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The Epoch of Reionization (EoR) is the period in which the universe’s hydrogen transformed

from being predominantly neutral to being predominantly ionized. An extremely promising

way to explore the EoR is by making use of the 21-cm line from the hyperfine transition in

neutral Hydrogen. Ultimately we seek 3D maps of the intergalactic medium throughout this

transition. However, preliminary efforts will focus on constraining the spatial power spectra

of these maps at various cosmological redshifts.

Redshifted 21-cm radiation can be observed using modern radio telescopes. The expected

signal from the EoR is extremely faint. There are numerous systematic effects that, left

unchecked, will totally dominate the EoR signal in the power spectrum. One of these effects,

which is the primary subject of this thesis, is radio frequency interference (RFI). RFI is

essentially any unwanted non-astrophysical signal observed by the instrument. We develop a

new method for finding RFI in radio interferometers, called SSINS, which finds significantly

fainter RFI than previous methods. Based on semi-analytic calculations and simulations,

we place limits on total allowable apparent RFI flux density in the final power spectrum

integration at roughly 1 mJy for relatively optimistic EoR models. We also explore the effects

of RFI flagging on power spectrum measurements, finding that it can produce deleterious

excess power in much the same way that observed RFI does. These results suggest that



current RFI flagging strategies must be totally reconsidered to preserve the dynamic range

of the power spectrum measurement. By examining a season of data from the Murchison

Widefield Array, we expose residual RFI undetected by SSINS that contaminates power

spectra at a meaningful level. Contaminated power spectra usually contain observations

that already contain flags from SSINS, demonstrating the capacity for SSINS to improve

power spectrum measurements. Finally, we draw an upper limit on the EoR power spectrum.

Our lowest upper limit is ∆2 ≤ 1.61 · 104 mK2 at k = 0.258 h Mpc−1 at a redshift of 7.1.
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Chapter 1

INTRODUCTION

This thesis presents one small part of the scientific effort to learn about a cosmological

period known as the Epoch of Reionization (EoR). This is the period when the hydrogen

content of the universe transitioned from being predominantly neutral to being predomi-

nantly ionized. Precisely when this occurred is still a topic of active research, though some

constraints do exist. See [27], [46], and [59] for comprehensive reviews of the subject.

1.1 The Expanding Universe, Reionization, and the Hyperfine Transition

Cosmology is probed by observing astrophysical radiation such as the light of stars and

galaxies, or in our case, distant radio emission. A basic, yet striking prediction of Einstein’s

theory of General Relativity is that space is expanding as time progresses [21]. This was first

confirmed experimentally by Edwin Hubble, whose original estimation of the eponymous

constant describing the rate of this expansion has since been refined, though not without

some contention [74, 80]. The expansion of space over time gives rise to a subtle apparent

motion between distant sources, oft compared to the relative motion of raisins in a rising

raisin cake. This subtle apparent motion essentially yields a Doppler shift that causes blue

light to redden, or, if that blue light has been traveling for a significant amount of time, to

lengthen beyond optical wavelengths. This phenomenon is thusly referred to as “cosmological

redshift.” The speed of this apparent motion is larger for sources further away according to

Hubble’s law, making radiation from ancient sources severely redshifted. It is typical to use

the redshift of some observed emission as a proxy for its age, since this unit is more directly

relatable to the picture of spacetime presented by General Relativity on scales as large as

are considered in cosmology. Observed emission is said to have a redshift, z, if by comparing
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the observed wavelength, λo, to its wavelength when it was emitted, λe one finds that

λo = (z + 1)λe, (1.1)

with z > 0. Figure 1.1 depicts the expanding universe along with several historical landmarks

that we describe below.

The absence of Gunn-Peterson troughs for quasars at redshift ∼ 6 or less [26] suggests

that reionization was complete by this time, when the universe was 7 times smaller1 than

it is now. This means any signals from the EoR will be redshifted by at least this amount,

which directly determines the frequencies at which such signals can be measured. It turns

out this has a rather profound impact on the types of challenges faced by EoR search efforts.

To introduce how we will probe the EoR, we discuss why it is called the Epoch of

Reionization. Winding the clock back on an ever-expanding universe, we find that, early

on, its residents must have been in an incredibly hot and dense state. Persistent bound

states between particles, such as atoms or atomic nuclei, require that the constituent parti-

cles are close enough to bind, but also not so energetic that they spontaneously unbind. In

the very early universe, it is too hot for even atomic nuclei to form. However, the universe

cools as it expands, eventually allowing for their formation. At this point, the matter con-

tent of the universe is essentially an opaque plasma consisting mainly of free protons and

electrons. Before long, it is cool enough that bound states between protons and electrons

can form, i.e. neutral Hydrogen atoms. This phase is known as Recombination. The neu-

tralization of matter allows for photons, once trapped by Compton scattering within the

plasma, to escape. We call these ancient photons the Cosmic Microwave Background, and

our observations of them have allowed for tremendous advances in cosmology over the last

few decades.

Eventually, subtle overdensities in the matter distribution started to form clumps, leading

to the first stars. Stars emit a continuum of radiation frequencies depending on their temper-

1Here we mean to refer to the relative distances between objects, and not the total size of the universe,
which may be infinite.
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Figure 1.1: An illustration (not drawn to linear scale) of the expanding universe with several

cosmological eras indicated as time progresses from left to right. The Epoch of Reionization

begins approximately when the first stars form, and continues for several hundred million

years until almost all the Hydrogen is ionized and too rarefied to recombine with electrons.
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ature, and some frequencies in this continuum are appropriate for ionizing neutral Hydrogen

via photon absorption. Today, we observe that most Hydrogen is once-more ionized. We

infer that there must have been a cosmological-scale phase transition in the intervening time,

and we call that transition period the Epoch of Reionization.

Ultimately, we would like to understand very specific details about the process of reioniza-

tion, such as the relative contributions of physical processes, distinct morphological features,

a detailed timeline, etc. In order to probe some of these details, we will essentially observe

the evolution of neutral Hydrogen during the EoR. An excellent, unique marker for large

quantities of neutral Hydrogen is the 21-cm line that arises from the hyperfine transition in

neutral Hydrogen. This transition is often erroneously described as arising from a relative

flip in the spins of the proton and electron in neutral Hydrogen. Since the two anti-aligned

states are not themselves eigenstates of the Hamiltonian, a transition between an aligned

state and an anti-aligned state cannot be accounted for by an absorption or emission of a

photon. The relevant transition is actually between the exchange-symmetrical and exchange-

antisymmetrical entangled spin states.2 This is a so-called “forbidden transition,” meaning

that it is extremely rare3 and so a large concentration of 21-cm radiation is usually indicative

of a proportionately tremendous amount of neutral Hydrogen.

A promising way to study the EoR is by measuring the spatial power spectrum of the

21-cm brightness temperature. This quantity represents the brightness of the Fourier modes

of the 21-cm signal on some patch of the sky, and thus provides direct information about

which spatial scales are relevant during reionization. We discuss this quantity in technical

detail in chapter 2. Since the EoR ended by z ∼ 6, we must actually measure significantly

longer wavelengths to probe the EoR. Typical frequencies to study the EoR are between 70

and 230 MHz. Thus, low frequency radio telescopes are the required instrument for using

the 21-cm line to probe the EoR.

2See Feynman Lectures on Physics, Volume III, chapter 12, available freely at https://www.

feynmanlectures.caltech.edu

3The mean lifetime is ∼ 3 · 107 years [27].

https://www.feynmanlectures.caltech.edu
https://www.feynmanlectures.caltech.edu
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1.2 Radio Telescopes

Radio telescopes minimally consist of highly sensitive radio antennas, or receiving elements,

and various hardware components to acquire electric field measurements from them. In

practice, radio telescopes are highly sophisticated precision instruments that require inter-

disciplinary collaboration between multiple fields of science and engineering to construct,

maintain, and study them. By cross-correlating electric field measurements from multiple

receiving elements in radio arrays (interferometers), one can use synthesis techniques to

reconstruct images of the radio emission from the sky. As will be discussed later in mathe-

matical detail, radio interferometers naturally measure Fourier amplitudes of sky brightness

as a function of frequency. This makes them well-suited to a power spectrum measurement,

which inherently requires information about the Fourier amplitudes of the sky.

The vast majority of this work is performed using a radio interferometer known as the

Murchison Widefield Array (MWA; [92]). We have also applied some of this work and ensuing

lessons on the Hydrogen Epoch of Reionization Array (HERA; [24]). Both of these telescopes

are in extremely remote locations in order to limit reception of anthropogenic radio signals.

The MWA was constructed and commissioned about one decade ago, and has several seasons

of high-quality EoR data archived offsite. One of the prevailing lessons that we have learned

from studying this data is that our ability to detect the EoR depends critically on our ability

to understand and model the behavior of our instrument in exquisite detail. HERA, which

is currently being commissioned, is designed with such lessons in mind.

The Phase I configuration of the MWA consists of 128 pseudorandomly distributed re-

ceiving elements, where each receiving element is a 4x4 tile of crossed dipole antennas [13, 92]

(Figure 1.2). The antennas within a tile are all connected to one analog beamformer so that

their individual signals can be combined into a single signal per polarization for passage to

the correlator, where they will be channelized, cross-multiplied with signals from other tiles,

and then time-averaged to form measurements called visibilities. The channelization process

employed by the MWA Phase I involves a 2-stage polyphase filter bank (PFB) and multi-
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Figure 1.2: A 4x4 tile of crossed dipoles antennas that form a single receiving element of the

Murchison Widefield Array, a radio interferometer located at the Murchison Radio Observa-

tory in Western Australia. Radio interferometers cross-correlate electric field measurements

from multiple receiving elements to form visibilities. These visibilities can then be used to

construct images of the radio emission on the sky. Photo credit: Dr. Natasha Hurley-Walker.
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ple stages of bit selection. The 2-stage PFB causes a non-smooth instrumental frequency

response [79] that, when coupled with subtle nonlinearities introduced by the multiple quan-

tization stages, makes for difficult calibration problems [11]. As will be made clear in the

main body of this work, unacknowledged frequency structure in the data tends to occlude

EoR measurement efforts. Sensitivity calculations suggest that the MWA will need upwards

of 1000 hours of integration to make a detection of typical EoR signals [12, 24].

HERA will eventually consist of 350 14-meter parabolic dishes whose feeds will be sus-

pended at the dish foci by ropes attached to utility poles [24]. Each dish will constitute

an individual receiving element of the array. The channelization procedure also involves a

PFB, however it is only a single-stage PFB, and so the bandpass is significantly smoother

than that of the MWA. HERA will also possess substantially more collecting area than the

MWA, which gives it more sensitivity. Calculations performed using 21cmSense4 [76, 77]

suggest that, all other analysis choices (integration time, analysis bandwidth, etc.) being

equal, HERA will make a substantially more significant detection than the MWA for a given

fiducial model [24].

The reality of such sensitivity calculations is that they rarely incorporate contamination

from systematic effects. Equivalently, they assume that systematic effects have been solved or

corrected for in the final power spectrum measurement. In practice, 21-cm EoR experiments

are fraught with systematic contamination [46], largely due to the extreme dynamic range

required for such a measurement.

1.3 Systematic Effects

Most radiation that we observe in these instruments is not from neutral Hydrogen during

the EoR. Astrophysical sources such as bright radio galaxies and diffuse galactic synchotron

emission are usually referred to as foregrounds, since they lie between us and the EoR.

In terms of brightness, these foregrounds are 4-5 orders of magnitude brighter than the

4https://github.com/jpober/21cmSense

https://github.com/jpober/21cmSense


8

expected EoR signal, even in dimmer parts of the sky. These sources are spectrally smooth.

In theory, due to this spectral smoothness, the power spectrum of these sources should be

mostly contained in lower-order line-of-sight modes. However, due to the chromaticity of

the instrument point-spread-function (PSF), power from foregrounds reaches into higher-

order line-of-sight modes. In a cylindrical power spectrum, this makes a wedge-like shape;

the depth to which the mode-mixing reaches into line-of-sight modes is proportional to the

magnitude of the perpendicular mode in question. This “foreground wedge” is an extremely

well-studied phenomenon inherent to any interferometric measurement of the power spectrum

[23, 33, 44, 45, 55, 56, 71, 91, 95].

Since these foregrounds are so bright, a detection in the wedge is impossible without some

amount of foreground subtraction. Foreground subtraction is perilous. Modeling errors can

result in unintentional subtraction of the EoR signal along with the foregrounds, known

as signal loss. At best, signal loss results in subsequent corrections in the literature that

explain the mistake so that others can avoid it [4, 22]. At worst, it generates artificially

low upper limits on the EoR signal power, leading to false scientific inferences that need to

be retracted [3, 75]. Fortunately, there exists a region of the power spectrum outside the

wedge, uncontaminated by foregrounds, which is called the EoR window. Assuming other

systematic effects can be handled, a detection of the EoR signal can be made in the window

without foreground subtraction.

Systematic effects that introduce chromaticity into the data and failure to remove chro-

matic effects can contaminate the EoR window. Many instances of this are found in calibra-

tion since one of the primary goals of calibration is estimation of the instrument’s frequency

response. Examples include incomplete sky models resulting in chromatic calibration errors

[9, 19, 25, 38, 72], failure to remove cable reflections [10, 14, 40, 41, 43, 52, 64], and other

general bandpass calibration errors [38, 94]. This list is by no means exhaustive; further

description of such effects and more references can be found in [46, 55].

More direct sources of chromaticity in the data are radiating sources that are not spec-

trally smooth, unlike the foregrounds. Such sources are typically anthropogenic, such as
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digital television (DTV) or frequency modulated (FM) radio broadcasts. Non-astrophysical

radio frequency sources are termed radio frequency interference (RFI), and their role in 21-cm

EoR science is the main topic of this work.

1.4 Radio Frequency Interference

Unchecked, RFI poses a significant threat to 21-cm EoR power spectrum measurements

[101]. Unlike the foregrounds, which are spectrally smooth, RFI has sharp spectral struc-

ture. See Figure 1.3. This means that even extremely faint RFI sources provide substantial

contamination in the EoR window.

RFI is a problem for any radio astronomy experiment, and so numerous mitigation

schemes have been created. Reviews of RFI mitigation schemes are presented in [5], and

[7]. For radio interferometers, these can generally be categorized as pre-correlation and post-

correlation methods. Since radiated intensity in the far-field falls at least as fast5 as r−2,

where r is the distance between the emitter and receiver, the first line of defense against RFI

is to place the telescope in a remote location where anthropogenic signals will appear more

faintly than they would otherwise. Both the MWA and HERA are hundreds of kilometers

from large population centers. However, owing to the sensitivity of EoR experiments and the

proclivity of RFI to propagate long distances, remoteness alone will not sufficiently protect

these experiments. Additional examples of pre-correlation techniques that are implemented

in radio telescopes are using an external monitoring system to shut off the correlator dur-

ing high RFI events, blanking correlator inputs that are statistically suspicious, and signal

cancellation techniques.

Given the vast data rates of modern radio telescopes, it is common to perform RFI detec-

tion offline in the post-correlation stage of the pipeline. Typically such approaches produce

flags: a bit mask for the visibilities describing whether certain samples were determined to

be corrupted by interference or other noxious effects. Flagged samples are then excluded

5Propagation effects can make this sharper, e.g. reflections. See [63] and citations therein.
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Figure 1.3: A time-averaged incoherent noise spectrum (chapter 3) of one night of HERA

data. The sharp variations as a function of frequency are largely due to RFI, while the smooth

floor is a combination of the foreground brightness temperature and instrument response.

Much of the RFI displayed here is extremely bright and easily detectable both by eye and

by RFI excision algorithms. However, there are faint transmissions throughout the entire

displayed band that are impossible to discern by eye and require careful algorithms to detect

them. HERA also occasionally observes much broader transmissions than are observed in

this plot, such as digital television signals. Some known visible transmitters: FM radio (88

to 108 MHz), ORBCOMM (137 MHz), analog television carriers (above 174 MHz).
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from the ensuing analysis. Post-correlation mitigation strategies include neural network ap-

proaches [18, 42, 96, 103], filters in the uv-plane [82], variants of fringe filters [6, 62], as well as

methods that take advantage of the cyclostationarity of common RFI signals [17, 34]. Several

post-correlation detection methods are compared in [61], including surface fitting, singular

value decomposition, and combinatorial thresholding algorithms such as SumThreshold.

Successful implementations of the SumThreshold method are presented in [68] and [73]

using the aoflagger6 and SERPent7 software packages, respectively. We present an RFI

detection algorithm in this work similar to SumThreshold. It is part of an RFI exci-

sion pipeline package named SSINS8 [102]. The major improvements that SSINS makes

over previous algorithms is that it performs excision in a much more sensitive space, and

specifically targets frequency allocations that can be programmed by the user.

While there is a strong consensus that RFI flagging is a highly important step in pre-

processing EoR data [10, 43, 52], and much effort has been devoted to removing RFI contami-

nated data from EoR studies, there has been relatively little study to specifically characterize

the manner in which undetected RFI systematically affects EoR detection efforts. Interest-

ingly, RFI excision itself can induce chromatic structure in radio data that can systematically

bias power spectrum estimates, which is specifically studied in [65] using the LOw Frequency

ARray (LOFAR; [97]): a telescope located in the Netherlands. We also demonstrate the ca-

pacity for flagging to induce spectral structure on otherwise achromatic data in chapter 5

using the MWA. This effect is different than the one studied in [65] in that it appears at

coarser data resolution, which invalidates much of the mitigation strategies put forth in

[65]. We provide alternate solutions. This has important consequences for overall measure-

ment sensitivity, and can also substantially increase foreground subtraction demands if our

solutions are not implemented.

In general, any given mitigation method is bound to leave undetected RFI at some level.

6https://sourceforge.net/p/aoflagger/wiki/Home/

7https://github.com/daniellefenech/SERPent

8https://github.com/mwilensky768/SSINS

https://sourceforge.net/p/aoflagger/wiki/Home/
https://github.com/daniellefenech/SERPent
https://github.com/mwilensky768/SSINS
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For instance, [63] presents a statistical estimate for the apparent brightness of undetected

RFI in LOFAR data after AOFlagger, along with an empirical limit on the contamination

levels judged from imaging RFI-flagged data. Another example is [10], in which two rounds

of RFI flagging were performed on MWA EoR data: first with AOFlagger, and then with

SSINS. In that study, SSINS found a substantial number of faint DTV interference events

remaining after the first round of flagging. Furthermore, removal of any 2-minute snapshots

containing any DTV remnants helped improve EoR limits, where the improvement was quite

substantial in a certain subset of the data. A natural line of inquiry that follows from this is

to investigate the level to which undetected RFI occludes EoR detection. In chapter 4, we

provide a quantitative, theoretical expectation for the systematic bias in the power spectrum

that results from undetected RFI, and thereby quantify a tolerance for RFI contamination

in EoR data based on the expected brightness of the EoR signal.

We find that these calculations place strict limits on the amount of RFI allowed in a

given analysis. This demands a quantitative appraisal of current RFI mitigation techniques.

We present such an appraisal of SSINS in chapter 7. We find that a number of undetected

RFI sources exist in the data, which leave noticeable contamination in the EoR window.

Contaminated power spectra usually contain observations within which SSINS already de-

tected and excised RFI. We therefore use SSINS to identify and dispose of contaminated

observations, despite that it cannot identify which samples in those observations still contain

RFI. We use this strategy in order to produce an upper limit on the EoR power spectrum

signal using a season of MWA data.
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Chapter 2

INTRODUCTION TO RADIO INTERFEROMETRY AND
SOME FORMALISM REGARDING 21-CM POWER SPECTRA

[1] and [90] are standard references for radio interferometry fundamentals. We discuss

some important results and apply them to 21-cm power spectrum measurement. Bold-faced

font represents vector quantities whose domain and dimensionality must be inferred from

context, while regular font represents scalar quantities.

2.1 Visibilities

The fundamental measurement of a radio interferometer is known as a visibility, which

is a time-averaged cross correlation of the electric field measurements from two receiving

elements, usually reported in the frequency domain. Visibilities sample the spatial coherence

function on the ground, Γ(u, v), which is related to the intensity distribution on the sky,

I(l,m), by the Van Cittert-Zernike theorem:

Γ(u, v) =

∫ ∫
FoV

dl dm I(l,m)e−2πi(ul+vm). (2.1)

Here, u and v represent distances between points on the ground in a rectilinear coordinate

system, measured in wavelengths of the relevant emission, λ. Supposing the vector displace-

ment between two points is ∆x, then u = ∆x/λ. l and m represent direction cosines for a

vector pointing towards sources in the field of view (FoV) from the ground. This expression

is approximate in the sense that it assumes sources on the sky are spatially incoherent, that

the sources are extremely far away, that we are not integrating over a wide swath of the

sky (i.e. the FoV is small), and that the points for which we are measuring coherence lie

in a plane that is parallel to the approximately flat region of sky we are integrating over.
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Implicitly, only one frequency is considered, and it also assumes that the waves propagated

through a non-refractive medium.

Most of these assumptions are more or less obeyed in many radio astronomy contexts.

Non-planar antenna arrays and wide-field instruments give rise to so-called w-terms.1 Failing

to correct for widefield effects causes smearing of sources in regions away from phase center.

The MWA is a wide-field instrument, and so imaging MWA data requires understanding of

these effects. To first order, the ionosphere is refractive at radio frequencies, and sometimes

much worse when it is active [37, 58]. For this reason, we do not use observations with poor

ionospheric quality in our EoR analyses.

From equation 2.1, we see that if the spatial coherence function on the ground is known

perfectly and continuously, then synthesizing an image of the sky reduces to a Fourier inver-

sion problem. This is impossible in practice since receiving elements take up some nonzero

area on the ground and finite resources dictate that only so many samples can be generated.

The incomplete sampling of the uv-plane means that Fourier inversion of the visibilities

results in a point-spread function (PSF). The spatial distribution of these samples in the

uv-plane determines the shape of the PSF. Since the distance between pairs of antennas

(baselines) is measured in wavelengths, this PSF is naturally chromatic. This is ultimately

what gives rise to the foreground wedge [33, 56, 60]. In addition to these constraints, each

receiving element performs an implicit sum of the electric field that it collects. This means

that the correlations reported in the visibilities contain information from a region in the uv-

plane, rather than sampling it at points. The influence or weight that each visibility receives

from the points in the uv-plane that contribute to it is related to the combined receiving

element beam pattern. The beam pattern is usually also chromatic. Finally, there is an

additional bandpass response that can result from analog and digital filters in the signal

pipeline.

Assuming a primary beam response, A(l,m, ν), which acts as a complex-valued, chro-

1As in (u, v, w).
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matic window function overtop the frequency-dependent sky brightness distribution, and a

bandpass response, Ψ(ν), the visibility from antennas j and k, Vjk, can be written

Vjk(ujk, vjk, ν) =

∫ ∫
FoV

dl dm I(l,m, ν)A(l,m, ν)Ψ(ν)e−2πi(ujkl+vjkm). (2.2)

This measurement process is illustrated in Figure 2.1. In practice, the raw visibilities need to

be calibrated due to variations in electronic amplification and other such effects that result

in different antenna gains. Formally, this would amount to indexing quantities like A and Ψ

to represent idiosyncrasies between antennas. Instrument calibration in 21-cm cosmology is

extremely important and the requirements for EoR measurements are strict [9, 94]. However,

it is not the main subject of this work, and we will ignore it in the analytic formalism for

the sake of simplicity.

Through careful calibration and superposition of the visibilities in the uv-plane and re-

construction of the sampling function of the array, one may still do Fourier inversion to

develop a quantity on the sky closely related to the sky brightness. If the antenna response

is well-known, then one can attempt to reconstruct the apparent coherence function from the

visibility samples by smearing each visibility according to the beam pattern of each baseline

in an effort to undo the implicit average performed by the antennas. This is referred to

as “gridding,” since the process usually involves taking the sampled visibilities to a finely

meshed grid of the uv-plane for digital reconstruction. One can also grid with a kernel other

than the instrument response, which can have a variety of effects on the analysis, some of

which can be beneficial for a given scientific goal [10, 66]. This introduces an extra factor of

the beam (or other gridding kernel) in the estimator that can be taken care of with appro-

priate reweighting to return an estimate of the apparent coherence function. The gridded,

reweighted visibilities can then be Fourier transformed to create a ”dirty” map of the appar-

ent sky; ”dirty” refers to the fact that this estimate of the apparent sky will still be corrupted

by the instrument PSF.

The importance of reducing the problem to one of Fourier transforms cannot be under-

stated. The Fourier transform is an extremely well-studied mathematical tool that is ubiqui-
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Figure 2.1: Cartoon of two dish antennas pointed at zenith, with an off-zenith source. The

source’s contribution to the phase of the visibility at frequency ν with corresponding wave-

length λ is given by the relative phase of the wavefronts arriving at each of the antennas. For

an extremely distant point-source, this is determined exactly by the dot product between

the antenna displacement vector and a vector pointing to the source, ŝ, whose horizontal

components are the direction cosines l and m. The amplitude for a point-source will be a

product of the source intensity and the instrument response, i.e. its apparent brightness. An

extended source’s amplitude and phase, or the total visibility from all sources visible by the

antennas, would be determined by the integral in equation 2.2.
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tous in physics and other sciences. There are algorithms that allow for rapid computation of

the Fourier transform, called Fast Fourier Transforms (FFT), that are not necessarily avail-

able for more complicated integral transforms. For an excellent, mathematically rigorous

approach to Fourier analysis, see [85]. More application-focused references are widespread.

[98] presents a summary of some useful properties of Fourier transforms and introduces the

Lomb-Scargle periodogram, which we employ in 21-cm power spectrum estimations with the

MWA.

2.2 Cosmological Coordinates, Brightness Temperatures, and Power Spectra

In a more general context, the power spectrum of a signal usually refers to the complex mod-

ulus square of that signal’s Fourier transform. In 21-cm power spectrum measurements, we

are trying to measure the power spectrum of the 21-cm brightness temperature fluctuations.

Since the EoR is ancient, a cosmologically accurate coordinate system is required in order to

construct the power spectrum. A useful general resource for distance measures in cosmology

is [35]. In addition, [57] highlights some useful coordinate conversions specifically for 21-cm

cosmology. [44] and [57] both discuss differences in Fourier conventions and the relation-

ship between power spectra constructed in cosmological and interferometric coordinates. We

repeat a few results here for ease of reference.

2.2.1 Cosmological Coordinates

First, for a narrow field of view, direction cosines, (l,m), and angles on the sky, θ = (θx, θy),

are nearly equal. To convert an angle to a transverse cosmological position, r⊥ = (rx, ry) we

need the transverse comoving distance, DM(z):

r⊥ = DM(z)θ. (2.3)
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For a flat universe, which we assume in this work, DM(z) and the line-of-sight comoving

distance,2 r‖(z) are equal. r‖(z) is given exactly by

r‖(z) =
c

H0

∫ z

0

dz′

E(z)
, (2.4)

and for a flat universe with negligible photon density,

E(z) =
√

ΩM(1 + z)3 + ΩΛ. (2.5)

H0 is the Hubble parameter, while ΩM and ΩΛ are the matter density and contribution

to the density due to a hypothetical cosmological constant, respectively. For the relatively

short cosmological time spans considered in this work, the right-hand-side of equation 2.4 is

implicitly a nearly linear function of frequency. Rewriting equation 1.1 in terms of frequency

and differentiating equation 2.4 gives the slope of this relationship, which we will denote

with β:

β ≡ − cνe
H0E(z)ν2

o

. (2.6)

νe is the emitted frequency corresponding to the 21-cm line, while νo is the observed frequency.

It is typical to use the frequency corresponding to the central redshift of the observation,

z0, in the evaluation of this slope. For our frequencies, the maximum fractional difference

between the linear and exact relationship is ∼ 10−4. This allows for the frequency axis

of the interferometric data to be genuinely thought of as a distance, and for a straight-

forward Fourier conjugate, denoted by η, to be defined. The vector r = (rx, ry, r‖) forms the

cosmological coordinate vector.

We denote the Fourier dual to the vector, r, with the vector, k = (kx, ky, k‖). Occasionally

we will single out just the transverse components, k⊥ = (kx, ky). We denote the magnitude

of k with the italic k rather than bold. To transform between interferometric Fourier modes,

u, and cosmological modes, k⊥, one must use [57]:

k⊥ =
2π

DM(z0)
u. (2.7)

2This is usally denoted as DC(z) in the cosmology literature, but we deviate so that our notation is a
bit more self-consistent.
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In principle one could use a redshift-dependent expression instead of the central redshift for

DM , which leads to effects essentially similar to redshift-space distortions. We will discuss

this very briefly in Appendix D. The relationship between η and k‖ is [57]

k‖ ≈
2πH0E(z0)νe
c(1 + z0)2

η. (2.8)

2.2.2 The 21-cm Power Spectrum

Part of the purpose of this subsection is to provide yet another accounting of the relationship

between power spectra as described in theoretical discussions and those that are produced by

experimental measurements. The interested reader should also read Appendix A and Table

I in [44], as well as section 3.1 of [57].

The 21-cm power spectrum is specifically the power spectrum of the brightness temper-

ature fluctuations of 21-cm radiation about the CMB temperature. At our frequencies, the

conversion between observed intensity and brightness temperature is well-approximated by

the Rayleigh-Jeans law:

I =
2kBTν

2

c2
. (2.9)

kB is Boltzmann’s constant, and T is the brightness temperature. I and T should implicitly

be thought of as scalar fields on the sky at this point.

The power spectrum, P (k), is defined by the equation [44]

〈T̃ (k)T̃ ∗(k′)〉 = P (k)δ3(k− k′), (2.10)

where the tildes indicate a quantity that has been Fourier transformed (also indicated by the

values of its arguments in this expression), δ3 indicates a 3-dimensional Dirac delta function,

and the brackets indicate an ensemble average. The Dirac delta function represents the

notion that different k-modes are uncorrelated with one another.

One can define a similar quantity in interferometric coordinates [44]:

〈T̃ ′
(
u, η
)
T̃ ′
∗(
u′, η′

)
〉 = P (u, η)δ2(u− u′)δ(η − η′), (2.11)
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Here, T̃ ′ has been obtained by measuring the sky intensity, converting to a brightness tem-

perature, and Fourier transforming, all in the interferometric coordinates. By explicitly

substituting the Fourier transform expressions and taking very special care of coordinate

conversions and Fourier conventions, one can arrive at a conversion between these two quan-

tities, expressed by equation (A10) in [44]. We reproduce it here in our notation:

P (k) =
c(1 + z0)2DM(z0)

H0νeE(z0)
P (u, η) (2.12)

Equations 2.10 and 2.11 correspond with the “Fourier transform and modulus square” power

spectrum definition in the sense that one can imagine integrating both sides of either equation

and finding that the delta functions effectively set k = k′, etc. The integration necessitates

a small k-space volume factor on the left-hand-side, which would be infinitesimal in the

continuous limit. In an observational setting, the finite survey volume sets a limit on the

resolution in k-space, which in turn sets this volume factor. This is exactly one over the

survey volume, denoted by VM. We will introduce such an estimator, with some additional

instrumental complications from equation 2.2, in chapter 4.

Returning to the sky from the visibilities produces an estimate of the sky that was built

from incomplete information. This is an important point to consider when interpreting the

results of a 21-cm EoR upper limit analysis. Any analysis choice will affect the ensuing power

spectrum estimate, and it is important to determine whether estimation choices preserve the

properties of the EoR signal, rather than enhancing or diminishing certain aspects. In the

imaging and power spectrum analyses this work, we estimate the apparent sky, and therefore

a apparent power spectrum. We then normalize with respect to the effective survey volume

provided by the choice of estimator, which in this case is the volume of the beam.

We have introduced much of the theoretical formalism describing interferometry and the

relevant cosmological measurements that we will use in this work. Now we turn to the matter

of addressing the complication of radio frequency interference in the measurement.
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Chapter 3

ABSOLVING THE SSINS OF PRECISION
INTERFEROMETRIC RADIO DATA: A NEW TECHNIQUE

FOR MITIGATING FAINT RADIO FREQUENCY
INTERFERENCE.

This chapter is largely based on work in [102].

3.1 Introduction

As mentioned in Chapter 1, most RFI is anthropogenic. Many RFI signals are narrow

compared to the frequency resolution of the MWA or HERA. This causes contaminated

visibilities to appear spined, similar to the spectrum in Figure 1.3. Some signals, such as DTV

or digital audio broadcasting (DAB), appear relatively broad even for an EoR experiment

(Figure 3.1). Regardless of the signal type, RFI tends to imprint sharp frequency structure

overtop smooth radio emission from the foregrounds. In chapter 4, we quantify the level of

power spectrum contamination that this structure provides. In this chapter, we discuss RFI

flagging methods.

RFI contamination of EoR measurement was foreseen in its conception, and many clever

excision algorithms have been developed to automatically flag RFI in large volumes of EoR

data. The standard flagger for MWA data is called AOFlagger. It is effective at locating

signals that are narrow in time and/or frequency, but is less effective with signals that are

broad in both. In particular, DTV signals in the MWA EoR Highband above 174 MHz are

ill-flagged by AOFlagger [68].

Like many current state-of-the-art methods, aoflagger flags a single baseline at a time.

Clearly, single baseline flaggers are fundamentally limited to the sensitivity attainable by a

single baseline. As we will show, there exists RFI observed by the MWA that evades detection
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Figure 3.1: Adapted from European Telecommunication Standards Institute, ETSI EN 302

755 v1.4.1. Shows theoretical DTV power spectral density of a T2 signal for an 8 MHz

allocation. It is largely flat over the allocation, occupying almost all of the allocation at full

power. A few different guard band conventions are shown. While the signal is theoretically

smooth over most of the allocation, the sharp cutoff over the guard interval presents difficul-

ties in EoR power spectrum measurements. Different regions can have different allocations.

While DTV in South Africa is allocated 8 MHz per channel, in Western Australia it is only

allocated 7 MHz. This figure does not show potential boosting of the pilot carriers, which

can add some spectral structure.
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by aoflagger because it is fainter than the single baseline thermal noise.

We offer Sky-Subtracted Incoherent Noise Spectra (SSINS) as a flexible, sensitive, and

statistically simple RFI analysis pipeline to detect, classify, and excise such faint RFI. SSINS

was developed for the MWA, and it has also undergone limited testing on HERA and the

Long Wavelength Array (LWA; [88]). It is highly effective at excising DTV signals in MWA

data that are missed by AOFlagger

After explaining the SSINS method in detail (§3.2), we show several common cases of

RFI that are successfully flagged by SSINS in the MWA EoR highband, which extends

from 167.1 Mhz to 197.7 Mhz (§3.3). We also image RFI and hypothesize about the source

(§3.4). We then discuss the implementation of SSINS, explain how it can be customized for

different RFI environments, and summarize RFI mitigation efforts for data used in an EoR

power spectrum limit in [10] (§3.5). Finally, we discuss possibilities for future work (§3.6).

3.2 The Method

The measurements from an interferometer can be broken down into three components: the

astrophysical sky signals, thermal noise, and RFI. We will first separate the slowly varying

sky signal from the modulated RFI (§3.2.1), then increase our sensitivity to the faint RFI

signal through successive integrations and frequency-matched flaggers (§3.2.2–3.2.4). In Fig-

ures 3.2–3.4 we compare an observation free of RFI (left) with an observation contaminated

by faint RFI (right).

3.2.1 Sky Subtraction

The first step, sky subtraction, relies on the time variation of the sky signal being slow

relative to the visibility cadence. We denote the visibility belonging to the ij antenna

pair, time integration, tn, frequency, ν, and polarization, p, as Vij(tn, ν, p). By subtracting

data from subsequent time integrations, the majority of the astrophysical sky signal will

be removed while leaving the thermal noise and much of the modulated RFI. We write the
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sky-subtracted visibilities as

∆Vij(tn, ν, p) = Vij(tn+1, ν, p)− Vij(tn, ν, p). (3.1)

What remains has a noise-like component and potentially an RFI-like component.

To separate the thermal noise from the RFI it is helpful to understand the statistical

properties of the thermal noise. For visibility data, the noise is a circular complex Gaussian

process. In other words, for each visibility, the real and imaginary components of the noise

are independently and identically distributed Gaussian random variables with mean equal

to zero. Following standard derivations such as in [104], the amplitudes, X, of a circular

Gaussian process are Rayleigh distributed:

fX(x;σ) =
x

σ2
e−x

2/2σ2

, (3.2)

where σ2 is the variance of the Gaussian which describes the real (or imaginary) component

of the process. The mean of the Rayleigh distribution is

E[X] =

√
π

2
σ, (3.3)

and the variance is

E[X2]− E[X]2 =
4− π

2
σ2. (3.4)

Figure 3.2 shows the Rayleigh-like amplitude distributions of the sky-subtracted visi-

bilities for our two example observations along with a Rayleigh-mixture fit. Because the

observed noise has a frequency dependence, each frequency channel was fit independently

by maximum likelihood estimation to form the final model fit and 4σ errors. The similarity

of Figures 3.2(a) and (b) shows that the sensitivity of a single visibility is not sufficient to

mitigate the faint RFI that we are interested in.

3.2.2 The Incoherent Average

We boost our RFI sensitivity by averaging the amplitudes of the sky-subtracted visibilities

over all of the baselines in the array, leaving a single dynamic spectrum per polarization.
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Figure 3.2: Histograms of the amplitudes of time-differenced visibilities for two different

two-minute MWA observations, similar to Figure 8.2 of [11]. (a) belongs to an observation

deemed clean by the methods shown in this paper, while (b) belongs to an observation that is

shown to have some digital television contamination (§3.2.4). The measurements are shown

in blue, while an accompanying Rayleigh-mixture fit is shown in orange with 4σ error bars.

These figures are nearly indistinguishable, despite differences in contamination.
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This is not an entirely novel idea. We refer the reader to the last two paragraphs of §4.2 in

[68]. Formally, for an array with NA antennas, the incoherent average, Y , is

Y (tn, ν, p) =
2

NA(NA − 1)

NA∑
i=1

NA∑
j>i

|∆Vij(tn, ν, p)|. (3.5)

Since we discard the phase of the sky-subtracted visibilities in the average, we call this an

incoherent average. Note that we do not include autocorrelations in the average. We refer to

the remaining spectra as sky-subtracted incoherent noise spectra (SSINS), incoherent noise

spectra, or just noise spectra.

Examples of incoherent noise spectra for the same observations as in Figure 3.2 are shown

in Figure 3.3. The spectra in Figure 3.3(b) actually show some RFI from digital television

broadcasting, although it is extremely difficult to discern from the surrounding noise even

in this very sensitive space. In order to determine the nature of such features, we boost the

contrast in a way that allows for the rigorous application of statistics.

3.2.3 Mean Subtraction

Mean subtraction transforms the data so that the data of a clean observation will be standard-

ized: it will appear as if it were sampled from a zero-mean, unit width Gaussian probability

distribution. We describe this process formally using the central limit theorem.

In our context, we take the central limit theorem to say the following (see [16]). Let

(X1, X2, ..., XN) be independent and identically distributed random variables with finite

mean, µ, and variance, Σ2. Then, as N grows large, the sample means given by

SN =
1

N

N∑
k=1

Xk (3.6)

converge in distribution to a normally distributed random variable of mean, µ, and variance,

Σ2/N . Let us assume the thermal noise to be independent between baselines and ignore
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Figure 3.3: The incoherent noise spectrum for the E-W polarization corresponding to the

histograms in Figure 3.2, on a two second cadence. The MWA employs a two-stage polyphase

filter bank, involving a coarse channelization and then a fine channelization of each coarse

channel. The periodic banding in frequency that is seen in these spectra is a result of that

filter. The spectrum on the left is clean. However, if one examines the spectrum on the

right extremely closely, they may notice a smudge between 174 and 181 Mhz in the first

twenty seconds of the observation. This smudge is made much more obvious after the mean-

subtraction transformation, shown in Figure 3.4, and it is DTV interference.
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baseline-to-baseline noise variation1 Having averaged over so many baselines2 in Equation

3.5, the central limit theorem states that the thermal background in the incoherent noise

spectrum will be very nearly normally distributed at each frequency with a mean described

by Equation 3.3 and variance described by Equation 3.4, divided by the number of baselines

in the array, which we denote Nbl:

Nbl =
NA(NA − 1)

2
. (3.7)

Note that the Rayleigh distribution has only a single parameter, so we can actually relate

these two quantities. Using Equations 3.3 and 3.4, and writing the underlying mean for each

frequency as µν , we write the underlying thermal background distribution for each frequency

as

fY (y;µν , Nbl) =

√
Nbl

2πCµ2
ν

exp

[
− Nbl

2Cµ2
ν

(y − µν)2

]
, (3.8)

where

C =
4

π
− 1 (3.9)

is the ratio of the Rayleigh variance to the square of its mean.

At this stage, the background distribution for the entire spectrum is a mixture distribution

of all the frequencies. If for each frequency we subtract the mean and normalize with respect

to the standard deviation, then the background for the entire spectrum will be described by

a single distribution (the standard normal distribution), thus simplifying the problem.

If there are sufficiently many time samples in an observation, then an estimation of the

means per frequency can be obtained simply by taking the mean of the spectrum in time:

µ̂(ν, p) =
1

Nt − 1

Nt−1∑
n=1

Y (tn, ν, p). (3.10)

Writing the mean only as a function of frequency and polarization of course assumes that the

thermal process is at least wide-sense (weakly) stationary in time. In the event that there is

1Statements of the central limit theorem exist for non-identically distributed sequences, which would be
important here if baseline-to-baseline variation in noise levels were a dominant effect. See [16].

2Over 8000 for the MWA
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some drift, then a trend line or trend polynomial can be calculated for each frequency and

polarization. For now, we will work with the simplest, most prevalent case.

Now we consider the quantity

Z(tn, ν, p) =
Y − µ̂√
Cµ̂2/Nbl

(3.11)

We call this the mean-subtracted incoherent noise spectrum. Here, for each data point, we

have subtracted the estimated mean and normalized with respect to the estimated standard

deviation in the corresponding frequency channels and polarizations. Should the observation

be totally clean of RFI and if sky-subtraction indeed fully removed the sky from the data,

then the remaining data, which will be purely thermal, ought to be very nearly distributed

according to

fZ(z) =
1√
2π
e−z

2/2, (3.12)

otherwise known as the standard normal distribution. In other words, the quantity in Equa-

tion 3.11 is a z-score for each sample in the spectrum.

An example of mean-subtraction results following from Figures 3.2 and 3.3 is shown in

Figure 3.4. The accompanying histograms are plotted along with a standard normal distri-

bution. The clean observation in Figure 3.4(c) conforms to the standard normal distribution

exceedingly well, while the contaminated observation in Figure 3.4(d) has outliers well be-

yond what is expected, indicating highly non-thermal behavior. Recall that in Figure 3.2, it

was nearly impossible to discern any difference between these two observations.

The mean-subtracted spectra are very useful for highlighting RFI that is only marginally

brighter than the surrounding thermal noise after incoherently averaging over all baselines.

In order to programmatically identify and flag RFI, we deploy a frequency-matched flagger

in the mean-subtracted spectrum.

3.2.4 The Frequency-Matched Flagger

We extend the probability theory from the previous section to develop a frequency-matched

flagger. We introduce this development by showing the results of thresholding on a single-
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Figure 3.4: Top Row: the mean-subtracted incoherent noise spectra for a single polarization,

corresponding to the data in Figure 3.3. Bottom Row: Histograms for the mean-subtracted

incoherent noise spectra in the top plots, shown with vertical lines that demarcate a point

beyond which very few outliers are expected at this data volume. The spectrum in (a) is

clean. There are no discernible features such as clustering in time or frequency and the

extent of the data is within the range of outliers expected for a data volume of this size.

The spectrum in (b), however, features a noticeable cluster of positive outliers that extends

from 174-181 Mhz in the beginning of the observation, and a slightly less noticeable one from

181-188 Mhz. Not only is this clustering antithetical to stationary noise, but the data in the

brightest feature has outliers as strong as 14σ̂, which is not expected at this data volume.

In correspondence with this reasoning, the purportedly clean observation in (c) looks highly

Gaussian, while the contaminated observation in (d) is clearly deviating from the thermal

model.
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sample basis, and then we show how information from multiple samples can be incorporated.

If the total data volume is M , then the expected number of outliers in a clean mean

subtracted spectrum, Nout, beyond a certain threshold, τ , is

Nout = Merfc

(
τ√
2

)
, (3.13)

where erfc is the complementary error function:

erfc(x) =
2√
π

∫ ∞
x

dt e−t
2

. (3.14)

This includes both positive and negative outliers. For a typical two-minute MWA EoR

highband observation, the number of expected outliers when τ = 5 is about 0.05. In other

words, about one in twenty observations ought to have just a single sample of that strength

or greater. Statistically speaking, samples of that strength are exceedingly unlikely to be

thermal and so we can be confident that those samples are contaminated.

It is tempting to flag all data beyond the significance threshold initially, but this can

be problematic when there is RFI contamination. Recall that the estimated mean and

standard deviation are determined by a time-average in each frequency channel, as described

in Equation 3.11. If RFI that is brighter than the thermal noise contaminates some times,

then the mean estimate for the contaminated channels will be skewed upward relative to an

estimate drawn from only the clean data. As a result, some clean data may appear to be

outlying in the negative direction beyond the significance threshold. For example, consider

the bright red cluster followed by the blue trough in Figure 3.4(b). As shown in Figure

3.4(d), some data in this observation lies beyond the threshold in the negative direction

when the z-scores are initially calculated. Flagging everything beyond the threshold initially

will inevitably flag some clean data in this case. We can decrease this type of overflagging

by taking an iterative approach to flagging, wherein the RFI contamination of the mean

estimate is progressively removed in each iteration. This also allows us to probe deeper into

the observation for fainter RFI in each iteration.

We describe the basic iterative flagging procedure below and present a flow chart in Figure

3.5. First, we calculate the z-scores of each noise spectrum sample using mean-subtraction.
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Next, we identify the time and frequency of the strongest outlier in the mean-subtracted

spectrum that is beyond the threshold in either the positive or negative direction. Then,

we flag this time and frequency in all polarizations regardless of the polarization in which

the outlier was found. This is done in case that RFI is present in other polarizations at

extremely faint levels; it is often the case that RFI is not exactly polarized along the directions

measured by the antennas. We then repeat this process until no more outliers exist beyond

the threshold. The results of this process using τ = 5 on the contaminated observation

shown in previous figures is shown in Figure 3.6(a). In this figure, we deviate from the

previous convention in Figures 3.2-3.4. Now, the same observation is in both panels. We are

comparing differences in flagging between the single-sample outlier iteration detailed above

and a frequency-matched flagger, detailed in the main text below. We can see that there

appears to be incomplete flagging in the feature noticed in Figure 3.4(b), and that another

feature immediately adjacent to it of similar width persists in the observation at fainter levels.

Any individual remaining sample in these features lies beneath the significance threshold,

and so cannot be caught by the method above at the threshold set. To boost our sensitivity

to faint features such as these, we combine samples of the mean-subtracted spectrum across

frequencies.

So far, we have only relied on knowledge of the thermal background without including

any specific information about the particular source of the RFI. In the examples shown, data

are taken in Western Australia over the frequencies 167-197 Mhz. A subset of the Western

Australian digital television channels are broadcast in this observing band and are broadcast

7 Mhz wide, adjacent to one another3. The broad features shown in the previous figures

correspond to DTV channels 6 and 7. The MWA also sometimes observes DTV channel 8.

We can hunt for these particular contaminants by summing the mean-subtracted spectrum

over the frequencies belonging to a particular type of contaminant. A similar targeted sub-

band summing method was employed in §4 of [68] exactly for DTV interference.

3https://www.acma.gov.au/~/media/Licence-Issue-and-Allocation/Publication/pdf/TVRadio_

Handbook_Electronic_edition-pdf.pdf?la=en

https://www.acma.gov.au/~/media/Licence-Issue-and-Allocation/Publication/pdf/TVRadio_Handbook_Electronic_edition-pdf.pdf?la=en
https://www.acma.gov.au/~/media/Licence-Issue-and-Allocation/Publication/pdf/TVRadio_Handbook_Electronic_edition-pdf.pdf?la=en
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Figure 3.5: A flowchart of the iterative flagging procedure detailed in §3.2.4. The white

area shows the basic iteration performed on the z-scores calculated in Equation 3.11, while

the grey shows two additional steps that are included when frequency-matched flagging is

implemented with the z-scores calculated in Equation 3.15.
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Figure 3.6: A comparison of single-sample thresholding and frequency-matched flagging on

the contaminated observation of the previous figures. Black data is flagged. In (a), we show

the results of iteratively flagging single-sample outliers beyond the τ = 5 threshold. Leftover

RFI persists, since some RFI is beneath this threshold on a single-sample basis. In (b), we

show the results of frequency-matched flagging, where we have used bandwidth information

about Western Australian DTV to inform the flagger. No remaining interference can be seen

in the spectrum. A movie of each flagging iteration is available on reasonable request to the

author.
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Formally, if an RFI signal occupies a sub-band, B, that spans NB frequency channels of

the instrument between the signal’s lower frequency, νL, and upper frequency, νU , we take

ZB(tn, p) =
1√
NB

νU∑
ν=νL

Z(tn, ν, p). (3.15)

This sum is precisely constructed so that a clean ZB will be standard normal distributed

just like a clean Z, so that the same significance threshold can be applied to any sub-band

as is applied to a single sample. When RFI in a sub-band is observed for only part of the

observation, even a sequence of very weak positive (or negative) outliers at a given time

can sum to be greater in absolute value than the desired significance threshold, thereby

increasing the sensitivity to RFI that occupies that sub-band. We can then iterate similarly

as in the single-sample case to flag the observation for sub-band outliers in addition to

single-sample outliers, where now we identify the strongest outlier among all suspected RFI

sub-bands and times in the observation and then proceed as before. We show an example

of the frequency-matched flagger in Figure 3.6(b), where it successfully excised DTV RFI

belonging to multiple broadcasting channels. A movie showing the status of the observation

in each iteration is available on reasonable request to the author.

The SSINS frequency-matched flagger can be adapted to search for any RFI contaminant

within the observing band, including RFI that occupies the entire band. In §3.3, we illustrate

these adaptive capabilities using specific examples of common RFI signals that we observe

with the MWA.

3.3 Some Common RFI Occupants in MWA Data

The sensitivity boost afforded by the baseline averaging allows SSINS to identify a wealth

of faint RFI that goes undetected by single baseline algorithms. However, RFI that persists

throughout the entire observing time can still evade SSINS due to the fact that such RFI

will always contaminate the mean estimation no matter how deeply it is flagged. We have

successfully implemented methods in SSINS to compensate for this behavior. Below, we

explore the behavior of SSINS through examples for three different RFI classifications:
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broadband streaks, narrowband RFI, and DTV. In each case, the data was passed through

aoflagger before making the incoherent noise spectra, except where indicated in §3.3.2.

3.3.1 Faint Broadband Streaks

First, we show an observation with faint streaks that are not band limited. See Figure

3.7. These streaks are too faint to be detected by the standard single-baseline aoflagger

implementation and appear to be quite common in our brief survey of MWA EoR Highband

data. The exact nature of these streaks is so far unknown. Since they are not band-limited,

we cannot directly appeal to our knowledge of the RFI environment in the same way that

we can with the DTV interference shown earlier. It is possible that they are instrumental

in origin. Despite not knowing the physical origin of such events, these streaks still occupy

a programmable sub-band for the frequency-matched flagger, that is, the whole observing

band, and so we can still adequately flag them using the algorithm in this paper.
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Figure 3.7: The SSINS of an observation which show faint broadband streaks. The pre-

existing flags in (a) and (b) are over the coarse band edges, which are routinely flagged in

pre-processing due to systematic difficulties. The streaks are barely noticeable to the eye

in (a), but the mean-subtracted spectrum in (b) shows them prominently. The frequency-

matched flagger excises these streaks neatly, as shown in (c). These exceedingly faint events

are often missed by aoflagger and are not uncommon. They can appear isolated within

an observation, or in series like this.
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3.3.2 Narrowband Interference

Next we show an example of narrowband interference observed by the MWA that only

occupies one or two fine frequency channels (Figure 3.8). Though this RFI is present in the

observation at dramatically fainter levels after aoflagger, we show the pre-aoflagger

spectrum in this case because of the interference’s proximity to a coarse band edge, which

makes viewing the event difficult after routine flagging of the edges.

In this case, there are two interference events that are present through the entirety of the

observation. The higher frequency line is a full order of magnitude brighter than the lower

frequency line, and they are separated by exactly one coarse channel. We hypothesize that

the dimmer line is caused by the brighter line’s proximity to a coarse band edge, which are

prone to aliasing due to the cascaded Fourier transform in the digital signal path4.

Narrowband RFI such as this that persists throughout the entire observation poses a

detection problem for the SSINS algorithm, since the estimation of the thermal parameters

will always be contaminated by the RFI. The statistical properties of the RFI usually do

not perfectly resemble the thermal noise, but even so, such RFI is almost always incom-

pletely flagged by the SSINS frequency-matched flagger. Rarely, there is even RFI whose

brightness varies so little over the course of the observation that it is totally camouflaged

by the mean-subtraction step. Clearly, narrowband RFI that only occupies some fraction of

the observation does not have this problem. In Figure 3.8(c), we show the mean-subtracted

spectrum after frequency-matched flagging. We can see that the fainter event (alias) was

flagged almost completely. If we examine the brighter event at the higher coarse channel, we

notice the flag mask is thicker at some times compared to others. The RFI seems to occupy

two adjacent fine frequency channels. The times indexed 10 to 20 are missing flags in the

higher fine frequency channel, while the times indexed 30 to 48 are missing flags in the lower

fine frequency channel.

We handle incomplete flagging in the following way. First, note that as we flag more times

4See “Aliases” in https://wiki.mwatelescope.org/display/MP/Memos?preview=/14156367/

18481185/MEMO_CascadedFT_2012_05_25.pdf

https://wiki.mwatelescope.org/display/MP/Memos?preview=/14156367/18481185/MEMO_CascadedFT_2012_05_25.pdf
https://wiki.mwatelescope.org/display/MP/Memos?preview=/14156367/18481185/MEMO_CascadedFT_2012_05_25.pdf
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Figure 3.8: Example of narrowband RFI that lasts the entirety of an observation. Note the

logarithmic color scale in (a). This extremely bright event is a full two orders of magnitude

brighter than the typical clean spectrum, and so the finer structure typically seen in an

MWA incoherent noise spectrum is washed out in this colormap. We also note a disturbance

precisely one coarse channel wide to the right of the main interference event in (c), charac-

terized by a blue trough followed by a red excess. This is the only known instance of this

feature in MWA data so far. Its exact nature is unknown. It may be related to the sheer

brightness of this RFI event.

in a channel, fewer samples enter into the estimation of the mean. Eventually, the uncertainty

in the estimator will be so high that the estimate will be untrustworthy. Furthermore, as

more and more data within a channel are flagged, the chance that clean data remain in that

channel diminishes. Combining these ideas, we set a threshold where once the amount of

remaining unflagged data falls below the threshold, the entire remainder of the channel is

flagged. The exact value that this threshold should take depends on the RFI environment

of the telescope. While many narrowband events in the MWA survey shown in §3.5.2 would

demand a threshold as aggressive as 0.7 (flag if less than 70% remains), an extremely brief

survey of HERA data shows that a threshold of 0.25 successfully flags many of HERA’s

persistent narrowband occupants.
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3.3.3 A DTV Signal

Finally, we show an observation with DTV interference that was partially caught by aoflag-

ger. In this case, the DTV was caught on some baselines, but not all of them, so we can

see a leftover DTV footprint in the noise spectrum. See Figure 3.9.

We perform a similar demonstration as with the fainter DTV events shown in §3.2.4 by

first flagging only bright single-sample outliers and then checking to see if fainter occupants

lie beneath the single-sample threshold (Figure 3.9(c)). A notable feature that emerges

from single-sample flagging is that the cluster of significant outliers around the DTV event

seem to span more than 7 Mhz. The excess width of this event is not seen in the pre-

aoflagger spectrum (not shown), indicating that this is a pre-processing artifact. As

described in [67], aoflagger deploys a morphological detection algorithm that can overflag

broad contaminants in a baseline by an amount proportional to the algorithm’s user-set

aggression threshold. Indeed, summing the aoflagger flags for this observation over the

set of baselines does show overflagging of this event in frequency by an amount similar to

the feature we see in the incoherent noise spectrum. A feature of this size manifests in

the incoherent noise spectrum due to the fact that visibilities have been averaged in time

and frequency relative to the operating time-frequency resolution of aoflagger. Flags

are applied before averaging, so time-frequency bins with fewer samples entering them will

have noise that has not been averaged down as much compared to those bins in which all

possible contributing samples were averaged together. The overflagged bins contributing to

the incoherent noise spectrum are then brighter than the surrounding uncontaminated ones,

thus appearing like RFI to our statistical test. We can adapt the frequency-matched flagger

with a custom sub-band to identify this pre-processing artifact. The results of frequency-

matched flagging are shown in Figure 3.9(d).

This type of DTV interference is extremely common in MWA EoR Highband Observa-

tions. Roughly one third of the observations included in the EoR limit in [14] had some

trace of DTV RFI according to the frequency-matched flagger. These observations were
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Figure 3.9: The SSINS of a DTV example after applying aoflagger (a), alongside the

mean-subtracted spectrm (b), as well as the results of single-sample iterative flagging (c),

and frequency-matched flagging (d). From the flags reported by aoflagger, we know it

was caught on some baselines, however there is clearly leftover DTV corresponding to DTV

channel 7. Several features emerge after single-sample flagging in (c). First, it appears

that there is a broadband streak (§3.3.1) simultaneous with the DTV interference. Second,

it appears there may have been a second DTV interference event later in the observation

and much fainter. Third, the DTV interference seems to have associated outliers that span

more than the advertised 7 Mhz, which is a pre-processing artifact described in the main

text. With the frequency-matched flagger we can search for DTV, broadband streaks, single-

sample outliers, and the pre-processing artifact simultaneously. The results are shown in (d),

where all notable features are excised.
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subsequently removed in a reduction of the same data set in [10], as discussed in §3.5.2.

While in this case aoflagger was able to remove some of the interference, it is often the

case that the contamination is beneath the level where aoflagger can make an appreciable

difference.

3.4 Imaging DTV Interference

The MWA’s extremely remote location makes it unlikely that it would directly observe a

DTV transmission. However, it is clear from noise spectra such as those in the previous

sections that the MWA is observing DTV. There are several hypotheses to explain this,

including tropospheric ducting and reflection off of aircraft or satellites. We explore these

possibilities by imaging DTV events found using SSINS.

The images were made using the Fast Holographic Deconvolution software5 (FHD; [8,

86]). So that RFI could not drive the calibration solution, we calibrated on a clean part of

each observation and transferred that calibration to the contaminated part of the respective

observation. In order to see these faint DTV events in the images, it was necessary to

subtract out 52000 sources from the GaLactic and Extragalactic All-sky MWA (GLEAM;

[36]) catalog using FHD. Example images using the observations from Figures 3.4(b) and 3.9

are shown in Figures 3.10 and 3.11, respectively. We separated Figure 3.11 into 2s-snapshots

and made a movie (available on reasonable request), where it is clear that some sort of flying

object moving nearly due North-South is reflecting DTV into the array.

Due to the nonzero extent of the moving source, we can rule out the possibility of satellites

and near-Earth asteroids, which would appear point-like. Aircraft are reflective and fly low

enough to appear extended in the image. The speed (extent) of the object is atypically

slow (large) for a commercial jet such as a Boeing 737 flying at a typical cruising altitude

of 10 km. A parallactic estimation of the object’s altitude6 ultimately proved inconclusive

due to the faintness of the RFI (Xiang Zhang, personal communication). As an alternative

5https://github.com/EoRImaging/FHD

6See [47] and citations therein for other uses of this type of altitude estimation

https://github.com/EoRImaging/FHD
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candidate, we suggest this could be a slow, low-flying bush plane whose apparent angular

size may be due to its low height and near-field effects.

3.5 Frequency-Matched Flagger Customization

In this section, we describe the process of developing a customized SSINS frequency-matched

flagger for a radio telescope. This is an exploratory process wherein the user becomes familiar

with the incoherent noise spectra of their telescope. Some of the spectra features will be due

to RFI, while other features may point to subtleties of the instrument. Once equipped with

a thorough catalog of sub-bands to search, the user may process large amounts of data in

an automated way. To exemplify what can be attained from this process, we summarize the

RFI occupancy analysis for the data used in the EoR limit presented in [10].

3.5.1 Exploring the Data and Developing a Frequency-Matched Flagger

The first step to applying SSINS to a dataset is acquiring the software. It is implemented

in python along with a comprehensive set of unit tests. It is publicly available on GitHub7,

where the user will also find installation instructions including the list of dependencies:

pyuvdata8, numpy, scipy, six, h5py, pyyaml, astropy, and optionally matplotlib.

There are tutorials and other documentation available9 with simple usage examples for get-

ting started.

After becoming familiar with the software, the next step is to examine the data, typically

by hand, without attempting to use the frequency-matched flagger. While going through a

survey of observations baseline by baseline in a modern radio telescope would be untenable,

SSINS compresses the data of each observation into two dynamic spectra per polarization:

a raw incoherent noise spectrum and its mean-subtracted form. It is useful to look at both

7https://github.com/mwilensky768/SSINS

8https://github.com/RadioAstronomySoftwareGroup/pyuvdata

9https://ssins.readthedocs.io/en/latest

https://github.com/mwilensky768/SSINS
https://github.com/RadioAstronomySoftwareGroup/pyuvdata
https://ssins.readthedocs.io/en/latest
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Figure 3.10: A full-sky horizon-to-horizon image of the DTV channel 6 event in Figure 3.4(b),

with 52000 GLEAM sources removed using FHD. Other than the shape of the MWA beam

and some diffuse structure not included in the calibration/subtraction model, the image is

largely featureless. However, all the way in the second southern sidelobe lies a faint streak

belonging to the DTV6 event (annotated with a bright red arrow). We hypothesize that

the DTV signal is reflecting off of an aircraft on the southern horizon into the array. This

is but one example of a collection of observations that show a similar feature in the second

southern sidelobe, some of which are at the same time of night but on different dates, as one

might expect from scheduled flights to and from Perth.
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Figure 3.11: The Stokes I residual image of the DTV event in Figure 3.9, showing just the

primary beam (center lobe in Figure 3.10). This is 34 seconds of data. The broad North-

South streak in the Eastern edge of the primary beam (annotated with a bright red arrow)

suggests possible motion of a source - likely a reflective aircraft. A snapshot-by-snapshot

movie is available upon reasonable request to the author.
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forms of the spectra side-by-side, particularly if narrow RFI is expected. In this way, an

entire season of observations can be examined in short order.

While features in the incoherent noise spectra may correspond well with known factors in

the RFI environment, it is also likely that SSINS will reveal RFI and even other instrumental

features that had not been previously observed or considered. As the user catalogs the

various characteristics of the data, they can build a dictionary of different sub-bands or single

frequencies that appear commonly occupied. These occupations, regardless of their physical

cause, can be input into the frequency-matched flagger settings. For example, some faint

features in HERA incoherent noise spectra were later found to correspond with correlator

malfunctions, some of which had been previously identified in other cases through other

means. While technically this was not RFI per se, it was a feature that could be identified

and removed with SSINS.

Once the set of identifiable contaminants has been collected, the frequency-matched flag-

ger can be deployed for a first round of flagging. The frequency-matched flagger is very quick.

A 2-minute, 30 Mhz MWA spectrum can be flagged in less than a second, while a 10-minute,

100 Mhz HERA spectrum that is significantly more contaminated typically takes between

20 and 60 seconds. As with the initial inspection, the results of the frequency-matched flag-

ger can be quickly ascertained by eye. Oftentimes, fainter RFI than could be initially seen

in the noise spectra is unearthed as the frequency-matched flagger iterates. Of course, the

user will wish to add these to the dictionary of occupants. If no more identifiable sub-band

occupancies are revealed, one may wish to adjust the parameters of the flagger, such as the

significance threshold. This iterative process of data examination and deep cleaning is often

illuminating.

3.5.2 Results with a Season of MWA Data

The SSINS package itself was developed and tested in the manner described above using a

season’s worth of data from 2013. This same dataset was used for the EoR power spectrum

limit featured in [10] and [14]. Below, we describe the filter settings for an RFI analysis of
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Figure 3.12: (a) A scatter plot of the total RFI occupation in a season of data as seen

by SSINS. (b) A scatter plot of the DTV occupancy as seen by SSINS. In each panel,

each circle represents a single two-minute observation. Each line of circles is a night of

observations on the Julian Date (JD) shown on the vertical axis, while the horizontal axis

gives that observation’s local sidereal time (LST) in hours. Black circles were not found to

have additional RFI after aoflagger. All observations outside of the plotted LST range

and all missing circles in a night are observations that were removed by a previous jackknife

test, detailed in [14]. In (a), the color shows the fraction of samples in the noise spectra

found to be contaminated, disregarding coarse band edges, while in (b), the color shows

the fraction of times contaminated by DTV interference, regardless of which broadcasting

channels were identified. These plots provide an occupancy overview of the season, letting

one pick out particularly bad days or times of night by eye, such as the line of high occupancy

observations nearest JD 2456600, which was a day that also had many observations removed

by the previous jackknife test.
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this dataset and also summarize occupancy levels.

The data in this analysis was pre-processed with cotter, which uses aoflagger to

identify and flag bright RFI. Then, SSINS was run on the data in order to identify and

catalog leftover faint RFI. We used a significance threshold of 5 and sought single sample

outliers, broadband streaks, DTV interference, as well as the broader DTV sub-band dis-

cussed in §3.3.3, all of which are occupants detailed in §3.3. We also completely flagged a fine

frequency channel if it ever reached an occupancy fraction of 0.7 during frequency-matched

flagging. We present RFI occupancy for the season in Figure 3.12, summarizing total RFI

occupancy as seen by SSINS after aoflagger as well as DTV occupancy. Such figures can

be used to pick out particularly bad days from the season and search for patterns in time.

The occupancy data from SSINS was used to make data cuts for the sake of improving

the EoR limit in [10]. We did not reflag the data using SSINS, but instead just used its

outputs to develop quality metrics for observations. Ultimately, we cut all observations with

any trace of DTV as well as all observations with greater than 40% occupancy. We found

that this improved the limit despite removing roughly 1/3 of the observations originally

included.

3.6 Discussions and Conclusions

We have described the SSINS RFI detection algorithm in detail. The substantial sensitivity

boost afforded by the incoherent average over the baselines allows for detection of faint RFI

that escapes other high-performing single-baseline algorithms. We demonstrated its effec-

tiveness on several different types of RFI found in the MWA EoR highband, including DTV

interference. We have implemented countermeasures for persistent RFI with some success,

but we plan to make improvements to these detection efforts. Overall, we observe that the

increased sensitivity afforded by SSINS helps us understand the general pervasiveness of

faint RFI.

Developing a custom SSINS frequency-matched flagger for a new RFI environment is

an iterative process that is often quite instructive. We confirmed the quality of our own
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EoR highband frequency-matched flagger by successfully imaging faint DTV reflected from

aircraft as well as successfully improving the EoR limit in [10]. To ease the development

process, we have written tutorials for basic software usage and provided an overview of how

SSINS can be used in practice.

Though SSINS is capable of detecting fainter RFI than current state-of-the-art algo-

rithms and is a general improvement to the field, we plan to further improve the methodology

to exploit its full capabilities. We propose the following items as future work:

• Improved Narrowband RFI Detection: The current implementation tends to

underflag narrowband RFI that persists through the entire observation. An algorithm

that preliminarily identifies entirely contaminated channels and interpolates over these

channels during mean estimation will allow for more complete flagging.

• Blind Sub-band Hunting: Presently, the user must input specific sub-bands into the

frequency-matched flagger that are established from knowledge of the RFI environment

or a hand grading of the data. An algorithm that searches for likely occupied sub-band

candidates would ease analysis of extremely large data sets.

As SSINS is applied to more radio projects in the future, more possibilities for enhance-

ments will be found. In this light, we look forward to exploring the full capabilities of the

SSINS framework. In the next chapter, we theoretically investigate the effect of residual

RFI contamination on power spectrum measurements.
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Chapter 4

QUANTIFYING EXCESS POWER FROM RADIO
FREQUENCY INTERFERENCE IN 21-CM POWER SPECTRA

This chapter is largely based on work in [101].

4.1 Introduction

In this chapter, we quantify the effect of RFI on measurements of the 21-cm power spectrum

during the EoR. Specifically, we investigate how the frequency structure of RFI source emis-

sion generates contamination in higher-order wave modes that is much more problematic

than smooth-spectrum foreground sources. Using a relatively optimistic EoR model, we find

that even a single relatively dim RFI source can overwhelm the EoR power spectrum signal

of ∼ 10 mK2 for modes 0.1 h Mpc−1 < k < 2 h Mpc−1. If total apparent RFI flux density

in the final power spectrum integration is kept below 1 mJy, an EoR signal resembling this

optimistic model should be detectable for modes k < 0.9 h Mpc−1, given no other systematic

contaminants and an error tolerance as high as 10%. More pessimistic models will be more

restrictive. These results emphasize the need for highly effective RFI mitigation strategies

for telescopes used to search for the EoR.

In section §4.2, we lay the foundation for the theoretical formalism used in this paper and

state assumptions that are used. In §4.3, we first calculate the expected power spectrum of

several common types of RFI source using this formalism. Using a fully functional imaging

and power spectrum pipeline, we then simulate RFI power spectra and compare them to

simulated power spectra of sources from the GLEAM sky catalog [36] as well as theoretical

expectations for the EoR signal. In §4.4, we draw conclusions from this work.
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4.2 Theoretical Formalism

In this section we establish the theoretical formalism that is used for the power spectrum

calculations in this work. This includes choices of notation, definitions of useful quantities,

and assumptions about quantities that affect the calculation.

4.2.1 The Power Spectrum Estimator

Since the goal of this work is to extract the effect that an RFI source has on the power spec-

trum, we will make several simplifying assumptions in order to ease theoretical calculations.

We will later compare these theoretical calculations to realistic in-situ simulations wherein

qualities of the instrumental measurement process are included, so that we can be sure that

the gross effects predicted from the theoretical calculations are still present along with the

nuances that arise from measurement. For analytic descriptions of EoR power spectra that

include effects of the instrument and analysis choices, see [44, 45].

Astrophysical foreground contamination is largely contained within a wedge-shaped re-

gion of the cylindrically averaged Fourier domain known as the foreground wedge, e.g.

[23, 56, 71, 91, 95]. Without extremely accurate foreground removal, this contamination

excludes lower-order line-of-sight modes in power spectrum measurements. The depth of

exclusion depends linearly on the length of the perpendicular mode in question, hence the

wedge shape. The higher-order line-of-sight modes with strongly diminished foreground con-

tamination form the EoR window, e.g. [44, 45]. As is shown in §4.3, the most problematic

feature of RFI seen in this analysis is that it provides very strong excess power in the EoR

window. This contribution arises strictly from the intrinsic frequency structure of RFI. With

this in mind, we will ignore the chromatic point-spread function that leads to the foreground

wedge in order to simplify the theoretical calculations. Moreover, concentrating on the spec-

tral characteristics of the RFI makes the theoretical derivation equally applicable for all EoR

power spectrum analyses [55].

We also choose to ignore the fine details of the bandpass response of the instrument,
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chromaticity of the primary beam, as well as chromatic errors in calibration. These effects

are all deeply important in power spectrum estimation [9, 14, 19, 25, 72]. While generally

not negligible, they are beyond the scope of the theoretical calculations in this work. We

will include the fact that an instrument possesses a limited field of view and is only sensitive

to some range of radiation frequencies. Since it is highly relevant to this analysis and conve-

nient to implement theoretically, we will also include a frequency tapering function for this

range of frequencies. A frequency tapering function is commonly used in power spectrum

estimation that gracefully limit foreground spillover into the EoR window [91] and ensure

that a sufficiently narrow range of frequencies is used to prevent the influence of cosmological

evolution [57].

Bearing these assumptions in mind, we define the power spectrum estimator using the

following expression:

P (k) =
1

VM

∣∣∣∣ ∫
M

d3rA
(
θ(r)

)
Ψ
(
ν(r‖)

)
I
(
θ(r), ν(r‖)

)
e−ik·r

∣∣∣∣2, (4.1)

where M is the cosmological region of space for which the power spectrum is being con-

structed, VM is the cosmological volume of that region. In this analysis, the primary beam,

A, and the frequency tapering function, Ψ, are more readily expressed and understood in

terms of angular coordinates and the observed frequency of emission, ν, hence the listed

arguments of these functions above. For the relatively narrow frequency bands considered

in typical EoR analyses, the relation between comoving line-of-sight distance to a narrow

emitter and its observed frequency of emission is very nearly linear i.e. for the purposes of

calculation, the following relationship is justified:

r‖(ν) ≈ βν + c0. (4.2)

The slope of this linear relation, β, is given by equation 2.6. Physically, c0 is the extrap-

olated comoving distance at infinite redshift, which is not meaningful by itself since the

relationship is not genuinely linear. In this case, the constant merely serves to make the

linear relation consistent with the universe’s geometry for the relevant redshift. A linear
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relationship allows the Fourier transform over the line of sight coordinate to be directly writ-

ten as a Fourier transform over frequency instead, which is both helpful when considering

observational quantities and also what is done in the practice of power spectrum estimation.

4.2.2 Calculating a Power Spectrum for Point Sources

First, we calculate the power spectrum for a single point source. For this case, equation 4.1

can be written as

P (k) =
1

VM

∣∣∣∣β ∫ νU

νL

dν e−ik‖r‖(ν)Ψ(ν)DM(ν)2φ(ν)κ(ν)

∫
FoV

d2θ e−iDM (ν)k⊥·θI0δ
2(θ − θ0)A(θ)

∣∣∣∣2,
(4.3)

where we have chosen to write the transverse spatial integrals as angular integrals since that

is a more natural coordinate system in which to express the flux of a point-source as well

as the frequency tapering function and primary beam (whose achromaticty is now explicitly

manifested). Here, νL and νU represent the lower and upper bounds of the frequencies

observed by the instrument, DM(ν) is the transverse comoving distance [35] introduced in

the coordinate conversion from r⊥ to θ, I0φ(ν) is the flux density of the source measured in

Jy (I0 is its total flux), κ(ν) converts this flux density into brightness temperature, and the

Dirac delta function represents the point-like nature of the source at angular position θ0.

Evaluating the angular integral and assuming a flat cosmology1 leaves

P (k) =
1

VM

∣∣∣∣β ∫ νU

νL

dν e−i(k‖+k⊥·θ0)r‖(ν)Iapp
0 φ(ν)κ(ν)Ψ(ν)r‖(ν)2

∣∣∣∣2, (4.4)

where Iapp
0 = A(θ0)I0 is the apparent flux of the source. At this point, even with the

simplification afforded by equation 4.2, this integral is only analytically calculable for special

cases. To go further will require a specification of the frequency dependence of the source

and typically some numerical methods.

Placing the source at phase tracking center eliminates the k⊥ dependence in the power

spectrum, thus the cylindrically averaged power spectrum of a source at phase tracking

1This lets one equate the transverse and line-of-sight comoving distances. See [35].
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center will be constant along lines of constant k‖. Simulation results do not show a strong

difference between power spectra of centered and off-center RFI sources, particularly within

the EoR window. For this reason, we will only show theoretical power spectra for sources at

phase center. A brief analytic discussion of the effects of placing a source off of phase-center

is presented in Appendix D.

4.2.3 Imposing a Frequency Dependence

In general, RFI sources may take on a great variety of frequency profiles. Many transmissions

only occupy a single channel in an EoR analysis, although some can be relatively wide

compared to the observing band.

Two types of common and relatively broad RFI signals observed in EoR analyses include

DTV and digital audio broadcasting (DAB). These types of signals are well-approximated

by top-hats in frequency over their allocation.2 The widths and locations of these profiles

are usually subject to matters of protocol in their country of origin. For this work we use

the Western Australian 7 MHz wide allocations, as is frequently observed by the MWA. For

example, see [68], [84], and [102].

We would write a top-hat dependence of width ∆ν and center frequency ν0 like so:3

φ(ν) =
1

∆ν
Π

(
ν − ν0

∆ν

)
, (4.5)

where Π(x) is the rectangle function, given by

Π(x) =

1, if |x| < 1
2

0, otherwise.

(4.6)

Given the slight complication in frequency dependence from converting to brightness tem-

perature and applying a tapering function, we choose to evaluate the integral in equation

4.4 numerically for the comparisons made in this work.

2Examples of technical standards for such signals can be searched for at http://www.etsi.org/

standards-search. DTV broadcasts may be referred to as digital video broadcasting (DVB) in such
manuals.

3The normalization in equation 4.5 ensures consistent units for I0 in equation 4.4.

http://www.etsi.org/standards-search
http://www.etsi.org/standards-search
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A sufficiently narrow signal (the resolution of the analysis or finer) can be formally han-

dled using a Dirac delta function frequency dependence. This renders the Fourier transform

over frequency analytically straight-forward. The result is a constant power on all k-modes.

Due to the relative ease of evaluating power spectra for narrowband point sources, one

may glean information about ensembles of narrowband point-sources using this analytic ma-

chinery. We relegate the precise mathematical details to Appendix C and summarize the

results here. In principle, any two sources could destructively interfere for some mode in the

power spectrum, however, any two sources will interfere constructively for modes perpendic-

ular to the separation vector of the sources. The power of any ensemble for some given mode

is bounded from above by the case of total constructive interference; the power is propor-

tional to the square of the sum of the fluxes. The modes for which this can be achieved are

intimately related to the angular distribution of the emitters. For a random ensemble drawn

from a uniform distribution over the sky and whose true flux distribution is independent of

its uniform angular distribution, the expected power (average over realizations) is bounded

from below by an incoherent sum of powers; it is proportional to the quadrature sum of the

fluxes i.e. a linear sum of individual powers. For this particular distribution, baselines longer

than the inverse width of the primary beam should observe relatively little coherence. Since

this is the minimum length of a physical baseline, an angularly uniform distribution of RFI

emitters are expected to add power incoherently for any mode in an estimated power spec-

trum, although specific realizations can defy this expectation. In conclusion, it is expected

that adding many uniformly distributed RFI sources should tend to increase contamination

relative to a single source in a predictable way. Therefore, if we can understand the strength

of a single RFI source on a power spectrum measurement relative to the EoR, we can quantify

the degree to which RFI needs to be mitigated to make an EoR detection feasible.

4.3 Results

In this section, we apply the theoretical formalism in §4.2 to make rough predictions about

the general behavior and contamination levels of RFI in the power spectrum. In order



55

10 2 10 1 100

k  (h Mpc 1)

10 2

100

102

104

106

108

1010

1012

Po
we

r (
m

K2  M
pc

3  h
3 )

Windowed Flat
Windowed DTV
Windowed Double DTV
Windowed Narrow

10 2 10 1 100

k  (h Mpc 1)

10 2

100

102

104

106

108

1010

1012

Po
we

r (
m

K2  M
pc

3  h
3 )

Unwindowed Flat
Unwindowed DTV
Unwindowed Double DTV
Unwindowed Narrow

170 175 180 185
Frequency (MHz)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Fl
ux

 D
en

sit
y(

Jy
)

Windowed Flat
Unwindowed Flat

170 175 180 185
Frequency (MHz)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Fl
ux

 D
en

sit
y(

Jy
)

Windowed DTV
Unwindowed DTV

170 175 180 185
Frequency (MHz)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Fl
ux

 D
en

sit
y(

Jy
)

Windowed Double DTV
Unwindowed Double DTV

170 175 180 185
Frequency (MHz)

0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

Fl
ux

 D
en

sit
y(

Jy
)

Windowed Narrow
Unwindowed Narrow

Figure 4.1: Theoretical frequency structures and power spectra along the line of sight for

various 1-Jy point-sources. The top panels show the windowed (solid, narowband is dashed)

and unwindowed (dotted, narrowband is dashed-dotted) frequency structure of each source in

Jy, while the bottom panels show the corresponding power spectra of the windowed (bottom

left) and unwindowed (bottom right) sources. The sources are placed at the phase center of

a highly idealized instrument detailed in §4.2, so there is no k⊥ dependence. For the broader

sources, the unwindowed spectra are essentially identical to one another except in the lowest-

ordered k-modes. In the windowed case, we see that the flat-spectrum (foreground) source

contamination has a sharp falloff starting at modes greater than ∼ 0.05 h Mpc−1. This is

exactly the desired effect of the Blackman-Harris window function. However, the window

function does not have nearly the same effect on the RFI sources, whose contamination

remains many orders of magnitude greater than that of the foreground source. The narrow-

band source is in the middle of the observing band, so the window function has no effect on

the frequency structure. However, the power spectra differ because the effective cosmological

volume probed in the frequency-tapered case is smaller than in the non-tapered case.
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to compare these predictions to realistic power spectra, we also simulate power spectra of

RFI sources and sources from the GLEAM sky catalog using the FHD4/εppsilon5 power

spectrum pipeline [8, 86]. Ultimately we find that, in both simulation and theory, RFI

provides orders-of-magnitude more contamination than typical point-like foreground sources

within the EoR window. We do not estimate power spectra for diffuse foregrounds, which

are substantial. Including these may make foregrounds more competitive with RFI on some

modes.

4.3.1 Theoretical Results for RFI Power Spectra

We specifically consider power spectra from sources with the following frequency depen-

dences: flat broadband, a single DTV channel, two simultaneous frequency-adjacent DTV

channels (both received from the same position e.g. from an aircraft reflection), and a nar-

rowband source. A flat, broadband source emulates an astrophysical foreground source so

that there is a baseline contamination level to which we can compare that afforded by band-

limited RFI. For all sources, we numerically evaluate the integral in equation 4.4, with and

without a Blackman-Harris tapering function. The results for a collection of 1 Jy sources at

phase tracking center are shown in Figure 4.1. We used the same observing band as was used

in the final limit in [10], centered on redshift 7 for the 21-cm line. Of striking significance is

that the RFI sources universally provide dramatic contamination in the higher order line-of-

sight modes in the power spectrum compared to the flat-spectrum (foreground) source due

to sharp spectral cutoffs within the observing band.

As mentioned in §4.2, a frequency tapering function is typically employed to reduce

power leakage of foregrounds into the EoR window, thus boosting the dynamic range of the

measurement. The desired effect is shown in Figure 4.1, where the flat-spectrum source,

which resembles an astrophysical foreground, displays a sharp falloff at higher k‖ relative to

its unwindowed power. This effect occurs because the tapering function smoothly approaches

4https://github.com/EoRImaging/FHD

5https://github.com/EoRImaging/eppsilon
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GLEAM

(a)

Narrowband

(b)

DTV

(c)

Figure 4.2: Cylindrical power spectra for simulations with GLEAM (left), narrowband (mid-

dle), and DTV (right) sources. The solid line marks the scales corresponding to the horizon,

while the dashed line demarcates the scale of the primary field of view. Smooth-spectrum

source contamination is predominantly contained within the foreground wedge, which ex-

tends everywhere below the solid line. Above the solid line is the EoR window. The struc-

ture seen in these plots generally match our theoretical expectations. The EoR window

contamination of a single 1-Jy RFI source is substantially higher than what is included from

GLEAM.



58

zero at the boundaries of the observing band, eliminating sharp spectral cutoffs for this source

[31].

On the other hand, the RFI sources are band-limited, and so the tapering function fails

to eliminate the sharp spectral cutoffs of the RFI sources. Comparing the power spectra

of windowed and unwindowed RFI sources, we observe that the tapering function has little

effect on overall contamination levels, in great contrast to the flat-spectrum source. Generi-

cally, as the bandwidth of a source approaches the bandwidth of the observing window, and

thus more closely resembles a foreground source, the EoR window contamination is more

effectively reduced by the frequency tapering function. However, we see that even in the

case of the two-channel DTV event, which occupies nearly three-quarters of the band, the

window function makes hardly any difference relative to the single-channel DTV event. Ad-

ditional calculations not shown indicate that an emitter must occupy greater than 95% of

the observing band to appreciably close the several order-of-magnitude gap between the RFI

and foreground contamination seen in Figure 4.1. Some experimentation shows that different

tapering functions may close this gap more effectively, however this typically comes at the

expense of the effective and crucial dynamic range boost offered by the Blackman-Harris

window.

This suggests an interesting and very simple mitigation strategy for appropriately sized

sources such as DTV RFI. If the observing band is set equal to the band allocated for the RFI

source, then the tapering function will affect the RFI power spectrum in the same way the

flat-spectrum source was affected in Figure 4.1. Of course, any narrower RFI source within

the same allocation will be relatively unaffected by this choice. While regional radio alloca-

tions are set so that particular types of signals are broadcast over certain frequencies, RFI

other than the regionally allocated signals can be observed through several mechanisms e.g.

intermodulation products arising from nonlinearities in the instrument signal path. Further-

more, the size of the observing band is subject to important constraints, including sensitivity

requirements for EoR detection and the need to preserve the assumption of isotropy over

the probed cosmological volume. Therefore, this particular strategy is extremely limited in
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scope, and should not be the primary mitigation strategy. The enormous contamination

of RFI in the EoR window suggests that specialized post-excision mitigation strategies are

needed if significant RFI sources are missed by excision algorithms. We specifically discuss

the degree to which RFI sources need be mitigated in terms of allowable apparent flux density

in §4.3.3.

The effectiveness of the tapering function on a narrowband source is strictly a function of

the location of that source within the observing band. The window function multiplicatively

adjusts the constant power level provided by the source by the square of the value of the

window function at the frequency of the source. Here, we have chosen to keep the narrowband

source at the center of the window, so that we could see the full effect of an unmitigated

narrowband source.

There is also an interesting difference between the two-channel DTV event and the single-

channel DTV event, which is that the single-channel event exhibits a lobed structure as a

function of k‖, while the two-channel event does not. This is an interaction between the

lobes of the Fourier transforms of the DTV signal and tapering function that depends on

the location of the event within the observing band [31]. This effect is of little practical

consequence, since the overall contamination levels are roughly identical regardless of the

presence of lobes.

As mentioned in §4.2, these theoretical calculations ignore many important aspects of

measuring EoR power spectra with radio interferometers. In order to check these predictions

against realistic power spectra made from instrumental visibilities and a fully functioning

analysis pipeline, we employed the simulation capabilities of the FHD/εppsilon pipeline.

We also simulate the power spectrum of sources from the GLEAM catalog, so that we can

compare simulated RFI power spectra to a power spectrum of a sky full of foregrounds.

4.3.2 Simulated RFI Power Spectra

We show cylindrical power spectra for sources from the GLEAM catalog and two different

RFI sources in Figure 4.2. In these simulations, we used the MWA Phase I [92] as our
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example instrument, thus capturing a realistic baseline distribution and beam pattern for

an interformeter. The beam is simulated using an average embedded element and mutual

coupling model [87], chosen at the central frequency of observation (about 178 MHz). This

allows us to accurately depict some typical chromatic effects of an instrument and analysis

pipeline. To simulate each RFI source, we modeled a single fictitious, phase-centered, flat-

spectrum, 1 Jy source, and simulated visibilities using FHD. Using pyuvdata6 [32], we then

modified the frequency structure of the fictitious source to match our desired RFI sources.

We then passed these visibilities back through FHD to create the input HEALPix cubes [29]

for εppsilon. The simulated GLEAM sources lie in the same observing field as was used in

[10], which is a region of the sky with minimal bright sources and low sky temperature.

As expected from our theoretical work, the narrowband source has a nearly constant

power spectrum, while the DTV source has a lobed structure along k‖ and relatively little

structure along k⊥. The power spectrum of the simulated GLEAM catalog demonstrates

how foreground power is largely confined to the foreground wedge, with very little power

escaping into the EoR window. Because the RFI sources are at phase center, they do not

exhibit any sort of foreground wedge. While an off-center RFI source would not be immune

to the effects that cause the foreground wedge, the amount of power leakage into higher

line-of-sight modes from the wedge (a ∼ 0.01 − 0.1% effect in the foregrounds of Figure

4.2(a)) is subdominant to the spillover that occurs from the band-limited nature of the RFI

(a ∼ 10% effect for the DTV power spectrum in Figure 4.2(c)). We can see that this spillover

drastically contaminates the EoR window.

The cylindrical power spectra from Figure 4.2, averaged over the k⊥ axis, are shown in

Figure 4.3, along with some additional simulated power spectra for comparison to Figure 4.1.

We can see that in a realistically simulated power spectrum, there is still a several order of

magnitude discrepancy between the contamination of astrophysical foregrounds and that of

RFI within the EoR window, thus confirming the earlier theoretical predictions. A natural

6https://github.com/RadioAstronomySoftwareGroup/pyuvdata
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Figure 4.3: Simulated power spectra (averaged over k⊥) analogous to the theoretical spec-

tra in Figure 4.1, with an additional line for a simulated power spectrum of sources from

the GLEAM catalog. The RFI spectra show a strong correspondence with the theoretical

prediction. The two-channel DTV power spectrum is seemingly smooth compared to the

lobed single-channel power spectrum, although the difference in power is more pronounced

at higher modes than theoretically predicted. The falloff for the 1-Jy foreground source is

similar, although the theoretical lobed structure is not visible. There is still a large differ-

ence in contamination between the foreground source and the RFI sources. Moreover, even

the contamination from the simulated GLEAM catalog has several orders of magnitude less

contamination than a single 1-Jy DTV or narrowband source at high k‖.
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line of investigation is to see what level of RFI is sustainable given the high dynamic range

required to measure the EoR signal in the power spectrum.

4.3.3 How to Develop an RFI Budget for EoR Detection

The final RFI budget for a given analysis depends on several qualities of the experiment. The

type of RFI signal observed by the instrument as well as details about the RFI environment

of the telescope, such as the number of emitters and their angular distribution, all affect the

amount of RFI contamination. Furthermore, the cosmological modes of interest and actual

strength of the EoR signal in those modes determines the amount of allowable contamination.

To design a budget, the analyst must also decide on a model for the EoR. The final RFI

budget designed by the analyst will of course be affected by the choice of model. An RFI

power spectrum that is beneath the expected EoR signal by a significant amount for the

modes of interest gives a budget for those modes.

In this work, we design some example budgets for different RFI realizations, adopting

the fiducial model used in [10]. This is a relatively optimistic model made using 21cmFAST

[53] and an astrophysical parameterization from [70]. We focus on modes between 0.1 and

2 h Mpc−1, which represents the foreground avoidance strategy employed in MWA EoR

analyses. For these modes the model predicts a signal strength of order ∆2 ∼ 10 mK2,

where ∆2 = (k3/2π2)P (k). A foreground removal strategy might endeavour to measure the

EoR on lower modes where some models expect a stronger EoR signal, which would affect

the overall RFI budget compared to these examples.

Designing a Budget for a Single Source

One could parameterize a budget for a single RFI source of given emission profile, a given

EoR model, and certain modes by defining a signal-to-interference ratio (SIR) as a function

of k:

SIR(k) =
∆2

EoR(k)

∆2
RFI(k)

, (4.7)
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and demanding that this ratio be greater than a prescribed value. The power spectrum of a

single RFI source is proportional to the square of its apparent flux, but will scale differently

as a function of k depending on the frequency dependence of the source, meaning that the

final budget for a source will be a function of k. For a narrowband source, this relation is

given exactly by

∆2
narrow(k) = ζ(ν0)(Iapp

0 )2 k
3

2π2
(4.8)

where

ζ(ν0) =
1

VM
Ψ(ν0)2κ(ν0)2r‖(ν0)4β2. (4.9)

We did not find an exact analytic formula for a DTV power spectrum in this work, partic-

ularly after applying a Blackman-Harris window. However, examining Figures 4.1 and 4.3

closely, one can see that the envelope for the DTV power spectrum goes roughly7 as k−2, i.e.

PDTV (k) ∝ (Iapp
0 )2

k2
(4.10)

indicating that, to reasonable approximation,

∆2
DTV(k) ∝ (Iapp

0 )2k. (4.11)

These theoretical figures yield two facts: (1) the SIR scales inverse-quadratically with the

brightness of the RFI source in any case, and (2) a lower SIR can generally be expected at

higher k.

While these theoretical scaling relations are conceptually helpful, power spectrum mea-

surements involve complicated pipelines that can alter the RFI power spectrum compared

to these theoretical predictions. As shown in §4.3.2, there is not a strong discrepancy be-

tween the theoretical RFI power spectra and their simulation counterparts. However, for the

purposes of drawing an accurate budget, it is better to compare the expected EoR signal

to injected RFI signals processed by a 21-cm power spectrum pipeline. To this end, Fig-

ure 4.4(a) shows simulated power spectra for two different 1 mJy RFI sources alongside the

7This is nearly exact in the theoretical unwindowed case, where a suitable approximation using the sinc
function and its derivative describes the Fourier transform of the DTV brightness, implying the leading
order term in the power spectrum goes as k−2.
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fiducial EoR model in this work. The simulation pipeline emulates the analysis used in [10],

so we show similar modes as were used in that work. Figure 4.4(b) shows the SIR for these

two different cases as a function of k, along with a flat line at a hypothetical SIR threshold

of 10, exemplifying a hypothetical maximum error tolerance of 10%. Due to the different

scaling of the RFI power spectra, one will arrive at different budgets depending on which

types of RFI sources contaminate the measurement. For example, assuming errors greater

than 10% of the fiducial EoR model are unacceptable, a 1 mJy narrowband source would

be acceptable for modes k . 0.9 h Mpc−1, and a two-channel DTV source would pose no

problems for the modes shown. On the other hand, if only 1% errors or less are considered

acceptable, a narrowband source would exclude k . 0.5 h Mpc−1, and a 1 mJy two-channel

DTV source would nearly saturate this error tolerance on all modes shown.

Including Integration and Ensemble Effects

An observed RFI source may not be present in every snapshot used within a power spectrum

integration. Since snapshots are averaged together in an integration, the apparent flux of a

source may be diluted in the full integration relative to the original contaminated snapshots.

Additionally, even if a source appears in a very consistent location relative to the telescope,

over enough time this will not be a consistent location in celestial coordinates. In this way

an RFI source may be smeared over the sky and fail to perfectly cohere with itself. This

means that the per-snapshot fluxes of RFI sources can in many cases be higher than the

mJy level and yet still resemble Figure 4.4 as long as there is sufficient dilution. For a highly

consistent source, the dilution factor is equal to the fraction of contaminated snapshots in the

integration. Any realistic source is unlikely to be consistently located in celestial coordinates

over the course of a single season, but may reappear at old locations if multiple seasons

are combined. Sources that appear in different locations due to seasonal variation or some

other reason may instead be considered as many individual sources each diluted by a factor

equal to the number of snapshots, which can then be analysed under the dynamics of a

source ensemble. Summarizing, when integrating many snapshots together, one may dilute
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Figure 4.4: (a) 1 mJy narrowband (blue) and two-channel DTV (green) RFI power spectra,

along with the fiducial EoR model from [10] (black). We can see that even at an integrated

flux density of 1 mJy, a narrowband RFI source can compete with the EoR signal at higher

k-modes. The DTV source has flatter scaling as a function of k, and so is substantially lower

then the EoR model on all modes shown. (b) The EoR signal to RFI power ratios (dashed) for

the spectra shown in (a), along with a level at 10, indicating the minimum allowable signal-

to-interference ratio (dotted) for a hypothetical budget. The SIR for the narrowband source

is below the threshold for modes k & 0.9 h Mpc−1. This means that modes beyond this

value are excluded by a 1 mJy narrowband source in a budget drawn from this EoR model.

In other words, a budget of a single narrowband source of integration flux density equal to

1 mJy is sufficient if this EoR model is accurate, 10% errors are considered acceptable, and

desired measurements are on modes k . 0.9 h Mpc−1. On the other hand, the SIR for the

DTV source is greater than 100 for most modes shown, indicating that a budget of a single

1 mJy two-channel DTV source in the final power spectrum integration is sufficient for the

modes shown if only 1% errors are acceptable and the EoR model is accurate. Alternatively,

a 3 mJy DTV source will be acceptable if the error budget is 10%, but this error budget

will be closer to saturation on more modes than in the narrowband case. We relate the

quantities shown in this figure to what can be expected from ensembles of RFI sources and

sources that appear intermittently in §4.3.3, highlighting the connection between snapshot

and integration flux density of sources.
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the apparent flux by a factor, χ, that depends on the consistency of the source relative to

the observing strategy:

Iapp, integration
0 = χIapp, snapshot

0 (4.12)

Another important consideration when developing an RFI budget is the nature of en-

sembles. Given the occupancy study in [102], it is relatively likely that any given snapshot

contains some extremely faint RFI of some variety. Therefore, a power spectrum integration

consisting of many averaged snapshots probably contains an ensemble of RFI emitters. The

results in Appendix C allow us to quantitatively relate the single-source and ensemble power

spectra. We repeat some important results here.

First, for modes measurable by a physical instrument, the expected power of a random

ensemble narrow RFI point-sources uniformly distributed over the sky is the incoherent sum

of their individual powers. This can be phrased in terms of the average squared flux of the

sources:

〈Pensemble〉 ∝ N〈(Iapp
s )2〉 (4.13)

N is the number of emitters in the ensemble. Without knowing the exact apparent flux

distribution and number of emitters, we cannot exactly know the average allowable apparent

flux for an incoherent ensemble. However, a many-source ensemble is likely to probe this

expectation to within some statistical fluctuation, and so we can infer possible allowances

from the above relation. On the other hand, a very particular distribution of RFI emitters

can add power coherently for particular modes in the power spectrum. Perfectly coherent

and constructive interference is summarized with the relation

Pensemble ∝ (
N∑
s=1

Iapp
s )2 = (Iapp

total)
2. (4.14)

We note that this is equivalent to the power of a single source whose apparent flux is equal

to the total apparent flux of the ensemble. Of course, for certain modes and combinations of

sources, destructive interference is possible as well. Combining this relation with Figure 4.4,

we see that if the total RFI flux density after dilution can be kept at roughly the mJy level or



67

lower, the EoR model is accurate, and there are not other systematic effects, EoR detection

will certainly be feasible even in the worst case scenario of total constructive interference.

With these effects in mind, we develop RFI budgets for some hypothetical ensembles,

given the fiducial model shown in Figure 4.4. We design the budgets so that they resemble

what is shown in Figure 4.4. Since RFI flagging is commonly performed on a per-snapshot

basis, a per-snapshot budget may be more readily applicable than a full integration budget.

To this end, we describe RFI budgets for a given ensemble in terms of an allowed snapshot

flux density per source and an allowed integration flux density per source. The example RFI

budgets and parameters that determine them are summarized in Table 4.1.

As a simple example, consider a single source that appears in a consistent celestial location

in 10 snapshots out of a 10000-snapshot integration (0.1% of the data). Since the source

appears in a consistent celestial location in every snapshot, there is a single source in the final

integrated image. To yield the same budget as indicated illustrated in Figure 4.4, we demand

that the SIR be the same as the single mJy RFI source. This reduces to equation 4.12, with

χ = 0.001. Therefore, its power spectrum will resemble Figure 4.4 if its per-snapshot flux

density is 1 Jy. Alternatively, suppose this source appears in uniformly distributed locations

on the sky at the same apparent brightness for the sake of simplicity, but occupies ten times

as many snapshots. The final integrated image then contains 100 incoherent copies of the RFI

source, each diluted by the number of snapshots (N = 100, χ = 0.0001). Invoking equation

4.13, which does not need ensemble brackets when the source fluxes are all identical, we

arrive at the relation

Pensemble ∝ N
(Iapp, snapshot

0 )2

N2
snapshot

. (4.15)

This works out to be exactly the same power as a single 1 mJy RFI source, thus yielding the

same SIR. In this alternative example, the RFI source is afforded more occupancy within

the budget since its spatial inconsistency makes it less problematic in the final integration.

Summarizing, a single bright, consistently missed RFI source can be sustainable so long as

it is sufficiently diluted by the observing strategy.

Now consider the data set in the [10] limit. Out of the original 1029 snapshots proposed
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Table 4.1: EoR RFI budgets under different circumstances. For narrowband sources, these

give 10% or less fractional excess power relative to the fiducial EoR model for k . 0.9 h

Mpc−1. For two-channel DTV sources, these give 1% or less fractional excess power on modes

considered in this work. All occupancies and flux densities are expressed per individual RFI

source. The integration flux density refers to the flux density of a source in the final integrated

spectrum, while the snapshot flux density reflects how bright the source was in its original

snapshot. Note that for the final row, 100 incoherent copies of the source appear in the final

integration.

Number of

Sources

Number of

Snapshots

Coherence Occupancy Snapshot Flux

Density

Integration Flux

Density

311 1029 Coherent 0.1% 3.3 mJy 3.2 µJy

311 1029 Incoherent 0.1% 58 mJy 57 µJy

1 10000 Coherent 0.1% 1 Jy 1 mJy

1 10000 Incoherent 1% 1 Jy 100 µJy
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for the integration, 311 snapshots were found to contain residual DTV interference. Assuming

one source per contaminated snapshot, we analyse two example realizations of this ensemble

below.

For the first example, let us assume this ensemble sums power incoherently. Following

similar logic as in the preceding paragraphs (applying equation 4.15 and demanding an

identical SIR), we find that if each emitter in this ensemble has a snapshot flux density as

low as 58 mJy, corresponding to an integration flux density of 57 µJy, the ensemble SIR will

resemble Figure 4.4(b). We note that despite the ensemble power spectrum resembling that

of a single 1 mJy source, the total RFI integration flux density in this incoherent ensemble

is substantially higher at 17.6 mJy. This demonstrates how incoherent ensembles can allow

more total integrated RFI flux density for the same SIR.

Alternatively, consider a situation where sources appear in consistent locations on the sky,

such as reflections from regularly scheduled aircraft flying due North-South as in [102]. In

this particular example, the sources will exhibit coherence for East-West modes. If East-West

baselines are highly favored in the analysis, then there will be strong constructive interference

in the power spectrum. In the worst case scenario of perfect constructive interference, the

total integration flux density budget of 1 mJy can be split over the 311 coherent sources, as

in equation 4.14.8 This ensemble of sources will resemble Figure 4.4(b) if the snapshot flux

densities of each source are as low as 3.3 mJy, corresponding to an integration flux density

of 3.2 µJy per source.9 In these examples, the total number of contaminated snapshots is

quite high, and so the per-source allowable RFI brightness is quite low. Given the relative

remoteness of the MWA, we expect comparable overall occupancy or worse in most radio

telescopes. This low tolerance emphasizes the need to effectively filter RFI and mitigate its

effects within EoR data sets.

The exact dilution factor is strongly dependent on the RFI environment, length of in-

8This is mathematically equivalent to considering it as a single source with dilution equal to 311/1029,
similar to the very first example ensemble in the preceding paragraphs.

9Given that the effect of RFI removal was noticeable at the 104 mK2 level, the brightest sources found
by SSINS in this data set must have been substantially brighter than these hypothetical figures.
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tegration, and telescope operations (pointing schedule, etc.). Without knowing the exact

source of RFI and its mechanism of arrival, there is a great deal of uncertainty in this di-

lution factor. Setting an accurate per-snapshot budget requires a detailed study of the RFI

environment of an EoR telescope. Imaging of contaminated snapshots to understand RFI

propagation mechanisms can help determine the consistency of different RFI emitters. This

can help inform modifications to telescope operations and data cuts in order to prevent

observation of consistent RFI in long integrations.

4.4 Conclusions

We used theoretical calculations and end-to-end simulations to investigate the level to which

RFI occludes EoR detection. For simulation, we used the FHD/εppsilon pipeline, with the

MWA as our simulated instrument. There was a strong correspondence between the theoret-

ical contamination estimate and the simulated results, verifying the conceptual framework

used in this analysis. We conclude that relatively low levels of RFI contamination are suffi-

cient to overwhelm the EoR signal in the 21-cm power spectrum.

Specifically, simulations show that a single narrowband source of 1 mJy apparent flux

density in the final power spectrum integration offers excess ∆2 that is cubic in k, with

greater than 10% fractional errors relative to an optimistic EoR model for k & 0.9 h Mpc−1.

The contamination of this single source scales quadratically as its flux density, and so a

single narrowband source of flux density 10 mJy can begin to overwhelm the EoR signal on

modes k & 0.3 h Mpc−1. This flux density reflects the brightness of the source after forming a

power spectrum integration, rather than its brightness in a single snapshot. Depending on the

observing strategy and consistency of the source, this may be a strong dilution relative to its

snapshot flux density. However, for long power spectrum integrations, it is unlikely that only

a single source will be present in the final integration, and so the average allowed apparent

flux density of any one RFI source in the final integration may be substantially lower than

this number depending on how many sources are actually present in the measurement set.

Averaged over realizations, a random angularly uniform ensemble of narrowband sources
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is expected to add power incoherently. Furthermore, certain ensembles may add power

coherently for certain modes. The power spectrum of a single source of a given flux density,

e.g. 1 mJy, represents the maximum power spectrum of a coherent ensemble whose total

flux density is the given flux density of that single source. Ultimately, this means that if

the assumed optimistic EoR model used here is accurate, a total RFI apparent flux density

budget of . 1 mJy in the final power spectrum integration will be sufficient for attempting

to measure modes k . 0.9 h Mpc−1 assuming a 1 - 10% error budget depending on the type

of RFI that dominates the ensemble.

This work assumes a foreground avoidance strategy, and so does not focus on lower-order

modes where the EoR signal may be stronger. If foregrounds can be successfully mitigated

on these modes, it is possible that a less stringent RFI budget can be deduced. On the other

hand, the EoR model used is relatively optimistic, and a more pessimistic EoR model will

produce a stricter budget.

The size of contamination relative to the faintness of the offending RFI source helps

explain the noticeable general improvement of the 21-cm power spectra made by removing

RFI-contaminated observations in [10]. Furthermore, we expect the results of this analysis

to be fairly generic between experiments, particularly predictions for narrowband RFI con-

tamination and any contamination levels within the EoR window. This strongly motivates

quantifying the effectiveness of RFI excision implementations, increasing their sensitivity if

necessary, and even possibly implementing post-excision mitigation strategies.
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Chapter 5

CHARACTERIZING EXCESS POWER FROM FLAGGING IN
21-CM POWER SPECTRA

In this chapter, we explore how RFI flags affect power spectrum measurements. We find

that RFI flags produce excess power in the EoR window in much the same way as resid-

ual RFI. Without modifying current flagging strategies or implementing extremely accurate

foreground subtraction, 21-cm EoR experiments will fail to make a significant detection.

5.1 Introduction

[65] explores some effects of excision methods in 21-cm EoR power spectrum analyses. This

study is performed on LOFAR data, where RFI flagging is done at much finer spectral res-

olution than is used in the EoR analysis. The flagged visibilities are then downsampled to

the analysis time and frequency resolution. Conventionally, flagged data are not included

when downsampling, except when all contributing visibilities are flagged at high resolution.

If there are some unflagged contributors, the resulting downsampled visibility is left un-

flagged at low resolution (referred to as partially flagged). Otherwise, the resulting visibility

is flagged (referred to as fully flagged). Due to chromatic variations in flagging, conventional

downsampling causes spectral fluctuations in the averaged visibilities that produces enough

excess power in the EoR window to prevent detection of the expected EoR signal. This

excess power can be effectively mitigated by improved downsampling schemes, weighting the

downsampled visibilities identically regardless of how many samples contributed, subtraction

of a low-resolution forward model, and Gaussian Process Regression (GPR: [39, 51]). How-

ever, many of these techniques only address the excess power resulting from partially flagged

visibilities. In this chapter we primarily focus on fully flagged visibilities, which also produce
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spectral variations that result in excess EoR window power. Fully flagged and nearly fully

flagged data is more common in the MWA EoR highband from 167-198 MHz than in the

LOFAR band considered in [65]. This is due to the presence of broad DTV interference in

the MWA band as well as a lower correlator resolution. We propose an alternate mitigation

strategy that applies to fully flagged visibilities where the strategies in [65] do not.

In [33], the foreground wedge is understood in terms of the chromatic sampling function

of the array, specifically by examining multi-baseline effects. The excess power in the window

from fully flagged samples can be understood similarly. In §5.2, we describe the theoretical

concepts and methods used in this paper. In §5.3 we use simulations to demonstrate and

explain this effect, as well as provide a solution. In §5.4, we further demonstrate the effect

using flags inherited from running SSINS and AOFlagger on MWA data. In §5.5, we

discuss mitigation strategies and consequences for overall experimental sensitivity.

5.2 Theoretical Principles and Methods

The essential theoretical principle that explains excess power from fully flagged visibilities is

that they cause sharp spectral variations in the sampling function of the array. This causes

power from spectrally smooth foregrounds, which would otherwise be contained in the wedge,

to leak up into the EoR window. The shape of the leaked power is directly related to the

shape of the spectral variations via a Fourier transform. The overall amplitude is proportional

to the total foreground power. Since the foregrounds are tremendously bright compared to

the expected EoR signal, even small variations caused by a minute fraction of fully flagged

samples cause enough power in the EoR window to prevent detection.

Due to the rotation of the Earth, the uv-modes sampled by a terrestrially bound inter-

ferometer depend not only on the array layout and the observing frequencies, but also on

the sidereal times present in the data. For instance, if the phase center is held constant, a

projected baseline center for a given pair of antennas and frequency tracks an ellipse in the

uv-plane. This effect is typically utilized to sample more modes than would otherwise be

included by a given antenna pair in a technique called rotation synthesis. If LST sampling is
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even, the average location of a given baseline will be halfway along the arc of the ellipse that

is swept out during the range of LSTs. If LST sampling is uneven, then the average location

of the baseline shifts away from this center. Extending this logic, if the set of sampled LSTs

for one frequency is different than that of another frequency, the average locations of the

baseline centers will possess spectral variations that are potentially very sharp. We estimate

the size of the baseline discrepancy for a particular example in §5.3. This is the primary effect

on the sampling function that causes the excess power in the EoR window. This means that

any analysis that coherently averages uv-planes from multiple LSTs can have excess power

as a result of flagging, regardless of the choice of power spectrum approach (e.g. delay vs.

gridding).

The spectral shape of the sampling function variation is directly influenced by the shape of

the flags. This shape subsequently determines the form of the power spectrum contamination.

There are five basic flagging shapes in the MWA EoR highband, resulting from different

sources:

1. Narrowband (single-frequency transmitters)

2. Broad, band-limited (DTV)

3. Frequency Comb (routine coarse band edge flagging)

4. Uniform Random (false positives from the flagging algorithm)

5. Broad, not band-limited (various, e.g. extremely bright ORBCOMM spillover)

The spectral variation introduced by any given flagging shape is approximately identical to

the spectral variations introduced by leaving an unflagged RFI source that occupies the same

frequencies as those that are flagged, but with a strength given by the foreground brightness

and flagging occupancy. Therefore, we can understand the form of the excess window power

in terms of the analysis presented in chapter 4. Narrowband flags produce constant power
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in the line-of-sight modes, while DTV flags produce lobed power-law contamination. A

frequency comb of flags produces a line-of-sight comb in the power spectrum, while uniformly

random flags produce uniformly random contamination. Finally, totally achromatic flags,

equivalent to not using contaminated integrations, produces no excess power in the window.

Flags tend to be irregular in terms of sidereal times since most RFI is not locked to a side-

real schedule. Consequently, various modes experience chromatic disruptions in sampling,

even if the physical baselines that are flagged is consistent. To demonstrate the resulting

excess power, we simulate MWA visibilities with various flags applied in a number of cir-

cumstances and calculate the resulting power spectra using the FHD/εppsilon pipeline.

While this is a gridded power spectrum pipeline, we expect that the effect will still appear

in delay spectrum pipelines as well. Unless a given baseline is flagged perfectly consistently

as a function of frequency and LST, that baseline will sample its rotation ellipse irregularly

as a function of frequency, and this will throw power into high delay modes.

5.3 Conceptual Demonstration

In this section, we simulate two minutes of MWA visibilities from two different source catalogs

and various flags using FHD. First, we examine the gridded, flagged visibilities of a single

source displaced from phase center, which demonstrate the sharp spectral fluctuations in

the reconstructed uv-plane that create the excess power. We then work through several

simulations of a GLEAM subset using the flagging shapes listed in §5.2 to give a lower

bound on the strength of this effect in measured power spectra. The simulations are centered

on a right ascension of 0 and declination -27 degrees. For all power spectra shown in this

work, we use the entire 30.72 MHz instantaneous bandwidth of the simulated visibilities. In

practice, only a fraction of this bandwidth is used to as to ensure that only nearby epochs

are probed, i.e. so that the measurement does not span too wide a redshift. We find the

power spectrum features arising from chromatic flags are more clearly resolved using a wider

bandwidth, and so we use the full band for the sake of demonstration.
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5.3.1 A Single Flagged Source

We begin by examining the uv-plane resulting from a single point-source displaced from

phase center under different flagging conditions. We consider three quantities:

1. The analytic uv-plane.

2. The reconstructed uv-plane using FHD, with no flags.

3. The reconstructed uv-plane using FHD as above, but with flags from 181-188 MHz

that simulate digital television excision. The extra flags are on on all baselines for half

the integrations in the simulation.

In Figure 5.1, we examine the difference between the analytic phase and the two reconstructed

phases enumerated above at a single uv-point. The topmost panel of Figure 5.1 shows the

difference between the analytic phase and the reconstructed phase with no flags applied, as

well as the difference between the analytic phase and the reconstructed phase using DTV

flags. Over the range of frequencies in the band, both residuals appear smoothly varying

and nearly identical. The large-scale, smooth, but nonzero variation in the reconstructed

phase error is what gives rise to the foreground wedge, via the mechanism explained in [33].

The bottom panel shows the difference between the two reconstructed phases. There is only

disagreement for frequencies with flags, and the fractional discrepancy in the phase is ∼ 10−3.

This small discontinuity accounts for power outside the wedge in the EoR window.

To show how this affects the power spectrum, we evaluate the modulus square of a

windowed spectral Fourier transform of the reconstructed uvf -cubes at the uv-point depicted

in Figure 5.1, using a Blackman-Harris spectral tapering function. We also do this with their

difference to form a residual power spectrum. We show the results in Figure 5.2. We find that

the flagged reconstruction has long tails out to high-order delay line-of-sight modes, while

the unflagged reconstruction has favorable falloff. The tails of the residual power spectrum

match the tails of the flagged power spectrum. The rate of falloff for the flagged data is
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Figure 5.1: Top: Shows difference between analytic phase of a source at a given uv-point and

the reconstructed phase using FHD with no flags (dark blue), and with DTV flags (gold).

The smooth spectral variation in the phase reconstruction error is what gives rise to the

foreground wedge. Bottom: Phase difference between the reconstructed phase with minimal

flagging and with DTV flags. There is only disagreement where flags between the two

reconstructions disagree, and the disagreement appears discontinuously at the boundaries of

the flagged region. This sharp spectral structure gives rise to power outside the wedge, in

the EoR window, cf. Figure 5.2.
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exactly what would be expected for a sharp discontinuity, similar to the RFI power spectra

in Chapter 4.

The size of the discontinuity is consistent with the relative baseline center offset between

flagged and unflagged data. The discrepancy in baseline position can be understood by

examining the trajectory of a baseline center as a function of time. The arcspeed of a baseline

along its elliptical track is fastest when it its projected displacement vector is aligned with

u = 0. For intervals of fixed length and a given baseline, centering observations on this

LST produces the greatest discrepancies between flagged data and unflagged data. For

such baselines and times, the arc length, ∆s, swept out during a short time interval is

approximately

∆s ≈ X∆τ, (5.1)

to first order in ∆τ , where X is the East-West length of the baseline in question when

projected from zenith at the given frequency, and ∆τ is the length of the LST interval,

measured in radians. For the unflagged data in the simulation, the average baseline locations

are at the center of their respective arcs. For the flagged data, the average baseline centers

are located away from the center of this arc. Since the first half of the two-minute interval

is flagged, the average location of each baseline is approximately three-quarters of the way

along the arc. This discrepancy is

∆smax ≈
π

1440
X ∼ (2 · 10−3)X (5.2)

A given baseline’s arcspeed will be slowest when it projects along v = 0. The factor by

which it is slower than its maximum speed is given by sin δ0, where δ0 is the declination of

phase center. For the MWA EoR0 field, centered on a right ascension of 0 and declination

of -27 degrees, this is about a factor of 2. Figure 5.1 shows that this discrepancy produces

a phase difference between the unflagged and flagged, gridded visibilities on the order of

0.2 degrees that is spectrally discontinuous at the borders of the flagged regions. We note

that the relative size of this effect matches the discrepancy in power between the unflagged

and residual (difference between flagged reconstruction and unflagged) power spectra in the
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Figure 5.2: Power spectra of the two reconstructed uv-planes, evaluated at a single uv-point,

along with the power spectrum of the residual. The power spectrum with no flags falls off

at a similar rate as a Blackman-Harris window function’s Fourier transform, as would be

expected for a smooth-spectrum source. Adding flags gives a similar amount of power in the

zero-delay mode, but with much slower falloff. The power spectrum of the residual is low

in the zero-delay mode since the discontinuity is small, however it has long tails that match

the tails of the flagged reconstruction.
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zero-delay mode; the discrepancy in zero-delay power is fractionally 3.39 · 10−6, which is

slightly smaller than the square of the size of the fractional baseline displacement for that

particular uv-point based on equation 5.2.

A discontinuity in the frequency domain results in power law contamination in the Fourier

domain that is proportional to the size of the discontinuity. In Chapter 4 this was demon-

strated by RFI sources introducing discontinuities. Here, it is the flags that produce the

discontinuity, but the overall effect is the same. In practice, the sky signal is dominated by

the foregrounds, and the size of the discontinuity resulting from the aberrant sampling func-

tion is proportional to their brightness. Since the foreground signal is orders of magnitude

brighter than the EoR signal, the resulting contamination in the EoR window is significant.

In the next section, we simulate visibilities and power spectra for GLEAM sources to get a

rough estimate of the strength of this effect in a measured power spectrum. Since no source

catalog is complete, and we do not model diffuse emission, the strength of this effect in

simulated power spectra serves as a lower bound for the strength in measured power spectra.

5.3.2 Flagged GLEAM

In Figure 5.3.2, we show simulated power spectra of GLEAM sources with different flags

applied. There are four chosen flagging patterns: no flags, coarse band edge flags only,

DTV flags overtop coarse band edge flags, and random flags overtop coarse band edge flags.

Each flagging pattern produces a characteristic shape in the EoR window. The purpose of

the latter two patterns is to simulate what is found in MWA data. The simulated data are

flagged and gridded at 80 kHz. Then HEALPix cubes are formed and averaged to 160 kHz for

passage to εppsilon. This typically results in a mixture of fully-flagged and partially-flagged

visibilities.

The case without flags sets the ground truth for the GLEAM power spectrum with our

current analysis techniques. The window is free of foreground contamination, with a floor

given by the Fourier transform of the various tapering functions applied to the data [10].

Coarse band edge flags are periodic in frequency. We flag 80 kHz around each coarse
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(a) (b)

(c) (d)

Figure 5.3: Simulated power spectra using GLEAM and different sets of flags: (a) no flags,

(b) coarse band edge flags only, (c) random flags in addition to coarse band edge flags, and

(d) 7 MHz corresponding to DTV channel 7 flagged in addition to coarse band edge flags.
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channel edge, which means that the resulting 160 kHz coarse band edges of the HEALPix

cubes are all half-flagged. This produces a harmonic structure in the Fourier domain along

the line-of-sight modes. All power spectra with coarse band edge flags will have this har-

monic structure present in them, and it is several orders of magnitude brighter than the

expected EoR signal strength. Each harmonic has a non-negligible width in the line-of-sight

modes, and affects all baselines, making a wide range of modes in the EoR window totally

inaccessible.

The bottom-left panel of Figure 5.3.2 shows the results of applying random flags to the

GLEAM visibilities at a rate of approximately 0.2%, in addition to coarse band edge flags.

This simulates the effect of a small false positive ratio when flagging at the data resolution.

AOFlagger is applied to MWA data at the finest resolution possible in order to have the

greatest detection accuracy. The actual false positive rate at the finest resolution is higher

than this rate. This rate reflects the number of fully flagged samples that typically remain

after averaging from 40 kHz to 80 kHz, and ignores effects from partially flagged samples.

These flags are distributed uniformly across all times, baselines, and non-edge frequencies.

We see that for a two minutes simulation, this causes excess power with a noisy shape that

is many orders of magnitude above the expected EoR signal.

The bottom-right panel of Figure 5.3.2 shows the results of flagging all baselines for the

first half of the observation across all baselines for the frequencies 181-188 MHz. This pattern

might be expected from running SSINS on an observation with DTV contamination resulting

form aircraft reflection, as in Chapter 3. This produces a lobed structure as a function of

k‖, and in fact the size of the lobes corresponds to the inverse-width of the flagged region,

as would be expected from basic Fourier transform reasoning and the calculations shown

in Chapter 4.1 This contamination goes approximately as k−2
‖ . Extrapolating this back

to the lowest order k‖ mode, we see that this is roughly 5-6 orders of magnitude beneath

1The lobes in this power spectrum appear slightly different than those in the simulated DTV power
spectrum in Figure 4.2. This is a result of having chosen a different analysis bandwidth, which affects the
width of the k‖ bins for which the spectrum is calculated.
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the GLEAM power, which corresponds to the excess power amplitude being quadratic in

the sampling function discontinuity as in the single-source case. The contamination is also

several orders of magnitude above the expected EoR signal strength in the window. The

spacing of the lobes makes measurements in the window impossible without mitigation of

this effect.

5.3.3 LST Replacement

We can associate a given sampling configuration with a local sidereal time and frequency

combination. If missing LST/frequency combinations can be appropriately replaced by data

from another night, then the sampling function can be restored to its original smoothness.

Unfortunately, we find that naively averaging flagged data with corresponding unflagged

data generically results in only a minor reduction of excess window power if special care is

not taken.

To investigate averaging flagged nights with unflagged ones, we simulate two copies of

a two-minute MWA observation: one with DTV flags as in Figure 5.3.2(d), and another

with no flags. We then coherently average the resulting HEALPix cubes to observe the

effect of exact LST/frequency replacement. Relative to other LST/frequency combinations,

the flagged LST/frequencyes are still undersampled after the coherent average. While this

reduces the strength of the discontinuity, it does not eliminate it. In Figure 5.4(a), we show

the resulting power spectrum of the coherently averaged cubes. The excess power is only

slightly diminished.

Curiously, if we create a copy of the two-minute interval with exactly complementary

flags, i.e. with the second half flagged for DTV, and average it with the first, this produces a

weighted average whose uv-plane is smooth as a function of frequency. The resulting power

spectra have no excess window power. While we recognize that this method successfully

removed the excess power resulting from fully flagged visibilities, this would be a costly

mitigation strategy in terms of sensitivity. Since exactly complementary flags are required,

this reduces the overall data volume of an analysis by at least a factor of two.
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Figure 5.4: (a) Simulated power spectrum formed by flagging the first half of a two-minute

interval with 7 MHz DTV flags and averaging it against the exact same observation but

without any flagging. EoR window contamination levels are only mildly reduced and still

too high. (b) Simulated power spectrum where the first half of the two minute interval is

flagged across all frequencies, rather than just those corresponding to the DTV allocation.

Coarse band edge flags are still present in the second half of the observation. No excess

power in the window other than what arises from coarse band edge flags is added by this

flagging strategy.
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5.3.4 Achromatic Flags

We observe that if we flag all frequencies for any integration that is contaminated, then

the window contamination is also removed. Since this is equivalent to simply not including

any contaminated integrations, no additional chromaticity is injected into the uv-sampling

function, resulting in no additional power other than what exists from the routine coarse

band edge flagging. The ensuing power spectrum is shown in Figure 5.4(b). This potential

mitigation strategy has an associated sensitivity cost that depends crucially on the flagging

strategy. We propose this as the primary strategy for mitigating excess power from RFI

flagging so long as the false positive rate of the flagger is sufficiently low. In the next section,

we assess the impact of this mitigation strategy using simulations with flags inherited from

measured data.

5.4 Flags Inherited from Data: Assessment and Mitigation

In this section, we examine the strength of the excess flagging power using one night of flags

inherited from MWA data, as well as the impact of the mitigation strategy alluded to in

the preceeding section. We also check to see if flagging power significantly reduces over the

course of a night by analyzing model power spectra from in-situ simulations of GLEAM using

the MWA as the dummy instrument, with flags calculated by SSINS and AOFlagger on

just over two hours of measured MWA visibilities.

5.4.1 Integrating Over a Night

We show the baseline-averaged flagging patterns for the two-hour data set in Figure 5.5.

The periodic flagging in time and frequency are not strictly RFI-related. The coarse channel

edges and centers produce bandpass irregularities that need to be excluded from the analysis.

The time boundaries of observations also tend to have irregularities due to misalignment of

data coming from the correlator and occasional oddities when pointings are adjusted, among

other effects. The regular 7 MHz blocks in the SSINS flags reflect the results from the
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frequency-matched flagging algorithm, which specifically searched for DTV contamination.

The flags from AOFlagger are mostly uniform except for noticeable DTV and narrowband

events later in the night, corroborated by the SSINS flags. We show a closer view of these

events in Figure 5.6. Since AOFlagger flags on a per-baseline basis and produces a small

number of false positives, each baseline actually has a slight, random chromaticity relative

to other baselines. Each of these types of chromatic structures, namely coarse band edge

flagging, DTV, and uniform random, imprint visible structures in the EoR power spectrum

according to their Fourier transform.

Individual dipole delays within an MWA tile can be adjusted so that the tile can point its

beam. For EoR experiments with the MWA, this functionality is used to track a particular

observing field as it rotates overhead. In Figure 5.5, we demarcate these transitions with the

time axis tick marks. We show model power spectra for this night in Figures 5.7 and 5.8 on

a per-pointing basis. The SSINS flags show much more variation between pointings, which

is reflected in the power spectra of Figure 5.7. In contrast, the AOFlagger power spectra

show little variation between pointings, and consequently there is little variation between

them. In both cases, there is far more power in the EoR window than the expected EoR

signal, and intervention is required.

The window power in the AOFlagger-informed power spectra appear to average down

favorably. This may be due to the fact that this is a relatively benign night, and much of

the RFI that does exist is probably fainter than the sensitivity of AOFlagger, i.e. the

flags are dominated by false positives. In [65], AOFlagger reports more true positives, and

so they see that the excess power from flagging does not average incoherently like thermal

noise might be expected to. Instead, since certain frequencies are consistently occupied by

certain transmitters, the power does not average down substantially. This is more like what

is shown in Figure 5.7, where consistent DTV events are identified by SSINS, resulting in

relatively poor average qualities in the EoR window.

AOFlagger consistently flags the frequency 194.455 MHz about 10% more often than

other frequencies, fractionally. This ultimately puts a floor on how far down any averaging



87

170 175 180 185 190 195
Frequency (MHz)

16:06:18

16:36:50

17:07:14

17:37:46

Ti
m

e 
(U

TC
)

170 175 180 185 190 195
Frequency (MHz)

16:06:18

16:36:50

17:07:14

17:37:46

Ti
m

e 
(U

TC
)

0.0

0.2

0.4

0.6

0.8

Fl
ag

 F
ra

ct
io

n

0.00

0.02

0.04

0.06

0.08

0.10

Fl
ag

 F
ra

ct
io

n

Figure 5.5: The fraction of baselines flagged using SSINS (left) and AOFlagger (right).

Yellow-colored samples are flagged across all baselines. The vertical axis tick marks represent

pointing boundaries. Since SSINS averages over baselines, either all baselines are flagged

at a given time and frequency or none of them are. SSINS was set to specifically search for

DTV, hence the somewhat regular 7 MHz blocks. AOFlagger tends to flag uniformly in

the band, in part due to a small but noticeable false positive ratio, except some short DTV

and narrowband events around 17:16 and 17:09 UTC, respectively.
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Figure 5.6: Closer view of the SSINS (left) and AOFlagger (right) flags from the fourth

pointing in the night. Both SSINS and AOFlagger observe a narrowband event shortly

before 17:09 UTC at about 177 MHz. There is also a DTV event around 17:16 UTC, due

to an airplane reflection that both flaggers catch, though AOFlagger identifies a fewer

contaminated times, and does not identify the event in the following observation. Very close

to the end of the pointing, AOFlagger identifies a broadband event on a few baselines

that SSINS does not identify. It is possible that this event is sufficiently diluted by the

incoherent average in SSINS to become undetectable. While broadband flagging actually

does not introduce additional chromaticity into the measurement since all frequencies are

flagged equally, it is important to acknowledge possible false negatives in the SSINS pipeline.
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(a) (b) (c)

(d) (e) (f)

Figure 5.7: Simulated per-pointing power spectra using SSINS flags inherited from data.

The five pointings are shown in chronological order left-to-right, top-to-bottom. The sixth

power spectrum is the result from integrating the entire night. The fourth pointing is sub-

stantially worse than the others due to a bright DTV event that produced many DTV flags.

The total integrated power spectrum contains contamination in the window that overwhelms

the expected EoR signal by several orders of magnitude.
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(d) (e) (f)

Figure 5.8: Simulated per-pointing power spectra using AOFlagger flags inherited from

data. The five pointings are shown in chronological order left-to-right, top-to-bottom. The

sixth power spectrum is the result from integrating the entire night. While AOFlagger did

catch the DTV event in the fourth pointing on some baselines, the effect is not as discernible

in these spectra as it was in the SSINS-flagged spectra. The EoR window contamination is

still too high for a significant EoR detection.
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can reach, since a narrowband flagging shape will put constant excess power along the line-

of-sight. The cause of this consistent flagging is so-far unknown. Since it is within a DTV

allocation, it is confounding that the flags would be so narrow. It is close to the DTV guard

band, and we do sometimes see AOFlagger flags around the guard band of extremely faint

DTV signals observable by SSINS. However, this would suggest constant observation of a

DTV signal that is not often identified by SSINS. Furthermore, the guard band flags from

AOFlagger usually occupy more than one fine frequency channel, and this is localized to

a particular channel. It is possibly locally generated RFI that only affects very few baselines,

and thus is observed by AOFlagger but not by SSINS.

We see that with realistic flagging patterns, even relatively clean data will be too contam-

inated by excess flagging power for an EoR detection. For reference, the SSINS occupancy

at high resolution is 4.4%, ignoring coarse band edges and the temporal boundaries of ob-

servations. Under the same conditions, the AOFlagger flags about 2% of the data at high

resolution. The low resolution SSINS flags do not reduce the average occupancy by much

since the vast majority of the flags are broadband. On the other hand, the AOFlagger

flags are sparse, resulting in an order of magnitude decrease in the flag occupancy at low

resolution; most of the flags result in partially flagged visibilities.

5.4.2 Mitigation via Flag Extension

In Figure 5.9, we show the results of applying a flag extension strategy to the SSINS flags

before constructing power spectra. In this case, every integration with an RFI flag anywhere

in the band is flagged entirely across the band. We see that this fully eliminates the excess

power from flagging at the expense of a modest amount of data. Interestingly, the power could

also be fully removed by setting the observing band equal to the occupied band. However,

even comparatively broad RFI sources such as DTV are significantly narrower than typical

bandwidths used in EoR power spectrum estimates, and changing the observing band to

match this width would come at the cost of significant sensitivity.

The sensitivity loss for a flag extending strategy depends on the initial flags. For the



92

(a) (b) (c)

(d) (e) (f)

Figure 5.9: Simulated per-pointing power spectra using achromatic flags developed from the

SSINS flags in §5.4. The five pointings are shown in chronological order left-to-right, top-

to-bottom. The sixth power spectrum is the result from integrating the entire night. There

is no excess power from these flags, with a relatively small decrease in overall data volume.
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night used in §5.4, the SSINS occupancy is 4.4%, while the AOFlagger occupancy is 2%.

Both of these figures ignore routine flagging at the coarse band edges and centers, as well as

routine flagging at the beginning and end of observations. When flags are extended over the

entire analysis band, the SSINS occupancy approximately doubles, resulting in a modest

sensitivity decrease. Since AOFlagger has a false positive rate of order 1/Nν , where Nν

is the number of frequencies in the band, extending the flags at the finest resolution results

in substantial data loss. After extending the flags at the finest resolution, the effective

AOFlagger occupancy is 86%. If instead the high-resolution flags are petrified into the

data during downsampling and only the low-resolution flags are extended, then the ensuing

flag occupancy is 15%. However, this will leave the high-resolution excess flagging power in

the data. The exact balance of sensitivity loss and the excess flagging power in a measured

power spectrum depends on the true power of the foregrounds in the data, which itself

depends on the foreground subtraction strategy, if any.

This excess power is beneath the thermal sensitivity of a small data set, and would require

as much data as a season to truly probe in an observational setting. In order to investigate the

effect of forward model subtraction, we perform the same simulations, but with only a subset

of the GLEAM catalog. This simulates perfect foreground subtraction up to a certain flux

threshold. We show spherical power spectra in Figure 5.10. What we find is that about 99%

of the flux in the GLEAM catalog needs to be removed before the power spectrum resulting

from the flagged simulation resembles the unflagged case with no foreground subtraction.

For most of the modes shown, this brightness is still too high. We also note that these

simulations do not include diffuse structure. This suggests that chromatic flags could only

be acceptable if a foreground removal strategy that accurately subtracts greater than 99% of

the flux is available. On the other hand, if achromatic flags are used and 90% of GLEAM is

subtracted perfectly, the remaining foreground power is sufficiently diminished in the modes

shown for typical theoretical EoR signal estimates, with a potential margin for diffuse power.

Inaccuracies in the removal strategy can result in EoR signal loss, and so it is imperative to

reduce the demands of foreground subtraction as much as possible.
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Figure 5.10: Spherical power spectra computed from simulations using GLEAM sources with

various flagging and levels of foreground subtraction, compared to a somewhat optimistic

fiducial EoR model (solid black). Coarse band edge flags have been removed for clarity,

but would be present in current MWA EoR analyses. Solid lines show simulations with

DTV flags, while dashed lines show simulations with achromatic flags. Pink, blue, and green

lines show zero, 90%, and 99% foreground removal, respectively. Even with achromatic

flags, some subtraction is required for a significant detection of this EoR model. With

90% of the flux removed, chromatic flagging leads to overwhelming power in the modes

shown, whereas achromatic reduces the modeled foreground power to manageable levels. A

significant detection of the fiducial model for most of these modes would require greater than

99% foreground removal, not including substantial contributions to foreground power from

diffuse emission.
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5.5 Conclusion

We find that chromatic data flagging produces excess power in the EoR window that in

many cases is strong enough to prevent EoR signal detection. This effect arises because

flagging disrupts the sampling function of the array by displacing baseline locations from

their unflagged counterparts. The strength of the excess power is determined by both the

strength of the foregrounds and the strength of the sampling function disruption. Without

mitigation, chromatic flags will prevent a significant EoR detection.

The excess power is produced even in relatively clean data with overall RFI occupancy

below 5%. Excess flagging power can occur in two stages. It can be petrified into the data

from downsampling visibilities that have flags applied, producing partially flagged data, and

it can also result when downsampled visibilities are fully flagged and excluded from the

analysis. [65] discusses the case of partially flagged visibilities and provides several effective

mitigation strategies. Most of these strategies are either unapplicable or fail when downsam-

pling by only a small factor and when the dominant RFI sources are broad, producing few

or no partially flagged samples.

In our investigation, the most successful strategy that balances simplicity with effective-

ness is to extend the flags across the analysis band that result from a flagging strategy with

a very low false positive rate. If we assume that the RFI brightness distribution is supported

down to extremely faint levels, achieving a lower false positive rate by reducing the sensitivity

of the flagging algorithm implies a higher false negative rate as well. As shown in Chapter

4, the cost of false negatives can be very high. The optimally sensitive flagging strategy will

balance the cost of the false negative rate with the sensitivity loss from extending flags. An

accurate evaluation of this cost function requires an understanding of the RFI statistics of

the measurement set in terms of brightness and chromaticity.

Since the strength of the excess power depends on the foreground strength, a foreground

subtraction strategy can also reduce the excess power. We find that for broad shapes such

as DTV, nearly 99% of the total flux on the sky needs to be subtracted perfectly in order to
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reduce the excess window power to a level comparable to extending the flags. Even at this

level, contamination is still too high for constraining most EoR models, meaning substan-

tially deeper foreground subtraction will be required if chromatic flags are used. Inaccurate

foreground removal comes with the risk of EoR signal loss, which can lead to artificially low

upper limits or false detections of the EoR signal if mischaracterized. Therefore, there is an

array of experimental demands that must be balanced including thermal sensitivity, excess

power from chromatic flags, the possible necessity for deep foreground subtraction, and the

probability of missed RFI.
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Chapter 6

DEVELOPING AN UPPER LIMIT ON THE 21-CM EOR
POWER SPECTRUM SIGNAL PART I: PIPELINE

DESCRIPTION

In this chapter we describe the power spectrum estimation pipeline for producing an

upper limit on the 21-cm EoR power spectrum signal using the second season of MWA

phase I data, beginning in the second half of 2014 AD. We also describe the data set, going

into particular detail about its RFI occupants as reported by SSINS. Since developing a

competitive limit necessitates analysis of a large data volume, this serves as an excellent

opportunity to collect RFI statistics and perform tests that allow us to measure the effect of

RFI on the 21-cm power spectrum.

We use an almost identical power spectrum analysis pipeline as was used in [10]. The

main change between this analysis and that one is that we have now included more thorough

RFI analysis. Additionally, we include a VanVleck correction for digital nonlinearities in the

receiver chain [15], and some minor changes to the calibration pipeline. Since this exercise

invokes the entire experimental pipeline, we review a few key concepts below, referring to

more complete descriptions when appropriate.

6.1 Introduction

The 21-cm EoR power spectrum signal is extremely faint. Typical theoretical estimates of

the EoR signal brightness temperature are ∼mK, while the astrophysical foregrounds have

a brightness temperature of hundreds of Kelvin. This poses many challenges for the task of

estimating the EoR signal. Since the EoR signal is expected to have sharp spectral features,

and the foregrounds are spectrally smooth, there is a region of power spectrum space expected
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to be simultaneously clean of foregrounds and yet possessing useful information about the

EoR signal, called the EoR window [44]. The region of the cylindrically averaged power

spectrum contaminated by foregrounds is wedge-shaped, hence it is called the foreground

wedge [23, 33, 56, 95].

Measurements of the 21-cm signal for modes in the wedge will require extremely accurate

foreground subtraction. Subtracting inaccurate forward models of the foregrounds will leave

residuals that still overwhelm the signal [23, 95]. Furthermore, subtraction or projection of

models that mix foreground and EoR components results in signal loss [22, 69]. Alternatively,

measurements for modes in the EoR window have comparatively relaxed requirements since

the absolute dynamic range is set by the floor of the spectral tapering function, for which

there are several choices that give the required range [31]. For a succinct summary of

foreground mitigation and avoidance techniques, including a discussion of signal loss, see

[46]. The power spectrum measurements in this work generally operate with a foreground

avoidance strategy, although as seen in Chapter 5, some amount of foreground subtraction

may be necessary even for modes in the spherically averaged power spectrum that primarily

receive contributions from the EoR window.

21-cm EoR power spectrum measurements are elaborate. They require precision synthe-

sis of radio interferometer data, which can be corrupted by a plethora of systematic effects.

Whenever a systematic produces spectral irregularities in the data that do not match the true

foreground signal, power is produced in the EoR window, which is particularly deleterious

for foreground avoidance strategies. There are many avenues whereby additional chromatic-

ity is introduced into the data in a radio interferometer. In theory, proper calibration can

remove many instrumental artifacts that produce excess chromaticity. However, calibration

requirements are strict [94], and errors in calibration can produce additional structure that

contaminates the EoR window [9, 19, 56]. Furthermore, not all chromatic structure in the

data can be removed by standard calibration routines, e.g. digital quantization nonlinear-

ities and RFI. Therefore, calibration cannot be the only defense against spectrally varying

systematics. Much of the analysis in this work is dedicated to effects that cannot or should
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not strictly be solved through calibration.

In the rest of this chapter, we describe the overall structure of the analysis pipeline. Much

of this is described in more detail in [8]. We summarize the key features here very briefly,

referring to that reference for detailed information.

6.2 Analysis Overview

Figure 6.1 shows a flowchart of the analysis pipeline. Different colors indicate different

legs of the pipeline: data acquisition (§6.3), pre-processing (§6.4), RFI analysis (Chapter

7), calibration, imaging, integration, and power spectrum estimation (§6.5-§6.8). Data are

filtered for quality at each step. The data in this analysis were collected between July 17

and September 14, 2014. They are pointed at the MWA EoR0 field, centered on a right

ascension of 0 and declination of -27 degrees. Previous jackknife tests have shown that only

certain pointings produce high-quality data due to the setting galaxy [14, 43].

6.3 Data Acquisition

The first leg of the pipeline is raw data acquisition, whose steps belong to blue nodes in the

chart. The analog signal from each dipole within a given tile is combined at a beamformer

with switchable electronic delays to allow pointing of the tile. For this data set, we use five

pointings centered on the zenith pointing that progressively shift westward to coarsely track

the observing field. The combined analog signal is then passed to a receiver, each of which

hosts 8 tiles. Here, it undergoes analog bandpass filtration to only allow signals from 80-300

MHz, as well as subsequent analog-to-digital conversion.

The MWA applies an “FX” correlation strategy. First the signals are channelized by a

series of filters and Fourier transforms in the ”F-engine,” and then they are cross-multiplied

at the ”X-engine.” Specifically, the digital signals are passed to a two-stage polyphase filter

bank (PFB), where they are first broken into 256 1.28 MHz coarse channels, each of which has

a different digital gain applied, and onlt 24 of which are selected for further processing. For

each selected coarse channel, a time series is created, which is then filtered and channelized
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Figure 6.1: Flowchart representing the data acquisition and analysis pipeline. Dark blue

nodes represent data acquisition steps. Cyan represents pre-processing. Green nodes are

standard analysis steps, while yellow nodes are analysis nonstandard steps specific to this

work. The red node is the final product, which is the limit.

once more, producing fine channels. The final channelization results in 10 kHz resolution

with a total instantaneous bandwidth of 30.72 MHz. For more specific details about the

filter shape and conventions, see [50, 79]. The signal of each tile is then cross-multiplied with

each other tile signal at the X-engine, along with subsequent time-frequency averaging to

produce the raw visibilities.

The raw visibilities for this analysis are written to disk at a time resolution of two seconds

and a frequency resolution of 40 kHz in two minute chunks, referred to as “observations.”

Since there are 128 tiles to correlate, this results in 8128 cross-correlations and 128 autocor-

relations for each of the 768 fine frequency channels and 4 polarizations (2 per tile). At this
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resolution, each observation takes roughly 10.7 GB of disk space. The raw data is stored on

magnetic tape at the Pawsey Supercomputing Centre in Perth, Australia.

6.4 Pre-Processing

Several aspects of the raw visibilities are corrected during pre-processing. The phases of the

visibilities are adjusted according to the differences in cable length between the tiles and

receivers, and also to specify a phase center on the sky. Since the alteration to the bandpass

resulting from the PFB is known, this shape and the digital gains for each coarse channel are

divided out. Due to quantization nonlinearities, this does not fully correct the bandpass, and

residual frequency structure is left over. Usually, excess instrumental frequency structure,

such as spectral variations in antenna gains, is taken care of during calibration. However,

the digital nonlinearities require special handling.

Traditional calibration routines implicitly assume that the signal from each receiving

element is a linear function of the true analog signal. For data acquisition, the analog signal

in the receiving elements is digitized. Digitization is an inherently nonlinear procedure. The

strength of the nonlinearity depends on the strength of the incoming signal. Due to the

two-stage PFB, the instrument bandpass possesses a comb-like structure, where the teeth

of the comb appear at the edges of coarse channels. Since the strength of the nonlinearity

in the coarse band edges is sufficiently strong, this results in calibration errors in the coarse

band edges that overwhelm the calibration error budget [11].

For the data used in this limit, we apply a VanVleck correction [15] for the nonlinear

distortion present in the raw visibilities during pre-processing. The fine details of the par-

ticular implementation we employed is beyond the scope of this work,1 so we describe it

only briefly. The MWA digital signal pipeline involves several stages of quantization. The

VanVleck correction employed in this work corrects the nonlinearity associated with the fi-

nal round of quantization. Corrections for other quantization stages are forthcoming. The

1and is also not work the author should take credit for. See https://github.com/EoRImaging/Memos/

blob/master/PDFs/007_Van_Vleck_A.pdf.

https://github.com/EoRImaging/Memos/blob/master/PDFs/007_Van_Vleck_A.pdf
https://github.com/EoRImaging/Memos/blob/master/PDFs/007_Van_Vleck_A.pdf
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actual correction involves solving an integral equation that relates the quantized and analog

visibilities. This equation has no closed-form inverse for the MWA bit depth. In order to

generate fast solutions, the equation is approximately inverted using Chebyshev polynomials.

This helps reduce calibration errors in the coarse band edges, but does not eliminate them

entirely. For this reason, we still flag coarse band edges in the analysis.

In [10], a major improvement to the limit came from excluding observations that con-

tained DTV RFI. The actual RFI flags from SSINS were not applied. Rather, observations

with known RFI contaminants were excluded from the analysis altogether, including data

within those observations that was not classified as contaminated by SSINS. In this analysis,

we apply the SSINS flags to the data, extending them in frequency so as to avoid the effects

discussed in Chapter 5. Actually applying the SSINS flags could allow for a measurement

with reduced thermal uncertainty compared to [10]. We then compare this limit with one

made where RFI-contaminated observations are excluded to varying levels. This allows us to

probe the balance between thermal noise and systematic contamination introduced by RFI,

which we theoretically characterized in Chapter 4. We discuss this portion of the analysis

thoroughly in §§7.2 and 7.3.

In this limit, we do not apply AOFlagger flags, unlike every other MWA EoR limit so

far. Upon examining the outputs of each flagging pipeline, we found a modest number of RFI

events that were caught by AOFlagger and not by the pre-extended SSINS flags. After

frequency extension, many of these events were recovered. Additionally, some samples that

were flagged by AOFlagger and not by SSINS may be false positives that result from

AOFlagger’s morphological detection algorithm, which can overextend flags for broad

features [62]. Due to the inability to generically extend the AOFlagger flags without

causing massive data loss, we opt to entirely forego them at the possible expense of a few

extra false negatives in the entire season.
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6.5 Calibration

Standard calibration routines assume that the measured and true visibilities are related by

vab(f, p) = ga(f, p)g
∗
b (f, p)uab + nab, (6.1)

where vab(f, p) represents the measured visibilities for antennas a and b as a function of

frequency and polarization, ga and gb are the respective gains for those antennas, uab are

the true visibilities (apparent spatial coherence function samples), and nab is a noise term.

We use traditional sky calibration in this work, implemented in FHD, as described in [8].

Traditional sky calibration works by substituting a forward model for the true visibilities in

equation 6.1 and finding the gains that minimize the squared residuals between the gain-

multiplied forward model and the measured visibilities. This is often opposed to traditional

redundant calibration, which leverages redundant baselines within an array. Perfectly re-

dundant baselines would give exactly the same measurement of the sky in the absence of

noise. Traditional redundant calibration does not employ a sky model, which results in de-

generacies that can only be broken by including a sky model [19]. In [20], these traditionally

opposed calibration frameworks are unified by Bayesian considerations, showing that sky

calibration and redundant calibration reflect particular prior assumptions about the fidelity

of the sky model. In particular, sky calibration assumes that the model is perfect, i.e. it has

no uncertainty, while redundant calibration assumes infinite uncertainty in the model. Their

work also shows that calibration is more robust when uncertainty in the model is properly

quantified, and thus the calibration in this work could be improved in such a way.

We summarize the calibration steps here, drawing mainly on the discussion in [8], and

explaining a few minor updates. First, per-frequency, per-antenna, per-polarization gain

solutions are found by minimizing the aforementioned squared residuals using an alternating

direction implicit method [81]. To speed calibration relative to what was used in [10], we

employ Kalman filter during calibration. Note that the physical antenna gains are spectrally

smooth, while these gain solutions are noisy. To produce a smooth solution, we divide out

an estimate of the bandpass, and then fit a low-order polynomial for each gain amplitude, as
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well as a phase ramp. Additionally, we fit for a cable reflection mode in the spectrum, which

to first order multiplies the gain by a complex sinusoid [40]. We then divide by these smooth

fit solutions rather than the initial noisy estimates to obtain the calibrated visibilities.

There are a number of data-driven ways to estimate the bandpass. We use the autocor-

relations in the style of [43]. We time-average the autocorrelation ratios of each tile, which

acts as an approximation of the true antenna gain amplitudes. Denoting the time-averaged

autocorrelation ratio of antennas a and b as Aba, we have equation (12) from [43]:

Aba(ν) ≈ |ga(ν)|
|gb(ν)|

. (6.2)

Denoting the (noisy) gain solution from the per-frequency step as ĝa, we can correct for the

bandpass via

ga(ν) ≈
〈
Aba(ν)|ĝb(ν)|

〉
b

(6.3)

i.e. we average the product of the autocorrelation ratios and estimated gains over the tiles in

the array. This averaging avoids pitfalls associated with using a particular reference antenna,

which may cause idiosyncrasies of that antenna (e.g. imperfect cable reflection fitting) to be

imprinted on the other tiles. For more details, please see [43].

We hand-grade calibration solution for quality. Figures 6.2 and 6.3 show example gain

amplitude solutions from the same night. These are each for two-minute observations. We

generally notice in this data set that calibration solutions from different pointings can appear

characteristic. Figure 6.2 belongs to the -2 pointing while Figure 6.3 belongs to the -1

pointing. The solutions in Figure 6.2 have more noticeable frequency structure than those

in Figure 6.3. This trend is common across all nights in the data set used for this limit. We

observe that the solutions for tile 44 are consistently outlying compared to other solutions

in that its gain amplitudes in the Y polarization have significantly more chromatic structure

than other tiles. This is indicative that something may be malfunctioning with the tile. For

this reason, we remove tile 44 from the rest of processing.
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Figure 6.2: Gain amplitudes for an observation in the -2 pointing. Each panel belongs to a

particular tile. The blue line is the X (East-West) polarization while the red line is the Y

(North-South) polarization. Tile 54 was excluded from the data set during data acquisition.

Tile 44 exhibits an unusual chromaticity in its North-South solution.
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Figure 6.3: Gain amplitudes for an observation in the -1 pointing. There is noticeably less

frequency structure in these solutions compared to those shown in Figure 6.2. Tile 44 also

exhibits excess chromaticity in this observation. Additionally, Tile 142 was flagged by the

calibration routine as an outlier, and is excluded.
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6.6 Imaging

After calibration, the data and model are imaged to create HEALPix cubes [29] for passage

to εppsilon. We again draw on [8] for this description, providing essential details here. To

begin this process, the calibrated data are gridded to the uv-plane. Gridding is the process

of propagating the visibilities to a finely discretized uv-plane in order to generate an estimate

of the apparent spatial coherence function. The gridded data are then Fourier transformed

to a fixed sky frame to form the HEALPix cubes. We grid a different uv-plane for each

frequency so that we can make separate HEALPix maps at each frequency and therefore

probe the cosmological line-of-sight distance.

Choices made during gridding affect the properties of the resulting map. For mapmaking

purposes, i.e. to make the most faithful map of the sky given the lossy measurement process,

it is provably optimal (in terms of a signal-to-noise ratio) to grid with the conjugate of the

Fourier transform of the receiving element’s beam pattern [58, 89], henceforth referred to as

the uv-beam. Each visibility is smeared around the baseline-center location according to the

uv-beam pattern in order to estimate the apparent spatial coherence function. Since this

reflects a particular choice of optimization, and the true spatial coherence function can never

be recovered, it is not uncommon to use a different gridding kernel than the uv-beam when

reconstructing the uv-plane for the advantages that it might bring. Precision requirements

for interferometric gridding in 21-cm power spectrum estimation are specifically discussed in

[66], where a range of parameters regarding the gridding kernel are analyzed.

[10] found that using a modified gridding kernel increased the dynamic range of the

measurement without signal loss, allowing for a deeper power spectrum limit. The choice of

kernel was equivalent to windowing the apparent sky with the square of a Blackman-Harris

window function. This is implemented by convolving the uv-beam with the Fourier transform

of the aforementioned window function and gridding with the resulting kernel. This greatly

reduces the survey volume and leads to longer correlation lengths between uv-points [8].

To construct the model, we Fourier transform point-sources of the GLEAM [36] catalog
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to generate their discretized spatial coherence function. These are then degridded2 with the

instrumental beam to produce model visibilities. The model visibilities are then regridded

using the modified gridding kernel. This accomplishes an in-situ simulation or forward model

of the measurement pipeline with a set of known radio point sources on the sky. Other source

distributions can also be used. We refer to the calibrated visibilities and resulting products as

“dirty.” When we subtract the model from the “dirty,” we refer to the result as a “residual.”

The gridded uv-data are Fourier transformed to the sky domain to form the HEALPix cubes,

which are embedded in a fixed sky-frame and thus allow for coherent integration.

6.7 Integration

Since the noise in each observation is independent and the signal is coherent as long as

the integration frame remains fixed on the sky, we can integrate multiple HEALPix cubes

together in order to boost our signal-to-noise ratio. This step serves as a useful point to

set up jackknife tests, where we split the data into distinct populations and examine the

effect on the measurement. We can integrate each subset separately and experiment with

combinations. This allows for the isolation of scientific variables so that we can examine

whether certain systematic effects have an effect on our power spectrum measurement. We

discuss our jackknife tests in detail in §§7.2-7.4.

6.8 Power Spectrum Estimation

We ultimately want to measure the power spectrum of the 21-cm brightness temperature

map. We use the Error Propagated Power Spectrum with Interleaved Observed Noise

(εppsilon) software package for this purpose. εppsilon provides power spectrum estimates

along with uncertainty estimates for the measurement. To estimate the power spectrum, the

integrated HEALPix cubes must be transformed back to the Fourier domain.

If a Fourier transform and square operation is performed on a single coherently integrated

2Gridding in reverse, i.e. reproducing the visibilities from an apparent spatial coherence function.
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HEALPix cube, the noise will self-correlate, resulting in a noise pedestal in the power spec-

trum measurement. To avoid this, interleaved even and odd time steps within an observation

are gridded separately and turned into different HEALPix cubes. All even and odd HEALPix

cubes are integrated separately so that when the power spectrum is formed, it can be formed

by cross multiplying the even and odd cubes rather than squaring an individual cube. Since

the 21-cm signal is expected to integrate coherently and the HEALPix frame is fixed, this

produces the same signal term while producing different noise terms. Most importantly, the

term involving only noise is now zero-mean, meaning the noise pedestal vanishes.

Due to missing data and the desire for uncorrelated errors between the cosine and sine

modes in the Fourier domain, the Fourier transform along the frequency axis is given special

treatment. Instead of an ordinary discrete Fourier transform, a generalized form of a Lomb-

Scargle periodogram is used [10], which phase-rotates the resulting cosine and sine modes of

the Fourier transform such that the error distributions for cosine and sine modes in the same

power spectrum bin are uncorrelated. The transition to this rotated mode is still linear,

which is subtly important for analytic error propagation, detailed next.

Error propagation is a major driver of the design of εppsilon. The thermal noise in the

visibilities is a colored circular gaussian process. The entire pipeline involves gridding, Fourier

transforms, and weighted averages, which are all linear transformations of the visibility data.

Since circular Gaussian noise remains circular Gaussian under linear transformations [28],

the thermal noise term is Gaussian for most of the pipeline. The power spectrum is quadratic

in the data, which is a strictly nonlinear transformation. It can be shown that the thermal

term in each 3d voxel of the εppsilon power spectrum estimate is biexponentially distributed

(Appendix E).

To form spherical power spectra, voxels are averaged together with inverse-variance

weights according to the array sampling function. To determine the weights, a value of

1 is gridded everywhere that a visibility is reported using the modified gridding kernel. Simi-

larly, the sample variance of the visibilities is gridded with the square of the modified gridding

kernel. To propagate the weights and uncertainties, HEALPix cubes are made for the weights
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and variances, and integrated along with the data cubes. It can be shown that averages of

independent biexponential random variables converge to Gaussian random variables under

the central limit theorem, and it can be shown that this happens fairly quickly. Strictly

speaking, not all voxels that contribute to a spherical power spectrum bin are independent,

and some bins have few-enough contributors that a Gaussian uncertainty distribution is in-

appropriate. These bins tend to be on lower-order k-modes. For the k-modes shown in

spherical power spectra in this work, the uncertainty distribution is expected to be very

Gaussian. Nonetheless, εppsilon uses internal simulations to approximate the non-gaussian

distribution and subsequent distributions for the weighted averages. Implementation of a

more exact calculation of the error distribution as in Appendix E is a subject of future work,

and is expected to make a very small effect on the error estimate.

A second form of noise estimation that is employed in εppsilon is to use the difference

between the even and odd cubes. If all significant RFI is flagged, the difference cube should

only contain thermal noise. Therefore, the difference power spectrum serves as a proxy for

the uncertainties in that their expected amplitude should be analytically related to the actual

uncertainties elucidated above. These error estimates are used during validation to ensure

that the noise is being propagated correctly.

The in-situ simulation capabilities of FHD allow for robust tests of signal loss. By simu-

lating visibilities for a fiducial EoR signal and estimating a power spectrum from them under

various conditions, [10] verifies that there is no appreciable signal loss in this power spectrum

estimation pipeline. This and our end-to-end error propagation allows us to confidently place

upper limits on the EoR power spectrum signal in our measured power spectra.
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Chapter 7

DEVELOPING AN UPPER LIMIT ON THE 21-CM POWER
SPECTRUM SIGNAL PART II: DATA CURATION AND

POWER SPECTRUM RESULTS

In this chapter, we present power spectra made using the pipeline described in Chapter

6. The purpose of this analysis is twofold. Examining an entire season data allows us

to more clearly understand the RFI statistics of the MWA than with a smaller data set.

We can also probe the effect of RFI on power spectrum measurements at varying levels of

integration depth. Thus, the first purpose of this analysis is to measure the effect of RFI on

power spectrum limits. By comparing power spectra of known contaminated observations

to matched observations identified as clean by SSINS, we generally find that excess window

power is correlated with the presence of RFI, suggesting that there is faint residual RFI

undetected by SSINS. We also find a small number of supposedly clean power spectra that

contain similar excess window power. Since much of this analysis already involves deep power

spectrum integrations, we take the opportunity to use these power spectra to construct a

final integration list for a 21-cm EoR power spectrum upper limit.

In §7.1-§7.3, we describe the data curation process. We begin with preliminary data cuts

related to the ionosphere. We then describe the RFI statistics of the entire season in terms of

reported SSINS occupancy and brightness. This analysis provides a framework for the power

spectrum jackknife testing that we present in §7.4. While we present RFI statistics for the

entire season, only data that passes the ionospheric cut is used for the power spectrum tests.

Using the results of these tests, we further reduce the data set to a final integration list for

setting the upper limit, presented in §7.5. In §7.6, we summarize this work and present our

final conclusions.
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7.1 Preliminary Data Cuts

The MWA beam pattern changes for different pointings. Our observations in this work are

centered on the same field. However, as the beam changes pointings, different sources enter

the sidelobes. Certain sources are difficult to model, and this can lead to calibration errors

that produce poor power spectrum measurements. In [14], it was found that the central five

pointings around the zenith pointing gave the best power spectrum measurements. This was

also corroborated in [43] for phase II data. We follow suit in this work, only using the central

five pointings. Some of these observations failed pre-processing, so we do not include them.

The total number of observations in this set is 3168.

It is well-known that the Earth’s ionosphere can affect radio wave propagation. Using

ionospheric metrics developed in [37] that capture source position offsets that result from

ionospheric activity, [93] produces several deep EoR power spectrum limits that are improved

by removing observations of poor ionospheric quality. We use this ionospheric quality metric

to reject all observations with ionospheric quality metric greater than 5, which is a relatively

harsh cut. Observations need to be calibrated by the MWA Real Time System [54] before

their ionospheric quality can be judged. If they fail to calibrate, they will not have reported

values. Observations that do not calibrate are suspicious, so we cut all observations that do

not have reported ionospheric quality values. This cut out a large number of observations,

leaving only 1285 observations.

We show a graphical representation of the initial data selection process in Figure 7.1.

Relatively few full nights made it past the ionospheric data cut. This impacts the uv-

coverage of the final measurement since rotation synthesis allows a given physical baseline

to probe more spatial modes of a given field of view. The remaining observations after the

ionopsheric cut constitute 40 hours of data. Over 1000 hours of MWA data will need to be

integrated to make a significant EoR measurement [14]. However, systematic effects are still

strong enough that smaller integrations yield valuable lessons.

All remaining data cuts are based on the RFI statistics of the data. This is the primary
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Figure 7.1: Scatter plots of each observation’s ID (GPS start time) and its starting local

sidereal time. The left plot shows all observations in the five central pointings. The right

plot shows all observations remaining after cutting out observations with poor ionospheric

quality. Most of the data in the third quarter of the season was removed by the ionosphere

cut. Interestingly, the zenith-pointed observations in the cluster near GPS time 1094000000

seemed to pass the cut despite all other pointings failing on those nights.
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aspect of the analysis meant to be probed by this limit, and so we devote the next two

sections to describing these cuts.

7.2 RFI Occupancy Analysis

Between iterations of the SSINS frequency-matched flagging algorithm, the time, frequen-

cies, and shape label of the most recently identified RFI event are recorded. We analyze this

flagging metadata to understand the occupancy statistics of the data set used for the limit in

order to better understand the RFI content. First we discuss a few important caveats about

this flagging metadata related to misclassification. Then we present the occupancy results.

7.2.1 RFI Type Misclassification

While SSINS does use prior information about possible RFI contaminants and does associate

each event with a label, it is optimized for flagging rather than classification. This manifests

when the shape dictionary has entries that overlap in frequency. A particular common

example is broadband streaks versus any DTV contaminant. The frequency-matched flagging

algorithm does not compute a probability for when two overlapping shapes might occur

simultaneously, hence there is no discrimination for when additional excess intensity from

a streak event boosts the calculated z-scores for a DTV event, and there is no event in

the output metadata that reports such a combination. Due to the iterative nature of the

flagger, the most common outcome when this occurs is that both shapes are caught in

separate iterations and are reported separately. Note that the computed flags will be identical

regardless of the resulting classification. An instance of a misclassification is when several

(3-4) DTV events occur simultaneously. Since combinations of DTV signals are not checked,

this can sometimes be reported as a broadband streak event. Due to our flag-extension

strategy (Chapter 5), the calculated flags in this case are also identical to the properly

classified case. Adding more accurate shape discrimination and subsequent classification

significantly increases the computational complexity of each SSINS iteration (Appendix

A) without producing more effective flags. For the purposes of producing an EoR power
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spectrum limit, we consider this sufficient. However, a more exhaustive analysis of the RFI

environment would require enhancing the classification capabilities of SSINS, and we may

do this at a later time.

We also briefly remark on a choice of implementation regarding flag extension. Flag

extension can be done between flagging iterations or after all flagging stops. Extending be-

tween iterations affects the calculated z-scores and subsequently the final calculated flags

and metadata. We find that in about 10% of the data, this results in slightly different calcu-

lated flags, with no obvious false negatives in either case. The occupancy statistics are more

clearly understood when flag extension is performed after the fact, and the overall occupancy

is very nearly equal. So, for the purposes of a more clearly understood metadata analysis, we

compute these flags. However, the flags applied to the data involved flag extension between

iterations.

7.2.2 Nonstationary Thermal Noise and Insufficient Time Sampling

SSINS relies on two assumptions to accurately detect RFI according to the significance

threshold. The first assumption is that the thermal noise is weakly stationary, i.e. that the

mean and covariance function are not changing in time. The other is that a sufficient number

of time samples exist in the observation such that the uncertainty in the sample mean does

not disrupt the Gaussianity of the z-scores. Violation of these two assumptions tends to

cause overflagging and underflagging, respectively. We demonstrate that in this section by

employing the SSINS match filter on simulated gaussian spectra with these properties.

The thermal noise in the visibilities, which is summarized by the system temperature,

can be non-stationary for several reasons. The system temperature has contributions from

the sky and the instrument. If a particularly bright source moves into the field of view,

then this can make a meaningful change on the overall system temperature. This is more

noticeable for instruments with narrower fields of view that are not source tracking, or for

instruments that suddenly change their field of view and introduce new sources. Many hard-

ware components often have temperature-dependent performance. Some of the amplifiers
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in the signal chain have a temperature-dependent gain [11]. As the telescope functions, it

generates heat, and must be refrigerated to maintain optimal performance. This refrigera-

tion cycle can cause percent level fluctuations in the average thermal noise amplitude over

the course of an observation, which is visible in the MWA SSINS. This effect is relatively

frequency-independent, causing SSINS to over-report broadband RFI events.

We capture the nonstationary behavior of the SSINS background in Figure 7.2, where

we show MWA SSINS averaged below the TV band for a night of data alongside PPD

values for the ORBCOMM frequencies. The PPD1 is a measure of total tile power evaluated

after coarse channelization but before the channel select. This allows for examination of the

broad spectrum all the way from the DC mode to the nyquist frequency. One possibility

for broad SSINS variation is the tails of extremely bright, out-of-band RFI. In Figure 7.2,

the PPD values in the ORBCOMM frequency only synchronize with a handful of small

SSINS variations. The slow, rolling features do not correlate with out-of-band RFI including

ORBCOMM, FM radio, and the military band above 223 MHz. We also observe that

ionospheric behavior as measured by the metric in the previous section is uncorrelated with

these variations.

We suggest that these arise due to slow variations in the system temperature as a result

of heating and cooling of the receivers, which affects the gain in the receiver amplifiers.

The physical receiver temperatures are not kept for archival data, however they take a very

characteristic shape while the array is operating. They appear roughly periodic on a ∼ 10

minute timescale with a clear exponential rise/decay pattern within a period. Each receiver

hosts 8 tiles. In the top panel of Figure 7.3, we show tile autocorrelations averaged over

the same frequency band as the SSINS in Figure 7.2 and averaged by receiver. We see

that each receiver has a somewhat coherent expoential rise/decay time profile with a high

signal-to-noise ratio, however each receiver has a slightly different average amplitude and

time offset. When the total average of these is computed (bottom panel), we recover the

1Unfortunately the meaning of this acronym has been lost to the sands of time.
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SSINS time profile of Figure 7.2 using only the autocorrelations (recall that the SSINS are

computed only from the cross-correlations).

In order to quantify the extent to which nonstationary noise generates false positives, we

used a simulation. We began by taking the night of SSINS data shown in Figures 7.2 and

7.3, and removing any obviously RFI-contaminated observations. We then fit a line to each

frequency channel and polarization in the SSINS of each observation. Next, we sampled a

gaussian spectrum whose mean (and therefore standard deviation given the properties in

chapter 3) was determined by this line at each time, frequency, and polarization. We then

ran the SSINS match filter, as we would on the data, and determined how many samples

were flagged. Finally, we averaged this process over many trials to obtain the average false

positive ratio for that spectrum. In Figure 7.4, we show a scatter plot of the average false

positive ratio against the absolute value of the average SSINS slope for each observation. The

variation makes it difficult to tell precise details, but there is a strong positive correlation.

In order to reduce sensitivity to this particular effect, we raise the significance threshold of

the streak flagger to 10σ̂, as opposed to the typical 5σ̂ cut used for other shapes. With these

settings, we find that the median false positive rate is 0.04%.

Having fewer time integrations with which to estimate the mean per frequency and polar-

ization prevents the z-scores from being approximately Gaussian. A closed form expression

exists for this distribution under certain conditions, however it is unilluminating.2 What we

generally find is that the z-scores calculated by SSINS for simulated stationary gaussian

noise are more concentrated than a standard normal random variable, meaning that the z-

scores are underreported relative to the significance threshold. This leads to underflagging.

We summarize this in Figure 7.5. For this reason, we completely flag all observations where

greater than 60% of integrations have flagged.

2Since the estimated standard deviation is proportional to the estimated mean, it is not the Student-T
distribution. It is instead the quotient distribution of two Gaussian variables with identical mean but
different standard deviation, offset by a constant. If there are sufficiently few samples such that the
correlation between the estimated mean and any given sample cannot be ignored, then even the previous
statement is not true.
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Figure 7.2: MWA SSINS for a night, averaged over frequencies below the TV band (blue),

along with PPD values at ORBCOMM frequencies (transparent orange). We see that some

sharp variations in the SSINS are correlated with extremely bright ORBCOMM calues,

however most variations are uncorrelated with ORBCOMM. Note that the ORBCOMM

values are on a log axis, while the SSINS values are on a linear axis. Discontinuities occur at

pointing boundaries, which may be due to the pointing-dependent beam pattern gathering

different sources in the sidelobes.



119

0.16 0.18 0.20 0.22 0.24
Time (JD) +2.456912e6

70000

75000

80000

85000

90000

95000

100000

105000

Au
to

co
rre

la
tio

n 
Am

pl
itu

de
 (U

nc
al

ib
ra

te
d)

(a)

0.16 0.18 0.20 0.22 0.24
Time (JD) +2.456912e6

81000

82000

83000

84000

85000

86000

87000

88000

89000

Av
er

ag
e 

Au
to

co
rre

la
tio

n 
(U

nc
al

ib
ra

te
d)

(b)

Figure 7.3: Top: Receiver-averaged autocorrelations for a night of MWA data. Each receiver

has a time profile reflective of a refrigeration cycle occurring on regular intervals, though the

refrigeration waveforms are not in phase between different receivers. Bottom: Average of

the top panel over receivers, which recovers the SSINS shape in Figure 7.2.
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Figure 7.4: Average SSINS slope (change in SSINS per integration, averaged over frequency

and polarization) vs. false positive ratio on a semilog plot. The solid horizontal line indicates

the theoretical false positive ratio for stationary gaussian noise, which is well-matched by

simulations of stationary noise (not shown).
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Figure 7.5: Left: The standard deviations of the z-scores calculated by SSINS, which should

be close to 1 when the Gaussian approximation holds, plotted against integration number.

Right: The difference between 1 and the standard deviations of the z-scores, with vertical

lines at 8, 16, and 24 integrations, on a log-log plot. It clearly follows a power law. This

suggests that at least ∼ 16 samples should be used for flagging purpose, and that if the

number of unclassified samples in a channel falls below this number, the remainder should

probably be flagged more aggressively.

7.2.3 Summary of Flagging Settings

We search for four 7-MHz-wide DTV signals, all adjacent, starting at 174 MHz: channels

6-9. Channel 9 begins at 195 MHz, so we only observe 2.8 MHz of its allocated bandwidth.

We also search for narrowband occupants and broadband streaks. For all shapes other

than broadband streaks, we use a significance threshold of 5. For broadband streaks, we
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Shape Label Frequencies (MHz) Significance Threshold

TV6 174-181 5

TV7 181-188 5

TV8 188-195 5

TV9 195-202 (197.8) 5

Narrowband Various 5

Streak 167.1-197.8 10

Table 7.1: Association of shapes in the match filter, their frequencies, and the significance

thresholds used in the filter. The TV9 shape is allocated all the way to 202 MHz, but our

observing band cuts off at 197.8 MHz. Narrowband shapes are 1 fine channel wide and

allowed anywhere in the band.

use a significance threshold of 10. Between iterations, we flag a frequency channel for the

entire observation if its occupancy is greater than 60%. We also extend flags in frequency

between iterations. This combination means that if any RFI occupant is found for 60% of

an observation, the entire observation is flagged. We summarize this in Table 7.1.

7.2.4 Occupancy Results

In this section we discuss the RFI occupancy of the data set as reported by SSINS. We find

that the overall distribution of RFI occupancy is relatively unaffected by the ionospheric cut,

and so only show distributions before the ionospheric cut.

In Figure 7.6, we show a histogram of TV occupancies on a per-observation basis, before

the ionospheric cut. We observe that channels 6, 7, and 8 have very similar occupancy

distributions, while channel 9 is much rarer to observe, with 96.5% of its mass contained at

0 occupancy. Examining broadcasting stations in Western Australia, we find that channels

6, 7, and 8 are broadcast relatively equally, while channel 9 is broadcast less often. Since we

only observe 2.8 MHz of channel 9’s allocation, we also expect that SSINS is less sensitive
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to its presence. While the ionospheric cut reduces the strength of the tails, the overall shape

of the distribution appears similar, and this is likely a manifestation of the fact that the

ionospheric cut excluded about 2/3 of the data.
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Figure 7.6: Mass histogram of DTV occupancies per observation, before the ionospheric cut.

See text for discussion.

Since the majority of the observing band is allocated for DTV, we expect very few

narrowband events, which is consistent with what we observe. Curiously, most narrowband

events that are clearly true positives are within the DTV allocation. Some of these events

are extremely bright, and may be a result of out-of-band RFI clipping the ADC or causing

intermodulation products. Alternatively, there could be locally generated RFI.

The streak shape is the most prone to false positives due to nonstationary thermal noise.

Most anthropogenic signals at these frequencies have their power narrowly concentrated

relative to the observing band. Extremely bright out-of-band RFI can produce broad fluc-

tuations in the SSINS. For instance, Figure 7.7 shows the mean-subtracted SSINS in the
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E-W polarization for the observation in Figure 7.2 with the peak that strongly associates

with strong ORBCOMM power. Observations of this quality tend to be entirely flagged by

SSINS. Occasionally the RFI event will straddle the boundaries of observations, or proceed

through multiple observations, and so observations surrounding ones such as these will also

have high streak occupancy. Non-anthropogenic signals, such as lightning, can also be broad.

There does appear to be a noticeable difference in distributional shape after the ionospheric

cut. We have not evaluated if this is statistically significant. From physical considerations,

it is possible that ionospheric activity is correlated with atmospheric conditions prone to

long-range transmission of RFI or lightning events, e.g. sproadic E propagation or tropo-

spheric ducting, however a more careful study would be necessary to assess such a claim. We

note that when we scatter plot streak occupancy versus the ionospheric metric, no obvious

correlation appears.

Since we suspect a significant number of the RFI events recorded by SSINS are due

to reflections from aircraft, we seek to understand the timelike properties of the RFI occu-

pancy. These properties are more clearly understood with the full season data set before the
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Figure 7.7: Uncalibrated mean-subtracted SSINS for an observation during a bright OR-

BCOMM event. The z-scores have a strong gradient in the time direction, causing the

observation to be fully flagged for broadband streak events. This is likely the tails of the

extremely bright ORBCOMM signal.
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ionospheric cut, and since the ionospheric cut does not seem to signficantly alter the RFI

statistics, we only show the time statistics of the full season.

First, we notice that the different TV channels are sometimes flagged simultaneously, and

flags tend to appear in clusters within a night. By constructing the autocorrelation function

of the time series of flags belonging to a given channel, we sometimes observe that flags for

different TV channels are strongly correlated within a night, however not all nights have

such correlations. Since not all broadcasting stations in Western Australia transmit at the

same frequencies, and there is probably a range of aircraft trajectories that intercept these

various stations. Furthermore, occasionally direct transmission of the signals is possible.

For instance, there is a night of times with extremely high TV occupancy on August 27,

2014, clearly visible in the occupancy scatter in Figure 7.8 near GPS time 1.093 · 108. The

SSINS of this night show extremely strong, persistent DTV interference. This is probably a

ducting event allowing for long range direct reception of the RFI. Since the RTS could not

calibrate these observations, no ionospheric metric could be gathered. Therefore, we expect

that occasionally we sometimes observe different DTV signals simultaneously with regularity,

but sometimes not, and that the flags might reflect this in their two-point statistics. This

expectation is corroborated by manual inspection of the SSINS.

In Figure 7.8, we show the total occupancy of each observation with the flags extended.

Here, the clustering behavior of the flags is more apparent. To also illustrate this clustering,

we show a histogram of interarrival times between SSINS flags in Figure 7.9, not including

the night with strong ducting, along with a Poisson process Markov chain counterparts. To

understand the motivation behind such a plot, consider a perfectly periodic arrival process

where continuous pulses of length t appear spaced apart by T , T � t. Supposing this process

is sampled at rate f0, a histogram of the arrivals would be concentrated on two values: 1/f0

and (T − t). On the other hand, a Poisson process where arrivals occur randomly but with

a mean arrival rate that applies equally well to all time increments of a given size will have

exponentially distributed arrival times. Since reflectors arrive over the array irregularly, but

tend to reflect RFI into the array continuously when their position is appropriate, we expect
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Figure 7.8: Total Occupancy scatter plot after extending flags across frequency, which

roughly doubles the total occupancy in the data set. Each marker represents a 2-minute

observation, where its horizontal position is its starting sidereal time and its vertical posi-

tion is its observation ID (starting GPS time). Here, clusters of flags are apparent.
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a strong concentration of interarrival times at the sample spacing, and a range of gaps that

can potentially be very long depending on air traffic on the given day. In Figure 7.9, over

80% of the mass of this histogram is contained at the sample spacing, with a very powerful

tail compared to an exponential distribution with the same mean. This suggests clustered

flagging with a range of gap sizes rather than a simple Poisson process.

Another way to probe the clumping properties of the flags is to examine the transition

probabilities in the time series. What we find is that unflagged data is almost always followed

by more unflagged data with a probability of 98%, while flagged data is followed by flagged

data with a probability of 80%. Since the flag occupancy is relatively low (∼ 10%), this

manifests as long runs of unflagged data with small-medium sized clumps of flagged data.

We find that such clumps can be created randomly using a discrete time Markov chain with

consistent transition probabilities as the flagged data. Each night we generate a time series

using that night’s transition probabilities, and then we histogram the resulting interarrival

times. While the realization is noisy, it appears to consistently overpredict interarrivals

between 2 and 5 minutes, and consistently underpredict more extreme interarrival times

(Figure 7.9).

The RFI flag time series for each night is not entirely consistent with the Markov chain;

they differ in their two point statistics. The Markov chain is memoryless, and so any given

realization generally does not produce an autocorrelation function with strong peaks away

from zero lag. On the other hand, many of the RFI flags exhibit discernible peaks at a range

of lags, though some nights with comparatively few flags appear somewhat consistent with

the Markov realization. We show examples in Figure 7.10. This suggests that flags from

SSINS are not entirely random point processes with only short-range correlations. These

additional peaks in the autocorrelation function may occur when reflectors transit different

peaks of the primary beam, or may suggest multiple reflectors with some lag between them.

The additional peaks also appear to have a characteristic width from night-to-night, possibly

indicating a typical clump size related to the speed of reflector transit through the beam.

It is clear from the transition probabilities, interarrival times, and two-point statistics
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Figure 7.9: Histogram of flag interarrival times over all nights for the broadcast SSINS flags.

The “Poisson Equivalent” is an exponential distribution with consistent mean interarrival

time as the data. The Markov chain line is built from Markov chain realizations of each

night with consistent transition probabilities as the night of RFI flags they are built from.

Interarrival times from the Markov chain realizations are roughly consistent with those from

the RFI flag time series, though not perfectly so, e.g. overpredictions from 2-5 minutes and

underpredictions for times greater than 5 minutes.
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Figure 7.10: (a) Top Panel: Autocorrelation of RFI flag time series for a particular night

(blue) along with the autocorrelation function for a Markov chain realization (transparent

orange). Bottom Panel: Residual of the top panel. The Markov chain realization is clearly

missing the peaks at lags between 0 and 50 minutes. (b) Same as (a), but for a night with

relatively few flags. The autocorrelation functions are more or less consistent except near 0.
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of the RFI flag time series that RFI events tend to temporally cluster. This motivates a

particular style of jackknife test, where observations with no RFI flags are compared to

observations that contained some RFI flags. The logic is that an observation with RFI flags

is more likely to contain RFI just beneath the sensitivity of SSINS than observations with no

flags at all. In the next section, we develop a series of jackknife tests based on the brightness

of the flagged emitters with this physically motivated assumption in mind.

7.3 RFI Brightness Analysis

As shown in Chapter 4, the excess contamination from RFI responds quadratically to its flux.

Since SSINS uses incoherently averaged time-differenced visibilities, it is not immediately

apparent how to exactly relate the brghtness in the SSINS to the brightness in the visibilities.

However, the amplitude of a visibility difference can be no more than twice the brightness

of the brighter of the two samples that were differenced. Therefore, we can use the SSINS

amplitudes as a proxy for the brightness in the visibilities.

The contaminated samples receive contributions from both thermal noise and RFI. In the

SSINS, this usually manifests as a small excess amplitude above the thermal background.

When the RFI is much brighter than the thermal noise, we can probe the effect of RFI-

contaminated observations using the SSINS amplitudes directly. However, when the thermal

noise contribution is larger than the RFI contribution, such as extremely faint RFI left

uncaught by SSINS, selecting observations with high SSINS amplitudes can actually select

on noise levels rather than RFI contamination. While selecting out observations with higher

noise might produce a deeper limit, it does not directly investigate the effect of RFI on power

spectra in an observational setting.

In order to probe the effects of extremely faint RFI beneath the sensitivity of SSINS, we

need a hierarchy that subtracts out the effects of thermal noise variance across observations.

We use the SSINS z-scores for this purpose. Since a mean is subtracted out and divided per

frequency, the z-score reflects the excess amplitude that results from the RFI contribution in a

dimensionless and statistically well-defined manner. SSINS flags based on the z-scores in the
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uncalibrated data. Since the gain between obervations is not always consistent, particularly

across a season, we choose to make SSINS from calibrated data and recalculate the z-scores

for these jackknife tests. We only use data that was not flagged to estimate the per-frequency

mean involved in making the z-scores.

In Figure 7.11, we show histograms of SSINS amplitudes as well as z-scores for the entire

season, separated by those samples identified as contaminated (flagged) and those that were

not (unflagged). In the top panel we show SSINS amplitudes. Due to the central limit

theorem, we expect that the per-frequency distribution of the purely thermal samples in the

SSINS follow a Gaussian distribution. However, when all frequencies and many observations

are combined in mixture, we observe a highly non-gaussian distribution. In the bottom panel,

the unflagged z-scores, which are calculated per frequency, are highly Gaussian, reflecting

the statistical assumptions underlying the SSINS pipeline. The unflagged samples have

brightness between 33 and 52 Jy. On the other hand, the flagged samples have amplitudes

that range from 30 to 450 Jy. The z-scores of the flagged samples exhibit a highly non-

Gaussian distribution.

Since there is significant overlap between the flagged and unflagged brightness distri-

butions, hierarchically ranking the observations requires the z-scores. We note that a tiny

minority of the recalculated unflagged z-scores are greater than the significance threshold set

by the SSINS flagger. Since SSINS is run on the uncalibrated data, the z-scores respond

to the gain fluctuations that result from the air conditionning cycle. These are partially cor-

rected during calibration. Calibration solutions are constant over an observation, however,

the variations between antennas due to varying amplification are corrected. This changes

the relative balance of the waveforms in Figure 7.3(a), which changes how the calibrated

version of 7.3(b) looks. This changes the time-dependence of the SSINS amplitudes which

can mildly redistribute the z-scores.

Many of the flagged z-scores are far below the significance threshold. This occurs when

the sample was flagged as a part of a shape in the match filter. In other words, broader

RFI can be found at a lower average flux density compared to narrower shapes due to the
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Figure 7.11: Histograms of SSINS amplitudes and z-scores for the entire season, separated by

flagged and unflagged data. The horizontal axis is a hybrid linear-logarithmic scale, where

the boundary between scales is demarcated by the black vertical lines. The z-scores of the

unflagged samples (bottom orange) are highly Gaussian, as expected from the assumptions

about the thermal noise. The flagged samples have a highly non-Gaussian z-score distri-

bution. Their brightness distribution has significant overlap with the unflagged brightness

distribution, and cannot be separated sheerly by drawing an amplitude cut.
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fact that broad clusters of positive (or negative) outliers would exist only with extremely low

probability in a purely thermal SSINS with stationary noise. The match filter sums z-scores

over frequency bands and finds the samples with maximum absolute deviation, iteratively.

All polarizations are flagged if a significant outlier is found in any one polarization. In Figure

7.12, we show the same quantities as in Figure 7.11, but emulating the match filter process by

summing over frequency and histogramming the (averaged) samples with maximum absolute

deviation over the polarization axis. The thermal background in the bottom panel now takes

the form of an extreme value distribution for a Gaussian of sample length equal to 4 (number

of polarizations). The recalculated flagged z-scores are now offset from zero. Many still exist

below the significance threshold as a consequence of the z-score reshuffling.

We argue that these are still likely to be true positives. While the sample size of a

given SSINS is very large when considering single samples, the frequency-summing step in

the SSINS match filter reduces the sample size by the number of frequency channels in the

observation. Accordingly, this means that substantially fewer extreme values are expected in

sub-band sums, and so a significance threshold of 5 gives a wider margin of outliers compared

to what is expected from the thermal background. We also find that power spectra from

observations with only these low significance values are still correlated with excess window

power compared to their unflagged counterparts. We show these in the next section.

7.4 Power Spectrum Jackknife Test Results

The level to which residual RFI contaminates a power spectrum is determined by its ap-

parent brightness and frequency structure. The apparent brightness is determined by the

transmitter brightness, the method of propagation, and the relative position of the telescope

primary beam. Since transmitters tend to be located close to population centers, we expect

that RFI contamination should generally increase when the telescope is pointed more to the

West.

To probe these different variables, we divide the contaminated observations into integra-

tion subsets separated by RFI shape reported by the match filter (narrowband, streak, or
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Figure 7.12: Same as Figure 7.11, but with brightnesses and z-scores calculated by doing

the SSINS sub-band sum that is employed in the match filter over the TV7 frequencies.

Interestingly, the unflagged and flagged brightness samples appear bimodal.

any TV channel), telescope pointing (integers from -2 to +2), and reported z-scores of the

RFI events (bins with edges 3, 5, 10, 100, 1000, 10000). For each contaminated observation

in a subset, we find a matching observation at a similar sidereal time with no RFI reported

by SSINS. We then integrate these subsets, form power spectra, and examine them side by

side.

We see a common trend among all RFI types and z-score bins, which is that observations

possessing SSINS flags, i.e. observations that were identified as having some contamination,

tend to show excess window power compared to observations that were not identified as

having any contamination, despite having applied the flags. This trend becomes more no-
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ticeable as the array points more westerly. As an example, we show a sequence of pointings

for integrations over observations with any RFI type in them whose z-scores were all between

10 and 100 in Figure 7.13. The excess window power suggests that observations identified as

being contaminated possess residual RFI uncaught by SSINS that makes a noticeable effect

on the power spectrum measurement. In the full set of integrated power spectra, we see

the pointing trend occur regardless of RFI type, and in most z-score bands. We expect this

physically since there are more transmitter sites and population centers towards the West

of the array than towards the East, and so pointing the telescope beam more West will put

associated RFI events in a more sensitive location in the beam.

We generally find that the excess power is far more noticeable in the East-West polariza-

tion than the North-South. We know from inspection of the SSINS that RFI is often seen

as unpolarized, i.e. roughly equal strength in all four instrumental polarizations. In some

specific instances it can appear polarized. Usually if it appears polarized, it appears stronger

in the East-West dipoles. Occasionally it will appear stronger in the North-South dipoles.

The apparent polarization of the RFI source is a combination of its broadcast polarization,

some propagation effects, and perhaps most importantly, its geometric location relative to

the array.

Since a dipole has no sensitivity along its axis, RFI from the Southern or Northern horizon

will appear to the array as if it is East-West polarized, and vice-versa for the Western and

Eastern horizons. There are a number of digital television transmitter sites in Western Aus-

tralia, and therefore a range of possible propagation directions for DTV RFI. The strongest

transmitters are in Perth, which is to the South. However, direct reception is extremely

unlikely due to the extreme remoteness of the MWA. It is more likely that reflections off of

aircraft or other transient phenomena make up the bulk of DTV receptions. For example,

the largest population center near the MWA is Perth, and most flights that could reflect

DTV to the MWA are probably headed towards there (or perhaps towards Geraldton, which

is slightly Southwest of the array). Some of these reflections occur when the aircraft is near

its destination, and so the RFI source will appear in the Southern sidelobes, e.g. what we
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Figure 7.13: Top: East-West polarized power spectra for observations that SSINS identified

as clean over the five pointings present in the data. The array points more Westerly towards

the right of the figure. The number of observations in each integration is annotated at the

bottom of the figure. The depth of integration ranges by about a factor of 2.5. Bottom:

Corresponding contaminated power spectra, where any RFI type is included so long as

the observation has RFI z-scores that all lie between 10 and 100. We see excess window

contamination in the RFI-contamianted spectra, suggesting residual RFI that was uncaught

by SSINS. This contamination is generally worse in the later pointings that point more

West. There is no clear correlation between integration depth and contamination levels.
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saw in Chapter 3. Since this is also where the strongest transmitters are, we expect more

noticeable power spectrum contamination in the East-West polarization.

In Figure 7.14, we show power spectra in the +2 pointing, which is the most commonly

contaminated pointing in our jackknife tests, separated by the SSINS z-scores of the identified

events without discriminating between RFI types. Interestingly, we see that integrations of

observations with high SSINS z-scores do not display the characteristic excess power in the

window. However, this may be due to the fact that such high z-scores are relatively rare,

and that there is significant variation in the noise-levels between different members of the

jackknife test. It may be that the noise must be integrated down before an obvious RFI

signal appears in the window. We also remark that all integrations with RFI z-scores below

100 have a corresponding ”clean” power spectra that demonstrate some excess power in the

window, though not as severely as the power spectrum in which SSINS identified RFI. This

suggests the presence of false negatives in the SSINS pipeline that can have a significant

effect on the power spectrum measurement.

From the theoretical discussion in Chapter 4, we expect that different RFI types might

have different power spectrum contamination shapes. In Figure 7.15, we show a jackknife

test over RFI shape as determined by SSINS. In general, we find no obvious power spectrum

difference among the shapes, contrary to expectation. For instance, we expect narrowband

contamination to be approximately constant as a function of k‖. Even in more dramatic

cases with substantially more noticeable residual interference than is shown in Figure 7.15,

the narrowband RFI does not produce a noticeable constant pattern. If we compare to

the theoretical calculations in Chapter 4, we see that narrowband RFI power spectra at a

given flux density is generally lower compared to their DTV counterparts, but also that it is

constant in k‖. Since the noise levels are approximately constant in k‖, we expect that if this

were only due to narrowband contamination, then the entire EoR window would show clear

contamination. Due to this inconsistency, we suggest that the residual RFI in this power

spectrum is actually not narrow in frequency, but rather something broader that SSINS

misses altogether. It could be a relatively stationary source of DTV interference, such as a
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Figure 7.14: Similar power spectrum jackknife test as Figure 7.13, except this time comparing

only the +2 (most Westerly) pointing for RFI of any type in the annotated z-score bins at

the top of the figure. Excess power is more noticeable for observations in which the identified

contaminants had low z-scores. Since the number of contributing observations ranges from

1 to 32, there is significant variation in the noise levels of each integration, which makes

excess power from residual RFI harder to discern. We note that the corresponding ”clean”

integration for the power spectrum whose SSINS z-scores fall between 10 and 100 appears

to have moderate excess window contamination as well, through less than its contaminated

counterpart.



139

distant reflector that is coincidentally moving towards the array or nearly so.

Since the streak events in the jackknife test shown in 7.15 showed no obvious excess

power, we show a power spectrum for a group of observations in the -1 pointing classi-

fied as containing broadband interference flagged by SSINS, along with the LST-matched

observations in Figure 7.16. These z-scores were between 10 and 100, indicating that the

interference was moderately bright in the SSINS compared to the thermal background. The

excess window power matches that for other shapes shown in Figure 7.15. It is nontrivial to

theorize about the expected contamination of broadband interference due to the fact that

it could come from several different types of sources. For instance, we have evidence that it

could be the sidebands of bright ORBCOMM interference, 40-70 MHz away from the central

frequency. The ORBCOMM signal would need to be understood in extreme detail since

these sidebands are so far from the allocation. We know from Chapter 4 that if it were

approximately flat-spectrum over the observing band, that it would give no excess power

in the window relative to the foregrounds. Therefore, supposing these signals are indeed

responsible for the excess power, there must be some nontrivial structure in the sidebands

of these signals. Another possible broadband emitter is lightning. Lightning produces emis-

sions over a range of radiofrequency scales [99]. Some theoretical studies suggest that certain

types of lightning events can produce relatively flat emissions over the bands considered in

this work [48, 83], although [48] shows some nontrivial structure in this range. In summary,

since the particular signal structure behind the broadband events in the MWA SSINS is as

of yet undetermined, we find it difficult to hypothesize about the expected shape of power

spectrum contamination.

The similarity in contamination between the different shapes could also be due to other

factors. First, as noted in §7.2, SSINS is more optimized for flagging than classification,

and the occasional misclassification does occur. Second, it is possible that a given reflector is

reflecting multiple different transmissions simultaneously or with a short gap between them.

This means that any given observation classified as containing some type of interference does

not exclude it from containing another type of interference. In other words, there is some
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amount of overlap between the subsets shown in Figure 7.15, and this may be responsible

for the similarity in contamination shape.

To more directly investigate the effects of applying the SSINS flags, we examine an inte-

gration in which residual RFI was present by forming the power spectrum without applying

the SSINS-calculated flags and then subtracting the original power spectrum that had flags

applied. Note that we are using the same observations in each case, and only choosing

whether or not to apply the flags. We show the result in Figure 7.17. While the change

in the power spectrum is slight, when we plot the difference we see a clear signature in the

window matching the shape of excess power that we have seen so far. We also see that power

was consistently removed in the region of the wedge between the dashed and solid lines. The

corresponding LST-match of this observation set is shown on the far left of the figure to

allow for a comparison in the style of the previous jackknife tests.

The dashed and solid lines in the wedge represent the extent in k‖ to which sources at the

edge of the primary beam and at the horizon throw power due to the chromatic point-spread-

function. The region between these two lines corresponds to the sidelobes. In this example,

we chose a handful of observations from the +1 pointing that were identified as containing

DTV interference. Considering Figure 3.1, we expect that a DTV source has a smooth

component that appears in the power spectrum wedge, and a spectrally sharp component

that throws power into the higher k‖ modes as in Chapter 4. This power spectrum suggests

that the RFI sources are consistently located in our sidelobes, corroborating our imaging

experiments.

These results potentially suggest that a new RFI mitigation strategy may be required

for a significant EoR detection. SSINS only finds RFI that exists after a time-differencing

procedure. The goal of this procedure is to subtract out the coherent sky signal from the

flagging statistic. However, It appears that some residual RFI exists in these power spectra

that goes uncaught by SSINS. It is possible that this RFI is more like the sky in that it

does not subtract out in a 2-second difference. One way to balance this weakness of SSINS

is to complement it with the following imaging strategy.
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Figure 7.15: A power spectrum jackknife test for zenith-pointed observations, where spectra

are separated by RFI type. These all have RFI events with z-scores between 10 and 100. We

find that the region of contamination seems unrelated to the type of RFI. This may be due

to the fact that multiple RFI types cohabit some of these observations.
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Figure 7.16: Power spectrum jackknife test for observations classified as containing broad-

band interference. Excess window power takes similar shape as RFI events in Figure 7.15.
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Figure 7.17: A power spectrum test in which two separate power spectra were made for the

same observations, once with flags applied and once without flags applied. We find that

applying the SSINS flags removes power from the window in the exact shape as seen in

other RFI-contaminated power spectra. Additionally, power is removed in the region of the

wedge corresponding to the sidelobes, which is where we observe DTV sources in our images.

The clean LST-matched observations are shown on the far left as a reference.
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While some RFI might be stationary within an observation, most RFI will not be stable

in celestial coordinates from observation to observation, particularly if those observations

are significantly lagged with respect to civil time. Therefore, one could difference images of

appropriate observations and looks for strongly outlying pixels. This could be done at varying

integration depths for relatively cheap computational cost within the current pipeline. This

would simultaneously allow for RFI identification and localization of the RFI sources, which

will be important for developing models of the RFI statistics of the observatory. These

models can ultimately be used for determining the depth to which RFI excision needs to be

performed. In fact, a similar strategy for RFI identification was implemented in [78], though

only at a 2-second integration depth.

7.5 Upper Limits on the 21-cm Epoch of Reionization Power Spectrum Signal

Before extracting an upper limit on the 21-cm EoR power spectrum signal, we perform a

final reduction based on the results of the jackknife tests. These final eliminations are based

on a qualitative assessment of the EoR window in the power spectrum of various integrated

subsets. Since our aim is to make a power spectrum measurement, we perform these cuts

conservatively so as to avoid selection bias as much as possible.

First, we remove all observations that were identified as contaminated by SSINS. This

is motivated by the fact that a substantial number of power spectra involving only contam-

inated observations expressed excess window power compared to their clean, LST-matched

counterparts. Furthermore, the shape of this excess power matches the shape of the power

spectrum difference in the jackknife test shown in Figure 7.17. We term this shape as ”the

RFI footprint.” Finally, the idea that residual faint RFI might temporally neighbour SSINS-

identified samples is motivated both by physical considerations and the occupancy study in

7.2. This leaves 591 observations, which is about 18.4 hours of data.

Next, we note that some integrations involving only observations identified as clean by

SSINS also display this excess window power, although this is substantially less common

than in their counterparts. We start by removing all (supposedly) clean integrations with
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fewer than 20 observations that have obvious excess window power. In order to produce

the cleanest limit possible, we reintegrate the remaining clean observations, separating them

roughly by pointing and day, such that there are between 12 and 20 observations per inte-

gration. This integration depth is based on balancing the interference-to-noise ratio with the

desire to be as fine-grained as possible in removing observations with this metric. We then

remove integrations whose resulting power spectra show obvious excess window contamina-

tion. Since we are wary of selection bias, we attempt to be as conservative as possible during

this step. We show the power spectra of all integrations that are removed during this stage

in Appendix F. This removes a further 119 observations, which we designate as the ”Wall of

Shame” set, and leaves 472 observations, which we call the ”Limit Set.” We also note that

no observations from the +2 (most westerly) pointing survive this test.

We show deep 2d power spectra from each of the three sets (wall of shame, limit set,

and coherent average of the two) calculated over the entire observing band in Figure 7.18.

The power spectrum estimated from the East-West dipole data for the Wall of Shame set

displays the characteristic RFI footprint. On the other hand, the power spectrum made

using only the North-South dipole data appears noise-limited in the window. Thus, we see

that even when we deeply integrate observations known to have RFI contamination, the

footprint still appears polarized. This can be understood by considering that the brightest

DTV transmitters in Western Australia are nearly due South of the array. Since the North-

South dipoles are not sensitive to the Southern horizon, we generally expect the RFI flux to

be stronger in the East-West dipoles than the North-South ones.

In contrast, the Limit Set displays power spectra that look very similar between the

different dipoles. They both appear to have a systematic source of contamination in the

lower-left corner of the EoR window. What distinguishes this systematic from the character-

istic RFI footprint is that it does not extend to higher k⊥ modes. Furthermore, it is relatively

equal in power across the polarizations, which would be peculiar for RFI given the Wall of

Shame power spectra. We suggest that this is possibly a different systematic effect that is

unaccounted for in this analysis. Note that when we coherently average the Limit Set and
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Wall of Shame, we observe the contamination extend to higher k⊥ in the power spectrum

from E-W data, but not in the one from N-S data.

As a counterargument, we remark that there are many other DTV transmission sites in

Western Australia than the aforementioned ones South of the array, distributed in varying

directions. Most of these transmission sites are significantly less powerful than the one in

Perth, some by multiple orders of magnitude. Since this is a complex scattering problem,

it is difficult to deduce exactly how bright each transmitter should appear. However, some

basic scaling arguments suggest that the RFI flux should still be dominated by by the

Southern transmitters. Therefore, it is possible that this could be extremely faint RFI from

the dimmer transmitters, while the flux from the brighter transmitters was removed by our

repeated selections. However, for this to be true, there would need to be an explanation for

why the longer baselines (higher k⊥ modes) display less power from these hypothetical RFI

events. None of the transmitters are close enough for regular direct reception, and therefore

the nature of the scatter would have to be different such that the long baselines do not

respond as strongly to the RFI. This is physically unusal, since the scatterers are likely to

be the same class of object regardless of where the transmitter is. One possibility is that the

closer transmitters tend to scatter closer to the array. If the scatterer is sufficiently close, it

might appear less point-like and thus the longer baselines might not respond as strongly to

the interference. The truth of the matter remains to be seen.

We report the final limits using the 472-observation set. We also integrate the 119

observation set separately to examine how the residual RFI integrates in the power spectrum.

Finally, We make an integration with the entire set of 591 observations to see how this final

cut affects the power spectrum. We draw limits for three different redshifts: 6.5, 6.8, and

7.1. These correspond to three different bands, each of which is exactly half the bandwidth

of the MWA EoR highband. They are centered 1/4, 1/2, and 3/4 the way through the band.

We display the spherical power spectra along with the 2-σ upper limits in Figure 7.19. Our

lowest upper limit that we report is ∆2 ≤ 1.61 · 104 mK2 at k = 0.258 h Mpc−1 using the

East-West polarized dipoles at a redshift of 7.1.
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Figure 7.18: Deep 2d power spectra from three different sets of data, all of which were

deemed uncontaminated by SSINS. The Wall of Shame set shows a clear RFI footprint in

the spectrum made from the E-W dipoles, but appears noise-limited in the one from the N-S

dipoles. On the other hand, the Limit Set power spectra appear similarly regardless of which

data is used. The coherent average of the two performs to expectation in that adding the

Wall of Shame set does not strongly affect the appearance of the power spectrum from the

N-S data, and imprints the characteristic RFI shame in the spectrum made from the E-W

data.
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Figure 7.19: Spherical power spectra for the Limit Set, along with 2 − σ upper limits. We

notice that the range of wave modes between the first and second coarse band harmonics

often appears noise-limited.
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We observe that the range of wave modes between the first and second coarse band

harmonics is noise-limited in most of the presented spherical power spectra. This suggests

that adding more high-quality data would probably improve the limit. Interestingly, if we

evaluate the upper limit using the coherent average of the Wall of Shame and Limit Set,

we see that it degrades the limit systematically between the first and second coarse band

harmonics for redhifts 6.5 and 6.8 in the East-West polarization. The effect is extremely

slight, but significantly consistent across the stated bins. The lowest limit that we observed,

which we do not report, occurs in this coherent average below the first coarse band harmonic.

We do not report that limit since the coherent average was known to be RFI-contaminated

before we constructed it.

7.6 Final Conclusions

This work was devoted to understanding the role of radio frequency interference in measure-

ments of the 21-cm Epoch of Reionization power spectrum signal. We attacked the problem

from several different angles. We first built a detection method, SSINS, to identify faint

RFI that eluded standard RFI flagging measures. We then demonstrated that informing

power spectrum integration sets using information from SSINS improves EoR power spec-

trum limits, suggesting that RFI was an important systematic effect and thereby justifying

ultra-faint RFI detection efforts [10].

As a means to verify that the upper limit improvements were indeed related to RFI, we

theoretically calculated and simulated the power spectrum of a variety of RFI sources that

affect our measurements. We found that even comparatively dim RFI sources can overwhelm

the EoR signal, and that it was extremely plausible that residual RFI would produce excess

power in the EoR window to the level that removal of faint sources using SSINS would

improve the power spectrum upper limit at the depth of current upper limit studies. In

other words, we were able to theoretically explain an effect for which we had observational

evidence.

While the theoretical study was intended to describe RFI sources, ultimately it works by
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characterizing particular types of spectral structure within the data and the effect of that

structure on the power spectrum. While RFI may be the most obvious source of spectral

structure for which to apply the study, the results can be applied wherever that structure

exists, in principle. As an example, we characterized the effect of chromatic flagging on power

spectrum measurements in much the same way that we characterized RFI contamination. In

this study, we found that chromatic flags produced spectral variations in the data in much the

same way as the flagged RFI. This particular effect makes its way into the power spectrum

via the subtleties of interferometry. Chromatic flags produce spectral irregularities in the

array sampling function, which allow the RFI flags to couple to the foregrounds in such a

way as to produce meaningful excess power in the EoR window despite that they typically

produce only tiny variations in the array sampling function. Moreover, the functional form

of the excess power in the window closely followed what we expect from RFI sources of the

same spectral shape as the flags, thus demonstrating the point.

Armed with the understanding of how RFI ought to affect a power spectrum measure-

ment, we studied a large data set taken by the MWA during the 2014 observing season.

Using SSINS, we examined the RFI statistics of this large data set, both in terms of its

temporal structure as well as its brightness within the data. We found that RFI flags from

SSINS tend to cluster in time, and show temporal correlations in some instances. This is

physically reasonable for aircraft reflection events in which aircraft move at consistent speeds

through the beam in relatively consistent locations, though perhaps in somewhat inconsis-

tent intervals. We observe RFI over a range of brightness, and much of the RFI that we flag

is comparable and oftentimes much less than the average brightness of the thermal noise.

Based on these statistics, we estimate that the faintest event detectable by SSINS can still

make a meaningful impact on the power spectrum measurement, suggesting that even better

RFI mitigation strategies might be necessary.

We verified this claim by performing an analysis of the power spectra of carefully selected

subsets of the 2014 data set. This produced powerful evidence that our understanding of

RFI is accurate. By comparing power spectrum integrations involving observations deemed
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uncontaminated by SSINS to LST-matched observations that we identified as contaminated

by SSINS (and had the flags applied), we found that there was extremely convincing evidence

for residual RFI contamination that was uncaught by SSINS. This is consistent with the

notion that RFI events temporally cluster, and suggests that when constructing limits, one

may need to excise entire observations where SSINS finds any contamination.

Building off of this analysis, we constructed an upper limit on the 21-cm EoR power

spectrum signal using this data set. We resolved to exclude all observations that had any

contamination identified by SSINS. We also identified a range of observations that were not

identified by SSINS as containing RFI that showed contamination in the EoR window in

the same manner as RFI. We chose to exclude only those integrations where this effect was

considered obvious so as to minimize the effects of selection bias. We then made power spectra

over a selection of redshifts, and found our lowest reported limit to be ∆2 ≤ 1.61 · 104 mK2

at k = 0.258 h Mpc−1. By cross-examining deep power spectra constructed from this limit

set and an additional set known to contain RFI contamination, we found that RFI beneath

the sensitivity of SSINS can consistently degrade the upper limit for bins between the first

and second coarse band harmonics in our power spectra. The effect is small, and we see

additional systematic contamination in the EoR window that does not clearly match what

we have come to expect from RFI contamination. This suggests that, after SSINS, RFI may

no longer be the dominant systematic effect on our power spectrum measurement.
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Appendix A

COMPUTATIONAL COMPLEXITY OF SSINS

In this section we theoretically determine the computational complexity of the SSINS

iterative frequency-matched flagging algorithm given a dictionary of shapes. We simply

calculate the minimum number of operations necessary and add their associated times. This

therefore reflects the minimum amount of computation time, which will not be satisfied due

to implementation details. This will at least tell us how various sections of the algorithm scale

relative to one another, and how different shape dictionaries scale relative to one another.

A.1 The General Complexity

The total time is the sum of the times per iteration, indexed with j. Each iteration can be

broken into a step where z-scores are calculated per shape, a search step where the maximum

z-score is found, and a final step to recalculate the z-scores. We will denote the non-negligible

times in the order of the list above with tz, ts, and tr,j. Times without the subscript j are

independent of iteration, while tr,j depends on the results of the max search. Summarizing,

the total time, T , is

T = Ni(tz + ts) +

Ni∑
j=1

tr,j (A.1)

where Ni is the total number of iterations.1

First we calculate tz. Each shape, B, has a number of frequencies associated with it,

NB. Given the initial z-scores for the iteration, the z-score for each shape at each time

and polarization, ZB(tn, p) of equation 3.15, requires NB multiplies from the bit mask for

pre-existing flags, NB − 1 additions to sum the single-sample z-scores, NB − 1 additions to

1The loop always terminates since in the event that only one time remains for a given channel, the z-score
for that sample will be 0, which is less than the significance threshold.
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sum the bit mask (producing the effective NB factor in equation 3.15), a reciprocal square

root operation, and a final multiplication operation. Denoting the times for addition, multi-

plication, and reciprocal square root with ta, tm, and tq, respectively, we can write the total

time to produce the all the z-scores:

tz = (Nt − 1)Np

K∑
B=1

2ta(NB − 1) + tm(NB + 1) + tq, (A.2)

where K is the total number of shapes, Nt is the total number of integrations in the original

data set, and Np is the total number of polarizations. Rearranging terms, one sees

tz = (Nt − 1)Np

(
K(tq − 2ta + tm) + (2ta + tm)

K∑
B=1

NB

)
. (A.3)

Since each shape has at least one frequency associated with it, and broader shapes such as

DTV usually require many frequencies (∼ 102 for DTV in MWA and HERA), the sum on

the far-right is at least as large as K but can be much larger. If no broad shapes are used

and each channel is searched individually, then K = Nf , the total number of frequencies,

and NB = 1 for all B. This leads to

t(single)
z = (Nt − 1)NpNf (2tm + tq) (A.4)

In other words, the basic flagging algorithm without any additional shapes is linear in the

total data volume. No additions are necessary since only single-samples are used. While

in principle one can achieve a lower total computational complexity with a coarser shape

dictionary that ignores single-frequency shapes and still covers the whole band, this runs

the risk of diluting sensitivity to truly narrow RFI which is a common type. With this

constraint, equation A.4 reflects the minimum computational complexity of the sub-band

z-score calculation.

In tests with the MWA and HERA, usually there are a few broad shapes worth testing

along with the narrowband contaminants. In these cases, the sum in equation A.3 is ≈ 3Nf ,

while K ≈ Nf , meaning that the sum dominates the compute cost for this step. In general,
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the total “volume” of the shape dictionary (how many frequencies it commands to check,

including overlapping shapes, calculated by this sum) usually drives the total compute cost

of the SSINS algorithm, which we demonstrate by comparing to the terms calculated below.

Since the shapes and data are in no particular order, the max search must check every

element resulting from the calculation of ZB(tn, p) once using a comparison operation. We

denote the time for a comparison operation with tc. There is one comparison per shape,

time, and polarization. There is also one final comparison operation to see if the max is

greater than the significance threshold. We have

ts =
(
(Nt − 1)NpK + 1

)
tc. (A.5)

Finally we compute tr,j, which depends on the result of the max search. The only z-scores

that need to be recomputed are those belonging in channels of the shape that was maximally

outlying. For each channel and polarization, there are (Nt − 1) multiplies for the bit mask,

(Nt − 2) additions to compute the sum, another (Nt − 2) additions to compute the total

number of contributing samples using the bit mask, and a division by this number to get

the mean estimate. This mean needs to be subtracted from the (Nt− 1) times (applying the

mask as appropriate). A single multiplication gets the standard deviation estimate, and a

division per time finally produces the z-scores. Denoting division time with td, we have

tr,j = NB,jNp(Nt(tm + td) + (3Nt − 5)ta). (A.6)

Substituting the individual terms into equation A.1, we have

T = Ni

{
Np(Nt − 1)

(
K(tq − 2ta + tm) + (2ta + tm)

K∑
B=1

NB

)
+

(
Np(Nt − 1)K + 1

)
tc

}

+Np

(
Nt(tm + td) + (3Nt − 5)ta

) Ni∑
j=1

NB,j. (A.7)

This expression is needlessly exact. The following statements allow for a useful approxima-

tion. First, SSINS requires that the number of integrations in the data is much greater

than a small integer (see §7.2.2). Next, the total data volume is always much greater than
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Operation Latency (clock cycles)

FADD 3

FMUL 5

FDIV 14-16

FCOM(P) FUCOM (comparison) 3

FSQRT 14-21

Table A.1: Latencies for floating point operations used by the SSINS algorithm, in terms of

clock cycles, for the Intel “Skylake” architecture.

1. Finally, floating point operations take different amounts of times, which can be both

hardware and software dependent. We list the latency in terms of clock cycles for the Intel

“Skylake” architecture2 in Table A.1, which reflect the minimum time for these operations to

be performed. Assuming other implementation details affecting the compute time affect all

operations equally, we can use these figures and approximations to understand the minimum

scaling of the algorithm in terms of the clock cycle time, τ . We will assume that a reciprocal

square root is a square root followed by a divide, which is not true for all architectures.

Combining all this, using median values where appropriate, yields:

T ≈ τNpNtNi

{
35K + 11

K∑
B=1

NB + 29〈NB,j〉
}
, (A.8)

where the brackets indicate an average. In practice, the total volume of the shape dictionary

generally outweighs the volume of any given shape by a factor of 2-3 since usually 2-3

shapes overlap in a given sub-band, viz. the narrow, broadband streaks, and possible specific

allocated shapes of chapter 3. In this case, when broadband streaks are the dominant

occupant, tr and tz are comparable. Conversely, if narrowband occupants are the dominant

contaminant, then tz strongly dominates tr. In either case, the scaling of the algorithm is

2These are reported measurements from https://www.agner.org/optimize/instruction_tables.pdf

https://www.agner.org/optimize/instruction_tables.pdf
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roughly linear in the number of frequencies when shapes are chosen by eye.

In the next section we will examine tz specifically under three shape dictionaries that cover

the entire band with different generalized shapes, rather than physically motivated ones.

Each dictionary has extremely high volume compared to the total number of frequencies in

the SSINS, meaning the tz term will totally dominate the compute time.

A.2 Unknown Shape Hunting

The current method used to determine which shapes belong in the match filter relies on

a combination of knowledge about the RFI environment along with an exhaustive hand-

graded examination of a sizable data set. In the event that there is truly too much data for

an exhaustive search to be feasible, one might consider shape dictionaries that essentially

allow SSINS to hunt for unknown shapes.

One way to automatically search for shapes is simply to put every possible shape into the

match filter. If shapes are allowed to be discontiguous, for instance if two RFI signals (or

other suspicious instrumental effects) in different subbands are always broadcast with one

another, then every combination of frequencies ought to be sought for. The total number of

shapes of length k for a full band of Nf frequencies is given by
(
Nf
k

)
, and so the total number

of shapes in this dictionary is
Nf∑
k=1

(
Nf

k

)
= 2Nf − 1, (A.9)

which can be recognized by considering the expansion of (x+ y)Nf for x = y = 1. The total

volume of the shape dictionary for this scheme is

Nf∑
k=1

k

(
Nf

k

)
= Nf2

Nf−1 (A.10)

which can be shown by reindexing k from 0 and using the equation A.9. Exponential scaling

is extremely undesirable given that modern radio interferometers often operate on hundreds

to thousands of channels at a time.
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On the other hand, if we search only for all the contiguous shapes, then the number of

shapes of length Nf − k + 1 is simply k, so the total number of shapes is

Nf∑
k=1

k =
Nf (Nf + 1)

2
(A.11)

while the total volume is equal to

Nf∑
k=1

k(Nf − k + 1) =
Nf (Nf + 1)(Nf + 2)

6
, (A.12)

In other words this makes the compute time cubic in the number of frequencies. For HERA,

this brings the compute outside of the real time regime, i.e. M minutes of data takes more

than M minutes to flag.

Yet another step down would be to repeatedly divide the band in powers of 2, or whatever

other integers exist in the prime factorization of Nf , and search for all contiguous shapes of

those lengths. If Nf is a power of 2, then the total number of shapes is given by

log2Nf∑
k=0

2k = 2Nf − 1, (A.13)

while the total volume is given by

log2Nf∑
k=0

2k
(
Nf

2k

)
= Nf (log2Nf + 1) (A.14)

which is a much more desirable scaling for most applications.

Such a shape scheme might be desirable for an instrument such as HERA, where the

instantaneous bandwidth covers many different types of allocations. Analysis of the metadata

from this strategy might also help the analyst discover shapes they were unaware of. One

could even imagine programming a learning algorithm using this metadata as an input.

However, generally speaking, this is still roughly an order of magnitude slower than the

basic hand-made shape dictionary for the MWA and HERA, and the boost in performance,

if any, is yet to be tested thoroughly.
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Appendix B

SSINS AS A BAYESIAN MAXIMUM A POSTERIORI
DECISION RULE

A maximum a posteriori (MAP) decision rule is one that acts based on the outcome

with the highest posterior probability. In RFI flagging, one makes a binary decision about

whether a sample is likely to be contaminated. A MAP rule for flagging would flag any

sample that is more likely to be contaminated than uncontaminated. In this section, we will

show that the SSINS flagging algorithm is equivalent to a MAP decision rule for detecting

square pulses in the presence of additive white Gaussian noise with a particular prior.

For this demonstration we follow [49]. Suppose we are interested in receiving a signal,

denoted by a vector xs, over a channel of some discrete length, N . Suppose also that the

channel is affected by additive white Gaussian noise of mean equal to zero and standard

deviation, 1. Then, the probability of receiving some measurement, y, given that the signal

was transmitted (say, s = 1, the first signal of interest) is

P (y|s = 1) = (2π)−N/2 exp

(
− 1

2
(y − x1)T (y − x1)

)
. (B.1)

Similarly, the probability of receiving y given that no signal was transmitted (s = 0) is

P (y|s = 0) = (2π)−N/2 exp

(
− 1

2
yTy

)
. (B.2)

We can determine the probability of the presence of a signal, given y, using Bayes’ rule:

P (s = s′|y) =
P (y|s = s′)P (s = s′)

P (y)
(B.3)

where P (s = s′) and P (y) reflect our prior assumptions about the probabilities of receiving

the signal s′ and y. A MAP rule to decide whether the first signal of interest was received or
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no signal of interest was received can be formulated in terms of the ratio of the two posterior

probabilities reflecting these scenarios:

P (s = 1|y)

P (s = 0|y)
=
P (y|s = 1)P (s = 1)

P (y|s = 0)P (s = 0)
. (B.4)

If this ratio is greater than 1, then it is more likely that a signal was received than not, and

vice-versa if the ratio is less than 1. Using the explicit probabilities mentioned above, we

have
P (s = 1|y)

P (s = 0|y)
= exp

(
yTx1 −

1

2
xT1 x1 + ln

P (s = 1)

P (s = 0)

)
(B.5)

This ratio is greater than 1 when

yTx1 >
1

2
xT1 x1 − ln

P (s = 1)

P (s = 0)
. (B.6)

Now suppose that the signal x1 is a square pulse that is 0 except for some number of elements

M1, and for those nonzero elements it takes the value 1/
√
M1. Substituting this into the

expression above yields
1√
M1

u1∑
j=l1

yj >
1

2
− ln

P (s = 1)

P (s = 0)
, (B.7)

where l1 and u1 are the indices bounding the nonzero elements of x1 and yj is the jth

component of y. With the appropriate relabelings, this is identical to asking if the right-

hand-side of equation 3.15 is greater than a significance threshold, τ01, set by

τ01 =
1

2
− ln

P (s = 1)

P (s = 0)
, (B.8)

which is exactly the formula for the SSINS decision rule regarding whether a particular

sub-band in the SSINS is contaminated with RFI. However, encoded in this formula is an

assumption about how likely a particular signal is to be received compared to not receiving

it.

To discriminate between different possible received signals in this Bayesian framework,

say s = 1 and s = 2, one would evaluate

P (s = 1|y)

P (s = 2|y)
=
P (s = 1|y)

P (s = 0|y)

P (s = 0|y)

P (s = 2|y)
. (B.9)
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SSINS discriminates between potential signals by asking which measurement was least likely

to arise from pure noise by asking what the probability of a given sample arising from a

standard normal distribution would be. The ratio above asks the exact same question in the

sense that if the degree to which P (s = 1|y) is greater than P (s = 0|y) is higher than the

degree to which P (s = 2|y) is greater than P (s = 0|y), then P (s = 1|y) > P (s = 2|y), and

vice-versa. The advantage to the Bayesian framework is that it demands explicit elucidation

about the assumptions of the problem. Evaluating equation B.9 explicitly,

P (s = 1|y)

P (s = 2|y)
= exp

(
yT (x1 − x2)− (τ01 − τ02)

)
(B.10)

where τ02 has been defined similarly as τ01. In the basic SSINS framework of chapter 3,

τ01 = τ02, which essentially expresses a uniform prior over RFI types. If this ratio is greater

than 1, then s = 1 is more likely than s = 2, given y. Proceeding as before, with the uniform

prior just mentioned, this occurs when

1√
M1

u1∑
j=l1

yj >
1√
M2

u2∑
k=l2

yk (B.11)

with M2, l2, and u2 defined similarly as their counterparts. This is precisely the evaluation

that SSINS makes during its frequency-matched flagging procedure. In the event that

τ01 6= τ02, then an additional term with the difference between them is required, which would

reflect that one RFI type is expected more often than another. This was a heuristic technique

we used in chapter 6 in order to reduce high false positive rates through varying noise levels

(§7.2.2).

Within a single SSINS flagging iteration, there are several elements missing in the basic

framework. First, the question of whether more than one signal was received simultaneously

is not addressed, even though it does occur. Addressing this within one iteration only adds

compute, since when two significant signals are received simultaneously, the signal of lower

significance is always recovered in a later iteration than the one of higher significance. Next,

the signals we are receiving are not necessarily normalized like the xs of this framework,

but instead have variable strength. Additionally, the z-score estimate for a given time and
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band is corrupted by whatever else may have happened at other times. Thus, the idea that

a non-signal should produce a signal drawn from a white standard normal distribution is

not strictly obeyed if any RFI signal is received. In principle, this could be handled by

relaxing the assumptions about the additive noise term, however this complicates the math

significantly, and this is just another problem that is generally fixed with iteration so long

as the RFI does not take up the majority of the observation. We recognize that persistent

RFI that corrupts an entire observation is a reality that falls outside SSINS’ preferred

jurisdiction, and we strive to improve SSINS so that it can handle such circumstances.

Efforts are underway to use the frequency statistics instead of time statistics to improve the

z-scores, which will of course have the complementary problem with broadband RFI. We

hope that by combining both approaches, we will have an extremely robust RFI flagger that

will help produce clean and deep upper limits on the Epoch of Reionization power spectrum

measurements.
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Appendix C

NARROWBAND POINT SOURCE ENSEMBLES

The relative ease of power spectrum calculation for narrowband point sources allows

one to derive some useful facts. The first is that the power spectrum of any ensemble is

bounded from above by the coherent addition of their powers. The second is that a random

ensemble of narrowband sources, uniformly distributed over the sky, is expected to sum

powers incoherently. The incoherent sum of powers serves as an expected lower bound on

the power of the ensemble. The power spectrum of an ensemble of N such sources is given

by

Pensemble =
1

VM
Ψ(ν0)2κ(ν0)2r‖(ν0)4β2

×
N∑
s=1

N∑
s′=1

Iapp
s Iapp

s′ e−ir‖(ν0)k⊥·(θs−θs′ ).

(C.1)

The double summation can be split into “diagonal” terms, where s = s′, and “cross” terms,

where s 6= s′. Taking advantage of the symmetry in the indices, we can write this splitting

in the following way:

Pensemble =
1

VM
Ψ(ν0)2κ(ν0)2r‖(ν0)4β2

×
( N∑

s=1

[Iapp
s ]2 + 2

N∑
s=1

N∑
s′>s

[Iapp
s Iapp

s′ cos
(
r‖(ν0)k⊥ · (θs − θs′)

)
]

)
.

(C.2)

Since cosine is less than or equal to 1 everywhere, the term above in large parentheses satisfies

the inequality

N∑
s=1

[Iapp
s ]2 + 2

N∑
s=1

N∑
s′>s

[Iapp
s Iapp

s′ cos
(
r‖(ν0)k⊥ · (θs − θs′)

)
]

≤
N∑
s=1

[Iapp
s ]2 + 2

N∑
s=1

N∑
s′>s

[Iapp
s Iapp

s′ ] = I2
0 ,

(C.3)
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where

I0 =
N∑
s=1

Iapp
s (C.4)

is the total apparent flux of the ensemble. This upper bound is a case of total constructive

interference of all the sources in the ensemble. Depending on the source distribution and

the wave mode of interest, the cross terms may interfere in a number of ways. For instance,

two sources displaced from one another in the direction that is perpendicular to a given

spatial mode will necessarily interfere totally constructively for that spatial mode, which

can be seen by the dot product between k⊥ and θs − θs′ in the argument of the cosine.

On the other hand, there exist other combinations of sources that exhibit total destructive

interference for that same mode. The net effect for a power spectrum measurement depends

crucially on the exact baseline distribution of the interferometer and the nature of the RFI

environment. For instance, in [102], multiple instances of reflective aircraft flying North

to South over the MWA were found, which can be thought of as an ensemble of sources

with North-South displacements. These sources tend to produce stronger measurements on

East-West baselines. On the other hand, a substantially less remote site might experience a

distribution of RFI emitters that is more or less uniform over locations on the sky. Despite

not resembling the physical circumstances of certain instruments and RFI environments, we

calculate the expected power of a random ensemble of narrowband point-sources that are

distributed uniformly and independently over a small patch of sky in order to gain intuition

about the nature of possible coherence of RFI sources. We will also consider the true flux

distribution as being independent of the location of the source on the sky.

Assuming the primary beam of the instrument to have some characteristic opening angle,

θH , we can consider sources distributed over a small square patch of the sky of side length

2θH . Ignoring curvature of the sky, the probability density of a source can then be written

f(θ|θH) =
1

(2θH)2
Π

(
θx

2θH

)
Π

(
θy

2θH

)
. (C.5)

Using the assumption of independent placement, we can write the joint probability distribu-

tion of two sources, labeled s and s′ as the product of the above equation for the different
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sources:

f(θs,θs′ |θH , θH) = f(θs|θH)f(θs′ |θH). (C.6)

Recalling that Iapp
s = A(θs)Is, we integrate over this probability distribution and find that

the expected power of the ensemble is given by

〈Pensemble〉 = ζ(f0)

(
N〈Ã(θ)2〉〈I2〉+N(N − 1)〈I〉2 |Ã(u)|2

(2θH)4

)
, (C.7)

where Ã(θ) is notation meant to indicate the beam clipped at the opening angle, Ã(u) is its

Fourier transform as a function of baseline separation vector, and ζ(f0) is just the prefactor

outside the sums in equation C.1:

ζ(f0) =
1

VM
Ψ(f0)2κ(f0)2r‖(f0)4β2. (C.8)

We have switched from k⊥ to u since quantities involving the primary beam are more readily

understood in this frame.

We define the expected coherency factor, as a function of baseline, as

c(u) =
|Ã(u)|2

(2θH)4
. (C.9)

For a non-negative beam on the sky that is peak-normalized to 1, one can show that this

coherence function is bounded between 0 and 1, with its maximum attained at the origin in

the uv-plane. As an example, for a beam that is equally sensitive out to the opening angle

(a top-hat beam), this function takes the form

c(u) = sinc2(2πθHu)sinc2(2πθHv). (C.10)

This is equal to 1 at the origin and falls off as a power law in any given direction. As a

result, baselines longer than the inverse width of the top-hat primary beam tend to experience

dramatically less coherence than shorter baselines. We expect this intuition to transfer to

the case of a primary beam with more realistic angular dependence by way of typical Fourier

transform reasoning. What we see, then, is that uniformly distributed sources are expected

to add incoherently for most baselines used in analysis, rather than conveniently adding
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destructively, or much worse, constructively. Moreover, we can easily scale the calculated or

simulated power spectrum of a single source such as in §4.3 by a linear factor if we instead

want to consider an ensemble of emitters.

Note that in equation C.7, other than the assumption of independence of angular position,

we have made no assumptions about the nature of the flux distribution of the ensemble. In

principle, one could inform this distribution using studies such as [63] and [84]. This would

allow one to specifically relate the average flux squared (incoherent term) to the average flux

of the ensemble, and, in turn set an average allowed apparent flux of individual RFI sources

within an integration.
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Appendix D

POWER SPECTRA OF CHROMATIC SOURCES DISPLACED
FROM PHASE CENTER

In this appendix, we consider cylindrical power spectra of point-sources that are displaced

from phase center. We find that this creates a wedge. This wedge arises because sources that

are fixed in angular coordinates as a function of frequency appear to move transversely in

cosmological coordinates as a function of line-of-sight distance. This is essentially a redshift-

space distortion. See Figure 8 of [30].

To simplify notation, let us define

νc =
1

2
(νU + νL)

B = νU − νL

h(ν) = I0φ(ν)r‖(ν)2Π

(
ν − νc
B

)
Ψ(ν)

(D.1)

In principle, we could express this in terms of the variable r‖(ν), which we do below without

the need to explicitly evaluate the form of the function after the change of variables. We

have

P (k⊥, k‖) =
1

VM

∫ ∞
−∞

dr‖

∫ ∞
−∞

dr′‖ h(r‖)h
∗(r′‖)e

ik‖(r‖−r′‖)

∫ 2π

0

dφk⊥ e
ik⊥|θ0| cos(φk⊥−φθ0 )(r‖−r′‖)

(D.2)

Using the Anger-Jacobi expansion,1 we see that this is none other than

P (k⊥, k‖) =
1

VM

∫ ∞
−∞

dr‖

∫ ∞
−∞

dr′‖ h(r‖)h
∗(r′‖)J0

(
k⊥|θ0|(r‖ − r′‖)

)
eik‖(r‖−r′‖) (D.3)

where J0 is a cylindrical Bessel function. With appropriate changes of variables, these

1This expansion is actually taken as the definition of the Bessel function of the first kind in [85].
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integrals may be written as

P (k⊥, k‖) =
1

VM

∫ ∞
−∞

dr‖(h ? h)(r‖)J0(k⊥|θ0|r‖)eik‖r‖ (D.4)

where the ? symbol indicates correlation. The autocorrelation of h(r‖) normalized by the

cosmological volume factor is exactly the inverse Fourier transform of the quantity P (0, 0, k‖).

Therefore, from the convolution theorem,

P (k⊥, k‖) =
1

k⊥|θ0|
P (0, 0, k‖) ∗Υ

(
k‖

k⊥|θ0|

)
(D.5)

where the ∗ operator represents convolution over the k‖ direction and Υ(u) is the Fourier

transform of J0(u), given explicitly under these Fourier conventions by

Υ(u) = Π

(
u

2

)
2√

1− u2
(D.6)

which can also be shown using the Anger-Jacobi expansion. This convolution kernel has a

larger width for sources far from phase center and at larger k⊥ modes. For sources near

phase center and typical regions of k-space used in analysis, this kernel is quite narrow.
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Appendix E

UNCERTAINTY DISTRIBUTIONS IN THE POWER
SPECTRUM

This appendix contains work in which the primary author mostly played an advisory role.

Since it is relevant to the work in the main body of this thesis and is not contained elsewhere,

we report it here. Jordan Brown, who is currently a PhD student in the UC Berkeley logic

program, performed some of the original analytic calculations, wrote many of the original

proofs, and spent many hours validating the results with simulations and other numerical

methods.

E.1 Uncertainty Distribution in the εppsilon Power Spectrum Estimator

Following to equation 25 of [8],1 the power spectrum estimator is given by

p ∝ <(xex
∗
o), (E.1)

where xe and xo are the even and odd, weighted data cubes in the Fourier domain that result

from the generalized Lomb-Scargle Fourier transform method. xe and xo are linear trans-

formations of the visibility data. Each has a noise component, which is circular Gaussian.

Breaking each term into a signal and noise component, we have

p ∝ <((se + ne)(s
∗
o + n∗o)). (E.2)

The signal of the even and odd cubes is approximately identical. Thus we can expand this

as

p ∝ |s|2 + <(sn∗o + s∗ne + nen
∗
o). (E.3)

1The equation in that reference is missing a “real component” operator, <, since the sum and difference
cubes are actually modulus-squared.
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For the power spectrum measurements in this work, we are vastly noise-dominated, mean-

ing that we can ignore the cross terms between signal and noise when characterizing the

uncertainty. Thus, we must consider the random variable

W = <(nen
∗
o) (E.4)

Note that the ne and no are independent, but not necessarily identically distributed. Let us

denote their standard deviations with σe and σo.

Consider these complex quantities in terms of the real and imaginary components:

ne = Xe + iYe

no = Xo + iYo.
(E.5)

Then

W = XeXo + YeYo. (E.6)

Each of these iid terms is a product distribution of two independent Gaussian random vari-

ables. Let

WX = XeXo

WY = YeYo

(E.7)

Then the distribution of WX is given by

fWX
(w) =

1

2πσeσo

∫ ∞
−∞

dx

|x|
e−x

2/2σ2
ee−w

2/2x2σ2
o (E.8)

We are free to rewrite this like so:

fWX
(w) =

1

πσeσo

∫ ∞
0

dx

x
e−

|w|
2σeσo

(eln(x
2σo/|w|σe)+eln(|w|σe/x2σo)) (E.9)

Using the substitution t = ln(x2σo/|w|σe), we can write

fWX
(w) =

1

πσeσo

∫ ∞
0

dt e−|w| cosh t/σeσo =
K0(|w|/σeσo)

πσeσo
(E.10)

where K0 is a modified Bessel function of the second kind, and the final identity can be found

using contour integration methods [100].
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W is a sum of two independent terms with exactly this distribution. The resulting sum is

distributed according to the autoconvolution of the above distribution. Rather than compute

this convolution directly, we instead evaluate the square of the characteristic function, which

is the characteristic function of the autoconvolution by the convolution theorem. From [2],

we have

K0(x) =
1

2

∫ ∞
−∞

dk
cos(kx)√
k2 + 1

(E.11)

Since sin(kx) is odd and
√
k2 + 1 is even, we may write this as

K0(|x|)
π

=
1

2π

∫ ∞
−∞

dk
e−ikx√
k2 + 1

(E.12)

where we have taken advantage of the fact that only the even part of e−ikx contributes to

the integral in order to introduce the |x| on the left-hand-side. Fourier inversion and the

convolution theorem implies then that the characteristic function of W is

E[eikw] =
1

σ2
eσ

2
ok

2 + 1
(E.13)

which is precisely the characteristic function of a biexponential random variable centered on

the origin with a rate constant of 1/σeσo. Due to a statement of the central limit theorem

by Lyapunov, the fact that a biexponential random variable has finite mean and variance,

as well as zero skew, implies that the sample means converge to a Gaussian distribution in

the limit of large sample size. Simulation methods show that this convergence is quite rapid,

meaning that many of our spherical power spectrum bins can be characterized as having

Gaussian uncertainties.

E.2 Distribution of the Difference Power Spectrum

Another noise estimate used in εppsilon is to take the modulus square of the difference of the

even and odd cubes, hereon the difference power spectrum. The difference of two independent

circular gaussian random variables is yet antoher circular gaussian random variable. The

variance of each component of the differenced quantity is the sum of the variances of each

component. The modulus square of a circular Gaussian random variable is an exponential
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random variable with rate constant equal to the reciprocal of twice the variance of the

gaussian components. Thus, each voxel of the difference power spectrum is exponentially

distributed so long as the difference is not corrupted by non-thermal contributions e.g. RFI

or residual sky signal.

Recall from the previous section that the thermal distribution in the voxels of the power

spectrum estimator are bixeponentially distributed with rate constant 1/σeσo. Such a dis-

tribution has a variance of 2σ2
eσ

2
o . The corresponding voxel in the difference power spectrum

has a mean value of 2(σ2
e + σ2

o). If σe ≈ σo, then the standard deviation of the biexponential

distribution is approximately equal to the expected value of the difference power spectrum

up to a constant factor. Since means and (co)variances add in predictable ways, we can

compare these two different noise metrics in a straight-forward way as a form of validation

in the pipeline at different levels of k-space averaging.

We note here that calculation of the probability density function of a sum of exponential

random variables is analytically tractable. The calculation can be performed by making use

of the convolution theorem, i.e. transforming to the Fourier domain, multiplying the char-

acteristic functions, and inverting the Fourier transform. The inversion requires a contour

integral. All the residues lie in one half of the complex plane, and Jordan’s Lemma show

that a pair of semicircular contours yields the answer. If all the rate constants of the set of

exponentials are distinct, the poles are all simple. If any of them have multiplicty greater

than 1, those poles are not simple. After a rather gory calculation with a dizzying number

of factors of i, the final expression is

fY (y) = θ(y)
n∑
j=1

mj−1∑
m=0

λ
mj
j

(mj −m− 1)!m!
ymj−m−1e−λjyΨmj(−λj), (E.14)

where Y is the summed random variable, θ(y) is the Heaviside step function (i.e. the variable

is positive definite), λj are the unique rate constants in the set, mj are their multiplicities,

and Ψmj is given by:

Ψmj(t) =
dm

dtm

[∏
l 6=j

(
λl

λl + t

)ml]
(E.15)
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E.3 The Phase-type Distribution

It turns out that arbitrary sums of erlang mixtures (a set of which the above distribution

is an element) can actually be described rather neatly using what is called a Phase-type

Distribution, which commonly occurs in queuing theory (need a reference). A phase-type

random variable has probability density function

fZ(z) = α exp
(
zS
)
S0, (E.16)

where S is expressed in terms of a transition rate matrix Q for a continuous-time markov

process of order m+ 1, where the 0th state is the absorbing state:

Q =

 0 0

S0 S

 . (E.17)

α represents the initial state of the process in the nonabsorbing states,2 S0 = −S1, 1 is a

vector of all 1’s, and exp denotes a matrix exponential.

For a sum of exponential random variables with two distinct rate constants of multiplicty

2 and 3, we would use the parameters

α = (1, 0, 0, 0, 0) (E.18)

S =



−λ1 λ1 0 0 0

0 −λ1 λ1 0 0

0 0 −λ2 λ2 0

0 0 0 −λ2 λ2

0 0 0 0 −λ2


(E.19)

. This special case is known as a hypoexponential random variable.

If the rate constants are known, as in our case, then this allows for an efficient numerical

computation of the probability density function that describes the difference power spectrum.

Moreoever, a biexpoential random variable can be written as a difference of two exponential

2Usually the probability of starting in the absorbing state is assumed to be 0.
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random variables with identical rate constants. A sum of independent biexponential random

variables can thusly be written as a difference of two phase-type random variables. Therefore,

one could also use the phase-type distribution to numerically calculate the error bars for the

non-Gaussian bins in the power spectrum estimator as well. This is not yet implemented

in εppsilon. There is one final caveat to mention, which is that the voxels in the power

spectrum are not strictly independent, but are lightly correlated. We find empirically that

bins used for limit estimation are still largely Gaussian, and since covariances neatly add, the

error bars are still properly estimated for those bins. Before this formalism can be properly

implemented in εppsilon, we would need to assess the effect of such correlations on the

resulting probability density function to determine the relationship between the summed

variances and the actual confidence intervals that the error bars express.
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Appendix F

POWER SPECTRUM WALL OF SHAME

We show all power spectra that were used to remove observations from the 21-cm power

spectrum upper limit in Chapter 7 that were not determined to contain RFI using only

SSINS. We show them in no particular order, along with the number of observations present

in each integration. Since the excess window power is almost exclusively observed in the East-

West polarization, we show only power spectra in that polarization. There is some overlap

between the lists, resulting in an observation count higher than 119, which is the number of

observations finally removed from the limit calculation.
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19 obs 15 obs 14 obs 16 obs 13 obs 17 obs 13 obs

10 obs 10 obs 11 obs 2 obs 14 obs 17 obs 1 obs

Figure F.1: All subintegrations that were determined to possess clear indications of RFI

contamination in the EoR window that were subsequently removed from the limit integration.
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185

J. Conway, M. de Vos, R. J. Dettmar, J. Eisloeffel, H. Falcke, R. Fender, W. Frieswijk,
M. Gerbers, J. M. Griessmeier, A. W. Gunst, T. E. Hassall, G. Heald, J. Hessels,
M. Hoeft, A. Horneffer, A. Karastergiou, V. Kondratiev, Y. Koopman, M. Kuniyoshi,
G. Kuper, P. Maat, G. Mann, J. McKean, H. Meulman, M. Mevius, J. D. Mol, R. Ni-
jboer, J. Noordam, M. Norden, H. Paas, M. Pandey, R. Pizzo, A. Polatidis, D. Raf-
ferty, S. Rawlings, W. Reich, H. J. A. Röttgering, A. P. Schoenmakers, J. Sluman,
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Duin, J. Eislöffel, J. van Enst, C. Ferrari, W. Frieswijk, H. Gankema, M. A. Gar-
rett, F. de Gasperin, M. Gerbers, E. de Geus, J. M. Grießmeier, T. Grit, P. Gruppen,
J. P. Hamaker, T. Hassall, M. Hoeft, H. A. Holties, A. Horneffer, A. van der Horst,



191

A. van Houwelingen, A. Huijgen, M. Iacobelli, H. Intema, N. Jackson, V. Jelic, A. de
Jong, E. Juette, D. Kant, A. Karastergiou, A. Koers, H. Kollen, V. I. Kondratiev,
E. Kooistra, Y. Koopman, A. Koster, M. Kuniyoshi, M. Kramer, G. Kuper, P. Lam-
bropoulos, C. Law, J. van Leeuwen, J. Lemaitre, M. Loose, P. Maat, G. Macario,
S. Markoff, J. Masters, R. A. McFadden, D. McKay-Bukowski, H. Meijering, H. Meul-
man, M. Mevius, E. Middelberg, R. Millenaar, J. C. A. Miller-Jones, R. N. Mohan, J. D.
Mol, J. Morawietz, R. Morganti, D. D. Mulcahy, E. Mulder, H. Munk, L. Nieuwenhuis,
R. van Nieuwpoort, J. E. Noordam, M. Norden, A. Noutsos, A. R. Offringa, H. Olof-
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