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Computer Science & Engineering

This thesis explores the challenge of efficient sampling from target distributions, a problem

at the heart of statistics, machine learning, and theoretical computer science with appli-

cations in Bayesian estimation, volume computation, and bandit optimization. The focus

is on designing optimal samplers using the Markov Chain Monte Carlo (MCMC) method,

leveraging a gradient or value oracle for a given smooth function, aiming to match the

output distribution closely to the target distribution without direct access to the density

function or its normalization constant. The research addresses the inefficiencies of cur-

rent algorithms, especially in high-dimensional, ill-conditioned, structured, or constrained

distributions, and introduces novel sampling algorithms that optimize query complexity.

The thesis is structured into four main parts: The first part presents an improved

discretization method for simulating stochastic differential equations like Langevin Diffu-

sion, significantly enhancing sampling efficiency. The second part examines Metropolized

Sampling Algorithms, offering new insights into their query complexity and establishing

upper and lower bounds for widely used algorithms like Metropolized Hamiltonian Monte

Carlo and Metropolis-adjusted Langevin Dynamics. The third part introduces a proximal

sampler, improving condition number dependence and presenting efficient algorithms for

various structured log-concave families. Finally, the fourth part tackles the challenging

task of sampling from constrained sets, overcoming the difficulties posed by maintaining

the random walk within the constraints and slow convergence rates in ill-conditioned sets.

This work demonstrates theoretical advancements and practical efficiency in sampling

algorithms. It contributes to understanding the fundamental aspects of sampling, the

intricacies of discretization errors, and the impact of condition numbers on sampling com-

plexity. This work improves over existing sampling methods, particularly in sampling from



high-dimensional, constrained, ill-conditioned, and structured distributions.
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Chapter 1

INTRODUCTION

We study the problem of efficiently sampling from a target distribution. This problem

is central in statistics, machine learning, and theoretical computer science, with appli-

cations such as Bayesian estimation [ADFDJ03], volume computation [Vem10] and ban-

dit optimization [RVR+18]. Since the seminal result [DFK91a], which first presented a

polynomial-time algorithm based on the Markov Chain Monte Carlo (MCMC) method

(for an equivalent problem), decades of research has been focused on using MCMC meth-

ods to sample. Mathematically, we are given a target distribution with a density function

proportional to exp(−f(x)), where f : Rd → R is a smooth function. We have access to a

gradient oracle and/or a value oracle to the function f . Our goal is to design samplers that

can output a sample x such that the distribution of x, πx is close to the target distribution.

Common metrics used to measure the distance between the output distributions and the

target distribution include Wasserstein distance, total variation distance, KL divergence,

etc. Notice that we don’t assume access to the density function itself, nor do we need to

know the normalization constant of the distribution. For this problem, we are interested

in how we can design samplers with optimal query complexity.

The general approach of MCMC-based sampling algorithms often includes two steps.

The first step involves choosing a Markov process with a stationary distribution equal

to or close to the target distribution. The second step is discretizing the process and

simulating it until the distribution of the points generated is sufficiently close to the target

distribution. One commonly used Markov process is the Langevin diffusion (LD) [RT96a,

GM91, DMM19], which evolves according to the SDE,

dx(t) = −∇f(x(t)) dt+
√
2 dBt, (1.1)

where Bt is the Brownian motion. (1.1) converges to the stationary distribution π∗ ∼

exp(−f(x)). However, to simulate this continuous process, we need to discretize it, which

can introduce discretization errors that affect the accuracy. The key to designing efficient

samplers lies in both choosing the appropriate Markov process and accurate implementa-

tion of the process.
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Sampling has a close relationship with optimization, one of the most studied problems

in recent years. The problem of optimizing a function f can be solved by a reduction to

sampling from a distribution with density proportional to exp(−βf) for a large constant

β. Indeed, many sampling algorithms are inspired by optimization algorithms. However,

sampling is more powerful and strictly harder than optimization. Intuitively, sampling

from a distribution needs to not only identify the region with the highest density but

also explore the landscape of other regions. This exploration ability makes sampling an

especially powerful tool, but at the same time introduces substantial challenges, both

theoretically and practically.

One challenge in designing samplers is that provable correctness and mixing time guar-

antees are central to sampling algorithms. Unlike in optimization problems where the value

of the target function can be evaluated easily, in sampling problems, evaluating whether

output samples follow a target distribution is hard. As a result, rigorous mathematical

analysis is necessary to ensure the correctness and mixing of sampling methods.

In large-scale and high-dimensional scenarios, many sampling algorithms suffer from

slow mixing and high computation costs. Only one trajectory is sufficient to obtain the

optimizer in optimization problems, but sampling problem usually needs a large number of

samples in practical applications. Therefore, efficiency is especially important in designing

sampling methods.

To tackle these challenges, we focus on the “hard” cases, where the distributions are

ill-conditioned and high-dimensional. We are interested in the theoretical guarantees of

the samplers as well as their practical efficiency. Our theoretical study aims not only to

ensure the correctness of the algorithms but also to gain a fundamental understanding of

the efficiency of the samplers.

Part I: Efficient Discretization for Samplers

MCMC sampling algorithms involve running a Markov chain to convergence, making the

query complexity contingent on the rate of convergence. A significant factor in the sam-

pler’s inefficiency is the discretization error. For instance, to simulate the Langevin Dif-

fusion (1.1) for a small time interval h starting from x0, a straightforward method is to

query the gradient ∇f(x0) and estimate xh using the Euler method,

x̃h = x0 − h∇f(x0) + ζt,
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where ζt is drawn from N (0, t). Therefore, to achieve the desired accuracy, it is necessary

to select a sufficiently small step size h. However, a smaller h necessitates a higher number

of steps for the Markov chain to converge, leading to slower convergence rates. As a result,

an improved discretization method can substantially improve the efficiency of the sampling

algorithm.

In Chapter 2, we propose a new framework to discretize stochastic differential equa-

tions. We apply this framework to discretize and simulate underdamped Langevin diffusion

(ULD), which can be viewed as a version of the Langevin diffusion with momentum. The

framework can be used to solve not only the log-concave sampling problem, but any prob-

lem that involves simulating (stochastic) differential equations. Our algorithm achieve ϵ·D

error (in 2-Wasserstein distance) in Õ
(
κ7/6/ϵ1/3 + κ/ϵ2/3

)
steps, where D

def
=
√

d
m is the

effective diameter of the problem and κ
def
= L

m is the condition number. Our algorithm

performs significantly faster than the previously best known algorithm for solving this

problem, which requires Õ
(
κ1.5/ϵ

)
steps [CV19, DRD18]. Moreover, our algorithm can

be easily parallelized to require only O(κ log 1
ϵ ) parallel steps.

Part II: Metropolized Sampling Algorithms

In the preceding part, we improve the efficiency of the samplers by adopting a better

discretization method. To further reduce the error resulting from discretization, one can

apply a Metropolis-Hastings(MH) filter in each iteration to adjust the stationary distri-

bution of the Markov. This approach enables the creation of samplers that exhibit high

accuracy with a logarithmic dependence on the inverse of ϵ, where ϵ represents the dis-

tance to the stationary distribution, compared to a mere polynomial dependence in the

absence of the MH filter. Two of the most common sampling algorithms with the MH fil-

ter are Metropolized Hamiltonian Monte Carlo (HMC) and Metropolis-adjusted Langevin

Dynamics (MALA). However, a comprehensive understanding of their potential and fun-

damental limitations remains lacking. In Chapter 3 and Chapter 4, we study the upper

bound and the lower bound on the query complexity of Metropolized HMC and MALA.

In particular, we show a matching upper and lower bound for one-step Metropolized HMC

and MALA, addressing a longstanding open question regarding the query complexity of

these widely utilized sampling algorithms.

In Chapter 3, we show that the gradient norm
∥∥∇f(x)∥∥ for x ∼ exp(−f(x)), where

f is strongly convex and smooth, concentrates tightly around its mean. This removes a
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barrier in the prior state-of-the-art analysis for the well-studied Metropolized HMC and

MALA for sampling from a strongly logconcave distribution [DCWY19]. We correspond-

ingly demonstrate that Metropolized HMC mixes in Õ (κd) iterations1, improving upon

the Õ(κ1.5
√
d+ κd) runtime of [DCWY19, CDWY20] by a factor (κ/d)1/2 when the con-

dition number κ is large. Our mixing time analysis introduces several techniques which

to our knowledge have not appeared in the literature and may be of independent interest,

including restrictions to a nonconvex set with good conductance behavior, and a new re-

duction technique for boosting a constant-accuracy total variation guarantee under weak

warmness assumptions. This is the first high-accuracy mixing time result for logconcave

distributions using only first-order function information which achieves linear dependence

on κ.

In Chapter 4, we give lower bounds on the performance of two of the most popular

sampling methods in practice, MALA and multi-step HMC with a leapfrog integrator,

when applied to well-conditioned distributions. Our main result is a nearly-tight lower

bound of Ω̃(κd) on the mixing time of MALA from an exponentially warm start, matching

a line of algorithmic results [DCWY19, CDWY20, LST20] up to logarithmic factors and

answering an open question of [CLA+21]. We also show that a polynomial dependence

on dimension is necessary for the relaxation time of HMC under any number of leapfrog

steps, and bound the gains achievable by changing the step count. Our HMC analysis

draws upon a novel connection between leapfrog integration and Chebyshev polynomials,

which may be of independent interest.

Part III: Proximal Sampler

The complexity of sampling algorithms can be influenced by the condition number of the

target distributions, rendering the sampling process from ill-conditioned distributions in-

efficient. This inefficiency is particularly pronounced in the case of structured densities,

where the necessity for more sophisticated sampling algorithms, which have a marked re-

liance on the condition number, becomes apparent. Structured distributions possess unique

features such as separability, enabling specialized samplers to outperform general-purpose

ones in terms of efficiency. These distributions are of significant practical importance, and

their optimization counterparts have been extensively explored in the literature. In Chap-

ter 5, we design samplers for structured distributions and introduce a proximal reduction

1We use Õ to hide logarithmic factors in problem parameters.
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framework aimed at enhancing the condition number dependence of these samplers. Chap-

ter 6 expands upon this by adapting the proximal framework for the non-Euclidean case.

The development of efficient sampling algorithms catering to non-Euclidean geometries has

been a challenging endeavor, as discretization techniques that succeed in the Euclidean

setting do not readily carry over to more general settings. The proximal frameworks pre-

sented are applicable not only to samplers for structured distributions but also to general

samplers.

In Chapter 5, we give algorithms for sampling several structured logconcave families

to high accuracy.2 We further develop a reduction framework, inspired by proximal point

methods in convex optimization, which bootstraps samplers for regularized densities to

generically improve dependences on problem conditioning κ from polynomial to linear. A

key ingredient in our framework is the notion of a “restricted Gaussian oracle” (RGO)

for g : Rd → R, which is a sampler for distributions whose negative log-likelihood sums a

quadratic (in a multiple of the identity) and g. By combining our reduction framework with

our new samplers, we obtain the following bounds for sampling structured distributions

to total variation distance ϵ.

• For composite densities exp(−f(x) − g(x)), where f has condition number κ and

convex (but possibly non-smooth) g admits an RGO, we obtain a mixing time of

O(κd log3 κdϵ ), matching the state-of-the-art non-composite bound [LST20], shown

in Chapter 3. No composite samplers with better mixing than general-purpose log-

concave samplers were previously known.

• For logconcave finite sums exp(−F (x)), where F (x) = 1
n

∑
i∈[n] fi(x) has condition

number κ, we give a sampler querying Õ(n + κmax(d,
√
nd)) gradient oracles3 to

{fi}i∈[n]. No high-accuracy samplers with nontrivial gradient query complexity were

previously known.

• For densities with condition number κ, we give an algorithm obtaining mixing time

O(κd log2 κdϵ ), improving [LST20] by a logarithmic factor with a significantly simpler

2We say a sampler is “high-accuracy” if its mixing time has polylogarithmic dependence on the target
accuracy ϵ.

3For convenience of exposition, the Õ notation hides logarithmic factors in the dimension d, problem
conditioning κ, desired accuracy ϵ, and summand count n (when applicable). A first-order (gradient)
oracle for f : Rd → R returns (f(x),∇f(x)) on input x, and a zeroth-order (value) oracle only returns
f(x).
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analysis. We also show a zeroth-order algorithm attains the same query complexity.

In Chapter 6, we develop a non-Euclidean analog of the recent proximal sampler of

[LST21b], which naturally induces regularization by an object known as the log-Laplace

transform (LLT) of a density. We prove new mathematical properties (with an algorith-

mic flavor) of the LLT, such as strong convexity-smoothness duality and an isoperimetric

inequality, which are used to prove a mixing time on our proximal sampler matching

[LST21b] under a warm start. We find our investigation of the LLT to be a promising

proof-of-concept of its utility as a tool for designing samplers and outline directions for

future exploration.

Part IV: Sampling from a Constrained Set

A common yet challenging type of distribution to sample from is the constrained distri-

bution. This is defined by a set of equality or inequality constraints, such as polytopes.

More precisely, we consider the problem of sampling from the distribution

e−f(x) subject to Ax = b, x ∈ K (1.2)

for some convex set K. To estimate characteristics like the volume of complex, high-

dimensional objects, sampling from the object is often the sole method available to re-

searchers. However, despite their importance, current algorithms for sampling from con-

strained distributions, especially those that are high-dimensional or ill-conditioned, are

highly inefficient. This makes the process extremely costly or even unfeasible.

In Part IV, we focus on designing samplers for constrained distributions. There are

two main challenges in using MCMC method to sample from constrained distributions.

Firstly, maintaining the random walk strictly within the boundaries of the constrained

set can be difficult. Secondly, if the constrained set is ill-conditioned, the Markov chain

might converge very slowly in certain directions. We overcome these two challenges and

demonstrate for the first time that ill-conditioned, non-smooth, constrained distributions

in very high dimensions, upwards of 100,000, can be sampled efficiently in practice. Our

algorithm incorporates constraints into the Riemannian version of Hamiltonian Monte

Carlo and maintains sparsity. This allows us to use the local geometry of the constrained

set, and achieve a mixing rate independent of condition numbers.

On benchmark data sets from systems biology and linear programming, our algorithm

outperforms existing packages by orders of magnitude. In particular, we achieve a 1,000-
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fold speed-up for sampling from the largest published human metabolic network (RE-

CON3D). Our package has been incorporated into the COBRA toolbox [HAP+19].
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Part I

EFFICIENT DISCRETIZATION FOR SAMPLERS
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Chapter 2

RANDOMIZED MIDPOINT METHOD

This chapter is based on [SL19], with Yin Tat Lee.

2.1 Introduction

In this chapter, we study the problem of sampling from a high-dimensional log-concave

distribution. We call a distribution log-concave if its density is proportional to e−f(x) with

a convex function f . The standard assumption is that f is m-strongly convex with an

L-Lipschitz gradient (see Section 2.2.4). In this chapter, we present an algorithm with

no dependence on d and a much smaller dependence on κ and ϵ than shown in previous

research in terms of Wasserstein distance convergence. Moreover, our algorithm is the

first algorithm with better than 1/ϵ dependence that is not Metropolis-adjusted and does

not make any extra assumption, such as high-order smoothness [MS17, MV18, CFM+18,

MMW+19].

To explain our main result, we note that this problem has an effective diameter D
def
=√

d
m because the distance between the minimizer x∗ of f and a random point y ∼ e−f

satisfies Ey∼e−f ∥x∗ − y∥2 ≤ d
m [DM16]. Therefore, a natural problem definition1 is to find

a random x that makes the Wasserstein distance small:

W2(x, y) ≤ ϵ ·D. (2.1)

This choice of distance is also common in previous papers [DM16, DM17, CCBJ17, MS17,

LSV18, MV18, CFM+18].

For ϵ = 1, we can simply output the minimizer x∗ of f as the “random” point. We first

consider the question how quickly we can find a random point satisfying ϵ = 1
2 . For convex

optimization under the same assumption, it takes
√
κ iterations via acceleration methods

1Previous papers addressing this problem defined ϵ as W2(x, e
−f ) ≤ ϵ. This definition is not scale

invariant, i.e., the number of steps changes when we scale f . In comparison, our definition yields results
that are invariant under: (1) the scaling of f , namely, replacing f(x) by αf(x) for α > 0, and (2) the

tensor power of f , namely, replacing f(x) by g(x)
def
=

∑
i f(xi). Our new definition of ϵ also clarifies

definitions in previous research. Under the prior definition of ϵ, the algorithms [DM16, CCBJ17, CV19]

take Õ(κ2(
√

d
m
/ϵ)2), Õ(κ2

√
d
m
/ϵ), and Õ(κ1.5

√
d
m
/ϵ) steps, respectively. Our new definition shows that

these different dependences on d and m all relate to their dependence on ϵ.
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or d iterations via cutting plane methods, and these results are tight. For sampling, the

current fastest algorithms take either Õ(κ1.5) steps [CV19, DRD18] without Metropolis-

Hasting filter or Õ(d4) steps [LV06a] when the distribution is not well-conditioned. Al-

though there is no rigorous lower bound for this problem, it is believed that min(κ, d2) is

the natural barrier.2 We present an algorithm that takes only Õ(κ7/6) steps, much closer

to the natural barrier of κ for the high-dimensional regime.

For general 0 < ϵ < 1, our algorithm takes Õ(κ7/6/ϵ1/3+κ/ϵ2/3) steps, which is almost

linear in κ and sub-linear in ϵ . It has significantly better dependence on both κ and

ϵ than previous algorithms (See the detailed comparison in Table 2.1.) Moreover, if we

query gradient ∇f at multiple points in parallel in each step, we can improve the number

to O(κ log 1
ϵ ) steps.

2.1.1 Contributions

We propose a new framework to discretize stochastic differential equations (SDEs), which

is a crucial step of log-sampling algorithms. Since our techniques can also be applied to

ordinary differential equations (ODEs), we focus on the following ODE here:

dx

dt
= F (x(t)).

There are two main frameworks to discretize a differential equation. One is the Taylor

expansion, which approximates x(t) by x(0) + x′(0)t + x′′(0) t
2

2 + · · · . We use the second

framework, called the collocation method. This method uses the fact that the differen-

tial equation is equivalent to the integral equation x = T (x), where T maps continuous

functions to continuous functions:

T (x)(t) = x(0) +

∫ t

0
F (x(s)) ds for all t ≥ 0.

Since x is a fixed point of T , we can approximate x by computing T (T (· · · (T (x0)) · · · )) for

some approximate initial function x0. Algorithmically, two key questions are how to: (1)

show when and how quickly T iterations converge, and (2) compute the integration. The

convergence rate of T was shown by the Picard–Lindelöf Theorem in the 1890s [Lin94,

2The corresponding optimization problem takes at least min(
√
κ, d) steps [NY83]. If we represent each

point the optimization algorithm visited by a vertex and each step the algorithm takes by an edge, then
the existing lower bound in fact shows that this graph has a diameter of at least min(

√
κ, d). Since a

random walk on a graph of diameter D takes D2 to mix, a random walk on the graph takes at least
min(

√
κ, d)2 steps.
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Pic98] and was key to achieving O(κ1.75) and O
(
κ1.5

)
in the previous papers [LSV18,

CV19]. To approximate the integration, one standard approach is to approximate∫ t

0
F (x(s)) ds ∼

∑
i

wiF (x(si))

for some carefully chosen wi and si. The key drawback of this approach is its introduction

of a deterministic error, which accumulates linearly to the number of steps. Since we expect

to take at least κ-many iterations, the approximation error must be κ times smaller than

the target accuracy.

In this paper, we improve upon the collocation method for sampling by developing a

new algorithm, called the randomized midpoint method, that yields three distinct benefits:

1. We generalize fixed point iteration to stochastic differential equations and hence

avoid the cost of reducing SDEs to ODEs, as was done in [LSV18].

2. We greatly reduce the error accumulation by simply approximating
∫ t
0 F (x(s))ds by

t · F (x(s)) where s is randomly chosen from 0 to t uniformly.

3. We show that two iterations of T suffice to achieve the best theoretical guarantee.

Although we discuss only strongly convex functions with a Lipschitz gradient, we believe

our framework can be applied to other classes of functions as well. By designing suitable

unbiased estimators of integrals, researchers can easily use our approach to obtain faster

algorithms for solving SDEs that are unrelated to sampling problems.

2.1.2 Organization

Section 2.2 provides background information on solving the log-concave sampling problem,

while Section 2.2.3 introduces our notations and assumptions about the function f . We

introduce our algorithm in Section 2.3, where we present the main result of our paper.

We show our proofs in appendices: Appendix A.1–how we simulate the Brownian mo-

tion; Appendix A.2–important properties of ULD and the Brownian motion; Appendix

A.3– bounds for the discretization error of our algorithm; Appendix A.4–a bound on the

average value of ∥∇f(xn)∥ and ∥vn∥ in our algorithm, which is useful for bounding the

discretization error; Appendix A.5–proofs for our main result; Appendix A.6–additional

proofs on how to parallelize our algorithm.
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2.2 Preliminary

Many different algorithms have been proposed to solve the log-concave sampling problem.

The general approach uses a MCMC-based algorithm that often includes two steps. The

first step involves the choice of a Markov process with a stationary distribution equal or

close to the target distribution. The second step is discretizing the process and simulating it

until the distribution of the points generated is sufficiently close to the target distribution.

2.2.1 Choosing the Markov Process

One commonly used Markov process is the Langevin diffusion (LD), which evolves accord-

ing to the SDE

dx(t) = −∇f(x(t)) dt+
√
2 dBt, (2.2)

where Bt is the standard Brownian motion. Under the assumption that f is L-smooth and

m-strongly convex (see Section 2.2.4) with κ = L
m as the condition number, [DM16, Dal17b,

CB17] show that algorithms based on LD can achieve less than ϵ error in Õ
(
κ2

ϵ2

)
steps.

Other related works include LD with stochastic gradient [DK19, ZLC17, RRT17, CFM+18]

and LD in the non-convex setting [RRT17, CCAY+18].

One important breakthrough introduced the Hamiltonian Monte Carlo (HMC), orig-

inally proposed in [Kra40]. In this process, SDE (2.2) is approximated by a piece-wise

curve, where each piece is governed by an ODE called the Hamiltonian dynamics. The

Hamiltonian dynamics maintains a velocity v in addition to a position x and conserves

the value of the Hamiltonian H(x, v) = f(x) + 1
2 ∥v∥

2 . HMC has been widely studied in

[Nea11, MCF15, MS17, MV18, LSV18, CV19, LV18]. The works [CV19, DRD18] show

that algorithms based on HMC can achieve less than ϵ error in Õ
(
κ1.5

ϵ

)
steps.

The underdamped Langevin diffusion (ULD) can be viewed as a version of HMC that

replaces multiple ODEs with one SDE; it has been studied in [CCBJ17, EGZ17, DRD18].

ULD follows the SDE:

dv(t) = −2v(t) dt− u∇f(x(t)) dt+ 2
√
udBt, dx(t) = v(t) dt, (2.3)

where u = 1
L . [CCBJ17] shows that even a basic discretization of ULD has a fast con-

vergence rate that can achieve less than ϵ error in Õ
(
κ2

ϵ

)
steps. Recently, it was shown

that ULD can be viewed as an accelerated gradient descent for sampling [MCC+21]. This

suggests that ULD might be one of the right dynamics for sampling in the same way as
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the accelerated gradient descent method is appropriate for convex optimization. For this

reason, we focus on how to discretize ULD. We note that our framework can be applied

to both LD and HMC to improve on previous results for these dynamics as well.

2.2.2 Discretizing the Process

To simulate the random process mentioned, previous works usually apply the Euler method

[CCBJ17, DM16] or the Leapfrog method [MS17, MV18] to discretize the SDEs or the

ODEs. In Section 2.3.2, we introduce a 2-step fixed point iteration method to solve

general differential equations. We apply this method to ULD and significantly reduce the

discretization error compared to existing methods. In particular, ULD can achieve less

than ϵ error in Õ
(
κ7/6

ϵ1/3
+ κ

ϵ2/3

)
steps. Table 2.1 summarizes the number of steps needed

by previous algorithms versus our algorithm. Moreover, with slightly more effort, our

algorithm can be parallelized so that it needs only O
(
κ log 1

ϵ

)
parallel steps.

On top of the discretization method, one can use a Metropolis-Hastings accept-reject

step to ensure that the post-discretization random process results in a stationary distribu-

tion equal to the target distribution Since this chpater focuses on achieving a dimension

independent result, we do not discuss how to combine our process with a Metropolis-

Hastings step in this chapter. We will have a more depth discussion on Metropolis-adjusted

algorithms in Chapter 3 and Chapter 4.

Finally, we note that all results–including ours–can be improved if we assume that f

has bounded higher-order derivatives. To ensure a fair comparison in Table 2.1, we only

include results that only assume f is strongly convex and has a Lipschitz gradient.

2.2.3 Notations and Definitions

For any function f , we use Õ(f) to denote the class O (f) · logO(1)(f). For vector v ∈ Rd,

we use ∥v∥ to denote the Euclidean norm of v.

2.2.4 Assumptions on f

We assume that the function f is a twice continuously differentiable function from Rd to

R that has an L-Lipschitz continuous gradient and is m-strongly convex. That is, there

exist positive constants L and m such that for all x, y ∈ Rd,

∥∇f(x)−∇f(y)∥ ≤ L ∥x− y∥ , and f(y) ≥ f(x) + ⟨∇f(x), y − x⟩+ m

2
∥x− y∥2 .
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It is easy to show that these inequalities are equivalent to mId ⪯ ∇2f(x) ⪯ LId, where Id
is the identity matrix of dimension d. Let κ = L

m be the condition number. We assume

that we have access to an oracle that, given a point x ∈ Rd, can return the gradient of f

at point x, ∇f(x).

2.2.5 Wasserstein Distance

The pth Wasserstein distance between two probability measures µ and ν is defined as

Wp (µ, ν) =

(
inf

(X,Y )∈C(µ,ν)
E [∥X − Y ∥p]

)1/p

,

where C (µ, ν) is the set of all couplings of µ and ν. For any 0 < ϵ < 1, we study the

number of steps needed so that the W2 distance between the distribution of the point our

algorithms generate and the target distribution is smaller than ϵ ·D.

2.3 Randomized Midpoint Method

2.3.1 Underdamped Langevin Diffusion (ULD)

ULD is a random process that evolves according to (2.3). We study (2.3) with u = 1
L .

Under mild conditions, it can be shown that the stationary distribution of (2.3) is propor-

tional to exp
(
−f(x) + L ∥v∥2 /2

)
. Then, the marginal distribution of x is proportional

to exp (−f(x)) . It can also be shown that the solution to (2.3) has a contraction property

[CCBJ17, EGZ17], shown in the following lemma.

Lemma 1 (Theorem 5 of [CCBJ17]). Let (x0, v0) and (y0, w0) be two arbitrary points

in Rd × Rd. Let (xt, vt) and (yt, wt) be the exact solutions of the underdamped Langevin

diffusion after time t. If (xt, vt) and (yt, wt) are coupled through a shared Brownian motion,

then,

E
[
∥xt − yt∥2 + ∥(xt + vt)− (yt + wt)∥2

]
≤ e−

t
κE
[
∥x0 − y0∥2 + ∥(x0 + v0)− (y0 + w0)∥2

]
.

This contraction bound can be very useful for showing the convergence of the continu-

ous process (2.3). In our algorithm, we discretize the continuous process to implement it;

therefore we need to use this contraction bound together with a discretization error bound

to show the guarantee of our algorithm. In Section 2.3.2, we show how we discretize (2.3).
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Algorithm 1 Randomized Midpoint Method for ULD

Procedure RandomMidpoint(x0, v0, N, h)

For n = 0, ..., N − 1

Randomly sample α uniformly from [0, 1].

Generate Gaussian random variable
(
W

(n)
1 ,W

(n)
2 ,W

(n)
3

)
∈ R3d as in Appendix A.1

xn+ 1
2
= xn +

1
2

(
1− e−2αh

)
vn − 1

2u
(
αh− 1

2(1− e
−2αh)

)
∇f(xn) +

√
uW

(n)
1 .

xn+1 = xn +
1
2

(
1− e−2h

)
vn − 1

2uh
(
1− e−2(h−αh))∇f(xn+ 1

2
) +
√
uW

(n)
2 .

vn+1 = vne
−2h − uhe−2(h−αh)∇f(xn+ 1

2
) + 2

√
uW

(n)
3 .

end for

end procedure

2.3.2 Randomized Midpoint Method

Our step size for each iteration is h. In iteration n of our algorithm, to simulate (2.3),

we need to approximate the solution to SDE (2.3) at time h, (x∗n(h), v
∗
n(h)), with initial

value, (xn, vn). The simplest way to do so is to use the Euler method:

vn(h) = (1− 2h)vn − uh∇f(xn) + 2
√
uhζ, xn(h) = xn + hvn,

where ζ ∈ Rd is drawn from the standard normal distribution. This discretization was

considered in [DM17, Dal17b] due to its simplicity.

As discussed in Section 2.1.1, we improve the accuracy by studying the integral formu-

lation of (2.3):

x∗n(t) = xn +
1− e−2t

2
vn −

u

2

∫ t

0

(
1− e−2(t−s)

)
∇f(x∗n(s)) ds+

√
u

∫ t

0

(
1− e−2(t−s)

)
dBs,

v∗n(t) = vne
−2t − u

(∫ t

0
e−2(t−s)∇f(x∗n(s)) ds

)
+ 2
√
u

∫ t

0
e−2(t−s) dBs. (2.4)

[CCBJ17] considered the same integral formulation and used ∇f(xn) to approximate

∇f(x∗n(t)) for t ∈ [0, h] to get the following algorithm:

x̂n(h) = xn +
1− e−2h

2
vn −

u

2

∫ h

0

(
1− e−2(h−s)

)
∇f(xn) ds+

√
u

∫ h

0

(
1− e−2(h−s)

)
dBs,

v̂n(h) = vne
−2h − u

(∫ h

0
e−2(h−s)∇f(xn) ds

)
+ 2
√
u

∫ h

0
e−2(h−s) dBs.

However, this approximation method can still generate a relatively large error. We propose

a new method, the randomized midpoint method, to solve (2.4), which yields a more

accurate approximation and significantly reduces the total runtime of the algorithm.
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We first need to identify an accurate estimator of the integral
∫ h
0

(
1− e−2(h−s))∇f(x∗n(s)) ds.

To do so, we sample a random number α uniformly from [0, 1] so that αh gives a random

point from [0, h]. Then, h
(
1− e−2(h−αh))∇f(x∗n(αh)) is an accurate estimator of the in-

tegral∫ h
0

(
1− e−2(h−s))∇f(x∗n(s)) ds. We can further show that this estimator is unbiased.

For brevity, we use xn+ 1
2
to denote our approximation of x∗n(αh). To approximate

x∗n(αh), we use equation (2.4) again:

xn+ 1
2
= xn+

1− e−2αh

2
vn−

u

2

∫ αh

0

(
1− e−2(αh−s)

)
∇f(xn)ds+

√
u

∫ αh

0

(
1− e−2(αh−s)

)
dBs.

Then, (x∗n(h), v
∗
n(h)) can be approximated as

xn+1 = xn +
1− e−2h

2
vn −

u

2
h
(
1− e−2(h−αh)

)
∇f(xn+ 1

2
) +
√
u

∫ h

0

(
1− e−2(h−s)

)
dBs,

vn+1 = vne
−2h − uhe−2(h−αh)∇f(xn+ 1

2
) + 2

√
u

∫ h

0
e−2(h−s) dBs.

Note that we can view (2.4) as the fixed point of the operator T , x∗n = T (x∗n), where

for all t,

T (x)(t) = xn +
1− e−2t

2
vn −

u

2

∫ t

0

(
1− e−2(t−s)

)
∇f(x(s)) ds+

√
u

∫ t

0

(
1− e−2(t−s)

)
dBs.

(2.5)

Then, our randomized algorithm is essentially approximating T (T (xn)). Under the as-

sumption f is twice differentiable, we show that two iterations suffice to achieve the best

theoretical guarantee, but we suspect more iterations might be useful if f has higher order

derivatives. As emphasized in Section 2.1.1, the way we obtain our algorithm forms a

general framework that can be applied to other SDEs.

In Lemma 5, we show that the stochastic terms W1 =
∫ αh
0

(
1− e−2(αh−s)) dBs,

W2 =
∫ h
0

(
1− e−2(h−s)) dBs, and W3 =

∫ h
0 e

−2(h−s) dBs conditional on the choice of α

follow a multi-dimensional Gaussian distribution and therefore can be easily sampled. The

steps mentioned above are summarized in Algorithm 1. Using this randomized midpoint

method, we can solve (2.4) much more accurately than previous works. We show that the

discretization error satisfies:

Lemma 2. For each iteration n of Algorithm 1, let Eα be the expectation taken over the

random choice of α in iteration n. Let E be the expectation taken over other randomness

in iteration n. Let (x∗n(t), v
∗
n(t))t∈[0,h] be the solution of the exact underdamped Langevin
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diffusion starting from (xn, vn) coupled through a shared Brownian motion with xn+ 1
2
, vn

and xn+1. Assume that h ≤ 1
20 and u = 1

L . Then, xn+1 and vn+1 of Algorithm 1 satisfy

E ∥Eαxn+1 − x∗n(h)∥
2 ≤ O

(
h10 ∥vn∥2 + u2h12 ∥∇f(xn)∥2 + udh11

)
,

E ∥xn+1 − x∗n(h)∥
2 ≤ O

(
h6 ∥vn∥2 + u2h4 ∥∇f(xn)∥2 + udh7

)
,

E ∥Eαvn+1 − v∗n(h)∥
2 ≤ O

(
h8 ∥vn∥2 + u2h10 ∥∇f(xn)∥2 + udh9

)
,

E ∥vn+1 − v∗n(h)∥
2 ≤ O

(
h4 ∥vn∥2 + u2h4 ∥∇f(xn)∥2 + udh5

)
.

In Appendix A.4, we show that the average value of ∥vn∥2 is of order Õ
(
d
L

)
; that of

∥∇f(xn)∥2 is of order Õ (Ld). Then, Lemma 2 shows that the bias of the discretization

is of order Õ

(
h4
√

d
L

)
and the standard deviation is of order Õ

(
h2
√

d
L

)
, which implies

the error is larger when h is larger. However, by Lemma 1, in order for the algorithm to

converge in a small number of steps, we need to avoid choosing an h that is too small.

Therefore, it is important to choose the largest possible h that can still make the algorithm

converge. By Lemma 1, it is sufficient to run our algorithm for Õ
(
κ
h

)
iterations. Then,

the bias will cumulate to Õ

(
h4
√

d
L ·

κ
h

)
= Õ

(
h3
√

dκ
m

)
, and the standard deviation

will cumulate to Õ

(
h2
√

d
L ·
√

κ
h

)
= Õ

(
h1.5

√
d
m

)
. Thus, in order to make the W2

distance less than Õ

(
ϵ
√

d
m

)
, we show in Theorem 3 that it is enough to choose h to be

Θ̃
(
min

(
ϵ1/3

κ1/6
, ϵ2/3

))
. This choice of h yields our main result, which is stated in Theorem

3. (See Appendix A.5 for the full proof.)

Theorem 3 (Main Result). Let f be a function such that 0 ≺ m · Id ⪯ ∇2f(x) ⪯ L · Id
for all x ∈ Rd. Let Y be a random point drawn from the density proportional to e−f . Let

the starting point x0 be the point that minimizes f(x) and v0 = 0. For any 0 < ϵ < 1,

if we set the step size of Algorithm 1 as h = Cmin
(
ϵ1/3

κ1/6
log−1/6

(
1
ϵ

)
, ϵ2/3 log−1/3

(
1
ϵ

))
,

for some small constant C and run the algorithm for N = 2κ
h log

(
20
ϵ2

)
≤ Õ

(
κ7/6

ϵ1/3
+ κ

ϵ2/3

)
iterations, then Algorithm 1 after N iterations can generate a random point X such that

W2(X,Y ) ≤ ϵ
√

d
m . Furthermore, each iteration of Algorithm 1 involves computing ∇f

exactly twice.

2.3.3 A More General Algorithm

Now we show how our algorithm can be parallelized. The algorithm studied in this section

can be viewed as a more general version of Algorithm 1. Instead of choosing one random
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Algorithm 2 Randomized Midpoint Method for ULD (Parallel)

Procedure RandomMidpoint P(x0, v0, N, h,R)

For n = 0, ..., N − 1

Randomly sample α1, ..., αR uniformly from
[
0, 1

R

]
,
[
1
R ,

2
R

]
, ...,

[
R−1
R , 1

]
.

Generate Gaussian r.v.
(
W

(n)
1,1 , ...,W

(n)
1,R,W

(n)
2 ,W

(n)
3

)
∈ R(R+2)d similar to Appendix

A.1

x
(0,i)
n = xn for i = 1, ..., R.

For k = 1, ...,K − 1, i = 1, ..., R

x
(k,i)
n = xn +

1
2

(
1− e−2αih

)
vn

−1
2u
∑i

j=1

[∫ min(jδ,αih)
(j−1)δ

(
1− e−2(αih−s)

)
ds · ∇f(x(k−1,j)

n )
]
+
√
uW

(n)
1,i

end for

xn+1 = xn +
1
2

(
1− e−2h

)
vn − 1

2u
∑R

i=1 δ
(
1− e−2(h−αih)

)
∇f(x(K−1,i)

n ) +
√
uW

(n)
2 ,

vn+1 = vne
−2h − u

∑R
i=1 δe

−2(h−αih)∇f(x(K−1,i)
n ) + 2

√
uW

(n)
3 .

end for

end procedure

point from [0, h], we divide the time interval [0, h] into R pieces, each of length δ = h
R ,

and choose one random point from each piece. That is, we randomly choose α1, α2,

..., αR uniformly from
[
0, 1

R

]
,
[
1
R ,

2
R

]
, ...,

[
R−1
R , 1

]
. As in Algorithm 1, to approximate

(x∗n(h), v
∗
n(h)), we use

x̃ = xn +
1− e−2h

2
vn −

u

2

R∑
i=1

δ
(
1− e−2(h−αih)

)
∇f(x∗n(αih)) +

√
u

∫ h

0

(
1− e−2(h−s)

)
dBs,

ṽ = vne
−2h − u

R∑
i=1

δe−2(h−αih)∇f(x∗(αih)) + 2
√
u

∫ h

0
e−2(h−s) dBs,

which gives an unbiased estimator of (x∗n(h), v
∗
n(h)). The next step is to approximate

x∗n(αih) for i = 1, .., R. We know that the solution x∗n is the fixed point of the operator

T defined in (2.5). To solve the fixed point of T , we can use the fixed point iteration

method, which applies the operator T multiple times on some initial point. By the Banach

fixed point theorem, the resulting points can converge to the fixed point of T . Instead

of applying T , which involves computing an integral, we apply the operator T̃ , which

approximates T , on X =
(
x(1), ..., x(R)

)
,

T̃ (X)i = xn +
1

2

(
1− e−2αih

)
vn −

1

2
u

i∑
j=1

[∫ min(jδ,αih)

(j−1)δ

(
1− e−2(αih−s)

)
ds · ∇f(x(j))

]
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+
√
u

∫ αih

0

(
1− e−2(αih−s)

)
dBs.

We set the initial points to x
(0,j)
n = xn for j = 1, ..., R. Then, we apply T̃ for K times

and get (x(K,1), ..., x(K,R)) = T̃ ◦K(x(0,1), ..., x(0,R)). The preceding steps are summarized

in Algorithm 2. It is easy to see Algorithm 1 is a special case of Algorithm 2 with R = 1

and K = 2.

This algorithm can be parallelized since we can compute T̃ (x(k,1), ..., x(k,R))j for each

j parallelly. It can be shown that it is sufficient to choose K to depend logarithmically

on κ and ϵ. Similar to Algorithm 1, we can show that Algorithm 2 has the guarantee

that the bias of the discretization is of order Õ

(
h4

R

√
d
L

)
and the standard deviation is

of order Õ

(
h2

R

√
d
L

)
(Appendix A.6). Then, summing from Õ

(
κ
h

)
iterations, the total

bias would be Õ

(
h4

R

√
d
L ·

κ
h

)
= Õ

(
h3

R

√
dκ
m

)
, and the total standard deviation would be

Õ

(
h2

R

√
d
L ·
√

κ
h

)
= Õ

(
h1.5

R

√
d
m

)
. By choosing R = Θ̃

(√
κ
ϵ

)
, it is enough to choose h

to be a constant to achieve less than ϵ
√

d
m error, which shows that the algorithm needs

only O
(
κ
h log

1
ϵ

)
= O(κ log 1

ϵ ) parallel steps. Appendix A.6 gives a partial proof of the

guarantee of Algorithm 2. The other part of the proof is similar to that in Algorithm 1,

so we omit it here.

Theorem 4. Let f be a function such that 0 ≺ m ·Id ⪯ ∇2f(x) ⪯ L ·Id for all x ∈ Rd. Let

Y be a random point drawn from the density proportional to e−f . Algorithm 2 can generate

a random point X such that W2(X,Y ) ≤ ϵ
√

d
m in O(κ log 1

ϵ ) parallel steps. Furthermore,

each iteration of Algorithm 2 involves computing Θ̃
(√

κ
ϵ

)
of ∇fs.

2.4 Numerical Experiments

In this section, we compare the algorithm from our paper, randomized midpoint method,

with the one from [CCBJ17]. We test the algorithms on the liver-disorders dataset and the

breast-cancer dataset from UCL machine learning [DG17]. In both datasets, we observe a

set of independent samples {xi, yi}mi=1, where yi is the label, xi is the feature and m is the

number of samples. We sample from the target distribution p∗(θ) ∝ exp (−f(θ)) , where

f(θ) =
λ

2
∥θ∥2 + 1

m

m∑
i=1

log
(
exp

(
−yixTi θ

)
+ 1
)
,

for regularization parameters λ. We set λ to be 10−2 in our experiments. Figure 2.1 shows

the error of randomized midpoint method and the algorithm from [CCBJ17] with different
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Figure 2.1: Error of random walks with different choice of step size.

step size h. The error is measured by the ℓ2 distance to the true solution of (2.3) at time

N = 5000, a time much greater than the mixing time of (2.3) for both datasets. Our

results show that the ϵ dependence analysis of our algorithm and that of [CCBJ17] are

both tight. However, we note that the logistic function is infinitely differentiable, so there

are methods of higher orders for this objective such as the standard midpoint method and

Runge–Kutta methods.
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# Step

Algorithm Warm Start Cold Start

Langevin

Diffusion[DM16, Dal17b]
Õ
(
κ2/ϵ2

)
Underdamped Langevin

Diffusion [CCBJ17]
Õ
(
κ2/ϵ

)
Underdamped Langevin

Diffusion2

[DRD18]

Õ
(
κ1.5/ϵ+ κ2

)
High-Order Langevin

Diffusion[MMW+19]
Õ
(
κ19/4/ϵ1/2 + κ13/3/ϵ2/3

)
Hamiltonian Monte Carlo with

Euler Method [MS17]
Õ
(
κ6.5/ϵ

)
Hamiltonian Monte Carlo with

Collocation Method [LSV18]
Õ
(
κ1.75/ϵ

)
Hamiltonian Monte Carlo with

Collocation Method 2 [CV19]
Õ
(
κ1.5/ϵ

)
Underdamped Langevin

Diffusion with Randomized

Midpoint Method (This Work)

Õ
(
κ7/6/ϵ1/3 + κ/ϵ2/3

)

Table 2.1: Summary of iteration complexity. Each step involves O(1)-gradient computation.

We exclude metropolis-adjusted algorithms in this table. See Chapter 3 for metropolis-adjusted

algorithms.
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Part II

METROPOLIZED SAMPLING ALGORITHMS
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Chapter 3

LOGSMOOTH GRADIENT CONCENTRATION AND RUNTIMES
UPPER BOUNDS

This chapter is based on [LST20], with Yin Tat Lee and Kevin Tian.

3.1 Introduction

The problem we address in this chapter is determining the mixing time of the well-studied

Metropolized Hamiltonian Monte Carlo (HMC) algorithm1, when sampling from a target

distribution whose log-density is smooth and strongly concave. Indeed, as it is the default

sampler implementation in a variety of popular packages [Aba16, CGH+17], understanding

Metropolized HMC is of high practical importance. Moreover, the specific setting we study,

where the target distribution has a density proportional to exp(−f) for a function f with

quadratic upper and lower bounds, is commonplace in applications arising from multivari-

ate Gaussians, logistic regression models, and structured mixture models [DCWY19]. This

setting is also of great theoretical interest because of its connection to a well-understood

setting in convex optimization [Nes03], where matching upper and lower bounds have

long-been known. Similar guarantees are much less well-understood in sampling settings,

and exploring the connection is an active research area (e.g. [MCJ+18, Tal19] and refer-

ences therein). Throughout the introduction, we will refer to this setting as the “condition

number regime” for logconcave sampling, as without a finite condition number, black-box

sampling guarantees exist, but typically have a large dimension dependence in the mixing

time [Vem05].

Many algorithms have been proposed for sampling from logconcave distributions, mainly

falling into two categories: zeroth-order methods and first-order methods. Zeroth-order

methods only use the information on the density of the distribution by querying the value

of f to inform the algorithm trajectory. First-order methods have access to the gradient

information of f in addition to the value of f at a query point. This class of methods

1Metropolized HMC also refers to a family of algorithms which takes multiple leapfrog steps, see Al-
gorithm 3. In this work, we study the variant which takes one leapfrog step, to analyze convergence
behavior under minimal assumptions on the log-density (i.e. in the absence of higher-derivative bounds
past smoothness).
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usually involves simulating a continuous Markov process whose stationary distribution is

exactly the target distribution. To simulate a random process in discrete time, one ap-

proach is to choose a small-enough step size so that the behavior of the discrete Markov

process is not too different from that of the original Markov process over a small time

interval. This discretization strategy is typical of sampling algorithms with a polynomial

dependence on ϵ−1, where ϵ is the target total variation distance to the stationary dis-

tribution [Dal17b, CCBJ17, DM+19, MMW+19, MS17, LSV18, CV19, SL19]. However,

for precise values of ϵ, bounding the error incurred by the discretization is typically not

enough, leading to prohibitively large runtimes.

On top of the discretization, one further can apply a Metropolis-Hastings filter to ad-

just the stationary distribution of the Markov process, so that the target distribution is

attained in the long run. Studying the non-asymptotic behavior of Metropolized vari-

ants of the Langevin dynamics and HMC has been considered in a large number of works

[RT96a, RT96b, PST+12, BRH13, XSL+14, DCWY19, CDWY20]. Indeed, the standard

discretizations of these methods are identical, which was observed in prior work (see Ap-

pendix B.1); we will refer to them both as Metropolized HMC. The works which inspired

this study in particular were due to [DCWY19, CDWY20], which showed that the mixing

time of Metropolized HMC was bounded by roughly max(κ1.5
√
d, κd), with logarithmic

dependence on the target accuracy ϵ, where κ is the condition number2 of the negative

log-density f . In the poly(ϵ−1) runtime regime, the recent work [DMM19] obtains a total

variation mixing time bound which scales as Õ(κd2/ϵ4), which is to our knowledge the only

bound known with linear dependence on κ; on the other hand, [SL19] gives an algorithm

that depends on κ7/6 for Wasserstein-2 distance, but with better dependence on all other

parameters (see Table 3.1).

By a plausible assumption on the existence of a gap between the complexity of sam-

pling and optimization in the logconcave setting, it is reasonable to believe that a linear

dependence on κ is necessary. More specifically, it is well-known that gradient-based opti-

mization algorithms require at least min(d,
√
κ) queries to an oracle providing first-order

information [Bub15]; for the worst-case instance, a quadratic in the graph Laplacian of a

length-d path, there is a corresponding quadratic gap with sampling a uniform point via

a random walk, which mixes in roughly d2 iterations. We believe understanding the tight

2The condition number of a function is the ratio of its smoothness and strong convexity parameters,
and is the standard parameter in measuring the complexity of algorithms in sampling and optimization
in this regime.
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dependence of the mixing time of popular sampling algorithms on natural parameters such

as the condition number is fundamental to the development of the field of sampling, just

as characterizing the tight complexity of convex optimization algorithms has resulted in

rapid recent progress in the area, by giving researchers goalposts in algorithm design. To

that end, this work addresses the following question.

Question 1. What is the mixing time of the Metropolized HMC algorithm?

We give a comparison of (selected recent) prior work in Table 3.1; for a more complete

discussion, we refer the reader to the excellent discussion in [DCWY19, CDWY20]. We

note that for the last two rows, the dependence on ϵ is logarithmic, and the notion of

mixing is in total variation distance, a much stronger notion than the Wasserstein metric

used in all other runtimes listed. We omit logarithmic factors for simplicity. We remark

that several works obtain different rates under stronger assumptions on the log-density

f , such as higher-order smoothness (e.g. a Lipschitz Hessian) or moment bounds; as this

work studies the basic condition number setting with no additional assumptions, we omit

comparison to runtimes of this type.

Algorithm Mixing Time Metric

Langevin Diffusion [Dal17b] κ2/ϵ2

W2
3

High-Order Langevin Diffusion [MMW+19] κ19/4/ϵ1/2 + κ13/3/ϵ2/3

HMC 1 (Collocation Method) [LSV18] κ1.5/ϵ

HMC 2 (Collocation Method) [CV19] κ1.5/ϵ

ULD 1 (Euler Method) [CCBJ17] κ1.5/ϵ

ULD 2 (Euler Method) [DRD18] κ1.5/ϵ+ κ2

ULD 3 (Random Midpoint Method) [SL19] κ7/6/ϵ1/3 + κ/ϵ2/3

Unadjusted Langevin Dynamics [DCWY19] κd2/ϵ4

TVMetropolized HMC & MALA [CDWY20] κ1.5
√
d+ κd

Metropolized HMC & MALA (This work) κd

Table 3.1: Mixing times for algorithms in the condition number regime of logconcave sampling.
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3.1.1 Contribution

Towards improving our understanding of Question 1, we show that there is an algorithm

which runs Metropolized HMC (defined in Algorithm 3) for O(κd log3(κd/ϵ)) iterations4,

for sampling from a density exp(−f(x)) defined on Rd, where f has a condition number of

κ, and produces a point from a distribution with total variation at most ϵ away from the

target density, for any ϵ > 0. This is the first mixing-time guarantee for any algorithm in

the high-accuracy regime accessing first-order function information from the log-density

f attaining linear dependence on the condition number κ, without additional smoothness

assumptions (i.e. higher-order derivative bounds). Our mixing time bound improves upon

a recent bound attaining linear dependence on κ due to [DMM19], of Õ(κd2/ϵ4), in all

parameters. Moreover, our dependence on the dimension d matches the prior state-of-the-

art [DCWY19, CDWY20], and our algorithm does not require a warm start, as it explicitly

bounds warmness dependence from a known starting distribution.

The starting point of our analysis is the mixing time analysis framework for the HMC

algorithm in [DCWY19, CDWY20]. However, we introduce several technical modifications

to overcome barriers in their work to obtain our improved mixing time bound, which we

now discuss. We hope these tools may be of broader interest to both the community

studying first-order sampling methods in the smooth, strongly logconcave regime, and

sampling researchers in general.

Gradient concentration

How large is the norm of the gradient of a “typical” point drawn from the density

exp(−f)? It has been observed in a variety of recent works studying sampling algorithms

[LSV18, SL19, VW19] that the average gradient norm of a point drawn from the target

density is bounded by
√
Ld, where L is the smoothness parameter of the function f and

d is the ambient dimension; this observation has been used in obtaining state-of-the-art

sampling algorithms in the poly(ϵ−1) runtime regime. However, for runtimes obtaining a

polylog(ϵ−1) runtime, this guarantee is not good enough, as it must hold for all points in

a set of substantially larger measure than guaranteed by e.g. Markov’s inequality. The

weaker high-probability guarantee that the gradient norm is bounded by
√
Ld ·
√
κ follows

directly from sub-Gaussian concentration on the point x, and a Lipschitz guarantee on

4The precise statement of our algorithmic guarantee can be found as Theorem 11.
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the gradient norm. Indeed, this weaker bound is the bottleneck term in the analysis of

[DCWY19, CDWY20], and prevents a faster algorithm when κ > d. Can we improve upon

the average-case guarantee more generally when the log density f is smooth?

For quadratic f , it is easy to see that the average gradient norm bound can be converted

into a high-probability guarantee. We show that a similar concentration guarantee holds

for all logsmooth, strongly logconcave densities, which is the starting point of our improved

mixing time bound. Our concentration proof follows straightforwardly from a Hessian-

weighted variant of the well-known Poincaré inequality, combined with a reduction due to

Herbst, as explored in [Led99].

Mixing time analysis

The study of Markov chains producing iterates {xk}, where the transition xk → xk+1

is described by an algorithm whose steady-state is a stationary distribution π∗, and x0

is drawn from an initial distribution π0, primarily focuses on characterizing the rate at

which the distribution of iterates of the chain approaches π∗. To obtain a mixing time

bound, i.e. a bound on the number of iterations needed for our algorithm to obtain a

distribution within total variation distance ϵ of the stationary π∗, we follow the general

framework of bounding the conductance of the random walk defined by Metropolized

HMC, initiated in a variety of works on Markov chain mixing times (e.g. [SJ89, LS93]). In

particular, [LS93] showed how to use the generalized notion of s-conductance to account

for a small-probability “bad” region with poor random walk behavior. In our work, the

“good” region Ω will be the set of points whose gradient has small norm. However, our

mixing time analysis requires several modifications from prior work to overcome subtle

technical issues.

Average conductance. As in prior work [CDWY20], because of the exponential warm-

ness κd/2 of the starting distribution used, we require extensions in the theory of average

conductance [LK99] to obtain a milder dependence on the warmness, i.e. doubly loga-

rithmic rather than singly logarithmic, to prevent an additional dimension dependence in

the mixing time. The paper [CDWY20] obtained this improved dependence on the warm-

ness by generalizing the analysis of [GMT06] to continuous-time walks and restrictions to

high-probability regions. This analysis becomes problematic in our setting, as our region

Ω may be nonconvex, and the restriction of a strongly logconcave function to a noncon-
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vex set is possibly not even logconcave. This causes difficulties when bounding standard

conductance notions which may depend on sets of small measure, because these sets may

behave poorly under restriction by Ω (e.g. in the proof of Lemma 63).

Blocking conductance. To mitigate the difficulty of poor small-set conductance due

to the nonconvexity of Ω, we use the blocking conductance analysis of [KLM06], which

averages conductance bounds of sets with measure equal to some specified values in a

range lower-bounded by roughly the inverse-warmness. In our case, this is potentially

problematic, as the set where our concentration result guarantees that the norm of the

gradient is not much larger than its mean has measure roughly 1−exp(−
√
d), which is too

small to bound the behavior of sets of size κ−d/2 required by the quality of the warm start.

However, we show that, perhaps surprisingly, the analysis of the blocking conductance is

not bottlenecked by the worse quality of the gradient concentration required. In particular,

the κ1.5
√
d runtime of [DCWY19, CDWY20] resulted from the statement, with probability

at most exp(−d), the gradient norm is bounded by
√
Lκd. We are able to sharpen this by

Corollary 2 to
√
Ld, trading off a κ for a d, which is sufficient for our tighter runtime.

Boosting to high accuracy. Finally, the blocking conductance analysis of [KLM06]

makes an algorithmic modification. In particular, letting dπk be the density after running

k steps of the Markov chain from π0, the analysis of [KLM06] is able to guarantee that the

average density dρk
def
= 1

k

∑
0≤i<k dπi converges to dπ

∗ at a rate roughly 1/k, with a factor

depending on the average conductance5. In our case, we can show that in roughly O(κd)

iterations of Algorithm 3, the distance
∥∥ρk − π∗∥∥TV is bounded by a constant. However,

as the analysis requires averaging with a potentially poor starting distribution, it is not

straightforward to obtain a rate of convergence with dependence log ϵ−1 for potentially

small values of ϵ, rather than the ϵ−1 dependence typical of 1/k rates. Moreover, it is un-

clear in our setting how to apply standard arguments [AD86, LW95] which convert mixing

time guarantees for obtaining a constant total variation distance to guarantees for total

variation distance ϵ with a logarithmic overhead on ϵ, because the definition of mixing

time used is a worst-case notion over all starting points. We propose an alternative reduc-

tion based on mixing-time guarantees over arbitrary starting distributions of a specified

warmness, which we use to boost our constant-accuracy mixing-time guarantee (see Ap-

5We note averaging has been observed to improve sampling accuracy in a different setting [DMM19];
we leave as an interesting open direction whether this averaging is necessary for our method.
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pendix B.3.4 for a more formal treatment). While it is simple and inspired by classical

coupling-based reduction arguments, to the best of our knowledge this reduction is new in

the literature, and may be of independent interest.

3.2 Preliminaries

3.2.1 Notation

We denote the set 1 ≤ i ≤ d by [d]. For S ⊆ Rd, Sc is its complement Rd \S.
∥∥ ·∥∥ is the ℓ2

norm (
∥∥x∥∥2 =

∑
i∈[d] x

2
i for x ∈ Rd). Differentiable f : Rd → R is µ-strongly convex and

L-smooth if

f(x)+⟨∇f(x), y − x⟩+ µ

2

∥∥y−x∥∥2 ≤ f(y) ≤ f(x)+⟨∇f(x), y − x⟩+L

2

∥∥y−x∥∥2, ∀x, y ∈ Rd.

It is well-known that smoothness is equivalent to having a Lipschitz gradient, i.e.∥∥∇f(x)−∇f(y)∥∥ ≤ L∥∥x− y∥∥, and when f is twice-differentiable, smoothness and strong

convexity imply

µId ⪯ ∇2f(x) ⪯ LId

everywhere, where Id is the identity and ⪯ is the Loewner order. In this paper, function

f : Rd → R will always be differentiable, L-smooth, and µ-strongly convex, with minimizer

x∗. We let κ
def
= L/µ ≥ 1 be the condition number of f . We define the Hamiltonian H of

(x, v) ∈ Rd × Rd by

H(x, v) = f(x) +
1

2

∥∥v∥∥2.
N (µ,Σ) is the Gaussian density centered at a point µ ∈ Rd with covariance matrix Σ ∈

Rd×d. For A ⊆ Rd and a distribution π, we write

π(A)
def
=

∫
x∈A

dπ(x).

We fix the definition of the distribution density dπ∗(x), where dπ∗(x)/dx ∝ exp(−f(x))

has

dπ∗(x) =
exp(−f(x))dx∫
Rd exp(−f(y))dy

,

∫
Rd

dπ∗(x) = 1.

The marginal in the first argument of the density on Rd×Rd proportional to exp(−H(x, v))

is dπ∗; we overload dπ∗(x, v) to mean this density. For distributions ρ, π on Rd, the total

variation is

∥∥ρ− π∥∥TV
def
= sup

A⊆Rd

|ρ(A)− π(A)| = 1

2

∫
Rd

∣∣∣∣dρdπ (x)− 1

∣∣∣∣ dπ(x).
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We say that a distribution π is β-warm with respect to another distribution ρ if

sup
x∈Rd

dπ

dρ
(x) ≤ β.

We define the expectation and variance with respect to a distribution in the usual way:

Eπ[g]
def
=

∫
Rd

g(x)dπ(x), Varπ[g]
def
= Eπ[g2]− (Eπ[g])2 .

Finally, to simplify some calculations, we assume that d is bounded below by a small

constant. In the absence of this bound, general-purpose mixing times for logconcave

functions with no dependence on κ attain our stated guarantees.

3.2.2 Algorithm

We state the Metropolized HMC algorithm to be analyzed throughout the remainder of

this paper. We remark that it may be thought of as a symplectic discretization of the

continuous-time Hamiltonian dynamics for H(x, v) = f(x) + 1
2

∥∥v∥∥2,
dx

dt
=
∂H(x, v)

∂v
= v,

dv

dt
= −∂H(x, v)

∂x
= −∇f(x).

The HMC process can be thought of as a dual velocity v accumulating the gradient of the

primal point x, with the primal point being guided by the velocity, similar to the classical

mirror descent algorithm. The algorithm resamples v each timestep to attain the correct

stationary distribution.

From a point x ∈ Rd, we define Px to be the distribution of x̃k after one step of

Algorithm 3 starting from xk = x. Similarly, Tx is the distribution of xk+1 starting at

xk = x, i.e. after the accept-reject step. Algorithm 3 uses the subprocedure Leapfrog,

which enjoys the following property.

Lemma 1. If Leapfrog(η, x,−v) = (x̃, ṽ), then Leapfrog(η, x̃,−ṽ) = (x, v).

Proof. Recall that Leapfrog(x,−v) = (x̃, ṽ) implies

ṽ = −v − η

2
∇f(x)− η

2
∇f(x̃), x̃ = x− ηv − η2

2
∇f(x).

Reversing these definitions yields the claim.

Corollary 1. dπ∗ is a stationary distribution for the Markov chain defined by Algorithm 3.
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Algorithm 3 Metropolized Hamiltonian Monte Carlo: HMC(η, x0, f)

Input: Initial point x0 ∈ Rd, step size η.

Output: Sequence {xk}, k ≥ 0.

1: for k ≥ 0 do

2: Draw vk ∼ N (0, Id).

3: (x̃k, ṽk)← Leapfrog(η, xk, vk).

4: Draw u uniformly in [0, 1].

5: if u ≤ min {1, exp(H(x, v)−H(x̃, ṽ))} then

6: xk+1 ← x̃k.

7: else

8: xk+1 ← xk.

9: end if

10: end for

Algorithm 4 Leapfrog: Leapfrog(η, x, v)

Input: Points x, v ∈ Rd, step size η.

Output: Points x̃, ṽ ∈ Rd.

1: v′ ← v − η
2∇f(x).

2: x̃← x+ ηv′.

3: ṽ ← v′ − η
2∇f(x̃).

Proof. We show that for z = (x, v), dπ∗(z)/dz ∝ H(z) is the stationary distribution on

(xk, vk); correctness then follows from π∗ having the correct marginal. Stationarity follows

if and only if

dπ∗(x, v)Tx,v(x̃, ṽ) = dπ∗(x, v)Tx̃,ṽ(x, v)

for all pairs (x, v), (x̃, ṽ), where we overload the definition of T to be the transition

distribution from a point (x, v). By the standard proof of correctness for the Metropolis-

Hastings correction, i.e. choosing an acceptance probability proportional to

min

{
1,
dπ∗(x̃, ṽ)Px̃,ṽ(x, v)
dπ∗(x, v)Px,v(x̃, ṽ)

}
,

it suffices to show that Px̃,ṽ(x, v) = Px,v(x̃, ṽ). Note that Px,v is a deterministic proposal,

and uniquely maps to a point (x̃, ṽ). Moreover, by symmetry of H in the second argument,

iteration k of Algorithm 3 is equivalent to drawing vk, negating it, and then running
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Leapfrog. Correctness for this equivalent algorithm follows by Lemma 1.

3.3 Gradient concentration

In this section, we give a bound on how well the norm of the gradient
∥∥∇f(x)∥∥ concentrates

when f is smooth and x ∼ dπ∗(x)/dx ∝ exp(−f(x)). First, we recall the following

“Hessian-weighted” variant of the Poincaré inequality, which first appeared in [BL76].

Theorem 2 (Hessian Poincaré). For probability density dπ∗(x)/dx ∝ exp(−f(x)), and

continuously differentiable function g : Rd → R with bounded variance with respect to π∗,

Varπ∗ [g] ≤
∫
Rd

〈(
∇2f(x)

)−1∇g(x),∇g(x)
〉
dπ∗(x).

An immediate corollary of Theorem 2 is that the Poincaré constant of a µ-strongly

logconcave distribution is at most µ−1. While it does not appear to have been previously

stated in the literature, our concentration bound can be viewed as a simple application

of an argument of Herbst which reduces concentration to an isoperimetric inequality such

as Theorem 2; an exposition of this technique can be found in [Led99]. We now state the

concentration result.

Theorem 3 (Gradient norm concentration). If twice-differentiable f : Rd → R is L-

smooth and convex, then for dπ∗(x)/dx ∝ exp(−f(x)), and all c > 0,

Pr
π∗

[∥∥∇f(x)∥∥ ≥ Eπ∗

[∥∥∇f∥∥]+ c
√
L log d

]
≤ 3d−c.

Proof. Let G(x)
def
=
∥∥∇f(x)∥∥, and let g(x)

def
= exp(12λG(x)). Clearly g is continuously

differentiable. Moreover, suppose first for simplicity that f is strongly convex; then the

existence of the variance of g follows from the well-known fact that f has sub-Gaussian tails

(e.g. [DCWY19], Lemma 1) and Lipschitzness of its gradient, from which the sublevel sets

of the gradient norm grow more slowly than the decay of
∥∥x− x∗∥∥2. The final conclusion

has no dependence on the strong concavity of f , and we can extend this to arbitrary

convex functions by regularizing by a small amount of quadratic regularizer (which only

affects smoothness) and taking a limit as the regularizer amount vanishes. We now apply

Theorem 2, which implies (noting that the gradient of
∥∥∇f∥∥ is ∇2f ∇f

∥∇f∥)

Eπ∗ [exp(λG)]− Eπ∗

[
exp

(
λG

2

)]2
≤ λ2

4
Eπ∗

[〈
(∇2f)

∇f∥∥∇f∥∥ , ∇f∥∥∇f∥∥
〉
exp(λG)

]
≤ Lλ2

4
Eπ∗ [exp(λG)] .
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In the last inequality we used smoothness. Letting H(λ)
def
= Eπ∗ [exp(λG)], for λ < 2√

L
,

H(λ) ≤ 1

1− Lλ2

4

H

(
λ

2

)2

.

Using this recursively, we have

H(λ) ≤
∞∏
k=0

(
1

1− Lλ2

4k+1

)2k

lim
ℓ→∞

H

(
λ

ℓ

)ℓ
.

There are two things to estimate on the right hand side. First, for sufficiently large ℓ,

Eπ∗

[
exp

(
λG

ℓ

)]ℓ
≈
(
1 + Eπ∗

[
λG

ℓ

])ℓ
≈ exp (λEπ∗ [G]) .

Second, letting C = Lλ2

4 < 1, [BL97] showed that

∞∏
k=0

(
1

1− C
4k

)2k

≤ 1 +
√
C

1−
√
C
.

For completeness, we show this in Appendix D.2. Altogether, we have that for all λ < 2√
L
,

Eπ∗ [exp(λG)] ≤
1 + 1

2

√
Lλ

1− 1
2

√
Lλ

exp (λEπ∗ [G]) .

By Markov’s inequality on the exponential, we thus conclude that

Pr
π∗
[G ≥ Eπ∗ [G] + r] ≤ exp(−λr)

1 + 1
2

√
Lλ

1− 1
2

√
Lλ

.

Finally, letting λ = 1√
L
and r = c

√
L log d,

Pr
π∗

[∥∥∇f∥∥ ≥ √Ld+ c
√
L log d

]
≤ 3d−c.

As an immediate corollary, we obtain the following.

Corollary 2. If twice-differentiable f : Rd → R is L-smooth and strongly convex, then

∀c > 0,

Pr
π∗

[∥∥∇f∥∥ ≥ √Ld+ c
√
L log d

]
≤ 3d−c.

Proof. It suffices to show that

Eπ∗

[∥∥∇f∥∥] ≤ √Ld. (3.1)
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This was observed in [Dal17a, VW19]; we adapt a proof here. Observe that because

∇ · (∇f(x)π∗(x)) = ∆f(x)π∗(x)− ⟨∇f(x),∇f(x)⟩π(x),

where ∇· is divergence and ∆ is the Laplacian operator, integrating both sides and noting

that the boundary term vanishes,

Eπ∗

[∥∥∇f∥∥2] = Eπ∗ [∆f ] ≤ Ld.

In the last equality, we used smoothness of f . (3.1) then follows from concavity of the

square root.

We remark that for densities dπ∗ where a log-Sobolev variant of the inequality in

Theorem 2 holds, we can sharpen the bound in Corollary 2 to O(d−c
2
); we provide details

in Appendix B.2. This sharpening is desirable for reasons related to the warmness of

starting distributions for sampling from π∗, as will become clear in Section 3.4. However,

the “Hessian log-Sobolev” inequality is strictly stronger than Theorem 2, and does not hold

for general strongly logconcave distributions [BL00]. Correspondingly, the concentration

arguments derivable from Poincaré inequalities appear to be weaker [Led99]: we find

exploring the tightness of Corollary 2 to be an interesting open question.

3.4 Mixing time bounds via blocking conductance

We first give a well-known bound of the warmness of an initial distribution; this starting

distribution also was used in prior work in this setting [Dal17a, DCWY19]

Lemma 2 (Initial warmness). For dπ∗ ∝ exp(−f(x))dx where f is L-smooth and µ-

strongly convex with minimizer x∗6, π0 = N (x∗, L−1Id) is a κd/2-warm distribution with

respect to π∗.

Proof. By smoothness and strong convexity, and the density of a Gaussian distribution,

dπ0(x) =
exp

(
−L

2

∥∥x− x∗∥∥2) dx
(2πL−1)d/2

, dπ∗(x) =
exp(−f(x))dx∫
Rd exp(−f(y))dy

≥
exp

(
−L

2

∥∥x− x∗∥∥2) dx
(2πµ−1)d/2

.

In the last inequality we normalized by exp(−f(x∗)). Combining these bounds yields the

result.

6We remark that the minimizer x∗ can be efficiently found using e.g. an accelerated gradient method,
to a degree of accuracy which does not bottleneck the runtime of Metropolized HMC by more than mild
logarithmic factors. We defer a discussion of performance under inexact knowledge of the parameters
x∗, L to [DCWY19], and assume their exact knowledge for simplicity in this work.
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Let dπk be the density of xk after running k steps of Algorithm 3, where x0 is drawn

from π0 = N (x∗, L−1Id). Moreover, let dρk
def
= 1

k

∑
0≤i<k dπi be the average density over

the first k iterations. In Section 3.4.1, we will show how to use the blocking conductance

framework of [KLM06] to obtain a bound on the number of iterations k required to ob-

tain a constant-accuracy distribution. We then show in Section 3.4.2 that we can boost

this guarantee to obtain total variation ϵ for arbitrary ϵ > 0 with logarithmic overhead,

resulting in our main mixing time claim, Theorem 11.

3.4.1 Constant-accuracy mixing

We state the results required to prove a mixing-time bound for constant levels of total

variation from the stationary measure π∗. All proofs are deferred to Appendix B.3. The

first result is a restatement of the main result of [KLM06], modified for our purposes;

recall that ρk is an average over the distributions πi for 0 ≤ i < k. Finally, we define

Q(S)
def
=
∫
S Tx(S

c)dπ∗(x) to be the probability one step of the walk starting at random

point in a set S leaves the set.

Theorem 4 (Blocking conductance mixing bound). Suppose the starting distribution π0

is β-warm with respect to π∗. Moreover, suppose for some c, and for all c ≤ t ≤ 1
2 , we

have a bound

π∗(S)

Q(S)2
≤ ϕ(t), for all S ⊆ Rd with π∗(S) = t, (3.2)

for a decreasing function ϕ on the range [c, 14 ], and ϕ(x) ≤M for x ∈ [14 ,
1
2 ]. Then,

∥∥ρk − π∗∥∥TV ≤ βc+
32

k

(∫ 1/4

c
ϕ(x)dx+

M

4

)
.

At a high level, the mixing time requires us to choose a threshold c which is inversely-

proportional to the warmness, and bound the average value of a function ϕ(t) in the range

[c, 12 ], where ϕ(t) serves as an indicator of how “bottlenecked” sets of measure exactly

equal to t are.

Next, by using a logarithmic isoperimetric inequality from [CDWY20], we show in the

following lemma that we can bound π∗(S)
Q(S)2

when π∗(S) is in some range.

Lemma 3. Suppose for Ω ⊂ Rd with π∗(Ω) = 1− s, and all x, y ∈ Ω with
∥∥x− y∥∥ ≤ η,

∥∥Tx − Ty∥∥TV ≤ 1− α. (3.3)
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Then, if π∗ is µ-strongly logconcave, η
√
µ < 1, and s ≤ η

√
µt

16 , for all t ≤ 1
2 ,

π∗(S)

Q(S)2
≤ 216

α2η2µt log(1/t)
, ∀S with π∗(S) = t.

For a more formal statement and proof, see Lemma 63. Note that in particular the

lower range of t required by Theorem 4 is at least inversely proportional to the warmness,

which causes the gradient norm bound obtained by the high-probability set Ω to lose

roughly a
√
d factor. To this end, for a fixed positive ϵ ≤ 1, denote

Ω
def
=
{
x ∈ Rd |

∥∥∇f(x)∥∥2 ≤ 5
√
Ld log

κ

ϵ

}
. (3.4)

In Appendix B.4, we show the following.

Lemma 4. For η2 ≤ 1
20Ld log κ

ϵ
and all x, y ∈ Ω with

∥∥x− y∥∥ ≤ η,
∥∥Tx − Ty∥∥TV ≤

7

8
.

By combining these pieces, we are able to obtain an algorithm which mixes to constant

total variation distance from the stationary distribution π∗ in Õ(κd) iterations.

Proposition 1. Let ϵ ∈ [0, 1], β = κd/2. From any β/ϵ-warm initial distribution π0,

running Algorithm 3 for j iterations, where j is uniform between 0 and k − 1 for k >

Cκd log κ log log β for universal constant C, returns from distribution ρk with
∥∥ρk−π∗∥∥TV <

(2e)−1.

Proof. Note that ρk as defined in the theorem statement is precisely the ρk of Theorem 4.

Moreover, for the set Ω in (5.16), the probability x ∼ π∗ is not in Ω is bounded via

Corollary 2 by

s < 3d−5d logd(κ/ϵ) < (κ/ϵ)−4d . (3.5)

For η =
√

1
20Ld log κ

ϵ
and c

def
= ϵ/(4βe), s ≤ η

√
µt

16 is satisfied for all t in the range [c, 12 ].

Thus, we can apply Lemma 3 and conclude that (3.2) holds for the function

ϕ(t) =
(
20 · 222κd log κ

ϵ

) 1

t log(1/t)
.

Next, note that ϕ(t) is decreasing in the range [c, 1/e], and attains its maximum at t = 1
2

within the range t ∈ [14 ,
1
2 ], where 2/ log 2 < 3. Thus, the conditions of Theorem 4 apply,

such that

∥∥ρk − π∗∥∥TV ≤
1

4e
+

20 · 227κd log κ
ϵ

k

(∫ 1/4

ϵ/(4βe)

1

x log(1/x)
dx+

3

4

)
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≤ 1

4e
+

20 · 227κd log κ
ϵ

k

(
log log

(
4βe

ϵ

)
− log log 4 +

3

4

)
.

Thus, by choosing k to be a sufficiently large multiple of κd log κ
ϵ log log

β
ϵ , the guarantee

follows.

3.4.2 High-accuracy mixing

We now state a general framework for turning guarantees such as Proposition 1 into a ϵ-

accuracy mixing bound guarantee, with logarithmic overhead in the quantity ϵ. We defer

a more specific statement and proof to Appendix B.3.4.

Lemma 5. Suppose there is a Markov chain with transitions given by T̃ , and some non-

negative integer Tmix, such that for every π which is a β/ϵ-warm distribution with respect

to π∗, ∥∥T̃ Tmixπ − π∗
∥∥
TV ≤

1

2e
. (3.6)

Then, if π0 is a β-warm start, and k ≥ Tmix log(ϵ
−1),

∥∥T̃ kπ0 − π∗∥∥TV ≤ ϵ.

At a high level, the proof technique is to couple points according to the total variation

bound between T iπ0 and π∗ every Tmix iterations, while the total variation distance is at

least ϵ. This in turn allows us to bound the warmness of the “conditional distribution” of

uncoupled points by β/ϵ using the fact that the total variation bound measures the size

of the set of uncoupled points, and use the guarantee (3.6) iteratively. We can now state

our main claim.

Theorem 5 (Mixing of Hamiltonian Monte Carlo). There is an algorithm initialized from

a point drawn from N (x∗, L−1Id), which iterates Algorithm 3 for

O

(
κd log

(κ
ϵ

)
log
(
d log

κ

ϵ

)
log

(
1

ϵ

))
iterations, and produces a point from a distribution ρ such that

∥∥ρ− π∗∥∥TV ≤ ϵ.

Proof. Define a Markov chain with transitions T̃ , whose one-step distribution from an

initial point is to run the algorithm of Proposition 1. Note that each step of the Markov

chain with transitions T̃ requires O
(
κd log

(
κ
ϵ

)
log
(
d log κ

ϵ

))
iterations of Algorithm 3,

and the averaging step is easily implementable by sampling a random stopping time at

uniform. Moreover, the Markov chain with transitions T̃ satisfies (3.6) with Tmix = 1, by
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the guarantees of Corollary 2. Thus, by running log(ϵ−1) iterations of this Markov chain,

we obtain the required guarantee.
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Chapter 4

LOWER BOUNDS ON METROPOLIZED SAMPLING METHODS
FOR WELL-CONDITIONED DISTRIBUTIONS

This chapter is based on [LST21a], with Yin Tat Lee and Kevin Tian.

4.1 Introduction

In this chapter, we address the lower bound on the complexity of Metropolized sampling

methods. Demonstrating lower bounds on the complexity of sampling tasks (in the well-

conditioned regime or otherwise) has proven to be a remarkably challenging problem. To

our knowledge, there are very few unconditional lower bounds for sampling tasks (i.e. the

complexity of sampling from a family of distributions under some query model). This is

in stark contrast to the theory of optimization, where there are matching upper and lower

bounds for a variety of fundamental tasks and query models, such as optimization of a

convex function under first-order oracle access [Nes03]. This gap in the development of

the algorithmic theory of sampling is the primary motivation for our work, wherein we

aim to answer the following more restricted question.

What is the complexity of the popular sampling methods, MALA and HMC,

for sampling well-conditioned distributions?

The problem we study is still less general than unconditional query lower bounds for

sampling, in that our lower bounds are algorithm-specific; we characterize the performance

of particular algorithms for sampling a distribution family. However, we believe asking

this question, and developing an understanding of it, is an important first step towards a

theory of complexity for sampling. On the one hand, lower bounds for specific algorithms

highlight weaknesses in their performance, pinpointing their shortcomings in attaining

faster rates. This is useful from an algorithm design perspective, as it clarifies what the

key technical barriers are to overcome. On the other hand, the hard instances which arise

in designing lower bounds may have important structural properties which pave the way

to stronger and more general (i.e. algorithm-agnostic) lower bounds.

For these reasons, in this work we focus on characterizing the complexity of the MALA
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and HMC algorithms , which are often the samplers of choice in practice, by lower bounding

their performance when they are used to sample from densities proportional to exp(−f(x)),

where f : Rd → R has a finite condition number. In particular, f is said to have a condition

number of κ < ∞ if it is L-smooth and µ-strongly convex (has second derivatives in all

directions in the range [µ,L]), where κ = L
µ . We will also overload this terminology and

say the density itself has condition number κ. We call such a density (with finite κ)

“well-conditioned.” Finally, we explicitly assume throughout that κ = O(d4), as otherwise

in light of our lower bounds the general-purpose logconcave samplers of [LV07, JLLV20,

Che21a] are preferable.

4.1.1 Our results

Our primary contribution is a nearly-tight characterization of the performance of MALA

for sampling from two high-dimensional distribution families without a warm start as-

sumption: well-conditioned Gaussians, and the more general family of well-conditioned

densities. In Sections 4.3 and 4.4, we prove the following two lower bounds on MALA’s

complexity, which is a one-parameter algorithm (for a given target distribution) depend-

ing only on step size. We also note that we fix a scale [1, κ] on the eigenvalues of the

function Hessian up front, because otherwise the non-scale-invariance of the step size can

be exploited to give much more trivial lower bounds (cf. Appendix C.1).

Theorem 6. For every step size, there is a target Gaussian on Rd whose negative log-

density always has Hessian eigenvalues in [1, κ], such that the relaxation time of MALA

is Ω( κ
√
d√

log d
).

Theorem 7. For every step size, there is a target density on Rd whose negative log-density

always has Hessian eigenvalues in [1, κ], such that the relaxation time of MALA is Ω( κd
log d).

To give more context on Theorems 6 and 7, MALA is an example of a Metropolis-

adjusted Markov chain, which in every step performs updates which preserve the stationary

distribution. Indeed, it can be derived by applying a Metropolis filter on the standard

forward Euler discretization of the Langevin dynamics, a stochastic differential equation

with stationary density ∝ exp(−f(x)):

dxt = −∇f(xt)dt+
√
2dBt,
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where Bt is Brownian motion. Such Metropolis-adjusted methods typically provide total

variation distance guarantees, and attain logarithmic dependence on the target accuracy.1

The mixing of such chains is governed by their relaxation time, also known as the inverse

spectral gap (the difference between 1 and the second-largest eigenvalue of the Markov

chain transition operator).

However, in the continuous-space setting, it is not always clear how to relate the

relaxation time to the mixing time, which we define as the number of iterations it takes

to reach total variation distance 1
e from the stationary distribution from a given warm

start (we choose 1
e for consistency with the literature, but indeed any constant bounded

away from 1 will do). There is an extensive line of research on when it is possible to

relate these two quantities (see e.g. [BGL14]), but typically these arguments are tailored

to properties of the specific Markov chain, causing relaxation time lower bounds to not be

entirely satisfactory in some cases. We thus complement Theorems 6 and 7 with a mixing

time lower bound from an exponentially warm start, as follows.

Theorem 8. For every step size, there is a target density on Rd whose negative log-density

always has Hessian eigenvalues in [1, κ], such that MALA initialized at an exp(d)-warm

start requires Ω( κd
log2 d

) iterations to reach e−1 total variation distance to the stationary

distribution.

We remark that Theorem 8 is the first mixing time lower bound for discretizations of

the Langevin dynamics we are aware of, as other related lower bounds have primarily been

on relaxation times [CV19, LST20, CLA+20]. Up to now, it is unknown how to obtain

a starting distribution for a general distribution with condition number κ with warmness

better than κd (which is obtained by the starting distribution N (x∗, 1
L id) where L is the

smoothness parameter and x∗ is the mode).2 A line of work [DCWY19, CDWY20, LST20]

analyzed the performance of MALA under this warm start, culminating in a mixing time

of Õ(κd) as shown in Chapter 3, where Õ hides logarithmic factors in κ, d, and the target

accuracy. On the other hand, a recent work [CLA+20] demonstrated that MALA obtains

1We note this is in contrast with a different family of unadjusted discretizations, which are analyzed
by coupling them with the stochastic differential equation they simulate (see e.g. [Dal17b, CCBJ17] for
examples), at the expense of a polynomial dependence on the target accuracy; we focus on Metropolis-
adjusted discretizations in this work.

2The warmness of a distribution is the worst-case ratio between the measures it and the stationary
assign to a set.
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a mixing time scaling as Õ(poly(κ)
√
d), when initialized at a polynomially warm start,3

and further showed that such a mixing time is tight (in its dependence on d). They posed

as an open question whether it was possible to obtain Õ(poly(κ)d1−Ω(1)) mixing from an

explicit starting distribution.

We address this question by proving Theorem 8, showing that the Õ(κd) rate of [LST20]

for MALA applied to a κ-conditioned density is tight up to logarithmic factors from an

explicit “bad” warm start. Concretely, to prove Theorems 6-8, in each case we exhibit

an exp(−d)-sized set according to the stationary measure where either the chain cannot

move in poly(d) steps with high probability, or must choose a very small step size. Beyond

exhibiting a mixing bound, this demonstrates the subexponential warmness assumption

in [CLA+20] is truly necessary for their improved bound. To our knowledge, this is the

first nearly-tight characterization of a specific sampling algorithm’s performance in all

parameters, and improves lower bounds of [CLA+20, LST20]. It also implies that to go

beyond Õ(κd) mixing requires a subexponential warm start.

The lower bound statement of Theorem 8 is warmness-sensitive, and is of the following

(somewhat non-standard) form: for β = exp(d), we provide a lower bound on the quantity

inf
algorithm parameters

sup
starts of warmness ≤β

densities in target family

mixing time of algorithm.

In other words, we are allowed to choose both the hard density and starting distribution

adaptively based on the algorithm parameters (in the case of MALA, our choices respond

to the step size). We note that this type of lower bound is compatible with standard

conductance-based upper bound analyses, which typically only depend on the starting

distribution through the warmness parameter.

In Section 4.6, we further study the multi-step generalization of MALA, known in the

literature as Hamiltonian Monte Carlo with a leapfrog integrator (which we refer to in this

paper as HMC). In addition to a step size η, HMC is parameterized by a number of steps

per iteration K; in particular, HMC makes K gradient queries in every step to perform

a K-step discretization of the Langevin dynamics, before applying a Metropolis filter. It

was recently shown in [CDWY20] that under higher derivative bounds, balancing η and

K more carefully depending on problem parameters could break the apparent κd barrier

of MALA, even from an exponentially warm start.

3As discussed, it is currently unknown how to obtain such a warm start generically.
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It is natural to ask if there is a stopping point for improving HMC. We demonstrate

that HMC cannot obtain a better relaxation time than Õ(κ
√
dK−1) for any K, even when

the target is a Gaussian. Since every HMC step requiresK gradients, this suggests Ω̃(κ
√
d)

queries are necessary.

Theorem 9. For every step size and count, there is a target Gaussian on Rd whose

negative log-density always has Hessian eigenvalues in [1, κ], such that the relaxation time

of HMC is Ω( κ
√
d

K
√
log d

).

In Appendix C.2, we also give some lower bounds on how much increasing K can

help the performance of HMC in the in-between range κ
√
d to κd. In particular, we

demonstrate that if K ≤ dc for some constant c ≈ 0.1, then the K-step HMC Markov

chain can only improve the relaxation time of Theorem 9 by roughly a factor K2, showing

that to truly go beyond a κd relaxation time by more than a do(1) factor, the step size must

scale polynomially with the dimension (Proposition 16). We further demonstrate how to

extend the mixing time lower bound of Theorem 8 in a similar manner, demonstrating

formally for small K that (up to logarithmic factors) the gradient query complexity of

HMC cannot be improved beyond κd by more than roughly a K factor (Proposition 17).

Our mixing lower bound technique in Theorem 8 does not directly extend to give a

complementary mixing lower bound for Theorem 9 for allK, but we defer this to interesting

future work.

4.1.2 Technical overview

In this section, we give an overview of the techniques we use to show our lower bounds.

Throughout for the sake of fixing a scale, we assume the negative log-density has Hessian

between id and κ id.

MALA. Our starting point is the observation made in [CLA+20] that for a MALA

step size h, the spectral gap of the MALA Markov chain scales no better than O(h +

h2), witnessed by a simple one-dimensional Gaussian. Thus, our strategy for proving

Theorems 6 and 7 is to show a dichotomy on the choice of step size: either h is so large such

that we can construct an exp(d)-warm start where the chain is extremely unlikely to move

(e.g. the step almost always is filtered), or it is small enough to imply a poor spectral gap.

In the Gaussian case, we achieve this by explicitly characterizing the rejection probability
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and demonstrating that choosing the “small ball” warm start where
∥∥x∥∥22 is smaller than

its expectation by a constant ratio suffices to upper bound h.

Given the result of Theorem 6, we see that if MALA is to move at all with decent

probability from an exponentially warm start, we must take h≪ 1, so the spectral gap in

this regime is simply O(h). We now move onto the more general well-conditioned setting.

As a thought experiment, we note that the upper bound analyses of [DCWY19, CDWY20,

LST20] for MALA have a dimension dependence which is bottlenecked by the noise term

only. In particular, the MALA iterates apply a filter to the move x′ ← x−h∇f(x)+
√
2hg,

where g ∼ N (0, id) is a standard Gaussian vector. However, even for the more basic

“Metropolized random walk” where the proposal is simply x′ ← x+
√
2hg, the dimension

dependence of upper bound analyses scales linearly in d. Thus, it is natural to study the

effect of the noise, and construct a hard distribution based around it.

We first formalize this intuition, and demonstrate that for step sizes not ruled out

by Theorem 6, all terms in the rejection probability calculation other than those due

to the effect of the noise g are low-order. Moreover, because the effect of the noise is

coordinatewise separable (sinceN (0, id) is a product distribution), to demonstrate a Õ( 1
κd)

upper bound on h it suffices to show a hard one-dimensional distribution where the log-

rejection probability has expectation −Ω(hκ), and apply sub-Gaussian concentration to

show a product distribution has expectation −Ω(hκd).

At this point, we reduce to the following self-contained problem: let x ∈ R, let π∗ ∝

exp(−f1d) be one-dimensional with second derivative ≤ κ, and let xg = x +
√
2hg for

g ∼ N (0, 1). We wish to construct f1d such that for x in a constant probability region

over exp(−f1d) (the “bad set”),

Eg∼N (0,1)

[
−f1d(xg) + f1d(x)−

1

2

〈
x− xg, f ′1d(x) + f ′1d(xg)

〉]
= −Ω(hκ), (4.1)

where the contents of the expectation in (4.1) are the log-rejection probability along one

coordinate by a straightforward calculation. By forming a product distribution using f1d

as a building block, and combining with the remaining low-order terms due to the drift

∇f(x), we attain an exp(−d)-sized region where the rejection probability is exp(−Ω(hκd)),

completing Theorem 7.

It remains to construct such a hard f1d. The calculation

−f1d(xg)+f1d(x)−
1

2

〈
x− xg, f ′1d(x) + f ′1d(xg)

〉
= −2h

∫ 1

0

(
1

2
− s
)
g2f ′′1d(x+s(xg−s))ds
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suggests the following approach: because the above integral places more mass closer to

the starting point, we wish to make sure our bad set has large second derivative, but

most moves g result in a much smaller second derivative. Our construction patterns this

intuition: we choose4

f1d(x) =
κ

3
x2 − κh

3
cos

x√
h

=⇒ f ′′1d(x) =
2κ

3
+
κ

3
cos

x√
h
,

such that our bad set is when cos x√
h
is relatively large (which occurs with probability

→ 1
2 for small h in one dimension). The period of our construction scales with

√
h, so that

most moves
√
2hg of size O(

√
h) will “skip a period” and hence hit a region with small

second derivative, satisfying (4.1).

Figure 4.1: Second derivative of our hard function f1d, κ = 10, h = 0.01. Starting from inside

the hard region, on average over g ∼ N (0, id), a move by
√
2hg decreases the second derivative.

HMC. We further demonstrate that similar hard Gaussians as the one we use for MALA

also place an upper bound on the step size of HMC for any number of stepsK. Our starting

point is a novel characterization of HMC iterates on Gaussians: namely, when the negative

log-density is quadratic, we show that the HMC iterates implement a linear combination

between the starting position and velocity, where the coefficients are given by Chebyshev

polynomials. For step size η of size Ω( 1
K
√
κ
) for specific constants, we show the HMC chain

begins to cycle because of the locations of the Chebyshev polynomials’ zeroes, and cannot

move. Moreover, for sufficiently small step size η outside of this range, it is straightforward

by examining the coefficients of Chebyshev polynomials to show that they are the same

(up to constant factors) as in the MALA case, at which point our previous lower bound

holds. It takes some care to modify our hard Gaussian construction to rule out all constant

ranges in the η ≈ 1
K
√
κ
region, but by doing so we obtain Theorem 9.

4We note [CLA+20] also used a (different, but similar) cosine-based construction for their lower bound.
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We remark that the observation that HMC iterates are implicitly implementing a

Chebyshev polynomial approximation appears to be unknown in the literature, and is

a novel contribution of our work. We believe understanding this connection is a worth-

while endeavor, as a similar connection between polynomial approximation and first-order

convex optimization has led to various interesting interpretations of Nesterov’s accelerated

gradient descent method [Har13, Bac19].

4.1.3 Prior work

The bounds most closely relevant to those in this paper are given by [LST20], who showed

that the step size of MALA must scale inversely in κ for the chain to have a constant chance

of moving, and [CLA+20], who showed that the step size must scale as d−
1
2 . Theorem 7

matches or improves both bounds simultaneously, proving that up to logarithmic factors

the relaxation time of MALA scales linearly in both κ and d, while giving an explicit hard

distribution and exp(−d)-sized bad set. Moreover, both [LST20, CLA+20] gave strictly

spectral lower bounds, which are complemented by our Theorem 8, a mixing time lower

bound.

We briefly mention several additional lower bound results in the sampling and sampling-

adjacent literature, which are related to this work. Recently, [CLW20] exhibited an

information-theoretic lower bound on unadjusted discretizations simulating the under-

damped Langevin dynamics, whose dimension dependence matches the upper bound of

[SL19] shown in Chapter 2 (while leaving the precise dependence on κ open). Finally,

[GLL20] and [CBL20] give information-theoretic lower bounds for estimating normalizing

constants of well-conditioned distributions and the number of stochastic gradient queries

required by first-order sampling methods under noisy gradient access respectively.

4.2 Preliminaries

In Section 5.2.1, we give an overview of notation and technical definitions used throughout

the paper. We state standard helper concentration bounds we frequently use in Sec-

tion 4.2.2. We then recall the definitions of the sampling methods which we study in this

paper in Sections 4.2.3 and 4.2.4.
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4.2.1 Notation

General notation. For d ∈ N we let [d]
def
= {i ∈ N | 1 ≤ i ≤ d}. We let

∥∥ ·∥∥2 denote the

Euclidean norm on Rd for any d; for any positive semidefinite matrix A, we let
∥∥ · ∥∥A be

its induced seminorm
∥∥x∥∥A =

√
x⊤Ax. We use

∥∥ · ∥∥p to denote the ℓp norm for p ≥ 1, and∥∥ · ∥∥∞ is the maximum absolute value of entries. We let N (µ,Σ) denote the multivariate

Gaussian with mean µ ∈ Rd and covariance Σ ∈ Rd×d. We let id ∈ Rd×d denote the

identity matrix when dimensions are clear from context, and ⪯ is the Loewner order on

the positive semidefinite cone. We let {Wt}t≥0 ⊂ Rd denote the standard Brownian motion

when dimensions are clear from context.

Functions. We say twice-differentiable f : Rd → R is L-smooth and µ-strongly convex

for 0 ≤ µ ≤ L if µ id ⪯ ∇2f(x) ⪯ L id for all x ∈ Rd. It is well-known that for any

x, y ∈ Rd, this implies f has a Lipschitz gradient (i.e.
∥∥∇f(x) − ∇f(y)∥∥2 ≤ L

∥∥x − y∥∥2),
and satisfies the quadratic bounds

f(x) + ⟨∇f(x), y − x⟩+ µ

2

∥∥y − x∥∥22 ≤ f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ L

2

∥∥y − x∥∥22.
We define the condition number of such a function f by κ

def
= L

µ . We will assume that κ is

at least a constant for convenience of stating bounds; a lower bound of 10 suffices for all

our results.

Distributions. For distribution π on Rd, we say π is logconcave if dπdx (x) = exp(−f(x))

for convex f ; we say π is µ-strongly logconcave if f is µ-strongly convex. For A ⊆ Rd we

let Ac denote its complement and π(A)
def
=
∫
x∈A dπ(x) denote its measure under π. We

say distribution ρ is β-warm with respect to π if dρ
dπ (x) ≤ β everywhere; we define their

total variation
∥∥π−ρ∥∥TV

def
= supA⊆Rd π(A)−ρ(A). Finally, we denote the expectation and

variance of g : Rd → R under π by

Eπ [g] =
∫
g(x)dπ(x), Varπ [g] = Eπ

[
g2
]
− (Eπ [g])2 .

Sampling. Consider a Markov chain defined on Rd with transition kernel {Tx}x∈Rd , so

that
∫
Tx(y)dy = 1 for all x. Further, denote the stationary distribution of the Markov

chain by π∗. Define the Dirichlet form of functions g, h : Rd → R with respect to the

Markov chain by

E(g, h) def
=

∫
g(x)h(x)dπ∗(x)−

∫∫
g(y)h(x)Tx(y)dπ∗(x)dy.
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A standard calculation demonstrates that

E(g, g) = 1

2

∫∫
(g(x)− g(y))2Tx(y)dπ∗(x)dy.

The mixing of the chain is governed by its spectral gap, a classical quantity we now define:

λ ({Tx}x∈Rd)
def
= inf

g

{
E(g, g)
Varπ∗ [g]

}
. (4.2)

The relaxation time is the inverse spectral gap. We also recall a result of Cheeger [Che69],

showing the spectral gap is O(Φ), where Φ is the conductance of the chain:

Φ ({Tx}x∈Rd)
def
= inf

A⊂Rd|π∗(A)≤ 1
2

∫
x∈A Tx(A

c)dπ∗(x)

π∗(A)
(4.3)

Finally, we recall the definition of a Metropolis filter. A Markov chain with transitions

{Tx}x∈Rd and stationary distribution π∗ is said to be reversible if for all x, y ∈ Rd,

dπ∗(x)Tx(y) = dπ∗(y)Ty(x).

The Metropolis filter is a way of taking an arbitrary set of proposal distributions {Px}x∈Rd

and defining a reversible Markov chain with stationary distribution π∗. In particular, the

Markov chain induced by the Metropolis filter has transition distributions {Tx}x∈Rd defined

by

Tx(y)
def
= Px(y)min

(
1,
dπ∗(y)Py(x)
dπ∗(x)Px(y)

)
for all y ̸= x. (4.4)

Whenever the proposal is rejected by the modified distributions above, the chain does not

move.

4.2.2 Concentration

Here we state several frequently used (standard) concentration facts.

Fact 1 (Mill’s inequality). For one-dimensional Gaussian random variable Z ∼ N (0, σ2),

Pr [Z > t] ≤
√

2

π

σ

t
exp

(
− t2

2σ2

)
.

Fact 2 (χ2 tail bounds, Lemma 1 [LM00]). Let {Zi}i∈[n] ∼i.i.d. N (0, 1) and a ∈ Rn≥0. Then

Pr

∑
i∈[n]

aiZ
2
i −

∥∥a∥∥22 ≥ 2
∥∥a∥∥2√t+ 2

∥∥a∥∥∞t
 ≤ exp(−t),

Pr

∑
i∈[n]

aiZ
2
i −

∥∥a∥∥22 ≤ −2∥∥a∥∥2√t
 ≤ exp(−t).



49

Fact 3 (Bernstein’s inequality). Let {Zi}i∈[n] be independent mean-zero random variables

with sub-exponential parameter λ. Then

Pr

∣∣∣∣∣∣
∑
i∈[n]

Zi

∣∣∣∣∣∣ > t

 ≤ exp

(
−1

2
min

(
t2

nλ2
,
t

λ

))
.

4.2.3 Metropolis-adjusted Langevin algorithm

In this section, we formally define the Metropolis-adjusted Langevin algorithm (MALA)

which we study in Sections 4.3 and 4.4. Throughout this discussion, fix a distribution π

on Rd, with density dπ
dx (x) = exp(−f(x)), and suppose that f is twice-differentiable for

simplicity.

The MALAMarkov chain is given by a discretization of the (continuous-time) Langevin

dynamics

dxt = −∇f(xt)dt+
√
2dWt,

which is well-known to have stationary density exp(−f(x)). MALA is defined by perform-

ing a simple Euler discretization of the Langevin dynamics up to time h > 0, and then

applying a Metropolis filter. In particular, define the proposal distribution at a point x by

Px
def
= N (x− h∇f(x), 2h id) .

We obtain the MALA transition distribution by applying the definition (4.4), which yields

Tx(y) ∝ exp

(
−
∥∥y − (x− h∇f(x))

∥∥2
2

4h

)
min

1,
exp

(
−f(y)− ∥x−(y−h∇f(y))∥22

4h

)
exp

(
−f(x)− ∥y−(x−h∇f(x))∥22

4h

)
 .

(4.5)

The normalization constant above is that of the multivariate Gaussian with covariance

2h id.

4.2.4 Hamiltonian Monte Carlo

In this section, we formally define the (Metropolized) Hamiltonian Monte Carlo (HMC)

method which we study in Section 4.6. We assume the same setting as Section 4.2.3.

The Metropolized HMC algorithm is governed by two parameters, a step size η > 0

and a step count K ∈ N, and can be viewed as a multi-step generalization of MALA. In

particular, when K = 1 it is straightforward to show that HMC is a reparameterization of

MALA, see e.g. Appendix A of [LST20]. More generally, from an iterate x, HMC performs

the following updates.
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1. x0 ← x, v0 ∼ N (0, id)

2. For 0 ≤ k < K:

(a) vk+ 1
2
← vk − η

2∇f(xk)

(b) xk+1 ← xk + ηvk+ 1
2

(c) vk+1 ← vk − η
2∇f(xk+1)

3. Return xK

Each loop of step 2 is known in the literature as a “leapfrog” step, and is a discretization

of Hamilton’s equations for the Hamiltonian function H(x, v) def
= f(x) + 1

2

∥∥v∥∥22; for addi-

tional background, we refer the reader to [CDWY20]. This discretization is well-known to

have reversible transition probabilities (i.e. the transition density is the same if the end-

points are swapped) because it satisfies a property known as symplecticity. Moreover, the

Markov chain has stationary density on the expanded space (x, v) ∈ Rd×Rd proportional

to exp(−H(x, v)). Correspondingly, the Metropolized HMC Markov chain performs the

above algorithm from a point x, and accepts with probability

min

{
1,

exp (−H(xK , vK))

exp (−H(x0, v0))

}
. (4.6)

4.3 Lower bound for MALA on Gaussians

In this section, we derive a upper bound on the spectral gap of MALA when the target

distribution is restricted to being a multivariate Gaussian (i.e. its negative log-density is a

quadratic in some well-conditioned matrix A). Throughout this section we will let f(x) =

1
2x

⊤Ax for some id ⪯ A ⪯ κ id. We remark here that without loss of generality, we have

assumed that the minimizer of f is the all-zeros vector and the strong convexity parameter

is µ = 1. These follow from invariance of condition number under linear translations and

scalings of the variable.

Next, we define a specific hard quadratic function we will consider in this section,

fhq : Rd → R. Specifically, fhq will be a quadratic in a diagonal matrix A which has

A11 = 1 and Aii = κ for 2 ≤ i ≤ d. We can rewrite this as

fhq(x)
def
=
∑
i∈[d]

fi(xi), where fi(c) =


1
2c

2 i = 1

κ
2 c

2 2 ≤ i ≤ d
. (4.7)
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Notice that fhq is coordinate-wise separable, and behaves identically on coordinates 2 ≤

i ≤ d (and differently on coordinate 1). To this end for a vector v ∈ Rd, we will denote its

first coordinate by v1 ∈ R, and its remaining coordinates by v−1 ∈ Rd−1. This will help

us analyze the behavior of these components separately, and simplify notation.

We next show that for coordinate-separable functions with well-behaved first coordi-

nate, such as our fhq, the spectral gap (defined in (4.2)) of the MALA Markov chain

is governed by the step size h. The following is an extension of an analogous proof in

[CLA+20].

Lemma 6. Consider the MALA Markov chain (4.5), with stationary distribution π∗ with

negative log-density f . Suppose f is coordinate-wise separable (i.e. f(x) =
∑

i∈[d] fi(xi)).

If f(x) = f(−x) for all x ∈ Rd, f1 is O(1)-smooth, and Ex1∼exp(−f1)[x
2
1] = Θ(1), the

spectral gap (4.2) is O(h+ h2).

Proof. Recalling the definition (4.2), we choose g(x) = x1; note that by symmetry of f

around the origin, we have Eπ∗ [g] = 0, and thus by our assumption,

Varπ∗ [g] = Ex∼π∗ [x21] = Θ(1).

Here we used that π∗ is a product distribution. Thus it suffices to upper bound E(g, g):

E(g, g) = 1

2

∫∫
(x1 − y1)2Tx(y)dπ∗(x)dy

≤ 1

2

∫∫
(x1 − y1)2Px(y)dπ∗(x)dy

=
1

2
Ex∼π∗,ξ∼N (0,1)

[(
hf ′1(x1)−

√
2hξ
)2]

≤ Ex∼π∗

[
h2
(
f ′1(x1)

)2]
+ 2Eξ∼N (0,1)

[
hξ2
]

≤ O(h2)Ex∼π∗
[
x21
]
+ 2h = O

(
h+ h2

)
.

In the second line, we used that whenever the Markov chain rejects the distribution both

terms are zero; in the third, we used the definition of the MALA proposals; in the fourth,

we used (a+ b)2 ≤ 2a2+2b2 for a, b ∈ R. Finally, the last line used that symmetry implies

that the minimizer of f is the origin, so applying Lipschitzness and f ′1(0) = 0 yields the

desired bound.

This immediately implies a spectral gap bound on our hard function fhq.

Corollary 3. The spectral gap of the MALA Markov chain for sampling from the density

proportional to exp(−fhq), where fhq is defined in (4.7), is O(h+ h2).
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It remains to give a lower bound on the step size h, which we accomplish by upper

bounding the acceptance probability of MALA. We will give a step size analysis for a fairly

general characterization of Markov chains, where the proposal distribution from a point x

is

y =

 y1

y−1

 , where y1 = (1− α1)x1 + β1g1

and y−1 = (1− α−1)x−1 + β−1g−1, for g ∼ N (0, id).

(4.8)

To be concrete, recall that the proposal distribution for MALA (4.5) is given by y =

x−hAx+
√
2hg. For the A used in defining fhq, this is of the form (4.8) with the specific

parameters

α1 = h, α−1 = hκ, β1 = β−1 =
√
2h.

However, this more general characterization will save significant amounts of recalculation

when analyzing updates of the HMC Markov chain in Section 4.6. Recalling the formula

(4.5), we first give a closed form for the acceptance probability.

Lemma 7. For f(x) = 1
2x

⊤Ax, we have

f(x)− f(y) + 1

4h

(∥∥y − (x− h∇f(x))
∥∥2
2 −

∥∥x− (y − h∇f(y))
∥∥2
2

)
=
h

4

∥∥x∥∥2A2 −
h

4

∥∥y∥∥2A2 .

Supposing y is of the form in (4.8) and A is as in (4.7), we have

h

4

∥∥x∥∥2A2 −
h

4

∥∥y∥∥2A2 =
h

4

((
2α1 − α2

1

)
x21 − β21g21 − 2(1− α1)β1x1g1

)
+
hκ2

4

((
2α−1 − α2

−1

) ∥∥x−1

∥∥2
2 − β2−1

∥∥g−1

∥∥2
2 − 2(1− α−1)β−1 ⟨x−1, g−1⟩

)
.

Proof. This is a direct computation which we perform here for completeness: the given

quantity is

1

2

∥∥x∥∥2A − 1

2

∥∥y∥∥2A +
1

4h

(∥∥y − x+ hAx
∥∥2
2 −

∥∥x− y + hAy
∥∥2
2

)
=

1

2

∥∥x∥∥2A − 1

2

∥∥y∥∥2A +
1

2
⟨y − x,Ax⟩+ h

4

∥∥x∥∥2A2 −
1

2
⟨x− y,Ay⟩ − h

4

∥∥y∥∥2A2 =
h

4

∥∥x∥∥2A2 −
h

4

∥∥y∥∥2A2 .

The second equality follows from expanding the definition of y:

∥∥x∥∥2A2 −
∥∥y∥∥2A2 = x21 − ((1− α1)x1 + β1g1)

2 + κ2
(∥∥x−1

∥∥2
2 −

∥∥ (1− α−1)x−1 + β−1g−1

∥∥2
2

)
=
(
2α1 − α2

1

)
x21 − β21g21 − 2(1− α1)β1x1g1

+ κ2
((

2α−1 − α2
−1

) ∥∥x−1

∥∥2
2 − β2−1

∥∥g−1

∥∥2
2 − 2(1− α−1)β−1 ⟨x−1, g−1⟩

)
.
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Corollary 4. For any fixed x ∈ Rd, and supposing y is of the form in (4.8) and A is as

in (4.7),

Eg∼N (0,id)

[
f(x)− f(y) + 1

4h

(∥∥y − (x− h∇f(x))
∥∥2
2 −

∥∥x− (y − h∇f(y))
∥∥2
2

)]
=
h

4

((
2α1 − α2

1

)
x21 − β21

)
+
hκ2

4

((
2α−1 − α2

−1

) ∥∥x−1

∥∥2
2 − β2−1(d− 1)

)
.

Proof. This follows from Lemma 7, independence of g and x, and linearity of trace and

expectation applied on squared coordinates of g, where we recognize Eg∼N (0,id)[gg
⊤] =

id.

Next, for a fixed x, consider the random variables Rxi :

Rxi =


h
4

((
2α1 − α2

1

)
x21 − β21g21 − 2(1− α1)β1x1g1

)
i = 1

hκ2

4

((
2α−1 − α2

−1

)
x2i − β2−1g

2
i − 2(1− α−1)β−1xigi

)
2 ≤ i ≤ d

where g ∼ N (0, id) is a standard Gaussian random vector. Notice that for a given realiza-

tion of g, we have by Lemma 7 that∑
i∈[d]

Rxi =
h

4

∥∥x∥∥A2 −
h

4

∥∥y∥∥A2 . (4.9)

We computed the expectation of
∑

i∈[d]R
x
i in Corollary 4. We next give a high-probability

bound on the deviation of
∑

i∈[d]R
x
i from its expectation.

Lemma 8. With probability at least 1− δ over the randomness of g ∼ N (0, id),

∑
i∈[d]

Rxi − Eg∼N (0,id)

∑
i∈[d]

Rxi

 ≤ 2h|α1 − 1|β1|x1|

√
log

(
4

δ

)
+ hβ21

√
log

(
4

δ

)

+ 2hκ2|α−1 − 1|β−1

∥∥x−1

∥∥
2

√
log

(
4

δ

)
+ hκ2β2−1

√
d log

(
4

δ

)
.

Proof. In defining {Rxi }i∈[d], the terms involving {x2i }i∈[d] are deterministic. Thus, we need

to upper bound the deviations of the remaining terms, namely

S
(1)
1

def
=

h

2
(α1 − 1)β1x1g1, S

(2)
1

def
=

hβ21
4

(
1− g21

)
,

S
(1)
−1

def
=

hκ2

2
(α−1 − 1)β−1

∑
2≤i≤d

xigi, S
(2)
−1

def
=

hκ2β2−1

4

∑
2≤i≤d

(
1− g2i

)
.

To motivate these definitions, S
(1)
1 +S

(2)
1 +S

(1)
−1 +S

(2)
−1 is the left hand side of the display in

the lemma statement. We begin with S
(1)
−1 . Notice that this is a one-dimensional Gaussian

random variable distributed as

N
(
0, σ21

)
where σ1

def
=

hκ2

2
|α−1 − 1|β−1

∥∥x−1

∥∥
2.
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Thus, applying Mill’s inequality yields

Pr
[
S
(1)
−1 > t

]
≤
√

2

π

σ1
t
exp

(
− t2

2σ21

)
≤ δ

4
, for t = 4σ1

√
log

(
4

δ

)
.

Next, to bound the term S
(2)
−1 , define

σ2
def
=

hκ2β2−1

4

√
d− 1.

Standard χ2 concentration results (Fact 2) then yield

Pr
[
S
(2)
−1 > t

]
≤ exp

(
− t2

4σ22

)
≤ δ

4
, for t = 2σ2

√
log

(
4

δ

)
.

Similar bounds follow for S
(1)
1 and S

(2)
1 , whose computations we omit for brevity. Taking

a union bound over these four terms yields the desired claim.

Finally, we have a complete characterization of a bad set Ω ⊂ Rd where, with high

probability over the proposal distribution, the acceptance probability is extremely small.

Proposition 2. Let x ∈ Rd satisfy
∥∥x−1

∥∥
2 ≤

√
2d
3κ and |x1| ≤ 5

√
log d, and suppose y is

of the form in (4.8) and A is as in (4.7). Also suppose that

|α−1| ≤
3

5
β2−1κ, β−1 = ω

(√
log d

κd

)
, |α1| = O(|α−1|), β1 = O(β−1).

Then with probability at least 1− d−5 over the randomness of g ∼ N (0, id), we have

h

4

∥∥x∥∥A2 −
h

4

∥∥y∥∥A2 = −Ω
(
hκ2β2−1d

)
.

Proof. We first handle terms involving x−1 and g−1. Combining (4.9), Corollary 4, and

Lemma 8, we have with probability at least 1− 1
2d

−5 over the randomness of g ∼ N (0, id)

that
∥∥x−1

∥∥2
A2

−1
−
∥∥y−1

∥∥2
A2

−1
(where A−1 is the Hessian of fhq on the last d−1 coordinates)

is upper bounded by

hκ2

4

((
2α−1 − α2

−1

) ∥∥x−1

∥∥2
2 − β2−1(d− 1)

)
+ 5hκ2|α−1 − 1|β−1

∥∥x−1

∥∥
2

√
log d+ 3hκ2β2−1

√
d log d

≤ −hκ
2

4.5
β2−1d+

hκ2

4
(2α−1 − α2

−1)
∥∥x−1

∥∥2
2 + 5hκ2|α−1 − 1|β−1

∥∥x−1

∥∥
2

√
log d.

(4.10)

Here we dropped the last term in the first line by adjusting a constant since it is dominated

for sufficiently large d. It remains to show that all the terms in the second line other than

−hκ2

4.5 β
2
−1d are bounded by O(hκ2β2−1d). We will perform casework on the size of α−1.
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Case 1: |α−1| > 3. In this case, we have for sufficiently large d, by Young’s inequality

5hκ2|α−1 − 1|β−1

∥∥x−1

∥∥
2

√
log d ≤ 1

40
hκ2|α−1|β−1

∥∥x−1

∥∥
2

√
d

≤ 1

80
hκ2β2−1d+

1

80
hκ2α2

−1

∥∥x−1

∥∥2
2.

Plugging this bound into (4.10), we have the desired

∥∥x−1

∥∥2
A2

−1
−
∥∥y−1

∥∥2
A2

−1
≤ −hκ

2

5
β2−1d+

hκ2

4

(
2α−1 − 0.9α2

−1

) ∥∥x−1

∥∥2
2 ≤ −

hκ2

5
β2−1d.

In the last inequality we used 2α−1 − 0.9α2
−1 ≤ 0 for |α−1| > 3.

Case 2: |α−1| ≤ 3. In this case, we first observe by our assumed bounds on
∥∥x−1

∥∥
2

and β−1,

5hκ2|α−1 − 1|β−1

∥∥x−1

∥∥
2

√
log d ≤ 20hκ1.5β−1

√
d log d = o

(
hκ2β2−1d

)
.

Thus, substituting into (4.10) and dropping the (nonpositive) term corresponding to α2
−1,

∥∥x−1

∥∥2
A2

−1
−
∥∥y−1

∥∥2
A2

−1
≤ −hκ

2

4.8
β2−1d+

hκ2

2
α−1

∥∥x−1

∥∥2
2

≤ −hκ
2

4.8
β2−1d+

hκα−1d

3
= −Ω

(
hκ2β2−1d

)
.

In the second inequality, we used the assumed bound on
∥∥x−1

∥∥2
2, and in the last we used

the bound |α−1| ≤ 3
5β

2
−1κ to reach the conclusion.

To complete the proof we need to show terms involving x1 and g1 are small. In

particular, combining (4.9), Corollary 4, and Lemma 8 and dropping nonnegative terms,

it suffices to argue

h

2
α1x

2
1 + 5h|α1 − 1|β1|x1|

√
log d+ 3hβ21

√
log d = o

(
hκ2β2−1d

)
.

This bound clearly holds for the last term hβ21
√
log d using β1 = O(β−1). For the first

term, it suffices to use our assumed bounds on |α1| and x1. Finally, the middle term

5h|α1 − 1|β1|x1|
√
log d is low-order compared to the term 5hκ2|α−1 − 1|β−1

∥∥x−1

∥∥
2
√
log d

which we argued about earlier, and hence does not affect any of our earlier bounds by

more than a constant. The left-hand side of the above display is an upper bound of the

first coordinate’s contribution with probability at least 1− 1
2d

−5, so a union bound shows

the proof succeeds with probability ≥ 1− d−5.

Finally, we are ready to give the main lower bound of this section.
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Theorem 6. For every step size, there is a target Gaussian on Rd whose negative log-

density always has Hessian eigenvalues in [1, κ], such that the relaxation time of MALA

is Ω( κ
√
d√

log d
).

Proof. Let π∗ be the Gaussian with log-density −fhq (4.7) throughout this proof. If

h = O
(√

log d

κ
√
d

)
, then Corollary 3 immediately implies the result, so for the remainder of

the proof suppose

h = ω

(√
log d

κ
√
d

)
. (4.11)

We first recall that MALA Markov chains are an instance of (4.8) with

α1 = h, α−1 = hκ, β1 = β−1 =
√
2h.

It is easy to see that these parameters satisfy the assumptions in Proposition 2, for the

given range of h. We define a “bad starting set” as follows:

Ω
def
=

{
x

∣∣∣∣ ∥∥x−1

∥∥2
2 ≤

2d

3κ
, x21 ≤ 25 log d

}
. (4.12)

For any x ∈ Ω, and h satisfying (4.11), Proposition 2 is applicable, and by our definition

of Ω, any x ∈ Ω has proposals which will be accepted with probability

exp
(
−Ω

(
hκ2β2−1d

))
= exp

(
−Ω(h2κ2d)

)
≤ 1

d10
.

The conductance of the Markov chain (4.3) is then at most 2
d5

by the witness set Ω and

the failure probability of Proposition 2, which concludes the proof by Cheeger’s inequality

[Che69], where we use the assumption that κ = O(d4).

Finally, as it clarifies the required warmness to escape the bad set in the proof of Theo-

rem 6 (and is used in our mixing time bounds in Section 4.5), we lower bound the measure

of Ω according to π∗. Applying Lemma 9 shows with probability at least exp(− 1
12d),∥∥x−1

∥∥2
2 ≤ d

2κ , and Fact 1 shows that x21 ≤ 25 log d with probability at least 1
2 ; combining

shows that the measure is at least exp(−d). We required one helper technical fact, a

small-ball probability bound for Gaussians.

Lemma 9. Let v ∼ N (0, id) be a random Gaussian vector in n dimensions. For large

enough n,

Pr
[∥∥v∥∥22 ≤ n

2

]
≥ exp

(
− n

12

)
.
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Proof. Observe that
∥∥v∥∥22 follows a χ2 distribution with n degrees of freedom. Thus this

probability is governed by the χ2 cumulative density function, and is

1

Γ(k)
γ (k, ck)

where we define k
def
= n

2 and c
def
= 1

2 ; here Γ is the standard gamma function, and γ is the

lower incomplete gamma function. Next, we have the bound from [ODL+20]

1

Γ(k)
γ (k, ck) ≥ (1− exp (−ℓck))k , ℓ def

= (Γ(k + 1))−
1

k−1 .

A direct calculation yields ℓ ≥ 2.5
k =⇒ 1 − exp(−ℓck) ≥ exp(−1

6) for large enough k.

Recalling we defined k = n
2 yields the conclusion.

4.4 Lower bound for MALA on well-conditioned distributions

In this section, we derive a lower bound on the relaxation time of MALA for sampling

from a distribution with density proportional to exp(−f(x)), where f : Rd → R is a

(non-quadratic) target function with condition number κ. In particular, by exploiting the

structure of non-cancellations which do not occur for quadratics, we will attain a stronger

lower bound.

Our first step is to derive an upper bound on the acceptance probability for a general

target function f according to the MALA updates (4.5), analogously to Lemma 7 in the

Gaussian case.

Lemma 10. For any function f : Rd → R, we have

f(x)− f(y) + 1

4h

(∥∥y − (x− h∇f(x))
∥∥2
2 −

∥∥x− (y − h∇f(y))
∥∥2
2

)
= −f(y) + f(x)− 1

2
⟨x− y,∇f(x) +∇f(y)⟩+ h

4

∥∥∇f(x)∥∥22 − h

4

∥∥∇f(y)∥∥22.
Proof. This is a direct computation which we perform here for completeness:

f(x)− f(y) + 1

4h

(∥∥y − (x− h∇f(x))
∥∥2
2 −

∥∥x− (y − h∇f(y))
∥∥2
2

)
= f(x)− f(y) + 1

2h
⟨y − x, h∇f(x)⟩ − 1

2h
⟨x− y, h∇f(y)⟩+ h

4

∥∥∇f(x)∥∥22 − h

4

∥∥∇f(y)∥∥22
= −f(y) + f(x)− 1

2
⟨x− y,∇f(x) +∇f(y)⟩+ h

4

∥∥∇f(x)∥∥22 − h

4

∥∥∇f(y)∥∥22.
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Next, recall the proposal distribution of the MALA updates (4.5) sets y = x−h∇f(x)+
√
2hg where g ∼ N (0, id). We further split this update into a random step and a deter-

ministic step, by defining

xg
def
= x+

√
2hg, where g ∼ N (0, id) and y = xg − h∇f(x). (4.13)

This will allow us to reason about the effects of the stochastic and drift terms separately.

We crucially will use the following decomposition of the equation in Lemma 10:

−f(y) + f(x)− 1

2
⟨x− y,∇f(x) +∇f(y)⟩+ h

4

∥∥∇f(x)∥∥22 − h

4

∥∥∇f(y)∥∥22
= −f(xg) + f(x)− 1

2
⟨x− xg,∇f(x) +∇f(xg)⟩

+f(xg)− f(y)−
1

2
⟨x− xg,∇f(y)−∇f(xg)⟩

−1

2
⟨xg − y,∇f(x) +∇f(y)⟩+

h

4

∥∥∇f(x)∥∥22 − h

4

∥∥∇f(y)∥∥22.
(4.14)

We will use the following observation, which gives an alternate characterization of the

second line of (4.14), as well as a bound on the third and fourth lines for smooth functions.

Lemma 11. For twice-differentiable f : Rd → R, letting xs
def
= x+ s(xg − x) for s ∈ [0, 1],

we have

−f(xg) + f(x)− 1

2
⟨x− xg,∇f(x) +∇f(xg)⟩ = −2h

∫ 1

0

(
1

2
− s
)
g⊤∇2f(xs)gds.

Moreover, assuming f is κ-smooth,

f(xg)− f(y)−
1

2
⟨x− xg,∇f(y)−∇f(xg)⟩

−1

2
⟨xg − y,∇f(x) +∇f(y)⟩+

h

4

∥∥∇f(x)∥∥22 + h

4

∥∥∇f(y)∥∥22
≤ 2

(
h2κ+ h3κ2

) ∥∥∇f(x)∥∥22 + 3
(
h1.5κ+ h2.5κ2

) ∥∥g∥∥2∥∥∇f(x)∥∥2 + h2κ2
∥∥g∥∥22.

Proof. By integrating twice and using the definition xg = x+
√
2hg,

f(xg) = f(x) +

∫ 1

0
⟨∇f(xs), xg − x⟩ ds

= f(x) + ⟨∇f(x), xg − x⟩+
∫ 1

0

〈∫ s

0
∇2f(xt) (xg − x) dt, xg − x

〉
ds

= f(x) + ⟨∇f(x), xg − x⟩+ 2h

∫ 1

0
(1− s) g⊤∇2f(xs)gds.

(4.15)

Similarly,

f(x) = f(xg) + ⟨∇f(xg), x− xg⟩+ 2h

∫ 1

0
sg⊤∇2f(xs)gds. (4.16)
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The first conclusion follows from combining (4.15) and (4.16). Next, assuming f is κ-

smooth,

f(xg)− f(y)−
1

2
⟨x− xg,∇f(y)−∇f(xg)⟩ −

1

2
⟨xg − y,∇f(x) +∇f(y)⟩

= f(xg)− f(y) +
√
2h

2
⟨g,∇f(y)−∇f(xg)⟩ − ⟨xg − y,∇f(y)⟩ −

h

2
⟨∇f(x),∇f(x)−∇f(y)⟩

≤ f(xg)− f(y)− ⟨xg − y,∇f(y)⟩+
√
2h

2

∥∥g∥∥2∥∥∇f(xg)−∇f(y)∥∥2 + h

2

∥∥∇f(x)∥∥2∥∥∇f(x)−∇f(y)∥∥2
≤ κ

2

∥∥xg − y∥∥22 +
√
2hκ

2

∥∥g∥∥2∥∥xg − y∥∥2 + hκ

2

∥∥∇f(x)∥∥2∥∥x− y∥∥2
≤ h2κ

2

∥∥∇f(x)∥∥22 +
√
2

2
h1.5κ

∥∥g∥∥2∥∥∇f(x)∥∥2 + hκ

2

∥∥∇f(x)∥∥2 (√2h∥∥g∥∥2 + h
∥∥∇f(x)∥∥2)

= h2κ
∥∥∇f(x)∥∥22 +√2h1.5κ∥∥g∥∥2∥∥∇f(x)∥∥2.

(4.17)

The second line used the definitions of xg and y in (4.13), and the third used Cauchy-

Schwarz. The fourth used smoothness (which implies gradient Lipschitzness), and the

fifth again used (4.13) and the triangle inequality. Next, we bound the remaining terms

h
4

∥∥∇f(x)∥∥22 − h
4

∥∥∇f(y)∥∥22:
h

4

∥∥∇f(x)∥∥22 − h

4

∥∥∇f(y)∥∥22 = h

4
⟨∇f(x) +∇f(y),∇f(x)−∇f(y)⟩

≤ hκ

4

(
2
∥∥∇f(x)∥∥2 + κ

∥∥x− y∥∥2) ∥∥x− y∥∥2
≤ hκ

4

(
2
∥∥∇f(x)∥∥2 + hκ

∥∥∇f(x)∥∥2 +√2hκ∥∥g∥∥2)(h∥∥∇f(x)∥∥2 +√2h∥∥g∥∥2)
≤ 1

2

(
h2κ+ h3κ2

) ∥∥∇f(x)∥∥22 + √22 (
h1.5κ+ h2.5κ2

) ∥∥g∥∥2∥∥∇f(x)∥∥2 + h2κ2
∥∥g∥∥22.

(4.18)

Combining (4.17) and (4.18) yields the conclusion.

We will ultimately use the second bound in Lemma 11 to argue that the third and

fourth lines in (4.14) are low-order, so it remains to concentrate on the remaining term,

−f(xg) + f(x)− 1

2
⟨x− xg,∇f(x) +∇f(xg)⟩ = −2h

∫ 1

0

(
1

2
− s
)
g⊤∇2f(xs)gds. (4.19)

Our goal is to demonstrate this term is −Ω(hκd) over an inverse-exponentially sized region,

for a particular hard distribution. As it is coordinate-wise separable, our proof strategy

will be to construct a hard one-dimensional function, and replicate it to obtain a linear

dependence on d.

We now define the specific hard function fhard : Rd → R we work with for the remainder

of the section; it is straightforward to see fhard is κ-smooth and 1-strongly convex.
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fhard(x)
def
=
∑
i∈[d]

fi(xi), where fi(c) =


1
2c

2 i = 1

κ
3 c

2 − κh
3 cos c√

h
2 ≤ i ≤ d

. (4.20)

We will now show that sampling from the distribution with density proportional to

exp(−fhard) is hard. First, notice that the function fhard has condition number κ and is

coordinate-wise separable. It immediately follows from Lemma 6 that the spectral gap

(defined in (4.2)) of the MALA Markov chain is governed by the step size h as follows.

Corollary 5. The spectral gap of the MALA Markov chain for sampling from the density

proportional to exp(−fhard), where fhard is defined in (4.20), is O(h+ h2).

For the remainder of the section, we focus on upper bounding (4.19) over a large region

according to the density proportional to exp(−fhard). Recall {fi}i∈[d] are the summands

of fhard. For a fixed x, consider the random variables Sxi :

Sxi = −fi([xg]i) + fi(xi)−
1

2
(xi − [xg]i)(f

′
i(xi) + f ′i([xg]i)).

It is easy to check that for a given realization of g, we have∑
i∈[d]

Sxi = −f(xg) + f(x)− 1

2
⟨x− xg,∇f(x) +∇f(xg)⟩ ,

where the right-hand side of the above display is the left-hand side of (4.19). We bound

the expectation of
∑

i∈[d] S
x
i , and its deviation from its expectation, in Lemma 12 and

Lemma 13 respectively.

Lemma 12. For any fixed x ∈
{
x
∣∣∣ −1

2π
√
h+ 2πki

√
h ≤ xi ≤ 1

2π
√
h+ 2πki

√
h, ki ∈ N, ∀2 ≤ i ≤ d

}
and h ≤ 1, the random variables Sxi , 1 ≤ i ≤ d satisfy

Eg∼N (0,id) [S
x
i ] ≤


0 i = 1

−0.08hκ cos xi√
h

2 ≤ i ≤ d
.

Proof. We remark that the condition on x simply enforces coordinatewise in 2 ≤ i ≤ d,

cos xi√
h
> 0. Consider some coordinate 2 ≤ i ≤ d: since [xg]i = xi +

√
2hgi,

Sxi = −fi
(
xi +

√
2hgi

)
+ fi(xi) +

√
2h

2
gi

(
f ′i(xi) + f ′i

(
xi +

√
2hgi

))
= −κ

3

(
xi +

√
2hgi

)2
+
κh

3
cos

(
xi√
h
+
√
2gi

)
+
κ

3
x2i −

κh

3
cos

(
xi√
h

)
+

√
2h

2
gi

(
4κ

3
xi +

2
√
2hκ

3
gi +

κ
√
h

3
sin

(
xi√
h
+
√
2gi

)
+
κ
√
h

3
sin

(
xi√
h

))

=
κh

3

(
cos

(
xi√
h
+
√
2gi

)
− cos

(
xi√
h

))
+

√
2hκ

6
gi

(
sin

(
xi√
h
+
√
2gi

)
+ sin

(
xi√
h

))
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Here, we used that the quadratic terms in the second and third lines cancel (this also

follows from examining the proof of Lemma 7):

−κ
3

(
xi +

√
2hgi

)2
+
κ

3
x2i +

√
2h

2
gi

(
4κ

3
xi +

2
√
2hκ

3
gi

)
= 0.

By a direct computation, taking an expectation over gi ∼ N (0, 1) yields

Egi∼N (0,1)

[
cos

(
xi√
h
+
√
2gi

)]
=

cos
(
xi√
h

)
exp (1)

,

Egi∼N (0,1)

[
sin

(
xi√
h
+
√
2gi

)
gi

]
=

√
2 cos

(
xi√
h

)
exp (1)

.

Putting these pieces together,

Egi∼N (0,1) [S
x
i ] =

κh

3

(
2

exp(1)
− 1

)
cos

(
xi√
h

)
≤ −0.08κh cos

(
xi√
h

)
.

Here, we used cos xi√
h
> 0. For i = 1, Lemma 7 shows Eg1∼N (0,1) [S

x
1 ] = 0.

Lemma 13. With probability at least 1− 1
d5

over the randomness of g ∼ N (0, id),

∑
i∈[d]

Sxi − Eg∼N (0,id)

∑
i∈[d]

Sxi

 ≤ 10hκ
√
d log d.

Proof. By Lemma 11, for coordinate 1 ≤ i ≤ d,

Sxi = −2h
∫ 1

0

(
1

2
− s
)
f ′′i ([xs]i)dsg

2
i , where

∣∣∣∣2h∫ 1

0

(
1

2
− s
)
f ′′i ([xs]i)ds

∣∣∣∣ ≤ hκ

2
.

We attained the latter bound by smoothness. Now, each random variable Sxi − E[Sxi ] is

sub-exponential with parameter hκ
2 (for coordinates where the coefficient is negative, note

the negation of a sub-exponential random variable is still sub-exponential). Hence, by

Fact 3,

Pr

∑
i∈[d]

Sxi − Eg∼N (0,id)

∑
i∈[d]

Sxi

 ≥ 10hκ
√
d log d

 ≤ 1

d5
.

Now, we build a bad set Ωhard with lower bounded measure that starting from a point

x ∈ Ωhard, with high probability, −Eg∼N (0,id)

[∑
i∈[d] S

x
i

]
is negative:

Ωhard =

{
x
∣∣∣ |x1| ≤ 2,∀2 ≤ i ≤ d,∃ki ∈ Z, |ki| ≤

⌊
5

π
√
hκ

⌋
, such that

− 9

20
π
√
h+ 2πki

√
h ≤ xi ≤

9

20
π
√
h+ 2πki

√
h

}
.

(4.21)
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In other words, Ωhard is the set of points where cosxi is large for 2 ≤ i ≤ d, and coordinates

are bounded. We first lower bound the measure of Ωhard, and show
∥∥∇f(x)∥∥2 is small

within Ωhard. Our measure lower bound will not be used in this section, but will become

relevant in Section 4.5.

Lemma 14. Let h ≤ 1
10000π2κ

. Let π∗ have log-density −fhard (4.20). Then, π∗(Ωhard) ≥

exp(−d). Moreover, for all x ∈ Ωhard,
∥∥∇f(x)∥∥2 ≤ 10

√
κd.

Proof. We first consider a superset of Ωhard. We define the set, for K
def
=
⌊

5
π
√
hκ

⌋
,

Ω′ =

{
x
∣∣∣ |x1| ≤ 2, ∀2 ≤ i ≤ d,− 9

20
π
√
h− 2πK

√
h ≤ xi ≤

9

20
π
√
h+ 2πK

√
h

}
.

It is easy to verify that Ω′ ⊇ Ωhard. We first show π∗(Ω′) is lower bounded by 1.1−d.

Since fhard is separable, the coordinates are independent, so it suffices to show each one-

dimensional measure is lower bounded by 1
1.1 . This is a standard computation of Gaussian

measure for the first coordinate, which we omit. For 2 ≤ i ≤ d, since the marginal

distribution is κ
3 -strongly logconcave, it is sub-Gaussian with parameter 3

κ (see Lemma

1, [DCWY19]). It follows from a standard sub-Gaussian tail bound that the measure of

the set |xi| ≤ 9√
κ
is at least 1

1.1 . For our choice of K, by assumption on h, 2π
√
hK ≥

10√
κ
− 2π

√
h ≥ 9√

κ
. Combining across coordinates gives π∗ (Ω′) ≥ 1.1−d.

Next, we lower bound π∗(Ωhard)
π∗(Ω′) . We divide the support of the set Ωhard and Ω′ into small

disjoint regions and bound π∗(Ωhard)
π∗(Ω′) for each small region and each coordinate separately.

For 2 ≤ i ≤ d, k ∈
[
−
⌊

5
π
√
hκ

⌋
− 1,

⌊
5

π
√
hκ

⌋]
, k ∈ Z, let

Ω′(i,k) =
(
2πk
√
h, 2π(k + 1)

√
h
]
,

and

Ω
(i,k)
hard =

(
2πk
√
h, 2πk

√
h+

9

20
π
√
h

]
∪
[
2π(k + 1)

√
h− 9

20
π
√
h, 2π(k + 1)

√
h

]
.

Then, letting π∗i be the marginal of π∗ on coordinate i, we have

π∗i

(
Ω
(i,k)
hard

)
π∗i
(
Ω′(i,k)

) =

∫ 2πk
√
h+ 9

20
π
√
h

2πk
√
h

exp
(
−κ

3x
2
i +

κh
3 cos xi√

h

)
dxi +

∫ 2π(k+1)
√
h

2π(k+1)
√
h− 9

20
π
√
h
exp

(
−κ

3x
2
i +

κh
3 cos xi√

h

)
dxi∫ 2π(k+1)

√
h

2πk
√
h

exp
(
−κ

3x
2
i +

κh
3 cos xi√

h

)
dxi

≥

∫ 2πk
√
h+ 9

20
π
√
h

2πk
√
h

exp
(
−κ

3x
2
i

)
dxi +

∫ 2π(k+1)
√
h

2π(k+1)
√
h− 9

20
π
√
h
exp

(
−κ

3x
2
i

)
dxi∫ 2π(k+1)

√
h

2πk
√
h

exp
(
−κ

3x
2
i

)
dxi exp

(
κh
3

)
≥ exp

(
−κh

3

)
·

9
10π
√
h

2π
√
h
·
exp

(
−κ

3

(
2π(k + 1)

√
h
)2)

exp

(
−κ

3

(
2πk
√
h
)2) ≥ 0.42.
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The second step used cos xi√
h
≥ 0 for xi ∈ Ω

(i,k)
hard. The fourth step used the assumption

κh ≤ 1
10000π2 .

Finally, letting Ω′(i) and Ω
(i)
hard be the projections of Ω′ and Ωhard on the ith coordinate.

For any xi ∈ Ω′
i with x /∈ Ω′(i,k), and for all integers k ∈ [−K − 1,K], xi ∈ Ω

(i)
hard, so

π∗
(
Ω

(i)
hard

)
π∗(Ω′(i))

≥ 0.42. Since the coordinates are independent under π∗, π∗(Ωhard)
π∗(Ω′) ≥ 0.42d.

Combining our lower bounds,

π∗ (Ωhard) = π∗(Ω′)
π∗(Ωhard)

π∗(Ω′)
≥
(

1.1

0.42

)−d
≥ exp (−d) .

Finally, we bound
∥∥∇fhard(x)∥∥2 for x ∈ Ω′, from the definition of fhard (4.20),

∥∥∇fhard(x)∥∥2 =
√√√√f ′1(x)

2 +
d∑
i=2

f ′i(x)
2 =

√√√√x21 +
d∑
i=2

(
2κ

3
xi +

κ
√
h

3
sin

xi√
h

)2

.

Then directly plugging in the definition of Ωhard and using | sin c| ≤ |c| for all c,∥∥∇fhard(x)∥∥2 ≤√1.52 + (d− 1)
(
9
√
κ
)2 ≤ 10

√
κd.

Finally, we combine the bounds we derived to show the acceptance probability is small

within Ωhard.

Lemma 15. Let h = o
(

1
κ log d

)
. For any x ∈ Ωhard, let y = x − h∇fhard(x) +

√
2hg for

g ∼ N (0, id). With probability at least 1− 2
d5
, we have

fhard(x)−fhard(y)+
1

4h

(∥∥y − (x− h∇fhard(x))
∥∥2
2 −

∥∥x− (y − h∇fhard(y))
∥∥2
2

)
= −Ω (hκd) .

Proof. By combining Lemma 10 and the decomposition (4.14), the conclusion is equivalent

to showing that the following quantity is −Ω(hκd):

−fhard(xg) + fhard(x)−
1

2
⟨x− xg,∇fhard(x) +∇fhard(xg)⟩

+fhard(xg)− fhard(y)−
1

2
⟨x− xg,∇fhard(y)−∇fhard(xg)⟩

−1

2
⟨xg − y,∇fhard(x) +∇fhard(y)⟩+

h

4

∥∥∇fhard(x)∥∥22 − h

4

∥∥∇fhard(y)∥∥22.
For x ∈ Ωhard, every xi for 2 ≤ i ≤ d has cos xi√

h
bounded away from 0 by a constant and

hence combining Lemmas 12 and 13 implies the first line is −Ω(hκd) with probability at

least 1
d5
. Regarding the second and third lines, Lemma 11 shows that it suffices to bound

(over the set Ωhard)

(h2κ+ h3κ2)
∥∥∇fhard(x)∥∥22 + (h1.5κ+ h2.5κ2

) ∥∥g∥∥2∥∥∇fhard(x)∥∥2 + h2κ2
∥∥g∥∥22 = o(hκd).
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Fact 2 implies
∥∥g∥∥2 ≤ √2d with probability at least 1 − 1

d5
. Combining this bound, the

bound on
∥∥∇fhard(x)∥∥2 from Lemma 14, and the upper bound on h yields the conclusion.

We conclude by giving the main result of this section.

Proposition 3. For h = o( 1
κ log d), there is a target density on Rd whose negative log-

density always has Hessian eigenvalues in [1, κ], such that the relaxation time of MALA

is Ω( κd
log d).

Proof. The proof is identical to that of Theorem 6, where we use Lemma 15 in place of

Proposition 2.

Theorem 7. For every step size, there is a target density on Rd whose negative log-density

always has Hessian eigenvalues in [1, κ], such that the relaxation time of MALA is Ω( κd
log d).

Proof. This is immediate from combining Theorem 6 (with the hard function fhq in the

range h = Ω( 1
κ log d)) and Proposition 3 (with the hard function fhard in the range h =

o( 1
κ log d)).

4.5 Mixing time lower bound for MALA

In this section, we derive a mixing time lower bound for MALA. Concretely, we show that

for any step size h, there is a hard distribution π∗ ∝ exp(−f) such that ∇2f always has

eigenvalues in [1, κ], yet there is a exp(d)-warm start π0 such that the chain cannot mix in

o( κd
log2 d

) iterations, starting from π0. We begin by giving such a result for h = O( log dκd ) in

Section 4.5.1, and combine it with our developments in Sections 4.3 and 4.4 to prove our

main mixing time result.

4.5.1 Mixing time lower bound for small h

Throughout this section, let h = O
(
log d
κd

)
, and let π∗ = N (0, id) be the standard d-

dimensional multivariate Gaussian. We will let π0 be the marginal distribution of π∗ on

the set

Ω
def
=

{
x |
∥∥x∥∥22 ≤ 1

2
d

}
.

Recall from Lemma 9 that π0 is a exp(d)-warm start. Our main proof strategy will be to

show that for such a small value of h, after T = O( κd
log2 d

) iterations, with constant prob-

ability both of the following events happen: no rejections occur throughout the Markov
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chain, and
∥∥xt∥∥22 ≤ 9

10d holds for all t ∈ [T ]. Combining these two facts will demonstrate

our total variation lower bound.

Lemma 16. Let {xt}0≤t<T be the iterates of the MALA Markov chain with step size

h = O
(
log d
κd

)
, for T = o( κd

log2 d
) and x0 ∼ π0. With probability at least 99

100 , both of the

following events occur:

1. Throughout the Markov chain,
∥∥xt∥∥2 ≤ 0.9

√
d.

2. Throughout the Markov chain, the Metropolis filter never rejected.

Proof. We inductively bound the failure probability of the above events in every iteration

by 0.01
T , which will yield the claim via a union bound. Take some iteration t+1, and note

that by triangle inequality, and assuming all prior iterations did not reject,

∥∥xt+1

∥∥
2 ≤

∥∥x0∥∥2+h t∑
s=0

∥∥xs∥∥2+√2h∥∥ t∑
s=0

gs
∥∥
2 ≤

∥∥x0∥∥2+0.9hT
√
d+
√
2h
∥∥Gt∥∥2 ≤ 0.8

√
d+
√
2h
∥∥Gt∥∥2.

Here, we applied the inductive hypothesis on all
∥∥xs∥∥2, the initial bound

∥∥x0∥∥2 ≤ √1
2d,

and that hT = o(1) by assumption. We also defined Gt =
∑t

s=0 gs, where gs is the random

Gaussian used by MALA in iteration s; note that by independence, Gt ∼ N (0, t+ 1). By

Fact 2, with probability at least 1
200T ,

∥∥Gt∥∥2 ≤ 2
√
Td, and hence 0.8

√
d +
√
2h
∥∥Gt∥∥2 ≤

0.9
√
d, as desired.

Next, we prove that with probability ≥ 1− 1
200T , step t does not reject. This concludes

the proof by union bounding over both events in iteration t, and then union bounding over

all iterations. By the calculation in Lemma 7, the accept probability is

min

(
1, exp

(
h

4

((
2h− h2

) ∥∥xt∥∥22 − 2h
∥∥g∥∥22 − 2

√
2h (1− h) ⟨xt, g⟩

)))
.

We lower bound the argument of the exponential as follows. With probability at least

1 − d−5 ≥ 1 − 1
400T , Facts 1 and 2 imply both of the events

∥∥g∥∥22 ≤ 2d and ⟨xt, g⟩ ≤

10
√
log d

∥∥x∥∥2 occur. Conditional on these bounds, we compute (using 2h ≥ h2 and the

assumption
∥∥xt∥∥2 ≤ 0.9

√
d)(

2h− h2
) ∥∥xt∥∥22 − 2h

∥∥g∥∥22 − 2
√
2h (1− h) ⟨xt, g⟩ ≥ −4hd− 40

√
hd log d ≥ −44 log d.

Hence, the acceptance probability is at least

exp (−11h log d) ≥ 1− 1

400T
,

by our choice of T with Th log d = o(1), concluding the proof.
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Proposition 4. The MALA Markov chain with step size h = O
(
log d
κd

)
requires Ω( κd

log2 d
)

iterations to reach total variation distance 1
e to π∗, starting from π0.

Proof. Let π̃ be the distribution of the MALA Markov chain after T = o( κd
log2 d

) steps

without applying a Metropolis filter in any step, and let π̂ be the distribution after applying

the actual MALA chain (including rejections). To show
∥∥π̂ − π∗∥∥TV ≥ 1

e , it suffices to

show the bounds ∥∥π̃ − π∗∥∥TV ≥
2

5
,
∥∥π̃ − π̂∥∥TV ≤ 0.01,

and then we apply the triangle inequality. By the coupling characterization of total varia-

tion, the second bound follows immediately from the second claim in Lemma 16, wherein

we couple the two distributions whenever a rejection does not occur. To show the first

bound, the measure of

Ωlarge
def
=
{
x |
∥∥x∥∥22 ≥ 0.81d

}
according to π∗ is at least 0.99 by Fact 2, and according to π̃ it can be at most 0.01

by the first conclusion of Lemma 16. This yields the bound via the definition of total

variation.

4.5.2 Proof of Theorem 8

Finally, we put together the techniques of Sections 4.3, 4.4, and 4.5.1 to prove Theorem 8.

Theorem 8. For every step size, there is a target density on Rd whose negative log-density

always has Hessian eigenvalues in [1, κ], such that MALA initialized at an exp(d)-warm

start requires Ω( κd
log2 d

) iterations to reach e−1 total variation distance to the stationary

distribution.

Proof. We consider three ranges of h. First, if h = Ω
(

1
κ log d

)
, we use the hard function fhq

and the hard set in (4.12), which has measure at least exp(−d) according to the stationary

distribution by Lemma 9. Then, applying Proposition 2 demonstrates that the chance

the Markov chain can move over d5 iterations is o(1d), and hence it does not reach total

variation 1
e in this time. Next, if h = o

(
1

κ log d

)
∩ω

(
log d
κd

)
, we use the hard function fhard

and the hard set in (4.21), which has measure at least exp(−d) by Lemma 14. Applying

Lemma 15 again implies the chain does not mix in d5 iterations. Finally, if h = O
(
log d
κd

)
,

applying Proposition 4 yields the claim.
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4.6 Lower bounds for HMC

In this section, we derive a lower bound on the spectral gap of HMC. We first analyze

some general structural properties of HMC in Section 4.6.1, as a prelude to later sections.

We then provide a lower bound for HMC on quadratics in Section 4.6.2, with any number

of leapfrog steps K.

4.6.1 Structure of HMC: a detour to Chebyshev polynomials

We begin our development with a bound on the acceptance probability for general HMC

Markov chains. Recall from (4.6) that this probability is (for H(x, v) def
= f(x) + 1

2

∥∥v∥∥22)
min

{
1,

exp (−H(xK , vK))

exp (−H(x0, v0))

}
. (4.6)

We first state a helper calculation straightforwardly derived from the exposition in Sec-

tion 4.2.4.

Fact 4. One step of the HMC Markov chain starting from x0 generates iterates {(vk− 1
2
, xk, vk)}0≤k≤K

defined recursively by the closed-form equations:

vk− 1
2
= v0 −

η

2
∇f(x0)− η

∑
j∈[k−1]

∇f(xj),

vk = v0 −
η

2
∇f(x0)− η

∑
j∈[k−1]

∇f(xj)−
η

2
∇f(xk),

xk = x0 + ηkv0 −
η2k

2
∇f(x0)− η2

∑
j∈[k−1]

(k − j)∇f(xj).

When expanding the acceptance probability (4.6) using the equations in Fact 4, many

terms conveniently cancel, which we capture in Lemma 17. This phenomenon underlies

the improved performance of HMC on densities with highly-Lipschitz Hessians [CDWY20].

Lemma 17. For the iterates given by Fact 4,

H (x0, v0)−H (xK , vK) =
∑

0≤k≤K−1

(
f(xk)− f(xk+1) +

1

2
⟨∇f(xk) +∇f(xk+1), xk+1 − xk⟩

)

+
η2

8

∥∥∇f(x0)∥∥22 − η2

8

∥∥∇f(xK)
∥∥2
2.

Proof. Recall H(x0, v0) − H(xK , vK) = f(x0) − f(xK) + 1
2

∥∥v0∥∥22 − 1
2

∥∥vK∥∥22. We begin by

expanding

1

2

∥∥v0∥∥22 − 1

2

∥∥vK∥∥22 = 1

2

∥∥v0∥∥22 − 1

2

∥∥v0 − η

2
∇f(x0)− η

∑
j∈[K−1]

∇f(xj)−
η

2
∇f(xK)

∥∥2
2
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= η

〈
v0,

1

2
∇f(x0) +

∑
j∈[K−1]

∇f(xj) +
1

2
∇f(xK)

〉

− η2

2

∥∥1
2
∇f(x0) +

∑
j∈[K−1]

∇f(xj) +
1

2
∇f(xK)

∥∥2
2

=
η

2

∑
0≤k≤K−1

⟨v0,∇f(xk) +∇f(xk+1)⟩

− η2

2

∑
0≤k≤K−1

〈
∇f(xk) +∇f(xk+1),

1

2
∇f(x0) +

∑
j∈[k]

∇f(xj)

〉

+
η2

8
⟨∇f(x0)−∇f(xK),∇f(x0) +∇f(xK)⟩ .

Here the first equality used Fact 4. Moreover, for each 0 ≤ k ≤ K − 1, by Fact 4

1

2
⟨∇f(xk) +∇f(xk+1), xk+1 − xk⟩ =

η

2
⟨∇f(xk) +∇f(xk+1), v0⟩

− η2

2

〈
∇f(xk) +∇f(xk+1),

1

2
∇f(x0) +

∑
j∈[k]

∇f(xj)

〉
.

Combining yields the result.

We state a simple corollary of Lemma 17 in the case of quadratics.

Corollary 6. For f(x) = 1
2x

⊤Ax, the iterates given by Fact 4 satisfy

H(x0, v0)−H(xK , vK) =
η2

8

∥∥∇f(x0)∥∥22 − η2

8

∥∥∇f(xK)
∥∥2
2.

Proof. It suffices to observe that for any two points x, y ∈ Rd,

f(x)− f(y) + 1

2
⟨∇f(x) +∇f(y), y − x⟩ = 1

2
x⊤Ax− 1

2
y⊤Ay +

1

2
⟨A(x+ y), y − x⟩ = 0.

Finally, it will be convenient to have a more explicit form of iterates in the case of

quadratics, which follows directly from examining the recursion in Fact 4.

Lemma 18. For f(x) = 1
2x

⊤Ax, the iterates {xk}0≤k≤K given by Fact 4 satisfy

xk =

 ∑
0≤j≤k

Dj,k(η
2A)j

x0 +

η ∑
0≤j≤k−1

Ej,k(η
2A)j

 v0,

where Dj,k
def
= (−1)j · k

k + j
·
(
k + j

2j

)
, Ej,k

def
= (−1)j ·

(
k + j

2j + 1

)
.

(4.22)
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Proof. This formula can be verified to match the recursions of Fact 4 by checking the base

cases D0,k = 1, D1,k = −k2

2 , E0,k = k, and (where Dj,k
def
= 0 for j > k and Ej,k

def
= 0 for

j ≥ k)

Dj,k = −
∑

i∈[k−1]

(k − i)Dj−1,i, Ej,k = −
∑

i∈[k−1]

(k − i)Ej−1,i.

In particular, by using the third displayed line of Fact 4, the coefficient of (η2A)jx0 in xk

for j ≥ 2 is the negated sum of the coefficients of (η2A)j−1 in all (k − i)xi. Similarly, the

coefficient of η(η2A)jv0 in xk for j ≥ 1 is the negated sum of the coefficients of η(η2A)j−1

in all (k − i)xi. The displayed coefficient identities follow from the binomial coefficient

identities

k

k + j

(
k + j

2j

)
=

∑
j−1≤i≤k−1

(k − i)i
i+ j − 1

(
i+ j − 1

2j − 2

)
,

(
k + j

2j + 1

)
=

∑
j≤i≤k−1

(k − i)
(
i+ j − 1

2j − 1

)
.

Lemma 18 motivates the definition of the polynomials

pk(z)
def
=

∑
0≤j≤k

Dj,kz
j , qk(z)

def
=

∑
0≤j≤k−1

Ej,kz
j . (4.23)

In this way, at least in the case when A = diag(λ) for a vector of eigenvalues λ ∈ Rd, we

can concisely express the coordinates of iterates in (4.22) by

[xk]i = pk(η
2λi)[x0]i + ηqk(η

2λi)[v0]i. (4.24)

Interestingly, the polynomial pk turns out to have a close relationship with the kth Cheby-

shev polynomial (of the first kind), which we denote by Tk. Similarly, the polynomial

qk is closely related to the (k − 1)th Chebyshev polynomial of the second kind, denoted

Uk−1. The relationship between the Chebyshev polynomials and the phenomenon of ac-

celeration for optimizing quadratics via first-order methods has been known for some time

(see e.g. [Har13, Bac19] for discussions), and we find it interesting to further explore this

relationship. Concretely, the following identities hold.

Lemma 19. Following definitions (4.22), (4.23),

pk(z) = Tk

(
1− z

2

)
, qk(z) = Uk−1

(
1− z

2

)
.

Proof. It is easy to check p0(z) = 1 and p1(z) = 1 − z
2 , so the former conclusion would

follow from

pk+1(z) = (2− z)pk(z)− pk−1(z) ⇐⇒ Dj,k+1 = 2Dj,k −Dj−1,k −Dj,k−1,
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following well-known recursions defining the Chebyshev polynomials of the first kind. This

identity can be verified by direct expansion. Moreover, for the latter conclusion, recall-

ing the definition of Morgan-Voyce polynomials of the first kind Bk(z), we can directly

match qk(z) = Bk−1(−z). The conclusion follows from Section 4 of [AJ94], which shows

Bk−1(−z) = Uk−1(1− z
2) as desired (note that in the work [AJ94], the indexing of Cheby-

shev polynomials is off by one from ours).

Now for z = η2λi, we have from (4.24) and Lemma 19 that [xk]i = ±[x0]i precisely

when

pk(z) = Tk

(
1− z

2

)
= ±1, qk(z) = Uk−1

(
1− z

2

)
= 0.

Hence, this occurs whenever 1− z
2 is both an extremal point of Tk in the range [−1, 1] and

a root of Uk−1. Both of these occur exactly at the points cos( jkπ), for 0 ≤ j ≤ k.

Proposition 5. For κ ≥ π2 and K ≥ 2, no K-step HMC Markov chain with step size

1 ≥ η2 ≥ π2

κK2 can mix in finite time for all densities on Rd whose negative log-density’s

Hessian has eigenvalues between 1 and κ for all points x ∈ Rd, initialized at a constant-

warm start.

Proof. Fix a value of 1 ≥ η ≥
√

π2

κK2 . We claim there exists a 1 ≤ j ≤ K − 1 such that for

λ
def
=

2
(
1− cos

(
jπ
K

))
η2

, 1 ≤ λ ≤ κ.

Since λ is a monotone function of η, it suffices to check the endpoints of the interval

[ π
2

κK2 , 1]. For η2 = 1, we choose j = K − 1, which using 2x2

π2 ≤ 1 − cos(x) ≤ x2

2 for all

−π ≤ x ≤ π, yields

1 ≤ 4(K − 1)2

K2
≤ λ ≤ (K − 1)2π2

K2
≤ π2 ≤ κ.

Similarly, for η2 = π2

κK2 , we choose j = 1, which yields

1 ≤ 4

η2K2
≤ λ ≤ π2

η2K2
≤ κ.

Now, consider the quadratic f(x) = 1
2x

⊤Ax whereA ∈ Rd×d is a diagonal matrix,A11 = 1,

Aii = κ for all 3 ≤ i ≤ d, and A22 = λ
def
=

2(1−cos( jπ
K ))

η2
for the choice of j which makes

1 ≤ λ ≤ κ. For any symmetric starting set capturing a constant amount of measure along

the second coordinate, by Lemma 18 and the following exposition, xK = ±x0 along the

second coordinate regardless of the random choice of velocity and thus the chain cannot

leave the starting set.
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4.6.2 HMC lower bound for all K

We now give our HMC lower bound, via improving Proposition 5 by a dimension depen-

dence. We begin in Section 4.6.2, where we give a stronger upper bound on η in the range

η2 ≤ 1
κK2 . Noting that there is a constant-sized gap between this range and the bound

in Proposition 5, we rule out this gap in Section 4.6.2. Finally, we handle the case of

extremely large η2 ≥ 1 in Section 4.6.2. We put these pieces together to prove Theorem 9

in Section 4.6.2.

Upper bounding η = O(K−1κ−
1
2 ) under a constant gap

For this section, we let A be the d× d diagonal matrix which induces the hard quadratic

function fhq, defined in (4.7) and reproduced here for convenience:

fhq(x)
def
=
∑
i∈[d]

fi(xi), where fi(c) =


1
2c

2 i = 1

κ
2 c

2 2 ≤ i ≤ d
.

We also let h
def
= η2

2 , x
def
= x0, g

def
= v0, and y

def
= xK throughout for analogy to Section 4.3,

so that we can apply Proposition 2. Next, note that by the closed-form expression given

by Lemma 18, we can write the iterates of the HMC chain in the form (4.8), reproduced

here:

y =

 y1

y−1

 , where y1 = (1− α1)x1 + β1g1

and y−1 = (1− α−1)x−1 + β−1g−1, for g ∼ N (0, id).

Concretely, we have by Lemma 18 that

α1 = −
∑

1≤j≤K
(−1)j (2h)j

(
K

K + j

)(
K + j

2j

)
,

α−1 = −
∑

1≤j≤K
(−1)j (2hκ)j

(
K

K + j

)(
K + j

2j

)
,

β1 =
√
2h

∑
0≤j≤K−1

(−1)j(2h)j
(
K + j

2j + 1

)
,

β−1 =
√
2h

∑
0≤j≤K−1

(−1)j(2hκ)j
(
K + j

2j + 1

)
.

(4.25)

By a straightforward computation, the parameters in (4.25) satisfy the conditions of Propo-

sition 2.
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Lemma 20. Supposing η2 ≤ 1
κK2 , α1, α−1, β1, β−1 defined in (4.25) satisfy

|α−1| ≤
3

5
β2−1κ, |α1| = O(|α−1|), β1 = O(β−1).

Proof. The proof follows since under η2 ≤ 1
10κK2 , all of the parameters in (4.25) are

dominated by their first summand. We will argue this for α−1 and β−1; the corresponding

conclusions for α1 and β1 follow analogously since κ ≥ 1. Define the summands of α−1

and β−1 by

cj
def
= (−1)j+1(2hκ)j

(
K

K + j

)(
K + j

2j

)
, 1 ≤ j ≤ K,

dj
def
=
√
2h(−1)j(2hκ)j

(
K + j

2j + 1

)
, 0 ≤ j ≤ K − 1.

Then, we compute that for all 1 ≤ j ≤ K − 1, assuming 2hκK2 ≤ 1,

0 ≥ cj+1

cj
= (−2hκ) (K + j)(K − j)

(2j + 2)(2j + 1)
≥ −2hκK2

12
≥ −0.1. (4.26)

Similarly, for all 0 ≤ j ≤ K − 2,

0 ≥ dj+1

dj
= (−2hκ) (K + j + 1)(K − j − 1)

(2j + 3)(2j + 2)
≥ −2hκK2

6
≥ −0.2. (4.27)

By repeating these calculations for α1 and β1, we see that all parameters are given by

rapidly decaying geometric sequences, and thus the conclusion follows by examination

from

α1 ∈
[
0.8hK2, hK2

]
, α−1 ∈

[
0.8hκK2, hκK2

]
,

β1 ∈
[
0.8
√
2hK,

√
2hK

]
, β−1 ∈

[
0.8
√
2hK,

√
2hK

]
.

We obtain the following corollary by combining Lemma 20, Corollary 6, and Proposi-

tion 2.

Corollary 7. Let x ∈ Rd satisfy
∥∥x−1

∥∥
2 ≤

√
2d
3κ and |x1| ≤ 5

√
log d, let (xK , vK) be

the result of the K-step HMC Markov chain with step size η =
√
2h with η2 ≤ 1

κK2 from

x0 = x, and let A be as in (4.7). Then with probability at least 1−d−5 over the randomness

of v0 ∼ N (0, id), we have

H(x0, v0)−H(xK , vK) = −Ω
(
h2κ2K2d

)
.

Proof. It suffices to use the bounds on β−1 = Θ(
√
hK) shown in the proof of Lemma 20

and the conclusions of Corollary 6 and Proposition 2.
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Removing the constant gap

We show how to improve the bound in Corollary 7 to only require η2 ≤ π2

κK2 , which removes

the constant gap between the requirement of Corollary 7 and the bound in Proposition 5.

First, let Ac be the D × d diagonal matrix which induces the following hard quadratic

function fhqc:

fhqc(x)
def
=
∑
i∈[d]

fi(xi), where fi(c) =


1
2c

2 i = 1

κ
2π2 c

2 2 ≤ i ≤ d− 1

κ
2 c

2 i = d

. (4.28)

In other words, along the first d − 1 coordinates, fhqc is the same as a d − 1-dimensional

variant of fhq with condition number κ
π2 . We define a coordinate partition of x and g into

x1, x−1d, xd, and g1, g−1d, gd, and we define α1, α−1d, αd, β1, β−1d, βd in analogy with

(4.8).

We first note that because of separability of fhqc, and since the assumption of Corol-

lary 7 holds on the first d − 1 coordinates for η2 ≤ π2

κK2 , we can immediately obtain a

bound on the change in the Hamiltonian along these coordinates.

Corollary 8. Let x ∈ Rd satisfy
∥∥x−1

∥∥
2 ≤

√
2π2d
3κ and |x1| ≤ 5

√
log d, let (xK , vK) be

the result of the K-step HMC Markov chain with step size η =
√
2h where η2 ≤ π2

κK2

from x0 = x, and let Ac be as in (4.28). Then with probability at least 1− 2d−5 over the

randomness of v0 ∼ N (0, id), we have

H
(
[x0][d−1] , [v0][d−1]

)
−H

(
[xK ][d−1] , [vK ][d−1]

)
= −Ω

(
h2κ2K2d

)
.

We now move to bounding the contribution of the last coordinate.

Lemma 21. Let (y, vK) be the result of the K-step HMC Markov chain with step size

η =
√
2h where η2 ≤ π2

κK2 , and write yd = (1− αd)xd + βdgd, for

αd = −
∑

1≤j≤K
(−1)j(2hκ)j

(
K

K + j

)(
K + j

2j

)
, βd =

√
2h

∑
0≤j≤K−1

(−1)j(2hκ)j
(
K + j

2j + 1

)
.

Then, we have |αd| = O(hκK2), |βd| = O(
√
hK).

Proof. After the index j is a sufficiently large constant, the geometric argument sequence

of Lemma 20 applies (since the denominators of the ratios (4.26) and (4.27) grow with the

index j); before then, each coefficient is within a constant factor of the first in absolute
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value. Thus, the coefficients can be at most a constant factor larger than the first in

absolute value.

Lemma 22. Let |[x0]d| ≤ log d√
κ
, |[v0]d| ≤ log d, and let (xK , vK) be the result of the K-step

HMC Markov chain with step size η =
√
2h where η2 ≤ π2

κK2 . Then with probability at

least 1− d−5 over the randomness of v0 ∼ N (0, id), we have

H ([x0]d , [v0]d)−H ([xK ]d , [vK ]d) = o
(
h2κ2K2d

)
.

Proof. We can assume |[v0]d| = |gd| ≤ log d, which passes the high probability bound. By

Corollary 6 and Lemma 7, we wish to bound

hκ2

4

((
2αd − α2

d

)
x2d − β2dg2d − 2(1− αd)βdxdgd

)
= o

(
h2κ2K2d

)
.

Dropping all clearly negative terms, and since |αd| = O(1) by Lemma 21, it is enough to

show ∣∣hκ2αdx2d∣∣ = o
(
h2κ2K2d

)
,
∣∣hκ2βdxdgd∣∣ = o

(
h2κ2K2d

)
.

The first bound is immediate from assumptions. The second follows from assumptions

as well since
√
hκK2 is at most a constant, so

∣∣hκ2βdxdgd∣∣ = O(h1.5κ1.5K log2 d) =

O(h2κ2K2 log2 d).

By combining Lemma 22 and Corollary 8, we obtain the following strengthening of

Corollary 7.

Corollary 9. Let x ∈ Rd satisfy
∥∥x−1d

∥∥
2 ≤

√
2d
3κ , |x1| ≤ 5

√
log d, and |xd| ≤ log d√

κ
, let

(xK , vK) be the result of the K-step HMC Markov chain with step size η =
√
2h with

η2 ≤ π2

κK2 from x0 = x, and let Ac be as in (4.28). Then with probability at least 1− d−5

over the randomness of v0 ∼ N (0, id), we have

H(x0, v0)−H(xK , vK) = −Ω
(
h2κ2K2d

)
.

Ruling out η ≥ 1

Finally, we give a short argument ruling out the case η ≥ 1 not covered by Proposition 5.

In this section, let π∗ = N (0, κ−1 id), with negative log-density f(x) = κ
2

∥∥x∥∥22. For η ≥ 1

and κ ≥ 10, (4.24) and straightforward lower bounds on Chebyshev polynomials outside

the range [−1, 1] demonstrate the proposal distribution is of the form (from starting point

x0 ∈ Rd)

xK ← αx0 + βv0, v0 ∼ N (0, 1), |α| ≥ 10, |β| ≥ 1. (4.29)
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Lemma 23. Letting (xK , vK) be the result of K-step HMC from any x0, and f(x) =

κ
2

∥∥x∥∥22, for η ≥ 1, with probability at least 1 − d−5 over the randomness of v0 ∼ N (0, id),

we have

H(x0, v0)−H(xK , vK) = −Ω(d).

Proof. Following notation (4.29) and applying Corollary 6, it suffices to show

∥∥x0∥∥22 − ∥∥αx0 + βv0
∥∥2
2 = −Ω(d).

Expanding, it suffices to upper bound(
1− α2

) ∥∥x0∥∥22 − 2αβ ⟨x0, v0⟩ − β2
∥∥v0∥∥22.

With probability at least 1−d−5, Fact 2 shows
∥∥v0∥∥22 ≥ 1

2d and ⟨x0, v0⟩ ≥ −4
√
log d

∥∥x0∥∥2.
Hence,(

1− α2
) ∥∥x0∥∥22 − 2αβ ⟨x0, v0⟩ − β2

∥∥v0∥∥22 ≤ −0.99α2
∥∥x0∥∥22 + 8αβ

√
log d

∥∥x0∥∥2 − β2

2
d

≤ 20β2 log d− β2

2
d = −Ω(d).

Here, we used that α2 ≥ 100 and took d larger than a sufficiently large constant.

Proof of Theorem 9

A consequence of Corollary 7 is that if the step size h = ω(
√
log d

κK
√
d
), initializing the chain

from any x0 in the set Ω defined in (4.12) leads to a polynomially bad mixing time. We

further relate the step size to the spectral gap of the HMC Markov chain in the following.

Lemma 24. The spectral gap of the K-step HMC Markov chain for sampling from the

density proportional to exp(−fhq), where fhq is defined in (4.7), is O(hK2 + h2K4).

Proof. We follow the proof of Lemma 6; again let g(x) = x1, and π∗ be the stationary

distribution. For our function f , it is clear again that Varπ∗ [g] = Θ(1). Thus it suffices to

upper bound E(g, g): letting Px(y) be the proposal distribution of K-step HMC, and α1,

β1 be as in (4.25),

E(g, g) ≤ 1

2

∫∫
(x1 − y1)2Px(y)dπ∗(x)dy

≤ Ex∼π∗
[
α2
1x

2
1

]
+ Eξ∼N (0,1)

[
β21ξ

2
]

= α2
1 + β21 = O

(
hK2 + h2K4

)
.
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Finally, by combining Lemma 24 and Corollary 9, we arrive at the main result of this

section.

Theorem 9. For every step size and count, there is a target Gaussian on Rd whose

negative log-density always has Hessian eigenvalues in [1, κ], such that the relaxation time

of HMC is Ω( κ
√
d

K
√
log d

).

Proof. For 1 ≥ η2 ≥ π2

κK2 it suffices to apply Proposition 5. For η2 ≥ 1, we apply

Lemma 23. Otherwise, in the relevant range of h = 2η2 , the dominant term in Lemma 24

is O(hK2). Applying Corollary 9 with the hard quadratic function fhqc, the remainder of

the proof follows analogously to that of Theorem 6.

We remark that as in Theorem 6, it is straightforward to see that the measure of the

bad region
∥∥x−1d

∥∥
2 ≤

√
2d
3κ , |x1| ≤ 5

√
log d, and |xd| ≤ log d√

κ
used in the proof is at least

exp(−d).

4.7 Conclusion

We presented relaxation time lower bounds for the MALA and HMC Markov chains at

every step size and scale, as well as a mixing time bound for MALA from an exponentially

warm start. We highlight in this section a number of unexplored directions left open by

our work, beyond direct strengthenings of our results, which we find interesting and defer

to a future exploration.

Variable or random step sizes. The lower bounds of this paper were for MALA and

HMC Markov chains with a fixed step size. For variable step sizes which take e.g. values

in a bounded multiplicative range, we believe our arguments can be modified to also give

relaxation time lower bounds for the resulting Markov chains. However, the arguments of

Section 4.6 (our HMC lower bound) are particularly brittle to large multiplicative ranges

of candidate step sizes, because they rely on the locations of Chebyshev polynomial zeroes,

which only occur in a bounded range. From an algorithm design perspective, this suggests

that adaptively or randomly choosing step size ranges may be effective in improving the

performance of HMC. Such a result would also give theoretical justification to the No-U-

Turn sampler of [HG14a], a common HMC alternative in practice. We state as an explicit

open problem: can one obtain improved upper bounds, such as a
√
κ dependence or a

dimension-independent rate, for example by using variations of these strategies (variable

step sizes)?
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Necessity of κ lower bound. All of our witness sets throughout the paper are

exp(−d) sized. It was observed in [DCWY19] that it is possible to construct a starting

distribution with warmness arbitrarily close to
√
κ
d
; the marginal restriction of our witness

set obtains this bound for all κ ≥ e2. However, recently [LST21b] proposed a proximal

point reduction for sampling, which we will discuss in Chapter 5, showing (for mixing

bounds scaling at least linearly in κ) it suffices to sample a small number of regularized

distributions, with conditioning arbitrarily close to 1. Adjusting constants, we can modify

our Gaussian lower bounds (Theorems 6 and 9) to have witness sets with measure cd for

c arbitrarily close to 1. However, our witness set for the family of hard non-Gaussian

distributions encounters a natural barrier at measure 2d, as it is sign-restricted by the

cosine function. We find it interesting to see if a stronger construction rules out existing

warm starts for all κ ≥ 1, or if an upper bound can take advantage of the [LST21b]

reduction to obtain improved dependences on dimension.
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Part III

PROXIMAL SAMPLING METHOD



79

Chapter 5

STRUCTURED LOGCONCAVE SAMPLING USING PROXIMAL
SAMPLING METHODS

This chapter is based on [LST21b], with Yin Tat Lee and Kevin Tian.

5.1 Introduction

Developing efficient algorithms for sampling from structured logconcave densities is a

topic that has received significant recent interest due to its widespread practical appli-

cations. There are many types of structure which densities commonplace in applications

may possess that are exploitable for improved runtimes. Examples of such structure in-

clude derivative bounds (“well-conditioned densities”) and various types of separability

(e.g. “composite densities” corresponding to possibly non-smooth regularization or re-

strictions to a set, and “logconcave finite sums” corresponding to averages over multiple

data points).1 Building an algorithmic theory for sampling these latter two families, which

are not well-understood in the literature, is a primary motivation of this work.

There are strong parallels between the types of structured logconcave families garner-

ing recent attention and the classes of convex functions known to admit efficient first-order

optimization algorithms. Notably, gradient descent and its accelerated counterpart [Nes83]

are well-known to quickly optimize a well-conditioned function, and have become ubiq-

uitous in both practice and theory. Similarly, various methods have been developed for

efficiently optimizing non-smooth but structured composite objectives [BT09] and well-

conditioned finite sums [All17].

Logconcave sampling and convex optimization are intimately related primitives (cf.

e.g. [BV04, AH16]), so it is perhaps unsurprising that there are analogies between the

types of structure algorithm designers may exploit. Nonetheless, our understanding of the

complexity landscape for sampling is quite a bit weaker in comparison to counterparts

in the field of optimization; few lower bounds are known for the complexity of sampling

tasks, and obtaining stronger upper bounds is an extremely active research area (contrary

1We make this terminology more precise in Section 5.2.1, which contains various definitions used in this
paper.
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to optimization, where matching bounds exist in many cases). Moreover (and perhaps re-

latedly), the toolkit for designing logconcave samplers is comparatively lacking; for many

important primitives in optimization, it is unclear if there are analogs in sampling, possibly

impeding improved bounds. Our work broadly falls under the themes of (1) understanding

which types of structured logconcave distributions admit efficient samplers, and (2) lever-

aging connections between optimization and sampling for algorithm design. We address

these problems on two fronts, which constitute the primary technical contributions of this

paper.

1. We give a general reduction framework for bootstrapping samplers with mixing times

with polynomial dependence on a conditioning measure κ to mixing times with

linear dependence on κ. The framework is heavily motivated by a perspective on

proximal point methods in structured convex optimization as instances of optimizing

composite objectives, and leverages this connection via a surprisingly simple analysis

(cf. Theorem 10).

2. We develop novel “base samplers” for composite logconcave distributions and log-

concave finite sums (cf. Theorems 11, 12). The former is the first composite sampler

with stronger guarantees than those known in the general logconcave setting. The

latter constitutes the first high-accuracy finite sum sampler whose gradient query

complexity improves upon the näıve strategy of querying full gradients of the nega-

tive log-density in each iteration.

Using our novel base samplers within our reduction framework, we obtain state-of-

the-art samplers for all of the aforementioned structured families, i.e. well-conditioned,

composite, and finite sum, as Corollaries 10, 11, and 12. We emphasize that even without

our reduction technique, the guarantees of our base samplers for composite and finite

sum-structured densities are the first of their kind. However, by boosting their mixing

via our reduction, we obtain guarantees for these structured distribution families which

are essentially the best one can hope for without a significant improvement in the most

commonly studied well-conditioned regime (cf. discussion in Section 5.1.1).

We now formally state our results in Section 5.1.1, and situate them in the literature

in Section 5.1.2. Section 5.1.3 is a technical overview of our approaches for developing our

base samplers for composite and finite sum-structured densities (Sections 5.1.3 and 5.1.3),
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as well as our proximal reduction framework (Section 5.1.3). Finally, Section 5.1.5 gives a

roadmap for the rest of the paper.

5.1.1 Our results

Before stating our results, we first require the notion of a restricted Gaussian oracle,

whose definition is a key ingredient in giving our reduction framework as well as our later

composite samplers.

Definition 1 (Restricted Gaussian oracle). O(λ, v) is a restricted Gaussian oracle (RGO)

for convex g : Rd → R if it returns

O(λ, v)← sample from the distribution with density ∝ exp

(
− 1

2λ

∥∥x− v∥∥22 − g(x)) .
In other words, an RGO asks to sample from a multivariate Gaussian (with covariance

a multiple of the identity), “restricted” by some convex function g. Intuitively, if we can

reduce a sampling problem for the density ∝ exp(−g) to calling an RGO a small number of

times with a small value of λ, each RGO subproblem could be much easier to solve than the

original problem. This can happen for a variety of reasons, e.g. if the regularized density is

extremely well-conditioned, or because it inherits concentration properties of a Gaussian.

This idea of reducing a sampling problem to multiple subproblems, each implementing an

RGO, underlies the framework of Theorem 10. Because the idea of regularization by a

large Gaussian component repeatedly appears in this paper, we make the following more

specific definition for convenience, which lower bounds the size of the Gaussian.

Definition 2 (η-RGO). We say O(λ, v) is an η-restricted Gaussian oracle (η-RGO) if it

satisfies Definition 1 with the restriction that parameter λ is required to be always at most

η in calls to O.

Variants of our notion of an RGO have implicitly appeared previously [CV18, MFWB19],

and efficient RGO implementation was a key subroutine in the fastest sampling algorithm

for general logconcave distributions [CV18]. It also extends a similar oracle used in com-

posite optimization, which we will discuss shortly. However, the explicit use of RGOs in a

framework such as Theorem 10 is a novel technical innovation of our work, and we believe

this abstraction will find further uses.

Proximal reduction framework. In Section 5.3, we prove correctness of our proximal

reduction framework, whose guarantees are stated in the following Theorem 10.
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Theorem 10. Let π be a distribution on Rd with dπ
dx (x) ∝ exp(−foracle(x)) such that foracle

is µ-strongly convex, and let ϵ ∈ (0, 1). Let η ≤ 1
µ , T = Θ( 1

ηµ log
d
ηµϵ) for some β ≥ 1,

and O be a η-RGO for foracle. Algorithm 11, initialized at the minimizer of foracle, runs

in T iterations, each querying O a constant number of times, and obtains ϵ total variation

distance to π.

In other words, if we can implement an η-RGO for a µ-strongly convex function foracle

in time TRGO, we can sample from exp(−foracle) in time Õ( 1
ηµ · TRGO). To highlight the

power of this reduction framework, suppose there was an existing sampler A for densities

∝ exp(−f) with mixing time Õ(κ10
√
d), where f : Rd → R is L-smooth, µ-strongly convex,

and has condition number κ = L
µ (cf. Section 5.2.1 for definitions).2 Choosing η = 1

L and

foracle ← f in Theorem 10 yields a sampler whose mixing time is Õ(κ · TRGO), where TRGO

is the cost of sampling from a density proportional to

exp

(
−L
2

∥∥x− v∥∥22 − f(x)) ,
for some v ∈ Rd. However, observe that this distribution has a negative log-density with

constant condition number L+L
L+µ ≤ 2! By using A as our RGO, we have TRGO = Õ(

√
d),

and the overall mixing time is Õ(κ
√
d). Leveraging Theorem 10 in applications, we obtain

the following new results, improving mixing of various “base samplers” which we bootstrap

as RGOs for regularized densities.

Well-conditioned densities. In [LST20] (Chapter 3), it was shown that a variant of

Metropolized Hamiltonian Monte Carlo obtains a mixing time of Õ(κd log3 κdϵ ) for sampling

a density on Rd with condition number κ. The analysis of [LST20] was somewhat delicate,

and required reasoning about conditioning on a nonconvex set with desirable concentration

properties. In Section 5.4.1, we prove Corollary 10, improving [LST20] by roughly a

logarithmic factor with a significantly simpler analysis.

Corollary 10. Let π be a distribution on Rd with dπ
dx (x) ∝ exp (−f(x)) such that f is

L-smooth and µ-strongly convex, and let ϵ ∈ (0, 1), κ = L
µ . Assume access to x∗ =

argminx∈Rdf(x). Algorithm 11 with η = 1
8Ld log(κ) using Algorithm 6 as a restricted Gaus-

sian oracle for f uses O(κd log κ log κd
ϵ ) gradient queries in expectation, and obtains ϵ total

variation distance to π.

2No sampler with mixing time scaling as poly(κ)
√
d is currently known.
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We include Corollary 10 as a warmup for our more complicated results, as a way to

showcase the use of our reduction framework in a slightly different way than the one

outlined earlier. In particular, in proving Corollary 10, we will choose a significantly

smaller value of η, at which point a simple rejection sampling scheme implements each

RGO with expected constant gradient queries.

We give another algorithm matching Corollary 10 with a deterministic query com-

plexity bound as Corollary 14. The algorithm of Corollary 14 is interesting in that it is

entirely a zeroth-order algorithm, and does not require access to a gradient oracle. To our

knowledge, in the well-conditioned optimization setting, no zeroth-order query complexi-

ties better than roughly
√
κd are known, e.g. simulating accelerated gradient descent with

a value oracle; thus, our sampling algorithm has a query bound off by only Õ(
√
κ) from

the best-known optimization algorithm. We are hopeful this result may help in the search

for query lower bounds for structured logconcave sampling.

Composite densities with a restricted Gaussian oracle. In Section 5.5, we develop

a sampler for densities on Rd proportional to exp(−f(x) − g(x)), where f has condition

number κ and g admits a restricted Gaussian oracle O. We state its guarantees here.

Theorem 11. Let π be a distribution on Rd with dπ
dx (x) ∝ exp (−f(x)− g(x)) such that

f is L-smooth and µ-strongly convex, and let ϵ ∈ (0, 1). Let η ≤ 1
32Lκd log(κ/ϵ) (where

κ = L
µ ), T = Θ( 1

ηµ log(
κd
ϵ )), and let O be a η-RGO for g. Further, assume access to

the minimizer x∗ = argminx∈Rd{f(x) + g(x)}. There is an algorithm which runs in T

iterations in expectation, each querying a gradient oracle of f and O a constant number

of times, and obtains ϵ total variation distance to π.

The assumption that the composite component g admits an RGO can be thought of

as a measure of “simplicity” of g. This mirrors the widespread use of a proximal oracle

as a measure of simplicity in the context of composite optimization [BT09], which we now

define.

Definition 3 (Proximal oracle). O(λ, v) is a proximal oracle for convex g : Rd → R if it

returns

O(λ, v)← argminx∈Rd

{
1

2λ

∥∥x− v∥∥22 + g(x)

}
.

Many regularizers g in defining composite optimization objectives, which are often used

to enforce a quality such as sparsity or “simplicity” in a solution, admit efficient proximal
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oracles. In particular, if the proximal oracle subproblem admits a closed form solution

(or otherwise is computable in O(d) time), the regularized objective can be optimized at

essentially no asymptotic loss. It is readily apparent that our RGO (Definition 1) is the

extension of Definition 3 to the sampling setting. In [MFWB19], a variety of regularizations

arising in practical applications including coordinate-separable g (such as restrictions to

a coordinate-wise box, e.g. for a Bayesian inference task where we have side information

on the ranges of parameters) and ℓ1 or group Lasso regularized densities were shown to

admit RGOs. Our composite sampling results achieve a similar “no loss” phenomenon for

such regularizations, with respect to existing well-conditioned samplers.

By choosing the largest possible value of η in Theorem 11, we obtain an iteration bound

of Õ(κ2d). In Section 5.4.2, we prove Corollary 11, which improves Theorem 11 by roughly

a κ factor.

Corollary 11. Let π be a distribution on Rd with dπ
dx (x) ∝ exp(−f(x) − g(x)) such that

f is L-smooth and µ-strongly convex, and let ϵ ∈ (0, 1), κ = L
µ . Assume access to x∗ =

argminx∈Rd{f(x) + g(x)} and let O be a restricted Gaussian oracle for g. There is an

algorithm (Algorithm 11 using Theorem 11 as a restricted Gaussian oracle) which runs in

O(κd log3 κdϵ ) iterations in expectation, each querying a gradient of f and O a constant

number of times, and obtains ϵ total variation distance to π.

To sketch the proof, choosing η = 1
L in Theorem 10 yields an algorithm running in

Õ( 1
ηµ) = Õ(κ) iterations. In each iteration, the RGO subproblem asks to sample from the

distribution whose negative log-density is f(x) + g(x) + L
2

∥∥x− v∥∥22 for some v ∈ Rd, so we

can call Theorem 11, where the “well-conditioned” portion f(x)+ L
2

∥∥x− v∥∥22 has constant

condition number. Thus, Theorem 11 runs in Õ(d) iterations to solve the subproblem,

yielding the result. In fact, Corollary 11 nearly matches Corollary 10 in the case g = 0

uniformly. Surprisingly, this recovers the runtime of [LST20] without appealing to strong

gradient concentration bounds (e.g. [LST20], Theorem 3.2).

Logconcave finite sums. In Section 5.6, we initiate the study of mixing times for

sampling logconcave finite sums with polylogarithmic dependence on accuracy. We give

the following result.

Theorem 12. Let π be a distribution on Rd with dπ
dx (x) ∝ exp(−F (x)), where F (x) =

1
n

∑n
i=1 fi(x) is µ-strongly convex, fi is L-smooth and convex ∀i ∈ [n], κ = L

µ , and ϵ ∈
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(0, 1). Assume access to x∗ = argminx∈RdF (x). Algorithm 10 uses O
(
κ2d log4 nκdϵ

)
value

queries to summands {fi}i∈[n], and obtains ϵ total variation distance to π.

For a zeroth-order algorithm, Theorem 12 serves as a surprisingly strong baseline as it

nearly matches the previously best-known bound for zeroth-order well-conditioned sam-

pling when n = 1; however, when e.g. κ ≈ d, the complexity bound is at least cubic. By

using Theorem 12 within the framework of Theorem 10, we obtain the following improved

result.

Corollary 12 (Improved first-order logconcave finite sum sampling). In the setting of

Theorem 12, Algorithm 11 using Algorithm 10 and SVRG [JZ13] as a restricted Gaussian

oracle for F uses

O

(
n log

(
nκd

ϵ

)
+ κ
√
nd log3.5

(
nκd

ϵ

)
+ κd log5

(
nκd

ϵ

))
= Õ

(
n+ κmax

(
d,
√
nd
))

queries to first-order oracles for summands {fi}i∈[n], and obtains ϵ total variation distance

to π.

Corollary 12 has several surprising properties. First, its bound when n = 1 gives

yet another way of (up to polylogarithmic factors) recovering the runtime of [LST20]

without gradient concentration. Second, up to a Õ(max(1,
√

n
d )) factor, it is essentially

the best runtime one could hope for without an improvement when n = 1. This is in

the sense that Õ(κd) is the best runtime for n = 1, and to our knowledge every efficient

well-conditioned sampler requires minimizer access, i.e. Õ(n) gradient queries [WS16].

Interestingly, when n = 1, Algorithm 10 can be significantly simplified, and becomes the

standard Metropolized random walk [DCWY19]; this yields Corollary 14, an algorithm

attaining the iteration complexity of Corollary 10 while only querying a value oracle for

f .

5.1.2 Previous work

Composite densities. Recent works have studied sampling from densities of the form

(5.1), or its specializations (e.g. restrictions to a convex set). Several [Per16, BDMP17,

Ber18] are based on Moreau envelope or proximal regularization strategies, and demon-

strate efficiency under more stringent assumptions on the structure of the composite func-

tion g, but under minimal assumptions obtain fairly large provable mixing times Ω(d5).

Proximal regularization algorithms have also been considered for non-composite sampling
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[Wib19]. Another discretization strategy based on projections was studied by [BEL18],

but obtained mixing time Ω(d7). Finally, improved algorithms for special constrained

sampling problems have been proposed, such as simplex restrictions [HKRC18].

Of particular relevance and inspiration to this work is [MFWB19]. By generalizing

and adapting Metropolized HMC algorithms of [DCWY19, CDWY20], adopting a Moreau

envelope strategy, and using (a stronger version of) the RGO access model, [MFWB19]

obtained a runtime which in the best case scales as Õ
(
κ2d
)
, similar to the guarantee of

our base sampler in Theorem 11. However, this result required a variety of additional

assumptions, such as access to the normalization factor of restricted Gaussians, Lipschitz-

ness of g, warmness of the start, and various problem parameter tradeoffs. The general

problem of sampling from (5.1) under minimal assumptions more efficiently than general-

purpose logconcave algorithms is to the best of our knowledge unresolved (even under

restricted Gaussian oracle access), a novel contribution of our mixing time bound. Our

results also suggest that the RGO is a natural notion of tractability for the composite

sampling problem.

Logconcave finite sums. Since [WT11] proposed the stochastic gradient Langevin dy-

namics, which at each step stochastically estimates the full gradient of the function, there

has been a long line of work giving bounds for this method and other similar algorithms

[DK19, GGZ18, SKR19, BCM+18, NF19]. These convergence rates depend heavily on

the variance of the stochastic estimates. Inspired by variance-reduced methods in con-

vex optimization, samplers based on low-variance estimators have also been proposed

[DRW+16, DSM+16, BFR+19, BFFN19, NDH+17, CWZ+17, ZXG18, CFM+18]. Al-

though our reduction-based approach is not designed specifically for solving problems

of finite sum structure, our speedup can be viewed as due to a lower variance estimator

implicitly defined through the oracle subproblems of Theorem 10 via repeated re-centering.

In Table 5.1, we list prior runtimes [ZXG18, CFM+18] for sampling logconcave finite

sums; note these results additionally require bounded higher derivatives (with the ex-

ception of the κ4 dependence), obtain guarantees only in Wasserstein distance, and have

polynomial dependences on ϵ−1. On the other hand, our reduction-based approach obtains

total variation bounds with linear dependence on κ and polylogarithmic dependence on

ϵ−1. Our bound also simultaneously matches the state-of-the-art bound when n = 1, a fea-
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Method
Gradient oracle complexity

W2 ≤ ϵ, µ = 1 W2 ≤ ϵ
√
dµ−1

SAGA-LD [CFM+18] n+ κ1.5
√
d+κd+Md
ϵ + κd4/3

ϵ2/3
n+ κ1.5+κ

√
d+M

√
d

ϵ + κd2/3

ϵ2/3

SVRG-LD [CFM+18] n+ κ1.5
√
d+κd+Md
ϵ + κd4/3

ϵ2/3
n+ κ3

ϵ2
+ κ1.5+M

√
d

ϵ

CV-ULD [CFM+18] n+ κ4d1.5

ϵ3
n+ κ4

ϵ3

SVRG-LD [ZXG18] n+ κ1.5
√
d+Md
ϵ + κ

√
nd
ϵ n+ κ1.5+M

√
d

ϵ + κ
√
n
ϵ

State-of-the-art, n = 1 [SL19] κ7/6d1/6

ϵ1/3
+ κd1/3

ϵ2/3
κ7/6

ϵ1/3
+ κ

ϵ2/3

Method Gradient oracle complexity (TV ≤ ϵ)

Corollary 12 n+ κd+ κ
√
nd

State-of-the-art, n = 1 [LST20] κd

Table 5.1: Complexity of sampling from e−F (x) where F (x) = 1
n

∑
i∈[n] fi(x) on Rd is µ-strongly

convex, each fi is convex and L-smooth, and κ = L
µ . For relevant lines,M is the Lipschitz constant

of the Hessian ∇2F , which our algorithm has no dependence on. Complexity is measured in terms

of the number of calls to fi or ∇fi for summands {fi}i∈[n]. We hide polylog(nκdϵ ) factors for

simplicity.

ture not shared by prior stochastic algorithms. To our knowledge, no previous nontrivial3

bounds were known in the high-accuracy regime before our work.

5.1.3 Technical overview

Composite logconcave sampling

We study the problem of approximately sampling from a distribution π on Rd, with density

dπ(x)

dx
∝ exp (−f(x)− g(x)) . (5.1)

Here, f : Rd → R is assumed to be “well-behaved” (i.e. has finite condition number),

and g : Rd → R is a convex, but possibly non-smooth function. This problem generalizes

the special case of sampling from exp(−f(x)) for well-conditioned f , simply by letting g

vanish. Even the specialization of (5.1) where g indicates a convex set (i.e. is 0 inside

the set, and ∞ outside) is not well-understood; existing mixing time bounds for this

3As mentioned previously, one can always compute the full ∇F in every iteration in a well-conditioned
sampler.
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restricted setting are large polynomials in d [BDMP17, BEL18], and are typically weaker

than guarantees in the general logconcave setting [LV06a, LV06b]. This is in contrast to the

convex optimization setting, where first-order methods readily generalize to solve problem

families such as minx∈X f(x), where X ⊆ Rd is a convex set, as well as its generalization

min
x∈Rd

f(x) + g(x), where g : Rd → R is convex and admits a proximal oracle. (5.2)

We defined proximal oracles in Definition 3; in short, they are prodecures which minimize

the sum of a quadratic and g. Definition 3 is desirable as many natural non-smooth

composite objectives arising in learning settings, such as the Lasso [Tib96] and elastic

net [ZH05], admit efficient proximal oracles. It is clear that the definition of a proximal

oracle implies it can also handle arbitrary sums of linear functions and quadratics, as the

resulting function can be rewritten as the sum of a constant and a single quadratic. The

seminal work [BT09] extends fast gradient methods to solve (5.2) via proximal oracles,

and has prompted many follow-up studies.

Motivated by the success of the proximal oracle framework in convex optimization, we

study sampling from the family (5.1) through the lens of RGOs, a natural extension of

Definition 3. The main result of Section 5.5 is a “base” algorithm efficiently sampling

from (5.1), assuming access to an RGO for g. We now survey the main components of this

algorithm.

Reduction to shared minimizers. We first observe that without loss of generality, f

and g share a minimizer: by shifting f and g by linear terms, i.e. f̃(x)
def
= f(x)−⟨∇f(x∗), x⟩,

g̃(x)
def
= g(x) + ⟨∇f(x∗), x⟩, where x∗ minimizes f + g, first-order optimality implies both

f̃ and g̃ are minimized by x∗. Moreover, implementation of a first-order oracle for f̃ and

an RGO for g̃ are immediate without additional assumptions. This modification becomes

crucial for our later developments, and we hope this simple observation, reminiscent of

“variance reduction” techniques in stochastic optimization [JZ13], is broadly applicable to

improving algorithms for the sampling problem induced by (5.1).

Beyond Moreau envelopes: expanding the space. A typical approach in con-

vex optimization in handling non-smooth objectives g is to instead optimize its Moreau

envelope, defined by

gη(y)
def
= min

x∈Rd

{
g(x) +

1

2η

∥∥x− y∥∥22} . (5.3)

Intuitively, the envelope gη trades off function value with proximity to y; a standard

exercise shows that gη is smooth (has a Lipschitz gradient), with smoothness depending
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on η, and moreover that computing gradients of gη reduces to calling a proximal oracle

(Definition 3). It is natural to extend this idea to the composite sampling setting, e.g. via

sampling from the density

exp (−f(x)− gη(x)) .

However, a variety of complications prevent such strategies from obtaining rates compara-

ble to their non-composite, well-conditioned counterparts, including difficulty in bounding

closeness of the resulting distribution, as well as biased drifts of the sampling process due

to error in gradients.

Our approach departs from this smoothing strategy in a crucial way, inspired by Hamil-

tonian Monte Carlo (HMC) methods [Kra40, Nea11]. HMC can be seen as a discretization

of the ubiquitous Langevin dynamics, on an expanded space. In particular, discretizations

of Langevin dynamics simulate the stochastic differential equation dxt
dt = −∇f(xt)+

√
2dWt
dt ,

where Wt is Brownian motion. HMC methods instead simulate dynamics on an extended

space Rd×Rd, via an auxiliary “velocity” variable which accumulates gradient information.

This is sometimes interpreted as a discretization of the underdamped Langevin dynamics

[CCBJ17]. HMC often has desirable stability properties, and expanding the dimension via

an auxiliary variable has been used in algorithms obtaining the fastest rates in the well-

conditioned logconcave sampling regime [SL19, LST20]. Inspired by this phenomenon, we

consider the density on Rd × Rd

dπ̂

dz
(z)

def
= exp

(
−f(y)− g(x)− 1

2η

∥∥x− y∥∥22) where z = (x, y). (5.4)

Due to technical reasons, the family of distributions we use in our final algorithms are

of slightly different form than (5.4), but this simplification is useful to build intuition.

Note in particular that the form of (5.4) is directly inspired by (5.3), where rather than

maximizing over x, we directly expand the space. The idea is that for small enough η and

a set on x of large measure, smoothness of f will guarantee that the marginal of (5.4) on

x will concentrate y near x, a fact we make rigorous. To sample from (5.1), we then show

that a rejection filter applied to a sample x from the marginal of (5.4) will terminate in

constant steps. Consequently, it suffices to develop a fast sampler for (5.4).

Alternating sampling with an oracle. The form of the distribution (5.4) suggests

a natural strategy for sampling from it: starting from a current state (xk, yk), we iterate

1. Sample yk+1 ∼ exp
(
−f(y)− 1

2η

∥∥xk − y∥∥22).
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2. Sample xk+1 ∼ exp
(
−g(x)− 1

2η

∥∥x− yk+1

∥∥2
2

)
, via a restricted Gaussian oracle.

When f and g share a minimizer, taking a first-order approximation in the first step,

i.e. sampling yk+1 ∼ exp(−f(xk) − ⟨∇f(xk), y − xk⟩ − 1
2η

∥∥y − xk
∥∥2
2), can be shown to

generalize the Leapfrog step of HMC updates. However, for η very small (as in our

setting), we observe the first step itself reduces to the case of sampling from a distribution

with constant condition number, performable in Õ(d) gradient calls by e.g. Metropolized

HMC [DCWY19, CDWY20, LST20]. Moreover, it is not hard to see that this “alternating

marginal” sampling strategy preserves the stationary distribution exactly, so no filtering

is necessary. Directly bounding the conductance of this random walk, for small enough

η, leads to an algorithm running in Õ
(
κ2d2

)
iterations, each calling an RGO once, and a

gradient oracle for f roughly Õ (d) times. This latter guarantee is by an appeal to known

bounds [CDWY20, LST20] on the mixing time in high dimensions of Metropolized HMC

for a well-conditioned distribution, a property satisfied by the y-marginal of (5.4) for small

η.

Stability of Gaussians under bounded perturbations. To obtain our tightest

runtime result, we use that η is chosen to be much smaller than L−1 to show structural

results about distributions of the form (5.4), yielding tighter concentration for bounded

perturbations of a Gaussian (i.e. the Gaussian has covariance 1
η id, and is restricted by

L-smooth f for η ≪ L−1). To illustrate, let

dPx(y)
dy

∝ exp

(
−f(y)− 1

2η

∥∥y − x∥∥22)
and let its mean and mode be ȳx, y

∗
x. It is standard that

∥∥ȳx− y∗x∥∥2 ≤ √dη, by η−1-strong

logconcavity of Px. Informally, we show that for η ≪ L−1 and x not too far from the

minimizer of f , we can improve this to
∥∥ȳx − y∗x

∥∥
2 = O(

√
η); see Proposition 22 for a

precise statement.

Using our structural results, we sharpen conductance bounds, improve the warmness

of a starting distribution, and develop a simple rejection sampling scheme for sampling the

y variable in expected constant gradient queries. Our proofs are continuous in flavor and

based on gradually perturbing the Gaussian and solving a differential inequality; we believe

they may of independent interest. These improvements lead to an algorithm running in

Õ
(
κ2d
)
iterations; ultimately, we use our reduction framework, stated in Theorem 10, to

improve this dependence to Õ (κd).
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Logconcave finite sums

We initiate the algorithmic study of the following task in the high-accuracy regime: sample

x ∼ π within total variation distance ϵ, where dπ
dx (x) ∝ exp(−F (x)) and

F (x) =
1

n

∑
i∈[n]

fi(x), (5.5)

all fi : Rd → R are convex and L-smooth, and F is µ-strongly convex. We call such a

distribution π a (well-conditioned) logconcave finite sum.

In applications (where summands correspond to points in a dataset, e.g. in Bayesian lin-

ear and logistic regression tasks [DCWY19]), querying ∇F may be prohibitively expensive,

so a natural goal is to obtain bounds on the number of required queries to summands ∇fi

for i ∈ [n]. This motivation also underlies the development of stochastic gradient methods

in optimization, a foundational tool in modern statistics and data processing. Näıvely, one

can complete the task by using existing samplers for well-conditioned distributions and

querying the full gradient ∇F in each iteration, resulting in a summand gradient query

complexity of Õ(nκd) [LST20]. Many recent works, inspired from recent developments in

the complexity of optimizing a well-conditioned finite sum, have developed subsampled gra-

dient methods for the sampling problem. However, to our knowledge, all such guarantees

depend polynomially on the accuracy ϵ and are measured in the 2-Wasserstein distance; in

the high-accuracy, total variation case no nontrivial query complexity is currently known.

We show in Section 5.6 that given access to the minimizer of F , a simple zeroth-order

algorithm which queries Õ(κ2d) values of summands {fi}i∈[n] succeeds (i.e. it never requires

a full value or gradient query of F ). The algorithm is essentially the Metropolized random

walk proposed in [DCWY19] for the n = 1 case with a cheaper subsampled filter step.

Notably, because the random walk is conducted with respect to F , we cannot efficiently

query the function value at any point; nonetheless, by randomly sampling to compute a

nearly-unbiased estimator of the rejection probability, we do not incur too much error.

This random walk was shown in [CDWY20] to mix in Õ(κ2d) iterations; we implement

each step to sufficient accuracy using Õ(1) function evaluations.

It is natural to ask if first-order information can be used to improve this query complex-

ity, perhaps through “variance reduction” techniques (e.g. [JZ13]) developed for stochastic

optimization. The idea behind variance reduction is to recenter gradient estimates in

phases, occasionally computing full gradients to improve the estimate quality. One funda-

mental difficulty which arises from using variance reduction in high-accuracy sampling is
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that the resulting algorithms are not stateless. By this, we mean that the variance-reduced

estimates depend on the history of the algorithm, and thus it is difficult to ascertain cor-

rectness of the stationary distribution. We take a different approach to achieve a linear

query dependence on the conditioning κ, described in the following section.

Proximal point reduction framework

To motivate Theorem 10, we first recast existing “proximal point” reduction-based op-

timization methods through the lens of composite optimization, and subsequently show

that similar ideas underlying our composite sampler in Section 5.1.3 yield an analagous

“proximal point reduction framework” for sampling. We hope these insights prove fruitful

for further development of proximal approaches to sampling.

Proximal point methods as composite optimization. Proximal point methods are

a well-studied primitive in optimization, developed by [Roc76]; cf. [PB14] for a modern

survey. The principal idea is that to minimize convex F : Rd → R, it suffices to solve a

sequence of subproblems

xk+1 ← argminx∈Rd

{
F (x) +

1

2λ

∥∥x− xk∥∥22} . (5.6)

Intuitively, by tuning the parameter λ ≥ 0, we trade off how regularized the subproblems

(5.6) are with how rapidly the overall method converges. Smaller values of λ result in larger

regularization amounts which are amenable to algorithms for minimizing well-conditioned

objectives.

For optimizing functions of the form (5.5) via stochastic gradient estimates to ϵ error,

[JZ13, DBL14, SRB17] developed variance-reduced methods obtaining a query complexity

of Õ(n + κ). To match a known lower bound of Õ(n +
√
nκ) due to [WS16], two works

[LMH15, FGKS15] appropriately applied instances of accelerated proximal point methods

[Gul92] with careful analyses of how accurately subproblems (5.6) needed to be solved.

These algorithms black-box called the Õ(n + κ) runtime as an oracle to solve the sub-

problems (5.6) for an appropriate choice of λ, obtaining an accelerated rate.4 To shed

some light on this acceleration procedure, we adopt an alternative view on proximal point

methods.5 Consider the following known composite optimization result.

4We note that an improved runtime without extraneous logarithmic factors was later obtained by [All17].

5This perspective can also be found in the lecture notes [Lee18].
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Proposition 6 (Informal statement of [BT09]). Let f : Rd → R be L-smooth and µ-

strongly convex, and g : Rd → R admit a proximal oracle O(λ, v) (cf. Definition 3). There

is an algorithm taking Õ(
√
κ) iterations for κ = L

µ to find an ϵ-approximate minimizer to

f + g, each querying ∇f and O a constant number of times. Further, λ = 1
L in all calls

to O.

Ignoring subtleties of the error tolerance of O, we show how to use an instance of

Proposition 6 to recover the Õ(n +
√
nκ) query complexity for optimizing (5.5). Let

f(x) = µ
2

∥∥x∥∥22, and g = F − f . For any Λ ≥ µ, f is both µ-strongly convex and Λ-smooth.

Moreover, note that all calls to the proximal oracle O for g require solving subproblems

of the form

argminx∈Rd

{
F (x)− µ

2

∥∥x∥∥22 + Λ

2

∥∥x− v∥∥22} . (5.7)

The upshot of choosing a smoothness bound Λ ≥ µ is that the regularization amount in

(5.7) increases, improving the conditioning of the subproblem, which is Λ-strongly convex

and L+Λ-smooth. The algorithm of e.g. [JZ13] solves each subproblem (5.7) in Õ(n+L+Λ
Λ )

gradient queries, leading to an overall query complexity (for Proposition 6) of

Õ

(√
Λ

µ
·
(
n+

L

Λ

))
.

Optimizing over Λ ≥ µ, i.e. taking Λ = max(µ, Ln ), yields the desired bound of Õ(n+
√
nκ).

Applications to sampling. In Sections 5.5 and 5.6, we develop samplers for structured

families with quadratic dependence on the conditioning κ. The proximal point approach

suggests a strategy for accelerating these runtimes. Namely, if there is a framework which

repeatedly calls a sampler for a regularized density (analogous to calls to (5.6)), one could

trade off the regularization with the rate of the outer loop. Fortunately, in the spirit of

interpreting proximal point methods as composite optimization, the composite sampler of

Section 5.5 itself meets these reduction framework criteria.

We briefly recall properties of our composite sampler here. Let π be a distribution

on Rd with dπ
dx (x) ∝ exp(−fwc(x) − foracle(x)),6 where fwc is well-conditioned (has finite

condition number κ) and foracle admits an RGO, which solves subproblems of the form

O(η, v) ∼ the density proportional to exp

(
− 1

2η

∥∥x− v∥∥22 − foracle(x)) . (5.8)

6To disambiguate, we sometimes also use the notation fwc+foracle rather than f+g in defining instances
of our reduction framework or composite samplers, when convenient in the context.
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The algorithm of Section 5.5 only calls O with a fixed η; note the strong parallel between

the RGO subproblem and the proximal oracle of Proposition 6. For a given value of η ≥ 0,

our composite sampler runs in Õ( 1
ηµ) iterations, each requiring a call to O. Smaller η

improve the conditioning of the negative log-density of subproblem (5.8), but increase the

overall iteration count, yielding a range of trade-offs. The algorithm of Section 5.5 has an

upper bound requirement on η (cf. Theorem 11); in Section 5.3, we observe that this may

be lifted when fwc = 0 uniformly, allowing for a full range of choices. Moreover, the analysis

of the composite sampler becomes much simpler when fwc = 0, as in Theorem 10. We give

the framework as Algorithm 11, as well as a full (fairly short) convergence analysis. By

trading off the regularization amount with the cost of implementing (5.8) via bootstrapping

base samplers, we obtain a host of improved runtimes.

Beyond our specific applications, the framework we provide has strong implications as a

generic reduction from mixing times scaling polynomially in κ to improved methods scaling

linearly in κ. This is akin to the observation in [LMH15] that accelerated proximal point

methods generically improve poly(κ) dependences to
√
κ dependences for optimization.

We are optimistic this insight will find further implications in the logconcave sampling

literature.

5.1.4 Erratum, and a word of warning for o(d) mixing

The initial version of this paper, presented at COLT 2021, had an incorrect proof of

Theorem 10. This was due to our reliance on the average conductance (“spectral profile”)

technique of [LK99] for bounding mixing. Roughly speaking, the mistake was caused by a

misunderstanding that for stationary measures satisfying µ-log isoperimetry (for example,

µ-strongly logconcave densities) and with transition distributions of ∆-close points having

constant overlap, [LK99] provides mixing time bounds of the form (where β is a warmness

parameter of the starting distribution)∫ 1
2

1
β

1

sΦ(s)2
ds ≲

1

µ∆2

∫ 1
2

1
β

1

s log(s)
ds ≈ 1

µ∆2
log log β. (5.9)

Here, Φ(s) is the s-conductance of the Markov chain, which can typically be lower bounded

by Ω(
√
µ log(s)∆) under a stationary density exhibiting log-isoperimetry. However, the

trivial bound Φ(s) ≤ 1 demonstrates that there is an additive log(β) term in (5.9).

This is a bottleneck towards mixing times scaling as o(d) for distributions where only

an exp(Ω(d))-warm start is feasible; in particular, the conductance actually scales as
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min(1,Ω(
√
µ log(s)∆)), causing this additive term. In settings where µ∆2 ≥ d−1 (such as

our reductions, where this term often scales as a condition number of the problem), this

additive term log(β) = Ω(d) may dominate. This observation (and the fix) came out of

conversations with Sinho Chewi; we are immensely greatful for his help.

For the particular structure of the algorithm in Theorem 10, we are able to give an

alternative analysis going through W2 convergence bounds, preserving the correctness of

the theorem. However, this bottleneck is a general phenomenon which may cause future

attempts to use Metropolized algorithms from exponentially warm starts to be stuck at

Ω(d) iterations, which merits further investigation. We write this section as a word of

warning to future researchers aiming at sublinear dimension dependences in Metropolized

algorithms, and as a suggested open research direction.

5.1.5 Roadmap

We give notations and preliminaries in Section 6.2. In Section 5.3 we give our framework for

bootstrapping fast regularized samplers, and prove its correctness (Theorem 10). Assuming

the “base samplers” of Theorems 11 and 12, in Section 5.4 we apply our reduction to

obtain all of our strongest guarantees, namely Corollaries 10, 11, and 12. We then prove

Theorems 11 and 12 in Sections 5.5 and 5.6.

5.2 Preliminaries

5.2.1 Notation

General notation. For d ∈ N, [d] refers to the set of naturals 1 ≤ i ≤ d;
∥∥ · ∥∥2 is the

Euclidean norm on Rd when d is clear from context. N (µ,Σ) is the multivariate Gaussian

of specified mean and variance, id is the identity of appropriate dimension when clear from

context, and ⪯ is the Loewner order on symmetric matrices.

Functions. We say twice-differentiable function f : Rd → R is L-smooth and µ-strongly

convex if µ id ⪯ ∇2f(x) ⪯ L id for all x ∈ Rd; it is well-known that L-smoothness implies

that f has an L-Lipschitz gradient, and that for any x, y ∈ Rd,

f(x) + ⟨∇f(x), y − x⟩+ µ

2

∥∥y − x∥∥22 ≤ f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ L

2

∥∥y − x∥∥22.
If f is L-smooth and µ-strongly convex, we say it has a condition number κ

def
= L

µ . We

call a zeroth-order oracle, or “value oracle”, an oracle which returns f(x) on any input
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point x ∈ Rd; similarly, a first-order oracle, or “gradient oracle”, returns both the value

and gradient (f(x),∇f(x)).

Distributions. We call distribution π on Rd logconcave if dπ
dx (x) = exp(−f(x)) for

convex f ; π is µ-strongly logconcave if f is µ-strongly convex. For A ⊆ Rd, Ac is its

complement, and we let π(A)
def
=
∫
x∈A dπ(x). We say distribution ρ is β-warm with respect

to π if dπdρ (x) ≤ β everywhere, and define the total variation
∥∥π− ρ∥∥TV

def
= supA⊆Rd π(A)−

ρ(A). We will frequently use the fact that
∥∥π − ρ∥∥TV is also the probability that x ∼ π

and x′ ∼ ρ are unequal under the best coupling of (π, ρ); this allows us to “locally share

randomness” when comparing two random walk procedures. We define the expectation

Eπ and variance Varπ with respect to distribution π in the standard way,

Eπ[h(x)]
def
=

∫
h(x)dπ(x), Varπ[h(x)]

def
= Eπ

[
(h(x))2

]
− (Eπ[h(x)])2 .

Structured distributions. This work considers two types of distributions with addi-

tional structure, which we call composite logconcave densities and logconcave finite sums.

A composite logconcave density has the form exp(−f(x)− g(x)), where both f and g are

convex. In this context throughout, f will either be uniformly 0 or have a finite condition

number (be “well-conditioned”), and g will represent a “simple” but possibly non-smooth

function, as measured by admitting an RGO (cf. Definition 1). We will sometimes refer to

the components as f and g as fwc and foracle respectively, to disambiguate when the func-

tions f and g are already defined in context. In our reduction-based approaches, we have

additional structure on the parameter λ which an RGO is called with (cf. Definition 2).

Specifically, in our instances typically λ−1 ≫ L (or some other “niceness” parameter asso-

ciated with the negative log-density); this can be seen as heavily regularizing the negative

log-density, and often makes the implementation simpler.

Finally, a logconcave finite sum has density of the form exp(−F (x)) where F (x) =

1
n

∑
i∈[n] fi(x). When treating such densities, we make the assumption that each con-

stituent summand fi is L-smooth and convex, and the overall function F is µ-strongly

convex. We measure complexity of algorithms for logconcave finite sums by gradient

queries to summands, i.e. ∇fi(x) for some i ∈ [n].

Optimization. Throughout this work, we are somewhat liberal with assuming access

to minimizers to various functions (namely, the negative log-densities of target distribu-

tions). We give a more thorough discussion of this assumption in Appendix D.1, but
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note here that for all function families we consider (well-conditioned, composite, and finite

sum), efficient first-order methods exist for obtaining high accuracy minimizers, and this

optimization query complexity is never the leading-order term in any of our algorithms

assuming polynomially bounded initial error.

5.2.2 Technical facts

We will repeatedly use the following results.

Fact 5 (Gaussian integral). For any λ ≥ 0 and v ∈ Rd,∫
exp

(
− 1

2λ

∥∥x− v∥∥22) dx = (2πλ)
d
2 .

Fact 6 ([DCWY19], Lemma 1). Let π be a µ-strongly logconcave distribution, and let x∗

minimize its negative log-density. Then, for x ∼ π and any δ ∈ [0, 1], with probability at

least 1− δ,

∥∥x− x∗∥∥2 ≤
√
d

µ

(
2 + 2max

(
4

√
log(1/δ)

d
,

√
log(1/δ)

d

))
.

Fact 7 ([Har04], Theorem 1.1). Let π be a µ-strongly logconcave density. Let dγµ(x) be

the Gaussian density with covariance matrix µ−1 id. For any convex function h,

Eπ[h(x− Eπ[x])] ≤ Eγµ [h(x− Eγµ [x])].

Fact 8 ([DM16], Theorem 1). Let π be a µ-strongly logconcave distribution, and let x∗

minimize its negative log-density. Then, Eπ[
∥∥x− x∗∥∥22] ≤ d

µ .

5.3 Proximal reduction framework

The reduction framework of Theorem 10 can be thought of as a specialization of a more

general composite sampler which we develop in Section 5.5, whose guarantees are repro-

duced here.

Theorem 11. Let π be a distribution on Rd with dπ
dx (x) ∝ exp (−f(x)− g(x)) such that

f is L-smooth and µ-strongly convex, and let ϵ ∈ (0, 1). Let η ≤ 1
32Lκd log(κ/ϵ) (where

κ = L
µ ), T = Θ( 1

ηµ log(
κd
ϵ )), and let O be a η-RGO for g. Further, assume access to

the minimizer x∗ = argminx∈Rd{f(x) + g(x)}. There is an algorithm which runs in T

iterations in expectation, each querying a gradient oracle of f and O a constant number

of times, and obtains ϵ total variation distance to π.
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Our main observation, elaborated on more formally for specific applications in Sec-

tion 5.4, is that a variety of structured logconcave densities have negative log-densities

foracle, where we can implement an efficient restricted Gaussian oracle for foracle via call-

ing an existing sampling method. Crucially, in these instantiations we use the fact that the

distributions which O is required to sampled from are heavily regularized (restricted by a

quadratic with large leading coefficient) to obtain fast samplers. We further note that the

upper bound requirement on η in Theorem 11 can be lifted when the “well-conditioned”

component is uniformly 0. Instead of setting f = 0 and g = foracle in Theorem 11, and

refining the analysis for this special case to tolerate arbitrary η, we provide a self-contained

proof here. This particular structure (the composite setting where fwc is uniformly zero

and foracle is strongly convex) admits significant simplifications from the more general

case, so using slightly different proof techniques, we are able to obtain stronger conver-

gence guarantees for this particular problem allowing for mixing in fewer than d iterations

from a feasible start (see Section 5.1.4).

Theorem 10. Let π be a distribution on Rd with dπ
dx (x) ∝ exp(−foracle(x)) such that foracle

is µ-strongly convex, and let ϵ ∈ (0, 1). Let η ≤ 1
µ , T = Θ( 1

ηµ log
d
ηµϵ) for some β ≥ 1,

and O be a η-RGO for foracle. Algorithm 11, initialized at the minimizer of foracle, runs

in T iterations, each querying O a constant number of times, and obtains ϵ total variation

distance to π.

For simplicity of notation, we replace foracle in the statement of Theorem 10 with g

throughout just this section. Let π be a density on Rd with dπ
dx (x) ∝ exp(−g(x)) where g is

µ-strongly convex (but possibly non-smooth), and let O be a restricted Gaussian oracle for

g. Consider the joint distribution π̂ supported on an expanded space z = (x, y) ∈ Rd×Rd

with density, for some η > 0,

dπ̂

dz
(z) ∝ exp

(
−g(x)− 1

2η

∥∥x− y∥∥22) .
Note that the x-marginal of π̂ is precisely π, so it suffices to sample from the x-marginal.

We consider a simple alternating Markov chain for sampling from π̂, described in the

following Algorithm 11.

By observing that the distributions πx and πy in the above method are precisely the

marginal distributions of π̂ with one variable fixed, it is straightforward to see that π̂ is a

stationary distribution of the process. We make this formal in the following lemma.
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Algorithm 5 AlternateSample(g, η, T )

Input: µ-strongly convex g : Rd → R, η > 0, T ∈ N, x0 = minx g(x).

1: for k ∈ [T ] do

2: Sample yk ∼ πxk−1
, where for all x ∈ Rd, dπxdy (y) ∝ exp

(
− 1

2η

∥∥x− y∥∥22).
3: Sample xk ∼ πyk , where for all y ∈ Rd, dπydx (x) ∝ exp

(
−g(x)− 1

2η

∥∥x− y∥∥22).
4: end for

5: return xT

Lemma 25 (Alternating marginal sampling). Let π̂ be a density on two blocks (x, y).

Sample (x, y) ∼ π̂, and then sample x̃ ∼ π̂(·, y), ỹ ∼ π̂(x̃, ·). Then, the distribution of

(x̃, ỹ) is π̂. Moreover, the alternating marginal sampling Markov chain on either marginal

is reversible.

Proof. The density of the resulting distribution at (x̃, y) is proportional to the product of

the (marginal) density at y and the conditional distribution of x̃ | y, which by definition is

π̂. Therefore, (x̃, y) is distributed as π̂, and the argument for ỹ follows symmetrically. To

see reversibility on the x marginal, it suffices to note that the probability we move from x

to x′ is proportional to ∫
y
π̂(x, y)π̂(x′, y)dy,

which is a symmetric function of x and x′. A similar argument holds for the y marginals.

We also state a simple observation about alternating schemes such as Algorithm 11,

which will be useful later. Let Px be the density of yk after one step of the above procedure

starting from xk−1 = x, and let Tx be the resulting density of xk.

Observation 1. For any two points x, x′ ∈ Rd,
∥∥Tx − Tx′∥∥TV ≤

∥∥Px − Px′∥∥TV.

Proof. This follows by the coupling characterization of total variation (see e.g. Chapter 5 of

[LPW09]). Per the optimal coupling of y ∼ Px and y′ ∼ Px′ , whenever the total variation

sets y = y′ in Line 2 of AlternateSample, we can couple the resulting distributions in

Line 3 as well.

In order to prove Theorem 10, we first show that the random walk in Algorithm 11

converges rapidly in the 2-Wasserstein distance (denoted W2 in this section).
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Lemma 26. Let π0 be the starting distribution of x in Algorithm 11. Let πk be the

distribution of xk and π be the x-marginal of π̂. For all k ≥ 0,

W 2
2 (πk+1, π) ≤

1

(1 + ηµ)2
W 2

2 (πk, π).

Hence, for any η ≤ 1
µ , in T

′ = O
(

1
ηµ log

d
µ∆

)
iterations, the random walk mixes to

W2(πT ′ , π) ≤ ∆.

Proof. Let Γxk be the optimal coupling between xk ∼ πk and x̂ ∼ π according to the W2

distance. Coupling the Gaussian random variable generating yk+1 ∼ πxk and ŷ ∼ πx̂ gives

a coupling Γyk+1
between yk+1 and ŷ such that

EΓyk+1

[∥∥yk+1 − ŷ
∥∥2
2

]
= EΓxk

[∥∥xk − x̂∥∥22] . (5.10)

Then, let πy be the distribution of xk+1 in a run of Line 3 of Algorithm 11 starting from

yk+1 = y, and πŷ be the distribution of x̂ in Line 3 starting from ŷ, respectively. Since

πŷ is µ+ 1
η strongly log-concave, πŷ satisfies a log-Sobolev inequality with constant µ+ 1

η

(Theorem 2 of [OV00]). Hence,

W 2
2 (πy, πŷ) ≤

2

µ+ 1
η

dKL(πy∥πŷ)

≤ 1(
µ+ 1

η

)2Eπy [∥∥∇ log
πy
πŷ

∥∥2
2

]

≤ 1

(1 + ηµ)2

∥∥y − ŷ∥∥22.
The first step used the Talagrand transportation inequality (Theorem 1 of [OV00]). The

second step used the log-Sobolev inequality. The third step used

∇ log
πy(x)

πŷ(x)
= ∇ log

exp(−g(x)− 1
2η

∥∥x− y∥∥22) ∫x′ exp(−g(x)− 1
2η

∥∥x− ŷ∥∥22)dx′
exp(−g(x)− 1

2η

∥∥x− ŷ∥∥22) ∫x′ exp(−g(x)− 1
2η

∥∥x− y∥∥22)dx′
=

1

2η
∇
(∥∥x− ŷ∥∥22 − ∥∥x− y∥∥22) =

1

η
(y − ŷ). (5.11)

Taking expectation over Γyk+1
and using (5.10) shows that

W 2
2 (πk+1, π) ≤

1

(1 + ηµ)2
W 2

2 (πk, π).

Algorithm 11 starts from the distribution π0 = δx∗ , where x
∗ = minx g(x). Since π is

µ-strongly logconcave, we have (see e.g. Proposition 1 of [DM+19])

W 2
2 (π0, π) = Eπ̂

[∥∥x∗ − x∥∥2] ≤ d

µ
.

Then, for η < 1
µ ,

1
1+ηµ ≤ 1− ηµ

2 , so after T ′ = O( 1
ηµ log

d
µ∆) iterations,W2(πT ′ , π) ≤ ∆.
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Next, we bound the KL divergence between the output of Algorithm 11 and the tar-

get distribution π. We need the following standard lemma regarding KL divergences of

marginal distributions.

Lemma 27. Let Pz and Qz be distributions supported on X indexed by z, a random

variable distributed as πz. Let P̃ be the joint distribution of (x, z) for x ∼ Pz and z ∼ πz,

and Q̃ be the joint distribution of (x, z) as x ∼ Qz and z ∼ πz. Let P and Q be the

marginal distribution of P̃ and Q̃ on x, averaged over z. Then,

dKL(P∥Q) ≤ Ez∼πz [dKL(Pz∥Qz)] .

Proof. By the definition of dKL,

dKL(P̃∥Q̃) = E
(x,z)∼P̃

[
log

P̃ (x, z)

Q̃(x, z)

]

= Ez∼πz

[
Ex∼Pz

[
log

P̃ (x, z)

Q̃(x, z)

]]

= Ez∼πz
[
Ex∼Pz

[
log

Pz(x)

Qz(x)

]]
= Ez∼πz [dKL(Pz∥Qz)] .

Finally, by the data processing inequality,

dKL(P∥Q) ≤ dKL(P̃∥Q̃) = Ez∼πz [dKL(Pz∥Qz)] .

The following lemma shows that a 2-Wasserstein distance bound on the distribution

at iteration k implies a KL divergence bound on iteration k + 1.

Lemma 28. Let πk be the distribution of xk for some k such that W2(πk, π) ≤ ∆ and π

be the x-marginal of π̂. Then,

dKL(πk+1∥π) ≤
∆2

2η
.

Proof. As in Lemma 26, let Γxk be the optimal coupling between xk ∼ πk and x̂ ∼ π,

which yields a coupling Γyk+1
between yk+1 and ŷ such that

EΓyk+1

[∥∥yk+1 − ŷ
∥∥2
2

]
= EΓxk

[∥∥xk − x̂∥∥22] ≤ ∆2. (5.12)
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Then,

dKL(πk+1∥π) ≤ E(yk+1,ŷ)∼Γyk

[
dKL(πyk+1

∥πŷ)
]

≤ 1

2η2
(
µ+ 1

η

)E(yk+1,ŷ)∼Γyk+1

[∥∥yk+1 − ŷ
∥∥2
2

]
≤ ∆2

2η
.

The first inequality followed from Lemma 28 by taking P = πk+1, Q = π and z = (yk+1, y).

The second inequality used the log-Sobolev inequality and (5.11). The last inequality used

(5.12).

Finally, putting the pieces together, Theorem 10 follows from Lemma 26 and Lemma 28.

Proof of Theorem 10. By Lemma 26 and Lemma 28, there is T = O
(

1
ηµ log

d
ηµϵ

)
so that

dKL(πT ∥π) ≤ 2ϵ2. By Pinsker’s inequality,

∥∥πT − π∥∥TV ≤
√

1

2
dKL(πT ∥π) = ϵ.

We note that Theorem 10 is robust to a small amount of error tolerance in the sampler

O. Specifically, if O has tolerance ϵ
2T , then by calling Theorem 10 with desired accuracy

ϵ
2 and adjusting constants appropriately, the cumulative error incurred by all calls to O

is within the total requisite bound (formally, this can be shown via the coupling char-

acterization of total variation). We defer a more formal elaboration on this inexactness

argument to Appendix D.1 and the proof of Proposition 10.

5.4 Tighter runtimes for structured densities

In this section, we use applications of Theorem 10 to obtain simple analyses of novel state-

of-the-art high-accuracy runtimes for the well-conditioned densities studied in [DCWY19,

CDWY20, LST20], as well as the composite and finite sum densities studied in this work.

We will assume the conclusions of Theorems 11 and 12 respectively in deriving the results

of Sections 5.4.2 and 5.4.3.

5.4.1 Well-conditioned logconcave sampling: proof of Corollary 10

In this section, let π be a distribution on Rd with density proportional to exp(−f(x)),

where f is L-smooth and µ-strongly convex (and κ = L
µ ) and has pre-computed minimizer
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x∗. We will instantiate Theorem 10 with foracle(x) = f(x), and choose η = 1
8Ld log(κ) . We

now require an η-RGO O for foracle = f to use in Theorem 10.

Our implementation of O is a rejection sampling scheme. We use the following helpful

guarantee.

Lemma 29 (Rejection sampling). Let π, π̂ be distributions on Rd with dπ
dx (x) ∝ p(x),

dπ̂
dx (x) ∝ p̂(x). Suppose for some C ≥ 1 and all x ∈ Rd, p(x)

p̂(x) ≤ C. The following is termed

“rejection sampling”: repeat independent runs of the following procedure until a point is

outputted.

1. Draw x ∼ π̂.

2. With probability p(x)
Cp̂(x) , output x.

Rejection sampling terminates in
C

∫
p̂(x)dx∫
p(x)dx

runs in expectation, and the output distribution

is π.

Proof. The second claim follows from Bayes’ rule which implies the conditional density of

the output point is proportional to p̂(x) · p(x)
C ˆp(x)

∝ p(x), so the distribution is π. To see the

first claim, the probability any sample outputs is∫
x

p(x)

Cp̂(x)
dπ̂(x) =

1

C

∫
x

∫
x p(x)dx∫
x p̂(x)dx

dπ(x) =

∫
x p(x)dx

C
∫
x p̂(x)dx

.

The conclusion follows by independence and linearity of expectation.

We further state a concentration bound shown first in [LST20] regarding the norm of

the gradient of a point drawn from a logsmooth distribution.

Proposition 7 (Logsmooth gradient concentration, Corollary 3.3, [LST20]). Let π be

a distribution on Rd with dπ
dx (x) ∝ exp(−f(x)) where f is convex and L-smooth. With

probability at least 1− κ−d,

∥∥∇f(x)∥∥2 ≤ 3
√
Ld log κ for x ∼ π. (5.13)

By the requirements of Theorem 10, the restricted Gaussian oracle O only must be

able to draw samples from densities of the form, for some y ∈ Rd,

exp

(
−foracle(x)−

1

2η

∥∥x− y∥∥22) = exp
(
−f(x)− 4Ld log κ

∥∥x− y∥∥22) . (5.14)

We will use the following Algorithm 6 to implement O.
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Algorithm 6 XSample(f, y, η)

Input: L-smooth, µ-strongly convex f : Rd → R, y ∈ Rd, η > 0

1: if
∥∥∇f(y)∥∥2 ≤ 3

√
Ld log κ then

2: while true do

3: Draw x ∼ N (y −∇f(y), η id)

4: τ ∼ Unif[0, 1]

5: if τ ≤ exp(f(y) + ⟨∇f(y), x− y⟩ − f(x)) then

6: return x

7: end if

8: end while

9: end if

10: Use [CDWY20] to sample x from (5.14) to total variation distance ϵ
Θ(κd2 log3(κd

ϵ
))

using

O(d log κd
ϵ ) queries to∇f (Theorem 1, [CDWY20], where (5.14) has constant condition

number)

11: return x

Lemma 30. Let η = 1
8Ld log(κ) , and suppose y satisfies the bound in (5.13), i.e.

∥∥∇f(y)∥∥2 ≤
3
√
Ld log κ. Then, Line 3 of Algorithm 6 runs an expected 2 times, and Algorithm 6

samples exactly from (5.14), whenever the condition of Line 1 is met.

Proof. Note that when the assumption of Line 1 is met, Algorithm 6 is an instantiation

of rejection sampling (Lemma 29) with

p(x) = exp

(
−f(x)− 1

2η

∥∥x− y∥∥22) ,
p̂(x) = exp

(
−f(y)− ⟨∇f(y), x− y⟩ − 1

2η

∥∥x− y∥∥22) .
By convexity, we may take C = 1. Next, by applying Fact 5 twice and L-smoothness of

foracle,∫
x
p(x)dx ≥

∫
x
exp

(
−f(y)− ⟨∇f(y), x− y⟩ − 1 + ηL

2η

∥∥x− y∥∥22) dx
= exp

(
−f(y) + η

2(1 + ηL)

∥∥∇f(y)∥∥22)∫
x
exp

(
−1 + ηL

2η

∥∥x− y + η

1 + ηL
∇f(y)

∥∥2
2

)
dx

= exp

(
−f(y) + η

2(1 + ηL)

∥∥∇f(y)∥∥22)( 2πη

1 + ηL

) d
2

,∫
x
p̂(x)dx = exp

(
−f(y) + η

2

∥∥∇f(y)∥∥22) (2πη) d
2 ,
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which implies the desired bound (recalling Lemma 29 and our assumed bound on
∥∥∇f(y)∥∥2)∫

p̂(x)dx∫
p(x)dx

≤ exp

((
η

2
− η

2(1 + ηL)

) ∥∥∇f(y)∥∥22) (1 + ηL)
d
2

≤ 1.5 exp

(
η2L

2(1 + ηL)

∥∥∇f(y)∥∥22) ≤ 2.

We are now equipped to prove our main result concerning well-conditioned densities.

Corollary 10. Let π be a distribution on Rd with dπ
dx (x) ∝ exp (−f(x)) such that f is

L-smooth and µ-strongly convex, and let ϵ ∈ (0, 1), κ = L
µ . Assume access to x∗ =

argminx∈Rdf(x). Algorithm 11 with η = 1
8Ld log(κ) using Algorithm 6 as a restricted Gaus-

sian oracle for f uses O(κd log κ log κd
ϵ ) gradient queries in expectation, and obtains ϵ total

variation distance to π.

Proof. By applying Theorem 10 with the chosen η, and noting that the cumulative error

due to all calls to Line 10 cannot amount to more than ϵ
2 total variation error throughout

the algorithm, it suffices to show that Algorithm 6 uses O(1) gradient queries each iteration

in expectation. This happens whenever the condition in Line 1 is met via Lemma 30, so

we must show Line 10 is executed with probability O((d log κd
ϵ )

−1).

To show this, note that combining Proposition 7 with the warmness of the start x0 in

Algorithm 6, this event occurs with probability at most κ−
d
2 in the first iteration.7 Since

warmness is monotonically decreasing8 throughout using an exact oracle in Algorithm 11,

and the total error accumulated due to Line 10 throughout the algorithm is O((d log κd
ϵ )

−1),

we have the desired conclusion.

We show a bound nearly-matching Corollary 10 using only value access to f , and with

a deterministic iteration complexity (rather than an expected one), as Corollary 14 in

Section 5.4.3.

7Formally, Line 2 of Algorithm 11 has y1 ∼ N (x0, η id), but by smoothness
∥∥∇f(y1)

∥∥
2 ≤

∥∥∇f(x0)
∥∥
2 +

L
∥∥x− y

∥∥
2 and L

∥∥x− y
∥∥
2 ≤ Õ(L

√
η) with high probability, adding a negligible constant to the bound

of Proposition 7.

8This is a standard fact in the literature, and can be seen as follows: each transition step in the chain
is a convex combination of warm point masses, preserving warmness.
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5.4.2 Composite logconcave sampling: proof of Corollary 11

In this section, let π be a distribution on Rd with density proportional to exp(−f(x)−g(x)),

where f is L-smooth and µ-strongly convex (and κ = L
µ ), and g is convex and admits a

restricted Gaussian oracle O. Without loss of generality, we assume that f and g share

a minimizer x∗ which we have pre-computed; if this is not the case, we can redefine

f(x) ← f(x) − ⟨∇f(x∗), x⟩ and g(x) ← g(x) + ⟨∇f(x∗), x⟩; see Section 5.5.1 for this

reduction.

We will instantiate Theorem 10 with foracle = f + g, which is a µ-strongly convex

function. Our main result of this section follows directly from Theorem 10 and using

Theorem 11 as the required oracle O, stated more precisely in the following.

Corollary 11. Let π be a distribution on Rd with dπ
dx (x) ∝ exp(−f(x) − g(x)) such that

f is L-smooth and µ-strongly convex, and let ϵ ∈ (0, 1), κ = L
µ . Assume access to x∗ =

argminx∈Rd{f(x) + g(x)} and let O be a restricted Gaussian oracle for g. There is an

algorithm (Algorithm 11 using Theorem 11 as a restricted Gaussian oracle) which runs in

O(κd log3 κdϵ ) iterations in expectation, each querying a gradient of f and O a constant

number of times, and obtains ϵ total variation distance to π.

Proof. As discussed at the beginning of this section, assume without loss that f and g

both are minimized by x∗. We apply the algorithm of Theorem 10 with η = 1
L to the

µ-strongly convex function f + g, which requires one call to O to implement. Thus, the

iteration count parameter in Theorem 10 is T = O(κ log κd
ϵ ).

Recall that we chose η = 1
L . To bound the total complexity of this algorithm, it suffices

to give an η-RGO O+ for sampling from distributions with densities of the form, for some

y ∈ Rd,

exp

(
−f(x)− g(x)− 1

2η

∥∥x− y∥∥22) = exp

(
−f(x)− g(x)− L

2

∥∥x− y∥∥22)
to total variation distance ϵ

Θ(T ) (see discussion at the end of Section 5.3). To this end, we

apply Theorem 11 with the well-conditioned component f(x) + L
2

∥∥x− y∥∥22, the composite

component g(x), and the largest possible choice of η. Note that we indeed have access to

a restricted Gaussian oracle for g (namely, O), and this choice of well-conditioned com-

ponent is 2L-smooth and L-strongly convex, so its condition number is a constant. Thus,

Theorem 11 requires O(d log2 κdϵ ) calls to O and gradients of f to implement the desired

O+ on any query y (where we note ϵ
Θ(T ) = 1

poly(κ,d,ϵ−1)
). Combining these complexity

bounds yields the desired conclusion.



107

5.4.3 Sampling logconcave finite sums: proof of Corollary 12

In this section, let π be a distribution on Rd with density proportional to exp(−F (x)),

where F (x) = 1
n

∑
i∈[n] fi(x) is µ-strongly convex, and for all i ∈ [n], fi is L-smooth (and

κ = L
µ ). We will instantiate Theorem 10 with foracle(x) = F (x), and Theorem 12 as an

η-RGO for some choice of η.

More precisely, Theorem 12 shows that given access to the minimizer x∗, only zeroth-

order access to the summands of F is necessary to obtain the iteration bound. In order

to obtain the minimizer to high accuracy however, variance reduced stochastic gradient

methods (e.g. [JZ13]) require Ω(n + κ) gradient queries, which amounts to Ω((n + κ)d)

function evaluations. We state a convenient corollary of Theorem 12 which removes the

requirement of accessing x∗, via an optimization pre-processing step using the method of

[JZ13] (see further discussion in Appendix D.1). This is useful to us in proving Theorem 12

because in the sampling tasks required by the RGO, the minimizer changes (and thus must

be recomputed every time).

Corollary 13 (First-order logconcave finite sum sampling). In the setting of Theorem 12,

using [JZ13] to precompute the minimizer x∗ and running Algorithm 10 uses O(n log κd
ϵ +

κ2d log4 nκdϵ ) first-order oracle queries to summands {fi}i∈[n] and obtains ϵ total variation

distance to π.

We now apply the reduction framework developed in Section 6.2 to our Algorithm 10

to obtain an improved query complexity for sampling from logconcave finite sums.

Corollary 12 (Improved first-order logconcave finite sum sampling). In the setting of

Theorem 12, Algorithm 11 using Algorithm 10 and SVRG [JZ13] as a restricted Gaussian

oracle for F uses

O

(
n log

(
nκd

ϵ

)
+ κ
√
nd log3.5

(
nκd

ϵ

)
+ κd log5

(
nκd

ϵ

))
= Õ

(
n+ κmax

(
d,
√
nd
))

queries to first-order oracles for summands {fi}i∈[n], and obtains ϵ total variation distance

to π.

Proof. We apply Theorem 10 with µ-strongly convex foracle = F (x), using Algorithm 10

as the required η-RGO O for sampling from distributions with densities of the form

exp

(
−F (x)− 1

η

∥∥x− y∥∥22)
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for some y ∈ Rd, to total variation ϵ
Θ(T ) (see Section 5.3) for T the iteration bound of

Algorithm 11. We apply Theorem 12 to the function F̃ (x) = F (x) + 1
η

∥∥x − y∥∥22; we can

express this in finite sum form by adding 1
η

∥∥x − y∥∥22 to every constituent function, and

the effect on gradient oracles is 1
η (x− y). Note F̃ has condition number O(1 + ηL). For a

given η, the overall complexity is

log κd
ϵ

ηµ

(
n log

(
nκd

ϵ

)
+ d log4

(
nκd

ϵ

)
+ (ηL)2d log4

(
nκd

ϵ

))
Here, the inner loop complexity uses Corollary 13 to also find the minimizer (for warm

starts), and the outer loop complexity is by Theorem 10. The result follows by optimizing

over η, namely picking η = max( 1L ,
√

n
L2d log3(nκd/ϵ)

), and that Algorithm 11 always must

have at least one iteration.

Note the only place that Corollary 12 used gradient evaluations was in determining

minimizers of subproblems, via the first step of Corollary 13. Consider now the n = 1 case.

By running e.g. accelerated gradient descent for smooth and strongly convex functions, it

is well-known [Nes83] that we can obtain a minimizer in Õ(
√
κ) iterations, each querying

a gradient oracle, where κ is the condition number. By smoothness, we can approximate

every coordinate of the gradient to arbitrary precision using 2 function evaluations, so this

is a Õ(
√
κd) value oracle complexity.

Finally, for every optimization subproblem in Corollary 12 where η = (L ·polylogκdϵ )
−1,

the condition number is a constant, which amounts to a Õ(d) value oracle complexity

for computing a minimizer. This is never the dominant term compared to Theorem 12,

yielding the following conclusion.

Corollary 14. In the setting of Corollary 10, Algorithm 11 using Algorithm 10 as a

restricted Gaussian oracle uses O(κd log2 κdϵ ) value queries and obtains ϵ total variation

distance to π.

We note that the polylogarithmic factor is significantly improved when compared to

Corollary 12 by removing the random sampling steps in Algorithm 10. A precise complex-

ity bound of the resulting Metropolized random walk, a zeroth-order algorithm mixing in

O(κ2d log κd
ϵ ) for a logconcave distribution with condition number κ, is given as Theorem

2 of [CDWY20].

Finally, in the case n ≥ 1, we also exhibit an improved query complexity in terms of

an entirely zeroth-order sampling algorithm which interpolates with Corollary 14 (up to
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logarithmic factors). By trading off the Õ(nd+κd) zeroth-order complexity of minimizing

a finite sum function [JZ13], and the Õ(κ2d) zeroth-order complexity of sampling, we can

run Theorem 10 for the optimal choice of η = Õ(
√
n
L ). The overall zeroth-order complexity

can be seen to be Õ(nd+
√
nκd).

5.5 Composite logconcave sampling with a restricted Gaussian oracle

In this section, we provide our “base sampler” for composite logconcave densities as Algo-

rithm 7, and give its guarantees by proving Theorem 11. Throughout, fix distribution π

with density

dπ

dx
(x) ∝ exp (−f(x)− g(x)) ,where f : Rd → R is L-smooth, µ-strongly convex,

and g : Rd → R admits a restricted Gaussian oracle O.
(5.15)

We will define κ
def
= L

µ , and assume that we have precomputed x∗
def
= argminx∈Rd {f(x) + g(x)}.

Our algorithm proceeds in stages following the outline in Section 5.1.3.

1. Composite-Sample is reduced to Composite-Sample-Shared-Min, which takes as

input a distribution with negative log-density f+g, where f and g share a minimizer;

this reduction is given in Section 5.5.1, and the remainder of the section handles the

shared-minimizer case.

2. The algorithm Composite-Sample-Shared-Min is a rejection sampling scheme built

on top of sampling from a joint distribution π̂ on (x, y) ∈ Rd×Rd whose x-marginal

approximates π. We give this reduction in Section 5.5.2.

3. The bulk of our analysis is for Sample-Joint-Dist, an alternating marginal sampling

algorithm for sampling from π̂. To implement marginal sampling, it alternates calls

to O and a rejection sampling algorithm YSample. We prove its correctness in

Section 5.5.3.

We put these pieces together in Section 5.5.4 to prove Theorem 11. We remark that for

simplicity, we will give the algorithms corresponding to the largest value of step size η in the

theorem statement; it is straightforward to modify the bounds to tolerate smaller values

of η, which will cause the mixing time to become correspondingly larger (in particular, the

value of K in Algorithm 9).
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Algorithm 7 Composite-Sample(π, x∗, ϵ)

Input: Distribution π of form (5.15), x∗ minimizing negative log-density of π, ϵ ∈ [0, 1].

Output: Sample x from a distribution π′ with
∥∥π′ − π∥∥TV ≤ ϵ.

1: f̃(x)← f(x)− ⟨∇f(x∗), x⟩, g̃(x)← g(x) + ⟨∇f(x∗), x⟩

2: return Composite-Sample-Shared-Min(π, f̃ , g̃, x∗, ϵ)

Algorithm 8 Composite-Sample-Shared-Min(π, f, g, x∗, ϵ)

Input: Distribution π of form (5.15), where f and g are both minimized by x∗, ϵ ∈ [0, 1].

Output: Sample x from a distribution π′ with
∥∥π′ − π∥∥TV ≤ ϵ.

1: while true do

2: Define the set

Ω
def
=

{
x |
∥∥x− x∗∥∥2 ≤ 4

√
d log(288κ/ϵ)

µ

}
(5.16)

3: x← Sample-Joint-Dist(f, g, x∗,O, ϵ18)

4: if x ∈ Ω then

5: τ ∼ Unif[0, 1]

6: y ← YSample(f, x, η)

7: α← exp
(
f(y)− ⟨∇f(x), y − x⟩ − L

2

∥∥y − x∥∥22 + g(x) + ηL2

2

∥∥x− x∗∥∥22)
8: θ̂ ← exp

(
−f(x)− g(x) + η

2(1+ηL)

∥∥∇f(x)∥∥22) (1 + ηL)
d
2α

9: if τ ≤ θ̂
4 then

10: return x

11: end if

12: end if

13: end while

5.5.1 Reduction from Composite-Sample to Composite-Sample-Shared-Min

Correctness of Composite-Sample is via the following properties.

Proposition 8. Let f̃ and g̃ be defined as in Composite-Sample.

1. The density ∝ exp(−f(x)− g(x)) is the same as the density ∝ exp(−f̃(x)− g̃(x)).

2. Assuming first-order (function and gradient evaluation) access to f , and restricted

Gaussian oracle access to g, we can implement the same accesses to f̃ , g̃ with con-
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Algorithm 9 Sample-Joint-Dist(f, g, x∗, η,O, δ)
Input: f , g of form (5.15) both minimized by x∗, δ ∈ [0, 1], η > 0, O restricted Gaussian

oracle for g.

Output: Sample x from a distribution π̂′ with
∥∥π̂′ − π̂∥∥TV ≤ δ, where we overload π̂ to

mean the marginal of (5.17) on the x variable.

1: η ← 1
32Lκd log(16κ/δ)

2: Let π̂ be the density with

dπ̂

dx
(z) ∝ exp

(
−f(y)− g(x)− 1

2η

∥∥y − x∥∥22 − ηL2

2

∥∥x− x∗∥∥22) (5.17)

3: Call O to sample x0 ∼ πstart, for

dπstart(x)

dx
∝ exp

(
−L+ ηL2

2

∥∥x− x∗∥∥22 − g(x)) (5.18)

4: K ← 226·100
ηµ log

(
d log(16κ)

4δ

)
(see Remark 1)

5: for k ∈ [K] do

6: Call YSample

(
f, xk−1, η,

δ
2Kd log( dκ

δ
)

)
to sample yk ∼ πxk−1

(Algorithm 14), for

dπx
dy

(y) ∝ exp

(
−f(y)− 1

2η

∥∥y − x∥∥22) (5.19)

7: Call O to sample xk ∼ πyk , for

dπy
dx

(x) ∝ exp

(
−g(x)− 1

2η

∥∥y − x∥∥22 − ηL2

2

∥∥x− x∗∥∥22) (5.20)

8: end for

9: return xK

stant overhead.

3. f̃ and g̃ are both minimized by x∗.

Proof. For f and g with properties as in (5.15), with x∗ minimizing f + g, define the

functions

f̃(x)
def
= f(x)− ⟨∇f(x∗), x⟩ , g̃(x) def

= g(x) + ⟨∇f(x∗), x⟩ ,

and observe that f̃ + g̃ = f + g everywhere. This proves the first claim. Further, imple-

mentation of a first-order oracle for f̃ and a restricted Gaussian oracle for g̃ are immediate



112

assuming a first-order oracle for f and a restricted Gaussian oracle for g, showing the sec-

ond claim; any quadratic shifted by a linear term is the sum of a quadratic and a constant.

We now show f̃ and g̃ have the same minimizer. By strong convexity, f̃ has a unique

minimizer; first-order optimality shows that

∇f̃(x∗) = ∇f(x∗)−∇f(x∗) = 0,

so this unique minimizer is x∗. Moreover, optimality of x∗ for f + g implies that for all

x ∈ Rd,

⟨∂g(x∗) +∇f(x∗), x∗ − x⟩ ≤ 0.

Here, ∂g is a subgradient. This shows first-order optimality of x∗ for g̃ also, so x∗ minimizes

g̃.

5.5.2 Reduction from Composite-Sample-Shared-Min to Sample-Joint-Dist

Composite-Sample-Shared-Min is a rejection sampling scheme, which accepts samples

from subroutine Sample-Joint-Dist in the high-probability region Ω defined in (5.16).

We give a general analysis for approximate rejection sampling in Appendix D.2.1, and

Appendix D.2.1 bounds relationships between distributions π and π̂, defined in (5.15) and

(5.17) respectively (i.e. relative densities and normalization constant ratios). Combining

these pieces proves the following main claim.

Proposition 9. Let η = 1
32Lκd log(288κ/ϵ) , and assume Sample-Joint-Dist(f, g, x∗,O, δ)

samples within δ total variation of the x-marginal on (5.17). Composite-Sample-Shared-Min

outputs a sample within total variation ϵ of (5.15) in an expected O(1) calls to Sample-Joint-Dist.

5.5.3 Implementing Sample-Joint-Dist

Sample-Joint-Dist alternates between sampling marginals in the joint distribution π̂, as

seen by definitions (5.19), (5.20). We showed that marginal sampling attains the correct

stationary distribution as Lemma 25. We bound the conductance of the induced walk

on iterates {xk} by combining an isoperimetry bound with a total variation guarantee

between transitions of nearby points in Appendix D.2.2. Finally, we give a simple rejection

sampling scheme YSample as Algorithm 14 for implementing the step (5.19). Since the

y-marginal of π̂ is a bounded perturbation of a Gaussian (intuitively, f is L-smooth and

η−1 ≫ L), we show in a high probability region that rejecting from the sum of a first-order

approximation to f and the Gaussian succeeds in 2 iterations.
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Remark 1. For simplicity of presentation, we were conservative in bounding constants

throughout; in practice, we found that the constant in Line 4 is orders of magnitude too

large (a constant < 10 sufficed), which can be found as Section 4 of [SL19]. Several con-

stants were inherited from prior analyses, which we do not rederive to save on redundancy.

We now give a complete guarantee on the complexity of Sample-Joint-Dist.

Proposition 10. Sample-Joint-Dist outputs a point with distribution within δ total

variation distance from the x-marginal of π̂. The expected number of gradient queries per

iteration is constant.

5.5.4 Putting it all together: proof of Theorem 11

We show Theorem 11 follows from the guarantees of Propositions 8, 9, and 10. Formally,

Theorem 11 is stated for an arbitrary value of η which is upper bounded by the value

in Line 1 of Algorithm 9; however, it is straightforward to see that all our proofs go

through for any smaller value. By observing the value of K in Sample-Joint-Dist, we see

that the number of total iterations in each call to Sample-Joint-Dist O
(

1
ηµ log(

κd
ϵ )
)
=

O
(
κ2d log2

(
κd
δ

))
. Proposition 10 also shows that every iteration, we require an expected

constant number of gradient queries and calls to O, the restricted Gaussian oracle for g,

and that the resulting distribution has δ total variation from the desired marginal of π̂.

Next, Proposition 9 implies that the number of calls to Sample-Joint-Dist in a run of

Composite-Sample-Shared-Min is bounded by a constant, the choice of δ is Θ(ϵ), and the

resulting point has total variation ϵ from the original distribution π. Finally, Proposition 8

shows sampling from a general distribution of the form (5.1) is reducible to one call of

Composite-Sample-Shared-Min, and the requisite oracles are implementable.

5.6 Logconcave finite sums

In this section, we provide our “base sampler” for logconcave finite sums as Algorithm 10,

and give its guarantees by proving Theorem 12. Throughout, fix distribution π with

density

dπ

dx
(x) ∝ exp(−F (x)), where F (x) = 1

n

∑
i∈[n]

fi(x) is µ-strongly convex,

and for all i ∈ [n], fi is L-smooth.
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We will define κ
def
= L

µ , and assume that we have precomputed x∗
def
= argminx∈Rd{F (x)}.

We will also assume explicitly that ∇fi(x∗) = 0 for all i ∈ [n] throughout this section

(i.e. all fi are minimized at the same point); this is without loss of generality, by a similar

argument as in Proposition 8.

Algorithm 10 FiniteSum-MRW(F, h, x0, p,K)

Input: F (x) = 1
n

∑
i∈[n] fi(x), step size h > 0, initial x0, p ∈ [0, 1], iteration count K ∈ N

1: for 0 ≤ k < K do

2: Draw ξk ∼ N (0, id)

3: yk+1 ← xk +
√
2hξk

4: Draw Sk ⊆ [n] by including each i ∈ Sk independently with probability p

5: For each i ∈ [n],

γ
(i)
k ←


1
p

(√
exp

(
− 1
nfi(yk+1) +

1
nfi(xk)

)
− 1
)
+ 1 i ∈ Sk

1 i ̸∈ Sk

6: γk ←
∏n
i=1 γ

(i)
k , τ ∼ Unif[0, 1]

7: if τ ≤ 3
4γk and |Sk| ≤ 2pn then

8: xk+1 ← yk+1

9: else

10: xk+1 ← xk

11: end if

12: end for

13: return xK .

Algorithm 10 is the zeroth-order Metropolized random walk of [DCWY19] with an

efficient, but biased, filter step; the goal of our analysis is to show this bias does not incur

significant error.

5.6.1 Approximate Metropolis-Hastings

We first recall the following well-known fact underlying Metropolis-Hastings (MH) filters.

Proposition 11. Consider a random walk on Rd with proposal distributions {Px}x∈Rd

and acceptance probabilities {α(x, x′)}x,x′∈Rd conducted as follows: at a current point x,
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1. Draw a point x′ ∼ Px.

2. Move the random walk to x′ with probability α(x, x′), else stay at x.

Suppose Px(x′) = Px′(x) for all pairs x, x′ ∈ Rd, and further dπ
dx (x)α(x, x

′) = dπ
dx (x

′)α(x′, x).

Then, π is a stationary distribution for the random walk.

Proof. This follows because the walk satisfies detailed balance (reversibility) with respect

to π.

We propose an algorithm that applies a variant of the Metropolis-Hastings filter to

a Gaussian random walk. Specifically, we define the following algorithm, which we call

Inefficient-MRW.

Definition 4 (Inefficient-MRW). Consider the following random walk for some step size

h > 0: for each iteration k at a current point xk ∈ Rd,

1. Set yk+1 ← xk +
√
2hξ, where ξ ∼ N (0, id).

2. xk+1 ← yk+1 with probability α(xk, yk+1) (otherwise, xk+1 ← xk), where

α(x, y) =


1

√
exp(−F (y))
exp(−F (x)) >

4
3 ,

3
4

√
exp(−F (y))
exp(−F (x))

3
4 ≤

√
exp(−F (y))
exp(−F (x)) ≤

4
3 ,

exp(−F (y))
exp(−F (x))

√
exp(−F (y))
exp(−F (x)) <

3
4 .

(5.21)

Lemma 31. Distribution π with dπ
dx (x) ∝ exp(−F (x)) is stationary for Inefficient-MRW.

Proof. Without loss of generality, assume that π has been normalized so that dπ
dx (x) =

exp(−F (x)). We apply Proposition 11, dropping subscripts in the following. It is clear

that Px(y) = Py(x) for any x, y, so it suffices to check the second condition. When

3
4 ≤

√
exp(−F (y))
exp(−F (x)) ≤

4
3 , this follows from

dπ

dx
(x)α(x, x′) =

3

4

√
exp(−F (x)− F (y)) = dπ

dx
(x′)α(x′, x).

The other case is similar (as it is a standard Metropolis-Hastings filter).

In Algorithm 10, we implement an approximate version of the modified MH filter in

Definition 4, where we always assume the pair x, y are in the second case of (5.21). In

Lemma 32, we show that if a certain boundedness condition holds, then Algorithm 10
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approximates Inefficient-MRW well. We then show that the output distributions of

Inefficient-MRW and our Algorithm 10 have small total variation distance in Lemma 33.

Lemma 32. Suppose that in an iteration 0 ≤ k < K of Algorithm 10, the following three

conditions hold for some parameters Rx, Cξ, Cx ∈ R≥0:

1.
∥∥xk − x∗∥∥2 ≤ Rx.

2.
∥∥ξk∥∥2 ≤ Cξ√d.

3. For all i ∈ [n], |∇fi(xk)⊤ξk| ≤ Cx
∥∥∇fi(xk)∥∥2.

Then, for any

h ≤ 1

98C2
xL

2R2
x + 7LC2

ξ d
, (5.22)

3
4 ≤

√
exp(−F (yk+1))
exp(−F (xk))

≤ 4
3 . Moreover, we have E [γk] =

√
exp(−F (yk+1))
exp(−F (xk))

, and when |Sk| ≤

2pn, γk ≤ 4
3 .

Proof. We first show E [γk] =
√

exp(−F (yk+1))
exp(−F (xk))

. Since each i ∈ Sk is generated indepen-

dently,

E [γk] =
∏
i∈[n]

E
[
γ
(i)
k

]

=
∏
i∈[n]

[
(1− p) + p

(
1

p

(√
exp

(
− 1

n
fi(yk+1) +

1

n
fi(xk)

)
− 1

)
+ 1

)]

=
∏
i∈[n]

√
exp

(
− 1

n
fi(yk+1) +

1

n
fi(xk)

)
=

√
exp(−F (yk+1))

exp(−F (xk))
.

Next, for any i ∈ [n], we lower and upper bound −fi(yk+1) + fi(xk). First,

−fi(yk+1) + fi(xk) ≤ ∇fi(xk)⊤ (xk − yk+1)

≤
√
2hCx ∥∇fi(xk)∥2 ≤

√
2hCxLRx.

The first inequality followed from convexity of fi, the second from yk+1−xk =
√
2hξk and

our assumed bound, and the third from smoothness and ∇f(x∗) = 0. To show a lower

bound,

fi(yk+1)− fi(xk) ≤ ∇fi(xk)⊤ (yk+1 − xk) +
L

2
∥yk+1 − xk∥22

≤
√
2hCxLRx + hLC2

ξ d.
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The first inequality was smoothness. Repeating this argument for each i ∈ [n] and aver-

aging,

−
√
2hCxLRx − hLC2

ξ d ≤ −F (yk+1) + F (xk) ≤
√
2hCxLRx. (5.23)

Then, when h ≤ 1
98C2

xL
2R2

x+7LC2
ξd
,

3

4
≤

√
exp(−F (yk+1))

exp(−F (xk))
≤ 4

3
, and for all i ∈ [n], −fi(yk+1) + fi(xk) ≤

1

4
.

Thus, we can bound each γ
(i)
k :

γ
(i)
k ≤

1

p

(
exp

(
1

8n

)
− 1

)
+ 1 ≤ 1 +

1

7pn
.

Finally, when |Sk| ≤ 2pn, γk ≤ (1 + 1
7pn)

2pn ≤ 4
3 as desired.

Lemma 33. Draw x0 ∼ N (x∗, 1
L id). Let π̂K be the output distribution of the algorithm

of Definition 4 for K steps starting from x0, and let πK be the output distribution of

Algorithm 10 starting from x0. For any δ ∈ [0, 1], let p =
5 log 12K

δ
n in Algorithm 10. There

exist

Cξ = O

1 +

√
log K

δ

d

 , Cx = O

(√
log

nK

δ

)
, and Rx = O

√d log κK
δ

µ

 ,

so that when h ≤ 1
98C2

xL
2R2

x+7LC2
ξd
, we have

∥∥πK − π̂K∥∥TV ≤ δ.

Proof. By the coupling definition of total variation, it suffices to upper bound the proba-

bility that the algorithms’ trajectories, sharing all randomness in proposing points yk+1,

differ. This can happen for two reasons: either we used an incorrect filtering step (i.e. the

pair (xk, yk+1) did not lie in the second case of (5.21)), or we incorrectly rejected in Line

7 of Algorithm 10 because |Sk| ≥ 2pn. We bound the error due to either happening over

any iteration by δ, yielding the conclusion.

Incorrect filtering. Consider some iteration k. Lemma 32 shows that as long as its

three conditions hold in iteration k, we are in the second case of (5.21), so it suffices to

show all conditions hold. By Fact 6 and as ξk is independent of all {∇fi(xk)}i∈[n], with

probability at least 1 − δ
2K , both of the conditions

∥∥ξk∥∥2 ≤ Cξ
√
d and9 |∇fi(xk)⊤ξk| ≤

Cx
∥∥∇fi(xk)∥∥2 for all i ∈ [n] hold for some

Cξ = O

1 +

√
log K

δ

d

 , Cx = O

(√
log

nK

δ

)
.

9We recall that the distribution of v⊤ξ for ξ ∼ N (0, id) is the one-dimensional N (0,
∥∥v∥∥22).
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Next, x0 ∼ N (x∗, 1
L id) is drawn from a κ

d
2 warm start for π. By Fact 6, we have∥∥x0 − x∗∥∥2 ≤ Rx for x0 drawn from π with probability at least 1− δ

4K · κ
− d

2 , for some

Rx = O

√d log κK
δ

µ

 .

Since warmness of the exact algorithm of Definition 4 is monotonic, as long as the tra-

jectories have not differed up to iteration k,
∥∥xk − x∗∥∥2 ≤ Rx also holds with probability

≥ 1− δ
4K . Inductively, the total variation error caused by incorrect filtering over K steps

is at most 3δ
4 .

Error due to large |Sk|. Supposing all the conditions of Lemma 32 are satisfied in it-

eration k, we show that with high probability, Inefficient-MRW and Algorithm 10 make

the same accept or reject decision. By Lemma 32, Inefficient-MRW (5.21) accepts with

probability α′
k = 3

4

√
exp(−F (yk+1))
exp(−F (xk))

. On the other hand, Algorithm 10 accepts with proba-

bility

αk =
3

4
E [γk | |Sk| ≤ 2pn] · Pr[|Sk| ≤ 2pn].

The total variation between the output distributions is |αk − α′
k|. Further, since by

Lemma 32,

α′
k =

3

4
E [γk]

=
3

4
(E [γk | |Sk| ≤ 2pn] · Pr[|Sk| ≤ 2pn] + E [γk | |Sk| > 2pn] · Pr[|Sk| > 2pn])

= αk +
3

4
E [γk | |Sk| > 2pn] · Pr[|Sk| > 2pn],

it suffices to upper bound this latter quantity. First, by Lemma 34, when p =
5 log 12K

δ
n , we

have Pr[|Sk| > 2pn] ≤ δ
12K . Finally, since each i ∈ Sk is generated independently,

E [γk | |Sk| > 2pn] ≤ max
S′:|S′|=2pn

E

∏
i∈[n]

γ
(i)
k | S

′ ⊆ Sk


≤ 2E

 ∏
i∈[n]\S′

γ
(i)
k

 = 2

√√√√ ∏
[n]\S′

exp

(
− 1

n
fi(yk+1) +

1

n
fi(xk))

)
≤ 4.

Here, we used Lemma 32 applied to the set S′, and the upper bound (5.23) we derived

earlier. Combining these calculations shows that the total variation distance incurred in

any iteration k due to |Sk| being too large is at most δ
4K , so the overall contribution over

K steps is at most δ
4 .



119

We used the following helper lemma in our analysis.

Lemma 34. Let S ⊆ [n] be formed by independently including each i ∈ [n] with probability

p. Then,

Pr [|S| > 2pn] ≤ exp

(
−3pn

14

)
.

Proof. For i ∈ [n], let 1i∈S be the indicator random variable of the event i ∈ S, so

E [1i∈S ] = p and

Var [1i∈S − p] = p(1− p)2 + (1− p)p2 ≤ 2p.

By Bernstein’s inequality,

Pr

∑
i∈[n]

1i∈S ≥ np+ r

 ≤ exp

(
−

1
2r

2

2np+ 1
3r

)
.

In particular, when r = pn, we have the desired conclusion.

5.6.2 Conductance analysis

We next bound the mixing time of Inefficient-MRW, using the following result from

prior work. We remark that (see Section 5.1.4) in our application, the log β term is non-

dominant.

Proposition 12 (Lemma 1, Lemma 2, [CDWY20]). Let a random walk with a µ-strongly

logconcave stationary distribution π on x ∈ Rd have transition distributions {Tx}x∈Rd. For

some ϵ ∈ [0, 1], let convex set Ω ⊆ Rd have π(Ω) ≥ 1 − ϵ2

2β2 . Let πstart be a β-warm start

for π, and let the algorithm be initialized at x0 ∼ πstart. Suppose for any x, x′ ∈ Ω with∥∥x− x′∥∥2 ≤ ∆, ∥∥Tx − Tx′∥∥TV ≤
7

8
. (5.24)

Then, the random walk mixes to total variation distance within ϵ of π in O(log β +

1
∆2µ

log log β
ϵ ) iterations.

Consider an iteration of Inefficient-MRW from xk = x. Let Px be the density of yk+1,

and let Tx be the density of xk+1 after filtering. Define a convex set Ω ⊆ Rd parameterized

by RΩ ∈ R≥0:

Ω = {x ∈ Rd :
∥∥x− x∗∥∥2 ≤ RΩ}.

We show that for two close points x, x′ ⊆ Ω, the total variation between Tx and Tx′ is

small.
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Lemma 35. For some h = O( 1
L2R2

Ω+Ld
) and x, x′ ⊆ Ω with

∥∥x − x′
∥∥
2 ≤ 1

8

√
h,
∥∥Tx −

Tx′
∥∥
TV ≤ 7

8 .

Proof. By the triangle inequality of total variation distance,

∥∥Tx − Tx′∥∥TV ≤
∥∥Tx − Px∥∥TV +

∥∥Px − Px′∥∥TV +
∥∥Tx′ − Px′∥∥TV.

First, by Pinsker’s inequality and the KL divergence between Gaussian distributions,

∥Px − Px′∥TV ≤
√
2KL(Px||Px′) =

∥x− x′∥2√
2h

.

When
∥∥x− x′∥∥2 ≤ 1

8

√
h,
∥∥Px −Px′∥∥TV ≤ 1

8 . Next, we bound
∥∥Tx −Px∥∥TV: by a standard

calculation (e.g. Lemma D.1 of [LST20]), we have

∥∥Tx − Px∥∥TV = 1− 3

4
Eξk+1

[√
exp (−F (yk+1))

exp (−F (xk))

]
.

We show that
∥∥Tx−Px∥∥TV ≤ 3

8 . It suffices to show that Eξk+1

[√
exp (−F (yk+1) + F (xk))

]
≥

5
6 .

Since 15
16

√
exp

(
− 1

16

)
≥ 5

6 , it suffices to show that with probability at least 15
16 over the

randomness of ξk+1, −F (yk+1) + F (xk) ≥ − 1
16 . As ξk+1 ∼ N (0, Id), by applying Fact 6

twice,

Pr
[
∥ξk+1∥22 > 36d

]
≤ exp(−4) ≤ 1

32
,

Pr

[∣∣∣∇F (xk)⊤ξk+1

∣∣∣2 ≥ 36
∥∥∇F (xk)∥∥22] ≤ 1

32
.

(5.25)

We upper bound the term F (yk+1)− F (xk) by smoothness and Cauchy-Schwarz:

F (yk+1)− F (xk) ≤ ∇F (xk)⊤ (yk+1 − xk) +
L

2
∥yk+1 − xk∥22

≤
√
2h
∣∣∣∇F (xk)⊤ξk+1

∣∣∣+ hL∥ξk+1∥22.

Then, since ∥∇F (xk)∥ ≤ LRΩ when x ∈ Ω, it is enough to choose h = O( 1
L2R2

Ω+Ld
) so

that

−F (yk+1) + F (xk) ≥ −
1

16
,

as long as the events of (5.25) hold, which occurs with probability at least 15
16 . Similarly,

we can show that
∥∥Tx′ − Px′∥∥TV ≤ 3

8 . Combining the three bounds, we have the desired

conclusion.
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Theorem 12. Let π be a distribution on Rd with dπ
dx (x) ∝ exp(−F (x)), where F (x) =

1
n

∑n
i=1 fi(x) is µ-strongly convex, fi is L-smooth and convex ∀i ∈ [n], κ = L

µ , and ϵ ∈

(0, 1). Assume access to x∗ = argminx∈RdF (x). Algorithm 10 uses O
(
κ2d log4 nκdϵ

)
value

queries to summands {fi}i∈[n], and obtains ϵ total variation distance to π.

Proof. First, N (x∗, 1
L id) yields a β = κ

d
2 -warm start for π (see e.g. [DCWY19]). For this

value of β, by Fact 6 it suffices to choose

RΩ = Θ

(√
d log κ

ϵ

µ

)

for π(Ω) ≥ 1− ϵ2

2β2 . Letting δ =
ϵ
2 , we will choose the step size h and iteration count K so

that

1

h
= Θ

(
Lκd log2

nκd

ϵ

)
, K = Θ

(
κ2d log3

nκd

ϵ

)
have constants compatible with Lemma 33. Note that this choice of h is also sufficiently

small to apply Lemma 35 for our choice of RΩ. By applying Proposition 12 to the algorithm

of Definition 4, and using the bound from Lemma 35, in K iterations Inefficient-MRW

will mix to total variation distance δ to π. Furthermore, applying Lemma 33, we conclude

that Algorithm 10 has total variation distance at most 2δ = ϵ from π.

It remains to bound the oracle complexity of Algorithm 10. Note in every iteration, we

never compute more than 4pn values of {fi}i∈[n], since we always reject if |Sk| ≥ 2pn, and

we only compute values for indices in Sk. For the value of p in Lemma 33, this amounts

to O(log nκd
ϵ ) value queries.
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Chapter 6

ALGORITHMIC ASPECTS OF THE LOG-LAPLACE TRANSFORM
AND A NON-EUCLIDEAN PROXIMAL SAMPLER

This chapter is based on [GLL+23a], with Sivakanth Gopi, Yin Tat Lee, Daogao Liu,

and Kevin Tian.

6.1 Introduction

The theory of continuous optimization under regularity assumptions stated for non-Euclidean

geometries has played an important role in algorithm design. These geometries naturally

arise when the optimization problem is over a structured constraint set, such as an ℓp

ball or a polytope. In diverse applications such as learning from experts [AHK12], sparse

recovery [CRT06], multi-armed bandits [BC12], matrix completion [ANW10], fair resource

allocation [DFO20], and robust PCA [JLT20], first-order mirror descent techniques for ℓp

or Schatten-p geometries have been a remarkable success story. Beyond these applications,

the theory of self-concordant barriers (and the Riemannian geometries induced by their

Hessians) has been greatly influential to the theory of convex programming and interior

point methods [NT02, Nem04].1

Non-Euclidean samplers. A natural direction for building the theory of logconcave

sampling (the analog of convex optimization) is thus to develop samplers which can handle

non-Euclidean regularity assumptions and constraint sets. Unfortunately, progress in this

direction has relatively lagged behind optimization counterparts, as discretization tools

which work well in the Euclidean case do not readily generalize. Briefly (with an extended

discussion deferred to Section 6.1.3), most prior attempts at giving non-Euclidean samplers

have focused on analyzing variants of the mirrored Langevin dynamics, building upon

the ubiquitous mirror descent algorithm in optimization [NY83]. The key idea of mirror

descent is to choose a regularizer ϕ : X → R over a constraint set X , such that ϕ is strongly

convex in an appropriate (possibly non-Euclidean) norm
∥∥ · ∥∥X . The regularizer ϕ is then

1Self-concordance requires that the second derivative of a function is stable to perturbations which are
measured in the induced norm. For notation and definitions used throughout the paper, see Section 6.2.
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used to define iterative methods for optimizing functions f with regularity in
∥∥ · ∥∥X .

The sampling analog of this non-Euclidean generalization is to extend the Langevin

dynamics, a stochastic process inherently catered to the ℓ2 geometry, to use Brownian mo-

tion reweighted by the Hessian of a regularizer ϕ. This process, which we call the mirrored

Langevin dynamics (MLD), was introduced recently by [ZPFP20] (see also [HKRC18] for

an earlier incarnation). Several follow-up works attempted to bound convergence rates for

discretizations of the MLD process, e.g. [AC21, Jia21, LTVW22]. Unfortunately, many of

these analyses have imposed rather strong conditions on ϕ beyond strong convexity, e.g. a

“modified self-concordance” assumption used in [ZPFP20, Jia21, LTVW22] which (to our

knowledge) is not known to be satisfied by standard regularizers. Even more problemat-

ically, these analyses (as well as an empirical evaluation by [Jia21]) suggest that without

strong relative regularity assumptions between the target density and ϕ, näıve discretiza-

tions of MLD inherently do not converge to the target even in the limit. A notable excep-

tion is the work of [AC21], which circumvented both issues (the modified self-concordance

assumption and a biased limit) using a different MLD discretization; however, it is not

always clear that this discretization is feasible for standard choices of ϕ and X .

An alternative to directly discretizing MLD is to use a filter to control bias, akin

to the MALA or Metropolized HMC algorithms which are well-studied in the Euclidean

case [Bes94, RT96a, BRH13, DCWY19, CDWY20, LST20]. However, here too general-

izing existing analyses runs into obstacles: for example, typical analyses of MALA and

Metropolized HMC rely on bounding the conductance of random walks via isoperimetric

inequalities on the target distribution. Prior isoperimetry bounds appear to be tailored to

the ℓ2 geometry and properties of Gaussians (the basic strongly logconcave distribution in

Euclidean settings). Potentially due to this difficulty, to our knowledge no general-purpose

extension of MALA or its variants to non-Euclidean norms exists in the literature.2

Proximal samplers. In this paper, we overcome these difficulties by following a third

strategy for the design of efficient samplers: a proximal approach [LST21b], as discussed

in Chapter 5. To sample from a density π on Rd proportional to exp(−f), the algorithm

of [LST21b] first extends the space to Rd×Rd, and defines a joint density π̂ such that, for

2We mention that in certain geometries induced by structured manifolds (discussed in part in Sec-
tion 6.1.3), generalizations of MALA or Metropolized HMC have been previously proposed, e.g.
[GC11, Bar20]. These works are motivated by related, but different, settings to the ones considered
in this work (we mainly study norm regularity, akin to first-order convex optimization), and their focus
is not on establishing non-asymptotic mixing time bounds.
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some parameter η > 0,

dπ̂(z) ∝ exp

(
−f(x)− 1

2η

∥∥x− y∥∥22) dz where z = (x, y) ∈ Rd × Rd. (6.1)

It is straightforward to see that for any η, the x-marginal of π̂ is the original distribution π,

and further [LST21b] shows that alternating sampling from the conditional distributions of

π̂, i.e. π̂(x | y) or π̂(y | x), mixes rapidly. We give an extended discussion on recent activity

on designing and harnessing proximal samplers building upon [LST21b] in Section 6.1.3,

but mention that instantiations of the framework have resulted in state-of-the-art runtimes

for many structured density families [CCSW22, LC22, GLL22]. Motivated by the success

of proximal methods in the Euclidean setting, one goal of our work is to extend this

technique to non-Euclidean geometries.

Our approach. Our main insight is that a generalization of the strategy in [LST21b]

induces a well-studied object in probability theory called the log-Laplace transform (LLT).

Letting φ : Rd → R be a convex function in the dual space y ∈ Rd, our generalization of

(6.1) defines the joint density

dπ̂(z) ∝ exp (−f(x) + (⟨x, y⟩ − φ(y)− ψ(x))) dz,

where ψ(x)
def
= log

(∫
exp (⟨x, y⟩ − φ(y)) dy

)
.

(6.2)

The function ψ is called the LLT of φ, and it has an interpretation as a normalizing constant

for induced densities Dφx on the dual space proportional to exp(⟨x, ·⟩ − φ). Indeed, Dφx is

defined exactly so the x-marginal of π̂ is π ∝ exp(−f). When η = 1 and φ,ψ are quadratics,

this is exactly (6.1); we discuss the case of general η in Section 6.1.2. Moreover, the LLT is a

well-studied mathematical object: it arises in probability theory as a cumulant-generating

function, i.e. derivatives of the LLT yield cumulants of the induced distributions Dφx , just

as derivatives of the MGF yield moments.

The LLT famously appeared in Cramér’s theorem on large deviations [Cra38], and its

cumulant-generating properties have yielded fundamental concentration results in convex

geometry [Kla06, EK11, KM12]. More recently, algorithmically-motivated properties of

the LLT have been studied in settings such as optimization [BE19], where it was used to

define an optimal self-concordant barrier, as well as connections to localization schemes

for sampling from discrete distributions [CE22].

We continue this investigation by demonstrating new mathematical properties of the

LLT with an algorithmic flavor, and showcasing uses of the LLT as a tool for continuous
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logconcave sampling. In particular, armed with a deeper understanding of the LLT, we

overcome several of the aforementioned barriers to non-Euclidean sampler design and

develop a generalized proximal sampler. We further give applications of our sampler to

obtain new complexity results for non-Euclidean differentially private convex optimization,

building upon a connection discovered by [GLL22, GLL+23b]. We are optimistic that the

LLT will find additional uses in sampler design (potentially beyond the proximal sampling

framework, building upon the new properties we prove), and suggest a number of avenues

of future exploration to the community in Section 6.6.

6.1.1 Our results

In this section, we overview our results, which separate cleanly into three categories.

Algorithmic aspects of the LLT. It is well-known that the derivatives of the LLT at

a point x ∈ Rd are cumulants of the induced density on y ∈ Rd:

dDφx (y) ∝ exp (⟨x, y⟩ − φ(y)) dy.

For example, ∇ψ(x) = Ey∼Dφ
x
[y], and ∇2ψ(x) is the covariance of Dφx . Further, it was

shown in [BE19] that if ψ is the LLT of a convex function φ, then ψ is convex and

self-concordant. Building upon these facts, in Section 6.3, we prove the following new

properties of the LLT.

• Strong convexity-smoothness duality. Let
∥∥ · ∥∥ be a norm on Rd. We prove that

if φ : Rd → R is L-smooth in the dual norm
∥∥ · ∥∥∗, its LLT ψ : Rd → R is 1

L -

strongly convex in
∥∥ · ∥∥.3 This fact parallels a similar, well-known form of strong

convexity-smoothness duality for Fenchel conjugates [Sha07, KST09]. Our proof

does not require φ to be convex. We further show that the converse holds as well: a

1
L -strongly convex φ has a L-smooth LLT.

• Isoperimetry in the Hessian norm. We prove a one-dimensional isoperimetric in-

equality for densities of the form exp(−ϕ), where ϕ : R → R is self-concordant and

convex. By appealing to (a strong variant of) the localization lemma of [LS93], this

proves that measures which are strongly logconcave with respect to convex and self-

concordant ϕ : Rd → R satisfy a similar isoperimetric inequality in the Riemannian

3The constant factor 1 here is optimal, as demonstrated by quadratics.
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geometry induced by ∇2ϕ. Importantly, due to self-concordance of the LLT, this

applies to strongly logconcave measures in an LLT.

• Overlap of induced distributions Dφx . We provide a KL divergence bound on the

distributions Dφx and Dφx′ for x and x′ which are close in the Riemannian distance

induced by ψ. Combined with our isoperimetric inequality and a classical argument

of [DFK91b], this proves a lower bound on the conductance of an alternating sampler

for densities of the form (6.2).

These new properties of the LLT suggest that it may find uses in designing samplers

under non-Euclidean geometries beyond those explored in Sections 6.4 and 6.5 of our

paper. For example, the LLT of a smooth function is strongly convex and self-concordant,

which are exactly the properties required by the mirror Langevin discretization scheme

of [AC21]. In optimization, regularizers ϕ for mirror descent typically only require strong

convexity (and not self-concordance). However, controlling the evolution of the geometry

induced by ∇2ϕ is critical for discretizing MLD schemes, so imposing self-concordance

(as opposed to more non-standard regularity such as the modified self-concordance of

[ZPFP20, Jia21, LTVW22]) may be viewed as a minimal assumption. Problematically,

standard strongly convex regularizers for mirror descent such as entropy or ℓ2p are not

self-concordant, so LLTs are a way of bridging this gap for sampling. Moreover, our

new isoperimetric inequality and conductance bounds suggest that LLTs may find use

in Metropolized sampling schemes, paving the way for non-Euclidean generalizations of

MALA and its variants.

In some sense, our new duality result is a generic way of taking a strongly convex

regularizer and transform it, via the Fenchel transform and the log-Laplace transform, to

another regularizer which is strongly convex in the same norm, but also self-concordant.

The first transform makes the function smooth in the dual [KST09], and the second ef-

fectively undoes this change. We will later discuss an application of this framework in

improving the oracle complexity of the problem of private stochastic convex optimization

in the ℓp geometry, using the LLT of the ℓ2q regularizer.

Non-Euclidean proximal sampling. In Section 6.4, we build upon these aforemen-

tioned tools to analyze the mixing time of an alternating scheme for sampling densities

π on convex, compact X ⊂ Rd equipped with a norm
∥∥ · ∥∥X , where π is proportional to
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exp (−F (x)− ηµψ(x))1X (x). Here, F : X → R is convex, η, µ > 0 are tunable param-

eters, and ψ is the LLT of η-smooth φ : Rd → R in the dual norm
∥∥ · ∥∥X ∗ . We prove

in Theorem 13 that alternately sampling from conditional distributions of the extended

density on z = (x, y) ∈ X × Rd proportional to

exp (−F (x)− ηµψ(x) + (⟨x, y⟩ − φ(y)− ψ(x)))1X (x) (6.3)

has stationary distribution π, and converges in ≈ 1
ηµ iterations for a warm start. More

specifically, the convergence rate of our sampler depends polylogarithmically on both the

warmness β of the point it is initialized with, and the inverse of the total variation error

δ. The form of (6.3) is the same as (6.2), but we impose that f is ηµ-relatively strongly

convex in ψ.

We first compare this result to the Euclidean proximal sampler of [LST21b], who proved

a similar result for alternating sampling densities of the form (6.1). The main result of

[LST21b] shows that if f is µ-strongly convex in the ℓ2 norm, then alternating sampling

from the marginals of (6.1) converges in ≈ 1
ηµ iterations, also with polylogarithmic de-

pendence on the target total variation error. Our result can be viewed as an extension of

this result; instead of requiring µ-strong convexity in the ℓ2 norm (which is equivalent to

relative strong convexity with respect to the function x → 1
2

∥∥x∥∥22), we require µ-relative

strong convexity in the function ηψ. In light of our duality result, ηψ is 1-strongly convex

in
∥∥ · ∥∥X , so it is the natural “unit” for measuring strong convexity.

We remark that the parameters η and µ play different roles: µ governs the strong

logconcavity of the stationary distribution, and η controls the strong logconcavity of the x-

conditional distribution of (6.3), which is tuned to govern the convergence rate of sampling

from the conditional distribution. In particular, we further show that when F is G-

Lipschitz in
∥∥ · ∥∥X , then as long as η ≲ G−2, the conditional sampling required by (6.3)

can be performed in constant calls to a value oracle to F in expectation. This result

holds even when F is a distribution over G-Lipschitz functions, and we only have sample

access to this distribution. This extends a similar implementation of the marginal sampler

required by [LST21b] for log-Lipschitz densities in the ℓ2 norm, given by [GLL22]. The

remaining complexity of the marginal sampling depends on the structure of the chosen

φ and X , but is independent of F ; we give a discussion of this aspect of our sampler in

Sections 6.5.3 and 6.6.

One shortcoming of Theorem 14’s rate is that it depends polylogarithmically on the
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warmness parameter. In contrast, the rate of [LST21b] depends doubly logarithmically

on the warmness, which is important because in many sampling applications, standard

starting distributions have warmness bounds growing exponentially in problem parameters

such as the dimension d. We refer the reader to a discussion in Section 1.1 of [LST21a]

on warmness assumptions under ℓ2 geometry, which have created a ≈
√
d-sized gap on

mixing time bounds for MALA, with and without a polynomially-bounded warm start

[CLA+21, LST20]. We believe it is an interesting future direction to close this gap in

warmness assumptions for our sampler in Section 6.4, analogously to the result of [LST21b].

Notably, there has been an ongoing exploration of new proof techniques for the convergence

of proximal samplers by the community [CCSW22, CE22], and we are optimistic similar

advancements can be made in non-Euclidean settings, discussed further in Section 6.1.3.

Zeroth-order private convex optimization. As the main application of our tech-

niques, in Section 6.5 we design LLTs based on the smoothness of the function φq(x) =

p−1
2

∥∥x∥∥2q in the norm ℓq, where
1
p +

1
q = 1 and p ∈ [1, 2], q ≥ 2. We show that the addi-

tive range of ψη,p,
4 the LLT of ηφq for η ≲ 1

d ,
5 is bounded by O( 1

(p−1)η ) over the unit ℓp

ball. This makes ηψη,p competitive with the canonical choice of regularizer in ℓp norms for

optimization, namely rp(x)
def
= 1

2(p−1)

∥∥x∥∥2p, which has the same additive range and strong

convexity parameters as ηψη,p (up to constants). We further build efficient value oracles

and samplers for induced densities for ψη,p in Section 6.5.3.

A critical difference between ηψ and rp, however, is that regularizing by a multiple

of ηψ admits efficient samplers via the machinery in Section 6.4; to our knowledge no

similar technique is known for rp. This difference is particularly important in the setting

of differentially private convex optimization: see Problem 2 for a formal statement of

the problem we study. Recently, [GLL+23b] showed that to privately minimize either

population or empirical risk for a distribution over convex functions which are Lipschitz

in a (possibly non-Euclidean) norm
∥∥ · ∥∥X , it suffices to sample from a regularized density

∝ exp(−k(Ferm + µr)). Here, Ferm = 1
n

∑
i∈[n] fi is the empirical risk over n samples

{fi}i∈[n], k, µ are tunable parameters, and r is a 1-strongly convex regularizer in
∥∥ · ∥∥X .

Our new sampling results show a demonstrable algorithmic advantage of using ηψη,p

as a regularizer for ℓp geometries, as opposed to rp. In Theorem 14, we give algorithms for

4We use slightly different notation than in Section 6.5 for convenience of exposition here.

5This restriction is discussed further in Section 6.1.2, but does not bottleneck our privacy applications.
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private convex optimization matching the state-of-the-art excess risk bounds for private

convex optimization recently attained by [GLL+23b] (who used rp as their regularizer).

Under a warm start, our new algorithms further improve the value (zeroth-order) oracle

complexities of private convex optimization under ℓp regularity in dimension d compared

to [GLL+23b] by poly(d) factors, i.e. the number of queries to {fi}i∈[n] used. We also show

these new value oracle complexities extend straightforwardly to improve private convex

optimization over matrix spaces satisfying Schatten-p norm regularity.

We note that our results match (up to logarithmic factors) the value oracle complexities

in the ℓ2 setting obtained by [GLL22], for all ℓp norms where p ∈ [1, 2]. In Appendix E.1,

we extend lower bounds for stochastic optimization from [DJWW15, GLL22] to the ℓp

setting to show the value oracle complexities of Theorems 13 and 14 are near-optimal,

assuming a polynomially warm start.

6.1.2 Our techniques

Analogously to Section 6.1.1, in this section we split our discussion of our techniques into

three parts.

Algorithmic aspects of the LLT. We first discuss our strong convexity-smoothness

duality result. From a convex geometry perspective, smoothness of φ (with LLT ψ) ensures

that the induced distributions ∝ exp(⟨x, ·⟩−φ) are heavy-tailed (because their log-densities

cannot grow quickly), which means their variances are “large.” We also know that ∇2ψ is

the covariance matrix of the induced distribution which means that ∇2ψ should be lower-

bounded. We formalize this using a version of the Cramér-Rao bound from [CP22]. An

older arXiv version of this paper contains a more elementary proof of this result inspired

by differential privacy, achieving a worse constant of ≈ 1
12 ; the (optimal) improvement

was suggested by Sam Power. Our converse proof is similar, and follows by applying the

Brascamp-Lieb inequality [BL76].

To prove our isoperimetric inequality, we draw inspiration from a similar bound shown

in Lemma 35 of [LV18], but for a family of convex functions ϕ satisfying a strange con-

dition that ϕ′′ was convex (which fortunately includes the log barrier function). Noticing

that − log is self-concordant, we extend the [LV18] result to hold for all self-concordant

functions. Further we show by a direct calculation that the KL divergence between the

induced distributions of two nearby points x and x′ is essentially the LLT ψ at one of the
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points, up to a linear term. This lets us use stability of the Hessian of self-concordance

functions to demonstrate stability of nearby induced distributions, a key ingredient in

proving conductance bounds by the machinery of [DFK91b].

Non-Euclidean proximal sampling. Given the results of Section 6.3, establishing our

main proximal sampling result Theorem 13 is fairly routine. Our algorithm consists of an

“outer loop” and an “inner loop” for sampling from the x marginal of (6.3) which is stated

and analyzed in Section 6.4.1. Our outer loop analysis is directly based on the mixing

time-to-conductance reduction of [LS93] and the technique of [DFK91b] to lower bound

conductance, using facts from Section 6.3. Our inner loop handling functions F in (6.3)

which are Lipschitz (or distributions over Lipschitz functions) is a small modification of a

similar result in [GLL22]. The only property we need of the LLT is strong convexity: this

implies a rejection sampler terminates quickly via the concentration of Lipschitz functions

under strongly logconcave distributions (in any norm) [Led99, BL00].

We do note there is a design decision to be made on how to define “scaling up the

LLT by 1
η ,” unlike in the case of (6.1) where using the induced density N (x, η−1 idd) is

natural. Given r, a 1-strongly convex function in
∥∥ · ∥∥X , and letting r∗ be its (smooth)

Fenchel conjugate, two natural ways of defining a scaled up induced distribution at x are

to choose densities

∝ exp (⟨x, y⟩ − ηr∗(y)− ψ(x)) , (6.4)

or

∝ exp

(
1

η
(⟨x, y⟩ − r∗(y)− ψ(x))

)
. (6.5)

The choice (6.4) clearly results in ψ which is Ω(η−1)-strongly convex, rendering it suitable

for our proximal sampling applications. It is not difficult to see that the second results in

η−1ψ which is also Ω(η−1)-strongly convex. More interestingly, plugging in r = r∗ = 1
2

∥∥·∥∥22
makes (6.1) agree with (6.5) rather than (6.4). Unfortunately, the ψ which results from

(6.5) is not self-concordant, as its Hessian scales with η−1 and its third derivative with

η−2. Our choice to use (6.4) has further implications, elaborated on next, but a deeper

understanding of this discrepancy seems interesting.

Zeroth-order private convex optimization. As outlined in Section 6.1.1, the frame-

works of [GLL22, GLL+23b] show that to use our proximal sampler for ℓp norm private

convex optimization, it suffices to design an LLT which has small additive range. Perhaps
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surprisingly, we exploit the non-scale invariance of LLT for this task: the LLT of ηφ does

not behave like η−1 times the LLT of φ.6 To see why this is helpful, consider the case

when φ = 1
2

∥∥ · ∥∥2∞: then,

ψ(x) = log

(∫
exp

(
⟨x, y⟩ − 1

2

∥∥y∥∥2∞)dy

)
.

Although one would hope ψ(x) has additive range comparable to 1
2

∥∥x∥∥21, the Fenchel

conjugate of 1
2

∥∥x∥∥2∞, it is not hard to show that ψ(e1)−ψ(0) = Ω(
√
d); we give a proof in

Appendix E.2. Intuitively, the ℓ∞ radius of a typical point ∼ exp(−1
2

∥∥ · ∥∥2∞) is about
√
d,

and a constant fraction of points on the surface of this ℓ∞ ball have inner product with

e1 of Ω(
√
d). This shows the additive range of ψ on the ℓ1 ball is larger than 1

2

∥∥ · ∥∥21 by

dimension-dependent factors.

We show that the non-scale invariance of (6.4) is actually helpful in controlling additive

ranges. Specifically, letting ψη denote the LLT of η
∥∥x∥∥2q , we show the additive range of

ηψη (a ≈ 1-strongly convex function) is ≈ max(η, 1,
√
dη). For sufficiently small η, this

implies ηψη is actually a much smaller regularizer than ψ; graciously, our differential

privacy applications require η ≲ 1
d2
. We find it potentially useful to explore how generic

this non-scale invariance of the LLT is.

6.1.3 Prior work

Non-Euclidean sampling. A recurring issue that arises in bounding the convergence

rate of non-Euclidean samplers is that näıve discretizations can result in significant error.

As a result, most prior works either require strong assumptions or oracles for accurate

discretization or adopt more sophisticated discretization methods that are difficult to ana-

lyze. For example, earlier in the introduction this was discussed for discretizations of MLD

[ZPFP20, Jia21, AC21, LTVW22]. Part of the intrinsic difficulty of bounding discretized

MLD lies in third-order error terms emerging from non-Euclidean geometries, which are

hard to control under standard assumptions.

Under structured settings different than, but related to, those in this paper, an inter-

esting alternative sampling strategy is discretizing Riemannian Langevin or Hamiltonian

dynamics. For example, [GV22] studied the Riemmanian Langevin dynamics assuming

access to an oracle to sample from Brownian motion on a manifold, whose complexity

6On the other hand, the Fenchel conjugate of ηφ is η−1 times the Fenchel conjugate of φ.
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heavily depends on the manifold. Further, the convergence rate of Riemannian Hamilto-

nian Monte Carlo (RHMC) in polytopes was studied in [LV18], and a discretized version

was analyzed in [KLSV22b]; the results apply to a limited family of distributions, and

the convergence rate is fairly large. For RHMC to converge to the correct target distribu-

tion, sophisticated discretization methods such as Implicit Midpoint Method are necessary.

Though efficient in practice, these methods are challenging to analyze theoretically.

Proximal sampling. A long line of works has studied the use of proximal methods

in sampling (inspired by optimization). Several considered proximal Langevin algorithms

[Per16, BDMP17, Ber18, Wib19], which combine proximal methods and discretizations of

Langevin dynamics. Further, [MFWB19] proposed a sampler based on a proximal sam-

pling oracle. However, these algorithms required either stringent assumptions or a large

mixing time. Recently, [LST21b] proposed a new proximal sampler overcoming many of

the assumptions and efficiency issues in prior methods. Several works have focused on

generalizing [LST21b] and applying it in different settings: [CCSW22] proved convergence

results using weaker assumptions than strong logconcavity. The framework has been used

to obtain state-of-the-art samplers for various structured families, including smooth, com-

posite, and finite-sum densities [LST21b] as well as non-smooth densities [GLL22, LC22].

Log-Laplace transform. The LLT is a powerful tool that emerges frequently in prob-

ability theory and convex geometry. Notably, [BE19, Che21c] showed that the Legendre-

Fenchel dual of LLT of the uniform measure on a convex body in Rn is an n-self-concordant

barrier, giving the first universal barrier for convex bodies with optimal self-concordance

parameter. In [CE22], the LLT serves as one of the key ingredients of entropy conservation

in localization schemes for sampling. In addition, the LLT shows up in the solution to

the entropic optimal transport problem, where a KL divergence is added to regularize the

optimal transport objective [CP22].

Private convex optimization. Differentially private convex optimization is one of the

most extensively studied problems in the privacy literature and captures an increasing

number of critical applications in various domains, including machine learning, statistics,

and data analysis. There is a rich body of works on this topic [CM08, CMS11, KST12,

BST14, WYX17, BFTGT19, FKT20], which have mainly focused on the Euclidean geom-

etry, e.g. assuming the ℓ2 diameter of the domain and ℓ2 norms of gradients are bounded.
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Motivated by applications not captured by these assumptions, there has been growing

interest in studying differentially private convex optimization in non-Euclidean geome-

tries, as seen in [TTZ15, AFKT21, BGN21, HLL+22, GLL+23b]. Of particular relevance,

[GLL+23b] develops an exponential mechanism based method attaining state-of-the-art

excess risk bounds for ℓp and Schatten-p norms, which are matched by our algorithms in

Section 6.5.

6.2 Preliminaries

General notation. In Section 6.1 only, Õ, ≈, and ≲ hide logarithmic factors in problem

parameters for expositional convenience. For n ∈ N, [n] refers to the naturals 1 ≤ i ≤ n.

We use X to denote a compact convex subset of Rd. For all p ≥ 1 including p =∞, we let∥∥ · ∥∥p applied to a vector argument denote the ℓp norm. We denote matrices in boldface

and when
∥∥ · ∥∥p is applied to a matrix argument it denotes the corresponding Schatten-p

norm (ℓp norm of the singular values).

For any X ⊂ Rd we let its indicator function (i.e. the function which is 1 on X and 0

otherwise) be denoted 1X . We will be concerned with optimizing functions f : X → R, and∥∥ ·∥∥X refers to a norm on X . We let X ∗ be the dual space to X , and equip it with the dual

norm
∥∥y∥∥X ∗

def
= sup∥x∥X=1 x

⊤y. We let N (µ,Σ) be the Gaussian density of given mean

and covariance. For a positive definite matrix M ∈ Rd×d, we denote the induced norm

by
∥∥v∥∥M def

=
√
v⊤Mv. When making asymptotic statements we will typically assume the

dimension d is at least a sufficently large constant, else we can pad and affect statements

by at most constant factors.

Optimization. In the following, fix f : X → R. We say f is G-Lipschitz in
∥∥ · ∥∥X if for

all x, x′ ∈ X , |f(x) − f(x′)| ≤ G
∥∥x − x′∥∥X . If f is differentiable, we say it is L-smooth

in
∥∥ · ∥∥X if for all x, x′ ∈ X ,

∥∥∇f(x) −∇f(x′)∥∥X ∗ ≤ L
∥∥x − x′∥∥X . Taylor expanding then

shows f(x′) ≤ f(x) + ⟨∇f(x), x′ − x⟩ + L
2

∥∥x − x′∥∥2X . We say f is m-relatively strongly

convex in ϕ if f−mϕ is convex. For k-times differentiable f , ∇kf(x)[v1, v2, . . . , vk] denotes

the corresponding kth order directional derivative at f . We say twice-differentiable f is

m-strongly convex in
∥∥ ·∥∥X if for all x ∈ X , v ∈ Rd, ∇2f(x)[v, v] ≥ m

∥∥v∥∥2X . We say convex

ϕ : Rd → R is self-concordant if

∣∣∇3ϕ(x)[h, h, h]
∣∣ ≤ 2

(
∇2ϕ(x)[h, h]

) 3
2 , for all x, h ∈ Rd.
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A key fact we use about self-concordant functions is that their Hessians are stable under

small distances, where the distance is measured in the Hessian norm: see Lemma 37 for a

formal statement.

Probability. For a density π supported on X , we let π(S)
def
= Prx∼π[x ∈ S]. For two

densities µ, π, we define their total variation distance by
∥∥µ−π∥∥TV

def
= 1

2

∫
|µ(x)−π(x)|dx

and (when the Radon-Nikodym derivative exists) their KL divergence by dKL(µ∥π)
def
=∫

µ(x) log µ(x)
π(x)dx. For 1 < α <∞, we also define the α-Rényi divergence between densities

µ, π by

Dα(µ∥π)
def
=

1

α− 1
log

(∫ (
µ(x)

π(x)

)α
π(x)dx

)
.

We say density π is logconcave (respectively, m-strongly logconcave in
∥∥ · ∥∥X ) if − log π

is convex (respectively, m-strongly convex in
∥∥ · ∥∥X ). We similarly say π is m-relatively

strongly logconcave in ϕ if − log π is m-relatively strongly convex in ϕ. If log π is affine,

we say π is logaffine. We say a density π0 is β-warm with respect to a density π if for all

x in the support of π, dπ0(x)
dπ(x) ≤ β.

Log-Laplace transform. We define the log-Laplace transform (LLT) of φ : Rd → R by

ψ(x)
def
= log

(∫
exp (⟨x, y⟩ − φ(y)) dy

)
.

When φ,ψ are clear from context, we define the density

Dφx (y) = exp (⟨x, y⟩ − φ(y)− ψ(x)) . (6.6)

Note that the normalization constant is exactly given by ψ(x) and hence Dφx is indeed a

valid density. We use ∝ to indicate proportionality, e.g. if µ is a density and we write

µ ∝ exp(−f), we mean µ(x) = exp(−f)
Z where Z

def
=
∫
exp(−f(x))dx and the integration is

over the support of µ.

Riemannian geometry. In Sections 6.3 and 6.4 we will use geometry induced by the

Hessian of a self-concordant, convex function ϕ : Rd → R. We summarize the important

points here, and defer a more extended treatment to [NT02]. When ϕ is clear from

context, we denote the norm
∥∥h∥∥x def

=
∥∥h∥∥∇2ϕ(x). Throughout this discussion let M ⊆ Rd

be a Riemannian manifold equipped with the local metric
∥∥ ·∥∥x. The induced Riemannian

distance of a curve c : [0, 1]→M is defined as

Lϕ(c)
def
=

∫ 1

0

∥∥ d
dt
c(t)

∥∥
c(t)dt,
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where d
dtc(t) is the velocity element of the curve in the tangent space at c(t). For x, y ∈M ,

we then define dϕ(x, y) to be the infimum of the length Lϕ(c) over all curves c such

that c(0) = x and c(1) = y. We will use the following two important properties of the

Riemannian geometry over M = Rd induced by self-concordant, convex functions.

Lemma 36 ([NT02], Lemma 3.1). Suppose ϕ : Rd → R is convex and self-concordant.

For x, y ∈ Rd, if dϕ(x, y) ≤ δ − δ2 < 1 for some δ ∈ (0, 1), then
∥∥y − x∥∥x ≤ δ.

Lemma 37 ([Nem04], Section 2.2.1). Suppose ϕ : Rd → R is convex and self-concordant.

For any h, x ∈ Rd such that
∥∥h∥∥x < 1, (1 −

∥∥h∥∥x)2∇2ϕ(x) ⪯ ∇2ϕ(x + h) ⪯ (1 −∥∥h∥∥x)−2∇2ϕ(x).

6.3 Properties of the LLT

In this section, we collect a variety of facts about the log-Laplace transform which we will

use to develop our sampling scheme in Section 6.4. We begin by proving basic facts about

the LLT in Section 6.3.1. We then use them to derive isoperimetric properties of induced

distributions in Section D.3.3 and total variation bounds in Section 6.3.3. Throughout

this section we will fix a convex function φ : Rd → R, and let ψ : Rd → R be its LLT. We

will also follow the notation (6.6).

6.3.1 Basic properties and duality

The log-Laplace transform ψ at x is the cumulant-generating function of the distribution

Dφx , which means that ψ is infinitely-differentiable and that ∇kψ is the kth cumulant

tensor of Dφx . We will only use the first three derivatives of ψ which we compute below

for completeness.

Lemma 38 (LLT derivatives). For any x, h ∈ Rd, we have

∇ψ(x) = µ(Dφx )
def
= Ey∼Dφ

x
[y],

∇2ψ(x) = Cov(Dφx )
def
= Ey∼Dφ

x

[
(y − µ(Dφx ))(y − µ(Dφx ))⊤

]
,

∇3ψ(x)[h, h, h] = Ey∼Dφ
x

[
⟨y − µ(Dφx ), h⟩

3
]
.

Proof. For any x ∈ Rd, a straightforward calculation shows that

∇ψ(x) = ∇
(
log

∫
exp (⟨x, y⟩ − φ(y)) dy

)
=

∫
exp (⟨x, y⟩ − φ(y)) ydy∫
exp (⟨x, y⟩ − φ(y)) dy

= µ(Dφx ).
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Further,

∇2ψ(x) = ∇
(∫

exp (⟨x, y⟩ − φ(y)) ydy∫
exp (⟨x, y⟩ − φ(y)) dy

)
=

∫
exp (⟨x, y⟩ − φ(y)) yy⊤dy∫
exp (⟨x, y⟩ − φ(y)) dy

−
(∫

exp (⟨x, y⟩ − φ(y)) ydy
) (∫

exp (⟨x, y⟩ − φ(y)) ydy
)⊤(∫

exp (⟨x, y⟩ − φ(y)) dy
)2 .

Finally,

∇3ψ(x)[h, h, h] = h⊤∇

(∫
exp (⟨x, y⟩ − φ(y))

(
y⊤h

)2
dy∫

exp (⟨x, y⟩ − φ(y)) dy
−
(∫

exp (⟨x, y⟩ − φ(y)) y⊤hdy
)2(∫

exp (⟨x, y⟩ − φ(y)) dy
)2

)

=

∫
exp (⟨x, y⟩ − φ(y))

(
y⊤h

)3
dy∫

exp (⟨x, y⟩ − φ(y)) dy
+ 2

(∫
exp (⟨x, y⟩ − φ(y)) y⊤hdy∫
exp (⟨x, y⟩ − φ(y)) dy

)3

−
3
∫
exp (⟨x, y⟩ − φ(y))

(
y⊤h

)2
dy
∫
exp (⟨x, y⟩ − φ(y)) y⊤hdy(∫

exp (⟨x, y⟩ − φ(y)) dy
)2 .

By using a fact on one-dimensional logconcave distributions in [BE19], this implies the

following.

Lemma 39 (Self-concordance). If ψ is the LLT of a convex function, it is self-concordant.

Proof. By the definition of self-concordance and Lemma 38, it suffices to show for any

h ∈ Rd,

Ey∼Dφ
x
[⟨y − µ(Dφx ), h⟩]

3 ≤ 2
(
Ey∼Dφ

x

[
⟨y − µ(Dφx ), h⟩

2
]) 3

2
. (6.7)

We then note that the random variable ⟨y − µ(Dφx ), h⟩ for y ∼ Dφx follows a logconcave

distribution because affine transformations preserve logconcavity. Finally Lemma 2 of

[BE19] implies (6.7) holds.

Next, we prove that a form of strong convexity-smoothness duality (and its converse)

holds with respect to φ and ψ, analogous to the type of duality satisfied by Fenchel

conjugates [KST09].

Lemma 40 (Strong convexity-smoothness duality). If φ : Rd → R is L-smooth with

respect to
∥∥ · ∥∥∗, then ψ : Rd → R is 1

L -strongly convex with respect to
∥∥ · ∥∥.

Proof. By definition of strong convexity it suffices to prove for any x, v ∈ Rd, v⊤∇2ψ(x)v ≥
1
L

∥∥v∥∥2. Without loss of generality, by scale invariance we can assume
∥∥v∥∥ = 1. Let

Y = ⟨y, v⟩, where y ∼ Dφx . By Lemma 38, ∇2ψ(x) = Cov(Dφx ), so it suffices to prove that

Var(Y ) = Ey∼Dφ
x

[
⟨y − µ(Dφx ), v⟩

2
]
≥ 1

L
.
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Letting M
def
= Ey∼Dφ

x
∇2φ(y), we first observe

L

2
v⊤M−1v = max

u∈Rd
⟨u, v⟩ − 1

2L
u⊤Mu ≥ max

u∈Rd
⟨u, v⟩ − 1

2

∥∥u∥∥2∗ = 1

2

∥∥v∥∥2.
In the only inequality, we used that u⊤Mu = Ey∼Dφ

x
u⊤∇2φ(y)u ≤ L

∥∥u∥∥2∗ by smoothness

of φ, and the last equality follows by optimizing over
∥∥u∥∥∗. This shows v⊤M−1v ≥ 1

L .

The Cramér-Rao inequality (see Lemma 2, [CP22]) then implies

Var(Y ) ≥ v⊤M−1v ≥ 1

L
,

since the Hessian of − logDφx at any x ∈ Rd is ∇2φ.

Lemma 41 (Smoothness-strong convexity duality). If φ : Rd → R is 1
L -strongly convex

with respect to
∥∥ · ∥∥∗, then ψ : Rd → R is L-smooth with respect to

∥∥ · ∥∥.
Proof. Let v, x ∈ Rd and assume

∥∥v∥∥ = 1. As in Lemma 40, defining Y = ⟨y, v⟩ for

y ∼ Dφx , we have v⊤∇2ψ(x)v = Var(Y ), and want to show Var(Y ) ≤ L. First note that

for any y ∈ Rd,

1

2L
v⊤
(
∇2φ(y)

)−1
v = max

u∈Rd
⟨u, v⟩ − L

2
u⊤∇2φ(y)u ≤ max

u∈Rd
⟨u, v⟩ − 1

2

∥∥u∥∥2∗ = 1

2

∥∥v∥∥2.
The first inequality used strong convexity of φ and the last equality follows by optimizing

over
∥∥u∥∥∗. This shows v⊤(∇2φ(y))−1v ≤ L for all y. The Brascamp-Lieb inequality [BL76]

then implies

Var(Y ) ≤ Ey∼Dφ
x

[
v⊤
(
∇2φ(y)

)−1
v
]
≤ L,

since the Hessian of − logDφx at any x ∈ Rd is ∇2φ.

6.3.2 Isoperimetry

In this section we prove an isoperimetric inequality for densities which are relatively

strongly logconcave with respect to an appropriate LLT. The only LLT property we use is

Lemma 39, i.e. self-concordance, via the following generic fact which generalizes Lemma

35 of [LV18].

Lemma 42. Suppose ϕ : R→ R is convex and self-concordant. For any x ∈ R,

exp(−ϕ(x))√
ϕ′′(x)

≥ 1

12
min

{∫ x

−∞
exp(−ϕ(t))dt,

∫ ∞

x
exp(−ϕ(t))dt

}
.
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Proof. Assume ϕ′(x) ≥ 0 (the other case will follow analogously by bounding the integral

on (−∞, x]). Define r
def
= x+ 1

4
√
ϕ′′(x)

. By self-concordance (Lemma 37), for all t ∈ [x, r],

1

2
ϕ′′(x) ≤ ϕ′′(t) ≤ 2ϕ′′(x).

Hence, we have for all t ∈ [x, r], since ϕ′(x) ≥ 0,

ϕ(t) = ϕ(x) + ϕ′(x)(t− x) +
∫ t

x
(t− s)ϕ′′(s)ds ≥ ϕ(x) + 1

4
(t− x)2ϕ′′(x). (6.8)

We use (6.8) to bound the integral on [x, r]:∫ r

x
exp(−ϕ(t))dt ≤ exp(−ϕ(x))

∫ r

x
exp

(
−1

4
(t− x)2ϕ′′(x)

)
dt

≤ exp(−ϕ(x))
∫ ∞

−∞
exp

(
−1

4
(t− x)2ϕ′′(x)

)
dt = 2

√
π · exp(−ϕ(x))√

ϕ′′(x)
.

(6.9)

Next, to bound the integral on [r,∞), we first observe

ϕ′(r) ≥ ϕ′(x) +
∫ r

x
ϕ′′(r)dt ≥ 1

2

∫ r

x
ϕ′′(x)dt ≥ 1

8

√
ϕ′′(x).

Hence, by convexity from r,∫ ∞

r
exp(−ϕ(t))dt ≤

∫ ∞

r
exp

(
−ϕ(r)− ϕ′(r)(t− r)

)
dt

≤ exp(−ϕ(x))
∫ ∞

r
exp

(
−1

8

√
ϕ′′(x)(t− r)

)
dt = 8 · exp(−ϕ(x))√

ϕ′′(x)
.

(6.10)

We used ϕ(r) ≥ ϕ(x) by convexity and ϕ′(x) ≥ 0. Combining (6.9) and (6.10) yields the

claim.

Next, we reduce the problem of proving isoperimetry for relatively strongly logcon-

cave densities to the same problem in one dimension (captured via Lemma 42), via the

localization lemma.

Lemma 43 (Modification of the localization lemma, [KLS95], Theorem 2.7). Let f1, f2, f3, f4

be four nonnegative functions on Rd such that f1 and f2 are upper semicontinuous and f3

and f4 are lower semicontinuous, let c1, c2 > 0, and let ϕ : Rd → R be convex. Then, the

following are equivalent:

• For every density π : Rd → R which is 1-relatively strongly logconcave in ϕ,(∫
f1(x)π(x)dx

)c1 (∫
f2(x)π(x)dx

)c2
≤
(∫

f3(x)π(x)dx

)c1 (∫
f4(x)π(x)dx

)c2
.



139

• For every a, b ∈ Rd and γ ∈ R,(∫ 1

0
f1((1− t)a+ tb)eγt−ϕ((1−t)a+tb)dt

)c1 (∫ 1

0
f2((1− t)a+ tb)eγt−ϕ((1−t)a+tb)dt

)c2
≤
(∫ 1

0
f3((1− t)a+ tb)eγt−ϕ((1−t)a+tb)dt

)c1 (∫ 1

0
f4((1− t)a+ tb)eγt−ϕ((1−t)a+tb)dt

)c2
.

Proof. The proof follows identically to the case where ϕ = 0, which was proven in

[LS93, KLS95] via a bisection argument (see Lemma 2.5, [LS93]). The only fact the bisec-

tion argument relies on is that restricting logconcave densities to subsets of Rd preserves

logconcavity, which remains true for densities which are relatively strongly logconcave

with respect to a given convex function. For a more formal treatment of this generalized

bisection argument, see Lemma 1 of [GLL+23b]. Finally the change on the continuity

assumptions on the {fi}i∈[4] follows by Remark 2.3 of [KLS95].

Finally, we combine these tools to prove the main result of this section.

Lemma 44 (Self-concordant isoperimetry). Let ϕ : Rd → R be convex and self-concordant,

and let f : Rd → R be m-relatively strongly convex in ϕ. Given any partition S1, S2, S3 of

Rd, ∫
S3

exp (−f(x)) dx

min
{∫

S1
exp(−f(x))dx,

∫
S2

exp(−f(x))dx
} = Ω

(√
mdϕ(S1, S2)

)
,

where dϕ(S1, S2) = minx∈S1,y∈S2 dϕ(x, y).

Proof. We assumem = 1 by rescaling ϕ← mϕ which results in dϕ(S1, S2)←
√
mdϕ(S1, S2).

We first show that without loss of generality, we can assume

max
i∈{1,2}

∫
Si
exp(−f(x))dx∫
exp(−f(x))dx

= Ω(1). (6.11)

To see this, let S⋆1 , S
⋆
2 and S⋆3 be the partition that achieves the minimum of

β(S1, S2, S3) =

∫
S3

exp (−f(x)) dx

dϕ(S1, S2)min
{∫

S1
exp(−f(x))dx,

∫
S2

exp(−f(x))dx
} .

Let δ = dϕ(S
⋆
1 , S

⋆
2). For any z ∈ S⋆3 , let x ∈ S⋆1 minimize dϕ(x, z) and let y ∈ S⋆2 minimize

dϕ(y, z). By the triangle inequality we have

dϕ(x, z) + dϕ(y, z) ≥ δ

and hence max(dϕ(x, z), dϕ(y, z)) ≥ δ
2 . Consequently we can partition S⋆3 into S′

3 and S′′
3

such that dϕ(S
⋆
1 , S

′
3) ≥ δ

2 and dϕ(S
⋆
2 , S

′′
3 ) ≥ δ

2 by placing each z into an appropriate set.
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Moreover, we can assume without loss of generality that∫
S′
3
exp (−f(x)) dx

δ
2 min

{∫
S⋆
1
exp(−f(x))dx,

∫
S⋆
2
exp(−f(x))dx

} ≤ β.
as otherwise the above is true for S′′

3 . Thus, β(S⋆1 ∪ S′′
3 , S

⋆
2 , S

′
3) ≤ β(S⋆1 , S

⋆
2 , S

⋆
3), proving

(6.11) (else we may halve the measure of S3). Given (6.11), it suffices to show that there

is a constant C with

Cdϕ(S1, S2)

∫
exp(−f(x))1S1(x)dx

∫
exp(−f(x))1S2(x)dx

≤
∫

exp(−f(x))dx
∫

exp(−f(x))1S3(x)dx.

Using the localization lemma (Lemma 43), letting fi = 1Si for i ∈ [3] and f4 = (Cdϕ(S1, S2))
−1,7

it suffices to prove for every a, b ∈ Rd and γ ∈ R,

Cdϕ(S1, S2)

∫ 1

0
exp (γt− ϕ((1− t)a+ tb))1S1((1− t)a+ tb)dt

·
∫ 1

0
exp (γt− ϕ((1− t)a+ tb))1S2((1− t)a+ tb)dt

≤
∫ 1

0
exp (γt− ϕ((1− t)a+ tb)) dt

∫ 1

0
exp (γt− ϕ((1− t)a+ tb))1S3((1− t)a+ tb)dt.

Redefine ϕ(t)← ϕ((1− t)a+ tb)− γt for t ∈ R, which is a one-dimensional self-concordant

function, and redefine Si ← {t | (1−t)a+tb ∈ Si} for i ∈ [3], such that each Si is a union of

intervals. It is straightforward to check that the distance dϕ(S1, S2) only increases under

this transformation, because it can only take fewer paths, and each path has the same

length (the change in
√
ϕ′′ is negated by the change in distance traveled by the path).

So, it suffices to consider the special one-dimensional case with γ = 0, where dϕ(x, y) =∫ y
x

√
ϕ′′(t)dt. We next note that it suffices to consider the case when S3 is a single interval,

i.e. for any a ≤ a′ ≤ b′ ≤ b, we have S1 = [a, a′], S2 = [b′, b], S3 = [a′, b′], and wish to show

for some constant C∫ b′
a′ exp(−ϕ(t))dt∫ b′
a′

√
ϕ′′(t)dt

≥ C
∫ a′
a exp(−ϕ(t))dt

∫ b
b′ exp(−ϕ(t))dt∫ b

a exp(−ϕ(t))dt
. (6.12)

When S3 has multiple intervals, by Theorem 2.6 in [LS93], we show (6.12) for each interval

in S3 and its adjacent segments in S1 and S2, and sum over all such inequalities. By

Lemma 42, when ϕ is convex and self-concordant, we have for any x ∈ [a, b],

exp(−ϕ(x))√
ϕ′′(x)

≥ 1

12
min

(∫ x

a
exp(−ϕ(t))dt,

∫ b

x
exp(−ϕ(t))dt

)
7Without loss of generality we can assume S1 and S2 are closed (implying S3 is open) by taking their
closures. This implies f1, f2 are upper semicontinuous and f3, f4 are lower semicontinuous.
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which combined with
∫ b′
a′ exp(−ϕ(t))dt∫ b′

a′
√
ϕ′′(t)dt

≥ minx∈[a′,b′]
exp(−ϕ(x))√

ϕ′′(x)
shows (6.12).

6.3.3 Total variation bounds

In this section, we provide a bound on the total variation distance of induced distributions

Dφx and Dφx′ , when x and x′ are close in the Riemannian distance given by ψ.

Lemma 45 (TV distance between Dφx and Dφx′). For any x, x′ ∈ Rd such that dψ(x, x
′) ≤

1
4 , ∥∥Dφx −Dφx′∥∥TV ≤

1

2
.

Proof. Let h = x′ − x and note that the KL divergence between Dφx and Dφx′ may be

rewritten as

DKL

(
Dφx∥D

φ
x′
)
= Ey∼Dφ

x

[
log

dDφx
dDφx′

(y)

]
= Ey∼Dφ

x

[
ψ(x′)− ψ(x)− ⟨h, y⟩

]
= ψ(x′)− ψ(x)− ⟨h,∇ψ(x)⟩ .

In the last equation, we used Lemma 38. We recognize that the KL divergence is the

Bregman divergence (first-order Taylor approximation) in ψ, and hence letting xt = x+ th

for t ∈ [0, 1] such that x0 = x and x1 = x′, we continue bounding

DKL

(
Dφx∥D

φ
x′
)
=

∫ 1

0
(1− t)∇2ψ(xt)[h, h]dt

≤
∫ 1

0
4(1− t)∇2ψ(x)[h, h]dt ≤ 1

2
.

The first inequality used that when dψ(x, x
′) ≤ 1

4 , Lemma 36 shows
∥∥xt−x∥∥x ≤ ∥∥x′−x∥∥x ≤

1
2 , so Lemma 37 gives ∇2ψ(xt) ⪯ 4∇2ψ(x); the second used

∥∥h∥∥x ≤ 1
2 . Finally by Pinsker’s

inequality, ∥∥Dφx −Dφx′∥∥TV ≤
√

1

2
DKL(Dφx∥Dφx′) ≤

1

2
.

6.4 Proximal LLT sampler

In this section, we study a sampling problem in the following setting, assumed throughout.

Problem 1. For D,G, η > 0, let X ⊂ Rd be compact and convex, with diameter in a

norm
∥∥ · ∥∥X at most D. Let F : X → R have the stochastic form F (x)

def
= Ei∼I [fi(x)], for

a distribution I over (a possibly infinite) family of indices i, such that each fi : X → R is
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convex and G-Lipschitz in
∥∥ · ∥∥X . Finally, let φ : Rd → R be convex and η-smooth in the

dual norm
∥∥ · ∥∥X ∗. Given µ > 0, and letting ψ : Rd → R be the LLT of φ, the goal is to

sample from the density π satisfying

dπ(x) ∝ exp (−F (x)− ηµψ(x))1X (x)dx. (6.13)

Note that by Lemma 40, ηµψ is µ-strongly convex in
∥∥ · ∥∥X . Letting z = (x, y) denote

a variable on X × Rd, it is convenient for us to define the extended density on the joint

space of z:

dπ̂(z) ∝ exp (−F (x)− ηµψ(x) + (⟨x, y⟩ − ψ(x)− φ(y)))1X (x)dz. (6.14)

Our sampling framework for (6.13) generalizes an approach pioneered by [LST21b], and

is stated in the following Algorithm 11. The algorithm simply alternately samples from

each marginal of (6.14). Before stating it, we define the following notation for conditional

densities throughout the section:

dπx(y) = exp (⟨x, y⟩ − ψ(x)− φ(y)) dy for all x ∈ X ,

dπy(x) ∝ exp (−F (x)− (1 + ηµ)ψ(x) + ⟨x, y⟩)1X (x)dx for all y ∈ Rd.
(6.15)

In particular, we observe that dπx(y) = dπ̂(· | x) and dπy(x) = dπ̂(· | y).

Algorithm 11 AlternateSample(X , F, φ, T, µ, x0)
Input: X , F, φ in the setting of Problem 1, T ∈ N, µ > 0, x0 ∈ X .

1: for k ∈ [T ] do

2: Sample yk ∼ πxk−1
.

3: Sample xk ∼ πyk .

4: end for

5: return xT

Correctness of Algorithm 11 for sampling from (6.14) builds upon the following basic

facts.

Lemma 46. The total x-marginal of π̂ in (6.14) is π in (6.13). Furthermore, the sta-

tionary distribution of Algorithm 11 is π̂, and the induced Markov chains in Algorithm 11

restricted to either {xk}0≤k≤T (a Markov chain on X ) or {yk}k∈[T ] (a Markov chain on

Rd) are both reversible.
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Proof. The first conclusion is a direct calculation, and the remainder is Lemma 1 in

[LST21b].

In Section 6.4.1 we develop a subroutine based on rejection sampling for implement-

ing Line 3 of Algorithm 11, extending [GLL22]. We then give our complete analysis of

Algorithm 11 in Section 6.4.2.

6.4.1 Sampling from the x-conditional distribution

Throughout this section, we assume the setting in Problem 1, and fix some y ∈ Rd. We

provide a sampler for the marginal density πy (following notation (6.15)), and denote the

component of the density independent of F by γy, i.e.

dγy(x) ∝ exp (−ηµψ(x)− (ψ(x)− ⟨x, y⟩))1X (x)dx. (6.16)

By Lemma 40, γy (and hence πy) is
1
η -strongly logconcave in

∥∥ · ∥∥X . Our rejection sampler

leverages this fact and the stochastic nature of F to build a rejection sampling scheme

similarly to [GLL22]. For completeness, we state our Algorithm 12 below, and provide the

details of its analysis here.

In order to analyze Algorithm 12, we first state a general result about concentration of

Lipschitz functions with respect to a strongly logconcave measure, in general norms. The

following is a direct adaptation of standard results on log-Sobolev inequalities contained

in [Led99, BL00].

Lemma 47 ([Led99], Section 2.3 and [BL00], Proposition 3.1). Let X ∼ π for density

π : X → R which is µ-strongly logconcave in
∥∥ · ∥∥X , and let ℓ : X → R be G-Lipschitz in∥∥ · ∥∥X . For all t ≥ 0,

Pr
x∼π

[ℓ(x) ≥ Eπ[ℓ] + t] ≤ exp

(
− µt

2

2G2

)
.

In the remainder of the section, let π̃y be the distribution of the output of Algorithm 12

and recall the target stationary distribution is πy. When ρ is clear from context, we define

ρ̄
def
= med(0, ρ, 2) to be the truncation of ρ to [0, 2]. We also denote the index set drawn

on Line 7 by

J def
= {ji,b}b∈[a],i∈[b] ,

when a is clear from context. We first provide the following characterization of
∥∥πy−π̃y∥∥TV.
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Algorithm 12 InnerLoop(y, δ,X , F, φ, µ)
Input: δ ∈ (0, 12), y ∈ Rd, X , F, φ in the setting of Problem 1 for 1

η ≥ 104G2 log 1
δ

Output: Sample within total variation distance δ of

dπy(x) ∝ exp (−F (x)− ηµψ(x)− (ψ(x)− ⟨x, y⟩))1x∈Xdx.

1: u← 1, ρ← 1

2: while u > 1
2ρ do

3: Sample x1, x2 ∼ γy defined in (6.16) independently

4: ρ← 1, u ∼unif. [0, 1]

5: Draw a ∈ N such that for all b ∈ N, Pr[a ≥ b] = 1
b!

6: for b ∈ [a] do

7: Draw ji,b ∼ I for i ∈ [b]

8: ρ← ρ+
∏
i∈[b](fji,b(x2)− fji,b(x1))

9: end for

10: end while

11: return x1

Lemma 48. Define rx to be the random variable E[ρ | x1 = x] (where the expectation is

over x2, a, and the random indices J , and similarly let r̄x
def
= E[ρ̄ | x1 = x]. Then,

∥∥πy − π̃y∥∥TV ≤ Ex∼γy |rx − r̄x| .

Proof. First, by definition of πy, we have

πy(x) =
exp(−F (x))γy(x)∫
exp(−F (w))γy(w)dw

= γy(x) ·
exp(−F (x))

Ew∼γy exp(−F (w))
. (6.17)

Moreover, by definition of the algorithm,

π̃y(x) =
γy(x) Pr[u ≤ 1

2ρ | x1 = x]

Pr[u ≤ 1
2ρ]

=
γy(x)E[ρ̄ | x1 = x]

E[ρ̄]
(6.18)

where all probabilities and expectations are x2, a, and J . Furthermore, note that for fixed

b ∈ [a],

EJ

∏
i∈[b]

(fji,b(x2)− fji,b(x1))

 = (Ej∼I [fj(x2)− fj(x1)])b = (F (x2)− F (x1))b.
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Hence, taking expectations over a, we have for any fixed x1, x2,

E [ρ | x1, x2] =
∑
b≥0

Pr[a ≥ b](F (x2)− F (x1))b

=
∑
b≥0

1

b!
(F (x2)− F (x1))b = exp (F (x2)− F (x1)) .

(6.19)

Next, by combining (6.17) and (6.18), we have

∥∥π − π̃∥∥TV =
1

2

∫ ∣∣∣∣ exp(−F (x))
Ew∼γy exp(−F (w))

− E[ρ̄ | x1 = x]

E[ρ̄]

∣∣∣∣ γy(x)dx
=

1

2
Ex∼γy

[∣∣∣∣ exp(−F (x))
Ew∼γy exp(−F (w))

− E[ρ̄ | x1 = x]

E[ρ̄]

∣∣∣∣] .
By taking expectations over x2 in (6.19), and recalling the definitions of rx, r̄x, we obtain

rx = E[ρ | x1 = x] = exp(−F (x))Ex2∼γy exp(F (x2)). We thus have

∥∥π − π̃∥∥TV =
1

2
Ex∼γy

[∣∣∣∣ rx
Ew∼γyrw

− r̄x
Ew∼γy r̄w

∣∣∣∣] .
Next, we lower bound Ew∼γyrw as follows. By taking expectations over (6.19) and using

independence of x1 and x2, we have that for the random variable Z = exp(−F (x)) where

x ∼ γy, we have

Ew∼γyrw = (EZ) ·
(
EZ−1

)
≥ 1, (6.20)

where we used Jensen’s inequality which implies the last inequality for any nonnegative

random variable Z. Finally, combining the above two displays, we derive the desired bound

as follows:

1

2
Ex∼γy

[∣∣∣∣ rx
Ew∼γyrw

− r̄x
Ew∼γy r̄w

∣∣∣∣] ≤ 1

2
Ex∼γy

[∣∣∣∣ rx
Ew∼γyrw

− r̄x
Ew∼γyrw

∣∣∣∣]
+

1

2
Ex∼γy

[∣∣∣∣ r̄x
Ew∼γyrw

− r̄x
Ew∼γy r̄w

∣∣∣∣]
≤ 1

2
Ex∼γy [|rx − r̄x|] +

Ex∼γy [|r̄x|]
2

·
∣∣∣∣ 1

Ew∼γy r̄w
− 1

Ew∼γyrw

∣∣∣∣
=

1

2
Ex∼γy [|rx − r̄x|] +

1

2

∣∣∣∣1− Ex∼γy r̄x
Ex∼γyrx

∣∣∣∣
≤ 1

2
Ex∼γy [|rx − r̄x|] +

1

2|Ex∼γyrx|
· Ex∼γy [|rx − r̄x|]

≤ Ex∼γy [|rx − r̄x|] .

In the second and last inequalities, we use the bound (6.20). The third line follows since

r̄x is always nonnegative by definition, and the third inequality used convexity of | · |.
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Lemma 48 shows it remains to bound Ex∼γy |rx− r̄x|. Fixing x1 and x2, we know ρ and

ρ̄ as random variables of a and J are equal, except for the effect of truncating ρ to [0, 2].

Hence,

Ex∼γy |rx − r̄x| ≤ E[|ρ|1ρ ̸∈[0,2]]. (6.21)

In the remainder of the section, define

H
def
=

⌈
10 log

1

δ

⌉
. (6.22)

We then let

λ
def
=
∑
b>H

1a≥b
∏
i∈[b]

(fji,b(x2)− fji,b(x1)),

σ
def
=

H∑
b=0

1a≥b
∏
i∈[b]

(fji,b(x2)− fji,b(x1)),
(6.23)

be random variables depending on the choices of x1, x2, a,J , where λ captures the effect

of the “large” b, and σ captures the effect of the “small” b (where the b = 0 term is 1

by convention). Since ρ = σ + λ, in light of (6.21) it suffices to bound E[|σ|1ρ ̸∈[0,2]] +

E[|λ|1ρ ̸∈[0,2]], as

Ex∼γy |rx − r̄x| ≤ E[|ρ|1ρ ̸∈[0,2]] ≤ E[|σ|1ρ̸∈[0,2]] + E[|λ|1ρ ̸∈[0,2]]. (6.24)

We defer proofs of the following to Appendix E.3, using small modifications to [GLL22].

Lemma 49. For λ defined in (6.23),

E
[
|λ|1ρ̸∈[0,2]

]
≤ δ

4
.

Lemma 50. For σ defined in (6.23),

E
[
|σ|1ρ ̸∈[0,2]

]
≤ δ

4
.

Putting together these pieces, we finally obtain the following guarantee on Algo-

rithm 12.

Proposition 13. The output of Algorithm 12 has total variation distance to πy bounded

by δ. In expectation, Algorithm 12 queries O(1) random fi and draws O(1) samples from

γy.

Proof. The total variation distance bound comes from combining Lemma 48, (6.24), Lemma 49,

and Lemma 50. Further, the end probability of each “while” loop is Pr[u ≤ 1
2ρ] = E[ρ̄] =
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Ex∼γ r̄x ≥ Ex∼γyrx−Ex∼γy |r̄x− rx|. We proved in (6.20) that Ex∼γyrx ≥ 1, and combining

(6.24), Lemma 49 and Lemma 50, shows Ex∼γy |r̄x − rx| ≤ δ ≤ 1
2 . Hence the expected

number of loops is ≤ 2, and each loop draws two samples from γy, and O(1) many fi in

expectation since Ea2 = O(1).

6.4.2 Analysis of Algorithm 11

We now prove a mixing time on Algorithm 11 using a standard conductance argument, by

using tools developed in Section 6.3. We first define our notion of conductance.

Definition 5. For a reversible Markov chain with stationary distribution π supported on

X and transition distributions {Tx}x∈X , we define the conductance of the Markov chain

by

Φ := inf
S⊂X

∫
S Tx(X\S)dπ(x)

min{π(S), π(X\S))}
.

We further recall a standard way of lower bounding conductance via isoperimetry.

Lemma 51 ([LV18], Lemma 13). In the setting of Definition 5, let d : X ×X be a metric

on X . Suppose for any x, x′ ∈ X with d(x, x′) ≤ ∆,

∥∥Tx − Tx′∥∥TV ≤
1

2
.

Also, suppose that for any partition S1, S2, S3 of Rd, π satisfies the isoperimetric inequality

π(S3) ≥ Ciso

(
min

x∈S1,y∈S2

d(x, y)

)
min {π(S1), π(S2)} .

Then Φ = Ω(∆Ciso).

Finally, a classical result of [LS93] shows how to upper bound mixing time via conduc-

tance.

Lemma 52 ([LS93], Corollary 1.5). In the setting of Definition 5, let πt be the distribution

after t steps of the Markov chain. If the starting distribution π0 is β-warm with respect to

π ∥∥πt − π∥∥TV ≤
√
β

(
1− Φ2

2

)t
.

Leveraging Lemmas 51 and 52, we prove the following mixing time bound.

Proposition 14. Assume the input x0 to Algorithm 11 is drawn from a β-warm distribu-

tion with respect to π, ηµ ≤ 1, and T = Ω( 1
ηµ log

β
δ ) for a sufficiently large constant. Then

the output of Algorithm 11 has total variation distance to π bounded by δ.
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Proof. Following the optimal coupling characterization of total variation, whenever the

optimal coupling of y ∼ Dφx and y′ ∼ Dφx′ sets y = y′ in Line 2 of Algorithm 11, we

can couple the resulting distributions in Line 3 as well. This shows that
∥∥Tx − Tx′∥∥TV ≤

∥Dφx − Dφx′∥TV. By Lemma 39, since φ is convex, ψ is a self-concordant function. Then,

combined with Lemma 45, for any dψ(x, x
′) ≤ 1

4 ,

∥∥Tx − Tx′∥∥TV ≤
∥∥Dφx −Dφx′∥∥TV ≤

1

2
.

By Lemma 79, since F + ηµψ is ηµ-relatively strongly convex in ψ, π satisfies the isoperi-

metric inequality such that for any partition S1, S2, S3 of Rd,

π(S3) = Ω(
√
ηµ)

(
min

x∈S1,y∈S2

dψ(x, y)

)
min {π(S1), π(S2)} .

By Lemma 51, we can then lower bound the conductance by Φ = Ω(
√
ηµ). Choosing

a sufficiently large constant in T , we conclude by Lemma 52 the desired
∥∥πT − π∥∥TV ≤

√
β exp(−TΦ2

2 ) ≤ δ.

By combining Proposition 13 with Proposition 14, we can now complete our analysis.

Theorem 13. In the setting of Problem 1, let ηµ ≤ 1 and assume x0 has a β-warm

distribution with respect to π defined in (6.13). Further for sufficiently large constants

suppose 1
η = Ω(G2 log log β

δηµ ) and

T = Θ

(
1

ηµ
log

β

δ

)
.

Algorithm 11 using Algorithm 12 with error parameter δ
2T to implement Line 3 returns a

point with δ total variation distance to π, querying O(T ) random fi in expectation.

Proof. Proposition 14 guarantees that if each call to Line 3 of Algorithm 11 is implemented

exactly, we obtain δ
2 total variation to π. Further, the total variation error accumulated

over T calls to Algorithm 12 is less than δ
2 by a union bound on Proposition 13. Combining

these bounds results in the desired total variation guarantee, and the complexity bound

follows from Proposition 13.

We note that given sample access to exp(−ηµψ(x))1x∈X , a distribution which only

depends on the choice of φ and X (and not the function F ), we obtain β ≤ exp(GD) in

Theorem 13.
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Lemma 53. In the setting of Problem 1, the density ν satisfying

dν(x) ∝ exp(−ηµψ(x))1X (x)dx

is exp(GD)-warm for π defined in (6.13).

Proof. Note that for all x,w ∈ X , |F (x) − F (w)| ≤ GD. Further recall π ∝ exp(−F )ν.

We conclude by observing that for all x ∈ X ,

exp (−F (x)) ν(x)∫
X exp(−F (w))ν(w)dw

·
∫
X ν(w)dw

ν(x)
=

∫
X ν(w)dw∫

X exp(F (x)− F (w))ν(w)dw
≤ exp (GD) .

6.5 Applications

In this section, we discuss applications of the sampling scheme we develop in Section 6.4.

We begin by specializing our machinery to ℓp and Schatten-p norms in Section 6.5.1. We

then give new algorithms with improved zeroth-order query complexity for private convex

optimization in Section 6.5.2. Finally, in Section 6.5.3 we discuss computational issues

regarding the specific LLT we introduce.

6.5.1 LLT for ℓp and Schatten-p norms

Throughout this section we fix some p ∈ [1, 2], and define the dual value q ≥ 2 such that

1
q+

1
p = 1. It is well-known that the ℓq norm and ℓp norm are dual, as are the corresponding

Schatten norms. In light of Lemma 40, to obtain a sampler catering to the ℓp geometry

for example, it suffices to take the LLT of a smooth function in ℓq. We provide the latter

by recalling the following fact.

Fact 9. Let p ∈ [1, 2], q ≥ 2 satisfy 1
p+

1
q . If

∥∥ ·∥∥q is a vector ℓq norm, 1
2

∥∥ ·∥∥2q is 1
p−1 -smooth

in the ℓq norm, and if
∥∥ · ∥∥q is a matrix Schatten-q norm, 1

2

∥∥ · ∥∥2q is 1
p−1 -smooth in the

Schatten-q norm.

Proof. This follows (for example) from three well-known facts: 1) that 1
2

∥∥ · ∥∥2q and 1
2

∥∥ · ∥∥2p
are conjugate functions in both the vector and matrix cases, 2) that the conjugate of a

m-strongly convex function in a norm is 1
m -smooth in the dual norm [KST09], and 3) that

1
2

∥∥ · ∥∥2p is (p− 1)-strongly convex in
∥∥ · ∥∥p in both the vector and matrix cases [BCL94].
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ℓp norms. Next, for any a > 0, when the context is clearly about vector spaces, we

define

ψp,a(x)
def
= log

(∫
exp

(
⟨x, y⟩ − a

∥∥y∥∥2q)dy) . (6.25)

Note that as the LLT of a 2a
p−1 -smooth function in ℓq, ψp,a is Ω(p−1

a )-strongly convex in ℓp

by Lemma 40. In applications we fix a value of η > 0, set a = Θ((p− 1)η), and use ηψp,a

as our strongly convex regularizer in ℓp. We next provide a bound on the range of ψp,a.

Lemma 54. Let a > 0 and let d ∈ N be at least a sufficiently large constant. The additive

range of ψp,a over {x ∈ Rd |
∥∥x∥∥p ≤ 1} is

O

(
1 +

1

a
+

√
d

a
log

(
a+

d

a

))
.

In particular, for a ≤ 1
d log d , the additive range is O( 1a).

Proof. Throughout the proof denote for simplicity ψ
def
= ψp,a and let

Dφx (y) ∝ exp
(
⟨x, y⟩ − a

∥∥y∥∥2q)
be the associated density. By the characterization of ∇ψ in Lemma 38 and the fact that

the associated density Dφx is symmetric in y for x = 0, we have ∇ψ(0) = 0 and hence it

suffices to bound ψ(x)− ψ(0) for
∥∥x∥∥q ≤ 1. We simplify this expression as

ψ(x)− ψ(0) = log

(∫
exp

(
⟨x, y⟩ − a

∥∥y∥∥2q) dy)− log

(∫
exp

(
−a
∥∥y∥∥2q) dy)

= log

∫ exp (⟨x, y⟩)
exp

(
−a
∥∥y∥∥2q)∫

exp
(
−a
∥∥y∥∥2q) dydy

 = log
(
Ey∼Dφ

0
[exp (⟨x, y⟩)]

)
.

(6.26)

Next, let π be the probability density on R≥0 such that

dπ(r) ∝ rd−1 exp
(
−ar2

)
dr.

We note dπ(r) is the density of the scalar quantity r =
∥∥y∥∥q for y ∼ Dφ0 . This can be seen

by taking a derivative of the volume of the ℓp ball of radius r, which scales as rd, so the

surface area of the ball scales as rd−1. By Hölder’s inequality, ⟨x, y⟩ ≤
∥∥y∥∥q for all y, since∥∥x∥∥p ≤ 1. We then continue (6.26) and bound ψ(x) − ψ(0) ≤ log(Er∼π exp(r)), and the

conclusion follows from Lemma 55.

Lemma 55. For any a > 0 and d ∈ N at least a sufficiently large constant,

log

(∫∞
0 exp

(
(d− 1) log r + r − ar2

)
dr∫∞

0 exp ((d− 1) log r − ar2) dr

)
≤ 8 +

8

a
+

√
8d

a
log

(
a+

d

a

)
.



151

Proof. Throughout this proof let

Z
def
=

∫ ∞

0
exp

(
(d− 1) log r − αr2

)
dr =

Γ(d2)

2a
d
2

, τ
def
= 7 +

8

a
+

√
8d

a
log

(
a+

d

a

)
.

Next we split the numerator of the left-hand side into two integrals:

I1
def
=

∫ τ

0
exp

(
(d− 1) log r + r − ar2

)
dr,

I2
def
=

∫ ∞

τ
exp

(
(d− 1) log r + r − ar2

)
dr.

It is immediate that I1 ≤ exp(τ)Z. Further, we recognize that for r ≥ τ ,

max (r, (d− 1) log r) ≤ ar2

4
.

The first piece in the maximum is clear from τ ≥ 4
a . The second follows since r2

log r is an

increasing function for r ≥ 7, and either 4d
a ≤ 10 in which case we use 72

log 7 ≥ 10, or we let

C
def
= 4d

a and use

r2

log r
≥ C for r ≥

√
2C log

C

4
, C ≥ 10.

Hence we may bound

I2 ≤
∫ ∞

τ
exp

(
−ar

2

2

)
=

√
2π

a
Pr

t∼N (0,a−1)
[t ≥ τ ] ≤ 2

aτ
exp

(
−aτ

2

2

)
.

Above, we used Mill’s inequality

Pr
t∼N (0,σ2)

[t ≥ τ ] ≤
√

2

π

σ

τ
exp

(
− τ2

2σ2

)
.

Further for our τ , our upper bound on I1 is larger than our upper bound on I2. To see

this,

τ
(
1 +

aτ

2

)
+
d

3
log d ≥ d

2
log a =⇒ exp

(
τ
(
1 +

aτ

2

))
Γ

(
d

2

)
≥ a

d
2

=⇒
exp (τ) Γ(d2)

2a
d
2

≥ 4

aτ
exp

(
−aτ

2

2

)
.

The first inequality is because aτ2 ≥ d log a. The first implication then follows by expo-

nentiating and using log Γ(d2) ≥
d
3 log d for sufficiently large d, and the second implication

follows by rearranging and using aτ ≥ 4. Finally the conclusion follows from

log

(∫∞
0 exp

(
(d− 1) log r + r − ar2

)
dr∫∞

0 exp ((d− 1) log r − ar2) dr

)
≤ log

(
2 exp(τ)Z

Z

)
≤ τ + 1.
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Schatten-p norms. When the context is clearly about matrix spaces, we analogously

define

ψp,a(X)
def
= log

(∫
exp

(
⟨X,Y⟩ − a

∥∥Y∥∥2q) dy) .
The proof of Lemma 54 implies the following analogous range bound in this setting.

Corollary 15. Let a > 0 and let d1, d2 ∈ N be at least sufficiently large constants. The

additive range of ψp,a over {X ∈ Rd1×d2 |
∥∥X∥∥p ≤ 1} is

O

(
1 +

1

a
+

√
d1d2
a

log

(
a+

d1d2
a

))
.

In particular, for a ≤ 1
d1d2 log(d1d2)

, the additive range is O( 1a).

6.5.2 Zeroth-order private convex optimization

In this section, we consider a pair of closely-related problems in private convex optimiza-

tion. Let S be a domain, and let n ∈ N. We say that a mechanism (randomized algorithm)

M : Sn → Ω satisfies (ϵ, δ)-differential privacy (DP) if for any event S ⊆ Ω where Ω is the

output space, and any two datasets D,D′ ∈ Sn which differ in exactly one element,

Pr[M(D) ∈ S] ≤ exp(ϵ) Pr[M(D′) ∈ S] + δ.

We next define the private optimization problems we study.

Problem 2 (DP-ERM and DP-SCO). Let n ∈ N, ϵ, δ ∈ (0, 1), D,G ≥ 0, and let X ⊂ Rd

be compact and convex with diameter in a norm
∥∥ · ∥∥X at most D. Let P be a distribution

over a set S such that for any s ∈ S, there is a f(·; s) : X → R which is convex and

G-Lipschitz in
∥∥ · ∥∥X . Let D def

= {si}i∈[n] consist of n independent draws from P, and let

fi
def
= f(·; si) for all i ∈ [n].

In the differentially private empirical risk minimization (DP-ERM) problem, we re-

ceive D and wish to design a mechanism M which satisfies (ϵ, δ)-DP and approximately

minimizes

Ferm(x)
def
=

1

n

∑
i∈[n]

fi(x).

In the differentially private stochastic convex optimization (DP-SCO) problem, we receive

D and wish to design a mechanism M which satisfies (ϵ, δ)-DP and approximately mini-

mizes

Fsco(x)
def
= Es∼P [f(x; s)] .
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The following powerful general-purpose result was proven in [GLL+23b] reducing the

DP-ERM and DP-SCO problems to logconcave sampling problems catered to the
∥∥ · ∥∥X

geometry. We slightly improve the parameter settings used by Theorem 4 of [GLL+23b] for

DP-SCO by noting that a smaller value of k also suffices (due to the larger error bound),

as observed by [GLL22].

Proposition 15 (Theorem 3, Theorem 4, [GLL+23b], Theorem 6.9, [GLL22]). In the

setting of Problem 2, let k ≥ 0, and let r : X → R be 1-strongly convex with respect

to
∥∥ · ∥∥X , with additive range at most Θ. Let ν be the density on X satisfying dν(x) ∝

exp(−k(Ferm(x)+µr(x)))1X (x)dx. Then the algorithm which returns a sample from ν for

k =

√
dnϵ

G
√
2Θ log 1

2δ

, µ =
2G2k log 1

2δ

n2ϵ2
,

satisfies (ϵ, δ)-DP, and guarantees

Ex∼ν [Ferm(x)]−min
x∈X

Ferm(x) ≤ O

G√Θ ·
√
d log 1

δ

nϵ

 .

Further, the algorithm which returns a sample from ν for

k =
1

G
√
Θ
·

√√√√(d log 1
2δ

ϵ2n2
+

1

n

)
·min

(
ϵ2n2

log 1
2δ

, nd

)
, µ = G2k ·max

(
log 1

2δ

n2ϵ2
,
1

nd

)

satisfies (ϵ, δ)-DP, and guarantees

Ex∼ν [Fsco(x)]−min
x∈X

Fsco(x) ≤ O

G√Θ ·

√
d log 1

δ

nϵ
+

1√
n

 .

Armed with Proposition 15 and the sampler in Theorem 13, we give our main results

on Problem 2.

Assumption 1. Fix p ∈ [1, 2] and k, a, η, µ > 0. In the setting of Problem 2, assume

there is an algorithm A which returns a point drawn from a β-warm start to the density ν

satisfying

dν(x) ∝ exp (−k (Ferm(x) + ηµψp,a(x)))1X (x)dx.

Theorem 14. Let p ∈ [1, 2], ϵ, δ ∈ (0, 1). In the setting of Problem 2 where
∥∥ ·∥∥X is the ℓp

norm on Rd, there is an (ϵ, δ)-differentially private algorithmMerm which produces x ∈ X

such that

EMerm [Ferm(x)]−min
x∈X

Ferm(x) = O

 GD√
p− 1

·

√
d log 1

δ

nϵ

 for p ∈ (1, 2],
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EMerm [Ferm(x)]−min
x∈X

Ferm(x) = O

GD√log d ·

√
d log 1

δ

nϵ

 for p = 1.

Further, there is an (ϵ, δ)-differentially private algorithmMsco which produces x ∈ X such

that

EMsco [Fsco(x)]−min
x∈X

Fsco(x) = O

 GD√
p− 1

·

 1√
n
+

√
d log 1

δ

nϵ

 for p ∈ (1, 2],

EMsco [Fsco(x)]−min
x∈X

Fsco(x) = O

GD√log d ·

 1√
n
+

√
d log 1

δ

nϵ

 for p = 1.

Both Merm and Msco call A in Assumption 1, appropriately parameterized, once. Merm

uses

O

((
1 +

n2ϵ2

log 1
δ

)
log

(
(1 + nϵ) log β

δ

)
log

β

δ

)
.

additional value queries to some f(·; si), andMsco uses

O

(
min

(
nd, 1 +

n2ϵ2

log 1
δ

)
log

(
(1 + nϵ) log β

δ

)
log

β

δ

)

additional value queries to some f(·; si).

Proof. First, we slightly simplify the setting of Problem 2. We may first assume that

D = 1, i.e. X has diameter at most 1 in
∥∥·∥∥X . If the diameter is bounded by someD ̸= 1, we

can rescale the domain X ← 1
DX , and remap to the modified functions f(x; s)← f(Dx; s)

over this modified domain for all s ∈ S. It is clear the Lipschitz constant rescales as

G← GD as a result. Next, we assume (nϵ)2 ≥ dΘ log 1
δ where Θ = min( 1

p−1 , log d). In the

other case, in light of the diameter bound on X and the Lipschitz assumption, returning

a random point in X attains the error bound claimed. Finally, assume p ∈ (1, 2], as

otherwise we set p← 1 + 1
log d , which only affects bounds by constant factors, since

∥∥ · ∥∥p
is affected by O(1) multplicatively everywhere under this change.

Under these simplifications, we choose the parameters k and µ according to Proposi-

tion 2 for each problem. Assume for now that Θ for the regularizer r we choose is bounded

by a universal constant times 1
p−1 . Then the Lipschitz constant of kFerm in either case of

Proposition 2 is

kG = Ω

min

√(p− 1)dnϵ√
log 1

δ

, d
√
n

 = Ω(d),
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as implied by our earlier simplification. We hence may choose I to be uniform over [n],

and

η = O

(
1

k2G2 log (1+nϵ) log β
δ

)
for a sufficiently small constant to use Theorem 13. Under this setting we certainly have

η = O( 1
d2
), so letting r

def
= ηψp,a for a

def
= η(p−1)

2 shows that r is η times the LLT of an

η-smooth function in ℓq. By Lemma 40, r is indeed 1-strongly convex in ℓp, and Lemma 54

bounds its range by Θ = O( 1
p−1) satisfying our earlier assumption, where we use a = O( 1

d2
).

The runtime finally follows by applying our choices of k, µ in Proposition 15, with our

choice of η, in Theorem 13, where we ensure that η · kµ ≤ 1 by choosing a smaller η if this

is not the case (so Theorem 13 applies). Finally, to account for total variation error in

our sampler, it suffices to adjust the failure probability δ by a constant and take a union

bound over the privacy definition and the failure of Theorem 13.

By combining the proof strategy of Theorem 14 with Corollary 15 instead of Lemma 54,

we immediately obtain the following corollary in the case of Schatten norms.

Corollary 16. Let p ∈ [1, 2], ϵ, δ ∈ (0, 1). In the setting of Problem 2 where
∥∥ · ∥∥X is the

Schatten-p norm on Rd1×d2, there is an (ϵ, δ)-differentially private algorithmMerm which

produces X ∈ X such that

EMerm [Ferm(X)]− min
X∈X

Ferm(X) = O

 GD√
p− 1

·

√
d1d2 log

1
δ

nϵ

 for p ∈ (1, 2],

EMerm [Ferm(X)]− min
X∈X

Ferm(X) = O

GD√log(d1d2) ·

√
d1d2 log

1
δ

nϵ

 for p = 1.

Further, there is an (ϵ, δ)-differentially private algorithmMsco which produces X ∈ X such

that

EMsco [Fsco(X)]− min
X∈X

Fsco(X) = O

 GD√
p− 1

·

 1√
n
+

√
d1d2 log

1
δ

nϵ

 for p ∈ (1, 2],

EMsco [Fsco(X)]− min
X∈X

Fsco(X) = O

GD√log(d1d2) ·

 1√
n
+

√
d1d2 log

1
δ

nϵ

 for p = 1.

Both Merm and Msco call A in Assumption 1, appropriately parameterized, once. Merm

uses

O

((
1 +

n2ϵ2

log 1
δ

)
log

(
(1 + nϵ) log β

δ

)
log

β

δ

)
.
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additional value queries to some f(·; si), andMsco uses

O

(
min

(
nd1d2, 1 +

n2ϵ2

log 1
δ

)
log

(
(1 + nϵ) log β

δ

)
log

β

δ

)

additional value queries to some f(·; si).

6.5.3 Oracle access for ψp,a

In Theorem 14 and Corollary 16, we only bounded the value oracle complexity of our

sampling algorithms. The remainder of the steps in Algorithm 11 and its subroutine

Algorithm 12 require samples from densities of the form dπx (for some x ∈ X ) or dγy

(for some y ∈ Rd), defined in (6.15) and (6.16) respectively and reproduced here for

convenience:

dπx(y) = exp (⟨x, y⟩ − ψ(x)− φ(y)) dy,

dγy(x) ∝ exp (−ηµψ(x)− (ψ(x)− ⟨x, y⟩))1X (x)dx.
(6.27)

These densities are independent of the function F in Problem 1 and hence do not require

additional value oracle queries in the setting of Problem 1. In general, the complexity of

these steps depends on the complexity of the functions φ and ψ, and the set X . We now

discuss strategies for sampling from πx and γy in specific settings described by Section 6.5.1,

which we first briefly summarize.

1. We describe a method based on the inverse Laplace transform for sampling from πx

and evaluating ψp,a with complexity linear in the dimension d in the vector setting.

2. Under efficient value oracle access to ψp,a and membership oracle access to X ,

general-purpose results [LV07, JLLV20, JLV22] imply polynomial-time samplers for

γy.

3. We discuss generalizations of these methods to the matrix setting, and näıve sampling

methods. We draw a loose connection to the HCIZ integral from harmonic analysis,

and suggest how it may potentially help in the structured sampling task for LLTs in

Schatten norms.

ℓp setting. We first discuss the case when X ⊂ Rd is a set on vectors equipped with the

ℓp norm for some p ∈ [1, 2], and we let q ≥ 2 satisfy 1
p + 1

q = 1. We follow the notation

(6.25).
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In order to sample from the density πx, we use an inverse Laplace transform decom-

position. For a parameter c ∈ [0, 1), we define the density µc supported on R≥0, such that

for all t ≥ 0,

exp(−tc) =
∫ ∞

0
exp (−λt)µc(λ)dλ. (6.28)

Intuitively, the density µc(λ) and the corresponding decomposition (inverse Laplace trans-

form) (6.28) aims to express the more heavy-tailed function exp(−tc) as a distribution over

the lighter-tailed functions exp(−λt). The inverse Laplace transform densities µc are well-

studied in the probability theory literature, and correspond to stable count distributions

parameterized by c. For example, it is well-known that µ 1
2
is the Lévy distribution

dµ 1
2
(λ) =

1

2
√
πλ

3
2

exp

(
− 1

4λ

)
dλ.

We refer the reader to references e.g. [Mai07] on properties of the densities µc, and for

now assume we can access and sample from these one-dimensional distributions in closed

form for simplicity. Given this decomposition, we can then write

exp(ψp,a(x)) =

∫
exp

(
⟨x, y⟩ − a

∥∥y∥∥2q)dy
=

∫ ∞

0

(∫
exp

(
⟨x, y⟩ − λa

q
2

∥∥y∥∥qq) dy)µ 2
q
(λ)dλ

=

∫ ∞

0

∏
i∈[d]

(∫ ∞

−∞
exp

(
xiyi − λa

q
2 yqi

)
dyi

)
µ 2

q
(λ)dλ.

(6.29)

The decomposition (6.29) reduces the problem of sampling from πx to d one-dimensional

problems. To sample ∝ exp(⟨x, y⟩ − a
∥∥y∥∥2q), we can first sample λ from the density µc for

c = 2
q , and then sample each coordinate yi proportionally to exp(xiyi−λa

q
2 yqi ) conditioned

on the sampled λ.

This decomposition also gives us an efficient value oracle for ψp,a, by evaluating (6.29)

as a one-dimensional integral over λ, where the integrand may be evaluated as a product

of d one-dimensional integrals. Under membership oracle access to X , the problem of

sampling from γy then falls under a generic logconcave sampling setup studied in a long

line of work building upon [DFK91b]. The state-of-the-art general-purpose logconcave

sampler, which combines the algorithms of [LV07, JLLV20] with the isoperimetric bound

in [JLV22] (improving recent breakthroughs by [Che21a, KL22]), requires roughly d3 value

oracle calls to ψp,a and membership oracle calls to X .

In principle, for structured sets X (such as ℓp balls), the particular explicit structure

of ψp,a and X may be exploited to design more efficient samplers for the densities γy,
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analogously to our custom linear-time sampler for πx. However, it should be noted that

the sampling problem for γy appears to be quite a bit more challenging than the problem

for πx. We leave the investigation of explicit sampler design for γy as an interesting open

problem for future work.

Schatten-p setting. The situation is somewhat less straightforward in the matrix case.

Here, the key computational problem in replicating the strategy suggested by (6.29) is

evaluating the integral ∫
exp

(
⟨X,Y⟩ − C

∥∥Y∥∥qq)dY, (6.30)

where the integral is over Y ∈ Rd1×d2 , and X ∈ Rd1×d2 , C > 0 are fixed. The difficulty

is ⟨X,Y⟩ decomposes coordinatewise, whereas
∥∥Y∥∥qq decomposes spectrally.8 At least

superficially, this is similar to the challenge faced when evaluating the Harish-Chandra-

Itzykson-Zuber (HCIZ) formula

∫
exp

(
Tr
(
AUBU†

))
dU, (6.31)

where the integral is over the Haar measure on (complex) unitary matrices U, and A, B

are Hermitian. By dropping the −C
∥∥Y∥∥qq term in (6.30) and only integrating over unitary

conjugations of a fixed matrix Y, we arrive at a generalization of (6.31). The difficulty in

evaluating (6.31) is also a sort of tension between the eigenspaces ofA and B. Nonetheless,

(6.31) has a (polynomial-time computable) exact formula, which was famously discovered

independently by [HC57, IZ80]. Furthermore, [LMV21] recently obtained a polynomial-

time sampler for the density induced by (6.31); while a sampler for (6.30) would follow

from logconcavity and general-purpose results, it would be far from cheap, so ways of

exploiting structure are fruitful to explore.

As a proof-of-concept, evaluating the integral (6.30) in (polynomial-time computable)

closed form is a minimal requirement for implementing the X-oracles in (6.27) used by

our algorithm. Even this problem appears challenging, but (as summarized cleanly by

[Tao13, McS21]) a plethora of techniques exist for proving the HCIZ formula, some based

on tools from stochastic processes. We pose the efficient computability of the integral

(6.30) as another explicit open question.

8Note that because
∥∥ ·
∥∥
q is unitarially invariant, we may assume X is diagonal.
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6.6 Conclusion

We believe our work is a significant step towards developing the theory of LLTs and paving

the way for their use in designing sampling algorithms. There are a number of important

questions left open by our work, which we find interesting and potentially fruitful for the

community to explore.

Stronger mixing time bounds. Perhaps the most immediate open question regard-

ing our alternating sampling framework in Section 6.4 is to obtain a better understand-

ing of its mixing time. As discussed in Section 6.1.1, Theorem 13’s mixing time scales

linearly in log β, which as demonstrated by Lemma 53 (and related other settings, e.g.

MALA [CLA+21, LST20]) can result in additional polynomial overhead in problem pa-

rameters: for what φ,ψ is this avoidable? Notably, it is avoided for the Euclidean proximal

sampler [LST21b] by working directly with KL divergence (as opposed to the larger χ2

distance typically used by proofs using conductance bounds). Different proofs of this

log log β dependency for the Euclidean proximal sampler were then subsequently obtained

by [CCSW22, CE22]. We also mention that log log β dependences may sometimes follow

via average conductance techniques (e.g. [LK99]), which may apply to our Markov chain.

Samplers for explicit distributions. Our results Theorem 13 and 14 mainly focused

on bounding the query complexity to the function F , or samples fi from the distribu-

tion defining it. The total computational complexity of a practical implementation of

Algorithm 11 also includes the cost of sampling from the distributions (6.27), which are

“data-independent” for this problem (only depending on explicit functions and sets in-

stead of F ). In Section 6.5.3, we give a linear-time sampler for πx and a polynomial-time

sampler for γy under the ℓp geometry, but it is interesting to obtain faster samplers for

particular structured choices of (φ,X ) of importance in applications.

LLT beyond proximal sampling. More generally, we believe it is worthwhile to obtain

a better understanding of specific choices of (φ,ψ), e.g. the examples in Section 6.5.1, from

an algorithmic perspective. LLTs satisfy appealing properties such as self-concordance,

strong convexity, and isoperimetry making them well-suited for frameworks beyond Algo-

rithm 11, such as discretized MLD [AC21] and Metropolized sampling methods discussed

in Section 6.1. Bounding the complexity of their use in these applications necessitates an
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improved understanding of specific LLTs.

LLT as a dual object. Finally, a tantalizing open question in the theory of well-

conditioned sampling (even in the ℓ2 setting) is whether acceleration is achievable, i.e.

mixing times scaling with the square root of the condition number (which is famously

possible in optimization [Nes83]). The duality of Fenchel conjugates appears to play a

key role in acceleration, as made explicit by [WA18, CST21], so a better understanding of

duality may be helpful in the corresponding endeavor for sampling. The LLT is a natural

candidate for a dual object in sampling, as it arises via joint densities on an extended

space (6.2), and satisfies properties such as strong convexity-smoothness duality. Can we

demystify this relationship, and use it to obtain faster samplers?
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Part IV

SAMPLING IN A CONSTRAINED SPACE
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Chapter 7

SAMPLING USING RIEMANNIAN HAMILTONIAN MONTE
CARLO WITH CONDITION-NUMBER-INDEPENDENT

CONVERGENCE RATE

This chapter is based on [KLSV22a], with Yunbum Kook, Yin Tat Lee, and Santosh

S. Vempala.

7.1 Introduction

In this chapter, we study the problem of sampling from a constrained space. The need for

efficient high-dimensional constrained sampling arises in many fields. A notable setting is

metabolic networks in systems biology. A constraint-based model of a metabolic network

consists of m metabolites and n reactions, and a set of equalities and inequalities that

define a set of feasible steady state reaction rates (fluxes):

Ω =
{
v ∈ Rn |Sv = 0, l ≤ v ≤ u, cT v = α

}
,

where S is a stoichiometric matrix with coefficients for each metabolite and reaction.

The linear equalities ensure that the fluxes into and out of every node are balanced.

The inequalities arise from thermodynamical and environmental constraints. Sampling

constraint-based models is a powerful tool for evaluating the metabolic capabilities of

biochemical networks [LNP12, TSF+13]. While the most common distribution used is

uniform over the feasible region, researchers have also argued for sampling from the Gaus-

sian density restricted to the feasible region; the latter has the advantage that the feasible

set does not have to be bounded. A previous approach to sampling, using hit-and-run

with rounding [HCT+17], has been incorporated into the COBRA package [HAP+19] for

metabolic systems analysis (Bioinformatics).

A second example of mathematical interest is the problem of computing the volume

of the Birkhoff polytope. For a given dimension n, the Birkhoff polytope is the set of

all doubly stochastic n × n matrices (or the convex hull of all permutation matrices).

This object plays a prominent role in algebraic geometry, probability, and other fields.

Computing its volume has been pursued using algebraic representations; however exact

http://math.sfsu.edu/beck/birkhoff/volumes.html
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computations become intractable even for n = 11, requiring years of computation time.

Hit-and-run has been used to show that sampling-based volume computation can go to

higher dimension [CV16], with small error of estimation. However, with existing sampling

implementations, going beyond n = 20 seems prohibitively expensive.

A third example is from machine learning, a field that is increasingly turning to sam-

pling models of data according to their performance in some objective. One such com-

monly used criterion is the logistic regression function. The popularity of logistic regression

has led to sampling being incorporated into widely used packages such as STAN [Sta20],

PyMC3 [SWF16], and Pyro [BCJ+19]. However, those packages in general do not run on

the constraint-based models we are interested in.

Problem Description. We consider the problem of sampling from distributions whose

densities are of the form

e−f(x) subject to Ax = b, x ∈ K (7.1)

where f is a convex function and K is a convex body. We assume that a self-concordant

barrier ϕ for K is given. Note that any convex body has a self-concordant barrier

[LY21] and there are explicit barriers for convex bodies that come up in practical ap-

plications [NN94], so this is a mild assumption. We introduce an efficient algorithm for

the problem when K is a product of convex bodies Ki, each with small dimension. Many

practical instances can be written in this form. As a special case, the algorithm can han-

dle K in the form of {x ∈ Rn : li ≤ xi ≤ ui for all i ∈ [n]} with li ∈ R ∪ {−∞} and

ui ∈ R ∪ {+∞}, which is the common model structure in systems biology. Moreover, any

generalized linear model exp(−
∑
fi(a

⊤
i x− bi)), e.g., the logistic model, can be rewritten

in the form

exp(−
∑

ti) subject to Ax = b+ s, (s, t) ∈ K (7.2)

where K = ΠKi and each Ki = {(si, ti) : fi(si) ≤ ti} is a two-dimensional convex body.

The Challenges of Practical Sampling. High dimensional sampling has been widely

studied in both the theoretical computer science and the statistics communities. Many

popular samplers are first-order methods, such as MALA [RT96a], basic HMC [Nea11,

DKPR87] and NUTS [HG+14b], which update the Markov chain based on the gradient

information of f . The runtime of such methods can depend on the condition number of
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the function f [DCWY19, LST20, CDWY20, CCBJ17, SL19]. However, the condition

number of real-world applications can be very large. For example, RECON1 [KLD+16], a

reconstruction of the human metabolic network, can have condition number as large as 106

due to the dramatically different orders of different chemicals’ concentrations. Motivated

by sampling from ill-conditioned distributions, another class of samplers use higher-order

information such as Hessian of f to take into account the local structure of the problems

[SBCR16, CLGL+20]. However, such samplers cannot handle non-smooth distributions,

such as hinge-loss, lasso, or uniform densities over polytopes.

For non-smooth distributions, the best polytime methods are based on discretizations

of Brownian motion, e.g., the Ball walk [KLS97] (and its affine-invariant cousin, the Dikin

walk [KN12]), which takes a random step in a ball of a fixed size around the current

point. Hit-and-Run [LV06a] builds on these by avoiding an explicit step size and going

to a random point along a random line through the current point. Both approaches hit

the same bottleneck — in a polytope that contains a unit ball, the step size should be

O(1/
√
n) to avoid stepping out of the body with large probability. This leads to quadratic

bounds (in dimension) on the number of steps to “mix”.

Due to the reduction mentioned in (7.2), non-smooth distributions can be translated

to the form in (7.1) with constraint K. Both the first and higher-order sampler and the

polytime non-smooth samplers have their limitations in handling distributions with non-

smooth objective function or constraint K. Given the limitations of all previous samplers,

a natural question we want to ask is the following.

Question. Can we develop a practically efficient sampler that can handle the constrained

problem in (7.1) and preserve sparsity1 with mixing time independent of the condition

number?

In some applications, smoothness and condition number can be controlled with tailor-

made models. Our goal here is to propose a general solver that can sample from any

non-smooth distributions as given. For traditional samplers such as the Ball walk and

Hit-and-Run, as mentioned earlier, the step size needs to be small so that the process does

not step out. An approach that gets around this bottleneck is Hamiltonian Monte Carlo

(HMC), where the next step is given by a point along a Hamiltonian-preserving curve

according to a suitably chosen Hamiltonian. It has two advantages. First, the steps are no

1When A is sparse, preserving the sparsity of A can greatly enhance both the runtime and the space
efficiency.
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longer straight lines in Euclidean space, and we no longer have the concern of “stepping

out”. Second, the process is symplectic (so measure-preserving), and hence the filtering

step is easy to compute. It was shown in [LV18] that significantly longer steps can be taken

and the process with a convergence analysis in the setting of Hessian manifolds, leading

to subquadratic convergence for uniformly sampling polytopes.

To make this practical, however, is a formidable challenge. There are two high-level

difficulties. One is that many real-world instances are highly skewed (far from isotropic)

and hence it is important to use the local geometry of the density function. This means

efficiently computing or maintaining second-order information such as a Hessian of the

logarithm of the density. This can be done in the Riemannian HMC (RHMC) framework

[GC11, LV18], but the computation of the next step requires solving the Hamiltonian ODE

to high accuracy, which in turn needs the computation of leverage scores, a procedure that

takes at least matrix-multiplication time in the worst case. Another important difficulty

is maintaining hard linear constraints. Existing high-dimensional packages do not allow

for constraints (they must be somehow incorporated into the target density), and RHMC

is usually considered with a full-dimensional feasible region such as a full-dimensional

polytope. This can also be done in the presence of linear equalities by working in the

affine subspace defined by the equalities, but this has the effect of losing any sparsity

inherent in the problem and turning all coefficient matrices and objective coefficients into

dense objects, thereby potentially incurring a quadratic blow-up.

Our Solution: Constrained Riemannian Hamiltonian Monte Carlo (CRHMC).

We develop a constrained version of RHMC, maintaining both sparsity and constraints.

Our refinement of RHMC ensures that the process satisfies the given constraints through-

out, without incurring a significant overhead in time or sparsity. It works even if the

resulting feasible region is poorly conditioned. Since many instances in practice are ill-

conditioned and have degeneracies, we believe this is a crucial aspect. Our algorithm

outperforms existing packages by orders of magnitude.

In Section 7.2, we give the main ingredients of the algorithm and discuss how we over-

come the challenges that prevent us from sampling efficiently in practice. Following that,

in Section 7.3, we present empirical results on several benchmark datasets, showing that

CRHMC successfully samples much larger models than previously known to be possible,

and is significantly faster in terms of rate of convergence (“number of steps”) and total
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sampling time. Our complete package is available on GitHub. We refer the reader to

Appendix for theory, notations, and definitions.

7.2 Constrained RHMC

In this section, we propose a constrained Riemannian Hamiltonian Monte Carlo (CRHMC2)

algorithm to sample from a distributions of the form

e−f(x) subject to c(x) = 0 and x ∈ K for some convex body K,

where the constraint function c : Rn → Rm satisfies the property that the Jacobian Dc(x)

has full rank for all x such that c(x) = 0. It is useful to keep in mind the case when c(x) = 0

is an affine subspace Ax = b, in which case Dc(x) = A, and the full-rank condition simply

says that the rows of A are independent.

We refer readers to [And83, BSU12, Rei93] for preliminary versions of CRHMC called

the constrained Hamiltonian Monte Carlo (CHMC). In particular, a framework in [BSU12]

can be extended to CRHMC whenK = Rn, and in fact they mention CRHMC as a possible

variant. However, their algorithm for CRHMC requires eigenvalue decomposition and is

not efficient for large problems, which takes n3 time and n2 space per MCMC step in

practice. In this section, we propose an algorithm that overcomes those limitations and

satisfies the additional constraint K by using a local metric induced by the Hessian of

self-concordant barriers, leading to n1.5 time and n space in practice.

7.2.1 Basics of CRHMC

To introduce our algorithm, we first recall the RHMC algorithm (Algorithm 13). In

RHMC, we extend the space x to the pair (x, v), where v denotes the velocity. Instead

of sampling from e−f(x), RHMC samples from the distribution e−H(x,v), where H(x, v) is

the Hamiltonian, and then outputs x. To make sure the distribution is correct, we choose

the Hamiltonian such that the marginal of e−H(x,v) along v is proportional to e−f(x). One

common choice of H(x, v) is

H(x, v) = f(x) +
1

2
v⊤M(x)−1v +

1

2
log detM(x), (7.3)

where M(x) is a position-dependent positive definite matrix defined on Rn.

2pronounced “crumch”.

https://github.com/ConstrainedSampler/PolytopeSamplerMatlab
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Algorithm 13 Riemannian Hamiltonian Monte Carlo (RHMC)

Input: Initial point x(0), step size h

1: for k = 1, 2, · · · do

Step 1: resample v

2: Sample v(k−
1
2
) ∼ N (0,M(x(k−1))) and set x(k−

1
2
) ← x(k−1).

Step 2: Hamiltonian dynamics

3: Solve the ODE
dx

dt
=
∂H(x, v)

∂v
,
dv

dt
= −∂H(x, v)

∂x
(7.4)

with H defined in (7.3) and the initial point given by (x(k−
1
2
), v(k−

1
2
)).

4: Set x(k) ← x(h) and v(k) ← v(h).

5: end for

Output: x(k)

To extend RHMC to the constrained case, we need to make sure both Step 1 and Step 2

satisfy the constraints, so the Hamiltonian dynamics has to maintain c(x) = 0 throughout

Step 2. Note that

d

dt
c(xt) = Dc(xt) ·

dxt
dt

= Dc(xt) ·
∂H(xt, vt)

∂vt
, (7.5)

where Dc(x) is the Jacobian of c at x. With H defined in (7.3), Condition (7.5) becomes

Dc(x)M(x)−1v = 0. However, for full rank Dc(x), if M(x) is invertible, then Range(v) =

Range(N (0,M(x))) = Rn immediately violates this condition due to dim(Null(Dc(x)M−1(x))) =

n −m. To get around this issue, we use a non-invertible matrix M(x) with its pseudo-

inverse M(x)† to satisfy Dc(x)M(x)†v = 0 for any v ∈ Range(M(x)). Since we want

the step to be able to move in all directions satisfying c(x) = 0, we impose the following

condition with Range(M(x)) = Range(M(x)†) in mind:

Range(M(x)) = Null(Dc(x)) for all x ∈ Rn, (7.6)

which can be achieved by M(x) proposed soon.

Under the condition (7.6), we sample v from N (0,M(x)) in Step 1, which is equiv-

alent to sampling from e−H(x,v) subject to v ∈ Range(M(x)) = Null(Dc(x)). Also, the

stationary distribution of CRHMC should be proportional to

e−H(x,v) subject to c(x) = 0 and v ∈ Null(Dc(x)).
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Here, to maintain v ∈ Null(Dc(x)) during Step 2 we add a Lagrangian term to H. Without

the Lagrangian term, vt would escape from Null(Dc(xt)) = Range(M(xt)) in Step 2 as

seen in the proof of Lemma 15, which contradicts Range(vt) = Range(N (0,M(xt))) =

Range(M(xt)). The constrained Hamiltonian we propose is (See its rigorous derivation in

Lemma 15)

H(x, v) = H(x, v) + λ(x, v)⊤c(x) with H(x, v) = f(x) +
1

2
v⊤M(x)†v + log pdet(M(x))

(7.7)

where λ(x, v) = (Dc(x)Dc(x)⊤)−1
(
D2c(x)[v, dxdt ]−Dc(x)

∂H(x,v)
∂x

)
. Here, pdet denotes

pseudo-determinant and λ(x, v) is picked so that v ∈ Null(Dc(x)). An algorithmic de-

scription of CRHMC is the same as Algorithm 13 with the constrained H in place of

the unconstrained H. We show the convergence of CRHMC to the correct distribution

exp(−f(x)) in Appendix F.2.3.

Choice of M via Self-concordant Barriers. The construction of the Hamiltonian

(7.7) relies on having a family of positive semi-definite matrixM(x) satisfying the condition

(7.6) (i.e., Range(M(x)) = Null(Dc(x))). One natural choice is the orthogonal projection

to Null(Dc(x)):

Q(x) = I −Dc(x)⊤(Dc(x)Dc(x)⊤)−1Dc(x), (7.8)

which is similar to the choice in [BSU12].

For the problem we care about, there are additional constraints on x other than {c(x) =

0}. In the standard HMC algorithm, we have dx
dt ∼ N (0,M(x)−1). For example, for a

simple constraint K = [0, 1], to ensure every direction is moving towards/away from x = 0

multiplicatively, a natural choice of M is M(x) = diag(x−2). For general convex body

K, we can use a self-concordant barrier, a function defined on K such that ϕ(x) is self-

concordant and ϕ(x) → +∞ as x → ∂K. Using the barrier ϕ, we can define the local

metric based on g(x) = ∇2ϕ(x). Intuitively, as the sampler approaches ∂K, the local

metric stretches accordingly so that the Hamiltonian dynamics never passes the barrier,

respecting x ∈ K throughout.

In summary, we need M(x) to have its range match the null space of Dc(x) and agree

with g(x) in its range. We can verify that M(x) = Q(x)⊤g(x)Q(x), where Q(x) is the

symmetric matrix defined in (7.8), satisfies these two constraints.
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7.2.2 Efficient Computation of ∂H/∂x and ∂H/∂v

With M(x) = Q(x)⊤g(x)Q(x), we have all the pieces of the algorithm. However, using

this naive algorithm to compute ∂H/∂x and ∂H/∂v, we face several challenges.

1. The algorithm involves computing the pseudo-inverse and its derivatives, which takes

O(n3) except for very special matrices.

2. The Lagrangian term in the constrained Hamiltonian dynamics requires additional com-

putation such as the second-order derivative of c(x).

3. A naive approach to computing leverage scores in ∂H/∂x results in a very dense matrix.

Those challenges make the algorithm hard to implement and inefficient, especially when

the dimension is high. In the following paragraphs, we give an overview of how we overcome

each of the challenges above. We defer a more detailed discussion of our approaches and

the proofs to Appendix F.2.2.

Avoiding Pseudo-inverse and Pseudo-determinant. We are able to show equiva-

lent formulas forM(x)† and log pdetM(x) that can take advantage of sparse linear system

solvers. In particular, we show that M(x)† = g(x)−
1
2 · (I − P (x)) · g(x)−

1
2 , where

P (x) = g(x)−
1
2 ·Dc(x)⊤(Dc(x) · g(x)−1 ·Dc(x)⊤)−1Dc(x) · g(x)−

1
2 . (7.9)

As mentioned earlier, a majority of convex bodies appearing in practice are of the form

K =
∏
iKi, where Ki are constant dimensional convex bodies. In this case, we will choose

g(x) to be a block diagonal matrix with each block of size O(1). Hence, the bottleneck of

applying P (x) to a vector is simply solving a linear system of the form (Dc·g−1 ·Dc⊤)u = b

for some b. The existing sparse linear system solvers can solve large classes of sparse linear

system much faster than O(n3) time [Dem97]. For log pdetM(x), we show

log pdet(M(x)) = log det g(x)+log det
(
Dc(x) · g(x)−1 ·Dc(x)⊤

)
−log det

(
Dc(x) ·Dc(x)⊤

)
.

(7.10)

This simplification allows us to take advantage of sparse Cholesky decomposition. We

prove (7.9) and (7.10) in Lemma 16 and Lemma 17 in Appendix F.2.2. The formulas (7.9)

and (7.10) avoid the expensive pseudo-inverse and pseudo-determinant computations, and

significantly improve the practical performance of our algorithm.
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Simplification for Subspace Constraints. For the case c(x) = Ax− b, the Hamilto-

nian is now

H(x, v) = f(x)+
1

2
v⊤g−

1
2 (I − P ) g−

1
2 v+

1

2

(
log det g + log detAg−1A⊤ − log detAA⊤

)
+λ⊤c,

where P = g−
1
2A⊤(Ag−1A⊤)−1Ag−

1
2 . The key observation is that the algorithm only

needs to know x(h) in the HMC dynamics, and not v(h). Thus, we can replace H by any

other that produces the same x(h). We show in Lemma 18 (Appendix F.2.2) that the

dynamics corresponding to H above is equivalent to the dynamics that corresponds to a

much simpler Hamiltonian:

H(x, v) = f(x) +
1

2
v⊤g−

1
2 (I − P ) g−

1
2 v +

1

2

(
log det g + log detAg−1A⊤

)
.

Furthermore, we have

dx

dt
= g−

1
2 (I − P ) g−

1
2 v,

dv

dt
= −∇f(x) + 1

2
Dg

[
dx

dt
,
dx

dt

]
− 1

2
Tr(g−

1
2 (I − P ) g−

1
2Dg).

Efficient Computation of Leverage Score. Even after simplifying the Hamiltonian

as above, we still have a term for the leverage scores, Tr(g−
1
2 (I − P ) g−

1
2Dg) in dv

dt so that

we need to compute the diagonal entries of P = g−
1
2A⊤(Ag−1A⊤)−1Ag−

1
2 to compute dv

dt .

Since (Ag−1A⊤)−1 can be extremely dense even when A is very sparse, a naive approach

such as direct computation of the inverse can lead to a dense-matrix multiplication. To

avoid dense-matrix multiplication, our approach is based on the fact that certain entries

of (Ag−1A⊤)−1 can be computed as fast as computing sparse Cholesky decomposition of

Ag−1A⊤ [Tak73, CD95], which can be O(n) time faster than computing (Ag−1A⊤)−1 in

many settings. We first compute the Cholesky decomposition to obtain a sparse triangular

matrix L such that LL⊤ = Ag−1A⊤. Then, we show that only entries of Ag−1A⊤ in

sp(L) ∪ sp(L⊤) matter in computing diag(A⊤(Ag−1A⊤)−1A), where sp(L) is the sparsity

pattern of L. We give the details of our approach in Appendix F.2.2.

7.2.3 Discretization

Explicit integrators such as leapfrog integrator, which are commonly used for Hamilto-

nian Monte Carlo, are no longer symplectic on general Riemannian manifolds (see Ap-

pendix F.3.1). Even though there have been some attempts [Pih15] to make explicit

integrators work in the Riemannian setting, its variants do not work for ill-conditioned

problems.
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Our algorithm uses the implicit midpoint method (Algorithm 16) to discretize the

Hamiltonian process into steps of step size h and run the process for T iterations. This

integrator is reversible and symplectic (so measure-preserving) [HHIL06], which allows

us to use a Metropolis filter to ensure the distribution is correct so that we no longer

need to solve ODE to accuracy to maintain the correct stationary distribution. We write

H(x, v) = H1(x, v) +H2(x, v), where

H1(x, v) = f(x) +
1

2

(
log det g(x) + log detAg(x)−1A⊤

)
,

H2(x, v) =
1

2
v⊤g(x)−

1
2 (I − P (x)) g(x)−

1
2 v.

Starting from (x0, v0), in the first step of the integrator, we run the process on the Hamil-

tonian H1 with step size h
2 to get (x1/3, v1/3). In the second step of the integrator, we run

the process on H2 with step size h by solving

x 2
3
= x 1

3
+ h

∂H2

∂v

(x 1
3
+ x 2

3

2
,
v 1

3
+ v 2

3

2

)
, v 2

3
= v 1

3
− h∂H2

∂x

(x 1
3
+ x 2

3

2
,
v 1

3
+ v 2

3

2

)
,

iteratively using the Newton’s method. This step involves computing the Cholesky de-

composition of (Ag−1A⊤)−1 using the Cholesky decomposition of Ag−1A⊤. In the third

step, we run the process on the Hamiltonian H1 with step size h
2 again to get (x1, v1).

We state the complete algorithm (Algorithm 15 and Algorithm 16) with details on

the step size in Appendix F.3.1 and give the theoretical guarantees in Appendix F.3.2

(convergence of implicit midpoint method) and Appendix F.4 (independence of condition

number).

7.3 Experiments

In this section, we demonstrate the efficiency of our sampler using experiments on real-

world datasets and compare our sampler with existing samplers. We demonstrate that

CRHMC is able to sample larger models than previously known to be possible, and is

significantly faster in terms of rate of convergence and sampling time in Section 7.3.2,

along with convergence test in Section 7.3.4. We examine its behavior on benchmark

instances such as simplices and Birkhoff polytopes in Section 7.3.3.

7.3.1 Experimental Setting

Settings. We performed experiments on the Standard DS12 v2 model from MS Azure

cloud, which has a 2.1GHz Intel Xeon Platinum 8171M CPU and 28GB memory. In



172

the experiments, we used our MATLAB and C++ implementation of CRHMC3, which is

available here and has been integrated into the COBRA toolbox.

We used twelve constraint-based metabolic models from molecular systems biology in

the COBRA Toolbox v3.0 [HAP+19] and ten real-world LP examples randomly chosen

from NETLIB LP test sets. A polytope from each model is defined by {x ∈ Rn : Ax =

b, l ≤ x ≤ u} for A ∈ Rm×n, b ∈ Rm, and l, u ∈ Rn, which is input to CRHMC for uniform

sampling. We describe in Appendix F.1 how we preprocessed these dataset, along with

full information about the datasets in Table F.1.

Comparison. We used as a baseline the Coordinate Hit-and-Run (CHAR) implemented

in two different languages. The former is Coordinate Hit-and-Run with Rounding (CHRR)

written in MATLAB [CV16, HCT+17] and the latter is the same algorithm (CDHR) with

an R interface and a C++ library, VolEsti [CF20]. We refer readers to Appendix F.1 for

the details of these algorithms and our comparison setup. We note that popular sampling

packages such as STAN and Pyro were not included in the experiments as they do not

support constrained-based models. Even after transforming our dataset to their formats,

the transformed dataset were too ill-conditioned for those algorithms to run. CHMC

in [BSU12] works only for manifolds implicitly defined by {c(x) = 0} for continuously

differentiable c(x) with Dc(x) full-rank everywhere, so we could not use it for comparison.

Measurements. To evaluate the quality of sampling methods, we measured two quanti-

ties, the number of steps per effective sample (i.e., mixing rate) and the sampling time per

effective sample, Ts. The effective sample size (ESS)4 can be thought of as the number of

actual independent samples, taking into account correlation of samples from a target dis-

tribution. Thus the number of steps per effective sample is estimated by the total number

of steps divided by the ESS, and the sampling time Ts is estimated as the total sampling

time until termination divided by the ESS.

Each algorithm attempted to draw 1000 uniform samples, with limits on running time

set to 1 day (3 days for the largest instance ken 18 ) and memory usage to 6GB. If an

algorithm passes either the time or the memory limit, we stop the algorithm and measure

the quantities of interest based on samples drawn until that moment. After getting uni-

3Our package can be run to sample from general logconcave densities and has a feature for parallelization.

4We use the minimum of the ESS of each coordinate.

https://github.com/ConstrainedSampler/PolytopeSamplerMatlab
https://github.com/opencobra/cobratoolbox
http://www.netlib.org/lp/data/


173

102 103 104 105

Dimension
101

102

103

104

105

106

107

108

109

S
te

p/
S

am
pl

e

Mixing Rate
CRHMC: dim0.52 

CHRR: dim2.71 

CDHR: dim2.14

102 103 104 105 106

NNZ

102

103

S
te

p/
S

am
pl

e

Mixing Rate
CRHMC: nnz0.53

Figure 7.1: Mixing rate of CRHMC and the

competitors. Mixing rate of CRHMC was sub-

linear in dimension and the nnz of a prepro-

cessed matrix A in a model, whereas the others

needed quadratically many steps to converge

to uniform distribution. In particular for our

dataset, CRHMC mixed up to 6 orders of mag-

nitude earlier than the others. Note that mix-

ing rate of CHAR was very close to quadratic

growth when using the full-dimensional scale

(the first column in Table F.1).
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Figure 7.2: Sampling time of CRHMC and the

competitors. The sampling time per effective sam-

ple of CRHMC was sub-quadratic in dimension and

the nnz of a preprocessed matrix A in a model,

while the others indicates at least a cubic depen-

dency on dimension. In particular for our dataset,

CRHMC was able to obtain a statistically inde-

pendent sample up to 4 orders of magnitude faster

than the others. This benefit of speed-up was actu-

ally straightforward from the figure, since CHRR

could not obtain enough samples from instances

with more than 5000 variables until it ran out of

time.
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form samples, we thinned the samples twice to ensure independence of samples; first we

computed the ESS of the samples, only kept ESS many samples, and repeated this again.

We estimated the above quantities only if the ESS is more than 10 and an algorithm does

not run into any error while running5.

7.3.2 Mixing Rate and Sampling Time

Sub-linear Mixing Rate. We examined how the number of steps per effective sample

grows with the number of nonzeros (nnz) of matrix A (after preprocessing) and the number

of variables (dimension in the plots). To this end, we counted the total number of steps

taken until termination of algorithms and divided it by the effective sample size of drawn

samples. Note that we thinned twice to ensure independence of samples used.

The mixing rate of CRHMC was sub-linear in both dimension and nnz, whereas pre-

vious implementations based on CHAR required at least n2 steps per sample as seen in

Figure 7.1. On the dataset, mixing rate attained was up to 6 orders of magnitude faster

for CRHMC compared to CHAR, implying that CRHMC converged to uniform distribu-

tion substantially faster than the other competitors. This gap in mixing rate increased

super-linearly in dimension, enabling CRHMC to run on large instances of dimension up

to 100000.

Sub-quadratic Sampling Time. We next examined the sampling time Ts in terms

of both the nnz of A and the dimension of the instance. We computed the runtime of

algorithms until their termination divided by the effective sample size of drawn samples,

where we ignored the time it takes for preprocessing. Note that the sampling time Ts is

essentially multiplication of the mixing rate and the per-step complexity (i.e., how much

time each step takes).

As shown in Figure 7.2 and Table 7.1, we found that the per-step complexity of CRHMC

was small enough to make the sampling time sub-quadratic in both dimension and nnz,

whereas CHAR had at least a cubic dependency on dimension, despite of a low per-step

complexity. On our dataset, the sampling time of CRHMC was up to 4 orders of magnitude

less than that of CHRR and CDHR. While CHRR can be used on dimension only up to a

few thousands, increasing benefits of sampling time in higher dimension allows CRHMC

5When running CDHR from the VolEsti package on some instances, we got an error message “R session
aborted and R encountered a fatal error”.
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Bio Model Vars (n) nnz CRHMC CHRR CDHR

ecoli 95 291 0.0098 0.0365 0.0022

cardiac mit 220 228 0.0100 0.0059 0.0005

Aci D21 851 1758 0.4257 0.6884 0.2974

Aci MR95 994 2859 0.9624 2.0668 0.5237

Abi 49176 1069 2951 0.9608 1.9395 0.9622

Aci 20731 1090 2946 0.1540 2.3014 1.1086

Aci PHEA 1561 4640 0.3701 12.06 -

iAF1260 2382 6368 4.4355 3687.2 -

iJO1366 2583 7284 4.1608 70.5 35.556

Recon1 3742 8717 0.7184 208.5 -

Recon2 7440 19791 2.6116 10445* -

Recon3 13543 48187 31.114 29211* -

LP Model Vars (n) nnz CRHMC CHRR CDHR

israel 316 2519 0.1186 1.2224 0.4426

gfrd pnc 1160 2393 0.2199 40.988 18.468

25fv47 1876 10566 0.8159 199.9 -

pilot ja 2267 11886 1.3490 5059* -

sctap2 2500 7334 0.6752 520.2 -

ship08l 4363 9434 0.6258 6512 -

cre a 7248 17368 2.2205 30455* -

woodw 8418 23158 2.0689 30307* -

80bau3b 12061 22341 11.881 47432* -

ken 18 154699 295946 1616.3 - -

Table 7.1: Sampling time per effective sample of CHRR and CRHMC. We note that CRHMC

is 1000 times faster than CHRR on the latest metabolic network (Recon3). Sampling time with

asterisk (*) indicates that the effective sample size is less than 10.

to run on dimension up to 0.1 million.

7.3.3 CRHMC on Structured Instances

To see the behavior of CRHMC on very large instances, we ran the algorithm on three

families of structured polytopes – hypercube, simplex, and Birkhoff polytope – up to

dimension half-million. We attempted to draw 500 uniform samples with a 1 day time

limit (except for 2 days for half-million-dimensional Birkhoff polytope). The definitions of

these polytopes are shown in Appendix F.1.1.

To the best of our knowledge, this is the first demonstration that it is possible to sample

such a large model. As seen in Figure 7.3, CRHMC can scale smoothly up to half-million

dimension on hypercubes and simplices and up to dimension 105 for Birkhoff polytopes

(we could not obtain a reliable estimate of mixing rate and sampling time on the half-

million dimensional Birkhoff polytope, as the ESS is only 16 after 2 days). However, we

believe that one can find room for further improvement of CRHMC by tuning parameters

or leveraging engineering techniques. We also expect that CRHMC enables us to estimate

the volume of Bn for n ≥ 20, going well beyond the previously best possible dimension.
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Figure 7.3: Mixing rate and sampling time on structured polytopes including hybercubes, sim-

plices, and Birkhoff polytopes. CRHMC is scalable up to 0.5 million dimension on hypercubes and

simplices and up to 0.1 million dimension on Birkhoff polytopes. We note that on the 0.5 million

dimensional Birkhoff polytope the ESS is only 16, which is not reliable compared to the ESS on

the other instances.

7.3.4 Uniformity Test

We used the following uniformity test to check whether samples from CRHMC form the

uniform distribution over a polytope P : check that the fraction of the samples in the scaled

set x · P is proportional to xdim. As seen in Figure 7.4, the empirical CDFs of the radial

distribution to the power of (1/dim) are close to the CDFs of the uniform distribution

over those polytopes.
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Figure 7.4: We plot the empirical cumulative distribution function of the radial distribution to

the power of (1/dim) with 1000 ESS obtained by running CRHMC on ATCC-49176 (952× 1069,

left) and Aci-PHEA (1319×1561, right), and in the plot x-axis is the scaling factor. We can observe

the CDFs are very close to the CDFs of the uniform distribution over the polytopes defined by two

instances.
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[KLM06] Ravi Kannan, László Lovász, and Ravi Montenegro. Blocking conductance

and mixing in random walks. Combinatorics, Probability & Computing,

15(4):541–570, 2006. 3.1.1, 3.1.1, 3.4, 3.4.1, B.3.1



191
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Appendix A

DEFERRED CONTENTS FROM CHAPTER 2

A.1 Brownian Motion Simulation

In this section, we introduce how W1, W2 and W3 can be sampled. Let {Bt}t∈[0,h]
be the standard d-dimensional Brownian motion on t ∈ [0, h]. In Algorithm 1, W1 =∫ αh
0

(
1− e−2(αh−s)) dBs, W2 =

∫ h
0

(
1− e−2(h−s)) dBs and W3 =

∫ h
0 e

−2(h−s) dBs. We de-

fine G1 =
∫ αh
0 e2s dBs, G2 =

∫ h
αh e

2s dBs, H1 =
∫ αh
0 dBs and H2 =

∫ h
αh dBs. Then,

W1 = H1 − e−2αhG1, W2 = (H1 +H2) − e−2h(G1 + G2) and W3 = e−2h(G1 + G2). It is

sufficient to sample H1, H2, G1 and G2. We can show that (G1, H1) is independent of

(G2, H2) , and (G1, H1) and (G2, H2) both follow a 2d-dimensional Gaussian distribution,

which can be easily sampled.

Lemma 5. Define G1 =
∫ αh
0 e2s dBs, G2 =

∫ h
αh e

2s dBs, H1 =
∫ αh
0 dBs and H2 =

∫ h
αh dBs.

Then, (G1, H1) is independent of (G2, H2) . Moreover, (G1, H1) and (G2, H2) both follow

a 2d-dimensional Gaussian distribution with mean zero. Conditional on the choice of α,

their covariance is given by

E
[
(G1 − EG1) (H1 − EH1)

T
]

=
1

2

(
e2αh − 1

)
· Id,

E
[
(G1 − EG1) (G1 − EG1)

T
]

=
1

4

(
e4αh − 1

)
· Id,

E
[
(H1 − EH1) (H1 − EH1)

T
]

= αh · Id,

E
[
(G2 − EG2) (H2 − EH2)

T
]

=
1

2

(
e2h − e2αh

)
· Id,

E
[
(G2 − EG2) (G2 − EG2)

T
]

=
1

4

(
e4h − e4αh

)
· Id,

E
[
(H2 − EH2) (H2 − EH2)

T
]

= (h− αh) · Id.

Proof. By the definition of the standard Brownian motion, (G1, H1) is independent of

(G2, H2) and (G1, H1) and (G2, H2) both have mean zero. Moreover,

E
[
(G1 − EG1) (H1 − EH1)

T
]
= E

[(∫ αh

0
e2s dBs

)(∫ αh

0
dBs

)T]
=

∫ αh

0
e2s ds · Id

=
1

2

(
e2αh − 1

)
· Id,
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Similarly,
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A.2 Properties of the ULD and the Brownian motion

Here, we prove some properties of the ULD and the Brownian motion. These properties

are used in Appendices A.3, A.4, A.5 and A.6 to prove the guarantee of our algorithm.

A.2.1 Properties of the ULD

Lemma 6. Let {x(t)}t∈[0,h] and {v(t)}t∈[0,h] be the solution to the underdamped Langevin

diffusion (2.3) on t ∈ [0, h]. Assume that h ≤ 1
20 and u = 1

L . We have the following

bounds.

E sup
t∈[0,h]

∥v(t)∥2 ≤ O
(
∥v(0)∥2 + u2h2 ∥∇f(x(0))∥2 + udh

)
,

E sup
t∈[0,h]

∥∇f(x(t))∥2 ≤ O
(
∥∇f(x(0))∥2 + L2h2 ∥v(0)∥2 + Ldh3

)
,

E sup
t∈[0,h]

∥x(0)− x(t)∥2 ≤ O
(
h2 ∥v(0)∥2 + u2h4 ∥∇f(x(0))∥2 + udh3

)
,
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and

−E inf
t∈[0,h]

∥v(t)∥2 ≤ −1

3
∥v(0)∥2 +O

(
u2h2 ∥∇f(x(0))∥2 + udh

)
,

−E inf
t∈[0,h]

∥∇f(x(t))∥2 ≤ −1

3
∥∇f(x(0))∥2 +O

(
h2L2 ∥v(0)∥2 + Ldh3

)
.

Proof. We first show the first three bounds. We can write E supt∈[0,h] ∥∇f(x(t))∥
2 as

E sup
t∈[0,h]

∥∇f(x(t))∥2

≤ 2 ∥∇f(x(0))∥2 + 2E sup
t∈[0,h]

∥∇f(x(0))−∇f(x(t))∥2

≤ 2 ∥∇f(x(0))∥2 + 2L2E sup
t∈[0,h]

∥x(0)− x(t)∥2 , (A.1)

where the first step follows by Young’s inequality and the second step follows by ∇f is

L-Lipschitz. To bound E supt∈[0,h] ∥x(0)− x(t)∥
2,

E sup
t∈[0,h]

∥x(0)− x(t)∥2 = E sup
t∈[0,h]

∥∥∥∥∫ t

0
v(s) ds

∥∥∥∥2
≤ E sup

t∈[0,h]
t

∫ t

0
∥v(s)∥2 ds

≤ h2E sup
t∈[0,h]

∥v(t)∥2 , (A.2)

where the first step follows by the definition of x and the second follows by the Cauchy-

Schwarz inequality. To bound E supt∈[0,h] ∥v(t)∥
2 ,

E sup
t∈[0,h]

∥v(t)∥2 = E sup
t∈[0,h]

∥∥∥∥v(0)e−2t − u
∫ t

0
e−2(t−s)∇f(x(s)) ds+ 2

√
u

∫ t

0
e−2(t−s) dBs

∥∥∥∥2
≤ 3 ∥v(0)∥2 + 3u2h2E sup

t∈[0,h]
∥∇f(x(t))∥2 + 12uE sup

t∈[0,h]

∥∥∥∥∫ t

0
e−2(t−s) dBs

∥∥∥∥2
≤ 3 ∥v(0)∥2 + 3u2h2E sup

t∈[0,h]
∥∇f(x(t))∥2 + 60udh, (A.3)

where the first step follows by the definition of ULD, the second step follows by the

inequality (a + b + c)2 ≤ 3a2 + 3b2 + 3c2 and the third step follows by Lemma 8. Then,

combining (A.1), (A.2) and (A.3), we have

E sup
t∈[0,h]

∥∇f(x(t))∥2 ≤ 2 ∥∇f(x(0))∥2 + 2L2E sup
t∈[0,h]

∥x(0)− x(t)∥2

≤ 2 ∥∇f(x(0))∥2 + 2L2h2E sup
t∈[0,h]

∥v(t)∥2

≤ 2 ∥∇f(x(0))∥2 + 6h4E sup
t∈[0,h]

∥∇f(x(t))∥2 + 6L2h2 ∥v(0)∥2 + 120Ldh3.
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Since 6h4 ≤ 1
4 ,

E sup
t∈[0,h]

∥∇f(x(t))∥2 ≤ 3 ∥∇f(x(0))∥2 + 8L2h2 ∥v(0)∥2 + 160Ldh3

≤ O
(
∥∇f(x(0))∥2 + L2h2 ∥v(0)∥2 + Ldh3

)
. (A.4)

By (A.3) and (A.4),

E sup
t∈[0,h]

∥v(t)∥2 ≤ 3 ∥v(0)∥2 + 3u2h2E sup
t∈[0,h]

∥∇f(x(t))∥2 + 60udh

≤ 3 ∥v(0)∥2 + 3u2h2 ·O
(
∥∇f(x(0))∥2 + L2h2 ∥v(0)∥2 + Ldh3

)
+ 60udh

≤ O
(
∥v(0)∥2 + u2h2 ∥∇f(x(0))∥2 + udh

)
.

where the last step follows by h is small.

By (A.2) and (A.4),

E sup
t∈[0,h]

∥x(0)− x(t)∥2 ≤ h2E sup
t∈[0,h]

∥v(t)∥2

≤ O
(
h2 ∥v(0)∥2 + u2h4 ∥∇f(x(0))∥2 + udh3

)
. (A.5)

To prove the fourth claim,

inf
t∈[0,h]

∥v(t)∥2

= inf
t∈[0,h]

∥∥∥∥v(0)e−2t − u
∫ t

0
e−2(t−s)∇f(x(s)) ds+ 2

√
u

∫ t

0
e−2(t−s) dBs

∥∥∥∥2
≥ inf

t∈[0,h]

[
e−4t ∥v(0)∥2 − 2e−2tv(0)T

(
u

∫ t

0
e−2(t−s)∇f(x(s)) ds

)

+2e−2tv(0)T
(
2
√
u

∫ t

0
e−2(t−s) dBs

)]

≥ inf
t∈[0,h]

[
e−4t ∥v(0)∥2 − 1

2
e−4t ∥v(0)∥2 − 4

∥∥∥∥u∫ t

0
e−2(t−s)∇f(x(s)) ds

∥∥∥∥2
−4
∥∥∥∥2√u∫ t

0
e−2(t−s) dBs

∥∥∥∥2
]

≥ inf
t∈[0,h]

[
1

2
(1− 4h) ∥v(0)∥2 − 4u2h2 sup

s∈[0,t]
∥∇f(x(s))∥2 − 16u

∥∥∥∥∫ t

0
e−2(t−s) dBs

∥∥∥∥2
]

≥ 1

2
(1− 4h) ∥v(0)∥2 − 4u2h2 sup

t∈[0,h]
∥∇f(x(t))∥2 − 16u sup

t∈[0,h]

∥∥∥∥∫ t

0
e−2(t−s) dBs

∥∥∥∥2 ,
where the first step follows by the definition of v , the second step follows by the inequality

(a + b + c)2 ≥ a2 + 2a(b + c), the third step follows by the inequality 2ab ≤ a2 + b2 , the

fourth step follows by e−4t ≥ 1− 4t, and the last step follows by h is small.
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Then, by (A.4) and Lemma 8,

−E inf
t∈[0,h]

∥v(t)∥2 ≤ −1

3
∥v(0)∥2 +O

(
u2h2 ∥∇f(x(0))∥2 + udh

)
.

To show the lower bound on E inft∈[0,h] ∥∇f(x(t))∥2, notice that

E inf
t∈[0,h]

∥∇f(x(t))∥2 ≥ 1

2
∥∇f(x(0))∥2 − E sup

t∈[0,h]
∥∇f(x(t))−∇f(x(0))∥2

≥ 1

2
∥∇f(x(0))∥2 − L2E sup

t∈[0,h]
∥x(t)− x(0)∥2 .

Then, by(A.5) and h ≤ 1
20 ,

−E inf
t∈[0,h]

∥∇f(x(t))∥ ≤ −1

3
∥∇f(x(0))∥2 +O

(
h2L2 ∥v(0)∥2 + Ldh3

)
.

A.2.2 Properties of the Brownian Motion

Lemma 7 (Doob’s maximal inequality [Doo53]). Suppose {X(t) : t ≥ 0} is a continuous

martingale. Then, for any t ≥ 0,

E
[
sup
0≤s≤t

|X(s)|2
]
≤ 4E

[
|X(t)|2

]
.

Using the Doob’s maximal inequality, we can show the following lemma.

Lemma 8. For d-dimensional Brownian motion Bt on t ∈ [0, h], assuming h ≤ 1
10 ,

E

[
sup

0≤t≤h
∥B(t)∥2

]
≤ 4dh, and E

[
sup

0≤t≤h

∥∥∥∥∫ t

0
e−2(t−s)dBs

∥∥∥∥2
]
≤ 5dh.

Proof. To show the first inequality,

E

[
sup

0≤t≤h
∥B(t)∥2

]
≤

d∑
i=1

E

[
sup

0≤t≤h
|Bi(t)|2

]
≤ 4dE

[
|Bi(h)|2

]
= 4dh,

where the second step follows by Lemma 7. To show the second inequality,

E

[
sup

0≤t≤h

∥∥∥∥∫ t

0
e−2(t−s)dBs

∥∥∥∥2
]
≤ E

[
sup

0≤t≤h
e−4t

∥∥∥∥∫ t

0
e2sdBs

∥∥∥∥2
]

≤ E

[
sup

0≤t≤h

∥∥∥∥∫ t

0
e2sdBs

∥∥∥∥2
]
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≤
d∑
i=1

E

[
sup

0≤t≤h

∣∣∣∣∫ t

0
e2sdBs,i

∣∣∣∣2
]

≤ 4
d∑
i=1

E

[∣∣∣∣∫ h

0
e2sdBs,i

∣∣∣∣2
]

= 4

d∑
i=1

∫ h

0
e4sds

≤ 5dh,

where the second step follows by e−4t ≤ 1, the fourth step follows by Lemma 7 and the

last inequality follows by
∫ h
0 e

4sds ≤ 5
4h for h ≤ 1

10 .

A.3 Discretization Error of Algorithm 1

In this section, we bound the discretization error of Algorithm 1 in each iteration. In order

to prove Lemma 2, we first prove Lemma 9, stated next.

Lemma 9. Let α be the random number chosen in iteration n. Let xn+ 1
2
be the interme-

diate value computed in iteration n of Algorithm 1. Let {x∗n(t)}t∈[0,h] be the ideal under-

damped Langevin diffusion starting from x∗n(0) = xn coupled through a shared Brownian

motion with xn+ 1
2
. Assume that h ≤ 1

20 . Then,

E
∥∥∥∇f(xn+ 1

2
)−∇f(x∗n(αh))

∥∥∥2 ≤ O
(
h6L2 ∥vn∥2 + h8 ∥∇f(xn)∥2 + Ldh7

)
.

Proof. We have the bound

E
∥∥∥∇f(xn+ 1

2
)−∇f(x∗n(αh))

∥∥∥2
≤ L2E

∥∥∥xn+ 1
2
− x∗n(αh)

∥∥∥2
= L2E

∥∥∥∥12u
∫ αh

0

(
1− e−2(αh−s)

)
(∇f(x∗n(0))−∇f(x∗n(s))) ds

∥∥∥∥2
≤ 1

4
E

[∫ αh

0

(
1− e−2(αh−s)

)2
ds · αh ·

(
sup
t∈[0,h]

∥∇f(x∗n(0))−∇f(x∗n(t))∥
2

)]
≤ h4E sup

t∈[0,h]
∥∇f(x∗n(0))−∇f(x∗n(t))∥

2

≤ L2h4E sup
t∈[0,h]

∥x∗n(0)− x∗n(t)∥
2

≤ O
(
h6L2 ∥vn∥2 + h8 ∥∇f(xn)∥2 + Ldh7

)
,

where the first and the fifth step follows by ∇f is L-Lipschitz, the third step follows by

Cauchy-Schwarz inequality, the fourth step follows by 1− e−2(αh−t) ≤ 2h and the last step

follows by Lemma 6.
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Now, we are ready to prove Lemma 2.

Proof. To show the first claim,

∥Eαxn+1 − x∗n(h)∥
2

=

∥∥∥∥Eα 12uh(1− e−2(h−αh)
)
∇f(xn+ 1

2
)− 1

2
u

∫ h

0

(
1− e−2(h−s)

)
∇f(x∗n(s)) ds

∥∥∥∥2
≤ 1

2
Eα
∥∥∥uh(1− e−2(h−αh)

)
∇f(xn+ 1

2
)− uh

(
1− e−2(h−αh)

)
∇f(x∗n(αh))

∥∥∥2
+
1

2

∥∥∥∥Eαuh(1− e−2(h−αh)
)
∇f(x∗n(αh))− u

∫ h

0

(
1− e−2(h−s)

)
∇f(x∗n(s)) ds

∥∥∥∥2
≤ 1

2
u2h2Eα

[(
1− e−2(h−αh)

)2 ∥∥∥∇f(xn+ 1
2
)−∇f(x∗n(αh))

∥∥∥2]+ 0

≤ 2u2h4Eα
∥∥∥∇f(xn+ 1

2
)−∇f(x∗n(αh))

∥∥∥2 ,
where the first step follows by the definition of xn+1, the second step follows by Young’s

inequality, the third step follows by

Eαh
(
1− e−2(h−αh)

)
∇f(x∗n(αh)) =

∫ h

0

(
1− e−2(h−s)

)
∇f(x∗n(s)) ds,

and the fourth step follows by 1− e−2(h−αh) ≤ 2h . By Lemma 9,

E ∥Eαxn+1 − x∗n(h)∥
2 ≤ O

(
h10 ∥vn∥2 + u2h12 ∥∇f(xn)∥2 + udh11

)
.

To show the second claim,

E ∥xn+1 − x∗n(h)∥
2

≤ 3

4
E
∥∥∥uh(1− e−2(h−αh)

)
∇f(xn+ 1

2
)− uh

(
1− e−2(h−αh)

)
∇f(x∗n(αh))

∥∥∥2
+
3

4
E
∥∥∥∥uh(1− e−2(h−αh)

)
∇f(x∗n(αh))− u

∫ h

0

(
1− e−2(h−αh)

)
∇f(x∗n(s)) ds

∥∥∥∥2
+
3

4
E
∥∥∥∥u∫ h

0

(
1− e−2(h−αh)

)
∇f(x∗n(s)) ds− u

∫ h

0

(
1− e−2(h−s)

)
∇f(x∗n(s)) ds

∥∥∥∥2 ,
which follows by definition and Young’s inequality. To bound the second term,∥∥∥∥uh(1− e−2(h−αh)

)
∇f(x∗n(αh))− u

∫ h

0

(
1− e−2(h−αh)

)
∇f(x∗n(s)) ds

∥∥∥∥2
=

∥∥∥∥u∫ h

0

(
1− e−2(h−αh)

)
(∇f(x∗n(αh))−∇f(x∗n(s))) ds

∥∥∥∥2
≤ u2

∫ h

0

(
1− e−2(h−αh)

)2
ds · sup

t∈[0,h]
∥∇f(x∗n(αh))−∇f(x∗n(t))∥

2 · h

≤ 4u2h4 sup
t∈[0,h]

∥∇f(x∗n(αh))−∇f(x∗n(t))∥
2
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≤ 16h4 sup
t∈[0,h]

∥x∗n(0)− x∗n(t)∥
2 (A.6)

where the second step follows by the Cauchy-Schwarz inequality. The third term satisfies∥∥∥∥u∫ h

0

(
1− e−2(h−αh)

)
∇f(x∗n(s)) ds− u

∫ h

0

(
1− e−2(h−s)

)
∇f(x∗n(s)) ds

∥∥∥∥2
= u2

∥∥∥∥∫ h

0

(
e−2(h−s) − e−2(h−αh)

)
∇f(x∗n(s)) ds

∥∥∥∥2
≤ 4u2h4 sup

t∈[0,h]
∥∇f(x∗n(t))∥

2 , (A.7)

where the second step follows by the Cauchy Schwarz inequality and∣∣e−2(h−s) − e−2(h−αh)∣∣ ≤ 2h. Thus,

E ∥xn+1 − x∗n(h)∥
2

≤ 3u2h4E
∥∥∥∇f(xn+ 1

2
)−∇f(x∗n(αh))

∥∥∥2 + 12h4E sup
t∈[0,h]

∥x∗n(0)− x∗n(t)∥
2

+3u2h4E sup
t∈[0,h]

∥∇f(x∗n(t))∥
2

≤ 3h4 ·O
(
h6 ∥vn∥2 + h8u2 ∥∇f(xn)∥2 + udh7

)
+12h4 ·O

(
h2 ∥vn∥2 + u2h4 ∥∇f(xn)∥2 + udh3

)
+3u2h4 ·O

(
∥∇f(xn)∥2 + L2h2 ∥vn∥2 +Mdh3

)
≤ O

(
h6 ∥vn∥2 + u2h4 ∥∇f(xn)∥2 + udh7

)
.

where the first step follows by (A.6) and (A.7), the second step follows by Lemma 6 and

Lemma 9, and the last inequality follows by h ≤ 1.

To show the third claim,

E ∥Eαvn+1 − v∗n(h)∥
2 = E

∥∥∥∥Eαuhe−2(h−αh)∇f(xn+ 1
2
)− u

∫ h

0
e−2(h−s)∇f(x∗n(s)) ds

∥∥∥∥2
≤ 2E

∥∥∥uhe−2(h−αh)∇f(xn+ 1
2
)− uhe−2(h−αh)∇f(x∗n(αh))

∥∥∥2
+2E

∥∥∥∥Eαuhe−2(h−αh)∇f(x∗n(αh))− u
∫ h

0
e−2(h−s)∇f(x∗n(s)) ds

∥∥∥∥2
≤ 2u2h2E

∥∥∥∇f(xn+ 1
2
)−∇f(x∗n(αh))

∥∥∥2 + 0

≤ O
(
h8 ∥vn∥2 + u2h10 ∥∇f(xn)∥2 + udh9

)
,

where the first step follows by Young’s inequality, the second step follows by

Eαuhe−2(h−αh)∇f(x∗n(αh)) = u

∫ h

0
e−2(h−t)∇f(x∗n(t)) dt,

and e−2(h−αh) ≤ 1, and the third step follows by Lemma 9.
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To show the last claim,

E ∥vn+1 − v∗n(h)∥
2

= E
∥∥∥∥uhe−2(h−αh)∇f(xn+ 1

2
)− u

∫ h

0
e−2(h−s)∇f(x∗(s)) ds

∥∥∥∥2
≤ 3E

∥∥∥uhe−2(h−αh)∇f(xn+ 1
2
)− uhe−2(h−αh)∇f(x∗(αh))

∥∥∥2
+3E

∥∥∥∥u∫ h

0
e−2(h−αh)∇f(x∗n(αh)) dt− u

∫ h

0
e−2(h−αh)∇f(x∗n(s)) ds

∥∥∥∥2
+3E

∥∥∥∥u∫ h

0
e−2(h−αh)∇f(x∗n(s)) ds− u

∫ h

0
e−2(h−s)∇f(x∗n(s)) ds

∥∥∥∥2
≤ 3u2h2E

∥∥∥∇f(xn+ 1
2
)−∇f(x∗n(αh))

∥∥∥2 + 3h2E sup
t∈[0,h]

∥x∗n(αh)− x∗n(t)∥
2

+12u2h4E sup
t∈[0,h]

∥∇f(x∗n(t))∥
2

≤ 3u2h2 ·O
(
h6L2 ∥vn∥2 + h8 ∥∇f(xn)∥2 + Ldh7

)
+3h2 ·O

(
h2 ∥vn∥2 + u2h4 ∥∇f(xn)∥2 + udh3

)
+12u2h4 ·O

(
∥∇f(xn)∥2 + L2h2 ∥vn∥2 + Ldh3

)
≤ O

(
h4 ∥vn∥2 + u2h4 ∥∇f(xn)∥2 + udh5

)
,

where the first step follows by the definition, the second step follows by Young’s inequality,

the third follows by e−2(h−αh) − e−2(h−s) ≤ 2h , the fourth step follows by Lemma 9 and

Lemma 6 and the last inequality follows by h ≤ 1.

A.4 Bounds on ∥∇f(x)∥ and ∥v∥

In this section, we bound the sum of ∥∇f(xn)∥2 and ∥vn∥2 over all iterations n,∑N−1
n=0 E ∥∇f(xn)∥2 and

∑N−1
n=0 E ∥vn∥2. In Appendix A.5, we use the results in this ap-

pendix together with Lemma 2 to prove the guarantee of our algorithm.

Lemma 10. Assume h ≤ 1
20 . For each iteration n, let xn be the starting point of iter-

ation n of Algorithm 1. Let {vn(t), xn(t)}t∈[0,h] be the solution of the exact underdamped

Langevin diffusion starting from (vn, xn) . Let Eα be the expectation over the random

choice of α in iteration n. Then, the difference between the value of f on the starting

point of iteration n+ 1, xn+1, and that of xn(h) satisfies

Ef(xn+1(0))− f(xn(h)) ≤ O
(
uh3 ∥∇f(xn(0))∥2 + Lh5 ∥vn(0)∥2 + dh6

)
.

Proof. We first consider the expectation over the choice of α in iteration n,

Eαf(xn+1(0))
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≤ f(xn(h)) +∇f(xn(h))T (Eαxn+1(0)− xn(h)) +
L

2
Eα ∥xn+1(0)− xn(h)∥2

≤ f(xn(h)) + ∥∇f(xn(h))∥ ∥Eαxn+1(0)− xn(h)∥+
L

2
Eα ∥xn+1(0)− xn(h)∥2

≤ f(xn(h)) + uh3 ∥∇f(xn(h))∥2 +
L

h3
∥Eαxn+1(0)− xn(h)∥2 +

L

2
Eα ∥xn+1(0)− xn(h)∥2 ,

where the first step follows by ∇f is L-Lipschitz, the second step follows by Cauchy-

Schwarz inequality and the third step follows by Young’s inequality. By Lemma 2 and

Lemma 6,

Ef(xn+1(0)) ≤ Ef(xn(h)) + uh3E ∥∇f(xn(h))∥2 +
L

h3
E ∥Eαxn+1(0)− xn(h)∥2

+
L

2
E ∥xn+1(0)− xn(h)∥2

≤ Ef(xn(h)) + Euh3 ·O
(
∥∇f(xn(0))∥2 + L2h2 ∥vn(0)∥2 + Ldh3

)
+E

L

h3
·O
(
h10 ∥vn(0)∥2 + u2h12 ∥∇f(xn(0))∥2 + udh11

)
+E

L

2
·O
(
h6 ∥vn(0)∥2 + h4u2 ∥∇f(xn(0))∥2 + udh7

)
≤ Ef(xn(h)) +O

(
uh3E ∥∇f(xn(0))∥2 + Lh5E ∥vn(0)∥2 + dh6

)
.

where the second step follows by Lemma 2 and Lemma 6, and the last step follows by

h ≤ 1
20 .

Lemma 11. Assume h is smaller than some given constant. For each iteration n =

0, ..., N − 1, let (vn, xn) be the starting point of Algorithm 1 in iteration n. Then,

N−1∑
n=0

E ∥vn∥2 ≤ O

(
u2h

N−1∑
n=0

E ∥∇f(xn)∥2 +Nud

)
.

Proof. Let {vn(t), xn(t)}t∈[0,h] be the solution of the exact underdamped Langevin diffusion

starting from (vn, xn) . By definition, for t ∈ [0, h],

df(xn(t))

dt
= ∇f(xn(t))T

dxn(t)

dt

= ∇f(xn(t))T vn(t),

so

f(xn(h)) = f(xn(0)) +

∫ h

0
df(xn(t))

= f(xn(0)) +

∫ h

0
∇f(xn(t))T vn(t) dt. (A.8)

Also, since

dvn(t) = (−2vn(t)− u∇f(xn(t))) dt+ 2
√
udBt,
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by Ito’s lemma,

d
1

2
∥vn(t)∥2 =

〈
vn(t), 2

√
udBt

〉
+

(
⟨vn(t),−2vn(t)− u∇f(xn(t))⟩+

1

2
· 4uTr(Id)

)
dt

= 2
√
uvn(t)

T dBt +
(
−2 ∥vn(t)∥2 − uvn(t)T∇f(xn(t)) + 2ud

)
dt,

and therefore

E
1

2u
∥vn(h)∥2 = E

1

2u
∥vn(0)∥2 + E

∫ h

0

(
4d− 2

u
∥vn(t)∥2 − vn(t)T∇f(xn(t)) + 2d

)
dt.

(A.9)

Now, we consider the term 1
2u ∥vn(h)∥

2 + f(xn(h)). By (A.8)and (A.9),

E
[
1

2u
∥vn(h)∥2 + f(xn(h))

]
= E

[
1

2u
∥vn(0)∥2 + f(xn(0)) +

∫ h

0

(
−2

u
∥vn(t)∥2 + 6d

)
dt

]
≤ E

[
1

2u
∥vn(0)∥2 + f(xn(0))−

2

u
h inf
t∈[0,h]

∥vn(t)∥2 + 6dh

]
≤ E

[
1

2u
∥vn(0)∥2 + f(xn(0))

]
− 2

3
hLE ∥vn(0)∥2 +O

(
uh3E ∥∇f(xn(0))∥2 + dh

)
,

where the first step follows by (A.8) and (A.9) and the third step follows by Lemma 6.

Since

E
[
∥vn+1(0)∥2 − ∥vn(h)∥2

]
= E (vn+1(0)− vn(h))T (vn+1(0) + vn(h))

≤ 1

h2
E ∥vn+1(0)− vn(h)∥2 +

1

2
h2E ∥vn+1(0) + vn(h)∥2

≤ 1

h2
E ∥vn+1(0)− vn(h)∥2 + h2E ∥vn+1(0)− vn(h)∥2 + 4h2E ∥vn(h)∥2

≤ 2

h2
E ∥vn+1(0)− vn(h)∥2 + 4h2E ∥vn(h)∥2

≤ O
(
h2E ∥vn(0)∥2 + u2h2E ∥∇f(xn(0))∥2 + udh3

)
,

where the first inequality follows by the inequality 2ab ≤ a2 + b2, the second inequality

follows by Young’s inequality and the last inequality follows by Lemma 2 and Lemma 6.

Since

Ef(xn+1(0))− f(xn(h)) ≤ O
(
uh3E ∥∇f(xn(0))∥2 + Lh5E ∥vn(0)∥2 + dh6

)
,

which is shown in Lemma 10, we have

E
[
1

2u
∥vn+1(0)∥2 + f(xn+1(0))

]
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≤ E
[
1

2u
∥vn(0)∥2 + f(xn(0))

]
− 2

3
hLE ∥vn(0)∥2 +O

(
uh3E ∥∇f(xn(0))∥2 + dh

)
+O

(
h2LE ∥vn(0)∥2 + uh2E ∥∇f(xn(0))∥2 + dh3

)
+O

(
uh3E ∥∇f(xn(0))∥2 + Lh5E ∥vn(0)∥2 + dh6

)
≤ E

[
1

2u
∥vn(0)∥2 + f(xn(0))

]
− 1

3
hLE ∥vn(0)∥2 +O

(
uh2E ∥∇f(xn(0))∥2 + hd

)
,

where the last step follows by h is small. Summing n from 0 to N − 1, we get

N−1∑
n=0

E
[
1

2u
∥vn+1(0)∥2 + f(xn+1(0))

]

≤
N−1∑
n=0

E
[
1

2u
∥vn(0)∥2 + f(xn(0))

]
− 1

3
hL

N−1∑
n=0

E ∥vn(0)∥2

+O

(
uh2

N−1∑
n=0

E ∥∇f(xn(0))∥2 +Nhd

)
.

Since ∥v0(0)∥ = 0 and f(x0(0)) ≤ f(xN (0)),

1

3
hL

N−1∑
n=0

E ∥vn(0)∥2 ≤ O

(
uh2

N−1∑
n=0

E ∥∇f(xn(0))∥2 +Nhd

)
,

which implies

N−1∑
n=0

E ∥vn(0)∥2 ≤ O

(
u2h

N−1∑
n=0

E ∥∇f(xn(0))∥2 +Nud

)
.

Lemma 12. Assume h is smaller than some given constant. For each iteration n =

0, ..., N − 1, let (vn, xn) be the starting point of Algorithm 1 in iteration n. Then, the xn

in iteration n = 0, ..., N − 1 satisfies

N−1∑
n=0

E ∥∇f(xn)∥2 ≤ O

(
NLd+

L

h

∣∣E∇f(xN )T vN ∣∣) .
Furthermore, the vn in iteration n = 0, ..., N − 1 satisfies

N−1∑
n=0

E ∥vn∥2 ≤ O
(
Nud+ u

∣∣E∇f(xN )T vN ∣∣) .
Proof. For each iteration n = 0, ..., N−1, let {vn(t), xn(t)}t∈[0,h] be the exact underdamped

Langevin diffusion starting from (vn, xn) computed in Algorithm 1. By definition,

E
[
d∇f(xn(t))T vn(t)

]
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= E
[
vn(t)

T∇2f(xn(t))vn(t) +∇f(xn(t))T dvn(t)
]

= E
[
vn(t)

T∇2f(xn(t))vn(t)− 2∇f(xn(t))T vn(t)− u ∥∇f(xn(t))∥2
]
.

So we have

E
[
∇f(xn(h))T vn(h)

]
= E

[
∇f(xn(0))T vn(0) +

∫ h

0
d∇f(xn(t))T vn(t)

]
= E

[
∇f(xn(0))T vn(0) +

∫ h

0
vn(t)

T∇2f(xn(t))vn(t)− 2∇f(xn(t))T vn(t)

−u ∥∇f(xn(t))∥2 dt

]

≤ E
[
∇f(xn(0))T vn(0) + 3L

∫ h

0
∥vn(t)∥2 dt−

1

2

∫ h

0
u ∥∇f(xn(t))∥2 dt

]
≤ E

[
∇f(xn(0))T vn(0) + 3Lh sup

t∈[0,h]
∥vn(t)∥2 −

1

2
hu inf

t∈[0,h]
∥∇f(xn(t))∥2

]
≤ E∇f(xn(0))T vn(0)−

1

6
huE ∥∇f(xn(0))∥2 +O

(
h3LE ∥vn(0)∥2 + dh4

)
+3Lh ·O

(
E ∥vn(0)∥2 + u2h2E ∥∇f(xn(0))∥2 + udh

)
≤ E∇f(xn(0))T vn(0)−

1

6
huE ∥∇f(xn(0))∥2

+O
(
LhE ∥vn(0)∥2 + uh3E ∥∇f(xn(0))∥2 + dh2

)
, (A.10)

where the third step follows by Young’s inequality, the fifth step follows by Lemma 6 and

the last step follows by h is small. Also, we have

E
[
∇f(xn+1(0))

T vn+1(0)−∇f(xn(h))T vn(h)
]

= E (∇f(xn+1(0))−∇f(xn(h)) +∇f(xn(h)))T (vn+1(0)− vn(h))

+E (∇f(xn+1(0)−∇f(xn(h)))T vn(h)

≤ uE ∥∇f(xn+1(0))−∇f(xn(h))∥2 + LE ∥vn+1(0)− vn(h)∥2 + uh2E ∥∇f(xn(h))∥2

+
L

h2
E ∥vn+1(0)− vn(h)∥2 +

u

h
E ∥∇f(xn+1(0))−∇f(xn(h))∥2 + hLE ∥vn(h)∥2

≤ 2u

h
E ∥∇f(xn+1(0))−∇f(xn(h))∥2 +

2L

h2
E ∥vn+1(0)− vn(h)∥2 + uh2E ∥∇f(xn(h))∥2

+hLE ∥vn(h)∥2

≤ 2L

h
·O
(
h6E ∥vn(0)∥2 + h4u2E ∥∇f(xn(0))∥2 + udh7

)
+
2L

h2
·O
(
h4E ∥vn(0)∥2 + u2h4E ∥∇f(xn(0))∥2 + udh5

)
+uh2 ·O

(
E ∥∇f(xn(0))∥2 + L2h2E ∥vn(0)∥2 + Ldh3

)
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+hL ·O
(
E ∥vn(0)∥2 + u2h2E ∥∇f(xn(0))∥2 + udh

)
≤ O

(
hLE ∥vn(0)∥2 + uh2E ∥∇f(xn(0))∥2 + dh2

)
, (A.11)

where the second step follows by Young’s inequality and the fourth step follows by Lemma

2 and Lemma 6. Combining (A.10) and (A.11),

E∇f(xn+1(0))
T vn+1(0) ≤ E∇f(xn(0))T vn(0)−

1

6
huE ∥∇f(xn(0))∥2

+O
(
LhE ∥vn(0)∥2 + uh3E ∥∇f(xn(0))∥2 + dh2

)
+O

(
LhE ∥vn(0)∥2 + uh2E ∥∇f(xn(0))∥2 + dh2

)
≤ E∇f(xn(0))T vn(0)−

1

6
huE ∥∇f(xn(0))∥2

+O
(
LhE ∥vn(0)∥2 + uh2E ∥∇f(xn(0))∥2 + dh2

)
.

Summing from n = 0 to N − 1,

N−1∑
n=0

E∇f(xn+1(0))
T vn+1(0) ≤

N−1∑
n=0

E∇f(xn(0))T vn(0)−
1

6
hu

N−1∑
n=0

E ∥∇f(xn(0))∥2

+O

(
Lh

N−1∑
n=0

E ∥vn(0)∥2 + uh2
N−1∑
n=0

E ∥∇f(xn(0))∥2 +Ndh2

)

≤
N−1∑
n=0

E∇f(xn(0))T vn(0)−
1

6
hu

N−1∑
n=0

∥∇f(xn(0))∥2

+O

(
Lh

(
u2h

N−1∑
n=0

E ∥∇f(xn(0))∥2 +Nud

)
+Ndh2

)

≤
N−1∑
n=0

E∇f(xn(0))T vn(0)−
1

8
hu

N−1∑
n=0

∥∇f(xn(0))∥2 +O (Ndh) ,

where the second step follows by Lemma 11 and the last step follows by h is small. Then,

since v0 = 0,

1

8
hu

N−1∑
n=0

E ∥∇f(xn(0))∥2 ≤ O
(
Ndh+

∣∣E∇f(xN (0))T vN (0)∣∣) ,
which implies

N−1∑
n=0

E ∥∇f(xn(0))∥2 ≤ O

(
NLd+

L

h

∣∣E∇f(xN (0))T vN (0)∣∣) .
By Lemma 11,

N−1∑
n=0

E ∥vn(0)∥2 ≤ O

(
u2h

N−1∑
n=0

E ∥∇f(xn(0))∥2 +Nud

)
≤ O

(
Nud+ u

∣∣E∇f(xN (0))T vN (0)∣∣) .
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A.5 Proof of Theorem 3

Here, we combine Lemma 12 and Lemma 2 to prove our main result.

Proof. Let xn+ 1
2
, xn and vn be the iterates of Algorithm 1. Let (yn, wn) be the n-

th step of the exact underdamped Langevin diffusion, starting from a random point

(y0, w0) ∝ exp
(
−
(
f(y) + L

2 ∥w∥
2
))

, coupled with (xn, vn) through the same Brownian

motion. Let
(
x∗n+1, v

∗
n+1

)
be the 1-step exact Langevin diffusion starting from (xn, vn) . For

any iteration n, let Eα be the expectation taken over the random choice of α in iteration

n. Then,

Eα
[
∥xn − yn∥2 + ∥(xn + vn)− (yn + wn)∥2

]
= Eα

[
∥(xn − x∗n)− (yn − x∗n)∥

2 + ∥(xn + vn − x∗n − v∗n)− (yn + wn − x∗n − v∗n)∥
2
]

≤ ∥yn − x∗n∥
2 + ∥yn + wn − x∗n − v∗n∥

2 + Eα ∥xn − x∗n∥
2 + Eα ∥xn + vn − x∗n − v∗n∥

2

−2 (yn − x∗n)
T (Eαxn − x∗n)− 2 (yn + wn − x∗n − v∗n)

T (Eα [xn + vn]− x∗n − v∗n)

≤
(
1 +

h

2κ

)(
∥yn − x∗n∥

2 + ∥yn + wn − x∗n − v∗n∥
2
)

+
2κ

h

(
∥Eαxn − x∗n∥

2 + ∥Eα [xn + vn]− x∗n − v∗n∥
2
)
+ Eα ∥xn − x∗n∥

2

+Eα ∥xn + vn − x∗n − v∗n∥
2 ,

where the second step follows by yn, wn, x
∗
n and v∗n are independent of the choice of α and

the third follows by Young’s inequality. Then,

E
[
∥xN − yN∥2 + ∥(xN + vN )− (yN + wN )∥2

]
≤

(
1 +

h

2κ

)
e−

h
κE
[
∥yN−1 − xN−1∥2 + ∥yN−1 + wN−1 − xN−1 − vN−1∥2

]
+
2κ

h

(
E ∥EαxN − x∗N∥

2 + E ∥EαxN + vN − x∗N − v∗N∥
2
)

+
(
E ∥xN − x∗N∥

2 + E ∥xN + vN − x∗N − v∗N∥
2
)

≤ e−
h
2κE

[
∥yN−1 − xN−1∥2 + ∥yN−1 + wN−1 − xN−1 − vN−1∥2

]
+
2κ

h

(
2E ∥EαvN − v∗N∥

2 + 3E ∥EαxN − x∗N∥
2
)
+
(
2E ∥vN − v∗N∥

2 + 3E ∥xN − x∗N∥
2
)

≤ e−
Nh
2κ E

[
∥y0 − x0∥2 + ∥y0 + w0 − x0 − v0∥2

]
+

N∑
n=1

2κ

h

(
2E ∥Eαvn − v∗n∥

2 + 3E ∥Eαxn − x∗n∥
2
)

+
N∑
n=1

(
2E ∥vn − v∗n∥

2 + 3E ∥xn − x∗n∥
2
)
,
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where the first step follows by Lemma 1, the second step follows by 1+ h
2κ ≤ e

h
2κ , and the

last step follows by induction.

Since (yN , wN ) follows the distribution p∗ ∝ exp
(
−
(
f(y) + L

2 ∥w∥
2
))

, E ∥wN∥2 = d
L .

By Proposition 1 of [DM16], E ∥y0 − x0∥2 ≤ d
m . Then,

E
[
∥y0 − x0∥2 + ∥y0 + w0 − x0 − v0∥2

]
≤ 3E ∥y0 − x0∥2 + 2E ∥w0 − v0∥2

≤ 5
d

m
.

When N = 2κ
h log

(
20
ϵ2

)
,

e−
Nh
2κ E

[
∥y0 − x0∥2 + ∥y0 + w0 − x0 − v0∥2

]
≤ ϵ2d

4m
.

By Lemma 2,

N∑
n=1

2κ

h

(
2E ∥Eαvn − v∗n∥

2 + 3E ∥Eαxn − x∗n∥
2
)

≤ O

(
h7κ

N−1∑
n=0

E ∥vn∥2 +
u

m
h9

N−1∑
n=0

E ∥∇f(xn)∥2 +
1

m
Ndh8

)
,

and

N∑
n=1

(
2E ∥vn − v∗n∥

2 + 3E ∥xn − x∗n∥
2
)

≤ O

(
h4

N−1∑
n=0

E ∥vn∥2 + u2h4
N−1∑
n=0

E ∥∇f(xn)∥2 +Nudh5

)
.

By Lemma 2 of [Dal17a], E ∥∇f(yN )∥2 ≤ dL. Then, by E ∥∇f(yN )∥2 ≤ dL and E ∥wN∥2 =
d
L ,∣∣E∇f(xN )T vN ∣∣ ≤ E

[
L ∥vN∥2 + u ∥∇f(xN )∥2

]
≤ 2E

[
L ∥wN∥2 + L ∥vN − wN∥2 + u ∥∇f(yN )∥2 + L ∥xN − yN∥2

]
≤ 4d+ 2LE

[
∥vN − wN∥2 + ∥xN − yN∥2

]
≤ 4d+ 6LE

[
∥xN − yN∥2 + ∥(xN + vN )− (yN + wN )∥2

]
,

By Lemma 12 and our choice of N ,

N−1∑
n=0

∥∇f(xn(0))∥2 ≤ O
(
κdL

h
log

(
1

ϵ2

)
+
L2

h
E
[
∥xN − yN∥2 + ∥(xN + vN )− (yN + wN )∥2

])
,

and

N−1∑
n=0

E ∥vn(0)∥2 ≤ O
(

d

hm
log

(
1

ϵ2

)
+ E

[
∥xN − yN∥2 + ∥(xN + vN )− (yN + wN )∥2

])
.
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Thus,

N∑
n=1

2κ

h

(
2E ∥Eαvn − v∗n∥

2 + 3E ∥Eαxn − x∗n∥
2
)
+

N∑
n=1

(
2E ∥vn − v∗n∥

2 + 3E ∥xn − x∗n∥
2
)

≤ O
((

κdh6

m
+
dh3

m

)
log

(
1

ϵ2

))
+O

(
κh7 + h3

)
E
[
∥xN − yN∥2 + ∥(xN + vN )− (yN + wN )∥2

]
.

Then, we can choose a small constant C such that if we let

h = Cmin

(
ϵ1/3

κ1/6
log−1/6

(
1

ϵ2

)
, ϵ2/3 log−1/3

(
1

ϵ2

))
,

then

N∑
n=1

2κ

h

(
2E ∥Eαvn − v∗n∥

2 + 3E ∥Eαxn − x∗n∥
2
)
+

N∑
n=1

(
2E ∥vn − v∗n∥

2 + 3E ∥xn − x∗n∥
2
)

≤ ϵ2d

4m
+

1

2
E
[
∥xN − yN∥2 + ∥(xN + vN )− (yN + wN )∥2

]
.

Therefore,

E
[
∥xN − yN∥2 + ∥(xN + vN )− (yN + wN )∥2

]
≤ ϵ2d

4m
+
ϵ2d

4m
+

1

2
E
[
∥xN − yN∥2 + ∥(xN + vN )− (yN + wN )∥2

]
=

ϵ2d

2m
+

1

2
E
[
∥xN − yN∥2 + ∥(xN + vN )− (yN + wN )∥2

]
,

which implies

E
[
∥xN − yN∥2

]
≤ E

[
∥xN − yN∥2 + ∥(xN + vN )− (yN + wN )∥2

]
≤ ϵ2d

m
.

By our choice of h,

N ≤ Õ

(
κ7/6

ϵ1/3
+

κ

ϵ2/3

)
.

A.6 Discretization Error of Algorithm 2

Here, we bound the discretization error in one step of Algorithm 2. Since

the terms E ∥Eαxn+1 − x∗n(h)∥
2 and E ∥xn+1 − x∗n(h)∥

2 are dominated by the terms

E ∥Eαvn+1 − v∗n(h)∥
2 and E ∥vn+1 − v∗n(h)∥

2, we bound only the later two terms.
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Lemma 13. Assume that R4δ4 ≤ 1
4 . Let x

(k−1,i)
n for i = 1, ..., R, k = 1, ...,K be the

intermediate value computed in iteration n of Algorithm 2. Let {x∗n(t), v∗n(t)}t∈[0,h] be

the ideal underdamped Langevin diffusion, starting from x∗n(0) = xn and v∗n(0) = vn,

coupled through a shared Brownian motion with
{
x
(k−1,i)
n

}
i=1,...,R,k=1,...,K

. Then, for any

i = 1, ..., R, and k = 1, ...,K − 1,

E
∥∥∥x(k,i)n − x∗n(αih)

∥∥∥2 ≤
(
2R4δ4

)k 1

R

R∑
j=1

E ∥xn − x∗n(αjh)∥
2

+4R3δ4
R∑
j=1

E sup
s∈[(j−1)δ,jδ]

∥x∗n(αjh)− x∗n(s)∥
2 .

Proof. For any i = 1, ..., R, and k = 1, ...,K − 1,

E
∥∥∥x(k,i)n − x∗n(αih)

∥∥∥2
≤ E

∥∥∥∥∥12u
i∑

j=1

[∫ min(jδ,αih)

(j−1)δ

(
1− e−2(αih−s)

)
ds · ∇f(x(k−1,j)

n )

]

−1

2
u

∫ αih

0

(
1− e−2(αih−s)

)
∇f(x∗n(s)) ds

∥∥∥∥∥
2

≤ 1

2
E

∥∥∥∥∥∥u
i∑

j=1

[∫ min(jδ,αih)

(j−1)δ

(
1− e−2(αih−s)

)
ds ·

(
∇f(x(k−1,j)

n )−∇f(x∗n(αjh))
)]∥∥∥∥∥∥

2

+
1

2
E

∥∥∥∥∥∥u
i∑

j=1

[∫ min(jδ,αih)

(j−1)δ

(
1− e−2(αih−s)

)
(∇f(x∗n(αjh))−∇f(x∗n(s))) ds

]∥∥∥∥∥∥
2

,

where the first step follows by the definition, and the second step follows by Young’s

inequality.

To compute the first term,

1

2
E

∥∥∥∥∥∥u
i∑

j=1

[∫ min(jδ,αih)

(j−1)δ

(
1− e−2(αih−s)

)
ds ·

(
∇f(x(k−1,j)

n )−∇f(x∗n(αjh))
)]∥∥∥∥∥∥

2

≤ 1

2
u2R

i∑
j=1

E

∥∥∥∥∥
∫ min(jδ,αih)

(j−1)δ

(
1− e−2(αih−s)

)
ds ·

(
∇f(x(k−1,j)

n )−∇f(x∗n(αjh))
)∥∥∥∥∥

2

≤ 2R3δ4
R∑
j=1

E
∥∥∥x(k−1,j)

n − x∗n(αjh)
∥∥∥2 , (A.12)

where the first step follows by the inequality (
∑n

i=1 ai)
2 ≤ n

∑n
i=1 a

2
i , the second step

follows by 1− e−2(αih−s) ≤ 2Rδ and ∇f is L-Lipschitz.
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For the second term,

1

2
E

∥∥∥∥∥∥u
i∑

j=1

[∫ min(jδ,αih)

(j−1)δ

(
1− e−2(αih−s)

)
(∇f(x∗n(αjh))−∇f(x∗n(s))) ds

]∥∥∥∥∥∥
2

≤ 1

2
u2R

i∑
j=1

E

∥∥∥∥∥
∫ min(jδ,αih)

(j−1)δ

(
1− e−2(αih−s)

)
(∇f(x∗n(αjh))−∇f(x∗n(s))) ds

∥∥∥∥∥
2

≤ 2R3δ4
R∑
j=1

E sup
s∈[(j−1)δ,jδ]

∥x∗n(αjh)− x∗n(s)∥
2 , (A.13)

where the first step follows by the inequality (
∑n

i=1 ai)
2 ≤ n

∑n
i=1 a

2
i and the second step

follows by 1− e−2(αih−s) ≤ 2Rδ and ∇f is L-Lipschitz. Thus,

E
∥∥∥x(k,i)n − x∗n(αih)

∥∥∥2
≤ 2R3δ4

R∑
j=1

E
∥∥∥x(k−1,j)

n − x∗n(αjh)
∥∥∥2 + 2R3δ4

R∑
j=1

E sup
s∈[(j−1)δ,jδ]

∥x∗n(αjh)− x∗n(s)∥
2

≤
(
2R4δ4

)k 1

R

R∑
j=1

E ∥xn − x∗n(αjh)∥
2

+
(
1 + 2R4δ4 + ...+

(
2R4δ4

)k−1
)
2R3δ4

R∑
j=1

E sup
s∈[(j−1)δ,jδ]

∥x∗n(αjh)− x∗n(s)∥
2

≤
(
2R4δ4

)k 1

R

R∑
j=1

E ∥xn − x∗n(αjh)∥
2 + 4R3δ4

R∑
j=1

E sup
s∈[(j−1)δ,jδ]

∥x∗n(αjh)− x∗n(s)∥
2 ,

where the first step follows by (A.12) and (A.13), the second step follows by induction,

and the third step follows by 2R4δ4 ≤ 1
2 .

Lemma 14. Let (vn, xn) be the iterates of iteration n. Let x
(k,i)
n for i = 1, ..., R,

k = 1, ...,K − 1 be the intermediate value computed in iteration n of Algorithm 2. Let

{x∗n(t), v∗n(t)}t∈[0,h] be the ideal underdamped Langevin diffusion, starting from x∗n(0) = xn

and v∗n(0) = vn, coupled through a shared Brownian motion with
{
x
(k,i)
n

}
i=1,...,R,k=1,...,K−1

.

Assume that h = Rδ ≤ 1
10 and K ≥ Ω

(
log 1

δ4

)
. Let Eα be the expectation taken over the

choice of α1, ..., αR in iteration n. Let E be the expectation taken over other randomness

in iteration n. Then,

E ∥Eαvn+1 − v∗n(h)∥
2 ≤ O

(
R6δ8 ∥vn∥2 + u2R6δ10 ∥∇f(xn)∥2 +R6δ9ud

)
,

E ∥vn+1 − v∗n(h)∥
2 ≤ O

(
R2δ4 ∥vn∥2 + u2R2δ4 ∥∇f(xn)∥2 +R2δ5ud

)
.

Proof. To show the first claim,

E ∥Eαvn+1 − v∗n(h)∥
2
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≤ E

∥∥∥∥∥Eαu
R∑
i=1

δe−2(h−αih)∇f(x(K−1,i)
n )− u

∫ h

0
e−2(h−s)∇f(x∗n(s)) ds

∥∥∥∥∥
2

≤ 2E

∥∥∥∥∥u
R∑
i=1

δe−2(h−αih)∇f(x(K−1,i)
n )− u

R∑
i=1

δe−2(h−αih)∇f(x∗n(αih))

∥∥∥∥∥
2

+2E

∥∥∥∥∥Eαu
R∑
i=1

δe−2(h−αih)∇f(x∗n(αih))− u
∫ h

0
e−2(h−s)∇f(x∗n(s)) ds

∥∥∥∥∥
2

≤ 2δ2R
R∑
i=1

E
∥∥∥x(K−1,i)

n − x∗n(αih)
∥∥∥2 + 0

≤ 2δ2R
(
2R4δ4

)K−1
R∑
i=1

E ∥xn − x∗n(αih)∥
2

+8R5δ6
R∑
i=1

E sup
s∈[(i−1)δ,iδ]

∥x∗n(αih)− x∗n(s)∥
2 , (A.14)

where the first step follows by the definition, the second step follows by Young’s inequality,

and the third step follows by

Eαδe−2(h−αih)∇f(x∗n(αih)) =

∫ iδ

(i−1)δ
e−2(h−s)∇f(x∗n(s)) ds.

To show the second claim,

E ∥vn+1 − v∗n(h)∥
2

≤ E

∥∥∥∥∥u
R∑
i=1

δe−2(h−αih)∇f(x(K−1,i)
n )− u

∫ h

0
e−2(h−s)∇f(x∗n(s)) ds

∥∥∥∥∥
2

≤ 3E

∥∥∥∥∥u
R∑
i=1

δe−2(h−αih)∇f(x(K−1,i)
n )− u

R∑
i=1

δe−2(h−αih)∇f(x∗n(αih))

∥∥∥∥∥
2

+3E

∥∥∥∥∥u
R∑
i=1

∫ iδ

(i−1)δ
e−2(h−αih) (∇f(x∗n(αih))−∇f(x∗n(s))) ds

∥∥∥∥∥
2

+3E

∥∥∥∥∥u
R∑
i=1

∫ iδ

(i−1)δ

(
e−2(h−αih) − e−2(h−s)

)
∇f(x∗n(s)) ds

∥∥∥∥∥
2

.

Like the proof of the third claim, the first term satisfies

3E

∥∥∥∥∥u
R∑
i=1

δe−2(h−αih)∇f(x(K−1,i)
n )− u

R∑
i=1

δe−2(h−αih)∇f(x∗n(αih))

∥∥∥∥∥
2

≤ 3δ2R
(
2R4δ4

)K−1
R∑
i=1

E ∥xn − x∗n(αih)∥
2 + 12R5δ6

R∑
i=1

E sup
s∈[(i−1)δ,iδ]

∥x∗n(αih)− x∗n(s)∥
2 .

The second term satisfies

3E

∥∥∥∥∥u
R∑
i=1

∫ iδ

(i−1)δ
e−2(h−αih) (∇f(x∗n(αih))−∇f(x∗n(s))) ds

∥∥∥∥∥
2
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≤ 3u2R

R∑
i=1

E

∥∥∥∥∥
∫ iδ

(i−1)δ
e−2(h−αih) (∇f(x∗n(αih))−∇f(x∗n(s))) ds

∥∥∥∥∥
2

≤ 3δ2R
R∑
i=1

E sup
s∈[(i−1)δ,iδ]

∥x∗n(αih)− x∗n(s)∥
2 ,

where the first step follows by (
∑n

i=1 ai)
2 ≤ n

∑n
i=1 a

2
i , and the second step follows by ∇f

is L-Lipschitz.

The last term satisfies

3E

∥∥∥∥∥u
R∑
i=1

∫ iδ

(i−1)δ

(
e−2(h−αih) − e−2(h−s)

)
∇f(x∗n(s)) ds

∥∥∥∥∥
2

≤ 12u2R2δ4E sup
s∈[0,h]

∥∇f(x∗n(s))∥
2 ,

which follows by e−2(h−αih) − e−2(h−s) ≤ 2δ for s ∈ [(i− 1)δ, iδ]. Thus,

E ∥vn+1 − v∗n(h)∥
2

≤ 3δ2R
(
2R4δ4

)K−1
R∑
i=1

E ∥xn − x∗n(αih)∥
2

+12R5δ6
R∑
i=1

E sup
s∈[(i−1)δ,iδ]

∥x∗n(αih)− x∗n(s)∥
2

+3δ2R
R∑
i=1

E sup
s∈[(i−1)δ,iδ]

∥x∗n(αih)− x∗n(s)∥
2 + 12u2R2δ4E sup

s∈[0,h]
∥∇f(x∗n(s))∥

2 .(A.15)

By Lemma 6, for i = 1, ..., R,

E ∥xn − x∗n(αih)∥
2 ≤ O

(
R2δ2 ∥vn∥2 + u2R4δ4 ∥∇f(xn)∥2 + udR3δ3

)
,

,and

E sup
s∈[(i−1)δ,iδ]

∥x∗n(αih)− x∗n(s)∥
2 ≤ O

(
δ2 ∥vn∥2 + u2δ4 ∥∇f(xn)∥2 + udδ3

)
.

Thus, when K ≥ Ω
(
log 1

δ4

)
, since Rδ ≤ 1

10 ,
(
2R4δ4

)K−1 ≤ O
(
δ4
)
. By (A.14) and (A.15),

E ∥Eαvn+1 − v∗n(h)∥
2 ≤ O

(
R6δ8 ∥vn∥2 + u2R6δ10 ∥∇f(xn)∥2 +R6δ9ud

)
,

and

E ∥vn+1 − v∗n(h)∥
2 ≤ O

(
R2δ4 ∥vn∥2 + u2R2δ4E ∥∇f(xn)∥2 +R2δ5ud

)
.
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Appendix B

DEFERRED CONTENTS FROM CHAPTER 3

B.1 Equivalence of HMC and Metropolis-adjusted Langevin dynamics

We briefly remark on the equivalence of Metropolized HMC and the Metropolis-adjusted

Langevin dynamics algorithm (MALA), a well-studied algorithm since its introduction in

[Bes94]. This equivalence was also commented on in [CDWY20]. The algorithm can be

seen as a filtered discretization of the continuous-time Langevin dynamics,

dxt = −∇f(xt)dt+
√
2dWt,

where Wt is Brownian motion. In short, the Metropolized HMC update is

v ∼ N (0, I), x̃← x+ηv−η
2

2
∇f(x), accept with probability min

{
1,

exp(−Ham(x̃, ṽ))

exp(−Ham(x, v))

}
.

Similarly, the MALA update with step size h is

x̃ ∼ N (x−h∇f(x), 2hI), accept with probability min

{
1,

exp(−f(x̃)− ∥x− x̃+ h∇f(x̃)∥22 /4h)
exp(−f(x)− ∥x̃− x+ h∇f(x)∥22 /4h)

}
.

It is clear that in HMC the distribution of x̃ is

x̃ ∼ N
(
x− η2

2
∇f(x), η2I

)
,

so it suffices to show for h = η2/2,

∥x̃− x+ h∇f(x)∥22 − ∥x− x̃+ h∇f(x̃)∥22
4h

=
1

2

(
∥v∥22 − ∥ṽ∥

2
2

)
.

Indeed, the right hand side simplifies to

η

2
⟨∇f(x̃) +∇f(x), v⟩ − η2

8
∥∇f(x̃) +∇f(x)∥22 ,

and the left hand side is

1

2
⟨∇f(x̃) +∇f(x), x̃− x⟩+ h

4

(
∥∇f(x)∥22 − ∥∇f(x̃)∥

2
2

)
=

1

2

〈
∇f(x̃) +∇f(x), ηv − η2

2
∇f(x)

〉
+
η2

8

(
∥∇f(x)∥22 − ∥∇f(x̃)∥

2
2

)
.

Comparing coefficients shows the equivalence.
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B.2 Improved concentration under Hessian log-Sobolev inequality

In this section, we show that the bound in Theorem 3 may be sharpened under a Hessian

log-Sobolev inequality (LSI), which we define presently.

Definition 6 (Hessian log-Sobolev). We say density dπ∗/dx ∝ exp(−f(x)) satisfies a

Hessian log-Sobolev inequality if for all continuously differentiable g : Rd → R, and for

Entπ∗ [g]
def
=

(∫
g(x) log (g(x)) dπ∗(x)

)
−
(∫

g(x)dπ∗(x)

)
log

(∫
g(x)dπ∗(x)

)
,

we have

Entπ∗
[
g2
]
≤ 2

∫
Rd

〈(
∇2f(x)

)−1∇g(x),∇g(x)
〉
dπ∗(x).

In general, this is a much more restrictive condition than Theorem 2; some sufficient

conditions are given in [BL00]. We now show an improved concentration result under a

Hessian LSI; the proof follows Herbst’s argument, a framework developed in [Led99].

Theorem 15 (Gradient norm concentration under LSI). Suppose f is L-smooth and

strongly convex, and dπ∗(x)/dx ∝ exp(−f(x)) satisfies a Hessian log-Sobolev inequality.

Then for all c > 0,

Pr
π∗

[
∥∇f(x)∥ ≥ Eπ∗ [∥∇f∥] + c

√
2L log d

]
≤ d−c2 .

Proof. Denote G
def
= ∥∇f∥, where we note ∇G = (∇2f)∇f

∥∇f∥ . Let H(λ)
def
= Eπ∗ [exp(λG)],

such that H ′(λ) = Eπ∗ [G exp(λG)]. Then, for g2 = exp(λG),

H(λ) = Eπ∗
[
g2
]
, λH ′(λ) = Eπ∗

[
g2 log g2

]
.

This in turn implies via the LSI that

λH ′(λ)−H(λ) logH(λ) = Eπ∗
[
g2 log g2

]
− Eπ∗

[
g2
]
logEπ∗

[
g2
]
≤ 2Eπ∗

[
∥∇g∥2(∇2f)−1

]
.

(B.1)

By smoothness and the definition of g = exp(12λG), we may bound the right hand side:

Eπ∗

[
∥∇g∥2(∇2f)−1

]
=
λ2

4
Eπ∗

[
∥∇G∥2(∇2f)−1 exp(λG)

]
≤ λ2L

4
H(λ). (B.2)

In the last inequality we used our calculation of ∇G, and ∇2f ⪯ LId. Now, consider the

function K(λ) = 1
λ logH(λ). We handle the definition of K(0) by a limiting argument

(and log(1 + x) ≈ x):

K(0) = lim
λ→0

1

λ
logEπ∗

[
eλG
]
=
H(λ)−H(0)

λ
= H ′(0) = Eπ∗ [G] .
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We compute

K ′(λ) = − 1

λ2
logH(λ) +

H ′(λ)

λH(λ)
=
λH ′(λ)−H(λ) logH(λ)

λ2H(λ)
.

This, combined with (B.1) and (B.2) imply K ′(λ) ≤ L
2 . Therefore, by integrating, we have

K(λ) ≤ Eπ∗ [G] +
Lλ

2
⇒ H(λ) = exp(λK(λ)) ≤ exp

(
λEπ∗ [G] +

Lλ2

2

)
.

Finally, we have concentration:

Pr
π∗

[G ≥ Eπ∗ [G] + r] = Pr
π∗

[exp(λG) ≥ exp(λEπ∗ [G] + λr)] ≤ exp

(
−λr + Lλ2

2

)
,

where the last statement is by Markov. Choosing r = c
√
2L log d, λ = r/L yields the

conclusion.

B.3 Mixing time proofs

We prove various claims from Section 3.4; notation here is consistent with definitions in

the body of the paper. All definitions will be with respect to some reversible random walk

on Rd with transition distributions Tx and stationary distribution dπ∗. We use dπk to

denote the density after k steps.

B.3.1 Blocking conductance framework

In this section, we recall the blocking conductance framework of [KLM06]. This section is

a restatement of their results for our purposes.

Preliminaries

Let dρk denote the “average” distribution density after k steps, e.g. dρk(x) =

1
k

∑
0≤i<k dπi(x). Define the flow between two sets S, T ⊆ Rd by

Q(S, T )
def
=

∫
S
Tx(T )dπ∗(x), Q(S)

def
= Q(S, Sc).

For every S ⊆ Rd and 0 ≤ x ≤ π∗(S), define the conductance function by

Ψ(x, Sc)
def
= min

T⊆S,π∗(T )=x
Q(T, Sc).

In other words, Ψ(x, Sc) is the smallest amount of flow from subsets of S with stationary

measure x to Sc. It is clear that Ψ(x, Sc) is monotone increasing in x in the range 0 ≤
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x ≤ π∗(S), as choosing a subset of larger measure can only increase flow. By convention,

for 1 ≥ x ≥ π∗(S),

Ψ(x, Sc)
def
= Ψ(1− x, S).

This definition clearly makes sense because x ≥ π∗(S) ⇒ 1 − x ≤ π∗(Sc). Next, let the

spread of S ⊆ Rd be defined as

ψ(S)
def
=

∫ π∗(S)

0
Ψ(x, Sc)dx. (B.3)

In other words, we can think of ψ(S) as the worst-case flow between a subset of S and

Sc, where the measure of the subset is averaged uniformly over [0, π∗(S)]. The spread

enjoys the following useful property, which allows us to think of the spread as a notion of

conductance.

Lemma 56. For any set S ⊆ Rd,

ψ(S) ≥ 1

4
Q(S)2.

Proof. We claim first that for any t ∈ [0, π∗(S)],

ψ(S) ≥ (π∗(S)− t)Ψ(t, Sc). (B.4)

To see this, we integrated only in the range [t, π∗(S)], and used monotonicity of Ψ(·, Sc).

Let γ(S) denote the minimum measure of a subset R of S, such that Q(R,Sc) = 1
2Q(S, Sc).

Note that this means any set T with measure π∗(S)− γ(S) has flow Q(T, Sc) at least

Q(S)− 1

2
Q(S) =

1

2
Q(S).

In (B.4), let t = π∗(S) − γ(S), and let T be the subset which admits the value Ψ(t, Sc),

i.e. such that Q(T, Sc) = Ψ(t, Sc) and π∗(T ) = t. In particular, this implies

ψ(S) ≥ γ(S)Q(T, Sc) ≥ 1

2
γ(S)Q(S).

To show the conclusion, it suffices to show γ(S) ≥ Q(S)/2. This is clear because if

γ(S) < Q(S)/2, then any set of stationary measure γ(S) could not absorb a flow of

Q(S)/2 from the set Sc.

The final definitions we will need are as follows. For an iteration k, let

gk(x)
def
= k

dρk
dπ∗

(x) =
∑

0≤i<k

dπi
dπ∗

(x).
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A useful interpretation is that
∫
S gk(x)dπ

∗(x) measures how many times the set S was

visited on expectation over the first k iterations. Let mk : Rd → [0, 1] be a measure-

preserving map such that gk(m
−1
k (·)) is an increasing function. In other words, mk orders

the space Rd by their value gk, such that for 0 ≤ s < t ≤ 1, gk(m
−1
k (s)) ≤ gk(m−1

k (t)). We

define

qk(x, y) = Q
(
m−1
k ([0,min(x, y)]),m−1

k ([max(x, y), 1])
)
. (B.5)

In other words, for x ≤ y, qk takes the set of measure x according to dρk/dπ
∗ of least

probability, and of measure 1−y of most probability, and measures the flow between them.

For notational simplicity and when clear from context, we identify x ∈ [0, 1] with m−1
k (x),

and similarly identify intervals. The following is then immediate:

d

dx
qk(x, y) =


Tx([y, 1]) x < y

−Tx([0, y]) x ≥ y
. (B.6)

Main claim

Here, we recall the main result of the blocking conductance framework in terms of mixing

times.

Theorem 16. Suppose the starting distribution π0 is β-warm with respect to π∗. Let

h : [c, 1− c]→ R≥0 satisfy, for some c ∈ (0, 12), and some k,∫ 1−c

c
h(y)qk(x, y)dy ≥ 2x(1− x), ∀x ∈ [c, 1− c]. (B.7)

Then,

∥ρk − π∗∥TV ≤ βc+
1

k

∫ 1−c

c
h(x)dx.

We call a function h which satisfies (B.7) a c-mixweight function, and show how to

construct such a function in Section B.3.2; they will be inversely related to standard

notions of conductance. We first require the following helper results.

Lemma 57. For any t ∈ [0, 1],∫ 1

0
qk(x, t)dgk(x) = πk([0, t])− π0([0, t]) = π0([t, 1])− πk([t, 1]).

Proof. The equality πk([0, t])−π0([0, t]) = π0([t, 1])−πk([t, 1]) follows by definition, so we

will simply show the first equality. Using (B.6) for x ≤ t and integrating by parts,∫ t

0
gk(x)Tx([t, 1])dπ∗(x) = gk(t)q(t, t)−

∫ t

0
qk(x, t)dgk(x).
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Similarly, ∫ 1

t
gk(x)Tx([0, t])dπ∗(x) = gk(t)q(t, t) +

∫ 1

t
qk(x, t)dgk(x).

Therefore, to derive the conclusion of the lemma, it suffices to show that∫ 1

t
gk(x)Tx([0, t])dπ∗(x)−

∫ t

0
gk(x)Tx([t, 1])dπ∗(x) = πk([0, t])− π0([0, t]).

By expanding the definition of gk and telescoping, it suffices to show for all 0 ≤ i ≤ k− 1,∫ 1

t
Tx([0, t])dπi(x)−

∫ t

0
Tx([t, 1])dπi(x) = πi+1([0, t])− πi([0, t]).

This follows from

πi+1([0, t])− πi([0, t]) =
(∫ t

0
(1− Tx([t, 1])) dπi(x) +

∫ 1

t
Tx([0, t])dπi(x)

)
−
∫ t

0
dπi(x).

Next, let t0 ∈ [0, 1] be such that gk(t0) = k, where we note that Eπ∗ [gk] = k is the

expected value.

Lemma 58.

∥ρk − π∗∥TV =
1

k

∫ t0

0
tdgk(t) =

1

k

∫ 1

t0

(1− t)dgk(t).

Proof. By the definition of t0, we have that for all t ≤ t0,
dρk
dπ∗ (x) ≤ 1, and for t ≥ t0,

dρk
dπ∗ (x) ≥ 1. Therefore, the total variation distance is attained by the set [0, t0], i.e.

∥ρk − π∗∥TV = π∗([0, t0])− ρk([0, t0]) =
∫ t0

0

(
1− gk(x)

k

)
dπ∗(x). (B.8)

Integrating by parts,

∥ρk − π∗∥TV =

(
1− gk(t0)

k

)
t0 +

1

k

∫ t0

0
tdgk(t).

The first summand vanishes by the definition of t0, so we attain the first equality in the

lemma statement. The second equality follows from the same calculations, using the set

[t0, 1] which also attains the total variation distance, i.e. integrating by parts∫ 1

t0

(
gk(x)

k
− 1

)
dπ∗(x) =

1

k

∫ 1

t0

(1− t)dgk(t).

We also remark that for a β-warm start, it follows that every distribution πi for i ≥ 0 is

also β-warm, as the warmness dπi+1/dπ
∗ at a point is given by an average over the values

dπi/dπ
∗ of the prior iteration, and the conclusion follows by induction.
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Lemma 59.

∥ρk − π∗∥TV ≤ min

(
βc+

1

k

∫ t0

c
tdgk(t), βc+

1

k

∫ 1−c

t0

(1− t)dgk(t)
)
.

Proof. Recall in Lemma 58 we characterized

∥ρk − π∗∥TV =

∫ t0

0

(
1− gk(x)

k

)
dπ∗(x)

=

∫ c

0

(
1− gk(x)

k

)
dπ∗(x) +

∫ t0

c

(
1− gk(x)

k

)
dπ∗(x).

Note that the first integral is at most c. The second integral is, integrating by parts,(
gk(c)

k
− 1

)
c+

1

k

∫ t0

c
tdgk(t).

The first summand is bounded by (β − 1)c by our earlier argument about the warmness

at every iteration being bounded by β. Finally, the second half of the lemma statement

follows by considering the other characterization of the total variation based on [t0, 1], e.g.

bounding ∫ 1−c

t0

(
gk(x)

k
− 1

)
dx+

∫ 1

1−c

(
gk(x)

k
− 1

)
dx.

Proof of Theorem 16. First, if t0 ≤ c, by (B.8), the total variation distance is at most cβ

as desired. A similar conclusion follows if t0 ≥ 1 − c from the other characterization of

total variation in Lemma 59. We now consider when t ∈ (c, 1− c). By Lemma 57, for all

y ∈ [c, 1− c],

1 ≥ πk([0, y]) ≥
∫ 1−c

c
qk(x, y)dgk(x).

Multiplying by h and integrating over the range [c, 1− c],∫ 1−c

c
h(x)dx ≥

∫ 1−c

c

(∫ 1−c

c
h(y)qk(x, y)dy

)
dgk(x) ≥

∫ 1−c

c
2x(1− x)dgk(x).

The second inequality recalled the requirement (B.7). By combining this with half of

Lemma 59,

∥ρk − π∗∥TV ≤ βc+
1

k

∫ t0

c
xdgk(x) ≤ βc+

1

2(1− t0)k

∫ t0

c
2x(1− x)dgk(x)

≤ βc+ 1

2(1− t0)k

∫ 1−c

c
h(x)dx.

By using the other half of Lemma 59, we may similarly conclude

∥ρk − π∗∥TV ≤ βc+
1

2t0k

∫ 1−c

c
h(x)dx.

The conclusion follows from combining these bounds, i.e. depending on if t0 ≤ 1
2 or

t0 ≥ 1
2 .
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B.3.2 Mixweight functions

In this section, we propose a function h satisfying (B.7), and prove its correctness. First,

we describe a useful sufficient condition.

Lemma 60. Suppose h : [c, 1− c]→ R≥0 has h(1− y) = h(y), and∫ 1−c

c
h(y)Ψ(y, Sc)dy ≥ 2π∗(S)(1− π∗(S)), ∀S ⊆ Rd : c ≤ π∗(S) ≤ 1

2
. (B.9)

Then, h satisfies (B.7).

Proof. Note that for c ≤ x ≤ 1
2 , choosing S = m−1

k ([0, x]) in (B.9) yields

2x(1− x) ≤
∫ 1−c

c
h(y)Ψ

(
y,m−1

k ([x, 1])
)
dy ≤

∫ 1−c

c
h(y)qk(x, y)dy.

The second inequality follows as for x ≥ y, qk(x, y) ≥ Ψ(y,m−1
k ([x, 1])) by definition, and

for y ≥ x, we use symmetry of Ψ, qk in their arguments. A similar argument holds for

x ≥ 1
2 by symmetry.

We now define our c-mixweight function h:

h(y)
def
=


maxy≤π∗(S)≤min{2y, 12}

4π∗(S)
ψ(S) y ≤ 1

2

h(1− y) y ≥ 1
2

. (B.10)

In particular, note that for all y ≤ 1
2 , by combining with Lemma 56,

h(y) ≤ max
y≤π∗(S)≤2y

16π∗(S)

Q(S)2
. (B.11)

We will develop an upper bound on the ratio π∗(S)/Q(S)2 for π∗(S) which are “not too

small” in the following section. We now prove correctness of the definition (B.10).

Lemma 61. The function h defined in (B.10) satisfies (B.7).

Proof. Recall that it suffices to show that h satisfies (B.9). To this end, let S be some set

such that π∗(S) = x ∈ [2c, 12 ]. Then, recalling the definition of the spread ψ(S) (B.3),

2x ≤ 4π∗(S)

2ψ(S)

(∫ x

0
Ψ(y, Sc)dy

)
≤ 4π∗(S)

ψ(S)

∫ x

x/2
Ψ(y, Sc)dy

≤
∫ x

x/2
h(y)Ψ(y, Sc)h(y)dy
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≤
∫ 1−c

c
h(y)Ψ(y, Sc)dy.

In the second line, we used the monotonicity of Ψ(·, Sc) in the first argument; in the third

line, we used the definition of h with the fact that x ∈ [y,min{2y, 12}] for all y ∈ [x/2, x].

To handle the case x ∈ [c, 2c],∫ 1−c

c
h(y)Ψ(y, Sc)dy ≥

∫ 3x/2

x
h(y)Ψ(y, Sc)dy

≥
∫ x

x/2
h(y)Ψ(y, Sc)dy,

where the second line is due to monotonicity, and the rest of the proof proceeds as before.

Proof of Theorem 4. This follows from combining Theorem 16 with our particular choice

of mixweight function given in (B.10), whose denominator we bound via (B.11). Because

h is symmetric, it suffices to double the integration from c to 1
2 , and the bounds within

the integral come from monotonicity of ϕ.

B.3.3 Restricted conductance via total variation bounds

For S ⊆ Rd and x ∈ Rd, we define d(S, x)
def
= miny∈S ∥x− y∥; for S1, S2 ⊆ Rd,

d(S1, S2)
def
= minx∈S2 d(S1, x). The following isoperimetric inequality was given as Lemma

12 of [CDWY20].

Lemma 62 (Logarithmic isoperimetric inequality). Let π∗ be any µ-strongly logconcave

function. For any partition A1, A2, A3 of Rd with π∗(A1) ≤ π∗(A2),

π∗(A3) ≥
d(A1, A2)

√
µ

2
π∗(A1) log

1
2

(
1 +

1

π∗(A1)

)
.

Lemma 63. Let π∗ be any µ-strongly logconcave function, and let δ
√
µ < 1 for some

δ > 0. Suppose for Ω ⊂ Rd with π∗(Ω) = 1− s, and all x, y ∈ Ω with ∥x− y∥ ≤ δ,

∥Tx − Ty∥TV ≤ 1− α.

Then, for all s ≤ t ≤ 1
2 and S with π∗(S) = t,

π∗(S)

Q(S)2
≤ 16t

α2

(
δ
√
µ

4
(t− s) log

1
2

(
1 +

1

t

)
− s
)−2

.

In particular, if

s ≤ min

(
t

2
,
δ
√
µt

16

√
log(3)

)
, (B.12)
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we have the simplified bound

π∗(S)

Q(S)2
≤ 216

α2δ2µt log(1/t)
.

Proof. Let S have π∗(S) = t. Define the following three sets:

A1
def
=
{
x ∈ S ∩ ΩmidTx(Sc) <

α

2

}
, A2

def
=
{
x ∈ Sc ∩ ΩmidTx(S) <

α

2

}
, A3

def
= (A1∪A2)

c.

Note that for any x ∈ A1, y ∈ A2, we have ∥Tx − Ty∥TV > 1−α, and therefore ∥x− y∥ > δ.

Moreover, if π∗(A1) <
1
2π

∗(S),

Q(S) ≥ α

4
(t− s).

Similarly, if π∗(A2) <
1
2π

∗(Sc ∩ Ω):

Q(S) ≥ α

4
(1− t− s).

These bounds are subsumed by the third case, where π∗(A1) ≥ 1
2π

∗(S), π∗(A2) ≥ 1
2π

∗(Sc∩

Ω). By Lemma 62, since we argued d(A1, A2) > δ,

π∗(A3) ≥
δ
√
µ

2
min(π∗(A1), π

∗(A2)) log
1
2

(
1 +

1

min(π∗(A1), π∗(A2))

)
≥
δ
√
µ

4
min (π∗(S ∩ Ω), π∗(Sc ∩ Ω)) log

1
2

(
1 +

1

min (π∗(S ∩ Ω), π∗(Sc ∩ Ω))

)
≥
δ
√
µ

4
(t− s) log

1
2

(
1 +

1

t

)
.

This immediately implies

π∗(A3 ∩ Ω) ≥
δ
√
µ

4
(t− s) log

1
2

(
1 +

1

t

)
− s.

Finally, by the definition of stationary distribution,

Q(S) =
1

2

(∫
S
Tx(Sc)dπ∗(x) +

∫
Sc

Tx(S)dπ∗(x)
)

≥ 1

2

∫
A3∩Ω

α

2
dπ∗(x) =

α

4
π∗(A3 ∩ Ω)

≥ α

4

(
δ
√
µ

4
(t− s) log

1
2

(
1 +

1

t

)
− s
)
.

If (B.12) holds, we have the improved bound

Q(S) ≥
αδ
√
µ

64
t log

1
2

(
1

t

)
.
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B.3.4 Exponential convergence with a warm start

In this section, we give a simple reduction from a bound on the number of iterations it takes

a Markov chain to attain constant total variation distance to the stationary distribution

from a warm start, to the number of iterations it takes for the distance to decrease to

ϵ, with logarithmic dependence on ϵ. Throughout, π∗ is the stationary distribution of a

Markov chain with transitions T , and we let T kπ be the result of running k steps of the

chain from starting distribution π. For specified π0, we denote πk
def
= T kπ0. Sppose we

have a bound of the following type.

Assumption 2. ∃Tmix such that for every π which is β/ϵ-warm with respect to π∗,

∥∥T Tmixπ − π∗
∥∥
TV
≤ 1

2e
.

We first recall some basic facts about the optimal coupling between two distributions

π, ρ, which informally is the joint distribution µ with the prescribed marginals π and ρ

which maximizes the probability that for (x, y) ∼ µ, x = y. For a reference, see [LPW09].

Fact 10. Let µ be the optimal coupling between distributions π and ρ. The following hold.

1. Pr(x,y)∼µ[x ̸= y] = ∥π − ρ∥TV.

2. Consider the marginal distribution of (x, y) ∼ µ in the first variable, conditioned on

x ̸= y. It has a density proportional to dπ(x)−min(dπ(x), dρ(x)).

The following result is well-known.

Lemma 64. For any distribution π,

∥T π − π∗∥TV ≤ ∥π − π
∗∥TV .

Proof. Consider the optimal coupling µ between π and π∗, and note that

Pr
(x,y)∼µ

[x ̸= y] = ∥π − π∗∥TV .

It follows that the optimal coupling between µ′ between T π and π∗ has

Pr
(x,y)∼µ′

[x ̸= y] ≤ Pr
(x,y)=µ

[x ̸= y],

since T π∗ = π∗, and with probability Pr(x,y)∼µ[x = y] the coupling µ′ can keep x and y

coupled.
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Lemma 65. Under Assumption 2, letting π0 be a β-warm start, and k ≥ Tmix log(ϵ
−1),∥∥∥T kπ0 − π∗∥∥∥

TV
≤ ϵ.

Proof. Assume for the sake of contradiction that ∥πk − π∗∥TV > ϵ; note that by Lemma 64,

this implies that ∥πi − π∗∥TV > ϵ for all i ≤ k. For any i, we denote µi to be the best

coupling between πi and π
∗. Note that for any i, we can compute the marginal conditional

distribution of the uncoupled set of πi, under the coupling µi, by Fact 10:

dπ̃i
dπ∗

(x)
def
=

dπi
dπ∗ (x)−min

(
dπi
dπ∗ (x), 1

)
∫ (

dπi
dπ∗ (x)−min

(
dπi
dπ∗ (x), 1

))
dπ∗(x)

≤
dπi
dπ∗ (x)

∥πi − π∗∥TV

≤ β

ϵ
.

Here, we used the observation that if π0 is β-warm, then so are all πi for i ≥ 0. Similarly,

the conditional distribution of the uncoupled set of π∗ under µi satisfies

dπ̃∗i
dπ∗

(x)
def
=

1−min
(
dπi
dπ∗ (x), 1

)
∫ (

1−min
(
dπi
dπ∗ (x), 1

))
dπ∗(x)

≤ 1

ϵ
.

This implies the conditional distributions π̃i and π̃∗i are both β/ϵ-warm with respect to

π∗ for any i ≤ k. After Tmix iterations, the total variation distance between π̃i and π̃
∗
i is

bounded by 1/e by Assumption 2 and the triangle inequality. Repeating this argument

log(ϵ−1) times implies that the measure of the uncoupled set decreases by at least a 1/e

factor between iterations i and i+Tmix, while i ≤ k, so that the uncoupled set has measure

at most ϵ by iteration k. Recalling that the measure of the uncoupled set is precisely the

distance ∥πk − π∗∥TV results in a contradiction.

B.4 Total variation bounds

In this section, we prove the following lemma, which is the key step in lower bounding the

conductance of one step of our algorithm.

Lemma 66. For η2 ≤ 1
20Ld log κ

ϵ
, the Markov chain defined in Algorithm 3 satisfies

sup
∥x−y∥≤η

∥Px − Py∥TV ≤
5

8
(B.13)

and, for Ω defined in (5.16),

sup
x∈Ω
∥Px − Tx∥TV ≤

1

8
. (B.14)
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Proof. We first show (B.13). From any point x ∈ Rd, let x̃ be the proposed point according

to Algorithm 3; we recall that the update is given by, for v ∼ N (0, Id),

x̃← x+ ηv − η2

2
∇f(x)⇒ x̃ ∼ N

(
x− η2

2
∇f(x), η2Id

)
.

Therefore, recalling that the KL divergence dKL between two Gaussians with covariance

σ2Id and means µx, µy is ∥µx − µy∥2 /2σ2, Pinsker’s inequality implies

∥Px − Py∥TV ≤
√

1

2
dKL (Px,Py)

≤

∥∥∥(x− η2

2 ∇f(x)
)
−
(
y − η2

2 ∇f(y)
)∥∥∥

2η

≤

(
1 + Lη2

2

)
∥x− y∥

2η
≤ 5

8
,

for ∥x− y∥ ≤ η and η2 ≤ (2L)−1. The third line used the triangle inequality and ∇f is

L-Lipschitz.

Next, we show (B.14). From a point x, and for any proposed transition to x̃ ̸= x, the

proposal Px places at least as much mass on x̃ as Tx, because the rejection probability is

nonnegative; consequently, the set A maximizing Tx(A)−Px(A) is the singleton A = {x},

and the total variation distance is simply the probability Tx = x, or

∥Px − Tx∥TV = 1− Ev∼N (0,Id) [min {1, exp (Ham(x, v)−Ham(x̃, ṽ))}]

≤ 1− Ev∼N (0,Id) [exp (Ham(x, v)−Ham(x̃, ṽ))] .

Therefore, to show the desired ∥Px − Tx∥TV ≤ 1/8, it suffices to show that

Ev∼N (0,Id) [exp (Ham(x, v)−Ham(x̃, ṽ))] ≥ 7

8
.

By the calculation
15

16
· exp

(
− 1

16

)
≥ 7

8
,

it suffices to show that with probability 15/16 over the randomness of v, Ham(x, v) −

Ham(x̃, ṽ) ≥ −1/16. First, by a standard tail bound on the chi-squared distribution

(Lemma 1 of [LM00]), we have

Pr
[
∥v∥2 ≥ d+ 2

√
3d+ 6

]
≤ exp(−3) ≤ 1

16
.

Thus, assuming d is at least a sufficiently large constant, with probability at least 1/16

over the randomness of v, we have ∥v∥ ≤
√
2d. Finally, the conclusion follows from the

claim

Ham(x̃, ṽ)−Ham(x, v) ≤ 1

16
, ∀x ∈ Ω, ∥v∥ ≤

√
2d,
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which we now show. Recalling ṽ = v − η
2 (∇f(x̃) +∇f(x)) and x̃ = x+ ηv − η2

2 ∇f(x),

H (x̃, ṽ)−H (x, v) = −1

2
∥v∥2 + 1

2
∥ṽ∥2 − f(x) + f(x̃)

≤ −1

2
∥v∥2 + 1

2
∥ṽ∥2 + 1

2
⟨∇f(x̃) +∇f(x), x̃− x⟩+ L

4
∥x̃− x∥2

=
1

2

∥∥∥v − η

2
(∇f(x) +∇f(x̃))

∥∥∥2 − 1

2
∥v∥2

+
1

2

〈
∇f(x̃) +∇f(x), ηv − η2

2
∇f(x)

〉
+
L

4
∥x̃− x∥2

= −η
2
⟨∇f(x) +∇f(x̃), v⟩+ η2

8
∥∇f(x) +∇f(x̃)∥2

+
1

2

〈
∇f(x̃) +∇f(x), ηv − η2

2
∇f(x)

〉
+
L

4
∥x̃− x∥2

=
η2

8
⟨∇f(x) +∇f(x̃),∇f(x̃)−∇f(x)⟩+ L

4
∥x̃− x∥2

≤ η2L

8
∥x− x̃∥ ∥∇f(x) +∇f(x̃)∥+ L

4
∥x− x̃∥2 .

The second inequality followed from

f(x̃)− f(x) ≤ min

(
⟨∇f(x̃), x̃− x⟩ , ⟨∇f(x), x̃− x⟩+ L

2
∥x̃− x∥2

)
,

due to convexity and smoothness; the last inequality followed from smoothness and

Cauchy-Schwarz, and every other line was by expanding the definitions. We now bound

these two terms. First, since smoothness implies ∥∇f(x) +∇f(x̃)∥ ≤ 2 ∥∇f(x)∥ +

L ∥x− x̃∥,

η2L

8
∥x− x̃∥ ∥∇f(x) +∇f(x̃)∥ ≤ η2L2

8
∥x− x̃∥2 + η2L

4
∥∇f(x)∥ ∥x− x̃∥

≤ L

4
∥x− x̃∥2 + η2L

4
∥∇f(x)∥ ∥x− x̃∥

Here we used our choice of η. Next, since x̃− x = ηv− η2

2 ∇f(x), using the above bounds,

Ham(x̃, ṽ)−Ham(x, v) ≤ η2L

8
∥x− x̃∥ ∥∇f(x) +∇f(x̃)∥+ L

4
∥x− x̃∥2

≤ L

2
∥x− x̃∥2 + η2L

4
∥∇f(x)∥ ∥x− x̃∥

≤ Lη2 ∥v∥2 + Lη4

4
∥∇f(x)∥2 + Lη3

4
∥∇f(x)∥ ∥v∥+ Lη4

8
∥∇f(x)∥2

≤ 9Lη2

8
∥v∥2 + Lη4

2
∥∇f(x)∥2 ≤ 1

16
.

We recalled ∥v∥2 ≤ 2d, ∥∇f(x)∥2 ≤ 25Ld2 log2 κϵ , and the choice of η.

Finally, we note that Lemma 4 immediately follows via the triangle inequality.
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B.5 Deferred proofs

Lemma 67. For any C < 1,

∞∏
k=0

(
1

1− C
4k

)2k

≤ 1 +
√
C

1−
√
C
.

Proof. Define

V (C)
def
=

∞∏
k=1

(
1

1− C
4k

)2k

≤ 1 +
√
C

1−
√
C
,

so we wish to bound V (C)/(1− C). It suffices to show V (C) ≤ (1 +
√
C)2. Note that

log V (C) =
∞∑
k=1

2k log

(
1

1− C
4k

)
=

∞∑
k=1

2k
∞∑
j=1

1

j

(
C

4k

)j
=

∞∑
j=1

Cj

j(22j−1 − 1)
.

Thus, log V is a convex function in C. Note that log V (0) = 0 and

log V (1) ≤ 1 +
∞∑
j=2

1

4j−1j
= 1 + 4

(
− log

(
3

4

)
− 1

4

)
≤ log 4.

This implies log V (C) ≤ C log 4, and the conclusion follows from 4C ≤ (1 +
√
C)2 for

C ∈ [0, 1].
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Appendix C

DEFERRED CONTENTS FROM CHAPTER 4

C.1 Necessity of fixing a scale

We give a simple argument showing if the step size η of the HMC algorithm does not

depend on the “scale” of the problem, namely the eigenvalues of the function Hessian (as

opposed to scale-invariant quantities, e.g. the condition number κ and the dimension),

then the task of proving lower bounds becomes much more trivial. In particular, we

can adaptively pick a scale of the problem in response to the fixed η. This justifies the

additional requirement in Theorems 6, 7, and 9 of the fixed scale [1, κ], which we remark

is a strengthening of an analogous scale-free lower bound.

Concretely, suppose we wished to prove the statement of Theorem 9 but only on func-

tions with condition number κ (without specifying a range of eigenvalues). Then, for fixed

η, K, consider

f(x) =
λ

2
x2, where λ

def
=

2
(
1− cos

(
π
K

))
η2

.

Clearly, f : R→ R has condition number 1 ≤ κ for any κ. Then, the proof of Proposition 5

applies to show that the HMC Markov chain cannot leave any symmetric set, because the

coefficients encounter extremal points or zeroes of the Chebyshev polynomials.

C.2 HMC lower bounds beyond κ
√
d

Here, we analyze the behavior of HMC on the hard function (4.20). We will use this

construction to demonstrate that when the number of steps K is small, we cannot improve

either the relaxation time (Section C.2.1) or the mixing time (Section C.2.2) of MALA by

more than roughly a O(K) factor.

C.2.1 Relaxation time lower bound for small K

We first give a bound on the acceptance probability (4.6) for general HMC Markov

chain. We expand the term −Ham(xK , vK) + Ham(x0, v0) and extend the result given

by Lemma 17.
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Lemma 68. For the iterates given by Fact 4, write x̃j
def
= x0 + ηjv0 for 0 ≤ j ≤ K − 1.

Then, for a κ-smooth function f ,

−Ham(xK , vK) +Ham(x0, v0) ≤
K−1∑
j=0

(
−f(x̃j+1) + f(x̃j) +

1

2
⟨ηv0,∇f(x̃j+1) +∇f(x̃j)⟩

)
+ηK ∥v0∥2 max

0≤j≤K
∥∇f(xj)−∇f(x̃j)∥2 +

1

2
η2K2 max

0≤j1,j2≤K
∥∇f(x̃K)−∇f(xj2)∥2 ∥∇f(xj1)∥2

+
1

2
η2K2 max

0≤j1,j2,j3≤K
∥∇f(xj3)∥2 ∥∇f(xj1)−∇f(xj2)∥2 .

Proof. Expanding Ham (x0, v0) − Ham(xK , vK) according to the definition of Ham, xK

and vK ,

Ham (x0, v0)−Ham(xK , vK)

=− f(xK) + f(x0)−

∥∥∥v0 − η
2∇f(x0)− η

∑K−1
j=1 ∇f(xj)−

η
2∇f(xK)

∥∥∥2
2

2
+
∥v0∥22
2

=− f(xK) + f(x̃K)− f(x̃K) + f(x0) +

〈
v0,

η

2
∇f(x0) + η

K−1∑
j=1

∇f(xj) +
η

2
∇f(xK)

〉

− 1

2

∥∥∥∥∥∥η2∇f(x0) + η
K−1∑
j=1

∇f(xj) +
η

2
∇f(xK)

∥∥∥∥∥∥
2

2

=− f(xK) + f(x̃K) +
K−1∑
j=0

(−f(x̃j+1) + f(x̃j)) +

〈
ηv0,

1

2
∇f(x̃0) +

K−1∑
j=1

∇f(x̃j) +
1

2
∇f(x̃K)

〉

− 1

2

∥∥∥∥∥∥η2∇f(x0) + η
K−1∑
j=1

∇f(xj) +
η

2
∇f(xK)

∥∥∥∥∥∥
2

2

+

〈
ηv0,

1

2
∇f(x0) +

K−1∑
j=1

∇f(xj) +
1

2
∇f(xK)

−
1

2
∇f(x̃0) +

K−1∑
j=1

∇f(x̃j) +
1

2
∇f(x̃K)

〉

=
K−1∑
j=0

(
−f(x̃j+1) + f(x̃j) +

1

2
⟨ηv0,∇f(x̃j+1) +∇f(x̃j)⟩

)

− f(xK) + f(x̃K)− 1

2

∥∥∥∥∥∥η2∇f(x0) + η

K−1∑
j=1

∇f(xj) +
η

2
∇f(xK)

∥∥∥∥∥∥
2

2

+

〈
ηv0,

1

2
∇f(x0) +

K−1∑
j=1

∇f(xj) +
1

2
∇f(xK)

−
1

2
∇f(x̃0) +

K−1∑
j=1

∇f(x̃j) +
1

2
∇f(x̃K)

〉 .
(C.1)

Now we bound the last two lines in the decomposition (C.1). For the second-to-last line
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of (C.1), by convexity of f and the Cauchy-Schwarz inequality,

− f(xK) + f(x̃K)− 1

2

∥∥∥∥∥∥η2∇f(x0) + η

K−1∑
j=1

∇f(xj)−
η

2
∇f(xK)

∥∥∥∥∥∥
2

2

≤

〈
∇f(x̃K),

1

2
Kη2∇f(x0) + η2

K−1∑
j=1

(K − j)∇f(xj)

〉
− 1

2

∥∥∥∥∥∥η2∇f(x0) + η
K−1∑
j=1

∇f(xj) +
η

2
∇f(xK)

∥∥∥∥∥∥
2

2

≤1

2
η2K2 max

0≤j1,j2,j3≤K

(
∇f(x̃K)⊤∇f(xj1)−∇f(xj2)⊤∇f(xj3)

)
≤1

2
η2K2

(
max

0≤j1,j2≤K
∥∇f(x̃K)−∇f(xj2)∥2 ∥∇f(xj1)∥2 + max

0≤j1,j2,j3≤K
∥∇f(xj3)∥2 ∥∇f(xj1)−∇f(xj2)∥2

)
.

(C.2)

In the third line above, we used that the total “number of gradient inner products” for

both terms is 1
2η

2K2, and took the largest such inner product difference.

Finally, for the last line of (C.1), by the Cauchy-Schwarz inequality,〈
ηv0,

1

2
∇f(x0) +

K−1∑
j=1

∇f(xj) +
1

2
∇f(xK)

−
1

2
∇f(x̃0) +

K−1∑
j=1

∇f(x̃j) +
1

2
∇f(x̃K)

〉

≤ηK ∥v0∥2 max
0≤j≤K

∥∇f(xj)−∇f(x̃j)∥2 .

(C.3)

Combining (C.1), (C.2) and (C.3) proves the desired claim.

We define a hard function fhard : Rd → R that is κ-smooth and 1-strongly convex (note

it is the same hard function as in Section 4.6, under the change of variable h = η2

2 ). We

will show it is hard to sample from the density proportional to exp(−fhard) when K is

small.

fhard(x)
def
=
∑
i∈[d]

fi(xi), where fi(c) =


1
2c

2 i = 1

κ
3 c

2 − κη2

6 cos
(√

2c
η

)
2 ≤ i ≤ d

. (C.4)

Lemma 69. For η2 ≤ 1, let x̃j
def
= x0 + ηjv0 for 0 ≤ j ≤ K − 1 and v0 ∼ N (0, id). Let

R(j) be the random variable with given by R(j) =
∑d

i=1R
(j)
i where

R
(j)
i = −fi([x̃j+1]i) + fi([x̃j ]i) +

1

2
η[v0]i · (∇fi([x̃j+1]i) +∇fi([x̃j ]i)).

Then,

Ev0∼N (0,1)

K−1∑
j=0

R(j)

 ≤ −0.02κη2 d∑
i=2

cos

√
2[x0]i
η

. (C.5)
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and

Pr

K−1∑
j=0

R(j) − E

K−1∑
j=0

R(j)

 ≥ 10η2Kκ
√
d log d

 ≤ 1

d5
. (C.6)

Proof. In this proof, all expectations E are taken over v0 ∼ N (0, id), so we omit them. For

i = 1,

E

K−1∑
j=0

R
(j)
i

 = E

−1

2
([x0]1 + ηK[v0]1)

2 +
1

2
[x0]

2
1 +

1

2

K−1∑
j=0

η[v0]1(2[x0]1 + η(2j + 1)[v0]1)


= E

[
−1

2
[x0]

2
1 −

1

2
η2K2[v0]

2
1 − ηK[x0]1[v0]1 +

1

2
[x0]

2
1 +

1

2
η2K2[v0]

2
1 + ηK[x0]1[v0]1

]
= 0.

We bound each coordinate 2 ≤ i ≤ d separately.

E

K−1∑
j=0

R
(j)
i


=E

K−1∑
j=0

−fi([x̃j+1]i) + fi([x̃j ]i) +
1

2
η[v0]i · (∇fi([x̃j+1]i) +∇fi([x̃j ]i))


=− κ

3
E
[
([x0]i + ηK[v0]i)

2 − [x0]
2
i

]
+

1

3
ηκE

[v0]i ·
2[x0]i + η

K−1∑
j=0

(2j + 1)[v0]i


+
κη2

6
E

K−1∑
j=0

cos

√
2 ([x0]i + η(j + 1)[v0]i)

η
− cos

√
2 ([x0]i + ηj[v0]i)

η


+

√
2η2κ

12
E

[v0]i K−1∑
j=0

(
sin

√
2 ([x0]i + ηj[v0]i)

η
+ sin

√
2 ([x0]i + η(j + 1)[v0]i)

η

)
=− κη2

6

K−1∑
j=0

exp(−j2)− exp(−(j + 1)2)− j exp(−j2)− (j + 1) exp(−(j + 1)2) cos

√
2[x0]i
η

The last line used the computation

E

[
[v0]i sin

√
2 ([x0]i + ηj[v0]i)

η

]
=
√
2jexp(−j2) cos

√
2[x0]i
η

,

E

[
cos

√
2 ([x0]i + ηj[v0]i)

η

]
= exp(−j2) cos

√
2[x0]i
η

.

Next, we bound
∑K−1

j=0

(
exp(−j2)− exp(−(j + 1)2)− j exp(−j2)− (j + 1) exp(−(j + 1)2)

)
.

For j = 0, 1 − 2
exp(1) ≥ 0.264. For j = 1, the negative terms have −3 exp(−4) ≥ −0.06,
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and the positive terms can only help this inequality. For the remaining terms,

K−1∑
j=2

(
exp(−j2)− exp(−(j + 1)2)− j exp(−j2)− (j + 1) exp(−(j + 1)2)

)
≥

K−1∑
j=2

(
−j exp(−j2)− (j + 1) exp(−(j + 1)2)

)
≥ −2

K∑
j=2

(
j exp(−j2)

)
≥ −2 2

exp(4)

1

1− 2 exp(−5)
≥ −0.075.

The last inequality used the ratio between two consecutive terms is bounded by

j+1
j exp(j2 − (j + 1)2) ≤ 2 exp(−5). Summing over d coordinates proves (C.5).

Next, we prove the concentration property of
∑K−1

j=0 R(j). Let x̃j,s = x̃j + sηv0, for

s ∈ [0, 1] and j = 0, ...,K − 1. By Lemma 11, we have

K−1∑
j=0

R(j) =
K−1∑
j=0

−η2
∫ 1

0

(
1

2
− s
)
v⊤0 ∇2f(x̃j,s)v0ds.

For coordinate 1 ≤ i ≤ d,
∣∣∣η2 ∫ 1

0

(
1
2 − s

)
f ′′i ([xj,s]i)ds

∣∣∣ ≤ η2κ
2 by smoothness. Then, the

random variables
∑K−1

j=0 R
(j)
i − E

[∑K−1
j=0 R

(j)
i

]
for 1 ≤ i ≤ d are sub-exponential with

parameter η2κK
2 (for coordinates where the coefficient is negative, note the negation of a

sub-exponential random variable is still sub-exponential). Hence, by Fact 3,

Pr

∑
i∈[d]

(
K−1∑
k=0

R
(j)
i − E

[
K−1∑
k=0

R
(j)
i

])
≥ 10η2Kκ

√
d log d

 ≤ 1

d5
.

Now, we build a bad set Ωhard with lower bounded measure that starting from a point

x0 ∈ Ωhard, such that with high probability, −E
[∑K−1

j=0 R(j)
]
is very negative. Let h = 1

2η
2

so that we may use the results from Section 4.4. We use the bad set Ωhard defined in (4.21).

Ωhard =

{
x
∣∣∣ |x1| ≤ 2,∀2 ≤ i ≤ d,∃ki ∈ Z, |ki| ≤

⌊
5

π
√
hκ

⌋
, such that

− 9

20
π
√
h+ 2πki

√
h ≤ xi ≤

9

20
π
√
h+ 2πki

√
h

}
.

We restate Lemma 14 here, which lower bounds π∗(Ωhard) and bounds ∥∇f(x)∥2 for x ∈

Ωhard.

Lemma 14. Let h ≤ 1
10000π2κ

. Let π∗ have log-density −fhard (4.20). Then, π∗(Ωhard) ≥

exp(−d). Moreover, for all x ∈ Ωhard, ∥∇f(x)∥2 ≤ 10
√
κd.
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We can further show the following, which is used to bound the remaining terms in

Lemma 68.

Lemma 70. Let x0 ∈ Ωhard, ηK ≤ 1
100

√
κ log d

and d ≥ 8. Let let xj for 1 ≤ j ≤ K − 1 be

given by the iterates in Fact 4 and x̃K = x0 + ηKv0.Then, with probability at least 1− 1
d5

over random v0 ∼ N (0, id), ∥v0∥2 ≤ 4
√
d log d and for all 0 ≤ j ≤ K, ∥∇f(xj)∥2 ≤ 11

√
κd

and ∥∇f(x̃K)∥2 ≤ 11
√
κd.

Proof. We first derive a bound on v0 ∼ N (0, id). By a standard Gaussian tail bound,

for d ≥ 8, with probability at least 1 − 1
d5
, |[v0]i| ≤ 4 log d for all 1 ≤ i ≤ d. Then,

∥v0∥2 ≤
√
16d(log d)2 = 4

√
d log d. Now, we prove the bound on ∥xj − x0∥2 and ∥∇f(xj)∥2

using induction. First, ∥∇f(x0)∥ ≤ 11
√
dκ holds by Lemma 14. Assume for induction

∥∇f(xk)∥2 ≤ 11
√
dκ for 1 ≤ k < j. Then,

∥xj − x0∥2 ≤

∥∥∥∥∥ηjv0 − η2j

2
∇f(x0)− η2

j−1∑
k=1

(j − k)∇f(xk)

∥∥∥∥∥
2

≤ 4ηj
√
d log d+ η2j2 · 11

√
κd ≤

√
d

κ
.

The last inequality used the assumption ηK ≤ 1
100

√
κ log d

. Since f is κ-smooth, we have

∥∇f(xj)∥2 ≤ ∥∇f(x0)∥2 + κ ∥xj − x0∥2 ≤ 10
√
κd+ κ

√
d

κ
≤ 11

√
κd.

This completes the induction step. Finally, we have

∥∇f(x̃K)∥2 ≤ ∥∇f(x0)∥2 + κ ∥ηKv0∥2 ≤ 10
√
κd+ 4ηKκ

√
d log d ≤ 11

√
κd,

where we used ηK ≤ 1
100

√
κ log d

.

Lemma 71. Let η and K satisfy K ≤
√
d

10000
√
log d

, and ηK3 ≤ 1
100000

√
κ log d

. For any

x0 ∈ Ωhard, let (xK , vK) be given by the iterates in Fact 4 and v0 ∼ N (0, id). With

probability at least 1− 2
d5
,

−Ham(xK , vK) +Ham(x0, v0) ≤ −Ω
(
η2κd

)
.

Proof. We first remark that the bound on ηK3 implies we may apply Lemma 14 and

Lemma 70. Next, for x0 ∈ Ωhard, cos
√
2[x0]i
η is bounded away from 0 for all 2 ≤ i ≤ d.

By Lemma 69, when K ≤
√
d

10000
√
log d

, with probability at least 1 − 1
d5
,
∑K−1

j=0 R(j) ≤
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−0.002η2κd (the expectation term dominates). By Lemma 70, with probability at least

1− 1
d5
, the other terms in Lemma 68 have

ηK ∥v0∥2 max
0≤j≤K

∥∇f(xj)−∇f(x̃j)∥2 +
1

2
η2K2 max

0≤j1,j2≤K
∥∇f(x̃K)−∇f(xj2)∥2 ∥∇f(xj1)∥2

+
1

2
η2K2 max

0≤j1,j2,j3≤K
∥∇f(xj3)∥2 ∥∇f(xj1)−∇f(xj2)∥2

≤ 4ηK
√
d log d · κη2

K ∥∇f(x0)∥2 + ∑
j∈[K−1]

(K − j) ∥∇f(xj)∥2


+η2K2 · 11

√
κd · κ

ηK ∥v0∥2 + η2K ∥∇f(x0)∥2 + η2
∑

j∈[K−1]

(K − j) ∥∇f(xj)∥2


≤ 44η3K3κ1.5d log d+ 44η3K3κ1.5d log d+ 121η4K4κ2d ≤ 0.001η2κd.

The last inequality used the assumption η ≤ 1
100000K3

√
κ log d

. Combining the above bounds

with Lemma 68 yields the claim.

Proposition 16. For η2K = O
(√

log d

κ
√
d

)
and K = O

(
d0.099

)
, there is a target density on

Rd whose negative log-density is κ smooth, such that relaxation time of HMC is Ω
(
κd
K2

)
.

Proof. It is straightforward to check that such a range of η and K satisfies the assumptions

of Lemma 71. Applying Lemma 71 with the hard function fhard, the remainder of the proof

follows analogously to that of Theorem 9.

We give a brief discussion of the implications of Proposition 16. For η2K = ω(
√
log d

κ
√
d
),

the proof of Theorem 9 rules out a polynomial relaxation time. In the remaining range,

Proposition 16 implies that for small K = O
(
d0.099

)
, the most we can improve the re-

laxation time of MALA (Theorem 7) by taking multiple steps in HMC is by a K2 factor.

Since each iteration takes K gradients, this is roughly an improvement of K in the query

complexity, and strengthens Theorem 9 for small K.

C.2.2 Mixing time lower bound for small K

In this section, we first use prior results to narrow down the range of η we consider

(assuming K is small). We then generalize the ideas of Section 4.5, our MALA mixing

lower bound, to this setting.

Mixing time lower bound for large η. Suppose K = O
(
d0.099

)
throughout this

section. The arguments of Section 4.6, specifically Proposition 5 and Lemma 23, imply
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mixing time lower bounds for all ηK = Ω( 1√
κ
) (using the “boosting constants” argument

of Section 4.6.2 for sufficiently large κ as necessary). For ηK = O( 1√
κ
), the proof of

Theorem 9 further implies mixing time lower bounds for all η2K = ω(
√
log d

κ
√
d
). Hence, we

can assume ηK = O( 1√
κ
) and η2K = O(

√
log d

κ
√
d
).

Next, under the further assumption that K = O
(
d0.099

)
, it is easy to check under the

specified assumptions on η and K, the preconditions of Lemma 71 are met. This implies

that we can rule out η2 = ω( log dκd ) for polynomial-time mixing. Thus, in the following

discussion we assume

K = O
(
d0.099

)
, η2 = O

(
log d

κd

)
. (C.7)

Mixing time lower bound for small η. Let π∗ = N (0, id) be the standard d-

dimensional multivariate Gaussian. We will let π0 be the marginal distribution of π∗

on the set

Ω
def
=

{
xmid ∥x∥22 ≤

1

2
d

}
.

Recall from Lemma 9 that π0 is a exp(d)-warm start. Our main proof strategy will

be to show that for small η and K as in (C.7), after T = O( κd
K2 log3 d

) iterations, with

constant probability both of the following events happen: no rejections occur throughout

the Markov chain, and ∥xt,K∥22 ≤
9
10d holds for all t ∈ [T ]. Combining these two facts will

demonstrate our total variation lower bound.

Lemma 72. Let {xt,k, vt,k}0≤t<T,0≤k≤K be the sub-iterates generated by the HMC Markov

chain with step size η2 = O
(
log d
κd

)
and η2K2 ≤ 1, for T = O( κd

K2 log3 d
) and x0 ∼ π0; we

denote the actual HMC iterates by {xt}0≤t<T . With probability at least 99
100 , both of the

following events occur:

1. Throughout the Markov chain, ∥xt∥2 ≤ 0.9
√
d.

2. Throughout the Markov chain, the Metropolis filter never rejected.

Proof. Let h = 1
2η

2. We inductively bound the failure probability of the above events in

every iteration by 0.01
T , which will yield the claim via a union bound. Take some iteration

t+1, and note that by triangle inequality, and assuming all prior iterations did not reject,

∥xt+1,K∥2 ≤ ∥x0,0∥2 + ηK

∥∥∥∥∥
t∑

s=0

vs,0

∥∥∥∥∥+ η2K
t∑

s=0

K∑
k=1

∥xs,k∥2 ≤ ∥x0,0∥2 + 0.9η2K2T
√
d+ ηK ∥Gt∥2

≤ 0.8
√
d+ ηK ∥Gt∥2 .
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Here, we applied the inductive hypothesis on all ∥xs,k∥2, the initial bound ∥x0,0∥2 ≤√
1
2d, and that η2K2T = o(1) by assumption. We also defined Gt =

∑t
s=0 vt,0, where

vt,0 is the random Gaussian used by HMC in iteration k; note that by independence,

Gt ∼ N (0, t + 1). By Fact 2, with probability at least 1
200T , ∥Gt∥2 ≤ 2

√
Td, and hence

0.8
√
d+ ηK ∥Gt∥2 ≤ 0.9

√
d, as desired.

Next, we prove that with probability ≥ 1− 1
200T , step t does not reject. This concludes

the proof by union bounding over both events in iteration t, and then union bounding

over all iterations. By Corollary 6 and the calculation in Lemma 20, when η2K2 ≤ 1, the

accept probability is

min

(
1, exp

(
h

4

((
2α− α2

)
∥xt,0∥22 − β

2 ∥vt,0∥22 − 2(1− α)β ⟨xt,0, vt,0⟩
)))

,

for some α ∈
[
0.8hK2, hK2

]
and β ∈

[
0.8
√
2hK,

√
2hK

]
. We lower bound the argument

of the exponential as follows. With probability at least 1− d−5 ≥ 1− 1
400T , Facts 1 and 2

imply both of the events ∥vt,0∥22 ≤ 2d and ⟨xt,0, vt,0⟩ ≤ 10
√
log d ∥xt,0∥2 occur. Conditional

on these bounds, we compute (using 2α ≥ α2 and the assumption ∥xt∥2 ≤ 0.9
√
d)

(
2α− α2

)
∥xt,0∥22 − β

2 ∥g∥22 − 2(1− α)β ⟨xt,0, g⟩ ≥ −4hK2d−40
√
hK
√
d log d ≥ −O(K2 log d).

Hence, the acceptance probability is at least

exp
(
−O

(
η2K2 log d

))
≥ 1− 1

400T
,

by our choice of T with Tη2K2 log d = o(1), concluding the proof.

Proposition 17. The HMC Markov chain with step size η2 = O
(
log d
κd

)
and η2K2 ≤ 1

requires Ω( κd
K2 log3 d

) iterations to reach total variation distance 1
e to π∗, starting from π0.

Proof. The proof is identical to Proposition 4, where we use Lemma 72 instead of

Lemma 16.
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Appendix D

DEFERRED CONTENTS FROM CHAPTER 5

D.1 Discussion of inexactness tolerance

We briefly discuss the tolerance of our algorithm to approximation error in two places:

computation of minimizers, and implementation of RGOs in the methods of Sections 5.3

and 5.5.

Inexact minimization. For all function classes considered in this work, there exist

efficient optimization methods converging to a minimizer with logarithmic dependence on

the target accuracy.

Specifically, for negative log-densities with condition number κ, accelerated gradient

descent [Nes83] converges at a rate O(
√
κ) with logarithmic dependence on initial error

and target accuracy (we implicitly assumed in stating our runtimes that one can attain

initial error polynomial in problem parameters for negative log-densities; otherwise, there

is additional logarithmic overhead in the quality of the initial point to optimization pro-

cedures). For composite functions fwc + foracle where fwc has condition number κ, the

FISTA method of [BT09] converges at the same rate with each iteration querying ∇fwc

and a proximal oracle for foracle once; typically, access to a proximal oracle is a weaker

assumption than access to a restricted Gaussian oracle, so this is not restrictive. Finally,

for minimizing finite sums with condition number κ, the algorithm of [All17] obtains a

convergence rate linearly dependent on n +
√
nκ ≤ n + κ; alternatively, [JZ13] has a de-

pendence on n + κ. In all our final runtimes, these optimization rates do not constitute

the bottleneck for oracle complexities.

The only additional difficulty our algorithms may present is if the function requiring

minimization, say of the form foracle(x) +
1
2η ∥x− y∥

2
2 for some y ∈ Rd where we have

computed the minimizer x∗ to foracle, has ∥y − x∗∥22 very large (so the initial function

error is bad). However, in all our settings y is drawn from a distribution with sub-

Gaussian tails, so ∥y − x∗∥22 decays exponentially (whereas the complexity of first-order

methods increases only logarithmically), negligibly affecting the expected oracle query

complexity for our methods.
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Finally, by solving the relevant optimization problems to high accuracy as a subrou-

tine in each of our methods, and adjusting various distance bounds to the minimizer by

constants (e.g. by expanding the radius in the definition of the sets Ω in Algorithm 8

and Section 5.6.2), this accomodates tolerance to inexact minimization and only affects

all bounds throughout the paper by constants. The only other place that x∗ is used in

our algorithms is in initializing warm starts; tolerance to inexactness in our warmness

calculations follows essentially identically to Section 3.2.1 of [DCWY19].

Inexact oracle implementation. Our algorithms based on restricted Gaussian oracle

access are tolerant to total variation error inverse polynomial in problem parameters for

the restricted Gaussian oracle for g. We discussed this at the end of Section 5.3, in the

case of RGO use for our reduction framework. To see this in the case of the composite

sampler in Section 5.5, we pessimistically handled the case where the sampler YSample for

a quadratic restriction of f resulted in total variation error in the proof of Proposition 10,

assuming that the error was incurred in every iteration. By accounting for similar amounts

of error in calls to O (on the order of ϵ
T , where T is the number of times an RGO was

used), the bounds in our algorithm are only affected by constants.

D.2 Deferred proofs from Section 5.5

D.2.1 Deferred proofs from Section 5.5.2

Approximate rejection sampling

We first define the rejection sampling framework we will use, and prove various properties.

Definition 7 (Approximate rejection sampling). Let π be a distribution, with dπ
dx (x) ∝

p(x). Suppose set Ω has π(Ω) = 1− ϵ′, and distribution π̂ with dπ̂
dx (x) ∝ p̂(x) has for some

C ≥ 1,
p(x)

p̂(x)
≤ C for all x ∈ Ω, and

∫
p̂(x)dx∫
p(x)dx

≤ 1.

Suppose there is an algorithm A which draws samples from a distribution π̂′, such that

∥π̂′ − π̂∥TV ≤ 1− δ. We call the following scheme approximate rejection sampling: repeat

independent runs of the following procedure until a point is outputted.

1. Draw x via A until x ∈ Ω.

2. With probability p(x)
Cp̂(x) , output x.
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Lemma 73. Consider an approximate rejection sampling scheme with relevant parameters

defined as in Definition 7, with 2δ ≤ 1−ϵ′
C . The algorithm terminates in at most

1
1−ϵ′
C − 2δ

(D.1)

calls to A in expectation, and outputs a point from a distribution π′ with ∥π′ − π∥TV ≤

ϵ′ + 2δC
1−ϵ′ .

Proof. Define for notational simplicity normalization constants Z
def
=
∫
p(x)dx and Ẑ

def
=∫

p̂(x)dx. First, we bound the probability any particular call to A returns in the scheme:∫
x∈Ω

p(x)

Cp̂(x)
dπ̂′(x) ≥

∫
x∈Ω

p(x)

Cp̂(x)
dπ̂(x)−

∣∣∣∣∫
x∈Ω

p(x)

Cp̂(x)
(dπ̂′(x)− dπ̂(x))

∣∣∣∣
=

∫
x∈Ω

Z

CẐ
dπ(x)−

∣∣∣∣∫
x∈Ω

p(x)

Cp̂(x)
(dπ̂′(x)− dπ̂(x))

∣∣∣∣
≥ 1− ϵ′

C
−
∫
x∈Ω
|dπ̂′(x)− dπ̂(x)| ≥ 1− ϵ′

C
− 2δ.

(D.2)

The second line followed by the definitions of Z and Ẑ, and the third followed by triangle

inequality, the assumed lower bound on Z/Ẑ, and the total variation distance between π̂′

and π̂. By linearity of expectation and independence, this proves the first claim.

Next, we claim the output distribution is close in total variation distance to the con-

ditional distribution of π restricted to Ω. The derivation of (D.2) implies∫
x∈Ω

p(x)

Cp̂(x)
dπ̂(x) ≥ 1− ϵ′

C
,

∣∣∣∣∫
x∈Ω

p(x)

Cp̂(x)
(dπ̂′(x)− dπ̂(x))

∣∣∣∣ ≤ 2δ,

=⇒ 1− 2δC

1− ϵ′
≤

∫
x∈Ω

p(x)
Cp̂(x)dπ̂

′(x)∫
x∈Ω

p(x)
Cp̂(x)dπ̂(x)

≤ 1 +
2δC

1− ϵ′
.

(D.3)

Thus, the total variation of the true output distribution from π restricted to Ω is

1

2

∫
x∈Ω

∣∣∣∣∣∣dπ(x)1− ϵ′
−

p(x)
Cp̂(x)dπ̂

′(x)∫
x∈Ω

p(x)
Cp̂(x)dπ̂

′(x)

∣∣∣∣∣∣
≤ 1

2

∫
x∈Ω

∣∣∣∣∣∣dπ(x)1− ϵ′
−

p(x)
Cp̂(x)dπ̂

′(x)∫
x∈Ω

p(x)
Cp̂(x)dπ̂(x)

∣∣∣∣∣∣+ 1

2

∫
x∈Ω

∣∣∣∣∣∣
p(x)
Cp̂(x)dπ̂

′(x)∫
x∈Ω

p(x)
Cp̂(x)dπ̂(x)

−
p(x)
Cp̂(x)dπ̂

′(x)∫
x∈Ω

p(x)
Cp̂(x)dπ̂

′(x)

∣∣∣∣∣∣
≤ 1

2

∫
x∈Ω

∣∣∣∣∣∣dπ(x)1− ϵ′
−

p(x)
Cp̂(x)dπ̂

′(x)∫
x∈Ω

p(x)
Cp̂(x)dπ̂(x)

∣∣∣∣∣∣+ δC

1− ϵ′
=

1

2

∫
x∈Ω

dπ(x)

1− ϵ′

∣∣∣∣1− dπ̂′

dπ̂
(x)

∣∣∣∣+ δC

1− ϵ′
.

The first inequality was triangle inequality, and we bounded the second term by (D.3). To

obtain the final equality, we used∫
x∈Ω

p(x)

Cp̂(x)
dπ̂(x) =

∫
x∈Ω

Z

CẐ
dπ(x) =

(1− ϵ′)Z
CẐ
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=⇒
p(x)
Cp̂(x)dπ̂

′(x)∫
x∈Ω

p(x)
Cp̂(x)dπ̂(x)

=
p(x)

Z
· Ẑ

p̂(x)
· 1

1− ϵ′
· dπ̂′(x) = dπ(x)

1− ϵ′
· dπ̂

′

dπ̂
(x).

We now bound this final term. Observe that the given conditions imply that dπ
dπ̂ (x) is

bounded by C everywhere in Ω. Thus, expanding we have

1

2

∫
x∈Ω

dπ(x)

1− ϵ′

∣∣∣∣1− dπ̂′

dπ̂
(x)

∣∣∣∣ ≤ C

2(1− ϵ′)

∫
x∈Ω
|dπ̂(x)− dπ̂′(x)| ≤ δC

1− ϵ′
.

Finally, combining these guarantees, and the fact that restricting π to Ω loses ϵ′ in total

variation distance, yields the desired conclusion by triangle inequality.

Corollary 17. Let θ̂(x) be an unbiased estimator for p(x)
p̂(x) , and suppose θ̂(x) ≤ C with

probability 1 for all x ∈ Ω. Then, implementing the procedure of Definition 7 with accep-

tance probability θ̂(x)
C has the same runtime bound and total variation guarantee as given

by Lemma 73.

Proof. It suffices to take expectations over the randomness of θ̂ everywhere in the proof

of Lemma 73.

Distribution ratio bounds

We next show two bounds relating the densities of distributions π and π̂. We first define

the normalization constants of (5.15), (5.17) for shorthand, and then tightly bound their

ratio.

Definition 8 (Normalization constants). We denote normalization constants of π and π̂

by

Zπ
def
=

∫
x
exp (−f(x)− g(x)) dx,

Zπ̂
def
=

∫
x,y

exp

(
−f(y)− g(x)− 1

2η
∥y − x∥22 −

ηL2

2
∥x− x∗∥22

)
dxdy.

Lemma 74 (Normalization constant bounds). Let Zπ and Zπ̂ be as in Definition 8. Then,(
2πη

1 + ηL

) d
2
(
1 +

ηL2

µ

)− d
2

≤ Zπ̂
Zπ
≤ (2πη)

d
2 .
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Proof. For each x, by convexity we have∫
y
exp

(
−f(y)− g(x)− 1

2η
∥y − x∥22 −

ηL2

2
∥x− x∗∥22

)
dy

≤ exp

(
−g(x)− ηL2

2
∥x− x∗∥22

)∫
y
exp

(
−f(x)− ⟨∇f(x), y − x⟩ − 1

2η
∥y − x∥22

)
dy

= exp

(
−f(x)− g(x)− ηL2

2
∥x− x∗∥22

)∫
y
exp

(
η

2
∥∇f(x)∥22 −

1

2η
∥y − x+ η∇f(x)∥22

)
dy

= (2πη)
d
2 exp (−f(x)− g(x)) exp

(
η

2
∥∇f(x)∥22 −

ηL2

2
∥x− x∗∥22

)
≤ (2πη)

d
2 exp (−f(x)− g(x)) .

(D.4)

Integrating both sides over x yields the upper bound on Zπ̂
Zπ

. Next, for the lower bound we

have a similar derivation. For each x, by smoothness∫
y
exp

(
−f(y)− g(x)− 1

2η
∥y − x∥22 −

ηL2

2
∥x− x∗∥22

)
dy

≥ exp

(
−f(x)− g(x)− ηL2

2
∥x− x∗∥22

)∫
y
exp

(
⟨∇f(x), x− y⟩ − 1 + ηL

2η
∥y − x∥22

)
dy

= exp

(
−f(x)− g(x)− ηL2

2
∥x− x∗∥2 + η

2(1 + ηL)
∥∇f(x)∥2

)(
2πη

1 + ηL

) d
2

≥ exp

(
−f(x)− g(x)− ηL2

2
∥x− x∗∥22

)(
2πη

1 + ηL

) d
2

.

Integrating both sides over x yields

Zπ̂
Zπ
≥
(

2πη

1 + ηL

) d
2

∫
x exp

(
−f(x)− g(x)− ηL2

2 ∥x− x
∗∥22
)
dx∫

x exp (−f(x)− g(x)) dx
≥
(

2πη

1 + ηL

) d
2
(
1 +

ηL2

µ

)− d
2

.

The last inequality followed from Proposition 21, where we used f+g is µ-strongly convex.

Lemma 75 (Relative density bounds). Let η = 1
32Lκd log(288κ/ϵ) . For all x ∈ Ω, as defined

in (5.16), dπ
dπ̂ (x) ≤ 2. Here, dπ̂

dx (x) denotes the marginal density of π̂. Moreover, for all

x ∈ Rd, dπ
dπ̂ (x) ≥

1
2 .

Proof. We first show the upper bound. By Lemma 74,

dπ

dπ̂
(x) =

exp (−f(x)− g(x))∫
y exp

(
−f(y)− g(x)− 1

2η ∥y − x∥
2
2 −

ηL2

2 ∥x− x∗∥
2
2

)
dy
· Zπ̂
Zπ

≤ exp (−f(x)− g(x))∫
y exp

(
−f(y)− g(x)− 1

2η ∥y − x∥
2
2 −

ηL2

2 ∥x− x∗∥
2
2

)
dy
· (2πη)

d
2 .

(D.5)



252

We now bound the first term, for x ∈ Ω. By smoothness, we have

exp (−f(y)− g(x))
exp (−f(x)− g(x))

≥ exp

(
⟨∇f(x), x− y⟩ − L

2
∥y − x∥22

)
,

so applying this for each y, ∫
y exp

(
−f(y)− g(x)− 1

2η ∥y − x∥
2
2 −

ηL2

2 ∥x− x
∗∥22
)
dy

exp (−f(x)− g(x))

≥ exp

(
−ηL

2

2
∥x− x∗∥22

)∫
y
exp

(
⟨∇f(x), x− y⟩ − 1 + ηL

2η
∥y − x∥22

)
dy

= exp

(
−ηL

2

2
∥x− x∗∥22 +

η

2(1 + ηL)
∥∇f(x)∥22

)∫
y
exp

(
−1 + ηL

2η

∥∥∥∥x− y − η

1 + ηL
∇f(x)

∥∥∥∥2
2

)
dy

≥ exp

(
−ηL

2

2
· 16d log(288κ/ϵ)

µ

)(
2πη

1 + ηL

) d
2

≥ 3

4

(
2πη

1 + ηL

) d
2

.

In the last line, we used that x ∈ Ω implies ∥x− x∗∥22 ≤
16d log(288κ/ϵ)

µ , and the definition

of η. Combining this bound with (D.5), we have the desired

dπ

dπ̂
(x) ≤ 4

3
(1 + ηL)

d
2 ≤ 2.

Next, we consider the lower bound. By combining (D.4) with Lemma 74, we have the

desired

dπ

dπ̂
(x) =

exp (−f(x)− g(x))∫
y exp

(
−f(y)− g(x)− 1

2η ∥y − x∥
2
2 −

ηL2

2 ∥x− x∗∥
2
2

)
dy
· Zπ̂
Zπ

≥ (2πη)−
d
2 ·
(

2πη

1 + ηL

) d
2
(
1 +

ηL2

µ

)− d
2

=

(
1

1 + ηL

) d
2

(1 + ηLκ)−
d
2 ≥ 1

2
.

Correctness of Composite-Sample-Shared-Min

Proposition 9. Let η = 1
32Lκd log(288κ/ϵ) , and assume Sample-Joint-Dist(f, g, x∗,O, δ)

samples within δ total variation of the x-marginal on (5.17).

Composite-Sample-Shared-Min outputs a sample within total variation ϵ of (5.15)

in an expected O(1) calls to Sample-Joint-Dist.

Proof. We remark that η = 1
32Lκd log(288κ/ϵ) is precisely the choice of η in

Sample-Joint-Dist where δ = ϵ/18, as in Composite-Sample-Shared-Min. First, we

may apply Fact 6 to conclude that the measure of set Ω with respect to the µ-strongly
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logconcave density π is at least 1− ϵ/3. The conclusion of correctness will follow from an

appeal to Corollary 17, with parameters

C = 4, ϵ′ =
ϵ

3
, δ =

ϵ

18
.

Note that indeed we have ϵ′ + 2δC
1−ϵ′ is bounded by ϵ, as 1− ϵ′ ≥ 2

3 . Moreover, the expected

number of calls (D.1) is clearly bounded by a constant as well.

We now show that these parameters satisfy the requirements of Corollary 17. Define

the functions

p(x)
def
= exp(−f(x)− g(x)),

p̂(x)
def
= (2πη)−

d
2

∫
y
exp

(
−f(y)− g(x)− 1

2η
∥y − x∥22 −

ηL2

2
∥x− x∗∥22

)
dy,

and observe that clearly the densities of π and π̂ are respectively proportional to p and p̂.

Moreover, define Z =
∫
p(x)dx and Ẑ =

∫
p̂(x)dx. By comparing these definitions with

Lemma 74, we have Z = Zπ and Ẑ = (2πη)−
d
2Zπ̂, so by the upper bound in Lemma 74,

Ẑ/Z ≤ 1. Next, we claim that the following procedure produces an unbiased estimator for

p(x)
p̂(x) .

1. Sample y ∼ πx, where dπx(y)
dy ∝ exp

(
−f(y)− 1

2η ∥y − x∥
2
2

)
2. α← exp

(
f(y)− ⟨∇f(x), y − x⟩ − L

2 ∥y − x∥
2
2 + g(x) + ηL2

2 ∥x− x
∗∥22
)

3. Output θ̂(x)← exp
(
−f(x)− g(x) + η

2(1+ηL) ∥∇f(x)∥
2
2

)
(1 + ηL)

d
2α

To prove correctness of this estimator θ̂, define for simplicity

Zx
def
=

∫
y
exp

(
−f(y)− g(x)− 1

2η
∥y − x∥22 −

ηL2

2
∥x− x∗∥22

)
dy.

We compute, using dπx(y)
dy =

exp(−f(y)−g(x)− 1
2η

∥y−x∥22−
ηL2

2
∥x−x∗∥22)

Zx
, that

Eπx [α] =
∫
y
exp

(
f(y)− ⟨∇f(x), y − x⟩ − L

2
∥y − x∥22 + g(x) +

ηL2

2
∥x− x∗∥22

)
dπx(y)

=
1

Zx

∫
y
exp

(
−⟨∇f(x), y − x⟩ − L

2
∥y − x∥22 −

1

2η
∥y − x∥22

)
dy

=
1

Zx
exp

(
− η

2(1 + ηL)
∥∇f(x)∥22

)(
2πη

1 + ηL

) d
2

.

This implies that the output quantity

θ̂(x) = exp

(
−f(x)− g(x) + η

2(1 + ηL)
∥∇f(x)∥22

)
(1 + ηL)

d
2α
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is unbiased for p(x)p̂(x) = exp(−f(x)−g(x))Z−1
x (2πη)

d
2 . Finally, note that for any y used in the

definition of θ̂(x), by using f(y)− f(x)−⟨∇f(x), y − x⟩− L
2 ∥y − x∥

2
2 ≤ 0 via smoothness,

we have

θ̂(x) = exp

(
−f(x)− g(x) + η

2(1 + ηL)
∥∇f(x)∥22

)
(1 + ηL)

d
2α

≤ (1 + ηL)
d
2 exp

(
η

2(1 + ηL)
∥∇f(x)∥22 +

ηL2

2
∥x− x∗∥22

)
≤ (1 + ηL)

d
2 exp

(
ηL2 ∥x− x∗∥22

)
≤ 4.

Here, we used the definition of η and L2 ∥x− x∗∥22 ≤ 16Lκd log(288κ/ϵ) by the definition

of Ω.

D.2.2 Deferred proofs from Section 5.5.3

Throughout this section, for error tolerance δ ∈ [0, 1] which parameterizes

Sample-Joint-Dist, we denote for shorthand a high-probability region Ωδ and its ra-

dius Rδ by

Ωδ
def
= {xmid ∥x− x∗∥2 ≤ Rδ} , for Rδ

def
= 4

√
d log(16κ/δ)

µ
. (D.6)

The following density ratio bounds hold within this region, by simply modifying Lemma 75.

Corollary 18. Let η = 1
32Lκd log(16κ/δ) , and let π̂ be parameterized by this choice of η

in (5.17). For all x ∈ Ωδ, as defined in (D.6), dπ
dπ̂ (x) ≤ 2. Moreover, for all x ∈ Rd,

dπ
dπ̂ (x) ≥

1
2 .

The following claim follows immediately from applying Fact 6.

Lemma 76. With probability at least 1− δ2

8(1+κ)d
, x ∼ π̂ lies in Ωδ.

Finally, when clear from context, we overload π̂ as a distribution on x ∈ Rd to be the

x component marginal of the distribution (5.17), i.e. with density

dπ̂

dx
(x) ∝

∫
y
exp

(
−f(y)− g(x)− 1

2η
∥y − x∥22 −

ηL2

2
∥x− x∗∥22

)
dy.

We first note that π̂ is stationary for Sample-Joint-Dist; this follows immediately

from Lemma 25. In Section D.2.2, we bound the conductance of the walk. We then

use this bound in Section D.2.2 to bound the mixing time and overall complexity of

Sample-Joint-Dist.
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Conductance of Sample-Joint-Dist

We bound the conductance of this random walk, as a process on the iterates {xk}, to

show the final point has distribution close to the marginal of π̂ on x. To do so, we break

Proposition 12 into two pieces, which we will use in a more white-box manner to prove

our conductance bound.

Definition 9 (Restricted conductance). Let a random walk with stationary distribution

π̂ on x ∈ Rd have transition densities Tx, and let Ω ⊆ Rd. The Ω-restricted conductance,

for v ∈ (0, 12 π̂(Ω)), is

ΦΩ(v) = inf
π̂(S∩Ω)∈(0,v]

TS(Sc)
π̂(S ∩ Ω)

, where TS(Sc)
def
=

∫
x∈S

∫
x′∈Sc

Tx(x′)dπ̂(x)dx′.

Proposition 18 (Lemma 1, [CDWY20]). Let πstart be a β-warm start for π̂, and let

x0 ∼ πstart. For some δ > 0, let Ω ⊆ Rd have π̂(Ω) ≥ 1 − δ2

2β2 . Suppose that a random

walk with stationary distribution π̂ satisfies the Ω-restricted conductance bound

ΦΩ(v) ≥

√
B log

(
1

v

)
, for all v ∈

[
4

β
,
1

2

]
.

Let xK be the result of K steps of this random walk, starting from x0. Then, for

K ≥ 64

B
log

(
log β

2δ

)
,

the resulting distribution of xK has total variation at most δ
2 from π̂.

We state a well-known strategy for lower bounding conductance, via showing the sta-

tionary distribution has good isoperimetry and that transition distributions of nearby

points have large overlap.

Proposition 19 (Lemma 2, [CDWY20]). Let a random walk with stationary distribution

π̂ on x ∈ Rd have transition distribution densities Tx, and let Ω ⊆ Rd, and let π̂Ω be the

conditional distribution of π̂ on Ω. Suppose for any x, x′ ∈ Ω with ∥x− x′∥2 ≤ ∆,

∥Tx − Tx′∥TV ≤
1

2
.

Also, suppose π̂Ω satisfies, for any partition S1, S2, S3 of Ω, where d(S1, S2) is the mini-

mum Euclidean distance between points in S1, S2, the log-isoperimetric inequality

π̂Ω(S3) ≥
1

2ψ
d(S1, S2) ·min (π̂Ω(S1), π̂Ω(S2)) ·

√
log

(
1 +

1

min (π̂Ω(S1), π̂Ω(S2))

)
. (D.7)
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Then, we have the bound for all v ∈ (0, 12 ]

ΦΩ(v) ≥ min

(
1,

∆

128ψ

√
log

(
1

v

))
.

To utilize Propositions 18 and 19, we prove the following bounds in Appen-

dices D.3.1, D.3.2, and D.3.3.

Lemma 77 (Warm start). For η ≤ 1
Lκd , πstart defined in (5.18) is a 2(1+κ)

d
2 -warm start

for π̂.

Lemma 78 (Transitions of nearby points). Suppose ηL ≤ 1, ηL2R2
δ ≤

1
2 , and 400d2η ≤

R2
δ . For a point x, let Tx be the density of xk after sampling according to Lines 6 and 7 of

Algorithm 9 from xk−1 = x. For x, x′ ∈ Ωδ with ∥x− x′∥2 ≤
√
η

10 , for Ωδ defined in (D.6),

we have ∥Tx − Tx′∥TV ≤
1
2 .

Lemma 79 (Isoperimetry). Density π̂ and set Ωδ defined in (5.17), (D.6) satisfy (D.7)

with ψ = 8µ−
1
2 .

We note that the parameters of Algorithm 9 and the set Ωδ in (D.6) satisfy all assump-

tions of Lemmas 77, 78, and 79. By combining these results in the context of Proposi-

tion 19, we see that the random walk satisfies the bound for all v ∈ (0, 12 ]:

ΦΩδ
(v) ≥

√
ηµ

220 · 100
· log

(
1

v

)
.

Plugging this conductance lower bound, the high-probability guarantee of Ωδ by Lemma 76,

and the warm start bound of Lemma 77 into Proposition 18, we have the following con-

clusion.

Corollary 19 (Mixing time of ideal Sample-Joint-Dist). Assume that calls to YSample

are exact in the implementation of Sample-Joint-Dist. Then, for any error parameter

δ, and

K
def
=

226 · 100
ηµ

log

(
d log(16κ)

4δ

)
,

the distribution of xK has total variation at most δ
2 from π̂.

Complexity of Sample-Joint-Dist

We first state a guarantee on the subroutine YSample, which we prove in Appendix D.3.4.
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Lemma 80 (YSample guarantee). For δ ∈ [0, 1], define Rδ as in (D.6), and let η =

1
32Lκd log(16κ/δ) . For any x with ∥x− x∗∥2 ≤

√
κd log(16κ/δ) ·Rδ, Algorithm 14 (YSample)

draws an exact sample y from the density proportional to exp
(
−f(y)− 1

2η ∥y − x∥
2
2

)
in

an expected 2 iterations.

We also state a result due to [CDWY20], which bounds the mixing time of 1-step

Metropolized HMC for well-conditioned distributions; this handles the case when ∥x− x∗∥2
is large in Algorithm 14.

Proposition 20 (Theorem 1, [CDWY20]). Let π be a distribution on Rd whose negative

log-density is convex and has condition number bounded by a constant. Then, Metropolized

HMC from an explicit starting distribution mixes to total variation δ to the distribution π

in O(d log(dδ )) iterations.

Proposition 10. Sample-Joint-Dist outputs a point with distribution within δ total

variation distance from the x-marginal of π̂. The expected number of gradient queries per

iteration is constant.

Proof. Under an exact YSample, Corollary 19 shows the output distribution of

Sample-Joint-Dist has total variation at most δ
2 from π̂. Next, the resulting distribution

of the subroutine YSample is never larger than δ/(2Kd log(dκδ )) in total variation distance

away from an exact sampler. By running for K steps, and using the coupling characteri-

zation of total variation, it follows that this can only incur additional error δ/(2d log(dκδ )),

proving correctness (in fact, the distribution is always at most O((d log(dκ/δ))−1) away in

total variation from an exact YSample).

Next, we prove the guarantee on the expected gradient evaluations per iteration.

Lemma 80 shows whenever the current iterate xk has ∥x− x∗∥2 ≤
√
κd log(16κ/δ) · Rδ,

the expected number of gradient evaluations is constant, and moreover Proposition 20

shows that the number of gradient evaluations is never larger than O(d log(dκδ )), where

we use that the condition number of the log-density in (5.19) is bounded by a con-

stant. Therefore, it suffices to show in every iteration 0 ≤ k ≤ K, the probability

∥xk − x∗∥2 >
√
κd log(16κ/δ) · Rδ is O((d log(dκ/δ))−1). By the warmness assumption

in Lemma 77, and the concentration bound in Fact 6, the probability x0 does not satisfy

this bound is negligible (inverse exponential in κd2 log(κ/δ)). Since warmness is monoton-

ically decreasing with an exact sampler,1 and the accumulated error due to inexactness

1This fact is well-known in the literature, and a simple proof is that if a distribution is warm, then
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of YSample is at most O((d log(dκ/δ))−1) through the whole algorithm, this holds for all

iterations.

D.3 Mixing time ingredients

We now prove facts which are used in the mixing time analysis of Sample-Joint-Dist.

Throughout this section, as in the specification of Sample-Joint-Dist, f and g are func-

tions with properties as in (5.15), and share a minimizer x∗.

D.3.1 Warm start

We show that we obtain a warm start for the distribution π̂ in algorithm

Sample-Joint-Dist via one call to the restricted Gaussian oracle for g, by proving

Lemma 77.

Lemma 77 (Warm start). For η ≤ 1
Lκd , πstart defined in (5.18) is a 2(1+κ)

d
2 -warm start

for π̂.

Proof. By the definitions of π̂ and πstart in (5.17), (5.18), we wish to bound everywhere

the quantity

dπstart
dπ̂

(x) =
Zπ̂
Zstart

·
exp

(
−L

2 ∥x− x
∗∥22 −

ηL2

2 ∥x− x
∗∥22 − g(x)

)
∫
y exp

(
−f(y)− g(x)− 1

2η ∥y − x∥
2
2 −

ηL2

2 ∥x− x∗∥
2
2

)
dy
. (D.8)

Here, Zπ̂ is as in Definition 8, and we let Zstart denote the normalization constant of πstart,

i.e.

Zstart
def
=

∫
x
exp

(
−L
2
∥x− x∗∥22 −

ηL2

2
∥x− x∗∥22 − g(x)

)
dx.

Regarding the first term of (D.8), the earlier derivation (D.4) showed∫
y
exp

(
−f(y)− g(x)− 1

2η
∥y − x∥22 −

ηL2

2
∥x− x∗∥22

)
dy ≤ (2πη)

d
2 exp (−f(x)− g(x)) .

Then, integrating, we can bound the ratio of the normalization constants

Zπ̂
Zπstart

≤
∫
x(2πη)

d
2 exp (−f(x)− g(x)) dx∫

x exp
(
−L

2 ∥x− x∗∥
2
2 −

ηL2

2 ∥x− x∗∥
2
2 − g(x)

)
dx

≤

∫
x(2πη)

d
2 exp

(
−f(x∗)− µ

2 ∥x− x
∗∥22 − g(x)

)
dx∫

x exp
(
−L

2 ∥x− x∗∥
2
2 −

µ
2 ∥x− x∗∥

2
2 − g(x)

)
dx

≤ (2πη)
d
2 exp (−f(x∗))

(
1 +

L

µ

) d
2

.

(D.9)

taking one step of the Markov chain induces a convex combination of warm point masses, and is thus
also warm.
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The second inequality followed from f is µ-strongly convex and ηL2 ≤ µ by assumption.

The last inequality followed from Proposition 21, where we used µ
2 ∥x− x

∗∥22 + g(x) is

µ-strongly convex. Next, to bound the second term of (D.8), notice first that

exp
(
−L

2 ∥x− x
∗∥22 −

ηL2

2 ∥x− x
∗∥22 − g(x)

)
∫
y exp

(
−f(y)− g(x)− 1

2η ∥y − x∥
2
2 −

ηL2

2 ∥x− x∗∥
2
2

)
dy

=
exp

(
−L

2 ∥x− x
∗∥22
)

∫
y exp

(
−f(y)− 1

2η ∥y − x∥
2
2

)
dy
.

It thus suffices to lower bound exp
(
L
2 ∥x− x

∗∥22
) ∫

y exp
(
−f(y)− 1

2η ∥y − x∥
2
2

)
dy. We

have

exp

(
L

2
∥x− x∗∥22

)∫
y
exp

(
−f(y)− 1

2η
∥y − x∥22

)
dy

≥ exp

(
−f(x) + L

2
∥x− x∗∥22

)∫
y
exp

(
−⟨∇f(x), y − x⟩ −

(
1

2η
+
L

2

)
∥y − x∥22

)
dy

= exp

(
−f(x) + L

2
∥x− x∗∥22

)(
2πη

1 + Lη

) d
2

exp

(
η

2(1 + Lη)
∥∇f(x)∥22

)
≥ exp(−f(x∗))

(
2πη

1 + Lη

) d
2

(D.10)

The first and third steps followed from L-smoothness of f , and the second applied the

Gaussian integral (Fact 5). Combining the bounds in (D.9) and (D.10), (D.8) becomes

dπstart
dπ̂

(x) ≤
(
1 +

L

µ

) d
2

(1 + Lη)
d
2 ≤ 2(1 + κ)

d
2 ,

where x ∈ Rd was arbitrary, which completes the proof.

D.3.2 Transitions of nearby points

Here, we prove Lemma 78. Throughout this section, Tx is the density of xk, according

to the steps in Lines 6 and 7 of Sample-Joint-Dist (Algorithm 9) starting at xk−1 = x.

We also define Px to be the density of yk, by just the step in Line 6. We first make a

simplifying observation: by Observation 1, for any two points x, x′, we have

∥Tx − Tx′∥TV ≤ ∥Px − Px′∥TV .

Thus, it suffices to understand ∥Px − Px′∥TV for nearby x, x′ ∈ Ωδ. Our proof of Lemma 78

combines two pieces: (1) bounding the ratio of normalization constants Zx, Zx′ of Px and

Px′ for nearby x, x′ in Lemma 83 and (2) the structural result Proposition 22. To bound

the normalization constant ratio, we state two helper lemmas. Lemma 81 characterizes

facts about the minimizer of

f(y) +
1

2η
∥y − x∥22 . (D.11)
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Lemma 81. Let f be convex with minimizer x∗, and yx minimize (D.11) for a given x.

Then,

1. ∥yx − yx′∥2 ≤ ∥x− x′∥2.

2. For any x, ∥yx − x∗∥2 ≤ ∥x− x∗∥2.

3. For any x with ∥x− x∗∥2 ≤ R, ∥x− yx∥2 ≤ ηLR.

Proof. By optimality conditions in the definition of yx,

η∇f(yx) = x− yx.

Fix two points x, x′, and let xt
def
= (1 − t)x + tx′. Letting Jx(yx) be the Jacobian matrix

of yx,

d

dt
η∇f(yxt) =

d

dt
(xt − yxt) =⇒ η∇2f(yxt)Jx(yxt)(x

′ − x) = (id−Jx(yxt))(x′ − x)

=⇒ Jx(yxt)(x
′ − x) = (id+η∇2f(yxt))

−1(x′ − x).

We can then compute

yx′ − yx =

∫ 1

0

d

dt
yxtdt =

∫ 1

0
Jx(yxt)(x

′ − x)dt =
∫ 1

0
(id+η∇2f(yxt))

−1(x′ − x)dt.

By triangle inequality and convexity of f , the first claim follows:

∥yx′ − yx∥2 ≤
∫ 1

0

∥∥(id+η∇2f(yxt))
−1
∥∥
2

∥∥x′ − x∥∥
2
dt ≤

∥∥x′ − x∥∥
2
.

The second claim follows from the first by yx∗ = x∗. The third claim follows from the

second via

∥x− yx∥2 = η ∥∇f(yx)∥2 ≤ ηL ∥yx − x
∗∥2 ≤ ηLR.

Next, Lemma 82 states well-known bounds on the integral of a well-conditioned func-

tion h.

Lemma 82. Let h be a Lh-smooth, µh-strongly convex function and let y∗h be its minimizer.

Then (
2πL−1

h

) d
2 exp (−h(y∗h)) ≤

∫
y
exp (−h(y)) ≤

(
2πµ−1

h

) d
2 exp (−h(y∗h)) .
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Proof. By smoothness and strong convexity,

exp

(
−h(y∗h)−

Lh
2
∥y − y∗h∥

2
2

)
≤ exp(−h(y)) ≤ exp

(
−h(y∗h)−

µh
2
∥y − y∗h∥

2
2

)
.

The result follows by Gaussian integrals, i.e. Fact 5.

We now define the normalization constants of Px and Px′ :

Zx =

∫
y
exp

(
−f(y)− 1

2η
∥y − x∥22

)
dy,

Zx′ =

∫
y
exp

(
−f(y)− 1

2η

∥∥y − x′∥∥2
2

)
dy.

(D.12)

We apply Lemma 81 and Lemma 82 to bound the ratio of Zx and Zx′ .

Lemma 83. Let f be µ-strongly convex and L-smooth. Let x, x′ ∈ Ωδ, for Ωδ defined in

(D.6), and let ∥x− x′∥2 ≤ ∆. Then, the normalization constants Zx and Zx′ in (D.12)

satisfy
Zx
Zx′
≤ 1.05 exp

(
3LR∆+

L∆2

2

)
.

Proof. First, applying Lemma 82 to Zx and Zx′ yields that the ratio is bounded by

Zx
Zx′
≤

exp
(
−f(yx)− 1

2η ∥yx − x∥
2
2

)(
2π
(
µ+ 1

η

)−1
) d

2

exp
(
−f(yx′)− 1

2η ∥yx′ − x∥
2
2

)(
2π
(
L+ 1

η

)−1
) d

2

≤ 1.05 exp

(
f(yx′)− f(yx) +

1

2η

(∥∥yx′ − x′∥∥22 − ∥yx − x∥22)) .
Here, we used the bound for η−1 ≥ 32Ld that(

L+ 1
η

µ+ 1
η

)d/2
≤ 1.05.

Regarding the remaining term, recall x, x′ both belong to Ωδ, and ∥x− x′∥2 ≤ ∆. We

have

f(yx′)− f(yx) +
1

2η

(∥∥yx′ − x′∥∥22 − ∥yx − x∥22)
≤ ⟨∇f(yx), yx′ − yx⟩+

L

2
∥yx′ − yx∥22 +

1

2η

〈
yx′ − x′ + yx − x, yx′ − yx + x− x′

〉
≤ LR∆+

L∆2

2
+

1

2η

(
∥yx − x∥2 +

∥∥yx′ − x′∥∥2) (∥yx′ − yx∥2 + ∥∥x′ − x∥∥2)
≤ LR∆+

L∆2

2
+

2ηLR

2η

(
∥yx′ − yx∥2 +

∥∥x′ − x∥∥
2

)
≤ 3LR∆+

L∆2

2
.
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The first inequality was smoothness and expanding the difference of quadratics. The

second was by ∥∇f(yx)∥2 ≤ L ∥yx − x∗∥2 ≤ LR and ∥yx′ − yx∥2 ≤ ∆, where we used

the first and second parts of Lemma 81; we also applied Cauchy-Schwarz and triangle

inequality. The third used the third part of Lemma 81. Finally, the last inequality was by

the first part of Lemma 81 and ∥x′ − x∥2 ≤ ∆.

We now are ready to prove Lemma 78.

Lemma 78 (Transitions of nearby points). Suppose ηL ≤ 1, ηL2R2
δ ≤

1
2 , and 400d2η ≤

R2
δ . For a point x, let Tx be the density of xk after sampling according to Lines 6 and 7 of

Algorithm 9 from xk−1 = x. For x, x′ ∈ Ωδ with ∥x− x′∥2 ≤
√
η

10 , for Ωδ defined in (D.6),

we have ∥Tx − Tx′∥TV ≤
1
2 .

Proof. First, by Observation 1, it suffices to show ∥Px − Px′∥TV ≤
1
2 . Pinsker’s inequality

states

∥Px − Px′∥TV ≤
√

1

2
dKL (Px,Px′),

where dKL is KL-divergence, so it is enough to show dKL (Px,Px′) ≤ 1
2 . Notice that

dKL (Px,Px′) = log

(
Zx′

Zx

)
+

∫
y
Px(y) log

 exp
(
−f(y)− 1

2η ∥y − x∥
2
2

)
exp

(
−f(y)− 1

2η ∥y − x′∥
2
2

)
 dy.

By Lemma 83, the first term satisfies, for ∆
def
=

√
η

10 ,

log

(
Zx′

Zx

)
≤ 3LR∆+

L∆2

2
+ log(1.05).

To bound the second term, we have

∫
y
Px(y) log

 exp
(
−f(y)− 1

2η ∥y − x∥
2
2

)
exp

(
−f(y)− 1

2η ∥y − x′∥
2
2

)
 dy =

1

2η

∫
y
Px(y)

(∥∥y − x′∥∥2
2
− ∥y − x∥22

)
dy

=
1

2η

∫
y
Px(y)

〈
x− x′, 2 (y − x) +

(
x− x′

)〉
dy

≤ ∆2

2η
+

∆

η

∥∥∥∥∫
y
yPx(y)dy − x

∥∥∥∥
2

.

Here, the second line was by expanding and the third line was by ∥x− x′∥2 ≤ ∆ and

Cauchy-Schwarz. By Proposition 22,
∥∥∥∫y yPx(y)dy − x∥∥∥2 ≤ 2ηLR, where by assumption

the parameters satisfy the conditions of Proposition 22. Then, combining the two bounds,

we have

dKL (Px,Px′) ≤ 3LR∆+
L∆2

2
+

∆2

2η
+2LR∆+log(1.05) = 5LR∆+

L∆2

2
+

∆2

2η
+log(1.05).
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When ∆ =
√
η

10 , ηL ≤ 1, and ηL2R2 ≤ 1
2 , we have the desired

dKL (Px,Px′) ≤
√
ηLR

2
+
Lη

200
+

1

200
+ log(1.05) ≤ 1

2
.

D.3.3 Isoperimetry

In this section, we prove Lemma 79, which asks to show that π̂Ωδ
satisfies a log-

isoperimetric inequality (D.7). Here, we define π̂Ωδ
to be the conditional distribution

of the π̂ x-marginal on set Ωδ. We recall this means that for any partition S1, S2, S3 of

Ωδ,

π̂Ωδ
(S3) ≥

1

2ψ
d(S1, S2) ·min (π̂Ωδ

(S1), π̂Ωδ
(S2)) ·

√
log

(
1 +

1

min (π̂Ωδ
(S1), π̂Ωδ

(S2))

)
.

The following fact was shown in [CDWY20].

Lemma 84 ([CDWY20], Lemma 11). Any µ-strongly logconcave distribution π satisfies

the log-isoperimetric inequality (D.7) with ψ = µ−
1
2 .

Observe that πΩδ
, the restriction of π to the convex set Ωδ, is µ-strongly logconcave

by the definition of π (5.15), so it satisfies a log-isoperimetric inequality. We now combine

this fact with the relative density bounds Lemma 75 to prove Lemma 79.

Lemma 79 (Isoperimetry). Density π̂ and set Ωδ defined in (5.17), (D.6) satisfy (D.7)

with ψ = 8µ−
1
2 .

Proof. Fix some partition S1, S2, S3 of Ωδ, and without loss of generality let π̂Ωδ
(S1) ≤

π̂Ωδ
(S2). First, by applying Corollary 18, which shows dπ

dπ̂ (x) ∈ [12 , 2] everywhere in Ωδ, we

have the bounds

1

2
πΩδ

(S1) ≤ π̂Ωδ
(S1) ≤ 2πΩδ

(S1),
1

2
πΩδ

(S2) ≤ π̂Ωδ
(S2) ≤ 2πΩδ

(S2), and π̂Ωδ
(S3) ≥

1

2
πΩδ

(S3).

Therefore, we have the sequence of conclusions

π̂Ωδ
(S3) ≥

1

2
πΩδ

(S3)

≥
d(S1, S2)

√
µ

4
·min (πΩδ

(S1), πΩδ
(S2)) ·

√
log

(
1 +

1

min (πΩδ
(S1), πΩδ

(S2))

)

≥
d(S1, S2)

√
µ

8
· π̂Ωδ

(S1) ·

√
log

(
1 +

1

2π̂Ωδ
(S1)

)
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≥
d(S1, S2)

√
µ

16
· π̂Ωδ

(S1) ·

√
log

(
1 +

1

π̂Ωδ
(S1)

)
.

Here, the second line was by applying Lemma 84 to the µ-strongly logconcave distribution

πΩδ
, and the final line used

√
log(1 + α) ≤ 2

√
log(1 + α

2 ) for all α > 0.

D.3.4 Correctness of YSample

In this section, we show how we can sample y efficiently in the alternating scheme of the

algorithm Sample-Joint-Dist, within an extremely high probability region. Specifically,

for any x with ∥x− x∗∥2 ≤
√
κd log(16κ/δ) · Rδ, where Rδ is defined in (D.6), we give a

method for implementing

draw y ∝ exp

(
−f(y)− 1

2η
∥y − x∥22

)
dy.

The algorithm is Algorithm 14, which is a simple rejection sampling scheme.

Algorithm 14 YSample(f, x, η, δ)

Input: L-smooth, µ-strongly convex f : Rd → R with minimizer x∗, η > 0, δ ∈ [0, 1],

x ∈ Rd.

Output: If ∥x− x∗∥2 ≤
√
κd log(16κ/δ) ·Rδ, return exact sample from distribution with

density ∝ exp(−f(y) − 1
2η ∥y − x∥

2
2) (see (D.6) for definition of Rδ). Otherwise, return

sample within δ TV from distribution with density ∝ exp(−f(y)− 1
2η ∥y − x∥

2
2).

1: if ∥x− x∗∥2 ≤
√
κd log(16κ/δ) ·Rδ then

2: while true do

3: Draw y ∼ N (x− η∇f(x), η id)

4: τ ∼ Unif[0, 1]

5: if τ ≤ exp(f(x) + ⟨∇f(x), y − x⟩ − f(y)) then

6: return y

7: end if

8: end while

9: end if

10: return Sample x within TV δ from density ∝ exp(−f(y) − 1
2η ∥y − x∥

2
2) using

[CDWY20]

We recall that we gave guarantees on rejection sampling procedures in Lemma 29 (an



265

“exact” version of Lemma 73 and Corollary 17). We now prove Lemma 80 via a direct

application of Lemma 29.

Lemma 80 (YSample guarantee). For δ ∈ [0, 1], define Rδ as in (D.6), and let η =

1
32Lκd log(16κ/δ) . For any x with ∥x− x∗∥2 ≤

√
κd log(16κ/δ) ·Rδ, Algorithm 14 (YSample)

draws an exact sample y from the density proportional to exp
(
−f(y)− 1

2η ∥y − x∥
2
2

)
in

an expected 2 iterations.

Proof. For ∥x− x∗∥2 ≤
√
κd log(16κ/δ) ·Rδ, YSample is a rejection sampling scheme with

p(y) = exp

(
−f(y)− 1

2η
∥y − x∥22

)
, p̂(y) = exp

(
−f(x)− ⟨∇f(x), y − x⟩ − 1

2η
∥y − x∥22

)
.

It is clear that p(y) ≤ p̂(y) everywhere by convexity of f , so we may choose C = 1. To

bound the expected number of iterations and obtain the desired conclusion, Lemma 29

requires a bound on∫
y exp

(
−f(x)− ⟨∇f(x), y − x⟩ − 1

2η ∥y − x∥
2
2

)
dy∫

y exp
(
−f(y)− 1

2η ∥y − x∥
2
2

)
dy

, (D.13)

the ratio of the normalization constants of p̂ and p. First, by Fact 5,∫
y
exp

(
−f(x)− ⟨∇f(x), y − x⟩ − 1

2η
∥y − x∥22

)
dy = exp

(
−f(x) + η

2
∥∇f(x)∥22

)
(2πη)

d
2 .

Next, by smoothness and Fact 5 once more,∫
y
exp

(
−f(y)− 1

2η
∥y − x∥22

)
dy ≥

∫
y
exp

(
−f(x)− ⟨∇f(x), y − x⟩ − 1 + ηL

2η
∥y − x∥22

)
dy

= exp

(
−f(x) + η

2(1 + ηL)
∥∇f(x)∥22

)(
2πη

1 + ηL

) d
2

.

Taking a ratio, the quantity in (D.13) is bounded above by

exp

((
η

2
− η

2(1 + ηL)

)
∥∇f(x)∥22

)
(1 + ηL)

d
2 ≤ 1.5 exp

(
η2L

2(1 + ηL)
∥∇f(x)∥22

)
≤ 1.5 exp

(
η2L3

2
·
(
16κd2 log2(16κ/δ)

µ

))
≤ 2.

The first inequality was (1 + ηL)
d
2 ≤ 1.5, the second used smoothness and the assumed

bound on ∥x− x∗∥2, and the third again used our choice of η.

D.4 Structural results

Here, we prove two structural results about distributions whose negative log-densities

are small perturbations of a quadratic, which obtain tighter concentration guarantees
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compared to naive bounds on strongly logconcave distributions. They are used in obtaining

our bounds in Section D.3 (and for the warm start bounds in Section 5.4), but we hope

both the statements and proof techniques are of independent interest to the community.

Our first structural result is a bound on normalization constant ratios, used throughout

the paper.

Proposition 21. Let f : Rd → R be µ-strongly convex with minimizer x∗, and let λ > 0.

Then, ∫
exp(−f(x))dx∫

exp
(
−f(x)− 1

2λ ∥x− x∗∥
2
2

)
dx
≤
(
1 +

1

µλ

) d
2

.

Proof. Define the function

R(α)
def
=

∫
exp

(
−f(x)− 1

2λα ∥x− x
∗∥22
)
dx∫

exp
(
−f(x)− 1

2λ ∥x− x∗∥
2
2

)
dx

.

Let dπα(x) be the density proportional to exp
(
−f(x)− 1

2λα ∥x− x
∗∥22
)
dx. We compute

d

dα
R(α) =

∫ exp
(
−f(x)− 1

2λα ∥x− x
∗∥22
)

∫
exp

(
−f(x)− 1

2λ ∥x− x∗∥
2
2

)
dx

1

2λα2
∥x− x∗∥22 dx

=
R(α)

2λα2

∫ exp
(
−f(x)− 1

2λα ∥x− x
∗∥22
)
∥x− x∗∥22∫

exp
(
−f(x)− 1

2λα ∥x− x∗∥
2
2

)
dx

dx

=
R(α)

2λα2

∫
∥x− x∗∥22 dπα(x) ≤

R(α)

2α
· d

µλα+ 1
.

Here, the last inequality was by Fact 8, using the fact that the function f(x)+ 1
2λα ∥x− x

∗∥22
is µ+ 1

λα -strongly convex. Moreover, note that R(1) = 1, and

d

dα
log

(
α

µλα+ 1

)
=

1

α
− µλ

µλα+ 1
=

1

µλα2 + α
.

Solving the differential inequality

d

dα
log(R(α)) =

dR(α)

dα
· 1

R(α)
≤ d

2
· 1

µλα2 + α
,

we obtain the bound for any α ≥ 1 (since log(R(1)) = 0)

log(R(α)) ≤ d

2
log

(
µλα+ α

µλα+ 1

)
=⇒ R(α) ≤

(
µλα+ α

µλα+ 1

) d
2

≤
(
1 +

1

µλ

) d
2

.

Taking a limit α→∞ yields the conclusion.
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Our second structural result uses a similar proof technique to show that the mean of

a bounded perturbation f of a Gaussian is not far from its mode, as long as the gradient

of the mode is small. We remark that one may directly apply strong logconcavity, i.e. a

variant of Fact 8, to obtain a weaker bound by roughly a
√
d factor, which would result

in a loss of Ω(d) in the guarantees of Theorem 11. This tighter analysis is crucial in our

improved mixing time result.

Before stating the bound, we apply Fact 7 to the convex functions h(x) = (θ⊤x)2

and h(x) = ∥x∥42 to obtain the following conclusions which will be used in the proof of

Proposition 22.

Corollary 20. Let π be a µ-strongly logconcave density. Then,

1. Eπ[(θ⊤(x− Eπ[x]))2] ≤ µ−1, for all unit vectors θ.

2. Eπ[∥x− Eπ[x]∥42] ≤ 3d2µ−2.

Proposition 22. Let f : Rd → R be L-smooth and convex with minimizer x∗,

let x ∈ Rd with ∥x− x∗∥2 ≤ R, and let dπη(y) be the density proportional to

exp
(
−f(y)− 1

2η ∥y − x∥
2
2

)
dy. Suppose that η ≤ min

(
1

2L2R2 ,
R2

400d2

)
. Then,

∥∥Eπη [y]− x∥∥2 ≤ 2ηLR.

Proof. Define a family of distributions πα for α ∈ [0, 1], with

dπα(y) ∝ exp

(
−α (f(y)− f(x)− ⟨∇f(x), y − x⟩)− f(x)− ⟨∇f(x), y − x⟩ − 1

2η
∥y − x∥22

)
dy.

In particular, π1 = πη, and π
0 is a Gaussian with mean x−η∇f(x). We define ȳα

def
= Eπα [y],

and

y∗α
def
= argminy

{
α (f(y)− f(x)− ⟨∇f(x), y − x⟩) + f(x) + ⟨∇f(x), y − x⟩+ 1

2η
∥y − x∥22

}
.

Define the function D(α)
def
= ∥ȳα − x∥2, such that we wish to bound D(1). First, by

smoothness

D(0) = ∥Eπ0 [y]− x∥2 = ∥η∇f(x)∥2 ≤ ηLR.

Next, we observe
d

dα
D(α) =

〈
ȳα − x
∥ȳα − x∥2

,
dȳα
dα

〉
≤
∥∥∥∥dȳαdα

∥∥∥∥
2

.
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In order to bound
∥∥∥dȳαdα ∥∥∥2, fix a unit vector θ. We have〈

dȳα
dα

, θ

〉
=

d

dα

〈∫
(y − x)dπα(y), θ

〉
=

∫
⟨y − x, θ⟩ (f(x) + ⟨∇f(x), y − x⟩ − f(y))dπα(y)

≤

√∫
(⟨y − x, θ⟩)2dπα(y)

√∫
(f(x) + ⟨∇f(x), y − x⟩ − f(y))2dπα(y)

≤

√∫
(⟨y − x, θ⟩)2dπα(y)

√∫
L2

4
∥y − x∥42 dπα(y).

(D.14)

The third line was Cauchy-Schwarz and the last line used smoothness and convexity, i.e.

−L
2
∥y − x∥22 ≤ f(x) + ⟨∇f(x), y − x⟩ − f(y) ≤ 0.

We now bound these terms. First,∫
(⟨y − x, θ⟩)2dπα(y) ≤ 2

∫
(⟨y − ȳα, θ⟩)2dπα(y) + 2

∫
(⟨ȳα − x, θ⟩)2dπα(y)

≤ 2η + 2 ∥ȳα − x∥22 = 2η + 2D(α)2.

(D.15)

Here, we applied the first part of Corollary 20, as πα is η−1-strongly logconcave, and

the definition of D(α). Next, using for any a, b ∈ Rd, ∥a+ b∥42 ≤ (∥a∥2 + ∥b∥2)4 ≤

16 ∥a∥42 + 16 ∥b∥42, we have∫
L2

4
∥y − x∥42 dπ

α(y) ≤
∫

4L2 ∥y − ȳα∥42 dπ
α(y) +

∫
4L2 ∥x− ȳα∥42 dπ

α(y)

≤ 12L2d2η2 + 4L2D(α)4.

(D.16)

Here, we used the second part of Corollary 20. Maximizing (D.14) over θ, and applying

(D.15), (D.16),

d

dα
D(α) ≤

∥∥∥∥dȳαdα
∥∥∥∥
2

≤
√

8L2(η +D(α)2)(3d2η2 +D(α)4)

≤ 4L(
√
η +D(α)) ·max(2ηd,D(α)2). (D.17)

Assume for contradiction that D(1) > 2ηLR, violating the conclusion of the proposition.

By continuity of D, there must have been some ᾱ ∈ (0, 1) where D(ᾱ) = 2ηLR, and for

all 0 ≤ α < ᾱ, D(α) < 2ηLR. By the mean value theorem, there then exists 0 ≤ α̂ ≤ ᾱ

such that
dD(α̂)

dα
=
D(ᾱ)−D(0)

ᾱ
> ηLR.

On the other hand, by our assumption that 2ηL2R2 ≤ 1, for any d ≥ 1 it follows that

2ηd ≥ 4η2L2R2 > D(α̂)2,
√
2η ≥ 2ηLR > D(α̂).
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Then, plugging these bounds into (D.17) and using
√
η +D(α̂) ≤ 5

2

√
η as

√
2 ≤ 3

2 ,

d

dα
D(α̂) ≤ 4L · 5

2

√
η · 2ηd = 20

√
η
d

R
· ηLR ≤ ηLR.

We used η ≤ R2

400d2
in the last inequality. This is a contradiction, implying D(1) ≤

2ηLR.
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Appendix E

DEFERRED CONTENTS FROM CHAPTER 6

E.1 Information-theoretic lower bound

In this section, we show that prior information-theoretic lower bounds from [DJWW15]

and [GLL22] can be straightforwardly extended to the settings studied by this paper to

show that the value oracle complexities used by our algorithms in Sections 6.3 and 6.5

are near-optimal. We first recall some notation from prior work and summarize previous

results we will leverage.

Setup. We consider the setting of stochastic optimization where there is a distribution

over distributions {Pv}v indexed by v. An index v is randomly selected, and we consider

algorithms interacting with Pv in one of two different ways. Letting k ∈ N and X ⊂ Rd,

[DJWW15] defined a family of algorithms Ak such that A ∈ Ak can (adaptively) query a

sequence of k values f(x; s) where x ∈ X and s is a fresh random sample from Pv. The

follow-up work [GLL22] defined another family of algorithms Bk which takes as input a

dataset D = {si}i∈[n] and can (adaptively) query a sequence of k values f(x; s) where

x ∈ X and s ∈ D. These algorithm families model the SCO and ERM problems stated

in Problem 2, without the privacy requirement. In a slight abuse of notation, we denote

the output of an algorithm A ∈ Ak ∪ Bk in a SCO or ERM problem corresponding to a

distribution P by A(P), where A ∈ Bk also depends on the dataset received.

Both [DJWW15, GLL22] let v be drawn uniformly at random from V def
= {−1, 1}d and

let

Pv
def
= N

(
κv, σ2 idd

)
, f(x; s)

def
= ⟨s, x⟩

for parameters κ, σ to be chosen. We fix this notation throughout this section. For any

algorithm A ∈ Ak ∪ Bk corresponding to a set X and a distribution P, we define the

optimality gap

ϵk(A,X ,P)
def
= E [Es∼Pf(A(P); s)]−min

x∈X
Es∼Pf(x; s),

where the first outer expectation is over any randomness in A, as well as in the samples
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used. We also define the minimax risk over a family of distributions P ,

ϵ⋆k(Ak ∪ Bk, P,X )
def
= inf

A∈Ak∪Bk

sup
P∈P

ϵk (A,P,X ) .

For p ∈ [1, 2], we let PG,p denote the family of distributions P over vectors s such that

Es∼P ∥s∥2q ≤ G
2, where

1

p
+

1

q
= 1.

Our lower bounds in this section will be on ϵ⋆k(Ak ∪ Bk, PG,p,X ), where X is a scaled ℓp

ball. The family PG,p induces random linear functions ⟨s, ·⟩ with gradient s, and hence

P ∈ PG,p implies that the induced function Es∼P ⟨s, ·⟩ has a bounded-variance gradient

oracle in the ℓp norm via queries to P. We use the following facts from prior work in our

proofs.

Lemma 85 (Section 5.1, [DJWW15]). Let X be the ℓp ball of diameter D for p ∈ [1, 2]. For

any v ∈ V and x ∈ X , letting x⋆v
def
= minx∈X Es∼Pvf(x; s), and letting 1(sign(a) = sign(b))

be the 0-1 function which is 1 if and only if the signs of a and b agree,

Es∼Pv [f(x; s)]− Es∼Pv [f(x
⋆
v; s)] ≥

(1− 1
p)κD

2d
1
p

∑
j∈[d]

1 (sign(xj) = sign(vj)) .

Lemma 85 shows that it suffices to lower bound the expected Hamming distance be-

tween the signs of an estimate x and a randomly sampled−v. Such a lower bound was given

in [DJWW15, GLL22] for estimates returned by A ∈ Ak ∪ Bk via information-theoretic

arguments.

Lemma 86 (Section 5.1, [DJWW15], Lemma 7.4, [GLL22]). Let X be the ℓp ball of

diameter D, and let A ∈ Ak ∪ Bk be parameterized by X and Pv. Then

Ev∼unif.V

∑
j∈[d]

1(sign(A(Pv)j) = sign(vj))

 ≥ d

2

(
1− κ

√
k

σ
√
d

)
.

To lower bound the oracle query complexity of our sampler we use the following stan-

dard result.

Lemma 87 ([DKL18], Corollary 1). Let X ⊂ Rd be compact and convex, f : X → R be

convex, k > 0, and π be the density over X proportional to exp(−kf). Then,

Ex∼π[f(x)]−min
x∈X

f(x) ≤ d

k
.
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Lower bounds. We now state three lower bounds generalizing results from [DJWW15,

GLL22]. Our results follow straightforwardly from Lemmas 85, 86, and 87 with appropriate

parameters.

Proposition 23 (Minimax risk lower bound, PG,p). Let G,D > 0, and let p ∈ [1, 2], q ≥ 2

satisfy 1
p +

1
q = 1. Let X be the ℓp ball of diameter D. Then,

ϵ⋆k (Ak ∪ Bk, PG,p,X ) = Ω

(
GDmax

(
1− 1

p
,

1

log d

)
min

(
1,

√
d

k log d

))
.

Proof. Throughout the proof, let κ = σ
√
d

2
√
k
, and let

σ =
Gd

− 1
q√

d
k + 4 log d

. (E.1)

By well-known bounds on the expected maximum of d standard Gaussians, we have

Es∼Pv

[
∥s∥2q

]
≤ 2κ2 ∥v∥2q + 2Eu∼N (0,σ2 idd)

[
∥u∥2q

]
≤ 2κ2d

2
q + 2d

2
qEu∼N (0,σ2 idd)

[
∥u∥2∞

]
≤ σ2d

2
q

(
d

k
+ 4 log d

)
≤ G2.

Hence, Pv ∈ PG,p for all v ∈ V, so it suffices to lower bound ϵk(A,Pv,X ). Combining

Lemmas 85 and 86 with our choices of parameters,

ϵk(A,Pv,X ) ≥
(1− 1

p)κDd
1− 1

p

8
= Ω

(
GD

(
1− 1

p

)
min

(
1,

√
d

k log d

))
.

The conclusion then follows because for p ≤ 1 + 1
log d , choosing a larger value of p only

affects problem parameters by constant factors by norm conversions.

We give a slight extension of Proposition 23 for the family PG,p of distributions over

linear functions ⟨s, ·⟩, where s is required to satisfy ∥s∥q ≤ G with probability 1, by simply

truncating a draw from Pv. This family is compatible with the setting in Problem 2.

Corollary 21 (Minimax risk lower bound, PG,p). In the setting of Proposition 23,

ϵ⋆k
(
Ak ∪ Bk, PG,p,X

)
= Ω

(
GDmax

(
1− 1

p
,

1

log d

)
min

(
1,

√
d

k log(dk)

))
.

Proof. We define a distribution Pv as follows: first s ∼ Pv, and then if ∥s∥q ≥ G, we

set s← 0. By adjusting the logarithmic term in (E.1) to be O(log(dk)), with probability
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at most poly((dk)−1), all k draws from Pv and Pv used are identical by a union bound.

Further, due to problem constraints the function error is always at most GD. So, the risk

is affected by at most GD · poly((dk)−1).

Corollary 21 shows that when β in Assumption 1 is polynomially bounded, the value

oracle complexities used by Theorem 14 for both DP-SCO and DP-ERM are optimal up

to logarithmic factors for the expected excess risk bounds they produce, even without the

requirement of privacy. Finally, we show that the value oracle complexity of our sampler

in Theorem 13 is also near-optimal.

Corollary 22. In the setting of Proposition 23, let r : X → R be 1-strongly convex in

∥·∥p with additive range O(D2min(log d, 1
p−1)). Let I be a distribution over i such that all

fi : X → R are G-Lipschitz in ∥·∥p, and let F
def
= Ei∼Ifi. No algorithm using o(G

2

µ log−4 d)

value oracle queries to some fi samples within total variation

o

(
min

(
1

log d
,

√
d

k log3(dk)

))

of the density proportional to exp(−F − µr(x))1X (x).

Proof. Assume for contradiction that A is an algorithm satisfying the stated criterion

using k = o(G
2

µ log−4 d) value oracle queries, and let F be minimized by x⋆ ∈ X . We

choose

µ =
d

D2min(log d, 1
p−1)

.

Lemma 87 then shows that the sampled x satisfies

Ex∼A [F (x)]− F (x⋆) ≤ µ (r(x⋆)− r(x)) + d+GD · o

(
min

(
1

log d
,

√
d

k log3(dk)

))

= O(d) + o

(
GD

log d
min

(
1,

√
d

k log(dk)

))
.

For the given values of k and µ, this contradicts Corollary 21.

Corollary 22 implies that for samplers with value query complexity depending polylog-

arithmically on the total variation distance, G
2

µ queries are required (up to polylogarithmic

factors). This applies to the setting of our sampler in Theorem 13; we also note that the

LLT-based regularizers we use in our ℓp applications (Section 6.5.2) satisfy the additive

range bound in Corollary 22.
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E.2 Lower bound on the range of ψ1,1

In this section, we provide a lower bound on the range of ψ1,1 (6.25) which grows with

the dimension d, demonstrating non-scale invariance of our family of LLTs. Recall that

ψ1,1(x) is defined by

ψ1,1(x)
def
= log

(∫
exp

(
⟨x, y⟩ − ∥y∥2∞

)
dy

)
.

Lemma 88. The additive range of ψ1,1 over {x ∈ Rdmid ∥x∥1 ≤ 1} is Ω(
√
d).

Proof. Throughout the proof denote for simplicity ψ := ψ1,1 and let

Dφx (y) ∝ exp
(
⟨x, y⟩ − ∥y∥2∞

)
.

Then, following (6.26), we can write ψ(x)− ψ(0) as

ψ(x)− ψ(0) = log
[
Ey∼Dφ

0
exp(⟨x, y⟩)

]
,

where Dφ0 ∝ exp(−∥y∥2∞). Let π be the probability density on R≥0 such that

dπ(r) ∝ rd−1 exp(−r2)dr.

Here, dπ(r) is the density of the scalar quantity r = ∥y∥∞ for y ∼ Dφ0 . Note that the

distribution of y conditioned on ∥y∥∞ = r is uniform over the surface of the ℓ∞ ball, where

one random coordinate is set to ±r, and the remaining coordinates are uniform on a d− 1

dimensional hypercube with side length r. We denote this distribution as Pr, and write

Ey∼Dφ
0
exp(⟨x, y⟩) = Er∼π [Ey∼Pr exp(⟨x, y⟩)]

= Er∼π

1
d

∑
i⋆∈[d]

1

2

∑
yi⋆∈{−r,r}

exp(xi⋆yi⋆)
∏
i ̸=i∗

∫ r

−r

1

2r
exp(xiyi)dyi

 .
Let x = e1 and g

(r)
i⋆ = exp(xi⋆r)

∏
i ̸=i⋆

∫ r
−r

1
2r exp(xiyi)dyi. Then,

Ey∼Dφ
0
exp(⟨x, y⟩) ≥ 1

2d

∑
i⋆∈[d]

Er∼π(r)g
(r)
i⋆

since this drops terms where yi⋆ = −r. When i⋆ = 1, we have g
(r)
i⋆ = exp(r). When i⋆ ̸= 1,

we have

g
(r)
i⋆ =

∫ r

−r

1

2r
exp(y1)dy1 =

1

2r
(exp(r)− exp(−r)) .
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Now, consider r1 =
√

d−1
2 . For any r ≤ r1, d

dr [(d− 1) log r− r2] = d−1
r − 2r ≥ 0. Thus,

we have

I :=

∫ 1
2
r1

0
exp((d− 1) log r − r2)dr ≤

∫ r1

1
2
r1

exp((d− 1) log r − r2)dr. (E.2)

Letting Z
def
=
∫∞
0 exp((d− 1) log r − r2)dr, (E.2) shows that∫ ∞

1
2
r1

exp((d− 1) log r − r2)dr = Z − I ≥ Z − 1

2
Z =

1

2
Z.

Then, for all i⋆ ∈ [d],

Er∼πgi⋆ =

∫∞
0 exp((d− 1) log r − r2)g(r)i⋆ dr

Z

≥

∫∞
1
2
r1
exp((d− 1) log r − r2)g(r)i⋆ dr

Z

≥
2
∫∞

1
2
r1
exp((d− 1) log r − r2)g(r)i⋆ dr∫∞

1
2
r1
exp((d− 1) log r − r2)dr

≥ 2min
r≥r1

exp(r − log(4r)) = 2 exp(r1 − log(4r1)).

The fourth step follows from g
(r)
i⋆ ≥

1
4r exp(r) for r ≥ r1. The last step follows from

r − log 4r increases on r ≥ r1. Combining with Ey∼P0 exp(⟨x, y⟩) ≥ 1
2d

∑
i⋆∈[d] Er∼π(r)gi⋆ ,

ψ(x)− ψ(0) = logEy∼P0 exp(⟨x, y⟩) ≥ log

(
d− 1

d
exp(r1 − log(4r1))

)
= Ω(

√
d).

E.3 Deferred proofs from Section 6.4

Lemma 49. For λ defined in (6.23),

E
[
|λ|1ρ ̸∈[0,2]

]
≤ δ

4
.

Proof. Clearly, it suffices to show E|λ| ≤ δ
4 . Define random variables,

∆i
def
= |fi(x2)− fi(x1)|, ∆

def
= Ei∼I∆i,

whose randomness comes from x1, x2 ∼ γy. By definition,

E|λ| =
∑
b>H

1

b!
Ex1,x2∼γ [∆]B.
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Define Φ(t) :=
∑

b>H
tb

b! . For H = ⌈10 log 1
δ ⌉, it is straightforward to check Φ(t) ≤ δ

16

for any |t| ≤ 1, and for all nonnegative t, Φ(t) ≤ exp(t). Hence, letting p∆ be the density

of ∆,

E|λ| ≤ δ

16
+ E[1∆>1e

∆] ≤ δ

16
+

∫ ∞

1
exp (⌈∆⌉) p∆(∆)d∆

≤ δ

16
+
∑
k≥1

exp(k + 1) Pr
x1,x2∼γ

[∆ ≥ k].
(E.3)

It now suffices to bound on Pr[∆ ≥ k]. Define a function hx1,x2(k) := Pri∼I [|fi(x1) −

fi(x2)| ≥ k]. Since each fi is G-Lipschitz, and γy is 1
12η -strongly logconcave in by

Lemma 40, by Lemma 47:

Ex1,x2 [hx1,x2(k)] = Pr
x1,x2,i∼I

[|fi(x1)− fi(x2)| ≥ k] ≤ 4 exp

(
− k2

96ηG2

)
,

and so by Markov’s inequality we have

Pr
x1,x2

[hx1,x2(k) ≥ e−t] ≤ 4 exp

(
t− k2

96ηG2

)
. (E.4)

For fixed x1, x2, as each fi is G-Lipschitz in ∥·∥X , |fi(x1) − fi(x2)| ≤ G ∥x1 − x2∥X , and

hence

Ei∼I [|fi(x1)− fi(x2)|] ≤ min
k≥0

k + hx1,x2(k) ·G ∥x1 − x2∥X .

This then shows that if for some k, hx1,x2(k) ≤ exp(− k2

192ηG2 ),

Ei∼I [|fi(x1)− fi(x2)|] ≤ k + exp

(
− k2

192ηG2

)
·G ∥x1 − x2∥X ,

which implies via (E.4) that

Pr
x1,x2

[
∆ ≥ k + exp

(
− k2

192ηG2

)
·G ∥x1 − x2∥X

]
≤ Pr

x1,x2

[
hx1,x2(k) ≥ exp

(
− k2

192ηG2

)]
≤ 4 exp

(
− k2

192ηG2

)
.

(E.5)

Further, since ∥x1 − Ex1∥X is a 1-Lipschitz function in x1 with a nonnegative mean, by

Lemma 47,

Pr [∥x1 − x2∥X ≥ k] ≤ 2Pr [∥x1 − Ex1∥X ≥ k] ≤ 2 exp

(
− k2

96ηG2

)
. (E.6)

Combining (E.5) and (E.6),

Pr
x1,x2

[∆ ≥ 2k] = Pr
x1,x2

[
∆ ≥ 2k ∧ ∥x1 − x2∥X ≥

k

G

]
+ Pr
x1,x2

[
∆ ≥ 2k ∧ ∥x1 − x2∥X ≤

k

G

]
≤ 2 exp

(
− k2

96ηG2

)
+ Pr
x1,x2

[
∆ ≥ k + exp

(
− k2

192ηG2

)
G ∥x1 − x2∥X

]
≤ 6 exp

(
− k2

192ηG2

)
.

(E.7)



277

Plugging (E.7) into (E.3), and using η−1 ≥ 104G2 log 1
δ , we have the desired

E(|λ|1ρ/∈[0,2]) ≤
δ

16
+

∞∑
k=1

6 exp

(
k − k2

768ηG2

)
≤ δ

4
.

Lemma 50. For σ defined in (6.23),

E
[
|σ|1ρ̸∈[0,2]

]
≤ δ

4
.

Proof. We begin by bounding, analogously to (E.3),

E[|σ|1ρ/∈[0,2]] ≤ 2H Pr[ρ /∈ [0, 2]] +
∑
k≥1

Pr
[
|σ| > 2kH

]
2(k+1)H . (E.8)

Recall when a ≤ H, |J | ≤ 1
2H

2. By a union bound over Lemma 47,

Pr
x1,x2

[
|fi(x1)− fi(x2)| ≥

2k

3
∀i ∈ J

]
≤ H2 exp

(
− 4k

864ηG2

)
.

If for each i ∈ J , |fi(x1)− fi(x2)| ≤ 2k

3 , we have for k ≥ 1

|σ| =
H∑
b=0

1a≥b
∏
i∈[b]

(fji,b(x2)− fji,b(x1)) ≤ 1 +

H∑
b=1

(
2k

3

)b
≤ 2kH ,

which implies that Pr[|σ| ≥ 2kH ] ≤ H2 exp(− 4k

864ηG2 ) and hence using our choice of η ≤
1

500G2H
,

∞∑
k=1

2(k+1)H Pr
[
|σ| > 2kH

]
≤

∞∑
k=1

2(k+1)HH2 exp

(
− 4k

864ηG2

)

≤
∞∑
k=1

24kH exp(−2 · 4kH) ≤
∞∑
k=1

2−kH ≤ δ

8
.

(E.9)

It remains to bound Pr[ρ /∈ [0, 2]]. Recall Pr[a > H] ≤ 1
H! so since a ≤ H =⇒ σ = ρ,

Pr[ρ /∈ [0, 2]] ≤ 1
H! + Pr[σ /∈ [0, 2]]. Next, by a union bound over Lemma 47 and 1

2H
2

indices in J ,

Pr
x1,x2

[
|fi(x1)− fi(x2)| ≥

1

2
∀i ∈ I

]
≤ 2H2 exp

(
− 1

384ηG2

)
.

Under the event that |fi(x1)− fi(x2)| ≤ 1
2 for all i ∈ I, 0 ≤ σ ≤ 2 by definition. Hence we

know Pr[σ /∈ [0, 2]] ≤ 2H2 exp(− 1
384ηG2 ) and by our setting that H > 10 log 1

δ , we have

Pr[ρ /∈ [0, 2]] · 2H ≤ 2H
(
2H2 exp

(
− 1

384ηG2

)
+

1

H!

)
≤ δ

8
. (E.10)

Combining (E.8), (E.9) and (E.10) completes the proof.
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Appendix F

DEFERRED CONTENTS FROM CHAPTER 7

F.1 Additional Experiment Details

Experiments details

(App F.1)

Theory

Notation, Definition

(App F.5)

Continuous

CRHMC

(App F.2)

Discretized

CRHMC

(App F.3)

App F.2.2: Computational tricks

App F.2.1: Derivation

App F.2.3: Correctness

App F.3.1: Implicit midpoint method

App F.3.2: Correctness & Efficiency

App F.4: Condition # independence

(Mixing rate)

Dataset. We summarize in Table F.1 the dataset used in experiments. If a model is

unbounded, we make it bounded by setting l = max(l,−107) and u = min(u, 107). As ex-

isting packages require full-dimensional representations of polytopes (i.e., {x : A′x ≤ b′}),

we transformed all constraint-based models to prepare instances for them as follows: (1)

first preprocess each model by removing redundant constraints and appropriately scaling it,

(2) find its corresponding full-dimensional description, and (3) round it via the maximum

volume ellipsoid (MVE) algorithm making the polytope more amenable to sampling. We

note that a full-dimensional polytope can be transformed into a constraint-based polytope

and vice versa, so CRHMC can be run on either representation.

Preprocessing. We preprocessed each constrained-based model prior to sampling. This

preprocessing consists mainly of simplifying polytopes, scaling properly for numerical sta-

bility, and finding a feasible starting point. To simplify a given polytope, we check if

li = ui for each i ∈ [n] and then incorporate such variables xi into Ax = b. Any dense
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Bio Model Full-dim Consts

(m)

Vars (n) nnz

ecoli 24 72 95 291

cardiac mit 12 230 220 228

Aci D21 103 856 851 1758

Aci MR95 123 917 994 2859

Abi 49176 157 952 1069 2951

Aci 20731 164 1009 1090 2946

Aci PHEA 328 1319 1561 4640

iAF1260 572 1668 2382 6368

iJO1366 590 1805 2583 7284

Recon1 932 2766 3742 8717

Recon2 2430 5063 7440 19791

Recon3 5335 8399 13543 48187

LP

Model

Full-dim Consts

(m)

Vars (n) nnz

israel 142 174 316 2519

gfrd pnc 544 616 1160 2393

25fv47 1056 821 1876 10566

pilot ja 1002 940 2267 11886

sctap2 1410 1090 2500 7334

ship08l 2700 778 4363 9434

cre a 3703 3516 7248 17368

woodw 4656 1098 8418 23158

80bau3b 9233 2262 12061 22341

ken 18 49896 105127 154699 295946

Table F.1: Constraint-based models. Each constraint-based model has a form of {x ∈ Rn : Ax =

b, l ≤ x ≤ u} for A ∈ Rm×n, b ∈ Rm and l, u ∈ Rn, where the rows and columns correspond to

constraints and variables respectively. The full-dimension of each model is obtained by transforming

its degenerate subspace to a full dimensional representation (i.e., A′x ≤ b′), and we count the

number of nonzero (nnz) entries of a preprocessed matrix A.

column is split into several columns with less non-zero entries by introducing additional

variables. Then we remove dependent rows of A by the Cholesky decomposition. Then

we find the Dikin ellipsoid of the polytope. If the width along some axis is smaller than a

preset tolerance, then we fix variables in such directions, reducing columns of A. Lastly, we

run the primal-dual interior-point method with the log-barrier to find an analytic center

of the polytope, which will be used as a starting point in sampling. When finding the

analytic center of the simplified polytope, if a coordinate of the analytic center is too close

to a boundary (to be precise, smaller than a preset tolerance boundary 10−8), then we

assume that the inequality constraint (either xi ≤ ui or li ≤ xi) is tight, and we collapse

such a variable by moving it into the constraints Ax = b. We go back to the step for

removing dependent rows and repeat until no more changes are made to A. Along with

simplification, we keep rescaling A, b, l, u for numerical stability.
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Coordinate Hit-and-Run (CDHR). We briefly explain how CHRR works. First,

rounding via the MVE algorithm finds the maximum volume ellipsoid inscribed in the

polytope and applies, to the polytope, an affine transformation that makes this ellipsoid

a unit ball. This procedure puts a possibly highly-skewed polytope into John’s position,

which guarantees that the polytope contains a unit ball and is contained in a ball of radius

n. This position still has a beneficial effect on sampling in practice in the sense that the

random walk can converge in fewer steps. After the transformation, the random walk

based on Coordinate Hit-and-Run (CHAR) chooses a random coordinate and moves to a

random point on the line through the current point along the chosen coordinate.

When running CHRR and CDHR, we recorded a sample every n2 steps. The mixing

rate (i.e., the number of steps required to get a sample from a target distribution) of Hit-

and-Run (HAR), a general version of CHAR choosing a random direction (unit vector)

instead of a random coordinate, is O∗(n2R2) for a polytope P with Bn ⊆ P ⊆ R · Bn,

where Bn is the unit ball in Rn [LV06a]. It was proved only recently that CHAR mixes

in O∗(n9R2) steps on such a polytope [LV21, NS21]. Even though this bound is not as

tight as the mixing-rate bound for HAR, it was reported in [HCT+17] that CHRR mixes

in the same number of steps as HAR empirically. Moreover, the per-step complexity of

CHAR can be n times faster than that of HAR, so CHAR brings a significant speed-up in

practice.

Comparison Setup. We set the parameters of CRHMC to values in

default options.m in the experiments. For the competitors, we proceeded with

the following additional steps for fair comparison. First, as the VolEsti package does not

support the MVE rounding, we rounded each polytope by the MVE algorithm in the

CHRR package and then transformed the rounded polytope so that the R interface can

read the data file. Next, we limited all algorithms to a single core, since the R interface

uses a single core as a default whereas MATLAB uses as many available cores as possible.

F.1.1 Polytope Definition

Hypercube. The n-dimensional hypercube is defined by {x ∈ Rn : −1
2 ≤ xi ≤

1
2 for all i ∈ [n]}. Note that it has no equality constraint and its full-dimension is n.
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Simplex. The n-dimensional simplex is defined by {x ∈ Rn : 0 ≤ xi for all i ∈

[n],
∑n

i=1 xi = 1}. Note that its full-dimension is n− 1.

Birkhoff Polytope. The nth Birkhoff polytope Bn is the set of all doubly stochastic

n× n matrices (or the convex hull of all permutation matrices), which is defined as

Bn = {(Xij)i,j∈[n] :
∑
j

Xij = 1 for all i ∈ [n],
∑
i

Xij = 1 for all j ∈ [n], and Xij ≥ 0}.

Namely, Bn is defined in a constrained Rn2
-dimensional space, and its full-dimension is

n2 − (2n− 1) = (n− 1)2. We ran CRHMC on B√
n to examine its efficiency on (roughly)

n-dimensional Birkhoff polytope.

F.2 Deferred details of CRHMC

In this section, we present all technical details behind an idealized version of our algorithm,

CRHMC, together with correctness of CRHMC. Subsequently in Appendix F.3, we provide

details on a discretized version of CRHMC.

F.2.1 Deferred details of Section 7.2.1

Recall that in Section 7.2.1 we mention that the following constrained Hamiltonian satisfies

the Hamiltonian ODE
(
dx
dt =

∂H(x,v)
∂v , dv

dt = −
∂H(x,v)
∂x

)
:

H(x, v) = H(x, v) + λ(x, v)⊤c(x) with H(x, v) = f(x) +
1

2
v⊤M(x)†v + log pdet(M(x))

where

λ(x, v) = (Dc(x)Dc(x)⊤)−1

(
D2c(x)[v,

dx

dt
]−Dc(x)∂H(x, v)

∂x

)
.

Lemma 15. Consider the constrained Hamiltonian defined by (7.7) with Range(M(x)) =

Null(Dc(x)) and

λ(xt, vt) = (Dc(xt)Dc(xt)
⊤)−1

(
D2c(xt)[vt,

dxt
dt

]−Dc(xt)
∂H(xt, vt)

∂x

)
.

When the initial point satisfies c(x0) = 0, the ODE solution of (7.4) satisfies c(xt) = 0

and Dc(xt)vt = Dc(x0)v0 for all t.

Proof. First we compute

d

dt
c(xt) = Dc(xt) ·

dxt
dt

= Dc(xt) ·
∂H(xt, vt)

∂vt
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= Dc(xt)M(xt)
†v +Dc(xt)Dvλ(xt, vt)

⊤c(xt)

= Dc(xt)Dvλ(xt, vt)
⊤c(xt)

where we used Range(M(x)†) = Range(M(x)) = Null(Dc(x)). Since c(x0) = 0, by the

uniqueness of the ODE solution, we have that c(xt) = 0 for all t. Next we compute

dvt
dt

=− ∂H(xt, vt)

∂x

=− ∂H(xt, vt)

∂x
−Dc(xt)⊤λ(xt, vt)−Dxλ(xt, vt)

⊤c(xt)

=− ∂H(xt, vt)

∂x
−Dc(xt)⊤λ(xt, vt)

where we used c(xt) = 0. Hence, we have

d

dt
Dc(xt)vt = D2c(xt)[vt,

dxt
dt

] +Dc(xt)
dvt
dt

= D2c(xt)[vt,
dxt
dt

]−Dc(xt)
∂H(xt, vt)

∂x
−Dc(xt)Dc(xt)⊤λ(xt, vt).

By setting λ(xt, vt) = (Dc(xt)Dc(xt)
⊤)−1(D2c(xt)[vt,

dxt
dt ] − Dc(xt)

∂H(xt,vt)
∂x ), we have

d
dtDc(xt)vt = 0 and Dc(xt)vt = Dc(x0)v0 for all t (i.e., vt ∈ Null(Dc(xt)) during Step

2).

F.2.2 Deferred details of Section 7.2.2

In Section 7.2.2, we mention that a naive algorithm computing ∂H/∂x and ∂H/∂v is bound

to face the following challenges, especially in high-dimensional regime, and briefly explain

how we address each of them. In this section, we give full details on our computational

tricks.

1. Computation of the pseudo-inverse and its derivatives takes O(n3), except for

very special matrices =⇒ Find equivalent formulas (Appendix F.2.2).

2. The Lagrangian term in the constrained Hamiltonian entails extra com-

putation such as D2c(x) =⇒ Simplify the constrained Hamiltonian (Ap-

pendix F.2.2).

3. A naive approach to computing leverage scores in ∂H/∂x results in a very

dense matrix =⇒ Track sparsity pattern (Appendix F.2.2).
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Avoiding pseudo-inverse and pseudo-determinant

We start with a formula for M(x)†.

Lemma 16. Let M(x) = Q(x) · g(x) · Q(x) where Q(x) = I − Dc(x)⊤(Dc(x) ·

Dc(x)⊤)−1Dc(x) is the orthogonal projection to the null space of Dc(x). Then, Dc(x) ·

M(x)† = 0 and M(x)† = g(x)−
1
2 · (I − P (x)) · g(x)−

1
2 with

P (x) = g(x)−
1
2 ·Dc(x)⊤(Dc(x) · g(x)−1 ·Dc(x)⊤)−1Dc(x) · g(x)−

1
2 .

Proof. Recall that Range(M(x)†) = Range(M(x)). Hence, for any u ∈ Rn, we have

that M(x)†u ∈ Range(M(x)). Since Range(M(x)) ⊆ Range(Q(x)) and Range(Q(x)) =

Null(Dc(x)) due to the definition of the orthogonal projection Q(x), it follows that Dc(x) ·

M(x)†u = 0 for all u.

For the formula of M(x)†, we simplify the notation by ignoring the parameter x. Let

N = g−
1
2Pg−

1
2 and J = Dc(x). The goal is to prove that M † = N . First, we show some

basic identities about Q and N :

QN =Qg−
1
2 (I − g−

1
2J⊤(Jg−1J⊤)−1Jg−

1
2 )g−

1
2

=(I − J⊤(JJ⊤)−1J)(g−1 − g−1J⊤(Jg−1J⊤)−1Jg−1)

=g−1 − J⊤(JJ⊤)−1Jg−1

− (g−1J⊤(Jg−1J⊤)−1Jg−1 − J⊤(JJ⊤)−1Jg−1J⊤(Jg−1J⊤)−1Jg−1)

=N. (F.1)

Similarly, we have NQ = N , QgN = Q, and NgQ = Q. To prove that M † = N , we need

to check that MN and NM are symmetric, MNM =M , and NMN = N .

For symmetry of MN and NM , we note that MN = QgQN = QgN = Q and

NM = NQgQ = NgQ = Q. For the formula of MNM and NMN , we note that that Q

is a projection matrix and hence

MNM = QM = QQgQ = QgQ =M,

NMN = QN = N.

Therefore, we have M † = N .

Another bottleneck of the algorithm is to compute log pdetM(x). The next lemma

shows a simpler formula that can take advantage of sparse Cholesky decomposition.
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Lemma 17. We have that

log pdet(M(x)) = log det g(x)+log det
(
Dc(x) · g(x)−1 ·Dc(x)⊤

)
−log det

(
Dc(x) ·Dc(x)⊤

)
.

Proof. We simplify the notation by ignoring the parameter x and letting J = Dc(x). Let

f1(g) = log pdet(Q · g ·Q),

f2(g) = log det g + log det Jg−1J⊤ − log detJJ⊤.

Clearly, f1(I) = f2(I) = 0, and hence it suffices to prove that their derivatives are the

same.

Note that Range(Q · g ·Q) = Null(J) and Range(J⊤) is the orthogonal complement of

Null(J). Since J⊤(JJ⊤)−1J is the orthogonal projection to Range(J⊤), all of its eigen-

vectors in Range(J⊤) have eigenvalue 1 and all the rest in Null(J) have eigenvalue 0.

Therefore, by padding eigenvalue 1 on Range(J⊤) = Null(J)⊥ = Range(QgQ)⊥, we have

pdet(Q · g ·Q) = det(Q · g ·Q+ J⊤(JJ⊤)−1J)

= det(Q · g ·Q+ (I −Q)).

UsingD log detA(g)[u] = Tr(A(g)−1DA(g)[u]), the directional derivative of f1 on direction

u is

Df1(g)[u] = Tr
(
(Q · g ·Q+ (I −Q))−1Q · u ·Q

)
.

Let N = (Q · g ·Q)†. As shown in the proof of Lemma 16, we have NQ = QN = N and

QgN = Q. By using these identities, we can manually check that (Q · g ·Q+(I −Q))−1 =

N + (I −Q). Hence,

Df1(g)[u] = Tr ((N + (I −Q))Q · u ·Q) = Tr(NuQ)

= Tr(QNu) = Tr(Nu)

where we used idempotence of the projection matrix Q (i.e., Q2 = Q).

On the other hand, we have

Df2(g)[u] = Tr(g−1u)− Tr
(
(Jg−1J⊤)−1(Jg−1ug−1J⊤)

)
= Tr

(
(g−1 − g−1J⊤(Jg−1J⊤)−1Jg−1)u

)
= Tr(Nu)

where we used the alternative formula of N in Lemma 16. This shows that the derivative

of f1 equals to that of f2 at any point g ≻ 0. Since the set of positive definite matrices is

connected and f1(I) = f2(I), this implies that f1(g) = f2(g) for all g ≻ 0.
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Combining Lemma 16 and Lemma 17, we have the following formula of the Hamilto-

nian.

H(x, v) =H0(x, v) + λ(x, v)⊤c(x),

H0(x, v) =f(x) +
1

2
v⊤g(x)−

1
2

(
I − g(x)−

1
2 ·Dc(x)⊤(Dc(x) · g(x)−1 ·Dc(x)⊤)−1Dc(x) · g(x)−

1
2

)
g(x)−

1
2 v

+
1

2

(
log det g(x) + log det

(
Dc(x) · g(x)−1 ·Dc(x)⊤

)
− log det

(
Dc(x) ·Dc(x)⊤

))
.

Simplification for subspace constraints

For the case c(x) = Ax− b, the constrained Hamiltonian is

H(x, v) =f(x) +
1

2
v⊤g−

1
2 (I − P ) g−

1
2 v +

1

2

(
log det g + log detAg−1A⊤ − log detAA⊤

)
+ λ⊤c

(F.2)

where P = g−
1
2A⊤(Ag−1A⊤)−1Ag−

1
2 . The following lemma shows that the dynamics

corresponding to H above is equivalent to a simpler Hamiltonian. The key observation is

that the algorithm only needs to know x(h) in the HMC dynamics, and not v(h). Thus

we can replace H by any other H that produces the same x(h).

Lemma 18. The Hamiltonian dynamics of x corresponding to (F.2) is same as the dy-

namics of x corresponding to

H(x, v) = f(x) +
1

2
v⊤g−

1
2 (I − P ) g−

1
2 v +

1

2

(
log det g + log detAg−1A⊤

)
(F.3)

where P = g−
1
2A⊤(Ag−1A⊤)−1Ag−

1
2 . Furthermore, we have

dx

dt
= g−

1
2 (I − P ) g−

1
2 v, (F.4)

dv

dt
= −∇f(x) + 1

2
Dg

[
dx

dt
,
dx

dt

]
− 1

2
Tr(g−

1
2 (I − P ) g−

1
2Dg). (F.5)

Proof. Note that the dynamics of x corresponding to (F.2) is given by

dx

dt
=
∂H

∂v
= g−

1
2 (I − P ) g−

1
2 v + (Dvλ)

⊤c

= g−
1
2 (I − P ) g−

1
2 v (F.6)

where we used that c(x) = 0 (Lemma 15).

Now let us compute the dynamics of v. Note that

v⊤g−
1
2 (I − P ) g−

1
2 v = v⊤g−1v − v⊤g−1A⊤(A · g−1 ·A⊤)−1Ag−1v.
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Hence, we have

Dx

(
1

2
v⊤g−

1
2 (I − P ) g−

1
2 v

)
=− 1

2
v⊤g−1 ·Dg · g−1v + v⊤g−1 ·Dg · g−1A⊤(A · g−1 ·A⊤)−1Ag−1v

− 1

2
v⊤g−1A⊤(A · g−1 ·A⊤)−1A · g−1 ·Dg · g−1 ·A⊤(A · g−1 ·A⊤)−1Ag−1v

=− 1

2
v⊤g−

1
2 (I − P )g−

1
2 ·Dg · g−

1
2 (I − P )g−

1
2 v

=− 1

2
Dg

[
dx

dt
,
dx

dt

]
,

where we used dx
dt = g−

1
2 (I − P )g−

1
2 v in (F.6). Therefore, it follows that

dv

dt
= −∂H

∂x
− (Dvλ)

⊤c−A⊤λ (F.7)

= −∇f(x) + 1

2
Dg

[
dx

dt
,
dx

dt

]
− 1

2
Tr(g−1Dg) (F.8)

+
1

2
Tr
(
(Ag(x)−1A⊤)−1Ag(x)−1 ·Dg · g(x)−1A⊤

)
−A⊤λ

= −∇f(x) + 1

2
Dg

[
dx

dt
,
dx

dt

]
− 1

2
Tr(g−

1
2 (I − P ) g−

1
2Dg)−A⊤λ

where we used that c = 0 again in the second equality.

Recall that dx
dt = g−

1
2 (I − P ) g−

1
2 v. In this formula, let us perturb v by A⊤y for any y

as follows.

(I − P ) g−
1
2 (v +A⊤y) = (I − P ) g−

1
2 v +

(
I − g−

1
2A⊤(Ag−1A⊤)−1Ag−

1
2

)
g−

1
2A⊤y

= (I − P ) g−
1
2 v + (g−

1
2A⊤y − g−

1
2A⊤(Ag−1A⊤)−1(Ag−1A⊤)y)

= (I − P ) g−
1
2 v + (g−

1
2A⊤y − g−

1
2A⊤y)

= (I − P ) g−
1
2 v.

Hence, removing A⊤λ from dv
dt in (F.7) does not change the dynamics of x, and thus we

have the new dynamics given simply by (F.4) and (F.5). By repeating this proof, one can

check that the simplified Hamiltonian (F.3) also yields (F.4) and (F.5).

Efficient Computation of Leverage Score

In this section, we discuss how we efficiently compute the diagonal entries of

A⊤(Ag−1A⊤)−1A. Our idea is based on the fact that certain entries of (Ag−1A⊤)−1 can be

computed as fast as computing sparse Cholesky decomposition of Ag−1A⊤ [Tak73, CD95],

which can be O(n) time faster than computing (Ag−1A⊤)−1 in many settings.
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For simplicity, we focus on the case g(x) as a diagonal matrix, since we use the log-

barrier ϕ(x) = −
∑m

i=1(log(xi− li)+log(ui−xi)) in implementation. We first note that we

maintain a “sparsity pattern” sp(M) of a sparse matrix M so that we handle only these

entries in downstream tasks. The sparsity pattern indicates “candidates” of nonzero entries

of a matrix (i.e., sp(M) ⊇ nnz(M) = {(i, j) : Mij ̸= 0}). For instance, it is obvious that

sp(cc⊤) = {(i, j) : cicj ̸= 0} = nnz(cc⊤) for a column vector c and that sp(Ag−1A⊤) =⋃
i∈[n] sp(AiA

⊤
i ) follows from the equality Ag−1A⊤ =

∑n
i=1(Ag

− 1
2 )i(Ag

− 1
2 )⊤i , where Mi

denote the ith column ofM (See Theorem 2.1 in [Dav06]). Then we compute the Cholesky

decomposition to obtain a sparse triangular matrix L such that LL⊤ = Ag−1A⊤ with a

property sp(Ag−1A⊤) ⊆ sp(L⊤) ∪ sp(L) (See Theorem 4.2 in [Dav06]).

Once the sparsity pattern of L is identified, we compute S := (Ag−1A⊤)−1|sp(L), the

restriction of S to sp(L), that is, the inverse matrix S is computed only for entries in

sp(L). [Tak73, CD95] showed that this matrix S can be computed as fast as the Cholesky

decomposition of Ag−1A⊤.

For completeness, we explain how they compute S efficiently. Let L0DL
⊤
0 be the LDL

decomposition of Ag−1A⊤ such that the diagonals of L0 is one and so L = L0D
1
2 , and it

easily follows that

S = D−1L−1
0 + (I − L⊤

0 )S = D− 1
2L−1 + (I − L⊤D− 1

2 )−1S.

Since D−1L−1
0 is lower triangular and I − L⊤

0 is strictly upper triangular, symmetry of S

implies that S can be computed from the bottom row to the top row one by one. We note

that the computation of S on any entry in sp(L) only requires previously computed S on

entries in sp(L), due to the sparsity pattern of I − L⊤D− 1
2 . [Tak73, CD95] showed that

the total cost of computing S is O(
∑n

i=1 n
2
i ) for backward substitution, where ni is the

number of nonzeros in the ith column of L. This exactly matches the cost of computing

L. In our experiments, for many sparse matrices A, we found that O(
∑n

i=1 n
2
i ) is roughly

O(n1.5) and it is much faster than dense matrix inverse.

We have presented methods to save computational cost, avoiding full computation of

the inverse (Ag−1A⊤)−1. This attempt is justified by the fact that only entries of Ag−1A⊤

in sp(L) ∪ sp(L⊤) matter in computing diag(A⊤SA) = diag(A⊤(Ag−1A⊤)−1A).

Lemma 19. Computation of diag(A⊤(Ag−1A⊤)−1A) involves accessing only entries of

(Ag−1A⊤)−1 in sp(Ag−1A⊤).
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Proof. Let M := (Ag−1A⊤)−1 ∈ Rm×m, σi := (A⊤(Ag−1A⊤)−1A)ii for i ∈ [n], and ai be

the ith column of A. Observe that

σi = a⊤i (Ag
−1A⊤)−1ai = Tr(a⊤i Mai) = Tr(Maia

⊤
i ).

As the entries of M only in sp(aia
⊤
i ) matter when computing the trace, we have that all

the entries of M used for computing σi for all i ∈ [n] are included in
⋃n
i=1 sp(aia

⊤
i ) =

sp(Ag−1A⊤).

Now let us divide the diagonals of S by 2. Then we have (Ag−1A⊤)−1|sp(L)∪sp(L⊤) =

S + S⊤ and thus

diag(A⊤(Ag−1A⊤)−1A) = diag(A⊤(Ag−1A⊤)−1|sp(L)∪sp(L⊤)A)

= diag(A⊤SA+A⊤S⊤A) = 2 · diag(A⊤SA)

and the last term can be computed efficiently using S. In our experiment, the cost of

computing leverage score is roughly twice the cost of computing Cholesky decomposition

in all datasets.

Finally, we discuss another approach to compute leverage score with the same asymp-

totic complexity. We consider the function

V (g) = log detAg−1A⊤

where g is a sparse matrix g ∈ Rsp(g) and V is defined only on Rsp(g). Note that V (g) can

be computed using Cholesky decomposition of A⊤g−1A⊤ and multiplying the diagonal of

the decomposition. Next, we note that

∇V (g) = −(g−1A⊤(Ag−1A⊤)−1Ag−1)|sp(g).

Hence, we can compute leverage score by first computing ∇V (g) via automatic differentia-

tion, and the time complexity of computing ∇V is only a small constant factor more than

the time complexity of computing V [GW08]. The only problem with this approach is that

the Cholesky decomposition algorithm is an algorithm involving a large loop and sparse

operations and existing automatic differentiation packages are not efficient to differentiate

such functions.

F.2.3 Stationarity of CRHMC

Now, the ideal CRHMC (or the continuous CRHMC) is the same as Algorithm 13 with

the simplified constrained Hamiltonian H in place of the unconstrained Hamiltonian. In
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this section, we prove that the Markov chain defined by the ideal CRHMC projected to

x satisfies detailed balance with respect to its target distribution proportional to e−f(x)

subject to c(x) = 0, leading to the target distribution being stationary.

To this end, we introduce a few notations here. Let M = {x ∈ Rn : c(x) = 0} be a

manifold in Rn and π(x) be a desired distribution onM proportional to e−f(x) satisfying∫
M π(x)dx = 1 (to be precise, the Radon-Nikodym derivative of π w.r.t. the Hausdorff

measure on the manifoldM is proportional to e−f(x)). We denote the set of velocity v at

x ∈ M (i.e., cotangent space) by TxM = Null(Dc(x)) = {v ∈ Rn : Dc(x)M(x)†v = 0}.

Let Th be the map sending (x, v) to (x′, v′) = (x(h), y(h)) in the Hamiltonian ODE (Step

2 of Algorithm 13) and define Fx,h(v) := (π1 ◦ Th)(x, v) = x′, where π1(x, v) := x is the

projection to the position space x. For a matrix A, we denote by |A| the absolute value

of its determinant |det(A)|.

Note that we check the detailed balance of the induced chain on the “original (x)”

space without moving to the “phase (x, v)” space, unlike Brubaker’s proof [BSU12].

Theorem 20. For x, x′ ∈ M, let Px(x
′) be the probability density of the one-step dis-

tribution to x′ starting at x in CRHMC (i.e., transition kernel from x to x′). It satisfies

detailed balance with respect to the desired distribution π (i.e., π(x)Px(x
′) = π(x′)Px′(x)).

Proof. Fix x and x′ in M. Let C1 be the normalization constant of e−f(x) (i.e., π(x) =

C1e
−f(x)). The transition kernel Px(x

′) is characterized as the pushforward by Fx,h of the

probability measure v ∼ N (0,M(x)) on TxM, so it follows that

Px(x
′) = C2

∫
Vx

e−
1
2
log pdet(M(x))− 1

2
v⊤M(x)†v

|DFx,h(v)|
dv,

where C2 is the normalization constant of e−
1
2
log pdet(M(x))− 1

2
v⊤M(x)†v and Vx = {v ∈ TxM :

Fx,h(v) = x′} is the set of velocity in cotangent space at x such that the Hamiltonian ODE

with step size h sends (x, v) to (x′, v′). (Further details for deducing the 1-step distribution

can be found in Lemma 10 of [LV18]) As c(x) = 0 for x ∈M, it follows that

π(x)Px(x
′)

= C1C2

∫
Vx

e−f(x)−
1
2
log pdet(M(x))− 1

2
v⊤M(x)†v−λ(x,v)⊤c(x)

|DFx,h(v)|
dv = C1C2

∫
Vx

e−H(x,v)

|DFx,h(v)|
dv.

Going forward, we use three important properties of the Hamiltonian dynamics includ-

ing reversibility, Hamiltonian preservation, and volume preservation, which still hold for

the constrained Hamiltonian H. Due to reversibility T−h(x
′, v′) = (x, v), we can write
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π(x′)Px′(x) = C1C2

∫
Vx′

e−H(x′,v′)

|DFx′,−h(v′)|
dv′,

where Vx′ = {v′ ∈ Tx′M : Fx′,−h(v
′) = x} is the counterpart of Vx. From reversibility

T−h ◦ Th = I, the inverse function theorem implies DT−h = (DTh)
−1. Now let us denote

DTh(x, v) =

 A B

C D

 & DT−h(x
′, v′) =

 A′ B′

C ′ D′

 ,
where each entry is a block matrix with the same size. Note that DFx,h(v) = B and

DFx′,−h(v
′) = B′ hold by the definition of Jacobian. Together with DT−h = (DTh)

−1, a

formula for the inverse of a block matrix results in

|DFx′,−h(v′)| = |B′| = |B|
|D||A−BD−1C|

=
|B|

|DTh(x, v)|
= |B| = |DFx,h(v)|,

where we use the property of volume preservation in the fourth equality (i.e., |DTh(x, v)| =

1). Finally, the property of Hamiltonian preservation implies H(x, v) = H(x′, v′) and thus

∫
Vx′

e−H(x′,v′)

|DFx′,−h(v′)|
dv′ =

∫
Vx

e−H(x,v)

|DFx,h(v)|
dv.

Therefore, π(x)Px(x
′) = π(x′)Px′(x) holds.

Similar reasoning as Theorem 3 and Lemma 1 in [BSU12] gives π-irreducibility and

aperiodicity of the process, so CRHMC converges to the unique stationary distribution

π ∝ e−f(x).

F.3 Discretization

We discuss how to implement our Hamiltonian dynamics using the implicit midpoint

method in Section F.3.1 and present theoretical guarantees of correctness and efficiency

of the discretized CRHMC in Section F.3.2.

F.3.1 Discretized CRHMC based on Implicit Midpoint Integrator

In our algorithm, we discretize the Hamiltonian process into steps of step size h and run

the process for T iterations (see Algorithm 15). Rather than resampling the velocity at

every step, we may change the velocity more gradually, using the following update:

v′ ←
√
βv +

√
1− βz



291

where z ∼ N (0,M(x)) and β is a parameter. We note that this step is time-reversible,

i.e., P(v|x)P(v → v′) = P(v′|x)P(v′ → v) (see Theorem 22). Starting from (x(0), v(0)),

let (x(t), v(t)) be the point obtained after iteration t. In the beginning of each iteration,

we compute the Cholesky decomposition of Ag(x)−1A⊤ for later use and resample the

velocity with momentum. As noted previously in Lemma 18, for c(x) = Ax − b we can

just use the simplified Hamiltonian in (F.3),

H(x, v) = f(x) +
1

2
v⊤g(x)−

1
2 (I − P (x)) g(x)−

1
2 v +

1

2

(
log det g(x) + log detAg(x)−1A⊤

)
instead of the constrained Hamiltonian H + λ⊤c. We solve the Hamiltonian dynamics for

H by the implicit midpoint method, which we will discuss below, and then use a Metropolis

filter on H to ensure the distribution is correct.

Implicit Midpoint Method. For general Riemannian manifolds, explicit integrators

such as the leapfrog method (LM) are not symplectic, unlike IMM. LM is symplectic when

the Hamiltonian equations are separable (i.e., each of dx/dt and dv/dt is a function of either

x or v only). However, in the general Riemannian manifold setting, where dx/dt depends

on position x due to mass matrices (which is g(x) in our paper) as well as velocity v, the

Hamiltonian is no longer separable, which prevents us from using LM. We refer interested

readers to Section 3 and Section 4.1 in [CBMR19].

We now elaborate on how the implicit midpoint integrator works (see Algorithm

16), which is symplectic (so measure-preserving) and reversible [HHIL06]. Let us write

H(x, v) = H1(x, v) +H2(x, v), where

H1(x, v) = f(x) +
1

2

(
log det g(x) + log detAg(x)−1A⊤

)
,

H2(x, v) =
1

2
v⊤g(x)−

1
2 (I − P (x)) g(x)−

1
2 v.

Starting from (x0, v0), in the first step of the integrator, we run the process on the

Hamiltonian H1 with step size h
2 to get (x1/3, v1/3), and this discretization leads to

x1/3 = x0 + h
2
∂H1
∂v (x0, v0) and v1/3 = v0 − h

2
∂H1
∂x (x0, v0). Note that x1/3 = x0 due to

∂H1
∂v = 0. In the second step of the integrator, we run the process on H2 with step size h

by solving

x 2
3
= x 1

3
+ h

∂H2

∂v

(x 1
3
+ x 2

3

2
,
v 1

3
+ v 2

3

2

)
,

v 2
3
= v 1

3
− h∂H2

∂x

(x 1
3
+ x 2

3

2
,
v 1

3
+ v 2

3

2

)
.
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To this end, starting from x2/3 = x1/3 and v2/3 = v1/3, we apply x2/3 ← x1/3 +

h∂H2
∂v

(
x1/3+x2/3

2 ,
v1/3+v2/3

2

)
and v2/3 ← v1/3 − h∂H2

∂x

(
x1/3+x2/3

2 ,
v1/3+v2/3

2

)
iteratively with

the following subroutine for computing ∂H2
∂v and ∂H2

∂x . According to Lemma 18, this com-

putation involves solving g(x)−1A⊤ (Ag(x)−1A⊤)−1
Ag(x)−1v for some v and x. To com-

pute
(
Ag(x)−1A⊤)−1

Ag(x)−1v, we use the Newton’s method, which iteratively computes

ν ← ν+M−1Ag(x)−1
(
v −A⊤ν

)
for some M . Note that the Newton’s method guarantees

that ν converges to M−1Ag(x)−1v if M is invertible. Here, we choose M = Ag(x(t))−1A⊤

to ensure fast convergence. Since we have already computed the Cholesky decomposition

of M in the beginning, M−1Ag(x)−1
(
v −A⊤ν

)
can be computed efficiently by backward

and forward substitution. In the third step of the integrator, we run the process on the

Hamiltonian H1 with step size h
2 again to get (x1, v1), which results in x1 = x2/3 and

v1 = v2/3 − h
2
∂H1
∂x (x1, v2/3).

We note that CRHMC is affine-invariant and provably independent of condition num-

ber (Theorem 29), and thus the step size and momentum only need to depend on the

dimension. In practice, we set the momentum to roughly 1 − h, and for the step size h,

we decrease it until the acceptance probability is close enough to 1 during the warm-up

phase. Empirically, we found that the step size stays between 0.05 and 0.2 in practice even

for high dimensional ill-conditioned polytopes. This step size is remarkable, given that for

these instances a standard package like STAN ends up selecting a small step size like 10−8

and thus fails to converge.

Putting Algorithm 15 and Algorithm 16 together, we obtain discretization of con-

strained Riemannian Hamiltonian Monte Carlo algorithm.

F.3.2 Theoretical Guarantees

In terms of efficiency, we first show that one iteration of Algorithm 15 incurs the cost of

solving a few Cholesky decomposition and O(K) sparse triangular systems. We also show

in Lemma 23 that the implicit midpoint integrator converges to the solution of Eq. (F.9)

in logarithmically many iterations. Regarding correctness, Theorem 22 and Lemma 23

together show that the discretized CRHMC (Algorithm 15) converges to the stationary

distribution indeed (see Remark 24).

Theorem 21. The cost of each iteration of Algorithm 15 is solving O(1) Cholesky decom-

position and O(K) triangular systems, where K is the number of iterations in Algorithm

16.
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Algorithm 15 Discretized Constrained Riemannian Hamiltonian Monte Carlo with Momentum

Input: Initial point x(0), velocity v(0), record frequency T , step size h, ODE steps K

for t = 1, 2, · · · , T do

Let v = v(t−1) and x = x(t−1).

Step 1: Resample v with momentum

Let z ∼ N (0,M(x)). Update v:

v ←
√
βv +

√
1− βz.

Step 2: Solve dx
dt =

∂H(x,v)
∂v , dvdt = −

∂H(x,v)
∂x via the implicit midpoint method

Use Implicit Midpoint Method(x, v, h,K) to find (x′, v′) such that

v 1
3
= v − h

2

∂H1(x, v)

∂x
, (F.9)

x′ = x+ h
∂H2(

x+x′

2 ,
v1/3+v2/3

2 )

∂v
, v 2

3
= v 1

3
− h

∂H2(
x+x′

2 ,
v1/3+v2/3

2 )

∂x
,

v′ = v 2
3
− h

2

∂H1(x
′, v 2

3
)

∂x
.

Step 3: Filter

With probability min
{
1, e

−H(x′,v′)

e−H(x,v)

}
, set x(t) ← x′ and v(t) ← v′.

Otherwise, set x(t) ← x and v(t) ← −v.

end for

Output: x(T )

Proof. We first solve the Cholesky decomposition to get Lt−1L
⊤
t−1 = Ag(x(t−1))−1A⊤ at

the beginning of iteration. Recall that

H(x, v) = H1(x, v) +H2(x, v)

=

(
f(x) +

1

2
(log det g(x) + log detAg(x)−1A⊤)

)
+

(
1

2
v⊤g(x)−

1
2

(
I − g(x)−

1
2A⊤(Ag(x)−1A⊤)−1Ag(x)−

1
2

)
g(x)−

1
2 v

)
.

The value of H(x(t−1), v(t−1)) should be computed later for the filter step and can be

efficiently computed by the given Lt−1L
⊤
t−1 = Ag(x(t−1))−1A⊤and solving two sparse tri-
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Algorithm 16 Implicit Midpoint Method

Input: Initial point x(0), velocity v(0), record frequency T , step size h, ODE steps K

Set x 1
3
← x and v 1

3
← v − h

2
∂H1(x,v)

∂x .

Set ν ← 0.

for k = 1, 2, · · · ,K do

Let xmid ← 1
2

(
x 1

3
+ x 2

3

)
and vmid ← 1

2

(
v 1

3
+ v 2

3

)
Set ν ← ν +

(
LL⊤)−1

Ag(xmid)
−1
(
vmid −A⊤ν

)
Set x 2

3
← x 1

3
+ hg(xmid)

−1
(
vmid −A⊤ν

)
and v 2

3
← v 1

3
+

h
2Dg(xmid)

[
g(xmid)

−1
(
vmid −A⊤ν

)
, g(xmid)

−1
(
vmid −A⊤ν

)]
Set x1 ← x 2

3
and v1 ← v 2

3
− h

2
∂H1
∂x (x 2

3
, v 2

3
).

end for

Output: x1,v1

angular systems (i.e., L−⊤
t−1(L

−1
t−1(Ag(x)

− 1
2 ))). We need the same cost (i.e., Cholesky de-

composition and solving two triangular systems) for the value of H(x′, v′), where (x′, v′) is

the output of Algorithm 16. We note that L inherits sparsity of A and thus each triangular

system can be solved efficiently by backward and forward substitution.

In the implicit midpoint method, one main component is computation of ∂H1(x,v)
∂x in

Step 1 and ∂H1
∂x (x 2

3
, v 2

3
) in Step 3 due to leverage scores. As seen in Section F.2.2, the cost

for these computations is within a constant factor of solving the Cholesky decomposition

for Ag(x(t−1))−1A⊤ and Ag(x 2
3
)−1A⊤. Another component is solving O(K) triangular

systems to update ν in Step 2.

Adding up all these costs, each iteration of Algorithm 15 only requires solving O(1)

Cholesky decomposition and O(K) sparse triangular systems.

Theorem 22. The Markov chain defined by Algorithm 15 projected to x has a station-

ary density proportional to exp(−f(x)), and is irreducible and aperiodic. Therefore, this

Markov chain converges to the stationary distribution.

Proof. Each iteration consists of two stages: resampling velocity with momentum in Step

1 (i.e., (x, v) to (x, v)) and solving ODE followed by the filter in Step 2 and 3 (i.e., (x, v)

to (x′, v′)). To prove the claim, we show that Step 1 is time-reversible with respect to the

conditional distribution π(v|x) and that Step 2 followed by Step 3 is also time-reversible

with respect to π(x, v).
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We begin with the first part. We have π(v|x) = N (0,M(x)) due to the definition of H.

Since v|x ∼ N (0,M(x)) and z ∼ N (0,M(x)) are independent Gaussians, the update rule

v =
√
βv+

√
1− βz implies π(v|x) = N (0,M(x)). Let P(z) be the probability density and

C be the normalization constant for Gaussian N (0,M(x)). Then, the time-reversibility

w.r.t. π(v|x) is immediate from the following computation:

π(v|x)P(v → v) = C2 exp(−1

2
v⊤M †v) · exp(−1

2

(v −
√
βv)⊤M †(v −

√
βv)

1− β
)

= C2 exp

(
−1

2

(
v⊤M †v +

v⊤M †v

1− β
+
βv⊤M †v

1− β
−
√
β

1− β
(v⊤M †v + v⊤M †v)

))
= C2 exp

(
−1

2

(
v⊤M †v

1− β
+
v⊤M †v

1− β
−
√
β

1− β
(v⊤M †v + v⊤M †v)

))
,

π(v|x)P(v → v) = C2 exp(−1

2
v⊤M †v) · exp(−1

2

(v −
√
βv)⊤M †(v −

√
βv)

1− β
)

= C2 exp

(
−1

2

(
v⊤M †v +

v⊤M †v

1− β
+
βv⊤M †v

1− β
−
√
β

1− β
(v⊤M †v + v⊤M †v)

))
= C2 exp

(
−1

2

(
v⊤M †v

1− β
+
v⊤M †v

1− β
−
√
β

1− β
(v⊤M †v + v⊤M †v)

))
=⇒ π(v|x)P(v → v) = π(v|x)P(v → v).

The second part follows from a stronger statement due to symmetry of v in H(x, v): In

the space where (x, v) and (x,−v) are identified, the Markov chain defined by Step 2 and 3

satisfies detailed balance with respect the density π([x, v]) proportional to exp(−H(x, v)),

where [x, v] denotes the identified point for (x, v) and (x,−v). Consider the pairs [x, v] =

{(x, v), (x,−v)} and [x′, v′] = {(x′, v′), (x′,−v′)} where in Step 2 (x, v) goes to (x′, v′) and

(x′,−v′) goes to (x,−v) due to reversibility of the implicit midpoint method. We now verify

that the filtering probability is the same in either direction, using the measure-preserving

property of Step 2

π(x, v)P
(
(x, v)→ (x′, v′)

)
= π(x, v)min

{
1,
π(x′, v′)

π(x, v)

}
= min

{
π(x, v), π(x′, v′)

}
= min

{
π(x,−v), π(x′,−v′)

}
= π(x′,−v′)min

{
1,

π(x,−v)
π(x′,−v′)

}
= π(x′,−v′)P

(
(x′,−v′)→ (x,−v)

)
.

Therefore, for any two pairs [x, v] and [x′, v′], we have π([x, v])P ([x, v]→ [x′, v′]) =

π([x′, v′]P ([x′, v′]→ [x, v]), and thus this detailed balance implies that the target den-

sity is stationary.



296

Its irreducibility is implied by the non-zero lower bound on the conductance of the

discretized CRHMC (Theorem 29). To see this, let A and B be two subsets of positive

measure such that one subset is not reachable from another in infinitely many steps. Take

the set R of reachable points from A via running the Markov chain, and note that R and

Rc(⊇ B) have non-zero measures. However, the non-zero conductance, meaning that there

must be a positive probability of stepping out of R, which contradicts the definition of R.

Now for aperiodicity, as assumed at the beginning of the mixing rate proof (Appendix F.4),

we consider a lazy version of the discretized CRHMC instead, which makes the chain stay

where it is at with probability 1/2 at each iteration, which prevents potential periodicity

of the process. Note that this modification worsens the mixing rate only by a factor of 2.

Putting these three together, we can show that the discretized CRHMC converges to

the target distribution.

Now we show in Lemma 23 that the implicit midpoint method (Algorithm 16) converges

to the solution of (F.9) in logarithmically many iterations. To show the convergence of

Algorithm 16, we denote by T the map induced by one iteration of Step 2.

Definition 10. Let

T (x, v, ν) =


x 1

3
+ hg(xmid)

−1(vmid −A⊤λ1)

v 1
3
+ h

2Dg(xmid)[g(xmid)
−1(vmid −A⊤λ1), g(xmid)

−1(vmid −A⊤λ1)]

λ1

 ,

where xmid = 1
2(x 1

3
+x), vmid = 1

2(v 1
3
+v), and λ1 = ν+(LL⊤)−1Ag(xmid)

−1
(
vmid −A⊤ν

)
.

Let (x∗2
3

, v∗2
3

, ν∗) be the fixed point of T .

We assume that g is given by the Hessian of a highly self-concordant barrier ϕ (see

F.5.2). Note that the log-barrier is highly self-concordant. We can show that for small

enough step size h, Algorithm 16 can solve (F.9) to δ-accuracy in logarithmically many

iterations.

Lemma 23. Suppose g(x) = ∇2ϕ(x) for some highly self-concordant barrier ϕ. For any

input (x 1
3
, v 1

3
), let (x

(k)
2
3

, v
(k)
2
3

, ν(k)) be points obtained after k iterations in Step 2 of Algo-

rithm 16. Let (x̃ 2
3
, ṽ 2

3
) be the solution for (x 2

3
, v 2

3
) in the following equation

x 2
3
= x 1

3
+ h

∂H2

∂v

(x 1
3
+ x 2

3

2
,
v 1

3
+ v 2

3

2

)
, v 2

3
= v 1

3
− h∂H2

∂x

(x 1
3
+ x 2

3

2
,
v 1

3
+ v 2

3

2

)
.
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Let ∥x∥A :=
√
x⊤Ax for a matrix A. For any (x, v, ν), define the norm

∥(x, v, λ)∥ := ∥x∥g(x 1
3
) + ∥v∥g(x 1

3
)−1 + h∥A⊤ν∥g(x 1

3
)−1 .

If

∥∥∥∥(x(0)2
3

, v
(0)
2
3

, ν(0))− (x̃ 2
3
, ṽ 2

3
, ν∗)

∥∥∥∥ ≤ r with h ≤ r ≤ min( 1
10 ,

√
h
4 ,

∥v∗∥g(x0)−1

4 ), then

∥∥∥∥(x(L)2
3

, v
(L)
2
3

, ν(L))− (x̃ 2
3
, ṽ 2

3
, ν∗)

∥∥∥∥ ≤ δ
for some L = O

(
log1/C

r
δ

)
, where C = On(h) is the Lipschitz constant of the map T .

Proof. Since (x∗2
3

, v∗2
3

, ν∗) is the fixed point of T (i.e., ν∗ = λ1), we have

ν∗ = ν∗ + (LL⊤)−1Ag(xmid)
−1
(
vmid −A⊤ν∗

)
and thus Ag(xmid)

−1vmid = Ag(xmid)
−1A⊤ν∗. For invertible Ag(xmid)

−1A⊤, we have

ν∗ =
(
Ag(xmid)

−1A⊤
)−1

Ag(xmid)
−1vmid.

Similarly by using the definition of the fixed point and this new formula for ν∗,

x∗2
3

= x 1
3
+ hg(xmid)

−1vmid − hg(xmid)
−1A⊤ν∗

= x 1
3
+ hg(xmid)

−1vmid − hg(xmid)
−1A⊤

(
Ag(xmid)

−1A⊤
)−1

Ag(xmid)
−1vmid

= x 1
3
+ h

∂H2

∂v
(xmid, vmid)

and

v∗2
3

= v 1
3
+
h

2
Dg(xmid)[g(xmid)

−1(vmid −A⊤ν∗), g(xmid)
−1(vmid −A⊤ν∗)]

= v 1
3
− h∂H2

∂x
(xmid, vmid)

which shows that (x∗2
3

, v∗2
3

) is exactly the solution for (x, v) in the equation

x = x 1
3
+ h

∂H2

∂v

(x 1
3
+ x

2
,
v 1

3
+ v

2

)
, v = v 1

3
− h∂H2

∂x

(x 1
3
+ x

2
,
v 1

3
+ v

2

)
.

Next, we show that the iterations in Step 2 converges to (x∗2
3

, v∗2
3

, ν∗). If∥∥∥∥(x(0)2
3

, v
(0)
2
3

, ν(0))− (x∗2
3

, v∗2
3

, ν∗)

∥∥∥∥ ≤ r for some C = On(h), we have

∥∥∥∥(x(ℓ)2
3

, v
(ℓ)
2
3

, ν(ℓ))− (x∗2
3

, v∗2
3

, ν∗)

∥∥∥∥ =

∥∥∥∥T (x(ℓ−1)
2
3

, v
(ℓ−1)
2
3

, ν(ℓ))− T (x∗2
3

, v∗2
3

, ν∗)

∥∥∥∥
≤ C

∥∥∥∥(x(ℓ−1)
2
3

, v
(ℓ−1)
2
3

, ν(ℓ−1))− (x∗2
3

, v∗2
3

, ν∗)

∥∥∥∥
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≤ Cℓ
∥∥∥∥(x(0)2

3

, v
(0)
2
3

, ν(0))− (x∗2
3

, v∗2
3

, ν∗)

∥∥∥∥ ,
where the first equality follows from (x∗2

3

, v∗2
3

, ν∗) is the fixed point of T and the second

inequality follows from Lemma 26. Therefore, we have

∥∥∥∥(x(L)2
3

, v
(L)
2
3

, ν(L))− (x∗2
3

, v∗2
3

, ν∗)

∥∥∥∥ ≤
δ for L = O

(
logC

r
δ

)
.

Remark 24. Lemma 23 shows that Algorithm 16 converges to the solution of (F.9) in

logarithmically many iterations for small enough step size h. In Step 1 of Algorithm 15, v is

resampled so that every iteration of Algorithm 15 is a non-degenerate map. Then, the total

variation distance between the distributions generated by solving (F.9) using Algorithm 16

and solving (F.9) exactly in one iteration of Algorithm 15 can be bounded by error due

to Algorithm 16. Theorem 22 shows that the process will converge to the exact stationary

distribution. Therefore, in order for the accumulated error of Algorithm 15 to remain

bounded for polynomially many steps, it suffices to run logarithmically many iterations

in Algorithm 16. Any small bias due to the numerical error in the ODE computation is

corrected by the filter, and maintaining as small error as possible is important to keep the

acceptance probability high.

F.3.3 Deferred Proof

Lemma 25 ([KLSV22c], Lemma 28). Suppose g(x) = ∇2ϕ(x) for some highly self-

concordance barrier ϕ. Then, we have that

• (1− ∥y − x∥g(x))2g(x) ⪯ g(y) ⪯ 1
(1−∥y−x∥g(x))2

g(x).

• ∥Dg(x)[v, v]∥g(x)−1 ≤ 2∥v∥2g(x).

• ∥Dg(x)[v, v]−Dg(y)[v, v]∥g(x)−1 ≤ 6
(1−∥y−x∥g(x))3

∥v∥2g(x)∥y − x∥g(x).

• ∥Dg(x)[v, v]−Dg(x)[w,w]∥g(x)−1 ≤ 2 ∥v − w∥g(x) ∥v + w∥g(x).

Lemma 26. Let g(x) = ∇2ϕ(x) for some highly self-concordance barrier ϕ. Given x0, v0

and L such that LL⊤ = Ag(x0)
−1A⊤, consider the map

T (x, v, λ) =


x0 + hg(x1/2)

−1(v1/2 −A⊤λ1)

v0 +
h
2Dg(x1/2)[g(x1/2)

−1(v1/2 −A⊤λ1), g(x1/2)
−1(v1/2 −A⊤λ1)]

λ1


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where x1/2 = (x0+x)/2, v1/2 = (v0+v)/2 and λ1 = λ+(LL⊤)−1Ag(x1/2)
−1
(
v1/2 −A⊤λ

)
.

Let (x∗, v∗, λ∗) be a fixed point of T . For any x, v, λ, we define the norm

∥(x, v, λ)∥ = ∥x∥g(x0) + ∥v∥g(x0)−1 + h∥A⊤λ∥g(x0)−1 .

Let Ω = {(x, v, λ) : ∥(x, v, λ) − (x∗, v∗, λ∗)∥ ≤ r} with h ≤ r ≤ min( 1
10 ,

√
h
4 ,

∥v∗∥g(x0)−1

4 ).

Suppose that (x0, v0, 0) ∈ Ω. Then, for any (x, v, λ), (x, v, λ) ∈ Ω, we have

∥T (x, v, λ)− T (x, v, λ)∥ ≤ C∥(x, v, λ)− (x, v, λ)∥

where C = (3rh + ∥v∗∥g(x0)−1)(400r + 18h∥v∗∥g(x0)−1).

Remark 27. Note that we should think r = Θn(h) because that is the distance between

(x0, v0, 0) and (x∗, v∗, λ∗). In that case, the Lipschitz constant of T is On(h∥v∗∥2g(x0)−1) =

On(h). Hence, if the step size h is small enough, then T is a contractive mapping. In

practice, we can take h close to a constant because g is decomposable into barriers in each

dimension and the bound can be improved using this.

Proof. We use T (x, v, λ)x to denote the x component of T (x, v, λ) and similarly for

T (x, v, λ)v and T (x, v, λ)λ. For simplicity, we write g0 = g(x0), g1/2 = g(x1/2) and

g1/2 = g(x1/2). By the assumption, we have that

∥x− x0∥g0 ≤ ∥x− x∗∥g0 + ∥x∗ − x0∥g0 ≤ 2r.

Similarly, ∥x− x0∥g0 ≤ 2r.

We first bound T (x, v, λ)λ. Note that

T (x, v, λ)λ − T (x, v, λ)λ = α1 + α2 + α3 + α4

where

α1 = (I − (LL⊤)−1Ag−1
0 A⊤)(λ− λ),

α2 = (LL⊤)−1Ag−1
0 (v1/2 − v1/2),

α3 = (LL⊤)−1A(g−1
1/2 − g

−1
0 )((v1/2 −A⊤λ)− (v1/2 −A⊤λ)),

α4 = (LL⊤)−1A(g−1
1/2 − g

−1
1/2)(v1/2 −A

⊤λ).

Using that LL⊤ = Ag(x0)
−1A⊤, we have α1 = 0. For α2, we have

∥A⊤α2∥2g−1
0

= (v1/2 − v1/2)⊤g−1
0 A⊤(LL⊤)−1Ag−1

0 A⊤(L⊤L)−1Ag−1
0 (v1/2 − v1/2)
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= (v1/2 − v1/2)⊤g−1
0 A⊤(Ag−1

0 A⊤)−1Ag−1
0 (v1/2 − v1/2)

≤ (v1/2 − v1/2)⊤g−1
0 (v1/2 − v1/2)

=
1

4
∥v − v∥2

g−1
0

where we use LL⊤ = Ag(x0)
−1A⊤ and g

−1/2
0 A⊤(Ag−1

0 A⊤)−1Ag
−1/2
0 = B⊤(BB⊤)−1B ⪯ I

for B = Ag
−1/2
0 . For α3, by self-concordance of g (Lemma 25) and ∥x − x0∥g0 ≤ 2r, we

have

(1− r)2g0 ⪯ g1/2 ⪯
1

(1− r)2
g0 (F.10)

and hence (g
1/2
0 (g−1

1/2 − g−1
0 )g

1/2
0 )2 ⪯ ((1 − r)−2 − 1)2I. Using this and P =

g
−1/2
0 A⊤(Ag−1

0 A⊤)−1Ag
−1/2
0 ⪯ I, we have

∥A⊤α3∥g−1
0

= ∥g1/20 (g−1
1/2 − g

−1
0 )((v1/2 −A⊤λ)− (v1/2 −A⊤λ))∥P

≤ ∥g1/20 (g−1
1/2 − g

−1
0 )((v1/2 −A⊤λ)− (v1/2 −A⊤λ))∥2

≤ ((1− r)−2 − 1)∥g−1/2
0 ((v1/2 −A⊤λ)− (v1/2 −A⊤λ))∥2

≤ ((1− r)−2 − 1)(
1

2
∥v − v∥g−1

0
+ ∥A⊤(λ− λ)∥g−1

0
).

Using r ≤ 1/10, we have

∥A⊤α3∥g−1
0
≤ 1.2r∥v − v∥g−1

0
+ 2.4r∥A⊤(λ− λ)∥g−1

0
.

For α4, similarly, we have

∥A⊤α4∥g−1
0
≤ ((1− 0.5∥x− x∥g1/2)

−2 − 1)∥v1/2 −A⊤λ∥g−1
0

≤ ((1− 0.6∥x− x∥g0)−2 − 1)∥v1/2 −A⊤λ∥g−1
0

≤ 1.5∥x− x∥g0∥v1/2 −A⊤λ∥g−1
0

where we used g1/2 ⪯ 1.2g0 (by (F.10)) in the second inequality and ∥x − x∥g0 ≤ ∥x −

x∗∥g0 + ∥x− x∗∥g0 ≤ 1
5 at the end. Combining everything, we have

∥A⊤(T (x, v, λ)λ − T (x, v, λ)λ)∥g−1
0

= ∥A⊤(λ1 − λ1)∥g−1
0

≤ 0.7∥v − v∥g−1
0

+ 2.4r∥A⊤(λ− λ)∥g−1
0

+ 1.5∥x− x∥g0∥v1/2 −A⊤λ∥g−1
0
. (F.11)

Now we bound T (x, v, λ)x. Note that

T (x, v, λ)x − T (x, v, λ)x = hβ1 + hβ2
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where

β1 =g
−1
1/2((v1/2 −A

⊤λ1)− (v1/2 −A⊤λ1)),

β2 =(g−1
1/2 − g

−1
1/2)(v1/2 −A

⊤λ1).

By a proof similar to above, we have

∥β1∥g0 ≤ 1.2(∥v1/2 − v1/2∥g−1
0

+ ∥A⊤(λ1 − λ1)∥g−1
0
),

∥β2∥g0 ≤ 0.6∥x− x∥g0∥v1/2 −A⊤λ1∥g−1
0
.

and thus

∥T (x, v, λ)x − T (x, v, λ)x∥g0

≤ 0.6h∥v − v∥g−1
0

+ 1.2h∥A⊤(λ1 − λ1)∥g−1
0

+ 0.6h∥x− x∥g0∥v1/2 −A⊤λ1∥g−1
0
.

Finally, we bound T (x, v, λ)v. We split the term

T (x, v, λ)v − T (x, v, λ)v =
h

2
γ1 +

h

2
γ2

where

γ1 =Dg(x1/2)[g
−1
1/2(v1/2 −A

⊤λ1), g
−1
1/2(v1/2 −A

⊤λ1)]

−Dg(x1/2)[g−1
1/2(v1/2 −A

⊤λ1), g
−1
1/2(v1/2 −A

⊤λ1)],

γ2 =Dg(x1/2)[g
−1
1/2(v1/2 −A

⊤λ1), g
−1
1/2(v1/2 −A

⊤λ1)]

−Dg(x1/2)[g−1
1/2(v1/2 −A

⊤λ1), g
−1
1/2(v1/2 −A

⊤λ1)].

Let η = g−1
1/2(v1/2 −A

⊤λ1) and η = g−1
1/2(v1/2 −A

⊤λ1). For γ1, we have that

∥Dg(x1/2)[η, η]−Dg(x1/2)[η, η]∥g−1
1/2

≤ 2∥Dg(x1/2)[η − η, η]∥g−1
1/2

+ ∥Dg(x1/2)[η − η, η − η]∥g−1
1/2

≤ 4∥η − η∥g1/2∥η∥g1/2 + 2∥η − η∥2g1/2

where we use Lemma 25. Using g1/2 ⪯ 1.2g0 (by (F.10)),

∥γ1∥g−1
0
≤4∥(v1/2 −A⊤λ1)− (v1/2 −A⊤λ1)∥g−1

0
∥v1/2 −A⊤λ1∥g−1

0

+ 2∥(v1/2 −A⊤λ1)− (v1/2 −A⊤λ1)∥2g−1
0
.

For γ2, we use Lemma 25 and get

∥γ2∥g−1
0
≤ 4

(1− 0.6∥x− x∥g0)3
∥v1/2 −A⊤λ1∥2g−1

0
∥x− x∥g0
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≤ 6∥v1/2 −A⊤λ1∥2g−1
0
∥x− x∥g0 .

Combining everything, we have

∥T (x, v, λ)v − T (x, v, λ)v∥g−1
0

≤ 2h∥(v1/2 −A⊤λ1)− (v1/2 −A⊤λ1)∥g−1
0
∥v1/2 −A⊤λ1∥g−1

0

+ h∥(v1/2 −A⊤λ1)− (v1/2 −A⊤λ1)∥2g−1
0

+ 3h∥v1/2 −A⊤λ1∥2g−1
0
∥x− x∥g0

Combining the bounds for Tλ, Tx, Tv, we have

∥T (x, v, λ)− T (x, v, λ)∥

≤ 0.7h∥v − v∥g−1
0

+ 2.4rh∥A⊤(λ− λ)∥g−1
0

+ 1.5h∥x− x∥g0∥v1/2 −A⊤λ∥g−1
0

+ 0.6h∥v − v∥g−1
0

+ 1.2h∥A⊤(λ1 − λ1)∥g−1
0

+ 0.6h∥x− x∥g0∥v1/2 −A⊤λ1∥g−1
0

+ 2h∥(v1/2 −A⊤λ1)− (v1/2 −A⊤λ1)∥g−1
0
∥v1/2 −A⊤λ1∥g−1

0

+ h∥(v1/2 −A⊤λ1)− (v1/2 −A⊤λ1)∥2g−1
0

+ 3h∥v1/2 −A⊤λ1∥2g−1
0
∥x− x∥g0 .

To simplify the terms, we note that

∥v1/2 −A⊤λ1∥g−1
0
≤∥v1/2 −A⊤λ∥g−1

0
+ ∥A⊤(LL⊤)−1Ag−1

1/2

(
v1/2 −A⊤λ

)
∥g−1

0

=∥v1/2 −A⊤λ∥g−1
0

+ ∥g1/20 g−1
1/2

(
v1/2 −A⊤λ

)
∥P

≤∥v1/2 −A⊤λ∥g−1
0

+ ∥g1/20 g−1
1/2

(
v1/2 −A⊤λ

)
∥2

≤3∥v1/2 −A⊤λ∥g−1
0
.

Using this and simplifying, we have

∥T (x, v, λ)− T (x, v, λ)∥

≤1.3h∥v − v∥g−1
0

+ 2.4rh∥A⊤(λ− λ)∥g−1
0

+ 3.3h∥x− x∥g0∥v1/2 −A⊤λ∥g−1
0

+ 1.2h∥A⊤(λ1 − λ1)∥g−1
0

+ 6h(
1

2
∥v − v∥g−1

0
+ ∥A⊤(λ1 − λ1)∥g−1

0
)∥v1/2 −A⊤λ∥g−1

0

+ h∥v − v∥2
g−1
0

+ 2h∥A⊤(λ1 − λ1)∥2g−1
0
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+ 27h∥v1/2 −A⊤λ∥2
g−1
0
∥x− x∥g0 .

Next, we note that

∥v1/2 −A⊤λ∥g−1
0
≤1

2
∥v − v∗∥g−1

0
+

1

2
∥v0 − v∗∥g−1

0
+ ∥v∗∥g−1

0

+
1

2
∥A⊤λ−A⊤λ∗∥g−1

0
+

1

2
∥A⊤λ−A⊤λ∗∥g−1

0
+ ∥A⊤λ∗∥g−1

0

≤1

2
r +

1

2
r + ∥v∗∥g−1

0
+

r

2h
+

r

2h
+
r

h
≤ 3r

h
+ ∥v∗∥g−1

0

Using this, (F.11), h ≤ r, r2 ≤ h
16 , r ≤ ∥v

∗∥g−1
0
/4, we have

∥A⊤(λ1 − λ1)∥g−1
0
≤ ∥v − v∥g−1

0
+ 3r∥A⊤(λ− λ)∥g−1

0
+ (

5r

h
+ 2∥v∗∥g−1

0
)∥x− x∥g0

≤ r + 3r2

h
+

5r2

h
+ 2r∥v∗∥g−1

0
≤ 8r2

h
+ 2r∥v∗∥g−1

0
≤ 1

Hence, we can further simplify it to

∥T (x, v, λ)− T (x, v, λ)∥

≤2.3h∥v − v∥g−1
0

+ 2.4rh∥A⊤(λ− λ)∥g−1
0

+ 3.3h∥x− x∥g0∥v1/2 −A⊤λ∥g−1
0

+ 3.2h∥A⊤(λ1 − λ1)∥g−1
0

+ 6h(
1

2
∥v − v∥g−1

0
+ ∥A⊤(λ1 − λ1)∥g−1

0
)∥v1/2 −A⊤λ∥g−1

0

+ 27h∥v1/2 −A⊤λ∥2
g−1
0
∥x− x∥g0

≤(3r
h

+ ∥v∗∥g−1
0
)(6h∥v − v∥g−1

0
+ 9h∥A⊤(λ1 − λ1)∥g−1

0
+ 31h∥x− x∥g0)

+ 2.4rh∥A⊤(λ− λ)∥g−1
0

where we used ∥v1/2−A⊤λ∥g−1
0
≤ 3r

h + ∥v∗∥g−1
0

and r ≥ h. Using the bound on ∥A⊤(λ1−

λ1)∥g−1
0
, we have

∥T (x, v, λ)− T (x, v, λ)∥

≤(3r
h

+ ∥v∗∥g−1
0
)(15h∥v − v∥g−1

0
+ 27rh∥A⊤(λ− λ)∥g−1

0
+ 9h(

36r

h
+ 2∥v∗∥g−1

0
)∥x− x∥g0)

+ 2.4rh∥A⊤(λ− λ)∥g−1
0

≤(3r
h

+
1

4r
)(15h∥v − v∥g−1

0
+ 30rh∥A⊤(λ− λ)∥g−1

0
+ 9h(

36r

h
+ 2∥v∗∥g−1

0
)∥x− x∥g0)

≤(3r
h

+ ∥v∗∥g−1
0
)(400r + 18h∥v∗∥g−1

0
)∥(x, v, λ)− (x, v, λ)∥.

F.4 Condition Number Independence via Self-concordant Barrier

In this section, we analyze the convergence rates of the ideal CRHMC and discretized

RHMC in our setting respectively, showing that both are independent of condition num-
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Ideal RHMC

O(mn7/6)

Discretized RHMC

O(mn3)

Ideal CRHMC (F.4.1)

O(mk7/6)

Discretized CRHMC (F.4.2)

O(mk3)

Proven in [KLSV22c]

Reduce Reduce

Figure F.1: Proof outline for the mixing rates of CRHMC

bers. We only show the case when f is linear,

π(x) ∝ e−f(x) = e−α
⊤x, for some α ∈ Rn.

However, recall that all logconcave densities can be reduced to this linear case (see

(7.2)). We also focus on when a manifoldM is a polytope in the form of {x ∈ Rn : A′x ≥

b′, Ax = 0} for full-rank A′ ∈ Rm×n, A ∈ Rp×n and b′ ∈ Rm, with the Riemannian metric

induced by the Hessian of the logarithmic barrier of the polytope. For simplicity, we

consider the case when there is no momentum (i.e., β = 0) in Algorithm 15. In addition,

we consider a lazy version of Algorithm 15 to avoid a uniqueness issue of the stationary

distribution of the Markov chain. The lazy version of the Markov chain, at each step, does

nothing with probability 1
2 (in other words, stays at where it is and does not move). Note

that this change for the purpose of proof worsens the mixing rate only by a factor of 2.

In this setting, we show that the mixing rates of the ideal CRHMC and the discretized

CRHMC (Algorithm 15) are O
(
mk7/6 log2 Λ

ϵ

)
and O

(
mk3 log3 Λ

ϵ

)
, where Λ is a warmness

parameter and k is the dimension of the constrained space defined by {x ∈ Rn : Ax =

0}. We remark that our algorithm is actually independent of condition number (i.e., no

dependency on ∥α∥2 and the geometry of polytope). This is the key reason that our

sampler is much more efficient for skewed instances than previous samplers.

We first shed light on how RHMC and CRHMC can be related (see Figure F.1), es-

tablishing a correspondence between RHMC (full-dimensional space) and CRHMC (con-

strained space). This connection enables us to refer to the mixing rates of the ideal RHMC

and discretized RHMC proven in [KLSV22c]. To be precise, we prove in Section F.4.1 the
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following theorem on the mixing rate of the ideal CRHMC, which can solve the Hamilto-

nian equations accurately without any error.

Theorem 28 (Mixing rate of ideal CRHMC). Let πT be the distribution obtained after

T iterations of the ideal CRHMC on a convex body M = {x ∈ Rn : A′x ≥ b′, Ax = 0}.

Let Λ = supS⊆M
π0(S)
π(S) be the warmness of the initial distribution π0. For any ϵ > 0, there

exists T = O
(
mk7/6 log2 Λ

ϵ

)
such that ∥πT − π∥TV ≤ ϵ, where k is the dimension of the

constrained space defined by {x ∈ Rn : Ax = 0}.

We then prove in Section F.4.2 the convergence rate of the discretized RHMC (Algo-

rithm 15).

Theorem 29 (Mixing rate of discretized CRHMC). Let πT be the distribution obtained

after T iterations of Algorithm 15 on a convex body M = {x ∈ Rn : A′x ≥ b′, Ax = 0}.

Let Λ = supS⊆M
π0(S)
π(S) be the warmness of the initial distribution π0. For any ϵ > 0, there

exists T = O
(
mk3 log3 Λ

ϵ

)
such that ∥πT − π∥TV ≤ ϵ, where k is the dimension of the

constrained space defined by {x ∈ Rn : Ax = 0}.

We believe there is room for improvement on the n-dependence via a more careful

analysis.

F.4.1 Convergence rate of ideal CRHMC

Lee and Vempala [LV18] first analyzed Riemannian Hamiltonian Monte Carlo (RHMC) on

n-dimensional polytopes embedded in Rn, with an invertible metric induced by the Hessian

of the logarithmic barrier of the polytopes. They bounded the mixing rate in terms of

smoothness parameters that depend on the manifold. In particular for uniform sampling,

they showed that the convergence rate of RHMC is O(mn2/3). Subsequently, [KLSV22c]

extended their analysis to exponential densities and further analyzed the convergence rate

of RHMC discretized by the implicit midpoint method, showing that the mixing rates are

O(mn7/6) and O(mn3), respectively.

However, our metric M(x) defined for the constrained space could be singular in the

underlying space Rn, so we cannot directly refer to any theoretical results from [LV18,

KLSV22c]. To address this challenge, we establish a formalism that allows us to reduce

the ideal CRHMC to the ideal RHMC, obtaining the mixing rate through this reduction.

Even though our convex body M = {x ∈ Rn : A′x ≥ b′, Ax = 0} of dimension k is

embedded in Rn, we can handle it with an invertible metric g on M properly defined as
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if it is embedded in Rk. To this end, we use {u1, ..., uk} to denote an orthonormal basis

of the constrained space (which is the null space of A) and extend it to an orthonormal

basis of Rn denoted by {u1, ..., uk, ..., un}. We also define two matrices Uk ∈ Rn×k and

U ∈ Rn×n by

Uk =
[
u1 · · · uk

]
& U =

[
Uk uk+1 · · · un

]
.

Using this orthonormal basis {u1, ..., uk}, we can consider a new coordinate system

y = (y1, ..., yk) ∈ Rk on the k-dimensional manifoldM. Moreover, there exists one-to-one

correspondence between y and x; for any x ∈ M there is a unique y such that x = Uky,

and we can recover this y by multiplying U⊤
k (i.e., y = U⊤

k x).

Let us define the invertible local metric g at y ∈M by

g(y)(ui, uj)
def
= g(x)(ui, uj) for i, j ≤ k.

With abuse of notations, we also use g(y) to denote the k × k matrix with its (i, j)-entry

being g(y)(ui, uj). We first establish relationships between g(y) (and its inverse g−1) and

M(x) (and its pseudoinverse W
def
= M(x)†). We recall that for the orthogonal projection

Q to the null space of A

M(x) = Q⊤g(x)Q, W (x) = g(x)−
1
2 (I − P (x))g(x)−

1
2 .

Lemma 30. We have g(y) = U⊤
k M(x)Uk = U⊤

k g(x)Uk and g(y)−1 = U⊤
k W (x)Uk.

Proof. It is immediate from the definition of g that g(y) = U⊤
k g(x)Uk. Since the quadratic

forms of M(x) and g(x) agree on the constrained space, we also have g(y) = U⊤
k M(x)Uk.

For g−1, we define two matrices Pk ∈ Rn×k and Pr ∈ Rn×(n−k) by

Pk =

 Ik

0(n−k)×k

 , Pr =
 0k×(n−k)

In−k


where 0(n−k)×k is the zero matrix of size (n− k)× k, Ik is the identity matrix of size k× k

and so on. Due to Uk = UPk, the upper-left k × k submatrix of g′(x) := U⊤g(x)U is

exactly g(y). Let us represent the inverse of g′ in the form of block matrix:

g′(x)−1 =

 B1 B2

B⊤
2 B3

 ,
for B1 ∈ Rk×k, B2 ∈ Rk×(n−k) and B3 ∈ R(n−k)×(n−k). Using the formula of the inverse of

block matrices (see App. F.5.3),

g(y)−1 = B1 −B2B
−1
3 B⊤

2 .
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It is straightforward to check

B1 = P⊤
k g

′(x)−1Pk = P⊤
k U

⊤g(x)−1UPk

= U⊤
k g(x)

−1Uk,

B2 = P⊤
k g

′(x)−1Pr = U⊤
k g(x)

−1Ur,

B3 = P⊤
r g

′(x)−1Pr = U⊤
r g(x)

−1Ur,

for Ur =
[
uk+1 · · · un

]
∈ Rn×(n−k). Therefore,

g(y)−1 = U⊤
k g(x)

−1Uk − U⊤
k g(x)

−1Ur(U
⊤
r g(x)

−1Ur)
−1U⊤

r g(x)
−1Uk

= U⊤
k

(
g(x)−1 − g(x)−1Ur(U

⊤
r g(x)

−1Ur)
−1U⊤

r g(x)
−1
)
Uk.

Since g(x)−
1
2Ur(U

⊤
r g(x)

−1Ur)
−1U⊤

r g(x)
− 1

2 is the orthogonal projection to the row space of

U⊤
r g(x)

− 1
2 and this row space is the same with the row space of Ag(x)−

1
2 , the uniqueness

of orthogonal projection matrices implies

g(x)−
1
2A⊤(Ag(x)−1A⊤)−1Ag(x)−

1
2 = g(x)−

1
2Ur(U

⊤
r g(x)

−1Ur)
−1U⊤

r g(x)
− 1

2 .

Therefore,

g(y)−1 = U⊤
k

(
g(x)−1 − g(x)−1A⊤(Ag(x)−1A⊤)−1Ag(x)−1

)
Uk

= U⊤
k

(
g(x)−

1
2

(
I − g(x)−

1
2A⊤(Ag(x)−1A⊤)−1Ag(x)−

1
2

)
g(x)−

1
2

)
Uk

= U⊤
k

(
g(x)−

1
2 (I − P (x))g(x)−

1
2

)
Uk

= U⊤
k W (x)Uk.

We can now view the ideal CRHMC with the metric M(x) as the ideal RHMC with

the metric g on the k-dimensional manifold. Note that we have to ensure that the local

metric g is also induced by the Hessian of a logarithmic barrier, in order to refer to results

from it.

Lemma 31. Let A′ = A′Uk and ψ(y) be the logarithmic barrier of the k-dimensional

polytope defined by {y ∈ Rk : A′y ≤ b′}. Then ∇2
yψ(y) = g(y).

Proof. Observe that {y ∈ Rk : A′y ≥ b′} is the new representation ofM = {x ∈ Rn : A′x ≥

b′, Ax = 0} in the y-coordinate system. Due to A′y = Ax, we have Sx = Diag(A′x− b′) =
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Diag(A′y − b) = Sy. For the logarithmic barrier ϕ(x) of {x ∈ Rn : A′x ≥ b}, direct

computation results in

∇2
yψ(y) = A′⊤S−2

y A′ = U⊤
k A

′⊤S−2
x A′Uk = U⊤

k ∇2
xϕ(x)Uk

= U⊤
k g(x)Uk = g(y),

where we used ∇2
xϕ(x) = A′⊤S−2

x A′ in the third equality and Lemma 30 in the last

equality.

Most importantly, we prove that this ideal RHMC on the k-dimensional manifold with

the metric g(y) is equivalent to the ideal CRHMC with the metric M(x).

Lemma 32. The dynamics (x, v) and (y, u) of the ideal CRHMC in Rn and the ideal

RHMC in Rk are equivalent in a sense that the Hamiltonian equations for (x, v) can be

obtained by lifting up the Hamiltonian equations for (y, u) from Rk to Rn via multiplying

Uk. That is, when we lift up the dynamics (y, u) in Rk to the dynamics (x, v) in Rn defined

by x = Uky and v = Uku, it follows that

dx

dt
=
dx

dt
,
dv

dt
=
dv

dt
and v, v ∼ N(0,M(x)).

Proof. We first recall from the proof of Lemma 18 that the Hamiltonian equations of (x, v)

are

dx

dt
=W (x)v,

dv

dt
= −∇xf(x)−

1

2
Tr [W (x)Dg(x)] +

1

2
Dg(x)

[
dx

dt
,
dx

dt

]
−A⊤λ(x, v)

= −∇xf(x)−
1

2
Tr [W (x)Dg(x)] +

1

2
Dg(x)

[
dx

dt
,
dx

dt

]
−A⊤

(
AA⊤

)−1
A

(
−∇xf(x)−

1

2
Tr [W (x)Dg(x)] +

1

2
Dg(x)

[
dx

dt
,
dx

dt

])
= (I −A⊤

(
AA⊤

)−1
A)

(
−∇xf(x)−

1

2
Tr [W (x)Dg(x)] +

1

2
Dg(x)

[
dx

dt
,
dx

dt

])
= UkU

⊤
k

(
−∇xf(x)−

1

2
Tr [W (x)Dg(x)] +

1

2
Dg(x)

[
dx

dt
,
dx

dt

])
,

where the last equality follows from that UkU
⊤
k is the orthogonal projection to the null

space of A.

From Lemma 7 of [LV18], the Hamiltonian equations of (y, u) are

dy

dt
= g(y)−1u,
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du

dt
= −∇yf(Uky)−

1

2
Tr
[
g(y)−1Dg(y)

]
+

1

2
Dg(y)

[
dy

dt
,
dy

dt

]
.

From the definitions of (x, v), we have

dx

dt
= Ukg(y)

−1u = UkU
⊤
k W (x)Uku = UkU

⊤
k W (x)v

=
(∗)
W (x)v,

dv

dt
= Uk

(
−∇yf(Uky)−

1

2
Tr
[
g(y)−1Dg(y)

]
+

1

2
Dg(y)

[
dy

dt
,
dy

dt

])
,

where (∗) follows from that W (x)v is already in the constrained space (i.e., the null space

of A). Let us examine each term in dv/dt separately.

∇yf(Uky) = U⊤
k ∇xf(x),

Tr
[
g(y)−1Dyg(y)

]
= Tr

[
U⊤
k W (x)Uk ·Dy

(
U⊤
k g(Uky)Uk

)]
= Tr

[
UkU

⊤
k W (x)UkU

⊤
k (U⊤

k Dxg(x))
]

= Tr
[
W (x)UkU

⊤
k (U⊤

k Dxg(x))
]

= Tr
[
(UkU

⊤
k W (x))⊤(U⊤

k Dxg(x))
]

= Tr
[
W (x)(U⊤

k Dxg(x))
]

= U⊤
k Tr [W (x)Dxg(x)] ,

Dyg(y)

[
dy

dt
,
dy

dt

]
= U⊤

k (U⊤
k Dxg(x))Uk

[
dy

dt
,
dy

dt

]
=
(
v⊤W (x)Uk

)
U⊤
k (U⊤

k Dxg(x))Uk

(
U⊤
k W (x)v

)
= v⊤W (x)(U⊤

k Dxg(x))W (x)v

= U⊤
k Dxg(x)

[
dx

dt
,
dx

dt

]
.

Putting all these together, the Hamiltonian equations of (x, v) can be written as

dx

dt
=W (x)v,

dv

dt
= UkU

⊤
k

(
−∇f(x)− 1

2
Tr [W (x)Dg(x)] +

1

2
Dg(x)

[
dx

dt
,
dx

dt

])
.

Therefore, the Hamiltonian equations of (x, v) and (x, v) are exactly the same. In addition,

v = Uku leads to v ∼ N(0, Ukg(y)U
⊤
k ) = N(0,M(x)).

Using these three lemmas, we conclude that the dynamics of the ideal CRHMC on

the constrained space is equivalent to that of the ideal RHMC on the corresponding k-

dimensional polytope. Therefore, Theorem 28 immediately follows from Corollary 3 in

[KLSV22c].
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Corollary 23. Let π be a target distribution on a polytope with m constraints in Rn such

that dπdx ∼ e
−α⊤x for α ∈ Rn. LetM be the Hessian manifold of the polytope induced by the

logarithmic barrier of the polytope. Let Λ = supS⊂M
π0(S)
π(S) be the warmness of the initial

distribution π0. Let πT be the distribution obtained after T iterations of the ideal RHMC on

M. For any ε > 0 and step size h = O

(
1

n7/12 log1/2 Λ
ε

)
, there exists T = O

(
mn7/6 log2 Λ

ε

)
such that ∥πT − π∥TV ≤ ε.

F.4.2 Convergence rate of discretized CRHMC

We attempt to demonstrate a similar reduction of the discretized CRHMC. However, it is

trickier than that of the ideal RHMC, since Algorithm 15 uses the simplified Hamiltonian,

which omits the Lagrangian term c(x)⊤λ(x, v), in place of the full Hamiltonian.

We look into the reduction in two steps. First of all, we show in Section F.4.2 that

the dynamics of x is the same under the discretized CRHMC via IMM with the simplified

Hamiltonian, and the discretized CRHMC via IMM with the full Hamiltonian, and that

the acceptance probabilities are the same as well. Next in Section F.4.2, we show a

correspondence between the discretized CRHMC via IMM and the discretized RHMC via

IMM, just as we did for the ideal case in Section F.4.1.

Simplified Hamiltonian and full Hamiltonian in constrained space

We recall that the simplified Hamiltonian H(x, v) is the sum of two parts defined by

H1(x, v) = f(x) +
1

2
log pdetM(x)

= f(x) +
1

2

(
log det g(x) + log detAg(x)−1A⊤ − log detAA⊤

)
,

H2(x, v) =
1

2
v⊤W (x)v.

The full Hamiltonian H(x, v) with the Lagrangian term c(x)⊤λ(x, v) can be also written

as the sum of two parts defined by

H1(x, v) = f(x) +
1

2

(
log det g(x) + log detAg(x)−1A⊤ − log detAA⊤

)
− x⊤A⊤(AA⊤)−1A

(
∇f(x) + 1

2
Tr [W (x)Dg(x)]

)
,

H2(x, v) =
1

2
v⊤W (x)v +

1

2
x⊤A⊤(AA⊤)−1ADg(x)

[
dx

dt
,
dx

dt

]
,
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and IMM with this Hamiltonian is implemented as in (F.9). We note from the proof of

Lemma 32 that

∂H1

∂x
(x, v) = UkU

⊤
k

∂H1

∂x
(x, v),

∂H2

∂x
(x, v) = UkU

⊤
k

∂H2

∂x
(x, v),

∂H2

∂v
(x, v) = UkU

⊤
k

∂H2

∂v
(x, v).

Lemma 33. For step size h, let (x, v) and (x, v) be the outputs of IMM with the simplified

Hamiltonian and with the full Hamiltonian starting from (x0, v0), respectively. Then x = x,

and e−H(x,v)

e−H(x0,v0)
= e−H(x,v)

e−H(x0,v0)
.

Proof. We use x 1
3
(= x0), x 2

3
(= x) and v 1

3
, v 2

3
, v to denote the points obtained during one

step of IMM with the full Hamiltonian. We similarly define xi and vi for i =
1
3 ,

2
3 . As

(x0, v0) is a starting point, UkU
⊤
k x0 = x0 and UkU

⊤
k v0 = v0. Due to Null(W (x)) = row(A),

we have that W (z)UkU
⊤
k w = W (z)w. By comparing the first step of IMM for each

Hamiltonian,

UkU
⊤
k v 1

3
= v0 −

h

2
UkU

⊤
k

∂H1

∂x
(x0, v0) = v0 −

h

2

∂H1

∂x
(x0, v0) = v 1

3
,

and thus UkU
⊤
k v 1

3
= v 1

3
.

From the second step of IMM, x 2
3
is already in the null space of A. For x 1

3
= x 1

3
=

x0, xmid = (x 1
3
+x 2

3
)/2 and vmid = (v 1

3
+v 2

3
)/2, the second step of IMM with the simplified

Hamiltonian is

x 2
3
= x 1

3
+ hUkU

⊤
k

∂H2

∂v
(xmid, vmid) = x 1

3
+ hUkU

⊤
k W (xmid)vmid

= x 1
3
+ hUkU

⊤
k W (xmid)UkU

⊤
k vmid = x 1

3
+ hUkU

⊤
k

∂H2

∂v
(xmid, UkU

⊤
k vmid)

= x 1
3
+ h

∂H2

∂v
(xmid, UkU

⊤
k vmid),

UkU
⊤
k v 2

3
= v 1

3
+ hUkU

⊤
k

∂H2

∂x
(xmid, vmid)

= v 1
3
+ hUkU

⊤
k

(
−1

2
Dg(xmid) [W (xmid)vmid,W (xmid)vmid]

)
= v 1

3
+ hUkU

⊤
k

(
−1

2
Dg(xmid)

[
W (xmid)UkU

⊤
k vmid,W (xmid)UkU

⊤
k vmid

])
= v 1

3
+ hUkU

⊤
k

∂H2

∂x
(xmid, UkU

⊤
k vmid)

= v 1
3
+ h

∂H2

∂x
(xmid, UkU

⊤
k vmid).
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Note that UkU
⊤
k vmid = (UkU

⊤
k v 2

3
+ v 1

3
)/2 and xmid = (x 2

3
+ x 1

3
)/2. Since the solution of

this second step is characterized as a unique fixed-point, it follows that (x 2
3
, UkU

⊤
k v 2

3
) =

(x 2
3
, v 2

3
) and so x = x. In the same way we analyzed v 2

3
, we can obtain that UkU

⊤
k v = v.

We now compare the acceptance probabilities. We clearly have H(x0, v0) = H(x0, v0)

due to c(x0) = 0 and have H1(x, v) = H1(x, v) due to x = x. For H2,

v⊤W (x)v = v⊤UkU
⊤
k W (x)UkU

⊤
k v = v⊤W (x)v,

and so H2(x, v) = H2(x, v).

CRHMC and RHMC discretized by IMM

In this section, we show that there is a correspondence between the dynamics of CRHMC

discretized by IMM and that of RHMC discretized by IMM.

Lemma 34. The discretized CRHMC via IMM in Rn and the discretized RHMC via IMM

in Rk are equivalent. That is, the output (x1, v1) given by the discretized CRHMC starting

from (x, v) is the same with (Uky1, Uku1), where (y1, u1) is the output of the discretized

RHMC starting from (y, u) satisfying (x, v) = (Uky, Uku). Moreover, the acceptance prob-

abilities are the same due to

e−H
c(x1,v1)

e−Hc(x,v)
=
e−H

r(y1,u1)

e−Hr(y,u)
,

where Hc(x, v) and Hr(y, u) are the Hamiltonians of CRHMC and RHMC respectively.

Proof. We first recall that Hc(x, v) can be rewritten as the sum of two parts defined by

Hc
1(x, v) = f(x) +

1

2
log pdetM(x)

− x⊤A⊤(AA⊤)−1A

(
∇f(x) + 1

2
Tr [W (x)Dg(x)]

)
,

Hc
2(x, v) =

1

2
v⊤W (x)v +

1

2
x⊤A⊤(AA⊤)−1ADg(x)

[
dx

dt
,
dx

dt

]
.

Similarly for Hr, we can represent it by the sum of two parts defined by

Hr
1(y, u) = f(Uky) +

1

2
log det g(y),

Hr
2(y, u) =

1

2
u⊤g(y)−1u.

For the first claim, we need to show that each step of IMM for RHMC and CRHMC is

equivalent, thus it suffices to check that for any (y, u) ∈ Rk × Rk

∂Hc
1(Uky, Uku)

∂x
= Uk

∂Hr
1(y, u)

∂y
,
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∂Hc
2(Uky, Uku)

∂x
= Uk

∂Hr
2(y, u)

∂y
,

∂Hc
2(Uky, Uku)

∂v
= Uk

∂Hr
2(y, u)

∂u
.

These computations were already checked in the proof of Lemma 32.

For the second claim, we note that the Lagrangian term vanishes due to c(x) =

c(Uky) = 0. Then the second claim follows from

log det g(y′) = log detU⊤
k M(Uky

′)Uk (Lemma 30)

= log pdetM(Uky
′),

u′⊤g(y′)−1u′ = u′⊤U⊤
k W (Uky

′)Uku
′. (Lemma 30)

The previous two lemmas imply that the dynamics of the discretized CRHMC via IMM

on the constrained space is equivalent to that of the discretized RHMC via IMM on the

corresponding k-dimensional polytope. Therefore, Theorem 29 follows from Corollary 4 in

[KLSV22c].

Corollary 24. Let π be a target distribution on a polytope with m constraints in Rn such

that dπ
dx ∼ e−α

⊤x for α ∈ Rn. Let M be the Hessian manifold of the polytope induced

by the logarithmic barrier of the polytope. Let Λ = supS⊂M
π0(S)
π(S) be the warmness of the

initial distribution π0. Let πT be the distribution obtained after T iterations of RHMC

discretized by IMM on M. For any ε > 0 and step size h = O

(
1

n3/2 log Λ
ε

)
, there exists

T = O
(
mn3 log3 Λ

ε

)
such that ∥πT − π∥TV ≤ ε.

F.5 Missing Notations and Definitions

F.5.1 Notations

• We use N (µ,Σ) to denote Gaussian distribution with mean µ and covariance Σ.

• We use Null(A) and Range(A) to denote the null space and image space of a matrix

or linear operator A.

• We use ∇2f ∈ Rn×n to denote the Hessian of a function f : Rn → R.

• We use ∥·∥ to denote ℓ2-norm unless specified otherwise, and define ∥x∥A :=
√
x⊤Ax

for a vector x ∈ Rn and a matrix A ∈ Rn×n.
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• We use ∂K to denote the boundary of the set K.

• For a matrix g(x) with x ∈ Rn, we use Dg(x) to denote the derivative of g(x) with

respect to x. This can be thought of as the n×n×n tensor such that (Dg(x))(i, j, k) =

∂(g(x))ij
∂xk

. In other words, (Dg(x))(·, ·, k) is the matrix, each of entries is the derivative

of g(x) with respect to xk. In addition, for a vector v ∈ Rn, Dg(x)[v, v] is a vector

in Rn such that (Dg(x)[v, v])i = v⊤Dg(x)(·, ·, i)v.

• For a matrix A of size n × n, we use A · Dg(x) to denote a n × n × n tensor such

that (A ·Dg(x))(·, ·, i) = A · (Dg(x))(·, ·, i). We use Tr(A ·Dg(x)) to denote a vector

in Rn such that (Tr(A ·Dg(x)))i = Tr((A ·Dg(x))(·, ·, i)).

F.5.2 Definitions

Convex body. A convex body is a compact and convex set.

Isotropy. A random variable X is said to be in isotropic position if EX = 0 and

EXX⊤ = I.

Pseudo-inverse. For a matrix A ∈ Rm×n, it is well known that there always exists the

unique pseudo-inverse matrix A† that satisfies the following conditions:

1. A†AA† = A†.

2. AA†A = A.

3. AA† and A†A are symmetric.

It is also well known that Null(A†) = Null(A⊤) and Range(A†) = Range(A⊤).

Pseudo-determinant. For a square matrix A, its pseudo-determinant pdet(A) is de-

fined as the product of non-zero eigenvalues of A.

Leverage score. For a matrix A ∈ Rm×n, the leverage score of the ith row is

(A(A⊤A)†A⊤)ii for i ∈ [m]. When A is full-rank, it is simply (A(A⊤A)−1A⊤)ii.
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Log-barrier & Dikin ellipsoid. For a polytope P = {x ∈ Rn : Ax ≤ b} where

A ∈ Rm×n and b ∈ Rm, let us denote the ith row of A by ai and the ith row of b by bi.

The log-barrier of P is defined by

ϕ(x) = −
m∑
i=1

log(bi − a⊤i x).

For x ∈ P , the Dikin ellipsoid at x is defined byD(x) := {y ∈ Rn : (y−x)⊤∇2ϕ(x)(y−x) ≤

1}. The Dikin ellipsoid is always contained in P .

Analytic center. The analytic center xac of the polytope P is the point minimizing the

log-barrier (i.e., xac = argminϕ(x)).

Self-concordant function. A function f : Rn → R is self-concordant if it satisfies∣∣D3f(x)[h, h, h]
∣∣ ≤ 2

(
D2f(x)[h, h]

)3/2
for all h ∈ Rn and x ∈ Rn.

Highly self-concordant function. A barrier ϕ is called highly self-concordant if it

satisfies for all h ∈ Rd and x ∈ Rd

∣∣D3ϕ(x)[h, h, h]
∣∣ ≤ 2

(
D2ϕ(x)[h, h]

)3/2
and

∣∣D4ϕ(x)[h, h, h, h]
∣∣ ≤ 6

(
D2ϕ(x)[h, h]

)2
.

Total variation. For two probability distributions P and Q on support K, the total

variation distance of P and Q is

∥P −Q∥TV
def
= sup

A⊆K
(P (A)−Q(A)).

F.5.3 Details

Inverse and Determinant of block matrix. For a square matrix M =

 A B

C D


with blocks A,B,C,D of same size, if D and A− BD−1C are invertible, then its inverse

and determinant can be computed by

M−1 =

 (A−BD−1C)−1 −(A−BD−1C)−1BD−1

−D−1C(A−BD−1C)−1 D−1 +D−1C(A−BD−1C)−1BD−1

 ,
det(M) = det(D) det(A−BD−1C).
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Orthogonal projection. Let S = {x ∈ Rn : Ax = b} for A ∈ Rm×n and b ∈ Rm, and x0

be a point in S. Thus S−x0 is the null space of A, due to A(x−x0) = 0. The orthogonal

projection P to this null space is

P = I −A⊤(AA⊤)−1A.

Note that the range of P always lies in the null space because

A(Pv) = A(I −A⊤(AA⊤)−1A)v = Av −AA⊤(AA⊤)−1Av = Av −Av = 0.

I − P is also an orthogonal projection matrix, and eigenvalues of orthogonal projection

matrices are either 0 or 1.

Matrix calculus. Let U(x) be a n× n matrix with a parameter x ∈ Rn.

∂U−1(x)

∂xi
= −U(x)

∂U(x)

∂xi
U(x).

Hence using the notation Dg, we can write in a more compact way as

DU−1(x) = −U(x)DU(x)U(x).

For log det,
∂ log detU(x)

∂xi
= Tr

(
U−1(x)

∂U(x)

∂xi

)
.

In other words,

D(log detU(x)) = Tr(U−1(x)DU(x)).

Cholesky decomposition. For a symmetric positive definite matrix A, there exists a

lower triangular matrix L such that LL⊤ = A.

Newton’s method. For f convex and twice differentiable in Rn, consider an uncon-

strained convex optimization minx f(x). Given a starting point x0 ∈ Rn, the Newton’s

method repeats

xi = xi−1 − (∇2f(xi−1))
−1∇f(xi−1) ∀i ∈ N

to solve the optimization problem.
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