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This thesis is motivated from an animal trial for a wearable external cardiac defibrillator. Each 

pig in the trial will be treated with two devices (test vs. control) after induced to experience 

ventricular fibrillation multiple times. A set of different defibrillation waveforms will be tested 

and are randomized in blocks. The efficacy of two waveforms, defined as the probability of 

shock success, will be compared in absolute difference. We propose a statistical method, 

applying t-test on a discrete variable transformed from the original binary outcome, to study the 

(average) risk difference in trials with a similar three-level paired design, which can properly 

adjust for the random effects for pig (subject) and block, as well as for the random slope of 

treatment for pig, which is also known as the “Subject – Varying Treatment Effect”. We develop 

two naive data generating procedures for the simulation study, and test the performance of both 

procedures. The results of a pilot study are used to inform design parameters used to simulate 

data. The performance of our proposed method is evaluated through a set of simulation studies.
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Chapter 1. INTRODUCTION 

1.1 MOTIVATION FROM AN ANIMAL TRIAL 

This master’s thesis was motivated from an animal trial I have been working on with my thesis 

advisor Dr. Andrew Zhou. In this research, our primary goal is to help Kestra Medical 

Technologies (Kirkland, WA) calculate the sample size of pigs required to demonstrate non-

inferiority of the efficacy of their newly designed external cardiac defibrillation waveform, 

compared to the waveform produced by an external cardiac defibrillator that is currently 

approved for patient used in the United States. Results from a pilot study will be used to inform 

design parameters used to simulate data and to compute power for candidate analysis strategies. 

In the proposed animal study, different defibrillator waveforms will be used, which are 

defined by their device type and by the different simulated transthoracic impedance (TTI) values. 

Different TTI values are achieved by adding resistors in series with the defibrillator and the pig. 

In our study, the TTI values may not be associated with efficacy because the therapy is 

attenuated differently for waveforms at each TTI. Thus, we will do separate analysis for each 

TTI value. In each study episode, a pig will be first induced to experience ventricular fibrillation 

(VF), and then a randomly selected defibrillation waveform will be delivered. If the shock is 

unsuccessful, up to three rescue shocks will be delivered by a LIFEPAK (LP12) as soon as 

possible. The protocol ends for that animal if the rescue shocks are unsuccessful. Defibrillation 

waveforms used for each episode are block randomized, i.e., each block contains all different 

episodes in randomized order. Because of confidentiality, an overview of the study protocol for 

each animal is not shown. 
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In general, this prospective block randomized study will test the efficacy of all different 

defibrillation waveforms used to treat episodes of electrically-induced VF in a closed-chest 

porcine model of short duration cardiac arrest. The efficacy of each defibrillation waveform, 

which is defined as the probability of 1st shock defibrillation success, will be compared between 

the test and the control waveforms at each TTI value. Non-inferiority can be demonstrated if the 

difference in efficacy between two devices (test - control) at all different TTI values is greater 

than -10%, the absolute risk difference according to ANSI/AAMI Standard (ANSI/AAMI 

Standard DF80:2003. Medical electrical equipment – Part 2-4). 

There are two major challenges to statistically analysis of data from this study. First, the 

direct measurement of the study has a binary outcome, shock success or failure, but as we are 

interested in studying the difference in probabilities (also known as “risk difference”) instead of 

an odd ratio, we prefer using a linear model compared to a logit model. Second, the study design 

is a three-level paired design, where the study episode, block and subject (pig) are corresponding 

level 1 to level 3 structure, respectively. Thus, we need to properly adjust for or eliminate both 

within block correlation and within subject correlation. 

1.2 THE ANALYSIS OF BINARY OUTCOMES 

When the clinical outcome of interests is a binary variable such as “success” or “failure”, the 

most common statistical method used to evaluate the relationship between predictors and the 

outcome would be logistic regression (Cox, 1958). In logistic regression, we model the odds of 

the response variable as a log-linear function of candidate predictor variables. Logistic regression 

can also be viewed as a special case of generalized linear regression with a logit link function. 

The followings are advantages of using logistic regression over linear models for binary 

outcomes. First, the logit function is always bounded between 0 and 1; Second, when the 
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outcome is rare, the odds ratio is a good approximation of risk ratio (Greenland & Thomas, 

1982); Third, the S‐shaped relationship between the probability of getting a disease given 

predictors, P(D|X), and predictors, X, specified by logistic regression is what one might expect 

for probabilities. However, when the outcome is not rare, odds ratios and risk ratios may not be 

close. The understanding of odds ratios is often difficult for non-statisticians, and most of the 

time, they interpret an odds ratio as a risk ratio, which will lead to misleading a conclusion. 

Nevertheless, there are a variety of alternative methods to analyze a binary outcome.  

Relative risk regression (Zhang J, 1998), also called log-binomial regression, is used to 

estimate a relative risk (risk ratio) instead of an odds ratio. As a result, the interpretation of 

relative risk regression is generally more straight forward. Unlike logistic regression, the 

relationship between P(D|X) and X is exponential in relative risk regression, which means that 

we could get P(D|X) > 1. Thus, computational challenges might exist because of the constraint 

that probabilities must be bounded between 0 and 1. Algorithms for finding maximum likelihood 

estimates might fail to converge.  The other popular alternative is Poisson regression, which is a 

general regression method when the outcome is count data. However, we can also use Poisson 

regression for a binary response, where the outcome is either 0 or 1. The Poisson regression and 

the relative risk regression are very similar in that they are both generalized linear regression 

with a log link function, and for each combination of independent variables, the distribution of 

the dependent variable is assumed to be binomial distribution. However, the difference is that 

Poisson model treats this distribution as Poisson distribution while the relative risk regression 

correctly treats it as binomial distribution. Researchers have shown that for very high prevalence 

and with moderate sample size, the Poisson regression gives less biased estimates of risk ratio 

than the relative risk regression. However, when there are moderate prevalence and moderate 
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sample size, the relative risk regression yields less biased estimates than the Poisson regression. 

In addition, the relative risk regression generally has slightly higher power and smaller standard 

error than the Poisson regression (Petersen & Deddens, 2008). 

Linear regression is commonly used to evaluate the relationship between predictors and a 

continuous outcome. However, when the outcome is binary, linear regression could still be used 

if the researchers are interested in a risk difference and the sample size is sufficiently large 

(Lumley, Diehr, Emerson, & Chen, 2002). The greatest advantage of linear regression is its 

interpretability. In a linear model with a binary outcome, the coefficient of a predictor simply 

represents the corresponding risk difference. When there is only one predictor in the linear 

regression and it is a binary variable, then it is the same as a t-test. Equivalently, a t-test could 

also be used in the case of binary outcome if the sample size is not small. 

Furthermore, in some situations a research may be instead interested in classification 

approaches, and in this case there are a lot of potential discriminant analysis methods such as 

linear discriminant analysis (LDA) could be used (Fisher, 1936). In this manuscript, the 

motivating example is not focused on classification performance but rather statistical inference 

comparing two experimental conditions and therefore regression methods are most appropriate 

for generating confirmatory inference. 

All of the methods mentioned above are potential valid strategies when dealing with 

binary outcomes. The choice of which one to use in practice should always depend on the 

scientific questions.  
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1.3 PROPOSED STATISTICAL MODEL AND TEST 

1.3.1 The Use of a Linear Model 

For each TTI value, we can assume the following linear model with non-parametric error 

distribution, where 𝑌 is the direct measurement of success (represented by 1) or failure 

(represented by 0) of a specific shock: 

𝑌𝑖𝑗𝑘 = (α + β𝑋𝑖𝑗𝑘) + 𝑏𝑖𝑋𝑖𝑗𝑘 + (𝑒𝑖  + 𝑒𝑖𝑗  + 𝑒𝑖𝑗𝑘)                                                   - Model (1) 

where, 

i: Subject (pig) number: from 1 to 𝑛𝐼 

j: Block number: from 1 to 𝑛𝐽 

k: 1 for test device; 0 for control device 

𝑋𝑖𝑗𝑘: treatment device, where 𝑋𝑖𝑗1 = 1 for new device; 𝑋𝑖𝑗0 = 0 for control device 

α – baseline successful rate for control device 

β – average effect size (risk difference), parameter of interest 

𝑏𝑖 ~ (0, σ𝑏
2) – random slope of treatment for subject 

𝑒𝑖  ~ (0, σ1
2) – random intercept for subject 

𝑒𝑖𝑗 ~ (0, σ2
2) – random intercept for block 

𝑒𝑖𝑗𝑘 ~ (0, σ3
2) – residual error 

Here 𝑒𝑖 and 𝑒𝑖𝑗  are used to specify the within-cluster correlation for subject and block 

effects, respectively. Here, 𝑏𝑖 is used to indicate the Subject (pig) – Varying Treatment Effect 

(SVTE), which means that we allow the difference in efficacy between two devices to vary across 

different subjects. If the SVTE is not included the model, we would make an assumption that 

such a difference in efficacy stays constant across different subjects, which may not be accurate 
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in practice. The effect size β is the parameter of interest, and our goal is to estimate β. Note that β 

here is the average effect size since it varies across different subjects. 

Here, we do not assume any distribution for 𝑏𝑖, 𝑒𝑖, 𝑒𝑖𝑗, and 𝑒𝑖𝑗𝑘, and we only assume that 

those variables are all independent, each with mean 0 and finite variance. 

1.3.2 An Unbiased Estimator for the Average Effect Size β 

Although we include three random effects in Model (1), due to the paired design of the study we 

could easily eliminate the two random intercepts, 𝑒𝑖 and 𝑒𝑖𝑗, by using the derived variable that 

compares the outcomes across the two treatment conditions: 𝑌𝑖𝑗1 - 𝑌𝑖𝑗0. 

Let 𝑉𝑖𝑗 = 𝑌𝑖𝑗1 - 𝑌𝑖𝑗0, then 

 𝑉𝑖𝑗 = (α + β) + 𝑏𝑖 + (𝑒𝑖  + 𝑒𝑖𝑗  + 𝑒𝑖𝑗1) - (α + 𝑒𝑖  + 𝑒𝑖𝑗  + 𝑒𝑖𝑗0) 

      = β +  𝑏𝑖 + 𝑒∗, where 𝑒∗ = 𝑒𝑖𝑗1 - 𝑒𝑖𝑗0 

 Here, the resulting 𝑉𝑖𝑗’s (n = 𝑛𝐼 ∗ 𝑛𝐽 observations) are not independent due to 𝑏𝑖. If SVTE 

does not need to be included in the model, i.e.,  𝑏𝑖 is not in the model, we can easily come up 

with a method using 𝑉𝑖𝑗
̅̅ ̅ =  

1

𝑛𝐼∗𝑛𝐽
∑ 𝑉𝑖𝑗𝑖𝑗  as an unbiased estimator for β. However, in our case we 

want to find a method that is relative robust to different circumstances, so we need to 

appropriately adjust for the effect of 𝑏𝑖 by looking for another estimator. A direct method would 

be to further transform the direct outcome 𝑌𝑖𝑗𝑘 by averaging them across all the different blocks 

for each device. By doing so, we would have a smaller sample size (n = 𝑛𝐼 observations after 

transformation) compared to using 𝑉𝑖𝑗’s directly, but we are able to adjust for the effect of 𝑏𝑖. 

Let 𝑊𝑖 = 𝑌𝑖.1 - 𝑌𝑖.0 = 
1

𝑛𝐽
∑ 𝑌𝑖𝑗1𝑗 – 

1

𝑛𝐽
∑ 𝑌𝑖𝑗0𝑗 . Then, 

𝑊𝒊 = 
1

𝑛𝐽
∑ ((𝛼 +  𝛽)  +  𝑏𝑖 +  (𝑒𝑖  +  𝑒𝑖𝑗  +  𝑒𝑖𝑗1)  −  (𝛼 +  (𝑒𝑖  + 𝑒𝑖𝑗  +  𝑒𝑖𝑗0)) 𝑗  
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           = β + 𝑏𝑖 + 
1

𝑛𝐽
 ∑ (𝑒𝑖𝑗1 −  𝑒𝑖𝑗0) 𝑗             

                 = β + 𝑒𝑖
∗, where 𝑒𝑖

∗ ~ (0, 𝜎∗
2)                                                                          - Model (2) 

and σ∗
2 = {

2

𝑛𝐽
σ3

2  +  σ𝑏
2 ,                𝑎𝑠𝑠𝑢𝑚𝑖𝑛𝑔 𝑐𝑜𝑚𝑚𝑎𝑛 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑓𝑜𝑟 𝑒𝑖𝑗1and 𝑒𝑖𝑗0 

1

𝑛𝐽
(σ𝑖𝑗1

2 + σ𝑖𝑗0
2 ) + σ𝑏

2 , 𝑎𝑠𝑠𝑢𝑚𝑖𝑛𝑔 𝑢𝑛𝑒𝑞𝑢𝑎𝑙 𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒𝑠 𝑓𝑜𝑟 𝑒𝑖𝑗1and 𝑒𝑖𝑗0 
 

Thus, we have E[𝑊𝑖] = β, and Var(𝑊𝑖) = σ∗
2. 

As a result, 𝑊𝑖
̅̅ ̅  = 

1

𝑛𝐼
∑ 𝑊𝑖𝑖  is an unbiased estimator for β. Furthermore, 𝑊𝑖 ’s are 

independent, and can be easily computed from the direct outcome 𝑌𝑖𝑗𝑘. 

1.3.3 The Use of a t-test 

By the Central Limit Theorem, we have  

√𝑛𝐼 (𝑊𝑖
̅̅ ̅ – β) 

𝑑
→ N (0, σ∗

2). 

Thus, we have 𝑇𝑖 = 
𝑊𝑖̅̅̅̅ −𝛽 

𝑠 / √𝑛𝐼
 ~ 𝑡(𝑛𝐼−1), where 𝑠2 is the sample variance of 𝑊𝑖, and we can 

then apply a t-test on  𝑊𝑖’s for hypothesis testing (non-inferiority) as follows: 

For each of three different TTI values, 

{
𝐻0:  𝛽 ≤  NI margin
𝐻1:  𝛽 >  NI margin

  

We reject the null hypothesis if the one-sided test is significant at α = 0.025 level, i.e., we 

reject 𝐻0 when 𝑡𝑜𝑏𝑠= 
𝑊𝑖̅̅̅̅ −𝑁𝐼 𝑚𝑎𝑟𝑔𝑖𝑛 

𝑠 / √𝑛𝐼
 > 𝑡0.025,(𝑛𝐼−1). 

Here, 𝑊𝑖  is not continuous However, by definition, 𝑊𝑖 ∈  {-1, -1+
1

 𝑛𝐽
, -1+ 

2

 𝑛𝐽
, … , 1}, 

which still provides a relatively large pool of values. For example, when the number of block in 

the study (𝑛𝐽) is 8, 𝑊𝑖 ∈ {-1, - 
7

8
, - 

6

8
, … ,

6

8
,

7

8
, 1}), and has 17 different values. 
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As a result, applying a t-test on 𝑊𝑖’s should be valid for hypothesis testing when sample 

size is large. We will evaluate the performance of t-test in a simulation study when the sample 

size is not too large in Chapter 3.  

1.4 PILOT STUDY 

A pilot study was conducted and the data was collected in order to inform subsequent studies. In 

the pilot study, 10 pigs were used (𝑛𝐼 = 10), and the number of block was set at 8 (𝑛𝐽 = 8). The 

three TTI values used were 25, 50, and 100 Ω. These TTI values were not exactly the same as 

those to be used in the future design, in which only 50 Ω will be used again. Thus, the data from 

shocks with TTI = 50 Ω in the pilot study will be used to provide point estimates that can be used 

in the simulation studies.  

 Based on Model (2), we can directly calculate 𝑊𝑖
̅̅ ̅ and 𝑠2, the sample variance of 𝑊𝑖, from 

the pilot data. As a result, 𝑊𝑖
̅̅ ̅ = 0.10, and s = 0.23. In addition, we can estimate all the parameters 

in Model (1) using a linear mixed model to account for multilevel structure. Although the 

standard error for 𝛽̂ may not be valid due to heteroscedasticity, the point estimates for α and β 

using the best linear unbiased estimator (BLUE), as well as the random effects using the best 

linear unbiased predictor (BLUP) should still be unbiased and thus valid. As a result, 𝛼̂ = 0.36, 𝛽̂ 

= 0.11, σ𝑏
2̂  = 0.01, σ1

2̂ = 0.05,  σ2
2̂ < 0.001, σ3

2̂ = 0.18. 

As mentioned above, the TTI values may not be associated with waveform efficacy. 

From the results of the pilot study, we observed that 𝛽̂ = 0.05 for TTI = 25 Ω, and 𝛽̂ = 0.16 for 

TTI = 100 Ω. Thus, the investigators thought that the larger TTI value could be associated with a 

larger difference in efficacy between the two devices (the test device with a greater efficacy) 

because the difference in waveform morphology increases at higher impedance values. Although 
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it is not of our primary interest to study such an association, what is interesting to us is it is 

highly likely that the sample size required to demonstrate non-inferiority for TTI = 50 Ω 

waveforms would be large enough for comparison of the waveforms at the other higher 

impedances in the future design. 

 

Chapter 2. DATA GENERATING PROCEDURE 

Although applying a t-test on 𝑊𝑖’s was shown to be a valid method in Section 1.3.3 for a large 

sample size, the actual test performance still needed to be evaluated in a finite sample size using 

Monte-Carlo simulation. The challenge of simulation in this case is how to simulate data with a 

three-level correlated structure and a binary outcome like the one used in this study. In this 

chapter, we proposed two data generating procedures: 1) generating the direct binary outcome 

𝑌𝑖𝑗𝑘 based on Model (1) as shown in Section 2.1; 2) generating 𝑊𝑖, the transformation of 𝑌𝑖𝑗𝑘, 

based on Model (2) as shown in Section 2.2.  

Generating 𝑌𝑖𝑗𝑘 is ideal, as it keeps the original three-level data structure, but we need to 

control many nuisance parameters, such as the variances of different random effects. On the 

other hand, generating 𝑊𝑖  is less complicated because we need to control only one nuisance 

parameter, the residual variance σ∗
2, but we can no longer keep the original data structure. As a 

result, we did two separate simulation studies to evaluate the test performance in Chapter 3, each 

using a different data generating procedure. Generating 𝑌𝑖𝑗𝑘  is used for our primary analysis, 

whereas generating 𝑊𝑖 is our secondary method used for sensitivity analysis.  

Each of the two data generating procedures we proposed is naïve, thus there could be 

potential bias between the estimate of a parameter and its given value used to generate data. For 
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example, if we simulate a set of 𝑊𝑖′𝑠 with given mean β, the sample mean of a simulated dataset 

could be consistently larger or smaller than β. As a result, in this chapter we evaluated the 

performance and potential limitations of each data generating procedure in advance to the 

simulation study assessing the test performance.  

In general, we first simulated 10,000 datasets for each parameter setting, and then we 

decided if the data generating procedure was adequate for that parameter setting by comparing 

the mean estimates of each parameter with its corresponding given value. By doing so, we could 

find the range of the parameter of interests when the data generating procedure had relative good 

performance (with no or extremely small bias of the estimated value from its given value), which 

could be used to further guide our simulation study evaluating the test performance. 

In addition, we set the number of block 𝑛𝐽 at 8, the same as used in the pilot study. The 

range of parameters being tested were also based on the pilot study, which is common in real life 

studies.  

2.1 SIMULATE DATA ON 𝑌𝑖𝑗𝑘 

2.1.1 Data Generating Procedure 

The proposed data generating procedure is a modified version of the procedure used in Deke’s 

Brief. In their article, the procedure is used to generate a binary outcome for two treatment 

groups, which has a baseline risk p and an effect size impact. They first generate a continuous 

latent variable 𝑦𝑖
𝑙𝑎𝑡𝑒𝑛𝑡 , and then dichotomize it into a binary variable 𝑧𝑖  using the cutoff at 

𝐹
𝑦𝑖

𝑙𝑎𝑡𝑒𝑛𝑡
−1  (p). For the control group, the final binary outcome is just 𝑧𝑖. For the treatment group, an 

adjustment is further applied to introduce the effect size (Deke, 2014). The detailed data 

generating procedure is shown in Appendix A1. 
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Our modifications include: 1) random intercepts for subject and block are introduced in 

addition to residual error to generate the continuous latent variable 𝑦𝑖
𝑙𝑎𝑡𝑒𝑛𝑡; 2) to introduce the 

random slope the average effect size is generated from a Normal distribution instead of being a 

fixed number. Although we didn’t assume a certain distribution for random effects 𝑏𝑖, 𝑒𝑖, 𝑒𝑖𝑗 and 

residual error 𝑒𝑖𝑗𝑘, for simplicity we generated those effects based on a Normal distribution. 

2.1.2 Assessing the Performance of the Data Generating Procedure 

The performance of this data generating procedure was evaluated by fitting a linear mixed 

model. Although the standard errors for the estimators obtained from a linear mixed model may 

not be valid due to heteroscedasticity, the unbiased estimates for 𝛼 and 𝛽, as well as the variance 

for random effects are valid. 

Based on the results of the pilot study, the variance of random intercept for a block effect 

was extremely small (<1e-5), thus σ2  was set at 1e-5. Due to the binary transformation, the 

estimates of those variance (or standard deviation) parameters, including σ1, σ2, and σ3, could 

have potential bias from their given values. One approach to handle this issue is to set σ1 as a 

tuning parameter (σ1̆, range from 0 to 1), and let σ3 = √1 − σ1
2 − σ2

2, where σ2 = 1e-5. Through 

a simulation study, we obtained a general association between the tuning parameter σ1̆ and the 

mean estimates of those variance parameters.  

We specified a set of parameters for the simulation study, including α, β, σ𝑏
2 , σ1

2, σ2
2 and 

σ3
2. Based on the results of the pilot study,  

1) α was set at 0.1, 0.3, 0.35 and 0.5;  

2) β was set at 0, 0.05 and 0.1; 

3) σ𝑏 was set at 0, 0.1 and 0.2; 
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4) 𝑛𝐼 was set at 10, 30 and 50;   

5) σ1̆, was set at 0.1, 0.3, 0.5, 0.7 and 0.9.  

2.1.3 The Performance of the Data Generating Procedure 

From the simulation results, we observed the followings:  

i. In general, the tuning parameter σ1̆  worked very well. Increasing σ1̆  led to an 

increased mean σ1̂ and a decreased mean σ3̂, indicating a simultaneous increase in 

random effects on pig and a decrease of residual error variation. The mean σ2̂ was 

increased as well, although it was set fixed. However, it was still well controlled at 

less than 0.03 under all the circumstances in the simulation study and could indicate 

a low block effect. 

ii. When 𝛼  was set to lower than 0.3, for example when 𝛼  = 0.1 was set in the 

simulation study, the performance of this data generating procedure was relatively 

bad due to the inflation of mean 𝛽̂, and it is summarized in Table 2.1. For instances,  

(a) When σ𝑏 was set at 0.2 (indicating a strong SVTE), and 𝛽 set at 0 (indicating no 

treatment effect), the mean 𝛽̂ was greater than 0.05. 

(b) When σ𝑏 was set at 0.2, and 𝛽 set at 0.1, the mean 𝛽̂ was greater than 0.12. 

Based on the simulation results, when 𝛼  was set to greater than 0.3, the absolute 

difference between the mean 𝛽̂ and 𝛽 was lowered to around 0.01, which could guarantee the 

results of the following simulation study evaluating the test performance is relatively reliable 

with a small sample size. However, if the sample size is large, we would expect a “falsely 

inflated type I error rate”, because the true 𝛽 in this case is not 0 even when we set it to be 0 in 

the data generating procedure. When 𝛼 was 0.5, the absolute difference between the mean 𝛽̂ and 
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𝛽 was further reduced to 0.001 or less so that we should expect our type I error rate roughly at 

constant. 

 

Table 2.1 Sample results showing limitations of data generating procedure (𝑌𝑖𝑗𝑘) 

 

   σ𝑏 = 0.2 Given α= 0.1, β = 0 Given α= 0.35, β = 0 Given α= 0.5, β = 0 

 

tuning 

parameter 

(σ1̆) Mean α̂ Mean β̂ Mean α̂ Mean β̂ Mean α̂ Mean β̂ 

𝑛𝐼 = 10 0.1 0.1 0.057 0.35 0.012 0.499 0.003 

 
0.3 0.101 0.055 0.351 0.013 0.5 -0.002 

 
0.5 0.1 0.055 0.349 0.01 0.501 0.001 

 
0.7 0.1 0.057 0.35 0.014 0.5 0 

  0.9 0.101 0.056 0.35 0.009 0.5 -0.001 

𝑛𝐼= 30 0.1 0.1 0.054 0.35 0.012 0.5 0 

 
0.3 0.099 0.056 0.35 0.01 0.499 0.002 

 
0.5 0.101 0.054 0.35 0.011 0.5 -0.001 

 
0.7 0.1 0.055 0.351 0.008 0.499 0.004 

  0.9 0.1 0.058 0.35 0.008 0.5 0 

𝑛𝐼 = 50 0.1 0.1 0.056 0.351 0.009 0.499 0.001 

 
0.3 0.1 0.055 0.349 0.014 0.5 -0.001 

 
0.5 0.1 0.054 0.35 0.011 0.5 0.001 

 
0.7 0.101 0.055 0.351 0.007 0.499 0.001 

  0.9 0.1 0.056 0.35 0.009 0.5 -0.001 

𝑛𝐼 = 100 0.1 0.1 0.055 0.35 0.011 0.5 0.002 

 
0.3 0.1 0.055 0.35 0.012 0.5 0.001 

 
0.5 0.1 0.054 0.35 0.011 0.5 0.001 

 
0.7 0.1 0.056 0.35 0.011 0.5 0 

 
0.9 0.1 0.055 0.35 0.011 0.5 0 

 

2.2 SIMULATE DATA ON 𝑊𝒊 

2.2.1 Data Generating Procedure 

By definition, 𝑊𝒊  is a discrete random variable with the support {-1, - 
7

8
, - 

6

8
, … ,

6

8
,

7

8
, 1 }. 

Although we do not assume a certain distribution for 𝑊𝒊, we could first generate a continuous 
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variable from a common distribution, and then choose a set of cut points to categorize the latent 

continuous variable into a discrete random variable. 

Let 𝑤𝟏, 𝑤𝟐, … , 𝑤𝟏𝟕 be -1, - 
7

8
, … , 1, respectively.  

1) Determine the 16 cut points, denoted by 𝑐𝐢’s, where i = 1, 2, …, 16. For a given 

common distribution D (for example, Normal distribution) with mean 0 and variance 𝜎∗
2, we 

determine the 𝑐𝐢′𝑠 by solving ΦD(𝑤𝐣+𝟏) – ΦD(𝑐𝐢) = ΦD(𝑐𝐢) - ΦD(𝑤𝐣) for each pair of i and j, 

where ΦD is the cumulative distribution function of D, and 𝑐𝐢 is the cut point between 𝑤𝐣 and 

𝑤𝐣+𝟏. By doing so, if we generate a random variable d’s ~ D (0, 𝜎∗
2), we would have P(d = 𝑤𝐣) = 

P(d = 𝑤𝐣+𝟏) for d ∈ (𝑤𝐣, 𝑤𝐣+𝟏). 

2) Generate a latent continuous variable Y of size 𝑛𝐼  from distribution D’, a shifted 

distribution of D with mean β, i.e., Y ~ D (β, 𝜎∗
2).  

3) Categorize Y into W using the set of cut points 𝑐𝐢′𝑠 determined in step 1). The resulting 

𝑊𝒊’s should approximately have mean β and variance 𝜎∗
2

. 

2.2.2 Assessing the Performance of the Data Generating Procedure 

Four common distributions were selected as the distribution D’s as described in Section 2.2.1, 

including Normal distribution, Laplace distribution and two t-distributions each with degree of 

freedom of 5 and 20. 

Since the cut points were selected based on a centered distribution D (mean at 0), it is 

expected that there could be some bias when β is not 0. Also, the categorizing step, step 3) in 

Section 2.2.1, may not preserve the value of 𝜎∗
2. 

In the pilot study, the estimated 𝛽̂ and 𝜎∗̂ were 0.1 and 0.23, respectively. Thus, β = 0, 0.1 

and 0.2, and 𝜎∗ = 0.15, 0.2 and 0.3 were used as different parameter settings in the simulation 
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study to test the performance of this data generation procedure. Under each circumstance, 10,000 

datasets were simulated, and the mean estimates of β and 𝜎∗
2  were computed. 

2.2.3 The Performance of the Data Generating Procedure 

The results are summarized in Table 2.2. It was observed that under all four distributions the 

mean 𝛽̂ was generally inflated compared to the given β when β is set not equal to 0, and such a 

bias got larger when the given β is larger. This observed bias is expected as we mentioned above. 

However, such a bias would be reduced with larger 𝜎∗. For example, when β was set at 

0.2 and 𝜎∗  set larger than 0.2, the absolute difference between the mean 𝛽̂  and β would be 

controlled to less than 0.01. In addition, the mean 𝜎∗̂ is close to the corresponding given 𝜎∗, 

although it is not of primary interest. As a result, although our data generating procedure had 

some limitations, it should work well when we set β to smaller than 0.2 and 𝜎∗ greater than 0.2, 

which covers the estimated parameters from the pilot study as well as many cases in real life.  

 

Table 2.2 Performance of data generating procedure (𝑊𝑖) comparing the mean estimates of β 

and 𝜎∗ with their corresponding given values under different circumstances 

 

(1) Based on Normal distribution 

    

Given 𝜎∗ 
   

 

Given 
β 0.15 

 
0.2 

 
0.3 

 

  

Mean 𝛽̂ Mean 𝜎∗̂  Mean 𝛽̂ Mean 𝜎∗̂  Mean 𝛽̂ Mean 𝜎∗̂  

 
0 -0.0003 0.1623 -0.0007 0.2074 -0.0007 0.3006 

𝑛𝐼 = 10 0.1 0.1079 0.1621 0.1042 0.2071 0.1012 0.3005 

 
0.2 0.2155 0.1611 0.209 0.2066 0.2031 0.2998 

 
0 -0.0002 0.1651 -0.0003 0.2109 -0.0003 0.3057 

𝑛𝐼 = 25 0.1 0.1081 0.1648 0.1045 0.2107 0.1017 0.3056 

 
0.2 0.2158 0.1638 0.2093 0.2103 0.2035 0.3048 
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0 0.0001 0.1659 0 0.2121 0.0001 0.3075 

𝑛𝐼 = 50 0.1 0.1083 0.1656 0.1048 0.2119 0.1021 0.3073 

 
0.2 0.2161 0.1646 0.2096 0.2115 0.204 0.3065 

 
0 0 0.1663 -0.0001 0.2124 -0.0001 0.308 

𝑛𝐼 = 100 0.1 0.1083 0.1659 0.1047 0.2123 0.102 0.3078 

 
0.2 0.216 0.1649 0.2094 0.212 0.2038 0.307 

 

(2) Based on Laplace distribution 

    

Given 𝜎∗ 
   

 

Given 
β 0.15 

 
0.2 

 
0.3 

 

  

Mean 𝛽̂ Mean 𝜎∗̂  Mean 𝛽̂ Mean 𝜎∗̂  Mean 𝛽̂ Mean 𝜎∗̂  

 
0 0.0001 0.1591 -0.0002 0.2022 0 0.2879 

𝑛𝐼 = 10 0.1 0.1111 0.1547 0.1073 0.1999 0.1028 0.2867 

 
0.2 0.2158 0.1506 0.211 0.1968 0.204 0.284 

 
0 0.0004 0.1635 0.0004 0.2078 0.0007 0.2955 

𝑛𝐼 = 25 0.1 0.1115 0.1592 0.1079 0.2059 0.1035 0.2942 

 
0.2 0.2162 0.1553 0.2114 0.2028 0.2047 0.2916 

 
0 -0.0002 0.1651 -0.0002 0.2099 -0.0003 0.2983 

𝑛𝐼 = 50 0.1 0.1111 0.161 0.1072 0.208 0.1025 0.297 

 
0.2 0.2157 0.1572 0.2108 0.205 0.2037 0.2942 

 
0 -0.0001 0.166 -0.0001 0.2112 0 0.2998 

𝑛𝐼 = 100 0.1 0.1112 0.162 0.1072 0.2093 0.1028 0.2987 

 
0.2 0.2158 0.1583 0.2109 0.2063 0.204 0.296 

 

(3) Based on t-distribution with df = 5 

    

Given 𝜎∗ 
   

 

Given 
β 0.15 

 
0.2 

 
0.3 

 

  

Mean 𝛽̂ Mean 𝜎∗̂  Mean 𝛽̂ Mean 𝜎∗̂  Mean 𝛽̂ Mean 𝜎∗̂  

 
0 0 0.1581 -0.0001 0.2003 -0.0002 0.2858 

𝑛𝐼 = 10 0.1 0.1094 0.1561 0.105 0.1993 0.1015 0.2853 

 
0.2 0.2157 0.152 0.209 0.1967 0.203 0.2835 

 
0 0.0001 0.1621 0.0002 0.2053 0.0002 0.2925 

𝑛𝐼 = 25 0.1 0.1096 0.1602 0.1054 0.2043 0.1019 0.2919 

 
0.2 0.216 0.1559 0.2093 0.2018 0.2032 0.29 

 
0 0 0.1637 -0.0002 0.2075 -0.0002 0.2952 
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𝑛𝐼 = 50 0.1 0.1095 0.1619 0.1051 0.2064 0.1015 0.2946 

 
0.2 0.2158 0.1577 0.209 0.2039 0.2028 0.2926 

 
0 0 0.1644 0 0.2084 0 0.2964 

𝑛𝐼 = 100 0.1 0.1096 0.1627 0.1052 0.2074 0.1017 0.2958 

 
0.2 0.2159 0.1585 0.2092 0.2049 0.2031 0.2938 

 

(4) Based on t-distribution with df = 20 

    

Given 𝜎∗ 
   

 

Given 
β 0.15 

 
0.2 

 
0.3 

 

  

Mean 𝛽̂ Mean 𝜎∗̂  Mean 𝛽̂ Mean 𝜎∗̂  Mean 𝛽̂ Mean 𝜎∗̂  

 
0 -0.0002 0.1612 -0.0003 0.2063 0 0.2978 

𝑛𝐼 = 10 0.1 0.1083 0.1605 0.105 0.2061 0.1019 0.2974 

 
0.2 0.2157 0.1589 0.2096 0.2046 0.2036 0.2963 

 
0 0.0001 0.1642 0.0001 0.21 0.0003 0.3032 

𝑛𝐼 = 25 0.1 0.1085 0.1636 0.1052 0.2097 0.1022 0.3028 

 
0.2 0.2159 0.1617 0.2099 0.2085 0.2038 0.3017 

 
0 0 0.1656 0 0.2117 0 0.3056 

𝑛𝐼 = 50 0.1 0.1083 0.1649 0.105 0.2114 0.1019 0.3053 

 
0.2 0.2158 0.163 0.2096 0.2102 0.2035 0.3039 

 
0 -0.0001 0.166 -0.0001 0.2122 -0.0002 0.3064 

𝑛𝐼 = 100 0.1 0.1083 0.1654 0.1049 0.2119 0.1017 0.306 

 
0.2 0.2157 0.1635 0.2094 0.2107 0.2033 0.3047 

 

Chapter 3. SIMULATION STUDY 

After assessing the performance of the two data generating procedures in Chapter 2, we were 

able to apply some formal simulation studies to evaluate the performance of the t-test. As 

mentioned before, we did two separate simulation studies based on different data generating 

procedures. As for our primary analysis, we generated data directly on 𝑌𝑖𝑗𝑘, as shown in Section 

3.1. As for our secondary analysis, we generated data on 𝑊𝑖, the transformation of 𝑌𝑖𝑗𝑘, as shown 

in Section 3.2. 
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In general, we simulated 10,000 datasets for each parameter setting using each data 

generating method. The test performance was evaluated by the corresponding type I error rate 

and power of the test. 

We set the number of blocks 𝑛𝐽 at 8, the same as used in the pilot study. The range of 

parameters being tested were decided based on the results in Chapter 2. 

3.1 SIMULATE DATA ON 𝑌𝒊𝒋𝒌  

3.1.1 Parameter Setting for Simulation Study 

Based on Model (1), six parameters, 𝛼, β, σ𝑏, σ1, σ2, and σ3, were to be set in the simulation 

study. However, as shown in Section 2.1, we could fix σ2 at 1e-5, and use the tuning parameter 

σ1̆ to change the estimates of σ1 and σ3. 

According to the results in Section 2.1.3, the performance of the data generating 

procedure was generally good when 𝛼 was set greater than 0.3. Thus, we set 𝛼 = 0.3, 0.4, and 

0.5, β = 0, 0.05, 0.1 and 0.15, σ1̆ = 0.5, 0.7 and 0.9 in our simulation study. In addition, we set σ𝑏 

= 0 to indicate no or a small SVTE, and 0.2 to indicate a strong SVTE. The sample size 𝑛𝐼 was set 

at 10, 20, 25, 30, 50 and 100. The simulation results are summarized in the following section. 

3.1.2 Simulation Results 

Type I error rate and power were both evaluated for the performance of the t-test. The results are 

shown in Figure 3.1 through Figure 3.9. Among those, Figure 3.1 and Figure 3.2 showed type I 

error rate and power of the test, respectively, when 𝛼 = 0.3 and σ𝑏 = 0 (indicating no or small 

SVTE); Figure 3.3 and Figure 3.4 showed the test performance when 𝛼  = 0.3 and σ𝑏  = 0.2 

(indicating strong SVTE); Figure 3.5 and Figure 3.6 showed the test performance when 𝛼 = 0.4 
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and σ𝑏 = 0; Figure 3.7 and Figure 3.8 showed the test performance when 𝛼 = 0.4 and σ𝑏 = 0.2. 

The results for 𝛼 = 0.5 are shown in Appendix A2. 

Type I error rate was generally constant at 0.05 when there was no or a small SVTE, but 

around 0.04 when there was a strong SVTE. Thus, the test was valid for a finite sample size and 

sometimes could be slightly conservative. However, we could observe a scenario of “falsely 

inflated type I error rate” due to the limitation of data generating procedure as shown in Section 

2.1.3, that under some certain circumstances the true β would slightly vary from 0 when it was 

set to be 0. For instance, such a scenario is shown in Figure 3.3 when 𝛼 = 0.3 and with a strong 

SVTE, as the mean 𝛽̂ of the simulated data was not 0 but in fact greater than 0.01. But, such a 

scenario was not observed under other circumstances when the mean 𝛽̂ of simulated data was 

extremely close to 0 (around 0.001). When there was no or little SVTE in the model, and the 

effect size to be detected was moderate (β = 0.15), the power of the test was relatively large at a 

small sample size (𝑛𝐼 = 20). However, when a stronger SVTE was included in the model, the 

power was reduced. In addition, compared to the effects of effect size (β) and SVTE (σ𝑏), the 

effects of baseline successful rate (𝛼) and random effects of subject and block (σ1  and σ2 , 

respectively) had much smaller influence on the power of the test. 
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Figure 3.1 Type I error rate of t-test through simulation (𝑌𝑖𝑗𝑘) without SVTE when α = 0.3 

 

 

 

Figure 3.2 Power of t-test through simulation (𝑌𝑖𝑗𝑘) without SVTE when α = 0.3 
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Figure 3.3 Type I error rate of t-test through simulation (𝑌𝑖𝑗𝑘) with SVTE when α = 0.3 

 

 

 

Figure 3.4 Power of t-test through simulation (𝑌𝑖𝑗𝑘) with SVTE when α = 0.3 
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Figure 3.5 Type I error rate of t-test through simulation (𝑌𝑖𝑗𝑘) without SVTE when α = 0.4 

 

 

 

Figure 3.6 Power of t-test through simulation (𝑌𝑖𝑗𝑘) without SVTE when α = 0.4 
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Figure 3.7 Type I error rate of t-test through simulation (𝑌𝑖𝑗𝑘) with SVTE when α = 0.4 

 

 

 

Figure 3.8 Power of t-test through simulation (𝑌𝑖𝑗𝑘) with SVTE when α = 0.4 
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3.2 SIMULATE DATA ON 𝑊𝒊  

3.2.1 Parameter Setting for Simulation Study 

Based on Model (2), two parameters, β and 𝜎∗, were to be set in the simulation study. Again, four 

different distributions were used in the data generating procedure, including a Normal 

distribution, a Laplace distribution and two t-distributions each with 5 and 20 degrees of 

freedom.  

According to the results in Section 2.2.3, the performance of the data generating 

procedure was good when β was set to less than 0.2, and 𝜎∗ set to greater than 0.2. Thus, we set β 

= 0, 0.05, 0.1 and 0.15, 𝜎∗ = 0.2, 0.23 (results from the pilot study) and 0.3 in our simulation 

study. The sample size 𝑛𝐼  was set at 10, 20, 25, 30, 50 and 100. The simulation results are 

summarized in the following Section. 

3.2.2 Simulation Results 

Type I error rate and power were both evaluated for the t-test. The results are shown in Figure 

3.9 through Figure 3.16. Among those, Figure 3.9 and Figure 3.10 showed type I error rate and 

power of the test, respectively, when data were generated based on a Normal distribution; Figure 

3.11 and Figure 3.12 showed the test performance when data were generated based on a Laplace 

distribution; Figure 3.13 and Figure 3.14 showed the test performance when data were generated 

based on a t-distribution with 5 degrees of freedom; Figure 3.15 and Figure 3.16 showed the test 

performance when data were generated based on a t-distribution with 20 degrees of freedom. 

Type I error rate was generally constant at 0.05 under each of the tested circumstances, so 

the test was valid for a finite sample size as expected. The power of the test was relatively large 
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at a small sample size (𝑛𝐼 = 20) when the effect size to be detected was moderate (β = 0.15), 

which was consistent with the results in Section 3.1.2. However, if the effect size was extremely 

small (β = 0.05), the test was not powerful unless with a huge sample size. The test performance 

was similar among four different given distributions, which made the test potentially robust to 

different distributions of residual error.  

 

 

Figure 3.9 Type I error rate of t-test through simulation (W𝐢) based on a Normal distribution 
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Figure 3.10 Power of t-test through simulation (W𝐢) based on a Normal distribution 

 

 

 

Figure 3.11 Type I error rate of t-test through simulation (W𝐢) based on a Laplace distribution 
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Figure 3.12 Power of t-test through simulation (W𝐢) based on a Laplace distribution 

 

 

 

Figure 3.13 Type I error rate of t-test through simulation (W𝐢) based on a t-distribution (df = 5) 
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Figure 3.14 Power of t-test through simulation (W𝐢) based on a t-distribution (df = 5) 

 

 

 

Figure 3.15 Type I error rate of t-test through simulation (𝑊𝒊) based on a t-distribution (df = 20) 
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Figure 3.16 Power of t-test through simulation (W𝐢) based on a t-distribution (df = 20) 

 

Chapter 4. DISCUSSION AND LIMITATIONS 

Based on the simulation results in Chapter 3, it is reasonable to conclude that applying t-test on 

𝑊𝑖, the transformation of the original binary outcome 𝑌𝑖𝑗𝑘, as described in Section 1.3.3, is a 

valid and reliable statistical method to study the risk difference in a three-level paired design 

with a binary outcome, as introduced in Section 1.1. 

 The two data generating methods, simulating data on 𝑌𝑖𝑗𝑘 based on Model (1), and 𝑊𝑖 

based on Model (2) are different approaches to evaluate the test performance, and each of them 

has its own advantages. Simulating data on 𝑌𝑖𝑗𝑘  is a complicated procedure (having more 

nuisance parameters), but it allows us to study the effects of baseline risk and SVTE on the test 

performance. On the other hand, simulating data on 𝑊𝑖 is an easier procedure, but we are unable 

to study the effects of baseline risk or SVTE on the test performance. However, the results of 
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those two methods are expected to be consistent, as Model (2) was derived from Model (1). In 

fact, they are indeed consistent in our study, which provides some strong evidence leading to our 

conclusion. 

 The power of the test to detect a risk difference of 0.15 is around 80% for a sample size 

of 20 subjects when there is a small SVTE. However, when SVTE was strong, the power would 

drop to 60%. Thus, our proposed method is more efficient to deal with cases with a small SVTE, 

for example in the current study, as suggested by the pilot study. 

 Our proposed method is very useful in non-inferiority trials when the test drug (or device) 

is in fact better than the active control, as a smaller sample size is required to demonstrate non-

inferiority compared to demonstrating superiority in this case (CPMP, 2001). For example, the 

current study is designed as a non-inferiority trial with a non-inferiority margin of -10%. The 

sample size determination based on the estimates from the pilot study can be achieved through 

simulation. Again, two simulation procedures were applied, and the results are shown in 

Appendix A3. Based on the results, around 10 subjects are required to demonstrate non-

inferiority if the true average effect size is 0.15, and around 25 subjects are required if the true 

average effect size is only 0.05, even with a relatively strong SVTE. Although no closed form is 

derived for sample size calculation using our proposed method, simulation is a useful alternative 

method and easy to implement. 

 This study has some limitations, which are from the two data generating procedures. As 

mentioned in Section 2.1.3 and Section 2.2.3, both procedures have their limitations. In the first 

procedure used to simulate 𝑌𝑖𝑗𝑘, the data was generated well only when 𝛼 was set to greater than 

0.3. In the second procedure used to simulate 𝑊𝑖, the data was generated well only when β was 

set to smaller than 0.2. Although both methods are good enough to cover a lot of circumstances 
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in real life, for example the pilot study, and such limitations shouldn’t be expected to affect our 

conclusion, we still could have trouble when doing sample size calculation through simulation. 

Thus, further study on modifying the data generating procedure would be helpful. 
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APPENDIX A 

A1. DATA GENERATING PROCEDURE IN DEKE’S BRIEF 

 
Figure A.1 Data generating procedure in Deke’s Brief 
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A2. SIMULATION RESULTS (𝑌𝑖𝑗𝑘)  FOR 𝛼 = 0.5 

 

Figure A.2 Type I error rate of t-test through simulation (𝑌𝑖𝑗𝑘) without SVTE when α = 0.5 

 

 

 

Figure A.3 Power of t-test through simulation (𝑌𝑖𝑗𝑘) without SVTE when α = 0.5 
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Figure A.4 Type I Error Rate of t-test through Simulation (𝑌𝑖𝑗𝑘) with SVTE when α = 0.5 

 

 

 

Figure A.5 Power of t-test through Simulation (𝑌𝑖𝑗𝑘) with SVTE when α = 0.5 
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A3. SAMPLE SIZE DETERMINATION FOR NON-INFERIORITY DESIGN 

 

Figure A.6 Sample size calculation through simulation (𝑊𝑖) based on Normal Distribution 

 

 

 

Figure A.7 Sample size calculation through simulation (𝑊𝑖) based on Laplace Distribution 
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Figure A.8 Sample size calculation through simulation (𝑊𝑖) based on t-distribution (df = 5) 

 

 

 
Figure A.9 Sample size calculation through simulation (𝑊𝑖) based on t-distribution (df = 20) 
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Figure A.10 Sample size calculation through simulation (𝑌𝑖𝑗𝑘) with SVTE when α = 0.3 

 

 

 
Figure A.11 Sample size calculation through simulation (𝑌𝑖𝑗𝑘) without SVTE when α = 0.3 
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Figure A.12 Sample size calculation through simulation (𝑌𝑖𝑗𝑘) with SVTE when α = 0.4 

 

 

 
Figure A.13 Sample size calculation through simulation (𝑌𝑖𝑗𝑘) without SVTE when α = 0.4 


