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Abstract
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Professor Sarah Holte
Public Health Sciences

Ordinary Differential Equation (ODE) is a popular framework for modeling temporal dynamics in a
variety of scientific settings. When repeated measurements are available for the dynamic process, it is
of great interest to estimate random effects in the ODE model for the process. Current algorithms
for parameter estimation in the nonlinear mixed-effects model are often challenging due to intensive
computation and slow convergence; while alternative methods mostly rely on smoothing spline
functions and therefore a careful choice of smoothing parameters. We propose an extension of the
original Bias-Corrected Least Squares (BCLS) method, referred to as BCLS-LME, which reduces the
nonlinear mixed-effects model to a linear mixed-effects model that does not require any smoothing.
We demonstrate that, using both simulated data and an actual birth cohort data and with proper
sampling schemes, the BCLS-LME method achieves comparable accuracy with the NLME method
for estimating both ODE parameters and random effects; however, it dramatically improves the
computational efficiency by reducing computation time and alleviating convergence difficulties.
Given proper sampling schemes and further fine-tuning, the BCLS-LME method is likely to provide

a powerful tool for parameter estimation in complex ODE mixed-effects models.
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Chapter 1. Introduction

Mathematical modeling has been extensively utilized in a wide variety of areas such as engineering,
medicine, economics and social sciences. Differential equations are one of the essential and widely
applied techniques in mathematical modeling. In this chapter, we will introduce Ordinary
Differential Equations (ODEs) models, and discuss scientific fields where ODEs are most
applicable. We will also review current methods for estimating parameters in simple ODE models
and ODE models with mixed-effects, and the greatest challenges encountered, which motivated the
bias-corrected least squares method (BCLS). As the original BCLS method was developed for
longitudinal data from a single individual, the central goal of this thesis lies in developing the BCLS-
LME method, which extends the BCLS method to the mixed-effects models depicting population
longitudinal data, with the ultimate aim of reducing the computational burden in the nonlinear

mixed-effects NLME) model.

1.1  Ordinary Differential Equations (ODEs)

In mathematics, an ordinary differential equation (ODE) is an equation containing one or more

functions of one independent variable and its derivatives. It can be written as:

T8 = Fx(@), p) (11)

where X(t) = {X1(t), ..., Xx ()}’ is a vector of observations depending on time,
B = (B, -, Bm)T is a vector of unknown parameters, and F(.) can be a linear or nonlinear

function.



ODEs have been used extensively in a wide variety of scientific areas to describe time-
varying phenomena. The most historical application was utilizing ODEs to understand the motion
of objects in physics. Many fundamental laws of physics and chemistry can be formulated as
differential equations. In ecology, ODEs have been utilized to understand the dynamics of animal
and plant populations (Freedman 1980); meteorologists have used them to understand and predict
patterns in the weather and atmosphere (Lorenz 1963); economists have applied them to
understanding and predicting patterns in financial markets (Zhang 2005). One of the rising trends in
biological research and health care research is utilizing ODEs to make sense of observed nonlinear
behaviors. Particularly, the studies of pharmacokinetics (PK) and pharmacodynamics (PD), areas
where evaluation of drug metabolism is essentially connected with design and development of
biomedical compounds, have extensively integrated ODEs with data analysis (Csajka and Verotta
20006, Dartois, Brendel et al. 2007, Danhof, de Lange et al. 2008). In some clinical research, ODE
models have been used as a tool in exploring the etiology of HIV and Hepatitis B and C infections
as well as the effects of therapy on those diseases. Multiple studies have implemented ODEs to
analyze the temporal dynamics of HIV viral load measurements in AIDS patients (Ho, Neumann et
al. 1995, Wei, Ghosh et al. 1995, Perelson, Neumann et al. 1996, Perelson, Essunger et al. 1997), and
the results had a tremendous scientific impact, revealing that the HIV virus replicates rapidly and

continuously, in spite of the prolonged interval between infection and development of AIDS.

1.2 Current Methods for Parameter Estimation in ODE Models

ODEs are more and more commonly used in combination with observed data for parameter
estimation and statistical inference. Parameter estimates are often obtained using the standard
nonlinear least squares (NLS) estimation techniques. One drawback of NLS estimation using

conventional gradient-based optimization methods such as Gauss-Newton or Levenberg-Marquart



is the instability of the procedure since the estimates are obtained by an iterative numerical
procedure (Press 1986). NLS procedures may fail to converge to global minima depending on the
choice of starting values for iteration, particularly if the least squares solution has multiple local
minima or saddle points. Certain likelihood surfaces or cost functions may be exceptionally complex
with ridges that appear near bifurcation values of the parameters in the ODE model. Furthermore, it
is well known that nonlinear regression estimates may be biased when small samples are used for

estimation (Cook, Tsai et al. 19806).

In contrast, the non-iterative (“direct”) methods, which can be based on derivatives or
integrals, are generally combined with a linear least squares estimation step. Therefore, when the
parameters in an ODE model are linear in the vector field, it is plausible to estimate parameters
cither iteratively (e.g. the NLS method) or non-iteratively (the direct methods). The direct methods
relying on derivatives were originally described by (Bard 1974, Swartz 1975, Hosten 1979, Varah
1982). Those methods involve constructing a cubic spline using the observed data for each
dependent variable, and estimating unknown parameters using linear least squares. The direct
methods relying on integrals were originally described by (Himmelblau, Jones et al. 1967) and further
developed in (Foss 1971, Jacquez 1972, Bard 1974, Hosten 1979). In integral-based methods, the
ODEs are transformed into integral equations; the integrals are approximated via methods of
quadrature yielding algebraic equations, which can be solved for the approximate parameters using a
linear least squares approach. Both approaches lead to linear least squares problems which can be
solved without iteration, and provide similar estimates given negligible measurement errors and
evenly spaced values of dependent variable. In the scenario where the assumptions are not met, the
approaches which rely on integrals are preferred to those rely on derivatives (Wikstrom 1997).
Methods that rely on derivatives require differencing of observed data, an approach known to inflate

errors; while methods that rely on integrals involve sums of observed data, a smoothing approach



that can reduce errors. Methods that rely on integrals also have the advantage of capability to

estimate the initial states of the system, if these are unknown.

The parameter estimates from the original direct methods are not optimal, in the sense that
they are not unbiased, efficient, or consistent. A recent study (Liang and Wu 2008) described a direct
method based on differentiation, local smoothing of the data and linear least squares regression of
correlated quantities, which is referred to as the pseudo-least squares (PsLS) method. The PsLS
estimates of ODE model parameters were proven to be consistent with an asymptotically normal
distribution, under reasonable general conditions. However, this method requires a critical choice of
bandwidth for the kernel smoothing, which may demand additional research to obtain the most
accurate and efficient results. Other investigators have used functional estimation or principle
differential analysis (PDA) approaches to replace the state variables with smoothed estimates, and
proceed with estimation of parameters using estimated values of the solutions to ODEs (Ramsay
and Silverman 2005, Ramsay, Hooker et al. 2007). These methods, like the PsLS method, use
derivatives rather than integrals to form the least squares regression models. Dattner and Klaassen
developed an integral based two-step estimation approach which is based on first rewriting the
ODE model as an integral equation, next smoothing the data, and finally using a linear regression
step with the smoothed observations as described above to obtain estimated parameter values
(Dattner and Klaassen 2015). Importantly, all studies described above have used a pre- or
simultaneous smoothing of the observed data, which often results in additional rather than less bias
if the smoothing parameter(s) are not correctly chosen (personal communications with Dr. Sarah
Holte). In fact, the choice of smoothing parameter(s) may result in unbiased estimates for some of
the parameters in the system but introduce bias in estimation of other parameters in the system.
Thus it’s likely that pre- or simultaneously smoothed data will result in bias in some of the estimated

parameters.



In contrast, we are utilizing a direct method relying on integrals, the bias-corrected least
squares method (BCLS) (Holte 2016). By modifying a direct least squares method similar to the
direct methods developed by Himmelblau, Jones and Bischoff (Himmelblau, Jones et al. 1967), the
BCLS method incorporates a bias correction factor to obtain consistent estimates, and does not
require any smoothing or functional estimation. It has been proven in (Holte, 2016) to produce
asymptotically unbiased estimates for parameters in nonlinear ODE problems, compared with NLS,

PsLS, and Dattner & Klaassen’s methods.

1.3 ODE Models with Mixed-Effects and Current Methods for Parameter

Estimation

Longitudinal studies play a key role in epidemiology, clinical research and general therapeutic
evaluations. The key feature of longitudinal studies is that measurements of the same individual are
taken repeatedly through time, thereby allowing the direct study of change over time. The primary
goal of a longitudinal study is to characterize the change in response over time and the factors that
influence the change (Fitzmaurice, Laird et al. 2011). As longitudinal studies generally yield repeated
measurements on each subject, they involve correlated data within subjects, thus require statistical
methods to properly account for the intra-subject correlation of response measurements (Van Belle
and Fisher 2004). A mixed-effects model is a powerful tool for longitudinal data, which incorporates
both fixed effects and random effects for each individual or cluster to account for correlations
within individuals in addition to variations between individuals. Since each individual or cluster
shates the same random effects, the measurements within the individual or cluster are correlated,;

and the random effects require individual-specific inference.

All the methods described in section 1.2 were developed for longitudinal data from a single

individual. To obtain accurate estimates for growth rates and individual random effects, given



population nonlinear growth data over time, we need mixed-effects estimation and inference
methods to account for the inter-class correlation in an aggregate population with time-varying
mean described by an ODE model. This approach flexibly represents the correlation structure, thus
an efficient method for estimation. When nonlinear ODEs have analytic solutions, the “Gold
Standard” method for parameters estimation is the nonlinear mixed-effects model (NLME),
commonly tackled by available packages such as the nlme() function in R. As most ODEs have no
analytic solutions, methods have been developed to estimate mixed-effects ODE models by solving
them numerically. Software package NONMEM has been developed and widely used to estimate
nonlinear mixed-effects models in the pharmacometrics community (Wang 2007); EM-type
algorithms, such as stochastic approximation EM (SAEM), have been developed to tackle
computational challenges from the maximum likelihood method (Kuhn 2005). Those methods and
software programs all require precise initial values for the ODE model parameters in order to obtain
numerical solutions, which are often difficult to obtain. Wang and Cao et al. proposed a semi-
parametric method to estimate mixed-effects ODE model parameters without a requirement of
analytic solutions (Wang 2014). Rather than using the ODE numerical solution directly, which
requires providing initial conditions, their method estimates a spline function to approximate the
dynamic process using smoothing splines. However, current methods face common challenges from
the nature of population longitudinal data: it is impractical to estimate spline functions using

smoothing for each individual, who has his/her own growth rate and random effects.

Based on the statistical properties of the BCLS method in estimating parameters for ODE
models, we propose to extend the BCLS method for a single individual to a linear mixed-effects
model for a population of individuals, referred to as BCLS-LME. We are particularly interested in
evaluating the estimation accuracy and computational efficiency of the BCLS-LME method,

compared to the NLME method. The novel finding from this thesis is demonstrating the



comparable accuracy, precision and great advantage in computational efficiency of the BCLS-LME
method, which will motivate further efforts to prove the method’s consistency in mixed-effects

ODE models.



Chapter 2. Methods

2.1 Background for the BCLS Method

2.1.1 BCLS model assumptions

As described in (Holte 2016), the bias-cotrected least squares (BCLS) method applies to data, y(t),
on observations with time-varying expectation given by the solutions of system of ¢ =
1, ...,5 ODEs, observed at t = (&, ..., t,), n observation times. The statistical and mathematical

model assumptions for the data y(t) with distribution Y (t) are summarized as follows:
(A.1): Specification of the mean structure via a mathematical model

- There exists a vector of functions X(t) = {X;(t), ..., Xs(t)} which satisfies the system of

differential equations:

m

dX,

TL= Y Bahgr (X0, %), Xgt) = Xgo.q =15 (21)
k=1

such that the expectation, E{Y (t)} = X(t).
(A.2): Specification of variance/covariance structure
Y, ®=X,®+ ¢, € ~(03,), q=1,..,5.
- X, is a diagonal matrix with constant diagonal entries o5 ¢ = 1, ..., s.
- €. and €, are independent forall1 <r <gq <s.

- var(Y;) and var{hg ; (Y;)} are bounded by a common bound B for all i, q, and k.



(A.3): Data sampling requirements

- To obtain asymptotic properties, the maximum interval length defined by sampling times is
o(n1).
- At least one of the compartments is not in equilibrium throughout the entire time course

of data collection.

Condition (A.1) provides the relationship between the time-varying expectation of the data and a
system of ODEs. Condition (A.2) requires that conditional on the expected value, observations
from different compartments of the system of ODE’s are independent. This requirement is not
overly restrictive since the use of ODEs is intended to capture the relationships (correlations)
between the observed compartments. Condition (A.2) also specifies that the variance of
observations from different compartments can differ. The second part of condition (A.3) is included
to prevent parameter non-identifiability but does not ensure identifiability of the parameters of

interest.

The key component of BCLS method is the use of bias correction functions as weights in
the least squares estimation, to compensate for bias introduced during transformation of random

variables. These functions can be defined in the following ways to satisfy E[h*{Y (t)}] = h{X(t)}:

1) For a function h = hg, identify the difference from expectation, E[h{Y (t)}] — h{E[Y (t)]}
and subtract it from h to define h* as h*{Y (t)} = h{Y ()} — (E[h{Y (t)}] — R{E[Y (O)]});

2) Alternatively, h* can be defined by multiplying h with the ratio of %, as h{Y ()} =

RELY (O]}
hy (O} E[h{Y (O}]'



2.1.2 Estimation algorithm

The BCLS method is designed to simplify a nonlinear regression problem by reducing it to a linear
regression problem (Holte 2016). This is achieved by 1) transforming the system of differential
equations into a system of integral equations; 2) treating the transformed system as a model for

linear regressions involving covariates that are approximates of the integrals.

Using children’s growth data as an example, we assume that children’s weight/height, y(t),

follows a log-normal distribution, with
log{Y(t)} = log{X(®)} + €, €e~i.i.d N(0,0?%) (2.2)
where X (t) satisfies the standard logistic growth curve desctibed by the nonlinear differential

equation:

dXx
rTin X(a — bX), X(0) =y, (2.3)

Parameters a and b define the growth rate per capita, a/b is the catrying capacity of the growth, and

Yo is the initial weight/height. To estimate a and b, the following algorithm is executed:

Step 0: Log-transform differential equation (2.3) to obtain normally distributed observations:

@ = a— bX, log{X(0)} = log(y,). (24)

Step 1: Transform differential equation (2.4) into an integral equation:
log{X(t)} —log(yy) = a fot ds—b fot h{X(s)}ds (2.5)

where h{X} = X.

10



Step 2: Determine the bias correction function. As y(t) follows a log-normal distribution, we can

o2

calculate the expectation of h: E[h{Y(t;)}] = E[Y(t;)] = X(t;)ez . To make sure

E[h*{Y(t;)}] = X(t;), we can obtain the correct form of bias correction function

2

h*:h*(X) = Xe 2 ,and use it for weighting,

Step 3: Approximate the integrals in equation (2.5). The first

Step 4:

y

: t . o )
covariate fo ds is simply t, thus no weighting is necessaty;
}/]. ,,,,,,,,,,,,,,,,

the second covariate integral fot h{X(s)}ds can be "

approximated using methods such as the trapezoid rule

3

N
N

K
~

with consideration of the bias correction function. Thus
the  second  covariate can  be  approximated by  defining  covariates

z(t) = {z(ty), z(ty), ..., z(t,)} in the form of: z(t,) = 0 and fori = 1,...,n, where

—g2

e 2 is the necessary weight to correct for bias

Z(ti) =e

=0 |0 () +35-0) * (6 — 15-0)
2 z ; (2.6)
=1

Fit linear regression model. With the known initial value, Yo, we use y'(t) = log{y(t)} —
log{y,} as the response for the regression model in the BCLS method, and obtain the
estimates for a and b using standard linear regression with the following model without

intercept:
y'(®)~at+bzt)+ € €~i.i.d.N(0,o?) (2.7)

If the initial value, yq, is unknown, it can be treated as an additional parameter and estimated

by including an intercept in the regression model (2.7), using log{y(t)} as the response.

11



2.1.3 Simulation of growth curve data for an individual
The growth curve data was simulated based on the statistical model
log{Y(t)} = log{X(®)} + €, e~i.i.d N(0,0?%)
where X (t) is the solution of equation (2.3). The parameters for simulation were set as follows:

- Yo =2

- Means of parameters: a = 0.8, b = 0.0015;

- Measurement error: € ~ i.1.d.N(0,062) ,0 = (0.1,0.2,0.3,0.4).
Four sets of observations times wetre evaluated, each consisted of 21 or 201 total observations,
evenly spaced between t = 0 and t = 20 months, or t = 0 and ¢ = 60 months. We simulated an
individual dataset for each of the four sets of observation times as the sampling scheme and each of
the values of ¢ = (0.1, 0.2, 0.3, 0.4). For each combination of sampling schemes and values of o,
the data were simulated 1000 times. We then followed steps described in section 2.1.2 to
approximate the integrals and fit the linear regression model to obtain the BCLS estimates, in
comparison with LS (without weights to adjust for bias) and NLS estimates. Relative biases in the

parameter estimates and computational efficiency of each method were investigated and compared.

2.2 Mixed-Effects Models

The mixed-effects models are commonly used in longitudinal studies, where the repeated
measurements are clustered by subject. This section for the first time describes the BCLS-LME

method extended from the BCLS method, applying to mixed-effects ODE models.

12



2.2.1 Simulation of growth curve data for an aggregate population of individuals

In our mixed-effects model, we use the same growth curve ODE as described above, but take into
consideration the random effects from both a and b, to account for individual-specific growth rates.

We first simulated parameters a and b for each individual, following normal distributions
a~i.id. N(gc?), b~i.i.d. N(u,o?)

with random effects. A range of values for random effects, 0, and 0, were evaluated. o, =
(0.1,0.2,0.4), 0, = (0.0001, 0.0005). The growth curve data set for each individual out of a
population of 100 subjects was then simulated based on the same statistical model as equation (2.2),
using similar strategies as described in section 2.1.3. The parameters for simulation were set as

follows:

- Yo =2

- Means of parameters: g, = 0.8, u, = 0.0015;

- Measurement error: € ~ i.1.d.N(0,062) ,0 = (0.1,0.2,0.3,0.4).
Instead of evenly spaced samplings, we designed a sampling scheme mimicking the sampling
scenario of longitudinal studies in reality, where the repeated measurements from follow-up visits
are often sampled at random time points, and tend to become more sparse towards the end of study.
The observation times of each individual consisted of 21 or 201 random observations between
t =0 and t = 20 months, or t = 0 and ¢ = 60 months, following an exponential distribution
t ~Exp(4),1 = 0.05. For each combination of sampling schemes and values of g, the data were
simulated for 100 subjects. We then followed steps described in section 2.1.2 to approximate the
integrals, fit the linear mixed-effect model and nonlinear mixed-effect model respectively to obtain
the BCLS-LME and NLME estimates. Relative biases in the estimates, convergence rate, and

computational efficiency of each method were investigated in details in Chapter 3.

13



2.2.2 BCLS-LME model fit to simulated data sets

Instead of the original BCLS method using linear least squares, we estimated parameters using the
simulated data sets with extended method, BCLS-LME, which uses a linear mixed-effects model.
Simulated data sets were fit with BCLS-LME and NLME, the nonlinear mixed-effects model,
respectively, using Ime( ) and nlme() functions from the nlme package of R (Pinheiro J 2017). In the
BCLS-LME model, we defined the linear formula as y'(t)~ t + z(t) — 1 to describe the fixed-
effects parts of the model, specifying no intercept to be estimated; we also specified the random-
effects formula as ~t + z(t) — 1|ID, grouped by patient ID, allowing different random effects
for each grouping level. In the NLME model, we defined the same fixed-effects and random-effects
formula and grouping structure as the BCLS-LME model. We specifieda = 0.8 and b = 0.0015
as the starting values for the NLME algorithm. The accuracy of each model was evaluated by the
relative biases of estimates for a and b. The computational efficiency was evaluated by both the
successful convergence rate out of 100 iterations and the average computation time of 1000

iterations.

2.3  The Observational Malaria Cohort (OMC) Data Set

To demonstrate the capacity of BCLS method in an actual data set, we utilized a population data set
from a longitudinal birth cohort in Muheza district of Tanzania, an area of intensive malaria
transmission rate (Goncalves, Huang et al. 2014). We named the data set observational malaria
cohort (OMC) for simplicity. A total of 882 newborns were enrolled between September 2002 and
November 2005, followed for an average of 2 years and for as long as 4 years. Of the 882 children in
the study, 457 (51.8%) were males, 201 (11.6%) had severe malaria, 663 (75.1%) had follow-up

measurements for over one year. The enrolled children were examined once every two weeks during
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infancy, once every month after infancy, and during any illness. Baseline characteristics, including
weight, height and head circumference, living/nutritional conditions and physical vitals including
body temperature, parasite burden, and malaria symptom diagnosis results were collected at each
visit.

We utilized the repeated measurements of children’s weights as the main outcome of
interest, as body weight is a direct indicator of growth rate and easily influenced by major health
events such as malaria episodes. The weight data generally follows a logistic growth curve but has
not fully reached the steady state by the end of the study. From the original OMC data set, we first
excluded two subjects who had only baseline weight measurement. We defined the initial value W)
as the mean of initial weights from all children, the measurement error 0 as the standard deviation
of initial weights from all children. We then defined the response W'(t) by subtracting the log of
the initial weight from the log of weight W' (t) = log (W (t)) — log (W,), and calculated Z(t)
following equation (2.6). After pre-processing, the BCLS-LME and NLME models were fit to the
data set respectively, as described in section 2.2, to estimate the fixed effects and random effects of
parameters @ and b. The starting values for NLME model were set asa = 0.8, b = 0.008. We
used the NLME estimates as the “unbiased” standards and evaluated the BCLS-LME method by

comparing the Monte Carlo means and standard deviations of the parameters estimates.

The effects from other covariates, S, on growth rate can also be evaluated by estimating

the coefficient y for Q in the alternative form of ODE

dw
e W((a* +vy*Q)—bW). (2.8)

We investigated the effects on children’s weight growth from multiple variables, including gender

(gender), positive parasite counts in blood smear samples (blood), ever diagnosis of malaria (malever),
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and the number of malaria episodes (#al). The estimated coefficients and clinical inference will be

further discussed in Chapter 3.
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Chapter 3. Results

To illustrate the application of the BCLS and BCLS-LME methods using a model defined by the
nonlinear differential equation (2.3), we employed data on the growth of children, from simulations
as well as the OMC birth cohort data set. In this chapter, we first implemented the original BCLS
method to fit simulated longitudinal data from an individual, and compared it to the NLS method in
accuracy and computational efficiency. We then implemented the extended method, BCLS-LME, to
mixed-effects models and compared the accuracy and computational efficiency against the NLME
method, using simulated growth data for an aggregate population of individuals. Furthermore, we
applied the BCLS-LME method to estimate the growth rate of the population from the OMC data
set, and provided insights on the effects of parasite burden and malaria episodes on children’s

growth rate.

3.1 The BCLS Method Compared to NLS Method in Parameter Estimation

3.1.1 Data simulation

We simulated data for a single individual, following the statistical model in equation (2.2) in section

2.1.2
log{Y (t)} = log{X(t)}+ €, € ~i.i.d N(0,0?)

with the parameters setas:a = 0.8,b = 0.0015,y, = 2. As described in section 2.1.3, a range of
values for measurement error, 0 = (0.1,0.2,0.3,0.4), was evaluated to demonstrate the increase
in bias in the estimate of the parameter b using ordinary least squares (LS) without the bias-
correction adjustment. Data sets were simulated with multiple sampling schemes as mentioned in

section 2.1.3.
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The transformed data from one simulation and the fitted trajectory by the NLS method are
demonstrated in Figure 1. All data points are from a simulation with 201 evenly spaced observations
between t = 0 and t = 20 months, measurement etror ¢ = 0.4. For each combination of
observation times and wvalues of o, data was simulated 1000 times and the LS, BCLS and NILS
models were fit to estimate model parameters a and b. For the NLS model, the initial values were
specified asa = 0.8,b = 0.0015. Among all methods, the relative biases and computational

efficiency are compared.

5
|

log(W) - log(W,)
3 4
| 1

[ | | |

5 10 15 20
Months

Figure 1. Simulated weight data based on 201 evenly spaced observations between t = 0 and t = 20
months, measurement error o = 0.4, and associated NLS trajectory. X-axis: time in months; Y-axis:

absolute log-transformed weight.

3.1.2 Comparison of the BCLS and NLS models in accuracy

Figure 2 summarizes the relative biases from estimates of parameters a and b as the measurement

error ¢ increases, using the LS method (dotted lines), the BCLS method (solid line), and the NLS
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method (red dotted line). In our model, as the first covariate | Ot ds is simply t, we do not expect any

bias in estimate for a. Therefore, the BCLS and LS estimates of a are always identical. Panel A of
Figure 2 shows how relative biases in the parameter estimates vary with measurement errors in the
simulated data when 21 evenly spaced observations are sampled between t = 0 and t = 20 months.
Panel B depicts the relative biases in the parameter estimates when the number of observations is
increased to 201, within the same time span. Note that in both scenarios, the biases of the LS
estimates are dramatically corrected by the BCLS method. When observation points are not densely
sampled, we lose some accuracy with the BCLS method, due to integral approximation. The BCLS
estimates from densely sampled data sets are more comparable to the NLS estimates. The Monte
Carlo means and standard errors, as well as relative biases of parameter estimates from each method,
are summarized in Table 1. The efficiency of BCLS method can be evaluated by the Monte Carlo
standard errors, which indicate that the variability of the estimation procedure by BCLS method is
comparable to NLS, with the NLS method providing slightly more precise estimates (lower standard
error). This is expected, as NLS is the maximum likelihood method for parameter estimation in this

statistical model.
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Figure 2. Relative bias of LS (ordinary least squares), BCLS, and NLS estimates using data sets

simulated with a range of measurement errors. (A) Relative bias of estimates from data simulated

from 21 evenly spaced observations between [0, 20] months. (B) Relative bias of estimates from data

simulated from 201 evenly spaced observations between [0, 20] months.
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Table 1. Monte Carlo means, standard errors and relative biases in parameter estimates using LS,

BCLS and NLS methods.

Number of Observations = 21
Measurem a.relative b.relative
Methods ent Error a.mean a.sd b.mean b.sd bias bias
LS 0.1 0.8008 0.0148 | 0.001496 | 0.000060 0.000987 -0.002645
0.2 0.7983 0.0301 | 0.001473 | 0.000117 -0.002134 -0.017679
0.3 0.7986 0.0435 | 0.001438 | 0.000174 -0.001722 -0.041271
0.4 0.7966 0.0571 | 0.001378 | 0.000215 -0.004245 -0.081128
BCLS 0.1 0.8008 0.0148 | 0.001504 | 0.000061 0.000987 0.002354
0.2 0.7983 0.0301 | 0.001503 | 0.000119 -0.002134 0.002166
0.3 0.7986 0.0435 | 0.001504 | 0.000182 -0.001722 0.002857
0.4 0.7966 0.0571 | 0.001493 | 0.000233 -0.004245 -0.004598
NLS 0.1 0.8000 0.0120 | 0.001501 | 0.000057 0.000013 0.000765
0.2 0.7990 0.0232 | 0.001504 | 0.000109 -0.001273 0.002597
0.3 0.8013 0.0348 | 0.001510 | 0.000169 0.001624 0.006990
0.4 0.8036 0.0462 | 0.001512 | 0.000212 0.004442 0.007707
Number of Observations = 201
Measurem a.relative b.relative
Methods ent Error a.mean a.sd b.mean b.sd bias bias
LS 0.1 0.8000 0.0047 | 0.001492 | 0.000020 0.000023 -0.005215
0.2 0.7991 0.0090 | 0.001467 | 0.000037 -0.001080 -0.022299
0.3 0.7993 0.0139 | 0.001432 | 0.000056 -0.000850 -0.045434
0.4 0.7987 0.0192 | 0.001379 | 0.000073 -0.001569 -0.080469
BCLS 0.1 0.8000 0.0047 | 0.001500 | 0.000020 0.000023 -0.000229
0.2 0.7991 0.0090 | 0.001496 | 0.000037 -0.001080 -0.002548
0.3 0.7993 0.0139 | 0.001498 | 0.000059 -0.000850 -0.001497
0.4 0.7987 0.0192 | 0.001494 | 0.000079 -0.001569 -0.003884
NLS 0.1 0.8002 0.0038 | 0.001500 | 0.000019 0.000204 0.000048
0.2 0.7996 0.0070 | 0.001497 | 0.000035 -0.000562 -0.001673
0.3 0.8000 0.0109 | 0.001500 | 0.000053 0.000056 -0.000139
0.4 0.8001 0.0146 | 0.001497 | 0.000069 0.000078 -0.001902
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Figure 3. Relative bias associated with BCLS, LS, and NLS estimates based on 1000 iterations with
measurement errors varying between 0.1 and 0.4. (A) Relative bias of estimates from data simulated
from 21 evenly spaced observations between [0, 60] months. (B) Relative bias of estimates from data
simulated from 201 evenly spaced observations between [0, 60] months. (C) Relative bias of
estimates from truncated data, the first 7 out of 21 evenly spaced observations between [0, 60]
months, within a range of [0, 20] months. (D) Relative bias of estimates from truncated data, the
first 67 out of 201 evenly spaced observations between [0, 60] months, within a range of [0, 20]

months.

As we expanded the time span for sampling from between t = 0 and t = 20 months to
between t = 0 and t = 60 months and sampled 21 evenly spaced observations within the time span,
we obsetved unexpected biases in BCLS estimates for both a and b (Figure 3A). The increased
biases of BCLS estimates are likely to originate from the small sample properties due to sparse

samplings, as well as increased sampling ratio from the steady state, which may violate the
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assumption A.3 for BCLS method described in section 2.1.1 (Holte 2016). To compensate for the
small sample properties, we increased the sampling density to 201 evenly spaced observations
between t = 0 and t = 60 months, which significantly corrected the biases with large measurement

errors, validating the expected asymptotic unbiasedness of estimate for b (Figure 3B).

To investigate whether the biases observed can be attributed to samplings through the steady
state, we simulated data from 21 or 201 evenly spaced observations between t = 0 and t = 60
months, but fit the LS, BCLS, and NLS models using truncated data from observations spanning
only the dynamic range between t = 0 and t = 20 months (totally 7 or 67 observations). The relative
biases of parameter estimates using truncated data sets are summarized in Figure 3C and D. In
contrast with the estimates from complete data, other than slight biases in the initial estimates, the
BCLS estimates from the dynamic range of the data are generally unbiased, comparable to NLS
estimates. With more details discussed in Chapter 4, the fundamental mechanism of the biases needs

further investigation and proof.

3.1.3 Comparison of the BCLS and NLS models in computational efficiency

In the simple least squares models, both the BCLS and NLS methods successfully converged under
a range of measurement errors (0 up to 0.4). To compare the BCLS and NLS methods in
computational efficiency, we simulated data sets with 201 evenly spaced observations between t = 0
and t = 20 months as described in section 3.1.1, with parameters defined as a = 0.8,b = 0.0015,
o0 = 0.1 .Each model was fit to the same data set and the computation time was recorded through
iterations. The mean computation time and standard errors from ten 100-iteration trials (1000
iterations in total) using either the BCLS method or NLS method are summarized in Table 2. From
1000 iterations, the BCLS method reduced the computation time by 24%, suggesting superior

computational efficiency.
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Table 2. Comparison of BCLS and NLS methods in computation time using simulated data.

Methods Mean Computation Time | Standard Errors
BCLS 15.680 0.907
NLS 20.622 1.196

3.2 The BCLS Method in Mixed-Effects Models Parameter Estimation

As the BCLS method has been demonstrated to be superior to NLS in computational efficiency, we
further explore the method’s validity and performance in mixed-effects ODE models. In realistic
longitudinal data, such as the OMC data set described in section 2.3, repeated measurements are
taken for an aggregate population of individuals, thus requiring consideration of the intra-subject
correlation. By considering the random effects for measurements clustered by individuals, the

mixed-effects ODE models can flexibly represent the correlation structure.

Although the asymptotic results of the BCLS method in mixed-effects models are yet to be
proven, we first applied the BCLS-LME to simulated data with random effects and evaluated the
estimates for parameters @ and b. The major goals of the analyses include 1) To compare the
accuracy and precision of the BCLS-LME and NLME methods; 2) To identify the range of
scenarios where the BCLS-LME and/or NLME methods can be applied; 3) To compate the

computational efficiency of the two methods.
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3.2.1 Simulation of growth curve data with random effects for an aggregate population of

individuals

We simulated data representing growth curves of a children’s population, taking into account the
correlations within repeated measurements from each child, which can be reflected by the random
effects from a and b. For each child out of a population of 100, we simulated growth data from 21
or 201 randomly sampled observations between t = 0 and t = 20 months following the same
strategy described in section 2.2.1 and fit the data with linear mixed-effects model adopting the
BCLS method (BCLS-LME) and common nonlinear mixed-effects model (NLME) respectively. The

accuracy of parameter estimates and computational efficiencies were evaluated and compared.

3.2.2 Comparison of the BCLS-LME and NLME models in accuracy

To avoid potential convergence difficulties in estimation using the NLME method, we deliberately
used small random effects for a and b in data simulation (6, = 0.1,03, = 0.0001). The relative
biases of parameter estimates from the BCLS-LME and NLME models, given the same range of
measurement errors, are plotted in Figure 4; the Monte Carlo means and standard errors for the
parameters estimates from both methods are summarized in Table 3. Small biases were observed in
the BCLS-LME estimates when measurements were collected from 21 observation times, compared
to the NLME estimates. Increasing the sampling density to 201 observations within the same time
range successfully corrected this bias (Figure 4B), demonstrating the expected asymptotic
unbiasedness of BCLS estimates in the mixed-effects models. In addition, the Monte Carlo standard
errors of the parameter estimates by BCLS-LME method are reasonably close to the standard errors
of the NLME estimates, especially with 201 observations sampled (Table 3). This suggests that in
the mixed-effects models, the BCLS-LME method is also comparable to the NLME method in

efficiency.
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measurement error varying between 0.1 and 0.4. (A) Relative bias of estimates from data simulated

with 21 randomly sampled observations between [0, 20] months. (B) Relative bias of estimates from

data simulated with 201 randomly sampled observations between [0, 20] months.
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Table 3. Monte Carlo means, standard errors and relative bias of parameter estimates using BCLS-

LME or NLME methods.

Number of observations = 21

Measurem a.relative | b.relative
Method ent Error a.mean a.sd b.mean b.sd bias bias
BCLS-LME 0.1 0.8041 0.01432 | 0.001520 | 0.000019 | 0.005170 | 0.013367
0.2 0.8022 0.01562 | 0.001517 | 0.000028 | 0.002795 | 0.011113
0.3 0.7985 0.01552 | 0.001512 | 0.000034 | -0.001836 | 0.008313
0.4 0.7932 0.01654 | 0.001505 | 0.000047 | -0.008491 0.003233
NLME 0.1 0.8000 0.01423 | 0.001498 | 0.000017 | 0.000004 | -0.001615
0.2 0.7990 0.01520 | 0.001492 | 0.000024 | -0.001223 | -0.005644
0.3 0.7973 0.01479 | 0.001487 | 0.000028 | -0.003334 | -0.008644
0.4 0.7951 0.01561 0.001481 0.000037 | -0.006112 | -0.012860
Number of observations = 201
Measurem a.relative | b.relative
Method ent Error a.mean a.sd b.mean b.sd bias bias
BCLS-LME 0.1 0.7998 0.01465 | 0.001499 | 0.000015 | -0.000279 | -0.000609
0.2 0.7995 0.01413 | 0.001499 | 0.000016 | -0.000576 | -0.000351
0.3 0.7990 0.01419 | 0.001498 | 0.000017 | -0.001304 | -0.001484
0.4 0.7987 0.01449 | 0.001497 | 0.000019 | -0.001607 | -0.002146
NLME 0.1 0.7998 0.01464 | 0.001499 | 0.000015 | -0.000279 | -0.000872
0.2 0.7997 0.01411 0.001499 | 0.000016 | -0.000394 | -0.000873
0.3 0.7994 0.01425 | 0.001497 | 0.000016 | -0.000722 | -0.002283
0.4 0.7998 0.01445 | 0.001496 | 0.000018 | -0.000205 | -0.002916

Similar to what we have observed in section 3.1.2; increased biases also arise in the estimates

for both a and b, when the measurements ate sampled from 21 observation times within an

expanded time range, between t = 0 and t = 60 months (data not shown). We increased the
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sampling density to 201 or 601 observations within the same time range and observed parameters
estimates from the BCLS-LME method became comparably unbiased, suggesting the expected
asymptotic unbiasedness of the BCLS-LME estimates. The potential causes of the observed biases

will be further discussed in Chapter 4; and the solutions are yet to be explored.

3.2.3 Comparison of the BCLS-LME and NLME models in computational efficiency

We evaluated the efficiency of the BCLS-LME and NLME methods through comparison in
convergence rates and computation time on simulated data sets. To compare the two methods in
convergence rate, we first set the measurement error as 0 = 0.1, and simulated data sets with
combinations of various random effects from a and b : g, =(0.1,0.2,0.4),
o, = (0.0001,0.0005). Then the BCLS-LME and NLME models atre respectively fit to the data
sets and evaluated for successfully converged iterations out of 100 total iterations. To ensure fair
comparisons, we set the maximum number of iterations for the optimization algorithm as 200 for
both methods (default 50). As shown in Table 4, the NLME method encountered convergence
difficulties as random effects increased in a, b, or both, while models fitted with the BCLS-LME

method successfully converged at all trials, suggesting a superior convergence efficiency of the

BCLS-LME method.

Table 4. Convergence rates for the NLME and BCLS-LME methods.

o, oy Conv. Rate-NLME | Conv.Rate- BCLS-LME
0.1 0.0001 100/100 100/100
0.1 0.0005 39/100 100/100
0.2 0.0001 100/100 100/100
0.2 0.0005 51/100 100/100
0.4 0.0001 99/100 100/100
0.4 0.0005 67/100 100/100
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We then evaluated the computation time for each method, using data sets simulated with 21
or 201 observations. We set the measurement error and the random effects at permissive values,
o=0.1,0, =0.1, g, = 0.0001, to avoid the convergence difficulties that the NLME method
may encounter (described above) and ensure fair comparisons. The mean computation time from
ten 100-iteration trials (a total of 1000 iterations) of each method is summarized in Table 5. In all
sampling schemes, the BCLS-LME method made dramatic improvement compared to the NLME

method, by shortening the computation time by 2.5-4.1 folds.

Table 5. Computation time for the NLME and BCLS-LME methods under differential sampling

schemes.

Method Observations Sampled | Mean Computation Time

NLME 21 12.894
201 75.514

BCLS-LME 21 5.169
201 18.284

3.3 Children’s Growth Data from the Observational Malaria Cohort (OMC)

One of the well-known applications of ODE models with mixed-effects is to estimate and interpret
the growth rates in population growth data. We utilized a population data set from a longitudinal
birth cohort in Tanzania (Goncalves, Huang et al. 2014), the observational malaria cohort (OMC)
data set, to test the BCLS-LME and NLME methods in parameter estimation with mixed-effects

taken into consideration.

The OMC data set and the characteristics of the study population were previously described
in section 2.3. The longitudinal data of log-transformed weight for the first 33 subjects are plotted in

Figure 5, suggesting a logistic growth curve in general. It is noticeable that although the growth
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curves had not reached the fully steady state by the end of the study, the general growth rate
significantly slowed down after the first year of dynamic range. Using the OMC data set pre-
processed as described in section 2.3, we also applied the BCLS-LME and NLME methods to
investigate the effects of health events, such as parasite burden and malaria episodes, on children’s

growth rate.
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Figure 5. A plot of log-transformed weight data from the first 33 subjects of the OMC data set.

3.3.1 Estimate the growth rate using the BCLS-LME and NLME models

Using the BCLS-LME and NLME methods described in section 3.2, we estimated the parameters
a and b, and the standard errors by fitting models to the cleaned OMC data set (Table 6). The
BCLS-LME method yielded comparable estimates for b with estimates by the NLME method, while
slight biases existed in estimates for a. The standard errors of parameters estimates suggest similar
efficiencies of estimation using either the BCLS-LME method or the NLME method. The observed
biases are likely attributed to small sample properties and samplings during the steady state, as we

discussed above. As it is non-practical to increase the sampling density in a completed study, we

30



focus on testing the second possibility. We truncated the data set by removing all measurements
collected after a year since enrolled in the study (365 days, 52 weeks) when the growth curve is
reaching a relatively steady state. We also excluded any subject who had less than two measurements
in the truncated data set. Using the truncated data set, we again fit the BCLS-LME and NLME

models respectively to estimate the parameters. As shown in Table 6, the estimates for a and b by

BCLS-LME model (BCLS-LME.365) are approaching the estimates by the NLME model

(NLME.365).

Table 6. Estimates of means and random effects for growth rates using the OMC data set.

Model a.mean a.sd b.mean b.sd Y
NLME 0.084911 0.026327 0.008917 0.003461 /
BCLS-LME 0.078105 0.026798 0.008840 0.003740 /
NLME + foender 0.082755 0.026165 0.008924 0.003466 0.004237
BCLS-LME+fgender 0.076202 0.026659 0.008844 0.003744 0.003694
NLME + fplood 0.084833 0.026143 0.008893 0.003435 | -0.000608
BCLS-LME+tbi00d 0.077962 0.026645 0.008811 0.003713 | -0.000259
NLME + fmalever FTC*

BCLS-LME+ fmalever 0.079496 0.026546 0.008819 0.003727 | -0.001805
NLME + foma FTC

BCLS-LME + foma 0.078659 0.026484 0.008831 0.003741 | -0.000092
NLME.365 0.110537 0.026117 0.013025 0.003757 /
BCLS-LME.365 0.110019 0.026695 0.014203 0.004196 /
NLME.365 + tgender FTC

BCLS-LME.365 + fgender 0.107070 0.026622 0.014207 0.004203 0.005717
NLME.365 + tblood 0.110490 0.025937 0.013021 0.003730 | -0.000171
BCLS-LME.365 + tblo0d 0.109993 0.026579 0.014201 0.004178 | -0.000057
NLME.365 + fmalever FTC

BCLS-LME.365+ fmalever 0.111400 0.026622 0.014192 0.004195 | -0.001749
NLME.365 + tamal FTC

BCLS-LME.365+ tamal 0.110960 0.026624 0.014193 0.004196 | -0.000153

* F'TC: Failed to converge.
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3.3.2 Estimate the effects from other covariates on children’s growth rate

One of our major goals analyzing the OMC data set is to investigate the effects of health events on
children’s growth curve. We are interested in evaluating the effects from multiple covariates on
children’s growth rate, including gender (gender), positive parasite counts in blood smear samples
(blood), ever diagnosis of malaria (walever), and the number of malaria episodes (n7zal). As an example,

we included gender as a covariate in the alternative form of ODE:

dw
e W((a* +y * gender) — bW)

Using the same procedure described in section 3.2, we fit the BCLS-LME and NLME models to
estimate the new growth rate, a* and b, and the coefficient for gender, y. Both the BCLS-LME and
NLME methods yielded similar conclusions based on the estimates of the coefficients (Table 6): the
study subjects tend to have slower growth rate if they were female, with positive parasite counts in
the blood smear samples, or any previously diagnosed malaria episodes, although the effects are
subtle for all. Taking the standard errors into consideration, the BCLS-LME method yielded

estimates of the same direction with the NLME estimates, with slightly different altitudes.

As increasing the sampling density is nonrealistic with a completed study, we again truncated
the data set to measurements limited to the first year of study and fit both models, with the purpose
of evaluating the effects only during the dynamic state. The BCLS-LME and NLME estimates for
a* are now indistinguishable, confirming our previous hypothesis that additional samplings in steady
state lead to further biases. Interestingly, the NLME method failed to converge under a number of
model designs, while the BCLS-LME method succeeded in all, suggesting the superiority of the

BCLS-LME method in computational efficiency, especially given extremely sparse observations.
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Chapter 4. Discussion

ODEs are popular modeling tools to describe dynamic systems in biology, engineering, health care
and many other fields. However, estimating parameters from observational data has always been a
challenging statistical problem, as most ODEs have no analytic solutions, and solving ODEs
numerically is computationally intensive. Among various parameter estimation algorithms for
nonlinear ODE models, the numerical method, nonlinear least squares (NLS), has been regarded as
the “Gold Standard” with ideal asymptotic properties (Bates and Watts 1988). The NLS method
faces many challenges in ODE parameter estimation. One of those originates from the nature of
NLS estimation using conventional gradient-based optimization methods such as Gauss-Newton or
Levenberg-Marquart, that the iterative numerical procedure to obtain the estimates leads to
instability of the procedure (Press 1986). In addition, by the nature that the NLS estimators are
computed using iterative procedures, it requires a guess of the starting values for a minimizer.
Another major challenge is that the NLS procedures may fail to converge to global minima
depending on the choice of starting values for iteration, particularly if the least squares solution has
multiple local minima or saddle points. Alternative methods have been proposed for parameter
estimation in nonlinear ODE models. For example, the PsLS method described as a two-step direct
method relying on differentiation (Liang and Wu 2008), and the method by Ramsay et al., which
introduced a parameter cascading procedure and a smoothing-involved approximation of ODE

solutions (Ramsay, Hooker et al. 2007).

Estimating ODE models with mixed-effects is generally even more challenging.
Incorporating random effects in the classic nonlinear mixed-effects models are already known to be
difficult statistical problems (Pinheiro and Bates 2000). When the ODEs have analytic solutions,

they are commonly solved as a nonlinear mixed-effects model (NLME) with available packages like
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nlme( ) (Pinheiro ] 2017). Given the great burden of random effects in ODE models, estimation
using the NLME method is often computationally intensive, and commonly faces convergence
difficulties. When the analytic solutions are not available, the ODEs can only be solved by numerical
methods. Software packages and methods have been developed to solve the ODEs numerically and
estimate the mixed-effects ODE models. NONMEM is widely used in the pharmacometrics
industry to estimate nonlinear mixed-effect models (Wang 2007); NONMEM and another software,
MONOLIX, have also implemented EM-type algorithms such as stochastic approximation EM
(SAEM) to estimate nonlinear mixed-effects models (KKuhn 2005). Both software programs require
pre-specified initial conditions for ODE models to obtain numerical solutions, which is often hard
to determine. Wang et, al. proposed a semi-parametric approach, which estimates a spline function
that approximates the ODE solution using smoothing splines (Wang 2014). Similar to the other
direct methods, Wang’s method also involves arbitrarily specifying the number and location of knots

for spline functions, especially when the observations are sparse.

The bias-corrected least squares (BCLS) method (Holte 2016) is a computationally simple,
non-iterative, and easily implemented method for parameters estimation in ODE models. It retains
the simplicity of eatly direct methods and has most of the desirable statistical properties of more
recently developed direct methods. A major advantage of the BCLS method (and other direct
methods) is that it does not require starting values for the estimation algorithm. Furthermore, it does
not require the choice of smoothing bandwidth of functional data analysis methods. Since it is based
on integration rather than differentiation, the BCLS method can be used to estimate the initial ODE
model states in addition to the ODE model parameters, which is superior to other direct methods

that rely on differentiation, such as the PsLS method (Liang and Wu 2008).

In this thesis, we have simulated longitudinal data sets to represent the growth curve of a

single individual and demonstrated the accuracy and computational efficiency of the BCLS method
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in parameter estimation in contrast with the LS and NLS methods (section 3.1). With simulated
longitudinal data involving only fixed effects, and a proper sampling scheme with sufficient
observations, the BCLS method provides unbiased estimates of ODE parameters and Monte Carlo
standard errors comparable to those of the NLS method. It surpasses the NLS method with
remarkably reduced computation time, averagely 24% through 1000 iterations. We demonstrated
strong results to show that the common method for estimating nonlinear mixed-effects model,
NLME, encountered convergence difficulties as increased random effects were introduced to a, b,
or both; while the BCLS-LME method successfully converged in all trials. Furthermore, due to
excessive estimation for large random effects, the computation time gets extremely long when fitting
the NLME model to longitudinal data from an aggregate of population. By reducing the nonlinear
model to a linear model, the BCLS-LME method was able to reduce the computation time by 2.5-
4.1 folds. With dramatically improved computational efficiency, the BCLS-LME method still
managed to obtain generally unbiased estimates under a wide range of random effects and
measurement errors, given properly sampled observations. With the asymptotic unbiasedness yet to
be proven in ODE models with mixed-effects, we are impressed by the performance of the BCLS-

LME method in parameter and random effects estimation, particularly in computational efficiency.

Through the tests we performed with differential sampling schemes, we noticed biases
arising when we applied the BCLS method to data sets simulated with sparse observations in a
longer time span. These unexpected biases were first observed in the BCLS estimates for both a and
b when data were simulated with 21 evenly spaced observations between t = 0 and t = 60 months,
and the measurement errors being as large as 0.4 (Figure 3). The observed biases could be attributed
to the following causes: 1) When the observations are not densely sampled, the integral
approximations by the BCLS method may lead to biases in estimation. 2) Referring to the model

assumption A.3 in Chapter 2, our data-sampling scheme in BCLS-LME may have violated the
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assumption that not all data points are from the equilibrium state (steady state). We tested the first
potential cause by increasing the sampling density from 21 to 201 and 601 evenly spaced
observations within the same time span (Figure 3 and data not shown). As the observations become
denser, the biases from the BCLS estimates for a and b shrunk dramatically, suggesting the
asymptotic unbiasedness of the BCLS estimators. To test the second cause, we sampled 21 or 201
evenly spaced observations between t = 0 and t = 60 months in simulations, but fit the BCLS model
using only data points from observations spanning the dynamic state, between t = 0 and t =20
months (totally 7 or 67 observations). In contrast with the estimates obtained using the full-range
data, other than slight bias in the initial estimates, the BCLS estimates from the dynamic state are
generally unbiased, comparable to the NLS estimates (Figure 3C, D). These tests suggest a
mysterious phenomenon, in which additional samplings from the steady state of a logistic growth
curve actually lead to increased biases in parameter estimates. The underlying mechanism requires

more careful thinking and further efforts to be discovered.

An important application of the BCLS-LME method in this thesis is to estimate the growth
rates and effects from covariates of interest using the OMC data set on children’s growth. Taking
the standard errors into consideration, the BCLS-LME method yielded comparable estimates for
growth rate to the NLME estimates. When fitting both models to evaluate the effects of covariates,
such as gender, parasite count, and malaria episodes, the coefficients estimated by BCLS-LME and
NLME methods were of the same effect direction. As we truncated the data set to measurements
only within the first year of study, eliminating samplings from the steady state, the BCLS-LME and
NLME estimates for a became indistinguishable, confirming our previous hypothesis that additional
samplings in the steady state may lead to further biases. Interestingly, the NLME method failed to
converge under a number of model designs to estimate covariates effects, while the BCLS-LME

method succeeded in all, suggesting its notable superiority in computational efficiency.
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In conclusion, this thesis has implemented the BCLS method in nonlinear ODE models,
with fixed effects only and with random effects taken into consideration. With decent accuracy in
parameter estimation compared to the traditional NLS method, we demonstrate the great superiority
of the BCLS method in convergence rate and computation time, especially in the mixed-effects
models, given propetly sampled observations. Further investigations are required to prove the
asymptotic unbiasedness of the BCLS-LME estimates in mixed-effects model, and to explain the
mysterious biases caused by additional samplings in the steady state. With those questions answered,

the BCLS-LME method is likely to provide a powerful tool for parameter estimation in complex

ODE mixed-effects model.
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APPENDIX

APPENDIX.1 R script to simulate data and fit LS/BCLS/NLS models.

LU0 gL L L ) L ) ) ) 1 ) L L ) ) L 1 ) ) L ) ) L 1 ) L ) ) dE 1 ) ) ) g ) L 1 ) ) 1 ) ) L 1 ) ) 1 ) ) L 1 ) ) )
L (A A (A (A (A (A (A (A (A (A (A (A (A (A (A ({0 (A (A (A (A (A (A (A (A (A (A (A (4
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L (A A (A (A (A (A (A (A (A A (A (A BCLS vs. LS vs. NLS L (A (A A (A (A (A (A (A A (A (A (A (A A (A (A 4
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library(deSolve)
library(nlme)
library(minpack.lm)

# Analytical solution function

spanal<-function(t,p0,a,b) {
k<-p0/(a-b*p0)
a*k*exp(a*t)/(l+b*k*exp(a*t))

}

# Initial conditions
y0o = 2

t = c(0:200)/10

n = length(t)

a =20.8

b = 0.0015
parms<-c(a,b)

reps = 100

mp<-spanal(t, y0, a, b)
merr<-c(0.1,0.2,0.3,0.4)

# Simulate data and fit models
ests = NULL

for (sigma in merr) {
for (i in c(l:reps)) {

outTablel = NULL
e = rnorm(n, 0, sigma)
logy = log(mp) + e
logy[1l] = log(y0)
newy = exp(logy)
resnewy = logy - log(y0)

zi.uncor = c(rep(0,n))

zi = c(rep(0,n))
ztotal.uncor = c(rep(0,n))
ztotal = c(rep(0,n))

for (p in c(2:n)) {
zi.uncor[p] = 0.5 * (t[p] - t[p-1]1) * (newy[p] + newy[p-11])
zi[p] = 0.5 * (t[p] - t[p-1]) * (newy[p] + newy[p-1]) * exp(-
0.5*sigma”2)
ztotal.uncor[p] = sum(zi.uncor[l:p])
ztotal[p] = sum(zi[l:p])
}

outTablel = data.frame(cbind(t, logy, resnewy, ztotal, ztotal.uncor))

Im.fit.uncor = lm(resnewy~ t + ztotal.uncor -1, data = outTablel)



Im.fit = lm(resnewy~ t + ztotal -1, data = outTablel)
nls.fit = nlsLM(logy ~ log(spanal(t, y0, a, b)),
data = outTablel,
start = c¢(a = 0.8, b = 0.0015),
trace = FALSE)
ests=rbind(ests,c(sigma,lm.fit.uncor$coef,lm.fit$coef,
summary(nls.fit)S$coefficient[,1]))

}
}
ests=data.frame(ests)
names (ests)=c("sigma","a.uncorr","b.uncorr","a.corr","b.corr", "a.nls",
"b.nls")
res=NULL

for (sigma in unique(ests$sigma) ) {
each = ests[ests$sigma==sigma, ]
res = rbind(res,c(sigma,round(mean(each$a.uncorr),dig=5),sd(each$a.uncorr),
-round(mean(each$b.uncorr),dig=6),sd(each$b.uncorr),
(mean (each$a.uncorr)-a)/a, (-mean(each$b.uncorr)-b)/b,
round (mean (each$a.corr),dig=5),sd(each$a.corr),
-round (mean (each$b.corr),dig=6),sd(each$b.corr),
(mean(each$a.corr)-a)/a, (-mean(each$b.corr)-b)/b,
round (mean(each$a.nls),dig=5), sd(each$a.nls),
round (mean(each$b.nls), dig = 6),sd(each$b.nls),
(mean(each$a.nls)-a)/a, (mean(each$b.nls) -b)/b
) )
}

res<-data.frame(res)

names (res)<-c("sigma","a.LS", "a.LS.sd",
"b.LS","b.LS.sd",
"biasA.LS","biasB.LS",
"a.BCLS","a.BCLS.sd",
"b.BCLS","b.BCLS.sd",
"biasA.BCLS","biasB.BCLS",
"a.NLS", "a.NLS.sd",
"b.NLS", "b.NLS.sd",
"biasA.NLS", "biasB.NLS")

# Plot estimates
par (mfrow=c(1,2))
plot(res$sigma,res$biasA.BCLS, xlab="Measurement error",ylab="Relative Bias
a",type="b", ylim = c(-0.1, 0.1))
points(res$sigma,res$biasA.LS,1lty=2,type="b")
points(res$sigma, res$biasA.NLS,lty=6, type = "b", col = "red")
legend("bottomright", cex=0.8,

legend=c("BCLS", "LS", "NLS"),

lty=c(1, 2, 6),

col = c("black", "black", "red"))

plot(res$sigma,res$biasB.BCLS, xlab="Measurement error",ylab="Relative Bias
b",type="b", ylim = c(-0.2, 0.1))
points(res$sigma,res$biasB.LS,1lty=2,type="b")
points(res$sigma, res$biasB.NLS,lty=6, type = "b", col = "red")
legend("bottomright", cex=0.8,

legend=c("BCLS", "LS", "NLS"),

lty=c(1, 2, 6),

43



col = c("black", "black", "red"))

APPENDIX.2 R script to simulate data and fit BCLS-LME/NLME models.
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library(deSolve)
library(nlme)
library(minpack.lm)

# Analytical solution function
spanal<-function(t,p0,a,b) {
k<-p0/(a-b*p0)
a*k*exp(a*t)/(l+b*k*exp(a*t))
}

# Initialize parameters

y0o = 2

reps = 50
a.mean = 0.8
b.mean = 0.0015
r = 0.05

sigmaA = 0.1
sigmaB = 0.0001

iter = 1000
merr = ¢(0.1, 0.2, 0.3, 0.4)
num = 200

# Function to simulate data
simuData = function(outTable, sigma){
for (i in c(l:reps)) {
min = 0; max = 20
r = 0.05
u = runif(num, min = exp(-r*max), max = exp(-r*min))
newt = c(0,sort((1l/r)*log(l/u)))
n = length(newt)
id = rep(i, n)
a = rnorm(l, a.mean, sigmad)
b = rnorm(l, b.mean, sigmaB)
solx = spanal(newt,y0,a,b)

e = rnorm(n, 0, sigma)
logy = log(solx)+te
logy[1l] = log(y0)

newy = exp(logy)

resy = logy-log(y0)

zi = c(rep(0,n))
ztotal = c(rep(0,n))

for (p in c(2:n)) {

zi[p] = 0.5 * (newt[p] - newt[p-1]) * (newy[p] + newy[p-1]) * exp(-

0.5*sigma”2)
ztotal[p] = sum(zi[l:p])
}
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each = cbind(id, t = newt, y.noIntercept = resy, y.intercept = logy, z =
ztotal,
ranA = rep(a, n), ranB = rep(b, n), y.init = rep(yO,n))
outTable = data.frame(rbind(outTable, each))

}
outTable

}

outTable.MC = NULL
nlmeEsts.MC = NULL
lmeEsts.MC = NULL

for (sigma in merr) {
for (j in 1l:iter){
outTable.MC = NULL
outTable.MC simuData(outTable.MC, sigma)

lmeFit = NULL

lmeFit = try(lme(y.noIntercept ~ t + z -1,
method = "ML",
random = ~ t + z -1]| id,

control = lmeControl(opt='optim'),
data = outTable.MC))

if(length(lmeFit) > 1) {
lmeEsts.MC = data.frame(rbind(lmeEsts.MC, c(sigma,
round(lmeFit$coefficientsS$fixed, 6))))

}

nlmeFit = NULL
fl = y.intercept ~ log(spanal(t, y.init, ranA, ranB))
nlmeFit = try(nlme(fl,

data = outTable.MC,

fixed = ranA + ranB ~ 1,

random = ranA + ranB ~ 1,

group ~ id,

start = c(ranA = 0.8, ranB = 0.0015)))
#control = nlmeControl (maxIter = 200,pnlsTol=0.01, pnlsMaxIter = 20)))
if(length(nlmeFit) > 1) {

nlmeEsts.MC = data.frame(rbind(nlmeEsts.MC, c(sigma,
round(nlmeFitS$Scoefficients$fixed, 6))))

}
}
}
names (lmeEsts.MC) = c("sigma", "a", "b")
names (nlmeEsts.MC) = c("sigma", "a", "b")

res.MC.lme=NULL
for (sigma in unique(lmeEsts.MC$sigma) ) {
each = lmeEsts.MC[lmeEsts.MC$sigma==sigma, ]
res.MC.1lme = rbind(res.MC.lme,c(sigma,round(mean(each$a),dig=5), #monte
carlo mean of a
sd(each$a), #monte carlo sd of a
-round(mean(each$b) ,dig=6), #monte carlo
mean of b
sd(each$b), #monte carlo sd of b
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(mean(each$a)-a.mean)/a.mean, # monte carlo
mean of relative bias from a

(-mean (each$b)-b.mean)/b.mean)) # monte
carlo mean of relative bias from b

}

res.MC.lme = data.frame(res.MC.1lme)

names(res.MC.lme) = c("sigma", "meanA", "sdA","meanB", "sdB", "biasA",
"biasB")

res.MC.lme

res.MC.nlme = NULL
for (sigma in unique(nlmeEsts.MCS$sigma) ) {
each = nlmeEsts.MC[nlmeEsts.MC$sigma==sigma, ]
res.MC.nlme = rbind(res.MC.nlme,c(sigma,round(mean(each$a),dig=5),
sd(each$a),
round (mean (each$b),dig=6),
sd(each$b),
(mean(each$a)-a.mean)/a.mean,
(mean(each$b)-b.mean)/b.mean))

}

res.MC.nlme = data.frame(res.MC.nlme)

names(res.MC.nlme) = c("sigma", "meanA", "sdA","meanB", "sdB", "biasA",
"biasB")

res.MC.nlme

write.csv(res.MC.nlme, file = "Table3_1000iter 20ltimepoints_0to20_NLME.csv")
write.csv(res.MC.lme, file =
"Table3 1000iter 20ltimepoints_ 0to20 BCLS_LME.csv")

BiasEst = cbind(res.MC.lme[,c(1,6,7)], res.MC.nlme[,6:7])

names (BiasEst) = c("sigma", "biasA.lme", "biasB.lme", "biasA.nlme",
"biasB.nlme")

BiasEst

## Compare relative bias from both methods
par (mfrow=c(1,2))
plot(BiasEst$sigma,BiasEst$biasA.lme, xlab="Measurement error",ylab="Relative
Bias a",type="b", ylim = c(-0.1, 0.1))
points(BiasEst$sigma,BiasEst$biasA.nlme,lty=2,type="b", col = "red")
legend("topright", cex=0.8,

legend=c("BCLS-LME", "NLME"),

lty=c(1, 2),

col = c("black","red"))

plot(BiasEst$sigma,BiasEst$biasB.1lme, xlab="Measurement error",ylab="Relative
Bias b",type="b", ylim = c(-0.2, 0.2))
points(BiasEst$sigma,BiasEst$biasB.nlme,lty=2,type="b", col = "red")
legend("topright", cex=0.8,

legend=c("BCLS-LME", "NLME"),

lty=c(1, 2),

col = c("black","red"))
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APPENDIX.3 R script to process OMC data set and fit BCLS-LME /NLME models for
parameter estimation.
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library(nlme)
library(deSolve)
library(tidyr)
library(dplyr)
library(minpack.lm)
library(xtable)

# differential equation
dx<-function(t,x,parms) {

list(c(x[l]*(parms[l]-parms[2]*x[1])))
}

# analytic solution

spanal <- function(t,x0,a,b) {
k = x0/(a-b*x0)
a*k*exp(a*t)/(l+b*k*exp(a*t))

}

# Set working directory
setwd("/Users/yalanxing/Desktop/Thesis project/Dataset")
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grdatl = read.csv(file="growthmeasures.csv", header=TRUE)
grdat2 = read.csv(file="grdat 5.10csv.csv", header=TRUE)
head(grdatl, 20)
head(grdat2, 20)

myvarl = c("ID", "age","VisitDate","weight", "height", "Gender", "vml",
"Bloodsmear")

myvar2 = c¢("id", "age","weight", "height", "vml", "malever", "nmal")
shortdatal = grdatl[myvarl]

names (shortdatal) = c("id", "age","VisitDate","weight", "height", "gender",
"vml", "bloodsmear")

shortdata2 = grdat2[myvar2]
shortdataAll = merge(shortdatal, shortdata2, by = c("id", "age",
"weight", "height", "vml"))

# Create new variables subtracting the initial non-empty height or weight
newdata = shortdataAll %>%

group_by(id) %>%

mutate("HO" = height[which.min(is.na(height))]) %>% # Initial height for
each id

mutate("W0" = weight[which.min(is.na(weight))]) %>% # Initial weight for
each id

mutate("absWeight" = weight - W0) %>% # Absolute weight by subtracting
initial weight

mutate("absLogWeight" = log(weight) - log(W0))

newweight = newdata %>%

47



drop na(weight) # Drop entries with NA in weight
newweight = data.frame(newweight)
newweight$ageWeek = newweight$age / 7.0 # age in weeks (continuous)

newweight$sigma = sd(newweight$WwO0) # Measurement error calculated as
SD of all initial weight values

weight0 = mean(newweight$wWO0) #initial value of weight calculated
as mean of all initial weight

newweight$Gender [ newweight$gender == "Male"] <- 1
newweight$Gender [ newweight$gender =="Female"] <- 0

# Remove id who had only one valid entry for weight data
length(unique (newweight$id))
for (id in unique(newweight$id)) {
if (nrow(newweight[newweight$id == id,]) < 2) {
newweight = newweight[! (newweight$id == id), ]
}

}
length(unique (newweight$id))

# Calculate =z

Z = NULL
for (p in unique(newweight$id)) {
subset = newweight[newweight$id == p, ]

n = nrow(subset)
zi = c(rep(0,n))
ztotal = c(rep(0,n))

for (i in c(2:n)){

zi[i] = 0.5 * (subsetS$SageWeek[i] - subset$ageWeek[i-1]) *
(subset$weight[i] + subset$weight[i-1]) * exp(-0.5*subset$sigma[i]"2)
ztotal[i] = sum(zi[l:i])

}
Z = append(Z, ztotal)
}

newweight$z = Z
newweight$resWeight = log(newweight$weight)-log(newweight$wO0)
newweight$logWeight log(newweight$weight)

write.csv(newweight,file = "SBRI weight 5.15.csv")
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shortdataAll = read.csv(file="SBRI_weight 5.15.csv", header=TRUE)

# Plot weight curve for ID < 50 = 33id
plot(shortdataAll[shortdata’All$id<50, ]SageWeek,
shortdataAll[shortdataAll$id<50, ]$logWeight, xlab = "Age (Weeks)", ylab =
"log(Weight)")

# Fit NLME to full data set
nlmeEsts2 = NULL
nlme.fl = logWeight ~ log(spanal(ageWeek, W0, a, b))
nlmeFit.weight2 = try(nlme(nlme.fl,
data = shortdataaAll,
fixed = a + b ~ 1,
random = a + b ~ 1,
group = ~ id,
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start = c¢(a = 0.08, b = 0.008),
control = nlmeControl(maxIter = 200,pnlsTol=0.01,
pnlsMaxIter = 20),
verbose = TRUE),
silent = FALSE)

if (length(nlmeFit.weight2) > 1) {
nlmeEsts2 = signif(nlmeFit.weight2$coefficients$fixed, 5)
}
nlmeFit.weight2
nlmeEsts2

# Fit BCLS-LME to full data set
lmeFit2 = NULL
lmeEsts2 = NULL

lmeFit2 = try(lme(resWeight ~ ageWeek + 2z -1, # -1 to force no
intercept in the model

method = "ML",

random = ~ ageWeek + z -1| id, # random effect from a and

b, -1 to force no intercept in the model
data = shortdataAll))

if (length(lmeFit2) > 1) {

est = lmeFit2$Scoefficients$fixed

lmeEsts2 = c(signif(est[1l], 3), -signif(est[2],5))
}
lmeFit2
ImeEsts2

# Effect from covariates including: gender, blood, malever, nmal
# NLME + malever -- failed to converge

nlmeEsts.malever = NULL

nlmeFit.weight.malever = NULL

nlmeFit.weight.malever = try(nlme(nlme.fl,
data = shortdataaAll,
fixed = list(a ~ malever,b~1),
random = a + b ~ 1,
group = ~ id,
start = c¢(W0 = weight0, a = 0.08, b =
0.008),
control = nlmeControl (maxIter =
200,pnlsTol=0.01, pnlsMaxIter = 20)),
silent = FALSE)
if (length(nlmeFit.weight.malever) > 1) {
nlmeEsts.malever = rbind(nlmeEsts.malever,
signif(nlmeFit.weight.malever$coefficients$fixed, 5))
}
nlmeFit.weight.malever
nlmeEsts.malever

# BCLS-LME + malever -- converged
lmeFit.malever = NULL
IlmeEsts.malever = NULL
lmeFit.malever = try(lme(resWeight ~ ageWeek + malEverTime + z -1,
# -1 to force no intercept in the model
method = "ML",
random = ~ ageWeek + z -1| id, # random effect from
a and b, -1 to force no intercept in the model
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control = ctrl,
data = shortdataAll))

if (length(lmeFit.malever) > 1) {
est.arb = IlmeFit.maleverScoefficientsS$Sfixed
lmeEsts.malever = c(signif(est.arb[l], 5), signif(est.arb[2],5),
signif(est.arb[3],5))
}
lmeFit.malever
lmeEsts.malever
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equailDays = 365
weight.ly = subset(shortdataAll, age <= equailDays )
summary (weight.lyS$age)

## Effect from gender in 1lst year data
# NLME.365 + gender -- failed to converge
nlmeEsts.gender.ly= NULL
nlme.f2 = logWeight ~ log(spanal(ageWeek, W0, a, b))
nlmeFit.gender.ly = try(nlme(nlme.f2,
data = weight.ly,
fixed = list(a ~ gender,b-~1),
random = a + b ~ 1,
group = ~ id,

start = c¢(W0 = weight0, a = 0.08, b = 0.008),
control = nlmeControl (maxIter =
200,pnlsTol=0.01, pnlsMaxIter = 20)),
silent = FALSE)
if (length(nlmeFit.gender.ly) > 1) {
nlmeEsts.gender.ly = signif(nlmeFit.gender.ly$coefficients$fixed, 5)
}
nlmeFit.gender.ly
nlmeEsts.gender.ly
# BCLS-LME.365 + gender --converged
lmeFit.gender.ly = NULL
IlmeEsts.gender.ly = NULL
lmeFit.gender.ly = try(lme(resWeight ~ ageWeek + gentime + z -1,
-1 to force no intercept in the model
method = "ML",
random = ~ ageWeek + z -1| id, # random effect

from a and b, -1 to force no intercept in the model
control = ctrl,
data = weight.ly))

if (length(lmeFit.gender.ly) > 1) {
est.arb = lmeFit.gender.ly$coefficients$fixed

lmeEsts.gender.ly = c(signif(est.arb[1l], 5), signif(est.arb[2],5),

signif(est.arb[3],5))
}

lmeFit.gender.ly
IlmeEsts.gender.ly
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