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Computer Science & Engineering

This thesis explores the challenge of efficient sampling from target distributions, a problem
at the heart of statistics, machine learning, and theoretical computer science with appli-
cations in Bayesian estimation, volume computation, and bandit optimization. The focus
is on designing optimal samplers using the Markov Chain Monte Carlo (MCMC) method,
leveraging a gradient or value oracle for a given smooth function, aiming to match the
output distribution closely to the target distribution without direct access to the density
function or its normalization constant. The research addresses the inefficiencies of cur-
rent algorithms, especially in high-dimensional, ill-conditioned, structured, or constrained
distributions, and introduces novel sampling algorithms that optimize query complexity.
The thesis is structured into four main parts: The first part presents an improved
discretization method for simulating stochastic differential equations like Langevin Diffu-
sion, significantly enhancing sampling efficiency. The second part examines Metropolized
Sampling Algorithms, offering new insights into their query complexity and establishing
upper and lower bounds for widely used algorithms like Metropolized Hamiltonian Monte
Carlo and Metropolis-adjusted Langevin Dynamics. The third part introduces a proximal
sampler, improving condition number dependence and presenting efficient algorithms for
various structured log-concave families. Finally, the fourth part tackles the challenging
task of sampling from constrained sets, overcoming the difficulties posed by maintaining
the random walk within the constraints and slow convergence rates in ill-conditioned sets.
This work demonstrates theoretical advancements and practical efficiency in sampling
algorithms. It contributes to understanding the fundamental aspects of sampling, the
intricacies of discretization errors, and the impact of condition numbers on sampling com-

plexity. This work improves over existing sampling methods, particularly in sampling from



high-dimensional, constrained, ill-conditioned, and structured distributions.
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Chapter 1
INTRODUCTION

We study the problem of efficiently sampling from a target distribution. This problem
is central in statistics, machine learning, and theoretical computer science, with appli-
cations such as Bayesian estimation [ADFDJ03], volume computation [Vem10] and ban-
dit optimization [RVRT18]. Since the seminal result [DFK91a], which first presented a
polynomial-time algorithm based on the Markov Chain Monte Carlo (MCMC) method
(for an equivalent problem), decades of research has been focused on using MCMC meth-
ods to sample. Mathematically, we are given a target distribution with a density function
proportional to exp(—f(x)), where f : R? — R is a smooth function. We have access to a
gradient oracle and/or a value oracle to the function f. Our goal is to design samplers that
can output a sample = such that the distribution of x, m, is close to the target distribution.
Common metrics used to measure the distance between the output distributions and the
target distribution include Wasserstein distance, total variation distance, KL divergence,
etc. Notice that we don’t assume access to the density function itself, nor do we need to
know the normalization constant of the distribution. For this problem, we are interested
in how we can design samplers with optimal query complexity.

The general approach of MCMC-based sampling algorithms often includes two steps.
The first step involves choosing a Markov process with a stationary distribution equal
to or close to the target distribution. The second step is discretizing the process and
simulating it until the distribution of the points generated is sufficiently close to the target
distribution. One commonly used Markov process is the Langevin diffusion (LD) [RT96a,
GM91, DMM19], which evolves according to the SDE,

dz(t) = —Vf(z(t))dt+V2dBy, (1.1)

where B; is the Brownian motion. (1.1) converges to the stationary distribution 7* ~
exp(—f(x)). However, to simulate this continuous process, we need to discretize it, which
can introduce discretization errors that affect the accuracy. The key to designing efficient
samplers lies in both choosing the appropriate Markov process and accurate implementa-

tion of the process.



Sampling has a close relationship with optimization, one of the most studied problems
in recent years. The problem of optimizing a function f can be solved by a reduction to
sampling from a distribution with density proportional to exp(—gf) for a large constant
5. Indeed, many sampling algorithms are inspired by optimization algorithms. However,
sampling is more powerful and strictly harder than optimization. Intuitively, sampling
from a distribution needs to not only identify the region with the highest density but
also explore the landscape of other regions. This exploration ability makes sampling an
especially powerful tool, but at the same time introduces substantial challenges, both
theoretically and practically.

One challenge in designing samplers is that provable correctness and mixing time guar-
antees are central to sampling algorithms. Unlike in optimization problems where the value
of the target function can be evaluated easily, in sampling problems, evaluating whether
output samples follow a target distribution is hard. As a result, rigorous mathematical
analysis is necessary to ensure the correctness and mixing of sampling methods.

In large-scale and high-dimensional scenarios, many sampling algorithms suffer from
slow mixing and high computation costs. Only one trajectory is sufficient to obtain the
optimizer in optimization problems, but sampling problem usually needs a large number of
samples in practical applications. Therefore, efficiency is especially important in designing
sampling methods.

To tackle these challenges, we focus on the “hard” cases, where the distributions are
ill-conditioned and high-dimensional. We are interested in the theoretical guarantees of
the samplers as well as their practical efficiency. Our theoretical study aims not only to
ensure the correctness of the algorithms but also to gain a fundamental understanding of

the efficiency of the samplers.

Part I: Efficient Discretization for Samplers

MCMC sampling algorithms involve running a Markov chain to convergence, making the
query complexity contingent on the rate of convergence. A significant factor in the sam-
pler’s inefficiency is the discretization error. For instance, to simulate the Langevin Dif-
fusion (1.1) for a small time interval h starting from xg, a straightforward method is to

query the gradient V f(z() and estimate xp, using the Euler method,

Zp, =20 — hV f(x0) + G,



where (; is drawn from A(0,t). Therefore, to achieve the desired accuracy, it is necessary
to select a sufficiently small step size h. However, a smaller h necessitates a higher number
of steps for the Markov chain to converge, leading to slower convergence rates. As a result,
an improved discretization method can substantially improve the efficiency of the sampling
algorithm.

In Chapter 2, we propose a new framework to discretize stochastic differential equa-
tions. We apply this framework to discretize and simulate underdamped Langevin diffusion
(ULD), which can be viewed as a version of the Langevin diffusion with momentum. The
framework can be used to solve not only the log-concave sampling problem, but any prob-
lem that involves simulating (stochastic) differential equations. Our algorithm achieve €- D
error (in 2-Wasserstein distance) in O (H7/6/61/3 + n/62/3) steps, where D e \/% is the
effective diameter of the problem and k def % is the condition number. Our algorithm
performs significantly faster than the previously best known algorithm for solving this
problem, which requires O (51'5 / e) steps [CV19, DRD18]. Moreover, our algorithm can

be easily parallelized to require only O(x log %) parallel steps.

Part II: Metropolized Sampling Algorithms

In the preceding part, we improve the efficiency of the samplers by adopting a better
discretization method. To further reduce the error resulting from discretization, one can
apply a Metropolis-Hastings(MH) filter in each iteration to adjust the stationary distri-
bution of the Markov. This approach enables the creation of samplers that exhibit high
accuracy with a logarithmic dependence on the inverse of €, where € represents the dis-
tance to the stationary distribution, compared to a mere polynomial dependence in the
absence of the MH filter. Two of the most common sampling algorithms with the MH fil-
ter are Metropolized Hamiltonian Monte Carlo (HMC) and Metropolis-adjusted Langevin
Dynamics (MALA). However, a comprehensive understanding of their potential and fun-
damental limitations remains lacking. In Chapter 3 and Chapter 4, we study the upper
bound and the lower bound on the query complexity of Metropolized HMC and MALA.
In particular, we show a matching upper and lower bound for one-step Metropolized HMC
and MALA, addressing a longstanding open question regarding the query complexity of
these widely utilized sampling algorithms.

In Chapter 3, we show that the gradient norm HVf(x)H for © ~ exp(—f(z)), where

f is strongly convex and smooth, concentrates tightly around its mean. This removes a



barrier in the prior state-of-the-art analysis for the well-studied Metropolized HMC and
MALA for sampling from a strongly logconcave distribution [DCWY19]. We correspond-
ingly demonstrate that Metropolized HMC mixes in O (kd) iterations', improving upon
the O(xk'°v/d 4 kd) runtime of [DCWY19, CDWY20] by a factor (k/d)'/? when the con-
dition number & is large. Our mixing time analysis introduces several techniques which
to our knowledge have not appeared in the literature and may be of independent interest,
including restrictions to a nonconvex set with good conductance behavior, and a new re-
duction technique for boosting a constant-accuracy total variation guarantee under weak
warmness assumptions. This is the first high-accuracy mixing time result for logconcave
distributions using only first-order function information which achieves linear dependence
on k.

In Chapter 4, we give lower bounds on the performance of two of the most popular
sampling methods in practice, MALA and multi-step HMC with a leapfrog integrator,
when applied to well-conditioned distributions. Our main result is a nearly-tight lower
bound of Q(md) on the mixing time of MALA from an exponentially warm start, matching
a line of algorithmic results [DCWY19, CDWY20, LST20] up to logarithmic factors and
answering an open question of [CLAT21]. We also show that a polynomial dependence
on dimension is necessary for the relaxation time of HMC under any number of leapfrog
steps, and bound the gains achievable by changing the step count. Our HMC analysis
draws upon a novel connection between leapfrog integration and Chebyshev polynomials,

which may be of independent interest.
Part III: Proximal Sampler

The complexity of sampling algorithms can be influenced by the condition number of the
target distributions, rendering the sampling process from ill-conditioned distributions in-
efficient. This inefficiency is particularly pronounced in the case of structured densities,
where the necessity for more sophisticated sampling algorithms, which have a marked re-
liance on the condition number, becomes apparent. Structured distributions possess unique
features such as separability, enabling specialized samplers to outperform general-purpose
ones in terms of efficiency. These distributions are of significant practical importance, and
their optimization counterparts have been extensively explored in the literature. In Chap-

ter 5, we design samplers for structured distributions and introduce a proximal reduction

We use O to hide logarithmic factors in problem parameters.



framework aimed at enhancing the condition number dependence of these samplers. Chap-
ter 6 expands upon this by adapting the proximal framework for the non-Euclidean case.
The development of efficient sampling algorithms catering to non-Euclidean geometries has
been a challenging endeavor, as discretization techniques that succeed in the Euclidean
setting do not readily carry over to more general settings. The proximal frameworks pre-
sented are applicable not only to samplers for structured distributions but also to general
samplers.

In Chapter 5, we give algorithms for sampling several structured logconcave families
to high accuracy.? We further develop a reduction framework, inspired by prozimal point
methods in convex optimization, which bootstraps samplers for regularized densities to
generically improve dependences on problem conditioning x from polynomial to linear. A
key ingredient in our framework is the notion of a “restricted Gaussian oracle” (RGO)
for g : R* — R, which is a sampler for distributions whose negative log-likelihood sums a
quadratic (in a multiple of the identity) and g. By combining our reduction framework with
our new samplers, we obtain the following bounds for sampling structured distributions

to total variation distance e.

e For composite densities exp(—f(z) — g(z)), where f has condition number x and
convex (but possibly non-smooth) ¢ admits an RGO, we obtain a mixing time of
O(kdlog? ’%d), matching the state-of-the-art non-composite bound [LST20], shown

in Chapter 3. No composite samplers with better mixing than general-purpose log-

concave samplers were previously known.

e For logconcave finite sums exp(—F(x)), where F(x) = %Zie[n] fi(z) has condition
number x, we give a sampler querying 5(71 + kmax(d,vnd)) gradient oracles® to
{ fi}ie[n}- No high-accuracy samplers with nontrivial gradient query complexity were

previously known.

e For densities with condition number s, we give an algorithm obtaining mixing time

O(rdlog? £2), improving [LST20] by a logarithmic factor with a significantly simpler

€

*We say a sampler is “high-accuracy” if its mixing time has polylogarithmic dependence on the target
accuracy e.

3For convenience of exposition, the O notation hides logarithmic factors in the dimension d, problem
conditioning x, desired accuracy ¢, and summand count n (when applicable). A first-order (gradient)
oracle for f : RY — R returns (f(z), Vf(x)) on input z, and a zeroth-order (value) oracle only returns

f(@).



analysis. We also show a zeroth-order algorithm attains the same query complexity.

In Chapter 6, we develop a non-Euclidean analog of the recent proximal sampler of
[LST21b], which naturally induces regularization by an object known as the log-Laplace
transform (LLT) of a density. We prove new mathematical properties (with an algorith-
mic flavor) of the LLT, such as strong convexity-smoothness duality and an isoperimetric
inequality, which are used to prove a mixing time on our proximal sampler matching
[LST21b] under a warm start. We find our investigation of the LLT to be a promising
proof-of-concept of its utility as a tool for designing samplers and outline directions for

future exploration.

Part I'V: Sampling from a Constrained Set

A common yet challenging type of distribution to sample from is the constrained distri-
bution. This is defined by a set of equality or inequality constraints, such as polytopes.

More precisely, we consider the problem of sampling from the distribution
e @) subject to Az =b,x € K (1.2)

for some convex set K. To estimate characteristics like the volume of complex, high-
dimensional objects, sampling from the object is often the sole method available to re-
searchers. However, despite their importance, current algorithms for sampling from con-
strained distributions, especially those that are high-dimensional or ill-conditioned, are
highly inefficient. This makes the process extremely costly or even unfeasible.

In Part IV, we focus on designing samplers for constrained distributions. There are
two main challenges in using MCMC method to sample from constrained distributions.
Firstly, maintaining the random walk strictly within the boundaries of the constrained
set can be difficult. Secondly, if the constrained set is ill-conditioned, the Markov chain
might converge very slowly in certain directions. We overcome these two challenges and
demonstrate for the first time that ill-conditioned, non-smooth, constrained distributions
in very high dimensions, upwards of 100,000, can be sampled efficiently in practice. Our
algorithm incorporates constraints into the Riemannian version of Hamiltonian Monte
Carlo and maintains sparsity. This allows us to use the local geometry of the constrained
set, and achieve a mixing rate independent of condition numbers.

On benchmark data sets from systems biology and linear programming, our algorithm

outperforms existing packages by orders of magnitude. In particular, we achieve a 1,000-



fold speed-up for sampling from the largest published human metabolic network (RE-
CON3D). Our package has been incorporated into the COBRA toolbox [HAP*19).



Part I
EFFICIENT DISCRETIZATION FOR SAMPLERS



Chapter 2
RANDOMIZED MIDPOINT METHOD

This chapter is based on [SL19], with Yin Tat Lee.
2.1 Introduction

In this chapter, we study the problem of sampling from a high-dimensional log-concave
distribution. We call a distribution log-concave if its density is proportional to e~/ ) with
a convex function f. The standard assumption is that f is m-strongly convex with an
L-Lipschitz gradient (see Section 2.2.4). In this chapter, we present an algorithm with
no dependence on d and a much smaller dependence on s and e than shown in previous
research in terms of Wasserstein distance convergence. Moreover, our algorithm is the
first algorithm with better than 1/e dependence that is not Metropolis-adjusted and does
not make any extra assumption, such as high-order smoothness [MS17, MV18, CFM*18,
MMW*19].

To explain our main result, we note that this problem has an effective diameter D def

\/% because the distance between the minimizer z* of f and a random point y ~ e~/

satisfies B, .- r|z* — y|I? < %[DMM]. Therefore, a natural problem definition! is to find

a random z that makes the Wasserstein distance small:
Wa(x,y) <e-D. (2.1)

This choice of distance is also common in previous papers [DM16, DM17, CCBJ17, MS17,
LSV18, MV18, CFM*18].

For € = 1, we can simply output the minimizer x* of f as the “random” point. We first
consider the question how quickly we can find a random point satisfying € = % For convex

optimization under the same assumption, it takes y/k iterations via acceleration methods

!Previous papers addressing this problem defined e as Wa(z, eff) < e. This definition is not scale
invariant, i.e., the number of steps changes when we scale f. In comparison, our definition yields results
that are invariant under: (1) the scaling of f, namely, replacing f(z) by af(z) for @ > 0, and (2) the

tensor power of f, namely, replacing f(z) by g(z) def >, f(xi). Our new definition of € also clarifies
definitions in previous research. Under the prior definition of €, the algorithms [DM16, CCBJ17, CV19]

take O(k?(1/ 2 /€)?), O(k?*y/ L Je), and O(k"®y/ 2L /e) steps, respectively. Our new definition shows that
these different dependences on d and m all relate to their dependence on e.
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or d iterations via cutting plane methods, and these results are tight. For sampling, the
current fastest algorithms take either O(k!%) steps [CV19, DRD18] without Metropolis-
Hasting filter or O(d*) steps [LV06a] when the distribution is not well-conditioned. Al-
though there is no rigorous lower bound for this problem, it is believed that min(x,d?) is
the natural barrier.? We present an algorithm that takes only O(/ﬂ” 6) steps, much closer
to the natural barrier of k for the high-dimensional regime.

For general 0 < e < 1, our algorithm takes O(k7/6/e!/3 4 k /€2/3) steps, which is almost
linear in x and sub-linear in € . It has significantly better dependence on both x and
e than previous algorithms (See the detailed comparison in Table 2.1.) Moreover, if we
query gradient V f at multiple points in parallel in each step, we can improve the number

to O(klog 1) steps.

2.1.1 Contributions

We propose a new framework to discretize stochastic differential equations (SDEs), which
is a crucial step of log-sampling algorithms. Since our techniques can also be applied to
ordinary differential equations (ODEs), we focus on the following ODE here:

dx

— = F(z(1)).

= F()
There are two main frameworks to discretize a differential equation. One is the Taylor
expansion, which approximates x(t) by z(0) + z'(0)t + .”L‘//(O)% + ---. We use the second
framework, called the collocation method. This method uses the fact that the differen-

tial equation is equivalent to the integral equation x = 7T (x), where 7 maps continuous

functions to continuous functions:
t
T(2)(t) = 2(0) + / Fla(s)) ds for all £ > 0.
0

Since z is a fixed point of 7', we can approximate z by computing 7 (7 (- (T (x¢))---)) for
some approximate initial function xg. Algorithmically, two key questions are how to: (1)
show when and how quickly 7 iterations converge, and (2) compute the integration. The

convergence rate of 7 was shown by the Picard—Lindeléf Theorem in the 1890s [Lin94,

2The corresponding optimization problem takes at least min(v/x, d) steps [NY83]. If we represent each
point the optimization algorithm visited by a vertex and each step the algorithm takes by an edge, then
the existing lower bound in fact shows that this graph has a diameter of at least min(y/k,d). Since a
random walk on a graph of diameter D takes D? to mix, a random walk on the graph takes at least

min(v/x, d)? steps.
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Pic98] and was key to achieving O(x%™) and O (51'5) in the previous papers [LSV1S,

CV19]. To approximate the integration, one standard approach is to approximate
t
/ Fla(s)) ds ~ 3 wiF (x(s5))
0 i

for some carefully chosen w; and s;. The key drawback of this approach is its introduction
of a deterministic error, which accumulates linearly to the number of steps. Since we expect
to take at least k-many iterations, the approximation error must be x times smaller than
the target accuracy.

In this paper, we improve upon the collocation method for sampling by developing a

new algorithm, called the randomized midpoint method, that yields three distinct benefits:

1. We generalize fixed point iteration to stochastic differential equations and hence

avoid the cost of reducing SDEs to ODEs, as was done in [LSV18].

2. We greatly reduce the error accumulation by simply approximating fot F(x(s))ds by

t- F(z(s)) where s is randomly chosen from 0 to ¢ uniformly.

3. We show that two iterations of 7 suffice to achieve the best theoretical guarantee.

Although we discuss only strongly convex functions with a Lipschitz gradient, we believe
our framework can be applied to other classes of functions as well. By designing suitable
unbiased estimators of integrals, researchers can easily use our approach to obtain faster

algorithms for solving SDEs that are unrelated to sampling problems.

2.1.2  Organization

Section 2.2 provides background information on solving the log-concave sampling problem,
while Section 2.2.3 introduces our notations and assumptions about the function f. We
introduce our algorithm in Section 2.3, where we present the main result of our paper.
We show our proofs in appendices: Appendix A.1-how we simulate the Brownian mo-
tion; Appendix A.2-important properties of ULD and the Brownian motion; Appendix
A.3— bounds for the discretization error of our algorithm; Appendix A.4—a bound on the
average value of |V f(x,)|| and ||vy| in our algorithm, which is useful for bounding the
discretization error; Appendix A.5—proofs for our main result; Appendix A.6—additional

proofs on how to parallelize our algorithm.
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2.2 Preliminary

Many different algorithms have been proposed to solve the log-concave sampling problem.
The general approach uses a MCMC-based algorithm that often includes two steps. The
first step involves the choice of a Markov process with a stationary distribution equal or
close to the target distribution. The second step is discretizing the process and simulating it

until the distribution of the points generated is sufficiently close to the target distribution.

2.2.1 Choosing the Markov Process

One commonly used Markov process is the Langevin diffusion (LD), which evolves accord-

ing to the SDE
dz(t) = —Vf(z(t))dt+v2dB,, (2.2)

where B, is the standard Brownian motion. Under the assumption that f is L-smooth and
m-strongly convex (see Section 2.2.4) with k = # as the condition number, [DM16, Dall7b,
CB17] show that algorithms based on LD can achieve less than € error in O (’:—;) steps.
Other related works include LD with stochastic gradient [DK19, ZLC17, RRT17, CFM 18]
and LD in the non-convex setting [RRT17, CCAY*18].

One important breakthrough introduced the Hamiltonian Monte Carlo (HMC), orig-
inally proposed in [Kra40]. In this process, SDE (2.2) is approximated by a piece-wise
curve, where each piece is governed by an ODE called the Hamiltonian dynamics. The
Hamiltonian dynamics maintains a velocity v in addition to a position & and conserves
the value of the Hamiltonian H(z,v) = f(z) + 3 |v][*. HMC has been widely studied in
[Neall, MCF15, MS17, MV18, LSV18, CV19, LV18]. The works [CV19, DRD18] show
that algorithms based on HMC can achieve less than ¢ error in O (g) steps.

The underdamped Langevin diffusion (ULD) can be viewed as a version of HMC that
replaces multiple ODEs with one SDE; it has been studied in [CCBJ17, EGZ17, DRD18].
ULD follows the SDE:

dv(t) = —2v(t) dt — uV f(z(t)) dt + 2/udBy, dz(t) = v(t) dt, (2.3)

where u = +. [CCBJ17] shows that even a basic discretization of ULD has a fast con-

vergence rate that can achieve less than € error in 0 (%2) steps. Recently, it was shown
that ULD can be viewed as an accelerated gradient descent for sampling [MCC™21]. This

suggests that ULD might be one of the right dynamics for sampling in the same way as
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the accelerated gradient descent method is appropriate for convex optimization. For this
reason, we focus on how to discretize ULD. We note that our framework can be applied

to both LD and HMC to improve on previous results for these dynamics as well.

2.2.2 Discretizing the Process

To simulate the random process mentioned, previous works usually apply the Euler method
[CCBJ17, DM16] or the Leapfrog method [MS17, MV18] to discretize the SDEs or the
ODEs. In Section 2.3.2, we introduce a 2-step fixed point iteration method to solve
general differential equations. We apply this method to ULD and significantly reduce the
discretization error compared to existing methods. In particular, ULD can achieve less
than € error in O (’:17—//3 + 62%) steps. Table 2.1 summarizes the number of steps needed
by previous algorithms versus our algorithm. Moreover, with slightly more effort, our
algorithm can be parallelized so that it needs only O (/{ log %) parallel steps.

On top of the discretization method, one can use a Metropolis-Hastings accept-reject
step to ensure that the post-discretization random process results in a stationary distribu-
tion equal to the target distribution Since this chpater focuses on achieving a dimension
independent result, we do not discuss how to combine our process with a Metropolis-
Hastings step in this chapter. We will have a more depth discussion on Metropolis-adjusted
algorithms in Chapter 3 and Chapter 4.

Finally, we note that all results—including ours—can be improved if we assume that f

has bounded higher-order derivatives. To ensure a fair comparison in Table 2.1, we only

include results that only assume f is strongly convex and has a Lipschitz gradient.

2.2.8 Notations and Definitions

For any function f, we use O(f) to denote the class O (f) - log®M (f). For vector v € R?,
we use ||v]| to denote the Euclidean norm of v.

2.2.4 Assumptions on f

We assume that the function f is a twice continuously differentiable function from R¢ to
R that has an L-Lipschitz continuous gradient and is m-strongly convex. That is, there

exist positive constants L and m such that for all =,y € R?,

IVi(z) = Vil < Lz —yll, and f(y) = f(x) +(Vf(2),y —2) + % lz = yl*-
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It is easy to show that these inequalities are equivalent to mI; < V2f(x) < LI, where I
is the identity matrix of dimension d. Let k = # be the condition number. We assume
that we have access to an oracle that, given a point z € R?, can return the gradient of f

at point z, Vf(x).

2.2.5 Wasserstein Distance

The pth Wasserstein distance between two probability measures p and v is defined as

1/p
w, = inf E[|X -Y|?
pur) = (gt EIX-YI)

where C (i, v) is the set of all couplings of p and v. For any 0 < € < 1, we study the
number of steps needed so that the Wy distance between the distribution of the point our

algorithms generate and the target distribution is smaller than e - D.

2.3 Randomized Midpoint Method

2.8.1 Underdamped Langevin Diffusion (ULD)

ULD is a random process that evolves according to (2.3). We study (2.3) with u = 1.

Under mild conditions, it can be shown that the stationary distribution of (2.3) is propor-
tional to exp <— f@)+ L)/ 2) . Then, the marginal distribution of x is proportional
to exp (—f(x)) . It can also be shown that the solution to (2.3) has a contraction property
[CCBJ17, EGZ17], shown in the following lemma.

Lemma 1 (Theorem 5 of [CCBJ17]). Let (zo,v0) and (yo,wo) be two arbitrary points
in R x R Let (x¢,v¢) and (yi,wy) be the exact solutions of the underdamped Langevin
diffusion after timet. If (x¢,v) and (y¢, wy) are coupled through a shared Brownian motion,
then,
_t

E[llze = well” + | @e + v) = (e + we)|1”] < e™7E [lloo = goll” + Il (2o + v0) = (90 + wo) ]

This contraction bound can be very useful for showing the convergence of the continu-
ous process (2.3). In our algorithm, we discretize the continuous process to implement it;
therefore we need to use this contraction bound together with a discretization error bound

to show the guarantee of our algorithm. In Section 2.3.2, we show how we discretize (2.3).
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Algorithm 1 Randomized Midpoint Method for ULD
Procedure RandomMidpoint(xg, vo, N, h)

Forn=0,...N—1

Randomly sample a uniformly from [0, 1].
Generate Gaussian random variable <W1(") , Wz(n), Wén)> € R3 as in Appendix A.1
Tpyl = Tn + F(1—e2h) v, —Lu(ah— 1(1—e2M)) Vf(z,) + \/HWI(”’).
Tpi1 = Tp + % (1 — e_Qh) Uy, — %uh (1 - 6_2(h_°‘h)) Vf(anr%) + \/ﬁWén)
Vpy1 = vpe 20 — uhe‘z(h_ah)Vf(:rnJr%) + 2\/ﬂW?En).
end for

end procedure

2.8.2  Randomized Midpoint Method

Our step size for each iteration is h. In iteration n of our algorithm, to simulate (2.3),
we need to approximate the solution to SDE (2.3) at time h, (z},(h),v}(h)), with initial

e n

value, (xy,,vy,). The simplest way to do so is to use the Euler method:
vn(h) = (1 = 2h)v, — uhV f(zy,) + 2Vuh(, x,(h) = x, + hop,

where ¢ € R? is drawn from the standard normal distribution. This discretization was
considered in [DM17, Dall7b] due to its simplicity.
As discussed in Section 2.1.1, we improve the accuracy by studying the integral formu-

lation of (2.3):

2t t t
TE() = T+ — “/ (1 - e*2<H>) VF(zk(s)) ds + ﬁ/ (1 - e*2<t*8>) dB,,
2 0 0

t ¢
v (1) = vpe 2 —u (/ e 2T f (2% (s)) ds) + 2\/ﬂ/ e~ 2=3) 4B, (2.4)
0 0

[CCBJ17] considered the same integral formulation and used Vf(z,) to approximate
Vf(z}(t)) for t € [0,h] to get the following algorithm:

1 ¢2h h h
n(R) = 2 + Tevn - ;/0 (1 - 6*2““)) V f () ds + \/ﬂ/o (1 - e*2(h*8>) dB,,

h h
On(h) = vpe 2P — </ e_Q(h_s)Vf(xn) ds) + 2\/ﬁ/ e 2h=35) 4B,
0 0
However, this approximation method can still generate a relatively large error. We propose

a new method, the randomized midpoint method, to solve (2.4), which yields a more

accurate approximation and significantly reduces the total runtime of the algorithm.
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We first need to identify an accurate estimator of the integral foh (1- e‘2<h_s)) Vf(z}(s))ds.
To do so, we sample a random number « uniformly from [0, 1] so that ah gives a random
point from [0, 7). Then, h (1 — e_Q(h_O‘h)) Vf(x}(ah)) is an accurate estimator of the in-
tegral
foh (1 — e 2h=9)) V f(%(s)) ds. We can further show that this estimator is unbiased.

For brevity, we use xz, 1 to denote our approximation of z}(ah). To approximate
x} (ah), we use equation (2.4) again:

1 — e 2ch

ah ah
= i-e oy _ o—2(ah—s) _ _—2(ah—s)
Tyl =Tt 5 =g /0 <1 e > Vf(xn)ds—i—\/ﬁ/o (1 e )dBS.

Then, (z}(h),v}(h)) can be approximated as

r n

1— 6_2h

T+l = Tp + 9

h
_u __—2(h—ah) __—2(h—s)
n 2h(1 e )Vf(anr;)—k\/ﬂ/o (1 e )dBS,
h
Upg1 = vpe 2 — uhe*Z(h*ah)Vf(xn_%) + 2\/ﬂ/ e 2(h=5) 4B,
0

Note that we can view (2.4) as the fixed point of the operator T, z} = T (x}), where
for all ,

T@)(t) = Tn+ ———vy — = /Ot (1 - e_Q(t_S)> Vf(x(s))ds + \/a/ot (1 - e—2<t—8>) dB,.
(2.5)

Then, our randomized algorithm is essentially approximating 7 (7 (z,)). Under the as-
sumption f is twice differentiable, we show that two iterations suffice to achieve the best
theoretical guarantee, but we suspect more iterations might be useful if f has higher order
derivatives. As emphasized in Section 2.1.1, the way we obtain our algorithm forms a
general framework that can be applied to other SDEs.

In Lemma 5, we show that the stochastic terms Wy = oh (1 — 6_2(O‘h_s)) dBs,

0
Wy = J) (1= e72079) dB, and Wy = [}~

0 dBs conditional on the choice of «

follow a multi-dimensional Gaussian distribution and therefore can be easily sampled. The
steps mentioned above are summarized in Algorithm 1. Using this randomized midpoint
method, we can solve (2.4) much more accurately than previous works. We show that the

discretization error satisfies:

Lemma 2. For each iteration n of Algorithm 1, let E, be the expectation taken over the
random choice of a in iteration n. Let E be the expectation taken over other randomness
in iteration n. Let (z}(t), v} (t))

te[0,h] be the solution of the eract underdamped Langevin
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diffusion starting from (xpn,vn) coupled through a shared Brownian motion with x, 1, vy,
2

and Tni1. Assume that h < % and u = % Then, xn11 and v,41 of Algorithm 1 satisfy

=
)
IN

I %

O (W Jun> +w?h™? [V f ()| + udh)

(h)
Ell2nst =20 < O (B flonl® +u?h* |V fwa)|]” + udhT) |
E|Eavasr — i (0)* < O (A lonll® +uh'® |V £ () +udn®)
E v = vi (WP < O (B loal® + u2h* |9 £ () | + udh?) .

In Appendix A.4, we show that the average value of ||u,||* is of order O (4); that of
|V f ()] is of order O (Ld). Then, Lemma 2 shows that the bias of the discretization
is of order O <h4 g) and the standard deviation is of order O <h2 g), which implies
the error is larger when h is larger. However, by Lemma 1, in order for the algorithm to
converge in a small number of steps, we need to avoid choosing an h that is too small.
Therefore, it is important to choose the largest possible h that can still make the algorithm

converge. By Lemma 1, it is sufficient to run our algorithm for O (%) iterations. Then,

the bias will cumulate to O <h4\/g- Z) =0 (h%/i’f), and the standard deviation

will cumulate to O <h2\/g- \/f> =0 <h1'5\/ffl>. Thus, in order to make the Wo

distance less than O (e\ / frll), we show in Theorem 3 that it is enough to choose h to be

S (min <;11//z €2/ 3)) This choice of h yields our main result, which is stated in Theorem

3. (See Appendix A.5 for the full proof.)

Theorem 3 (Main Result). Let f be a function such that 0 < m - I; < V2f(x) X LI
for all z € R%. Let Y be a random point drawn from the density proportional to e=f. Let

the starting point xo be the point that minimizes f(x) and vo = 0. For any 0 < e < 1,
if we set the step size of Algorithm 1 as h = C'min (61/3 log~1/6 (%) ,€2/310g™1/3 (%));

<176

for some small constant C and run the algorithm for N = 2% log (%) <0 (':177//;5 + 62%)
iterations, then Algorithm 1 after N iterations can generate a random point X such that
Wo(X,Y) < e\/%. Furthermore, each iteration of Algorithm 1 involves computing V f

exactly twice.

2.8.8 A More General Algorithm

Now we show how our algorithm can be parallelized. The algorithm studied in this section

can be viewed as a more general version of Algorithm 1. Instead of choosing one random
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Algorithm 2 Randomized Midpoint Method for ULD (Parallel)
Procedure RandomMidpoint_P(x¢, vy, N, h, R)

Forn=0,..,.N -1

Randomly sample a1, ..., ag uniformly from [O, %], [%, %], e [%, 1].

Generate Gaussian r.v. (Wl(q), e Wl(fg, Wz(n), Wén)> e R+ gimilar to Appendix
A1l

2% — ¢, fori=1,...R.

Fork=1,.,.K—-1,i=1,..,R

:U(k’i) =z, + % (1 — *QO‘ih) Un,
2uzj 1 [fjm;()];al ) (1 — e Haih=s)) ds . Vf( (L) )} + \/EWfZ)
end for

wn+1:wn+%(1— ) vy = JudS {6 (1— e oM U p ) g,
Vi1 = vae ™ —u T S 2o (@l 4 2wy
end for

end procedure

point from [0, k], we divide the time interval [0, h] into R pieces, each of length § = R,
and choose one random point from each piece. That is, we randomly choose a1, «s,
..., ar uniformly from [0, %}, [}%, %], e [%, 1]. As in Algorithm 1, to approximate

(z}(h),vi(h)), we use

e n

R h
_ 1—e" u —2(h—aih) *(o _ o—2(h—s)
x_xn+7 225( )Vf(xn(a,h))+ﬁ 0 (1 e )st,
h
b=uv,e” M —u Z Se~ Hh=aih)g £ (1% (b)) + 2\/6/ e 2h=9) 4B,
i=1 0

which gives an unbiased estimator of (x (h), v} (h)). The next step is to approximate
z} (a;h) for i = 1,.., R. We know that the solution x}, is the fixed point of the operator
T defined in (2.5). To solve the fixed point of 7, we can use the fixed point iteration
method, which applies the operator 7 multiple times on some initial point. By the Banach
fixed point theorem, the resulting points can converge to the fixed point of 7. Instead
of applying 7, which involves computing an integral, we apply the operator T, which
approximates 7, on X = (:n(l), ey m(R)) ,

i

- 1 1 min(jd,a;h) '
TX);=an+= (1—e ") v, — = / 1— e 2@h=9)) q5. v <J>]
(X), ==z ( e )v UZ [ : ( e ) s-Vf(xY)

j=1 Jj—1)8
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+Va /0 o (1 _ e*2<aih*8>) dB,.

We set the initial points to x%o’j) =z, for j = 1,..., R. Then, we apply T for K times

and get (25D, 2R = 7oK (501 20.R)  The preceding steps are summarized
in Algorithm 2. It is easy to see Algorithm 1 is a special case of Algorithm 2 with R =1
and K = 2.

This algorithm can be parallelized since we can compute f(x(k’l), e l’(k’R))

j for each
j parallelly. It can be shown that it is sufficient to choose K to depend logarithmically
on x and e. Similar to Algorithm 1, we can show that Algorithm 2 has the guarantee

that the bias of the discretization is of order O <f$ I‘f) and the standard deviation is

of order O <}g ﬁ) (Appendix A.6). Then, summing from O (%) iterations, the total

bias would be O (}g\/g' Z) =0 <}§\/fr’:>, and the total standard deviation would be

O (}g\/g~ \/§> =0 (h;; :é) By choosing R = © <@), it is enough to choose h

to be a constant to achieve less than e % error, which shows that the algorithm needs
only O (% log %) = O(klog %) parallel steps. Appendix A.6 gives a partial proof of the
guarantee of Algorithm 2. The other part of the proof is similar to that in Algorithm 1,

so we omit it here.

Theorem 4. Let f be a function such that 0 < m-I; < V2f(x) < L-I; for all z € R, Let
Y be a random point drawn from the density proportional to e~1. Algorithm 2 can generate
a random point X such that Wa(X,Y) < 6\/% in O(klog %) parallel steps. Furthermore,
each iteration of Algorithm 2 involves computing © (\/E) of Vfs.

e
2.4 Numerical Experiments

In this section, we compare the algorithm from our paper, randomized midpoint method,
with the one from [CCBJ17]. We test the algorithms on the liver-disorders dataset and the
breast-cancer dataset from UCL machine learning [DG17]. In both datasets, we observe a
set of independent samples {x;,y;};",, where y; is the label, z; is the feature and m is the

number of samples. We sample from the target distribution p*(8) o< exp (—f(6)), where
£(0) = 210 + ~ ilog (exp (—yiz; 0) +1)
2 m ’ ’

for regularization parameters A\. We set A to be 1072 in our experiments. Figure 2.1 shows

the error of randomized midpoint method and the algorithm from [CCBJ17] with different
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Figure 2.1: Error of random walks with different choice of step size.

step size h. The error is measured by the ¢5 distance to the true solution of (2.3) at time

N = 5000, a time much greater than the mixing time of (2.3) for both datasets. Our

results show that the ¢ dependence analysis of our algorithm and that of [CCBJ17] are

both tight. However, we note that the logistic function is infinitely differentiable, so there

are methods of higher orders for this objective such as the standard midpoint method and

Runge-Kutta methods.
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# Step
Algorithm Warm Start | Cold Start
Langevin -
O (k?*/€?)
Diffusion[DM16, Dall7b]
Underdamped Langevin .
O (k*/e)
Diffusion [CCBJ17]
Underdamped Langevin
Diffusion2 O (k' /e + K?)

[DRD18]

High-Order Langevin o (n19/4/61/2 n 513/3/62/3)

Diffusion[ MMW*+19]
Hamiltonian Monte Carlo with ~
0O ( 465 / 6)
Euler Method [MS17]
Hamiltonian Monte Carlo with ~
O (/11'75 / e)
Collocation Method [LSV18]
Hamiltonian Monte Carlo with ~
O (51'5 / e)

Collocation Method 2 [CV19]

Underdamped Langevin
Diffusion with Randomized O (IQ7/6/61/3 + I{/€2/3)
Midpoint Method (This Work)

Table 2.1: Summary of iteration complexity. Each step involves O(1)-gradient computation.
We exclude metropolis-adjusted algorithms in this table. See Chapter 3 for metropolis-adjusted

algorithms.
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Part 11
METROPOLIZED SAMPLING ALGORITHMS
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Chapter 3

LOGSMOOTH GRADIENT CONCENTRATION AND RUNTIMES
UPPER BOUNDS

This chapter is based on [LST20], with Yin Tat Lee and Kevin Tian.
3.1 Introduction

The problem we address in this chapter is determining the mixing time of the well-studied
Metropolized Hamiltonian Monte Carlo (HMC) algorithm!, when sampling from a target
distribution whose log-density is smooth and strongly concave. Indeed, as it is the default
sampler implementation in a variety of popular packages [Abal6, CGH" 17|, understanding
Metropolized HMC is of high practical importance. Moreover, the specific setting we study,
where the target distribution has a density proportional to exp(—f) for a function f with
quadratic upper and lower bounds, is commonplace in applications arising from multivari-
ate Gaussians, logistic regression models, and structured mixture models [DCWY19]. This
setting is also of great theoretical interest because of its connection to a well-understood
setting in convex optimization [Nes03], where matching upper and lower bounds have
long-been known. Similar guarantees are much less well-understood in sampling settings,
and exploring the connection is an active research area (e.g. [MCJT18, Tall9] and refer-
ences therein). Throughout the introduction, we will refer to this setting as the “condition
number regime” for logconcave sampling, as without a finite condition number, black-box
sampling guarantees exist, but typically have a large dimension dependence in the mixing
time [Vem05].

Many algorithms have been proposed for sampling from logconcave distributions, mainly
falling into two categories: zeroth-order methods and first-order methods. Zeroth-order
methods only use the information on the density of the distribution by querying the value
of f to inform the algorithm trajectory. First-order methods have access to the gradient

information of f in addition to the value of f at a query point. This class of methods

"Metropolized HMC also refers to a family of algorithms which takes multiple leapfrog steps, see Al-
gorithm 3. In this work, we study the variant which takes one leapfrog step, to analyze convergence
behavior under minimal assumptions on the log-density (i.e. in the absence of higher-derivative bounds
past smoothness).
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usually involves simulating a continuous Markov process whose stationary distribution is
exactly the target distribution. To simulate a random process in discrete time, one ap-
proach is to choose a small-enough step size so that the behavior of the discrete Markov
process is not too different from that of the original Markov process over a small time
interval. This discretization strategy is typical of sampling algorithms with a polynomial
dependence on € !, where € is the target total variation distance to the stationary dis-
tribution [Dall7b, CCBJ17, DM 119, MMW™*19, MS17, LSV18, CV19, SL19]. However,
for precise values of €, bounding the error incurred by the discretization is typically not
enough, leading to prohibitively large runtimes.

On top of the discretization, one further can apply a Metropolis-Hastings filter to ad-
just the stationary distribution of the Markov process, so that the target distribution is
attained in the long run. Studying the non-asymptotic behavior of Metropolized vari-
ants of the Langevin dynamics and HMC has been considered in a large number of works
[RT96a, RT96b, PSTT12, BRH13, XSLT14, DCWY19, CDWY20]. Indeed, the standard
discretizations of these methods are identical, which was observed in prior work (see Ap-
pendix B.1); we will refer to them both as Metropolized HMC. The works which inspired
this study in particular were due to [DCWY19, CDWY20], which showed that the mixing
time of Metropolized HMC was bounded by roughly max(x'®v/d, kd), with logarithmic
dependence on the target accuracy e, where & is the condition number? of the negative
log-density f. In the poly(e~!) runtime regime, the recent work [DMM19] obtains a total
variation mixing time bound which scales as O(kd?/e*), which is to our knowledge the only
bound known with linear dependence on x; on the other hand, [SL19] gives an algorithm
that depends on £7/¢ for Wasserstein-2 distance, but with better dependence on all other
parameters (see Table 3.1).

By a plausible assumption on the existence of a gap between the complexity of sam-
pling and optimization in the logconcave setting, it is reasonable to believe that a linear
dependence on « is necessary. More specifically, it is well-known that gradient-based opti-
mization algorithms require at least min(d, /k) queries to an oracle providing first-order
information [Bubl15]; for the worst-case instance, a quadratic in the graph Laplacian of a
length-d path, there is a corresponding quadratic gap with sampling a uniform point via

a random walk, which mixes in roughly d? iterations. We believe understanding the tight

2The condition number of a function is the ratio of its smoothness and strong convexity parameters,
and is the standard parameter in measuring the complexity of algorithms in sampling and optimization
in this regime.
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dependence of the mixing time of popular sampling algorithms on natural parameters such
as the condition number is fundamental to the development of the field of sampling, just
as characterizing the tight complexity of convex optimization algorithms has resulted in
rapid recent progress in the area, by giving researchers goalposts in algorithm design. To

that end, this work addresses the following question.

Question 1. What is the mizing time of the Metropolized HMC algorithm?

We give a comparison of (selected recent) prior work in Table 3.1; for a more complete
discussion, we refer the reader to the excellent discussion in [DCWY19, CDWY20]. We
note that for the last two rows, the dependence on € is logarithmic, and the notion of
mixing is in total variation distance, a much stronger notion than the Wasserstein metric
used in all other runtimes listed. We omit logarithmic factors for simplicity. We remark
that several works obtain different rates under stronger assumptions on the log-density
f, such as higher-order smoothness (e.g. a Lipschitz Hessian) or moment bounds; as this
work studies the basic condition number setting with no additional assumptions, we omit

comparison to runtimes of this type.

Algorithm Mixing Time Metric
Langevin Diffusion [Dall7b] K2 /€
High-Order Langevin Diffusion [MMW119] K194 [e/2 4 13/3 ) 2/3
HMC 1 (Collocation Method) [LSV18§] k1P /e
HMC 2 (Collocation Method) [CV19] k1P /e W3
ULD 1 (Euler Method) [CCBJ17] K10 /e
ULD 2 (Euler Method) [DRD18§] K15 /e + K2
ULD 3 (Random Midpoint Method) [SL19] K716 /€3 4 s [e2/3
Unadjusted Langevin Dynamics [DCWY19] kd? /et
Metropolized HMC & MALA [CDWY20] k12Vd + kd TV
Metropolized HMC & MALA (This work) kd

Table 3.1: Mixing times for algorithms in the condition number regime of logconcave sampling.
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3.1.1  Contribution

Towards improving our understanding of Question 1, we show that there is an algorithm
which runs Metropolized HMC (defined in Algorithm 3) for O(rdlog®(kd/e)) iterations?,
for sampling from a density exp(—f(z)) defined on R, where f has a condition number of
k, and produces a point from a distribution with total variation at most € away from the
target density, for any € > 0. This is the first mixing-time guarantee for any algorithm in
the high-accuracy regime accessing first-order function information from the log-density
f attaining linear dependence on the condition number x, without additional smoothness
assumptions (i.e. higher-order derivative bounds). Our mixing time bound improves upon
a recent bound attaining linear dependence on « due to [DMM19], of O(kd?/€*), in all
parameters. Moreover, our dependence on the dimension d matches the prior state-of-the-
art [DCWY19, CDWY20], and our algorithm does not require a warm start, as it explicitly
bounds warmness dependence from a known starting distribution.

The starting point of our analysis is the mixing time analysis framework for the HMC
algorithm in [DCWY19, CDWY20|. However, we introduce several technical modifications
to overcome barriers in their work to obtain our improved mixing time bound, which we
now discuss. We hope these tools may be of broader interest to both the community
studying first-order sampling methods in the smooth, strongly logconcave regime, and

sampling researchers in general.

Gradient concentration

How large is the norm of the gradient of a “typical” point drawn from the density
exp(—f)? It has been observed in a variety of recent works studying sampling algorithms
[LSV18, SL19, VW19] that the average gradient norm of a point drawn from the target
density is bounded by v/Ld, where L is the smoothness parameter of the function f and
d is the ambient dimension; this observation has been used in obtaining state-of-the-art
sampling algorithms in the poly(e~!) runtime regime. However, for runtimes obtaining a
polylog(e~1) runtime, this guarantee is not good enough, as it must hold for all points in
a set of substantially larger measure than guaranteed by e.g. Markov’s inequality. The
weaker high-probability guarantee that the gradient norm is bounded by v/Ld - Vk follows

directly from sub-Gaussian concentration on the point x, and a Lipschitz guarantee on

4The precise statement of our algorithmic guarantee can be found as Theorem 11.
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the gradient norm. Indeed, this weaker bound is the bottleneck term in the analysis of
[DCWY19, CDWY20], and prevents a faster algorithm when £ > d. Can we improve upon
the average-case guarantee more generally when the log density f is smooth?

For quadratic f, it is easy to see that the average gradient norm bound can be converted
into a high-probability guarantee. We show that a similar concentration guarantee holds
for all logsmooth, strongly logconcave densities, which is the starting point of our improved
mixing time bound. Our concentration proof follows straightforwardly from a Hessian-
weighted variant of the well-known Poincaré inequality, combined with a reduction due to

Herbst, as explored in [Led99].

Mizing time analysis

The study of Markov chains producing iterates {xy}, where the transition xp — zp11
is described by an algorithm whose steady-state is a stationary distribution 7*, and xq
is drawn from an initial distribution 7, primarily focuses on characterizing the rate at
which the distribution of iterates of the chain approaches 7*. To obtain a mixing time
bound, i.e. a bound on the number of iterations needed for our algorithm to obtain a
distribution within total variation distance € of the stationary 7*, we follow the general
framework of bounding the conductance of the random walk defined by Metropolized
HMC, initiated in a variety of works on Markov chain mixing times (e.g. [SJ89, LS93]). In
particular, [LS93] showed how to use the generalized notion of s-conductance to account
for a small-probability “bad” region with poor random walk behavior. In our work, the
“good” region 2 will be the set of points whose gradient has small norm. However, our
mixing time analysis requires several modifications from prior work to overcome subtle

technical issues.

Average conductance. As in prior work [CDWY20], because of the exponential warm-
ness k%2 of the starting distribution used, we require extensions in the theory of average
conductance [LK99] to obtain a milder dependence on the warmness, i.e. doubly loga-
rithmic rather than singly logarithmic, to prevent an additional dimension dependence in
the mixing time. The paper [CDWY20] obtained this improved dependence on the warm-
ness by generalizing the analysis of [GMTO06] to continuous-time walks and restrictions to
high-probability regions. This analysis becomes problematic in our setting, as our region

) may be nonconvex, and the restriction of a strongly logconcave function to a noncon-
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vex set is possibly not even logconcave. This causes difficulties when bounding standard
conductance notions which may depend on sets of small measure, because these sets may

behave poorly under restriction by € (e.g. in the proof of Lemma 63).

Blocking conductance. To mitigate the difficulty of poor small-set conductance due
to the nonconvexity of Q, we use the blocking conductance analysis of [KLMO06], which
averages conductance bounds of sets with measure equal to some specified values in a
range lower-bounded by roughly the inverse-warmness. In our case, this is potentially
problematic, as the set where our concentration result guarantees that the norm of the
gradient is not much larger than its mean has measure roughly 1 — exp(—\/g), which is too
small to bound the behavior of sets of size k=42 required by the quality of the warm start.
However, we show that, perhaps surprisingly, the analysis of the blocking conductance is
not bottlenecked by the worse quality of the gradient concentration required. In particular,
the x°v/d runtime of [DCWY19, CDWY?20] resulted from the statement, with probability
at most exp(—d), the gradient norm is bounded by v/ Lrd. We are able to sharpen this by

Corollary 2 to v/Ld, trading off a x for a d, which is sufficient for our tighter runtime.

Boosting to high accuracy. Finally, the blocking conductance analysis of [KLMO06]
makes an algorithmic modification. In particular, letting dm; be the density after running
k steps of the Markov chain from 7, the analysis of [KLMO06] is able to guarantee that the
average density dpg def % Zogi < dm; converges to dm* at a rate roughly 1/k, with a factor
depending on the average conductance®. In our case, we can show that in roughly O(xkd)
iterations of Algorithm 3, the distance H Pk — 7T*HTV is bounded by a constant. However,
as the analysis requires averaging with a potentially poor starting distribution, it is not
straightforward to obtain a rate of convergence with dependence loge™! for potentially
small values of €, rather than the e~ dependence typical of 1/k rates. Moreover, it is un-
clear in our setting how to apply standard arguments [AD86, LW95] which convert mixing
time guarantees for obtaining a constant total variation distance to guarantees for total
variation distance € with a logarithmic overhead on €, because the definition of mixing
time used is a worst-case notion over all starting points. We propose an alternative reduc-
tion based on mixing-time guarantees over arbitrary starting distributions of a specified

warmness, which we use to boost our constant-accuracy mixing-time guarantee (see Ap-

SWe note averaging has been observed to improve sampling accuracy in a different setting [DMM19];
we leave as an interesting open direction whether this averaging is necessary for our method.
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pendix B.3.4 for a more formal treatment). While it is simple and inspired by classical
coupling-based reduction arguments, to the best of our knowledge this reduction is new in

the literature, and may be of independent interest.

3.2 Preliminaries

3.2.1 Notation

We denote the set 1 <4 < d by [d]. For S C R?, S¢is its complement R?\ S. | -1 is the ¢
norm (||z(|2 = Zie[d} z? for x € R?). Differentiable f : RY — R is pu-strongly convex and

L-smooth if

£+ @) = )+ Ely=al? < £0) < F@)+VF @),y =2+ 5 ly=all?, vay e R

It is well-known that smoothness is equivalent to having a Lipschitz gradient, i.e.
HVf(x) — Vf(y)” < L|lz — y||, and when f is twice-differentiable, smoothness and strong
convexity imply

ply = V2 f(x) < Ll

everywhere, where I; is the identity and =< is the Loewner order. In this paper, function
f : R* = R will always be differentiable, L-smooth, and pu-strongly convex, with minimizer
z*. We let & L/p > 1 be the condition number of f. We define the Hamiltonian H of
(z,v) € R? x R? by

M) = £(z) + ol

N(p,¥) is the Gaussian density centered at a point g € R? with covariance matrix ¥ €

R4 For A C R? and a distribution 7, we write

m(A) / y dr ().

We fix the definition of the distribution density drn*(z), where dn*(x)/dz x exp(—f(z))

e f@)dr [
(@) = Jraexp(—f(y))dy’ /Rdd (@) =1

The marginal in the first argument of the density on R? x R¢ proportional to exp(—H (z,v))

has

is dr*; we overload dm*(z,v) to mean this density. For distributions p, 7 on R?, the total

variation is

P (0 - 1‘ dn(z).

def 1
lp—7llov € sup |p(4) — n(A)| = /Rd -

Ang 2
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We say that a distribution 7 is S-warm with respect to another distribution p if

We define the expectation and variance with respect to a distribution in the usual way:

Balo) & [ gla)in(a), Varels] < Brlg?] — (Bels))*.

Finally, to simplify some calculations, we assume that d is bounded below by a small
constant. In the absence of this bound, general-purpose mixing times for logconcave

functions with no dependence on k attain our stated guarantees.

3.2.2  Algorithm

We state the Metropolized HMC algorithm to be analyzed throughout the remainder of
this paper. We remark that it may be thought of as a symplectic discretization of the

continuous-time Hamiltonian dynamics for H(z,v) = f(x) + %HUHQ,

dx  OH(x,v) dv _ OH(z,v)

a - v Udt or —Vf@).
The HMC process can be thought of as a dual velocity v accumulating the gradient of the
primal point x, with the primal point being guided by the velocity, similar to the classical
mirror descent algorithm. The algorithm resamples v each timestep to attain the correct
stationary distribution.

From a point z € R? we define P, to be the distribution of i after one step of
Algorithm 3 starting from z; = x. Similarly, 7, is the distribution of zj,, starting at

T, = x, i.e. after the accept-reject step. Algorithm 3 uses the subprocedure Leapfrog,

which enjoys the following property.
Lemma 1. If Leapfrog(n,x,—v) = (Z,0), then Leapfrog(n,z, —0) = (z,v).
Proof. Recall that Leapfrog(x,—v) = (z,0) implies
0=—-v— gi(:c) — gi(:E), T=x—nv— n—Vf(x)
Reversing these definitions yields the claim. O

Corollary 1. dn* is a stationary distribution for the Markov chain defined by Algorithm 3.
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Algorithm 3 Metropolized Hamiltonian Monte Carlo: HMC(n, xo, f)
Input: Initial point zg € R, step size 1.

Output: Sequence {x}, k > 0.
1: for £ > 0do
2: Draw vy, ~ N (0, I).
3: (g, Ux) < Leapfrog(n, i, vg).
4: Draw u uniformly in [0, 1].

5: if v < min {1, exp(H(z,v) — H(Z,0))} then

6: Tpyl ¢ Tk-
7 else

8: Tht1 < Tk-
9: end if

10: end for

Algorithm 4 Leapfrog: Leapfrog(n,x,v)

Input: Points z,v € R?, step size 7.
Output: Points Z,7 € R%.

1 v v -3V f(x).

2: T x+nu.

3 0 v — IV(ZF).

Proof. We show that for z = (z,v), dn*(z)/dz < H(z) is the stationary distribution on
(g, vk ); correctness then follows from 7* having the correct marginal. Stationarity follows
if and only if

dr* (2,0) Tz »(Z,0) = drn* (2, v) Tz.5(x, v)

) )

for all pairs (z,v), (Z,0), where we overload the definition of 7 to be the transition
distribution from a point (z,v). By the standard proof of correctness for the Metropolis-
Hastings correction, i.e. choosing an acceptance probability proportional to

. drn*(z,0)Ps5(x,v)
mm{l’dw*(x,v)va(j,f)) )

)

it suffices to show that Pz ;(x,v) = Py(Z,0). Note that P, , is a deterministic proposal,
and uniquely maps to a point (Z, 7). Moreover, by symmetry of H in the second argument,

iteration k of Algorithm 3 is equivalent to drawing vy, negating it, and then running
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Leapfrog. Correctness for this equivalent algorithm follows by Lemma 1. O

3.3 Gradient concentration

In this section, we give a bound on how well the norm of the gradient HV f(z H concentrates
when f is smooth and =z ~ drn*(z)/dx x exp(—f(x)). First, we recall the following
“Hessian-weighted” variant of the Poincaré inequality, which first appeared in [BL76].

Theorem 2 (Hessian Poincaré). For probability density drn*(z)/dx « exp(—f(x)), and

continuously differentiable function ¢ : R* — R with bounded variance with respect to 7",

Varg«[g] < /Rd <(V2f(g;))*1 Vyg(x), Vg(a;)> dr*(z).

An immediate corollary of Theorem 2 is that the Poincaré constant of a u-strongly
logconcave distribution is at most p~!. While it does not appear to have been previously
stated in the literature, our concentration bound can be viewed as a simple application
of an argument of Herbst which reduces concentration to an isoperimetric inequality such
as Theorem 2; an exposition of this technique can be found in [Led99]. We now state the

concentration result.

Theorem 3 (Gradient norm concentration). If twice-differentiable f : R — R is L-

smooth and convez, then for dn*(x)/dx < exp(—f(z)), and all ¢ > 0,
Pr (V@) > Ere [I97Il] + v loga] < 3a~.

Proof. Let G(x def [V£(@)|l, and let g() def exp( AG(z)). Clearly g is continuously
differentiable. Moreover, suppose first for simplicity that f is strongly convex; then the
existence of the variance of g follows from the well-known fact that f has sub-Gaussian tails
(e.g. [DCWY19], Lemma 1) and Lipschitzness of its gradient, from which the sublevel sets
of the gradient norm grow more slowly than the decay of llz — 2*||5. The final conclusion
has no dependence on the strong concavity of f, and we can extend this to arbitrary
convex functions by regularizing by a small amount of quadratic regularizer (which only
affects smoothness) and taking a limit as the regularizer amount vanishes. We now apply

Theorem 2, which implies (noting that the gradient of IV £llis V2 I fll)
AG\ 12 )\2 Vf Vf
Eq+ [exp(AG)] — B [exp <)] < —FEq« [<(V2f), > exp()\G)]
2 4 Iwrl v sl
Ly

< 1 E+ [exp(AG)] .
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In the last inequality we used smoothness. Letting H(\) “E. [exp(AG)], for A < %,

Using this recursively, we have
2k:
H(A)<ﬁ( 1 ) limH<A>Z
= T2 7] -
5—0 1 — 4[;@% {—00 f

There are two things to estimate on the right hand side. First, for sufficiently large ¢,

E,. [exp (f)]g ~ (1 + e Pﬂ >£ ~ exp (\Ex- [G]).

Second, letting C' = LT’\2 < 1, [BL97] showed that

2k
> 1 1+C
H<1 C) S1_\/5

k=0 T gk

For completeness, we show this in Appendix D.2. Altogether, we have that for all A < %,

1+ 3VLA
- VLA

By Markov’s inequality on the exponential, we thus conclude that

Eq- [exp(\G)] < exp (AEx [G])

1+ 1VIA

Pr[G > E . [G] + 1] < )2V
Pr{G 2 By (6] 1] < w0 T

Finally, letting A = % and r = ¢v/Llogd,

Pr [HWH > VLd + cv/Llog d] < 3d-c.

As an immediate corollary, we obtain the following.

Corollary 2. If twice-differentiable f : R — R is L-smooth and strongly convez, then
Ve > 0,
Pr [HWH > V/Ld + cVLlog d] < 3d.

Proof. 1t suffices to show that

E,. [Hvﬂ” < VILd. (3.1)
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This was observed in [Dall7a, VW19]; we adapt a proof here. Observe that because
V- (Vf(z)r"(z)) = Af(z)n"(x) — (Vf(2), V() 7(z),

where V- is divergence and A is the Laplacian operator, integrating both sides and noting

that the boundary term vanishes,
Ere [[V£I?] = Ere [Af] < L.

In the last equality, we used smoothness of f. (3.1) then follows from concavity of the

square root. O

We remark that for densities dn* where a log-Sobolev variant of the inequality in
Theorem 2 holds, we can sharpen the bound in Corollary 2 to O(d*CQ); we provide details
in Appendix B.2. This sharpening is desirable for reasons related to the warmness of
starting distributions for sampling from 7*, as will become clear in Section 3.4. However,
the “Hessian log-Sobolev” inequality is strictly stronger than Theorem 2, and does not hold
for general strongly logconcave distributions [BL00]. Correspondingly, the concentration
arguments derivable from Poincaré inequalities appear to be weaker [Led99]: we find

exploring the tightness of Corollary 2 to be an interesting open question.
3.4 Mixing time bounds via blocking conductance

We first give a well-known bound of the warmness of an initial distribution; this starting

distribution also was used in prior work in this setting [Dall7a, DCWY19]

Lemma 2 (Initial warmness). For drn* o exp(—f(z))dx where f is L-smooth and p-
strongly convex with minimizer x*¢, 7o = N'(z*, L™ 13) is a kY?-warm distribution with

respect to m*.

Proof. By smoothness and strong convexity, and the density of a Gaussian distribution,

exp <—%Hx — :1;*“2) dx
(27rL*1)d/2 ’

dnt(z) = ~SPf@)dz D (_ng _ x*H2) o
Jra exp(=f(y))dy (2rp—1)3?

In the last inequality we normalized by exp(—f(z*)). Combining these bounds yields the

dmo(z) =

result. O

SWe remark that the minimizer z* can be efficiently found using e.g. an accelerated gradient method,
to a degree of accuracy which does not bottleneck the runtime of Metropolized HMC by more than mild
logarithmic factors. We defer a discussion of performance under inexact knowledge of the parameters
z*, L to [DCWY19], and assume their exact knowledge for simplicity in this work.
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Let dmi be the density of xj after running k steps of Algorithm 3, where x( is drawn
from my = N (a*, L~11;). Moreover, let dpy, def % o<i<k dmi be the average density over
the first k iterations. In Section 3.4.1, we will show how to use the blocking conductance
framework of [KLMO6] to obtain a bound on the number of iterations k required to ob-
tain a constant-accuracy distribution. We then show in Section 3.4.2 that we can boost

this guarantee to obtain total variation e for arbitrary ¢ > 0 with logarithmic overhead,

resulting in our main mixing time claim, Theorem 11.

3.4.1 Constant-accuracy mizing

We state the results required to prove a mixing-time bound for constant levels of total
variation from the stationary measure 7*. All proofs are deferred to Appendix B.3. The
first result is a restatement of the main result of [KLMO06], modified for our purposes;
recall that py is an average over the distributions m; for 0 < ¢ < k. Finally, we define
Q(S) &f Js T2(S€)dm*(x) to be the probability one step of the walk starting at random

point in a set S leaves the set.

Theorem 4 (Blocking conductance mixing bound). Suppose the starting distribution m
18 B-warm with respect to w*. Moreover, suppose for some ¢, and for all ¢ <t < %, we

have a bound

é;gl§¢uxﬁwausgﬁdmmﬂﬂ$=”’ 32

for a decreasing function ¢ on the range [c, i], and ¢(x) < M for xz € [i, %] Then,

C

" 32 ([ M
b= e < e 32 [ oo s 3 ).

At a high level, the mixing time requires us to choose a threshold ¢ which is inversely-

proportional to the warmness, and bound the average value of a function ¢(t) in the range

1

[c, 5], where ¢(t) serves as an indicator of how “bottlenecked” sets of measure exactly

equal to t are.
Next, by using a logarithmic isoperimetric inequality from [CDWY20], we show in the
(S

following lemma that we can bound WS)% when 7*(.S) is in some range.

Lemma 3. Suppose for Q C R with 7*(Q) =1 — s, and all z,y € Q with |z — yl| <,

172 = Tyllov <1-a (3.3)
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Then, if ™ is p-strongly logconcave, n\/u < 1, and s <1 16 , for all t < %,

7_[.*(5) - 216
Q(S)? ~ a®n?utlog(1/t)’

For a more formal statement and proof, see Lemma 63. Note that in particular the

VS with 7 (S) = t.

lower range of ¢ required by Theorem 4 is at least inversely proportional to the warmness,
which causes the gradient norm bound obtained by the high-probability set 2 to lose

roughly a v/d factor. To this end, for a fixed positive ¢ < 1, denote
def d K
0 {x eR?| IV f(2)lls < 5\FLdlogz}. (3.4)
In Appendix B.4, we show the following.

Lemma 4. Forn? < W and all x, y € Q with |z — y|| <mn,

172 = Tyllev <

ol

By combining these pieces, we are able to obtain an algorithm which mixes to constant

total variation distance from the stationary distribution 7* in O(kd) iterations.

Proposition 1. Let € € [0,1], 8 = k%%, From any B/e-warm initial distribution o,
running Algorithm 8 for j iterations, where j is uniform between 0 and k — 1 for k >

Crdlog kloglog B for universal constant C, returns from distribution py with Hpk—w*HTV <
(2¢)7*

Proof. Note that pi as defined in the theorem statement is precisely the pg of Theorem 4.
Moreover, for the set © in (5.16), the probability x ~ 7* is not in Q is bounded via
Corollary 2 by

s < 3d~01108a("/O) (/)™ (3.5)

For n = ,/W and ¢ & e/(4Be), s < n%ﬁt is satisfied for all ¢ in the range [c, ).
Thus, we can apply Lemma 3 and conclude that (3.2) holds for the function

o(t) = <20 2%k dlog )tlogtl/t)

Next, note that ¢(t) is decreasing in the range [c, 1/e], and attains its maximum at ¢ = 3
within the range ¢ € [%, %], where 2/log2 < 3. Thus, the conditions of Theorem 4 apply,
such that

||P ™ lrv < ! + 20 227/{d10g§ /1/4 1 dr + 5
— | — =€ - -
b V= e k ¢/(48e) T log(1/x) 4
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1 20-2%kdlog & 4 3
§7+—fig€ loglog 4pe —loglogd + - | .
4e k € 4

Thus, by choosing k to be a sufficiently large multiple of xdlog % loglog g, the guarantee
follows. O

3.4.2 High-accuracy mizing

We now state a general framework for turning guarantees such as Proposition 1 into a e-
accuracy mixing bound guarantee, with logarithmic overhead in the quantity e. We defer

a more specific statement and proof to Appendix B.3.4.

Lemma 5. Suppose there is a Markov chain with transitions given by 7', and some non-
negative integer Tyix, such that for every m which is a B/e-warm distribution with respect
*

to m*,

[T B e — 7| oy <

1
<5 (3.6)

Then, if mo is a B-warm start, and k > Tyix log(e™1),
1 T* 70 — 7*[lpv < e

At a high level, the proof technique is to couple points according to the total variation
bound between Ty and 7* every Tix iterations, while the total variation distance is at
least €. This in turn allows us to bound the warmness of the “conditional distribution” of
uncoupled points by /€ using the fact that the total variation bound measures the size
of the set of uncoupled points, and use the guarantee (3.6) iteratively. We can now state

our main claim.

Theorem 5 (Mixing of Hamiltonian Monte Carlo). There is an algorithm initialized from

a point drawn from N (x*, L~11;), which iterates Algorithm 3 for

1
0] </<cdlog (E) log (dlog E) log <>)
€ € €
iterations, and produces a point from a distribution p such that Hp — 7T*HTV <e.

Proof. Define a Markov chain with transitions ’7~', whose one-step distribution from an
initial point is to run the algorithm of Proposition 1. Note that each step of the Markov
chain with transitions 7 requires O (/{d log (f) log (dlog %)) iterations of Algorithm 3,
and the averaging step is easily implementable by sampling a random stopping time at

uniform. Moreover, the Markov chain with transitions T satisfies (3.6) with Thnix = 1, by
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the guarantees of Corollary 2. Thus, by running log(e~!) iterations of this Markov chain,

we obtain the required guarantee. O
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Chapter 4

LOWER BOUNDS ON METROPOLIZED SAMPLING METHODS
FOR WELL-CONDITIONED DISTRIBUTIONS

This chapter is based on [LST21a], with Yin Tat Lee and Kevin Tian.
4.1 Introduction

In this chapter, we address the lower bound on the complexity of Metropolized sampling
methods. Demonstrating lower bounds on the complexity of sampling tasks (in the well-
conditioned regime or otherwise) has proven to be a remarkably challenging problem. To
our knowledge, there are very few unconditional lower bounds for sampling tasks (i.e. the
complexity of sampling from a family of distributions under some query model). This is
in stark contrast to the theory of optimization, where there are matching upper and lower
bounds for a variety of fundamental tasks and query models, such as optimization of a
convex function under first-order oracle access [Nes03]. This gap in the development of
the algorithmic theory of sampling is the primary motivation for our work, wherein we

aim to answer the following more restricted question.

What is the complexity of the popular sampling methods, MALA and HMC,

for sampling well-conditioned distributions?

The problem we study is still less general than wunconditional query lower bounds for
sampling, in that our lower bounds are algorithm-specific; we characterize the performance
of particular algorithms for sampling a distribution family. However, we believe asking
this question, and developing an understanding of it, is an important first step towards a
theory of complexity for sampling. On the one hand, lower bounds for specific algorithms
highlight weaknesses in their performance, pinpointing their shortcomings in attaining
faster rates. This is useful from an algorithm design perspective, as it clarifies what the
key technical barriers are to overcome. On the other hand, the hard instances which arise
in designing lower bounds may have important structural properties which pave the way
to stronger and more general (i.e. algorithm-agnostic) lower bounds.

For these reasons, in this work we focus on characterizing the complexity of the MALA
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and HMC algorithms , which are often the samplers of choice in practice, by lower bounding
their performance when they are used to sample from densities proportional to exp(—f(x)),
where f : R¢ — R has a finite condition number. In particular, f is said to have a condition
number of k£ < oo if it is L-smooth and p-strongly convex (has second derivatives in all
directions in the range [, L]), where k = % We will also overload this terminology and
say the density itself has condition number k. We call such a density (with finite k)
“well-conditioned.” Finally, we explicitly assume throughout that x = O(d*), as otherwise
in light of our lower bounds the general-purpose logconcave samplers of [LV07, JLLV20,
Che21a] are preferable.

4.1.1  Our results

Our primary contribution is a nearly-tight characterization of the performance of MALA
for sampling from two high-dimensional distribution families without a warm start as-
sumption: well-conditioned Gaussians, and the more general family of well-conditioned
densities. In Sections 4.3 and 4.4, we prove the following two lower bounds on MALA’s
complexity, which is a one-parameter algorithm (for a given target distribution) depend-
ing only on step size. We also note that we fix a scale [1, ] on the eigenvalues of the
function Hessian up front, because otherwise the non-scale-invariance of the step size can

be exploited to give much more trivial lower bounds (cf. Appendix C.1).

Theorem 6. For every step size, there is a target Gaussian on R? whose negative log-

density always has Hessian eigenvalues in [1, k|, such that the relaxation time of MALA

is Q(j%).

Theorem 7. For every step size, there is a target density on R® whose negative log-density

Ld).

always has Hessian eigenvalues in [1, k], such that the relazation time of MALA is Q(logd

To give more context on Theorems 6 and 7, MALA is an example of a Metropolis-
adjusted Markov chain, which in every step performs updates which preserve the stationary
distribution. Indeed, it can be derived by applying a Metropolis filter on the standard
forward Euler discretization of the Langevin dynamics, a stochastic differential equation

with stationary density o exp(—f(x)):

dzy = =V f(x)dt + V2d By,
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where B; is Brownian motion. Such Metropolis-adjusted methods typically provide total
variation distance guarantees, and attain logarithmic dependence on the target accuracy.!
The mixing of such chains is governed by their relaxation time, also known as the inverse
spectral gap (the difference between 1 and the second-largest eigenvalue of the Markov

chain transition operator).

However, in the continuous-space setting, it is not always clear how to relate the
relaxation time to the mizing time, which we define as the number of iterations it takes
to reach total variation distance % from the stationary distribution from a given warm
start (we choose % for consistency with the literature, but indeed any constant bounded
away from 1 will do). There is an extensive line of research on when it is possible to
relate these two quantities (see e.g. [BGL14]), but typically these arguments are tailored
to properties of the specific Markov chain, causing relaxation time lower bounds to not be
entirely satisfactory in some cases. We thus complement Theorems 6 and 7 with a mizing

time lower bound from an exponentially warm start, as follows.

Theorem 8. For every step size, there is a target density on R® whose negative log-density

always has Hessian eigenvalues in [1, k], such that MALA initialized at an exp(d)-warm

Kkd
log?

start requires Q( ) iterations to reach e~ total variation distance to the stationary

d
distribution.

We remark that Theorem 8 is the first mizing time lower bound for discretizations of
the Langevin dynamics we are aware of, as other related lower bounds have primarily been
on relaxation times [CV19, LST20, CLA'20]. Up to now, it is unknown how to obtain
a starting distribution for a general distribution with condition number x with warmness
better than x? (which is obtained by the starting distribution A(z*, +id) where L is the
smoothness parameter and z* is the mode).? A line of work [DCWY19, CDWY20, LST20]
analyzed the performance of MALA under this warm start, culminating in a mixing time
of 6(%(1) as shown in Chapter 3, where O hides logarithmic factors in &, d, and the target
accuracy. On the other hand, a recent work [CLA120] demonstrated that MALA obtains

!'We note this is in contrast with a different family of unadjusted discretizations, which are analyzed
by coupling them with the stochastic differential equation they simulate (see e.g. [Dall7b, CCBJ17] for
examples), at the expense of a polynomial dependence on the target accuracy; we focus on Metropolis-
adjusted discretizations in this work.

2The warmness of a distribution is the worst-case ratio between the measures it and the stationary
assign to a set.
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a mixing time scaling as 6(poly(/i)\/g), when initialized at a polynomially warm start,’
and further showed that such a mixing time is tight (in its dependence on d). They posed
as an open question whether it was possible to obtain O(poly(x)d' (1)) mixing from an
explicit starting distribution.

We address this question by proving Theorem 8, showing that the O(xd) rate of [LST20]
for MALA applied to a x-conditioned density is tight up to logarithmic factors from an
explicit “bad” warm start. Concretely, to prove Theorems 6-8, in each case we exhibit
an exp(—d)-sized set according to the stationary measure where either the chain cannot
move in poly(d) steps with high probability, or must choose a very small step size. Beyond
exhibiting a mixing bound, this demonstrates the subexponential warmness assumption
in [CLAT20] is truly necessary for their improved bound. To our knowledge, this is the
first mearly-tight characterization of a specific sampling algorithm’s performance in all
parameters, and improves lower bounds of [CLA'20, LST20]. It also implies that to go
beyond 5(/16[) mixing requires a subexponential warm start.

The lower bound statement of Theorem 8 is warmness-sensitive, and is of the following

(somewhat non-standard) form: for 5 = exp(d), we provide a lower bound on the quantity

_inf sup mixing time of algorithm.
algorithm parameters gtarts of warmness <B
densities in target family

In other words, we are allowed to choose both the hard density and starting distribution
adaptively based on the algorithm parameters (in the case of MALA, our choices respond
to the step size). We note that this type of lower bound is compatible with standard
conductance-based upper bound analyses, which typically only depend on the starting
distribution through the warmness parameter.

In Section 4.6, we further study the multi-step generalization of MALA, known in the
literature as Hamiltonian Monte Carlo with a leapfrog integrator (which we refer to in this
paper as HMC). In addition to a step size n, HMC is parameterized by a number of steps
per iteration K; in particular, HMC makes K gradient queries in every step to perform
a K-step discretization of the Langevin dynamics, before applying a Metropolis filter. It
was recently shown in [CDWY20] that under higher derivative bounds, balancing 7 and
K more carefully depending on problem parameters could break the apparent xkd barrier

of MALA, even from an exponentially warm start.

3 As discussed, it is currently unknown how to obtain such a warm start generically.
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It is natural to ask if there is a stopping point for improving HMC. We demonstrate
that HMC cannot obtain a better relaxation time than O(kvdK —1) for any K, even when
the target is a Gaussian. Since every HMC step requires K gradients, this suggests ﬁ(lﬁ\/&)

queries are necessary.

Theorem 9. For every step size and count, there is a target Gaussian on R? whose
negative log-density always has Hessian eigenvalues in [1, k], such that the relazation time

of HMC is Q(K’f/%).

In Appendix C.2, we also give some lower bounds on how much increasing K can
help the performance of HMC in the in-between range xv/d to rkd. In particular, we
demonstrate that if K < d°¢ for some constant ¢ =~ 0.1, then the K-step HMC Markov
chain can only improve the relaxation time of Theorem 9 by roughly a factor K2, showing
that to truly go beyond a rd relaxation time by more than a d°!) factor, the step size must
scale polynomially with the dimension (Proposition 16). We further demonstrate how to
extend the mixing time lower bound of Theorem 8 in a similar manner, demonstrating
formally for small K that (up to logarithmic factors) the gradient query complexity of
HMC cannot be improved beyond xd by more than roughly a K factor (Proposition 17).

Our mixing lower bound technique in Theorem 8 does not directly extend to give a
complementary mixing lower bound for Theorem 9 for all K, but we defer this to interesting

future work.

4.1.2  Technical overview

In this section, we give an overview of the techniques we use to show our lower bounds.
Throughout for the sake of fixing a scale, we assume the negative log-density has Hessian

between id and kid.

MALA. Our starting point is the observation made in [CLAT20] that for a MALA
step size h, the spectral gap of the MALA Markov chain scales no better than O(h +
h?), witnessed by a simple one-dimensional Gaussian. Thus, our strategy for proving
Theorems 6 and 7 is to show a dichotomy on the choice of step size: either h is so large such
that we can construct an exp(d)-warm start where the chain is extremely unlikely to move
(e.g. the step almost always is filtered), or it is small enough to imply a poor spectral gap.

In the Gaussian case, we achieve this by explicitly characterizing the rejection probability
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and demonstrating that choosing the “small ball” warm start where HxH% is smaller than
its expectation by a constant ratio suffices to upper bound h.

Given the result of Theorem 6, we see that if MALA is to move at all with decent
probability from an exponentially warm start, we must take h < 1, so the spectral gap in
this regime is simply O(h). We now move onto the more general well-conditioned setting.
As a thought experiment, we note that the upper bound analyses of [DCWY19, CDWY20,
LST20] for MALA have a dimension dependence which is bottlenecked by the noise term
only. In particular, the MALA iterates apply a filter to the move @’ < z —hV f(z)++/2hg,
where g ~ N(0,id) is a standard Gaussian vector. However, even for the more basic
“Metropolized random walk” where the proposal is simply 2’ < z + v/2hg, the dimension
dependence of upper bound analyses scales linearly in d. Thus, it is natural to study the
effect of the noise, and construct a hard distribution based around it.

We first formalize this intuition, and demonstrate that for step sizes not ruled out
by Theorem 6, all terms in the rejection probability calculation other than those due
to the effect of the noise g are low-order. Moreover, because the effect of the noise is
coordinatewise separable (since N(0,id) is a product distribution), to demonstrate a 6(%)
upper bound on h it suffices to show a hard one-dimensional distribution where the log-
rejection probability has expectation —Q(hk), and apply sub-Gaussian concentration to
show a product distribution has expectation —Q(hkd).

At this point, we reduce to the following self-contained problem: let z € R, let 7*
exp(—f14) be one-dimensional with second derivative < &, and let z, = 2 + v/2hg for
g ~ N(0,1). We wish to construct fiq such that for x in a constant probability region
over exp(—f14) (the “bad set”),

Eynion |~ fia(eg) + fiale) = 5 (2 = g, fla®) + flaleg))| = ~0hw),  (41)

where the contents of the expectation in (4.1) are the log-rejection probability along one
coordinate by a straightforward calculation. By forming a product distribution using fiq
as a building block, and combining with the remaining low-order terms due to the drift
V f(x), we attain an exp(—d)-sized region where the rejection probability is exp(—Q(hrd)),
completing Theorem 7.

It remains to construct such a hard fi4. The calculation

—f1a(wg) + fra(z —*<33 g, fla(x) + fla(zg) :_Qh/ < 3)92fﬁi($+5($g_5))d5
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suggests the following approach: because the above integral places more mass closer to
the starting point, we wish to make sure our bad set has large second derivative, but
most moves g result in a much smaller second derivative. Our construction patterns this

intuition: we choose?

K o Kh x 2k K

fra(z) = EREE S/~ = fla(z) = 5 Tgcos %,

such that our bad set is when cos ﬁ is relatively large (which occurs with probability
— % for small h in one dimension). The period of our construction scales with \/E, so that
most moves v/2hg of size O(v/h) will “skip a period” and hence hit a region with small

second derivative, satisfying (4.1).

—-0.6 -0.4 —0. olo .2 0.4 0.6
bad set

Figure 4.1: Second derivative of our hard function fi4, x = 10, h = 0.01. Starting from inside

the hard region, on average over g ~ A/(0,id), a move by v2hg decreases the second derivative.

HMC. We further demonstrate that similar hard Gaussians as the one we use for MALA
also place an upper bound on the step size of HMC for any number of steps K. Our starting
point is a novel characterization of HMC iterates on Gaussians: namely, when the negative
log-density is quadratic, we show that the HMC iterates implement a linear combination

between the starting position and velocity, where the coefficients are given by Chebyshev

_1_
Kk

begins to cycle because of the locations of the Chebyshev polynomials’ zeroes, and cannot

polynomials. For step size n of size Q( ) for specific constants, we show the HMC chain
move. Moreover, for sufficiently small step size 1 outside of this range, it is straightforward
by examining the coefficients of Chebyshev polynomials to show that they are the same
(up to constant factors) as in the MALA case, at which point our previous lower bound
holds. It takes some care to modify our hard Gaussian construction to rule out all constant

ranges in the n ~ region, but by doing so we obtain Theorem 9.

1
Kk

*We note [CLAT20] also used a (different, but similar) cosine-based construction for their lower bound.
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We remark that the observation that HMC iterates are implicitly implementing a
Chebyshev polynomial approximation appears to be unknown in the literature, and is
a novel contribution of our work. We believe understanding this connection is a worth-
while endeavor, as a similar connection between polynomial approximation and first-order
convex optimization has led to various interesting interpretations of Nesterov’s accelerated

gradient descent method [Harl3, Bacl9).

4.1.8  Prior work

The bounds most closely relevant to those in this paper are given by [LST20], who showed
that the step size of MALA must scale inversely in & for the chain to have a constant chance
of moving, and [CLA'20], who showed that the step size must scale as d~3. Theorem 7
matches or improves both bounds simultaneously, proving that up to logarithmic factors
the relaxation time of MALA scales linearly in both x and d, while giving an explicit hard
distribution and exp(—d)-sized bad set. Moreover, both [LST20, CLA120] gave strictly
spectral lower bounds, which are complemented by our Theorem 8, a mixing time lower

bound.

We briefly mention several additional lower bound results in the sampling and sampling-
adjacent literature, which are related to this work. Recently, [CLW20] exhibited an
information-theoretic lower bound on unadjusted discretizations simulating the under-
damped Langevin dynamics, whose dimension dependence matches the upper bound of
[SL19] shown in Chapter 2 (while leaving the precise dependence on k open). Finally,
[GLL20] and [CBL20] give information-theoretic lower bounds for estimating normalizing
constants of well-conditioned distributions and the number of stochastic gradient queries

required by first-order sampling methods under noisy gradient access respectively.

4.2 Preliminaries

In Section 5.2.1, we give an overview of notation and technical definitions used throughout
the paper. We state standard helper concentration bounds we frequently use in Sec-
tion 4.2.2. We then recall the definitions of the sampling methods which we study in this

paper in Sections 4.2.3 and 4.2.4.
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4.2.1 Notation

General notation. For d € N we let [d] o {ieN|1<i<d} Welet || denote the
Euclidean norm on R? for any d; for any positive semidefinite matrix A, we let H . H A be
its induced seminorm HIL‘HA =VaT Az. We use || . Hp to denote the £, norm for p > 1, and
H . HOO is the maximum absolute value of entries. We let A/(u, X) denote the multivariate
Gaussian with mean p € R? and covariance ¥ € R4 We let id € R?*¢ denote the
identity matrix when dimensions are clear from context, and < is the Loewner order on
the positive semidefinite cone. We let {W;};>9 C R? denote the standard Brownian motion

when dimensions are clear from context.

Functions. We say twice-differentiable f : R* — R is L-smooth and p-strongly convex
for 0 < p < L if pid = V2f(z) < Lid for all z € R?. Tt is well-known that for any
x,y € RY, this implies f has a Lipschitz gradient (i.e. ||Vf(a:) — Vf(y)”z < Lz - yHg),

and satisfies the quadratic bounds

F(@) + (Vi) y — ) + Sl — 2l < f(w) < 5@) + (VI @)y - 2) + oy - 2l

We define the condition number of such a function f by & def % We will assume that « is
at least a constant for convenience of stating bounds; a lower bound of 10 suffices for all

our results.

. . . . d . o d
Distributions. For distribution 7 on R?, we say  is logconcave if 97 (x) = exp(—f(z))
for convex f; we say 7 is p-strongly logconcave if f is p-strongly convex. For A C R? we
let A¢ denote its complement and 7(A) e Jyea dn(z) denote its measure under 7. We
say distribution p is f-warm with respect to 7 if g—ﬁ(x) < B everywhere; we define their

total variation |7 — p||TV def sup 4cgd m(A) — p(A). Finally, we denote the expectation and

variance of g : R — R under 7 by
Bxlg] = [ g(o)dn(z), Vare o) = Er [¢*] - (Bxlg])*

Sampling. Consider a Markov chain defined on R? with transition kernel {7, },cpd, SO
that [ T,(y)dy = 1 for all z. Further, denote the stationary distribution of the Markov
chain by 7*. Define the Dirichlet form of functions g,h : R — R with respect to the

Markov chain by

s@wﬂg/m@mwwﬂw—//mwmwn@Mﬁumy
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A standard calculation demonstrates that

£(0.9) = 5 [[(91) = 90) PTet)an )y

The mixing of the chain is governed by its spectral gap, a classical quantity we now define:

A Tobucr) @i { S0 (42)

The relaxation time is the inverse spectral gap. We also recall a result of Cheeger [Che69],

showing the spectral gap is O(®), where ® is the conductance of the chain:

fxEA E(Ac)dﬂ-* (.’E)
()

def

® ({Te}oerd) =

inf

(4.3)
ACRA|7*(A)<

1
2
Finally, we recall the definition of a Metropolis filter. A Markov chain with transitions

{72} serae and stationary distribution 7* is said to be reversible if for all 2,y € RY,
dr*(2)Te(y) = dr™(y) Ty(2).

The Metropolis filter is a way of taking an arbitrary set of proposal distributions {Py},cpa
and defining a reversible Markov chain with stationary distribution 7*. In particular, the
Markov chain induced by the Metropolis filter has transition distributions {7, },cra defined

by
dr* (y)Py(z)
dm* (z) Pz (y)

Whenever the proposal is rejected by the modified distributions above, the chain does not

Tz(y) = Pr(y) min <1, > for all y # x. (4.4)

move.

4.2.2  Concentration
Here we state several frequently used (standard) concentration facts.

Fact 1 (Mill’s inequality). For one-dimensional Gaussian random variable Z ~ N(0,0?),

20 2
PriZ >t <4/—— - .
212 e (-2

Fact 2 (x? tail bounds, Lemma 1 [LMO00]). Let {Zi}iem) ~iia. N(0,1) and a € RL,,. Then

Pr | Y aiZ} - llal3 > 2llall2vE + 2llalot | < exp(—t),

i€[n] J

Pr| > azi - lalf < —2llall2vt| < exp(-1).

i€[n]
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Fact 3 (Bernstein’s inequality). Let {Z;};cpn) be independent mean-zero random variables
with sub-exponential parameter X. Then

1 2t
Pr ZZi >t <exp<—2min<n)\2,)\>>.

1€[n]
4.2.8 Metropolis-adjusted Langevin algorithm

In this section, we formally define the Metropolis-adjusted Langevin algorithm (MALA)
which we study in Sections 4.3 and 4.4. Throughout this discussion, fix a distribution =
on R?, with density 2% (z) = exp(—f(z)), and suppose that f is twice-differentiable for
simplicity.

The MALA Markov chain is given by a discretization of the (continuous-time) Langevin
dynamics

dl’t = —Vf($t)dt + \/§th,

which is well-known to have stationary density exp(—f(z)). MALA is defined by perform-
ing a simple Euler discretization of the Langevin dynamics up to time h > 0, and then
applying a Metropolis filter. In particular, define the proposal distribution at a point z by

Po YN (2 — WV f(2),2hid) .

We obtain the MALA transition distribution by applying the definition (4.4), which yields

le—(y—nV £ ()3
ly— - nvsaplz) . [, e (-7 - )
T2(y) ocexp | — 1h min | 1, -
exp <_ flz) — ||y—(x—ZZf(w))||2>
(4.5)
The normalization constant above is that of the multivariate Gaussian with covariance

2hid.

4.2.4  Hamiltonian Monte Carlo

In this section, we formally define the (Metropolized) Hamiltonian Monte Carlo (HMC)
method which we study in Section 4.6. We assume the same setting as Section 4.2.3.

The Metropolized HMC algorithm is governed by two parameters, a step size n > 0
and a step count K € N, and can be viewed as a multi-step generalization of MALA. In
particular, when K = 1 it is straightforward to show that HMC is a reparameterization of
MALA, see e.g. Appendix A of [LST20]. More generally, from an iterate 2, HMC performs
the following updates.
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1. zp < x, vg ~ N(0,id)
2. For0<k< K:

(a) Uyl 4 Uk — IV f(xy)
(b) @1 = @k +nugy 1

(€) Vg1 < vk — 3V f(Tp41)
3. Return zx

Each loop of step 2 is known in the literature as a “leapfrog” step, and is a discretization
of Hamilton’s equations for the Hamiltonian function H(z,v) def flx)+ %HUH%, for addi-
tional background, we refer the reader to [CDWY20]. This discretization is well-known to
have reversible transition probabilities (i.e. the transition density is the same if the end-
points are swapped) because it satisfies a property known as symplecticity. Moreover, the
Markov chain has stationary density on the expanded space (z,v) € R? x R? proportional
to exp(—H(x,v)). Correspondingly, the Metropolized HMC Markov chain performs the
above algorithm from a point x, and accepts with probability

. exp (—H(zk, vk))
mln{l, oxp (—H(z0,00)) } (4.6)

4.3 Lower bound for MALA on Gaussians

In this section, we derive a upper bound on the spectral gap of MALA when the target
distribution is restricted to being a multivariate Gaussian (i.e. its negative log-density is a
quadratic in some well-conditioned matrix A). Throughout this section we will let f(z) =
%xTAa: for some id < A < kid. We remark here that without loss of generality, we have
assumed that the minimizer of f is the all-zeros vector and the strong convexity parameter
is p = 1. These follow from invariance of condition number under linear translations and
scalings of the variable.

Next, we define a specific hard quadratic function we will consider in this section,
Jhq - R? — R. Specifically, fhq Will be a quadratic in a diagonal matrix A which has

A1 =1and A;; =k for 2 < i <d. We can rewrite this as

Fra@) €S filzs), where fi(c) = . (4.7)

i€[d] gC2 2<i<d
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Notice that fyq is coordinate-wise separable, and behaves identically on coordinates 2 <
i < d (and differently on coordinate 1). To this end for a vector v € R?, we will denote its
first coordinate by v; € R, and its remaining coordinates by v_; € R%~!. This will help
us analyze the behavior of these components separately, and simplify notation.

We next show that for coordinate-separable functions with well-behaved first coordi-
nate, such as our fiq, the spectral gap (defined in (4.2)) of the MALA Markov chain
is governed by the step size h. The following is an extension of an analogous proof in

[CLA*20].

Lemma 6. Consider the MALA Markov chain (4.5), with stationary distribution 7 with
negative log-density f. Suppose f is coordinate-wise separable (i.e. f(x) =3 ¢y fi(2i))-
If f(z) = f(—=x) for all z € R?, f1 is O(1)-smooth, and ]Exyvexp(—fl)[x%] = O(1), the
spectral gap (4.2) is O(h + h?).

Proof. Recalling the definition (4.2), we choose g(x) = x1; note that by symmetry of f

around the origin, we have E;«[g] = 0, and thus by our assumption,
Var+[g] = Egnre [#7] = O(1).
Here we used that 7* is a product distribution. Thus it suffices to upper bound &(g, g):
1 *
£(9:9)=35 //(xl —y1)*Ta(y)dr* (z)dy
1 *
<5 [ [ @ = wpPaar @y
1 , 2
=SB o) | (A1 (1) = V2RE)
2
< Epr W (fi(21)) } + 2B n0.) [h€7]
< O(h*)Egpars [23] +2h = O (h+ 1?) .
In the second line, we used that whenever the Markov chain rejects the distribution both
terms are zero; in the third, we used the definition of the MALA proposals; in the fourth,
we used (a+b)? < 2a? +2b? for a,b € R. Finally, the last line used that symmetry implies
that the minimizer of f is the origin, so applying Lipschitzness and f{(0) = 0 yields the
desired bound. O

This immediately implies a spectral gap bound on our hard function fiq.

Corollary 3. The spectral gap of the MALA Markov chain for sampling from the density
proportional to exp(— fuq), where fnq is defined in (4.7), is O(h + h?).
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It remains to give a lower bound on the step size h, which we accomplish by upper
bounding the acceptance probability of MALA. We will give a step size analysis for a fairly
general characterization of Markov chains, where the proposal distribution from a point x
is

y= . ; where y1 = (1 — a1)z1 + Bigr
Y-1 (4.8)
andy 1 =(1—a_1)x_1 + B_19_1, for g ~ N(0,id).
To be concrete, recall that the proposal distribution for MALA (4.5) is given by y =
& —hAz ++v/2hg. For the A used in defining fhg, this is of the form (4.8) with the specific

parameters

a; =h, a_y =hk, f1 = -1 = V2h.

However, this more general characterization will save significant amounts of recalculation
when analyzing updates of the HMC Markov chain in Section 4.6. Recalling the formula

(4.5), we first give a closed form for the acceptance probability.

Lemma 7. For f(z) = 12" Az, we have

7@~ f@) + 3 (ly— @ =295 @)IE ~ o — 0~ k9 7@)R) = lalaa — 2yl

Supposing y is of the form in (4.8) and A is as in (4.7), we have

h h
B — Bl = 2 (201 — o) - 8247 — 201 — a)Brra)
h 2
+ % ((2a_1 —a2)) [leall3 = B2 llg-all3 — 201 — a1) B <$—1,9—1>> :

Proof. This is a direct computation which we perform here for completeness: the given

quantity is
Licwz  Lyne 1 2 2
Sllalla = Sllla + - (Hy —a+ Al - llz -y + nayl})

1 h
y—x,Az) + ||a:||A2 — 5 (z—y,Ay) — ||y||A2 = ll=las = S llyla

Ly e 1
—2||x||A 2||y||A+2( 5

The second equality follows from expanding the definition of y:
lelZe = lyl3e =23 = (1 = an) o+ Bugn) + 62 (Il = 11 = acr) 2y + Borgal})

= (2a1 — a%) x% — ﬂ%g% —2(1 —aq)prx1n

+ K? ((20—1 —a?)) w3 = 8244 llg-1l3 — 201 — a—1)B4 <$—1,g—1>> :
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Corollary 4. For any fized x € R?, and supposing y is of the form in (4.8) and A is as
n (4.7),

Epvioit |10~ 500+ 35 (I = (@ = 09I~ o = (s~ 105 )IB)|

- Z ((201 — o) 2f - B7) + h% ((2a_1 —a? ) [leall5 - 82, (d - 1)) .

Proof. This follows from Lemma 7, independence of g and x, and linearity of trace and
expectation applied on squared coordinates of g, where we recognize Eyn(0,id) [ggT] =

id. O
Next, for a fixed x, consider the random variables R} :

b (201 — o) 2t = gt — 2(1 — 1) Brzrgn) i=1

M (2001 —0? ) 22 — B2 192 — 21— a_1)Bormig)) 2<i<d

R® =

)

where g ~ N(0,id) is a standard Gaussian random vector. Notice that for a given realiza-

tion of g, we have by Lemma 7 that
h h
> B = Zllallaz = Flyllaz. (4.9)

We computed the expectation of Zie[d] R? in Corollary 4. We next give a high-probability

bound on the deviation of Z e 17 from its expectation.

Lemma 8. With probability at least 1 — & over the randomness of g ~ N (0,id),

Y Ry —Egnia | > BY | < 2hjon - 1|B1|1:1|”10g + hﬂlwlog
i€[d] i€[d]
2 4 2 52 4
+ 2hK* oy — 1\6_1":5_1”2 log 5 + hr“BZ,4/dlog 5)

Proof. In defining { RY }c(q), the terms involving {x%}ie[d] are deterministic. Thus, we need

to upper bound the deviations of the remaining terms, namely

[$) h e h
SO D oy~ 1)Brasgy, 28 P ( 7).
e h e ﬂ
S(,):T(a 1_151 szgu S = 4 (1_91'2)'
2<i<d 2<i<d

To motivate these definitions, S%l) + Sf) + 5’91) + 5(721) is the left hand side of the display in

the lemma statement. We begin with S(_ll)

. Notice that this is a one-dimensional Gaussian
random variable distributed as

def

2 h/‘$2
N(Oafﬁ) where 01 = 7|0471 —1!/3—1H1Ll||2-
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Thus, applying Mill’s inequality yields

2
(1) < \/501 _ < 9 — 4
Pr [571 > t} =\ exp< 202 ) <1 for t = 4014 /log 5 )

Next, to bound the term S(_Ql), define

o h 2132
O'Qd:f K4B_1\/ﬁ.

Standard x? concentration results (Fact 2) then yield

t? 4
Pr [5(_21) > t} < exp <_ZMQ> < T for t = 2094 /log <5>
2

Similar bounds follow for S}l) and 5’}2), whose computations we omit for brevity. Taking

a union bound over these four terms yields the desired claim. O

Finally, we have a complete characterization of a bad set @ C R? where, with high

probability over the proposal distribution, the acceptance probability is extremely small.

Proposition 2. Let z € R? satisfy ||z_1/2 < % and |z1| < 5v/logd, and suppose y is

of the form in (4.8) and A is as in (4.7). Also suppose that

logd
kd

laq] < gﬁgﬂﬁ Bo1=w ( ) , Jaa| = O(la-1]), p1 = O(B-1).

Then with probability at least 1 — d~> over the randomness of g ~ N(0,id), we have

h h
Jlallaz = Zlyllaz = -0 (ns?62,d).

Proof. We first handle terms involving z_; and g_;. Combining (4.9), Corollary 4, and

Lemma 8, we have with probability at least 1 — %d_‘r’ over the randomness of g ~ N(0,1id)

that ||a:_1|‘i2 — ||y_1||12 (where A_; is the Hessian of f,q on the last d — 1 coordinates)
~1 ~1

is upper bounded by

h 2
% <(2a_1 —a?,) 21113 - 821 (d - 1)) + 5hi2|ay — 1|81 lz_1]l21/log d + 3hk2 5% \/dlog d
hk? hk? 9 9 9
< - hhdt — (2a-1— o lwall3 + 5ha2 oy — 1]8-1[lz_1/l21/log d.

(4.10)
Here we dropped the last term in the first line by adjusting a constant since it is dominated
for sufficiently large d. It remains to show that all the terms in the second line other than

—%"‘525%1d are bounded by O(hx?B2,d). We will perform casework on the size of a_.
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Case 1: |a—1| > 3. In this case, we have for sufficiently large d, by Young’s inequality

1
5hi?la_y — 1|B_1llz_1lla/logd < Ehﬁ2|a—1|ﬂ—1”$—1uz\/g
1 1

<
— 80 80

h/‘(/z/led‘i‘ h/£2a2,1H:L’_1H%.

Plugging this bound into (4.10), we have the desired

hk? hk? hk?
ol i, < 26200+ 2 (20— 0902,) el < -2 0

In the last inequality we used 2a_1 — 0.9a%; < 0 for |a_1| > 3.
Case 2: |a—1| < 3. In this case, we first observe by our assumed bounds on Har_ng

and 6717

5h/§2]a_1 — 1|B_1||x_1||2\/logd < 20hktPB_1\/dlogd = o (hm2631d) )

Thus, substituting into (4.10) and dropping the (nonpositive) term corresponding to a2_1,

hx hi?
HHT—IHiz_I - Hy—lﬂigl < _Rﬂgld_‘_ Ta_le—ng
hk? hrko_1d
< —Rﬁ31d+ 5 =9 (hs?B21d) .

In the second inequality, we used the assumed bound on H:E,1||%, and in the last we used
the bound |a—_;| < 2%,k to reach the conclusion.

To complete the proof we need to show terms involving x; and g; are small. In
particular, combining (4.9), Corollary 4, and Lemma 8 and dropping nonnegative terms,

it suffices to argue

h
§a1x% + 5h|aq — 1|B1|z1|y/log d + 3hBi\/logd = o (hx*B%1d) .

This bound clearly holds for the last term h3%y/logd using 81 = O(B_1). For the first
term, it suffices to use our assumed bounds on |ap| and z;. Finally, the middle term
5hlay — 1|81]x1]v/Iog d is low-order compared to the term 5hr2|o_y — 1|3_1||z_1/[2v/Togd
which we argued about earlier, and hence does not affect any of our earlier bounds by
more than a constant. The left-hand side of the above display is an upper bound of the
first coordinate’s contribution with probability at least 1 — %dﬁr’, so a union bound shows

the proof succeeds with probability > 1 — d 5. O

Finally, we are ready to give the main lower bound of this section.
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Theorem 6. For every step size, there is a target Gaussian on R? whose negative log-

density always has Hessian eigenvalues in [1, k|, such that the relaxation time of MALA

is Q(;b%).

Proof. Let m be the Gaussian with log-density —fuq (4.7) throughout this proof. If

the proof suppose

>, then Corollary 3 immediately implies the result, so for the remainder of

h—w (L), (4.11)

wVd

We first recall that MALA Markov chains are an instance of (4.8) with
a1 =h, a1 =hk, p1 = f-1=V2h

It is easy to see that these parameters satisfy the assumptions in Proposition 2, for the

given range of h. We define a “bad starting set” as follows:

Qdéf {:v

lz_1l3 < g—z x} <25 logd}. (4.12)

For any x € Q, and h satisfying (4.11), Proposition 2 is applicable, and by our definition

of Q, any x € Q2 has proposals which will be accepted with probability

exp (—Q (h/{Qled)) = exp (—Q(h2&2d)) < %.

The conductance of the Markov chain (4.3) is then at most d% by the witness set {2 and
the failure probability of Proposition 2, which concludes the proof by Cheeger’s inequality
[Che69], where we use the assumption that x = O(d?). O

Finally, as it clarifies the required warmness to escape the bad set in the proof of Theo-
rem 6 (and is used in our mixing time bounds in Section 4.5), we lower bound the measure

*

of 2 according to 7*. Applying Lemma 9 shows with probability at least exp(—%d),

Hx_lHé < %, and Fact 1 shows that 22 < 25logd with probability at least %; combining
shows that the measure is at least exp(—d). We required one helper technical fact, a

small-ball probability bound for Gaussians.

Lemma 9. Let v ~ N(0,id) be a random Gaussian vector in n dimensions. For large

enough n,

b= 3] z e (1)
Pr [HUHQ = exp )
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Proof. Observe that HvH% follows a x? distribution with n degrees of freedom. Thus this
probability is governed by the x? cumulative density function, and is
1
——~(k,ck
I k)’y( , ck)
where we define k % 2 and ¢ % %; here I' is the standard gamma function, and ~ is the

2
lower incomplete gamma function. Next, we have the bound from [ODL"20]
1 ko, def _ 1
L (k) > (1= exp (—lek))*, € (D(k + 1)
I'(k)
A direct calculation yields £ > 22 = 1 — exp(—{ck) > exp(—2) for large enough k.

Recalling we defined k = % yields the conclusion. O

4.4 Lower bound for MALA on well-conditioned distributions

In this section, we derive a lower bound on the relaxation time of MALA for sampling
from a distribution with density proportional to exp(—f(x)), where f : R? — R is a
(non-quadratic) target function with condition number . In particular, by exploiting the
structure of non-cancellations which do not occur for quadratics, we will attain a stronger
lower bound.

Our first step is to derive an upper bound on the acceptance probability for a general
target function f according to the MALA updates (4.5), analogously to Lemma 7 in the

Gaussian case.

Lemma 10. For any function f:R? — R, we have

£(@) ~ 5) + 5 (ly = @ = n F@)IE ~ o — (- hVﬂDH)
= )+ 1(@) — 3 (@~ . V@) + V) + 219 @) - 29 w)B

Proof. This is a direct computation which we perform here for completeness:

7@~ 1)+ 5 (v~ @~ 27 @)B =l — (v~ n9 £w)B)

= J(@) ~ ) + 55 = e W) — g o~y i) + 27— 219713
= ) + 1) — 3 (o~ . V@) + V@) + 295 - 2w w)B
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Next, recall the proposal distribution of the MALA updates (4.5) sets y = x—hV f(x)+
V2hg where g ~ N(0,id). We further split this update into a random step and a deter-

ministic step, by defining

Tg e V2hg, where g ~ N (0,id) and y = x4 — hV f(z). (4.13)

This will allow us to reason about the effects of the stochastic and drift terms separately.

We crucially will use the following decomposition of the equation in Lemma 10:

)+ (@) — 5 (o=, V@) + V@) + 1@ - 2v )3
= —lag) + (&) — 5 (o 0, V(@) + V()
. (4.14)
+f(:cg)—f(y)—§<x*xgvvf( y) — Vf(xg))
5 (oo 1, V() + V1) + IV 5@ - 2w sl

We will use the following observation, which gives an alternate characterization of the

second line of (4.14), as well as a bound on the third and fourth lines for smooth functions.

Lemma 11. For twice-differentiable f : R® — R, letting x4 © ot s(xg —x) for s € [0,1],

we have

1
(e + @) = g o2 V@) 4 V) = <20 [ (5= 5) g Vg

Moreover, assuming f is k-smooth,

Flag) = F(9) 5 (@ — 20, V() — V()
3 (ag 1, V() + V1) + IV @3 + w7013

2
<2 (W% + B*W2) IV f (@) 13 +3 (B 0r + h2262) lgllalIV £ (@)l + n2R2llgll3.

Proof. By integrating twice and using the definition x4, = x + V2hg,
1
fag) = 1)+ [ (Vf(ai)sz, - a)ds
0
1 s
— @)+ (V@) 2y — ) +/ </ V2 f () (g — ) dt, 2y — g;> ds  (4.15)
0 0
1
= f(z) + (Vf(z), 2y — )+ 2h/ (1—ys) gTV2f(x5)gds.
0

Similarly,
1
f(x) = flzg) + (Vf(xg),x —xqg) + 2h/0 ngVQf(xS)gds. (4.16)
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The first conclusion follows from combining (4.15) and (4.16). Next, assuming f is k-

smooth,

Flag) = 1) — 5 (0 — 2, V)~ V() — 5 {rg — 9, V() + V1 (3)

= flzg) — fly) + \/? (9, Vf(y) = Vf(zg)) —(xg —y,VI(y)) — ﬁ (Vf(x),Vf(z)—Vf(y))
< flzg) — fly) — <xg—y7Vf(y)>+@HgHzHVf(xg) Hz+—||Vf el VF(z) = Viw)l:

\ﬁl-@

< Zllzg gl + lgllzllzg —yll> + HVf llz =yl

51w )3 + 22

h%k
< 7
- 2

h”mHgH IV f(z H2+fHVf ) (V2rllgll + IV f()]l2)

—hzﬁHVf M+ v2r3klglla v £ ().
(4.17)

The second line used the definitions of z, and y in (4.13), and the third used Cauchy-
Schwarz. The fourth used smoothness (which implies gradient Lipschitzness), and the

fifth again used (4.13) and the triangle inequality. Next, we bound the remaining terms
IV £ ()13 = 41V £ (w)l13:

—HVf )3~ —HVf )13 = <Vf<w>+Vf<y>,Vf<x>—Vf(y>>

@Wf“ﬂ%%—ﬂ)%—ﬂz

(4.18)
@wfuﬂwAWfm+¢*wﬂ)wwfuﬁwfwu
1
2@%+m2nwfww+“<M%+m5amwwf Y+ 1262 gl
Combining (4.17) and (4.18) yields the conclusion. O

We will ultimately use the second bound in Lemma 11 to argue that the third and

fourth lines in (4.14) are low-order, so it remains to concentrate on the remaining term,

1

1
—flag) + ) — % (2 — 2,V () + V f(g)) = —2h/0 ( -

5 s> g V2 f(xs)gds. (4.19)

Our goal is to demonstrate this term is —Q(hkd) over an inverse-exponentially sized region,
for a particular hard distribution. As it is coordinate-wise separable, our proof strategy
will be to construct a hard one-dimensional function, and replicate it to obtain a linear
dependence on d.

We now define the specific hard function fharq : R? — R we work with for the remainder

of the section; it is straightforward to see fharq is kK-smooth and 1-strongly convex.
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2 1
fnara(z def Z fi(zi), where fi(c) = ‘ ' ) (4.20)

2 kh .
i€[d] 3c —7(:05\/5 2<i<d

N[ =

We will now show that sampling from the distribution with density proportional to
exp(— fhara) is hard. First, notice that the function fyarq has condition number s and is
coordinate-wise separable. It immediately follows from Lemma 6 that the spectral gap

(defined in (4.2)) of the MALA Markov chain is governed by the step size h as follows.

Corollary 5. The spectral gap of the MALA Markov chain for sampling from the density
proportional to exp(— fuard), Where fuara is defined in (4.20), is O(h + h?).

For the remainder of the section, we focus on upper bounding (4.19) over a large region
according to the density proportional to exp(—fuara). Recall {f;};c|q are the summands

of fhara. For a fixed z, consider the random variables S;":

2@ — gl (f10) + £1((zg)e)).

Si = —fillzgl) + filwi) =5

It is easy to check that for a given realization of g, we have
1
> SF=—f(xg) + f(x) = 5 & — 14, V() + V(zg)),
i€(d]
where the right-hand side of the above display is the left-hand side of (4.19). We bound
the expectation of Zie[d] S7, and its deviation from its expectation, in Lemma 12 and

Lemma 13 respectively.

Lemma 12. For any fized x € {x —%W\/E—{— 2k vh < x; < %Tr\/ﬁ + 21kivVh, ki e N,V2 < i < d}
and h <1, the random variables Si', 1 <1i < d satisfy

. 0 1 =1
Egar(0,ia) [S7] <

—0.08hkcos EL 2<i<d

Vi

Proof. We remark that the condition on x simply enforces coordinatewise in 2 < ¢ < d,

Ty

cos - > 0. Consider some coordinate 2 < i < d: since [z4]; = x; + V2hg;,

ST = —fi (wi+ V2hgi) + filw) + voh, (fiCa) + 5t (i + V201 ) )

2

2 h i h i
:—g(mi+\/ﬁgi) +Kcos<w 2»)—1—/;3312—’;(305(\:;5)
vV 2h 4k 2v/2hk kvVh | <xz > kVh (xl>
+ i sin 2¢; | + ——sin
3 N

3 Vh
I A I NG

5 (o (S o) en (55)) = Lo (o (o) o (35)
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Here, we used that the quadratic terms in the second and third lines cancel (this also

follows from examining the proof of Lemma 7):

V2h 4 2v2h
5 (mi+ VOha) + fa?+ (:f“sﬁgo -0

By a direct computation, taking an expectation over g; ~ N(0, 1) yields

. o ()
E,. T )} S Y
N O [ <JE / exp (1)

Eg, [sin <m+ﬁg'> g} :7\/5008 (55)
S A B O

Putting these pieces together,

Kkh 2 x; x;
z _ el < —0. v
EQiNN(O’l) [S ] 3 (exp(l) 1) o8 (\/E) 008w cos (\/ﬁ)

Here, we used cos \F > 0. For i = 1, Lemma 7 shows Eg . rr0,1) [ST] = 0. O

Lemma 13. With probability at least 1 — —o over the randomness of g ~ N(0,id),

Z S¢ = Egrn(0,ia) Z SP| < 10hk+/dlogd.

i€(d] i€(d]
Proof. By Lemma 11, for coordinate 1 < i < d,

S¢ = —Qh/l (; - s) F{([xs)i)dsg?, where |2h /1 (; - s) f7 ([sli)ds
0 0

We attained the latter bound by smoothness. Now, each random variable S7 — E[S¥] is

hk
< —.
- 2

sub-exponential with parameter =~ (for coordinates where the coefficient is negative, note
the negation of a sub-exponential random variable is still sub-exponential). Hence, by
Fact 3,

> SF —Eynoia) | D SF| = 10hky/dlogd| < %

i€[d] i€(d]
O

Now, we build a bad set Qy,,.q with lower bounded measure that starting from a point

2 € Quara, with high probability, —Ey (o) [Zie[d] Sﬂ is negative:

Qard = {x ‘ |z1| <2,V2<i<d, 3k €Z,|ki| < { J , such that

5
™ hk

(4.21)
—%W\/E—F 27rk,*\/ﬁ <z < %W\/ﬁ—F 27rki\/ﬁ}.
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In other words, Qy,.rq is the set of points where cos x; is large for 2 < ¢ < d, and coordinates
are bounded. We first lower bound the measure of €..q, and show HV f(z ||2 is small
within Qpa:q. Our measure lower bound will not be used in this section, but will become

relevant in Section 4.5.

Lemma 14. Let h < W. Let 7 have log-density — frara (4.20). Then, 7 (Qnard) >

exp(—d). Moreover, for all z € Quara, [Vf(@)ll2 < 10v/kd.

Proof. We first consider a superset of Q..q. We define the set, for K = def Lr 5]mJ,

Q= {x ‘ 21| < 2,¥2 <i < d,—%m/ﬁ—QwK\/Eg z; < 29()7T\/E+27[‘K\/E}.

It is easy to verify that €' D Qp..q. We first show 7*(€)') is lower bounded by 1.17%
Since frarq is separable, the coordinates are independent, so it suffices to show each one-
dimensional measure is lower bounded by ﬁ This is a standard computation of Gaussian
measure for the first coordinate, which we omit. For 2 < i < d, since the marginal
distribution is §-strongly logconcave, it is sub-Gaussian with parameter % (see Lemma

, [DCWY19]). It follows from a standard sub-Gaussian tail bound that the measure of

the set |z;| < 9 is at least % For our choice of K, by assumption on h, 2rvVhEK >

R
—2mvh > %. Combining across coordinates gives 7* (') > 1.17%.
Next, we lower bound % We divide the support of the set Q.9 and € into small

disjoint regions and bound W(les“ff)d) for each small region and each coordinate separately.

For2§i§d,ke[—L—jﬂj—l,h—jmﬂ,kez,let

Q/(ik) — (zwk\/ﬁ, on(k + 1)VA|,

and
k) _ (zwm orkv/h + mf] [W FOVE -~ rh 2wk + wﬂ |

Then, letting 7} be the marginal of 7* on coordinate i, we have

i 21kvVh+ o5 mVh K 2m(k+1)Vh K
Z*(Qﬁa’:()l) - f%k\/g 20 exp (—fx + hcos f) dxz—i-f k-:_l))f 97r\/Eexp< 3x + hcos f) dx;
T* i,k - ™ ko K
(YR f;rk(f/tl)fe p( Lr? + 3h cos h) dz;
27kvVh+ 2 mvh 27 (k+1 \/ﬁ
> f%k\/ﬁ 07 exp (—5aF) dai + [ ﬂ((kjl Vi 2 /R XD (—%a?) da;
. P e 0 v (4

> exp <_’*h> v o < ; <2W(k ’ 1)\/E)Z> > 0.42.

P e (< (2mevi))
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The second step used cos L

N

; € Q}(fafc)l The fourth step used the assumption

1
kh < {50072 -

Finally, letting €/ () and nga)l 4 be the projections of Q" and Qpaq on the it? coordinate.

For any z; € @, with = ¢ Q'6k) - and for all integers k € [-K — 1, K], z; € 0%

hard?
(i)
M > 0.42. Since the coordinates are independent under 7*, =~ (hara) > (j 49d
T (Q’( )) = e P ; () = U. .

Combining our lower bounds,

7 (Qpara) = 7F()

7T*(Qhau“ ) 1.1 -
7T*(Q/)d = (0.42) 2 exp(~d).

Finally, we bound v fhara(x Hg for z € ', from the definition of fhaq (4.20),

2
IV frana(@)lle = || Fi@)? + 3 fia)? = x%+z<2”z+ﬂf jg)

Then directly plugging in the definition of Qy,,q and using |sinc| < || for all ¢,

IV frara(@)l2 < /152 + (d— 1) (9v/)° < 10V/dl.
L]

Finally, we combine the bounds we derived to show the acceptance probability is small

within Qhard .

Lemma 15. Let h = o (Hlogd)' For any x € Qnarg, let y = x — bV fpara(x) + V2hg for

g~ N(0,id). With probability at least 1 — we have

do)
fhard(x)_fhard( +7 (Hy - x - hvfhard ||2 ||l' - (y - hvfhard || ) h’%d) .

Proof. By combining Lemma 10 and the decomposition (4.14), the conclusion is equivalent

to showing that the following quantity is —Q(hrd):

% (x — Zg, V fhard (%) + thard(xg»

+fhard($g) - fhard(y) - % <x — g, vfhard(y) - vfhaurd(l‘g»

—% (g — ¥, V frara(®) + V frara (v)) + %vahard(x)H% — %vahard(y)H%-

_fhard(xg) + fhard(x) -

Ly

For x € Qnara, every x; for 2 <1¢ < d has cos h bounded away from 0 by a constant and

hence combining Lemmas 12 and 13 implies the first line is —Q(hrd) with probability at
least d%. Regarding the second and third lines, Lemma 11 shows that it suffices to bound

(over the set Quarq)

(h%k + 2DV fraca (@[3 + (2125 + 22562) [gllallV fuara () |2 + 26219113 = o(hrd).
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Fact 2 implies H gHg < Vv2d with probability at least 1 — d%' Combining this bound, the
bound on ||V Shard (ac)”g from Lemma 14, and the upper bound on h yields the conclusion.

O

We conclude by giving the main result of this section.

Proposition 3. For h = o(ﬁgd), there is a target density on R% whose negative log-
density always has Hessian eigenvalues in [1, k|, such that the relaxation time of MALA

18 Q(I:gdd).

Proof. The proof is identical to that of Theorem 6, where we use Lemma 15 in place of

Proposition 2. ]

Theorem 7. For every step size, there is a target density on R® whose negative log-density

Kd )

always has Hessian eigenvalues in [1, k], such that the relazation time of MALA is Q(logd

Proof. This is immediate from combining Theorem 6 (with the hard function fyq in the

range h = Q(ﬁgd)) and Proposition 3 (with the hard function fyaq in the range h =

o(ﬁgd)). d

4.5 Mixing time lower bound for MALA

In this section, we derive a mixing time lower bound for MALA. Concretely, we show that
for any step size h, there is a hard distribution 7* o exp(—f) such that V2f always has

eigenvalues in [1, k], yet there is a exp(d)-warm start my such that the chain cannot mix in

logd
Krd

0(10’;‘21 -) iterations, starting from mo. We begin by giving such a result for h = O(

) in
Section 4.5.1, and combine it with our developments in Sections 4.3 and 4.4 to prove our

main mixing time result.

4.5.1 Mixing time lower bound for small h

Throughout this section, let h = O (llgdd), and let 7 = N(0,id) be the standard d-
dimensional multivariate Gaussian. We will let w9 be the marginal distribution of 7* on

the set
0% o Jolf < 3a}.

Recall from Lemma 9 that 7 is a exp(d)-warm start. Our main proof strategy will be to

rd

show that for such a small value of h, after T = O(log2 yi

) iterations, with constant prob-

ability both of the following events happen: no rejections occur throughout the Markov
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chain, and thH% < l%d holds for all ¢ € [T]. Combining these two facts will demonstrate

our total variation lower bound.

Lemma 16. Let {x}o<i<r be the iterates of the MALA Markov chain with step size

h=0 (lzgdd» for T = o(logfjd) and xg ~ my. With probability at least %, both of the

following events occur:

1. Throughout the Markov chain, thHg < 0.9v4d.

2. Throughout the Markov chain, the Metropolis filter never rejected.

Proof. We inductively bound the failure probability of the above events in every iteration
by %, which will yield the claim via a union bound. Take some iteration ¢ 4+ 1, and note

that by triangle inequality, and assuming all prior iterations did not reject,

t t
levsslle < ool S laalav 3R S gl < llzola--0.9KT VARGl < 0.8vA-VEHIGill.
s=0 s=0

Here, we applied the inductive hypothesis on all HxSHg, the initial bound ||xg||2 < \/g,
and that hT = o(1) by assumption. We also defined Gy = ZZ:O gs, where g is the random
Gaussian used by MALA in iteration s; note that by independence, Gy ~ N (0,¢t + 1). By
Fact 2, with probability at least ﬁ, HGtHg < 24/Td, and hence 0.8v/d + \/ﬁHGtHg <
0.9v/d, as desired.

Next, we prove that with probability > 1 — ﬁ, step t does not reject. This concludes
the proof by union bounding over both events in iteration ¢, and then union bounding over

all iterations. By the calculation in Lemma 7, the accept probability is

win (1exp (' (20 =12) Ll — 20918 - 220 1= ) 01,9)) ) ).

We lower bound the argument of the exponential as follows. With probability at least
1—d®>1- ﬁ, Facts 1 and 2 imply both of the events HgH% < 2d and (z4,9) <
10+/log dHJEHQ occur. Conditional on these bounds, we compute (using 2k > h? and the
assumption ||z¢ll» < 0.9v/d)

(20 — B?) |zl13 — 2nllgll3 — 2V2h (1 = h) (21, g) > —4hd — 40\/hdlog d > —44log d.

Hence, the acceptance probability is at least

1

exp (—11lhlogd) > 1 — 12007

by our choice of T with Thlogd = o(1), concluding the proof. O
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Proposition 4. The MALA Markov chain with step size h = O <1°gd) requires (" d)

iterations to reach total variation distance : < lo ", starting from mg.

Proof. Let 7 be the distribution of the MALA Markov chain after T = o(

) steps
without applying a Metropolis filter in any step, and let 7 be the distribution after applying
the actual MALA chain (including rejections). To show % — 7*|lpv > L <, it suffices to

show the bounds

|7 — 7|l py > R |7 — #llrv < 0.01,

and then we apply the triangle inequality. By the coupling characterization of total varia-
tion, the second bound follows immediately from the second claim in Lemma 16, wherein
we couple the two distributions whenever a rejection does not occur. To show the first

bound, the measure of

Uarge © {2 | ]3> 0.814}

according to 7* is at least 0.99 by Fact 2, and according to 7 it can be at most 0.01
by the first conclusion of Lemma 16. This yields the bound via the definition of total

variation. ]

4.5.2  Proof of Theorem 8

Finally, we put together the techniques of Sections 4.3, 4.4, and 4.5.1 to prove Theorem 8.

Theorem 8. For every step size, there is a target density on R® whose negative log-density

always has Hessian eigenvalues in [1, k], such that MALA initialized at an exp(d)-warm

start requires Q( <) iterations to reach e~! total variation distance to the stationary

24
distribution.

Proof. We consider three ranges of h. First, if h = Q (nl oz d) we use the hard function fiq
and the hard set in (4.12), which has measure at least exp(—d) according to the stationary
distribution by Lemma 9. Then, applying Proposition 2 demonstrates that the chance
the Markov chain can move over d° iterations is o(%), and hence it does not reach total

) Nw <1(;gdd), we use the hard function fiaq

Varlatlon in this time. Next, if h = o ( Hl;gd

and the hard set in (4.21), which has measure at least exp(—d) by Lemma 14. Applying

Lemma 15 again implies the chain does not mix in d® iterations. Finally, if h = O <lzgdd>,

applying Proposition 4 yields the claim. ]
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4.6 Lower bounds for HMC

In this section, we derive a lower bound on the spectral gap of HMC. We first analyze
some general structural properties of HMC in Section 4.6.1, as a prelude to later sections.
We then provide a lower bound for HMC on quadratics in Section 4.6.2, with any number

of leapfrog steps K.

4.6.1 Structure of HMC: a detour to Chebyshev polynomials

We begin our development with a bound on the acceptance probability for general HMC
Markov chains. Recall from (4.6) that this probability is (for H(z,v) o flz)+ %HvH%)

. exp (—H(zk, vKk))
min {1, oxp (—H(z0,00)) } . (4.6)

We first state a helper calculation straightforwardly derived from the exposition in Sec-

tion 4.2.4.

Fact 4. One step of the HMC Markov chain starting from xg generates iterates {(vk_% , Tk, Uk) Fo<kh<K

defined recursively by the closed-form equations:

vk_;—vo—fo xo) Z Vf(zy),

je[k 1]
vk—vo—fo x0) Z Vf(z;) —fo(a:k)
je[k 1]
772k 2 .
ok = 20+ nkvo — =V (w0) = n* Y (k= )V (x)).

j€lk—1]
When expanding the acceptance probability (4.6) using the equations in Fact 4, many
terms conveniently cancel, which we capture in Lemma 17. This phenomenon underlies

the improved performance of HMC on densities with highly-Lipschitz Hessians [CDWY20].

Lemma 17. For the iterates given by Fact 4,

M (w0,00) = H (e, o) = Y (f(xk) — f(@ps1) + % (Vf(zk) + V(1) Tt — xk))

0<k<K-1

2 2
+ TV s(eo) I3~ LIV s )3

Proof. Recall H(zg,vo) — H(zk,vi) = f(zo) — f(zxr) + %HUoH% — %HUKH% We begin by

expanding

1
|

Sluoll3 = Sleo - 2V =1 Y Vi) - 2@l

1
el — 2ol = oo~
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:?7<Uo, Vf Z'() Z Vf .f] + Vf(.CCK)>

JEK—1]

Ty v L a2
-5 5 f(zo) + Z f($j)+§ fzr)li

jE[K—1]
=13 (oo, V) + V(i)
0<k<K—1
2
_ % Z <Vf(xk) + Vf(xps1), %Vf(xo) + Z Vf(g;j)>
0<k<K—1 e

2
n % (Vf(zo) — Vf(xr), V(o) + V (rK)).

Here the first equality used Fact 4. Moreover, for each 0 < k < K — 1, by Fact 4

(Vf(zk) + V(@r41), v0)

<Vf<xk> FV (i), 5 V(o) + Y Vf(wj)> .

JE[K]

% (Vf(zk) + VI(@pt1), T — zp) =

w\sw 1\3\3

Combining yields the result. O

We state a simple corollary of Lemma 17 in the case of quadratics.

Corollary 6. For f(x) = %xTAx, the iterates given by Fact 4 satisfy

H (w0, v0) — H(zx, vk) = —HVf (a0)lI5 — f||Vf ()3

Proof. Tt suffices to observe that for any two points z,y € R?,

F@) = F(9) + 5 (VI @)+ V() y—2) = 32T Az~ Sy Ay+ 2 (Al +y)y—2) =0

O

Finally, it will be convenient to have a more explicit form of iterates in the case of

quadratics, which follows directly from examining the recursion in Fact 4.

Lemma 18. For f(z) = 12" Az, the iterates {x)}o<k<ri given by Fact 4 satisfy

T = Z DAY | zo+ [ n Z Ejr(n®A) | vo,
0<j<k 0<j<k-1 (4.22)

def .k k+j def o (k+g
ahere Dy (-1 (F0 ) ey (5
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Proof. This formula can be verified to match the recursions of Fact 4 by checking the base
cases Doy =1, Dy = —%, Ey ) = k, and (where D, def 0 for j > k and Ej def 0 for
j>k)

Djp=— Y (k—i)Dj_14, Ejp=— > (k—i)Ej_1,.

i€[k—1] i€[k—1]
In particular, by using the third displayed line of Fact 4, the coefficient of (n?A)7xzg in xy,
for j > 2 is the negated sum of the coefficients of (n?A)?~! in all (k — i)x;. Similarly, the
coefficient of n(n?A)/vg in xp, for j > 1 is the negated sum of the coefficients of n(n2A)/~!

in all (k — i)x;. The displayed coefficient identities follow from the binomial coefficient

identities
k4 b Vi fit i1 A S
By BBy (s e
+J J j—1<i<k—1" T J = I j<i<k—1 )
O
Lemma 18 motivates the definition of the polynomials
def o def o
pe(2) S D Digd, au(z) = ) Ejpdl. (4.23)

0<5<k 0<j<k—1
In this way, at least in the case when A = diag(\) for a vector of eigenvalues A € R?, we

can concisely express the coordinates of iterates in (4.22) by

(k)i = pr(m”Xo)[xali + nar(n*Ai) [vols- (4.24)

Interestingly, the polynomial pj, turns out to have a close relationship with the k™ Cheby-
shev polynomial (of the first kind), which we denote by Tj. Similarly, the polynomial
qr is closely related to the (k — 1)™ Chebyshev polynomial of the second kind, denoted
Uk_1. The relationship between the Chebyshev polynomials and the phenomenon of ac-
celeration for optimizing quadratics via first-order methods has been known for some time
(see e.g. [Har13, Bac19] for discussions), and we find it interesting to further explore this

relationship. Concretely, the following identities hold.

Lemma 19. Following definitions (4.22), (4.23),

e =Tk (1-2) az) = Ut (1- ).

z

Proof. It is easy to check po(z) = 1 and pi(2) = 1 — £, so the former conclusion would

follow from

Pr+1(2) = (2 = 2)pr(2) = pe-1(2) == Djry1=2D; — Dj_14 — Djx1,
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following well-known recursions defining the Chebyshev polynomials of the first kind. This
identity can be verified by direct expansion. Moreover, for the latter conclusion, recall-
ing the definition of Morgan-Voyce polynomials of the first kind Bg(z), we can directly
match gx(z) = Bi_1(—=z). The conclusion follows from Section 4 of [AJ94], which shows
By—1(=2) = Ug—1(1 — §) as desired (note that in the work [AJ94], the indexing of Cheby-

shev polynomials is off by one from ours). O

Now for z = n?);, we have from (4.24) and Lemma 19 that [zy]; = +[xo]; precisely

when

pi(z) =Tk (1 - g) = 1, qr(2) = Ux1 (1 - g) =0.

Hence, this occurs whenever 1 — £ is both an extremal point of T}, in the range [~1, 1] and

a root of Uy_j. Both of these occur exactly at the points COS(%T(), for 0 <j <k

Proposition 5. For k > 72 and K > 2, no K-step HMC Markov chain with step size
1>n> H”—;Q can miz in finite time for all densities on R? whose negative log-density’s
Hessian has eigenvalues between 1 and k for all points x € RY, initialized at a constant-

warm start.

Proof. Fix avalueof 1 > n > le§2 We claim there exists a 1 < j < K — 1 such that for

2(1—COS(%>)
A&t - 1< A<k
n

Since A is a monotone function of 7, it suffices to check the endpoints of the interval

[HL;??H' For n?> = 1, we choose j = K — 1, which using 27%2 < 1 —cos(z) < %2 for all

—m < x <, yields

4(K —1)2
K2

(K —1)272

7 §71'2§/<;.

1< <A<

Similarly, for n% = we choose 7 = 1, which yields

71_2
kK2
2

il <
PK2 = k.

4
1S o SAS

Now, consider the quadratic f(x) = %$TAx where A € R*? is a diagonal matrix, Aj; = 1,

Aii = ki for all 3 < i < d, and Agy = ) 9 20=c(%))

for the choice of j which makes
1 < X < k. For any symmetric starting set capturing a constant amount of measure along
the second coordinate, by Lemma 18 and the following exposition, xx = +x( along the

second coordinate regardless of the random choice of velocity and thus the chain cannot

leave the starting set. O
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4.6.2  HMC lower bound for all K

We now give our HMC lower bound, via improving Proposition 5 by a dimension depen-
dence. We begin in Section 4.6.2, where we give a stronger upper bound on 7 in the range
n? < ﬁ Noting that there is a constant-sized gap between this range and the bound
in Proposition 5, we rule out this gap in Section 4.6.2. Finally, we handle the case of

extremely large n? > 1 in Section 4.6.2. We put these pieces together to prove Theorem 9
in Section 4.6.2.

Upper bounding n = O(Kﬁllﬂ_%) under a constant gap

For this section, we let A be the d x d diagonal matrix which induces the hard quadratic

function fi,q, defined in (4.7) and reproduced here for convenience:

Fra(®) €37 fila:), where fi(c) =

ie(d) 52 2<i<d

We also let h & 772—2, z o, g def vg, and y def i throughout for analogy to Section 4.3,

so that we can apply Proposition 2. Next, note that by the closed-form expression given
by Lemma 18, we can write the iterates of the HMC chain in the form (4.8), reproduced

here:

U1
Y= , where y; = (1 — aq)x1 + 101
Yy-1

and y_1 = (1 —a_1)z_1+ f_19-1, for g ~ N(0,id).

Concretely, we have by Lemma 18 that

(4.25)

o = — I;K(—l)j (2h)’ (K[i) (KQJ; j>7
oy =— @Zg(_l)j (2hr) (Kli j) <K2jj>
)

0<j<K-1

B1=V2h Z <_1)j(2h)j(K+j
Ba=va Y wem(
0<j<K—1

By a straightforward computation, the parameters in (4.25) satisfy the conditions of Propo-

sition 2.
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Lemma 20. Supposing n° < ﬁ, a1, a1, 1, B—1 defined in (4.25) satisfy
3
la_1] < gﬁgm, a1] = O(la-1]), Br = O(B-1).

Proof. The proof follows since under 7? < W, all of the parameters in (4.25) are
dominated by their first summand. We will argue this for a_; and §_1; the corresponding
conclusions for a1 and (7 follow analogously since k£ > 1. Define the summands of a1

and 5_1 by

def ; ; K K+] .
= (—1)7 M (2hk) 1<j<K
o ey () (B ) 1<is

K+
2j +1

~ def

d; = 2h(—1)j(2h/<;)j< ) 0<j<K-1.

Then, we compute that for all 1 < j < K — 1, assuming 2hxK? < 1,

0> G (op) (K+) (K —j) _  2heK?
=g 2j+2)2j+1) - 12 =

Similarly, for all 0 < j < K — 2,

—0.1. (4.26)

0> dji1 — (—2hx) (K+j+1)(K—-j-1) S _2h/~$K2

dj (27 +3)(2j+2) = ¢ = 0% (427)

By repeating these calculations for «; and (1, we see that all parameters are given by
rapidly decaying geometric sequences, and thus the conclusion follows by examination

from

ar € [0.8hK? hK?], a_y € [0.8hsK? hrK?],
B € [0.8\/%17(, x/ﬁK} , B € [0.8\/%?(, @K] .

O]

We obtain the following corollary by combining Lemma 20, Corollary 6, and Proposi-

tion 2.

Corollary 7. Let z € R? satisfy lz_1ll2 < \/% and |x1] < 5y/logd, let (vi,vEK) be
the result of the K-step HMC Markov chain with step size n = v/2h with n?> < K% from
xo =z, and let A be as in (4.7). Then with probability at least 1—d—° over the randomness

of vo ~ N(0,id), we have
H(wo,v0) — Hlzk,vr) = —Q (W*x*K?d) .

Proof. Tt suffices to use the bounds on 8_1; = ©(v/hK) shown in the proof of Lemma 20

and the conclusions of Corollary 6 and Proposition 2. O
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Removing the constant gap

72

—r7, which removes

We show how to improve the bound in Corollary 7 to only require 7% <
the constant gap between the requirement of Corollary 7 and the bound in Proposition 5.
First, let A, be the D x d diagonal matrix which induces the following hard quadratic

function fiqc:

fhge() def Z fi(zi), where fi(c) = %02 2<i<d—1- (4.28)
i€[d]

In other words, along the first d — 1 coordinates, fyqc is the same as a d — 1-dimensional
variant of fr,q with condition number 5. We define a coordinate partition of x and g into
1, T_1d, T4, and g1, g_14, 94, and we define a1, a_14, ag, B1, B_14, Bq in analogy with
(4.8).

We first note that because of separability of fi,4, and since the assumption of Corol-

2

lary 7 holds on the first d — 1 coordinates for n? < el

we can immediately obtain a

bound on the change in the Hamiltonian along these coordinates.

Corollary 8. Let x € R? satisfy Hx_1||2 < 2§id and |z1] < 5y/logd, let (vk,vK) be
the result of the K-step HMC Markov chain with step size 1 = \/2h where n? < H”—;z
from xg = x, and let A, be as in (4.28). Then with probability at least 1 — 2d~> over the

randomness of vo ~ N (0,id), we have

H <[$0][d_1] s [vo] [d—u) -H ([xK][d_l] : [UK][d_1]> = —Q (hK*s*K?d) .

We now move to bounding the contribution of the last coordinate.

Lemma 21. Let (y,vg) be the result of the K-step HMC Markov chain with step size

n = v/2h where n* < ;%’ and write yq = (1 — ag)xq + Baga, for

; ; K K+3j ) (K +3j
=— -1 (2hk) | —— =v2 —1)7(2hk)’ .
w2 )(H)<K+j><2j )’Bd o )(h“)<2j+1)
<JSK 0<j<K-1
Then, we have |ag| = O(hwK?), |B4] = O(VAK).
Proof. After the index j is a sufficiently large constant, the geometric argument sequence

of Lemma 20 applies (since the denominators of the ratios (4.26) and (4.27) grow with the

index j); before then, each coefficient is within a constant factor of the first in absolute
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value. Thus, the coefficients can be at most a constant factor larger than the first in

absolute value. O

Lemma 22. Let |[z¢]q] < %, [[volal <logd, and let (xx,vK) be the result of the K -step

HMC Markov chain with step size 1 = /2h where n? < 5;2. Then with probability at

least 1 —d =5 over the randomness of vo ~ N(0,id), we have
H ([0l [volg) — H ([l o)) = 0 (h22K2d)

Proof. We can assume |[vo]q| = |94 < logd, which passes the high probability bound. By
Corollary 6 and Lemma 7, we wish to bound

hi?
- ((2ad — 0%21) x?l — ﬁsgg —2(1- oad)ﬁd:vdgd) =0 (thQsz) )
Dropping all clearly negative terms, and since |ag| = O(1) by Lemma 21, it is enough to
show

|h/€2adx§} =o0 (h2I{2K2d) , ’h/{Qdedgd‘ =0 (hQ,%QKQd) .
The first bound is immediate from assumptions. The second follows from assumptions

as well since VhxK? is at most a constant, so |hﬁ2ﬁdxdgd’ = O(h'k'°Klog?d) =
O(h?k2K?log? d). O

By combining Lemma 22 and Corollary 8, we obtain the following strengthening of

Corollary 7.

Corollary 9. Let z € R satisfy ||z_14ll < \/g—z, |z1] < 5y/Togd, and |z4] < logﬁd, let
(xx,vK) be the result of the K-step HMC Markov chain with step size n = /2h with
n? < % from zg = x, and let A, be as in (4.28). Then with probability at least 1 — d~°

over the randomness of vo ~ N (0,id), we have

H(zo,v0) — Hizk,vi) = —Q (W*k*K?d) .

Ruling out n > 1

Finally, we give a short argument ruling out the case 7 > 1 not covered by Proposition 5.
In this section, let 7* = N(0, x~'id), with negative log-density f(z) = %Ha:”% Forn>1
and £ > 10, (4.24) and straightforward lower bounds on Chebyshev polynomials outside
the range [—1, 1] demonstrate the proposal distribution is of the form (from starting point
zo € RY)

TR  axg~+ Pug, vo ~ N(0,1), |a| > 10, || > 1. (4.29)
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Lemma 23. Letting (xx,vk) be the result of K-step HMC from any xo, and f(x) =
%Hx”%, for m > 1, with probability at least 1 — d—° over the randomness of vy ~ N(0,id),
we have

H(xo,v0) — H(zk,vK) = —Q(d).
Proof. Following notation (4.29) and applying Corollary 6, it suffices to show
|zol3 — llezo + Buoll3 = —Q(a).
Expanding, it suffices to upper bound
(1 —a?) [lzoll3 — 208 (o, vo) — B[lvoll3-

With probability at least 1 —d~®, Fact 2 shows ||vo||% > %d and (g, vo) > —4+/log d||zoll2.

Hence,

2
(1 —a?) llzoll3 — 208 (o, vo) — B2llvoll3 < —0.9902(|zo 13 + 8aBv/log dllaoll2 — %d
2
Capp

< 203%logd — 5 —Q(d).
Here, we used that a? > 100 and took d larger than a sufficiently large constant. O
Proof of Theorem 9
. . . L VIoE AN eso1is .
A consequence of Corollary 7 is that if the step size h = w( m), initializing the chain

from any z( in the set Q defined in (4.12) leads to a polynomially bad mixing time. We

further relate the step size to the spectral gap of the HMC Markov chain in the following.

Lemma 24. The spectral gap of the K-step HMC Markov chain for sampling from the
density proportional to exp(— fuq), where fuq is defined in (4.7), is O(hK? + h2K*).

Proof. We follow the proof of Lemma 6; again let g(x) = x1, and 7* be the stationary
distribution. For our function f, it is clear again that Varg«[g] = ©(1). Thus it suffices to
upper bound &(g, g): letting P,(y) be the proposal distribution of K-step HMC, and a4,
B1 be as in (4.25),

£(9.9) < 5 [[ (@ - PP @)y

< Egorr [O[%CU%] + E{N/\/’(O,l) [/6%52]

=af + B = O (hK* + h?K*).
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Finally, by combining Lemma 24 and Corollary 9, we arrive at the main result of this

section.

Theorem 9. For every step size and count, there is a target Gaussian on R? whose

negative log-density always has Hessian eigenvalues in [1, k], such that the relazation time

of HMC is Q(K’f/%).

Proof. For 1 > n? > R”% it suffices to apply Proposition 5. For n? > 1, we apply
Lemma 23. Otherwise, in the relevant range of h = 272 , the dominant term in Lemma 24
is O(hK?). Applying Corollary 9 with the hard quadratic function fiqc, the remainder of

the proof follows analogously to that of Theorem 6. O

We remark that as in Theorem 6, it is straightforward to see that the measure of the

bad region lz_14ll2 < %, |z1| < 5y/logd, and |z4| < 1‘3/%‘1 used in the proof is at least

exp(—d).
4.7 Conclusion

We presented relaxation time lower bounds for the MALA and HMC Markov chains at
every step size and scale, as well as a mixing time bound for MALA from an exponentially
warm start. We highlight in this section a number of unexplored directions left open by
our work, beyond direct strengthenings of our results, which we find interesting and defer
to a future exploration.

Variable or random step sizes. The lower bounds of this paper were for MALA and
HMC Markov chains with a fixed step size. For variable step sizes which take e.g. values
in a bounded multiplicative range, we believe our arguments can be modified to also give
relaxation time lower bounds for the resulting Markov chains. However, the arguments of
Section 4.6 (our HMC lower bound) are particularly brittle to large multiplicative ranges
of candidate step sizes, because they rely on the locations of Chebyshev polynomial zeroes,
which only occur in a bounded range. From an algorithm design perspective, this suggests
that adaptively or randomly choosing step size ranges may be effective in improving the
performance of HMC. Such a result would also give theoretical justification to the No-U-
Turn sampler of [HG14a], a common HMC alternative in practice. We state as an explicit
open problem: can one obtain improved upper bounds, such as a \/k dependence or a
dimension-independent rate, for example by using variations of these strategies (variable

step sizes)?
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Necessity of x lower bound. All of our witness sets throughout the paper are
exp(—d) sized. It was observed in [DCWY19] that it is possible to construct a starting
distribution with warmness arbitrarily close to \/Ed; the marginal restriction of our witness
set obtains this bound for all x > e2. However, recently [LST21b] proposed a prozimal
point reduction for sampling, which we will discuss in Chapter 5, showing (for mixing
bounds scaling at least linearly in k) it suffices to sample a small number of regularized
distributions, with conditioning arbitrarily close to 1. Adjusting constants, we can modify
our Gaussian lower bounds (Theorems 6 and 9) to have witness sets with measure ¢ for
¢ arbitrarily close to 1. However, our witness set for the family of hard non-Gaussian
distributions encounters a natural barrier at measure 2%, as it is sign-restricted by the
cosine function. We find it interesting to see if a stronger construction rules out existing
warm starts for all K > 1, or if an upper bound can take advantage of the [LST21b]

reduction to obtain improved dependences on dimension.
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Part II1
PROXIMAL SAMPLING METHOD
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Chapter 5

STRUCTURED LOGCONCAVE SAMPLING USING PROXIMAL
SAMPLING METHODS

This chapter is based on [LST21b], with Yin Tat Lee and Kevin Tian.
5.1 Introduction

Developing efficient algorithms for sampling from structured logconcave densities is a
topic that has received significant recent interest due to its widespread practical appli-
cations. There are many types of structure which densities commonplace in applications
may possess that are exploitable for improved runtimes. Examples of such structure in-
clude derivative bounds (“well-conditioned densities”) and various types of separability
(e.g. “composite densities” corresponding to possibly non-smooth regularization or re-
strictions to a set, and “logconcave finite sums” corresponding to averages over multiple
data points).! Building an algorithmic theory for sampling these latter two families, which
are not well-understood in the literature, is a primary motivation of this work.

There are strong parallels between the types of structured logconcave families garner-
ing recent attention and the classes of convex functions known to admit efficient first-order
optimization algorithms. Notably, gradient descent and its accelerated counterpart [Nes83]
are well-known to quickly optimize a well-conditioned function, and have become ubig-
uitous in both practice and theory. Similarly, various methods have been developed for
efficiently optimizing non-smooth but structured composite objectives [BT09] and well-
conditioned finite sums [All17].

Logconcave sampling and convex optimization are intimately related primitives (cf.
e.g. [BV04, AH16]), so it is perhaps unsurprising that there are analogies between the
types of structure algorithm designers may exploit. Nonetheless, our understanding of the
complexity landscape for sampling is quite a bit weaker in comparison to counterparts
in the field of optimization; few lower bounds are known for the complexity of sampling

tasks, and obtaining stronger upper bounds is an extremely active research area (contrary

'We make this terminology more precise in Section 5.2.1, which contains various definitions used in this
paper.
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to optimization, where matching bounds exist in many cases). Moreover (and perhaps re-
latedly), the toolkit for designing logconcave samplers is comparatively lacking; for many
important primitives in optimization, it is unclear if there are analogs in sampling, possibly
impeding improved bounds. Our work broadly falls under the themes of (1) understanding
which types of structured logconcave distributions admit efficient samplers, and (2) lever-
aging connections between optimization and sampling for algorithm design. We address

these problems on two fronts, which constitute the primary technical contributions of this

paper.

1. We give a general reduction framework for bootstrapping samplers with mixing times
with polynomial dependence on a conditioning measure x to mixing times with
linear dependence on k. The framework is heavily motivated by a perspective on
proximal point methods in structured convex optimization as instances of optimizing
composite objectives, and leverages this connection via a surprisingly simple analysis

(cf. Theorem 10).

2. We develop novel “base samplers” for composite logconcave distributions and log-
concave finite sums (cf. Theorems 11, 12). The former is the first composite sampler
with stronger guarantees than those known in the general logconcave setting. The
latter constitutes the first high-accuracy finite sum sampler whose gradient query
complexity improves upon the naive strategy of querying full gradients of the nega-

tive log-density in each iteration.

Using our novel base samplers within our reduction framework, we obtain state-of-
the-art samplers for all of the aforementioned structured families, i.e. well-conditioned,
composite, and finite sum, as Corollaries 10, 11, and 12. We emphasize that even without
our reduction technique, the guarantees of our base samplers for composite and finite
sum-structured densities are the first of their kind. However, by boosting their mixing
via our reduction, we obtain guarantees for these structured distribution families which
are essentially the best one can hope for without a significant improvement in the most
commonly studied well-conditioned regime (cf. discussion in Section 5.1.1).

We now formally state our results in Section 5.1.1, and situate them in the literature
in Section 5.1.2. Section 5.1.3 is a technical overview of our approaches for developing our

base samplers for composite and finite sum-structured densities (Sections 5.1.3 and 5.1.3),
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as well as our proximal reduction framework (Section 5.1.3). Finally, Section 5.1.5 gives a

roadmap for the rest of the paper.

5.1.1 Owur results

Before stating our results, we first require the notion of a restricted Gaussian oracle,
whose definition is a key ingredient in giving our reduction framework as well as our later

composite samplers.

Definition 1 (Restricted Gaussian oracle). O(\,v) is a restricted Gaussian oracle (RGO)
for convez g : R — R if it returns

1
O(A,v) < sample from the distribution with density o< exp <2>\Hx —vll2 - g(x)) .

In other words, an RGO asks to sample from a multivariate Gaussian (with covariance
a multiple of the identity), “restricted” by some convex function g. Intuitively, if we can
reduce a sampling problem for the density o« exp(—g) to calling an RGO a small number of
times with a small value of A, each RGO subproblem could be much easier to solve than the
original problem. This can happen for a variety of reasons, e.g. if the regularized density is
extremely well-conditioned, or because it inherits concentration properties of a Gaussian.
This idea of reducing a sampling problem to multiple subproblems, each implementing an
RGO, underlies the framework of Theorem 10. Because the idea of regularization by a
large Gaussian component repeatedly appears in this paper, we make the following more

specific definition for convenience, which lower bounds the size of the Gaussian.

Definition 2 (7-RGO). We say O(\,v) is an n-restricted Gaussian oracle (n-RGO) if it
satisfies Definition 1 with the restriction that parameter X\ is required to be always at most

n in calls to O.

Variants of our notion of an RGO have implicitly appeared previously [CV18, MFWB19],
and efficient RGO implementation was a key subroutine in the fastest sampling algorithm
for general logconcave distributions [CV18]. It also extends a similar oracle used in com-
posite optimization, which we will discuss shortly. However, the explicit use of RGOs in a
framework such as Theorem 10 is a novel technical innovation of our work, and we believe

this abstraction will find further uses.

Proximal reduction framework. In Section 5.3, we prove correctness of our proximal

reduction framework, whose guarantees are stated in the following Theorem 10.
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Theorem 10. Let 7 be a distribution on R% with %(m) x exp(— foracle(T)) such that foracle
is p-strongly convex, and let € € (0,1). Let n < i, T = @(n—lﬂlog ﬁ) for some 8 > 1,
and O be a n-RGO for foracle- Algorithm 11, initialized at the minimizer of foracle, TUNS

in T iterations, each querying O a constant number of times, and obtains € total variation

distance to .

In other words, if we can implement an 7n-RGO for a u-strongly convex function foracle
in time Trgo, we can sample from exp(— foracle) in time 6(# - Trco)- To highlight the
power of this reduction framework, suppose there was an existing sampler A for densities
x exp(—f) with mixing time 5(&10\/@, where f : R? — R is L-smooth, jp-strongly convex,
and has condition number xk = % (cf. Section 5.2.1 for definitions).? Choosing 7 = % and
foracle < f in Theorem 10 yields a sampler whose mixing time is 5(/{ -Trco), where Trgo

is the cost of sampling from a density proportional to

exp (e - vl - 1(@))

for some v € R?. However, observe that this distribution has a negative log-density with
constant condition number % < 2! By using A as our RGO, we have Trao = 5(\/&),
and the overall mixing time is 5(&\/&) Leveraging Theorem 10 in applications, we obtain
the following new results, improving mixing of various “base samplers” which we bootstrap

as RGOs for regularized densities.

Well-conditioned densities. In [LST20] (Chapter 3), it was shown that a variant of
3 kd

Metropolized Hamiltonian Monte Carlo obtains a mixing time of 9] (kdlog” “%) for sampling
a density on R? with condition number x. The analysis of [LST20] was somewhat delicate,
and required reasoning about conditioning on a nonconvex set with desirable concentration
properties. In Section 5.4.1, we prove Corollary 10, improving [LST20] by roughly a

logarithmic factor with a significantly simpler analysis.

Corollary 10. Let 7 be a distribution on R? with %(m) x exp (—f(x)) such that f is

L-smooth and p-strongly convex, and let € € (0,1), kK = % Assume access to x* =

argming pa f(x). Algorithm 11 with n = W

%) using Algorithm 6 as a restricted Gaus-

sian oracle for f uses O(kdlog k log %l) gradient queries in expectation, and obtains € total

variation distance to .

2No sampler with mixing time scaling as poly(x)v/d is currently known.
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We include Corollary 10 as a warmup for our more complicated results, as a way to
showcase the use of our reduction framework in a slightly different way than the one
outlined earlier. In particular, in proving Corollary 10, we will choose a significantly
smaller value of 7, at which point a simple rejection sampling scheme implements each
RGO with expected constant gradient queries.

We give another algorithm matching Corollary 10 with a deterministic query com-
plexity bound as Corollary 14. The algorithm of Corollary 14 is interesting in that it is
entirely a zeroth-order algorithm, and does not require access to a gradient oracle. To our
knowledge, in the well-conditioned optimization setting, no zeroth-order query complexi-
ties better than roughly /kd are known, e.g. simulating accelerated gradient descent with
a value oracle; thus, our sampling algorithm has a query bound off by only O~(\/E) from

the best-known optimization algorithm. We are hopeful this result may help in the search

for query lower bounds for structured logconcave sampling.

Composite densities with a restricted Gaussian oracle. In Section 5.5, we develop
a sampler for densities on R? proportional to exp(—f(z) — g(z)), where f has condition

number k and g admits a restricted Gaussian oracle 0. We state its guarantees here.

Theorem 11. Let 7 be a distribution on RY with 9T (x) o exp (—f(x) — g(x)) such that
f is L-smooth and p-strongly convex, and let ¢ € (0,1). Let n < m (where
Kk = %), T = @(#log(%d)), and let O be a n-RGO for g. Further, assume access to
the minimizer «* = argmin,cgpa{f(z) + g(x)}. There is an algorithm which runs in T

iterations in expectation, each querying a gradient oracle of f and O a constant number

of times, and obtains € total variation distance to 7.

The assumption that the composite component g admits an RGO can be thought of
as a measure of “simplicity” of g. This mirrors the widespread use of a proximal oracle
as a measure of simplicity in the context of composite optimization [BT09], which we now

define.

Definition 3 (Proximal oracle). O(\,v) is a proximal oracle for conver g : R — R if it

returns
1

O(A,v) < argmin cpa {2)\

|z —wll3 +9(93)} :

Many regularizers g in defining composite optimization objectives, which are often used

to enforce a quality such as sparsity or “simplicity” in a solution, admit efficient proximal
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oracles. In particular, if the proximal oracle subproblem admits a closed form solution
(or otherwise is computable in O(d) time), the regularized objective can be optimized at
essentially no asymptotic loss. It is readily apparent that our RGO (Definition 1) is the
extension of Definition 3 to the sampling setting. In [MFWB19], a variety of regularizations
arising in practical applications including coordinate-separable g (such as restrictions to
a coordinate-wise box, e.g. for a Bayesian inference task where we have side information
on the ranges of parameters) and ¢; or group Lasso regularized densities were shown to
admit RGOs. Our composite sampling results achieve a similar “no loss” phenomenon for
such regularizations, with respect to existing well-conditioned samplers.

By choosing the largest possible value of 1 in Theorem 11, we obtain an iteration bound
of 5(/{2d). In Section 5.4.2, we prove Corollary 11, which improves Theorem 11 by roughly

a k factor.

Corollary 11. Let 7 be a distribution on R? with ‘i—g(:c) x exp(—f(x) — g(x)) such that
f is L-smooth and p-strongly convezx, and let € € (0,1), kK = % Assume access to x* =
argmin,cga{ f(z) + g(x)} and let O be a restricted Gaussian oracle for g. There is an
algorithm (Algorithm 11 using Theorem 11 as a restricted Gaussian oracle) which runs in
O(kd log® ’%d) iterations in expectation, each querying a gradient of f and O a constant

number of times, and obtains € total variation distance to 7.

To sketch the proof, choosing n = % in Theorem 10 yields an algorithm running in
5(#) — O(k) iterations. In each iteration, the RGO subproblem asks to sample from the
distribution whose negative log-density is f(z) + g(x) + %Haz — vH% for some v € R%, so we
can call Theorem 11, where the “well-conditioned” portion f(x)+ %H:c — UH% has constant
condition number. Thus, Theorem 11 runs in 6((1) iterations to solve the subproblem,
yielding the result. In fact, Corollary 11 nearly matches Corollary 10 in the case g = 0

uniformly. Surprisingly, this recovers the runtime of [LST20] without appealing to strong

gradient concentration bounds (e.g. [LST20], Theorem 3.2).

Logconcave finite sums. In Section 5.6, we initiate the study of mixing times for
sampling logconcave finite sums with polylogarithmic dependence on accuracy. We give

the following result.

Theorem 12. Let 7 be a distribution on R with ‘é—g(:c) x exp(—F(zx)), where F(z) =

%Z?:l fi(x) is p-strongly convex, f; is L-smooth and convex Vi € [n], k = %, and € €
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(0,1). Assume access to x* = argmin,cgaF'(z). Algorithm 10 uses O (k*dlog* ”T”d) value

queries to summands { fi}ic[n), and obtains € total variation distance to .

For a zeroth-order algorithm, Theorem 12 serves as a surprisingly strong baseline as it
nearly matches the previously best-known bound for zeroth-order well-conditioned sam-
pling when n = 1; however, when e.g. k ~ d, the complexity bound is at least cubic. By
using Theorem 12 within the framework of Theorem 10, we obtain the following improved

result.

Corollary 12 (Improved first-order logconcave finite sum sampling). In the setting of
Theorem 12, Algorithm 11 using Algorithm 10 and SVRG [JZ13] as a restricted Gaussian

oracle for ' uses
nrd 35 [ nkd 5 [ nkd ~
O (nlog| — | + kVndlog”>® | — | + kdlog® | — :O<n+/<cmax<d,\/nd))
€ € €

queries to first-order oracles for summands { fi}ic|n), and obtains e total variation distance

to .

Corollary 12 has several surprising properties. First, its bound when n = 1 gives
yet another way of (up to polylogarithmic factors) recovering the runtime of [LST20]
without gradient concentration. Second, up to a O(max(1, V%)) factor, it is essentially
the best runtime one could hope for without an improvement when n = 1. This is in
the sense that 5(/<ad) is the best runtime for n = 1, and to our knowledge every efficient
well-conditioned sampler requires minimizer access, i.e. O(n) gradient queries [WS16].
Interestingly, when n = 1, Algorithm 10 can be significantly simplified, and becomes the
standard Metropolized random walk [DCWY19]; this yields Corollary 14, an algorithm

attaining the iteration complexity of Corollary 10 while only querying a value oracle for

f.

5.1.2 Previous work

Composite densities. Recent works have studied sampling from densities of the form
(5.1), or its specializations (e.g. restrictions to a convex set). Several [Perl6, BDMP17,
Ber18] are based on Moreau envelope or proximal regularization strategies, and demon-
strate efficiency under more stringent assumptions on the structure of the composite func-
tion g, but under minimal assumptions obtain fairly large provable mixing times Q(d®).

Proximal regularization algorithms have also been considered for non-composite sampling
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[Wib19]. Another discretization strategy based on projections was studied by [BEL18|,
but obtained mixing time Q(d”). Finally, improved algorithms for special constrained

sampling problems have been proposed, such as simplex restrictions [HKRC18].

Of particular relevance and inspiration to this work is [MFWB19]. By generalizing
and adapting Metropolized HMC algorithms of [DCWY19, CDWY20], adopting a Moreau
envelope strategy, and using (a stronger version of) the RGO access model, [MFWB19]
obtained a runtime which in the best case scales as O (nzd), similar to the guarantee of
our base sampler in Theorem 11. However, this result required a variety of additional
assumptions, such as access to the normalization factor of restricted Gaussians, Lipschitz-
ness of g, warmness of the start, and various problem parameter tradeoffs. The general
problem of sampling from (5.1) under minimal assumptions more efficiently than general-
purpose logconcave algorithms is to the best of our knowledge unresolved (even under
restricted Gaussian oracle access), a novel contribution of our mixing time bound. Our
results also suggest that the RGO is a natural notion of tractability for the composite

sampling problem.

Logconcave finite sums. Since [WT11] proposed the stochastic gradient Langevin dy-
namics, which at each step stochastically estimates the full gradient of the function, there
has been a long line of work giving bounds for this method and other similar algorithms
[DK19, GGZ18, SKR19, BCM*18, NF19]. These convergence rates depend heavily on
the variance of the stochastic estimates. Inspired by variance-reduced methods in con-
vex optimization, samplers based on low-variance estimators have also been proposed
[DRW*16, DSM*16, BFR*19, BFFN19, NDH*17, CWZ*17, ZXG18, CFM"18]. Al-
though our reduction-based approach is not designed specifically for solving problems
of finite sum structure, our speedup can be viewed as due to a lower variance estimator

implicitly defined through the oracle subproblems of Theorem 10 via repeated re-centering.

In Table 5.1, we list prior runtimes [ZXG18, CFM™18] for sampling logconcave finite
sums; note these results additionally require bounded higher derivatives (with the ex-
ception of the x* dependence), obtain guarantees only in Wasserstein distance, and have
polynomial dependences on e ~'. On the other hand, our reduction-based approach obtains
total variation bounds with linear dependence on k and polylogarithmic dependence on

e~!. Our bound also simultaneously matches the state-of-the-art bound when n = 1, a fea-
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Gradient oracle complexity
Method Wa<e ne1 W < 6\/@7_1
SAGA-LD [CFM*18] n+ ,41~5\/3—i;nd+Md + Igjf n+ ,@1‘5+m/€&+M\/E + ,.gz//;
SVRG-LD [CFM*18] | n+ sX5Vdbndedd | ndl2 |y s | 615NV
CV-ULD [CFM*18] n 4 50 n+
SVRG-LD [ZXG18] n 4 £2VdEMd | sy/nd n+ ESEMV | R
State-of-the-art, n = 1 [SL19] “7?7;/6 + ’i‘f/j % + =73
Method Gradient oracle complexity (TV <€)
Corollary 12 n+ kd + kvnd
State-of-the-art, n = 1 [LST20] Kd

Table 5.1: Complexity of sampling from e~ #(*) where F(z) = & > i fi(z) on R? is p-strongly
convex, each f; is convex and L-smooth, and k = % For relevant lines, M is the Lipschitz constant
of the Hessian V2F, which our algorithm has no dependence on. Complexity is measured in terms
of the number of calls to f; or Vf; for summands {f;}icp,). We hide polylog(”T“d) factors for

simplicity.

ture not shared by prior stochastic algorithms. To our knowledge, no previous nontrivial3

bounds were known in the high-accuracy regime before our work.

5.1.8  Technical overview
Composite logconcave sampling

We study the problem of approximately sampling from a distribution 7 on R?, with density

) o exp (1) ~ o). (5.1

Here, f : R? — R is assumed to be “well-behaved” (i.e. has finite condition number),
and g : R? — R is a convex, but possibly non-smooth function. This problem generalizes
the special case of sampling from exp(—f(z)) for well-conditioned f, simply by letting g
vanish. Even the specialization of (5.1) where g indicates a convex set (i.e. is 0 inside

the set, and oo outside) is not well-understood; existing mixing time bounds for this

3 As mentioned previously, one can always compute the full VF in every iteration in a well-conditioned
sampler.
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restricted setting are large polynomials in d [BDMP17, BEL18], and are typically weaker
than guarantees in the general logconcave setting [LV06a, LV0O6b]. This is in contrast to the
convex optimization setting, where first-order methods readily generalize to solve problem

families such as mingecy f(x), where X C R? is a convex set, as well as its generalization

min f (z) + g(z), where g : R? = R is convex and admits a proximal oracle. (5.2)
zeR

We defined proximal oracles in Definition 3; in short, they are prodecures which minimize
the sum of a quadratic and g. Definition 3 is desirable as many natural non-smooth
composite objectives arising in learning settings, such as the Lasso [Tib96] and elastic
net [ZHO05], admit efficient proximal oracles. It is clear that the definition of a proximal
oracle implies it can also handle arbitrary sums of linear functions and quadratics, as the
resulting function can be rewritten as the sum of a constant and a single quadratic. The
seminal work [BT09] extends fast gradient methods to solve (5.2) via proximal oracles,
and has prompted many follow-up studies.

Motivated by the success of the proximal oracle framework in convex optimization, we
study sampling from the family (5.1) through the lens of RGOs, a natural extension of
Definition 3. The main result of Section 5.5 is a “base” algorithm efficiently sampling
from (5.1), assuming access to an RGO for g. We now survey the main components of this
algorithm.

Reduction to shared minimizers. We first observe that without loss of generality, f
def

= f(@)=(Vf(z"),z),
(z) + (Vf(z*),z), where * minimizes f + g, first-order optimality implies both

and g share a minimizer: by shifting f and g by linear terms, i.e. f ()
@)= g
f and ¢ are minimized by x*. Moreover, implementation of a first-order oracle for f and
an RGO for g are immediate without additional assumptions. This modification becomes
crucial for our later developments, and we hope this simple observation, reminiscent of
“variance reduction” techniques in stochastic optimization [JZ13], is broadly applicable to
improving algorithms for the sampling problem induced by (5.1).

Beyond Moreau envelopes: expanding the space. A typical approach in con-

vex optimization in handling non-smooth objectives g is to instead optimize its Moreau

envelope, defined by

, 1
9"(y) & min {9(96) + |z - y||§} : (5.3)
zER 2n

Intuitively, the envelope ¢" trades off function value with proximity to y; a standard

exercise shows that ¢” is smooth (has a Lipschitz gradient), with smoothness depending
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on 7, and moreover that computing gradients of g" reduces to calling a proximal oracle
(Definition 3). It is natural to extend this idea to the composite sampling setting, e.g. via

sampling from the density
exp (—f(z) — g"(x)) .

However, a variety of complications prevent such strategies from obtaining rates compara-
ble to their non-composite, well-conditioned counterparts, including difficulty in bounding
closeness of the resulting distribution, as well as biased drifts of the sampling process due
to error in gradients.

Our approach departs from this smoothing strategy in a crucial way, inspired by Hamil-
tonian Monte Carlo (HMC) methods [Kra40, Neall]. HMC can be seen as a discretization

of the ubiquitous Langevin dynamics, on an expanded space. In particular, discretizations

dWy
dt

of Langevin dynamics simulate the stochastic differential equation % = —Vf(z)+v2

where W is Brownian motion. HMC methods instead simulate dynamics on an extended
space R4 xR?, via an auxiliary “velocity” variable which accumulates gradient information.
This is sometimes interpreted as a discretization of the underdamped Langevin dynamics
[CCBJ17]. HMC often has desirable stability properties, and expanding the dimension via
an auxiliary variable has been used in algorithms obtaining the fastest rates in the well-
conditioned logconcave sampling regime [SL19, LST20]. Inspired by this phenomenon, we

consider the density on R? x R?

o) ™ exp (1)~ 90— e —ul}) where s = (2p). (5)
Due to technical reasons, the family of distributions we use in our final algorithms are
of slightly different form than (5.4), but this simplification is useful to build intuition.
Note in particular that the form of (5.4) is directly inspired by (5.3), where rather than
maximizing over x, we directly expand the space. The idea is that for small enough n and
a set on x of large measure, smoothness of f will guarantee that the marginal of (5.4) on
x will concentrate y near z, a fact we make rigorous. To sample from (5.1), we then show
that a rejection filter applied to a sample x from the marginal of (5.4) will terminate in
constant steps. Consequently, it suffices to develop a fast sampler for (5.4).
Alternating sampling with an oracle. The form of the distribution (5.4) suggests

a natural strategy for sampling from it: starting from a current state (zy,yx), we iterate

1. Sample yr41 ~ exp (—f(y) — gyl — yH%)-
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2. Sample xg1 ~ exp (—g(ac) — ﬁ”x — kaH%), via a restricted Gaussian oracle.

When f and g share a minimizer, taking a first-order approximation in the first step,
i.e. sampling ygi1 ~ exp(—f(zr) — (Vf(zk),y — xx) — %Hy — 21/I3), can be shown to
generalize the Leapfrog step of HMC updates. However, for n very small (as in our
setting), we observe the first step itself reduces to the case of sampling from a distribution
with constant condition number, performable in O(d) gradient calls by e.g. Metropolized
HMC [DCWY19, CDWY20, LST20]. Moreover, it is not hard to see that this “alternating
marginal” sampling strategy preserves the stationary distribution exactly, so no filtering
is necessary. Directly bounding the conductance of this random walk, for small enough
7, leads to an algorithm running in 0) (/€2d2) iterations, each calling an RGO once, and a
gradient oracle for f roughly O (d) times. This latter guarantee is by an appeal to known
bounds [CDWY20, LST20] on the mixing time in high dimensions of Metropolized HMC
for a well-conditioned distribution, a property satisfied by the y-marginal of (5.4) for small
7.

Stability of Gaussians under bounded perturbations. To obtain our tightest
runtime result, we use that 7 is chosen to be much smaller than L~! to show structural
results about distributions of the form (5.4), yielding tighter concentration for bounded
perturbations of a Gaussian (i.e. the Gaussian has covariance %id, and is restricted by

L-smooth f for n < L™1). To illustrate, let

P o oxp (~106) - 5- I - alB)

and let its mean and mode be ¥, y3. It is standard that |72 — y;HQ < V/dn, by n~!-strong
logconcavity of P,. Informally, we show that for n < L~ and z not too far from the
minimizer of f, we can improve this to |, — y;Hg = O(y/n); see Proposition 22 for a
precise statement.

Using our structural results, we sharpen conductance bounds, improve the warmness
of a starting distribution, and develop a simple rejection sampling scheme for sampling the
y variable in expected constant gradient queries. Our proofs are continuous in flavor and
based on gradually perturbing the Gaussian and solving a differential inequality; we believe
they may of independent interest. These improvements lead to an algorithm running in
O (I€2d) iterations; ultimately, we use our reduction framework, stated in Theorem 10, to

improve this dependence to O (kd).
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Logconcave finite sums

We initiate the algorithmic study of the following task in the high-accuracy regime: sample
x ~ 7 within total variation distance €, where 9% (z) o exp(—F(z)) and
F(x) = 1 i(z 5.5
(z) niez[::]fz( ); (5.5)
all f; : R - R are convex and L-smooth, and F is p-strongly convex. We call such a
distribution 7 a (well-conditioned) logconcave finite sum.

In applications (where summands correspond to points in a dataset, e.g. in Bayesian lin-
ear and logistic regression tasks [DCWY19]), querying VF may be prohibitively expensive,
so a natural goal is to obtain bounds on the number of required queries to summands V f;
for i € [n]. This motivation also underlies the development of stochastic gradient methods
in optimization, a foundational tool in modern statistics and data processing. Naively, one
can complete the task by using existing samplers for well-conditioned distributions and
querying the full gradient VF' in each iteration, resulting in a summand gradient query
complexity of O(nkd) [LST20]. Many recent works, inspired from recent developments in
the complexity of optimizing a well-conditioned finite sum, have developed subsampled gra-
dient methods for the sampling problem. However, to our knowledge, all such guarantees
depend polynomially on the accuracy € and are measured in the 2-Wasserstein distance; in
the high-accuracy, total variation case no nontrivial query complexity is currently known.

We show in Section 5.6 that given access to the minimizer of F', a simple zeroth-order
algorithm which queries O(x2d) values of summands { fi}ie[n) succeeds (i.e. it never requires
a full value or gradient query of F'). The algorithm is essentially the Metropolized random
walk proposed in [DCWY19] for the n = 1 case with a cheaper subsampled filter step.
Notably, because the random walk is conducted with respect to F', we cannot efficiently
query the function value at any point; nonetheless, by randomly sampling to compute a
nearly-unbiased estimator of the rejection probability, we do not incur too much error.
This random walk was shown in [CDWY20] to mix in O(k2d) iterations; we implement
each step to sufficient accuracy using 6(1) function evaluations.

It is natural to ask if first-order information can be used to improve this query complex-
ity, perhaps through “variance reduction” techniques (e.g. [JZ13]) developed for stochastic
optimization. The idea behind variance reduction is to recenter gradient estimates in
phases, occasionally computing full gradients to improve the estimate quality. One funda-

mental difficulty which arises from using variance reduction in high-accuracy sampling is
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that the resulting algorithms are not stateless. By this, we mean that the variance-reduced
estimates depend on the history of the algorithm, and thus it is difficult to ascertain cor-
rectness of the stationary distribution. We take a different approach to achieve a linear

query dependence on the conditioning x, described in the following section.

Proximal point reduction framework

To motivate Theorem 10, we first recast existing “proximal point” reduction-based op-
timization methods through the lens of composite optimization, and subsequently show
that similar ideas underlying our composite sampler in Section 5.1.3 yield an analagous
“proximal point reduction framework” for sampling. We hope these insights prove fruitful

for further development of proximal approaches to sampling.

Proximal point methods as composite optimization. Proximal point methods are
a well-studied primitive in optimization, developed by [Roc76|; cf. [PB14] for a modern
survey. The principal idea is that to minimize convex F : R¢ — R, it suffices to solve a

sequence of subproblems

. 1
Thy1 < argmingcpd {F(x) + 5”1’ — ka%} ) (5.6)

Intuitively, by tuning the parameter A > 0, we trade off how regularized the subproblems
(5.6) are with how rapidly the overall method converges. Smaller values of A result in larger
regularization amounts which are amenable to algorithms for minimizing well-conditioned
objectives.

For optimizing functions of the form (5.5) via stochastic gradient estimates to € error,
[JZ13, DBL14, SRB17] developed variance-reduced methods obtaining a query complexity
of O(n + ). To match a known lower bound of O(n + /nr) due to [WS16], two works
[LMH15, FGKS15] appropriately applied instances of accelerated proximal point methods
[Gul92] with careful analyses of how accurately subproblems (5.6) needed to be solved.
These algorithms black-box called the 6(n + k) runtime as an oracle to solve the sub-
problems (5.6) for an appropriate choice of A, obtaining an accelerated rate.* To shed
some light on this acceleration procedure, we adopt an alternative view on proximal point

methods.’> Consider the following known composite optimization result.

4We note that an improved runtime without extraneous logarithmic factors was later obtained by [All17].

This perspective can also be found in the lecture notes [Leel8].
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Proposition 6 (Informal statement of [BT09]). Let f : R — R be L-smooth and p-
strongly conver, and g : R? — R admit a prozimal oracle O(\,v) (cf. Definition 3). There
s an algorithm taking 5(\/E) iterations for Kk = % to find an e-approrimate minimizer to

f+g, each querying Vf and O a constant number of times. Further, A = % mn all calls

to O.

Ignoring subtleties of the error tolerance of O, we show how to use an instance of
Proposition 6 to recover the 5(71 + /nk) query complexity for optimizing (5.5). Let
f(x) = %Hx”%, and g = F — f. For any A > u, f is both p-strongly convex and A-smooth.
Moreover, note that all calls to the proximal oracle O for g require solving subproblems

of the form
. A
argmin, g {m) a3+ Sl ng}. (5.7)

The upshot of choosing a smoothness bound A > p is that the regularization amount in
(5.7) increases, improving the conditioning of the subproblem, which is A-strongly convex
and L+ A-smooth. The algorithm of e.g. [JZ13] solves each subproblem (5.7) in O (n+ LAY

gradient queries, leading to an overall query complexity (for Proposition 6) of

o([3-0-3)

Optimizing over A > p, i.e. taking A = max(pu, %), yields the desired bound of 5(n+\/nf<;).

Applications to sampling. In Sections 5.5 and 5.6, we develop samplers for structured
families with quadratic dependence on the conditioning x. The proximal point approach
suggests a strategy for accelerating these runtimes. Namely, if there is a framework which
repeatedly calls a sampler for a regularized density (analogous to calls to (5.6)), one could
trade off the regularization with the rate of the outer loop. Fortunately, in the spirit of
interpreting proximal point methods as composite optimization, the composite sampler of
Section 5.5 itself meets these reduction framework criteria.

We briefly recall properties of our composite sampler here. Let m be a distribution
on R? with Z—g(:v) o exp(— fuwe(T) — foracte()),® where fy is well-conditioned (has finite

condition number k) and foracle admits an RGO, which solves subproblems of the form

1
O(n,v) ~ the density proportional to exp <—2||x - UH% - foracle(l‘>> ) (5.8)
n

5To disambiguate, we sometimes also use the notation fwc+ foracle rather than f+g¢ in defining instances
of our reduction framework or composite samplers, when convenient in the context.
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The algorithm of Section 5.5 only calls O with a fixed n; note the strong parallel between
the RGO subproblem and the proximal oracle of Proposition 6. For a given value of n > 0,

our composite sampler runs in 5( iterations, each requiring a call to O. Smaller 7

o)
improve the conditioning of the negative log-density of subproblem (5.8), but increase the
overall iteration count, yielding a range of trade-offs. The algorithm of Section 5.5 has an
upper bound requirement on 7 (cf. Theorem 11); in Section 5.3, we observe that this may
be lifted when fy. = 0 uniformly, allowing for a full range of choices. Moreover, the analysis
of the composite sampler becomes much simpler when fy. = 0, as in Theorem 10. We give
the framework as Algorithm 11, as well as a full (fairly short) convergence analysis. By
trading off the regularization amount with the cost of implementing (5.8) via bootstrapping
base samplers, we obtain a host of improved runtimes.

Beyond our specific applications, the framework we provide has strong implications as a
generic reduction from mixing times scaling polynomially in s to improved methods scaling
linearly in x. This is akin to the observation in [LMH15] that accelerated proximal point
methods generically improve poly(x) dependences to \/k dependences for optimization.
We are optimistic this insight will find further implications in the logconcave sampling

literature.

5.1.4  Erratum, and a word of warning for o(d) mixing

The initial version of this paper, presented at COLT 2021, had an incorrect proof of
Theorem 10. This was due to our reliance on the average conductance (“spectral profile”)
technique of [LK99] for bounding mixing. Roughly speaking, the mistake was caused by a
misunderstanding that for stationary measures satisfying p-log isoperimetry (for example,
p-strongly logconcave densities) and with transition distributions of A-close points having
constant overlap, [LK99] provides mixing time bounds of the form (where 3 is a warmness

parameter of the starting distribution)

1

/2 ! ds < ! /é ! ds =~ ! loglog (5.9)
1 s®(s)2 ™ pA? 1 slog(s)  pA? 10817 '

Here, ®(s) is the s-conductance of the Markov chain, which can typically be lower bounded
by Q(\//Tg(s)A) under a stationary density exhibiting log-isoperimetry. However, the
trivial bound ®(s) < 1 demonstrates that there is an additive log(5) term in (5.9).
This is a bottleneck towards mixing times scaling as o(d) for distributions where only

an exp(€2(d))-warm start is feasible; in particular, the conductance actually scales as
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min(1, Q(y/plog(s)A)), causing this additive term. In settings where uA? > d~! (such as
our reductions, where this term often scales as a condition number of the problem), this
additive term log(3) = Q(d) may dominate. This observation (and the fix) came out of
conversations with Sinho Chewi; we are immensely greatful for his help.

For the particular structure of the algorithm in Theorem 10, we are able to give an
alternative analysis going through W convergence bounds, preserving the correctness of
the theorem. However, this bottleneck is a general phenomenon which may cause future
attempts to use Metropolized algorithms from exponentially warm starts to be stuck at
Q(d) iterations, which merits further investigation. We write this section as a word of
warning to future researchers aiming at sublinear dimension dependences in Metropolized

algorithms, and as a suggested open research direction.

5.1.5 Roadmap

We give notations and preliminaries in Section 6.2. In Section 5.3 we give our framework for
bootstrapping fast regularized samplers, and prove its correctness (Theorem 10). Assuming
the “base samplers” of Theorems 11 and 12, in Section 5.4 we apply our reduction to
obtain all of our strongest guarantees, namely Corollaries 10, 11, and 12. We then prove

Theorems 11 and 12 in Sections 5.5 and 5.6.
5.2 Preliminaries

5.2.1 Notation

General notation. For d € N, [d] refers to the set of naturals 1 < i < d; |- 5 is the
Euclidean norm on R? when d is clear from context. N (i, ) is the multivariate Gaussian
of specified mean and variance, id is the identity of appropriate dimension when clear from

context, and =< is the Loewner order on symmetric matrices.

Functions. We say twice-differentiable function f : R? — R is L-smooth and p-strongly
convex if pid < V2f(z) < Lid for all z € R? it is well-known that L-smoothness implies

that f has an L-Lipschitz gradient, and that for any =,y € R%,

F(@) + (VS (@)y =)+ 5y = 2l < 1) < 1) + (1@ y - )+ 5y — <3

If f is L-smooth and p-strongly convex, we say it has a condition number x def % We

call a zeroth-order oracle, or “value oracle”, an oracle which returns f(x) on any input
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point z € R?: similarly, a first-order oracle, or “gradient oracle”, returns both the value

and gradient (f(z), Vf(z)).

Distributions. We call distribution 7 on R? logconcave if %(x) = exp(—f(x)) for
convex f; m is p-strongly logconcave if f is p-strongly convex. For A C R?, A€ is its
complement, and we let 7(A) def B c4 dm(x). We say distribution p is f-warm with respect
to m if ‘é—g(m) < B everywhere, and define the total variation ||m — p| v e sup gcga m(A) —
p(A). We will frequently use the fact that |lm — pllTv is also the probability that = ~
and 2/ ~ p are unequal under the best coupling of (m, p); this allows us to “locally share
randomness” when comparing two random walk procedures. We define the expectation

E: and variance Var, with respect to distribution 7 in the standard way,

E,[h(z)] & / h(z)dr(x), Varg[h(z)] € By [(h(x))?] — (Bx[h(2)])?.

Structured distributions. This work considers two types of distributions with addi-
tional structure, which we call composite logconcave densities and logconcave finite sums.
A composite logconcave density has the form exp(—f(x) — g(z)), where both f and g are
convex. In this context throughout, f will either be uniformly 0 or have a finite condition
number (be “well-conditioned”), and g will represent a “simple” but possibly non-smooth
function, as measured by admitting an RGO (cf. Definition 1). We will sometimes refer to
the components as f and g as fwc and foracle respectively, to disambiguate when the func-
tions f and g are already defined in context. In our reduction-based approaches, we have
additional structure on the parameter A which an RGO is called with (cf. Definition 2).
Specifically, in our instances typically A=! > L (or some other “niceness” parameter asso-
ciated with the negative log-density); this can be seen as heavily regularizing the negative
log-density, and often makes the implementation simpler.

Finally, a logconcave finite sum has density of the form exp(—F(z)) where F(x) =
%Zie[n] fi(x). When treating such densities, we make the assumption that each con-
stituent summand f; is L-smooth and convex, and the overall function F' is p-strongly
convex. We measure complexity of algorithms for logconcave finite sums by gradient

queries to summands, i.e. V f;j(z) for some ¢ € [n].

Optimization. Throughout this work, we are somewhat liberal with assuming access
to minimizers to various functions (namely, the negative log-densities of target distribu-

tions). We give a more thorough discussion of this assumption in Appendix D.1, but
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note here that for all function families we consider (well-conditioned, composite, and finite
sum), efficient first-order methods exist for obtaining high accuracy minimizers, and this
optimization query complexity is never the leading-order term in any of our algorithms
assuming polynomially bounded initial error.

5.2.2  Technical facts

We will repeatedly use the following results.

Fact 5 (Gaussian integral). For any A > 0 and v € RY,

/exp (21>\||x — vH%) dx = (271')\)%.

Fact 6 ([DCWY19], Lemma 1). Let m be a p-strongly logconcave distribution, and let x*

minimize its negative log-density. Then, for x ~ 7 and any ¢ € [0,1], with probability at

o — [, < \/5 (2+2max ( olos1/3) wogg/a))) |

Fact 7 ([Har04], Theorem 1.1). Let m be a p-strongly logconcave density. Let d,(x) be

least 1 — 9,

the Gaussian density with covariance matriz p~'id. For any convex function h,
Ex[h(z — Er[2])] < Eq, [h(z — By, [2])].

Fact 8 ([DM16], Theorem 1). Let 7 be a p-strongly logconcave distribution, and let x*

minimize its negative log-density. Then, Er[||z — 2*[|3] < %.
5.3 Proximal reduction framework

The reduction framework of Theorem 10 can be thought of as a specialization of a more
general composite sampler which we develop in Section 5.5, whose guarantees are repro-

duced here.

Theorem 11. Let 7 be a distribution on R® with %(x) x exp (—f(x) — g(x)) such that

f is L-smooth and p-strongly convez, and let ¢ € (0,1). Let n < Wog(n/e) (where
K = ﬁ), T = 9(#log(’%d)), and let O be a n-RGO for g. Further, assume access to

the minimizer x* = argmin cpa{f(z) + g(x)}. There is an algorithm which runs in T
iterations in expectation, each querying a gradient oracle of f and O a constant number

of times, and obtains € total variation distance to .
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Our main observation, elaborated on more formally for specific applications in Sec-
tion 5.4, is that a variety of structured logconcave densities have negative log-densities
foracle, Where we can implement an efficient restricted Gaussian oracle for fo.acle via call-
ing an existing sampling method. Crucially, in these instantiations we use the fact that the
distributions which O is required to sampled from are heavily regularized (restricted by a
quadratic with large leading coefficient) to obtain fast samplers. We further note that the
upper bound requirement on 7 in Theorem 11 can be lifted when the “well-conditioned”
component is uniformly 0. Instead of setting f = 0 and g = foracle in Theorem 11, and
refining the analysis for this special case to tolerate arbitrary 7, we provide a self-contained
proof here. This particular structure (the composite setting where fy. is uniformly zero
and foracle 1S strongly convex) admits significant simplifications from the more general
case, so using slightly different proof techniques, we are able to obtain stronger conver-
gence guarantees for this particular problem allowing for mixing in fewer than d iterations

from a feasible start (see Section 5.1.4).

Theorem 10. Let 7 be a distribution on R% with fl—g(ac) X exp(— foracle(T)) such that foracle
is p-strongly convex, and let € € (0,1). Let n < i, T = @(#log ﬁ) for some 8 > 1,
and O be a n-RGO for foracle- Algorithm 11, initialized at the minimizer of foracle, TUNS
i T iterations, each querying O a constant number of times, and obtains € total variation

distance to .

For simplicity of notation, we replace foracle in the statement of Theorem 10 with g
throughout just this section. Let 7 be a density on R? with Z—g(w) x exp(—g(z)) where g is
p-strongly convex (but possibly non-smooth), and let O be a restricted Gaussian oracle for
g. Consider the joint distribution # supported on an expanded space z = (z,y) € R? x R?

with density, for some n > 0,

) e (~glo) - 5l - ulB).
Note that the z-marginal of 7 is precisely m, so it suffices to sample from the x-marginal.
We consider a simple alternating Markov chain for sampling from 7, described in the
following Algorithm 11.

By observing that the distributions 7, and m, in the above method are precisely the
marginal distributions of & with one variable fixed, it is straightforward to see that 7 is a

stationary distribution of the process. We make this formal in the following lemma.
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Algorithm 5 AlternateSample(g,n,T")

Input: p-strongly convex g : RY - R, n >0, T € N, zg = min, g(x).
1: for k € [T] do

2: Sample yi ~ mz,_,, where for all x € RY, dgy”” (y) < exp (—%Hx — y||%)
3: Sample xj, ~ m, , where for all y € R?, dd%(a:) x exp (—g(x) - ﬁ”m — yH%)

4: end for

5. return x

Lemma 25 (Alternating marginal sampling). Let 7 be a density on two blocks (z,vy).
Sample (x,y) ~ 7, and then sample & ~ (-, y), § ~ 7(Z,-). Then, the distribution of
(Z,9) is ®. Moreover, the alternating marginal sampling Markov chain on either marginal

15 reversible.

Proof. The density of the resulting distribution at (Z,y) is proportional to the product of
the (marginal) density at y and the conditional distribution of & | y, which by definition is
7. Therefore, (Z,y) is distributed as 7, and the argument for ¢ follows symmetrically. To
see reversibility on the x marginal, it suffices to note that the probability we move from x

to x’ is proportional to

[ vt ),

Y

which is a symmetric function of z and z’. A similar argument holds for the y marginals.

O]

We also state a simple observation about alternating schemes such as Algorithm 11,
which will be useful later. Let P, be the density of y;, after one step of the above procedure

starting from zp_1 = x, and let T, be the resulting density of x.
Observation 1. For any two points z, x’' € R, ||7; — ’7;/||TV < HPx — Px/HTV-

Proof. This follows by the coupling characterization of total variation (see e.g. Chapter 5 of
[LPWO09]). Per the optimal coupling of y ~ P, and y’ ~ P,, whenever the total variation
sets y = ¢/ in Line 2 of AlternateSample, we can couple the resulting distributions in

Line 3 as well. O

In order to prove Theorem 10, we first show that the random walk in Algorithm 11

converges rapidly in the 2-Wasserstein distance (denoted Ws in this section).
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Lemma 26. Let mg be the starting distribution of x in Algorithm 11. Let 7 be the
distribution of xp and w be the x-marginal of ®. For all k > 0,

1

W) <

W2 (my, ).
Hence, for any n < %, inT =0 (# log u%) iterations, the random walk mizes to
WQ(TFT/,T() S A.

Proof. Let I'y, be the optimal coupling between x ~ 7, and  ~ 7 according to the Wy
distance. Coupling the Gaussian random variable generating yj4+1 ~ 7z, and § ~ 75 gives
a coupling I’

yiir Detween yx g and ¢ such that

Er,, ., [Hyk—i—l - y”%} =Er,, [Hf% - f”%] : (5.10)

Then, let 7, be the distribution of x4 in a run of Line 3 of Algorithm 11 starting from
Yk+1 = Y, and my be the distribution of & in Line 3 starting from g, respectively. Since
Ty is o+ % strongly log-concave, 7y satisfies a log-Sobolev inequality with constant p + %

(Theorem 2 of [OV00]). Hence,

2
W27T,7['A < ———dkr,(my || 75
3. m) < b (1)

n
1
< ok, [Ivi0g T2
1 Ty
(n+7) ’
1
—|yp—)1|
= R

The first step used the Talagrand transportation inequality (Theorem 1 of [OV00]). The

second step used the log-Sobolev inequality. The third step used

exp(—g(z) — &z — yl|2) [, exp(—g(z) — Lz — §/|2)da’
— () i p(—g(x) 2 %z)fx p(—g(x) 2 g z)
7@~ " " exp(g() = L= 1B) I, exp(—g(a) — & e — By
1 1
= >V (lz =gl = llz = yl3) = ~(v - 9). 5.11
. 2 )= 1tv-1) (5.11)
Taking expectation over I'y, ., and using (5.10) shows that
2 < 2 .
W2 (Trk-l-l,ﬂ-) = (1 + nu)2W2 (7T]€,7T)

Algorithm 11 starts from the distribution my = d,+, where x* = min, g(z). Since 7 is

p-strongly logconcave, we have (see e.g. Proposition 1 of [DM*19])
d
Wi (mo,m) = By |lo* — all?] < =
I

Then, for n < i, ﬁ < 1-" so after T" = O(i log #%) iterations, Wo(mp, m) < A. O
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Next, we bound the KL divergence between the output of Algorithm 11 and the tar-
get distribution m. We need the following standard lemma regarding KL divergences of

marginal distributions.

Lemma 27. Let P, and Q, be distributions supported on X indexed by z, a random
variable distributed as w,. Let P be the joint distribution of (x,z) for x ~ P, and z ~ m,
and Q be the joint distribution of (z,z) as x ~ Q, and z ~ m,. Let P and Q be the

marginal distribution ofﬁ and @ on x, averaged over z. Then,

Proof. By the definition of dkr,,

P(x,z

P(z,2)
log ———=
g@(m)]

dxn(PIQ) =E, ) p

= E.vr, [EM [log g%”

= Ezmﬁz [dKL(PzHQz)] :

Finally, by the data processing inequality,

dxL(P|Q) < dkL(P||Q) = Esr. [dii(P:]Q2)].
]

The following lemma shows that a 2-Wasserstein distance bound on the distribution

at iteration k implies a KL divergence bound on iteration k + 1.

Lemma 28. Let m be the distribution of xj for some k such that Wa(mp,7) < A and w

be the z-marginal of w. Then,

2

dxL(me41m) < e

Proof. As in Lemma 26, let I';, be the optimal coupling between x, ~ 7, and & ~ m,

which yields a coupling I, ., between yg11 and ¢ such that

Er,, ., [H?/k—f—l - ?3“%] =Er,, [Hﬂsz - 93”%} < A% (5.12)
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Then,

dxr (Te1|I7) < B,y gy, [dRL(Ty I75)]
AQ

1
< —F—<Ey 1 9)~r [Hyk-i-l - ?3”3} < —.
2 l +1,Y Yk+1 2
21 (u + ,7) "
The first inequality followed from Lemma 28 by taking P = w41, @ = 7 and z = (yg+1,Y)-
The second inequality used the log-Sobolev inequality and (5.11). The last inequality used

(5.12). O
Finally, putting the pieces together, Theorem 10 follows from Lemma 26 and Lemma 28.

Proof of Theorem 10. By Lemma 26 and Lemma 28, there is T' = O (# log ﬁ) so that

dir (77 ||7) < 2€2. By Pinsker’s inequality,

1
7 — ey < idKL(T"THTF) =e.

O

We note that Theorem 10 is robust to a small amount of error tolerance in the sampler

€

O. Specifically, if O has tolerance 57, then by calling Theorem 10 with desired accuracy

5 and adjusting constants appropriately, the cumulative error incurred by all calls to O
is within the total requisite bound (formally, this can be shown via the coupling char-
acterization of total variation). We defer a more formal elaboration on this inexactness

argument to Appendix D.1 and the proof of Proposition 10.
5.4 Tighter runtimes for structured densities

In this section, we use applications of Theorem 10 to obtain simple analyses of novel state-
of-the-art high-accuracy runtimes for the well-conditioned densities studied in [DCWY19,
CDWY20, LST20], as well as the composite and finite sum densities studied in this work.
We will assume the conclusions of Theorems 11 and 12 respectively in deriving the results

of Sections 5.4.2 and 5.4.3.

5.4.1 Well-conditioned logconcave sampling: proof of Corollary 10

In this section, let 7 be a distribution on R? with density proportional to exp(—f(z)),

where f is L-smooth and p-strongly convex (and k = %) and has pre-computed minimizer
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x*. We will instantiate Theorem 10 with foracle(x) = f(z), and choose n = . We

1
8Ldlog(k)
now require an 7-RGO O for foracle = f to use in Theorem 10.

Our implementation of O is a rejection sampling scheme. We use the following helpful

guarantee.

. . . ~ . . . . d
Lemma 29 (Rejection sampling). Let 7, # be distributions on R? with % (z) o« p(z),
9% (1) oc p(x). Suppose for some C > 1 and all x € RY, % < C. The following is termed
“rejection sampling”: repeat independent runs of the following procedure until a point is

outputted.

1. Draw x ~ 7.

2. With probability (%8), output x.

Rejection sampling terminates in % runs in expectation, and the output distribution

18 .

Proof. The second claim follows from Bayes’ rule which implies the conditional density of

the output point is proportional to p(x) - (,{)(7?)) x p(z), so the distribution is . To see the
pT

first claim, the probability any sample outputs is

pla) o 1 [ [p@de [ p()de
/xc;xx)d”(”“’) =¢ ), Liwa ™" = e i

The conclusion follows by independence and linearity of expectation. O

We further state a concentration bound shown first in [LST20] regarding the norm of

the gradient of a point drawn from a logsmooth distribution.

Proposition 7 (Logsmooth gradient concentration, Corollary 3.3, [LST20]). Let 7 be

a distribution on RY with ‘é—g(x) x exp(—f(x)) where f is convex and L-smooth. With

probability at least 1 — k=%,

IV f(2)ll2 < 3VLdlogk for z ~ . (5.13)

By the requirements of Theorem 10, the restricted Gaussian oracle O only must be

able to draw samples from densities of the form, for some y € RY,

€xp <_foracle(x) - 217’H2U - y”%) = exp (—f(l’) - 4Ld10g’£H1‘ - y“%) . (514)

We will use the following Algorithm 6 to implement O.
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Algorithm 6 XSample(f,y,n)
Input: L-smooth, u-strongly convex f:R? - R, y € R, n >0

1. if HVf H2<3\/>d10gli then

2: while true do

3: Draw z ~ N(y — Vf(y),nid)

4: 7 ~ Unif[0, 1]

5: if 7 <exp(f(y) +(Vf(y),z —y) - f(x)) then
6: return z

7: end if

8: end while
9: end if

10: Use [CDWY20] to sample x from (5.14) to total variation distance using

O (kd? 10g (%)
O(dlog %) queries to V f (Theorem 1, [CDWY20], where (5.14) has constant condition
number)

11: return x

Lemma 30. Letn = m and suppose y satisfies the bound in (5.13), i.e. HVf ||2 <
3V Ldlogk. Then, Line 8 of Algorithm 6 runs an expected 2 times, and Algorithm 6

samples exactly from (5.14), whenever the condition of Line 1 is met.

Proof. Note that when the assumption of Line 1 is met, Algorithm 6 is an instantiation

of rejection sampling (Lemma 29) with
pla) = exp (fia) = gl =l )
i) = exp (~10) = (V102 =) - 5l = ulB).

By convexity, we may take C' = 1. Next, by applying Fact 5 twice and L-smoothness of

f oracle»

[arae = [exo (<)~ (V1 =)~ 52 e - ol ) as
. 1+4+nL
—oxp (1) + 5o I9513) [ (<25 e -yt Vi) do

B 21 g
—exp(—f(y)+2(1+ Ivsrwl) ()

[ #la)de = exp (~1) + I 5) u)zm%
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which implies the desired bound (recalling Lemma 29 and our assumed bound on v s (y) Hg)

fﬁ(w)d:c n n d
T p(z)dz <exp <<2 - 2(1—1—77L)> ||Vf(y)||%> (1+nL)
2
< L5exp <2(177+L77L>||Vf(y)||§> <2

We are now equipped to prove our main result concerning well-conditioned densities.

Corollary 10. Let 7 be a distribution on R? with 9= (z) o exp (—f(z)) such that f is
L-smooth and p-strongly convex, and let € € (0,1), kK = % Assume access to r* =

argmingcpa f(x). Algorithm 11 with n = using Algorithm 6 as a restricted Gaus-

1
8Ldlog(k)
sian oracle for f uses O(kdlog k log ’%d) gradient queries in expectation, and obtains € total

variation distance to .

Proof. By applying Theorem 10 with the chosen 7, and noting that the cumulative error
due to all calls to Line 10 cannot amount to more than § total variation error throughout
the algorithm, it suffices to show that Algorithm 6 uses O(1) gradient queries each iteration
in expectation. This happens whenever the condition in Line 1 is met via Lemma 30, so
we must show Line 10 is executed with probability O((dlog %l)_l).

To show this, note that combining Proposition 7 with the warmness of the start xg in
Algorithm 6, this event occurs with probability at most x~% in the first iteration.” Since
warmness is monotonically decreasing® throughout using an exact oracle in Algorithm 11,
and the total error accumulated due to Line 10 throughout the algorithm is O((d log ’%d)*l),

we have the desired conclusion. O

We show a bound nearly-matching Corollary 10 using only value access to f, and with
a deterministic iteration complexity (rather than an expected one), as Corollary 14 in

Section 5.4.3.

"Formally, Line 2 of Algorithm 11 has y1 ~ N (zo,nid), but by smoothness HVf(y1)H2 < ||Vf(xo)||2 +
LHx - yH2 and LHx - yHg < 6(L\/?]) with high probability, adding a negligible constant to the bound
of Proposition 7.

8This is a standard fact in the literature, and can be seen as follows: each transition step in the chain
is a convex combination of warm point masses, preserving warmness.
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5.4.2  Composite logconcave sampling: proof of Corollary 11

In this section, let 7 be a distribution on R? with density proportional to exp(— f(x)—g(z)),
where f is L-smooth and p-strongly convex (and k = ﬁ), and g is convex and admits a
restricted Gaussian oracle @. Without loss of generality, we assume that f and g share
a minimizer x* which we have pre-computed; if this is not the case, we can redefine
f(x) < f(z) = (Vf(z*),z) and g(x) < g(z) + (Vf(z*),x); see Section 5.5.1 for this
reduction.

We will instantiate Theorem 10 with forace = f + g, which is a p-strongly convex

function. Our main result of this section follows directly from Theorem 10 and using

Theorem 11 as the required oracle O, stated more precisely in the following.

Corollary 11. Let 7 be a distribution on R? with g—g(aﬁ) x exp(—f(x) — g(x)) such that
f is L-smooth and p-strongly convex, and let € € (0,1), kK = % Assume access to r* =
argmingcpa{ f(x) + g(x)} and let O be a restricted Gaussian oracle for g. There is an
algorithm (Algorithm 11 using Theorem 11 as a restricted Gaussian oracle) which runs in
O(rdlog? %1) iterations in expectation, each querying a gradient of f and O a constant
number of times, and obtains € total variation distance to 7.
Proof. As discussed at the beginning of this section, assume without loss that f and g
both are minimized by x*. We apply the algorithm of Theorem 10 with n = % to the
p-strongly convex function f + g, which requires one call to O to implement. Thus, the
iteration count parameter in Theorem 10 is T = O(x log £2).

Recall that we chose n = % To bound the total complexity of this algorithm, it suffices

to give an n-RGO O for sampling from distributions with densities of the form, for some

y € RY,

exp (=1() = o) = g-llo = 91B) = exp (~1(0) ~ 9(0) - Gl u13)

to total variation distance ﬁ (see discussion at the end of Section 5.3). To this end, we

apply Theorem 11 with the well-conditioned component f(z)+ %Hx — y||%, the composite
component g(x), and the largest possible choice of 7. Note that we indeed have access to
a restricted Gaussian oracle for ¢ (namely, ©O), and this choice of well-conditioned com-

ponent is 2L-smooth and L-strongly convex, so its condition number is a constant. Thus,
2 kd

Theorem 11 requires O(dlog” “%) calls to O and gradients of f to implement the desired

OT on any query y (where we note @(ET) = poly(;’ d,e—l))‘ Combining these complexity

bounds yields the desired conclusion. O
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5.4.83 Sampling logconcave finite sums: proof of Corollary 12

In this section, let 7 be a distribution on R? with density proportional to exp(—F(z)),
where F(x) = %Zie[n] fi(z) is p-strongly convex, and for all ¢ € [n], f; is L-smooth (and
K = %) We will instantiate Theorem 10 with foracie(z) = F(z), and Theorem 12 as an
1n-RGO for some choice of 7.

More precisely, Theorem 12 shows that given access to the minimizer z*, only zeroth-
order access to the summands of F' is necessary to obtain the iteration bound. In order
to obtain the minimizer to high accuracy however, variance reduced stochastic gradient
methods (e.g. [JZ13]) require Q(n + k) gradient queries, which amounts to Q((n + x)d)
function evaluations. We state a convenient corollary of Theorem 12 which removes the
requirement of accessing z*, via an optimization pre-processing step using the method of
[JZ13] (see further discussion in Appendix D.1). This is useful to us in proving Theorem 12

because in the sampling tasks required by the RGO, the minimizer changes (and thus must

be recomputed every time).

Corollary 13 (First-order logconcave finite sum sampling). In the setting of Theorem 12,
using [JZ13] to precompute the minimizer x* and running Algorithm 10 uses O(nlog ’%d +
k2dlog ”T"d) first-order oracle queries to summands {fi}ie[n] and obtains e total variation

distance to .

We now apply the reduction framework developed in Section 6.2 to our Algorithm 10

to obtain an improved query complexity for sampling from logconcave finite sums.

Corollary 12 (Improved first-order logconcave finite sum sampling). In the setting of
Theorem 12, Algorithm 11 using Algorithm 10 and SVRG [JZ13] as a restricted Gaussian

oracle for F' uses
nrd 35 [ nkd 5 [ nkd ~
O (nlog| — | + kVndlog — | + kdlog” | — :O<n+/€max<d,\/nd))
€ € €

queries to first-order oracles for summands { fi}ie[n}, and obtains € total variation distance

to .

Proof. We apply Theorem 10 with p-strongly convex foracle = F(2), using Algorithm 10

as the required n-RGO O for sampling from distributions with densities of the form

e (@) - Lo - o)
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for some y € R? to total variation ﬁ (see Section 5.3) for T the iteration bound of
Algorithm 11. We apply Theorem 12 to the function Fv(:):) = F(z) + %Hw — y||%; we can
express this in finite sum form by adding %H:z: — yH% to every constituent function, and
the effect on gradient oracles is %(:c —y). Note F has condition number O(1 +7L). For a

given 7, the overall complexity is

log £
08 e (nlog (nmi) + dlog* <m> + (nL)2dlog* <m>)
np € € €

Here, the inner loop complexity uses Corollary 13 to also find the minimizer (for warm
starts), and the outer loop complexity is by Theorem 10. The result follows by optimizing

over n, namely picking n = max(%7 , and that Algorithm 11 always must

)
L2dlog?(nkd/e€)
have at least one iteration. O

Note the only place that Corollary 12 used gradient evaluations was in determining
minimizers of subproblems, via the first step of Corollary 13. Consider now the n = 1 case.
By running e.g. accelerated gradient descent for smooth and strongly convex functions, it
is well-known [Nes83] that we can obtain a minimizer in O(y/k) iterations, each querying
a gradient oracle, where « is the condition number. By smoothness, we can approximate
every coordinate of the gradient to arbitrary precision using 2 function evaluations, so this
is a O(y/kd) value oracle complexity.

Finally, for every optimization subproblem in Corollary 12 where n = (L-poly]og%d)’l,
the condition number is a constant, which amounts to a 5(d) value oracle complexity
for computing a minimizer. This is never the dominant term compared to Theorem 12,

yielding the following conclusion.

Corollary 14. In the setting of Corollary 10, Algorithm 11 using Algorithm 10 as a

2 wd

“?) wvalue queries and obtains € total variation

restricted Gaussian oracle uses O(kdlog

distance to .

We note that the polylogarithmic factor is significantly improved when compared to
Corollary 12 by removing the random sampling steps in Algorithm 10. A precise complex-
ity bound of the resulting Metropolized random walk, a zeroth-order algorithm mixing in
O(k?dlog %i) for a logconcave distribution with condition number k, is given as Theorem
2 of [CDWY20].

Finally, in the case n > 1, we also exhibit an improved query complexity in terms of

an entirely zeroth-order sampling algorithm which interpolates with Corollary 14 (up to
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logarithmic factors). By trading off the a(nd + rd) zeroth-order complexity of minimizing
a finite sum function [JZ13], and the 5(/12d) zeroth-order complexity of sampling, we can
run Theorem 10 for the optimal choice of = O (@) The overall zeroth-order complexity

can be seen to be O(nd + /nrd).
5.5 Composite logconcave sampling with a restricted Gaussian oracle

In this section, we provide our “base sampler” for composite logconcave densities as Algo-
rithm 7, and give its guarantees by proving Theorem 11. Throughout, fix distribution m

with density

d
—W(:r:) o exp (—f(z) — g(x)),,where f:R? — R is L-smooth, p-strongly convex,

dz (5.15)
and ¢ : RY — R admits a restricted Gaussian oracle O.

We will define r % %, and assume that we have precomputed z* e argmingcpa { f(z) + g(x)}.

Our algorithm proceeds in stages following the outline in Section 5.1.3.

1. Composite-Sample is reduced to Composite-Sample-Shared-Min, which takes as
input a distribution with negative log-density f+g¢g, where f and g share a minimizer;
this reduction is given in Section 5.5.1, and the remainder of the section handles the

shared-minimizer case.

2. The algorithm Composite-Sample-Shared-Min is a rejection sampling scheme built
on top of sampling from a joint distribution # on (,y) € R? x R? whose z-marginal

approximates m. We give this reduction in Section 5.5.2.

3. The bulk of our analysis is for Sample-Joint-Dist, an alternating marginal sampling
algorithm for sampling from 7. To implement marginal sampling, it alternates calls
to O and a rejection sampling algorithm YSample. We prove its correctness in

Section 5.5.3.

We put these pieces together in Section 5.5.4 to prove Theorem 11. We remark that for
simplicity, we will give the algorithms corresponding to the largest value of step size 7 in the
theorem statement; it is straightforward to modify the bounds to tolerate smaller values
of n, which will cause the mixing time to become correspondingly larger (in particular, the

value of K in Algorithm 9).



110

Algorithm 7 Composite-Sample(m,z*, €)

Input: Distribution 7 of form (5.15), * minimizing negative log-density of 7, € € [0, 1].
Output: Sample z from a distribution 7 with |7/ — 7|lrv < e.

1 f(2) « f(z) = (Vf(z*),2), §(2) < g(z) + (V[ (z*), )

2: return Composite-Sample-Shared-Min(, f,q,z", €)

Algorithm 8 Composite-Sample-Shared-Min(w, f, g, z*, ¢€)
Input: Distribution 7 of form (5.15), where f and g are both minimized by z*, € € [0, 1].

Output: Sample z from a distribution 7 with |7/ — 7|lrv < e.

2t sl < 4\/@} 510

3: T < Sample-Joint-Dist(f,g,2", O, {5)

1: while true do

2: Define the set

4: if z € Q then

5: 7 ~ Unif[0, 1]

6: y < YSample(f,z,7)

ro e (M) - (Vh@y— o) — by - alf+ @) + Ble - a*[3)
s O o (@) - g@) + grtipIVI@IB) 0+ nhia

9: if 7 < 4 then

10: return r

11: end if

12: end if

13: end while

5.5.1 Reduction from Composite-Sample to Composite-Sample-Shared-Min

Correctness of Composite-Sample is via the following properties.

Proposition 8. Let f and g be defined as in Composite-Sample.
1. The density  exp(—f(z) — g(x)) is the same as the density o exp(—f(z) — §(z)).

2. Assuming first-order (function and gradient evaluation) access to f, and restricted

Gaussian oracle access to g, we can implement the same accesses to f, g with con-
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Algorithm 9 Sample-Joint-Dist(f,g,z*,n,0,0)
Input: f, g of form (5.15) both minimized by z*, 6 € [0, 1], n > 0, O restricted Gaussian

oracle for g.
Output: Sample z from a distribution #/ with ||#/ — #||rv < &, where we overload # to

mean the marginal of (5.17) on the x variable.

. 1
1+ 1) < 33Trdlog(i6n/3)

2: Let 7 be the density with

@ i 2 77L2 *||2
T xew (10 -9 - - ly -3 - "le-ol3) )
3: Call O to sample xg ~ Tgtart, for
dTgtart (T L+ 77L2 *
td;( ) X exp <—2H$—$ ||%—g(x)> (5.18)

4 K+ 222’;00 log (dlogzgﬁ'{)) (see Remark 1)

: for k € [K] do

ut

6: Call YSample <f, Tr_1,1, 2Kd1§g(d*”~)> to sample yi ~ g, , (Algorithm 14), for
4

dmy 1
) xexp (100 = 5 Iy~ ol ) (5.19)
7: Call O to sample z, ~ my, , for
dm 1 L? .
o) xoxp (~ale) = g ly-alf - le- ) 20

8: end for

9: return g

stant overhead.

3. f and § are both minimized by x*.

Proof. For f and g with properties as in (5.15), with z* minimizing f + g, define the

functions

= def def

f(z) = f2) = (Vf(z%),2), g(x) = g(x) + (V[ (z7), ),

and observe that f 4+ § = f + g everywhere. This proves the first claim. Further, imple-

mentation of a first-order oracle for f and a restricted Gaussian oracle for § are immediate
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assuming a first-order oracle for f and a restricted Gaussian oracle for g, showing the sec-
ond claim; any quadratic shifted by a linear term is the sum of a quadratic and a constant.
We now show f and ¢ have the same minimizer. By strong convexity, f has a unique

minimizer; first-order optimality shows that

Vi) = Vi) = Vi) =0,

so this unique minimizer is x*. Moreover, optimality of z* for f 4+ ¢g implies that for all
z € RY,

(0g(x™) + Vf(x¥), 2" —x) <O0.

Here, 0g is a subgradient. This shows first-order optimality of z* for § also, so * minimizes

j. O

5.5.2  Reduction from Composite-Sample-Shared-Min to Sample-Joint-Dist

Composite-Sample-Shared-Min is a rejection sampling scheme, which accepts samples
from subroutine Sample-Joint-Dist in the high-probability region € defined in (5.16).
We give a general analysis for approximate rejection sampling in Appendix D.2.1, and
Appendix D.2.1 bounds relationships between distributions 7 and 7, defined in (5.15) and
(5.17) respectively (i.e. relative densities and normalization constant ratios). Combining

these pieces proves the following main claim.

Proposition 9. Let n = and assume Sample-Joint-Dist(f,g,x*, O,0)

1
32Lkdlog(288k/€)’
samples within § total variation of the x-marginal on (5.17). Composite-Sample-Shared-Min

outputs a sample within total variation € of (5.15) in an expected O(1) calls to Sample-Joint-Dist.

5.5.83 Implementing Sample-Joint-Dist

Sample-Joint-Dist alternates between sampling marginals in the joint distribution 7, as
seen by definitions (5.19), (5.20). We showed that marginal sampling attains the correct
stationary distribution as Lemma 25. We bound the conductance of the induced walk
on iterates {x}} by combining an isoperimetry bound with a total variation guarantee
between transitions of nearby points in Appendix D.2.2. Finally, we give a simple rejection
sampling scheme YSample as Algorithm 14 for implementing the step (5.19). Since the
y-marginal of 7 is a bounded perturbation of a Gaussian (intuitively, f is L-smooth and
n~! > L), we show in a high probability region that rejecting from the sum of a first-order

approximation to f and the Gaussian succeeds in 2 iterations.
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Remark 1. For simplicity of presentation, we were conservative in bounding constants
throughout; in practice, we found that the constant in Line 4 is orders of magnitude too
large (a constant < 10 sufficed), which can be found as Section 4 of [SL19]. Several con-

stants were inherited from prior analyses, which we do not rederive to save on redundancy.
We now give a complete guarantee on the complexity of Sample-Joint-Dist.

Proposition 10. Sample-Joint-Dist outputs a point with distribution within & total
variation distance from the x-marginal of 7. The expected number of gradient queries per

iteration is constant.

5.5.4  Putting it all together: proof of Theorem 11

We show Theorem 11 follows from the guarantees of Propositions 8, 9, and 10. Formally,
Theorem 11 is stated for an arbitrary value of 1 which is upper bounded by the value
in Line 1 of Algorithm 9; however, it is straightforward to see that all our proofs go
through for any smaller value. By observing the value of K in Sample-Joint-Dist, we see
that the number of total iterations in each call to Sample-Joint-Dist O (# log(%i)) =
(0] (/i%llog2 (%d)) . Proposition 10 also shows that every iteration, we require an expected
constant number of gradient queries and calls to O, the restricted Gaussian oracle for g,
and that the resulting distribution has § total variation from the desired marginal of 7.
Next, Proposition 9 implies that the number of calls to Sample-Joint-Dist in a run of
Composite-Sample-Shared-Min is bounded by a constant, the choice of § is ©(e), and the
resulting point has total variation e from the original distribution 7. Finally, Proposition 8
shows sampling from a general distribution of the form (5.1) is reducible to one call of

Composite-Sample-Shared-Min, and the requisite oracles are implementable.

5.6 Logconcave finite sums

In this section, we provide our “base sampler” for logconcave finite sums as Algorithm 10,
and give its guarantees by proving Theorem 12. Throughout, fix distribution 7 with

density

d 1
d—ﬂ(az) x exp(—F(x)), where F(x) = — Z fi(x) is p-strongly convex,
x n

i€[n]

and for all ¢ € [n], f; is L-smooth.
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We will define & % %, and assume that we have precomputed x* & argmin, cga{F'(z)}.

We will also assume explicitly that Vf;(z*) = 0 for all i € [n] throughout this section
(i.e. all f; are minimized at the same point); this is without loss of generality, by a similar

argument as in Proposition 8.

Algorithm 10 FiniteSum-MRW(F, h,xo,p, K)
Input: F(z) = 2 > icn) fi(2), step size h > 0, initial 2o, p € [0,1], iteration count K € N

T n

1: for 0 <k < K do

2. Draw & ~ N(0,id)

3 Ykl < Tk + V2hE,

4: Draw Sk C [n] by including each i € Sy independently with probability p

5: For each i € [n],
o JE(Ver (Chite) + L) - 1) +1 ies,

Vi
1 i & Sy

6 1A, 7~ Unif[0, 1]

7: if 7 < 34, and |Sy| < 2pn then

8: Th41 < Yk+1
9: else

10: Thyl < Tk
11: end if

12: end for

13: return xg.

Algorithm 10 is the zeroth-order Metropolized random walk of [DCWY19] with an
efficient, but biased, filter step; the goal of our analysis is to show this bias does not incur

significant error.

5.6.1 Approximate Metropolis-Hastings

We first recall the following well-known fact underlying Metropolis-Hastings (MH) filters.

Proposition 11. Consider a random walk on RY with proposal distributions {P2}zerd

and acceptance probabilities {a(x,2')}, cra conducted as follows: at a current point x,
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1. Draw a point ' ~ P,.
2. Mowve the random walk to x' with probability a(x,z’), else stay at x.

Suppose Py(z') = Py () for all pairs z,2" € RY, and further %= (z)a(z,2') = (2 )a(2!, z).

&.‘&
13

Then, w is a stationary distribution for the random walk.

Proof. This follows because the walk satisfies detailed balance (reversibility) with respect

to . O]

We propose an algorithm that applies a variant of the Metropolis-Hastings filter to
a Gaussian random walk. Specifically, we define the following algorithm, which we call

Inefficient-MRW.

Definition 4 (Inefficient-MRW). Consider the following random walk for some step size

h > 0: for each iteration k at a current point xj, € RY,
1. Set ypr1 + xp + V2hE, where & ~ N(0,id).

2. Tyl < Yp41 with probability oz, yxy1) (otherwise, xyy1 < xi), where

exp(—F
! TG >
o) = IVEERE 1< Vaere) <6 (521)
exp(=F(y)) exp(—=F(y)) <3
exp(—F(x)) exp(—F(x)) ™ 4°

Lemma 31. Distribution m with Z—g(az) x exp(—F(z)) is stationary for Inefficient-MRW.

Proof. Without loss of generality, assume that 7 has been normalized so that %(m) =
exp(—F(z)). We apply Proposition 11, dropping subscripts in the following. It is clear
that P,(y) = Py(z) for any x,y, so it suffices to check the second condition. When

3< % < %, this follows from

dm N3 _dm, ,
T @)ale,2') = JVexp(—F(z) = F(y)) = - (@')a(, 2).
The other case is similar (as it is a standard Metropolis-Hastings filter). O

In Algorithm 10, we implement an approximate version of the modified MH filter in
Definition 4, where we always assume the pair z, y are in the second case of (5.21). In

Lemma 32, we show that if a certain boundedness condition holds, then Algorithm 10
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approximates Inefficient-MRW well. We then show that the output distributions of

Inefficient-MRW and our Algorithm 10 have small total variation distance in Lemma 33.

Lemma 32. Suppose that in an iteration 0 < k < K of Algorithm 10, the following three

conditions hold for some parameters R;, C¢, Cp € R>p:
1. |z — 2*[l2 < R,
2. & lls < CeV/d.
3. For alli € [n], |V fi(zr) &l < CollV fi(z)2.

Then, for any

h< ! (5.22)
= 98CZLPRZ +TLCEd’ '
exp(—F exp(—F
% < w < %. Moreover, we have E [v;] = w, and when |Sg| <
Proof. We first show E [y;] = %. Since each i € S is generated indepen-
dently,

Elwl = [T B[]

i€[n]
(1-p)+p (; (\/GXP <_711fi(yk+1) + ifi(ﬂfk)) - 1) + 1)

=11
= ex ) 1, ) ) = exp(—F (yk+1))
=11 p( —filyrr1) + — fi( k)) \/ (T

1€[n]
i€[n]
Next, for any i € [n], we lower and upper bound — f;(yg4+1) + fi(xg). First,

~filyrsr) + filer) < Vii(ep) " (2r — ypyr)
< V200, |V fi(x)|ly < V2hCyLR,.

The first inequality followed from convexity of f;, the second from yi11 — zr = VvV 2h&; and
our assumed bound, and the third from smoothness and V f(z*) = 0. To show a lower

bound,

L
filyrr1) — fileg) < Vfilze) T (Yrrr — x) + 3 [

< V2hC,LR, + hLCZd.
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The first inequality was smoothness. Repeating this argument for each ¢ € [n] and aver-

aging,
—V2hCy LRy — hLCEd < —F (y41) + F(x1,) < V2hCyLR,. (5.23)
1
Then, when h < 98CZLZRI+TLCId’
3 exp(—F(yps1)) _ 4 : 1
- < <= d for all —fi i < -.
4= \/ eXp(—F(ZL‘k)) =3’ and 1or all ¢ € [’I’L], f (yk-‘rl) + f ('Ik) 4
Thus, we can bound each 71(5)3
7(1’)<1 exp S -1 —|—1<1—+—L.
k= 8n - Tpn
Finally, when [Sk| < 2pn, 7 < (1 + 7%”)21’" < 2 as desired. O

Lemma 33. Draw zo ~ N (x*, %id). Let T be the output distribution of the algorithm

of Definition 4 for K steps starting from xg, and let wx be the output distribution of
12K

Algorithm 10 starting from xo. For any 6 € [0,1], let p = 51@% in Algorithm 10. There

exist
log & K dlog =&
Ce=0 (1422, co=0(/log™> ), and R, =0 [ /22|,
d 0 I
so that when h < L we have HTFK — erHTv <.

98CZL2R2+7LCEd’
Proof. By the coupling definition of total variation, it suffices to upper bound the proba-
bility that the algorithms’ trajectories, sharing all randomness in proposing points yxt1,
differ. This can happen for two reasons: either we used an incorrect filtering step (i.e. the
pair (zk,yr+1) did not lie in the second case of (5.21)), or we incorrectly rejected in Line
7 of Algorithm 10 because |Sk| > 2pn. We bound the error due to either happening over

any iteration by ¢, yielding the conclusion.

Incorrect filtering. Consider some iteration k. Lemma 32 shows that as long as its
three conditions hold in iteration k, we are in the second case of (5.21), so it suffices to
show all conditions hold. By Fact 6 and as ¢ is independent of all {V f;(zx)}icf), With
probability at least 1 — %, both of the conditions ||§k||2 < Cg\/g and® |V f;(zp) T&| <
CollV fi(zi) |2 for all i € [n] hold for some

log &£
Ce=0 1+\/% ,CgC:O(\/logn;().

9We recall that the distribution of v & for & ~ A(0,id) is the one-dimensional A/(0,

oll3).



118

d
Next, zg ~ N(z*, % id) is drawn from a k2 warm start for 7. By Fact 6, we have

on - x*Hg < R, for xg drawn from 7 with probability at least 1 — % . /@_%, for some

/ kK
12

Since warmness of the exact algorithm of Definition 4 is monotonic, as long as the tra-
jectories have not differed up to iteration k, Hwk — x*”g < R, also holds with probability
>1- %. Inductively, the total variation error caused by incorrect filtering over K steps

is at most %5.

Error due to large |Si|. Supposing all the conditions of Lemma 32 are satisfied in it-
eration k, we show that with high probability, Inefficient-MRW and Algorithm 10 make

the same accept or reject decision. By Lemma 32, Inefficient-MRW (5.21) accepts with

probability o), = % %. On the other hand, Algorithm 10 accepts with proba-

bility
3
ok = TE e | ISel < 2pn] - Pr{|Si| < 2pn.

The total variation between the output distributions is |, — )| Further, since by

Lemma 32,
, 3
=-E
ap = ;B 7]
3
= 1 E D [ [Sk| < 2pn] - Pr[|Sk| < 2pn] + E [yi [ [Sl > 2pn] - Pr[|Sk| > 2pn])

3
=y + ZE [V | |Sk| > 2pn] - Pr[|Sk| > 2pn],

BIOg%

it suffices to upper bound this latter quantity. First, by Lemma 34, when p = , we

have Pr[|Sy| > 2pn] < 2. Finally, since each i € Sy is generated independently,

Ely |1k >2pn < max E|[[ 18 C S
S’:|S'|=2pn i)

< 2E H ’Y;Ef) =2 H exp <_711fi(yk+1)+ Tllfi(xk))> <4.

ie[n)\S’ [n]\S’

Here, we used Lemma 32 applied to the set S’, and the upper bound (5.23) we derived

earlier. Combining these calculations shows that the total variation distance incurred in

)

15> S0 the overall contribution over

any iteration k due to |Sk| being too large is at most

K steps is at most %. ]
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We used the following helper lemma in our analysis.

Lemma 34. Let S C [n] be formed by independently including each i € [n] with probability
p. Then,

Pr[|S] > 2pn| < exp <—31p:> .

Proof. For i € [n], let 1;cs be the indicator random variable of the event i € S, so
E[1lics] = p and
Var [Lies — p] = p(1 —p)* + (1 = p)p* < 2p.

By Bernstein’s inequality,

1,2
5T
Pr E lics>np+r §exp<—2>.

1
Pl 2np + 3T

In particular, when r = pn, we have the desired conclusion. ]

5.6.2 Conductance analysis

We next bound the mixing time of Inefficient-MRW, using the following result from
prior work. We remark that (see Section 5.1.4) in our application, the log 8 term is non-

dominant.

Proposition 12 (Lemma 1, Lemma 2, [CDWY20]). Let a random walk with a p-strongly

logconcave stationary distribution ™ on x € RY have transition distributions {T;}yera. For
2
€

some € € [0,1], let convex set Q C RY have w(Q) > 1 — 35

Let mgtart be a B-warm start

for w, and let the algorithm be initialized at xg ~ Tstart- Suppose for any x,x’ € Q with

- 2'll < A,

17~ Tl < & (5210
Then, the random walk mizes to total variation distance within € of m in O(log +
ﬁ log @) iterations.

Consider an iteration of Inefficient-MRW from z; = x. Let P, be the density of yiy1,
and let T, be the density of 2,1 after filtering. Define a convex set 2 C R? parameterized

by RQ S RZO:
O={zreR?: lz — 2%, < Ro}.

We show that for two close points z, 2’ C (Q, the total variation between 7, and T, is

small.
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Lemma 35. For some h = O(

Torllrv < L.

m) and z,2" C Q with ||z — 2/, < IV, 1T, -

Proof. By the triangle inequality of total variation distance,
1T = Torlloy <72 = Polloy + 11P2 = Purllov + 172 = Povlly.

First, by Pinsker’s inequality and the KL divergence between Gaussian distributions,

P2 — Par || py < V2KL(PL||Pyr) = M
B V2h

When ||z — /|| < %\/E, | Py — Porllry < L. Next, we bound ||7; — Pyllrv: by a standard
calculation (e.g. Lemma D.1 of [LST20]), we have

exp (—F (yr+1))
exp (—F(z))
We show that || 7, — Pyl rv < %. It suffices to show that Ee, | [\/exp (—=F(yk+1) + F(ag))| >
5

G*

3
172 = Pellry =1 - ZE&““

Since % exp (—%6) > %, it suffices to show that with probability at least % over the

randomness of &1, —F(ykr1) + F(zk) > —35. As &y1 ~ N(0,14), by applying Fact 6
twice,

1
Pr [H&H—l”% > 36d} < exp(—4) < g
1

32"

) (5.25)
Pr [‘VF(xk)Tfk—l—l‘ > 36HVF($1<:)H%] <3

We upper bound the term F(yx11) — F(xx) by smoothness and Cauchy-Schwarz:

L
F(ye1) — Fazx) < VF(p) " (Yosr — zn) + 3 yrs1 — k3

< V2h|VF(xx) €pr| + L& ]2

Then, since ||VF(zy)|| < LRq when z € Q, it is enough to choose h = O( o

1
7RETLd) S
that

1
—F(ygt1) + Fxg) > 16’

as long as the events of (5.25) hold, which occurs with probability at least %. Similarly,
we can show that H7;/ — Px’HTV < %. Combining the three bounds, we have the desired

conclusion.
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Theorem 12. Let 7 be a distribution on R with %(m) x exp(—F(x)), where F(z) =
%Z?:l fi(x) is p-strongly convex, f; is L-smooth and convex Vi € [n], k = %, and € €
(0,1). Assume access to x* = argmin,paF'(x). Algorithm 10 uses O (/~$2dlog4 ”T”d) value

queries to summands { fi}ic[n), and obtains € total variation distance to .

Proof. First, N'(z*, 1 id) yields a 8 = K%-warm start for 7 (see e.g. [DCWY19]). For this

value of 8, by Fact 6 it suffices to choose

dlog &
RQZ@( Og€>
\/ w

e we will choose the step size h and iteration count K so

for m(Q2) 21— 55

Letting 6 = §,

that
% =0 (L/iallog2 an) , K=0 <m2dlog3 nﬂd)
€ €

have constants compatible with Lemma 33. Note that this choice of A is also sufficiently
small to apply Lemma 35 for our choice of Rq. By applying Proposition 12 to the algorithm
of Definition 4, and using the bound from Lemma 35, in K iterations Inefficient-MRW
will mix to total variation distance § to . Furthermore, applying Lemma 33, we conclude
that Algorithm 10 has total variation distance at most 26 = € from 7.

It remains to bound the oracle complexity of Algorithm 10. Note in every iteration, we
never compute more than 4pn values of { f;};c[,), since we always reject if |Sg| > 2pn, and
we only compute values for indices in Sg. For the value of p in Lemma 33, this amounts

to O(log ™4) value queries. O

€
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Chapter 6

ALGORITHMIC ASPECTS OF THE LOG-LAPLACE TRANSFORM
AND A NON-EUCLIDEAN PROXIMAL SAMPLER

This chapter is based on [GLL"23a], with Sivakanth Gopi, Yin Tat Lee, Daogao Liu,

and Kevin Tian.

6.1 Introduction

The theory of continuous optimization under regularity assumptions stated for non-Euclidean
geometries has played an important role in algorithm design. These geometries naturally
arise when the optimization problem is over a structured constraint set, such as an ¢,
ball or a polytope. In diverse applications such as learning from experts [AHK12], sparse
recovery [CRT06], multi-armed bandits [BC12], matrix completion [ANW10], fair resource
allocation [DFO20], and robust PCA [JLT20], first-order mirror descent techniques for £,
or Schatten-p geometries have been a remarkable success story. Beyond these applications,
the theory of self-concordant barriers (and the Riemannian geometries induced by their
Hessians) has been greatly influential to the theory of convex programming and interior

point methods [NT02, Nem04].!

Non-Euclidean samplers. A natural direction for building the theory of logconcave
sampling (the analog of convex optimization) is thus to develop samplers which can handle
non-Fuclidean regularity assumptions and constraint sets. Unfortunately, progress in this
direction has relatively lagged behind optimization counterparts, as discretization tools
which work well in the Euclidean case do not readily generalize. Briefly (with an extended
discussion deferred to Section 6.1.3), most prior attempts at giving non-Euclidean samplers
have focused on analyzing variants of the mirrored Langevin dynamics, building upon
the ubiquitous mirror descent algorithm in optimization [NY83]. The key idea of mirror
descent is to choose a regularizer ¢ : X — R over a constraint set X, such that ¢ is strongly

convex in an appropriate (possibly non-Euclidean) norm H . H x- The regularizer ¢ is then

1Self-concordance requires that the second derivative of a function is stable to perturbations which are
measured in the induced norm. For notation and definitions used throughout the paper, see Section 6.2.
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used to define iterative methods for optimizing functions f with regularity in H . HX

The sampling analog of this non-Euclidean generalization is to extend the Langevin
dynamics, a stochastic process inherently catered to the fo geometry, to use Brownian mo-
tion reweighted by the Hessian of a regularizer ¢. This process, which we call the mirrored
Langevin dynamics (MLD), was introduced recently by [ZPFP20] (see also [HKRC18] for
an earlier incarnation). Several follow-up works attempted to bound convergence rates for
discretizations of the MLD process, e.g. [AC21, Jia21, LTVW22]. Unfortunately, many of
these analyses have imposed rather strong conditions on ¢ beyond strong convexity, e.g. a
“modified self-concordance” assumption used in [ZPFP20, Jia21, LTVW22] which (to our
knowledge) is not known to be satisfied by standard regularizers. Even more problemat-
ically, these analyses (as well as an empirical evaluation by [Jia21]) suggest that without
strong relative regularity assumptions between the target density and ¢, naive discretiza-
tions of MLD inherently do not converge to the target even in the limit. A notable excep-
tion is the work of [AC21], which circumvented both issues (the modified self-concordance
assumption and a biased limit) using a different MLD discretization; however, it is not
always clear that this discretization is feasible for standard choices of ¢ and X.

An alternative to directly discretizing MLD is to use a filter to control bias, akin
to the MALA or Metropolized HMC algorithms which are well-studied in the Euclidean
case [Bes94, RT96a, BRH13, DCWY19, CDWY20, LST20]. However, here too general-
izing existing analyses runs into obstacles: for example, typical analyses of MALA and
Metropolized HMC rely on bounding the conductance of random walks via isoperimetric
inequalities on the target distribution. Prior isoperimetry bounds appear to be tailored to
the f5 geometry and properties of Gaussians (the basic strongly logconcave distribution in
Euclidean settings). Potentially due to this difficulty, to our knowledge no general-purpose

extension of MALA or its variants to non-Euclidean norms exists in the literature.?

Proximal samplers. In this paper, we overcome these difficulties by following a third
strategy for the design of efficient samplers: a proximal approach [LST21b], as discussed
in Chapter 5. To sample from a density 7 on R? proportional to exp(—f), the algorithm
of [LST21b] first extends the space to R? x R?, and defines a joint density # such that, for

2We mention that in certain geometries induced by structured manifolds (discussed in part in Sec-
tion 6.1.3), generalizations of MALA or Metropolized HMC have been previously proposed, e.g.
[GC11, Bar20]. These works are motivated by related, but different, settings to the ones considered
in this work (we mainly study norm regularity, akin to first-order convex optimization), and their focus
is not on establishing non-asymptotic mixing time bounds.
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some parameter n > 0,
1
d7(z) o exp (—f(x) - 2—“1’ - yH%) dz where z = (z,y) € R? x R%. (6.1)
n

It is straightforward to see that for any 7, the x-marginal of 7 is the original distribution ,
and further [LST21b] shows that alternating sampling from the conditional distributions of
7, 1.e. (x| y) or w(y | ), mixes rapidly. We give an extended discussion on recent activity
on designing and harnessing proximal samplers building upon [LST21b] in Section 6.1.3,
but mention that instantiations of the framework have resulted in state-of-the-art runtimes
for many structured density families [CCSW22, LC22, GLL22]. Motivated by the success
of proximal methods in the Euclidean setting, one goal of our work is to extend this

technique to non-Euclidean geometries.

Our approach. Our main insight is that a generalization of the strategy in [LST21b]
induces a well-studied object in probability theory called the log-Laplace transform (LLT).
Letting ¢ : R* — R be a convex function in the dual space y € R?, our generalization of

(6.1) defines the joint density
di(2) o exp (— f(z) + ({2, y) — p(y) — ¥(x))) dz,

where u(e) “1og ([ exp (te.) — ) ). (62)

The function v is called the LLT of ¢, and it has an interpretation as a normalizing constant
for induced densities DY on the dual space proportional to exp({(z,-) — ). Indeed, D¥ is
defined exactly so the z-marginal of 7 is m oc exp(—f). When n = 1 and ¢, ¥ are quadratics,
this is exactly (6.1); we discuss the case of general 77 in Section 6.1.2. Moreover, the LLT is a
well-studied mathematical object: it arises in probability theory as a cumulant-generating
function, i.e. derivatives of the LLT yield cumulants of the induced distributions DY, just
as derivatives of the MGF yield moments.

The LLT famously appeared in Cramér’s theorem on large deviations [Cra38], and its
cumulant-generating properties have yielded fundamental concentration results in convex
geometry [Kla06, EK11, KM12]. More recently, algorithmically-motivated properties of
the LLT have been studied in settings such as optimization [BE19], where it was used to
define an optimal self-concordant barrier, as well as connections to localization schemes
for sampling from discrete distributions [CE22].

We continue this investigation by demonstrating new mathematical properties of the

LLT with an algorithmic flavor, and showcasing uses of the LLT as a tool for continuous
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logconcave sampling. In particular, armed with a deeper understanding of the LLT, we
overcome several of the aforementioned barriers to non-Euclidean sampler design and
develop a generalized proximal sampler. We further give applications of our sampler to
obtain new complexity results for non-Euclidean differentially private convex optimization,
building upon a connection discovered by [GLL22, GLL*23b]. We are optimistic that the
LLT will find additional uses in sampler design (potentially beyond the proximal sampling
framework, building upon the new properties we prove), and suggest a number of avenues

of future exploration to the community in Section 6.6.
6.1.1 Owur results
In this section, we overview our results, which separate cleanly into three categories.

Algorithmic aspects of the LLT. It is well-known that the derivatives of the LLT at

a point z € R? are cumulants of the induced density on y € R%:

dD7 (y) o< exp ({z,y) — ¢(y)) dy.

For example, Vi)(z) = E, _pely], and V?(z) is the covariance of Df. Further, it was
shown in [BE19] that if ¢ is the LLT of a convex function ¢, then 1 is convex and
self-concordant. Building upon these facts, in Section 6.3, we prove the following new

properties of the LLT.

e Strong convexity-smoothness duality. Let |- |l be a norm on RY. We prove that
if o : R - R is L-smooth in the dual norm || - [|,, its LLT v : R? — R is 1-

strongly convex in H . H3 This fact parallels a similar, well-known form of strong
convexity-smoothness duality for Fenchel conjugates [Sha07, KST09]. Our proof
does not require ¢ to be convex. We further show that the converse holds as well: a

%—strongly convex ¢ has a L-smooth LLT.

o Isoperimetry in the Hessian norm. We prove a one-dimensional isoperimetric in-
equality for densities of the form exp(—¢), where ¢ : R — R is self-concordant and
convex. By appealing to (a strong variant of) the localization lemma of [LS93], this
proves that measures which are strongly logconcave with respect to convex and self-

concordant ¢ : R? — R satisfy a similar isoperimetric inequality in the Riemannian

3The constant factor 1 here is optimal, as demonstrated by quadratics.
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geometry induced by V2¢. Importantly, due to self-concordance of the LLT, this

applies to strongly logconcave measures in an LLT.

e Owverlap of induced distributions Dy. We provide a KL divergence bound on the
distributions D¥ and Df, for z and z’ which are close in the Riemannian distance
induced by 1. Combined with our isoperimetric inequality and a classical argument
of [DFK91b], this proves a lower bound on the conductance of an alternating sampler

for densities of the form (6.2).

These new properties of the LLT suggest that it may find uses in designing samplers
under non-Euclidean geometries beyond those explored in Sections 6.4 and 6.5 of our
paper. For example, the LLT of a smooth function is strongly convex and self-concordant,
which are exactly the properties required by the mirror Langevin discretization scheme
of [AC21]. In optimization, regularizers ¢ for mirror descent typically only require strong
convexity (and not self-concordance). However, controlling the evolution of the geometry
induced by V2¢ is critical for discretizing MLD schemes, so imposing self-concordance
(as opposed to more non-standard regularity such as the modified self-concordance of
[ZPFP20, Jia21, LTVW22]) may be viewed as a minimal assumption. Problematically,
standard strongly convex regularizers for mirror descent such as entropy or EZ% are not
self-concordant, so LLTs are a way of bridging this gap for sampling. Moreover, our
new isoperimetric inequality and conductance bounds suggest that LLTs may find use
in Metropolized sampling schemes, paving the way for non-Euclidean generalizations of
MALA and its variants.

In some sense, our new duality result is a generic way of taking a strongly convex
regularizer and transform it, via the Fenchel transform and the log-Laplace transform, to
another regularizer which is strongly convex in the same norm, but also self-concordant.
The first transform makes the function smooth in the dual [KST09], and the second ef-
fectively undoes this change. We will later discuss an application of this framework in
improving the oracle complexity of the problem of private stochastic convex optimization

in the ¢, geometry, using the LLT of the 62 regularizer.

Non-Euclidean proximal sampling. In Section 6.4, we build upon these aforemen-
tioned tools to analyze the mixing time of an alternating scheme for sampling densities

7 on convex, compact X C R? equipped with a norm H . H x, where 7 is proportional to
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exp (—F(z) —nuy(x)) Lx(z). Here, F : X — R is convex, 1, > 0 are tunable param-
eters, and v is the LLT of n-smooth ¢ : R? — R in the dual norm H . HX*. We prove
in Theorem 13 that alternately sampling from conditional distributions of the extended

density on z = (z,9) € X x R? proportional to

exp (= F(z) — nup(z) + ((2,y) — ¢(y) — ¢ (2))) La () (6.3)

has stationary distribution 7, and converges in ~ # iterations for a warm start. More
specifically, the convergence rate of our sampler depends polylogarithmically on both the
warmness [ of the point it is initialized with, and the inverse of the total variation error
0. The form of (6.3) is the same as (6.2), but we impose that f is nu-relatively strongly
convex in 1.

We first compare this result to the Euclidean proximal sampler of [LST21b], who proved
a similar result for alternating sampling densities of the form (6.1). The main result of
[LST21b] shows that if f is p-strongly convex in the 5 norm, then alternating sampling
from the marginals of (6.1) converges in =~ # iterations, also with polylogarithmic de-
pendence on the target total variation error. Our result can be viewed as an extension of
this result; instead of requiring p-strong convexity in the 2 norm (which is equivalent to
relative strong convexity with respect to the function =z — %HSHH%), we require p-relative
strong convexity in the function ny. In light of our duality result, ni is 1-strongly convex
in H . HX, so it is the natural “unit” for measuring strong convexity.

We remark that the parameters n and g play different roles: p governs the strong
logconcavity of the stationary distribution, and 7 controls the strong logconcavity of the -
conditional distribution of (6.3), which is tuned to govern the convergence rate of sampling
from the conditional distribution. In particular, we further show that when F' is G-
Lipschitz in |- HX, then as long as n < G2, the conditional sampling required by (6.3)
can be performed in constant calls to a value oracle to F' in expectation. This result
holds even when F' is a distribution over G-Lipschitz functions, and we only have sample
access to this distribution. This extends a similar implementation of the marginal sampler
required by [LST21b] for log-Lipschitz densities in the ¢ norm, given by [GLL22]. The
remaining complexity of the marginal sampling depends on the structure of the chosen
p and X, but is independent of F'; we give a discussion of this aspect of our sampler in
Sections 6.5.3 and 6.6.

One shortcoming of Theorem 14’s rate is that it depends polylogarithmically on the
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warmness parameter. In contrast, the rate of [LST21b] depends doubly logarithmically
on the warmness, which is important because in many sampling applications, standard
starting distributions have warmness bounds growing exponentially in problem parameters
such as the dimension d. We refer the reader to a discussion in Section 1.1 of [LST21a]
on warmness assumptions under 5 geometry, which have created a ~ V/d-sized gap on
mixing time bounds for MALA, with and without a polynomially-bounded warm start
[CLAT21, LST20]. We believe it is an interesting future direction to close this gap in
warmness assumptions for our sampler in Section 6.4, analogously to the result of [LST21b].
Notably, there has been an ongoing exploration of new proof techniques for the convergence
of proximal samplers by the community [CCSW22, CE22], and we are optimistic similar

advancements can be made in non-Euclidean settings, discussed further in Section 6.1.3.

Zeroth-order private convex optimization. As the main application of our tech-
niques, in Section 6.5 we design LLTs based on the smoothness of the function ¢, (z) =
%H:v”?l in the norm /,, where % + % =1and p € [1,2], ¢ > 2. We show that the addi-
tive range of 1, the LLT of ng, for n < 5,5 is bounded by O(ﬁ) over the unit ¢,
ball. This makes 71, ;, competitive with the canonical choice of regularizer in £, norms for

) f ﬁ”w”%, which has the same additive range and strong

optimization, namely ry(z
convexity parameters as 1, , (up to constants). We further build efficient value oracles
and samplers for induced densities for v, in Section 6.5.3.

A critical difference between ni and r,, however, is that regularizing by a multiple
of m admits efficient samplers via the machinery in Section 6.4; to our knowledge no
similar technique is known for r,. This difference is particularly important in the setting
of differentially private convexr optimization: see Problem 2 for a formal statement of
the problem we study. Recently, [GLL123b| showed that to privately minimize either
population or empirical risk for a distribution over convex functions which are Lipschitz
in a (possibly non-Euclidean) norm H . H &, it suffices to sample from a regularized density
x exp(—k(Ferm + pr)). Here, Forpy = %Zie[n] fi is the empirical risk over n samples
{fi}ie[n)> K, p are tunable parameters, and r is a 1-strongly convex regularizer in |- |-

Our new sampling results show a demonstrable algorithmic advantage of using 0,

as a regularizer for £, geometries, as opposed to r,. In Theorem 14, we give algorithms for

4We use slightly different notation than in Section 6.5 for convenience of exposition here.

5This restriction is discussed further in Section 6.1.2, but does not bottleneck our privacy applications.
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private convex optimization matching the state-of-the-art excess risk bounds for private
convex optimization recently attained by [GLL"23b] (who used 7, as their regularizer).
Under a warm start, our new algorithms further improve the value (zeroth-order) oracle
complexities of private convex optimization under £, regularity in dimension d compared
to [GLL"23b] by poly(d) factors, i.e. the number of queries to { fi};c[n used. We also show
these new value oracle complexities extend straightforwardly to improve private convex
optimization over matrix spaces satisfying Schatten-p norm regularity.

We note that our results match (up to logarithmic factors) the value oracle complexities
in the f; setting obtained by [GLL22], for all £, norms where p € [1,2]. In Appendix E.1,
we extend lower bounds for stochastic optimization from [DJWW15, GLL22] to the £,
setting to show the value oracle complexities of Theorems 13 and 14 are near-optimal,

assuming a polynomially warm start.

6.1.2 Our techniques

Analogously to Section 6.1.1, in this section we split our discussion of our techniques into

three parts.

Algorithmic aspects of the LLT. We first discuss our strong convexity-smoothness
duality result. From a convex geometry perspective, smoothness of ¢ (with LLT 1)) ensures
that the induced distributions o< exp((z, -) —¢) are heavy-tailed (because their log-densities
cannot grow quickly), which means their variances are “large.” We also know that V21 is
the covariance matrix of the induced distribution which means that V21 should be lower-
bounded. We formalize this using a version of the Cramér-Rao bound from [CP22]. An
older arXiv version of this paper contains a more elementary proof of this result inspired
by differential privacy, achieving a worse constant of ~ %; the (optimal) improvement
was suggested by Sam Power. Our converse proof is similar, and follows by applying the
Brascamp-Lieb inequality [BL76].

To prove our isoperimetric inequality, we draw inspiration from a similar bound shown
in Lemma 35 of [LV18], but for a family of convex functions ¢ satisfying a strange con-
dition that ¢” was convex (which fortunately includes the log barrier function). Noticing
that —log is self-concordant, we extend the [LV18] result to hold for all self-concordant
functions. Further we show by a direct calculation that the KL divergence between the

induced distributions of two nearby points x and 2’ is essentially the LLT 1) at one of the
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points, up to a linear term. This lets us use stability of the Hessian of self-concordance
functions to demonstrate stability of nearby induced distributions, a key ingredient in

proving conductance bounds by the machinery of [DFK91b].

Non-Euclidean proximal sampling. Given the results of Section 6.3, establishing our
main proximal sampling result Theorem 13 is fairly routine. Our algorithm consists of an
“outer loop” and an “inner loop” for sampling from the x marginal of (6.3) which is stated
and analyzed in Section 6.4.1. Our outer loop analysis is directly based on the mixing
time-to-conductance reduction of [LS93] and the technique of [DFK91b] to lower bound
conductance, using facts from Section 6.3. Our inner loop handling functions F' in (6.3)
which are Lipschitz (or distributions over Lipschitz functions) is a small modification of a
similar result in [GLL22]. The only property we need of the LLT is strong convexity: this
implies a rejection sampler terminates quickly via the concentration of Lipschitz functions
under strongly logconcave distributions (in any norm) [Led99, BLO0O].

We do note there is a design decision to be made on how to define “scaling up the
LLT by %,” unlike in the case of (6.1) where using the induced density A (x,n~1idy) is
natural. Given r, a l-strongly convex function in || - |x, and letting r* be its (smooth)
Fenchel conjugate, two natural ways of defining a scaled up induced distribution at x are

to choose densities
o exp ({z,y) —nr*(y) — ¥(z)), (6.4)

1 o
ocexp(n«x,m—r(y) i >>). (6.5)

The choice (6.4) clearly results in ) which is Q(n~!)-strongly convex, rendering it suitable

for our proximal sampling applications. It is not difficult to see that the second results in

_ . . _ . . . . 1
n~ ') which is also Q(n~!)-strongly convex. More interestingly, plugging in r = r* = 3 |- ||%

makes (6.1) agree with (6.5) rather than (6.4). Unfortunately, the ¢ which results from

1

(6.5) is not self-concordant, as its Hessian scales with ™" and its third derivative with

n~2. Our choice to use (6.4) has further implications, elaborated on next, but a deeper

understanding of this discrepancy seems interesting.

Zeroth-order private convex optimization. As outlined in Section 6.1.1, the frame-
works of [GLL22, GLL*23b] show that to use our proximal sampler for ¢, norm private

convex optimization, it suffices to design an LLT which has small additive range. Perhaps
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surprisingly, we exploit the non-scale invariance of LLT for this task: the LLT of n¢ does
not behave like 7! times the LLT of ¢.6 To see why this is helpful, consider the case

when ¢ = %H . ||go then,

(@) = log (/ exp <<w,y> — ;HyHio> dy) :

Although one would hope ¢ (x) has additive range comparable to %Hx”%, the Fenchel
conjugate of %Hl’“%o, it is not hard to show that 1 (e;) — 1(0) = Q(v/d); we give a proof in
Appendix E.2. Intuitively, the /o, radius of a typical point ~ exp(—%H . Hgo) is about V/d,
and a constant fraction of points on the surface of this o, ball have inner product with
e1 of Q(\/&) This shows the additive range of 1) on the #; ball is larger than %H . ||% by
dimension-dependent factors.

We show that the non-scale invariance of (6.4) is actually helpful in controlling additive
ranges. Specifically, letting 1), denote the LLT of 77H33H37 we show the additive range of
Ny, (a &~ l-strongly convex function) is ~ max(n,1,/dn). For sufficiently small 7, this
implies 71, is actually a much smaller regularizer than v; graciously, our differential

1

privacy applications require n < 55. We find it potentially useful to explore how generic

this non-scale invariance of the LLT is.

6.1.8 Prior work

Non-Euclidean sampling. A recurring issue that arises in bounding the convergence
rate of non-Euclidean samplers is that naive discretizations can result in significant error.
As a result, most prior works either require strong assumptions or oracles for accurate
discretization or adopt more sophisticated discretization methods that are difficult to ana-
lyze. For example, earlier in the introduction this was discussed for discretizations of MLD
[ZPFP20, Jia21, AC21, LTVW22]. Part of the intrinsic difficulty of bounding discretized
MLD lies in third-order error terms emerging from non-Euclidean geometries, which are
hard to control under standard assumptions.

Under structured settings different than, but related to, those in this paper, an inter-
esting alternative sampling strategy is discretizing Riemannian Langevin or Hamiltonian
dynamics. For example, [GV22] studied the Riemmanian Langevin dynamics assuming

access to an oracle to sample from Brownian motion on a manifold, whose complexity

50n the other hand, the Fenchel conjugate of 1y is n~! times the Fenchel conjugate of ¢.
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heavily depends on the manifold. Further, the convergence rate of Riemannian Hamilto-
nian Monte Carlo (RHMC) in polytopes was studied in [LV18], and a discretized version
was analyzed in [KLSV22b|; the results apply to a limited family of distributions, and
the convergence rate is fairly large. For RHMC to converge to the correct target distribu-
tion, sophisticated discretization methods such as Implicit Midpoint Method are necessary.

Though efficient in practice, these methods are challenging to analyze theoretically.

Proximal sampling. A long line of works has studied the use of proximal methods
in sampling (inspired by optimization). Several considered proximal Langevin algorithms
[Per16, BDMP17, Ber18, Wib19], which combine proximal methods and discretizations of
Langevin dynamics. Further, [MFWB19] proposed a sampler based on a proximal sam-
pling oracle. However, these algorithms required either stringent assumptions or a large
mixing time. Recently, [LST21b] proposed a new proximal sampler overcoming many of
the assumptions and efficiency issues in prior methods. Several works have focused on
generalizing [LST21b] and applying it in different settings: [CCSW22] proved convergence
results using weaker assumptions than strong logconcavity. The framework has been used
to obtain state-of-the-art samplers for various structured families, including smooth, com-

posite, and finite-sum densities [LST21b] as well as non-smooth densities [GLL22, LC22].

Log-Laplace transform. The LLT is a powerful tool that emerges frequently in prob-
ability theory and convex geometry. Notably, [BE19, Che21c| showed that the Legendre-
Fenchel dual of LLT of the uniform measure on a convex body in R" is an n-self-concordant
barrier, giving the first universal barrier for convex bodies with optimal self-concordance
parameter. In [CE22], the LLT serves as one of the key ingredients of entropy conservation
in localization schemes for sampling. In addition, the LLT shows up in the solution to
the entropic optimal transport problem, where a KL divergence is added to regularize the

optimal transport objective [CP22].

Private convex optimization. Differentially private convex optimization is one of the
most extensively studied problems in the privacy literature and captures an increasing
number of critical applications in various domains, including machine learning, statistics,
and data analysis. There is a rich body of works on this topic [CM08, CMS11, KST12,
BST14, WYX17, BFTGT19, FKT20], which have mainly focused on the Euclidean geom-

etry, e.g. assuming the {3 diameter of the domain and ¢» norms of gradients are bounded.
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Motivated by applications not captured by these assumptions, there has been growing
interest in studying differentially private convex optimization in non-Euclidean geome-
tries, as seen in [TTZ15, AFKT21, BGN21, HLL*22, GLL"23b]. Of particular relevance,
[GLL*23b] develops an exponential mechanism based method attaining state-of-the-art
excess risk bounds for £, and Schatten-p norms, which are matched by our algorithms in

Section 6.5.

6.2 Preliminaries

General notation. In Section 6.1 only, 5, ~, and < hide logarithmic factors in problem
parameters for expositional convenience. For n € N, [n] refers to the naturals 1 < i < n.
We use X to denote a compact convex subset of R%. For all p > 1 including p = oo, we let
H . Hp applied to a vector argument denote the ¢, norm. We denote matrices in boldface
and when || . Hp is applied to a matrix argument it denotes the corresponding Schatten-p
norm (¢, norm of the singular values).

For any X C R? we let its indicator function (i.e. the function which is 1 on X and 0
otherwise) be denoted 1. We will be concerned with optimizing functions f : X — R, and
H . ||X refers to a norm on X'. We let X'* be the dual space to X', and equip it with the dual

norm ||yl| 1 def SUP|| || y=1 Ty, We let N(u, E) be the Gaussian density of given mean

Rdxd

and covariance. For a positive definite matrix M € , we denote the induced norm

by lvllm def Vv TMv. When making asymptotic statements we will typically assume the
dimension d is at least a sufficently large constant, else we can pad and affect statements

by at most constant factors.

Optimization. In the following, fix f: X — R. We say f is G-Lipschitz in || . ||X if for
all z,2' € X, |f(z) — f(2)] < Gllz — 2/||x. If f is differentiable, we say it is L-smooth
in || - || if for all z,2/ € X, HVf(m) — Vf(a;’)HX* < Lllz — 2/|| x. Taylor expanding then
shows f(2') < f(z) + (Vf(x),2' —z) + %Hx - x'||/2Y We say f is m-relatively strongly
convex in ¢ if f —me¢ is convex. For k-times differentiable f, V¥ f(z)[v1, va, . . ., vx] denotes
the corresponding k'™ order directional derivative at f. We say twice-differentiable f is
m-strongly convex in ||y if for all z € X, v € RY, V2 f(x)[v,v] > mHUH?Y We say convex

¢ : R? — R is self-concordant if

ol

\V36(2)[h, h,h]| <2 (V2(x)[h,h])?, for all z,h € R™
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A key fact we use about self-concordant functions is that their Hessians are stable under
small distances, where the distance is measured in the Hessian norm: see Lemma 37 for a

formal statement.

Probability. For a density 7 supported on X, we let 7(S5) o Pryrlz € S] For two

densities u, 7, we define their total variation distance by ||u — 7THTV def 1 f |p(z \dx
and (when the Radon-Nikodym derivative exists) their KL divergence by dKL(,u||7T) def

[ u(x log ule )daz For 1 < a < oo, we also define the a-Rényi divergence between densities

p, T by
Dot A tos ([ (A2 oy
“ a—1 () '
We say density 7 is logconcave (respectively, m-strongly logconcave in H : H x) if —logm
is convex (respectively, m-strongly convex in || . H x). We similarly say 7 is m-relatively

strongly logconcave in ¢ if —log is m-relatively strongly convex in ¢. If logw is affine,

we say w is logaffine. We say a density 7o is S-warm with respect to a density 7 if for all

. dmo(x
x in the support of , (o) < 8.

Log-Laplace transform. We define the log-Laplace transform (LLT) of ¢ : R — R by

$(2) < log ( [ e ) - w(y))dy> |

When ¢, ¢ are clear from context, we define the density

Df(y) = exp ({z,y) — ¢(y) — ¥(z)). (6.6)

Note that the normalization constant is exactly given by 1 (z) and hence D is indeed a
valid density. We use x to indicate proportionality, e.g. if u is a density and we write
p o< exp(—f), we mean pu(zx) = eXp( D where Z % fexp —f(z))dx and the integration is

over the support of p.

Riemannian geometry. In Sections 6.3 and 6.4 we will use geometry induced by the
Hessian of a self-concordant, convex function ¢ : R? — R. We summarize the important
points here, and defer a more extended treatment to [NT02]. When ¢ is clear from
context, we denote the norm HhH * def Hthij (z)- Throughout this discussion let M C R4

be a Riemannian manifold equipped with the local metric || . || z- The induced Riemannian

distance of a curve ¢ : [0,1] — M is defined as

1
def d
) E | |=c)]lpndt
) /0 o ®)lle)
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where %c(t) is the velocity element of the curve in the tangent space at ¢(t). For x,y € M,
we then define dg(x,y) to be the infimum of the length Lg(c) over all curves ¢ such
that ¢(0) = x and ¢(1) = y. We will use the following two important properties of the

Riemannian geometry over M = R? induced by self-concordant, convex functions.

Lemma 36 ([NT02], Lemma 3.1). Suppose ¢ : R? — R is convex and self-concordant.
For x,y € R, if dy(z,y) <8 — 2 < 1 for some § € (0,1), then ly — 2|, <.

Lemma 37 ([Nem04], Section 2.2.1). Suppose ¢ : RY — R is convex and self-concordant.
For any h,z € R? such that Al < 1, (1 — Hth)2V2¢(3:) = V2p(x +h) < (1 -
Inll.)=2v26(x).

6.3 Properties of the LLT

In this section, we collect a variety of facts about the log-Laplace transform which we will
use to develop our sampling scheme in Section 6.4. We begin by proving basic facts about
the LLT in Section 6.3.1. We then use them to derive isoperimetric properties of induced
distributions in Section D.3.3 and total variation bounds in Section 6.3.3. Throughout
this section we will fix a convex function ¢ : R? — R, and let 1) : R? — R be its LLT. We

will also follow the notation (6.6).

6.3.1 Basic properties and duality

The log-Laplace transform ¢ at x is the cumulant-generating function of the distribution
DY, which means that 1 is infinitely-differentiable and that V¥ is the k'™ cumulant
tensor of Dy. We will only use the first three derivatives of 1 which we compute below

for completeness.

Lemma 38 (LLT derivatives). For any z,h € R, we have

Vi (z) = p(DE) ©E, _peyl,

V2(x) = Cov(Df) “ B,y [(y — (D)) — n(DE)) ]

VEu(@) [, b B = By pg [(y = w(DE), )?]
Proof. For any z € R?, a straightforward calculation shows that

B ) N _ Jexp ((z,y) — ¢( _
Vi(z) = V <1 g/ p ({2, y) w(y))dy> Jexp ((z,y) — ¢(y)) dy

<
~—
~—
<
oL
<
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Further,
2o Jexp((z,y) — oly) ydy
Vi) =¥ (o i)
_ Jexo((z,y) — o) yy"dy  (Jexp ((z,9) — (y)) ydy) (J exp ((z,y) —w(y))ydy)j

[exp ((z,y) — p(y)) dy (f exp ({2, 9) — @(y)) dy)

Finally,

V3 (x)[h, h,h] = KTV <fexp(<x,y) —(y)) (yTh)Qdy B ([ exp ((z,y) — go(y))yThdy)2>

Jexp((z,y) — »(y)) dy ([ exp ((z,y) — ¢(y)) dy)2

_ Jexp((a,y) — o) (y"h)" dy Ly < Jexp ((z,9) — o)) zﬁhdy)?’
Jexp ((z,y) — ¢(y)) dy Jexp ((z,y) — ¢(y)) dy

~3f exp ((z,) — () (yTh) dyf exp ((z,) — ¢(y)) y hdy

(f exp ((z,) — ¢(y)) dy)* '

O]

By using a fact on one-dimensional logconcave distributions in [BE19], this implies the

following.
Lemma 39 (Self-concordance). If 1) is the LLT of a convex function, it is self-concordant.

Proof. By the definition of self-concordance and Lemma 38, it suffices to show for any
h € R, i

E,pg (v — w(D2),0)]* < 2 (E, oz |ty — u(D£), 1] )" (6.7)
We then note that the random variable (y — u(Dg), h) for y ~ Dy follows a logconcave

distribution because affine transformations preserve logconcavity. Finally Lemma 2 of

[BE19] implies (6.7) holds. O

Next, we prove that a form of strong convexity-smoothness duality (and its converse)
holds with respect to ¢ and 1, analogous to the type of duality satisfied by Fenchel
conjugates [KST09].

Lemma 40 (Strong convexity-smoothness duality). If ¢ : R? — R is L-smooth with

respect to || . ||*, then v : R* - R is %—stmngly convex with respect to || . ||

Proof. By definition of strong convexity it suffices to prove for any z,v € R%, v V2t (x)v >

%HUHZ Without loss of generality, by scale invariance we can assume HUH = 1. Let

Y = (y,v), where y ~ Df. By Lemma 38, V21 (z) = Cov(D¥), so it suffices to prove that

|

Var(Y) = E,pz [(y - u(D5),0)?| = 7.
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Letting M e E,peV2@(y), we first observe

— — — > — — — .
21} M v Irtréaﬂgg (u,v) 2Lu Mu > ﬁ%}g (u,v) 2||u||* 2”1}“

In the only inequality, we used that u' Mu = EyNDfuTV2go(y)u < L||u||f by smoothness
of ¢, and the last equality follows by optimizing over |ulls. This shows vTM~1y > %

The Cramér-Rao inequality (see Lemma 2, [CP22]) then implies

1

Var(Y') > v My > I

since the Hessian of —log DY at any = € R% is V2. 0

Lemma 41 (Smoothness-strong convexity duality). If ¢ : R? — R is %—strongly convex

with respect to H . H*, then v : R* — R is L-smooth with respect to H . H

Proof. Let v,z € R? and assume lv| = 1. As in Lemma 40, defining Y = (y,v) for
y ~ Df, we have v V2 (x)v = Var(Y), and want to show Var(Y) < L. First note that

for any y € R%,

— 1 1
v =max (u,0) ~ 2uT V() < max u, ) — 2 [ull2 = 2ol

The first inequality used strong convexity of ¢ and the last equality follows by optimizing
over ||u/|,. This shows vT(V2p(y)) " v < L for all y. The Brascamp-Lieb inequality [BL76]
then implies

Var(Y) <, _pe [UT (V2o(y)) " v} <

since the Hessian of —log DY at any = € R% is V2. O

6.3.2 Isoperimetry

In this section we prove an isoperimetric inequality for densities which are relatively
strongly logconcave with respect to an appropriate LLT. The only LLT property we use is
Lemma 39, i.e. self-concordance, via the following generic fact which generalizes Lemma

35 of [LV18].

Lemma 42. Suppose ¢ : R — R is conver and self-concordant. For any x € R,

‘W > %2 min {/_; exp(—éb(t))dtv/:o eXp(_¢(t))dt} '
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Proof. Assume ¢'(x) > 0 (the other case will follow analogously by bounding the integral
1

44/¢" (x)

1

50 (@) < (1) < 20" (a).

on (—oo,z|). Define r Ot . By self-concordance (Lemma 37), for all ¢ € [z, r],

Hence, we have for all t € [z, 7], since ¢'(x) > 0,

60 = 0(a) + ()t =)+ [ (490" (6)ds > 6(0) + 1t - 2P @) (63)

T

We use (6.8) to bound the integral on [z, r]:
[ expl-otonie < expi-ote) [ e (<t 020 ) at

< exp(-o(a)) [~ exp (50— 020w ) ar =27 S2ELD)
(6.9)

Next, to bound the integral on [r,o00), we first observe
)2+ [ Sz g [ o @z /T
Hence, by convexity from r,
[ ooty < [ exp (~o(r) - ¢ r)(e = ) at

—od(x = X< 71 " —r — ‘eXp(—Qﬁ(m))
<exp(-o@) [ e (Vi) ) ar =5 L)
(6.10)
We used ¢(r) > ¢(x) by convexity and ¢'(x) > 0. Combining (6.9) and (6.10) yields the

claim. O

Next, we reduce the problem of proving isoperimetry for relatively strongly logcon-
cave densities to the same problem in one dimension (captured via Lemma 42), via the

localization lemma.

Lemma 43 (Modification of the localization lemma, [KLS95], Theorem 2.7). Let f1, fo, f3, fa
be four nonnegative functions on R® such that fi and fo are upper semicontinuous and fs
and fi are lower semicontinuous, let ¢1,ca > 0, and let ¢ : R* — R be convex. Then, the

following are equivalent:

e For every density m : R? — R which is 1-relatively strongly logconcave in @,

([ n@m@ae) " ([ pomas) < ([ awneie) ([ f@na)
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e For every a,b € R? and v € R,

1 C1 1
< / fl((l—t)a+tb)e”t_¢((1_t)“+tb)dt> ( / f2((1—t)a+tb)e%—¢<<1—t>a+tb>dt>
0 0
c1

1 1 c2
< ( / f3((1 _t)a+tb)e%—¢<<1—t>a+tb>dt> ( / f((1 —t)a+tb)e“’t_¢((1_t)“+tb)dt> .
0 0

Cc2

Proof. The proof follows identically to the case where ¢ = 0, which was proven in
[LS93, KLS95] via a bisection argument (see Lemma 2.5, [LS93]). The only fact the bisec-
tion argument relies on is that restricting logconcave densities to subsets of R? preserves
logconcavity, which remains true for densities which are relatively strongly logconcave
with respect to a given convex function. For a more formal treatment of this generalized
bisection argument, see Lemma 1 of [GLL*23b]. Finally the change on the continuity

assumptions on the {f;};ci4) follows by Remark 2.3 of [KLS95]. O
Finally, we combine these tools to prove the main result of this section.

Lemma 44 (Self-concordant isoperimetry). Let ¢ : R? — R be convex and self-concordant,

and let f : RT = R be m-relatively strongly convex in ¢. Given any partition Si, Sz, S3 of

R¢,
g, exp (= f(x)) dz

min {fsl exp(—f(z))dz, [g, exp(—f(x))da:}
where dy(S1,S2) = mingegs, yes, dg(x,y).

= Q (Vmdg(S1,52)) ,

Proof. We assume m = 1 by rescaling ¢ <— m¢ which results in dy(S1, S2) < /mdy(S1,S2).

We first show that without loss of generality, we can assume

-_ Js, exp(—f(z))dx
ie{1,2y [exp(—f(z))dz

To see this, let 7,55 and S35 be the partition that achieves the minimum of

S, D (—f () da |
dg(S1, S2) min { g, exp(—f(2))d, [, exp(—f(x))dz}

= Q(1). (6.11)

B(S1,52,53) =

Let 0 = dy(S7,S3). For any z € S3, let € S minimize dy(z, 2) and let y € S3 minimize
de(y, z). By the triangle inequality we have

and hence max(dy(, 2),ds(y, 2)) > §. Consequently we can partition S} into S5 and S

such that dy(SF,S5) > % and dy (S5, 5%) > g by placing each z into an appropriate set.
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Moreover, we can assume without loss of generality that
Ji exp (—f(2)) da
% min {IS; exp(—f(z))dz, fSQ* exp(—f(:n))dx}

as otherwise the above is true for S§. Thus, 5(ST U S5, S5,5%) < B(SF,S3,5%), proving

<p

(6.11) (else we may halve the measure of S3). Given (6.11), it suffices to show that there

is a constant C with
Cy(51,52) [ exp(— (@)1, ()ds [ exp(~f()) Lo, o)z
< [ exp(-fla)de [ exp(- (@)L, (o),

Using the localization lemma (Lemma 43), letting f; = 1g, fori € [3] and f4 = (Cdy(S1,52)) 1,7

it suffices to prove for every a,b € R% and v € R,
1
Cdy(Sh, 52)/ exp (7t — d((1 — t)a + b)) g, (1 — £)a + th)dt
0

-/01 exp (76 — S((1 — t)a + 1)) 1g, (1 — t)a + tb)dt
< /01 exp (7t — ¢((1 — t)a + tb)) dt/ol exp (7t — ¢((1 — t)a + tb)) 1s, ((1 — t)a + tb)dt.
Redefine ¢(t) < ¢((1 —t)a+tb) —~t for t € R, which is a one-dimensional self-concordant
function, and redefine S; - {t | (1—t)a+tb € S;} for i € [3], such that each S; is a union of
intervals. It is straightforward to check that the distance dg(S1,S2) only increases under
this transformation, because it can only take fewer paths, and each path has the same

length (the change in \/@” is negated by the change in distance traveled by the path).
So, it suffices to consider the special one-dimensional case with v = 0, where dg(x,y) =
fzy \/Wdt. We next note that it suffices to consider the case when Ss is a single interval,
i.e. for any a < da’ < <b, we have S; = [a,d], Sy = [V/,b], S5 = [@/, V'], and wish to show
for some constant C'
Jor exp(=¢(D)dt _ [ exp(=6(1)dt [ exp(~o(t))dt
Jo T dt 2 exp(—o(t))dt '

When S3 has multiple intervals, by Theorem 2.6 in [LS93], we show (6.12) for each interval

(6.12)

in S3 and its adjacent segments in 57 and S, and sum over all such inequalities. By

Lemma 42, when ¢ is convex and self-concordant, we have for any x € [a, b],

W > f—zmin < / " exp(—o(t)dt, / ’ exp(—qb(t))dt)

"Without loss of generality we can assume S; and S are closed (implying S is open) by taking their
closures. This implies f1, f2 are upper semicontinuous and fs, fi1 are lower semicontinuous.
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L7 exp(=(t))dt _ cxp(— ()
h W > mlnme[a/7b/] pT’(z) shows (6.12). ]

which combined wit
6.3.3 Total variation bounds

In this section, we provide a bound on the total variation distance of induced distributions

D7 and DY, when x and 2’ are close in the Riemannian distance given by .

Lemma 45 (TV distance between Dy and D%,). For any z,2’ € R? such that dy(z,2') <

)

el

1D - D llvv <

N

Proof. Let h = 2’ — x and note that the KL divergence between Dy and Df, may be

rewritten as

ap? ,
Dic. (DE1D2) =B,z 108 S22 ()| = Byumt [916) = 60) = (1,1

= 1(a’) = (x) = (h, Vib(x)).

In the last equation, we used Lemma 38. We recognize that the KL divergence is the
Bregman divergence (first-order Taylor approximation) in ¢, and hence letting x; = z+th

for t € [0, 1] such that zp = x and x; = 2, we continue bounding

1
D (DEIPZ) = [ (1= 9 a0

DO | =

1
g/ 4(1 — t)V*)(z)[h, h]dt <
0

The first inequality used that when dy(z, ") < i, Lemma 36 shows th—xHx < H:c’—a:”x <
%, so Lemma 37 gives V29 (1;) < 4V?1(x); the second used lnll, < % Finally by Pinsker’s

inequality,

DN | =

1
IDf — D% lloy < \/2DKL(Df|IDf,) <

6.4 Proximal LLT sampler

In this section, we study a sampling problem in the following setting, assumed throughout.

Problem 1. For D,G,n > 0, let X C R? be compact and convez, with diameter in a
norm || - | x at most D. Let F : X — R have the stochastic form F(z) def Eiz [fi(2)], for

a distribution T over (a possibly infinite) family of indices i, such that each f; : X — R is
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convex and G-Lipschitz in H . HX Finally, let ¢ : R — R be convex and n-smooth in the

dual norm || - |x+. Given >0, and letting ¢ : R — R be the LLT of ¢, the goal is to

sample from the density w satisfying
dr(z) < exp (—F(z) — nuy(x)) Ly (z)dz. (6.13)

Note that by Lemma 40, nu is p-strongly convex in H : HX Letting z = (x,y) denote
a variable on X x R%, it is convenient for us to define the extended density on the joint

space of z:

d7t(2) oc exp (= F(z) — nup(z) + ((z,y) = ¥(x) = ¢(y))) Ly (2)dz. (6.14)

Our sampling framework for (6.13) generalizes an approach pioneered by [LST21b], and
is stated in the following Algorithm 11. The algorithm simply alternately samples from
each marginal of (6.14). Before stating it, we define the following notation for conditional

densities throughout the section:

dm.(y) = exp ((z,y) — ¥(z) — ¢(y))dy for all z € X,

drmy () o< exp (—F(z) — (1 + nu)y(x) + (2,y)) 1y (z)dz for all y € RY.

(6.15)

In particular, we observe that dm,(y) = d7(- | ) and dmy(x) = d7 (- | y).

Algorithm 11 AlternateSample(X, F,, T, u, zo)
Input: X, F, ¢ in the setting of Problem 1, T € N, u > 0, g € X.

1. for k € [T] do

2: Sample y, ~ ma, .
3: Sample x ~ my, .
4: end for

5. return xr

Correctness of Algorithm 11 for sampling from (6.14) builds upon the following basic

facts.

Lemma 46. The total x-marginal of 7 in (6.14) is w in (6.13). Furthermore, the sta-
tionary distribution of Algorithm 11 is 7, and the induced Markov chains in Algorithm 11
restricted to either {xy}o<r<r (a Markov chain on X) or {yy}reim (a Markov chain on

R9) are both reversible.
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Proof. The first conclusion is a direct calculation, and the remainder is Lemma 1 in

[LST21b). O

In Section 6.4.1 we develop a subroutine based on rejection sampling for implement-
ing Line 3 of Algorithm 11, extending [GLL22]. We then give our complete analysis of
Algorithm 11 in Section 6.4.2.

6.4.1 Sampling from the x-conditional distribution

Throughout this section, we assume the setting in Problem 1, and fix some y € R?. We
provide a sampler for the marginal density m, (following notation (6.15)), and denote the

component of the density independent of F' by ~,, i.e.

dy () oc exp (—nuip(z) — (P(z) — (2, y))) La(x)da. (6.16)

By Lemma 40, 7, (and hence m,) is %—Strongly logconcave in || - || x. Our rejection sampler
leverages this fact and the stochastic nature of F' to build a rejection sampling scheme
similarly to [GLL22]. For completeness, we state our Algorithm 12 below, and provide the
details of its analysis here.

In order to analyze Algorithm 12, we first state a general result about concentration of
Lipschitz functions with respect to a strongly logconcave measure, in general norms. The
following is a direct adaptation of standard results on log-Sobolev inequalities contained

in [Led99, BLOO].

Lemma 47 ([Led99], Section 2.3 and [BL00], Proposition 3.1). Let X ~ 7 for density
m: X — R which is p-strongly logconcave in H . HX; and let £ : X — R be G-Lipschitz in
H . HX For allt >0,

2
Pr [((z) > E,[f] +1] < exp (—;‘é) .

In the remainder of the section, let 7, be the distribution of the output of Algorithm 12
and recall the target stationary distribution is m,. When p is clear from context, we define
p ey med(0, p,2) to be the truncation of p to [0,2]. We also denote the index set drawn

on Line 7 by

def .
= {di b veqaicp

when a is clear from context. We first provide the following characterization of H7ry—7~ry | v
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Algorithm 12 InnerLoop(y,d, X, F, ¢, u)
Input: § € (0, %), y € R? X F, ¢ in the setting of Problem 1 for % > 10*G? log%

Output: Sample within total variation distance § of

dr,(x) o exp (~F(2) — muib(x) — () — (2,))) Loeada.

1u+1,p+1

2: while u > §p do

3: Sample x1,z2 ~ 7, defined in (6.16) independently
4 p 1wt [0,1]

5: Draw a € N such that for all b € N, Prla > 0] = %

6: for b € [a] do

7 Draw j;, ~ Z for i € [b]
8: pi—p+ Hie[b}(fji,b($2) - fji,b (l‘l))
9: end for

10: end while

11: return x;

Lemma 48. Define r, to be the random variable Elp | z1 = x] (where the expectation is

over xo, a, and the random indices J, and similarly let T, def Elp | z1 = z]. Then,
Hﬂ'y - 7‘i—yHTV < Exw’yy ’Tx - fx’ .

Proof. First, by definition of m,, we have

exp(—F(x))yy(x)

my(x) = = vy(x) - . 6.17
"= TeapFw) e ~ " B o) 1
Moreover, by definition of the algorithm,
P < l = E ) =
Prlu < 3p| Elp]

where all probabilities and expectations are xs, a, and J. Furthermore, note that for fixed

b € [al,

Eg | [T (Fion(@2) = £i,,(20) | = @)z [fi(22) = fi(21)])” = (F(22) = F(21))",

1€[b]
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Hence, taking expectations over a, we have for any fixed x1, x2,

Elp | x1,z2] ZPr a > b)(F(z2) — F(x1))°
b>0

= Z bl F(21))" = exp (F(z2) — F(x1)) .

b>0

(6.19)

Next, by combining (6.17) and (6.18), we have

exp(~F(z))  E[p|zi =1

I =l = /Wuwwwp Fa) ~ Ep | @
B exp(~F(@))  Elp| o =2
B 2E1N7y [ wN'Yy exp( ( )) E[ﬁ] ] '

By taking expectations over xo in (6.19), and recalling the definitions of r,, 7, we obtain

re = Elp | 11 = 2] = exp(—F(2))Ezynry, exp(F(z2)). We thus have

Next, we lower bound Ey~, 7., as follows. By taking expectations over (6.19) and using

Tz Tz

B 1
I = ey = 1B, [

2 Ewnry,Tw  Ewnny, Tw

independence of 21 and x2, we have that for the random variable Z = exp(—F'(x)) where

x ~ vy, we have

Ewrr,mw = (EZ) - (EZ71) > 1, (6.20)

where we used Jensen’s inequality which implies the last inequality for any nonnegative

random variable Z. Finally, combining the above two displays, we derive the desired bound

| |
|

Eseny [7al)

as follows:

1 E H Ty T
o T~y - —
2 S Ewnyy o By, T

Tx Ty

IN

EIN’Yy |:

T~y [

Ewrry, T Ewnry, Tw

Tz Tz

= N =

+
=

Buwnryy o Bunry, T
1 1

IN

EmN’Yy [[re — 72l|] + 9

Ewva Tw EwNW Tw

Egnny, e

1
o, I = 7l + 51 -

Eﬂ?N’Yy Tz
1

- . E,. -7
Q‘ExN»nyﬂ o HTI TCEH

El’va [[re — 7] +

EH N~ NN~ o= N

IN

TAYy [I7e — 7z|] -

In the second and last inequalities, we use the bound (6.20). The third line follows since

Tz is always nonnegative by definition, and the third inequality used convexity of |-|. O
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Lemma 48 shows it remains to bound Eg~, |ry — 7z|. Fixing x; and x9, we know p and
p as random variables of a and J are equal, except for the effect of truncating p to [0, 2].

Hence,

ExN’yy’Tx — 7| < E[|P|1p¢[0,2]]- (6.21)

In the remainder of the section, define

oY ’71010g H . (6.22)
We then let
def
A= Z ]lazb H(sz‘,b(xQ) - fji,b(xl))7
b>H i€lb)
= (6.23)
def
o= Z La>p H(fji,b(x2) - fji,b<x1))7
b=0 ic[b]

be random variables depending on the choices of x1,x2,a, J, where A captures the effect
of the “large” b, and o captures the effect of the “small” b (where the b = 0 term is 1
by convention). Since p = o + A, in light of (6.21) it suffices to bound E[|o|1,¢(o 2] +
E[[AITpgp0,2)], as

Egry 72 — 72| < Ellp|1,g10,9] < Ello|1,g10,2)] + ElIAI T pgq0,2]])- (6.24)
We defer proofs of the following to Appendix E.3, using small modifications to [GLL22].

Lemma 49. For \ defined in (6.23),

)
E A Tpgro] < 7-
Lemma 50. For o defined in (6.23),
J
E[lolLgpa] < -

Putting together these pieces, we finally obtain the following guarantee on Algo-

rithm 12.

Proposition 13. The output of Algorithm 12 has total variation distance to m, bounded
by . In expectation, Algorithm 12 queries O(1) random f; and draws O(1) samples from

Yy -

Proof. The total variation distance bound comes from combining Lemma 48, (6.24), Lemma 49,

and Lemma 50. Further, the end probability of each “while” loop is Pr[u < 1p] = E[p] =
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EpnnTe > Egnny, 7o — By, |72 — 72| We proved in (6.20) that E;., 7, > 1, and combining
(6.24), Lemma 49 and Lemma 50, shows Eyw, |7 — 72| < 0 < % Hence the expected
number of loops is < 2, and each loop draws two samples from 7,, and O(1) many f; in

expectation since Ea? = O(1). O

6.4.2 Analysis of Algorithm 11

We now prove a mixing time on Algorithm 11 using a standard conductance argument, by

using tools developed in Section 6.3. We first define our notion of conductance.

Definition 5. For a reversible Markov chain with stationary distribution ™ supported on

X and transition distributions {T;}zex, we define the conductance of the Markov chain

by
Js To(X\S)dn ()

suclé\? min{ﬂ'(s),W(X\S))}'

P =
We further recall a standard way of lower bounding conductance via isoperimetry.

Lemma 51 ([LV18], Lemma 13). In the setting of Definition 5, let d : X x X be a metric

on X. Suppose for any x,x’ € X with d(z,z") < A,

|72 = Tarllry <

DN | =

Also, suppose that for any partition S, Sa, Ss of R, 7 satisfies the isoperimetric inequality

m(S3) > Ciso ( min d(:c,y)) min {7 (S1),7(S2)}.

T€S1,y€ES2

Then ® = Q (ACis).

Finally, a classical result of [LS93] shows how to upper bound mixing time via conduc-

tance.

Lemma 52 ([LS93], Corollary 1.5). In the setting of Definition 5, let 7, be the distribution
after t steps of the Markov chain. If the starting distribution my is B-warm with respect to

T
P2\’
I =l < VB (15
Leveraging Lemmas 51 and 52, we prove the following mixing time bound.

Proposition 14. Assume the input xg to Algorithm 11 is drawn from a B-warm distribu-
tion with respect to w, nu <1, and T = Q(# log g) for a sufficiently large constant. Then
the output of Algorithm 11 has total variation distance to w bounded by §.
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Proof. Following the optimal coupling characterization of total variation, whenever the
optimal coupling of y ~ Df and ' ~ DY, sets y = 3 in Line 2 of Algorithm 11, we
can couple the resulting distributions in Line 3 as well. This shows that ||’7?r — 7;/||TV <
|DY — DY ||rv. By Lemma 39, since ¢ is convex, 1 is a self-concordant function. Then,

combined with Lemma 45, for any dy(z,2') < %,
1
172 = Torllov < 1D — D |lvv < 3

By Lemma 79, since F' + nuw is nu-relatively strongly convex in 1, m satisfies the isoperi-
metric inequality such that for any partition Si, Sa, S5 of R,

w(52) = i (_in  du(e.0) ) min (r(S1). (5]}

T€S1,yES2

By Lemma 51, we can then lower bound the conductance by ® = Q(,/nu). Choosing

a sufficiently large constant in 7', we conclude by Lemma 52 the desired H7TT — 7THTV <

VBexp(—12) <o O

By combining Proposition 13 with Proposition 14, we can now complete our analysis.

Theorem 13. In the setting of Problem 1, let nu < 1 and assume xg has a B-warm
distribution with respect to m defined in (6.13). Further for sufficiently large constants

suppose % = Q(G?log 1;%5) and

Tz@(llogﬁ>.
npo 0

Algorithm 11 using Algorithm 12 with error parameter % to implement Line 8 returns a

point with § total variation distance to m, querying O(T) random f; in expectation.

Proof. Proposition 14 guarantees that if each call to Line 3 of Algorithm 11 is implemented
exactly, we obtain g total variation to w. Further, the total variation error accumulated
over T calls to Algorithm 12 is less than % by a union bound on Proposition 13. Combining
these bounds results in the desired total variation guarantee, and the complexity bound

follows from Proposition 13. O

We note that given sample access to exp(—nu(z))lcx, a distribution which only
depends on the choice of ¢ and X' (and not the function F), we obtain 5 < exp(GD) in
Theorem 13.
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Lemma 53. In the setting of Problem 1, the density v satisfying

dv(z) o< exp(—nup(z)) 1y (z)dx
is exp(GD)-warm for m defined in (6.13).

Proof. Note that for all z,w € X, |F(x) — F(w)| < GD. Further recall m < exp(—F)v.

We conclude by observing that for all x € X,

exp (—F(z)) v(x) 'fx v(w)dw _ S v(w)dw
Teew(Fo)vwde  v@) Jyex(E() — F)o{e)d

<exp(GD).
w

6.5 Applications

In this section, we discuss applications of the sampling scheme we develop in Section 6.4.
We begin by specializing our machinery to ¢, and Schatten-p norms in Section 6.5.1. We
then give new algorithms with improved zeroth-order query complexity for private convex
optimization in Section 6.5.2. Finally, in Section 6.5.3 we discuss computational issues

regarding the specific LLT we introduce.

6.5.1 LLT for ¢, and Schatten-p norms

Throughout this section we fix some p € [1,2], and define the dual value ¢ > 2 such that
%%—% = 1. It is well-known that the /; norm and ¢, norm are dual, as are the corresponding
Schatten norms. In light of Lemma 40, to obtain a sampler catering to the ¢, geometry
for example, it suffices to take the LLT of a smooth function in ¢;,. We provide the latter

by recalling the following fact.

1
p—1

Fact 9. Letp € [1,2], ¢ > 2 satisfy %—i—%. IfH-Hq is a vector £y norm, %HH% 18 -smooth

1

=) -smooth in the

in the £y norm, and if || . Hq is a matriz Schatten-q norm, %H . Hg 18

Schatten-q norm.

Proof. This follows (for example) from three well-known facts: 1) that %H . ||2 and %H . ||12)
are conjugate functions in both the vector and matrix cases, 2) that the conjugate of a
m-strongly convex function in a norm is =-smooth in the dual norm [KST09], and 3) that

%H . HZ is (p — 1)-strongly convex in |- ||p in both the vector and matrix cases [BCL94]. [
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¢, norms. Next, for any a > 0, when the context is clearly about vector spaces, we

define
def
o) og [ exp ((0.0) = all) ) (6.25)
Note that as the LLT of a p%“l—smooth function in ¢4, ¥y 4 is Q(%)—strongly convex in £y,

by Lemma 40. In applications we fix a value of n > 0, set a = O((p — 1)n), and use N, 4

as our strongly convex regularizer in £,. We next provide a bound on the range of 1, 4.

Lemma 54. Leta > 0 and let d € N be at least a sufficiently large constant. The additive

range of ¥y, over {z € RY | H:z:Hp <1} is

1 d d
O(l—l——i— log(a—|—>>.
a a a
In particular, for a < ﬁgd, the additive range is O(%)

Proof. Throughout the proof denote for simplicity def Vpq and let

D () o< exp (@) — allyll2)

be the associated density. By the characterization of Vi in Lemma 38 and the fact that
the associated density Df is symmetric in y for z = 0, we have Vi(0) = 0 and hence it

suffices to bound v (z) — 1(0) for Ha:Hq < 1. We simplify this expression as

(o) = 0(0) = tog ([ exp (o) = alll) ) =108 ( [ exp (~alll) )
exp (~allll)

Jexp (—aHyHg) dy

= log /exp ((z,9)) dy | =log (EyNDg;’ [exp (<x,y>)]> .

(6.26)
Next, let m be the probability density on R>q such that

dr(r) o r¢texp (—arQ) dr.

We note drr(r) is the density of the scalar quantity r = Hqu for y ~ Df. This can be seen
by taking a derivative of the volume of the ¢, ball of radius 7, which scales as r¢, so the
surface area of the ball scales as 7?1, By Holder’s inequality, (x,y) < ||y||q for all y, since
Hpr < 1. We then continue (6.26) and bound ¢ (x) — 1(0) < log(E,~r exp(r)), and the

conclusion follows from Lemma 55. O

Lemma 55. For any a > 0 and d € N at least a sufficiently large constant,

> d—1)1 —ar?)d
log <fo exp(( )logr +r ar) ?”> §8+8_~_\/8dlog<a+d).
a a a

Jo exp ((d —1)logr — ar?) dr
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Proof. Throughout this proof let

> NG 8 /8d d
Zdéf/ exp ((d —1)logr — ar®) dr = (Zd),Tdéf7+a+\/alog<a+a>.
2

0 2a

Next we split the numerator of the left-hand side into two integrals:

.
5 / exp ((d — 1) logr + 1 — ar®) dr,
0

L, / exp ((d—1)logr +r — arz) dr.

It is immediate that I} < exp(7)Z. Further, we recognize that for r > 7,

2

ar
max (r, (d — 1) logr) < o
The first piece in the maximum is clear from 7 > %. The second follows since kf;r is an

. . . . . . 2
increasing function for r > 7, and either 4a—d < 10 in which case we use = > 10, or we let

log 7
2 / C
" > C for r > 4/2Clog—, C > 10.
log r 4
Hence we may bound
e ar? 2m 2 ar?

I, < ) =4/ = P t>7] < — —— .
2—/T exp( 2 ) Vo o 27 areXp< 2 >

Above, we used Mill’s inequality

Pr [t> ]<\/5(je —i
t~N(0,02) =HENVZTEP\ T2 )

Further for our 7, our upper bound on I is larger than our upper bound on I>. To see

def
C = %d and use

this,

d d d
T(l—i—%—)—i—glogdz §loga = exp<7 1+aT>>T<> Zag

The first inequality is because ar? > dloga. The first implication then follows by expo-
nentiating and using log F(%) > %log d for sufficiently large d, and the second implication
follows by rearranging and using a7 > 4. Finally the conclusion follows from

> —1)1 — ar?
log IN exp ((d—1)logr+r —ar?)dr < log <2exp(7')Z> <ril
Jo exp ((d—1)logr — ar?)dr Z
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Schatten-p norms. When the context is clearly about matrix spaces, we analogously

define
Ypa(X) € log ( / exp ((X,Y) — allY[2) dy) .

The proof of Lemma 54 implies the following analogous range bound in this setting.

Corollary 15. Let a > 0 and let dy,dy € N be at least sufficiently large constants. The
additive range of 1,4 over {X € R41xd | ||X||p <1} is

1
OQ++Wmm@ﬂm».
a a a

In particular, for a < m, the additive range is O(%)

6.5.2 Zeroth-order private convex optimization

In this section, we consider a pair of closely-related problems in private convex optimiza-
tion. Let S be a domain, and let n € N. We say that a mechanism (randomized algorithm)
M : 8" — Q satisfies (¢, 6)-differential privacy (DP) if for any event S C ) where  is the

output space, and any two datasets D, D’ € 8" which differ in exactly one element,
Pr[M(D) € S] < exp(e) Pr[M(D’) € S] + 4.
We next define the private optimization problems we study.

Problem 2 (DP-ERM and DP-SCO). Letn € N, ¢,6 € (0,1), D,G >0, and let X C R?
be compact and convexr with diameter in a norm || . HX at most D. Let P be a distribution

over a set S such that for any s € S, there is a f(-;s) : X — R which is conver and

G-Lipschitz in H . HX Let DY {si}ie[n) consist of n independent draws from P, and let

def

fi = f(585) for alli € [n].

In the differentially private empirical risk minimization (DP-ERM) problem, we re-
ceive D and wish to design a mechanism M which satisfies (€,9)-DP and approzimately
minimizes

def 1
Ferm(2) = — g{;} fil).
In the differentially private stochastic convex optimization (DP-SCO) problem, we receive
D and wish to design a mechanism M which satisfies (€,0)-DP and approzimately mini-

mizes

Fsco(x) déf Eswp [f(x7 3)] .
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The following powerful general-purpose result was proven in [GLL123b] reducing the
DP-ERM and DP-SCO problems to logconcave sampling problems catered to the |- [l
geometry. We slightly improve the parameter settings used by Theorem 4 of [GLL"23b] for
DP-SCO by noting that a smaller value of k also suffices (due to the larger error bound),
as observed by [GLL22].

Proposition 15 (Theorem 3, Theorem 4, [GLL*23b], Theorem 6.9, [GLL22|). In the
setting of Problem 2, let k > 0, and let r : X — R be 1-strongly convex with respect
to || - lx, with additive range at most ©. Let v be the density on X satisfying dv(x)

exp(—k(Ferm(z) +pr(z))) Ly (x)dz. Then the algorithm which returns a sample from v for

k:ﬂ _ 2G%klog 5

7l’L 2 2
G1/26 log 5 n-e

satisfies (€,0)-DP, and guarantees

1/ dlog %
Equy [Ferm()] — min Form () < O ave.+—°

ne

Further, the algorithm which returns a sample from v for

1 dlog & 1 22 log L 1
k=——r- Og%—k— - min ;nl,nd ,u:G2k-maX Og%,—
GV©O €2n? n log 55 n2e2 ' nd

satisfies (€,0)-DP, and guarantees

/6 1/ dlog % 1
i — mi < B [
Egmw [Fsco()] min Foo(x) <O | GVO e + T

Armed with Proposition 15 and the sampler in Theorem 13, we give our main results

on Problem 2.

Assumption 1. Fiz p € [1,2] and k,a,n,u > 0. In the setting of Problem 2, assume
there is an algorithm A which returns a point drawn from a B-warm start to the density v
satisfying

() o exp (—k (Form(®) + piya())) Ly (@)da.

Theorem 14. Letp € [1,2], ¢,6 € (0,1). In the setting of Problem 2 where ||l is the 4y
norm on R%, there is an (e, 8)-differentially private algorithm Mem which produces x € X

such that

. Gp  y/dlog;
EMerm [Ferm ()] — min Fer (z) = O =1 R forpe (1,2],
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\/dlog %
EMer [Ferm(z)] — min Fopp () = O | GDA/logd - forp=1.

TEX ne

Further, there is an (e, §)-differentially private algorithm Mgeo which produces x € X such

that
. GD 1 y/dlog;
EMeaeo [Fsco(®)] — franSCO(x) =0 D=1 : % + e forp e (1,2],
1
E FSCO - i FSCO :O GD 1 d e —_— e ]_
Meco [Fsco()] i (z) 0g NG + o forp

Both Mg and Mo call A in Assumption 1, appropriately parameterized, once. Merm

n2e? (14 ne)log B 6]

additional value queries to some f(+;8;), and Mseo uses

2.2
O | min | nd, 1+ n 61 log ((1—i—ne)log[5’> logé
log 5 o 0

additional value queries to some f(-;$;).

Uuses

Proof. First, we slightly simplify the setting of Problem 2. We may first assume that
D =1,i.e. X has diameter at most 1 in HHX If the diameter is bounded by some D # 1, we
can rescale the domain X + %X, and remap to the modified functions f(z;s) < f(Dx;s)
over this modified domain for all s € §. It is clear the Lipschitz constant rescales as
G «+ GD as aresult. Next, we assume (ne)? > dOlog 5 where © = min(lﬁ, logd). In the
other case, in light of the diameter bound on X and the Lipschitz assumption, returning
a random point in X attains the error bound claimed. Finally, assume p € (1,2], as
otherwise we set p + 1+ @, which only affects bounds by constant factors, since H . Hp
is affected by O(1) multplicatively everywhere under this change.

Under these simplifications, we choose the parameters £ and p according to Proposi-
tion 2 for each problem. Assume for now that © for the regularizer r we choose is bounded
by a universal constant times ﬁ. Then the Lipschitz constant of kFe., in either case of
Proposition 2 is

(p — 1)dne

,/log%

kG = Q | min ,dv/n = Q(d),
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as implied by our earlier simplification. We hence may choose Z to be uniform over [n],

and

1
U 0 < 1+ne)lo B)
kQGQk)g( 5) g

for a sufficiently small constant to use Theorem 13. Under this setting we certainly have

def @ shows that r is n times the LLT of an

n= O(d%), so letting r def NYp.q for a
n-smooth function in ¢,;. By Lemma 40, r is indeed 1-strongly convex in £,, and Lemma 54
bounds its range by © = O(p%l) satisfying our earlier assumption, where we use a = O(d—lz).
The runtime finally follows by applying our choices of k, u in Proposition 15, with our
choice of 1, in Theorem 13, where we ensure that n-ku < 1 by choosing a smaller 7 if this
is not the case (so Theorem 13 applies). Finally, to account for total variation error in

our sampler, it suffices to adjust the failure probability § by a constant and take a union

bound over the privacy definition and the failure of Theorem 13. O

By combining the proof strategy of Theorem 14 with Corollary 15 instead of Lemma 54,

we immediately obtain the following corollary in the case of Schatten norms.

Corollary 16. Let p € [1,2], €,0 € (0,1). In the setting of Problem 2 where |- llx is the
Schatten-p norm on R">*% there is an (e, §)-differentially private algorithm Mepm which

produces X € X such that

D \/didalog %
EMerm [Ferm(X)] — min Fer (X) = O < ) °

Xex p—1 ne

forp e (1,2],

A/ d1d2 log 1
EMerm [Ferm<X)] — min Ferm(X) =0 | GDvy 10g(d1d2) : > forp=1.

XeXx ne

Further, there is an (e, §)-differentially private algorithm Mgeo which produces X € X such

that
E Fio(X in Fieo(X @) GD 1 Y b log% 1,2
Maco [Fscol )]—)r(nln sco(X) = p—l' %‘FT for p € (1,2],

. 1 y/didalog}
Epm,., [Fsco(X)] — )r(nel% Fieo(X) = O | GD+/log(d1ds) - % + Ev— forp=1.

Both Mg and Mg, call A in Assumption 1, appropriately parameterized, once. Merm

n2e? (14 ne)logp B

USes
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additional value queries to some f(+;s;), and Mgeo uses

2.2
O | min | ndida, 1+ n 61 log ((l—l—ne)logﬁ> 10g§
log 5 1) 0

additional value queries to some f(-;s;).

6.5.8 Oracle access for 1y, 4

In Theorem 14 and Corollary 16, we only bounded the value oracle complexity of our
sampling algorithms. The remainder of the steps in Algorithm 11 and its subroutine
Algorithm 12 require samples from densities of the form dm, (for some z € X) or dv,
(for some y € R%), defined in (6.15) and (6.16) respectively and reproduced here for

convenience:

dmz(y) = exp ((z,y) — ¥ (z) — p(y)) dy,

dyy () oc exp (—nuip(x) — (P(x) — (z,9))) Ly ()dz.

These densities are independent of the function F' in Problem 1 and hence do not require

(6.27)

additional value oracle queries in the setting of Problem 1. In general, the complexity of
these steps depends on the complexity of the functions ¢ and v, and the set X. We now
discuss strategies for sampling from 7, and -, in specific settings described by Section 6.5.1,

which we first briefly summarize.

1. We describe a method based on the inverse Laplace transform for sampling from =,

and evaluating 1, , with complexity linear in the dimension d in the vector setting.

2. Under efficient value oracle access to 1,, and membership oracle access to X,

general-purpose results [LV07, JLLV20, JLV22] imply polynomial-time samplers for

Yy-

3. We discuss generalizations of these methods to the matrix setting, and naive sampling
methods. We draw a loose connection to the HCIZ integral from harmonic analysis,
and suggest how it may potentially help in the structured sampling task for LLTs in

Schatten norms.

¢, setting. We first discuss the case when & C R? is a set on vectors equipped with the
¢, norm for some p € [1,2], and we let ¢ > 2 satisfy % + % = 1. We follow the notation

(6.25).
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In order to sample from the density m,, we use an inverse Laplace transform decom-
position. For a parameter ¢ € [0, 1), we define the density p. supported on R>q, such that
for allt > 0,

[o¢]
exp(—t°) :/ exp (—At) pe(A)dA. (6.28)
0

Intuitively, the density p.(A) and the corresponding decomposition (inverse Laplace trans-
form) (6.28) aims to express the more heavy-tailed function exp(—t¢) as a distribution over
the lighter-tailed functions exp(—At). The inverse Laplace transform densities p,. are well-
studied in the probability theory literature, and correspond to stable count distributions

parameterized by c. For example, it is well-known that p1 is the Lévy distribution
2

1 1
dpi(A) = exp | —— | dA.
#y ) 2T\ p( 4)\)

We refer the reader to references e.g. [Mai07] on properties of the densities p., and for

now assume we can access and sample from these one-dimensional distributions in closed

form for simplicity. Given this decomposition, we can then write

exp(bya(o) = [ exp ((2.0) - allsl?) dy
0o
-/ < [ e (1) = xat ol dy> pz (A (6.29)
0o )
= / H </ exp (azlyl - )\agyg) dyi> w2 (N)dA.
0 jelg) VW —o° !
The decomposition (6.29) reduces the problem of sampling from , to d one-dimensional
problems. To sample & exp({x,y) — a||y||3), we can first sample A from the density . for
c= %, and then sample each coordinate y; proportionally to exp(z;y; — Aa%yg) conditioned
on the sampled A.

This decomposition also gives us an efficient value oracle for v, ,, by evaluating (6.29)
as a one-dimensional integral over A, where the integrand may be evaluated as a product
of d one-dimensional integrals. Under membership oracle access to X, the problem of
sampling from -y, then falls under a generic logconcave sampling setup studied in a long
line of work building upon [DFK91b]. The state-of-the-art general-purpose logconcave
sampler, which combines the algorithms of [LV07, JLLV20] with the isoperimetric bound
in [JLV22] (improving recent breakthroughs by [Che21a, K1.22]), requires roughly d* value
oracle calls to 1, , and membership oracle calls to X.

In principle, for structured sets X' (such as £, balls), the particular explicit structure

of ¥, and X may be exploited to design more efficient samplers for the densities -,
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analogously to our custom linear-time sampler for m,. However, it should be noted that
the sampling problem for v, appears to be quite a bit more challenging than the problem
for m,. We leave the investigation of explicit sampler design for 7, as an interesting open

problem for future work.

Schatten-p setting. The situation is somewhat less straightforward in the matrix case.
Here, the key computational problem in replicating the strategy suggested by (6.29) is

evaluating the integral

/exp ((X,Y) _ C||Y||g> dy, (6.30)

where the integral is over Y € R%*% and X € R*% C > 0 are fixed. The difficulty
is (X,Y) decomposes coordinatewise, whereas ||Y||Z decomposes spectrally.® At least
superficially, this is similar to the challenge faced when evaluating the Harish-Chandra-

Itzykson-Zuber (HCIZ) formula

/ exp (Tr (AUBUT)) du, (6.31)

where the integral is over the Haar measure on (complex) unitary matrices U, and A, B
are Hermitian. By dropping the —C' ||Y||g term in (6.30) and only integrating over unitary
conjugations of a fixed matrix Y, we arrive at a generalization of (6.31). The difficulty in
evaluating (6.31) is also a sort of tension between the eigenspaces of A and B. Nonetheless,
(6.31) has a (polynomial-time computable) exact formula, which was famously discovered
independently by [HC57, 1Z80]. Furthermore, [LMV21] recently obtained a polynomial-
time sampler for the density induced by (6.31); while a sampler for (6.30) would follow
from logconcavity and general-purpose results, it would be far from cheap, so ways of
exploiting structure are fruitful to explore.

As a proof-of-concept, evaluating the integral (6.30) in (polynomial-time computable)
closed form is a minimal requirement for implementing the X-oracles in (6.27) used by
our algorithm. Even this problem appears challenging, but (as summarized cleanly by
[Tao13, McS21]) a plethora of techniques exist for proving the HCIZ formula, some based
on tools from stochastic processes. We pose the efficient computability of the integral

(6.30) as another explicit open question.

8Note that because || . ||q is unitarially invariant, we may assume X is diagonal.
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6.6 Conclusion

We believe our work is a significant step towards developing the theory of LLTs and paving
the way for their use in designing sampling algorithms. There are a number of important
questions left open by our work, which we find interesting and potentially fruitful for the

community to explore.

Stronger mixing time bounds. Perhaps the most immediate open question regard-
ing our alternating sampling framework in Section 6.4 is to obtain a better understand-
ing of its mixing time. As discussed in Section 6.1.1, Theorem 13’s mixing time scales
linearly in log 8, which as demonstrated by Lemma 53 (and related other settings, e.g.
MALA [CLA*21, LST20]) can result in additional polynomial overhead in problem pa-
rameters: for what , 1 is this avoidable? Notably, it is avoided for the Euclidean proximal
sampler [LST21b] by working directly with KL divergence (as opposed to the larger x>
distance typically used by proofs using conductance bounds). Different proofs of this
log log B dependency for the Euclidean proximal sampler were then subsequently obtained
by [CCSW22, CE22]. We also mention that loglog 5 dependences may sometimes follow

via average conductance techniques (e.g. [LK99]), which may apply to our Markov chain.

Samplers for explicit distributions. Our results Theorem 13 and 14 mainly focused
on bounding the query complexity to the function F', or samples f; from the distribu-
tion defining it. The total computational complexity of a practical implementation of
Algorithm 11 also includes the cost of sampling from the distributions (6.27), which are
“data-independent” for this problem (only depending on explicit functions and sets in-
stead of F'). In Section 6.5.3, we give a linear-time sampler for 7, and a polynomial-time
sampler for v, under the £, geometry, but it is interesting to obtain faster samplers for

particular structured choices of (¢, X') of importance in applications.

LLT beyond proximal sampling. More generally, we believe it is worthwhile to obtain
a better understanding of specific choices of (¢, 1), e.g. the examples in Section 6.5.1, from
an algorithmic perspective. LLTs satisfy appealing properties such as self-concordance,
strong convexity, and isoperimetry making them well-suited for frameworks beyond Algo-
rithm 11, such as discretized MLD [AC21] and Metropolized sampling methods discussed

in Section 6.1. Bounding the complexity of their use in these applications necessitates an
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improved understanding of specific LLT's.

LLT as a dual object. Finally, a tantalizing open question in the theory of well-
conditioned sampling (even in the ¢y setting) is whether acceleration is achievable, i.e.
mixing times scaling with the square root of the condition number (which is famously
possible in optimization [Nes83]). The duality of Fenchel conjugates appears to play a
key role in acceleration, as made explicit by [WA18, CST21], so a better understanding of
duality may be helpful in the corresponding endeavor for sampling. The LLT is a natural
candidate for a dual object in sampling, as it arises via joint densities on an extended
space (6.2), and satisfies properties such as strong convexity-smoothness duality. Can we

demystify this relationship, and use it to obtain faster samplers?
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Part IV
SAMPLING IN A CONSTRAINED SPACE
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Chapter 7

SAMPLING USING RIEMANNIAN HAMILTONIAN MONTE
CARLO WITH CONDITION-NUMBER-INDEPENDENT
CONVERGENCE RATE

This chapter is based on [KLSV22a], with Yunbum Kook, Yin Tat Lee, and Santosh

S. Vempala.
7.1 Introduction

In this chapter, we study the problem of sampling from a constrained space. The need for
efficient high-dimensional constrained sampling arises in many fields. A notable setting is
metabolic networks in systems biology. A constraint-based model of a metabolic network
consists of m metabolites and n reactions, and a set of equalities and inequalities that

define a set of feasible steady state reaction rates (fluxes):
Q:{UER”\szo,lgvgu, ch:a},

where S is a stoichiometric matrix with coefficients for each metabolite and reaction.
The linear equalities ensure that the fluxes into and out of every node are balanced.
The inequalities arise from thermodynamical and environmental constraints. Sampling
constraint-based models is a powerful tool for evaluating the metabolic capabilities of
biochemical networks [LNP12, TSF*13]. While the most common distribution used is
uniform over the feasible region, researchers have also argued for sampling from the Gaus-
sian density restricted to the feasible region; the latter has the advantage that the feasible
set does not have to be bounded. A previous approach to sampling, using hit-and-run
with rounding [HCT*17], has been incorporated into the COBRA package [HAP19] for
metabolic systems analysis (Bioinformatics).

A second example of mathematical interest is the problem of computing the volume
of the Birkhoff polytope. For a given dimension n, the Birkhoff polytope is the set of
all doubly stochastic n x n matrices (or the convex hull of all permutation matrices).
This object plays a prominent role in algebraic geometry, probability, and other fields.

Computing its volume has been pursued using algebraic representations; however exact


http://math.sfsu.edu/beck/birkhoff/volumes.html

163

computations become intractable even for n = 11, requiring years of computation time.
Hit-and-run has been used to show that sampling-based volume computation can go to
higher dimension [CV16], with small error of estimation. However, with existing sampling
implementations, going beyond n = 20 seems prohibitively expensive.

A third example is from machine learning, a field that is increasingly turning to sam-
pling models of data according to their performance in some objective. One such com-
monly used criterion is the logistic regression function. The popularity of logistic regression
has led to sampling being incorporated into widely used packages such as STAN [Sta20],
PyMC3 [SWF16], and Pyro [BCJ*19]. However, those packages in general do not run on

the constraint-based models we are interested in.

Problem Description. We consider the problem of sampling from distributions whose

densities are of the form
e F®@) subject to Az = b,z € K (7.1)

where f is a convex function and K is a convex body. We assume that a self-concordant
barrier ¢ for K is given. Note that any convex body has a self-concordant barrier
[LY21] and there are explicit barriers for convex bodies that come up in practical ap-
plications [NN94], so this is a mild assumption. We introduce an efficient algorithm for
the problem when K is a product of convex bodies K;, each with small dimension. Many
practical instances can be written in this form. As a special case, the algorithm can han-
dle K in the form of {x € R" : [; < z; < w; for all i € [n]} with [; € RU{—oc0} and
u; € RU{+o0}, which is the common model structure in systems biology. Moreover, any
generalized linear model exp(— " fi(aj x — b;)), e.g., the logistic model, can be rewritten

in the form

exp(— th) subject to Ax =b+s,(s,t) € K (7.2)

where K = I1K; and each K; = {(s;,t;) : fi(si) < t;} is a two-dimensional convex body.

The Challenges of Practical Sampling. High dimensional sampling has been widely
studied in both the theoretical computer science and the statistics communities. Many
popular samplers are first-order methods, such as MALA [RT96a], basic HMC [Neall,
DKPR&7] and NUTS [HG"14b|, which update the Markov chain based on the gradient

information of f. The runtime of such methods can depend on the condition number of
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the function f [DCWY19, LST20, CDWY20, CCBJ17, SL19]. However, the condition
number of real-world applications can be very large. For example, RECON1 [KLD*16], a
reconstruction of the human metabolic network, can have condition number as large as 10°
due to the dramatically different orders of different chemicals’ concentrations. Motivated
by sampling from ill-conditioned distributions, another class of samplers use higher-order
information such as Hessian of f to take into account the local structure of the problems
[SBCR16, CLGL"20]. However, such samplers cannot handle non-smooth distributions,
such as hinge-loss, lasso, or uniform densities over polytopes.

For non-smooth distributions, the best polytime methods are based on discretizations
of Brownian motion, e.g., the Ball walk [KLS97] (and its affine-invariant cousin, the Dikin
walk [KN12]), which takes a random step in a ball of a fixed size around the current
point. Hit-and-Run [LV06a] builds on these by avoiding an explicit step size and going
to a random point along a random line through the current point. Both approaches hit
the same bottleneck — in a polytope that contains a unit ball, the step size should be
O(1/4/n) to avoid stepping out of the body with large probability. This leads to quadratic
bounds (in dimension) on the number of steps to “mix”.

Due to the reduction mentioned in (7.2), non-smooth distributions can be translated
to the form in (7.1) with constraint K. Both the first and higher-order sampler and the
polytime non-smooth samplers have their limitations in handling distributions with non-
smooth objective function or constraint K. Given the limitations of all previous samplers,

a natural question we want to ask is the following.

Question. Can we develop a practically efficient sampler that can handle the constrained
problem in (7.1) and preserve sparsity' with mizing time independent of the condition

number?

In some applications, smoothness and condition number can be controlled with tailor-
made models. Our goal here is to propose a general solver that can sample from any
non-smooth distributions as given. For traditional samplers such as the Ball walk and
Hit-and-Run, as mentioned earlier, the step size needs to be small so that the process does
not step out. An approach that gets around this bottleneck is Hamiltonian Monte Carlo
(HMC), where the next step is given by a point along a Hamiltonian-preserving curve

according to a suitably chosen Hamiltonian. It has two advantages. First, the steps are no

"When A is sparse, preserving the sparsity of A can greatly enhance both the runtime and the space
efficiency.
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longer straight lines in Euclidean space, and we no longer have the concern of “stepping
out”. Second, the process is symplectic (so measure-preserving), and hence the filtering
step is easy to compute. It was shown in [LV18] that significantly longer steps can be taken
and the process with a convergence analysis in the setting of Hessian manifolds, leading
to subquadratic convergence for uniformly sampling polytopes.

To make this practical, however, is a formidable challenge. There are two high-level
difficulties. One is that many real-world instances are highly skewed (far from isotropic)
and hence it is important to use the local geometry of the density function. This means
efficiently computing or maintaining second-order information such as a Hessian of the
logarithm of the density. This can be done in the Riemannian HMC (RHMC) framework
[GC11, LV18], but the computation of the next step requires solving the Hamiltonian ODE
to high accuracy, which in turn needs the computation of leverage scores, a procedure that
takes at least matrix-multiplication time in the worst case. Another important difficulty
is maintaining hard linear constraints. Existing high-dimensional packages do not allow
for constraints (they must be somehow incorporated into the target density), and RHMC
is usually considered with a full-dimensional feasible region such as a full-dimensional
polytope. This can also be done in the presence of linear equalities by working in the
affine subspace defined by the equalities, but this has the effect of losing any sparsity
inherent in the problem and turning all coefficient matrices and objective coefficients into

dense objects, thereby potentially incurring a quadratic blow-up.

Our Solution: Constrained Riemannian Hamiltonian Monte Carlo (CRHMC).
We develop a constrained version of RHMC, maintaining both sparsity and constraints.
Our refinement of RHMC ensures that the process satisfies the given constraints through-
out, without incurring a significant overhead in time or sparsity. It works even if the
resulting feasible region is poorly conditioned. Since many instances in practice are ill-
conditioned and have degeneracies, we believe this is a crucial aspect. Our algorithm
outperforms existing packages by orders of magnitude.

In Section 7.2, we give the main ingredients of the algorithm and discuss how we over-
come the challenges that prevent us from sampling efficiently in practice. Following that,
in Section 7.3, we present empirical results on several benchmark datasets, showing that
CRHMC successfully samples much larger models than previously known to be possible,

and is significantly faster in terms of rate of convergence (“number of steps”) and total
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sampling time. Our complete package is available on GitHub. We refer the reader to

Appendix for theory, notations, and definitions.
7.2 Constrained RHMC

In this section, we propose a constrained Riemannian Hamiltonian Monte Carlo (CRHMC?)

algorithm to sample from a distributions of the form
e~ 7@ subject to ¢(z) = 0 and = € K for some convex body K,

where the constraint function ¢ : R” — R™ satisfies the property that the Jacobian Dc(z)
has full rank for all 2 such that ¢(x) = 0. It is useful to keep in mind the case when ¢(z) = 0
is an affine subspace Az = b, in which case Dec(x) = A, and the full-rank condition simply
says that the rows of A are independent.

We refer readers to [And83, BSU12, Rei93] for preliminary versions of CRHMC called
the constrained Hamiltonian Monte Carlo (CHMC). In particular, a framework in [BSU12]
can be extended to CRHMC when K = R", and in fact they mention CRHMC as a possible
variant. However, their algorithm for CRHMC requires eigenvalue decomposition and is
not efficient for large problems, which takes n3 time and n? space per MCMC step in
practice. In this section, we propose an algorithm that overcomes those limitations and
satisfies the additional constraint K by using a local metric induced by the Hessian of

self-concordant barriers, leading to n!'®> time and n space in practice.

7.2.1 Basics of CRHMC

To introduce our algorithm, we first recall the RHMC algorithm (Algorithm 13). In
RHMC, we extend the space z to the pair (x,v), where v denotes the velocity. Instead
of sampling from e~/(*), RHMC samples from the distribution e~ @) where H(z,v) is
the Hamiltonian, and then outputs z. To make sure the distribution is correct, we choose
the Hamiltonian such that the marginal of e=(#:*) along v is proportional to e=/(®). One

common choice of H(z,v) is

Hiz,v) = f(z) + %UTM(J:)—IU + %log det M(x), (7.3)

where M (x) is a position-dependent positive definite matrix defined on R™.

2pronounced “crumch”.


https://github.com/ConstrainedSampler/PolytopeSamplerMatlab
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Algorithm 13 Riemannian Hamiltonian Monte Carlo (RHMC)

Input: Initial point z(9), step size h
1: for k=1,2,--- do
Step 1: resample v

2: Sample vF=2) N (0, M (z*=1)) and set gk=2) ¢ plk=1),

Step 2: Hamiltonian dynamics

3: Solve the ODE
dr _ 0H(z,v) dv _ 0H(z,v)
d  ov T dt oz
with H defined in (7.3) and the initial point given by (x('“_%), v(k_%)).

4: Set £*) « z(h) and v®) « v(h).

(7.4)

5. end for

Output: z*)

To extend RHMC to the constrained case, we need to make sure both Step 1 and Step 2
satisfy the constraints, so the Hamiltonian dynamics has to maintain ¢(z) = 0 throughout
Step 2. Note that

i o % _ 8H(a:t, ’Ut)
dtc(xt) = Dc(xy) e Dc(zy) B (7.5)

where De(x) is the Jacobian of ¢ at . With H defined in (7.3), Condition (7.5) becomes
De(z)M (z)~1v = 0. However, for full rank De(z), if M(x) is invertible, then Range(v) =
Range(N(0, M (z))) = R™ immediately violates this condition due to dim(Null(Dc(x)M ~1(z))) =
n —m. To get around this issue, we use a non-invertible matrix M (z) with its pseudo-
inverse M (z)! to satisfy De(z)M(z)Tv = 0 for any v € Range(M(z)). Since we want
the step to be able to move in all directions satisfying c¢(z) = 0, we impose the following

condition with Range(M (z)) = Range(M (z)!) in mind:
Range(M (z)) = Null(D¢(x)) for all z € R™, (7.6)

which can be achieved by M (x) proposed soon.
Under the condition (7.6), we sample v from N(0, M(z)) in Step 1, which is equiv-
alent to sampling from e~ #(®v) subject to v € Range(M(x)) = Null(Dc(z)). Also, the

stationary distribution of CRHMC should be proportional to

e @) gubject to ¢(x) =0 and v € Null(Dc(z)).
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Here, to maintain v € Null(De¢(x)) during Step 2 we add a Lagrangian term to H. Without
the Lagrangian term, v; would escape from Null(Dc(z;)) = Range(M (z;)) in Step 2 as
seen in the proof of Lemma 15, which contradicts Range(v;) = Range(N (0, M (x¢))) =
Range(M (x¢)). The constrained Hamiltonian we propose is (See its rigorous derivation in

Lemma 15)

H(z,v) = H(z,v) + Mz,v) c(z) with H(z,v) = f(z)+ %UTM(J:)TU + log pdet (M (z))

(7.7)
where A(z,v) = (Dec(z)De(x))™? (DQC(.%')[’U, dr) —Dc(x)%). Here, pdet denotes
pseudo-determinant and A(z,v) is picked so that v € Null(De(x)). An algorithmic de-
scription of CRHMC is the same as Algorithm 13 with the constrained H in place of
the unconstrained H. We show the convergence of CRHMC to the correct distribution

exp(—f(x)) in Appendix F.2.3.

Choice of M via Self-concordant Barriers. The construction of the Hamiltonian
(7.7) relies on having a family of positive semi-definite matrix M (z) satisfying the condition
(7.6) (i.e., Range(M (z)) = Null(Dc(z))). One natural choice is the orthogonal projection
to Null(De(x)):

Q(x) =1 — De(z) T (De(z)De(z) ") De(x), (7.8)

which is similar to the choice in [BSU12].

For the problem we care about, there are additional constraints on = other than {c(z) =
0}. In the standard HMC algorithm, we have % ~ N(0,M(z)~1). For example, for a
simple constraint K = [0, 1], to ensure every direction is moving towards/away from z = 0
multiplicatively, a natural choice of M is M(z) = diag(z~2). For general convex body
K, we can use a self-concordant barrier, a function defined on K such that ¢(z) is self-
concordant and ¢(x) — 400 as © — JK. Using the barrier ¢, we can define the local
metric based on g(z) = V2¢(z). Intuitively, as the sampler approaches 9K, the local
metric stretches accordingly so that the Hamiltonian dynamics never passes the barrier,

respecting x € K throughout.

In summary, we need M (z) to have its range match the null space of Dc(z) and agree
with g(z) in its range. We can verify that M(z) = Q(z)' g(z)Q(x), where Q(z) is the

symmetric matrix defined in (7.8), satisfies these two constraints.
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7.2.2  Efficient Computation of 0H/0x and 0H /0v

With M(z) = Q(x)"g(x)Q(x), we have all the pieces of the algorithm. However, using

this naive algorithm to compute 0H/0x and 0H/0v, we face several challenges.

1. The algorithm involves computing the pseudo-inverse and its derivatives, which takes

O(n?) except for very special matrices.

2. The Lagrangian term in the constrained Hamiltonian dynamics requires additional com-

putation such as the second-order derivative of ¢(x).
3. A naive approach to computing leverage scores in 0H/Jx results in a very dense matrix.

Those challenges make the algorithm hard to implement and inefficient, especially when
the dimension is high. In the following paragraphs, we give an overview of how we overcome
each of the challenges above. We defer a more detailed discussion of our approaches and

the proofs to Appendix F.2.2.

Avoiding Pseudo-inverse and Pseudo-determinant. We are able to show equiva-
lent formulas for M (x)! and log pdetM () that can take advantage of sparse linear system

solvers. In particular, we show that M (z)! = g(:c)_% (I — P(x)) -g(x)_%, where
P(x) = gx)"2 - De(x) (De(z) - ()" - De(a) )" De(w) - g(a)72. (79)

As mentioned earlier, a majority of convex bodies appearing in practice are of the form
K =], K;, where K; are constant dimensional convex bodies. In this case, we will choose
g(x) to be a block diagonal matrix with each block of size O(1). Hence, the bottleneck of
applying P(z) to a vector is simply solving a linear system of the form (Dc-g~!-Dc")u = b
for some b. The existing sparse linear system solvers can solve large classes of sparse linear

system much faster than O(n?) time [Dem97]. For log pdetM (), we show

log pdet(M (z)) = logdet g(x)+log det (Dc(x) g(z)7t- Dc(x)T)—log det (Dc(ac) . Dc(x)T) .
(7.10)
This simplification allows us to take advantage of sparse Cholesky decomposition. We
prove (7.9) and (7.10) in Lemma 16 and Lemma 17 in Appendix F.2.2. The formulas (7.9)
and (7.10) avoid the expensive pseudo-inverse and pseudo-determinant computations, and

significantly improve the practical performance of our algorithm.
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Simplification for Subspace Constraints. For the case ¢(z) = Az — b, the Hamilto-

nian is now
1 1
H(z,v) = f(x)—l—iv—rg_% (I —P) g_%v—l—i (log det g + logdet Ag™t AT — log det AAT)—i—)\Tc,

where P = g_%AT(Ag_lAT)_lAg_%. The key observation is that the algorithm only
needs to know z(h) in the HMC dynamics, and not v(h). Thus, we can replace H by any
other that produces the same x(h). We show in Lemma 18 (Appendix F.2.2) that the
dynamics corresponding to H above is equivalent to the dynamics that corresponds to a

much simpler Hamiltonian:
1 + 1 —ro 1 14T
H(z,v) = f(z)+ Qv 92 (I-P)g 2v+ 3 <logdetg+logdetAg A ) .

Furthermore, we have

dz
dt

dv 1 dr dz 1
dt’ dt

=g (I-P)g v, & =-Vf(x)+ Dy — 3T(g™2 (I - P)g™2Dy).

Efficient Computation of Leverage Score. Even after simplifying the Hamiltonian
as above, we still have a term for the leverage scores, Tr(gfé (I —P) gféDg) in z—’t’ so that
we need to compute the diagonal entries of P = g_%AT (Ag_lAT)_lAg_% to compute %.
Since (Ag~'AT)~! can be extremely dense even when A is very sparse, a naive approach
such as direct computation of the inverse can lead to a dense-matrix multiplication. To
avoid dense-matrix multiplication, our approach is based on the fact that certain entries
of (Ag7'AT)~! can be computed as fast as computing sparse Cholesky decomposition of
Ag~'AT [Tak73, CD95], which can be O(n) time faster than computing (Ag—*AT)~! in
many settings. We first compute the Cholesky decomposition to obtain a sparse triangular
matrix L such that LLT = Ag='AT. Then, we show that only entries of Ag~'AT in
sp(L) Usp(LT) matter in computing diag(AT (Ag~'AT)~1A), where sp(L) is the sparsity

pattern of L. We give the details of our approach in Appendix F.2.2.

7.2.8 Discretization

Explicit integrators such as leapfrog integrator, which are commonly used for Hamilto-
nian Monte Carlo, are no longer symplectic on general Riemannian manifolds (see Ap-
pendix F.3.1). Even though there have been some attempts [Pih15] to make explicit
integrators work in the Riemannian setting, its variants do not work for ill-conditioned

problems.
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Our algorithm uses the implicit midpoint method (Algorithm 16) to discretize the
Hamiltonian process into steps of step size h and run the process for T iterations. This
integrator is reversible and symplectic (so measure-preserving) [HHILO6], which allows
us to use a Metropolis filter to ensure the distribution is correct so that we no longer
need to solve ODE to accuracy to maintain the correct stationary distribution. We write

H(x,v) = Hy(x,v) + Ha(x,v), where

Hy(x,v) = f(z) + <log det g(z) + log det Ag(x)*lAT> ,

1
2
— 1 _1 _1
Hy(x,v) = §UT9($) 2 (I = P(x)) g(x) 2.
Starting from (zg, vg), in the first step of the integrator, we run the process on the Hamil-
tonian H; with step size % to get (371/3, v1/3). In the second step of the integrator, we run

the process on Hy with step size h by solving

e <ff; Y +> s — os O <$; Ty Y +>
3 v 2 72 ’ R ox 2 72 ’
iteratively using the Newton’s method. This step involves computing the Cholesky de-
composition of (Ag~'AT)~! using the Cholesky decomposition of Ag~'AT. In the third
step, we run the process on the Hamiltonian H; with step size % again to get (x1,v1).
We state the complete algorithm (Algorithm 15 and Algorithm 16) with details on
the step size in Appendix F.3.1 and give the theoretical guarantees in Appendix F.3.2
(convergence of implicit midpoint method) and Appendix F.4 (independence of condition

number).
7.3 Experiments

In this section, we demonstrate the efficiency of our sampler using experiments on real-
world datasets and compare our sampler with existing samplers. We demonstrate that
CRHMC is able to sample larger models than previously known to be possible, and is
significantly faster in terms of rate of convergence and sampling time in Section 7.3.2,
along with convergence test in Section 7.3.4. We examine its behavior on benchmark

instances such as simplices and Birkhoff polytopes in Section 7.3.3.

7.8.1 FExperimental Setting

Settings. We performed experiments on the Standard DS12 v2 model from MS Azure
cloud, which has a 2.1GHz Intel Xeon Platinum 8171M CPU and 28GB memory. In
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the experiments, we used our MATLAB and C++ implementation of CRHMC?, which is
available here and has been integrated into the COBRA toolbox.

We used twelve constraint-based metabolic models from molecular systems biology in
the COBRA Toolbox v3.0 [HAP'19] and ten real-world LP examples randomly chosen
from NETLIB LP test sets. A polytope from each model is defined by {x € R" : Ax =
byl <z <u}for Aec R™" becR™ and l,u € R", which is input to CRHMC for uniform
sampling. We describe in Appendix F.1 how we preprocessed these dataset, along with

full information about the datasets in Table F.1.

Comparison. We used as a baseline the Coordinate Hit-and-Run (CHAR) implemented
in two different languages. The former is Coordinate Hit-and-Run with Rounding (CHRR)
written in MATLAB [CV16, HCT'17] and the latter is the same algorithm (CDHR) with
an R interface and a C++ library, VolEsti [CF20]. We refer readers to Appendix F.1 for
the details of these algorithms and our comparison setup. We note that popular sampling
packages such as STAN and Pyro were not included in the experiments as they do not
support constrained-based models. Even after transforming our dataset to their formats,
the transformed dataset were too ill-conditioned for those algorithms to run. CHMC
in [BSU12| works only for manifolds implicitly defined by {c(z) = 0} for continuously

differentiable ¢(z) with D¢(z) full-rank everywhere, so we could not use it for comparison.

Measurements. To evaluate the quality of sampling methods, we measured two quanti-
ties, the number of steps per effective sample (i.e., mixing rate) and the sampling time per
effective sample, Ts. The effective sample size (ESS)* can be thought of as the number of
actual independent samples, taking into account correlation of samples from a target dis-
tribution. Thus the number of steps per effective sample is estimated by the total number
of steps divided by the ESS, and the sampling time T} is estimated as the total sampling
time until termination divided by the ESS.

Each algorithm attempted to draw 1000 uniform samples, with limits on running time
set to 1 day (3 days for the largest instance ken_18) and memory usage to 6GB. If an
algorithm passes either the time or the memory limit, we stop the algorithm and measure

the quantities of interest based on samples drawn until that moment. After getting uni-

30ur package can be run to sample from general logconcave densities and has a feature for parallelization.

4We use the minimum of the ESS of each coordinate.
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Figure 7.1: Mixing rate of CRHMC and the
competitors. Mixing rate of CRHMC was sub-
linear in dimension and the nnz of a prepro-
cessed matrix A in a model, whereas the others
needed quadratically many steps to converge
to uniform distribution. In particular for our
dataset, CRHMC mixed up to 6 orders of mag-
nitude earlier than the others. Note that mix-
ing rate of CHAR was very close to quadratic
growth when using the full-dimensional scale

(the first column in Table F.1).
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Figure 7.2: Sampling time of CRHMC and the
competitors. The sampling time per effective sam-
ple of CRHMC was sub-quadratic in dimension and
the nnz of a preprocessed matrix A in a model,
while the others indicates at least a cubic depen-
dency on dimension. In particular for our dataset,
CRHMC was able to obtain a statistically inde-
pendent sample up to 4 orders of magnitude faster
than the others. This benefit of speed-up was actu-
ally straightforward from the figure, since CHRR
could not obtain enough samples from instances
with more than 5000 variables until it ran out of

time.
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form samples, we thinned the samples twice to ensure independence of samples; first we
computed the ESS of the samples, only kept ESS many samples, and repeated this again.
We estimated the above quantities only if the ESS is more than 10 and an algorithm does

not run into any error while running®.

7.8.2  Mizing Rate and Sampling Time

Sub-linear Mixing Rate. We examined how the number of steps per effective sample
grows with the number of nonzeros (nnz) of matrix A (after preprocessing) and the number
of variables (dimension in the plots). To this end, we counted the total number of steps
taken until termination of algorithms and divided it by the effective sample size of drawn
samples. Note that we thinned twice to ensure independence of samples used.

The mixing rate of CRHMC was sub-linear in both dimension and nnz, whereas pre-
vious implementations based on CHAR required at least n? steps per sample as seen in
Figure 7.1. On the dataset, mixing rate attained was up to 6 orders of magnitude faster
for CRHMC compared to CHAR, implying that CRHMC converged to uniform distribu-
tion substantially faster than the other competitors. This gap in mixing rate increased
super-linearly in dimension, enabling CRHMC to run on large instances of dimension up

to 100000.

Sub-quadratic Sampling Time. We next examined the sampling time T in terms
of both the nnz of A and the dimension of the instance. We computed the runtime of
algorithms until their termination divided by the effective sample size of drawn samples,
where we ignored the time it takes for preprocessing. Note that the sampling time T is
essentially multiplication of the mixing rate and the per-step complezity (i.e., how much
time each step takes).

As shown in Figure 7.2 and Table 7.1, we found that the per-step complexity of CRHMC
was small enough to make the sampling time sub-quadratic in both dimension and nnz,
whereas CHAR had at least a cubic dependency on dimension, despite of a low per-step
complexity. On our dataset, the sampling time of CRHMC was up to 4 orders of magnitude
less than that of CHRR and CDHR. While CHRR can be used on dimension only up to a

few thousands, increasing benefits of sampling time in higher dimension allows CRHMC

SWhen running CDHR from the VolEsti package on some instances, we got an error message “R session
aborted and R encountered a fatal error”.
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Bio Model | Vars (n) nnz CRHMC | CHRR CDHR
ecoli 95 291 0.0098 0.0365 0.0022 LP Model | Vars (n) | nnz CRHMC | CHRR CDHR
cardiac_mit 220 228 0.0100 0.0059 0.0005 israel 316 2519 0.1186 1.2224 0.4426
Aci_D21 851 1758 0.4257 0.6884 0.2974 gfrd_pnc 1160 2393 0.2199 40.988 18.468
Aci-MR95 994 2859 0.9624 2.0668 0.5237 25fvAT7 1876 10566 0.8159 199.9 -
Abi_49176 1069 2951 0.9608 1.9395 0.9622 pilot_ja 2267 11886 1.3490 5059* -
Aci 20731 1090 2946 0.1540 2.3014 1.1086 sctap2 2500 7334 0.6752 520.2 -
Aci_PHEA 1561 4640 0.3701 12.06 - ship08l 4363 9434 0.6258 6512 -
1AF1260 2382 6368 4.4355 3687.2 - cre_a 7248 17368 22205 30455* -
iJO1366 2583 7284 4.1608 70.5 35.556 woodw 8418 23158 2.0689 30307* -
Reconl 3742 8717 0.7184 208.5 - 80bau3b 12061 22341 11.881 47432% -
Recon2 7440 19791 2.6116 10445* - ken_18 154699 | 295946 1616.3 - -
Recon3 13543 | 48187 31.114 20211* -

Table 7.1: Sampling time per effective sample of CHRR and CRHMC. We note that CRHMC
is 1000 times faster than CHRR on the latest metabolic network (Recon3). Sampling time with

asterisk (*) indicates that the effective sample size is less than 10.

to run on dimension up to 0.1 million.

7.3.3 CRHMC on Structured Instances

To see the behavior of CRHMC on very large instances, we ran the algorithm on three
families of structured polytopes — hypercube, simplex, and Birkhoff polytope — up to
dimension half-million. We attempted to draw 500 uniform samples with a 1 day time
limit (except for 2 days for half-million-dimensional Birkhoff polytope). The definitions of
these polytopes are shown in Appendix F.1.1.

To the best of our knowledge, this is the first demonstration that it is possible to sample
such a large model. As seen in Figure 7.3, CRHMC can scale smoothly up to half-million
dimension on hypercubes and simplices and up to dimension 10° for Birkhoff polytopes
(we could not obtain a reliable estimate of mixing rate and sampling time on the half-
million dimensional Birkhoff polytope, as the ESS is only 16 after 2 days). However, we
believe that one can find room for further improvement of CRHMC by tuning parameters
or leveraging engineering techniques. We also expect that CRHMC enables us to estimate

the volume of B,, for n > 20, going well beyond the previously best possible dimension.
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Figure 7.3: Mixing rate and sampling time on structured polytopes including hybercubes, sim-
plices, and Birkhoff polytopes. CRHMC is scalable up to 0.5 million dimension on hypercubes and
simplices and up to 0.1 million dimension on Birkhoff polytopes. We note that on the 0.5 million
dimensional Birkhoff polytope the ESS is only 16, which is not reliable compared to the ESS on

the other instances.

7.8.4  Uniformity Test

We used the following uniformity test to check whether samples from CRHMC form the
uniform distribution over a polytope P: check that the fraction of the samples in the scaled
set x - P is proportional to 4™, As seen in Figure 7.4, the empirical CDFs of the radial
distribution to the power of (1/dim) are close to the CDF's of the uniform distribution

over those polytopes.
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Figure 7.4: We plot the empirical cumulative distribution function of the radial distribution to
the power of (1/dim) with 1000 ESS obtained by running CRHMC on ATCC-49176 (952 x 1069,
left) and Aci-PHEA (1319x 1561, right), and in the plot z-axis is the scaling factor. We can observe
the CDFs are very close to the CDFs of the uniform distribution over the polytopes defined by two

instances.
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Appendix A
DEFERRED CONTENTS FROM CHAPTER 2

A.1 Brownian Motion Simulation

In this section, we introduce how Wjp, Wy and W3 can be sampled. Let {Bt}te[o,h}
be the standard d-dimensional Brownian motion on t € [0,h]. In Algorithm 1, W; =
Jo (1 = em2@h=9)) dB,, Wo = [ (1 — e 2=9)) dB, and W3 = [I'e~2=5) dB,. We de-
fine Gy = [ e dBy, Gy = [I e*dB,, Hy = ["dB, and Hy = [" dB,. Then,
Wy = Hy — e 22"Gy, Wy = (Hy + Hy) — e 2M(Gy 4+ G2) and W3 = e 2"(G1 + Go). Tt is
sufficient to sample Hj, Hy, G1 and G2. We can show that (G, Hp) is independent of
(Ga, Ha) , and (G1, Hy) and (G2, Hs) both follow a 2d-dimensional Gaussian distribution,

which can be easily sampled.

Lemma 5. Define G = foah e?* dB;, Gy = fjh e?*dB,, H, = foah dB, and Hy = fC’Zh dB,.
Then, (G1, Hy) is independent of (G2, Ha) . Moreover, (G1, Hi) and (G2, H2) both follow
a 2d-dimensional Gaussian distribution with mean zero. Conditional on the choice of a,

their covariance is given by

e[ - &G (1 —EE)T] = (1) I
E [(G1 _EG) (Gi—EG)T] = 2 <e4ah - 1) I,

: 1
E [(H1 —EH)) (H; ~EH)"| = ah- I

: 1
E[(Gy—BGy) (Hy —EHy)T| = 5 (e —eh) .1y,
E (GQ — EGQ) (GQ — EGQ)T- = i <e4h —_ e4ah) . Id7
E [(H2 “EH,) (Hy —EH)T| = (h—ah)- I,

Proof. By the definition of the standard Brownian motion, (G, H1) is independent of

(G2, Hz) and (G1, Hi) and (Ga, Ha) both have mean zero. Moreover,
ah
= / e ds- I
0

(o) (o)

<e2°‘h — 1) 1y,

T
E|(Gi —EGy) (Hy — IEHl)T} )

N
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ah ah T ah
E (Gl—EGl)(Gl—EGl)T] =F </ e2$st> </ 62‘9st> _/ et ds - I,
0 0 0
= 1 (e4ah 1) I,
4 d>
and
E[(Hl—EHl)(Hl—EHl)T] = ah-I
Similarly,
h h T h
E [(G2 —EG,) (H, —EHZ)T} ~E < / e2s st) ( / st> = / e*ds - Iy
ah ah ah
— 1 2h _ _2ah) |
=3 (e e ) 14,
h h T h
E [(Gl—EGl)(Gl —EGl)T} =E ( / e%s dBS> < / % st> = / e**ds - I
ah ah ah
— 1 4h _ _4ah') |
=12 <e e > 14,
and
E [(H2 _EH,) (Hs — EHQ)T} — (h—ah)- I

A.2 Properties of the ULD and the Brownian motion

Here, we prove some properties of the ULD and the Brownian motion. These properties

are used in Appendices A.3, A.4, A.5 and A.6 to prove the guarantee of our algorithm.

A.2.1 Properties of the ULD

Lemma 6. Let {x(t)},co ) and {v(t)}iepo ) be the solution to the underdamped Langevin

diffusion (2.3) on t € [0,h]. Assume that h < % and u = % We have the following

bounds.

E suwp [[o(t)|> < O (o) +u?h? [VF(@(0) +udh),
t€[0,h]

E sup V@) < O (V@) + L2 |[o(0)|” + Ldn®),
te[0,h]
E sup [|z(0) — z(t)|* < 0(h2IIU(O)H2+u2h4|\Vf(:v(0))ll2+udh3),

t€[0,h]
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and

1
“E il 0@ < 5 0O + O (u2h [V F((0))| + udn).

“E int VSN < 3 IV/@O)IE+0 (I o) + Lan’).

Proof. We first show the first three bounds. We can write Esup,cp ) |V f (z(t))]|* as

E sup |V f(xz(t)]?

te[0,h]
< 2||Vf(2(0)|* +2E sup |V f((0)) — V(1)
te(0,h]
< 2|Vf(@(O)|? + 2L%E sup ||z(0) — z(t)||?, (A.1)
te[0,h]

L-Lipschitz. To bound E sup,cpo 5 [[2(0) — z(t)||?,

where the first step follows by Young’s inequality and the second step follows by Vf is
2
E sup [lo(0) —2()|> = E sup

t
/ v(s)ds
te[0,h] tel0,h] I1J/0

t
E sup t/ |v(s)]|* ds
0

te[0,h]

W’E sup |lv(t)]?, (A.2)
te[0,h]

IN

IN

where the first step follows by the definition of z and the second follows by the Cauchy-
Schwarz inequality. To bound Esup;¢ ) lo(t)]?,

2

E sup |[v(t)|* = E sup
te0,h] te[0,h]

v(O)e‘Qt—u/t e 297 f(x(s)) ds+2f/ 2(t=5) 4B,
0

t
/ 672(1‘,78) dBS
0

2
< 3o(0)]|* + 3u®h?E sup ||V f(z(t)|]* + 12uE sup

te[0,h] te[0,h]
< 3v(0)? + 3u®h’*E sup ||V f ()| + 60udh, (A.3)
te[0,h]

where the first step follows by the definition of ULD, the second step follows by the
inequality (a + b + ¢)? < 3a® + 3b% 4 3¢? and the third step follows by Lemma 8. Then,
combining (A.1), (A.2) and (A.3), we have
E sup |V f(z(t)|* < 2|V f(@(0)|* + 2L°E sup [|x(0) — =(t)|

te[0,h] te[0,h]

< 2|V f(2(0)|]* + 2L2A’E sup [v(t)|”
t€[0,h]

< 2|V f(2(0)|* 4+ 6R*E sup ||V f(z(t))]|* + 6L2h?||v(0)||* + 120LdR>.
te[0,h]
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Since 6h* < %

E Sm] IV < 3[VF(@O) +8Lh? [v(0)||* + 160Ldh?
teo,

IN

O (IV£@O)I? + L2 [o(O)|* + Ldh®) . (A.4)
y (A.3) and (A.4),

E sup [[o®)]]> < 3[v(0)|> + 3u’h’E sup ||V f(z(t))|]* + 60udh
te[0,h] te[0,h]

3([v(0)|® + 3u2h% - O (||Vf(x(0))||2 + 1212w ()] + th3) + 60udh

O ([[o(O)I +uh? |V £ (2(0)) > + udh) .

IN

IA

where the last step follows by A is small.
By (A.2) and (A.4),
E sup [z(0) —z(®)|* < K’E sup |ju(t)|?
t€[0,h] t€[0,h]

O (2 [0(0)” + w?h* IV £ (@(0)|* +udh?) . (A.5)

IA

To prove the fourth claim,

¢ 2
anf @l
t 2
= inf U(O)e_2tu/ e 2T f(x(s)) ds+2f/ 2t=5) 4B,
te[0,h] 0
t
> inf [e_4t\\v(0)]]2—26_2tv(0)T (u / e—2<t—s>w(x(s)>ds)
te[0,h] 0
t
+2¢ 2t (0)T (2\/5/ e 2(t=9) st>
0
1 ¢ ?
> inf [6_4t\\v(0)|!2—6_4tHv(0)HQ—4 U/ eIV f(2(s)) ds
t€[0,h] 2 0
t 2
—4H2\/a / e 2=9) 4B,
0
1 ! ?
> inf | =(1—4h)|[v(0)]]* — 4u®h? sup ||[Vf(x(s))]* — 16u / e~ 29 4B,
tel0,h] | 2 s€l0,4] 0
1 ¢ ?
> S (1—4h)[[v(0)]|* — 4u’h* sup |V f(z(t))[* - 16u sup / e 2070 dB||
2 t€[0,h] tefo,n] 11Jo

where the first step follows by the definition of v , the second step follows by the inequality
(a+b+c)? > a?+ 2a(b+ c), the third step follows by the inequality 2ab < a® + b% | the

fourth step follows by e~ > 1 — 4¢, and the last step follows by h is small.
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Then, by (A.4) and Lemma 8§,

: 2 1 2 212 2
— < = .
E duf lOI" < =3O +0(u W[V £ (z(0)]] +udh)

To show the lower bound on Einf,cjy p |V £(x(t))]|?, notice that
. 1
E inf [[VfO)® = IV @) —E sup [V/f(x(t) — Vf(z(0)]?
te[0,h] 2 te[0,h]

> %Ilvf(w(o))\ltﬂi sup ||z(t) — 2(0)|.
te[0,h]

Then, by(A.5) and h < 5,

. 1
“E inf Vi) < —3 IVFO)IE+0 (12 o) + Lan®).

A.2.2 Properties of the Brownian Motion

Lemma 7 (Doob’s maximal inequality [Doo53]). Suppose {X(t) : t > 0} is a continuous

martingale. Then, for any t > 0,

E[sup |X(s)\2] < 4E [|X(t)ﬂ.

0<s<t
Using the Doob’s maximal inequality, we can show the following lemma.

1

Lemma 8. For d-dimensional Brownian motion By on t € [0, h], assuming h < g,

t 2
/ e—Q(t—S)dBS
0

E | sup |B()|

0<t<h

< 5dh.

< 4dh, and E [ sup
0<t<h

Proof. To show the first inequality,

d

Y E

=1
< 4dE |Bi(n)]

E | sup [|B(1)]”

0<t<h

IN

sup ]Bi(t)\Q
0<t<h

= 4dh,

where the second step follows by Lemma 7. To show the second inequality,

t t
/ e 2t=9)qB, / e d B,
0 0
t 2
/ e>*dB,
0

2 2

E | sup

0<t<h

0<t<h

< E [ sup e H

IN

E[sup

0<t<h
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d t 2
2s
< ;E Osgljgph /0 e“*dBs ;
d h 2
< 4) E / e?*dBy;
i=1 0
d h
= 42/ e**ds
i=170
< 5dh,

where the second step follows by e~ < 1, the fourth step follows by Lemma 7 and the

last inequality follows by foh e*sds < gh for h < %. O
A.3 Discretization Error of Algorithm 1

In this section, we bound the discretization error of Algorithm 1 in each iteration. In order
to prove Lemma 2, we first prove Lemma 9, stated next.

Lemma 9. Let o be the random number chosen in iteration n. Let x, 1 be the interme-
2

+
diate value computed in iteration n of Algorithm 1. Let {x},(t)}co ) be the ideal under-

damped Langevin diffusion starting from z%(0) = z,, coupled through a shared Brownian

motion with T, 1. Assume that h < 2—10. Then,
2
2
E “Vf(xn+%) - Vf(x;;(ah))H < 0 (h6L2 onl® + 18 |V f(zn) ) + th7) .
Proof. We have the bound

2
E(Vf(w,1) = Vi an)|

2 K 2
L“E Tpyl x, (ah)

IN

2

- LQE' S /0 " (1= €9 (7 (a3 0) - V(o)) ds

1 oh —2(ah—s) 2 * * 2
< 4E [/0 (1—6 ) ds-ah- t;é%] IV f(27,(0)) = V f(25,(1)) |
< R'E sup ||Vf(z5(0) — V(5 (1)

te[0,h]
< LPW'E sup [|25(0) — 2 (1))
te(0,h]

< O (KL [[oull® + W IV £ (n)|]” + Lan)

where the first and the fifth step follows by V f is L-Lipschitz, the third step follows by
Cauchy-Schwarz inequality, the fourth step follows by 1 —e~2(®"—%) < 2} and the last step

follows by Lemma 6. O
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Now, we are ready to prove Lemma 2.
Proof. To show the first claim,
|Ea®nt1 — x;(h)”Q

2
_ 1 __—2(h—ah) LM s .
= ‘Eazuh <1 e >Vf(xn+%) U ; (1 e )Vf(a;n(s))ds

< %Ea uh (1 — efQ(hfah)> Vf(anr%) —uh (1 — 672(h7°‘h)> Vf(:z,”;(ah))HQ
—i—% ' Equh (1 — ef2(h*ah)> Vf(z)(ah)) — u/oh <1 — 672(h78)> Vi(z(s))ds 2

- %ua HWE, [(1 B 6—2(h—ah)>2 Hv f(,1) =V f(:c;(ozh))‘ﬂ 40

< 2u*h*E,

Y

V(1) — Vi n ()|

where the first step follows by the definition of z,1, the second step follows by Young’s
inequality, the third step follows by

h
Eoh (1 —e*2<h*ah>) Vf(z* (ah)) = / (1 —e*2<h*8>) Vf(zk (s)) ds,
0
and the fourth step follows by 1 — e~2("=2h) < 9 By Lemma 9,
E[Eaznis — 207 < O (B oall” + u?h? [V f()|” + udh')
To show the second claim,

E |znt1 — 3, (B)||”
2

IN

3
,E‘
4

uh (1 - e_Q(h_ah)> Vf(ﬂfnJr%) —uh (1 - 6_2(h_ah)) Vf(fU:L(O‘h))H

—i—%E uh (1 - efQ(h*O‘h)> Vf(z;(ah)) — u/oh (1 - efQ(hfah)) Vi(z;(s))ds 2

+3E

1 u/oh <1 - e*Z(h*ah)> V f(z(s)) ds — u/oh (1 - e*Q(h’s)> V f(zy(s)) ds 2

)

which follows by definition and Young’s inequality. To bound the second term,

h 2
uh (1= e72=o0) ¥ f (2 (ah) — u /0 (1 e20-om) V(s (s)) ds

2

h
w [ (1= o) (Vi ah) - VA5 ) ds
0

h

< / (1—52“*&“)2@' sup ||V f(x;,(ah)) = V f(a ()] - h
0 te[0,h]

< 4uPht sup ||V (a5 (ah)) = Vf(ah(0)]?

te[0,h]
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< 160" sup [|=;,(0) — a (1) (A.6)
te[0,h]

where the second step follows by the Cauchy-Schwarz inequality. The third term satisfies

u/oh (1 — ef2(h*°‘h)) Vf(zy,(s))ds — u/h (1 — efz(hfs)) Vf(a,(s))ds 2

0
h 2
— 2 / <e—2(h—s) _ e—2(h—ah)> Vf(x,’;(s)) ds
0
< 4u?ht sup |V(LO)P, (AT)
t€(0,h]

where the second step follows by the Cauchy Schwarz inequality and

‘e‘Q(h_s) _ 6—2(h—ah)‘ < 2h. Thus,

E |ans1 — a7, (h)|?

2
< 3uE |[Vf(2,11) — Vf(@i(an)| + 120°E sup [lz}(0) - 50
te[0,h]
+3u’h'E sup ||V f(x; (1)
te[0,h]

< 3nt.0 (h6 ol + BB ||V f ()% + udh7)

1120t 0 <h2 ol + w2k |V f ()] + udh3)

+3uht .0 (HVf(:Jcn)H2 + L2R2 o + Mdh3)
< O (R®lonll® + uh* [V £ ()| + udhT)

where the first step follows by (A.6) and (A.7), the second step follows by Lemma 6 and
Lemma 9, and the last inequality follows by h < 1.

To show the third claim,

2

h
E|Eqvnt1 — v;;(h)H2 = E ‘ Eauheﬁ(h*ah)Vf(:cn_F%) — u/ e*Q(h*S)Vf(x;';(s)) ds
0

2
< 2E Huhe_Z(h_ah)Vf(xn+%) — uhe 27 £ (2% (ah)) H
h
+2E ’]Eauhe_Q(h_o‘h)V f(z(ah)) —u / e 2h=)v (2% (s)) ds
0
2
< 2u21°E “Vf(xn+%) - Vf(x;;(ah))H +0

< O (R floll® + w1 [V f (@) > + udh?)
where the first step follows by Young’s inequality, the second step follows by
h
Equhe 2h=MG f(2* (ah)) = wu / e 20O (2 (1)) dt,
0

and e~2(h—ah) <1 and the third step follows by Lemma 9.

2



210

To show the last claim,

E |vn1 — v ()]
2

h
= E uhe_Q(h_o‘h)Vf(:Un_F%)—u/ e 2=y f(2*(s)) ds
0
2
< 3E HuheiZ(h*Qh)Vf(:zﬂ&%) — uhe 2N £ (2% (ah)) H
h h 2
+3E ||u / e~ 2h=eh) g £(2* (ah)) dt — u / e~ 2h=eh) g (2% (s)) ds
0 0
h h 2
+3E u/ e~ Hh=eh) g (2% (s)) ds—u/ e 2=y (2 (s)) ds
0 0
2
< 3uNE |[Vf(2,,1) — VF(@n(a)| +30%E sup [z} (ah) - ()]
te[0,h]
+12u*h*E sup ||V f (a;,(6)|*
te[0,h]
<

3u2h? - O (BOL2 [[val + 1 |V f (wn) > + L)
+3h2 - O (B2 ||unll” + u?h* |V f () |> + udh?)
+1202h* - O (||Vf(xn)H2 - L2R2 o + th3)

< O (R onll® + [V £ () + udh®)

where the first step follows by the definition, the second step follows by Young’s inequality,
the third follows by e 2(h—ah) _ o=2(h=s) < 9p  the fourth step follows by Lemma 9 and

Lemma 6 and the last inequality follows by A < 1. O

A.4 Bounds on |Vf(z)|| and |||

2
|

In this section, we bound the sum of |Vf(z,)||* and |jv,|* over all iterations n,

Zg:_()l E |V f(z,)|? and Zf;ol E |lun]®. In Appendix A.5, we use the results in this ap-
pendix together with Lemma 2 to prove the guarantee of our algorithm.

Lemma 10. Assume h < %. For each iteration n, let x, be the starting point of iter-

ation n of Algorithm 1. Let {vn(t),zn(t)}yejop be the solution of the ezact underdamped
Langevin diffusion starting from (vn,xy,) . Let E, be the expectation over the random
choice of « in iteration n. Then, the difference between the value of f on the starting

point of iteration n + 1, xp41, and that of x,(h) satisfies
3 2 5 2 6
Ef (21(0)) — fea(0) < O (ulh® [V F(wn(0))] + LI [0 ()| + dh°)
Proof. We first consider the expectation over the choice of « in iteration n,

Eo f(2n+1(0))
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< fl@a(h) + Vf(za(h)" (Batns1(0) — 2 (h)) + gEa |+1(0) — 2o ()|
< flaa(h) + IV (@n(M) I Eaznt1(0) — zn(h)]] + gEa |0+1(0) — 2n(h)|*
< fxa(h) + uh® |V f (@a(R))]* + % Eazn1(0) = an(h)[* + gEa |20+1(0) = za (B[,

where the first step follows by Vf is L-Lipschitz, the second step follows by Cauchy-
Schwarz inequality and the third step follows by Young’s inequality. By Lemma 2 and

Lemma 6,

Ef(anrl (0))

IN

Ef(za(h)) + uh®E ||V f (2 (h)|* + %E IBazn+1(0) = za(h)]*

L
+35E llznt1(0) — 2 ()|

IN

Ef(ea(h) + Euh® - O (|9 (en () + L2 [un (0)]° + L)

L

+Eﬁ"0(WWWAWW+U%PHvﬂ%m»W+umm)
L

+E§-O(WHW®M2+H%HNf@Mmm2+Wm§

< Ef(@a(h) +O (wh*E (V£ (20(0)|2 + LEE [[0,(0)* + dh° )

where the second step follows by Lemma 2 and Lemma 6, and the last step follows by

1
h< k. 0

Lemma 11. Assume h is smaller than some given constant. For each iteration n =

0,.... N —1, let (vy, xy) be the starting point of Algorithm 1 in iteration n. Then,

N-1 N-1
meﬁgoG%ZEwmmMM@.
n=0

n=0
Proof. Let {vn(t), zn(t) }1¢[o 4y be the solution of the exact underdamped Langevin diffusion

starting from (v, x,) . By definition, for t € [0, h],

df(za(t)) da, (t)
= = Vi®) =
= V/(@a(t) on(t),

h
fan(h) = Faa(0) + /0 af (en(t))

h
= f(a:n(O))—l-/O V f (2, (1) v, (t) dt. (A.8)

Also, since

dop(t) = (—2v,(t) —uVf(za(t)))dt + 2v/udBy,
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by Ito’s lemma,

ag ()P = <vn<t>,md3t>+(<vn<t>,—2vn<t>—qu(xn<t>>>+;-4uwd>> dt

= 2yuw,(t)T dB; + (—2 o (®)]|* = won )TV f(2n(t)) + 2ud> dt,

and therefore

B o ()17 = B a0 + E [ ' (4d =2 O — 0OV S () + 2d) i
ou " u " 0 w' " " " )
(A.9)
Now, we consider the term 5- lon(P)||* 4 f(zn(R)). By (A.8)and (A.9),

B[l |vn<h>||2+f<xn<h>>]

= B[ IO+ o)+ [ (=2 ol +od) o

1 2 2 . 2
< B | IO + Fa(0) = 2 int on 0] + 6]

< E 21u|vn<o>||2+f<mn<o>>] ~ ZHIE [0n(0)] + O (whE |V f(za(O)> + dh)

where the first step follows by (A.8) and (A.9) and the third step follows by Lemma 6.

Since
E [[[on+1(0)I* = l[on (k)]
= E(0n41(0) = 0a(h)” (0031(0) + v (1))
< B 1 (0) = vaB)? + 32K o (0) + w8
=< %MMH@—%wW+#MWH@—%WW+M%mNM2
< ZE [0n51(0) — oa(W)]2 + 4HE o ()

h2
< O (WE[[un(0)]* + whE |V [ (20 (0))[]* + udh®)

where the first inequality follows by the inequality 2ab < a® + b?, the second inequality
follows by Young’s inequality and the last inequality follows by Lemma 2 and Lemma 6.

Since
Ef(@n1(0)) = flaa(h) < O (uh*E|VF(@a(0))] + LHE [0 (0)]* + dh°)

which is shown in Lemma 10, we have

E é%;an+a(0)H2 +-f($n+1(0))]
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1

2u

< B 0 IO + f(a(0)] = SHLE [on ) + O (B IV an 0| +an)
+0 (RLE||va(0)|” + uh?E ||V f (2, (0))|* + dh*)
+0 (uh*E||V f(2a(0))” + LAE |0a(0)]” + dh°)

< E [;u lon(O)]> + f(:vn(O))] ~ SBLE [0n(0)| + O (uhE |V f(ra(O)] + )

where the last step follows by h is small. Summing n from 0 to N — 1, we get

N-1 1
58 |l O + S 0)]
17\171(; 1 1 N-1
< Y E [QU an<0>H2+f<xn(0>>] — 3L ) ElwOF
n—0 . n=0
0 (um SB[V ) + th) -
n=0

Since ||vp(0)]| = 0 and f(x0(0)) < f(zn(0)),

N—1 N1

1 2 9 2

_ <

3hL nEOEan(O)H < O (uh nEOE||Vf($n(O))H +th) ,

which implies

N-1 N-1
D Efon(0))F < O <u2h D E[Vf(za(0)]* + Nud) :
n=0

n=0

O

Lemma 12. Assume h is smaller than some given constant. For each iteration n =

0,.... N —1, let (vn,xy) be the starting point of Algorithm 1 in iteration n. Then, the xy,

in iteration n =0, ..., N — 1 satisfies
N-1
2 L T
D E|Vi@)|* < O(NLd+ [EVf(an) on|).
n=0
Furthermore, the vy, in iteration n =0, ..., N — 1 satisfies
N-1
S Ellwal? < O (Nud+u|EVf(zy) vn]).
n=0

Proof. For each iterationn =0, ..., N—1, let {vn(t), zn(t)}4c)o ) be the exact underdamped

Langevin diffusion starting from (v, z,) computed in Algorithm 1. By definition,

E [dV £ (2n(t))Tvn (t)]
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= E[o,()" V2 f(@n(®)vn(t) + V(2 ()" don(t)]
= E [vn(t)TVQf(ﬂfn(t))vn(t) =2V f(a(t) on(t) — u HVf(SUn(t))IIQ] :

So we have

—u |V f(@a()]” dt]

h h
< E[Vﬂxn(o»%n(own NGRS u||Vf<:cn<t>>u2dt]
< E |[V/(@n(0)va(0) +3Lh sup [[ua(t)]* hu inf |V f(za(t >>||2]
te[0,h] te[0,h]
< EV/(@n(0)) 0,(0) - ghuE IV £ @) > + O (h*LE [[oa(0)]* + di*)

+3Lh-O (E 0 (0)]|2 + w2R2E ||V f (2 (0))]| + udh)

IN

EV f(24(0)) v, (0) — éhuE IV f (2 (0))]|?
+0 (LhE 0 (O)]|2 + wh3E ||V f (2, (0))]|2 + dh2) , (A.10)

where the third step follows by Young’s inequality, the fifth step follows by Lemma 6 and

the last step follows by h is small. Also, we have

IN

IN

IN

E [V f(@n11(0) 0n11(0) = V f (2 (h)) vn ()]

E (Vf(2n41(0) = Vf(za(h)) + Vf(2a (7)) (0541(0) — va(R))

+E (V f (2n41(0) = V£ (2n(h)))" vn(h)

UE |V f(2041(0)) = V f(@n(h)[* + LE [[vn41(0) = va(h)|* + uh’E |V f (n(h))|®

P [ 1(0) = 0a(B) P+ SRV 7 (011(0)) V(a1 + ALE [ (1)
2UR |V £ (011 (0)) — VF an (W) + 25
FLE [ (1)

2L

W O (H°B [0 ()| + H442E |7 f (2 (0) |2 + udh)

+ﬁ O (WE|oa(0)|” + u2h'E |V f(w,(0))]]” + udh®)

+uh? - O (E||V f(wa(0))|> + L*hE [[0a(0)|]* + Ldh®)

E |vn41(0) = va(W)||* + ub®E||V f (2, () ]*
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YhL-O (IE [0 (0)]|2 + w2R2E ||V f (2, (0)) || + udh)
< 0 (hLE [0 (0)]]% + uh®E ||V £ (2,,(0))]® + dh2> , (A.11)

where the second step follows by Young’s inequality and the fourth step follows by Lemma
2 and Lemma 6. Combining (A.10) and (A.11),

EVf(2n41(0)) 0as1(0) < EV (2 (0))" va(0) - éhuﬂ-z [V £ (zn(O)I

IN

+0 (LhE [[va(0)]> + uh®E || f(20(0))]> + dh?)

O (LHE |[0a (0)]> + uh®E |9 £ (2o (0)]* + d?)

IN

EV f(2,(0))" v,(0) — éhuE IV £ (2 (0))]”
+O (LhE 0 (0)]|2 + whE ||V £ (,(0))]|% + th) .

Summing from n =0to N — 1,

N-1
z EV f(2041(0)) 0011 (0) < Z BV 1 (20(0)) 0n(0) — hu 3 E|[VF(aa(0))
n=0

N-1 N-1
+0 <Lh > Elun(0)|* + uh® > E|V £ (2a(0))] + Ndh2>
n=0

n=0

N-1 1 N-1
< D EVF(@n(0) vn(0) = chu Y IV f(zn(0)I”
n=0

n=0

N-1
+0 <Lh <u2h > RV (2 (0)]? + Nud) + Ndh2>

n=0
N-1
<Y BV (2n(0) va(0) — fhu Z IV f (@ (0)[[* + O (Ndh)
n=0

where the second step follows by Lemma 11 and the last step follows by h is small. Then,

since vy = 0,

N—
b Y BV ) < O (Ndh+ [EYf(ax(0) ox(0)])
n=0

which implies

N-1
S EIVA @) < O(NLd+ E[BYHex(0) o))
n=0

By Lemma 11,
N—1 N-1
ST E[ea(0))® < O (m SRV (@ O)IP + Nud>
n=0 n=0
< O(Nud+u‘IEVf(a?N(O))TvN(O)D .
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A.5 Proof of Theorem 3

Here, we combine Lemma 12 and Lemma 2 to prove our main result.

Proof. Let x

x, and v, be the iterates of Algorithm 1. Let (y,,w,) be the n-

n—&-%’

th step of the exact underdamped Langevin diffusion, starting from a random point

(yo,wp) o exp (— (f(y) + £ Hw||2)), coupled with (x,,v,) through the same Brownian

motion. Let (2}, v}, ) be the 1-step exact Langevin diffusion starting from (2, v,) . For

any iteration n, let E, be the expectation taken over the random choice of « in iteration

n. Then,

IN

IN

Ea [ll2n = gall” + | @n +vn) = (v + )]

Eo |1@n = 25) = @ = 23)I> + 1 @n + v0 = 2% = v7) = (g + wn — 2 = V)|
lym = @l + Ny + wn = @ = Vi + Ea 2 = 3> + Ea 20 + v — 25, = v
—2(Yn — xZ)T (Eazn —273,) = 2 (Yn + w0y — x5, — v;)T (Ea [2n + vn] — 27, — vp)

h :
(1+ 35 ) (Iom = 21 4 g + = 33 - 31

2K
+= (IBazn — 24 I” + |Ea [0 + va] — 25 = 03]1”) +Ea llzn — o3

+Ea Hxn +vp — ‘T;kz - U:LHQ ’

where the second step follows by yy,, wy, x;, and v}, are independent of the choice of a and

the third follows by Young’s inequality. Then,

IN

IN

IN

Ellzx = ynl” + | (@x + vw) = (e + wn)|?]

h _h 2 2
I+ -)eE [HyN—l —an_1]|” + lyv—1 + wn—1 — xN—1 — ON_1]] }
2K * 12 * * (12

+ (Elloy — o5I” + Ellox +vn — 2 - vill’)

_h 2 2
e [ [HyN—l —on_1||”+ [[yv—1 + wN—1 — TN_1 — UN_1]] ]

2K

+2° (2B ||Bavy — vi|]” + 3E [Eazy — 23 I1?) + (2E oy — vill” + 3E o —23]?)

_Nh
e 5 [ llyo — wo” + llyo + wo — 0 — vol]

N
2K N N
> <2IE |Eavn — v%||2 + 3E |Eqzy — xn||2>

n=1

N
+y <2E [on — 0% + 3E |2y — x;H?) ,
n=1
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where the first step follows by Lemma 1, the second step follows by 1+ % < e , and the
last step follows by induction.

Since (yn,wy) follows the distribution p* o exp (— (f(y) + % ||w||2)>, E|wy|® = &

By Proposition 1 of [DM16], E ||lyo — zo[* < <. Then,
2 2 2 2
E [Hyo — zo[|” + [lyo + wo — zo — o } < 3E|lyo — @ol|” 4 2E [lwo — vol|

< 5£.
m

When N = 2{ log (g),

_Nh e2d
e 3E [lyo — 2ol + llyo +wo — w0 —wo|?] < .
m
By Lemma 2,
N 2K
> 2 (2B [Eavn — v + 3E ||Eazn — 23
n=1
N-1 u N-1 1
< 0 (h% > Ellval® + Ehﬁ’ S E|V()P + mNdh8> ,
n=0 n=0
and

N
> (2Ellvn = 31> + 3E 20 — 27?)

n=1
N-1
< 0 h4ZEHUnH + Wt RV f ()] +Nudh5>
n=0

By Lemma 2 of [Dall7a], E |Vf(yn)||*> < dL. Then, by E |Vf(yn)|? < dL and E |wy||* =
d

T
[EVf(en) oy < E|Llow]®+ul[Vf(@n)I’]
< 2B [ L + L llow —wn? + VS w)I? + Lz — yv?]
< 4d+2LE [||UN —wy|® + [|zn — yNHQ}
< 4d+6LE [HxN —yn | + [(zx +on) — (yn + wN)HQ} )
By Lemma 12 and our choice of N,
N-—1

S 19 a0 < 0 (g () + 2 [ — vl + o + o) — (o -+ un)P])

N—-1

d 1
> EllenO)* <0 (108 (5 ) + B o — s+ Iow + o) = v + w17 ).
n=0
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Thus,

N
2K * * *
} j; (2B [Eavn — v + 3E [Eazn — 25l + > (2E vn — v + 3E |1z, — ;)

n=1 n=1

((“”‘6 ) ()

BT+ 1) E llox = ywl? + I @n + o) = (uw +wn)IP] -

Then, we can choose a small constant C such that if we let

(B s (I gy (]
h = C min l/610g 2 )€ log = ,

then
2K il
> = (2E |Eava — 03| + 3E |Eazn — 3]*) + 3 (2E llon — vl” + 3E 2 — 31
n=1 n=1
< <0 LB o =l + low + ow) = o + wn) ]
-_— T xr v w .
= 4m 9 N — YN N N YN N
Therefore,

E|llzx = ynll” + | (@n + vn) = (un + wn)?]

B o — gl + e + o) = (o + )]
am T am N — YN N N YN N
ed 1 2

— 7+ IE[HxN—yNH + [[(zn +vn) = (yv + wn)| }

IN

which implies

e2d
E [len — ] SE [lan - unl + llan + o) - v +wn)l] <
By our choice of h,

. [ KT/6 K

A.6 Discretization Error of Algorithm 2

Here, we bound the discretization error in one step of Algorithm 2. Since
the terms E|Eqznir — 2% (h)||> and E||2zpe1 — 2% (h)||* are dominated by the terms

E |Eqvnir — v (R)|)? and E |Jvng1 — vE(h)]|?, we bound only the later two terms.
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Lemma 13. Assume that R*6* < i. Let x% —L9) fori=1,..R, k=1,....K be the
intermediate value computed in iteration n of Algorithm 2. Let {ay(t), vy (t)}ep,p be
the ideal underdamped Langevin diffusion, starting from z)(0) = x, and v} (0) = vy,
coupled through a shared Brownian motion with { (k=1, l)}izl,...,szl,...,K' Then, for any
i=1,..R, andk=1,... K —1,

B|

R
2
i) _ ?
acﬁf’)—xn(%h)H < (2Rr*")" Ez_: [2n — a7, (azh)|
R

AR Y B sup g (ah) —ap(s)])*.
j=1 s€li=1)4,56]

Proof. Forany i=1,...,.R,and k=1,...,. K — 1,

E Hx,(f’i) - ﬂsz(aih)) ’

1 { min(jo,o;h)
- 1 — ¢ 2(aih—s) (k—1.5)
5 U [/(‘_1)6 ( e )ds V(2! )

j=1 YU

. (1 e ) T s)) ds
0

/Tnin(j‘svaih) (1 B e_2(aih—8)> ds - (Vf(%(zk_l’j)) - Vf(l':;(ajh))>]

2

IN
&=

2

2

IN
NN

=

IS
M-
| — |

)

i min(jd,a;h)
5B [ Lo (et ) (9 ogm) V) b

j—1)8

where the first step follows by the definition, and the second step follows by Young’s
inequality.

To compute the first term,

' 2
1 i min(j6,a;h) o(ashs ’ .
EPE | [0, (e (v - Vf(%(%”l)))]
i min(j6,a;h) G . 2
R
< 2R354ZEHx(k 1.9) x*(a]h)‘Q, (A.12)
j=1

where the first step follows by the inequality (> ;- ; ai)2 < nY " a2, the second step
follows by 1 — e~ 2(@ih=5) < 9R§ and Vf is L-Lipschitz.
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For the second term,

2
ey [ (1 o) (9305w - T ) d
—E ||u 1 — e Axh™s x; (ajh)) — xy(s)))ds
2 j=1 [/ (@-1)8 ’
2 i min(jé,0:h) —2(a;h—s) * * i
< Ry E| [ (1 e 2@n) (V f(ar(ah)) — VF(5(5))) ds
j=1 (3—-1)¢
R
< RSB swp [ah(osh) — ()P, (A.13)
j=1 s€li-1)8,50]

where the first step follows by the inequality (3 ;- ai)2 <n Y, a? and the second step
follows by 1 — e=2(@h=3) < 2R§ and Vf is L-Lipschitz. Thus,

. 2
E ‘ xlkd) x;(aih)H
R ' 9 R
< 2335421@“x;k—1=]>—x;;(ajh)H +2R%*SE sup [l (agh) — ak(s)]?
j=1 i—1  s€[(i—1)8,5¢]
k1 d
* 2
< (2R%") R;E!!xn—xn(ajhﬂl
k—1 &
+(1+2R454+...+(2R4(54) - )2R354ZE sup ||z (ajh) — 25 (s)|?
j=1 s€[(j—1)8,59]
1 R R
< (2R*%") EZﬂ-z”g;n—x;;(ajh)||2+4R35421[<: sup | (a;h) — 2 ()],
j=1 j=1 s€l—1)8,54]

where the first step follows by (A.12) and (A.13), the second step follows by induction,
and the third step follows by 2R*§* < % O

Lemma 14. Let (v, xy) be the iterates of iteration n. Let x%k’i) for i = 1,...,R,

k=1,..,K — 1 be the intermediate value computed in iteration n of Algorithm 2. Let
{27,(), v, (D) }epo,n) be the ideal underdamped Langevin diffusion, starting from x7,(0) = ay

and v}, (0) = vy, coupled through a shared Brownian motion with {x&k’i)

}izl,...,R,k:I,...,K—l '
Assume that h = Rd < % and K > Q (log 5%1). Let E,, be the expectation taken over the

choice of a,...,ar in iteration n. Let E be the expectation taken over other randommness

in iteration n. Then,

B [Bavnis — os()I? < O (RSS* flonll* + w2RE6Y |V f ()| + RO6%ud)

E|jvpsr —vi(B)2 < O (3254 onll? + w2 R26* |V £ (z) |1 + R255ud) .
Proof. To show the first claim,

E |Eqvnt1 — vy (h)|?
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IN

R h
Equ Z e~ Hh=aih) g f (g (K=10y _y, / e 2h=I)Y (2% (s)) ds
0

=1

IN

R R
E ||u Z Se 2 h—aih) g £ (K=10)y _y, Z Se2h=ah) g £ (2% (a;h))
i=1

i=1

+2E

R h
Eau'S" 6e 2= £(2% (ash)) — u / e 2h=9)y £ (o (5)) ds
i=1 0

IA

R
252RZE ng(_l’i) - xfl(aih)HZ +0
i=1

IN

R
28R (2R*6%) "' N E ||z, — 2 (aih)|?
=1

R
+8R§° Z E sup |lz%(ash) —zi(s)|?, (A.14)
7 s€l(i—1)58,i]
where the first step follows by the definition, the second step follows by Young’s inequality,

and the third step follows by
0
Eode 2PV f (2 (aih)) = / e 2V f (a7 (s)) ds.

(i—1)6

To show the second claim,

E |on41 — vp ()]

R - h 2
< Ellu Z Se2h—aih) g ¢ (g (K=1i)y _y, / e 2h=)G £ (2 (s)) ds
i=1 0
R A R 2
< 3E||lu Z Se2h—aih) g p (g (K=1i)y _y, Z Se2h=aih)7 £ (1 (a;h))
i=1 i=1

2

+3E uz / 2h=0ih) (7 (g (ash)) — V f{wh(s)) ds

2

+3E UZ/ e~ 2(h—aih) _ 6_2(h_8)) Vf(xy(s))ds

(i— 1)5

Like the proof of the third claim, the first term satisfies

R R
E||lu Z 56_2(h_aih)Vf(x,(lK_1’i)) —u Z 56_2(h_“ih)Vf(:n;‘L(aih))

i=1 =1

R R
< 36°R(2R'sY)"! > Elwn —ap(esh)|P +12RP6C Y E sup [l (esh) — 2 ()|

The second term satisfies

uZ / 2h=aih) (7 f (a7 (sh)) — V(25(5))) d

(i— 1)5
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2

IN

3u2RZ E

/ 2h=0ih) (7 f(z* (ash)) — V f(27(s))) ds
(i— 1)5

IN

WRZE I CACOREAC
[(i—1)d,i

where the first step follows by (>°1" al) <n Y | a?, and the second step follows by V f
is L-Lipschitz.

The last term satisfies

uz / e 2t _ =209 7 £ (17 (s)) ds

which follows by e~ 2(h—aih) _ ¢=2(h=5) < 9§ for s € [(i — 1)4,i6]. Thus,

2

< 1202R%5'E sup ||V f(z%(s))]?,
s€[0,h]

E |on41 — v ()]

R
< 36°R (2R'6")" ' ST E |an — o (i)
=1

R
+12RP6CY R sup [l (euh) — @ (s)|1?
o1 sEl(i—1)5,i6]

R
+352RZE sup |2k (ih) — 23(s)||2 + 1202 R25E sup ||V f(z%(s))[A.15)
i—1 SE[(i—1),id] s€[0,h]

By Lemma 6, for i =1, ..., R,
E g — 25’ < O (B2 fonll® + w2R** |V fwa)|]” + udR?S?)
,and

E sup an(ash) = a3 (9)” < O (8 fonl> + w20 IV £wa)|* + uds?®) .
s€[(i—1)8,id]

Thus, when K > Q (log &), since R6 < &, (2R*s*)" ! < 0 (5*). By (A.14) and (A.15),
E|Eqvni1 —vi(R)|> < O (1?,658 [onl? + u2RE8M |V £ ()| + R659ud) ,

and

E|jvps — o (B)? < O<R254||vn||2+u2R254]E||Vf(:cn)H2+R255ud).
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Appendix B
DEFERRED CONTENTS FROM CHAPTER 3

B.1 Equivalence of HMIC and Metropolis-adjusted Langevin dynamics

We briefly remark on the equivalence of Metropolized HMC and the Metropolis-adjusted
Langevin dynamics algorithm (MALA), a well-studied algorithm since its introduction in
[Bes94]. This equivalence was also commented on in [CDWY20]. The algorithm can be

seen as a filtered discretization of the continuous-time Langevin dynamics,
dry = =V f(z)dt + V/2dW,,
where Wy is Brownian motion. In short, the Metropolized HMC update is

_ 2 —Ham(Z,v
v~ N(0,I), T+ :U+nv—n—Vf(x), accept with probability min < 1, exp(—Ham(z, v)) )
2 exp(—Ham(zx, v))

Similarly, the MALA update with step size h is

~ ~ ~\112
T ~ N(x—hV f(z),2hI), accept with probability min {1, exp(—f(@) — o = &+ hVf(@)ll; /47) } .

exp(—f(2) — |2 — z + YV f(x)ll3 /4h)

It is clear that in HMC the distribution of x is
0>
iNN <£L‘ - 2Vf($)a7]21> )

so it suffices to show for h = n?/2,

T—x+hVi@)|:—|lz—Z+rVF@)|: 1 0]
l Gl 2 (TS

Indeed, the right hand side simplifies to
U Uk - 2
o5 (V@) + Vf(2),0) = = IVF@) + V)]s,

and the left hand side is

S (V@) + V()7 —a) + 5 (I97@)E - 19 5@)1R)
2

2
_ % <Vf(§) + Vf(x),mo — UQW(”“")> +5 (V7@ = IV @)

Comparing coefficients shows the equivalence.
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B.2 Improved concentration under Hessian log-Sobolev inequality

In this section, we show that the bound in Theorem 3 may be sharpened under a Hessian

log-Sobolev inequality (LST), which we define presently.

Definition 6 (Hessian log-Sobolev). We say density dn*/dx x exp(—f(x)) satisfies a

Hessian log-Sobolev inequality if for all continuously differentiable g : R* — R, and for

Bue ) 2 ([ ata)tog o)) dr(@)) = ([ aterin’(@) ) og ( [ aterin @)

we have

Ent - [92} < 2/

-1
y <(V2f(:c)) Vy(z), Vg(x)> dr*(z).
In general, this is a much more restrictive condition than Theorem 2; some sufficient
conditions are given in [BL00]. We now show an improved concentration result under a

Hessian LST; the proof follows Herbst’s argument, a framework developed in [Led99].

Theorem 15 (Gradient norm concentration under LSI). Suppose f is L-smooth and
strongly convex, and dn*(x)/dx o exp(—f(z)) satisfies a Hessian log-Sobolev inequality.

Then for all ¢ > 0,

Pr (V@) > Er- (V1] + /2L Togd] <d™.

Proof. Denote G o Vf||, where we note VG = (VOVI 1ot H A) E B lexp(AG)],
V£l

such that H'()\) = E.« [G exp(AG)]. Then, for g> = exp(A\G),
H(\) =E [¢°], AH'(\) = Er- [¢%log g?] .
This in turn implies via the LSI that

AH'(A) — H(\)log H(\) = Eqe [g%10g g%] — Eqe [¢%] log B [9%] < 2B [||vg|y§Vz el

(B.1)
By smoothness and the definition of g = exp(%)\G), we may bound the right hand side:
22 ML
Ex [IVglifgep-: | = T B [IVGIigepr exd(A0)| < SZHO).  (B2)

In the last inequality we used our calculation of VG, and V2f < LI;. Now, consider the
function K(\) = Llog H(\). We handle the definition of K(0) by a limiting argument
(and log(1l + z) ~ x):

K(0) = lim % log Ex- [ = H(A);H(O) — H'(0) = B, [G].
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We compute

1 H'(\)  AH'(A) — H(\)log H())
el HN+ Yoy = NZH ()

K'(\) =

This, combined with (B.1) and (B.2) imply K'()\) < % Therefore, by integrating, we have

2
K(\) <Er [G] + L?)\ = H()\) = exp(AK()\)) < exp </\IEW* [G] + L;‘) ,

Finally, we have concentration:

2
Pr[G > Eye [G] + 1] = Pr[exp(AG) > exp(AE- [G] + Ar)] < exp (—)\r + L;) ,

where the last statement is by Markov. Choosing r = c¢y/2Llogd, A = r/L yields the

conclusion. 0
B.3 Mixing time proofs

We prove various claims from Section 3.4; notation here is consistent with definitions in
the body of the paper. All definitions will be with respect to some reversible random walk
on R? with transition distributions 7, and stationary distribution dn*. We use dm to

denote the density after k steps.

B.3.1 Blocking conductance framework

In this section, we recall the blocking conductance framework of [KLMO06]. This section is

a restatement of their results for our purposes.

Preliminaries

Let dpy denote the “average” distribution density after k steps, e.g. dpr(x) =
z > o<i<k dmi(x). Define the flow between two sets S, T C R? by
QST [ T(Td @), QL) QLS5
For every S CR% and 0 < z < 7*(S), define the conductance function by
U(x, 8% = i T, S°).
(2,89 = cgmin, QTS

In other words, ¥(z, S¢) is the smallest amount of flow from subsets of S with stationary

measure = to S¢. It is clear that ¥(x,S¢) is monotone increasing in z in the range 0 <
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x < 7*(S5), as choosing a subset of larger measure can only increase flow. By convention,
for 1 >z > 7*(S),

U(z, 59 Z U1 —u1,8).
This definition clearly makes sense because z > 7*(5) = 1 —x < 7*(5¢). Next, let the

spread of S C R% be defined as

- (8)
W(S) /0 W(x, $)dz. (B.3)

In other words, we can think of 1(5) as the worst-case flow between a subset of S and
S¢, where the measure of the subset is averaged uniformly over [0,7*(S)]. The spread
enjoys the following useful property, which allows us to think of the spread as a notion of

conductance.

Lemma 56. For any set S C RY,

P(S) > =Q(S)%.

Proof. We claim first that for any ¢ € [0, 7*(.5)],
P(S) > (7*(S) — t)¥(t, S°). (B.4)

To see this, we integrated only in the range [t, 7*(5)], and used monotonicity of ¥(-, S€).
Let 7(S) denote the minimum measure of a subset R of S, such that Q(R, S¢) = $Q(S, 5¢).
Note that this means any set T with measure 7*(S) — «(5) has flow Q(T, S¢) at least

In (B.4), let t = 7*(S) — v(S), and let T" be the subset which admits the value ¥(¢, 5¢),
i.e. such that Q(T,S¢) = ¥(t,5¢) and 7*(T) = t. In particular, this implies

() 2 (9)QT, 5) = S (S)Q(S).

1
2
To show the conclusion, it suffices to show v(S) > Q(S5)/2. This is clear because if

v(S) < Q(S)/2, then any set of stationary measure «(S) could not absorb a flow of
Q(S)/2 from the set S°. O

The final definitions we will need are as follows. For an iteration k, let

aet  dpr dm;
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A useful interpretation is that [ gi(x)dn*(x) measures how many times the set S was
visited on expectation over the first k iterations. Let my : R? — [0,1] be a measure-
preserving map such that gk(mlzl(-)) is an increasing function. In other words, my, orders
the space R? by their value g, such that for 0 < s <t < 1, gg(m; '(s)) < gk(m,;l(t)). We
define

ar(x,y) = Q (my ([0, min(z, y)]), my; * ([max(z, y), 1])) - (B.5)
In other words, for z < y, gx takes the set of measure x according to dpy/dn* of least
probability, and of measure 1 —y of most probability, and measures the flow between them.
For notational simplicity and when clear from context, we identify x € [0, 1] with m;l(x),

and similarly identify intervals. The following is then immediate:

Ty, 1 T
L ooy = =y (B.6)
(04 @2y

Main claim

Here, we recall the main result of the blocking conductance framework in terms of mixing

times.

Theorem 16. Suppose the starting distribution wy is B-warm with respect to ©*. Let

h:lc,1—c] = Rxq satisfy, for some c € (0, %), and some k,

1—c
/ h(y)qr(z,y)dy > 2x(1 — ), Vz € [¢,1 — ¢]. (B.7)

Then,

. 1 1—c
o=y < Be+ . [ hla)da,

We call a function h which satisfies (B.7) a c-mixweight function, and show how to
construct such a function in Section B.3.2; they will be inversely related to standard

notions of conductance. We first require the following helper results.

Lemma 57. For any t € [0, 1],

1
/0 qr(x, t)dgr(z) = m([0,t]) — w0 ([0, t]) = mo([t, 1]) — 7 ([t, 1]).

Proof. The equality m([0,t]) —m0([0,t]) = mo([¢, 1]) — mx([t, 1]) follows by definition, so we

will simply show the first equality. Using (B.6) for < ¢ and integrating by parts,

t t
/ gk () Ta([t, 1))dr* () = gr(t)a(t,t) — / g (@, D)dgi (@),
0 0
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Similarly,
1 1
/ 9k (@) T2 ([0, t])dm™ () = gr(t)q(t, t) +/ ar(z, t)dgr(z).
t t
Therefore, to derive the conclusion of the lemma, it suffices to show that

1 t
/tgk(a:)n([o,t])dw*(a;)—/o gi (@) T ([t, 1])dr™ (z) = mr ([0, 2]) — o ([0, 7]).

By expanding the definition of g; and telescoping, it suffices to show for all 0 < i <k —1,

1 t
/t To((0, ) dmi(z) — /O To(lt, 1)dmi(x) = 7 ([0, 1) — ([0, 7).

This follows from

reall0.6) =m0t = ([ (= Tttt D) dmto) + [ 17;<[o,t]>dm<x>) - [(mo),
O

Next, let t9 € [0, 1] be such that gi(ty) = k, where we note that Ez«[gx] = k is the

expected value.

Lemma 58.

1 to 1 1
o=y =5 [ tda) = [ (1= 0dau)
0

to

Proof. By the definition of ¢y, we have that for all ¢ < ¢, jﬁ’i () < 1, and for ¢t > tg,

dpg,
drm*

(x) > 1. Therefore, the total variation distance is attained by the set [0, ¢(], i.e.

o= 7oy =70t = 0.t = [ (1= 5 Yar@). (ms)

Integrating by parts,

. t 1 [
ok — oy = (1 - Y 4 1 / tdgy(t).
k k /o

The first summand vanishes by the definition of ¢y, so we attain the first equality in the

lemma statement. The second equality follows from the same calculations, using the set

[to, 1] which also attains the total variation distance, i.e. integrating by parts

/t: <gkk(x) — 1> dr*(x) = ]t/t:(l — t)dg(t).

O]

We also remark that for a S-warm start, it follows that every distribution m; for ¢« > 0 is
also f-warm, as the warmness dm;+1/dn* at a point is given by an average over the values

dm;/dm* of the prior iteration, and the conclusion follows by induction.
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Lemma 59.

to 1—c
o=y < i (et 1 [0, e ;[ @ =000

to

Proof. Recall in Lemma 58 we characterized

loe =l = [ (1- 242 o)

— /Oc <1 _ gk}i@) dr*(z) + /cto <1 — géﬂ?)) dr*(z).

Note that the first integral is at most ¢. The second integral is, integrating by parts,

(gk]ic) B 1) . % /:0 tdgn(t).

The first summand is bounded by (8 — 1)c by our earlier argument about the warmness

at every iteration being bounded by 5. Finally, the second half of the lemma statement

follows by considering the other characterization of the total variation based on [tg, 1], e.g.

[ Y are [ (290

Proof of Theorem 16. First, if ty < ¢, by (B.8), the total variation distance is at most ¢f3

bounding

O]

as desired. A similar conclusion follows if t5 > 1 — ¢ from the other characterization of
total variation in Lemma 59. We now consider when ¢ € (¢,1 — ¢). By Lemma 57, for all
Yy € [Ca 1- C]v
1—c
12 m(00) 2 [ o).
C

Multiplying by h and integrating over the range [c, 1 — ¢],

[z [T [T i) do > [ 200 - it

The second inequality recalled the requirement (B.7). By combining this with half of

Lemma 59,

. 1 [t 1 fo
ok — 7|l py < Be+ k/c zdge(z) < Be+ 2(1_750)]{:/0 2a(1 — x)dgy(x)

1 1—c
72(1 =y /C h(z)dx.

By using the other half of Lemma 59, we may similarly conclude

< Be+

. 1 l1—c
ok =7l < Bet g [ hlade
The conclusion follows from combining these bounds, i.e. depending on if {5 < 5 or

1
to > 1. O
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B.3.2  Mizweight functions

In this section, we propose a function h satisfying (B.7), and prove its correctness. First,

we describe a useful sufficient condition.

Lemma 60. Suppose h: [c,1 —c] = R>g has h(1 —y) = h(y), and

[u—

1—c
/ h(y)W(y, S¢)dy > 27*(S)(1 — 7*(S)), VS CR?: ¢ < 7%(9) < 3 (B.9)
Then, h satisfies (B.7).

Proof. Note that for ¢ < 2 < 1, choosing S = m;,([0,2]) in (B.9) yields

1—c 1—c
2(1 - z) < / R(y)W (g i ([,1))) dy < / h(y)ai(z, v)dy.

The second inequality follows as for = >y, gx(z,y) > ¥(y,m; ' ([z,1])) by definition, and

for y > x, we use symmetry of ¥, g in their arguments. A similar argument holds for

x> % by symmetry. O
We now define our ¢-mixweight function h:

47*(S)

—_

max, - .« min e Y =3
h(y) def y<m*(5)< {2972} ¥(5) 2 ) (BlO)
h(1 —y) Y>3
In particular, note that for all y < %, by combining with Lemma 56,
1 *
hy) < max  L9T5) (B.11)

Ty (9)<2y Q(S)?
We will develop an upper bound on the ratio 7*(S)/Q(S)? for 7*(S) which are “not too

small” in the following section. We now prove correctness of the definition (B.10).
Lemma 61. The function h defined in (B.10) satisfies (B.7).

Proof. Recall that it suffices to show that h satisfies (B.9). To this end, let S be some set
such that 7*(S) = z € [2¢, 5]. Then, recalling the definition of the spread ¢(S) (B.3),

20 < 4T 15) ( [ v SC)dy>

/ U(y, S)dy
/2

< h(y)¥ (y, S)h(y)dy
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1—c
<[ h)wi.sa

In the second line, we used the monotonicity of ¥(-,S¢) in the first argument; in the third
line, we used the definition of h with the fact that = € [y, min{2y, 3}] for all y € [z/2,z].

To handle the case z € [¢,2¢],

1—c 3x/2
[ hwesar= [ e s
> [ h(y)¥(y,S%)dy,
x/2
where the second line is due to monotonicity, and the rest of the proof proceeds as before.

O]

Proof of Theorem 4. This follows from combining Theorem 16 with our particular choice
of mixweight function given in (B.10), whose denominator we bound via (B.11). Because
h is symmetric, it suffices to double the integration from ¢ to %, and the bounds within

the integral come from monotonicity of ¢. O

B.3.8 Restricted conductance via total variation bounds

For S € R% and » € R?, we define d(S,x) S minges ||z — y||; for Sy, 9 C R4,
d(S1,52) © mingeg, d(S1,z). The following isoperimetric inequality was given as Lemma

12 of [CDWY20].

Lemma 62 (Logarithmic isoperimetric inequality). Let 7* be any p-strongly logconcave

function. For any partition A1, Az, Az of RY with 7 (A1) < 7*(As),

T (Ag) > Wﬂ*(/h)log% (1 + W*(1Al)> .

Lemma 63. Let 7™ be any pu-strongly logconcave function, and let 6,/ < 1 for some
§ > 0. Suppose for Q C R with 7*(Q) =1 — s, and all x,y € Q with ||z —y| <9,

|7z — 7;J||TV <l-a

Then, for all s <t < 3 and S with 7*(S) = t,

i< 8 (o (1))

In particular, if

s < min <;, w\/log(?))) , (B.12)
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we have the simplified bound
216

a282putlog(1/t)

)<

7r
Q(S5)
Proof. Let S have 7*(S) = t. Define the following three sets:

A, {x € § N Omid7,(5°) < %} Ay {x € §¢ N Qmid7,(S) < %} L Az (A UA)"

Note that for any = € Ay, y € Ag, we have || Tz — 7|y > 1—«, and therefore ||z — y[| > 4.
Moreover, if (A1) < 27%(9),

QS) = St =)
Similarly, if 7*(A2) < $7*(5¢ N Q):
QS) = T —t ).

These bounds are subsumed by the third case, where 7*(A;) > 27%(S), 7*(A2) > 17*(S°N

). By Lemma 62, since we argued d(A4;, Ag) > 9,

)
min(7*(Ay), 7 (A2))

5\/ﬁ . * %/ Qc 1 1
> Tmm(ﬂ' (SNQ),7*(S°NQ))log2 (1+min(ﬂ'*(SﬂQ),W*(ScﬂQ)))

5f(t—s)1og% ( +1> .

t

7 (43) 2 VP min(r* (A1), 7 (42)) og (1 "

This immediately implies

(A5 N Q) >

(%)
<

1
(t—s) log% <1 + t) -
Finally, by the definition of stationary distribution,
1
) =5 ([ i@+ [ Ts)n )
S Se
1

/ © (@) = S (45N Q)
A3 2 4

(S st (141)-4).

If (B.12) holds, we have the improved bound

5 ,
Q(S) = QG—:{ﬁtlog? <1> :

v

v
SO Nl
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B.3.4 FExponential convergence with a warm start

In this section, we give a simple reduction from a bound on the number of iterations it takes

a Markov chain to attain constant total variation distance to the stationary distribution

from a warm start, to the number of iterations it takes for the distance to decrease to

€, with logarithmic dependence on e¢. Throughout, 7* is the stationary distribution of a

Markov chain with transitions 7, and we let 7*7 be the result of running k steps of the
def

chain from starting distribution . For specified 7y, we denote 7, = T*my. Sppose we
have a bound of the following type.
Assumption 2. 3T« such that for every m which is B /e-warm with respect to *,
1
Tmix _ * -
HT T HTV < %2’

We first recall some basic facts about the optimal coupling between two distributions
m, p, which informally is the joint distribution p with the prescribed marginals 7= and p

which maximizes the probability that for (z,y) ~ p, z = y. For a reference, see [LPW09].

Fact 10. Let p be the optimal coupling between distributions m and p. The following hold.
1. Pr(x,y)wu[x 7é y] = HW - pHTV'

2. Consider the marginal distribution of (z,y) ~ u in the first variable, conditioned on

x #y. It has a density proportional to dm(z) — min(dr(z),dp(x)).

The following result is well-known.

Lemma 64. For any distribution T,
[T7 =7y < 7 = 7"y -
Proof. Consider the optimal coupling u between 7 and 7*, and note that

Profz £yl =|lr — 7"y
(z,y)~p

It follows that the optimal coupling between p’ between 77 and 7* has

Prlz#y]< Pr [z#y]
(zy)~ (z,y)=n

since 77" = 7*, and with probability Pr, ,y.,[z = y] the coupling ' can keep x and y

coupled. O
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Lemma 65. Under Assumption 2, letting mo be a B-warm start, and k > Ty log(e™1),

HT’CTFO — 7'(‘*

<e.
TV

Proof. Assume for the sake of contradiction that ||, — 7*|| 1 > €; note that by Lemma 64,
this implies that ||m; — 7|y > € for all i < k. For any i, we denote j; to be the best
coupling between m; and 7*. Note that for any i, we can compute the marginal conditional

distribution of the uncoupled set of m;, under the coupling u;, by Fact 10:

dm; : dm; ]
i @O (@) e g
T (@) — min (@), 1) ) der(a) I Tl T

Here, we used the observation that if my is S-warm, then so are all w; for ¢ > 0. Similarly,

the conditional distribution of the uncoupled set of 7* under u; satisfies

3 dﬂ'i
@ » 1 — min <d7r* (x), 1) .

el G | (1 ~ min <§l;ri (x), 1)) dr*(z)

This implies the conditional distributions 7; and 7 are both /e-warm with respect to

a | =

7* for any ¢ < k. After T}, iterations, the total variation distance between 7; and 7 is
bounded by 1/e by Assumption 2 and the triangle inequality. Repeating this argument
log(e™!) times implies that the measure of the uncoupled set decreases by at least a 1/e
factor between iterations ¢ and i+ T,ix, while 7 < k, so that the uncoupled set has measure
at most € by iteration k. Recalling that the measure of the uncoupled set is precisely the

distance |7 — 7|y results in a contradiction. O
B.4 Total variation bounds

In this section, we prove the following lemma, which is the key step in lower bounding the

conductance of one step of our algorithm.

Lemma 66. For n? < W, the Markov chain defined in Algorithm 3 satisfies

5
lz—yll<n
and, for Q defined in (5.16),
1
sup [[Pe — Tallpy < 5 (B.14)
€N
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Proof. We first show (B.13). From any point = € R?, let T be the proposed point according

to Algorithm 3; we recall that the update is given by, for v ~ N(0, I),

Uk Uk
T—x+n— ?Vf(ﬂc) :>;%~N<x— 2Vf(:v),172[d> .

Therefore, recalling that the KL divergence di 1 between two Gaussians with covariance

021, and means fiz, fiy i8 ||tz — py||* /202, Pinsker’s inequality implies

1
Hpr - 7DyHTV < idKL (anpy)

L 2
(1+ %) Iz -yl
2n
for ||z — y|| < n and 7 < (2L)~!. The third line used the triangle inequality and Vf is

<

<3
-8

L-Lipschitz.

Next, we show (B.14). From a point x, and for any proposed transition to Z # x, the
proposal P, places at least as much mass on z as 7, because the rejection probability is
nonnegative; consequently, the set A maximizing 7,(A) — P, (A) is the singleton A = {z},

and the total variation distance is simply the probability 7, = z, or
1P = Tellpy = 1 = Eyon(o,14) [min {1, exp (Ham(z, v) — Ham(z, v)) }]
<1- E’UNN(O,Id) [exp (Ham(x, 1)) - Ham(%7 :6))] :

Therefore, to show the desired ||Py — Ty < 1/8, it suffices to show that

7

B, 0.1 [0 (Ham(z, v) — Ham(F, )] = <.

16 P\ "16) %

it suffices to show that with probability 15/16 over the randomness of v, Ham(z,v) —

By the calculation

Ham(z,v) > —1/16. First, by a standard tail bound on the chi-squared distribution
(Lemma 1 of [LMO00]), we have

Pr [Hv||2 > d +2V3d + 6} <exp(-3) < 1.

Thus, assuming d is at least a sufficiently large constant, with probability at least 1/16
over the randomness of v, we have ||v|]| < v/2d. Finally, the conclusion follows from the

claim

-~ 1
Ham(z,v) — Ham(z,v) < 16 Ve e Q, ||lv]| < v2d,
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. . ~ ~ 2
which we now show. Recalling o =v — 2 (Vf(Z) + Vf(x)) and T = 2 + nv — LV f(x),

H(#,5) ~ M (a,0) = —3 ol + % o1~ £(a) + £(@)

1 1, 1 ~ N L
S—*WW+~WMF+§GU@ﬂ+Vﬂ@$—w%PZW—wW

=2 |- 2w i@ + i@ -5 Iol?

‘ <Vf(55) V@) - 2w<x>> + e ap?
2

=~ (Vf(@) + VI@),0) + L [V (@) + V@)

n <Vf(f) + VS - TV 5)) + £ - al?

l\')\»i

V(@) + VI, VIE) - V@) + [ af?

{,oo\d
h T~

- L ~
|z = IV f(2) + V@) + 7 llz =3

m ‘

The second inequality followed from

@)~ J0) < min ((910).7 ~2), (/)7 )+ 5 7~ al?).

due to convexity and smoothness; the last inequality followed from smoothness and
Cauchy-Schwarz, and every other line was by expanding the definitions. We now bound
these two terms. First, since smoothness implies ||V f(z)+ Vf(Z)| < 2|V f(2)| +
Lz =z,

2L _ 272
T2 e =3 V(@) + V@) < 2

[z ~H+ HVﬂ)WW—EH
L ~ ~
< g llz = ||+ HVﬂ)NW—wﬂ
Here we used our choice of 1. Next, since T —x = nv — %V f(x), using the above bounds,
" n’L ~ . L ~12
Ham(#, ) ~ Ham(x,0) < TE [lo 3|V () + V@) + 5 e 3
L ~ n?L ~
§§W$—MF+44WVﬂ@MW—$H

L774 2
< Lip® HM|+~—*HVf(HI+- HVf(NHWH+~;;HVf@N

9L77 1
< 20 e 2 o) <
We recalled ||[v]|* < 2d, |Vf(x)||* < 25Ld? log? 2, and the choice of 7. O

Finally, we note that Lemma 4 immediately follows via the triangle inequality.
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B.5 Deferred proofs

Lemma 67. For any C < 1,

Proof. Define

2k
def = 1 1+\/5
Vo) = (1—C> =1-ve

4k
so we wish to bound V(C)/(1 — C). Tt suffices to show V(C) < (1 ++/C)2. Note that

k
osv(€) =32t () =303 (G) - S
J:
Thus, log V' is a convex function in C. Note that log V' (0) = 0 and
log V(1 <1+Z s=1+4(-lo 3) 2 1) < og4
g g 1 1) S g 4.

This implies log V(C) < Clog4, and the conclusion follows from 4¢ < (1 4 +/C)? for
C e [0,1]. O
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Appendix C
DEFERRED CONTENTS FROM CHAPTER 4

C.1 Necessity of fixing a scale

We give a simple argument showing if the step size 1 of the HMC algorithm does not
depend on the “scale” of the problem, namely the eigenvalues of the function Hessian (as
opposed to scale-invariant quantities, e.g. the condition number x and the dimension),
then the task of proving lower bounds becomes much more trivial. In particular, we
can adaptively pick a scale of the problem in response to the fixed 1. This justifies the
additional requirement in Theorems 6, 7, and 9 of the fixed scale [1, ], which we remark
is a strengthening of an analogous scale-free lower bound.

Concretely, suppose we wished to prove the statement of Theorem 9 but only on func-
tions with condition number  (without specifying a range of eigenvalues). Then, for fixed

n, K, consider
)\ e 2(1— COS s
f(x):*fb“?, where \ & ( 2 (K))
n
Clearly, f : R — R has condition number 1 < « for any . Then, the proof of Proposition 5

applies to show that the HMC Markov chain cannot leave any symmetric set, because the

coeflicients encounter extremal points or zeroes of the Chebyshev polynomials.

C.2 HMC lower bounds beyond kv/d

Here, we analyze the behavior of HMC on the hard function (4.20). We will use this
construction to demonstrate that when the number of steps K is small, we cannot improve
either the relaxation time (Section C.2.1) or the mixing time (Section C.2.2) of MALA by

more than roughly a O(K) factor.

C.2.1 Relazxation time lower bound for small K

We first give a bound on the acceptance probability (4.6) for general HMC Markov
chain. We expand the term —Ham(xg,vk) + Ham(xg,v9) and extend the result given

by Lemma 17.
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Lemma 68. For the iterates given by Fact 4, write Z; ©ro+ njvg for 0 < j < K — 1.

Then, for a k-smooth function f,

K-1 1
—Ham(zfc, vx) + Ham(zo,v0) < ) (-f(?fjﬂ) + S (@5) + 5 (o, VI (Tj41) + Vf(@)))
=0

. ~ 1 o0 ~ N . .

+nK ||vo||201§%§( IVf(;) = V@), + 50K 0B IVf(Zr) = V(@) IV (@),
L o2 . . ‘

+om K Ogjlljfjliﬁgllvf(wjg)l\g IV f(zj,) =V f()]l, -

Proof. Expanding Ham (x¢,v9) — Ham (2, vg) according to the definition of Ham, zy
and vy,

Ham (xg,v9) — Ham (zx, vi)

o0 39 0) w5 V) 39560, ol

=— flzx) + f(z0) — 2 7
K-1
=~ f(ox) + f@Fx) = (@) + flwo) + <vo, SV H (o) + 1Y Vi) + gw<xm>
j=1
1iin — U 2
— 5|5 VFo) +n ; V() + 5V f(zx)

K-1 ’ 1 K-1 1
=—flzx) + f@x) + D (=f(@j31) + f(Z5)) + <777107 ivf(fo) + > VE) + 2Vf(55K)>
j=0 J=1

1 n K-1 n 2
— 5|V @o) +n > VI(ws) + 5V (k)
j=1
K-1 : K-1 1
+ <nvo, SV @o) + > V() + 5VIk) | = | 5VI@0) + Y VIF) + 5V (@K) >
j=1 j=1
B J 1 J
=3 (= F@) + 1) + 5 o, V) + V1))
j=0
1 K-1 2
— flex) + @x) = 5 | 3V (w0) +0 Y V@) + 3V flax)
j=1 9
1 = 1 1 = 1
+ <nvo, SV @)+ D Vi) + 5VIak) | = | 5VF(E0) + Y V@) + 5V f (k) > :
j=1 J=1

(C.1)

Now we bound the last two lines in the decomposition (C.1). For the second-to-last line
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of (C.1), by convexity of f and the Cauchy-Schwarz inequality,

2

~ Fa) + @) - 2|19 ) 40 3 V) IV f ()

2112
Jj=1 9
2
K-1 K-1
g<Vf(fK> KV f (o) + 7 Y (K = Vf<x]>>—§ SV H (o) + 1Y Vi) + SV ()
j=1 j=1 9
1 ~
<gPK*_max (VI @EK) TV ()~ V() TV (a))

1 ~
<y PK? (o IV ) = VA IV f @)l + _max_ V@)l V5 (5) = VSl )
(C.2)

In the third line above, we used that the total “number of gradient inner products” for
both terms is %nQK 2 and took the largest such inner product difference.

Finally, for the last line of (C.1), by the Cauchy-Schwarz inequality,

K—1 K—1
<nv07 “Vf(zo)+ Y V() + Vf(xK) - Vf To)+ > V@) + Vf(a:K) >
Jj=1 j=1
<nKlvolly max [V £(z;) = VI@)ll,-
(C.3)
Combining (C.1), (C.2) and (C.3) proves the desired claim. O

We define a hard function fyarq : R? — R that is k-smooth and 1-strongly convex (note
it is the same hard function as in Section 4.6, under the change of variable h = —) We
will show it is hard to sample from the density proportional to exp(—fuara) when K is

small.

def %C =1
fhard Z fz l'z where fz( ) = . (04)

ic[d] %(32 — ”g cos < 2’3) 2<i<d

Lemma 69. For n? <1, let 7; <z + njvg for 0 < j < K —1 and vo ~ N(0,id). Let
RU) be the random variable with given by RY) = E?:l jo) where

RO = — ([l + Fl[E10) + gleols - (VA(F51]0) + V([E10).

Then,

K-1 ) d \/E[ZL’O]Z
E oo (0.1) Z RY| < —0.02kn ZCOS — (C.5)
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and

K-1 K-1
, , 1
r RrU) R [ R(J)] > 102K k+/dlog d] < P (C.6)

j=0 7=0

Proof. In this proof, all expectations E are taken over vy ~ N (0,id), so we omit them. For
1=1,

1K1

-FE [;([1‘0]1 +nK[vol1)? + + nlvol1 (2[zo]1 +n(25 + 1)[vo)x )]
]:0

gl — 57K lf — K laolfol + %[:coﬁ + PR} + K loolfush | =o.

=

We bound each coordinate 2 < ¢ < d separately.

E Z Rz(j)
=0

2

Q

K 1
=E Z —fi([j41)i +fz'([fj]z')+ln[vo]i'(sz'([fjﬂ]i)+Vfi([§j]z‘))]

S [([330]2' +nKvoli)* — [1‘0]@2} + %WE

K-1
[vol: - (2[«730]2‘ 0y (27 + 1)[Uo]i>]

Jj=0

r V(oG4 D) VE (ol +m'[vo]i>}
6

2 cos " 7
\fﬁ A 1 \/Q([fﬂo]i +njvoli) 1+ sin V2 ([woli + 0 + 1)[voli)
hi ] 7 7
K 2 Zoli
__ % exp(—f) —exp(—(j +1)%) = jexp(—5?) — (j + 1) exp(—(j + 1)*) cos \/57[7 ok
=0

The last line used the computation

E | [vo]; sin ﬁ([xo]i;nj[vo]i)] V2jexp(—j?) cos \/57[7900]1’
E |eos V2 (Loli + ﬂj[vo]z‘)] — exp(?) cos Y2170l
n Ui

Next, we bound ZK—_ol (exp(—j%) — exp(—(j + 1)) — jexp(—j5*) — (j + 1) exp(—(j + 1)?)).
For j =0, 1— (1) > 0.264. For j = 1, the negative terms have —3exp(—4) > —0.06,
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and the positive terms can only help this inequality. For the remaining terms,

KZI (exp(—j%) — exp(—(j + 1)*) = jexp(—j*) — (7 + 1) exp(=(j +1)?))
= K-1
> )3 (—jexp(—4%) = (j + 1) exp(—(j + 1))
K 2 1
= 2; Tep(=10) 2 2 T sep(y) = 0T

The last inequality used the ratio between two consecutive terms is bounded by
JH exp(j? — (j +1)?) < 2exp(—5). Summing over d coordinates proves (C.5).
Next, we prove the concentration property of Z]K:_Ol RU). Let Tjs = Tj + snug, for

€[0,1] and j =0,..., K — 1. By Lemma 11, we have

K-1 K-l -
M N e

For coordinate 1 < i < d, ‘772 fol (2 —5) fz»”([xjﬁ]i)ds‘ <

T by smoothness. Then, the
random variables ZJK:_OI Rl(j ) _E [Zf:_ol Rl(j )] for 1 < ¢ < d are sub-exponential with

2
U 2K (for coordinates where the coefficient is negative, note the negation of a

parameter

sub-exponential random variable is still sub-exponential). Hence, by Fact 3,

pe |3 (L -2 X0

1€[d]

1
> > 10n°Kk+/dlogd| < 5
O

Now, we build a bad set Q.. With lower bounded measure that starting from a point
2o € Qnard, sSuch that with high probability, —E [Zf:_ol R(j)] is very negative. Let h = %7]2

so that we may use the results from Section 4.4. We use the bad set Qparq defined in (4.21).

5
Qg = x‘ 21| <2.¥2<i<d k€L |k < | ——|, such that
hard { |1| | ’ \‘TF\/%J

f%ﬁ\/ﬁjt 2rkiVh < z; < %W\/EJr 27rk:i\/ﬁ}.

We restate Lemma 14 here, which lower bounds 7*(£2harq) and bounds ||V f(z)]|, for « €

Qhaer .

Lemma 14. Let h < . Let ™ have log-density — fpara (4.20). Then, 7 (Qnard) >

1
1000072k
exp(—d). Moreover, for all x € Quara, |V f(x)]ly < 10V Kd.
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We can further show the following, which is used to bound the remaining terms in

Lemma 68.

Lemma 70. Let xg € Qpara, nK < and d > 8. Let let x; for1 <j < K —1 be

1
100+/k log d
given by the iterates in Fact 4 and T = xo + nKwvg. Then, with probability at least 1 — d%
over random vy ~ N(0,id), |jvo|ly, < 4Vdlogd and for all0 < j < K, ||V f(z;)|, < 11Vkd

and ||V f(@x)|l, < 11V kd.

Proof. We first derive a bound on vy ~ N(0,id). By a standard Gaussian tail bound,
for d > 8, with probability at least 1 — d%, [[vo]i] < 4logd for all 1 < i < d. Then,
[volly, < v/16d(log d)2 = 4v/dlog d. Now, we prove the bound on ||z; — zol|, and ||V f(z;)]|,
using induction. First, ||V f(xo)|| < 11vdrk holds by Lemma 14. Assume for induction
IV f(zx)|l, < 11Vdrk for 1 < k < j. Then,

j—1

y
njvo — 15V I (w0) = n* Y- (i~ KV (@)
k=1

|zj — woll, <

2

d
< 477j\/;110gd—|—772j2 -11vVkd < \/7

K

The last inequality used the assumption nK < Since f is k-smooth, we have

1
100v/k logd”

d
IVF(i)lly < IV F(@o)lly + 5z — zoll, < 10Vkd + fﬂ\/; < HVkd.

This completes the induction step. Finally, we have

IV Gl < V£ (o)l + Koy < 10Vied + nK sv/dlogd < 11Vied,

where we used nK < m. O
Lemma 71. Let n and K satisfy K < W\/j@’ and nK?3 < m. For any

20 € Qnard, let (xi,vEK) be given by the iterates in Fact 4 and vo ~ N(0,id). With

probability at least 1 — d%,
—Ham(z g, vi) + Ham(xo,v0) < —Q (n°kd) .

Proof. We first remark that the bound on nK?3 implies we may apply Lemma 14 and

V2[zo)s
n

Lemma 70. Next, for p € Qpard, COS is bounded away from 0 for all 2 < ¢ < d.

By Lemma 69, when K < ﬁ@ with probability at least 1 — &, ST RO <
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—0.002n%kd (the expectation term dominates). By Lemma 70, with probability at least

1-— d%’ the other terms in Lemma 68 have

. ~ 1 oo ~ N ‘ .
77K||U0||2027;?g§<”vf(131)—Vf($1)||2+ 5K Ogjnl"{?;gllvf(fw) VI @i)y IV (25)l,

1 272
gt KEmax [V (), VS @) = V)l

<dnKVdlogd -k’ | K|V f(zo)ly+ D (K =) IVF(zl,
JE[K—1]

AP K 10Wkd - & | 0K |volly + 7° K [V (o)lly +7° > (K = DIV L)l
JE[K—1]

< AP K3k dlogd 4+ 44 K3k dlog d + 1210 K4 k2d < 0.001n%kd.

The last inequality used the assumption n < Combining the above bounds

1
100000K3/r logd
with Lemma 68 yields the claim. O

Proposition 16. For n?K = O ( V’j?/gad) and K = O (d0.099), there is a target density on

R? whose negative log-density is k smooth, such that relazation time of HMC is § (1’%)
Proof. 1t is straightforward to check that such a range of 17 and K satisfies the assumptions
of Lemma 71. Applying Lemma 71 with the hard function fi,:q, the remainder of the proof

follows analogously to that of Theorem 9. O

We give a brief discussion of the implications of Proposition 16. For n’K = w( V,j:)/gad),

the proof of Theorem 9 rules out a polynomial relaxation time. In the remaining range,

d0.099), the most we can improve the re-

Proposition 16 implies that for small K = O(
laxation time of MALA (Theorem 7) by taking multiple steps in HMC is by a K? factor.
Since each iteration takes K gradients, this is roughly an improvement of K in the query

complexity, and strengthens Theorem 9 for small K.

C.2.2 Mixing time lower bound for small K

In this section, we first use prior results to narrow down the range of n we consider
(assuming K is small). We then generalize the ideas of Section 4.5, our MALA mixing

lower bound, to this setting.

Mixing time lower bound for large 7. Suppose K = O (do.ogg) throughout this

section. The arguments of Section 4.6, specifically Proposition 5 and Lemma 23, imply
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mixing time lower bounds for all nK = Q(ﬁ) (using the “boosting constants” argument

of Section 4.6.2 for sufficiently large k as necessary). For nK = O(%) the proof of

Theorem 9 further implies mixing time lower bounds for all 72K = w(¥ lf/ga ). Hence, we
can assume nNK = O(f) and n’K = O( Vl\o/gg ).

Next, under the further assumption that K = O (do.099)’ it is easy to check under the

specified assumptions on 7 and K, the preconditions of Lemma 71 are met. This implies

logd

that we can rule out 7?2 = w(~2) for polynomial-time mixing. Thus, in the following

discussion we assume

logd
K=0(d"), =0 < Hgd ) : (C.7)

Mixing time lower bound for small 7. Let 7* = AN(0,id) be the standard d-
dimensional multivariate Gaussian. We will let w9 be the marginal distribution of 7*

on the set

e . 1
0L {xmld x5 < 2d} .

Recall from Lemma 9 that mp is a exp(d)-warm start. Our main proof strategy will

be to show that for small n and K as in (C.7), after T = O( iterations, with

Krd )
K2log®d
constant probability both of the following events happen: no rejections occur throughout
the Markov chain, and ||lz; x||5 < +5d holds for all ¢ € [T]. Combining these two facts will

demonstrate our total variation lower bound.

Lemma 72. Let {xyk, vekfo<t<T0<k<k be the sub-iterates generated by the HMC Markov
chain with step size n* = O (l‘fdd> and n?K? < 1, for T = O(m)
denote the actual HMC iterates by {zi}o<t<r. With probability at least

and xqy ~ Ty; we

100, both of the

following events occur:

1. Throughout the Markov chain, ||z¢||, < 0.9V/d.

2. Throughout the Markov chain, the Metropolis filter never rejected.

Proof. Let h = %772. We inductively bound the failure probability of the above events in

0.01

every iteration by =7, which will yield the claim via a union bound. Take some iteration

t+ 1, and note that by triangle inequality, and assuming all prior iterations did not reject,

+ 17 < |lzo,0]ly + 0.92K>TVd + 1K ||Gy|,

[zer1,xlly < llzoolly + nK 50

s=0 k=1

<0.8Vd+nK |G|y -
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Here, we applied the inductive hypothesis on all ||z l[,, the initial bound ||z ]|, <
\/Q, and that 7n?K2T = o(1) by assumption. We also defined Gy = "% .0, where
veo is the random Gaussian used by HMC in iteration k; note that by independence,
Gy ~ N(0,t +1). By Fact 2, with probability at least 5=, [|Gill, < 2v/Td, and hence
0.8Vd + nK |Gy, < 0.9Vd, as desired.

ﬁ, step t does not reject. This concludes

Next, we prove that with probability > 1 —
the proof by union bounding over both events in iteration ¢, and then union bounding
over all iterations. By Corollary 6 and the calculation in Lemma 20, when n?K? < 1, the

accept probability is

min (1,exp (Z ((2a — Oﬂ) Hg;ng — B2 H%,OH% —2(1—-a)p <xt7g,vt70>>)> ,

for some « € [0.8hK27 hKQ} and 8 € [0.8\/ 2hK, \/2hK] We lower bound the argument
of the exponential as follows. With probability at least 1 —d =5 > 1 — ﬁ, Facts 1 and 2
imply both of the events vaHg < 2d and (x40, v10) < 10y/logd [|24 ], occur. Conditional

on these bounds, we compute (using 2 > a? and the assumption ||z;||, < 0.9v/d)
(2a — a?) lzeolls — B2 llglls — 2(1 — @)B (w10, 9) > —4hK*d—40VhK \/dlogd > —O(K?*log d).
Hence, the acceptance probability is at least

exp (—O (772K2 logd)) >1-— 1007

by our choice of T' with Tn?>K?logd = o(1), concluding the proof. O

Proposition 17. The HMC Markov chain with step size n?> = O (%) and N’ K? < 1

requires €)( iterations to reach total variation distance % to ©*, starting from mg.

Kkd )
K2log®d
Proof. The proof is identical to Proposition 4, where we use Lemma 72 instead of

Lemma 16. O
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Appendix D
DEFERRED CONTENTS FROM CHAPTER 5

D.1 Discussion of inexactness tolerance

We briefly discuss the tolerance of our algorithm to approximation error in two places:
computation of minimizers, and implementation of RGOs in the methods of Sections 5.3

and 5.5.

Inexact minimization. For all function classes considered in this work, there exist
efficient optimization methods converging to a minimizer with logarithmic dependence on
the target accuracy.

Specifically, for negative log-densities with condition number &, accelerated gradient
descent [Nes83] converges at a rate O(y/k) with logarithmic dependence on initial error
and target accuracy (we implicitly assumed in stating our runtimes that one can attain
initial error polynomial in problem parameters for negative log-densities; otherwise, there
is additional logarithmic overhead in the quality of the initial point to optimization pro-
cedures). For composite functions fyc + foracle Where fy. has condition number k, the
FISTA method of [BT09] converges at the same rate with each iteration querying V fy.
and a proximal oracle for f,.acle Once; typically, access to a proximal oracle is a weaker
assumption than access to a restricted Gaussian oracle, so this is not restrictive. Finally,
for minimizing finite sums with condition number x, the algorithm of [All17] obtains a
convergence rate linearly dependent on n + y/nk < n + k; alternatively, [JZ13] has a de-
pendence on n + k. In all our final runtimes, these optimization rates do not constitute
the bottleneck for oracle complexities.

The only additional difficulty our algorithms may present is if the function requiring
minimization, say of the form foracle(z) + % |z — y||3 for some y € R? where we have
computed the minimizer * to foracle, has ||y — x*Hg very large (so the initial function
error is bad). However, in all our settings y is drawn from a distribution with sub-
Gaussian tails, so ||y — x*Hg decays exponentially (whereas the complexity of first-order
methods increases only logarithmically), negligibly affecting the expected oracle query

complexity for our methods.
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Finally, by solving the relevant optimization problems to high accuracy as a subrou-
tine in each of our methods, and adjusting various distance bounds to the minimizer by
constants (e.g. by expanding the radius in the definition of the sets © in Algorithm 8
and Section 5.6.2), this accomodates tolerance to inexact minimization and only affects
all bounds throughout the paper by constants. The only other place that z* is used in
our algorithms is in initializing warm starts; tolerance to inexactness in our warmness

calculations follows essentially identically to Section 3.2.1 of [DCWY19].

Inexact oracle implementation. Our algorithms based on restricted Gaussian oracle
access are tolerant to total variation error inverse polynomial in problem parameters for
the restricted Gaussian oracle for g. We discussed this at the end of Section 5.3, in the
case of RGO use for our reduction framework. To see this in the case of the composite
sampler in Section 5.5, we pessimistically handled the case where the sampler YSample for
a quadratic restriction of f resulted in total variation error in the proof of Proposition 10,
assuming that the error was incurred in every iteration. By accounting for similar amounts
of error in calls to O (on the order of %, where T' is the number of times an RGO was

used), the bounds in our algorithm are only affected by constants.

D.2 Deferred proofs from Section 5.5

D.2.1 Deferred proofs from Section 5.5.2
Approzimate rejection sampling
We first define the rejection sampling framework we will use, and prove various properties.

Definition 7 (Approximate rejection sampling). Let m be a distribution, with g—g(x) x
p(x). Suppose set Q has ©(Q) =1 — €, and distribution & with %(x) x p(z) has for some
C>1,

p(x) [ p(z)dx
p(z) Jp(z)dz

Suppose there is an algorithm A which draws samples from a distribution 7', such that

< C forallx € Q, and

|7 — 7|y < 1—6. We call the following scheme approzimate rejection sampling: repeat

independent runs of the following procedure until a point is outputted.

1. Draw x via A until x € Q.

2. With probability szgg), output x.
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Lemma 73. Consider an approximate rejection sampling scheme with relevant parameters

defined as in Definition 7, with 20 < 166/. The algorithm terminates in at most

1

T %
o —20

(D.1)

calls to A in expectation, and outputs a point from a distribution =" with |7’ — ||y <

250
+1 €

Proof. Define for notational simplicity normalization constants Z © [ p(z)dz and zE

[ p(z)dz. First, we bound the probability any particular call to A returns in the scheme:

PT) i p(@) ooy p(z) y t(x
z€Q Cﬁ(m)dﬂ (=) 2 z€Q Cﬁ(ﬂﬁ)dﬂ-(x) zcq Cp(z )(d () — dr( ))‘
- 2 () — PE) s
_/:L"EQ cZ (=) e Cﬁ(x)(d (z) — da( ))‘ (D.2)

1—¢ / 1—¢
> — di' (z) — d7(z)| > — 2.
>~ - | @) —di@) 2 5

The second line followed by the definitions of Z and Z , and the third followed by triangle
inequality, the assumed lower bound on 7/ 7 , and the total variation distance between 7’
and 7. By linearity of expectation and independence, this proves the first claim.

Next, we claim the output distribution is close in total variation distance to the con-
ditional distribution of 7 restricted to §2. The derivation of (D.2) implies

p(z)
€ Cp( )
p(z

p(z) . 1—¢
———dn(r) > )
o Cp) T 2 ¢

(d7'(x) — dA(@)‘ < 2,

(@) g2 (o (D.3)
. 1250/ . Joeq cp(( )) () c1y 1250/‘
- meQ Cp(x )d (l‘) — €
Thus, the total variation of the true output distribution from 7 restricted to € is

1/ dm(x) x))dﬁ,(@’)

2 Jreq |1 —¢ Jeca ngg(?:) di!(x)
<1 / dn(e) i @) A / G @ Hmdr @)

2Jeca|1=€ [ o Ehdi(z)| 2Jeen| [, dukdi(@)  [f,eq dudi(2)

_1 / dr(z) B di () L 60 1 / dn(x) |, _ di’ )] + €
T2 Jpeq|1—€ . 613154(’2) di(z)| 1—€¢ 2Jeeql—¢ dm 1—¢"

The first inequality was triangle inequality, and we bounded the second term by (D.3). To

obtain the final equality, we used

p(x) . Z ol _ 1=z
2€Q Cﬁ(m)dﬂx) B /er cZ @) cz
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p(z)

Cp(z dm
)

) p(x)

(@ Z 1 _drn(z) di’
di(z)  Z plx) 1-¢

~/
= dﬂ(x)—l_el e

().

fazEQ 01(7( )

We now bound this final term. Observe that the given conditions imply that g—g(x) is
bounded by C everywhere in 2. Thus, expanding we have
C oC

1 dﬂ'(f,C) N ~/
— < — — < .
2 /er 1-€ T 2(1-¢) /aceQ 47 (z) — dit (@)} < 1—¢

Finally, combining these guarantees, and the fact that restricting w to € loses € in total

dn’

)

variation distance, yields the desired conclusion by triangle inequality. O

Corollary 17. Let é(w) be an unbiased estimator for B x%, and suppose é(x) < C with
probability 1 for all x € Q). Then, implementing the procedure of Definition 7 with accep-
tance probability ( ) has the same runtime bound and total variation guarantee as given

by Lemma 73.

Proof. 1t suffices to take expectations over the randomness of 6 everywhere in the proof

of Lemma 73. O

Distribution ratio bounds

We next show two bounds relating the densities of distributions 7 and 7. We first define
the normalization constants of (5.15), (5.17) for shorthand, and then tightly bound their

ratio.

Definition 8 (Normalization constants). We denote normalization constants of m and 7

by
Zﬂd:d/exp(—f(m) —g(x)) dx,
. 1 nlL? ;
2 [ oo (=)= ot) = g Iy = ol = "5 o = a° ) daay
z,y 77

Lemma 74 (Normalization constant bounds). Let Z; and Zz be as in Definition 8. Then,

d
2

d
2mn \? nL*\"? _ Zx d
1+ — < — < (2 .
<1+77L> <+ I - Tﬁ(m)z
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Proof. For each x, by convexity we have

[esn (<) =ote) - 5 oI5 - 13 ) dy
< exp (ato) = % e —o713) [ e <f<x><Vf<as>, :c>uy:c|12)
= exp (~10) =960 = "5 1o = 2°15) [ w0 (JIVI@I - 5 I+ 901

d
2

= (2mi)f exp (~f1a) ~ g exo ( FIV )13 - "5 o —a )

d
2

< (2mn)ze

Integrating both sides over x yields the upper bound on Z . Next, for the lower bound we

have a similar derivation. For each z, by smoothness

1 nL? .
[ (=500~ at0) = -y = ol = "= o~ °13)
) n

2
> exp (~1(0) —al) = "5 o= a71) [ exp (@) 9 = 50 Iy - ol ) ay
Y

= exp (—f(x) —g(x) - 7752 lz — || + m IIVf(x)IIQ) (ﬁsz)g
> exp (—f(x> —g(z) - 7752 Iz — x*Hg> ( 2mi] )

Integrating both sides over z yields

L? 2

Ze _ < o )g foexp (=) = () = 2 o — o) do < o >; (1 an>—
=t -

Zp — \1+nL Joexp (= f(z) — g(2)) dx “\1+nL

The last inequality followed from Proposition 21, where we used f+ g is p-strongly convex.

O

Lemma 75 (Relative density bounds). Let n = For all x € ), as defined

1
32Lkdlog(288k/¢)

< 2. Here, %(az) denotes the marginal density of 7. Moreover, for all

Proof. We first show the upper bound. By Lemma 74,

dr (z) = exp (—f(x) —g(z)) Zx
G fep (<£@) — 9@) = & ly— ol - - llz —av)3) dy o
< exp(—f(w)—g(w)) s P9

) » - (2mm)2.

yexp (<1) — g(@) = o lly = @l = 5 o — a*3
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We now bound the first term, for x € ). By smoothness, we have

exp (~1() ~ 9() Lo
o 2 o (19020 = Sy k),

so applying this for each vy,

Jyexp (=f ) = g(2) = 35 Iy — w3 = % 2 — 2*3) dy
exp (—(@) = 9(x)

L? 1+nL
> exp (22 o= o*12) [ exp (96010 =)~ 52y — 12 dy
Y
L? 1+nL
—exp (=5 o= a7 B+ gt IV 7@B) [ e (— e R e AL )
)

2 d d
> exp <_17L ' 16dlog(288/@/e)> < 2mn >2 > 3< 27 )2'

2 1 1+nL 4

, and the definition

In the last line, we used that & € Q implies ||z — 2*||3 < w

of n. Combining this bound with (D.5), we have the desired

dm
dfr( z) <

[NJisH

(1+nL)

C»O\ﬂk

Next, we consider the lower bound. By combining (D.4) with Lemma 74, we have the

desired
dir( - eXp(—f(ﬂf)—g(ﬂﬂ)) Zx
a# fexp( F&) = 9(@) = 35 lly = all3 = 25 o — a*13) dy %=

d d
-4 2mn 1\ 2 nL?\ 2 1 2 _d4 1
(2 = — 1+nLr)"2 > =,
(2mn)™ (HnL) ( - M) (1+77L> (1 + L) 2

Correctness of Composite-Sample-Shared-Min

Proposition 9. Let n = W@S%/e)’ and assume Sample-Joint-Dist(f,g,x*, O,0)
samples within ¢ total  wariation of the  x-marginal on (5.17).
Composite-Sample-Shared-Min outpuls a sample within total variation € of (5.15)

in an expected O(1) calls to Sample-Joint-Dist.

Proof. We remark that n = W(ZSSH/E) is precisely the choice of 7 in
Sample-Joint-Dist where 0 = €/18, as in Composite-Sample-Shared-Min. First, we

may apply Fact 6 to conclude that the measure of set 2 with respect to the u-strongly
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logconcave density 7 is at least 1 — ¢/3. The conclusion of correctness will follow from an

appeal to Corollary 17, with parameters

Note that indeed we have € + ffg is bounded by €, as 1 — ¢ > % Moreover, the expected
number of calls (D.1) is clearly bounded by a constant as well.
We now show that these parameters satisfy the requirements of Corollary 17. Define

the functions

def

() 2 exp(—f(x) — g(a))
d 2
i) = a4 [ exp (~f0) = o) = o Iy = ol = "5 o = 2”1 )

and observe that clearly the densities of 7 and 7 are respectively proportional to p and p.
Moreover, define Z = [ p(z)dz and Z = [ p(z)dz. By comparing these definitions with
Lemma 74, we have Z = Z, and Z = (277'77)7%Z7%, so by the upper bound in Lemma 74,

Z /Z < 1. Next, we claim that the following procedure produces an unbiased estimator for

p(z)

p(x)”

1. Sample y ~ 7., where dﬂgi;y) X exp (—f(y) - % |y — $||§)

2 e exp (fly) = (Vi@)y—o) = 5 lly - ol + g(@) + 25 o — 2[3)

d
2

3. Output 6(z) + exp (—f(a:) —9(@) + s HVf(a:)H%) (1+nL)2«

To prove correctness of this estimator é, define for simplicity

def 1 2 77L2 %12
Zy = [ exp| —f(y) —g(x) - o ly — =5 — - |z —2*||3 | dy.
Y n

) — () — Ly — |2 — 2L ¥ |2
We compute, using dﬂg:;y) _ o=y -9(@) Qngi zllz— 25— |lz—x H2)7 that

2
Br.fo] = [ exp (1)~ (V1@ =) = 5 Iy = ol + 960 + "5~ o = 13 )

1 L , 1 )
= 5 [ee (< 9@y~ Gl =alf = 5 by 13 ) dy
1

(o 2 (_2m )2
- oo (—g ) (£

This implies that the output quantity

d
Exe

0(2) = exp (—f(az) gla) + IIVf(w)II§> (14 L)

_n
2(1+nL)
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is unbiased for % = exp(—f(z) —g(az))Z;l(27ﬂ7)%. Finally, note that for any y used in the

definition of 6(z), by using f(y) — f(z) — (V.f(x),y — x) — Ly - z||3 < 0 via smoothness,

we have

o) = exp (=10 9l0) + 5= IVF@IE) (14 n) o

[NJIsH

U nL? )
< ()t exp (5 s IVS@IE+ 15 o - 2”1

1+1nL)
< (1+nL)% exp (nL? o —2*[3) < 4.

Here, we used the definition of n and L? ||z — x*Hg < 16Lkdlog(288k/€) by the definition
of Q. O

D.2.2 Deferred proofs from Section 5.5.3

Throughout this section, for error tolerance 6 € [0,1] which parameterizes
Sample-Joint-Dist, we denote for shorthand a high-probability region {25 and its ra-

dius Rs by

e . dlog(16k/d
Q5 = {zmid ||z — 2*||, < Rs}, for Ry = 4 og(uﬁm/). (D.6)

The following density ratio bounds hold within this region, by simply modifying Lemma, 75.

Corollary 18. Let n = m, and let @ be parameterized by this choice of n

in (5.17). For all x € Qs, as defined in (D.6), %(l‘) < 2. Moreover, for all x € R,

@) > 3.
The following claim follows immediately from applying Fact 6.

Lemma 76. With probability at least 1 — x ~ 7 lies in Qg.

52
8(1+k)d?
Finally, when clear from context, we overload 7 as a distribution on z € R to be the

x component marginal of the distribution (5.17), i.e. with density
dr 1 L?
) o [Lexp (<100 = oto) = 5o Iyl = T =271 )
We first note that 7 is stationary for Sample-Joint-Dist; this follows immediately
from Lemma 25. In Section D.2.2, we bound the conductance of the walk. We then
use this bound in Section D.2.2 to bound the mixing time and overall complexity of

Sample-Joint-Dist.
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Conductance of Sample-Joint-Dist

We bound the conductance of this random walk, as a process on the iterates {zx}, to
show the final point has distribution close to the marginal of & on x. To do so, we break
Proposition 12 into two pieces, which we will use in a more white-box manner to prove

our conductance bound.

Definition 9 (Restricted conductance). Let a random walk with stationary distribution
7 on x € RY have transition densities T, and let Q C R%. The Q-restricted conductance,

for v € (0,37(9)), is

Ts(5%) “f o
o~y where Tg(S%) = T (2')d# (z)da’.
fr(Smlﬁn)e(o,v] (S NN) where Ts(5°) ves Jurese (z')d# (z)dx

Po(v) =
Proposition 18 (Lemma 1, [CDWY20]). Let mgare be a S-warm start for 7, and let
To ~ Tstars. For some § > 0, let Q@ C R? have #(Q) > 1 — %. Suppose that a random

walk with stationary distribution T satisfies the Q-restricted conductance bound

Pq(v) > 4/ Blog (i), forallv e [;, ;] .

Let xi be the result of K steps of this random walk, starting from xg. Then, for

4 1
K>610g<0g5>,

- B 26

the resulting distribution of xx has total variation at most g from 7.

We state a well-known strategy for lower bounding conductance, via showing the sta-
tionary distribution has good isoperimetry and that transition distributions of nearby

points have large overlap.

Proposition 19 (Lemma 2, [CDWY20)). Let a random walk with stationary distribution
7 on x € RY have transition distribution densities T, and let Q@ C RY, and let g be the

conditional distribution of T on Q. Suppose for any x,z' € Q with ||z — 2'||, < A,

17z = Tarllpy <

N

Also, suppose Ttq satisfies, for any partition Sy, Sa, S3 of Q, where d(S1,S2) is the mini-

mum Fuclidean distance between points in Sy, Sa, the log-isoperimetric inequality

1
min(ﬁQ(Sl),ﬁQ(Sg)))' (D7)

ﬁ'Q(Sg) Z ;pd(Sl,SQ) - min (ﬁ'Q(Sl),fTQ(SQ)) . \/log <1 +
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Then, we have the bound for all v € (0, 3]

®q(v) > min (1, 12A8¢ log <11})> .

To utilize Propositions 18 and 19, we prove the following bounds in Appen-

dices D.3.1, D.3.2, and D.3.3.

d
2

Lemma 77 (Warm start). Forn < 1, Tsare defined in (5.18) is a 2(1+ k)2 -warm start

for w.

Lemma 78 (Transitions of nearby points). Suppose nL < 1, nL?R% < %, and 400d*n <
Rg. For a point x, let T, be the density of xi after sampling according to Lines 6 and 7 of
Algorithm 9 from xy_y = x. For z,2’ € Qs with ||z — 2|, < ‘1/—87, for Qs defined in (D.6),

we have || Ty — Tor|lpy < 3.
Lemma 79 (Isoperimetry). Density @ and set Qs defined in (5.17), (D.6) satisfy (D.7)
with ¥ = 8,117%.

We note that the parameters of Algorithm 9 and the set 25 in (D.6) satisfy all assump-
tions of Lemmas 77, 78, and 79. By combining these results in the context of Proposi-

tion 19, we see that the random walk satisfies the bound for all v € (0, i]:

2
) S e (L
Q&(U) = 220 100 - 10g ; .

Plugging this conductance lower bound, the high-probability guarantee of {25 by Lemma 76,

and the warm start bound of Lemma 77 into Proposition 18, we have the following con-

clusion.

Corollary 19 (Mixing time of ideal Sample-Joint-Dist). Assume that calls to YSample

are exact in the implementation of Sample-Joint-Dist. Then, for any error parameter

4, and

i 226100 log dlog(16x)
i 40 ’

the distribution of Tk has total variation at most g from .

Complexity of Sample-Joint-Dist

We first state a guarantee on the subroutine YSample, which we prove in Appendix D.3.4.
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Lemma 80 (YSample guarantee). For § € [0,1], define Rs as in (D.6), and let n =
—32Lﬁd101g(16,$/5). For any x with ||z — z*|, < \/kdlog(16k/9) - Rs, Algorithm 14 (YSample)
draws an exact sample y from the density proportional to exp (—f(y) — % lly — 1:||§) in

an expected 2 iterations.

We also state a result due to [CDWY20], which bounds the mixing time of 1-step
Metropolized HMC for well-conditioned distributions; this handles the case when ||z — z*||,

is large in Algorithm 14.

Proposition 20 (Theorem 1, [CDWY20]). Let 7 be a distribution on R? whose negative
log-density is convex and has condition number bounded by a constant. Then, Metropolized
HMC from an explicit starting distribution mizes to total variation § to the distribution m

in O(dlog(%)) iterations.

Proposition 10. Sample-Joint-Dist outputs a point with distribution within & total
variation distance from the x-marginal of 7. The expected number of gradient queries per

iteration is constant.

Proof. Under an exact YSample, Corollary 19 shows the output distribution of
Sample-Joint-Dist has total variation at most g from 7. Next, the resulting distribution
of the subroutine YSample is never larger than 6/(2Kdlog(“)) in total variation distance
away from an exact sampler. By running for K steps, and using the coupling characteri-
zation of total variation, it follows that this can only incur additional error 6/ (2dlog(%"‘)),
proving correctness (in fact, the distribution is always at most O((dlog(dx/§))~!) away in
total variation from an exact YSample).

Next, we prove the guarantee on the expected gradient evaluations per iteration.
Lemma 80 shows whenever the current iterate zj has ||z — 2*||, < \/kdlog(16r/6) - Rs,
the expected number of gradient evaluations is constant, and moreover Proposition 20
shows that the number of gradient evaluations is never larger than O(dlog(%")), where
we use that the condition number of the log-density in (5.19) is bounded by a con-
stant. Therefore, it suffices to show in every iteration 0 < k < K, the probability
ok — 2%y > \/kdlog(16k/5) - Rs is O((dlog(dx/5))~). By the warmness assumption
in Lemma 77, and the concentration bound in Fact 6, the probability xg does not satisfy
this bound is negligible (inverse exponential in kd?log(x/d)). Since warmness is monoton-

ically decreasing with an exact sampler,! and the accumulated error due to inexactness

1This fact is well-known in the literature, and a simple proof is that if a distribution is warm, then
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of YSample is at most O((dlog(dk/5))~1) through the whole algorithm, this holds for all

iterations. O
D.3 Mixing time ingredients

We now prove facts which are used in the mixing time analysis of Sample-Joint-Dist.
Throughout this section, as in the specification of Sample-Joint-Dist, f and g are func-

tions with properties as in (5.15), and share a minimizer x*.

D.3.1 Warm start

We show that we obtain a warm start for the distribution #« in algorithm
Sample-Joint-Dist via one call to the restricted Gaussian oracle for g, by proving
Lemma 77.

da
2 -warm start

Lemma 77 (Warm start). Forn < ﬁ, Tstart defined in (5.18) is a 2(1+ k)
for 7.
Proof. By the definitions of 7 and mggar in (5.17), (5.18), we wish to bound everywhere
the quantity

A\ s exp (—% 2 = 2|3 — %5 lo — 273 - g(@))

~ - : 2 .
dm Zstart fy exp (—f(y) - g(x) - % Hy - 1'”3 - % Hx — x*”%) dy

Here, Z; is as in Definition 8, and we let Z;.¢ denote the normalization constant of mgiart,

(D.8)

ie.
e L * L2 *

Zuw [[xp (= o= a3 = "5~ o — 0" - ola) )

€T
Regarding the first term of (D.8), the earlier derivation (D.4) showed

1 nL? X

[ (=10 = ate) — 5y ol = 2 o =12y < (2m0)

y n

Then, integrating, we can bound the ratio of the normalization constants

d
2

exp (= f(z) — g(x)).

Zs [, 2mn)? exp (~f(2) — g(a)) du
Zrore ~ [ exp (=5 lle = a5 = %7 Jlo = 2°; — 9(a) ) da
J(2rm)E exp (—f(@%) = b llz — 713 — g()) de D)

< — .
Jooxp (=%l —a*3 - 4 o - 2° |3 - 9(a) ) do

taking one step of the Markov chain induces a convex combination of warm point masses, and is thus
also warm.
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The second inequality followed from f is p-strongly convex and nL? < u by assumption.
The last inequality followed from Proposition 21, where we used § ||z — |5 + g(x) is

p-strongly convex. Next, to bound the second term of (D.8), notice first that

2 L? 2 2
exp (=% lle =23 — % |l — 2|3 - 9() exp (—4 o - 27[3)

Jyexp (=1 @) = g(@) = o5 Iy — w3 = 15 o —a*13) dy  fexp (~/(0) = % lly — l3) d

It thus suffices to lower bound exp (% |z — x*||g) J, exp (—f(y) - ﬁ ly — l“Hg) dy. We

L 1
exp (5 e =18 [ exp (<) = g by =18
> exp (~1@)+ £ e —'1E) [ (~@r@y—a) = (545 - xnz) 0
Y
L omn \?
= (1) + 5 o= '8) (g ) o (g I9F@B)

> exp(- () (fj}n)g

(D.10)

have

The first and third steps followed from L-smoothness of f, and the second applied the
Gaussian integral (Fact 5). Combining the bounds in (D.9) and (D.10), (D.8) becomes

dTstart

s (x) < <1+i)d(1+Ln)

where z € R? was arbitrary, which completes the proof. ]

[SlisH

2(1+ )%,

D.3.2 Transitions of nearby points

Here, we prove Lemma 78. Throughout this section, 7, is the density of xj, according
to the steps in Lines 6 and 7 of Sample-Joint-Dist (Algorithm 9) starting at x_; = =.
We also define P, to be the density of yi, by just the step in Line 6. We first make a

simplifying observation: by Observation 1, for any two points x, 2/, we have
17z = Torlloy < P2 = Parllpy -

Thus, it suffices to understand ||P, — Py| vy for nearby z, 2" € Q5. Our proof of Lemma 78
combines two pieces: (1) bounding the ratio of normalization constants Z,, Z,s of P, and
P, for nearby z, 2’ in Lemma 83 and (2) the structural result Proposition 22. To bound
the normalization constant ratio, we state two helper lemmas. Lemma 81 characterizes

facts about the minimizer of

1 )
7w) + 50 ly = 3. (D.11)
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Lemma 81. Let f be convex with minimizer x*, and y, minimize (D.11) for a given x.

Then,

Lo lyz = yolly < llz = 2|l

2. For any z, ||y, — 2%, < ||z — 27[,.

3. For any x with ||x — z*||y < R, ||z — y|ly < nLR.
Proof. By optimality conditions in the definition of ¥,

ﬂVf(yx) =T = Yg-

def

Fix two points x, 2/, and let 2y = (1 — t)z + t2’. Letting J;(y,) be the Jacobian matrix

of vy,
d d 9 / . /
@ﬁvf(yxt) = % (xt - yxt) = nV f(yﬂﬁt)']w(yxt)(‘r - JZ) = (ld _Jw(ywt))(x - l’)

= Ja(yo) (@' — @) = ([d+nV*f(y2,)) "' (' — @).
We can then compute

1 d 1 1 . B
v ve= [ gpumdt= [ 3@~ )it = [ G40V a) ' )i
0 0 0

By triangle inequality and convexity of f, the first claim follows:

1
Yo — yzlly < /0 H(id +7]V2f(yxt))_1”2 Hx, - $H2dt = Hl‘/ - xHZ

The second claim follows from the first by y,« = z*. The third claim follows from the

second via
Iz = vzlly = IV ()lly < 0L |lyz — 2|, < nLR.

O]

Next, Lemma 82 states well-known bounds on the integral of a well-conditioned func-

tion h.

Lemma 82. Let h be a Ly-smooth, juy,-strongly convex function and let y; be its minimizer.

Then

d

(27L;")* exp (—h(y})) < / exp (—h(y)) < (2mp) E exp (~h(u]))
Yy



261

Proof. By smoothness and strong convexity,

* Lh * * Kh *
exp (—h(yh) -5 ly= yh”%) < exp(—h(y)) < exp (—h(yh) -5y yhllg) :
The result follows by Gaussian integrals, i.e. Fact 5. O

We now define the normalization constants of P, and P,:

1 2
Zy = —fy) — — |y — dy,
/yeXp( f(y) 2 ly x\lz) y

1 2
Ty = —fy) — — |ly = 2'|I*) dy.
/yeXp< f(y) o |y —= Hz) y

We apply Lemma 81 and Lemma 82 to bound the ratio of Z, and Z,.

(D.12)

Lemma 83. Let [ be u-strongly convexr and L-smooth. Let x,z' € Qs, for Qs defined in
(D.6), and let ||z — ||y, < A. Then, the normalization constants Z, and Z, in (D.12)

satisfy )
Z LA

T <1.05exp | 3LRA + — ).
Ly 2

Proof. First, applying Lemma 82 to Z, and Z,s yields that the ratio is bounded by

exp (—F () = % e — 113 (2“ (n+ 37)_1) 5
Zx, R exXp <_f(yx’) - % ”yml B ng) <27T <L " 717)1) 5

< 1.05exp <f(yz’) — f(y2) + 2177 (nyf — |2~ |lys — wH%)) :

Here, we used the bound for 17_1 > 32Ld that

dj2
L+2
! < 1.05.
pt

Regarding the remaining term, recall z, 2’ both belong to s, and ||z — 2/||, < A. We

have

1 /
Fwe) = £G0) + 50 (Il =115 = e — 1)

L 1
< <vf(y:r),y:c’ - yx) + 9 ny’ - yx”% + 5 <ya:’ -z’ + Yo — T, Y/ — Yo + T — 5U,>

2n
LA 1
< LRA + N + % (Ilya: - 'rHQ + ny/ - x/HQ) (Hyw’ - nyg + Hl‘/ B xHQ)
2 2
< LRA 4 T2 2LR (ly2r = yally + ||2" — z||,) < 3LRA+ LAt

2 2 2
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The first inequality was smoothness and expanding the difference of quadratics. The
second was by ||V f(yz)lls < LYz — ¥y < LR and ||yp — Yzl < A, where we used
the first and second parts of Lemma 81; we also applied Cauchy-Schwarz and triangle
inequality. The third used the third part of Lemma 81. Finally, the last inequality was by
the first part of Lemma 81 and ||’ — z||, < A. O

We now are ready to prove Lemma 78.

Lemma 78 (Transitions of nearby points). Suppose nL < 1, nL?R3 < , and 400d%n <
Rg. For a point x, let T, be the density of xi after sampling accordz'ng to Lines 6 and 7 of

Algorithm 9 from xp_y = x. For z,2’ € Qs with ||z — 2|, < for Qs defined in (D.6),

10’

we have || Ty — Ty || py %

Proof. First, by Observation 1, it suffices to show ||Py — Py |1y < 5. Pinsker’s inequality
states

1
”Px - PI/HTV < §dKL (anpx’)y
%. Notice that
exp (= (y) = 3 Iy — all3)
exp (~(y) ~ %5 Iy — /113

where dxki, is KL-divergence, so it is enough to show diy, (Ps, Pyr) <

dxr, (Pz, Py) = log < > /77 ) log

By Lemma 83, the first term satisfies, for A = © \1€v

L LA?
log ( 7 ) < 3LRA + 5 + log(1.05).

To bound the second term, we have

_ _ 1 _ 22
/yPa:(y) o exp< ) =5 lly 53”2> dy = 1 /ypx(y) (Hy _ x/Hi —ly — ng) dy

1 2 2
exp (=) = & lly — /1) L
21/73 J(z—2',2(y—z)+ (z—2')) dy
Yy
A? A’/
< ——+— ||| yPu(y)dy — =
o ’ () )

Here, the second line was by expanding and the third line was by |z —2'||, < A and

Cauchy-Schwarz. By

2 (y)dy — xH2 < 2nLR, where by assumption
the parameters satisfy the conditions of Proposition 22. Then, combining the two bounds,
we have

LA?2 A2 LA?2 A2
dir, (Py, Pyr) < 3LRA+T+%+2LRA+log(1 .05) = 5LRA+T+ o +1log(1.05).
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When A = Y7 nL <1, and nL?R? < %, we have the desired

T07
VvnLR  Ln 1
L 2 4 og(1.05) <
5 T 00 T agp T ee(105) =

DN |

dk1, (Py, Pyr) <

D.3.83 Isoperimetry

In this section, we prove Lemma 79, which asks to show that 7o, satisfies a log-
isoperimetric inequality (D.7). Here, we define g, to be the conditional distribution
of the & z-marginal on set (25. We recall this means that for any partition Sy, Sa, Sg of

Q(Sa

. 1 o R 1
0u(50) 2 g (5%, 52) - min (T, (51), T, (52)- \/ ot (14 o7 A )

The following fact was shown in [CDWY20].

Lemma 84 ([CDWY20|, Lemma 11). Any p-strongly logconcave distribution 7 satisfies
the log-isoperimetric inequality (D.7) with ¢ = ,u_%.

Observe that mq;, the restriction of m to the convex set {1, is u-strongly logconcave
by the definition of 7 (5.15), so it satisfies a log-isoperimetric inequality. We now combine
this fact with the relative density bounds Lemma 75 to prove Lemma 79.

Lemma 79 (Isoperimetry). Density 7« and set Qs defined in (5.17), (D.6) satisfy (D.7)

1

with v = 8u~ 2.

Proof. Fix some partition Si, Sz, S3 of 5, and without loss of generality let 7, (S51) <
7q,(S2). First, by applying Corollary 18, which shows %(m) € [%, 2] everywhere in Qg, we
have the bounds

1 ~ 1 ~ ~ 1
57‘-96(51) < Wﬂ(s(sl) < 27TQ§(‘91)7 57]—95 (‘92) < WQ&(S2) < 271—95 (SQ)a and Qs (‘93) > 5”95 (53)'

Therefore, we have the sequence of conclusions

R 1
70s(S3) > 57 (S3)

> W -min (mo, (51), T, (52)) - \/IOg (1 " : )

min (7o, (S1), T, (52))
d(S1, S2) Vi . 1
> % -, (S1) - \/log <1 + %st)
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d(S1,52)\ /1 . 1
. 1162.m6<51>-\/10g <1+fm5<51)>'

Here, the second line was by applying Lemma 84 to the p-strongly logconcave distribution
T4, and the final line used /log(1 + a) < 24/log(1 + §) for all o > 0. O
D.3.4 Correctness of YSample

In this section, we show how we can sample y efficiently in the alternating scheme of the
algorithm Sample-Joint-Dist, within an extremely high probability region. Specifically,
for any « with ||z — 2*||, < \/kdlog(16k/0) - Rs, where Rj is defined in (D.6), we give a

method for implementing

1
draw y o< exp (f(y) ~ o ly — 95”3) dy.

The algorithm is Algorithm 14, which is a simple rejection sampling scheme.

Algorithm 14 YSample(f,x,n,d)
Input: L-smooth, p-strongly convex f : R? — R with minimizer z*, n > 0, § € [0,1],

z € RY.

Output: If |z — 2*||, < \/kdlog(16k/0) - Rs, return exact sample from distribution with

density o exp(—f(y) — ﬁ |y — z||3) (see (D.6) for definition of Rs). Otherwise, return
sample within 6 TV from distribution with density o< exp(—f(y) — % |y — ng)

L1 if ||z — 2*|, < \/kdlog(16k/0) - Rs then

2: while true do

3: Draw y ~ N (z — nV f(z),nid)

4: 7 ~ Unif|0, 1]

5 if 7 < exp(f(a) + (Vf(x),y —2) — f(y)) then
6: return y

7: end if

8: end while

9: end if

10: return Sample z within TV § from density o exp(—f(y) — % |y — z||5) using
[CDWY20]

We recall that we gave guarantees on rejection sampling procedures in Lemma 29 (an
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“exact” version of Lemma 73 and Corollary 17). We now prove Lemma 80 via a direct

application of Lemma 29.

Lemma 80 (YSample guarantee). For § € [0,1], define Rs as in (D.6), and let n =
m. For any x with ||z — z*|, < \/kdlog(16k/9) - Rs, Algorithm 14 (YSample)

draws an exact sample y from the density proportional to exp (—f(y) - ﬁ ly — l‘||§> m

an expected 2 iterations.

Proof. For ||z — x*|y, < \/kdlog(16K/0) - Rs, YSample is a rejection sampling scheme with

p(y) = exp (—f<y> o ly- x@) . B(y) = exp (—f(w) ~ (VS (@hy =) - o - xn%) |

It is clear that p(y) < p(y) everywhere by convexity of f, so we may choose C' = 1. To
bound the expected number of iterations and obtain the desired conclusion, Lemma 29

requires a bound on
Jyexp (—1(2) = (Vf(2),y — 2) = & |1y — =3) dy
Jyexp (=F ) = 3 ly = wl3) dy

the ratio of the normalization constants of p and p. First, by Fact 5,

(D.13)

1 d
/ exp (—f(w) ~(Vf@)y =) = 5y - xnz) dy = exp (=f(2) + 3 |V @)[3) (2mm)5.
y
Next, by smoothness and Fact 5 once more,

[esw (<0 =5 tw=18) v > [ exp (<10) = (9760101 = L2 by 13

—exp (10 + S IR (5 TZL);

Taking a ratio, the quantity in (D.13) is bounded above by

o (2 s ) IV@IR) (1 + b < 150 (55 9512
< 5o (772;3 ‘ <16f{d210i2(16n/5)>> <o

The first inequality was (1 + nL)% < 1.5, the second used smoothness and the assumed

bound on ||z — z*|,, and the third again used our choice of 7. O

D.4 Structural results

Here, we prove two structural results about distributions whose negative log-densities

are small perturbations of a quadratic, which obtain tighter concentration guarantees
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compared to naive bounds on strongly logconcave distributions. They are used in obtaining
our bounds in Section D.3 (and for the warm start bounds in Section 5.4), but we hope
both the statements and proof techniques are of independent interest to the community.
Our first structural result is a bound on normalization constant ratios, used throughout

the paper.

Proposition 21. Let f : R* — R be p-strongly convex with minimizer x*, and let X > 0.

Then,
[ exp(—f(z))dx 10
oo (—70) — 3 o - B) do (1 * MA) |

Proof. Define the function

o J e (1@) = s 1z — 27[3) do
Jexp (=f@) = 3 lle — *[3) da

Let dmq(z) be the density proportional to exp (—f(x) — o lz — a:*H%) dx. We compute

lz — "5 dz

d exp (—f(@) = gk lle = 2"3) 4
da () = / 1 2 22
Jexp (=f(@) = 3 lle = 2*3) de
Rl [ exp (= (@) = gk lle = 213 le — 23
2202 fexp (= (@) - 5 llz — 2*3) da
R . R d
o [ o= Bamale) < 52

Here, the last inequality was by Fact 8, using the fact that the function f(2)+51= [z — 2* ||§

dx

is p+ ﬁ—strongly convex. Moreover, note that R(1) = 1, and

d e} 1 BA 1

—log| ——— | =—— = .

do pAa + 1 a pra+1  pha?+a«
Solving the differential inequality

d CdR(@) 1 _d
%log(R(a)) =~ Tda R S35

1
pAa? + o’

we obtain the bound for any o > 1 (since log(R(1)) = 0)

d d

d pAa + « A+ a\ 2 1\2

log(R < -1 — | = R < | === <|14—) .
og( (a))_2 Og<u)\a+1> (a)_<uAa+1> _< +u)\>

Taking a limit o — oo yields the conclusion. O
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Our second structural result uses a similar proof technique to show that the mean of
a bounded perturbation f of a Gaussian is not far from its mode, as long as the gradient
of the mode is small. We remark that one may directly apply strong logconcavity, i.e. a
variant of Fact 8, to obtain a weaker bound by roughly a v/d factor, which would result
in a loss of Q2(d) in the guarantees of Theorem 11. This tighter analysis is crucial in our
improved mixing time result.

Before stating the bound, we apply Fact 7 to the convex functions h(z) = (0'x)?
and h(z) = |z to obtain the following conclusions which will be used in the proof of

Proposition 22.

Corollary 20. Let m be a u-strongly logconcave density. Then,
1. EL[(07 (xz — Er[2]))?] < u~t, for all unit vectors 6.
2. Er|lz — Bxlz]|l3] < 3d2u~2.

Proposition 22. Let f : RY — R be L-smooth and conver with minimizer z*,

let x € R with |z —a*||, < R, and let dm,(y) be the density proportional to

exp (—f(y) - ﬁ ly — xH%) dy. Suppose that n < min <2L2R2, 4(%2(12). Then,
Bl — ], < 201

Proof. Define a family of distributions 7@ for a € [0, 1], with

dn () o exp (— (106) = 1) = (V @)y =) £0) = (Vo) =) = 5 |y =) dy

In particular, 7! = m,, and 7° is a Gaussian with mean x—nV f(x). We define 5 < Ex[y],

and

ys & argmin, {a (fy) = fx) = (Vf(2),y —2)) + f(2) +(Vf(2),y —2) + 2177 ly — xl!%} :

def

Define the function D(c) = |[|go — |5, such that we wish to bound D(1). First, by

smoothness

D(0) = |[Eny[y] — 2ll, = 1V f(@)ll, < nLR.

d ya_x > dea
—D(«
da P = <Hya—xu2 da

Next, we observe
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dYa

) fix a unit vector . We have

(%e6) - % </<y - x)dwa<y>,0>

= [ (y—=0) (f(z)+ — ) — f(y))dn*(y)

(D.14)
\// —z,0))2dre(y \// (z),y —x) — f(y))*dr(y)
< \//(<y—x79>)2d7ra(y)\//L4Hy—xHédW“(y)-

The third line was Cauchy-Schwarz and the last line used smoothness and convexity, i.e.

In order to bound H

o lly~ 2l < @)+ (V@) 2~ f) <O
We now bound these terms. First,
[ =z.002n0) <2 [ (0500 Par*w) +2 [t~ 2.0) Pan(0)

< 2+ 2|90 — 23 = 27 + 2D(a)*.

(D.15)

Here, we applied the first part of Corollary 20, as 7 is ™ !-strongly logconcave, and
the definition of D(a). Next, using for any a,b € R% [la+bl5 < (|lally, + [bll)*
16 [|al|3 + 16 ||b]|5, we have

L2 o — o] — (e
[ 5 y=slbano) < [422 - gallban®) + [ 4220 — galfdn" (o)

< 12L2d%n? + 4L2D(a)*.

(D.16)

Here, we used the second part of Corollary 20. Maximizing (D.14) over 6, and applying
(D.15), (D.16),

H " L= V8L2(n + D(e)?) (3¢ + D(a)?)

< 4L(y/n + D(a)) - max(2nd, D(a)?). (D.17)

Assume for contradiction that D(1) > 2nLR, violating the conclusion of the proposition.
By continuity of D, there must have been some & € (0,1) where D(a@) = 2nLR, and for
all 0 < a < @, D(a) < 2nLR. By the mean value theorem, there then exists 0 < & < &
such that

dD(&¢) D(a)

- D
= — (0) > nLR.
da Q

On the other hand, by our assumption that 2nL2R? < 1, for any d > 1 it follows that

ond > 4’ L’R? > D(&4)?, \/2n > 2nLR > D(A).
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Then, plugging these bounds into (D.17) and using /7 + D(&) < % nas V2 < %,

d 5 d
= D(&) < 4L -1 - 2nd = 20\/f— - nLR < nLR.
Ta (@) < V120 Ox/ﬁR nLR <nLR

We used n < % in the last inequality. This is a contradiction, implying D(1) <
omLR. O
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Appendix E
DEFERRED CONTENTS FROM CHAPTER 6

E.1 Information-theoretic lower bound

In this section, we show that prior information-theoretic lower bounds from [DJWW15]
and [GLL22] can be straightforwardly extended to the settings studied by this paper to
show that the value oracle complexities used by our algorithms in Sections 6.3 and 6.5
are near-optimal. We first recall some notation from prior work and summarize previous

results we will leverage.

Setup. We consider the setting of stochastic optimization where there is a distribution
over distributions {P,}, indexed by v. An index v is randomly selected, and we consider
algorithms interacting with P, in one of two different ways. Letting k € N and X C R¢,
[DJWW15] defined a family of algorithms Ay such that A € Ay can (adaptively) query a
sequence of k values f(x;s) where x € X and s is a fresh random sample from P,. The
follow-up work [GLL22] defined another family of algorithms By which takes as input a
dataset D = {s;};c[n and can (adaptively) query a sequence of k values f(x;s) where
x € X and s € D. These algorithm families model the SCO and ERM problems stated
in Problem 2, without the privacy requirement. In a slight abuse of notation, we denote
the output of an algorithm A € Ap UBg in a SCO or ERM problem corresponding to a
distribution P by A(P), where A € By, also depends on the dataset received.

Both [DJWW15, GLL22] let v be drawn uniformly at random from V % {—1,1}% and
let

P, EN G o? idg) , f(z;s) (s, z)

for parameters x, o0 to be chosen. We fix this notation throughout this section. For any
algorithm A € Ay U By corresponding to a set X and a distribution P, we define the

optimality gap
k(A X, P) = E[Esup f(A(P); 5)] — minEqp f (3 5),

where the first outer expectation is over any randomness in A, as well as in the samples
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used. We also define the minimax risk over a family of distributions P,

def

(A UBE, P,X) = inf supeg(A,P,X).

AcALUB, pcp

For p € [1,2], we let Pg, denote the family of distributions P over vectors s such that

1 1
Esp |5 < G*, where ote= 1.

Our lower bounds in this section will be on € (A U By, Pgp, X'), where X is a scaled ¢,
ball. The family Pg, induces random linear functions (s,-) with gradient s, and hence
P € Pg, implies that the induced function Es.p (s,-) has a bounded-variance gradient
oracle in the £, norm via queries to P. We use the following facts from prior work in our

proofs.

Lemma 85 (Section 5.1, [DJWW15]). Let X' be the £, ball of diameter D forp € [1,2]. For
anyv €V and x € X, letting 2% = mingey Eoup, f(x;5), and letting 1(sign(a) = sign(b))
be the 0-1 function which is 1 if and only if the signs of a and b agree,

(1— %)/@D

Eop, [f(@;5)] = Bsup, [f(2:5)] > > 1(sign(z;) = sign(vy)).

T
2dv - jeq

Lemma 85 shows that it suffices to lower bound the expected Hamming distance be-
tween the signs of an estimate x and a randomly sampled —v. Such a lower bound was given

in [DJWW15, GLL22] for estimates returned by A € Aj U By via information-theoretic

arguments.

Lemma 86 (Section 5.1, [DJWW15], Lemma 7.4, [GLL22]). Let X be the {, ball of
diameter D, and let A € A, UBy be parameterized by X and P,. Then

d k
By mie v Z l(Sign(A(Pv)j) = Sign(vj)) > > (1 — :—d) .
Jj€ld]

To lower bound the oracle query complexity of our sampler we use the following stan-

dard result.

Lemma 87 ([DKL18], Corollary 1). Let X C RY be compact and conver, f : X — R be

convez, k > 0, and w be the density over X proportional to exp(—kf). Then,

Enl s

Byr ()] — min £(2) <
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Lower bounds. We now state three lower bounds generalizing results from [DJWW15,
GLL22]. Our results follow straightforwardly from Lemmas 85, 86, and 87 with appropriate

parameters.

Proposition 23 (Minimax risk lower bound, Pg ;). Let G,D > 0, and letp € [1,2], ¢ > 2
satisfy % + % =1. Let X be the £, ball of diameter D. Then,

11 d
£ (Ag UBg, Py, X) = Q [ GDmax (1- =, — | min [ 1 :
Gk( kU B, G,p> ) <G max < p’ 10gd> fn < ’ klog d))

Proof. Throughout the proof, let kK = g—ﬁ, and let

1
Gd «
\/ 4 +4logd

By well-known bounds on the expected maximum of d standard Gaussians, we have

(E.1)

g =

Eop, [[Isl] < 262 0]} + 2Eynio.021a,) |0l]
2 42 2 2
< 2621 + 200 B 0,210, 10l
2 (d
< o2di (k +4logd> < G2

Hence, P, € Pg, for all v € V, so it suffices to lower bound e (A, P,, X). Combining

Lemmas 85 and 86 with our choices of parameters,

1
(1—-2)kDd' "> 1 d
> P = —_ = 1 .
ex(A, Py, X) > S Q(GD <1 p) min | 1, Flogd

The conclusion then follows because for p < 1 + @, choosing a larger value of p only

affects problem parameters by constant factors by norm conversions. O

We give a slight extension of Proposition 23 for the family P¢, of distributions over
linear functions (s, -), where s is required to satisfy ||s|| ¢ < G with probability 1, by simply

truncating a draw from P,. This family is compatible with the setting in Problem 2.

Corollary 21 (Minimax risk lower bound, Pg ). In the setting of Proposition 23,

_ 1 1 d
* (A UBy, Pap, X) =Q | GD L= o Jmin (1,4 /o———< | | .
€k ( U By, G.ps ) (G max < p’ log d> R ( ’ klog(dk)))

Proof. We define a distribution P, as follows: first s ~ P,, and then if ||s]| g = G, we

set s < 0. By adjusting the logarithmic term in (E.1) to be O(log(dk)), with probability
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at most poly((dk)™!), all k draws from P, and P, used are identical by a union bound.
Further, due to problem constraints the function error is always at most GD. So, the risk

is affected by at most GD - poly((dk)™!). O

Corollary 21 shows that when 8 in Assumption 1 is polynomially bounded, the value
oracle complexities used by Theorem 14 for both DP-SCO and DP-ERM are optimal up
to logarithmic factors for the expected excess risk bounds they produce, even without the
requirement of privacy. Finally, we show that the value oracle complexity of our sampler

in Theorem 13 is also near-optimal.

Corollary 22. In the setting of Proposition 23, let r : X — R be 1-strongly convez in
[, with additive range O(D? min(log d, 1%)) Let T be a distribution over i such that all
fi : X = R are G-Lipschitz in ||-|,, and let F Y iz fi. No algorithm using o(%Q log=*d)

value oracle queries to some f; samples within total variation

. 1 d
o | min ,
logd’ \| klog?(dk)

of the density proportional to exp(—F — ur(z))1lx(z).

Proof. Assume for contradiction that A is an algorithm satisfying the stated criterion
using k = 0(%210g*4 d) value oracle queries, and let F' be minimized by z* € X. We

choose

d

= - 1 .
D?min(logd, ;=)

W

Lemma 87 then shows that the sampled z satisfies

1 d
Epon [F — F(x*) < ) — d D i ,
AlF@)] = F@*) < p(r(@*) = 7(@) + d+ GD o0 (mm (10g y klogs(dk)»
GD d
=0(d in|1,4/——— .
(d)+o (logdmm ( | kzlog(dk)))
For the given values of k and p, this contradicts Corollary 21. O

Corollary 22 implies that for samplers with value query complexity depending polylog-
arithmically on the total variation distance, %2 queries are required (up to polylogarithmic
factors). This applies to the setting of our sampler in Theorem 13; we also note that the
LLT-based regularizers we use in our ¢, applications (Section 6.5.2) satisfy the additive

range bound in Corollary 22.
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E.2 Lower bound on the range of 11

In this section, we provide a lower bound on the range of 1 ; (6.25) which grows with
the dimension d, demonstrating non-scale invariance of our family of LLTs. Recall that

Y1,1(z) is defined by

o) o [exp (t2.0) - i) av).

Lemma 88. The additive range of 111 over {z € Rimid|z|, < 1} is Q(Vd).

Proof. Throughout the proof denote for simplicity ¢ := 11,1 and let

DE(y) ox exp (o) — Iyl

Then, following (6.26), we can write 1(x) — 1(0) as
$(@) — ¥(0) = log [E, g exp((@,9))
where D o exp(— Hy||go) Let m be the probability density on R>( such that
dr(r) o r¢=texp(—r?)dr.

Here, dm(r) is the density of the scalar quantity r = ||y||, for y ~ Df. Note that the
distribution of y conditioned on ||y||,, = r is uniform over the surface of the ¢, ball, where
one random coordinate is set to £, and the remaining coordinates are uniform on a d —1

dimensional hypercube with side length . We denote this distribution as P,, and write

Eypg exp((2,9)) = Ernr [Eynp, exp((z,9))]
By 2 Z exp(Ti»Yir) H / —— exp(z;y;)dy;
z *e d] yix €{—r,1} iix Y T

Let x = e; and gz(f) = exp(@r) [[; 2« [", 2= exp(xy;)dy;. Then,

1 r
Eywl)aKJ exp((x,y)) > ﬁ Z ]ETNTI'(T)gi(*)
i*eld]

since this drops terms where y;« = —r. When ¢* = 1, we have gZ(f ) = exp(r). When i* # 1,

we have

m_ [L _ L — exp(—
o0 = [ 5 explun)dun = 5 (exp(r) — exp(-r)).

'
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Now, consider 11 = 1/ 95L. For any r <y, L[(d—1)logr —r?] = <L —2r > 0. Thus,
we have
: .

I:= /07‘1 exp((d — 1) logr — r?)dr < / exp((d — 1) logr — 72)dr. (E.2)

Letting Z < Jo~ exp((d — 1) logr — r?)dr, (E.2) shows that

o0 ) 1.1
exp((d —1)logr —r )dr:Z—IZZ—§Z:§Z_

1
271

Then, for all * € [d],

> exp((d —1)logr — r? g(f)dr
0 )

Ernrgic = 7
[7o exp((d—1)logr — r2)ggf)dr
> 20
- A

2ff:1 exp((d —1)logr — 7“2)ggr)d7“
2
[7o exp((d —1)logr — r2)dr
271

> 2min exp(r — log(4r)) = 2exp(r; — log(4r1)).

r>T1

The fourth step follows from gg) > ﬁexp(r) for r > r1. The last step follows from

r — log4r increases on 7 > ri. Combining with Ey.p, exp((z,y)) > Q—Id Zz‘*e[d} Eyor(r) i

() — $(0) = log Eyp, expl(z,3)) > log ( exp(r1 — 1og<4n>>) — Q(Va).

E.3 Deferred proofs from Section 6.4
Lemma 49. For \ defined in (6.23),
0
E [ATpgr2] < -
Proof. Clearly, it suffices to show E|\| < %. Define random variables,
Ay Z [ fi(w2) — filz)], A E Bz,
whose randomness comes from x1,z2 ~ ,. By definition,

1
E[A| = Z aErLIzN’Y[A]B'
b>H
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Define ®(t) := > o g %. For H = [10log ], it is straightforward to check ®(t) < %
for any [t| < 1, and for all nonnegative ¢, ®(¢) < exp(t). Hence, letting pa be the density
of A,

o ) o0

BN < 5+ Bllasied] < j+ [ exp([AT)pa(8)da
1

5 (E.3)
< — —l—Zexp(k—i— 1) Pr [A>E].

16 L1200y

k>1

It now suffices to bound on Pr[A > k]. Define a function hy, 4, (k) := Priz[|fi(z1) —
fi(z2)] > k]. Since each f; is G-Lipschitz, and =, is ﬁln—strongly logconcave in by

Lemma 40, by Lemma 47:

k‘2
Bayolhoras(B)] = Pr_ [lfi(e1) = fiw2)] 2 K] < dexp (‘gemaz> ’

and so by Markov’s inequality we have

k.2
Pr [hy, » >e <4 t——— |. E.4
P02 < de (1o gt ) (B4

For fixed x1, 2, as each f; is G-Lipschitz in |||y, |fi(z1) — fi(z2)| < G ||x1 — 22| 4, and

hence
Eiz[| fi(z1) — fi(22)]] < min k + hay oo (k) - G |1 — 22| 5 -

This then shows that if for some k, hy, 2, (k) < exp(—%),

k.?
Brallfior) ~ fan)] < bt exp (<1 ) - Gl =zl

which implies via (E.4) that

kZ

k2 k2
< P o1, > — <4 E—.—
= e [h vz (k) eXp( 19277(;2)} eXp( 19277(;2)

Further, since |21 — Ex1]|, is a 1-Lipschitz function in z; with a nonnegative mean, by

(E.5)

Lemma 47,

k2
Pr{||z1 — 22|y > k] <2Pr[||lzy —Exi|, > k] < 2exp <_9617G2) . (E.6)

Combining (E.5) and (E.6),

k k
Pr [A > 2k] = Pr |:A22]{7/\||£L'1—:E2|X > G} + Pr [AzZl{/\Hxl—szX < }
1,22

T1,T2 Z1,T2 G

k2 k2
<2 ——— Pr |[A>k "\ Gllxy -
< 2exp ( 9617G2> + P [ >k + exp ( 19277G2> |1 x2\|X]

(E.7)
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Plugging (E.7) into (E.3), and using = > 10*G? log %, we have the desired

k2 5
]
Lemma 50. For o defined in (6.23),
)
E [lo|Logroa] < 7-
Proof. We begin by bounding, analogously to (E.3),
Ello/1pgpz) < 27 Pr(p ¢ [0,2]]+ 3 Pr [|o] > 28| 2+ 0H, (E-8)

k>1

Recall when a < H, |J| < %HQ. By a union bound over Lemma 47,

2k 2 4
) —f > — Vi < R4 (2 |
Pr [m(m) fila2)| > VZGJ] <H exp< 86477G2>

If for each i € J, | fi(x1) — fi(z2)| < %, we have for k > 1

H H ok
‘O" = Z ﬂaZb H(fji,b(J:?) — fji’b(aj‘l)) <14 Z <3> < 2kH’

which implies that Pr[|o| > 28] < H? exp(— and hence using our choice of <

4k
864nG2 )
1
500G2H >

o0
ZQ (k+1)H py. |:’0’| > 2kH] <
k=1

NE

4k
o(h+DH B2 oy <_>

2 8641G2
- s (E.9)
<Y 2%H oxp(—2-4FH) < - -
<3 oW g ol
k=1
It remains to bound Pr[p ¢ [0,2]]. Recall Prfa > H] < J; sosincea < H = o = p,

Prlp ¢ [0,2]] < 77 + Pr[o ¢ [0,2]]. Next, by a union bound over Lemma 47 and 1 H?

indices in J,

1 1
Pr ||fi(z1) — f; > - VieI| <2H? -—— .
P (1) = el = 5 vie 7] < 2o (g s )
Under the event that |f;(21) — fi(22)| < & for alli € Z, 0 < o < 2 by definition. Hence we

know Prlo ¢ [0,2]] < 2H? exp(— and by our setting that H > 10log %, we have

38417(}2)
1 1 )

P 211 - 2H < 2 (2[? . — — )<= E.1

dog02) 2" <2 (e (<o) e ) <2 B0

Combining (E.8), (E.9) and (E.10) completes the proof. O
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Appendix F
DEFERRED CONTENTS FROM CHAPTER 7

F.1 Additional Experiment Details

[ App F.2.1: Derivation )

Continuous
Experiments details - -
CRHMC App F.2.2: Computational tr1cks]
(App F.1)
(App F.2)
[ App F.2.3: Correctness )
[ Theory . . .
App F.4: Condition # independence
(Mixing rate)
Discretized
Notation, Definition
CRHMC [App F.3.1: Implicit midpoint method]
(App F.5)
(App F.3)

[App F.3.2: Correctness & Efﬁciency)

Dataset. We summarize in Table F.1 the dataset used in experiments. If a model is
unbounded, we make it bounded by setting I = max(l, —107) and u = min(u, 107). As ex-
isting packages require full-dimensional representations of polytopes (i.e., {z : A’z <V'}),
we transformed all constraint-based models to prepare instances for them as follows: (1)
first preprocess each model by removing redundant constraints and appropriately scaling it,
(2) find its corresponding full-dimensional description, and (3) round it via the maximum
volume ellipsoid (MVE) algorithm making the polytope more amenable to sampling. We
note that a full-dimensional polytope can be transformed into a constraint-based polytope

and vice versa, so CRHMC can be run on either representation.

Preprocessing. We preprocessed each constrained-based model prior to sampling. This
preprocessing consists mainly of simplifying polytopes, scaling properly for numerical sta-
bility, and finding a feasible starting point. To simplify a given polytope, we check if

l; = u; for each ¢ € [n] and then incorporate such variables z; into Az = b. Any dense
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Bio Model || Full-dim Consts Vars (n) nnz
(m) LP Full-dim Consts Vars (n) | nnz
ecoli 24 72 95 291 Model (m)

cardiac_mit 12 230 220 228 israel 142 174 316 2519
Aci-D21 103 856 851 1758 gfrd_pnc 544 616 1160 2393

Aci_-MR95 123 917 994 2859 25fvAT 1056 821 1876 10566

Abi_49176 157 952 1069 2951 pilot_ja 1002 940 2267 11886

Aci_20731 164 1009 1090 2946 sctap2 1410 1090 2500 7334

Aci_ PHEA 328 1319 1561 4640 ship081 2700 778 4363 9434
iAF1260 572 1668 2382 6368 cre_a 3703 3516 7248 17368
iJO1366 590 1805 2583 7284 woodw 4656 1098 8418 23158
Reconl 932 2766 3742 8717 80bau3b 9233 2262 12061 22341
Recon2 2430 5063 7440 19791 ken_18 49896 105127 154699 | 295946
Recon3 5335 8399 13543 48187

Table F.1: Constraint-based models. Each constraint-based model has a form of {x € R" : Az =
byl <z <u}for AeR™"™beR™ and l,u € R", where the rows and columns correspond to
constraints and variables respectively. The full-dimension of each model is obtained by transforming
its degenerate subspace to a full dimensional representation (i.e., A’z < b'), and we count the

number of nonzero (nnz) entries of a preprocessed matrix A.

column is split into several columns with less non-zero entries by introducing additional
variables. Then we remove dependent rows of A by the Cholesky decomposition. Then
we find the Dikin ellipsoid of the polytope. If the width along some axis is smaller than a
preset tolerance, then we fix variables in such directions, reducing columns of A. Lastly, we
run the primal-dual interior-point method with the log-barrier to find an analytic center
of the polytope, which will be used as a starting point in sampling. When finding the
analytic center of the simplified polytope, if a coordinate of the analytic center is too close
to a boundary (to be precise, smaller than a preset tolerance boundary 1078), then we
assume that the inequality constraint (either x; < u; or [; < x;) is tight, and we collapse
such a variable by moving it into the constraints Ax = b. We go back to the step for
removing dependent rows and repeat until no more changes are made to A. Along with

simplification, we keep rescaling A, b, [, u for numerical stability.
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Coordinate Hit-and-Run (CDHR). We briefly explain how CHRR works. First,
rounding via the MVE algorithm finds the maximum volume ellipsoid inscribed in the
polytope and applies, to the polytope, an affine transformation that makes this ellipsoid
a unit ball. This procedure puts a possibly highly-skewed polytope into John’s position,
which guarantees that the polytope contains a unit ball and is contained in a ball of radius
n. This position still has a beneficial effect on sampling in practice in the sense that the
random walk can converge in fewer steps. After the transformation, the random walk
based on Coordinate Hit-and-Run (CHAR) chooses a random coordinate and moves to a
random point on the line through the current point along the chosen coordinate.

When running CHRR and CDHR, we recorded a sample every n? steps. The mixing
rate (i.e., the number of steps required to get a sample from a target distribution) of Hit-
and-Run (HAR), a general version of CHAR choosing a random direction (unit vector)
instead of a random coordinate, is O*(n?R?) for a polytope P with B, C P C R - By,
where By, is the unit ball in R™ [LV06a]. It was proved only recently that CHAR mixes
in O*(n?R?) steps on such a polytope [LV21, NS21]. Even though this bound is not as
tight as the mixing-rate bound for HAR, it was reported in [HCT*17] that CHRR mixes
in the same number of steps as HAR empirically. Moreover, the per-step complexity of
CHAR can be n times faster than that of HAR, so CHAR brings a significant speed-up in

practice.

Comparison Setup. We set the parameters of CRHMC to values in
default _options.m in the experiments. For the competitors, we proceeded with
the following additional steps for fair comparison. First, as the VolEsti package does not
support the MVE rounding, we rounded each polytope by the MVE algorithm in the
CHRR package and then transformed the rounded polytope so that the R interface can
read the data file. Next, we limited all algorithms to a single core, since the R interface

uses a single core as a default whereas MATLAB uses as many available cores as possible.

F.1.1 Polytope Definition

Hypercube. The n-dimensional hypercube is defined by {z € R" : —% <z <

1 for all i € [n]}. Note that it has no equality constraint and its full-dimension is n.
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Simplex. The n-dimensional simplex is defined by {x € R™ : 0 < z; foralli €

[n], >, & = 1}. Note that its full-dimension is n — 1.

Birkhoff Polytope. The n'* Birkhoff polytope B, is the set of all doubly stochastic

n X n matrices (or the convex hull of all permutation matrices), which is defined as
B, = {(Xij)i,je[n] : ZXZJ =1forallie [TL], ZX” =1forall j€ [n], and Xij > 0}
j i

Namely, B, is defined in a constrained R _dimensional space, and its full-dimension is
n? —(2n —1) = (n — 1)2. We ran CRHMC on B,/ to examine its efficiency on (roughly)
n-dimensional Birkhoff polytope.

F.2 Deferred details of CRHMC

In this section, we present all technical details behind an idealized version of our algorithm,
CRHMC, together with correctness of CRHMC. Subsequently in Appendix F.3, we provide
details on a discretized version of CRHMC.

F.2.1 Deferred details of Section 7.2.1

Recall that in Section 7.2.1 we mention that the following constrained Hamiltonian satisfies

the Hamiltonian ODE (% = aHa(jj’“) dv _ _%)

> dt
H(z,v) = H(z,v) + Mz,v) c(z) with H(z,v) = f(z)+ %UTM(J,‘)TU + log pdet (M (x))

where

A, v) = (De(z)De(z)") ! (D%(x) 0, & 6H<>) |

E] — Dc(x) o

Lemma 15. Consider the constrained Hamiltonian defined by (7.7) with Range(M (z)) =
Null(De(z)) and

A, vp) = (De(ay) De(xy) )™ (DQC(%)[UD %] - de)W) '

When the initial point satisfies c(xg) = 0, the ODE solution of (7.4) satisfies c(x;) = 0
and Dc(z)vy = De(xo)vo for all t.

Proof. First we compute

d
%c(xt) = De(xt) - — = De(ay)
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= Dc(:ct)M(xt)Tv + Dc(xy) Dy (2, ’Ut)TC(iL‘t)

= De(x) DyX(xe, ve) T e(ay)

where we used Range(M (x)!) = Range(M (x)) = Null(De(x)). Since c(xg) = 0, by the

uniqueness of the ODE solution, we have that ¢(x;) = 0 for all . Next we compute

dvt _ 8H($t, Ut)

dt _ Ox
=— aH(gt,vt) - DC(xt)TA(xta vt) — DyA(zt, Ut)Tc(fEt)
A
OH (4,
_ g:;t) — Dea) A, v)

where we used ¢(x) = 0. Hence, we have

d dx dv
aDc(xt)vt = DZC(ﬂft)[Uta ditt] + Dc(l’t)aTtt
dx OH (z¢,v
= DPe(ay)[or, ] = Dc(xt)(a;t) — De(we) De(we) T A(ze, vr).

By setting Mz, v) = (De(we)De(w) ") ~HD2e(we)[vr, L] — Dc(mt)%), we have
%Dc(xt)vt = 0 and Dc(xy)vy = De(xg)vg for all ¢ (ie., vy € Null(De(zy)) during Step
2). O

F.2.2 Deferred details of Section 7.2.2

In Section 7.2.2, we mention that a naive algorithm computing 0H /0x and 0H /Jv is bound
to face the following challenges, especially in high-dimensional regime, and briefly explain
how we address each of them. In this section, we give full details on our computational

tricks.

1. Computation of the pseudo-inverse and its derivatives takes O(n?), except for

very special matrices = Find equivalent formulas (Appendix F.2.2).

2. The Lagrangian term in the constrained Hamiltonian entails extra com-
putation such as D?c(x) = Simplify the constrained Hamiltonian (Ap-

pendix F.2.2).

3. A naive approach to computing leverage scores in OH/Ox results in a very

dense matrix = Track sparsity pattern (Appendix F.2.2).
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Awvoiding pseudo-inverse and pseudo-determinant
We start with a formula for M (x)T.
Lemma 16. Let M(z) = Q(z) - g(z) - Q(z) where Q(z) = I — Dc(z)' (De(z) -

Dc(z) ") De(x) is the orthogonal projection to the null space of Dc(x). Then, De(z) -
M(z)f =0 and M(z)t = g(z)"2 - (I — P(z)) - g(z) "2 with

N

P(x) = g(2)"2 - De(z) (De(z) - g(2) ™" - De(a) ") "' De(a) - g(x) 7.

Proof. Recall that Range(M (z)7) = Range(M(x)). Hence, for any u € R™, we have
that M(z)Tu € Range(M (z)). Since Range(M(x)) C Range(Q(z)) and Range(Q(z)) =
Null(Dc(z)) due to the definition of the orthogonal projection Q(z), it follows that Dc(z) -
M (x)tu =0 for all u.

For the formula of M (x)f, we simplify the notation by ignoring the parameter z. Let
N = g_%Pg_% and J = Dc(x). The goal is to prove that M = N. First, we show some

basic identities about ) and N:

1

QN =Qg 3(I—g 2 (JgtTT) Mg 2)g 2
=(I=J I g =g T (Jg T hIg T
g =TT (I g
T (T Ty g = T g T (T T T g Y

=N. (F.1)

Similarly, we have NQ = N, QgN = @, and NgQ = Q. To prove that MT = N, we need
to check that M N and NM are symmetric, MNM = M, and NMN = N.

For symmetry of MN and NM, we note that MN = Qg¢QN = QgN = @ and
NM = NQgQ = Ng@Q = Q. For the formula of MNM and NM N, we note that that @

is a projection matrix and hence

MNM = QM = QQgQ = QgQ = M,

NMN =@QN = N.
Therefore, we have Mt = N. ]

Another bottleneck of the algorithm is to compute log pdetM (x). The next lemma

shows a simpler formula that can take advantage of sparse Cholesky decomposition.
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Lemma 17. We have that
log pdet(M (z)) = logdet g(x)+log det (Dc(:c) g(z)t- Dc($)T) —log det (Dc(x) . Dc(x)T) .
Proof. We simplify the notation by ignoring the parameter x and letting J = De(z). Let

fi(g) =logpdet(Q - g- Q),
f2(g) = logdet g + log det Jg~ T —logdet JJ .
Clearly, fi(I) = fa(I) = 0, and hence it suffices to prove that their derivatives are the
same.
Note that Range(Q - ¢ - Q) = Null(.J) and Range(.J ") is the orthogonal complement of
Null(J). Since JT(JJ)~1J is the orthogonal projection to Range(J "), all of its eigen-

vectors in Range(J ") have eigenvalue 1 and all the rest in Null(.J) have eigenvalue 0.

Therefore, by padding eigenvalue 1 on Range(.J ") = Null(J)* = Range(QgQ)", we have

pdet(Q g Q) =det(Q g-Q+J " (JI")7'))
=det(Q-g-Q+ (I —-Q)).
Using D log det A(g)[u] = Tr(A(g) "' DA(g)[u]), the directional derivative of f; on direction
u is
Dfi(g)lu] =Tr((Q-9-Q+(I-Q)'Q-u-Q).

Let N = (Q-g-Q)!. As shown in the proof of Lemma 16, we have NQ = QN = N and
QgN = Q. By using these identities, we can manually check that (Q-g-Q+ (I —Q))™!' =
N + (I — Q). Hence,

Dfi(g)[u] = Tr (N + (I - Q))Q - u- Q) = Tr(NuQ)
=Tr(QNu) = Tr(Nu)

where we used idempotence of the projection matrix @ (i.e., Q% = Q).

On the other hand, we have
Dfa(g)lu] = Tr(g ™ w) = T (Jg ' TT) " (Tg  ug ™I T))
=T (g7 = g7 (Ig ) g )
= Tr(Nu)
where we used the alternative formula of N in Lemma 16. This shows that the derivative

of fi equals to that of fy at any point g > 0. Since the set of positive definite matrices is

connected and f1(I) = f2(I), this implies that fi(g) = f2(g) for all g > 0. O
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Combining Lemma 16 and Lemma 17, we have the following formula of the Hamilto-

nian.

H(z,v) =Ho(z,v) + Az, v) " e(z),

+ 50Tgw) ™5 (1= g(e) 5 - De(@) T (De(w) - ()™ - De() )~ Del) - o)

-

Hﬂ(x7v) f(

M\»—*\_/

<10g det g(x) 4 log det (Dc(m) cg(x)~t- Dc(a:)T> —log det <Dc(:v) : Dc(w)T>> .

Simplification for subspace constraints

For the case ¢(z) = Az — b, the constrained Hamiltonian is

— 1
H(z,v) =f(x )+2v g 2([ P)g~ o4 = (logdetg—i—logdetAg 1AT—logdetAAT)+)\Tc

(F.2)

where P = gféAT(Ag_lAT)_lAgfé. The following lemma shows that the dynamics
corresponding to H above is equivalent to a simpler Hamiltonian. The key observation is
that the algorithm only needs to know x(h) in the HMC dynamics, and not v(h). Thus

we can replace H by any other H that produces the same x(h).

Lemma 18. The Hamiltonian dynamics of x corresponding to (F.2) is same as the dy-

namics of x corresponding to

H(z,v) = f(z )—i—;v g 2(] P)g~ 204 = (logdetg+logdetAg 1AT) (F.3)

where P = g_%AT(Ag_lAT)_lAg_%. Furthermore, we have

dzx

1
> g3 F.4
T =9 :U-Plg" (F.4)
dv 1 dx dz 1 _1 _1
Vi) + LDy [ ] - it - Py iDg) (.5)

Proof. Note that the dynamics of  corresponding to (F.2) is given by
de O0H  _1 1 T
E_%_g 2(I—P)g 2v+ (DN ¢

where we used that ¢(z) = 0 (Lemma 15).

Now let us compute the dynamics of v. Note that

Vgt (I-Plgrv=vglo—0v g tAT(A gt - AT) TAg M.
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Hence, we have
1 T 1 _1
D, 5'0 g 2 (I — P) g 2v

1
:—§’UT9 l'Dg'gilv—FUTgil'Dg'gilAT(A'gil'AT)ilAgilv
1

2
1

=-— §vT9‘%(I —P)g"%-Dg- g 2(I - P)g v

lD [dm dw]

27 e ar

’UTgilAT(A -1 AT)*IA 'gfl . Dg _gfl . AT(A'gfl 'AT)flAgfl,U

where we used Ccll—f = g_%(I - P)g_%fu in (F.6). Therefore, it follows that

dv 8H

=g~ (DY) Te—ATA (F.7)
dr dx
=-Vf(z )—|— D [dt dt] %Tr(gleg) (F.8)
+ %Tr ((Ag(x)_lAT)_lAg(x)_l -Dg - g(x)_lAT) — AT
=-Vf(z)+3 ey [CZ,ZZ;] - %Tr(g‘% (I—P)g~2Dg) — AT

where we used that ¢ = 0 again in the second equality.
Recall that % = g_% (I —-P) g_%v. In this formula, let us perturb v by ATy for any y

as follows.

(I-P)g 2w+ ATy) = (I~ P)g v+ (I~ g_%AT(Ag‘lAT)‘lAg‘%) g 3ATy

VR

Hence, removing A' A from %’ in (F.7) does not change the dynamics of z, and thus we

have the new dynamics given simply by (F.4) and (F.5). By repeating this proof, one can
check that the simplified Hamiltonian (F.3) also yields (F.4) and (F.5). O

Efficient Computation of Leverage Score

In this section, we discuss how we efficiently compute the diagonal entries of
AT(Ag *AT)71A. Our idea is based on the fact that certain entries of (Ag~*AT)~! can be
computed as fast as computing sparse Cholesky decomposition of Ag~'AT [Tak73, CD95],

which can be O(n) time faster than computing (Ag~'AT)~! in many settings.
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For simplicity, we focus on the case g(z) as a diagonal matrix, since we use the log-
barrier ¢(x) = — > " (log(z; — ;) +1log(u; — x;)) in implementation. We first note that we
maintain a “sparsity pattern” sp(M) of a sparse matrix M so that we handle only these
entries in downstream tasks. The sparsity pattern indicates “candidates” of nonzero entries
of a matrix (i.e., sp(M) D nnz(M) = {(¢,7) : M;; # 0}). For instance, it is obvious that
sp(cc’) = {(i,4) : cic; # 0} = nnz(cc") for a column vector ¢ and that sp(4g~1AT) =
Uien) sp(A4;A]) follows from the equality Ag71AT = Z?:l(Agfé)i(Agfé)iT, where M;
denote the 7" column of M (See Theorem 2.1 in [Dav06]). Then we compute the Cholesky
decomposition to obtain a sparse triangular matrix L such that LLT = Ag 1A with a
property sp(Ag~tAT) Csp(LT) Usp(L) (See Theorem 4.2 in [Dav06]).

Once the sparsity pattern of L is identified, we compute S := (Ag*IAT)*1|Sp( 1), the
restriction of S to sp(L), that is, the inverse matrix S is computed only for entries in
sp(L). [Tak73, CD95] showed that this matrix S can be computed as fast as the Cholesky
decomposition of Ag=tAT.

For completeness, we explain how they compute S efficiently. Let LODLJ be the LDL
decomposition of Ag~'AT such that the diagonals of Ly is one and so L = LOD%, and it

easily follows that
S=D'L;'+(I-LJ)S=D 2L '+ (I-L"D2)"'s.

Since DLy 1is lower triangular and I — Lg is strictly upper triangular, symmetry of S
implies that S can be computed from the bottom row to the top row one by one. We note
that the computation of S on any entry in sp(L) only requires previously computed S on
entries in sp(L), due to the sparsity pattern of I — LD 3. [Tak73, CD95] showed that
the total cost of computing S is O(> I, n?) for backward substitution, where n; is the

number of nonzeros in the i*” column of L. This exactly matches the cost of computing

L. In our experiments, for many sparse matrices A, we found that O(Y_7_; n?) is roughly
O(n'®) and it is much faster than dense matrix inverse.

We have presented methods to save computational cost, avoiding full computation of
the inverse (Ag~'AT)~!. This attempt is justified by the fact that only entries of Ag=tA"

in sp(L) Usp(L") matter in computing diag(ATSA) = diag(AT (Ag~1AT)"1A).

Lemma 19. Computation of diag(AT(Ag='AT)"1A) involves accessing only entries of
(Ag=* AT in sp(Ag—1AT).
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Proof. Let M := (Ag7tAT)~t € R™™ ¢, := (AT (Ag~1AT)1A),;; for i € [n], and a; be

the it" column of A. Observe that
oi =a; (Ag~'AT)ta; = Tr(a] Ma;) = Tr(Maga, ).

As the entries of M only in sp(a;a; ) matter when computing the trace, we have that all
the entries of M used for computing o; for all i € [n] are included in |}, sp(a;a;) =

sp(Ag—1AT). O

Now let us divide the diagonals of S by 2. Then we have (Ag_lAT)_1|Sp(L)USp(LT) =
S+ ST and thus

diag(AT(AgilAT)ilA) = dia‘g(AT(AgilAT)il|sp(L)Usp(LT)A)
— diag(ATSA+ ATSTA) =2 diag(ATSA)

and the last term can be computed efficiently using S. In our experiment, the cost of
computing leverage score is roughly twice the cost of computing Cholesky decomposition
in all datasets.

Finally, we discuss another approach to compute leverage score with the same asymp-

totic complexity. We consider the function
V(g) =logdet Ag~1AT

where ¢ is a sparse matrix g € R%) and V is defined only on R%*(). Note that V(g) can
be computed using Cholesky decomposition of ATg~ AT and multiplying the diagonal of

the decomposition. Next, we note that
VV(g) = (g7 AT(Ag T AT) T Ag lgp(e)-

Hence, we can compute leverage score by first computing VV'(g) via automatic differentia-
tion, and the time complexity of computing VV is only a small constant factor more than
the time complexity of computing V' [GWO08]. The only problem with this approach is that
the Cholesky decomposition algorithm is an algorithm involving a large loop and sparse
operations and existing automatic differentiation packages are not efficient to differentiate

such functions.

F.2.3 Stationarity of CRHMC

Now, the ideal CRHMC (or the continuous CRHMC) is the same as Algorithm 13 with

the simplified constrained Hamiltonian H in place of the unconstrained Hamiltonian. In
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this section, we prove that the Markov chain defined by the ideal CRHMC projected to
x satisfies detailed balance with respect to its target distribution proportional to e~/ ()
subject to ¢(x) = 0, leading to the target distribution being stationary.

To this end, we introduce a few notations here. Let M = {x € R" : ¢(x) = 0} be a
manifold in R™ and 7(z) be a desired distribution on M proportional to e~/(*) satisfying
Sy m(@)dz =1 (to be precise, the Radon-Nikodym derivative of 7 w.r.t. the Hausdorff
measure on the manifold M is proportional to e~/ (‘”)). We denote the set of velocity v at
r € M (i.e., cotangent space) by T, M = Null(Dc¢(x)) = {v € R" : Dc(x)M(z)Tv = 0}.
Let T}, be the map sending (z,v) to (z/,v") = (z(h),y(h)) in the Hamiltonian ODE (Step
2 of Algorithm 13) and define F) (v) := (m o T},)(z,v) = 2, where mi(z,v) := z is the
projection to the position space x. For a matrix A, we denote by |A| the absolute value
of its determinant | det(A)].

Note that we check the detailed balance of the induced chain on the “original (x)”

space without moving to the “phase (z,v)” space, unlike Brubaker’s proof [BSU12].

Theorem 20. For xz,2' € M, let P,(a') be the probability density of the one-step dis-
tribution to ' starting at x in CRHMC (i.e., transition kernel from x to x'). It satisfies

detailed balance with respect to the desired distribution w (i.e., 7(z)Py(a’) = n(2" )Py (x)).

Proof. Fix x and 2/ in M. Let C; be the normalization constant of e=f(®) (i.e., n(z) =
C1e~7®). The transition kernel P, (z') is characterized as the pushforward by Fj., of the
probability measure v ~ N (0, M (x)) on T, M, so it follows that

P.(z') = 02/

where Cs is the normalization constant of ¢~ 3 logpdet(M(2))—zvT M(z)tv o) q Ve={veT,M:

—% log pdet(M(ac))—%vTM(;r)Tv

|DF:c7h(U)‘

e

dv,

x

F, n(v) = 2} is the set of velocity in cotangent space at « such that the Hamiltonian ODE
with step size h sends (z,v) to (2/,v’). (Further details for deducing the 1-step distribution
can be found in Lemma 10 of [LV18]) As ¢(z) = 0 for x € M, it follows that

m(2)Pa(2")
o eff(m)fé logpdet(M(z))f%vTM(x)va)\(a:,v)Tc(x)
- | z [DFe(0)]

6—H(:v,v)

dv—C’C/ —  _dwv.
"2 )y, IDFEa(v)]

Going forward, we use three important properties of the Hamiltonian dynamics includ-
ing reversibility, Hamiltonian preservation, and volume preservation, which still hold for

the constrained Hamiltonian H. Due to reversibility 7, (2',v") = (z,v), we can write
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—H(z' ")

/P , — 6— /
(2" )Py (z) = C1Cq /Vz/ IDF. /7_h(v’)\dv’

where Vy = {v/ € TyM : Fp _p(v') = x} is the counterpart of V. From reversibility
T_j, 0Ty, = I, the inverse function theorem implies DT_; = (DT},)~. Now let us denote
A B . A B
DT (xz,v) = & DT p(2',0") =
C D ¢ D
where each entry is a block matrix with the same size. Note that DFj ;(v) = B and
DF, _p(v') = B’ hold by the definition of Jacobian. Together with DT, = (DT,)"!, a

formula for the inverse of a block matrix results in

|B| | Bl

DF,_ / — B/ — =
| —n(V)] = |B’] |D||A— BD-C|  |DTp(z,)]

= |B| = [DFyn(v)];

where we use the property of volume preservation in the fourth equality (i.e., | DTy (x,v)| =

1). Finally, the property of Hamiltonian preservation implies H(x,v) = H(2',v") and thus
—H(z' ") —H(z,v)
[ [ e,
v, |[DFy (V)] v, |DFy p(v)]
Therefore, 7(z)P,(2') = n(2’)P,/(x) holds. O

Similar reasoning as Theorem 3 and Lemma 1 in [BSU12] gives m-irreducibility and
aperiodicity of the process, so CRHMC converges to the unique stationary distribution

7 oce @)
F.3 Discretization

We discuss how to implement our Hamiltonian dynamics using the implicit midpoint
method in Section F.3.1 and present theoretical guarantees of correctness and efficiency

of the discretized CRHMC in Section F.3.2.

F.3.1 Discretized CRHMC based on Implicit Midpoint Integrator

In our algorithm, we discretize the Hamiltonian process into steps of step size h and run
the process for T iterations (see Algorithm 15). Rather than resampling the velocity at

every step, we may change the velocity more gradually, using the following update:

v'<—\/5v+\/1— z
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where z ~ N(0, M(x)) and 3 is a parameter. We note that this step is time-reversible,
ie., P(v|z)P(v — v') = P(¢'|z)P(v' — v) (see Theorem 22). Starting from (z(?), v(0),
let (z®, ") be the point obtained after iteration ¢. In the beginning of each iteration,
we compute the Cholesky decomposition of Ag(z) 'AT for later use and resample the
velocity with momentum. As noted previously in Lemma 18, for ¢(z) = Az — b we can

just use the simplified Hamiltonian in (F.3),

N

Hr,v) = f(@) + 30" g(x)

1
(I — P(x)) g(x)*%v + 3 (log det g(z) + log det Ag(a:)flAT)
instead of the constrained Hamiltonian H 4+ AT c. We solve the Hamiltonian dynamics for
H by the implicit midpoint method, which we will discuss below, and then use a Metropolis

filter on H to ensure the distribution is correct.

Implicit Midpoint Method. For general Riemannian manifolds, explicit integrators
such as the leapfrog method (LM) are not symplectic, unlike IMM. LM is symplectic when
the Hamiltonian equations are separable (i.e., each of dz/dt and dv/dt is a function of either
x or v only). However, in the general Riemannian manifold setting, where dx/dt depends
on position z due to mass matrices (which is g(z) in our paper) as well as velocity v, the
Hamiltonian is no longer separable, which prevents us from using LM. We refer interested
readers to Section 3 and Section 4.1 in [CBMR19].

We now elaborate on how the implicit midpoint integrator works (see Algorithm
16), which is symplectic (so measure-preserving) and reversible [HHIL0O6]. Let us write

H(z,v) = Hy(x,v) + Ha(x,v), where

Hi(x,v) = f(z) + % <log det g(x) + log det Ag(m)*lAT> ,
Ma(a,0) = 507 glw) % (T = P(a) glo) Ho.

Starting from (xg,v0), in the first step of the integrator, we run the process on the

Hamiltonian H; with step size % to get (wy/3,v1/3), and this discretization leads to

h 0Hq

_ h OH
T1/3 = L0+ 35, R

(zo,v0) and vy/3 = vo — 5, (%0,v0). Note that zy/3 = xo due to

%ﬁvl = 0. In the second step of the integrator, we run the process on Hy with step size h
by solving
OH, x% + x% v% + U%
T =ay g, ( 2 2 )°
OHo [(T1TT2 V1 + V2
v2 =v1 —h 2 3 3 , 3 3
3 3 oz 2 2
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To this end, starting from z9/3 = zy/3 and vyy3 = vy/3, we apply g3 + zy/3 +
H. 3+Ta: + H +a2): + . . .
hagf (931/32062/3’ U1/32U2/3> and vy/3 «— vy/3 — hagf (x1/32x2/3, 01/3202/3) iteratively with

the following subroutine for computing aa—ﬁvz and 88—%2. According to Lemma 18, this com-
putation involves solving g(z) tA" (Ag(alc)_lAT)_1 Ag(z) v for some v and z. To com-
pute (Ag(av)*lAT)f1 Ag(z)~ v, we use the Newton’s method, which iteratively computes
v v+M1Ag(x)~! (v — ATv) for some M. Note that the Newton’s method guarantees
that v converges to M1 Ag(z)~'v if M is invertible. Here, we choose M = Ag(z®)~1AT
to ensure fast convergence. Since we have already computed the Cholesky decomposition
of M in the beginning, M~ Ag(z)~! (U — ATV) can be computed efficiently by backward
and forward substitution. In the third step of the integrator, we run the process on the
Hamiltonian H; with step size % again to get (z1,v1), which results in z; = /3 and
V1 = Vg3 — %88—%1(331,02/3).

We note that CRHMC is affine-invariant and provably independent of condition num-
ber (Theorem 29), and thus the step size and momentum only need to depend on the
dimension. In practice, we set the momentum to roughly 1 — h, and for the step size h,
we decrease it until the acceptance probability is close enough to 1 during the warm-up
phase. Empirically, we found that the step size stays between 0.05 and 0.2 in practice even
for high dimensional ill-conditioned polytopes. This step size is remarkable, given that for
these instances a standard package like STAN ends up selecting a small step size like 10~8
and thus fails to converge.

Putting Algorithm 15 and Algorithm 16 together, we obtain discretization of con-

strained Riemannian Hamiltonian Monte Carlo algorithm.

F.3.2 Theoretical Guarantees

In terms of efficiency, we first show that one iteration of Algorithm 15 incurs the cost of
solving a few Cholesky decomposition and O(K) sparse triangular systems. We also show
in Lemma 23 that the implicit midpoint integrator converges to the solution of Eq. (F.9)
in logarithmically many iterations. Regarding correctness, Theorem 22 and Lemma 23
together show that the discretized CRHMC (Algorithm 15) converges to the stationary

distribution indeed (see Remark 24).

Theorem 21. The cost of each iteration of Algorithm 15 is solving O(1) Cholesky decom-
position and O(K) triangular systems, where K is the number of iterations in Algorithm

16.
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Algorithm 15 Discretized Constrained Riemannian Hamiltonian Monte Carlo with Momentum

Input: Initial point #(*), velocity v(*), record frequency T, step size h, ODE steps K
fort=1,2,---,7T do
Let 7 = 01 and 2 = (-1,

Step 1: Resample v with momentum

Let z ~ N(0, M(z)). Update v:
v 4= \/B@—k V1-—pz.

Step 2: Solve % = %, ‘C% = —% via the implicit midpoint method

Use Implicit Midpoint Method(z,v,h, K) to find (z/,v") such that

hOH(z,v)
BTV e (F.9)
OH (22 v1/31tv2/3 OHo (2t v1/3+0y/3
¥=xz+h 2( 28 . ),vg:v;—h 2( 23 2 ),
v 3 3 x
. pOH1 (2 v2)
YT T ox

Step 3: Filter
With probability min {1, %} cot 20 2 and v® < o,
Otherwise, set z(!) < z and v(® + —ov.

end for

Output: z(D

Proof. We first solve the Cholesky decomposition to get Ly 1L | = Ag(z®=)"TAT at

the beginning of iteration. Recall that
H(x,v) = Hy(x,v) + Ha(x,v)
= (f(m) + %(log det g(x) + log det Ag(m)lAT)>
(oot (1= 90 54T (gt AT Agl) ) g0 Ho )

The value of H(z=1 v=1) should be computed later for the filter step and can be

efficiently computed by the given L, L} | = Ag(x(tfl))*lATand solving two sparse tri-



294

Algorithm 16 Implicit Midpoint Method

Input: Initial point x(o), velocity ’U(O), record frequency T, step size h, ODE steps K
Set Ty <—a:andv% %v—%%.

Set v + 0.
for k=1,2,--- K do

Let xpiq % (x; —i—:cg) and vpyig — % (v; +Ug>

3 3 3 3
Set v« v+ (LLT)_1 Ag(zmia) ! (vmid - ATV)
Set =«

— z1 + hg

Tmid) ~* (Umid — ATZ/) and v
SUmid)_1 ('Umid - ATV)]
Lzz,vz2).

2
3

Wl

1
3

2
3
h -1
Dg Tmid) [ Tmid) (Umid_

and v %w—%a

Set x1 + x )

2
3

Wl

2
3

end for

Output: v,

angular systems (i.e., L | (L, (Ag(w)_%))) We need the same cost (i.e., Cholesky de-
composition and solving two triangular systems) for the value of H(z',v"), where (2/,v") is
the output of Algorithm 16. We note that L inherits sparsity of A and thus each triangular
system can be solved efficiently by backward and forward substitution.

In the implicit midpoint method, one main component is computation of % in
Step 1 and %(zg,v%) in Step 3 due to leverage scores. As seen in Section F.2.2, the cost
for these computations is within a constant factor of solving the Cholesky decomposition
for Ag(z*=1)"1AT and Ag(:ﬁ%)_lAT. Another component is solving O(K) triangular
systems to update v in Step 2.

Adding up all these costs, each iteration of Algorithm 15 only requires solving O(1)

Cholesky decomposition and O(K) sparse triangular systems. O

Theorem 22. The Markov chain defined by Algorithm 15 projected to x has a station-
ary density proportional to exp(—f(x)), and is irreducible and aperiodic. Therefore, this

Markov chain converges to the stationary distribution.

Proof. Each iteration consists of two stages: resampling velocity with momentum in Step
1 (i.e., (x,7) to (x,v)) and solving ODE followed by the filter in Step 2 and 3 (i.e., (z,v)
to (2',v")). To prove the claim, we show that Step 1 is time-reversible with respect to the
conditional distribution 7(v|z) and that Step 2 followed by Step 3 is also time-reversible

with respect to m(x,v).
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We begin with the first part. We have 7(v|x) = N(0, M (x)) due to the definition of H.
Since v|z ~ N (0, M(z)) and z ~ N (0, M(z)) are independent Gaussians, the update rule
v = +/Bo++/1 — Bz implies 7(v|z) = N (0, M(z)). Let P(z) be the probability density and
C be the normalization constant for Gaussian N'(0, M (z)). Then, the time-reversibility

w.r.t. m(v|z) is immediate from the following computation:

v — v Tyt v — i
7 (0]2)P (T = v) = C? exp(_%q MT7) ,exp(_;( VB )1 J_WB( YN

T st =T 0t
= C?exp <—; <’UTMT’U+ vl f/lﬁv + 6? _]WBU - I{BB(UTMTU —i—vTMTv)))

= 02 exp (—; <UI_M;U + UI]_W;U — I{Bﬂ(v—rMTv + UTMTU)>> ,
(v]z)P(v = 7) = C? exp(_%ﬂ M) . eXp(_% (v - fﬁv)lTJ_W;(v ~VBv),

o MT Tyt
= C%exp <—; <’UTMT’U + 1)1 ﬁ/jﬁv + 6? _]\év — 1{66(UTMTU —i—vTMTv)))

. 1 /(vTMv TTMo N T st T apies
=C exp(—z( 5 + =3 —1_5(0 MMy +wv MU)))

= 7(v]x)P(T — v) = n(v|z)P(v — D).

The second part follows from a stronger statement due to symmetry of v in H(z,v): In
the space where (z,v) and (x, —v) are identified, the Markov chain defined by Step 2 and 3
satisfies detailed balance with respect the density 7([z,v]) proportional to exp(—H (x,v)),
where [z, v] denotes the identified point for (z,v) and (z, —v). Consider the pairs [z,v] =
{(z,v),(z,—v)} and [2/,0] = {(2/,0"), (', —v")} where in Step 2 (z,v) goes to (2/,v") and
(', —v") goes to (z, —v) due to reversibility of the implicit midpoint method. We now verify
that the filtering probability is the same in either direction, using the measure-preserving

property of Step 2

(@, 0)P ((z,v) = (2/,')) = 7(w,v) min {1’ o }

= min {7 (z, —v), 7(2’, —v")}

= m(z’, —v) min {1, ”(x_”)}

m(a!, —v')
=7(z', =" )P ((«/, =) — (x, —v)).
Therefore, for any two pairs [z,v] and [2/,0], we have 7([z,v])P ([z,v] — [2/,0']) =
7([z',v'|P ([2/,v'] — [z,v]), and thus this detailed balance implies that the target den-

sity is stationary.
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Its irreducibility is implied by the non-zero lower bound on the conductance of the
discretized CRHMC (Theorem 29). To see this, let A and B be two subsets of positive
measure such that one subset is not reachable from another in infinitely many steps. Take
the set R of reachable points from A via running the Markov chain, and note that R and
R¢(D B) have non-zero measures. However, the non-zero conductance, meaning that there
must be a positive probability of stepping out of R, which contradicts the definition of R.
Now for aperiodicity, as assumed at the beginning of the mixing rate proof (Appendix F.4),
we consider a lazy version of the discretized CRHMC instead, which makes the chain stay
where it is at with probability 1/2 at each iteration, which prevents potential periodicity
of the process. Note that this modification worsens the mixing rate only by a factor of 2.

Putting these three together, we can show that the discretized CRHMC converges to
the target distribution. O

Now we show in Lemma 23 that the implicit midpoint method (Algorithm 16) converges
to the solution of (F.9) in logarithmically many iterations. To show the convergence of

Algorithm 16, we denote by 7 the map induced by one iteration of Step 2.

Definition 10. Let

r1+ hg(Zmia) "t (Vmia — AT A1)
T(z,v,v) = v+ B Dg(®mia) [9(xmia) ™ (Vmia — ATAL), 9(@mia) ™ (Vmia — ATAD)] | 5
A1

where T g = %(m%j%‘), Vimid = %(v% +v), and Ay = v+(LLT) T Ag(@mia) ™! (Vmia — AT V).

Let (2% ,v%,v*) be the fized point of T.
3 3

We assume that ¢ is given by the Hessian of a highly self-concordant barrier ¢ (see
F.5.2). Note that the log-barrier is highly self-concordant. We can show that for small
enough step size h, Algorithm 16 can solve (F.9) to d-accuracy in logarithmically many

iterations.

Lemma 23. Suppose g(z) = V2¢(x) for some highly self-concordant barrier ¢. For any

(k) (K)

input (x1,v1), let (xy 7, vy ,1/(’“)) be points obtained after k iterations in Step 2 of Algo-
37 3 3

2

3
rithm 16. Let (X2,v2) be the solution for (xz2,vz2) in the following equation
3 3 3

PPLLE (“é”é ”;*”3) . _ 0 (’“’é”é “;ﬂg)
2 ’ 2 ’ ! ’

W=

- o 2 2
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Let ||z|| 4 :== Va T Az for a matriz A. For any (z,v,v), define the norm
16,0, 5= Bellgtey) + Bellyey -+ + BIAT Ve

@2 o0 VO — (72,72, %)
33 373

If

< r with h <7 < min(

1 v 1V lgag) -1
100 4 > g40 ), then

@ P vy — & <6
3 3

U2, 17)

win
win

for some L = O (logl/c %) , where C' = Oy, (h) is the Lipschitz constant of the map T .
Proof. Since (x’%,vg, v*) is the fixed point of 7 (i.e., v* = A1), we have
v = v 4+ (LLT) " Ag(miq) (Umid — ATZ/*)
and thus Ag(Zmiq)  Wmid = Ag(2mia) "' ATv*. For invertible Ag(amiq) A", we have
vt = (Ag(emia) A7) Aglmia) " omia
Similarly by using the definition of the fixed point and this new formula for v*,
x

=21 + hg(Tmid)  Vmid — hg(Tmia) LAV

wio *

1

3
-1

= 23 + hg(wnia) " vmia = hg(@mia) AT (Ag(emia) TAT)  Ag(@mia) " vmia

2
=71 + hW (Zmid> Vmid)

and

x h _ . - )
Ve =t §Dg(xmid)[g($mid) Yomia — ATV, g(mia) T (Umia — ATVY)]

=v1 — ha— (Zwmid; Vmid)

which shows that (z%,v%) is exactly the solution for (x,v) in the equation
3 3

r=x1+h
3

3?2 x%-i-:c v%-i-v .
ov 2 72 ’

¥Zi r1+x vi+wv
:v;—ha 2 3 , =2 .
3 ox 2 2

Next, we show that the iterations in Step 2 converges to (z%,v3,v*). If
3 3

(x(go),v(go), () — (x%,v5,v%)|| < r for some C' = Oy, (h), we have
3 3
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($§ 7v§ 77/(0)) - (:C%’U%vl/*)

)

where the first equality follows from (2%, v%,v*) is the fixed point of 7 and the second
3 3

inequality follows from Lemma 26. Therefore, we have <

(@, 08 0y — (23,03, 0%)
3 3 3 3

§ for L =0 (logc %) . O

Remark 24. Lemma 23 shows that Algorithm 16 converges to the solution of (F.9) in
logarithmically many iterations for small enough step size h. In Step 1 of Algorithm 15, v is
resampled so that every iteration of Algorithm 15 is a non-degenerate map. Then, the total
variation distance between the distributions generated by solving (F.9) using Algorithm 16
and solving (F.9) exactly in one iteration of Algorithm 15 can be bounded by error due
to Algorithm 16. Theorem 22 shows that the process will converge to the exact stationary
distribution. Therefore, in order for the accumulated error of Algorithm 15 to remain
bounded for polynomially many steps, it suffices to run logarithmically many iterations
in Algorithm 16. Any small bias due to the numerical error in the ODE computation is
corrected by the filter, and maintaining as small error as possible is important to keep the

acceptance probability high.

F.3.3 Deferred Proof

Lemma 25 ([KLSV22c|, Lemma 28). Suppose g(x) = VZ2¢(x) for some highly self-

concordance barrier ¢. Then, we have that

o (1—ly—=zllgwm)g(x) < gly) = mg(x)
o D90yt < 2ol
e | Dg(x)[v,v] = Dg(y)[v, v]|lg(z)— < WHUHE@H(@ — 2| g(z)-

o [Dg(x)[v, ] = Dg(@)[w, w]llyz)-1 < 2[[v = wllyy v+ wllye)-

Lemma 26. Let g(x) = V2¢(x) for some highly self-concordance barrier ¢. Given o, vo

and L such that LLT = Ag(zq)™ AT, consider the map

20+ hg(z12) (12 — AT A1)
T(x,0,A) = | o+ 5Dg(x1)[g(12) " (vij2 — ATA1), g(@1/2) (V12 — ATAY)]
A1
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where 15 = (20+x)/2, V15 = (Vo+v)/2 and Ay = A+ (LLT) "t Ag(z12) ™" (vi2 — ATA).
Let (x*,v*, X\*) be a fized point of T. For any z,v,\, we define the norm

1z, 0, M1 = 2l gag) + [Vl ggag)-1 + AIAT Mlg(ag)-1-

Let Q = {(z,v,\) : |[(z,v,A) — (2", 0", \)|| < r} with h < r < min(%,%,”v”g%).

Suppose that (xq,v9,0) € Q. Then, for any (z,v,)), (Z,0,\) € Q, we have
1T (2,0, \) = T@,0,N)| < Cll(z,0,A) = (@7,
where C' = (3% + Hv*Hg(xo)q)(élOOr + 18th*Hg(zo)71).

Remark 27. Note that we should think r = ©,(h) because that is the distance between

(zo,v0,0) and (z*,v*, \*). In that case, the Lipschitz constant of T is On(h||v*||§(x0)7l) =

On(h). Hence, if the step size h is small enough, then T is a contractive mapping. In
practice, we can take h close to a constant because g is decomposable into barriers in each

dimenston and the bound can be improved using this.

Proof. We use T (x,v,\); to denote the x component of 7 (x,v,\) and similarly for
T(z,v,\)y and T (x,v,A)x. For simplicity, we write go = g(20), g1/2 = g(71/2) and

9172 = 9(T1/2). By the assumption, we have that
[z = 2ollgy <l —2"[lgo + 2" — 2ollgy < 2

Similarly, ||z — xo||g, < 2.

We first bound 7 (x,v,A),. Note that
T@ 0, A —T(x,v, )x =01+ as+az+ay

where

(
(

az = (LLT)_lA(gf/lg — 9o W@z — ATX) = (v12 — ATN)),
(

LLT) T A(Gy )y — 91) (012 — ATN).
Using that LLT = Ag(xg) 'AT, we have a; = 0. For ay, we have

14T o2 = (@73 — v1je) "o AT (LLT) " Agg AT (LT L) Agy (9773 — v1y2)
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= Uiz —vi2) g5 AT (Agy TAT) P Agy t (T17m — i)
< (V12 — 01/2)T90_1<T/2 —vy1/2)

L. 2
= I7 vl

where we use LLT = Ag(z¢) *AT and g(;l/QAT(AgalAT)_lAgal/2 =B"(BB")"'B<1I
for B = Ago_l/Q. For a3, by self-concordance of g (Lemma 25) and ||z — zo|lg, < 27, we

have

1
2
(1=7)"g0 2 g1y2 =2 = T)ng (F.10)

and hence (gé/2(g1_/12 — 961)93/2)2 < ((1 —r)72% — 1)2I. Using this and P =
go_l/QAT(AgoflAT)_1Ago_1/2 =< I, we have

1/2, — NP T
1A sll, 0 = llgg (g1b — 96 )@z = ATX) = (012 = ATN))|p

< llgg" (o1, — 9 ) (@i7a — ATX) = (1o — ATN))]l2
< (-2 = Dlgo 2 (@rz — ATN) = (w12 — ATV)|l2

1 _
21\ (2l - T\ —
< (=) =D lT = vl + A= Ag)-
Using r < 1/10, we have

|AT sl < 1207 — vl 1+ 247 ][ AT (X = N 1.

For a4, similarly, we have
JAT o1 < (1= 05]F — ]y, % — 1)o7z — AT -
< (1= 0.6]|7 — xlg0) ™ = D[z — AT Xl| -1

< L5]7 — allg 717z — AN -1

where we used g1/, < 1.2go (by (F.10)) in the second inequality and [|Z — x|y, < [|7 —

2*|lgo + lz — 2*||go < £ at the end. Combining everything, we have

IAT(T (@, 5, M5 = T (2,0, )1 = AT (Ax = Ag)l] -

<077 — vl o1 + 2.4r||AT(X — Mgot + L5IT = g0 7175 — ATXHgal. (F.11)
Now we bound 7 (x,v, A);. Note that

T(@, 9,z — T (2,0, Nz = hf1 + hf3



where
b1 :gl_/12<(§1/2 — ATxl) — (1)1/2 — AT)\l)),
P2 :@1_/12 - 91_/12)(51/2 —AT\).

By a proof similar to above, we have

1811lgo < 1.2([[T1/2 — U1/2||go—1 + HAT(Xl - Al)Hgo_l)’

182llgo < 0.6/ — 2llgo 712 — AT s

< =

and thus

”7-(j7 v, X)w - T(QT, v, )\)33”90

<0615 — vl + 120 AT (N = M) |1+ 0.6h]T — g [T22 — AT Xl .

Finally, we bound 7 (x, v, \),. We split the term

— h h
T(f7 @) )‘)’U - T(JZ’,’U, )\)v = 5/71 + 5/72

where

M :Dg(zl/Q)[ﬁf/lg(Ul/g - ATXl)aﬁf/lg(Ulm — AT\

- Dg($1/2)[91_/12(01/2 - AT)\l)»gl_/IQ(UUQ — AT\,
V2 :D9(51/2>[§1_/12(71/2 - ATXl)@l—/lg(Ul/z — AT

- D9($1/2)[§1_/12(51/2 — ATXl)ﬁl—/lg(@l/z — AT\

Let 7 = yl_/lz(il/g —AT)\)) and n = gl_/IQ(vl/g — AT )\1). For 71, we have that

1Dg(x1/2)[7,7] — Dg(:vlp)[mn]!\gl—/;

< 2 Dglarj) 1~ 07l -t + 1Dy (o) 0= 1.7 = ]l ot

< 47 = nllgy 1T g, o + 2117 = nll3, ,
where we use Lemma 25. Using g; /5 = 1.2go (by (F.10)),
Il <4l @172 = ATR) = (0172 = AT 192 = AR
+ 2012 — ATx) - (v1/2 — AT)\I)H;;L
For v, we use Lemma 25 and get

4
— 171 /2
1= 0.6][7 — x[lg)3"

Ty —
Il < ¢ — AT [ = g,

301
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_ T~ _
< 6172~ AR I~ 2l
Combining everything, we have

HT(E’ v, X)v - T(xvva )‘)ngO_l
< 2H(B1)s — A7) = (012 — ATADl 1[92 — AT
e~ ATR) — (o2~ ATA

+ 3]s — ATXE [ — 2

Combining the bounds for 7y, 7., Ty, we have

T (2,0, A) = T (@7,

< 0.7h|[T — v -1 + 2.4rh||AT (X — Mgot + L5RIT — g, 7175 — ATXHng

+ 0.6h|v — v||go_1 +1.20|AT (N — )q)HgO_l + 0.6R[|T — || 4, |71 /2 — ATX1HQO—1
+2h)|(Ty 2 — ATAL) — (12 — AT)\l)Hgo—l [T1/2 — ATXngo—l
+ h||(Ty1 )2 — ATN) - (v1/2 — AT}\l)Hzo—l
+ 3Ty /9 — ATXI”EO—I 1Z — 2|go-
To simplify the terms, we note that
0172 — ATXngal <|[v1/2 — ATXHg(;l + ||AT(LLT)_1A§1_/12 (U1/2 - ATX) ||g(;1

_ ~ 1/2_— _ kv
712 = A" Xl o + g’ (712 = ATX) Il
_ ~ 1/2_— _ N
<oy = AT X gys + llgo*57s (712 = ATX) Il

§3H@1/2 - ATX”gO*l'
Using this and simplifying, we have

1T (z,v,2) = T(@,7, M)
<L3h||T — vl ,-1 + 2.4rh||AT (X — Mgo1 + 33T — g, 7175 — ATXHgal
+1.2h)|AT (N — M)l

[ Ty - T

Il = o2+ 20 AT = M)
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+ 27h||vy /2 — ATXHEOA 1Z — 2|l go-
Next, we note that
_ T~ L _
[or7e = A Allger <5 llo =07l 2 + *Hvo — 0" |gr + ([0l g
1 _
+ 5HATA — AN, -1+ fHAT)\ — AN, -1+ HATA*Hgal
oot ol 3+H Il
r T+ ||lv —+ —+ = v
2 "2 0 2h 2h h= h
Using this, (F.11), h <7, 1?2 < Lo r < Hv*\|ga1/4, we have

_ B — or X _
IAT (A — AD)lg=1 < 17— wll g +3r AT =N, -1+ (g +2[[v [ ) [T = 2llg
3r2 52 872
< 42 1< — 42 -1 <1
r -+ . + . + 2r||v* H 1 . + 2r||v* H 1

Hence, we can further simplify it to

1T (2,v,A) = T (@7,
<2.3h[[5 — v -1 + 2.4rh| AT(X = N)l|,1 + 3.3RI|T — @l |71 — AN,
+3.2h[|AT (N — Ay
1 _ B _
+ 6h(5 17— vl + AT Ox = A g )ID1y2 = AT
+ 27h|[o1 /2 = ATX|Z A1 — allgo

3r _
<(5 + 107l 1) (6R[[T = v]| o2 +9R[|AT (A — A)lgor + 3LA[T = 2(g)

+ 2.4thAT(>\ =Ny

where we used ||T; /9 — ATX||961 <8y Hv*Hg(Tl and 7 > h. Using the bound on [|AT (A —

)\1)||g0_1, we have

1T (20,0 = T(@, 7,2l

3r 36r
<(5 + 17l g52) (A5A][7 = vf] o +27rh[|AT(A = V), 1 T OR(== + 2w )T — g, )

- 2.4thAT()\ = Mg

3r 1 _ — 36r " _
(5 4+ ) (AR]T = vll r + 30PRYAT(R = Mllyor + 95 + 2o )| = )

3r -
<(5 + [107llg51)(400r +18h[|v7 || -1 [[(2, v, A) = (z, 7, A

F.4 Condition Number Independence via Self-concordant Barrier

In this section, we analyze the convergence rates of the ideal CRHMC and discretized

RHMC in our setting respectively, showing that both are independent of condition num-



304

Proven in [KLSV22¢]

Ideal RHMC Discretized RHMC
O(mn/0) O(mn3)
A A
Reduce Reduce
Ideal CRHMC (F.4.1) Discretized CRHMC (F.4.2)
O(mk7/9) O(mk3)

Figure F.1: Proof outline for the mixing rates of CRHMC

bers. We only show the case when f is linear,
m(z) x e @ = e~ for some o € R".

However, recall that all logconcave densities can be reduced to this linear case (see
(7.2)). We also focus on when a manifold M is a polytope in the form of {z € R™ : A’z >
b, Ax = 0} for full-rank A" € R™*" A € RP*™ and b/ € R™, with the Riemannian metric
induced by the Hessian of the logarithmic barrier of the polytope. For simplicity, we
consider the case when there is no momentum (i.e., § = 0) in Algorithm 15. In addition,
we consider a lazy version of Algorithm 15 to avoid a uniqueness issue of the stationary
distribution of the Markov chain. The lazy version of the Markov chain, at each step, does
nothing with probability % (in other words, stays at where it is and does not move). Note
that this change for the purpose of proof worsens the mixing rate only by a factor of 2.

In this setting, we show that the mixing rates of the ideal CRHMC and the discretized
CRHMC (Algorithm 15) are O (mk7/ 6log? %) and O (mk:3 log? %), where A is a warmness
parameter and k is the dimension of the constrained space defined by {x € R" : Az =
0}. We remark that our algorithm is actually independent of condition number (i.e., no
dependency on |||, and the geometry of polytope). This is the key reason that our
sampler is much more efficient for skewed instances than previous samplers.

We first shed light on how RHMC and CRHMC can be related (see Figure F.1), es-
tablishing a correspondence between RHMC (full-dimensional space) and CRHMC (con-
strained space). This connection enables us to refer to the mixing rates of the ideal RHMC

and discretized RHMC proven in [KLSV22c]|. To be precise, we prove in Section F.4.1 the



305

following theorem on the mixing rate of the ideal CRHMC, which can solve the Hamilto-

nian equations accurately without any error.

Theorem 28 (Mixing rate of ideal CRHMC). Let mr be the distribution obtained after
T iterations of the ideal CRHMC on a convezx body M = {x € R" : Az > ¥, Az = 0}.
Let A = supgc g % be the warmness of the initial distribution mo. For any € > 0, there
exists T = O (mk"/®log? %) such that ||mr — 7||py < €, where k is the dimension of the

constrained space defined by {x € R™ : Az = 0}.

We then prove in Section F.4.2 the convergence rate of the discretized RHMC (Algo-
rithm 15).

Theorem 29 (Mixing rate of discretized CRHMC). Let wr be the distribution obtained
after T iterations of Algorithm 15 on a convex body M = {x € R" : Alz > V', Az = 0}.
Let A = supgc g % be the warmness of the initial distribution my. For any € > 0, there
ezists T = O (mk>log® %) such that ||mp — 7||py < €, where k is the dimension of the

constrained space defined by {x € R™ : Ax = 0}.

We believe there is room for improvement on the n-dependence via a more careful

analysis.

F.4.1 Convergence rate of ideal CRHMC

Lee and Vempala [LV18] first analyzed Riemannian Hamiltonian Monte Carlo (RHMC) on
n-dimensional polytopes embedded in R™, with an invertible metric induced by the Hessian
of the logarithmic barrier of the polytopes. They bounded the mixing rate in terms of
smoothness parameters that depend on the manifold. In particular for uniform sampling,
they showed that the convergence rate of RHMC is O(mn?/3). Subsequently, [KLSV22c]
extended their analysis to exponential densities and further analyzed the convergence rate
of RHMC discretized by the implicit midpoint method, showing that the mixing rates are
O(mn"/%) and O(mn?), respectively.

However, our metric M (x) defined for the constrained space could be singular in the
underlying space R™, so we cannot directly refer to any theoretical results from [LV18,
KLSV22c|. To address this challenge, we establish a formalism that allows us to reduce
the ideal CRHMC to the ideal RHMC, obtaining the mixing rate through this reduction.

Even though our convex body M = {z € R" : Az > b/, Ax = 0} of dimension k is

embedded in R™, we can handle it with an invertible metric g on M properly defined as
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if it is embedded in R*. To this end, we use {uy,...,ux} to denote an orthonormal basis
of the constrained space (which is the null space of A) and extend it to an orthonormal
basis of R” denoted by {u1,..., ug, ..., un}. We also define two matrices U, € R™* and

U € R™" by

Uk: up o Uk & U = Uk‘ Ukl - un:|

Using this orthonormal basis {ui,...,ux}, we can consider a new coordinate system
y = (y1,...,yr) € R¥ on the k-dimensional manifold M. Moreover, there exists one-to-one
correspondence between y and z; for any z € M there is a unique y such that x = Uy,
and we can recover this y by multiplying U, (i.e., y = U,;rm)

Let us define the invertible local metric g at y € M by

9(y) (i, ug) = gla)(us,ug) fori,j < k.

With abuse of notations, we also use g(y) to denote the k x k matrix with its (i, j)-entry
being g(y)(ui,u;). We first establish relationships between g(y) (and its inverse ') and
M (z) (and its pseudoinverse W = M (z)"). We recall that for the orthogonal projection
Q to the null space of A

N

M(z) = Q"g(2)Q, W(z) = g(a)2(I - P(x))g(x) 7.
Lemma 30. We have g(y) = U] M (2)Uy = U} g(x)Uy and g(y)~' = U] W (x)Uy.

Proof. 1t is immediate from the definition of g that g(y) = U, ];r g(z)Uy. Since the quadratic
forms of M(z) and g(z) agree on the constrained space, we also have g(y) = U, M (z)Uy.

For g~ !, we define two matrices P, € R™*¥ and P, € R**("=k) by

1 0 _
P, = k P = kx(n—k)
O(n—k)xk Ik
where 0(,_j)x is the zero matrix of size (n — k) x k, I}, is the identity matrix of size k x k
and so on. Due to U, = UDP;, the upper-left k& x k submatrix of ¢'(z) := UTg(2)U is

exactly g(y). Let us represent the inverse of ¢’ in the form of block matrix:

B1 Bs

By Bs

for By € Rka, By € RFX(n=k) and By € R(—k)x(n—Fk) Using the formula of the inverse of

block matrices (see App. F.5.3),

9(y)™ = B1— BB ' By .
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It is straightforward to check

Bi =P/ (x)"'P, =P/ U g(x)"'UP;
= U, g(z)"'Uy.
By =P ¢ (x) ' P, = U} g(x)"'U,,

By =Blg'(x)"' P, = U g(x)"'U,,
for Up = | wppr -+ un ] € R"*(n=k)  Therefore,

g(y) "t = Uy g(z) U — U} g(2)'U- (U, g(2) " U)'U, g(2) Uy

= U (9(0)™ = 9(a) U (U 9(2) U U g(@) ) U

Since g(z)~ 27, U.(U’ (:L‘)*lUT)*lUTg(x)_% is the orthogonal projection to the row space of
1
U g(x)

and this row space is the same with the row space of Ag(z)~ %, the uniqueness

of orthogonal projection matrices implies

1

9(x) 2 AT (Ag(z) T AT) M Ag() 3 = g(2) 2 UL(U, g(2) " U 70 g(a) 3.

Therefore,

O]

We can now view the ideal CRHMC with the metric M(z) as the ideal RHMC with
the metric g on the k-dimensional manifold. Note that we have to ensure that the local
metric g is also induced by the Hessian of a logarithmic barrier, in order to refer to results

from it.

Lemma 31. Let A’ = A'U; and {(y) be the logarithmic barrier of the k-dimensional
polytope defined by {y € RF : A’y < V'}. Then V§¢(y) =79(y).

Proof. Observe that {y € R¥ : A’y > '} is the new representation of M = {z € R" : A’z >
b, Az = 0} in the y-coordinate system. Due to A’y = Az, we have S, = Diag(A'z — b') =
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Diag(A’y — b) = S,. For the logarithmic barrier ¢(z) of {z € R" : A’z > b}, direct

computation results in

Va(y) = WTS;QW = U ATS2 AU, = U V2¢(2)Uy,

= Uy 9(=)Ux = 3(y),

where we used VZ¢(x) = A'TS;2A’ in the third equality and Lemma 30 in the last

equality. O

Most importantly, we prove that this ideal RHMC on the k-dimensional manifold with
the metric g(y) is equivalent to the ideal CRHMC with the metric M (z).

Lemma 32. The dynamics (z,v) and (y,u) of the ideal CRHMC in R™ and the ideal
RHMC in R¥ are equivalent in a sense that the Hamiltonian equations for (z,v) can be
obtained by lifting up the Hamiltonian equations for (y,u) from R to R™ wvia multiplying
Ug. That is, when we lift up the dynamics (y,u) in R* to the dynamics (Z,7) in R" defined
by T = Ugy and © = Ugu, it follows that

dr dz dv dv -
@A dr @ vy~ NO M),

Proof. We first recall from the proof of Lemma 18 that the Hamiltonian equations of (z,v)

are
dx
i W(z)v,
d 1 1 dz d
d%’ = —Vaf(w) = ;T [W(2)Dg(x)] + 5 Dy(x) [df dﬂ — AT X\(z,v)

— V. f(x) = Te[W(2)Dy(a)] + 5 Dg(a) [

dr dx
2 2

dt’ dt

= a7 (447) A (=Vap@) - TPy + Do) | 5 5|

= (1= A7 (A4T) " ) (<9 (0) = T W @) Do) + 5Dae) | 5 )

— G0 (~Vef@) — W @Dg)] + 300t | 55| ).

where the last equality follows from that UkU,;'— is the orthogonal projection to the null
space of A.
From Lemma 7 of [LV18], the Hamiltonian equations of (y,u) are

dy

-2 =7 -1
g 9(y) u,
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du

o = Vi (Uk) ~ T [gy) ™ Dg)] + D) [dy dy] |

dt’dt

From the definitions of (Z,v), we have

dz _ _ N
= = Urd(v) Yu = U U} W (@) Upu = UU] W ()0
= W(z)v,
5 (@)
w_ g B L pagy |2 dy
i = U (-%u0 ) - 5[0 Dat)] + 3090 | .57 ).

where (%) follows from that W (z)v is already in the constrained space (i.e., the null space

of A). Let us examine each term in dv/dt separately.
Vyf(Ury) = Uy Vaf(T),
Tr [g(y) "' D,3(y)] = Tr |UJ W @)U - D, (U g(Usy) Uy )|
— T [0 U] W (@) UL U, (U] ng(f))]
= T [W(@)ULUJ (U Drg ()|

= T [T W @) (U] Drg ()]

—Tr :W(E)(U;;Fng(f))}

= ];rTr (W (z)Dzg(T)],

dy dy}

dy dy dy dy
dt’ dt

Dugty) th dt] = U} (U} Dsg(m)) Uk [
= (fW(T)Uk) Uy (U} Dzg())Us (UJW@)@)

=7 W(T)(U, Dzg(T))W (7)T

= Uy Dzg(T) |:dtv I

Putting all these together, the Hamiltonian equations of (Z,7) can be written as

C;—f =W (z)v,
% =00l (-9 - ym @D+ 30s@) |55 ).

Therefore, the Hamiltonian equations of (x,v) and (7, v) are exactly the same. In addition,

v = Ugu leads to v ~ N(0, Uxg(y)U,| ) = N(0, M (z)). O

Using these three lemmas, we conclude that the dynamics of the ideal CRHMC on
the constrained space is equivalent to that of the ideal RHMC on the corresponding k-
dimensional polytope. Therefore, Theorem 28 immediately follows from Corollary 3 in

[KLSV22d].
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Corollary 23. Let w be a target distribution on a polytope with m constraints in R™ such
that ‘;—g ~ea'e for a € R™. Let M be the Hessian manifold of the polytope induced by the
logarithmic barrier of the polytope. Let A = supgc g % be the warmness of the initial
distribution wg. Let wp be the distribution obtained after T iterations of the ideal RHMC on
; - 1 - _ 7/6 1002 A
M. For any € > 0 and step size h = O (W)’ there exists T = O (mn /61og ;)

such that ||mp — 7|y, < e.

F.4.2 Convergence rate of discretized CRHMC

We attempt to demonstrate a similar reduction of the discretized CRHMC. However, it is
trickier than that of the ideal RHMC, since Algorithm 15 uses the simplified Hamiltonian,
which omits the Lagrangian term c(z) " A(z,v), in place of the full Hamiltonian.

We look into the reduction in two steps. First of all, we show in Section F.4.2 that
the dynamics of x is the same under the discretized CRHMC via IMM with the simplified
Hamiltonian, and the discretized CRHMC via IMM with the full Hamiltonian, and that
the acceptance probabilities are the same as well. Next in Section F.4.2, we show a
correspondence between the discretized CRHMC via IMM and the discretized RHMC via
IMM, just as we did for the ideal case in Section F.4.1.

Simplified Hamiltonian and full Hamiltonian in constrained space

We recall that the simplified Hamiltonian H(x,v) is the sum of two parts defined by

Hy(z,v) = f(x) + %log pdet M (z)

1
= f(z) + 3 <10g det g(z) + logdet Ag(z)TAT — log det AAT> ,

— 1

Hy(z,v) = 2’UTW(1')’U.

The full Hamiltonian H(z,v) with the Lagrangian term c(z) " A(z,v) can be also written

as the sum of two parts defined by

Hy(z,v) = f(z)+ % (log det g(z) + log det Ag(z) T AT — log det AAT>
—2TAT(AAT) 1A (Vf(x) + %Tr [W(w)Dg(m)]) :

Hy(z,v) = 1vTI/V(Q:)U + %xTAT(AAT)_lADg(x) [

dr dz
2 )

dt’ dt
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and IMM with this Hamiltonian is implemented as in (F.9). We note from the proof of
Lemma 32 that

E(x,’l}) UkUk; W(ZU,U),
aHQ TaﬁQ

W(UU,U) UUy W(%“),
W(xvv) UkUk o (LL‘,U)

Lemma 33. For step size h, let (Z,v) and (x,v) be the outputs of IMM with the simplified

Hamiltonian and with the full Hamiltonian starting from (xg, vo), respectively. ThenT = x,

e—ﬁ(i,?) . e—H(z,v)
and e—H(zg.wp) ~ e~ H(zo:v0)

Proof. We use x%(: x0), x%(: x) and v1,v2,v to denote the points obtained during one
step of IMM with the full Hamiltonian. We similarly define Z; and v; for i = %, % As
(z0,v0) is a starting point, UpU, 2o = ¢ and UU, vo = vg. Due to Null(W (z)) = row(A),
we have that W (z)UyUlw = W(z)w. By comparing the first step of IMM for each

Hamiltonian,

[

h 0H,
== Ul 5

UpU, v (x0,v0) = vo — 5%(900,110) =i,

ol

and thus UkU,;rW; = V1.
3 3
From the second step of IMM, Z: is already in the null space of A. For 1 = Z1 =
3 3 3
X0y Tmid = (T1+T2)/2 and Upig = (U1 +702)/2, the second step of IMM with the simplified
3 3 3 3

Hamiltonian is

OH
Ty =21+ hUkU,;ra—UQ(fmid,ﬁmid) = 23+ hUUY W (Z1nia) Tmia
T - T— T@Fg — T—
= z1 + hUpUy W (Zmid)UrUy, Umia = 21 + hURUy, W(xmidy UrUy, Dmia)
O0H,y T_
=z1+ hW@:mida UrUy Tmia),
TO0Hy

UpU) T2 = v1 + hU, U, (Tmid> Umid)

oz
1
=vL+ hULU, <—2Dg($mid) (W (Zmid)Umid, W(»”%id)“mid])

1
— vy + WU, (—2D9<mmid> (W @ i) kU B, W (@i UkU vmidD

OH.
=1+ hUkUJT;@mim UUy, Tmid)

B OHs .
= 'U% + h%(wmld; Uk’Uk vmld)'
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Note that UpU, miq = (UkU,;r@% + v%)/2 and Tpiq = (E% + 3:%)/2 Since the solution of
this second step is characterized as a unique fixed-point, it follows that (E% ,UU ,;r ﬁ%) =
(l’%, U%) and so T = z. In the same way we analyzed Eg, we can obtain that UkU,;rﬁ = .

We now compare the acceptance probabilities. We clearly have H (o, v9) = H (0, v0)

due to ¢(wg) = 0 and have H{(Z,v) = Hi(x,v) due to T = x. For Ha,
7 W (@) o =7 UU] W(z)UpU) 5= v W(x)v,

and so Ho(T,v) = Ha(z,v). O

CRHMC and RHMC discretized by IMM

In this section, we show that there is a correspondence between the dynamics of CRHMC

discretized by IMM and that of RHMC discretized by IMM.

Lemma 34. The discretized CRHMC via IMM in R™ and the discretized RHMC via IMM
in RF are equivalent. That is, the output (x1,v1) given by the discretized CRHMC starting
from (x,v) is the same with (Ugyr,Ugu1), where (y1,u1) is the output of the discretized
RHMC starting from (y,w) satisfying (z,v) = (Ugy, Ugu). Moreover, the acceptance prob-

abilities are the same due to

e—H(@1v1)  o—H"(y1,u1)

e_HC(»TvU) o e—HT(y,u) ’

where H(x,v) and H" (y,u) are the Hamiltonians of CRHMC and RHMC respectively.

Proof. We first recall that H¢(x,v) can be rewritten as the sum of two parts defined by
1
H{(r,v) = f(x) + 3 log pdet M (x)
1
—aTATAAT) A (V@) + T W@ Dg(e)])

1 1
Hj(z,v) = §UTW(x)U + §$TAT(AAT)_1ADg(m) [d:v d:c} ‘

dt’ dt

Similarly for H", we can represent it by the sum of two parts defined by

T 1 -
Hi(y,u) = f(Ury) + 5 log det 9(y),

1 _
Hi(y,u) = §uT§(y) L.

For the first claim, we need to show that each step of IMM for RHMC and CRHMC is
equivalent, thus it suffices to check that for any (y,u) € R* x R¥

OH{(Upy, Upu) I 0H{ (y,u)
= Vk ’
ox oy
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Ox oy
8H§(Uky,Uku) U 8H§(y,u)
i ANl LA Rl TN § S A ARy

ov ou

These computations were already checked in the proof of Lemma 32.
For the second claim, we note that the Lagrangian term vanishes due to c(z) =

¢(Uky) = 0. Then the second claim follows from

log det §(y') = log det U,) M (Upy')Uy  (Lemma 30)
= log pdetM (Upy/),

W Tgy) T = u/TU;;rW(Uky')Uku'. (Lemma 30)
]

The previous two lemmas imply that the dynamics of the discretized CRHMC via IMM
on the constrained space is equivalent to that of the discretized RHMC via IMM on the
corresponding k-dimensional polytope. Therefore, Theorem 29 follows from Corollary 4 in

[KLSV22d].

Corollary 24. Let w be a target distribution on a polytope with m constraints in R™ such

that ‘;—g ~ e T for a € R™. Let M be the Hessian manifold of the polytope induced
by the logarithmic barrier of the polytope. Let A = supgc g % be the warmness of the
initial distribution my. Let wp be the distribution obtained after T iterations of RHMC

discretized by IMM on M. For any € > 0 and step size h = O ( ), there exists

1
3/2 A
n/logE

T=0 (mn3 log?3 %) such that ||mr — 7|y, < e.
F.5 Missing Notations and Definitions

F.5.1 Notations

We use N (p,X) to denote Gaussian distribution with mean p and covariance Y.

We use Null(A) and Range(A) to denote the null space and image space of a matrix

or linear operator A.

We use V2f € R™" to denote the Hessian of a function f : R" — R.

We use [|-]| to denote £2-norm unless specified otherwise, and define ||z| 4 := Va T Ax

for a vector z € R™ and a matrix A € R™"*™,
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e We use 0K to denote the boundary of the set K.

e For a matrix g(z) with € R", we use Dg(x) to denote the derivative of g(x) with

respect to . This can be thought of as the nxnxn tensor such that (Dg(z))(i, j, k) =

%. In other words, (Dg(x))(-,-, k) is the matrix, each of entries is the derivative
k

of g(x) with respect to xj. In addition, for a vector v € R™, Dg(x)[v,v] is a vector

in R such that (Dg(x)[v,v]); = v Dg(z)(-,,i)v.

e For a matrix A of size n x n, we use A - Dg(x) to denote a n X n X n tensor such
that (A- Dg(x))(-,-,i) = A-(Dg(z))(-,-,i). We use Tr(A- Dg(x)) to denote a vector
in R™ such that (Tr(A - Dg(x))); = Tr((A - Dg(x))(-,+,17)).

F.5.2  Definitions

Convex body. A convex body is a compact and convex set.

Isotropy. A random variable X is said to be in isotropic position if EX = 0 and

EXXT =1.

Pseudo-inverse. For a matrix A € R™*" it is well known that there always exists the

unique pseudo-inverse matrix A' that satisfies the following conditions:
1. ATAAT = AT,
2. AATA = A.
3. AA" and ATA are symmetric.

It is also well known that Null(AT) = Null(AT) and Range(A") = Range(AT).

Pseudo-determinant. For a square matrix A, its pseudo-determinant pdet(A) is de-

fined as the product of non-zero eigenvalues of A.

Leverage score. For a matrix A € R™*", the leverage score of the " row is

(A(ATA)TAT);; for i € [m]. When A is full-rank, it is simply (A(ATA)~1AT),;.
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Log-barrier & Dikin ellipsoid. For a polytope P = {z € R"™ : Ax < b} where
A € R™™ and b € R™, let us denote the i** row of A by a; and the i** row of b by b;.
The log-barrier of P is defined by

o(x) = — Z log(b; — a; ).
i=1

For x € P, the Dikin ellipsoid at z is defined by D(x) := {y € R" : (y—x)"V2¢(x)(y—2) <

1}. The Dikin ellipsoid is always contained in P.

Analytic center. The analytic center . of the polytope P is the point minimizing the

log-barrier (i.e., xqc = argmin ¢(z)).

Self-concordant function. A function f : R® — R is self-concordant if it satisfies

| D3 f(2)[h, b, h]| < 2 (D2f(2)[h, h])*/? for all h € R™ and « € R™.

Highly self-concordant function. A barrier ¢ is called highly self-concordant if it

satisfies for all h € R? and x € R¢

3/2 2

|D?¢(x)[h, b, h]| < 2(D*¢(x)[h, h]) and  |D'¢(z)[h, b, h, h]| < 6 (D*¢(z)[h,h])".

Total variation. For two probability distributions P and @) on support K, the total

variation distance of P and @ is
1P = Qllpy = sup (P(A) — Q(A)).
ACK

F.5.8 Details

A B

C D
with blocks A, B, C, D of same size, if D and A — BD~'C are invertible, then its inverse

Inverse and Determinant of block matrix. For a square matrix M =

and determinant can be computed by

(A-BD 1C)! —(A-BD™'C)"'BD™!
-D7'C(A-BD7'C)"' D7 '4+D7'C(A-BD'C)"'BD™!

M=

det(M) = det(D) det(A — BD™1C).
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Orthogonal projection. Let S = {z € R": Az =b} for A € R™*" and b € R™, and z9
be a point in S. Thus S — zg is the null space of A, due to A(x —xzy) = 0. The orthogonal

projection P to this null space is
P=IT—-AT(AAT)14,
Note that the range of P always lies in the null space because
A(Pv) = A1 — AT(AAT) T A)v = Av — AAT(AAT) 1 Av = Av — Av = 0.

I — P is also an orthogonal projection matrix, and eigenvalues of orthogonal projection

matrices are either 0 or 1.

Matrix calculus. Let U(z) be a n x n matrix with a parameter x € R™.

oU (z)
8:[%

U(z).
Hence using the notation Dg, we can write in a more compact way as
DU Y (z) = ~U(2)DU(2)U ().

For log det,

O0logdet U(x) _ oU (x)
— om Tr (U () oz, ) .

In other words,

D(logdet U(z)) = Tr(U ! (x) DU (z)).

Cholesky decomposition. For a symmetric positive definite matrix A, there exists a

lower triangular matrix L such that LLT = A.

Newton’s method. For f convex and twice differentiable in R”, consider an uncon-
strained convex optimization min, f(z). Given a starting point xy € R", the Newton’s
method repeats

T = Tj—1 — (VQf(xi,l))_IVf(a:i,l) VieN

to solve the optimization problem.
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