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Department of Chemistry

As atomic and nanoscale materials continue to advance and reveal novel physical properties,
the development of reliable and precise characterization techniques has become increasingly
crucial. Motivated by recent experimental advances in electron energy loss spectroscopy
(EELS) performed inside electron microscopes, this dissertation presents a general theoreti-
cal framework to describe the momentum-resolved inelastic electron scattering of wide-field
electrons from two-dimensional materials, spanning from atomic crystals to nanophotonic
arrays. The formalism incorporates fully-retarded electromagnetic interactions, which are
required to accurately model nanophotonic material responses. By accounting for the en-
ergy—momentum dependence of the probing electron’s polarization and relativistic kinemat-
ics, the theory establishes selection rules for scattering processes within and beyond the first
Brillouin zone, reveals optically dark transitions outside the light cone, and illustrates the
roles of electron velocity and scattering geometry. Building on this theory and recent ad-
vances in structuring the transverse phase of electron beams, pinwheel free electron states
carrying well-defined pseudoangular momentum (PAM) are also introduced. These beams
enable direct detection of chiral phonons, a long-standing challenge for conventional char-
acterization techniques. Taken together, this work establishes a pathway for tailoring the
polarization and symmetry of free electron probes to selectively couple to targeted material

excitations, enabling precise investigation of emergent material properties.
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GLOSSARY

2D:  Two-dimensional

EELS: Electron energy loss spectroscopy

TEM: Transmission electron microscope

STEM: Scanning transmission electron microscope

OAM: Orbital angular momentum

PAM: Psuedoangular momentum

¢-EELS: Momentum-resolved electron energy loss spectroscopy

HREELS: High resolution electron energy loss spectroscopy

LSP: Localized surface plasmon

LPP: Lattice plasmon polariton

NN: Nearest-neighbor

NN: Next-nearest-neighbor
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Chapter 1
INTRODUCTION

1.1 Background and Motivation

Over the last few decades, periodic materials — such as atomic crystalline solids, photonic
crystals, and engineered metamaterials — have garnered significant attention owing to their
unique quantum [2, 8, 9], optical [7, 10-13], electronic [14-17], magnetic [18, 19], and thermal
[5, 20] properties. These materials have becomes both platforms for studying fundamen-
tal physical phenomena as well as for developing advanced technologies in optoelectronics
[15, 21-23], sensing [24], communications [25], and quantum information [26]. Unlike amor-
phous materials, periodic materials are characterized by structures and physical properties
that repeat in space according to well-defined lattice vectors. This direct space periodicity
naturally leads to a complementary description in reciprocal, or momentum, space, where
the physical properties of the material can be reduced to those of a single fundamental
region known as the Brillouin zone. The connection between direct and reciprocal space
is formalized by Bloch’s theorem, which provides the theoretical basis for describing waves
and particles in periodic media in terms of crystal momentum [27]. In momentum space,
the eigenfrequencies of a periodic material organize into continuous bands as a function
of crystal Bloch momentum, giving rise to the band structure, which serves as a central
framework for understanding and predicting properties of periodic materials.

This dissertation focuses on two representative classes of periodic materials: atomic crys-
tals and plasmonic lattices, which in the low energy regime, support phonons and lattice
plasmon polaritons (LPPs), respectively. Phonons, arising from the collective oscillations of
atoms in a crystal lattice about their equilibrium positions, typically have excitation energies
in the mid- to far-infrared part of the electromagnetic spectrum. In contrast, LPPs exhibit
excitation energies spanning the visible to near-infrared range and originate from the elec-

tromagnetic coupling between localized surface plasmons (LSPs) of individual nanoparticles
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and the photonic modes supported by the underlying lattice structure [28]. LSP resonances,
emerging from the collective oscillation of conduction band electrons, strongly depend on
the material composition and nanoparticle size and morphology, while the photonic lattice
modes are completely dictated by the lattice geometry.

As demonstrated in Figure 1.1, plasmonic lattices with the same underlying symmetries
as naturally occurring two-dimensional (2D) atomic crystals can be nanoengineered using
techniques such as electron-beam lithography [29]. Both 2D materials displayed in Figure
1.1 are manifestations of the honeycomb lattice, which is a non-Bravais lattice of hexagonal
symmetry with two sites per unit cell. The unit cell of graphene contains two carbon
atoms, while the plasmonic lattice unit cell is composed of two plasmonic nanoparticles.
Despite sharing the same symmetry, these periodic materials span disparate spatial and
momentum scales in addition to excitation energies. Typically, the characteristic length
scale represented by the magnitude of the lattice vector a is on the Angstrom scale for atomic
crystals, while lattice constants for diffractively coupled plasmon lattices are hundreds of
nanometers. These lattice constants lead to Brillouin zones on the order of 10 nm~! and 10
pm~! for atomic crystals and plasmonic lattices, respectively.

Despite the disparate spatial, momentum, and energy scales spanned by atomic crystals
and plasmonic arrays, characterization techniques employing low-energy electrons, such as
high-resolution electron energy-loss spectroscopy (HREELS) and EELS performed inside
a scanning transmission electron microscope (STEM), are among the most powerful tech-
niques for studying the material proprieties of these systems. Depending on the instrument
and experimental parameters, these characterization techniques are capable of achieving a
combination of high spatial, energy, polarization, linear momentum, orbital angular mo-
mentum (OAM), and psuedoangular momentum (PAM) resolution. Electron probes, owing
to their distinct and tunable polarization properties, can also excite dark modes that are
inaccessible to optical-based techniques. Furthermore, electrons, unlike photons, are not
limited by the optical light cone, enabling access to momentum content that lies well be-
yond the first Brillouin zone. Although this dissertation primarily focuses on HREELS and
momentum-resolved EELS (¢-EELS) in a STEM or wide-field ¢-EELS in a TEM, other char-

acterization techniques utilizing low-energy electrons, such as low energy electron diffraction
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phonons in lattice plasmon polaritons
2D atomic crystals in 2D plasmonic arrays

Increasing a

Figure 1.1: Graphene and a nanoengineered 2D honeycomb plasmonic lattice with lattice

constant a.

(LEED) [30] and scanning tunneling microscopy (STM) [31, 32], have played a crucial role
in elucidating a range of material properties.

Over the last decade, advances in aberration correction and monochromation inside
a STEM have enabled the identification of single atomic defects [33, 34] as well as the
mapping of individual vibrational modes [35-38] in atomic crystals. Although STEM-EELS
offers atomic-scale spatial resolution, its reliance on momentum space integration limits
its use as a probe for reciprocal space excitations. However, ¢-EELS performed inside a
STEM or TEM overcomes this challenge by increasing the incident beam width, which
at the expense of sacrificing spatial resolution, provides momentum resolution. The high
momentum and energy resolution ¢-EELS has demonstrated the ability to characterize the
dispersive responses of 2D materials [14, 38, 39, 39, 40]. Similarly, HREELS [41-50], adapted
from its original role in surface science, has enabled the extraction of detailed excitation
information in 2D materials with high energy and momentum resolution.

Like 2D atomic crystals, 2D plasmonic lattices have recently received significant at-
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tention, owing to their unique ability, among other things, to support tunable nanolasers
[10-13], bound states in the continuum (BICs) [51-57], and exciton polaritons [58-63].
Investigating these phenomena is often challenging, however, as measurements require si-
multaneously high momentum, energy, and polarization resolution. While optical-based
techniques are routinely and successfully employed to characterize these materials, they
are fundamentally limited by photon polarization and by their inability to access momenta
outside the of the light cone boundary. The use of ¢-EELS, which can overcome these
challenges, has been limited to the study of photonic density of states in the vicinity of
plasmonic thin film architectures [64] and crystal defects [65]. For studying LSPs in indi-
vidual nanoparticles, STEM-EELS, with its high spatial and energy resolution, has played
a crucial role [66-69]. Building on this success and motivated by the demonstrated ca-
pabilities of ¢-EELS and HREELS applied to atomic crystals, our recent theoretical work
[3] highlights the strong potential of EELS for probing momentum-resolved excitations in
plasmonic lattices.

In parallel, substantial progress has been made in shaping the transverse phase pro-
file and OAM of free electrons using phase plates [70], holographic masks [71, 72], and
shaped laser pulses [73]. These advances have enabled the pre- and post-selection of trans-
verse electron phase profiles in low-loss inelastic electron scattering [74-80]. Beyond local-
ized nanoscopic targets, this body of work presents the opportunity to probe momentum-
resolved OAM excitations in periodic materials. Separately, our recent theoretical work
introduces incident electron pinwheel states with well-defined PAM, the analog of OAM in
periodic systems [2]. PAM-resolved probes offer the ability to distinguish the PAM of chiral
phonons, which has remained an outstanding challenge using conventional characterization

techniques.

1.2 Outline of Dissertation

This dissertation is organized into individual chapters. Chapter 2 outlines theoretical back-
ground relevant to the publications presented in Chapters 3—5. The theory chapter begins
with Section 2.1, which provides an overview of a theoretical model to obtain the induced

phonon dipole moments of 2D atomic crystals, which can readily be generalized for three-
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dimensional (3D) crystals. As outlined in Section 2.1.1, the first step is to construct and
diagonalize the dynamical matrix to obtain the phonon eigenmodes and associated eigenfre-
quencies. While the force constants of the dynamical matrix in atomic crystals are typically
obtained using density functional perturbation theory (DFPT), Section 2.1.2 considers two
toy models including interactions up to nearest-neighbor (NN) and next-nearest-neighbor
(NNN). Despite their simplicity, these models provide valuable qualitative insight into the
phonon band structure and its dependence on the coupling parameters. Finally, Section
2.1.3 discusses how to compute the induced phonon dipole moments in reciprocal space
for an arbitrary forcing electric field from the underlying eigenmodes and associated eigen-
frequencies. Separately, Section 2.2 provides an overview of how to compute the induced
dipole moments of LPP systems using the method of coupled electric dipoles.

Section 2.3 reviews an analytical derivation of the electric field inducing the dipoles in
Sections 2.1.3 and 2.2. Specifically, this section considers the wide-field transition electric
field associated with a probing electron transitioning between incoming and outgoing plane
wave states. This section also includes plots illustrating the dependence of the polariza-
tion content of the transition electric field on parameters such as scattering geometry and
electron speed. Section 2.3.1 reviews a derivation of the quasistatic transition electric field
applicable to atomic crystals, for which electromagnetic retardation effects are negligible.
Finally, Section 2.4 provides a derivation of the wide-field EEL observable known as the
the double-differential cross section (DDCS), which is a general expression applicable to
study phonons in atomic crystals and LPPs in plasmonic lattices in both reflection and
transmission scattering geometries.

Before discussing crystal excitations in the electron microscope, Chapter 3 presents a
specific photothermal application of plasmonic lattices. In this work [5], we theoretically
demonstrate the ability to create LPP thermal gradients spanning from the nanoscale to
hundreds of microns. Despite thermal diffusion, these steady-state temperature distribu-
tions are actively controllable using the frequency and angle of incidence of light. In ad-
dition, we exploit the proprieties of topologically non-trivial LPP dimer lattices to create
lattice edge-localized thermal gradients. Taken together, this work introduces a new class

of photothermal materials with actively tunable properties.
12



Chapter 4 presents recent work [3], in which we introduce a general theoretical frame-
work for describing momentum-resolved EELS from 2D materials, spanning from atomic
crystals to plasmonic arrays. While well established as a probe for atomic crystals, 2D plas-
monic arrays present a distinctly new physical regime where incorporating electromagnetic
retardation effects is indispensable. This fully-retarded theory elucidates selection rules for
scattering processes within and beyond the first Brillouin zone, highlights the ability of
g-EELS to excite optically dark transitions, and reveals how the polarization content of the
probing electron varies with electron velocity and scattering geometry. By comparing in-
frared phonon excitations in graphene to optical-frequency LPP excitations in a plasmonic
lattice, we demonstrate the general utility of wide-field EELS for probing excitations in
2D materials, while underscoring the ability to tailor its polarization content to selectively
excite material modes of interest.

Building on this work, Chapter 5 introduces pinwheel free electron states with well-
defined PAM capable of chiral phonon discrimination [2]. While chiral phonons with well-
defined PAM underpin a variety of applications, their universal and direct detection has
remained a challenge, as it requires a probe with simultaneously high linear momentum,
PAM, energy, and spatial resolution. As we theoretically demonstrate, electron pinwheel
states overcome the limitations of optical-based techniques, whose spatial and linear mo-
mentum resolution are fundamentally limited by the wavelength of the probing photons.
This work paves the way for generating field vortices with engineered polarization textures

designed to selectively couple to chiral material excitations of different symmetries.
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Chapter 2
THEORETICAL BACKGROUND

2.1 2D Atomic Crystal Phonon Model

This section provides an overview of a theoretical model to obtain the induced phonon
dipole moments of 2D atomic crystals. The first step is to construct and diagonalize the

dynamical matrix, yielding a set of phonon eigenmodes and associated eigenfrequencies.

2.1.1 Dynamical Matriz

For a 2D atomic crystal comprised of N unit cells each containing s atomic sites, the
positions of the unit cell centers are those of the corresponding Bravais lattice x, = nia; +
noag, where a; with [ = 1,2 denotes the primitive lattice vectors, and n = (nj,ns) specifies
each unit cell relative to an arbitrarily selected origin. The equilibrium positions of the
atoms are given by X, = Xp + r'x,where r, indicates the position of the kth atom within
the unit cell with x € {1, ..., s}. In Figure 2.1, an example of a honeycomb lattice in direct
space with the n = (0,0) unit cell, a;, and r, labeled is shown. For a given atom, the
instantaneous displacement vector away from equilibrium is given by un,. Therefore, we
can express the instantaneous positions of the atoms as Ryx = Xnx + Unkx. Under the
harmonic approximation, the potential energy of the lattice can be expressed as [81, 82]
VO = 23S e Bt Ui (2.1)
ns n’x’/
where the 3 x 3 force constant matrix @y, has elements @Zmn, = 0*®/ (9ufm€8ufl, v With
i,j = x,y,2. In general, these coupling parameters are obtained from density functional
perturbation theory (DFPT) as implemented in software packages such as VASP [83, 84] or
Quantum Espresso [85, 86] or extracted from empirical data [87, 88]. The kinetic energy of

the crystal is given by

P
— 2M,
14

T= (2.2)



where ppx is the atomic momentum and M, is the mass of the xth atom. The crystal

dynamics can be described by a system of 3s/N coupled equations

My, = — z (i’nn;n’n’ *Un/p!- (23)
/ .
/D
\
Ir ) i)
\ /
y /
—— \ O
L x .

Figure 2.1: Honeycomb lattice in direct space.

To move into reciprocal space, we can apply periodic boundary conditions and per-
form a mass-weighted spatial Fourier transform and assume periodic time dependence with

frequency w, allowing us to write

1
M.N

Unyg =

Z ﬁKﬁeiK~xn—iwt’ (24)
K

where K is the 2D Bloch vector. The reciprocal space equation of motion can then be

expressed as
W21~1K;§ = Z Dnn’(K) “ K4/ (25)
H//
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where D, (K) are 3 x 3 block matrices of the dynamical matrix D(K) given by

_ 1 = K. _
P 1) = g gy 2 B (2.6)

Note that the 3 x 3 block matrices of the dynamical matrix can alternatively be defined as

_ 1 _ .
B /(K) = — ¢ T IGIK'(X“,“/_XHF"), (27)
RK \/m ; nkN'K
where
f)nm/(K) — e—iK-rH/Bﬁﬂl(K)equ‘m (28)

when the mass-weighted spatial Fourier transform is defined as

1
M.N

Unyg =

Z ﬁKneiK-xnﬁfiwt. (29)
K

Although both conventions are equally valid, the Fourier transform of the forcing electric
field introduced in Section 2.3 must be defined consistently.

In general, D, (K) = F,s(K) + C,.(K), where F,,/(K) and C,, (K) represent co-
valent and ionic interactions between atomic sites k and k', respectively. Diagonalization
of D(K) produces a set of A = 3s vibrational phonon eigenmodes {£,} and associated
eigenfrequencies w?\, both of which depend implicitly on the Bloch vector K. Note that if
K = K’ + G, where G is a reciprocal lattice vector and K’ lies within the first BZ, then
D,...(K' + G) = D, (K’). In addition, D,,(K) = D, (K)* and DY ,(K) = D’ (K).

2.1.2 Dynamical Matriz Models

Before proceeding further, this section reviews two simple dynamical matrix models: the
nearest-neighbor (NN) and next-nearest-neighbor (NNN) models. Although these toy mod-
els are quite simple, they provide valuable qualitative insight into the phonon band structure
and its dependence on the coupling parameters. As two examples that directly connect to
2D materials of interest, we investigate the honeycomb and Kagome lattices, which are non-
Bravais lattices of hexagonal symmetry with 2 and 3 particles per unit cell, respectively. Ex-
amples of naturally occurring honeycomb atomic crystal lattices include graphene, silicine,
hBN, and MoSs, while AV3Sbs (A = K, Rb, Cs) and FeSn are examples of kagome atomic

crystals.
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To construct the phonon band structure along the perimeter of the irreducible Brillouin
zone, the eigenfrequencies at a given 2D Bloch vector K can be obtained by diagonalizing
Eq. (2.7). In this section, we specialize to a dynamical matrix truncated at either NN or

NNN interactions such that

_ 1 R “ e
BHR' (K) Ealaye————— E DNNXHR;H’/@’Xn/{;n’E’ eIK Xnn;n/m’
MMy L /RN

(2.10)

+ E DNNNXHR;H’R’XnH;n/H/ GZK'Xnn;n’m’ :
neNNN

where Dy and Dy are the associated force constants and Xy, .n/x/ = Xp/w —Xngk. For the
kagome lattice, NN interactions are further partitioned into intracellular and intercellular
represented by Dy and D?V N respectively. To satisfy the acoustic sum rule [82], @nﬁ;m =
— Yok o @, Therefore, the diagonal elements of the dynamical matrix (i.e., k = &)
are given by
Bu) =i T DvvKuwe Koot Y Dy K X
nk#n'k' ENN nk#n'x' ENNN

(2.11)

In Figure 2.2, the phonon band structures computed up to NN (blue) and NNN (red)
interactions are displayed for both a symmetry-unbroken (left) and symmetry-broken (right)
honeycomb lattice. The corresponding interactions for the x = 1 atomic site within the
central unit cell are shown in the direct space diagram along with the lattice vectors a; =
[a\/3/2,a/2] and ay = [a\/3/2, —a /2], where a is the corresponding lattice vector magnitude.
On the right, the Brillouin zone is depicted along with the three high symmetry reciprocal
space points: T' = [0,0], M = [27/(v/3a),0], and K = [27/(v/3a), 27/(3a)]. For honeycomb
lattices, the lattice constant is related to the bond length via a = v/3ag, where ag is the
atom-atom bond length.

For both the symmetry-unbroken and symmetry-broken honeycomb band structures dis-
played in Figure 2.2, Dyy = 1 and Dyyy = 0.01. Although the highest energy phonon
band appears nearly dispersionless, increasing Dy yy will increase the extent of its disper-
sion. As evident, there are ds = 4 in-plane phonon bands, where d = 2 and s = 2 are the
lattice dimensionality and number of sublattices, or sites per unit cell, respectively. The

number of acoustic bands (i.e., where w — 0 as ' — 0) is always equal to the dimensionality
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of the lattice, meaning there are d = 2 acoustic branches and two optical branches for a
2D honeycomb lattice. In models that include out-of-plane atomic displacements, there are
ds = 6 phonon bands, three of which are acoustic.

The symmetry of the honeycomb lattice is broken by modifying the mass of one atomic
site relative to the other. In the band structures shown in Figure 2.2, M; = M> in the
symmetry-unbroken lattice, whereas M; = 0.5M5 in the symmetry-broken case. When the
symmetry of the lattice is broken leading to a symmetry reduction from Cg to Cs, the
degeneracy of the Dirac phonon mode at the K point is lifted. The topological and chiral
features of this mode have been extensively explored in graphene and hBN in recent years
[2, 9, 44]. Another important observation is the existence of a zero-energy floppy band in
the underconstrained strictly NN model. It is well-known that this band is lifted to finite
frequency when NNN interactions are included [89, 90].

In Figure 2.3, the phonon band structures computed up to NN (blue) and NNN (red)
are displayed for both a symmetry-unbroken (left) and symmetry-broken (right) kagome
lattice. The corresponding interactions for the x = 1 atomic site within the central unit
cell are shown in the direct space diagram along with the lattice vectors a; = [a,0] and
as = [a/2,v/3a/2], where a is the corresponding lattice vector magnitude. The solid
(dashed) blue lines represent intracellular (intercellular) interactions. Similar to honey-
comb lattices, the kagome lattice possesses hexagonal symmetry, resulting in the same BZ
and three high symmetry reciprocal space points: T' = [0,0], M = [27/(v/3a),0], and
K = [27/(v/3a),27/(3a)]. For kagome lattices, however, the lattice constant is related to
the bond length via a = 2ag, where ag is the atom-atom bond length.

As evident in Figure 2.3, there are ds = 6 in-plane phonon bands, where d =2 and s = 3
for the kagome lattice. The symmetry of the honeycomb lattice is broken by modifying the
the intracellular NN force constant Dy relative to the intercellular D?V ~- In the specific
kagome lattices shown in Figure 2.2, Dyy = Dy in the symmetry-unbroken lattice,
whereas Dyy = 1.2D§VN in the symmetry-broken case. For both lattices, Dyyy = 0.01
and M; = My = M3 = 1. Like the Honeycomb lattice, the degeneracy of the Dirac phonon
mode at the K point is lifted when the symmetry of the kagome lattice is broken (i.e., when

Dyn # DY) The floppy mode along the I' — M direction in the NN model is also resolved
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(right) honeycomb NN and NNN dynamical matrix models.
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when NNN interactions are included.
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Figure 2.3: Phonon band structure for symmetry-unbroken (left) and symmetry-broken

(right) kagome NN and NNN dynamical matrix models.

2.1.8 Induced Dipole Moments

Given phonon eigenmodes £, and associated eigenfrequencies w?\ obtained from diagonaliza-

tion the dynamical matrix, this section outlines how to compute the induced phonon dipole

moments for a 2D atomic crystal. To start, we add empirical damping and external forcing
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to Eq. (2.3), resulting in the following equation of motion [91]
M,{ﬁn,{ + M,{l‘lnlin =+ Z i’nmnln/ cUp/x/ = CZH . E(}i,nn’ (212)
n’k’
where 7 is an empirical damping constant, eZ, is the effective charge tensor of the xth atom,

and E9

Finw 18 the forcing electric field, here taken to be the vacuum transition electric field

associated with an electron transitiong between incoming and outgoing plane wave states,
which is formally derived in Sec. 2.3. As demonstrated in Ref. [3], this wide-field transition
electric field is characteristic of ¢-EELS and HREELS experiments.

As before, we perform a spatial Fourier transform with momentum conservation requiring

K=K +G= q), where G is a reciprocal lattice vector and K’ lies within the first BZ:
1 qu-xnfiwt
Une = > ug ke : (2.13)
qa
which leads to the following equation of motion for the Bloch wave amplitudes
_W2Mnuq”n — ZTIWMHUC]HH —|— Z eiq“.(xnlix“)énn;nlnl . uq”H/ = ezﬁ(q”) . E(])‘z,qui (214)
n’x’
After multiplying both sides by 1/4/M, and multiplying the second term by M,/ // M,

this becomes

) o 1 (X —3m) _1/2.m
fw2uqu,.€ — inwlqx + \/ﬁ Z PRETRCIESS )‘I’nn;n’m’ g = M 1/2€Z;~;(QH) . E?%,qum
n’k’
(2.15)
or
—wligyx — Nwiqus + Y Dy (@) - gy = My 2eZ(a)) - Ef; g (2.16)

K/l
where ﬁqH,.g = \/M,.guqu,{ are mass-weighted Bloch wave amplitudes.

The s versions of Eq. (2.16) can be organized into a single (3s x 3s) matrix equation

)’

[(-& — iwn)I + D(q”)] G, = QM ZEJ (2.17)

where the double bars over matrices denote that a matrix is (3s x 3s) rather than (3 x 3),
and vector quantities without a x index also belong to this higher-dimensional space. The

diagonal charge (:Q and mass M matrices are constructed as (:2 =>. iHHZRe and M =
21



Do imM,{, where f,m is a matrix of zeros except for a (3 x 3) identity matrix I in the xth
diagonal block.

By inverting Eq. (2.17), the induced dipole moment vector can be expressed as

= QM 21, (2.18)

(q||)] _1E91\|'

=Q*M! [(—w2 —iwn)L+ D
After inserting a resolution of the identity ), £1£, and using the eigen equation ]:)(qH )€y =
wi€,, we can write

Fx(q))

> 12
Payx = eZu(ay) - MY w3 — w(w + in)

A

Exn (2.19)

—~ —-1/2 ~ * —-1/2 — ~
where pqx = €Zy(q)) M / Ug e, Fr(a)) =22, &5 M 1% eZn(q)) ‘B g0 and eZi(qy)

is the g-dependent Born effective charge matrix with elements given by [39, 92-94]

Z’ﬁ7ij = ZIOII(SZ_] + Z:,Z'j’ (220)
where the second term is computed as
0P, A 9
ZF === d°K Q. (K 2.21
K,1) 8”,{7‘7 (27'(')2 /BZ Kﬂ«’/n,g( )7 ( )

which establishes a direct connection to the Chern number and topology [94]. In Eq. (2.21),
P; is the ith component of the macroscopic polarization and Qf,y,, (K) is the Berry cur-

vature.
2.2 Lattice Plasmon Polariton (LPP) Model

Within the coupled dipole approximation, the electromagnetic response of each particle is
characterized by the induced electric dipole ppx(w) = @x(w)Enk(w), where ay(w) is the
dipole polarizability tensor for sublattice k. As in the case of phonons (Section 2.1.3),
Xn denotes the center of the real space unit cell indexed by n; and ne, and ry is the
displacement of site k € {1,...,s} relative to the center of the unit cell such that x,, =
Xp + rkx. Most plasmonic noble metals including silver, gold, and copper are optically
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isotropic, so the anisotropy of a nanoparticle’s dipolar response is primarily determined
by its geometry. In the particle’s principal axes, the electric dipole polarizability tensor
is therefore diagonal. Spherical nanoparticles are isotropic, giving agq(w) = ayy(w) =
o, (w), where the polarizability can be written in terms of the dipolar Mie coefficient as
a = 6miay /k®. Anisotropic nanoparticles, such as disks, rods, and spheroids, likewise have
a diagonal polarizability tensor in their principal axes, but with unequal components.

The total electric field at Xp, is Enx(w), and is the sum of the incident E?  and re-

scattered fields from the other other dipoles in the system, i.e.,

i
d;l Pnx = E?m + (—47rw2) Z Go(Xnk, Xn/x/; W) - Pa/s/s (2.22)

n’x’
where the prime on the sum indicates the exclusion of the n’ = n term when s’ = k. The free
space Green’s dyadic is given by Go(x, x/,w) = (—1/47w?)[(w/c)2I+VV]e W/ /1x — x/|.
Considering Bloch wave excitations of the form @y, = Ok.eE*ne~™ with © € {d, Eo},
the coupled dipole equation of motion in Eq. 2.22 can be expressed in terms of the Bloch

wave coeflicients

/
~—1 K- 0 i K- § : ~ . K-
O pKnel n = EK}{/BZ *n + GO (xnm Xn'k's w) : pKn’eZ !

n’x’
/

= Eg{/{eiK.xn + Z GO (Xnm Xn’n) : pKﬁeiK.xn/ (2'23)

n/

+ Z Z GO (Xnm Xn’n’) * PKx/ eiK-xn/’

Kk'#Kk n’
which can be rewritten as

/
|:a':1_z GO (Xnm Xn’n)eiK.(xn/_xn):| PKs— Z Z GO (Xnm Xn’n’>eiK.(Xn, _xn)'pKFu’ = Eg{n'

n’ K'#k 1’

(2.24)
By defining the (3s x 1) vector px by vertically stacking the s (3 x 1) pky vectors, the

previous set of s coupled equations can be expressed as the single matrix equation
I (w)pk = Ex, (2.25)

where EY, is the (3s x 1) incident field vector, and the inverse of the (3s x 3s) LPP response
23



matrix is

d;l — SH(K,U)) —Slg(K, UJ) e —SlS(K, OJ)
- —So1(K,w ol — Sy (K,w :
! (w) = 21(_ ) 2~ Sn(iow) | . (2.26)
—Sa(K,w) a;l — S(K,w)

The lattice S,, and interaction S,.,, sum tensors, defined by

/
S'm (K7 w) = Z GO (xnm Xn'ks W)eiK.(x“/ ~Xn)
" (2.27)
S’W/ (K’ w) = Z C_"'O (Xnm Xn'k’; W)GiK.(x“,_xn)a

n/

account for intra- and inter-sublattice electromagnetic coupling, respectively. With these
definitions, it is clear that S, (K’ + G,w) = S, (K',w), for k = £’ and k # «/, for K’
within the first BZ and arbitrary reciprocal lattice vector G. As an important consequence
of this property, lE[K/+G(w) = My (w). The dispersive LPP quasinormal Bloch modes occur

at (K’,w) points where det [IEII_(} (w)] =0.
2.3 Wide-Field Transition Electric Field

In general, the transition current density associated with transitions between initial and
final free electron states is given by [95]
the

Jpi(x) = 5 Wi (x) Vi (x) = $i(x) V5 (x)] (2.28)

with J;(x,t) = Jpi(x)e &)t For a probing electron transitioning between incoming
Pi(x) = L™3/2e™ki* and outgoing 1;(x) = L™3/2¢%r* plane wave states, the transition
current density becomes [79, 80]

Jpi(x) = —(eh/2mL?)(2k; — q)e'd™, (2.29)

where q = k; — ky is the recoil wave vector and L is the box quantization length.
For a source represented by transition current density Js;(x), the corresponding vacuum

transition electric field is readily given by

E?i(x,w) = —47Tiw/dx/ Go(x,x,w) - (L/vi)d fi(x) (2.30)
24



with free space Green’s dyadic Go(x, X/, w) = (—1/4mw?)[(w/c)*T+VV]e!w/=x1/|x —x/|.
Therefore, using the transition current density given by Eq. (2.29), we can obtain an

analytical form for the wide-field transition electric field in direct space:

-1 w\2_ ei%|x_xl‘ L
0 _ . / hadt . (<!
Y (x,w) = 47rzw<47rw2>/dx [(C) I+vv} — (U)Jﬁ(x)

eih w\2= efeh=x1
S N AN | 2k, — dx' S giax
2mL2wvi[(C) +VV} [ ! q]/ * \x—x’\e
2imhe elax w\2 -
= —) I- - 2k; —
mu; L2w (2)2 P [ (c) qq} [ ! q]
C

_ 2miey; (w/c)’T—qq
 kiLw (w/c)? — g2

(2.31)

’ (2kz - q>eiq~x’

where k; = (y;muv;)/h and the Fourier transform of the scalar Green’s function is given by

. . ! y . . . . . .
[ dx’ e|;,_x‘ etiax — _ w247r . et For periodic crystal excitations, we can write the
1

transition electric at the site of each particle x,, as [3]

0o _ 2miey (w/e)*1 — qq
fins = 2w (w/e)? — 2

- (2k; — q)e'dXnn, (2.32)
In reciprocal space, the transition electric field becomes

1 .
0 —iK-xn 10
Efi,Kn:NE e E ink
nK

27/677’}/2 1 7K n (w/c)Qiiqq 'q- nk
B kiL%NZe T i )t (2.33)

nkKk
2ieny; (w/c)’I — qq —
T kilPw (w/o?—¢ (2hi = ) o,

or equivalently B
o _ 2Ziemy (w/e)’I - qq
Jiak kiL2w (w/c)? — ¢

When computing phonon induced dipole moments in Sec. 2.1.3, the discrete Fourier trans-

- (2k; — q)e'aTx, (2.34)

form employed in the first line of Eq. (2.33) must be consistent with that used to derive the
dynamical matrix. Eq. (2.33) is consistent with the dynamical matrix convention shown in
Eq. (2.6) rather than Eq. (2.7), which differ by a factor of ¢'dTx.

Having derived a formal expression for the vacuum transition electric field in reciprocal
space, we now turn to the relativistic kinematic relations required to evaluate it explicitly in

CGS units. In either the transmission or reflection geometry, the wave vector of the incident
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electron plane is given by k; = k;[sin 6; cos ¢, sin 0; sin ¢;, cos 6;], where k; = vy;mv;/h with
Lorentz factor ~; = [1— (v;/c)?]~'/2. In ¢-EELS experiments performed in the transmission
geometry, the wave vector of the incident electron is typically normal to the sample plane
(i.e., ; = 0°), while HREELS experiments performed in the reflection geometry are typically
conducted at near-grazing angles of incidence (i.e., 6; ~ 80°). The speed of the incident
electron also varies between experiments, ranging from v; = 0.01¢ in HREELS experiments
to v; > 0.3c in ¢-EELS.

For a given loss energy Ej;r, we can compute the Lorentz factor and wave vector magni-
tude of the outgoing plane wave state as v; = v; — Eif/(mc?), and ks = vpmuvy /h, respec-
tively, where v is computed from the Lorentz factor vf = [1 — (vs/c)?]~'/2. Finally, we can
construct the recoil wave vector q = k; — ks, where the components of k; are given above.
The in-plane components of q (i.e., ¢, and g,), are independent variables corresponding to

excitation of the target at specific in-plane Bloch vector K. The only remaining variable to

compute is kg, = i\/ k:]% — k]% — k]% »» Where the sign of ky . is determined by the scattering
geometry. Once q is constructed, the Fourier coefficient of the transition electric field given
by Eq. (2.34) can readily be computed.

To illustrate the selection rules at play in ¢-EELS and HREELS experiments, the compo-
nents of the reciprocal-space vacuum transition electric field given by Eq. (2.34) computed
across the first few Brillouin zones of graphene and a honeycomb plasmonic array are plot-
ted in Figure 2.4. Since the Brillouin zones of the two materials span markedly different
characteristic momentum scales, the polarization content of the probing transition electric
field differs. Figures 2.4a,c display the normalized magnitude of the in-plane Eoi - x (red)
and out-of-plane E(}i -z (blue) components of the electron’s vacuum transition field at a loss
energy of E;y = 100 meV versus q) along I'g — M; for graphene in transmission and reflec-
tion geometries. Solid and dotted lines represent the field components in the fully-retarded
and quasistatic regimes, respectively. Except in the immediate vicinity of 'y, the transition
electric field is predominantly in-plane polarized in Figure 2.4a. As evident in the inset,
excitation via free space light is strongly limited in the IR by the light cone boundary. In
contrast to transmission, the transition electric field in the reflection geometry evolves from

being predominantly out-of-plane polarized in the first Brillouin zone to mostly in-plane
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polarized in the second Brillouin zone, as shown in Fig. 2.4b. Figures 2.4a,b also show that
the fully-retarded transition electric field reduces to the quasistatic limit, as electromagnetic
retardation effects are negligible for atomic crystals.

Sharing the same hexagonal lattice structure as graphene but with a lattice constant
of a = v/3ag where ay = 460 nm, Figure 2.4c,d show the normalized components of the
electron’s vacuum transition field at a loss energy of E;y = 3 eV versus q) along I'g — My
for a honeycomb plasmonic lattice in transmission and reflection geometries. Because the
Brillouin zone of the honeycomb plasmonic lattice is orders of magnitude smaller than that
of graphene, the polarization content of the transition electric field corresponds to that in
the immediate vicinity of I'g in Figure 2.4a,b. As a result, the transition electric field in the
first Brillouin zone is predominantly out-of-plane polarized in the transmission geometry,
the exact opposite of free space propagating light. In Figure 2.4c, it is evident that the
electron probe, unlike free space light which is limited by the light cone boundary, can
access momentum content lying well-beyond the first Brillouin zone. In addition, Figure
2.4c¢ highlights the need to incorporate electromagnetic retardation effects when modeling
the inelastic scattering of wide-field electron beams from plasmonic lattices, unlike in atomic
crystals. In the reflection geometry, the transition electric field is entirely out-of-plane

polarized from 'y — My, as shown in Figure 2.4d.

27



Graphene Honeycomb plasmonic array

a) 6r (deg.) c) 0r (urad)
00 05 10 15 20 25 30 0 2 4 8
s 1.0 1.0 1.0 T ,'6 1.0
1O —L] === retarded el
B 0.8 W « -+ quasistatic [ 0-8 08 g B =x < B T 08
g @Q06)05 S = = optical 062 Qo6imgG=z 7 KO'G o
® T 04{ool"" 04> y 04 L e ' 04 ™
c 0.2] 0-000 0.001 02 02 S 0o
© . B : ¢'.: """ .
I: 0.0 o M B! M, 0.0 0.040° Mo [ M) r, M, 0.0
0 5 10 15 20 25 30 35 40 0 5 10 15 20
K-% (nm™) K-x (um™)
b) 0 20 40 M;o(degéé 100 120 d) A6r (urad)

1.0 1.0 1.0% 200 400 6019
g 0.8 0.8 0.8 0.8
B Qo6 062 @Q@oe 06
2 T 04 04 2 04 04 T

0.2 0.2 0.2 0.2
e 0.0 Mo I M, 0.0 0.0 o Mo M M, M M, 0.0

"0 5 10 15 20 25 30 35 40 ' o 5 10 15 20 :

K-x (hm™) K-x (um’™)

Figure 2.4: Components of the reciprocal space vacuum transition electric field computed
across the Brillouin zones of graphene and a honeycomb plasmonic array. (a) and (b)
show the normalized magnitude of the in-plane EY, - X (red) and out-of-plane EY, - z (blue)
components of the electron’s vacuum transition field at a loss energy of E;; = 100 meV
versus q| along I'p — M; for graphene in transmission (a) and reflection (b) geometries.
(c) and (d) show the normalized components of the electron’s vacuum transition field at a
loss energy of E;y = 3 eV versus q| along I'g — M3 for a honeycomb plasmonic lattice with
a = 460v/3 nm in transmission (c) and reflection (d) geometries. Solid and dotted lines
represent the field components in the fully-retarded and quasistatic regimes, respectively,
while the dashed lines indicate the components of free space plane wave light EY = Egé(k).
In panels (a) and (c), §; = 0°, and 6; = 80° and 6; = 45° in panels (b) and (d). Both panels
(b) and (d) were computed with v; = 0.01¢, while v; = 0.3 and v; = 0.7¢ in panels (a) and

(d).

In Figure 2.5, the polarization content of the electron’s vacuum transition field at differ-

ent electron speeds v; computed from I'g — My for a honeycomb plasmonic array with the
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same dimensions as Figure 2.4 is shown. The loss energy and wave vector of the incident
electron are fixed at E;; = 3 eV and 0; = 0°, respectively. As evident in Figure 2.5, the po-
larization content of the transition electric field is strongly dependent on the electron speed.
The electron speed, like the scattering geometry, is a tunable experimental parameter that

allows selective coupling to material modes of interest.

=+ 0.01¢c
0.3c
0.5¢
0.7¢c
0.9¢c

Figure 2.5: Dispersion of the electron’s vacuum transition field at different electron speeds
v; computed from I'yg — My for a honeycomb plasmonic array. The normalized magnitude
of the in-plane E?i - X (solid) and out-of-plane E(}i -z (dotted) components are plotted as a
function of q- % at loss energy E;; = 3 eV in the transmission geometry. The incident wave

vector is fixed at #; = 0°, and the M point is defined with a = 460v/3 nm.

2.8.1 Quasistatic Transition Electric Field

As mentioned above, electromagnetic retardation effects are negligible for atomic crystals,
like graphene. Therefore, the inelastic electron scattering from atomic crystals can be
treated in the quasistatic limit. This section reviews how to compute the quasistatic analog
of the transition electric field given by Eq. (2.34), which can also be obtained from Eq.

(2.34) in the limit ¢ — oco. In the quasistatic limit, the transition electric field is obtained
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from the transition charge density pf;(x) = —e ¢}(x) 1;(x) by way of the scalar potential.

The scalar potential in reciprocal space is given by
¢ (K,w) = (L/Ui)/dxe_iK'x/ dx'Go(x,x")pyi(x', w)
= (L/vi)/dxeiK'x/ dx,]x—lx’]pfi(X/’w)
= (L/vi)/ dX’[/dxe_iK'ﬂx_1x/|]pfz'(X’7W> (2.35)

ﬂ_e—iK-x/
= (L/v) / dx’' [4]{;2] pfi(xlv w)

_Ar L
_]{521)7;

pr(K7 CU),

where Go(x,x’) = rlxq is the electrostatic Green’s function. The quasistatic transition

electric field in reciprocal space is related to the scalar potential via
EY(K,w) = /dx Eg)ci(x,w)e_iK'x

— —/dx [V(;S?ei(x,w)]e*iK'x
= /dXQS(}i(x,w) [Ve_iK'x] (2.36)

= (—iK) /dx qﬁs]ci(x,w)e*iK'x
= (—iK) ¢} (K, w),
Therefore, the quasistatic transition electric field, in general, can be written as

A7 L
Ef;(K,w) = (~iK) 5~ ppi(K,w), (2.37)

or for periodic crystal excitations, the transition electric at the site of each particle xy, is
given by
4 L
0 .
Efz‘,K = (—ZK)ﬁf PriK- (2.38)

Ui
For a probing electron transitioning between incoming 1;(x) = L~3/2e™* and outgoing

Yr(x) = L—3/2¢™K1* plane wave states, the transition current density is given by pri(x) =
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—eL3e'% or P fisnr = —eL3e!@*nr In reciprocal space, this becomes
1 .
—iK-Xn
PfiKk = 77 § € Pfink
N nKk

_ € —iK-Xn ,iqQXnk 2.39
S DI 25
NL _

Inserting Eq. 2.39 into Eq. 2.38, we can write the quasistatic transition electric field as

dmie L K .
E}ix = I3 o k2C OaK: (2.40)
or equivalently,
o _AmieL d g, (2.41)

fia = T3 2
This is the quasistatic version of Eq. (2.34). The procedure outlined in this section is
general, and it is the starting point for obtaining the transition electric field associated with
more sophisticated phase-structured incident electron beams in the quasistatic limit, such

as electron pinwheel [2] or Bessel beams.
2.4 Wide-Field EEL Observable: The Double-Differential Cross Section

To derive the double-differential cross section (DDCS), we must first compute the frequency-
resolved EEL transition rate in reciprocal space. In previous work, it was shown that the
state- and frequency-resolved EEL transition rate stemming from Fermi’s Golden rule can

be written as [80, 96]

wpi(w) = —8% dx dx'Tm(T5,(x) - G(x, %, w) - T p(x)o(w —eip), (242

where G(x,x/,w) = —4mw? > > Go(X, Xnk, W) T (Xnk, Xnrwrs w) - Go(Xnrwr, X'y w) is the

target’s induced Green’s function with II(Xpy, Xn/x, w) = [&H(w)—(—47w?) Go(Xnk, Xn/w, w)] L
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In reciprocal space, the EEL transition rate becomes
8 _
wpi(w) = o /dx dx'Tm[J%;(x) - G(x, %', w) - T i (x)]6 (w — &45)

87 _
= hlm{ |:( 47‘(’&.} /dXJfl ZGO X, Xnk, W ) |:ZH(Xnan’n’>w)

n’k’

Z Z Z EfZ Kr " PK'k Z ei(K/_K)'xn}(;(w — 8Zf)

k K K’ n

Im >3 ) Efk. - Prw N5KK’}5(W—5if)

r K K’

L
( > { ZZEﬁKN PKH}é(w—sif),
(2.43)

where Ef’L . 15 given by Eq. (2.30) and pnx = Y H(Xnss Xnvr w) - EY, . is the induced

fim's
dipole moment of the xth atom in direct space. The inverse Fourier transforms are given
by E s = = K E?{: K€ “KXn and pae = YK prre EXn The explicit functional form
of EO* i Ky 1S given in Sec. 2.3, and explicit functional forms of pk, for phonons in atomic
crystals and LPPs in plasmonic lattices are given in Sec. 2.1.3 and Sec. 2.2, respectively.
For transitions between plane wave electron states, the relevant observable is the scat-
tering cross section. The cross section is obtained by summing over final electron states and
dividing by the incoming plane wave flux hk;/mL>. In the limit Zkf — (L/2m)3 [ dky, the

total frequency-resolved scattering cross section becomes [80]

o(w) =

mL3 [ L\?
o (ﬁ) /dek]%dkfwﬁ(w). (2.44)
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After integration over frequency, we can write the angle-resolved scattering cross section as
do mL3 [ L\*
— = — dw k% dk g w
09, ks <27r> / whi dkywri(w)

mL3 [ L\*
— - =) [ dwdk; Kw,
hk; <27r> / . f(h?k ) Fori(),

where dE; = —(h*/m)kdks and Q¢ = sin6dfsd¢s. Finally, by making use of Eq. (2.43),

(2.45)

we can write the DDCS as
%o m2L3 k¢ d
=— — - ww g
OE,; ;08 o \2r) \k sl
om2L3 [ L ’ V;
=i (277) <k> < > Im{ ZZEfZ Kr * PKK} (2.46)
1 mviLQ kf
) (2 S}

where, based on Eq. (2.33), E?ci Kr = 5qKEfZ q- LThe DDCS computed along I'—M for both

phonons in graphene and LPPs in a honeycomb plasmon array are presented in Chapter 4,
and in Chapter 5, the DDCS computed along I' — K for phonons in hBN is shown. In the
quasistatic limit appropriate to atomic crystals, Eq. (2.19) can be inserted into Eq. (2.43)
to obtain the following expression for the state- and frequency-resolved EEL transition rate

=N (5) Y DL (2.47)

Y K w)\*wzf wzf+”7)

where F\(K) =) &), - M, M eZ.(K) - E%KH. In the case of a probing electron transi-
tioning between incoming and outgoing plane wave states, the quasistatic transition electric
field E?%,Kn is given by Eq. (2.40). For more sophisticated incident beams, such as elec-
tron pinwheel [2] and Bessel beams, Eq. (2.47) can likewise be used to compute the EEL

transition rate by simply replacing E?‘z‘,Kn'
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Chapter 3

OPTICAL CONTROL OVER THERMAL DISTRIBUTIONS IN
TOPOLOGICALLY TRIVIAL AND NON-TRIVIAL PLASMON
LATTICES.

e Bourgeois, M. R., Rossi, A. W., Khorasani, S., Masiello, D. J. (2022). Optical control
over thermal distributions in topologically trivial and non-trivial plasmon lattices.

ACS Photonics, 9(11), 3656-3667.

Copyright (©) (2022) American Chemical Society. All rights reserved.

3.1 Abstract

Emergent from the discrete spatial periodicity of plasmonic arrays, surface lattice reso-
nances (SLRs) are characterized as dispersive, high quality polaritonic modes that can be
selectively excited at specific points in their photonic band structure by plane-wave light of
varying frequency, polarization, and angle of incidence. Room temperature Bose-Einstein
condensation of exciton polaritons, lasing, and nonlinear matter-wave physics have all found
origins in SLR systems, but to date little attention has been paid to their thermal behavior.
Here, we combine analytical theory and numerical simulation to investigate the photother-
mal properties of SLRs in periodic 1D and 2D arrays of plasmonic nanoparticles coupled
to each other and to the electromagnetic far-field via transverse radiation. Specifically, we
demonstrate how to create steady-state SLR thermal gradients spanning from the nanoscale
to hundreds of microns that are actively controllable using light in spite of heat diffusion.
We also demonstrate the surprising ability to localize thermal gradients at the lattice edges
in topologically non-trivial SLR dimer lattices, thereby establishing a class of extraordinary
thermal responses that are unconventional in ordinary materials. This work exposes a new

direction in thermoplasmonics that has only just now begun to be explored.
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3.2 Introduction

The ability to control heat flow and thus temperature at both nano- (< 100 nm) and micron-
(~1—100 pm) scale dimensions has important implications for a host of applications, in-
cluding photothermal catalysis[97-100], heat-assisted magnetic recording for improved data
storage [101, 102], thermal encoding of encrypted data [103-105], bolometry [106, 107],
photothermal cancer therapy [108, 109], and photothermal biosensors for COVID-19 [110],
among many others [111, 112]. In each of these applications, photothermal control is de-
rived from the interaction of light with noble metal nanoparticles (NPs) through excitation
of their localized surface plasmon (LSP) resonances characterized by strong optical extinc-
tion. Of this extinction, the nonradiative component ultimately leads to both NP and local
environment heating due to thermal diffusion [113]. Photothermal conversion via LSP de-
cay has been studied in detail at the single NP level [114, 115] as well as in assemblies of
near-field-coupled NPs, demonstrating temperature increases beyond those found in indi-
vidual particles [116-118]. Further ability to create and detect modified thermal profiles
where heat is preferentially deposited into specific NPs within a nano-scale assembly using
far-field optical excitation has also been predicted [119] and experimentally characterized
[120, 121].

In 2013, Baffou et al. [20] showed that 2D periodic arrays of plasmonic NPs optically
excited at the single particle LSP energy exhibit distinct spatial thermal profiles resulting
from the interplay between heating via single particle absorption and from thermal coupling
between all particles in the array. Yet it is well-known that periodic arrays of plasmonic
NPs can host surface lattice resonances (SLRs) arising from hybridization of the diffractive
photonic modes inherited from the array periodicity [122] with the LSPs supported by each
NP in the array [28, 123, 124]. The prospects of SLR-based systems for photothermal ap-
plications is intriguing. On the one hand, optimization of such systems favors larger NP
sizes to enable scattering-induced particle-particle coupling, which decreases the proportion
of nonradiative decay to the overall LSP decay rate. At the same time, however, collective
diffractive coupling at the center and edges of the Brillouin zone creates standing waves

within the lattice leading to strongly-enhanced absorption at the SLR energies [124]. Fur-
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thermore, non-Bravais lattices with > 1 NP per unit cell [11, 125-128] open the possibility
for modes exhibiting hierarchical excitation and thermal spatial profiles on both the unit
cell and array length scales. Careful tuning of intra- and inter-unit-cell interactions in non-
Bravais NP arrays can also, under suitable conditions, lead to the existence of topologically
protected hybrid modes that are strongly localized to the array edges [129, 130], which could
potentially be exploited to achieve thermal profiles that are similarly biased towards the
array edges.

Using analytical theory and numerical calculations, in this article we investigate steady-
state photothermal heating in diffractively coupled Bravais and non-Bravais plasmonic NP
arrays and show how the illumination conditions can be used to actively tune thermal
profiles at both nano- (< 100 nm) and micron- (~ 1 — 100 pm) scales. Particular attention
is paid to array band structures arising from discrete translational symmetry to understand
the role played by strong electromagnetic coupling during optical absorption. Nanoscale
control over thermal gradients within each unit cell is also demonstrated by leveraging
symmetry-dependent optical selection rules for homodimer and heterodimer non-Bravais
unit cells. Finally, we raise the intriguing prospect of exploiting topologically protected
edge modes to localize photothermal heating to finite array edges. Importantly, we employ
a realistic treatment of material losses and long-range particle-particle coupling inherent to
LSP-based systems. Taken together, this work outlines a practical set of structure-function
relationships relevant to designing realistic plasmonic lattice systems for chemical, biological,

medical, engineering, and technological applications.

3.3 Photothermal Properties of 1D Bravais and Non-Bravais Plasmonic Lat-
tices

3.3.1 Bravais Arrays

The emergence of SLRs in plasmonic arrays requires NPs that are large enough to scat-
ter appreciably, thereby providing a mechanism to lock light into the lattice plane and
induce long-range dipole-dipole coupling spanning the entire lattice domain. Yet plasmonic
NPs also absorb optical energy, ultimately dissipating it to heat and causing a temper-

ature rise within the lattice and its surrounding environment. By balancing these two
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Figure 3.1: Electromagnetic absorption by 1D monomer array. (a) Array scheme indicating
x—polarized incident radiation propagating along the y—direction. (b) Normalized heat
power absorption Q/Qrsp spectra for individual Ag nanospheres as a function of radius a.
(c) Normalized per-particle heat power absorption Q/Qrsp spectra for a 1D array of NPs
with periodicity d = 415 nm as a function of radius a. The vertical dashed gray line marks
the position of the I' point Rayleigh anomaly near 3.0 eV. (d) Q/QLsp for a 1D array of 90
nm diameter Ag nanospheres with periodicity d = 415 nm as a function of the Bloch vector
kj. All heat power spectra are normalized by the heat power absorbed by an a = 45 nm
Ag sphere at the dipolar LSP energy Qrsp at the same incident field intensity. Color bar
maxima values in panels (c¢) and (d) were selected for overall plot visibility and are not the
maximum values attained in the plotted domains. The maximum Q(k:H =0,w)/QrLsp value

in both panels is ~ 4.1.
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contributions—scattering and absorption—here we demonstrate the ability to create and
manipulate long-range thermal gradients in SLR arrays that are actively controllable in
steady-state through variation of the parameters of the incident light field (i.e., frequency,
direction, and polarization), despite the effects of heat diffusion.

Figure 3.1a illustrates a 1D plasmonic NP lattice composed of a periodic array of Ag
nanospheres, each modeled as an electric dipole absorber/scatterer with dipole moment p;

coupled to all other nanosphere dipoles p; via the relay tensor

Gy = o [y L V(2o 3y 3 Vromyl, 6
U Ry kRij  (kRij)? kRij — (kRij)? ) 7]
where R;; = f{inij is the vector connecting dipoles 7 and j separated by the distance

R;j = |rj —rj| and k = wy/e/c = 2m/e /X with background refractive index /. Though we

retain this e-dependence in all equations, we use a background medium refractive index of
unity in all following calculations. In matrix form, the coupled dipole equations for an N

dipole system can be organized into the linear system of equations [131, 132]
A(w)P(w) = Eg(w) (3.2)

with 3N x 3N matrix K(w) consisting of 3 x 3 matrix blocks Kz-j(w) = ofl(w)fij - (Erij (w)
connecting NPs ¢ and j. Here, oz_l(w)fij = a_l(w)@j = a_l(w)f(sij is a function of the
isotropic dipole polarizability a(w) = i(3/2k%)a;(w) derived from the £ = 1 Mie scattering
coefficient a;(w). The purely off-diagonal interaction matrix @ij (w) = (k2/5)a(ri, rj,w)(1—
d;j) accounts for dipole-dipole coupling, and P(w) and Eg(w) are 3N x 1 column vectors
containing the Cartesian components of the N induced dipole moments p;(w) and excitation
field values Eq(r;,w), respectively, at positions ry,...,ry.

We first consider an isolated Ag nanosphere with dipolar absorption cross section oaps(w) =
(47k//2)Im a(w) — (87k*/3€2)|a(w)|?, which dictates the heat power Q(w) = Taps(w) Iy =
Tabs(w)(cy/2/87) | Eo(r,w)|? absorbed under incident plane wave intensity Ip. Figure 3.1b
shows normalized heat power absorption QQ/Qrsp spectra as a function of the NP radius
a, where Q1gp is the maximum heat power absorbed for an a = 45 nm NP under identical

Iy. Note that this ratio of heat powers is proportional to o,ps(w) and does not depend

on Ip. Due to the onset of dynamic depolarization and radiation damping arising from a
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significant scattering contribution [133], we see that @)/Qrsp increases initially for small
radii, reaches a maximum at the LSP resonance energy for a ~ 25 nm and then begins
to diminish. This behavior is well-known and underlies conventional design principles for
photothermal systems, which seek to optimize the single-particle heat power.

In the case of periodic lattices, the absorption cross section and heat power inherit the
energy-momentum dispersion dictated by the lattice’s discrete translation symmetry. In the
infinite lattice limit under plane wave illumination, the magnitudes of the induced dipole
moments at each site are all equal but may adopt different directions and phase relationships
determined by the coupled dipole equations in reciprocal space [28]

——1 pe

p(kj,w) = [@ (W) — S(kp,w)] ™" - Eolky,w), (3.3)

which are derived from Eq. (3.2) together with the Bloch ansatz p; = p(k:”)eik”jd. Here

k| is the Bloch wave vector contained within the first Brillouin zone and §(/€H,w) =

(k%/e) > i40 a(rg, rj,w)e™d is the field propagator tensor accounting for diffractive cou-

pling between dipoles. Although this formalism is identical to that used in Ref. [134], the

field propagator in the present case is a poorly-convergent infinite series and special care is

required to ensure convergence [135]. The total field at the position of each dipole is then
=1 o1 <

Efkjw) =a (W) |a (w)— S(k”,w)]_l - Eg(w), resulting in the field enhancement

[E(k:”,w)] _ 1
Eo g 1—app(w)Sps(ky,w)

(3.4)

for an incident field polarized along the B—direction (8 = x,y,z) in a 1D array where the
orthogonally-polarized lattice modes decouple. Field enhancement maxima occur for real-
valued frequencies nearby the complex poles of Eq. (3.4) dictated by the condition agﬁl (w) =
Spp(k|,w) for w € C, which alters the spectral position of the maximum heat power absorbed
relative to that of a single sphere. We capture this effect by defining an array-modified per-
particle absorption cross section Gaps(kj,w) = aps(w)(|E(ky,w)|*/|Eo(ky,w)|?) such that
the per-particle heat power Q(kj,w) = 5abs(k||,w)(c\/§/87r)|E0(/~cH,w)|2 in analogy to the
single particle heat power Q(w).

Figure 3.1c presents Q(kH = 0,w)/QLsp as a function of a and hw for a d = 415 nm

periodicity 1D Ag NP array excited by a plane wave at normal incidence with polarization
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perpendicular to the periodicity direction as shown in Figure 3.1a. The longitudinally
polarized lattice dispersion (SI) exhibits weaker coupling of the LSPs to the photonic modes
since the far-field radiation lobes of each induced dipole are oriented perpendicular to the
array axis, inhibiting long-range coupling [7, 28]. The vertical dashed gray line in Figure
3.1c denotes the energy associated with the Rayleigh anomaly hc/d marking the onset of the
SLR. Critically, for NP radii well-beyond that which optimize the single-particle absorption
in Figure 3.1b, long-range diffractive coupling enabled by strong scattering contributes to
enhanced absorption at the SLR mode energy. This behavior contrasts sharply from previous
work on photothermal heating in NP arrays [20, 116], which considered smaller radii NPs
optimized for single-particle absorption and precluded observation of robust SLR modes.
Indeed, strongly-enhanced photothermal conversion based on SLR modes has been recently
demonstrated experimentally under normally incident excitation [136]. The dependence of
Q(k'”,w)/QLsp on the incident Bloch wave vector kj for a 415 nm periodicity 1D array
of 90 nm diameter Ag nanospheres is shown in Figure 3.1d, demonstrating the ability to
modulate photothermal heat absorption via the angle of incidence of the excitation field.
Based upon the method of coupled dipoles [28, 123, 137], these calculations incorporate
both scattering and absorption processes in the self-consistent determination of the lattice’s
optical responses. Thus, properties derived from absorption such as the temperature of the
lattice can be calculated from knowledge of the heat power dissipated in each nanosphere.
For a finite system of point heat sources Q;(w) = Taps(w)(cy/€/8T)|Etot (ri, w)|?, the super-
position principle can be invoked to write the total temperature at a given point r as a sum
over discrete sources, each contributing a factor of AT(r,w) = Q;(w)/47k(r —r;), where
k is the thermal conductivity of the surrounding medium and Eiq(r;,w) is the total field
(incident plus induced) at the position of the ith dipole. All thermal calculations in this
work employ the incident plane wave intensity Iy = 10®° W/m? and a thermal conductivity
k =6x10"10 W.nm~1-K~! similar to water. For non-vanishing source radii within the uni-
form temperature approximation [20, 138], the internal temperature increase of nanosphere
i due to nanosphere j is found by spatially averaging the thermal field due to the nanosphere

at r; over the volume of the nanosphere at r;. The total internal temperature increase of
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nanosphere i is then

AT(r;,w) = @ilw) +) Qi(w) -, (3.5)

where the first and second terms account for direct optical absorption ATq,; and thermal
coupling AT}y contributions to the total internal temperature, respectively. Naturally, the
ratio of these two terms at a common frequency

o ATopt _ (e Qj )1
S = ATy, <Qz’ ; Ir; — 1} (36)

defines a unitless quantity of interest with £ > 1 and ¢ < 1 characterizing qualitatively
different temperature profiles [20]. Specifically, the temperature increase is highly-localized
in the vicinity of the particles for £ > 1, while there is significant AT in regions between
particles for { < 1. Baffou showed [20] that the value of this ratio of thermal contribu-
tions in the central unit cell of a finite array of N monomer unit cells can be analytically

approximated as

(3.7)

~ 2alog N

when @; = @ for all i = 1,...,N in Eq. (3.6). While this is expected to be a good
approximation for systems of small particles with negligible scattering-induced particle-
particle coupling, one may anticipate Q; # Q; for all 4, j in finite arrays with strong particle-
particle coupling. On the other hand, the Bloch ansatz ensures Q; = Q; = @ for all i,
in the infinite lattice limit, but this necessitates N — oo and causes {;p — 0 in Eq. (3.7),
signaling a breakdown of the model arising from the infinite total heat delivered to the
unbounded system. Together these observations motivate the examination of &; in realistic
finite lattice systems supporting SLRs.

To explore how the ratio of AT to ATy, evolves for finite arrays, we consider an 83 um
array composed of 201 unit cells with 90 nm diameter Ag NPs and d = 415 nm periodicity.
Figure 3.2a shows the &y evolution as the number of NPs illuminated in the array center
at the SLR energy (~ 2.95 eV) is varied at normal incidence. The ratio &y is calculated
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Figure 3.2: Direct optical and thermal coupling contributions to photothermal heating in
finite 1D arrays. (a) & as the width of the illuminated region at the center of an 83 pum
finite array of the type considered in Figure 3.1a is varied. The dashed gray line is the
analytic approximation in Eq. (3.7). (b) Total AT (bullets) and ATy, contribution (lines)
for k| = 0 excitation at the SLR energy near 2.95 eV as a function of illumination width.
The horizontal gray line indicates the value of AT,y in the infinite lattice limit, while the

blue line shows AT for full illumination of the finite array at the single LSP energy near

3.3 eV. The incident laser intensity is Iy = 108 W/m?,
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using the site space coupled dipole method (Eq. (3.2)) to evaluate Eq. (3.6) explicitly for
i = 0 (colored bullets) and compared against the approximate expression Eq. (3.7) (dashed
gray) with N determined by the illumination width and the array periodicity d. Figure
3.2a demonstrates that £y ~ 1 for the SLR system considered and that the contribution of
ATy to the total AT does increase for the particle in the center of a partially-illuminated
finite array as the illumination width increases. It is also evident that the approximate
expression in Eq. (3.7) accurately predicts & for the finite, partially-illuminated system.
Nevertheless, Eq. (3.7) is of limited practical utility as it only reports on the temperature
increase contributions for the unit cell at the center of the array.

Figure 3.2b presents the total AT (bullets) and associated ATy (lines) contribution
at each particle site for k| = 0 excitation at the SLR energy as a function of illumination
width (color coded). The trace and bullet colors in panel (b) indicate the illumination
width and match the bullet colors used in panel (a). The horizontal dashed gray line marks
the value of AT,y in the infinite lattice limit obtained using the reciprocal space coupled
dipole equations to evaluate Q(kH = 0,w) at the SLR frequency. The nearly-horizontal blue
line indicates AT at each NP when excited at the single-NP LSP energy. As one might
expect, the gray line is ~ 4x larger than the blue line since Q/Qrsp ~ 4 in Figure 3.1c,d.
Inspection of Figure 3.2b shows that direct optical absorption heating dominates for small
illumination regions. When the illumination width reaches 20 pm in this system, AT has
reached the infinite lattice limit at the central unit cell, but rapidly falls off away from the
array center. As the illuminated width continues to increase, ATy,; remains approximately
equal to the infinite lattice limit at the center of the array, but the number of unit cells
away from array center attaining this value also increases. Ultimately, it is this saturation
of ATy along with the increase of the number of heated sites that increases ATy, and

decreases &y in Figure 3.2a as the illumination width grows.

3.3.2 Non-Bravais Dimer Arrays

Further control over the photothermal conversion process can be achieved through the

introduction of additional degrees of freedom associated with the unit cell design. The non-
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Figure 3.3: Non-Bravais dimer arrays with homo- and heterodimer unit cells. (a) Scheme
of 1D dimer array with unit cell and dimer spacings d and t, respectively, excited by a
transversely-polarized plane wave. (b) Energy ordering of hybridized transverse dipoles on
sites A and B within each unit cell. (c) Normalized per-NP heat power absorption Q/Qrsp
spectra for the 1D array at the I' point for homo- (red) and heterodimer (blue) unit cells.
(d) and (e) show Q/Qrsp as function of kj for arrays with homo- and heterodimer unit
cells, respectively. In panels (c)-(e), d = 415 nm and ¢ = 120 nm. The particle radii are
as = ap = 45 nm for the homodimer structure, while a4 = 40 nm and ag = 50 nm for the

heterodimer structure.
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Bravais dimer lattice, for example, involves two sublattices (labeled A and B) with both
intra- and inter-sublattice couplings between the plasmonic dipoles on each NP, which are
governed by distances t and d, respectively; see Figure 3.3a. In site space, the coupled dipole
equations remain of the same form as those presented in Eq. (3.2) except for the case of
the heterodimer unit cell where dipoles on each sublattice have different Mie polarizabilities
depending upon the radius and dielectric composition of each nanosphere. It is because
of their differing polarizabilities that the heterodimer lattice hybridization (Figures 3.3b)
produces two optically bright SLRs, while only the in-phase LSP mode forms a bright SLR in
the case of the homodimer lattice. This difference is highlighted in Figure 3.3c, which shows
Q(kj = 0,w)/QLsp spectra at the I' point for the homodimer (red) and heterodimer (blue)
lattices of Ag nanospheres with d = 415 nm and ¢ = 120 nm. The radii of the spherical
NPs are ay = ag = 45 nm for the homodimer, while a4 = 40 nm and ag = 45 nm for the
heterodimer. Figures 3.3d,e display the band dispersion of the homodimer and heterodimer
lattices excited by transversely-polarized plane waves. The asymmetry in incident angle (or
equivalently k”) in the dispersion of the heterodimer lattice is again due to the intrinsic
asymmetry of the unit cell itself, which will be exploited below to control the temperature
profile on the < 100 nm scale.

Based on these SLR absorption spectra, Figure 3.4a shows the computed thermal profiles
induced by normal incidence plane wave excitation at varying energies corresponding to
spectral features in Figures 3.3d for the homodimer lattice at kj = 0. When excited near
the isolated dimer LSP resonance (3.27 eV), sites A and B have the same temperature
(ATy = ATg); however, in moving across the lattice, the temperature profile changes,
with dimers in the middle of the array hotter than those at the edges. Alternatively, at
the lattice’s diffractive I' point resonances (2.98 eV and 2.88 e¢V), our calculations indicate
significant and controllable temperature differences not only within each unit cell (AT #
ATg), but also across the entire lattice (e.g., there are regions where ATy > ATp and
others with ATy < ATg). Similar trends are noted in the heterodimer case (Figure 3.4b),
although here we find that the temperature of one particle within the unit cell (either at site
A or site B) consistently exceeds the other for nearly all positions across the lattice. Taken

together, these results demonstrate the ability to harness dispersive SLR modes to create
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Figure 3.4: Spatial photothermal profiles for 1D non-Bravais dimer arrays. (a) and (b)
show AT at each lattice site in the finite 83 pum array with homo- and heterodimer unit
cells, respectively, of Figures 3.3(c)-(e) illuminated at kj = 0. Blue (red) markers indicate
the internal temperature increase at the A (B) sites within each unit cell. Examples of the
spatial profile of AT within specific unit cells at positions marked by vertical dashed gray

lines are included. The incident laser intensity is Iy = 10® W/m?.
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non-uniform thermal gradients spanning both intra-unit cell (< 100 nm) and lattice (~ 100
pm) distances that are actively controllable via changes in the incident angle, energy, and

polarization state of light.

3.4 Photothermal Properties of Edge-Localized Modes in 1D and 2D Non-
Bravais Homodimer Lattices

Beyond the SLR-enabled thermal profiles demonstrated in the preceding section, here we
introduce an entirely new class of edge-localized temperature gradients created by tuning
the homodimer lattice towards a topologically non-trivial regime. Considerable research
effort has recently been expended to understand the topological properties that can emerge
from arrays of plasmonic NPs [130, 139-147] operating in the visible and infrared regions
of the electromagnetic spectrum. However, unlike the topological Hermitian model system
of Su, Schrieffer, and Heeger (SSH) describing 1D periodic arrays with two sites (A and
B) per unit cell and nearest-neighbor coupling [148], Hamiltonians describing plasmonic
arrays are fundamentally non-Hermitian due to the radiative and nonradiative damping of
each NP [149-151]. Additionally, frequency-dependent NP-NP interactions include vector-
valued near, intermediate, and far-field components that go beyond the nearest neighbor
scalar coupling assumed in the SSH Hamiltonian [28, 152]. Despite these added complexities,
certain plasmonic lattices have been shown to possess topologically-protected edge modes
exhibiting a bulk-edge correspondence [139, 151, 153], meaning that properties of the infinite
bulk predict the existence (or lack thereof) of edge-localized states in any finite segment of
the bulk.

Fundamental to the existence of topologically protected edge states are bulk topological

invariants such as the complex-valued Zak phase for one-dimensional systems [154]

o7 Z/ [B pilk)) B ppk) k| o) 3

dky, (3.8)
—7/d

here extended to accommodate uncoupled vector modes polarized along 5 = x,¥y,z and

constructed from components of the left P*(kj,w) and right P#(kj,w) reciprocal space

eigenvectors. We consider a non-Bravais homodimer lattice involving two sublattices (A

and B) with both intra- and inter-sublattice couplings between the plasmonic dipoles on
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each NP. Using the Bloch ansatz pj‘ = pA(sz)eiklljd and pf = pB(kH)eik\ljd, the reciprocal

space eigenproblem is

——1 b —
Z(kll’w) P(hyw) = 0 = a (:d) — S(ky,w) H_:TAB(@»CU) pa(k)
—Tpalk,w) a (w)—S(k,w)| |psk)
o1 . (3.9)
o (w 0 .
_ (w) B ~ Glky) pa(ky) |
0 o (w) pB(k‘”)

where S(ky,w) = (k2/2) 32, G(jd, w)e™ 17 and T pa (ks w) = (K2/e) 3, G(jd=tt, w)e 17
with j € Z indexing the unit cells. Due to the large NP radii and transverse coupling, the
ail(w), §(k|‘,w), and T 4B/BA(k|,w) matrix elements are nonlinear, transcendental func-
tions of the frequency w and cannot be accurately linearized by evaluation at the quasistatic
LSP resonance frequency (w = wyp) [155]. Details of how we solve this 6 x 6 nonlinear eigen-
problem to obtain eigenenergies and eigenvectors are discussed in the Methods Section.

Ref. [156] shows that for a non-Hermition SSH model with nearest-neighbor coupling, the
complex Zak phase can be expressed in the more compact form vg = [gb’g“:X - gb’g“:_x]/ 2,
where d)fu is the relative phase between induced dipole moment components on sublat-
tice sites A and B for the right (or left) reciprocal space eigenvectors at Bloch vector k.
Although this simple method of evaluating ~yg is strictly valid only in the case of nearest-
neighbor coupling, it has been used successfully to predict the existence of topologically pro-
tected edge-localized modes in longitudinally-coupled 1D plasmonic arrays involving small
particles [139]. It must be pointed out, however, that although long-range dipolar coupling
does not affect the quantization of the Zak phase, it does break the underlying chiral sym-
metry possessed by the corresponding nearest-neighbor coupling model, which underlies the
existence of the bulk-boundary correspondence [139, 153]. Certain finite plasmonic arrays
have been identified, for example, that do not possess gapless, edge-localized eigenvectors
despite the corresponding bulk system having a Zak phase of m [153]. Nevertheless, lever-
aging topologically protected edge states to localize photothermal heating to array edges
remains an intriguing prospect.

We now investigate the photothermal properties of a new 1D homodimer lattice with

d = 250 nm, ¢t = 100 nm, and 90 nm diameter Ag spheres at each site. These parameters
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are chosen to tune the bulk lattice into a non-trivial topological regime characterized by a
complex Zak phase v, = m (L= z,z since both transverse modes are equivalent by sym-
metry) as computed using our nonlinear reciprocal space eigensolver. Figure 3.5a displays
the normalized per-particle heat power absorbed Q/QLsp as a function of k| (underlying
color map) of a lattice with 100 unit cells (N = 200 particles) having the same periodicity
as the bulk under plane wave illumination. The optical polarization is again transverse to
the lattice direction, thereby stimulating only the transversely coupled SLR modes asso-
ciated with strong long-range interactions. The overlaid empty white circles indicate the
real parts of the transverse eigenenergies determined using the reciprocal space eigensolver,
while the red bullets on the k| < 0 region of Figure 3.5a show the real parts of the trans-
verse eigenenergies calculated from diagonalization of the 10-unit cell finite lattice system,
both in the absence of external forcing (Methods). To sort finite lattice eigenenergies in Ky
(red bullets), their spatial mode frequencies are examined allowing us to overlay them on
top of the kj—resolved absorption spectra (SI). Approximate reciprocal space eigenenergies
obtained by linearizing the coupling tensors (§ and ’E‘) at w = wgp in Eq. (3.9) are shown
as blue bullets on the & > 0 region of Figure 3.5a for comparison.

Figure 3.5b displays Q/QLsp spectra for selected points in reciprocal space, where the dip
at 2.99 eV (dashed gray line) at the X point denotes the presence of an SLR band gap where
an edge-localized mode might be expected [139] in finite segments of the infinite system.
However, despite the infinite system having v, = 7, none of the finite system eigenvectors
associated with the red bullets in Figure 3.5a are found to be localized to the array edges
(SI), indicating this system is in the regime where the bulk-boundary correspondence breaks
down [153]. This is, perhaps, not surprising, since strong intra-sublattice (i.e., A-A and
B-B) coupling drives the breakdown of the bulk-boundary correspondence [130, 153, 157—
161], while SLRs generally involve transverse modes associated with strong intra-sublattice
coupling characterized by g(k‘n ,w) [28]. Nevertheless, Figure 3.5c¢ illustrates the existence of
edge-localized induced dipole moments in the optically excited system. The induced dipole
moments p are normalized to the induced dipole moment pg of a single 90 nm diameter Ag
nanosphere excited at the same energy. Recall that since p; = a(w) - E; and AT,y o< |E;|?,

the induced dipole moment spatial distribution directly reports on the direct optical heat
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Figure 3.5: 1D homodimer array response. (a) Normalized per-particle heat power ab-
sorption Q/QLsp spectra as a function of k| for a 1D homodimer array composed of 90 nm
diameter Ag nanospheres. The sublattice periodicity d = 250 nm and the dimer gap ¢t = 100
nm. The red bullets represent the eigenenergies in site space, while the white and blue bul-
lets depict the nonlinear and linearized eigggenergies of the infinite lattice, respectively.
(b) Q/Qrsp spectra for selected points in reciprocal space. (c¢) Modulus of the induced

plasmonic dipole moment on each nanosphere normalized to the induced dipole moment



power delivered to each lattice site. The black line represents the dipolar profile of a 100
unit cell (200 particle) monomer lattice, i.e., a 1D array of nanospheres equally spaced with
periodicity d =t = 250 nm. We find that while all of the selected points in reciprocal space
(colored bullets above Figure 3.3a) exhibit dipole moment distributions with some degree
of edge localization, the X point profile (blue) clearly shows the strongest edge-localization.
The persistence of edge-localization at other points in reciprocal space and at other energies
is likely indicative of the non-Hermitian skin effect [157].

Leveraging such induced dipole moment spatial profiles has the potential to produce
edge-localized thermal gradients independent of whether the observed edge-localized induced
dipole moments are indicative of strict topologically-protection or not. While previous work
has examined radiative heat transfer in plasmonic lattices tuned into the topological regime
[162], we are not aware of any studies exploring the possibility of exploiting these systems
to realize edge-localized temperature profiles. The inset of Figure 3.5¢ shows such a thermal
profile, obtained by plane-wave excitation of the homodimer lattice at the X point at 2.99
eV (blue) in comparison to the monomer lattice (black) at the same point in the Brillouin
zone. The edges of the homodimer lattice have a 3—fold temperature increase relative to
the approximately constant temperature within the lattice interior.

We next investigate the photothermal properties of a finite 2D homodimer lattice assem-
bled by arranging side-by-side copies of the topologically non-trivial 1D homodimer arrays
considered in Figure 3.5. Figure 3.6b shows the normalized per-particle heat power absorp-
tion Q/Qrsp spectra as a function of k, for x—polarized plane wave illumination. The finite
lattice is composed of 20 dimer unit cells oriented along the y—direction which are replicated
20 times along the x—direction. Thus the x—polarized excitation couples to the transversely
polarized SLRs with respect to the dimer unit cell axis along ¥ and the edge localization of
AT intrinsic to each 1D component is inherited by the 2D lattice. Figure 3.6¢,d show the
2D polarizations induced at the X point at two different energies, 2.99 eV (red) and 3.13
eV (green). Each point is indicated by a bullet in Figure 3.6b. Panel (c) possesses stronger
edge-localization of |p|/|po| o ATopt in comparison to panel (d). Panels (e) and (f), which
include thermal coupling contributions ATy, account for conductive heat flow from the

surrounding NPs, leading to the largest AT}y, contribution at the array center. Nevertheless
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Figure 3.6: 2D homodimer unit cell array response. (a) Array scheme indicating the two
excitation geometries considered. The 2D array is composed from replicas of the 1D array
from Fig. 3.5 with d, = d, = 250 nm and ¢, = 100 nm. (b) Normalized per-particle heat
power absorption Q/Qrsp spectra as a function of ky for a finite 20 x 20 unit cell patch
of the 2D array. (c) and (d) show the magnitude of the induced dipole moment on each
nanosphere normalized to the induced dipole moment of a single 90 nm Ag nanosphere at
the points marked by red and green dots, respectively, in panel (b). (e) and (f) depict the
internal temperature increase corresponding #8 the preceding induced dipole moment plots.
(g) Q/QLsp as a function of k, for the 2D dimer array. (h) Normalized magnitude of the

induced dipole moment on each nanosphere at the point marked in blue in panel (g). (i)

e L Y . I B S D ek Y Y 9YYOOOTCT' [ C""T7*°"°CO " CO0O00(7fYTCUYT|STOU“!T U MYYYTUfMTYTY Yy g



some degree of edge localization on the left lattice edge persists. By rotating the excitation
field so that its in-plane wave vector projects entirely along the x—direction, Figure 3.6g
shows Q/QLsp as a function of k, generated under y—polarized plane-wave illumination of
the same 2D homodimer lattice. Under this excitation geometry, the longitudinally coupled
dimer mode is excited within each unit cell, setting up diffractive SLR coupling along the
x-direction. By exciting the lattice at the k, = 7/d X point at 2.99 eV, Figure 3.6h shows
a weakly edge-localized induced polarization, with a modest and spatially delocalized ther-
mal profile (Figure 3.61). Together, Figures 3.5 and 3.6 highlight the potential of exploiting
topologically protected edge modes to spatially localize thermal profiles to finite 1D and 2D
array edges, thus establishing a new class of thermal responses that differ significantly from

our conventional experiences of heat flow and associated temperature rise.
3.5 Conclusion

Endowed with strong energy-momentum dispersion, broad spatial delocalization, and high
quality factors, SLRs offer unexplored potential for transducing optical energy into tailored
thermal gradient profiles that are robust in steady state, even in the presence of heat diffu-
sion. Harnessing this potential, we combine analytical theory and numerical calculations to
investigate the photothermal properties of SLRs in a variety of diffractively-coupled Bravais
and non-Bravais plasmonic NP lattices and demonstrate the ability to exert control over
their induced temperature field spanning from nano- to micron-scale dimensions by varying
the energy, angle, and polarization of incident radiation. By examining the photonic band
structure and associated eigenmodes of an infinite non-Bravais homodimer lattice tuned
into its topologically non-trivial regime, we additionally present numerical evidence for the
creation of thermal gradient profiles that are localized to the edges of a finite patch of the
lattice, thus establishing a new class of thermal responses that differ significantly from our
conventional experiences of heat flow and associated temperature rise.

Beyond changing the wavelength of incident light or the lattice periodicity to influence
SLR response, other approaches can be implemented to control the thermal spatial dis-
tribution within each unit cell as well as across the entire lattice domain. For example,

stretching/compressing the array or coupling light to higher-order multipoles in each NP
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[163—-165] represent two additional strategies of practical utility. Employing more complex
non-Bravais unit cells such as plasmon oligomers|7, 166—168] represents another, indicating
the high degree of tunability offered by plasmonic lattices for studying photothermal con-
version. Leveraging these properties, we anticipate SLR arrays to provide a new platform
for studying a variety of photothermal applications in the catalytic, energy, chemical, and

biological sciences and engineering.

3.6 Methods

3.6.1 Numerical Solution of the Nonlinear Eigenvalue Problem

In the dipole limit, inspection of the coupled dipole equations shows that the complex-valued
eigenfrequencies of the fully-coupled (i.e., each dipole i interacts with every other dipole j)
finite 1D homodimer array are dictated by the condition det K(wn) = 0, where the ijth

block of the 3N x 3N site-space matrix K(w) is given by
Ajj(w) = a M w)Tij = Gyj(w) (3.10)

for an N dipole system. The diagonal inverse polarizability matrix a‘l(w)f and purely off-
diagonal particle-particle coupling matrix @(w) are defined below Eq. (3.2) above. Written
in this form, it is clear that the system possesses an eigenvalue o~ !(w,) when a complex-
valued frequency w, can be found such that det K(wr) = 0. In general, this constitutes a
generalized nonlinear eigenproblem and it is difficult to locate such eigenfrequencies. Pocock
et al. [139] addressed this challenge by employing a linearization approximation that elim-
inates the frequency dependence of @(w) by fixing (}(w) = ([H}(wsp), where wy, is the qua-
sistatic LSP resonance frequency. This simplification, along with the use of the quasistatic
polarizability extended to include the leading order scattering correction to a(w), both of
which are suitable approximations given the small particle sizes and longitudinal coupling
considered in that work, greatly simplifies the identification of eigenfrequencies. However,
for the large particle radii and the scattering-mediated diffractive coupling considered in
our work, the fully-retarded a(w) is determined from the aj(w) Mie scattering coefficient,
which does not have a simple w dependence, and the full frequency dependence of (a(w)

must be retained.
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Figure 3.7: Contour plot of |det K(w)], defined in Eq. (3.10), as a function of the complex-
valued energy Aw. The darkest points indicate locations of the eigenenergies hw, where

|det A (w,)| ~ 0.

We proceed, therefore, by searching numerically for the complex-valued eigenfrequencies
w, that satisfy the eigenproblem by being roots of the function f(w) = {det X(w)‘ This
converts the search for complex eigenfrequencies into a search for minima (i.e., roots) on
the nonlinear }det K(w)‘ surface. Because the nonlinearity of the surface precludes the
application of common minimization techniques such as gradient descent algorithms, we
perform a grid search over finite domains of real and imaginary frequency space to identify
minima of the ‘det K(w)‘ surface and the corresponding eigenfrequencies w,. Due to the
need to evaluate the sphere polarizability inverse, and therefore the Ag dielectric function
e(w) at complex frequencies, an analytic Drude model is used. Drude model parameters
(s = B, Iy = 0.0387 eV, and 7w, = 8.9 eV) were taken from Ref. [169]. A representative
example of such an eigenfrequency search is shown in Figure 3.7.

Eigenenergies fw, located using this approach for a finite 10 unit cell portion of the
d = 250 nm, t = 100 nm homodimer lattice are shown in Figure 3.5a superimposed over

the absorption dispersion diagram. The red and blue bullets in Figure 3.5a are the values
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Re fiw, determined using ((E;(w,n) and (Ez(wsp), respectively, during the minimization proce-
dure. To find the eigenvector associated with each w,, the é(w,,) matrix is constructed and
diagonalized numerically, yielding a new set of eigenvalues {)\n} We select the eigenvector
P, (w,) corresponding to the numerically-determined eigenvalue \,, closest to a~!(w,). This
procedure for calculating eigenvectors is appropriate because [a™1(w)I, @(w)] = 0, which is
the case for all monomer and homodimer lattices considered herein.

The same minimization procedure can be applied in reciprocal space to identify a set
of eigenfrequencies and associated eigenvectors at each value of k| for the infinite 1D ho-
modimer array by locating w, such that |det .:l(kH,w,«)\ = 0. The reciprocal space coupling
matrix in this case is ;i(k”,w) = oz_l(w)i - E(k:”,w), where

- § kj,w ’f ky,w
G(ky,w) = | (o) Tasllyw)) (3.11)
TBA(kHaW) S(k:”,w)

The white open circles in Figure 3.5a show Re fw, versus k) for the infinite 1D homodimer
array calculated using this reciprocal space eigensolver approach and exhibit close agreement
with the absorption spectra of the plane wave forced system displayed as the underlying
color map. Reciprocal space eigenvectors Pz’(k”,w?«) = [pﬂ(k‘”,wr) pg(k‘u,wr)] can then
be found using the same procedure used to find eigenvectors for the site space problem.
The reciprocal space eigenvectors are used to evaluate the Zak phase v3 = [gbg”:X —
¢£H=*X] /2, where gbf“ is the relative phase between the relevant induced dipole moment
components on sublattice sites A and B for the right (or left) reciprocal space eigenvectors

at Bloch vector k. For example, 7, for the transversely-polarized case is evaluated using
¢k, = Arg{pa(ky) - x} — Arg{pp(k)) - X} (3.12)

at the £X points (k| = £ /d).
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Chapter 4

PROBING THE POLARIZATION OF LOW-ENERGY EXCITATIONS
IN 2D MATERIALS FROM ATOMIC CRYSTALS TO
NANOPHOTONIC ARRAYS USING MOMENTUM-RESOLVED
ELECTRON ENERGY LOSS SPECTROSCOPY
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ization of low-energy excitations in 2D materials from atomic crystals to nanophotonic

arrays using momentum-resolved electron energy loss spectroscopy. Nano Letters, 24
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4.1 Abstract

Spectroscopies utilizing free electron beams as probes offer detailed information on the recip-
rocal space excitations of 2D materials such as graphene and transition metal dichalcogenide
monolayers. Yet, despite the attention paid to such quantum materials, less consideration
has been given to the electron-beam characterization of 2D periodic nanostructures such
as photonic crystals, metasurfaces, and plasmon arrays, which can exhibit the same lat-
tice and excitation symmetries as their atomic analogs albeit at drastically different length,
momentum, and energy scales. Due to their lack of covalent bonding and influence of re-
tarded electromagnetic interactions, important physical distinctions arise that complicate
interpretation of scattering signals. Here we present a fully-retarded theoretical framework
for describing the inelastic scattering of widefield electron beams from 2D materials and
apply it to investigate the complementarity in sample excitation information gained in the
measurement of a honeycomb plasmon array versus angle-resolved optical spectroscopy in

comparison to single monolayer graphene.
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4.2 Main Text

Historically, techniques employing low energy electrons, such as low energy electron diffrac-
tion (LEED), scanning tunneling microscopy (STM), high resolution electron energy-loss
spectroscopy (HREELS), and photoemission spectroscopy (PES), have played a critical role
in understanding a range of material properties, from local atomic structure [30-32, 170]
to dispersion relations of materials hosting collective excitations [41, 171-177]. The isola-
tion of graphene [178] and other 2D atomic crystals [179-181] has furthered the need for
state-of-the-art characterization techniques where the excitonic [14-17], phononic [39, 42—
44, 182, 183], and plasmonic [21, 34, 40, 47-50, 184, 185] excitations in these materials
underlie important applications in optoelectronic devices [15, 21-23] and quantum infor-
mation technologies [26]. Due to its atom scale spatial resolution and ability to measure
broadband spectral responses, electron energy-loss spectroscopy (EELS) performed inside a
scanning transmission electron microscope (STEM) has played an important role in char-
acterizing such 2D materials at their native response scales [34-38]. However, the high
spatial resolution offered by STEM-EELS relies on momentum space integration, limiting
its use as a probe of reciprocal space excitations. By increasing the incident beam width,
parallel beam momentum-resolved EELS (¢-EELS) in a STEM or widefield ¢-EELS in a
TEM overcome this challenge, offering sufficient momentum resolution to characterize the
dispersive responses of graphene [39, 40] and other 2D materials [14, 38, 39]. Similarly,
HREELS [41-50] and closely related variants [17, 185, 186] have recently demonstrated the
ability to retrieve detailed excitation information of 2D materials.

Like 2D quantum materials, 2D periodic nanophotonic structures, such as photonic
crystals, metasurfaces, and plasmon arrays, have been under intense study owing to their
facilely tunable optical properties and role in the formation of new hybrid light-matter states
via interaction with excitonic media in both weak and strong coupling regimes. Actively
tunable array lasers [10-13], bound states in the continuum (BICs) [51-57], and exciton
polariton structure, dynamics [58-63], and room temperature condensation [187, 188] repre-
sent examples that exploit the energy-momentum dispersion arising from the discrete space

translational symmetry of the lattice [28, 127] to create coherent optical states or simulate
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complex quantum many-body physics. Measurements of these phenomena necessitate the
use of characterization tools with simultaneously high energy, momentum, and polarization
resolution. While optical-based probes and cathodoluminescence (CL) [189, 190] have been
successful in characterizing such materials, the use of ¢-EELS has been limited to the study
of photonic density of states in the vicinity of plasmonic thin film architectures [64] and
crystal defects [65], despite its ability to probe sample excitations with high energy and
momentum resolution that are inaccessible to light. Like STEM-EELS, a powerful tool for
mapping single nanoparticle excitations [66-69], momentum-resolved EEL measurements
using widefield electron beams have strong potential in the characterization of periodically
structured nanophotonic materials [191], as exemplified by the routine use of ¢-EELS and
HREELS to interrogate 2D atomic crystals.

Here we present a common theoretical framework for the interpretation of widefield
¢-EELS signals in the measurement of the broadband reciprocal space excitations in 2D
periodic materials spanning from atomic to nanoscale and larger dimension. Described
within our formalism is the energy-momentum dependence of the probing electron’s po-
larization and relativistic kinematics, additionally illuminating the behavior of reflection
scattering processes typical of HREELS across atomic and nanophotonic regimes. While
well understood as a probe of 2D materials with Angstrom-scale bond lengths, the > 100 nm
periodicity scale of 2D nanophotonic materials such as photonic crystals, metasurfaces, and
plasmon arrays present a distinctly new physical regime where electromagnetic retardation
effects prevail and companion widefield inelastic electron scattering observables must be
interpreted accordingly. Through the lens of expanded selection rules appropriate to fully
retarded light-matter interactions, we elucidate the conditions under which ¢-EELS can be
adapted for measuring the broadband excitations of nanophotonic 2D materials with em-
phasis placed upon the evolution of the selection rules for scattering processes both within
and beyond the first Brillouin zone (BZ), the excitation of optically dark transitions ly-
ing off of the light cone, and role of electron speed and collection geometry. The general
complementarity in sample excitation information between widefield electrons and light is
also highlighted. Throughout, contrast and comparison between the IR vibrational excita-

tions of graphene and the optical-frequency excitations of a plasmonic honeycomb lattice
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are made to illustrate the utility of widefield EELS in probing 2D materials excitations
spanning broadly across disparate spatial, momentum, and energy scales.

The schemes in Figs. 4.1a,b show a pair of generic widefield inelastic electron scattering
events whereby an incoming free electron plane wave with wave vector k; (blue) scatters to
an outgoing plane wave with wave vector k¢ (red) via interaction with a 2D periodic material
sample. The linear momentum hq = h(k; — k¢) lost by the probing electron is transferred
into excited sample states, inducing the transition |0) — |n). Experimental conditions, such
as detection of transmitted (Fig. 4.1a) versus reflected (Fig. 4.1b) electrons as well as the
specific incident and collection angles involved, fix q (yellow), while the projection q| of q
onto the zy sample plane can be manipulated by rotating the sample. Throughout, ¢ = 0°
such that transverse recoils q - X in the xz scattering plane are connected with reciprocal
space excitations in the 2D-periodic samples with Bloch vectors (K - X)x.

As representative 2D-periodic samples that support reciprocal space excitations in the
low-loss regime, we consider graphene and a plasmonic honeycomb array (Fig. 4.1c), which
support phonons and lattice plasmon polaritons (LPPs), respectively. The 2D atomic
(nanoparticle) positions Xp, = Xp + ry = n1a; + ngas + r, in the graphene (plasmonic
array) case are situated on a honeycomb lattice, which is a hexagonal Bravais lattice de-
scribed by primitive lattice vectors a; and ag, with |a;| = |az| = a and s = 2 sites per unit
cell labeled by . These sites are colored red and blue in Figs. 1a,b. While both honeycomb
arrays share common real space and reciprocal space symmetry, the characteristic length
scale is @ = 1.42 A for graphene, and a = 460 nm for the plasmonic array.

The Hamiltonian involving either class of 2D material can be partitioned as H=H,+
ﬁim, where f[o =H s+ ﬁel is the sum of sample H s and free electron ﬁel components, and
Hiy is the interaction Hamiltonian. Beginning from minimal coupling and working in the
generalized Coulomb gauge [192], the interaction Hamiltonian is Hiy, = (e/2me)[A-p+p-A],
where m and —e are the electron mass and charge, and A and p are the quantum mechanical
operators associated with the vector potential of the target and the linear momentum of

the free electron probe, respectively. The widefield double differential cross section (DDCS)
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Figure 4.1: Probing reciprocal space excitations in 2D material systems with ¢-EELS. a)
Scheme of ¢-EELS measurement under forward scattering conditions. Momentum transfers
between initial k; (blue) and final ks (red) free electron states are dictated by the scattering
angle ¢y and recoil momentum hq (yellow) with projection q = (q-X)x oriented along the
I' — M direction of the sample. b) Scheme of ¢-EELS measurement under reflection scatter-
ing conditions, otherwise sharing the same kinematical parameters as in transmission. The
inset defines the xz scattering plane relevant to both transmission and reflection geometries.
The detection angle is 6 in transmission and Afy = 07 — Ospec in reflection, where Ogpec is
the specular angle. Lab (primed) and sample (unprimed) coordinates are distinguished, and
the xz-scattering plane is always perpendicular to the 2D sample xy-plane. Beginning with
coincident lab and sample axes as in (a), where only the sample axes are explicitly labeled,
and collecting momentum recoils within the z’z’-plane, an arbitrary planar scattering con-
figuration can be reached by (i) rotating the sample by angle ¢ about the z’-axis, followed
by (ii) rotation by angle 6 about the lab y’-axis. c¢) Graphene (upper) and a plasmonic
array (lower) are examples of 2D periodic honeycomb lattices structured on the atomic and
photonic length scales, respectively. a is the magnitude of the primitive vectors a; and as

spanning the real space array. In either case, point My is located at q = (27/ V3a,0).
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with fully-retarded probe-sample interactions becomes [79, 80]

0o mL3 ky = , ,
B0, (7rh? ) <kz> /dwdxdx Im|J%;(x) - G(x,x,w) - I pi(x )}6(w—5if), (4.1)

where L is the box quantization length, E;; = he;y = he; — hey is the loss energy, and
heijp = 'yi/fmc2 with initial/final Lorentz contraction factors ~;/; = [1- (vi/f/c)2]71/2.
The transition current density produced as the probing electron transitions between incom-
ing 1;(x) = L™3/2e™* and outgoing 1 ;(x) = L™%/2e’k/* plane wave states is J p;(x) =
—(eh/2mL3)(2k; — q)e'9*, while G(x,x’,w) is the dyadic Green’s tensor characterizing the

electromagnetic responses of the sample. Leveraging the plane wave form of J¢;(x), Eq.

(4.1) can be recast as

oty (i) () Sl Mot o]
4.2
= —*(nglhg ) <kf> Zlm B qu(eis) - Proanteir)|
where . .
B = o (Zf/cipl — (ki @) (4.3)

is the Fourier coefficient of the probe’s vacuum transition field EY, (x,w) = —4miw [ dx’ Go(x,x',w)-
(L/vi)J i(x') with free space Green’s dyadic Go(x, X', w) = (—1/4mw?)[(w/c)*T+VV]e /X=X /|x — x/|.
The Fourier coefficient is related to the position- and frequency-dependent field, evaluated
at X = (Xnk, 2 = 0) and w = €;¢, as E(}i(xn,{,eif) = E%M(aif) E?z C e'*n  Intrinsic ex-
citations of the sample are encoded within the tensor-valued g-dependent response function
I:Iq,m/ (€if), while the subset that are excited by the electron probe are characterized by the
induced moment Ppo.qr(cif) = 3. Mawwr (€if) - E%qﬁ,(eif).

The discrete translation symmetry shared by each structure necessitates periodic energy-
momentum dispersion of both phonon and LPP quasiparticles excitations. In either class
of 2D material, Bloch wave excitations with in-plane momentum AK can be described by
the equations of motion (SI)

—wluk, — INWUK, + Z’Dm (K,w) - ugw = Z,eM,_ 1EKH, (4.4)

K/l
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where the displacement of the coordinate at lattice position Xy is Upx = ug K xn vt
Electron beams serve as one example of a probe of reciprocal space lattice excitations where
the in-plane recoil momentum fiq is the Bloch momentum 7K. However, propagating free
space light can also drive lattice responses at specific K points corresponding to the pro-
jection k| of its wavevector k onto the sample plane. In either case, the induced moments are
PnoK = [Z1€UuKi, . .., Zseuks) = [(—wz—inw)i—l—’lz)(K,w)]’l[(Zle)zEg{l/Ml, ce (Zse)2E%<s/Ms] =
ﬁK(w)E?{, where the 3s x 1 vector E% = [E%,..., E¥, ] represents the specific probe un-
der consideration evaluated at each of the s sublattice sites. Double bars have been intro-
duced to distinguish 3s x 3s matrices from 3 x 3 matrices, which have a single bar, e.g.,
[ﬁK (w)] o = Ik, (w), while the absence of a  subscript indicates that a vector is 3s x 1.
Focusing first on atomic crystal phonons where the resonant IR wavelengths together
with subnanometer bond lengths justify neglect of the finite speed of light, the generalized
dynamical matrix D, (K,w) reduces to the conventional dynamical matrix D, (K) =
F,. (K)+ C,.(K) [81], which accounts for the sum of covalent F,.(K) and ionic C,,.(K)
interactions (SI). We compute all electron-induced graphene excitations within the harmonic
crystal approximation [81, 91] based upon Eq. (4.4) using an empirically-parameterized
model [87, 88] for F(q)) and g-dependent effective charges Z,(qy) along I' — M from Ref.
[39] (SI). Within the sample and scattering planes lie the longitudinal acoustic (LA) and
optical (LO) phonons, while the transverse acoustic (TA) and optical (TO) phonons are
polarized within the sample plane but are oriented perpendicular to the scattering plane.
Oscillations of the z-directed acoustic (ZA) and optical (ZO) phonons are directed normal
to the sample plane. Figs. 4.2a,b display the calculated energy-momentum dispersion
fuwy (K') of the phonon eigenmodes (gray traces), where A = 1 — 6 denotes the band indices,
as well as the phononic responses induced under widefield (plane wave) electron excitation
as encoded in the ¢-EELS DDCS collected in the transmission (panel a) and reflection (panel
b) geometries, where momentum conservation requires K = q = (q - %)% = K’ + G, with
G a reciprocal lattice vector. At each q) point, the spectrum is independently normalized
to the maximum DDCS value, as in Ref. [39]. For unnormalized ¢-EELS DDCS spectra,
see Fig. S1. In Fig. 4.2a, the incident plane wave wave vector k; of the electron probe

is normal to the graphene surface (6; = 0°) and its initial speed is v; = 0.3¢, which are
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Figure 4.2: Energy-momentum dispersion of graphene phonons probed along the I' — M
direction. a) and b) display the ¢-EELS DDCS in the transmission and reflection geometries,
respectively. Each spectrum at fixed q is independently normalized to the maximum DDCS
value at that q point as in Ref.[39]. Gray traces indicate the dispersion of the graphene
phonon eigenenergies. ¢) and d) show the normalized magnitude of the in-plane E(}i - X
(red) and out-of-plane E[}i -z (blue) components of the electron’s vacuum transition field
at E;y = 100 meV versus q| along I'p — My, computed in the fully-retarded (solid) and
quasistatic (dotted) limits in transmission (c) and reflection (d) geometries. Note the scale
difference between 67 and Ay in (c) and (d). The inset in c) shows the dispersion of EY,
as well as that of free space plane wave light E® = Eqé(k) in the immediate vicinity of the
'y point, where the dashed lines represent the in-plane E° - % (red) and out-of-plane E° - 2
(blue) components of the incident optical field at iw = 100 meV versus in-plane wave vector
k| = (k-%)x. In a) and c), the incident electron wave vector k; is oriented normal to the
sample plane (0; = 0°) with initial velocity v; = 0.3c. In b) and d), 6; = 80° with respect
to the surface normal in the zz scattering plgge and v; = 0.01c. All calculations include an

empirical damping rate of 7 = 20 meV /h at zero temperature and a vacuum background.



parameters typical of ¢-EELS experiments performed in the transmission geometry [14, 39].
Reflection measurements, on the other hand, generally involve momentum transfers with a
larger out-of-plane component (Figs. 4.1a,b) such that the DDCS is largest for low incident
electron kinetic energies and large angles of incidence 6; [42—44]. Thus, for the reflection
calculations in Fig. 4.2b, we choose 6; = 80° from the surface normal and v; = 0.01¢, typical
of HREELS experiments.

It is evident from Eq. (4.2) that the selection rule for electron beam excitation of a
specific phonon mode §, at q) of energy he;y requires overlap of the electron’s vacuum
field E%"q in Eq. (4.3) with the induced phonon moment p,o dominated by £, at q and
heir. However, in the quasistatic (¢ — oco) and dipole (a < 27c/e;f) limits relevant to
graphene, the electron’s transition field E0i7q(x) x ¢~ 2q, and the general induced phonon
moments become the induced dipole moments, i.e., pn,o — d,g, so that the selection rule
E(}zq-pno’q reduces to ), q-dnoqgx = D_,. q -dﬂquﬁ—qudﬁqun. Based upon the dipole limit
of the scattering form factor of a single Coulombically bound target electron, (n|e’d*|0) ~
(n|l+iq-x+---]0) < q - dyo [193], this result is expected as electromagnetic retardation
effects are negligible for graphene. The ), q - dpno,qx selection rule is also related to that
invoked to rationalize HREELS and ¢-EELS phonon measurements [39, 194, 195].

While the )", q - dno,qx selection rule explains the absence of the TO and TA bands in
the spectra presented in Fig. 4.2 on grounds of symmetry, the degree to which accessible
bands contribute to the DDCS spectra inside (and outside) the first BZ can be more clearly
understood by considering the top line of Eq. (4.2). In particular, the DDCS is proportional
to |EY i, q|2 Im E?ﬁ: q~lEIq-}A3(}i’ q | showing that the characteristics of the transition field largely
dictate how strongly each tensor component of ﬁq contributes to the DDCS. Although
the eigenmode dispersion is periodic in reciprocal space, the momentum dependence of
the effective charge Z(q) causes Ik g # IHgs. The dispersions in q of the electron’s
field E%, (solid red/blue traces) as well as that of its limiting quasistatic form E%, o« q
(dotted red/blue traces) are displayed in Figs. 4.2¢,d for both transmission and reflection
geometries, clearly showing the reduction of the former to the latter in the quasistatic limit
appropriate to graphene. Notably, in transmission, the probe is strongly xz-polarized except

in the immediate vicinity of I'g, explaining the preferential excitation of both LA and LO
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phonons at both small and large momenta, as recently observed in ¢-EELS measurements
of individual freestanding graphene monolayers [39].

In contrast, the probe’s polarization in the reflection geometry (Fig. 4.2d) evolves from
predominantly z-polarized in the first BZ to predominantly xz-polarized in the second BZ.
This crossover in polarization content of the electron’s field elucidates the computed DDCS
in Fig. 4.2b, where primary excitation of ZA and ZO phonons at low momenta [42, 43]
give way to the additional excitation of both LA and LO phonons outside of the first BZ.
Taken together, these results contrast the different information contained within ¢-EELS
and HREELS measurements of graphene performed at IR energies in the first two BZs. For
comparison, optical excitation via propagating free space light is strongly limited in the IR
by the light cone boundary, where K = |k|X ~ 1073 nm~! (see dashed red/blue traces in
the inset of Fig. 4.2¢).

Sharing the same hexagonal lattice structure as graphene but with a lattice constant
of a = 460 nm, Fig. 4.3 considers a 2D plasmonic honeycomb array composed of 100 nm
diameter x 60 nm high silver nanodisks. In contrast to graphene, the large lattice constant
and optical excitation frequencies of the array renders the entire BZ accessible to optical
excitation [12]. Displayed in Fig. 4.3a is the angle-resolved optical extinction cross section
Oext(k,w) = (drw/c)Im[ 3, BV - pnoxe/|Epr|?], where E) = Epé(k)e’® ™= is the Fourier
coefficient of the stimulating optical plane wave field with wave vector k, while the fully
retarded ¢-EELS DDCS (Eq. (4.2)) is shown in Fig. 4.3b, both within the first BZ. The
inelastic electron scattering spectra are computed in the forward scattering geometry with
k; oriented along the z-axis (f; = 0°) and v; = 0.7c. Both optical and electron beam LPP
spectra are calculated from Eq. (4.4) using the method of coupled dipoles where the mul-
tipolar plasmon moments p,o in each silver nanodisk are approximated by individual point
electric dipole moments d,g [5, 7] with anisotropic polarizability evaluated using tabulated
dielectric data for silver [196] (SI). Unlike for graphene, site-to-site coupling in nanoparticle
arrays is mediated by long-range, causal interactions between nanophotonic antenna modes
localized to each nanoscale scattering element. As a consequence, the generalized dynami-
cal matrix D, (K,w) for LPPs encodes the individual nanoantenna resonances as well as

the retarded dipole-dipole interactions between sites (SI). The white traces in Figs. 4.3a,b
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Figure 4.3: Energy-momentum dispersion of LPPs along the I'—M direction in a honeycomb
plasmonic array composed of 100 nm wide x 60 nm high silver nanodisks separated by 460
nm. The localized surface plasmon energies of each isolated nanodisk are 3.13 eV and
3.36 eV in the x and z directions, respectively. a) Normalized optical extinction cross
section under p-polarized excitation as a function of incident wave vector k| in the first
BZ. b) Normalized ¢-EELS DDCS calculated in the transmission geometry versus recoil
wave vector q in the first BZ. The electron’s incident wave vector k; is oriented normal
to the sample surface with an initial velocity of v; = 0.7¢. ¢) Induced LPP polarizations
extracted at the boxed points in the optical extinction and ¢-EELS DDCS spectra. d)
Polarization dispersion of the electron’s vacuum transition field E(}i (solid red/blue) and
of the free space plane wave optical field E? (dashed red/blue) contrasted against that of
the electron’s vacuum field ES)CZ- x q in the quasistatic limit (dotted red/blue) along the
'y — My direction, all computed at 3 eV. e) ¢-EELS DDCS under same conditions as b)
along I'y — My. The white traces in (a), (b), and (e) are the photonic dispersion of the
empty honeycomb lattice. f) Normalized m(?r%entum—resolved extinction (blue traces) and
retarded/quasistatic DDCS spectra (black/gray-dashed traces) at I'g and Mg points from

(a) and (b). All calculations use a vacuum background.



denote the empty lattice photon dispersion in the reduced zone scheme [122].

The honeycomb lattice LPPs are photonic analogs of the acoustic (in-phase) and optical
(out-of-phase) transverse (TA, TO), longitudinal (LA, LO), and z-directed (ZA, ZO) phonon
modes of graphene. Under p-polarization, optical extinction (Fig. 4.3a) reveals the in-
plane (z-polarized) in-phase LPP at I'gp, while the electron DDCS (Fig. 4.3b) probes the
complementary out-of-plane (z-polarized) in-phase LPP at the same reciprocal space point,
as seen by the color-coded induced moment plots in Fig. 4.3c. The induced dipoles exhibit
the expected in-phase and out-of-phase polarizations between sites within the unit cell at
the high-symmetry points shown in Figs. 4.3a,b. The complementary behavior exhibited
by photon and electron probes in Figs. 4.3a,b is generic and can again be understood
by examining the general dispersion of the electron’s vacuum transition field E?i (solid
blue/red traces) versus that of plane wave light E° (solid black/gray traces) shown in Fig.
4.3d. In moving from the first to second BZ, the p-polarized optical field E® switches from
dominantly z-polarized to dominantly z-polarized at the light cone edge near M7, while E?i
from Eq. (4.3) is predominantly polarized in the z direction in the first BZ, but evolves to
be largely z-polarized at larger K = q|. Indeed the computed optical extinction spectrum
in Fig. 4.3a shows clear signatures of the z-polarized in-phase and out-of-phase LPPs
with increasing k| in the first BZ. Near the light cone edge, the z-polarized in-phase LPP
becomes evident in oeyxt(k,w), however, the z-polarized out-of-phase LPP is not apparent
(Fig. S2a). The evolution of gext(k,w) under s- and p-polarized excitation as k| traverses
the full boundary of the irreducible BZ is shown in Fig. S3a,b. Oppositely, but reflecting
the crossover behavior in E%, polarization at larger q) values in Fig. 4.3d, the electron
probe excites primarily the z-polarized out-of-phase LPP at My as well as both z-polarized
out-of-phase and in-phase LPPs at My/Mj and T's, respectively, in the third BZ (Fig. 4.3e),
a region inaccessible to free space optical excitation. The q) value where z- and z-polarized
Eoi cross over can be tuned across multiple BZs in the transmission geometry by varying
the primary kinetic energy of the probing electron (Fig. S4). In the reflection geometry
typical of HREELS, and as opposed to optical excitation, the electron’s transition field is
strongly z-polarized across many BZs (Fig. S5).

In contrast to the near indistinguishability of quasistatic and fully-retarded transition
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fields under the conditions presented in Figs. 4.2c,d for graphene, Fig. 4.3d displays no-
ticeable differences in Eg)ci arising from the finite speed of light. The consequences of these
differences are evident in Fig. 4.3f, which displays normalized momentum-resolved optical
(blue traces) and electron beam spectra at I'g and My, where both fully retarded (black
traces) and quasistatic (dashed gray traces) descriptions of the electron’s vacuum transi-
tion field are adopted. While the normalized DDCS spectra are indistinguishable at the
'y point, where the quasistatic and fully-retarded fields in Fig. 4.3d coincide, it is evident
from the My point spectra that a quasistatic description of the electron’s field fails to fully
capture the electron’s ability to excite the z-polarized out-of-phase LPP in the first BZ at
~ 3.05 eV. As compared to the quasistatic case, a fully retarded description of the elec-
tron’s field involves a larger ratio of x- to z-polarized Eg)ci components, leading to stronger
excitation of the z-polarized out-of-phase LPP. This differing evolution of the probe polar-
ization with increasing q) and resulting complementarity in selection rules in comparison
to optical excitation is generic to widefield inelastic electron scattering processes involving
any nanophotonic 2D periodic material.

While of considerable utility in the investigation of 2D atomic materials, spectroscopies
derived from the inelastic scattering of widefield free electron beams have found less consider-
ation as probes of 2D periodic nanostructures. Here, we have presented a fully-retarded the-
oretical approach to describe the low energy inelastic scattering of widefield electron beams
from 2D periodic materials spanning from atomic-scale quantum materials to nanophotonic
array structures beyond the non-recoil approximation. Through inclusion of the relativis-
tic kinematics appropriate to the forward and reflection geometries typical of ¢-EELS and
HREELS measurements, we have investigated the reciprocal space excitations native to a
plasmonic honeycomb lattice under both inelastic electron scattering and angle-resolved op-
tical extinction spectroscopies, and compared these observables to the momentum-resolved
phonon excitation spectrum of monolayer graphene. Generically, we find important dif-
ferences arise in the selection rules between 2D atomic and nanophotonic materials under
optical- and electron-based probes, leading to complementary behavior in their polarization-
dependent responses both inside and outside of the BZ. These differences, together with a

breakdown of the quasistatic approximation, thus require consideration of fully retarded
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light-matter interactions and expanded selection rules to properly interpret inelastic elec-
tron scattering signals from 2D periodic materials. Beyond the examples highlighted, the
presented theory might be utilized to investigate other material excitations [9, 185, 197-199]

with symmetry selection based on free electron wavefront shaping [77, 79, 80].
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Chapter 5

STRATEGY FOR DIRECT DETECTION OF CHIRAL PHONONS
WITH PHASE-STRUCTURED FREE ELECTRONS.

e Bourgeois, M. R., Rossi, A. W., Masiello, D. J. (2025). Strategy for direct detection
of chiral phonons with phase-structured free electrons. Physical Review Letters, 134,

026902.
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5.1 Abstract

Chiral phonons possessing valley pseudo angular momentum (PAM) underlie a diversity
of quantum phenomena of fundamental and applied importance, but are challenging to
probe directly. We show that deficiencies of typical momentum-resolved electron energy
loss measurements that make it impossible to distinguish the PAM of chiral phonons can be
overcome by introducing pinwheel free electron states with well-defined PAM. Transitions
between such states generate 2D periodic arrays of in-plane field vortices with polarization

textures tailored to selectively couple to desired chiral mode symmetries.
5.2 Main Text

Chirality plays a central role in nearly all aspects of physics, chemistry, and biology. At
large length scales, chiral gravitational waves have been considered as sources of circularly
polarized contributions to the cosmic microwave background [200], while at short length
scales chirality dictates molecular interactions and organizations underpinning biological
processes. In condensed matter physics, chirality and spin-momentum locking are at the
heart of the menagerie of identified Hall effects, as well as stable [201, 202] and tran-
sient free space [203, 204] and evanescent [197, 198, 205-207] topological electromagnetic

field textures. Following the report [208] of helicity-resolved Raman scattering experiments
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from transition-metal dichalcogenide (TMD) atomic layers, it was predicted [9] that two-
dimensional (2D) atomic crystals with hexagonal symmetry can host chiral phonons with
well-defined pseudo angular momentum (PAM) arising from discrete rotational crystal sym-
metry. Direct experimental evidence of chiral phonons was subsequently reported based on
transient infrared circular dichroism measurements of a monolayer TMD [199], generating
significant interest in the potential for leveraging chiral phonons to achieve novel material
properties that are sensitive to low-energy spin-selective excitations. Beyond 2D hexagonal
lattices, chiral phonons have been identified in other 2D [209-214] and 3D [215, 216] crys-
talline systems, as well as in bio-organic molecules [217]. Chiral phonons have also been
recently identified as participants in various exotic condensed matter processes including
anomalous thermal Hall conductivity [218] and the chiral-phonon-activated spin Seebeck
effect [219], among others [220, 221]. Despite the high-level of current interest in chiral
phonons, their experimental detection has been largely limited to optical Raman scattering
measurements, with spatial resolution and linear momentum limited by the photon wave-
length, and direct detection remains an outstanding challenge impeding further progress
[222].

Meanwhile, instrumental advances during the past decade in aberration correction,
monochromation, and detector technologies have made it possible to perform vibrational
spectroscopy inside a scanning transmission electron microscope (STEM) [35-38, 223]. In
particular, momentum-resolved electron energy loss (¢-EEL) spectroscopy [14, 36, 39, 224],
and the related high-resolution EEL spectroscopy (HREELS) technique [44, 225], have been
used to measure the energy-momentum dispersion of phonons in mono- and few-layer 2D
atomic crystals. While these measurements have demonstrated the ability of inelastic free
electron scattering to complement other phonon measurement techniques, such as inelas-
tic neutron and x-ray scattering, the absence of an obvious electron polarization degree
of freedom has hindered the spin-selective detection of chiral phonons using free electrons.
However, the transverse phase shaping and coherent detection schemes that were originally
developed for core-loss EEL spectroscopy and that enabled magnetic circular dichroism
measurements in the TEM [226-228] have been recently adapted to the low loss regime.

By selectively monitoring inelastic scattering of free electrons between states with tailored
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transverse phase profiles, energy loss processes involving desired target mode symmetries
[75] and OAM states [74, 76] have been demonstrated, and optical polarization analogs in
free electron scattering have been identified [77, 96]. The full potential of these measure-
ment schemes is currently being explored, while the transverse phase shaping and selection
technologies underlying them are actively under development [229][230-234].

In this Letter we provide a strategy for leveraging inelastic scattering of transversely
phase shaped free electrons to achieve direct detection of chiral phonons within a STEM.
We introduce pinwheel free electron states composed of a small number of phased plane wave
components that share the same reciprocal space three-fold discrete rotational symmetry
as chiral phonons in hexagonal monolayer 2D atomic crystals at the K and K’ points,
which introduces a new PAM degree of freedom to the probing electrons. In analogy to
previous work on OAM-resolved EEL spectroscopy [74, 76-78, 96, 235, 236], pre- and post-
selection of the transverse free electron states enables tracking of PAM exchange between
pinwheel free electrons and the sample. We trace the utility of the identified phase-shaped
free electron transitions to the topological spin textures of their associated transition electric
fields, which can be tailored to selectively couple to chiral phonons of the same symmetry and
PAM. Compared to light-based probes, inelastic electron scattering offers the potential for
superior spatial resolution, in addition to an often simpler interpretation since the Brillouin
zone (BZ) edges can be accessed directly. This work informs current and future efforts to
detect and characterize chiral phonons using inelastic free electron scattering, and identifies
specific experimental geometries and parameters to achieve detection.

As a model 2D atomic crystal with hexagonal symmetry that lacks inversion symmetry,
we consider chiral phonons in monolayer hexagonal boron nitride (hBN) situated in the xy
plane as depicted in Fig. 5.1a. Eigenenergies iwy (k) and eigenvectors £, (k;) of the six
hBN phonon bands, indexed by A, are computed within the harmonic crystal approximation
[81] with force constants taken from the literature [87, 88, 237]. The gray lines in Fig. 5.1b
show the eigenenergies as a function of k| within the first BZ along K’ —T — K. In contrast
to graphene, the lack of inversion symmetry within the 2D plane and the fact that time
reversal symmetry is broken at the K and K’ points leads to non-degenerate in-plane valley

phonon modes at the K and K’ reciprocal space points with well-defined PAM [9]. Real-
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Figure 5.1: hBN phonons and ¢-EEL spectroscopy. a) Scheme of ¢-EEL process involving
momentum transfer between initial k; (gray) and final k; (red) free electron states. The
recoil momentum hq has projection q = (q - x)x onto the 2D sample situated in the xy
plane. The three C3 axes (C2, CF, and C§™) associated with hBN are indicated by red

markers in the lower inset.

b) Calculated hBN phonon eigenmode dispersion (gray) along K’ — ' — K and normalized
DDCS (color map). ¢) Real-space in-plane phonon eigenmodes at K and K’. Pink circles
indicate circular motion of sublattices, while arrows show the direction of rotation. The

PAM 5 is noted below each panel with respect to C§*™. d) Lineouts of the DDCS
spectra at K and K’ from panel (b). All calculations include an empirical damping rate of

n =5 meV/h at zero temperature and a vacuum background.
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space motion of the four in-plane phonon eigenmodes (A = 1 — 4), at the K and K’ points
are shown in Fig. 5.1c. Below each image is listed the total PAM lf\ent with respect to
the C$™™ rotation axis marked in red at the center of the hexagon shown in the panel
(a) inset. Additional details regarding the PAM of in-plane phonons, including definition
of PAM relative to other Cj axes, is detailed in [238]. The lowest (A = 1) and highest
(A = 4) energy in-plane modes involve opposing circular motion on both sublattices, with
total PAM [$™ = 0. For the other two in-plane modes (A = 2,3), while one sublattice
remains motionless, the other executes circular motion, the handedness of which ultimately
determines whether the PAM [§*** = +1. The depicted phonons exhibit spin-momentum
locking in that the z-oriented spin associated with each sublattice (equivalent to handedness
of circular motion) changes sign under linear momentum reversal, i.e., K <+ K'.

For an incoming probing electron with speed v;, the state-resolved loss rate describing

inelastic scattering at first order from the 2D atomic crystal at loss energy fuv;s is [91]

wlpss = f(f) Imzz 3 (k (5.1)

” wi — wif wzf -l—m)

where L3 defines the probing electron’s quantization volume, €y is the unit cell volume, and
k is within the first BZ. The quantity F(k) = Y 3, &5 Ma /- eZu(k + G) - EY; 1 o
involves the atomic masses M, and effective charges eZ, of each sublattice, indexed by x, and
G denotes a reciprocal lattice vector. E%k +ax 18 the Fourier coefficient of the quasistatic
transition electric field E[}i(k) = —ik(47/k?) psi(k), where pg;(k) is the Fourier transform
of the charge density pyi(x) = —ey}(x)¢i(x) associated with the free electron transition
from initial state v;(x) to final state ¥s(x). A phenomenological damping parameter 7 is
introduced to give spectral features finite width.

Fig. 5.1a shows a generic wide field inelastic electron scattering event as typically mea-
sured by ¢-EELS whereby an incoming free electron plane wave with wave vector k; (gray)
scatters to an outgoing plane wave with wave vector ks (red) via interaction with the atomic
crystal. In the low loss energy range considered, the linear momentum hq = h(k; — ky)

lost by the probing electron is transferred into excited phonons with Bloch vector k. The
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Figure 5.2: Transition electric fields involving three-fold pinwheel states. a) Scheme showing

a transition from the |P = 3, ky,o = +1,¢p) pinwheel state to ‘k'} = 0). b) and c)
show in-plane magnitudes (color maps) and polarization textures (polarization ellipses) of
Eglmo (x|, 2 = 0) associated with transitions |P = 3,k = K,0 = +1,¢9) — \k‘]‘c = 0) at
¢o = 0 and ¢g = /3, respectively. Red (blue) polarization ellipses indicate anticlockwise
(clockwise) elliptical polarization rotation, and Ry = —a/2 y. d) Total PAM l;}i of the
transition field relative to the C% (i = 1,2,3) rotation centers marked in panel (b) for

¢o = 0.

transition field associated with this situation is [238]

dmie L k+G ]

which is linearly polarized along the recoil direction q. The rate of phonon mode excitation
is dictated by Fa(q) o &5, - Eg’kJrG”_C x &3, - 4. As a consequence, the linearly polarized
transition field couples identically to circularly polarized in-plane phonons, and it is not
possible to distinguish the PAM of the phonon modes at K and K’ points from ¢-EEL spectra,
alone. Indeed, spectral lineouts of the double differential cross section (DDCS) [3, 193] at
the K and K’ points from Fig. 5.1b are shown in Fig. 5.1d to be indistinguishable.

7



It is perhaps natural to consider employing prototypical free electron states that carry
well-defined units of intrinsic OAM, e.g., Bessel and Laguerre-Gauss beams [70, 71, 239].
Previous works have demonstrated the ability to monitor OAM exchange between target
sample and probing electron through careful pre- and post-selection of the OAM state of
the free electrons [74, 76-78, 96, 235, 236]. However, this strategy is also problematic in
the present case, since the reciprocal space wave function densities of these free electron
states are azimuthally symmetric, leading to the inability to selectively probe the K or K’
points. To circumvent this challenge, we introduce pinwheel initial states | P ko ¢o) of the

free electron probe defined as

Q;Z)Pkuaqbo( ) \/*ZGJZ(Z)JL 3/2 ik, x (5‘3)

which are composed of P phased plane wave components with identical in-plane projection
k = |k| and phases ¢; = (27/P)j + ¢o winding either counterclockwise (¢ = +1) or
clockwise (0 = —1). The constituent wave vectors for such an incident state are k;- =
(k‘” cos ¢y, k: sing;, k 4), with k‘2 =k2 + kH For 60 keV probing electrons typical of STEM
EEL spectroscopy, the plane waves contributing to the pinwheel superposition states require
convergence angles of . ~ 13.5 mrad for k| at the hBN K /K’ points, while relative phases
may be imprinted using techniques to shape transverse free electron wave functions currently
under development [229][230-234].

By preparing an incoming pinwheel state and post-selecting the on-axis plane wave state
with k‘f = 0, as depicted in Fig. 5.2a using a spatial filter in the Fourier plane, the measured
inelastic scattering process will be composed of P phased momentum recoils with q; = ké'll’

and the transition field has the form [238]

4dmie L 1 L

E?Dk k+Gk — 73 m¢36 k+G) (rﬁ RO)(Sk+G . (54)
|o¢0,k+Gk L3 v \/’ Z |qj‘2 »dj

Here, Ry dictates the displacement of the transition field interference pattern in the xy
plane relative to some arbitrarily placed origin, which we take as the center of a real-space
unit cell. In close analogy to topological electromagnetic vorticies created by interfering free

space [203, 204] and evanescent [197, 198, 205-207] electromagnetic waves with controlled
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geometric phase, the in-plane polarization of the transition field E?.J‘k” oo (x) consists of

a 2D periodic array of field vorticies. The presently discussed topological field textures
are distinguished from those previously reported in that the transition field is sourced by
the charge density associated with the probing free electron transition, leading to field
texture periodicity on the ~ A length scale. For the case P = 3 and k= K,K’, the
phased momentum transfers have the same three-fold rotational reciprocal space symmetry
as the K and K’ phonons [9, 199], and the real space polarization array has hexagonal
symmetry with unit cell dimensions matching those of the atomic crystal as presented in
Fig. 5.2b for ¢g = 0. Superimposed above the 2D ’Eg/"lua% (x|, 2 = 0)| maps are polarization
ellipses colored red (blue) to indicate anticlockwise (clockwise) polarization rotation. In
close analogy to the situation encountered for valley phonons in 2D atomic crystals with
hexagonal symmetry, the in-plane transition field has well-defined PAM lii € {-1,0,+1}
relative to any of the three distinct C% (i = 1,2, 3) rotation centers marked with colored
dots in Figs. 5.2b,c [238]. Reversing the winding direction of the plane wave phases by
0 =41 <> 0 = —1 leads to a spatial shift of the field nodes relative to the atomic crystal
sites. As a consequence, [’ ; does not depend on the value of o, and It ; is tabulated in Fig.
5.2d for ¢9 = 0. The transition fields shown in Fig. 2b,c exhibit spin-momentum locking in
the sense that simultaneous exchange of ¢ = +1 <> 0 = —1 and ¢9 = 0 <> ¢9 = 7/3, which
is equivalent to K <+ K', yields the same spatial in-plane field intensity profile, with regions
of clockwise and anticlockwise polarization rotation interchanged. This property reflects
the fact that I%;, — —lj}i when ¢9 = 0 — /3 [238].

The ability of the identified free electron transitions to generate electric fields that mirror
the spin texture and spin-momentum locking of the hBN chiral phonons makes it possible
to leverage the former to directly probe the latter. In particular, spatially scanning the
transition field relative to the atomic crystal by changing Ry leads to either alignment, or
varying degrees of misalignment, of the three C3 axes of the transition field with those of
the atomic crystal. When the two groups of C3 axes are aligned, the PAM of both the
transition field and the phonons can be simultaneously well-defined relative to a common

origin, and coupling occurs between transition and phonon displacement fields with equal
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Figure 5.3: Chiral phonon discrimination with phase shaped electrons. a) Configuration
tables specifying the identities of co-located atomic crystal and transition field Cs axes
for Ry = {(O,ia/Q), (ﬁa/?,O)}, o = %1, and ¢y = {0,7/3}. Circles at the vertices of
each triangle represent B, N, and center (cent) atomic crystal positions, while circle color
indicates which of the transition field C’§ axes resides at each site. The integer to the
lower right of each diagram indicates l;‘;nt. b) Calculated transition rates w%®(fiw; 7 Ro)
for incoming pinwheel states transitioning to the on-axis plane wave state as a function of
loss energy and 0 < ¢g < 7/3 for an hBN monolayer with Ry = (O, ia/2). Red (blue)
traces indicate 0 = +1 (o0 = —1). Integers adjacent to spectral features at K/K’ indicate
the l;‘;nt from (a) relevant to each peak. c¢) Same as (b), but for monolayer graphene. All

calculations assume a vacuum background environment and zero temperature. An empirical

phonon damping rate of n = 1 meV/h is included.

80

K/

K/



PAM as required by PAM conservation. Conversely, when the transition field and atomic
crystal Cs axes are misaligned, the PAMs of the phonon branches cease to be well-defined
relative to the C3 axis of the probe, and exchange of intrinsic and extrinsic PAM occurs.

When Ry € {(0,+a/2),(v/3a/2,0)}, the transition field C§ and atomic crystal rotation
center positions coincide, with the particular value of ¢ at each site dictated by the other
parameters characterizing the transition field, i.e., o = +1 and ¢ € {0,7/3}. The possible
configurations of co-located C5 axes are pictorially represented in Fig. 5.3a. For example,
when Ry = (0, —a/2), 0 = +1, and ¢y = 0, it is the C3 transition field axis at the location
of the C§™™ atomic crystal rotation center. Therefore, since ljlcl- = 0, this transition field
couples only to valley phonons with PAM [§ = 0. However, for Ry = (0, —a/2), 0 = —1,
and ¢g = 0, C’§ coincides with C§™, and phonons with PAM ™ = +1 are excited.
This is precisely the behavior exhibited by the corresponding state- and energy-resolved
transition rates w& (hwir, Ro) presented in Fig. 5.3b for hBN, which are evaluated using
Egs. (5.1) and (5.4). Red and blue traces correspond to o = +1 and ¢ = —1, respectively.
For Ry = (0,—a/2) and ¢9 = 0, the red trace shows features at the energies of modes
A =1 and A = 4, which have PAM [§** = 0, while the blue trace exhibits a single peak
at mode A = 2 with (§*"* = +1. Meanwhile, for Ry = (0, +a/2) and ¢9 = 0, in agreement
with PAM conservation considerations encoded into the table in Fig. 5.3a, the ¢ = +1
and o = —1 transition fields couple to valley phonons with PAM [§™ = —1 and [§*™™ = 0,
respectively. Using I" — —1%™ when ¢o = 0 — 7/3, and I§™" — —I$™ when K — K/, the
spectra in Fig. 5.3b at ¢g = 7/3 can likewise be rationalized in terms of PAM conservation.
Therefore, given the ability to perform the identified pre- and post-selected pinwheel state
measurements with control over Ry, o, and ¢g, it possible to perform energy-, valley, and
PAM-resolved inelastic free electron scattering measurements capable of accessing valley
phonons at the BZ corners directly.

As a point of comparison, Fig. 5.3c considers monolayer graphene, where the presence
of parity symmetry requires modes A = 2, 3 to be degenerate at the K/K' valleys. Although
eigenvectors &y_o (k| = K/K') can be defined with well-defined parity, parity and PAM
operators do not commute. Nevertheless, linear combinations of the parity states can be

taken to construct eigenvectors in this degenerate space with well-defined PAM. These par-
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ticular eigenvectors have the same symmetries as those encountered for hBN; i.e., £,_, and
&3 exhibit circular motion of carbon atoms on one or the other atomic sites, respectively,
while the other atom remains stationary at its equilibrium position. As a consequence,
at the K valleys, these degenerate modes have total PAM I§5 = +1 and I§ = —1.
Critically, Figs. 5.3b,c show that by comparing the PAM-resolved loss spectra measured
at Rp = (0,+a/2) and o = =£1, it is possible to directly assess non-degeneracy of valley
phonon modes with PAM [§** = +1 introduced in the absence of parity symmetry. Spatial
maps of w?o (hwir, Ro) for hBN and graphene and Ry varied throughout the real-space unit
cell are presented in the SM [238].

Chiral phonons with valley pseudospin degrees of freedom and well-defined PAM underlie
a diversity of fundamental condensed matter physics phenomena, material properties, and
downstream technologies exploiting unidirectional and lossless phonon propagation in the
infrared. However, direct characterization of chiral phonons has remained an outstanding
challenge [222] owing to the small linear momentum of light and the absence of obvious po-
larization degrees of freedom of massive particles. Here we show how pre- and post-selection
of pinwheel free electron states during inelastic scattering overcomes these limitations and
introduces a new PAM degree of freedom enabling tracking of PAM exchange between probe
and sample. By tailoring such pinwheel states to generate 2D periodic arrays of in-plane
field vortices with A-scale polarization textures, we introduce a strategy for direct and
selective detection of phonon spin textures of the desired chiral mode symmetries at the
K/K’ valleys using phase-structured free electrons. Other material systems hosting chiral
phonons with various composition, symmetry, and dimensionality could be characterized

using generalizations of the proposed inelastic scattering measurements.
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