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This dissertation consists of several applications of neural networks to plasma simulation
and to mathematical formalization. It synthesizes eight papers into seven thematic chapters
across three parts.

While nuclear fusion promises an abundance of clean energy, achieving it requires fast
and accurate numerical methods to simulate plasma, whose collisional dynamics are gov-
erned by the Landau and Vlasov—Maxwell-Landau (VML) equations. I present a family
of deterministic particle methods that exploit the fact that these equations can be written
as continuity equations whose velocity field depends on the density only through the score
function Vlog f. Replacing the kernel density estimate used in the classical blob method
with a neural network trained online via implicit score matching produces a particle scheme
that scales linearly rather than quadratically in the number of particles, conserves mass, mo-
mentum, and energy by construction, and avoids the unphysical truncation of velocity tails
to which kernel methods are prone. The resulting solver is both faster and more accurate
than the previous state of the art. The numerical advances are accompanied by theoretical
guarantees: stability of the spatially homogeneous Coulomb-case Landau equation in relative

entropy, an error bound on the score-based approximation in terms of the score-matching



loss, and a characterization of the global equilibria of the VML and Vlasov—Poisson-Landau
systems on the torus.

The same score-based viewpoint extends beyond plasma to general distributions. I apply
online score learning to a strictly harder problem than diffusion generative modeling — deter-
ministic sampling from an unnormalized target density given only its score and no samples —
and prove the optimal exponential entropy dissipation rate through a neural tangent kernel
analysis of the coupled particlenetwork gradient flow. I then turn score estimation itself into
the object of study and develop DiScoFormer, a permutation- and affine-equivariant Trans-
former that amortizes density and score estimation across distributions, sample sizes, and
dimensions, with the property that a single self-attention head exactly reproduces Gaussian
kernel density estimation — making precise the relationship between attention and classical
nonparametric statistics.

While neural network-based AI promises an abundance of cheap intelligence, it comes
at the cost of hallucinations. On the other hand, formal languages like Lean can guarantee
complete correctness but are tedious to program in. I present several applications of Al to
formalizing mathematics in Lean, organized as the discovery, repair, and formalization work-
flow of working mathematicians. We built a semantic search engine over theorem statements
extracted from arXiv and the Stacks Project, which outperforms LLM-based search. We
constructed APRIL, a dataset of broken-then-repaired Lean 4 proofs paired with compiler
diagnostics, on which a fine-tuned small language model matches the state-of-the-art model
at single-shot proof repair. Finally, I present a Lean 4 formalization of an equilibrium the-
orem for the Vlasov-Maxwell-Landau system, proved informally in Part I. The experiment
illustrates how Al and formal verification become complementary: verification eliminates the

hallucinations of AI, while AI makes formalization practical at research scale.
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Chapter 1
INTRODUCTION

For thousands of years mathematical intelligence has been prohibitively expensive for
most of humanity. With the rise of Artificial Intelligence (AI), intelligence is becoming
commodified, similar to electricity, at the price of a few dollars per million tokens. Even
tasks that once required years of specialized training, such as numerical simulation of physical
systems and the discovery and verification of mathematical proofs, are now performed in part
by general-purpose neural networks.

Yet two structural problems shape the trajectory of this revolution. The first is energy.
Modern Al consumes electricity at industrial scale, and demand for AI compute is projected
to outpace the growth of conventional generation. Without a new source of cheap, abundant,
low-carbon energy, the commodification of intelligence will collide with the physical limits of
the electric grid. The most ambitious candidate for such a source is controlled nuclear fusion,
whose realization depends on our ability to simulate, predict, and control the behavior of
plasmas: hot, dense, electromagnetically coupled gases of charged particles whose dynamics
span many orders of magnitude in space, time, and energy.

The second is verification. Even the most capable large language models (LLMs) remain
fundamentally stochastic: they produce fluent, confident reasoning that may be subtly or
grossly wrong. In open-ended creative work this is a tolerable defect; in mathematics, science,
and engineering it is not. The natural antidote is formal verification, in which definitions,
theorem statements, and proofs are written in a language whose correctness is checked by a
small trusted kernel. Modern proof assistants such as Lean 4 provide such a foundation, but

formalization has historically been slow, brittle, and expertise-intensive.



Fortunately, Al can itself be used to tackle both of these challenges. In this dissertation I
present several approaches to using machine learning for plasma simulation, which promises
to unlock a path to abundant clean energy via nuclear fusion. I also present several appli-
cations of Al to mathematical formalization, which may unlock a path to verified Al, in the
mathematical and coding domains.

This dissertation is based on the following eight papers:

e Vasily Ilin, Jingwei Hu, and Zhenfu Wang, “Transport based particle methods for the
Fokker-Planck-Landau equation” [91]. Published in Communications in Mathematical

Sciences.

e Vasily Ilin, “Stability of the spatially homogeneous Landau equation in relative entropy

and applications to score-based numerical methods” [87]. Preprint; submitted.

e Vasily Ilin and Jingwei Hu, “A Neural Score-Based Particle Method for the Vlasov-
Maxwell-Landau System” [89]. Presented at an ICLR Workshop, submitted to Journal.

e Vasily Ilin, Peter Sushko, and Jingwei Hu, “Score-based deterministic density sam-

pling” [93]. Published in Communications on Pure and Applied Analysis.

e Vasily Ilin and Peter Sushko, “DiScoFormer: Plug-In Density and Score Estimation
with Transformers” [92]. Published at ICML 2026, spotlight (top 2.2%).

e Luke Alexander, Eric Leonen, Sophie Szeto, Artemii Remizov, Ignacio Tejeda, Jarod
Alper, Giovanni Inchiostro, and Vasily Ilin, “Semantic Search over 9 Million Mathe-
matical Theorems” [5]. Workshop paper at the LLM Reasoning Workshop at ICLR
2026.

e Evan Wang, Simon Chess, Daniel Lee, Siyuan Ge, Ajit Mallavarapu, Jarod Alper, and
Vasily Ilin, “Learning to Repair Lean Proofs from Compiler Feedback” [188]. Workshop



paper at VerifAI-2: The Second Workshop on Al Verification in the Wild at ICLR
2026.

e Vasily Ilin, “Semi-Autonomous Formalization of the Vlasov-Maxwell-Landau Equilib-

rium” [88]. Workshop paper at AI, Proof and Verification (AIPV 2026).
1.1 Kinetic equations for collisional plasma

A plasma is a gas of charged particles—electrons, ions, and possibly neutral species—whose
collective electromagnetic interactions give rise to rich and complex dynamics [35]. Under-
standing and predicting the behavior of plasmas is essential for applications ranging from
nuclear fusion energy to space weather forecasting. Achieving thermonuclear fusion requires
heating the plasma until collisions are sufficiently frequent and energetic to overcome the
Coulomb barrier, so collisional effects are essential in this setting. The kinetic description of
a plasma tracks the evolution of a particle distribution function f(¢,z,v), representing the
density of particles at position z € R? with velocity v € R? at time t.

A first-principles model for collisional plasma is the Viasov-Mazwell-Landau (VML) sys-

tem:
of
at—l—v V.f+(E+vxB)-V,f=vQ(f, f), (1.1)
oF 0B
E_vaB_Ja E——V:EXE,
Ve E=p— pion, V.- -B=0. (1.2)

where p(t,2) = [gs f(t,x,v)dv and J(t,x) = [ps vf(t,x,v)dv are the charge and current
densities, pion is a neutralizing ion background, and v > 0 is the collision frequency. The
collision term is the Landau collision operator [106], which models the cumulative effect of
many small-angle Coulomb scattering events:

QU Nw) =V | Al —w) [f(w)Vuf(v) = f(v)Vuf(w)] duw, (1.3)

R3



where A(z) = |2|77%(]z]*] — 2 ® z) is the collision kernel. The exponent v parameterizes the
strength of the interaction: v = 0 corresponds to Maxwellian molecules, while the physically
relevant Coulomb case has v = —3.

Two important reductions of the VML system are worth highlighting. In the absence of

collisions (v = 0), one recovers the Viasov equation:

%—i—v-vxf—i—(E—l—va)-Vuf:Oa (14)

which captures large-scale collective phenomena such as Landau damping, two-stream insta-
bilities, and Weibel instabilities, but neglects the relaxation toward thermodynamic equilib-
rium induced by collisions. If the plasma is spatially uniform, the VML system reduces to

the spatially homogeneous Landau equation

Ji
2= ) (15

which models a plasma whose spatial distribution is uniform but whose velocity distribution
evolves under collisions.

The Landau collision operator possesses fundamental structural properties that numerical
methods should aim to preserve. It conserves mass, momentum, and kinetic energy, and it
satisfies Boltzmann’s H-theorem: the entropy H(f) = [ flog f dv is non-increasing, with
equality if and only if f is a Maxwellian distribution [I84) 52]. These properties ensure
that solutions relax to thermodynamic equilibrium over time, a physical requirement for any

faithful simulation.

Computational challenges. The numerical solution of the Landau and VML equations
presents severe computational challenges. The distribution function f(t,z,v) lives in six-
dimensional phase space (d = 3 spatial +3 velocity dimensions), making grid-based methods
prohibitively expensive due to the curse of dimensionality. Particle methods, which repre-
sent f as a collection of n computational particles {X;}! , and evolve them according to

the underlying dynamics, offer a dimension-agnostic alternative. The classical blob method



[23] approximates the velocity distribution and its derivatives via kernel density estimation
(KDE), yielding a deterministic particle scheme. However, the blob method suffers from two
limitations: it scales quadratically (O(n?)) in the number of particles, and KDE-based score
estimates degrade rapidly in high dimensions, producing unphysical artifacts such as sharp

cutoffs in the velocity tails.
1.2 Score-based transport modeling

A central methodology powering Parts I and II of this thesis is score-based transport modeling
(SBTM), which replaces kernel density estimation with a neural network approximation of
the score function Vlog f. The score is the key quantity linking the Landau equation to
a transport formulation: the Landau collision operator can be rewritten as a continuity

equation

SV (U =0 U0 =~ [ AW w)[V.log f(v) - Varlog f(w)] f(w) du.

ot
(1.6)
where the velocity field U[f] depends on f only through its score. Once the score is known,
particles can be advected deterministically:

dX;
dt

UL =~ = S0 ACG = ) [50(X) = 50(5))] (1.7

Jj=1

where sy =~ Vlog f is a neural network trained to fit the unknown score in least squares:
min Ex ¢ [[|so(X) — Vog f(X)[*].
Expanding the square and integrating by parts in the cross term,

Ex;[50(X) - Vlog f(X)] = /R so(x) - Vf(2)de = —Ex [V - s5(X)].

shows that, up to an additive constant independent of #, this is equivalent to the implicit

score-matching loss [85]

L(s0) = Exny[llso(X)[* +2V - 54(X)]. (1.8)



This loss is minimized at sy = Vlog f and can be evaluated using only particle positions,
without access to the density f itself. This reduces modeling the Landau collision operator
to solving the above optimization problem.

Score-based methods originated in the statistics literature [85] and rose to prominence
through their role in diffusion generative models [163], where they enable sampling from
complex high-dimensional distributions. The idea of using learned score functions to solve
Fokker-Planck equations with deterministic particle dynamics was introduced by Boffi and
Vanden-Eijnden [20] for solving the Fokker-Planck equation. This dissertation extends this
approach to the Landau and Vlasov-Maxwell-Landau equations, as well as using it for sam-

pling via the Fokker-Planck equation.

Advantages of the score-based approach. SBTM offers two key advantages over classi-
cal blob methods. First, the score network is trained via a MSE-like loss rather than pairwise
kernel density estimation, so score estimation scales linearly in n rather than quadratically.
Second, neural networks provide smooth, global approximations of the score that remain ac-
curate in low-density regions where KDE fails, eliminating the unphysical tail artifacts that
plague blob methods. This makes SBTM both faster and more accurate than the previous
state-of-the-art.

Beyond collisional plasma, SBTM also appears in this dissertation as a deterministic
sampling method: shows its application to approximate the Wasserstein gradient
flow on relative entropy for sampling from unnormalized densities [93]. We also propose
a complementary amortized approach to score estimation, DiScoFormer [02], a pretrained
Transformer that predicts density and score information in a single forward pass and can

replace the online score-training stage of SBTM.
1.3 Al for mathematics

The third part of this dissertation turns from scientific computing to a different application

of AIl: mathematical discovery, proof repair, and formalization.



A proof assistant is software in which mathematical definitions, theorem statements, and
proofs are written in a formal language whose correctness is verified by a small trusted kernel.
To say that mathematics is formalized means that every object, hypothesis, and logical step
has been translated into machine-checkable code. Nothing is left implicit: every use of a
prior theorem must match an exact formal statement, and every omitted “obvious” step in
an informal proof must be made explicit. In this dissertation the formal system is Lean 4
[50], together with its large community library Mathlib [T73].

This extra precision is valuable because it turns correctness into a property that can be
checked mechanically rather than socially. Formalized mathematics can be verified with-
out ambiguity, reused as dependable infrastructure for later developments, and accessed by
software systems for search, proof synthesis, and verification. More broadly, formalization
creates a path from informal mathematics to verified computational artifacts, including ver-
ified algorithms and code generation.

The difficulty is that formalization demands exactly the details that mathematicians
usually suppress. Definitions that are interchangeable on paper may not line up definitionally
in a proof assistant; routine arguments must be decomposed into many small justified steps;
and simply finding the right prior theorem or library lemma can itself be a major obstacle.
For this reason, formalization has traditionally been slow, brittle, and expertise-intensive.

At the same time, formalization addresses one of the biggest bottlenecks in using Al
for mathematics: hallucinations. A proof assistant does not accept plausible-sounding ar-
guments; every definition, statement, and proof step must be checked mechanically and
deterministically. Conversely, Al addresses the biggest bottleneck of formalization itself:
it is tedious and time-intensive. Al systems can search large libraries, translate informal
reasoning into formal code, and iteratively repair failed proofs from compiler feedback. In
this dissertation I show that these two technologies are complementary: formalization makes
Al-generated mathematics reliable, and Al makes formalization practical at research scale.

This dissertation contributes to three aspects of using Al for mathematics and formaliza-

tion. First, the problem of discovery: given an informal mathematical question, how can one



find relevant theorem statements across the vast body of mathematical literature? Second,
the problem of repair: when a formalized proof breaks—due to library updates, refactoring,
or initial errors—how can Al systems learn to diagnose and fix the failure using compiler
feedback? Third, the problem of formalization itself: can the full pipeline from conjecture
to machine-verified proof be carried out semi-autonomously, with AI systems handling the

code generation while a mathematician provides high-level guidance?
1.4 Contributions and outline

This dissertation is organized into three parts comprising seven Chapters. It synthesizes eight
papers into a thematic exposition: the plasma contributions are grouped into one Chapter
on numerical methods and one on theoretical results, followed by a Chapter on score-based
methods for sampling and density estimation and a Chapter on Al for mathematics. I

summarize the contributions of each Chapter below.

Part I: Collisional Plasma Kinetics

[Chapter 2} Score-based particle methods for collisional plasma. In this Chapter,
I turn the score-based viewpoint introduced earlier into a practical numerical method for
collisional plasma, first in the homogeneous Landau setting and then in the full Vlasov-
Maxwell-Landau system. My goal here is to show that score-based particle methods are
not just a conceptual reformulation but a viable replacement for kernel-based estimators
in realistic plasma simulation. This provides the computational entry point to Part I. The
numerical behavior established here motivates the analytical questions taken up in[Chapter 3}
why the method preserves physical structure, when it converges, and what equilibrium it

should approach. This Chapter is based on two papers: [91], [89].

[Chapter 3} Theory for collisional plasma and score-based numerics. After de-
veloping the numerical method in [Chapter 2] I use this Chapter to explain why it should

be trusted. Here I assemble the theoretical contributions: stability of the homogeneous



Landau equation in relative entropy, error control for score-based approximations, and the
characterization of equilibrium for the Vlasov-Maxwell-Landau system. The equilibrium the-
orem formalized later in originates here. This Chapter is based on three papers:
[9T], 87, [89].

Part II: Score Estimation and Deterministic Sampling

[Chapter 4; Score-based deterministic density sampling. In this Chapter, I show
that the same technique of online learning of the score function can be used for deterministic
sampling, via the Fokker-Planck equation. The methodological point is that the same mech-
anism underlying the plasma solvers belongs to a broader family of gradient-flow algorithms
rather than to one specialized kinetic model. This also sets up the natural next question
addressed in |[Chapter 5} if score-based transport is useful across problems and distributions,

what other ways of estimating the score are there? This Chapter is based on [93].

DiScoFormer: Plug-in density and score estimation with Transform-
ers. While Chapters [2| and {4 treat score estimation as an inner loop, in this Chapter I
make score estimation itself the main object of study. I connect classical nonparametric
statistics with modern Transformer architectures by showing that attention can be under-
stood as a learned generalization of KDE, while also moving from per-instance training
toward amortized, reusable estimators. This shows a connection between kernel-based and

neural methods. This Chapter is based on [92].

Part III: Al for Mathematics and Formalization

[Chapter 6 Semantic search over mathematical theorems. I open Part III from the
side of discovery rather than proof construction. We built a search engine over all theorems on
arXiv and demonstrated its usefulness both for research mathematicians and mathematical
AT agents. The resulting search engine outperforms Google Search and LLM-based search

while being fast and hallucination-free. This Chapter is based on [5].
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[Chapter 7} Learning to repair Lean proofs from compiler feedback. If theorem
search addresses finding the right statement, in this Chapter I address what happens after
a formal proof attempt fails. We study repair as a first-class task, using compiler feedback
not merely as a debugging aid but as supervision for learning how to diagnose and correct
formal errors. Together with [Chapter €] this supplies another core ingredient of a practical

agentic workflow for mathematical formalization. This Chapter is based on [I88].

[Chapter 8: Semi-autonomous formalization of the Vlasov-Maxwell-Landau equi-
librium. In this final Chapter, formalization meets plasma simulation. I take a theorem
from the plasma theory part of the dissertation, first conjectured using the numerical ev-
idence, and carry it through an Al-assisted formalization pipeline, producing a complete
formalization in Lean 4. Its importance is not only the theorem being formalized, but the
demonstration that discovery, proof generation, repair, and verification can be composed
into a single research workflow. As a case study in end-to-end Al-assisted mathematics, it
also exposes the concrete failure modes that must be understood if such workflows are to

become reliable. This Chapter is based on [8§].
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Chapter 2

SCORE-BASED PARTICLE METHODS FOR COLLISIONAL
PLASMA

This chapter develops the score-based particle method for collisional plasma in two stages.
treats the spatially homogeneous Landau equation, which is the simplest setting
in which the score-based approach can replace the kernel-based blob estimator. Building on
that foundation, extends the method to the full Vlasov-Maxwell-Landau (VML)
system, in which the velocity-space collision operator is coupled to spatial transport and
to self-consistent electromagnetic fields. The relevant background on the Landau collision
operator, the VML system, and score-based transport modeling has been introduced in
here we focus on the algorithm, its conservation properties, and its numerical
behavior. The remaining theoretical guarantees — KL stability of the Landau equation and

the characterization of the VML equilibrium — are collected in

2.1 Homogeneous Landau equation
We begin with the spatially homogeneous Landau equation

Of(t,v) =V | Alv—w)[f(w) Vof(v) = f(v) Vi f(w)] dw, v e RY, (2.1)

R4

with the collision kernel
A(z) = |Z|“7Jr2 (Id — ZZT/|Z|2) = |z|7(|z|2]d —z® z) (2.2)

Here f(t,v) > 0 is the velocity distribution, normalized to a probability density [ f(¢,v)dv =
1. We treat both the Maxwellian case v = 0, which serves as the analytically tractable

benchmark, and the physically relevant Coulomb case v = —3 in dimension d = 3.
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2.1.1 The Landau equation as a continuity equation

The starting point of the particle method is to rewrite (2.1]) in continuity form
OS+V(fU) =0, Ulf() =~ | Afw—w)[Viog f(e)-V log f(w)] f(w) dw. (23)
R
This identity follows by carrying the inner divergence in (2.1]) outside the integral and using
V.f(w) = f(v) Vlog f(v). Equation (2.3) exposes the structural feature on which the rest
of this chapter rests: the velocity field U[f] depends on the density only through the score
Vlog f. Provided we have access to the score, particles can be advected deterministically

along the flow generated by U[f], and the density does not need to be reconstructed.

Remark 2.1. Tt is not a lucky coincidence that the Landau equation and many other PDEs
in physics admit the form of a continuity equation. Indeed, as studied in the field of Optimal
Transport, continuity equations describe continuous motion of mass, where no teleportation
of mass is allowed. Since conservation of mass is a fundamental physical law, many PDEs

describing “real-world” motion of matter admit the continuity equation form.

A weak solution of the continuity equation
hf+V, - (fU)=0 (2.4)

can be obtained as an empirical measure

n

[0 =23 dun), S5 = Ui, (25)

in the sense that for any test function ¢ € C*(R?), & [¢df, = [ V- U df, holds along the
particle dynamics. See [I51] for the classical theory of weak solutions of continuity equations.

The numerical task is therefore to approximate the velocity field U[f] in on the
empirical measure . Substituting f ~ %Z ;0v; yields the pairwise sum

ULV = = 3 A = V) [s0) = (V)] (2:6)
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where s : R? — R? is a placeholder for an estimator of the score Vlog f. The classical
blob method of [24] takes s to be the gradient of a kernel density estimate; we take s to be a
neural network trained by score matching. Both choices are special cases of the same particle

scheme, and both share the conservation properties established in [Section 2.1.2]

2.1.2 Particle method and conservation

For any time-dependent vector field s; : R? — R?, define the approximate velocity field

Ulf, si)(v) == —/ A(v — w) [s¢(v) — s(w)] f(w) dw (2.7)

R4

and the corresponding continuity equation
Of+Vu-(fU[f,5])=0. (2.8)

The pleasant feature of is that the structural properties of the Landau collision operator
— conservation of mass, momentum, and kinetic energy, and dissipation of an entropy-like
quantity — are preserved for ewvery choice of s;, not merely for s; = Vlog f. This is the
content of the following proposition, which makes the particle method robust to errors in

the score approximation.

Proposition 2.2 (Conservation properties under any score approximation). Let s;(v) be any
sufficiently regular time-dependent vector field, and let f solve (2.8)) with initial datum fq.
Then:

(i) The continuous solution f conserves mass, momentum, and kinetic enerqy:

/ftdv:/fodv, /Uftdv:/vfodv, /|v|2ftdvz/|v|2f0dv,

and the estimated entropy & = f(f Jga s-(v) - Ulf, 5;](v) fr(v) dvdr is non-increasing.

(ii) The particle solution f; = 137 6y, with S = U[f, s](V;) conserves mass, momen-

tum, and kinetic energy:

FOMUOERD DA SIACIEES ST
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and the estimated entropy is non-increasing.

(iii) The forward-Euler discretization V"™ = VF + At U[f*, s, ](VF) conserves mass and
momentum ezactly, and the discrete estimated entropy E¥ = &L D e 2 sV - UVY)

satisfies EF L < EF.

Proof. For (i) and (ii) it suffices to show that any weak solution of ([2.8]) conserves the relevant
moments and has non-positive entropy production. Let ¢ : R? — R be a test function. By

the definition of a weak solution,

3 [otni= [ Vet Ulr sl s
- / / V() A(v — w)[se(v) — si(w)] dfi(w) dfi(v)
- // [Vo(v) = Vow)] Al —w)[s(v) = si(w)] dfi(w) dfi(v).

where the last line follows from the symmetry A(z) = A(—z) by exchanging the roles of v
and w. Taking ¢(v) = 1, v,, |v|* and using A(z)z = 0 gives conservation of mass, momentum,

and energy. Taking V¢ = s; gives

/st(v).U[f, se(v)dfi(v) = ——// se(v)—s¢(w TA(U—U)) [s:(v) = s¢(w)] dfe(w) dfy(v) <0,

since A is positive semidefinite, which gives non-positivity of the entropy production rate.
For the time-discrete particle solution in (iii), conservation of momentum follows from a

direct computation,
1 1 1

where the double sum vanishes after symmetrizing in ¢ <> 7. Mass conservation is immediate

since each particle carries weight 1/n. The discrete entropy estimate

ghtl _ gk _ = [S(V;lc—f—l) . S(V}k-i-l)]TA(‘/ik-H . ij+1) [S(V;k-&-l) . S(ijﬂ)} <0

follows by the same symmetrization and the positive semidefiniteness of A. n



15

Remark 2.3. is independent of how s; is obtained. The blob method of [24] 23],
the kernel RKHS estimator of [133], and the score-matching neural network we develop next
all fall under the same umbrella: they fix particle positions and produce a vector field s,
and the resulting particle trajectories conserve mass, momentum, and energy and dissipate
estimated entropy. This robustness is essential when s; is a learned approximation that is

never exactly equal to Vlog f.

2.1.8 Score-based transport modeling

We now address the approximation of the score itself. The key observation, due to [85] 20,

133], is that the score-matching loss

/ s — Vlogf|i*ffdv = / (Vlog f—s)" (Ax f)(Vlog f — s) fduv (2.9)
Rd Rd

can be made tractable by integration by parts. Expanding the square and using Vf =
f Vlog f, we obtain

/|v10gf—s|i*ffdv - /(|V1ogf|i*f+ ISIi*f)fdv—2/ST(A*f)(V10gf)fdv
z/(|v1ogf|i*f+|s|?4*f)fdv+2/fv- ((Ax f)s)dv. (2.10)

The first term in (2.10]) is independent of s, so up to an additive constant the weighted

score-matching loss equals

/Rd <|s|?4*f +2V - ((Ax f)s))fdv. (2.11)

Crucially, is well-defined on empirical measures f = %Z ;0v; — the pointwise score
Vlog f has been eliminated — whereas the original expression ([2.9) is not.

Computing Ax* f at each particle location costs O(n?), which dominates the per-step cost
when many gradient steps are taken. Following [20], we drop the A % f weighting and use

the unweighted implicit score-matching loss

n

D(s) = = 3 [lsP +29 -], (2.12)

i=1
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which is also derivable from [ |s — Vlog f|>f dv and which is minimized at s = Vlog f. We
defer the analysis of the weighted loss to future work. By the law of large numbers, if {V;}
are i.i.d. samples from f then L™M(s) — E;[|s|* 4+ 2V - s] almost surely as n — oc.

The divergence V - s in (2.12)) can be evaluated either by automatic differentiation, which
costs O(dCy) per particle where Cj is the per-evaluation cost of the network, or via the

denoising trick of [20]: for Z ~ N(0, I;) and small o > 0,
(20) ' Els(v + aZ) - Z — s(v — aZ) - Z] =% V- s(v). (2.13)

The denoising estimator costs only two network evaluations per particle and, as observed in
[20], also acts as a regularizer that prevents overfitting. We therefore minimize the surrogate

loss

n

Loen(s) = % S [Is2 + a7 sV + az2) — sV~ a2)) - 2], (2.14)
i=1
with Z resampled at each step. The choice of a trades bias against variance: larger « reduces
variance at the cost of approximation bias.
We parameterize s as a feedforward neural network sy with parameters 6, and minimize
L3(sp) by gradient descent. Universal approximation guarantees that for sufficiently large
networks the minimizer recovers Vlog f. The full algorithm interleaves K gradient steps on

L4 with one forward-Euler step of the particle ODE.
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Algorithm 1 SBTM for the homogeneous Landau equation

Require: Initial density fo, particle count n, time horizon T, time step At, GD steps per
time step K, denoising scale «
1: Sample {V;}7, ~ fo i.i.d.
2: Initialize sy by minimizing £ 3, [se(V;) — Vlog fo(Vi)[?
3:t<0
4: while t < T do
5 fork=1,..., K do
6: Draw Z ~ N(0, 1)
7: 0« 0 —nVeL™(sq)
8: end for
9: fori=1,...,ndo
10: V= Vi = 26570 AV = V) [s0(Vi) — sa(V5)]
11:  end for
12 t+t+ At

13: end while

The initialization in line 2 is a least-squares fit to the analytic initial score, which is
available because fj is a chosen initial condition (typically Gaussian or a Gaussian mixture).
The collision force evaluation in line 9 is O(n?), so the overall complexity is still O(n?) but

with a smaller constant. This is the source of SBTM’s runtime advantage over the blob

method, which we quantify in [Section 2.1.4)

2.1.4  Numerical experiments

We compare SBTM against the blob method of [24] on benchmarks with both Maxwellian
and Coulomb collision kernels. The simulation code is implemented in Julia and is publicly
available at https://github.com/Vilin97/GradientFlows. j1l. Experiments were run on

the Doppio cluster of the Department of Applied Mathematics at the University of Wash-


https://github.com/Vilin97/GradientFlows.jl
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ington (two 20-core Intel Xeon E5-2698v4 CPUs at 2.20 GHz, two TITAN X Pascal GPUs).

Hyperparameter choice

The blob method has a single critical hyperparameter, the kernel bandwidth e, which sets
the scale of the kernel density estimate of the score. Both ¢ — 0 and ¢ — oo degenerate the
particle velocity to zero, so an interior optimum exists. [24] sets € to the mesh size; since we

use random initialization rather than a grid, we follow Silverman’s plug-in rule [41]:
e =n V) (0105 04) ", (2.15)

where o; are the eigenvalues of the empirical covariance. This choice is asymptotically optimal
for estimating V f in mean integrated squared error; whether it is optimal for estimating
Vlog f =V f/f is less clear, but we have not found a better practical alternative.

For SBTM the principal hyperparameters are network architecture, learning rate 7, op-
timizer, activation, GD steps per time step K, and the denoising scale a. After tuning, we
use n = 4 x 1074, the Adam optimizer, the softsign activation, K = 25, and o = 0.4. The
neural network has one hidden layer of 100 neurons, except for the BKW benchmark which
uses two hidden layers because the initial score is nearly singular at the origin.

A poorly chosen learning rate can cause severe underfitting in the early iterations, when
the score must change rapidly. illustrates the failure mode: with n = 1074
and a fixed budget of K GD steps, the implicit score-matching loss never recovers between
particle updates, and the score estimate stays far from Vlog f. An adaptive strategy —
continuing GD steps until the implicit loss stops decreasing rather than capping at K — is
much more forgiving across learning rates, at the cost of needing the implicit (rather than
the cheaper denoising) loss to detect convergence. We use the fixed-K schedule throughout
the experiments and defer the adaptive variant to future work.

For density reconstruction (used only for the L? error metric, never in the algorithm itself)

we use Scott’s rule of thumb [I53] H* = n~'/(4*4% where ¥ is the empirical covariance.
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Figure 2.1: Effect of underfitting in the score-matching loss. Top row: non-adaptive schedule
(fixed K). Bottom row: adaptive schedule. Left column: 7 = 4 x10~* (good). Right column:
n = 10 (too small). The black curve is the true weighted score-matching loss , the
orange curve is the unweighted implicit loss , and the blue curve is the denoising

loss ([2.14]).

Maxwellian benchmarks

We test the method on three Maxwellian-kernel (7 = 0) benchmarks: the analytic BKW
solution in d = 3, an anisotropic Gaussian initial condition in d = 3, and the same anisotropic

problem in d = 10.
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BKW solution in dimension d = 3. The BKW solution is an isotropic exact solution of
the Maxwellian Landau equation derived in [24]. In dimension d with A(z) = B(|z|?]—2®z),

it reads
Jv]?

2K
with K = 1 — exp(—2B(d — 1)t), P = (d+2K i2)i-d o = 5, and B = 1/24. We start at
to = 5.5, slightly past the singular time ¢} = log(d/2 +1)/(2B(d — 1)) = 5.497 for d = 3, so

fiw) = (27TK)_d/2 exp( ) (P + Q|v| ) (2.16)

that P(to) > 0. We integrate to tenq = 9.5 with At = 0.01.

reports six diagnostics: the (1, 1) entry of the covariance trajectory, the Frobe-
nius error of the second-moment matrix at fenq, the relative score error ). |Vlog f*(V;) —
s(Vi))[2/ >, [V log £*(V;)|?, the L? density error, the conserved-mean error, and the conserved-
energy error. Both methods recover the BKW solution well, as expected from the isotropy
of the initial data: when f; is isotropic the second moments match automatically up to sam-
pling error, and the simpler analysis of applies. The conserved-mean error is at the
level of floating-point round-off, in agreement with [Theorem 2.2|(iii); the conserved-energy

error scales with At from forward-Euler discretization.

Anisotropic Gaussian in d =3 and d = 10. The isotropic BKW benchmark masks the
issue at the heart of the comparison: the second-moment matrix is preserved trivially under

isotropic flow. For a genuine test we initialize from an anisotropic Gaussian
ELJ‘(O) = 51‘7]'0'1', g1 = ]_8, 09 = 02, g; = 1 for ¢ > 3, (217)

chosen so that the trace is d as in the BKW case. The exact second-moment trajectory is

known in closed form,
Ej,j(t) = E:]<OO) - (Z:g(oo) - Z:,j(o))e_wt’ Ejj(oo) = %5@% (2.18)

which we use as ground truth. We integrate to te,q = 4 with At = 0.01.
Figure 2.3/ (d = 3) shows that SBTM matches (2.18) accurately with n = 100 particles,

while the blob method requires substantially more particles to do the same. Using the
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Figure 2.2: BKW solution to the Maxwellian Landau equation in d = 3. Both blob and
SBTM recover the analytic solution accurately; the conserved-mean error is at the level of

floating-point round-off.
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n = 12,800 trajectory of either method as a reference, SBTM with n = 100 already tracks
the entropy decay rate; the blob method with n = 100 shows visible deviations.

covariance(1l,1) n = [100, 12800] covariance(2,2) n = [100, 12800]
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Figure 2.3: Anisotropic Maxwellian Landau equation in d = 3. SBTM tracks the analytic
covariance trajectory and the entropy decay rate at n = 100; the blob method requires more

particles for comparable accuracy.

The anisotropic test in d = 10 tests robustness to the curse of dimensionality .
Even at n = 25,600 the blob method fails to track the analytic covariance trajectory, while
SBTM remains accurate. The blob method’s KDE-based score estimator degrades in high
dimension because the bandwidth required for variance control becomes incompatible with
the bandwidth needed to resolve the score; SBTM avoids the issue by using a parametric

estimator with a regularization tied to the network architecture rather than to a kernel
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bandwidth.
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Figure 2.4: Anisotropic Maxwellian Landau equation in d = 10. Even at n = 25,600 the blob

method does not track the analytic covariance trajectory, whereas SBTM remains accurate.

Coulomb benchmark

For the Coulomb kernel (7 = —3, d = 3) no closed-form solution is available. We use the same
anisotropic Gaussian initial data as in the d = 3 Maxwellian case, integrate to te,q = 300 with
At =1, and use the high-particle-count trajectories of both methods as a mutual reference:
where the two methods agree at large n, the trajectory is reliable. |Figure 2.5 shows that
SBTM at n = 100 matches the n = 12,800 trajectories in covariance and entropy decay rate

much more closely than the blob method does. The dashed line indicates the Maxwellian
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steady state, ¥, = I3, which both methods approach but neither reaches in finite time. No

instabilities were observed even at the relatively large step At = 1.
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Figure 2.5: Anisotropic Coulomb Landau equation in d = 3. SBTM at n = 100 matches the
n = 12,800 reference trajectories more accurately than the blob method. The dashed line is

the Maxwellian steady state Y, = I3.

Runtime

The dominant cost of SBTM per time step is the score-matching update, which is O(n) in the

number of particles and parallelizes well on the GPU. The collision-force evaluation (line 9 of

Algorithm 1)) is O(n?) but is performed only once per time step, whereas the score-matching

loop runs for K steps; in practice the score-matching update dominates wall time at small to
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moderate n. The blob method, by contrast, recomputes a kernel density estimate at every
particle position at every time step, costing O(n?) per step regardless of any inner loops.
Figure 2.6| shows wall-clock times as a function of n for both methods on CPU and on
GPU. On the GPU the heat-equation implementation of SBTM scales empirically as roughly
O(n%%), owing to parallelism in the network forward and backward passes; the blob method’s

scaling remains close to the asymptotic O(n?).

1¢* 1t

Figure 2.6: Wall-clock time vs. number of particles n on CPU (left, 10 threads) and GPU
(right) on log-log axes. SBTM scales linearly (sublinearly on GPU); the blob method scales
quadratically. The GPU timing is for the heat equation.

2.1.5 Summary

In the homogeneous setting SBTM offers four concrete advantages over the blob method: (i)
better accuracy for anisotropic initial data, (ii) better accuracy in the sparse-particle regime
including high dimension, (iii) linear-in-n runtime for the score-estimation step, and (iv)
straightforward GPU parallelization through standard ML libraries. The main drawback
is the proliferation of hyperparameters — network width and depth, learning rate, GD-step
budget K, denoising scale a — and the need for some tuning per problem class. The adaptive
training strategy mentioned above mitigates this and is a promising direction for future work.

These results motivate the next step: extending SBTM from the spatially homogeneous

Landau equation to the full Vlasov—Maxwell-Landau system, in which the velocity-space
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collision operator is coupled to spatial transport and to self-consistent electromagnetic fields.
2.2 Vlasov—Maxwell-Landau system

We now turn to the full Vlasov-Maxwell-Landau (VML) system, in which the collision
operator of is coupled to spatial transport and to self-consistent electromagnetic
fields. The system reads

Ohf+v-Vof+(F+vxB)-V,f=vQlf, fl, (2.19)

OE=VyxB—J  OB=-V,XE, Ve-E=p—pe, V. -B=0, (2.20)

with f(t,z,v) the electron distribution function on Q, x R%  E(t, ) and B(t, ) the electro-
magnetic fields, p = [ fdv and J = [vf dv the charge and current densities, pion a uniform
neutralizing ion background with fﬂz (p — pion)dz = 0, ¥ > 0 the collision frequency, and
Qlf, f] the Landau collision operator acting only in the velocity variable.

In the electrostatic case B = 0 the magnetic field decouples and the system reduces to

the Vlasov—Poisson-Landau (VPL) system,

f+v-Vof +E-Vof =vQIf, f, OE=—-J  E=-Vié, —Dd=p—pion
(2.21)
The structural properties of the VML and VPL systems — conservation of mass, energy,
and (in the electrostatic case) momentum, the H-theorem, and the characterization of the
equilibrium state — are reviewed in [Chapter 3| In this section we focus on the algorithm.
For concreteness we assume from this point on a one-dimensional periodic spatial domain
Q, = [0, L] with periodic boundary conditions, and d, € {2,3} velocity dimensions; the
discussion extends to higher spatial dimensions with cosmetic changes. Following standard
usage in the PIC literature [79, [I7, [14] we write n = L/M for the spatial cell width and let
1, denote a symmetric spatial kernel of compact support, used both to localize the collision
operator and to deposit charge and current onto the grid. The score function is now spatially

dependent: s(x,v) = V,log f(x,v).
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2.2.1 Regularized Landau operator and particle method

The score-based rewriting of the Landau operator [183, 24] now reads

Qlf, fl(t,z,0) = V, - {f(t,x,v) U(t,x,v)}, (2.22)

Ut,z,v) := /Rdv A(v —w) [Vlog f(t,z,v) — Vlog f(t,z,w)] f(t,z,w) dw, (2.23)

exposing the same structural property as in the homogeneous case: the collision operator
is a divergence in v of f times a velocity field U, which depends on f only through the
score. Unlike the homogeneous case, however, U(t,z,v) depends pointwise on the spatial
coordinate x, which does not admit a direct particle approximation. Following [14] we

introduce a spatially regularized collision force

Ut = ([ (o —y) Alo = w) [Vog £(t.,0) = Vo Flt,,0)] £t yow) dudy,
o (2.24)
and the regularized collision operator Q"[f, f] := V, - (fU"). A short calculation shows that
Q" retains conservation of mass, momentum, and kinetic energy and the spatially-integrated
H-theorem [[ Q"[f, f]log fdvdz < 0.
With this regularization, the VML equation becomes a conservation law,

Wf+Ve - (Wf)+ V- (E4+vxB)f)=vV,-(U"f). (2.25)
We represent f as a weighted empirical measure,

flt,z,v) ~ Z wy, 6 (x — z,(t)) 8 (v — vp(1)). (2.26)

This is a weak solution of ([2.25]) provided the particle positions and velocities evolve according
to the coupled ODE system

% =wv1, (mod L), (2.27)
L = (E@p) +vp X B(xp)) —vU"(zp, vp), (2.28)
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where the regularized collision force on particle p is
"(2p, vp) qu U@ — 24) Avp — vg) [5(33107 vp) — s(zq, Uq)]a (2.29)

and s(x,v) is an approximation of the velocity score V log f(x,v).
To couple the particle dynamics f to Maxwell’s equations (2.20)) we use a
standard PIC procedure [79, [I7]. The spatial domain is partitioned into M cells of size
= L/M centered at x; = (j — %)77, and we take 1, to be the degree-1 B-spline (hat

function)
) = S(U=lel/n) . () i= max(=,0) (2:30)

The kernel has compact support [—n, 7|, so only particles in the same or adjacent spatial
cells interact through the collision operator. The same kernel is used to deposit charge and

current onto the grid,
Pj = pr%(%' — ), Jig = prvi,pwn(xj —ap), 1=1,....d, (2.31)
p p
and to interpolate the grid fields back to particle positions,
E(zp) —7727/)77 Ej, B(zy) :772@[’71(%9_%‘) B;. (2.32)
J

Using 1, for both deposition and interpolation is a standard choice that ensures semi-discrete
energy conservation [14]. Maxwell’s equations are advanced with centered second-order finite
differences [205].

The conservation properties of carry over to the VML setting, with one
structural change: in the presence of electromagnetic fields, the collision contribution to
the particle dynamics still conserves momentum and kinetic energy and dissipates estimated
entropy, but momentum at the level of the full system is no longer conserved (it is exchanged

with electromagnetic momentum). The collision operator’s contribution can be expressed in
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weak form: for any test function ¢(z,v),
Vpr P(p,vp) - U (wp, vp)
P

=V Z WpWq Yy (Tp — Tq) P2y, Up)TA(Up — V) [S(xm vp) — 8(2q, Uq)}
P (2.33)

= U3 oy~ 2) [0l ) — 00z )]

X A(vp — v,) [S(xp’ vp) — s(7q, Uq)]-

Theorem 2.4 (Conservation under the regularized PIC particle method). For any score
approximation s(x,v) and the regularized collision force UM defined by (2.29), the following
hold:

(i) Conservation of momentum and kinetic energy by the collision force:

S ) =0 Yy U0 =0
p p

(i) Estimated entropy dissipation:

—Vprs(xp,vp) UM xp,v,) < 0.
P

Proof. Conservation of momentum follows from with ¢(z,v) = e;, since the bracket
[6(2p, vp) — ¢(x4,v,)] vanishes. Conservation of kinetic energy follows by taking ¢(x,v) =
1|v|%¢; and noting (v — w) T A(v — w) = 0, since the kernel A(z) = |z[""2II(z) with II(z) =
I — 227 /|2|? satisfies 2T A(2) = 0 for all 2 € R%. Estimated entropy dissipation follows by
taking ¢(z,v) = s(x,v) in (2.33): the resulting double sum is non-negative because A(z) is

positive semidefinite. O

Remark 2.5. controls only the collision contribution. Provided Maxwell’s equa-
tions are solved with an energy-conserving discretization (e.g., Yee’s scheme [205]), the semi-

discrete particle method ([2.27))—(2.28]) preserves total energy (kinetic 4 electromagnetic). An
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energy-conserving second-order explicit time integrator was recently proposed in [207] and
can be combined with the present method for fully discrete energy conservation, at the cost
of two or three collision-force evaluations per step. We use forward Euler in the experiments

below for simplicity.

2.2.2  Score estimation in the inhomogeneous setting

To estimate the score s(z,v) = Vlog f(z,v) from the weighted particle ensemble, we apply
the same SBTM strategy as in [Section 2.1.3] now with the score depending on both spatial
and velocity coordinates. The neural network sq : R%*4v — R9% is trained to minimize the
expected squared error in the velocity gradient, E; [ l|so — V log f||? } , which after integration

by parts on the cross-term reduces to the implicit score-matching loss

n

L) = pr [ |s0(zp, vp) > + 2V, - 8p(p, ) ] (2.34)

p=1
The factor of w, in (2.34)) reflects the weighted empirical measure ; otherwise the loss
is identical to (2.12)).
The divergence V, - sq is computed via Hutchinson’s stochastic trace estimator [84]: for
z ~ Rademacher(41)%,
Vo so(x,0) & 2" (Vysg(z,0))2, (2.35)

which can be evaluated with one forward-mode automatic differentiation pass per particle.
We use a two-layer feedforward network with the softsign activation, hidden dimension
256 for the Landau damping and two-stream benchmarks, and 512 for the more demanding
Weibel benchmark. At ¢ = 0 we pretrain the network on the analytic score of the chosen
initial condition; at each subsequent time step we take K steps of AdamW with learning
rate 2 x 107* on L(6).

The full method is summarized in [Algorithm 2] We assume here, in line with the exper-
iments below, that £ = (E1, E2,0) and B = (0,0, Bs), in which case Maxwell’s equations
reduce to

OBy =—J1, OFy=—0,B3—Jy, 0,B3=—0,E, (2.36)
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with all fields stored at cell centers x; and updated by centered second-order finite differences.

Algorithm 2 SBTM-PIC for the Vlasov—Maxwell-Landau system

Require: Particles {x,,v,,w,}7_,, grid fields Ej, B;, time step At, final time Zgya1, collision

1:

2:

3:

4.

5:

6:

10:

11:

12:

13:

14:

15:

frequency v, ISM steps K, kernels v,, and A
Pretrain sy on the analytic initial score
t<«0
while t < tg,, do
Ey <)y — x5) By By <= )2 y(x, — x5) Bj
Up < vy + At (E, + v, X B))
Ty < T, + Atvy, (mod L)
pi = 2y WpUnlay — xp); iy = 20, wp Vi Uy (35 — )
Advance E; and B; by one step of
for k=1,...,K do
Draw z ~ Rademacher(41)%
0+ 0—aVy [Zp wy (|sa(zp, vp)|? + 22T (Vyso(p, vp)) z)]
end for
vy — v, — At v Uz, v,) with U" from and s = sp
t—t+ At

end while

(grid — particle)
(Lorentz push)
(position advance)
(particle — grid)
(field update)

(ISM)

(collision)

Comparison with the blob method. The blob method of [23, 24} [14] replaces the score-
matching update (lines 9-12 of [Algorithm 2|) with a kernel density estimate of the score,

skpg(z,v) =V, log<z wy K (v —vy) (2 — a;q)>,

(2.37)

where K, is a Gaussian kernel with bandwidth A chosen by Silverman’s rule [I57]. Evaluating

[2.37) requires O(n?) pairwise computations within each spatial cell and O(n?) memory.

The variant of [14] adds a small entropy-dissipation correction; in the experiments below the
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correction is roughly four orders of magnitude smaller than the KDE term, with negligible

effect on particle trajectories, and we omit it.

2.2.3 Numerical experiments

We evaluate SBTM-PIC on three canonical benchmarks: Landau damping (a small perturba-
tion of a Maxwellian equilibrium), the two-stream instability (counter-streaming Maxwellian
beams), and the Weibel instability (an anisotropic bi-Maxwellian with a magnetic-field per-
turbation). All experiments use the 1D-d,V geometry with periodic boundary conditions in
space and d, € {2,3}. The particles are initialized by sampling positions from the spatial
marginal of f, and velocities from the velocity marginal, with equal weights w, = L/n. The
first two examples are electrostatic (the VPL system ([2.21))); the Weibel example is fully elec-
tromagnetic (the VML system (2.19)—(2.20))). The implementation is in JAX [22] with double
precision and is publicly available at https://github.com/Vilin97/Vlasov-Landau-SBTM.
Experiments were run on NVIDIA L40S and H200 GPUs on the University of Washington
Hyak and Tillicum clusters.

We compare two score-estimation methods within the same PIC framework: the blob
(KDE) method and SBTM (2.34). All other components of the algorithm are identical.
We monitor discrete analogues of the conserved quantities — kinetic, electric, magnetic, and

total energy — and the estimated entropy production H = >p Wy S(Tp, vp) - U, vp), which

is non-negative by [Theorem 2.4{(ii) and should vanish at equilibrium.

Landau damping

We consider a small spatial perturbation of a Maxwellian,

1 + acos(kz) |v]?
fo(z,v) = Wexp (_T) : (2.38)

with wavenumber & = 0.5, domain L = 27/k, and amplitude « = 0.1. We use d, = 3,
M = 100 spatial cells, At = 0.02, v = 0.4, tgna = 15, and K = 100 ISM steps per time step,
sweeping n € {5 x 10°,10%, 3 x 10°}.
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Estimated entropy and energy. [Figure 2.7] shows the time evolution of the estimated
entropy production and the total energy. By the system relaxes to a Maxwellian,
so the true entropy production must vanish at long times. SBTM’s estimated entropy decays
toward zero consistently across all particle counts. The blob method substantially overesti-
mates entropy production at lower n and remains elevated at long times, reflecting persistent
score-estimation errors in low-density regions. Although neither method conserves total en-
ergy exactly at the fully discrete level, the blob method exhibits visibly larger drift than
SBTM.

Entropy Production (Landau Damping, C=0.4) Total Energy (Landau Damping, C=0.4)

—— blob n=5e5 —— sbtm n=5e5 = blob n=5e5 = sbtm n=5e5 ——
1897254 __ T .~ ===
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/
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Time Time
(a) Estimated entropy production (log scale) (b) Total energy (kinetic + electromagnetic)

Figure 2.7: Landau damping at v = 0.4. SBTM dissipates entropy consistently and maintains
near-constant total energy across all particle counts; the blob method overestimates entropy

production and exhibits larger energy drift.

Electric field decay. [Figure 2.8 shows the L? norm of the electric field over time. At
v = 0.4 — well outside the small-collisionality regime where linear theory is accurate — no
exact damping rate is known. We use self-consistency across n as a proxy: the SBTM rate
is essentially unchanged as n increases from 5 x 10% to 3 x 10°, while the blob rate varies

with n and converges toward the SBTM rate only at n = 3 x 10%. This is consistent with
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SBTM achieving better score-estimation accuracy at fixed n.

Velocity-space relaxation. [Figure 2.9[shows (vy, v9) phase-space heatmaps and the marginal
density in vy on a logarithmic scale, at n = 10° for v € {0.4,1.0}. By the equilibrium
theorem of [Chapter 3] the system must relax to a Maxwellian whose temperature is deter-
mined by total-energy conservation; the linear-scale vo-marginal accordingly approaches a
standard Gaussian (the electric-field contribution to total energy is approximately 0.7%, so
T ~ 1.007). On the log scale a clear difference emerges: SBTM produces smooth Gaus-
sian tails, while the blob method exhibits unphysical sharp cutoffs in the low-density region

|vg| &~ 3. This is the signature failure mode of KDE in low-density tails.

Two-stream instability

The two-stream initial condition consists of two counter-streaming Maxwellian beams with
a small spatial perturbation,

1+ acos(kx)

fo(z,v) = 5

N(vy;e,1) —|—./\/'(v1;—c,1)} H./\/'(vj;O,l), (2.39)

=2
with beam speed ¢ = 2.4, k = 1/5, « = 1/200, L = 27 /k, M = 100, At = 0.05, d, = 3,
v =0.32, taoa = 50, and K = 100, sweeping n € {5 x 10°,10%, 3 x 10°}.

Energy and entropy diagnostics. shows the energy partition and the esti-
mated entropy production over time. The SBTM curves nearly coincide across n, indicating
that n = 5 x 10° is already in the converged regime; the blob method overestimates entropy

production at low n and exhibits visibly larger total-energy drift.

Phase-space dynamics. A two-stream instability develops a phase-space vortex that
should dissipate by ¢ = 50 at this collision frequency . SBTM achieves full
vortex dissipation at every particle count tested. The blob method requires n = 3 x 10°
to approach the same level of dissipation, again reflecting the slower convergence of the

KDE-based score estimator.
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Score quality. shows score quiver plots at n = 10° and v = 0.24. At t =
0 the true score is known analytically; SBTM matches it with low MSE, while the blob
method has substantially higher error. At t = tg,, the SBTM score is smooth and physically
consistent (vectors point toward the origin with magnitude increasing radially, as for a near-

Maxwellian), whereas the blob score is noisy and incoherent in low-density tail regions.

Weibel instability

The Weibel instability is a fully electromagnetic test driven by velocity anisotropy. We
initialize an anisotropic bi-Maxwellian with a small magnetic-field perturbation,

fo(x,v) o< exp (_v_%) [exp (—M) + exp (—M>] H exp (—ﬁ) . (2.40)

E B g )L T

with ¢ = 0.3, 8 = 0.01, B3(0,x) = agsin(kz), ag = 1073, k= 1/5, L = 107, M = 100, At =
0.1, d, = 3, n = 106, tg,. = 125, K = 100, sweeping v € {107%,2x 107%,4 x 107%,8 x 10~4}.

By the VML equilibrium theorem , the system must relax to a Maxwellian
Joo o< exp(—|v]?/2T %) with T,, = 0.035 determined by total-energy conservation.
shows the vo-marginal evolution at v = 8 x 107 on logarithmic and linear scales. SBTM
converges to the predicted Maxwellian with smooth Gaussian tails; the blob method produces
sharp unphysical cutoffs at v, & +0.55. On the linear scale the two methods look similar,
but the log scale exposes the failure of the KDE-based score estimator to capture the tails.
quantifies the relaxation by the L? distance of the vo-marginal to N(0, Th) at tgnar-
SBTM is between 1.2x and 3.5x closer to the Maxwellian across the collision frequencies

tested.

2.2.4  Computational efficiency

compares wall-clock time and peak GPU memory between blob and SBTM on the
two-stream benchmark. Both methods share an O(n?) collision-force evaluation per spatial

cell, which dominates the total runtime. The score-estimation step is where the methods
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v Blob SBTM

2%x107* 0.325 0.265
4x107* 0.134 0.053
8x 107* 0.070 0.020

Table 2.1: Weibel instability: L? distance of the vy-marginal to N(0,Ts) at tgua = 125
(n = 10°%, d, = 3). SBTM relaxes closer to the Maxwellian steady state across all collision

frequencies.

differ: the blob method forms and stores pairwise kernel evaluations, costing O(n?) memory
per cell, while SBTM amortizes the score through a neural network whose parameter count
is independent of n. At n = 105, SBTM is 1.57x faster than blob and uses 4x less memorys;

at n = 3 x 10% it uses 3.8x less memory.

Runtime (n = 10°)  Peak memory (GB)

Method Time  Speedup n =10 n =3 x 10°
Blob (KDE) 11h27m 16.4 65.1
SBTM 7h 17m 1.57x 4.4 17.2

Table 2.2: Runtime and memory for the two-stream benchmark (M = 100, At = 0.05,
dv = 3, lfinal = 50)

2.2.5 Summary

The score-based particle method extends from the homogeneous Landau equation to the

full VML system without losing its structural advantages. Conservation of momentum and
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kinetic energy by the collision force (Theorem 2.4)) and dissipation of estimated entropy hold
for any score approximation. Across the three benchmarks — Landau damping, two-stream,
Weibel — SBTM converges faster in n, produces smooth Gaussian tails where the blob method
exhibits sharp cutoffs, and runs with substantially lower memory. The numerical behavior
reported here motivates the analytical questions of [Chapter 3} why the method is faithful
to the conservation laws of the underlying PDE, in what norm the approximation error is

controlled, and what equilibrium it must approach.



1014

112

1072

10714

112

1072 4

[1E]e2

C=0.4, n=5e+05, At=0.02, dv=3, a=0.1, M=100

—— Simulation (C=0.4)
—-- collisionless: eft, = -0.151
—-—- collisional: eft, B=-0.258

..——- fitted: eft, B=-0.121

(a) Blob, n =5 x 10°

C=0.4, n=1e+06, At=0.02, dv=3, a=0.1, M=100

—— Simulation (C=0.4)
—-=- collisionless: eft, = —0.151
--- collisional: eft, B=-0.258
——- fitted: eft, B = —0.133

0 2 4 6 8 10 12 14

(c) Blob, n = 10°

C=0.4, n=3e+06, At=0.02, dv=3, a=0.1, M=100

1014

10—2 4

—— Simulation (C=0.4)
—-=- collisionless: eft, = —0.151
--- collisional: eft, B=-0.258

-—-- fitted: eft,B=—0.156

0 2 4 6 8

(e) Blob, n = 3 x 10°

10-14

1]

10—2 4

10-14

112

1072

112

38

C=0.4, n=5e+05, At=0.02, dv=3, a=0.1, M=100

—— Simulation (C=0.4)
—-- collisionless: eft, 3= -0.151
—-—- collisional: eft, B=-0.258

..——- fitted: ef*, B =-0.208

(b) SBTM, n =5 x 10°

C=0.4, n=1e+06, At=0.02, dv=3, a=0.1, M=100

—— Simulation (C=0.4)
—-- collisionless: eft, =—0.151
—--- collisional: eft, B=-0.258
—--- fitted: eft, f=-0.211

0 2 4 6 8

(d) SBTM, n = 108

C=0.4, n=3e+06, At=0.02, dv=3, a=0.1, M=100

10714

1072

—— Simulation (C=0.4)
—-= collisionless: eft, g =—-0.151
—--- collisional: eft, B=-0.258
—--- fitted: eft, g =-0.212

0 2 4 6 8

(f) SBTM, n = 3 x 10°

Figure 2.8: Landau damping: L? norm of the electric field at v = 0.4 across particle counts.

The blob damping rate varies with n (panels (a), (c), (e)) and converges to the SBTM rate;

the SBTM rate is consistent across all n.
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Figure 2.9: Landau damping: velocity-space distributions at n = 105, v = 0.4. SBTM (right

column) maintains smooth Gaussian tails; the blob method (left column) shows unphysical

sharp cutoffs at |vg| & 3.
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Figure 2.10: Two-stream instability at v = 0.32. Blob (blue) vs. SBTM (red) at n = 5 x 10°
(solid), 10 (dashed), 3 x 10° (dotted). SBTM curves nearly coincide across n.
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Figure 2.11: Two-stream instability: (x,v;) phase space at v = 0.32. SBTM achieves full
vortex dissipation at every particle count; the blob method requires n = 3 x 10° to approach

the same level.
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Chapter 3

THEORY FOR COLLISIONAL PLASMA AND SCORE-BASED
NUMERICS

This chapter collects the three theoretical pillars on which the score-based particle method
of rests. All three results bear on the same question — how faithfully a deterministic
transport model can represent a collisional plasma — but address it from different angles. We
prove that two solutions of the homogeneous Landau equation cannot drift apart faster than
a controlled rate in relative entropy; we bound the relative entropy between the true solution
and the score-based approximation by the score-matching loss; and we characterize the global
equilibrium of the full Vlasov-Maxwell-Landau system.

For ease of reference, the headline statements of this chapter are gathered below. In each,
A(z) = |2|*2(I3 — 227 /|2|?) is the Landau collision kernel, Vlog f = V, log f is the velocity
score, and U[f, s](v) := — [pa A(v—w)[s(v) — s(w)] f(w) dw is the score-driven velocity field

of the homogeneous Landau equation in continuity form, as introduced in [Section 2.1.1}

Theorem 3.8| (KL stability of the homogeneous Landau equation). If f, g solve the

homogeneous Landau equation with Coulomb kernel (d = 3, v = —3) and sufficient
initial regularity, then

KL(f; [l g:) < Ce” KL(fo [l 90)-

Theorem 3.17| (Maxwellian KL error bound). If f solves the homogeneous Landau

equation with Maxwellian kernel (7 = 0) and g evolves according to the score-based
continuity equation dyg + V, - (¢ Ulg, s¢]) = 0 for some time-dependent vector field s,
then for ¢ small enough that KL(g, || f;) < 4,

t
KL(g¢ || f2) < 26Mt/ / Viogg, — 5.3, g- dvdr,
0 JRd T
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with M = M(d, T, f,).

Theorem 3.18| (Coulomb KL error bound). If f solves the homogeneous Landau equa-

tion with Coulomb kernel (d = 3, v = —3) and g evolves according to 0,9 + V, -
(gUlg, s¢]) = 0, with fy = go and sufficient initial regularity, then

ft
gt

T
KL(frlgr) <0 [£] [ [Tiog = sl o0dvat
0 > JR

Theorem 3.20| (VML equilibrium). Every sufficiently smooth steady state of the Vlasov—

Maxwell-Landau system on T3 x R?® with v > 0 and a uniform neutralizing ion back-

ground is a spatially uniform, zero-drift global Maxwellian.

Theorem 3.21| (VPL equilibrium). Every sufficiently smooth steady state of the Vlasov—

Poisson—Landau system on T? x R?® with v > 0 and a uniform neutralizing ion back-

ground is a spatially uniform, drifting global Maxwellian.

is also the source of the formalization case study in [Chapter 8 the Lean 4

verification carried out there is a machine-checkable rendering of the proof given here.

The remainder of the chapter is organized accordingly. proves [Theorem 3.8|

building up the necessary regularity, coercivity, and weighted Fisher information estimates.

addresses error control for score-based approximations, treating the Maxwellian

case ([Theorem 3.17)) as a warm-up before the harder Coulomb case (Theorem 3.18)). |Sec-|

proves the equilibrium theorems for the full VML system and its electrostatic re-

duction.

3.1 Stability of the homogeneous Landau equation

We work throughout this section with the homogeneous Landau equation ([2.1) written in

continuity form

O+ Vo (FUL) =0, UL == [ Al =) [VIog f(v) = Vlog fw) f(w) du,
(3.1)
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with A(z) = |2|7(]z]*s — 2 ® z) and the conventions of [Section 2.1.1 We focus on the phys-

ically relevant Coulomb case d = 3, v = —3. An auxiliary quantity that recurs throughout

this section is the drift kernel
b(z) =V -A(z) = =2z, (3.2)

so that U[f] = —(A* f)Viog f +bx* f.

3.1.1 Background estimates

We rely on three standard estimates from the homogeneous Landau literature, which we state
without proof. The regularity result is from Section 23 of [I85] combined with Theorem 0.1
of [71].

Lemma 3.1 (Regularity of solutions). Let f solve the homogeneous Landau equation (3.1
with —4 < v < =2 and v > —d, and assume the initial datum fy has finite enerqgy, entropy,
Fisher information, and sufficiently many moments. Then f is unique and smooth, and there

exist « > 0 and s > 0 such that

/ (V) fi(v)dv < C(s,7, fo)(1 + 1),
R4
HftHLT’(Rd) S C(p7 da’yv f07€) (t—ap(p,d,’y) + tg) Ve > O,

and for any k,k > 0 and any € > 0, there exist « > 0 and s > 0 such that |kat(v)| <
C(fo)(t=* + (1 + t)°) (v) ™. If additionally | fo(v)*”®P|[» < oo for some p > 3/2, then
[ fillLoe < C(fo) t=3/@P).

The coercivity of the diffusion matrix A % f in the soft-potential case is from [0, Propo-

sition 2.1].

Lemma 3.2 (Coercivity of A * f). Let f be a probability density on R with finite energy
T [v*fdv = E and finite entropy [ flog fdv = H. Then there ezists a constant Ceoe =
Ceoe(7, E, H) > 0 such that

Ax f(v) = Ceoe (V)7 Iy for allv € R,
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The third estimate is the L? Pinsker inequality from [192, Lemma 2.2].

Lemma 3.3 (L? Pinsker inequality). Let f,g be probability densities in L'(R?) N L*(R%) N
L>®(R%). Then

[ 17 =gl < 2017l + lglle) KLU )
Proof. With ¢(z) = xlogz, Taylor expansion gives ¢(f)—p(g9) = (1+log g)(f—9)+3¢ ' (f—
g)?* for some ¢ between f and g. Integrating both sides over R? and using [ gdv = [ fdv =1

to drop the linear term yields [ flog(f/g)dv > S(|flle + llgllec) ™ J(f — g)*dv, which

rearranges to the claim. O

3.1.2  Growth of the weighted Fisher information

The Coulomb estimates require control of weighted Fisher-information-type quantities along
the flow. We derive these from the regularity lemma above together with the functional

inequality of [17§].

Theorem 3.4 (Weighted Fisher information growth). Let f solve the Coulomb Landau

equation (d = 3, v = —3) with fo as in |Theorem 3.1 For any s > 2 there exist C' =
C(v,s, fo) >0 and a = a(7, s, fo) > 0 such that

/, fi(w) (0)° [Vlog fil?dv < C( +1+4).

If additionally ||f0||?1g < 00, where

1 o= [ (V217 912+ L) ) o
then the same integral is bounded by C'(1 +t).

Proof. By the estimates shown in [I78, p. 1299, Proposition 5], one has the functional in-
equality
F0) o) V1og F v S 1, + [ ()2 £0) o

R

]R?)



48

where

1F1Be, = 192 @)] )2 5 + IV @) @020 + ([ @)] @) 2]

Using the pointwise estimate |V*f;| < (17 + (1 + ¢))/(v)® and the moment estimate

~Y

J{w)s2 fi(v) dv S 1+ ¢ from [Theorem 3.1 with « large enough gives
1 fellFe S 2%+ (141)%, fi (WY | Viog fi|>dv <t + 1+t
H5

Further, if ||f0||fq52 < 00, then ||ft||fq52 S(1+t)? and [ f; (0)¥|Viog fi|*dv S 1+t O

The integrability conditions on f; used to close the stability proof are collected in the

following lemma.

Lemma 3.5 (Sufficient initial-data condition). If || fol[3. < oo, then the Coulomb Landau
5

flow satisfies
1fe @l ST+t 1@ ST+t (fille ST (1 ()| Viog fi*llr S 1+
Proof. By Holder’s inequality and [Theorem 3.1]

1F ()N < NI I @AY S e +85) - (1 + Y4,

1f ()l S 1+t

Assuming ||fol|zz < oo and choosing ¢ = 3/4 gives || f (v)?||zz < 1+ ¢. Taking p = 2 in
the last inequality of [Theorem 3.1| and assuming || fo||zs < 0o, so that ||fy (v)%/4||z2 < oo,
we get [flle S %% Lastly, taking s = 3 in [Theorem 3.4 and assuming || foll 2 <

oo, ||f ()3|Viog fI?|;n < 1+ t. By Sobolev embedding, [|follzz < |Ifo|Viog fol?|ln <

~Y

1fo (w)* [V 1og fol*[| e < [l foll r2- O

3.1.3 The key calculation

The stability and error-control theorems both descend from the same bilinear estimate, in

which neither f nor g is assumed a priori to solve the Landau equation.
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Lemma 3.6 (Key calculation). Let f, g be probability densities with finite energy and entropy,
for which the integrals below are finite. Then for any d and v < 0,

/f l9]) - v1ogfdv<—§/f\v1ogi dv

2
g | Axg

+Co [ 10T AR (= 9P W0 fPde (33)
4 Coe [ 10} B (f = g) o
In the Coulomb case d = 3, v = —3, this can be controlled further to give

/f l9]) - Vlog £ dv < —%/f‘V]Ogi

2
gl Axg

+ CKL(f || 9) R(f,9),

dv

(3.4)

where

R(f.9) = (Iflloe + lglloc) (I )1V og f Pl + £ (0)°[|22) + [1F ()| e,

for some constant C' depending only on the energy and entropy of f.
Proof. Note that
Ulfw) =~ [ Alv = w) Vlog f(0) f(w)du + [ Ao~ w) Vf(w)du
= —(Ax f)Vlog f(v) + (b* f)(v),
where A(z2) = |2]7(|2]?1; — 2 ® z) and b(z) = V - A(z) = —22z |2|7. Hence
KLl == [ £108L- (4 £)Viogs = (Axg)Viogg) + [ £ VIog L bx (7 ).
By adding and subtracting the cross-term, one has
(Ax f[)Vlog f— (Axg)Vlogg = (Axg) Vieg L + (Ax (f — g)) Viog f.
So far we have the exact expression

SKL(f |g) = /f!Vlog

/fVlog (Ax(f—g)) Vlogf+/fV10g b(f—g).
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Now we start estimating. By multiplying and dividing by A x g, and using Cauchy—Schwarz

and Young’s inequalities, one has

’/fVlog%-(A*(f—g))Vlogf‘ < i/f‘Vlogﬂz*g—l-/f’A*(f—g)VIng‘?A*g)17
/fVlogg-b*(f—g) < i/f‘vlog£|i*g+/f’b*(f_g)’%A*g)_l'

Hence

CKL(/ | g) < —%/f}Vlog " /fIA*f 6)Viog 4., 1+/f|b*f )Py

Given that g has finite energy and entropy, by [Theorem 3.2, one has A% g > Ceo (v)?. Hence

we obtain
FKLG o) < — 4 [ 1|viogtls,
+ o [ F@) 1A% (F = 9) P IVIoB S+ Cu [ £0) b5 (£ = )P
This is the general estimate .

We now specialize to the Coulomb case d = 3,y = —3. Since [|A(2)] < 1/|z|, the term

|A* (f — g)|| can be controlled by Cauchy—Schwarz as follows:

A% (f—g)ll < / Fw) — glw)| duw

R3 |v—w|

< [ ) gwldw s ol

< (L pup ) 1 ol 415 gl

<1 |w

S =gl +11f =gl

< V2 fllso + llgllo)KL(f 1 9) + V2KL(f || 9),

where we applied both the classical and the L? Pinsker inequality (Theorem 3.3). Thus the
first term in (3.5)) becomes

/ FP 1A= (f = g)I?IViog f1* S (Ifllse + llglloo) I1f (0)° [V 1og f*[|s KL(f [ g).  (3.6)
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Now we turn to the second term in (3.5)). Since |b(2)| < 1/|z|%, we obtain

1
b =) 5 | s ) ) du
1
— | f(w) — g(w)|dw — gl
s/ [ (w) — glw)| dw + | f — g

v—w|<1 v — wl?
< /R h(v — w) | f(w) — g(w)| dw + /ZKL(F [ 9),

where h(z) := |z|7?1},<1. Now, by Cauchy—Schwarz, for any 0 < a < 3/4 (to ensure that
h*® is integrable),

/R3 h(v —w)|f(w) — g(w)|dw < Hh2aH1/2 (/ |f(w) — g(w)P dw)lﬂ'

[v—w|<1 |U - w|2—2a

Putting the two estimates above together and applying Young’s convolution inequality with

I/p+1/g=1,

[ 100 @2 = 0P 5 [ 10 ([ ho - w)lfw) - gl dw) +KL(f19) [ £ )
< o [ [ 70) @) o = w) 2 |fw) = glw) du do
+KL(f 1 9) I )
< s 1 () 10200 15 = g1
+HKL(f 1 9) I 0
S KLU 9) (12 sl 0 D 122 1 e + )

U ()l )
Concretely, taking a = 1/2, p = ¢ = 2 makes both ||h?*||;1 and ||h?>72?||. finite, giving
/f Pl (7 - 9)F LUHQQU@VWMVMﬁWﬂm%HV®VMQ. 5.7)
Using (3.6) and ({ . in gives [

Remark 3.7. Although is stated for general densities f,g, it specializes to a

differential inequality for the relative entropy when both are Landau solutions: in that case
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Of = =V, - (fU[f]) and similarly for g, and a direct calculation gives SKL(f;| g:) =
[ fi(U[fi] = Ulg]) - V1og(fi/g:) dv. This identity is the bridge between [Theorem 3.6/ and the

stability theorem we now prove.

3.1.4  Proof of KL stability

Theorem 3.8 (KL stability of the homogeneous Landau equation). Let f, g solve the Coulomb
Landau equation (d =3, v = —=3) with initial data fy, go satisfying Hfo||qu)2 < o0 and
llgo (v)%74|| 12 < o0, together with finite energy and entropy. Then there is C' = C(fy, go) > 0
such that

%KL(ft lg) < C(L+t)KL(f: | g0), (38)

and consequently

KL(fi ]| g:) < Ce” KL(fo | g0). (3.9)

Proof. We will write f and [ f in place of f;(v) and [ fdv respectively for simplicity. The

following calculation holds for any values of d,~v:

KL == [Lag+ [1ogLas
g g
_ f f
- /U[g] V(g)g+/U[f]~v1og(5)f
/f lg]) - Vlog i
g
Now, dropping the strictly negative term in the conclusion of , we obtain
FKL o) = [ 1011 -Vl - Viog? < CKL(f 1 9) RS 9).

Finally, by [Theorem 3.5 using the assumption || f0||12q§ < 00, we obtain

d
SKL(f[g) < C+ KL 1 g) su llgsl
0<s<t

for some C' = C(fy). The integrability assumption on gy is sufficient to guarantee that

SUPg< <t ||9s]| oo is finite. Thus

%KL(f lg) <C (1 +t)KL(f | 9)
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where C' = C(fy, go). Gronwall’s inequality completes the proof. O

Remark 3.9. The exponent of t? is sharp for the elementary computation used here, but not
necessarily for the underlying flow: weak—strong uniqueness in relative entropy was recently
established in [I71] by a dimension-doubling argument that yields tighter time dependence.
Our proof remains in R? and proceeds by an energy-type computation directly on KL(f || g),
which is what allows the same calculation to control the score-based numerical error in

[I'’heorem 3.18

3.2 Error control for score-based approximations

We now turn to the question of how well the score-based particle method of
approximates the true Landau solution. We first treat the Maxwellian case (7 = 0), where
a Fokker—Planck reformulation simplifies the analysis, and then the harder Coulomb case
(v = =3, d = 3), which uses the key calculation of directly.

Throughout, f denotes the true Landau solution and g the score-based approximation,

governed by

g+ V- (9Ulg, s:]) =0, Ulg, si](v) = — /Rd A(v — w) [s¢(v) — si(w)] g(w) dw, (3.10)

for some time-dependent vector field s, : R — R — the score estimate. In the SBTM scheme
of [Chapter 2| s, is the output of a neural network trained by score matching; the bounds

below hold for any sufficiently regular s;.

3.2.1 Fokker—Planck reformulation in the Mazwellian case

The Maxwellian Landau equation admits a Fokker—Planck reformulation that makes the
diffusion structure explicit. Conservation of mass, momentum, and kinetic energy along the
flow gives [ fdv =1, V := [v fdv const., 2F := [ |v|>f dv const. The (time-dependent)
covariance matrix X(¢) := [v®v fi(v) dv is then the only non-trivial second-order moment;

its evolution can be computed in closed form.
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Proposition 3.10 (Fokker-Planck form of Maxwellian Landau). The Mazwellian Landau

equation (v =0) can be written
Wf+Vy-(fVi) =0, Vi(v) = b(v) — Dy(v) Vlog f(v), (3.11)
with drift b(v) = AxVf=—(d—1)(v—1V), and diffusion matriz

Di(v) = Ax fi(v),

Di;(t,v) = 6, (|v\2+2E—2V v) + Viv; + Vivy — vivy — S(8),
)
)=

555 (t) = Tij(00) — (Tij(00) — Bi5(0)) e,

£4(00) = (02 — [V) + dViV;).

Proof. We must show that the velocity field V; given by U[f] in (3.1)) can be written in the
form b — DV log f. First, split V; into two terms:

V, = —/RdA(v—w)[Vlogf(v) _Vlogf(w)]f(w)dw
— (A*Vf)— (A% f)Viog f.

where the first term is the drift and the second the diffusion. The drift simplifies to
(A* Vf); Za A f=—(d—1)(v; = V).

For the diffusion term, compute the convolution A x f:

(A P = [ 8ylo =l fydw = [ (0= wo; = w) fw) do

= 5ij(|v|2 + 2 -2V . U) + ‘/;Uj + ‘/jvi — Uin — Ez]
By a straightforward calculation, ¥ satisfies
Bij(t) = Bi5(00) — (Tij(00) — Ty (0))e ™.

This completes the proof. O
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The proof of the Maxwellian KL bound also requires control of the score along the flow.

The following sublinear estimate is from [64].

Theorem 3.11 (Linear score upper bound, Maxwellian case). Let f solve the Mazwellian
Landau equation with initial datum fo € W2 N W2 satisfying fo(v) < Cpe PP/ and
|V log fo(v)| < Co(1 + |v|). Then for any T > 0, there exists a universal constant C' > 0
such that for all t < T,

IV log fi(v)] < C(1+ |v] + V).

A second ingredient is the explicit two-sided bound on the diffusion matrix A % f in the

Maxwellian case, which follows from a direct computation.

Lemma 3.12 (Boundedness of A x f in the Maxwellian case). For any distribution f not
concentrated on a line and Mazwellian collision kernel A(z) = |21 —2® z, the matriz Ax* f

1s uniformly bounded from below and from above, i.e., there exists € > 0 such that for all
v € RY,
c< A S <2B+lo- VP, 28 = [ WPdfe), V= [ vdf),
R4 R4

where || - || denotes the matriz 2-norm, and € can be taken to be

e = tr(cov(f)) — l[cov ()]l
In particular, the bounds above hold for any continuous density.

Proof. Denote v = v — V and compute
Axfo) =L([WP+2E-|V]?) = (Vo +Z -V V).
By the triangle inequality, and noting ||v' @ o'|| = |[v/|?,
A f@) = [+ (B =V @ V) = ] = £ =V @ V| = tr(cov(f)) — [lcov(f)]| > 0.

The last inequality is strict because tr(cov(f)) is the sum of the eigenvalues of cov(f) whereas

llcov(f)]| is the largest eigenvalue. The two are equal iff f is concentrated on a line.
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For the upper bound, recalling that ¥ is positive semi-definite,

|45 J < 0P+ 28 = VP = inf {278+ o2} + VP < 2B + o = VP

3.2.2 KL bound via the Fokker—Planck form

We first record a generic KL bound for Fokker—Planck-type equations [20, Proposition 1],
the Boffi-Vanden-Eijnden estimate that underlies the SBTM analysis.

Theorem 3.13 (Generic Fokker—Planck KL bound). Fiz b;(v) and a positive semidefinite

Dy(v). Let f, g satisfy the continuity equations
Of+Vy - (fVi)=0, Vi =b—D/Vlogf, dg+ V- (gVi) =0, Vi=0b — Dsy.

Then

d
EKL(gtHft < /|St Vlog g/, g¢ dv.

Combining [Theorem 3.13| with [Theorem 3.10] immediately gives a KL bound for the

Maxwellian Landau equation, provided the Fokker—Planck velocity b — D;s; is used in the

approximate flow.

Corollary 3.14 (KL bound with FP velocity, isotropic data). If f solves the Mazwellian
Landau equation, g satisfies 0,9 + V- (9(b — Dysy)) = 0 with b, Dy as in|Theorem 3.1(}, and

the initial first and second moments of fo and go match, then

d
KA < 4 [ s = Viogafh, gide

Proof. Conservation of mass, momentum, and kinetic energy along both flows ensures D;(v)

n is the same for f and g, and is positive semidefinite by The
bound follows from [Theorem 3.13l O
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This already gives a clean KL bound, but only when the approximate flow uses the
Fokker—Planck velocity b — D;s; — not the original collision-form velocity Ulg, s;| — and only
in the Maxwellian case. The next theorem removes the first restriction at the cost of a

Gronwall factor.

3.2.83  Maxwellian KL bound for the collision-form approzimation

Proposition 3.15 (Intermediate KL bound). Let f solve the Mazwellian Landau equation
(3.1) and let g satisfy the score-based flow (3.10), both with the same initial datum fy = go
of finite energy and entropy. Then

d

EKL(Qt | fr) < 2/ ‘VIOggt_St
R4

i*gtgt dU*/d(v log ft)T(Eg_Zf)(v log g;:—V log f;) g; dv,
R
(3.12)

where ¥4, X are the covariance matrices of g, fi.

Proof. We omit the subscript ¢ throughout this proof to simplify notation. Let V; = Ulg, s;]
and V;* = U[f] denote the velocity fields driving g and f respectively. Define an auxiliary

vector field
V(v) = — /d A(v —w)[Vlogg(v) — Vlog g(w)]g(w) dw,
R
and compute

d
—KL(g||f / fﬁtfdv—l—/Rdlogf(‘?tgdv

Rd;‘i (V) dv — RdV-(Vg)log(%) dv

:_/Rdv*-v(%)fdmf V. Vlog<f>gdv

:/ (V—-V*)-(Vlogg — Vliog f) gdv
Rd

:/ (V—V)-(Vlogg—Vlogf)gdv—i—/ (V—-V*)-(Vlogg — Vlog f) g dv.
R4

R4
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Bound the first term in this decomposition with Young’s inequality:

/RUgV—V)-(Vlogg—Vlogf)gdv
=/Rd(Vlogg—S)T(A*g)~(V10gg—Vlogf)gdv
- [ A+ (6(Vogg =) (Vlogg — Viog o
g/Rd]VIOgg—s]i*ggdv—i-i/}Rd\VIOgg—Vlogﬂi*deU

— | Ax(g(Vlegg —s))-(Vlogg — Vlog f) gdv,

R4

where
- /R;‘l *(9(Vlogg —s)) - (Vlogg — Vlog f) gdv
< [ 9108 900) = s(w)ye- 960 9(w) dv o
1 [ I1089(0) = Viog 5(0) ey ) ) o
= /}Rd [Vlogyg — Sli*ggvari/Rd [Vlogg — Vlog fl4., gdv.
Together,

/ (V—X_/).Vlog<%)gdv§2/ |Vlogg—s|?4*ggdv+%/ ‘Vlog%}i gdv.  (3.13)
Rd Rd Rd *g
Now analyze the second term. Using that A is the Maxwellian kernel, we can write

V' = —(Ax f)Viog f — (d— (v —V),
V=—(Axg)Vlogg — (d—1)(v—-V),

so the drift term in V — V* cancels:

V—V*=(Axf)Vlog f — (A*g) Vlogg.
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Thus

/(V—V*)-(VIQgg—Vlogf)gdv

d

= /Rd[(A*f)Vlogf— (Axg)Vlogg] - (Vlegg — Vlog f) gdv

= _/Rd ‘Vlogg—Vlogf|,24*ggdv—|—/Rd(Vlogf)T(A* (f —g))(Vlogg — Vlog f) g dv.

(3.14)
Combining (3.13)) and (3.14]),
d
—KL(g | f) < 2/ [Viogg — slh., gdv— %/ [Vlogg — Vlog f|},, gdv
a e e (3.15)

+ [ (V10817 (A% (f = 9))(Vlogg — Vg f) gl

where the second term is non-positive because A x g is positive semi-definite (in fact strictly

positive definite by [Theorem 3.12)).

Finally, A* (f — g) = ¥, — X;. This can be seen directly by computing

(A * g)”('l}) = 52'j<|?)‘2 -+ 2F — 2V . U) + (U'L‘/] + Uj‘/:i — Uﬂ)j) — Eg,ija

(A f)ij(v) = 0[] + 2B = 2V - 0) + (0iVj + 0;Vi — vivy) — By,
and subtracting the two equations. This proves the Proposition. O

The residual term in (3.12)) vanishes when the second moments match identically. This

is automatic when the initial condition is isotropic.

Corollary 3.16 (Isotropic Maxwellian KL bound). If the initial data fo = go is radially

symmetric and s; is of the form s,(v) = v 3,(|v|) for some 3; : R — R?, then

d
FEL ) < 2 [ [Vioga— s, v

Proof. With fy isotropic, f; stays isotropic (the collision operator preserves rotational sym-
metry). An induction shows that if s, has the displayed radial form, the velocity field Ulg, ]
is radial, hence g, is also isotropic. Then X, and X are scalar matrices, and since their traces

both equal 2F (conserved), they are equal. The residual term in [Theorem 3.15| vanishes. [
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For general initial data the residual term is nontrivial but can be controlled in a short-time

window using a weighted Csiszar-Kullback-Pinsker inequality [21].

Theorem 3.17 (Maxwellian KL error bound). Fiz T" > 0 and assume that fo = go €
W21 N W2 with |V log fo(v)| < Co(1+ |v]), fo(v) < CLe 31 for some > 0. Then for
any t < T small enough that KL(g, || f) < 4, the score-based flow (3.10)) satisfies

t
KL f) < 26 [ [ [91ogg, = sl g dvdr (3.16)
0 JR

2 2 . .
where M = 15414 (},Jgf)(HE) (3+21log(Can/m/B))” with & = infy<p{trcov(g,) —[|cov(gy)||} > 0
and Cy,Cy universal constants. In particular, as the time-integrated score-matching loss

vanishes, so does KL(g; || fi)-

Proof. We omit the subscript ¢ for convenience of notation. Following the proof of
there remains to control the term

-3 /d Vlogg— Vlog fI4,, gdv+ /d(Vlogf)T(Eg — Zy)(Vlogg = Vlog f) g dv.
R R

By [Theorem 3.12| A x g — eI > 0. Using Young’s inequality, we get

2

_%/Rd]VIOg%A*ggdv+/Rd(Vlogf)T(Eg—Zf)Vlog%gdv
2 . 2 2

< —%/‘Vlog%u*ggdv—i-5/‘V10g%| gdU‘F%/‘(Eg_Ef)Vlng‘ gdv

< LI, -2 [ [Viog s gdo

<A+ +E) 18, — 26"

The last inequality (and constant C; > 0) follows from [Theorem 3.11{ and conservation of

energy.

We rewrite the difference of second moments in the form of a weighted L' norm:

W%—ZNZSiéQ%U—ZNﬂLZi}/www—fﬁwféd%/WPw—fMQ%

ij=1 ij=1
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We are now in a position to use the weighted CKP inequality from [21],
[ oy = flav < (34 2108 [ 0 a0) (KLig | 1) + IKL(g | ).
R
with ¢(v) = SJv|?. By [Theorem 3.1} there is Cy such that f(v) < Cye P so

/62ﬁ|”|2f(v) dv < C2/€5|v|2 dv = Cy/7/B.

We have

8 [ P la— fldv < (34 2105 [ o) (KL(g | )7 + KL(g | )
< pC3KL(g || f)Y% for all ¢ such that KL(g | f) <4,

Cs = %(3 + 2log(Co/7/B)).

Combining the above estimates, we obtain the differential inequality that holds for t < T’
small enough that KL(g || f) < 4:

%KL(Q 1f) < L(t) + %+ (1 + E) d®C35(1 + T)KL(g || f) = L(t) + MKL(g | f).

with
L(1) =2/|Vlogg—s!i*ggdv, M=% 01+ E)PCi1+T).

By generalized Gronwall’s inequality, KL(g; || f;) < e™! fot L(7)dr, which is (3.16)). O

3.2.4  Coulomb KL error bound

The Maxwellian argument above relies on the Fokker—Planck rewriting and on the bilinear

scaling of the covariance defect, both of which break down for soft potentials. For the

Coulomb case we use the key calculation of directly.

Theorem 3.18 (Coulomb KL error bound). Let f solve the Coulomb Landau equation
(d=3,~v=—3) with || fol|3. < oo, and let g satisfy the score-based flow (3.10)) with go = fo.
5

Assume that || f;/gi|le < 00 and sup;sq [|g¢l|c < 00. Then for any T > 0,

d
&KL(ftHgt) < 2

ft
gt

[ 191080 s 0do 4 C L4 DKLU 2, (17
oo JRr3
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with C = C(fo,sup, ||gt]|c), and consequently

KL(fr | gr) < Ce’”

gi / |V log g; — St‘,zax*gt grdvudt. (3.18)

Proof. We omit the time subscript for brevity. Similarly to the computation in [Theorem 3.8

we obtain
FKLE 9 = [ (U1~ Ulg.s) - Viog 7o
~ [ (W19~ Vlg.s)) - V1o fav+ [(W11 - Ulg) - Viog { fav

The first term is estimated as follows:
W~ vlg.s) - Viog L rav
— [ 171090 = s(0)) (V10w g(w) — s(w)] "Aw — w) Vlog 423 £(0) gw) dudy
_ / Vlogg(v)—s(v)]TA(v—w)Vlo ig
~ [ (9 108900) = sw)] "4 - 0) Viog 22
< /]Vlogg—s]i*gfdv+i/}V10g§
—l—/\Vlogg— s|?4*gfdv+i/‘Vlog§‘2A*gfdv
<2 HiHOO/ |Vlegg— s|i*ggdv + %/‘Vlogi
Now, by [Theorem 3.6| the second term satisfies
[ i -vigh - Viegt <-4 [ 1|Viogtf,, + CKL(f [0 R(%9)

Finiteness of energy and entropy of g follows from the corresponding finiteness at ¢ = 0 and

(v) g(w) dw dv

(v) g(w) dw dv

2
Ang fdv

2
Ang fdo.

the energy and entropy conservations of [Theorem 2.2 Now one obtains

dt

Finally, by [Theorem 3.5 using the assumption || fo||,, < oo, we obtain
5

d
GKLG I <22 [ 1Viogg — sfiy v+ CKL( [ 9) RIS, ).

d
FELG I <2]4]| [ IViogg — sfiygdv+ C+HKL(S 19

for some C' = C(fo, supg<.<; [|9]loc). Gronwall’s inequality completes the proof. ]
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Remark 3.19. [Theorem 3.18 bounds KL(f || g), whereas [Theorem 3.17 bounds KL(g|| f) —

the order of the arguments differs because the Maxwellian argument uses the Fokker—Planck
representation of f, while the Coulomb argument uses the bilinear key calculation evaluated
against f. In practice the score-matching loss in (3.18]) can be evaluated on particles drawn
from g, making the bound a posteriori computable and providing a quantitative criterion

linking training loss to KL error.
3.3 Equilibrium of the Vlasov—-Maxwell-Landau system

We now leave the homogeneous setting and characterize the long-time equilibrium of the
full VML and VPL systems. These are [I'heorem 3.20| and [Theorem 3.21| from the chapter
introduction; their formal verification in Lean 4 forms the case study of [Chapter §

Theorem 3.20 (VML equilibrium). Consider the VML system (2.19)—([2.20]) on T3 xR? with
collision frequency v > 0 and uniform neutralizing ion background pion, > 0. Let f(z,v) > 0 be
a smooth steady state with finite total energy and entropy and decay sufficient for integration

by parts in v. Then f is a spatially uniform, zero-drift global Mazwellian:

1

0o — W o Binit<x> dl’, (319)

Pion |U
foo(v) = WGXP<——) ) E. =0,

with Ty, = m(&) — L|Bxo|? |T?|) > 0, where & is the initial total energy.

Theorem 3.21 (VPL equilibrium). Under the same hypotheses with B = 0 (so the system

reduces to VPL), every steady state is a spatially uniform, drifting global Mazwellian:

Pion |U - uoo’2
foo(v) = WQXP (—W) y Eoo = 0, (320)

with bulk drift and temperature determined by the initial data:
Uoo = ;3 //U init dv dZL‘, Too = %(5@ — %pion|uoo|2|']l‘3|) > 0.
pion‘T | 3pion|T ’

The proofs share the first three steps (which produce a local Maxwellian with constant

temperature and uniform bulk velocity) and diverge thereafter.



64

Proof of[Theorem 3.201 Step 1: Entropy dissipation forces a local Maxwellian. At

equilibrium 0, f = O, F = 0;B = 0, and the Vlasov equation reduces to v-V,f+ (E+v x B) -
V.f = vQlf, f]. Multiplying by log f and integrating over T® x R3, the spatial transport term
integrates to zero by the divergence theorem on the torus, and the Lorentz term integrates

by parts in v to yield a factor of V, - (£ 4+ v x B) = 0. We are left with

/T( [ QL] logfdv) da = 0.

By the H-theorem the inner integral is non-positive pointwise in x; since its spatial integral
vanishes, it must vanish identically. The null space of the Landau operator is spanned by the
collisional invariants {1,v, [v|*} [I84], so log f is a linear combination of these: log f(x,v) =

a(z) +b(z) - v+ c(x)|v|>. Equivalently, f(z,v) is a local Maxwellian [27, Ch. 11.7]

€O [0 — u(z)[?
fz,v) = 2rT(@)2 exp <_T(x)) , (3.21)

with p(z) = [ fdv >0, u(z) =p~! [vfdv, and T(z) = 3—1pf|v—u|2fdv > 0.

Step 2: Polynomial matching in v. For a local Maxwellian, Q[f, f] = 0, so the
steady Vlasov equation reduces to v - V,log f + (E + v x B) - V,log f = 0. Substituting
logf =a+b-v+cv} using (vx B)-v=0and (vx B)-b=wv-(B xb), the equation
becomes a polynomial in v:

(v - Vzo)|v|* + i 0;0; 03,05 +v - (Vea+2cE+ B xb)+ E-b=0. (3.22)
ij=1
Each homogeneous degree of v must vanish identically.

Step 3: Macroscopic uniformity. (a) Cubic in v: v-V,c =0 for all v gives V,c =0,
so ¢ is constant; equivalently 7T'(z) = Tw.

(b) Quadratic in v: _;  vw; 0,,b; = 0 for all v yields Killing’s equation 0;,b; + 9,,b; = 0
[27, Eq. 10.6]. Integrating Zivj(aiquL@jbi)Q over T? and integrating by parts shows 9,,b; = 0,
so b, and hence u(x) = uo, are spatially constant.

(¢) Linear in v: With ¢, b constant, substituting ¢ = —1/(27T5,) and b = us/Ts gives

the macroscopic force balance

1
V.logp= T—(E + Us X B). (3.23)

[e.e]
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Step 4: Ampere’s law forces u,, = 0. Since uy is constant, the current is J(z) =
p(x) us. At steady state Ampere’s law reads V, x B = J = pus. Dotting with u,
Uso + (Vi X B) = plus|?. Using the identity V, - (B X uy) = Uy - (Vi X B) (since V, x
s = 0) and integrating over T3, the divergence integrates to zero by periodicity, leaving
0 = |too|? [1s pda. Since p > 0, |uso|® = 0, hence uo = 0.

Step 5: Maximum principle forces p = pio,. With u,, = 0, reduces to
V.logp = E/T,. Taking the divergence and substituting Gauss’s law V, - E = p — pion

yields the nonlinear Poisson—Boltzmann equation

T (log p) = p — pion- (3.24)

Compactness of T? and smoothness of p guarantee that log p attains a global maximum at
SOMeE Zax and a global minimum at Zpmin. At Tmax, Azlogp <0, 80 P(Tmax) < Pion; At Tmin,
Agzlogp >0, 50 p(Tmin) = Pion. Combining, pion < p(Tmin) < p(2) < P(Tmax) < Pion, forcing
P = pion and consequently £ = 0.

Step 6: Magnetic field is constant. With u,, = 0, the current vanishes and Ampere’s
law gives V, x B = 0. Combined with V, - B = 0, the vector Laplacian A,B = V,(V, -
B) =V, x (V, x B) = 0. Multiplying by B and integrating over T% gives [ |V,B|*dz =0,
so B is constant: B(x) = Bs. Note that for the isotropic equilibrium , Viofoo XU foo,
so the Lorentz term (v X By) - Vyfoo & (v X By) - v = 0 identically; hence any B, € R?
leaves the equilibrium unchanged.

Step 7: Conservation laws fix B, and T,. Faraday’s law 0;B = —V, x E implies
that the spatial mean of B is conserved (its integral over T? is zero by periodicity), s0 By, =
IT3| ™ [ Binit dz. Total energy conservation, & = 2 pionToo|T?| 4 1| Boo|?|T?|, fixes T as in
the statement. Positivity of T, follows from Jensen’s inequality: |Boo|? < |T?| ™! [ | Binit|* da,

so the magnetic energy of the uniform field cannot exceed the initial magnetic energy. [

Proof of[Theorem 3.21 Steps 1-3 of the previous proof carry over verbatim with B = 0:

the magnetic field plays no role in the entropy dissipation argument (Step 1) or in the cubic

and quadratic coefficients of the polynomial matching (Steps 2-3). The conclusion is again
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a local Maxwellian with constant temperature and uniform bulk velocity satisfying the force
balance

V.logp=FE/T. (3.25)

Step 4 absent. In the absence of a magnetic field there is no Ampere’s law to constrain
Uso. The O([v|%) coefficient of the polynomial reduces to £ - b/Ty = 0, which once
E =0 is established imposes no constraint on ...

Step 5 unchanged. From and Gauss’s law one obtains the same Poisson-Boltzmann
equation (3.24)), and the maximum principle forces p = pjo, and £ = 0.

Step 6 absent.

Determination of us, and T,. The VPL system is Galilean invariant, so a uniform
bulk drift produces no back-reacting field. Total kinetic momentum is therefore conserved
% [[vfdvdz = 0, and equating equilibrium momentum to the initial value gives u., =

2

(Pion| T*|) ™ [ v finit dvdz. Total energy conservation then determines To, = m(&) —

3Pion oo [* T?]). —~

Remark 3.22. The static characterization above is novel for the electromagnetically coupled
system: each individual ingredient is classical, but their assembly is not. [53] prove a related
result for the inhomogeneous Boltzmann equation without fields; [74], [75] study dynamical
stability of small perturbations near an assumed Maxwellian for the VML and VPL sys-
tems, but state the macroscopic constraints inside linearized energy estimates rather than
as standalone uniqueness results. The new ingredients here are the Lorentz-force structure
(vx B)-v = 0 — which makes the polynomial matching of Step 3 carry over from the unforced

case unchanged — the Ampere-law integration in Step 4 forcing u., = 0, and the Gauss-law

closure of Step 5. The full assembly is the content of [Theorem 3.20| and is verified formally
in [Chapter 8
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Chapter 4
SCORE-BASED DETERMINISTIC DENSITY SAMPLING

This chapter opens Part II of the dissertation, which shifts the focus of score-based
transport modeling from the collisional plasma setting of Chapters [2| and [3| to the problem

of sampling from a probability distribution in this Chapter and density and score estimation

in [Chapter 5l In [Chapter 2| we used SBTM to evolve a particle ensemble according to the

homogeneous Landau equation and the Vlasov-Maxwell-Landau system; the unknown was
the time-evolving plasma density f(¢,v), and the score Vlog f was learned on the fly to
drive the deterministic particle ODE. Here we apply the same machinery to a different task:
given only the score Vlogm of an unnormalized target density 7 — and no samples from
it — produce samples whose empirical distribution converges to m. This is a strictly harder
problem than the diffusion generative modeling on which modern score-based methods were
originally built, since it must be solved without the data that those methods rely on. The
approach we take is to run the Wasserstein gradient flow of relative entropy KL(- || 7) as
a deterministic interacting particle system, with the score V log f; of the evolving particle
density learned online by a neural network — exactly as in but with the Landau
collision operator replaced by the linear V log m—V log f; drift of the Fokker—Planck equation
associated with the target.

The chapter is mostly self-contained. The implicit score-matching loss already derived in
reappears in [Section 4.2.1; we repeat the short integration-by-parts argument
here so that this chapter can be read independently of Part I. The convergence analysis in
is new relative to it is built around a coupled gradient flow on both the
particles and the neural network weights, and uses neural tangent kernel theory to control

the dynamically changing score-matching loss. This analysis is what allows us to prove
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the optimal entropy dissipation rate for the joint particlenetwork system. The numerical
experiments in demonstrate the algorithm on log-concave and multimodal targets
in low dimension and on MNIST in 784 dimensions. returns to the question of how
the score is estimated, replacing the per-problem online training used here with an amortized
Transformer-based estimator.

This chapter follows [93] almost verbatim.

4.1 Introduction

Diffusion generative modeling (DGM) [160), [164] has emerged as a powerful set of techniques
to generate “more of the same thing”, i.e., given many samples from some unknown distri-
bution 7, train a model to generate more samples from 7. While the SDE-based generation
is commonly used in practice, its deterministic counterpart, termed “probability flow ODE”
by [164], offers several practical advantages — higher order solvers [82], better dimension
dependence [37], and interpolation in the latent space [158]. The two processes are given
[39] by the reverse of the Ornstein-Uhlenbeck (OU) process and the corresponding ODE,

respectively:

dX; = (X; + 2V log fi(X;)) dt +V2dB; (DGM SDE)
dX, = (X; + Vlog f,(X,)) dt, (DGM ODE)

where B; is the Brownian motion and f; is the law of the OU process. The score V log f; is
learned by running the OU process from 7 to N (0, I;), which crucially depends on having
many samples from 7. In this work we pose and attempt to answer the following question:
How to deterministically sample an unnormalized density 7 in the absence of
samples, using techniques of diffusion generative modeling? We propose an analogue
of when no samples from 7 are available. The absence of samples from 7 makes
sampling a much harder problem than DGM. Indeed, DGM can be reduced to unnormalized
density sampling by estimating the score V log 7 on the samples, but the converse is not true;

recently [77] proved the exponential in d query complexity lower bound for density sampling,
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while DGM is solvable in polynomial time [39).

Contributions. Our main contributions are a deterministic sampling algorithm, scalable
to high dimensions, and a proof of fast convergence under the log-Sobolev inequality. Unlike
the classical Langevin dynamics, our algorithm produces smooth deterministic trajectories,
and gives access to the otherwise intractable score Vlog f; allowing for convergence esti-
mation via the relative Fisher information. Unlike other deterministic interacting particle
systems, the memory and runtime scale linearly in the number of particles. The convergence
analysis is based on a system of coupled gradient flows, one for the samples and one for the
weights of the neural network. This is a novel framework that can be of independent interest
as a general technique for analyzing convergence of NN-based approximations of gradient
flows. We are not aware of any other work that uses the neural tangent kernel for analyzing

dynamically changing loss. Our main theoretical result is Theorem [4.10]

Related work. Sampling from unnormalized densities traditionally relies on stochastic al-
gorithms such as Langevin dynamics, whose fast convergence under isoperimetry assumptions
is well-understood [48], [194] 181 43]. Deterministic alternatives, notably Stein Variational
Gradient Descent (SVGD) [120, 55], rely heavily on handcrafted kernels, resulting in limited
theoretical guarantees and empirical success, especially in high dimensions [216]. Inspired by
deterministic probability-flow ODEs from diffusion generative modeling [86, 160}, 164 37, 82],
which often outperform their stochastic counterparts due to high-order integrators, bet-
ter dimension dependence, and latent-space interpolation capabilities [I58, 124], Boffi and
Vanden-Eijnden proposed [20] Score-Based Transport Modeling (SBTM) as a general method
of solving the Fokker—Planck equation with a deterministic interacting particle system, build-
ing on neural approximations of gradient flows [200], 59]. However, it has not been used for
sampling. Our work fills this gap by adapting the method for the problem of sampling and
by providing entropy dissipation guarantees and proving rapid convergence for the coupled

particle system dynamics, integrating smoothly with recent annealing approaches like those



70

proposed by [138, [45] 29].

Organization. The rest of the chapter is organized as follows. In we introduce
the main algorithm, building on Score-Based Transport Modeling [20]. In we
prove that the resulting dynamics achieve the optimal convergence rate. In we
verify convergence in several numerical experiments. The chapter is concluded in [Section 4.5]

Figure 4.1: Left: Langevin dynamics (stochastic). Right: ours (deterministic). The de-

terministic algorithm has the same marginal distributions as the stochastic one but with
smooth trajectories. In this plot both algorithms interpolate between the unit Gaussian and

a mixture of two Gaussians.

4.2 Deterministic sampling algorithm

Diffusion generative modeling (DGM SDE|) and (DGM ODEJ|) converges quickly because it

is the reverse of a fast process, namely the OU process. In the absence of samples from ,
there is no known numerically tractable process that can be run from 7 to fy and reversed,
and the dimension-exponential lower bound of [77] suggests that it cannot exist. Thus, the
standard approach to classical sampling is to greedily minimize a divergence, most commonly
relative entropy KL(f; || 7) := Ey, log %, between f; and 7 at every time step. In continuous
time, this is called a Wasserstein gradient flow (GF). The Wasserstein GF on KL(- || 7) can
be implemented stochastically or deterministically, mimicking equations and
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(DGM ODE):

dX, = Vlogn(X;)dt + v2dB,, B, := Brownian motion, (GF SDE)
dXt =V log 7T(Xt) dt —V log ft(Xt) dt, ft = laW(Xt) (GF ODE)

Figure 4.2: Visualization of (GF ODE|). Particles are pulled towards target m and away from

particle density f;. Brownian motion acts randomly.

Remarkably, the distributions of X; for a fixed ¢ in equations (GF SDE) and (GF ODE)

match exactly. See [97] for the rigorous derivation and connection to Optimal Transport
and see for a visualization. While the former equation is well-studied under the
names Langevin Dynamics or ULA, the latter can be more appealing due to determinism,
for example due to smooth trajectories, higher order time integrators, and potentially better
sample complexity. In this work we simulate the (GE ODE]). The term —V log f; in the ODE
provides deterministic exploration by making samples X}, ..., X repel from each other, since

more particles appear where f; is larger. We visualize the forces V logm, —V log f; and the

noise v2dB; in [Figure 4.2
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Remark 4.1. While equations (DGM ODE|) and (GF ODE]) look similar, there is a big dif-
ference in how f; is defined. In (DGM ODE)), f; is given by the OU process started from

7. In (GF ODE) f; follows the gradient flow started from fy, usually chosen to be Gaussian
N(0,1).

4.2.1 Score-Based Transport Modeling

Score-based transport modeling (SBTM) was introduced in [20] as a method of solving
Fokker—Planck equations, of which is a special case. Additionally, SBTM was
recently successfully employed to solve other Fokker—Planck-type equations [90] 129 83].
The core idea of SBTM is to approximate V log f; with a neural network s®¢ trained on
the sample X}, ..., X" The training is done by minimizing the score matching loss from

[86l, 160]. The SBTM dynamics approximate (GF ODE|) and are given by the interacting

particle system

dx - .

dtt = Viogm(X;) — s%(Xy), X,= (XL ..., X", X!~ fyiid

16 (SBTM)
dtt - _nv@tL(Seta ft)7 Xt ~ ft7

where L(s, f;) = Ey,||s — Vlog f;]|? is the dynamically changing score-matching loss [86] and
n(t) controls the amount of NN training relative to sampling dynamics. The resulting in-
teracting particle system is a coupled gradient flow, where f; approximates the Wasserstein
GF on KL(f,||7), and ©; undergoes the Euclidean GF on the dynamically changing loss
L(s®, f;), while n controls the relative speed of the two flows. If the loss L(s, f) is iden-
tically zero, then SBTM dynamics exactly recover the dynamics. Unlike most
other interacting particle systems used for sampling [120] 118, [45], in SBTM the particles
X} ..., X! interact via the neural network s%¢, which makes the memory and runtime scale

linearly, and provides much better dimension scaling.

Remark 4.2 (Comparison with Langevin Dynamics). In equation (GF SDE), also called
Langevin Dynamics, particles X/ are iid, whereas in SBTM dynamics the particles inter-

act via the NN s®¢. Additionally, while particles in Langevin Dynamics undergo Brownian
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motion, resulting in continuous but non-differentiable trajectories, particles in SBTM have
smooth trajectories. Thus, while the time- and particle-marginals of Langevin and SBTM

dynamics coincide in the limit L(s, f) — 0, the joint distributions are very different.

While the loss L(s, f;) = E,||s — Vlog f||? is not tractable due to the score term V log f;,

for smooth f, it is equivalent to the loss E,||s||? + 2V - s via integration by parts:
Eflls — Viog fI* = Ef (||l — 25 - Viog f) + Ef[[Vlog f|*  (expand || - ||*)
=E; (||s||* +2V - s) + const(s) (integrate by parts).

The latter loss is tractable, and is readily approximated by evaluating on a sample X!, ... X"

from f:

n

Es (||s|]*+2V - s) = %Z (IIs(X%)||* +2V - s(X")) + const(s) if f= %Z(Sxi.

i=1
While we use automatic differentiation to compute the divergence V-s in the low-dimensional

experiments, we employ Hutchinson’s trace estimator [84] E [5TJ€] where ¢ follows the
Rademacher distribution. This is because computing V - s with autodiff takes O(dCj) time,
where C is the cost of one NN evaluation, whereas the Hutchinson’s trace estimator takes
O(mCy), where m is the number of random projections.
Remark 4.3. The neural network trains on the particles that were produced following the
same neural network, as opposed to the true solution of the Wasserstein GF (GF ODE]). The
commonsense intuition makes one suspect that local errors may accumulate exponentially.
Miraculously, this does not happen, see [I'’heorem 4.6

For ease of reproducibility, we provide the pseudocode for SBTM: In practice we use the
Adamw optimizer for the gradient descent step and use the denoised score matching loss
for high-dimensional experiments. To initialize the NN s = argmin L(s, f;) we perform

gradient descent on the standard MSE loss
1 ¢ ; .
- > lIs(X5) = Vlog fo( X%,
i=1

since we have access to the initial data fy. For example, in most experiments below the

initial data is the standard Gaussian, making the initial score Vlog fo(z) = —z.
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Algorithm 3 SBTM for deterministic density sampling.

Require: Initial density fy, target score Vlogw, sample size n, final time T, time step At,
learning rate 7.
Sample { X}, iid from fo.
Initialize NN s ~ argmin L(s, fo).
t <« 0.
while ¢t < T do
t < t+ At.
fork=1,...,K (flow ©) do
O+ 0 —n-VeL(s®, f;).
end for
fori=1,...,n (flow f) do
X'+ X'+ At(Viogm(X') — s®(X")).
end for
end while

Output particle locations X!, ..., X",

4.3 Convergence analysis

How quickly does f; converge to 7 in ? To answer this question we study the
decay rate of the relative entropy KL(f; || 7) [43]. Our strategy is to break down the change
in KL(f; || 7) into the change due to the density f; and the change due to the neural network
59t effectively splitting the coupled GF into two parts. does the former, and
does the latter. [Theorem 4.10| brings both pieces together. [Theorem 4.12]

extends to the annealed setting.
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4.3.1  FEntropy dissipation

First, recall the following classical calculation [43] that quantifies the rate of relative entropy

decay for the Wasserstein GF' on relative entropy:

Theorem 4.4. If f; follows the Wasserstein GF on KL(- || 7) then relative entropy dissipates

at the rate of the relative Fisher information:

2

d

—— KL(fe|[m) =F(fillm) == Ey,

ft
log 2t
d¢ Vogﬂ

Additionally, if m satisfies the log-Sobolev inequality with constant o (e.g. if ™ is a-log-
concave) then

KL(f, || 7) < KL(fy || m)e™a".

Intuitively, if s; = Vlog f;, SBTM should converge at the nearly optimal rate

d

_EKL(ft | 7) =F(fellm).

Indeed, this holds if the score matching loss is small:

Theorem 4.5 (Small loss guarantees optimal entropy dissipation). If f; is the density of
Xy, which follows
dX;
dt

= VIOgW(Xt) - St(Xt)y Xo ~ fo,

for any time-dependent vector field s;, then

—%Kuﬁ |m) =F(fill7) - Ey <St — Vlog fi, Vog %>
> %F(ft | ) — %L(st,fﬁ. (4.1)

In particular, if L(sq, fi) < %F(ft | 7), then

R ADE

dt F(fi ] ).

| =

While looks simple, it elucidates a remarkable property of SBTM:
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Remark 4.6. Integrating (4.1]) in time, one obtains

1

T T
KL(fo M) <KL llm) =5 [ FUilm) des g [ 2o pyat

Since there is no exponential term e in the bound, local errors do not accumulate. Impor-

tantly, f; is the law of X, where X, follows (SBTM)); it is not the (unknown) true solution
of (GF ODEJ.

Proof of [Theorem 4.5, If f; is the density of X,, where X, satisfies

d
EXt Vlog 7T(Xt> (Xt>

then f; satisfies the Fokker—Planck equation
atft + V- (ft(V 10g7T — St>> =0.

Thus, we may explicitly compute the relative entropy dissipation rate as

d ftlogﬁdx = / <3t — Vlogm, Vlog ﬁ> f dx+/ fi0ylog f; dx
dt R4 m R4

:/ < — Vg, Vlogf>ftd:v
Rd

where we used the fact that % Jga frda = 0 for the last equality.
By taking s; = Vlog f; exactly, we recover the proof of the classical result [['heorem 4.4}
Otherwise, adding and subtracting V log f; in the integrand, we get

d

i [ st dx—/ |V log f, — Vlog ]2, dz

_/ (Vlog fi — 54, Vog fy — Viog) fydx
]Rd
1 1
>3 [ IVlog i = Viog | fide = 5 [ V108 fy = [P fud
R4 R4
= Lrgim - Lo )
= 5 t|| T 5 Sty Jt)-

The third line is by Young’s inequality. ]
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Remark 4.7. The Young bound 3 F(f; || 1) —3L(s:, f;) is conservative. Using Cauchy—Schwarz

instead of Young gives

d

= SKL( ) = () | < v/l f) BT,

so that —LKL(f,||7) — F(f;| ) at rate O(VL) as L — 0. In numerical experiments we

observe —LKL(f; || ) = F(f,| ), indicating small loss.

Now we show how to ensure that the approximation s; ~ V log f; remains accurate despite
changing f;. We achieve it by breaking up %L(st, fi) into the change due to s, training and
the change due to f; evolving. Informally speaking, the NN training needs to be faster than

the evolution of f;.

4.3.2  Bounding score matching loss

With sufficient size and amount of training a neural network can fit arbitrary data, including
dynamically changing data. The next theorem shows that the score-matching loss does not

increase, given sufficient training.

Theorem 4.8 (Sufficient training guarantees bounded loss). Assume that f; is any time-
dependent density, X},..., X[ are distributed according to f;, and the neural network s; =

5%t is trained with gradient descent

do,
dt

= _nVGth(Sta ft)a L St7 ft = Z || XZ Vlog f(XZ)”Qa

and is such that the Neural Tangent Kernel (NTK)

HE(t Z Vo, s (XD Ve, st (X7),  s(z) = (s'x),...,s%x)),

k=1

is lower bounded by A = \(t) > 0, i.e. ||[Hv||*> > A||v||>. Then as long as

log L™ (s, fr),

T=t

n(t) > = J

the loss L"™(sy, fi) is non-increasing in time.
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Remark 4.9. The assumption that the NTK is lower bounded in is non-trivial,
but holds under relatively mild assumptions [98]; the most restrictive one is that the NN size
is superlinear in the number of data. While the current state-of-the-art NTK theory cannot
handle the infinite training data regime n — oo with finite NN size, as better NTK theory
becomes available, the assumptions in can be weakened.

Proof of [Theorem 4.8 We start with an elementary computation based on the chain rule:

d 9 0
EL(St,ft) = 5 L(s:, fi) + 5 L(st, f-),
T=t T=t
o d
8_ TftL(SThft) VQL E@
N
=N Z(V9kL)2
k=1
7 2
= =57 ([s(X") = Viog (X)) - Vo, s(X"))
k=1
n d
=—%§:§3%37 — Valog f(X)]Hyls5(X7) = V5 log f(X)]
1,7=1 a,f=1

——2lls - Vlog £

where

Hyly = Z Vo, 5a(X") Vo, 55(X7)

is called the Neural Tangent Kernel. Its lowest eigenvalue determines the convergence speed

of gradient descent. If ||[Hv|[* > M||v||?, then

d 0 0
EL(Staft) = 9 » L(s7, f1) + : L(st, fr)

A 8

< =Ll ) L t)
Thus, the loss is non-increasing if
n 0
> — — .
77<t> - )\ 87_ IOgL(StafT) L
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Combining Theorems [4.4] and [4.8 shows that the convergence rate of SBTM matches the
convergence rate of the true GF (GF ODE|). This is the main theoretical guarantee of our

sampling method.

Theorem 4.10. Suppose that X; and ©; follow (SBTM)) and n and H are as in|Theorem 4.8

If the initial loss s small and the true loss L is well-approximated by the training loss L™

1 :
L"(s0, fo) < 15 €= tlgF(ft I7), (4.2)
1
[L" (st ft) — L(se, fo)| < Z (4.3)
then relative entropy dissipates at the optimal rate:
d 1
S KL(f[lm) > T F(fe ).

If m satisfies the log-Sobolev inequality with constant o then convergence is exponential:
1
KL(f; || 7) < KL(fo || w)e”1a".

Remark 4.11. Since s; =~ V log f;, relative Fisher information may be approximated by
F(fellm) = F"(fellm) == — Z [s(X*) = Vlogm(X")|*.

One may stop the sampling when F"(f; || m) < e for some predefined e. This makes condition

(4.2) practical.

If particles X(t),..., X"(t) were independent, the Law of Large Numbers would imply

nlggo |L™ (8¢, fr) — L(st, fr)] =0,

satisfying condition (4.3)) for large enough n. Further, for interacting particle systems propa-
gation of chaos often holds, namely that in the limit n — oo particles X become independent.
In numerical experiments, we treat L™ as L, and confirm the optimal rate of relative entropy

dissipation.
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4.3.3  Annealed dynamics

Classical sampling can be broken down into three distinct parts: mode discovery, mode
weighting, and mode approximation. While Langevin dynamics performs mode approxima-
tion very fast, both mode discovery and mode weighting are challenging. For example, in
the absence of samples from 7, the mere discovery of a mode with support of small width A
in d dimensions requires €2 (h_d) function evaluations [77]. Empirically, it helps to pick an
annealing between fy and 7 to “guide” f;, similar to how the forward OU process guides the
reverse process in DGM. We use the geometric annealing 7, oc fy 't [138, 136, 30] and the
dilation annealing m;(z) o< w(x/t) [29)].

One obtains a similar entropy dissipation estimate in annealed dynamics. Taking m; = 7

recovers [Theorem 4.5l

Theorem 4.12. If 7, is any time-dependent density, s; any time-dependent vector field, and

dX
d t = VIOg’iTt(Xt) — S(Xt),
t
then
—iKL(ft |7m) =Ey ( st — Viogm Vlogﬁ .
dt ' ’ s
In particular, as L(sg, fi) — 0,
d i i

at the rate O(+/L(sy, ft)).

[Theorem 4.12] gives a way to test for L(s;, f;) = 0 by testing equality (4.4). This is

important, because the true loss L(s;, f;) = E¢l|s — Vlog f||* cannot be computed from a

finite sample X}, ..., X" of f; since Vlog f; is unknown. Empirically, we confirm that (4.4)
holds, indicating small loss — see [Figure 4.8

Proof. 1t f; is the density of X, where X, satisfies

d
EXt = Vlog Wt(Xt) — St<Xt);
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then f; satisfies the Fokker—Planck equation
Ofe +V - (fi(Viogm — s¢)) = 0.
Thus, we may explicitly compute the relative entropy dissipation rate as

d
-4 ftlogftdx—/ <st—V10g7rt,Vlogﬁ>ftdx+/ f,0,1og f, d
Rd m Rd

:/ < Vlogﬂt,VIng>ftdx
R4

where we used the fact that fRd fi0¢log fi dx is zero for the last equality. Now,

2
‘/ <st—V10g7rt,Vlogﬁ>ftd:v—/ <Vlog£ Vlogf>ftdm
R4 s R4

S\/\
R4

s/ |st—mogft|2ftdx/ Viog fy - Vlognl? fda
Rd Rd

2
Jedw

<st — Vlog fi, Vlog%>

= L(se, [o) F(fe || 7).

Thus, —-2 [o, filog Lt dx — Ey, <Vlog , Vlog Lt > as L — 0, at the rate O(V/L). O

4.4 Numerical experiments

We present several low- and high-dimensional experiments, comparing SBTM to its stochastic
counterpart , and SVGD. The examples differ in the log-concavity of the target,
the number of modes, the relative mode weighting, the dimension and the annealing path
used. We do not extensively compare SBTM to SVGD [120] because without additional tricks
such as momentum and cherry-picking the kernel bandwidth we were unable to obtain decent
performance from SVGD even in low dimensions, see Tables [{.1]and [1.2] We emphasize that
while the numerical experiments presented below would be trivial in the context of DGM,
they are quite challenging in the absence of samples from 7, only using the score V log .
In the low-dimensional experiments we confirm that, unlike , the (SBTM))

dynamics produce smooth trajectories of the relevant metrics: relative entropy, relative
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entropy dissipation rate, L2 error. Moreover, we verify that the relative entropy dissipation
rate almost exactly matches the approximated relative Fisher information, indicating good
score approximation and optimal rate of convergence, empirically confirming the validity
of Theorems and and estimate (4.4), and showcasing the usefulness of having
access to the time-varying score V log f;. Finally, the high-dimensional experiment confirms
the scaling of SBTM to high dimensions and demonstrates that even in 784 dimensions the
score approximation is accurate and SBTM retains exploration. Additionally, SBTM exhibits
somewhat better sample efficiency, likely due to particle dependence, and demonstrates early
mode splitting as shown in [Section 4.4.5]

We use a three-layer Residual Neural Network of width 128 for 1D experiments, and
increase it to five layers for 2D experiments. For the MNIST experiment we use an 8-layer
U-Net. For all experiments we use mini-batch gradient descent with the Adamw optimizer.
For low-dimensional experiments we use learning rate 5-10~%, batch size 400, and 10 gradient
descent steps per simulation step. For the MNIST experiment we use learning rate 10~2 and
batch size 64. These hyperameters were found empirically. All experiments were done in
JAX on a single TITAN X Pascal 12GB GPU. The runtime of the longest experiment is 90
minutes. The code repository is Vilin97 /SBTM-sampling.

4.4.1  Log-concave target

Table 4.1: KL divergence ({) between the sample and the target 7 = N(0, 1), using time step
0.002 and final time 2.5. SBTM exhibits better sample efficiency, likely due to determinism.

sample size

Method 100 300 1000 3000 10000

SBTM (ours) 0.013 0.0032 0.0019 0.0020 0.00099
SDE 0.020 0.022 0.0094  0.0036 0.0012
SVGD 0.33 0.23 0.16 0.20 0.29



https://github.com/Vilin97/SBTM-sampling/tree/main
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Figure 4.3: Experiment [4.4.1} log-concave target. Top: relative entropy dissipation rate of

SBTM (ours) and SDE (stochastic). SBTM approximates entropy decay rate well, while
SDE is noisy. Bottom left: relative entropy of SBTM, SDE and the ground truth. SBTM
approximates the ground truth well. Bottom right: L2 error to the true ground truth

solution. SBTM produces lower error with smoother trajectory.

First, we consider an example that admits an analytic solution f; = N (0,1 — e 2(-0-D),
which allows us to compute the true entropy dissipation and the L? distance to the true
solution. We use sample size n = 1000. SBTM exhibits the optimal relative entropy dissipa-
tion rate, as evidenced by the close alignment of the orange, green, and red lines in the left

panel of The deterministic nature of SBTM allows it to achieve better sample
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efficiency than the noisy SDE, as shown in |Table 4.1, While the marginal density of X} is the
same between SBTM and SDE for a fixed i and ¢, the whole particle ensemble X}, ... X/
has a different distribution, as the particles in SBTM interact via the NN. More detailed

investigation of the ensemble properties of SBTM is left as future work.

4.4.2  Gaussian mixture

gaussians_near At=0.01, T=10.0

gaussians_near, n=1000 B
= —— —ZKLIf]|n), SDE

P
e —£KL(IM, SBTM
—— sbtm 100 kLl

—— L2 [Viogn(x;) —s(X)|2, SBTM
[
1071

° 1072

1073

102

Figure 4.4: Experiment [4.4.2) 1D Gaussian mixture. Left: KL divergence of SBTM (ours)

and SDE (stochastic) over time. SBTM exhibits smoother convergence. Right: entropy
dissipation of SBTM and SDE. SBTM approximates entropy decay rate perfectly with the
computable quantity F(f; || 7), while SDE is noisy.

This and further examples do not admit analytic solutions, but we can still compare the
quality of the final sample as well as compare the trajectories of the SDE and SBTM. We use
fo = N(0,1) here and in further experiments. Here we sample from the Gaussian mixture
T =1N(-2,1)+ 3N(2,1) with n = 1000. As evidenced by the change of slope at t = 2.5 in
the underlying Markov chain enters metastability, which plagues the convergence
to non-log-concave targets. Here the non-log-concavity is mild, so the process still converges

in a reasonable time frame. [Table 4.2|shows that SBTM achieves competitive KL divergence.
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Table 4.2: KL divergence (]) between the sample and the target 7 = TN (—2,1) + 3N(2,1),

using time step 0.01, and final time 10. Top: non-annealed. Bottom: 100 particles.

sample size

100 300 1000 3000 10000

SBTM (ours) 0.022 0.018 0.0082 0.0082 0.0036

SDE 0.029 0.013 0.014 0.0068 0.0043
SVGD 2.8 14 2.4 2.1 2.0
annealing

Non-annealed Geometric Dilation

SBTM (ours) 0.022 0.058 0.037
SDE 0.029 0.060 0.062
SVGD 2.800 0.470 0.480

4.4.3  Gaussian mixture with geometric annealing

In this example we sample from the well-separated Gaussian mixture ©m = %1./\[ (—4,1) +
%./\/' (4,1) with n = 1000. Because the target is extremely non-log-concave we employ ge-
ometric annealing, which linearly interpolates the score between the initial and the target
densities: Vlogm = (1 —t)Vlog fo + tV logm. shows that estimate holds
empirically almost perfectly, indicating small score-matching loss. The imperfect density
reconstruction on the left panel of is due to the meta-stability issue, which is
prevalent even in annealed dynamics; there is no known tractable dynamics without telepor-

tation of mass that perform well on this example.

4.4.4  Noisy circle

In this example we compare the SDE and SBTM samples from the “noisy circle” density m o

exp (—W). While this example is non-log-concave, unlike other non-log-concave
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Figure 4.5: Experiment 4.4.3] well-separated 1D Gaussian mixture. Left: reconstructed

density of SBTM. It approximates the solution well despite the non-log-concavity. Right:
entropy dissipation of SBTM (ours) and SDE (stochastic). SBTM approximates entropy

decay rate perfectly even in annealed dynamics.

examples, there is no energy barrier between modes, and vanilla Wasserstein Gradient Flow
converges quickly. We use 10,000 particles and time step 0.01. While the SDE samples fill
the vacuum region in around the center due to Brownian noise, the SBTM samples

leave it blank due to determinism.

4.4.5  Gaussian mixture with dilation annealing

To sample from a Gaussian mixture with 16 well-spaced modes we employ the annealing
schedule my(z) = 7 (L) from [29]. This is a challenging example due to the extreme non-log-
concavity of the target. shows the densities at different time points demonstrating
early mode splitting due to deterministic dynamics. demonstrates that the score
is learned well by showing that estimate holds almost perfectly. With the large sample
size of 20,000 particles and 10,000 time steps this experiment took only 90 minutes on a single
TITAN X GPU, leveraging the linear scaling of memory and time complexity of SBTM. For
comparison, we were unable to use SVGD with 20,000 particles due to its O(n?) memory

scaling.
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Figure 4.6: Experiment {4.4.4] noisy circle. SBTM (ours, top) leaves the vacuum region

empty, while SDE (bottom) fills it, demonstrating the effect of determinism.

4.4.6  High-dimension experiments

To evaluate the scaling of our method to high-dimensional settings, we apply SBTM to
produce MNIST digits [107], which corresponds to sampling a 784-dimensional distribution.
We purposefully sample directly in pixel space, without using a VAE encoder, to maintain
the high dimensionality of the data. To obtain V log m we train a U-Net with score-matching.
shows that SBTM produces high quality results, comparable to the SDE sample.
shows that that SBTM maintains exploration in high dimensional spaces. The
amount of training controls the strength of interaction between particles. With sufficient
training, particles repel from each other, providing deterministic exploration. To confirm

that Vlog f; is being meaningfully learned, we plot the cosine similarity to Vlogm across
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Figure 4.7: Experiment |4.4.5, well-separated 2D Gaussian mixture. Scatter plot over time.

Top: SBTM (ours) with the dilation annealing. Bottom: SDE with the dilation annealing

[29]. SBTM separates into modes early on, compared to the SDE.

gaussians_far 2d At = 0.01, T=10.0 dilation

—— —2KLf|m), SBTM

n
£ (s(x;) —Viogn(X,), s(X) — Vlogm,(X,)}, SBTM
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Figure 4.8: Experiment [4.4.5] well-separated 2D Gaussian mixture. The estimate in (4.4)

holds empirically, indicating small score-matching loss and good score approximation in

annealed dynamics.

time in [Figure 4.11, More training epochs per step leads to faster learning of the target score
Vlogm.
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Figure 4.9: Experiment 4.4.6 high-dimensional. Sampled MNIST digits using fo = N (0, 1),

sample size 64, time step 1073, 30 steps, variable amount of intermediate training. Digits

generated by SBTM are competitive in visual quality.

Figure 4.10: Experiment 4.4.6 high-dimensional. Starting from the same initial point, SBTM

produces distinct sample trajectories depending on the training schedule. The amount of
training controls the strength of interaction between particles. Top to bottom: SBTM with-
out training (equivalent to gradient ascent on Vlogm), SBTM with small amount training,

SBTM with large amount training, and finally the SDE (Langevin).

4.5 Conclusion

In this work we use tools and intuition from diffusion generative modeling to tackle the
harder problem of sampling 7 given only access to Vlog7m but not samples from 7. Our

method allows for deterministic sampling with smooth trajectories and provably optimal
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Figure 4.11: Experiment 4.4.6, high-dimensional. Cosine similarity between the true score

Vlog 7 and learned score V log f; over simulation time. Even with very little training the
model learns the score well. Different lines use different numbers of epochs per time-step,

effectively changing n in (4.10)).

rate of entropy dissipation. Additionally, access to the learned score V log f; allows for the
computation of relative Fisher info to estimate convergence, making the dynamics more in-
terpretable. Our method integrates well with annealed dynamics to sample from challenging
non log-concave densities. Finally, our method scales well both in the sample size, with O(n)

complexity, and in dimension, as demonstrated in the 784-dimensional example.
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Chapter 5

DISCOFORMER: PLUG-IN DENSITY AND SCORE
ESTIMATION WITH TRANSFORMERS

This chapter, the second of Part II, returns to the theme that runs through Chapters
and [} the role of the score function V log f as the link between an evolving particle ensemble
and the underlying density. In the score drives the deterministic Landau particle
ODE; in it drives the deterministic sampling ODE. In both cases, the score is
unknown and is learned online — a separate neural network is trained from scratch on every
new problem. This chapter makes score estimation itself the object of study and proposes
a single pretrained operator that replaces the per-problem online training stage with one
forward pass.

The starting point is that classical kernel density estimation (KDE) and modern score
matching represent two complementary failure modes. KDE is distribution-agnostic and
provably consistent, but suffers severely from the curse of dimensionality. Score matching
scales well to high dimensions but is distribution-specific: a fresh model has to be trained
for every new target. DiScoFormer (Density and Score Transformer) is a permutation- and
affine-equivariant Transformer that maps an i.i.d. sample X € R"*? to both the density val-
ues and the scores at the sample points — and, via cross-attention, at arbitrary query points.
It is trained once on synthetic Gaussian-mixture data and applied off-the-shelf across distri-
butions, sample sizes, and dimensions. The link to classical nonparametrics is made precise
in[Theorem 5.2 which shows that a single self-attention head with the right parameterization
exactly reproduces the normalized Gaussian KDE weights.

In particular, DiScoFormer plugs directly into the SBTM-based plasma solver of

ter 2| as a drop-in replacement for the online-trained score network: the per-problem training
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is removed, and the resulting solver matches the analytic covariance of the homogeneous Lan-
dau equation below). It also serves as a plug-in score oracle for score-debiased
KDE [60], for relative Fisher information between samples drawn from two different distri-
butions, and for differential entropy estimation.

This chapter follows [92] almost verbatim.
5.1 Introduction

Estimating a probability density f and its corresponding score function Vlog f from i.i.d.
samples is a foundational problem in statistical inference, underpinning tasks in generative
modeling, stochastic control, and information theory. While classical non-parametric meth-
ods such as Kernel Density Estimation (KDE) offer strong theoretical guarantees and respect
fundamental symmetries, they are hampered by a rigid bias—variance trade-off and a pro-
hibitive “curse of dimensionality” as the dimension d increases. Conversely, modern neural
score-matching models achieve high accuracy in high-dimensional settings but are typically
transductive: they must be retrained for every new target distribution, precluding their use
as general-purpose, “off-the-shelf” estimators.

We propose bridging this gap by framing density and score estimation as a sequence-to-
operator [I70] learning task. Given an i.i.d. sample X = {x;}", C R we seek to learn a
single model that maps the entire sample X to its underlying density and score functions.
Specifically, we define an operator T' for density and S for scores:

x f(x1) x Vlog f(x1)

AN - B AN : . (5.1)

Tn f(@n) Ty Vlog f(x,)
A critical requirement for such an operator is that it must respect the inherent symmetries of

the data. Specifically, the estimates should be permutation-equivariant with respect to the

sample index and affine-equivariant with respect to the coordinate space. For a permutation
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matrix P, an invertible matrix A, and a shift u, these symmetries are defined as

T(PXA+1u") = P|det A|7' T(X),
S(PXA+1u")=PAS(X).

Building on these principles, we introduce DiScoFormer — Density and Score Transformer.
By treating the sample X as a sequence, the Transformer architecture provides permutation
equivariance by construction. We achieve affine equivariance through a specialized whitening
mechanism that normalizes inputs up to orthogonal transformations, combined with data
augmentation to ensure rotation invariance. Unlike traditional models, our architecture
utilizes cross-attention, allowing for the evaluation of f and V log f at arbitrary query points
without retraining.

Furthermore, we provide a theoretical bridge between modern attention mechanisms and
classical non-parametrics. We demonstrate analytically that under specific parameteriza-
tions, self-attention weights recover normalized KDE weights. This expressivity result posi-
tions the Transformer not as a black box, but as a principled, data-adaptive generalization
of kernel methods that can dynamically learn multiscale smoothing behaviors from data.

Empirically, the model outperforms KDE and score-debiased KDE [60] across a range
of dimensions and sample sizes on both in-distribution and out-of-distribution test cases.
Trained on Gaussian Mixture Model (GMM) data, the model generalizes to GMMs with
more modes and to non-Gaussian targets such as the Laplace distribution, and it demon-
strates favorable scaling in both n and d. By amortizing the estimation cost, our model
provides high-fidelity plug-in oracles for downstream tasks, including entropy estimation,
Fisher information calculation, and solving Fokker—Planck-type partial differential equations
(PDEs).

In summary, our contributions are:

e DiScoFormer, a universal Transformer model for one-shot estimation of density and

score functions from i.i.d. samples.
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e A proof and empirical evidence establishing self-attention as a data-adaptive general-

ization of normalized kernel density estimation.

e Non-parametric density and score estimators that surpass classical KDE methods in

accuracy across sample sizes and dimensions.

e Applications to Fisher information, differential entropy, and Fokker—Planck-type PDEs.
5.2 Related work

This work lies at the intersection of nonparametric density estimation, score-based methods,

permutation-invariant neural architectures, and operator learning for probability measures.

Kernel density estimation. Classical nonparametric methods such as Parzen windows
[140] and Silverman’s rule-of-thumb KDE [156}, [I87] estimate densities via local kernel averag-
ing. While theoretically grounded, these methods suffer from a rigid bias—variance trade-off
and scale poorly with dimension [I54]. Adaptive bandwidth methods [I] and fast algorithms
such as the Fast Gauss Transform [73] partially alleviate computational costs but do not
resolve the fundamental curse of dimensionality. Score-Debiased KDE [60] demonstrates
that access to a score oracle enables bias correction, motivating our approach: we provide

precisely this missing oracle as a reusable, distribution-agnostic component.

Other nonparametric density estimators. k-nearest-neighbor methods [122], orthog-
onal series estimators [58, 152], and normalizing flows [150, 54, 139] offer alternatives to
KDE but either lack direct score estimates or require per-distribution retraining. Our model

provides both density and score from a single pretrained network.

Score matching and score-based generative models. Score matching [86] and its
denoising variant [I86] estimate unnormalized model scores without computing partition

functions. Sliced score matching [162] scales these ideas to higher dimensions. Score-based
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generative models [161], [78 165 [159] learn scores along diffusion processes for sampling, with
fast solvers [125], [100] and convergence guarantees [40, 38]. These methods train on a single
target density; in contrast, our model learns a universal score operator that generalizes across

distributions without retraining.

Permutation-invariant architectures. DeepSets [208] and Set Transformers [108] pro-
vide foundational architectures for exchangeable data, while equivariant graph networks
[134] extend these ideas to richer symmetry groups. Neural Processes [69, 57] and Per-
ceiver 10 [95] learn distributions over functions from context sets. Recent work shows that
permutation-equivariant transformers can universally approximate mean-field dynamics [18].
Our architecture exploits the same symmetry but outputs statistical quantities — density and

score — while additionally enforcing affine equivariance.

Attention as kernel smoothing. Formal connections between softmax attention and
kernel methods have been developed through linear-attention reformulations [T01], random-
feature approximations [44], Nystrom methods [199], explicit Gaussian-kernel replacements
[42], [126], and Nadaraya—Watson regression interpretations [210]. Our builds
on this lineage by showing that self-attention weights can exactly reproduce normalized

Gaussian KDE weights.

Neural operators. Neural Operators [104], DeepONet [130], and Fourier Neural Opera-
tors [I11] learn mappings between infinite-dimensional function spaces. The Score Neural
Operator [112] extends this framework to probability distributions via RKHS embeddings.
In contrast, our transformer acts directly on raw i.i.d. samples without kernel embeddings,

yielding a simpler operator that generalizes across densities and dimensions.

Particle methods and Fokker—Planck solvers. Interacting particle methods for Fokker—
Planck equations [26], [133] and score-based transport modeling [20, 128| O1] require accurate

score estimates at each timestep. Stein Variational Gradient Descent [121], 119, 56] similarly
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relies on kernel-based score approximations. Our model provides a fast, pretrained oracle

that plugs directly into these solvers, avoiding per-distribution retraining.

5.3 Methodology

In this section we describe the core ideas of the proposed method: the symmetry-aware
architecture, the relationship to classical kernel density estimation, the training pipeline,

and implementation.

5.3.1 FEquivariance

Table 5.1: Relative MSE of affine equivariance error, averaged over 50 trials.

Transform Rel. MSE
Permutation 0
Translation 0
Isotropic scaling 0
Anisotropic scaling 0
Rotation 5x 1074
Full affine 1x10~*

First, establishes the equivariance properties of density and score estimation.
The proof is folded inline below.

Proposition 5.1 (Permutation and affine equivariance of density and score evaluation). Let
f R — (0,00) be a differentiable density, and let X = (xq,...,2,)" € R™ be its i.i.d.

sample. Define

f(z1) Vlog f(x1)
T(X):= : , S(X) = :

fxn) Vlog f(xn)
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Let P € R™" be a permutation matriz, A € R¥™? be invertible, p € R, and 1 € R™ be the

vector of ones. Then

T(PXA+1u') = P|det A7 ' T(X), (5.2)
S(PXA+1u') =PA "' S(X). (5.3)
Proof. Write X = (z{,...,2])" and let o be the permutation of {1,...,n} corresponding

to P, ie. (PX); = xz(i). Define
Y= PXA+1pu" € R™
Then the i-th row of Y is
y = JII@A +ut, equivalently y; = ATJJU(Z') + [
Consider the density obtained from f by the affine change of variables y = ATz + pu:
FE(y) = [det A ((AT) "y — )

By construction,
f(l%A) (yz) = | det A|_1f(l‘g(l)) :

Hence, by the definition of T,

FED ) | det A7 f (2o(1))
T(Y) = : = : = P|det A| 7' T(X),
FUD () | det A7 f (2o (n)
which proves (5.2)).

For the score, differentiate log f(*4):

log f(y) = —log | det A +log f((A") " (y — ).

By the chain rule,

vV, log f#Y(y) = ((AT)™1) 'V, log F@)| ey = AT Vlog f((AT) 7y — ).

“Hy—p
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Evaluating at y; = ATL,(Z-) + o gives
Vylog fUP (y;) = A7V log f(40)).

Thus,
V, log fuu) () A7V log f(zo0))
S(Y) = : = : = PA'S(X),

vy log f(H’A) (yn) Ailv 10g f(xa(n))
which proves (5.3)). H

To capture these symmetries, we use the Transformer architecture without positional en-
codings, combined with an affine normalization layer (Figure 5.2)). The whitening step yields
equivariance up to rigid rotations O(d); training on randomly oriented GMMs encourages
the network to learn approximate rotation invariance, closing the remaining gap in practice.

Table 5.1| confirms this empirically.

5.3.2 Attention and KDE

demonstrates that a single attention head can compute the classical KDE,
showing that the attention mechanism has the capacity to implement kernel-based smooth-
ing. While the proposition assumes L?-normalized inputs, in practice the learned ) and K

projections adapt to the actual input statistics after whitening.

Proposition 5.2 (Attention can compute KDE). Let X € R"™*? be the normalized data

matriz with ||z;|| = 1 for all i. Consider a single self-attention head
Attention(Q, K, V) = Softmax(QK ")V

with
Q:K:%X, V=1,

for some bandundth parameter h > 0. Then

_ Mzl
exp T

Zn ex ]2
k=1 XP 2h2

[Attention(Q, K, V)];; =
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i.e. the attention matriz coincides with the normalized Gaussian kernel of bandwidth h.

Proof. With Q = K = X/h, we have QKT = XX /h?, so

exp(x; x;/h?)
Soft K') = L :
om0 = 5 el e 19)
Because all ||z;]| =1,
wi vy =1— gllw — .

Substituting and simplifying gives
2
exp(] ;/h?) = e/ exp(—|lw; — ;][> /2h°),

h2

and the common factor e/" cancels in the row-wise softmax normalization. Hence

o exp(=lla — ayl/20)
Softmax(QK ' );; = > exp(—llzi — il?/202)

Since V = [,,, multiplying by V' leaves this matrix unchanged, and the claim follows. O

While the above proposition establishes that the attention mechanism has the capacity
to approximate KDE well, we must verify whether the model learns to do it in practice. To
empirically verify the relationship between the KDE weights and attention scores, we visual-
ize attention in [Figure 5.1] As expected, the Transformer learns to attend to nearby points,
with one attention head attending to far away samples instead. The attention mechanism
effectively learns a kernel-like behavior, with emergent head specialization. The learned
features allow for much better scaling both in the sample size and dimension, compared
to KDE. In we further visualize the attention scores of individual heads and
find an emergent behavior of head specialization: specifically, head 1 specialized to look at
far-away points, whereas heads 0, 2, and 5 specialized to look at close- and mid-range inter-
actions. Finally, heads 3, 4, 6, and 7 specialized to look in specific directions. This emergent
behavior further links the multi-head Transformer to kernel-based methods, but with flexible

multi-scale kernels.
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5.3.83  Training data

We train the Transformer to approximate the density and score of Gaussian Mixture Models
(GMMs) from i.i.d. samples. GMMs are chosen because they form a dense family in the space
of continuously differentiable densities, and both their densities and scores admit closed-
form expressions. Training samples are generated on the fly (Algorithm 4)). The objective
combines the mean squared errors (MSE) of the predicted density and score through a convex
weighting:

1
Lr = ~|T(X.Y) = fx (V)]

1
Ls = IS(X.Y) = Viog fx (VI

L=alr+(1—-a)Lls.

Algorithm 4 GMM dataloader.

Require: Batch size B, dimension d, sample sizes n, n,, component range [Kmin, Kmax)-

repeat

Sample k € {kmin, - - -, kmax }-

for b=1to B do
Sample two random GMMs with k components each.
Sample X, from the first, Y, from the second.
Compute fx,(y) and Vlog fx,(y) for y € V3.

end for

Output (X, Y, fx(Y), Vlong(Y)).

until training stops

5.3.4  Model variants and implementation

We explore several architectural variants aimed at extending density and score estimation

beyond the observed samples X, enabling evaluation at arbitrary query points Y. To achieve
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this, we introduce a cross-attention mechanism that processes two complementary inputs:
a context tensor encoding the observed samples and a query tensor specifying the target
locations. Through this interaction, the model learns to relate queries to the statistical
structure of the observed data, producing accurate estimates of both fx(y) and Vlog fx(v)
for any y € Y. The cross-attention layer thus serves as a learned nonparametric smoother,
effectively generalizing density and score estimation across the input domain rather than
being limited to the training samples.

Recognizing that density and score estimation are mathematically coupled — linked through
the gradient of log f — we employ a unified architecture with a shared backbone and two spe-
cialized output heads. This joint formulation encourages mutual consistency between the
two quantities and allows the model to leverage shared geometric and statistical features

during training, improving both accuracy and sample efficiency.
5.4 Experiments
In this section we empirically investigate:

1. comparison with KDE and SD-KDE [60];
2. scaling in sample size n and dimension d;
3. out-of-distribution generalization;

4. inference-time scaling in n and d.

We also show that the learned model can serve as a score oracle in SD-KDE, as well as
in deterministic SBTM-like solvers for Fokker—Planck-type equations such as the Landau
equation.

While there are many techniques for learning the score Vlog f such as ISSM [159] [165]
and DDPM [125], they learn the score of a specific density undergoing a forward diffusion-

like stochastic process. Since our model is density-agnostic and can be used out-of-the-box
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on a sample of any density, the most comparable method is KDE and its variants. See
below for a comparison between the score matching loss and our model.

All experiments are performed on a single 48GB L40S GPU. The architecture is a
permutation- and affine-equivariant Transformer. It consists of a linear embedding, four
Transformer encoder layers (128-dimensional hidden size, 8 heads, GELU activation, pre-
normalization), and a linear projection to the output dimension. No positional encodings
are used, preserving permutation-equivariance. The model has about 800,000 parameters.
We use batch size 32, sample size n = 2048, dropout 0.1, and draw GMMs with 1-10 modes

with means in [—3,3]? and diagonal covariances in [0, 1]¢. A runtime comparison with KDE

is provided in [Section 5.4.7|

5.4.1 Score estimation

To compare our model to KDE, we first sample a 2D Gaussian, visualize the estimated scores
using a quiver plot, and compute the MSE score loss. demonstrates that even in
dimension 2 and on a KDE-favorable example of a unimodal Gaussian, our model performs
better. The KDE score approximation is computed using

k(x;, xj) = exp (—% Z %) : (5.4)

(=1

-k Tiy Xj)Tj
3(x;) = % ® (Zi /i(%xi) - x) , (5.5)

) is Silverman’s rule [156] applied per coordinate with o, the sample

where hy, = g,n~1/(d+1

standard deviation along dimension ¢, and ® denotes element-wise multiplication.

For a quantitative comparison of score estimation against the KDE, we compute the Mean
Squared Error (MSE) for dimensions 1 and 10 across several magnitudes of sample sizes n.
See the left panel of [Figure 5.5 The transformer model achieves much better accuracy than
KDE even in dimension 1 and especially in dimension 10.

To judge the out-of-distribution generalization of our model, we compare the MSE loss on

GMMs with 1-19 modes, while the training data consists of GMMs with 1-10 modes. The
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right panel of shows that the MSE loss is monotone and stable in the number of
modes. This indicates good generalization. Additionally, we evaluate on two non-Gaussian
distributions: the Laplace distribution, which has a sharper peak and heavier tails than
a Gaussian, and the Student-t distribution (v = 3), which has polynomial rather than
exponential tail decay. Despite being trained only on GMMs, the model estimates the
score successfully on both, as shown in Tables [5.2] and Additionally, we can further
improve the out-of-distribution performance using test-time training (TTT) [169, 66], using

the consistency loss
1 n
Loon = n Z 1S(X)i — Va, logT(X)ng 3 (5.6)
i=1

where T'(X); is the predicted density and VlogT'(X) is computed via automatic differenti-
ation. [Figure 5.4] and [Table 5.3] show that as few as 4 TTT steps are sufficient to improve

performance on both distributions.

Table 5.2: MSE of score estimation on the 2D Laplace distribution.

n KDE  Transformer

512 0.3810 0.3598
1024 0.3305 0.2992
2048 0.2990 0.2756
4096  0.2650 0.2597

5.4.2  Relative Fisher information

The Relative Fisher Information (RFI) measures how two densities differ in their local ge-
ometry, comparing their score fields rather than their probability mass. Unlike the KL
divergence, which captures global differences, RFI focuses on the mismatch between gradi-
ents of the log-densities, offering a more sensitive criterion for evaluating score-based models

and generative estimators.
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Table 5.3: MSE of score estimation on the 2D Student-¢ distribution (v = 3).

n KDE NoTTT TTT4 TTT6 TTTS8

128 0.1515 0.1980  0.1676 0.1569 0.1450
256 0.1206 0.1119  0.0956 0.0908 0.0897
512 0.0916  0.0574  0.0488 0.0485 0.0514
1024 0.0812  0.1023  0.0806 0.0768 0.0765

Formally, for two densities f and g on R?, the relative Fisher information of ¢ with respect

to f is defined as
I(g]lf) = Eony [ I V2 log g(2) — V. log f()[5]

and can be approximated by the Monte Carlo estimate on samples x; ~ f with
1 n
I N — 2! ;) — V1 IES
(gllf) n;ll og g(z;) og f(zi)|l2

Because our model outputs the scores V log g(x;) using samples y; from g, we can compute

relative Fisher information between two distributions using their samples, as visualized in

5.4.83 Density estimation via SD-KDE

Knowledge of the score Vlog f can be exploited by score-debiased KDE (SD-KDE) [60] to
reduce the bias from O(h?) to O(h*). SD-KDE sharpens samples by moving them along the

score before applying KDE:
2

h
X »—>X—|—?V10gf(X),

which counteracts KDE’s smoothing bias. In practice the true score is unavailable. We

therefore consider five methods:

1. KDE (Silverman) [I56].
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2. Emp-SD-KDE: SD-KDE with the score derived from Silverman KDE, following [60].
3. SD-KDE (Learned Score): SD-KDE with the Transformer-predicted score.

4. SD-KDE (Autograd Score): SD-KDE with the score from autograd of the Trans-

former’s learned log-density.

5. Transformer Density: direct density/log-density from our model.

Figure 5.7|shows that incorporating a learned score substantially improves density recov-
ery over plain KDE; Emp-SD-KDE reduces bias, while SD-KDE with our predicted score
yields the most accurate estimate. In 1D bimodal GMMs (Figure 5.§)), SD-KDE with the
learned score best matches the truth by MSE. Our Transformer-based approaches exhibit
superior accuracy and scaling. The direct density approach performs best at small n but, as
expected, scaling with n favors score-based methods; learning the score is an easier objective

than learning the density itself due to the difficulty of learning the normalization constant

Z:fRdf

5.4.4  Estimation of entropy and Fisher information

Differential entropy H(f) = —Eylog f and its gradient, the Fisher information I(f) =
E;||V1og f||3, are fundamental statistical quantities that characterize the spread of the dis-

tribution. We use the discretizations

H(f)z—Zlogf (x;) ZlogT

I(f) = —Z\IVlogf zi)||* ~ ZHS ill®,

to estimate H(f) and I(f) using only an i.i.d. sample of f. In dimension 1 we sample
a GMM with three modes, numerically compute its entropy and Fisher information using

expensive grid integration and the oracle knowledge of its density and score, and compute



106

the estimation error. In dimension 10 we cannot afford to do grid estimation, so we sample
a random Gaussian with randomized mean and covariance, and use the known analytical
formulas. We use the debiased KDE method of [60] here as well. demonstrates
that already in dimension 1 both the score model S and the density model T" outperform
Silverman KDE. In dimension 10 the learned density performs much better for entropy

estimation and the learned score performs much better for Fisher information estimation.

5.4.5  Plasma simulation

In physics, simulating plasma — hot ionized gas — is used in nuclear fusion and rocket propul-
sion. It is often done by solving the Landau equation, a Fokker—Planck-type kinetic PDE. In
2020, [25] recognized that the Landau equation can be rewritten in the form of a transport

equation with velocity

ola) = = [ Ale = 9)(V1og flz) = Viog F1))1(0) dy

and solved numerically with a particle method by approximating the score via a partic-
ular KDE variant, called the blob method. On the other hand, in machine learning [20]
proposed a neural network-based method of solving any Fokker—Planck equation called
Score-Based Transport Modeling, while [91, O3] adapted it to the Landau equation and
to the problem of sampling. The core idea is to continually train the NN sy on the score
matching loss E¢[||sp(@)|> + 2V, - sp(x)], which is equivalent to training on the MSE loss
E[llse — Vlog f||*] . While [20, 91, 87] proved theoretically and demonstrated empirically
that this online training effectively bounds the error, using SBTM can be slow due to the
on-the-fly NN training. We reproduce experiments 5.3 and 5.4 from [91] using the learned
score. Unlike SBTM, we only use the pre-trained model and do not perform any training
throughout the simulation. demonstrates that the Transformer model is able to

match the analytic covariance well, while the KDE-based solver struggles.
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5.4.6  Comparison with the score matching loss

The Hyvérinen score matching loss [86] estimates the data score without access to the true

density by minimizing
Lsn(0) = oy [l s0(2) | + 2V, sg()]

which corresponds to the Fisher divergence E[|[sp(z) — V. log f(z)|?] up to a constant. To
avoid explicitly computing the divergence term, one can apply a finite-difference denoising
trick, replacing V- sq(z) with a stochastic estimator
2T (so(x + az) — sp(z — az))
2a ’

V-so(x) = E.onorn

yielding a practical divergence-free approximation used in many implementations of score
matching.

In we compare the performance of the score matching loss with that of the
proposed Transformer model. The Transformer model is superior in two respects. First, it
does not need to be retrained on new samples. Second, the score matching loss is easy to

under- or over-fit, as demonstrated in the figure by training for 10, 100, and 1000 steps.

5.4.7 Runtime comparison

While KDE is known to fail in moderate and high dimensions, it is thought to be very fast.
We compare the wall-clock runtime of KDE score estimation as in and the Transformer
model we propose. The Transformer model contains 800,000 learned parameters. We use
both KDE and the Transformer model on a single L40S GPU with 48GB of memory. Both
methods are O(n?) asymptotically due to pairwise computations (kernel evaluations for KDE,
attention for Transformers). However, in practice the observed scaling differs:
shows that while KDE is faster for small sample sizes n < 2048, it becomes slower after this
point, especially in higher dimension. Additionally, the naive KDE implementation runs out

of GPU memory after n = 32,768, while the Transformer benefits from the highly optimized
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attention kernels in modern deep learning frameworks, which are difficult to match with

custom KDE implementations in practice.

5.4.8 Attention head specialization

To interpret the outputs of the Transformer model we visualize the attention of the eight
individual heads in layer 0 in two different ways. First, in we show the full
attention matrices as heatmaps. We choose the particle ordering so that nearby particles are
close in the ordering. Second, in [Figure 5.15| we choose a random query point, marked with
a red x, and color other points according to the strength of the query point’s attention. We
clearly observe an emergent behavior — heads specialize in different tasks. Head 1 specialized
to look at far-away points, whereas heads 0, 2, and 5 specialized to look at close- and mid-
range interactions. Finally, heads 3, 4, 6, and 7 specialized to look in specific directions.
This emergent behavior further links the multi-head Transformer to kernel-based methods,

but with multi-scale learned kernels.
5.5 Conclusion

We introduced DiScoFormer, a permutation- and affine-equivariant Transformer that jointly
estimates density and score from i.i.d. samples in a single forward pass. We proved that
self-attention recovers normalized KDE and confirmed empirically that individual heads
learn multi-scale kernel-like behaviors. DiScoFormer outperforms KDE across dimensions
and sample sizes and serves as a plug-in oracle for score-debiased KDE, entropy and Fisher

information estimation, and Fokker—Planck-type PDEs.
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Figure 5.1: Attention visualization of the transformer model. The top panel shows the
average attention scores in layer 0 with respect to the chosen point x. The heatmaps show
the attention matrix and the normalized KDE matrix D;; oc e~ l#i=%i 5. The scatter plots
show very high agreement between attention scores and D. The bottom four panels visualize

the attention scores of individual heads, demonstrating emergent head specialization.
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def forward(self, X, Y):

m = X.mean(0, keepdim=True)
Xc, Yce=X-m, Y -m

S

Xc.T @ Xc + eps * torch.eye(d)
A

matrix_sqrt_inv(S)
Xw, Yw = Xc @ A, Yc @ A
dens, score = self._core(Xw, Yw)

return dens * torch.det(A), score @ A.T

Figure 5.2: The forward pass implementing affine equivariance.
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Score comparison n=1000

N | | | |

\ 0 True
B Transformer mse=0.0077 |
\ e KDE mse=0.1528

Figure 5.3: Score estimation comparison between Silverman KDE [156] and our transformer
model. The transformer is more accurate, especially in the sparse regions. We plot the

negated score for easier viewing.
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Laplace 2D: Score Estimation MSE
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Figure 5.4: MSE of score estimation on the Laplace distribution.

improves the out-of-distribution generalization.
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Test-time training (TTT)



113
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Figure 5.5: Left: MSE of score estimation in dimensions 1 and 10 on a 3-modal GMM
using Transformer and KDE. The Transformer has excellent scaling in both dimension d and
the sample size n. Right: MSE of score estimation using the Transformer on GMMs with
different numbers of modes. Despite being trained only on GMMs with 1-10 modes, and

n = 2048, the model exhibits excellent generalization.
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Figure 5.6: Computing relative Fisher information. Our model predicts V log g(x;) at query
points x; via cross-attention with the samples y; ~ g. These predicted scores can be used to

estimate the relative Fisher information.
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Figure 5.7: Qualitative comparison: true density, Silverman KDE, Emp-SD-KDE, and SD-
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KDE with our learned score. Learned-score SD-KDE is visibly less biased.
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Figure 5.8: 1D bimodal GMM (n = 2048): SD-KDE with the learned score best approximates
the density by MSE.
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GMM d=2, MSE of density estimation vs number of samples n
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Figure 5.9: MSE of density estimation in 1D (left) and 2D (right). SD-KDE with our learned

score and the Transformer model show the best scaling. The Transformer was trained only

at n = 2048.
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Figure 5.10: Comparison between the transformer model (learned), Silverman KDE, and
score-debiased KDE for estimation of differential entropy H(f) and Fisher Information I(f).

The Transformer’s MSE is lower than that of the KDE approximation, even in dimension 1.
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311(t) for Maxwell (d=3,10) and Coulomb (d=3)

Maxwell d=3: 211(t) Maxwell d=10: 211(t) Coulomb d=3: 211(t)
1.8 1 1.8 1
184« —— n=500, KDE N —— n=500, KDE
N n=500, Transformer 1.6 - “ 1.6 n=500, Transformer
164 \\ -—- analytic A — n=500, KDE ——- equilibrium
\
= \\ = 1.4 A \ n=500, Transformer | =
N ~ W \ . W
1.4 *\\ \ |--- analytic
SN 1.2 1 R
1.2 1 SSSos Sl
=== 1.0 i R e
0 1 3 4 0 1 2 3 4
t t t

Figure 5.11: Comparison between the trained Transformer model and Silverman KDE on
the task of numerically solving the homogeneous Landau equation. We plot the first entry
of the covariance matrix ¥;(¢) of the numerical solutions and ground truth, when known.
The left two panels use Maxwell collisions, while the last panel shows Coulomb collisions.

The Transformer outperforms KDE, and is comparable in quality to SBTM in [91].
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MLP (implicit SM, 1000 steps) | true vs predicted score
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Figure 5.12: Comparison of sliced score matching and our transformer model. The trans-

former model can be used without retraining and does not suffer from overfitting. We plot

the negated score for ease of visualization.
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Figure 5.13: Runtime comparison between KDE and the Transformer model in 2 and 10
dimensions. Both are O(n?) asymptotically, but empirically the Transformer scales better

and has improved memory efficiency. KDE encounters an OOM error at n = 21°,



121

LO HO LO H1 LO H2 LO H3

LO H4 LO H5 LO H6 LO H7

Figure 5.14: Attention of the eight individual heads of layer 0 as a heatmap. Yellow color
denotes higher attention weight and blue is lower. We choose the particle ordering so that
nearby particles are close in the ordering. Heads 0, 2, and 5 specialize on nearby points,
heads 1 and 6 specialize on far-away points, whereas heads 3, 4, and 7 attend in specific

directions.
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Figure 5.15: Attention of the eight individual heads of layer 0 as scatter plots. We choose a
random query point, marked with a red x. Yellow color denotes higher attention weight and
blue is lower. Heads 0, 2, and 5 specialize on nearby points, head 1 specializes on far-away

points, whereas heads 3, 4, 6, and 7 attend in specific directions.
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Chapter 6

SEMANTIC SEARCH OVER 9 MILLION MATHEMATICAL
THEOREMS

This chapter opens Part I1I, which shifts the dissertation from neural methods for plasma
simulation (Part I) and score-based sampling and density estimation (Part II) to Al-assisted
tools for mathematics itself. Where the previous parts use neural networks to drive numerical
solvers, this part uses them to help mathematicians and proof assistants find, repair, and
verify mathematical content. The three chapters of Part III mirror the workflow of doing
mathematics: discovery , repair , and formalization .

The discovery problem this chapter addresses is mundane but pervasive: a mathematician
(or an Al agent) wants to find a specific theorem in the literature, not a paper that might
contain it. Tools like Google Scholar, arXiv, and even modern web-augmented LLMs operate
at the document level; matching the granularity of mathematical knowledge itself requires
treating individual theorem statements as first-class retrieval objects. We therefore extract a
corpus of 9.2 million theorem statements from arXiv and seven other mathematical sources —
the largest unified collection of human-authored, research-level theorems to date — represent
each with a short natural-language “slogan” generated by a large language model, and embed
slogans and queries into a shared semantic space. On 111 queries written blind by professional
mathematicians, the resulting search engine achieves 45.0% Hit@20 at the theorem level,
more than double the 19.8%-27.0% obtained by ChatGPT 5.2 with search and Gemini 3
Pro.

This chapter is based on [5].
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6.1 Introduction

Mathematical knowledge is organized around discrete results: theorems, lemmas, proposi-
tions, and corollaries. These statements serve as the fundamental units of reasoning for both
human mathematicians and automated proof systems [144], 202, 196]. A researcher proving
a new result must first determine whether the statement already exists in the literature, and
similarly, an Al agent generating formal proofs benefits from retrieving relevant lemmas to
guide its search. Yet most existing tools — Google Scholar, arXiv, and even modern LLMs
with web access — operate at the level of entire documents, forcing users to manually scan
papers when they seek a specific statement.

This gap is increasingly significant. arXiv hosts over 2.4 million papers, including more
than 690,000 in mathematics [70]. A study of over 14,000 withdrawn arXiv preprints found
that 2.5% were retracted because the authors’ results already appeared in prior literature
[147]. For example, [145], 211, [155] were withdrawn after discovering their main results had
been previously established. Al systems face the same problem: the Erdés Problems Project
documented cases where Al tools “solved” open problems that had been established decades
earlier [61], 195 [103] — underscoring the need for theorem-level search.

In this work, we construct a corpus of over 9 million theorem statements from arXiv,
the Stacks Project, ProofWiki, and five other sources, and study semantic retrieval at scale.
We represent each theorem using a natural-language “slogan” generated by an LLM, then

embed slogans and queries into a shared semantic space. Our main contributions are:

1. A large-scale theorem corpus. We release over 9 million theorem statements with

rich metadata, the largest collection of informal mathematical theorems to date.

2. A systematic study of representation choices. We analyze how the context,
LLM choice, embedding model, and prompting strategy affect retrieval. Notably, we
find that embedding theorems via natural-language slogans significantly outperforms

embedding their raw IXTEX formulations.
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3. State-of-the-art retrieval. On 111 queries from professional mathematicians, we
achieve 45.0% Hit@20 at the theorem level, outperforming ChatGPT 5.2 with search
(19.8%) and Gemini 3 Pro (27.0%). For paper-level retrieval, we achieve 56.8% Hit@20
compared to 37.8% for Google Search.

Our results demonstrate that semantic theorem search is feasible at web scale. The
project page is at theoremsearch.com. The dataset is available at huggingface.co/datasets /uw-

math-ai/theorem-search-dataset.

6.2 Related work

Mathematical information retrieval. Early mathematical IR work focused on formula-
level retrieval, with the NTCIR Math Tasks [4, 209] establishing benchmarks for formula
search over arXiv and Wikipedia. The ARQMath shared tasks [132] extended this to math-
ematical question answering over Math Stack Exchange. A recent survey [47] notes that
while formula retrieval has progressed, semantic understanding of mathematical statements

remains an open challenge — the gap our work addresses.

Dense retrieval and LLM-augmented search. Dense Passage Retrieval [09] showed
that dual-encoder architectures can outperform sparse methods like BM25. Sentence-BERT
[148] enabled efficient semantic similarity via Siamese networks, while E5 [190], Qwen3 Em-
bedding [212], and Gemma Embedding [I82] have pushed embedding quality further. Col-
BERT [102] introduced late interaction for fine-grained token matching. Retrieval-augmented
generation (RAG) [109] combines retrieval with language model generation, enabling systems
to ground responses in retrieved documents. These advances underpin our approach, though

mathematical text poses unique challenges due to symbolic notation.

Search for formal mathematics. LeanSearch [67] provides semantic search over Math-
lib4’s 230,000+ theorems by generating natural-language descriptions and using dense re-

trieval. ReProver [202] uses retrieval-augmented generation to select premises during proof


https://theoremsearch.com
https://huggingface.co/datasets/uw-math-ai/theorem-search-dataset
https://huggingface.co/datasets/uw-math-ai/theorem-search-dataset
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search, and Numina-Lean-Agent [116] integrates multiple search tools, including LeanDex,
to retrieve lemmas across libraries. LeanFinder [I127] focuses on user intent, while LeanEx-
plore [12] combines embeddings with BM25+ and PageRank. [96] demonstrate that language
models can translate between formal and natural language mathematics. However, formal
libraries cover only a fraction of mathematical knowledge; our work extends informalization-

based retrieval to millions of KTEX theorem statements.

Scientific literature search. General academic search engines (Google Scholar, Semantic
Scholar) and arXiv provide paper-level retrieval but cannot target individual theorems. The
zbMATH database [167] offers curated paper-level indexing. Large language models with
web access, such as GPT-4 [2] and Gemini [72], can answer mathematical questions and
sometimes locate relevant papers, but as we show in our experiments, they often provide
incorrect theorem references or fail to locate specific statements. Our work treats theorem
statements as first-class retrieval objects, enabling users to find specific results rather than

papers that might contain them.

6.3 Data collection

gives an overview of the pipeline used to parse theorem statements from source

documents, generate natural-language representations, and embed them for retrieval.

Table 6.1: Distribution of theorem types in our dataset.

Theorem Type  Count

Lemma 3,280,463
Theorem 2,864,668
Proposition 2,067,371

Corollary 1,034,259
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Figure 6.1: Overview of the creation of our database and search engine. Items with a “*”

are variable and we tested different methods during our experiments (Section 6.4)).

6.3.1 Theorem parsing from arXiv

We source 99.5% (9.2 million) of our theorems from papers in the arXiv database tagged

with math, stat, cs, physics, eess, econ, g-fin, or g-bio. A breakdown of the statement

types and arXiv categories across the dataset is provided in [Table 6.1| and |Figure 6.2; the

full arXiv-tag distribution is reported in the project repository and the source paper.
Our objective in parsing theorems is to extract theorem names and bodies. A theorem

name has three components:
1. the theorem type (e.g. Theorem, Proposition, Lemma, or Corollary);
2. an optional reference number; and

3. an optional note. For example, a theorem name might look like “Theorem 3.9 (Shokurov

reduction)”.
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Figure 6.2: Sunburst plot of the distribution of arXiv tags across theorems in our dataset.

We define the body as the IXTEX content of the theorem, in which basic author-defined macros

are expanded. For instance, if an author defines \R as a macro for \mathbb{R} in the IXTEX
preamble, we replace all occurrences of \R accordingly.
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The variety of ways authors define theorem environments makes parsing theorems diffi-

cult. Thus, we parse theorems for each paper using three strategies:

1. Node search with plasTeX. We use the Python library plasTeX [§] to convert TEX
sources into a structured node tree. Every command and environment corresponds
to a node. We traverse this tree to find environments corresponding to theorem-like
structures. Then, we extract the theorem type, reference number, note, and body from
the node metadata. This method successfully parses 422 thousand papers, yielding
approximately 6.9 million theorems. However, plasTeX occasionally truncates theorem
bodies when a paper’s source relies on BWTEX packages unknown to the parser. To
remove such malformed extractions, we apply simple heuristics, such as filtering out

4

theorems shorter than 8 characters or ending in “ and” or “ let”.

2. TeX logging. As a fallback to plasTeX, we generate and inject a custom IXTEX package
that logs theorem data. When a paper’s source is compiled, the package records the
theorem type, reference number, note, and body for all theorem environments. We

parse 137 thousand papers this way, yielding approximately 1.8 million theorems.

3. Regez-based parsing. As a fallback to TeX logging, we use regular expressions to iden-
tify theorem delimiter tokens such as \begin{...} and \end{...} or \proclaim and
\endproclaim. We then parse the content between delimiters to extract the theorem’s
note and body. Reference numbers are not captured unless they are explicitly stated.

We parse 30,000 papers this way, yielding approximately 542,000 theorems.

6.3.2 Theorem parsing from other sources

The remaining 0.5% (38,974) of our theorems come from a variety of other sources: ProofWiki
[146] (23,871), the Stacks Project [175] (12,693), the Open Logic Project [174] (745), the
CRing Project [172] (546), Stacks and Moduli [7] (506), the HoTT Book [176] (382), and An
Infinitely Large Napkin [32] (231). These sources were chosen for their verifiability through



130

open-source contributions and structured, accessible IXTEX files. We favored graduate-level
texts, as their theorems would be useful to a mathematician and are often cited by re-
searchers.

The Stacks Project, Open Logic Project, CRing Project, HoTT Book, and Infinitely
Large Napkin are all hosted as open-source repositories on GitHub. Theorems from these
sources were exclusively delimited in the source by \begin{. ..} and \end{. ..} tags. This
uniform structure allowed us to build a single regex-based parser, similar to our regex-based
parser for arXiv, that could extract theorems from all five sources. Our parser first normalizes
shorthand environment names, then extracts the theorem name, body, label, and type from
each environment. When a theorem body begins with a bracketed note, we append it to
the theorem name in parentheses for easier identification. Labels defined with \1abel{...}
are captured to preserve cross-referencing information from the original text. Since these
repositories use GitHub’s file structure, we generate source URLs pointing to the original
.tex files, enabling users to verify theorems against their source material. In addition, a
custom theorem counter was used to reliably generate reference numbers.

ProofWiki required a different approach, as it is a wiki-based encyclopedia built on Me-
diaWiki rather than IXTEX. ProofWiki stores content in wikitext format with mathematical
expressions enclosed in <math>. . .</math> tags. We developed a separate parser that inter-
faces with the MediaWiki API to programmatically retrieve pages from relevant categories.
For each page, we extract the theorem statement by identifying section headers and capturing
content up to the proof section. The wikitext is then cleaned by removing MediaWiki-specific
markup such as <onlyinclude> tags, template calls, and wiki links, while converting <math>
blocks to standard delimiters. Since ProofWiki assigns a unique URL to each theorem, we

preserve these links to allow direct verification.

6.3.3 Theorem representation

Theorems in our corpus are exclusively represented in KTEX, and often lack concise natural-

language summaries. To obtain searchable textual representations and improve retrieval
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performance, we generate a short natural-language description, or slogan, for each theorem
using a large language model (LLM). This converts the retrieval task from a symmetric search
over formal notation to an asymmetric task where informal queries retrieve formalized content
[T90]. Given the parsed theorem body, we prompt the DeepSeek V3 model [114] to produce
a concise, declarative English description of the theorem’s main result. Prompts instruct
the LLM to avoid symbolic notation, proof details, and references to surrounding document
structure in the generated slogans. The resulting slogans are stored as the primary textual
representation for theorem retrieval.

To study the effect of additional mathematical context on slogan quality and retrieval

performance, we evaluate three slogan-generation strategies:

1. Body Only: the prompt includes only the parsed theorem body.

2. Body + Abstract: the prompt includes the theorem body together with the paper

abstract.

3. Body + Introduction: the prompt includes the theorem body together with the

paper introduction.

Each strategy uses a similar prompt template (the exact wording is listed in the source
paper). Their major differences are in the contextual fields provided to the model. Model
temperature is fixed at 0.2, and the maximum output tokens is fixed at 1024. Slogans
are generated independently for each variant and treated as separate representations of the
same underlying theorem during evaluation. The total cost of building the corpus was
approximately $6,000 USD: $4,000 for LLM API calls to generate slogans across all 9.2

million theorems, and $2,000 for compute and S3 storage.

6.5.4 Result retrieval

We embed theorem slogans and user queries using the Qwen3-Embedding-8B model [212],

which maps natural-language inputs to fixed-dimensional vectors. All theorem slogans are
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embedded offline following their generation by the LLM and stored in a PostgreSQL database
[168] with the pgvector extension [142]. The database employs a Hierarchical Navigable
Small World (HNSW) index [131] combined with binary quantization, enabling fast approx-
imate nearest-neighbor search. User queries are embedded at inference time using the same
method. Within this shared embedding space, we retrieve the top-k theorems ranked by

their Hamming distance, then re-ranked by cosine similarity.

6.3.5 Validation set

Enlisting the help of three research mathematicians, we curated a set of 111 distinct math
queries across 14 arXiv tags, mainly Algebraic Geometry, Analysis, and PDEs. These queries
search for distinct theorems, lemmas, corollaries, and propositions written by a small number
of authors whose work our subject-matter experts are well acquainted with. Crucially, queries
were written blind: each mathematician composed natural-language descriptions of theorems
they knew from memory, without access to the corpus or its slogans, to prevent any leakage of
retrieval representations into the evaluation queries. We then asked them to select a larger
dataset of papers in which they were confident that the results of the queries they wrote
appeared at most once; this larger dataset consisted of 7,356 papers. We used this larger
dataset to guide our decisions on which embedders to use, which LLM to use for the slogans,
how to prompt the embedder, and how much context to give to the LLM when generating
the slogans (body of the result only, body+abstract, body+first section). Every query—
theorem pair was subsequently verified in a two-stage quality check: an LLM confirmed that
the target theorem exists in the corpus and semantically matches the query, and a second
mathematician independently reviewed each pair to ensure correctness.

We remark that while small, this size is typical of mathematical information retrieval
datasets, such as the query set of LeanSearch for Mathlib4 [67] and ARQMath-3 [132],

which contain 50 and 78 queries, respectively.



133

6.4 Experiments

In this section, we report the evaluation performance of existing retrieval methods against our
search engine. We outline the experiment setup, compare the performance against existing
retrieval tools, and perform an ablation study on both the context window and the LLM

used for slogan generation.

6.4.1 Metrics

To measure the performance of our search engine against existing literature-review tools,
we employ two commonly used information retrieval metrics, following standard practice in
mathematical retrieval benchmarks [I32], 47]. Hit@k, also known as the hit rate, measures
whether the correct result appears anywhere in the top k results:

12|

HitQk = al > max I(ri;),

where Q is the set of queries, r;; is the j-th result of the i-th query, and I(r; ;) equals 1 if
and only if r; ; is an exact match. We also use Mean Reciprocal Rank (MRR@k) [46], which
takes the reciprocal of the rank at which an exact match is discovered:

|Q]

1 1
MRRQk = — —
|Q| ; rank;’

where rank; is the position of the first relevant result.

6.4.2 Setup

We chose three embedders to use in our experiments: Google’s Gemma 0.3B [182], and both
Qwen3 0.6B and 8B [212]. Our baseline methods consist of the following: Filtered Google
Search (site:arxiv.org + Query), arXiv advanced search, ChatGPT 5.2 with search, and
Gemini 3 Pro [72].

Both Google and arXiv are unable to return specific math statements, so their perfor-

mance is graded on their ability to locate the correct paper. Conversely, LLM-based systems
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like ChatGPT and Gemini occasionally return correct results with incorrect reference num-
bers; we grade these as misses on theorem-level retrieval and treat them as paper matches
for paper-level retrieval.

We emphasize that these baselines are not designed for theorem-level retrieval, but we
evaluate them to reflect the tools currently used by LLMs and research mathematicians in

the absence of specialized theorem-level search systems.

6.4.3 Main results

Table 6.2: Results on the validation set, comparing embedder performance against existing
literature-search tools. Values are reported as theorem-level / paper-level. Google Search
and arXiv search cannot return specific theorem statements, so only paper-level results are

reported. Our corpus was restricted to arXiv papers for evaluation.

Model Hit@1 Hit@10 Hit@20 MRR@20
Baseline

Google Searchf 0.162 0.378 0.378 0.237

arXiv Search' 0.009 0.018 0.027 0.011

ChatGPT 5.2 0.117 0.180 0.198 0.139

Gemini 3 Pro 0.171 0.252 0.270 0.196

Our methods

Gemma 0.3B (KTEX) 0.027 / 0.054 0.090 / 0.117 0.090 / 0.135 0.041 / 0.070

Gemma 0.3B 0.081 / 0.108 0.189 / 0.225 0.252 / 0.306 0.118 / 0.154
Qwen3 0.6B 0.081 / 0.153 0.234 / 0.342 0.270 / 0.351 0.132 / 0.215
Qwen3 8B 0.171 / 0.243 0.387 / 0.505  0.450 / 0.568  0.243 / 0.328

Qwen3 8B + Reranker 0.189 / 0.324 0.432 / 0.613 0.450 / 0.631 0.270 / 0.416

TPaper-level only: these tools cannot return individual theorems.

Our results are presented in We find that the embedder Qwen3 8B outperforms
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existing literature-review methods across all metrics. In particular, Qwen3 8B achieves
substantially higher Hit@10 and Hit@20, indicating that the correct theorem is frequently
retrieved within the top candidate set even when it is not ranked first. This behavior is
desirable in large-scale theorem retrieval, where downstream reranking or human inspection
can refine results once relevant candidates have been surfaced. We further apply a cross-
encoder reranker (Qwen3-Reranker-0.6B [212]) to rescore the top-100 candidates retrieved
by Qwen3 8B; this improves theorem-level Hit@1 from 17.1% to 18.9% and MRR@20 from
24.3% to 27.0%, confirming that late interaction over full query—slogan pairs captures fine-
grained semantic distinctions that the bi-encoder alone misses.

For search methods at the paper level, Qwen3 8B continues to outperform the baseline
models, achieving higher Hit@1 and MRR. The arXiv search is limited in the fields it can
search over and does not search within the paper body, so it was only able to locate two
papers across the whole query set in the top-20 results.

One notable effect we observed concerns how ChatGPT and Gemini rank retrieved re-
sults. Although both models used web-search-based retrieval, they would often organize
their outputs primarily at the paper level, returning multiple theorems from the same pa-
per in consecutive positions before moving to another paper. This ranking pattern reduces
result diversity, which lowers Hit@QFk despite sometimes achieving high early precision. On
average, Gemini returns only 10.98 distinct papers per query, compared to 16.89 for Qwen3
8B, indicating that our retrieval pipeline surfaces a broader cross-section of the literature.

Our approach is particularly advantageous for retrieving auxiliary lemmas and technical
results that appear deep within a paper, far from the title and abstract. Google Search and
LLM-based tools rely heavily on paper-level metadata and thus struggle to surface results
whose content is not reflected in the abstract, whereas our system indexes every theorem
independently via its slogan, making it equally as capable of retrieving a minor lemma in a

later section as a paper’s headline theorem.
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6.4.4 Retrieval-augmented LLM reasoning

Beyond quantitative retrieval metrics, we investigate whether our theorem corpus can im-
prove LLM reasoning on research-level mathematical questions. We posed a question about
the boundary of a KSBA compactification of elliptic surface pairs to Claude (Opus 4.5).
Without retrieval augmentation, Claude produced a confidently stated but incorrect answer,
concluding that all boundary pairs must retain a fibration structure. The argument, while
superficially plausible, relied on incorrect claims about the behavior of slc surface pairs under
KSBA compactification.

When the same question was posed with access to our theorem database as a RAG tool,
Claude retrieved relevant results from [10] [1T], 94, O] and arrived at the correct answer: such
boundary pairs do exist, and they are pseudoelliptic surfaces obtained by contracting the
section of an elliptic fibration. The RAG-augmented response cited specific theorem numbers
and provided a logically valid chain of reasoning grounded in retrieved results. This illustrates
a key failure mode of LLM reasoning — without access to the relevant literature, the model
confabulates plausible-sounding but incorrect mathematical arguments — and demonstrates

that retrieval augmentation over our corpus can directly address it. The full query and both

responses are reproduced in [Section 6.8|

6.4.5 Ablation studies

We perform ablation studies on the context windows used for slogan generation, the LLMs
used to generate slogans, and the document preparation process. For each ablation, we
limit the corpus to arXiv papers labeled with the algebraic-geometry tag (math.AG) and
authored by individuals whose work contains an exact match to one of our queries. This

filtering reduces the corpus to 7,356 statements written by 8 primary authors.
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Context windows

presents the effects of context on slogan generation. Increasing or decreasing the
amount of context provided to LLMs when generating math slogans considerably affects our
search engine’s performance, while holding the embedder constant. We find that supplying
the LLM with additional paper context improves the retrieval performance of its generated
slogans. Performance falters when the LLM is only given the abstract, but improves sig-
nificantly with the inclusion of the first section of the paper, defined by \section{}. We
attribute this improvement to the LLM making better sense of the statement with more
context, especially since theorems alone tend to be at most 3-4 sentences long and may
reference earlier sections of the paper. Furthermore, the introduction of most math papers
typically outlines the results and the existing research upon which they build. As a result,
context-rich slogans better capture the semantic intent of the theorem, yielding more reliable

and robust retrieval across queries.

Table 6.3: Comparing context-window size in retrieval performance. Embedded with prompt

using Qwen3 8B [212]. Slogans generated with DeepSeek V3 [114].

Model Hit@l Hit@l0 Hit@20 MRRQ20
Body Only 0.342 0.658 0.737 0.451
w/ Abstract 0.316 0.645 0.737 0.429

w/ First Section 0.368  0.737 0.763 0.496

Slogan generator

The LLM used to generate the slogans can also significantly affect our engine’s search per-
formance, as some LLMs are better trained on mathematical texts than others and thus
generate better informal versions of math statements. We find that leading proprietary

models, such as Claude’s Opus 4.5 and Gemini 3 Pro [72], outperform open-source models
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Table 6.4: Comparing LLM slogans in retrieval performance. Embedded with prompt using

Qwen3 8B [212]. Body + Abstract.

Model Hit@l Hit@l0 Hit@20 MRR@20
DeepSeek V3.1 0.316 0.645 0.737 0.429
DeepSeek R1 0.276 0.671 0.697 0.388
Gemini 3 Pro 0.368 0.750 0.816 0.507
Claude Opus 4.5 0.395 0.776  0.842 0.536

Task instruction

Table 6.5: Comparing prompting performance. Slogans generated by DeepSeek V3.1 [114]

on the Body+Abstract context window.

Model Hit@l Hit@Ql0 Hit@20 MRRQ@20
Unprompted
Gemma 0.3B  0.303 0.539 0.566 0.376
Qwen3 0.6B 0.224 0.487 0.526 0.297
Qwen3 8B 0.250 0.553 0.618 0.332
Prompted
Gemma 0.3B  0.197 0.434 0.487 0.265
Qwen3 0.6B 0.237 0.566 0.658 0.346
Qwen3 8B 0.316 0.645 0.737 0.496

We examine the impact of the task instructions used during embedding on retrieval

performance in [Table 6.5l We find that by providing a math-retrieval instruction, both
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Qwen embedders achieve higher performance than without any instruction at all. However,
this effect is reversed with Gemma, with empty instruction performing better, though worse

than Qwen 8B with instruction. We use a modification of the prompts made by [67].

6.4.6 More experiments

We additionally ran our ablations with a larger pool of embedders, including Multilingual-
E5-Large-Instruct [191], zbMath-Bert [167], and KaLM-Embedding-V2.5 [213] 81]. [Table 6.6
extends the context-window comparison of to all six embedders, and
extends the slogan-LLM comparison of across the same expanded set of embedders.
The qualitative trends from the smaller comparisons are preserved: adding the paper’s first
section to the LLM context improves retrieval, and Claude Opus 4.5 produces the strongest
slogans for most embedders. zbMath-Bert performs poorly across all settings, consistent with
the limited capacity of the small in-domain encoder relative to the larger general-purpose

embedders.

6.4.7 Embedding-space analysis

Following [67, 96], we convert IXTEX theorem statements into natural-language slogans before
embedding, since embedders struggle with symbol-heavy notation [19, [141] and mathemati-
cians typically query in informal language. To verify that sloganization induces semantically
meaningful structure, we use PCA and UMAP as diagnostic tools on a random sample of
10,000 theorems (1,000 from each of the 10 most common arXiv categories).

shows PCA projections for three categories: Algebraic Geometry, Probability
Theory, and Statistics Theory. Conceptually distant fields (Algebraic Geometry vs. Prob-
ability) are well separated, while closely related fields (Probability vs. Statistics) overlap
substantially — consistent with mathematical intuition. UMAP projections over all ten cat-
egories in reveal that Qwen3 8B produces tighter, better-separated clusters than
Gemma 0.3B, consistent with the retrieval gap in [Table 6.2]
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Table 6.6: Extended results comparing context-window size in retrieval performance across

six embedders. Embedded without task instructions.

Model Hit@l Hit@l0 Hit@20 MRR@20
Body Only
zbMath-Bert 0.3B 0.053 0.158 0.237 0.086
Gemma 0.3B 0.184 0.474 0.539 0.290
Qwen3 0.6B 0.224 0.461 0.513 0.299
Qwen3 8B 0.224 0.553 0.632 0.313
KaLM-Embedding-V2.5 0.131 0.355 0.434 0.203
Multilingual-E5-Large-Instruct ~ 0.171 0.395 0.500 0.237
w/ Abstract
zbMath-Bert 0.3B 0.092 0.184 0.237 0.113
Gemma 0.3B 0.303 0.539 0.566 0.376
Qwen3 0.6B 0.224 0.487 0.526 0.297
Qwen3 8B 0.250 0.553 0.618 0.332
KaLM-Embedding-V2.5 0.197 0.474 0.513 0.272
Multilingual-E5-Large-Instruct  0.197 0.421 0.553 0.283
w/ First Section
zbMath-Bert 0.3B 0.092 0.184 0.237 0.122
Gemma 0.3B 0.237 0.500 0.566 0.321
Qwen3 0.6B 0.263 0.526 0.645 0.352
Qwen3 8B 0.211 0.605 0.645 0.343
KaLM-Embedding-V2.5 0.184 0.447 0.474 0.272
Multilingual-E5-Large-Instruct ~ 0.224 0.474 0.539 0.304

6.5 Search tool

The search tool is currently accessible via HuggingFace Spaces at huggingface.co/spaces/uw-

math-ai/theorem-search. Users can perform semantic searches using natural language (e.g.,


https://huggingface.co/spaces/uw-math-ai/theorem-search
https://huggingface.co/spaces/uw-math-ai/theorem-search
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Probability Theory
Statistics Theory

Figure 6.3: PCA visualizations of theorems in our dataset using slogan embeddings. Left:

Gemma embedding. Right: Qwen3 8B embedding.

“a rational variety is simply connected”). The sidebar interface allows results to be filtered by
relevant metadata (e.g. author sets, arXiv category tags, and journal publication status). To
optimize retrieval time, the search uses a two-stage retrieval architecture. At inference time,
the natural language query is encoded using the Qwen3-8B embedding model and binary-
quantized into 4096 bits. An initial pool of clamp(max(200, 12k), 200, 800) candidates is
returned using the HNSW index and Hamming distance, where k is a user-specified number of
results to return. The candidate pool is then filtered by metadata and reranked using cosine
similarity on the original 4096-dimensional embeddings. When weighting by citations is

enabled, the candidates are instead re-ranked using the following composite scoring function:
score = cosine similarity + X - log(max(citations, 1)),

where A is the user-specified citation-weight parameter. The interface retrieves the top k

results, each of which displays the theorem slogan, the theorem body rendered in IXTEX, any
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Figure 6.4: UMAP visualizations of 10,000 theorem-slogan embeddings across the ten most
common arXiv categories. Gemma 0.3B (left) and Qwen3 8B (right). Qwen3 8B produces

tighter, better-separated clusters.

relevant paper metadata, and a link to the paper. Finally, a lightweight feedback system
allows users to rate each result’s relevance to their query. The resulting end-to-end latency
is approximately 3 seconds per query, compared to 60+ seconds for LLM-based search tools
such as ChatGPT and Gemini, which must perform multiple web searches and parse docu-
ments at inference time. See for the interface.

Because our slogans are multi-sentence descriptions, the embedding model produces vec-
tors that are optimized for longer inputs. Short keyword-style queries (e.g. “Landau equa-
tion”) can therefore be dominated by padding or generic context, leading to poor retrieval.
We find that simply repeating a short query (e.g. “Landau equation Landau equation”)
substantially improves result quality by strengthening the signal of the key terms in the
embedding. The search tool applies this duplication automatically when the query is below

a length threshold.
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Search Filters

® Math Theorem Search
° -

Number of Results

This tool finds mathematical theorems that are semantically similar to your query.
Enter your query:

25

—_—
arational variety is simply connected

v Advanced Filters Search

Filter by Result Type:
v Fundamental groups of rationally connected varieties | Janos Kollar

Choose options v
> Asmooth, proper, and rationally connected variety is always simply connected e
Filter by Author(s): 4 g .
. Lin
Choose options v
Filter by Tag / Category: ~ Fano visitors, Fano dimension and orbifold Fano hosts | Young-Hoon Kiem, Kyoung-Seog Lee
Choose options v
> Every smooth projective rationally connected variety is simply connected. e
Filter by Paper Link
2401.12345, Finite Hilbert stability
D v Totally invariant divisors of int- ifi de hisms of normal projective varieties | Guolei Zhong
1991 2026
> Asmooth, proper, and rationally connected variety is simply connected in the complex topology. o &P
Publication Status Link
O Al Journal Article Preprint
v Special Varieties and classification Theory | Frederic Campana
Citations
0 1502
> Arationall, d variety is L
Link

Figure 6.5: The interface of the Theorem Search Tool. The main window displays the top re-
sults: paper name, paper authors, theorem statement, and link to the paper. In the left pane
users can filter by paper metadata: type of result (theorem/proposition/lemma/corollary),
author(s), arXiv tag, specific paper, year, and publication status. The thumbs up/down

allow for user feedback, used to further improve the search results.

In addition to the web interface, we provide a REST API at api.theoremsearch.com/
search that accepts JSON queries and returns ranked theorem results, enabling program-
matic integration into research workflows. We also expose a Model Context Protocol (MCP)
server at api.theoremsearch.com/mcp, allowing Al agents and LLM-based tools to use
theorem search as a retrieval tool during reasoning and proof generation. The project
page, including links to the search tool, API, MCP server, and dataset, is available at

theoremsearch. com.


api.theoremsearch.com/search
api.theoremsearch.com/search
api.theoremsearch.com/mcp
theoremsearch.com
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6.6 Conclusion

Mathematical knowledge is organized around discrete results — theorems, lemmas, propo-
sitions, and corollaries — yet existing search tools operate at the document level, forcing
researchers and Al agents alike to manually locate specific statements within papers. In
this chapter, we addressed this gap by constructing a corpus of over 9.2 million theorem
statements extracted from arXiv and seven other sources, constituting the largest unified
collection of human-authored, research-level theorems to date.

We showed that representing theorems via natural-language slogans generated by an
LLM, rather than embedding raw IXTEX directly, yields substantially better retrieval per-
formance. Our systematic ablations revealed that context matters: slogans generated with
access to the paper’s introduction outperform those generated from the theorem body alone,
and the choice of both the slogan-generating LLM and the embedding model significantly
affects downstream retrieval quality. On a curated evaluation set of 111 queries written
by professional mathematicians, our best configuration achieves 45.0% Hit@20 at the the-
orem level and 56.8% Hit@20 at the paper level, outperforming ChatGPT 5.2 with search,
Gemini 3 Pro, and Google Search.

By treating theorems as first-class retrieval objects and enriching them with natural-
language descriptions, we enable new forms of access to mathematical knowledge — whether
for retrieval-augmented generation by LLMs, for premise selection in formal proof search, or
for literature review by expert mathematicians. We have deployed a public search interface

described in [Section 6.5 Qualitative user feedback from research mathematicians, reported
in [Section 6.7], further illustrates the practical utility of our system.

6.7 User feedback

In this section, we present feedback from two users on our theorem search engine.
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6.7.1 Feedback one

We will first include a high-level description of the first feedback.

The user wanted to check for a specific reference, which we will call “Theorem 1”7, which
the user knew was true. They thought it follows from another result, which we call “result
X,” a bit stronger than Theorem 1. It did, after a small lemma,; in other words, (result X +
small lemma) implies what the user wanted. This shifted the user’s attention from finding
a reference for Theorem 1 to finding a reference for the small lemma. The user searched for
the small lemma in our tool, and the first result was a reference for a generalization of the
small lemma.

A more detailed description now follows. We advise the non-mathematician reader to
skip the next paragraph.

The user wanted to check that a smooth variety over a separably closed field has a k-
point. The user thought it follows from the étale local structure of smooth morphisms, which
captured the correct idea but reduced the problem to showing that k-points are dense in AJ.
In essence, the étale local structure theorem translated the original problem of checking that
a smooth variety over a separably closed field has a k-point, to checking that for k separably
closed, the set of k-points of A™ is dense. The user entered the query “if k is separably
closed, the set of k-points of A" is dense in A™.” The first result was correct: Tag 056U in
the Stacks Project.

6.7.2 Feedback two

We now describe a second use case. As before, we first provide a high-level summary.

The user searched for a result known to experts but lacked a specific citable reference; we
call this result “Theorem X.” Many existing references point to similar results, but not exactly
to Theorem X. The user queried our tool and found a result, which we call “Theorem Y,”
whose citation list directly referenced Theorem X. By using our tool, the user located the

desired theorem with fewer queries than traditional search methods, which had previously
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led only to indirect references.

A more detailed description follows. We advise the non-mathematician reader to skip the
next two paragraphs.

The user needed a structure theorem for abelian p-Lie algebras, as defined by N. Jacobson.
The user conjectured that these algebras are classified analogously to finite abelian groups,
provided the base field is algebraically closed. On MathOverflow, an answer directed the
user to a book that states the desired result. The book explained that the result follows
from the structure theory for modules over a PID, without providing a precise proof, and
attributes the technique to Jacobson.

The book Infinite-Dimensional Lie Superalgebras [13] contains the result the user was
looking for, labeled the 3.2 nil-radical Theorem, attributed to Seligman, 1967. However, the
user skimmed through the hundred or so pages of Seligman’s reference several times without
finding where the desired result is proved. When the user queried our tool with “over an
algebraically closed field, any abelian p-Lie algebra splits as a torus and a sum of nilpotent

cyclic Lie algebras,” the first result was the desired statement: Theorem 2.7 in [180].
6.8 Claude experiment

We now report the experiment coupling Claude with our theorem search tool as a RAG
system. This experiment tests whether retrieval-augmented generation over our theorem
corpus can correct LLM reasoning failures on a research-level mathematical question. For

discussion of this experiment in context, see [Section 6.4.4

Consider the closure, in the KSBA moduli space, of the moduli space of pairs (S, aB +
bF) where S is an elliptic surface, B is a section of the projection S — C' which
gives the elliptic surface structure to S, the fibers of S — C' are smooth or nodal,
F are some fibers of S — (', and 0 < a,b < 1. The coefficients are chosen so that

(S,aB + bF) is KSBA-stable (so don’t need to reprove it). I would like to know if
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there exist a surface pair f : (X', aB’ + bF') — C’ appearing on the boundary of the
KSBA-compactification, not admitting a fibration over a nodal curve C’, with fibers

of f that are of dimension one.

Without access to our tool, Claude answered incorrectly:

No. Every surface pair appearing on the boundary of this KSBA compactification
admits a fibration over a (possibly nodal) curve with one-dimensional fibers. The

fibration structure cannot be lost in the limit.

Why the fibration persists. The essential point is that the elliptic fibration struc-
ture is rigidly encoded in the boundary divisor, and this encoding survives in the KSBA
limit.

The fiber class remains nontrivial. In the interior, F' is a fiber of S — C, so
F?=0and (Ks+aB+0bF)-F >0 (since Kg-F =0, B-F =1, so this equals a > 0).
In any flat limit, the limiting divisor F” retains F"? = 0 and (Kx: +aB’+bF’)- F' > 0.
So F’ is a nontrivial nef class with zero self-intersection, which defines a fibration
f: X =C.

Stable reduction preserves the fibered structure. Given a one-parameter degen-
eration (S;, A;) — C;, after finite base change and birational modification one extends

the fibration to the central fiber. Each component of the limiting surface X’ either:

e maps surjectively onto a component of the nodal base curve C’ with one-

dimensional fibers, or

e maps to a point (a “sprouted” component).

But a component mapping to a point would be an entire surface sitting over a single

point of C’; and the slc and ampleness conditions prevent this from occurring in the
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stable model: such a component would need K + A to be positive on it, yet its gluing
locus with the rest of X’ is along a single fiber curve, and the combinatorics of the
sle condition force it to be absorbed (contracted) when passing to the ample model of

K + A

The section prevents collapse. The section B’ (limit of the section B) meets
each fiber in a point, ensuring the map X’ — C’ has generically one-dimensional
fibers throughout. If any component lost the fibration structure, B’ restricted to that
component would be a curve not meeting the fiber class transversally, contradicting

the deformation-invariant intersection number B - ' = 1.

Summary. The divisor data (aB+0bF) is sufficiently rigid that all KSBA-stable limits
retain a fibration f : X’ — C’ over a nodal curve C’, with all fibers of f being one-
dimensional (curves). The boundary pairs differ from interior pairs in that C’ may be
nodal, X’ may be reducible/non-normal (slc), and fibers may be more degenerate—but

the fibration itself always exists.

When given access to our theorem database, Claude arrived at the correct answer:

Claude’s response with RAG (correct)

Yes. Such boundary pairs exist; they are pseudoelliptic surfaces.

e By Corollary 1.3 of [10], the log canonical model of an irreducible slc elliptic
surface (X — C, S + F4) with Kx + S + F4 big is either the relative log
canonical model (an elliptic surface over C'), or a pseudoelliptic surface obtained

by contracting the section S.

e By Corollary 6.10 of [I0], the section is contracted if and only if (C, f.F) is not
a weighted stable pointed curve; concretely: C' = P! with Y a; < 2, or C has

genus 1 with all a; = 0.
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A pseudoelliptic surface admits no morphism to a curve with one-dimensional
fibers: the section (which was isomorphic to the base) has been contracted to a
point, so all former fibers pass through a single point and cannot be separated

by a map to a curve.

By Proposition 3.22 of [I1], an explicit family is provided: for an elliptic surface
over P! with deg £ = 2 and A > 0, the log canonical model is a pseudoelliptic

surface (section contracted), which is KSBA-stable and lies on the boundary.

By Corollary 6.7 of [94], in a stable degeneration of elliptic surface pairs, the
special fiber maps to a nodal curve C’, but pseudoelliptic components map to a

point of C’; so f does not have all fibers of dimension one.

Properness of the moduli space of slc fibered surface pairs (Corollary 5.11 of [9])

guarantees these pseudoelliptic limits lie in the closure.
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Table 6.7: Extended results comparing LLM slogans in retrieval performance across six

embedders. Embedded without task instructions. Body+Abstract.

Model Hit@l Hit@l10 Hit@20 MRRQ@20

DeepSeek V3.1

zbMath-Bert 0.3B 0.092 0.184 0.237 0.113
Gemma 0.3B 0.303  0.539 0.566 0.376
Qwen3 0.6B 0.224  0.487 0.526 0.297
Qwen3 8B 0.250  0.553 0.618 0.332
KaLM-Embedding-V2.5 0.197 0474 0.513 0.272

Multilingual-E5-Large-Instruct  0.197 0.421 0.553 0.283

DeepSeek R1

zbMath-Bert 0.3B 0.000 0.079 0.105 0.014
Gemma 0.3B 0.158 0.421 0.474 0.228
Qwen3 0.6B 0.132 0.316 0.408 0.199
Qwen3 8B 0.118 0.355 0.461 0.195
KaLM-Embedding-V2.5 0.066 0.289 0.461 0.140

Multilingual-E5-Large-Instruct ~ 0.066 0.250 0.355 0.111

Gemini 3 Pro

zbMath-Bert 0.3B 0.053 0.171 0.237 0.092
Gemma 0.3B 0.250 0.553 0.632 0.348
Qwen3 0.6B 0.211 0.487 0.539 0.290
Qwen3 8B 0.237 0.566 0.684 0.348
KaLM-Embedding-V2.5 0.197 0.434 0.553 0.265

Multilingual-E5-Large-Instruct ~ 0.197 0.513 0.579 0.297

Claude Opus 4.5

zbMath-Bert 0.3B 0.053 0.184 0.211 0.087
Gemma 0.3B 0.303 0.553 0.579 0.387
Qwen3 0.6B 0.224 0.539 0.605 0.325
Qwen3 8B 0.263 0.632 0.737 0.394
KaLM-Embedding-V2.5 0.197 0.421 0.526 0.271

Multilingual-E5-Large-Instruct  0.224 0.526 0.592 0.322
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Chapter 7

LEARNING TO REPAIR LEAN PROOFS FROM COMPILER
FEEDBACK

This chapter is the second of Part III, which traces the discovery — repair — formalization
arc of Al-assisted mathematics. addressed discovery — how to find a specific
theorem in millions of statements; this chapter addresses repair — how to fix a Lean proof
that fails to compile. In real interactive proof development, mathematicians (and AT agents)
routinely write partial proofs, watch the compiler complain, and edit incrementally until
verification succeeds. Yet the public training data for neural theorem provers is the opposite:
only the final compiling proofs are preserved, and intermediate failures are discarded. We
argue that this asymmetry leaves a strong supervised signal on the table.

We construct APRIL (Automated Proof Repair in Lean), a dataset of 260,000 tuples in
which each tuple pairs a deliberately broken Lean proof, the compiler’s error message and
local goal state, a verified repair, and a natural-language diagnosis grounded in the same
feedback. Failures are produced by four controlled mutation strategies (theorem substitution,
tactic substitution, single-line redaction, multi-line redaction), so every example is anchored
to a real compiler trace in a fixed Lean 4 environment. Supervised fine-tuning on APRIL
substantially improves repair accuracy: a 4B-parameter Qwen3 model goes from 1.1% to
27.4% single-shot repair, slightly exceeding Goedel-Prover-V2-32B under the same no-search
protocol.

This chapter is based on [188].
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7.1 Introduction

Formal theorem proving offers a strict setting for studying machine learning: proofs must
be written in a formal language and verified by a proof assistant such as Lean, leaving no
ambiguity of correctness. This property allows learning systems to receive exact verification
signals and has motivated a surge of recent work on learning-based automated theorem prov-
ing. Large Language Models (LLMs) have achieved substantial gains on formal benchmarks
and even reached Olympiad-level performance [113], 36] [3].

Despite these advancements, the dominant objective in current systems remains end-to-
end proof generation: given a formal statement, the goal is to produce a complete proof that
verifies successfully. Training data therefore consists primarily of correct proofs. Evaluation
is likewise based on whether a valid proof is eventually found. Failures encountered during
generation are typically used to guide exploration or policy optimization, but are not treated
as supervised learning targets. As such, models receive limited supervision for interpreting
diagnostics, explaining what went wrong, or proposing targeted edits. Recent work has also
shown that iterative proof refinement using compiler feedback is 32-128x more efficient than
pass@k [36].

In contrast, human proof development is inherently iterative and error-driven. Proof
engineers routinely write partial proofs, inspect compiler diagnostics, and incrementally re-
vise the code until verification succeeds. Intermediate failures are fully expected in the
development process and the same feedback is used both to decide what to change and to
communicate why the change is correct. However, most publicly available proof corpora
preserve only final proofs and omit failed attempts. Large-scale libraries such as mathlib
provide extensive collections of formally verified theorems, but do not record intermediate
error states encountered during development [I73]. Datasets derived from natural language
autoformalization pipelines, including Lean Workbook and Herald, provide aligned natural—
formal pairs and synthetic proof data, but likewise consist almost entirely of valid formal

artifacts rather than trajectories of failed attempts and subsequent repairs [200], [68]. As a
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result, models trained on these resources have little direct exposure to feedback-conditioned
iteration, including both producing corrected code and articulating diagnoses grounded in
compiler messages.

This work studies proof correction from compiler feedback, and introduces a dataset that
supports two aligned feedback-conditioned tasks: (1) producing a corrected proof, and (2)
producing a natural-language diagnosis and fix suggestion grounded in the same feedback.
These targets share the same underlying evidence (error message and local proof state),
but emphasize different outputs: formal repair versus human-interpretable debugging. To
enable controlled analysis, we construct datasets by systematically mutating correct proofs
to generate plausible failures produced by controlled mutations, and we evaluate language
models under supervised finetuning without reinforcement learning or inference-time search,
isolating the model’s ability to interpret diagnostics and apply targeted repairs.

Our contributions are threefold. First, we introduce a large-scale dataset of 260K Lean
proof-repair examples, each consisting of an erroneous proof, compiler diagnostics includ-
ing error messages and local proof state, and a corresponding corrected proof. Second, we
develop a systematic mutation pipeline that generates realistic failures by substituting se-
mantically related theorems, swapping similar tactics, and eliciting plausible but incorrect
line and multi-line completions from language models. Third, we demonstrate that super-
vised finetuning on this data substantially improves repair accuracy under our evaluation
setting: 27.4% correction accuracy in our single-shot repair evaluation (no search/iteration),
compared to 1.1% for the base model and 26.8% for Goedel-Prover-V2-32B under the same
protocol. Because Goedel is typically deployed with search/iteration, this comparison should
be interpreted as an ablation of compiler-feedback-conditioned repair rather than end-to-end

proving performance.
7.2 Related work

Neural Theorem Proving in Lean. Recent learning-based systems for Lean primarily

target end-to-end proof generation, combining large language models with search, reinforce-
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ment learning, and synthetic data pipelines [197| [149] 113], [189]. Infrastructure such as Le-
anDojo has enabled systematic benchmarking and retrieval-augmented proving [202], while
Lean 4 provides the formal foundation for this work [51]. Evaluation across these systems is

framed in terms of theorem-level success metrics such as pass@k on benchmarks like miniF2F

[214).

Verifier Feedback and Proof Repair. Verifier feedback and errors play an important
role in existing pipelines, but primarily as control signals for exploration and policy optimiza-
tion rather than as supervised correction targets [113, 197, 3, 105, 198, 149]. More recent
refinement-based systems incorporate compiler diagnostics into prompts to regenerate proofs
across multiple iterations, demonstrating that iterative repair can be substantially more effi-
cient than independent sampling [306], 215]. Our work studies proof correction from compiler
feedback as a supervised learning problem, providing aligned repair and diagnosis targets

grounded in the same compiler messages and local proof state.

Proof Datasets and Training Corpora. Large-scale libraries such as mathlib provide
extensive collections of formally verified theorems, but do not record intermediate error states
encountered during development [I73]. Datasets derived from natural language autofor-
malization pipelines, including Lean Workbook, Herald, and NuminaMath, provide aligned
natural-formal pairs and synthetic proof data, but likewise consist almost entirely of valid for-
mal artifacts rather than trajectories of failed attempts and subsequent repairs [200] [68], 110].
The scarcity of error trajectories in public corpora remains a key bottleneck for training mod-

els that can interpret and act on compiler diagnostics.

Program Repair from Diagnostic Feedback. In software engineering, program repair
has been widely studied as a supervised or self-supervised learning problem over paired
erroneous and corrected programs, including approaches that condition on compiler error

messages to guide targeted edits [70, 203 [16]. Several lines of work also generate repair
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supervision at scale when paired error—fix data is scarce, using compilers or analyzers to
validate synthetic errors and candidate fixes [204} 193]. Our work applies a similar philosophy
to the formal verification setting: we systematically mutate correct Lean proofs to generate

plausible failures, then train models for feedback-conditioned repair.
7.3 Methodology

7.8.1 Data collection

Each entry in APRIL consists of (i) an erroneous Lean proof that fails to compile, (ii) a
corresponding fixed proof that is syntactically similar but compiles successfully, (iii) the
compiler error messages and proof state, (iv) a natural-language explanation of the errors,
and (v) a natural-language fix suggestion describing how to transform the erroneous proof
into the corrected one.

Because large-scale corpora of human-generated Lean errors are scarce while correct
proofs are widely available, we construct APRIL backward: beginning with a correct proof
and systematically introducing errors into it. Although our failures are induced by controlled
mutations, every example is anchored in the expected elaboration behavior: the error mes-
sage, offending location, and local goal state are produced by the Lean compiler in a fixed
environment, and the repair target is a verified proof in that same environment. We start
from verified correct proofs sourced from the Herald, Lean Workbook, and Numina datasets,
retaining only those that compile under Lean 4.22.0-rc4. We then introduce errors using
the mutation strategies described below and keep only mutated proofs that trigger compiler
errors. To retrieve compiler feedback and compilation rates, we use Lean-Interact to interact
with the Lean REPL [I43]. For each retained example, we use DeepSeek-V3-0324 [115] to

generate an explanation of the compiler feedback and a corresponding fix suggestion.

Theorem Mutation Errors Theorem mutation is designed to imitate errors that arise
from subtle semantic mismatches, where a theorem is almost applicable but differs in its

required premises or conclusion. To construct such mutations, we begin with proofs that
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compile successfully and extract the theorems used in each proof. Each resulting (proof,
theorem) pair is treated as a separate mutation candidate. For each selected theorem occur-
rence, we retrieve semantically related declarations using the LeanExplore semantic search
engine [12], filter out trivial replacements (including the original theorem and namespace-
only variants), and perform a single substitution by replacing exactly one occurrence of the
selected theorem identifier in the proof text. The remaining candidates typically differ in
their hypotheses or conclusion in ways that are small but proof-critical, and the resulting

error may surface later in the proof, far from the mutation site.

Tactic Mutation Errors Tactic mutations substitute a similar, yet incorrect tactic, e.g.,
swapping nlinarith with linarith, norm num, or ring. We define a fixed set of tactic
equivalence classes based on common proof roles, including arithmetic solvers, rewriting
tactics (e.g., rw, simp, simp_rw), structural tactics (e.g., intro, intros, rintro), and proof-
construction tactics (e.g., apply, refine, exact, assumption). Substitutions are only per-
formed within the same class to ensure syntactic validity and plausibility. For each proof,
we randomly select between one and three swappable tactic occurrences and substitute each

with a similar alternative; we keep only unique mutated proofs that fail to compile.

Line Mutation Errors To produce a line mutation error, we begin with the corrected
proof and at random replace one proof line (after the main by) with REDACTED, preserving
indentation. This redacted proof is passed to DeepSeek-V3-0324 [I15] with instructions to
provide the redacted line. The model-generated completion is reinserted and compiled with

Lean; only mutated proofs that fail to compile are retained and duplicates are removed.

Multi-Line Mutation Errors Multi-line mutations are produced similarly to line muta-
tions, except we redact the entirety of the proof after the randomly selected line and allow
the model to produce as many lines as it pleases to replace the redacted lines. To ensure the

erroneous proof resembles the correct proof, no more than half of the proof is redacted.
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Explanation and Fix Generation All mutated proofs are compiled with Lean, and only
those that produce a compiler error are retained, since some changes still lead to correct
proofs. For each retained theorem mutation, we also store contrastive metadata, including
the names and formal statements of both the intended (correct) theorem and the substituted
(incorrect) theorem. For each retained erroneous proof, we automatically generate a natural
language explanation of the failure and a suggested fix using a separate language model,
prompted with the original proof, the mutated proof, the Lean compiler error message, and

any available mutation metadata.

7.3.2  Model finetuning

We finetune Qwen3-4B-Instruct-2507 [201], Kimina-Prover-Distill-8B, and Goedel-Prover-
V2-8B using an identical supervised finetuning (SFT) pipeline with Low-Rank Adaptation
(LoRA) [80]. All training procedures and hyperparameters are shared across all the experi-

ments.

Training Format and Objective FEach training example is converted into a chat-formatted
prompt using the corresponding model tokenizer. The input consists of a system message
and a user message concatenating the prover error, local proof state, and failing proof. The
supervised target is the assistant completion, structured to encourage an explicit diagnostic

reasoning step prior to code generation. The data format is as illustrated in

LoRA Setup We apply LoRA adapters with rank 32 to both attention and MLP projection
layers (q-proj, k_proj, v_proj, o_proj, gate_proj, up_proj, down proj) in each transformer

block. This configuration is identical across all base models.

Optimization and Training Hyperparameters We use AdamW [123] with learning
rate 1 x 1074, cosine decay, and linear warmup. Training runs for up to 15,000 steps with

effective batch size 8 and maximum sequence length 2048. Early stopping with patience 5
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(i.e., 1,250 steps) terminates training if validation loss does not improve, and we select the

checkpoint with lowest validation loss. Full hyperparameter details are provided in[Table 7.1]

Compute and Implementation Details All experiments are conducted on NVIDIA
L40S and H200 GPUs using bfloat16 precision. We enable FlashAttention-2 [49] when avail-

able, otherwise falling back to SDPA.

Table 7.1: Optimization and training hyperparameters used in all experiments.

Hyperparameter Value
Evaluation metric eval loss
Effective batch size 8
Optimizer AdamW
Learning rate 1x107¢

LR scheduler
Warmup ratio
Weight decay

Max gradient norm
Sequence length
Sequence packing
Precision

Evaluation frequency
Checkpoint frequency

Checkpoint selection

Cosine decay
0.1

0.01

1.0

2048

Disabled
bfloat16 (bfl16)
Every 250 steps
Every 250 steps

Best validation loss

Rank (r)

Scaling factor ()
Dropout

Bias

Target modules

32

64

0.1

None

q-proj, k_proj, v_proj,
o_proj, gate_proj,

up_proj, down_proj
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7.4 APRIL

7.4.1 Dataset composition

Table 7.2: Statistics of correct proofs after filtering. We report the number of raw and filtered
proofs for three source datasets, along with the average proof length, average number of have
statements per proof, and number of proofs containing at least one have statement. Across
all datasets, we observe significant variation in proof length and have statement usage,
with proofs sourced from human annotators in Numina’s dataset demonstrating the most

complexity in terms of length and have statements.

Dataset Raw  Filtered Avg. Lines Avg. have Contain have
Herald 30,190 16,010 4.02 0.13 1,500
Lean Workbook 10,433 9,491 2.71 0.16 820
Numina Autoformalizer 6,039 5,925 10.20 2.17 2,839
Numina Human 9,428 8,066 50.93 8.90 6,128
Total 56,090 39,492 14.21 2.24 11,287

Correct Proof Sources. To construct paired correct and incorrect proofs that remain
structurally aligned, we begin from large public corpora of Lean proofs and inject controlled
errors into initially correct proofs. We collect correct proofs from the Herald, Lean Workbook,
and NuminaMath-Lean datasets, and retain only samples that successfully compile under
Lean 4.22.0-rc4.

In total, APRIL contains 39,492 unique compiled theorems with diverse proof styles and
complexity (Table 7.2)). Approximately 40.5% of proofs originate from Herald, consisting
of modular fragments extracted from intermediate states of human-written mathlib4 proofs.
Another 24.0% come from Lean Workbook and are short, low-complexity machine-generated

proofs. The remaining proofs are drawn from NuminaMath-Lean: 15.0% are produced by
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an autoformalizer and 20.4% are annotated by human experts. These proofs exhibit longer
average length and more frequent use of have statements, indicating higher structural com-

plexity.

Generated Incorrect Proofs. From the 39,492 compiled theorems, we generate 260,125
incorrect proofs using four mutation operators (Figure 7.4)): (i) theorem substitution, (ii)
tactic replacement, (iii) line-level redaction or modification, and (iv) multi-line redaction or
modification. Each mutation yields a syntactically valid Lean file that fails to compile and
produces a concrete compiler error trace.

Each dataset instance contains:

the original correct proof,

a mutated incorrect proof,

the Lean compiler error message and local goal state at the failure location,

a repaired proof target, and

a natural-language explanation and fix suggestion aligned with the compiler feedback.

Theorem substitution errors constitute the largest fraction of incorrect proofs (59.5%),

reflecting the prevalence of type- and goal-mismatch failures in real proof development.

7.4.2 Dataset split

To prevent data leakage, we split the dataset at the level of original theorems rather than
individual mutated proofs. All mutated variants derived from the same original theorem
are assigned to the same split. This ensures that the model cannot observe identical correct
proofs across training and evaluation. We additionally anonymize all theorem declarations by
renaming them to a canonical identifier (lean problem), preventing models from exploiting

cross-dataset name correlations or memorizing problem-specific identifiers.



161

We perform stratified splitting based on (i) source dataset (Herald, Lean Workbook,
NuminaMath-Lean) and (ii) proof length, preserving the distribution of proof complexity

and domains across splits. The proportions of each mutation type are also maintained in

each split ((Table 7.3)). [Table 7.4| reports basic per-split statistics on the underlying correct
proofs, and reports the distribution of source datasets across splits.

Table 7.3: Number of erroneous proofs by split.

Error Type  Train Val = Test Total

Full 249,027 9,263 1,835 260,125
Tactic 59,688 2,064 398 62,150
Line 17,098 1,021 200 18,319

Theorem 148,362 5415 1,093 154,870
Multi-Line 23,879 763 144 24,786

Table 7.4: Basic dataset statistics by split.

Split Num  Avg. Lines Avg. have Contain have

Train 38,202  14.22 2.25 10,966 (28.64%)
Val 1,000 13.74 1.85 267 (26.70%)
Test 200 14.29 1.71 54 (27.00%)
Total 39,492  14.21 2.24 11,287 (28.58%)

7.5 Results

We evaluate proof repair accuracy on a held-out test set of 1,835 erroneous proofs spanning all

four mutation types. A repair is considered successful if the model’s output compiles under
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Table 7.5: Statement source distribution by split.

Split  Lean Workbook Herald Numina Auto  Numina Human

Train 9,159 (23.92%) 15,471 (40.40%) 5,833 (15.23%) 7,829 (20.45%)
Val 276 (27.60%) 450 (45.00%) 77 (7.70%) 197 (19.70%)
Test 56 (28.00%) 89 (44.50%) 15 (7.50%) 40 (20.00%)

Total 9,491 (24.03%) 16,010 (40.54%) 5,925 (15.00%) 8,066 (20.42%)

Lean 4.22.0-rc4. We compare against the base Qwen3-4B-Instruct model (no finetuning) and

Goedel-Prover (8B/32B), using the same single-shot repair interface (no search/iteration).

7.5.1 Main results

reports proof repair accuracy across models and error types. Finetuning on APRIL
yields large gains across all models. For Qwen3-4B-Instruct, finetuning increases repair
accuracy from 1.1% to 27.4% (25x). Under the same protocol, this slightly exceeds Goedel-
Prover-V2-32B (26.8%). Finetuned 8B models reach 31-35% repair accuracy, outperforming
the 32B Goedel baseline.

All results are single-shot repairs from a failing attempt, not theorem-level success under

multi-sample search or exploration.

7.5.2  Analysis by error type

further breaks down repair performance by mutation category, revealing system-
atic variation in difficulty across error types while preserving consistent trends across models.
Tactic mutations yield the highest repair rates, with top performance reaching 42.5%, reflect-
ing the relatively local nature of these errors within a fixed proof context. Theorem mutations
exhibit intermediate difficulty, while line mutations are the most challenging, with maximum

accuracy of 13.5%, as they often involve correcting semantically inconsistent or hallucinated



163

Table 7.6: Proof repair accuracy by model and error type when training jointly for repair
and explanation. Results outside the parentheses correspond to models jointly finetuned on
all error types and evaluated in each category. Parenthesized values denote models finetuned
separately on a single error type and evaluated on that same type. [Section 7.5.3| analyzes

the effect of removing explanations.

Baseline Model Full Tactic Line  Theorem  Multi-Line
Goedel-Prover-V2-8B 15.5% 19.6% 20.0% 12.7% 19.4%
Goedel-Prover-V2-32B 26.8% 34.2% 28.5% 23.0% 32.6%
Kimina-Prover-1.7B 8.4% 15.1% 13.5% 4.8% 10.4%
Kimina-Prover-8B 11.1%  17.3% 14.5% 7.9% 13.9%
Qwen3-4B-Instruct-2507 1.1%  1.8%  2.5% 0.5% 0.0%
Finetuned Goedel-8B 34.6% 41.7% 18.5% 36.8% 20.8%
Finetuned Kimina-8B 31.9% 38.9% 18.5% 34.1% 14.6%
Finetuned Qwen3-4B 27.4% 39.7% 16.0%  26.8% 13.2%

proof steps.

Importantly, models trained jointly on the full dataset maintain strong performance when
evaluated on individual error categories. For example, Qwen3-4B-Instruct fine-tuned on
the full dataset achieves competitive accuracy across tactic, theorem, and multi-line errors
without explicit specialization. Comparable behavior is observed for Goedel-Prover-8B and
Kimina-Prover-8B, where training on the full dataset results in only modest differences rel-
ative to models trained separately on each error type.

The limited degradation observed under joint training indicates that the dataset’s muta-
tion types share substantial structural overlap. Rather than inducing negative interference,
joint training enables models to learn repair strategies that generalize across error categories.
This property is particularly important for realistic proof repair settings, where error types

are heterogeneous and not known a priority.
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7.5.8  Effect of explanations

We ablate the effect of jointly supervising natural-language explanations alongside proof
repair. Specializing exclusively on repair increases pass@1 from 27.4% to 31.2%. This reveals
a controllable trade-off: training exclusively for repair maximizes autonomous pass@1, while
joint supervision yields human-interpretable diagnoses that can support human-in-the-loop
debugging or downstream tool-using agents.

The explanations that finetuned Qwen produce are valuable in their own right, however.
Model explainability is often hard to come by, and this is especially true for error correction
in Lean. Top models (Goedel and Kimina) are specialized in error correction to the point
that they have lost much of their ability to produce meaningful natural language, including
to explain their work, making their reasoning very difficult to understand. Training on
our dataset allows Qwen to improve significantly at correcting Lean errors and at the cost
of an only slight reduction in error correction accuracy it can also produce explanations
of its reasoning. As a small demonstration of the downstream utility of explanations, we
provide DeepSeek with the same failing instance augmented by an explanation, and observe
substantially higher success rates when using explanations produced by the explanation-
trained model. DeepSeek succeeds with a rate of 4% when aided by base Qwen’s explanations
and 29% when aided by the trained model’s explanations, performing better than either

model individually.
7.6 Conclusion

We introduced Lean proof repair as a supervised learning task: given a failing proof and
compiler feedback, predict a corrected proof that compiles. To support this, we constructed
APRIL, a dataset of paired erroneous and verified proofs augmented with compiler diag-
nostics and additional natural-language annotations. Supervised finetuning on this data
substantially improves repair accuracy, with a finetuned 4B model outperforming larger

open-source provers under our evaluation setup. These results suggest that error-centric su-
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Table 7.7: Pass@1 on error types matching the training regime. A denotes the change from

w/o0 exp (color-coded).

Model Method w/o exp w/ exp A
Full 36.7%  34.6% -2.1%
Tactic 48.5%  46.5% -2.0%

Goedel-8B  Line 25.5%  21.5% -4.0%

Theorem 37.5% 37.0% -0.5%
Multi-Line  24.3% 22.9% -1.4%

Full 36.9% 31.9% -5.0%
Tactic 49.7%  472% -2.5%
Kimina-8B Line 23.5% 23.5%  0.0%

Theorem 37.4% 37.0% -0.4%
Multi-Line  26.4% 21.5% -4.9%

pervision is a strong and underutilized training signal for building agentic theorem provers
that can iteratively refine proofs from feedback.

The APRIL dataset is available on HuggingFace under uw-math-ai/APRIL, with fine-
tuned models with and without explanations available under uw-math-ai/gAPRIL-w-exp

and uw-math-ai/gAPRIL-wo-exp respectively.
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Correct Proof Error Proof
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‘ D Herald ’ @ Lean Workbook} Mutate Paired

Correct \ - Tactic
) Error
Proof _ /- Lines Proof
NuminaMath-LEAN - Theorem
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f (gn) (g <l n+1)): (g n) (g <l n+1)):
Semiconj f[n] (g k) .. iconj f[n] (g k) ..
(g <I n+ k) := by g <| n + k) :=Dby
induction n generalizing k with cases n generalizing k with
| zero => | zero =>
rw [Nat.zero_add] rw [Nat.zero_add]
exact id.left simpa [Function.iterate zero]
| succ n ihn => | succ n ihn =>
rw [Nat.add right_comm] rw [Nat.add right_comm]
rw [Nat.add assoc] [ Nat.add_sub_ Theorem
exact (H k).trans (ihn (k + 1)) cact (B &) tes ass°c

K / \ exact (H k).trans (ihn (X /
[ [
Uﬂ\%\t Lean Compilation] —l— ‘ @ LLM Interpretation]

\ /
4 Supervised Error Correction Dataset N

Input Label

- Error Proof - Error Explanation
- Error Line of Code - Fix Suggestion
- Goal State Before Error - Correct Proof

- Error Messages

S 2

Figure 7.1: Overview of our dataset collection pipeline that collects paired correct and incor-

rect proof and their contextual information. We collected correct proofs from public datasets
(Herald, Lean Workbook, NuminaMath-Lean). The paired error proofs that maintain the
same proof sketch are generated by mutating tactics, lines of code, or theorems. Then, we
used the Lean compiler to filter out the error proofs and extract their error messages, error
lines, and goal states. Finally, we prompted an LLM to generate error explanations and fix
suggestions based on the paired proofs and Lean Infoview. The resulting dataset pairs erro-
neous proofs and error information with structured labels containing the error interpretation

from LLM and the corresponding correct proofs.



theorem lean workbook plus 24890:
Correct sin 80 = 2 A* §in 40 * cos 40 := by
o rw [« cos_pi.div_two_sub ]
Proof rv [« sin_twomul]

norm num {cos_pi_div_two_sub, sin_twomul]

Y]
1. LeanExplore Search

- Real.cos_pi.div_two_sub
- Complex.cos_pi div_two_sub
- Real.cos_pi.div_two
- Real.cos half
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theorem lean workbook plus_24890ThmME:
sin 80 = 2 * sin 40 * cos 40 := by
rv [+ Real.cos pi div two]
Proof rw [« sin_twomul]
norm num [cos pi div_two_sub, sin two mul]

2. Selection
l Real.cos pi div_two

(a) Theorem mutation error

‘theorem lean workbook plus_687: (x : R)
Correct (hx : x> 0) : Real.exp x > x + 1 := by
v have h1 : 0 < x + 1 := by linarith
Proof rw [« add zero (x + 1)]

have h2 : 0 < 1 + x := by linarith

simp [exp_pos]

rv [+ log 1t iff 1t exp (by positivity)]

have h3 := log_lt_sub_one of ] s

nlinarith [h3 (by linarit!

1. Replace: <REDACTED>
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2. LLM Filling: <REDACTED> —> have h3 : Vy
nas

dmnavith (RO mVimavith [h2 (

~

‘theorem lean workbook plus 687LME: (x : R)

(hx : x> 0) : Real.exp x > x + 1 := by

have h1 : 0 < x + 1 := by linarith

rw [« add zero (x + 1)]

have h2 : 0 < 1 + x := by linarith

simp [exp_pos]

rw [« loglt_iff 1t exp (by positivity)]

have h3 : V y >0, Real.logy <y - 1 := ..
Real.log le_sub_one_of_pos

nlinarith [h3 (by linarith)]

Tw [ LOgit. W mg,m,l.]

(c) Line mutation error
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theorem lean workbook plus 850:
(an: N)

Correct (h0 : 0dd a) :

Even (a”(2°n) - 1) := by
Proof obtain (b, rfl) := h 0
rv [+ Nat.mod add div ((2*b+1)"2°n) 2]
simp [Nat.pow mod, Nat.add mod]
| |
Substitution with Similar Tactic

simp «—> rv <> simp_all<—> simp rw

~
/theoren lean workbooK pxas_850:
(an: N)
Error (h 0 : 0dd a) :
Even (a”(2°n) - 1) := by
Proof obtain (b, rfl) := ho0
simp.rw [+ Nat.mod add div ((2¥b+1)~2°n) 2]

\_ simp_all [Nat.powmod, Nat.add mod]

(b) Tactic mutation error

theorem lean workbook plus_10951:
Vy: Z,y2%8=0—y"2%16 =0 := by

Correct| intron hn
Proof obtain (k, rfl) | (k, rfl) := Int.even or_odd n

all goals (ringnf at hn F; simp ..
[Int.add emod, Int.mul_emod, hn])

any_goals omega
obtain (k, rfl) | (k, rfl) := Int.even or_odd k

all goals (ringnf at hn F;
I
. LLM Completion
all_goals (ring.nt at hn
[Int.add emod, Int.mul
obtain (m. rfl) := Even

\
(1. Remove Last Lines
all_goals (ring.nI at nn

[Int.add emod, Int.mul._

N

theorem lean workbook pIws_10951:
Vy: Z,y2%8=0—y27%16 =0 :=by
Error intro n hn
obtain (k, rfl) | (k, rfl) := Int.even.or_odd n
all goals (ringnf at hn F; simp ..
[Int.add emod, Int.mul_emod, hn])
obtain (m, rfl) := Even k

rw [Int.mul_pow]
norm_num

(d) Multi-line mutation error

Figure 7.2: Examples of the four mutation error types with illustrations of their generation

models.
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Prompt
[System]
You are diagnosing a single failing proof
[User]

Explain the error, suggest a fix, and provide the
corrected proof based on the context:

Incorrect Proof: <proof with Generated Errors>
State: <Goal State Before the Error from InfoView>
Line at error; <Error-Occurred Line of Code>

Lean error: <Error Messages from InfoView>

Completion

[Assistant]
Explanation: <Explanation of Error Cause>
Fix: <Code Manipulation Fix Suggestion>

Corrected Proof: <Corrected Proof>

Figure 7.3: A template of our finetuning data format.
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Herald (126,367, 49%)

R

B8 ome

Figure 7.4: Statistics based on mutation type. For each dataset, we report the total number
of erroneous proofs generated and detail the distribution of specific mutation types: Line
Mutation Error (LME), Multi-line Mutation Error (MLME), Tactic Mutation Error (TME),
and Theorem Mutation Error (THME). The percentages denote the proportion of each mu-

tation type within its respective dataset.
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Chapter 8

SEMI-AUTONOMOUS FORMALIZATION OF THE
VLASOV-MAXWELL-LANDAU EQUILIBRIUM

This chapter closes Part III, which traces the discovery — repair — formalization arc of
Al-assisted mathematics. addressed discovery — how to find a specific theorem
in millions of statements — and addressed repair — how to learn from compiler
feedback to fix proofs that fail to compile. This chapter addresses formalization itself: assem-
bling discovery, proof generation, repair, and verification into a single end-to-end workflow
on a research-level theorem.

The theorem is the one already proved on paper in every sufficiently smooth
steady state of the full Vlasov-Maxwell-Landau system on the torus, with Coulomb colli-
sions, must be a global Maxwellian with vanishing electric field and constant magnetic field.
This is the analytical anchor of Part I, originally conjectured from the numerical evidence in
before being proved on paper, and now formalized in LEAN 4 with zero sorry’s.
The formalization was completed in 10 days at a cost of $200 by a single mathematician
who wrote zero lines of code — the proof was generated by an Al reasoning model (Gemini
DeepThink), translated into LEAN by an agentic coding tool (Claude Code), and closed
lemma-by-lemma by a cloud-based prover (Aristotle). The LEAN kernel provides the final
guarantee of correctness that none of these models can offer alone.

The chapter focuses on the formalization process rather than the mathematics: the tools
used , the six-phase timeline , the project statistics ,
and the lessons learned about the capabilities and failure modes of current Al tools for
formalization (Section 8.6), including a definition-alignment bug caught by an expert reviewer
post-completion. The mathematical proof itself is given in and is not reproduced
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here. This chapter is based on [88].

Project Prover LOC New thm New defs Team  Alrole Logs Domain
Gauss [137] LEAN 4 181K* X X 6+8 sorry elim. X Geometry
Bayer & David [I5] Isabelle 20K v v 15 none X Num. theory
This work LeEan 4 10K v v 1 all code v Math. phys.
Numina [117] LeEaNn 4 ~8K v v 13 collab. X Analysis
AxiomProver [33] Lean4 43K v ~ 21  fully auton. X  Num. theory
AxiomProver [34] Lean4 2.7K v ~ 21 fully auton. X Algebra
2HDM [177] LEaAN 4 16K  xf v 1 minimal X Physics
Aristotle [166] LEan 4 14K v X 1 fully auton. X Combin.
AxiomProver [31] Lean4 0.2K v ~ 5  fully auton. X Alg. geom.

Table 8.1: Recent research-level formalizations with publicly available code, sorted by LOC.
“New thm” = theorem previously unpublished. “New defs” = required definitions or theory
not in the proof library (v = substantial, ~ = lightweight, X = none). “Al role”: sorry elim.
= eliminated sorry’s in human-written scaffold; all code = AI generated all proof-assistant
code from NL prompts; collab. = human-Al pair programming; fully auton. = AI from NL
problem statement alone. “Logs” = full development process public (all commits, prompts,
and interaction logs). TDiscovered an error in the published proof. ¥~22K lines (definitions,
statements) written by human experts; Gauss eliminated ~160K lines of sorry’s in 3 weeks.

$No paper; 6+ named contributors on blog post.

8.1 Introduction

Formal verification of mathematics in proof assistants like LEAN 4 [50, [I73] has traditionally
required deep expertise in both the mathematics and the proof assistant itself. The learning
curve is steep: even experienced mathematicians report months of effort to formalize results

that take pages to prove on paper [I79]. This bottleneck has limited formal verification to a
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small community of specialists.

Recent advances in Al-assisted theorem proving are changing this landscape rapidly
. Large language models can now generate LEAN tactics [30], agentic coding tools
can manage entire LEAN projects [117], and cloud-based automated theorem provers can

close individual lemmas without human intervention [3].

ArXiv math papers referencing the Lean theorem prover, by year
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Figure 8.1: ArXiv papers using LEAN for formalization, by year. Data from the arXiv

metadata snapshot (March 2026), filtered for references to the LEAN theorem prover.

Yet most published work on Al-assisted formalization focuses on competition mathe-
matics (IMO, Putnam) or textbook results. Recent breakthroughs include AxiomProver
autonomously generating a formal LEAN proof of Fel’s open conjecture [34] from a natural-
language problem statement alone, GPT-5.2 generating informal proofs of open Erdos prob-
lems that were then auto-formalized in LEAN by Aristotle [166], and Google DeepMind’s
Aletheia agent [63], [62] autonomously producing research papers in natural language. [117]
formalized effective Brascamp—Lieb inequalities (~8K lines) with human experts collaborat-
ing on the LEAN code, and [I5] formalized their own new theorem in Isabelle in parallel with
the mathematical research, writing the proof assistant code themselves.

Our work is distinguished not by full autonomy — AxiomProver’s Fel’s conjecture result

is more autonomous — but by the combination of several features that, to our knowledge, no
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single prior project shares ([Table 8.1)):

e Scale and depth. 34 files and 10K+ lines of LEAN, in hard analysis: Coulomb singu-

larity cancellation, Leibniz integral rule, energy methods on the torus.

e New theory. The theorem cannot even be stated with existing MATHLIB — the Landau

operator, torus differential structure, and VML system had to be defined from scratch.

e New result. The characterization of smooth steady states of the full VML system with
Coulomb collisions and electromagnetic coupling does not appear in the prior literature

in this precise form and is, to our knowledge, new as a stated and proved result.

e Fully documented process. A single mathematician wrote zero code while actively

steering the formalization over 10 days; every prompt, commit, and tool call is public.

The contributions are:

1. A demonstration of the full Al-assisted mathematical research loop: from an open con-
jecture, through Al-generated resolution and detailed proof (Gemini DeepThink, requir-
ing no mathematical corrections), to a complete machine-verified formalization (Claude
Code + Aristotle) — all with the human acting solely as supervisor. To our knowledge,
this is the first project to close this entire pipeline on a research-level result in hard

analysis.

2. A complete LEAN 4 formalization of a new theorem in mathematical physics (the VML

steady-state characterization), verified with zero sorry’s.

3. A detailed, fully transparent account of the process: every prompt, every commit, every

tool call is public.

4. Lessons learned about the capabilities and failure modes of current Al tools for formaliza-

tion, including a definition-alignment bug caught by an expert reviewer post-completion.
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5. Evidence that research-level formalization is now accessible to mathematicians without

deep LEAN expertise, at minimal cost ($200 subscription + $0 for Aristotle and Gemini).
8.2 The Theorem

8.2.1 The Physical System

The Vlasov-Maxwell-Landau (VML) system is a system of PDEs modeling the dynamics of
a charged plasma. The full time-dependent system evolves a particle distribution function
f(t, x,v), an electric field E(t, x), and a magnetic field B(t, z) via the Vlasov equation coupled
to Maxwell’s equations with the Landau collision operator.

We are interested in steady states: solutions with no time dependence. Setting all time
derivatives to zero, the unknowns reduce to f(z,v) > 0 on T? x R® E(x), and B(z), and

the system becomes:

v-Vof+(E+vxB)-V,f=vQ(f, f), (8.1)
=J= v fdv .
VxB—J /R fdu, (8.2)
V-E= fdv — pion, (8.3)
R?)
V-B=0, (8.4)

where Q(f, f) is the Landau collision operator with the Coulomb kernel ¥(r) = r—3. Note
that Faraday’s law 0;B = —V x E becomes V x E = 0 at equilibrium; this is not listed as

a hypothesis because it is derived in the proof (it follows from the other equations).

8.2.2 Main Result

Theorem 8.1 (Informal; see [89] for the complete proof). Let f > 0 be a smooth steady-state
solution of the VML system with Coulomb collisions on T = (R/Z)3, with Schwartz-class

velocity decay and a polynomial log-growth bound. Then:

1. f is a spatially uniform Mazwellian: f(x,v) = (2:;3)“3/2 exp(—%) for some T > 0;
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2. the electric field vanishes: E(x) =0;

3. the magnetic field is constant: B(x) = By.

The formal LEAN statement is shown in [Figure 8.2] It takes 12 hypotheses, all with clear
physical meaning: 2 physical parameters (v > 0, pjon > 0), strict positivity of f, smoothness
conditions (C? in velocity, C? in space via periodic lift, C? for B), Schwartz-class velocity
< C(1+||v])Xf), and the four steady-state equa-
tions f. The polynomial score bound is a genuine assumption not derivable from

decay, a polynomial score bound (|0, f

Schwartz decay alone; it is satisfied by Maxwellians and physically reasonable perturbations.
A 13th hypothesis — a polynomial log-growth bound (| log f(z,v)| < C(1+|v|)¥) — is derived

from the score bound and smoothness inside the proof.

8.2.3  Proof Architecture

The proof follows a classical entropy method in seven steps (Figure 8.3):

1. H-theorem: Entropy dissipation D(f) < 0; the Landau matrix is positive semi-definite.

2. Nullspace: D(f) = 0 implies f is a local Maxwellian: log f(z,v) = a(x) + b(x) - v +

c(@)]v]?.

3. Transport: Substituting into the Vlasov equation yields a polynomial in v that must

vanish identically.

4. Polynomial matching: The O(|v|?) terms force Ve = 0 (constant temperature); the

O(|v|?) terms yield Killing’s equation for b.

5. Killing’s equation: On the flat torus, the only smooth Killing fields are constants, so

b = by.
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6. Maximum principle: Ampere’s law forces by = 0; Gauss’s law forces £ = 0 and

uniform density.

7. Harmonic analysis: With J =0, curl B = 0 and div B = 0 imply B is harmonic on

T3, hence constant.

8.3 Tools

The project used four Al systems, none of which required any LEAN code to be written by
hand.

Claude Code (Anthropic). An agentic coding tool that operates in the terminal, with
access to file reading/editing, shell commands, and MCP (Model Context Protocol) inte-
grations. Claude Code was the primary workhorse: it generated all LEAN code, managed
the project structure, ran diagnostics via the LEAN LSP, and orchestrated submissions to

Aristotle. The subscription costs $200/month (Claude Max plan).

Gemini DeepThink (Google DeepMind). A mathematical reasoning model accessed via
MCP. Gemini generated the initial natural-language proof of the theorem in a five-turn
dialogue, identified the relevant literature, and was consulted during the project for planning

decisions (e.g., choosing the torus representation).

Aristotle (Harmonic). A cloud-based automated theorem prover for LEAN 4 [3]. Lemma
statements were extracted from the project, submitted via a Python script, and results were
automatically integrated. Aristotle proved 111 lemmas, disproved 28 false conjectures, and

returned 66 with sorry’s still present. The service was free during the project period.

Lean LSP tools. The LEAN Language Server Protocol, accessed via MCP, provided
real-time compilation feedback, goal-state inspection, tactic suggestions, and library search

(LeanSearch, Loogle). These tools generated 3,194 calls over the project.
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8.4 Process

8.4.1 Timeline

The project unfolded over 10 days of active development (March 1 — 10, 2026), preceded by
the Gemini DeepThink session on February 28. summarizes the key milestones.

Date Event Sorry count

Feb 28  Gemini generates natural-language proof -

Mar 1  First LEAN code committed (monolithic file) ~25
Mar 2 First Aristotle submissions; hypothesis creep begins 25
Mar 3  File split into main/ directory; Aristotle results arrive 25 =7
Mar 5  Concrete torus representation chosen (with Gemini) 7+ 22
Mar 7 Abstract theorem reaches 0 sorry’s 0

Mar 7 /critique adversarial review introduced 0

Mar 8  /babysit automation loop created (1:09 AM) 0

Mar 8  Coulomb kernel instantiation begun; university server online 435
Mar 9  Coulomb theorem reaches 0 sorry’s (11:15 PM) 0

Mar 10  Cleanup (—3K lines); non-vacuousness theorem 0

Table 8.2: Project timeline and sorry count evolution.

8.4.2 Phase 1: Natural-Language Proof (Feb 28)
The project began with a question posed to Gemini DeepThink:
“What is known about the equilibrium of the Viasov—Maxwell-Landau equations

with Coulomb collisions, and a single species? Does it have to be a global Maxwellian?

With what covariance? How 1s it shown?”
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Gemini produced a detailed six-step proof, identified the relevant literature [184] 28|
74, [75, B3], and refined the argument over five turns. Crucially, the proof required no
mathematical corrections: the mathematician verified the argument by hand and found it
complete and correct, needing only the identification of exact supporting theorems from the

cited papers. The final natural-language proof became the blueprint for the formalization.

8.4.8 Phase 2: Scaffolding (Mar 1 — 2)

The formalization prompt was:

“Look at H-theorem-formal.tex. I want to formalize that the steady state of the
VML.”

Claude Code generated a monolithic 1,000+ line LEAN file within hours, with sorry’s
marking every gap. Claude estimated the full formalization would require “multiple months.”
The mathematician’s role was to reject false paths and enforce design principles, particularly

hypothesis discipline:

“You keep doing the same thing — adding hypotheses that are actually lemmas to
be proven! Why do you do that?” (Mar 2)

This became the project’s central methodological principle, codified in CLAUDE.md: a
sorry (an acknowledged gap) is preferable to an unnecessary hypothesis (which silently

weakens the theorem).

8.4.4 Phase 3: Abstract Proof Chain (Mar 3 —7)

The monolithic file was split into a main/ directory with separate files for each section of
the proof. A FlatTorus3 typeclass abstracted the spatial domain, specifying integration by

parts, curl/divergence identities, a maximum principle, and constancy of harmonic functions
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— without fixing a particular manifold. The mathematical argument (Sections 2 — 8) was
formalized against this interface.

A concrete TorusInstance module proved that T3 = (R/Z)? satisfies all 22 fields of
FlatTorus3, using the MATHLIB representation Fin 3 — AddCircle 1. The representation
was chosen in consultation with Gemini. Periodicity is automatic: functions on the torus
factor through the quotient map R — R/Z.

By March 7, all sorry’s in the abstract proof chain were closed — the abstract theorem

was fully proved.

8.4.5 Phase 4: Automation (Mar 7 - 8)

On March 7, an adversarial self-review process was introduced:

“You are a hostile reviewer trying to REJECT this formalization. Your job is to

find every weakness, gap, and dishonesty.”

The output, critique.md, identified false hypotheses, unnecessary assumptions, and
dead code. On March 8 at 1:09 AM, the automation suite was created in a 20-minute
session. The initial /babysit loop combined four slash commands (/critique, /prove,
/check-aristotle, /cleanup) and was set to run on a 10-minute timer. Over the fol-
lowing days, the loop was iteratively expanded to 11 steps — adding /plan, /simplify,
/strengthen, /submit-aristotle, /log, /commit, and /alert (Telegram notifications) —

and executed 122 documented cycles over the project.

8.4.6 Phase 5: Coulomb Kernel (Mar 8 - 9)

With the abstract theorem proved, the final challenge was instantiating it for the physical
Coulomb kernel ¥(r) = r=3. This required proving that the Landau collision operator satis-

fies all 17 integrability, differentiability, and continuity conditions in the VelocityDecayConditions
bundle.
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The Coulomb singularity at r = 0 makes |A;;(z)| ~ ||z|| 7!, which is barely integrable in
R3. Each integrability proof required decomposing the domain into a ball around the origin
(handled by local integrability of ||z||™') and the complement (handled by Schwartz decay).
This phase was the hardest part of the formalization, producing ~4,000 lines of analytical
estimates.

A university server was brought online on March 8 to run /babysit loops concurrently
with the local machine, enabling continuous progress. The sorry count dropped from 35 to

0 on March 9, with the last sorry closed at 11:15 PM.

8.4.7 Phase 6: Cleanup (Mar 10)

With zero sorry’s achieved, the /babysit loop shifted to code quality: removing dead code
(—3K lines), eliminating unnecessary maxHeartbeats overrides, and re-enabling linters. A
separate non-vacuousness theorem (CoulombConcreteTheorem42 nonvacuous) verified that
the 12 hypotheses are satisfiable — the equilibrium Maxwellian with £ = 0, B = 0 witnesses
all conditions. This sanity check was suggested independently by expert reviewers on the

Lean Zulip.
8.5 Statistics

Table 8.3 summarizes the project. The 2.8 billion input tokens are dominated by cache
reads of the LEAN codebase and MATHLIB context — the 254:1 input-to-output ratio reflects
the read-heavy nature of formal verification. At Opus 4 API pricing with prompt caching,
this would cost approximately $6,300: $4,071 in cache reads ($1.50/M), $1,401 in cache cre-
ation ($18.75/M), $826 in output ($75/M), and $6 in fresh input ($15/M). Without prompt
caching, the same workload would cost ~$42,700 — caching saves 85%. The mathematician
paid only $200 for the Claude Max subscription, which provides generous usage.

The development trajectory is shown in Figures [8.4] and the sorry count follows a
sawtooth pattern as scaffolding and proving alternate, while the LOC history shows the four-
phase structure of the project. reveals that roughly half of the final codebase
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is supporting infrastructure — definitions, the torus instance, Coulomb kernel integrability
files, and decay helpers — rather than the core proof chain. This reflects the substantial
gap between MATHLIB’s current coverage and the background material needed for research-
level mathematical physics: the Landau operator, torus differential calculus, Schwartz decay
machinery, and Coulomb singularity estimates all had to be built from scratch.
shows session activity across two machines, with near-round-the-clock coverage during the
final sprint. breaks down token consumption, revealing the 254:1 input-to-output
ratio characteristic of formal verification. summarizes tool usage across 17,334

invocations, and shows the outcomes of 220 Aristotle submissions.

8.6 Lessons Learned

8.6.1 Hypothesis Discipline is Critical

The most persistent failure mode of Claude Code was hypothesis creep: when faced with a
difficult lemma, the agent’s default behavior was to assume it as a hypothesis of the main
theorem rather than prove it. By March 4, the main theorem had accumulated 42 hypotheses
— most of which should have been derived lemmas.

This failure mode is insidious because it is syntactically valid: the LEAN code compiles,
the sorry count stays low, and the proof “works.” But the theorem statement is progressively
weakened. In the extreme case, one could “prove” any theorem by assuming its conclusion
as a hypothesis.

The fix required persistent human intervention:

“I have told you time and again to keep the hypotheses to Theorem/2 minimal.

If you need a mathematical fact, it should be a lemma with a sorry, not a hypoth-

esis!” (Mar 3)

This was codified in CLAUDE.md: “The goal is not to end up with 0 sorry’s! The goal is to
make an honest formalization of the main theorem, with only the genuinely needed mathemat-

ical/physical assumptions.” The 42 hypotheses were systematically reduced: velocity-space
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decay conditions were bundled into a single VelocityDecayConditions structure (replacing
15 scattered hypotheses), and regularity facts like continuity of the density p were derived
inside the proof from domination bounds. The final concrete theorem has 12 hypotheses, all

physically meaningful.

8.6.2 Aristotle is Transformative

The cloud-based theorem prover Aristotle [3] was the single most impactful tool after Claude
Code itself. Of 220 submissions, 111 were proved outright (50%), and 28 were disproved —
Aristotle found counterexamples or proved the negation.

The disproved statements were arguably more valuable than the proved ones. They
caught false conjectures early: missing measurability hypotheses, claims that fail on patho-
logical counterexamples (e.g., Vitali sets), and Schwartz decay estimates that are actually
false for the Coulomb kernel. The fix-and-resubmit cycle served as the primary mechanism
for catching bugs in the formalization.

Aristotle’s overall median turnaround was 19 minutes . Proved lemmas
returned in a median of 9 minutes; disproved statements took 29 minutes (counterexample
construction); but submissions returned with sorry had a median of 5.6 hours, as Aristotle
exhausted its time budget searching before giving up. We recommend decomposing proofs
aggressively into small lemmas and submitting each to an automated prover — even lemmas

that seem hard.

8.6.3 Definition Alignment Requires Fxpert Review

After the formalization was announced on the Lean Zulip, Sébastien Gouézel (a Mathlib
maintainer) immediately identified a definition-alignment bug: the original theorem used
ContDiff R T, which in MATHLIB means analytic, not C* as intended. Neither the Al
agent nor the mathematician caught this during 10 days of development. Gouézel remarked:
“I find it a little bit worrisome that Al can overlook such discrepancies — if there is one in

the only line I've checked, how many others are there?”
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The fix was straightforward — replacing T with explicit finite smoothness (C? in velocity,
C? in space) — and the resulting theorem is actually stronger, since it assumes less. But the
episode illustrates a fundamental risk of Al-generated formalizations: the code compiles and
the proof checks, yet the theorem does not state what was intended. Gouézel also suggested
formalizing that the equilibrium Maxwellian satisfies all 12 hypotheses (the non-vacuousness
theorem), which was implemented as an additional sanity check.

This lesson is perhaps the most important for the community: compilation is not
correctness. Expert review of definitions and theorem statements remains essential, and

cannot yet be delegated to the Al

8.6.4 Automation Helps but is Not Strictly Necessary

The /babysit loop ran for 122 cycles over the project. It was valuable for
overnight progress and for maintaining momentum on tedious tasks (linter cleanup, dead
code removal). However, the most important breakthroughs (closing the abstract theorem,
proving the Coulomb integrability estimates) happened during interactive sessions with direct
human guidance.

The automation was most effective for:

e Maintaining code quality: The adversarial /critique step caught issues that would

otherwise accumulate (unused imports, stale comments, false docstrings).
e Aristotle polling: Checking for completed Aristotle jobs and integrating results.

e Overnight progress: Running unattended on two machines while the mathematician

slept or traveled.
It was less effective for:

e Novel proof strategies: The agent often got stuck in loops, retrying the same failing

approach rather than reconsidering the proof strategy.
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e Architectural decisions: Choosing representations, structuring typeclasses, and de-

ciding what to abstract required human judgment.

8.6.5 Gemini for Mathematical Reasoning

Gemini DeepThink served two distinct roles: (1) generating the initial proof blueprint, and
(2) providing mathematical advice during the formalization. For the first role, it was excellent
— the proof it produced served as the complete blueprint for the 10K-line
formalization. For the second role, it was useful but not essential: Claude Code’s own
mathematical reasoning was often sufficient for tactical decisions. In the mathematician’s
own assessment: “I did not find Gemini to be that terribly useful [beyond the initial proof].
It was mostly for experimental sake.”

The key insight is that the full loop of mathematical research — from conjecture to resolu-
tion to detailed proof — can now be completed by Al with the human acting as verifier rather
than creator. Proof generation and proof formalization are different skills, and a model that
excels at informal mathematical reasoning (Gemini) can be productively combined with a
model that excels at code generation (Claude), with each handling its strength. The LEAN

kernel then provides the final guarantee of correctness that neither model can offer alone.
8.6.6 The Agent Gets “Lazy”
Beyond hypothesis creep, Claude Code exhibited several avoidance behaviors:

e Premature sorry: Marking a goal as sorry and moving on, rather than attempting

the proof.

¢ Excessive heartbeats: Setting maxHeartbeats 800000 to suppress timeouts rather

than simplifying the proof.

e Dead code accumulation: Leaving unused lemmas, commented-out code, and stale

helper definitions rather than cleaning up.
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e Over-engineering: Creating unnecessary abstraction layers, helper functions, and in-

termediate definitions when a direct proof would suffice.

e No-op cycles: During automated /babysit runs, the agent would sometimes com-
plete a cycle with no meaningful changes despite open issues in critique.md, requiring

prompt rewrites to enforce progress.

These behaviors are not bugs per se — they are rational strategies for an agent optimizing
for compilation success rather than proof quality. The fix is explicit instructions (CLAUDE.md)
and persistent human supervision. The adversarial /critique step in the /babysit loop

partially automated this supervision.

8.6.7 The Abstract/Concrete Split Pays Off

Separating the proof into an abstract framework (FlatTorus3 typeclass) and a concrete in-
stantiation (TorusInstance) was an early design decision that paid dividends throughout.
When the torus proofs required rewrites — removing false hypotheses, changing the represen-
tation of spatial differentiability — the abstract proof chain (Sections 2 — 8) was completely
unaffected. This separation of concerns is standard software engineering practice, but it is

not the default behavior of the Al agent, which tends to produce monolithic proofs.

8.6.8 No Lean Code Required

The mathematician wrote zero lines of LEAN code and zero lines of any other programming
language. All LEAN code was generated by Claude Code from natural-language prompts. Of
the 229 human prompts sent to Claude Code (excluding bare slash commands and context
continuations), most were short directives or confirmations. The mathematician estimates
approximately 50 hours of active supervision — an average of 5 hours per day watching Claude
Code work in real time.

The mathematician’s contributions were:
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1. Posing the conjecture.

2. Checking the final theorem statement (12 hypotheses, each evaluated for physical cor-

rectness).
3. Enforcing hypothesis discipline and architectural decisions.
4. Providing mathematical intuition when the agent was stuck.

5. Designing and iterating on the automation suite.

The mathematician did read key definitions and theorem statements in LEAN to verify
alignment with the intended mathematics, but did not debug proofs or lemma statements

directly.

8.7 Related Work

compares recent research-level formalizations with publicly available code.

Al-assisted theorem proving. Seed-Prover [36] achieves state-of-the-art results on com-
petition mathematics using reinforcement learning with LEAN feedback. Harmonic’s Aris-
totle [3] achieved gold-medal performance on the 2025 IMO and auto-formalized GPT-5.2-
generated proofs of open Erdés problems in LEAN [166]. Google DeepMind’s Aletheia agent
[63, 62] autonomously produced research papers in natural language, including solutions to
four open Erdds conjectures. AxiomProver autonomously generated formal LEAN proofs
of Fel’s open conjecture [34], a result on partial regularity of primes [33], and parity of
k-differentials [31] — all from natural-language problem statements with zero human guid-
ance. Unlike our work, these systems are specialized for theorem proving, and the formalized
results are typically short combinatorial or algebraic arguments rather than large-scale for-

malizations requiring hard analysis (Coulomb singularity estimates, PDE energy methods).
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Agentic formalization. Numina-Lean-Agent [117] combines Claude Code with MCP
tools and formalized effective Brascamp-Lieb inequalities (~8K lines) with two human ex-
perts collaborating on the LEAN code. Archon [65] uses a dual-agent architecture and demon-
strated full automation of FirstProof problems. [15] formalized their own new theorem on
Diophantine complexity bounds in 20,000 lines of Isabelle in parallel with the mathematical
research — an “in-situ formalization” — with 13 student collaborators writing the proof as-
sistant code by hand and no Al assistance. Our work differs in that a single mathematician
wrote zero code of any kind: the mathematical proof was generated by Gemini, and all LEAN

code was generated by Claude Code from natural-language prompts.

Large-scale autoformalization. Math.Inc’s Gauss agent [I37] eliminated ~160K lines
of sorry’s in the sphere packing formalization (Viazovska’s Fields Medal-winning result) in
three weeks, growing the codebase from ~22K to 181K lines. The theorem statements
and definitions had been written by a team of 6+ human experts; Gauss’s role was sorry
elimination — filling in proofs where the goal was unambiguous. [I79] formalized 130,000
lines of Munkres’ topology textbook in two weeks for ~$100, using ChatGPT /Claude Sonnet
with a fast proof checker (Megalodon). Both projects are larger in scale but formalize known

results; our work targets a new theorem requiring new definitions.

Formalization in physics. [I77] formalized the stability of the two-Higgs-doublet-model
potential in LEAN/PhysLean (1.6K lines), discovering an error in a widely cited 2006 paper
— an example of formalization catching bugs in published proofs. Unlike our work, this

formalized existing results with minimal AT assistance.

Transparency. A distinguishing feature of our work is full transparency. Systems like
Seed-Prover [36] are closed-source, and even open systems like Numina-Lean-Agent [117]
do not publish the complete interaction logs. We publish all 229 human prompts (with

timestamps), all 213 commits, the full Gemini dialogue, and the complete development log
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of all 122 /babysit cycles.
8.8 Limitations

Mathematical novelty. The theorem — that every smooth positive steady state of the full
VML system with Coulomb collisions on the torus must be a global Maxwellian — does not
appear in the literature as a stated and proved result. Each proof technique is individually
classical: the H-theorem and null-space characterization of the Landau operator are standard
[184, 27]; the polynomial-matching argument that forces constant temperature and Killing’s
equation on the bulk velocity appears in [27] and [53]; and the maximum-principle argument
for the nonlinear Poisson—Boltzmann equation is textbook. However, prior work assem-
bles these ingredients only for simpler systems. [53] prove steady-state uniqueness for the
spatially inhomogeneous Boltzmann equation without electromagnetic fields (£ = B = 0).
[74, [75] study the full VML and Vlasov—Poisson-Landau systems but prove dynamical stabil-
ity of small perturbations near an assumed Maxwellian, embedding the relevant macroscopic
constraints inside linearized energy estimates rather than stating static uniqueness as a stan-
dalone result. What is new is the complete static characterization for the electromagnetically
coupled system: the observation that the Lorentz force contributes only O(|v|!) terms to the
Vlasov equation for a local Maxwellian (because (v x B) -v = 0), so the O(|v]?) and O(|v|?)
constraints of [27] and [53] carry over unchanged; the Ampere-law integration argument
that forces the bulk velocity to vanish; and the closure via Gauss’s law with a neutralizing
background. These steps are individually straightforward, but their assembly into a single

self-contained proof for the full VML system appears to be new; the complete proof is given

in [89] and reproduced in

Definition alignment. As discussed in [Section 8.6, the definition-alignment bug that
survived the entire development process illustrates a broader risk: similar undetected mis-
alignments in other definitions (e.g., torusCurlX, LandauOperator) cannot be ruled out

without a thorough expert audit.
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Reproducibility. The process depends on the specific capabilities of Claude Opus 4 (March
2026), Aristotle (March 2026), and Gemini (February 2026). These models are updated fre-

quently; the same process may yield different results with future or past model versions.

Cost. While the subscription cost was $200, the API-equivalent cost was ~$6,300 (with
prompt caching) or ~$42,700 (without). The gap between the subscription and APT cost
reflects the Claude Max plan’s unlimited usage model. At API pricing without caching, the

project would not be as accessible.

Human effort. Although no code was written, the process required significant mathemat-
ical expertise and approximately 50 hours of active supervision (Table 8.3). It requires a
mathematician who understands the proof well enough to detect when the agent is weakening
the theorem. As one Zulip commenter noted, “the human verification process... is critical”

and cannot yet be replaced by another LLM.

8.9 Conclusion

We have demonstrated that the full loop of Al-assisted mathematical research can be closed
in a matter of days: starting from an open conjecture, an Al reasoning model (Gemini Deep-
Think) correctly resolved the question and produced a detailed proof requiring no corrections;
an agentic coding tool (Claude Code) translated this proof into 10K+ lines of LEAN 4 from
natural-language prompts alone; a cloud-based prover (Aristotle) closed individual lemmas
and caught false conjectures; and the LEAN kernel verified the final result with guaranteed
logical correctness. A single mathematician supervised the entire process at a cost of $200,
writing zero lines of code.

The process is not yet fully autonomous — the human’s role in maintaining theorem
integrity is essential and cannot currently be delegated to the AI. But the barrier to entry
has dropped dramatically: from years of LEAN expertise to the ability to supervise an Al

agent and evaluate theorem statements.
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A striking feature of this project is that the formalization was completed before the
traditional mathematics paper containing the informal proof. The 10-day formalization
finished on March 10; the companion math paper, which requires cleaning up the natural-
language arguments and obtaining co-author sign-off, is still in preparation. This reversal of
the usual order — where formalization lags publication by months or years — suggests that
Al-assisted formalization has reached a point where it takes comparable effort to produce a
machine-checked proof and to write a polished mathematical manuscript.

We believe this workflow — conjecture, generate proof, formalize, verify, review — will
become a common mode of computer-assisted mathematical research. Each stage of the
pipeline is now within reach of current Al systems: reasoning models can resolve conjectures
and produce detailed proofs, coding agents can translate these proofs into formal languages,
automated provers can close gaps and catch errors, and proof kernels provide the final guar-
antee of correctness. The mathematician’s role shifts from writing proofs to posing questions
and evaluating claims — a supervisor of an Al-driven research pipeline rather than its sole

executor.



191

theorem CoulombConcreteTheorem4?2
(f : Torus3 — (Fin 3 — R) — R)
(E B : Torus3 — Fin 3 — R)

(v p_ion : R)

(w : 0 <) -- (1)
(hp_ion : 0 < p_ion) -- (2
(hf_pos : Vxv, 0<f xv) -- (3
(hf_smooth_v : V x, ContDiff R 3 (f x)) -= (4)

(hf_smooth_x : V v, ContDiff R 2

(periodicLift (fun x => f x v))) -- (5)
(hB_smooth : V i, ContDiff R 2

(periodicLift (fun x => B x 1i))) -- (6)
(hSchwartz : UniformSchwartzDecay f) -= (7
(hGradBound : 3 (Cg : R) (Kg : N),

V (x : Torus3) (v : Fin 3 — R) (i : Fin 3),

|fderiv R (£ x) v (Pi.single i 1)|

<Cg*x (L +|v[D ~Kg * £fxw) -- (8

(hVlasov : V x v,

dotProduct v (torusGradX (fun y => f y v) x) +

dotProduct (E x + cross v (B x)) (vGrad (f x) v) =

v * LandauOperator coulombKernel (f x) v) -- (9)
(hAmpere : V x,

torusCurlX B x = fun i => f v, vix*xfxwv) -- (10)
(hGauss : V x,

torusDivX E x = ([ v, f x v) - p_ion) -- (11)

(hDivB : V x, torusDivX B x = 0) -- (12)

3 (T_eq : R) (Bg : Fin 3 —+ R), 0 < T_eq A
(V x v, £ x v = equilibriumMaxwellian p_ion T_eq v) A

0) A

Vv x, E x
(V x, B x = Bp)

Figure 8.2 The formal LEAN 4 statement of the main theorem
(CoulombConcreteTheorem42). The proof (omitted) is 80 lines of tactic invocations
that assemble the seven-step argument described in |[Section 8.2.31  Here Torus3 is
Fin3 — AddCircle 1, periodicLift lifts torus functions to R?® for differentiation, and

ca1d1ibhrimMasellsan i the Maswellian o /(97-T)3/2 axn(— |02 /9T
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Home Dependencies

Legend =

7 nullspace_sufficiency
polynomial_identity_from_vlasov y

poisson_boltzmann_from_vlasov

Figure 8.3: Proof dependency graph, generated with LeanBlueprint [I35]. All nodes are green
(fully proved). The graph flows from primitive definitions (normSq, eucNorm, landauMatrix)
at the top through intermediate results (H-theorem, D_zero_implies maxwellian, the field
and conservation lemmas) down to theorem42 and its concrete Coulomb instantiation

coulomb_concrete at the bottom. An interactive version is available in the repository.



Metric Value
LEAN 4 files 34
Lines of code 10,445
Theorems 39
Lemmas 186
Definitions 28
SOrry’s 0
Development period 10 days
Git commits 213

Claude Code sessions

32 (across 2 machines)

Human prompts (excl. slash commands) 229
/babysit cycles 122
Assistant turns 27,186
Tool calls 17,334
Tokens consumed (input) 2.8 billion
Tokens consumed (output) 11 million
Input-to-output ratio 254:1
Aristotle submissions 220
Proved 111 (50%)
Disproved 28 (13%)
Returned with sorry 66 (30%)
Failed 15 (7%)
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Table 8.3: Project statistics. The 229 human prompts exclude bare slash commands like
/babysit; all are archived with timestamps. The mathematician estimates ~50 hours of

active supervision over 10 days.
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Figure 8.4: Sorry count in main/ over time (85 commits). The sawtooth pattern reflects

alternating phases of scaffolding (sorry’s accumulate) and proving campaigns (sorry’s elimi-

nated). Key events: peak 25 on Mar 2 (abstract proof chain stated); Aristotle drops count

from 25—7 on Mar 3; first 0 sorry’s on Mar 7 (abstract theorem proved); +35 sorry’s on

Mar 8 (Coulomb kernel instantiation begun); 35—0 sprint on Mar 9; brief +1 on Mar 10

(non-vacuousness theorem, immediately resolved).
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Formalization Progress: Lines of Lean 4 Code

14000 4 Main theorem: |
0 sorry’s
Derive log growth
bound via MVT
12000 A Dead code removal
(—3K lines)
10000 A
(]
°
<1
]
< 8000 A
©
g
5 Valldat?_22 axwams Relax Cx - finite
v 6000 on T = (R/z) order differentiability
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Non-vacuousness
Coulomb kernel complete

analysis begins

4000 - &

2000 ~

2 e N o> N ol o o A0 ge N 0
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Figure 8.5: LEAN lines of code over time (all 213 commits). The project progressed in four
phases: (1) Abstract proof chain (Mar 3 — 6), formalized against an abstract FlatTorus3
typeclass. (2) Coulomb kernel analysis (Mar 7 — 9), handling the singularity at » = 0 — the
sharp LOC increase reflects ~4K lines of analytical estimates. (3) Cleanup (Mar 10, early):
~3K lines of dead code, redundant lemmas, and unnecessary heartbeat overrides removed.

(4) Non-vacuousness (Mar 10, late): satisfiability of the 12 hypotheses.
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Claude Code: 836 Interactive + 210 Automated Prompts - 27,197 Assistant Turns over 11 Days

Claude Code Activity Over Time (Pacific Time)

600 1 Assistant turns (27,197)
Automated slash commands (210)
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Figure 8.6: Claude Code activity across two machines (local 4 university server). Top: mes-
sages per hour (red = interactive human, orange = automated, blue = assistant). Bottom:
hour-of-day heatmap. The 27,186 assistant turns versus 229 human prompts give a 119:1
ratio, reflecting the high autonomy of each /babysit cycle (typically 20 — 50 tool calls per
invocation). The heatmap shows near-round-the-clock activity on Mar 9 — 10 when both

machines ran /babysit loops concurrently.
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Claude Code Token Usage: 2.8B Input + 11M Output = 2.8B Total

Cumulative Token Usage Over Time

=== |nput tokens (incl. cache): 2.79B

—— QOutput tokens: 11.0M
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Figure 8.7: Token consumption across the project. Top: cumulative input tokens (blue,
2.8B) and output tokens (red, 11M). The 254:1 input-to-output ratio reflects the read-heavy
nature of formal verification — Claude reads far more context than it writes. Bottom: per-
turn context size, showing a sawtooth pattern as the context window fills to ~175K tokens
and resets at each of the 164 autocompacts (red vertical lines). Dense compaction clusters on

Mar 6 — 10 correspond to the intensive Coulomb kernel analysis and /babysit loop periods.
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Claude Code Tool Usage: 17,334 Calls Across 49 Tools over 12 Days

Tool Usage by Category (17,334 total) Tool Usage Over Time

3500

ToolSearch 3000
Agent
Aristotle
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WebSearch
EnterPlanMode
ExitPlanMode
AskUserQuestion
CronDelete
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Figure 8.8: Tool usage across 17,334 invocations. Left: totals by category. The core editing
loop dominates — Bash (3,975), Read (3,416), Edit (2,495), Grep (1,701), Write (900) —
reflecting the iterative nature of formal verification. LEAN LSP tools (3,194 combined)
provided real-time feedback. Right: daily breakdown showing the ramp-up from exploratory
work (Feb 28 — Mar 2) through peak activity (Mar 6 — 10) when both machines ran /babysit

loops concurrently.
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Aristotle Integration: 220 Submissions for VML Steady-State Formalization
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Figure 8.9: Outcomes of 220 Aristotle submissions. Aristotle proved 111 lemmas cleanly
(50%), disproved 28 false statements (13%), returned 66 with sorry’s still present (30%), and
15 failed or were never started (7%). The disproved statements were particularly valuable —
they caught false conjectures early (e.g., missing measurability hypotheses, Vitali-set coun-
terexamples, incorrect Schwartz decay estimates for the Coulomb kernel). The stacked bar

chart shows peak submission activity on Mar 2 (57 jobs) and Mar 6 (45 jobs).
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Aristotle ATP: 214 Submissions, Median Turnaround 19 Minutes
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Figure 8.10: Aristotle turnaround times for 214 submissions, colored by outcome. Left: his-
togram. Proved lemmas (green) cluster in the first bins (median 9 minutes), while “returned
with sorry” (red) dominates the long tail. Right: median turnaround by category. The
overall median was 19 minutes. Disproved statements took 29 minutes (counterexample con-
struction); submissions returned with sorry took a median of 5.6 hours — Aristotle exhausts

its time budget before giving up.
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12000 LOC by File Group: Infrastructure (blue) vs Proof Chain (red)
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Figure 8.11: LOC by file group over time. Red shades are the mathematical proof chain
(Sections 2-8, Theorem42, VMLInputDerive, CoulombConcreteTheorem4?2); blue shades are
supporting infrastructure (definitions, torus instance, Coulomb kernel integrability files, de-
cay helpers). At completion, infrastructure accounts for roughly half of the codebase —
reflecting the substantial gap between MATHLIB’s current coverage and the background ma-
terial needed for research-level mathematical physics. The sharp blue growth on Mar 7-8 is
the Coulomb kernel analysis (~4K lines of analytical estimates for the singularity at r = 0).
The cleanup phase (Mar 10) primarily removed blue infrastructure code, while the red proof

chain remained stable.
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Git Churn: Lines Added and Deleted per Day
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Figure 8.12: Lines of LEAN code added and deleted per day. Most days are net-positive
(new content), with two exceptions: Mar 3 (monolithic file split into main/ — same code
reorganized) and Mar 9 — 10 (cleanup phase removed ~3K lines of dead code, redundant
lemmas, and unnecessary heartbeat overrides). Total: 421,783 added, —13,478 deleted, net
438,305 lines.
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