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Coherent and collective charge oscillations in metal nanoparticles (MNPs), known as localized surface
plasmons, offer unprecedented control and enhancement of optical processes on the nanoscale. Since their
discovery in the 1950’s, plasmons have played an important role in understanding fundamental properties
of solid state matter and have been used for a variety of applications, from single molecule spectroscopy to
directed radiation therapy for cancer treatment. More recently, experiments have demonstrated quantum
interference between optically excited plasmonic materials, opening the door for plasmonic applications
in quantum information and making the study of the basic quantum mechanical properties of plasmonic
structures an important research topic.

This text describes a quantitatively accurate, versatile model of MNP optics that incorporates MNP
geometry, local environment, and effects due to the quantum properties of conduction electrons and radiation.
We build the theory from first principles, starting with a silver sphere in isolation and working our way
up to complex, interacting plasmonic systems with multiple MNPs and other optical resonators. We use
mathematical methods from statistical physics and quantum optics in collaboration with experimentalists to
reconcile long-standing discrepancies amongst experiments probing plasmons in the quantum size regime, to
develop and model a novel single-particle absorption spectroscopy, to predict radiative interference effects in
entangled plasmonic aggregates, and to demonstrate the existence of plasmons in photo-doped semiconductor
nanocrystals. These examples show more broadly that the theory presented is easily integrated with numerical
simulations of electromagnetic scattering and that plasmonics is an interesting test-bed for approximate

methods associated with multiscale systems.
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Chapter 1

Introduction

Understanding and controlling light has historically been a significant problem, and few technologies and
discoveries are independent of innovations in optics [1]. The study of light dates back to fifth century BC,
when Empedocles postulated that Aphrodite lit a fire within all human eyes, and that fire radiated out,
allowing humans to see. He noted that if that were true, humans could see in the night just as well as in the
day, so rays from the eyes and rays from sun must interact in some way to explain the difference [2]. Over
time, this ray representation of light gave way to particle and wave representations, all of which were finally
reconciled some 2000 years later with the discovery of quantum mechanics [3]. Along the way, studies of light
and optics have inspired the invention of a variety of technologies, from the telescope to the microscope and

beyond, all of which have pushed the limits of what the fires in people’s eyes are capable of seeing.

To that end, this text is an attempt to develop mathematical models of the electromagnetic and quantum
mechanical properties of nanoscale pieces of metal. These so-called metal nanoparticles (MNPs) support
collective and coherent oscillations of conduction electrons known as localized surface plasmons (LSPs, see Fig
1.1), which offer unprecedented control of light [4, 5], heat [6, 7], and charge [8, 9] at sub-diffraction-limited
length scales [5]. Recent advances in methods for manufacturing MNP systems of nearly arbitrary shape and
aggregation scheme have made once idealized plasmonic structures realizable, pushing the field of plasmonics
into a golden age. Since MNP aggregates offer the possibility of focusing laser light onto the nanoscale, they
represent a frontier in optics and studies of their basic properties continue to promise new applications in a

range of fields, such as biosensing [10], solar energy [11], cancer therapy [12], and selective catalysis [13].

The term surface plasmon was originally coined by Stern and Ferrell [14], but the study of plasmons dates
back to the 1950’s works of Bohm and Pines, who were able to formulate a theory describing the existence of
collective plasma oscillations in bulk metals [15, 16, 17]. Bohm and Pines showed that this collective behavior
is due to the long range part of the Coulomb interaction between conduction electrons [15, 16, 17], thereby
explaining previous experiments by Ruthemann [18] and Lang [19] on the interaction of swift electrons with

thin metal films. The theory was extended to describe surface effects by Ritchie in 1957 [20] and verified in

3



4 CHAPTER 1. INTRODUCTION

Figure 1.1: When a sinusoidally varying electric field resonantly drives a metal nanoparticle, the free electrons
within the metallic conduction band are displaced in order to balance the driving force. As the electric
field varies within a cycle, the electron density will respond accordingly, setting up matching oscillations
within the metal. This resonant behavior is known as a surface plasmon polariton, and it allows us to focus

electromagnetic energy to length scales well below optical wavelengths.

electron energy loss experiments by Powell and Swan two years later [21, 22].

Research interest in plasmonics grew at a rapid pace. Surface plasmon based studies were able to explain
the nature of Van der Waals interaction [23, 24, 25], the image potential between a point charge and a
metal surface [26, 27, 28, 29|, the damping of surface phonons [30, 31], and other fundamental properties of
solids [32, 33, 34, 35]. Surface plasmons also found their way into a variety of technologies, ranging from
electrochemistry [36] to biosensing [37], due to their ability to concentrate light on amazingly small scales. It
was Nie and Emory in 1997 [38] who were the first to exploit this feature of silver nanoparticles to measure
Raman scattering off of single rhodamine 6G molecules (see Fig. 1.2), bringing plasmonics to wider interest

than ever.

More recently, the observation of Hong-Ou-Mandel (HOM) interference from propagating surface plasmons
has established the quantum mechanical nature of LSPs [39, 40, 41, 42]. In the original version of this
experiment, single photon interference at a 50-50 beam splitter induces 4th-order interference effects predicted
by quantum electrodynamics [43]. As shown in Fig. 1.3, the plasmonic HOM experiment reproduces this
effect in the situation where interfering surface plasmons replace the beam splitter, opening the door for

study of further parallels between plasmons and photons.

Studies of the fundamental quantum-mechanical properties of plasma oscillations in conductors have
allowed researchers to take advantage of the near-field properties of plasmonic structures in new ways. More
specifically, recent experiments involving emission from quantum dots [44, 45, 46] or nitrogen-vacancy centers
[47, 48, 49, 50] coupled to metallic wave guides have shown the potential for plasmonic structures to be

used as single photon sources in quantum information science applications. Moreover, the plasmonic HOM



T
|
D‘——*_ — % CH; N °y N:CZHS
ichroic @ — —
polarizer axis 2 (I:/COOCEHs
w0

8 .
© Long molecular axis

o
.
[/

Iy

|

Dichroic

T L AL DL
1800 1600

Raman intensity (arbitrary units)

— ;
1400 1200 1000
Raman shift (cm-)

Figure 1.2: Single, colloidally-formed silver MNPs are used to enhance the emission polarized Raman signal
from individual rhodamine 6G molecules. This marked the first time single molecule scattering was measured
at room temperature - a huge experimental feat, which gave rise to renewed interest in MNP optics. This

figure originally appeared in Ref. [38]

experiment shows that quantum coherences are retained in photon-plasmon-photon conversion processes
despite the significant dispersion and dephasing inherent to metallic systems [39, 40]. The possibility of
customizable, room-temperature quantum systems is significant for a variety of quantum information and
computing applications, making quantum plasmonics an exciting and growing new field [51, 52].

Studies of the quantum mechanical properties of LSPs date back to the 1960’s work of Kawabata and
Kubo [53], whose linear response theory was extended by Ganiere and coworkers [54] to predict a blueshift
in the absorption spectrum of fine spherical particles as particle size decreases and the MNP conduction
electrons’ quantum nature becomes significant. This prediction, which was in contrast to the expected result
from classical Mie theory [55], has been qualitatively verified both by modern electron energy loss experiments
[56, 57] and by a variety of theoretical approaches [58, 59, 60, 61, 62]. Still, a quantitative understanding of the
classical-to-quantum LSP transition remains elusive, and discrepancies among theoretical and experimental
approaches are not yet understood [63].

In this text, we develop a versatile, quantitatively accurate theory of MNP optics, one which can
simultaneously incorporate MNP geometry, environmental degrees of freedom such as substrates and other
optical emitters, and effects due to the quantum properties of both electrons and photons. Each chapter

below focuses on different aspects of the approach and contains work published in separate papers. Briefly:

e In chapter 2, we begin with a many-electron description of a spherical MNP, and we use a mean-field

approach to approximate the effect of Coulomb repulsion between conduction electrons. Focusing on a
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Figure 1.3: Panels marked (a) correspond to the original HOM experiment while those marked (b) correspond

to the plasmonic analog. In both cases, entangled photons are generated via spontaneous parametric down

conversion and sent into a mechanism (a beam splitter in (a) and an optical fiber setup in (b)) which allows

for time delay of one beam. In (a), the indistinguishable photons interfere at the beam splitter and confirm

a prediction of quantum optics that, for short enough time delay, both photons will always take the same

path, and the two detectors will not simultaneously register a signal. In (b), interference at a beam splitter is

replaced with interference between two propagating plasmons generated with the entangled light. In both

cases, quantum electrodynamics predictions are verified, confirming the quantum nature of both light and

plasmons. These figures originally appeared in [43, 39].



simple system to develop our method allows us to precisely define LSPs, derive well known results in the
field, and reconcile the differences amongst experiments in the quantum plasmon regime by considering
plasmon-electron interaction in optically active environments. The material for this chapter comes from

our paper, Ref. [64].

e In chapter 3, we generalize the theory to non-spherical MNPs interacting with whispering gallery-mode
(WGM) supporting optical microresonators. This system, used by our experimental collaborators to
develop a novel single particle absorption spectroscopy, presents a difficult, multiscale mathematical
modeling problem since energy is transferred between the nanoscale LSP and the micron-scale WGMs.
We show that the theory of Chapter 2 can be used as a platform to develop multiscale numerical
methods, and we use these methods to explain Fano interference effects observed in our collaborators’

experiments. The material for this chapter comes from our paper, Ref. [65].

e In chapter 4, we incorporate plasmon-photon interaction into the theory by quantizing the electromag-
netic field, allowing us to study the quantum mechanical properties of LSP radiation. We focus on
a heterogeneous, two-sphere aggregate, and we show that this system can be thought of in terms of
analogous systems in atomic optics. Using this parallel as inspiration, we predict that properly excited
LSPs will support so-called quantum beats, interference features that have been observed in atomic

optics experiments. The material for this chapter comes from our paper, Ref. [66].

e In chapter 5, we discuss application of the theory to LSPs in doped, semiconductor nanocrystals, an
emerging new plasmonic material which supports LSPs in the infrared. Focusing on photo-doped ZnO
nanocrystals, we develop a simplified theory capable of qualitatively explaining measurements performed
by our experimental collaborators. We further comment on the application of the approach in chapter
2 to this new material, and we discuss the significance of being able to change the electron density of
plasmonic materials, a fascinating parameter that is not tunable in standard metallic systems. The

material for this chapter comes from our paper, Ref. [67].

Each chapter is split into two parts, a main body and a mathematical compliment with detailed derivations
of the theoretical results. On a first reading, the mathematical compliments can be skipped altogether and
subsequently used to answer questions and fill in details. It should be noted that this text is not a stand alone
introduction to plasmonics or nanoscale optics - that would be a much bigger undertaking. For additional
information on the topics presented, see the excellent work of Cherqui [68], Echinique [69], Novotny [70] or
Kreibig [71].

The material presented in this text also represents a step towards the development of independently
interesting mathematical methods for solving partial differential equations (PDEs) on mixed geometry,
multiscale domains. In chapter 2, we show that a conserved quantity, the Hamiltonian, can be used to
construct an approximate solution to Poisson’s equation on a domain characterized by both a spherical and a

planar interface - this is our model of a nanosphere on a substrate. Although the Laplacian is not separable
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on this domain, we can solve the PDE on the sphere and plane individually, and then approximate the energy
transferred between the two pieces to construct a solution for the mixed domain. This divide and conquer
approach is not new; physicists have used similar methods on a variety of problems. Still, our generalization
to the LSP-WGM system in chapter 3 shows the flexibility offered by this viewpoint. Here, the Hamiltonian
is used to interface two numerical methods, finite elements on the micron-scale and boundary elements on
the nanoscale, effectively creating a new, multiscale numerical approach to hybrid optical systems. Although
this viewpoint on our theory is not discussed at length in the text below, it is our hope to conduct and
inspire further research on the mathematical implications and underpinnings of this general approach to

approximately solve PDEs both inside and outside nanoscale optics.
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Chapter 2

Quantum Plasmons in Active

Environments

Optical manipulation of charge on the nanoscale is of fundamental importance to an array of proposed
technologies, from selective photocatalysis to nanophotonics. Open plasmonic systems, where collective
electron oscillations release energy and charge to their environments, offer a potential means to this
end as plasmons can rapidly decay into energetic electron-hole pairs; however, isolating this decay from
other plasmon-environment interactions remains a challenge. Here we present the first analytic theory
of metal nanoparticles that both quantitatively models plasmon decay into electron-hole pairs and
disentangles this effect from competing decay pathways. Using our approach, we reconcile seemingly
conflicting experiments from nanoparticle plasmonics and cluster science by accounting for substrate
effects on plasmon-electron interaction. Further examination of coupled nanoparticle-emitter systems
demonstrates that the in-phase mode more efficiently decays to photons while the out-of-phase mode
more efficiently decays to electron-hole pairs, offering a new strategy to tailor open plasmonic systems for

charge manipulation.

Localized surface plasmon (LSP) resonances, the collective oscillations of conduction-band electrons in
metal nanoparticles (MNPs), have a fundamental role in nanoscale optics and electronics [5]. These collective
phenomena offer unique control of light [4, 5], heat [6, 7], and charge [8, 9] in nanoscale systems, and studies
of their basic properties continue to promise new applications in a range of fields, such as biosensing [10],
solar energy conversion [11], cancer therapy [12], selective catalysis [13], and quantum computing [72]. The
interconversion of LSPs to individual electronic excitations, sometimes called Landau damping [73], has
gained particular experimental interest [8, 74, 75, 76, 77], and studies report changes in LSP energy and
line width due to changes in particle environment, such as substrate or embedding material [75, 76, 77|, as
potential signatures of enhanced interconversion rates. Still, disentangling enhancement of electron-hole pair

generation from other effects, such as optical energy transfer [78], presents significant experimental challenges
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2.1. PLASMON-ELECTON INTERACTION IN ISOLATED NANOPARTICLES 11

and complicates the interpretation of results. A theory of LSP-electron interaction capable of incorporating
environmental degrees of freedom, from substrates to other optical emitters, is needed to guide experiments
and offer a platform to optimize nanoparticle systems for electron-hole pair generation.

The interconversion rate of LSPs to electron-hole pairs is known to increase with decreasing MNP size
[63, 58, 59] and is therefore most significant at length scales where classical descriptions of LSPs require
quantum-mechanical modification. More recent research on MNPs [60, 61, 62], MNP aggregates [79], and
bulk metals [80, 81, 82, 83] have confirmed this result while emphasizing the importance of an accurate
description of the conduction-band electron density of states, electron spill-out, and nonlocal dielectric effects.
Meanwhile, a large body of research has taken quantum descriptions of small metal clusters and has worked to
develop atomistic models of LSPs in larger clusters [63, 84, 85, 86, 87, 88, 89, 90, 71]. In most cases, however,
MNPs are described in isolation, and the incorporation of environmental degrees of freedom is complicated
and often computationally intractable. As a result, direct comparison with experiment, where substrates and
other environmental effects are generally present, is difficult and necessitates either shifting of the data or
undesirable parameter-tuning to adjust theoretical results.

In this chapter, we present a quantitatively accurate, analytic theory of the decay of metal LSPs to
individual electronic excitations, accounting for optically active environments and the emergence of a discrete
set of electron states as MNP size decreases. We compare the theory to two experiments: (i) the electron
energy-loss spectroscopy (EELS) [91, 92] performed by Scholl et al. [57] on silver nanospheres (radius 10
nm to ~ 1 nm) on 3 nm carbon substrates and (ii) the photofragmentation spectroscopy [93] performed by
Tiggesbaumker et al. [94] on silver clusters (radius 0.66 nm to 0.27 nm) in vacuum. After incorporating
image effects due to the substrate, we demonstrate that the theory accurately explains the blueshift in the
LSP energy observed in both experiments over decades of cluster sizes, from ~ 245,000 atoms to exactly 5
atoms, reconciling experiments previously thought to disagree [63]. We conclude by generalizing the theory
to predict the quantum-corrected energies of hybrid LSP-emitter systems relevant to studies of nanoparticle
assemblies [95, 96], MNP-quantum dot systems [46, 97], and LSP-enhanced molecular spectroscopies [38, 98].
Surprisingly, we find that unlike the radiative properties of LSP-emitter systems [66], the out-of-phase
LSP-emitter mode decays to electron-hole pairs most efficiently, and we suggest future experiments to measure

and control this effect.

2.1 Plasmon-Electon Interaction in Isolated Nanoparticles

To elucidate the mechanism by which LSPs disintegrate into electron-hole pairs, we first consider an isolated
silver nanosphere. The inset of Fig. 2.1 depicts a sphere with radius a characterized by infinite frequency
dielectric response £; embedded in material with dielectric constant 5. Both £; and the plasma frequency,
wp, are estimated by fitting a frictionless, free-electron (Drude) model to the real part of optical frequency

dielectric data [99] for bulk silver, specifying the theory’s only fit parameters.
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Figure 2.1: Absorption spectrum of a silver nanoparticle, depicted in the inset. The nanosphere’s absorption
cross section is computed with Mie theory (red curve) and the model for a particle of radius ¢ = 10 nm in
vacuum (e = 1). The MNP’s high frequency dielectric constant, €1, and bulk plasma frequency, w,, are
determined by parameterizing a free electron (Drude) model with bulk silver dielectric data [99]. When
the estimates of €1 and w, presented in the complement are used (black dashed line), the model predicts
the peak position excellently. However, if &1 and w,, are taken from Ref. [53], the model’s predicted LSP
resonance shifts considerably (blue dashed line). The reproduction of the free space optical properties with
our parameterization is a critical confirmation of the model’s validity. This is necessary before comparison
to experimental data at small particle sizes where LSP-electron interaction becomes significant. Without
this confirmation, €; and w, are essentially free parameters and can be retuned to artificially account for

environmental effects, obscuring the comparison to data.
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The MNP is modeled as a set of N interacting conduction-band electrons in this static dielectric
environment; the ith electron has velocity v; and position x; and is confined by a potential, U, (x;), modeling

the positively charged ionic background in the MNP. The Lagrangian for this system is
1 1 e?
L = “m, 2 _ Dl == _ 2.1

where e and m, are the electron charge and mass and sums on 4 and j are over all conduction-band electrons.
Full treatment of the Coulomb interaction is difficult, and instead, we invoke a mean-field approximation,
converting it into an interaction between an electron and the superposition of the N — 1 other electrons’
electromagnetic fields. The resulting mean-field Lagrangian is

Me e
LMF:Z[Q(VWW

. €
7

A(Xi)) —ed(x;) — Ui (x;)

e? 9 av 9 9
~ zi:A (x;) +/ B [e(x)E* — B?],
(2.2)
where E, B, A and ® are the collective electric field, magnetic field, vector potential, and scalar potential
produced by the conduction-band electrons, and c¢ is the speed of light. These collective fields satisfy Maxwell’s
equations, but here we can make the further approximation that the mean-fields everywhere respond to the
motion of an individual electron instantaneously. For nanoparticle systems this approximation is very good,
and in this limit, Maxwell’s equations reduce to the Poisson equation of electrostatics. Thus, the mean-fields
can be calculated from the Green’s function, G, satisfying —e(x)V2G(x,t;x/,t') = 4nd(x — x')o(t — t'),
where the source charge location, x', satisfies [x'| = ' < a since for each electron |[(x)| < a, and &(x) =
£10(a — r) + £20(r — a) where © is the Heaviside step function. Since the left hand side of this Poisson
equation is time independent, G(x, ¢;x',t') = G(x,x’)é(t — t'), implying that the response of the system is
instantaneous as expected in this limit. The Green’s function can then be calculated using standard methods,

resulting in

: ! a*(l —m)! (1 —a)(£+1) "
GooX) = Y S ) ¥ e+ 20 750 —7) + £ (000 = a)] £, (), (2:3)

where fé}n) (x) = Y (Q) /a2 and fe(iz (x) = a" 1Yy, (Q)/rf+! describe the spatial fields of each multipole
moment inside and outside the sphere respectively, and Yy, (Q2) are the spherical harmonics with angular
momentum numbers ¢ and m. The first term in Eq. 2.3 is associated with the potential of a charge in free
space with dielectric constant 1, and gives rise to so-called bulk plasmons [17] which are observed in both
bulk metals and MNPs [57]. The second term is the contribution of the spherical interface at r = a, and this
gives rise to LSPs. Since the first term in Eq. 2.3 is the particular solution to the Poisson equation above
and the second term is the homogenous solution, the bulk plasmons and LSPs are linearly independent and
noninteracting. As a result, the bulk term can be safely neglected moving forward.

The Green’s function can be used to calculate the fields in Eq. 2.2 by considering a charge density p(x,t)

defined by the electron positions at time ¢. Gauge transformation to eliminate ® in favor of a longitudinal A

results in an equivalent but considerably simplified Lagrangian. Further, in the random phase approximation,
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the integrals and sums over fields in Eq. 2.2 can be evaluated analytically. The corresponding Hamiltonian is

then

2 2
p; Vim Wim e
Hive= 0 | 2o 00| + X (Y200 P+ o a0n?) = 55 3 i A + Al pil. (24)
% ¢ m m ¢

i

where g, and py,, are generalized coordinates and momenta which characterize the projection of p(x,t) onto

Z(rln) (x), the £,m multipole moments’ field within the nanosphere. These projections exhibit oscillator dynamics
with frequencies defined by wj,, = fw?/(le1 + (£ 4 1)e2), and mode volumes Vi, = [3/(fe1 + (£ 4 1)e2)]V
where V; is the volume of the sphere. These are the LSPs — a set of harmonic oscillators corresponding to
net drift in the MNP’s charge density with angular momentum numbers ¢ and m. They characterize the
collective motion of the electrons due to their average Coulomb interaction across the MNP. The Hamiltonian
in Eq. 2.43 also introduces the electron momenta p; which couple to the collective motion through the LSP
vector potential, and it is this interaction term that governs LSP decay into electronic excitations.

The validity of these approximations and estimates of £; and w,, can be assessed by comparing the model’s
prediction for the MNP absorption resonance energy with that from Mie theory [55], the exact solution to
Maxwell’s equations for a dielectric sphere. This is done in Fig. 2.1, where our predicted absorption resonance
under z-polarized, plane-wave excitation (black dotted line) is compared to the Mie solution for a silver
nanosphere (¢ = 10 nm) computed with the fully complex-valued bulk dielectric data [99] (red line). We see
that the predicted resonance energy agrees with the exact solution, and that the excitation source selects only
the £ = 1,m = 0 LSP mode, indicating that the MNP’s optical properties are dipole-dominated at small radii.
This confirmation lends confidence to the approximations above and the parameters we use to characterize
bulk silver.

We now quantize the Hamiltonian in Eq. 2.43 and calculate the leading order effects of the electron-
plasmon interaction perturbatively. Uy (x) is modeled as an infinite spherical well, and the resulting electron
wave functions and energies are approximated with the asymptotic form of the spherical Bessel function
specified in Ref. [53]. To calculate the decay rate for LSPs to electron-hole pairs, we consider transitions
between the initial and final Fock states |¢;) = |110;0¢,05) and |¢@f) = |010; Le, 1) of the form [Ny, ; ne, ng)
with Ny, plasmons in the ¢,m mode, and n. (n;) electrons (holes) with quantum numbers e (h). All
omitted occupation numbers are equal to zero. The restriction to the £ = 1, m = 0 LSP is made based on
the calculation above and other studies [57, 77] which show that the dipole plasmon dominates the optical
properties at small a.

Using Fermi’s golden rule, we find the LSP decay rate to electron-hole pairs

16e?Vip 1 [*
Ffree(wloa VlO) = = i 1 dx V 1'3(93 + V)a (25)

4,4 3
hrta* v3 ),

where v = hwyg/er, € = 5.5 eV is the Fermi-energy of silver [53], and zg = max{0,1 — v}. Since Vio o a?,
Diree ¢ 1/a demonstrating that the LSP-electron coupling becomes more signifiant as MNP size decreases,

in qualitative agreement with previous studies [53, 58, 59, 60, 61]. While not obvious, we show in the
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Figure 2.2: Comparison of the predicted renormalized LSP energy and data from EELS on carbon (black
circles, 2 standard deviation error bars) [57] and photofragmentation spectroscopy in vacuum (white triangles,
1 standard deviation error bars) [94], which together span a size range from ~ 245,000 to 5 silver atoms.
The free space model (red curve, €5 = 3 = 1) quantitatively agrees with the data from [94] but generally
overestimates the energies measured in [57]. However, when the model is extended to incorporate effects of
the carbon substrate (blue curve, e5 = 1,3 = 3), the predicted renormalized LSP energies agree excellently
with measurement. In this comparison, bulk losses in silver, electron spill-out, ligand effects, and nonlocal
dielectric effects are all neglected. Although these can be incorporated into the model at the expense of
added complexity, our comparison shows that LSP-electron interaction and substrate effects are much more

significant determiners of the quantum plasmon energy.
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complement that I'f..e increases with the embedding dielectric constant, 5, indicating that LSP decay to
electron-hole pairs is more efficient for MNPs in high dielectric materials. This transition rate can also be
used to approximate the second-order change in LSP energy, resulting in the renormalized resonance energy

hwiy ~ \/(hwio + D)2 — (R /2)2.

In Fig. 2.2, we compare hiwi, (red line) to data obtained via EELS on a carbon substrate [57] and to
data obtained via photofragmentation spectroscopy in vacuum [94]. In qualitative agreement with both
experiments, hwj, rapidly blueshifts as particle radius decreases. However, the prediction only quantitatively
agrees with the latter data measured in vacuum while generally overestimating the energy measured on the
substrate. Although it is possible to modify €; and w,, to shift our estimate to lower energy, this would be at
the expense of agreement with Mie theory (Fig. 2.1, blue line) and the photofragmentation spectroscopy.
Instead, we extend the theory to include substrate effects, demonstrating that the resulting LSP energies

agree with Mie theory and both experiments [57, 94].

2.2 Substrate Effects

The £ = 1,m = 0 LSP field outside the particle, stemming from fl(g)(x), is identical to that of a point dipole
located at the sphere’s center. This observation motivates using the method of images to account for the
substrate. A point dipole with dipole moment d located above an infinite plane with dielectric constant
3 induces an image dipole dy = —d(e3 — e2)/(e3 + £2), in the opposite direction for the experimentally
relevant case 3 > g5 [78]. Although the substrates in experiments have finite thickness, the dominant image
contribution is that of the infinite half-space, which we verify by accounting for the finite substrate in the
complement. Here, for simplicity, we model the substrate as infinite (Fig. 2.3a, inset), and we modify Eq.

2.43 to include the image dipole,

e

Hguy = Hiree — dio - Ef — > b Ar(xi) + As(xi) - pil (2.6)

2mec

where dq is the LSP dipole moment and E; and A; are the image field and image vector potential. Here it
is evident that the substrate affects the MNP both through direct LSP coupling and through modification of
the vector potential within the particle.

The coupling to the LSP can be diagonalized via transformation leading to a substrate-dressed LSP
with mode volume Viy = Vig — 2g and resonance frequency defined by @3, = w?y(1 — 2g/Vio) where
g = ma(e3 — e2)(e1 — €2)?/6(e3 + £2)(e1 + 262)?, and we have assumed djq is parallel to the substrate.
This indicates, in agreement with other studies [77], that the LSP mode volume and resonance energy both
decrease due to electrostatic substrate effects.

The remaining interaction term modifies the perturbation theory above. The LSP decay rate can be
recalculated under the approximation that the image vector potential operator, A(x;), can be treated

as A({x;)). This approximation is valid since statistical fluctuations of the electron position will tend to
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destructively interfere as the number of electrons increases. Carrying out the perturbation theory gives

R 16e2Vyo 1 1 _
Teub (@10, Vio) = |1 — al2#ﬁ/ do/z3(x + 1)
Zo

=1 — a*Tree (@10, Vio),

for the substrate-modified rate of LSP decay into electron-hole pairs. Here v = hwio/€ep, o = max{0,1 — o'},

and a = (g1 — €3)(e3 — €2)/24(e3 + €2).

The substrate-modified LSP decay rate is compared to I'gee for varying €3 in Fig. 2.3. Interestingly,
in contrast to the g5 dependence of I'fee, real-valued €3 > 1 universally suppresses decay (Fig. 2.3a) since
the image dipole’s vector potential is opposite the LSP vector potential within the particle, decreasing the
coupling to electrons. Only when the substrate’s dielectric constant is complex-valued (Fig. 2.3b), indicating
that it has intrinsic losses, can energy transfer to the substrate result in an increase above the free space LSP
line width, pushing the LSP into a regime where decay to electron-hole pairs and to near-field energy transfer
become competitive. We stress, however, that this is due to intrinsic loss in the substrate, not due to the

enhancement of electron-hole pair generation, illustrating the difficulty in disentangling these processes.

Using Eq. 2.7 we can calculate the quantum-corrected, substrate-dressed LSP energy as was done
previously. This is plotted in Fig. 2.2 (blue curve) with e3 = 3 for carbon, and we see that the modified
resonance energies agree excellently with the EELS data [57] where the free space calculation fails. Indeed,
when we compute likelihood ratios comparing the two curves (Methods), we find the substrate model is
more strongly supported by the EELS data [57] on carbon while the free space model is more strongly
supported by the photofragmentation spectroscopy data [94]. Since the previous calculation is simply a
special case (e3 = g2 = 1) of Eq. 2.7, we have presented a single theory that quantitatively agrees with
classical electrodynamics (Fig. 2.1) and both experiments [57, 94] over a wide range of particle sizes. Our
theory explicitly models LSP-electron interaction and substrate effects but neglects intrinsic losses in bulk
silver [99], ligand effects, and electron spill-out, while using a local dielectric function and a relatively simple
approximation to the MNP electronic structure. This indicates that LSP-electron interaction dominates
LSP loss at these sizes and that substrate effects play a much more significant role in determining quantum

plasmon properties than previously thought [57].

Interestingly, in Fig. 2.2, the EELS data appears to shift off of the substrate-modified calculation (blue
curve) and to the free space calculation (red curve) in the region below ¢ = 3 nm. Full-wave simulation
of Maxwell’s equations for this system explains this effect, showing that substrate-induced reductions in
LSP energy are large for @ > 3 nm but vanish for smaller particles. That this feature of the data can be

qualitatively reproduced in simulations indicates that it is due to retardation and not a quantum effect.
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Figure 2.3: (a) Substrate-dressed LSP decay to electron-hole pairs relative to I'gee as a function of substrate
dielectric constant, e3. The suppression of the decay rate quickly saturates as e3 increases, indicating that
the change in optical properties from free space (5 = 1) to any substrate (g3 > 1) is large compared to the
change between low and high dielectric substrates. (b) Size dependence of the substrate-modified LSP line
width accounting for LSP-electron interaction and intrinsic substrate losses. The black dashed line shows
the line width in free space (e3 = 1), and for real valued e3 > 1 (red curve) substrate effects suppress the
interconversion between LSPs and individual electronic excitations. If e3 is complex valued (blue curve),
intrinsic losses within the substrate can cause an increase in line width, pushing the system into a regime

where LSP decay to electron-hole pairs and to near-field interaction compete.
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2.3 Active Environments

We now extend the theory to incorporate an optical emitter such as a quantum dot, fluorophore, substrate
resonance, or second MNP. For simplicity, we model the LSP-emitter system in free space although the
method above can be used to include substrate effects. Furthermore, as depicted in the inset of Fig. 2.7, we
neglect the emitter’s electronic structure and instead model it as a point dipole oscillating at frequency wem

located a distance s from the MNP surface. The Hamiltonian of Eq. 2.43 becomes

V:em wgm €
HLSP—em = Hfree + < 2 pgm + 2. q§m> - le ’ Eem - % Z [pz : Aem(xi) + Aem(xi) : pl] ’ (28)
em e -

where pem and gen, are the generalized emitter momentum and coordinate, and Eq, and Agy, are the emitter
electric field and vector potential. The mode volume, Vg, is defined in connection to the emitter dipole
moment, which is assumed to take the form dey, = CVeypemz, where C' is a dimensionless proportionality
constant that gives the results below general applicability to a wide-class of emitters. This Hamiltonian
shows that, similar to the substrate, the emitter couples both to the LSP directly and to individual electrons
through Aep,.

The direct LSP coupling can again be diagonalized through transformation. This results in two hybridized

LSP-emitter normal modes with eigenfrequencies defined by

2gw10Wem

2 2 2 2 2 .
w? = wjgcos“ O + w:_ sin“ 0 — sin 6 cos 6,
10 em /7‘/10‘/&]0 (2 9)
. 2gwipWem . '
2 2 2 2 2 em
w5 = wigsin® 0 + ws  cos®f + ————sinf cos b,
+ 10 o V %O%III
and mode volumes
2 2 V;
V.=V (w210> cos? 0 + Vigsin2 0 — 29210 [ 10 G g cos 6,
o ;"em ;m (2.10)
Vi =Vem <w°2m> cos? 0 + Vo, sin? 0 + e ° sinfcos,
Wio w10 10

where tan(20) = 2gwiowem /v VioVem (W2, — w?y), and g = 2CVioVem(e1 — €2)/V127(a + 5)3. The angle 0
characterizes the degree of mixing between the LSP and emitter and is positive when wey > wig. In that
case, the — and + modes correspond to the well-known in-phase (bonding) and out-of-phase (anti-bonding)
eigenmodes of a coupled dipole system [100, 66]. At 6 = 0°, when wig and wey, are sufficiently detuned
or the separation distance s is much larger than a, the LSP and emitter are nearly uncoupled and the —
mode reduces to the LSP while the + mode reduces to the emitter. On the other hand, if wig and we,, are
degenerate or s is very small, § approaches 45° and the LSP and emitter are evenly mixed.

This transformation modifies the second coupling term in Eq. 2.8, and both the in-phase and out-of-phase
modes interact with electrons differently. Calculating these interaction terms, a perturbation theory can

be carried out for each mode separately, again making the approximation that Aep (%;) &~ Aem((x;)). The
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Figure 2.4: Evolution of the renormalized in-phase (left) and out-of-phase (right) normal modes of the coupled
MNP-optical emitter system (inset) as a function of MNP radius a. Increasing opacity signifies decreasing
separation distance s, with s = 1,5, and 10 nm. We see that the in-phase mode tracks the uncoupled LSP
(left, black dashed line), and is shifted to lower energy as the MNP and emitter are brought together and
interact more strongly. On the other hand, the out-of-phase mode tracks the uncoupled emitter (right, black
dashed line) and shifts to higher energy as s decreases. As the MNP radius a decreases, shifting of the LSP
energy causes a rapid decoupling of the LSP and emitter, resulting in a rapid red-shift in the out-of-phase

configuration’s energy and illustrating previously unexplored quantum effects on plasmon hybridization.
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resulting decay rates are

2

I (w_,V_)= Diree(w—, V)

Wem g _ /%L&Sing
w10 3V10 ((l+$)3
2
VlO . 167 w10 C’a3
F+(w+7V+):|HV SIHG_'_MTW mcos@

Notice that the emitter vector potential destructively interferes with the decay in the in-phase configuration

(2.11)

Ffree (w-‘r ) V+ ) .

where A and A, are misaligned within the particle but constructively interferes in the out-of-phase
configuration where A and A,y are aligned within the particle. This implies that if the modes are mixed,
the out-of-phase mode more efficiently decays to individual electronic excitations than the in-phase mode.
This is in stark juxtaposition to the in-phase and out-of-phase modes’ coupling to near-field energy transfer
and far-field radiation, where the in-phase mode’s larger net dipole moment makes it the more efficiently
decaying hybrid resonance [66].

Eq. 2.11 can be used just as the decay rates previously to calculate the quantum-corrected eigenenergies,
hw? . For the case where the emitter is another silver nanosphere with fixed radius (4 nm, hwem = 3.55 €V),
we plot in Fig. 2.7 the eigenergies as a function of a for three separation distances, s = 1,5, and 10 nm, and
we compare to the uncoupled (g = 0) energies (black dashed curves). We see that the in-phase energy, fiw*
qualitatively tracks the LSP and shifts to lower energy as s decreases, with a maximal shift when wig ~ Wep-
On the other hand, the out-of-phase energy, hw?, tracks hwem and shifts to higher energy as s decreases.
Interestingly, as a decreases, the blue shift of the in-phase mode becomes severe enough that the LSP and
emitter effectively decouple, and the out-of-phase mode rapidly collapses back to the uncoupled emitter energy,
giving it a dramatically different a-dependence. This pronounced change highlights previously unexplored
quantum effects on plasmon hybridization. Measurement of the in-phase and out-of-phase LSP-emitter modes’
dependence on MNP size would support the prediction that the out-of-phase mode more effectively couples

to electrons, suggesting new strategies to disentangle and control LSP decay pathways.

2.4 Conclusion

In this chapter we have developed an analytic theory of quantum LSPs in optically-active environments. We
have shown that the theory agrees with Mie theory [55], EELS [57], and photofragmentation spectroscopy
[94] with only two parameters defined by bulk dielectric data [99]. Our theoretical approach neglects intrinsic
bulk silver losses, electron spill-out, ligand effects, nonlocal dielectric effects, and complexity in the MNP
conduction-band structure, yet still accurately predicts the LSP energy over orders-of-magnitude changes in
size by considering LSP-electron interaction and substrate effects. This indicates that environmental degrees
of freedom play a much more significant role in determining LSP properties than previously thought, even as
classical electrodynamics is strongly modified by quantum effects.

Current work on optimizing plasmonic systems for charge manipulation often relies on indirect signals such
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as energy shifts and line width changes to elucidate nanoscale behavior. Experiments are in turn required to
design systems which isolate LSP decay into electron-hole pairs from other decay pathways such as near-field
energy transfer and far-field radiation. Our approach disentangles LSP-electron and LSP-photon interactions
by showing that the out-of-phase mode of a hybrid LSP-emitter system more strongly couples to individual
electronic excitations while the in-phase mode more strongly couples to near-field energy transfer and far-field
radiation. As a whole, this work unifies seemingly conflicting [63] observations from cluster science with those
from nanoparticle plasmonics, providing a critical understanding of environmental influence on quantum

plasmons and a platform to tailor the optoelectronic properties of hybrid plasmonic systems.



Mathematical Complement

2.A Plasmons in Isolated Nanoparticles

We begin with Eq. 2.1 in the main text, the many-body Lagrangian in cgs units,
L= b )2y (2.12)
= —MeV; — X;) — = _ .
p 2 * 2 i |Xi — le

where U, (x;) is a confining potential set up by the ionic background and the sum on ¢ is over N conduction
band electrons, each with position x;, velocity v;, charge e and mass m.. We handle the Coulomb interaction
in a mean-field approximation, meaning that we will need the field due to other electrons as the source.
Neglecting time delay effects because information propagates across the nanoparticle nearly instantaneously

[70], the mean-field satisfies Maxwell’s equations in the static limit [101, 102],
—e(x)V2®(x,t) = dmp(x, 1), (2.13)

where e(x) = £:0(a — r) + £20(r — a) characterizes the dielectric environment (a nanosphere with radius
a, see Fig. 2.1 in the main text) and p(x,t) is the configuration of the conduction electrons at time ¢. The
dielectric constant within the particle is set to the infinite frequency value for bulk silver, and we determine

this value in Appendix A. We can approach this by solving the fundamental problem,

—e(x)V2G(x, t; %', ') = 4w (x — x')o(t — 1)
(2.14)
— —e(x)V?G(x,x) = 4n6(x — x')
where the second line comes from the time independence of the linear operator on the left hand side (implying
that G is proportional to a delta function in time, and responses of the system are instantaneous as expected).
Note, we also restrict |x’| < a since the electrons are on average confined to the sphere (i.e. the expectation

value of the position operator is |(x)| = 0 < a for all conduction electrons). The Green’s function satisfies the

following boundary conditions:

(i) G is continuous at r = a,r’

(ii) — &9 (;G) . =—e (;G>a (2.15)

r=r+4
(iii) <r2£G> —— 50— 080 — ¢).

r=r/—
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We then use the completeness relation for spherical harmonics

Z )/Zm }/Zm ) = L5(0 - 9’)5((,0 - @,)a (216)

sin 0

and standard methods [101, 102] to solve for G(x,x’). We find

1 Ag (e1—€2)(4+1) /pt * .
e1]x—x'] + me €1(20+1) ext+L(e1+e2) a2f+l an if r <a

G(x,x') =
( ) +3 (e1=e2)(4D) ' v yx s
81|x x| {m 81(2€+1) eat+L(e1+e2) r“rl tmdom r=za (217)

1 7"5 " 7't * /

where
dr (61 —e2)(0+1)
€1(20+1) ea +L(ey +£2)

We can now calculate the mean-field potential,

Gom = (2.18)

O(x,t) = /dV’G(x, xNp(x', t)

Yo (Q Yo (2 "
= [av £ 7+ Lo (“no—n+ o) [avo.0rv, @)

(2.19)

where integrals are over all space unless otherwise specified. The first term of the mean-field is the particular
solution of Eq. 2.13 while the second is the homogenous contribution, and they are therefore linearly
independent and noninteracting (see Appendix B for proof). We show below that the homogenous contribution
gives rise to the surface plasmons while the particular solution gives rise to the bulk plasmons. Since the two
are independent, we restrict ourselves here to the surface contribution for simplicity and discuss the bulk
contribution in Appendix C.

The induced mean-field can be written as
é aé—H / / 3 TIZ * /
Zng ( 50 —r)+ W@(r — a)) / dV'p(x',t) (a®gem) WYZ’”(Q ) (2.20)

where we have multiplied the first term by a®/a® and the second term by a‘**/a***. This motivates the

definitions
¢
1 r
E(nz (X) = a£+2 Yzm(Q),
-1
o () = 7 Yo (), (2:21)

fom(x) = (fn)(x)O(@ = 1) + [ (x)O( — a))

and we can write

(2.22)
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where
1
Vem (t) = / AV a3 gomp(x', 1) F % (X)), (2.23)
is the generalized velocity which characterizes the conduction electron motion projected on to multipole
moments of the system. Since Y, = (—1)"Y,_,,, both v, and fe, share the same property. Using this
property, we can show

Re {20x,1)} = 5 3 [0 (1) o () + 0 (1) ()]

m

= [ i O om0+ 3D 0 (8) fr i () (2.24)
2
m Im

- % (Z Ve () fom (%) + D veme () fem (x>> — B(x, 1)
m

m’

implying that ® is real valued.

Using the mean-field potential, we can compute the mean-fields,
(I)(Xa t) = Z Vem (t)fém(x)
m

E(x,t) = V&=~ > v (t)V fom(x) (2.25)

m

B(x,t) =0,

and the mean-field Lagrangian in minimal coupling is [102]

Lyr = Z (;mev? —e®(x;) + g"i SA(x;) — U+(xi)> + 8%/ dVe(x)E* — B2 (2.26)

i
We proceed by simplifying the Lagrangian. This is more convenient after a gauge transformation characterized

by the gauge function
A ) = ¢ qem(t) fom (%), (2.27)
Im

where G (t) = vem (t). Then, under the transformation,

D (1) = 3 Vi () fom (%) — %A(x, £ =0,
m

(2.28)
A—Axt)=0+Vi= CZng(t)erm(X).
Im
The Lagrangian then simplifies to
Lyr = Z 1m v? + Sy, Ax;) —Uys(x;) ) + i/ dVe(x)E?
MF — - 2 el; c i 7 +\ X ST )
(2.29)

— Z [’g (vi + micA(Xi))2 — U+ (xi)

2
e 2/ i 2
Qmeczi:A (i) + o / dVe(x)E2.
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We simplify further by taking some of the sums and integrals. Let

—/dVE

1 2 2 2
== [/Kadv (1B - sQE@)) +/ dV:—:QE(Q)}

Thus,

- (1) (1) (2) (2)
1= 87 [Z Z Vem Vet m! (‘/r<a dV&'lszm . Vf ) — EQVf[m . vf 2

Im 'm/’ (231)
€2 (2) (2)
+ 35 ;;wmw/ /dVVf -V 1y ]
We can take each integral by parts. In general
/ vV vl = /5 st FOvD, - / av f D (2.32)

where dV is the MNP surface in the first integral of Eq. 2.31 and the » — oo surface in the second. Note
that V2 fs,,, = 0 so we know the second term above is zero. Meanwhile, we also know that fe(j@) oc 1/t so

the surface term at infinity is also zero since f,, (2 f(2 f decays faster than r? grows.

'm/!

This leaves

)y 0 0
87‘(’ (Z Z Vem Ve m / ds |: &1 lm 6 Z/m’ 2fg2) l(?m/:|>

tm £'m

1 alla -1 1 gft! —(5/ + 1)aé’+1
87‘(’ (;;Uém’vll // adS < a4 ae a@/ g1 — [M ae+1 a€,+2 €9 nmn’nL/ (233)
87’('0,3 Z Z v/mvé/m’ E €1 + (é )62} /dQYémY@m/
m 0'm’

Orthogonality of the spherical harmonics implies

/dQngYglm/ = /dQng(—l)m/YZKW = (=160 Op—rm - (2.34)
So the integral is

dVe(x)E?

8 > vem (1) vemlber + (€ + 1)z

T 8wad s
2.35
- tm 8mas

Now, we need to take the sum

2
__¢ 2
= g LA

2

c / dVn(x)A(x)>2 (236)

2m.c?

e2n0

/ dVO(a — r)A(x)?

2m.c?
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where in the second line we convert the sum to an integral using the number density of electrons (this is exact
if n(x) is a sum of delta functions), and in the third line we approximate the density as a uniform distribution
within the sphere (this is the random phase approximation [103], see Appendix C for more details). Thus, by
the same reasoning as the integral above,

e2n d
= S S G / as1-L gih. (2.37)

2me im 0'm/ r=a

Recall that o.);‘; = 4mnge? /me is the bulk plasma frequency which we estimate for silver in Appendix A. This
implies

7i§zqu qe //an 16 1/[ }/[/ ’
T m m a m m

Im 0'm/’

2
_ wp 2
= grea 2 laem|
Imp

(2.38)

When we return to the Lagrangian we have

Z‘ m‘2€51+ (0+1)ey  lw?
8ma3  87ald

Z 6514’ e‘i’l) |v2m‘2 71
n 4ma® 2 2

:Z ‘Ufm‘ _ w[%m |q€ |2
B Wem  2WVem T

m

|q€m|2

Lisp =

2
&up

feq + (f + 1)62

where
2
B —&dp
m €€1+(£+1)€2 (2 40)
4dra® ’
‘/Km =S

ley 4+ (04 1)ey’
Wem is the familiar LSP frequency and Vp,, is the LSP mode volume. Finally, we Legendre transform [102] to

a Hamiltonian. The canonical momenta are

L

Pi = g = M (Vi + ¢ A(XZ))
Vi he€ (2.41)
oL 1,

m = =—vVv, .

pe avEm WM fm
Then, the Hamiltonian is

H=>"pi Vit pemvem — L. (2.42)

i m

So we find,

H-y (2 +va) D> (Lot tpenl? + ) - e PCAG) (2

the Hamiltonian describing LSP dynamics and decay into individual electronic excitations.
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2.B Optical Properties of the Nanosphere

The optical properties of the nanosphere can be computed from the Hamiltonian of Eq. 2.43 and compared
with simulation or data. For a small nanosphere, cw-laser excitation can be modeled as an external field

Eo = Ege ™'z
(2.44)

— q)ext = —ZE()<t),
that is of spatially-constant, harmonically varying amplitude Ey everywhere. The nanoparticle response is
dominated by the collective motion of the conduction electrons, and we can therefore reduce the Hamiltonian

to

Vem w?
H= Z( 5 peml® + ‘Zn |Q£m|2) +/dVPLSP(X)‘1>ext, (2.45)
m m

where prgp(x) is the conduction electron density, and we have neglected individual electron dynamics. We

can calculate the charge density in terms of the multipole moments defined above. In the static limit,

pLsp(x) = 6(r — a)oima(x) = —0(r — a) (614;821”- . E)

€1 —¢€ l
=8(r —a) ( e Z Vempzmangm> (2.46)

— &2
— ————pp Yo,
o(r aZZ€1+(€+1) PimYe

from which we can calculate the induced dipole moment of the sphere,

dio = /dVZiPLSP(X)

—z/dv Sy, Zif*y

- 5 V1o e T (03 D, PemYom (2.47)
\/41(13751 — <2 Z

3 €1+ 262p10 '

Then, we can evaluate the interaction with the applied field,

1 — €2
int /dV ((5(r a)%&l +(£+1)52£ng em> (—rcosOEy(t))

(2.48)
A 4 (€1
=—/—= —— | E .
3 “ (51 + 252) 0(®)po
Inserting this result into Eq. 2.45 and computing the equations of motion gives
. 9 W1o A (€1 — €2
P1o + wigP1o = v 3\ 572, Ey(t)
10 1 2 (2.49)

4 a® Wi, €1 — &2
— pro(t) =/ —— Eo(t).
Pio(®) 3 Vip wiy — w? <€1 + 29 o®)
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From this result we can compute the total scalar potential,

= —2E)+ Y Vimbi fom(¥)

m

= —rcosfFEy (2.50)

i 3
f1— €2 wig a
#(San) e ocont [rota—r) + 500 a)

and in the static case (w = 0) we find

B(w = 0) = O(a—1) ( e Eomose)

€1+ 2¢
L _ (2.51)
€1 — €2 a4 COS
O(r — —E 04+ —————Ev ),
+0O(r—a) ( or cos  + I 0)
which agrees with well known results [101]. We see that ® outside the sphere is the combination of the

applied potential and the potential of a dipole with dipole moment

2
€1 — €2 Wio _
d=ad3 E, = E, 2.52

“ (61+2€2>w%0—w2 0 = a(w)E (2:52)

where we have implicitly defined the polarizability of the sphere. Using the polarizability, we can calculate

the absorption cross section

4
Cabs = T m {a}
4w €1 — €2 w?,
=1 3
¢ m{a (51 +252> wiy — w? (2:53)
drwiad (&1 — e
— § 2 2
c e+ 2e5) (wio =),

which has infinitely narrow resonances at twig due to the frictionless nature of the model.

2.C LSP Decay in Free Space

Now we return to the full LSP-Hamiltonian of Eq. 2.43,
H = Hg + Hysp + Helpl

2 2 2 2.54)
_ P; Vem |Dem| e 2 (
= El m. + Ut (%) + ; > + |gem|” —

> (pi-A+A-p)

e
2Vim 2mec £~
with the vector potential defined in Eq. 2.28. To calculate the leading order effects of the interaction term,

we use Fermi’s golden rule [104]
2m 9
Lip = E|<50f|Hint|90i>‘ 6(E; — Ef) (2.55)

with
€
Hiy = _Tﬂ’be Z {piv v.fém(xi)} qem (256)

i,dm
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where {-,-} is an anticommutator. In second quantization [105, 106],

hVem
2w£m

qem = (aém + a;m) . (257)

We also define single electron states such that Hela) = €,]a). We thus have

___°® hViem i i
Hing =~ ﬁzl; V o tal {0, ¥ fen ()} 18)ches (arm +al,, ) (2.58)

For us, the initial and final states of interest are

lei) = |110,0p, 0n)
! (2.59)

los) = 1010, 15, 1n)
that is, 1 plasmon in the ¢ = 1, m = 0 mode which decays into a hole pair in the final state. Note that
extensions to multiple LSP losses can also be computed with Eq. 2.58 as a starting point. For this case, we

know also that

qu = hwlo
(2.60)
Ey =€, —¢p
Inserting these into the Fermi golden rule, and using
{prlches (am + azm) |0i) = 20pa0n30e10mo (2.61)
where the factor of 2 accounts for electron-hole pair spin, we find
e V10 2
Ton = 5 [(pI{P, Vf10(x)} [h)[76(hwro — €p + €n) (2.62)

Thus, if we want the total rate, we need to sum over all possible electron-hole pairs. Using p and h as

composite indices representing the particle and hole quantum numbers respectively, we have

== Vme (en)(1 = F(ep))|(pl {p, V Fro(x)} )28 (hewro — e + en) (2.63)

m2wig

where f(e) is the distribution function of the electrons. At zero temperature, f(e€) is a step function [105, 106].

To compute the matrix element in Fermi’s golden rule, we proceed by simplifying,

(vl {p. V fio} 1) = (pl {P. V55Y10 } |n)
= %%(pHp,Vrcos@}\m (2.64)
=/ o - aln).

Moreover,

[P, Ha] = [p, Uy (%)] = —ih VU, (x) (2.65)
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which implies that

(plpHel — Hap|h) = —ih{p|VU, (x)|h)

i (2.66)
(pIVU )
.

= (plplh) =
P

Therefore,
3 2ih

(I {p, Vfio}h) = Em@‘i VU |h) (2.67)

Thus the decay rate is

_ 3e2Vio Z4h2f( n)(1— flep ))|<p|z VU ¢ |h) 25 (hwio — €p + €n)

4m2w10 ab (Ep . )
362V, (2.68)
e A
= m? %126 Flen)(1 = Flep)|(pl2 - VU [R5 (hewno — € + €n)

Now, referring to Appendix D for the specifics of the electronic structure, we can compute the matrix

element:

(plz - VU4 |h) = (nplpymy|Ugd(r — a) cos O|nplymp,)

Uy .
= NN, / dVRnpnggpmpd(r —a)cosORy, 0, Yo, m,, (2.69)

Uy e .
NpNh/O d’l°7’2Rnpgp§(']" —a)R,, 0, /dQ Yy m, cos 0Yy, m,,

The angular integral is well known [107]. We find

0a’jy Jy,  —hk, —hkp

(i VU h) = e CHTC R Ee/ ) L
Ny ) (2.70)
W kykn my my
= (Cwaeh,eﬁwczy Ot t1)
where using the notation of Kawabata and Kubo [53], we define
2 _m2
m o __
“C=VaE
¢ , (2.71)
my2
Z () = 3
m=—/
Thus, the rate is:
1262V10
D=l 3 fen)(t = f@)eney ((CF7) 0041 + (CFF)00.0,-1) O(Es = By)
€10 nplpmp,np, Ly
1262V10 f + 4
= mZatoad Z flen)(X = fep))enep < 3 Oty 1 + 54;“%1) 0(Ei — Ey) (2.72)
€ npép,nhéh
86 V10
~ W Z f(en)(1 — fep))lpenepd(E; — Ey)

Nnplh,np
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where the last line assumes ¢, =~ £;, + 1, which is a good approximation for large ¢;,. Now we convert the

sums into integrals over energy,

8e?Vio

r=— %
m wloa

Z flen)(X = f(ep))lnenepd(E; — Ef) AnyAnp AL,

npln,np

8me?V;
mlo / dnpdnpdinluepenf(en)(1 — f(ep)d(E; — Ey)
210 , (2.73)
8meVig mea h€p€h
=0 E —E 1—
= ek | Andepdon 5 I, — ) () (1~ £ (&)
4e Vio
= W/dépdehdehgh\/epeha(Ei - Ef)f(eh)(l - f(ep))
Integration bounds are set by f(e),
éh S [O;Emax(eh)}
en, € [max{0,er — hwio}, €p] (2.74)

€p € [max{fwig, €p}, 0]

where ey = 5.5 €V is the Fermi energy of silver, taken from Ref. [53]. We can now take the integrals. We find

4€2V10 £r2nax
I'= m depdey, 9\ /Epeh(s(hwl() — €+ Eh)
1662V10
= 7r4h4w3 o /dep/dEhGhM%Th5(hwlo —€p+ep) (2.75)
16e2V7g /
= ————— [ deer/e(hwig + €
m4hiwd at (hwio +¢)

where in the final line we have taken the integral over €,. Let = €¢/¢p, which implies that z € [max{0,1 —

hwio/er}, 1]. Then let v = hwio/ep, giving Eq. 5 in the main text

r= 1662%01/d Vot (e +v) (2.76)
= hﬂ'4a4 3 TN/ IT°\T V). .

The remaining integral is evaluated by standard numerical methods giving the leading order damping

due to the coupling between the collective motion of the electrons and individual electron-hole pairs. In
Fig. 2.5, we plot this damping rate for varying e, as a function of MNP radius. Notice that I" < 1/a, in
agreement with Ref. [53]. Moreover, as embedding dielectric constant, s, increases, the decay rate does as
well, indicating that LSP decay to electron-hole pairs is more efficient in high dielectric embedding matrices.

We can also use perturbative methods to calculate the resulting shift in the LSP energy. The first order
change in the LSP energy due to the interaction Hamiltonian of Eq. 2.58 is zero. Standard second order

perturbation theory [104] then tells us the change in the LSP energy, iAwig, can be computed using

| QDf|H1nt|<Pz |
. 2.77
Z hwl() — Ef ( )

The dominant term in this sum is simply the same as that calculated in the Fermi Golden Rule, i.e. terms

where E; = Ey. Thus, hAwig ~ II', and the renormalized LSP resonance energy is

hwiy & /(hwio + AD)2 — (AT'/2)2. (2.78)



2.D. SUBSTRATE EFFECTS 33

<
O

Line Width (eV)

o
o

Radius (nm)

Figure 2.5: The LSP line width due to decay into electron-hole pairs for e5 = 1,10, and 100. This indicates
that the LSP decay to electron-hole pairs becomes more efficient as the dielectric constant of the embedding

material increases, as expected from Eq. 2.76.
2.D Substrate Effects

Consider now the £ = 1, m = 0 LSP oriented parallel to a substrate. To approach this problem, we begin by
considering a charge above an infinite plane with dielectric constant 3. In that case, if the interface is at
x = 0, the static Green’s function above the plane [102] is

1 - 1
G(x,x') = i

— 2.79
galx — x|  e3+egea|x — x| (2.79)

where x’ = (2/,y/, 2') is the location of the charge above the plane and x” = (—2’,y/, 2’) is the location of a
fictitious charge in the substrate material. This is the basis of the method of images, a general method to
handle the effects of interfaces on charge distributions [101, 102]. For our case, as shown in the discussion of
Eq. 2.52, the MNP’s £ = 1, m = 0 LSP has a quasi-static field identical to a point dipole located at the MNP

center. Thus, we consider a charge density
p(x) =dio- Vi(x — x'). (2.80)

Using the Green’s function for the plane with this charge distribution, we see that the effects of the plane can
be thought of as an image dipole with dipole moment

€3 — &2
d; =— d 2.81
I £3 + 9 10, ( )

located at x”. With this in mind, we can incorporate the substrate effects with the Hamiltonian

V10 w2 €
H=H,+ (21)%0 + ﬁ‘ﬁo " e Xi:pi “(A(xi) + Ar(x;)) —dio - Ef (2.82)

where we have H,; just as before. The fields A; and E; are the image vector potential and electric field

respectively, and djg is the LSP dipole moment defined in Eqn. 2.47. Thus, the image dipole moment is

4 €1 — €2 €3 — &9 ~
d; = -/ =d® , 2.83
! 3 @ (51 + 252) €3+ 52p10z ( )
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and the resulting image electric field is simply
E/(x)=—~—"—5—F (2.84)

where r = x — x”. Since we have shown above that the LSP field is identical to a point dipole outside the

particle, the electric field can be evaluated at the MNP center. Thus, the LSP-image interaction term becomes

—dio-Er =djo- (2(1[)3
:_47r< a® ) (51—52 )283—82p2 (2.85)
3 \(2a2)3 e1+2) eztep O
= —gpio
where 9
-5 (a) 2

is a measure of the interaction between the dipoles. We can incorporate this effect of the substrate into the

Hamiltonian through the following transformation. The Hamiltonian is

Vio
H= Hel + (2 _g> Pio + 2V Cho - mzpz X’L +AI(XZ>)

Vio—2g9\ » Wlo Vip — 29 2
= Y 7 7 A i
o4t ( 2 Pio¥ 2Vio Vio — 29 ho ™ e zi:p (xi) = Ar(axi)) (2:87)
g Vo g S €S (A ¢ ().
e 2 10 21/10 10 — Mec . 1 1 7
where
Vio=Vio—2¢g
2.88
w%o—wfo(12g>. (259
Vio

Thus, we see that image interaction between the LSP and an infinite, electrostatic substrate causes the LSP
energy to shift to lower energy and the LSP mode volume to decrease.

The image effect also changes the vector potential on the particle’s interior and therefore effects the
perturbation theory carried out to compute the decay rate. The image vector potential can be computed by

rewriting the field as

(2.89)

E(X):3(2f‘)f‘72 _ 41(13 €1 — &2 83*62@
! 3 €1+ 2e2 ) e3+¢e2 Vi

where we have inserted the image dipole expression from Eq. 2.83 and used Eq. 2.41. Thus, the vector

potential is

3(2f‘)f‘—i (61—5263—62)
Ar(x)=c . 2.90
1) o \ Vi s ) (290)

where once again r = x — x”.
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We proceed by considering the substrate effects on the interaction between the LSP and individual electron-
hole pairs. We evaluate this effect in a semi-classical approximation similar to the dipole-approximation of
quantum optics [104]. In that case, the operator A;(x;) is replaced by A((x;)), i.e., the potential evaluated
at the expectation value of the electron positions. For a system with many electrons, we are guaranteed that
this is a good approximation since variation about the average decays as 1/ V'N where N is the number of

electrons. Using the wave functions of Appendix D, we find
(xi) = / dV¥rx; ¥ =0, (2.91)

and we therefore evaluate the image vector potential at the particle center. The remaining interaction term

becomes
Hing = S Zi:{pzw A(x;) + Ar(xq)}
e /3 rcosf €1 —E9E3—€E9 Z
~ — i?v 0
2me ; {p ( 4 a3 > V121 €3+ €2 8(13 a0
) (2.92)
_ e Z _ 3&751—6263—62i
N 2me Z bi; 47 a3 V127 €3+ €9 8a3 @0
3
E—\/4 2me a3 sz 4102,
where
_ (e1—ea)(es —en) (2.93)

24(53 + 52)

The substrate dressed Hamiltonian is then

2 Y/ 2
p; Vio 3 el-a .
H= E om. +Us(x;) + < 5 Pl + o7 Q1o> “VNirm o E Pi - q10Z, (2.94)
K2 K3

and we can use the exact same method used in free space to compute the effects of coupling between the LSP

and individual electronic excitations. We find the plasmon-electron decay rate
16e%V; 1
sub 2 0 =
" =11 —qf P———" ﬁ/daz\/ﬁ(x%—v), (2.95)

where U = hyo/ep and = € [max{0,1 — 7}, 1].

2.E Finite Substrates

To generalize the above results to incorporate the finite substrate, we start by considering a single charge
above a plane with interfaces at x = 0 and = = —t and with dielectric constants €5 above the plane, 3 within

the plane, and €4 under the plane. In this case, the Green’s function above the plane is [108]

2 e’} n—1
1 €3 — &9 Z €3 —E9E3 — &4 1
€3+ €2 g3+ egeztey galX — Xp|

n=1
(2.96)

G(X,X/) _ 1 €3 — &2 1 €3 — &4

EQ‘X—X/|_E3+8282|X—X0‘ €3+ €1
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where x' = (a/,y’, 2’) is the source charge location and x,, = (—z' — 2nt,y’, 2’) are the locations of n fictitious
charges below the x = 0 interface. In this equation, it is evident that the leading order contribution of the
substrate is the n = 0 term, which is exactly the infinite substrate contribution in Eq. 2.79. The remaining
n > 0 correction terms incorporate the physics of the interface at x = —t, and can be thought of as an infinite
number of image charges with diminishing effect on G as n increases or ¢ increases.

We proceed in parallel to the infinite substrate case. Considering the charge density of Eq. 2.80, we see

that the resulting image dipoles are

__E3—¢€2 —
. dyy forn=0

2 n—1
€3 "€4 _ [ Ea—€2 €3 €2 E3—"€4
€3teq |:1 (€3+€2) :| (€3+52 €3+€4) le for n >0
") s

where, again, dig is the £ = 1,m = 0 LSP dipole moment calculated in Eq. 2.47, and the dipole dg

a4 — (2.97)

located at x,. Incorporation of this set of image dipoles into the Hamiltonian is then straight forward. The

Hamiltonian is still

V1o
H=H,+ ( 5 Plo+ W, q10> ~ m Zpl (xi) + Ar(x;)) — dyo - Er, (2.98)

where now E; =) Eg") and Ay =3 Agn), the total image electric field and vector potential respectively.
The calculation is then otherwise identical to the infinite substrate problem. We find the generalized coupling

and screening constants

47T g I3 e a6
1— €2
- = T 25, ST o3 2.99
g 3 <E1 + 252) ;X" (2a + 2nt)3 (2.99)
and
3
€1 — &2 a
- N5 93 2.1
¢ 3 Z;X (2a + 2nt)? (2.100)
where
—37%2  forp =0
W=y o 2 n—1 (2.101)
€3 —¢€ €3—€ £3—€E3 €3—¢€
82“1’6:11 |:]~ - (524»5;) :| (52+5§ €2+€Z) fOl" n > 0

as motivated by the form of dg"). With this g and «, Eqgs. 2.88 and 2.95 are generalized to handle the finite
substrate. Note that, in practice, sums over the image charges quickly converge, and in the analysis below,
we truncate the sums at n = 100

In the main text, we compare the theory to EELS data obtained on a 3 nm carbon substrate [57]. In
Fig. 2.6, we repeat this comparison to show the change in the results when the substrate’s finite thickness is
accounted for. Both the ¢ = oo substrate model (blue curve) and the ¢ = 3 nm substrate model (green curve)
agree with the data more strongly than the free space (e3 = 1) model (red curve). As the particle gets larger,
the t = 3 nm length scale becomes less significant, and the finite substrate result begins to shift towards
the free space prediction. However, for particles with a < 10 nm, that shift is small, and for a < 3 nm, it
nearly vanishes. Thus, the effects due to the substrate’s finite thickness can be neglected for the particle sizes

considered in this chapter.



2.E. FINITE SUBSTRATES 37

— Free Space
10F — — Infinite Carbon| ]
—* = 3 nm Carbon
- Ref. 11
1 -+ Ref. 12
]t
S €2
E 6} =
o
= €3
= t
3 —e
Cd 4 54
—o
2 WE < aun
0l ) . ; - :
3.2 4.2

Energy (eV)

Figure 2.6: Comparison of free space (red curve), infinite substrate (blue curve), and 3 nm substrate (green
curve) models to EELS on 3 nm carbon (g2 = €4 = 1,e3 = 3) [57] and photofragmentation spectroscopy in
vacuum (g2 = €3 = &4 = 1) [94]. As discussed in the main text, the photofragmentation data agrees well
with the free space model while the substrate models more strongly support the EELS data. For larger
particles, the ¢ = 3 nm substrate prediction begins to shift away from the infinite substrate approximation
and towards the free space prediction, indicating that the 3 nm length scale is becoming less significant. On
the other hand, for particles in the size regime considered in this study, the difference between the finite and
infinite substrates is very small, generally within the 95 percent confidence interval plotted with the data and

vanishing for a < 2 nm.
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2.F Hybridized Systems

We now consider the effect of another optical emitter in the vicinity of the particle (both in free space for
simplicity), and we restrict ourselves to emitter dipole moments in the z-direction. This could be another
particle, a quantum dot, a molecule, a cavity, or a resonant substrate. Modeling the emitter as an oscillating

dipole, we then have the Hamiltonian

2 2 2
P; 10 2 Wig 2 em 2 Wem 2
7= P U, (x)+ Vioa + (! +
i 2me + (XZ) < 9 Pio 21 710 d10 92 Pem 21 rem Gem

e

(2.102)

2. Z {pla A(X’L) + Acm(xi)} - le : Ecma

where the interaction energies are written in a form motivated by the image problem considered in the
substrate case above, and quantities with subscript em describe the emitter. Once again, the dipole moment

of the LSP, dyg, is that of Eq. 2.47 while the emitter dipole can be written as
dem = CVempPemZ, (2103)

where C' is a proportionality constant that depends on the geometry of the emitter being considered and the

definition of the mode volume being used. The emitter electric field is then

(2.104)

)

_ 3(dem : f)f' - dem
T

where r = X — Xe, Where Xqp, is the emitter position. We assume that the emitter and nanoparticle are
aligned on the z-axis, so Xem = (0,0,d), where d is the total separation distance, constrained such that
d = a + s, i.e., the emitter is outside the particle with some surface-to-surface distance s. Meanwhile, the

emitter vector potential is
3(z-1)r — 2
Acn(%) = —cClon (H) , (2.105)
r

where we have used ¢, = VempPom-
The interaction between the LSP dipole and the emitter electric field can be reduced to

€1 — €2 2Vi0Vem

—dio - Eern = —C NivT: — g5 P10Pem = —gP10Pem;

(2.106)

where we have used similar arguments as the substrate case to justify evaluating E.p,, at the particle center.

This results in a Hamiltonian for the LSP-emitter subsystem

Vio o Wiy o Vem o Won o
Higpom = [ 22 Lo em - - 2.107
LSP ( 9 P1o + 2‘/10 d10 + 2 Pem + 2‘/em Gem gp1op ( )

This Hamiltonian can be diagonalized via transformation. We define

_ o cos b sin 6
p—| _ 5 P10 (2.108)

D+ —%sin@ LcosO| | pem

[}
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which necessitates

q_ L cosh % sinf| | qio0

— |« (2.109)
q+ —Bsinf «acosf| |gem
in order to ensure the transformation is canonical [109]. Using this transformation (and its inverse) to recast

the Hamiltonian, we find

012 _ Wem
=3
e (2.110)
2_ Yem
b Vio
and
2 m
tan(20) = J10%e (2.111)

VVioVem (W2, —wiy)’

results in a diagonal set of normal modes. Note that the definitions of a and 8 are not unique, and they are
motivated by the desire to make them dimensionless.

Applying this transformation results in an LSP-emitter sub-Hamiltonian,

I (Ve @t +V7+22 (2.112)
LSP-em = | = s 2V, Q+ 5 p o q .
where
2 VAV
V_=Vip W210 cos? 0 + Vipsin? 6 — ng sin @ cos 6
wem wem Vvem
: v = (2.113)
Vi = Ve (wezm) c0s? 0 + Vo, sin 0 + Zgwmiem sin @ cos @
Wip wiov/Vio
and
. 29(-010(*) m .
2 2 2 2 2 e
w? = wjcos” 4wy, sin”§ — —————=sinf cosf
B ’ VVioVem (2.114)
2 1 . ’
wi = wiysin® 0 + w2, cos® O + ZTI0%em i ) cos 6.

VVioVerm

are the renormalized mode volumes and eigenfrequencies. The higher frequency mode corresponds to an
out-of-phase configuration (so-called anti-bonding configuration) of the LSP and emitter while the lower
frequency mode corresponds to the in-phase configuration (so-called bonding configuration). Indeed, when
we compute the total dipole moment for the system, we find

dT = le + dem

€1 — &2 ~ ~
= Viop10z + CVemPemZ

V127

€1 — €2 V10w10 VemWem €1 — ) .
= 0880 + C/V1gVem sin 6 z+ | C cosf — \/V Vem sin 6 Z
( V27 Wem 10 >p ( w10 \/127r 10 b

Ed_ +d+,

(2.115)

which shows that when wen, > w19 and @ is positive, the — mode has lower energy and total dipole moment

due to in-phase contributions of the emitter and LSP. Meanwhile, in the same case, the + mode has higher
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Figure 2.7: Analysis of the LSP-emitter system. (a) Dimensionless coupling, g/v/VioVem, for the 3 surface-to-
surface distances used in the manuscript and defined in the inset of (b). As the MNP and emitter get closer,
the coupling gets larger. (b) The mixing angle, 6, for the same separations. The mixing approaches 45 degrees
as the particles are brought together, indicating that the LSP and emitter are evenly mixed. (c) LSP decay
rate for s = 1 nm. In this strongly interacting case, the out-of-phase configuration more efficiently decays
to electron-hole pairs than the in-phase configuration. (d) The same plot for s = 10 nm. Here, since the
coupling is weak, the emitter has little influence on the LSP decay rate, and the in-phase decay approaches

that of the LSP in free-space.
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energy and total dipole moment due to out-of-phase contributions from the emitter and LSP. Since the
in-phase mode has higher dipole moment, we know further that it radiates to the far-field more efficiently

[102] than the out-of-phase mode.

The transformation to normal mode coordinates affects the LSP’s interaction with the electron-hole pairs.
We again use a semi-classical approximation to evaluate the emitter vector potential inside the particle, and

then the interaction term transforms as

e Wem [Vip .
Hiy = meec Z {pi,c <wlo cosfq_ — V;:l sin 6‘q+> V f10(x;)
— (e JYem ngg | 2%
Wem V10 9- d3
= 3 Yem cos f — 167 Vor C—a sin 6 Z
= Vidrm, a3 w1g V' 3Vio "4
V10 sin /1671’ CCLB(.le OSH ) 2
‘/em dgwem pl Q+ *

We see that each normal mode couples to the electron-hole pairs differently. Still, they can individually be

(2.116)

accounted for by the same perturbation theory used in free space. We find the following transition rates for

2
Wem cos f — 167 Vom C—a?) sin 0
w10 V. 3Vie &
4 Vio . 1671' Ca wm
= sinf 4+ {/ ——
Vem

where vy = hwy /ep and z € [max{0,1 — vy },1]. A summary of some of these results is plotted in Fig. 2.7.

each mode,

I =

16e2V_ 1
Wﬁ/dxvf?’(“M

(2.117)

166 Vil
- 4a2_ /dm\/m3 (x4 vy)

In the first two panels we see the coupling, g/v/Vi0Vem, and mixing angle as a function of particle size for
three different surface to surface distances (opacity increases as the emitter and particle are moved closer).
In general, the coupling and mixing achieve a maximum near where the emitter dipole frequency and the
LSP frequency become degenerate, as expected from Eq. 2.111. For the closest emitter-particle configuration,
the in-phase and out-of-phase decay rates are compared to the free-space decay rate of Eq. 2.76, and we see

that the out-of-phase mode more efficiently decays to individual electronic excitations.

In the main text, we apply this theory to the case of two nanoparticles. In that case, the constant C' is
determined by the MNP geometry to be

€1 — &2

C = ,
V127w

(2.118)

and all equations above can be used. It is important to note however that the electrons in this second NP are

not accounted for since the NP is being treated as a point dipole emitter.
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Figure 2.8: Bulk silver properties and parameter estimates. On the left, bulk dielectric data is fit to a Drude
model in the optical spectrum (gray region). This specifies €1 and w,, as shown on the right. Histograms are

made by random resampling and refitting of the data, giving an estimate of the sampling uncertainty.

2.G Bulk Dielectric Properties of Silver

The Drude model is a well known model for bulk, free electron systems, and we include a derivation here
only for easy reference and completeness. We follow closely the treatment presented in [102] and begin by
considering the Lorentz force on an electron harmonically bound to a nucleus due to an external electric field.

The electron’s equation of motion is
MeX + MmeyX + mewpx = eB(t), (2.119)

where x is the electron’s position, v is a phenomenological friction, and wy is the resonant frequency of the
harmonic binding potential. The applied electric field, E(t), is assumed to be constant over the position of

the electron (since the electron is small), and we further assume that
E(t) = Ege ™", (2.120)

Inserting this driving field into the equation of motion, assuming the electron is initially at rest, and solving

via Fourier transform yields

(2.121)
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From this, we note that the dipole moment of the oscillating electron is p(w) = ex(w), and that, for a body

of noninteracting electrons of uniform density n, the macroscopic polarization is P(x,w) = np(x,w). Thus,

ne? Eo(x)

me wi — w? + iyw’ (2.122)
= X(w)E(x).

P(x,w) =

where E(x) is the electric field amplitude at points within the macroscopic body of electrons and y(w) is the

electric susceptibility. The susceptibility is related to the dielectric constant, and therefore we can write

e(w) = 1+ dmx(w),

47ne? 1

me wi—w?—iyw’

2

w

— P
=t e
Wi — w? —iyw

(2.123)

where w,, is the plasma frequency defined above. This is known as the Lorentz model for the dielectric
function. Typically to make the model more easily applicable to real materials, the infinite frequency limit is

modified to be an adjustable parameter; that is, we define £; such that

w2

fw)y=e1+ 5—2—. 2.124

(@) =& wi — w? — iyw ( )

To obtain the frictionless Drude model we simply free the electrons. In other words, we appeal to the fact

that the electrons in the conduction band of a metal are essentially free and set wy = v = 0. This gets us the
Drude dielectric function,

wp

e(w)=¢e1 — o2 (2.125)

which we fit to the Johnson-Christy bulk dielectric data [99] in Fig. 2.8. More specifically, we use a nonlinear

least squares method to estimate w, and e; based the data (red bullets) between 1.65 and 4.0 eV (grey

region) since we are interested only in the visible spectrum. Sampling errors for the two free parameters are

estimated by random resampling and refitting of the data which generates the histograms on the right side of

Fig. 2.8. Thus, for silver, we find

1 = 5.5764 £ 0.3631
(2.126)

Fiw, = 9.6153 +0.1238 eV,

and in the main text we use the average values for both parameters. The Drude model for the average values

is the blue dashed line in Fig. 2.8 which we see agrees well with the data.
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2.H Proof of Independence of Particular and Homogenous Solu-
tions

Suppose we have a linear operator L. Further suppose

Lu=0
(2.127)
Lv=f#0
for some functions u, v, and f. The functions u and v are linearly dependent if
ou+ pfv=0 (2.128)
implies o and § are zero. If we suppose au + Sv = 0, then
alu+ BLv =0

which further implies that au = 0 so @ = 0. Thus, u and v must be linearly independent.
This does not necessarily imply that they are noninteracting. To show that, we must specify to L = eV?

as we have in electrostatics. Then, the interaction energy is related to the inner product
Eint = / dVeVu - Vo, (2.130)
where the integral is over all space. Integration by parts implies
Eint = / dVv(eV?u) = 0. (2.131)

For our purposes, this implies that the LSPs and bulk plasmons are linearly independent and noninteracting.

2.1 Bulk Plasmons

We now return to the neglected term in Eq. 2.19, i.e, the particular solution contribution to the electrostatic

potential,

D(x,t) = /dv’p(x/’t) (2.132)

e1]x — x|’

which we rewrite using the Fourier transform [102] as

An A3k eik~(xfx')

In parallel with the treatment for LSPs above, we define
eik-x

fk(X) = A 3
u() = [ av OO oy

€1

(2.134)
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which allows us to write the scalar potential as a Fourier expansion,

3
B(x,1) = / (ijgvk(t)fk(x), (2.135)

and specifies the electric and magnetic fields

3
_ _vp—_ / %vka)m(x),

(2.136)
B=0.
We again make a gauge transformation to eliminate ® in favor of A. Let
A1) = ¢ / k) (2.137)
I - (271_)3 Qk k bl .
where ¢x(t) = v (t). The potentials then transform as
&k 1.
= O(x,t) = [ S—zuk(t)fu(x) — =Ax,t) =0,
(2m)3 c
(2.138)

3
A=A t)=0+VA= c/ %qk(t)ka(x).

We continue to proceed in parallel to the LSP theory, and we simplify the Lagrangian in Eq. 2.29 with

the fields above. The integral over the electric field can be written as

1 1
dVe(x)E? = — dVe, E? dVe,E? ) . 2.1
8 E( ) 87 <~/T<a “ +/r>a Ve ) ( 39)

The interface between the MNP and the background splits the integral and complicates the analysis. In order
to demonstrate the derivation of classical bulk plasmonics results, we make the approximation that a is large
enough that the electrons within the MNP have approximate translational invariance. The integral is then
approximately

1 2
o [ VR & Q/dvle : (2.140)

that is, the integral outside the particle can be neglected and the integral within can be treated as an integral
over all space. Approximations of this nature are commonplace in solid state descriptions of materials where
periodic boundary conditions are often used to simplify models. In this context however, this is a tenuous
approximation, and we will return to questions of its validity at the end of this section.
We can simplify the integral by inserting the field defined in Eq. 2.136,
— /dV€1E2 / (d?’l;: (fk;; e1vg () g (1) / AV ke . frelkx

Bk Bk
_/ @) 2tk / dVhe' - ek

(2.141)

3 31 o
:/(;iﬂ_]; (6;:) Ewk(t)v,k/(t)(lg.k/)(2w)35(k_k,)

3
/(;’; er e (B)]2.
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We can also simplify the sum,

d3k’ d?’k” s i(k—k')-x;
2m = 2m qu( gkt (k) e . (2.142)
i
For the LSP case, we take this sum using the random phase approximation, and here we see why the random
phase approximation has its name: for a sum over statistically distributed x;, we will have a sum over random
phases which is nearly zero except when k = k’. Equivalently, we can make the approximation that the

electron gas is dense enough to be treated as a continuous fluid. Then the sum is

e? 3 31/ o | ,
AT= 2me / (;:;3 ((;Wk)sqk(t)q—k(t)(k k) / AV n(x)eilkk)x

2m..c?

€2Tlo dgk dgk/ A A : ’
~ i(k—k')-x
~ 5 o3 W (t)a-k (@) (k- k) / dVe

2m. J (2m)3 (2m) (2.143)
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_ P
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where we have again made the large a approximation, and we have defined the plasma frequency, w, =
VAmnge?/m., as before. Note that this demonstrates the equivalence between the random phase approxima-

tion and an approximation based on the electron density.

Inserting these expressions into the Lagrangian of Eq. 2.29, we have

1 d’k 2 Yoo
— 2.144
L2 [ ( wf? = Ll ). (2144)

which defines a set of degenerate oscillators for each wave vector k which oscillate at frequency

Lur =Y lf;be (Vi + me A(Xz‘)>2 — Ut (x4)

- eC
K3

RS (2.145)

5

the well-known bulk plasmon frequency [103].

For silver particles, hwy, & 4.07 eV, agreeing with measurements on larger particles from Scholl et al [57].
Reference [57] also measures a shift in the bulk plasmon frequency as the MNP size decreases. Eq. 2.144 can
be Legendre transformed to a Hamiltonian to show that, much like the LSPs, the bulk plasmons interact
with individual electronic excitations through the bulk plasmon vector potential, and this interaction may
account for that shift. However, our approximations to get Eq. 2.144 rely on translational invariance and
therefore will break down as a decreases as well. That this could also account for or compete with the shift

presents an interesting and, to our knowledge, unexplored problem.
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2.J Electron Energies, Wave Functions, and Shell Filling

We use the same electronic structure as used by Kawabata and Kubo [53], and we include the derivations

here only for completeness and easy reference. Our potential takes the form

0 r<a
Uy(x) = (2.146)
Uy r>a

with the intention of setting Uy to infinity at some point. This implies that

where Npo(Uy — 00) = jylane)y/a?/2 and for r < a, we have
Rye(r) = je(kpr)
Ky = ke + Ak (2.148)
knf = ané/a

where Ak is a O(1/+4/Up) correction and oy, is the nth root of the ¢th spherical Bessel function. Meanwhile,

for r > a, the outward propagating spherical Hankel function asymptotically is

Roe(r) = —— exp {Kr _ %T(u 1)}

T (2.149)
K= vV 2meUO
N h
In general then,
[a3 . e T a0 1 u a®
NnZ(UO) = ?]Hl(k,ﬁwa) + T |:K K + ﬁe -K :| — ?]2(047%) (2150)

Boundary conditions on the wave function require it to be twice differentiable, i.e., continuity of the logarithmic

derivative. Thus,

d d
o 1Og (Rnf)af = 0 log (Rnf(r))a+
dr dr (2.151)
(kne + Ak) gy (K, ,a) _ 1 K )
jé(k;ea) a
Taylor expansion yields
Je(kpea) = jy(knea) + Akagy (knea)
(2.152)
Je(klpa) = je(knea) + Akajy(knea) = Akajy(knea)
which implies that
jél(knlfa)
-1 —aK = (ak Ak =
a (akne + a )[Ak +j2(/€ena)
kn[ an[]e <.72/>
== 4 + 1+ alAk | = 2.153
Ak Je Jo ( )
n Fnt g el

Ak Je
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where in the third line we keep terms lowest order in Ak. Now we use auejy (ne)/js(0ne) = —2 (which can

be proved using the recursion relation for spherical Bessel functions [107]), to find

—k,
Ak = Kf
“ (2.154)
— Rula-) ~ — 2 jan) =~ ji(an0)
K 2meU0
Like Kubo, we’ll also use
™
Fue & 5 (+ 2n) (2.155)
which gives , ,
hk2, hem?
= nt _ {4+ 2n)2. 2.156
ent 2Mm Smeaz( +2n) ( )
The asymptotic form for k,, also gives, fixed £,
mea? de
dn =4\ —5——= 2.157
2h%n2 e ( )
and for a given ¢,
2a+/2m,
lunas () = T TeC (2.158)

hr ’

which we use to calculate the integrals in the perturbation theory above.

2. K Full wave EELS simulation

As mentioned in the main text and shown in Fig. 2.6 above, for particles with a < 3 nm, the EELS data [57]
appears to shift off of the substrate-dressed LSP energy (blue curve) and onto the LSP energy in free-space
(red curve). We employ full-wave electrodynamics simulations using the Metal Nanoparticle Boundary
Element Method (MNPBEM) [110] to explain this phenomenon.

The EELS simulations presented in Fig. 2.9 were performed for silver particles with a = 1.5,2.0,2.5,5 and
10 nm, each placed on a ¢t = 30 nm carbon (g5 = 3) substrate. Although this substrate is significantly thicker
than those used in the experiment (¢t = 3 nm), we found that simulations on such ultra-thin substrates failed
to converge. This can be explained by considering the Green’s function in Eq. 2.96, which contains correction
terms which diverge as t decreases, indicating that the corresponding matrix inversion required in simulations
will be severely ill-conditioned. However, since the leading order contribution of the finite substrate is that of
the infinite substrate, we use reliable EELS simulations on thick substrates to qualitatively explain the shift
in the data.

Fig. 2.9a shows that for substrate-supported nanoparticles with a = 5 and 10 nm simulations predict a
lowering in LSP resonant energy commensurate with the redshift predicted by the theory in the substrate
discussion above. These EELS simulations are compared to the classical free-space result of Eq. 2.40
(black, dashed line) because the MNPBEM solves Maxwell’s equations and contains no quantum-mechanical

information. Meanwhile, in agreement with the EELS data [57], Fig. 2.9b shows that the a = 1.5,2.0 and 2.5
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Figure 2.9: EELS simulations for silver spheres of various sizes on 30 nm thick carbon substrates. (a) EEL
spectra for ¢ = 5 nm and a = 10 nm compared to the theoretical free space result (black, dashed line). For
these larger particles, the dipole LSP is the shoulder on the left, indicated on both spectra. Both particles
exhibit significant redshifts due to the substrate, in agreement with our theoretical prediction. (b) EEL
spectra for a = 1.5 nm (red), @ = 2.0 nm (blue), and a = 2.5 nm (green) compared to the theoretical free
space result (black, dashed line). As radius decreases, the dipole peak shifts closer and closer to the free

space result, in qualitative agreement with the data EELS data [57] in this size regime (Fig. 2.6).

nm simulations predict an LSP energy very close to what is predicted for free space even though the particle
is on a 30 nm substrate, showing further that the energy gets closer to free space as particle size decreases.
For MNPs with a < 3 nm, this shows that retardation effects not considered in our theory significantly
weaken the LSP-substrate interaction, and thus the renormalized LSP energy behaves as if in free space. As
discussed in the main text, this confirms that this feature of the EELS data is not a quantum effect and can

be explained by time-delay effects in Maxwell’s equations.

2.LL Data Acquisition and Analysis

The EELS data was obtained from Fig. 3 of Ref. [57] using open source software xyscan [111] while the
photofragmentation spectroscopy data was obtained from Table 1 of [94]. Data was converted between N, the
number of silver atoms, to a, the radius, using the relation reported in Refs. [63, 94], a = agrs N 1/3 where
ao = 0.529 A is the Bohr radius and rs = 3.02 is the electron density parameter of bulk silver.

The free (e3 = €5 = 1) and carbon supported (e3 = 3,22 = 1) models were compared to the data by
computing the log-likelihood, log L., = Y, (fiw; — fm(a;))?/202, where liw; and a; are the measured energy
and radius with uncertainty o; and the sum is over a particular data set. The function f,,(a;) represents
the predicted energy from the model, m = 1 for free-space and m = 2 for carbon. The log-likelihood was
computed for 1000 random, weighted resamples of the data, where weights were used to correct for the uneven

spacing between data points and relative underrepresentation of particular particle sizes. This was done by
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constructing a set of weights proportional to the total Euclidean distance from a data point to its neighbors.

The average likelihood ratios, Lo/L1, for both the EELS and photofragmentation data give us feedback
on the relative probability of the two models representing a given dataset and are essentially a goodness of fit
comparison. For the EELS data, £o/£; = 4.49 x 103 indicating that the EELS data strongly supports the
substrate modified model. On the other hand, for the photofragmentation spectroscopy, £2/£1 = 4.61 x 107134
indicating that this data strongly supports the free-space model, thus confirming what we see visually in Fig.

2.2 of the main text.



Chapter 3

Optical Microresonators as

Absorption Spectrometers

Optical measurements on nanoscale objects offer significant insight into fundamental biological, material,
and photonic properties. In absorption spectroscopy, sensitivity limits applications at the nanoscale. Here
we present a new single-particle double-modulation photothermal absorption spectroscopy method that
employs on-chip optical whispering-gallery-mode (WGM) microresonators as ultrasensitive thermometers.
Optical excitation of a nanoscale object on the microresonator produces increased local temperatures
proportional to the absorption cross-section of the object. We resolve photothermal shifts in the resonance
frequency of the microresonator smaller than 100 Hz, orders of magnitude smaller than previous WGM
sensing schemes. Application of our new technique to single gold nanorods (AuNRs) reveals a dense array
of sharp Fano resonances arising from the coupling between the localized surface plasmon (LSP) of the
AuNR and the WGMs of the resonator, allowing for the exploration of plasmonic-photonic hybridization.
At a broader level, our approach adds label-free spectroscopic identification to microresonator-based

detection schemes.

Single-molecule and single-particle measurements have revolutionized our perception of the nanoscale. Most
approaches require luminescent targets, demanding burdensome labeling strategies and limiting applications.
Although label-free observation of single-molecule [112; 113, 114, 115] or single nanoparticle [116, 117, 118,
119, 120] binding events can be resolved using microscale optical and nanoplasmonic resonators, only detection
is achieved, with limited information available about target properties or identity. Adding spectroscopic
measurement, as demonstrated on individual nanoparticles [121, 122, 123, 124], to microresonator-based label-
free detection schemes [125] would add a powerful new dimension of analytical capability. Although several
recent methods have demonstrated imaging of single molecules without luminescence [126, 127, 128, 129],
direct absorption spectroscopy has only been demonstrated at low temperatures [130, 131, 132, 133]. In

one implementation, [126] non-radiative relaxation of an optically excited molecule causes a local rise in

51
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temperature which correlates with the molecule’s absorption cross-section (o4ps) and enables imaging through
photothermal contrast. This scheme employs two beams: a pump laser for excitation and a non-resonant
probe laser which samples the photothermally-induced change in local refractive index. For weak absorbers
such as single molecules, this change is very small, and immersion in media with high thermo-optic coefficient
is required for single-molecule resolution. Thus, a more acute microresonator-based local probe with higher
sensitivity would augment single-molecule label-free detection with spectroscopy.

To that end, we employ ultrahigh-quality-factor (Q-factor) WGM optical microresonators as near-field
thermometers. In particular, we use on-chip toroidal microresonators (Fig. 3.1) with optical Q-factors up to
107 and mode volumes of ~ 300 zm?.[134] This combination of narrow linewidths and small mode volumes
provides a versatile platform for quantum optics [135, 136] and label-free sensing [116, 119, 118, 117]. In this
article, we show that photothermal spectroscopy with optical microresonators yields sensitivity exceeding the
current state of the art in WGM sensing by multiple orders of magnitude while achieving sensitivity comparable
to the best room-temperature absorption techniques. To demonstrate our approach, we perform absorption
spectroscopy on single LSP-supporting gold nanorods (AuNRs) with negligible luminescence [137] and observe
dense sets of Fano interferences, spectroscopic signatures of coherent LSP-WGM interaction. These spectral
features allow estimation of the interaction energies of the resulting plasmon-dressed microresonator modes
and offer a unique perspective on the evolution of the interference between the LSP and the WGMs as they

are brought in and out of resonance.

3.1 Photothermal absorption spectroscopy with sub-100-Hz detec-
tion limit

Typically, WGM microresonator sensors employ the reactive mechanism [138] to detect the binding of a single
unlabeled biomolecule at the resonator surface [114, 112, 113]. Molecular signals are observed as discrete
jumps of WGM resonances at random times, and must be distinguished from other processes, including
resonance energy thermal drift and probe laser jitter. This process is made more difficult by the inability
to signal average over multiple iterations. Further complications arise from the strong dependence of the
measured signal on the target’s binding location. Though some degree of chemical specificity for target
binding can be achieved by surface functionalization [125, 112], a means of spectroscopic interrogation could
provide unambiguous molecular identification, augmenting label-free single-molecule detection capability with
label-free single-molecule identification. Here we show that a two-beam geometry incorporates label-free
absorption spectroscopy into the apparatus, significantly enhancing sensitivity, and providing a powerful tool
for nanoscale characterization.

Our microresonator-based spectrometer measures the shift in WGM energy upon optical excitation of a
single absorbing particle or molecule (Fig. 3.1a). Optical absorption by the target results in heat dissipation

into the microresonator proportional to the target’s absorption cross-section. The shift in WGM resonance
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Figure 3.1: Microresonator-based absorption spectroscopy. (a) The resonant frequency of a toroidal microres-
onator is probed with a fiber-coupled tunable frequency laser. Excitation of a single nanoparticle (gold)
with a focused pump beam (red) generates a photothermal absorption signal, shifting the toroid resonance
frequency (as displayed, from blue to cyan). (b) Schematics of spectrometer. The photothermally-induced
signal is amplified with a phase-sensitive feedback loop (see Text and Methods for details of the experimental
setup). Inset: Scanning electron micrograph (SEM) of a typical toroidal microresonator (10 pum scalebar).
(¢) Wide-area photothermal map of the entire microresonator (10 um scalebar), acquired at 0.94 eV pump
energy, superimposed onto an SEM image of the same microresonator. (d) High-resolution (1 pm scalebar)
photothermal map of the AuNR marked in panel c. (e) The detection limit was measured by systematically
decreasing excitation power while detecting the resonance shift from an absorbing AuNR (blue dots). Error
bars are generated by taking the standard deviation of the mean of 30 samples of 1-second measurements of
the resonance shift. The red dot represents measurements taken with the pump beam blocked, and is used to
determine background. The Q-factor for WGM used to acquire this data was 2 x107 Inset: the resonance

shift is linear (black dashed line: linear fit) over more than four orders of magnitude.
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frequency,

Awy, = <ndT) AT, (3.1)
is linearly proportional to the increase in microresonator temperature [139]. Here w,, = mc/nR is the mth
WGM resonance frequency, m is the azimuthal mode number, n is the index of refraction (1.44 for fused
silica), AT is the temperature change, dn/dT is the thermo-optic coefficient (8.6 x 1076 K !, see Methods),
R is the toroid major radius (~23 pm), and c is the speed of light. Resonance shift is monitored with a probe
laser evanescently coupled to the resonator via a tapered optical fiber [134]. To maximize sensitivity and
measurement bandwidth, the resonance frequency of the toroid is continually tracked with the phase-sensitive
Pound-Drever-Hall (PDH) locking technique [140, 141, 142, 143], where the probe laser is actively locked
to the toroid resonance. The combination of phase-sensitive detection and extremely narrow molecular
absorption resonances was critical in acquiring the first single-molecule absorption spectra at low temperatures
[130], and we benefit from a similar combination at room temperature using ultranarrow (ultrahigh @) WGM
resonances. Because the photothermal signal occurs at a pre-determined frequency and is continuously
monitored through the PDH error signal, the large noise amplitude at low frequencies that plagues WGM
sensing schemes can be minimized. Specifically, amplitude modulation of the excitation beam at a known
frequency moves the desired signal into a sub-Hz (down to 0.1375 Hz) band at several kHz and allows use of
lock-in amplification. This double-modulation scheme, and the narrow measurement bandwidths it allows, is
critical to the unprecedented resonance-shift sensitivities we present below and is not possible with earlier
sensing methodologies.

We spatially map individual absorbers [144, 145], (Fig. 3.1c,d) by scanning the tightly focused (full-
width at half maximum of 1.38 pum) free-space pump laser across the microresonator surface (Fig. 3.1b).
Quantification of absolute absorption cross-section is achieved by relating the heat dissipated by the absorber
to the observed resonance shift via finite-element thermal simulations previously validated with background
silicon absorption and absorption by single carbon nanotubes [139, 144]. Critically, though sensitivity is a
function of particle location, an issue adding significant ambiguity in existing WGM sensing methods [146]
photothermal imaging[144, 145], allows us to discern the target’s position and measure an accurate absorption
cross-section anywhere on the resonator.

Decoupling the pump and probe in our two-beam geometry facilitates easy scanning of the pump energy,
position, and polarization without affecting the probe beam coupling. When applied to high aspect-ratio
AuNRs as targets (Fig. 3.2), tuning of polarization universally results in AuNR absorption varying from a
maximum value to zero absorption with a cosine-squared dependence on the angle of excitation polarization,
as expected for a single dipolar absorber. We tune the pump energy from 0.905—0.969 eV (1280 — 1370 nm) to
acquire absorption spectra. The AuNR’s geometry determines the LSP resonance, hiwg, and the polydispersity
of the AuNRs is evident in their absorption spectra with distributed resonance energies. While we sometimes
observe the peak of a Lorentzian feature (Fig. 3.2a), we often observe the side of a Lorentzian (Fig. 3.2b,c),

since the distribution of LSP resonance energies (fiwg) of our AuNRs is broader than the observation window
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Figure 3.2: Representative spectroscopic measurements on single AuNRs. (a)-(c) Absorption spectra (left)
and corresponding polarization dependence (right) of single AuNRs acquired with coarse spectral resolution
(1.4 meV). The distribution of LSP wy resonance energies is larger than the spectral window being probed,
resulting in the observation of a mixture of Lorentzian peaks (a) and sides of a Lorentzian (b)-(c). The
polarization dependence of absorption (red) for each AuNR is displayed, acquired with the pump energy fixed
at 0.94 eV. The black dashed line is a fit to cos?(6). Radial contours (r) indicate normalized absorption.
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set by our pump laser. While the absorption cross-section drops significantly at energies far from hwg, we can
still infer the LSP linewidth and fwy. We find a median linewidth (68 meV) in close agreement with earlier
measurements (69 meV) [121] and a median absorption cross-section (1 x 107%cm?) and LSP resonance
energy (0.93 eV) in agreement with the manufacturer-reported ensemble values (0.9 x 1071%m? and 0.91 eV
respectively).

To evaluate our microresonator absorption spectrometer’s limit of detection, we systematically decreased
the excitation intensity on a single AuNR (Fig. 3.1e). With excitation intensities ranging over more than 4
orders of magnitude, the photothermal signal is linear, as expected from Equation 3.1. The lowest recorded
signal of 20 pW was detected by a shift in the WGM frequency of approximately 84 Hz, corresponding
to an average change in microresonator temperature of AT ~ 100 nK (An/n ~ 1 x 1071%) and a WGM
resonant wavelength shift of 1 attometre. This detection limit, ~ 0.1 kHz of resonance shift, represents an
improvement in WGM resonance shift detection in a sensing experiment by approximately two orders of
magnitude over state-of-the-art optomechanical and Raman lasing WGM approaches to nanoparticle and
molecular detection, which both reported sensitivity limits near 12 kHz [114, 116]. Alternatively, extremely
low noise levels in determining resonance shifts have been achieved with balanced homodyne detection and
Hénsch-Couillaud polarization spectroscopy and used to probe microresonator mechanical resonances in
the 10’s of MHz range [147]. Our increased sensitivity is a direct consequence of our double modulation
scheme where the desired signal is forced to be at a pre-determined frequency with an extremely narrow
bandwidth (0.1375 Hz), a benefit only available when detection is simultaneously coupled with interrogation
of spectral features. Moreover, these other approaches could potentially be used to further enhance the limit
reported here by providing additional means of signal amplification and noise suppression. Coupling lower
noise detection geometries with lower measurement bandwidths suggests even lower limits of detection will be
readily achievable. Though we demonstrate this advantage with plasmonic absorption, this approach could
be applied to molecular electronic or vibrational transitions as well. Our resonance shift limit of detection
translates into a thermal power detection limit approaching 10~'' W, multiple orders of magnitude lower
than the demonstrated photothermal signal of 108 W from a single dye molecule [126]. This comparison

indicates that robust detection of photothermal signals from single molecules is achievable.

3.2 Signatures of WGM-plasmon interaction

Closer investigation of the AuNR spectra reveals a striking departure from previous single-particle absorption
spectroscopies [121, 122, 123, 124]. While spectra of AuNRs located far from the microresonator’s rim have
unmodified Lorentzian lineshapes, AuNRs near the rim show a more complex set of narrow, asymmetric
spectral features overlaid on the LSP’s Lorentzian envelope (Fig. 3.3), only visible by increasing spectral
resolution from 1.4 meV (coarse resolution) to 3 peV (fine resolution). These sharp spikes and dips only

appear when the AulNR is located on the toroid’s rim where the WGM fields are largest, indicating that their
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presence is a signature of coherent interaction between the WGMs and AulNR’s LSP.

To understand these narrow spectral features we use a coupled oscillator model described schematically in
Fig. 3.4. The LSP is modeled as a lossy cavity, with generalized momentum pg(t) and resonance frequency
wo. The LSP interacts with a set of WGMs modeled as cavity modes with generalized momenta p,,(t) and
resonant frequencies w,,. The LSP-WGM couplings, characterized by g¢.,,, are proportional to the overlap
between the LSP and WGM electric fields and are therefore dependent on the AuNR’s location and orientation
on the toroid. These g,, model WGM excitation by the LSP and back-action on the LSP. The equations of

motion are
o + 0o + whpo + Z Irwipm = Wi/ VoEoe ™",
m (3.2)
. 2 2,02
Pm + WP+ gwrnPo = 0,
where Epe ™! is a harmonic forcing term modeling the pump laser’s field along the AuNR'’s long axis and V;

is the LSP mode volume. Equation 3.9 includes damping characterized by the frequency g, which models
plasmon decay on the order of 10 fs due to coupling with dissipation pathways such as heat [137]. By contrast,
we assume an infinite lifetime for the WGM modes in the absence of coupling to the LSP since the WGMs
have Q-factors ranging from 6 x 10% — 107.

Although the model can be solved exactly for an arbitrary number of WGMs, it is instructive to initially
consider the LSP’s interaction with a single WGM with energy w;. We then have two interacting oscillators,
one broad and one discrete, and from the WGM’s perspective, the LSP provides a means to couple to
the excitation field and a near-continuum of dissipation channels. This general problem, a discrete state
coupled to a continuum, was studied in detail by Fano [148] and Anderson [149], and has been observed in
many contexts [150, 151, 152, 153], such as plasmonic systems [150, 154]. As a result, there are a variety
of approaches to modeling Fano systems [150, 155], including systems with WGM microresonators coupled
to plasmonic nanoparticles [156, 157, 158, 159]. The spectral profiles are often described in terms of Fano’s
asymmetry parameter, ¢p. In most contexts, it is valid to treat qr as a constant over the frequency interval
of interest. In contrast, by measuring a g for each individual WGM distributed across the LSP spectrum,
we have the unique opportunity to measure gr as it changes across a single spectrum.

The absorption cross-section of the coupled LSP-WGM system can be calculated from the equations of

motion (Equations 3.9), giving

4 Vow wi(w? — w?)

Tabs(w) = Im{ 2 N 2 ° 12 - 1 2 2 (3.3)
c (wi —w?)(w§ — w? —iwyy) — giwiws
2
wlgp +w? — Q2

~ _— 3.4
o) | F e er | (3-4)
where wI' = —giw?w2Im{Zy} and Q? = w} — giwiwdRe{Zy} for Zy' = w2 — w? — iwyy. The cross-section

can be approximated as the product of two terms, og(w) describing the isolated LSP absorption lineshape,
and the well-known Fano profile [148, 150]. Here,  and T characterize the spectral location and width of the

Fano resonance. In the weak-coupling limit applicable here, T is small and approximately constant, ~ g$vo,
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Figure 3.4: Schematic demonstrating the coupled oscillator model of coherent WGM-LSP interaction. (a) For
the simplified case of a single WGM, we define the WGM resonance frequency wi, and we define the LSP
resonance frequency wg. The LSP is pumped by an external electric field, Epe~*?, and dissipates energy
at rate vg. The overlap of the WGM and LSP electric fields, determining the amount of energy transfer
between the LSP and WGM, is characterized by ¢;. Fine-resolution experimental spectra (blue dots) fit
to Fano profiles (black lines) show three parameter regimes: (b) when w; < wp, the Fano interference is
constructive at lower energy but destructive at higher energy, (¢) when w; ~ wg, the Fano interference is
always destructive, and (d) when w; > wy the lineshape is reversed and the interference is constructive at

higher energy but destructive at lower energy. The model predicts that Fano’s asymmetry parameter, qg, is

a function of w; — wyp, capturing the evolution of the Fano lineshape across these regimes.
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and the Fano resonance is spectrally narrow and located near the WGM resonance frequency, €2 ~ w;. The
absorption cross-section can approach zero at higher (lower) energies than w; but rise rapidly at lower (higher)
energies, an asymmetric behavior due to the WGM rapidly changing phase, moving from destructively to
constructively interfering with the LSP. Changes of over an order of magnitude in the absorption cross-section
are observable (Fig. 3.3a). The degree of asymmetry in the Fano lineshape due to the rapid phase change is
quantified by

w1 w% 2

qr(wy) = — — ~ — (w1 —wp), 3.5
r(er) Yo o W17 70(1 0) (3.5)

where the linearization carried out in the vicinity of wy shows the connection between this classical model

and others in the literature [160] including those [155] that follow Fano’s quantum mechanical approach [148]
more closely. Thus, the asymmetry in the lineshape is independent of the LSP-WGM coupling and is an
approximately linear function of the detuning between wy (LSP) and wy; (WGM). As w; is varied across the
LSP profile, gr changes sign and the Fano resonance flips (Fig. 3.4, 3.3b-d).

Our experiment examines LSP interaction with a dense set of WGMs spanning the LSP profile, offering a
novel means to explore the frequency dependence of gr. In Fig. 3.3, we fit Equation 3.4 to individual Fano
resonances (Methods), and determine the corresponding ¢z values. Comparison to the behavior predicted
in Equation 3.5, where the slope is taken from fitting the spectral envelope to o¢(w), demonstrates nearly
perfect agreement between experiment and theory (Fig. 3.3e). To our knowledge, this is the first experimental
demonstration of the systematic variation of ¢r as a function of frequency within a single spectrum, and this
is a unique verification of the classical coupled oscillator model of optical resonators.

From €2 and I' we can also estimate the interaction energy, hg;,/wiwo, between the WGM and LSP.
We find that hg;/wiwg ~ 20 meV, a value comparable to calculations on other plasmonic systems [161].
Our estimate of g; indicates that shift in w; due to coupling with the LSP will be negligibly small (~ 1
meV) compared to the LSP linewidth, and we therefore expect that the Fano resonances’ energies will be
independent of AuNR location and orientation. Thus, multiple AuNRs coupled to the same toroid should
have Fano resonances at the same energies, while the resonance lineshapes should be AuNR-dependent.
This prediction is experimentally verified in Fig. 3.5: multiple AuNRs on the rim of one resonator exhibit
interference features at the same energies, consistent with their interaction with the same WGMs. Fano
resonance positions are not correlated between AuNRs on different microresonators, indicating the spectral
locations are a property of the microresonator itself, independent of the coupling g,,. AulNRs far from the
rim exhibit no interference features, consistent with the model at zero interaction energy.

Since AuNRs are randomly cast on a given resonator, multiple AuNRs on the rim can be efficiently coupled
to the same WGMSs. In these cases, AuNR absorption spectra may exhibit an additional WGM-induced
modulation to the Lorentzian envelope. Fine-resolution spectra (Fig. 3.6a) show sharp Fano resonances as
well as a shallow, periodic modulation to the LSP envelope more clearly seen with coarse resolution (Fig.
3.6b). The energy spacing of the absorption dips (5.34 meV) is near the microresonator’s free spectral range

(5.46 meV), indicating this periodic modulation is also due to LSP-WGM interaction.
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Figure 3.5: Correlation of fine-resolution AuNR, absorption spectra. Different AuNRs deposited on the rim of
the same microresonator (blue curves) exhibit Fano resonances at highly correlated spectral positions (blue
stripes). By contrast, AuNRs on the rim of different microresonators (red curve) exhibit Fano resonances
with different spectral positions. Spectra of AuNRs located far from the rim of any microresonator do not

show Fano resonances (black curve).
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Figure 3.6: Fine and coarse spectra and comparison with theory. Occasionally (14 of 61 spectra), the coarse
resolution spectrum retains relatively broad and periodic dips. Extending the model to include other AuNRs
and many WGMSs with normally distributed coupling constants, g,,,, on the order estimated in Fig. 3.3, gives
theoretical spectra which agree qualitatively with the data at both fine and coarse resolution. This indicates
that the broad modulation to the LSP envelope is due to the presence of other AuNRs elsewhere on the

resonator reducing the @Q-factors of a subset of the WGMs and broadening the resulting Fano interferences.
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To understand this modulation, we extend the model to include a second AuNR on the rim as another
oscillator, with frequency wg and linewidth 4. In contrast to the original LSP oscillator, the second, distant
LSP is uncoupled from the pump laser but is still coupled to the WGMs. This coupling can be recast as an
additional dissipation term in the equations of motion, with rate proportional to interaction energy and 7q.
Thus, the second AuNR can be viewed as a defect to these WGMs. Fine and coarse resolution calculations
(Fig. 3.6) demonstrate both narrow and broad interference features that are comparable in size and shape to
those observed experimentally. Significant coupling to the second AuNR, decreases the @Q-factor of the WGMs,
making interference features between the pumped LSP and the defective WGMs broaden. That this effect
only occurs under specific coupling conditions indicates that it should be relatively uncommon, a claim which
is supported by the data. This intriguing interpretation implicates a long-range coupling between distant
AuNRs mediated by a common network of essentially lossless WGMs (distinct from that predicted by the

simulations of Wiersig [162]), and we are continuing to investigate this phenomenon.

3.3 Conclusions

In this work we have demonstrated a microresonator-based absorption spectrometer with unparalleled, sub-
100-Hz resonance shift sensitivity, translating into photothermal sensitivity of tens of pW, far beyond the limit
needed to detect light absorption by single non-luminescent molecules. This approach derives spectroscopic
information from the detected nanoscale object, significantly enhancing the information content of label-free
detection schemes. Though our demonstrated spectra are in the near infrared, broadband spectroscopy can
be accomplished using more widely tunable excitation sources with microspheres or all-glass microtoroids
[145] that are devoid of background-causing silicon substrates.

Application of our spectroscopy on single AuNRs reveals arrays of Fano features of narrow linewidth
comparable to the narrowest Fano resonances seen in plasmonic systems [154]. Since the AuNR interacts
with multiple WGMs across the experimental spectral range, we are able to track the change in the Fano
profile and, for the first time, experimentally probe the spectral dependence of Fano’s asymmetry parameter,
qr. Fits to the Fano resonance based on a coupled oscillator model are used to estimate the LSP-WGM
interaction energy. A key enabling factor for the characterization of narrow Fano resonances is the ability to
tune the colour of excitation light over a wide range (107! eV) with high energy resolution (1076 eV).

Facile creation of broadband Fano resonance networks will have multiple applications. Nanoparticles
engineered with narrow Fano resonances offer increased sensitivity to small frequency shifts from molecular
binding events [163]. Independently, single-molecule detection of binding events, without spectroscopy, on
WGM microresonators has been enabled through plasmon-enhanced interactions [112, 113]. In this context,
our work represents a convergence of these two approaches, with hybrid WGM-plasmonic Fano resonances
reaching the narrow linewidth of WGMs. Our arrays of Fano resonances can potentially allow multiplexed

self-referenced sensing schemes [116], all-optical switching [154], enhanced four-wave mixing processes [158],
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and access to single-molecule CARS (Coherent Anti-Stokes Raman spectroscopy) [159], all in a convenient
condensed-phase, on-chip geometry with a wavelength range limited only by the transparency window of

silica (~ 0.4-2.0 pm).



Mathematical Complement

3.A Methods

Sample preparation: Toroidal microresonators are fabricated according to literature procedures [134] with one
modification [164]. Briefly, 2 pm of thermal oxide is grown on a (100) silicon wafer. Disks in the oxide layer
(60 pm) are patterned via photolithography and a wet chemical etch with 6:1 BOE (buffered oxide etch).
Microdisk resonators are formed by isotropically etching the oxide disks with an SFg/Ar plasma etch. A final
laser induced reflow step is used to produce the surface-tension-induced smooth rim necessary for high Q
factors. High-aspect-ratio (~10) AuNRs are purchased from Nanopartz (250 nm length x 25 nm diameter),
diluted into Millipore 18 M2 water by 10x, and dropcast onto the toroid chip for 30 seconds. This method
deposits isolated single AuNRs at a concentration of 0-6 per toroid. A further 5x dilution (50x total) results
in higher Q-factors and fewer AuNR per toroid. Aggregates of AuNRs are avoided by not characterizing
any photothermally-mapped nanoscale object with nonzero absorption at orthogonal pump polarization.
Although the complex geometry of toroidal microresonators makes it impossible to image every AulNR in the
SEM, approximately 50% of the entire data set (N = 61) was directly correlated to SEM images, with only
one object incorrectly assigned as a single AuNR. To avoid thermal annealing of AuNRs during excitation
[165], the pump beam power is kept below ~ 0.01 mW. The change in average resonator temperature is also
small, typically less than 50 mK, justifying the treatment of dn/dT as a constant [166, 139]. We also omit
the effects of thermal expansion of the microresonator, as is common practice when working with toroid
microresonators [167, 147]. Thermal expansion [168] accounts for only 8% of the total observed resonance
shift, and was discounted in the above analysis.

Experimental setup of the microresonator absorption spectrometer: After deposition of AuNRs, the
tunable (1520-1570 nm) probe laser (Newport TLB-6728) is coupled into a toroid and locked to a high-Q
WGM resonance with the PDH technique. To implement PDH locking the probe laser is actively locked
to the toroid resonance in a feedback loop, and the error signal for the feedback loop serves as a direct
measure of any changes to the toroid resonance frequency. Locking is achieved by phase-modulating the
probe laser at high frequency (200 MHz) and measuring the transmitted photocurrent. This photocurrent has
a component at the modulation frequency whose phase is a linear function of the detuning between the toroid

resonance frequency and the probe laser frequency. Thus, phase-sensitive detection of the high-frequency

65
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photocurrent provides a sensitive readout of the toroid resonance frequency. Individual absorbers are mapped
(Fig. 3.1c-d) by steering the position of the focused pump laser spot with a gimbal-mounted mirror located
at a plane conjugate to the objective’s back aperture, and linear polarization at the sample is adjusted
(Fig. 3.2) with a motorized half-wave plate immediately prior to the objective. Amplitude modulation of
the tunable (0.91 — 0.97 eV) pump beam (Thorlabs TLK-L1300R) and the resulting periodic oscillation of
the photothermal heating signal causes a synchronous oscillation of the toroid resonance frequency. This
oscillation is observed in the PDH locking loop error signal, and readily measured with a lock-in amplifier
operating at the amplitude modulation frequency (2.010 kHz or 4.010 kHz).

Fitting: Particular spikes and dips are fit using Equation 3.4 in a two step process: first, we fit the
LSP profile og(w) on the full spectral range to extract estimates of wy and 7y, and then, dividing out the
LSP envelope, we fit particular interference features to the Fano profile and estimate 2, I', and gp. The
least-squares curve fit for each Fano resonance accounts for finite spectral resolution and nonzero background
in experimental data by including free parameters for amplitude scaling (typically ~ 0.7) and baseline offset
(typically ~ 0.005) in the fitting equation (Equation 3.4). These parameters do not have a significant effect
on the resulting gp. Three interference features are shown for reference in Fig. 3.3b-d, and we see asymmetric
line shapes which change as a function of spectral location. We then collect estimates of gr for 40 different
Fano features spread across the spectrum, and compare to Equation 3.5, where the slope is taken from fitting
to op(w). This comparison is shown in Fig. 3.3e, and we see that the data confirms the linear dependence on

detuning.

3.B Equations of Motion

We use a coupled oscillator model to facilitate interpreting the data presented in the main text. This model
is a simplified version of the model in Chapter 2, retaining only the classical pieces of the Hamiltonian.
This yields a coupled oscillator model similar to those that have been shown to support Fano interferences
[169, 170, 171], and therefore allow us to minimize mathematical complexity without missing the essential
physics. Here, we sketch the model’s derivation and explicitly derive results used in the main text. We begin
by writing the total electric field,

fo(\/%) - ; Pi(t) fi/(;j ;

where P is the LSP’s dipole moment oscillating at frequency wg, and P; is the generalized momentum of the

E(x,t) = —Py(t) (3.6)

ith WGM oscillating at frequency w;. The mode functions, fy and f;, satisfy the Helmholtz equation on the

nanorod and toroid respectively, and have mode volumes Vy and V;. The total energy in the field is then
M= /di”gci (we(w, x)) B2 + B2 (3.7)
8 Ow ’ ’ ’

where B is the magnetic field and e(w,x) is the dielectric function, equal to &, in the resonator, e, outside

the resonator, and £(w) in the NR. The integral above can be simplified using standard methods,[3] and we
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then have the coupled oscillator Hamiltonian

1 1

H =5 (p§ +wiag) + 52 (P} +wid})
; )

+y p:f: / a5 (we(w,x)) folx) - £i (x) (3.8)

-V VOEcxteithpo

i
where we have assumed the toroid’s modes are orthogonal, made the transformations p; = P;/y/V; and
po = Py/v/Vo, and neglected coupling due to magnetic field overlap between the LSP and WGMs. Note that
we have also added a driving field coupled only to the LSP which models the pump laser in the experiment
and has field amplitude Eey; along the NR’s long axis. From the Hamiltonian above, we can derive coupled
equations of motion
Fo + YoPo + wipo + Y giwips = Wi/ VoEexee ™,
i (3.9)
Pi 4+ wipi + giwipo =0,

where

= ﬁ dea% (we(w, X))y, fo(x) - fi(x), (3.10)

9
is a dimensionless parameter characterizing the strength of the coupling. In principle, g; depends on frequency,
but we make the approximation that the coupling varies slowly in the vicinity of the WGM resonance w;.
Since g; depends on the overlap between the LSP and WGM mode functions, it necessarily depends on the
NR location and orientation on the torus. Although, g; can be estimated with numerical simulation, we
choose to estimate g; from fits to measured absorption spectra. Note also, as explained in the text, we add

a damping term characterized by the frequency 7 to the LSP equation of motion, but model the WGM
lifetime in the absence of coupling to the LSP as infinite since WGM Q-factors are ~ 107.

3.C Absorption and Fano Interference

It is instructive to first consider the LSP interaction with a single WGM, and we therefore restrict the
sum over WGMs to a single term, ¢ = 1. We solve the equations of motion in this case in a steady state

limit[172, 170] by assuming

po(t) = Re {ﬁo(w)e_i“t}

4 (3.11)
p1(t) = Re {p1(w)e ™"} .
Inserting the above ansatz into the equations of motion gives
2/ Vo Eox
ﬁo(&)) = 0 2 : 2 (312)

12
2 2 ; 91% Wi
wy — w? —iwyo — B
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and the absorption cross section is related to the oscillator amplitude by

8 .
Tabs(W) = ——5—(V/ Vo Eext cos(wt)po(t))¢
CEcxt
drw wi(wf — w?)
= VOIm{ Sht S , (3.13)
c (w? — w?)(wE — w? —iwy) — giwiwd
where (-); is a time average. Rewriting the cross section as
4wV w? w? —w?
Tabs(W) = Im 2 20 . ! 1,2 ) (3.14)
c wi —w? —iwyy | 2 _ 2 _ giWiwo
1 wZ—w?—iwyo
motivates the definitions
4.2 2
91wWiwpTo
I = 3.15
(o )+ ] (319
QQ _ W2 _ g%w%wg(wg B w2) (3 16)
! 2 2)2 22" :
(wg — w?)? + w75
Then, 0,15 can be written in terms of I and ) as
4wV w? w? —w?
Tabs(w) = Im{ 2 20 . ( 2 - 2 _
c wj —w? —iwyy \ % — w? —wl’ (3.17)
drwVy w3 w? — Q%2 +wlhgr .
= Im § — 2 _; 2 21
c wi —w? —iwyy \ w? — Q%+l
where we have defined the asymmetry parameter
02 _ 2 2
gp=1"¥ _ Y _ %0 (3.18)
wl Yo o wYo
The cross section can finally be written in terms of the Fano profile,
drwVy |wlgr +w? — Q2| Wi 02 — w? + 4wl
Uabs(w) = 2 P} . Im 2 2 . 2 2
c w? — Q2 4wl wi —w? —iwy \ Q2 —w? +wlgr
2
wlqr + w? —Q?
~ 3.19
o0(w) ‘ w? — 02 + 4wl ( )

where o¢(w) is the LSP absorption cross-section in the absence of coupling to the WGM (i.e. g1 = 0). As
evident from Eqs. 3.15 and 3.16, I" and € are in general functions of frequency, but it is often valid to treat
them as constants. Since I' is a Lorentzian centered at \/W, the maximum error made by estimating
I as a constant is equal to gfw? /o, the Lorentzian’s peak value. Thus, in the weak coupling limit, this error
is negligible, and the Fano feature is narrow and spectrally located at = wy. Still, it is interesting to note
that Eq. 3.19 is much more versatile as long as the spectral dependence of T and {2 are accounted for, since
the approximation that the term in parenthesis above is ~ 1 is good for much larger coupling. This can be
seen in Figure 3.7, where the exact solution, Eq. 3.13, is compared to Eq. 3.19 with and without I'’s and
Qs spectral dependence for a range of g;. We see that Eq. 3.19 is a good description of the profile, even as
the Fano feature transitions from the familiar asymmetric line shape into a spectrally broad peak splitting.

Moreover, since g is independent of the coupling, all 4 panels in Fig. 3.7 have similar gr values.
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gl\/m =0.3 g1v/wowy = 0.6
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Figure 3.7: Approximate (blue and red dashed lines) and exact (black dashed line) theoretical evolution of
the Fano profile as coupling energy increases in the oscillator model. In the top left, all 3 expressions for the
absorption cross section agree and the Fano feature takes the weak coupling form found in the experimental
data presented in this chapter. As the coupling increases, the Fano profile evolves into an asymmetric splitting,

and the approximation that I', €, and ¢r are constant breaks down.



70 CHAPTER 3. OPTICAL MICRORESONATORS AS ABSORPTION SPECTROMETERS
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Figure 3.8: Theoretical spectra with many WGMs. (a) For a single NR and 500 WGMs, the high resolution
spectrum (grey) shows sharp features while low resolution (red) spectrum is relatively smooth. (b) Adding a
second NR more strongly coupled to a subset of the WGMs produces broad modulation that persists even at

low resolution.

3.D Extension to Many WGMs

The model can be extended and solved for multiple WGMs. The equations of motion can be written in

matrix form,

Po YoPo wg  giwg gawp ... Do Wi/ Vo Eexre™ 1
2 2 2
d? |;m d]| 0 giwy Wi 0 ... |m 0
ae |, | T + . = : (3.20)
= 1 pa t1o gsws 0 w3 | | p2 0

and the method used to compute the Eq. 3.13 can be used here for any finite number of WGMs. The linear
system needed to be solved scales with the number of modes in the model, and with a large number of WGMs,

it becomes necessary to find the normal modes of the system numerically.

For weak coupling, as is the case in this experiment, it is valid to approximate the continuum of WGMs
as a finite set with energy within the linewidth of the LSP, since the coupling induced shift in the LSP and
WGM energies will be small. Since each WGM has a different mode function but interacts with the LSP
with interaction energy on the order of 10meV, we add white noise to each g; with width on the order of
1meV. Computing the absorption cross section under these assumptions gives a profile qualitatively similar

to the data observed in the experiment, as shown in Fig. 3.8.
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3.E Extension to 2 Nanorods

The model is just as easily extended to multiple NRs. The damping term in Eq. 3.20 is allowed to have
multiple nonzero entries modeling multiple LSPs, and the WGMs couple to each of these LSPs, making the
coupling matrix less sparse.

As mentioned in the text, the extra NRs act as defects to the WGMs they interact with. To see this
intuitive result, we focus on a 3 oscillator model with two NRs (subscript 0 and 2) and one WGM (subscript

1). Then,

Bo + Y0P + wypo + glowipr = Wi/ VoBexie ™",
P2 + Y2pa + wip2 + giwipr = 0, (3.21)
1+ wip1 + giowipo + giawipe =0,
where the g19 and g2 characterize the WGM coupling to the pumped and unpumped NR respectively. Taking
the same approach as used in Eq. 3.11, the WGM equation of motion can be written as

4,2 92
2 2\ ~ 2~ GJ1aWiWs -
wi —w + qrowipo — —5—5——p1 =0 3.22
( 1 )pl g1owiPo Wl —w? — wapl ) ( )
where the second NR has been recast as an additional term modifying p;. Splitting this term into real and

imaginary parts gives

4.2 2/ 2 2 4.2 2
s Glawiws(wy —w?) o . Giwiws(wy2) ~ 2~
- =0, 3.23
(Wl (w3 — w?)?2 + w?qy3 wot (w2 — w?)? + w?q3 P1¥ g10wipo (8.23)

and we see that real part modifies the resonance frequency w; while the imaginary part plays the role of a
friction term proportional to g12 and 7,. In the weak coupling regime, the error made by approximating these
frequency dependent modifications as constants evaluated at wy is small, and it is approximately correct to
think of the additional NR as a defect to the WGM, broadening its line shape. This effect is shown in Fig.
3.8(b), where the additional NR coupled to a subset of the WGMs induces broad modulation to the LSP

lineshape.

3.F Effects of WGM Damping

The model used in the main text and described above relies heavily on the approximation that v; < 7, i.e.
that the WGM damping is significantly lower than the LSP damping. For most purposes this is a very good
approximation since Ay ~ 0.05 eV while fiy; ~ 1 x 107% eV, however the effects of WGM damping can still
be observed and have a nontrivial effect on the optical properties.

We can still solve the problem with 7; # 0. In that case, the equations of motion, Eq. 3.9, are generalized

as

Po + YoPo + wipo + giwgpr = wi v/ Vo Eexee ™™,
(3.24)

P1+ 1P +wipt + giwipo = 0.
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Using the steady-state approach described above, the resulting absorption cross section is

47w w2(w2 W2 i)
= - 3.25
Tabs(w) c 0 m { (UJ% — w2 = iWVO)(W% —w? —iwyy) — g%w%wg } ) ( )
a corresponding generalization of Eq. 3.13. This new o5 can then be rearranged as
2 212 ) 9
Tabs(w) = 0o (w) Wl +71)gr +w? — Q 7" w(l + 1 )(gp — 1)
abs w? — Q2 +iw(l + ) T w2 — Q2+ iw@ +7)
(3.26)
2 .12
= op(w) ar te T|qF —
eti I' | e+: ’

which is the Fano form when both the bright and dark modes experience losses. In this case, the parameters

T, Q, ¢, and gp are all still functions of w,

Mw) = @ g%ﬁ;ffw?yg’ (3.27)
Pw) = wf—(fgwgwjg;ggwo;?g, (3.28)
ar(w) = wsz;?f)ﬂ'rf% (3.29)
cw) = aﬁfj) (3.30)

Interestingly, gz is now complex valued with imaginary part equal to the faction of the total Fano resonance
width due to WGM damping and real part characterizing the shape and asymmetry in the spectrum.

This change in the Fano profile implies that, for real systems, Fano interference will not cause the
absorption cross section to vanish at w = w1, since the additional term in Eq. 3.26 does not go to zero. The
effect is compounded by spectral resolution limitations in most measurements, but if the spectral resolution is
increased, the Fano resonance shape will eventually stabilize and be consistently nonzero. For our purposes,
statistical inference of electromagnetic properties is better accomplished with Eq. 3.26, since phenomenological

offsets and scalings are no longer required to compute accurate fits.

3.G A Numerical Approach

In the analysis above, the parameters characterizing the system are generally inferred from measurement. In
this section, we discuss the possibility of using full-wave Maxwell’s equations solvers to quantitatively model
the LSP-WGM system without free parameters.

Direct simulation of the LSP-WGM system is difficult due to the disparate length scales involved. Since
the AuNR is ~ 250 nm while the microresonator is ~ 50 pm, conventional discretizations of this domain are
either prohibitively expensive or unstable. Although adaptive mesh refinement [173] is a possible option to
solve this problem, we show here that Eq. 3.8 can be used as a platform to interface numerical approaches at

each length scale.
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Restricting ourselves to the single WGM case for simplicity, our first task is to calculate the mode functions
fo(x) and f;(x), corresponding the LSP and WGM respectively. For the LSP, we calculate fy(x) using a
boundary element method [110, 174] which discretizes the nanoparticle surface, and we find the dipolar field
we expect intuitively. For the WGM, we use a first order, finite element method [175] which exploits the
azimuthal symmetry of the mircoresonator and solves Maxwell’s equations on a 2D cross-section of the toroid.
Each simulation, on the nanoscale and micron-scale respectively, allows us to determine resonance frequencies
and line widths of the bare modes using measured dielectric data as input characterizing the material.

With methods to evaluate fy(x) and f;(x), we can compute the integral which determines the coupling g;
as long as we specify the nanorod’s location and orientation on the resonator. When we make the additional
approximation that fo(x) can be evaluated by a multipole expansion [102], the integral reduces to evaluating
the projection of the WGM field on the LSP dipole moment at the AuNR location. This approximation
allows us to quickly calculate the coupling for a variety of AuNR locations and orientations once fy and f;
are known.

An example of this approach is shown in Fig. 3.9. Here we evaluate g; and solve the equations of motion
associated with Eq. 3.8 to determine the absorption cross section. This comparison shows that when the NR
is in a region of high WGM field (position 2), interaction induces an interference feature in the spectrum
at wy. When the NR is moved away from high WGM fields (position 1), this interference feature vanishes.
Comparison of the Fano resonance plotted in Fig. 3.9 to those observed in Fig. 3.3 qualitatively shows that
our method to calculate the coupling yields accurate results with no free parameters needed to compute the

spectrum.
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Figure 3.9: A numerical approach to modeling LSP-WGM interaction. The WGM mode function magnitude
is plotted in the top panel, specifying two AuNR locations (1 and 2). We can compare the spectrum at both
locations for fixed AuNR orientation out of the page, and we see that the coupling modifies the spectrum only
when the AuNR is at location 2, a region of high WGM field. This qualitatively agrees with the observation

that modified spectra are only measured on the toroid rim (Fig. 3.5).



Chapter 4

Quantum Beats from Entangled

Plasmons

Recent experiments report observations of quantum interference between plasmon resonances, inviting
descriptions of plasmon-photon interaction using methods from quantum optics. Here we demonstrate,
using a Heisenberg-Langevin approach, that the radiation emitted from the localized surface plasmon
resonances of a mixed-metal heterodimer may exhibit observable, beat frequency interferences at a far-field
detector, known as quantum beats. This prediction represents a correspondence between V type atoms of
quantum optics and the familiar heterodimer system of plasmonics. We explore this analogy in depth and
find that although both systems support quantum beats, the heterodimer emits photons in bunches due
to the bosonic nature of the plasmon. This highlights a significant, often overlooked, difference between

the properties of atomic and plasmonic systems.

The observation of Hong-Ou-Mandel (HOM) interference from propagating surface plasmons has established
the close relationship between free-field photons and metal-confined surface plasmon polaritons [39, 40, 41, 42].
In the original version of this experiment, single photon interference at a 50-50 beam splitter induces 4th-order
interference effects predicted by quantum electrodynamics [43]. The plasmonic HOM experiment reproduces
this effect in the situation where interfering surface plasmons replace the beam splitter, opening the door for
study of further parallels between plasmonics and quantum optics. Studies of the fundamental quantum-
mechanical properties of plasma oscillations in conductors have allowed researchers to take advantage of the
near-field properties of plasmonic structures in new ways. More specifically, recent experiments involving
emission from quantum dots [44, 45, 46] or nitrogen-vacancy centers [47, 48, 49, 50] coupled to metallic wave
guides have shown the potential for plasmonic structures to be used as single photon sources in quantum
information science applications. Moreover, the plasmonic HOM experiment shows that quantum coherences
are retained in photon-plasmon-photon conversion processes despite the significant dispersion and dephasing

inherent to plasmonic systems [39, 40]. The possibility of customizable, room-temperature quantum systems

75



76 CHAPTER 4. QUANTUM BEATS FROM ENTANGLED PLASMONS

is significant for a variety of quantum information and computing applications, making quantum plasmonics
an exciting and growing new field [51, 52].

The study of quantum interference between plasmons confined to the surfaces of metal nanoparticles
has also generated significant recent research interest [52, 176, 177, 178, 179]. The optical properties of
such localized surface plasmon resonances (LSPs) have a rich dependence on particle morphology, material
composition, and aggregation scheme, making LSP systems highly tunable. In addition, aggregates of
nanoparticles may support near-field regions of high electric field strength, so-called electromagnetic hot
spots, which facilitate the manipulation of optical-frequency radiation at sub-diffraction-limited length
scales [180, 181, 182, 183, 184, 185, 186]. These features of LSPs make them ideal candidates for a variety
of applications requiring a high degree of optical control, and understanding their fundamental quantum
mechanical properties remains an important open question.

In this chapter we study the radiation emitted from a simple LSP system: two equal-sized silver and
gold spheres in close proximity, supporting spectrally distinguishable dipole plasmon responses. Using a
Heisenberg-Langevin approach, we model the interaction between the two spheres and the free-field, showing
that the heterodimer has two radiative normal modes due to a Fano resonance and generating a set of
quantum Langevin equations which describe the evolution of the system. We then vary the system’s initial
Fock state and examine the observable differences in the far-field signal. We find that states with plasmons
entangled between the heterodimer’s two modes radiate with quantum beats, intensity fringes that oscillate
with frequency equal to the difference between the fundamental frequencies of the two plasmon modes. This
interference effect is the plasmonic analog of the quantum beats observed in so-called V type atoms [187]
(discussed in detail below), where two excited electronic states decay to the same ground state. However,
although both the heterodimer and V type atom support quantum beats, we find that, due to the bosonic
nature of the LSP, the two-photon statistics of radiation from each system are fundamentally different. While
the V type atom is known to emit anti-bunched light [188], the plasmonic heterodimer emits photons that

arrive at the detector in bunches.

4.1 Fano Resonances in the Heterodimer

We begin by building a description of two silver and gold spheres, both of radius ag, coupled to a photon-field
reservoir, as depicted in Fig. 4.1. If we restrict our attention to the x-polarized, dipole plasmon on each

sphere and neglect the zero-point energy, the Hamiltonian for this interacting plasmon-field system is

EI = ﬁsys + ﬁres

= el + hw,#t7 + Z hwkﬁ,\ka
kA
+ U)W+ 71+ 1Y gl ST + g fly7 + he,
kA
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Figure 4.1: Heterodimer system composed of silver and gold nanospheres. We restrict our attention to each
sphere’s x-polarized dipole plasmon, in aligned and anti-aligned configurations (the former is depicted). A

far-field detector is placed along the z-axis equidistance from each sphere.

as derived in the Methods section. Here, the Hamiltonian is explicitly split into a coupled oscillator contribution
for the plasmonic subsystem and an oscillator bath contribution for the free-photon reservoir. The plasmonic
subsytem is described by the evolution of LSP creation and annihilation operators f, [t and 7,71 for the left
and right spheres respectively, and we assume without loss of generality that the silver sphere is on the left.

The natural dipole plasmon frequencies for each sphere are w; and w,., and the two plasmons are coupled in the

rotating-wave approximation with coupling constant U(s) = 3h/wrwrad/s>\/ (el + 2)(e%, + 2), where €47
are the infinite frequency, static dielectric responses of silver and gold. Meanwhile, the reservoir contribution
couples each plasmon to the free-field in the usual way, [188] where fk)\ is the operator that annihilates a
photon of wave vector k and polarization A. The constants hgfd\ = —p; - Ex) and hgy, = —p, - Ex) couple
the left- and right-localized plasmons to the photon electric field mode Ey) = \/W éﬁeik'x, where €]>(‘ is

a polarization vector and V is the quantization volume.

We note also the importance of choosing experimentally realizable parameters. For the remainder of the
chapter, we assume each sphere has a radius ag = 25 nm and is separated by a center-center distance s = 60
nm. The optical responses of both the silver and gold particles are described with a Drude model using
plasma frequencies hwll7 = 9.1 eV and hw, = 9.0 eV, non-radiative dephasing rates of iy, = 0.05 eV and
h7y, = 0.069 eV, and infinite-frequency dielectric constants e, = 3.77 and 7, = 9.84 respectively. Finally,
these geometric and material parameter values are used in a discrete-dipole approximation (DDA) based
simulation [189] to determine the spectral positions of the dipole resonances, fiw; = 3.6 eV and hw, = 2.6

eV (see Fig. 4.2), which are red-shifted slightly from the Clausius-Mossotti result due to relativistic effects.
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Given these parameters, all constants in the Hamiltonian can be easily calculated.
We proceed by diagonalizing the plasmonic subsystem contribution to the total Hamiltonian. To do so,
we employ a canonical transformation with generating function S = iG(fo — fTZ) [190], where we have defined

the rotational angle

1 2U(s)
0 = —arct —. 4.2
L e an{hwl_hwr} (42)
This diagonalization procedure gives rise to two uncoupled plasmon modes, a = [cos® — 7sinf and b =
7 cosf + I sin 6. Expressing the Hamiltonian in this rotated basis gives

f{ = thi)TB + hQa&Td + hzwkfli/\fkk
kA

103 g finb+ g fina + hue,
kX

(4.3)

where hQ, = hw; cos® 0 + hw,sin? @ + 2U(s)sin 6 cos 0, hQ, = hw, cos® O + hw;sin? @ — 2U(s) sin 6 cos b,
iy = gfd cos — g, sin g, and gﬁ/\ = gpy cos 0 + g]l(/\ sin§. Here, {1, are the renormalized frequencies for the
decoupled modes, and hgﬁ’;’ are their renormalized coupling to the radiation field. This rotation casts H
into the normal mode coordinates of the system, diagonalizing the plasmonic subsystem while maintaining
coupling to the reservoir. The two normal modes correspond to the super- and sub-radiant modes predicted
by hybridization models for coupled plasmonic systems. To clarify the discussion and elucidate the analogy
to coupled atom+field systems we label the sub-radiant mode as a for antibonding and the super-radiant
mode as b for bonding.

Interestingly, the rotation angle, 8 (Eq. 4.2), is dependent on the ratio between the dipole coupling
strength and the difference in resonant frequencies of the uncoupled LSPs. For the physically realistic system
under consideration the coupling is on the order of 1072 eV and the detuning between the gold and silver
particles is on the order of 1 eV, making the argument of the arctangent in Eq. 4.2 much smaller than
unity. Within this parameter range, cosf ~ 1 and sinf ~ 0 making the bonding mode effectively right
localized and the antibonding mode left localized. Furthermore, since each mode is the sum of two dipoles
(i.e. pq = picos — p,sinf and p, = p,cosf + p;sinf) the localization of a plasmon on the left or right
ensures that both modes couple to the electromagnetic field and therefore radiate. This is in contrast to the
case of two spheres of identical size and composition: there the bonding mode would be ”bright” while the
antibonding mode would be "dark” since the latter would consist of two equal dipole plasmons oscillating out
of phase and therefore have negligible total dipole moment. Thus, as a consequence of the asymmetry inherent
in this mixed-material heterodimer, both modes can be observed with a far-field photon counter despite
the electric dipole coupling, U(s), allowing us to study far-field interference between the two modes. This
asymmetry effect is often labeled a Fano resonance but can be expected from any coupled oscillator system
with non-degenerate natural frequencies [169]. Its existence in heterodimer systems is verified experimentally
in [191] and numerically in Fig. 4.2.

As it must, the canonical transformation leaves commutation relations invariant, and the following
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Figure 4.2: Full-wave simulation of the extinction coefficient and electric near-field magnitude, computed via
the DDA [189]. The extinction spectrum shows two peaks (labeled B and A) corresponding to the bonding
and antibonding modes. Near-field plots of the target on resonance for each mode show that the modes
are left and right localized, a consequence of a Fano interference which allows both modes to radiate to the

far-field. This localization effect is due to the heterogeneity in material composition of the target.
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Heisenberg equations of motion are readily obtained:

it =i+ g3 fiea
kA

ib= Qb+ gi5 fir (4.4)
1o

ifir = Wicfior + gfaa + girb.
These are equivalent to the quantum master equations for the plasmonic sub-system and reservoir, since
equations of motion for all observables are derivable from these results. Challenges arise from the last equation,
which governs the dynamics of the infinite number of degrees of freedom in the reservoir. We handle this with
the Heisenberg-Langevin approach, formally integrating the last equation and using the result to express the
sub-system dynamics as an integral-differential equation dependent only on initial conditions and sub-system
degrees of freedom [188]. Converting to slowly varying operators A = a exp(i€2,t) and B = bexp(i€Qyt), yields

modified equations of motion

. t
Ay =) [igﬁika(O)eZ(Q“‘”“)t - Igfixl2/0 di' A(t)e~ (e
kA

t
_glb()\g](i; / dt/B(t/)eiwk(t—t )—iQat+int :|
0

. t
HOEDY [z'gﬁ’;fkmow““w” ~laal? [ Bt @)
kA 0

t
_gﬁ)\g]}f& / dt/A(t/)eiwk(t—t )—iQpt+iQt :| )
0

In both equations the final term corresponds to a multiple scattering event. Such terms will be neglected since
we assume that the spheres do not interact through the reservoir, an assumption that is equivalent to the
Markov approximation [192]. The remaining integral is calculated in the Weisskopf-Wigner approximation

[192, 188], and we find

Ay = -S40y 4
; ol (4.6)
B(t) = -2 B(t) + By (t).

Here C, = 403 |p,|?/3hc®, Cyp = 493 |py|?/3hc?, Yo = 41 c0s? 0 + 7, sin” 0, vy, = 7, cos? O + 7, sin” 6, and

—iFa(t) = Y gt fra (0)e (A"
ol (4.7)
—ify(t) = D gt fra(0)e~ (et
kA

are known as noise operators. The equations of motion above are so-called quantum Langevin equations,
since the operators F, and F}, model stochastic forcing due to the system-reservoir interaction. Unlike the
classical case, here the stochastic forcing is a quantum-mechanical operator which has to be handled at the

level of ensemble averages. These averages depend on the initial state of the reservoir, which in our case is
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assumed to be evacuated. Interaction with the reservoir also gives rise to dissipation at rates C, and Cj in
accordance with the fluctuation-dissipation theorem. Note that we also incorporate nonradiative damping at
this level by adding the aforementioned dephasing rates, v, and -, to the radiative damping term.

We complete our description by discussing the far-field photon counter, a quantum-mechanical instrument
which can be modeled with Glauber correlation functions [193]. Of interest are two observables in particular,

the normalized intensity,

1) — (BB @) ws)
(E~(0)E*(0)) '
and the normalized, second-order correlation
@) — B OB (B (B (0) (49)

(B~ (0)E+(0))
both assumed to be evaluated at the location of the detector, r = dz, with expectation values taken with
respect to a particular Fock state for the system. Here, ]:Ji(t) are the positive and negative frequency
components of the total field operator. I(t) is a measure of the relative probability that a photon arrives at
the detector at time ¢ while g(?) (1) is a measure of the relative probability that two photons arrive separated
by a delay time 7 (the first photon is assumed to arrive at ¢t = 0). Known as the second order correlation,
g®) (1) probes for the existence of higher-order interference effects like those observed in the HOM experiment
[43]. For the system under consideration, the field operators can be written in terms of plasmonic sub-system

degrees of freedom using the equations of motion [188]. We find

E+(x, t) = g% |:eiQa(tx_C‘”l)A (t _ |X—I“l|)]

Alx—r c
| , ! (4.10)
+ )A( prb eiin(ti \x—crrl )B ;_ |X — I‘r| :
2lx —r,| ¢
where r; = —s/2%, r, = s/2%. This implies that calculating the time-dependent expectation values of all

normal ordered, number conserving combinations of 2 or 4 sub-system operators A and B fully specifies
the expectation values in Eqs. 4.8 and 4.9. This calculation may be performed by constructing and solving
equations of motion for the operators using Eq. 4.6 with knowledge of the evacuated initial state of the

reservoir.

4.2 Single Photon Dynamics and Quantum Beats

We turn to modeling radiation emitted from the plasmonic heterodimer and search for far-field signals of

entanglement by comparing the decay of two fundamentally different LSP Fock states,

|w5'> = |1a0b>;
_ [1a06) +10a1s) (4.11)
|¢E> - T7

where a single Fock state, |n,, mp), is specified by occupation numbers n and m for the decoupled sub- and

super-radiant modes; the former is the antibonding mode, while the latter is the bonding mode. The state
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V type A type

Figure 4.3: V and A type systems are descriptions used in quantum optics of certain electronic state
configurations within atoms. In the V system, two excited states may transition to the same ground state,
making one transition indistinguishable from the other. On the other hand, in the A system, a single excited
state transitions to one of two distinguishable ground states. Classical electrodynamics predicts that both
systems will have interference effects, but quantum electrodynamics does not. Instead, since only the V
system has indistinguishable pathways, it is the only system which exhibits interferences, known as quantum

beats [188, 192].

|ts) is a single LSP Fock state where we assume that a photon of frequency 2, is used to excite a plasmon in
the left localized mode. Exciting such a single plasmon state is nontrivial, but experimentalists have succeeded
in doing so using couplings to quantum emitters which saturate (e.g. quantum dots [46] or nitrogen-vacancy
centers [50]) or by probing metallic nanostructures with an electron beam [REF EEGS]. It is interesting to
note that, although |¢g) must be excited by a single photon, it’s normalized intensity is indistinguishable from
an LSP excited by classical light (i.e., a coherent LSP state, |a,0p) = e~lal®/2 >on o |nq0p)/v/n!, with average
occupation number |a|?). This state, |t)5), is contrasted with |1)z), an entangled LSP Fock state generated by
a single pump photon entangled between both modes. Such a photon exhibits similar entanglement properties
as those generated via spontaneous parametric down-conversion [194] in both the optical and plasmonic HOM
experiments [43, 40, 39], and we show here that the radiative decay of the plasmonic state with nontrivial
quantum coherences gives rise to an observably different far-field signal than its single-state counterpart, |1g).

The transient intensity signal observed at the the detector displayed in Fig. 4.4 is computed from the
Heisenberg-Langevin approach described in the previous section. While the expected intensity for the single
LSP Fock state is montonically decreasing because the plasmon decays along a single channel, the entangled
state exhibits interference between the possibilities for the plasmon to decay along the super- or sub-radiant
modes, giving rise to oscillations at the system’s beat frequency, Q, — €. For this system in particular,
the beat frequency is approximately 1 eV /h, implying that the effect takes place well within the observed

lifetime of the plasmon (on the order of 10 fs). Thus, we expect these interference fringes to be observable



4.2. SINGLE PHOTON DYNAMICS AND QUANTUM BEATS

ve)

I(t) [a.u.]

VE)

time [10714 5]

time [10714 5]

83

Figure 4.4: We compare the dynamics of the expected intensity signal from a single LSP Fock state, |¢g),

and a superposition LSP state, |¢g), excited by an entangled photon. In the former case, the signal decreases

monotonically over time, while, in the latter case, the signal exhibits oscillations at the beat frequency of the

heterodimer system. This is due to the fact that |1g) decays only through the antibonding mode, while | g)

may decay through both bonding and antibonding modes, leading to an interference in the intensity signal.

These interference-induced oscillations, known as quantum beats, serve as an observable, far-field signature of

an entangled LSP Fock state in the single plasmon limit. Note that, in both cases, the signal starts at a

nonzero time due to the travel time of photons from the heterodimer to the detector.
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with state-of-the-art photon counters [195].

If experimentally verified, plasmonic quantum beats offer further proof of the close connection between LSPs
and free-field photons. As a consequence, we see that nanoparticle aggregates with multiple, non-interacting
”bright” modes, as is the case in plasmonic Fano resonance supporting systems, have quantum-mechanical
descriptions which are equivalent to those for optical interferometers. For the heterodimer system discussed
in this chapter, the super- and sub-radiant modes each decay to the vacuum in direct correspondence with
atomic systems having two excited electronic states transitioning to the same ground state. These so-called V
type atoms, in contrast to A type atoms (where an excited state can transition to two distinct lower energy
states), are known to exhibit observable quantum beats as a result of the interference between possibilities
for energy to come from one of two indistinguishable transitions (see Fig. 4.3) [192]. For the one-photon
dynamics, the situation is no different for the heterodimer, and these plasmonic quantum beats therefore
provide an observable signature of an entangled LSP Fock state in the single plasmon limit. Moreover, this
interferometer description of noninteracting, radiating modes is a useful way to interpret the dynamics of

more complicated nanoparticle aggregates.

4.3 Two-Photon Dynamics and Photon Bunching

The plasmonic heterodimer and the V type atom behave similarly only in the one-photon case. The statistical
correlation between two photons emitted by the heterodimer sets it apart from the atomic analog. To see

this, we compare the states

[¥s1) = |2400),

[ths2) = |Lals), (4.12)
) = 12400) +[0a2s)

V2
Here, the first two states result from pumping with nonentangled light, while the final state is assumed
to be excited by entangled photons just as in the previous section. The LSP Fock state |1)g1) models a
typical pumping of just the left localized mode while |)g2) models an excitation where both the super- and
sub-radiant modes are pumped with one photon individually.

Normalized, second-order correlations, 9(2)(7') for each LSP Fock state are plotted in Fig. 4.5. These
are calculated with the Heisenberg-Langevin approach described previously under the assumption that the
emitted field is time-translation invariant. Interestingly, we see a higher probability for short delay times in
all three cases, indicating varying degrees of photon bunching for all three LSP Fock states. This interference
effect is a direct result of the bosonic nature of the plasmon-photon system. More explicitly, photon detection
at t = 0 and at t = 7 occurs in six different ways: (1) two photons can be emitted due to decay along
mode A at t = —|r —r;|/c and t =7 — |r — 1;|/¢, (2) two photons can be emitted due to decay along mode

Batt=—|r—r./cand t = 7 — |r — r.|/c, (3) mode A can decay at t = —|r — r;|/c and mode B at
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Figure 4.5: We compare the normalized, second-order photon correlation expected from three different LSP
Fock states. [tg1) corresponds to a 2 photon pumping of just the left localized mode, |thg2) corresponds to
exciting each mode individually, and | g) is an excited state where 2 plasmons are entangled between the
left- and right- localized modes. All three states exhibit varying degrees of photon bunching, but the degree

of correlation varies from state to state.

t=7—|r—r;|/c, and (4-6) all three previous possibilities can happen in reverse order. These channels are
depicted in Fig. 4.6. Since the system’s wave function is symmetric under boson exchange, each possibility
will interfere constructively with its reverse process for delay times within the lifetime of the plasmon, and
thus all three states exhibit some degree of bunching. However, only |¢)g) has access to interference from all
6 possibilities, accounting for the anomalously high degree of correlation exhibited by the entangled state.
Meanwhile, oscillations in two of the signals arise from the phase difference between photons emitted from
the left- and right-localized modes, explaining why the signal from the entirely left-localized LSP Fock state
is free of oscillations. This reasoning was first presented for a more general system by Fano and mathematical

details can be found in his paper [196].

Photon bunching in LSP systems allows us to draw comparisons to the plasmonic HOM experiment
which measures coincidence counts, the all-time integral of the second-order correlation.[43] In that case,
the emitted photons exhibit bunching at one detector or another for short delay times as a result of purely
quantum-mechanical interference between two propagating plasmons [39, 40]. Although we expect photons
emitted from LSP systems to be bunched as well, the effect takes place for fundamentally different physical
reasons. For our purposes, we see clearly from Fig. 4.5 that an anomalously high degree of bunching is
another far-field signature of an entangled LSP Fock state. Moreover, the reasoning above is one that can be

applied in general to systems of interacting bosons which, interestingly, indicates that radiation from more
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Figure 4.6: Photon detection in the far field at time ¢ = 0 and ¢ = 7 can occur in 6 different ways for the
heterodimer considered in this chapter. On the left hand side, the possibilities that two photons come from
A, two photons come from B, and one photon comes from each are depicted (note that the roman numerals
serve to distinguish what otherwise should be indistinguishable photons). Meanwhile, on the right hand
side, the two photons on the left are exchanged, allowing for 3 more possibilities. The channels on the right

interfere constructively with the channels on the left due to the bosonic nature of the plasmon-photon system.
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complicated nanoparticle aggregates should always be bunched, regardless of the details of the LSP Fock
state decaying to the far-field.

This result breaks the analogy between the plasmonic heterodimer and V type atoms. In the atomic
system, the radiating dipole is created by an oscillating electron, a system which must exhibit fermion
statistics. In fact, radiation from V type atoms is known to be anti-bunched, i.e. two photons have a low
probability of arriving with a short delay time 7 [188]. Physically, this occurs because the electron must
relax to a ground state when it emits and then must be excited again before emitting a second photon, in
contrast to the plasmon which can be pumped with multiple photons at once. This, fundamentally, is the
difference between a fermionic and bosonic oscillator, and it is this difference which gives rise to differences in

two-photon interferences from each of the two systems.

4.4 Conclusion

Using a Heisenberg-Langevin approach we have modeled the quantum-mechanical properties of the optical-
frequency electromagnetic radiation emitted from the hybridized localized surface plasmons of a mixed-metal
heterodimer. A canonical transformation was used to diagonalize the plasmonic contributions to the
Hamiltonian, showing simply that the heterodimer system supports sub- and super-radiant normal modes
that remain coupled to the free-field. We have predicted that plasmon entanglement across these heterodimer
modes is observable in the far-field, despite the inherent radiative and nonradiative damping associated
with LSPs. Because the entangled LSP Fock state can decay along two indistinguishable pathways, its
emitted radiation exhibits interferences at the system’s beat frequency, so-called quantum beats. This effect
parallels the quantum beats observed in the radiation emitted from certain electronic transitions in V type
atoms (see Fig. 4.3), a parallel which offers a qualitative way to interpret the single-photon dynamics of
more complicated nanoparticle aggregates. We show further that the analogy between plasmon-photon and
atom-photon interaction only goes so far. In fact, emitted photons from the heterodimer are positively
correlated, and can be expected to arrive at the detector in bunches. On the other hand, the opposite has
been observed for V type atoms [188]. The difference in photon correlation can be attributed to the difference
in quantum statistics of the two emitters. This breakdown of the analogy between plasmonic and atomic
systems is true in general and applies to interpretations of the physics of more complicated LSP-supporting

nanoparticle aggregates.



Mathematical Complement

4.A Plasmon-Photon Interaction Hamiltonian

The oscillator Hamiltonian in Eq. 4.1 can be derived by first approximating the electric polarization induced
in each sphere as an LSP oscillator with dipole moment p. This approach was developed first by Lucas
and co-workers [197] for the case of classical coupled LSPs while the quantization of a single nanosphere’s
plasmon modes was first developed by Ritchie [198, 199]. These approaches are applied in detail in a variety

of references; see, e.g., Refs. [180, 200]. Here, we begin with the result

2 2
o 1 2
Hy = 2—7:” + imlw?u? + ==

1
+ —mpw?u? + Vine, (4.13)

2m, 2
where u; , = p;,-/(—e) are generalized coordinates with conjugate momenta @y ., w;, are the dipole plasmon
frequencies for the left and right spheres, and m;, = e? / alﬁ'wl%r are the oscillator masses defined in terms of
the surface plasmon polarizabilities for each sphere, oy, = 3a3/ (¢4 4+ 2) in the Drude approximation to the

metal’s dielectric response.

The mutual electric dipole-dipole interaction, Vi = —p; - A% - p,., takes the form
e? .
Ving = Eul - [30y,0y,. — 1] - u,, (4.14)

where n;, is the unit vector between the left and right dipole, and we restrict ourselves to the near-field
component A of the dipole relay tensor. Finally, further restricting ourselves to z-polarized dipoles, quantizing

the harmonic oscillators in the standard way, and making the rotating wave approximation, we have
Heys = haonl'l + hewo,#17 4+ U (s)[IT7 + #11). (4.15)

Here, I(I") and #(#1) are the annihilation (creation) operators for plasmons on the left and right sphere

respectively, defined in terms of the original coordinates as
mywg 1 ~ 2
=4/ u; + -x =1
2h ( ! mywi @l)
[mrwy i o
r= u, + Pr | X —T,
2h < MWy )

with the dagger operators obtained by Hermitian conjugate. Meanwhile, the interaction energy between the

dipoles reduces to U(s) = 3h/wrwray/s3\/(eL, +2)(e%, + 2).

(4.16)
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We complete the derivation of the Hamiltonian by including the energetic contribution of the free-photon
field. This is done in the standard way, where modes of the electric field with polarization A and wave vector
k, Eyx\, are treated as an infinite set of uncoupled, quantum oscillators and each plasmon dipole couples to
each electric field mode with interaction energy hg{& = —pir - Exx [192, 188]. The combination of system

and reservoir degrees of freedom yields the Hamiltonian H used in this chapter.



Chapter 5

Charge-tunable Plasmons in

Semiconductor Nanocrystals

Nanomaterials exhibiting plasmonic optical responses are impacting sensing, information processing,
catalysis, solar, and photonics technologies. Recent advances have expanded the portfolio of plasmonic
nanostructures into doped semiconductor nanocrystals, which allow dynamic manipulation of carrier
densities. Once interpreted as intra-band single-electron transitions, the infrared absorption of doped
semiconductor nanocrystals is now commonly attributed to localized surface plasmon resonances and
analyzed using the classical Drude model to determine carrier densities. Here, we show that the
experimental plasmon resonance energies of photodoped ZnO nanocrystals with controlled sizes and
carrier densities diverge from classical Drude model predictions at small sizes, revealing quantum plasmons
in these nanocrystals. A Lorentz oscillator model more adequately describes the data and illustrates a
closer link between plasmon resonances and single-electron transitions in semiconductors than in metals,

highlighting a fundamental contrast between these two classes of plasmonic materials.

Carrier-doped semiconductor nanocrystals are envisioned as essential components of future information
processing, solar energy conversion, and other technologies. Nanocrystal carrier doping generates new
infrared (IR) absorption bands similar to localized surface plasmon resonances (LSPs) of metal nanoparticles.
Semiconductor nanocrystals showing such LSPs have recently attracted broad attention [201, 202], in part
because of the wide range of carrier densities achievable in such systems. Over just the past few years,
LSPs have been reported in many semiconductor nanocrystals with excess charge carriers introduced by
aliovalent [203, 204, 205, 206, 207], vacancy-induced [208, 209, 210], or redox [211, 212] doping. Central to any
analysis of these LSPs is an assessment of the carrier density. Many investigations have applied the classical
Drude model to estimate carrier densities from IR absorption energies [203, 204, 205, 206, 208, 210, 211, 212].
Others have assumed stoichiometric relationships between defects and carriers [209]. In semiconductor

nanocrystals, however, a large fraction of aliovalent dopants or electronic defects can be compensated

90
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by localized surface charges [213], and impurity doping of any type perturbs carrier wavefunctions [214].
Additionally, in some cases the carriers may be partially localized [215]. These factors complicate determination
of carrier densities using the Drude model. Moreover, the Drude model itself may not even be adequate
for semiconductor nanocrystals, which have much smaller carrier densities than metals, but this model has
not been quantitatively tested. Finally, quantum confinement effects are not accounted for in the Drude
model and have also not yet been investigated in LSP-supporting semiconductors. Here, we analyze the IR
absorption spectra of photodoped colloidal ZnO nanocrystals with tunable radii (r) and carrier densities (V)
to assess the applicability of the Drude model in this case. These experimental data expose fundamental
shortcomings of the Drude model when applied to semiconductor nanocrystals, revealing the existence of
quantum plasmons in semiconductor nanocrystals and highlighting important contrasts between LSPs in
semiconductor and metal nanostructures. Photodoped ZnO nanocrystals are among the best characterized
carrier-doped colloidal semiconductor nanocrystals [213, 216, 217, 218, 219, 220, 221, 222, 223] and offer a
unique platform for turning on, tuning, and investigating semiconductor LSPs. Anaerobic UV irradiation in
the presence of an appropriate hole quencher allows accumulation of delocalized conduction-band electrons,
achieving average carrier densities tunable from zero up to ~ 6 x 102° cm =3 [223]. Unlike in other systems
investigated to date, these carrier densities are readily determined by direct titration against mild redox
reagents [213, 218, 220, 223, 224], providing a model-independent measure of this critical quantity. Previous
studies have described a new IR absorption band that accompanies the added conduction-band electrons
[217, 219, 220, 225], but its interpretation remains ambiguous. It has generally been interpreted in terms of
single-electron intra-conduction-band transitions [217, 219, 220, 225], but has recently also been interpreted
in terms of LSPs [212], and similar IR absorption in Al3+-doped ZnO nanocrystals has also been described as
LSPs [226, 227]. If indeed this IR band is due to LSPs, the relationship between these collective excitations

and the anticipated single-electron excitations has yet to be revealed.

5.1 Results and Analysis

Fig. 5.1 shows IR absorption spectra of two anaerobic ZnO nanocrystal suspensions (r = 1.75 and 6 nm), each
prepared and photodoped using ethanol for hole quenching as detailed previously [223]. Spectra collected
at various UV irradiation times are shown, with increasing IR absorption reflecting increasing electron
density [219, 220]. The maximum photodoping corresponds to an electron density of 1.4 0.4 x 10%° cm—3
for both samples [223]. With added electrons, the IR absorption maxima blue shift while increasing in
intensity. A similar blue shift has been reported in r = 2.1 nm ZnO nanocrystals [219], where it was
interpreted as arising from the increased energy spacings of intra-conduction-band single-electron transitions.
The experimental shifts are slightly greater than predicted from tight-binding calculations [219], but are

comparable to expectations from the classical Drude model. Similar shifts are observed in all sizes of

nanocrystals, even though the smallest have a maximum of ~ 3 conduction-band electrons while the largest
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Figure 5.1: Infrared absorption spectra of photodoped ZnO quantum dots. IR absorption spectra of » = 1.75
and 6 nm colloidal photodoped ZnO nanocrystals. For each sample, the increased IR absorption corresponds
to progressively greater photodoping. Both samples display the same maximum photodoping level of
1.44 0.4 x 10%° cm~3. This density corresponds to a maximum average occupancy of 3.2 0.9 and 116 + 22
electrons per nanocrystal for the small and large nanocrystals, respectively. Inset: TEM images of the

r =1.75 nm (left) and » = 6 nm (right) nanocrystals.

have up to ~ 130. This similarity suggests that the blue shift is correlated with electron density rather
than number. Additionally, from tight binding calculations [219], a significant blue shift is not expected in
large nanocrystals, where intraband spacings are nearly constant. Although it is conceivable that the blue
shift reflects preferential reduction of larger nanocrystals, because intraband spacings are size-dependent and
electrons can transfer rapidly from one nanocrystal to another [214, 221], the average radius (6 nm) for the
larger ZnO nanocrystals of Fig. 5.1 is well beyond the quantum confinement size regime (< 3.5 nm), allowing
the conclusion that size heterogeneity is not responsible. Based on these considerations, the IR blue shift

with increased photodoping is consistent with assignment of this IR band as an LSP.

Magnetic circular dichroism (MCD) spectroscopy provides strong support for assignment of the IR
band in photodoped ZnO nanocrystals as an LSP. Fig. 5.2 shows room-temperature absorption (a) and
variable-field MCD (b) spectra of photodoped r = 1.55 nm ZnO nanocrystals. The MCD intensity is very
large (JAA/Ag| ~ 0.01) but does not maximize at the absorption maximum, instead crossing zero close to the
absorption maximum. The MCD intensity is temperature independent and shows a linear dependence on
magnetic field, even at 2 K (Fig. 5.2, inset). Strikingly similar MCD data have been reported for the LSPs of
colloidal Au nanoparticles [228], which also show very large (JAA/Ag| ~ 0.001) and temperature-independent
derivative-shaped MCD intensities. These similarities support the assignment of the ZnO IR peak as an LSP.

Temperature-independent derivative-like band shapes are typically characteristic of A-term MCD intensities

[229], which derive from the effects of magnetic fields on excited states rather than from magnetization of the
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Figure 5.2: Infrared magnetic circular dichroism spectra of photodoped ZnO quantum dots. Room-temperature

(a) absorption and (b) MCD spectra of heavily photodoped colloidal » = 1.55 nm ZnO nanocrystals. The

arrow indicates increasing magnetic field strength in 17" steps. The dip in panel (a) at ~ 0.55 eV is due to

imperfect subtraction of solvent vibrations. Inset: Relative 2 K IR MCD intensities plotted as a function of

magnetic field strength. The MCD spectra terminate at the instrumental limit of ~ 0.6 eV.
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ground state (C-term) [229]. Previous MCD spectra of plasmons in Au nanoparticles have been interpreted in
this way [228]. For the photodoped ZnO nanocrystals, this interpretation is surprising because of the strong
correlation between IR absorption and the ground-state g = 1.96 electron paramagnetic resonance (EPR)
intensity from the delocalized electrons within these nanocrystals [220, 230]. Paramagnets typically display
C-term MCD intensity that increases rapidly with decreasing temperature (in proportion to 1/7" for simple
Curie-type paramagnets) and therefore dominates at low temperatures. The MCD of these photodoped
ZnO nanocrystals is thus not typical of paramagnetic chromophores. We propose that the temperature
independence of the plasmon MCD intensities in these nanocrystals may alternatively reflect Pauli-type
paramagnetism, a characteristic of conduction electrons in most nonferromagnetic metals [231].

Several samples of colloidal ZnO nanocrystals were prepared with average radii ranging from 1.75 to 6 nm
and all photodoped to the same independently verified electron density of 1.4 £ 0.4 x 10%° cm™3-23 Fig. 5.3a
shows IR absorption spectra of these nanocrystals and illustrates a key result of this study: At a constant
carrier density, the IR absorption blue shifts substantially with decreasing nanocrystal radius. Fig. 5.3b
plots the energies of the absorption maxima as a function of nanocrystal radius (blue circles). For large radii
(> 5 nm), this energy approaches an asymptote of ~ 0.25 eV, agreeing well with the LSP energies of ZnO
thin films [232] (which should be greater by a factor of ~ 1.2). This size dependence is very similar to that
observed for the first excitonic absorption maximum in ZnO nanocrystals arising from quantum confinement
[233], but it is qualitatively different from that anticipated by the classical Drude model.

The LSP frequencies predicted by the classical Drude model are given by

N, e2
wep = \/ © — 2 (5.1)

e0Me(Eco + 26m)

This relationship has been widely employed in the analysis of heavily doped semiconductor nanocrystals.
Here, 7 = puik is the bulk scattering frequency, e is the elementary charge, €¢ is the permittivity of vacuum,
€m is the medium dielectric (estimated as 2.25 for toluene), is the high-frequency dielectric (3.72 for ZnO)
[234], and m, = 0.28my is the mass of an electron in ZnO [234]. Application of Eq. 5.1 to predict the LSP
frequencies of ZnO nanocrystals photodoped to N, = 1.4 x 10%2° ¢cm™3 yields the dotted line in Fig. 5.3b.
The Drude model accurately estimates wsp, for the largest ZnO nanocrystals but fails for smaller nanocrystals.
Equivalently, the inset of Fig. 5.3b compares the experimental carrier densities (shaded) with those estimated
from Eq. 5.1. Here, N, values were calculated from the IR absorption using ws, and v as the maxima and
half-widths-at-half-maxima (HWHM), respectively. The Drude model accurately estimates the carrier density
of the largest ZnO nanocrystals, yielding a value of 1.2 x 10%° cm™3, but it predicts a carrier density roughly
four times too large (4.2 x 10?° em™3) for the smallest nanocrystals. Furthermore, an extended Drude model
that accounts for size-dependent surface scattering through modification of the scattering frequency,

Av
Y = Ybulk + 7TF (5.2)

actually predicts an absorption red shift with decreasing radius for a constant N, (Fig. 5.3b, dashed line).

Here, v is the Fermi velocity (8.4 x 105 m/s in ZnO) [235] and A is an empirical constant whose value is
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Figure 5.3: Size dependence of localized surface plasmon resonance (LSP) in photodoped ZnO quantum dots.
(a) IR absorption spectra of a series of colloidal ZnO nanocrystals with different radii, each photodoped to an
average carrier density of N, = 1.4+0.4 x 102° cm 3. Dotted lines indicate the region of intense C-H stretches.
(b) IR peak maxima versus nanocrystal radius (blue circles). The dotted black line shows the Drude model
(Eq. 5.1) prediction for LSP energies at N, = 1.4 4 0.4 x 10?° cm™3. The dashed red line extends this model
to account for increased surface scattering in small nanocrystals (Eq. 5.2). Inset: Predicted (diamonds, from
Eq. 5.1) and experimental (shaded region) carrier densities plotted versus nanocrystal radius. Solid lines are

guides to the eye.
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debated in the literature [59]. Drude models thus fail to describe the IR absorption spectra of carrier-doped
ZnO quantum dots. For accurate interpretation of this IR absorption, a more sophisticated model is needed.

To address these shortcomings, we introduce a quantum mechanical correction to the driving force on a
classical Lorentz electron in an external electric field [236]. A similar semiclassical approach was recently used
to model a blue shift of Ag nanoparticle LSP energies with decreasing radius [57]. We model electron motion
within a spherical semiconductor nanocrystal as a collection of damped and driven harmonic oscillators,
where the driving force is dependent on both the incident electric field and quantum mechanical responses
to the boundary. Quantum confinement also alters the harmonic restoring force by discretizing the set of
available transition frequencies, w;¢, where i and f are composite labels for initial and final quantum states.

This model yields the dielectric function,

e(w) = ems(w wQZ —_— (5.3)
w? + mw w? f

where wy, = \/W is the bulk plasma frequency, S;s is the oscillator strength obeying the Thomas-
Reiche-Kuhn sum rule, v is the size-dependent scattering frequency (Eq. 5.2), and eip(w) represents
contributions from interband transitions.

To apply this dielectric function to photodoped ZnO nanocrystals, conduction electrons are modeled
as noninteracting particles within an infinite spherical potential well. The quasi-spherical shapes of our
nanocrystals are verified by transmission electron microscopy (Fig. 5.1, inset). The many-electron character
is introduced by imposing the Pauli exclusion principle and a hydrogenic shell-filling scheme with degeneracy
2n? for each principle quantum number, n. Under these assumptions, the Fermi level, ng, is determined by

finding the nearest integer to the solution of

ng
=> o’ (5.4)
n=1

where n, = (4/3)7r3 N, is the total number of conduction electrons. Dominant contributions to the sum in
Eq. 5.3 come from low-energy excitations around this value of np. Finally, interband transitions in ZnO occur
above ~ 3.5 eV, far from the IR region. Therefore, it suffices to replace e1p(w) with e to impose consistency
with the behavior of bulk ZnO. With this approach, LSPs are found according to the Clausius-Mossotti

relation at frequencies where
Re[e(w)] = —2¢e,. (5.5)

Only frequencies in normal dispersion regimes ((0/0w)Re [e(w)] > 0) are considered. All calculations use the
experimental carrier density of 1.4 x 10%° cm~3.

Fig. 5.4a presents the spectral dependence of the real part of the ZnO dielectric function for various
nanocrystal sizes. The corresponding normalized absorption efficiencies are shown in Fig. 5.4b. LSP energies,

Tiwsp, were determined according to Eq. 5.5 and are plotted on top of the absorption efficiencies (black

circles). The single-electron transition energies, hw;s, are also plotted in Fig. 5.4b (white circles), with
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symbol opacities proportional to S;¢. Only LSPs are found in regions of high absorption efficiency, supporting
the conclusion that plasmons dominate the ZnO nanocrystal IR absorption spectra at these experimental
carrier densities. The single-electron transitions are relatively weak at these high carrier densities because
they involve only one electron, whereas the plasmon excitations involve many. As the radius decreases, the
LSP and lowest-energy single-electron transition energies converge. A similar convergence occurs for fixed
radius as N, is reduced. The discontinuities in these calculations, which appear as jumps in Fig. 5.4b, are a

consequence of the shell-filling approximation used in our model.

As observed experimentally, the calculated results of Fig. 5.4b show an increase in Awsp with decreasing
radius, starting from bulk. We conclude that this model, although idealized and without any adjustable
parameters, successfully captures the essence of the experimental observations. The calculated size dependence
is steeper than observed experimentally, possibly because of the model’s inability to account for electron
tunneling beyond the nanocrystal surface (“spill-out”) [62]. Tunneling makes the smallest nanocrystals
effectively larger and weakens the size dependence. Another factor could be the existence of delocalized
surface states, such as Shockley or Tamm states [237]. Surface states could be important at high electron
densities, particularly if the electron-charge-compensating protons from photodoping all reside at the ZnO
nanocrystal surfaces. Confinement of such surface states is documented in metals, where electrons behave as
particles in two-dimensional boxes [238]. The calculations of Fig. 5.4 are based on an idealized model and do
not account for surface states. We note that the experimental size dependence of the IR absorption is similar
at both high and low electron densities, arguing against major contributions from surface states. Additional
deviations from ideality may arise from nanocrystal shape anisotropies and surface ligation. Expansion of
the model to include adjustable parameters accounting for such effects can indeed improve quantitative
agreement with the experimental data, but it does not provide greater insight into the physical problem.
Overall, the data in Fig. 5.3b reveal large quantum size effects manifested in the LSPs of doped semiconductor
nanocrystals. This result constitutes the first experimental demonstration of quantum confinement effects on
LSPs in semiconductors. We stress that this size dependence is identified only because carrier densities could
be measured independently. Application of the Drude model to deduce carrier densities would have yielded a

qualitatively different understanding of these semiconductor LSPs.

It is interesting to note that, unlike in metals, LSPs in photodoped ZnO nanocrystals occur spectrally
near the regions of large anomalous dispersion(Fig. 5.4c), placing them close to the most allowed single-
electron transitions. In this regime, the Lorentz dielectric model is strongly non-Drude in character, and the
free-electron picture used for metallic plasmons is qualitatively incorrect. Instead, the ZnO LSPs become very
sensitive to the most-dominant single-electron transitions, and converge to their energies in the limit of low
carrier occupancy. Moreover, because this spectral proximity is a result of the relatively low carrier densities,
it is not specific to ZnO or to nanocrystals. Carrier densities achievable in semiconductors are generally
2-3 orders of magnitude smaller than in metals, making this relationship between LSPs and single-electron

transitions universally significant. Figs. 5.4c and 5.4d highlight this important contrast, comparing the
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Figure 5.4: Calculated dependence of LSP frequency on nanocrystal radius. Spectral dependence of (a) the
real part of the ZnO dielectric function for various nanocrystal radii and of (b) the corresponding normalized
absorption efficiencies as a function of nanocrystal radius. The dotted black line in panel (a) is positioned at
—2¢,,. The crossings of this line with Re[e(w)] in regions of normal dispersion correspond to LSP energies,
huwsp, which are displayed as black open circles in panel (b). The white circles in panel (b) correspond to
single-electron transitions and their opacities are scaled to their oscillator strengths. Also shown are the
spectral dependencies of the real part of the dielectric functions for (¢) ZnO and (d) Ag calculated with
the Drude (dashed lines) and Lorentz (solid lines) models for two different sizes. The dotted vertical lines
indicate the crossings of the Lorentz model with —2¢,, = —5.5 for the two different sizes (red and blue). All

ZnO calculations use the experimental carrier density of 1.4 x 102° cm™3.
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calculated dielectric functions of photodoped ZnO nanocrystals and Ag nanoparticles at two radii. Because
of its high carrier density, collective excitations in Ag occur far from the dominant single-electron transitions,
within the free-electron (Drude) part of the Lorentz dielectric function. Consequently, they are spectrally
distant from and relatively insensitive to the most-allowed single-electron transitions. In stark contrast,
the lower carrier densities of photodoped ZnO nanocrystals link the plasmons to dominant single-electron
excitations, making them difficult to distinguish energetically. When these single-electron transitions shift
due to changing nanocrystal radius, the collective excitations follow. These insights reconcile conflicting
evidence for interpretation of the IR bands of doped semiconductor nanocrystals as plasmon resonances

versus single-electron excitations.

5.2 Conclusion

In summary, carrier-doped semiconductor nanocrystals offer a unique platform for tuning plasmons on
nanometer length scales. The ability to control and quantify carrier densities in colloidal ZnO nanocrystals
has allowed experimental assessment of the classical Drude model commonly applied to interpret IR absorption
spectra of doped semiconductor nanocrystals. Investigating the relationship between nanocrystal size and IR
absorption energy at constant carrier density has revealed that the Drude model fails for small nanocrystals in
which electron wave functions are quantum confined. A Lorentz oscillator model that accounts for quantum-
mechanical corrections qualitatively reproduces the experimental size dependence. Both the experimental
and theoretical results bridge the single-electron and LSP regimes, displaying quantum confinement in small
nanocrystals and converging to classical bulk LSPs in large nanocrystals. These findings shed new light
on semiconductor plasmonics, with important ramifications for both fundamental investigations of doped

semiconductor nanocrystals and future applications of this emerging class of materials.



Mathematical Complement

5.A Methods

Colloidal ZnO nanocrystals were synthesized by base-initiated hydrolysis and condensation as described in
detail previously [239, 240]. Dropwise addition of 22 mmol tetramethylammonium hydroxide pentahydrate
dissolved in 40 ml EtOH to 13 mmol zinc acetate dihydrate in 135 ml dimethylsulfoxide at room temperature
leads to nanocrystal nucleation and growth. After appropriate growth times, the reaction is stopped by
precipitation with ~ 300 ml ethyl acetate and the nanocrystals are centrifuged, resuspended in EtOH, and
precipitated with heptane. To suspend the nanocrystals in nonpolar solvents, the surface ligands are exchanged
by adding dodecylamine (DDA) heated to above its melting point (29 °C). The DDA-capped nanocrystals
are precipitated with EtOH, collected by centrifugation, and their ligands exchanged by heating in 90%
trioctylphosphine oxide (TOPO) at ~ 100 °C for 30 min. These nanocrystals are then washed/resuspended
with EtOH/toluene as described above. To achieve the largest radii, the nanocrystals are left in DDA at 180
°C under N2 for 0.5-24 h prior to TOPO ligand exchange. For small nanocrystals (r < 3.2 nm), radii were
estimated from their UV electronic absorption spectra using established empirical relationships [233]. For
larger nanocrystals, radii were estimated from pXRD line widths and by statistical analysis of TEM images.
All nanocrystals used in this study were roughly spherical, with more deviation from spherical shape in the
larger nanocrystals. ZnO nanocrystal concentrations were determined analytically. Briefly, 200 ul of the
nanocrystal suspension was dried and digested in 400 pl ultra-pure nitric acid (TraceSELECT, Fluka). The
resulting solution was diluted with a known amount of ultra-pure water (~ 10.00 g, measured to two decimal
places on a balance) and the Zn2+ concentration measured using inductively coupled plasma atomic emission
spectroscopy (Perkin-Elmer 8300). The nanocrystal concentration was then calculated using the known
dilution factors and nanocrystal radii to convert from Zn2+ concentration to nanocrystal concentration.
For infrared (IR) absorption measurements on photodoped nanocrystals, nanocrystal solutions were
prepared anaerobically to be ~ 0.15 M Zn2+ in toluene. These solutions were loaded into an air-free IR cell
in an inert-atmosphere glove box, which was then removed from the glove box for subsequent experiments.
The nanocrystals were photodoped by placing the IR cell in front of a 100 W Hg/Xe Oriel photolysis lamp for
short times (1-20 s between spectra). The IR absorption was monitored during photodoping until it stopped

increasing. Residual EtOH from the synthesis and purification procedures is the hole quencher [222].
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For MCD measurements, a 200 ul sample of nanocrystals was prepared anaerobically in 2-methyltetrahydrofuran
and to it added 2 pl of 1 M Li[Et3BH], which serves as a hole quencher [223]. The sample was prepared in
the glove box by dropping a small amount of this solution onto a polished quartz disc holding a Teflon spacer
and placing another quartz disc on top. These nanocrystals were photodoped as described above and placed
into the magneto-cryostat.

Electron densities in photodoped ZnO nanocrystals have been determined via titration against a mild
oxidant, [FeCp*2][BArF] [213, 218, 220, 223, 224]. Aliquots of [FeCp*2]|[BArF| were added to photodoped
7Zn0O nanocrystals under anaerobic conditions, and electron transfer from the photodoped ZnO nanocrystals
to [FeCp*2]+ was followed spectroscopically to determine the average number of electrons per nanocrystal,
and hence the electron density.

UV /visible/near-IR absorption spectra were collected using a Cary 500 spectrometer. pXRD data were
collected using a Bruker D8 Discover diffractometer. TEM images were collected using a FEI Tecnai G2 F20.
MCD spectra were measured using an Aviv 40DS spectropolarimeter with an InGaAs detector (Teledyne-
Judson), with samples mounted in a high-field superconducting magneto-optical cryostat (Cryo-Industries

SMC-1659 OVT) with a variable-temperature sample compartment oriented in the Faraday configuration.

5.B Dielectric Model

In chapter 2, we describe a model of a silver sphere comparable in size to the ZnO nanocrystals of interest here.
That model relies heavily on the random phase approximation, which we show in the complement of chapter
2 is equivalent to a high and uniform electron density approximation. In silver, the RPA is verifiably good,
but for the semiconductor particles in this chapter, where electron densities are 2 to 3 orders of magnitude
lower, it is unclear if the RPA is applicable. If the RPA does breakdown for these system, what implications
are there for the optical properties? This question remains open, and we hope to pursue and study it in the
future. For our purposes here, we choose a modified, less rigorous approach that captures the essential physics
and confirms that the spectral features observed by our collaborators are indeed low electron density LSPs.

As explained in the text, resonance behavior in photodoped ZnO quantum dots is modeled by constructing
a quantum-mechanically modified Lorentz approximation to the dielectric function. This process begins at
the single electron level, where electron response to an external electric field is modeled as a damped and
driven harmonic oscillator. Thus, the equation of motion for a single electron is specified via Newton’s Second

Law as
. . 2 1
X+ yx 4+ wix = EF(X, t), (5.6)

where wy is the resonance frequency of the restoring force and ~ is the measure of damping force (known as
the scattering frequency). Classically, the driving force is dependent only on the electric field of the incident
photon, generally taken to be a plane wave. However, boundary effects from the quantum dot’s confined

nature serve to give the system preferential modes similar to modes found in classical waveguides. This modal
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structure both discretizes the set of available resonance frequencies in the restoring force and modifies the
strength of the driving force. These effects will be treated quantum mechanically and separately, but they

modify the equation of motion above. Now,
. . 2 _ ¢ —iwt
X+ X +wipx = - irE(x)e™ (5.7)

where i and f are composite indices representing the quantum numbers associated with some initial and some
final state respectively. This equation can be solved in the frequency-domain, and simply summed to model a

system of many, non-interacting electrons. In that case, the dielectric function is written as

e(w)=¢erp(w —w22w2+27w_wf (5.8)

where w,, is the plasma frequency and e;p(w) is a term to treat contributions from interband transitions. As
mentioned in the main text, for our case, this can be treated as a constant.

A quantum model of a ZnO nano-crystal is required to specify parameters in the equation above. TEM
images show that the quantum dots are quasi-spherical, motivating the choice to model the conduction
electrons as an ideal Fermi gas in an infinite, spherical potential well of radius R. In that case, single electron

wave functions are well known to be

Unim(x) = ji(6r) Yo (F), 17 <R. (5.9)

Here j; is the Ith spherical Bessel function, x is the wave number (k = z,,;/R, where z,; is the nth root
of the Ith Bessel function), and Y}, is a spherical harmonic. Moreover, the set (n,l,m) is a given state’s
principle, angular, and projection quantum numbers.

For the semi-conductor case, the number of electrons in the conduction band is, compared to a conductor,
relatively small, and this limits the angular quantum number, [, accordingly. In this case, using the Lorch
lower bound [241] for x,;, one can show that xr > [ and, therefore, the wave functions can be treated
asymptotically:

2 sin (m" -z

50 o
7 - Vi (7). (5.10)

Meanwhile, eigenvalues of the spherical potential well specify single particle energies. Thus, the discretized

~
wn,l,m ~

set of transition frequencies, w;y, is

Ef 7E7; -~ ﬁﬂ'z [
ho 8m.R2?

wif = (2ng + 15 +2)° — (2n; + 1; +2)°], (5.11)

where the approximate form comes from the asymptotic wave function above. Finally, the interaction
strengths, S;r, are computed in accordance with the well-known Thomas-Reiche-Kuhn sum rules. The
expression used for the harmonic oscillator is

2mew; 2mewiy

Sis = e

|(F1z18)1%, (5.12)
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where the matrix element above is simply the integral

(12l = [ wjrosovsda (5.13)

Thus, contributions to the sum in Eq.. 5.8 can, using the quantum mechanically derived equations above,
be computed as needed. The quantum numbers which contribute most to the physics are dependent on the
Fermi level, np. Computation of the Fermi level is described in the main text and amounts to finding the
roots of a cubic polynomial. Meanwhile, specification of the Fermi level dependent ranges for ¢ and f can be

found in the literature, see Refs. [57] and [59]. For completeness, the ranges we used are

Al=-1,1 (5.14)
1 - Al < An<np

1—-Al
0<n; <np— 5

1—-Al
2

2(’1’LF—7’L7;—A77/+ >§l§2(np—nz)

where Al =y — [; and An =njy —n;.



Chapter 6

Concluding Remarks

In this thesis, we have developed a Hamiltonian formalism describing the optical properties of plasmonic
systems. We used our approach to reconcile a longstanding discrepancy between experiments in plasmonics
and cluster science, to develop and elucidate a novel microresonator based absorption spectroscopy, to
predict observable quantum interference between properly excited radiative modes of LSP aggregates, and to
demonstrate that observed features in photo-doped, semiconductor nanocrystal spectra are due to collective
electron motion. In doing all this, we have shown that our approach can incorporate MNP geometry, local

environment, and quantum effects due to MNP electronic structure and plasmon-photon interaction.

In chapter 2, we modeled a silver sphere and calculated the optical properties as a function of size, down
to particles composed of 5 silver atoms, a region where quantum effects strongly perturb the system. We
further showed that our approach can be used to analytically calculate the effects of substrates and other
optical emitters on LSP dynamics and decay to individual electronic excitations. Our comparisons to two
different data sets, EELS on a carbon substrate [57] and photofragmentation spectroscopy in free space [94],
demonstrated that the model is quantitatively accurate, allowing us to predict that the out-of-phase mode of
hybrid LSP-emitter systems decays to individual electronic excitations more efficiently than the in-phase

mode.

We generalized the model to handle more complex geometries in chapter 3, where we discussed the
interaction between a toroidal microresonator and a gold nanorod’s dipole LSP. Restricting ourselves to
electromagnetic field contributions to the Hamiltonian, we showed that the system supports Fano interferences,
and we compared the model to the spectra measured by our collaborator’s WGM-based single particle
absorption spectrometer. This generalization of the model showed that the Hamiltonian can be used to
interface numerical simulations of the WGMs on the micron-scale with those of the LSPs on the nanoscale,
and that it can be used to statistically infer near-field properties, such as interaction energy, from measured

spectra.

In chapter 4, we showed that LSP-photon interaction can be incorporated into the Hamiltonian and used
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to model the quantum optical properties of LSP aggregates. We focused on a silver-gold nanosphere dimer
system, and compared its radiation to that from a V-type atom. We found that while both systems are
capable of supporting quantum beats, radiative interferences between bright modes at different frequencies,
LSP aggregates tend to radiate in photon bunches while atomic systems’ radiation is known to be anti-bunched.
We used our theory to explain that this measurable difference in photon statistics is to due to the bosonic
nature of LSPs and the fermionic nature of electron transitions in atoms.

Finally, in chapter 5, we discussed generalizations of our model to nonmetallic systems. More specifically,
we used a simplified, phenomenological model to demonstrate that photo-doped ZnO quantum dots support
infrared plasmons, which were observed in spectroscopic measurements made by our collaborators and shown
to blue-shift in the quantum size regime. These ZnO quantum dots are of a similar size as the silver spheres
in chapter 2, and we discussed the applicability of our more rigorous model to this new plasmonic material.

In general, the formalism presented is a platform for studying problems in plasmonics and nanophotonics
and is capable of being used as an analytic approach and as an interface between numerical methods operating
at different length-scales. There are still, unsurprisingly, many open questions in plasmonics, and we hope that
the formalism developed in this thesis will continue to be used to unravel optical phenomena at the nanoscale.
In the short term, application of the approach to low electron density, semiconductor nanocrystals will explore
the limits of the random phase approximation, an important open topic. Other generalizations include the
coupling of plasmonic systems to nonlinear materials and the exploration of the quantum optical properties
of WGM-LSP aggregates. In the long term however, optics continues to push to the never-before-seen, and

we hope the approach in this thesis will be applied to problems we know nothing about.
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