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Fluid-based plasma models are typically applied to parameter regimes where a local thermal

equilibrium is assumed. The applicability of this regime is valid for many plasmas, however,

it is limited to plasma dynamics dominated by collisional effects. This study attempts to

extend the validity of the collisional fluid regime using an anisotropic 13-moment fluid model

derived from the Pearson type-IV probability distribution. The model explicitly evolves the

heat flux hyperbolically alongside the density, momentum, and energy in order to capture

dynamics usually restricted to costly kinetic models. Each particle species is modeled indi-

vidually and collectively coupled through electromagnetic and collision operators. To remove

electromagnetic divergence errors inherent to numerical representations of Maxwell’s equa-

tions, both hyperbolic and parabolic cleaning methods are presented. The plasma models are

implemented using high-order finite volume and discontinuous Galerkin numerical methods

designed for unstructured meshes. The unstructured code framework, numerical methods,

and plasma models were developed in the University of Washington’s WARPXM code for

use on heterogeneous accelerated clusters.
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1

Chapter 1

INTRODUCTION

Plasma physics is the study of collective behavior of charged particles. Plasmas can range

from weakly-ionized plasmas are dominated by neutral particle interactions2;3, which has

various applications in the aerospace community4–6, to the high energy density plasmas used

in fusion energy research7–9. This study focuses on the weakly-coupled plasma regime making

up most laboratory plasmas. More specifically, this study deals with the multi-species plasma

model requirements for resolving electron dynamics and moderate-collisionality.

Modeling moderately collisional plasmas is a field dominated by computationally expensive

kinetic solvers, and the goal of this study is to develop a robust plasma model, as well

as a computational framework, for capturing moderately collisional plasma dynamics in

complex geometries inexpensively and in high-fidelity. The objectives and contributions of

this research are separated into three categories for the plasma modeling, numerical methods,

and computational framework.

1.1 Collisional transport in multi-species plasma models

Collisionality in plasmas is defined by the electromagnetic interactions between particles,

which, over time, tend to drive a plasma toward a local thermal equilibrium10. Over longer

time scales this local thermal equilibration extends to the global plasma. The rate at which

the system reaches a local thermal equilibrium, known as the thermalization rate, is directly

related to the frequency of interactions, or collisions, between particles.

In the case of uncharged fluids, the interparticle interactions are roughly approximated by



2

hard sphere collisions. In the case of plasmas, each particle is electromagnetically coupled

to every other particle in the system. These electromagnetic effects are subdivided into long

range effects governed by interactions with an electromagnetic field, and short range effects

that happen below the scale of the plasma Debye length. The short-range interactions are

classically approximated by Coulomb scattering collisions which describe the deviation in a

particle’s trajectory due to a conservative force field.

Collisional transport is the collective result of collisions both within a particle species (in-

traspecies) and between species (interspecies). For low-temperature or high-density plasmas,

collisional transport is an important driver of particle dynamics, especially in the presence of

magnetic fields11. A collisionless plasma contains no collisional transport such that charged

particles are governed purely by long range electromagnetic interactions and advective flow.

The magnitude of collisional transport in a plasma determines the relevant model used to

simulate dynamics.

Low collisionality implies that particles are approach thermal equilibrium over a longer time

scale and are best described by kinetic models in which the position and velocity of each par-

ticle is evolved in time. N-body plasma models (e.g. molecular dynamics) are prohibitively

expensive due to the number of individual particles in a given plasma. Averaging over the

discrete particles creates a six dimensional phase space distribution10 which describes the

number of particles in a given volume of space with a particular velocity range. Continuum

kinetic models based on the Boltzmann equation, and its collisionless form, the Vlasov equa-

tion, are popular models for evolving the phase space distribution, but are computationally

expensive due to the difficulty of resolving up to six dimensions.

High collisionality implies that particles are in, or near, local thermal equilibrium. This is a

state where a species’s phase space distribution is well represented by an isotropic Gaussian

(Maxwellian) in velocity space as indicated by Boltzmann’s H-theorem10;12. The assumption

that the velocity space distribution is near some prescribed form, e.g. thermal equilibrium,

allows the generation of moment models, where the Boltzmann equation is integrated over
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velocity space to reduce the model’s dimensionality from six to three. These compact forms

greatly reduce the computational expense of the model, however, their validity is limited to

regimes where the velocity space distribution remains near its prescribed form.

The moderately collision regime sits between the low and high collisionality regimes. While

kinetic models can accurately resolve plasma dynamics in this regime, the goal of this research

is to develop a more computationally tractable model capable of capturing non-equilibrium

dynamics.

The general approach consists of computing velocity moments of the Boltzmann equation

to eliminate the velocity space dimensions from the model. The details of deriving moment

models can be found in Sec. 2. The multi-species moment models developed in this study

are constructed from sets of moment models, each describing an individual species. Each

species model describes advective flow as well as electromagnetic and collisional effects. As

this is a multi-species model designed to capture electron dynamics that drive displacement

currents, Maxwell’s equations are used to describe the electric and magnetic field evolution.

The classic form for multi-species plasma models is based on the 5-moment model11;13–16

where the plasma is assumed to be near thermal equilibrium.

Higher-moment models beyond 5 moments have been used in neutral fluid dynamics12;17–21

and near-collisionless plasma models22;23, however, their application to moderately collisional

plasmas is largely unexplored. Higher-moment models represent a unique and effective means

of extending the validity of 5-moment plasma models outside of thermal equilibrium. The

objective of this research is to construct a 13-moment extension of the 5-moment multi-

species plasma model designed to accurately capture magnetized collisional transport. The

5-moment model, and its extension to 13 moments is discussed in Chapter 2. Chapter 5 com-

pares results derived from 5-moment and 13-moment models, with the goal of highlighting

the strengths and weaknesses of each mode.
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1.2 High-order accurate numerical methods

Numerical methods represent the discretization of an analytical model representing physical

behavior into an algorithm that can be implemented on a computer. The numerical meth-

ods developed in this paper are discontinuous numerical methods and include a high-order

finite volume method and a discontinuous Galerkin method. These methods are designed

to achieve high-order convergence accuracy for large systems of equations operating in com-

plex geometries, and their discontinuous nature allows for a high level of parallelizability.

High-order convergence accuracy is required for multi-species plasmas containing disparate

spatial and temporal scales due to the different particle masses and charges. The stabil-

ity of discontinuous methods in the presence of discontinuous solutions make them ideal

for moment-based plasma models, especially higher-moment plasma models, which are con-

structed from nonlinear systems of equations.

An objective of this research is to develop computationally efficient, highly-parallelizable

numerical methods for modeling systems containing dozens, if not hundreds, of coupled

equations on complex geometries. This is a requirement for the multi-species 13-moment

plasma model, where even a simple three species plasma is described by forty-five equations.

The methods developed and implemented for this study are derived in Chapter 3 and tested

in Chapter 5.

1.3 Computational framework

The code framework used for this study is the WARPXM framework under developed by

the University of Washington’s computational plasma dynamics group. WARPXM is an

extension of a preexisting WARPX framework which was designed for modeling plasmas on

structured grids. Over the course of this study, the framework was extended to incorporate

unstructured meshes allowing for more complex plasma geometries designed by computer-

aided design (CAD) programs. The move from a structured to unstructured geometry re-
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quired additional components to be developed for the framework for calculating geometric

quantities, managing and partitioning the mesh, and data visualization. WARPXM is de-

signed to solve large-scale, multidimensional, multi-species plasma models by incorporating

multiple levels of task and data parallelism. The framework is constructed to utilize modern

heterogeneous accelerated cluster environments that include multiple compute devices such

as CPUs and GPUs. The unstructured mesh interface combined with the complex memory

restrictions of accelerated architectures necessitated the development of novel methods for

storing and synchronizing data. The philosophy and structure of WARPXM is covered in

Chapter 4.
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Chapter 2

MULTI-SPECIES PLASMA MODELS

One of the main goals of this study is to construct a model capable of accurately capturing

moderately-collisional, magnetized plasma transport in multidimensional systems containing

multiple species. Multi-species models individually describe each species and couple the

species together using a combination of Maxwell’s equations and collision operators. This

chapter discusses the derivation and applicability of multi-species plasma models with a focus

on collisional transport in moment models.

There exist many methods for capturing collisional transport effects with varying levels of

success and practicality. The kinetic Boltzmann-Maxwell model is considered to be one of

most accurate means of modeling microscopic collisional transport in plasmas24–26. How-

ever, since this model effectively tracks the position and velocity of each particle using a

six dimensional phase space distribution, it is a computationally expensive evaluation. The

expense of the Boltzmann-Maxwell model can be reduced using sampling procedures known

as particle-in-cell (PIC) methods27, though they remain computationally expensive to eval-

uate.

Moment model representations converts the infinite scope of velocity space associated with

the Boltzmann model’s phase space distribution into a finite number of variables. The

most prevalent moment based plasma model is the Braginskii 11 model, which captures three

dimensional plasma dynamics using a set of five variables for each species. This model is

ideal for modeling collisional transport in highly collisional plasmas near thermal equilibrium,

however, additional moments are required as the plasma transitions out of this state12.
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The question of how many moments are necessary to resolve the phenomena of interest is

problem dependent, and while including more moments can increase physical accuracy, it

also drastically increases the model’s scale and complexity. The objective of this research

is to develop a moment model that balances robustness with practicality. Robustness refers

to physical accuracy and stability, while practicality implies the model is computationally

efficient to evaluate in multiple dimensions and can be adapted to work in various collisional

regimes.

The plasma model development begins in Sec. 2.1 with a discussion of how to frame plasma

model applicability and validity through the use of normalization parameters. Once the

normalization scheme is defined, a brief discussion on the derivation of moment models

from the fully kinetic formulation is given in Sec. 2.2. Section 2.3 derives the classic multi-

species 5-moment plasma model for non-equilibrium plasmas. The 5-moment model, and its

limitations, is used as a basis for the development of the 13-moment model in Sec. 2.4. Both

the 5-moment and 13-moment models are derived with a consistent set of collision operators

to handle short range electrostatic interactions between particles. These collision operators

are derived and discussed in Sec. 2.5. Finally, since the kinetic, 5-moment, and 13-moment

plasma descriptions rely on electromagnetic interactions, Sec. 2.6 discusses the models used

to describe the evolution of the electric and magnetic fields.

2.1 Plasma model normalization and applicability

The validity and applicability of plasma models are best described using parameter regimes.

Plasma parameters are values that capture the importance of resolving particular behaviors,

such as electron waves or ion viscous boundary layers. The validity of a model applied to a

physical system is based on whether the physical system fits within the model’s applicable

parameter regime. For the models developed in this dissertation, there are four normalization

parameters of interest: speed of light, magnetization, charge separation, and collisionality.

The following sections outline the purpose of these parameters and their derivation from
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fundamental plasma physics.

2.1.1 Normalization of the Boltzmann-Maxwell model

Deriving the plasma parameters used in this study begins by developing a normalization

scheme based on the kinetic plasma description. Both the kinetic model introduced in this

section, and the normalization scheme applied to it, is used throughout this paper. In kinetic

theory, each particle species α is defined by a charge qα and mass mα, and is represented by

a six dimensional phase space distribution (PSD) fα. The species are coupled to an electric

field ~E and magnetic field ~B, and undergo collisions represented by a collision operator

Cα. The evolution of each species is described by the Boltzmann equation, which, in index

notation, is

∂

∂t
fα = −vi

∂

∂xi
fα −

qα
mα

Ei
∂

∂vi
fα −

qα
mα

εijkvjBk
∂

∂vi
fα + Cα (2.1.1)

with physical space coordinate ~x, velocity coordinate ~v, and Levi-Civita symbol εijk. Am-

pere’s law describes the evolution of the electric field

∂

∂t
Ei = c2εijk

∂

∂xj
Bk −

1

ε0

∑

α

qα 〈vifα〉 , (2.1.2)

where c is the speed of light, ε0 is the permittivity of free space, and the bracket notation

〈f〉 =

∞∫∫∫

−∞

f dvxdvydvz (2.1.3)

indicates integration over all of velocity space. The magnetic field evolution is described by

Faraday’s law

∂

∂t
Bi = −εijk

∂

∂xj
Ek. (2.1.4)
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Finally, the fields are constrained by Gauss’s laws

∂

∂xi
Ei =

1

ε0

∑

α

qα 〈fα〉 (2.1.5)

and

∂

∂xi
Bi = 0. (2.1.6)

The normalization scheme used in this dissertation is based on proton characteristics. The

time, length, and velocity scales for the system are normalized by the system’s characteristic

time scale t = τ t̄, length scale xi = Lx̄i, and velocity vi = v0v̄i. For this section, the

dimensionless variables are marked with a bar unless otherwise stated. The remaining terms

are normalized by reference values

qα = Zαe Bi = B0B̄i fα = n0f̄α

mα = Aαmp Ei = E0Ēi

where e is the elementary charge, mp is the proton mass, and n0 is the reference proton

number density. The collisional term Cα = νpn0C̄α is normalized by the reference intraspecies

proton collision frequency25

νp =
e4n0 ln(Λ)

3
√

2π3/2ε20m
1/2
p T

3/2
0

(2.1.7)

with Coulomb logarithm ln(Λ) and reference temperature T0 = mpv
2
0. For this study the

Coulomb logarithm

ln(Λ) = ln
(
2πn0λ

3
D

)
, (2.1.8)
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with reference proton Debye length

λD =

√
ε0T0

n0e2
, (2.1.9)

is assumed to be species independent and slowly varying in space and time. Given the

definition in Eq. (2.1.7), the normalized rate of thermalization of species α due to species β

is25

ν̄αβ =
ναβ
νp

=
√

2
nβZ

2
αZ

2
β√

AαT
3/2
α

1 + Aα
Aβ(

1 + Aα
Aβ

Tβ
Tα

)3/2
. (2.1.10)

Applying this normalization to the Boltzmann-Maxwell model yields

∂

∂t̄
f̄α = −v0τ

L

∂

∂x̄i

(
v̄if̄α

)
− eE0τ

mpv0

Zα
Aα

Ēi
∂

∂v̄i
f̄α

− eB0τ

mp

Zα
Aα

εijkv̄jB̄k
∂

∂v̄i
f̄α + (νpτ)C̄α,

(2.1.11)

∂

∂t̄
Ēi =

c2B0τ

E0L
εijk

∂

∂xj
Bk −

ev0n0τ

E0ε0

∑

α

Zα
〈
v̄if̄α

〉
, (2.1.12)

∂

∂t̄
B̄i = −E0τ

B0L
εijk

∂

∂x̄j
Ēk, (2.1.13)

and

∂

∂x̄i
Ēi =

en0L

E0ε0

∑

α

Zα
〈
f̄α
〉
. (2.1.14)

To simplify the model, the characteristic time and length scales are related by the character-

istic velocity v0 = L/τ , while the permittivity of free space and the reference magnetic field
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are related to the proton plasma frequency

ωp =

√
n0e2

mpε0
(2.1.15)

and cyclotron frequency

ωc =
eB0

mp

. (2.1.16)

The reference electric field is related to the plasma frequency by

E0 =
mpω

2
pL

e
. (2.1.17)

Altogether the normalized Boltzmann equation becomes

∂

∂t̄
f̄α = − ∂

∂x̄i

(
v̄if̄α

)
− (ωpτ)2Zα

Aα
Ēi

∂

∂v̄i
f̄α

− (ωcτ)
Zα
Aα

εijkv̄jB̄k
∂

∂v̄i
f̄α + (νpτ)C̄α

(2.1.18)

with Maxwell’s equations

∂

∂t̄
Ēi =

(
c

v0

)2
(ωcτ)

(ωpτ)2
εijk

∂

∂xj
B̄k −

∑

α

Zα
〈
v̄if̄α

〉
, (2.1.19)

∂

∂t̄
B̄i = −(ωpτ)2

(ωcτ)
εijk

∂

∂x̄j
Ēk, (2.1.20)

∂

∂x̄i
Ēi =

∑

α

Zα
〈
f̄α
〉
, (2.1.21)
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and

∂

∂x̄i
B̄i = 0. (2.1.22)

As a side note, the normalized proton skin depth

δp
L

=

(
c

v0

)
1

(ωpτ)
(2.1.23)

is seen in Eq. (2.1.19). For the rest of this document, the bar notation is dropped for the

normalized terms. As stated previously, the goal behind this normalization is to identify the

dominant behaviors in different plasma regimes.

2.1.2 Parameter regimes and model applicability

Parameter regimes for plasmas, especially multi-species plasmas, are complicated since plasma

behavior is described by both spatial scales relating to the characteristic size of a physical

phenomena and temporal scales relating to the phenomena’s rate of change. Furthermore,

temporal and spatial scales are species specific. Since multi-species models are made up of

coupled sets of equations, the individual parameter regimes of the various species couple

together to define new behaviors.

A high plasma density implies a high plasma frequency n0 ∝ ω2
p, which results in a plasma

that undergoes little charge separation. Charge separation is generally a small effect for

laboratory plasmas and is characterized by the ratio of the reference Debye length over the

reference length scale λD/L. For most macro-scale laboratory plasmas the Debye length is

small compared to the scales of interest (λD � L), which implies that charge separation is

not observable. For micro-scale systems, such as the Debye sheath effects that determine

sputtering behavior on the first wall of tokamaks, these charge separation dynamics become
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important. When λD � L a plasma is considered quasineutral

∑

α

Zαnα ≈ 0, (2.1.24)

meaning the electrons density is strongly tied to the ion densities. Quasineutrality is one

of the fundamental assumptions made in magnetohydrodynamics (MHD) models which are

designed to ignore electron temporal and spatial scales. The accuracy of MHD models are

generally limited to regimes concerning macro-scale dynamics over time scales much longer

than the electron plasma frequency.

A large cyclotron frequency implies a strong coupling between the plasma and magnetic field

(B0 ∝ ωc). The length scale associated with magnetized behavior is the reference Larmor

radius

rL =
v0

ωc
(2.1.25)

which describes the size of a proton gyro-orbit. When rL � L the proton species is considered

strongly magnetized and exhibit highly anisotropic behavior.

A high plasma temperature implies a slow thermalization rate T
3/2
0 ∝ ω2

p/νp. Collisionality

in a plasma is characterized by the Knudsen number Kn = λmfp/L, with collisional mean

free path

λmfp =
v0

νp
. (2.1.26)

Collisional plasma transport is a complex subject, but for the purposes of this study, colli-

sionality is broken down into the four regimes shown in Fig. 2.1.1.
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Figure 2.1.1: Collisional and charge separation regimes for var-
ious models. Local thermal equilibrium, resolved collisional
regime, collisional transition regime, and collisionless regime
are used to represent the boundaries between applicable plasma
models.

The lowest level of collisionality Kn > 10 is the collisionless regime where dynamics are

dominated by advection and electromagnetic forces, and collisional transport is negligible.

Astrophysical processes, particle beam physics, and high-temperature fusion-grade plasmas

are found in this regime. Kinetic models, such as the Boltzmann model in Eq. (2.1.18), or

its collisionless form the Vlasov equation, are required to accurately capture dynamics.

The collisional transition regime10;18 10-2 < Kn < 10 represents an intermediate regime

where collisional transport has a large impact on the plasma dynamics, but is too weak to

be accurately described by compact 5-moment models. The majority of models used in this

regime are based on computationally expensive kinetic descriptions, and the goal of this study

is to develop a computationally tractable alternative using moment model descriptions.

The resolved collisional regime 10-5 < Kn < 10-2 is where plasma models must take viscosity

and thermal conductivity into account, as well as anisotropies arising from magnetization,

making it a complex regime that is well represented by the Braginskii equations11, as the
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plasma does not deviate far from thermal equilibrium. The 13-moment plasma model de-

veloped in this study is also applicable to this regime. Throughout this study, the concept

of moderate collisionality implies a regime bounding the resolved collisional regime and the

collisional transition regime where Kn ≈ 10−2. The highest collisional regime is where the

plasma exists in a perpetual local thermal equilibrium Kn < 10-5 such that viscosity and

thermal conduction have little effect.

The parameters described above can also relate to coupled plasma regimes such as weakly-

coupled28 or magnetoviscous29;30 plasmas. Collisions in weakly-coupled plasmas are ap-

proximated by small-angle Coulomb collisions as opposed to the hard-sphere collision ap-

proximation used for neutral fluids31. This weak-coupling condition is characterized by the

relation

λmfp � λD, (2.1.27)

which is equivalent to a condition on the Coulomb logarithm ln(Λ) > 1. In a more practical

sense, if charge separation is resolved, then the plasma is in a moderately or weakly collisional

regime.

The magnetoviscous regime is best characterized by the Hall parameter

ΛH =
ωc
νp

=
λmfp

rL
. (2.1.28)

The Hall parameter describes the level of magnetization with respect to the level of collision-

ality in a plasma. When the Hall parameter is small ωc � νp, collisional transport models

for plasmas can be approximated by the same operators used in uncharge fluid dynamics.

As the Hall parameter increases to ωc ∼ νp, the viscosity and thermal conductivity become

anisotropic based on the orientation of the magnetic field, as discussed in Braginskii 11 . This

is due to the decrease of particle mobility perpendicular to magnetic fields since the particles

tend to orbit field lines. Magnetization represents one of the parameter regime boundaries



16

for this model since strongly magnetized collisional transport ωc � νp is best described by

gyrokinetic models32;33.

As the Boltzmann-Maxwell model presented in Sec. 2.1.1 is not in a relativistic formulation,

any moment model derived from it must exist in the non-relativistic regime, which places an

upper limit on the particle’s thermal velocity

T0 � mpc
2. (2.1.29)

A regime linked to the non-relativistic regime is the subluminal Alfvènic regime characterized

by

λD
rL

=
vA
c
� 1. (2.1.30)

with reference Alfvén velocity

vA =
B0√
µ0mpn0

= c
ωc
ωp

(2.1.31)

where µ0 = (ε0c
2)−1 is the permeability of free space. This regime restricts particles from

completing cyclotron orbits within their own Debye spheres. This regime excludes low den-

sity, highly magnetized plasmas that often exist in the highly magnetoviscous (νp � ωc) and

collisionless regimes.

Figure 2.1.2 shows the practical parameter regime for models developed in this study in

terms of temperature and density for a pure hydrogen plasma. Most laboratory scale plasma

devices exist in the collisional regime of interest where mean free paths are on the same scale

as the device size. In these devices, higher-moment plasma models are advantageous for

capturing transport as the plasma transitions into or out of local thermal equilibrium.
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Figure 2.1.2: Area of interest (green) for modeling transport
in moderately collisional plasmas given for a hydrogen plasma
in terms of plasma temperature and density. Within the green
region, the mean free paths associated with collisional trans-
port are on a similar length scale as the noted plasma devices,
which implies a moderately collisional plasma. Additional fea-
ture scales of interest are the Debye length scale (blue lines) and
rate of thermalization (red lines).

An important aspect to consider for multi-species plasmas is that since each species is de-

scribed by a separate equation set (e.g. Boltzmann equation) they can exist in different

plasma parameter regimes. To gauge the individual parameter regimes for each species, the

parameters are rewritten in a species specific form. The species temporal scales are governed

by the interspecies collision frequency in Eq. (2.1.10), plasma frequency

ωαp =

√
Z2
αn̄α
Aα

ωp, (2.1.32)
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and cyclotron frequency

ωαc =
Zα
Aα

ωc, (2.1.33)

which all strongly depend on the mass and charge of the species. This implies that the rate

of change in collisional, charge separation, and magnetization effects are generally be faster

for lighter mass particles (e.g. electrons). When the parameters are reformulated as length

scales an interesting result arises. The scale of charge separation is defined by the normalized

Debye scale

λαd
L

=

√
T̄α
Z2
αn̄α

λD
L

(2.1.34)

which implies that the charge separation length scales are independent of a particle’s mass.

A similar scaling is found for the species Knudsen number

Knα =
T̄ 2

n̄αZ4
α

Kn (2.1.35)

which shows a strong scaling with charge and temperature, but is mass independent. The

feature size of collisional transport and charge separation are similar between species with

similar temperatures, densities, and charge numbers, however the rate at which the features

change is mass dependent. The implication of the mass dependence of the temporal scales

is most clearly seen with charge separation effects. When a perturbation in the electric field

impacts a plasma, the electrons respond faster than the ions due to their lower mass. This

prevents the ions from exhibiting charge separation effects, e.g. ion Langmuir oscillations,

even though their Debye length scales are resolved. The collisional transport scaling in

Eq. (2.1.10) expresses a similar condition where electrons are generally closer to thermal

equilibrium than ions due to their faster rate of thermalization.
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The species magnetization scale

rαL
L

=

√
AαT̄α
Z2
α

rL
L

(2.1.36)

shows a weaker mass scaling than the temporal scale. This increases the complexity of

magnetized collisional transport in multi-species models where different ion species can exist

in different magnetoviscous regimes. The implication of these species scaling relations is

that multi-species models must be handled carefully when exploring collisional transport in

systems containing disparate temperatures, densities, charges, and masses, since each species

may require a model particular to the parameter regime in which they exist.

2.2 Deriving moment models

Plasma moment models are derived by taking velocity space moments of the Boltzmann-

Maxwell model discussed in Sec. 2.1.1. The normalized Boltzmann equation

∂

∂t
fα = −vi

∂

∂xi
fα −

Zα
Aα

(ωpτ)2Ei
∂

∂vi
fα

− Zα
Aα

(ωcτ)εijkvjBk
∂

∂vi
fα + (νpτ)Cα

(2.2.1)

is restated in its normalized form. For convenience, a moment Θα of the PSD fα is de-

fined

Θα = Aα

∞∫∫∫

−∞

ϑfα dvxdvydvz = Aα〈ϑfα〉, (2.2.2)
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where ϑ(~v) is the basis over which the moment is taken. The evolution of each moment Θα

is described by taking the moment of Eq. (2.2.1)

∂tΘα = −Aα∂xj 〈vjϑfα〉 −
Zα
Aα

(ωpτ)2EjAα
〈
ϑ∂vjfα

〉

− Zα
Aα

(ωcτ)εjklBkAα
〈
vkϑ∂vjfα

〉
+ (νpτ)Aα 〈ϑCα〉 .

(2.2.3)

Note that the evolution of each moment introduces a higher moment in the first term on the

right-hand-side of the equation set.

The electric and magnetic field terms in Eq. (2.2.3) can be simplified using integration by

parts

〈
ϑ∂vjfα

〉
=
〈
∂vj (ϑfα)

〉
−
〈
fα∂vjϑ

〉
. (2.2.4)

The divergence theorem can be applied to the first term on the right hand side to convert it

to a closed surface integral over all of velocity space. Since the phase space distribution is

assumed to be zero on this surface (i.e. no particles with infinite velocities), the first term is

ignored such that

∂tΘα = −Aα∂xj 〈vjϑfα〉+
Zα
Aα

(ωpτ)2EjAα
〈
fα∂vjϑ

〉

+
Zα
Aα

(ωcτ)εjklBkAα
〈
fα∂vj (vkϑ)

〉
+ (νpτ)Aα 〈ϑCα〉 .

(2.2.5)

The magnetic Lorentz force term can be further simplified

εjkl
〈
fα∂vj (vkϑ)

〉
= εjkl

〈
fαvk∂vjϑ

〉
+ εjkl

〈
fαϑ∂vjvk

〉

= εjkl
〈
fαvk∂vjϑ

〉
+ 〈fαϑ〉����:0

εjklδjk

= εjkl
〈
fαvk∂vjϑ

〉
(2.2.6)
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where δij is the Kronecker delta. The generalized moment model

∂tΘα = −Aα∂xj 〈vjϑfα〉+
Zα
Aα

(ωpτ)2EjAα
〈
fα∂vjϑ

〉

+
Zα
Aα

(ωcτ)εjklBkAα
〈
fαvk∂vjϑ

〉
+ (νpτ)Aα 〈ϑCα〉 ,

(2.2.7)

is used to derive any moment model given a moment basis ϑ.

2.3 Multi-species 5-moment plasma model

The 5-moment plasma model is a commonly used plasma model13–16 applicable around ther-

mal equilibrium. The model describes the evolution of five moments associated with the

moment basis ϑ ∈ {1, vx, vy, vz, v2/2}, where v2 = ~v · ~v. The five conserved moments include

the mass density

ρα = Aα 〈fα〉 , (2.3.1)

momentum density

pαi = Aα 〈vifα〉 , (2.3.2)

and isotropic energy density

εα =
1

2
Aα
〈
v2fα

〉
. (2.3.3)

These mass density can be rewritten as the number density

nα =
ρα
Aα

, (2.3.4)
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which describes the number of particles per unit volume. The momentum density can also

be written in terms of the flow velocity

uαi =
pαi
ρα
. (2.3.5)

The flow velocity is used to derive primitive moments based on a random velocity ~wα = ~v−~uα
associated with thermal motion. The isotropic pressure

Pα =
1

3
Aα
〈
w2
αfα
〉

(2.3.6)

is the primitive form of the internal energy density of a species, and is valid for an adiabatic

index of γ = 5/3. Conserved variables can always be rewritten in terms of non-conserved

primitive moments. For example, the isotropic energy density is related to the isotropic

pressure by

εα =
3

2
Pα +

1

2
ραu

2
α. (2.3.7)

Using the moment generator in Eq. (2.2.7), the zeroth moment (ϑ = 1) gives the conservation

of mass equation

∂

∂t
ρα = − ∂

∂xi
pαi + Aα 〈Cα〉 (2.3.8)

where Aα 〈Cα〉 defines the total mass gain or loss due to interactions with other species. The

first moment (ϑ = vi) yields the conservation of momentum equation

∂

∂t
pαi = − ∂

∂xj
eαij + Zα(ωpτ)2nαEi + Zα(ωcτ)nαεijku

α
jBk + Aα 〈viCα〉 (2.3.9)
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where Aα 〈viCα〉 is associated with momentum generated through collisions. The divergence

operator in the momentum equation depends on the energy density tensor

eαij = Aα 〈vivjfα〉

= Aα
〈
(uαi + wαi )(uαj + wαj )fα

〉

= Pα
ij + ραu

α
i u

α
j ,

(2.3.10)

where Pα
ij = Aα

〈
wαi w

α
j fα
〉

is the pressure tensor. Note that Pα = Pα
ii /3 and εα = eαii/2. The

evolution of the isotropic energy density (ϑ = v2/2)

∂

∂t
εα = −1

2

∂

∂xi
Hα
i + Zα(ωpτ)2nαu

α
i Ei + Aα

1

2

〈
v2Cα

〉
(2.3.11)

depends on the collisional energy change Aα 〈v2Cα〉 and energy flux vector

Hα
i = Aα

〈
viv

2Cα
〉

= Aα
〈
(uαi + wαi )(uαj + wαj )(uαj + wαj )fα

〉

= ραu
α
i u

2
α + 2uαj P

α
ij + 3uαi Pα + 2qαi ,

(2.3.12)

with heat flux vector qαi = Aα 〈wαi w2
αfα〉.

Since the 5-moment model is designed to operate near thermal equilibrium where the pressure

tensor is isotropic, the pressure tensor is usually rewritten using an anisotropic pressure

tensor

Πα
ij = Pα

ij − Pαδij. (2.3.13)

The anisotropic pressure tensor converts the momentum equation into a more familiar
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form

∂

∂t
pαi = − ∂

∂xj

(
ραu

α
i u

α
j + Pαδij + Πα

ij

)

+ Zα(ωpτ)2nαEi + Zα(ωpτ)2nαεijku
α
jBk + Aα 〈viCα〉 ,

(2.3.14)

while the isotropic energy equation becomes

∂

∂t
εα = − ∂

∂xi

(
uαi (εα + Pα) + uαj Πα

ij + qαi
)

+ Zα(ωpτ)2nαu
α
i Ei +

1

2
Aα
〈
v2Cα

〉
. (2.3.15)

The collision integrals Aα 〈Cα〉, Aα 〈viCα〉, and Aα 〈v2Cα〉 are discussed later.

At this point the 5-moment model is incomplete since the anisotropic pressure tensor, and

heat flux vector are undefined. To close the 5-moment model, these unknown moments must

be related to the known moments. In a highly collisional system, the phase space distribution

is considered Maxwellian

fα =
nα

(2πūα)
3
2

exp

(
−1

2

w2
α

ū2
α

)
(2.3.16)

with thermal velocity

ūα =

√
Pα
ρα
. (2.3.17)

Since this Maxwellian form is entirely dependent on the five known moments nα, ~uα, and Pα,

the closure scheme can be related to using the distribution to define the unknown moments,

which is simply Πα = 0 and ~qα = 0. This is known as the ideal 5-moment model, which is

only applicable to systems that remain in local thermal equilibrium. For small deviations

around thermal equilibrium, the unknown moments can be derived using a perturbation

method known as the Chapman-Enskog expansion10. The expansion becomes complicated

for strongly magnetized plasmas (see Braginskii 11), however for weakly magnetoviscous plas-
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mas ωc � νp, the process results in an anisotropic pressure tensor

Πα
ij = − µα

(νpτ)

(
∂xiu

α
j + ∂xju

α
i −

2

3
δij∂xku

α
k

)
, (2.3.18)

with normalized viscosity µα. The heat flux vector

qαi = − κα
(νpτ)

∂xiTα (2.3.19)

is similarly constructed with a normalized thermal conductivity κα and gradients of the

isotropic temperature Tα = Pα/nα. The main drawback of this expansion based closure

is that the model is only valid when the species is near thermal equilibrium and weakly

magnetized. To understand the magnetically coupled collisional transport effects that are

missing, it is important to include additional moments.

2.4 Multi-species 13-moment plasma model

Like the 5-moment model, the 13-moment model is derived by evaluating Eq. (2.2.7) for the

first 13 scalar moments including the mass density ρα (Eq. (2.3.1)), the momentum density

~pα (Eq. (2.3.2)), the energy density tensor eα (Eq. (2.3.10)), and the energy flux vector ~Hα

(Eq. (2.3.12)). Note that all of these moments show up in the 5-moment model, however

now the complete energy tensor and energy flux vector are evolved as well as the mass and

momentum equations. The conservation of mass equation

∂

∂t
ρα = − ∂

∂xi
pαi + Aα 〈Cα〉 (2.4.1)

and the conservation of momentum equation

∂

∂t
pαi = − ∂

∂xj
eαij + Zα(ωpτ)2nαEi + Zα(ωcτ)nαεijku

α
jBk + Aα 〈viCα〉 (2.4.2)
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remain unchanged, and are restated here for completeness. The evolution of the energy

tensor

∂

∂t
eαij = − ∂

∂xk
Hα
ijk + Zα(ωpτ)2nα

(
uαi Ej + uαjEi

)

+
Zα
Aα

(ωcτ)
(
εikle

α
jk + εjkle

α
ik

)
Bl + Aα 〈vivjCα〉

(2.4.3)

introduces an energy flux tensor

Hα
ijk = Aα 〈vivjvkfα〉 .

= ραu
α
i u

α
j u

α
k + uαi P

α
jk + uαj P

α
ik + uαkP

α
ij + hαijk

(2.4.4)

with heat flux tensor hαijk = Aα
〈
wαi w

α
j w

α
k fα
〉
. Note that the heat flux vector is defined

qαi = hαijj/2. The evolution of the energy tensor is anisotropically coupled to the magnetic

field and includes anisotropic heating terms due to collisions, both of which are largely

ignored in the 5-moment model presented in Sec. 2.3. The final evolution equation relates

to the energy flux vector

∂

∂t
Hα
i = − ∂

∂xj
Gα
ij +

Zα
Aα

(ωpτ)2
(
eαjjEi + 2eαijEj

)
+
Zα
Aα

(ωcτ)εijkH
α
j Bk + Aα

〈
viv

2Cα
〉
,

(2.4.5)

which includes a fourth tensor moment

Gα
ij = Aα

〈
vivjv

2fα
〉

= Aα
〈
(uαi + wαi )(uαj + wαj )(uαk + wαk )(uαk + wαk )fα

〉

= ραu
α
i u

α
j u

2
α + 3uαi u

α
j Pα + 2uαi u

α
kP

α
jk + 2uαj u

α
kP

α
ik + u2

αP
α
ij

+ 2uαi q
α
j + 2uαj q

α
i + 2uαkh

α
ijk + gαij

(2.4.6)

where gαij = Aα
〈
wαi w

α
j w

2
αfα
〉

is the primitive fourth tensor moment. Note that the evolution

equations for the energy tensor and energy flux couple to the magnetic field similar to what

is seen in Braginskii 11 model. As was seen with the 5-moment model, the 13-moment model
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is incomplete until hα and gα are defined.

2.4.1 13-moment closure scheme

Closing moment model means to define all unknown moments in terms of the known mo-

ments. In the case of the 5-moment model operating near thermal equilibrium, closure is

accomplished by defining the anisotropic pressure tensor in Eq. (2.3.14) and the heat flux

vector in Eq. (2.3.15) in terms of the density, flow velocity, and temperature. This pro-

cess introduced viscosity and thermal conductivity as a consequence of leaving local thermal

equilibrium.

Closure schemes become increasingly difficult to derive and evaluate for higher-moment mod-

els12;19, as they tend to become nonlinear and lose both hyperbolicity and realizability. Hy-

perbolicity is required for wave-like dynamics consistent with physical causality, and helps

enforce conservation and stability in numerical methods. Realizability implies physicality in

that the velocity space distribution remains positive at all points in phase space. Nonlinear

closures generally lack a closed form relation for defining the unknown moments and require

iterative procedures to evaluate.

There are many options for higher-moment model closures, but most have the drawbacks of

being computationally expensive and difficult to evaluate. Maximum entropy closures12;17

attempt to solve the higher-moment closure problem by assuming a form for the PSD de-

signed to enforce stability, however these methods tend to require complex iterative methods

to solve. Grad methods treat higher-moment closure schemes by describing deviations from

thermal equilibrium using Hermite polynomials, however these methods tend to lose stability

in the presence of transonic flow and strong shearing forces. More recent developments of reg-

ularized Grad closures20;21 have been shown to increase stability in multiple dimensions and

may make for an ideal alternative for the closure presented in this section. The 13-moment

plasma model developed in this study uses the closure from Torrilhon 19 which assumes the
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phase space distribution is well described by a Pearson type-IV distribution. The Pearson-IV

closure has been shown to be stable for a wide range of one dimensional dynamics, which

is advantageous for systems containing strong deviations from thermal equilibrium. While

the closure is nonlinear, the simplicity of its closure relations make it an attractive base for

computationally efficient plasma models.

The Pearson type-IV distribution introduces skew and kurtosis to an otherwise Maxellian

distribution. Skew refers to the leaning of a distribution, which is directly related to the

odd moments of a fluid such as the heat flux h. Kurtosis is a symmetric modification to

the distribution relating to its pointedness and affects the even moments such as the 4th

tensor moment. Figure 2.4.1 shows two examples of the one dimensional Pearson type-IV

distributions compared to the Maxwellian distribution used for the 5-moment model. All

three distributions have the same density, average velocity, and thermal velocity, however the

Pearson type-IV distribution can represent additional states associated with leaving thermal

equilibrium.
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Figure 2.4.1: Comparison of two Pearson type-IV distributions
(green and red) to a Maxwellian distribution (blue) representing
a distribution in thermal equilibrium. All distributions have the
same density (n = 1), average velocity (ux = 0), and temper-
ature (T = 1). The high kurtosis Pearson type-IV distribution
(green) is more pointed than the Maxwellian and has more parti-
cles found in the tails of the distribution. The high skew Pearson
type-IV distribution is noticeably non-symmetric, which has a
large influence on the heat flux of a species.

The goal of the Pearson-IV closure is to include information about the width, skew, and

kurtosis that arise from leaving thermal equilibrium which are not available in the 5-moment

model. Ignoring species identifiers, the closure defines the two unknown tensor moments h

and g, expressed in Eqs. (2.4.4) and (2.4.6), in terms of a compact set of closure variables Y ,

~N , and K which relate to the shape of the Pearson type-IV distribution. Here Y scales with

the magnitude of the distribution’s skew, ~N relates to the skew direction, and K describes

the distribution’s kurtosis. The heat flux tensor can be written as19

hijk =
1

2
Y (NiPjk +NjPki +NkPij −NiNjNk) , (2.4.7)

which, predictably, is purely dependent on the fluid’s density, pressure, and the distribution’s
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skew. The fourth tensor moment19

gij =
1

4
Y 2
(
N2Pij + 2Nk (NjPik +NiPjk)

)

+
3

4
Y 2NiNj

(
P −N2

)

+K (3PPij + 2PikPkj)

(2.4.8)

shows a direct relationship to the distribution’s kurtosis.

The closure variables Y and ~N can be defined by taking the tensor contraction of Eq. (2.4.7)

qi =
1

2
hijj =

Y

4

((
3P −N2

)
δij + 2Pij

)
Nj. (2.4.9)

This is a nonlinear relation between Y and ~N and the known moments P, and ~q which

means that an iterative solver is required to retrieve the closure variables. There are two

modifications that can be made to Eq. (2.4.9) to simplify the process. The first is to use

the definition Ni =
√
P ijnj from Torrilhon 19 , where ~n is a unit vector pointing along the

direction of skew, to yield

qi =
Y

4
((3P − Pklnknl) δij + 2Pij)

√
P jmnm. (2.4.10)

The second is to rotate the system to a reference frame where the symmetric tensor P is

diagonal

Pij = VikΛklVjl, (2.4.11)

where V is the orthogonal rotation matrix and the diagonal values of Λ are the principal

pressures. This diagonalization is used to define the square root of the pressure tensor

√
P ij = Vik

√
ΛklVjl. (2.4.12)
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Applying these simplifications to Eq. (2.4.10) results in three coupled equations

Ai

(
xjxkΛjk

xlxl

)
xi = bi (2.4.13)

where

bi = 4Vjiqj, (2.4.14)

xi = Y Vjinj, (2.4.15)

and

Ai (γ) = (2Λi + 3P − γ)
√

Λi. (2.4.16)

The nonlinear equation found in Eq. (2.4.13) is solved using the iterative process

xr+1
i =

bi
Ai(γr)

(2.4.17)

with iterative guess

γr =
xrix

r
jΛij

xrkx
r
k

. (2.4.18)

At least two iterations are required to converge to an adequate solution19 with an initial

guess of γ0 = P . Note that additional iterations are cheap compared to diagonalizing P.

Once the solution is adequately converged, the closure variables are retrieved as

Y = |~x| (2.4.19)
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and

Ni =
1

Y
Vijxk

√
Λjk. (2.4.20)

The kurtosis closure variable K is defined using the “singular closure” of Torrilhon 19 which

relates the kurtosis to the magnitude of the distribution skew K = 1/ρ + Y 2/4. The com-

bination of Y , ~N , and K are used in Eqs. (2.4.7) and (2.4.8) to retrieve h and g which

closes the 13-moment model. Given an efficient means for diagonalizing the positive defi-

nite, symmetric pressure tensor, the Pearson type-IV closure is an effective means of closing

the 13-moment model. It is important to note that this closure is defined for neutral fluid

dynamics, and does not take magnetization or thermalization into account. For application

to strongly magnetized systems, where h and g are anisotropically coupled to the magnetic

field, the closure needs to be modified. As this closure is used primarily for setting the

groundwork for a weakly to moderately magnetized 13-moment model, the magnetic cou-

pling of the unknown moments is ignored. Before this model can be implemented using a

discontinuous numerical method, it is important to have an understanding of the closure’s

characteristics.

Characteristic speeds

The 13-moment model is presented in conservative form for use in discontinuous numerical

methods. Enforcing stability in discontinuous methods, especially for nonlinear hyperbolic

systems, depends on how fluxes on discontinuous interfaces between elements are evaluated.

These interface fluxes, or numerical fluxes, depend strongly on the characteristics of the flux.

Since the Pearson-IV closure scheme is nonlinear and relies on a iterative procedure to solve,

a closed form characteristic decomposition of the flux Jacobian is difficult. To counter this,

an approximate Riemann solution is used based the Harten-Lax-Van Leer (HLL) numer-

ical flux19. The HLL flux is designed to circumvent the full characteristic decomposition
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by approximating the full Riemann solution using two waves instead of a possible thirteen.

The HLL flux does not require exact wave speeds; however, discontinuous methods may

become excessively diffusive and/or numerically stiff when the wave speeds are poorly ap-

proximated.

An HLL numerical flux requires the maximum and minimum characteristic speeds umax

and umin along the surface normal of a given interface between elements. As an exam-

ple, the following characteristics are defined for flow along the x-axis. For this study, the

characteristic speeds are approximated from the one dimensional closure solution defined in

Torrilhon 19

Y =
4qx

Nx(Pxx + 3P )
. (2.4.21)

where

~N =
[ √

Pxx 0 0
]T
. (2.4.22)

Deriving the characteristics is complex process; however, the result is represented by nine

wave speeds λ. The wave speeds are defined in terms of a thermal velocity ū =
√
P/ρ, a

directional thermal velocity ūij =
√
Pij/ρ, and a transport velocity

µx =
2qx
ρυ2

x

(2.4.23)

where

υx =
√
ū2
xx + 3ū2. (2.4.24)

The four simplest wave speeds are λ = ux, λ = ux + µx, and λ = ux + µx ±
√
µ2
x + ū2

xx.

Additional characteristic speeds are given by the roots of the quintic equation
∑5

n=0 an(λ−
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ux)
n = 0 where

a0 = −2A2(A+ 1)µxυ
4
x, (2.4.25)

a1 = −A(−3A+B(8A+ 6))υ4
x, (2.4.26)

a2 = −4(−A(3 + 2A) +B(A+ 1))µxυ
2
x, (2.4.27)

a3 = 2(−2A(A+ 1) +B(2A+ 5))υ2
x, (2.4.28)

a4 = −2(A+ 3)µx, (2.4.29)

and

a5 = 1 (2.4.30)

with A = (2 + (Pyy + Pzz) /Pxx)
-1 and B = µ2

x/υ
2
x. The bounds of these roots are given by

the Laguerre-Samuelson inequality

|5(λ− ux) + a4| < 2
√

6a2
4 − 10a3, (2.4.31)

which is adequate for approximating umax = max(λ) and umin = min(λ) in a HLL flux for

applications where the phase space distribution remains near Maxwellian. Experimentation

has shown that the characteristic speeds in subsonic flows are rarely above three times the

thermal velocity.
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2.5 Collision integrals

Up to this point the 5-moment and 13-moment models have been defined and closed, however

the collision integrals describing the change in mass Aα 〈Cα〉, momentum Aα 〈viCα〉, energy

Aα 〈vivjCα〉, and energy flux Aα 〈viv2Cα〉 due to collisions both within and between species

were left undefined. The first step in deriving these terms is to convert the collision integrals

into primitive form. The primitive forms for the collision terms are found using the random

velocity ~wα = ~v − ~uα to decouple the advective contribution due to the fluid’s flow from the

thermal contribution associated with the random velocity. Decoupling the collisional terms

into thermal and translational contributions simplifies the evaluation of collision integrals.

The decoupled form for the change in momentum,

Aα 〈viCα〉 = Aα

∞∫∫∫

−∞

viCα dvxdvydvz (2.5.1)

= Aα 〈(wαi + uαi )Cα〉 (2.5.2)

= Rα
i + uαi Aα 〈Cα〉 , (2.5.3)

takes into account both the drag

Rα
i = Aα 〈wαi Cα〉 (2.5.4)

and change in mass due to collisions. The change in energy density,

Aα 〈vivjCα〉 = Aα
〈
(wαi + uαi )(wαj + uαj )Cα

〉

= Qα
ij + uαi R

α
j + uαjR

α
i + uαi u

α
jAα 〈Cα〉 ,

(2.5.5)

contains a collisional heating term

Qα
ij = Aα

〈
wαi w

α
j Cα

〉
. (2.5.6)
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The 5-moment model uses the change in isotropic energy

Aα
〈
v2Cα

〉
= Aα 〈(wαi + uαi )(wαi + uαi )Cα〉

= 3Qα + 2uαi R
α
i + u2

αAα 〈Cα〉
(2.5.7)

where Qα = Qα
ii/3 is the isotropic heating. The final term of interest is the change in energy

flux

Aα
〈
viv

2Cα
〉

= Aα
〈
(wαi + uαi )(wαj + uαj )(wαj + uαj )Cα

〉

= Wα
i + 3uαi Qα + 2uαjQ

α
ij

+ 2uαi u
α
jR

α
j + u2

αR
α
i + uαi u

2
αAα 〈Cα〉

(2.5.8)

with collisional heat flux term

Wα
i = Aα

〈
wαi w

2
αCα

〉
. (2.5.9)

The collision integrals implemented for the 13-moment plasma model are designed to be

consistent with the 5-moment plasma model, and the following sections introduce three

collision operators to handle interactions both within a species and between species. These

operators are defined in terms of the primitive collision terms 〈Cα〉, ~Rα, Qα, and ~Wα, which

will be used in conjunction with Eqs. (2.5.3), (2.5.5), and (2.5.8) for use in conservation form

5-moment and 13-moment models. The two operators described in Sec. 2.5.1 and Sec. 2.5.2

deal with collisions within a species and act to enforce proper thermal equilibration and

increase the stability of the 13-moment plasma model. The third collision operator, discussed

in Sec.2.5.3, describes scattering collisions between species.
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2.5.1 Intraspecies collision operator

In general, collisional processes in weakly-coupled plasmas are well represented by the Fokker-

Planck collision operator25. As this study is a preliminary exploration into higher-moment

plasma models, a simple BGK relaxation collision operator,

Cα = −ναα
(
fα − f̃α

)
, (2.5.10)

is used. The BGK collision operator represents scattering collisions within a species, with the

effect of driving the system toward thermal equilibrium at a rate ναα defined in Eq. (2.1.10).

The equivalent Maxwellian f̃α, defined in Eq. (2.3.16), represents the fluid in local thermal

equilibrium while conserving density, momentum, and energy. The change in mass density

due to scattering collisions is given by the zeroth primitive moment of the BGK collision

operator,

Aα 〈Cα〉 = −ναα
(
Aα 〈fα〉 − Aα

〈
f̃α

〉)

= −ναα (ρα − Aαnα)

= 0,

(2.5.11)

which states that scattering collisions do not create or destroy mass. The drag associated

with the BGK collision operator,

Rα
i = Aα 〈wαi Cα〉

= −ναα
(
Aα 〈wαi fα〉 − Aα

〈
wαi f̃α

〉)
,

(2.5.12)

is simplified using the definitions

〈wαi fα〉 = 〈vifα〉 − uαi 〈fα〉 = 0 (2.5.13)
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and

〈
wαi f̃α

〉
=

nα

(2πūα)
3
2

〈
wαi exp

(
−1

2

w2
α

ū2
α

)〉
= 0 (2.5.14)

to show that scattering collisions within a species do not affect the fluid’s momentum

~Rα = 0. (2.5.15)

The collisional heating,

Qα
ij = Aα

〈
wαi w

α
j Cα

〉

= −ναα
(
Aα
〈
wαi w

α
j fα
〉
− Aα

〈
wαi w

α
j f̃α

〉)

= −ναα
(
Pα
ij − Aαnαū2

αδij
)

= −ναα
(
Pα
ij − Pαδij

)
,

(2.5.16)

drives the pressure tensor Pα to isotropy, represented by Pα
ij = Pαδij, over a time scale

related to the interspecies collision frequency. In the case of the 5-moment model, only the

isotropic heating component,

Qα = Qα
ii = −ναα (Pα

ii − Pαδii) = 0, (2.5.17)

is required, which, when combined with the Eq. (2.5.11) and Eq. (2.5.15), implies that

the BGK collision operator has no effect on systems in local thermal equilibrium. This is

an expected result since the Maxwellian distribution is fully described by the five known

moments. The collisional heat flux term

Wα
i = Aα

〈
wαi w

2
αCα

〉
= −ναα

(
Aα
〈
wαi w

2
αfα
〉
− Aα

〈
wαi w

2
αf̃α

〉)

= −ναα (2qαi − 0) = −2νααq
α
i

(2.5.18)
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implies that the heat flux is driven to zero at the rate of thermalization, conducive to ap-

proaching thermal equilibrium.

Importantly, the BGK collision operator, along with all other collision operators, is designed

for models that accurately describe collisionless plasma dynamics. Kinetic models, like the

Boltzmann model, are able to represent collisionless dynamics well, while moment models,

such as the 13-moment model, are generally not applicable to this regime. This implies that as

the thermalization rate ναα decreases, the underlying features of the moment model’s closure,

namely the artificial wave or sub-shock structure17;19, will begin to drive non-physical effects.

For weakly-collisional systems, an additional “collisionless operator” is required to represent

the kinetic effects associated with leaving thermal equilibrium.

2.5.2 Diffusive stabilization for moderate collisionality

The diffusive stabilization operator is designed to approximate effects associated with de-

creasing collisionality in a fluid. The closure scheme used for the 13-moment model does

not take the effect of collisionality into account in the highest unknown moments hijk and

gij. While the closure promotes stability, it does not describe collisionless dynamics on its

own. This section attempts to develop an operator to be used in conjunction with the BGK

collision operator from Sec. 2.5.1 to approximate moderate collisionality. Since the underly-

ing closure of the 13-moment model is hyperbolic, the solution evolves as a set of artificial

waves. These artificial waves, while stable, do not represent a physically accurate fluid flow,

and the the goal of the operator is to add isotropic diffusion to damp the non-physical waves

without modifying mass, flow velocity, or isotropic energy. Since the BGK collision operator

enforces the conservation of mass, momentum, and isotropic energy, it is used as a base for

the diffusive stabilization operator

Cα =
∂

∂xk

(
Dα

∂

∂xk

(
fα − f̃α

))
. (2.5.19)
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The operator applies diffusion to the anisotropic portions of the pressure tensor,

Qα
ij = Aα

〈
wαi w

α
j Cα

〉

=
∂

∂xk

(
Dα

∂

∂xk

(
Aα

〈
wαi w

α
j

(
fα − f̃α

)〉))

=
∂

∂xk

(
Dα

∂

∂xk

(
Pα
ij − Pαδij

))
,

(2.5.20)

which acts to keep the pressure tensor positive definite. This aids in stabilizing the 13-

moment model in the presence of strong anisotropies associated with multidimensional flow

and magnetization. The operator also applies diffusion to the heat flux vector,

Wα
i = Aα

〈
wαi w

2
αCα

〉

=
∂

∂xj

(
Dα

∂

∂xj

(
Aα

〈
wαi w

2
α

(
fα − f̃α

)〉))

=
∂

∂xj

(
2Dα

∂

∂xj
qαi

)
,

(2.5.21)

which helps keep the model stable in anisotropic systems. The rate of diffusion

Dα =
Pα

(νpτ)2ρανα
(2.5.22)

is approximated by comparing the diffusive stabilization operator to a Chapman-Enskog

expansion around a 13-moment distribution. In the limit of high collisionality the collisional

diffusivity reduces to zero, allowing the relaxation BGK collision operator to describe thermal

equilibration.

It is important to note that this operator is not intended to enforce the correct behavior

approaching the collisionless limit as it drives the fluid to local thermal equilibrium where

the heat flux and anisotropic pressure are diffused to zero. In practice the diffusivity is
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clamped at a maximum value of

Dα =
Pα

(νpτ)ραν̃
, (2.5.23)

where ν̃ is the minimum collisionality allowed by the operator. Setting ν̃ = 10 applies an ade-

quate amount of diffusion near the collisional transition regime. By limiting the collisionality

in this operator the model retains stability for weakly collisionality systems, without driving

strong, non-physical collisional transport. The combination of the BGK collision operator

and the diffusive stabilization operator act to provide a proper representation of thermal

equilibration within a species. The final component required to accurately describe scatter-

ing collisions within the 5-moment and 13-moment models is to include collisions between

species.

2.5.3 Interspecies collisions

Scattering collisions between species have been well studied for 5-moment plasma models11;25.

Generally, interspecies collisions drive the flow velocities and temperatures of the two species

together. To represent the interspecies collisional effect, the collision operator Cα has multiple

components,

Cα =
∑

β

Cαβ, (2.5.24)

that describe the collisional effect on species α due to all other species β. Since scattering

collisions are not reactive, they do not convert particles from one species to another, such

that the impact of collisions on a plasma’s mass, described in Eqs. (2.3.8) and (2.4.1), is

given by

Aα 〈Cα〉 =
∑

β

Aα 〈Cαβ〉 = 0. (2.5.25)
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The resistive drag,

Rα
i =

∑

β

Aα 〈wαi Cαβ〉 =
∑

β

Rαβ
i , (2.5.26)

drives the velocities of two species together and is approximated by25

Rαβ
i = −ναβAαnαuαβi (2.5.27)

where ~uαβ = ~uα − ~uβ. The collisional heating,

Qα
ij =

∑

β

Aα
〈
wαi w

α
j Cαβ

〉
=
∑

β

Qαβ
ij , (2.5.28)

is approximated by

Qαβ
ij = −2ναβnα

Aα
Aα + Aβ

(
Tαβij − Aβuαβi uαβj

)
(2.5.29)

where Tαβ = Tα −Tβ is the difference in species’ temperature Tα = Pα/nα. For 5-moment

models, the isotropic heating

Qα =
1

3

∑

β

Qαβ
ii (2.5.30)

= −2

3

∑

β

ναβnα
Aα

Aα + Aβ

(
3Tαβ − Aβu2

αβ

)
(2.5.31)

agrees with Hinton 25 in the low flow velocity limit. The temperature difference term acts to

drive the internal energy of the species together while the mass weighting of the second term

tends to drive the lower mass species more forcefully than higher mass species as is seen in

Braginskii 11 .



43

The change in heat flux due to collisions,

Wα
i =

∑

β

Aα
〈
wαi w

2
αCαβ

〉
=
∑

β

Wαβ
i , (2.5.32)

drives the flow of temperature together between species and is approximated

Wαβ
i = −ναβnα

Aα
Aα + Aβ

(
qαi
nα
− qβi
nβ

)

+ ναβnα
Aα

Aα + Aβ

(
3uαβi Tαβ + 2uαβj Tαβij +

3

2
(Aα − Aβ)uαβi u2

αβ

)
,

(2.5.33)

where Tαβ = Tαβii /3.

Note that the definitions of the operators given in Eqs. (2.5.27), (2.5.29), and (2.5.33) are

designed to balance the exchange of conserved moments between species. These conserved

quantities are related to the primitive collision operators derived in Sec. 2.5. To properly

enforce conservation, the momentum exchange is governed by

Aα 〈viCαβ〉 = −Aβ 〈viCβα〉 (2.5.34)

which, assuming zero mass exchange, implies

~Rαβ = −~Rβα. (2.5.35)

The energy exchange must obey

Aα 〈vivjCαβ〉 = −Aβ 〈vivjCβα〉 (2.5.36)

which can be written

Qαβ
ij + uαi R

αβ
j + uαjR

αβ
i = −Qβα

ij − uβi Rβα
j − uβjRβα

i
(2.5.37)
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or more simply

Qαβ
ij +Qβα

ij = −uαβi Rαβ
j − uαβj Rαβ

i . (2.5.38)

The energy flux exchange conservation,

Aα
〈
viv

2Cαβ
〉

= −Aβ
〈
viv

2Cβα
〉

(2.5.39)

must take both the collisional heating and resistive drag into account. Combining the inter-

species form of Eq. (2.5.8),

Aα
〈
viv

2Cαβ
〉

= Wαβ
i + 3uαi Qαβ + 2uαjQ

αβ
ij + 2uαi u

α
jR

αβ
j + u2

αR
αβ
i , (2.5.40)

with the relations in Eq. (2.5.35) and Eq. (2.5.38) gives the conservation requirement for the

energy flux

Wαβ
i +W βα

i = −3uαβi Qαβ − 2uαβj Qαβ
ij − u2

αβR
αβ
i − 2uαβi uαβj Rαβ

j . (2.5.41)

These conservation requirements can be shown with the operators derived in this section

using a property of the collision frequency,

Aαnαναβ = Aβnβνβα, (2.5.42)

into account. Comparing the resistive drag between species gives

Rαβ
i = −Aαnαναβuαβi = Aβnβνβαu

βα
i (2.5.43)

= −Rβα
i (2.5.44)

which, as shown in Eq. (2.5.35), enforces the conservation of total momentum. A similar
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relation is found for the heat exchange,

Qαβ
ij = −2ναβnα

Aα
Aα + Aβ

(
Tαβij − Aβuαβi uαβj

)

= −2νβαnβ
Aβ

Aα + Aβ

(
−T βαij − Aβuβαi uβαj

)

= 2νβαnβ
Aβ

Aα + Aβ

(
T βαij − Aαuβαi uβαj

)
+ 2νβαnβAβu

βα
i uβαj

= −Qβα
ij + 2ναβnαAαu

αβ
i uαβj ,

(2.5.45)

which is consistent with the conservation requirement in Eq. (2.5.38) given the definition of

the resistive drag in Eq. (2.5.27). The heat flux exchange,

Wαβ
i = −ναβnα

Aα
Aα + Aβ

(
qαi
nα
− qβi
nβ

)

+ ναβnα
Aα

Aα + Aβ

(
3uαβi Tαβ + 2uαβj Tαβij +

3

2
(Aα − Aβ)uαβi u2

αβ

)

= −W βα
i + νβαnβ

Aβ
Aα + Aβ

(
3uβαi Tβα + 2uβαj T βαij +

3

2
(Aβ − Aα)uβαi u2

βα

)

+ ναβnα
Aα

Aα + Aβ

(
3uαβi Tαβ + 2uαβj Tαβij +

3

2
(Aα − Aβ)uαβi u2

αβ

)

= −W βα
i + 2ναβnα

Aα
Aα + Aβ

(
3uαβi Tαβ + 2uαβj Tαβij

)

+ 3ναβnαAα
Aα − Aβ
Aα + Aβ

uαβi u2
αβ,

(2.5.46)

is shown to be conservative by plugging Eq. (2.5.29) and Eq. (2.5.27) into the conservation
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requirement in Eq. (2.5.41) to give

Wαβ
i +W βα

i = 2ναβnα
Aα

Aα + Aβ

(
3Tαβ − Aβu2

αβ

)
uαβi

+ 4ναβnα
Aα

Aα + Aβ
uαβj

(
Tαβij − Aβuαβi uαβj

)
+ 3ναβnαAαu

αβ
i u2

αβ

= 2ναβnα
Aα

Aα + Aβ

(
3uαβi Tαβ + 2uαβj Tαβij

)

− 6ναβnα
AαAβ
Aα + Aβ

u2
αβu

αβ
i + 3ναβnαAαu

αβ
i u2

αβ

= 2ναβnα
Aα

Aα + Aβ

(
3uαβi Tαβ + 2uαβj Tαβij

)

+ 3ναβnαAα
Aα − Aβ
Aα + Aβ

uαβi u2
αβ,

(2.5.47)

which agrees with the expected form. Enforcing conservation in the collisional exchange op-

erators ensures that no energy or energy flux is artificially generated, which can destabilize

the model. Given the set of collision operators defined in Sec. 2.5 that describe scatter-

ing collisions both within and between species, the 5-moment and 13-moment models are

complete.

2.5.4 Summary of collisional transport operators

The following is a summary of the 5-moment and 13-moment plasma models including all

collisional transport operators. The evolution of the mass density for each species is given

by

∂

∂t
ρα +

∂

∂xi
pαi = 0. (2.5.48)

The evolution of the momentum density,

∂

∂t
pαi +

∂

∂xj
eαij = Zα(ωpτ)2nαEi + Zα(ωcτ)nαεijku

α
jBk + (νpτ)

∑

β

Rαβ
i , (2.5.49)
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is dependent on the resistive coupling between species ~Rαβ, defined in Eq. (2.5.27). The

evolution of the energy tensor,

∂

∂t
eαij +

∂

∂xk
Hα
ijk = Zα(ωpτ)2nα

(
uαi Ej + uαjEi

)
+
Zα
Aα

(ωcτ)
(
εikle

α
jk + εjkle

α
ik

)
Bl

− (νpτ)ναα
(
Pα
ij − Pαδij

)
+

∂

∂xk

(
(νpτ)Dα

∂

∂xk

(
Pα
ij − Pαδij

))

+ (νpτ)
∑

β

(
Qαβ
ij + uαi R

αβ
j + uαjR

αβ
i

)
,

(2.5.50)

includes the heating effects due to collisions between species Qαβ, defined in Eq. (2.5.29).

The stabilization diffusivity Dα is given in Eq. (2.5.23). In the case of the 5-moment model,

the evolution of the isotropic energy, εα = eαii/2, is given by

∂

∂t
εα +

1

2

∂

∂xi
Hα
i = Zα(ωpτ)2nαu

α
i Ei + (νpτ)

∑

β

(
3

2
Qαβ + uαi R

αβ
i

)
, (2.5.51)

where the interspecies isotropic heatingQαβ = Qαβ
ii /3 is defined in Eq. (2.5.31). The evolution

of the energy flux,

∂

∂t
Hα
i +

∂

∂xj
Gα
ij =

Zα
Aα

(ωpτ)2
(
eαjjEi + 2eαijEj

)
+
Zα
Aα

(ωcτ)εijkH
α
j Bk

− 2(νpτ)ναα
(
qαi + uαi

(
Pα
ij − Pαδij

))

+
∂

∂xk

(
2(νpτ)Dα

∂

∂xk

(
qαi + uαi

(
Pα
ij − Pαδij

)))

+ (νpτ)
∑

β

(
Wαβ
i + 3uαi Qαβ + 2uαjQ

αβ
ij + 2uαi u

α
jR

αβ
j + u2

αR
αβ
i

)
,

(2.5.52)

contains the interspecies heat flux exchange ~Wαβ defined in Eq. (2.5.33). These equations

serve to show the complexity in capturing collisional transport effects in higher moment

models when transitioning out of thermal equilibrium. To complete the plasma model,

Maxwell’s equations describing the evolution of the electric and magnetic field must be

included.
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2.6 Maxwell’s equations

In multi-species plasma models the charged particles interact with electromagnetic fields, as

described in Sec. 2.1.1. While Ampere’s law,

∂

∂t
Ei =

(
c

v0

)2
(ωcτ)

(ωpτ)2
εijk

∂

∂xj
Bk − ji, (2.6.1)

with current density ~j =
∑

α Zαnα~uα, and Faraday’s law,

∂

∂t
Bi = −(ωpτ)2

(ωcτ)
εijk

∂

∂xj
Ek, (2.6.2)

expressed the time evolution of the electric and magnetic field, the Gauss’s law constraints

for the electric field,

∂

∂xi
Ei = ρc, (2.6.3)

with charge density ρc =
∑

α Zαnα, and magnetic field,

∂

∂xi
Bi = 0, (2.6.4)

are preserved analytically by Eqs. (2.6.1) and (2.6.2) if they are satisfied initially. Numeri-

cal solutions to Maxwell’s equations, however, can introduce deviations from Gauss’s laws,

characterized by the electric field divergence error

ΨE = ∂xiEi − ρc (2.6.5)

and magnetic field divergence error

ΨB = ∂xiBi. (2.6.6)
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To prevent these errors from affecting the solution, Maxwell’s equations are modified to

control the divergence error growth rates. Two cleaning methods are used in this dissertation.

The first method, known as the perfectly hyperbolic Maxwell’s equations, uses a hyperbolic

cleaning method making it ideal for conservative form numerical methods. A second model,

known as the parabolically cleaned Maxwell’s equations, is also implemented, which acts to

clean divergence errors using a more localized approach.

2.6.1 Perfectly hyperbolic Maxwell’s equations

The perfectly hyperbolic Maxwell’s equations (PHMaxwell) is a common method for cleaning

divergence errors from Maxwell’s equations. The derivation of the method is beyond the

scope of this dissertation and can be found in Munz et al. 34 and Kemm et al. 35 . The basis

of the hyperbolic scheme is to represent the divergence errors through an electric field error

potential φE and magnetic field error potential φB. The errors contained in these potentials

are advected at speeds γE

(
c
v0

)
and γB

(
c
v0

)
through the domain until reaching a boundary,

at which the errors leave the domain. This error potential equation for the electric field

∂

∂t
φE = −γEΨE = −γE

∂

∂xi
Ei + γEρc (2.6.7)

and magnetic field

∂

∂t
φB = −γBΨB = −γB

∂

∂xi
Bi (2.6.8)

effectively describe the evolution of the error potentials as a decaying divergence errors.

Ampere’s law is modified to include the electric field error potential

∂

∂t
Ei =

(
c

v0

)2
(ωcτ)

(ωpτ)2
εijk

∂

∂xj
Bk − ji − γE

(
c

v0

)2
∂

∂xi
φE, (2.6.9)
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and Faraday’s law is coupled to the magnetic field error potential

∂

∂t
Bi = −(ωpτ)2

(ωcτ)
εijk

∂

∂xj
Ek − γB

∂

∂xi
φB. (2.6.10)

To apply cleaning to a multi-species plasma model, the values for the cleaning speeds must

be γE > 1 and γB > 1. Since the cleaning speeds define the fastest characteristic velocities

in a plasma, the upper bound on the cleaning speeds is dependent on desired runtime.

The strict hyperbolicity of the cleaning operator makes the model ideal for discontinuous

numerical methods, however, the model has two drawbacks. The first drawback is that the

divergence errors tied to the error potentials are coupled to their respective fields, which

implies that as the error potentials are advected through the domain the divergence errors

spread with them. This effectively pollutes the global solution with a locally generated di-

vergence error at a speed greater than or equal to the speed of light. The second drawback

associated with hyperbolic cleaning is that the error potentials require specific boundary

conditions to remove the error from the domain. In the case of a system containing peri-

odic boundary conditions, this option may not be available. For these reasons, a parabolic

cleaning operator was implemented to clean the divergence errors associated with Maxwell’s

equations.

2.6.2 Parabolic cleaning of Maxwell’s equations

Parabolically cleaned Maxwell’s equations (PCMaxwell) are designed to locally remove diver-

gence errors using a diffusion-style operator. The model is derived by taking the divergence

of Ampere’s and Faraday’s laws to express the evolution of the divergence errors. The di-

vergence of Ampere’s law (Eq. (2.6.1))

∂

∂t

∂

∂xi
Ei = − ∂

∂xi
ji (2.6.11)
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shows the relation between the divergence of the current density and the divergence of the

electric field. The conservation of charge condition

∂

∂t
ρc = − ∂

∂xi
ji (2.6.12)

is used to modify Eq. (2.6.11) to describe the evolution of the divergence error

∂

∂t

∂

∂xi
Ei =

∂

∂t
ρc (2.6.13)

or in terms of the divergence error defined in Eq. (2.6.5)

∂

∂t
ΨE = 0. (2.6.14)

Taking the divergence of Faraday’s law

∂

∂t

∂

∂xi
Bi = 0 (2.6.15)

gives a similar condition on the magnetic divergence error

∂

∂t
ΨB = 0. (2.6.16)

The conditions shown in Eqs. (2.6.14) and (2.6.16) state that the divergence error is constant

in time analytically, however this is not necessarily the case for a numerical discretization.

To counter the growth of the divergence error, an isotropic diffusion operator (divergence-

of-gradient) is applied to the divergence error evolution equations such that

∂

∂t
ΨE =

∂

∂xi

(
χE

∂

∂xi
ΨE

)
(2.6.17)
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and

∂

∂t
ΨB =

∂

∂xi

(
χB

∂

∂xi
ΨB

)
. (2.6.18)

The spatially independent cleaning diffusivities χE and χB determine the rate of divergence

error cleaning. Working backwards rebuilds Ampere’s law

∂

∂t
Ei =

(
c

v0

)2
(ωcτ)

(ωpτ)2
εijk

∂

∂xj
Bk −

(
ji + χE

∂

∂xi
ρc

)
+

∂

∂xi

(
χE

∂

∂xj
Ej

)
(2.6.19)

and Faraday’s law

∂

∂t
Bi = −(ωpτ)2

(ωcτ)
εijk

∂

∂xj
Ek +

∂

∂xi

(
χB

∂

∂xj
Bj

)
. (2.6.20)

to include the parabolic cleaning. Note that instead of the divergence-of-gradient operator

seen in Eqs. (2.6.17) and (2.6.17), the modified PCMaxwell equations contain a gradient-of-

divergence operator. In practice, the cleaning diffusivities are not large, and should not affect

the time step stability conditions for the numerical method. A consequence of this operator

is that it is designed to clean short wavelength errors on the scale of the mesh resolution

that arise around boundary conditions and charge density discontinuities.
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Chapter 3

DISCONTINUOUS NUMERICAL METHODS

One of the objectives of this research is to implement practical, high accuracy numerical

methods that run efficiently on large scale computing environments. Discontinuous numerical

methods are computationally efficient and highly parallelizable making them advantageous

for multi-species plasma modeling.

Discontinuous numerical methods, most notably finite volume methods36 (FVM) and dis-

continuous Galerkin methods37 (DGM), are ideal for working with balance law equation sets.

Balance law equation sets are extensions of conservation laws which state that the change in

a set of quantities ~q within an element depends on their flux f through the element’s surface

as well as any sources ~s within the element. The strong form of a balance law is

∂

∂t
qi +

∂

∂xj
fij = si. (3.0.1)

High-order accurate numerical discretizations of Eq. (3.0.1) generally separate the temporal

component

∂

∂t
qi = Li (~q, t) (3.0.2)

from the spatial component

Li (~q, t) = − ∂

∂xj
fij + si (3.0.3)

where the ~L operator contains the spatial and temporal dependences of the equation set.
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The spatial discretization is used to generate a high-order accurate evaluation of ~L, which

is used in the time integration scheme used to solve Eq. (3.0.2). Two spatial discretiza-

tion methods are implemented through this study which include a high-order finite volume

method (HOFVM) and a discontinuous Galerkin method.

This chapter discusses the numerical methods implemented for this research in four sections.

The discussion begins with an overview of discontinuous spatial discretizations in Sec. 3.1,

which introduces concepts shared by both finite volume and discontinuous Galerkin methods.

The finite volume method is discussed in Sec. 3.2, which is followed by the discontinuous

Galerkin method in Sec. 3.3. The time integration schemes used for this study are examined

in Sec. 3.4.

3.1 Discontinuous spatial discretization

Plasmas dynamics are dominated by hyperbolic fluxes and dispersive forces38, meaning that

the spatial discretization must be capable of accurately capturing wave dynamics. Hyper-

bolicity introduces the concept of locality, where the evolution of the solution depends only

the local region based on how quickly the waves are propagating through the domain. Dis-

continuous numerical methods are ideal for hyperbolic systems exhibiting wave dynamics36

as they are designed to enforce conservation which is required for hyperbolicity.

The spatially discretization of an equation set using discontinuous finite elements first re-

quires the problem to be projected onto a mesh. A mesh is a representation of a physical

domain, which has been broken down into a collection of individual elements or cells. Various

kinds of elements can exist in a mesh for different geometries and dimensionalities, however

for this study, only polygonal elements (i.e. element faces are flat) are allowed, which greatly

simplifies the derivations for discontinuous methods. Figure 3.1.1 shows a one dimensional

example of a discontinuous spatial discretization where the solution is considered continuous

within each element, but is allowed to be discontinuous on the interfaces between elements.
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The discontinuous interface solution leads to two major advantages. The first advantage is

that allowing for discontinuous interfaces aids in the modeling of discontinuous systems such

as the shock structures that arise from the nonlinear hyperbolic equation sets that make up

plasma models. Discontinuous methods are also advantageous for parallelization schemes

since each element and face can be treated individually.

Figure 3.1.1: Discontinuous numerical methods attempt to spa-
tially discretize a hyperbolic system of equations by representing
solutions continuously (red line) within elements and allows dis-
continuous solutions between elements.

The spatial discretization approximates the solution ~q ≈ ~qλ within each element λ, which is

then expanded,

qλi (~x, t) = qλij(t)φ
λ
j (~x), (3.1.1)

on a polynomial basis set ~φλ which is dependent on the element geometry. Discontinuous

numerical methods are a class of hp refinement methods37;39 where the convergence accuracy

order is dependent on a combination of the order of the polynomial basis and the element

sizes. Increasing the resolution of the element discretization by breaking elements into smaller

elements is known as h refinement, while increasing the order of the basis within the element

is known as p refinement. A variety of bases may be used ranging from the orthogonal poly-

nomial/fourier basis which are used in modal methods, and interpolation polynomial bases



56

used in nodal methods. In terms of accuracy these representations are equivalent37, however,

the computational expense between modal and nodal schemes can differ greatly.

In a finite volume method only the φλ0 = 1 basis is stored, which implies that qλi,0 is the integral

of qi over element λ. In order to reach higher-order convergence accuracies in a finite volume

method, a high-order polynomial must be fit to the known solution’s in a local set of elements.

Discontinuous Galerkin methods store all of the modes representing the solution within an

element, making them more compact, however this increases their complexity compared to

finite volume methods. While the Galerkin method is more complex than the finite volume

method, it generally reduces the numerical diffusion associated with discontinuous numerical

methods for nonlinear equation sets containing disparate wave speeds38.

Before deriving the finite volume and discontinuous Galerkin methods, it is important to

overview the fundamental concepts of discontinuous numerical methods. These concepts

are outlined by deriving the classic, first-order accurate finite volume discretization. The

derivation begins by deriving the weak form of the balance law given in Eq. 3.0.1. Weak

form representations are generated by multiplying the strong form equation set by a test

function and taking the volume average over each element individually. Both low-order

finite volume and disconitnuous Galerkin methods are examples of Galerkin finite element

methods where the test functions are sampled from the basis functions ~φλ. Ignoring source

terms, the weak form within each element λ, using the test function φλk , is then

∂

∂t


 1

Vλ

∫

λ

qiφ
λ
k dV


 =

1

Vλ

∫

λ

φλjφ
λ
k dV

∂

∂t
qλij (3.1.2)

= − 1

Vλ

∫

λ

φλk
∂

∂xj
fij dV, (3.1.3)

where Vλ is the element’s volume. As noted earlier, only the first basis, φλ0 = 1, is stored for
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each element implying i = j = 0. Since φλ0 = 1, the weak form can be rewritten as

∂

∂t
Qλ
i = − 1

Vλ

∫

λ

∂

∂xj
fij dV (3.1.4)

using the volume averaged solution

Qλ
i =

1

Vλ

∫

λ

qi dV = qλij
1

Vλ

∫

λ

φλj dV. (3.1.5)

Applying the divergence theorem to the flux integral

∫

λ

∂

∂xj
fij dV =

∮

∂λ

nλj fij dA(3.1.8) (3.1.6)

leads to a total surface integral of the flux out of the element, where nλi is the surface normal

vector. Since the linear element has Nf flat faces which connect to a set of neighboring

elements Γ̄λ = [γ0, γ1, . . . , γNf−1], the weak form simplifies to

∂

∂t
Qλ
i = −

∑

γ∈Γ̄λ

1

Vλ

∫

∂λγ

nλγj fij dA (3.1.7)

where nλγi is the outward pointing surface normal for the face connecting element λ to γ. Note

that the flux must be single valued on the interface between elements to enforce conservation

in discontinuous numerical methods.

3.1.1 Flux evaluation

Multiplying the flux tensor by the face normal, represented in Eq. (3.1.8), implies that only

flux normal to the face is required. This effect is shown in Fig. 3.1.2 for a triangular mesh

where the transverse flux moves ~q along the element’s surface, but does not impact on the

volume averaged solution within the element. This can be used to simplify the weak form
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equation by rotating the problem from the global frame X to a local frame X ′ that is normal

to the face. The flux is evaluated in the local frame, then rotated back to the global frame

before being added in Eq. (3.1.7).

x

y Normal flux

Transverse flux
x'

y'

Figure 3.1.2: The flux from element λ to element γ can be de-
scribed in terms of a normal flux (pink arrow) in a normal ref-
erence frame (dashed red). The unit vector for axis x′ is the
face normal vector. The transverse flux (blue) does not affect
the volume averaged solution of λ or γ since the flux does not
traverse the boundary.

The normal flux relation is written using rotation operators

nλγj fij = R−1
λγi

[
~F (Rλγ [~q])

]
. (3.1.8)

where ~F (~q) is the normal flux vector (e.g. along the x′ axis such that Fi = fix′). The rotation

operator Rλγ [~q] rotates the solution vector ~q from the world frame X to the face normal

reference frame X ′ that separates element λ from γ. The inverse rotation operator R−1
λγ [~q]

then rotates the solution from the face normal reference frame X ′ to the world frame X such
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that

~q = R−1
λγ [Rλγ [~q]] . (3.1.9)

Note that the rotation operators take on the rank of its arguments, such that Rλγ [~q] is a

vector and Rλγ [Q] is a tensor.

The rotation operators are based on an orthogonal rotation matrix which is defined by the

face normal nλγi or n̂ in short-hand. The rotation matrix,

R =




n̂x n̂y n̂z

t̂x t̂y t̂z

b̂x b̂y b̂z


 , (3.1.10)

with inverse

R-1 =




n̂x t̂x b̂x

n̂y t̂y b̂y

n̂z t̂z b̂z


 = RT , (3.1.11)

is written in terms of an arbitrary transverse vector t̂ and binormal vector b̂ = n̂ × t̂. The

arbitrary transverse vector t̂ can be derived from the face normal vector n̂ using a Gram-

Schmidt process. The Gram-Schmidt process begins with creating an arbitrary vector ~τ

that is not parallel to n̂, usually found using a conditional statement, and normalizing the

components that are not parallel to n̂

t̂ =
~τ − (n̂ · ~τ)n̂

|~τ − (n̂ · ~τ)n̂| .

Rotating ~q is accomplished by breaking ~q into tensors of various rank and rotating each

separately. For example, the 5-moment model is made up of three tensor moments, the
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scalar density, the momentum vector, and the scalar energy. The solution for Maxwell’s

equations is made up of separate vectors for the electric and magnetic fields. The rotation

operators for these tensors are as follows:

• Rank 0 tensors (scalars), such as density, are not rotated.

• Rank 1 tensors (vectors) ~v, such as electric field or fluid momentum:

R [~v] = R · ~v (3.1.12)

R−1 [~v] = R−1 · ~v (3.1.13)

• Rank 2 tensors M, such as the pressure tensor or energy density tensor:

R [M] = R ·M ·R-1 (3.1.14)

R−1 [M] = R−1 ·M ·R (3.1.15)

For the large systems of equations that make up plasma models, the rotation operation used

to define the normal flux is advantageous over calculating the face flux in each direction and

multiplying by the face normal.

Since the solution is discontinuous at interfaces between elements, the flux calculation is gen-

erally multivalued. Therefore, the method is modified to incorporate single-valued flux ap-

proximations, known as numerical fluxes, that help enforce stability and conservation.

3.1.2 Numerical fluxes

The use of a numerical flux to capture discontinuous effects between elements is known as

the Godunov scheme36, which postulates that systems involving discontinuities are well rep-

resented when the fluxes between elements are expressed as solutions to Riemann problems.

Riemann problems describe the evolution of a hyperbolic conservation law across a discon-
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tinuous interface separating two states. Figure 3.1.3 shows an example solution of a Riemann

problem after a time increment ∆t at an interface where the initial solution has a constant

left and right state. In this example, the evolution mimics the density evolution of the Sod

shock tube problem40 for an ideal 5-moment model, where the Riemann solution is broken

into three waves describing a shock wave, contact discontinuity, and a rarefaction wave. By

solving for this solution at each element face the accurate representation of the under-resolved

interface dynamics keeps discontinuous numerical methods stable and accurate.

t

Figure 3.1.3: Solution to Riemann problem across a face (dashed
line) for the fluid density in a Sod shock tube. High and low den-
sity states are initially separated and after a time increment ∆t,
the density evolves along three characteristic waves: the shock
wave, contact discontinuity, and rarefaction wave. Solution to
Riemann problem represents the amount of fluid density trans-
fered across face.

The solutions to Riemann problems can be expressed in terms of the method of character-

istics. The hyperbolicity of conservation form equation sets implies that the evolution of

the solution depends on a set of characteristic wave speeds and paths represented by the

eigenvalues and eigenvectors of the flux Jacobian

JFij =
∂

∂qj
Fi. (3.1.16)

derived from the normal flux vector ~F . If the exact characteristics are known, usually the

case for linear equation sets, then the characteristic decomposition of the flux Jacobian leads
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to an accurate approximation to the Riemann problem (see LeVeque 36). If the character-

istics cannot be derived in a closed form, or are computationally expensive to evaluate, an

approximate Riemann solver may implemented instead. Approximate Riemann solvers tend

to impart excessive numerical diffusion and/or dispersion into the system to help reinforce

stability36;37.

In the face normal reference frame X ′ of Fig. 3.1.2, the conservation law for each component

of solution vector takes the form

∂

∂t
~q +

∂

∂x′
~F = 0, (3.1.17)

which can be rewritten using the flux Jacobian

∂

∂t
~q + JF · ∂

∂x′
~q = 0. (3.1.18)

By taking the eigen decomposition of the flux Jacobian JF = Λ̃ · ∆̃ · Λ̃−1 the conservation

law is rewritten as

∂

∂t
~q + Λ̃ · ∆̃ · Λ̃−1 · ∂

∂x′
~q = 0. (3.1.19)

By defining an eigen solution

~w = Λ̃−1 · ~q, (3.1.20)

and assuming the normal flux ~F is linear in ~q, the conservation law becomes

∂

∂t
~w + ∆̃ · ∂

∂x′
~w = 0 (3.1.21)

which is a linear advection equation for the characteristic solution ~w with advective speeds

given by the eigenvalues in the diagonal eigenvalue matrix ∆̃. The hyperbolicity of an
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equation sets is dependent on the eigenvalues being real. Since the wave speeds can be both

positive and negative, the solution ~w must be known on both sides of the interface to gauge

an accurate solution to the Riemann problem. For the linear advection equation, the exact

solution for each component w is given by

wi(x
′, t+ ∆t) = wi(x

′ − ∆̃ii∆t, t), (3.1.22)

where ∆̃ii is the ith diagonal component of ∆̃. For an initially discontinuous system with

an interface at x′0, with constant x′ < x′0 state ~w− and x′ > x′0 state ~w+, the solution at x′0

is

wi(x
′
0, t+ ∆t) =




w−i if ∆̃ii > 0

w+
i if ∆̃ii < 0

(3.1.23)

or

wi(x
′
0, t+ ∆t) = w−i

∆̃ii + |∆̃ii|
2

+ w+
i

∆̃ii − |∆̃ii|
2

. (3.1.24)

Taking the eigen decomposition into account, the components of the solution vector at the

interface are

qi(x
′
0, t+ ∆t) = Λ̃ijw

−
j

∆̃jj + |∆̃jj|
2

+ Λ̃ijw
+
j

∆̃jj − |∆̃jj|
2

(3.1.25)

or, when explicitly containing the flux and the ~q± states,

Fi(x
′
0, t+ ∆t) =

1

2
(Fi(~q−) + Fi(~q+))− 1

2
Θ̃ij

(
q+
j − q−j

)
(3.1.26)

where q±i = Λ̃ijw
±
j , Fi(q

±) = Λ̃ij∆̃jkw
±
k and Θ̃ij = Λ̃ik|∆̃kl|Λ̃-1

lj . The general form of this
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solution is known as the numerical flux ~F(~q−, ~q+) which is defined as

~F(~q−, ~q+) = ~F (x′0, t+ ∆t) =
1

2

(
~F (~q−) + ~F (~q+)

)
− 1

2
Θ̃ · (~q+ − ~q−) . (3.1.27)

For nonlinear systems, the solution becomes more complicated and can be approximated

using a Roe solver36. In terms of the flux evaluation method outlined in Sec. 3.1.1, the

numerical flux is implemented as

nλγj fij = R−1
λγ [F (Rλγ [q̄λ] , Rλγ [q̄γ])] (3.1.28)

where q̄λ is the internal (−) face solution and q̄γ is the external (+) solution. Combining

this with Eq. (3.1.7) results in the general finite volume discretization for the evolution of

the volume average solution

∂

∂t
Qλ
i = −

∑

γ∈Γ̄λ

1

Vλ

∫

∂λγ

R−1
λγ [F (Rλγ [q̄λ] , Rλγ [q̄γ])] dA. (3.1.29)

For first-order finite volume methods, the fluxes are evaluated assuming a uniform solution

in each element (qλi ≈ Qλ
i ) which simplifies Eq. (3.1.29) to

∂

∂t
Qλ
i = −

∑

γ∈Γ̄λ

Aλγ
Vλ

R−1
λγ [F (Rλγ [Qλ] , Rλγ [Qγ])] . (3.1.30)

The definition of the numerical flux F is dependent on the equation set being solved. While

the low order accuracy and excessive diffusion of the above method makes it impractical for

plasma research, the concepts of characteristic decomposition, numerical fluxes, and rotation

operations extend to all high-order discontinuous numerical methods.
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3.2 High-order finite volume method

Finite volume methods are a weak form approximation of the strong form balance law given

in Eq. (3.0.1), where only solution’s volume average is stored and evolved. The high-order

finite volume method (HOFVM) discussed herein follows the derivation given in Sec. 3.1

with an improved representation of the solution in the element and at the interfaces ~q− and

~q+. The general form for the finite volume discretization in Eq. (3.1.29) is rewritten as

∂

∂t
Qλ
i = −

∑

γ∈Γ̄λ

1

Vλ

∫

∂λγ

R−1
λγ [F (Rλγ [q̄λ] , Rλγ [q̄γ])] dA+

∫

λ

si dV (3.2.1)

which includes source term integration. The finite volume method used for this research used

quadrature integration to evaluate the surface and volume integrals in Eq. (3.2.1). Surface

integration is handled by evaluating the flux at a set of quadrature points ~xλγk using surface

quadrature weights ωλγk

∫

∂λγ

g dA =
∑

k

ωλγk g
(
~xλγk

)
(3.2.2)

Volume integration is handled with a different set of quadrature points ~xλk and associated

volume quadrature weights Ωλ
k

∫

λγ

g dV =
∑

k

Ωλ
kg
(
~xλk
)

(3.2.3)
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The surface and volume quadrature points and weights used can be found in Appendix A.

Applying these quadrature methods to Eq. (3.2.1) results in

∂

∂t
Qλ
i = −

∑

γ∈Γ̄λ

R−1
λγ

[∑

k

ωλγk
Vλ
F
(
Rλγ

[
qλ

(
~xλγk

)]
, Rλγ

[
qγ

(
~xλγk

)])]

+
∑

k

Ωλ
k

Vλ
si
(
~xλk
)

(3.2.4)

The complicated closed surface integral over a flux tensor in Eq. (3.0.1) has now been decon-

structed into a summation and rotation operation acting on a numerical flux. Everything

discussed up to this point can be accomplished to arbitrary orders of accuracy depending

on the quadrature order and the accuracy of ~q and ~s at the quadrature points. A recon-

struction scheme is needed in order to accurately evaluate the fluxes and source terms at the

quadrature points. For this study, the k-exact reconstruction method41;42 is used.

3.2.1 k-exact reconstruction

Evaluating the fluxes and sources accurately in a finite volume method requires an accurate

evaluation of q within and on the faces of an element. The only knowledge of the solution

in the domain is the volume averaged solutions Q. In order to generate an accurate form

of q within an element, it must be reconstructed from the surrounding solution. This study

uses the k-exact polynomial reconstruction method41;42 for its simplicity. The idea behind

k-exact reconstruction is shown in Fig. 3.2.1 where a continuous form of q is fitted to the

volume averaged quantities Q in a stencil surrounding the element of interest.
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Figure 3.2.1: High-order finite volume methods reconstruct a
continuous solution within each element (dark lines) using the
volume average solutions (dashed blue lines) of the surrounding
elements. The volume average of each element’s continuous so-
lution in neighboring elements (light lines) must be fitted to the
corresponding neighbor’s volume average solution.

The k-exact reconstruction method locally reconstructs the solution q ≈ qλ within an element

λ. The local reconstruction qλ is expanded on the monomial basis which is centered at the

element’s geometric centroid ~xλ. The reconstruction takes the form

qλ =

i+j+k≤p∑

i,j,k=0

Dλ
ijk(x− xλ)i(y − yλ)j(z − zλ)k (3.2.5)

where Dλ
ijk are the polynomial fitting coefficients and p is the maximal order of the polyno-

mial. The continuous solution q is related to the reconstruction by

q = qλ +O
(
(x− xλ)p+1, (y − yλ)p+1, (z − zλ)p+1, (x− xλ)p(y − yλ), . . .

)
(3.2.6)

which defines the order of accuracy of the reconstruction. The reconstruction can be directly

related to the volume averaged solution Qλ using

Qλ =
1

Vλ

∫

λ

qλdV =

i+j+k≤p∑

i,j,k=0

Dλ
ijkB

λ
ijk (3.2.7)
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where

Bλ
ijk =

1

Vλ

∫

λ

(x− xλ)i(y − yλ)j(z − zλ)k dV (3.2.8)

are geometric coefficients that depend only on the node positions that make up element λ.

This element local reconstruction qλ can also be integrated within an alternate element γ to

compare against Qγ. The result is

Qγ =
1

Vγ

∫

γ

qλ dV + ρλγ

=
1

Vγ

i+j+k≤p∑

i,j,k=0

Dλ
ijk

∫

γ

(x− xλ)i(y − yλ)j(z − zλ)k dV + ρλγ

=

i+j+k≤p∑

i,j,k=0

Dλ
ijkC

γλ
ijk + ρλγ

(3.2.9)

where ρλγ is a residual (error) to the fitting. Here an offset geometry coefficient

Cγλ
ijk =

1

Vγ

∫

γ

(x− xλ)i(y − yλ)j(z − zλ)k dV

=
1

Vγ

∫

γ

((x− xγ) + (xγ − xλ))i ((y − yγ) + (yγ − yλ))j ((z − zγ) + (zγ − zλ))k dV

=

l≤i∑

l=0

m≤j∑

m=0

n≤k∑

n=0

(
i

l

)(
j

m

)(
k

n

)
(xγ − xλ)l(yγ − yλ)m(zγ − zλ)nBγ

i−l,j−m,k−n

(3.2.10)

has been introduced using binomial expansion to relate Cγλ
ijk to the known Bγ

ijk and element

centroids ~xλ and ~xγ. By definition Bλ
000 = Cγλ

000 = 1, which, when combined with Eq. (3.2.7),
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gives the solution at the element centroid

qλ (~xλ) = D000
λ = Qλ −

i+j+k≤p∑

i,j,k=0
i+j+k 6=0

Dλ
ijkB

λ
ijk. (3.2.11)

This implies that only the volume averaged differences are required for reconstructingDabc
λ

Qγ −Qλ =

i+j+k≤p∑

i,j,k=0
i+j+k 6=0

Dλ
ijk

(
Cγλ
ijk −Bλ

ijk

)
+ ρλγ (3.2.12)

or in vector form

Qγ −Qλ = ~Lγλ · ~Dλ + ργλ. (3.2.13)

In general, the closer two elements are to one another, the more important they are for the

reconstruction process. To enforce this, an element weighting scheme is applied based on

the distance between the two elements |~xλ − ~xγ|. The weighting is applied to Eq. (3.2.13)

as

∆Qγλ =
Qγ −Qλ

|~xλ − ~xγ|n
=

~Lγλ
|~xλ − ~xγ|n

· ~Dλ +
ργλ

|~xλ − ~xγ|n
= ~Lλγ · ~Dλ + rλγ (3.2.14)

where rλγ is the weighted residual and n is a weight scaling factor (n = 2 works well). Since

the rank 3 tetrahedral tensor representation of the L and D factors can have arbitrary maps

to the vectors ~Lλγ and ~Dλ, their exact structure is application dependent. In general ~Lλγ
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and ~Dλ can be written as

Qγ −Qλ

|~xλ − ~xγ|n
=
[

C100
γλ −B

100
λ

|~xλ−~xγ |n
C200
γλ −B

200
λ

|~xλ−~xγ |n
· · · C00k

γλ −B
00k
λ

|~xλ−~xγ |n

]
·




D100
λ

D200
λ

...

D00k
λ




+ rγλ. (3.2.15)

Now consider a set of Ns elements Γλ = {γ0, γ1 . . . γNs-1} where λ 6∈ Γλ. Γλ is known as

the stencil of element λ and represents the set of elements the reconstruction is fitted to.

Applying the fitting to all stencil elements gives




Qγ0−Qλ
|~xλ−~xγ0|n
Qγ1−Qλ
|~xλ−~xγ1|n

...
QγNs-1

−Qλ
|~xλ−~xγNs-1|

n




︸ ︷︷ ︸
∆ ~Qλ

=




C
γ0λ
100 −Bλ100
|~xλ−~xγ0|n

C
γ0λ
200 −Bλ200
|~xλ−~xγ0|n · · · C

γ0λ
00p −Bλ00p
|~xλ−~xγ0|n

C
γ1λ
100 −Bλ100
|~xλ−~xγ1|n

C
γ1λ
200 −Bλ200
|~xλ−~xγ1|n · · · C

γ1λ
00p −Bλ00p
|~xλ−~xγ1|n

...
...

. . .
...

C
γNs-1

λ

100 −Bλ100
|~xλ−~xγNs-1|

n
C
γNs-1

λ

200 −Bλ200
|~xλ−~xγNs-1|

n · · · C
γNs-1

λ

00p −B00p
λ

|~xλ−~xγNs-1|
n




︸ ︷︷ ︸
Lλ

·




Dλ
100

Dλ
200

...

Dλ
00p




︸ ︷︷ ︸
~Dλ

+




rλγ0

rλγ1
...

rλγNs−1




︸ ︷︷ ︸
~rλ

(3.2.16)

or in matrix form

∆ ~Qλ = Lλ · ~Dλ + ~rλ. (3.2.17)

The length of vector ∆ ~Qλ is given by the stencil size Ns, while the length of vector ~Dλ is ND,

making Lλ a ND ×Ns matrix. In general the system should be overdetermined (Ns > ND)

and a perfect fitting does not exist (|~rλ| 6= 0). In order to minimize the residual ~rλ a least

squares method is applied with singular value decomposition Lλ = Uλ · Sλ ·VT
λ (note that

Lλ is real making Uλ and Vλ orthogonal matrices)

~Dλ
.
= Vλ · Sλ ·UT

λ ·∆ ~Qλ = L̃-1
λ ·∆ ~Qλ (3.2.18)
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where
.
= means equivalent in the least squares sense. Note that for high-order reconstruc-

tions on unstructured meshes, Lλ can be poorly conditioned and care must be taken when

truncating the singular values for the pseudoinverse L̃-1
λ . Given the dimensionality of the

problem Nd and the reconstruction polynomial order k, ND is given by41;42

ND =

[
1

Nd!

i≤Nd∏

i=1

(k + i)

]
− 1. (3.2.19)

For this study, the implementation of the k-exact reconstruction scheme is setup as fol-

lows:

1. Initialization:

(a) Generate and store Bλ
ijk (Eq. (3.2.8)) for all elements in domain. This study used

numerical quadrature to evaluate Bλ
ijk.

(b) Generate and store stencils Γλ for all elements in domain. For this study a recur-

sive path finding algorithm was developed which jumps from each element to its

neighbors to its neighbor’s neighbors until the stencil is filled.

(c) For each element λ with stencil Γλ:

i. Calculate and store weights wγλ = |~xλ − ~xγ|-n for each γ ∈ Γλ.

ii. Calculate Cγλ
ijk (Eq. (3.2.10)) for each γ ∈ Γλ.

iii. Calculate weighted geometry matrix Lλ as posed in Eq. (3.2.16).

iv. Generate SVD of Lλ

v. Truncate singular values to zero below some threshold ( 10-10 below largest

singular value works well for double precision).

vi. Generate and store pseudoinverse L̃-1
λ .

2. Simulation:
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(a) For each element λ:

i. Load stencil Γλ, weights wλγ and pseudoinverse L̃-1
λ .

ii. For each variable qi:

A. Generate ∆ ~Qλ from ∆Qγλ = wγλ (Qγ −Qλ) for γ ∈ Γλ.

B. Find the differential reconstruction coefficients terms ~Dλ = L̃-1
λ ·∆ ~Qλ.

C. Find the cell centered value Dλ
000 using Eq. (3.2.11).

D. Find qi at any point in element using Eq. (3.2.5).

3.2.2 Central essentially non-oscillatory method

First-order finite volume methods are stable as long as the stability requirement of the time

integration scheme (e.g. Courant number) is fulfilled. The reason for this stability is that

the first order finite volume scheme is highly diffusive, which inherently eliminates any sta-

bility violating oscillations that could develop. When moving to higher-order discontinuous

methods, the amount of numerical dissipation is decreased, and spurious oscillations are able

to grow and destabilize the numerical method.

Stability in discontinuous methods is dependent on enforcing monotonicity. Monotonic-

ity in hyperbolic systems implies that a system transitioning from one state to another

does so without developing any extrema in the process. In other words, monotonicity en-

forcement requires that the hyperbolic evolution of an initially monotonic solution remain

monotonic43. When monotonic evolution is violated, spurious oscillations form, which can

destabilize numerical methods. There are both linear and nonlinear methods for enforcing

monotonicity.

Linear monotonicity enforcement schemes are where the solution qλ in an element is replaced

by a piecewise linear approximation. Total variation diminishing/bounding (TVD/B) lim-
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iters are two such instances that generate a linear approximation by limiting the slope of qλ

such as to locally introduce enough dissipation to reduce spurious oscillations. In general,

these schemes are excessively diffusive, and drop the order of accuracy around the discon-

tinuity to between first and second order accuracy41;42;44. While many such linear limiting

methods exist, most tend to degrade extrema, as the methods do not differentiate between

an extrema and a discontinuity.

Nonlinear monotonicity enforcement schemes, such as weighted essentially non-oscillatory

methods (WENO), are less stringent than TVD/B and do not strictly eliminate spurious

oscillations. The goal is to balance the removal of spurious oscillations with the degradation

in accuracy around discontinuities. The accuracy degradation is generally less in nonlinear

limiting schemes, but is dependent on the mesh geometry. More importantly, nonlinear

monotonicity enforcement schemes preserve extrema.

Enforcing monotonicity is difficult on unstructured meshes. Most limiting schemes are de-

veloped for rectilinear grids and lose their effectiveness when moving to a general geometry

system. An effective means of decreasing spurious oscillations in reconstruction based finite

volume methods is to oversample the dataset. Oversampling implies that the number of

elements making up the reconstruction stencil is larger than the number of reconstruction

coefficients (Ns > ND). This imposes low pass filtering effect, which appears to be mono-

tonicity enforcing, however, it lowers the resolution and accuracy of the solver for mesh scale

dynamics. This implies that Ns & ND is an accuracy constraint. While there is no formal

requirement, McDonald 42 and Ivan 41 have found that symmetric stencils should at least

include the element’s nearest neighbors. For this study, the number of stencil elements is

based on a combination of the number of reconstruction coefficients and the number of faces

per element

Ns = max(ND + 1, Nf ). (3.2.20)
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The only real control over generating a stable and accurate reconstruction is the composi-

tion of the reconstruction stencil. Ideally the stencil is made up of a symmetric grouping of

the nearest surrounding elements; however, in the presence of discontinuous solutions, this

reconstruction introduces oscillations. To avoid this, most HOFVMs employ a combination

of stencils to generate the least oscillatory reconstruction. These multi-stencil schemes are

collectively known as essentially non-oscillatory (ENO) style schemes and are subdivided

into strictly ENO schemes and weighted ENO (WENO) schemes. For strictly ENO schemes,

the reconstructions from the various stencils are compared and the smoothest reconstruction

is chosen. WENO schemes weigh the different reconstructions together based on the recon-

structed polynomial’s smoothness, the stencil shape, and the stencil location to create the

best possible reconstruction.

ENO style schemes are not strictly total variation diminishing (TVD) or bounded (TVB),

however they roughly produce monotonic results. Many ENO style schemes exist, WENO

being the most popular, and while they retain high-order accuracy, the generation and anal-

ysis of multiple reconstructions requires a large computational effort. In order to decrease

the computational expense, a hybrid ENO scheme was selected for this study, known as

the central essentially non-oscillatory (CENO) scheme, which uses high-order reconstruc-

tions for smoothly varying solutions, and reduces to a faster TVD reconstruction (limited

reconstruction) when oscillatory behavior is expected41;42. The CENO method combines the

best of both ENO schemes with their high-order accuracy and extrema preservation41;42, and

TVD schemes for speed and stability. The method is designed to quickly evaluate high-order

accurate solutions with sharp interfaces around shocks and discontinuities.

The CENO scheme only requires two stencils as depicted in Fig. 3.2.2: a low-order and high-

order stencil. The high-order stencil is used to generate a high-order accurate reconstruction

of the continuous solution within an element. This high-order accurate reconstruction rep-

resents the maximal order of accuracy achievable by the HOFVM. Where the solution is

discontinuous, a TVD limited reconstruction is used, based on the smaller low-order stencil
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which is designed to reconstruct a p = 1 or a second-order accurate polynomial reconstruc-

tion.

Figure 3.2.2: Example CENO stencils for central element (dark
blue). High-order p = 6 stencil (medium+light blue) and low-
order p = 1 stencil (medium blue). If the high-order stencil’s
reconstruction is not smooth, then the low-order stencil is used
instead.

For a given element λ, the criteria for using the limited versus high-order reconstruction

is based on a smoothness indicator denoted by Sλ. Smoothness indicators do not define a

specific method for measuring smoothness, and are generally complicated for non-rectilinear

meshes. The goal of a smoothness indicator is to quickly generate a rough guess of the

least squares residual magnitude of the reconstruction. The smaller Sλ is, the better the fit,

and more “smooth” the reconstruction is. When Sλ is above some threshold S, then the

high-order reconstruction is replaced with the limited reconstruction.

The two reconstructions are outlined as follows:

• Limited reconstruction:

The low-order, TVD limited solution is generated from a piecewise linear (p = 1)

reconstruction, usually based on a stencil of the nearest Nf neighbors. Without the

limiting procedure, the second order reconstruction also generates spurious oscillations

around discontinuities.
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When monotonicity enforcement was first introduced, the goal was to prevent the gen-

eration of spurious oscillations in piecewise linear reconstructions. The same process

is applied in CENO. The solution q is reconstructed at the element vertexes where the

piecewise linear solution exhibits extrema. If the vertex reconstructions sit outside the

bounds of the stencil’s volume averaged values, a slope limiter is applied. Mathemat-

ically, in element λ with volume averaged solution Qλ the reconstruction qλ takes the

form

qλ = Dλ
000 +Dλ

100(x− xλ) +Dλ
010(y − yλ) +Dλ

001(z − zλ) (3.2.21)

where the reconstruction coefficients Dλ
100, Dλ

010, and Dλ
001 define the slope of qλ in the

x, y, and z directions respectively. The limited solution q̃λ is given by

q̃λ = D̃λ
000 + D̃λ

100(x− xλ) + D̃λ
010(y − yλ) + D̃λ

001(z − zλ) (3.2.22)

where the adjusted slopes D̃λ
100 = ΘλD

λ
100, D̃λ

010 = ΘλD
λ
010, and D̃λ

001 = ΘλD
λ
001 are

written in terms of a slope limiter Θλ. The adjusted cell center value,

D̃λ
000 = (1−Θλ)Qλ + ΘλD

λ
000, (3.2.23)

enforces conservation when applying slope limiters on non-rectilinear meshes. This

cell center adjustment affects monotonicity, however since the limiter approach is ex-

cessively diffusive, the effect on stability is minimal. The slope limiter Θλ is given

by the Barth-Jesperson limiter41;42;44;45. The choice was based on the ease and local-

ity of calculation in a numerical context. Given element λ’s neighbors γ ∈ Γ̄λ, the

Barth-Jesperson limiter is found using the following steps:

1. Given an element with vertex locations ~xλi , find the vertex reconstructions q̄iλ =

qλ(~x
λ
i ).
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2. Given the neighboring elements, find the extrema bounds of volume averaged

solutions for the stencil.

∆Qmax
λ = max

(
max
γ∈Γλ

(Qγ)−Qλ, 0

)
(3.2.24)

∆Qmin
λ = min

(
min
γ∈Γλ

(Qγ)−Qλ, 0

)
(3.2.25)

3. Generate the vertex limiters

Θi
λ =





min
(

1,
∆Qmax

λ

q̄iλ−Qλ

)
if q̄iλ −Qλ > 0

min
(

1,
∆Qmin

λ

q̄iλ−Qλ

)
if q̄iλ −Qλ < 0

1 else

(3.2.26)

4. The element’s slope limiter is the minimal vertex limiter

Θλ = min
i

(
Θi
λ

)
(3.2.27)

• High-order reconstruction:

High-order reconstructions are generated as discussed in Sec. 3.2.1. Testing the smooth-

ness can be done in a variety of ways, and this study used a simple comparison of

reconstructed values at stencil element centroids to the corresponding volume average

solutions41;42. Given element λ, with volume average solution Qλ and reconstruction

qλ, a reconstruction based on stencil elements Γλ results in a smoothness indicator,

Sλ =
Ns −ND + 1

ND + 1

αλ
max(ε, 1− αλ)

, (3.2.28)
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where

αλ = 1−
∑

γ∈Γλ

(qλ (~xγ)−Qγ)
2

(Qλ −Qγ)
2 . (3.2.29)

The factor ε = 10−8 is used to avoid singularities. An accurate, yet expensive, alter-

native smoothness indicator for unstructured meshes can be found in Hu and Shu 46 .

The threshold smoothness S is moderately mesh dependent, however a value of 103

was found to work relatively well at removing oscillations for most problems41;42.

The main drawback with the CENO method, and most reconstruction based finite volume

methods, is that boundary conditions must be based on some Dirichlet application of values

to ghost elements or nodal locations on the boundary of the domain. This is done to keep

the reconstruction stencils symmetric along the domain’s border. This boundary condition

issue is the main motivations for the development of a discontinuous Galerkin method.

3.3 Nodal discontinuous Galerkin method

Discontinuous Galerkin methods (DGM) are popular discontinuous finite element methods

for modeling shocks and discontinuities for nonlinear hyperbolic equation sets. This research

focuses on applications to the one dimensional slab lines, two dimensional slab triangles,

and three dimensional tetrahedra primitives (see Appendix A). Unlike FVMs where a local

stencil of surrounding elements are used to define q within an element, DGMs use a basis

representation within the element. Figure 3.3.1 shows how the solution in each element is

fully represented by a set of nodal values. This representation allows for arbitrarily high-

orders of accuracy on poorly conditioned unstructured meshes.
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Figure 3.3.1: Discontinuous Galerkin methods have high-order
representations of the solution contained within each element.
For this study, a nodal representation is used, meaning the so-
lution is known at a set of points (red dots) and interpolation
functions (red lines) are used to find the solution between points.

This representation implies that all elements can be mapped to an isoparametric primitive

form described in Appendix A. The mapping from configuration space (x, y, z) to the isopara-

metric space (ξ0, ξ1, ξ2) is expressed through a coordinate transform Jacobian matrix

Jλij =
∂

∂xi
ξj (3.3.1)

which exists for each element λ individually. In the case of polygonal simplex elements, Jλij

is independent of the isoparametric spatial position and can be pulled out of any integrals

over or differentiations of isoparametric space. The isoparametric mapping is applied to

Eq. (3.0.1) for element λ by pulling the coordinate transform Jacobian matrix out of the

spatial derivatives

∂

∂t
qλi + Jλjk

∂

∂ξk
fλij = sλi . (3.3.2)

Within each element λ, the spatially dependent components in the equation are expanded
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on a basis ~φ(~ξ) such that the solution vector becomes

qλi (t, ~ξ) = qλij(t)φj(
~ξ), (3.3.3)

where the j index in qλij represents the nodal location within element λ. Applying the basis

expansion to Eq. (3.3.2) results in the basis expanded strong form

φj
∂

∂t
qλij + Jλjk

∂

∂ξk
fλij = sλi . (3.3.4)

The basis expanded strong form is converted to a weak form by multiplying by a test function

and integrating over the element volume. Galerkin methods are special case of finite element

methods where the test function is chosen from the basis set ~φ. Multiplying Eq. (3.3.4) by

the test function φk and integrating over the isoparametric element yields

〈φmφj〉
∂

∂t
qλij = −Jλjk

〈
φm

∂

∂ξk
fλij

〉
+
〈
φms

λ
i

〉
. (3.3.5)

where the angle brackets denote integration over an isoparametric primitive,

〈g〉 =

∫
g dV =





1
2

1∫
-1

g dξ0 Line (1D)

2
1∫
0

1−ξ0∫
0

g dξ1dξ0 Triangle (2D)

6
1∫
0

1−ξ0∫
0

1−ξ0−ξ1∫
0

g dξ2dξ1dξ0 Tetrahedron (3D).

(3.3.6)

In order to describe the evolution of the solution at a single node, the mass matrix,

Mij = 〈φiφj〉 , (3.3.7)

must be removed from the time derivative. Multiplying Eq. (3.3.5) by the inverse of the
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mass matrix, and swapping some indexes, yields

∂

∂t
qλij = −JλmnM-1

jk

〈
φk

∂

∂ξn
fλim

〉
+ M-1

jk

〈
φks

λ
i

〉
. (3.3.8)

As was discussed in Sec. 3.1, the flux term can be rewritten using integration by parts

〈
φi

∂

∂ξj
fλkl

〉
=

〈
∂

∂ξj

(
φif

λ
kl

)〉
−
〈
fλkl

∂

∂ξj
φi

〉
. (3.3.9)

The divergence theorem is applied to the first term on the right-hand-side to give

〈
∂

∂ξj

(
φif

λ
kl

)〉
=
∑

γ∈Γ̄λ

〈
mλγ
j φif

λ
kl

〉
λγ
, (3.3.10)

where Γ̄λ is the set of elements neighboring element λ, mλγ
i is the outward pointing isopara-

metric surface normal, and 〈·〉λγ represents the surface integral over the interface between

elements λ and γ. Inserting this relation into Eq. (3.3.8) yields

∂

∂t
qλij = JλmnM

-1
jk

〈
fλim

∂

∂ξn
φk

〉

︸ ︷︷ ︸
Internal Flux

− Jλmn
∑

γ∈Γ̄λ

M-1
jkm

λγ
n

〈
φkf

λ
im

〉
λγ

︸ ︷︷ ︸
Surface Flux

+ M−1
jk

〈
φks

λ
i

〉
︸ ︷︷ ︸

Sources

. (3.3.11)

The surface flux shares information between elements, while the internal flux and source

terms are locally evaluated within the element. Equation (3.3.11) can be further simplified

by recognizing that the normal vector in the isoparametric space is convetered into the face

normal vector in real space nλγi through the multiplication with the Jacbobian matrix

nλγi =
1

Gλγ

Jλjim
γλ
j (3.3.12)

where

Gλγ =
√
Jλikm

λγ
i J

λ
jkm

λγ
j (3.3.13)
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is a scaling factor related to the geometry of the real element’s face. This operation changes

Eq. (3.3.11) into

∂

∂t
qλij = JλmnM

-1
jk

〈
fλim

∂

∂ξn
φk

〉
−
∑

γ∈Γ̄λ

GλγM
-1
jk

〈
φkn

λγ
n f

λ
in

〉
λγ

+ M−1
jk

〈
φks

λ
i

〉
. (3.3.14)

The normal flux defined in Sec. 3.1.1

Fλγi = nλγj f
λ
ij (3.3.15)

is seen in the surface integral. As was seen in Sec. 3.1, the flux-normal multiplication can

be converted into a rotation operation acting on a numerical flux. Again, the numerical

flux calculation requires the state on both sides of the interface, implying that an efficient

implementation has overlapping facial nodes between elements to minimize communication

costs. This is the major advantage of the nodal DGM over the modal method where all

modes from each element are required for each numerical flux evaluation. The numerical

and internal fluxes can be expanded on a basis ~θ such that

Fλγi = Fλγij θj (3.3.16)

and

fλij = fλijkθk. (3.3.17)

The reason for having different bases for the solution (φi) and flux (θi) is due to the non-

linearity associated with a given equation set. For linear equations, such as the advection

equation

∂

∂t
q = − ∂

∂x
q, (3.3.18)
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the basis used for the flux can be the same as the solution’s basis (~θ = ~φ). This is not

necessarily the case for nonlinear equations sets, such as Burger’s equation

∂

∂t
q = −1

2

∂

∂x
q2, (3.3.19)

where the flux f = q2/2 exists on a higher order basis than the solution.

The source term is similarly expanded on an additional basis

sλi = sλijψj. (3.3.20)

Applying this multi-basis expansion to Eq. (3.3.14) yields

∂

∂t
qλij = JλmlΥjlkf

λ
imk −

∑

γ∈Γ̄λ

GλγΞ
λγ
jkFλγik + Ψjks

λ
ik. (3.3.21)

with basis arrays

Υijk = M−1
il

〈
φl

∂

∂ξj
θk

〉
, (3.3.22)

Ξλγ
ij = M-1

il 〈θjφl〉λγ , (3.3.23)

and

Ψij = M−1
ik 〈φkψj〉 . (3.3.24)

Note that all of these basis arrays are defined in the isoparametric space, and the same basis

arrays can be used for each element. For linear systems, where the flux and source terms are
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proportional to the solution (i.e. ~θ, ~ψ = ~φ), the basis arrays can be simplified to

Ῡijk = M−1
il

〈
φl

∂

∂ξj
φk

〉
, (3.3.25)

Ξ̄λγ
ij = M-1

il 〈φjφl〉λγ , (3.3.26)

and

Ψ̄ij = M−1
ik 〈φkφj〉 = δij. (3.3.27)

This simplification is very important for computational efficiency. For linear systems, the

fluxes and sources are calculated at the same nodes that the solution is already known. This

greatly reduces communication costs, as the entire basis set for the solution does not need

to be used to find the solution at the nodal locations described by ~ψ and ~θ. While the linear

basis sets do not accurately capture element scale dynamics in strongly nonlinear systems,

the computational efficiency associated with them makes them advantageous for the large

equation sets associated with multi-species models.

3.3.1 Gradient and diffusion operators

Diffusion operators are used throughout computational physics models to describe both

elliptic and parabolic behavior. The operators used for viscosity and thermal conductivity

(Sec. 2.3), diffusive stabilization (Sec. 2.4), and parabolic cleaning of Maxwell’s equations

(Sec. 2.6.2) all take the generalized form

∂

∂t
qi =

∂

∂xj

(
Dijkl

∂

∂xk
ql

)
. (3.3.28)
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The method used to evaluate diffusion operators is based on the work done by Cockburn

and Shu 47 , Kirby and Karniadakis 48 , Arnold et al. 49 , and Arnold et al. 50 . To evaluate a

diffusion operator of this form using discontinuous Galerkin methods the operator is first

converted into the flux form

∂

∂t
qi = −Jλjk

∂

∂ξk
fij (3.3.29)

from Sec. 3.3 where

fij = −Dijkl
∂

∂xk
ql (3.3.30)

is the viscous flux that must be evaluated on the nodal basis ~φ. To solve this, the gradient

term is redefined as

Yij =
∂

∂xj
qi (3.3.31)

such that the viscous flux becomes

fij = −DijklYlk. (3.3.32)

As before, the equation is converted to the isometric space x→ ξ to give

Y λ
ij = Jλjk

∂

∂ξk
qλi . (3.3.33)

The gradient array is expanded on the solution’s basis ~φ,

Y λ
ij = Y λ

ijkφk, (3.3.34)
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to give

Y λ
ijlφl = Jλjk

∂

∂ξk
qλi . (3.3.35)

As before, this basis expanded strong form is converted to the weak form by multiplying by

the basis and integrating over the isometric element (see Eq. (3.3.6)) to give

Y λ
ijl 〈φlφn〉 = Jλjk

〈
φn

∂

∂ξk
qλi

〉
. (3.3.36)

The mass matrix defined in Eq. (3.3.7) is used to simplify the left hand side

Y λ
ijk = JλjlM

−1
nk

〈
φn

∂

∂ξl
qλi

〉
. (3.3.37)

Integrating by parts breaks the integral into a surface contribution, and an internal contri-

bution, which is written as

Y λ
ijk = Jλjl

∑

γ∈Γ̄λ

mλγ
l M−1

nk

〈
φnq

λ
i

〉
λγ

︸ ︷︷ ︸
Surface Flux

− JλjlM−1
nk

〈
qλi

∂

∂ξl
φn

〉

︸ ︷︷ ︸
Internal Flux

. (3.3.38)

By converting the isoparametric face normal frame to the world frame face normal using

Eq. (3.3.12), Eq. (3.3.38) can be rewritten as

Y λ
ijk =

∑

γ∈Γ̄λ

Gλγn
λγ
j M−1

nk

〈
φnq

λ
i

〉∂
l
− JλjlM−1

nk

〈
qλi

∂

∂ξl
φn

〉
(3.3.39)

where Gλγ is defined in Eq. (3.3.13). Similar to the normal flux described in Sec.3.1.1, the

evaluation of ~q on the surface of the element is rewritten as

Qλγij = qλi n
λγ
j (3.3.40)
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and is expanded,

Qλγij = Qλγijkφk, (3.3.41)

on the same basis as ~qλ. As was seen for the normal flux in the finite volume and discontinuous

Galerkin methods, the surface quantity Qλγ must be single valued at the interfaces between

elements. The final form for the gradient operator is then

Y λ
ijk =

∑

γ∈Γ̄λ

GλγQλγijlΞ̄λγ
kl − JλjlῩklmq

λ
im (3.3.42)

with basis arrays

Ξ̄λγ
ij = M−1

ik 〈φkφj〉λγ (3.3.43)

and

Ῡijk = M−1
il

〈
φk

∂

∂xj
φl

〉

λγ

. (3.3.44)

The surface value Qλγ can take many forms49;50, and the form used in this study is

Qλγij =

(
qλi

1 + β

2
+ qγi

1− β
2

)
nλγj (3.3.45)

where β is a factor that is generally set in the bounds49;50 β ∈ (−1, 1). Since this diffusion

model is a penalty method, the definition of the numerical flux used in Eq. 3.3.21 must also

take the β penalty into consideration such that

Fλγi =
1

2

(
fλij + fγij

)
nλγj − ηλγ

(
qγi − qλi

)
− 1

2
βDλγ

ik

(
Y λ
kj − Y γ

kj

)
nλγj (3.3.46)

where Dλγ
ik is a equation set dependent matrix that describes how the penalty applies to the



88

various gradients. The penalty ηλγ is approximated as50

ηλγ ≈
1

Aλγ
(3.3.47)

where Aλγ is the area of the face separating element λ and γ.

3.3.2 Node positioning

The nodal DGM minimizes communication costs by placing nodes at points where numerical

fluxes are calculated. The generation of an interpolation polynomial basis from a given set

of node positions is a fairly straightforward processes. The interpolation basis functions ~φ, ~θ,

and ~ψ can all be generated from a different set of node positions, and this section generalizes

the process for the basis ~φ. Given a set of node positions ~xi, a set of interpolation basis

functions are defined by the identity

φi(~ξj) = δij (3.3.48)

which states that the interpolation polynomial has a value of 1 at its associated node (j = i),

and 0 at all other nodes (j 6= i). The first step in deriving an interpolation basis is to expand

the nodal basis,

φi = φijϕj, (3.3.49)

on an arbitrary basis ~ϕ. For large sets of basis nodes (e.g. a primitive containing 20 nodes),

it is helpful to use an orthogonal basis37 which obeys the condition

〈ϕiϕj〉 ∝ δij. (3.3.50)
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For small node sets, a simple monomial series may be used instead, such as the one described

in Sec. 3.2.1. Combining Eq. (3.3.49) with Eq. (3.3.48) gives

φi(~ξj) = φikϕk(~ξj) = δij, (3.3.51)

which describes the interpolation basis ~φ in terms of the known basis ~ϕ. Defining a ma-

trix

Vij = ϕi(~ξj) (3.3.52)

allows for solving for the expansion variables

φikVkjV
−1
lj = δijV

−1
lj (3.3.53)

which leads to the definition

φij = V −1
ji . (3.3.54)

For this research, the discontinuous Galerkin method is implemented for unit line, triangle,

and tetrahedral primitives as described in Appendix A. The basis ~ϕ used in this research

was defined separately for the three primitives. In one dimension, the basis is given by

ϕi (ξ0) = Pi (2ξ0) (3.3.55)

with Legendre polynomials Pi(x). The basis used for two dimensions are designed for unit

right angle triangles and is given by Hesthaven and Warburton 37

ϕmij = 2i+1/2 (1− ξ1)i Pi

(
2ξ0

1− ξ1

− 1

)
J2i+1,0
j (2ξ1 − 1) (3.3.56)
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where J jki (x) is the ith order Jacobi polynomial. The composite index

mij = j + (p+ 1)i+ 1− i

2
(i− 1) (3.3.57)

combines the indexes i, j ≥ 0 into a single index using the highest basis order p ≥ i + j.

For right angle, right-handed, unit tetrahedra, the orthogonal basis is also related to Jacobi

polynomials

ϕmijk = 22i+j+3/2 (1− ξ1 − ξ2)i (1− ξ2)j Pi

(
2ξ0

1− ξ1 − ξ2

− 1

)

J2i+1,0
j

(
2ξ1

1− ξ2

− 1

)
J2i+2j+2,0
k (2ξ2 − 1) .

(3.3.58)

The composite index

mijk = 1 +
1

6

(
11 + 12p+ 3p2

)
i+

1

2
(2p+ 3) j + k − 1

2
(2 + p) i2 − ij − 1

2
j2 +

1

6
i3 (3.3.59)

is again used to convert from indexes i, j, k ≥ 0 to a single index based on the highest basis

order p ≥ i+j+k. The choice of node positioning is determined by minimizing the condition

number of the Vandermonde matrix using Lebesgue constants37. This becomes important

when increasing the number of nodes in a primitive; however, this study focused more on

the development of small computationally efficient node sets. In one dimension the node

locations are given by the Gauss-Lobatto quadrature node locations, given in Tab. 3.1, as

advised in Hesthaven and Warburton 37 , which gives nodes both on the boundary of the line

element and within the line element. For the triangular and tetrahedral elements the basis

is approximated by a tensor form Gauss-Lobatto quadrature. These node configurations are

seen in Fig. 3.3.2.
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(a) One dimensional element
node sets. From top to
bottom: Piecewise linear,
quadratic, cubic, quartic, and
quintic interpolation polyno-
mial nodes.

(b) Two dimensional element
node sets. From top to
bottom: Piecewise linear,
quadratic, and cubic interpo-
lation polynomial nodes.

(c) Two dimensional element
node sets. From top to bot-
tom: Piecewise linear and
quadratic interpolation poly-
nomial nodes.

Figure 3.3.2: Discontinuous Galerkin node positions based on
Gauss-Lobatto quadrature positions, as specified in Table 3.1.
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Table 3.1: Gauss-Lobatto abscissa xi for 2, 3, 4, and 5 point
node sets. Additional abscissa can be found in Hesthaven and
Warburton 37 for higher order node sets.

m xi
2 ±1
3 0, ±1

4 ±
√

1
5
, ±1

5 0, ±
√

3
7
, ±1

3.3.3 Monotonicity enforcement

As was seen with the finite volume method in Sec. 3.2.2, the discontinuous Galerkin method,

being discontinuous, requires a monotonicity enforcement scheme to remain stable. To

enforce monotonicity, the CENO method, implemented for the finite volume method in

Sec. 3.2.2, is extended to work with the discontinuous Galerkin method. The implementa-

tion first calculates the volume average quantity for each element using the relation

Qλ =
1

Vλ

∫

λ

qλ dV = qλi 〈φi〉 , (3.3.60)

where i refers to a node in an element. Given the volume averages for all elements, a piece-

wise linear k-exact reconstruction is applied to the element and its nearest neighbors. The

first-order polynomial solution is then limited using the Barth-Jesperson limiter of Sec. 3.2.2.

The limited solution is then sampled at the nodal locations to rebuild the discontinuous

Galerkin solution. There are also higher-order monotonicity enforcement methods based on

WENO schemes51. WENO limiting schemes retain high-order accuracies in the presence of

discontinuities making them popular for modern discontinuous Galerkin applications. The

main issue with WENO limiters is that they are slow and computationally expensive.
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3.3.4 Boundary conditions

Discontinuous Galerkin methods are locally defined finite element methods, meaning that,

unlike the finite volume method, the high-order solution is both stored and evolved directly

without requiring a reconstruction scheme. As such, each element is evolved through two

operations, the internal flux operator which describes the flow of the solution within an

element, and the surface flux operator which captures the flow of the solution between

elements. Boundary conditions for DG methods are then implemented by setting a surface

flux at the edge of a domain. Dirichlet boundary conditions are implemented by projecting

a solution onto the outside of a boundary face which effectively sets the desired numerical

flux. For example, in the case of a 5-moment model interacting with a solid wall traveling

at some velocity ~vw =
[
vwx vwy vwz

]
, the solution on the inboard (−) side of the faces

defining the domain boundary,

~q− =
[
ρ− p−x p−y p−z ε−

]T
, (3.3.61)

is used to define the solution on the outboard (+) side of the domain boundary

~q+ =




ρ+

p+
x

p+
y

p+
z

ε+




=




ρ−

ρ−v
w
x

ρ−v
w
y

ρ−v
w
z

ε− + 1
2

(
ρ−v

2
w − p2

−/ρ−
)




. (3.3.62)

This particular boundary condition species a force balance across the interface such that no

mass, momentum, or energy transits the boundary. Naturally this boundary condition is

only applicable to systems where the wall velocity is purely in the wall’s plane. Neumann

boundary conditions are set in a similar manner where the solution’s gradient on the outboard

side of the domain’s boundary is set explicitly.
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3.4 Temporal discretization

Plasma models can generally be written in terms of a first-order, ordinary differential equa-

tion (ODE),

∂

∂t
q = L (q, t) , (3.4.1)

where q is the evolving solution vector and the L operator represents all spatial and temporal

dependencies specified by the finite volume (Sec. 3.2) or discontinuous Galerkin (Sec. 3.3)

discretizations. The discretization of the time derivative operator in Eq. (3.4.1) is known as

a time integration scheme.

The time integration schemes used in this study are a form of explicit methods where the

known solution qn at a time step n is used to generate the right-hand-side variable L(qn, tn)

for a particular time tn. Explicit methods are highly parallelizable schemes capable of high-

order convergence accuracies. Additionally, the locality of explicit operators makes them

easy to parallelize, however, this locality leads to a stability constraint on the maximum

allowable time step size ∆t = tn+1 − tn. For example, when explicit schemes are applied to

hyperbolic conservation laws the stability of the algorithm is limited by the Courant number

C. The Courant number defines a maximum stable time step

∆t < C
∆x

v
(3.4.2)

allowed in a system given a maximum hyperbolic wave speed v and a local element width

∆x. For linear equation sets, such as the advection equation, the finite volume method

can operate with a Courant number of C < 1. The stability restrictions for discontinuous

Galerkin methods are more restrictive, and depend on the basis order. A higher order

basis requires a smaller time step for the same element size. This is further complicated

in the case of unstructured, or general geometry meshes, where defining an appropriate ∆x
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becomes difficult. Additional time step constraints can be derived for source terms and

diffusive operators. For example, the most restrictive time step constraint for multi-species

plasma simulations is rarely set by the speed of light or fluid viscosity, but by the electron

plasma frequency, which must be resolved (∆t� 1/ωep).

This study implemented a set of explicit Runge-Kutta (RK) methods to handle time integra-

tion. RK methods are a class of high-order accurate ordinary differential equation solvers.

The first-order accurate time integration scheme, mainly used for debugging purposes, is

given by the forward Euler method

qn+1 = qn + ∆t · L(qn, tn). (3.4.3)

The second-order time integration is given by the midpoint method

q∗ = qn +
1

2
∆t · L (qn, tn) (3.4.4a)

qn+1 = qn + ∆t · L
(
q∗, tn +

1

2
∆t

)
. (3.4.4b)

A third-order time integration is given by the RK3 scheme

q∗ = qn +
1

2
∆t · L (qn, tn) (3.4.5a)

q∗∗ = 3qn − 2q∗ + 2∆t · L
(
q∗, tn +

1

2
∆t

)
(3.4.5b)

qn+1 = −1

3
qn + q∗ +

1

3
q∗∗i +

1

6
∆t · L (q∗∗, tn + ∆t) . (3.4.5c)
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The highest-order accurate scheme used is the fourth-order accurate RK4 scheme

q∗ = qn +
1

2
∆t · L (qn, tn) (3.4.6a)

q∗∗ = qn +
1

2
∆t · L

(
q∗, tn +

1

2
∆t

)
(3.4.6b)

q∗∗∗ = qn + ∆t · L
(
q∗∗, tn +

1

2
∆t

)
(3.4.6c)

qn+1 =
1

3
(−qn + q∗ + 2q∗∗ + q∗∗∗) +

1

6
∆t · L (q∗∗∗, tn + ∆t) . (3.4.6d)

Alternative Runge-Kutta schemes used for this research include a second-order, strong sta-

bility preserving Runge-Kutta scheme37, known as the Heun method,

q∗ = qn + ∆t · L (qn, tn) (3.4.7a)

qn+1 =
1

2
q∗ +

1

2
qn +

1

2
∆t · L (q∗, tn + ∆t) , (3.4.7b)

and the third-order, strong stability preserving Runge-Kutta scheme

q∗ = qn + ∆t · L (qn, tn) (3.4.8a)

q∗∗ =
3

4
qn +

1

4
q∗ +

1

4
∆t · L (q∗, tn + ∆t) (3.4.8b)

qn+1 =
1

3
qn +

2

3
q∗∗ +

2

3
∆t · L

(
q∗∗, tn +

1

2
∆t

)
. (3.4.8c)

All of these explicit time integration schemes are made up of stages, each of which constructs

a right-hand-side variable L from the solution generated by the previous stage. This iterative

structure means that the computational efficiency of an explicit method is entirely dependent

on the efficiency of the spatial solver.
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Chapter 4

COMPUTATIONAL FRAMEWORK

The models and numerical methods discussed in this dissertation are implemented in the

WARPXM code (Washington Approximate Riemann Plasma eXtended modeling platform

- Many-core version). WARPXM is designed to model large scale continuum systems con-

taining the many characteristic scales associated with multi-species plasma models. The

numerical solvers making up WARPXM are designed for evolving nonlinear equation sets,

such as those described in Sec. 3, using a modular construction. A simulation is initialized

using an input file that describes model in terms of a temporal integration scheme linked

to a spatial discretization scheme. The temporal and spatial discretization schemes can be

swapped out at will. The spatial discretization scheme is made up of a collection of sub-

solvers. For example, a plasma simulation contains separate subsolvers to handle advective

flow, collisional processes, electromagnetic interactions, and Maxwell’s equations. Swapping

the modular subsolvers is as simple as modifying a few lines in the input file. Parsing the

input file into WARPXM results in a collection of interlinked programs that are dynamically

generated and compiled at runtime.

The generalized and modular approach of the WARPXM lends itself to fast numerical model

development. Writing new modules for WARPXM is a simple process of copying a preexisting

module, making the required modifications, and recompiling. The registry system within

WARPXM automatically allows the module to be identified in an input file. The output

from WARPXM is written to a proprietary hdf5 datafile format. The hdf5 files can be directly

read into python or MATLAB, or can be folded into a XDMF translation file using a python

script. The XDMF interface file allows the hdf5 files to be read into data visualization
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programs including Visit or Paraview.

This chapter overviews the main features of WARPXM that have been developed over the

course of this research. Section 4.1 overviews the underlying parallelization schemes and com-

putational framework used in WARPXM. A discussion of the unstructured mesh framework

implemented in WARPXM is found in Sec. 4.2. The constraints governed by the compu-

tational and unstructured frameworks required a new configuration for datasets, which is

described in Sec. 4.2. Finally, Sec. 4.4 overviews the method used to implement the discon-

tinuous Galerkin finite element method.

4.1 Parallelization in WARPXM

The WARPXM code is designed to target modern high-performance compute (HPC) environ-

ments, where the addition of compute accelerators, such as GPUs, has become commonplace.

Compute accelerators greatly increase the effectiveness of HPC systems which is beneficial

considering the high computational costs of plasma models.

Modern compute environments, such as clusters, employ high levels of parallelism. Par-

allelization takes place not only at the cluster level with multiple compute nodes, but also

within the compute node where multiple compute devices (e.g. CPUs and GPUs) may exists.

Each compute device is further subdivided into processing elements (e.g. CPU logical cores

or GPU streaming processors). For the purposes of this study a compute environment is sub-

divided into three abstract levels, each with a task management and threading mechanism

implemented using separate application programming interfaces (API).

• Cluster level:

The cluster level represents a collection of compute nodes. In the case of a workstation

there is only a single compute node, however in general, many compute nodes exist

with the ability to pass messages to each other over the cluster’s interconnect. Com-

munication between a cluster’s compute nodes is handled using the message passing
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interface (MPI) standard, or more specifically MPI-2 as implemented by OpenMPI 1

or other commercial products. Each individual compute node has a single instantia-

tion of WARPXM to enforce proper compute device management. A compute node’s

instantiation of WARPXM is known as the host level.

• Host level:

Each compute node is made up of a collection of compute devices including CPUs and

GPUs. To prevent overlapped use of compute devices, only a single instantiation of

WARPXM should ever exist for a given compute node. The host level’s management

system is divided into task management and device management.

A task is an abstract reference to a set of instructions implemented on a dataset such

as applying a boundary condition to a particular boundary or saving data to an output

file. Task management on the host level includes initialization, communication, and

synchronization between tasks, and is handled using the Boost threadpool API 2. When

the threadpool library is given a task, it schedules the task for a thread within its pool

of threads. When a thread becomes available, the threadpool runs the task on the

thread. The threadpool library is only designed to run on CPU-like devices so while

each thread can potentially complete a task itself, it cannot be directly extended to

GPU compute devices.

Management of compute devices (memory management and device synchronization) is

handled by the OpenCL API 3. The OpenCL API is split into control and compute

environments. The control environment, handled within the host level’s task manager,

controls explicit global memory management and task assignment to compute devices.

This interface is used in conjunction with the cluster level manager to handle global

synchronization of datasets. The implementation of the numerical methods and plasma

1www.open-mpi.org

2www.boost.org

3www.khronos.org/opencl

http://www.open-mpi.org
http://www.boost.org
http://www.khronos.org/opencl
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models are found in the compute level.

• Compute level:

The compute level is where the actual numerical solvers exist. The purpose of the

host and cluster levels is to ensure memory is in the correct place at the correct time

and that the numerical solvers are properly synchronized. As such the management

systems in the cluster and host levels are computationally inexpensive. The bulk of

computational expense in WARPXM exists in the compute level.

Each compute device is made up of a collection of processing elements. A CPU gen-

erally contains anywhere from a single to a few dozen logical cores, while a GPU can

contain thousands of streaming processors. Within each compute device, processing

elements are grouped into compute units in which memory can be shared and synchro-

nized.

Within OpenCL, all devices can be thought of as single-instruction multiple-data

(SIMD) parallelized frameworks. This means that the same set of instructions are

applied on a collection of processing elements in lockstep to different datasets. The

simplicity of the SIMD model greatly decreases computational overhead making them

ideal for modeling parallelizable systems such as the numerical methods discussed in

Sec. 3.

OpenCL instruction sets are written in kernels using an OpenCL kernel language based

on the C standard. A kernel can be thought of as a function call existing within a for

loop. OpenCL unwraps this for loop and applies the function (kernel) individually

on all available processing elements. In general multiple kernels are compiled for a

given simulation and it is the host level’s responsibility to properly sequence them.

The implementation of the kernel code on a processing element is known as a work

item, which is analogous to how a task is assigned to a thread in the host level’s

threadpool. Work items are collected into work groups capable of locally sharing and
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synchronizing memory. The only synchronization available within OpenCL’s compute

level is between work items in a common work group. Synchronization between work

groups must be handled on the host level. Work groups are assigned a compute unit

on which they can run. Ideally, the number of work items in each work group should

be a multiple of the number of processing elements in the compute unit. This allows

the SIMD lockstep processing method to run a subset of the work items while other

work items are accessing memory. Hiding memory access latency behind computation

operations is the basis of the OpenCL methodology.

The compute level has four separate memory zones accessible to the compute proces-

sors, as shown in Fig. 4.1.1, with varying levels of latency and size: global, constant,

local, and private.

Global/Constant memory

Local memory 1

Compute unit 1

Private memory 1Processing element 1

Private memory 2Processing element 2

Private memory MProcessing element M

... ...
...

Local memory N

Compute unit N

Private memory 1Processing element 1

Private memory 2Processing element 2

Private memory MProcessing element M

... ...

Compute device

Figure 4.1.1: Hardware overview of an OpenCL compute de-
vice. Processing elements have a private memory space and
are grouped into compute units with a shared local memory
space. Compute units are grouped together with a shared
global/constant memory space.
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Global memory represents the compute device main memory used for holding large

allocations of data (∼ 10GB per device). For CPUs this is the compute node’s RAM,

while for GPUs this is the on-board VRAM. Global memory is the slowest for processing

elements to access, but is the only storage persistent beyond the lifetime of a kernel.

In practice this memory space should only be used for data storage between kernels.

Constant memory is effectively global memory that is optimized to be loaded quickly

onto all processing elements (i.e. broadcast operations). The exact location of constant

memory is device dependent, and is severely restricted in terms of storage size (∼ 100kB

per device). Local memory is shared within the compute units on a compute device.

It is much faster to access than global memory, but is also much smaller (∼ 10kB per

compute unit). While local memory is mainly used to share memory between work

items in a work group, it is also good practice to use it to prevent overflow of private

memory. Private memory represents the register space for a given processing element.

It is usually very small (∼ 1kB per processing element), but has the fastest access

speed.

This brief overview of the compute level of the OpenCL model is a bit of an oversim-

plification, but it is enough for this dissertation’s purposes.

4.2 Unstructured mesh framework

Numerical models are generally solved by projecting onto a mesh, the resolution of which

determines how well the dynamics of interest are resolved. The previous generations of

WARPXM (e.g. WARPX52) worked with structured meshes. Structured meshes line their

elements up on a rectilinear grid, which can be used to greatly simplify the math and commu-

nication required for numerical implementation. While structured mesh codes are inherently

easier to work with than unstructured mesh codes, structured mesh codes have difficulties

in capturing complex geometries in that they tend to over-resolve some regions and under-

resolve others. Alternatively, unstructured meshes can be mapped to any geometry without
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resolution issues.

Before getting into the mechanics of meshes, some nomenclature is reviewed. A problem,

such as a plasma simulation, is abstractly mapped to a mesh that spans a set of spaces,

including configuration space (x, y, z) and possibly velocity space (vx, vy, vz). The mesh is

made up of a collection of elements, each of which is described by a primitive archetype

defined by a set of vertexes known as the connectivity. For example, a triangle is a primitive

made up of three vertexes. The vertexes describe the element geometry and, by comparing

vertexes between elements, define how an element connects to other elements. The set of

elements connected to an element is known as the element’s neighborhood.

Prior to running a simulation, a user must generate a mesh using a mesh generation toolkit.

The CUBIT toolkit was used in this study, which is designed for generating unstructured

meshes from CAD files. The unstructured framework was developed to work with most mesh

generation toolkits, with a focus on the CUBIT toolkit. Meshes are read into WARPXM

using the ABAQUS 4 file format, which is then converted into and exported as a proprietary

hdf5 format. The exported mesh file is designed to be used with the implemented XDMF

plotting framework and for restarting simulations. Initial conditions can be generated within

WARPXM, or through an external script using the exported mesh file.

While generating a mesh, the user has the option to subdivide the domain into subdomains.

Subdomains define areas of the domain on which variables and subsolvers (i.e. plasma mod-

els) can exist. The goal of this mechanic is to allow the existence of multiple solvers in a

domain. This is important for plasma simulations where it is feasible to have parameter

regime transitions that are best resolved by different models. For example, when model-

ing electrode dynamics, a kinetic representation may be most accurate near the electrode,

however further away, a fluid representation may be more computationally efficient. The

meshing interface is also able to construct nodesets, or collections of nodes, that are used in

4http://www.simulia.com/
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WARPXM to define the perimeter of a domain where boundary conditions are applied.

In general, attempting to solve an entire problem domain on a single compute device re-

quires too much memory and/or runtime. Therefore, the mesh must be broken down into

a collection of compute zones, known as patches, which are spread out among the available

compute devices. The cost of communicating data between patches on a cluster represents

the most expensive process in most numerical frameworks. To help alleviate inter-patch

communication expenses required for handling boundary conditions between patches, a lay-

ered structure is imposed on a patch’s element layout. An element layer is a collection of

elements that share a minimum number of jumps to reach the boundary. The concept is

expressed in Fig. 4.2.1 where element layer 0 describes elements on the inside edge of the

boundary. Positive element layers exist external to the patch while negative layers exist

within the patch.

-2
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Figure 4.2.1: Triangular mesh patch decomposed into layers,
identified by the numbers −2 through 2, based on distance be-
tween an element and the boundary (thick black line). External
elements (blue) have positive layer values while the three inter-
nal element layers (red) are in layers ≤ 0.

A simple example of inter-patch communication is shown in Fig. 4.2.2 where two patches

must synchronize each other’s element layers. The practice of layering elements is important

when considering mesh partitioning and memory management in the following sections.
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Element layer

Element layer

0-1-2-3 1 2 3 4

0 -1 -2 -31234 ...

...

Patch 1

Patch 0

Figure 4.2.2: Shared boundary condition for two adjacent
patches with overlapping elements used for communication. In
this case patches 0 and 1 must send their internal (red) element
layers to fill out their neighbor patch’s external ’ghost’ (blue)
element layers.

The compute layer in WARPXM is designed around a SIMD parallelization scheme where

each processing element is processing in lockstep with potentially every other processing

element in a compute unit. To prevent the wasted computational effort brought on by

conditional statements, the unstructured meshes used in WARPXM are limited to a sin-

gle primitive type per mesh. For example, a two dimensional mesh can only be made up

of entirely triangles or quadrilaterals. To simplify things further, WARPXM is designed

for polygonal isoparametric primitives, which are fully described by a minimal number of

vertexes (e.g. triangles have 3 vertexes and flat faces). This reduces the complexity and

computational expense of rotation and integration operations.

Since all elements are described by a single primitive type, only coordinate arrays, defining

the complete set of node positions, and connectivity arrays, defining the node indexes that

make up each element, are required to describe a mesh. The ordering of node indexes in

the connectivity array is specific for each primitive type, and is used to define the geometry

and neighborhood for each element. The relation between connectivity array layout and the

geometry for each element is outlined in Appendix A. Figure 4.2.3 gives an example of the

coordinate, connectivity, and neighborhood arrays for a simple triangular mesh. Currently,

neighborhood arrays are generated using a face comparison/sort algorithm, where the nodal

make up of individual elements are compared in order to find matching faces.
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Coordinate Array = [(0, 0), (1, 0), (2, 0), (1.5, 1), (1, 2), (0.5, 1)]

Connectivity Array = [(1, 3, 5), (5, 3, 4), (0, 1, 5), (1, 2, 3)]

Neighborhood Array = [(3, 1, 2), (0, -1, -1), (-1, 0, -1), (-1, -1, 0)]

Figure 4.2.3: Triangle mesh representation by coordinate, con-
nectivity and neighborhood arrays for 6 nodes (red) describing
4 elements (blue). The neighborhood array uses “−1” for non-
existent elements. Connectivity and neighborhood array layouts
for other primitives are discussed in Appendix A.

Element primitives are identified by the number of primitive faces Nf , vertexes Nn, face

vertexes N f
n , and dimensions Nd. Table 4.1 describes the primitives currently available in

WARPXM along with their primitive identification number (PID). All element primitives in

the current unstructured framework refer to three dimensional geometries. Lower primitive

dimensionality refer to slab geometries in higher dimensions. For instance a slab triangle is a

two dimensional primitive that describes a three dimensional triangular prism of unit height.

This distinction is important for geometric quantities, such as volumes, surface areas, and

Jacobian matrices.
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Table 4.1: Primitive types allowed in WARPXM. Primitives are
described by primitive ID (PID) and number of primitive faces
Nf , vertexes Nn, face vertexes N f

n , and dimensionality Nd.

Primitive PID Nf Nn Nd N f
n

Slab Line 0 2 2 1 1
Slab Triangle 1 3 3 2 2

Slab Quadrilateral 2 4 4 2 2
Tetrahedron 3 4 4 3 3
Hexahedron 4 6 8 3 4

4.2.1 Mesh partitioning

Since it is often impractical or slower for a single processor core in a cluster to handle

computations over all subdomain elements, each subdomain is broken down into groups

of interconnected elements known as patches. Partitioning the subdomains into patches

is done entirely within WARPXM using a graph partitioning library, and the user has no

direct control over the process. Each patch generated within WARPXM is fully described by

a closed set of coordinate, connectivity, and neighborhood arrays and composition can range

from a single element to the entire subdomain. Patches are designed as a compute interface

which conforms to the compute device to which they are assigned. Multiple patches can

exist on a compute device; however, to minimize communication between compute devices,

each patch is only assigned to a single compute device. Figure 4.2.4 shows an example

decomposition of a domain into subdomains and patches.
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(a) Domain (b) Subdomains (c) Patches

Figure 4.2.4: Decomposition of domain into patches. (a) Do-
main of simulation. (b) Subdomain decomposition of domain
into blue and green subdomains as defined by user. (c) Patch
decomposition of subdomains into shades of blue and green as
defined by partitioning scheme.

In WARPXM, mesh partitioning is designed to optimally break down a mesh into blocks

based on criteria derived from the available compute device performances. Partitioning

the patches among a cluster’s compute devices is handled by the graph partitioning library

METIS. Graph partitioning is the process of grouping a collection of interconnected points

based on a set of criteria. For meshes, partitioning schemes attempt to maximize the compute

volume defined by the number of elements in a patch, while minimizing the communication

area, which is represented by the number of element faces separating the patches. WARPXM

assigns weights to the compute devices it finds on a cluster based on their performance, which

is used by METIS to impose a rough form of static load balancing.

4.3 Dataset configuration

Memory management is an important factor when developing efficient numerical solvers.

In general, processing elements are extremely fast at floating point arithmetic compared to

fetching memory. In order to maximize the computational efficiency of an algorithm, the

dataset must be configured for quick access and update operations. All variables allocated in



109

WARPXM are held in datasets. Each dataset is mapped to a mesh, such that each element

in a mesh relates to a contiguous chunk in the dataset, known as the dataset’s element array.

In the case of the nodal DGM, the element array would store the value of a solution for

each node in the solution. For finite volume, each element array contains a single value

representing the volume average in the element.

Given a dataset with an element array of size Np (e.g. finite volume Np = 1, or 2D discon-

tinuous Galerkin method with six nodes per triangle Np = 6), each element λ with index iλ,

the contiguous chunk in the dataset would be in the range [iλ×Np, (iλ + 1)×Np). In terms

of a solution qnp , where p is the node index and n is the element index the layout is





 q0

0︸︷︷︸
Node 0

, q0
1︸︷︷︸

Node 1

, . . .




︸ ︷︷ ︸
Element 0

,


 q1

0︸︷︷︸
Node 0

, q1
1︸︷︷︸

Node 1

, . . .




︸ ︷︷ ︸
Element 1

, . . .




︸ ︷︷ ︸
Dataset

.

The order of the nodes in the dataset’s element array is dependent on the element primitive

and the numerical method.

The dataset for a variable is broken into components, such as the mass density ρ in a moment

model, which are held in separate component arrays. A component array is subdivided into

subdomain arrays based on what subdomains in a domain the component exists on. Each

subdomian array is further subdivided into patch arrays. Each individual patch array is

associated with a patch on a mesh, and contains internal elements representing patch specific

data, external elements used for representing data in neighboring patch, and virtual elements

representing elements outside of the domain. Virtual elements do not have a physically

relevant geometry associated with them, and are used as storage space for boundary condition

data. Since each patch is associated with a single compute device, it allows the patch to

exist in a stationary allocation on the compute device.
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The order of the elements within the patch array is important when considering data ac-

cess and update operations. The unique caching method within OpenCL does not directly

ensure that having any two elements nearby one another within the dataset increases per-

formance. Instead, the largest bottleneck in memory management is in accessing compute

device datasets from the host level, which is required for synchronizing data between patches

(i.e. ghost sync) and file I/O operations. The key restriction in dataset design is that the

OpenCL API only allows contiguous access operations to datasets from the host level. For

explicit time integration schemes, this ghost sync happens multiple times per time step. The

bulk copy operations to and from host memory required for file I/O are generally uncommon,

happening after hundreds or thousands of time steps. Optimizing the ghost sync operations

are then the driving force in dataset layout.

Ghost sync operations pull data from datasets to send to external datasets and push data

gathered from external datasets. To take advantage of this operational layout, a layering

structure is imposed which groups elements into import, export, and interior element sets

based on their layer as depicted in Fig. 4.3.1. Internal elements represent all elements internal

to the boundary and are required for file I/O operations. Export elements are a subset of

internal elements that are required by external datasets. Import elements, or ghost elements,

are elements that are updated by external datasets. Virtual elements, not shown in Fig. 4.3.1,

are appended to the end of the patch array.



111

-2
-2

-2
-2

-1

-1
-1

-1

-1
-10

0 0

0

0

0

00
0

0

0

1

1
1 1

1

1

1

11
1

1

2

2

2

2
2 2

2

2

2

2

2
2

22
2

2

2

(a) Element layering by distance from
boundary.

3
2

1
0

7

8
9

4

5
617

16 15

14

13

12

1110
20

19

18

31

21
22 23

24

25

26

2728
29

30

47

48

32

33
34 35

36

37

38

39

40
41

4243
44

45

46
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0

Dataset layout

(c) Dataset sectioning based on element layering

Figure 4.3.1: Dataset layout based on element layering using two
layers. Elements are grouped based on distance from bound-
ary (thick black line). Internal elements (red - element layers
≤ 0) represent the majority of elements in large meshes. Im-
port/external elements (blue - element layers > 0) are elements
existing in external patches. Export elements are a subset of in-
ternal elements that exist as import elements in external patches.
Element layer −2 contains all internal elements that are not ex-
port elements. Element indexes are assigned based on layering
in order to generate contiguous chunks in the dataset.

This layout means that only a single contiguous access operation is required to read/write

the export/import elements from/to the host level. For this study, grouping elements into

layers is done using a recursive path finding algorithm that starts from the boundary and

counts the minimum number of elements it encounters as it travels to each element. As such,

this algorithm becomes increasingly expensive as the number of element layers increases. To
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counter the expense, only a small number of layers are ever generated. In this manner,

the lowest layer specified contains the elements of the specified layer as well as all elements

in lower layers. A possible optimization of this dataset layout would be to apply a space

filling curve indexing scheme to the element indexes within each layer to promote element

adjacency in the dataset, however this was not implemented for this research.

4.4 Solver discretization

Solvers in WARPXM represent a collection of modules that describe the evolution of an

equation set. A Runge-Kutta time integration scheme tied to a discontinuous Galerkin

numerical method is an example of a solver. Solvers are designed to operate on user specified

subdomains in the mesh. Since a subdomain is broken into multiple patches, as shown in

Fig. 4.2.4, a solver must handle each patch separately.

Solvers are designed to hide memory movement with computations. To facilitate efficient

communication practices, patches are abstractly split up into interior and periphery regions

as shown in Fig. 4.4.1. The periphery region contains the surface of the patch represented by

the outer element layers (e.g. element layer 0) along with all faces connected to said element

layers. The elements making up the interior layers (e.g. element layers ≤ −1) including all

faces connected to said elements, but not connected to periphery elements, are collectively

known as the interior. Breaking solvers into periphery and interior solvers allows for the

costs associated with ghost sync processes to be hidden by the solver acting on the patch

interior.
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Figure 4.4.1: Breakdown of patch elements into interior (blue),
periphery (red), and external (green) elements. Interior faces
(blue lines) and periphery faces (red lines) are separated to ex-
pedite data transfers between patches.

In general, a time step from time t to time t+ ∆t within an explicit time integration scheme

is broken into stages. Each stage takes a solution q(t + αi∆t) and uses it to predict a new

solution q(t + αi+1∆t), where αi represents the time associated with a stage. Runge-Kutta

(RK) time integration methods, discussed in Set. 3.4, can be generalized to the form

q(t+ αi+1∆t) =

n≤i∑

n=0

βinq (t+ αn∆t) + γi∆tL (q (t+ αi∆t)) (4.4.1)

where γi and βin represents the coefficients associated with a particular stage in an time

step, and L represents the spatial discretization generated during each RK stage. Within

WARPXM, each RK stage is further broken up into individual modules, outlined in Fig. 4.4.2,

that handle boundary conditions, gradient solvers, limiters, and the time advance that gen-

erates q used in the next RK stage. The modular solver design is currently only implemented

for the discontinuous Galerkin method, however, nothing in its design precludes it from being

implemented for the finite volume method. The modules described in Fig. 4.4.2 are defined

as follows:
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Ghost Sync
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Start
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Figure 4.4.2: Dependency graph of solvers required for a single
stage of an explicit Runge-Kutta time integration step.

• Boundary conditions:

Boundary conditions for the discontinuous Galerkin method are handled using virtual

elements constructed for each unconnected face on a patch. A virtual element has

no geometry associated with it outside of the face geometry connecting the virtual

element to the patch. This face geometry is used to describe a face normal into the



115

virtual element which can be used to specify boundary conditions. For example, if the

boundary condition specifies that the flow normal to a face is zero, then the normal

projection of the fluid’s momentum is reversed across the face.

Dirichlet boundary conditions are directly set in the dataset as values found on the

outside of the face. These boundary conditions are directly read into the numerical flux

calculation for the discontinuous numerical method. Neumann boundary conditions are

similarly constructed such that the value of the gradient is directly set on the outside

edge of the domain’s boundary. In the case where no boundary condition is specified,

WARPXM is designed to automatically copy the value found on the inside of the face

to the outside of the face. Since boundary conditions only act on virtual elements

found outside of either the periphery or interior of a patch, each boundary condition

can be applied asynchronously.

• Limiting:

Applying limiters to a solution is a process required by discontinuous numerical meth-

ods to enforce monotonicity, as described in Sec. 3.2.2 and Sec. 3.3.3. There exist many

monotonicity enforcement schemes, and while the method discussed herein is based on

Sec. 3.3.3, the limiter module is designed to be swappable so that alternative mono-

tonicity enforcement schemes can be implemented in the future. For the discontinuous

Galerkin scheme, limiters can be run asynchronously with the boundary conditions

module, however this may not be applicable for a finite volume method.

Limiting a solution is handled in two stages. The first stage applies the limiting scheme

to the values of q while the second stage applies limiters to the gradient of q. Whether

the limiter needs to be applied to either q or the gradient of q is left up to the user. Since

limiting schemes are generally expensive processes, the limiter module is broken into

interior and periphery submodules. The limiter module used for each of the interior

and periphery applications is shown in Fig. 4.4.3. The module is broken into two
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kernels which first calculate the solution’s volume average in each element and then

uses the volume averages to generate a limited solution within each element. The two

kernel formulation is required in order to synchronize the volume average calculation

over the entire patch.

Volume Averaging Kernel

Convert Nodal Values into Volume Averages

Limiter Kernel

Reconstruct Piecewise Linear Solution

Apply Slope Limiter to Linear Solution

Generate Limited Nodal Values

Limiter Module

Start End

Figure 4.4.3: Dependency graph of limiter module made up of
two separate kernels.

It is important to note that in order to apply this limiting scheme to elements in layer

0 (i.e. the periphery), the volume average solution must be generated for elements in

layers −1, 0, and 1, which means that at least two element layers must exist in the

mesh. This is due to how the piecewise linear reconstruction scheme is implemented.

• Gradient solver:

The gradient of the solution is generated from knowledge of the solution, and the geom-

etry of the mesh. In the case of the finite volume method, gradients can be generated

directly from the k-exact reconstruction (see Sec. 3.2.1), however for discontinuous

Galerkin methods, the gradient operator (see Sec. 3.3.1) must be implemented using

multiple kernels as shown in Fig. 4.4.4.
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Combiner Kernel

Apply Internal Fluxes to Gradient

Apply Numerical Fluxes to Gradient

Calculate Surface Fluxes

Surface Flux Kernel

Gradient Solver Module

Start End

Internal Flux Kernel

Calculate Internal Fluxes

Figure 4.4.4: Dependency graph of gradient module made up of
three separate kernels.

In terms of Sec. 3.3.1, the gradient of the solution at each element node, Y λ
ij , is con-

structed from both a surface flux and an internal flux contribution. The surface flux

kernel is designed to iterate over each face in its assigned range (i.e. periphery or inte-

rior), and generate the surface flux Qλγijk which is stored in global memory. The internal

flux kernel iterates through a range of elements, generating the internal fluxes qλij, and

storing them in global memory. Once both the internal and surface fluxes are held in

global memory, the coalescence kernel iterates through each element and combines the

surface and internal fluxes as described in Eq. 3.3.42 to generate the solution’s gradi-

ent. Since the internal flux calculation is independent of the surface flux calculation,

the kernels can be run asynchronously. Unlike the limiter module, the gradient module

only requires a single element layer.

• Time advance:

The time advance module takes the limited solution, and its gradients, at a given

time and predicts the solution at a later time. The methods discussed for this module

are designed around explicit time integration methods, however the majority of the

material can be adapted to implicit time integration methods. The time advance

process is broken into two stages. The first stage, known as the spatial solver, generates

the right hand side variable Γ from a solution q, while the second stage, known as the

temporal solver, uses a combination of the solution q and the right hand side variable to
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generate the solution at a later time, as described in Eq. (4.4.1). The functional layout

of the discontinuous Galerkin method time advance module is pictured in Fig. 4.4.5,

which is applied to the interior and periphery of the patch separately. The current

finite volume method in WARPXM does not use this layout, but it can be adapted for

it. The spatial solver is made up of three kernels, similar to gradient module, which

are directly related to the formulation in Sec. 3.3.

RHS Kernel

Apply Internal Fluxes to RHS

Apply Numerical Fluxes to RHS

Apply Sources to RHS

Calculate Surface Fluxes

Surface Flux Kernel

Spatial Solver

Start

Internal Flux Kernel

Calculate Internal Fluxes And Sources

RK Stage Kernel

Use RHS to Update Solution

Time Advance Module

End

Figure 4.4.5: Dependency graph of time advance module made
up of four separate kernels.

The surface flux kernel iterates over the faces in its prescribed region of the mesh (i.e.

interior or periphery), and generates and stores the numerical fluxes Fλγij . The face

iteration is handled at the workgroup level, meaning that the individual kernels are

applied to individual or groups of face nodes making up the face. Linking the workgroup

to a face allows the local memory space to contain face centric data required by the

numerical flux solvers, such as the face normal vector, which is then shared among the

individual kernels acting on the face’s nodes. This greatly reduces the memory latency

for surface flux calculations on multidimensional meshes.

The internal flux kernel iterates over the elements in a mesh to generate and store the

internal fluxes fλij as well as the source terms si. Similar to the surface flux workgroups,
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the internal flux workgroups are associated with the elements, and the kernel is applied

to groups of element nodes. The combination of the source and internal flux terms in

the internal flux kernel attempts to make the most of cache locality within an element,

with the drawback of requiring the sources and fluxes to be expanded on the same

basis (ψi = θi).

The equation sets defining a model are implemented sequentially within the surface

and internal kernels. For example, consider a two-fluid plasma model containing a

5-moment description of ions and electrons as well as Maxwell’s equations. In this

case, the surface flux kernel iterates through the basis nodes within an element and,

at each node, calculate the flux associated with the ions, then the electron flux, then

the flux associated with Maxwell’s equations. Once the flux calculations are complete

for a given node, the Lorentz force source terms for the ions are calculated, then for

the electrons, and finally the current density source terms are generated for Maxwell’s

equations. The flux/source terms are combined within the kernels, as opposed to

having a separate kernel for each flux/source term, to reduce overhead associated with

loading face or element specific geometry into local and private memory. This design

also increases cache reusability for cases where both multiple flux/source terms require

globally stored data. For example, both the 5-moment model flux and Lorentz force

operator require knowledge of the fluid’s local mass and momentum densities. The main

drawback to this layout is that the OpenCL compiler may fail to properly vectorize

large equation sets, which increases simulation runtime.

The right-hand-side (RHS) kernel combines the fluxes and source terms together into a

right-hand-side variable as described in Eq. 3.3.21. As before the RHS workgroups are

associated with elements, which allows for the local storage of internal fluxes, numerical

fluxes, and source terms prior to their application in Eq. 3.3.21. While this is an optimal

design for small equation sets such as MHD, the local storage size requirements for large

multidimensional equation sets such as multi-species 13-moment model acting with a
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high order basis containing dozens of nodes is a major limitation. For CPUs this is

generally not an issue as there is plenty of memory available, however most GPUs have

a limited cache size, and the RHS kernel can fail to compile and/or run.

The RK stage kernel uses the RHS variable generated by the spatial solver to gen-

erate the solution for the next RK stage. Unlike the spatial solver kernels, there is

no geometry associated with time integration, meaning that instead of iterating over

elements or faces, the RK stage kernel iterates over the nodes in its prescribed region

and solves Eq. (4.4.1). Since this is a purely a multiply-and-add operation, it is easy

for the OpenCL compiler to optimize the kernel. Similar to the gradient module, only

a single element layer is required for the time advance module.
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Chapter 5

RESULTS

This section overviews a collection of results obtained from the plasma models discussed

in Sec. 2 using the finite volume and discontinuous Galerkin methods discussed in Sec. 3.

Since the 13-moment fluid model is still largely untested in literature, the first set of test

cases discussed in Sec. 5.2 check how well the base neutral-fluid model captures collisional

transport. The full 13-moment plasma model is tested in Sec. 5.3 with the goal of identifying

where further development is needed. The simulation input files listed in the following

sections are designed to work in WARPXM in versions prior to June, 2016.

The parabolic cleaning operator used for Maxwell’s equations is compared against the hy-

perbolically cleaned Maxwell’s equations in Sec. 5.4. The goal of the cleaning tests is to

show the locality of parabolic operator, and how it can be implemented for problems where

divergence errors are difficult to control. Section 5.5 summarizes the results and discusses

paths for further development. Before discussing any results obtained from the WARPXM

code, it is important to test the convergence accuracy of its numerical models.

5.1 Convergence analysis

The convergence accuracy for both the discontinuous Galerkin and temporal discretizations

are tested in the following sections. Convergence accuracy in hp style methods, such as finite

element methods or predictor corrector schemes, is specified by the dependency of deviation

of a simulation solution q̄ from a known solution q based on the spatial/temporal step size
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h. The error takes the approximate form

ε = |q − q̄|2 ≈ ε0h
p, (5.1.1)

where | · |2 represents an L2 norm and p is the order of convergence. To test convergence

order, errors are calculated from simulations run with various values of h, and the convergence

accuracy is defined by the slope

p =
∆ log (ε)

∆ log (h)
. (5.1.2)

5.1.1 Discontinuous Galerkin method

The convergence order for the discontinuous Galerkin method was tested against the linear

advection equation

∂

∂t
q = − ∂

∂xi
(viq) . (5.1.3)

The velocity was set to ~v = [1, 0, 0], while the solution was initialized with a single wavelength

of a sine wave

q(~x, t = 0) = sin

(
2π

L
x

)
(5.1.4)

over a domain length of L = 1 such that x ∈
[
−1

2
, 1

2

]
. Periodic boundaries are used to

ensure that the wave propagation is smooth across the boundaries. The solution to the

linear advection problem, assuming a constant velocity, is

q(~x, t) = q(~x− ~vt, 0) = sin

(
2π

L
(x− vxt)

)
. (5.1.5)

The simulations were run from t = 0 to t = T using a consistent time step for every node
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set. The RK4 time integration scheme was used due for its high-order convergence accuracy

which ensures that the L2 norm is dominated by spatial discretization errors. Since the

spatial solver’s convergence accuracy should be invariant to the number of time steps in a

simulation, only a single time step is taken for the convergence test, such that T = ∆t.

The spatial discretization error associated with the nodal discontinuous Galerkin method,

ε =

√√√√ 1

Nn

n<Nn∑

n=0

(
q(~xn, T )− sin

(
2π

L
(xn − vxT )

))2

, (5.1.6)

is based on a relative L2 norm where Nn is the total number of nodes in the domain, and ~xn

is the position of node n. The convergence results for the nodesets described in Sec. 3.3.2 are

shown in Fig. 5.1.1 for slab line elements, Fig. 5.1.2 for slab triangle elements, and Fig. 5.1.3

for tetrahedral elements. Tests are run for piecewise linear, quadratic, cubic, and quartic

polynomial bases which are described by two, three, four, and five nodes along each dimension

respectively. The figures show the expected increase in convergence order depending on the

basis polynomial order.
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Figure 5.1.1: Linear advection convergence tests for nodal ar-
rangements using the discontinuous Galerkin method with slab
line elements. As expected, each additional node increases the
convergence accuracy by a single order.
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Figure 5.1.2: Linear advection convergence tests for nodal ar-
rangements using the discontinuous Galerkin method with slab
triangle elements. Increasing the number of nodes along each
dimension increases the convergence accuracy by one order.
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Figure 5.1.3: Linear advection convergence tests for nodal ar-
rangements using the discontinuous Galerkin method with tetra-
hedral elements. Increasing the number of nodes along each di-
mension increases the convergence order by one.

5.1.2 Explicit time integration

The Runga-Kutta methods discussed in Sec. 3.4 are designed to increase their convergence

order depending on the number of stages involved. To test the convergence order for the

Runge-Kutta schemes implemented in WARPXM, a decay function,

d

dt
q = −q, (5.1.7)

is solved with an initial condition q(t = 0) = 1. The analytical solution to the decay problem

for any time t is then

q(t) = e−t. (5.1.8)
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The convergence test is run from t = 0 to t = T , and the error is calculated as

ε = |q(T )− e−T |. (5.1.9)

The data given in Fig. 5.1.4 is given for an end time of T = 10. The time step is staggered

by

∆t = 2−nT, (5.1.10)

with positive integer n, to ensure that the simulation ends at the proper time. The dis-

continuous Galerkin method is used as the spatial solver in this test, however, the error

associated with the spatial directization can be ignored since the solution q is just negated

and sent to the time integration solver. The results show the expected convergence orders for

the implemented Runge-Kutta schemes, however it is interesting to note that the SSPRK3

method and RK4 methods have abnormally high noise floors. The reason for the high noise

floors is unknown.
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Figure 5.1.4: Temporal convergence tested against the decay
function using the discontinuous Galerkin method. Each RK
method shows its expected convergence order, however the noise
floor for the RK4 method and the SSPRK3 method are higher
than expected. Note that the RK2 and TVDRK2 shemes overlap
perfectly.

5.2 Neutral flow results

5.2.1 Shock tube

High Pressure Low Pressure
Wall

0 x

Figure 5.2.1: Representation of shock tube problem. High pres-
sure fluid moves into low pressure area generating rarefaction
wave in high pressure region and shock wave in low pressure
region. The resulting shock profile is highly dependent on colli-
sional interactions.
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The isothermal shock tube is a benchmark for analyzing the effect of collisionality on shock

structures. The test is initialized with a high pressure region separated from low pressure

region with a wall as shown in Fig. 5.2.1. When the wall is removed, the high pressure fluid

drives a shock wave into the low pressure region. For highly-collisional fluids, the particles

congregate into three steep interfaces known as a shock profile. As the collisionality is low-

ered, particles travel further before thermalizing and the shock profile becomes diffuse.

The shock tube for this study is initialized as a single, thermally equilibrated neutral fluid

with a uniform temperature of T = 1 across a domain of x ∈ [−1
2
, 1

2
]. The domain is split

into a left (l) and right (r) regions by an interface at x = 0. The initial density conditions

for the left and right state are given by ρl = 8ρr = 1 with an initial velocity ~v = 0. The wall

separating the pressurized regions is removed at time t = 0, and the simulation is run to a

time t = 0.12. The collisionality is controlled by the Knudsen number Kn = (νpτ)−1 and a

normalized collision frequency,

ν =
n

T 3/2
, (5.2.1)

related to Eq. (2.1.10). This definition for the collision frequency splits the domain into

two collisional zones. In the left state, where the density is larger, the effective rate of

thermalization, (νpτ)ν, is a factor of 8 higher than in the right state. This implies that the

shock wave, which moves to the right, exists in a state of lower collisionality than is set by

the Knudsen number. The reason for doing this is to show the limitations of the 13-moment

model’s closure, and the reason behind the diffusive stabilization operator. These results

were generated in the scripts examples/dg/5-moment/shock tube.py for the 5-moment

model and examples/dg/13-moment/shock tube.py for the 13-moment model. The

Boltzmann-BGK model was solved outside of WARPXM.

For highly collisional systems, the 13-moment model’s closure is dominated by the BGK

collision operator which drives convergence to the 5-moment fluid model. Figure 5.2.2 shows
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an example for a collisionality of Kn = 10−3 which is below the collisional transition regime.

For this example, the 13-moment solution (red) does not include diffusive stabilization, and

shows good agreement with the kinetic result (dashed blue) derived from the Boltzmann-

BGK model. The reduced collisionality in the x > 0 region results in a small deviation in

the 13-moment heat flux compared to the 5-moment model.

(a) Density. (b) Velocity.

(c) Pressure. (d) Heat flux.

Figure 5.2.2: Single-species isothermal shock tube comparison
between 13-moment model (red) and Boltzmann-BGK model
(dashed blue) for a collisionality of Kn = 10−3 at normalized
time t = 0.12. Strong agreement is seen for the density, velocity
and pressure profiles, while the heat flux shows slight deviations
due to the decreased collisionality in the x > 0 domain.

At weaker collisionalities the effect of the BGK collision operator is reduced which reveals

the artificial waves of the underlying Pearson-IV closure. This effect is shown in the green

trace of Fig. 5.2.3 for a moderately collisional test case of Kn = 10−2 which is on the border
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of the collisional transition regime. When the 13-moment fluid model includes the diffusive

stabilization operator (red) it better matches the Boltzmann-BGK model (dashed blue) in

the weaker collisionality region. These results express the need of the diffusive stabilization

operator in moderately and weakly collisional systems undergoing strong, nonlinear dynamics

in order to damp the artificial waves of the Pearson-IV closure.

(a) Density. (b) Velocity.

(c) Pressure. (d) Heat flux.

Figure 5.2.3: Single-species isothermal shock tube comparison
between 13-moment model and Boltzmann-BGK model (dashed
blue) for a moderate collisionality of Kn = 10−2 at normal-
ized time t = 0.12. The green line represents the 13-moment
model solution without diffusive stabilization, while the red line
shows the corrective behavior of the diffusive stabilization oper-
ator when the collisionality is reduced.



132

5.2.2 Subsonic flow past cylinder

x

y

u

Figure 5.2.4: Fluid traveling in positive x direction at speed u
interacts with a no-slip cylinder.

Subsonic flow past a cylinder, depicted in Fig. 5.2.4, is a two dimensional viscous CFD

problem that tests the interaction between a subsonic fluid flow against a no-slip, adiabatic

boundary condition. In this test the 13-moment fluid model is compared to the 5-moment

fluid model from Sec. 2.3. As the flow passes the cylinder, vortexes form of the top and

bottom of the lee side of the cylinder, which eventually interact with each other, resulting

in vortex shedding53. The goal of the test is to show that the fully hyperbolic collisional

transport of the 13-moment fluid model is accurate and stable in multiple dimensions.

The cylinder has diameter of 1 and is centered at position (−6, 0, 0) in a domain of x ∈
[−12, 12] by y ∈ [−6, 6]. The fluid is initially in thermal equilibrium (T = 1) with ρ = 1 and

~u =
[

0.5 0 0
]T

. These initial conditions define a Mach 0.38 flow. The right, top, and

bottom boundary conditions are zero-normal gradient for all fluid components, while the left

boundary is an inflow boundary condition consistent with the initial conditions. The mesh is

not designed to fully resolve the collisional dynamics (∆x ≈ 10−2), but to give a comparison

between fluid models.

Figure 5.2.5 shows the relative state of the different models at time t = 8 for a Knudsen

number of Kn = 2 · 10-3 and a collision frequency of ν = 1. The effective Reynolds number is

Re = 250. Both models give approximately the same result in terms of the dimensions of the
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vortexes and the magnitude of the density. The sharper vortex structures seen with the 13-

moment model is attributed to the 13-moment closure’s artificial wave structures. Without

the diffusive stabilization operator, the stability of the 13-moment fluid model was found to

be dependent on the collisionality. As the collisionality is lowered the artificial waves become

sharper which, under transonic flow conditions, result in a loss of hyperbolicity.

(a) 5-moment model (b) 13-moment model

Figure 5.2.5: Density comparison between (a) 5-moment and (b)
13-moment models for vortex development in 0.38 Mach flow
past cylinder at time t = 8 and collisionality Kn = 2 · 10-3.
Vortex profiles are comparable signifying that the hyperbolic
collisional transport of the 13-moment model is physically accu-
rate in multidimensional simulations. Slight deviations between
profiles are attributed to the artificial wave structure of the 13-
moment model’s closure.

5.3 Charged flow results

5.3.1 Electromagnetic shock tube

The two-fluid electromagnetic shock tube is a generalization of the MHD Brio-Wu problem.

The problem is initialized similar to the shock tube in Sec. 5.2.1 with additional magnetic
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field components:

ne = ni = φ(x)

~ue = ~ui = 0

Te = Ti = 1

~E = 0

~Bl =
[

3
4

1 0
]T

~Br =
[

3
4
−1 0

]T

The spatially dependent function

φ(x) =

(
7

8

)
1− tanh

(
2π
λ
x
)

2
+

1

8
(5.3.1)

acts to smooth the interface, making shock transition easier to resolve. The interface tran-

sition width λ is set smaller than the size of the domain. The initial magnetic field in the y

directions has a discontinuity at x = 0 which shocks along the x-axis at a speed dependent

on the level of magnetization (ωcτ). As By travels outward from the center of the domain

it generating a large electric field in the z direction which acts to drive current. For weakly

magnetized plasmas, the fluids ignore the magnetic field altogether, and the problem becomes

an electrostatic shock tube.

For the following tests, the ions represent a proton species (Ai = 1, Zi = 1), while the

electrons have a non-realistic mass (Ae = 10−2, Ze = −1) to help reduce runtime. The

level of magnetization ranges from (ωcτ) = 1, representing a weakly magnetized plasma, to

(ωcτ) = 10, representing a moderately magnetized plasma. The reference collision frequency

is set at (νpτ) = 103 to keep the Hall parameter small (ωc � νp) which helps reduce the

magnetoviscous effects captured in the 13-moment model that are ignored in the 5-moment

model. The speed of light c/v0 = 100 is kept small to decrease runtime, however it is well
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above the electron thermal velocity. Collisions between species are ignored to make the

results more comparable to the findings in Srinivasan and Shumlak 15 . These results were

generated in the scripts examples/dg/plasma/brio wu/brio wu 5moment.py for the

5-moment model and examples/dg/plasma/brio wu/brio wu 13moment.py for the

13-moment model.

The simulation is run in a one dimensional domain of size x ∈ [−3
2
, 3

2
] and is run for a

time span of t ∈ [0, 0.12]. The plasma density n = (ρe + ρi)/(Ae + Ai), plasma pressure

P = Pe +Pi, and current density jz = Zeneu
e
z +Ziniu

i
z are compared between the 5-moment

and 13-moment plasma models.

The results for a weakly magnetized plasma, (ωcτ) = 1, are shown in Fig. 5.3.1. The

figure shows good agreement between the 5-moment model and 13-moment model. The

weakly magnetized results are comparable to the neutral flow problem since the electrostatic

coupling between the ions and electrons do not drive strong anisotropic effects.
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(a) Plasma density.
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(b) Plasma pressure.
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Figure 5.3.1: Electromagnetic shock tube with parameters
(νpτ) = 104, (ωcτ) = 1, (c/v0) = 102, and (ωpτ) = 104. Ion
have mass Ai = 1 and charge Zi = 1, while electrons have mass
Ae = 10−2 and charge Ze = 1. Interspecies collisions are ignored
and transition width is set at λ = 0.01. Simulation is run to time
t = 0.12. Results show good agreement between the 5-moment
and 13-moment plasma models.

Increasing the magnetization to (ωcτ) = 10, see Fig. 5.3.2, also shows good agreement

between the 5-moment model and 13-moment model. At this point, whistler waves are seen

both upstream and downstream of the shock interfaces, which is consistent with the findings

of Srinivasan and Shumlak 15 . Note that these results differ from those found in Srinivasan

and Shumlak 15 purely due to the inclusion anisotropic pressure and heat flux effects, which

is minimal due to the large collision frequency (νpτ) = 104.
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(a) Plasma density.
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(b) Plasma pressure.
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Figure 5.3.2: Electromagnetic shock tube with parameters
(νpτ) = 104, (ωcτ) = 10, (c/v0) = 102, and (ωpτ) = 104. Ion
have mass Ai = 1 and charge Zi = 1, while electrons have mass
Ae = 10−2 and charge Ze = 1. Interspecies collisions are ignored
and transition width is set at λ = 0.01. Simulation is run to time
t = 0.12.Results show good agreement between the 5-moment
and 13-moment plasma models.

5.3.2 Langmuir dispersion

Both the 5-moment and 13-moment plasma models are used to describe a species behavior in

the presence of an electromagnetic field. Langmuir oscillations are an example of electrostatic

plasma oscillations that are generated from the electrons in a plasma oscillating around a

background ion species due to an initial density perturbation. Since the Langmuir oscillation

problem is designed around a static ion species, the ion species is initialized in thermal
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equilibrium, and is be evolved in time.

The ions and electrons are initializes in a quasineutral state (n = ne = Zini) in thermal

equilibrium T = Te = Ti, without any initial flow ~ue = ~ui = 0. The density is initialized

with a smooth transition from a high density region to a low density region, similar to what

was used for the electromagnetic shock problem in Sec. 5.3.1,

n = n0

(
(1− β)

1− tanh
(

2π
λ
x
)

2
+ β

)
, (5.3.2)

which transitions from n = n0 in the x < 0 region to n = βn0 in the x > 0 region, over a

smoothing region of width approximated by λ. Since this initial condition is not in pressure

balance, the electrons move along the pressure gradient, generating an electrostatic field due

to their charge separation from the static ions. This electrostatic field pulls the electrons

back toward the ions, creating Langmuir oscillations. The dispersion relation for Langmuir

oscillations can be found in most electrostatic plasma literature28 as

ω2 =
(
ωep
)2

+ γk2
xū

2
e (5.3.3)

where γ = 5/3 is the adiabatic index, ū2
e = v0Te/Ae is the electron thermal velocity, and

(ωep)
2 = ω2

pne/Ae is the normalized electron plasma frequency. This can be rewritten as

(
ω

ωep

)2

= 1 + γ (kxλ
e
d)

2 (5.3.4)

where λed = ūe/ω
e
p is the normalized electron Debye length. Since the plasma frequency is

density dependent, the initial jump in plasma density in Eq. (5.3.2) described by β must

be kept small, meaning β ≈ 1. For all cases in this section, the jump factor is kept at

β = 0.95. All of the following test cases have a set plasma frequency (ωpτ) = 100 and

electron mass Ae = 10−2. The speed of light is set at c/v0 = 100 and the reference cy-

clotron frequency is (ωcτ) = 1, however since this is an electrostatic problem, setting these
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values has no impact on the results. These results were generated in the scripts exam-

ples/dg/plasma/dispersion/langmuir oscillation static ions 5moment.py for the 5-

moment model and examples/dg/plasma/dispersion/

langmuir oscillation static ions 13moment.py for the 13-moment model.

Note that assuming γ = 5/3 in Eq. (5.3.4) is a isotropic fluid approximation to the Langmuir

dispersion relation, and in the more physically relevant collisionless case, where νp � ωp, the

dispersion relation assumes γ = 3. Even though the highly-collisional Langmuir oscillation

regime does not reflect physical plasma dynamics, it is a good test to compare the electrostatic

interactions between the Lorentz force operators and the hyperbolic fluxes of the 5-moment

and 13-moment plasma models. Since the goal is to compare the 5-moment and 13-moment

models using electrostatic waves, interspecies collisions and diffusive stabilization are not

used.

Figure 5.3.3 shows that both the 5-moment and 13-moment plasma models agree with the

Bohm-Gross law for highly-collisional fluids of (νpτ) = 104. This is expected since the 13-

moment model is designed to converge to the 5-moment model in this collisional regime.
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(a) Comparison of 5-moment and 13-moment charge
densities.

(b) Comparison of 5-moment results (blue)
to theory (red).

(c) Comparison of 13-moment results (blue)
to theory (red).

Figure 5.3.3: Comparison between 5-moment and 13-moment
plasma models for the Langmuir oscillation problem with
(νpτ) = 104. Both the 5-moment and 13-moment models show
good agreement with the theoretical results.

Figure 5.3.4 shows a comparison between the 5-moment model and the 13-moment model for

a reduced collisionality of (νpτ) = 103. The result is similar to the increased collisional case,

however the vertical striations in Fig. 5.3.3 are largely damped due to the viscous effects in

the fluid models.
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(a) Comparison of 5-moment and 13-moment charge
densities.

(b) Comparison of 5-moment results (blue)
to theory (red).

(c) Comparison of 13-moment results (blue)
to theory (red).

Figure 5.3.4: Comparison between 5-moment and 13-moment
plasma models for the Langmuir oscillation problem with
(νpτ) = 103. The 5-moment and 13-moment models show
good agreement with the theoretical results, with less back-
ground noise in comparison to the increased collisionality case
in Fig. 5.3.3.

Figure 5.3.5 compares the models at an even lower collisionality of (νpτ) = 102, which

is the border of the weakly-coupled plasma regime where ωp ≥ νp. Here it is difficult

to judge whether the 5-moment model is agreeing with the theoretical results, however

the 13-moment model has noticeably deviated from the expected solution. This is due

to the hyperbolic nature of the closure, where the electrostatic waves are decoupled from
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the electron’s isotropic pressure, and are now dependent only on the anisotropic pressure

Pxx. This agrees with kinetic theory28, which is given by Eq. 5.3.4 when assuming γ = 3.

The collisionless dispersion relation shows better agreement with the 13-moment model in

Fig. 5.3.4, however a more detailed benchmark is required for further analysis.
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(a) Comparison of 5-moment and 13-moment
charge densities.

(b) Comparison of 5-moment results (blue)
to theory (red).

(c) Comparison of 13-moment results (blue)
to theory (red).

Figure 5.3.5: Comparison between 5-moment and 13-moment
plasma models for the Langmuir oscillation problem with
(νpτ) = 102. While it is difficult to state that the 5-moment re-
sults agree with the expected dispersion relation, it is interesting
to note that the 13-moment model does show a rough agreement
with the collisionless version of Eq. (5.3.4) where γ = 3, which
is shown in green.



143

5.3.3 Multi-species Hartmann flow

Figure 5.3.6: Hartmann flow diagram showing geometry of shear
flow and imposed magnetic field as well as the resultant current
density.

The Hartmann flow problem is a classic benchmark54 for magnetoviscous, resistive plasmas.

The problem setting, shown in Fig. 5.3.6, is similar to a Couette flow, where two infinite

conducting plates are used to drive shear flow along the y-direction. The shear, along with

an imposed magnetic field along x, drives a current in the z-direction which is balanced

by resistive forces. The flow generated along z interacts with Bx to drive a force along y,

suppressing, or flattening, the viscous boundary layer.

For the MHD model, the shear velocity profile control is directly dependent on the Hartmann

number54. For the presented normalization, the profile is largely controlled by ωcτ , but must

also take into consideration a complex combination of the masses, charges, and thermalization

rates. For this derivation, the plasma is assumed to be incompressible and the walls are no-

slip and adiabatic. The multi-species Hartmann flow problem is derived from the 5-moment

multi-species plasma model where the continuity equation,

∂

∂t
nα = − ∂

∂xi
(nαu

α
i ) , (5.3.5)
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and momentum equation,

∂

∂t
(Aαnαu

α
i ) = − ∂

∂xj

(
Aαnαu

α
i u

α
j + Pαδij + Πα

ij

)

+ Zα(ωpτ)2nαEi + Zα(ωcτ)nαεijku
α
jBk

−
∑

β

(νpτ)ναβAαnα

(
uαi − uβi

)
(5.3.6)

use the closure described in Sec. 2.3

Πα
ij = − Pα

(νpτ)να

(
∂

∂xi
uαj +

∂

∂xj
uαi −

2

3
δij

∂

∂xk
uαk

)
. (5.3.7)

Note that the accuracy of this model is limited to small Hall parameters where ωc � νp. The

goal of the derivation is to develop a steady state equilibrium. This simplifies the continuity

equation

∂

∂xi
(nαu

α
i ) = 0 (5.3.8)

and momentum equation

Aαnαu
α
j

∂

∂xj
uαi = − ∂

∂xi
Pα + Zα(ωpτ)2nαEi + Zα(ωcτ)nαεijku

α
jBk

+
∂

∂xj

(
Pα

(νpτ)να

(
∂

∂xi
uαj +

∂

∂xj
uαi

))

− ∂

∂xj

(
2Pαδij

3(νpτ)να

∂

∂xk
uαk

)

−
∑

β

(νpτ)ναβAαnα

(
uαi − uβi

)
.

(5.3.9)

Since the problem is designed for a slab geometry, there are no gradients in the y or z

directions. Applying the slab geometry to Eq. (5.3.8),

∂

∂x
(nαu

α
x) = 0, (5.3.10)



145

with the boundary condition of no flow normal to the walls, results in the condition

nαu
α
x = 0. (5.3.11)

Assuming that the plasma has a density implies uαx = 0. Steady state Faraday’s Law in a

slab geometry,

∂

∂x
Ey =

∂

∂x
Ez = 0, (5.3.12)

is applied in conjunction with the conducting wall boundary condition, n̂ × ~E = 0, to

give

Ey = Ez = 0. (5.3.13)

Applying these conditions to the momentum equation leads to

∂

∂x

2

uαy = − 1

Pα
(
∂

∂x
Pα)(

∂

∂x
uαy )− λαuαz +

∑

β

γαβ
(
uαy − uβy

)
(5.3.14)

for the shear flow and

∂

∂x

2

uαz = − 1

Pα
(
∂

∂x
Pα)(

∂

∂x
uαz ) + λαu

α
y +

∑

β

γαβ
(
uαz − uβz

)
(5.3.15)

for the orthogonal flow with parameters

λα = (νpτ)(ωcτ)
ZαναnαBx

Pα
(5.3.16)

and

γαβ = (νpτ)2Aαnαναβνα
Pα

. (5.3.17)
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The pressure gradient

∂

∂x
Pα = Zα(ωpτ)2nαEx + Zα(ωcτ)nα

(
uαyBz − uαzBy

)
, (5.3.18)

scales with the imposed electric field Ex, and the magnetic force from the shear and orthog-

onal flows. By removing the imposed electric field (Ex = 0), and assuming a very low Mach

flow (u2
α � T ), the gradient of the pressure is minimized with respect to the background

pressure, and can be ignored. This assumption on the pressure simplifies the equations

to

∂

∂x

2

uαy = −λαuαz +
∑

β

γαβ
(
uαy − uβy

)
(5.3.19)

and

∂

∂x

2

uαz = λαu
α
y +

∑

β

γαβ
(
uαz − uβz

)
. (5.3.20)

Note that the small pressure gradient implies that the parameters λα and γαβ are roughly

constant with respect to x.

To solve for uαy and uαz , Eqs. (5.3.19) and (5.3.20) are written in the matrix form ~u′′ = A · ~u
where u′ = ∂

∂x
u. For example, if the multi-species velocity vector is given by

~u =
[
u0
y u0

z u1
y u1

z · · ·
]T
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then the coupling matrix is given by

A =




∑
β 6=0

γ0β λ0 −γ01 0 · · ·

−λ0

∑
β 6=0

γ0β 0 −γ01 · · ·

−γ10 0
∑
β 6=1

γ1β λ1 · · ·

0 −γ10 −λ1

∑
β 6=1

γ1β · · ·
...

...
...

...
. . .




.

To solve, the coupling matrix undergoes an eigendecomposition A = R ·D ·R-1 such that

~u′′ = R ·D ·R-1 · ~u. Defining an eigenspace velocity ~s = R-1 · ~u converts the problem into

an orthogonal equation set ~s′′ = D · ~s with diagonal eigenvalue matrix D. This means that

each component of ~s must obey the boundary value problem s′′i = Disi which has a general

solution

si(x) = C0
i e
√
Dix + C1

i e
−
√
Dix. (5.3.21)

Given a wall velocity V , the boundary conditions are uαy (xL/R) = ∓V and uαz (xL/R) = 0

at boundary positions xL/R. The solution coefficients C0
i and C1

i are then found by solving

Eq. (5.3.21) using the boundary values ~s(xL/R) = R-1 · ~u(xL/R). The real space velocity

solution is retrieved using ~u = R · ~s. In general {~s,R,D} ∈ C making analytical solutions

impractically complicated, and for this study Wolfram Mathematica R© was used to find the

velocity profiles numerically.

The solution to the magnetic field is given by integrating steady state Ampere’s laws

∂

∂x
By =

(ωpτ)2

(ωcτ)
(
c
v0

)2

∑

α

Zαnαu
α
z , (5.3.22)
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and

∂

∂x
Bz = − (ωpτ)2

(ωcτ)
(
c
v0

)2

∑

α

Zαnαu
α
y , (5.3.23)

with the condition that the plasma is held in a flux conserver

∫
By dx =

∫
Bz dx = 0. (5.3.24)

Since the 5-moment Hartmann flow problem is being used to verify the 13-moment model, a

careful examination of how the individual model’s parameter regimes overlap must be taken

into account.

• The magneto-collisional constraint requires ωc � νp to avoid strongly magnetoviscous

‘Braginskii effects’ which are ignored by the 5-moment model.

• The collisionality constraint requires νpτ ≥ 102 to keep 5-moment model valid, but

also requires νpτ � 105 to prevent low mass particles from becoming inviscid and thus

numerically stiff in the 13-moment description.

• Keeping the lightest mass species subluminal requires c/v0 � max
α

(√
Tα/Aα

)
which

must also be minimized to reduced runtime.

• To keep the Alfvén velocities subluminal requires ωp � ωc, but larger mass ions must

be magnetized ωcτ ≥ 1.

• To avoid large gains in temperature due to viscous heating from the shearing plates,

the plate velocity is limited to V � min
α

(√
Tα/Aα

)
.

Three comparisons were generated for the Hartmann flow problem for which the diffusive

stabilization operator is ignored in the 13-moment model. The first, shown in Fig. 5.3.7,

represents a weakly magnetized system where the magnetic forces do not drive a strong

current density in the z direction. Since the Hall parameter ωc/νp = 10−2 is small, the effect



149

of magnetization on the collisional transport is minimal, which means that the 13-moment

model can agree well with the analytical model derived from the 5-moment model. These

13-moment model results were generated in the examples/dg/plasma/hartmann flow/

hartmann flow 13moment.py script.
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Figure 5.3.7: Two-species Hartmann flow problem with param-
eters (νpτ) = 102, (ωcτ) = 1, (c/v0) = 102, and (ωpτ) = 102.
Ion have mass Ai = 1 and charge Zi = 1, while electrons have
mass Ae = 10−2 and charge Ze = −1. Simulation is run to time
t = 10. Results show good agreement between the 5-moment
analytical solution and numerical solution from the 13-moment
model.
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Figure 5.3.8 has an increased magnetization of (ωcτ) = 3, which increases the Hall parameter

to ωc/νp = 3 · 10−2. While this is still a fairly weakly magnetized system, there are small

deviations between the 13-moment solution and the analytical solution due to the interaction

between the collision operators and the magnetic field (i.e. magnetoviscosity). This deviation

is expected since the 13-moment model directly couples the magnetic field to the anisotropic

pressure tensor (see Eq. (2.4.3)), while the analytical solution derived from the 5-moment

model ignores magnetoviscous effects.
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Figure 5.3.8: Two-species Hartmann flow problem with param-
eters (νpτ) = 102, (ωcτ) = 3, (c/v0) = 102, and (ωpτ) = 102.
Ion have mass Ai = 1 and charge Zi = 1, while electrons have
mass Ae = 10−2 and charge Ze = −1. Simulation is run to time
t = 10. Results show good agreement between the 5-moment
analytical solution and numerical solution from the 13-moment
plasma model.
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Figure 5.3.9 compares the 5-moment analytical solution to the 13-moment model for a higher

level of magnetization of (ωcτ) = 5 where the Hall parameter is ωc/νp = 5·10−2. As expected,

increasing the Hall parameter has increased the deviation between the 13-moment model and

the analytical solution.
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Figure 5.3.9: Two-species Hartmann flow problem with param-
eters (νpτ) = 102, (ωcτ) = 5, (c/v0) = 102, and (ωpτ) = 102.
Ion have mass Ai = 1 and charge Zi = 1, while electrons have
mass Ae = 10−2 and charge Ze = −1. Simulation is run to time
t = 10. While the results show decent agreement, the moderate
level of magnetization is beginning to drive deviations between
the 5-moment analytical solution and numerical solution from
the 13-moment plasma model.
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These results have validated the collision operators of the 13-moment model against the

analytical solution derived from the 5-moment model for weakly magnetized plasmas. Addi-

tionally, the interspecies collision operators and electromagnetic operators in the 13-moment

model have been shown to be consistent for the parameter regime chosen for this problem.

For moderately magnetized plasmas, small deviations have arisen due to magnetization af-

fects captured by the 13-moment model that are ignored by the 5-moment model. For future

analysis of strongly magnetized collisional transport in the 13-moment model, it would be

advantageous to extend the multi-species Hartmann flow analytical solution to include the

magnetoviscous Braginskii closure11 terms.

5.3.4 GEM reconnection challenge

The GEM reconnection challenge is designed to capture fast magnetic reconnection time

scales. Generally this problem is applied to a collisionless parameter regime, requiring a

kinetic representation. The problem has also been studied using moment models. While

moment models do not capture much of the intricate plasma behavior during fast magnetic

reconnection, these models can capture some of the bulk plasma response, such as the recon-

nection flux rate. A detailed description and analysis of the GEM challenge can be found in

Birn et al. 1 as well as Ricci et al. 55 . Additional studies on the GEM challenge can be found

in Srinivasan 52 , Wang et al. 22 , Hakim 56 , and Reddell 57 . The concept behind the GEM

challenge is to use a slab current sheet, impose a perturbation to the magnetic field, and

analyze the resulting reconnection event. The growth rate of the reconnected flux has been

shown to have good agreement between Hall-MHD1;52, multi-species 5-moment plasma mod-

els22;52, 10-moment plasma models22;56, particle-in-cell models1;22, and continuum kinetic

models57.

The derivation of the GEM reconnection problem begins with the steady state pressure

balance relationship between the fluid’s pressure gradient and the magnetic force on the
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plasma

∂

∂y
(nαTα) = (ωcτ)Zαnαu

α
zBx. (5.3.25)

The GEM challenge ignores collisions between species (Rα
i = 0). When applied to moment

models, the GEM challenge assumes each species in the plasma to exist in local thermal

equilibrium, meaning zero viscosity, which is not a physically accurate assumption. For

kinetic representations, the GEM challenge derivation can have more liberty in how it treats

effects associated with non-thermal equilibrium plasmas (see Reddell 57). The relationship

between the magnetic field and the current density is given by Ampere’s law

ji =

(
δp
L

)2

(ωcτ)εijk
∂

∂xj
Bk. (5.3.26)

which, for this geometry, becomes

∑

α

Zαnαu
α
z = −

(
δp
L

)2

(ωcτ)∂yBx. (5.3.27)

The pressure balance in Eq. (5.3.25) can be rewritten in terms of the magnetic field to give

a constraint on all species

(ωcτ)Bx =
∂y (nαTα)

Zαnαuαz
=
∂y (nβTβ)

Zβnβu
β
z

. (5.3.28)

The density profile of the GEM challenge is given by

nα = n0sech
(y
λ

)2

+ n1, (5.3.29)

with peak density n0 + n1 and background density n1, in order to enforce quasineutrality in

|Zα| = 1 plasmas. The temperature profile is assumed constant. This simplifies in species
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constraint in Eq. (5.3.28) into

Tα
Zαuαz

=
Tβ

Zβu
β
z

. (5.3.30)

Clasically, the GEM challenge uses a magnetic field of the form

Bx = B0tanh
(y
λ

)
. (5.3.31)

Combining the solution for the magnetic field and number density with the pressure balance

requirement in Eq. (5.3.25) gives the solution for the flow velocity

uαz =
Tα

Zα(ωcτ)

1

Bz

∂ynα
nα

=
Tα

Zα(ωcτ)B0

1

tanh
(
y
λ

)
n0∂y

(
sech

(
y
λ

)2
)

(
n0sech

(
y
λ

)2
+ n1

)

= − 2Tα
Zα(ωcτ)B0λ

1

tanh
(
y
λ

)
n0

(
sech

(
y
λ

)2
tanh

(
y
λ

))

n0sech
(
y
λ

)2
+ n1

.

(5.3.32)

Assuming n0 6= 0, this can be rearranged into

uαz = −Tα
Zα

2

(ωcτ)B0λ

1(
1 + n1

n0
cosh

(
y
λ

)2
) (5.3.33)

which has an extrema of

uαz (y = 0) = −Tα
Zα

2

(ωcτ)B0λ

(
1 +

n1

n0

)−1

. (5.3.34)
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Given these solution profiles, the current density is given by

∑

α

Zαnαu
α
z = − 2

(ωcτ)B0λ

1(
1 + n1

n0
cosh

(
y
λ

)2
)
(
n0sech

(y
λ

)2

+ n1

)∑

α

Tα

= −
2n0

∑
α

Tα

(ωcτ)B0λ
sech

(y
λ

)2

(5.3.35)

while the right hand side of Ampere’s law becomes

−
(
δp
L

)2

(ωcτ)∂yBx = −
(
δp
L

)2

(ωcτ)B0∂ytanh
(y
λ

)

= −

(
δp
L

)2

(ωcτ)B0

λ
sech

(y
λ

)2

.

(5.3.36)

Combining the two sides of Ampere’s law given in Eq. (5.3.35) with Eq. (5.3.36) results in a

condition on the parameter space

(ωcτ)2

(
δp
L

)2

=
2n0

B2
0

∑

α

Tα. (5.3.37)

The GEM challenge applied to a ion-electron plasma reduces the parameter space for this

problem by setting the number densities n0 = 1 and n1 = 1/5, and charges Ze = −1 and

Zi = 1. The number density for each species is given by

ne = ni = sech
(y
λ

)2

+
1

5
. (5.3.38)

The drift velocities are in opposite directions,

uiy
Ti

= −u
e
y

Te
= − 2

(ωcτ)B0λ

1(
1 + 1

5
cosh

(
y
λ

)2
) , (5.3.39)
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and the condition on the parameter space simplifies to

δp
L

=

√
2(Ti + Te)

(ωcτ)B0

, (5.3.40)

which can also be written in terms of the ion-electron temperature ratio as

Ti =

(
δp
L

)2

(ωcτ)2 B2
0

2
(

1 + Te
Ti

) . (5.3.41)

The GEM challenge is designed around a domain of size x ∈ {−4π, 4π} by y ∈ {−2π, 2π}
with a skin depth of δp/L = 1 and a sheet width of λ = 1/2. For convenience in comparing

with literature, the magnetization parameter is set to ωcτ = 1, which puts the time in

terms of ion cyclotron periods. The temperature ratio is set by the species mass ratio

Ti/Te =
√
Ai/Ae. The combination of the temperature ratio, density, and parameter space

can be used in Eq. (5.3.41) to retrieve the ion temperature

Ti =
1

2
(

1 +
√

Ae
Ai

) (5.3.42)

and electron temperature

Te =
1

2
(

1 +
√

Ai
Ae

) . (5.3.43)

Velocities are set at

uiz = − 1

2
(

1 +
√

Ae
Ai

) 1

1 + 1
5

cosh (y)2 , (5.3.44)
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and

uez =
1

2
(

1 +
√

Ai
Ae

) 1

1 + 1
5

cosh (y)2 . (5.3.45)

While the equilibrium magnetic field is ~B = tanh (y)x̂, the actual field is perturbed with a

vector potential of the form

A1
z =

1

10
cos (kxx) cos (kyy) (5.3.46)

such that

~B = tanh
(y
λ

)
x̂+∇× ~A1 =




tanh
(
y
λ

)
− 1

10
ky cos (kxx) sin (kyy)

1
10
kx sin (kxx) cos (kyy)

0


 . (5.3.47)

The GEM challenge specifies the perturbation with kx = ky = 1/4. The plasma frequency

is not explicitly set in the GEM challenge; however, to keep the Alfven velocity vA and

thermal velocities well below the speed of light, the reference plasma frequency is set to

ωpτ = c/v0 = c/vA = 20. For this study, the mass ratio between the ions and electrons is

set to Ai = Ae = 1 as to make this a positron-electron plasma. This mass ratio is chosen

since it will decrease simulation runtime compared to the traditional GEM challenge choice

of Ai = 25Ae = 1, and has little impact on the reconnected flux rate, as was shown by Ricci

et al. 55 . Boundary conditions for this problem are periodic across the left and right walls,

while two ideal conducting plates confine the plasma on the top and bottom wall.

These initial conditions are shown in Fig. 5.3.10 in terms of the plasma density n = (ρi +

ρe)/(Ai + Ae), plasma pressure P = Pi + Pe, and current density jz = Zep
e
z/Ae + Zip

i
z/Ai.

The simulation was carried out for both the the 5-moment model and the 13-moment

model. The 5-moment model assumed no viscosity, thermal conductivity, or resistivity.
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The 13-moment model inherently assumes there is some viscosity and thermal conductiv-

ity in the fluid, which is limited by the BGK collision operator at a collision frequency

of νpτ = 102. This level of collisionality is used to help stabilize the 13-moment closure

around the strong viscous forces at the beginning of the simulation due to the shear (rep-

resented by ∂
∂y
uαz ) which will act to make the current sheet larger. After this initial viscous

effect, the solutions of the 5-moment and 13-moment models are comparable. The mod-

els are run on a mesh of 4096 equally sized triangular elements with a cubic polynomial

basis. The explicit time integration is done using the TVDRK2 method. The simulation

scripts are found in examples/dg/plasma/gem challenge/gem 5moment.py for the 5-

moment model and examples/dg/plasma/gem challenge/gem 13moment.py for the

13-moment model.
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(a) Plasma number density.

(b) Current density.

(c) Plasma pressure.

Figure 5.3.10: Initial conditions for the plasma density, pressure,
and current density. Current sheet is uniform along x, with
periodic boundary conditions on the left and right wall and ideal
conducting walls on the top and bottom.
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The evolution of the 5-moment model and 13-moment model were found to be consistent

for this parameter space. Unfortunately, the simulation itself becomes unstable at a time of

t = 22, when the pressure profiles undergo a large amount of compression. The source of

this instability is currently under study. Since the instability affects the 5-moment model

and the 13-moment model in the same fashion, in both the instability’s onset time and

spatial structure, the instability is likely due to either an error in the initial conditions

(e.g. stronger than necessary magnetic field) or with the discontinuous Galerkin method not

properly balancing the strong pressure gradient with the strong Lorentz force.

Comparisons between the 5-moment and 13-moment models are given in Fig. 5.3.11, 5.3.12,

and 5.3.13 for the density, current density, and pressure respectively. The results show that

the response of the 5-moment model and 13-moment model to the reconnection event are

almost exactly the same, with small variations due to the initial viscous response of the 13-

moment model. The rate of reconnection, shown in Fig. 5.3.14, shows that up to the point

of the instability, the reconnected flux, calculated as

φ =

4π∫

−4π

|By(x, y = 0)| dx, (5.3.48)

aligns well with the results found in literature. The results show that the 13-moment model

has potential as a multi-dimensional base for modeling magnetized plasma transport.
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(a) 5-moment model.

(b) 13-moment model.

Figure 5.3.11: Comparison of number densities between 5-
moment model and 13-moment model at time t = 20. Both
5-moment and 13-moment models give a consistent peak in the
density at this time, with a thin sheet existing between the
peaks.
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(a) 5-moment model.

(b) 13-moment model.

Figure 5.3.12: Comparison of current densities between 5-
moment model and 13-moment model at time t = 20. Both
5-moment and 13-moment models give consistent results at this
point in time.
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(a) 5-moment model.

(b) 13-moment model.

Figure 5.3.13: Comparison of plasma pressure between 5-
moment model and 13-moment model at time t = 20. Both
5-moment and 13-moment models give consistent results at this
point in time.
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(a) Simulated reconnected flux. (b) Literature reconnected flux.

Figure 5.3.14: Comparison of reconnected flux φ between sim-
ulated 5-moment and 13-moment models to literature results
from Birn et al. 1 . Good agreement is shown up to the point of
instability.

5.4 Maxwell’s equations

5.4.1 Static cleaning response

The static cleaning response test is designed to monitor how an initial divergence error is

cleaned out of a solution over time. The goal of the test is to show the benefits of the local

divergence error cleaning operator of PCMaxwell. In this test, a one dimensional domain of

x ∈ [−1, 1] is initialized with

~E = 0 (5.4.1)

Bx =
i<10∑

i=1

cos
(
2π(50i+ W̄i)x

)
(5.4.2)

By = Bz = 0 (5.4.3)

where 0 < W̄i < 10 is a noise source used to prevent repeated modal structures in the

domain. The cleaning coefficients are chosen to keep a common time step between both

models such that γ = χ = 1 for PHMaxwell implies χE = χB = c∆x
2

for PCMaxwell. The
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divergence errors were cleaned from a domain with mesh resolution ∆x = 10-3 using the

high-order finite volume method over a time of 0.12. The analytical solution for this system

is a Bx = 0 which is enforced by the boundary conditions.

The static cleaning response of PCMaxwell and PHMaxwell is shown in Fig.5.4.1 with mag-

netic field error

EB = ln | 1

500
F(Bx)| (5.4.4)

where F is a Fourier transform. The magnetic field error has arbitrary units and only

expresses a comparison of Bx error between the models. Note that PCMaxwell is better

at cleaning short wavelength noise from the solution, however the longest wavelength mode

(20 elements wide) is nearly ignored by the parabolic operator for the time scale of the

simulation. Since PHMaxwell advects the divergence error throughout the domain using a

numerical flux, it introduces wide-band noise in k space. These results show that the local

divergence error removal of PCMaxwell is fast at removing short-wavelength errors from a

system. Long-wavelength errors are removed over a longer time scale, however, in practice

it is unlikely that a system would be initialized with low-frequency divergence errors.
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(c) t = 0.120

Figure 5.4.1: Cleaning comparison and error frequency spectrum
for an initially perturbed system for PCMaxwell (blue) and PH-
Maxwell (red). The time step ∆t is the same for both methods.
Time increments are (a) t = 0, (b) t = 0.024, (c) t = 0.12.
Results show that PCMaxwell cleans mesh scale divergence er-
rors quickly from the domain, while large wavelength divergence
errors are slow to dissipate.
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5.4.2 Dynamic cleaning response

The dynamic response problem tests the ability of PHMaxwell and PCMaxwell to remove

divergence errors in the presence of the plasma dynamics similar to those found in Sec. 5.3.1.

The plasma is represented by ideal 5-moment model ((νpτ) → ∞) to generate sharp shock

profiles which leads to discontinuities in the charge density. The boundary conditions are

simple zero-normal-gradient for all fluid and field components. The boundary conditions here

are important as they introduce electric field divergence errors when the Langmuir waves

transit the boundary.

The shock tube is setup in a domain x ∈
[
−1

2
, 1

2

]
with a wall located at x = 0. The initial

conditions for the left (l) and right (r) states are given by,

nl = 8nr = 1, (5.4.5)

Te = Ti = 1, (5.4.6)

~E = 0, (5.4.7)

~Bl =
[

3
4

1 0
]T
, (5.4.8)

~Br =
[

3
4
−1 0

]T
, (5.4.9)

with ion mass Ai = 25, ion charge Zi = 1, electron mass Ae = 1, electron charge Zi = −1,

plasma densities n = ne = ni, and no initial electric field ~E = 0. The plasma frequency is set

at (ωpτ) = 20 to allow for long wavelength charge separation, while the cyclotron frequency

is set at (ωcτ) = 4 which allows for moderate magnetization effects. The speed of light is set

at c/v0 = 50 to reduce runtime. The simulation is evolved to time t = 0.6 to allow for the

ion species to propagate across the domain. The cleaning coefficients remain the same as in

Sec. 5.4.1, and the simulation is run using the finite volume method. Figure 5.4.2 compares

the cleaning of PCMaxwell to PHMaxwell at three times. The electric field error is given
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by

EE = |∂xEx − ρc|. (5.4.10)

Initially, in Fig. 5.4.2a, as the electrons first shock outward, the discontinuous charge density

interface at the center of the domain is the primary generator of divergence errors. PC-

Maxwell keeps the errors local to the shock, while PHMaxwell spreads them out in error

waves traveling at the speed of light.

In Fig. 5.4.2b, the first electron waves have exited the boundary inducing a violation of

Gauss’s law. The error waves of PHMaxwell have imposed a near constant divergence error

across the domain which has pushed the electrons into a slightly different configuration than

PCMaxwell.

In Fig. 5.4.2c the divergence errors from the boundary conditions have greatly affected the

electric field for the PHMaxwell model. PCMaxwell is also showing a large error source at

the boundary, but the locality of the cleaning operator is minimizing the divergence error’s

effect on the internal solution.

The example shows that even though the simulation is designed to induce large divergence

errors into the domain, PCMaxwell is able to stably model accurate plasma dynamics without

impacting the runtime.
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Figure 5.4.2: Cleaning comparison for a dynamically perturbed
system with parabolic cleaning (blue) and hyperbolic cleaning
(red) of Maxwell’s equation applied to the electromagnetic shock
tube of Sec. 5.3.1. Time increments are (a) t = 0.03 after initial
electron shock, (b) t = 0.3 after divergence errors are generated
at the boundary, and (c) t = 0.6 after boundary divergence
errors have propagated into interior of domain. PCMaxwell is
shown to clean the solution the same or better than PHMaxwell
for the same time step size.
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5.5 Summary of results

The results have shown that the 13-moment plasma model is consistent with the 5-moment

plasma model. Both the neutral fluid and charged fluid results showed good agreement for

strongly to moderately collisional systems. The charged fluid results showed good agreement

with the 5-moment model for weakly to moderately magnetized plasmas, however, addi-

tional benchmarks are required to analyze the 13-moment model in strongly magnetized,

moderately collisional systems.

PCMaxwell was shown to be a adept at locally cleaning short wavelength divergence er-

rors from Maxwell’s equations compared to the PHMaxwell model. This effect is beneficial

in simulations where divergence errors are primarily generated from discontinuous charge

separation effects or boundary conditions. For systems initialized with long wavelength di-

vergence errors, such as systems containing electrode or magnetic coil feedback boundary

conditions, PCMaxwell reacts too slowly to be adequate. In such cases, a combination of

the locality of a parabolic cleaning operator for short wavelength errors and the speed of the

hyperbolic cleaning for long wavelength errors would be ideal.
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Chapter 6

CONCLUSION

The research described in this dissertation provides the framework and justification for de-

veloping computationally efficient modeling techniques for collisional transport processes in

multi-species plasmas. Contributions of this work provide a more robust foundation sup-

porting further research into multi-species, non-equilibrium plasma dynamics. The following

sections summarizes the current state of the plasma model development as well as the tools

used to study the plasma dynamics including the numerical methods implemented, and the

supporting computational framework.

6.1 Plasma models

The plasma models developed and implemented in this research have been designed to cap-

ture collisional transport in plasmas. Initially a non-equilibrium, multi-species 5-moment

plasma model was implemented, which included weakly-magnetized collisional transport ef-

fects both within and between species. The 5-moment model is an established model in

the plasma physics community, with well-known validity restrictions based on collisional

mean-free-path scales.

A 13-moment model was developed around the 5-moment model and used its additional

moments to describe physical behavior relating to collisional transport that was ignored by

the 5-moment model. The 13-moment closure problem, inherent to all moment models, was

resolved using a Pearson type-IV distribution. A diffusive stabilization operator was added to

the model to stabilize the closure scheme in the presence of strongly anisotropic flows. A BGK
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collision operator was used to approximate scattering collisional effects within a species, and

an interspecies collision operator was developed to incorporate resistive drag effects into the

plasma model. The interspecies operator enforces the conservation of total mass, momentum,

energy (both isotropic and anisotropic), and energy flux in a multi-species plasma. Finally,

the 13-moment model includes an electromagnetic force operator that directly couples the

higher moments, relating to the heat flux vector and anisotropic pressure tensor, to the

magnetic field, similar to the Braginskii equations.

The multi-species model was developed to incorporate Maxwell’s equations to describe the

electric and magnetic fields. Maxwell’s equations include to constraints relating to divergence

conditions on the electric and magnetic field as described by Gauss’s laws. Two cleaning

methods were implemented to reduce these errors in the solution. A hyperbolic method was

implemented which propagates the divergence errors through the plasma until the errors

exit the domain through the boundary conditions. Since this method tends to drive global

divergence errors from a local source, an alternative parabolic cleaning method was devel-

oped. The parabolic cleaning method was shown to have better cleaning behavior than the

hyperbolic scheme for short wavelength error sources generated from boundary conditions

and charge density shock structures.

The multi-species 13-moment plasma model presented in this dissertation has many advan-

tages over its 5-moment counterpart. The 13-moment model directly captures the effects of

magnetization and collisional interactions acting on the full pressure tensor and heat flux vec-

tor. The addition of these higher moments to describe anisotropic plasma behavior represents

a step towards a higher-fidelity representation of physics. For neutral species modeling, the

13-moment model has been shown to be consistent with both 5-moment and kinetic models.

The neutral model was also shown to be stable and accurate in multiple dimensions when

modeling viscous flows. The full 13-moment plasma model has been shown to be consis-

tent with the presented 5-moment plasma model for moderate to high collisionalities in the

presence of a weak to moderate magnetic fields.
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The current multi-species 13-moment plasma model could be further enhanced by adding

two modules. The first module would replace the current closure scheme, including its diffu-

sive stabilization operator, with a closure scheme more consistent with magnetized plasma

transport. Doing so would increase the stability and accuracy of the 13-moment model

in weakly-collisional and/or highly-magnetized systems. Modifying higher-moment model

closures is difficult, especially when basing the closure on a Pearson type-IV distribution;

however, existing regularized Grad methods may make an ideal base for a closure consis-

tent with plasma transport dynamics. Additionally, to make the 13-moment model more

applicable to low-temperature, partially-ionized plasmas, the model could be extended to in-

clude reactive collision operators to capture ionization, recombination, and charge-exchange

effects.

6.2 Discontinuous numerical methods

Explicit discontinuous numerical methods are highly parallelizable methods for solving the

larges equation sets associated with multi-species plasma physics. To simulate the plasma

models used in this research, an unstructured, high-order finite volume method and dis-

continuous Galerkin method were developed and implemented in conjunction with explicit

Runge-Kutta time integration schemes. The methods were designed to solve large sets of

nonlinear equation sets in a computationally efficient manner.

The high-order finite volume method was developed and implemented as an initial spatial

solver for testing the general-geometry, unstructured mesh framework. The method was

implemented in one, two, and three dimensions using slab line, slab triangle, slab quadri-

lateral, tetrahedral, and hexahedral primitive elements. The finite volume method uses a

k-exact reconstruction method, which, in theory, can resolve arbitrary convergence accu-

racies; however, orders above fourth order were not tested. Monotonicity enforcement for

the finite volume method, which was required for strong dynamics in nonlinear equation

sets, was handled using a central essentially-non-oscillatory (CENO) method, which was de-
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signed to be a more computationally efficient method than the alternative weighted ENO

methods.

The nodal discontinuous Galerkin method was developed and implemented for line, triangle,

and tetrahedral primitive element geometries. The method was designed to work with any

user supplied node arrangements. The convergence accuracy for the implemented node

arrangements have been shown to increase with the number of nodes in an element for one,

two, and three dimensions, which is consistent with theory. Monotonicity enforcement for

the discontinuous Galerkin method was implemented using the CENO method that was

implemented for the finite volume method. Diffusion operators in the discontinous Galerkin

method were applied using a local discontinuous Galerkin approach.

The time integration schemes implemented in WARPXM are designed around efficient par-

allelization; however, there are alternative methods, such as implicit, semi-implicit, and

implicit-explicit methods that can be used to alleviate the stringent time step restrictions of

explicit methods. Continuous methods, such as the continuous Galerkin method, would be

a good addition to WARPXM once more advanced time integration schemes are in place.

Continuous methods coupled to implicit time integration are more capable in the presence of

the parabolic behavior associated with charge separation and diffusive collisional transport.

Ideally, these implicit continuous methods would be used for electron and electromagnetic

dynamics, while heavier ion species would use the existing explicit discontinuous framework.

This approach would greatly reduce runtime by removing the stability condition associated

with the electron plasma frequencies and the speed of light.

6.3 Computational framework

The WARPXM code has been developed as a effective and easy-to-use interface for developing

multi-species plasma models. The goal of the code is to provide the developer to tools for

implementing plasma models in a well-known language which can be optimized for any
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available compute devices in a given compute environment.

The primary focus of this research has been to develop an OpenCL interface for solving

discontinuous numerical methods. The OpenCL threading interface allows for plasma model

operators, such as Lorentz force operators or fluid viscosity operators, to be written in a

single language, that work on both CPU and GPU devices. This language is based on the C

standard which allows the models to be reused in any C based parallelization library, includ-

ing OpenMP or CUDA. While these parallelization libraries are not currently implemented,

WARPXM is designed to allow their use.

The OpenCL modules in WARPXM have been designed around a low memory footprint.

Memory allocations are reused as frequently as possible to reduce the overall load on the

compute device, which makes the solvers more applicable to GPU devices. Shared memory

spaces are used in the kernels to optimize cache reusability, while the variable datasets are

optimized for fast read and write operations used in ghost sync and file input/output pro-

cesses. The OpenCL interface is compiled at runtime which allows for runtime optimization

for the different compute devices found in heterogeneous compute environments.

Over the course of this research, WARPXM was adapted to work with unstructured meshes.

This unstructured mesh interface was designed to import meshes written in the ABAQUS

mesh format. These ABAQUS files can be generated from CAD models using mesh gen-

eration toolkits, such as CUBIT, Trelis, or gmsh. This gives WARPXM the capability to

model the complex geometries associated with modern plasma confinement systems. The

datasets generated by WARPXM are written in a proprietary file format based on the hdf5

format which can be post-processed in scripting languages, such as Python or MATLAB, or

analyzed in data visualization software such as VisIt or Paraview using an XDMF translation

file.

Solvers in WARPXM are modular, meaning that different spatial solvers (e.g. finite volume

or discontinuous Galerkin) can be implemented in conjunction with different time integration
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schemes. The models used to describe physics are also modular, meaning that models can

be mixed and matched as specified by the WARPXM input file. Solvers are designed to hide

memory movement with computations. This has been accomplished by breaking the solver’s

domain into periphery and interior regions. The solver begins with the periphery region,

which is used in the ghost sync process. While the ghost elements are synchronizing, the

solver is running on the interior region. This effectively hides the latency associated with

the host level and cluster level synchronization latencies, which can be a large burden for

multi-species models containing hundreds of variables.

WARPXM has been developed for modeling plasmas exhibiting a wide variety of behaviors,

and one of its objectives is to handle multiple plasma representations concurrently. This

modification to the framework would allow plasma models to be swapped out during run-

time depending on the local plasma parameter regime. WARPXM has various multi-species

models of both the 5-moment and 13-moment variety, and is currently being extended to

include non-equilibrium MHD and Boltzmann models. Ideally, these models would be ap-

plied in different areas of the domain in order balance physical accuracy with computational

cost. For example, a high-energy particle beam or laser may drive a plasma out of thermal

equilibrium around a localized point. Instead of modeling the entire domain using a kinetic

representation, only the area around the source would be represented kinetically, while every-

where else in the domain could be represented by a more computationally inexpensive model,

such as a 13-moment or MHD model. Such a framework would be advantageous for the tran-

sitional, high-energy density plasmas found in tokamaks, where collisionality transitions from

collisionless in the core region to highly collisional in the divertor, and z-pinches, where the

plasma is unmagnetized on-axis and highly magnetized at the edge of the pinch.

The WARPXM code continues to be a work in progress, and is designed to be adaptable to

emerging compute environments. The adaptability of WARPXM to the newer generation

of parallelization libraries makes it a productive platform for developing both numerical

methods and plasma models.
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Appendix A

UNSTRUCTURED MESH GEOMETRY

Unstructured meshes are construction from general-geometry elements. For the finite volume

and discontinuous Galerkin methods used in this study, the geometry of the mesh is important

when considering face normals for numerical flux calculations (Sec. 3.1.1), Jacobian matrices

for coordinate transformations (Sec. 3.3), and quadrature rules for flux and source term

integration (Sec. 3.2). For discontinuous discretizations, it is common practice to map the

element to an isoparametric form through an isoparametric coordinate transformation (ICT).

The ICT defines the configuration coordinate ~x to a normalized coordinate system ~ξ. In

general this mapping can be accomplished using any basis dependent on ~ξ, however, for the

geometry considered in this study, a monomial series,

~x(~ξ) =
∑

i

~Γiξ
ai
0 ξ

bi
1 ξ

ci
2 , (A.0.1)

is sufficient. For linear ICTs, such as those used in this study, the integer powers ai, bi, and ci

are either 0 or 1. The transform coefficients ~Γi are entirely dependent on the element’s nodal

coordinates. For this study, the isoparametric forms define three dimensional slab geometries.

For example, a slab line element describes a rectangular prism whose length is equal to the

length of the line element, and width and height are 1. Slab triangles and slab quadrilaterals

would then define triangular and quadrilateral prisms of unit height. The purpose of the

ICT is to simplify the evaluation of all geometry terms required by discontinuous numerical

methods.

When a mesh generating program, e.g CUBIT, exports a mesh, it contains a list of vertex
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positions and a list of vertex indexes that make up each element, known as the connectivity

array (see Sec. 4.2). The order of the vertex indexes in the connectivity array describe the

shape of an element. Since each face of a given primitive is in itself a primitive (e.g. the faces

of a tetrahedra are triangles), the following sections also define the face connectivity arrays

Zf . The face connectivity array specifies the vertexes in the element connectivity array that

make up the face primitive. The face connectivity arrays are designed to be consistent with

the element connectivity arrays for the face primitive. For example, the quadrature integra-

tion of a polynomial on the surface of a tetrahedra, can be broken into volume quadrature

integrals over triangular elements defined by vertex connectivities Zf .

In the following sections, superscripts represent the primitive ID from Tab. 4.1. To simplify

the geometry relations a normalization operator is define as

~N (~x) =
~x

|~x| . (A.0.2)

A.1 Preface for quadrature rules

When discussing quadrature rules for primitive geometries, it is important to first discuss

some background. Quadrature rules are designed to convert an integral into a summation of

point specific evaluations

∫
f (~x) dV =

i<m∑

i=0

wif (~xi) (A.1.1)

where m is the number of quadrature weights, wi, and points, ~xi. In terms of Sec. 3.2,

quadrature integration on surfaces,

∫
f dA =

NA∑

i

ωif (~xi) , (A.1.2)
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is written in terms of NA surface quadrature points with weights ωi. Volume integra-

tion,

∫
f dV =

NV∑

i

Ωif (~xi) , (A.1.3)

is described by NV quadrature weights Ωi. In general, these quadrature rules are derived for

unit primitives (e.g. a line element of length 1), which can be converted to work in general

geometry space using the ICTs described in later sections.

Quadrature rules for polynomials are described both by their number of quadrature points

and the quadrature order for which an exact integral of a polynomial can be found. The

number of points required to integrate a polynomial of order p, defined in Eq. (3.2.5), over

an element’s volume is presented in Tab. A.1. The table shows that for the used quadrature

rules, the quadrilateral and hexahedral quadrature rules are far less efficient than that of the

triangle and tetrahedron.

Table A.1: The number of points m required for exact slab vol-
ume quadrature integration of a polynomial of order p for various
primitives within WARPXM.

p
3 5 7 9 11

Slab Line 2 3 4 5 6
Slab Triangle 6 7 15 19 28

Slab Quadrilateral 4 9 16 25 36
Tetrahedron 8 14 36 61 109
Hexahedron 8 27 64 125 216

Quadrature rules for slab lines, slab quadrilaterals and hexahedra are related to m point

Gauss-Legendre quadrature rules with abscissa ξ0
i and weights wi. Example Gauss-Legendre

quadrature rules are given in Tab. A.2.
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Table A.2: Gauss-Legendre weights wi and abscissa ξ0
i for

m = 2, 3, 4. Additional weights and abscissa can be found in
Hesthaven and Warburton 37 .

m wi ξ0
i

2 1 ± 1√
3

3 8
9
, 5

9
0, ±

√
3
5

4 1
2

+ 1
7

√
6
5
, 1

2
− 1

7

√
6
5
±
√

3
7
− 2

7

√
6
5
, ±
√

3
7

+ 2
7

√
6
5

Slab triangle and tetrahedral quadrature rules are related to the m point symmetric quadra-

ture rules58 with abscissa (ξ0
i , ξ

1
i , ξ

2
i ) and weights wi. Example quadrature rules are listed in

Tab. A.3 for slab triangles, and Tab. A.4 for tetrahedra. These quadrature definitions are

used in the following sections for the primitive element types presented.

Table A.3: Symmetric quadrature weights wi and abscissa ξ0
i , ξ

1
i

for m = 3, 4, 6 on triangles. Additional quadrature points can
be found in Zhang et al. 58 .

m wi (ξ0
i , ξ

1
i )

3 1
3
, 1

3
, 1

3
(2

3
, 1

6
), (1

6
, 2

3
), (1

6
, 1

6
)

4 − 9
16

, 25
48

, 25
48

, 25
48

(1
3
, 1

3
), (3

5
, 1

5
), (1

5
, 3

5
), (1

5
, 1

5
)

6

0.223381589678011
0.223381589678011
0.223381589678011
0.109951743655322
0.109951743655322
0.109951743655322

(0.108103018168070, 0.445948490915965)
(0.445948490915965, 0.108103018168070)
(0.445948490915965, 0.445948490915965)
(0.816847572980459, 0.091576213509771)
(0.091576213509771, 0.816847572980459)
(0.091576213509771, 0.091576213509771)
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Table A.4: Symmetric quadrature weights wi and abscissa
ξ0
i , ξ

1
i , ξ

2
i for m = 4, 5, 10 on tetrahedra. Additional quadrature

points can be found in Zhang et al. 58 .

m wi (ξ0
i , ξ

1
i , ξ

2
i )

4

0.25
0.25
0.25
0.25

(0.5854101966249685, 0.1381966011250105, 0.1381966011250105)
(0.1381966011250105, 0.5854101966249685, 0.1381966011250105)
(0.1381966011250105, 0.1381966011250105, 0.5854101966249685)
(0.1381966011250105, 0.1381966011250105, 0.1381966011250105)

5

−.8
0.45
0.45
0.45
0.45

(0.25, 0.25, 0.25)
(1

4
, 1

4
, 1

4
)

(1
2
, 1

6
, 1

6
)

(1
6
, 1

2
, 1

6
)

(1
6
, 1

6
, 1

2
)

(1
6
, 1

6
, 1

6
)

10

0.2177650698804054
0.2177650698804054
0.2177650698804054
0.2177650698804054
0.0214899534130631
0.0214899534130631
0.0214899534130631
0.0214899534130631
0.0214899534130631
0.0214899534130631

(0.5684305841968444, 0.1438564719343852, 0.1438564719343852)
(0.1438564719343852, 0.1438564719343852, 0.1438564719343852)
(0.1438564719343852, 0.1438564719343852, 0.5684305841968444)
(0.1438564719343852, 0.5684305841968444, 0.1438564719343852)

(0, 0.5, 0.5)
(0.5, 0, 0.5)
(0.5, 0.5, 0)
(0.5, 0, 0)
(0, 0.5, 0)
(0, 0, 0.5)
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A.2 Slab line

Figure A.2.1: Coordinate transform of line primitive from real
space ~x to isoparametric space ~ξ.

The line primitive mapping from real space ~x to isoparametric space ξ0 ∈ (−1, 1), shown in

Fig. A.2.1, is defined by the ICT

~x = ~Γ0
0 + ~Γ0

1ξ0 (A.2.1)

with coordinate transform coefficients

~Γ0
0 =

1

2
(~x0 + ~x1), (A.2.2)

and

~Γ0
1 = ~Γ0

0 − ~x0. (A.2.3)

Given this coordinate transform, the volume of the slab line is given by

V 0 = 2
∣∣∣~Γ0

1

∣∣∣ . (A.2.4)



192

The quadrature components for volume integration are given by: N0
V = m, Ω0

i = V 0wi,

x̃i = ~Γ0
0 + ξ0

i
~Γ0

1. An example m = 3 quadrature rule (5th order exact polynomial integration)

for slab line elements is shown in Fig. A.2.2.

Figure A.2.2: Gauss-Legendre quadrature points (blue) with
m = 3 on slab line.

Since this is a slab geometry, the integrand in a surface integral is assumed constant on each

face. This implies that face integrals are single point evaluations with N0
A = 1 and ω0 = 1.

For each face the connectivity, face normals, and quadrature points are given by:

1. Face 0:

Z0
0 =

[
0
]

n̂0
0 = − ~N

(
~Γ0

1

)

x̃0
0 = ~Γ0

0 − ~Γ0
1

2. Face 1:

Z0
1 =

[
1
]

n̂0
1 = ~N

(
~Γ0

1

)

x̃0
0 = ~Γ0

0 + ~Γ0
1

A.3 Slab triangle

The isoparametric coordinate transformation for a triangle from general geometry space ~x

to isoparametric space ~ξ, shown in Fig. A.3.1, is based on a barycentric coordinate trans-
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Figure A.3.1: Coordinate transform of triangle from real space
~x to isoparametric space ~ξ.

form

~x = ~Γ1
0 + ~Γ1

1ξ0 + ~Γ1
2ξ1 (A.3.1)

with coordinate transform coefficients

~Γ1
0 = ~x0, (A.3.2)

~Γ1
1 = ~x1 − ~x0, (A.3.3)

and

~Γ1
2 = ~x2 − ~x0. (A.3.4)

The isoparametric vertexes are located at ~ξ = (0, 0, 0), (1, 0, 0), (0, 1, 0). This coordinate

transform can be used to define the slab triangle volume

V 1 =
1

2

∣∣∣~Γ1
1 × ~Γ1

2

∣∣∣ (A.3.5)
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The volume quadrature terms for slab triangles are given by N1
V = m, Ω1

i = V 1wi and

x̃i = ~Γ1
0 + ~Γ1

1ξ
0
i + ~Γ1

2ξ
1
i , where wi and ~ξi are described in Tab. A.3. An example m = 7

quadrature rule (5th order exact polynomial integration) for the slab triangle primitive is

seen in Fig. A.3.2.

Figure A.3.2: Symmetric quadrature points (blue) with m = 7
on slab triangle.

The surfaces of a slab triangle are represented by line primitives meaning that surface quadra-

ture integration is implemented as a slab line volume quadrature. Each face is represented

by a coordinate transformation to the slab line element. The surface quadrature terms are

given by N1
A = N0

V , ω1
i = Ω0

i and x̃i = ~Γ0
0 + ξ0

i
~Γ0

1. The surface normals are defined with

respect to the triangle surface vector,

~s1 = ~Γ1
1 × ~Γ1

2, (A.3.6)

and the face-specific transform coefficient ~Γ0
1 such that for each face

n̂1 = ~N
(
~Γ0

1 × ~s1
)
. (A.3.7)

The face connectivities and face transform coefficients (i.e. line element coordinate transform
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coefficients) are defined as follows:

1. Face 0:

Z1
0 =

[
0 1

]

~Γ0
0 = ~Γ1

0 +
1

2

(
~Γ1

1 + ~Γ1
2

)

~Γ0
1 =

1

2

(
~Γ1

2 − ~Γ1
1

)

2. Face 1:

Z1
1 =

[
1 2

]

~Γ0
0 = ~Γ1

0 +
1

2
~Γ1

2

~Γ0
1 = −1

2
~Γ1

2

3. Face 2:

Z1
2 =

[
2 0

]

~Γ0
0 = ~Γ1

0 +
1

2
~Γ1

1

~Γ0
1 = −1

2
~Γ1

1

A.4 Slab quadrilateral

For quadrilateral primitives, the isoparametric coordinate transform, pictured in Fig. A.4.1,

is bi-linear and is given by

~x = ~Γ2
0 + ~Γ2

1ξ0 + ~Γ2
2ξ1 + ~Γ2

3ξ0ξ1 (A.4.1)
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Figure A.4.1: Coordinate transform of quadrilateral from real
space ~x to isoparametric space ~ξ.

with transform coefficients

~Γ2
0 =

1

4
(~x0 + ~x1 + ~x2 + ~x3) , (A.4.2)

~Γ2
1 = ~Γ2

0 −
1

2
(~x0 + ~x3) , (A.4.3)

~Γ2
2 = ~Γ2

0 −
1

2
(~x0 + ~x1) , (A.4.4)

and

~Γ2
3 = ~Γ2

0 −
1

2
(~x1 + ~x3) . (A.4.5)

Vertex locations are found at ~ξ = (±1,±1, 0). The volume of the slab quadrilateral is

V 2 = 4
∣∣∣~Γ2

1 × ~Γ2
2

∣∣∣ . (A.4.6)

The volume quadrature for slab quadrilaterals is based on a tensor product of the m point

1D Gauss-Legendre quadrature such that N2
V = m2 and the quadrature points are given
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by

x̃i = ~Γ2
0 + ~Γ2

1ξ
0
ni

+ ~Γ2
2ξ

1
mi

+ ~Γ2
3ξ

0
ni
ξ1
mi
, (A.4.7)

where ξ0
i and ξ1

i are given by the abscissa in Tab. A.2. Since the coordinate transform

is bi-linear, the quadrature weights, Ωi = wniwmiJnimi , where ni and mi represent the

mapping of 2D coordinates to a 1D array, must take into account the coordinate transform

Jacobian,

Jij =
(
~Γ2

2 + ξ0
i
~Γ2

3

)
×
(
~Γ2

1 + ξ1
j
~Γ2

3

)
. (A.4.8)

An example m = 3 quadrature rule (5th order exact polynomial integration) for slab quadri-

lateral primitives is shown in Fig. A.4.2.

Figure A.4.2: Quadrature points (blue) with m = 3 on slab
quadrilateral.

As was seen with the triangle primitive, the surface of a slab quadrilateral is represented

by a set of line primitives. This implies that slab quadrilateral surface integration can be

implemented using the slab line volume quadrature. The quadrilateral’s surface normal
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vector,

~s2 = ~Γ2
1 × ~Γ2

2, (A.4.9)

is used to describe the face normal vectors,

n̂2 = ~N
(
~Γ0

1 × ~s2
)

(A.4.10)

in terms of the face transform coefficient ~Γ0
1. The face connectivities, and associated face

transformation coefficients, are as follows:

1. Face 0:

Z2
0 =

[
0 1

]

~Γ0
0 = ~Γ2

0 − ~Γ2
2

~Γ0
1 = ~Γ2

1 − ~Γ2
3

2. Face 1:

Z2
1 =

[
1 2

]

~Γ0
0 = ~Γ2

0 + ~Γ2
1

~Γ0
1 = ~Γ2

2 + ~Γ2
3

3. Face 2:

Z2
2 =

[
2 3

]

~Γ0
0 = ~Γ2

0 + ~Γ2
2

~Γ0
1 = −~Γ2

1 − ~Γ2
3
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4. Face 3:

Z2
3 =

[
3 0

]

~Γ0
0 = ~Γ2

0 − ~Γ2
1

~Γ0
1 = −~Γ2

2 + ~Γ2
3

A.5 Tetrahedron

Figure A.5.1: Coordinate transform of tetrahedron from real
space ~x to isoparametric space ~ξ.

For the tetrahedron primitive, the coordinate transform from real space ~x to isoparametric

space ~ξ, shown in Fig. A.5.1, is given by

~x = ~Γ3
0 + ~Γ3

1ξ0 + ~Γ3
2ξ1 + ~Γ3

3ξ2 (A.5.1)
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which contains the coordinate transform coefficients

~Γ3
0 = ~x0, (A.5.2)

~Γ3
1 = ~x1 − ~x0, (A.5.3)

~Γ3
2 = ~x2 − ~x0, (A.5.4)

and

~Γ3
3 = ~x3 − ~x0 (A.5.5)

Given this definition, the volume of a tetrahedron is given by

V 3 =
1

6

(
~Γ3

1 × ~Γ3
2

)
· ~Γ3

3 (A.5.6)

Note that this definition is only be positive for right-handed tetrahedron. The volume quadra-

ture for tetrahedra is defined by N3
V = m, Ω3

i = wi, and

x̃i = ~Γ3
0 + ~Γ3

1ξ
0
i + ~Γ3

2ξ
1
i + ~Γ3

2ξ
2
i (A.5.7)

using the values found in Tab. A.4. Since tetrahedra are made up of triangular faces, the

tetrahedral surface integration uses slab triangle volume integration from Sec. A.3. Simi-

larly, the face normals for a tetrahedron are given by each face’s triangle surface normal

(see Eq. (A.3.7)) given the following face connectivities and coordinate transform coeffi-

cients:
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1. Face 0:

Z3
0 =

[
0 1 2

]

~Γ1
0 = ~Γ3

0

~Γ1
1 = ~Γ3

0 + ~Γ3
1

~Γ1
2 = ~Γ3

0 + ~Γ3
2

2. Face 1:

Z3
1 =

[
0 1 3

]

~Γ1
0 = ~Γ3

0

~Γ1
1 = ~Γ3

0 + ~Γ3
3

~Γ1
2 = ~Γ3

0 + ~Γ3
1

3. Face 2:

Z3
2 =

[
1 2 3

]

~Γ1
0 = ~Γ3

0

~Γ1
1 = ~Γ3

0 + ~Γ3
2

~Γ1
2 = ~Γ3

0 + ~Γ3
3
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4. Face 3:

Z3
3 =

[
0 2 3

]

~Γ1
0 = ~Γ3

0 + ~Γ3
1

~Γ1
1 = ~Γ3

0 + ~Γ3
3

~Γ1
2 = ~Γ3

0 + ~Γ3
2

A.6 Hexahedron

Figure A.6.1: Coordinate transform of hexahedron from real
space ~x to isoparametric space ~ξ.

Hexahedra are rarely used in unstructured, general geometry meshes due to the computa-

tional expense associated with their spatially dependent coordinate transform Jacobian. It

is generally more efficient to use tetrahedra in three dimensional geometries, unless the mesh

is Cartesian. The isoparametric coordinate transformation, from real space ~x to space ~ξ as

shown in Fig. A.6.1, is tri-linear for hexahedrons such that

~x = ~Γ4
0 + ~Γ4

1ξ0 + ~Γ4
2ξ1 + ~Γ4

3ξ2 + ~Γ4
4ξ0ξ1 + ~Γ4

5ξ0ξ2 + ~Γ4
6ξ1ξ2 + ~Γ4

7ξ0ξ1ξ2 (A.6.1)
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with coordinate transform coefficients

~Γ4
0 =

1

8
(~x0 + ~x1 + ~x2 + ~x3 + ~x4 + ~x5 + ~x6 + ~x7) , (A.6.2)

~Γ4
1 = ~Γ4

0 −
1

4
(~x0 + ~x1 + ~x4 + ~x5) , (A.6.3)

~Γ4
2 = ~Γ4

0 −
1

4
(~x0 + ~x1 + ~x2 + ~x3) , (A.6.4)

~Γ4
3 = ~Γ4

0 −
1

4
(~x0 + ~x3 + ~x4 + ~x7) , (A.6.5)

~Γ4
4 = ~Γ4

0 −
1

4
(~x2 + ~x3 + ~x4 + ~x5) , (A.6.6)

~Γ4
5 = ~Γ4

0 −
1

4
(~x1 + ~x3 + ~x5 + ~x7) , (A.6.7)

~Γ4
6 = ~Γ4

0 −
1

4
(~x1 + ~x2 + ~x4 + ~x7) , (A.6.8)

and

~Γ4
7 = ~Γ4

0 −
1

4
(~x0 + ~x2 + ~x5 + ~x7) . (A.6.9)

The vertexes of the isoparametric primitive are found at ~ξ = (±1,±1,±1). A hexahedron’s

volume is given by

V 4 =
(
~Γ4

1 × ~Γ4
2

)
· ~Γ4

3 +
2

3

((
~Γ4

4 × ~Γ4
5

)
· ~Γ4

1 +
(
~Γ4

6 × ~Γ4
4

)
· ~Γ4

2 +
(
~Γ4

5 × ~Γ4
6

)
· ~Γ4

3

)
(A.6.10)

The volume quadrature for hexahedra is based on a tensor product of the m point 1D Gauss-

Legendre quadrature. The quadrature rule is a N4
V = m3 point scheme, with points

x̃i = ~x(ξ0
ni
, ξ1
mi
, ξ2
li
) (A.6.11)

where ξ0
i , ξ

1
i , and ξ2

i are the abcissa in Tab. A.2.

The tri-linear coordinate transform implies that the quadrature weights, Ωi = wniwmiwliJnimili ,
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where ni, mi, and li represent the mapping of 3D coordinates to a 1D array, must take into

account the coordinate transform Jacobian,

Jijk =
(
~Ajk × ~Bik

)
· ~Cij (A.6.12)

where

~Ajk = ∂ξ0~x|(0, ξ1
j , ξ

2
k) = ~Γ4

1 + ~Γ4
4ξ

1
j + ~Γ4

5ξ
2
k + ~Γ4

7ξ
1
j ξ

2
k, (A.6.13)

~Bik = ∂ξ1~x|(ξ0
i , 0, ξ

2
k) = ~Γ4

2 + ~Γ4
4ξ

0
i + ~Γ4

6ξ
2
k + ~Γ4

7ξ
0
i ξ

2
k, (A.6.14)

and

~Cij = ∂ξ2~x|(ξ0
i , ξ

1
j , 0) = ~Γ4

3 + ~Γ4
5ξ

0
i + ~Γ4

6ξ
1
j + ~Γ4

7ξ
0
i ξ

1
j . (A.6.15)

Hexahedra are made up of quadrilateral faces meaning the slab quadrilateral volume inte-

gration methods can be used. Face normals are set as the quadrilateral surface normal,

given in Eq. (A.4.10), using the following definitions for face connectivities and coordinate

transforms:

1. Face 0:

Z4
0 =

[
0 1 5 4

]

~Γ2
0 = ~Γ4

0 + ~Γ4
3

~Γ2
1 = ~Γ4

1 + ~Γ4
5

~Γ2
2 = ~Γ4

2 + ~Γ4
6

~Γ2
3 = ~Γ4

4 + ~Γ4
7
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2. Face 1:

Z4
1 =

[
2 3 7 6

]

~Γ2
0 = ~Γ4

0 − ~Γ4
3

~Γ2
1 = −~Γ4

1 + ~Γ4
5

~Γ2
2 = ~Γ4

2 − ~Γ4
6

~Γ2
3 = −~Γ4

4 + ~Γ4
7

3. Face 2:

Z4
2 =

[
0 4 7 3

]

~Γ2
0 = ~Γ4

0 − ~Γ4
1

~Γ2
1 = ~Γ4

2 − ~Γ4
4

~Γ2
2 = −~Γ4

3 + ~Γ4
5

~Γ2
3 = −~Γ4

6 + ~Γ4
7

4. Face 3:

Z4
3 =

[
1 2 6 5

]

~Γ2
0 = ~Γ4

0 + ~Γ4
1

~Γ2
1 = −~Γ4

3 − ~Γ4
5

~Γ2
2 = ~Γ4

2 + ~Γ4
4

~Γ2
3 = −~Γ4

6 − ~Γ4
7
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5. Face 4:

Z4
4 =

[
0 3 2 1

]

~Γ2
0 = ~Γ4

0 − ~Γ4
2

~Γ2
1 = −~Γ4

3 + ~Γ4
6

~Γ2
2 = ~Γ4

1 − ~Γ4
4

~Γ2
3 = −~Γ4

5 + ~Γ4
7

6. Face 5:

Z4
5 =

[
4 5 6 7

]

~Γ2
0 = ~Γ4

0 + ~Γ4
2

~Γ2
1 = ~Γ4

1 + ~Γ4
4

~Γ2
2 = −~Γ4

3 − ~Γ4
6

~Γ2
3 = −~Γ4

5 − ~Γ4
7

The complexity of the surface and volume integration, both in its analytical and quadrature

forms, is why tetrahedra primitives are generally used in unstructured systems.
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