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• Low-Frequency Sea Level Oscillations along the
Pacific Coast of North America1

GUNNAR I. RODEN

Department 0/ Oceanography, Univemty 0/ Washing lon, Beattle

The information obtainable from monthly mean sea level records and the joint variation
of se~ le!el, ~tmo~pheric pressure, ~~ sea temperature are analyzed. The spectrum of sea
level 18 time m!arIant and. sh~ws mgnIfic8;I1t peaks only at frequencies corresponding to the
annual and semIannual oscillations. The blspectrum of sea level indicates a weak interaction
of the annual !requency with itself, as well as with other frequencies. Secular sea level changes
a.long the Pacl~c coast are related tc;» land subsidence and uplift. The mean duration of posi­
tive and negatIve sea level anomalies from long-term monthly means is of the order of 3
months. Extrem~ durations vary between 10 and 34 months and are closely related to large­
scale atmosphenc disturbances. The areal coherence of nonperiodic sea level fluctuations is
of the .or~er of 1200 km. At temper~te and high latitudes there is good coherence between
no~penodic s.ea level and atmosphenc pressure oscillations. The response between these two
vanables vanes from -0.9 cm/mb to -2.3 cm/mb in the frequency range between 1 and 6
?ycl~ p~r yea~. The ~oherence betwe~n nonperi~dic sea level and sea temperature fluctuations
18 high m troPl~ latitudes and low m polar latitudes. The response is largely independent of
frequency, varym~ from 1.0 to 2.7 cmrC. These findings are in agreement with the coefficient
of thermal expanSIon of seawater and the depth of the mixed layer. .
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INTRODUCTION

Sea level records from stations along the Pa­
cific coast of the United States date back to
the 1850's, when the U. S. Coast Survey estab­
lished tide stations at San Diego and San Fran­
cisco, California, and at Astoria, Oregon. Sev­
eral stations have since been added, mostly at
commercially important ports. The records
cover a substantial period of time, and it is in­
teresting to consider what oceanographically
useful information can be extracted from them
by modem statistical means.

The recording of sea level yields a time series
that expresses the displacement of the sea
relative to that of the land. The processes that
take place in the earth's crust are usually slow
in comparison with the day-to-day and month­
to-month changes in water level but not neces­
sarily with regard to the year-to-year and the
secular changes. This has an important bearing
upon the interpretation of records. Although
short-term sea level oscillations almost cer­
tainly reflect fluctuations in water level, long­
term trends tend to represent differential mo­
tion between the water and the land.

1 Contribution 385 from the Department of
Oceanography, University of Washington, Seattle.

At any fixed location the sea level record is a
complicated function of time, involving pe­
riodic components as well as continuous ran­
dom fluctuations. The periodic motion is due
to the gravitational effects of the sun-earth­
moon system as well as to the effects of solar
radiation upon the atmosphere and the ocean.
The random fluctuations are principally of
meteorological origin and reflect the effect of
'weather' upon the sea surface. If the periodic
and random oscillations were truly independent
of each other, they could be studied separately
and without cross reference. This has been done
in the past and has met with some success,
notably in the prediction of tides. More re­
cently, however, some evidence that the periodic
and random fluctuations are not independent of
each other has accumulated, leading to such
phenomena as 'tidal cusps' in the spectrum
[Munk, Zetler, and Groves, 1965]. It is perti­
nent, therefore, to ask what characteristics of
sea level fluctuations can be determined that
have a meaningful stability. In particular, the
problems considered in this paper deal with
(l) the dependence of the sea level spectrum
upon time, (2) the stability of trends, (3) the
bispectrum of sea level, (4) the mean and ex­
treme durations of nonperiodic sea level fluc-
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Fig. 1. Spectrums for sea level (z) and its time gradient (t!z/lit). Dots refer to the ob­
served records, circles to those from which the hydrostatic effect of atmospheric pressure has
been eliminated. The arrows indicate the 95% confidence limits.
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tuations and associated probabilities, (5) the
areal coherence of nonperiodic sea level fluctua­
tions, and (6) the dependence of nonperiodic
sea level fluctuations upon those of atmospheric
pressure and sea temperature.

THE SPECTRUM OF SEA LEVEL

The spectrum of sea level represents the dis­
tribution of lenergy,' or mean-square oscilla­
tion, over a range of frequencies. It is based on
the assumption of a stationary, Gaussian, and
ergodic process, which implies that all relevant
information can be obtained from the second
moments of a finite piece of record, irrespective
of any origin in time [Lee, 1960; Yaglom, 1962].
If, as often happens with geophysical time
series, the above assumptions are only partially
fulfilled, the spectrum yields only limited in­
formation on the nature of sea level fluctua­
tions. Characteristically, the energy associated
with each frequency band in an ordinary spec­
trum is independent of the energy in any other,
which is equivalent to assuming no interaction
among different frequencies.

The sea level spectrum is roughly known in
the frequency range between 30 cps and 1 cycle
in 30 years. It 'consists of a series of more or
less broad peaks superimposed upon a fluctuat­
ing level of random noise. The most prominent
peaks are du~ to the diurnal and semidiurnal
components of the tide and to sea and swell.
Lesser peaks, having typically only 1% of the
energy density of the sea-swell band, are due
to surges, shelf waves, and surf beat [Munk,
Tucker, and Snodgrass, 1957]. The peak cor­
responding to the annual sea level oscillation
has about 10% of the energy density of the
sea-swell band. On the high-frequency end of
the spectrum, there is a very small peak due
to capillary waves; its energy density is only
0.001% of that contained in the sea-swell band.
There are also some peaks that occur in limited
areas of the ocean. A 4-day oscillation has been
reported from the equatorial Pacific [Groves
and Grivel, 1962] and near Australia [Hamon,
1962], but it has not been found elsewhere.

Not all of the theoretically expected tidal
components have been located in the sea level
records. Although the problem of resolution has
been solved in some instances [Munk and Has­
selmann, 1964], there remains the serious prob­
lem of interaction between the continuous

Inoise' spectrum and the tidal lline' spectrum.
One manifestation of such interaction is the
cusplike rise of the continuum toward tidal fre­
quencies [Munk, Zetler, and Groves, 1965]. At
frequencies 'much lower than 0.1 cycle per year
(cpy), the determination of the sea level spec­
trum presents considerable difficulties. Part of
it is' undoubtedly due to the shortness of the
available records, but a more serious deficiency
is the apparent impossibility of separating the
motion of the sea from that of the land. It is
therefore hardly surprising that the theoreti­
cally predicted 18.6-year period due to the
moon's orbital motion has not yet been found
in any of the analyzed spectrums.

In the following we shall consider in detail
the spectrum in the frequency range. between
oand 6 cpy, with a resolution of 0.125 cpy. The
spectrums ,vere calculated from monthly mean
sea levels obtained from hourly values by an
arithmetic average. This essentially filters out
high-frequency fluctuations.2 In addition, the
linear trend was removed from the records to
make the time series as stationary as possible.

In Figure 1 the dots refer to the original rec­
ords and the open circles to those from which
the hydrostatic effect of atmospheric pressure
has been eliminated by assuming that a pres­
sure increase of 1 mb decreases the sea level by
1 em. This so-called linverted barometer effect,'
first described by Gissler [1747], follows im­
mediately from the hydrostatic equation. As
expected, elimination of the atmospheric pres­
sure effect decreases the total energy contained
in the spectrums. The decrease is much more
pronounced in high than in low latitudes owing
to the greater variability of atmospheric pres­
sure in the former region.

The only significant peaks in the spectrums
shown here are those corresponding to the
annual and, in some cases, to the semiannual
oscillations. These peaks are essentially of me­
teorological and radiational origin, reflecting
the shift of air masses from winter to summer
and the annual cycle of solar heating. A char­
acteristic feature of the sea level spectrum is

2 It would have been better to apply a more ef­
fective filter to the hourly data to suppress high­
frequency fluctuations. Unfortunately, I had ac­
cess' only to the published monthly means and
not to the original hourly values.
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the increase in energy density with decreasing
frequency. This phenomenon of a 'red spec­
trum/ a term. based on analogy with certain
light spectrums, is principally observed in big
city ports such as Honolulu, San Diego, San
Francisco, and Seattle. It is usually not char­
acteristic of small fishing harbors such as Neab
Bay, Washington. There remains the distinct,
but yet unexplored, possibility that the growth
of the city and the placing of structures on
wharves and piers leads to the local settling of
the ground on which the reference benchmark
is located. If this is so, the 'redness' of the
spectrums can be explained by slow changes of
the earth's crust due to activities by man.

The redness of the sea level spectrum can be
eliminated by studying its time derivative.
Typical features of the time-derivative spec­
trum are that its energy density is low at low
frequencies and that it increases with increasing
frequency. To a certain extent, these results
are expected. The time-derivative spectrum can
be obtained from the original spectrum by mul­
tiplying it by frequency squared [Lee, 1960].
If the energy density of the original spectrum
decreased with increasing frequency, the energy
density of the time-derivative spectrum should
be exactly zero at zero frequency and should
approach zero at high frequencies. The actual
time-derivative spectrums shown in Figure 1
differ from this for two reasons. First, with a
finite record length, the first spectral estimate
is not made at exactly zero but at a frequency
centered at ~ times the resolution [Munk,
Snodgrass, and Tucker, 1959]; hence the energy
density is not zero at the low-frequency end of
the spectrum. Second, because of environmental
high-frequency noise and measurement errors,
the energy density of the sea level spectrum
does not decrease with increasing frequency
but approaches a rather constant 'background
noise' level. Thus there is a tendency for the
observed time-derivative spectrum to increase
as frequency squared, at high frequencies.

A problem of considerable practical im­
portance concerns the time variation of the
sea level spectrum. In a truly stationary time
series the spectrum should be independent of
any translation in time. This means that spec­
trums computed over different time intervals
should be identical. To find out whether this
actually happens, spectrums were computed

for successive 30-year intervals for all stations
having 45 or more years of continuous record.
The results are shown in Figure 2. Each ordi­
nate consists of a series of points (sometimes
merged into aline) equal to the total number
of 3D-year periods in the record. The frequency
resolution is 0.125 cpy and the arrows indicate
the 95% confidence limits [Blackman and
Tukey, 1959]. The outstanding feature is that
at most stations the energy density fluctuations
are statistically insignificant. The sea level spec­
trums for these stations are therefore time in­
variant. This is a noteworthy result because it
permits us to regard the sea level fluctuations
as stationary.

THE STABILITY OF TRENDS

Sea level is recorded relative to a fixed bench­
mark. Movements of both the water and the
land may contribute to its change. As far as
long-term, or secular, changes are concerned,
only this differential motion between water and
land can be determined accurately. The causes
for the secular sea level change cannot be found
from a study of tide-gage records alone; in:­
stead, comparable records of atmospheric and
oceanic variables and repeated geodetic sur­
veys must be studied. At present, only the
former method is feasible. If the climatological
records contain no long-term trends, we can
assume that land motion caused the observed
sea level change. If trends do exist in the cli­
matological records, the relative contribution to
the sea level trend may be determined from a
knowledge of the response factors between sea
level and the climatic variables. On very long
time scales the effect of glacial melting must be
considered. If the melting occurs on a global
scale, the sea level changes caused by this
process should be the same along all coasts.
There is, however, no conclusive evidence of
such an occurrence during the last 100 years.

Along the west coast of the United States,
climatic fluctuations over the past century have
been stationary and are noted for the absence
of long-term. trends [Roden, 1965, 1966]. The
rather pronounced sea level trends observed "at
some stations are therefore due to land motion.
Evidence of topographic movements of the land
in many coastal regions has been given [Mar­
mer, 1951]. In southeast Alaska, for example,
the land has risen from 1 to 4 m during the

:
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correlations are of an exponential type and
may, to the first approximation, be fitted by a
simple exponential curve [Roden, 1960]. De­
noting the sea level fluctuations by z(t), the
decay constant of the autoc'orrelation by c, the
total record length by T, the variance by mo,
and time by t yields the linear trend

~ 0.03~~ 0.02
u 0.01
!: 0

IS -0.01

~

past century [Hicks and Shofnos, 1965], a rate
~ of rise which exceeds even the 0.5- to 1-m per

century rate observed in Fennoscandia [Heis­
kanen and Vening Meinesz, 1958]. The uplift
in these regions is thought to be the result of
postglacial isostatic adjustment of the earth's

Q.

crust.
In contrast to these slow changes, earth­

quakes may lead to sudden displacements of
" large pieces of land. The great Alaska earth-

a quake of March 27, 1964, affected an area in
excess of lQ'l kmll and changed land elevations
by 2.5 m in places [Grantz et al., 1964]. Nor
are endeavors by man always negligible in
bringing about local movements of the land on
which benchmarks are located. The possible
effect of city growth on land settlement was
mentioned above. There is evidence in the
Panama Canal Zone that the excavation and
subsequent filling 'with water of Gatun Lake
decreased the local benchmark elevations by
several centimeters between 1908 and 1938
[Sheldon, 1938; Roden, 1963b]. The exploita­
tion of oil reserves off Terminal Island, Cali­
fornia.,resulted in a rather constant land sub­
sidence rate of 5 em/year between 1942 and
1959, the harbor facilities (where the bench­
mark is located) literally sinking into the sea.
Fortunately, this trend has now been arrested
by pumping water into the partially depleted
oil reservoirs. All this serves to emphasize that,
along the west coast of North America, tectonic
forces and activities by man have to a con­
siderable degree affected the stability of bench­
marks to which sea levels are referred.

It is of interest to inquire into the stability
o of sea. level trends. Obviously, the trend can­

not be a constant for all time; otherwise the
sea level might increase or decrease to infinity.
A particular piece of record may be fitted with
a trend, but its value will frequently differ
from that computed for any other comparable

.A record length. To see what the time variations
are, T computed the linear trend for successive
30-year periods for all stations having 45 or
more years of continuous record. The mean
montb-to-month variation was eliminated by
subtraction before starting the computations in

, order to avoid interference between periodic
and random components. A noteworthy feature
of the resulting nonperiodic sea level fluctua-

, ti~ns is that they are autocorreIated. The auto-



4762 GUNNAR I. RODEN

fluctuations, which is related to the coefficient
of skewness by

,

•

(7)

(G)

(4)

j = 1,2, ... ,n
for

t' = 1,2, ... , N

where WN(t') is a weighting function given by

F(TIt T2)

1 ( ?TTI)( + ?TT2 )= - 1 + cos-- 1 cos--
4 Tmax T mBx

where T mu: denotes the maximum lag used in
the bicorrelation.

Thus the calculation of the bispectrum
closely parallels that of the ordinary spectrum.
The chief drawback to this straightforward
method is that it is wasteful of computer time
because of the number of multiplications in­
volved. A different approach to obtain the
bispectrum is sometimes used [Haubrich, 1965].
The original time series, z(t), is divided into
n groups of length N each. For each of the
groups the Fourier transform is computed from

WHet') = 31/2(2t' - l)/N

for t' = ·1,2, ... , N/2 (8)

The bispectrum is then obtained from the av­
erage triple product

where (1)1 = 27r/1 and b>jz = 27;'/2 denote fre­
quency and F (Tl' T:l) is a suitable two-dimen­
sional fading function which is used to avoid
serious side bands. No two-dimensional fading
function appears to have been worked out,
though to a first approximation one might try
a generalized ITukey fader' of the type

",Co, 0)
'Y = ["'(0)]3/2

where ",(0) is the variance of the record, ob­
tained from (z(t)~.

The bispectrum can be obtained from °a two­
dimensional Fourier transform of the bicorrela­
tion as follows:

"'(Tit T2) = (z(t)z(t + Tt)Z(t + T2» (3)

where z (t) denotes sea level as a function of
time t, T1 and Ta are lags, and the angle brackets
denote the average with respect to time. Be­
cause of the various symmetries involved, the
bicorrelation is fully determined in the· octant
T1 > T2 > o. Note that "'(0, 0) denotes the
mean cube power associated with the sea level

The results of the computations are shown
in Figure 3. The linear trend computed for
successive 30-year periods is not constant but
varies more or less irregularly with time. The
rms error of the estimate also changes with
time, but its variation is so small that it is a
constant to the decimal places given in the
figure. At Balboa, Panama, the irregular fluc­
tuations are small, falling within the limits of
the rms error; hence the trend may be regarded
as constant. At Honolulu, Hawaii, the trend
fluctuates widely and shows no apparent pat­
tern. At San Diego, California, the time change
of the linear trend is almost constant, suggest­
ing a parabolic increase in sea level. At San
Francisco, California, and at Seattle, Washing­
ton, the sea level increase appears to have been
parabolic in the early part of the record and
linear later. The time change of the trend thus
appears to be different for each station, which
largely suggests local land motion rather than
climatic variation as the cause of the observed
secular sea level change.

THE BISPECTRUM OF SEA LEVEL

To a first approximation the sea level fluc­
tuations may be regarded as a linear superpo­
sition of statistically independent waves. This
leads to the concept of the (ordinary) spec­
trum, which is fully described by the second
moments of distribution. If the process under
consideration is nonstationary, or if there is
interaction among different frequencies, the
ordinary spectrum no longer suffices. The sim­
plest extension is to study interaction between
pairs of frequencies, which leads to the bispec­
trum [Hasselmann et al., 1963; Haubrich,
1965].

The bispectrum is completely described by
the third moments of distribution. A funda­
mental measure of the third moment of distri­
bution is the bicorrelation, defined by



In many applications it is important to know
the mean and extreme durations of sea level
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Fig. 4. Bicoherence of sea. level. For clarity,
only values 0.15 or larger have been entered. Note
the ridges extending from the annual frequency
pair (I, 1).

and the biphase from

where the bar denotes the complex conjugate.
Since the bispectrum is complex, it is of ad­

vantage to express it in polar form. In analogy
with the ordinary spectrum, the bicoherence is
obtained from

f. ) _ t -1 1m [8(CAJI' CAJ2)]
11'\CAJIJ CAJ2 - an Re [8(CAJ1I CAJ2)]

The bicoherence and the biphase express the
degree of interaction between the frequencies
Wi, £l>t, and (1)1 + £l>t. If the bicoherence equals
1, the interaction is perfect; if it equals 0, there
is no interaction. For most geophysical time
series, the values will lie somewhere in between.

In practical analysis, difficulties arise because
of discrete sampling and a finite record length.
If samples are taken At time units apart, the
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Nyquist frequency is given by IN = (2At>-1.
If there is any nonzero energy density associ­

BICOHERENCE ated with frequencies above the Nyquist fre-
• 0.21-0.25 quency, it will be folded back toward lower
~ ~·~1;0.20 frequencies. This phenomenon is called 'alias­

ing' and results from undersampling a func­
tion [Hamming, 1962]. To avoid aliasing in
the bispectrum, the sampling. must be frequent
enough to ensure that the bispectrum is small
at all frequencies outside the region 1/11 ::; IN,
111I1 ~ IN, 111 + 121 ~ IN. On the other hand,
because of the various symmetries involved,
the bispectrum (of a continuous and infinitely
long record) is determined by its values in the
octant 0 ~ 11 < 00, 0 ~ I,l ::; fl' Multiplying

oL.-----!-----±---~---!:----±---~6 these two regions together yields a triangular
region for which the bispectrum of a discrete
and finite process is determined [Hasselmann
et al., 1963]. The triangular region is defined
by the frequency pairs (0,0), (fN, 0), and ('I2IN,
'I2IN).

The bicoherence and the biphase were com­
puted for all stations with more than 45 years
of record. A typical example is shown in Fig­
ure 4. The station selected is Seattle, Wash-

(9) ington, but the essential features are repeated
at all other stations. Over the whole triangular
region, the bicoherence is remarkably low, in­
dicating that no strong interaction takes place
between pairs of frequencies. The highest value
of the bicoherence (0.25) occurs at the fre-
quency pair (1, 1). This suggests that there
is some weak interaction of the annual peak
with itself to produ.ce a semiannual peak. The
ridges extending from the frequency pair (1, 1)
might indicate that there is also interaction of
the annual frequency with most other frequen­
cies, but, as the confidence limits for the bico­
herence have not yet been worked out, the
significance of this low ridge cannot be de-
termined. The biphase (not shown) at the

(11) frequency pair (1, 1) is 5°, and along the
ridges it fluctuates not more than 15° from
zero. This means that the interactions are es­
sentially in phase. Where the bicoherence is
less than 0.15, the biphase fluctuates randomly,
as expected.

DURATION OF SEA LEvEL OSCILLATIONS ABOVE

AND BELOW ARBITRARILY SELECTED LEvELs

•

•

a
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fluctuations. Suppose we have a record of
monthly mean sea level from which the mean
annual oscillation and the long-term trend have
been eliminated and we wish to determine the
duration of the remaining fluctuations above
or below some level of interest. We may draw
a horizontal line at that level and divide the
record into two separate parts. The upper part
will consist of a sequence of random pulses of
varying duration and the lower part will fur­
nish another such sequence. For each, we count
the duration of the individual pulses and de-

te~e the probability function. From it we
may compute the mean, the variance, and other
relevant statistical parameters.

If the record under consideration is station­
ary and Gaussian, the mean duration can be
determined from a knowledge of the variances
of the original variable and its time derivative
[Rice, 1958; Longuet-Higgins, 1962]. Let z(t)
denote sea level, and z' (t) its first derivative
with respect to time. The mean duration above
an arbitrarily fixed level I (or below -1) is
then given by

BALBOA, c.z. PANAMA SAN DIEGO, CALIF. SEATTLE, WASH.

•

•

o +10-20 -10

10

10

100

100

1000

1000

-10 0 +10
ANOMALIES ABOVE (CM)

10

10

100

100

1000

1000

o -to 10-10

100

1000

10

100

10

VI

~zo
:e
~

z
o
~ 1000
a:
:>
o

+10 a -10 +to 0 -10 i-20 +10 0 -10
ANOMALIES BELOW (CM) ..

Fig. 5. Observed (dots) and theoretical (solid curve) mean durations of sea level anomalies
(from long-term monthly means).
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DUR (z(t» = 71'(::r/
2

exp (I2j2mO)

(1
2 rllmo

•
l

• -1"/2 d ) ( 2). - (271')1/2 .1
0

e t 1

where mo = «z(t)l!» and m:l = ((z'(t)2) are
the variances of z (t) and z'(t ), respectively.

The agreement between calculated and ob­
served mean durations is shown in Figure 5.
The dots refer to the observations and the
curves were derived from (12). The agreement
is reasonably good. The mean duration above
a fixed level decreases rapidly as that level in­
creases, confirming the empirically known fact
that large anomalies do not last long. The
mean duration below a fixed level shows similar
features. The average duration above or below
the zero level is of the order of 3 months, and
it decreases slightly with increasing latitude.

The cumulative probability distributions for
the duration of positive and negative sea level
anomalies (from long-term monthly means) are
shown in Figure 6. The ordinate gives the dura­
tion on a logarithmic scale and the abscissa de­
notes the probability on a normal scale. The
dots refer to the observed probabilities and the
straight line was fitted to them by inspection.
The outstanding feature is that, for durations
not exceeding two or three times the mean
duration, the cumulative probability distribu­
tions are log-normal. This is a characteristic
feature not only of sea level but also of atmos­
pheric pressure and temperature fluctuations
[Roden, 1964a, 1965].

Having determined the mean and the proba­
bility distribution of the duration, it is of in­
terest to investigate other possible useful meas­
ures that characterize the process. Suppose we
want to know whether the departures from the
mean duration are persistent, i.e., whether one
long duration is likely to be followed by
another. We caD solve the problem by com­
puting the autocorrelation for the random se­
quence of duration pulses. This was done for
several stations. At all of them the autocorrela­
tion consisted of a large spike at the origin,
followed by very small random fluctuations.
The physical meaning of this is that the dura­
tion pulses are not persistent; on the average,
therefore, one long duration is not likely to be
followed by another. This makes it difficult if
not impossible to predict the future duration
from a knowledge of the past durations.

In studies of historical records of nonperiodic
sea level fluctuations, the question arises as to
the extreme duration of such fluctuations above
and below specified levels. At present, this
problem can be solved only empirically. In
Table 1 are listed the observed extreme dura­
tions of positive and negative anomalies. Posi­
tive anomalies last from 10 to 34 months, and
negative ones from 12 to 19 months. There is
a tendency for the eA"treme durations to be
slightly less at high than at low latitudes. An
examination of the dates of occurrence of the
extremes brings out the interesting fact that
they occurred more or less simultaneously over
long distances. This strongly suggests that

TABLE 1. Observed Extreme Durations, in Months, of Sea Level Anomalies
from Long-Term Monthly Means

Dates of occurrence are also given. The reference period is from 1926 to 1963 except for Neah Bay
(1935-1963) and Sitka (1938-1963).

Positive Anomalies Negative Anomalies
N Lati- W Longi-

Station tude tude Months Dates Months Dates

Balboa, Canal Zone 8°58' 79°34' 28 Jan 1957-Apr 1959 15 Mar 1949-May 1950
San Diego, Calif. 32°43' 117°10' 34 Apr 1957-Jan 1960 19 Oct 1932-Apr 1934
La Jolla, Calif. 32°42' 117°15' 34 Apr 1957-Jan 1960 18 Sep 1932-Feb 1934
Los Angeles, Calif. 33°43' 118°16' 28 Oct 1957-Jan 1960 18 Sep 1932-Feb 1934
San Francisco,

Calif. 37°48' 122~' 23 Apr 1957-Feb 1959 18 Jun 19M-Nov 1955
Seattie, Wash. 47°36' 122°20' 15 Dec 1957-Feb 1959 16 Apr 1938-Jul 1939
Neah Bay, Wash. 48~2' 124°37' 17 Sep 1940-May 1942 16 Apr 1938-Jul 1939
Ketchikan, Alaska. 55~0' 131°38' 18 Dec 1940-May 1942 13 Jul 1961-Jul 1962
Sitka, Alaska 57°03' 135~0' 10 Dec 194O-Sep 1941 12 Nov 1950-0ct 1951



SEA LEVEL OSCILLATIONS 4767

NEAH BAY, WASH. - TOFINO, B.C. (0" 119 km)

Er~'::~:~:~':~:~::':::':::'::':::'::'::':::' E:.::~~~:~-~~:~~:.~:.~~:.:.::.~::.~.
0.2 I Iii , 0.2 L....---,r-----,.--.--____r---,--....,

23456 23456

6s

1.0 [ ..;;:= , _ :.: ....
00 -..oOOOOoo"OofPOP 0

0.8
0.6 •

0$1

Q2 i 2 3 4

NEAH BAY, WASH. - SEATTlE, WASH. (0: 230 kml

:t-~h;~ ...-:
~ _. m_, ~~ ~ , :__=

I 234 5 6

5

4

43

32

2

6

65

5

4

4

3

3

2

2

1.0
0.8
0.6
0$1
0.2 L----,r-----,.--.--____r---,--...,

1.0
0.8
0.6
0$1
0.2 L---...,r----.-~-___._-__._-.....,

w
u
zwa:
w
::t:

8
...J

~
~

•

.. .. . ... .. ...- .-. ......:_:.__...... ~--~ _•.=._:.--:.-_••.,~-_.__•

NEAH BAy' WASH. - SITKA, ALASKA (0 " 1280 km)

lO
0.8
0.6
OA

0,2 L---,r---.2-~3----.-4-----r5-....,6

1.0
0.8
0.6
0.4
0.2 L-.-.-----.

2
r-----,.3---r

4
--

S
...---,6•

o

(D" 1628 kml

5

NEAH BAy' WASH. - YAKUTAT, ALASKA

1.0

0.8 • ••
0.6 ---------~!1::!.-- ..-..:-.'l~---..;!.-i'.
O I' ~o~~· ~.o":& 0 i o

o 0 0 1I
A aa 0 0 : ....lI a

0.2 L--,---,-----...-----...----"1..-----.
2 3 4 5 6432

1.0

0.8

0.6 ~-·r-....i·--.-.;'if".--~--~---
o t' 0;Sv'iP' ·.oooso 0 0 eo:O ~aaee

OA:; a. -i'
0.2 o!:--F-"'T""'"-"'--"""T'"-"""T'---'

6

1

1

FREQUENCY (c p yl

Fig. 7. Areal coherence of nonperiodic fluctuations of sea level (z) and its time gradient
(Az/At). D denotes the shortest distance between station pairs. Dots refer to the observed rec­
ords, circles to those from which the hydrostatic effect of atmospheric pressure has been
eliminated (where possible). The dashed line refers to the 95% confidence limit.



4768 GUNNAR I. RODEN

6543265

SAN DIEGO, CALIF. - LA JOLLA, CALIF. (0 =31 km)
lO __

o.S •••••

0.6

0.4

0.2
o

432

................................................lO
0.8
0.6

0.4
02
OL-.--r--,..----,.---,---.---,

6

6

5

5

4

4

i

3

3

(0 = 480 km)

I

2

2

6

6

5

I

5

SAN DIEGO, CALIF. - AVILA, CALIF.

1.0

0.8

0.6

0.4

0.2

o

SAN DIEGO, CALIF. - LOS ANGELES, CALIF. (0 = 176 km)

lO
Uaa8&&8e&&e888a38118e&eea~&8&ell.··ee&& oIlS~~~~

0.8
0.6

0.4

0.2
o

4

i

4

3

i

3

2

2

1.0

0.8
0.6

0.4

0.2

o

1.0

0.8
0.6

O~

0.2
o

w
uz
w
a::
w
:r:o
u
-J«w
a::«

".
6543265

SAN DIEGO, CALIF. - SAN FRANCISCO, CALIF. (0 =843 km)

1.0

0.8

0.6.11 oooQ&1l llf>.-
II II !l.-ll .eo~._ - Q II ell°o

Of} _~a - -09~-- -- .ir-V-r _L -- - - :Ve- - - -
ellll:~:~ •PI o~o

0.2

o
432

1.0

0.8 • ,;

0.6 8_& a-~oa Q. .a.ae&liiiiQ8~llllll.,~a.,Oo
OA __ ~ __~_~~~~ _!.~_o _

0.2
O----.,--.,---r----r----,----,

FREQUENCY (c p y)

Fig. 8. Areal coherence of nonperiodic fluctuations of sea level (z) and its time gradient
(az/at). D denotes the shortest distance 'between station pairs. Dots refer to the observed
records, circles to those from which the hydrostatic effect of atmospheric pressure has been
eliminated (where possible). The dashed line refers to the 95% confidence limit.



SEA LEVEL OSCILLATIONS 4769

,

•

•

1·

1

there is some relation to large-scale atmos­
pheric pressure disturbances. The winters of
1940-1941, 1941-1942 and 1957-1958, 1958-1959
are a case in point. During these winters, the
Aleutian low pressure was unusually strong
and considerably south and east of its normal
position [Namias, 1959]. In coastal regions, at­
mospheric pressures were below normal, south­
erly winds extended to lower than usual lati­
tudes, and temperature and precipitation were
above normal. Because the sea surface responds
inversely to atmospheric pressure and directly
to the heat content of the water, and because
the effect of the earth's rotation leads southerly
winds to pile up water along the coast in the
northern hemisphere, the abnormally high sea
levels observed during this period are not sur­
prising. More interesting is the fact that
throughout the summer the sea levels remained
above average throughout the summer and the
atmospheric circulation was normal. This fact
suggests that disturbances in the ocean take
longer to decay than in the atmosphere. If the
ratio of the mean duration of sea level to the
mean duration of atmospheric pressure anoma­
lies [Roden, 1965] is any indication of this re­
lationship, the disturbances in the ocean should
last 1.5 times as long as those in the atmos­
phere.

Prolonged periods of below average sea levels
along the west coast of the United States might
be expected when the atmospheric pressures
are unusually high, when the northerly winds
are stronger than normal, and when the sea
temperatures are below average. Such meteor­
ological conditions prevailed, for example, dur­
ing 1932 and 1933 along the southern Cali­
fornia coast [Roden and Reid, 1961], with the
result that sea levels remained below normal
for about a year and a half. The extreme dura­
tions of sea level anomalies thus seem to be in­
timately linked to large-scale atmospheric dis­
turbances.

THE AREAL CoHERENCE OF SEA
LEVEL FLUCTUATIONS

It is frequently important to know how co­
herent the sea level fluctuations are in area.
Knowledge of this may shed light on such prac­
tical problems as the representativeness of a
single tide-gage station and the optimum and
most economical spacing of water-level re-

corders in surveys. If the data from great num­
bers of densely and equally spaced recorders
were available, the answer could be obtained
from a detailed study of the wave number spec­
trum [Longuet-Higgim, 1957]. Such records
have not been made, however. There are only
about 20 unequally spaced tide-gage stations
along the Pacific coast of the United States.
The approach used here, therefore, is to take
sea level records from which the mean month­
to-month variation and the linear trend have
been eliminated and to study the coherence of
the remaining nonperiodic fluctuations between
pairs of stations, keeping the variable distance
as a parameter.

The change of coastwise coherence with dis­
tance from a given reference station is shown
in Figures 7 and 8 for both sea level and its
time gradient. Over distances of a few hundred
kilometers the coherence is obviously high and
is not much affected by atmospheric pressure.
Over distances of the order of 1000 lan, the
coherence is significant at most frequencies be­
tween 0 and 6 cpy, though it is somewhat de­
creased when the atmospheric pressure effect is
taken into account. When the distance between
station pairs increases to about 1500 lan, the
coherence becomes statistically insignificant.
The phase between sea level oscillations (not
shown) did not differ significantly from 0° at
any of the station pairs. This indicates that
nonperiodic sea level fluctuations are in phase
up to 1200 lan from the reference station. Simi­
lar results were also obtained when investi­
gating the areal coherence of sea level in the
tropical Pacific [Roden, 1963a] and around the
Japanese islands [Roden, 1964b]. Thus the di­
mensions of areal coherence of sea level are
comparable to those of large-scale atmospheric
disturbances.

How representative are observations from a
single tide gage? The very high coherence (0.9)
at nearby stations suggests that sea level ob­
servations made at a point are representative
of conditions over at least 200 lan. Even sta­
tions with dissimilar exposure, such as San
Diego, California (enclosed bay), and La Jolla,
California (open coast), yield almost identical
results. For the frequency range and type of
nonperiodic fluctuations considered here, the
relevant information could be obtained by spac­
ing the tide gages as much as 200 Jan apart.
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where z is sea level, p is (constant) water den­
sity, g is gravity, t is time, po is atmospheric
pressure, and cr is the total area covered by the
world ocean. The important feature in this
equation is that the response depends upon the
difference between the local pressure change
and the change of the mean pressure over all
the oceans. If the latter were zero, a pressure
increase by 1 mb would decrease the sea surface
elevation by approximately 1 em. Accurate
estimates of the mean pressure change over the

CoHERENCE AND RESPONSE BETWEEN SEA LEvEr,

AND ATMOSPHERIC PRESSURE OSCILLATIONS

The knowledge that sea level responds in­
versely to atmospheric pressure and that the
relationship can be derived from the hydro­
static equation is more than 200 years old
[Gissler, 1747]. The use of the hydrostatic equa­
tion to determine the response factor is some­
what artificial because absence of motion in the
sea and in the atmosphere is assumed. Under
these conditions and the further assumption
that the total volume of water in the world
ocean remains the same, the response is given
by [Proudman, 1953; Fel'zenbaum, 1960]

The above is true as long as the macroen­
vironment in which the stations are located re­
mains the same. In Figure 7, for example, all
stations from Neah Bay, Washington, to Yaku­
tat, Alaska, are affected by the northward-flow­
ing Alaska current, and in Figure 8 the stations
between San Diego and San Francisco, Cali­
fornia, are influenced by the southward-setting
California current. For a homogeneous macro­
environment, differences in local exposure seem
to be unimportant.

In the vicinity of current boundaries, how­
ever, conditions are more complicated. Sea level
fluctuations on one side of the boundary are
not necessarily the same as or even similar to
those on the other. The distances over which
sea level fluctuations are coherent in current
boundary regions are difficult to obtain, owing
to the absence of suitably placed tide gages.
Investigations of the Kuroshio-Oyashio bound­
ary have shown a distance of less than 100 Ian
[Shoji, 1961; Roden, 1964b].

,

o

o

az = _l... [apt1 - !.!1P dU]at pg at U at IT t1

(13)

world ocean are difficult to obtain, however, ow­
ing to the paucity of observati.ons in the south­
ern hemisphere, and the hydrostatic response
of sea level to atmospheric pressure can be
determined only within the limits of a constant.

The coherence between the nonseasonal fluc­
tuations of sea level and atmospheric pressure
is shown in Figure 9. The coherence is low in
tropical latitudes, moderate in subtropical lati­
tudes, and high in temperate and high latitudes.
This is not surprising because atmospheric
pressure fluctuations are much larger in polar
than in tropical regions. At most stations the
coherence fluctuates around a constant level
in the frequency range between 0 and 6 cpy.
This, and the equally constant phase of 1800

(not shown), indicate an inverse response be­
tween sea level and atmospheric pressure, as
expected from the hydrostatic equation. The
magnitude of the response for different fre­
quencies could be determined formally from

_[~]1/2
resp.p (CtJ) - Ep(CtJ) C.p(CtJ) (14)

where E.(ro) and EJ){ro) are the energy density
spectrums of the nonperiodic sea level and at­
mospheric pressure fluctuations, respectively,
and where C.p(ro) denotes the coherence be­
tween these two variables. The straightforward
use of (14) presents some difficulties. We have
seen that the coherence is almost independent
of frequency. The same can be said for the
power spectrums of nonperiodic pressure fluc­
tuations [Roden, 1965]. The spectrums of non­
periodic sea level fluctuations, on the other
hand, are decidedly red, showing a concentra­
tion of spectral energy at low frequencies

TABLE 2. Frequency Response between
Nonperiodic Sea Level and Atmospheric

Pressure Fluctuations, in cm/mb

Fre- San . San Neah Ketchi-
quency, Diego, Francisco, Bay, kan,

cpy Calif. Calif. Wash. Alaska

1 -1.3 -2.0 -2.3 -1.9
2 -1.5 -1.5 -1.7 -1.5
3 -0.9 -1.2 -1.8 -1.3
4 -0.9 -1.2 -2.0 -1.4
5 -1.2 -1.3 -1.7 -1.3
6 -1.2 -1.3 -1.9 -1.4
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TABLE 3. Change of the Specific Volume of Seawater with Temperature for Selected Oceanic
Salinities at Sea Level Pressure [after FoJonoff and Froese, 1958].

All units are in 104 cm3 g-1 °C-1.

Salinity, %0
Temperature,

°0 32 33 34 35 36 37

-2 0.134 0.165 0.195 0.225 0.255 0.285
0 0.416 0.445 0.473 0.501 0.529 0.557
2 0.678 0.704 0.731 0.757 0.783 0.808
4 0.922 0.946 0.971 0.995 1.019 1.043
6 1.151 1.174 1.196 1.218 1.241 1.263
8 1.367 1.388 1.408 1.429 1.449 1.469

10 1.572 1.591 1.609 1.628 1.647 1.665
12 1.767 1.784 1.801 1.818 1.835 1.852
14 1.953 1.969 1.984 2.000 2.015 2.030
16 2.133 2.147 2.161 2.174 2.188 2.202
18 2.306 2.319 2.331 2.343 2.355 2.367
20 2.475 2.486 2.496 2.507 2.518 2.528
22 2.633 2.649 2.658 2.667 2.676 2.685
24 2.800 2.808 2.816 2.823 2.831 2.838
26 2.958 2.965 2.971 2.977 2.983 2.989
28 3.114 3.119 3.124 3.129 3.133 3.138
30 3.269 3.272 3.276 3.279 3.282 3.285

,

[Roden, 1960]. From the above-said and the
form of (14) it follows that the frequency
response between the two variables will be
much higher at low than at high frequencies.
Is this a valid conclusion? The answer depends
upon how the low-frequency sea level fluctua­
tions are interpreted. If they are assumed to
reflect entirely the motion of the water level,
the conclusion is certainly correct. If, however,
they represent differential motion between the
land and the water, or of the land alone, the
conclusion is obviously false. In the discussion
of secular sea level trends it was shown that
along the tectonically active west coast of the
United States land motion was important in
producing such long-term changes. Therefore,
the magnitude of the response between sea level
and atmospheric pressure cannot be determined
accurately for frequencies much lower than 1
cpy. For the frequency range between 1 and
6 cpy the response factors are listed in Table
2. Most of the values fall between 1 and 2
em/mb, a result also obtained by Saur [1962]
on a seasonal basis.

COHERENCE AND RESPONSE BETWEEN SEA LEVEL
AND SEA TEMPERATURE FLUCTUATIONS

The specific volume of seawater is a compli­
cated function of temperature, salinity, and
pressure [Fofonof/ and Froese, 1958]. For a

constant salinity and pressure, the temperature
change of the specific volume is a function of
the temperature itself. As is shown in Table 3,
this measure of the thermal expansion of sea­
water increases rapidly with increasing temper­
ature, being 6 to 7 times as large as 30°0 than
at 0°0. The response between sea level and sea
temperature fluctuations should therefore be
larger in tropical and temperate latitudes than
in polar regions.

As a test of this hypothesis the coherence
between nonperiodic sea level and sea surface
temperature fluctuations was computed for
several stations along the west coast of North
America, from Balboa, Panama, to Yakutat,
Alaska. Some of the results are shown in Fig­
ure 10. As expected, the coherence is somewhat
higher at low than at temperate latitudes. It is
noteworthy that at none of the Alaska tide-gage
stations was there any coherence between sea
level and sea temperature fluctuations. Elimi­
nation of the hydrostatic effect of atmospheric
pressure from the records does not change these
findings.

The magnitude of the response can be esti­
mated from an expression similar to (14):

_[~J1/2resp.9 (00) - E
8

(oo) 0.0(00) (15)

where E,(w) denotes the energy-density spec-

7

,



The following conclusions can be derived
from a statistical analysis of monthly mean sea
levels: .

1. The sea level spectrums are time invari­
ant within the 95% confidence limits; hence the
sea level fluctuations may be regarded as sta­
tionary (after trend elimination, if necessary).

2. The only significant periodicities are
those pertaining to the annual and, sometimes,
to the semiannual oscillations. Both are prin­
cipally of meteorological origin. The total en­
ergy contained in the spectrums increases with

111

.,

SEA LEVEL OSCILLATIONS

trum. of nonperiodic sea temperature fluctua-
tions, () is temperature, and the other symbols
retain their previous meanings. The results are
listed in Table 4 together with the relevant
thermal expansion coefficients. The response be­
tween sea level and sea temperature varies be­
tween 1 and 2.7 cm/oO and tends to decrease
slightly with increasing frequency, As expected,
it is larger in low than in high latitudes. At Bal­
boa, Panama, the response is about 2.6 times
stronger than at Neah Bay, Washington. This
agrees favorably with the coefficient of thermal
expansion, which is about 2.1 times larger at
Balboa than at Neah Bay.

CONCLUSIONS
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TABLE 4. Frequency Response between Nonperiodic Sea Level
and~Sea Temperature Fluctuations, in cmrC

(J refers to the mean annual temperature, S to mean annual salinity, and ac is the thermal expansion
coefficient.

Frequency, Balboa, La Jolla, San Francisco, Neah Bay,
cpy Panama Calif. Calif. Wash.

1 2.6 1.7 1.4 1.3
2 2.6 1.4 1.4 1.0
3 2.7 1.4 1.2 1.0
4 2.6 1.4 1.2 1.0
5 2.6 1.4 1.2 1.0
6 2.6 1.2 1.2 1.0

() (OC) 28.1 16.9 13.2 9.8
S (%,,) 30.7 33.6 29.5* 31.3

ac(104 g-I em' °0-1) 3.1 2.3 1.8 1.5

• Measured at Fort Point.

latitude owing to a similar increase in atmos­
pheric activity.

3. The bispectrum of' sea level suggests
weak interaction of the annual frequency with
itself as well as with some other frequencies.
Except for the weak ridges extending from the
annual frequency, the bispectrum is essentially
zero.

4. Along the Pacific coast of the United
States secular sea level trends are due to land
uplift or subsidence rather than to long-term
climatological changes. The trends at nearby
stations are frequently different, which also
points toward this conclusion.

5. The mean duration of nonperiodic sea
level fluctuations above and below arbitrarily
selected reference levels can be obtained from
a knowledge of the variances of sea level and
its first time derivative. There is good agree­
ment between observed and calculated mean
durations.

6. The observed mean durations of positive
and negative sea level anomalies (from long­
term monthly means) are of the order of 3
months· and decrease slightly with increasing
latitude. The extreme durations of these anoma­
lies vary between 10 and 34 months and are
closely related to large-scale atmospheric dis­
turbances such as occurred during the winters
of 1940-1941 and 1957-1958. The probability
distributions for the duration are log-normal,
for durations not exceeding 2 or 3 times the
mean duration.

7. The areal coherence of nonperiodic sea
level fluctuations is of the order of 1200 km

for stations located in the same macroenviron­
ment. Differences in exposure within the same
macroenvironment are reiatively unimportant.
The areal coherence is not much decreased by
eliminating the hydrostatic effect of atmos­
pheric pressure from the records.

8. There is a strong and inverse relationship
between nonperiodic fluctuations of sea level
and atmospheric pressure at temperate and
high latitudes. At frequencies between 1 and 6
cpy the response factor varies mostly between
1 and 2 cm/mb. At very low frequencies the
response cannot be determined accurately be­
cause of the influence of land motion upon
secular sea level changes.

9. There is a moderate and direct relation­
ship between nonperiodic fluctuations of sea
level and sea surface temperature at low and
temperate latitudes. No such relationship is
evident in high latitudes. At frequencies be­
tween 1 and 6 cpy the response factor varies
mostly between 1 and 2.6 cm/oC and decreases
with increasing latitude. This agrees well with
the results expected from the temperature de­
pendence of the coefficient of thermal expan­
sion.
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