1 is a field sourced by the branes.
The Maurer—Cartan equation is the equation of motion for yi4. r. The cohomology ring 12 of a K3 surface is
a local ring. Following Costello and Gaiotto| [2018]]; (Costello and Paquette|[2022b], the backreaction of this

system of branes introduces a twisted supergravity field

ppr € PVEHC3\C)® R (3.62)

which we can identify with an element of Q%1(C? \ C) ® R using the Calabi—Yau form on C3. This field

satisfies the following defining equations

Ousr = Focccs
(3.63)

opr = 0.
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For quantization we will also impose the standard gauge fixing condition that a #pr = 0 1in terms of the
usual codifferential & . There is a unique solution to the above equations given by

€v @id@j

2w O T (60

HBR =

Note that this field is of the form upr o @ F' where pupro € PVL1 is the Beltrami differential which gives
rise to the deformed conifold Costello and Gaiotto|[2018]—all of the dependence on the parameters 1, 77, 7

is in the cohomology class F'. Also we notice that F' € mpg.

Equations (3.63) imply that 1pr determines an infinitesimal deformation of C® \ C over Spec R. The

Kodaira—Spencer map associated to this infinitesimal deformation is of the form
KS : Tspec g — H'(C*\ C, T), (3.65)

where T denotes the tangent sheaf of the corresponding space, and simply maps a derivation § of A to the
class
€v mdwj P

5(F) [ ] e HY(C3*\ C,T). (3.66)

jw[*
We point out a more explicit characterization of this infinitesimal deformation of C3 \ C as a subvariety
of C* x Spec R following similar manipulations as in (Costello and Gaiotto| [2018]; (Costello and Paquette
[2022b]. Choose coordinates (1,7, 7,) so that Spec R is thought of as an algebraic subvariety of C2? cut
out by the equations (3.30). From this point of view, the flux F' can be thought of as (the restriction of) a

linear function on Spec R. An arbitrary function
® = (2, %, wi, Wi, 1,7, 7a) (3.67)

is holomorphic in the deformed complex structure determined by ppr if and only if

0 e9w;dw; OP
dw; F KRl
v ow; + 42 w|* 0z

(3.68)
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The following functions are holomorphic for this deformed complex structure

w2

UL = W1z — F47r2|w\2 (3.69)
w1
Uo = W9oZ + F47r2|w\2' (3.70)
In addition to the relations satisfied by the variables 1,7, 1., these functions satisfy
U2W1 — UTWy = F. (3.71)

We denote this geometry by X, which the above formulas have expressed as a quadratic cone inside
C* x Spec(R), where u;, w; are coordinates on the C*. The backreacted geometry is given by the lo-
cus where we further remove the locus where the coordinates u;, w; are both zero; this is an open subset

that we denote by X% C X.

We point out that there is a canonical projection

X% - Spec R, (3.72)

thus exhibiting X© as an R-deformation of the conifold. In analogy with the backreaction in the ordinary

B-model, we will refer to X" as the K3 conifold.

The holomorphic volume form 2 = dzdwidws is unchanged upon making this deformation since ppr

is divergence-free. We can write this volume form in the deformed coordinates above as

Q = wi ' duydw; dws, (3.73)

(or a similar expression involving w, 1) and note that this volume form is only well-defined on the fibers of

the projection X° — Spec(A).
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3.3.6 A generalized Kodaira—Spencer theory

Before moving on, we point out that the above constructions make sense in the following generality. Fix a
graded commutative ring R equipped with a trace tr : R — C. In the entirety of this section R = H*(Y')

and tr(a) = fY a, where Y is a K3 surface (or 7 as in|Costello and Paquette|[2022b]).

More generally we can consider a complex three-dimensional theory whose fields, in the BV formalism,
are given by

p € PVI*(C?) @ R[1] (3.74)

and

acQ*(CHeR, e (C?®R[2. (3.75)

The action functional is

%/3 eijktraui(a*l,u)jkd:gZ + /3 tradyd>Z + é/s eijktr,uiuj,udeZ—i- /Strauiazi'deZ. (3.76)
C C C C

We refer to this as [2-Kodaira—Spencer theory. For a general ring R, we lose the interpretation of type 1IB
supergravity compactified on some holomorphic symplectic surface. On the other hand, judicious choices

of R may allow one to consider ‘compactifications’ of supergravity on possibly singular surfaces.

3.4 Enumerating twisted supergravity states

We have derived our twisted supergravity theory in the backreacted geometry; we will refer to the latter
henceforth as the K3 conifold, adapting the terminology of |Costello and Paquette, [2022b]. Our theory
conjecturally captures a protected subsector of IIB supergravity on AdS3 x S x K3 (which we will refer to
as the untwisted theory), and we would like to perform some sanity checks of this conjecture. In particular, in
this section we demonstrate that the partition function of twisted supergravity states reproduces the seminal
count of i—BPS Kaluza—Klein modes in the untwisted theory [de Boer|[[1999b]. The methods in this section
are only slight modification of those in|Costello and Gaiotto| [2018]]; |Costello and Paquette, [2022b], so we

refer to these original references for more details.
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3.4.1 Inclusion of boundary divisors

In order to enumerate twisted supergravity states, we must understand the boundary divisors of the K3 coni-
fold, which are the geometric support for the asymptotic scattering states that participate in (the holomorphic

analogue of) Witten diagram computationﬂ

The idea is to compactify the K3 conifold X° to a super-projective variety X0 inside CP* x Spec(R)
We give the CP* homogeneous coordinates U;, W;, Z, so that we can complete the K3 conifold defined by

equation to
IUW; = FZ*2 (3.77)

The boundary is then at Z = 0, given by €/ U;W; = 0, which is the variety CPP! x CP' x Spec(R) C
CP? x Spec(R). As in Costello and Gaiotto [2018], the two CP!’s may be understood, respectively, as
the 2-sphere boundary of AdSs, and the S? base of the S3 factor, viewed as a Hopf fibration. Each CP" is

naturally acted on by a copy of SLs.

To determine the complex structure in the neighborhood of the boundary, we must find coordinates which
are holomorphic in the deformed geometry, as described in the previous section. To start, we can endow
the two CP!’s with holomorphic coordinates w, z and anti-holomorphic coordinates @, Z (in addition to the
coordinates 77 on Spec(R)), and take the CP* with coordinates z, Z to be the boundary of Ad:S3 on which the
dual twisted SCFT will live. In addition, we can specify a coordinate normal to the two boundary spheres by
n, which has a simple pole at z = co and at w = oo. We need to specify the behavior of Kodaira-Spencer
fields at n = 0, where the complement of n = 0 is the uncompactified K3 conifold. In these coordinates,

the holomorphic volume form is

B dndwdz F dndwdw

2= n3 n(1+ |w2)?

(3.78)

%While we will not study bulk scattering directly in this work, it would be interesting to explore methods to make such bulk
computations more efficient, perhaps by generalizing the technology of Budzik et al.|[2023]]; Budzik et al.| to curved backgrounds.

""Note that other compactifications are possible, depending on one’s application. In|Costello et al.|[2023al, the deformed conifold
SL(2,C) was not compactified to a quadric, as here, but instead was compactified inside the blow up of a flag variety. That
compactification was the one compatible with the symmetries inherent from viewing the deformed conifold as the twistor space of
4d Burns space, which has isometry group SU(2) x U(1). It would be interesting to extend the analysis of (Costello et al.| [2023a]
to the conifolds of (Costello and Paquette| [2022b] and the present article, and view them as twistor spaces in turn.
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With these coordinates, one can straightforwardly define twisted supergravity states via the usual AdS/CFT

extrapolate dictionary.

However, this naive coordinate system is not holomorphic. Rather, the complex structure is deformed by the

Beltrami differential

1
Fn?d—————50 3.79
" PR G
Holomorphic functions in the neighborhood of the boundary are given by
1
wy = — (3.80)
n
wy = — (3.81)
n
z w
=——Ffn——— 3.82
MR T P 82
Wz 1
=—4+Fn———. 3.83
Uug n + n(1+|w‘2)2 ( )

Notice that these coordinates have poles at n = 0 and satisfy usw; — uyws = F. Moreover, in these

coordinates the holomorphic volume form again takes the canonical form

- duldwldwg

Q (3.84)

w1

3.4.2 Enumerating states in Kodaira—Spencer theory

To describe boundary conditions on the fields in our theory, we can use the partial compactification of the
K 3 conifold described in All that remains is, following the usual AdS/CFT prescription, to specify
vacuum boundary conditions for our Kodaira-Spencer supergravity fields. Then, our twisted supergravity
states are solutions to the equation of motion that satisfy these vacuum boundary conditions except at a point
on the conformal boundary of the AdS3 factor, say z.. In other words, twisted supergravity states are, as
usual, local modifications of the boundary conditions, which are equivalent to boundary operators placed

along CPL x {z}.
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Recall that there are three fundamental fields for Kodaira—Spencer theory. Two fundamental fields «, -y are
Dolbeault forms of type (0, ). The last fundamental field p is a (0, *) form valued in in the holomorphic

tangent bundle. We can use the Calabi—Yau form to view p as a Dolbeault form of type (2, ).

* The vacuum boundary condition for the fields «, v is that each are divisible by the coordinate n. That

is, we require these fields to vanish on the boundary divisor.

* The vacuum boundary condition for the field u is that, when viewing it as a Dolbeault form of type
(2, %), it can be expressed as a sum of terms which are each wedge products of d log n, dw, dz, dn, dw, dz
with coefficients that are regular at n = 0. (Notice that we allow this field to have logarithmic poles
on the boundary divisor, although one may also choose to impose the more restrictive condition that

1 is a regular Dolbeault form).

We can now enumerate the supergravity states that satisfy these boundary conditions except for at a point-
localized disturbance or source. Here, we consider ordinary Kodaira—Spencer theory on C3 with B-branes
wrapping C C C3. The result is a recapitulation of Costello and Gaiotto|[2018], to which we refer the reader

for more details.

Denote by (%) ¢ the short representation of psu(1,1]2) whose highest weight vector has (J3, L) eigenval-

ues (2, ). Denote by y the fugacity for the U (1) symmetry 2J3 and ¢ the fugacity for the U (1) symmetry
L. Let

D=(1-q)(1—q"%y)(1—q¢"?y ). (3.85)

This is the denominator that will appear in the single particle index computed below. The factor (1 — ¢)~!
arises from the tower of 0,-derivatives. The factors (1 — q" 2y~ arise from the towers of Dy, , Do,

respectively.

« State 1 ~ n~*dlogndwid,—g. For k > 1 these even states and their descendants contribute

yq/?
D

(3.86)

to the single particle index.
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* Lowest lying state p ~ n_kdlog ndwyd,—g. For k > 1 these even states and their descendants
contribute
y~! q\/?

D (3.87)

to the single particle index.

» Lowest lying state s ~ n~*dlogndzd,—o. For k > 2 these even states and their descendants con-

tribute

(3.88)

SIEE
SIE

to the single particle index. The term —q/D appears due to the constraint satisfied by the field p,

Oqu = 0.

e State o ~ n'=*§,_y. For k > 1 these odd states and their descendants contribute

q
——=. 3.89
D (3.89)
to the single particle index.
» State v ~ nt=%§,_y. For k > 1 these odd states and their descendants contribute
q
—-=. 3.90
= (3:90)
to the single particle index.
In total we find that the single-particle gravitational index is
2 _ 1/2 -1 1/2 -1,1/2
3
¢ —3q+q(y+y ) _  yq Y 'q q (3.91)

(1—q)(1—q2y) (1 — g 2y~1)  1—yq'/? L Py R p—

Alternatively, one can use an explicit expression for the character x,,, (g, y) of the psu(1, 1|2)-representation

( %) - see equation (4.1.16-17) of Costello and Paquette, [2022b], and evaluate the single particle index

x (@21 (3),) = 2 xmla.): (3.92)

m>0
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The result is the same.

3.4.3 The twisted supergravity elliptic genus

The supergravity states were enumerated in|Costello and Paquette| [2022b] in the case that one compactifies
type IIB supergravity along either 7% or K3. We briefly recall the results here, with an emphasis on the case

of a K 3 surface.

The twisted supergravity states organize into a representation for the super Lie algebra psu(1,1|2). The
bosonic factor of this super Lie algebra is su(2), x su(2)g. The first copy is the global conformal transfor-
mations in the z-plane and the second copy is the R-symmetry algebra which rotates the w-coordinate. We

take the Cartan of this Lie algebra to be generated by (Lo, J3).

Denote by () the short representation of psu(1,1|2) whose highest weight vector has (Lo, J;) eigen-
value (m/2,m/2)|de Boer|[1999a]. As an example, the short representation (1)g consists of a boson with

weight (Lo = 1, J3 = 1), which in our notation corresponds to

o~ n_leog ndzd,—g. (3.93)

There are also two fermions in (1)g with weights (3/2,1/2) corresponding to the states

a~n 0,04, y~n T g+ (3.94)

and another boson of weight (2, 0) corresponding to

pw~n"2dlogndwd,—g+ - - - . (3.95)

Here, the ellipses denote additional terms required to express the fields in the holomorphic coordinates of
the deformed geometry (see Costello and Paquette| [2022b]] for the complete expressions in the T* case).

In particular, only a finite number of terms are required to correct the holomorphicity of these expressions,
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due to the fact that the relations imposed on the coordinates of Spec(R) cause the expansions in the 1’s to

truncate.

We consider twisted type IIB supergravity on a Calabi—Yau surface X, where X could be 7% or a K3

surface.

The supergravity states for the D1-D5 brane system in twisted type IIB supergravity on a compact Calabi—

Yau surface X decompose as

@(%)s@@H* @@ )s ® H™ (X). (3.96)

m2>1 m>1 4,j

In particular, according to the previous section, when X is a K3 surface the single particle twisted super-

gravity index is

@ —3q+q"*(y+y Y
- .

frs(q,y) =24 (3.97)

This result should be compared to | de Boer| [1999al], where the space of supergravity states upon supersym-

metric localization (that is, the chiral half of the supergravity states) is found to be

D P50 HY(X). (3.98)

m>0 4,j

The answers agree in the range where the highest weight of the short representation is at least two. The low

weight discrepancies break up into two types:

* In de Boer| [1999a] there is an extra factor of (0)s ® H%!(X). So, in the case that X is a K3
surface there are two extra bosonic operators in the analysis of |[de Boer| [1999a]]. In |Costello and
Paquette|[2022b] it was pointed out that these are topological operators, annihilated by L_1, and have
nonsingular OPE with all remaining operators. Notice that these states are removed by hand from
the infinite- N Sym’ (K3) elliptic genus in|de Boer|[1999a] (as we will review below), because their
degeneracy scales with N. Though they naturally appear on the SCFT side, and in particular are

well-defined for any finite /V, the minimal Kodaira-Spencer theory does not contain them.
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* In our analysis there is an extra factor of (%) s®H%J(X). In the case that X is a K3 surface these two
bosonic states can be removed by hand from the spectrum while preserving the SO(21) symmetry.
We will comment more on these modes in §3.6|when we examine their OPEs. Roughly speaking, they
are the twist of the center of mass degrees of freedom, which are often removed in the near-horizon
limit in holography. This limit is a bit subtle in twisted supergravity, and we see that these degrees
of freedom most naturally remain in the Kodaira-Spencer theory. However, the states that we are
interested in form a consistent subalgebra to which we restrict our attention (formally, the algebra
generated by this additional twisted multiplet is a semidirect product with our subalgebra of interest.
Note that it cannot be a trivial direct product and its algebra elements are, in particular, acted upon by

the 2d A/ = 4 superconformal algebra).

Denote the single particle index of the supergravity states, described in equation (3.98), by fsugre(q,y). One
of the main results of |[de Boer| [[1999a] is that the corresponding multiparticle index agrees with the large NV

elliptic genus of the orbifold CFT of a K3 surface

XNS (SymOOXQ q, y) = PExp [fsugra (Q7 y)} (3.99)

where PExp is the plethystic exponential defined by PExp [f(x)] = exp ( i) ! (ik)), which effects a
“multi-particling” operation. For X a K3 surface, the states (1) ® H?*(X) contribute the single particle

index

P
2f1(q,y) = T (—2q+q1/2(y+y‘1)). (3.100)

If we subtract this from the supergravity index we find an exact match with the supergravity index computed

by |de Boer|[[1999a]:

fsugra(Q7y) = fKS(Q7 y) - 2f1(Q7y)‘ (3.101)

3.4.4 Global symmetry algebra

In this section we characterize the global symmetry algebra of the dual CFT at infinite N from the point of

view of the gravitational, or Kodaira—Spencer, theory following Costello and Paquette|[[2022b]]; |Costello and
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Gaiotto| [2018]]. The global symmetry algebra is, by definition, a subalgebra of the modes of the operator@
of the CFT which preserve the vacuum at both 0 and oco. Explicitly, if O is an operator of spin A, then the

modes

%sz(z)dz (3.102)

for 0 < m < 2A — 2 close as an algebra and preserve the vacua at 0, co. Generally, the global symmetry
algebra is a subalgebra of the mode algebra of the vertex algebra. For us, it can be expressed as the universal
enveloping algebra of a particular Lie superalgebra.

From the Kodaira-Spencer theory perspective, these are infinitesimal gauge symmetries which preserve
the vacuum solutions to the equations of motion on the K3 conifold. Following a similar argument as in
Costello and Paquette|[2022b], one finds that the global symmetry algebra is the enveloping algebra of a Lie
superalgebra of the form

Vecty (X°/Spec R) & O(X?) ® IIC?, (3.103)

where:

+ X0 is the R-conifold defined as a family over Spec R where we have removed the singular locus; see

section §3.3.3]

» O(X") denotes the algebra of holomorphic functions on X°. By Hartog’s theorem this is the algebra
generated by the bosonic linear functions u;, w;,n,7,7, where ¢,j = 1,2, a = 1,..., 20 subject to
the relations

=T = nam — hayti =0, ugw; = F.

* Vecty (X 0/ Spec(R)) is the Lie algebra of divergence-free holomorphic vector fields which point

in the direction of the fibers of X° — Spec(R) (those holomorphic vector fields preserving the

holomorphic volume form on the fibers).

* II(—) denotes parity shift, so that this is a Lie superalgebra.

12 Again, we work with operators that survive in the planar limit; in the gauge theory context, these would be the single trace
operators.
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* The nontrivial Lie brackets (and anti-brackets) are:

[V, V'] = commutator of vector fields
[V f1=V(f) (3.104)

[fisgj] = €271 (8fi A Dg;)
where V € (X°/Spec(R)), f;,9; € O(X?) @ IIC2.

A characterization of the global symmetry algebra will follow from the computation of OPEs of the boundary
CFT (more precisely, its chiral algebra of holomorphic symmetries). As in the examples of |Costello and
Gaiotto| [2018]]; |Costello and Paquette| [2022b]], this global symmetry algebra is large enough to fix the

planar 2 and 3-point functionﬂ

3.5 The twisted symmetric orbifold CFT

Supergravity on AdS3 x S® x Y, where Y is either T* or a K'3 surface, is expected to be holographically
dual to a particular two-dimensional superconformal field theory (SCFT). Though our primary interest in
this note is K 3, with the T* case studied in Costello and Paquette [2022b], we can be agnostic about Y for

many aspects of the analysis.

We will briefly review this system of interest, following [David et al.| [2002] and references therein, with
a focus towards applying the holomorphic twist to this system and isolating the i—BPS states. Of course,
this SCFT is the IR limit of the field theory that arises from the zero modes of the open strings on the
D1 — D5 branes. The lowest-lying modes of open strings, which provide an effective field theory descrip-
tion of the D1 and D5-branes, naturally furnish a gauge theory whose IR limit we are primarily interested
in. In principle, one could perform the twist, which is in principle insensitive to RG flow, of either the UV

D1-D5 gauge theory or the symmetric orbifold CFT.

We recall that the D5 — D5 strings give rise to a six-dimensional supersymmetric U (N5) gauge theory

B1n Costello and Paquette| [2022b]] it was shown that, for N — oo, all two-point functions of states with SU(2)g spin > 1
vanish. The same argument holds in this case, though of course at finite NV there will be nonvanishing 2-pt functions.
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and the D1 — D1 strings likewise produce a U(N7) gauge theory; D1 — D5 strings will produce matter
multiplets in the bifundamental of these gauge groups. When all the D-branes are coincident the gauge
theory is in the Higgs phase and when some of the adjoint scalars in the field theory acquire a vev, corre-
sponding to transverse separation of the branes, the theory is in the Coulomb phase. We will focus on the

Higgs phase of the gauge theory throughou

On the Higgs branch, one must solve the vanishing of the bosonic potential (i.e. D-flatness equations)
modulo the gauge symmetries U (IN1) x U(N5) to obtain the moduli space. If one imagined that both sets of
D-branes were supported on a noncompact six-dimensional space, these D-flatness equations can be rewrit-
ten to reproduce the ADHM equations for N; instantons of a six-dimensional U(N5) gauge theory a la
Witten| [[1995b]]. So far, we have a description of the dual field theory in terms of an instanton moduli space,
namely the moduli space of N; instantons of a U(N5) gauge theory on Y, for which a useful model is the
Hilbert scheme of N N5 points on YE} The (conformally invariant limit of the) gauge theory description is
expected to only capture the regime of vanishing size instantons (i.e. when the hypermultiplets have small
vevs). One can understand that the gauge theory description is approximate by noticing that the Yang-Mills
couplings are given in terms of the Y volume V" and string coupling as g2 = g5(27a/), g2 = gsV/(o/(27)3)
so for energies much smaller than the inverse string length the gauge theories are strongly coupled [David
et al.[[2002]. To get the SCFT we take an IR limit, which would be dual to a near-horizon limit from the
closed string point of view. In this limit, the gauge theory moduli space becomes the target space of the low-
energy sigma-model. It has been argued that the correct instanton moduli space is a smooth deformation of
the symmetric product theory Sym™1Ns (X )/ SN, N5 Indeed, there is a point in the SCFT moduli space
(far from the supergravity point itself) where the theory takes precisely the symmetric orbifold form. The
orbifold point is the analogue of free Yang-Mills theory in the perhaps more-familiar AdSs x S°/ 4d N = 4
SYM duality, and is dual to a stringy point in moduli space which has been explored extensively in recent

years (see, e.g., [Eberhardt|[2022]]; Eberhardt et al.|[2020, [2019]).

14See Budzik and Gaiotto|[2022]] for a recent analysis of twisted holography in the Coulomb phase.

ISFor the purposes of this discussion, we will ignore the center of mass factor of the moduli space that produces a X factor, for
some X not necessarily the same as the compactification Y. The relationship between the two manifolds in the T case is clarified
in|Giveon et al.| [[1998].

'“Here we are taking both N1, N5 large.
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As usual, one can focus on moduli-independent quantities to provide preliminary matches between the
supergravity and orbifold points, such as the signed count of %—BPS states at large- N, via the elliptic genus.
The elliptic genus matches the corresponding count of BPS (or equivalently, twisted) supergravity states
de Boer|[[1999a]], which we reproduced in the previous section. We review the N — oo elliptic genus com-
putation and its matching to the twisted supergravity index below. This matching follows from the formal
equivalence of the elliptic genus to the vacuum character of the chiral algebra in the holomorphic twist; this

quantity is also sometimes referred to as the partition function of the half-twisted theory.

It would be preferable to “categorify” the standard elliptic genus computation, and reproduce it directly
from the twisted CFT perspective using the holomorphic twist of the symmetric orbifold CFTE As we
mentioned, in two dimensions this is also known as the half-twist Witten| [[1998]]; [Kapustin| [2005]]. It is
well-known that the half-twist of a sigma-model can be mathematically formulated as the chiral de Rham
complex [Kapustin| [2005]; Malikov et al.[[1999]; [Tan| [2006]], and indeed this is precisely what our holomor-

phic twist captures.

Unfortunately, obtaining a global description of the half-twist on a curved, compact manifold is a nonper-
turbative computation subject to worldsheet instanton corrections, and so prohibitively difficult with current
technology. We will instead review some aspects of the holomorphic twist from the perspective of the UV
brane worldvolume gauge theory, and then discuss the connection to the half-twist/chiral de Rham complex
of the symmetric orbifold SCFT, explaining their formal equivalence. When discussing the chiral de Rham

complex, we must approximate K3 as C2.

3.5.1 Branes in twisted supergravity

We have already recollected the proposal of |Costello and Li [2016]] that the twist of type IIB supergravity is

equivalent to the topological B-model on a Calabi—Yau fivefold. At the level of branes, this proposal further

70f course, whenever one wants to match more refined observables than the elliptic genus from the symmetric orbifold theory to
the supergravity point (rather than the stringy dual of |[Eberhardt et al.[[2019])), one must deal with moduli-dependence, e.g. [Taylor,
[2008] .
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asserts that D(2k — 1)-branes in type IIB corresponds to topological B-branes. We use that perspective here

to deduce the worldvolume CFT of the twist of the D1/D5 system in type IIB supergravity.

We consider the system of D1/ D5 branes in the twist of type IIB on a Calabi—Yau fivefold Z. For simplicity,

we assume that we have a collection of N1 = N D1 branes supported along a closed Riemann surface
YCZ (3.105)

together with a single D5 brane which is parallel to the D1 branes.

In topological string theory, one views branes as objects in some category. Morphisms between objects
represent open strings stretching between two branes. In particular, a general feature of topological string
theory is that the open string fields which start and end on the same brane can be described in terms of the
algebra of derived endomorphisms of the object representing the brane. Indeed, following [Witten| [1995al],
one constructs a Chern—Simons theory based off of this derived algebra of endomorphisms where the gauge
fields are degree one elements in the algebra of derived endomorphisms. In the B-model, the category is
the category of coherent sheaves on the Calabi—Yau manifold. Fields of the corresponding open-string field
theory (which start and on on the same brane) are given as holomorphic sections of the sheaf of derived
endomorphisms. Following |Costello and Li| [2016]], we will use a Dolbeault model which resolves a sheaf
of holomorphic sections to describe the space of fields as the cohomological shift by one of the Dolbeault

resolutions of derived endomorphisms.

We consider D1 branes that are a sum of simple branes labeled by the structure sheaf Os;. In particu-
lar, N such D1 branes are represented by the object O% N'in the category of quasi-coherent sheaves on the
Calabi—Yau fivefold Z. A model for the sheaf of derived endomorphisms of Oy is the holomorphic sections
of the exterior algebra of the normal bundle Ny, of ¥ in Z. A model for the sheaf of derived endomorphisms

of a stack of IV such branes is therefore

Exto, (oﬂgN ) ~ gl(N) ® A", (3.106)
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Thus, the Dolbeault model for the open string fields which stretch between two such D1 branes is given by
Q% (3, gl(N) ® A*Nx) [1]. (3.107)

If we take X to the be the total space of the bundle N, then the Calabi—Yau condition requires ANy, = K.

In the case ¥ = C and Z = C® we can write the open string fields [3.107| as
QY* (C, gl(N)[e1, ..., e4]) [1]. (3.108)

Here the ¢; are odd variables that carry spin 1/4, meaning they transform as constant sections of the bundle
Ké/ % This is precisely the field content of the holomorphic twist of two-dimensional AV = (8, 8) pure
gauge theory which is the worldvolume theory living on a stack of D1 branes in twisted supergravity on flat

space.

Next, we consider D1 — D5 strings. The open string fields are given by
Q0+ (E,@OX (OZ, OgN)) . (3.109)
Again, on flat space with ¥ = C this can be written in a more explicit way as
0 (@, K [es, 54]) ® Hom(C, CN) = Q0 ((C, K [es, 54]) ®CV. (3.110)
Together with the D5 — D1 strings we get
Q0 (C, K [es, 54]) o T*CN. 3.111)

In total, we see that the open-strings of the D1/ D5 system along 3 = C are given by the Dolbeault complex

valued in the following holomorphic vector bundle

(g[(N) e, el e K2 ® T*(CN> ® Cles, €4]. (3.112)
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If we choose twisting data so that the odd variables carry degree dege; = degey = +1 then the bundle in

parentheses can be written as
gl(M[1] & K? @ T* (gi(N) & CN) @ gl(N)[—1]. (3.113)

The first summand represents the ghosts of the holomorphic CFT and the last summand the anti-ghosts. The
gauge symmetry in the middle term is induced from the standard action of gl(N) on T* (gl(N) ® C") by
Hamiltonian vector fields (this is induced from the adjoint + fundamental action on the base of the cotan-
gent bundle). Thus, we see that this model describes (Ké/ 2—twisted) holomorphic maps from 3 into the
well-known GIT description of the symmetric orbifold Sym”™ C2. That is, the worldvolume theory living on

a stack of twisted D1 branes is the holomorphic o-model of maps into the target Sym” C2.

This analysis happened entirely in flat space. The D1 branes wrapped
Cx0x0x0x0cCC? (3.114)

while the D5 brane wrapped C x C2 x 0 x 0 C C°. At this stage, it is natural to replace this C? by a general
holomorphic symplectic surface Y to arrive at the well-established expectation that the worldvolume theory,
after twisting, is a holomorphic o-model with target Sym™VY". A careful derivation of this would require one

to work in the derived category of sheaves on C3 x Y, which we have not done here.

3.5.2 The symmetric orbifold elliptic genus at large N

For completeness, we briefly recall the elliptic genus computation using the orbifold point in the string
moduli space, which reproduces signed counts of 1/4-BPS states in the SCFT. This is formally equal to the
partition function of the chiral de Rham complex, or holomorphically twisted theory on the same underlying

space.

We will take the effective 2d brane system to be supported on R x S after compactification on Y, so

that the CFT is defined on the cylinder. On the cylinder, the NS sector corresponds to anti-periodic bound-

136



ary conditions on the fermions. The sigma model is then the ' = (4,4) theory whose bosonic fields are

valued in maps from S* — Sym™ (Y).

The physical SCFT has R-symmetries SO(4) ~ SU(2)1, x SU(2)g dual to rotations of the S and sym-
metries under a global SO(4); ~ SU(2), x SU(2), of transverse rotations; this symmetry is broken by
compactification on Y. Although broken by the background, SO(4); is still often used to organize the field
content of the compactified theory, and acts as an outer automorphism on the N' = (4, 4) superconformal
algebra. As is well known, the isometries of AdSs x S3 are SL(2,R) x SL(2,R) x SO(4) which form the
bosonic part of the supergroup SU(1,1|2) x SU(1, 1|2). These symmetries form the global subalgebra of

the N = (4, 4) superconformal algebra.

Part of the underlying chiral algebra of the N' = (4, 4) SCFT OPEs is the usual holomorphic (small) N = 4
superconformal algebra with ¢ = 6N (which can be explicitly constructed as a diagonal sum over the NV
copies of the seed ¢ = 6 sigma models). Part of the A/ = 4 superconformal algebra involves SU(2) spin 1

currents {J%(z)}; the central charge determines the level of this current algebra as

JU2)JP(w) ~ — ———— + i€

(3.115)

Additionally there are odd Virasoro primaries G*“(z) of spin 3/2 transforming in the fundamental of the

SU(2) current algebra which have self-OPE’s:

AB _af
e*Pe 3+5A3667(0a)a<

20°(w) | 9J(w)

GaA(z)GBB(w) ~ _GABEaB T(w) o -

¢
z—w 3(z—w) K

Z— W

> (3.116)

(z — w)

Above, we have written SU(2), x SU(2), doublet indices as A, B and SU(2)1, x SU(2) g doublet indices

asa,

As mentioned earlier, it is difficult to perform explicit computations in the holomorphic twist beyond a

local (flat space) model, even for a single copy of Y. Rather than try to work with the full chiral de Rham

'8There is, of course, also a right-moving copy in the full SCFT, though only the chiral half above will be accessible in the
holomorphic twist.
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complex directly, we will outline the matching of (counts of) states between twisted supergravity and twisted
CFT (via the elliptic genus). Then we will turn to the determination of the OPEs in the holomorphically
twisted theory in the N — oo limit by applying Koszul duality to our twisted supergravity theory; as a san-

ity check, we will easily recover the N = 4 superconformal algebra and its psu(1, 1|2) global subalgebram

Consider the chiral half of the N’ = (4,4) o-model on the symmetric orbifold Sym”™Y where Y is T*
or a K3 surface. After performing the half-twist, this is all that remains of the supersymmetric o-model.
According to Dijkgraaf et al|[[1997] we can regard the direct sum of the vacuum modules of the chiral al-
gebras of Sym’VY’, for each IV, as being itself a Fock space. The generators of this Fock space are given by
the single string states. These single string states are the analog of single trace operators in a gauge theory,
and can be matched with single-particle states in the holographic dual. Let ¢(n, m) be the super-dimension
of the space of operators in supersymmetric o-model into Y, which are of weight n under Lj and of weight
m under the action of the Cartan of SU(2)g. Let g,y be fugacities for Ly and the Cartan of SU(2)g,
respectively—the elliptic genus x(Y'; ¢, ) is a series in these variables. Of course, for Y = T* the elliptic

genus vanishes @ so we will now fix Y = K3.

Introducing another parameter p, which keeps track of the symmetric power, we can consider the gener-
ating series

> " x(Sym™Y;q,y) (3.117)
n>0

The main result of de Boer| [[1999al]]; Dijkgraaf et al.|[1997] is an expression for this generating series

dopx(Sym'Yiqy) = ][] : (3.118)

L5050 (1 _ pnqmyl)c(nm,l)

where ¢(m, 1) is a function of the quantity 4m — [2. In other words, we can interpret the direct sum of the

vacuum modules of the Sym™Y o-models as being the Fock space generated by a trigraded super-vector

More precisely, we will find psl(1, 1|2); for example, the SU(2) Kac-Moody algebra using Koszul duality will naturally appear
in the Cartan-Weyl basis.

20ne could instead consider the modified elliptic genus for T, which is enriched with additional insertions of the fermion
number operator to absorb the fermionic zero modes.
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space

V= @nZO,m,an,m,l (3.119)

where the super-dimension of V,, ,, ; is ¢(nm, [).

The generating function of elliptic genera of Sym™'Y” decomposes as

> rMxSymYsqy) = [T D p" ¥ x(Sym M H (5 0,y) (3.120)
N>0 n>0 N>0
with ENzo PV x(Sym™ ’H(Z;); q,y) = Hl,mZO W. Here, 1y, is the Hilbert space of a single

long string on Y of length n with winding number 1/n.

We can extract the N — oo limit of this expression, following the logic employed in de Boer] [[1999a];
Aharony et al.| [2000]; Benjamin et al.| [2016]], particularly Benjamin et al.|[2016]]. First, in preparation for

comparison to supergravity, we perform spectral ﬂov&E-] to the NS sector:

Y M xws(SymNYiq,y) = Y pVx(SymVY 0,y /@)y g
N2>0 N2>0

1
= ];[) (1 _ pnqm+l/2+n/2yl+n)c(nm,l)
n
m>0,meZ
leZ

1
- H _ pongm! o \e(nm!—nl' /2,n—1")"
S0 (1=pq™y")
m/'>|U'|/2, 2m'€Z>
VEZ,Wf—W/QEZZO

At any power of ¢, there will be contributions from terms of the form . The only non-

(1—py l’)c( 1/2,! —1)
vanishing such term in our case when m’ = 0 is ﬁ. We wish to isolate the coefficients of all terms

of the form ¢%y’p" for a <« N. Taylor expanding a p)g and extracting the desired coefficient gives

c/24

2I'We shift the overall power of ¢ by ¢ so that the vacuum occurs at ¢°.
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Nh(a,b) + O(N°) where h(a, b) is the coefficient of g% in

1
H (1 — gm/yl")f(m" V)

m'>|V]/2, 2m/ €20 Y

UeZ, m'—l' /2>
with f(m/,l') := Y, o c(n(m/ —1'/2),I' — n). The coefficients ¢(M, L) vanish for 4M — L? < —1 so for
m’ > 1 the sum truncates to f(m/,l') = Zflfl cn(m’ =1/2),I' —n).

Hence, we can get a finite contribution upon dividing by N.

We can also write out the non-vanishing f(m/,!") more explicitly, recalling that the coefficients are con-
strained to lie in the following range of the Jacobi variable: —2m’ <1’ < 2m/,I’ = 2m’ mod 2. Repro-
ducing the elementary manipulations in Appendix A of [Benjamin et al.|[2016]] (in particular, using the fact

that ¢(N, L) depends only on 4N — L? and L mod 2) allows us to rewrite the sum as

fmnﬁy)::<§:(xnﬂ2—lﬂ/4jn> —¢(0,1), (3.121)
REZ

where n’ := n — 2m in the first term. The first term is non-vanishing only when I’ = +2m’ and then it
reduces to the Witten index of K3, i.e. f(m/, £2m’) = 24 for general m’. Otherwise, we have f(m’,l') =
—c(0,1"). When m’ € Z the nonvanishing such term is —¢(0, 0) = —20, and when m’ € Z + 1’/2 we have

—¢(0,1) = =2 and —¢(0, —1) = —2.

In sum, we obtain

limy, xvs(SymMYiq,y) o (1—¢")20(1 — b2y 1)2(1 — gF1/2y)2
[o.¢] =
N k>1 (1-— qk/2yk)24(1 — qk/zy—k)24

(3.122)

22 277
:1+<y+&%)¢ﬂ+<y2+Mm+wwﬁq+owwy(3&@

We will denote this large N limit by xys(Sym™>Y’; ¢, y). In particular, for there are two bosonic towers

corresponding to (anti)chiral primary states and three fermionic towers corresponding to (derivatives of) the
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states capturing the cohomology of a single copy of K3.

We observe that this expression for the large IV limit of the elliptic genus agrees exactly with the plethystic
exponential of the single particle twisted supergravity index we computed in (3.101). One can easily see

this by using the definition of the plethystic exponential

o0 k ,k
PE[f](¢,y) = exp (Z f(qky)> (3.124)

k=1

and rewriting the infinite-N elliptic genus as PE[fcrr](q, y) in terms of the function
[e.e]
forr(g,y) =Y 24(¢ Py)™ + 24(¢" 2y~ )™ — 20¢™ — 2¢™ Py — 22y, (3.125)
m=1

which can be immediately matched with PE|[fs,¢-4](q, y), as expected.

For a finite number of branes we have given a microscopic description of the twisted D1/D5 system in
flat space as an explicit BRST theory and matched with the description in|David et al.|[2002]. In the large N
limit, the states of a general BRST model can be described in terms of the Loday—Quillen-Tsygan theorem:;
see the recent work |Costello and Li| [2015]]; |Costello and Gaiotto| [2018]]; |Ginot et al.| [2022]]; Budzik et al.l
It would be interesting to apply this theorem to understand the states of this model in the large N limit and
to reproduce the elliptic genus. It is easier to perform LQT for the 7# case and enumerate the non-vanishing
states, and it would be interesting to match this explicitly to the results of |(Costello and Paquette [2022b]]. In
the case of a K 3 surface it is not yet clear how to apply this theorem to understand the large NV limit of the

CFT.

3.6 Tree-level OPEs

In this section we initiate our computation of planar OPEs of the chiral algebra, using the same Koszul du-
ality techniques as in |Costello and Paquette, [2022b]] (to which we refer for a more complete discussion), by

first considering contributions from tree diagrams. Tree diagrams, as we will see, correspond to the twisted
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open-closed string theory in flat space (i.e. before considering the backreaction of the D-branes). We will
first recall the Koszul duality approach to twisted holography pioneered in |Costello| [2017]]; |Costello and

Paquette|[2022b] (see [Paquette and Williams|[2021] for a physical review of Koszul duality) @

Koszul duality enables us to derive the planar chiral algebra from our knowledge of the twisted supergravity
dual. In this way, Koszul duality provides a way to extract twisted CFT data, encoded in the technically
challenging chiral de Rham complex, using more tractable supergravity computation@ The method is to
write down the most general possible bulk-brane coupling and compute the BRST variation of all possible
bulk-boundary (or Witten-like) diagrams order by order in perturbation theory. In this work, we will focus
only on the diagrams that contribute in the N — oo limit. Demanding that the sum of the BRST variations
of all contributing diagrams at a given order vanish results in constraints on the operator product of the local
operators on the brane worldvolume; these operators generate the chiral algebra of the twisted SCFT, and so

Koszul duality directly extracts their OPEs.

We begin on flat space. In the next section, we will incorporate planar diagrams encoding the backreac-
tion of the D1-D5 system. These are the diagrams responsible for deforming the initial flat space geometry
to the K3 conifold. It was explained in|Costello and Paquette|[2022b] that, strikingly, only a finite number of
such backreaction diagrams contribute at each order in the \/% expansion. Typically, one would have to re-
sum an infinite number of such diagrams to obtain the deformed geometry. This simplification allows us to
derive the chiral algebra as a deformation around flat space, using the perturbative, Feynman diagrammatic

approach of Koszul duality. In particular, the complete, backreacted planar chiral algebra we will compute

in the next two sections has the global subalgebra we derived from a different point of view in §3.4.4]

28ee also Ishtiaque et al.|[2020]; /Gaiotto and Oh|[2019];|Oh and Zhou![2021b] for more on Koszul duality in twisted holography,
and Mezei et al.|[2017];|Gaiotto and Abajian|[2020]; Budzik and Gaiotto|[[2023]];|Oh and Zhou|[2021a]] for additional, closely related
twisted holographic explorations

A complementary approach, compatible with a topological (as opposed to holomorphic) twist, is to study the rings of chiral
primaries in symmetric orbifold theories |L1 and Troost| [2020]]; |Ashok and Troost|[2023alb]. Chiral primaries are 1/2-BPS states,
comprised of short multiplets with respect to both the holomorphic and anti-holomorphic N = 4 algebras, and have nonsingular
OPEs with one another. Koszul duality is sensitive to 1/4-BPS states but only captures the (purely holomorphic) singular terms of
the chiral algebra OPEs. It would be interesting to reproduce (the holomorphic halves of) the chiral ring structure coefficients from
our Kodaira-Spencer theory.
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On flat space, we use holomorphic coordinates Z = (z, w1, ws) on C? where the system of branes wraps
the locus {w; = 0}. We will call the brane locus the support of the “defect chiral algebra”, following the
perspective of the Koszul dual chiral algebra as the universal defect algebra to which Kodaira-Spencer the-
ory can couple in a gauge-anomaly-free manner Paquette and Williams| [2021]]. (In other words, any other
defect chiral algebra one might wish to couple to Kodaira-Spencer theory, such as an appropriate number of

free chiral fermions, must furnish a representation for the Koszul dual/universal defect algebra.).

The Beltrami field i has three holomorphic vector components that we denote by
n = /"LZaZ + /’Llauq + /’1/2811)27 (3126)

where p, u; € QY*(C?) are Dolbeault forms (recall that the ghost number zero fields arise from forms
of degree (0, 1)—so, actual Beltrami differentials). With this notation, the full classical interaction of our

compactified Kodaira—Spencer theory is

/(C3 p1 oz |nmd® Z + /cc3 i O, Y|y d® Z + /(03 10, prd* Z. (3.127)

Recall that for the kinetic part of the action for Kodaira—Spencer theory to be well-defined we must impose
the following constraint on the field yu:

Dotz + O, i = 0. (3.128)

Before moving into computations, we describe the operators present in the defect chiral algebra. In what

follows we use the notation D, s to denote the holomorphic differential operator

_11TS

Dr,s — g w1 Ywo

] (3.129)

where the holomorphic derivatives point transversely to the brane. To simplify formulas we will use the

/ w:/ wlypdz, (3.130)
zm zeC,

notations
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for integrals along the defect, and

/w:/ wlymd®Z (3.131)
Zm ZeC3

for integrals in the bulk.

As with the fields of our extended version of Kodaira—Spencer theory, the defect operators of the chiral
algebra will all be polynomials in the variables 7 parameterizing the cohomology of the K3 surface. The
variables 77 do not carry spin, parity, or ghost degree (this is one difference with the case of the complex

torus 7'%). For simplicity of notation we will not explicitly include this 7-dependence until it is convenient.

Defect operators sourced by bulk fields before imposing the constraint[3.128] can be described as follows:

* Bosonic Virasoro primaries T [, s] of holomorphic conformal weight (i.e. “spin”) 2+r/2+s/2 which
couple to the field p, by

/ T[T, S]Dr,s,uz|w=0~ (3.132)
Z?ﬂ

« Bosonic Virasoro primaries .J[r, s], i = 1,2 of weight 1/2 + /2 4 s/2 which couple to the fields /;
by
/ J'[r, 81Dy spti w=o- (3.133)
Z7T]

* Fermionic Virasoro primaries G[r, s, G[r, s| of weight 1 4+ r/2 4+ s/2 which couple to the fields
@, by
/ Ga [Ta 5} Dr,sa|w:Oa / G'y [’I“, S]Dr,s'ﬂwzo- (3134)
z,m Z,M

The fermionic operators G, G couple to unconstrained fields of the theory on C3. On the other hand,
T, J* couple to the fields i, yu; satisfying the divergence-free constraint (3.128). Only some combination
of these operators will couple to the on-shell fields of the theory on C3. Explicitly, the constrained fields

source the following defect operators

T[r,s] = T[r,s] — O r + 1,8 — 9. r,s+1], r+s>0 (3.135)

1 1
2(r +1) 2(s+1)
Jk 1 =kJ?k—1,1) —sJ k1 —1], k4+1>1. (3.136)
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We see that T'[r, s| has weight 2 + (r + s)/2 and J |k, (] has weight (k 4 [)/2 and live in the SU(2)r spin

representation (k + 1) /2.

As stated above, all operators are valued in the ring R which in the case of compactification of a K3 sur-
face is R = H*(K3). It is convenient to expand operators in the fermionic-Fourier-dual variables 7). If

O = O(n) is any of the operators defined above, then the Fourier-dual expansion is defined formally as
O(i) = eMO(n) |y, (3.137)

with a similar formula valid in the case of an arbitrary ring R with trace. We will expand the OPEs that

follow in this Fourier dual coordinate. Explicitly, if
O(n) = O+ Oyn + O + O, e + Oy (3.138)

then

O(1) = Oy + 1057 + 1Oy + hap Oy, Mty + O (3.139)

3.6.1 .JJ OPE

We first compute the OPE of the off-shell operators Ji [r, s] and then impose constraints to determine the

OPE of the on-shell operators J|r, s].

JLJ! OPE

The coefficient of J' [k, 1] in the OPE will be determined by the terms in the BRST variation of z; which

involve ¢; and p1, ¢ and o, or ¢ and py.

Consider the gauge variation of

/ Jt [, 8](2) Dy spt1 (3.140)
zm

)
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The gauge variation of p; is
Qui = ¢y + iOw; €1 + 11202¢1 — 0w, 11 — €202 41 + Oy €400 — 0,0y Oy @ + Oy €002 — 0200w,

For now, we can disregard the terms involving ¢, and « or ¢, and ~. These will play a role later on when

we constrain the OPEs involving the operators G, G.

Inserting this gauge variation into the coupling to J* [r, 5], we see that the first term, Jcy, vanishes by inte-
gration by parts. Cancellation of the remaining terms will give us constraints on the OPE coefficients. The

remaining terms are

/j1 [r, 8](2) Dr.s (1iOw; €1 + 120261 — ;0w 11 — €20z p1) (2, wi = 0,7q). (3.141)

Let us focus on the term in this expression which involves the fields w7 and ¢;. This is

/ JYr, 8)(2) Dy.s (1110w, €1 — €10, 1) - (3.142)
2,1

Because this expression involves both ¢; and p1, which are fields (and a corresponding ghost) that couple
to J!, we find that it can only be cancelled by a gauge variation of an integral involving two copies of the

operators J 1 at separate points z, 2’
5/“ Tk, 1)(2,1) D (z,w = 0,1) [r, s](2, 7 ) Dy spa (2, 0" = 0,77). (3.143)
2man’
Applying the gauge variation of j; to this expression, and retaining only the terms involving ¢y, gives us
/ZZ J! [k, U (z,1m) Dy p (2, w =0, n)jl [r,s](2',n") Dy s0c1 (2,0 = 0,7). (3.144)
2

Here the O operator only involves the z-component because restricting to w; = 0 sets any dw; to zero. We
can integrate by parts to move the location of the & operator. Every field y; contains a dz, as otherwise it

would restrict to zero at w = 0, so that dzu; = 0.
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This analysis shows that in order for the anomaly to cancel we must require
/ 52 (jl [k;7 l] (27 ﬁ)jl [Tv 5]('2/) 77/)) Dm,nul (Zu w = 07 n)DT‘,scl (Zla w/ = 07 77/)
Z7Z/7,r]7nl
= / JYm, n] (2", 1") D (110w, €1 — €100, 1) (27, w = 0,7").  (3.145)
Z”,'f]”

In these expressions, we sum over the indices 7, s, k, [, m,n. This equation must hold for all values of the

field u1, ¢1. To constrain the OPEs, we substitute the test fields

1 = G(z,%,n)dzwiwh

€1 = H(Za Z, n)wqw‘;

for G, H arbitrary smooth functions of the variables z,Z, 7,.

Inserting these values for the fields into the anomaly-cancellation condition gives

[ w (PG T sl o)) G HE )
z,2' n,n’
= / (r—k)JUk4+r—1,1+s](z",0")G(", 2",/ YH(Z",Z",7"). (3.146)
Z”?ﬁ”
Since this must hold for all values of the functions GG, H we get an identity of the integrands:
9z (j1 [k, 1] (2, ) J [, ] (2, n/)) = 6Oy (r — )T e+ — 1,1+ 5], (3.147)

The formal J-function d,—,y, in the case R = H*(K 3), has the simple expression

n=n-

ey = 10T +0 @7 +700 +hn@n, +(n < n) +me 1. (3.148)
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pa 1

11 1

Figure 3.1: Cancellation of the gauge anomaly of these two diagrams leads to the equation for the self OPE
of the currents J[k, [].

Anomaly cancellation leads to the OPE:

jl[k, l]((),n)jl[r, s|(z,n') = ~(r — k‘)jl[k: +r— 1,1+ 5](0,7)0p—y. (3.149)

IS

We apply the formal Fourier transform to write this expression in terms of the operators .J' [k, 1](0, 7). We
find

Tk 1(0,9) T 1, 8](z,0) = =(r — k)T [k +r — 1,1+ 5](0,7 + 7). (3.150)

NS

To simplify notation we will write this OPE in a way that does not explicitly refer to the n-variables as in:

JHk, 1(0)J r, s](2) ~

ISE

(r—k)JUk4+r—1,1+ s (3.151)

Diagrammatically, the OPE we have just deduced follows from the cancellation of the gauge anomaly in

Figure|3.1

Rest of the OPEs

Similar computations lead to the following tree-level OPEs. We have the J2.J2 OPE:

J2[r, s](0)J?[k, 1](2) ~ %(l —5)J2r + k,s+ 1 —1](0). (3.152)
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The J'.J? OPE:

Jr, s](0).J?[k, 1)(z) ~ —%sjl [r+k, 1+ s —1](0) + ékﬁ[k +r — 1,1+ s)(0). (3.153)
And finally, the J2.J' OPE:

J?[r, s)(0)J [k, 1](z) ~ —%rjz[r +k— 1,1+ s](0) + %zjl [k +7 14 s —1](0). (3.154)

JJ OPE

The calculations so far have involved the OPEs of the “off-shell” operators J*[r, s]. To obtain the on-shell

OPEs we apply the constraints in (3.135)), which for the J-type operators takes the form
J[r,s| = rJ?[r —1,s] — sJ'r,s —1]. (3.155)
We find

T, 510V [k, 1 (2) = %(z e Pk — 2,045 1]
- %ls(kz—r)jl[k—i-r— 1,1+ s—2]

1 . 1 N
—i—;r(r—l)lJ?[r—l—k—Q,l—l—s—l]—;l(l—l)rJl[k+r—1,l+s—2]

1 ~ 1 -
+ ;k‘s(s —DJ'r+k—1,14+5s-2]— ;k‘s(k: — Dk +r—2,14+5—1] (3.156)
Collecting the terms, we find the right hand side is

%((l—s)kr—l—r(r—1)l—ks(k:—1))j2[k+r—2,l+s—1]

1 ~
+—(stk—r) =11 —1Dr+ks(s—1)Jk+r—1,1+5s—2].
z
Finally, using (3.155) we find that the OPE involving the on-shell operators J|r, s] takes the form

T, s1(0) Tk, (2) = 2 (rl — ks)J[r + &k — 1,1+ s — 1)(0). (3.157)

z
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As above, on the right hand side all operators are evaluated at z = 0 and with the fermionic variables 7+ 7).
Note that the operators J[r, s] with r + s = 2 which are independent of 7 satisfy the OPE of the su(2)
Kac-Moody algebra at level zero. We will get a nontrivial level once we include the contribution from the

backreaction, which we do in

The OPEs described above lead to a mode algebra that is easy to describe and interpret. Let the nth mode
of J[r, s] be
J[ry s, = fdzz_”_pr(”s)/?,][r, s](2). (3.158)

The OPEs above lead to the relation
[J[r, 8], J[r', 8"l ] = (s7" — 1) J[r +7" = 1,5+ 8 — i, (3.159)

which we can interpret geometrically as follows.

In the case that the hyperKihler surface on which we compactify type IIB supergravity is 7 it is shown
in|Costello and Paquette| [2022b]] that the mode algebra corresponding to this full collection of OPEs of the
J-operators can be expressed as the super loop space of the Lie algebra tv,, of Hamiltonian vector fields on

C2 This is the Lie algebra £t whose elements have the form

2" f (w1, wa;ng) (3.160)

for n € Z, where f(wi,wa;n,) € Clwy,ws]/C ® C[n,|. (Here, the 14, a = 1,2, 3, 4 variables generate the

cohomology of T4, and are therefore fermionic.) The super bracket is
[anv zmg] = Zn+m€ijawifaw]-g- (3.161)

More generally if H*(T*) is replaced by an arbitrary super ring R, the mode algebra of the .J[r, s]-operators

gives rise to a similar infinite-dimensional Lie superalgebra that we denote L'tv.,. Elements in this Lie

*This is the quotient of the Lie algebra of functions on C2, which equipped with the standard Poisson bracket, by its center
consisting of the constant functions.
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algebra have the form

2" f(wy, wa;m) (3.162)

where n € Z and f € Clwy,ws]/C ® R. The bracket (before taking into account the backreaction) is
identical to (3.161)) and simply utilizes the commutative product on R. In the case of compactifying twisted

IIB supergravity along a K3 surface we simply take R = H*(K3).

If R = C, then L, = Lt is the Lie algebra of symmetries of C? x C* viewed as a bundle over
C* with fibers the holomorphic symplectic manifold C2. More generally, Lo is the Lie algebra of sym-

metries of C2 x C* x Spec R thought of as a bundle over C* x Spec R.

In the next section we will see how the backreaction introduces additional terms (such as a central extension)

in the bracket (3.161).

3.6.2 TJOPE

We turn to the tree-level OPE between the on-shell operators 7" and J. First, we compute the tree-level OPE

between the off-shell operators Jand T

The coefficient of J!, for instance, in this OPE will be determined by the terms in the BRST variation

of 141 which involve ¢q and i, or ¢, and 1. We collect such terms in the gauge variation of (3.140) and

/ T[m7n](2,7]a)Dm,n,uz(zawi = Oana)- (3.163)
(2,ma)EC4

Recall that the gauge variation of p, is
Qu, = 5Cz + Miawi ¢ + p0c, — Ciawiﬂz — 0, — €ijaic'yaja - eijaicocaj’% (3.164)

For now, we can disregard the terms involving « and ¢, or ¢, and .
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The terms in the variations of (3.140) and (3.163) involving ¢; and ., or ¢, and jq is

/ jl [m, n}(z, na)Dm,n(,uzazcl - Czaz,ufl)(za w; =0, na)
zm

+/ T[m,n](z, Ua)Dm,n(,Ulaun ¢z — 10w, 12) (2, w; = 0,74).
zn

)

The coefficient of ¢, can only be cancelled by a gauge variation of

/ jl[T7 3](Zana)Dr,sN1(Zawi = 07na)T[kal](zlanéz)Dk,l:uZ(Zlﬂw; = 07772)- (3.165)
Z’Z/J?avﬁfz

By similar manipulation as above, we find that the gauge variation of this expression is

[ (sl T ) ) D = 0,3) D = 0,1
2,2 Ma M},

[ B (sl T ) Dy (s = 0,10) Dy (' ] = 0,1,
2,2 Ma My,

To constrain the OPEs, we use the test functions p, = 0, ¢ = 0, uy1 = G(z,%, na)diw’fwé, ¢, =
H(z,Z,n,)wjws for G, H arbitrary smooth functions of the variables z,%,7,. This yields the anomaly

cancellation condition

[ (Pl Tl ) G2 HC 2 =
2,2' Mamg,
[ T ks U 2 )0 G 2 i)
2" mgl

+ 7"/ Tlr+k—1,s+ (2", qHG", 2" nYH (<", Z",1"). (3.166)
2" g

Integrating the right hand side by parts gives us

/ Oy J! [r+k, s+ 1" nHH(Z",Z" )G, Z" 1))
2" g
+ / Jt [r+k,s + 1" nHo..HE" 2" nHG(Z",Z" )
2" m

+ 7’/ Tlr+k—1,s+ 0", m)GE" 2" ) H(Z", 2" 1) (3.167)
2" my
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Because G, H are arbitrary functions, we arrive at the OPE

- - 1. - 1 -
T[r, s](0,m0)J [k, 1) (2,1),) ~ 577(1:%;8le [r+k,s+1(0,n,) + (5,,&:%?J1 [r+k,s+1](0,1,)

+ 10—, Tlr + k= 1,5 +1)(0,0). (3.168)

Switching the 7, variables to /1 variables by applying the odd Fourier transform we can write this OPE as

T, s1(0, ) ) =

- 1 -
0 r+ ks + 1(0,7" +7) + T [r + ks + (0,7 +7)

+rT[r 4k —1,s +1(0,7* + 7). (3.169)

In a completely similar way one can deduce the T.J? OPE

- - 1, = 1 -
Tlr, s)(0,7°) T [k (2, 71) 2= 00 [r + Ky s + (0,7 + ) + 5[ + Ky 5+ 1(0, 710 + 17a)

+ ST[r + k,s + 1 —1](0,7* + #'*). (3.170)

Using the T.J* and J'J? OPEs that we have computed, we deduce the OPEs between the on-shell operators

T and J° using [3.135] After some algebraic manipulation, we find

J[m,n](0)T[r, s](z) ~ (nr — ms)%T[m +r—1,n+s—1]J(0)

+zi2 <2(r71 nt 2(311)> J[m+r’”+s](o)+% <

m n

) 8.Jm + 1, + 5)(0)
m-+r n-+s

(3.171)

On the right hand side, all operators are evaluated at the variables 7} + 7/. We have dropped this dependence

for clarity.

3.6.3 17 OPE

Following the same logic we constrain the TT OPE. These OPEs are determined by terms in the BRST

variation of p, which involve c, and p.
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Proceeding as above we set

nz = G(2,7, Ua)dzwlfwé

1= H(Za 27 Ua)wiwis

to arrive at the anomaly constraint

[ B (T T U ) Gl 2o H )
2,2 Na Mg,
= / T[r +k,s+ 1" ) (G(z",?", )0 H (2", 2" )y — H(Z",Z" ,n))0..G(",Z", 77;’))
2" g

(3.172)

Integrating by parts and switching to the Fourier dual odd coordinates, we find the OPE

Tl )0, )Tk )21 = 20.7

1 -
O, T[r +k,s+1](0,7% +7'%) + 2?T[r +k, s +1(0,7* +7"*). (3.173)

Using the TT and J%.J7 OPEs that we have computed, we deduce the OPEs between the on-shell operator

T and itself using (3.135). After some algebraic manipulation, we find

Tm,n](0)T'[r,s](z) ~ 1 <1 + 2(m7"+ 3 + Q(ns—l- 1)8Z> T[m +r,n+ s|(0)

1 T S m n
+<2+2(m+1) oy a0 +2(s+1)>T[TWFT’"JFS](O)

1 1
4z ((m+1)(n+s+1) B (n+1)(m+r+1))83J[m+?“+1,n+s+1](0)
1 1
+422<(m+1)(s+1) C(n+1)(r+s)
: < ; tmtr 1 24+n+s
)

472 n+5+1((1+m)(1+r))_m+r+1((1+n)(1+s)

>(92J[m—|—r—|—1,n—|—s—|—1](0)

d,J[m+r+1,n+ s+ 1](0)

1 1 1
+221”<(m+1)(s+1) - (n—i—l)(r—i—s))J[m+T+1’n+S+1](O)
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On the right hand side, all operators are evaluated at the variables 7} + 7). We have dropped this dependence

for clarity.

3.64 GG OPE

To constrain the G, G, OPE we consider terms in the gauge variations of the classical couplings involving
a and ¢, or 7y and ¢, (we have disregarded those terms in the analysis above as they played no role in the

previous OPE calculations).

The term in the gauge variation of 4; involving the fields « and ¢y is €;;0;¢,0.a0 — €;;0.¢,0;jc. There-

fore, the gauge variation of [ Ji [m, 1] Dy pt; involving such terms is
/ J'[m, 1] Dy (€50, 040200 — €504 0, ¥) . (3.174)

The term in the gauge variation of 1z, involving v and ¢y is —€;;0u, ¢y Oy, v. Therefore, the gauge variation

of [ T [m, 1) Dy pt» involving such terms is
/ T[m, 1) Dy (— €35 0wy, 0O, ). (3.175)
The sum of these anomalies can only be cancelled by a gauge variation of a term of the form
/z,z',na,n; Galr, 8)(2,m0) Dy sa(z, wi = 0,m4) Gy [k, (2", n},) Di vy (2, wh = 0,1,,). (3.176)
The gauge variation of this expression involving the terms ¢, and « is
/Z&/ma’n& 0. (Ga[r, s](z,na) G~ 1k, l](z’,n;)) D, sa(z, w; = 0,nq) Dy ey (2, w] = 0,14). (3.177)

Let us plug in test fields a = dzwiwsG(z,%Z,m,) and ¢, = wiwhH(2,%,7,) where G, H are arbitrary

functions. Cancellation of these gauge anomalies requires

/ B2 (Galrs s)(z 1) G [k, (2 1)) G2, 2, ma) H (', 2 1) =
szlﬂ?avn{z
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l/ THr + ks +1=1(" ng) H(2", 2" 000 G (2" 2" 1)

2"l

- k/ j2[7" +k— 1,s+ l](Z”, n(lzl)H(Z”vzﬂa ng)az”G(ZH7§//> 7](/1,)
2" g

- 3/ JUr+k, s+ 1= 1" )0 H(2" 7' n))G(", 2" nl))
2" g

+ 7“/ Plr+k—1,s+ (" n))0.nH(" 2" 0l)G(", 2" )
2l

— / T[r +k—1,s+1-1G" nH",Z" nHGE",Z" n)). (3.178)
2yl

We integrate by parts to rewrite the right hand side as

/ <—l821/j1[7“+k‘,8+l—1]—|—kaz//J[7“—|—k—1,8—1—[]
~Tlr+k—1s+1- 1]) (2" ma)H (2", 2", 1q)G (2", Z" 1)
—(s+1) / T+ ks + 1= 1" 0g) 0 H (2" 2" g )G (2", 2" 1)
2" my

+(r+k) / Jr4+k—1,s+1" qoH(Z",Z" qH)G(E",Z" 0. (3.179)
2" e

From these expressions we can read off the OPEs just as above. We obtain

1 - 1 -
Ga[rvS](())ﬁa)G’Y[k?l](z)ﬁ:z):_(5+l);J1[T+k’S+k_1]+(r+k)?‘]2[r+k_178+l]

8 1. - 1~
- l18ZJ1[7’ +hs+1—1+k=0,J*r+k—1,s+1+ (rl —sk)=-Tlr+k—1,s+1—1]. (3.180)
z z z

Using (3.133)) we obtain the on-shell G* — G7 OPEs

G[m, n](0)G[r, s](2) ~ MT{m +r—1,n+s—1](0)+ 21—2J[m + 7,0+ s](0)

z

1 m n
35 <(2(m+7’) ’ 2<n+s>)) Oedlm o+ 5J(0)

On the right hand side, all operators are evaluated at the variables 7} + 7.
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3.6.5 TG OPE

The T'G' OPE can be computed similarly. For brevity, we will simply record the result in the next section.

3.6.6 Tree-level on-shell OPEs

The OPEs we have just computed completely characterize the tree-level defect chiral algebra. In the final
part of this section we summarize all tree-level OPEs that we have deduced above. In the next section we
will characterize planar backreaction effects effects (which are certain planar diagrams of loop topology)

which deform and centrally extend this tree-level chiral algebra.

If nr — ms > 0 the OPEs are

J[m, n](0)J[r,s](z) ~ Mj[m—i—r —1,n+s—1](0)
J[m, n](0)T[r, s](2) ~ m’”;ms)ﬂmw —1,n+ s — 1)(0)
1 m n
+ o) <2(r+ 0 + s+ 1)> J[m +r,n+ s](0)

+< - o4z )@J[m—i—r,n—l—s](O)
m-+r n-+s

Glm )0V 8](2) ~ U5 Gl e — 1n s — 1](2)

z

Glm, n](0)Tr, 8](2) ~ ((1@ 4 212>G[m +rn4 8](0) + (2(7,”1 5+ 2(8”+ 1)> 2 Clm + 7n+ 50

T[m,n](0)T[r, s](z) ~

<1+ 2m + 1) + 2<n+1)8z> Tm +r,n+ s](0)

94 T 485 4 m __n
2(m+1) 2(n+1) 2(r+1) 2(s+1)
1 1

1
42<(m+1)(n+5+1) - (n+1)(m+r+1))azj[m+r+1’n+s+1](0)

+

1
2172 )T[m—i—r,n—ks}(O)

+
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1 1 1
-|—47z2 <(m+1)(s+1) B (n+1)(r+8))azJ[m+T+1,n—{—g+1](0)

1 1 2+m+r 1 24n+s
422 <n+s+1((1+m)(1+r))_m+r+1((1+n)(1+5))>82J[m+r+1’n+3+1](0)
1 1 1
T2 <(m+1)(s+1) - (n+1)(r+s)>J[m”“’”““](o)

GO, n] (0)G [, 51(2) ~ L) i v~ 1on 4 s — 1)(0) + :—2J[m +r,n+ 5)(0)

z

1 m n
e ((2(m+r) * 2(n+8))) OxTlm o $1(0)

The coefficients in the OPEs between J — T and G — G have to be treated with slightly more care for special
choices of n,r, m, s, though the basic structure of the OPEs is the same. For the J — T' OPE, the above
expression also holds when nr — ms = 0 and nr = ms > 0. For the G — G OPE, if nr — ms = 0 and
nr =ms > 0 we have

G[m,n](0)G"[r, s](z) ~ %J[m +r,n+ s](0) + é@zJ[m +r,n+ s](0). (3.181)

The remaining cases are as follows. If nr — ms = 0 and nr = ms = 0 the TJ and GG OPE coefficients are

instead as follows.

Ifr=m=0,s#0:

J[0, 2] (0)T[0, 5] (2) ~ % (2(511)> J[0,n + s)(0) + % <n i 8) 8.J[0,n+ s](0)  (3.182)

n

(n+s)

G[0,n](0)G7[0, s](2) ~ %J[O,n +5)(0) + % ( ) 9,J10,n + s](0)

Ifn=s=0,r#0:

J[m, 0](0)T[r,0](z) ~ % <2(Tm+1)) Jim +r,0](0) + 2712 <m”l T) 8.J[m +r,0](0) (3.183)
G%m, 0](0)G"[r, 0](2) ~ %J[m +7,0](0) + % (mmﬂ) 8,J[m + r,0](0) (3.184)
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If » = s = 0 (note that there are no G operators for these values):

Jlm, n](0)T[0,0](2) ~ 2%2 (m +n) Jm, n)(0) + %@J[m, n](0) (3.185)

We have so far discussed OPEs that come from cancelling the BRST variation of bulk/defect Feynman
diagrams that have the topology of tree diagrams. However, they do not yet constitute the complete planar,
i.e. N — oo, chiral algebra. In particular, we have not accounted for the effects of backreaction, which will
serve to deform and centrally extend the planar algebra. For example, observe that tree-level OPEs of the

lowest 1-component of the operators
Jr,s],T00,0], Golk, 0], Gy [k, 4], (3.186)

with r 4+ s = 2 and k + ¢ = 1, comprise the (small) A" = 4 superconformal vertex algebra of central charge

ZEero.

If we perform the rescaling of the Kodaira-Spencer Lagrangian in the backreacted geometry, as discussed in

section [3.3.5] then the diagrammatics have the following dependence on N:

* The Kodaira—Spencer Lagrangian scales like ~ N.

* The term in the Lagrangian implementing the backreaction, i.e. the cubic vertex coupling Kodaira—

Spencer theory to the defect, scales like ~ N.

» The propagator (either in the form of bulk-bulk or bulk-defect propagators) scales like N '

Putting this together, we find that the same class of diagrams as in [Costello and Paquette| [2022b]] survive in
the planar limit. We reproduce these below in Figure [3.2] As expected, this leads to central terms scaling
like the CFT central charge ¢ ~ N, as well as a new class of diagrams arising from the backreaction that do
not scale with N and deform the algebra. In the next section, we turn now to computing these diagrams and

completing our characterization of the planar chiral algebra from Koszul duality.
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(a) (0) (¢) (d)

Figure 3.2: All diagrams that contribute in the planar limit. The solid vertical line represents the stack
of N branes. Solid lines represent Kodaira-Spencer propagators; dashed lines represent backreaction legs;
circles anchored on the brane represent local operators in the chiral algebra. Diagrams (a) and (c) scale
like ~ O(1) in the large-N limit, and comprise 3-pt functions. We have computed the chiral algebra OPEs
arising from Diagrams (a) in this section. Diagrams (b) and (d) scale like ~ O(N) in the large-N limit
and contribute to the 2-pt function or central extension of the algebra (terms in the OPE proportional to the
identity operator).

To compute non-planar corrections, one would need to repeat this procedure for a larger class of bulk dia-
grams including: 1) diagrams with loops in the bulk, and 2) diagrams with < 2 backreaction legs attached
to the defect plus an arbitrary number of bulk-defect propagators. The integrals quickly get difficult when
working beyond the box topology, but we remark that an impressive class of non-planar contributions to
the OPE of two open-string bulk operators (that is, considering additional space-filling D-branes coupled to
Kodaira—Spencer theory), has been computed inZeng|[2023b] by incorporating a refined model for Kaluza—
Klein reduction via homotopy transfer. These corrections, valid for a chiral algebra dual to Kodaira-Spencer
type theories plus space-filling D-branes, can be appended immediately to our chiral algebra, but does not
yet include any dependence on the fermionic variables of the internal compactification manifold. One can
view the non-planar contributions of Zeng| [2023b]] as incorporating diagrams of the second type (i.e. those
without bulk loops). It would be very interesting to understand if other techniques from homological alge-
bra can be leveraged to more directly obtain other non-planar contributions. We leave the incorporation of

non-planar corrections to future work.

3.6.7 Matching states in the global symmetry algebra

In we have given a geometric characterization of the global symmetry algebra. In this short section

we match explicitly with operators in the defect CFT.
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Recall that this global symmetry algebra is of the form
Vecty (X°/Spec R) & O(X") @ IIC2. (3.187)

As SU(2)r x SL(2,C) representations we have the decompositions

31 m—2 m m+2 m

Vecty (X°/Spec R) = R® (1,0 .- )®R - = - ).
ecto (X7/Spec R) = R & (1,0) ®<2,2)@ ®@ng< 5 ,2>@< 5 ,2)

At the level of vector spaces, it is immediate to see the match between the global symmetry algebra and

certain modes of the gravitational chiral algebra that we have computed. We describe the modes which

make up the global symmetry algebra.

* The bosonic part of the global symmetry algebra is generated by two classes of modes. The first class
is

{T[r, sln} (3.188)

where 0 < n < r + s + 2. The modes with r = s = 0 comprise the representation R ® (1,0) =

R ® sl(2). The modes with » + s = 1 comprise the representation R ® (%, %) The modes with

r 4 s =m > 2 comprise the representation R @ (242, 2).

* The remaining bosonic part of the global symmetry algebra is generated by the modes
{JIr, s]n} (3.189)

where 0 < n < r + s — 2. Such modes satisfying 7 + s = m > 2 comprise the representation
(mT_Z, ). Notice that the modes of the low lying operators J[1, 0] and J[0, 1] do not appear in the

—

global symmetry algebra. (In particular, the central term in Lito., does not appear in the global

symmetry algebra).
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* The fermionic part of the global symmetry algebra is generated by the modes

{Ga[ra S]mG'y[Ta S]Z} (3.190)

where 0 < n,¢ < r + s. Such modes satisfying » + s = m > 0 comprise the representation

R® (%,%) ® IC2

The modes L,,—1 = T[0,0],, n =0,1,2, J3 = J[2,0]o, JZ = J[0,2]o, J§ = J[1, 1]o comprise the bosonic
part of the global superconformal mode algebra. The modes G4[1,0],, G4[0, 1], G4[1,0]», G0, 1],, with
n = 0, 1 comprise the fermionic part of the global superconformal mode algebra. We can perform the usual
mode integrals to convert the tree-level OPEs we have just described to obtain the familiar commutators of

the psl(1, 1|2) global subalgebra.

3.7 OPEs from backreaction

The correspondence between the theory on a stack of branes and the gravitational theory defined on the
locus away from the brane is not an exact one, even at the twisted level: to obtain a match one must include
effects from the backreaction. Geometrically, the backreaction defines the sort of geometry which is dual to
the theory on a large stack of branes. This perspective persists for twisted holography. Algebraically, and
importantly for us, the backreaction has the effect of deforming the dual gravitational chiral algebra defined

on the boundary of (twisted) AdS space.

In this section, we proceed to compute planar corrections to the OPE which involve the backreaction. This

will complete the determination of the planar limit of the holographically dual chiral algebra.

Since the integrals arising from diagrams this section are slightly more involved, we set up the follow-
ing notations. The holomorphic coordinate on C? will be Z = (z,w) where w = (w!, w?) is a holomorphic
coordinate on C2. The defect will be located along w = 0. In the formulas below, our convention is that

Z% = zand Z' = w' fori =1, 2.
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Before getting into the main computation of the section, we turn our attention to a simpler example.

3.7.1 Warmup: holomorphic Chern—Simons theory

In this section, we warm up by computing the effect of backreaction on the open string sector only of
a “bulk” theory. That is, we study how holomorphic Chern-Simons theory, which may be interpreted as
the open string field theory for some space-filling branes in the bulk, deforms in the presence of a certain
Kodaira-Spencer field (or Beltrami differential). More precisely, we consider holomorphic Chern—Simons
in the presence of a Kodaira—Spencer field which is sourced by N D1 branes wrapping C C C3. The
backreaction field is

.
GUAW ) pyLlCs ©). (3.191)

This field satisfies the equation

Opr N Qu;—0 = Nbw,—00: (3.192)

where ¢,,,—0 is the -function supported at w; = 0. This couples to the holomorphic Chern—Simons field by

1 1 €W dw?
Spr = = Vir(A0A) = =N A5, A 3.193
BR =5 /(C3 pBR V tr( ) 9 s 27 |w|? z ( )
We will denote w = % so that the coupling can be written Spr = % f(cg Awd, A.

The backreaction coupling has a gauge anomaly even at tree-level. Indeed, the tree-level gauge variation of
S BR is

/A“(@yBR)c“—/ ALD, . (3.194)
C3

In order to cancel this gauge anomaly one must introduce an /N-dependent term in the OPE of the currents
Ju[k,1]. In fact, at tree level only the OPE between currents with & = [ = 0 is affected by the tree-level
backreaction. In the presence of the backreaction the currents J, [0, 0] form a Kac—-Moody algebra of level
N
o1 1
J4]0,0](0).J5[0, 0](2) ~ ab;JC[O, 0] + 5abN?Id. (3.195)
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Figure 3.3: Tree-level diagram involving the backreaction which contributes an anomaly.

The second term in the OPE is present due the the existence of a tree-level anomaly which involves the back

reaction. The diagram which represents this anomaly is presented in figure[3.3]

What about higher loop anomalies involving the backreaction? For scaling dimension reasons, there are no
further corrections to the J[0, 0] — J]0, 0] OPE. Let’s consider the possibility of quantum corrections to the
OPE between the fields .J,[1, 0] and .J;]0, 1]. Before accounting for the back reaction, the tree and one-loop
level OPE is

Ja[1,0](2)J5[0,1] ~

IS

1
fcb‘][lv 1] + h;Kfe geflglch[Ov O]Jd[0> 0]7 (3.196)

a

(see e.g. section 6 of |Costello and Paquette| [2022b]). By conformal invariance, the possible N-dependent

terms in the OPE J,[1, 0].J,[0, 1] must be of the form
c y-be 1 1 ab 1
afs, K ( =.J.0,0] + =0.J.[0,0] | + BE®=1d (3.197)
z z z

for some (possibly zero) constants «, 3 which depend on IV (notice that the form of the central term in the
last term is consistent with the fact that J[1, 0], J[0, 1] are of spin 3/2). The diagrams which give rise to
the anomalies necessitating these terms in the OPE are presented in figure[3.4] In these diagrams, the dotted
lines represent coupling to the backreaction and the wiggle lines represent bulk propagators. The straight
lines label bulk field inputs, as before. To evaluate the integrals associated to these diagrams we use point
splitting on the defect so that operators are placed at 21,29 € C with |z — 22| > €. The edges of the diagram

correspond to the propagator for the free part of holomorphic Chern—Simons theory, which is determined by
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(a) (b)

Figure 3.4: One-loop diagrams involving the backreaction which contribute an anomaly.

the parametrix for the J-operator on C3:
(OP) Nd*Z = 67—. (3.198)

Explicitly, this is the (0, 2)-form

P(Z) eijkZ dzl dz". (3.199)

© 4q2y6

We first focus on diagram [3.4] (b). The weight is represented by the integral
/ A1 (X)w(2)0,0,P(X,Y)w(y)A2(Y), (3.200)
(X,Y)

where we use coordinates X = (z1,z2,2),Y = (y1,y2, w) and impose a cutoff |z — w| > e. In appendix

[3.8.1] we evaluate this integral to obtain

N2 1 u b
TKabEij |z—w|>e mawiAlaij2‘Wi:0, (3'201)

where Ay, A are the input gauge fields. The linear BRST variation A — A + Oc of this diagram thus gives
rise to the anomaly

N? 1 an Fb
7Kab€ij | > m@wl/l 8wjac ’wi:() (3202)
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Integrating by parts and taking ¢ — 0 this becomes

N? ~
TKabsija%zlzzz Ousy A% Dy, 0|y, —o. (3.203)

In this form it is clear that this anomaly is canceled by introducing the term in the OPE in[3.196] with

= (3.204)
3.7.2 Tree-level backreaction in Kodaira—Spencer theory

We now turn to the effects of backreaction in our version of Kodaira—Spencer theory obtained by compacti-

fying the twist of type IIB supergravity on a K 3 surface.

The first nontrivial contribution from the backreaction actually occurs at tree-level, and is represented by
Diagram b) in figure We will determine this diagram first. Part of this contribution was computed
in |Costello and Paquette [2022b]]. The backreaction field upr = ppr(n) takes a similar form as in the

previous section. It is a distributional section
ppr € PVHL(CH @R (3.205)
which satisfies the defining distributional equation
OpBR = Suw,=0F0,, (3.206)

where F' € H%(K3) C A is the flux labeling the brane configuration.

The field R couples to the fields p; via

/ UBRIL 42 (3.207)
Zm
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It couples to the fields «, y through

/ WBROD,. (3.208)
n

)

Notice that by type reasons the backreaction field does not couple to the Beltrami field p, in the direction

parallel to the brane.

We first consider the gauge anomaly involving the coupling (3.207). The tree-level gauge variation of the
backreaction coupling (3.207) is

/ WBROC 112 +/ [BR Oc2 =/ (c1p2 + p1€2) |w=0- (3.209)
Z,'n Z,"? z,m

Similarly, the tree-level gauge variation of the coupling (3.208)) is

/ ,uBRﬁca@ﬂjL/ uBRa882c7:/ (ca02v + adscy) lw=0- (3.210)
Zm Zm

z,n

Notice that neither of these expression involve w;-derivatives. Since J' [0, 0] couples to ;, the anomaly in

(3.209) can be cancelled by the gauge variation of

/ 0, 0)(2)p (2).7200,0]( ) a() (3.211)
z,m,z'\m’

provided that the Jt [0, 0] operators satisfy an appropriate OPE. Similarly, the anomaly in (3.210) can be

cancelled by the gauge variation of a coupling of the form

/ Gal0.0(2)0(2)G4 [0, 01( (). (3212)
z,mn,z",m

Proceeding as above by working in the Fourier dual odd coordinates and then transforming to the basis of
on-shell fields, we see that to cancel the first of these anomalies there must be a term in the off-shell J.J
OPE of the form

J0,0](0,7).J710,0](2,7) ~ eile(ﬁ +7). (3.213)
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Using the constraints we can write this OPE in terms of on-shell fields as

F(R+7). (3.214)

To cancel the second anomaly there must be a term in the GG OPE of the form
Ga[0,0](0,7)G4[0,0](2,7') ~ ;Fm +17). (3.215)

Recall that in section §3.4.3| we pointed out a discrepancy in our supergravity elliptic genus and the one
computed in [de Boer [1999a], which in the notation of that section arose from the two representations
(2)s ® H*O(K3) and (3)s ® H*?(K3). We observe that these representations form a sub-chiral algebra.

Indeed, if we expand J[1, 0] in the Fourier dual coefficients as
J[1,0](n) = Jo[1,0] + 7J5[1,0] + - - -, (3.216)
and similarly for J[0, 1], then these representations correspond to the fields
Jo[1,0], J3[1,0], Jo[0, 1], J;5[0, 1]. (3.217)
The only OPEs between these fields involves the flux F'. They are given by

Jo[1,0](0)J5[0, 1] (2) =

Jol0, 1)(0)5[1,0](2) =

ISE RN IRS I AN

where f is the component of 7 in the original flux F' € H?(K3).

Consider next the operators

JI1,0](7), 710, 1](n), Ga[0, 0](7), G~[0, 0)( (3.218)

=
=
=
3
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These operators form a subalgebra of the full gravitational chiral algebra, even after taking into account the
effect of the backreaction. We can relate this to a familiar system of free fields by a simple modification.
Recall that the spin of the operator G, [0,0] is one. If we choose a spin zero operator G [0, 0] such that

G, [0, 0] then we can obtain the same OPE as above if we declare that

F@®+5'). (3.219)

G0, 0100, )G, [0, 0]z, 7) =~

The operators .J[1,0](%), J[0, 1](7), Ga[0,0](7), G- [0,0](7) form a familiar chiral algebra of free fields.
The zero mode of G is topological and can be ignored; the fact that we take the derivative arises in Kodaira-

Spencer theory from the fact that we chose a potential for the corresponding polyvector field in

Explicitly, this is the Sybc system defined over the ring R. This is the chiral algebra whose fields (of

spins 0,1,1/2,1/2 respectively)

¢ = G4[0,0],b = G,[0,0], 8 = J[1,0],y = J[0,1] (3.220)

are each valued in R.

From the point of view of the UV gauge theory, this comes from the twist of the fields in the U(1) su-
permultiplet that corresponds to the collective motion of the D1 — D5 system in the transverse directions.
We emphasize that while these center of mass operators do have nontrivial OPEs with the remaining part
of the chiral algebra, the operators which do not include the center of mass operators form a subalgebra of
our holographically dual chiral algebra; recall that the contribution of these center of mass operators was

subtracted by hand in §3.4|to match the elliptic genus of

3.7.3 The propagator for Kodaira—Spencer theory

In a moment we will proceed with the characterization of how higher loop effects involving the backreaction
in the K3 version of Kodaira—Spencer theory deforms the boundary chiral algebra. To set up the computa-

tions we recall the form of the propagator in Kodaira—Spencer theory. In this section we follow |Costello and
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L1 [2015]] which introduced this propagator.

The propagator for Kodaira—Spencer theory on C3 is the kernel for the operator 99" A~1. We obtain this by
applying the divergence operator to the kernel for the operator 8" A~ (the analytic part of this kernel is the

same as the analytic part of the propagator used in holomorphic Chern—Simons theory).

As usual, we use Z = (Z; = wy,Zy = we, Z3 = z) for the holomorphic coordinate on C3. Using the
Calabi—Yau form one can express the integral kernel for the operator 8" AL in terms of the distributional

Kodaira—Spencer field
1

P(2) = 4726

eijpz dzdz" 9P, (3.221)

where 93 = 07,07,07,. The kernel is obtained by pulling back this section along the difference map
CxC*—=C?, (2,Z2)—2Z-7. (3.222)
We denote the pulled back section by
P(Z,7') e PV72(CP x CP). (3.223)

Here PV° stands for distributional Dolbeault valued polyvector fields of type (3, 2). Notice that this section

is smooth away from the diagonal in C® x C3,

We are interested in the Kodaira—Spencer propagator which we will denote by P; this is the kernel of

the operator 99" A1, To obtain this, we first apply the divergence operator to P

P = 9P € PV*(C3). (3.224)
Explicitly this is
3 o
P(Z) = Weijkezmn%’d?dé’“azmazn. (3.225)
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We can expand this in terms of the coordinates Z = (z,w;,wy) where z is the holomorphic coordinate

along the defect. Then,

dwy dw
P(z,wi) = % (528w16w2 — ZW10,0w, + m2azaw1)
3dwydz
ﬁ (20100, Oy — W10, + 012000y )
3dzdw
Wr; (20200, Oy — 0102000, + W50:0u, ) -

Pulling back along the difference map C3 x C? — C3 we obtain the Kodaira—Spencer theory propagator
P(Z,Z') € PV (C? x C3). (3.226)

This distribution is the integral kernel for the operator 00" A1 acting on polyvector fields. As in the case
of the propagator for holomorphic Chern—Simons theory, it is smooth away from the diagonal. We interpret
this propagator as a symmetric element of the (completed) tensor square of the fields of Kodaira—Spencer

theory on C3.

The propagator for Kodaira—Spencer theory on K3 x C? (after compactification) is the kernel for the operator

A acting on the full space of fields which acts on the odd 1-coordinates by the identity:
P(Z,m;Z,m') =P(Z,Z")dpy. (3.227)

3.7.4 The central term

We have classified the planar bulk-boundary Feynman diagrams which involve the backreaction; there were
three types. The first type occurs at tree-level, involving only a single backreaction vertex, and we have
characterized the effect on the boundary chiral algebra in section There are two planar one-loop di-
agrams involving the backreaction: one involves a single backreaction vertex, see Figure [3.6] and the other
involves two backreaction vertices as in Figure [3.5] In this section we focus on the latter one-loop diagram,
involving two backreaction vertices, which has the special feature (like the tree-level backreaction effect)

that it only couples to the identity operator in the chiral algebra along the brane. This means that the gauge
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Figure 3.5: The diagram which encodes the one-loop central term in the OPE.

anomaly resulting from this diagram introduces a central term in the OPE.

We proceed with the description of the anomaly associated to the diagram in Figure [3.5] which involves
two backreaction vertices and a single propagator. We first consider the terms in the weight of the diagram
involving the bulk fields p1; — po (there are also terms involving input fields ¢ — p and o — ). The weight

of this diagram involving these fields is represented by the integral

/ 11 () () P(X, V) () a(Y), (3.228)
Xnx,Y,ny

where we use coordinates X = (1, 22,2),Y = (y1, y2, w) for C3 x C3 and impose a point splitting cutoff

|z —w| > e

We first observe the n-dependence of the integral above. The backreaction u g is proportional to F' and the

n-dependence on the propagator is through ¢ Thus, in total, the n-dependence on the integrand is

nx=ny:-
pBR(Mx)BR(MY ) F (1) F (1Y )05 =y - (3.229)

From this we see that the anomaly associated to this diagram will only involve the unit component of the

field upr(n) = pBRo + O(n) and the resulting OPE will be proportional to N = F2|nﬁ-
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In appendix |3.8.2| we evaluate this integral to obtain

N 1
o D 10 () (). 3.230
4 w |z—w|>e (Z — w)2 w; 11 w],u2|wl—0,77—0 ( )

From this expression, we see that there is a gauge anomaly which can be canceled upon introducing the

following term OPE
- iy 1
AL OO0 1)z 7)==+ e =N | (3.231)
z
The - - - indicates terms in the OPE which do not depend on the backreaction that we characterized in the

previous section (and possibly terms that arise from anomalies associated to other diagrams involving the

backreaction, but in this case there are none).

One can use this expression to solve for the OPE involving the on-shell fields. This central term in the
OPE will involve the operators J[r, s] with 7 + s = 2, which implies that the lowest n-components of such

operators comprise an s[(2)-current algebra of level N/2. For example

1N
B O, 1](E) = 55 (3.232)

where Jy[1, 1] is the lowest 17-component of the operator J[1, 1].

There is also a central term in the OPE involving the operators G, [1,0], G,[0, 1], G,[1,0], G4[0, 1] re-
sulting from the BRST variation of the weight represented by figure [3.5] where the input fields are o,y

respectively. This weight is represented by the following integral

/ o(X)u5r ()00 P(X, Y )usr(y)y(Y) (3.233)
Xnx,Yny

where X = (z,21,22),Y = (w,y1,%2), and P(X,Y) is the propagator for 0. This is identical to the

integral which is computed in appendix [3.8.1} the result is

GOA,O[]-,O]G%U[O, ” e — 2Nm + -
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1
s+

000, 1 1,0]~ - +2N—
G 70[0 ]G’Y»U[ 0} + (Z—UJ)

where the - - - denote non-central terms.

In the previous section, we observed that the tree-level OPE’s between the bosonic operators
150, 0], Jo[2,0], Jo[1, 1], Jo[O, 2] (3.234)
together with the fermionic operators
Gaoll1,0],Ga0[0,1],G0[1,0],G,0[0,1] (3.235)

comprise the (small) N = 4 superconformal vertex algebra at central charge zero. We have just seen that the
backreaction introduces a level k = & of the 5[(2) current algebra generated by the fields Jo[2, 0], Jo[L, 1]
and Jy[0, 2]. This level completely determines the central charge of the superconformal algebra generated
by these operators, ¢ = 12k = 6N. One can alternatively directly compute the corresponding integrals cor-
responding to the T'T" (after putting them on-shell) and GG OPEs and find precisely the remaining central

extension terms.

More generally, the diagram analyzed above gives central terms in OPE’s of the form J[k,[]J[r, s] ~ Z%
where the total spin of the generators is 2. We have presented the calculation when k + 1 = 2,r + s = 2.
This is the only combination of spins that impacts the superconformal algebra. At the level of unconstrained
fields we only considered operators Ji [k, ] with k41 = 1. Therefore, the only other possibility we have not
yet considered is the OPE between the unconstrained fields J?[0, 0] and J7[1, 1]. By a completely similar
computation, one finds (in the equations below we suppress (1) constants, although they can easily be
reinstated)

ﬁ&ﬂ@%&ﬂ@:m+ﬂ%N (3.236)
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Figure 3.6: This diagram describes the non-central effect of the backreaction.

At the level of the constrained (on-shell) operators, this becomes (up to dropped constants)

N

JolL,01(0)Jo[1,2)(=) ~ -+ 4 (3.237)
Jo[0, 1](0) o2, 1](2) ~ - - - — ?]\; (3.238)

3.7.5 Non-central effects from backreaction

We move onto the anomaly arising from the one-loop diagram involving a single backreaction vertex as
depicted in Figure [3.6] In addition to the backreaction, this diagram involves two propagators and a single
bulk vertex. We will mostly focus on the corrections of the OPEs involving the generators that have no
dependence on the cohomology ring of K3 or T4, although one can generalize our computations to include
this case. Thus, the results in this section give corrections to the gravitational OPE for B-branes in the

topological string on C3.

The description of the weight of this diagram is more complicated than the central backreaction terms
we have considered so far. One reason is that this diagram will affect the OPE between an infinite tower
of operators in the holographically dual chiral algebra (even in the planar limit). Secondly, there are more

choices of possible labelings of the external edges of this diagram by fields in Kodaira—Spencer theory.

Consider the case where the input fields are y1;, j = 1, 2 so that the weight of the diagram is represented by
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the integral

— / T a1, az)(w) / pr(@) (2, 2)P(X,Y) 1, (Y) Doy 0y P(Y, W). (3.239)
W, My, Xnx,Ymy

Here w, n,, are coordinates at the defect vertex and X, 1y, Y, 17y are coordinates at the bulk vertices which
we integrate over. For notational symmetry, we have used the notation W = (w, 0) for viewing the defect

coordinate as a bulk coordinate.

There are similar contributions correcting the other OPEs, but we will focus on the JJ OPE because (1)
it is the most technically difficult to compute; all the other integrals can be performed with simpler versions
of the computations we present in appendix [3.9)and (2) the J-fields include the highest weight states in each
superconformal multiplet, so that the other OPEs can be alternatively obtained by leveraging the supercon-

formal symmetry.

To get some intuition first, let us note that the gauge variation of this anomaly is of the schematic form

c(i, g, k, 1) / (D1¢;) 8, (Dopsj) J¥[ar, as]|wi—o A F(my,), (3.240)
w’nw

where D); are constant coefficient differential operators, in the w;, we-coordinates whose orders sum to
2l4+a1+ag+1, and the ¢(4, j, k, 1) are some coefficients. The order of the differential operators is determined
from form of the diagram, which involves a single backreaction. This anomaly will introduce additional
linear terms in the OPE between the (off-shell) operators Ji [k1, k2] and Ji [mq, ma] of the following heuristic
form

1

RES] T a1, ag)(O)F (R +7) + -+ (3.241)

J' k1, ko) (z,m) T [ma, ma](0,m') =~ -+ + (4,4, k, 1)

where k1 +ko+mq+mo = 2l+a1+az+1. The first - - - refer to tree-level terms which we computed in the
previous section. The second - - - refer to terms with more derivatives acting on J*[a1, az]. In appendix

we will find by explicit computation that [ = 1 (and moreover, a1, as are fixed in terms of k1, ko, m1, Mo
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pi(z, o) p1(Y)
p(X) fia(w, y)

N~
-~

p(z, ) p2(Y) p1(X) pa(w, y)

Figure 3.7: Cancellation of the gauge anomaly of these diagrams leads to the tree-level OPEs.

using the fact that the integrals we are evaluating are U (1)-equivariant with respect to z*,Y’) so that the
leading pole goes like z% The subleading single pole %&] is fixed by symmetry as usual to have half the
coefficient of the double pole (but can also be obtained from direct integration, although we will not present

that here).

Let us now explicitly see how the JJ OPE will get deformed for some particular low-lying modes. (In
particular, there should be no non-vanishing diagrams deforming the ' = 4 superconformal algebra, and

indeed that is the case).

All the contributing diagrams of the given topology, including labelings of external lines, are displayed
in Figure Let us evaluate these diagrams for a few illustrative examples. We first consider the OPE

J[2,1]J[0, 2]. In terms of off-shell OPEs, we have a rather simple expression, see also equation (3.319)

J[2,1]J]0,2] = 2J1[2,0]J[0, 1] — 470, 1]J?[1,1] (3.242)
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This OPE receives contributions from the diagrams in Figure We will show how to explicitly calculate

the contribution from the first diagram, and only state the results for the other three.

A more general treatment of these calculations for all J° [m, n] J [k, (] OPEs (with arbitrary m,n, k, 1) is

presented in appendix [3.9]

The weight of the first diagram is

Wi (0) = - / J¥[0] () / usR() (2, 2)P(X, Y )y (V) P(Y, W) (3.243)

N CzxC3

We specialize the external legs to be
iz 2) = 2(z")’dz0, (V) = (y*)dg°o (3.244)

Then, k = 1 and the only non-trivial contributions come from the 9,_,0)0;2_,2) component of P(X,Y),

and the 9,10,2 component of P(Y,W).

Win(0) = — <1> "2 / A0](w) / G- o =)W
C2xC3

2 (=[2)2(1X = Y2 = W)

zZ,Ww

We first integrate over d°Y. For cleanliness, we will write only the part of the diagram that participates
nontrivially in the d®Y integral as 7y (and similarly for d*z shortly), and combine all contributions at the

end. Using Feynman’s trick,

RGP - w)E - 7))
i ‘/ (X Y|Py — W) (3.240)
(T [T 7,79z -7°)@ —0) @ - 7))
- (mv) /0 dit*(1 - ”3/ WX —YIE+ (1 0|y — W) (5:247)
Y
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We shift the integration variable Y — Y + tX + (1 — ¢)I¥ and impose U (1)y equivariance

- I'(8) > _ )2 (72 ! 471 _ \5 (|y2|2)
y‘(r<4>2>( P [ a0 e S

Y

. 1|2 . .
We introduce radial coordinates r* = lv'| B and perform the angular integration,

t(1-t)|| X —-W|

_ (e E—@Q—mﬂ& ! _ > r?
Ty = <F(4)2>( )( 2 ) (|X—W||2)4/0 dt(l t)/o (r0_|_r1_|_7~2_|_1)8

Integrating over the radial coordinates and t, we find that the Y integral gives us the expression

e AV
y‘( oT(4) >( X —wpy

We can now integrate over d*z.

- D2 (O [ g o (')
x_z(lle)?(llX—WP)“_<F(4)>/o ol )[<r|xn2+<1—s>|z—w|>6

s

s)|z—wl|?

== (5 e 1w12>2 /0 dssti =) [~ <+()2+1>

Integrating over the radial coordinates and t,

" <(§1%?4>)> <rz —1w12>2

We introduce radial coordinates r’ = = and perform the angular integration,

Putting it all together, we find
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Performing similar calculations for the other three diagrams, we find the following off-shell OPEs

- - —92 - . ,
P20 011w ) = (s ) 001 P + ) (.25
- ~ T = Ple
JWUM@ﬁUJWMZ<%Z_wy>ﬁmﬁwam+n) (3.256)
Inserting this into (3.242), we find that the on-shell OPE is
32i R )
2 )10, 24w ) = (2 ) T F + ). (257

One can verify that this is consistent with the more general integrals computed in appendix [3.9]

Let us take another example. Consider the OPE J[3, 0]J0, 3]. Using equation (3.319) we have

J[3,0](z,0)J[0,3](w, 1) ~ (Z)f;)( (©10,2;2,0) — p"(0,2:2,0) + "V (2,0;0,2)) J2[0, 1](w)F(7 + 7))

+(?’6)( (19)(9,0;0,2) — 40 (2,0:0,2) + A <o,2;2,o>)fl[1,0]<w>ﬁ<ﬁ+fv’>

(3.258)
Plugging into our expressions for v and S (see equations[3.304] [3.303)), we find:
1
01(0,2;2,0) = 5= —{19(2,0:0,2) (3.259)
)
-6"1(0,2:2,0) = 5—@“@&&@ (3:260)
1
3V (2,0;0,2) = 5= (19(0,2;2,0) (3.261)
We thus find that the on-shell OPE is
(34 sy
T30z m 10, 3)(w, 1) = (S ) I W) E @ + 7). (3.262)
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Finally, we remark that the planar chiral algebra should contain the information of the ¢ = 6N small
N = 4 superconformal algebra (which we have reproduced in the OPE of the low-lying generators) as well
as OPEs among the superconformal descendants. It would therefore be enlightening to match the Koszul
duality approach with more standard bootstrap analyses. This may be slightly tedious, since Koszul duality
expresses the chiral algebra in a rather different basis than the one which is natural from the perspective
of these symmetries. For example, we can use the results of the N' = 4 long-multiplet bootstrap of [Kos
and Oh| [2019], take the h — (m + n)/2 limit in which the multiplets become short, and remove the null
states, to characterize the nonvanishing 2-pt functions. This is simple to check using the Mathematica code
provided in [Kos and Oh| [2019]] for the lowest-lying modes, but those come from nothing but the center of
mass multiplet and the A" = 4 superconformal algebra itself, which we knew from other methods already.

It could be fruitful to apply these checks, and carefully match the results, for the higher modes.

3.8 Loop computations involving backreaction

3.8.1 Backreaction in holomorphic Chern-Simons

Let X = (z,2) = (2,21,22),Y = (w,y) = (w, y1,y2). We compute the integral

/ A (X)) 000 P(X, Y )ws(y) Aa(Y), (3.263)
(X,Y)eC3xC3

where A; are (0, 1)-forms on C3, and P(X,Y) = P(X—Y) is as in equation (3.199). Pluggingin A = 21dz

and B = yodw this integral becomes fz » @2dw0, 0y I (2, w) where

I(z,w) = (Z—w / dzdy [Zgle1ys . (3.264)
@w)=GE=u) | YA R + e = PPl

We compute [(z,w) as a function of the difference z — w. Note that there is an additional factor over ﬁ

arising from the propagator and w which we have suppressed, and will restore at the end.

First, we perform the integration along iy € C?. Using Feynman’s trick we have
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d4y [Ty]yQ
/cz (|2 —w[* + [|lz — y[[2)?[lyl|*
4! 1 Ty
= | a1 / dty [75]y . (3.265)
2t Jo 2 (tlz —wP -tz —yl*+ 1 =)yl?)

Introduce the new variable § = y — tx. The the right hand side becomes

12 / 1 At (1 — 1) / 4y (27 + t2)](v: + L) (3.266)
0 e (12 + (1 = b)l|z]|? + ]z — w]?)®

Changing to polar coordinates and first computing the residue we see that only terms invariant under U (1) x
U (1) rotations of C? will contribute to this integral. The U(1) x U(1) invariant part of the numerator is

Z1|72|%. After computing the residue along both the 71 and 7 directions the integral then becomes

1

N2 P2

12(—27i)%z, / dtt*(1 —t) / d?p . (3.267)
0 (0,00)x(0,00) (P11 + p2 + (L —t)[|z[? +t[z — w|?)
Performing the integration over (0, c0) x (0, 00) we obtain
(—2mi)?_ /1 1t

T1 (3.268)

2 o (lz—w+ (1 —1)||z[?)?

Returning to the original integral we must now compute

1 |x1|2
dt(1 —t) / dix : (3.269)
/0 ez zl*(z —wl* + (1 —t)]|=]1?)

We compute the integral over z. Using the Feynman trick again we have

|1
/ d*z L1
ez 2z — w]? + (1 = 1)]|=][?)?
1 |$1|2
:/ dss(l—s)/ d*z o (3.270)
0 ez (slz—w|?+ (1 —ts)|x?)

After computing the angular integrations this becomes

1
—2i2/ PE 1 - 3271
2 o ooretomn Pz — WP+ (=)o T p2)) s~ 15z — wp? G271
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Finally, plugging back into the original expression we have

—9 (1—1)(1—
I(z,0) = mi) / dt / 2 S). (3.272)
1 — ts

The integral over ¢, s gives % Combining all the resulting factors from the preceding computations, and

reinstating the propagator normalization, we therefore have

—2mi)? 1 1 1
1) = 5 @ri2G—w)  A-w) G273

3.8.2 The central term in Kodaira—Spencer theory

Let the notation for the coordinates X, Y be as in the last section. We will compute the integral

/X (X POY ()Y (3.274)

Without loss of generality, we plug in the test functions
pi(X) =2103,dz,  p2(Y) = 420y, dw. (3.275)

The vector field type is determined by the symmetry of the graph while the powers of the holomorphic co-

ordinates x, y which appear are determined by the scaling properties of the propagator and backreaction.

Notice that upg(x) is proportional to the differential form ¢;;Z;dz; and similarly for ugg(y). Thus, for
these test functions only the 0, _y, 0z,—, part of the BCOV propagator P(X,Y") will contribute to this in-
tegral. Furthermore, the terms in the BCOV propagator proportional to dz — dw will not contribute by type
reasons. Simplifying, we see that for this choice of test functions this integral becomes fz,w dzdwl (z,w)

where

= [Zy]z1y2
I(z,w) = (Z — w)2/ d*zdy (3.276)
C2xC2 ) (12 = w]? + [l — yl1*)*ly[I*

where we have again suppressed the constant factors from the propagator and w, to be restored at the end.

We remark that the factor (Z — w)? comes from the BCOV propagator. We compute I(z,w) as a function
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of the difference z — w.

First, we perform the integration along 3y € C?. Using Feynman’s trick we have

d4 [@]yQ
Ve = wP+ 1l — P II:L/H4
_ 5! Ty
= dtt3( — 1) / dhy [yly2 —. (3277
-3 ez (tlz —wP + ]z —yl?+ (1= 1)lyl?)
Introduce the new variable § = y — tx. The the right hand side becomes
1 T~ —
t t
20/ dtt3(1—t)/ iy PO (y2 + tra) . (3.278)
0 cz (9117 + e = lll? 4tz — w]?)

The U(1) x U(1) invariant part of the numerator is 71 |fj2|?. After computing the residue along both the §;

and o directions the integral becomes

1
20(—274)%F / dtt3(1 —t / d%p P2 . (3279)
(=2 0 S (0,00)x(0,00)  (P1+ p2 + (1 = t)||z[|? + t]z — w|?)®

Performing the integration over (0, c0) x (0, c0) we obtain

512! 1 1—t
—omi)2 2 dt 3.280
(=2mi) 3'5“”’”1/ Tz —wP + (1= )PP (3.280)

Returning to the original integral we must now compute (suppressing the overall constant factors for the

moment)
/ldt(l t)/ d* 1] (3.281)
— x .
0 e zl*(lz = wP + (1= 1)flz*)*’
We compute the integral over x as above to obtain
1=t -s)
-2 dt 3.282
(=2mi) 4‘\z—w\4/ / l—ts ( )
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and hence, putting all the pieces together,

3 (—2m)* 1 1
Iz w) = (277)4( = 2G—w)? Az w? (289

Upon changing to the basis of on-shell generators (i.e. currents sourcing the properly constrained Kodaira-

Spencer fields), we will recover precisely the canonical Kac-Moody algebra at the expected level %

3.8.3 Evaluating a general holomorphic integral over d*xd*y

In the previous two appendices, we computed some holomorphic integrals which can deform a Koszul dual
chiral algebra on a case-by-case basis. However, these integrals admit more general closed forms, and it is
convenient to calculate them once and for all. In this appendix we will evaluate a general form of a holo-
morphic integral which is common to many 1-loop Koszul duality computations in holomorphic theories.

Throughout this appendix, we employ the same notation as in

We would like to obtain an expression of the form [ dzdwlI(z,w), where I(z,w) is itself an integral over
the four transverse directions d*xzd*y. For notational expedience, let us strip off some overall factors which
do not partake in the d*zd*y integral, in particular: any functions of Z, w which come from expanding the
propagators, and any overall multiplicative constants which come from the normalizations of the propaga-
tors and the backreaction fields. We call this stripped-down integral Z'(z, w), and turn to its evaluation. (Of
course, one must reinstate these factors at the end, and then perform the final integral over dzdw to complete

the determination of the OPE).

We begin with an integral of the form:

- x1k1w2kgfll1T2l2 -
Il(];kr,l;m,n)z/( ) ((I)fvll(z)jl) &) Z,(j;m, )d*x (3.284)
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where k, [, 17, 71 € (ZZO)QJ € (Z+0)3 X = (2,2%),Y = (w,y*) and:

2o [(EEE)™ )G @)
R e e e (s (25

We have also made the following definition:
[Z,7] = 7' — %75 (3.286)

We first integrate over d*y. Using Feynman’s trick,

= o o (T(2+73) ! Ja—1(1 _ 4\is—1 Z,9)(y")"™ (v*)" (7)) (7)™
Iy(ﬂ’m’”)‘<r<j2>r<j3>>/o dit® {1 =) ! WX VI + (1= o)lyPya Y

Next, we shift the integration variable y, y — y + tX, and use the binomial theorem:

T, (j:m, /) = <m> /Oldmtj2 (1 — t)ia— 12 Z Z <m>< ) (3.287)

=1 a;=0b;=0
X ()= (g 2y me—a (g b (g2 b / [z O )G G
(t]z — wl + |yl + t(1 — t)[|=|[?)72H73
(C3

The integral over y only receives contributions from those terms that are invariant under phase rotations of

y®. Let us make the following convenient definition for the summations:

(m,7) Min[m1,n1] Min[mz2,n2+1] n - Min[m1,n1+1] Min[mz2,n2] n - m e
2 E( 2 2 <a1><a2—1>_ 2 2 <a1—1><a2>><a1><a2>

(a1,a2) a1=0 as=1 a1=1 as=0
using which, reduces to
= ['(j2 + js) & ;
Z,(j;m, 1) = (w> Z i dtt32+m1+m2+n1+n2—2a1—20,2—1(1 . t)]g—lx (3.288)

(a1,a2)
% (xl)mlfal (xQ)mzfag (fl)nﬁ»lfal (52)n2+17a2 %

(Tl)al(T2)a2

1.2
T2 ) A

9]
X (—27?2')2(15]2 _ w’2 + t(l o t)HxH2)2+a1+a2—J2—J3 / (
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where we introduced radial coordinates ¢ = |y|?/(t|z — w|? + t(1 — t)||X — W]|?), and we integrated

over d6".

Integrating over dr’ and grouping terms, this simplifies to:

. (m, )

2 oo (2w .

1, G = (T P R
ai,a2

1 t2+m1+m2+n1+n2*a1*a2*j3(1 _ t)jsfl

1\mi—ai/..2\mao—a2 (=1\n1+1—a1 (=2\n2+1—az
X dt ——
(x ) (ZC ) (ZL‘ ) (.1‘ ) /0 (t]z _ w’2 —|—t(1 _ t)HmHQ)jQ‘FJS—Q—al—QQ

We now at last have the following integral, which we must integrate over d*z:

. Lk1+mi—a1 (.2 k2+ma—az (F1)li+ni+1—-a1 (72)l2a+n2+1—a2

T, (5; k, b1, 71) = .
A Tl (= — w1 — D 2-oe

The steps we need to follow to perform this integral are identical to those of the d*y integral: Feynman’s
trick, shifting the integration variable, and only retaining those terms which are invariant under phase rota-

tions of z®. We present the final result:

(2m)* > F'(ji+jo+gs—4—ki—ko—my — m?)dlﬁ-nﬁ—l

120 707 =) —
TGk b, 7) = (r(jnm' ) (P S X
(m,7)
X Z a1+1 a2+1)F(k1+m1+1—a1)F(k2+m2+1—a2)x
(a1,a2)
tp1 — t)I3—1lgp2(1 — g)i1—1
/ / dsdt e G (3.290)
(1 — st)ps
where we have made the following definitions:

p1=2+mi+me+mni+ny—ay—ax—J3 (3.291)
p2=1+ki +kas+m1+ma—ar—az—ji (3.292)
p3:2+k31+k2—|—m1+m2—a1—a2. (3.293)

187



To connect to what we have previously determined in Appendices §3.8.1} §3.8.2] let us take several special-

izations of this general form.

« Consider j = (2,3,2), k= (1,0), ['= i =0,m = (0,1). The integral becomes

Tz, :/ [, 9oy, dzdiy. 3.204
== ) TP = YRR 5299

With these parameters, the general form of our integral becomes

(—2mi)* 1

Tz, w) = P —t

(3.295)

This integral is precisely that in equation (3.264)), except with the anti-holomorphic (z—w) factor from
the holomorphic Chern-Simons propagator stripped off. We also must reinstate an overall constant
ﬁ coming from the normalization of the propagator and the backreaction field. To get our final
answer, we simply reinstate them to recover

« Next consider j = (2,4,2),k = (1,0),l =7 = 0,m = (0,1):

[z, ylz1yo 4 A
I(z,w) = A ady. 3.297
(2 w) /OMW%W—HW%MW2$ v (3-297)

With these parameters, the general form of our integral becomes

Il(z,w):(_Qm)4< ! )2. (3.298)

12 |z — w|?

This is (up to our stripped off factors) the integral we needed to compute the central term in our
Kodaira-Spencer theory, equation (3.276). We now simply reinstate the factors that depend on Z, W
from the propagator, i.e. (Z—w)?. To get the correct normalization for the OPE, we must also reinstate

the constant factors which constitute the overall normalizations of P, w (%, ﬁ, respectively),
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which we have so far suppressed. The result may now be plugged into an integral over dzdw, with a

point-splitting regulator, to complete the determination of the central term in the OPE, as in §3.7]

3.9 Non-central terms in Kodaira—Spencer theory

We choose our notation similarly to Appendix We fix coordinates Z = (z,0), W = (w, 0) along the
brane. For the diagram in Figure our notation for the bulk coordinates will be X = (z,2),Y = (y°,y).
Similarly, for the diagram in Figure weuse X = (2°,2),Y = (w,y).

This final diagram type correcting the planar OPE is more involved, and the integrals are more subtle,

so we will break down the analysis into simpler steps and summarize the outcome in

First, we shall demand that the integral be well-defined and nonzero, by saturating the correct (antiholo-
morphic) differential form and polyvector degree @ This will enable us to isolate the terms in the weight of

the diagram that contribute nontrivially to the integral.

For simplicity, in this section we work in ordinary Kodaira—Spencer theory, meaning the closed-string topo-
logical B-model on C3 rather than the K3 compactified theory on C3. To algebraically translate the compu-
tations in this section to the K3 case one should include the dependence of the backreaction on the Mukai

vector F' € H?(Y'); but the analysis is identical.

3.9.1 The weight of the diagram

Let a = (a1, az) denote a pair of non-negative integers. The weight of the diagram in Figure is:

Wij(a) = — / J*[a](w) / ppr(@) (2, 2)P(X, Y )1 (Y)Day 0 P(Y, W) (3.299)

Z,w C2xC3

This is equivalent to demanding the correct holomorphic form degree, since polyvector fields can be traded for differential
forms using the Calabi-Yau holomorphic volume form, as described in the main text. It turns out to be simpler to instead perform
the count directly with the polyvector fields in terms of which we express the propagator.
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Hi (Z> 37) Hg (Y)

L
S

Figure 3.8: First diagram which contributes Non-Central terms to Kodaira-Spencer Theory

where

1
2m||[[*

3

upr(z) = < )qﬂcidxjaro P(X,Y) = (42HZH8)eijkqmnzizldzjdz’“azmazn
7

where Z = X - Y.

Without loss of generality, we can specialize the external legs to be of the form:
pi(z, ) = f(z,2)dz0,:  pi(Y) = g(y)dy’0,
To integrate, we need to keep only the terms in the weight that are expressions of the form:
W; = h(z, x; Y, w)0,0,020% dzdwd*zd>Y . (3.300)

Note that we use the CY form to turn this into a Dolbeault form of type (7,7) on C,, x (CE@ x C3..

Let us first saturate the polyvector field degree, by expanding the numerators of the propagator and backre-

action contributions and then isolating the parts of the weight diagram proportional to precisely 0,,0,0? 6;’,.

Note that J* (w)dw is part of the integrand of any bulk-defect coupling, although we have often left the

holomorphic volume form implicit in the main text. For the purposes of holomorphic polyvector counting
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(i.e. instead of using holomorphic differential forms), the insertion of the current should be thought of as
contributing a factor of d,,. In addition, the coupling of J*(w) to the propagator P(Y, W) will force us to
keep only the 8(Y_W)k component of the propagator. This is because in components we have the contrac-
tion J* Py, with k summed over; to keep the notation from being too laden, we have not decomposed the

propagator into components in the weight, but will keep this in mind in what follows.

The schematic form of the diagram in Figure [3.8|allows for various choices of the Kodaira-Spencer fields .

on the external legs. There are four distinct cases to consider, depending on the values of ¢ and j.

Casel:i=75=1

@ = azaxl (€j1j2j3 (Y - ?)jl a(X_Y)j2 8(XfY)JB > 8yl (Ekﬂczk(y - W)kl a(YW)’€2>
= 828901 <26j1j22(X — ?)jl 8(X7Y)J'2 x2> (‘9y1 (Eklek(Y - W)kl a(y_W)k2>

= —45,1(F° — w)(T' — 7')0.0205

Case2:1=75=2

@ = 0:0,2 <fj1j2j3 (X =Y)"0y_y2 3(x_yy'3> 0,2 <6k1k2k(Y - W)]“a(y_W)kz>
= 0,0,2 <26j1j21 (Y — ?)jl 8(X—Y)j2 8931) (9y2 <6k1k2k(Y — W)kl 8(Yw)k2>

= —461,2(7° — W)(T* — §°)0.0205

Case3:1=1,7=2

@ = azaxl <€j1j2j3 (y - ?)jl 8(X_Y)j2 a(X—Y)J'S > 8@/2 <6k1k2k(y - W) h 6(YW)’€2>
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0.0, <zej1 96 5 SUL I ax2> o, (%,@k(y Tyl a(y_w)@)
= 48,28351 < — (fl — @1)(%0 + (5 — y0)8y1>8x28y2 (51672(?;0 — W)ay1 — Eklkyk18y0>

= 4( — k2@ — W) (@' —7") + en(z - yo)yl> 9.020%

Cased:1=2,57=1

@ = 3z8x2 (€j1j2j3 (Y - ?)jl a()(_y)j2 8(X—Y)J'3 ) ayl <fk1k2k(Y - W)kl a(Y—W)’w)
= 0,0,2 <26j1j21(X — ?)jla(X_Y)jz 811> Gyl <€k1k2k(y — W)klﬁ(yw)@)
= 40,02 <(:E2 - §2)ayo - (E - y0)8y2> ax18y1 < — 5;971(@0 — w)ayz — Eklkyk18y0>

- 4( A y0>yl)aza§a§>

We will presently evaluate the integrals for all of these combinations.

Next, we must saturate the antiholomorphic form degree. Happily, that is much simpler, and does not

depend on the values of 7, j.

® = (e )€1 (X = VPG = T2 )y ey, = )Y = TP )
— (6i1i2xi1dxi2> d§(2(z —70d@' —gHd(@* - y2)) dy’ <26k1k2y’“1dy’“2 dw)

= —4[z,7|(z — 3")dzdwd*zd*Y

Putting it all together, we find that (3.299) reduces to:

~ 53242 a as)!
Wij(a) = —/Jk[a](w)<217r> = (z!j;!c;r i

zZ,w

<(5z’,j5k,iAz' + ’6@j‘5k7in — qjqk@l> (3.301)
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where A; and ®; are defined as follows:

[ BIE-E - DE - 7)) G
Ai= / (1z|P)2([|X = Y[2)A(|[Y — W]|[2)*+artas d'zd®Y (3.302)
C2xC
_ 7,9z = 9°)%7' (2, 2)9(y) (") (7)™
%= | TR Ry e 3309

C2xC

We will next specialize to the test functions f(z,z) = 2% (x1)*1 (22)*2 and ¢(y) = (y*)™ (y?)™2. One can
also have additional (y") dependence, so that test functions which include (2)?(y°)P with ¢ 4+ p = n allows
us to access n + 1 order poles, but all poles beyond second order vanish for scaling reasons; the single pole
coming from ¢ = p = 0 is the usual %&] term, with half of the coefficient of the double pole, which is easily
fixed by symmetry (and at tree-level was already computed explicitly in §3.6). Therefore, we will focus on

these test functions which give us the leading pole.

We will now perform the integrals.

3.9.2 Performing the integrals

Both terms in equation [3.301] can be computed in the same way, so we will only present the explicit integra-

tion of A; and then state the result for ®;.

Suppose that we are interested in the OPE J[k]J7 [m].

ok [@EDR @R EGE -G - 0@ -7 )™ 6*) " )" (57)"
n= e [/ (X VIR — W|E)tarres

For cleanliness, we will introduce the notation 7, 7, to denote the portions of A; participating in the Y,

integrals, respectively. We first use Feynman’s trick,

o LTB+aitar) / 3 (1t / )@ —w)(@ —7) ()™ (y*)" (7)™ (7)™
YA+ a1 +a2) ) o tHX Y2+ (1= t)|[y — W|[2)s+arta
Y
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We then shift the integration variable Y — Y +¢X + (1 — )W and impose U(1),0 equivariance,

['(8+ai +az) - 2/1 4 4
= - dttt(1 — t)rarta
= (T o ) 6 ] a1 =t

x / 7,90 = )7 — ) (! +yh)™ (b2 + y?) "2 (7 + 7@ (72 +77)
(IIY][? + 81 = )| X — W|[2)starte

Y

We use the binomial theorem and then impose U(1),: equivariance,

T ol e e

P DPn dn

1 —i2 - i
X <x T'0p1 g1 0pat1ge — T T Opy+1,010pp.q0 + (= 1)'T"0py 41,41 Opo 1,40 + €1y T 5p1+u1(i)7‘h6p2+u2(i)7fh> X

1 112 212
X/ dtt4+a1+a2+m1+m2—p1—p2—fn—q2(1 _t>6+<l1+a2—(q1—pl)—(q2_p2)/ (| [2)a (|y?]?) e
: (Y]] + (1 = )]|X — W[2)starte:
Y

where U(Z) = 2((51,1, (5@}2).

. 7|2
We introduce radial coordinates r* = W and perform the angular integration,

(S (er s s v

on DPn . dn

—pe =2 i i
(95 x 6p1,Q16p2+17lI2 -z 5P1+1,Q15p2,fp + (_1) x 5p1+17¢h 5p2+1,Q2 + €, T 15p1+u1(i),q1 5p2+U2(i),q2)

g (X = WR)Fteea—e :

! 1 2
X (—2m’)3/ dtgmtme—pi=pa—l(] ) lEpitps /OO (ri)m (re)®
0 0 (ro +rl 492 4 1)8+a1+a2

dr¥drt dr?

We integrate over the radial coordinates and over t to obtain

() E () (et

Pn

—1—i - ii e A A
<ZL‘ Z 5P1,Q15p2+17Q2 —Trx 5P1+1,Q15P2,Q2 + (_1) T 5p1+17Q15P2+1,(I2 + €iiy T 15p1+u1(z)¢115p2+u2(z)ﬂ2>

: (X — Wp)Freseea e :

" (F(m1 +me—p1—p2) T2+ p1 +p2)T(1+q)I(1+¢)T(5+ar +az—q1 — Q2)>
[(2 +my +mo)
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We now integrate over d*z,

(wl)kl ($2)k2
T :/ 22([1 X P T PR —
([lz[[?)2 (]| X = WI[?)
xT
J _i_2 . .
. (x ml(spl’qldpzﬂm -7’7 5p1+1,q15p2,q2 + (_1)1x15p1+1,q15p2+17q2 + eiilx“6p1+U1(i)7Q15p2+UQ(i)»q2)

Using Feynman’s trick and imposing U (1), equivariance,

— 52 i i
Ta = 5kt+mt,1+at+vt(i) <5p1,q1 5p2+1,q2 - 5p1+1,q1 5p2,q2 +(-1) 5p1+1,q15p2+1,q2 - (=1) 5p1+u1(i),q15p2+uz(i),q2> X

X <F(7 tatar - qz)) /1 dss(1 — 5)4+a1+a2—q1—q2/ (|t [Pyfatma—ar (g2 |?)ketme—e
— — 2 _ — w|2)7ta1t+a2—q1—gq2
IG+ar+az—a—a)/) Jo (lz[* + (1 = s)[z — w?)

where v(t) = (6;1,0i2)-

. |2
We introduce radial coordinates r* = O_&w and perform the angular integration,

(—2mi) 2 2 j i
Tz = <‘Z — w‘ 5kt+mt,1+at+’0t 5p1,Q15p2+17(12 - 5p1+17QL5P27(I2 + (_1)15P1+1,Q15p2+1,th - (_1)15pr+ur(i),qr X

[t a0l [ gproeane (¥ D00
FG+ai+a—aq —a)/ Jo o (r'+r241)ttate-a-ae

We integrate over the radial coordinates and over t to obtain

(—2mi)\? 4 :
Te = <|Z _ w| 52t+mt,1+at+vt(i) 5131#115172-1-17112 - 5p1+1»Q16p27¢12 + (_1)z5p1+17q15p2+17q2 - (_1)15pT+uT(i),qr x

" (F(3+a1 +as—q1 — q@)0(1+ k1 +my —q)T(1 + ko + ma — q2)>
I'(5+a1+a2—q —q)?

Putting it all together, we find the following expression for A;

o (—2777/)5 1 2 ko o (079 < mpy 1o
8= (o ran) (Emap omsamo™ () 2 (r Jatabe - @300

Pn dn

X <5p1,q15p2+17q2 - 5p1+1,q15p27q2 + (_1)i5p1+17q15p2+1,q2 - (_1)i5pr+ur(i),qT) X

" <(m1 +mo—1—p1 —p)!(1+p1+p)!24 a1 +a2—q —q2)!(k1 + m1 — q1)! (k2 + ma — QQ)!>
(1+m1+m2)!(d+ a1+ a2 — ¢ — q2)!
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- <F(4)F((42+7T21 n a2)> ((z —1w) )5’3"”*’““"*”’( 22 )

where we have defined ~{'(k, m) for notational convenience.

By completely identical methods, we also obtain the following expression for ®;

(—27i)® 1 ) ko = '
®:<nmm+m+@0<@—m9%”WWﬂﬁzEZQJEXQ)m@X(”“)

l
X <5p1,q15p2+17q2 - 5p1+1,q15p27q2 - (_1) 5p1+1,Q15p2+1,q2 + ( pr+u7‘(1 >

y <(m1 +ma —p1 = p2)l(@1 +g2)'(2 + a1 + a2 — g1 = go) (k1 + a1 — q1)!(k2 + M2 — g2)! )
(14+my+m2)!(4+ a1+ a2 — q1 — q2)!

- <F(4)F((;T215+ a2)> <(z 1w) )5;“””1*‘“*”” 7Btk m)

where again we have defined 3¢ (k, m) for notational convenience.

We thus find that W;;(a) is equal to

Wata) =i [0 (s ) () (s 118008 e )

z—w)? )\ ajlas!
Z,Ww

—ngelkéat Kotmi—1—vy (1 Bf(k:,m)) (3.306)

Recall that the important part of the BRST variation of this diagram (to cancel the total BRST variation
for Koszul duality) is just the replacement y; — Oc; (where the antiholomorphic derivative is along the
brane), so that after integration by parts we must perform a contour integral in the defect plane centered at
|z — w| = 0 to extract the OPE from Koszul duality. Since the weight of this diagram produced a double-
order pole, we can now fix kg = 1 to obtain the OPE from the remaining contour integral, which we will

see shortly.
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Figure 3.9: Second diagram which contributes Non-Central terms to Kodaira-Spencer Theory

3.9.3 The second diagram

The OPEs we are interested in also receive contributions from the diagram in Figure 3.9} of the same topol-

ogy as Figure 3.8 but with the other ordering of bulk-defect legs.

The weight of this diagram is

W{j(a):/jk[a}(z) / Da, 0, P(Z, X )i (X )P(X, Y ) (w, y) pBr(Y) (3.307)

Zw C3xC2

As before, we should take the J* (z) to be implicitly accompanied by 0., and we must keep only the O(z—x)k

component of the propagator P(Z, X).

Moving the terms around, this becomes:

Wz{j(a): /jk[a](z) / NBR(y)/JJj<w7y)P<Y7X)Ni(X)Da1,a2P(X7Z) (3-308)

zZ,w C3xC2

Relabeling X <+ Y, and z <> w, we find the following equality

Wii(a) = =Wji(a) (3.309)
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Supposed that we are interested in the OPE .J*[k].J7 [m]. We specialize the external legs to be of the form:
pi(z, @) = 2@ )M (@) 20, (V) = ()" ()R dg°0,

Using (3.9.2), we find that the weight of this diagram is given by

. . 1 a
Wit =i [ Malt0)( =) (i ) (oo + 166180002, 1 0

(z —w) aplas!

)

e €k0n, o tme—1 v )3 (T, k)) (3.310)

using the same definitions as the previous subsection.

We may now complete the Koszul duality computation of the OPEs from these contributing diagrams by

combining all of these contributions to the off-shell OPEs and performing the brane integrals over z, w.

3.9.4 Off-Shell OPE Corrections

We can combine the contribution from both diagrams by noting that z ~ (z —w) and w ~ —(z — w) within

the following expressions:

<21m> %z_wo (W) d(z—w) = (2555_>O<(Z - w)h(Z)h’(w)> (3.311)
<21M> 7{;_1140 <W) d(z —w) = —(2_1‘15)10<(2 - w)h(Z)h’(w)) (3.312)

Using this, we find that the following equality must hold

Res (=) W@ Pl )ong - (5 ) § (Wolw) - W@ Jae = w) 3313

(z—w)—0
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We thus find that the off-shell OPEs are corrected as follows:

B - 44 1 a
J [k](z)JJ [m] (U}) ~ ((z — w)2> <a1!a2!> ((5i7j6k7z- + ‘eij|5k:j)52t7kt+mt—l—vt(i)’yi (k,m)+

2

_Eijelkéat,kt—l-mt—l—vt(l)ﬁla(k7 m) + (517j5k7] + ’67;‘7|5k7i)52t,kt+mt—l—’vt(i)’y_;t(m7 k)+

at,ki+me—1—vy

+€ijélk(52 (l)ﬁl“(m,k)>jk[a] (w) (3.314)

Plugging in the four possible 7, j combinations, we find that the corrected off-shell OPEs are:

~ ~ 4 1 k1+m1—2,ka+ma—1)
TR ] ~ — (2 ke
[F1bm] <22>((k1+m1—2)!(k2+m2—1)!><71 e
n ’y£k1+m172,k2+m271)(m7 k))jl (k1 +my — 2, ky +mg — 1] (3.315)
j2 [k]jz[m] o ﬁ 1 7(k1+m1—1,k2+m2—2)(k m)+
22 ) \ (k1 +mi — 1)I(kg + mg — 2)! 2 7

+ 7§k1+m1—1,k2+m2—2) (m’ k‘)) jQ[k,l +mq — 1, ko + mo — 2] (3.316)

~ ~ 41 1 _ _
110 72 (k1+m1—2,ky+ma—1)
i~ ~(5) (G s e ) (8 )+

TR () - gy R (o, k>) Flky+m1 =2,k +mg — 1]

44 1 (k1+m1—1 k2+m2_2)
A\ 7 317
<22><(’“1+m1—1>!(kz+m2—2)!>(72 (m, k)+ (3.317)

. ﬁ§k1+m171,k2+m272) (m, k) + 6§k1+m1*1,k2+m2*2)(kj’ m)> J! k1 +my — 1, ko 4+ mg — 2]

3.9.5 On-Shell OPE Corrections

We can finally use our results from equations (3.313)) to obtain the on-shell OPE corrections. For simplicity,
we will only pass to on-shell configurations on the left-hand side of the OPE. It is a straightforward algebraic
exercises to express the right hand sides in terms of on-shell generators as well, and in we will do this

in some particularly nice examples to see closure of the on-shell algebra explicitly. To proceed, we use the
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following equality:

J[k:]J[m] = k1m1j2[k:1 — 1, kig]j2[m1 — 1,m2] + k‘gmgjl[k‘l,kg — 1]j1[m1,m2 — 1] (3.318)

- klmQjZ[kl - 1, kg]jl[ml,mg - 1] - kgmljl[kl,k‘g - 1]j2[m1 - 1,m2]

Inserting our findings, we finally obtain the desired OPEs

4i 5(1 k1+m 736(1 ko+mo—2 (a)
Jk;J ~ — 7 1,~1 1 2,R2 2 k k _1 k . _1
0]~ — (5 ) (o sttt ) F i (o4 = L — 1)

+7§a)(m1 —1,ma; k1 — 1, kz)) — kimg <7§a)(m1,m2 —1;, k1 — 1, ko)

- 5§a)(m1,m2 —1;, k1 —1,k2) + ﬁﬁ“)(lﬁ — 1, ka;my,ma — 1))
— kamy <7§a)(7€1, ky —1;,mi —1,mg) — 5§a)(7€1,k2 —1;,m1 — 1,ma)

+B£a)(m1 —1,ma; k1, ko — 1)>} J2[k1 +my — 3, ko 4+ may — 2] (3.319)

43 5a1 k1+m1—26a2 ko+mo—3 (a)
Y J ’ k ki,ko — 1: -1
(22><(k1+m1—2)!(k2+m2—3)! 2ma | 7 ( 1, F2 ;M1, M2 )
+’Y§a)(m1,m2 — 1 ki, ko — 1)> — kimg <7§a)(k1 —1,ko;myi,mg — 1)
- Béa)(kl —1,ky;my,mo — 1) + ﬁéa)(ml,mz — 1k — 1,/€2))
— komy <’Y§a)(m1 —1,mas k1, ko — 1) — Béa)(ml —1,mo; ki, by — 1)

+ ﬂéa)(lﬁ,kz —1;my — 1,m2)> } jl[lﬁ +m1 —2,ky +mo — 3] (3.320)
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