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We define graded group schemes and graded group varieties and develop their theory. We
give a generalization of the result that connected graded bialgebras are graded Hopf algebra.
Our result is given for a broader class of graded Hopf algebras: the coordinate rings of graded
group varieties. We also give a classification for graded group algebras and graded group
varieties. We proceed to using tools of representation theory to get a better understanding
of the cohomology of graded group schemes. For that, we focus our attention on the case in
which the base field is of characteristic p > 0. Using as inspiration the work on [SEB97D],
[SEB97a] and [FP05)], we define graded p-points and build the theory of graded 1-parameter
subgroups denoted by V.*(G). We give a natural homomorphism of bigraded k-algebras
v H*(G,k) — k[V*(G)], where k[V,*(G)] is the bigraded coordinate ring for V,*(G),

and we show that v is an F-monomorphism.
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INTRODUCTION

Group schemes, and in particular infinitesimal group schemes, are very well studied algebro-
geometric objects. Group schemes are a generalization of algebraic groups, and infinitesimal
group schemes are an important class of group schemes as they take the role of Lie groups.
This work explores the theory of group schemes in the graded realm, that is, when the
coordinate rings are graded Hopf algebras and the underlying category is that of graded
commutative algebras. The concepts of graded group schemes and graded group varieties
will take the place of group schemes and infinitesimal group schemes, respectively. The
purpose of this work is to define these concepts and study their properties, in particular

their cohomology.

One of the main challenges of this work comes from the fact that the idea of adding a grading
is not as innocent as it may seem. Subtleties arise from the fact not all graded Hopf algebras
come from ungraded Hopf algebras. Hence, we cannot just work on the ungraded category
by forgetting the grading and directly use known results. Also, in the classical theory of
graded Hopf algebra it is usually assumed that the algebras are algebraically connected,
that is, their degree zero part is the base field. We do not make this assumption, and, with
some work, we refine some results from ungraded group schemes (ungraded Hopf algebras)

and graded, algebraically connected, Hopf algebras.

This work is divided into five chapters in which we study graded group schemes and their
cohomology using different tools, some from homological algebra, some from representation

theory, others from algebraic geometry.

We start chapter [I] with the basics; we define graded group schemes, provide some simple
examples, and set up the notation. In we define the graded connected and graded
separable components of a graded group scheme and show that connectivity of graded

group schemes relate to the connectivity of the graded spectrum. Then, in we use the



constructions from in order to give a decomposition of finite graded group schemes in

terms of connected and étale components and we give examples of such decompositions.

The motivation of this work is to find a representation theoretic interpretation of the coho-
mology of graded group schemes. In chapter ?? we define graded p-points, (inspired by the
ungraded p-points in [FP05]) as a way of understanding the cohomology of graded group
schemes. In [FP05] it is shown that there is a homeomorphism between the projectivization
of the cohomology variety, Proj|G|, and space of p-points, P(G). To do this, they rely

(among other things) on the following.

e Let G be a finite group scheme and M a finite dimensional G-module, then H*(G, k)
is a finitely generated k algebra and H*(G, M) is a finite H*(G, k)-module.

e Let G be an infinitesimal group scheme of height < r. They use the 1-parameter

subgroups of G, V;.(G) and in particular the F-isomorphism ¢ : H®(G, k) — k[V;.(G)].

We develop the list above in our context of graded group schemes. In chapter [2] we introduce
graded group varieties. In the ungraded setting, for instance in [SFB97b] and [SFB97a], they
focus on infinitesimal group schemes. In the graded setting works like that of [Wil81] focus
on algebraically connected, graded Hopf algebras. Graded group varieties, in particular
finite ones, are graded group schemes with the desired properties of their ungraded and
graded counterparts. In we give a generalization of the result that connected graded
bialgebras are graded Hopf algebra in the context of graded group varieties. Our result is
the algebraic analogue of a well known geometric result regarding projective group schemes.
As we mentioned before, the coordinate rings of graded group schemes are not necessarily
algebraically connected, making our work more difficult. To circumvent this issue, in [2.2]
we construct the algebraic connectivization of a graded group scheme as an algebraically
connected graded group scheme that is closely related to the original one. The algebraic
connectivization proves to be a very useful construction as it allows us to describe the
structure of graded group varieties. That is, we provide a description of the graded algebra

structure of the coordinate ring of a graded group variety. It also helps us relate, via a



spectral sequence, the cohomology of graded group schemes with that of group schemes and

algebraically connected graded Hopf algebras.

We proceed to chapter [3], where we use tools of representation theory to get a better under-
standing of the cohomology of graded group schemes. For that, we focus our attention on
the case in which the base field is of characteristic p > 0. Using the work of [SEB97h] and
[SEFB97a] as inspiration, we build the theory of graded 1-parameter subgroups denoted by
V*(G). Ungraded 1-parameters subgroups play the same role that elementary abelian p-
subgroups or shifted subgroups play when studying finite groups. An analogue of Quillen’s
result holds: the cohomology classes of infinitesimal group schemes can be detected, up to
nilpotents, by 1-parameter subgroups. Wilkerson explored this question for graded cocom-
mutative Hopf algebras in [Wil81]. In his work, elementary sub-Hopf algebras take the place
of elementary abelian p-subgroups. He shows that, in this context, Quillen’s result no longer
holds. More precisely, he shows that for each prime p, there exists a graded cocommutative
Hopf algebra and a nonnilpotent cohomology class which restricts to zero on every abelian
sub-Hopf algebra. We merge both concepts of 1-parameter subgroups and elementary Hopf
algebras and provide evidence that with some modification a result like that of Quillen could
exist for graded group schemes. As part of the exploration of this idea we give a natural
homomorphism of bigraded k-algebras ¢ : H**(G, k) — k[V,*(G)], where k[V,*(G)] is the
bigraded coordinate ring for V*(G). In the ungraded case 1) is an F-isomorphism, allowing
us to compute the cohomology of G' (up to nilpotents). We show that the graded ¢ is an

F-monomorphism and compute some examples that suggest that 1 is an F-isomorphism.

In chapter [4 we define graded p-points and set up the concepts needed to develop their

theory.

Finally, we discuss further work in chapter [5] where we explain the current obstacles we
need to overcome to get a complete Quillen-type result, the F-isomorphism of 1, and other

works we wish to explore in the future.



Chapter 1

GRADED GROUP SCHEMES

This chapter, and most of the next can be found on [AR14]. Throughout this work, our
underlying category will be GR: the category of finitely generated graded commutative k-al-
gebras, where k is a field. A graded algebra is graded commutative if, for a, b homogeneous
elements in A, we have that ab = (—1)l%l!lba. Note that this way the multiplication map
frommy : AQ A — A is a graded algebra map where the multiplication of A ® A is given
by (A®A)@A@A) 28 (A A)@A®A) "C A® A, whereT: AQA —
A® Ais given by 7(a®b) = (=1)lllblp @ a.

Definition 1.0.1. A representable functor G : GR — (groups) is called an affine graded
group scheme. We will call them gr-group schemes for short. The graded algebra represent-
ing G is denoted by k[G] and is called the coordinate algebra or coordinate ring of G. We

will drop the word affine from now on, as all our gr-schemes will be assumed to be affine.

As in the ungraded case, by Yoneda’s Lemma, there is an equivalence of categories between

gr-group schemes and graded commutative Hopf algebras.

Definition 1.0.2. If a graded Hopf algebra is over a field of characteristic p = 2 or if it is
generated by elements of even degree in the case of p > 2, we will call it an evenly graded

Hopf algebra.

Definition 1.0.3. If G is a gr-group scheme such that k[G] is evenly graded we say that

G is an evenly gr-group scheme.

Remark 1.0.4. A graded Hopf algebra which is evenly graded can always be made into
an ungraded Hopf algebra, since the sign convention does not change the product and

coproduct.



There are graded Hopf algebras over k of characteristics p > 2, with elements in odd degrees,
that cannot be made into ungraded Hopf algebras. The simplest example is A = F3[u]/(u?)
with |u| = 1, where A(u) = u®1+1®u and e(u) = 1. Note that the coproduct is well defined:
Au?) = A(u)Au) = (u®1+10u)(u®1+1®u) = v?*®1+u®u+(—1)u@u+1®u? = 0.
However, if we drop the grading, we get that A(u?) = 2u®u # 0, hence A cannot be made

into a ungraded Hopf algebra.

Definition 1.0.5. We denote k[x1,...,2,]9" to be the graded polynomial ring over k in
n-variables, where z;z; = (—1)1%ill#ilz;2;. Note that if char(k) # 2, then z? = 0 if |z;] is

odd.

Remark 1.0.6. When char(k) = 2, k[z1,...,2,]9" is just the (ungraded) polynomial ring
where the z;’s are graded. For char(k) # 2 a standard notation for k[zi,...,z,]9" is
k[y1,.. ., ym|®A(z1, ..., 2x), where the y;’s are evenly graded and the z;’s are oddly graded.
The y;’s are in the polynomial part (in the traditional sense) and the z;’s are in the exterior
part. We choose not to use this standard notation for the following reason. The exterior
part of the graded polynomial rings that arise in the ungraded setting is usually ignored.
For example, when studying the cohomology of (ungraded) Hopf algebras or group schemes,
people are usually interested in working with a strictly commutative ring. This is not what
we want to do in our setting. Our objects are graded to begin with, and the odd degree
part is as important as the even degree part. With the notation as defined above, we want
to convey to the reader that each element in k[z1,...,z,]9" plays an important role. We
think of k[z1,...,7,]9" as the graded version of the polynomial ring and the fact that z?

may be zero is just a consequence of the graded commutativity.

Definition 1.0.7. We say that a gr-group scheme G is a finite gr-group scheme if k[G] is
finite dimensional. In that case we can define kG as the graded dual of k[G]; kG is a called

the group algebra for G.

Definition 1.0.8. We say that a gr-group scheme G is a positive gr-group scheme if k[G]
is positively graded. That is k[G] = @;>,(k[G]);.

Definition 1.0.9. We say that a positive gr-group scheme is algebraically connected if the



zero degree part is k, that is, (k[G])o = k. This is the same as saying that k[G] is a

connected graded Hopf algebra.

Example 1.0.10. Consider k[¢]9" where |t| =i and A(t) =t® 1+ 1®¢t. Then
Homgg (k[t]", R) = (Ri, +).

Example 1.0.11. Let R be a commutative graded ring. Let nil{*(R) = {z € R; | 2™ = 0}.
Let char(k) = p > 0 and consider k[t]9"/(t?") with |t| = i even, if p > 2, and any degree, if
p = 2. Then k[t]9"/(#*") is a graded commutative Hopf algebra with A(t) = t®1+ 1®t and
Homgx (k[t]9"/(t*"), R) = nil? "(R) is an additive group under sums. We can see that this
group structure arises from the comultiplication of the algebra, since if z,y € nil? i (R), where
z(t) = z and y(t) = y, then the convolution product gives that (xx*y)(t) = m(z®y)(A(t)) =
m(z*y)(t®1+1®t) = z(t)y(1) + (1)y(t) = v + y, where we see z and y as functions in
Homaga ([£]7"/(#), R).

Example 1.0.12 (Dual Steenrod subalgebra A(1)). Consider A(1) = Fy[&1,&]97/(€1,€2),
where |§1] = 1 and |[&2| = 3. The Hopf algebra structure on A(1) is given by A(§) =
E®L+1®&, and A(f) =L @1+ @& +1®&.

As sets Homgg(A(1), R) = nil}(R) x nil3(R), with product given by (z,u) * (y,v) = (z +
y,u + v + z%y) and inverse given by (z,u)™! = (z,u + 23). We denote the gr-group scheme

represented by A(1) by S;.
1.1 Graded connected and graded separable components

Given a positive, gr-group scheme G, we define the gr-connected component G°, and the

gr-group of connected components myGG associated to it.

Definition 1.1.1. Let A = k[G], we define mpA to be the largest gr-separable subalgebra
of A (c.f[A.3.1]).

The gr-group scheme corresponding to mgA is denoted by myG and called the gr-group of

connected components.



By if A is a positively graded k algebra (k not graded), then mgA = myAg where Ay

is the degree zero part of A. Hence
1oG(R) = Homgg(moA, R) = Homgy(m9 Ao, R) = Homgg(mo Ao, Ro).
In fact, gr-separable elements over an ungraded field are necessarily trivially graded.

Definition 1.1.2. The inclusion mgA < A gives a map G — mG. Let GY be the gr-group

scheme corresponding to the kernel of this map: G is the gr-connected component of G.

Theorem 1.1.3. Let G be a positive, gr-group scheme with coordinate ring A = k[G]. If
Ay is finite dimensional, then m9A = [[, kj, where ki denotes the separable closure of k
in k;, where the k;’s are the residue fields in the decomposition of Ag as a product of local

TINgSs.

Proof. Note that since Ag is finite dimensional Ay = [ ], Al where each A} is a local ring.

Moreover, mgA = mo Ao, then mgAg = [ [, moAj-

To see that, let s € A6 separable over k; then (0,...,0,s,0,...) is in Ay and separable over

k; therefore [, moAf) < moAo.

Let s = (s;) € mpAp; then s(0,...,0,1,0,...,0) = s; € mpAp since s and (0,...,0,1,0,...,0)

are in mgAy. Hence the claim is true.

So now it is enough to show that if (Ap,m) is a finite local ring with residue field k then
w0y = k” where k~ denotes the separable closure of k in k. By definition myAq is a
separable subalgebra of Ay. Hence by the classification of separable algebras, mgAg is a
product of matrix rings over division rings whose centers are finite dimensional separable
field extensions of k. Since Ag is commutative it follows that mgAg is a product of separable
field extensions of k. Since Ay is local and mgAg < Ag, then it follows that mg Ay is exactly
a separable field extension of k. Every element in w9 Ay — {0} is invertible hence it survives
under the quotient Ap/m =~ l~<; hence mgAq is a separable field extension of k contained in

IN{. Thus mgAg S lw{s.

Now by [Wat79, 6.8] we have that if (A, m,k) is finite dimensional local, then mgA =
oA = mo(Ap/m) =~ wO(E) = l~<s, hence mgA = k. O



When G be a positive, finite, gr-group scheme, we have a more explicit description for Gy.
Let A = k[G]; by we write A = [ ]I, A’ where (A%, m;) are gr-local rings with residue
gr-field k;. Let k < ki < k;, where kJ is the gr-subfield of k; whose homogeneous elements

are separable over k.

For a finite gr-group scheme G and A = [, A’ as above, let e; be the identity of A?. The
counit map € : A — k sends all e¢; but one to 0, say eg. To see this, notice that e(14) =1
and 14 = >, e;. Let e(e;) = \; € k; since the e;’s are idempotent it follows that (e;) = £(e?)
thus \; = )\?, which in the case of a field implies that A; is either zero or one. Now since

e(la) =e(X);e) = 2 A =1 and \Aj = e(eje;) = 0 for @ # j, then exactly one of the A;’s,

say Ao must be nonzero and hence equal to one. Then ¢ factors through A%, ¢ : A — A? — k.

Note that since ¢ : A — k factors through A% and ¢ is surjective then ¢ : A% — k is
surjective. We know that k ko and since £ : A%/mg = ko — k is surjective it follows by
Schur’s Lemma that kg = k. Therefore A" is a gr-local algebra with residue gr-field equal
to k.

Theorem 1.1.4. Let G be a positive, finite, gr-group scheme. Then the coordinate ring for

GY is AY as above.

Proof. BywoA = | [; ki, the map G — moG is given by the inclusion mpA = [ [, ki < A.
By [Wat79, 2.1] the kernel of G — myG is represented by A ®r,4a k = A/(I n mpA)A
where I = kere is the augmentation ideal. We have that [ [, ki < I. We then get that
I evmoA = [T,.0ki. Therefore A/(T A moA)A = A/([T,okiA) = (IT, A)/([ T 00 K AY) =
[, A/ 110 A" = A°, which is the algebra that corresponds to GU. Thus, A is the coordi-

nate ring for G°. O
1.2 The graded spectrum and connectivity

The graded (prime) spectrum, denoted Spec?”(R), for a graded ring R, is defined and studied
in We give results regarding the graded spectrum of the coordinate ring of a positive,

gr-group scheme.



Proposition 1.2.1. Let G be a positive, gr-group scheme with A = k[G] and Aq finitely

generated. Then moG is trivial if and only if Specd” (A) is connected.

Proof. Since G is positive, mpA = myAg. Then by [Wat79, 6.6], moG is trivial if and only
if Spec(Ap) is connected, and by [A.1.18] Spec(Ap) is connected if and only if Spec?”(A) is

connected. O

Definition 1.2.2. A gr-group scheme G is connected if mpG is trivial.

Remark 1.2.3. Note that if G is algebraically connected, then G is connected. By
G is connected if and only if k[G] contains no nontrivial idempotents. If G is algebraically
connected, that is, the zero degree part of k[G] is k, G is connected since k[G] contains no

nontrivial idempotents.

Definition 1.2.4. A finite gr-group G is étale if k[G] is gr-separable.
By if G is positive and étale then k[G] must be trivially graded.
1.3 Classification of finite graded group schemes

For the next result we can follow the proof of [Wat79, 6.8] to get the graded version.

Proposition 1.3.1. (From [Wat79]) Let G be a finite, positive, gr-group scheme over a
perfect field. Then G is the semi-direct product of G° and myG.

Proof. Let A = k[G]. Since A is a product of gr-local rings A = [, A%, the nilradical of A
is N = [[;m; and each m; = (A")* @ (m;)o, that is, each m; is the irrelevant ideal of A* plus
the zeroth part of m;. Then A/N = A/(No@® A') = Ap/No, and since A/N is separable
(since k is perfect), then by [Wat79l 6.8] mo(A) = mo(Ao) = Ag/No = A/N. Hence, A/N

defines a gr-subgroup scheme of G which is isomorphic to mG.

We want the last map in the exact sequence

0 G° G TG
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to be surjective. If we look at the zero part of A, Ay we have that for a graded algebra R,

Homalg (A(), RO) —> Homalg(ﬂ'vo, Ro) = HOIIlg[R (71'0.4, R)

is surjective. Let f € moG(R): then by the surjectivity there is a map corresponding to f,
say g € Homgq(Ag, Ry). Then we can define g € G(R) so that it is g in the zero component
and zero elsewhere, hence G(R) = Homgg(A, R) — moG(R) = Homgxz(mo A, R) is surjective.

Notice that the map
1G> G — G

corresponds to the composition of maps
[k} —= A—— A/N =]k}
which is the identity map. O

Theorem 1.3.2. Let G be an abelian, finite, positive, gr-group scheme over a perfect field,
then G splits canonically into four factors of the following types:

1. étale with étale dual,
2. étale with connected dual,
3. connected with étale dual,

4. connected with connected dual.

Proof. Since G is abelian we have that G = G° x myG and when taking duals we have the

following decomposition,
G = G = (GH)0)F x (mo(GH))H,
Applying this decomposition to both G® and 7oG we get that

GO = ((GY#))# x (mo((G)#))#



11

which is a product of connected with connected dual and connected with étale dual. Simi-

larly
TG = ((mo(G*))°)# x (mo(mo(GF))#

which is a product of étale with connected dual and étale with étale dual. ]

1.83.1 FEzamples of decomposition
We provide some examples of the decomposition of G = G° x oG for finite abelian (gr-)-
group schemes.

Example 1.3.3 (Ungraded case; characteristic zero). Consider A = R[x]/(2® — 1) where
lz| =0, e(z) = 1, A(z) = 2 ®x and S(z) = 2%, By the Chinese Remainder Theorem we

can write A as a product of local rings,
A=Rlz]/(x —1) x R[z]/(2®* +z + 1) = R x C.
We follow the isomorphism
A=R[z]/(z® — 1) = R[z]/(x — 1) x R[z]/(z* + = + 1)

by finding nontrivial idempotents of A. We find that two nontrivial idempotents are e =
1/3(x> + x + 1) and (1 —e) = —1/3(2? + z — 2); note that £(e) = 1 and £(1 —e) = 0.
Then Ae =~ R[z]/(z — 1), A(1 —e) =~ R[z]/(2® + z + 1) and, A° =~ R[z]/(x — 1) = R
where A° is as in m Hence A° is a sub-Hopf algebra with group scheme G°(R) = {e}
the trivial group . Now A® C = C x C x C, hence A is separable and mgA = A, then
m0G(R) = pu3(R) = {re R | r® =1} and G(R) = u3(R) = (G° x m10G)(R).

Example 1.3.4 (Ungraded case; finite characteristic). Consider B = Fa[x]/(2® — 1) where
lz| =0, e(z) =1, A(x) = 2 ®z and S(x) = 22. By the Chinese Remainder Theorem

B = Fy[z]/(x — 1) x Fo[z]/(2® + 2 + 1) = Fy x Fy({)
where ( is a primitive 3rd root of unity. We follow the isomorphism

B = Folz]/(2® — 1) = Fy[z]/(z — 1) x Fa[x]/(2? + = + 1)
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by finding nontrivial idempotents of B. We find that two nontrivial idempotents are e =
(2 + 2+ 1) and (1 —e) = (22 + z); note that e(e) = 1 and (1 —e) = 0. Then Be =
Fo[z]/(x—1), B(1—e) = Fo[z]/(2?+x+1) and, B® =~ Fa[z]/(z—1) =~ Fy. Hence B’ is a sub-
Hopf algebra with group scheme G°(R) = {e} the trivial group. Now BQFs = Fy x Fa x Fy,
hence B is separable and moB = B, then mG(R) = p3(R) = {r € R|r® = 1} and
G(R) = p3(R) = (G° x mG)(R).

Example 1.3.5 (Graded case; finite characteristic). Let C' = Fa[z,y]9"/(x® — 1,y?) where
|z =0, lyl =1, e(z) = 1,e(y) =0, A(z) =2z ®x and A(y) = y®1 + 1 ®y. Since tensor

commutes with products we have that

C = (Folz]/(z — 1) x Fo[z]7/(z? + 2 + 1)) @ F2[y]"/(v?)

=~ Foz,y]9/(z — 1,y%) x Folz,y]" /(2 + = + 1,7?).

This isomorphism is given by two nontrivial idempotents of C. By the idempotents
of C' are homogeneous of degree zero, therefore the only trivial idempotents of C' are, like in
the previous example, e = (z?+2+1) and (1—e¢) = (22 +2), Ce = Fao[x,y]9"/(x—1,%?) and
C(1—e) = Faolz,y]9" /(2> +2+1,9%). Now moC = Fa[2]9" /(2> —1) and C° = Fa[x,y]9" /(2 —
1,y%), also myG(R) = ps3(Ro) where Ry is the degree zero part of a commutative graded
ring R. Now Fy[z]9"/(x — 1) =~ Fy and Fa[z]9" /(2% + x + 1) = Fa((), where ( is a 3rd
primitive root, are local rings. Hence C' = (Fgy x F2(¢)) ® Fa[y]9"/(v?) = Fa[y]?"/(y?) x
F2(¢)[y]9"/(y?) where each term is gr-local, both with unique homogeneous maximal ideal
(y). Then G°(R) = nil?(R) = {r € Ry | r* = 0} with group structure given by sum and
G(R) = (G° x m9G)(R). Let f,g € G(R); then f and g are determined by what they
send z and y to, say f(z) = r1,9(x) = ro € u3(Ro) and f(y) = s1,9(y) = so € nil?(R).
Then (f * g)(z) = rirp and (f * g)(y) = s1 + s2, hence G(R) = nil?(R) x uz(Ro) where
the multiplication is given by (s1,71) - (s2,72) = (81 + s2,7172) and (s,7)~! = (s,7?) which

corresponds to the antipode map S : C — C where S(z) = 22 and S(y) = —v.

Example 1.3.6 (Dual Steenrod subalgebra A(1)). For A(1) = Fa[¢1,£]97/(&1,€3), moA(1) =
F5, hence moG = {e}. In fact A(1) is a gr-local algebra with graded maximal ideal (&1, &2)
and A° = A(1) therefore G =~ G°.
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Chapter 2

GRADED GROUP VARIETIES

The structure of infinitesimal group schemes is well known, that is, for an infinitesimal
group scheme, there is a description of its coordinate ring as algebras (c.f. [Wat79l 14.4]).
Similarly, in the graded case, the structure of positively graded, algebraically connected Hopf
algebras of finite type (each degree finite dimensional) is also known (c.f. [MMG65, 7.8]). In
this section we describe the structure of a class of gr-group schemes which we define and
call graded group varieties. A graded group variety is a graded group scheme that somehow
carries the characteristics of infinitesimal group schemes and algebraically connected Hopf
algebra of finite type. Its coordinate ring is gr-local, just like for infinitesimal group schemes
the coordinate ring is local. Also, the coordinate ring is of finite type, like the graded Hopf
algebras in [MMG65].

Definition 2.0.7. Let G be a gr-group scheme, and let A = k[G]. If A is gr-local, positively

graded, of finite type we say that G is a graded group variety (gr-group variety).

Note that by if A is positively graded then, A is gr-local is equivalent to Ag local.

Remark 2.0.8 (About the choice of name: gr-group variety). In algebraic geometry, a
variety is a scheme which is, in particular, connected and of finite type (in the geometric
sense). Given a gr-group scheme G, we can associate the geometric object Spec?” (A), where
A = k[G]. If G is a gr-group variety, Ay local implies that Specy”(A) is connected (c.f.
. Therefore in this sense, gr-group varieties are connected and of finite type.

Note that for a gr-group variety G, it is not required for k[G] to be finite dimensional, but
only of finite type. For this reason, the class of gr-group varieties is broader than what you

would obtain with a verbatim generalization of infinitesimal group schemes.
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2.1 Antipode for graded group varieties

As part of our quest to classify gr-group varieties, a natural question would be: How much
information do we need in order to understand the graded Hopf algebra structure of a

gr-group variety?

In our attempt to answer that question, we give a generalization of the well known result
that states that, if A is an algebraically connected, positively graded bialgebra then there
exists an antipode S constructed from the relations on € and A, making A into a graded

Hopf algebra (c.f. [MMG65, 8.3)).

Theorem 2.1.1. Let A be a gr-commutative, positively graded, gr-local bialgebra of finite
type, there exists an antipode map S making A into a graded Hopf algebra, that is, A is the

coordinate ring of a gr-group variety.
Proof. Let (Ap,m) be a local ring. Note that € restricts to a surjective map on Ay, hence,
m = ker(g) n Ag and Ag/m = k. If a € Ay we can write a = A + m where A € k and m € m.

We will describe A(a) for a € A. First, let a € Ay, then A(a) = > a1 ® ay where |a;| =

|az| = 0. The counit diagram gives us that a = > e(a1)az = >, a1e(az).

Write a; = A\; +my and ag = A9 + mg where \; € k and m; € m, and note that e(\; + m;) =

e(A;) = Ai. So we can write a = >, A\jag = >, a1 A2. Therefore, for a € Ay

A(a) =a®1+1®a+2a1®m2+2m1®a2.

If m € m, we can write A(m) = m® 1+ 1®m + >, a1 ® az and rewriting a; = A\; + m; by

the counit map we get that > aj e = > Ajag = 0. Hence we can write
Am)=m®1+ 1®m+2m1 ® ma,
where m; € m.

If @ has nonzero degree then with similar arguments we can write

A(a) =a®1+1®a+2a1®m2+Zm1®a2+2b1®b2,
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where m; € m, |a;| = |a| and |b;| < |al.

We can derive S using that (S *id)(a) = £(a)la, where = is the convolution product for

HOIng:R(A, A)

Without loss of generality, a basis for Ay is of the form {1,my,..., my} where m; € m for

each 7; then S must satisfy

S(ml) +my + 2 alijS(mi)mj =0,

1<i,j<k
where ay;; € k.

We can rewrite the equation as

S(my) [1+m] + > iz S(ma)ym; = —my,

17l
J
where n; = Zj ajmj € m.
We can think of the above equation as a (k x k) system in A where S(my),...,S(my) are

the unknowns. The system corresponds to the matrix

I+n rm2 -+ T
721 14+ng - Ton
b
B 1+ ny |

where r; = Zj ag;ym;j. By inspection, this matrix’s determinant is in 1 + m, hence, it is

invertible and the system has a unique solution as desired.

Let {a1,...,a,} be a basis for Ay for k > 0, then S must satisfy
S(ay) + ap + > [S(ai)my + S(Mui)ai] + D S(b1)ba = 0,
i=1

where my;, my; € m and b; are of lower degree.



16

We can rewrite as

n
S(a) (1 +my) + Y S(aiymy = — | D S(ug)ai + . S(b1)bs + ar | -
il i=1
Note that all the terms in the right hand side are known by induction. Think of the above
equation as an (n x n) system in A where S(a1),...,S(a,) are the unknowns. The system

corresponds to the matrix

I+mir mio e mip
mo1 14+ mog - M2n
| C 1+ Mnn |
Just as before, the system has a unique solution as desired. ]

As an interesting fact, theorem [2.1.1] is an algebraic analogue to the following theorem in

algebraic geometry, regarding abelian varieties.

Theorem 2.1.2. (From [Mum7j, Appendiz 4]) Let X be a complete variety, e € X a point,
and

m: X xX—->X
a morphism such that m(z,e) = m(e,x) = x for all x € X. Then X is an abelian variety

with group laws and identity e.

Rephrasing, this theorem says that if X is a projective variety with multiplication and

identity, then there exists an inverse making X into a group scheme.

2.2 Algebraic connectivization

Most of the literature regarding graded Hopf algebras assume these algebras to be alge-
braically connected. This is not the case in our work. The next construction is a bridge

between the classical setting and our broader class of graded Hopf algebras.
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Definition 2.2.1. Let A be a graded Hopf algebra. Let k(A) = A®a4, k. We call k(A) the

algebraic connectivization of A.

Theorem 2.2.2. Let A be a positively graded Hopf algebra. The algebraic connectivization
of A, k(A), is an algebraically connected graded Hopf algebra.

Proof. The counit and antipode maps for x(A) are given by k() = € ®4, k and &(S5) =
S ®4, k. The comultiplication is given by the map x(A) that makes the following diagram

commute.

A®a-k
U A® (AR, K)

oy

K(A) ® k(A)

k(A)

More explicitly if a € A we write

Aa) = Z a1 ®ag + Z b1 ® by + Z c1 ®cy

lai|=]al |b2]=|al leal,lez|#al

where |a1| + |az| = |b1| + |b2| = |c1]| + |c2| = |a| then

K(A)(a®1) = Zal ®e(az) —I—Zs(bl) ® by —i—ch ® ca.

With the counit, antipode and comultiplication as above, a quick chasing of diagrams shows
that k(A) is a graded Hopf algebra over k. Note that its zeroth part is k(A)y = (A®a,k)o =
Ao ®4, k = k. Hence k(A) algebraically connected. O

Lemma 2.2.3. Let C be a commutative local ring (C,m) with algebra map A : C - CQC
of the form A(a) =a®1+1®a+ Y, a1 ® az, where ay,as € m. If M is a finitely generated
C-module with some map Ay : M — M ® C such that for a e C and x € M

o Ap(ax) = A(a)Ap(x), where A is the comultiplication on C, and

e Ay(z)=2®@1+2®b+ D, b1z ® by, where b,by, by €m
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then M s a free C'-module.

Proof. Note that the first condition on the statement is saying that M ® C' is a C-module
via A and that Ay : M — M ® C is a C-module morphism. The proof is by induction on

the number of generators of M.

Let M = Cx. If M is not free, then there exists a € m such that ax = 0. For

Apr(ax) :x®a+x®ab+2b1x®ab2+Za1x®a2—i—Zalx@agb—i—Zalblx@agbg

to be zero either the term £ ® _ or _ ® a must be zero. The former is a + ab. If a + ab = 0,
then a = 0, since (1 + b) is invertible. The latter is

T+ Z a1r + Z a1 T + Z arbiz.

if as=a if asb=a if asbo=a

In any case, this is of the form z(1 + m) where m € m, which is zero if and only if x = 0

and this contradicts the fact that x generates M over B.

Let {x1,...,z;} be a minimal set of generators for M over C. If M is not free over C, there

must exist a relation of the form

a1T1 + -+ + agxg = 0.

By minimality, a; € m. Let M’ = M/(z1); then agwo + -+ + agxy = 0 in M’. Since
Apy(z) =(2®1)(1®1+1®b+ >, b1 ®bs), the map Ay restricts to M’ and has the same
form as before, therefore, by induction, as = --- = a = 0. Similarly, we can deduce a; =0

by looking at M /(x2). Therefore M is free over C' as desired. O

Lemma 2.2.4. Let A be the coordinate ring of a gr-group variety. Then A is a graded free

Ag-module.

Proof. Let (Ag, m) be local. Note that since A is a positively graded Hopf algebra, each
A, is an Ap-module. Also, since A is a positively graded Hopf algebra, Ay is a sub-Hopf
algebra of A.
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Consider A,; as computed in the proof of for a € Ay and x € A,, we have that,
Ala) =a®1+ 1®a+2a1®a2,
where a1, as € m. Similarly
Alz) =2®1 +m®b+Zb1l’®b2 +201®02,

where |¢;| < n and b, by, by € m.

When restricting A to Ay, : A, — A, ® Ao, Ay, is an Ap-module satisfying the conditions
in Therefore A is a free Ag-module as desired. O

Theorem 2.2.5. Let A be a coordinate ring of a gr-group variety, then

A~ KZ(A) ® Ag
as graded algebras.
Proof. The theorem follows from Lemma ]

2.3 Structure of graded group varieties

We now classify the graded algebra structure of the coordinate rings of gr-group varieties
over perfect fields of characteristic p > 0. For this we need to recall some known results

from [MMG65] and [Wat79).
Proposition 2.3.1. (From [MMG65, 7.8])

Let A be a gr-commutative Hopf algebra over a field k of characteristic p > 0, generated by

one positively graded element x, then A =~ k[z]9", or A ~ %, with x primitive.
X

Proposition 2.3.2. (From [Wat79, 14.4]) Let G be an infinitesimal group scheme over a
perfect field k of characteristic p > 0, then its coordinate ring is isomorphic, as an algebra,

to an algebra of the form:
k[tl, e ,tn]

Ty

k[G] =
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Proposition 2.3.3. (From [MMG65, 7.11]) Let G be a positive, algebraically connected, gr-
group scheme over a perfect field of characteristic p. If its coordinate ring is of finite type,

then is it is isomorphic, as an algebra, to an algebra of the form below.

1. If p > 2 then,
k[l‘lu"' 7$n,y17~-,ym]gr

1 !
(mfl,...,mﬁn)

k[G] =

)

where |x;| are even, |y;| are even or odd (of nonzero degrees).

2. If p =2 then,

k[xlv <oy Tns Y1, - 7ym]g7‘

(a?"

k|G| =
] xy s, a2

)

where |x;| and |y;| are nonzero, and even or odd.

Theorem 2.3.4. Let G be gr-group variety over a perfect field of characteristic p. Then its

coordinate ring, is isomorphic as an algebra to an algebra of the form below.

1. If p > 2, then

k[G] ~ k[xl,...,a:n,yl,...,ym]gr
; (a:’fll :cﬁln) 7

where |z;| are even (including degree zero), |y;| are even or odd.

2. If p=2, then

k[G] >~ k[xlv"' a$n7y1>"‘7ym]gr
B (@, a2m)

where |xz;| is odd or even (including degree zero), |y;| is even or odd and nonzero.

Proof. Given G as above then A = k[G] contains no nontrivial idempotent hence the degree
zero part Ag is a connected Hopf algebra in the ungraded sense, hence Ay represents an
infinitesimal group scheme. Then A is as in [2.3.2] Consider k(A) = A ®4, k as defined
in then x(A) is as in 2.3.3] By [2.2.5] A =~ k(A) ®x Ao as graded algebras, hence the

result follows. O
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2.4 The cohomology of graded group schemes

Recall as defined in that for gr-group scheme G, the algebraic connectivization of
A = k[G] is the algebraically connected graded Hopf algebra x(A) = A ®a, k. Using the
definitions from [Pal01], it can be easily checked that Ag is the cotensor product A O, 4) k

and that x(A) is a conormal quotient of A. We then get the following extension:
k—>Ay—>A—->k(A) -k

This extension satisfies the conditions of section 1.4 on [Pal0l], so we get the following

theorems. For reference Ext is defined and studied on

Theorem 2.4.1. (From [Pal01, 1.4.10]) Let G be a gr-group scheme with A = k[G] let
k(A) be the algebraic connectivization of A. Then for any graded A-comodules My, Mo, M3

there is a spectral sequence with

BtV = Exth? (My, Ext!, (Mo, My)) = Ext}"™" (M @ Ma, My).

The next theorem relates the cohomology of the gr-group scheme G with that of the group
scheme Gy and k(G).

Theorem 2.4.2. Let G be a gr-group scheme with A = k[G]. Let k(G) and Gy denote
the gr-group schemes corresponding to k(A) and Agy respectively. Then there is a spectral

sequence with Ea-term H**(Go, H**(k(G),k)) abutting to H**(G, k).
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Chapter 3

GRADED 1-PARAMETER SUBGROUPS

In the ungraded setting, the additive group scheme G, plays an important role. More
precisely its 7th Frobenius kernel Gg(,) is of main importance in representation theory.
Given a group scheme G, the infinitesimal 1-parameter subgroups of height < r in G are
defined as group homomorphism from Gg(,y — G and denoted by V,.(G). In the following
sections we define the additive gr-group scheme G} and its rth Frobenius kernel, G}, (r)° To
do so, we first give precise definitions of the graded Frobenius map and twist. We define
the graded general linear group, GL;. As in the ungraded case, GL; proves useful when

computing V,*(G).

3.1 Graded Frobenius

Definition 3.1.1. Let A be a gr-commutative ring. We define the Frobenius pth power map
F: A — A such that F(a) = d”.

Definition 3.1.2. Let A be a gr-commutative ring and M a gr-module over A. For any
r = 0, the r-th Frobenius twist of M is the A-module M) = M ®pr A. We grade M) as
follows: (M), = C‘Dpri+j:k- M; ®pr Aj.

The degree is well-defined and on M) a homogeneous element m ® 1 has degree p"|m]|.
Moreover on M) |m ® a?"| = p"|m| + p"la] = p"(jm| + |a|) and also m ® a? = am ® 1

which is of degree p"(|m| + |a|).

Proposition 3.1.3. Let A be a gr-commutative ring and M and N be gr-modules over A.

For r = 0, the graded r-th Frobenius twist I" : M — M) is an additive functor from the
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category of graded A modules to itself. Moreover for any M, N

Proof. Let f : M — N be a graded map, then I")(f) : (m®1 — f(m)®1). Now
iIm® 1| = p"|m| — p"|f(m)| = p’|f| + plm|. Hence I)(f) is a graded map of degree p"|f]|
and it easily follows that I(") is an additive functor. The equalities in the statement are
true in the ungraded case. For the graded case they follow the same way. We just need to
check that the gradings are compatible, which they are by the computations below.
MeN)" = @ (P MN,) QA
pritj=k l+m=i
= @ (M®p Au) ® (N ®p Ay)))
pritj=k

l+m=1
utv=j

MO QN = @ M7TOND
l+m=k

= P (P Memi)e( @ N.A,)

l+m=k pri+j=I prutv=m
l+m=k

pli+j=I
prutv=m

A homogeneous element in (M#)(") is of the form f®pr1, where f : M — Ais a graded map
and | f®p+1| = p’| f|. This element corresponds to f € (M ")# where f(m®p-1) = f(m)®1
Withf:M—>Aand|f|=pT|f|. O

Definition 3.1.4. Given a gr-group scheme G over a gr-commutative ring A, since I(")
is a functor, A[G("] = A[G] ®Fr A is a gr-Hopf algebra. Then F" : A — A (a — a”")
gives a map F" : G — G); we denote by Gy = G X {e} the gr-group scheme which is
the kernel of F". It has coordinate algebra A[G]/({x?" | = € ker()}A[G]). At the level of
gr-Hopf algebras F" : A[G(’“)] — A[G] is the map that sends a ® o — a?” ® a. We say that
Gy is the graded rth Frobenius kernel of G.

Definition 3.1.5. A gr-group scheme G is of height r, if r is the smallest positive inte-

ger such that a?” = 0 for every element a in the augmentation ideal of k[G], where the
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augmentation ideal of k[G] is the kernel of the counit map ¢ : k[G] — k.

3.2 Additive graded group scheme

For p > 2, let G} be the gr-group scheme represented by k[t, s]9" where |t| is even and |s|
is odd and both ¢ and s are primitive. We call G} additive gr-group scheme. We would
like to point out the difference between the additive gr-group scheme G, and the ungraded
additive group scheme G,. Note that we do not fix the degrees of ¢ nor s. They are left as

placeholders.

In the ungraded setting k[G4] = k[t] and G4(R) = (R, +) for any commutative algebra R,
hence G, is the group scheme that describes the additive group structure for any algebra
R. In the graded case, for any graded algebra R, G (R) = (R} x R)y, +). We do not get
the additive group structure of the whole ring R, we only get the additive structure of the
parts of degree equal to ¢ and s. In order to get the full additive structure of R we would
need to consider the gr-group scheme represented by )., k[z;]9" where |z;| = i and z; is
primitive. This gr-Hopf algebra is too big (not noetherian). It turns out that considering
G} is enough in our setting. In particular, the rth Frobenius kernel of G}, denoted by
Gy and represented by k[t,s]9"/(t*") would be our main protagonist in the development
of graded 1-parameter subgroups and in the further understanding of the cohomology of a

gr-group scheme.

For p = 2, our definition of G} is slightly different. This is because this case ‘behaves’
like the ungraded case; our algebras are commutative, not just graded commutative. It is

enough to let k[G}] = k[t]9" where t can be even or odd, and in that case, k[GZ(T)] =

k[t]7/(¢*") = K[t]/(t*).
3.3 Graded general linear group

Definition 3.3.1. Let I = (I1,...,I,) € Z", then for any graded commutative algebra A

we define the gr-group scheme
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GL;(A) = {(ai;) € GLn(A) | [ai;| = I;j — L}

The coordinate algebra for GLy is k[GLr] = k[zij, t]{<; i, /(det(z;)t —1), where A(x;;) =

D Tik @ Xk, (xi5) = 5, and |x45] = I; — I;. The gr-group scheme GL; is called the graded

general linear group indexed by I.

Definition 3.3.2. Let I = (Iy,...,1,) € Z", then for any graded commutative algebra A

we define the graded affine scheme

M;(A) = {(aij) € Mn(A) | |aij| = Ij — L}

The coordinate algebra for My is k[M;] = k[z;]{,; j<,, where A(zy) = Yai, ® vy,
e(xij) = 0ij, and |xy;| = I; — I;. We call it, the graded affine scheme M7 of matrices indexed

by I.

Remark 3.3.3. Note that GL; is a gr-group scheme as A and ¢ gives an antipode S (using
Cramer’s rule). Instead, My is just a graded affine scheme, that is, M7 is represented by

k[M;], but for a gr-commutative algebra A, M;(A) = Homgxs(k[M;], A), is not a group.

The quotient map k[M;| — k[GL;] gives an inclusion GL; < M; and any gr-group
scheme mapping to M7 factors through GL;.

Proposition 3.3.4. Let G be a gr-group scheme. If M is a finite dimensional graded
k[G]-comodule of dimension n, then the coaction corresponds to a map G — GLy for some

I=(L,....I).

Proof. Let M be a graded finite dimensional k[G] right-comodule with comodule map p :
M — M ® k[G]. Let {vi,...,v,} be a homogeneous basis for M. Let I = (I1,...,I,) =
(lv1],-..,|vn]). Then p(vj) = > v; ® a;j where |a;;| = I; — I;. Since vj = Y vie(a;;) and the

v;’s are linearly independent we have that e(a;;) = d;;.

The map ¢ : k[M;] — k[G] given by x;; — a;; is a gr-bialgebra morphism. To see that,
o(e(wiy)) = 0(0y5) = 0i5 = elay) = e(p(wi;)). Also since (p@id)op = (id®A)op
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we get that >, v; ® Aay) = 2 v @ Xy aik @ aky, hence A(a;j) = ) aix @ ag;. Hence
A(gp(xij)) = (A(wi))-

Then the map ¢ yields a gr-algebra map from ¢* : G(R) — M;(R) given by ¢*(f)(zi;) =
f(ai;) for f e G(R). Since G(R) is actually a group then ¢* must factor through GL;(R)

O

as desired.

Proposition 3.3.5. Let G be a finite gr-group scheme, then there is a closed gr-subgroup
embedding G — GLj for some index I.

Proof. Since k[G] is assumed to be finitely dimensional, let fi,..., f,, be a homogeneous
basis for k[G] and I = (|fi],...,|fn]). Since k[G] is a finite dimensional comodule over

itself via the comultiplication map, write A(f;) = > fi ® gij.

We claim that (gi;;) € GL;(k[G]). Consider the map ¢ : k[M;] — k[G], where z;; —
gij.- We can check that ¢ is a gr-bialgebra map. Note that since f; = > e(fi)gi; and
(A®id)o A = (id® A) o A we get that >, f; ® Algij) = X, i ® D gik ® gij- Since the
fi’s form a minimal set we get that A(g;j) = X1 gir ® gr;- Hence A(d(xi5)) = o(A(z45)).
Since (id®¢€) o A = id, we get that f; = >, fie(gi;), which gives that €(g;;) = 0;;, hence
e(P(xij)) = p(e(zij)). Since (e®id)o A = id we get that f; = > e(fi)gi; and it follows that
{gij}1<ij<n is a generating set for k[G]. Therefore ¢ is a surjective gr-bialgebra map which
yields a map ¢* : G(R) — Mj(R). Since G(R) is a group then ¢* must factor through
GL;(R) as desired. O

Proposition 3.3.6. (From [Wat79, 3.3]) Let A be a (graded) finitely generated Hopf alge-
bra. Let V' be a (graded) comodule for A. Then any (homogeneous) v € V is contained in a

finite dimensional (graded) subcomodule.

Proof. Let {a;} be a (homogeneous) basis for A then p(v) = > v; ® a; where all but finitely

many v;’s are zero (they are homogeneous). Write A(a;) = > rijra; ® ar. Then

Do) ®@a; = (p@id)p(v) = (Id® A)p(v) = ¥ 0; @ Tijx0; @ a.
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We get that p(vy) = > v; ® rijra;. Hence the space spanned by v and the v;’s is a finite

dimensional (graded) subcomodule of V. O

Remark 3.3.7. We now prove the same results in the case of G any gr-group scheme not

necessarily finite.

Proposition 3.3.8. Let G be a gr-group scheme, then there is a closed gr-subgroup embed-

ding G — GLj.

Proof. Let V be a graded finite dimensional subcomodule of k[G] containing a finite set of
generators for k[G]. Let {v1,...,v,} be a homogeneous basis for V and I = (|v1],...,|vp]).
Note that {v;} is a generating set for k[G]. Then A(v;) = > v;®a;; and vj = (e®id)A(v;) =
Y. e(vi)asj, therefore {a;;} also generate k[G]. Again consider the map k[M;] — k[G] which
sends z;; — a;; then the map is surjective since the a;; generate k[G] and is a gr-bialgebra

map by the same computations as in and it gives a closed embedding of G in GL;. [

Example 3.3.9. Recall the Dual Steenrod subalgebra A(1) from|1.0.12) A(1) = Fa[¢1,£]97 /(&1 €3),
then the generators &1, & are contained in the finite dimensional comodule V' = (1, &1, €2, &);

a matrix corresponding to the comodule action on V is given by

1 & & &

0O 1 0 O
¢ =

00 1 &

00 0 1]

Now det(¢) = 1, which is invertible; then the map ¢* : k[GL;] — k[S;] which sends
z;; — ¢ij yields the embedding ¢ : S1 <> GLy, where I = (0, |&], [€3],[&2]) = (0,1,2,3), as
a gr-group scheme S; — GL;.

3.4 Graded 1-parameter subgroups

We recall the definition of 1-parameter subgroups as given in [SFBI7h].
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Definition 3.4.1. Let G be a group scheme over k and » > 0 be a positive integer. We
define the functor

Vi (G) : (comm k-alg) — (sets)

Vi (G)(A) = Homgrp/A(Ga(r) R®A,GR®A).
That is, all the A group scheme homomorphisms Gg;) ® A - G® A.

By [SEBI7D] for any commutative algebra A, we have the natural identification of

V. (GLy)(4) = {(ao, .. .,ar—1) | @i € M, (A),a? =0 = [a;,q] for all 0 < i, 5,1 <r}.

We modify the definition of the scheme V,.(G) in the graded case.

Definition 3.4.2. Let G be a gr-group scheme, and r > 0 a positive integer, we define the

functor

V¥ (G) : GR — (sets)

by setting

T

Vi G)(A) = Homgr_grp/A(G:(T) ®A,GRA).
We call V.*(G) the graded 1-parameter subgroups for G.

Let G = GL;, we see how V,*(GL;) compares to the ungraded version defined above. We
discuss the p > 2, the p = 2 follows similarly and it is easier to compute. Recall that in this

case G;(r) is represented by k[t, s]9"/(tP").

For a graded commutative algebra A, an element f € V*(GLj)(A) is a map of graded
A-schemes

f:Gi, ®A—>GL®A
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and it corresponds to a GZ(T) ® A-module (A[G:‘L(T)]—comodule) structure on XA :=
@, (2fiA) where I = (Iy,...,1,) and %% A corresponds to A shifted by I;. Hence it

corresponds to a map

py:ETA— A[G]  ]®a 1A,

For v € XX A we can write

T

p—1
pr(v) = Y (1" ® Br(v) + t*s @ oy (v)),
k=0

where S, or € M, (A).

From the counit diagram for py we get that 3 is the identity map and from the coassocia-

tivity diagram we get the following relations:

fori+j<p"—1,

8;: = (Z j") Bivs = B, (3.1)
and
Bjoi = Bioj = 08 = 0;8; = (2 _;]>0'i+ja (3.2)

and for ¢ + j > p" — 1 all the above values are zero. We also get that for any ¢ and j,
oio; = 0. (3.3)

Proposition 3.4.3. Let a; = B, fori=1,...,7 — 1 then any B; and o; for j # 0 can be

written in terms of the a;’s and og.

Proof. First note that by formula (3.2) any o; = B;00. Now for some /3; not of the form

a;, we can write j = plqg where p' is maximal with respect to dividing j and g # 1. Let us

assume by induction that f8,,_;) can be written in terms of the a;’s. Then j = P +pl(g—1)
+p(g-1) +p!(g-1)

and then (p pplq ),Bj = Bpi(g—1)Bpm- It can be shown that p1 (p pplq ) therefore 3; can

be described in terms of the «;’s. ]
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Remark 3.4.4. More precisely, as in [SEB97bl 1.2] we get that for any j = Z}:ol jipt with

0<yji<p, , A
J Jr—1
/3‘ - aOO ]
J . . )
(Jo!) =+ (Gr—1!)
and .
e
o; =

(]0') U (jrfl!) '

The proposition above tells us that in order to describe a map py it is enough to have maps

a; for i =0,...7 —1 and 0g. From now on we will relabel ¢ = o¢ for simplicity.

Proposition 3.4.5. Let A be a graded commutative algebra and let I = (I4,...,1I,), then

{(ag,...,ap—1) € M,,(A)"} ifp=2,

VH(GL)(A) =
{(ag,...,ar_1,0) € M, (AT ifp>2.

T

Where

° ai=02= [ak, ] = [ag, 0] =0 for all 0 < k,l < r,

° |(ak)m\ = Ij —Ii—pk‘t‘, and
° ’Uij’:Ij_Ii_‘s‘-

Proof. These relations come formulas (3.1)) and (3.2]). O

Proposition 3.4.6. Let A be a graded commutative algebra and let H € GLI(A[G:’;(T)])

such that H yields a graded comodule structure for YT A. Then

p—1
H = 2 5ktk +Uktk8
k=0

Proof. A homogeneous basis for 3/ A over A must be given by e1 = 1y, 4,2 = stz 4, ... €n =

Iy, 4 where then |e;| = I; then pr(e;) = > gi5 ® e;, where (gi5) € GLI(A[G:‘;(T)]).

Given v € X1 A we can write v = aje + - - - + ape, and
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p’—1
v) = Z t* ® Br(v) + t"s @ ax(v).
k=0

Note that if instead we write the coaction in terms of the basis elements we get that

ej) = Z.%’j@ei'
i=1

Comparing these expressions we obtain

n pr—1
Zgw@ei = Z tk®5k(€j) +tk5®ak(e]~)
i=1 k=0

Z tk®2 Bk ijei +1 5@2 Gk ij€

n

= Z Z /Bk ’th + Uk)ljt 5]®ez

We have this Taylor polynomial type relation:

Z Bk Ut + Uk)l]tks.

O]

Remark 3.4.7. For p > 2, given such a map f : G:’;(T) ® A — GL;® A as above, we get

an r + 1-tuple (o, 0) = (ag,...,0p_1,0).

Conversely, given (o, o), we can construct the map f : GZ(T) ®A— GL;® A as exp(a, o),
defined the following way. Let R be a graded A-algebra, we define exp(«) for any p-nilpotent
a € M, (R) as

a? aP~1
exp(a)=[+a+?+---+(p_1)'

€ GL[(R).

There is a correspondence between u € Ry (p"-nilpotent), v € Ry, and g € (G:’;(r) ® A)(R)
given by g(t) = v and g(s) = v. We define exp(a, o) as follows: for any u € R}, and v € Ry,
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exp(a, o)(u,v) = exp(uag) exp(uPay) - - - exp(uP 1047«_1) exp(vo) € GL;(R),

and from the relations in we can check that f = exp(a, o).

Beware that even though «; and o commute, (a;t)(0s) may not be equal to (os)(«a;t) since

s is of odd degree, so we need to be careful when computing exp(a, o)(u, v).

Proposition 3.4.8. Given a gr-group scheme G, V,*(G) is a graded affine scheme, that is,
V*(Q) is a representable functor from graded commutative algebras to sets. Moreover V,*

is a functor from gr-group schemes to graded affine schemes.

Proof. By. V*(GLy) has as a coordinate ring;

k[ij]g;lS’r—l,lSLan
(XDP [XLXF])
for p = 2 and,
k[ngj’ Yij]grsz<r—1,1<z‘,j<n
for p > 2.

Where X! and Y are the n x n matrices with ijth entry being the variable ij and Y;;
respectively. These are graded by |Xilj| = (I; — I; — p'|t|) and |Yij| = (I; — I; — |s]).

Let G be a gr-group scheme; by there exists an embedding ¢ : G — GLj for some 1.
Given a graded algebra A, elements in V,*(GLj)(A) corresponds to an r + 1-tuple (o, 0) €
M,,(A)"*! (satisfying the conditions in [3.4.5)) via exp(a, o)(t,s). Then given g € V.*(G)(A)

there exists an (a,0) € V,*(GL/) such that the following diagram commutes.

exp(a,0)(t,s)

GL;® A

T

GRA

The above diagram says that any element in V,*(G) can be describe by the defining equations

of the embedding on an exponential map to GL; ® A. More precisely, the embedding
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¢ : G — GLj corresponds to a surjective map ¢* : k[GL;] — k[G] and has defining
equations F1,. .., F,, describing the kernel of ¢*. Then the coordinate algebra of k[V*(G)]

is precisely the quotient of k[V,*(GL/)] defined by Fl-(exp(ij, Y)(t,s)) = 0.

Note that since the coordinate ring for V,*(G) uniquely describes V,*(G) as a graded affine
scheme then as a graded algebra k[V,*(G)] is independent of the embedding.

We now show that V.*(_) is a functor. Let ¢ : G — H be gr-group scheme homomorphism,
A a gr-commutative algebra, and V*(¢) : V;*(G) — V;*(H) is given by the composition
Giy®A-L~C®A 9L H®A hence VF(p)(g) = (p® A) o g € VF(H). Tt is then

clear that V* is a covariant functor from gr-group schemes to affine graded schemes. O

Remark 3.4.9 (Bigraded rings; notation for bidegree and total degree). There is no stan-
dard notation for the bidegree and the total degree of a bigraded ring. We describe the
notation we will use. Let R be a bigraded ring. We will use |z| = (4,) to denote the
bidegree of a bihomogeneous element € R. We denote |z|; =i and |z|2 = j, if we wish
to refer to the first or second degree. The bigraded ring R can be made into a graded ring
via the first or second degree and also by the total degree, we denote the total degree of x

by tot(z) =i+ j.

We can make k[V,*(G)] into a bigraded ring with some external degrees. By convention

these degrees do not introduce any Kozsul sign convention. For instance, when we write
1 y..197
k[Xij7 Yza]0<l<r—1,1<z‘,j<n

k[V*(GLy)] = (XDr, (V)2 X, XF] [XLYT])

the gr refers to k[V.*(GL)] as a graded polynomial ring with respect to the internal degree

that was computed in [3.4.8
We bigrade k[V,*(G)] the following way

HXl H . (plaI] - Il - ‘t‘pl) for b= 27
Y (2p',I; — I; — |t|p!) for p>2, and

Y| = @I — I — |s]), for p>2.

Proposition 3.4.10. (From [Wil81, 2.2]) For G5 the graded cohomology is
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H**(G* k) = K[A1,..., A7,

(r)
where | \;| = (1, |t|p'~Y) for p =2, and

H**(G} k) =k[z1,...,z0,y, A1, .., A ]9,

(r)

where | = (2, [tlp"), |yl = (1,1s]), and [N = (1, [t]p*"?) for p > 2.

The cohomology is bigraded with the first degree corresponding to the cohomological de-
gree and the second degree correspond to the internal degree of GZ(T). As an algebra
H*’*(GZ(T),k) is gr-commutative with respect to the total degree (c.f. , that 1is,

the sum of the cohomological and internal degree.

Proposition 3.4.11. The external grading on V;*(G) corresponds to an action of A' on

VHG).

Proof. Since we can embed G into some GLj, it is enough to check this in the case of

V*(GLj). In that case given v € A! we have that

V¥(GLy) x A' — V*(GLy)

where
{a,7) = (yao,YPar, ..., only)
for p = 2, and
{(@,0)),7) = (Pag, 7 Par,.... 77 ar-1,770)
for p > 2.

O

Remark 3.4.12. The action of A! above is compatible with the action of A! on GZ(T)
where (t,v) € G X A maps to 4t for p = 2 and {(t,5),7) € Go ) > Al maps to (v%t,4"" s)
for p > 2.
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This action does the following on H*’*(G:’;(T), k):

i—1

*(Ni) =%
*(2:) = v 2,7 (y) = 4"y, and v*(\) = 4% N for p > 2.

y Ai for p = 2,
Y

3.4.1  Computing k[V*(G)] for some gr-group schemes

To compute k[V;*(G)] we embed our gr-group schemes into some GL; as described in[3.3.8]
The defining equations of the embedding ¢ : G — GLj corresponds to a surjective map
¢* : k|GL;] — k[G] and has defining equations Fi,..., F,, describing the kernel of ¢*.
Then the coordinate algebra of k[V,*(G)] is precisely the quotient of k[V,*(GL;)] defined

by Fi(exp(ij,Y)(t, s)) =0 for p > 2 and by E-(exp(ij)(t)) =0 for p = 2.

Example 3.4.13. Recall the gr-group scheme S; from|1.0.12] S; is represented by A(1) =
Fyl&1, &]97 /(€1 €3). From the embedding ¢ : S; — GL;

1 & & &
0O 1 0 0
¢ = )
00 1 &
0 0 0 1]

where [ = (07 ’£1|7 "S%‘? |§2D = (Oa 1, 2a3)'

The gr-group scheme S; has height 2, so we compute Fo[V;*(S1)]. We have that

K[ XD, XL

170 “rigll<i,j<4

((X0)2, (X1)2, [X0, X))

Fo[ V' (GL)] =

Let Z = exp(X?, X1)(#) = T + X% + X2 + X°X3 be the 4 x 4 matrix with entries in
F>[V5*(GL)]. From ¢ we get that the defining equations are

* Z; =1,

® Jo| = Loz = Loy = 2431 = L3g = Ly = Lyo = Z43 =0,
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o Z12 = Z34,
[ 2122 = Zlg, and
e 7}, =0,7% =0.

We get some relations on the entries of X and X'. To begin with, the only possibly nonzero
entries are X!y, Xt, X!, X!, for I = 0,1. Also, from the definition of Fo[V;*(GL;)], we
also have that (X%)2 = (X!)2 = 0 and [X?, X;] = 0. Putting all of these together we get
that,

0 _ yoO 1 _ vyl
X12 - X34’ X12 - X347

(X?Q)Q = X1131X?3 =0,

(X9,)? =0, and

(X113>2 =0, X113X112 = 0.

Therefore

FQ[X?4’X1127X1137X114]W

(X10)?, (X13)% (X{3X15))”

which is F-isomorphic to Fo[ X1y, X{,]9" where | X1, | = (2,1—2[t|) and | X{,]| = (2,3—2|¢]).

Fo[V5'(S1)] =

Example 3.4.14. (Wilkerson’s counterexample [Wil81, 6.3])
Consider the quotient of the dual of the Steenrod algebra given by

F,[W:] = Fplés, &, &7 .

2
(61,65, €5)
We can embed ¢ : W7 — GL; where

1 & & & &
01 0 0 0
=10 0 1 0 0
00 0 1 &
(0 0 0 0 1]
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We compute F,[V;*(W7)] for r = 2 which is the height of F,[IW;].

e Forp=2let I =(0,1,3,6,7) and

Fo[ X0, X119

170 “Higl1<i, <5

Fo[V5'(GL;)] = (X092, (X1)2, [XO,XI]).

Then exp(X%, X1)(t) = I + X% + X2 + XOX!#3. The defining equations for the
embedding give that Xzoj = Xz-lj = 0 for i5 # 12,13,14,15,45. This also implies that
(X9X1);; = 0 except for ij = 15 and in that case (X°X1)5 = XD, X1 = X{, X
Among other relations, we get that, Fo[V5*(W7)] is F-isomorphic to

FQ[X?Z%’ X1127 X113a X115]gr
((X73)2X 1)

where

| XP5] = (1,3 = [t]),

| Xial = (2,1 = 2J¢)),

| Xis] = (2,3 = 2[t]), and

— |1 Xis = (2,7 —2J¢).

e For p > 2 we have that I = (0,2(p — 1),2(p? — 1),2p(p? — 1),2(p? — 1)), and

Fp [Xioj7 Xz'lj7 Y;j]g;‘,j@
(X0, (X1, (Vij)2 [XO, X, [XO, Y], [XL,Y])

Fy[V5' (GL1)] =

Then doing computations as in the p = 2 case, we find that F,[V5"(W;)] is F-
isomorphic to

FP[X?B’ X1127 X113a X115]g7”
where

— Xl = (2,2(" = 1) = [t]),

= X3l = (2p,2(p — 1) — plt]),
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— | Xis] = 2p,2(0* — 1) = plt]),

— [ X151 = (2p, 2 — 1) — plt]),

Example 3.4.15. (Wilkerson’s counterexample [Wil81) 6.5]) Let

Fo [fﬁi]i];i@
(=) 7

and z; is primitive for i < 5 and A(z5) = 251+ 21 Qx4 + 22 @ x3 + 1 ®x5. We can embed

Fo[Ws] =

¢ : Wo — GL; where

_1 Tr1 X9 T3 T4 335_
0 1 0 0 0 x4
0 0 1 0 0 =3
¢ = )
0O 0 0 1 0 O
0O 0 0 O 1 O
[0 0 0 0 0 1]
and I = (0,1,2,3,4,5).
The height of F[W3] is r = 1, then
Fo[Xi; 1% j<o
Fyo[Vi*(GL))] = ————=—=
2[ 1 ( I)] (XQ) ’

where | X;;]| = (1,5 —i — [t]).

By the defining equation of the embedding we get that

Fo[X12, X13, X14, X15, X16]9"
(X12X15 + X13X14)

Fo[ Vi (W2)] =

Example 3.4.16. Consider the quotient of the dual of the Steenrod algebra given by

Fp[&,m0,m1]9"

€

for p > 2 where |§1] = 2(p — 1), |70| = 1 and |71| = 2p — 1, & and 7 are primitive and

Fp [G] =

Alr)=n1®1+&E®70+1®7.

We can embed ¢ : G — GL; where [ = (0,2(p—1),1,2p — 1) and



L &
0 1
d) =
0 0
[0 0
Then the height is r = 1 and
Fy[Vi'(GL)] =

Fp[Xij, Yij 1

39

71

70

1<i,j<4

(XP, Y2, [X,Y])

For a defining equation F; for ¢, the equation F;(exp(X,Y)(t,s)) = 0 gives us that

Xij = Yij = 0 for ij # 12,13,14, 24,

(XQ)ij = 0 except for (X?)14 = X12Xo4, and

[ (XY)Z] =0 except (XY)14 = X12Y24 = Y12X24,

e X3=0and XY?2=0,

(X13)? = (X14)? =0,

among other relations. Then F,[V{*(G)] is F-isomorphic to

Fp[X127 }/127 }/137 }/14]97'

(Y12Yi3, X12Y13 — Y12X13)'

with bidegrees

o [Xi2f = (2,2(p—1) —[t)),

o [Yiof = (p,2(p—1) — |s]),

* [Yi3] = (p,1—]s]), and

o [V = (p,2p—1—|s]).
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3.5 The algebra map ) : H**(G, k) — k[V*(G)]

For a gr-group scheme G we give an algebra map from H**(G, k) to k[V,*(G)]. For reference

we state the results in the ungraded case.

Theorem 3.5.1. ([SFBI7Y, 1.14]) For any affine group scheme G, there is a natural ho-
momorphism of graded commutative algebras ¢ : H®(G, k) — Kk[V;(G)] which multiplies
degrees by p" /2.

Theorem 3.5.2. ([SFBI7Y, 1.14.1]) Assume that p = 2. Then for any affine group scheme
G, there is a natural homomorphism of graded commutative algebras ¢ : H*(G, k) —

k[V,.(G)] which multiplies degrees by 2" 1.

For a gr-group variety we get the following graded version of 1.

Theorem 3.5.3. Let G be a gr-group scheme. There is an algebra map

¥ H(G k) — K[VA(G)].
If ze H"™(G, k), then

o forp > 2, 1(z) is a sum of bihomogeneous pieces of bidegree (np”,m — |t|p"l — k|s|)

where 21 + k = n;
e for p =2, 1(z) is bihomogeneous of bidegree (n2" =1, m — n|t|2"~1).

Proof. Consider the identity map 1 € V,*(G)(k[V,*(G)]); this map corresponds to some

u: G,y % Vi(G) - G x V¥G).

For any graded algebra A, an element in (GZ(T) x V*(G))(A) corresponds to {(a,b), f),
where (a, b) is the map in GZ(T) (A) such that ¢t — a and s — b and f : G:‘L(T) RA - GRA.

The identity map 1 € V.*(G)(k[V,*(G)]) corresponds to u : G X Vi G) — (G x VXGE))

where for {(a,b), f) € (Gg ) x V¥ (G))(A), u({(a,b), )) = {f(a,b), f).
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To see this we focus on the case of GL;. It can be checked that
Le V7 (GLy) K[V (GLy)))
corresponds to
u = exp(X,Y)(t,s)

where X = (XY ..., X""1). Note also that f is given by an r + 1-tuple (o, o) such that
exp(a,0)(t,s) = f. Then u({(a,b), f)) = {exp(a,o)(a,b),exp(a,o)(t,s)). This can be
unraveled by saying that u sends {(a,b), f) — {(f(a,b), f) € (GL; x V.*(GLj))(A).

For a gr-group scheme G and embedding ¢ : G <— GL; the following diagram commutes:

Gy X ViHG) =G ) % V*(GLy)

G x V;*(G)C—> GL[ X V;,*(GL]),

(r)

which gives that w is as described above.

We now define v; its definition will depend on whether p = 2 or p > 2, recall H**(G} (T),k)
from B.4.10l
e For p=2and z € H""(G, k),
u*(2) = YN @ f(2) € B (G, k) @ KIVH(G)]
where M = )\{1 .- AJ'. We define 1(z) as the coefficient, for A" in k[V*(G)].
e For p>2and ze H""(G, k),
u*(z) = Y Na'y* ® fi(z) € HY*(G ). k) @ K[VH(G)],

where Maiyk = )\{1 C N 2t ziryk. We define 9)(z) as the sum of all the coefficients

for xly* in k[V,*(G)] such that n = 21 + k.
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For any v € A, the following diagram commutes, where ~ is acting on G r) and V*(G) as

described in 3.4.11]

) X VHE) = Gl ) x VFHG) = G x VEE)

'yxll st

o X V(6 = G x VF(6) .

Gqa

G,
To figure out the grading of 1(z) we pullback on the diagram above in the two possible
ways and compare them.

For p = 2 we get that

S e2int 4 g 1 (2),
which implies that [[¢(z)] = (n2"~1, m — n|t|2"71).
For p > 2 we have that

2j14+2pjo+-+2p" L jr4+2pit 420 i+ k \ 5 0, K
Z,le Pj2 P r+2pia Prirt PR 2R @ fiik(2).

In this case 9(z) is only homogeneous with respect to the cohomological degree and not
bihomogeneous, but the bihomogeneous pieces of 1(z) have bidegree (np", m — |t|p"l — k|s|)

where 21l + k = n.

It can be easily checked that ¢ is indeed an algebra map. ]
3.6 F'-injectivity of i

From [SEB97b] and [SEB97a] we have that for any infinitesimal group scheme of height
< r, the ungraded version of ¢ is an F-isomorphism. A result of this type allows us to
compute the cohomology of a group scheme G (up to nilpotents) in a fairly straightforward
way. We can do this by embedding G into some GL,, and using the defining equations of
this embedding to describe k[V;.(G)] as a quotient of k[V,(GLy)].

Given the usefulness of such a result, it is a natural question to ask if we get a similar

result in our case. In our quest to answer this question we compute some examples of the
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map v and we show that they are in fact F-isomorphisms. Then, we define some detection
properties of the cohomology of a gr-group scheme and study their relation. Finally, we

(partially) answer the question for a class of gr-group schemes.

Recall that a map between k-algebras is F'-isomorphism if its kernel consists of nilpotent
elements, and some pth power of every element in the target is actually in the image. We also
recall from that the cohomology of a finite gr-group scheme is graded commutative

with respect to the total degree.

3.6.1 Ezxamples of ¢ for some gr-group schemes

Example 3.6.1. For sz and p > 2:

o H**(Gj,) k) is F-isomorphic to K[z1,..., 2 y]9" where ||lz;]| = (2,|ulp),|y] =
(1, [o]).

. k[W*(GZ(T))] is F-isomorphic to k[, ..., 2"~1,4°]9" where |2¢| = (2p°, |u| — [t|]p?),

and [y = (p", [v] — |s]).

By comparing bidegrees, ¥ (x;) = (:Br_i)pi, U(y) = y°.

Example 3.6.2. Recall the gr-group scheme S; from [1.0.12| which has coordinate alge-

bra k[S;] = % We have that H**(S1,F2) is F-isomorphic to Fa[hig, hao], where

|h1o] = (1,1), and ||haol = (1,3).

We compute on[3.4.13|that Fo[V5*(S1)] is F-isomorphic to Fao[z, y]9" where |z| = (2,1—-2]¢])
and |y| = (2,3 — 2|t|). By comparing bidegrees, ¢(hio) = = and 9 (hao) = y.

Example 3.6.3. Recall Wilkerson’s counterexample from [3.4.14] F,[W;]. For p > 2, we
have that F,[V5*(W7)] is F-isomorphic to Fp[X¥;, X1y, Xis, X{:]9". From [Wil81, 6.3] we
have that H**(W1,k) is F-isomorphic to

F, [b10, b2, ba1, b3o 9"

where
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|10l = (2, 2p(p — 1)),

b2l = (2,2p(p* — 1)),

Iba1] = (2,2p*(p* — 1)), and

lbsol| = (2,2p(p® — 1)).

By comparing bidegrees, 1) corresponds to the map that sends byg — (Xi5)?, bag — (Xi5)P, b1 —

(X?3)p27 and bgp — (X115)p-

Example 3.6.4. Recall Wilkerson’s counterexample from [3.4.15p Fo[W3], Fao[ V*(W3)] is
F-isomorphic to Fo[z1, 9, 3, 24, x5]/(x124 + x223), where ||a;| = (1,7 — |¢|). From [Wil81,
6.5], H**(W3,k) is F-isomorphic to

FQ[Zla 224 R35 R4, Z%]
(2124 + 2223)

where |z = (1,7). We then have that ¢(z;) = x; for i < 5 and 1(22) = 2.

3.6.2 Detection properties

In [SEB97al, they show that the ungraded 1 is an F-isomorphism. To show that ¢ is an
F-monomorphism they first show that the cohomology of infinitesimal group schemes of
height < r satisfies a detection property. By a detection property we mean some sort of
Quillen-type result in which the cohomology of our object can be detected (up to nilpotent)

by understanding the cohomology of some sub-class or restriction of this object.

For infinitesimal group schemes, the detection property is one that detects the cohomology
up to nilpotents by restricting to 1-parameter subgroups. More precisely, in [SEB97al, 4.3]
they show that z € H"(G, k) is nilpotent if and only if for every field extension K /k and
every group scheme homomorphism over K, v : Gq() ® K — G ® K, the cohomology class
v¥(zk) € H"(Ga(y ® K, K) is nilpotent.

For gr-Hopf algebras, in [Wil81], a detection property is defined in terms of elementary
sub-Hopf algebras. A graded Hopf algebra as in [Wil81] satisfies the detection property if
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each nonnilpotent cohomology class has a nonzero restriction to at least one elementary
sub-Hopf algebra. It is important to note that not all gr-Hopf algebras as in [Wil81] satisfy
this detection property. Hence we do not get a Quillen-type result as we do in the ungraded

case.

Wilkerson’s counterexamples in [Wil81] are example (for the p > 2 case) and
above. He showed that they do not satisfy his detection property. Although we computed
that for these gr-group schemes 1 is an F-isomorphism, what happens is that even though
they do not satisfy this detection property they satisfy some detection property (one like
that of [SFB97al), that suffices to guarantee that 1 is an F-monomorphism. We define such
detection property below and compare it to Wilkerson’s. We conclude by proving that if a

gr-group variety satisfies such detection property, then v is an F-monomorphism.

Definition 3.6.5. (From [Pal01l 2.1.6]) A gr-group scheme G is said to be an elementary
gr-group scheme if its coordinate ring E is isomorphic (as a graded Hopf algebra) to a tensor

product of graded Hopf algebras of the forms

o k[t]9"/(t*") for p = 2, and

e Kk[t]9"/(tP") and k[s]9" where |t| is even and |s| is odd for p > 2,

where t and s are primitive elements.

Remark 3.6.6. Note that as usual, our definition includes the case in which ¢ is possibly
of degree zero, while the definition in [Pal01] and [Wil81] is only for algebraically connected

gr-group schemes.

We now give the definition of two detection properties; one based on that of [SFB97a] the
other on [Wil81].

Definition 3.6.7. Let G be a gr-group scheme, we say that G has the W-detection property
if z € H™™(G, k) is nilpotent if and only if for each elementary gr-subgroup scheme of G,

G, its restriction to H™™ (G g, k) is nilpotent.
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Given a field K, we can construct the graded field K[X, X '] (K[X?] for short), where
|X| =1if p=2, and |X| = 2 if p > 2. Constructing this graded field is a useful tool that
allows us to ‘grade’ scalars on our field K. For instance, if we want to view a scalar A € K
as an element of degree [ € Z, then we will identify A with AX! € K[X*]. Note that for
p =2, |AX!| =1, while for p > 2, [A\X!| = 2I.

Definition 3.6.8. Let G be a gr-group scheme of height < r, we say that G has the SFB-
detection property if z € H™™(G, k) is nilpotent if and only if for every field extension K of
k and every gr-group scheme homomorphism over K[X*], v : G¥ (@K [X*] - GRK[X*]
the restriction of z to H"’m(G(’;(T) ® K[X*], K[X*]) is nilpotent.

Note that while the detection property in [Wil81] is for algebraically connected cocommu-
tative graded Hopf algebras and [SFB97al detection property is for (ungraded) infinitesimal

group schemes, our detection properties are constructed for gr-group schemes.

One word on why we choose K[X*] for the SFB-detection property: for a field k, a graded
field extension of k may be one of the following; K where K is a field extension in the
ungraded sense, or the graded field K[X*] where K is a field extension in the ungraded

sense.

We state the result saying that all infinitesimal group schemes satisfy an ungraded detection
property and we compare it to the SFB-detection property defined above. We will refer to
this result as the ungraded SFB-detection property.

Theorem 3.6.9. (From [SFB97d, 4.3]) Let G be an infinitesimal group scheme of height
< r overk. Let z€ H"(G, k), then z is nilpotent if and only if for every field extension K /k
and every group scheme homomorphism over K, v: Ggy ® K — G ® K, the cohomology
class v*(zk) € H"(Gqa(ry ® K, K) is nilpotent.

Lemma 3.6.10. Let G be an evenly gr-group scheme and K an ungraded field, then

Hom(k[G], K) = Homgg (k[G], K[X™]).

Proof. We have the following identification, f € Hom(k[G], K) < f € Homgg (k[G], K[X*]),
where for g homogeneous in k[G], f(g) = X < Flg) = X9l O
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Proposition 3.6.11. Let G be an evenly gr-group scheme and let K be an ungraded field,
then V,.(G) and V,*(G) have the same coordinate ring and V,(G)(K) = V,*(G)(K[X?*]).

Proof. Since G is evenly graded we can embed G into a GL; which is also evenly graded.
In this case k[V;*(GLj)] is commutative (not just graded commutative) hence it is equal to
k[V,.(GL,)], by just forgetting the grading, where n is the length of I. Similarly, k[V,*(G)] =
k[V,(G)] if we forget the grading. Hence V,(G) and V;*(G) have the same coordinate ring

and V,(G)(K) = V*(G)(K[X*]) by O

Note that V,.(G) is not equal to V*(G), since they are representable functors on differ-
ent categories even though they have the same coordinate ring. That is, V.(G)(A4) =
Homgx (k[V,.(G)], A) where A is a commutative algebra, while V.*(G)(B) = Hom(k[V;(G)], B)

where B is a graded commutative algebra.

Proposition 3.6.12. Let G be an evenly gr-group scheme. Then the ungraded SFB-

detection property (see implies the SFB-property (see . Moreover, G has the
SFB-detection property.

Proof. First note that by H*(G,k) = H**(G,k) if we forget the internal grading.
Let z € H™™(G, k) be nilpotent, then since G has the ungraded SFB-detection property we

get that for every v : GZ(T)@)K[Xi] - GRK[XE], v*(2) € H”ﬁm(GZ(T)@)K[XJ—F],K[XJ—F])

is nilpotent (by tensoring by k[X*]).

Let v*(2) € H”"”(GZ(T) ® K[X*], K[X*]) be nilpotent for every v : GZ(T) ® K[X*] —
G ® K[X*]. By[3.6.11]it follows that z is nilpotent. O

Proposition 3.6.13. Let G be a finite gr-group scheme, the W-detection property implies
the SFB-detection property. In particular, elementary gr-group schemes have the SFB-

detection property.

Proof. Without loss of generality, we can assume that G = G is an elementary gr-group

scheme of height < r. We will prove that Gg has SFB-detection property. For simplicity
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let p > 2; the p = 2 case follows in the same way. The coordinate ring of G is

k[tl, ce ,tn,sl, ce ,Sm]gr

E= p"l prn
(t7 .. tn )

)

where the t;’s and s;’s are primitive, |¢;| is even, and |s;| is odd.

Let A = K[X*], consider the map from A[Gg] — A[G:(T)
s; — sX™i where k; = (|t;| — p"7"|t])/2 and m; = (|s;| — |s])/2; which are integers. This

yields the map vg : G;’;(r) ® A — Gg®A. From 3.4.10, the cohomology of G and G},

] given by t; — t?" " X" and

(r)

are:
H*7*(GE7 k) = ® (k[xila c ooy Liryy Yiy Ail, RN )‘iri)]gT7 and
i=1
H*’*(GZ(T),k) =k[z1,...,Tr, Y, A1, .., A

Then v}, : H**(GE ® A, A) — H*7*(GZ(T) ® A, A) is given by x;; — :UT,TiJrjijki, yi —
yX™i and \;; — A\; X% where I; = (|t;| — [t])/2. Then v} sends nonnilpotent elements to

nonnilpotent elements, hence G has the SFB-detection property. ]

Remark 3.6.14. In [Wil81] Wilkerson showed that examples Fp,[W;] and Fo[W5] in|3.4.14
and [3.4.15] respectively, do not satisfy the W-detection property. However, since Wy and Ws

are evenly gr-group schemes, by [3.6.9 and [3.6.12] they satisfy the SFB-detection property.

Lemma 3.6.15. Let G be a finite gr-group variety of height < r with the SFB-property,
then for any z € H™™(G, k), z is nilpotent whenever ¢ (z) € k[V,*(G)] is nilpotent.

Proof. Our proof is based on that in [SEB97al, 5.1]. Let z € H™™ (G, k) with v (2) nilpotent.
Since G has the SFB-property, it is enough to prove that, for all field extensions K of k
and every gr-group scheme homomorphism v : G:‘;(T) RA—>GRA, v*(z4) € H”’m(GZ(T) ®
A, A) is nilpotent, where A = K[X*]. Without loss of generality, let K be algebraically

closed. Let v*(z4) € A[z1,...,2r,y]?" be the element in H""™ (G} ® A, A)eq (the reduce

()
cohomology) corresponding to v*(z4) € H”’m(GZ(T) ® A, A). Then v*(z4) equals

i1 .19 iy, J
2 agaital - airy,
2(i1+-+ir)+j=n
[t|(pir+pPig+--+p"ir)+|s|j=m
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where (i,j) = (i1,...,ir,7). We will show that v*(z4) = 0 and since G has the SFB-

detection property, it will follow that z is nilpotent.

Let (¢,d) = (c1,...,¢,d) be an r + 1-tuple in A, where |¢;| = [¢t|(1 — p'~!) and |d| = 0.
Note that |¢;| depends only on ¢ and not on the choice of ¢;. We can write ¢; = X lcil and

(¢,d) = (¢1,...,¢r,d) an r + 1-tuple in K.

Let E be the elementary gr-group scheme over A with coordinate ring
A[E] = A[tla s 7t7"a S]QT/(tII) g ,t]; ),

where |t;| = |t| and s is graded as in Gy Let Yea) : Go() ® A = GG () ® A denote the

a(r

composition

ev\r od F.
® A (A™)"xA E® A

E®A—=G},®A,

where

o m*: A[G;’;(r)] — A[E]isgiven by t = A" () ®1, s > 1® - ®1® s, followed by
the map (t — t1)® - ® (t — t,) ® (s — s) and followed by multiplication.

° F(”; e A[E] — A[FE] is given by t; — citfiil, s +— ds, and finally

o ((A®)" x A°)* . A[E] — A[GZ(T)] is given by t; — ¢, and s — s.

It follows that on cohomology

i—1 i—

1 1—1
Ve (Ti) = & wi+d wmip+...+ & e, and Ve (¥) = dy.

Recall from that u : G:‘;(T) Rk[V*(G)] — G®K[V,*(G)] is defined to be the identity
map 1 € V*(G)(k[V,*(G)]). The universality of u gives that for any graded commutative
k-algebra A and any w : G}, r) ® A — G ® A the following diagram commutes.



50

H**(G, k)
H**(G, k) ® A
H**(GR A, A) W
H*’*(GZ(T) ® A, A)
H**(G20. k) @ K[V (G)] H**(G ) k) @ A
K[V (G)] A

Now #(z) is given by following z € H**(G, k) through the left side of the diagram and then
looking at the sum of all the coefficients for xly* such that n = 2 + k in k[V,*(G)].

Let v/ =voya) : Gl ®A— G® A, then /*(24) € HV" (G},

a(r) ® A, A)eq equals

(r)

r—1

Z Q(s,5) (clml —+ e 4 Crxr)il o (C’f xr)ir (dy)j.

2(i1+-+ir)+j=n
|t|(pi1+p2iz+--+pTir)+|s|j=m
If 4(2) is nilpotent then it follows from the diagram, in the case of w = v/, that the sum of

all the coefficients of xy* such that n = 21 + k for 1/*(z4) is zero. This sum is equal to

. . r—1 . .
2 agg)(en) (o) ().
2(i1++ir)+j=n
[tl(pir+p?iz+-+p"ir)+|s|j=m
We can rewrite this equation as
~ S NP i P N 15 3 a(s,
2 (@) (@) (@ XD,

2(i1+-+ir)+j=n
[t|(pi1+pia+--+pTir)+|s|j=m

where a(; ;) = Y, a5, X" and (i, 1) = itler| + pisle,_1| + -+ p"ip|er] + 1L
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Let
~ S NP i ~p" iy 3]
fiile,d) = Z aggya(E)r(er )z ) d,
2(i1 4 +ir)+j=n
[t|(pi1+pia+--+pTir)+|s|j=m

then each homogeneous term f;;(c,d) = 0 for any choice of r + 1-tuple (¢, d) € K. Hence by
the Nullstellensatz f; j = 0 as polynomial with coefficients in K and a; j); = 0. Therefore,
M = 0 and since G has the SFB-detection property, it follows that z is nilpotent as
desired. O

Our main theorem of this chapter is now a direct consequence of [3.6.15 We also get some

corollaries from it.

Theorem 3.6.16. Let G be a finite gr-group variety of height < r. If G has the SFB-
detection property, then 1 : H**(G, k) — k[V,*(G)] is an F-monomorphism, that is, its

kernel consists of nilpotent elements.

Corollary 3.6.17. Let G be an evenly gr-group variety of height < r, then v : H**(G,k) —

k[V*(G)] is an F-monomorphism.

Corollary 3.6.18. Let G be an elementary gr-group scheme of height < r, then i :
H**(G,k) - k[V.*(G)] is an F-monomorphism.
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Chapter 4

GRADED P-POINTS

We would like to define and study graded p-points, as a way of understanding the cohomol-

ogy of gr-group schemes.

Let k be a perfect field of characteristic p. In [FP05], given a finite group scheme G, they
introduce the concept of p-points. We define an equivalent definition for finite gr-group

schemes.

We first recall the definition of p-points introduced in [FP05|. Also recall from that if

G is a finite (gr-)group scheme, kG is the (gr-)dual of k[G] and is also a (gr-)Hopf algebra.

Definition 4.0.1. A p-point of a finite group scheme G is defined to be a flat map of
k-algebras
a:kZ/p — kG,

such that « is a composition of some flat map kZ/p — kC followed by the map kC' — kG

given by the embedding C < G, where C' is a unipotent abelian subgroup scheme.

From [SEB97al, a finite group scheme C' is unipotent if it admits an embedding as a closed

subgroup scheme of some U,; the group scheme of strictly upper triangular matrices of

GL,.

Definition 4.0.2. Two p-points a and 8 are said to be equivalent provided that a*(M) is
free as a Z/p-module if and only if §*(M) is free as a Z/p-module for all finite dimensional

G-modules M. The set of all p-points of G up to this equivalence relation is denoted P(G).

Based on the definition of p-points, we introduce a similar definition in the case of gr-group

schemes. Our definition includes maps that ‘pick up’ the odd degree part of kG.
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Definition 4.0.3. The gr-group scheme of strictly upper triangular matrices denoted by

gr
1<i<j<n’

Uy, is the gr-subgroup scheme of GL;, with coordinate ring k[U;] = k[z]
Definition 4.0.4. A finite gr-group scheme C' is unipotent if it admits an embedding as a

closed gr-subgroup scheme of some Uj.

Definition 4.0.5. Let G be a finite gr-group scheme.

Let p = 2, and kE* = k[t]/t?, where t is primitive, and |t| = i is either even or odd. A graded
p-point of G is a flat map of graded algebras, o : kE* — kG such that « is a composition of
some flat map kE? — kC followed by the map kC — kG given by the embedding C' — G,

where C' is a unipotent abelian gr-subgroup scheme.

Let p > 2, and kE® = k[t]9"/t? or kEJ = k[s]9", where |t| = i is even and |s| = j is odd. A

graded p-point of G is a graded flat map as above where o goes from kE* or kE7.

We will use kE* when we do not wish to specify if we are in the case of ¢t or s and we also

do not wish to specify their degrees.

We can identify k[¢]9"/t? with kZ/p by the map ¢ — g — 1 where g is a generator for Z/p,
similarly k[s]9" =~ kZ/2.

Definition 4.0.6. Two graded p-points a and 8 are said to be equivalent if for any finite
dimensional graded G-module M, o*(M) is gr-projective as a kE*-module if and only if
B*(M) is gr-projective as a kE*-module. Let P*(G) denote the set of graded p-points up

to this equivalence relation.

Remark 4.0.7. It may not be the case that for a graded module, free and graded implies
graded free, but gr-projective is the same as graded and projective (same with gr-flat), that
is why we prefer to use projectivity in our condition for the equivalence relation. By
it turns out that since kE™* is a local ring, gr-flat, gr-free and gr-projective are the same. In

fact they are the same as flat, free, projective plus graded.

Example 4.0.8 (Graded p-points of A(1)). Let A(1) be the dual Steenrod subalgebra
from [1.0.12] To compute the graded p-points of A(1) we need to find all the flat maps
FyE* — A(1)* where A(1)* is the dual of A(1). The dual is
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A(l)* = F2<x7y | xQ = Ony = (Eny'>,
where |z| =1, |y| = 2.

It has a basis 1, z,y, 2y, yz, y> = zyz, yry, y° = yryr = xyzy. The comultiplication is given
by A(z) =2®1+1Q@zand A(y) =y®1+ 2@z + 1®y.

Usually x is denoted Sq(1) and y by S¢q(2). The possible graded algebra maps Fo E* — A(1),
are a1 (t) = x, as(t) = 2y + yr, as(t) = y?, as(t) = yzy and ag(t) = y3. It can be checked
that the only flat maps are a1 (t) = x giving A(1)* a free module structure over Fo E* with

basis 1,y, yz,yzry, and as(t) = vy + yz with basis 1, z,y, zy.
4.1 Graded projective spectrum of G.

For the last sections in this chapter we will assume that G is a finite gr-group variety.
Recall that by [A.4.27, H**(G, k) is a graded commutative algebra over k. We now define
the graded even cohomology of G, H9"~"(G, k).

Definition 4.1.1. Let A be a gr-Hopf algebra. We define

®i+j:2n Hiyj(Av k) if p>2
H**(A,K) itp=2.

HI™(A, k) =

Definition 4.1.2. Let G be a finite group scheme, Proj|G| is the set of prime homogeneous

ideals of HY(G, k) which are maximal with respect to not containing the irrelevant ideal.

Since HY(G, k) is an algebraically connected algebra, an element in Proj|G| not containing
the irrelevant ideal of HY(G, k) is the same as not being equal to the irrelevant ideal, that

is, being properly contained in the irrelevant ideal.

In [FP05], given a finite group scheme G, they establish a homeomorphism between Proj|G]|
and P(G). This homeomorphism comes loosely from the fact that if o : kZ/pZ — kG is a
p-point then the kernel of its induced map in cohomology o* : H*(G,k) — H(Z/pZ,k)
is an element in Proj|G|. We would like to do something similar with P*(G) where G is a

gr-group variety.
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Given a graded p-point a : kE* — kG of a gr-group scheme G, we have an induced bigraded
map o* : H9" (G, k) - H9"~’(E* k). By|[3.4.10

k[A] where [A] = (L, [t]),if p = 2,
k[z] or k[y] where |z] = (2, [t|p) and [y[ = (1, ]s]),if p > 2.

ng—ev(E*, k) —

The kernel of o* is an element in Proj|G| (when we forget the internal grading). This
suggests that there is a correspondence between graded p-points and a subset of Proj|G]|
that somehow captures the internal grading of kG. We define a subset of Proj|G| that we
hope will do the trick.

Definition 4.1.3. Let S be a positively bigraded ring, where Spo = k (biconnected).
Let Projj’ (S) denote the set of kernels of finite bigraded maps from S — k[z], where
|z| = (m,n) is arbitrary, as long as m,n = 0 and (m,n) # (0,0). Similarly if S is graded
connected we can define Proj (5).

Definition 4.1.4. Let Proj] |G| denote the set of kernels of finite bigraded maps from
HI" (G, k) — k[z].

Example 4.1.5 (Correspondence P*(G) < Proji |G| in the case of A(1)). Recall from
that S1(R) = Homgg(A(1), R) and that P*(S;) = {a1, a3} (we did not show that a;
is not equivalent to a3, but we suspect that they are not, by a degree argument) where

a1(t) = z and a3(t) = zy + yz.

From [Liu62, 3] H*’*(Sl,F2> = Fg[ho,hl,u,w]/(hohl,h?,hlu, u2 + h%w) where “ho“ =
(1,1), |h1] = (1,2), |u] = (3,7) and |w| = (4,12). Let us denote this algebra by B(1).

The maps that these graded p-points induce in cohomology are of : B(1) — Fa[z] where
|z = (1,1) and af : B(1) — Fa[z] where |z = (1, 3).

To compute Projy’ |Si| we find all the possible bigraded finite maps from B(1) to Fy[z].

Finite maps from B(1) to Fg[z] are equivalent to finite bigraded maps from B(1)/nil(B(1)) =
Fy[ho, u, w]/(u? + h3w) to Fao[z] where nil(B(1)) = (h1). We denote the quotient by C(1) =
B(1)/nil(B(1)).
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Any bigraded map from C(1) to Fa[z] where |z| = (¢, 7) must send each generator to a power
of z or to zero. Say hg — 2% or 0, u — 2° or 0 and w — 2¢ or 0. For each generator hg, u,w
which is not sent to zero we get the following relations respectively (ai,aj) = (1,1), (bi,bj) =

(3,7) and (ci,cj) = (4,12).

1. If hg — 2* then (ai,aj) = (1,1) which implies that @ = 1 and (7,5) = (1,1). In this
case hg — z and by degree arguments u,w — 0. This is the only map of such degree,

hence it must correspond to af.

2. If u — 2% then (bi, bj) = (3,7) which implies that b = 1 and (i, j) = (3,7). Then again
by degree arguments hg,w — 0, but since u? = h%w it follows that u — 0, hence such

map cannot exist.
3. If w— z¢ then (ci,cj) = (4,12) and we have several possibilities.

e Casec=1, (i,j) = (4,12), then w — 2z and hg,u — 0 and ker = (hg,u).
e Case c =2, (i,7) = (2,6), then w > 2% and hg,u — 0 and ker = (hg,u).
e Case c =4, (i,5) = (1,3), then w — z* and hg,u — 0 and ker = (ho, u).

These last three cases give the same kernel therefore they correspond to the same

element in Projj’ |Si| which must be af.

Hence ProjﬁT]Sﬂ consists of two elements one given by the map sending hg — z and the

map sending w — z; moreover these maps correspond to o and aj respectively.

Example 4.1.6 (Correspondence P*(G) < Projy (V;*(G))). Recall example [3.4.16; the

quotient of the dual of the Steenrod algebra given by

F3[&1, 10, 119"

alel= ="

Its dual is the following free algebra

F3G = F3(Qo, Q1, P1, P2)/1,
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where Qo, Q1, P, P, are the duals of 19,71, &1, &7 respectively, and I is generated by the

following relations:

« Qi-ai-ri-0.

QoQ1 = —Q1Qo,

° P12 = 2P2, P1P2 = P2P1 = 0,

P1Qo = QoP1 + Q1, PoQo = Qo> + Q1F1, and

Pin = QlPi7 for i = 1,2.

A basis for F3G is

{1, P1, P2, Qo, QoP1, Qo P, Q1, Q1 P1, Q1 P, QoQ1, QoQ1P1, QoQ1Po}.

The only flat maps (up to scalars) are a1(s) = Qo, as(s) = @1, and ay(t) = Pi, hence
P*(G) = {a1, a4, as}.

To compute Projy (Vi*(G)) we find all the possible bigraded finite maps from F3[V{*(G)] to

F3[z]. From [3.4.16, F3[V;*(G)] is F-isomorphic to

F3[X12,Y13, Y14]9"
X12Y13)

The finite bigraded maps (up to scalars) are

o X5 — 2,22 with ker = (Y13, Y14),
o Vi3 — 2z, 23, with ker = (X12,Y14), and

e Y4 — z, with ker = (X2, Y13).

Hence Proj{" (Vi*(G)) consists of three elements as well.
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Chapter 5

FUTURE WORK

5.1 Do finite gr-group varieties have the SFB-detection property?

In [Wil81] Wilkerson showed that examples W7 and Wy in [3.4.14] and [3.4.15| do not satisfy

the W-detection property. However, as discussed in chapter [3| they do satisfy the SFB-
detection property. This evidence seems to indicate that the SFB-detection property is
the concept needed in order to understand the cohomology of finite gr-group varieties (up
to nilpotents). We conjecture that all finite gr-group varieties satisfy the SFB-detection
property, just like all infinitesimal group schemes satisfy the ungraded version (see .
If this is the case, we get for all finite gr-group varieties.

Conjecture 5.1.1. Let G be a finite gr-group variety, then G satisfies the SFB-detection

property.

Conjecture 5.1.2. Let G be a finite gr-group variety of height < r, then ¢ : H**(G,k) —

k[V*(G)] is an F-monomorphism. That is, its kernel consists of nilpotent elements.

In order to prove and consequently we want to develop as future work: an
analogue of Serre’s structure theorem characterizing elementary abelian p-groups, a spectral
sequence for graded Frobenius kernels, among other things, and proceed as in [SFB97a] in

our context of gr-group schemes.

As usual, we cannot just do as in [SFB97a] but keeping track the internal grading, instead
we need construct the theory in our context. One main hindrance is the fact that we need
some sort of graded faithfully flat descent theory. We would like to develop the theory of
general graded schemes, expanding our work on affine graded group schemes to this broader

class.
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5.2 Is v an F-epimorphism?

In [SFBI7b] they show that the ungraded version of v is an F-epimorphism. To do that they
use the theory of strict polynomial functors to construct universal classes in H *(Gln(r), k™)
and characteristic classes in H*(Gq (), k™). These computations gives that the composition

of schemes

Vi (G) —L> Spec(H* (G, k)) —2— gI7)"",

is the r-th Frobenius twist of the embedding V,.(G) < ¢lX", where ¥ is the map given by

Y H(G,k) — k[V,(G)]. This gives that ¢ is an F-epimorphism.
We would like to develop a theory of graded polynomial functors in the hopes of getting

results as above for gr-group schemes.

5.3 Finite generation of cohomology for finite gr-group schemes

In we related the cohomology of the gr-group scheme G with that of the group scheme
Go and x(G). We would like to use this result to show the finite generation of H**(G, k)
for finite gr-group schemes. Moreover we would like to show that H**(G, M) is a finite

H**(G, k)-module for M finite dimensional.

Conjecture 5.3.1. Let G be a finite gr-group scheme and M a finite dimensional G-module.
Then H**(G,Kk) is a finitely generated k-algebra and H**(G,M) is a finite H**(G,k)-

module.
5.4 Homeomorphism ¥ : Proj]" |G| — P*(G)

We want to show that graded p-points P*(G) correspond to elements in Projj |G|, define
a topology on P*(G) and Proji|G| and construct a homeomorphism between them. We
would also like to compare Projj (V;*(G)),Projj |G| and P*(G) in the case of finite gr-

group varieties.
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Conjecture 5.4.1. Let G be a finite gr-group scheme. Sending a graded p-point o : kKE* —
kG to ker(a* : H**(G,k) — H**(E*,k)) gives a homeomorphism

¥ : P*(G) — Proji'|G|.

We want to verify for a finite gr-group variety G, that P*(G) corresponds to V;*(G).

Conjecture 5.4.2. (From [FP05, 3.8]) Let G be a finite gr-group variety of height < r.

Then there are bijections

Proji (V(G)) — P*(G) — Proj|G|.
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Appendix A

A.1 Graded spectrum and graded local rings

Definition A.1.1. Let R be a positively graded ring, then Ry = >’._, R; is a homogeneous

ideal and it is called the irrelevant ideal.

Proposition A.1.2 (Nakayama’s lemma, 1 for graded rings). Let R be a positively graded
ring. Let I be an ideal contained in R, and let M be a graded R-module such that M, =0
forn << 0. If IM = M, then M = 0.

Proof. By contradiction, let M # 0. Let then n be the first such that M,, # 0, and let k be
the first such that I # 0. Now IM is all contained above degree n + k > n since I € R,

and it is impossible to obtain any non-zero element in M,. O

For the next lemmas we can assume the weaker hypothesis for M, that M,, = 0 for n << 0,

but for most of the time we will assume M is finitely generated.

Corollary A.1.3 (Nakayama’'s lemma, 2). Let R be a positively graded ring. Let M be a
finitely generated graded R-module and I be an ideal contained in Ry. Let N be a graded
submodule of M such that M = N + IM, then M = N.

Proof. Modding out by N, M/N = N/N +I(M/N)=I(M/N). By Nakayama’s lemma 1,
M/N =0, that is, M = N. 0

Corollary A.1.4 (Nakayama’'s lemma, 3). Let R be a positively graded ring. Let M be a
finitely generated graded R-module and let I be an ideal contained in Ry. If my,...,my
homogeneous elements in M have images in M /IM that generate it as graded R-module,

then mq, ..., my generate M as a graded R-module.
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Proof. Let N = >, Rm,;. Since the m;’s generate M/IM, N + IM = > Rm; + IM = M.
By Nakayama’s lemma 2, N = M. O

Definition A.1.5. A graded module F is gr-free if it has an R-basis consisting of homo-
geneous elements, that is if, F' =~ @; R(a;).

Proposition A.1.6. If R is a positively graded ring, with Ry a field, and M is a finitely
generated graded module that is projective, then M is a graded free module (that is, a direct

sum of the form @R(a;) for some integers a;).

Proof. Since M is graded projective then there is a graded module N and a graded free mod-
ule F' such that M@®N = F. Consider F/RyF = M/Ry M®N/R, N;all F/R.F,M/R. M,
and N/R, N are vector spaces over R/R, = Ry which is field. Let {m;} and {n;} be bases
for M/R,M and N/R; N respectively corresponding to homogeneous elements in R; then
together they form a basis for /R, F. By Nakayama’s lemma F' = Y Rm; @ >. Rn; and
M =3 Rm; and N = )] Rn;, hence M is graded free as desired. O

Remark A.1.7. It is enough to assume that Ry is a local ring, instead of a field, since in
our argument we can replace R, with Ry @ mg, where mg is the unique maximal ideal of

Ry.

Definition A.1.8. A graded ring R is said to be gr-local if there exists a unique homoge-

neous maximal ideal m.

Remark A.1.9. Let R be a positively graded ring, for all ideals I of Ry, I ® R4 is a

homogeneous ideal for R.

The following proposition is a consequence of the previous remark.

Proposition A.1.10. Let R be a positively graded ring, then Ry is a local ring if and only
if R is gr-local.

Proposition A.1.11. If R is positively graded and local (in the ungraded sense), then R is

gr-local.
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Proof. Let m be the unique maximal ideal of R. Therefore Ry < m. Then m is necessary

homogeneous since m = (Ryp nm) @ Ry. O

Remark A.1.12. A graded ring may be gr-local but not graded and local. For example,
consider R = k[z] with |z| = 1, then R, is the unique maximal homogeneous ideal of R

but R is not local. The reason is that any other maximal ideal of R is not homogeneous.

Definition A.1.13. Let R be a graded ring and M a graded R-module. Then the graded
Jacobson radical of M denoted by J9" (M) is the intersection of all gr-maximal submodules

of M.

Remark A.1.14. By [NVOO04, 2.9.1.vi] for a graded ring R, J9"(R) is the largest proper
ideal I such that any a € R homogeneous is invertible, if the class of a in R/I is invertible.
In the case of R a gr-local ring with gr-maximal ideal m then J9"(R) = m. Hence for R

gr-local, R/m is a gr-division ring. When R is commutative we get that R/m is a gr-field.

We called that field the residue gr-field of R.

Definition A.1.15. (From [NVOO04] 2.11]) Let R be a graded ring a graded ideal P of R is
gr-prime if P # R and for graded ideals I and J of R we have I < P or J < P only when
1Jc P.

Definition A.1.16. (From [NVOO04, 2.11]) The set of all gr-prime ideals of R is denoted

by Spec?” (R) and it is called the graded (prime) spectrum of R.

Proposition A.1.17. (From [CVOS8S, 11.2.11]) The idempotents of a graded ring R are

homogeneous of degree zero.

Proposition A.1.18. Let R be a graded ring, then Specd” (R) is connected if and only if

Spec(Ry) is connected, where Ry is the degree zero part of R.

Proof. Note that Spec?”(R) is connected if and only if R contains no nontrivial idempotents,
then by it is equivalent to Ry having no nontrivial idempotents which is the case if

and only if Spec(Rp) is connected. O
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Proposition A.1.19. Let R be a local ring, respectively gr-local, then Spec(R), respectively

Spec?” (R), is connected.

Proof. Let P and @ be (gr-)prime ideals such that P + @ = R and P n Q = (0) then
there exists a (gr-)maximal ideals m; and mgy such that P < m; and Q < me. Now if R is
(gr-)local then m; = my = m is the unique (gr-)maximal ideal, hence R = P + ) < m which

is a contradiction. O

A.2 Graded Henselian rings

Proposition A.2.1. Any finitely generated gr-module M over a gr-division ring R has a
well defined notion of dimension and M = > | R(a;) where a,as, ..., an is a minimal set

of homogeneous generators or a basis for M. We then denote the dimension by dimp(M).

Proof. We claim that a homogeneous set of elements is linearly independent if and only if
they are ‘homogeneously’ linearly independent. That is, Y ; ra; = 0 for r; € R implies

that r; = 0 for all ¢ if and only if >/" | s;a; = 0 for s; homogeneous in R implies that s; = 0.

One direction is clear. Now assume that aq,...,a, are homogeneously independent, and
let 2?21 r;a; = 0 where the r;’s are not necessarily homogeneous. We can rewrite this
sum in terms of homogeneous elements by >\ ria; = 21" >z (8i)j-|qai = 0. Each
Zjez(si) j—la;|@i 1s of a different degree, hence for the whole sum over i to be zero we need
each X ez (8i)j|a; 1@ = 0. Each 3.7 (8i);|q,ai is a homogeneous linear combination of the

a;’s, hence each (s;) | = 0, which gives us that each r; = 0 as desired. O

J—lai

Remark A.2.2. The above proposition allows us to proceed as usual and work with homo-
geneous linear combinations where the ‘scalars’ are homogeneous therefore when nonzero

they are invertible.

Proposition A.2.3. Any finite graded algebra over a graded field is gr-artinian.

Proof. Let A be a finite graded algebra over the gr-field R. Then by we have dimp(A)
is finite. Let --- < Iy = I; © A be a descending chain of ideals. Then by we have a
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chain of inequalities

-o- < dimpg Ir < dimg [; < dimpg A.

This way we get a decreasing chain of inequalities that cannot continue indefinitely hence

the descending sequence of graded ideals stabilizes. O

Definition A.2.4. A commutative gr-local ring R is gr-henselian if every commutative

finite graded R-algebra is gr-decomposed, that is, if it is the direct sum of gr-local rings.
Remark A.2.5. By [CVOSS| 11.3.14] a gr-field is gr-hensenlian. This follows from

Corollary A.2.6 ((A.2.5). Any commutative finite graded algebra over a gr-field is the direct

sum of gr-local rings.

Corollary A.2.7. If A is a commutative finite graded algebra over a field k, then A =
[ 17 Ai, where each A; is a gr-local ring where k; are the residue gr-field for A; with gr-
mazximal ideal m;. Moreover the homogeneous elements of the gr-mazximal ideals m; are

nilpotent. [Wat79, A.3]

A.3 Graded separable extensions

Definition A.3.1. Let L be a finite graded field extension of the graded field K. Then L
is a graded separable extension of K if, for each homogeneous element [ € L, the minimal

homogeneous polynomial of [ over K has distinct roots.

Definition A.3.2. A finite dimensional graded algebra A is a gr-separable algebra if it is

the product of gr-separable field extensions.

Remark A.3.3. Let k be a field. A graded field extension of k may be one of the following;
L = [ where [ is a field extension in the usual sense, or L = I[X, X !] where [ is a field

extension in the usual sense.

Remark A.3.4. Any gr-field of the form L[T,7~!] cannot be a gr-separable extension for

k since T' is transcendental over k, even if L is a separable extension of k.
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A.4 Cohomology of graded algebras

For reference and completeness we provide some result and definitions regarding the coho-

mology of gr-group schemes. Let R be a graded ring.

Definition A.4.1. Let M and N be graded R-modules, a map f : M — N is a graded map
of degree n if f(M;) € Ny, for all i.

Definition A.4.2. The i-suspension of a graded R-module M is defined to be the graded
module M (i) given by M so that M (i); = M, ;.

Definition A.4.3. Let M and N be graded R-modules. Let Hompz(M, N), denote the
subgroup of Homp(M, N) consisting of maps of degree n. We define Homp(M,N) =
@iHomR(M, N)l

Definition A.4.4. Since Homp(—,_) is left exact we can defined the right derived functor

denoted by Ext(—,—).

Proposition A.4.5. ([NVOO04, 2.4.4]) If M, N are graded modules over R and M s finitely
generated then

Homp(M,N) = Hompg(M, N).

Definition A.4.6. A graded module M is left gr-Noetherian if M satisfies the ascending

chain condition for graded left R-submodules.

Proposition A.4.7 (P. Samuel). A Z-graded ring R = @®;ezRi, is gr-Noetherian if and

only if Ro is a Noetherian ring and R is finitely generated as an Ry algebra.

Proposition A.4.8. (From [NVOO0J, 2.4.7]) If R is left gr-Noetherian and M is finitely

generated then, for everyn =0
Ext}(M, N) = Extj(M, N).

Definition A.4.9. A graded R-module P is gr-projective if it is projective as an object in
the category of graded R-modules. That is, if P satisfies the universal lifting property of

projective modules, where the maps are graded maps between graded modules. It can be
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shown (with the usual proofs following verbatim), that P is gr-projective if and only if P is

a direct summand of a graded free module.

Proposition A.4.10. A graded module P is gr-projective if and only if P is graded and

projective.

Proof. One direction is clear, if P is gr-projective, then P is a direct summand of a gr-
free, forgetting the grading on F' it is then a direct summand of a free module, hence it is

projective and also graded.

On the other hand if P is a graded module which is also a projective module, then let
f: M — N be a graded surjective map and g : P — N a graded map, then since P is
projective there exists a map h : P — M (not necessarily graded) such that the following

diagram commutes.

7
3h
7 Jéf
79
P——N
We construct a graded map h: P — M from h, such that the diagram will commute if
we substitute h with h. Consider the group homomorphisms 7; : M — M; which are the
projections of M onto its degree 7 part M; and define the group homomorphisms I;Z Y

M; tobel;izmoh\pi. We then define h = @;h; : P — M.

The map B is degree preserving. Let p; € P;, then E(pz) = i?,(pz) = ;0 (h(p;)). If we write
h(pi) = Zj m;, then m;(h(p;)) = m;.

The map h is in fact an R-module map, since h is defined as composition of group homo-
morphims % (p + q) = h(p) + h(q). Since h distributes with the sum, to check if elements of
R factor out it is enough to check on homogeneous elements. Let r € R; and p € P}, then

rp € Piyj hence %(rp) = Titj 0 h(rp) = miyj(rh(p)) = rm;(h(p)) = rﬁ(p).

To show g = fo h we again assume p € P;, homogeneous, then if h(p) = Zj m;, then

foh(p) = f(mi(h(p))) = f(m;); on the other hand f o h(p) = g(p) which gives that
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f(h(p)) = f(X;my) = X f(m;) = f(m;) since g and f are graded maps. O

Remark A.4.11. (From [NVOO04, 2.2]) Note that the proposition above is not true if we
replace gr-projective with gr-free as we may have a module which is free with respect to
a non-homogeneous basis and not free with respect to a graded basis. For example let
R = Z x Z with trivial grading and M the graded R module where My =Z x0, M} =0xZ
and M; = 0 for ¢ # 0,1, then M cannot have a homogeneous basis. Hence, gr-free is a

stronger property than graded and free.

Proposition A.4.12. If Q in R-gr is injective when considered as an ungraded module,

then Q) is gr-injective.

Proof. From [NVOO04, 2.3.2]. The proof is very similar to the one above about projective
module except that a gr-injective module, may not be injective as an ungraded module, so

we do not get an if and only if statement. O

We get the following corollary.

Corollary A.4.13. Let P be an R-module, then P is a gr-projective if and only if P is
projective as an object in the category where the objects are graded modules and morphisms

are Homp(—,_).

We can do similar argument about gr-flat modules.

Definition A.4.14. A graded module M is gr-flat if the functor _— ®z M is exact.

We can show that M is gr-flat if and only if M is graded and flat, c.f. [NVOO04, 2.12.11].

Given a graded algebra A, we want to compute its cohomology, which will turn out to
be a bigraded ring, that is H**(A,k). Since a gr-projective module is the same as a
projective and graded module, a gr-projective resolution of k as a graded A-module will
also be a projective resolution of k as an A-module. We then apply Hom 4(_, k) to compute
Ext’ (k, k) in order to compute the usual cohomology of A, without keeping track of the

grading.
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If instead we want to compute the graded cohomology, we would need to apply the functor

Hom 4 (—, k). Let

do dq do

Py Py k 0

be a graded projective resolution of k as an A-gr-module. We then apply the functor

Hom 4(_, k) to the resolution to get complex

0 — Hom 4 (Py, k) —%~ Hom 4(Py, k) —2*> Hom 4 (Ps, k)>— - --

where 0; : Hom 4 (P;, k) — Hom 4 (P;+1, k) is given by 6;(f)(p) = f(di+1(p)) for p € Pi11 and
f € Hom,(P;, k).

The n'* graded cohomology is defined by H"(A, k) = ker(3n)

im(dp—1)"

If A is gr-Noetherian then by we would get the same cohomology as the ungraded

one.

Proposition A.4.15. If

I3

My

s a sequence of graded maps where each f; may be of a nonzero degree, then this sequence

1s equivalent to one where the maps are all graded of zero degree.

Proof. This follows from the fact that the suspension [A:4.2]is a functor and that the sus-
pension of a gr-projective module is still gr-projective. We also use that Homp(M, N); =

Homp_g (M, N(i)) = Hompg_g(M(—n), N). O

Remark A.4.16. The above observations tell us that given a graded algebra A, we can
assume our category to be the one of graded A modules, where the morphisms are graded
maps of various degrees. Then when computing the cohomology, the gr-projective resolution

can consist of maps of degree zero and to the resolution we apply the functor Hom 4 (—, k).

Proposition A.4.17. Let A be a graded algebra then H**(A, k) = Ext’y™ (k, k) is a bigraded

k-module.



70

Proof. Let

d2 dy do

Py

Py k 0

be a graded projective resolution of k as an A-gr-module. By we can assume that the
maps d; are graded of degree zero. Let f = > . fs € Hom 4(P,, k), where fs € Hom 4 (Py, k)s,
that is fs : P, — k is a map of degree s. We want to show that if f € ker(d,,) then each f; is

in the kernel as well. Hence ker(d,,) is generated by homogeneous elements of Hom 4 (P,,, k).

Fot p € Past, 5(/)(p) = f(dns1 () = Sy fo(dnsa (1)), and each fodnsy is a map of degree
s. Now f € ker(d,,) implies that 6, (f)(p) =0 for all pe P,4;.

On a homogeneous element p of P, 1,

As if |p| = —s
5 (f2) () = I

0 otherwise

Hence

As if |p| = —s
5n(f)(p) = Zén(fs)(p) = ‘p|

0 otherwise

This gives that if f € ker(d,,) then Ay = 0, thus 6,,(fs)(p) = 0 for each homogeneous elements;

therefore fs € ker(d,) as well.

We want to show that im(é,,) is also generated by homogeneous elements of Hom 4 (P41, k).
In this case f = > fs € Hom4(P,,k) and §,(f)(p) = D..(fs) and clearly each d,(fs) is
homogeneous of degree s. Therefore we have Ext’(k, k) = @, Ext’y*(k, k). That is, a
¢ € H"(A, k) corresponds to a map 6: P, — k of degree s. O

Similarly we can define the graded cohomology of A with coefficients in M by H**(A, M)

where M is a graded A-module.
We now give other characterizations for H**(A4, k).

Definition A.4.18. Given two graded modules M, N a graded n-extension of M to N is

an exact sequence of graded maps of various degrees of the form

0 N My e My M 0
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Definition A.4.19. Two graded n-extensions are equivalent if there exist graded maps, of

possibly nonzero degree, hg, ..., h,—1 such that the diagram commutes.

In—1 g0

0—=N—2% M, M,

M 0
J(_ \Lhn—l l lho i_
g e IV My 9 M 0

0——>N—">M, ,

Two equivalent extension will have as a consequence that > |g;| = >, |g}|. Using that it can
be shown that two equivalent extensions correspond to the same element in Ext™*(M, N),
where s = — > |g;|. We complete this to an equivalence relation by symmetry and transi-

tivity in the usual way.

Proposition A.4.20. An equivalence class of graded n-extension of M to N of the form

0—>N—2 M I By P 0
corresponds to an element in Ext™* (M, N) where s = — > |gi|-

Proof. We use the fact that the gr-projective resolution is in fact a projective resolution and
we can get maps from the resolution to the extension via the usual discussion of extensions

and projective resolutions in the ungraded case.

dpn—
p,—np Py~ M 0
P T
0 N2 My P My P M 0

It can be checked that these maps can be assumed to be graded and the last map f, will

then have degree s = — 3" |g;| and will correspond to an element in Ext™*(M,N). O

We relate an element in ¢ € Ext™*(M, N) with a map ¢ € Q*(M) — N. Here we will be
working on the stable category.

Proposition A.4.21. Let ( € Ext™*(M, N), then there is a map of degree s, E: Q"(M) —
N corresponding to C, if two such maps exist they correspond to equivalent extensions.

Where Q™ (M) is well-defined up to projective summands.
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Proof. Recall that given a projective resolution of M,

dn dn—l d()
Pn—l . PO

P, M 0,

QO"(M) = ker(d,—1) = im(d,) < P,—1. An element ¢ € Ext™*(M, N) corresponds to an

extension, where the following diagram commutes.

dn dn— 1 do

P, Py Py M 0
i( ifn—l lf() l_
0——>N— My 27 D Ny -2 M 0

Let id(—|gn|) : N(|gn|) — N the map of degree —|g,| that suspends back N(|gn|) to N,
that is id(—|gn|)(N(lgn]) = N. We can then define { = id(—|gnl) © fa-1lon(ar)- Since
\fo1] = =307 |gil, then IC] = —|gnl — S lgil = =0, lgil = s as desired. The last

statement of the proposition can be proven as in the ungraded case. O

There are several ways of describing the ring structure on H**(A, k). One way is doing the

Yoneda splice of an extension. We use the Yoneda splice to prove

Definition A.4.22. Let A be a graded algebra and let M, M’ and M” be graded A-modules.
Let ¢ € Ext™*(M,M’) and n € Ext™"(M’, M"), then ¢ and 7 correspond to the following

extensions:
C:0 M, N My LM 0
- G 91
n:0—sM" I py T L My L M 0.

Then s = — ) |g;i| and r = — > |g;|. The Yoneda splice is defined as the sequence given by

m o Im—1 9 Gn—1 g 90

m
0— M'"— m_1*>-~4>M64> n_1—>---*>MO4>M—>O

g~
M/
/N
0 0
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Then the Yoneda splice gives an element 7 o ¢ € Ext"*™**" (M, M").

Note that the Yoneda splice makes Ext™*(M, M) into a ring, hence we get the following

result.

Theorem A.4.23. Let A be a graded algebra then H**(A, k) = Ext’*(k, k) is a bigraded
ring with H™(A, k) = Ext'y’(k, k), where n is the cohomological degree and s is the internal

degree.

Let A be a gr-Hopf algebra and C and D be graded A-modules. Then (C' ® D) is a graded
A-module as well, where (C® D),, = @ C;®D;j. The action of A on C'® D is defined

i+j=n
the following way: for a € A, write A(a) = Y a1 ® ag, then a - (2 ® y) = Aa)(z®y) =
Z(—l)"””x‘alx ® aszy.

Lemma A.4.24. Let A be a cocommutative gr-Hopf algebra and C and D be graded A-
modules. Let T : C® D — D ® C' be the map given by x ® y — (—1)|m|‘y|y®a: forx and y

homogeneous elements. Then T is a graded A-module morphism.

Proof. Recall that A is cocommutative if for any homogeneous element a, A(a) = > a1 ®
ag = Y (=1)lle2lgy ® a;. We just need to write out and check the sign conventions on

homogeneous elements.

Tl (z®y) = TQ(-1)*az@ay)

— Z(_1)|a2||$\+|alx\|ll2y|a2y®alx
(S @lela @a) (-1) My @
Al@)T(z®y)

ALY

O]

Definition A.4.25. Let C and D be complexes of graded A-modules. The tensor product
of complezes C @ D is defined as, (C ® D), = @,,C; ® D;, where §C®P (2 ® y) =
¢ (2)Qy + (—1)*" @z ® §P(y). A homogeneous element z ® y € (C ® D),, corresponds to

i+J
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T E C’li, Yy € Di where ¢ + 7 = n and C’; and Di are the degree [ and k part of C* and D7

respectively. Then tot(z) = ¢ + [ is the total degree of x.

Proposition A.4.26. Let A be a cocommutative gr-Hopf algebra, then the tensor product of
graded A-complezes is gr-commutative, in the sense that given C and D graded A-complezes,
the map T : C®D — D®C, given by xt ® y — (—1)t°t(”)t°t(y)y®x s an isomorphism of

graded complexes.

Proof. By T is a map of graded A-modules. We are left to show that it is an

isomorphism of graded A-complexes. We follow the diagram

o8 sgor P
oo —> (C@®D)py1 —> (C® D)y 2> (CRD)p_ —— - -
I I I

sP8C sbec sPeC

i > (DR C)ps1 > (DRC)py > (DQ )y —— -+ .
Note that
T0599P (3 @y) = (~1)(HD-D1ot)y @ 6€ () + (1)t o)) -1 5D (y) @ 1,

and

$PEC o T(z ®y) = (-1 WD (P () @z + (-1)'Wy ® 5% ().

are equal since the signs have the same parity. O

Theorem A.4.27. Let A be a cocommutative gr-Hopf algebra, then H**(A,k) is a gr-

commutative ring with respect the total degree.

Proof. Let

P P, k 0

be a graded projective resolution of k as an A-gr-module and let C be the complex
do 01 02
0—>Ho7mA(P0,k) —>Ho7mA(P1,k) —>Ho7mA(P2,k) - .

Then C' ® C still corresponds to Hom applied to a gr-projective resolution of k. Moreover,

if z € C5 = Hom(P,,k)s and y € C], = Hom(P,,, k), then 2z ® y € Hom(P, ® Py, k)s+r <
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(C® C):1"., Hence the tensor product of the complex C' makes H**(A,k) into a ring.
In fact this product on Ext is called the cup product and in the case of H**(A, k) it
coincides with the Yoneda splice (for more details refer to [Ben98| 3.2]). We can check that
§CC (1 Ry) = 6C(2) @y + (—1)*®)z ® §€(y) passes down to a well defined product on

H**(A,K).

Let T: C®C —- C®C asin then by T is an isomorphism of graded

A-complexes. Hence H**(A, k) is a gr-commutative ring with respect the total degree as

desired. O

Remark A.4.28. Graded comodules over a gr-commutative Hopf algebra of finite type B

correspond to gr-modules over its dual B# which is a gr-cocommutative Hopf algebra.

Hence, when working in the category of graded B-comodules, @E* (k, k) is gr-commutative

by [A4.27]
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