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A new numerical technique for solving convective diffusive equa-
tions is developed. Convective diffusive equations arise from mass
conservation relations in flow through porous media. When convection
dominates diffusion the equations are very difficult to solve
numerically, because inaccurate oscillating solutions can result.
Simulation of enhanced o0il recovery processes requires solution of
several coupled convective diffusive equations and they can not be
adequately solved because of these numerical difficulties.

An analysis and comparison of numerical methods are performed.
Criteria are given for the spatial mesh size (Ax) to eliminate the
oscillations for weighted residual methods.

The new solution technique minimizes the oscillations. The
differential equations are transformed into a moving coordinate
system with a time-dependent velocity, which eliminates the influence
of the convective term, but makes the boundary location change in
time. Both linear and nonlinear, one- and two-dimensional equations

are solved with physically realistic parameters. Methods for deter-



mining the moving coordinate system velocity and changing the location
of the boundary conditions are described. Orthogonal collocation on
finite elements, finite difference and the Galerkin finite element
method are applied. Several integration schemes including variable
timestep schemes are used. Comparison of the accuracy and the solu-
tion cost to exact solutions and schemes with a fixed coordinate
system are made. The feasibility of solving coupled nonlinear
elliptic-parabolic problems is discussed. A new solution technique
for solving elliptic equations in both a fixed and a moving coordi-
nate system is developed.

The moving coordinate system is applicable to both one- and two-
dimensional problems at a cost savings of a factor 20-50 for physical

realistic parameters.
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Chapter I

INTRODUCTION

Existing oil deposits are being depleted at a fast rate and with
current consumption all known oil fields will have been extracted
within the next 50-100 years. Research on enhanced oil recovery tech-
niques strives to increase the efficiency of the o0il production
process, thereby leaving less oil in the ground.

When a new o0il reservoir has been found, the production is
initiated by letting oil flow under its own pressure to the surface.
This production period is often termed primary recovery, and more
than 50% of the original oil deposit is left underground, when produc-
tion stops.

Enhanced recovery techniques [Haynes et al., 1976] seek to extract
the remaining 507% of the oil. Different methods have been developed
depending on the properties of the oil and the reservoir.

Waterflooding, often called secondary recovery, injects saline
water and pushes the o0il from one well to the next [Buckley and
Leverett, 1952]. This process has been used since the 1930's and can
extract 10-307% more of the original deposit.

A number of tertiary oil recovery processes have evolved and are
broadly categorized into thermal, carbon dioxide (C02) miscible and
chemical flooding [Haynes, 1976]. Currently only the thermal processes
are commercially applied. CO2 and chemical flooding are researched

in laboratory and field tests.



Thermal recovery [Stegemeier, 1977] and in situ combustion are
applied for very viscous crude oils. Heat is added to the reservoir
to reduce oil viscosity or to vaporize the oil. In both cases, the
0il is made more mobile so that it is more effectively displaced.

Carbon dioxide is capable of miscibly displacing low viscosity
0ils, thus permitting recovery of most of the oil from the reservoir
rock that is contacted. High pressure and temperature are necessary.
The miscibility overcomes the capillary forces which otherwise retain
0il in pores of the rock. This idea is also used in miscible dis-
placement with alcohols, developed in the 1950's. The soluble fluid
is injected to dissolve the trapped oil [Haberman, 1960].

Chemical flooding techniques include surfactant, polymer, and
alkaline flooding [ Foster, 1973; Haynes, 1976] . 1In surfactant flood-
ing a small amount (slug) of surfactant material in saline water is
injected followed by a polymer solution. The surfactant bank lowers
the interfacial tension between the injected fluid and the reservoir
0il to almost zero. The capillary forces are thereby minimized, im-
proving the displacement efficiency. The polymer solution is injected
for stability considerations. In alkaline flooding the surfactants
are formed in situ by injection of reactants such as sodium hydroxide,
sodium silicate and sodium carbonate in water. The wettability can be
altered by the alkaline chemicals too. The polymer flooding technique
is an augmented water-flood. High molecular weight polymers are added
to the injection water to increase the mobility contrast between the

in-place and injected fluids and better sweep efficiency is obtained.



Analysis of o0il reservoir processes by numerical solution of
appropriate mathematical models has become an important engineering
tecol for evaluating and analyzing enhanced oil recovery techniques.
The physical phenomena must be accurately described in the mathematical
model. For all the processes mentioned above convective transport
(forced by the injection) has been found to dominate the dispersive
transport. Adsorption and ion exchange of chemicals to the rock sur-
face, phasebehavior of the water, oil and chemicalsare important too.
The interactions between the trapped oil and injection fluids occur
over a relative small region compared to the distance between wells.

An o0il reservoir is a three-dimensional structure. Numerical
simulation of the processes is most often done inone plane (two dimen-
sions) and the reservoir properties are then averaged over the third
dimension. The solutions represent therefore also an average with re-
spect to this plane. Sweep efficiencies and recovery predictions etc.
for future years can then be determined. The finite difference method
has traditionally been applied to solve the equations [Peaceman, 1978].
The differential equations are approximated at a number of points
(grid blocks) giving a set of algebraic equations which are solved on
a computer. With convective dominating transport an extensive number
of grid blocks is necessary to obtain accurate solutions [Priceetal.,
1966]. For all the mathematical models to enhanced oil recovery
techniques, the number of grid blocks prohibits reasonable solutions

thus only one-dimensional models have been used. The weighted residual



methods [Finlayson, 1972] have been considered for reducing the
computation time but have only been found competitive for only simple
problems (Settari, 1976).

Examples of convective dominating transport can be found in other
engineering problems also. Simulation of moisture transport in des-
sicated soils is important for analyzing the migration of radioactive
nuclea buried underground [Finlayson, 1976]. Problems concerning coal
gasification [Bailey, 1960], fluid mechanics [Roache, 1972] and reactor
design [Eigenburger, 1976] are other examples. An extensive number of
gridblocks is necessary for accurate simulation of these processes,
too. Because they are one-dimensional problems, solution can thus be
obtained but at some cost.

This study was undertaken to develop efficient numerical techni-
ques to solve these problems. An alternative solution method named
Moving Coordinate System is proposed to overcome the difficulties.

The method is tested on relatively simple mathematical models of the
processes. Comparison to experimental data is not done.

Part I of this work reviews, analyzes and compares existing
numerical methods for solving convective dominated equations. Special
consideration is given to the finite element methods.

In Part II the concept of a moving coordinate system is introduced
for one-dimensional problems. Two examples are solved using this method
and comparisons are made to conventional solutions methods.

The application of a moving coordinate system to two-dimensional

problems is addressed in Part III. A miscible displacement model is



used as a representative model where the velocity field is either
known analytically or calculated numerically. This problem can be
made very difficult to solve numerically depending on the physical
parameters. The results are compared to other methods in accuracy
and computation time.

For simulating enhanced oil recovery processes adequately cost
savings by a factor of one order of magnitude are necessary. The goal
for this study was to accomplish at least this reduction with the

moving coordinate system.



PART I

NUMERICAL METHODS FOR PARABOLIC BOUNDARY VALUE PROBLEMS

The state-of-the-art of numerical methods applied to parabolic
differential equations is reviewed. An analysis of weighted resi-
dual methods provides criteria for obtaining accurate numerical

methods. A comparison of numerical methods is made.

Chapter II

NUMERICAL METHODS: DESCRIPTION AND INVESTIGATION

2.1 Introduction

The physical situations discussed in Chapter I can be modelled
by second order coupled partial differential equations (PDE). Second
order PDE's are grouped into either of parabolic, hyperbolic or ellip-
tic type [Carrier and Pearson, 1976] . The models of interest here

are of parabolic type. The linear equation

2

ac dc _ d' ¢

St + Pe - 2 (2.1)
ox

has one spatial (x) and one time (t) variable and is a second order

parabolic PDE. The two-dimensional form

2 2
ac dc de . D¢ ; 9 ¢
22 (s

==k Pa =t Pp, ===
ot X 9X y 9y 9% 3y



is of parabolic type too, if each space variable (x,y) is examined
separately.

The numerical difficulties mentioned in Chapter I arise with the
first derivative being significantly larger than the second deriva-
tives (Pe, Pex, Pey > 103). In the limiting case Pe, Pex, Pey<* o,

Egqs. (2.1) and (2.2) become

dc dc _
ety ox - 0
(2.3)
oc oc , dc

3e-t) Tox T3y  °

which are hyperbolic. Typical analytical solutions to (2.1) and (2.2)
are shown in Fig. 2.1. For parabolic problems a smooth solution arises
whereas the hyperbolic type problem develops a discontinuity (shock).
The numerical difficulties result in either an oscillatory behavior

or a smoothing of the front. This problem is often referred to in the
literature as the sharp front problem or a solution of parabolic equa-

tions with hyperbolic character.

m (a)
(b)

Nl W

-

S e _____..__|

Parabolic Hyperbolic Numerical

Figure 2.1

Typical Analytical and Numerical Solutions



An indication of the importance of solving parabolic type models
in the engineering field is the very large amount of literature exist-
ing on the subject. A complete description of all the analytical and
numerical methods is not given here. Instead an overview of '"the
state-of-the-art" will be made with emphasis on the most practical
and promising methods.

A parabolic equation can be solved by a variety of methods and
often more than one method (or procedure) is necessary for a solution.
The initial procedure can be an analytical transformation of the ori-
ginal equation into another form, which then is more easily solved.
For example a Laplace- or Fourier-transformation to some problems
gives a form from which the solution can be obtained through alge-
braic manipulation. Other examples of transformations are similarity,
method of characteristic and coordinate transformations. After this
initial procedure, which might not be used, either an analytical tech-
nique (e.g. separation of variables) or a numerical method (e.g.
method of lines) is used to obtain a solution. We can schematically
divide the whole solution procedure into two parts: an initial part
consisting of an analytical transformation (sometimes not used) and
a second part which can be either an analytical or numerical method.
This is illustrated in Fig. 2.2, by following the arrows to give the
various combinations. In the bottom of the figure is shown another
possibility where analytical solutions are incorporated into the
numerical procedure. This approach is frequently taken for solving

nonlinear elliptic equations to avoid approximating singularities (see



1)
2)
3)
4)
5)
6)

EQUATIONS

]

4

ANALYTICAL TRANSFORMATIONS:

1) Similarity

2) Method of characteristic

4) Changing coordinate system

A

3) Laplace-, Fourier-, Legendre-transformations

ANALYTICAL TECHNIQUES: +

Separation of variables
Series solution

Initial value techniques
Perturbation theory
Variational principles

Inspection

!

—— ANALYTICAL SOLUTIONS — -

Figure 2.2

1
2)
3)

NUMERICAL TECHNIQUES:
Method of lines
Global methods

Eigen-value techniques

Solution Procedures for Parabolic Differential Equations
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below). For parabolic problems a similar approach could be taken
incorporating an analytical behavior but has not been seen in the
literature. The most common transformations and solution techniques

are listed.

The transformations and analytical techniques are traditionally
(and historically) separated from the numerical methods. Jenson and
Jeffrey (1963), Carslaw and Jaeger (1959), and Carrier and Pearson
(1969) describe transformations and analytical techniques in detail
and give solutions to many linear and some nonlinear problems.

For nonlinear and multidimensional problems, numerical methods
are introduced. The method of lines [Finlayson, 1979] is most widely
used. The solution is approximated separately in time and space, i.e.,

to the Eq. (2.2) we have

N
ci(nAt) o fl(xi) f2(yi) f3(nAt)

and each function f f2, and f, is solved for pointwise (finite

172 3

difference) or piecewise (polynomial expansion). In global methods

the variables are combined

n
ci(nAt) = f(xi, Yy nAt)

and f determined point- or piecewise as above. Regardless of which

methodology is used to get a numerical solution, the finite differ-

ence technique [Peaceman, 1978] and the method of weighted residuals
[Finlayson, 1972] form the basic theory, from which any numerical

approach proceeds.
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The numerical methods are usually applied directly to an equation
even though a proper transformation could simplify the solution tech-
nique considerably. Combination of analytical transformations and
numerical methods can give solutions to problems that otherwise were
very expensive (or impossible) to solve computationally. Some examples
are given.

Laplace- and Fourier-transformations are very useful techniques
for many linear problems. For nonlinear problems such as encountered
in process control theories, the transformation back to the real time
domain is done numerically [ Brigham, 1974] (a linearization is done
initially). More complex situations can then be analyzed.

Similarity transformations are normally only applied to linear
problems. For nonlinear problems a similarity transformation can
change a problem to a form much more easily solved numerically. In
Chapter IV (Section 4.2) a highly nonlinear diffusion equation is trans-
formed into a form which is easily solved using standard methods.
Without the transformation, the cost of solving it would be much
higher.

The moving coordinate system discussed in Parts II and III is
another example of applying a transformation before using a conven-
tional numerical scheme, thereby forming a computationally efficient
yet simple scheme.

Incorporating analytical solutions into the numerical procedure
(see Fig. 2.2) is a relative new idea which has found application for

nonlinear elliptic problems. Singularities are often known analy-
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tically from a corresponding linear problem and can therefore be used
as a first approximation. For calculating pressures near oil wells
this idea has been extensively applied [Chappelear and Williamson,
1979]. 1In Chapter VI an alternative method for incorporating singu-
larity behavior is introduced.

Summarizing, the solution procedures for parabolic differential
equations are traditionally separated into analytical techniques for
mostly linear problems and numerical methods for nonlinear and multi-
dimensional problems. Powerful techniques can be made by combining
analytical tools and numerical methods. In this study several combina-
tions are introduced, resulting in computationally efficient methods.

The finite difference method and weighted residual method con-
stitute the basic principles for numerical techniques. In Section
2.2 these methods are described. A review and an analysis of the
method of lines are given in Section 2.3 to determine under which cir-
cumstances accurate solutions are obtained. The most widely used

methods are compared in accuracy and cost.

2.2 Description

Finite difference and weighted residual methods are reviewed.

2.2-1 Finite Difference Methods
Finite difference has been used since Newton for interpolating
and extrapolation of data. With the introduction of computers a

large variety of problems can be solved with the same principles.
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To solve differential equations, the derivative is approximated
pointwise by linearization. For example can the first and second

derivative be approximated by

y = f(x) a<x<p
Y. S Yoo
£ ) = Ry e T Gy
(2.4)
Yol ~ 2y T Y-
ol D R S RS~ S W O S
n 2 n
Ax
where X = nAx, n = 0,1,...N, Ax = Eié. The formulas 2.4are

called central difference approximation (CDA) and widely used because
of their simplicity. When applied to convective diffusive equations,
the solutions tend to oscillate as illustrated in Fig. 2.la. Backward
(or upstream) difference formulation [Peaceman and Rachford, 1962;
Spalding, 1970] tends to smooth the front (Fig. 2.1b) instead of oscil-
late. Higher order spatial discretizations were made by Saitoh (1977);
Chien (1977) and Chan (1978) combine backward and central difference
approximation for reducing the artificial dispersion. Other special

formulations are reviewed in Sections 2.3, 3.1, 4.1 and 5.1.

2.2-2 Weighted Residual Methods

In contrast to the finite difference formulation which approxi-
mates pointwise, the weighted residual method uses a piecewise
polynomial approximation. Finlayson (1972) reviewed the application

of the method of weighted residuals (MWR) to transport phenomena.
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By introducing a polynomial approximation in an equation, a
residual is formed. Different methods exist that differ in how the
residual is minimized. In the collocation method [Villadsen and
Michelsen, 1978] the residual is minimized at certain points within
the domain. The Galerkin methods average the error over the whole
domain [Smith, 1973]. The finite element method [Zienkiewicz, 1971]
is a Galerkin method too and widely used because of its ability to

approximate irregular boundaries.

2.3 TInvestigation of Methods

2.3-1 Review

The numerical methods described in 2.2 have been examined in
numerous studies. It is important to know under which circumstances
accurate solutions are obtained. Different approaches have been con-
sidered in the literature each giving some information about the

numerical schemes. Equation (2.1) with the boundary conditions

c =1 x =0
£ >0 (2.5)
dc _ _
N 0 x =1
c=0 % 2> 0 t=20

has been used as a model equation. Also the steady state equation

2
dc _ 9 ¢c

Pe P (2.6)

ox

with the boundary conditions



15

has been studied.

Price et al. (1966) were the first to recognize that the diffi-
culties are due mainly to the spatial discretization. They proved
that a finite difference solution with a central difference approxi-
mation to Eq. (2.1) for both first and second derivatives will not

oscillate provided
Pe Ax < 2 | (2.7)

This result was obtained by examining the oscillation matrices asso-
ciated with the transient problem and is a sufficient condition for
the matrices to have real, negative eigenvalues. For PelAx > 2 the
eigenvalues are complex and the solution will oscillate. Some weighted
residual methods are analyzed in Section 2.3-3 to determine when com-
plex eigenvalues arise. Similar criteria as (2.1) are obtained.

Christie et al. (1976, 1978) analyzed the steady state equation
(2.6) in a manner described in detail in Section 2.3-2. They solved
the discretized equations and showed that a Galerkin finite element
method will not oscillate if Eq. (2.7) is satisfied. A scheme was
presented for using weighting functions which provide an additional
dispersion term

PeAx 320

2 sz

B
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Wnile the oscillations are eliminated the solution exhibits more
dispersion than desited. For quadratic trial functions, they showed
that oscillations do not occur at the elements corner nodes, and that

the solution at the midside nodes oscillates unless
PeAx < 4

This result is examined further in Section 2.3-2. Other weighted
residual methods are analyzed in Section2.3-2 too. The results are
summarized in Jensen and Finlayson (1979).

Oscillations will be introduced into the transient solution if
the temporal integration is not appropriate. Price et al. (1966)

showed that an explicit, Euler scheme will not oscillate provided

At € 1/)
m

where Km is the maximum eigenvalue of the matrix resulting from the
discretized equations. An implicit, backward Euler temporal integra-
tion method does not oscillate at all, whereas a Crank-Nicholson
method (equal weighting at the old and new times) does not oscillate

when

At € 2/
m

Similar guidelines are provided by Smith et al. (1976) for other
temporal integration schemes. The criterion for oscillations is

summarized by applying the temporal integration method to the equation

dy _ _
gt Pey
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The resulting expression for yn+l/yn = P (PeAt) is examined as a
function of PeAt. If ) < O for large PeAt then the scheme oscil-
lates unless PeAt is kept small enough. Further discussion of
thé stability criteria for integration-formula can be found in Lapidus
and Seinfeld (1971) and Smith (1976).

Chaudhari (1971) analyzed finite difference methods with Taylor
series expansion, when the first derivative is approximated by a
backward difference

c. - ¢,
i i-1

Ax

[a¥}ia
wle

and the second derivative by a central difference, artificial disper-

sion is introduced. The equation solved is then

aci oc
_at + Pe B_X

2
i’ {l " PeAx] 0 ¢
: 2 2
i ox

1

A combination of central difference and backward scheme has been made
[Chien, 1977; Chan, 1978] to reduce the artificial dispersion. Saitoh
(1977) made higher order finite difference approximations to reduce
the oscillations. Todd (1971) introduced a two point upstream

method to lower the artificial dispersiomn.

Lantz (1971) combined the spatial and temporal truncation errors
with Taylor series expansion in Eq. (2.1) by using Ax = PeAt in an
explicit formulation using backward differences for the convective
derivative. Van Genuchten (1976) and Laumbach (1975) have both made

equivalent combinations (using higher order temporal integrations) to
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improve the accuracy of the calculations. As yet these manipulations
have not been extended to nonlinear problems, although Lantz (1971)
achieves some success in special nonlinear problems.

A Fourier series analysis provides information on how well
numerical schemes progress a sinus wave in terms of phase delay and
amplication of wave length. A single component of the Fourier series
is compared to the same component in the exact solution of discretized
equation. Stone and Brian (1963), Ziewieniuch (1978) examined finite
difference methods in order to construct especially suited schemes.
Gray and Pinder (1976), Gresho et al. (1976) and Runchal (1977)
analyzed weighted residual methods and made comparisons to finite
difference methods. The general conclusion is that weighted residual
methods are better.

When the convection-diffusion equation is dominated by convec-
tion, the solution exhibits hyperbolic character. Analogy between
the parabolic equation (2.1) and the hyperbolic equation (2.3) sug-
gests that stability criteria for the hyperbolic equation can be used
in computations of (2.1) when Pe is large. Courant and Hilbert (1962)
found that an explicit difference scheme is stable if the Courant

number

co=28E <y (2.8)
X

Peacemann (1978) found for no convection that for explicit finite

difference formulation the criterion



19

At

AXZ

must be satisfied in order to get no oscillations.

Summarizing the criteria, the three coefficients

(Pe # 0) PelAx < a (2.7)
- i Pelt
(Pe = =) o <1 (2.8)
(Pe = 0) A—tz < 1/2 (2.9)
Ax

indicate when accurate solutions can be obtained. By combining

(2.7) and (2.8)

PeBt (px) < 1-(fx) & (Petx) 25 <1
Ax 2
Ax
and as
A 1 _ 1
2  PeAx 2
Ax

(2.9) is obtained. This combination is only valid for explicit
finite difference schemes, but suggests that all criteria are
important for solution of convection diffusion equations. Roache
(1972) concludes similarly based on an analysis of artificial dis-

persion in finite difference methods.

< 1/2 (2.9)
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2.3-2 Spatial Oscillation Limits—Steady State Equation
Criteria for accurate solutions can be obtained for the numerical

methods to the model equation (2.6)

2
dc dc _
Pe i 5 = 0 (2.10)
dx

which is the steady state equation of (2.1). The theoretical

solution of (2.10) is

ePe . ePex
g = —— 3 (2.11)
e -1

The solution (2.12) satisfies

%i < 0 for all x £ [0,1] (2.12)

so ¢ is monotone over the whole interval zero to one. We must there-
fore also require that the numerical solution obeys (2.12), otherwise
oscillations are introduced.

In the following an analysis is given of a weighted residual
method to examine when (2.12) is satisfied. Within an element the

dependent variable is approximated by a polynomial (of degree NP)
.1
c,(x) = ] a, %, xelitx, (i+1)Ax] . (2.13)
j=0
and by defining

X — iAx

Ax
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Equation (2.14) becomes

P :
c ()= ] a ut , uel0.1] (2.14)
3=1

The criterion for no oscillations is then defined by analogy to
the analytical solution (2.11) and (2.12). A monotone numerical

solution (no oscillations) is obtained, if the derivative

du

P :
— [ci(u)] ) aj-j-uJ“l <0 for all ue[0.1] (2.15)
=1

at all points is negative.

The analysis of monotonicity is illustrated with the Galerkin
equation using qaudratic trial functions. The interval zero to one
is divided into NE elements X, = iAx, i = 0,1,2,...,NE and the mid-
side nodes are denoted by i + 1/2, i = 0,...,NE-1. The value of c
is given by an index corresponding to the nodal numbering. The

Galerkin equations are

{l + E%fchi—l + (-8 - 2 PeAx)ci_l/2 + l4ci +
(-8 + 2 PeMx)ey y/p + {1 - PezAx}ciﬂ =0  (2.16)
at the corner nodes (i = 2,...,N-1) and
(4 + PeAx)ci - 81’;1_‘_1/2 + (4 - PeAx)ci_’_l =0 (2.17)
at the midside nodes (i = 0,1,...,N-1). In matrix notation the set

of Egs. (2.16) and (2.17) for various i become

M+c=hb (2.18)
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where
M coefficient matrix
; : solution at nodal points
b boundary conditions at nodal points

The structure of M is

(1 0 o ) (e Y (1)
o

X X X cl/2 0
X X X X X Cl 0
X X X Cl+l/2 0

¥ X X %X % s -

X X X
X X X X X
0O 0 1 0
) L J L

Figure 2.3

Structure of Matrix M

The scolution c is obtained analytically rather than inverting M.

Using the equations at node i-1/2, i, i+1/2 (box in Fig. 2.3) the

variables c, and c can be eliminated, and we obtain

i-1/2 i+1/2

[1 + Pehx/2 + Pe’Ax?/12]c, . @ [2 + Pe’Ax’/6]c, +
. 4 (2.19)

[1 - PeAx/2 + PezAXZ/lZ] =0

c
i+l

Equation (2.19) has the analytical solution
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1
ci =A+ BY (2.20)
where

1 + Pelx/2 + Pezsz/lZ
1 - Pelx/2 + Pe2Ax2/12

Y = (2.21)
and A, B are determined from the boundary conditions. The solution
at the midside node is determined by substituting (2.20) into (2.14),

the expression becomes

1 - PezAx2/24 (2.22)

=A+3BY —r
1 - PelAx/2 + Pe"Ax"/12

€it+1/2

We can now determine the constants aj in (2.13) so the solution can

be evaluated at any point. For a quadratic trial function we have

2

cj(u) = a_ - a; u + a, u (2.23)
with the conditions

c(o) = Css c(1/2) = Ci+l/2’ c (1) i1
The constants aj arenow

a = c,

o il
a1 = —3ci + 4Ci+1/2 - Ci (2.24)
By = 20y = A8t B

The criterion (2.15)
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dc
—_— = <
o - 31 + 2a2 u<o for ue[0,1] (2.25)

can now be examined. Substituting (2.20) and (2.22) into (2.24), we

have
BE o u v u=w,dy GEl0,L] (2.26)
du 1% 2 :
where
~1__1
o | 2 Pelx
and
N
1
A= >0
N-1
1%

Examining (2.26) for u between zero and one, the slope within an ele-
ment is positive if u is greater than u, so the solution will oscillate.

This occurs when
PelAx > 2

so to have a negative slope at any point within the element and there-

for no oscillations, we must have
PelAx < 2 . (2.27)

If the monotonicity requirement is used only at the nodal values
Sy < s

(ci, Ci+l/2’ ci+l) the limit is PeAx < 4 as reported by Christie et al.
(1976).

This analysis has been made for other weighted residual methods.

The results are given in Table 2.1 with '"the critical grid Peclet



Table 2.1

Oscillation Limits for Weighted Residual Methods

Criterion Criterion Order Of
Criterion Only Nodal For Transient Method

Scheme 2.15 Values Monotone Problem (SS)
Finite Difference*
— Central Diff 2 2 2 O(hz)
— Forward 1 1 0(h)
— Upstream © © © 0(h)
Galerkin-Legendre
~— Linear, upstream** I%; I%; o(h), ==01 (hz)
~— Quadratic 2 4 0(h3)
~ Quadratic, upstream 2 [ 0(h)
— Cubic 4.6444 4.6444 O(ha)
OCFE-Legendre
— Quadratic 2 2 2,12 O(h3)***
~- Cubic V12 = 3.46410  4.3912 4.0 O(ha)***
~— Quartic 4.644h  b.6444 4.7 0(h7)*#*
OCFE-Hermitic
— Cubic V12 o 0(h*)xxk
— Quartic 4.6444  4.6444 0(h) ko
Moments
— Cubic V12 @ o)

* Price et al. (1966)
** Huyakorn et al. (1976)

*** Qrder at coll. point

G¢
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number' (or oscillation limit) Pelx. The detailed analysis is given
in Appendix B.

All weighted residual methods in Table 2.3 give oscillating (non-
monotone) solutions depending on the factor PelAx, the higher order
methods can use larger Ax for the same Peclet number. The apparent
limit (only looking at nodal values) is in general higher than the
true limit and can achieve an infinite value. This latter situation
is shown in Fig. 2.4 for OCFE-Hermite with cubic trial functions.
Using PeAx = 10, Pe = 100 it is seen that the nodal values are all
decreasing and the slope at the corner nodes increasingly negative,
but in between large oscillations occur. This suggests that when
using Hermite-cubic polynomials the solution must be examined over
the whole element otherwise large oscillations might not be seen.

The criteria obtained here can be used to estimate the number of

elements needed in all elliptic type problems

g%—[fl %%} + g% [fz %%] + £, g§-+ £, %% = f(x,y,c)
Particularly the criteria could be used to estimate the number
of elements needed in a boundary layer type problem arising in e.g.,
fluid mechanic, mass transfer and thermal boundary layer analysis.
It is well known that for the model problem 2.6 an irregular grid
with small elements near x = 1 (the boundary layer) and few elements
towards x = 0 an accurate solution can be obtained. It is therefore

not necessary to discretize the whole domain (zero to one) with the
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Figure 2.4

Solution to the Steady State Convective-Diffusive Equation,
OCFE-Hermite Pe = 100, PeAx = 10
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criteria in Table 2.1. The boundary layer at x = 1 is of thickness
1/Pe, which is easily seen by changing the length scale in Eq. (2.2)
[Gresho et al., 1979] to x/e (€ being a small number). Within the

length 1/Pe the criteria in Table 2.1 are used and elsewhere only a

few elements are needed.

2,3-3 Eigenvalue Analysis

The analysis of the steady state equation resulted in criteria
to determine the number of elements needed to insure accurate numerical
solutions of boundary value problems. A parallel analysis of the para-
bolic type problems (2.1) is an examination of the eigenvalues arising
from the discretization. If complex eigenvalues exist, oscillations

will occur. Starting with (2.1)

2

dc de _dec

TR
dx

and using any discretization method we obtain a set of equations

% dc
% g = [B=FPerlle =M * e, €= c,att =0 (2.28)
: s s x—]! -1 :
Diagonalizing the matrix M *MtoT -~ A+ T ™, the formal solution
to (2.1) ds
c=c *Toexp(hAot) »T © (2.29)
= =0 = = ==

The eigenvalues are then Ai' The exponential terms in (2.29)
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will be monotonic increasing or decreasing if Ai is real. 1If Ai
is complex

Ait Yit
e = e sin (Bit) + i cos (Bit) , Ai =Yy £ i,

(2.30)

the real part is no longer monotonic because of the trigonometric
functions.

Price et al. (1966) found theoretically that with a central dif-
ference formulation and Pelx < 2 the eigenvalues were all real, but
for Pelx > 2 complex eigenvalues arise. Some weighted residual methods
are examined to see whether similar results can be obtained.

The exact eigenvalues for the transient problem (2.1) have been
calculated in Appendix A. When the boundary condition at x = 1 is
c = 0, the eigenvalues are

Ai = Pe2/4 + nzﬂz, n=20,1,...,°

If — = 0, the eigenvalues are
2
A, = Pe?/4 + £
i i
where Xi is determined from the transcendental equation

2
— — ot ’n’
tg £f. = - P f., for Pe large £, = n

The eigenvalues of M (2.28) were calculated using a numerical

approach, Housholders method [Wilkinson, 1965]. OCFE with Lagrange

polynomials was used to compute M and PeAx gradually changed.
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The matrix M is the same as for the steady state problem (see
Appendix B) but the continuity equations must be eliminated. The

factor PeAx was gradually changed for the following cases.

I : PeAx < 5 with 10 < Pe < 50

observation of shift between real and complex eigenvalues
IT : Pelx < 2 with 10 < Pe < 20

convergence of eigenvalues to those predicted theoretically

IIT : PeAx > 50 withPe = 877.9 orPe = 87790.

In Case I the object was to see whéether a shift from real to complex
eigenvalues occurred for OCFE. Table 2.2 summarizes the results.

For example, NCOL = 1, Pe = 50, 24 elements give no complex eigen-
values, 23 gives complex eigenvalues so that the limit must be between
24 and 23. Thus the critical PeAx lies between 50/24 = 2.08 and

50/23 = 2.17. For very low values of Pe only a coarse mesh is needed
but the limit is poorly determined. For higher values of Pe the limit
seems to converge. The limit is poorly determined for two or more
interior collocation points, but as these calculations are expensive,
further investigations were omitted.

A series of calculations (Case II) were performed to test if the
calculated eigenvalues converged to the theoretical predicted. A
comparison of the first six eigenvalues is shown in Table 2.3, and
convergence is observed.

For case III, the PeAx is very large (102 - 103) so only complex

eigenvalues were found. For one and two interior collocation points
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Table 2.2

Criteria by Eigenvalue Analysis

Pe = 10 Pe = 20 Pe = 50 Steady State
OCFE Oscillation
NE* Pelx NE* Pelx NE* Pelx (Table 2.1)
NCOL = 1 4 2,92 +0.41 8 2.68 £ 0.17 24 2,12 £ 0.04 2
NCOL = 2 3 4.17 £ 0.83 5 4.5 £ 0.5 13 4.01 £ 0.16 3.46
NCOL = 3 2 7.5 %25 5 4.5 £ 0.5 11  4.77 £ 0.23 4,644
NCOL = 4 2 7.5 #£.2.5 4 5.83 +£ 0.83
NCOL = 5 2 75 £ :2:5 3 8.33 £ 1.66
* Number of elements for which no oscillations were obtained.
For NE* - 1 complex eigenvalues were found
Table 2.3
Exact and Calculated Eigenvalues, Pe = 20
NE A A, Ay A, As *6
3 108 96 + i.61 153 + 1.12 324
4 135 # %.2% 192 220 + 1.24 313 £ 1.96 576.
5 1325 154.9 1953 218.2 300.0 424.4
6 110.5 145.4 194.2 248.0 298.4 £32.0
7 110.1 142.3 192.0 254.5 325.9 399.2
8 110.94 141.05 190.7 256.5 335.9 427.0
Theoretical 109.869 139.47 188.83 257.91 366.48 455.31
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it was found that the minimum and maximum real part always were

A= 2.7/Ax°
NCOL =1
A = 8/Ax?
min
(2.31)
Amin = lZ/Ax2
NCOL = 2
AL = 36/_XX2
min

This behavior is also observed for PelAx low. The imaginary part of
the eigenvalues was found to be directly proportional to Pe. 1In
Fig. 2.5 are shown eigenvalues for the two kinds of boundary condi-

tion and various number of elements and interior collocation points.

2.3-4 Comparison of Methods

The two analyses described in Section 2.3-2 and 2.3-3 provide
criteria for nonoscillating solutions for the steady state and tran-
sient equation. For the finite difference method the two criteria
are identical and for OCFE they are nearly the same as seen in Table
2.1. Due to the close correspondence we henceforth use the result
from the analysis of the steady state equation as the criterion in
both steady state and transient equations.

A comparison of the methods for the steady state and transient
equation is made based on the criteria in Table 2.1, the interpolation
error and the multiplication cost for solving the equations. We first

describe how the data for the comparison is calculated.
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EIGENVALUES
OF
30 Q= B;' 7\A,A:1OOO
NE=5
25; 22 NCOL=1 c(1,1)=0.
#* NCOL=1 8%41)-0.

20} 2* NCOL=2 c(1t)=0.
IM 4™ NCOL=2 £¢4,t-0.
A

- = NCOL=3 £ t)o0.

10+7

5

1 2 3 4 5
RE/A
Figure 2.5
3

Eigenvalues, Pe = 107, (A = Pe)
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The multiplication time is the main cost for solving algebraic
equations, and the estimate is based on a Gaussian elimination tech-
nique taking into account the sparse structure of the matrices (shown
in Appendix B for different methods). Necessary multiplications to
do the LU-decomposition and solving for one right hand side (RHS) are
shown in Table 2.4.

Based on Table 2.1 the number of elements necessary for no oscil-
lations is given in Table 2.4.

Interpolating the exact solution to the steady state equation
with a finite difference of finite element method gives an interpola-
tion error. Estimates of this interpolation error for Lagrange and
Hermite polynomials are provided by Prenter (1975). For Lagrange
interpolation of degree n (n = 0; linear, n = 1; quadratic ,...) the
estimate is

||C(n+l)|| AXn+l

I|C_P||< 4(n + 1) <E

where p(x) is the interpolation polynomial and the norm is defined
as the mean square

1/2

@11 =41 (@) or]

o

For Hermite interpolation and cubic polynomials the estimate is

(4) 4
e - pl] < Le—1ltx
4« 12



Multiplication Work for Inversion of Matrix and Criteria
for Discretization Methods

Table 2.4

No. of Multiplications for Number of Elements LB
for in
Scheme LU-Decomposition Solving One RHS  Monotonicity (Table 2.1) 2.38
FD
~— Central Difference 2NE 3 NE + 0.5 Pe 4
Galerkin-C°
— linear 2 NE 3 NE + 0.5 Pe 12
~ quadratic 8 NE 8 NE + 05 Pe 60
— cubic 20 NE 15 NE + 0.215 Pe -
OCFE-Legendre
— quadratic 8 NE 8 NE + 0.5 Pe 8
- cubic 20 NE 15 NE + 0.289 Pe 36
~ quartic 40 NE 24 NE + 0.215 Pe 98
OCFE-Hermite
— cubic 7 NE 8 NE + 0.289 Pe 36
-~ quartic 17 NE 15 NE + 0.215 Pe 98
Moments
~— cubic 7 NE 8 NE + 0.289 Pe ——

G¢
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The analytical solution to the steady state equation is given in

Section 2.3-2 and the m'th derivative is

dc -1 m Pex
e

= Pe (2:35)

Equation (2.35) is also the m'th derivative of the transient equation
for t >> 1/Pe. The mean square interpolation error is then for Pe

large following Finlayson (1979)

en+1/2 AXn+1

Lagrange : € = s (2.36)
T 42 (n+ 1)
3+1/2 , 4
Hermite : g, = EE______QE_ (2.37)
3 4 qpb

To estimate the total multiplication cost for solving the tran-
sient equation, we need the total number of timesteps necessary to
integrate to a certain time. The number of timesteps will be differ-
ent depending on which discretization method and integration formula
is used. With an implicit integration formula, there is not any
stability limits and we can therefore not estimate the differences in
the number of timesteps without doing numerical calculations. For an
explicit Euler integration formula Peaceman (1978) and Finlayson (1979)

give stability criterion for the diffusion equation (Pe = 0) as

£ == or At ° A €2, A = = (2.38)
max
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where LB depends on the spatial discretization method. As discussed
in Section 2.3-1 the stability criterion (2.38) is applicable for a
nonzero Pe number if used together with the oscillation criteria
given in Table 2.1. We can therefore estimate the number of time-
steps for each spatial discretization method using (2.38) with Table
2.1. The value of LB is listed in Table 2.4 and taken from Peaceman
(1978) and Finlayson (1979).

The work to solve the steady state equation is defined as the
total multiplication cost for obtaining a solution and calculated
by multiplying the number of elements by the cost to do one LU decom-
position and one solution of the right hand side (Table 2.4). For
the transient equation the work is defined either per timestep or for
a total integration to atime 1/Pe (close to steady state). In the
first case, we estimate the work by the number of elements needed
(Table 2.1) and the cost to solve one right hand side (as the problem
is linear the coefficient matrix needs only to be LU decomposed once).
For integrating to 1/Pe the work is calculated by the cost to evaluate
n RHS where n is the total number of timesteps needed (found by using
Table 2.1 and formula (2.38) ).

We first compare the methods for the steady state equation. In
Table 2.5 is listed in column 1 the work required by using the discre-
tization given in Table 2.1 (criterion for oscillations) and in column
2 the interpolation error with this discretization is given. The low
order methods require less work than the higher order methods to get

a monotone solution but has a higher interpolation error. For a fixed



Table 2.5

Comparison of Methods, Steady State Equation

Work = W

Interpolation Error

= E:

Oscillation Limit

For Work = 1/10 Pe

For Work = 100 Pe

At o -
(Wx Pe 1) Nscillation Limit E x /Pe E x VPe

FD

~ Genteal Differsnce 2.5 0.35 8.8 8.8 x 1077

Galerkin-C°

=~ Tinear 2.5 0.35 8.8 8.8 x 1073

=~ quadratic 8.0 0.35 2.3 x 10 2.3 % 107>

— cubic 7.5 5.93 2.5 x 10 2.5 % 103

OCFE-Legendre

— quadratic 4.0 —-—— - -—

— cubic 10.1 0.0017 1.8 x 10° 1.8 x 1077

~ quartic 13.8 — e —

OCFE-Hermite

~ cubic 4.3 0.0017 6 % 10° Gl % 1077

~— quartic 6.9 e -—= --

Moment s

- cuble 4.3 0.0017 6 x10° 6: % 1077

8¢
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work of Pe/10 and 100 + Pe the interpolation error is given in columns
3 and 4. The low order methods are preferable for inaccurate solu-
tions and higher order methods are preferable for very accurate
solutions.

The results discussed above are applicable for solving the tran-
sient equation only at very large times (t - 1/Pe). For implicit
integration the work per timestep is given in Table 2.6 column 1 and
the total work for explicit integrating to 1/Pe in column 4 where the
discretization necessary for monotone solution is used. The maximum
timestep for explicit integration is listed in column 2 and compares
indeed well with the smallest timestep used in implicit integration.
Table 3.1 lists the timesteps for a Crank-Nicholson scheme (implicit)
used for the transient equation with OCFE and Legendre cubic polyno-
mials. Minor oscillations are observed at At = 2.5 x 10_6 (Pe = 877.9).
The stability criterion (Table 2.4) is At = 2.5 x 10-6 for this Peclet
number. For the work estimates given in Table 2.6 we can therefore
expect a solution with some temporal truncation error. Comparing the
methods in Table 2.6 the finite difference method is preferable and
next best is OCFE-Hermite cubic polynomials. 1In general the lower
order methods are preferable in cost to the higher order methods as
was observed for the steady state equation when the monotonicity cri-
terion is used but they have a higher interpolation error. If more
work is used than required to get a monotone solution then higher order

methods are preferable in cost as better accuracy is obtained.



Table 2.6

Comparison of Methods, Transient Equation

Implicit s et
Work W Number of
Per Timestep Maximum Timesteps N Work W to
(W + Pe~1) Timestep gpt) To Time 1/Pe  Integrate to 1/Pe
Scheme (At + Pe”) (N + pe~1) (W » Pe~2)
FD
~ central difference L5 * 2.0% 0.5 0.75%
Galerkin-C°
- linear 1.5 0.87 1.5 2..25
-~ quadratic 4 0.13 74D 3.0
- cubic 3:2 — -— -—
OCFE-Legendre
~— quadratic 4 1; 4
-~ cubic 4.3 0.67 1.5 6.4
-— quartic Sin2 0.44 2.3 12.0
OCFE-Hermite
— cubic 2:3 0.67 1:5 3.5
-- quartic 3.2 0.44 2.3 7.4
Moments
— cubic 2.3 —-—— == —

*For example the maximum timestep is At = 2 x Pe-z, and the number of multiplications
required is W = 0.75 Pe2,

0%
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The multiplication cost to solve a transient problem increases
with the square of the Peclet number. For the steady state equation
the work only increases linearly. The interpolation error decreases

more rapidly for higher order than for lower order methods.

2.4 Summary and Conclusions

Numerical methods to solve parabolic differential equations have
been reviewed and analyzed.

Using the steady state convective diffusive equation as a model
equation, weighted residual methods were analyzed. Criteria for non-
oscillating monotone solutions were determined. For PelAx < A a mono-
tone solution is obtained, where Ax is the spatial increment and A
varies from two to five (Table 2.1).

For the corresponding transient equation an eigenvalue analysis
of orthogonal collocation on finite elements (OCFE) showed when com-
plex eigenvalues (oscillations) arise. For PeAx < A (A between two
and five depending on the order of OCFE) real negative eigenvalues
are obtained. The criteria are nearly the same as those found for
the steady state equation.

Comparing the numerical methods based on the criteria to
eliminate oscillations, the interpolation error and solution cost,
the higher order methods such as OCFE-Hermite are preferable if a
very accurate solution is desired and lower order methods such as

finite difference are preferable if oscillations can be allowed.
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For Peclet numbers very large (typically l()3 - 106) we need the
spatial increment Ax very small so the solution will be very expen-
sive to obtain. As an example solving a 2D-parabolic equation with a
Peclet number of 105 with a central finite difference formulation re-
quires (5 x 104)2 = 2.5 x 109 or 2.5 billion nodes to avoid oscilla-
tions. With "an acceptable level" of oscillations [PeAx < 6, Settari
et al., 1976] we should use 280 million nodes. If we can allow arti-
ficial dispersion of smoothing of the front, much larger Ax can be
taken. If dispersion cannot be allowed, this type of problem cannot
be solved within a reasonable computation time. It is thus a neces-

sity to find new ways to overcome this problem.



PART II

MOVING COORDINATE SYSTEM ~— ONE DIMENSION

The application of a moving coordinate system to one-dimensional
problems is discussed. Chapter III introduces the method and applies
it to a simple mathematical model. Chapter IV considers a nonlinear

diffusion equation.

Chapter III

CONVECTION DIFFUSION EQUATION

The basic idea of applying a moving coordinate system to a sharp
front problem is to reduce the number of elements needed and still
achieve an accurate solution. The transformation to a moving coor-
dinate system is discussed and illustrated on the linear convective
diffusive equation. The scheme is particularly simple in this case
as the frontal velocity is constant. One-dimensional mathematical
models of enhanced recovery techniques can be solved using the

moving coordinate system.

3.1 Alternative Solution Methods

A great variety of solution methods have been applied to
convective-diffusive equations. Most of the conventional methods
have been discussed in Chapter II. Here the more specialized tech-

niques are reviewed.
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Numerical methods with special consideration to convective
diffusive problem are most often an extension or an "optimization'" of
the conventional formulation. Two point upstream methods [Todd and
Chase, 1972; Wheatley, 1979], flux corrected finite difference methods
[McDonald and Zalesak, 1979], quick step methods [Leonard, 1979], damp-
ing factors [Stone and Brian, 1963], combining spatial and time formu-
lation [Laumbach, 1975] are all examples of such a reformulation. All
of these methods can fairly easily be applied to multidimensional pro-
blems with irregular geometries. The number of elements/nodes will
still be very large, as discussed in Chapter II.

The method of characteristics (MC) applied to parabolic differen-
tial equations has been examined by Garder et al. (1963), Rachford
(1965), Pinder and Cooper (1971), and Varoglu and Finn (1978). 1In
Garder et al.'s, Rachford's and Pinder and Cooper's approach the dif-
ferential equations are solved on a fixed grid and with a set of moving
points. The velocity of these points are determined by the character-
istics. Diffusion is modelled by a marker-and-cell technique, which
limits the accuracy. The number of elements is reduced considerably
by this technique. Errors smaller than 2% were not achieved and
extensive bookkeeping is necessary in two dimensions. In Varoglu and
Finn's approach spatial-temporal elements and the method of charac-
teristics are incorporated by orienting the sides of elements at
subsequent time levels in a particular direction. A new mesh is

generated for each timestep. This method has not been applied to non-
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linear problems where the characteristics (velocity) are not known
apriori.

The mixed Euler and Lagragian technique [Downing and Morrison,
1976] is very similar to Garder's and Pinder's approach in that two
coordinate systems are necessary, one moving with the velocity of the
fluid and one stationary. The diffusion of the front is treated in
the moving coordinate system and convection in the stationary system.
This method has the same disadvantages as the method of characteristic.

For one-dimensional problems the method of characteristic and the
mixed Euler/Lagragian technique give major reductions in the computa-
tion time.

For purely hyperbolic problems, Concus and Proskurowski (1979),
Albright et al. (1979) have developed a random sampling technique which
shows promise for this type of problem, improving the efficiency con-
siderably. The technique has not been extended to parabolic equations
and the accuracy in the frontal region is limited because the solution
is approximated in a discontinuous manner, so many elements might be
needed also for this method.

Variable interpolation of self-adaptive mesh spacing has been
examined by Russell and Christiansen (1978), Carey and Finlayson
(1975), Douglas et al. (1979), and Price et al. (1968). Carey and
Finlayson and Russell and Christiansen applied OCFE boundary value
problems and minimized the residuals evenly over the whole domain
by proper location of the elements. For parabolic and hyper-

bolic problems Price et al. and Douglas et al. add points before the
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front when it advances and remove those behind the front after it
passes. This technique greatly improves the efficiency. For two-
dimensional problems the mesh is changed in the same manner so that com-—
plicated geometries and distorted fronts can be considered [Chase,
1979]. Extensive bookkeeping is necessary and the solution must be
interpolated near the frontal position where the solution is not well
determined. For approximating multiple fronts in the same grid the
advantage of adaptive mesh becomes less evident.

The moving coordinate system [Jensen and Finlayson, 1979] tries
to avoid the problems of interpolation in the frontal region and ex-
tensive bookkeeping by fixing the coordinate system in the front.
Multiple fronts and irregular geometries are more difficult to handle
with this technique. The potential for this technique is considered
in this study.

The literature review reveals that for numerical solution of two-
dimensional problems with large Peclet numbers the only option now is
to use a conventional method with a highly optimized formulation [Young,
1978; Settari et al., 1976]. A potential for savings exists though
with the method of characteristic, random choice method, adaptive mesh
strategies and the moving coordinate system. In this study we show
the potential for the moving coordinate system, which incorporates

many of the advantages of the other possible techniques.

3.2 Moving Coordinate System

The moving coordinate system is based on the observation that
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only near the sharp change in the solution (front) are small elements
needed and elsewhere only a few large elements are necessary. The
moving coordinate system (abbreviated MCS) involves a transformation
of the differential equation from one coordinate system fixed in time
to a coordinate system which moves with the velocity of the front.

Starting from a general parabolic equation

dc dc _ d dc
=+ gle,xsly = ax[d«:,x,t)g;] ; (3.1)
and
dc _ _
a;c - 7 ay 3% = 23 at x=0
t>0
b,c + Db e b t =1
1" T P "3 ¢ 2T
c=0 x> 0 t=20
the following transformation is performed
E
£E=x-] At"dt' n=t (3.2)

(o]

A(t) is the velocity of the front, so the integral in (3.2) represents
the distance the front has travelled. This velocity can be specified
by the user or determined numerically from the solution, as shown

below. We now have
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e et I ar m A e+ S

dc _ dc 3¢ dc 9n _ 3dc (3.3)

dx  9F ox & on 9x  of

d

2

c

8x2

and (3.1) can be rewritten as

dc - oc _ 9 dac
'ﬁ"- [(g,L:,n) —k(n)] E = ag [d(csgan) ag] (3-4)

The boundary conditions must also be transformed. We have

R eg=-f Aman
alc a2 3L = a3 a = . n n
n>0 (3.5)
boe % B, C2= K cE =1 Amyan
1 9 loE = P3 at & = . n"Jan
c=20 at E>0 n=20

The location of the boundary now changes with time. The revised
problem, Egqs. (3.4) and (3.5) are exact and merely another version
of Eq. (3.1).

The improvement in MCS comes from an optimum location of nodes.
Since the front remains fixed in the moving coordinate system, small
elements or more grid points can be concentrated there (where they
are needed to eliminate oscillations) but larger elements or fewer
grid points can be used elsewhere (where they are not needed). It is

the use of large elements away from the front that gives rise to the
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economy. In a fixed coordinate system the front eventually appears
everywhere, so that small elements are needed throughout the domain,
leading to excessive computation cost. The key to economy is to pick
the right frontal velocity, A(n), and use a proper distribution of
elements. The difference between calculating in a fixed or moving

coordinate system is illustrated in Figure 3.1.

x-1 §-7
c c
[
0 X 0 =<
: “
t=t, |\ RATR M
Lo x \ g

0 I N 0 .
REGION OF CALCULATION

cll CA

t=t2| M, Ao Ao

\; Lo X 2 L o€

0 | 0 |

R |

REGION OF CALCULATION

Figure 3.1

Fixed Versus Moving Coordinate System

Considering the linear equation
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¢ 4 pe do . 3¢
9 ox

dx
c =1 x = 0

(3.6)
t >0

dc a
é——};—o X—l
c=0 x >0 t=20

The front moves with a constant velocity Pe (A(t) = Pe), so we get

simply the diffusion equation

2
e (3.7)
on ag2
and the boundary conditions are then
c=1 at £ = - Pen
n>ao (3.8)
c=0 at £ =1 - Pen
c=20 £E>0 n>0

With the MCS a LU decomposition must be performed every time the
boundary node changes, whereas in a fixed coordinate system only
one LU decomposition is done per problem. This disadvantage of MCS
is unimportant for nonlinear problems and less important for temporal
integration methods with a variable step>size.

For a nonlinear problem the frontal velocity is not known

a priori and we must mecasure it by either following a specific con-
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centration level or the largest gradient. This later choice is
illustrated in Chapter IV.

The boundary conditions can be applied in two ways. If the solu-
tion at the boundary is known to have a zero gradient (or nearly so)
we can just apply the boundary condition at the closest node. The
location of the boundary in the numerical calculations then proceed
in jumps during the integration. If the solution at the boundary has
a nonzero gradient, then the above procedure would introduce signi-
ficant error. In that case we move the location of the last element
so that there is always a node at the actual boundary location.

The distribution of nodes is closely related to the broadening
of the initial profile throughout the integration. An estimate of
the diffusion length can be found from the solution of the diffusion
equation in an infinite medium with an initial step change. The solu-

tion is, Carslaw and Jaeger (1959)
c = erfe (x/V4-t)

For a change in ¢ of 99% (c = 0.01) we get

s

B
()

so that the diffusion length is

3.6 /t . (3.9)

E
I

1/Pe, the maximum L will be

Since max t

3.6//Pe (3.10)

=
I
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Equation (3.10) can therefore be used toestimate the element location.
Sufficiently small elements must be included in a region of length L
about the front if the accuracy is not to be degraded. For a nonlinear
problem the Peclet number must be estimated in order to obtain the
diffusion length.

If we compare the MCS to the technique of moving small elements
with the front [Price et al., 1968], the MCS method involves less
bookkeeping, and the interpolation and adjustment of the solution
occurs at the boundary, where the solution is well behaved, rather
than at the front, where it is not. The MCS is closely related to
the method of characteristics. If there were no second order terms
the method would be a method of characteristics. With second order
terms, though, the method of characteristics is not valid. We model
the dispersion caused by the second order terms by solving the second
order equation (which, in the movingcoordinate system, represents dif-
fusion about the front). In contrast Garder et al. (1964) use a
marker-and-cell technique to model the dispersion. Finally, any
method of spatial discretization can be used.

Equation (3.6) can be solved analytically; the solution is

given in Appendix A. The eigenvalues are

Xi = Pel/4 + nzﬂz, n=0,ly660, ®

It is of interest to examine if the eigenvalues are affected by the

coordinate transformation. Starting with (3.7) and assuming

c(&,n) = F(E)G(M)
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we find that the solution must be in the form

.2
c(Z,n) = z Aie—)\l n

sin(lii) + Bcos(li;)]
and the eigenvalues are determined from

sin ki(—Pen) + Bcos Ki(—Pen)

sin Ai(l—Pen) + Bcos Ai(l—Pen) =0

or

tg [)\i(-—Pen)] = tg [)\i(l—Pen)] (3.11)

and finally

By the application of moving coordinate system we have decreased
the smallest eigenvalue by Pez/4 and larger timesteps should be

possible.

3.3 Numerical Scheme

We can apply any numerical method to solve Egs. (3.7) and
(3.8). As we are only interested in n < 1/Pe the discretization
only covers [-1, 1]. We choose to apply OCFE, giving a set of
ordinary differential equations and algebraic equations. We use
the notation  j=1,...,NT to identify the j-th node at different
€. Within each element the notation J=1,...,NP denotes the local
numbering systems within the element, which has NP nodes. In the
k-th element j=(NP-1) (k-1)+J, since the NP-th node of the (k-1)-th
element is the same as the 1-st node of the k-th element. We let
(k)

C

I be the concentration of the I-th node in the k-th element.
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de, 1 NP
Interior collocation —k = —— z B__c_(k)
dan 2 Lo Fi1tr
AEk I=1

(3.12)
NP

- ) AL o (k1)
K+l I=1

NP
1
Continuity & Z c. (k) =
REk L, Ayp, 161 AE
Using a Crank-Nicholson time discretization gives

c. -c, NP
h| Jj o __1 Y B |e (k) ,n+1 + e (k) ,n

oA & 1oy SEUE £

n
where cj cj(ﬂ=nAn). The set of equations can be written as

cc™-pc” (3.13)

A similar set of equations could be developed using finite difference
or Galerkin finite element methods.

The boundary conditions are applied by modifying the matrices
C, D and EF- For points to the left of the location of the boundary,
3-<_iL, Ej < -Pen, we replace C and D by the identity matrix I and
EF by 1. Similarly for right boundary points we do the same ;£ing if
j > IR, Ej > 1 - Pen.

The modified matrices are

I.. for i < TL, ox . < =Pe
ji : : "
C%. = Gl for IL < j < 1IR
Ji Jj1
I.. for i > IR or . > 1-Pe
j1 h| EJ n
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with a similar definition for Dij’

1 j <1IL

*
" M IL<j<IR

|0
Il

o j >1IR

The structure of C* and D* is shown in Figure 3.2 and the problem is
now stated as

*  #n+l * #%p
c

c =Dc

*
C 1is decomposed using a LU decomposition appropriate to its struc-

= -
ture and E‘n - is calculated. Since the location of the boundary

changes in time, the LU decomposition must be performed every time

the boundary location, -Pen or 1-Pen passes another collocation point.

n+1 n
X c c D c
M x ] T [cT X XX ¢ T
x X X X 5 X %X X
x XX X N X1 X9 X
® 100 100
deaC. XX X XX X K X X (]\
x XXX 20 X x
X X XX X X X X XX X 0
X X X X - XX X X
X X XXX X XX XXX 0
X X X X X X X X
o4 8C @0 1xx 001lx x )
X X X X X XX X
X X X X XX X XX XX 6}
X X X X X X X X
Bl X X L - XXX|  [Xx

oy g
Figure 3.2

Numerical Procedure MCS

3.4 Results

The advantage of using MCS for problems with dominating convec-

tion is illustrated by comparisons using the same spatial
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discretization (here collocation) with both moving coordinate system
and a fixed coordinate system. The convection-diffusion equation is
solved with Pe = 877.9 and 87790.0, with results given in Table 3.1.
Figure 3.3 compares a conventional scheme to the MCS-scheme using

4 elements. The scheme with a fixed coordinate system oscillates
whereas the MCS solution does not. To eliminate the oscillations in
the fixed coordinate scheme require 20 elements, and an increase of
computer time by a factor of 5 (compare entries 1 and 8 in Table

3.1). Conversely, for non-oscillating solutions, MCS uses only 20%

of the computation time needed with a fixed coordinate system.

v v Al

- OCFE, NE=IS

- MCS- OCFE, NE=4
— EXACT

- -
c.s yerxi0?
a4t "
2F -
AF -
0 -
e | 1 1 I
0 .05 10 (1]
X
Figure 3.3

Comparison of Standard OCFE Versus Moving Coordinate System.
Pe = 877.9, NE = 4, NCOL = 2, t = 2.5 x 1076,
Element nodes at & = -1, -0.05, 0, 0.05, and 1.



Table 3.1

Comparison of MCS with Conventional Scheme (both using OCFE)

6 Error at Error at Maximum Oscillations
Entry Scheme NE NCOL At x 10 CPU* Pect = 0.088 Pe-t = 0.444 at Pect = 0.444

Pe = 877.9 1 MCS 4 2 2.5 3.3 0.03 0.04 —
2 === 6 2 2.5 5.1 0.033 0.005 oo
3 =S 6 2 10 1.0 0.04 0.01 ——e
4 — 8 2 2.5 6.7 0.008 0.008 —
5 ——= 14 2 1.25 15.1 0.004 0.001 —
6 OCFE 5 2 2 3,2 n0. 1 0.1 0.1
7 == 15 2 2.5 8.1 0.11 0.05 0.04
8 S 20 3 2.5 17.0 0.03 0.004 0.0022

At x 108 «

Pe = 87790 9 MCS 12 2 5 4.5 0.5 0.02 0.005
10 — 14 2 2.5 8.1 0.5 0.01 0.004
11 ——— 16 2 1:i25 17.0 0.5 0.004 ———
12 OCFE 50 3 1 70.5 0.0 0.003 0.004
13 -_— 50 3 0.5 1526 0.5 0.1 0.1
14 e 50 5 1 140.0 0.0 0.003 sz

*CPU on CDC 6400

LS
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Another comparison is made in Figure 3.4 with a Gaussian initial
distribution and Pe = 106. Both schemes use the same number of ele-
ments and the same timestep. Severe oscillations appear in the con-
ventional scheme whereas MCS gives none. The moving coordinate system
works best for large Pe and oscillations are not introduced provided
the initial conditions can be fit without oscillations. As time pro-
ceeds the profiles become less steep due to the dispersion indicated

by Eq. (3.10), and oscillations are less likely.

I T T | | T T T
1.0 @ OCFE , =
$= = 3
. & OCFE-MCS PN
08 d
06 -
04 =t
0.2 — -—
-0.1 1 | | | ‘\‘(, | il-/// 1 1

|
0.1 0.2 0.3 0.4 0.5 0.6 0.7 08
X

Figure 3.4

Comparison of Standard OCFE Versus Moving Coordinate System.
Gaussian initial distributionPe = 10°, NE = 13, NCOL = 2,
At = 2.5 x 1079,
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MCS is compared to the method of variable interpolation, Price
et al. (1968), in Figure 3.5. The measure of accuracy is given by

the maximum deviation from the exact solution

E(t) = Max{|c(xi,t) - Cexact(xi’t)|}
i

Both cases have negligible error caused by the time integration.

The error decreases with time for the same number of elements and

the MCS is more accurate at small times (when the front is steepest).
In contrast to the method of charactersitic by Garder et al. (1964),
which showed a minimum error of about 2%, the MCS will converge for
increasing number of elements and with smaller timesteps, giving

errors of 0.1% for the case shown in Figure 3.5.

10 L T T
< VARIABLE INTERPOLATION|
NE =14
-2 -+MCS, NE =I5

ERROR

-4 1 | =
g | 2 3 4
At
Figure 3.5

Comparison of Moving Coordinate System
Versus Variable Interpolation
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The elements are not all the same size in MCS-OCFE. When small
elements are used near the front the solution will be good at small
times (when all changes occur near the front). At larger times,
changes also occur further away from the front so that elements are
needed there, too. Thus schemes which have slightly bigger elements
may be preferred at later times. Figure 3.6 illustrates the error

as a function of time for solutions obtained using different grids.

005 L] L] T 3
04t -
|
o« 93t 2 4
o]
o
o
W o2t 4
.ot -
1 1 1 1
(0] 1 2 3 Yy 5
-4
tx 10

Error as function of time. Effect of mesh location.
Pe=877.9, NE = 5, At = 2.5 x 1076,
Curve 1 element nodes at & = -1, -0.2, -0.05, 0.05, 0.2, 1

2 element nodes at £ = -1, -0.12, -0.04, 0.04, 0.12, 1

Figure 3.6

Error as Function of Time, Effect of Mesh Location

In Table 3.1 are shown results, errors, computation time, number

of elements and At for Pe = 877.9 and 87790. It is clear that MCS
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is superior to the conventional schemes. By having the same number of
elements (entries 5 and 7 for 15 elements) the error is decreased by
a factor 20-40, but the computation time is only two times longer.
For the same computation time (entries 1 and 6 for V3 seconds) the
conventional scheme is unreliable (10%) while MCS gives fairly accu-
rate results (3%). For the same computation time (entries 5 and 8
for 16 seconds) the error is decreased by a factor of 4-8 and MCS
gives no oscillations while the conventional scheme does.

For Pe = 87790, the MCS is even better. Table 3.1 shows results
for both MCS and conventional OCFE. Comparing entries 13 and 10 the
standard OCFE gives excessive oscillation, but MCS gives only 17 error

and used only 57% of the computer time.

3.5 Conclusions

The moving coordinate system is very effective in improving the
efficiency of numerical solutions to the convective-diffusion equation.
The solutions do not suffer from severe oscillations or from excessive
numerical dispersion, yet are economical to calculate. Further im-
provement could be made if a variable time step algorithm is incor-
porated. Since the front is nearly stationary in time with only
slight broadening, and the eigenvalues are decreased by the transfor-
mation, larger timesteps are possible with MCS than with a fixed
coordinate system. The computation time is reduced by a factor of

20-40 in some cases.



Chapter IV

NONLINEAR DIFFUSION FLOW THROUGH POROUS MEDIA

Chapter III applied the moving coordinate system to a linear
one-dimensional equation where the frontal velocity was known. Here
we extend the technique to a nonlinear problem where the frontal
velocity is not known a priori and must be solved for as part of the
problem. An eigenvalue analysis gains insight into the effect of

discretization on the difficulty of solving the problem.

4.1 Introduction

Another problem whose numerical solution oscillates arises in
moisture transport in desiccated soil. A simplified model for the
transport was made by Finlayson (1976). The one-dimensional mass

balance for a single liquid phase flowing through a porous media is

3 (008) = - 3> (pa) 4.1)

where ¢ is the porosity, p is the liquid density, S is saturation
(1iquid volume/non-solid volume), and q is the volumetric flux. Time
is t, distance y, and gravity is neglected. The neglect of gravity
allows a similarity solution (see Section 4.2), makes oscillations
more evident, and does not appreciably affect the difficulty of the

problem. Darcy's law is assumed
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where Y is the liquid viscosity and p' is the liquid pressure. The

equations are non-dimensionalized to give

ds dp _ 3 3p
dpC ot 9% [kr 0x (4.2)
where kr is the relative permeability, k/ko, and
p=p'/(pgl), t =tk pg/(L$), x=y/L
Both kr and S depend on the capillary pressure, which is the air
pressure (taken as zero) minus the water pressure
P, = P (4.3)
The variations of S and kr with p, are taken as
S-S
T 1 _ 1
1-8, e (p, L/AL) ke T TH (p, L/B1)P {8
For a typical soil we use
Sr = 0.32, L = 100 cm, Al = 231 cm, Bl = 146 cm,
o = 3.65, B =6.65
The boundary conditions are
p = BPO for x =0
: l oo
==0 for x= 1 (4.5)
p = BP1 for x > 0 t=20

Finlayson and Nelson (1977) describe the mathematical difficul-

ties which are associated with solving this equation. The drier the
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soil is (decreasing BP1l), and the more water imposed at x = 0 (BPO =
0, soil saturated), the more difficult the problem is to solve. The
parameters chosen above are for agravelly coarse soil. A fine soil
will give similar results without so severe a choice of BP1l. A
similarity solution is derived to give the exact solution for small
times. An eigenvalue analysis further quantifies the numerical dif-
ficulties in this problem. The numerical techniques used for solving
the nonlinear equation in both fixed and moving coordinate systems are

described, and comparisons are made between them.

4,2 Similarity Transformation

To give error estimates an exact solution is needed. A
similarity transformation can be made.

Equation (4.2) is
) P )
Bp) = =5, [g(p) 35]

Having

9 _9p o _ 1 x 0p

ot op 3t 2 1)
tvt

9p _9p 99 _ 1 9p

BX 8¢ X /Eaﬁ

gives
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0 = % ¢ £(p) -g%+ _a% [g(p) %%] (4.6)

The boundary conditions change to

p = BP1 x>0 t=20

} P+ o
p = BP1 x =1 t >0 (4.7)
p = BPO x =0 t>0 +¢=0

so that a similarity solution can be found only for semi-infinite
domains or for finite domains at small times.

No analytical solution of (4.6) could be found; instead a
numerical solution of (4.6) is calculated. Setting a time derivative

on the left side

) 1 0 0 9
=30 E0) 55+ 35 [g<p> 5%] (4.8)
p = h(®) T=0 ¢ >0
p = BPO T>0 =0 (4.9)
p = BP1 T>0 ¢ =0
max
where ¢max is set to a high number ¢max = 6. Integrating (4.8) with

(4.9) as the boundary condition gives the steady state solution of
(4.8), when T > =,

We discretize (4.8) using non-equal spacing with central differ-
ence formulation as outlined in Section 4.5. The integration is
performed using the GEARB package [Hindemarch, 1976] as it permits

variable stepsize.



66

BPO-= Ocm
/ BP1=-200cm

¥ BP1=-300cm

& BPl= -700cm

g  BP1=-1000cm

Figure 4.1

Nonlinear Diffusion Equation, Similarity Solution
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An initial profile is guessed. For steep profiles a good guess
helps to minimize the computation time. The integration is continued
until the pressure at any node changes less than ~0.5% of BPl. Inte-
gration to T = 10 was found sufficient. Results were obtained for
BPO = 0 cm and varying BP1 as -200, -300, -700 and -1000 cm.

The result is shown in Figure 4.1. For BP1 = -200, -300 cm the
results could be compared with accurate calculations as performed in
Section 4.4. The agreement was good results within 0.5% error. For
BP1 = -1000 cm the convergence was considerably slower. At a fixed

time 0.01 the four solutions are compared in Figure 4.2.

T T T T T T T I
o .
-0+ T
-0.2 e
L
BPI ﬂ
-0.5 -
L BPl=-200¢cm -
-0.7+ - 300 -
L -700 1
-1000
-.0 1 1 1 1 1 ! 1
0.05 0.0 0I5 020 025 030 035 040
X
Figure 4.2

Similarity Solution at t = 0.01
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4.3 Eigenvalue Analysis

Finlayson (1976) investigated the effect of the initial dryness

of the soil. The obtained results are summarized in Table 4.1.

Table 4.1

Eigenvalues of Nonlinear Problems at t = 0.015,
different initial dryness

BPO (cm)  BP1l (cm) maxlki] min|Xi[ SR
0 -200 1.23(6) 0.248 4.9(6)
-50 -200 1.30(3) 0.220 5.6/(3)
5 -300 1.53(8) 0.144 1.1(9)
-50 -300 1.22(3) 0.0315 3.9(4)
0 -500 7.47(3) 0.00529 1.4(7)

For decreasing initial dryness (BP1l) of the soil the stiffness
ratio

max |2, |
i

B, = min Ai

increases, and thereby the problem becomes more and more stiff
(smaller timesteps required). Also for increasing BPO (amount of
waterflow) the problem becomes stiffer. Here we look at the effect
of various discretizations. Discretizing equation (4.2) using ortho-
gonal collocation on finite elements gives a set of nonlinear

ordinary differential equatioms.

dpi )

Z Cji(p) e E Dy; () * by (4.10)
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The Jacobian for (4.10) can be expressed as

£=ai ¢t *gJ (4.11)
= 9opg

and the eigenvalues of J can be found given a solution p and discre-
tization at a certain t;ﬁe.

The results obtained at t = 0.005 and t = 0.015 for BP1 = -300 cm
and BPO = 5 cm are given in Table 4.2 for various discretizations. At
t = 0.015 the front is between x = 0.20 and x = 0.30. For uniform
discretization the problem becomes stiffer as time proceeds, since the
stiffness ratio SR becomes larger. If the system of equations is

linear and uncoupled, the absolute value of the reciprocal of the

eigenvalue is a time constant. For example

has an eigenvalue of -1/¢ and a time constant of €. If € is small

the eigenvalue is large. If we view the eigenvalues of Eq. (4.10)

as the reciprocal of the time constants for the nodes in the system,
then for a small time constant the eigenvalue becomes large. The

time constant at a nodes is then (—dS/de)i. Since the boundary
pressure is +5 cm for p*0 the value of —dS/dpC approaches zero, giving
rise to small time constants and large eigenvalues. As time proceeds
more and more nodes are in this situation, and the largest eigenvalue
increases. The lowest eigenvalue is associated with nodes at other

p where -dS/dpC takes reasonable values, and it remains constant



Table 4.2

Eigenvalues of Nonlinear Problem, BP1 = -300 cm, BPO = 5 cm
Time Discretization Max. (EV) Min. (EV) SR = 9$§;—£521
min. (EV)
, 7 8
0.005 uniform NE=20 6.9 - 10 0.16 4.3 « 10
0.015 uniform NE=20 4.9 - 1010 0.23 2.2 - 1011
pon-uniform NE=10, #1 4.9 - 1010 0.23 2.2 . 101
NE=8 , {2 3 . 107 021 1:4 = 108
NE=7 , #3 5 10° 0.22 2.2 . 10°
5 6
NE=4 , #4 5 - 10 0. 22 2.2 » 10
#1 disc: O. 0.05 0.1 0.15 0.2 0.225 0.25 0.275 0.3 0.65 Hie
#2 disc: O. 01 ) 0:225 0.25 05275 03 0.65 1s
#3 disc: O. 22 0,225 0%25 0.275 0.3 0.65 1.
#4 disc: O. 2 0.25 1.

0L
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since there are always nodes having p between BPO and BPl. Thus the
stiffness ratio increases with time.

For the non-uniform discretizations we take the numerical solu-
tion at the appropriate t(0.005 or 0.015) obtained using a uniform
grid Ax = 0.05. This solution is interpolated onto a new, non-uniform
grid, and the eigenvalues of the Jacobian, Eq. (4.10), are calculated.
In discretization no. 1 we place two additional elements between x =
0.2, and 0.3, and remove elements beyond x = 0.3 (where p = BP1l is a
constant); the eigenvalues are unaffected. If elements are removed
near x = 0, discretization no. 2, the maximum eigenvalue is reduced.
Discretization no. 3 removes just one more of these elements and the
stiffness ratio is reduced two orders of magnitude.

The change in discretization from 1 to 3 where nodes near x = 0
are removed gives rise to a reduction of five orders of magnitude in
the stiffness ratio. In discretization no. 4 elements in the front
are removed, but the stiffness ratio does not change.

In a moving coordinate system, we can concentrate nodes around
the front and have few nodes elsewhere. Then the maximum absolute
value of the eigenvalue will be lower and larger timesteps should

then be possible.

4.4 Solution Methods — Fixed Coordinate System

The standard finite difference technique to solve Eq. (4.2)

uses a central difference approximation.

ds My 1 Pit1 ~ P3 P; “Pj1

- dp, ' i dt - Z§'ki+1/2 Ax - k1-1/2 Ax
(4.12)
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The permeabilities at the half nodes can be evaluated in different

ways [Finlayson and Nelson, 1977]:

1) Average Permeabilities

ki ¥ Ked

T 2
i+1/2 = 2 > 0

k

2) Upstream Permeabilities

if |pi+1 - pi—ll < € - average permeability
. % _

SRS R ] TS VP

; . _

i Pig S Pip ki g0 T ki

This approach is widely used as it increases the stability, but

it is less accurate, with errors 0(h).

3) Average Pressure

Y

5 , 0(h)

ki+l/2 evaluated at p =

Here we use the average permeability as it has the highest order
accuracy. A modified Crank-Nicholson method was used to integrate
the equations in the form

dpi
) Cji(p) Tk ; Dji(p)pi

If we let p? = 129 (t = nAt) we used
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n+1
P. -

P,
] @D == I 0,;0M| @] + ocp;‘“] (4.13)
1 1

All function evaluations are explicit and no iterations are performed,

in contrast to a regular Crank-Nicholson method.

4.5 Solution Method — Moving Coordinate System

A moving coordinate system is applied to Eq. (4.2) as described

in Chapter III, and the transformation gives

_ds 3 _ _ 1ds 9, 3 3p
ap_ on AM) 5 ap_ ot T OE (*rag) (4.14)
the boundary conditions become
n
p = BPO at E = —f Ale*)de!
4 n>0
d n
E% =0 at E=1-/ x"Hdt' (4.15)
o
p = BP1 for £E>0 and n=20

Small elements or grid spacings must be used near the front,
which remains fixed at £ = 0 in the moving coordinate system. For an
efficient calculation we must use a graded mesh, with small elements
near the front and larger ones elsewhere. Equation (4.14) is discre-

tized in a finite difference method by letting Ei be the location of

=y

the i-th node, P; the pressure at the i-th node, and hi = gi+l 5

The derivative is taken as



B [, )| _ 2 i+1/2
5E [kr ag]‘ h. + h, [kr (Pi41 = Py)/hy
i i-1
i-1/2
k0 oy - pi_l)/hi_l] (4.16)
ap; _ Pi+l T Pig

8E|; T Th, *h__,

Blottner (1974) shows these formulas are correct to O(hi) provided

the mesh is graded such that

2
i1 ~ 28y T &g =0

A forward difference can also be used for the first derivative since
dS/dpC < 0,

9P| - -
3t |, (Pyyy = Py) /My
This formula is correct to O(hi). For time integration the modified
Crank-Nicholson was used as described by Eq. (4.13).

To determine the velocity of the front, the largest gradient at
any time is calculated. When the position at which this occurs has
moved from one node to another, the coordinate system is moved the
same distance so as to keep the largest gradient fixed at the origin.

From the discrete values of the velocity an integrated velocity can be

calculated with the trapezoid rule.
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It was found important to set the boundary conditions exactly
by changing the prefixed node location rather than simply using the
nearest points as in the linear case. Thus the end elements are ad-
justed so that a node exists at the £ given in Eq. (4.15). Suppose

| | |
| ! -
X(L-1) X(L) X(L+1)

is the preset node location. At any time the accumulated velocity
(4.15) is computed to give the location of the right boundary. The

distances DIFQ/DIFS to the nearest two points are measured

DIFS  DIFQ
X1

| | | |
X(L-1) X (L) X (L)

and the mesh location is changed as follows: if

1) DIFS < DIFQ X(L) is changed to X1

2) DIFS > DIFQ X(L+1) is changed to X1

4.6 Results and Discussions

The two methods are compared in two cases:

1) BPO = 5 cm BP1 -300 cm

IT) BPO

l
wn

cm BP1

-1000 cm



76
Case I:

The similarity solution for this case is shown in Figure 4.3.

0 BPO=5
BP1 =-300

=100

-2004

-300

Figure 4.3

Exact Solution, Nonlinear Diffusion, Similarity
Solution, BP1 = -300 cm

For Case I the front is not too steep and the efficiency of the
two methods is almost the same (see Table 4.3). The error is defined
as the maximum deviation from the similarity solution at any node in
the domain. The regular finite difference scheme with 21 nodes (run

1) gives a 6% error but to get a more accurate solution many more
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Table 4.3

Comparison of MCS With Conventional Scheme (Both Using
FD) for Nonlinear Flow Through Porous Media
BPO = 5 cm, BP1 = -300 cm

Run Scheme NE o At x 10-5 At/Ax2 min Error CPU*
1 FD-CDA 21 0.5 20 0.08 6% 2 secs
2 FD-CDA 21 0.5 10 0.04 47 4 secs
3 FD-CDA 81 1:0 ) 0:32 17 28 secs
4 FD-CDA 81 0.5 10 0.64 >157% 16 secs
5 MCS-CDA 23 1.0 20 2 6% 2 secs
6 MCS-CDA 33 0.5 5 2 37 14 secs
7 MCS-CDA 45 0.5 5 8 0.5% 18 secs
8 MCS-CDA 45 1.0 5 8 27 18 secs

*CPU on CDC 6400

CDA: Central Difference Approximation

nodes are needed (81 for run 3) and this also requires a smaller
timestep. For the moving coordinate system (MCS) fewer nodes (run
7) achieve the same error.
Numerical solution of the diffusion equation will be unstable
if
pe/dx® > 1/2 (4.18)

for a central difference approximation and explicit integration
scheme [Peaceman, 1978]. 1In Table 4.3 entry 4 violates Eq. (4.18)
and the solutions have oscillations (error > 15%). The modified

Crank-Nicholson is not implicit because we do not iterate.
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The exact frontal velocity is obtained by the similarity trans-
formation. The velocity is defined in Section 4.5 as the speed of the
largest gradient of p. The ¢ corresponding to this point can be deter-

mined from Figure 4.1. For BP1 = -300 cm it is

—R i = =
¢f[8¢ man ¥frontal position//z =3

and as the velocity is defined as

dx L.
AEy = frontal position
we have

t
[ M)ae = 0, vt = 2,75 Vt (4.17)

(o]

The frontal velocity is then

A(t) = 1.4/Vt (4.18)

The numerically determined values of the accumulated velocity
are compared with (4.17) in Table 4.4 and illustrated in Figure 4.4.
The algorithm is able to determine the frontal velocity accurately.
As the solution develops a sharp front the problem is similar
to a convective diffusive equation. Rewriting Eq. (4.2) to
2

9P _ 9p 9P
Nt fl(p,X) T fz(p,X) axz

where
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Table 4.4

Nonlinear Diffusion, Frontal Velocity and Accumulated
Velocity (Run 7)

Time t @ ¢ (num) A(t) £ (p,x)
(x 100) [ A(t)dt (4.17) (4.18) (4.20)
O
0.00015 0.0313 2.55 228 620
0.00045 0.563 2165 132 380
0.00095 0.813 2.63 89 413
0.00195 0.1187 2.68 62 225
0.00295 0.150 2.76 50 100
0.00500 0.1975 2.79 39 50
0.0075 0.2375 2.75 32 55
0.0100 0.2775 2.78 27 35
0.0150 0.3350 2.73 22 22
BPO=5
3| BP1=-300 -
I 275/
o 4 data MCs
w2
W
(]
O
)
< g
001 005 1 .015  TIME
Figure 4.4

Accumulated Speed as Function of Time

dk
£L(®) = o [—is—]

(4.20)

fz(P,X) = k. [— 55—}
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fl(p,x) is a measure of the velocity. This coefficient was calculated
numerically at the origin and given in Table 4.4 too. There is a
strong relation between f and the calculated velocity (4.18).
No distinct advantage of using MCS is found for Case I. For
the same computation time, the same accuracy can be obtained. It has
although been demonstrated:
1) MCS solutions give the similarity solution and the frontal
velocity is adequately determined.
2) MCS achieves the same accuracy for about half the number of nodes

and fewer timesteps.

Case II:
For Case II a very steep front is developed as shown in Figure
4.5. Only implicit integration was used, « = 1 in (4.13). TFigure
4.6 shows results using both schemes and here the advantages of MCS
become significant. The error is defined as percent misplacement
of front (at p = BP1/2). With the regular finite difference scheme
and 120 nodes (run 1) the velocity of the front is too high and
taking smaller timesteps did not affect the solution. Run 2 with
600 nodes is closer to the exact solution, and if the timestep is
decreased as in run 3 the profile moves towards thesimilarity solution.
In contrast MCS with only 62 nodes (run 4) and a higher timestep
gives almost the correct solution. A similar solution was achieved
using both fewer nodes and higher timesteps (run 5) but then smooth-

ing occurs. By taking higher timesteps the front isplaced incorrectly
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BPO=0
O BP1=-1000
~1 ]
=2
P 1
BP1
=5
{ time=|.0005 .005 .01 015
—1_0 T T B
1 .2 3
X
Figure 4.5

Nonlinear Diffusion, BP1 = -1000 cm
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(run 6). The forward difference compared to the central difference
approximation for the first derivative was found to place the front
more correctly but at the cost of some smoothing, and the forward
difference is therefore preferred.

An example of the distribution of nodes for runs 4 to 6 is shown
in Table 4.6. By taking fewer nodes before the front higher time-
steps can be taken but some smoothing occurs. This result is com-
parable with the results from the eigenvalue analysis. By decreasing
the number of nodes in a region where the node values (pressure) do
not change much, the eigenvalues from there will be small and we can

take larger timesteps.

Table 4.5

Comparison of MCS With Conventional Scheme (Both Using FD)
for Nonlinear Flow Through Porous Media.
BPO = 5 cm, BPL = -1000 cm

Symbol in

Figure 4.6 Entry Scheme NE At x lO+7 At/Ax2 Error  CPU*

a o 1 CDA 120 2.5 0.004 33% 60 secs
a o 2 CDA 600 2 0.072 26% 402

a A 3 CDA 600 1 0.036 12% 804

b o 4 MCS-FW 62 1.25/2.5 . 8000 v 0% 5i7

b o 5 MCS-FW 62 2.5 8000 32 36

b a 6 MCS-FW 42 2.5 2500 227% 24

*CPU on CDC 6400
CDA: Central Difference Approximation

FW: CDA for second derivative, forward difference form for
first derivative
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Table 4.6

Distribution of Nodes for Run 4 to 6 (MCS)

Run 4,5 Run 6
Node No. of grid points between
-1.
1 1
=0le 5
2 2
-0.1
4 2
-0.02
6 3
-0.001
5 5
-0.0001
10 5
0.
10 5
0.00005
10 7
0.0001
10 5
0.01
2 2
0.02
4 2
0.1
2 2
1510

The gain in efficiency achieved by using MCS is highest for the
very steep front. If we compare run 3 and run 6, we use about 15
times fewer nodes and timesteps about 3 times greater to achieve
nearly the same accuracy. MCS is thus about 40 times faster than
the same method on a fixed grid. Optimal use of MCS was not accom-

plished for this nonlinear case. In the two-dimensional calculations
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it was found that rather than obtaining the velocities as discrete
values, much larger timesteps could be taken if continuous veloci-
ties are used (for every timestep), see 5.3-5. Also a variable time-

step scheme will reduce the number of timestep.

4.7 Conclusions

The moving coordinate system is applicable to nonlinear equations
with unknown frontal velocity.

An eigenvalue analysis shows that a proper node location can
reduce the stiffness ratio by five orders of magnitude by changing
from a uniform grid to an irregular grid where the nodes are concen-
trated near the frontal position and few elsewhere. In places where
the solution does not change much (near x = 0, where the soil is
nearly saturated), the nodes give rise to large eigenvalues.

Applying the moving coordinate system achieves a large gain in
efficiency when the initial soil is very dry. Comparison to a con-
ventional scheme and an exact solution obtained by similarity trans-
formation shows cost savings of a factor of 40 for comparable
accuracy. The frontal velocity is determined by the location of the
largest gradient of the solution. The boundary node location must
be changed during the integration to specify the boundary conditions

exactly.



PART ITII

MOVING COORDINATE SYSTEM—TWO DIMENSIONS

In Part III of this study the application of a moving coordinate
system as a numerical technique to two-dimensional sharp front pro-
blems is described. If substantial reduction in the computation time
can be achieved, this technique would be applicable for solving models
of enhanced o0il recovery processes. In Chapter V the convective diffu-
sion equation is solved with a known velocity field and in Chapter VI

the velocity field is solved for as part of the problem.

Chapter V

CONVECTIVE DIFFUSIVE EQUATION

5.1 Introduction

The numerical solution of two-dimensional convective diffusive
type equations is of prime importance for predictions and analysis
of energy related research. In this chapter the application of the
moving coordinate system to a simple mathematical model is developed
and tested. The model contains all the numerical difficulties
arising in models of enhanced o0il recovery, yet is simple enough to
be tractable. The moving coordinate system worked well for this pro-

blem in one dimension. Here we test the technique in two dimensions.
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The numerical methods are reviewed in Chapter II and here we
review key differences arising for two-dimensional problems. Peace-
man and Rachford (1962) developed a finite difference technique with
an overshooting scheme to eliminate the oscillations. Later studies
by Yanosik and Macracken (1976), Wheatley (1979) have improved the
original formulation with a nine rather than five point formulation.
Different Galerkin based finite element methods have been evaluated—
Settari et al. (1976), Young (1977, 1978), Huyakorn et al. (1976, 1978,
1979), Todd (1979)-and have been shown competitive with the finite
difference methods (only proved for a linear problem). The above
papers solved the models with Hermite-cubic, C°-cubic and upstream
weighted linear elements. Orthogonal collocation on finite elements
was considered by Pinder and Frind (1979) and Masliyah and Kumar (1979).
For sharp front problems none of the above methods have been shown
feasible as an extensive number of elements are needed (Chapter II)
for accurate solutions.

The variable interpolation technique has been applied to two-
dimensional problems by Chase (1979). It was applied with a Galerkin
finite element method and Hermite cubic elements. For comparable
accuracy it was found three times more expensive than a conventional
finite difference technique. Interpolation and extensive bookkeeping
makes the method intractable.

Time split schemes can be applied with any conventional discre-
tization method. The main cost of doing two-dimensional problem is

the solution of algebraic equation usually done by a direct elimination
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(Gaussian) technique. In time split schemes the equations are iterated
to convergence. Baker (1978) and Young (1978) report a gain in effi-
ciency of a factor 5-20 compared to direct schemes.

Application of MSC to two-dimensional problems has been con-
sidered by Thomas and Martinez (1976). They transformed the equations
into the MCS and the grid was kept fixed and a point source moved in
the mesh. A large finite element representation is used to render the
effect of boundary conditions (infinite domain). The frontal position
was not fixed in space in the moving coordinate system. Computational
efficiency is not achieved in this manner.

It is the object in this chapter to compare MCS with the most
efficient conventional numerical methods, including schemes using a

timesplit procedure.

Only parabolic type problems are examined here

dc _
Nt + u * Ve. = \% Qg Ve)
(accumulation) (convection) (dispersion/diffusion)

and the difficulty of obtaining a solution is measured by the ratio of
the injection rate to the dispersion. Most energy related processes
give one or several equations of the form shown above. Component
balances (polymers, surfactants, o0il) and heat balances are evolu-
tionary (accumulation) and both convection and dispersion are impor-
tant. In most cases the velocity field is unknown because of
nonlinearities and an elliptic equation must be solved separately.

Here we solve the linear problem where u is independent of the compo-
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nent concentration or temperature. For predicting the recovery from
an oil field two cases are important: flow in the vicinity of the
wells (radial symmetry) and flow in the whole o0il field represented
by a five spot well pattern.

The wells are usually placed in a pattern as shown in Fig. 5.1
with alternating rows of producing and injecting wells. Some oil
fields might have over a thousand wells arranged in this manner. A
five spot pattern is then referred to the area, which represents the
whole field, if all reservoirs were homogeneous. Because of symmetry
only the triangle shown in Fig. 5.1 needs to be considered in a
numerical approximation. Different forms of dispersion tensor E

arises depending on the velocity of the fluids. Two cases are con-

g Injection well
o

Production well

Stagnation point

Fivespot Calculation region

Figure 5.1

Well Pattern
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sidered: a constant dispersion dyadic E and a dispersion dyadic pro-
portional to the velocity (Section 6.1-3). For the two flow fields
and dispersion tensors, solutions are obtained for different Peclet
numbers.

In Section 5.2 the mathematical models are discussed in detail.
The numerical scheme for the moving coordinate system is described
in 5.3 and a procedure for finding the frontal velocity is given.
Examples of both large and small dispersion levels are calculated
with the models (Section 5.4) and mass balances are made to examine
the accuracy. Comparisons in both accuracy and computational effi-

ciency are made to conventional schemes.

5.2 Mathematical Model

In Chapter VI Section 6.2 the mathematical model for the miscible
displacement process is discussed. Here we apply a number of addi-
tional assumptions. The flow field as given by (6.1) is here assumed
incompressible and with no gravity effects. Equation (6.1) simpli-

fies to

et wor IL—hV'(Vp)=0 (5.1)

By this additional constraint the pressure is independent of the
concentration, so (5.1) can be solved separately. Equation (5.1)

is Laplace's equation and if we define the potential

->

u=Vd

Equation (5.1) becomes
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V' =0 : (5+2)

Le Blanc and Claude (1970) give the analytical solution to (5.2) for

any number of wells.

K. NWELL |, 5 >
! oa,InlGx-x)" + (3-y) "] (5.3)
i=1

d(x,y) = ¢ + oTr
W

where X5 ¥y is the location of the i'th well, and r the radius of
the wells. Equation (5.3) is obtained by complex variables. The

velocity components can now be obtained by differentiating Eq. (5.3)

- NWEZLLS . (x-x,)
E i=1 i (x-xi)2 + (y-yi)2
(5.4)
» NWELLS (y-y;)
e I i=1 i (X-xi)2 + (y—yi)2

The flow field from a single well and from a five spot pattern
can be considered using (5.4). TFor the five spot flow many wells
must be taken into account to insure the boundary condition
n

u * =0 (no flow across boundary).

is specified correctly. The velocity at the symmetry point between
injecting and producing wells, called stagnation point is zero (shown
in Fig. 5.1 too). The concentration of oil at this point should
therefore remain constant during the displacement process. Sixty-one

(61) wells placed symmetrically around the triangle (Fig. 5.1) were
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found adequately to model the five spot and obtain the correct bound-

ary conditicns. The pressure and flow field is shown in Figs. 5.2

and 5.3. The velocity at the stagnation point is here less than 10_3.
The component balance (5.19) is here assumed to have no
absorption or
oc , >
1) 3 + u-Vc =V +» (K Ve) (5.5)

The dispersion tensor depends in general on the velocity of fluid
and the molecular diffusion (Section 6.1-3). Two extremes are con-
sidered here: either a constant dispersion dyadic or a dispersion

dyadic proportional to the velocity so

lu| < 107 cm/sec

[
I

(5.6)

lu|] > 5 x 1074 cm/sec

I~
[
!
=)
+
g

where « is the mixing length (6.22). The flow rates for which these
extremes are valid are listed too (Scheidegger, 1970).

The component balance in nondimensional form is then

oc ac ac ) ac 9 9cC
oL Lt L - S | 2 g o
3¢ * Yk o T Yy oy ox [ Sx] * oy [K By] )

where the dispersion is either of the forms

_ . 2 2
g =1 or K = v//(uxl) + (uyl) .
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and Five Spot Well Pattern (x: five spot
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The velocity components are
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calculated with

NWELLS (x-x.)

u_'= Pe * u and u_, = q *
X x1 x1 e i 2 2
i=1 (x-x%x.)" + (y-v.)
. L
(5.8)

NWELLS (y—yi)

uy = Pe ° uyl and u . = z q

where for five spot flow
injection well

producing well

as injection and production

become

depending on the dispersion

Solutions to (5.7) are

of the dispersion tensor (5.

yl = E e o Y
i=1 (x Xi) it (Y yl)

]
I
=

Il
|
=

q

rates are the same. The Peclet numbers

Pel = Lfe (5.9)

tensor (see 6.3-4 also).
obtained using the two different forms

6). Because of symmetry it is only

necessary to solve (5.7) over part of the domain shown in Fig. 5.1.

The triangle is the smallest area which preserves the properties of

a five spot flow pattern, and is used in all cases described in this

study. Different boundary conditions arise whether a continuous dis-

placement or a slug is injected into the reservoir. These are shown

oc

in Fig. 5.4. —— = 0 was used on S, for radial flow as the solution

on

2

was only computed at short distance.
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MODEL I
(radial flow)

e =1, t
- —r_
v o= qw ac
==
on
> -
u - mn=-q
MODEL II
(five spot)
oc _
’n 9
0
c =1 for te[0,t,] P
c =0 for te[t,w} ue-.n=0
- >
u-+.-n=20
=2 oc _ (u=0)
u n = qw o 0

Figure 5.4

Boundary Conditions for Model I and II
(Initial Condition: ¢ = 0 in QO)
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Summarizing, solutions to Eq. (5.7) with two types of boundary
conditions, flow fields and dispersion tensor are considered. The
models are referred to by three indices.

The first roman letter indicates the flow field
I : Flow from single well
IT : Five spot pattern flow
and the second letter M or D stands for
M : Molecular diffusion
D : Dispersion proportional to |3|
and the third number 1 or 2 is
1 : Step change (continuous displacement)
2 : Slug injection

These six possibilities present the most common situations en-
countered in flow through porous media. The Peclet number defined
in (5.9) indicates how much the convection (injection rate) dominates
the dispersion. Model IM-1 has an analytical solution, which is

given in Appendix A.

5.3 Solution Method

This section is divided into several parts, each describing one
aspect of the solution method. The utilization of the moving coor-
dinate system constitutes the central part of the whole scheme and
is discussed first. The theoretical development and numerical
algorithm are described to give an overview of the numerical method.

Section 5.3-2 and 5.3-3 treat the spatial discretization technique
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and 5.3-4 treats the temporal integration scheme. 1In 5.3-5 and 5.3-6
specific algorithms necessary to utilize MCS are discussed. Section
5.3-7 describes how a mass balance for a reservoir is performed mathe-
matically and why this is important.

In Appendix C the imput instructions to the computer code which

performs the tasks described in 5.3 are given.

S Moving Coordinate System

For very high Peclet numbers the solution to any of the models
given in (5.2) develops very steep profiles in only a small part of
the domain. In Fig. 5.5 is shown a slug solution in a three-
dimensional prospective. The solution looks very similar to a shock
wave or front, and it is seen that the elements away from the wave

only approximates a plane in this region.

N"
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J
i “\\\‘ “"00‘000:0
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‘
L
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Three-Dimensional Prospective of Slug
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The MCS can make the front(slug) stationary in time and space.

In one dimension this occurs at a point, but in two dimensions it is

along a line.

are discussed in the following.

The theoretical development and computational aspects

Transforming the differential equation into a moving coordinate

system is done by

t
E=x-] A (e")dt!
(o]

t
p — 'y = J’O )\y(t')dt'

i = &

(5.10)

9c _ dc dn , 9c 3E . dc 3p
9 _on ot T 3E Je
B, B
ot [—xx (t)
dc _ e dn , de 3
8% Bn ox © BE Ox |
dc _ e dn , de 3E
5y ~ 3n 3y | B€ 3y
2’ _ 3% 3c”
Nee DR By

dc 9p
op ot
dc
+ 5 [-Ay(t)]
dc 9p _ dc
9p ox Rl
8c 3p _ 3¢
9p dy 9P
_ o
sz

Substituting these into (5.9) gives
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ac _ ac 3 ¢ 3 ¢ |
(5.11)

and the location of the boundary condition is then changed to

(referring to Fig. 5.4)

B
~
3
(@]
Il
o
&
©
Il

t
= g enaen (S4)

o
&

d t
at £ + fo A (E")dt = p + fo )\y(t')dt' ) mn>o0

at & 5)

(5.12)

t
-f A (eh)de! (s
(o}

and the well locations are now a function of n. The injection well

is located at

t
£ = —fo A (E")dt!
J’t
p=-[ A (t"adt'
& 2

but the concentration specification as a function of time, remains
unchanged. The location of producing well changes similarly.
The domain for which (5.11) now must be solved is changed to an

infinite domain by Eq. (5.10). Here we seek to choose the velocity
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of MCS so that the front (slug) remains within a well-defined area.
With a proper definition of velocity (5.3-5), the calculation region

for reservoir problems is shown as the trapezoid in Fig. 5.6. We use

which corresponds to a hyperbolic shock wave being moved from the

injection well to the producing well.

-

v

T
|
_.
Wy
|
|
N I
|

Figure 5.6

Calculation Region for MCS
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Using the moving coordinate system as a numerical scheme requires
a proper discretization method to be used so that the domain given by
Fig. 5.6 can be approximated. The Galerkin finite element can approxi-
mate the domain easily whereas it is more difficult with a finite
difference technique or other weighted residual methods. Triangular
elements are not easily treated with the other techniques. The loca-
tion of the boundary condition changes as a function of time, and it
is therefore also important to choose a method where these are readily
applied. In a Galerkin formulation most of the boundaries given by
Eq. (5.3) are described by natural boundary conditions (see Section
5.3-2), in which case the final equation is not affected. Less com-
plicated programming is thereby achieved.

As mentioned above the domain over which Eq. (5.11) is to be
solved will change in time. Location of the boundaries then also
changes in time. For most solutions reported here we simply apply
the boundary condition of the node closest to the boundary. This
introduces some error, but is usually satisfactory. For one case,
the five spot flow when Pe; =1000, we moved the nodes on the boundary
so that the boundaryconditions are evaluated at the correct location.
This was necessary to obtain reasonable solutions. Figure 5.7 shows
how the computational grid changes as a funetion of time. At different
times a number of elements are taken out of the original grid (Fig.
5.6) to approximate the solution at this time. The discretization
is highly nonuniform but as shown in Fig. 5.8 the elements are at

any time placed where the front will be.
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Placement in Front in Grid

The details of applying a moving coordinate system are discussed
in the following with emphasis on the subjects which are important

for MCS.

5.3-2 Galerkin Formulation
The mathematical model given by Eq. (5.7) is solved with a

Galerkin finite element method. The Galerkin equation is

IV.%% 8c + 8c » u-+Ve+ VS * K+ VchV

—fs Gc[qw(c—c°w)]d3=() .
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The Euler equation and natural boundary condition can be determined

by using

Ve (c*K*Vec)=206¢V- (K Ve) + K Ve Véc
and Greens theorem.

[ Vo (6cKVe)dv =) 7+ (S K Ve)ds
Y o S -

The Euler equation is then

%%-+4g Ve =V« (KVe) =0 (5.13)

and natural boundary condition becomes
neK-V (c-c)=0 (5.14)
n* K c-q (c=-c )= .

At production wells c = c°w so for all boundary points except at

injection wells we have the boundary condition

- _ _3_(:_ _
n __Ig Ve = 0 or N 0 (5.15)

At the injection wells an essential boundary condition is used since

we want to specify the concentration as a function of time.
Introducing the moving coordinate system does not affect the

natural boundary condition, so in the further development of the

Galerkin formulation we can use Lq. (5.13). Denoting N._ as the shape

I

function for node I we have

c(x,y) =) NI(x,y) *cp
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where cr is the nodal value. The weighting function is denoting

N . Having
J

dc = NJ and c¢ = z NI cI

we get in matrix form

de _ . .
g aE (g“l‘g) c (5.16)

The matrix entries are

m ;= / N, N5 dA (5.17)
A
dN_ dN_
cIJ = -fA NJ (ux—kx(n)) :ﬁ5-+ (uy—ly(n)) 75;— dA (5.18)
d = - K CH\I—JCH\I_I+K ﬁ&*.}( f&&
I Al EEdE dE € d€ dp pt dp d&
(5.19)
. dN, dN_ "
pp dp dp

Solution of (5.16) is discussed in 5.3-4.

5.3-3 Elements and Integral Approximation

Quadrilateral elements could certainly be used by bending them
to approximate the domains shown in Figs. 5.5 through 5.7. If tri-
angles are introduced amearly regular type grid as shown in the figures

can be constructed. It is therefore preferable to combine quadra-
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lateral and triangles so that the domain is more easily formed.
Element for transitions between fine and coarse mesh has been
developed [Gupta, 1979] but are not considered here.

Here are selected quadratic serendipity quadrilaterals and
quadratic triangles are selected. Several other studies [Huyakorn
et al., 1976; Gray and Van Genuchten, 1978] concluded that the
quadratic elements are computational efficient for this type of pro-
blem. Recent studies [Young, 1978; Settari, 1976] suggests that
cubic Cl-elements may be preferable for low dispersion as found in

Chapter II also. The elements chosen are shown in Fig. 5.09.

c S ©
1 2 3 1 2 3
1-n.  node values
®O: quadrature points
Figure 5.9

Elements and Quadrature Points

The integrals given in (5.17) through (5.19) must be evaluated
by quadrature. Other studies [ Young, 1977; Hillion, 1977; Leone,
1979; Gray and Van Genucten, 1978; Wang and Klein, 1978] indicated

that considerable savings can be achieved by choosing formulas where
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the qudrature points coincides with the nodal points (e.g., Lobatto
quadrature). Here no attempt has been made to choose computational
efficient quadrature formulaes. For the quadralaterals a 3 x 3 point
Gaussian quadrature was used, so that a polynomial of degree 5 in
each direction is integrated exactly [Zienkiewicz, 1971, p. 187]. A
seven point formula, which integrates exactly a fifth order polyno-
mial, is used for the triangles.

The gauss points for the quadralaterals are: (here normalized
for the domain in one dimension from zero to one)

z = 1/2 - /3/20, 1/2, 1/2 + V3/20 (5.20)

and corresponding weights

wg = 5/18, 4/9, 5/18 (5.21)

For the triangle the points are given in terms of area

coordinates.

Point (Fig. 5.9) Area Coordinate Weight

1 1/3, 1/3, 1/3 Wy
2 <15 By By

3 Bys =10 By w0y
4 B> B> )

5 %y 82, 62

4 Bys =5 By ¥
7 B, B, «
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W, = 9/40
, = 155+ /15 « -9 - 2/15 g - 6+ /15
2 1200 1 21 1 21
(5.23)
o DD = /15 « -9+ 2/15 g =6 - /15
3 200 2 21, 2 21
5.3-4 Temporal Integration Scheme

It is desirable to find schemes using a variable timestep as
discussed in Chapters III and IV, because when applying MCS the time-
steps are expected to increase rapidly when the front is well developed.
Two predictor-corrector methods were tested solving Eq. (5.16).

For most cases a Crank-Nicholson formulation was used. If

& - £
then

M=+ 2 @™ 4 200" + o(aeY) (5.24)
and for (5.16)

M+ At/2 + (C + D) 1™ = - ae/2¢c + D) 1" (5.25)

The other scheme is an implicit Euler (backward Euler) or

Cn+1 _ Cn + At o f(c)n+l

and for (5.16)
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M+ e+ DI = - P (5.26)

Both schemes are implicit and it is necessary to decompose the matrix
in (5.25) and (5.26) whenever the timestep is changed.

The predictors to the above methods are based on extrapolation
from previous timesteps. They are not used in the integration step
as seen above, but are used to give an estimate of the truncation
error for evaluating a new timestep. For the Crank-Nicholson scheme

the predictor is

Poay Py, ey I (5.27)
where
Ltn At gt Atn
SR S S VI I
e Atn s Atn M s de
2 LAtn_l Atn_l/_\tn_2 —1
At o+ (At + At )
Y3 R, @B, + B )
and for the Euler method
cP = Y 4y cn_l (5.28)
L5 L & &S
where
T = 1+ Atn/Atn_l
Yo = - At /he
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The truncation error is determined after each timestep by the

norm

1 NP

| =NT « ¢ y (dci)2 (5.29)
i

HdTOTAL| max

where NT: number of nodes
c ‘Maximum value of c
max

and

- 2
3l cl + c2 i i

where for the second order scheme (q = 4)

1/12

0
Il

2At + At At
- n-1 n-2 n-1 n-1 n-2
1/6 ll + Atn + >

2

and for the first order scheme (q = 3)

ey = 1/2 ey = (L + Atn_l/At)/Z

The new timestep is now calculated by

At . = At -+ (e/]a 3 (5.30)

n+l )

TOTAL||

= 10_4), and a re-

€ is a user specified accuracy level (usually 10
striction of a factor 3 is set for either decreasing or increasing the

timestep.
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The schemes described here are an analog of those used by
Gresho et al. (1978), except they used expressions for the derivative
in the predictor. By using extrapolation it is not necessary to in-
vert the mass matrix.

In Eq. (5.26) a matrix must be inverted for each time the time-
step changes a frontal solver [Hood, 1976; Irons, 1970] was used,
but changed so that only some of the elements (as discussed in 5.3-1)
could be chosen to be decomposed. Other studies have used banded
matrix solvers [Settari et al., 1976] and iteration schemes [Young,
1978]. Half of the total computation time is spent by the matrix
solver depending on how the matrix is set up so it is important that
a suitable inversion routine is chosen. The frontal solver and also
the banded matrix solver are based on Gaussian elimination in which
case the equations are solved to machine accuracy. With an iteration
scheme, the equations are never solved exactly, but are solved to
within a specified tolerance, although in some cases the iteration
scheme itself may not work. Each iteration requires only a small com-
puter time, compared to direct decomposition, but many iterations may

be necessary.

5.3=5 Determination of Frontal Velocity
A requirement for applying a moving coordinate system is a deter-
mination of the velocity which will keep the front (slug) in a certain

area.
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For Case I (radial flow) the frontal velocity is known through
the exact solution. The position is given by the hyperbolic model

(Appendix A)

= V2Pe*t (5.31)

r
front

so the radial frontal velocity is

drfront Pe
A(E) =—3—= 5= (5.32)
or in cartesian coordinates
A (t) = Ky(t) =% : Ff (5.33)
The accumulated velocity is
f)\x(t)dt = f)xy(t)dt = /Pe't (5.34)

For Model I the exact frontal velocity was used but the accumulated
velocity, the integral (5.34) was calculated numerically using the
trapezoid rule [O(Atz)), =

A_(t+DT) + Ax(t)

f A (t)dt = [ A_(t)dt + = * DT (5.35)
t+DT * £ ¥ <

Even though it was not necessary to perform this integration it was
desirable to determine how accurate this integration would be. Re-
sults showed that the calculated accumulated velocity was within 1%

error of the exact value.
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Equation (5.25) of (5.26) is used to advance the solution from

T to T < DT-

[g + At/2 - [g(T) + 2]]n+l . E-n+1 _

(5.36)

[M - At/2 « [C(@) + D™ - "

or

él(T) E_n+1 _ é?(T) EP

The matrices é; and 22 both contain the frontal velocity. Different
times can be selected to evaluate the frontal velocity and four
possibilities were considered here.

1) A(t) evaluated at T for both él andé2

2) A(t) evaluated at T + DT/2 for bothél and é?

3) A(t) evaluated at T + DT for both é} and é?

4) A(t) evaluated at T for éz and

A(t) evaluated at T + DT for é;

With a Peclet number of 50 and the variable timestep adjusted to give
very large timesteps the results are shown in Fig. 5.10. Possibility
number 4 is not shown but is almost identical with number 2. As seen
in the figure, it is most desirable to evaluate the frontal velocity
at the end of a timestep rather than in the beginning. The reason
for this phenomenon is probably due to the implicit interaction scheme.
For a nonlinear problem, the frontal velocity will not be known
apriori (e.g., Case II), and it is necessary to determine it numeri-
cally. An algorithm to accomplish this and also extrapolate the "old"

known velocities to the end of the following timestep is discussed here.
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Figure 5.10

Model IM-1, Pej = 50, Effect of Evaluating the Frontal
Velocity at Different Times, (&) at T+DT,
(+) at THDT/2, (x) at T

The frontal velocity is now defined as

%
d(r -1

dt

fr)

Xr(t) = (5.37)

*
where r : position on diagonal (£ = p) where concentration is 0.5

L reference position on diagonal

In the case of a slug the downstream front is considered until the
peak concentration is less than 0.5 after which the location of the
peak is considered. Before each timestep the following procedure

is done. The velocity after the next timestep (T+DT) is obtained
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by using a second order extrapolation of the velocities from previous

*

timesteps. Having performed the timestep the position Tnopr is deter-

mined. We can now correct the frontal velocity to correspond to what

the actual movement was, i.e.,

* *

corrected extrapolated TT4pT rT
M @D = A vor) YT obT

If we had been able to stop the movement of the front (slug) com-

oL

pletely r;+DT = r; and the corrected and extrapolated velocities
would be identical. In Fig. 5.11 is shown an example of the extra-
polated and corrected velocities. The corrected values are used for
the extrapolation step (shown by dotted line), the extrapolated

values in the calculation step (5.36) and for the determination of

accumulated velocity (5.35).

@
® Extrapolated velocities

o .
Corrected velocities

i
LU

T-DT1-DTO,  T-DTO T T+DT
Figure 5.11

Determination of Frontal Velocity
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To start this algorithm, a fixed position (rfr) is determined

after two timesteps and

%
r - r
fr

)\r (T4+DT) = T

the frontal velocity during the timestep DT1 is used until the
extrapolation/correction scheme can be initiated.

After only a few timesteps the corrections were found to be
less than 57%. When applying this algorithm to Case I (radial flow)
the frontal velocities were found to be within 2% of those predicted
by Eq. (5.34). The corrections are smaller the steeper a front is

tracked.

5.3-6 Numerical Algorithm for MCS

Section 5.3-1 described the theoretical development of MCS and
Figs. 5.6 and 5.7 show how the grid configuration changes throughout
the integration. Referring to Figs. 5.7 it is seen that during the
time T2 to T3 some elements have been deleted and others added. An
algorithm for obtaining the correct elements (out of all the elements
as in Fig. 5.6) at a given time and also a scheme to assign values of
g? in the newly added elements is described.

Further specifying the location of the boundary conditions
exactly is discussed.

At a given time the accumulated velocities

i t
ACCK = ACCY = [ A_(t")dt' = = | A (th)de!
o = v/i [e]
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are known, so the exact location of the boundary conditions (physical

domain) in the MCS is given by the interior quadrant

t
g = —f A_(t")dt! or x=0
0 X
t
E=1 - f Kx(t')dt” or x =1
)
(5.38)
t
o == A_(t")dt' or y=0
& <
t
o =1 —f A (£")dt! or y=1
& Yy

The lines (or '"boxes'") shown in Figs. 5.5 through 5.7 and 5.12 are
constructed based on (5.38). The four lines in Fig. 5.12b divide
the domain into 9 different areas. Taking an element, each node can
(using (5.38)) be placed in only one of the nine regions, a number
(0-5) (Fig. 5.12c) is assigned to that node. For nodes in region
OUT an extra specification (Fig. 5.12c¢) is made depending on which
corner it is closest to. Going through this determination of all
nodes in an element we have an array of numbers which now uniquely
determine its position. The elimination procedure is then:
A if all nodes in either region W, N, E, S or OUT or a combination
but does not have any node in region IN, the element is not
assembled , e.g., a triangle with numbers 1,1,1,0,2,2 will not

be assembled.
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If all nodes in region IN (5) the element will be assembled,

e.g., quadralateral with numbers 5,5,5,5,5,5,5,5.

If nodes in region IN (5) and either W, N, E, S the element is

assembled and boundary condition specified (if any) at closest

points to line, e.g., triangle with numbers 5,5,2,2,2,5 is

assembled.

All elements, except those near one of the four corners, are now

identified. For a corner element two possibilities exist as the

nodes can lie in either 3 or 4 regiomns.

1)

2)

Four regions. In this case the corner is uniquely deter-
mined, the boundary condition can be applied and the element
assembled, e.g., triangle having nodes in regions IN, W, S
and OUT (numbers 0,0,4,5,1,1).

Three regions. If the nodes lie in three regions such as

S, IN and OUT, the element must be assembled but the corner
location could either be SW or SE. As nodes in region OUT
are labelled for the closest corner, the corner is uniquely

determined.

The above algorithm is performed for each element in the grid and

a set of elements is determined for assembling. The boundary condi-

tions are applied when the location of the element is found. As dis-

cussed before the location of the boundary condition will not in

general be the exact one defined by (5.38).

Any type of boundary condition can be applied, the code is

capable of applying the following types
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c = co(t) (fixed)

[ARVe =] qas (flux)
S

at any corner or boundary lines. The flux can only be a function of
time at well locations.

The assembly of elements described above will result in a set
of elements describing the problem between the time T and T+DT since
the addition and subtraction of elements will occur in a discontinuous
manner, the dependent variables (gn in (5.36)) in newly assembled
elements must be assigned values. The situation is shown in Fig.
5.3

The boundary condition along the boundary where new elements

arise is either

dc oc

‘5;=0 or a—n=0

[

To assign values in new elements (nodes), interpolation of nodal
values closest to the boundary is used, or requiring that the gradient

is zero over the boundary

dc _
on 0

The natural boundary condition (5.15) is thereby violated once, but
only if K is not a diagonal tensor.

Referring to Fig. 5.13a, element numbers 1-5 are ''o0ld" elements

used between T-DT1 and T, and elements 6-10 are '"mew'" elements to be
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Extrapolation of Values in New Elements (5) and
specifying the location of the boundary
conditions exact (b)
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considered between T and T+DT. Elements 1-5 fall in category SOUTH
and is stored separately. The nodal value at position y (element 9)
is now interpolated linearly between nodes A and B from element 3.

The following.procedure was done for specifying the location
of the boundary condition exactly for solution of model II D-2,
Pe = 1000. Starting from an accumulated velocity of 0.5, the nodes
cn one vertical (EAST) and one horizontal line (SOUTH) changed loca-
tion according to Eq. (5.13). When the vertical line (..., Fig. 5.13b)
meets the next line (.-, Fig. 5.13b) in a distance of 0.01, the column
of elements between the two elements is deleted and integration con-
tinued with the second line (—-- and the horizontal line ---=) of
nodes changing during the integration. No interpolation was done in

the elements affected by changing the EAST boundary.

5:3=7 Material Balance

When solving the Case II model (velocity field as a five spot)
no analytical solution is available so the numerical solution can
only be compared to experimental data and other numerical calcula-
tions. An estimate of the accuracy can however be given by calcu-
lating the error from not satisfying the natural boundary condition
exactly. Recalling from 5.3-2 Eq. (5.14), the natural boundary
condition is

a3
n

« K+ Ve - q, (c - C;) = 0 (5.14)
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+
where n is the unit normal to a surface, and Eq. (5.14) should be
satisfied at any point. The mass flux into or out of the domain at

any time t is obtained by integrating (5.14) over the surface.

[ meKTeds-q (c-c) =M (5.39)
S

A total mass balance is then given by

out

in
MBC(t) - Mpe

(t) = M (5.40)

() - Mprod(t) * Minjection acc

where

in . > - . -
MBC(t) = f f n ¢ K-Vec ds dt (mass in by violating natural
o s -
boundary condition)

t

out iia ¥ s
MBC (t) = f f n+<K-Vec ds dt (mass out by violating natural
o 8
boundary condition)
t
Mprod(t) = f 9 Coell dt (mass taken out at production
well (1,1))
t o
injec(t) = fo q, ° Cwelldt (mass added at injection well
(0,0)
Macc(t) = f c(t)df (accumulated mass in domain)

Q
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Equation (5.40) can also be obtained by integrating the sum of Eq.
(5.13) and (5.14) over the domain.
When solving Model II the mass flux

= [ nKVeds
. e

AL

is evaluated for each element having a side with a boundary. The
fluxes at any time are separated into six categories, one for each of
three sides (Fig. 5.14) and depending on whether material flows in or
out. These six fluxes are then integrated with a trapezoid rule. A
net flux for one side is then obtained by adding the flux in and out

of the domain

MBC(t + At) = M__(t)

side,in (out) BC side,in (out)

(5.41)

*
(qp + qpyp,) * 8t/2

In the contours shown in (5.4) a mass flow can be observed by looking

at the slope of contour at the surface, Fig. 5.14.

5.4 Results

5.4-1 Symmetry and Integration Order

Initial testing of the program was performed with a Mod
model i.e., radial flow and a step change in boundary condit:
Pel=55afixedcoordinatesystmnwasused. Several different gric

were tested and the optimal number of quadrature points for the int

approximation was determined. These calculations are discussed
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Figure 5.14

Mass Balance in Triangular Domain (longitudinal
and transverse diffusivity equal)
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The mathematical models considered in this study all have symmetry
in the solution. For the radial flow and five spot pattern the
symmetry line is between the producer and injector, so the numerical
solution must obey this symmetry. Figure 5.15 shows four different
element configurations. Mesh I is a 4 x 4 quadralateral, mesh II
either 16 triangles to form a triangle or 52 (symmetric distributed)
covering the whole area and III is 9 quadralaterals forming a triangle.
The integration was performed using 10 fixed timesteps and the solu-

tion was compared with an estimate of the error based on

1 F 2
IIEIImax T NT t % |Cexact - CnodeI }
NT being the number of nodes.
I II III

Figure 5.15

Mesh for Symmetry Test

Using the two cases for Mesh II the numerical solution was
symmetric about the diagonal as expected. The three cases are com-

pared in accuracy below:
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After 1 11 111

st |lell = 0.3 x 1073 0.95 x 1070 4.2 x 1073
10T ||e|] = 0.19 x 1073 0.43 x 1073 0.66 x 1072
RSU 161 76 73

(RSU defined in nomenclature)

Even though the error estimate is very simple and crude, some
trends can be seen. Shifting from a square domain to the triangular
domain, the loss of accuracy is only minor. Comparing mesh II using
triangles and mesh III using quadrilaterals the error after 5 DT is
much smaller for II than III and after 10 DT the difference is only
minor.

The differences in computation time (RSU) reveal that for discre-
tizing the same domain and achieving comparable accuracy two triangles
can be used for one quadralateral. The conclusion is that the trian-
gular domain is applicable with minor loss of accuracy, triangles are
preferable in areas where the solution must be resolved and quadra-
laterals can be used other places because they are slightly cheaper.

The number of quadrature points for triangles was varied using
Mesh II (fig. 5.15). A seven point formula is capable (section 5.3-2)
of integrating exact polynomials up to degree 5 in combined X,y vari-
ables. The other formula considered used three quadrature points, so
a quadratic function is integrated exactly [Zienkiewicz, 1971]. 1In
this latter case the mass matrix and convective matrix—(5.17) and

(5.18)—1is not integrated exactly. The results obtained gave oscilla-
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tory solutions where as the seven point formula gave stable solutions.
It seems important for stability to use the exact mass matrix rather
than mass lumping or a low order quadrature for integration. Gresho
et al. (1976) observed the same phenomenon and made similar

conclusions.

5.4-2 Radial Flow

When the flow field is described by a single well injecting
material, the model is one-dimensional But here the numerical solution
is obtained over two dimensions. For model IM-1 the corresponding

one-dimensional equation is

dc , Pe 3c _ 1 9 ac
3t T r or ror [r Sr] ot

and the analytical solution is given in Appendix A. Compared to the
linear flow model in Chapter III the Peclet number will vary spati-

ally as

Pel

Pe = = (5.43)
and close to the well the front will be very steep. For model ID-1

the one-dimensional problem is

Pe
dc 1 0c _1237¢
3t T % r, 2 (5.44)

Comparing (5.44) to (5.42), the second derivative in (5.44) is multi-

plied by 1/r where for (5.42) the factor is one. The solution of
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(5.42) will therefore have a sharper front than the solution to
(5.44).

Numerical solutions of Model IM-1 and ID-1 (or (5.42) and(5.44))
are discussed in the following. The Peclet number (Pel) chosen were
50 and 500 and the numerical solutions are discussed individually
and then comparéd. Only solutions with the moving coordinate systems
are considered here. Estimates of the number of elements and time-
steps needed for computation on fixed grid will be discussed.

The grid used for these calculations are based on the results
obtained in Chapter II. In the area containing the front or slug the

mesh is constructed based on

Pele ~ 2-5 (5.45)

Perpendicular to the front larger increments can be used, such as

Pele =~ 5-10 (5.46)

An example of the grid is shown in Fig. 5.16. As the front is steep-
est for small times the grid is finest close to the origin and the
fine mesh is elsewhere spread outward in a radial (circular) manner.

Examining model IM-1 first, the solution for Pe, = 50 along the

1
diagonal is shown in Figs. 5.10 and 5.17. 1In Fig. 5.10 the velocity
of the MCS (frontal velocity) is evaluated at three different times

between T and T+ DT and a fixed timestep wasused. Evaluating the velo-
city at T + DT gives the best results. With a variable timestep the

"T + DT" solution is shown in Fig. 5.17 and the number of steps as a

function of time is shown in Fig. 5.18.
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LR

Figure 5.16

Mesh for MCS Calculations
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Model IM-1, Pe, = 50, Number of Steps Function of Time
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In the initial period the front is very steep, the numerical
solution has some oscillations and many timesteps are therefore
needed. At later times the broadening of the front occurs more
slowly and the frontal shape and position is relatively unchanged so
larger timesteps can be taken. If smaller timesteps were taken for
the cases shown in Fig. 5.10 the accuracy would improve, and also more
timesteps would be required when the frontal velocity is evaluated at
T or T + DT/2. Thirty-four (34) elements and a total of 34 timesteps
were used to move the front from the well to a distance of 0.4. This
corresponds to injecting = 0.1 pore volume.

For a Peclet number of 500 the solution is shown in Fig. 5.19,
both along the diagonal and along y = 0. The solution is symmetric
in both directions and very accurate when compared to the exact solu-
tion. A total of 71 elements were used and 41 timesteps were necessary
to inject 0.05 pore volume. For a higher Peclet number the scheme
requires more steps in the beginning.

The same Peclet numbers were used for model ID (dispersion pro-
portional to velocity) as for model IM. The solutions of model ID
for high Peclet numbers compares in steepness to solutions of model
IM for low Peclet numbers. In Fig. 5.20 is shown a solution for
Pel = 500 on a grid similar to model IM and Pel = 50 , The
analytical solution for model IM-1 is drawn too. Comparing this re-
sult with Fig. 5.19 (model IM, Pel = 50) and a frontal position of
radius 0.1, the solutions are very similar as shown in Fig. 5.21. The

frontal sharpness depends to a large extent of the dispersion tensor.
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Model ID-1, Pel = 500, Solution at Different Times

It is important to model the dispersion tensor correctly for field
applications.

As mentioned before no attempt to solve either (5.42) or (5.44)
in a fixed coordinate system was done. Estimates of the cost when
using a fixed coordinate system to solve model IM-1 are given in
Table 5.1 and Table 5.2. 1In a fixed coordinate system many elements
must be used (Chapter II) and the criteria PeAx reveals if any oscil-
lations can be expected. 1In Table 5.1 the elements used in the model

IM are given with corresponding PeAx-values. For a Pel = 50 only
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Comparison of Model IM-1, Pe = 50 and

Model ID-1, Pel = 500 at re = 0.1

slight improvement is found but for Pe1 = 500 with comparable accuracy

(PeAx = 25) about 15 times fewer elements are needed. Table 5.2 lists

the number of steps used in the calculations together with estimates
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Table 5.1

Elements for Fixed and Moving Coordinate System,
Model IM-1, Pel = 50, 500

Pel = 50 Elements PelAx
—tor. .= 0.37 34 < 1%%%
MCS o
— whole domain 120% < 1h%x%
120%* 3.l
Fixed — whole domain
313%%* 2
Pel = 500 Elements PeAx
— o Yoo e T 0.22 71 < Q1E*xE
MCS
— whole domain 160* < 1EAR%
— to rfront = 0.22 71 11
— whole domain 160 38
Fixed
— whole domain 31250%* Q%%
— whole domain 2500%**% 5% ¥

* Estimate based on additional number of elements
necessary to inject one pore volume in five spot.

** Estimate based on criterias derived in Chapter II,
and that the Peclet number is the same everywhere
in the domain.

**%* Only near the frontal position.

*%%* Estimate based on Settari et al. (1977) using Galerkin
Hermite cubic. Limit based on model ID and insures
only minor oscillations. Conversion by a factor 10
used to convert from model ID to IM.
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Table 5.2

Timesteps for Fixed and Moving Coordinate System,

Model IM, Pel = 50, 500
_ Steps to Steps to
ey Slee r, = 0.37 1.0 PV injected
MCS — Variable timesteps 34 100%
— Variable timesteps
Fixed — Lowest At 1,080%* 10,000
— Average At 34%% 340
_ Steps to Steps to
Ec i r. = 0.22 1.0 PV injected
MCS — Lowest t 41 200%
— Lowest At 1,400%% 65,000
Fixed
— Average At 41%% 1,100

* Estimate based on using the last timestep.

*#* Timesteps from the MCS calculationms.
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of steps necessary in a fixed coordinate system. For the fixed coor-
dinate system two estimates are given based on the lowest or average
timestep used in the MCS. The estimates compare well with other
studies [Settari et al., 1976; Young, 1978]. 1In a fixed coordinate
system the timesteps do not change very much during the integration
as the stiffness ratio is approximately constant during the integra-
tion. The solution changes rapidly at some nodes while other nodes
remain nearly constant (Fig. 5.2). In the moving coordinate system
the solution will be fairly constant during the whole integration.
Roughly a factor 15 fewer timesteps is necessary in the moving coor-
dinate system as compared to a fixed coordinate system

Based on comparing number of elements and timesteps the moving
coordinate system is more efficient by a large factor. Differences
in setup solution scheme etc. can effect this potential savings in
cost and a more detailed comparison based on actual computation time

is done in Section 5.4-4.

5.4-3 Five Spot Flow Pattern

The five spot flow pattern is more realistic to reservoir engineer-
ing problems, as most on-shore oil fields are developed in this manner.
First calculations in both a fixed and moving coordinate system for a
Peclet number of 10 are compared. A mass balance is made when inject-
ing a slug. Some results for higher Peclet numbers are given too.

The grid used for Pe, = 10 in a moving and fixed coordinate sys-

1

tem is shown in Fig. 5.22, PeAx < 2.5 for both cases. A model IID is

considered with both step change and injection of slug.



140

(1) (2)

x4+

N
-01?

v

Grid for Model IID, Pe = 10

Figure 5.22

For the step change boundary cendition (IID-1) the solution was
computed in the fixed coordinate system with a variable timestep
scheme and using either Crank-Nicholson or Euler corrector (Section
5.3-4). To measure the temporal truncation error a solution with a
small fixed timestep and Crank-Nicholson scheme was obtained. The
solutions along the diagonal and along y = 0 are shown in Fig. 5.23.
Using a fixed small timestep rather than the variable timestep scheme
gave almost identical results except at large pore volumes injected.
The fixed timestep solution is only shown for 1.06 PV injected, where
the differences can be seen graphically. The Euler corrector tends to
smooth the solution for the same number of accumulated steps as seen
from the figure. The contours from the fixed timestep solution are

shown in Fig. 5.24 at 0.4 and 0.8 pore volumes injected. The curves
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in Fig. 5.24 are drawn from only a few points and are therefore only
approximately correct. The concentration at the stagnation point

(x =1, y = 0) should be zero at all times since the velocity is
zero (Fig. 5.2), but as seen in 5.24 the numerical solution gives

a nonzero value. If a finer mesh was used in this region a better
resolution could be obtained. In Fig. 5.25 is shown the concentration
at production well and the stagnation point as a function of the in-
jected pore volumes. The Euler scheme smooths the profile again.
The concentration at the stagnation point increases with time and

as the gradients are nonzero at this location (Fig. 5.23), the mass
balance will be affected. Integrating the concentration at the pro-
duction well and measuring the mass in the domain (Section 5.4-7), a
mass balance can be made as shown in Table 5.3. The error is 2-6%,
mainly in the beginning (see discussion, p. 149) and at later times

where the concentration at the stagnation point is nonzero. The

T T m T T '40

04 PV o8PV
B
L L
2 ©
= 8
L s
7 I 9

9

4 1 1 m I > 1 -21
o .25 5 75 Q 25 5 75

Figure 5.24

Model IID-1, Pel = 10 Contours at 0.4 PV, 0.8 PV
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Concentration at Production Well: (@) Crank-Nicholsen, (&) Euler,
(—=) CN, fixed At; Stagnation Point (x)

mass balance automatically gives a recovery curve, oil produced

versus fluid injected as the mass in the domain

f c(t)dAa
A

corresponds to the amount of material injected. This is shown in Fig.
5.26 and a result with a higher Peclet number from the study of

L. Young (1978) is drawn too. For higher Peclet numbers the break-
through of the displacing fluid occurslater compared to the low Pec-

let number.



Table 5.3

Mass Balance

Cale. Production
PV Mass Well Total Exact Error
sill. .54120 0 0.54120 0.050265 7.6%
W2 .10544 0 0.10544 0.10053 4.9%
"3 » 15529 0 0.15529 0.15011 3. 5%
4 .20482 0.00153 0.20635 0.20027 3.0%
«5 .25081 0.005605 0.25642 0.24975 2.6%
.6 .29298 0.01539 0.30837 0.2999 2.8%
0.7 .33194 0.0322 0.36414 0.3534 3. 0%
0.8 .36059 0.05615 0.41674 0..39976 4.2%
9 .38665 0.08622 0.47244 0.45003 5.0%
.06 .41838 0.1473 0.56568 0.52857 7.0%

91
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Figure 5.26

Recovery Curve, Model IID-1, # Pe; = 10,
;I/Pel = 72.5

When the moving coordinate system was used rather than the fixed,
the solution was almost the same. Figure 5.27 shows the solution
along the diagonal and along y = 0 at different times, the more accu-
rate fixed timestep solution from Fig. 5.23 is drawn too for compari-
son. Only close to the boundary can a discrepancy be detected,
which is caused by not locating the boundary conditions exactly.

This is shown in Fig. 5.28 at 0.7 pore volumes injected. The boundary

condition using MCS is located at a radius of 1.72 instead of at
Y2 = 1.414 but the slope at the false boundary is approximately zero

so the boundary condition is satisfied, but improperly placed. A
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Model IID-1, Pej = 10, Diagonal and y = 0, Solutions at
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Model IID-1, Pey = 10, Solution at 0.7 PV (0 ) Diagonal MCS,({+)
y = 0, MCS, # MCS boundary — Fixed CS

correction based on the area difference could be made so that the
concentration at the production well (Figure 5.29 would not show the
nondesirable jumps.

The number of timesteps used both for a fixed grid and MCS with
Pe = 10 is shown in Fig. 5.30. The advantages described previously
with MCS does not hold for small Peclet numbers as the solution
changes much more than for higher Peclet numbers. About twice the
number of steps used with the fixed coordinate system must be used
for the MCS (same EPS used in both cases).

With model IID-2 (slug injection) and a fixed coordinate system,

Crank-Nicholson corrected and variable timesteps a solution was ob-
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tained, and a detailed mass balance performed. A Peclet number of

10 and the mesh (2) shown in Fig. 5.22 were used. The solution ob-
tained along the diagonal and along y = 0 is shown in Fig. 5.31. The
approximate contours are shown in Fig. 5.32.

The solution shows the trends of what can be expected to happen
physically; a peak (bank) of material being pushed toward the pro-
ducing well much faster than towards the stagnation point. Again the
concentration at the stagnation point is nonzero because of poor

discretization.

A mass balance as described in Section 5.4-7 was performed for
this example. In Fig. 5.33 is shown the accumulated mass diffused
in and out of the three boundary lines. The net mass in and out is
given in Fig. 5.33 too. At initial times (¢ = 1) a net flux in
through the south and diagonal boundary line occurs, but when the in-
jection stops (c = 0) mass flows out with approximately the same rate
as it flows in, so the net flux is nearly zero.

The mass balance found in Table 5.3 is therefore also caused by
flow in at initial times. A total mass balance is shown in Fig. 5.33
too, where the accumulated mass flow out by the production well is
calculated from Fig. 5.34. The exact mass injected was 0.065 but a
total of 0.083 can be accounted for. The difference can be attributed

to the net flux in at initial times through the south and diagonal

boundary lines. The mass balance error in this example is therefore
up to 30% which must be attributed to mainly a poor discretization

(initial times).
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Even though PeAx is small the discretization must be even finer
to give an accurate solution espeéially near the wells and stagnation
point. Mass balance calculations are an effective tool to check the
accuracy of the solution.

In Fig. 5.34 is shown the concentration at the production well
together with the results of another study [L. Young, 1978]. The
profile is steeper for larger Peclet numbers and the placement of
the peak is a function of the amount injected. Injecting large quan-
tities the peak is shifted to larger injected pore volumes. The peak
for this case is misplaced as the mass balance error by the stagnation

point will lower and change the position of the peak to earlier times.
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Model IID-2, Pey = 10, © production well, A stagnation point;

Pel = 300, + production well
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Using model IIM-1 and a Peclet number of 50 solutions were ob-
tained to a total of 0.44 pore volume injected. The mesh with a
total of 80 elements is shown in Fig. 5,35,

The solution along the diagonal and y = 0 is shown in Fig.
5.35. The exact solution with radial flow (5.42) is shown in the
figures too. A "bump" is observed at later times which was not ob-
served for Pe1 = 10. This is probably caused by time truncation
error. The contours at 0.44 PV are shown in Fig. 5.36 together with
the used mesh and it is seen that the elements are correctly placed
by having many nodes where the steep profile is and elsewhere only
a few. A total of 80 elements and 60 timesteps were used to inject
0.44 PV. Further integration was performed but the results showed
large oscillations. It was found later with a more difficult problem

that if the location of boundary conditions is specified exactly,

these instabilities disappear.

______ i s Bl il

,
]
]
‘ oA\ -
L
]

- e e =
B,
‘_____/
8 PR SR [ (PR [,

Figure 5.35

Model IIM-1, Pel = 50, Contours at 0.44 PV
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5.4-4 Five Spot Flow With High Peclet Number

The preceeding two sections showed that the moving coordinate
system is applicable to two-dimensional problems. The number of ele-
ments and timesteps were considerably smaller than if a fixed coor-
dinate system was used. In this section the result of solving a
model IID-2, injecting a 0.05 pore volume (PV) slug with a Peclet
number of 1000 is discussed. 1In contrast to the other examples con-
sidered in this chapter comparisons to the other studies can be
made for this example.

Young (1978) and Settari et al. (1976) solved the same model with
a Galerkin formulation using respectively Lagrange and Hermite cubic
elements. Both used a 10 x 10 element grid and 1100 timesteps to in-
ject one pore volume. Second order implicit integration routines were
considered.

Solving the model with MCS the locations of the boundary condi-
tions are specified exactly with the algorithm described in 5.3-6.
A total of 105 elements and 113 timesteps were used to inject 0.5 pore
volume. The grid used is shown in Fig. 5.16 with the area denoted
by (*) in Fig. 5.16 shown in Fig. 5.37. When the injection of slug
material stops (at 0.05 PV), two fronts (if considering line between
wells) develop. The upstream front (closest to injector) will move
towards the downstream front (closest to producer) at later times (see
Fig. 5.38). 1In the area where the upstream front is moving more ele-

ments are needed. These additional elements are shown in Fig. 5.37;



Figure 5.37

Part of Grid for Model IID-2, Pe = 1000.
(The rest is shown in fig. 5.16)

if a continuous slug (model IID-1) was considered these elments would
not have been needed.

Figure 5.38 shows the solution along the diagnoal and y = 0 at
different times. The front is steepest at early times but the MCS
enables accurate solutions because the elements are concentrated in
the frontal region. At 0.5 PV the solution is compared to the re-
sults of Young (1978) and Settari et al. (1976) in Fig. 5.39. The
oscillations especially behind the slug is nearly eliminated with MCS

and the slug is better approximated as evident from Fig. 5.40 where
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the solution by Young (1978) is drawn too. The contours at different
pore volumes are shown in Fig. 5.41. Note that the slug length thins
more at the boundaries of the pattern than along the diagonal, which
is an effect of the divergent flow pattern. This results also in a

higher peak concentration being maintained along the diagonal. This
phenomenon is important in the design of chemical flooding processes
which must maintain a critical maximum of concentration to give high

area sweep efficiency.

T T T T T T
.30PV .50 PV
B i .68
.05 PV e 8
- .88 — - .05 4
05
5 .05
95 | | | 1 | )
Figure 5.41

Model IID-2, Pe = 1000, 0.05 PV Slug, Contours

The solution was only computed to 0.5 PV because the variable
timestep scheme described in 5.3-4 did not decrease the timesteps
adequately. The flow pattern is divergent towards the production

well and the frontal velocity will increase as the slug moves towards
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this well. Reductions in the timesteps are therefore necessary as
the solutions will change more rapidly compared to the initial period.
The timestep algorithm works well when the At is being increased,

but it does not work well when At is being decreased.

5.4.5 Computational Efficiency

In the preceeding sections, results of using the developed pro-
gram were presented. In the following section the efficiency of
the program and comparisons to other methods are discussed.

In Table 5.4 is listed the distribution of computation time
among different parts of the program. The main portion of time is
spent on calculating matrix-entries by quadrature and solution of alge-
braic equations. Using a renumbering scheme during the integration
and a sparse matrix solver would achieve savings compared to the
frontal solver. The total execution time is mostly dependent on

the number of nodes and timesteps used. CONDIF uses per timestep
CPU-time = 4.0 (NT)l'4 msecs/timestep, CDC 6400 (5:47)

where NT is the total number of nodes.

We compare the efficiency of the developed program to two studies:
Settari et al. (1976) and Young (1978) using a fixed coordinate system
(FCS). Both of these studies consider mathematical models where the
velocities are either known (only parabolic equation, linear pro-
blem) or calculated as part of the problem (elliptic and parabolic

equation, nonlinear problem). The latter case arises when the velo-
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Table 5.4

Distribution of Computation Time

% of Total CPU-Time

Data input 4
tape writing,
input from tape

Calculation of 43
matrix entries

Tape reading 4

Inversion of 45

matrix

Miscellaneous 4
100%

cities depend on the concentration and is discussed in detail in
Chapter VI. For the linear problem it is only necessary to evaluate
the coefficients once in FCS; for the nonlinear problem this must be
done in each timestep. Using MCS the savings for the linear problem
can not be achieved because the velocities must be recomputed at
different locations in each timestep. This means that if the same
number of elements and timesteps are used in FCS and MCS, MCS would
take more computer time by a factor of about 2 (Table 5.4). MCS
depends on using fewer elements and fewer timesteps to achieve its
improvement (for this linear problem with a known velocity).

The basis for the comparison is solving a model IID-2 injecting

0.05 PV slug with a Peclet number of 1000 and injecting a total of
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1.0 pore volume. We compare in the two cases mentioned above:

I : Velocities known (Formula 5.8). Only parabolic equation
solved.
IT : Miscible displacement model (Chapter VI), where an elliptic

equation is solved to obtain the velocities together with
the parabolic equation.
The data available is listed in Table 5.5. We develop compari-
sons based on reasonable extrapolations of these data. Young (1978)
compares the cost of using his scheme to the method of Settari et al.
on the same computer and to get the best comparison we therefore use
the data from Young for the method of Settari et al. The execution
time used on the University of Washington computer CDC 6400 is
approximately 5 times slower than the computer IBM 370/168.
We assume for both case I and II that using a 10x10 grid with
cubic elements and 1100 timesteps in FCS give same accuracy as a
MCS solution using an average of 80 quadratic (linear) elements and
226 timesteps. The accuracy of the three methods is compared at 0.5
PV for case I in Section 5.4-4. The solution obtained with MCS was
computed only to 0.5 PV so we estimate conservatively that the
double number of timesteps is necessary to 1.0 PV. For case II Young
uses the same number of elements and timesteps as for case I, to
obtain solutions (i.e., same difficulty in solving Case II as Case I),
so we assume that MCS uses the same number of elements and timesteps

for case II as used for Case I. Additional assumptions and extrapola-



Table 5.5

Data for the Comparison, Different Studies

Young

Settari et al.

MCS

Galerkin formulation

Quadrature

Solution method

Integration scheme

Number of
timesteps to

Case 1
CPU secs/node/At

Case II
CPU secs/node/At

Total exec. time
Case I
Case II

Computer

10 x 10 element grid
Lagrange, cubic

Lobatto

Time split scheme
(iterative)

2nd order Runge-Kutta

1100 steps to 1.0 PV

0.07 msecs

1 msecs

70 secs

1100 secs

IBM 370/168

10 x 10 element grid
Hermite,cubic

Gaussian

Direct solution

2nd order Runge-Kutta

1100 steps to 1.0 PV

21.0 msecs

IBM 370/168

average 80 elements
Serendipity, quadratic

Gaussian

Direct solution
(frontal solver)

Crank-Nicholson

113 to 0.5 PV

35 msecs
(formula 5.47)

805 secs

CDC 6400

%91
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tions necessary for the comparison are given in the following under
each comparison.

Table 5.6 compares the execution time per node and timestep
at the number of nodes given in Table 5.5; the details for the esti-
mates are given in the figure. The iterative solution technique is
about 100 times faster for case I and about 10 times for case II.
In the latter case the matrix is recomputed in each timestep and
more iterations are necessary, because it is a nonlinear problem.
Settari et al. and CONDIF both use a direct solution technique so
approximately the some execution time is expected. As seen in Table
5.6 they compare closely despite possible differences in programming
efficiency. . This indicates also that a reasonable conversion factor

is used.

The number of elements and timesteps used in FCS and MCS are
very different so comparing the total execution time is more appro-
priate. Tables 5.7 and 5.8 list the execution time for the two cases.
Taking case I first, two estimates are given. Using CONDIF
an estimate of the total execution time is given for solving in FCS
with a direct solution technique assuming the same number of ele-
ments and timesteps as Young (1978). By combining MCS and iterative
solution technique we assume the same number of elements and timesteps
as MCS-direct solve, but use the execution time per node and timestep
given by Young. The FCS-iterative scheme is comparable with MCS

using a direct solver. Both schemes are over a factor 60 faster
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Table 5.6

Computation Time Per Node and Timestep, Different Methods
(CPU-time on IBM 370/168, msecs/node/timestep)

Case 1I1: Case II:
Scheme Parabolic Eqn. Elliptic/Parabolic Eqn.
Direct Solution
Settari et al. 21,
this study 7% (12)%* 10%*% (19)
Iterative solution
Young, L. 0.07 1.0

* CONDIF uses 36 msecs/At/node for 80 elements or 255 nodes
(formula 5.45) on CDC 6400. Converting between CDC 6400
and IBM 370/168 gives 7 msecs. In brackets same estimate
but with 931 nodes and subtracting 307 for unnecessary
setup costs.

*% CONDIF uses 36 msecs/At/nodes (at 255 nodes, MCS).  Solving
for velocities take 507 CPU-time more per timestep. Same
conversion factor used. In brackets the same estimate but
with C°-cubic, 10 x 10 grid (961 nodes). CONDIF uses 62
msecs/At/nodes so (62 + 31)/5 = 19 msecs/At/node.
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Table 5.7

Comparison of Total Execution Time to 1.0 PV Injected,
Case I (CPU-times on IBM 370/168)

Scheme Fixed Coordinate System Moving Coordinate System

(secs) 10 x 10 grid, 921 Average 80 elements,
unknown and 1100 255 nodes, 230 timesteps
timesteps

Direct Solution

this study = =—=——- 310%*
C° quadratic

this study 12,300%* e
C° cubic

Iterative Solution

L. Young 70 2% %%

* Actual CPU-time used were 810 to 0.5 PV. Assuming the double

number of timestep is necessary gives 1620 secs, and converting
to IBM 370/168 gives 310 secs.

** Estimated from Table 5.6. 12 msecsx961x1100 = 12300 secs.

*%% Estimated using L. Young's execution time. 0.07 msecsx200x150 =
2 secs.
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Table 5.8

Comparison of Total Execution Time to 1.0 PV Injected,
Case II (CPU-times on IBM 370/168)

Scheme Fixed Coordinate System Moving Coordinate System
(secs) 10 x 10 grid 200 nodes average
1100 timesteps 150 timesteps

Direct Solution

Settari et al. 21800  mee==
(C'-cubic)

This study  ————- 4L70%*
MCS C°
quadrature

Iterative Solution

L. Young 880.0 30%**

* From Table 5.5. We have 21 msecs*X948x1100 = 21800 secs.

*% Extrapolated time (Table 5.7) was 320 secs. Adding 507 for
solving for velocities give 470 secs.

*%% Estimate based on Young's CPU-time per node and timestep. We
have 1 msecsx200 x 150 = 30 secs.
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than FCS-direct solver. The estimate for MCS-iterative scheme
indicates that a major reduction can be achieved by such a combination.

With case II where the velocities are unknown the comparison is
more correct, because all the methods must recompute the coefficient
matrix in each timestep. Solving case II with MCS requires about 507
more computation time than case I as found in Chapter VI. An esti-
mate of using MCS-iterative solver is given again based on the exe-
cution time used by Young (Table 5.6). MCS-direct solver is again
comparable in cost to FCS-iterative solver with MCS being slightly
faster. Comparing to FCS-direct solver both schemes are over 40
times faster.

For higher Peclet numbers the developed program is much more
efficient than any FCS-scheme. For a Peclet number 10 times higher,
the costs are estimated when the velocity is determined by the pro-
gram. For MCS we estimate conservatively upward and for FCS downward
(see Table 5.9). TFor MCS an additional 100 elements (on the average)
is assumed to cover the sharp front region and also a doubling of the
number of timesteps. Only at start and at breakthrough more timesteps
are needed as the front otherwise will have a fairly fixed position
in MCS. For FCS the number of elements are estimated from Settari
et al. so that in this case 10,000 elements are needed. Also a linear
dependence of execution time per node is assumed (exponent 1 in Eq.
5.47). For injecting one pore volume the execution times required

are listed in Table 5.9. Over a factor 10 is gained by using MCS-
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Table 5.9

Estimates of Computation Times For Pe = 10,000

Scheme Fixed Coordinate System Moving Coordinate System
100 x 100 grid* 400 nodes (average)
1100 timesteps 300 timesteps
Direct
solver 20,000,000 secs#** 8,000 secs*#**
Iterative
solver 90,000 secs** 120 secs #*#%#*%

* Following Settari et al. a 100 x 100 grid gives
"acceptable' accuracy for this Peclet number.

*% Entry in Table 5.7, multiplied by 100.

*%% Using formula 5.L47 gives 18 secs/timesteps, adding 50%
for velocity solution and with 300 timestep a total of
8,000 secs is obtained.

*#%%% From Table 5.5: 1 msecsx400x300 = 120 secs.

direct solver rather than FCS-iterative solver. Combining MCS with

iterative solver the reduction is even larger.

5.5 Conclusions

Application of a moving coordinate system to two-dimensional
parabolic equations is feasible. Sharp fronts with unknown velocity
can be tracked. For high Peclet numbers the location of the boundary
conditions must be specified exactly, otherwise unstable solutions
result. The variable timestep scheme increased the timesteps by a

factor 500 during the integration and thus gave a major reduction in
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the number of timesteps. The timesteps could not be adequately
decreased with the variable timestep scheme for high Peclet numbers.
Triangles are preferable where the solutions must be carefully re-
solved while quadrilaterals are preferable elsewhere.

With radial flow from one well, the solutions were comparable
with an exact solution. The sharpness in the solutions is affected
by the form of the dispersion tensor. With a molecular diffusion
dyadic and a certain Peclet number the sharpness in the solution
compares with solutions using a dispersion dyadic proportional to the
velocity and a Peclet number ten times higher. A substantial reduction
in the number of elements and timesteps is achieved compared to schemes
using a fixed coordinate system.

For a five spot flow pattern the solutions can be analyzed in
accuracy with an integrated mass balance. Near the stagnation point,
more elements are necessary to get accurate solutions than the cri-
teria in Chapter II dictates. For a test problem with a Peclet number
of 1000 the MCS is 50 times faster than schemes with a fixed coordi-
nate system (FCS) if both schemes use a direct solution technique.

MCS is comparable in cost to FCS with an iterative solution technique.
If both MCS and FCS schemes use an iterative solution technique, MCS
would be 10-20 times faster than FCS. For more difficult problems,
MCS would achieve even larger reductions in the computation time.

The goal set in Chapter I of achieving reduction in the computa-
tion time by at least one order of magnitude compared to current

industry standard (Settari et al., 1976) is reached with the moving



172

coordinate system. The cost comparison was based on projections and
the moving coordinate system is 50 times faster than the oil industry's
program and comparable with the study by Young (1978). For very high
Peclet numbers and/or more cost efficient matrix setup and solver the
projected reductions for using the moving coordinate system is even

larger.



Chapter VI

MISCIBLE DISPLACEMENT

6.1 Introduction

For all the enhanced oil recovery processes the flow of several
components in often more than two phases must be modelled accurately.
The mathematical models consist of several coupled nonlinear para-
bolic and elliptic equations. It is therefore important to show
that the moving coordinate system can be applied to such a coupled
system of equations.

The mathematical model discussed in this chapter describes the
flow of two miscible components in a porous media. Miscible dis-
placement and migration of non-ionic tracers can be calculated assum-
ing equal density of both components. The viscosity of the components
can be different and small adsorption rates can be accounted for. As
the flow field depends on the viscosity, the pressure field must be
calculated in combination with the component mass balance. The model
consists of one elliptic equation (for the determination of pressure)
and one parabolic equation (for the determination of component
concentration).

When a fluid displaces an in-situ fluid with a higher viscosity,
hydrodynamic instability (fingering) can occur. Laboratory experi-
ments [Haberman, 1962; Mahaffey, 1966; Claridge, 1972] have analyzed
the influence of fingering on recovery efficiency, but the results

are very scattered. Several statistical theories [Scheidegger, 1970]
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have been made to quantify theoretically the fingering. Deter-
ministic models can only be used when fingering already has been
initiated. Dispersion stabilizes the hydrodynamic instability. The
fingering occurs as a function of the ratio between the viscosity of
the displacing and the in-situ fluid and the dispersion level.
Numerical simulation of the process can determine for which para-
meters fingering occur.

Peacemann (1962), Settari (1976) and Young (1978) solved the
same mathematical model as is discussed here. For cases where finger-
ing can occur these studies do not agree. For general treatment of
fingering a stochastic approach must be used as the phenomenon is
random.

The mathematical formulation of a two component system in a
porous medium is described in Section 6.2 together with the necessary
assumptions. Typical values for the physical parameters are given.
The solution method for the moving coordinate system applied to both
elliptic and parabolic equations is discussed in Section 6.3. Com-—
parison of analytical and calculated pressure fields is shown in
Section 6.4 and some preliminary results of calculating miscible

displacement given.

6.2 Mathematical Model

6.2-1 Continuity Equation
For a two component system where both fluids are miscible only
one phase exists, so that the conservation of total mass is [Pinder

et al., 1978]
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Bh(x,y) 2247 + (hod) = 0 (6.1)

where @ is the porosity (L3/L3)
h(x,y) formation thickness (L)

O the density, in general is a function of the concentration
of component (M/LB)

-—).
u linear velocity (L/T)

The Navie-Stoke's equation can not be used to describe the flow

field in a porous media because of the complicated geometry. The
semi-imperical Darcy's law [Darcy, 1856] is used, which is supported
by experimental evidence [Scheidegger, 1960]

-+ —k
" =
U

(Vp - pg VZ) (6.2)

where
k is the permeability (resistence to flow)
U is the viscosity, in general a function of the component
concentration
Z the formation depth relative to surface (+Z direction

upward)

Darcy's law represents a linear relationship between the velocity
>
u (L/T) and the gradient of the pressure (or head). Experiments
suggest [Ergun, 1952] that the relation is only linear for small velo-

- ->
cities |u| and quadratic for larger lul or

>12
V| = % - a| + &, |u] (6.3)
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Equation (6.3) has been used successfully in calculation of pressure
drop in chemical reactor design; for two-dimensional flow patterns
Eq. (6.3) may not be valid [Scheidegger, 1962].

In the following Darcy's law will be used, since the linear
velocities are small and Eq. (6.2) is valid [Scheidegger, 1960].

Combining (6.1) and (6.2) gives

kph

¢h SE-+ V e 3 *c (Vp-pg VZ)| =0 (6.4)
or by using

dp _dp dp

dt = dp dt (6-5)

we obtain

do , dp , ¢ . |kph | _ -
Ph ap ir \Y T (Vp pg VZ) 0

For miscible displacement when gas flow is not considered

the final equation is
o p
Vs (phu) =0 or V « [(kh) ﬂ'(Vp -pgVzZ)| =0 (6.6)

In (6.6) k,p is constant, h,Z can be a function over the area and the
viscosity is a function of the component concentration. The viscosity

function is discussed in 6.2-3 and typical numbers are given in

6.2-4.
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The boundary condition associated with (6.6) is for the five

spot flow pattern (Fig. 5.1) as described in Chapter V.

> >
u°*n=20 (no flow across the boundary) (6.7)

and at well locations

where

+
- . . = ° *
ZWrW [n (pu) ] q, * P (6.8)
r : well radius
w
p* : density of injected or produced fluid at surface

conditions
q, * volumetric flow rate measured at surface conditioms.

(q positive if injection and negative if production)

Equation (6.8) specifies the amount of material injected or

produced.

6.2-2
Both

injection

ing a two
Mass

fractions

Component Equations

for miscible displacement of o0il with an alcohol or slug

of polymer, two components are encountered. In the follow-
component system is therefore discussed.

conservation of the components can either be given by mass

or densities

I
=

wl + w2

(6.9)

Mass densities are



178

P, = W, p (6.10)

and the mass flux of component i

= - = - ->

n, = pi u, and ny + n, =pu (6.11)
so the mass average velocity is given by

= —>+ > 6.12

u=w ou tw,u, (6.12)

The diffusion (or dispersion) is modelled as a result of the
difference between the mass average velocity and the component

velocity

- -> -
js = p; (U, —u) =-p <+ K- Vui (6.13)

where K is the diffusion tensor (detailed discussion in 6.3-3).

The conversation of each of the components

801 " >
¢h —at_ + (h nl) = rl
302 . (6.14)
—=+V - . —
Ph Y v (h n2) r,
where rl, r2 is the production rate (or adsorption rate). The

total mass balance is obtained by adding the two component balances

in (6.14); Eq. (6.9) or (6.6) is obtained with the requirement that
r, +r, =0 (6.15)
We assume that both the adsorption and desorption rates are significant

small so the overall mass balance is not affected (rl x 0, r, s 0) «

The adsorption is modelled by
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8@1
ri = -h(1 - @) or W (6.16)

Further discussion of how r, is approximated is done in Section 6.2-3.
Only one component mass balance is needed along with the total mass
balance (6.9); the second component can be obtained by difference.

Reducirg (6.14) by (6.11) and (6.13) we have

’apl .

¢ph — + V - hplu=V «+ (h ngwl)+r

5t (6.17)

1

As we assume the density of both components is the same, the density
in (6.17) can be divided out and the form of (6.17) is then in volume

fractions

¢h g% + V ¢ (h z-c) =V « (h §:Vc) + r, (6.18)
The convective term can be reduced by (6.6)
Ve(hiuc)=c+V-+(hu+uh- Ve
so (6.18) becomes
oh %% + 3 heVe=V -+ (h E:Vc) + r, (6.19)

Along all sides of the triangle (shown in Fig. 5.1) the overall
mass balance satisfies (6.7) (3 . ; = 0) or that no material flows
across the boundary. This must also be satisfied for each of the
components so the boundary condition for Eq. (6.19) is

- e« Ve =0 (no dispersive flux (6.20)
across boundary)

[~
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At a well location we have

—Zﬂrw' [h 2 * K+ Ve] =q (°

well ~ Swell (6.21)

This equation says that the convective and dispersive flux must equal
the injected (produced) amount. At producing wells ¢ ell = Cwell

and (6.21) simplifies to (6.20).

6.2-3 Functional Relations

In this section various topics from 6.2-1 and 6.2-2 are
discussed.

A diffusion tensor is usually associated with the intrinsic mo-
tion of fluid molecules due to their thermal agitation [Bird et al.,
1960]. Dispersion is a mechanical effect due to the interconnections
of the flow channels in a porous medium. So even though they show up
phenomenologically in a similar fashion, they are due to entirely
different physical causes. The dispersion depends therefore on the

direction and magnitude of the fluid velocity

The longitudinal and transverse dispersion coefficient can be measured

experimentally [Scheidegger, 1960]

-5

_ ul

Klong - DM ¥ o:L 1)
- (6.22)

K
trans M T

(o

and KL’ QT determined. An example of dispersion coefficients is

given in Fig. 6.1. In two dimensions the dyadic product
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@
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s
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%
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107 § . § |
102 107 10% 10%° 109 103
V M/SEC
Figure 6.1

Dispersion as a Function of the Velocity
(taken from Scheidegger (1960) p. 305 [Berea sandstone])

>
u

_ (4 iy
E()_éiéjDM+¢[mu}+¢

T S] 6.23)

will form a tensor K. Equation (6.23) is given in a coordinate sys-
tem following the flow field, we need to transform (6.23) into the

cartesian coordinate system. Referring to Fig. 6.2

> T T 0 7 T
u=ui+ug, u=uwi=uj
X y y bie
and
o (e
L N
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1 unit vector parallel to

G flow direction
>
-~ t unit vector perpendi-
1 cular to flow direction
Flow % 3 . ﬁ -0
5 5
////). u
X
Figure 6.2
Dispersion Tensor
we get
2
u uu
pe Xy
@D ﬁl
u =
¢ 2
u u u
Xy b3
u 2 -u u
. bid Xy
(w?) = ﬁl
d -u u u -
Xy x

and substituting into (6.23) the dispersion tensor in cartesian

coordinates becomes
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( 2 2

UX u uxu w
LTl T Tal % Ta
(6.24)
2

UXU uX u 2
(L0 Tl T Tl L TuT)

Scheidegger (1960) and Peaceman (1966) obtain (6.24) too, but in a

more formal mathematical way. Typical values of s Ep and DM are
given in Table 6.1.

The adsorption rate as defined by (6.16) is difficult to measure
during a displacement process, but the amount of material adsorbed
can more readily be obtained. Experiments [Lake, et al., 1977] have
shown that for most components the adsorption rate is much faster

than the mass flow. By assuming a Langmuir kinetic model (mono-

molecular adsorption)

g 1= o L (6.25)

and that the adsorption rate is so fast that equilibrium prevails,
Eq. (6.25) can be solved to give the instantaneous concentration

on the rock surface

Sk~ L6250

where

*
a = (Kl/Kz)Ol , b = K, /K (6.27)
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Table 6.1

Typical Values, Flooding Technique

Parameter Typical Value Reference

Density of oil 900 kg/nﬁ Haynes, 1976

Viscosity oil in 1-200 cP —-—

place

Viscosity 1-2000 cP s

fluid

displacing

Viscosity function 4 Settari, 1976;

(a) Young, 1978

Five spot area*® 2-910 x lO4 m2 Haynes

Permeability 20-2500 md -

Porosity 0.15-0.40 Scheidegger, 1974

Rock type sandstone Haynes

(preferable)

Mixing length 0.03-0.15 m Settari et al.

(OEL N 8@T) 0.002 m Perkins and Johnston
1963, sandstone

Molecular ’\47.10_lO m2/sec Perkin et al., 1963

diffusion _—'

coefficient

Injection rates
Well diameter

Formation depth

<320 m3/day
0.15 m

200-1800 m

Haynes, 1976
Settari, Young

Haynes, 1976
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Table 6.1 (Continued)

Parameter

Typical Value

Reference

Fluid velocity**

Peclet number

|
AN

10_7 - lO—5 m/s
6 x lO4 -6 x 106
96 - 1.3 % 10°

2 x 105

Scheidegger, Fig. 54

Settari, et al.
Perkins and Johnston

* Pattern size 3 - 105 mz production well recommended for enhanced
0il recovery processes by Haynes (1976), L = 390 m along diagonal
between production and injection wells

** Measured in middle of five spot.
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Other adsorption isotherms [Smith, 1970] could be studied but are

not considered in this work. The effect of adsorption on the frontal
steepness is to increase the steepness as material is drawn away from
the flowing fluid.

The alcohol or polymer which is displacing the o0il well for
most cases have a different viscosity than the in-situ oil. As the
phases are soluble the viscosity for any concentration level must be
known. Bird et al. (1960) discuss various mixing formulations here

the empirical correlation

HyH
]l/a

U(e) = (6.28)

a

]

[ (l-C)ul + |ch,

Jl/a

found in the petroleum literature [Settari, Young] is used. Typical

numbers for u and a are given in Table 6.1.

1* ¥
If the displacing fluid has a lower viscosity than the in-situ
0il a flow instability is present, which will cause fingering of the

displacing fluid into the oil rich part of the domain [Scheidegger,

1960; Settari, 1976]. The mobility ratio is defined as

Bo et oo
Mo = in-situ £fluid (6.29)

udisplacing fluid

and instabilities (fingering) occur depending on the mobility
ratio (Mo> 1) and the level of dispersion [Scheidegger, 1960].
For a mobility ratio of one and no adsorption the model is

identical with the model treated in Chapter V.
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6.2-4 Summary
The mathematical model consists of two coupled equations. An

elliptic equation determines the pressure field

o+ Ve (hu) =0 or kp*V - %-(vp - o2 V)| =0
(6.6)
where
p,k is constant
h,Z can be a function of the spatial coordinates

U the viscosity function given by (6.28)

For the five spot flow pattern the boundary condition over all sides
is

- -

u°*n=0 (6.7)
and at well locatiomns

-1+ [n @ o W] = p* * g (6.8)

The parabolic equation for determination of the component concentra-

tion (when (6.26) is substituted into (6.19)), is

- 20
dc (1 ¢)Or 1 dc - _
h ¢a—t+ 5 50 E +uhVe=V-+ (h KVe). (6.30)

K is defined in (6.24).
The boundary condition on all sides is

>
n*KsVe =0 (no dispersive flux out)

and at the injection well
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>
-2mr. (h n K Ve) =

w 4 (Cwell - Cwell)

In Table 6.1 is given a list of typical physical parameters for an
0il reservoir, which could be treated by a flooding technique.

The equations must be solved for very large Peclet numbers as
seen from Table 6.1. The case of Pe = 1000 is therefore only a
minimum of what can be expected in an actual field study.

The assumptions used for the described model are:
1) Darcy's law
2) Liquid two component system density same for both fluids)
3) Anisotropic dispersion tensor (Kij = Kji)
4) Amount of adsorpt material negligible compared to total mass in

system

5) Adsorption rate so fast that instantaneous equilibrium prevails.

6.3 Solution Method

The solution scheme for the component equation given in 6.2-4
is very similar to that described in 5.3. Both the parabolic and
elliptic problem are solved in MCS. Emphasis is here given on solu-
tion of the elliptic problem (6.6). A sequential method, where the
two equations are solved in a step by step manner, is used in con-
trast to a simultaneous scheme, where the two equations are solved

at the same time.

6.3-1 Galerkin Formulation and Integral Approximation
The equations are solved with a Galerkin finite element method.

The Galerkin formulation is
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f —kuﬂ Vép + (Vp - pg V2) |dA - [ Oplq ]S = O (6.31)
A

where ép is the weighting function. To obtain the Euler equation we

integrate by parts

v - [5p %F-Vp] = 68p + V- [%? va + %?-vap Vp

and apply the divergence theorem:

[ v [sp %F-vadv = f Z’[ap . ﬁ? vp]ds
\Y S

Equation (6.31) can now be written as

[ ¢p [V' {% (Vp - o8 vZ)J da
A

+ f Sp [ﬁ 1—(-h-(Vp -0g VZ) - ¢q ]dS =0
S s L
As this is true for arbitrary &8p, the Euler equation is
v . [%? (Vp - og VZ)] =0 (6.32)

and the natural boundary condition becomes

u 1
q
_ W
[ql S ) . (6.33)
w
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