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Two-phase regression models are a class of nonlinear regression models that are known for

their flexibility and interpretability. An important feature of two-phase regression models is the

existence of a threshold at which the relationship between an outcome and a covariate of interest

changes. A standard estimation method, such as that used for generalized linear models, cannot

be applied to two-phase regression models since the likelihood function is not differentiable with

respect to the threshold parameter. We resolve this difficulty by using a grid search method which

reduces the problem to a set of well-behaved likelihood functions for given candidate threshold

values. Previously, a fast grid search algorithm that dramatically improved computational efficiency

over a brute-force grid search was developed for two-phase regression models with linear trends.

Here we generalize this algorithm to higher-order two-phase regression models where two separate

polynomial regressions, not limited to linear, are used to model each phase (i.e., before and after the

threshold). Based on the proposed fast grid search algorithm, we perform Monte Carlo simulations

to examine the behavior of the parameter estimates. A real data example is also presented to

illustrate the practical use of two-phase regression models.
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Chapter 1

INTRODUCTION

1.1 Background

Two-phase regression models are used extensively to model a nonlinear relationship between an

outcome and a covariate of interest (e.g., Hinkley, 1971; Gallant and Fuller, 1973). These models

describe the nonlinear nature of the relationship more flexibly, by fitting two different polynomial

regression functions in the domain of the covariate partitioned by a threshold. Such flexibility and

ease of interpretation make them attractive for a wide range of applications such as biology, ecology,

economics and physics. In the case of biomedical applications, for example, they can model the

relationship between the reciprocal of serum-creatinine and time following a renal transplant (Smith

and Cook, 1980). A positive relationship between the two shortly after transplant indicates restored

renal function but the change to a negative relationship indicates rejection. Thus, estimating the

time at which rejection occurs (i.e., threshold) is of paramount interest for monitoring the renal

function of recipients.

The primary focus in this thesis is on continuous two-phase regression models (hereafter referred

to as two-phase regression models for brevity) where, at the threshold, the two polynomial regression

functions join and no jumps occur. As in the usual regression setting, parameters of two-phase

regression models are estimated using the maximum likelihood (ML) method. However, the fact

that the likelihood function of a two-phase regression model is non-smooth and non-convex with

respect to the threshold parameter poses severe challenges for estimation using the ML method.

One approach to circumvent this problem and find the maximum likelihood estimator (MLE)

of the two-phase regression model is smooth approximation (Pastor-Barriuso et al., 2003). The

likelihood function is approximated by differentiable transition functions (e.g., logistic function)

and the MLE is obtained by an iterative procedure such as Gaussian-Newton algorithms. Although

it achieves a fairly fast convergence (Fong et al., 2017a), the solution produced is a local maximizer

of the likelihood function and starting values play a crucial role in the local convergence. Fong
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(2019) also showed that coverage probabilities of bootstrap confidence intervals obtained from the

smooth approximation are far below the nominal confidence level, particularly for small sample

sizes.

Grid search is an alternative approach that aims to simplify the problem by conditioning on

fixed threshold values. In essence, this approach chooses a grid of candidate threshold values

(usually the observed covariate values discarding extreme ones) within the domain of the covariate.

Conditioned on any candidate threshold value, the two-phase regression model then can be regarded

as the standard regression model in which the likelihood function is differentiable. The MLE of

the threshold is the candidate value which gives the largest likelihood. Despite its simplicity and

intuitive appeal, however, the grid search method is exhaustive in the sense that it computes the

likelihood for every candidate value, making it nearly impractical for large sample sizes if done in

a brute force fashion.

Recently, Fong (2019) built a fast grid search algorithm for piecewise linear two-phase regression

models (i.e., two lines join at the threshold) to shorten the computation time. Without refitting the

submodel for each candidate threshold, recursive formulas in the algorithm compute and update

the likelihood of the submodel sequentially by considering two neighboring candidate threshold

values. This algorithm was further improved by Elder and Fong (2019), who adopted the inverse

formula of a block matrix to explicitly calculate the hat matrix. As a result, computational time

was significantly reduced even when the sample size and the number of covariates were both large.

The algorithm was implemented only for linear two-phase regression models, still leaving room for

further development.

1.2 Objectives

This thesis extends the fast grid search algorithm developed by Elder and Fong (2019) to the

general case of two-phase polynomial regression models. All possible polynomials of order q (q =

0, 1, 2, . . . ), not just line segments, are considered both before and after the threshold. Throughout,

for readability, we use the notation “Mqq” and “Mqqc” to denote the model. The first and second

numbers following M represent the orders of polynomials before and after the threshold, respectively.

For example, M11 denotes a linear two-phase regression model and M01 denotes the hinge model

(Fong et al., 2017a). The letter ”c” refers to smoothness constraints at the threshold imposed on the
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polynomials of order less than q. M12c, for example, denotes a linear-quadratic model constrained

to have the same first derivative at the threshold.

We first derive a fast grid search algorithm for the general q-th order two-phase regression model

(q ≥ 2) in Chapter 2. Specifically, six types of q-th order model, i.e., Mq0, M0q, Mq1, Mq1, Mqq

and Mqqc, are studied in this thesis rather than exhaustively exploring all possible models. Then

we discuss special cases of the q-th order model as shown in Figure 1.1. These models involve

quadratic or cubic polynomials and are most likely to be considered when confronted with real

data problems. In Chapter 3, the performance of our proposed algorithms is assessed via Monte

Carlo simulations. Chapter 4 presents a real data application to demonstrate the use of two-phase

regression models. A concluding discussion follows in Chapter 5.
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Figure 1.1: Mean functions of thirteen two-phase regression models to be discussed later. The
threshold is at x = 5 for all models.
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Chapter 2

FAST GRID SEARCH ALGORITHMS FOR HIGHER-ORDER TWO-PHASE
REGRESSION MODELS

2.1 Algorithms for q-th order two-phase regression models

2.1.1 Fast grid search algorithms for Mq0 and M0q

We start with the model Mq0, which is a generalized version of the upper hinge regression model

(corresponding to M10 in this thesis) studied in Elder and Fong (2019). Mq0 can be expressed in

terms of the following mean function:

η(x, z) = α1 +αT2z + β1(x− e)− + β2(x− e)2− + · · ·+ βq(x− e)q−, (2.1)

where x is the covariate of interest, e is the threshold parameter, z is a vector of adjustment

covariates of dimension p − q − 1 (p is the number of coefficients), and (x − e)− = x − e if x < e

and 0 otherwise. Thus, with the corresponding regression coefficients, the parameter vector is

defined as θ ≡ (α1,α2, β1, . . . , βq, e). As in a classical linear model setting, let n be the sample

size, Y = (y1, . . . , yn) be the outcome vector, x = (x1, . . . , xn) be the main covariate vector,

Z = [z1, . . . ,zn] be the n by p−q−1 adjusted covariate matrix, and 1 be a vector of ones of length

n. Then Xe ≡ [1,Z,ve,v
◦2
e , . . . ,v

◦q
e ], where ve ≡ (x − 1e)−, denotes the n by p design matrix of

Mq0 for a fixed value of e. Here, for any vectors a = (a1, . . . , an) and b = (b1, . . . , bn), we denote

them by b = a◦q if bi = aqi for i = 1, . . . , n.

Conditioned on a given e, Mq0 is reduced to the standard linear model whose log likelihood

is proportional to −Y T (I − He)Y = −Y TY + Y THeY , where I is the identity matrix and

He = Xe(X
T
e Xe)

−1XT
e is the hat matrix. The maximum likelihood estimator (MLE) of Mq0 for

a given value of e is θ̂e = (XT
e Xe)

−1XT
e Y . To find the MLE, the grid search algorithm takes the

observed values of x as the candidate threshold values (after discarding extreme values, e.g., 10%)

and computes Y THeY for the submodel corresponding to each candidate e. The MLE θ̂e of the
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submodel giving the largest log likelihood, along with the corresponding e, is taken as the MLE of

Mq0.

Our proposed grid search algorithm aims to enhance the search efficiency by updating Y THeY

sequentially instead of computing it for each e separately. Decomposing the design matrix of the

submodel into two parts such that only one of them involves e is the essential step for speeding up

computation:

Xe ≡ [1,Z,ve,v
◦2
e , . . . ,v

◦q
e ] ≡ [X,Ve],

where X ≡ [1,Z] and Ve ≡ [ve,v
◦2
e , . . . ,v

◦q
e ]. Then the submodel hat matrix can be explicitly

computed by using the block matrix inversion formula as follows:

(XT
e Xe)

−1 =

XTX XTVe

V T
e X V T

e Ve

−1

=

A+AXTVeC
−1
e V T

e XA
T −AXTVeC

−1
e

−C−1
e V T

e XA
T C−1

e

 ,
where A ≡ (XTX)−1, Ce ≡ V T

e Ve − V T
e HVe and H ≡XAXT . Thus, we have

He = Xe(X
T
e Xe)

−1XT
e =

[
X, Ve

]A+AXTVeC
−1
e V T

e XA
T −AXTVeC

−1
e

−C−1
e V T

e XA
T C−1

e

XT

V T
e


= H + [HVe − Ve]C−1

e [HVe − Ve]T .

Consequently,

Y THeY = Y T
{
H + [HVe − Ve]C−1

e [HVe − Ve]T
}
Y

= Y THY + Y T [H − I]VeC
−1
e V T

e [H − I]Y︸ ︷︷ ︸
≡ r

= Y THY + rTVeC
−1
e V T

e r

= Y THY + rTVe(V
T
e Ve − V T

e HVe)
−1V T

e r

= Y THY + rTVe(V
T
e Ve − V T

e X(XTX)−1/2︸ ︷︷ ︸
≡ Bn×(p−q)

(XTX)−1/2XTVe)
−1V T

e r

= Y THY + rTVe(V
T
e Ve − V T

e BB
TVe)

−1V T
e r. (2.2)
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Notice that in equation (2.2), only the three terms, i.e., V T
e Ve, V

T
e r and V T

e B, involve e.

Developing recursive formulas for these terms is critical in our fast grid search algorithm, which

enables the second term of equation (2.2) to be sequentially updated in computing the log likelihood

of the submodel. Suppose that the rows of the design matrix Xe are ordered by increasing values

of x. Consider two arbitrary consecutive values of e, say, et and et+1, each corresponding to the

kth and k + 1th ordered values of x in the dataset. Then we obtain

Vet+1 − Vet =

[
d
(1)
t δt, . . . ,

{
q∑
s=1

d
(s)
t (−1)s+1

(
q

s

)
x◦(q−s)

}
◦ δt

]
,

where d
(s)
t ≡ est+1 − est , ◦ is the element-wise product operator and δt is a n by 1 vector whose first

k elements are -1 and whose remaining elements are zero.

Given a definition D
(l)
t,i ≡

∑l
s=1 d

(s)
t (−1)s

(
l
s

)
xl−si , it follows that

V T
et+1

Vet+1 = V T
et Vet +W1,

where W1 is a q by q symmetric matrix whose (l,m)th entry is

k∑
i=1

{(xi − et)mD(l)
t,i + (xi − et)lD(m)

t,i +D
(l)
t,iD

(m)
t,i }, (2.3)

and

V T
et+1

r = V T
et r +w,

where w is a vector of length q whose l-th element is

k∑
i=1

D
(l)
t,i ri, (2.4)

ri is the i-th element of r, and lastly,

V T
et+1

B = V T
etB +W2,
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where W2 is a q by p− q matrix whose (l,m)th entry is

k∑
i=1

D
(l)
t,iBi,m, (2.5)

and Bi,m is the (i,m)th entry of B.

The complete description of the proposed fast grid search algorithm for Mq0 is given in Algo-

rithm 1.

Algorithm 1 Fast grid search algorithm for higher-order two-phase regression models

1. Sort the observations in ascending order of xi.

2. Compute and store V T
e1Ve1 , V T

e1 r and V T
e1B.

3. Compute and store Y THY − Y THe1Y according to (2.2).

4. For t in 1 to M − 1:

(a) update V T
et+1

Vet+1 , V T
et+1

r and V T
et+1

B according to (2.3), (2.4) and (2.5),

(b) compute and store Y THY − Y THet+1Y according to (2.2).

Among the candidate values e1, . . . , eM , the MLE of the threshold parameter is the one that

minimizes Y THY − Y THeY . The MLE of the coefficient parameters follows immediately from

the corresponding submodel.

In fact, Algorithm 1 works for any other higher-order two-phase regression models, such as M0q,

Mq1, Mqq, Mqqc, by substituting (2.3), (2.4) and (2.5) accordingly. Below we give the detailed

derivations of the recursive formulas (2.3), (2.4) and (2.5) adapted to a specific model.

The mean function of M0q is given by

η(x, z) = α̃1 + α̃T2z + β̃1(x− ẽ)+ + β̃2(x− ẽ)2+ + · · ·+ β̃q(x− ẽ)q+

where (x − ẽ)+ = x − ẽ if x > ẽ and 0 otherwise. One can easily notice that this is simply a

reparameterization of the mean function of Mq0. That is, replacing x with −x in equation (2.1)
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yields α̃1 = α1, α̃2 = α2, β̃s = (−1)sβs for s = 1, . . . , q, and ẽ = −e. Hence fitting Mq0 with −x

using Algorithm 1 gives the MLE of M0q.

2.1.2 Fast grid search algorithms for Mq1 and M1q

Adding a linear term in x to equation (2.1) gives the following mean function of Mq1:

η(x, z) = α1 +αT2z + β1(x− e)− + β2(x− e)2− + · · ·+ βq(x− e)q− + γx. (2.6)

We observe that the design matrix of Mq1 is decomposed as Xe = [X,Ve], where X ≡ [1,Z,x]

and Ve ≡ [ve,v
◦2
e , . . . ,v

◦q
e ]. Since Ve remains the same as in Mq0, so do the formulas (2.3), (2.4)

and (2.5).

It immediately follows that the mean function of M1q

η(x, z) = α̃1 + α̃T2z + β̃1(x− ẽ)+ + β̃2(x− ẽ)2+ + · · ·+ β̃q(x− ẽ)q+ + γ̃x

is a reparameterized version of equation (2.6). By substituting −x for x in (2.6), we obtain α̃1 =

α1, α̃2 = α2, β̃s = (−1)sβs for s = 1, . . . , q, γ̃ = −γ, ẽ = −e and the same argument in Section

2.1.1 applies here.

2.1.3 Fast grid search algorithm for Mqq

For Mqq, consider the following mean function:

η(x, z) = α1 +αT2z + β1,−(x− e)− + β1,+(x− e)+ + β2,−(x− e)2− + β2,+(x− e)2+

+ · · ·+ βq,−(x− e)q− + βq,+(x− e)q+. (2.7)

The design matrix Xe is now split into X ≡ [1,Z] and Ve ≡ [ve,ue, . . . ,v
◦q
e ,u

◦q
e ], where ue ≡

(x− 1e)+.

With D
(l)
t,i ≡

∑l
s=1 d

(s)
t (−1)s

(
l
s

)
xl−si (as defined earlier) and D

(l)
t ≡ (D

(l)
t,1, . . . , D

(l)
t,n),

Vet+1 − Vet = [−D(1)
t ◦ δt,−D

(1)
t ◦ δ̃t, . . . ,−D

(q)
t ◦ δt,−D

(q)
t ◦ δ̃t],
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where δt is defined as before and δ̃t is a n by 1 vector whose first k elements are zero and whose

remaining elements are -1. Then we derive the recursive formulas for Algorithm 1 estimating the

MLE of Mqq as follows:

V T
et+1

Vet+1 = V T
et Vet +W ∗

1 ,

where W ∗
1 is a 2q by 2q symmetric matrix whose (l,m)th entry is



∑k
i=1{D

(s)
t,i D

(s̃)
t,i + (xi − et)sD(s̃)

t,i + (xi − et)s̃D(s)
t,i },

for l = 2s− 1, m = 2s̃− 1 (s, s̃ = 1, . . . , q)∑n
i=k+1{D

(s)
t,i D

(s̃)
t,i + (xi − et)sD(s̃)

t,i + (xi − et)s̃D(s)
t,i },

for l = 2s, m = 2s̃ (s, s̃ = 1, . . . , q)

0 o.w.,

and

V T
et+1

r = V T
et r +w∗,

where w∗ is a vector of length 2q whose l-th element is


∑k

i=1D
(s)
t,i ri, for l = 2s− 1 (s = 1, . . . , q)∑n

i=k+1D
(s)
t,i ri, for l = 2s (s = 1, . . . , q),

and

V T
et+1

B = V T
etB +W ∗

2 ,

where W ∗
2 is a 2q by p− 2q matrix whose (l,m)th entry is


∑k

i=1D
(s)
t,i Bi,m, for l = 2s− 1 (s = 1, . . . , q)∑n

i=k+1D
(s)
t,i Bi,m, for l = 2s (s = 1, . . . , q).
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2.1.4 Fast grid search algorithm for Mqqc

The mean function of Mqqc is expressed as

η(x, z) = α1 +αT2z + β2(x− e)2 + · · ·+ βq−1(x− e)q−1

+ βq,−(x− e)q− + βq,+(x− e)q+ + γx

after imposing the smoothness constraint βs,− = βs,+ ≡ βs for s = 1, . . . , q−1 on equation (2.7) and

letting β1 = γ. In other words, Mqqc satisfies the smoothness condition that the s-th derivatives,

with respect to x, of the q-th order polynomials before and after the threshold e are the same when

evaluated at x = e. Then with X ≡ [1,Z,x] and Ve ≡ [(x− 1e)◦2, . . . , (x− 1e)◦(q−1),v◦qe ,u
◦q
e ], we

have the usual decomposition Xe = [X,Ve]. It follows that

Vet+1 − Vet = [D
(1)
t , . . . ,D

(q−1)
t ,−D(q)

t ◦ δt,−D
(q)
t ◦ δ̃t],

where D
(q)
t , δt and δ̃t are defined as before. This yields the following recursive formulas for Mqqc.

V T
et+1

Vet+1 = V T
et Vet +W ∗∗

1 ,
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where W ∗∗
1 is a q + 1 by q + 1 symmetric matrix whose (l,m)th entry is



∑n
i=1{D

(l)
t,iD

(m)
t,i + (xi − et)lD(m)

t,i + (xi − et)mD(l)
t,i },

for 1 ≤ l ≤ q − 1, 1 ≤ m ≤ q − 1∑k
i=1{D

(l)
t,iD

(m)
t,i + (xi − et)lD(m)

t,i + (xi − et)mD(l)
t,i },

for l = q, 1 ≤ m ≤ q

or 1 ≤ l ≤ q, m = q∑n
i=k+1{D

(l−1)
t,i D

(m)
t,i + (xi − et)l−1D

(m)
t,i + (xi − et)mD(l−1)

t,i },

for l = q + 1, 1 ≤ m ≤ q − 1∑n
i=k+1{D

(l)
t,iD

(m−1)
t,i + (xi − et)lD(m−1)

t,i + (xi − et)m−1D
(l)
t,i },

for 1 ≤ l ≤ q − 1, m = q + 1∑n
i=k+1{D

(l−1)
t,i D

(m−1)
t,i + (xi − et)l−1D

(m−1)
t,i + (xi − et)m−1D

(l−1)
t,i },

for l = m = q + 1

0,


for l = q + 1, m = q

or l = q, m = q + 1

and

V T
et+1

r = V T
et r +w∗∗,

where w∗∗ is a vector of length q + 1 whose l-th element is

∑n
i=1D

(l)
t,i ri, for 1 ≤ l ≤ q − 1∑k

i=1D
(l)
t,i ri, for l = q∑n

i=k+1D
(l−1)
t,i ri, for l = q + 1,
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and

V T
et+1

B = V T
etB +W ∗∗

2 ,

where W ∗∗
2 is a q + 1 by p− (q + 1) matrix whose (l,m)th entry is



∑n
i=1D

(l)
t,iBi,m, for 1 ≤ l ≤ q − 1∑k

i=1D
(l)
t,iBi,m, for l = q∑n

i=k+1D
(l−1)
t,i Bi,m, for l = q + 1.

2.2 Discussion of special cases

2.2.1 Quadratic two-phase regression models without smoothness constraints: M20, M02, M21,

M12, M22

In this subsection, we examine the quadratic two-phase regression model with no smoothness con-

straint, namely M20, M02, M21, M12 and M22. For each model, we express the recursive formulas

discussed in Section 2.1 in a closed form for q = 2.

For M20 of the form

η(x, z) = α1 +αT2z + β1(x− e)− + β2(x− e)2−,

equations (2.3), (2.4) and (2.5) are reduced to

W1 =

c1 c2

c2 c3

 ,
where, with Σk

x =
∑k

i=1 xi, Σk
x2 =

∑k
i=1 x

2
i and Σk

x3 =
∑k

i=1 x
3
i ,

c1 = −2d
(1)
t Σk

x + 2kd
(1)
t et + k(d

(1)
t )2,

c2 = −3d
(1)
t Σk

x2 + (2(d
(1)
t )2 + 4d

(1)
t et + d

(2)
t )Σk

x − kd
(1)
t d

(2)
t − kd

(2)
t et − kd(1)t e2t ,

c3 = −4d
(1)
t Σk

x3 + (4(d
(1)
t )2 + 8d

(1)
t et + 2d

(2)
t )Σk

x2 + (−4d
(1)
t d

(2)
t − 4d

(1)
t e2t − 4d

(2)
t et)Σ

k
x
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+ k(d
(2)
t )2 + 2kd

(2)
t e2t ,

and with Σk
r =

∑k
i=1 ri and Σk

xr =
∑k

i=1(xiri),

w =

 −d(1)t Σk
r

−2d
(1)
t Σk

xr + d
(2)
t Σk

r

 ,
and with Σk

B1
=
∑k

i=1Bi,1 and Σk
xB1

=
∑k

i=1Bi,1xi ,

W2 =

 −d(1)t Σk
B1

, · · · , −d(1)t Σk
Bp−2

−2d
(1)
t Σk

xB1
+ d

(2)
t Σk

B1
, · · · , −2d

(1)
t Σk

xBp−2
+ d

(2)
t Σk

Bp−2

 .
These results are directly applicable to estimating M02, M21 and M12 of the following forms

by using the argument in Sections 2.1.1 and 2.1.2:

η(x, z) = α̃1 + α̃T2z + β̃1(x− ẽ)+ + β̃2(x− ẽ)2+, (M02)

η(x, z) = α1 +αT2z + β1(x− e)− + β2(x− e)2− + γx, (M21)

η(x, z) = α̃1 + α̃T2z + β̃1(x− ẽ)+ + β̃2(x− ẽ)2+ + γ̃x. (M12)

Lastly, M22 of the form

η(x, z) = α1 +αT2z + β1,−(x− e)− + β1,+(x− e)+ + β2,−(x− e)2− + β2,+(x− e)2+,

is estimated by Algorithm 1 using the following:

W ∗
1 =


c1 0 c2 0

0 c4 0 c5

c2 0 c3 0

0 c5 0 c6

 ,
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where, with Σn−k
x =

∑n
i=k+1 xi, Σn−k

x2
=
∑n

i=k+1 x
2
i , and Σn−k

x3
=
∑n

i=k+1 x
3
i ,

c4 = −2d
(1)
t Σn−k

x + 2(n− k)d
(1)
t et + (n− k)(d

(1)
t )2,

c5 = −3d
(1)
t Σn−k

x2
+ (2(d

(1)
t )2 + 4d

(1)
t et + d

(2)
t )Σn−k

x − (n− k)d
(1)
t d

(2)
t − (n− k)d

(2)
t et

− (n− k)d
(1)
t e2t ,

c6 = −4d
(1)
t Σn−k

x3
+ (4(d

(1)
t )2 + 8d

(1)
t et + 2d

(2)
t )Σn−k

x2
+ (−4d

(1)
t d

(2)
t − 4d

(1)
t e2t − 4d

(2)
t et)Σ

n−k
x

+ (n− k)(d
(2)
t )2 + 2(n− k)d

(2)
t e2t ,

and with Σn−k
r =

∑n
i=k+1 ri, and Σn−k

xr =
∑n

i=k+1(xiri),

w∗ =


−d(1)t Σk

r

−d(1)t Σn−k
r

−2d
(1)
t Σk

xr + d
(2)
t Σk

r

−2d
(1)
t Σn−k

xr + d
(2)
t Σn−k

r


and with Σn−k

B1
=
∑n

i=k+1Bi,1, and Σn−k
xB1

=
∑n

i=k+1Bi,1xi,

W ∗
2 =


−d(1)t Σk

B1
, · · · , −d(1)t Σk

Bp−4

−d(1)t Σn−k
B1

, · · · , −d(1)t Σn−k
Bp−4

−2d
(1)
t Σk

xB1
+ d

(2)
t Σk

B1
, · · · , −2d

(1)
t Σk

xBp−4
+ d

(2)
t Σk

Bp−4

−2d
(1)
t Σn−k

xB1
+ d

(2)
t Σn−k

B1
, · · · , −2d

(1)
t Σn−k

xBp−4
+ d

(2)
t Σn−k

Bp−4

 .

2.2.2 Quadratic two-phase regression models with smoothness constraints: M21c, M12c, M22c

We now consider three types of quadratic two-phase regression models with smoothness constraints:

M21c, M12c and M22c. Due to its complexity, we have so far focused on developing the fast grid

search algorithm only for Mqqc among q2 possible models under smoothness constraints. Yet the

problem becomes simple when q = 2, as there exist only two models (M21c and M12c) of interest.

These low-order models are also more likely to be useful in modeling real data. Thus we discuss

them in detail below along with M22c.

M21c imposes a smoothness condition β1 = 0 on M21 so that the first derivatives, evaluated at
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the threshold e, of a quadratic curve before e and a line after e are the same. Consequently, the

mean function of M21c is expressed as

η(x, z) = α1 +αT2z + β2,−(x− e)2− + γx,

and by Vet+1−Vet = [2d
(1)
t (x◦δt)−d(2)t δt], we obtain the following recursive formulas for V T

et+1
Vet+1 ,

V T
et+1

r and V T
et+1

B:

V T
et+1

Vet+1 = V T
et Vet + c3,

V T
et+1

r = V T
et r − 2d

(1)
t Σk

xr + d
(2)
t Σk

r ,

V T
et+1

B = V T
etB +

[
−2d

(1)
t Σk

xB1
+ d

(2)
t Σk

B1
, · · · , −2d

(1)
t Σk

xBp−1
+ d

(2)
t Σk

Bp−1

]
.

M12c of the form

η(x, z) = α̃1 + α̃T2z + β̃2,+(x− ẽ)2+ + γ̃x,

after imposing the same smoothness condition β1 = 0 on M12 is estimated by reparameterizing

M21c as usual. Substituting −x for x in the mean function of M21c gives α̃1 = α1, α̃2 = α2, β̃2,+ =

β2,−, γ̃ = −γ and ẽ = −e.

After imposing a smoothness condition β1,− = β1,+ on M22 to have the same first derivatives

of quadratic curves before and after the threshold, we have M22c of the form

η(x, z) = α1 +αT2z + β2,−(x− e)2− + β2,+(x− e)2+ + γx.

Then the argument in Section 2.1.4 applies to M22c as follows.

W ∗∗
1 =


c7 c2 c5

c2 c3 0

c5 0 c6

 ,
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where, with Σn
x =

∑n
i=1 xi,

c7 = −2d
(1)
t Σn

x + 2nd
(1)
t et + n(d

(1)
t )2,

and with Σn
r =

∑n
i=1 ri,

w∗∗ =


−d(1)t Σn

r

−2d
(1)
t Σk

xr + d
(2)
t Σk

r

−2d
(1)
t Σn−k

xr + d
(2)
t Σn−k

r

 ,

and with Σn
B1

=
∑n

i=1Bi,1,

W ∗∗
2 =


−d(1)t Σn

B1
, · · · , −d(1)t Σn

Bp−3

−2d
(1)
t Σk

xB1
+ d

(2)
t Σk

B1
, · · · , −2d

(1)
t Σk

xBp−3
+ d

(2)
t Σk

Bp−3

−2d
(1)
t Σn−k

xB1
+ d

(2)
t Σn−k

B1
, · · · , −2d

(1)
t Σn−k

xBp−3
+ d

(2)
t Σn−k

Bp−3

 .

Not surprisingly, the last two rows of w∗∗ and W ∗∗
2 remain the same as w∗ and W ∗

2 for M22.

2.2.3 Cubic two-phase regression models without smoothness constraints: M30, M03, M31, M13,

M33

Here we explicitly give the recursive formulas for the cubic two-phase regression model without

smoothness constraints (q = 3). There are five models to consider:

η(x, z) = α1 +αT2z + β1(x− e)− + β2(x− e)2− + β3(x− e)3−, (M30)

η(x, z) = α̃1 + α̃T2z + β̃1(x− ẽ)+ + β̃2(x− ẽ)2+ + β̃3(x− ẽ)3+, (M03)

η(x, z) = α1 +αT2z + β1(x− e)− + β2(x− e)2− + β3(x− e)3− + γx, (M31)

η(x, z) = α̃1 + α̃T2z + β̃1(x− ẽ)+ + β̃2(x− ẽ)2+ + β̃3(x− e)3+ + γ̃x. (M13)

η(x, z) = α1 +αT2z + β1(x− e)− + β2(x− e)+ + β3(x− e)2− + β4(x− e)2+

+ β5(x− e)3− + β6(x− e)3+ (M33)
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For M30, the formulas take the form

W1 =


c1 c2 c8

c2 c3 c9

c8 c9 c10

 ,

where, with Σk
x4 =

∑k
i=1 x

4
i and Σk

x5 =
∑k

i=1 x
5
i ,

c8 = −4d
(1)
t Σk

x3 + (6d
(1)
t et + 3d

(2)
t + 3(d

(1)
t )2)Σk

x2

+ (−3d
(1)
t e2t − 3d

(2)
t et − d(3)t − 3d

(1)
t d

(2)
t )Σk

x + kd
(1)
t e3t + kd

(3)
t et + kd

(1)
t d

(3)
t ,

c9 = −5d
(1)
t Σk

x4 + (12d
(1)
t et + 4d

(2)
t + 6(d

(1)
t )2)Σk

x3

+ (−9d
(1)
t e2t − 9d

(2)
t et − d(3)t − 9d

(1)
t d

(2)
t )Σk

x2

+ (2d
(1)
t e3t + 6d

(2)
t e2t + 2d

(3)
t et + 2d

(1)
t d

(3)
t + 3(d

(2)
t )2)Σk

x

− kd(2)t e3t − kd
(3)
t e2t − kd

(2)
t d

(3)
t ,

c10 = −6d
(1)
t Σk

x5 + (18d
(1)
t et + 6d

(2)
t + 9(d

(1)
t )2)Σk

x4

+ (−18d
(1)
t e2t − 18d

(2)
t et − 2d

(3)
t − 18d

(1)
t d

(2)
t )Σk

x3

+ (6d
(1)
t e3t + 18d

(2)
t e2t + 6d

(3)
t et + 6d

(1)
t d

(3)
t + 9(d

(2)
t )2)Σk

x2

+ (−6d
(2)
t e3t − 6d

(3)
t e2t − 6d

(2)
t d

(3)
t )Σk

x + 2kd
(3)
t e3t + k(d

(3)
t )2,

and with Σk
x2r =

∑k
i=1 x

2
i ri,

w =


−d(1)t Σk

r

−2d
(1)
t Σk

xr + d
(2)
t Σk

r

−3d
(1)
t Σk

x2r + 3d
(2)
t Σk

xr − d
(3)
t Σk

r

 ,

and with Σk
x2B1

=
∑k

i=1 x
2
iBi,1,

W2 =


−d(1)t Σk

B1
, · · · , −d(1)t Σk

Bp−3

−2d
(1)
t Σk

xB1
+ d

(2)
t Σk

B1
, · · · , −2d

(1)
t Σk

xBp−3
+ d

(2)
t Σk

Bp−3

−3d
(1)
t Σk

x2B1
+ 3d

(2)
t Σk

xB1
− d(3)t Σk

B1
, · · · ,−3d

(1)
t Σk

x2Bp−3
+ 3d

(2)
t Σk

xBp−3
− d(3)t Σk

Bp−3

 .
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With these in hand, we can readily estimate the parameters of M03, M31 and M13 according to

Sections 2.1.1 and 2.1.2.

The recursive formulas are much more complicated for M33 since it contains the largest number

of parameters to be estimated. That is,

W ∗
1 =



c1 0 c2 0 c8 0

0 c4 0 c5 0 c11

c2 0 c3 0 c9 0

0 c5 0 c6 0 c12

c8 0 c9 0 c10 0

0 c11 0 c12 0 c13


,

where, with Σn−k
x4

=
∑n

i=k+1 x
4
i and Σn−k

x5
=
∑n

i=k+1 x
5
i ,

c11 = −4d
(1)
t Σn−k

x3
+ (6d

(1)
t et + 3d

(2)
t + 3(d

(1)
t )2)Σn−k

x2

+ (−3d
(1)
t e2t − 3d

(2)
t et − d(3)t − 3d

(1)
t d

(2)
t )Σn−k

x

+ (n− k)d
(1)
t e3t + (n− k)d

(3)
t et + (n− k)d

(1)
t d

(3)
t ,

c12 = −5d
(1)
t Σn−k

x4
+ (12d

(1)
t et + 4d

(2)
t + 6(d

(1)
t )2)Σn−k

x3

+ (−9d
(1)
t e2t − 9d

(2)
t et − d(3)t − 9d

(1)
t d

(2)
t )Σn−k

x2

+ (2d
(1)
t e3t + 6d

(2)
t e2t + 2d

(3)
t et + 2d

(1)
t d

(3)
t + 3(d

(2)
t )2)Σn−k

x

− (n− k)d
(2)
t e3t − (n− k)d

(3)
t e2t − (n− k)d

(2)
t d

(3)
t ,

c13 = −6d
(1)
t Σn−k

x5
+ (18d

(1)
t et + 6d

(2)
t + 9(d

(1)
t )2)Σn−k

x4

+ (−18d
(1)
t e2t − 18d

(2)
t et − 2d

(3)
t − 18d

(1)
t d

(2)
t )Σn−k

x3

+ (6d
(1)
t e3t + 18d

(2)
t e2t + 6d

(3)
t et + 6d

(1)
t d

(3)
t + 9(d

(2)
t )2)Σn−k

x2

+ (−6d
(2)
t e3t − 6d

(3)
t e2t − 6d

(2)
t d

(3)
t )Σn−k

x + 2(n− k)d
(3)
t e3t + (n− k)(d

(3)
t )2,
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and with Σn−k
x2r

=
∑n

i=k+1 x
2
i ri,

w∗ =



−d(1)t Σk
r

−d(1)t Σn−k
r

−2d
(1)
t Σk

xr + d
(2)
t Σk

r

−2d
(1)
t Σn−k

xr + d
(2)
t Σn−k

r

−3d
(1)
t Σk

x2r + 3d
(2)
t Σk

xr − d
(3)
t Σk

r

−3d
(1)
t Σn−k

x2r
+ 3d

(2)
t Σn−k

xr − d
(3)
t Σn−k

r


,

and with Σn−k
x2B1

=
∑n

i=k+1 x
2
iBi,1,

W ∗
2 =



−d(1)t Σk
B1

, · · · , −d(1)t Σk
Bp−6

−d(1)t Σn−k
B1

, · · · , −d(1)t Σn−k
Bp−6

−2d
(1)
t Σk

xB1
+ d

(2)
t Σk

B1
, · · · , −2d

(1)
t Σk

xBp−6
+ d

(2)
t Σk

Bp−6

−2d
(1)
t Σn−k

xB1
+ d

(2)
t Σn−k

B1
, · · · , −2d

(1)
t Σn−k

xBp−6
+ d

(2)
t Σn−k

Bp−6

−3d
(1)
t Σk

x2B1
+ 3d

(2)
t Σk

xB1
− d(3)t Σk

B1
, · · · ,−3d

(1)
t Σk

x2Bp−6
+ 3d

(2)
t Σk

xBp−6
− d(3)t Σk

Bp−6

−3d
(1)
t Σn−k

x2B1
+ 3d

(2)
t Σn−k

xB1
− d(3)t Σn−k

B1
, · · · ,−3d

(1)
t Σn−k

x2Bp−6
+ 3d

(2)
t Σn−k

xBp−6
− d(3)t Σn−k

Bp−6


.

2.2.4 Cubic two-phase regression models with smoothness constraints: M33c

Under smoothness constraints β1,− = β1,+ and β2,− = β2,+ on M33, we obtain the following mean

function of M33c:

η(x, z) = α1 +αT2z + β2(x− e)2 + β3,−(x− e)3− + β3,+(x− e)3+ + γx. (2.8)

The formulas in Section 2.1.4 are simplified as

W ∗∗
1 =


c7 c14 c8 c11

c14 c15 c9 c12

c8 c9 c10 0

c11 c12 0 c13

 ,
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where, with Σn
x2 =

∑n
i=1 x

2
i and Σn

x3 =
∑n

i=1 x
3
i ,

c14 = −3d
(1)
t Σn

x2 + (4d
(1)
t et + d

(2)
t + 2(d

(1)
t )2)Σn

x − nd
(1)
t e2t − nd

(2)
t et − nd(1)t d

(2)
t ,

c15 = −4d
(1)
t Σn

x3 + (8d
(1)
t et + 2d

(2)
t + 4(d

(1)
t )2)Σn

x2 + (−4d
(1)
t e2t − 4d

(2)
t et − 4d

(1)
t d

(2)
t )Σn

x

+ 2nd
(2)
t e2t + n(d

(2)
t )2,

and with Σn
xr =

∑n
i=1 xiri,

w∗∗ =


−d(1)t Σn

r

−2d
(1)
t Σn

xr + d
(2)
t Σn

r

−3d
(1)
t Σk

x2r + 3d
(2)
t Σk

xr − d
(3)
t Σk

r

−3d
(1)
t Σn−k

x2r
+ 3d

(2)
t Σn−k

xr − d
(3)
t Σn−k

r

 ,

and with Σn
xB1

=
∑n

i=1 xiBi,1,

W ∗∗
2 =


−d(1)t Σn

B1
, · · · , −d(1)t Σn

Bp−4

−2d
(1)
t Σn

xB1
+ d

(2)
t Σn

B1
, · · · , −2d

(1)
t Σn

xBp−4
+ d

(2)
t Σn

Bp−4

−3d
(1)
t Σk

x2B1
+ 3d

(2)
t Σk

xB1
− d(3)t Σk

B1
, · · · ,−3d

(1)
t Σk

x2Bp−4
+ 3d

(2)
t Σk

xBp−4
− d(3)t Σk

Bp−4

−3d
(1)
t Σn−k

x2B1
+ 3d

(2)
t Σn−k

xB1
− d(3)t Σn−k

B1
, · · · ,−3d

(1)
t Σn−k

x2Bp−4
+ 3d

(2)
t Σn−k

xBp−4
− d(3)t Σn−k

Bp−4

 .

M33c is of particular interest because of its similarity to cubic spline models. According to

Wakefield (2013), the cubic spline function with L knots (ξ1 < · · · < ξL) is defined as

f(x) = β0 + β1x+ β2x
2 + β3x

3 +
L∑
l=1

bl(x− ξl)3+. (2.9)

In both equations (2.8) and (2.9), the first and second derivatives are continuous, particularly at

the knots (or the threshold). The difference is that compared to M33c, the cubic spline model has

more parameters to estimate, including multiple knots, when L > 1. In addition, M33c avoids the

need for choosing the optimal number and position of the knots as in the cubic spline model, since

the threshold is directly estimated from the data in M33c based on the fast grid search algorithm.
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Chapter 3

SIMULATION STUDIES

To study the behavior of the estimators and bootstrap confidence intervals obtained from the

proposed fast grid search algorithm in finite samples, we conduct Monte Carlo (MC) experiments.

Bias and coverage of estimation are calculated in two simulation settings: under correctly specified

models and under misspecified models.

3.1 Bias and coverage when models are correctly specified

In this subsection, we specifically focus on correctly specified higher-order two-phase regression

models with known parameters. The mean functions of the thirteen models we consider are given

below with the true parameter values. These are also described in Figure 1.1.

η = α1 +αT2z + β1 (x− e)− + β2 (x− e)2−

= log(1.4)z + 10 (x− 5)− + (x− 5)2− (M20)

η = α1 +αT2z + β1 (x− e)− + β2 (x− e)2− + β3 (x− e)3−

= log(1.4)z + 10 (x− 5)− + 2 (x− 5)2− − (x− 5)3− (M30)

η = α1 +αT2z + γ1x+ β1 (x− e)− + β2 (x− e)2−

= log(1.4)z + 5x+ 5 (x− 5)− + (x− 5)2− (M21)

η = α1 +αT2z + γ1x+ β2 (x− e)2−

= log(1.4)z + 5x+ (x− 5)2− (M21c)

η = α1 +αT2z + γ1x+ β1 (x− e)− + β2 (x− e)2− + β3 (x− e)3−

= log(1.4)z + 2x+ 8 (x− 5)− + 3 (x− 5)2− − (x− 5)3− (M31)

η = α1 +αT2z + β1 (x− e)+ + β2 (x− e)2+

= log(1.4)z + 10 (x− 5)+ + 10 (x− 5)2+ (M02)
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η = α1 +αT2z + β1 (x− e)+ + β2 (x− e)2+ + β3 (x− e)3+

= log(1.4)z − 5 (x− 5)+ − 2 (x− 5)2+ + (x− 5)3+ (M03)

η = α1 +αT2z + γ1x+ β1 (x− e)+ + β2 (x− e)2+

= log(1.4)z + 3x+ 7 (x− 5)+ + 10 (x− 5)2+ (M12)

η = α1 +αT2z + γ1x+ β2 (x− e)2+

= log(1.4)z + 3x+ 10 (x− 5)2+ (M12c)

η = α1 +αT2z + γ1x+ β1 (x− e)+ + β2 (x− e)2+ + β3 (x− e)3+

= log(1.4)z − 2x− 2 (x− 5)+ − 2 (x− 5)2+ + 2 (x− 5)3+ (M13)

η = α1 +αT2z + β1,− (x− e)− + β1,+ (x− e)+ + β2,− (x− e)2− + β2,+ (x− e)2+

= log(1.4)z + 10 (x− 5)− + (x− 5)+ + (x− 5)2− + (x− 5)2+ (M22)

η = α1 +αT2z + γ1x+ β2,− (x− e)2− + β2,+ (x− e)2+

= log(1.4)z + 10x+ (x− 5)2− + 10 (x− 5)2+ (M22c)

η = α1 +αT2z + γ1x+ γ2 (x− e)2 + β3,− (x− e)3− + β3,+ (x− e)3+

= log(1.4)z + 10x+ (x− 5)2 − 5 (x− 5)3− + 5 (x− 5)3+ (M33c)

Here, for all models, the intercept α1 is zero, the coefficient α2 of the one-dimensional adjusted

covariate z is log(1.4) = 0.34, z is standard normally distributed and the covariate of interest x

is uniformly distributed between 1.5 and 7.9. Then the outcome for each model is generated by

y = η + ε, where ε ∼ N(0, σ = 3), assuming homoscedastic errors.

To obtain confidence intervals (CIs), we use a bootstrap procedure. Specifically, we consider

three types of bootstrap CIs, i.e., percentile, basic (Efron and Tibshirani, 1993) and symmetric

percentile (Hansen, 2017), and compare their performances. The percentile bootstrap CI is an

intuitive one, constructed by taking the 100α/2-th and 100(1−α/2)-th percentiles of the bootstrap

distribution of the estimate θ̂ as the 100(1 − α)% confidence limits. The basic (aka, inverse per-

centile) bootstrap CI is computed as [2θ̂− Ĝ−1(1−α/2), 2θ̂− Ĝ−1(α/2)], where Ĝ is the bootstrap

cumulative distribution of the estimate θ̂ and thus Ĝ−1(1−α/2) and Ĝ−1(α/2) are the 100(1−α/2)-

th and 100α/2-th percentiles of the bootstrap distribution. These two CIs may perform badly for
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skewed bootstrap distributions. In such case, the symmetric percentile bootstrap CI can be a good

alternative, which is computed as [θ̂− q∗1−α, θ̂+ q∗1−α], where q∗1−α is the (1−α) quantile of |θ̂− θ̂∗|

and θ̂∗ is the bootstrap estimate.

For each model listed above, 10,000 MC simulations are conducted. In each MC simulation,

1,000 bootstrap samples are generated to compute the three 95% bootstrap CIs. Estimates and

CIs are obtained for four sample sizes: 100, 200, 500 and 2000. We report the mean parameter

estimates from the MC simulations along with their biases. The bias is calculated by subtracting

the MC mean from the true parameter values. In addition, empirical coverage of the three 95%

bootstrap CIs for the parameters and their MC median width are provided.

Simulation results are given in Tables 3.1 - 3.7. What we observe from all the thirteen models

is that as the sample size n increases, the bias is reduced and the empirical coverage approaches

the nominal coverage of 95%, with a higher precision represented by a narrower MC median width.

Further, the estimated coefficient α̂2 of the adjusted covariate is always well behaved in terms of

bias and coverage: it has almost no bias and has coverage close to the nominal coverage even for

the small sample size. Among the three bootstrap CIs, the percentile bootstrap CI performs best

for all models with respect to coverage. The symmetric percentile bootstrap CI is second-best in

that it is slightly wider than the percentile bootstrap CI. The basic bootstrap CI performs worst,

tending to grossly undercover the true threshold parameter and the coefficients under no smoothness

constraints.

The finite-sample behavior of the estimated parameters related to threshold effects depends

on the shape of the two-phase regression model. To illustrate the effect of different model shapes,

consider the simplest examples in our simulation: M20 and M02 in Figure 1.1. Table 3.1 shows that

estimating M02 is much harder than estimating M20, as indicated by a larger bias, a lower coverage

(for small samples), and a wider CI for β1 and e. Notice that in Figure 1.1, a gradual transition

occurs in M02 from the flat line to the quadratic curve near the neighborhood of the threshold e;

uncertainty arises as to where exactly the transition occurs in this case, and thus estimation of e

is harder than in M20. On the other hand, a sudden transition near e in M20 allows a relatively

easy estimation of e. This also explains the reason for a large bias and a wide bootstrap CI for

β1, since β1 is the right derivative of M02 at x = e (denoted by ∂+η(e)), or equivalently, is the left

derivative of M20 at x = e (denoted by ∂−η(e)). The same argument can be applied to the M21
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and M12 examples in Figure 1.1: M12 is harder to estimate than M21, particularly for β1 and e

due to a gradual change around e (Table 3.2).

The cubic two-phase regression model exhibits similar behavior as the quadratic two-phase

regression model in Figure 1.1, in that M03 (or M13) is harder to estimate than M30 (or M31). In

M03 and M13, the biases of the estimates of β1, β2 and e are still large when n is 5,000 as compared

to their counterparts in M30 and M31. The corresponding bootstrap CIs are extremely wide in

M03 and M13, reflecting a high level of uncertainty (or less precision) in the estimates. Even worse,

the bootstrap CIs for M13 tend to overcover and do not achieve the nominal coverage for almost

all parameters in the sample sizes tested. These results are again due to the shape of the model

governed by the parameter values. For example, the transition from a cubic curve to a line (or vice

versa) is more gradual in M13, as expected from a smaller value of β1(= ∂+η(e) − ∂−η(e)). The

rate of change in this transition at x = e is ∂2+η(e) = 2β2 in M13 and ∂2−η(e) = 2β2 in M31. A

smaller value of β2 in M13 indicates that M13 has a slower rate of change in its transition than

M31. Moreover, β3 determines the width of a cubic curve and hence we see that M13 has a narrower

curve than M31. All these findings contribute to the observed poorer performance of the estimators

for M13 and M03 than that for M31 and M30.

Finally, comparing the higher-order two-phase regression models with and without smoothness

constraints (i.e., M22c vs. M22, M21c vs. M21, and M12c vs. M12), the former are much easier

to estimate with almost unbiased and precise estimates and good coverage of CIs (Tables 3.3 and

3.4). The smoothness constraint relieves the burden of estimating the coefficients of (x − e)+

and/or (x−e)−, and therefore makes the estimation of the rest of the parameters more stable. The

performance of the estimators for M33c is also found to be good as shown in Table 3.7.
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Table 3.1: Results from 10,000 MC simulations for M20 and M02. Mean parameter estimates from
the MC simulations and their biases are presented in the column labeled “Est(Bias)”. Empirical
coverage of the three 95% bootstrap CIs for the parameters (with MC median width in parenthesis)
is also given. “Perc”, “Symm” and “Basic” below refer to the percentile, symmetric percentile and
basic bootstrap CI, respectively.

M20 M02
n Est(Bias) Perc Symm Basic Est(Bias) Perc Symm Basic

α2

100 0.34 (0.00) 94.6 (1.20) 94.8 (1.20) 94.5 (1.20) 0.34 ( 0.00) 94.6 ( 1.20) 94.6 ( 1.20) 94.3 ( 1.20)
200 0.34 (0.00) 94.4 (0.83) 94.4 (0.84) 94.2 (0.83) 0.34 ( 0.00) 94.3 ( 0.83) 94.5 ( 0.84) 94.4 ( 0.83)
500 0.34 (0.00) 94.2 (0.52) 94.4 (0.53) 94.4 (0.52) 0.34 ( 0.00) 94.2 ( 0.53) 94.3 ( 0.53) 94.2 ( 0.53)
5000 0.34 (0.00) 94.6 (0.17) 94.6 (0.17) 94.6 (0.17) 0.34 ( 0.00) 94.4 ( 0.17) 94.7 ( 0.17) 94.7 ( 0.17)
β1
100 10.03 (0.03) 96.0 (6.48) 96.9 (6.72) 93.4 (6.48) 5.44 (-4.56) 93.5 (27.88) 90.7 (38.36) 58.0 (27.88)
200 10.02 (0.02) 95.9 (4.30) 96.4 (4.41) 93.4 (4.30) 6.42 (-3.58) 94.9 (24.43) 92.5 (34.74) 67.4 (24.43)
500 10.00 (0.00) 95.7 (2.60) 96.2 (2.64) 94.5 (2.60) 8.16 (-1.84) 95.2 (20.51) 95.2 (30.12) 82.2 (20.51)
5000 10.00 (0.00) 95.1 (0.79) 95.1 (0.79) 94.4 (0.79) 9.99 (-0.01) 94.7 ( 2.72) 96.1 ( 2.77) 94.6 ( 2.72)
β2
100 1.03 (0.03) 96.0 (1.97) 96.3 (2.03) 92.0 (1.97) 9.93 (-0.07) 96.8 ( 2.61) 96.4 ( 2.76) 85.9 ( 2.61)
200 1.02 (0.02) 95.8 (1.34) 96.2 (1.37) 93.5 (1.34) 9.99 (-0.01) 97.0 ( 1.95) 95.5 ( 2.05) 83.5 ( 1.95)
500 1.00 (0.00) 95.6 (0.81) 95.9 (0.83) 94.2 (0.81) 10.01 ( 0.01) 96.2 ( 1.30) 94.5 ( 1.34) 85.0 ( 1.30)
5000 1.00 (0.00) 95.0 (0.25) 95.1 (0.25) 94.4 (0.25) 10.00 ( 0.00) 95.3 ( 0.40) 95.8 ( 0.41) 95.5 ( 0.40)
e
100 5.01 (0.01) 95.1 (0.65) 96.3 (0.65) 87.8 (0.65) 4.77 (-0.23) 90.3 ( 1.16) 90.0 ( 1.68) 59.9 ( 1.16)
200 5.00 (0.00) 94.5 (0.42) 96.1 (0.45) 90.7 (0.42) 4.83 (-0.17) 94.8 ( 1.03) 93.4 ( 1.54) 64.7 ( 1.03)
500 5.00 (0.00) 94.7 (0.24) 96.1 (0.26) 92.0 (0.24) 4.91 (-0.09) 95.1 ( 0.87) 94.8 ( 1.36) 79.0 ( 0.87)
5000 5.00 (0.00) 94.8 (0.07) 95.4 (0.07) 93.8 (0.07) 5.00 ( 0.00) 94.5 ( 0.08) 95.8 ( 0.08) 93.8 ( 0.08)



26

Table 3.2: Results from 10,000 MC simulations for M21 and M12. Mean parameter estimates from
the MC simulations and their biases are presented in the column labeled “Est(Bias)”. Empirical
coverage of the three 95% bootstrap CIs for the parameters (with MC median width in parenthesis)
is also given. “Perc”, “Symm” and “Basic” below refer to the percentile, symmetric percentile and
basic bootstrap CI, respectively.

M21 M12
n Est(Bias) Perc Symm Basic Est(Bias) Perc Symm Basic

α2

100 0.34 ( 0.00) 94.9 ( 1.22) 95.0 ( 1.23) 94.5 ( 1.22) 0.34 ( 0.00) 94.5 ( 1.20) 94.7 ( 1.21) 94.5 ( 1.20)
200 0.34 ( 0.00) 94.3 ( 0.84) 94.5 ( 0.84) 94.2 ( 0.84) 0.34 ( 0.00) 94.4 ( 0.84) 94.4 ( 0.84) 94.1 ( 0.84)
500 0.34 ( 0.00) 94.3 ( 0.53) 94.6 ( 0.53) 94.3 ( 0.53) 0.34 ( 0.00) 94.2 ( 0.53) 94.3 ( 0.53) 94.1 ( 0.53)
5000 0.34 ( 0.00) 94.5 ( 0.17) 94.6 ( 0.17) 94.5 ( 0.17) 0.34 ( 0.00) 94.4 ( 0.17) 94.6 ( 0.17) 94.7 ( 0.17)
γ1
100 4.79 (-0.21) 96.9 ( 4.45) 98.5 ( 4.26) 93.6 ( 4.45) 3.15 ( 0.15) 94.1 ( 1.98) 96.0 ( 2.04) 94.3 ( 1.98)
200 4.92 (-0.08) 96.5 ( 2.14) 97.7 ( 2.19) 94.7 ( 2.14) 3.08 ( 0.08) 95.0 ( 1.35) 96.6 ( 1.40) 94.2 ( 1.35)
500 4.97 (-0.03) 95.9 ( 1.06) 96.5 ( 1.08) 94.0 ( 1.06) 3.04 ( 0.04) 95.9 ( 0.83) 97.1 ( 0.85) 94.9 ( 0.83)
5000 5.00 ( 0.00) 95.2 ( 0.30) 95.4 ( 0.30) 94.8 ( 0.30) 3.00 ( 0.00) 96.1 ( 0.24) 96.6 ( 0.24) 95.5 ( 0.24)
β1
100 5.43 ( 0.43) 93.5 (16.53) 96.9 (15.10) 96.3 (16.53) 2.56 (-4.44) 94.4 (29.10) 93.2 (37.80) 53.9 (29.10)
200 5.21 ( 0.21) 95.1 ( 4.53) 97.0 ( 4.67) 95.5 ( 4.53) 2.86 (-4.14) 94.9 (24.42) 93.2 (32.84) 56.2 (24.42)
500 5.06 ( 0.06) 95.4 ( 2.61) 95.5 ( 2.64) 93.9 ( 2.61) 3.73 (-3.27) 95.2 (19.81) 93.2 (27.95) 62.5 (19.81)
5000 5.00 ( 0.00) 95.0 ( 0.82) 95.2 ( 0.82) 94.9 ( 0.82) 6.70 (-0.30) 95.2 ( 9.26) 96.9 ( 4.91) 92.7 ( 9.26)
β2
100 1.20 ( 0.20) 98.1 (11.12) 99.0 ( 8.06) 93.3 (11.12) 9.82 (-0.18) 95.7 ( 2.65) 96.8 ( 2.79) 92.1 ( 2.65)
200 1.10 ( 0.10) 97.1 ( 1.94) 98.1 ( 1.96) 92.8 ( 1.94) 9.92 (-0.08) 96.4 ( 1.89) 97.0 ( 1.99) 91.3 ( 1.89)
500 1.02 ( 0.02) 96.3 ( 0.91) 96.9 ( 0.93) 93.2 ( 0.91) 9.99 (-0.01) 97.2 ( 1.21) 96.5 ( 1.27) 88.5 ( 1.21)
5000 1.00 ( 0.00) 95.4 ( 0.25) 95.4 ( 0.26) 94.4 ( 0.25) 10.00 ( 0.00) 95.9 ( 0.42) 95.5 ( 0.43) 93.2 ( 0.42)
e
100 4.99 (-0.01) 97.6 ( 3.62) 98.2 ( 4.27) 84.2 ( 3.62) 4.76 (-0.24) 91.7 ( 1.23) 91.6 ( 1.68) 54.7 ( 1.23)
200 5.01 ( 0.01) 96.2 ( 1.80) 97.6 ( 1.93) 87.8 ( 1.80) 4.79 (-0.21) 94.3 ( 1.06) 93.1 ( 1.48) 54.6 ( 1.06)
500 5.00 ( 0.00) 95.0 ( 0.73) 96.5 ( 0.80) 88.1 ( 0.73) 4.84 (-0.16) 94.7 ( 0.88) 93.5 ( 1.28) 61.4 ( 0.88)
5000 5.00 ( 0.00) 94.2 ( 0.18) 95.6 ( 0.19) 91.6 ( 0.18) 4.99 (-0.01) 94.8 ( 0.40) 96.4 ( 0.19) 91.5 ( 0.40)
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Table 3.3: Results from 10,000 MC simulations for M21c and M12c. Mean parameter estimates
from the MC simulations and their biases are presented in the column labeled “Est(Bias)”. Em-
pirical coverage of the three 95% bootstrap CIs for the parameters (with MC median width in
parenthesis) is also given. “Perc”, “Symm” and “Basic” below refer to the percentile, symmetric
percentile and basic bootstrap CI, respectively.

M21c M12c
n Est(Bias) Perc Symm Basic Est(Bias) Perc Symm Basic

α2

100 0.34 (0.00) 94.4 (1.19) 94.6 (1.19) 94.3 (1.19) 0.34 ( 0.00) 94.4 (1.19) 94.7 (1.20) 94.5 (1.19)
200 0.34 (0.00) 94.2 (0.83) 94.2 (0.84) 94.2 (0.83) 0.34 ( 0.00) 94.3 (0.83) 94.4 (0.83) 94.2 (0.83)
500 0.34 (0.00) 94.3 (0.52) 94.5 (0.53) 94.5 (0.52) 0.34 ( 0.00) 94.3 (0.52) 94.4 (0.53) 94.2 (0.52)
5000 0.34 (0.00) 94.5 (0.17) 94.6 (0.17) 94.6 (0.17) 0.34 ( 0.00) 94.4 (0.17) 94.7 (0.17) 94.8 (0.17)
γ1
100 5.14 (0.14) 95.6 (2.26) 95.3 (2.40) 85.6 (2.26) 3.00 ( 0.00) 96.2 (1.50) 96.2 (1.53) 95.1 (1.50)
200 5.08 (0.08) 95.3 (1.61) 96.3 (1.60) 90.9 (1.61) 2.99 (-0.01) 95.7 (1.03) 95.6 (1.04) 94.9 (1.03)
500 5.02 (0.02) 95.2 (0.86) 96.2 (0.87) 94.5 (0.86) 3.00 ( 0.00) 95.4 (0.64) 95.6 (0.64) 95.2 (0.64)
5000 5.00 (0.00) 94.8 (0.25) 94.9 (0.25) 94.8 (0.25) 3.00 ( 0.00) 95.1 (0.20) 95.2 (0.20) 95.1 (0.20)
β2
100 1.14 (0.14) 95.4 (1.94) 96.3 (2.01) 80.8 (1.94) 10.02 ( 0.02) 96.8 (2.39) 96.8 (2.44) 95.0 (2.39)
200 1.05 (0.05) 95.3 (1.13) 95.9 (1.18) 85.7 (1.13) 10.01 ( 0.01) 96.0 (1.60) 95.9 (1.62) 94.7 (1.60)
500 1.02 (0.02) 95.1 (0.66) 95.6 (0.68) 91.3 (0.66) 10.01 ( 0.01) 95.5 (0.98) 95.4 (0.98) 95.0 (0.98)
5000 1.00 (0.00) 94.9 (0.20) 95.1 (0.20) 94.7 (0.20) 10.00 ( 0.00) 95.3 (0.30) 95.4 (0.30) 95.3 (0.30)
e
100 5.12 (0.12) 94.6 (3.17) 93.4 (3.50) 77.9 (3.17) 5.00 ( 0.00) 96.6 (0.39) 97.3 (0.39) 95.0 (0.39)
200 5.08 (0.08) 94.6 (2.48) 94.2 (2.57) 86.7 (2.48) 5.00 ( 0.00) 95.7 (0.26) 95.7 (0.26) 94.3 (0.26)
500 5.02 (0.02) 94.7 (1.37) 95.7 (1.39) 93.3 (1.37) 5.00 ( 0.00) 95.5 (0.15) 95.6 (0.15) 94.9 (0.15)
5000 5.00 (0.00) 94.8 (0.41) 95.0 (0.41) 94.9 (0.41) 5.00 ( 0.00) 95.3 (0.05) 95.4 (0.05) 95.4 (0.05)
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Table 3.4: Results from 10,000 MC simulations for M22 and M22c. Mean parameter estimates from
the MC simulations and their biases are presented in the column labeled “Est(Bias)”. Empirical
coverage of the three 95% bootstrap CIs for the parameters (with MC median width in parenthesis)
is also given. “Perc”, “Symm” and “Basic” below refer to the percentile, symmetric percentile and
basic bootstrap CI, respectively.

M22 M22c
n Est(Bias) Perc Symm Basic Est(Bias) Perc Symm Basic

α2

100 0.34 ( 0.00) 95.1 ( 1.24) 95.2 ( 1.25) 94.5 ( 1.24) 0.34 ( 0.00) 94.6 (1.20) 94.7 (1.20) 94.5 (1.20)
200 0.34 ( 0.00) 94.5 ( 0.85) 94.7 ( 0.85) 94.5 ( 0.85) 0.34 ( 0.00) 94.2 (0.84) 94.3 (0.84) 94.2 (0.84)
500 0.34 ( 0.00) 94.3 ( 0.53) 94.6 ( 0.53) 94.3 ( 0.53) 0.34 ( 0.00) 94.2 (0.53) 94.4 (0.53) 94.4 (0.53)
5000 0.34 ( 0.00) 94.5 ( 0.17) 94.6 ( 0.17) 94.6 ( 0.17) 0.34 ( 0.00) 94.6 (0.17) 94.7 (0.17) 94.6 (0.17)
γ1
100 9.98 (-0.02) 95.3 (6.39) 95.6 (6.47) 94.1 (6.39)
200 9.99 (-0.01) 95.5 (4.41) 95.5 (4.45) 94.8 (4.41)
500 10.00 ( 0.00) 94.8 (2.75) 94.8 (2.76) 94.5 (2.75)
5000 10.00 ( 0.00) 95.0 (0.86) 95.0 (0.87) 94.9 (0.86)
β1,−
100 9.40 (-0.60) 98.6 (26.94) 98.6 (30.00) 94.3 (26.94)
200 9.98 (-0.02) 97.6 ( 8.26) 98.1 ( 6.72) 96.2 ( 8.26)
500 10.03 ( 0.03) 96.0 ( 2.67) 96.6 ( 2.70) 95.5 ( 2.67)
5000 10.00 ( 0.00) 95.3 ( 0.79) 95.4 ( 0.80) 94.9 ( 0.79)
β1,+
100 0.92 (-0.08) 98.1 (17.26) 98.3 (19.12) 91.2 (17.26)
200 0.89 (-0.11) 96.7 ( 9.71) 97.7 (10.25) 95.3 ( 9.71)
500 0.92 (-0.08) 96.1 ( 3.76) 97.2 ( 3.82) 95.5 ( 3.76)
5000 1.00 ( 0.00) 95.3 ( 1.08) 95.5 ( 1.08) 94.8 ( 1.08)
β2,−
100 0.53 (-0.47) 98.9 (24.01) 99.3 (23.01) 96.5 (24.01) 0.97 (-0.03) 95.1 (1.56) 95.7 (1.57) 94.2 (1.56)
200 0.99 (-0.01) 97.8 ( 3.22) 98.5 ( 2.51) 96.8 ( 3.22) 0.99 (-0.01) 95.1 (1.08) 95.4 (1.09) 94.7 (1.08)
500 1.01 ( 0.01) 96.3 ( 0.88) 96.9 ( 0.90) 94.9 ( 0.88) 0.99 (-0.01) 94.8 (0.67) 95.0 (0.68) 94.8 (0.67)
5000 1.00 ( 0.00) 95.2 ( 0.25) 95.3 ( 0.25) 94.7 ( 0.25) 1.00 ( 0.00) 94.9 (0.21) 95.1 (0.21) 95.0 (0.21)
β2,+
100 1.26 ( 0.26) 98.3 ( 7.97) 98.8 ( 6.90) 91.3 ( 7.97) 10.04 ( 0.04) 95.1 (2.42) 95.6 (2.45) 94.1 (2.42)
200 1.09 ( 0.09) 97.0 ( 2.95) 97.9 ( 3.08) 94.1 ( 2.95) 10.02 ( 0.02) 94.9 (1.67) 95.1 (1.68) 94.2 (1.67)
500 1.04 ( 0.04) 96.6 ( 1.44) 97.4 ( 1.47) 95.1 ( 1.44) 10.01 ( 0.01) 95.1 (1.04) 95.5 (1.05) 95.3 (1.04)
5000 1.00 ( 0.00) 95.5 ( 0.41) 95.7 ( 0.41) 94.6 ( 0.41) 10.00 ( 0.00) 95.1 (0.33) 95.2 (0.33) 95.1 (0.33)
e
100 4.87 (-0.13) 97.6 ( 3.81) 99.1 ( 4.78) 86.8 ( 3.81) 5.00 ( 0.00) 95.2 (0.58) 95.8 (0.65) 93.7 (0.58)
200 4.97 (-0.03) 96.5 ( 2.32) 98.2 ( 2.06) 89.8 ( 2.32) 5.00 ( 0.00) 95.0 (0.42) 95.1 (0.39) 94.4 (0.42)
500 5.00 ( 0.00) 95.2 ( 0.49) 96.8 ( 0.54) 88.5 ( 0.49) 5.00 ( 0.00) 95.3 (0.26) 95.3 (0.26) 95.0 (0.26)
5000 5.00 ( 0.00) 94.2 ( 0.12) 95.6 ( 0.13) 91.5 ( 0.12) 5.00 ( 0.00) 95.3 (0.08) 95.4 (0.08) 95.3 (0.08)
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Table 3.5: Results from 10,000 MC simulations for M30 and M03. Mean parameter estimates from
the MC simulations and their biases are presented in the column labeled “Est(Bias)”. Empirical
coverage of the three 95% bootstrap CIs for the parameters (with MC median width in parenthesis)
is also given. “Perc”, “Symm” and “Basic” below refer to the percentile, symmetric percentile and
basic bootstrap CI, respectively.

M30 M03
n Est(Bias) Perc Symm Basic Est(Bias) Perc Symm Basic

α2

100 0.34 ( 0.00) 94.7 ( 1.21) 95.0 ( 1.22) 94.4 ( 1.21) 0.34 ( 0.00) 94.8 ( 1.22) 94.9 ( 1.22) 94.5 ( 1.22)
200 0.34 ( 0.00) 94.3 ( 0.84) 94.4 ( 0.84) 94.2 ( 0.84) 0.34 ( 0.00) 94.2 ( 0.84) 94.4 ( 0.84) 94.0 ( 0.84)
500 0.34 ( 0.00) 94.3 ( 0.53) 94.6 ( 0.53) 94.5 ( 0.53) 0.34 ( 0.00) 94.2 ( 0.53) 94.4 ( 0.53) 94.1 ( 0.53)
5000 0.34 ( 0.00) 94.6 ( 0.17) 94.6 ( 0.17) 94.5 ( 0.17) 0.34 ( 0.00) 94.4 ( 0.17) 94.7 ( 0.17) 94.8 ( 0.17)
β1
100 7.67 (-2.33) 97.3 (26.55) 95.7 (35.85) 74.6 (26.55) -2.88 ( 2.12) 98.7 (28.88) 97.0 (36.83) 48.7 (28.88)
200 8.69 (-1.31) 96.6 (21.78) 95.9 (29.31) 84.8 (21.78) -2.77 ( 2.23) 98.1 (22.47) 96.2 (28.91) 52.9 (22.47)
500 9.73 (-0.27) 96.2 (12.15) 97.2 ( 9.35) 93.7 (12.15) -2.91 ( 2.09) 96.9 (16.63) 94.6 (21.99) 57.9 (16.63)
5000 10.00 ( 0.00) 95.3 ( 2.00) 95.7 ( 2.03) 94.5 ( 2.00) -4.58 ( 0.42) 95.8 ( 9.22) 96.3 (11.87) 88.8 ( 9.22)
β2
100 1.02 (-0.98) 97.4 (17.98) 95.6 (22.02) 74.3 (17.98) -1.59 ( 0.41) 98.9 (22.88) 97.9 (26.52) 61.5 (22.88)
200 1.38 (-0.62) 96.7 (14.13) 95.8 (17.46) 84.7 (14.13) -2.24 (-0.24) 98.2 (15.98) 96.6 (18.92) 53.8 (15.98)
500 1.88 (-0.12) 96.2 ( 9.12) 97.4 ( 8.42) 94.0 ( 9.12) -2.61 (-0.61) 97.2 (10.63) 94.3 (12.71) 57.6 (10.63)
5000 2.00 ( 0.00) 95.3 ( 1.76) 95.8 ( 1.79) 94.2 ( 1.76) -2.17 (-0.17) 95.8 ( 4.93) 96.2 ( 5.81) 90.0 ( 4.93)
β3
100 -0.95 ( 0.05) 97.8 ( 2.25) 96.7 ( 2.40) 76.8 ( 2.25) 0.56 (-0.44) 96.3 ( 5.03) 98.7 ( 5.37) 94.0 ( 5.03)
200 -0.99 ( 0.01) 96.8 ( 1.58) 95.5 ( 1.67) 82.5 ( 1.58) 0.78 (-0.22) 97.1 ( 3.13) 98.5 ( 3.39) 92.8 ( 3.13)
500 -0.99 ( 0.01) 96.3 ( 1.01) 96.0 ( 1.05) 92.1 ( 1.01) 0.93 (-0.07) 97.6 ( 1.80) 98.0 ( 1.95) 88.3 ( 1.80)
5000 -1.00 ( 0.00) 95.3 ( 0.28) 95.8 ( 0.29) 94.8 ( 0.28) 1.00 ( 0.00) 95.9 ( 0.59) 94.9 ( 0.61) 87.5 ( 0.59)
e
100 5.24 ( 0.24) 95.5 ( 2.00) 95.7 ( 2.85) 68.6 ( 2.00) 4.58 (-0.42) 96.2 ( 2.65) 96.0 ( 3.36) 59.0 ( 2.65)
200 5.13 ( 0.13) 93.9 ( 1.64) 96.0 ( 2.38) 81.9 ( 1.64) 4.67 (-0.33) 96.7 ( 1.96) 95.9 ( 2.64) 58.8 ( 1.96)
500 5.03 ( 0.03) 94.7 ( 0.86) 97.1 ( 0.54) 90.7 ( 0.86) 4.75 (-0.25) 95.4 ( 1.41) 94.6 ( 1.95) 60.6 ( 1.41)
5000 5.00 ( 0.00) 94.6 ( 0.10) 95.4 ( 0.10) 92.7 ( 0.10) 4.96 (-0.04) 94.9 ( 0.78) 95.8 ( 1.07) 86.2 ( 0.78)
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Table 3.6: Results from 10,000 MC simulations for M31 and M13. Mean parameter estimates from
the MC simulations and their biases are presented in the column labeled “Est(Bias)”. Empirical
coverage of the three 95% bootstrap CIs for the parameters (with MC median width in parenthesis)
is also given. “Perc”, “Symm” and “Basic” below refer to the percentile, symmetric percentile and
basic bootstrap CI, respectively.

M31 M13
n Est(Bias) Perc Symm Basic Est(Bias) Perc Symm Basic

α2

100 0.34 ( 0.00) 95.1 ( 1.24) 95.2 ( 1.25) 94.5 ( 1.24) 0.34 ( 0.00) 95.1 ( 1.25) 95.2 ( 1.26) 94.5 ( 1.25)
200 0.34 ( 0.00) 94.3 ( 0.85) 94.4 ( 0.85) 94.0 ( 0.85) 0.34 ( 0.00) 94.4 ( 0.85) 94.5 ( 0.85) 94.2 ( 0.85)
500 0.34 ( 0.00) 94.3 ( 0.53) 94.7 ( 0.53) 94.5 ( 0.53) 0.34 ( 0.00) 94.2 ( 0.53) 94.5 ( 0.53) 94.3 ( 0.53)
5000 0.34 ( 0.00) 94.6 ( 0.17) 94.6 ( 0.17) 94.5 ( 0.17) 0.34 ( 0.00) 94.4 ( 0.17) 94.7 ( 0.17) 94.7 ( 0.17)
γ1
100 2.37 ( 0.37) 97.4 ( 6.15) 98.8 ( 6.68) 94.0 ( 6.15) -2.29 (-0.29) 95.0 ( 3.21) 98.2 ( 3.34) 94.6 ( 3.21)
200 2.12 ( 0.12) 97.6 ( 3.48) 98.8 ( 3.65) 95.3 ( 3.48) -2.16 (-0.16) 95.0 ( 1.86) 97.4 ( 1.95) 94.1 ( 1.86)
500 2.00 ( 0.00) 97.2 ( 1.40) 98.0 ( 1.34) 95.9 ( 1.40) -2.07 (-0.07) 95.6 ( 1.01) 97.4 ( 1.07) 94.9 ( 1.01)
5000 2.00 ( 0.00) 95.1 ( 0.30) 95.4 ( 0.30) 94.8 ( 0.30) -2.01 (-0.01) 96.3 ( 0.27) 97.0 ( 0.27) 95.0 ( 0.27)
β1
100 3.53 (-4.47) 97.4 (40.49) 97.3 (53.59) 81.4 (40.49) 3.57 ( 6.57) 99.2 ( 69.17) 99.2 ( 75.44) 79.8 ( 69.17)
200 6.18 (-1.82) 97.0 (28.39) 97.0 (39.09) 87.5 (28.39) 0.07 ( 3.07) 99.5 ( 43.16) 99.3 ( 45.78) 77.9 ( 43.16)
500 7.68 (-0.32) 96.3 (16.53) 97.0 (13.96) 94.2 (16.53) -1.07 ( 1.93) 99.3 ( 19.06) 98.5 ( 24.57) 65.8 ( 19.06)
5000 8.00 ( 0.00) 95.3 ( 1.84) 95.5 ( 1.85) 94.8 ( 1.84) -1.79 ( 1.21) 96.3 ( 8.62) 95.0 ( 12.14) 67.7 ( 8.62)
β2
100 1.41 (-1.59) 98.3 (27.56) 98.3 (31.84) 79.6 (27.56) -7.24 (-5.24) 99.3 (127.85) 99.7 (135.43) 86.1 (127.85)
200 2.30 (-0.70) 97.9 (18.04) 97.5 (22.47) 83.7 (18.04) -2.95 (-0.95) 99.6 ( 61.56) 99.6 ( 62.08) 79.9 ( 61.56)
500 2.85 (-0.15) 96.9 (11.79) 97.6 (13.38) 92.9 (11.79) -2.65 (-0.65) 99.3 ( 17.90) 98.6 ( 22.19) 62.5 ( 17.90)
5000 3.01 ( 0.01) 95.7 ( 1.88) 96.2 ( 1.91) 94.0 ( 1.88) -2.80 (-0.80) 96.1 ( 6.76) 94.1 ( 9.00) 66.1 ( 6.76)
β3
100 -1.19 (-0.19) 98.7 ( 8.06) 99.2 ( 7.98) 91.7 ( 8.06) 6.45 ( 4.45) 98.4 ( 80.20) 99.3 ( 85.19) 95.7 ( 80.20)
200 -0.99 ( 0.01) 98.0 ( 2.55) 98.5 ( 2.49) 89.6 ( 2.55) 2.74 ( 0.74) 97.6 ( 33.75) 99.2 ( 31.88) 96.5 ( 33.75)
500 -0.98 ( 0.02) 97.0 ( 1.10) 96.9 ( 1.15) 91.6 ( 1.10) 1.85 (-0.15) 96.5 ( 2.99) 98.7 ( 3.22) 96.3 ( 2.99)
5000 -1.00 ( 0.00) 95.7 ( 0.29) 96.0 ( 0.29) 94.6 ( 0.29) 1.99 (-0.01) 97.1 ( 0.56) 96.9 ( 0.59) 86.0 ( 0.56)
e
100 5.21 ( 0.21) 98.5 ( 3.36) 98.6 ( 4.01) 71.1 ( 3.36) 4.96 (-0.04) 99.5 ( 3.68) 99.2 ( 4.91) 55.0 ( 3.68)
200 5.15 ( 0.15) 96.9 ( 2.54) 98.0 ( 3.28) 82.6 ( 2.54) 4.85 (-0.15) 99.6 ( 3.09) 99.2 ( 3.86) 61.1 ( 3.09)
500 5.04 ( 0.04) 95.2 ( 1.54) 97.7 ( 1.72) 89.8 ( 1.54) 4.78 (-0.22) 99.0 ( 1.87) 97.7 ( 2.44) 59.2 ( 1.87)
5000 5.00 ( 0.00) 94.6 ( 0.14) 95.8 ( 0.15) 91.0 ( 0.14) 4.87 (-0.13) 95.0 ( 0.85) 94.3 ( 1.22) 65.7 ( 0.85)
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Table 3.7: Results from 10,000 MC simulations for M33c. Mean parameter estimates from the MC
simulations and their biases are presented in the column labeled “Est(Bias)”. Empirical coverage
of the three 95% bootstrap CIs for the parameters (with MC median width in parenthesis) is also
given. “Perc”, “Symm” and “Basic” below refer to the percentile, symmetric percentile and basic
bootstrap CI, respectively.

M33c
n Est(Bias) Perc Symm Basic

α2

100 0.34 ( 0.00) 94.5 (1.21) 94.8 (1.22) 94.7 (1.21)
200 0.34 ( 0.00) 94.3 (0.84) 94.3 (0.84) 94.1 (0.84)
500 0.34 ( 0.00) 94.3 (0.53) 94.5 (0.53) 94.4 (0.53)
5000 0.34 ( 0.00) 94.5 (0.17) 94.7 (0.17) 94.6 (0.17)
γ1
100 9.97 (-0.03) 96.2 (7.77) 96.2 (7.85) 95.1 (7.77)
200 9.97 (-0.03) 96.0 (5.27) 95.9 (5.32) 95.2 (5.27)
500 10.00 ( 0.00) 95.0 (3.25) 95.1 (3.27) 94.8 (3.25)
5000 10.00 ( 0.00) 94.4 (1.01) 94.5 (1.02) 94.5 (1.01)
γ2
100 1.00 ( 0.00) 95.2 (2.58) 95.4 (2.60) 95.0 (2.58)
200 1.00 ( 0.00) 94.9 (1.80) 95.1 (1.81) 94.8 (1.80)
500 0.99 (-0.01) 94.8 (1.14) 95.0 (1.14) 94.8 (1.14)
5000 1.00 ( 0.00) 94.9 (0.36) 94.9 (0.36) 94.8 (0.36)
β3,−
100 -5.01 (-0.01) 95.9 (1.31) 96.1 (1.33) 94.4 (1.31)
200 -5.01 (-0.01) 95.5 (0.90) 95.6 (0.91) 95.0 (0.90)
500 -5.00 ( 0.00) 95.1 (0.56) 95.2 (0.56) 94.9 (0.56)
5000 -5.00 ( 0.00) 94.4 (0.18) 94.5 (0.18) 94.5 (0.18)
β3,+
100 5.03 ( 0.03) 96.0 (2.31) 96.3 (2.35) 94.5 (2.31)
200 5.02 ( 0.02) 95.4 (1.56) 95.7 (1.58) 94.7 (1.56)
500 5.01 ( 0.01) 94.8 (0.97) 95.2 (0.97) 94.9 (0.97)
5000 5.00 ( 0.00) 94.5 (0.30) 94.6 (0.30) 94.6 (0.30)
e
100 5.00 ( 0.00) 95.7 (0.45) 95.6 (0.52) 94.2 (0.45)
200 5.00 ( 0.00) 95.4 (0.32) 95.4 (0.32) 94.5 (0.32)
500 5.00 ( 0.00) 95.0 (0.19) 95.0 (0.18) 94.8 (0.19)
5000 5.00 ( 0.00) 94.4 (0.06) 94.5 (0.06) 94.5 (0.06)
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3.2 Bias and coverage when models are misspecified

We further study the finite sample behavior of the estimators under model misspecification. The

impact of model misspecification on parameter estimation is assessed in two scenarios. In the

first scenario, the mean of the two-phase regression model is correctly specified but the variance

is misspecified. We specifically focus on a situation where the variability of y depends on the

magnitude of y itself. That is, the variance of y is greater for smaller values of y, which frequently

happens when small y is more susceptible to measurement error. Data are simulated from the

following mean function of M20 (same as in Section 3.1) but with heteroscedastic errors inversely

proportional to y:

η = α1 +αT2z + β1 (x− e)− + β2 (x− e)2−

= log(1.4)z + 10 (x− 5)− + (x− 5)2− , (M20)

ε ∼ N(0, 1.5 + 1.5
√
|η|),

where z ∼ N(0, 1) and x ∼ U(1.5, 7.9).

Figure 3.1 (left panel) shows the simulated heteroscedastic data and Table 3.8 shows the corre-

sponding MC simulation results. The estimates are found to be robust to variance misspecification.

The bias is negligible and the coverage of the percentile bootstrap CI is close to the nominal level

for all sample sizes. However, the CIs are wider particularly for the small sample size, as compared

to those from M20 with homoscedastic errors (Table 3.1).

In the second scenario, the variance is correctly specified but the mean is misspecified. Data

are simulated from the following homoscedastic M33c, but instead of fitting M33c, we fit M22:

η = α1 +αT2z + γ1x+ γ2 (x− e)2 + β3,− (x− e)3− + β3,+ (x− e)3+

= 0× z + 0× x+ (x− 0)2 + (x− 0)3− − (x− 0)3+ , (M33c)

ε ∼ N(0, 1),

where x ∼ U(−3.2, 3.2). The true parameter values of M22 are approximated by averaging pa-

rameter estimates from 200 MC simulations using datasets of sample size n = 100, 000. This,
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together with the symmetry of the models (discussed in 2.1.1), yields α2 = 0, β1,− = −β1,+ =

−6.145101, β2,− = β2,+ = −3.800270 and e = 0. The mean functions of the data-generating model

M33c and the fitted model M22 are both illustrated in Figure 3.1 (right panel). The simulation

results displayed in Table 3.8 show that our estimates and percentile bootstrap CI are robust to

misspecification of the mean. A low bias, good coverage and high precision all indicate their good

performance even for the misspecified mean model.

Figure 3.1: Two simulated datasets to evaluate the performance of the estimators under model mis-
specification. Left panel : A dataset generated from the mean function of M20 with heteroscedastic
errors inversely proportional to y. The threshold is at x = 5. Right panel : A dataset generated
from the mean function of M33C (dashed line) with homoscedastic errors. M22 (solid line) was fit
to this dataset. The threshold is at x = 0.
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Table 3.8: Results from 10,000 MC simulations for M20 and M22 under model misspecification.
Mean parameter estimates from the MC simulations and their biases are presented in the column
labeled “Est(Bias)”. Empirical coverage of the three 95% bootstrap CIs for the parameters (with
MC median width in parenthesis) is also given. “Perc”, “Symm” and “Basic” below refer to the
percentile, symmetric percentile and basic bootstrap CI, respectively.

M20 Data-generating: M33c
Heteroscedastic errors Fit: M22

n Est(Bias) Perc Symm Basic Est(Bias) Perc Symm Basic

α2 α2

100 0.34 ( 0.01) 94.3 ( 2.11) 94.8 ( 2.12) 94.8 ( 2.11) 0.00 ( 0.00) 96.2 (0.49) 95.6 (0.50) 93.6 (0.49)
200 0.34 ( 0.00) 94.2 ( 1.49) 94.4 ( 1.49) 94.5 ( 1.49) 0.00 ( 0.00) 95.3 (0.34) 95.1 (0.34) 93.7 (0.34)
500 0.34 ( 0.00) 94.2 ( 0.94) 94.5 ( 0.94) 94.5 ( 0.94) 0.00 ( 0.00) 95.2 (0.21) 95.0 (0.21) 94.4 (0.21)
5000 0.34 ( 0.00) 94.5 ( 0.30) 94.6 ( 0.30) 94.5 ( 0.30) 0.00 ( 0.00) 95.0 (0.07) 95.1 (0.07) 94.9 (0.07)

β1 β1,−
100 10.48 ( 0.48) 95.1 (15.24) 96.6 (15.72) 95.0 (15.24) -6.20 (-0.06) 96.3 (2.52) 96.0 (2.58) 92.2 (2.52)
200 10.23 ( 0.23) 95.2 ( 9.64) 97.5 ( 9.73) 97.0 ( 9.64) -6.21 (-0.06) 95.5 (1.76) 95.3 (1.79) 92.9 (1.76)
500 10.06 ( 0.06) 95.3 ( 5.56) 96.2 ( 5.61) 95.7 ( 5.56) -6.18 (-0.04) 94.8 (1.08) 95.0 (1.10) 93.7 (1.08)
5000 10.00 ( 0.00) 94.7 ( 1.67) 95.1 ( 1.68) 95.1 ( 1.67) -6.15 ( 0.00) 95.4 (0.34) 95.6 (0.34) 95.1 (0.34)

β1,+
6.20 (0.05) 96.7 (2.54) 96.4 (2.61) 92.0 (2.54)
6.21 (0.06) 95.6 (1.75) 95.5 (1.78) 93.4 (1.75)
6.18 (0.04) 95.3 (1.09) 95.5 (1.11) 94.3 (1.09)
6.15 (0.00) 95.3 (0.34) 95.3 (0.35) 94.9 (0.34)

β2 β2,−
100 1.24 ( 0.24) 94.7 ( 4.97) 95.9 ( 5.01) 89.4 ( 4.97) -3.85 (-0.05) 96.9 (1.97) 96.8 (2.16) 82.3 (1.97)
200 1.10 ( 0.10) 95.0 ( 3.15) 96.0 ( 3.17) 93.8 ( 3.15) -3.83 (-0.03) 96.8 (1.38) 96.6 (1.49) 83.4 (1.38)
500 1.03 ( 0.03) 94.9 ( 1.86) 95.7 ( 1.87) 94.7 ( 1.86) -3.82 (-0.02) 96.0 (0.87) 95.3 (0.94) 83.0 (0.87)
5000 1.00 ( 0.00) 95.0 ( 0.56) 95.3 ( 0.56) 95.2 ( 0.56) -3.80 ( 0.00) 95.5 (0.30) 94.8 (0.31) 86.4 (0.30)

β2,+
-3.85 (-0.05) 96.9 (1.98) 97.0 (2.18) 82.4 (1.98)
-3.84 (-0.04) 97.2 (1.37) 96.7 (1.49) 83.1 (1.37)
-3.82 (-0.02) 95.9 (0.87) 95.3 (0.94) 82.6 (0.87)
-3.80 ( 0.00) 95.6 (0.30) 94.9 (0.31) 87.2 (0.30)

e e
100 5.00 ( 0.00) 94.8 ( 1.23) 96.7 ( 1.29) 91.6 ( 1.23) 0.00 ( 0.00) 95.8 (0.82) 96.2 (0.95) 73.9 (0.82)
200 4.99 (-0.01) 94.9 ( 0.71) 97.5 ( 0.77) 94.7 ( 0.71) 0.00 ( 0.00) 96.2 (0.58) 96.0 (0.66) 75.8 (0.58)
500 5.00 ( 0.00) 94.9 ( 0.40) 96.8 ( 0.41) 95.1 ( 0.40) 0.00 ( 0.00) 95.6 (0.38) 94.8 (0.43) 76.3 (0.38)
5000 5.00 ( 0.00) 94.9 ( 0.11) 95.7 ( 0.11) 95.4 ( 0.11) 0.00 ( 0.00) 94.9 (0.13) 94.7 (0.14) 83.6 (0.13)
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Chapter 4

APPLICATION TO LIDAR DATA

In this chapter, we apply two-phase regression models to the LIDAR data using our fast grid

search algorithm and demonstrate their practical utility. Light detection and ranging (LIDAR)

is a remote sensing tool that measures the range (or distance) between the source and a target

by measuring the return time of a laser pulse emitted from the source. Air pollution monitoring

is one of the most popular applications of LIDAR (e.g., Sigrist, 1994; Ragnarson, 1994). Using

the LIDAR technique, Holst et al. (1996) measured the concentration of atmospheric mercury in

the plume from the geothermal power plant in Italy. The LIDAR data we analyze here consist of

221 observations from their LIDAR experiment. The range (in meters), which is defined above, is

the covariate of interest. The outcome is the logarithm of the ratio of reflected laser pulses from

two laser sources: one on the resonance frequency of mercury and the other off resonance. Other

adjustment variables are not considered since the data only contain these two variables.

Figure 4.1 shows the association between the log ratio and range. Due to a marked nonlinear

relationship observed between the two, the LIDAR data have appeared in the literature regarding

polynomial regression models and smoothing splines (Ruppert, 1997; Ruppert et al., 2003; Wake-

field, 2013). The data also suggest existence of a threshold around the range of 550 m, after which

the association between the log ratio and range appears to be strongly negative. Thus two-phase

regression models are well-suited to describing this nonlinear relationship present in the LIDAR

data. We specifically explore the following six models: M01, M02, M03, M11, M12 and M13. The

first three models are chosen because Figure 4.1 shows no sign of association before the threshold.

Moreover, higher-order polynomials, such as quadratic and cubic, are considered for the associa-

tion after the threshold because of the observed nonlinearity. The last three models are chosen

to explicitly test the association before the threshold. We use the percentile bootstrap confidence

interval (CI) for inference, which showed the best performance in our simulation study.

The parameter estimates and the corresponding percentile bootstrap CIs from the six fitted
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Figure 4.1: The LIDAR data. Left panel : Fitted curves from M01, M02 and M03. Right panel :
Fitted curves from M11, M12 and M13.

models are summarized in Table 4.1 and the model fits are illustrated in Figure 4.1. As expected

from Figure 4.1, we find no evidence of an association between the log ratio and range before the

threshold. The 95% percentile bootstrap CIs for the range slope in M11, M12 and M13 contain

zero, indicating a non-significant linear association before the threshold. The results also suggest

a quadratic relationship between the log ratio and range after the threshold, as the 95% percentile

bootstrap CI for (range−e)2+ in M02 does not contain zero. However, the 95% percentile bootstrap

CI for (range− e)3+ in M03 does contain zero, which in turn implies that a cubic relationship after

the threshold is not well established.

In conclusion, our analyses suggest that M02 best describes the nonlinear relationship between

the log ratio and range apparent in the LIDAR data. The threshold is estimated to be 550 m

with the 95% percentile bootstrap CI of 544 - 558 m. As a final note, it should be mentioned

that we rely on the significance of individual coefficients in comparing the models instead of formal

model selection procedures (which need further study). Still, it offers a meaningful insight on the

important features of the data as an exploratory analysis.
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Table 4.1: Estimation results from the six two-phase regression models for the LIDAR data.
The estimated coefficients of the variables, estimated threshold and corresponding 95% percentile
bootstrap confidence intervals (in parentheses) are presented. All coefficient estimates and their
confidence intervals are multiplied by 103 for readability.

M01 M02 M03 M11 M12 M13

intercept -51.6 -52.7 -56.2 -36.0 -4.4 22.6
(-58.9, -45.4) (-60.7, -46.9) (-62.9, -49.6) (-106.7, 31.8) (-85.9, 69.8) (-53.2, 80.5)

range -0.035 -0.11 -0.17
(-0.189, 0.123) (-0.27, 0.08) (-0.30, 0.005)

(range-e)+ -4.0 -8.9 -13.0 -4.0 -9.0 -13.0
(-4.4, -3.7) (-10.5, -7.6) (-16.0, -8.9) (-4.4, -3.6) (-10.3, -7.5) (-15.6, -9.3)

(range-e)2+ 0.030 0.099 0.032 0.103
(0.022, 0.043) (0.029, 0.153) (0.021, 0.043) (0.033, 0.155)

(range-e)3+ -0.0003 -0.0003
(-0.0005, 0.00002) (-0.0005, -0.00001)

e 522 550 559 523 553 561
(514, 531) (544, 558) (549, 564) (513, 531) (546, 559) (550, 565)
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Chapter 5

DISCUSSION

In this thesis, we developed a fast grid search algorithm for estimating parameters of higher-

order two-phase regression models. The key idea of our algorithm is to reduce the search time for

the threshold value giving the maximum likelihood, based on the recursive formulas sequentially

updating the likelihood for each threshold value. This avoids computing the likelihood from scratch

each time and thus ease the computational burden. The algorithms for the two-phase regression

models presented in Figure 1.1 have been implemented in the R package “chngpt” (Fong et al.,

2017a).

Our simulation studies showed that the proposed fast grid algorithm to find the MLE performed

satisfactorily, and that the shape (i.e., parameter values) of the model affects the bias and precision

of the estimators. Moreover, estimates and bootstrap-based confidence intervals were robust to

either misspecified mean or variance models. We concluded with the application of our estimation

method to the LIDAR data, which illustrated how the two-phase regression model could be used

to describe a nonlinear relationship.

One limitation of our work is that in the grid search, we selected the observed values of the

covariate of interest as candidate values for the threshold. We cannot exclude the possibility that

the threshold value maximizing the likelihood lies between the observed values or beyond the range

of the grid. Though, with increasing sample sizes, the grid becomes denser and this usually provides

a good balance between computational complexity and statistical performance. Highly accurate

solutions can also be obtained using much denser grids than the observed values.

Our work can be extended in several directions. We only focused on two-phase regression

models with an identity link function, but other link functions can be considered as well (e.g., two-

phase logistic regression models with a logit link function for binary data and two-phase Poisson

regression models with a log link for count data). Estimation methods for such models can be

developed in future studies to accommodate non-normal data in a generalized linear model (GLM)
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framework (McCullagh and Nelder, 1989). Previously, Elder and Fong (2019) discussed that the

fast grid search algorithm is only available for two-phase regression models with an identity link and

thus estimation for other link functions should be done in a different way. They used the smooth

approximation (Fong et al., 2017b) to estimate the parameters and relied on asymptotic theory

to construct confidence intervals. A similar approach can be employed to higher-order two-phase

GLMs or a novel grid search method can be developed in future work for practical use.

Also, a further extension can be made by allowing random effects. If some of the parameters in

the two-phase regression model are considered random and we are interested in the variability of

those random effects as well as fixed effects, two-phase GLMMs (generalized linear mixed models;

e.g., McCulloch (2001)) will be appropriate for describing both effects. A vast amount of future

work is necessary to develop methods for estimating the two-phase GLMM, because the presence

of variance components complicates the problem.

Finally, this thesis has dealt with the estimation of higher-order two-phase regression models,

but not much attention has been paid to inference or hypothesis testing. We tested individual

parameters based on the bootstrap confidence interval in Chapter 4, which was sufficient for illus-

tration purposes. However, a more formal approach to model testing and selection (e.g., likelihood

ratio test) should be introduced and implemented in future studies, in order to guide practitioners

in choosing the best model.
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