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Let k be a field and A the non-commutative k-algebra generated by x1, x9, 3 subject to the
relations

—1
qrir; —q " Tjr; = Tk

as (i,7, k) ranges over all cyclic permutations of (1,2,3), where ¢ € k — {0}. This thesis
sets out to understand the representation theory of A. In particular, we classify all finite
dimensional simple modules over A when ¢ is not a root of unity. To this end, we introduce
the notion of a linear module over a filtered k-algebra, an analogue to the notion of a linear
module defined for a connected graded k-algebra.

Finite dimensional simple A-modules are closely related to certain linear modules for A
of Gelfand-Kirillov dimension one, which we call line modules, in the sense that every finite

dimensional simple A-module V' appears in an exact sequence
0O — M — M — V — 0,

in which M and M’ are line modules for A.
The main result shows that there are five non-isomorphic simple A-modules of each

dimension.
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Chapter 1

INTRODUCTION

1.1 The goal

Let k be a field and ¢ € k — {0}. Let A(q) be the free algebra k(zy, x5, z3) modulo the three

relations

-1
qr1To —q T2X1 = XT3,
—1 o
qlox3y —q "XT3x2 = T,
—1 o
qr3ry —q T1x3 = T2.

The algebra A(q) is a noetherian domain of Gelfand-Kirillov dimension 3. It has a Poincaré-
Birkhoff-Witt basis of {xﬁ:péxlg | (i, 5, k) € N3},

Our goal is to understand the representation theory of A(g). This includes the classi-
fication of all finite dimensional simple A(g)-modules (when ¢ is not a root of unity). In
addition, we introduce and classify certain infinite dimensional filtered A(g)-modules, which
we call line modules for A(q), with respect to a filtration of A(g). Such line modules turn

out to be closely related to the finite dimensional simple A-modules.

Note that the algebra A(q) can be presented in various ways. For example, we shall show

that A(q) is isomorphic to the free algebra k(X;, X5, X3) modulo the relations
XiX; —pX;X; = (p— 1) X,

where (4, j, k) runs over the cyclic permutations of (1,2,3) and p = ¢2. In fact, the algebra
A(q) represents a very natural class of algebras with Poincaré-Birkhoff-Witt bases. We shall



show that if R is the free algebra k(X,Y, Z) modulo the relations

YX = aXY +aZ,
Z2Y = pBYZ+0bX,

ZX = yXZ+cY,

where a = ¢2, and has {X'Y7Z* | (i,7,k) € N®} as a basis, then R = A(q).

Usually ¢ will be fixed and we simply write A for A(q).
1.2 The strategy and background

In order to classify the finite dimensional simple A-modules we first study certain infinite
dimensional A-modules, namely its line modules.

The notion of a line module was first introduced by Artin-Tate-Van den Bergh in [3].
There they studied a class of graded k-algebras S that are now called 3-dimensional Artin-
Schelter regular algebras. As the name suggests this class of algebras was first introduced
(and almost classified) by Artin and Schelter [1]. There are two basic classes of 3-dimensional
Artin-Schelter regular algebras, those generated by two elements subject to two cubic re-
lations and those generated by three elements subject to three quadratic relations. For
simplicity we will only discuss the latter here.

The simplest such algebra is the polynomial ring, R = k[z,v, z], on three variables.
The other ones should be viewed as non-commutative deformations of that polynomial ring.
The polynomial ring on three variables is a homogeneous coordinate ring of the projective
plane P2. The points in P? are in natural bijection with the isomorphism classes of graded
R-modules M such that M = RM, and dimy(M;) = 1 for all ¢ > 0. Artin-Tate-Van
den Bergh call such modules point modules and extend this definition to all 3-dimensional
Artin-Schelter regular algebras. If S is as above (i.e., a 3-dimensional Artin-Schelter regular
algebra generated by three elements subject to three quadratic relations), one views S as a

“homogeneous coordinate ring” of a non-commutative analogue of P2. Point modules (up to



isomorphism) for S are then considered as “points” in this non-commutative analogue of P2.

This idea can be formalized and made more precise in the following way. First, let Gr(S)
denote the category of graded left S-modules. Let Fdim(S) denote the full subcategory of
Gr(S) consisting of those modules M that are the sum of their finite dimensional submodules.

One may then form the quotient category

Gr(95)

QGr(S) = Fdim(S)’

If S is the polynomial ring R = k[z, v, 2], then the category QGr(R) is equivalent to the
category of quasi-coherent sheaves on P2. We therefore consider QGr(S) as a replacement
for that and think of it as playing the role of the non-existent “category of quasi-coherent
sheaves” on a non-commutative analogue of P2. The simple objects in QGr(R) are the
skyscraper sheaves O,, one for each point p € P?. Under the equivalence just mentioned the
point modules, considered as objects in QGr(R), correspond to skyscraper sheaves. For all
S, as above, the point modules for S become simple objects in QGr(.S) so we think of them

as the “skyscraper sheaves” at the “points” in this non-commutative analogue of P2.

Line modules are defined in a similar way: a graded S-module M is called a line module
if M = SMy and dimy(M;) =i+ 1 for all ¢ > 0. The isomorphism classes of line modules
for the polynomial ring R = k[z, y, z| are in natural bijection with the lines in P2. Under the
equivalence of categories the line modules in QGr(R) correspond to the structure sheaves Oy,
of the lines L C P%. Line modules for S are therefore thought of as “structure sheaves” of

“the lines” in this non-commutative analogue of P?.

The notions of point module and line module have since become ubiquitous in non-
commutative algebraic geometry. Their definitions make sense for other graded rings. For
example, let D be a 4-dimensional Artin-Schelter regular algebra whose degree-n component
D,, has the same dimension as the degree-n component of the polynomial ring k|xg, z1, 2, 3.
Isomorphism classes of point modules and line modules for k[zg, x1, z2, 3] are in bijection

with the points and lines in the projective space P? having k[xg, 71, T2, ¥3] as homogeneous



coordinate ring. The category QGr(k[xg, 21, x2, x3]) is equivalent to the category of quasi-
coherent sheaves on P? and the point modules and line modules correspond to the structure
sheaves of the points and lines in P3. Point modules and line modules for D are there-
fore thought of as “structure sheaves” of the “points” and “lines” in this non-commutative
analogue of P? “having D as homogeneous coordinate ring.

Despite the proven utility of point modules and line modules for graded algebras there
has not been a parallel development of these (and related) notions for non-graded rings.

In Chapter [4] we introduce the notion of a line module for A and show amongst other
things that if V' is a finite dimensional simple A-module, then there is an exact sequence
0— L — L—YV —0in which L and L’ are line modules for A. Such exact sequences will
play a key role in our classification of finite dimensional simple A-modules.

Since A = A(q) has a PBW basis {z'y?z" | (i,j, k) € N3} it is a non-commutative ana-
logue of the 3-dimensional polynomial ring so we think of it as a “coordinate ring” of a

3

7.y,» Daving coordinate functions z,y, z. Line

non-commutative analogue of affine 3-space A

3

modules for A then correspond to certain lines in A7 .

We give two classifications of the line modules for A, a geometric one classifying the

lines ¢ C A3

. J_ . . . . .
oy aamy TOr Which A/Af+ is a line module, and an algebraic one classifying the

subspaces ka + kb C span{1, xy, 25, x3} such that A/Aa + Ab is a line module. The first is
based on the close relation between line models over graded algebras and filtered modules.

More specifically, in Chapter |5 we introduce a graded ring D with the following properties:
e D is a 4-dimensional Artin-Schelter regular algebra;
e D has a homogeneous central element ¢t € D; such that D[t™1], = A;

e the line modules for D have been “classified” by Le Bruyn-Smith-Van den Bergh in
[6];

e line modules for A are in natural bijection with those line modules for D that have no

t-torsion.



The line modules for A are thus obtained through the passage from Gr(D) to Mod(A). As
expected, they correspond to certain lines in A3. Using geometric ideas as an organizing tool,
we can almost says that A/A(* is a line module if and only if £ lies on one of a particular

family of cubic surfaces.

An equivalent definition for line modules over A is that an A-module is a line module if
and only if it is infinite dimensional and isomorphic to A/(Aa + Ab) for some linearly inde-
pendent elements a,b € span{1l,xy,z2,x3}. Based on this characteristic, a direct algebraic
classification of the line modules for A is performed in Chapter [6] without using the results
about the line modules for D. Among other reasons, such algebraic calculation reveals the
algebraic intricacies that are somewhat obscured by the results about D, and provides an

independent verification that the classification in Chapter [5|is correct.

In Chapter [7] we are devoted to the classification of the finite dimensional simple A-
modules. As mentioned earlier, every finite dimensional simple A-module V' appears in an
exact sequence 0 — L' — L — V — 0 in which L and L’ are line modules for A. Guided
by this fact, we shall determine all non-simple line modules for A and the conditions for one
line module embedding into another. For the first task, it is not very difficult to narrow
down to four types of line modules that are possibly non-simple. Using certain bases for line
modules, we further filter two out of the four types of line modules whose quotients give all
finite dimensional simple A-modules. While there are other types of line modules that could
lead to the same results, we choose those that have simpler A-module structures (e.g., they
have unique proper submodules). The final result shows that there are five non-isomorphic

simple A-modules of each dimension.

1.3 Main results

Definition 1.1 (Line modules for A). A left A-module M is a line module with respect to
the filtration
k:AogAlchng’



where A,, = span {xﬁx‘;xlg li+j+k< n}, if there is an element m € M such that M = Am
and dimg(A,m) =n+ 1 for alln > 0.

Denote by A2 . .. the 3-dimensional affine space with x1, 25, x3 as coordinate functions.

For a line ¢ in A3 we denote by ¢+ the set of elements in span{1, x1, z2, x5} that vanish

x1,22,237

on £. We call £ an A-line if A/A¢* is a line module, which is denoted by M (¢).
The function A : k — {0} — k defined by

a+at

ANa) = pE—

will play a key role in formulating the A-lines.

Theorem 1.2 (See Theorem . A line { in A3 is an A-line if and only if

Z1,22,L3

¢ = {zxr—Aga) = y—az—p = 0}

for some cyclic permutation (z,y,2) of (11,2, x3) and some (a, B) € k% such that o # 0 and

(o —q*) B = 0. Furthermore, in that case, A = Al*+ ®k[z].

As a result, there are nine 1-parameter families of A-lines. These are, for each of the

three cyclic permutations (i, 7, k) of (1,2,3), the lines
1. {z; — X(qa) = x; — axy, = 0}, one for each o € k — {£q72,0};
2. {zi—Aq) = x; — q %z, — B = 0}, one for each § € k;
3. {zi+A(q) = z;+q %x; — B = 0}, one for each j € k.

The following proposition serves as a guiding principle for our classification of finite

dimensional simple A-modules.



Proposition 1.3 (See Proposition [6.13)). Every finite dimensional simple A-module V' ap-

pears in an exact sequence
0 — MU{) — M{) — V — 0,

in which ¢ and ' are A-lines.
We adopt the following notation: For n € Z, denote

[n] _ q2n _ q72n'
q2 _ q—2

For a set S C Z, we denote ¢° := {¢" |n € S} and [S] := {[n] | n € S}. For two sets A
and I', we denote by (A, I') the Cartesian product {(A,v) | A € A,y € I'}.

The following three types D of line modules for A turn out to be of particular relevance

to the finite dimensional simple A-modules.

Definition 1.4 (Types of A-lines). Let (z,y,2) be a cyclic permutation of (x1,xq,x3). We
call the A-line

t={r—-Aga) = y—az—f§ = 0}

and its respective line module M ({) of
o Type 1if (o?,5) € (—¢*"2,0);
o Type 2if (a2, 82) € (¢4, ¢ 2N, ]?);
e Type 3 if (a2, %) € (¢*,0).

Theorem 1.5 (See Theorem [7.21)). Every line module of Type 1, 2 or 3 has a finite dimen-

sional simple quotient. All other line modules are simple.

"'We actually defined four types of line modules in i The line modules of the fourth type, however,
turn out to be simple.



Definition 1.6 (Shift and translation of an A-line). Let n € Z. For the A-line

= {r—-Aga) = y—az—-§ = 0},

we define

ln] =

fo-

A" a) = y—¢™az = 0},

called a shift of £, and

(+p = {(wv.n) €Al . |(nv,n)—pel},

called a translation of (.

There are 24 line modules that map onto r-dimensional simple A-modules. Let

L, := {A—lines mapping onto an r-dimensional simple module}, and
pr = (0,0,q[r] —q) € Ai,y,Z'

for r > 1. Then |L,| = 24. It is an elementary exercise to find all A-lines in L; (see §6.3.1)).

The following table shows every line in L, is either a shift or translation of an line in L.

b L, Type

6 = {z=y—ig 'z =0} (1[4 — 1] if r is even ,
51[%(7’ —1)] if r is odd

ly = {z=y+ig 'z =0} lo[3r — 1] if r is even ,
52[%(7’ —1)] if r is odd

ls = {+Xq)=y+q22+q " =0} | 5—p, 5

o) =y 0} | e ;

b= oA =y—a =0} [ 6, :

b = (e A=y —a =0} | terp 2

b7 = {z—Aqg) =y—2=0} e — 1] 3

ls = {z+Ag) =y+z =0} lslr — 1] 5



Let i be an element in k such that i? = —1.

Theorem 1.7 (See Theorem [7.19)). For every integer r > 1, there are five r-dimensional

simple A-modules up to isomorphism. Fach simple module S occurs in an exact sequence
0 — M{[-r]) — M{) — S — 0

for some A-line ¢ € A3 The five A-lines, corresponding to the five simple modules,

T1,22,T3 "

could be chosen to be
1. {z—=Xliq¢"™Y) = y—iq" 2%z = 0},
2. {z=Xa) = y—q?2—q7'[r] =0}
3. {2+ X)) = y+a*z—q'[r] = 0}
4 {z =) = y—q?z+q'r] = 0}
5. {z+Al@) = y+a 2 +q7'[r] = 0},

where (x,y,2) is a cyclic permutation of (1, xa, x3).
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Chapter 2

PRELIMINARIES
2.1 Base field

Always, k is an algebraically closed field of characteristic zero and ¢ € k — {0}. We assume

that ¢ is not a root of unity.

2.2 Algebras

All algebras are assumed to be k-algebras. In principle, we use A for some arbitrary (usually
filtered) k-algebra, and A exclusively for the algebra defined in §3.1]
An element ¢ in an algebra A is central if ca = ac for all a € A. The center of A, denoted

by Z(A), is the set of all central elements in A.

2.2.1 Graded algebra

A Z-graded algebra is an algebra A endowed with a family {A,}, ., of subspaces such that

1. AZ.AJ - Ai—l—j for all 7,7 € Z, and

2. A= @,y A

If A, =0 for all n < 0 then A is also called N-graded.
An N-graded algebra A = Ay ® A; & - -+ is connected if A4y = k.
A Z-graded algebra A is strongly graded if A, A_,, = A for all n € Z. Clearly, a graded

algebra having a unit of degree one is strongly graded.



The Hilbert series of a Z-graded algebra A is the formal Laurent series

Hu(t) = ) dimy (A,) 1"

2.2.2  Filtered algebra
A filtered algebra is an algebra A endowed with an ascending sequence
k=AU CA C---CA C---CA

of subspaces such that
1. AA; C Ay foralli,jeN, and

2. “’4 = UnEN A”

A filtered algebra is a generalization of the notion of a graded algebra.

Given a filtered algebra A, its associated graded algebra is the graded algebra

gr(A) = PG

where G, = A,4+1/A,. The addition and multiplication in gr(.A) are defined by

11

(a/+gn—l) + (b+gm—l) = a+b+gm+n—l and (a+gn—l)(b+gm—l) = ab+gm+n—17

where a € G, and b € G,,.
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2.2.83 Gelfand-Kirillov dimension

Let A be a finitely generated k-algebra and V' C A a finite dimensional generating subspace

containing 14. Then there is an ascending chain of subspaces
k=V'cVvcvc..clyvrm=a
n=0
The Gelfand-Kirillov dimension of A, or GK-dimension of A for short, is defined as

GKdim(A) := lim suplog, (dim(V")).

n—0o0

It is independent of the choice of V' (See [I1, page 14]).

It is well-known that if R = k[xy, o, ..., 2,], the polynomial ring in n variables, then
GKdim(R) = n.
2.2.4  Artin-Schelter algebra

A connected graded algebra A is called Artin-Schelter regular of dimension d if

1. A has finite global dimension d;
2. A has finite GK-dimension (so the Hilbert function of A4 is bounded by a polynomial);

3. A is Gorenstein, i.e.,

A 0 1©+#d,
Ext’(k, A) =
2.2.5  Quadratic algebra

If V is a finite dimensional vector space and R a subspace of V®? we call T(V)/(R), the

quotient of the tensor algebra by the ideal generated by R, a quadratic algebra. Its quadratic
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dual is the algebra T'(V*)/(R‘) where R* is the subspace of (V*)®2 consisting of the linear

forms that vanish on R.
2.3 Modules

All modules are left modules unless stated otherwise. We write Mod(.A) for the category of
left modules over an algebra A.

A module is simple if its only submodules are 0 and itself, or equivalently, if every cyclic
submodule generated by a non-zero element equals the module itself.

Given an A-module M and a € A, by an a-eigenvector (resp. a-eigenvalue, a-eigenspace)
we mean an eigenvector (resp. eigenvalue, eigenspace) for the action of a on M.

For a finite dimensional .A-module V' and a € A, we will denote by try (a), or simply tr(a)
if V' is known, the trace for the action of @ on V', which equals the sum of all a-eigenvalues

(with multiplicities).

2.3.1 Linear modules over graded algebras

The notion of a linear module over a connected graded k-algebra was introduced by Artin-
Tate-Van den Bergh in [2].
Let D be a connected graded k-algebra that is generated as a k-algebra by its degree-one
component, D;. Suppose that dimy(D;) < oco.
A graded left D-module L is said to be d-linear if L = DLy and
dimy (L,) = ("+ d)

n

for all n > 0. For example, L is O-linear if L = DLy and dimg(L,) = 1 for all n > 0 and
1-linear if L = DLy and dimg(L,) = n+ 1 for all n > 0. One calls 0-linear modules point
modules and 1-linear modules line modules.

More details about linear modules are included in We will extend the notion of a

linear module over a graded algebra to that over a filtered algebra in
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2.3.2  Support of a module over a polynomial ring

Suppose k is algebraically closed and let k[¢] denote the polynomial ring in one variable. A

k[t]-module is torsion if every element in it is annihilated by a non-zero element in klt].

Let A be a k-algebra and a € A. We regard a left A-module M as a k[t]-module with ¢
acting as a does. We say M is kla]-torsion if it is k[t]-torsion. For each f € k, let

Mg = {me M| (t—pB)"m=0forn>0}.
If M is k[a]-torsion its a-support is defined as

Supp, (M) = {f € k|Mgs#0}.

By the general theory of modules over a PID, if M is k[a]-torsion, then

M= P M

peSupp, (M)

2.3.8 Tuwisted modules

Let A be a k-algebra. Given a left A-module (M, *) and an automorphism p € Aut(.A), the
p-twisted module (p*M, ) is the left A-module with the same underlying vector space as M

and the A-module structure given by

where a € A and m € M.

It is clear that p* is an auto-equivalence of Mod(A), in fact an automorphism, with a

quasi-inverse, in fact an inverse, given by (p~!)*. We also have

(p1p2)* = pspl-
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2.4 Conventions and notation
W adopt the following convention and notation:

e We will write N for the set of all non-negative integers, i.e., N =1{0,1,2,---}. We will
write N, for N — {0}.

e For n € 7Z, we denote

n] = M,
2 — g2
Clearly [—n] = —[n]. Also, if ¢ is not a root of unity then [n] = 0 if and only if n = 0.

e Let S CZ. By ¢° we mean the set {¢" |n € S}. Denote [S] := {[n] | n € S}.
e For two sets S, T, denote by (S5, T) the Cartesian product {(s,t) |s € S,t € T}.

e For n € N, we write M, (k) for the n x n matrix algebra over k.

3

e We frequently view z;,xs, z3 as coordinate functions on k* and denote k* by A3 B

when we do this.
e To avoid subscripts, we often write (z,y, z) for any cyclic permutation of (xy, 29, x3).
e We will fix i for an element in k such that 1? = —1.

e In principle, we use the letters a, b, ¢, d for elements in an algebra, the letters m,n,r, s, t

for integers, the Greek letters a, 3,7, d, A, u for scalars in the base field.

e The bold letter X is reserved for the function defined in §5.3.2l For n € Z and o €
k — {0}, denote A\, () := X(¢g7?" ).

Other notation will be defined when they first appear.
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Chapter 3
THE ALGEBRAS A(q)

Always, k is an algebraically closed field of characteristic zero and ¢ € k — {0}.

3.1 The definition of A(q)

Let A(q) be the free algebra k(xq, x9, 3) modulo the three relations
Qi — q T = T,

where (i, j, k) runs over all cyclic permutations of (1,2,3). If (x,y, 2) is a cyclic permutation

of (z1, %2, x3) then the relations for A(q) are

qry —q 'yx =z, (3-1)
qz—q 'zy = =, (3-2)
qzr —q 'az = y. (3-3)

Usually ¢ will be fixed and we simply write A for A(q).

A PBW basis for A(q). The algebra A has a PBW (Poincaré-Birkhoff-Witt) basis.

Lemma 3.1. If (z,y,2) is a cyclic permutation of (x1,xq,x3), then
{miyjzk ’ (1,7,k) € N?’}

s a basis for A.
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Proof. We use Bergman’s Diamond Lemma [4] and the terminology in that paper. The

replacements with respect to the lexicographic ordering induced by z < y < z are

zy = ¢*yz — qu,
yr = ¢*zy — qz,

Zr = q_2xz + q_ly.
The only ambiguity is zyx and this is resolvable because

(z9)r = ¢yza — qa
= Py (¢ zz+qy) — @2
= (¢Pxy — q2) 2+ qy° — q2°

— Payz — g (22 —y2+x2)

and
2(yx) = ¢*zay —q2°
= ¢ (¢ vz +q 'y)y — ¢2°
= 2 (¢*yz — qv) + qy° — ¢7°
= quyz —q (wQ — y2 + 22) .
Therefore, {x'y7z* | i, 4,k > 0} is a basis for A. O

The following result gives a different presentation of A. With this presentation, A appears
in [15].

Proposition 3.2. If p = q72, then A(q) is isomorphic to the algebra k(Xy, Xo, X3) modulo
the relations

XiX; —pX;Xi = (p— 1) X,
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where (i, j, k) runs over the cyclic permutations of (1,2,3), via the map
X = (¢g—q "), i=1,2,3.

Proof. This is can be verified directly; we leave it to the reader. O

3.2 A natural class of PBW algebras

Although A(q) may appear rather special, even artificial, at first glance, Proposition
shows it is not. That result shows that an apparently much larger, and very natural, family

of algebras consists of precisely the algebras A(q).[]

Proposition 3.3. Let o, 3,7,a,b,c € k — {0} and suppose that ¢> = «. Let R be the free

algebra k{x,y, z) modulo the relations

(
yr = axy + az,

\ 2y = Byz+ bx, (3-4)

Zr = yxz +cy.
\

If {xy2% | (i,7,k) € N®} is a basis for R, then R = A(q).

Proof. Bergman’s Diamond Lemma tells us that {x'y/z* | i,j, k > 0} is a basis for R if and
only if the ambiguity zyx is resolvable (the reader should consult Bergman’s paper [4] if this
does not make immediate sense).

Since {z'y’2* | i,j,k > 0} is a basis for R. The ambiguity zyz is therefore resolvable.

The relations for R imply that

(zy)r = Byzax +bx® = Byyrz + Bey® +bax® = Byaxyz + Bryaz’ + Bey* + ba®

!This result was stated, but not proved, in Note 1 on page 473 of the paper [9] by Havlicek and Posta.
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and that
z(yz) = azry + az’ = ayrzy + acy2 +az? = avyBryz + oz’ybe + ozcy2 + a2’
Since the ambiguity zyx is resolvable,
Byaz® + Bey? + ba? = ayba® + acy® + a2’
Since {x?,y?, 2?} is a linearly independent subset of R,
Bya = a, fc = ac, and b = avyb.

Thus By =1, 8 =a, and 1 = ay. It follows that the relations for R are

(

yr = axy + az,
{2y = ayz + bz, (3-5)
Zr = a*1x2+cy.
Define X, Y, and Z, by
X=-_-* yv-_Y = gz _Z_
—ac —+/abg=2 —be

It follows from ((3-5|) that

yr = —+/—a2beq Y X = —¢*\/—a2bcq 2 XY +aV—bc Z,
2y = \/—ab?cq 2 ZY = —¢*\/—ab?cq Y Z + by/—ac X,
zx = Vact ZX = ¢*Vact XZ — c\/Jabq?Y.
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Hence,

g XY —¢'YX = Z,
oZ —q'z2y = X,

¢ZX —q¢'XZ =Y.

More formally, if A is the algebra generated by X, Y, and Z, subject to these relations, then

there is an algebra isomorphism ® : R — A given by
O(x) = V—acX, O(y) = —+\/abg?Y, O(z) = V—=bcZ.

This completes the proof. [l

3.3 Remarks

We will now justify our earlier remark that the class of algebras in Proposition |3.3|is a very
natural class to understand.

One of the algebras defined by the relations is the enveloping algebra U(so0(3)) of
the Lie algebra s0(3); it occurs when a = § = v =1 and a = b = ¢ = —1. When the
base field k is C, so(3) is isomorphic to the Lie algebra sl(2,C) of traceless 2 x 2 matrices.
A distinguishing feature of the enveloping algebra of a finite dimensional Lie algebra is
that it has a PBW basis. When that Lie algebra has dimension 3, it has a basis {z,y, 2},
and the statement that its enveloping algebra has a PBW basis is just the statement that
{2ty 2% | 4,7,k > 0} is a basis for its enveloping algebra.

The representations of s[(2,C) are the same things as U(sl(2,C))-modules. The repre-
sentation theory of U(sl(2,C)) has played a fundamental guiding role in the development
of the representation theory of non-commutative noetherian rings since the 1960’s. So too
has the study of algebras having PBW bases. For these reasons it is important to have a

complete understanding of the representation theory of the algebras having relations of the
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form (3-4) that have a PBW basis.

One of the most striking properties of U(sl(2, C)) is that it has exactly one simple module
of each dimension n > 1. We will show that when ¢ is not a root of unity, the algebras in
Proposition have exactly five simple modules of each dimension n > 1. This came as
quite a surprise to us and there does not appear to be any reason to expect such a result.

At least, no good reason at first.

After proving this result we learned that it had already been proved around the year
2000 in the papers [§] and [0], and again, independently by N. Sasom in her 2005 Ph.D.
thesis at the University of Sheffield. Sasom gives a geometric explanation for the appearance
of five simple modules of each dimension. The algebras in Proposition are deformation
quantizations of the polynomial ring on three variables and the associated Poisson structure
on that polynomial ring, more particularly on the affine space A3, has exactly 5 points
that are symplectic leaves for that Poisson structure. Sasom shows how the simple modules
correspond to those points in a natural way: the points (with multiplicities) are in a suitable
sense the characteristic varieties of those simple modules. This is also explained in the paper

[10).

3.4 The opposite algebra of A(q)

Proposition 3.4. There is a k-algebra isomorphism A(q) = A(q™')°P given by the map
O : A(q) — A(q~)°P defined by

Proof. By definition, A(g™?!) is the free algebra k(X,Y, Z) modulo the relations

XY —qYX = Z, ¢cYZ—-qzY = X, ¢ZX —q¢XZ =Y.
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Write * for the multiplication in A(g~1)°P. Since

q@(z)®(y) — ¢ ' B(y)B(x) = q(=X)* (=Y) = ¢ '(=Y) * (—=X)
= gV X — ¢ XY
= ®(z2),

® really does extend to a k-algebra homomorphism. It is easy to see that this extension is

bijective (by using PBW bases, for example), so ® is an isomorphism. 0

Corollary 3.5. The category of right A(q)-modules is equivalent to the category of left
A(q™)-modules.

3.5 The group Alt, of automorphisms of A(q)

Let Aut(A) denote the group of k-algebra automorphisms of A and write 1 for its identity.

There are automorphisms o, 71, 79, 73 of A defined by

o(x1) = g, o(xg) = xs3, o(xs) = x,
(1) = w1, Ti(72) = —1y, T(r3) = —ws,
(1) = —1, To(T2) = T2, To(r3) = —a3,
3(x1) = —1, T3(x2) = —a, T3(x3) = 3.

If {i,j,k} = {1,2,3}, then 7,(z;) = =y, 7;(z;) = —x;, and 7 (x)) = —zy.

Proposition 3.6. The subgroup (o, 71,72, 73) of Aut(A) is isomorphic to the alternating
group Alty via the map

o (123), 7 (12)(34), 7 (13)(24), 75— (23)(14).
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Proof. It is obvious that o3 = 1 and it is easy to check that there is an isomorphism
<O', 7'1,7'2,7'3) = <7’1,7’2,7'3> X <O‘> = (ZQ X Zg) X Zg.

We leave the details to the reader. U

Whenever we speak of the group Alty we mean this subgroup of Aut(A).

There are four subgroups of Alty that are isomorphic to Zs, the cyclic group of order 3.

3.5.1 The action of Alty on the 1-dimensional A-modules

We now determine the 1-dimensional A-modules and the action of the group Alt, of auto-
equivalences on them. The methods and results are elementary but they provide a template

that will appear later when we consider higher dimensional simple A-modules.

Denote

6= (¢g— q_l)*1 :

Proposition 3.7. There are exactly five 1-dimensional A-modules, namely A/(x; — p, xo —

v,x3—1n) as (u,v,m) runs over the points
(0,0,0), 8(1,1,1), 8(1,—-1,—1), &(—1,1,-1), &(=1,—1,1)
in A3

T1,22,23"°

Proof. The points (i, v,n) in k® for which A/(z; — pu, o — v, 23 — n) has dimension 1 are

the solutions to the system of equations
1Ty = (51‘37 oy — (51’1, r3l1 — (SZEQ.

It is easy to verify that the only solutions are those in the statement of the proposition. [
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Remark 3.8. If we homogenize the three equations in the previous proof by replacing x; with

dx;t~!, then we obtain three quadratic equations
T1To — $3t = X2X3 — fﬂlt = X3x1 —IEQt = 0.

There are 8 solutions in P3

w1 29,m8,t UO this system of equations, namely,

<0707071)7 (1715171>7 (17_17_171)7 (_1717_171)7 (_17_17171)7

(1,0,0,0), (0,1,0,0), (0,0,1,0).

We will write S, ., for AJ/A(z1 —p) + A(xg — dv) + A(zz — on).
If p € Aut(A) and S is a 1-dimensional A-module so is the p-twisted module p*SP| The
next lemma describes the action of Alt, on the set of isomorphism classes of 1-dimensional

A-modules.

Corollary 3.9. There are two orbits for the action of Alty on the set of isomorphism classes

of 1-dimensional A-modules, namely

Orb(S(),Qo) = {507070} and
Ofb(51,1,1) = {51,1,1751,—1,—1,S—l,—1,175—1,1,—1}-

Proof. It is straightforward to verify that
7"S0,00 = 50,00, 75000 = Sopo fori=1,2,3,

and

* * *
TS0 = S, TSt = S, TS0 = S

Since Alty = (o, 71,72, 73), the result follows. O

2See §2.3.3| for the notion of a twisted module.
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If M and N are A-modules such that N 2 p*M we will write M -2 N to indicate this
relationship. Thus, the action of Alt, on the set of 1-dimensional A-modules can be depicted

in the following commutative diagrams:

Ti

T1 T2 T3
I e o e i
o T2
St,-1,-1
/ \
S_1-11 S_11-1

g

We will see in §7.10| that the orbits for the action of Alt, on the set of isomorphism classes
of n-dimensional simple A-modules, where n > 1, have exactly the same behavior as it does

on the 1-dimensional set.

3.6 A cubic central element in A(q)

Write [—, —| for the commutator in A, that is, [a,b] = ab — ba for a,b € A.

Proposition 3.10. If (x,y, 2) is a cyclic permutation of (x1,xs,x3), then the element
C = (¢*=¢)ayz+q* + ¢ %’ +¢2°

belongs to the center of A(q).

Proof. In the free algebra k(z,y,z2), let a = qzy — ¢ 'yx — 2, b = qyz — ¢ 2y — x, and
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¢ = qzx — ¢ 'zz — y. Calculations in k(x,y, z) give

qlryz, 7] —a(y? = 2%) = wyc —zaz,
qlzyz,y] — (2*y — y2®) = azy — yab,
vz — (& — 12z = abs—aye,

¢ (zy® = 2%z) — (Yo —22*) = gay+q 7 ya—¢*zc— q ez
Because a = b = ¢ =0 in A(q), the following equalities hold in A(q):

[xyz,z] = ¢ 'a(y® — 2°),
[xyz,y) = ¢ '(2%y — ya?),
[2yz, 2] = ¢ (2% — )z,

vy’ — 22r = ¢ HyPr — x2?).

Since [zyz, x] = ¢tz (y? — 2?%), it follows that

(Cox] = (¢7° =) [zyz, ] + ¢ [y, 2] + q[2, 2]
(

g% —q) (2 —22°) + ¢ (V' — 2y?) + q(2Pz — 22°)

= ¢(z%z —ay®) — (22" — y’x)

= 0.

A similar argument shows that [C,y] = 0 = [C, z]. Therefore, C' is in the center of A. O

Remark 3.11. (1) Let o be the automorphism of A defined by o(z) =y,0(y) = 2z,0(2) = x.
Then the element C' + o(C) + ¢%(C), which equals

(q—z - (ZQ) (w1223 + 22371 + T32122) + (2q + q_3) (mf + 22+ a:?,)) ,

also belongs to the center of A.
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(2) Seemingly, there are three different cubic central elements in A:

However, direct calculation in A shows that they are equal to each other. This is not a
coincidence: in we will show that the center of A equals k[C], the polynomial ring in C;
thus ¢(C) is a scalar multiple of C. It is not difficult to see from the defining relations of A
that

o(C) = (¢7° =) yza+ qy’ + ¢ %" + ¢2°

= (q_2 — q2) xyz + lower degree monomials.

Since A has a PBW basis of {z'y’2¥ | (i, j, k) € N*}, it is necessary that C' = o(C) and hence
o?(C)=0o(C)=C.
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Chapter 4

LINEAR MODULES

As the name suggests, linear modules are algebraic analogues of linear subspaces of affine

and projective spaces.

The notion of a linear module over a connected graded k-algebra was introduced by
Artin-Tate-Van den Bergh in [2]. We recall their definition in §4.1] In we introduce
a new notion, that of a linear module over a filtered algebra. Linear modules over graded
algebras are closely related to certain linear subspaces of projective spaces. Linear modules
over filtered algebras are closely related to certain linear subspaces of affine spaces. These

ideas will become clearer once we get to some examples.

We will be interested in linear modules over the algebra A = A(gq) introduced in §3.1]
Of particular interest are those of GK-dimension one. We call them line modules. We will
see that they correspond to certain lines in A3. Their importance for us is that every finite
dimensional simple A-module is a quotient of a line module. If S is a finite dimensional
simple A-module, there is an exact sequence 0 — M (') — M({) — S — 0 in which M (¢)
and M (¢) are the line modules corresponding to certain lines ¢’ and £ in Aiw. Thus, one way
to hunt for such simple modules S is to classify the line modules (this is a relatively simple
task) and then search for homomorphisms between line modules (this is a more difficult
task). We will eventually do this. Because linear A-modules correspond to certain lines in

A3 we are able to use geometric ideas as an organizing principle. For example, associated

to the degree-3 central element C' € A (degree is defined in terms of “the” filtration on A)

3
1‘7y7Z ’

there is a 1-parameter family of cubic surfaces X, C A where 11 € k, such that every
3

7.y, corresponding to

line module is annihilated by C' — p for some p € k and the line in A

that line module lies on X,.
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Linear modules over the enveloping algebra U(g) of a finite dimensional Lie algebra
g, endowed with its standard filtration, are exactly the modules that are induced from 1-
dimensional representations of subalgebras of glf| For example, if b is a Borel subalgebra of
a complex semisimple Lie algebra g, the Verma modules U(g) ®y ) Cy are linear modules.
Generalizations of Verma modules, often called Verma modules because of their similarity
to the classical case just mentioned, have proved useful for algebras other than enveloping
algebras. Most generalizations of Verma modules that we know of are linear modules.

Linear modules over graded algebras and filtered modules are closely related to one
another. This relationship is like that between linear subspaces of the projective space P"
and the affine subspaces of the affine space A" = P" — H, the complement to a hyperplane
H C P". Given a filtered algebra A there is a graded algebra D having a degree-1 central
regular element ¢ such that D[t7'], = A. The localization functor ¥* : Gr(D) — Mod(A)

sends linear D-modules to linear A-modules. We examine this relationship in §4.3

4.1 Linear modules over graded algebras

Let D be a connected graded k-algebra that is generated as a k-algebra by its degree-one

component, D;. Suppose that dimg(D;) < oo.
A graded left D-module L is said to be d-linear if L = DLy and

dimy(L,) = ("+ d)

n

for all n > 0. For example, L is O-linear if L = DLy and dimy(L,) = 1 for all n > 0 and
1-linear if L = DLy and dimg(L,) = n+ 1 for all n > 0. One calls 0-linear modules point

modules and 1-linear modules line modules.

The next result explains the terminology.

Prove this, cf., Le Bruyn-Van den Bergh [5] or Proposition
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The classical case. Let D =Kk|[x,...,z,] be the polynomial ring on r 4+ 1 variables. The

standard grading on D is that given by the subspaces
D, := span{zl®...2" |ig+ -+ i, = n}.

The ring D is an r-linear D-module.

We view elements of D; as linear forms on the projective space
P" = Proj(D) = P(D7)

whose points are the 1-dimensional subspaces of the vector space Dj. If V is an m-
dimensional subspace of D; its vanishing locus is a linear subspace of P" of co-dimension m.
The quotient ring D/DV is then a polynomial ring on r+1—m variables and Proj(D/DV) is
that linear subspace of P" (which has dimension r —m). The degree-n component of D/DV

has dimension ("*7"™) so as a graded D-module D/DV is an (r — m)-linear module.

Lemma 4.1. Let D = Kk|xy, ..., z,] be the polynomial ring on r+1 variables with its standard
grading. The isomorphism classes of linear D-modules of dimension d are in bijection with
the d-dimensional linear subspaces of P". The d-linear module corresponding to a linear
subspace £ C P" of dimension d is D/D{+ where (+ denotes the subspace of Dy = kag+-- -+

kx, vanishing on €.

Proof. Let L be a d-linear D-module. Thus L = DLy and dimy(L,) = (":d) for all n > 0.
In particular, dimy(D;Lo) = d + 1 so there is an (r — d)-dimensional subspace V' C D; such
that VLo = 0. Hence L is isomorphic to a quotient of D/DV. But D/DV is a polynomial
ring on d 4 1 variables, say D/DV = k|z, ..., zq] where kzg + - - - + kz, is the the image of
D;. The image of D,, in D/DV therefore has dimension (”Zd). Since this is the same as the
dimension of L, it follows that L = D/DV. The elements in Dj that vanish on V' form a

subspace, V+, and the points in P" = P(D?) that represent the 1-dimensional subspaces of

V< form a linear subspace, £ say. Since (+ =V, L = D/D{*+. Tt is now easy to see there is
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a bijection as claimed. O

Thus, isomorphism classes of point modules are in natural bijection with the points in P"
and isomorphism classes of line modules are in natural bijection with the (projective) lines
in P, and so on. We often say, a little inaccurately, that point modules are in bijection with
points in P” and line modules are in bijection with the lines in P". The bijection is simple and

exXpliCit. or example, 1 = 1S a point 1n € corresponain olmt module 1S
plicit. F ple, if p = (Ao, ..., ;) is a point in P", th ponding point module i

D
()\jl’i _)\ixj | 0 S Z,j S ’l“) ’

If £ is the line {z —at = y— Bz = 0} in P = Proj(k|[z, vy, 2, t]), the corresponding line module
is
klz,y, z, t]
(z —at,y — Bz)

Suppose now that D is a quotient of the polynomial ring k[zo,...,z,] by an ideal gen-

erated by homogeneous elements and give D the inherited grading. It is not difficult to see
that the point modules for D correspond to the points in Proj(D) C P and that the line
modules for D are in bijection with the lines in P” that lie on Proj(D), and so on in higher
dimensions. Thus, linear D-modules carry information about Proj(D). For example, if p and
¢ are, respectively, a point and a line on Proj(D), then p € £ if and only if there is a surjective
homomorphism D/D¢+ — D/Dp* between the corresponding linear modules. There is, of

course, a corresponding map Oy — O, between the corresponding Op,,j(p)-modules.

The non-commutative case Let D be a connected graded k-algebra satisfying the as-
sumptions at the beginning of §4.11 Suppose that dimy(D;) = r + 1, so P(D;) is P". Let L
be a d-linear D-module. Since dimg(L;) = d+ 1, Ly is annihilated by an (r — d)-dimensional
subspace, V' say, of D;. Since L = DLy, L is isomorphic to a quotient of D/DV. In general,
L will not be isomorphic to D/DV, though it is in many important situations, including
the ones relevant to our investigation of A. Regardless of that, the vanishing locus of V' is a

linear subspace of P". Thus, linear D-modules determine certain linear subspaces of P".
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In good cases, which include the ones relevant to our A, linear D-modules are in bijection
with certain linear subspaces of P". Only rarely will all subspaces of P" occur in this bijection.
In some sense, D only “sees” certain linear subspaces of P". We will use the following
terminology: if ¢ is a line in P” such that D/D/* is a line module for D we call £ a D-line,

and so on in other dimensions.

4.2 Linear modules over filtered algebras

For the rest of this chapter, A denotes a k-algebra with a fixed filtration
k=4 CA C---CA C---CA

such that dimg(A4;) < o0, A, = (A1)", and U2 (A, = A.
We call an A-module M a a d-linear module, or a linear A-module of dimension d, if there
is an element m € M such that M = Am and

dimy (A,m) — (n+d>

n

for all n > 0.

It is sometimes convenient to define M,, = A, m and observe that these subspaces give
M the structure of a filtered A-module because A;M; C M, ; for all 7,5 > OE]

Thus, an A-module M is a linear module of dimension 0 if and only if dimy (M) = 1. An
A-module M is a linear module of dimension 1 if and only if there is an element m € M
such that M = Am and dimg(A,m) = n+ 1 for all n. We call a linear module of dimension

1 a line module and a linear module of dimension 2 a plane module.

2The definition of a linear A-module depends on the dimensions of the subspaces in the ascending chain

My C My C --- whereas the definition of a linear D-module depends on the dimensions of the components
in the decomposition Ly & Ly & - - -. For example, the polynomial ring k[z,y] in two variables is a 1-linear
module when viewed as a graded algebra and a 2-linear module when viewed as a filtered algebra. The
numbers 1 and 2 correspond to the dimensions of the corresponding geometric objects, the projective line
P!, and the affine plane A2, respectively.
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Linear modules over the enveloping algebra U(g) of a finite dimensional Lie algebra g,
endowed with its standard filtration, have been classified in [5]. We include its proof here

for the reader’s convenience.

Proposition 4.2 (Le Bruyn-Van den Bergh). [5, Proposition 2.3] Let U = U(g) be the en-
veloping algebra of a finite dimensional Lie algebra. Let (U;);>o denote the standard filtration
on U(g), namely Uy = C + g and U; = (Uy)" for i > 1. The d-linear U(g)-modules are the
modules U(g) @u ) Cx induced from the 1-dimensional representations of the co-dimension-d

subalgebras h C g such that A([h, h]) = 0.

Proof. First of all, if M is a d-linear U(g)-module, then there exists some m € M such that

M = U.m and
i+d
)

dime(Upm) = ( ) for i > 0. (4-1)

Denote n := dime(g).

Since dimc(Uy.m) = d + 1 and dimc(U;) = n + 1, m is annihilated by an (n — d)-
dimensional space, say b’, in U;. In particular, M is a quotient of U/Ul’.

Since U has a PBW-basis, it follows that U;h' N U; = [B',§'] + b'. Furthermore, if V' is
the image of U1h' in Uy /U; then

n+1 d+1
di = — .
me) = (137) = (%)
Hence,

dimc(Ulf)') = dlm(c(‘/) + dlm(c (Ulf)/ N Ul)
= (” ; 1> — (d;“ 1> + dime ([, '] + ') (4-2)

In addition, since dimg(Us.m) = (df) and Uh'.M = 0, we obtain

dime(U1') + (d;Q) < (”;2) (4-3)
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It then follows from (4-2) and (4-3) that
n—+1 d+1 d+2 n+2
di 1ot N o< _ _
= n—d

= dlm(c (h/> .

Hence, [’, '] C b’ and b’ is a Lie subalgebra of Uj.

Let b be the image of h” in g under the canonical decomposition Uy = CdHg. Since 1 & b/,

there will be a linear map A € h* such that

b" = {u—Aw)|ueb}.

Then A(h') = 0. It follows that there is an isomorphism U/Uh = U ®y) Cy and hence a
surjective map:

U®uw Cx — M.
By (4-1)), this map must be a filtered isomorphism.

Lastly, if u,v € b, then [u,v] = [u—A(u),v—A(v)] € §’. Hence, A([u, v]) = 0 and therefore
A([b, b)) = 0. m

4.3 The Rees ring construction

Let A[t] be the polynomial ring over A in a central indeterminate t.

The rings A[t] = A ®y k[t] and A[t*'] = A @y k[t,t™!] are made into graded rings by

placing A in degree zero and t in degree one. The space

D= A At D At’ @ - -
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is a graded subalgebra of A[t] with homogeneous components

D, = A,t".

It is called the Rees ring of A with respect to the filtration A,,.

The basic properties of D are summarized in the following two well-known propositions.

Proposition 4.3. The ring D is a connected graded k-algebra generated as a k-algebra by
the finite dimensional subspace Dy. Furthermore, the element t = 1t € At = Dy is a central

reqular element and D[t~ ']y = A.

Proposition 4.4. Let D be a connected graded k-algebra. Suppose further that Dy has finite
dimension, generates D as a k-algebra and contains a central reqular element t. Let A =
D[ty and define A, = D,t™. Then Ay =k, dimg(A;) < oo, A, = (A)", A =UZ,A,,
and D is the Rees ring of A with respect to the filtration A,,.

We also note the following well-known and important fact; we leave its proof to the

reader.

Proposition 4.5. There is an algebra isomorphism A= D/(t —1) and D/(t) is isomorphic

to the associated graded ring

oo} An
ar(4) = P
n=0 n

The following result is also well-known. A proof can be found at [12, Section 3.5].

Proposition 4.6. Let D be a positively graded k-algebra and z a homogeneous central reqular

element of positive degree. Then D is left noetherian if and only D/(z) is.
Proposition 4.7. The algebra A is left noetherian if and only if D is. Furthermore, A is a
domain if and only if D is.

Proof. Since D is a domain so is D[t"!]. Hence A is a domain.
Since D is left and right noetherian so is its quotient ring D/(t — 1). But this quotient

is isomorphic to A, so A is a left and right noetherian. O
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Corollary 4.8. Suppose A has the properties stated at the beginning of §4.3. If the associated
graded ring gr(A) is left noetherian so is A.

The algebra A(q) defined in Section |3.1]is a filtered algebra endowed with the filtration
Ay = span{l,zy, 9, x3} and A, = (A;)". Later in Section |5.1| we will prove the Rees ring D
associated with this filtration is a noetherian domain. So is A(g) by Proposition .

There is another way to prove that A = A(q) is left noetherian but it depends on the fact
that the categories Gr(D[t™!]) and Mod(A) are equivalent (we discuss this equivalence in
below). Under this equivalence the left modules D[t™'] and A correspond to one another.
Since D[t™!] is a noetherian object in Gr(D[t™']), A is a noetherian object in Mod(A); i.e., A
is left noetherian. Since A(q) is isomorphic to the opposite algebra of A(¢!) (Proposition
, it is also right noetherian.

4.4 Strongly graded rings

A Z-graded ring R is strongly graded if R;R_; = Ry for all i« € Z. Clearly, a graded ring

having a unit of degree one is strongly graded. In particular, D[t™!] is strongly graded.

A fundamental theorem of E. Dade [7, Theorem 2.8| says that if R is strongly graded,

then there is an equivalence of categories
Gr(R) = Mod(Ry).

The equivalence sends a graded R module to its degree-0 component and its quasi-inverse
sends an Ry-module N to R ®p, N which is made into a graded R-module by declaring that

its degree-¢ component is R; ®g, N and an element r € R,, acts on an element a ® n by

r-(a®n) = ra®n.
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Since D[t™1]y = A and D[t™!] is strongly graded, there is an equivalence of categories
Gr(D[t™"]) = Mod(D[t™]y) = Mod(A).

The equivalence sends a graded D[t™!] module to its degree-0 component and its quasi-
inverse sends a D[t~ !]p-module N to N @y k[t*!] which is made into a graded D[t~*]-module
by declaring that its degree-i component is N ®¢* and an element d € D,, acts on an element
m® t' by

d-(m@t) = (dt7")m ",

Composing this equivalence with the localization functor
Gr(D) — Gr(D[t™1]), M ~ M[t™],
gives a functor ¥* : Gr(D) — Mod(A).
4.5 The functor V* : Gr(D) — Mod(A)
Define functors
U*: Gr(D) — Mod(A) and U, : Mod(A) — Gr(D)

by
UM = M[t™']y and W.N = Ngkft,t ],

where the grading on W,N is given by (U,N); = N ® t'. The actions of ¥* and ¥, on
morphisms are the obvious ones.
It is clear that both ¥* and ¥, are exact functors.

It is clear that U*W, = idyod(A4)-

Proposition 4.9. The functor V* is left adjoint to V..
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Proof. Fix M € Gr(D) and N € Mod(.A). We will now define maps
® : Homy(¥*M, N) — Homg(p)(M, ¥, N)

and

@' : Homg(py(M, ¥, N) — Hom4(¥*M,N).

Let f : W*M — N be an A-module homomorphism. Let m € M;, whence mt=* €
Mt g = ¥*M and f(mt™*) € N. We define

Let g : M — W,N be a degree-preserving D-module homomorphism. Let m € M;,
whence mt~" € M[t™']y = U*M and g(m) € (V,N); = N ® t'. We define

@'(g)(mt™") = g(m)t™".

The element g(m)t~"is in N ® 1 € N @y k[t*¥!]; we identify N ® 1 with N and so view

g(m)t™" as an element in N.

To see that the map ®'(g) is well-defined, suppose mt~* = m/t~7 for some m’ € M;.
Since mt! — m/t" is in M and is zero in M[t™1], there is an equality (mt! — m/t!)t* = 0 in
M for some k > 0. Hence t/**g(m) = t"T*g(m’); this is an equality in N @y k[t*!] on which
t acts bijectively. Hence g(m)t=" = g(m/)t™7; i.e., ®(¢')(mt~") = ®(g')(m/t~7). Thus ®'(g) is
well-defined.
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Keep the notation from the previous paragraph. We have

(@'@)(f)(mt™") = ®(f)(m)t™
= (fmt™)et')t
= fimtH®1
= f(mt™")  (using the identification N ® 1 = N)

whence (®'®)(f) = f. On the other hand, if m € M;, then

(29)(g)(m) = P'(g)(mt™") @'

= g(m)t~" ®t;

since g(m) € N ® ', it is equal to n ® ¢* for some n € N; hence g(m)t~" = n ® 1; under the
identification of N ® 1 with N, g(m)t~" is identified with n; hence g(m)t~* ® t' is equal to
n ® t* which is g(m); i.e., g(m)t~" @ t* = g(m) whence (®®')(g) = g.

Since ®'® and P’ are identity maps, ¥* is left adjoint to V,. O

Because U* is left adjoint to V,, there are natural transformations
7 idGr(D) — U U

and

g \IJ*‘I/* — idMod(.A)-

We have already remarked that the co-unit € is an isomorphism of functors. On a graded

D-module M, ny : M — M[t™], @ k[t*!] is the map
n(m) = mt"' @t

for m € M;.
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The effect of ¥, on finite dimensional modules. We want to make use of the fact that
A and D are noetherian rings. However, the functor ¥, does not send noetherian A-modules
to noetherian D-modules: if V is a non-zero A-module, then W, N is not a finitely generated
D-module. Nevertheless, there is a strong connection between finite dimensional A-modules

and noetherian D-modules thanks to the next result.

Lemma 4.10. If N is a finite dimensional A-module, then (V.N)s, is a finitely generated
D-module for all n € Z.

Proof. Tt is clear that t(N @ t') = N @ t'*!. Since t € Dy, Dy - (N @ t') = N ® t'*! for all
i. Hence (U, N)>,, is generated by N ®t". The result therefore follows from the assumption
that N is finite dimensional. 0J

D-modules that are t-torsion-free. Let Gr,(D) denote the full subcategory of Gr(D)
consisting of the graded D-modules having no t-torsion. The functor ¥, : Mod(A) — Gr(D)
takes values in Gr,(D) because t acts bijectively on N &y [t£1].

Because t acts injectively on W, N, if N is any A-module then the only finite dimensional
graded D-submodule of W, N is the zero submodule.

If M € Gry(D), then the map ny : M — U, U*M, M; > m — mt~* @ t' is injective.

4.6 Linear modules over A and D

We continue to assume that A is a k-algebra with a fixed filtration k = A4y C A; C --- such
that dimg(A4;) < oo, A, = (A;)", and U2 A, = A. We also continue to assume that D is

the Rees ring associated to A with respect to the filtration A,,.

Proposition 4.11. If L is a t-torsion-free d-linear D-module, then M = U*L = L[t~y is

a d-linear A-module with associated filtration M, = L,t™".

Proof. Let L be a d-linear D-module and let M = U*L. In particular, My = Ly. Since
L, = D,Ly, M,, = D,t "Lqg = A,Ly. Since L has no t-torsion, the multiplication map
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L, — L,t™™, v vt™" is injective. It is also surjective so dimy (A, My) = dimg(L,). Hence

M is d-linear. O

If M is a left A-module we write M [t] for M ®yk][t] and view this as a graded A[t]-module
by declaring its degree n-component to be M ® t". Since D is a graded subalgebra of Alt],
M]t] is also a graded D-module. Whenever we talk about M[t] as a D-module we always

view it as a graded D-module with this grading. It is easy to see that

N
n=0

is a graded D-submodule of Mt].

Proposition 4.12. Let M be a d-linear A-module with respect to the filtration (M, )n>0-
Then

L = éMnt"
n=0

is a t-torsion-free d-linear D-module and V*L = M.

Proof. Because M, = A,M,, L, = M,t" = A, t"My = D, Ly. Since L, = M_,t",
dimy(L,) = dimg(M,,). Since M is d-linear so is L.

Since k[t] is ¢-torsion-free so are M|t] and its submodule L. Lastly, L[t 1o = > 07 Lyt~ =
S M, = M:ie., WL =M. 0

Remark 4.13. If M is a linear module for A, then W, M is not a linear module for D because,
for example, every homogeneous component of W, M has infinite dimension. Nevertheless,
if L is a linear D-module such that M = U*L, then ¥V, M = U, U*[ so there is a graded
D-module homomorphism

ni L — UU°L = WM.
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4.7 Results on 4-dimensional regular algebras

In this section we assume that D is a 4-dimensional Artin-Schelter regular algebra that is
generated by its degree one component and has the same Hilbert series as the polynomial
ring on 4 variables with its standard grading.

A nonzero finitely generated Z-graded D-module M is called Cohen-Macaulay if pd(M) =
§(M), i.e., Ext' (M, D) = 0if i # j(M), where pd(M) is the projective dimension of M and

j(M) := inf{i | Ext),(M, D) # 0}.
The following results appear in Levasseur and Smith’s paper [13] on the 4-dimensional

Sklyanin algebras.

Proposition 4.14. [13, Proposition 2.12] If M is a Cohen-Macaulay module for D having

GK-dimension 2 and multiplicity 1, then M is a shift of a line module.

Proposition 4.15. [15, Lemma 1.12] Let 0 — M' — M — N — 0 be an ezact sequence in
Gr(D). Suppose that j(N) =1+ j(M).

1. If M and N are Cohen-Macaulay modules, so is M' and j(M') = j(M).

2. If M and M'" are Cohen-Macaulay modules, so is N.
4.8 The passage from the line modules for D to those for A

Let D be as in having a degree-one central regular element ¢ and let A = D[t!]y. Define
A, = D,t™". Because D is generated by D; as a k-algebra, there is an ascending chain of
finite dimensional subspaces A4y C A4; € A C ---, whose union is A and A;4; C A, for

all 7,7 > 0.

Theorem 4.16. An A-module M is a line module if and only if there is a line module L for
D such that L[t7'] # 0 and L[t ™)y = M.
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Proof. This follows from Proposition and Proposition O

Proposition 4.17. Every non-zero submodule of a line module for A is a line module for

A.

Proof. Let M be a line module for A and N a proper submodule of M. Let V = M/N.

There is an exact sequence
0O — ¥v.N — Y M — V.V -—0
in Gr(D). Let L be a line module for D such that M = ¥*L. Consider the diagram
L

|

00—V .N—U .M v,V 0

Let F' denote the image and K the kernel of the composition L — W, M — ¥, V. There is
an exact sequence

0 — K —L — F — 0.

Since F' is a submodule of ¥,V which has constant Hilbert series, GKdim(F') < 1. Since ¥,V
is t-torsion-free so is F'. Hence F has no finite dimensional submodule. Hence GKdim(F') = 1
and, by [I3, Proposition 2.1], F' is a Cohen-Macaulay D-module of projective dimension 3.
By Proposition [£.15], K is a Cohen-Macaulay D-module having GK-dimension 2. Because
the multiplicity of L is 1, K also has multiplicity 1. By Proposition [£.14] K is a shift of a
line module.

The vertical arrows in the commutative diagram
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are injective so the vertical arrows in the commutative diagram

0 UK L U F——0

L]

0 — V'Y N — UV M —YvV—0

0 N M 1% 0
are also injective. But the middle vertical map is an isomorphism so the left vertical map

must be isomorphism by the Snake Lemma. Therefore, N = U*K is a line module for A. [J

4.9 Comparison with algebraic geometry

The functors ¥* and ¥, are “geometric”.
Let k[xo, . .., z,] be the polynomial ring endowed with its standard grading and let D be
a quotient of it by a homogeneous ideal. Let ¢ denote the image of o in D and assume that

t is a regular element in D. Let

A = D[t Y.
Consider the projective scheme
X = Proj(D) C P"
and the affine scheme
X° = Spec(A) = X —{t=0} CA" = P"—{zq=0}.

Thus X° is the open complement in X to the intersection of X with the hyperplane {t = 0}.
If ¢ is a line in P" lying on X, then ¢° := ¢ — {t = 0} is an affine line in A" lying on X°.
The closure in P of £° is £. On the other hand, if ¢ is an affine line in X°, then the closure

in P of ' is a projective line whose intersection with X° is /. Thus, intersection and closure
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sets up a bijection between projective lines in X that do not lie on {¢ = 0} and affine lines
lying on X°. This bijection is not particular to lines: for every integer d, intersection and

closure provide a bijection

{projective d-linear subspaces of X

that do not lie on {¢ — 0} } -~ {afﬁne d-linear subspaces of X } .

The inclusion j : X° — X is a morphism of schemes. Associated to j is the inverse image

functor j* and the direct image functor j,,

Qeoh(X°)~  Qcoh(X).

j*
The functor j* is left adjoint to j,. We write 5 4 j, to denote this fact.
The functors ¥* and ¥,, * 4 W, , which exist even when A and D are not commutative,
are algebraic analogues of j* and j,. This becomes clearer when we write the categories of

quasi-coherent sheaves in terms of module categories. When A and D are as above, i.e.,

commutative, the above diagram becomes

Qcoh(X°) =——=Mod(4) QGr(D) =—— Qcoh(X).

I

By definition, QGr(D) is a quotient category of Gr(D) and the quotient functor 7* : Gr(D) —
QGr(A) has a right adjoint 7. Thus, there are diagrams

% «

Mod(A)~  QGr(D) j Gr(D) (4-4)
and .
Mod(A) : Gr(D). (4-5)
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Of course, j*7* 4 m,j,. In fact,

\I’* — j*ﬂ'*

and

U, = Ty Js.

Thus, even when D and A are not assumed to be commutative, but satisfy the hy-
potheses earlier in this chapter, and are related by the fact that D is the Rees ring for the
filtration (A,)>n, the functors U* and W, provide an adjoint pair fitting into diagrams that

are analogues of (4-5)) and (4-4)).
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Chapter 5

THE GRADED ALGEBRAS D(q)

Let ¢ € k — {0}. We now introduce, then study, a graded algebra D(q) having a central
regular element ¢t € D(q); such that A(q) = D(q)[t"']o. The algebra D(q) is the Rees ring
associated to the standard filtration on A(g), i.e., the filtration whose n'® term is the linear

span of the words in xq, x9, 3 of length < n.

We classify the point modules and line modules for D(q) using the methodology and
results in [6]. By Theorem [4.16, there is a natural bijection between line modules for A(q)

and those for D(q) that are t-torsion-free, based on which we then classify all line modules

for A(q).

The center of D(q) is a polynomial ring in two central elements. Based on the center of

D(q), we calculate the center of A(q).

From §5.5| onwards, we assume ¢ is not a root of unity.
)

5.1 The definition of D(q)
Let D(q) denote the free algebra k(xq,xs, z3,t) modulo the six relations

[t,x1] = [t,xe] = [t,x3] = 0,

quir; —q wjr; = (q — qfl) xt,

where (i, 7, k) runs over the cyclic permutations of (1,2, 3).

Since q is fixed we will usually write D for D(q).
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Proposition 5.1. Let § = (¢ — qil)_l. There is an algebra isomorphism
®: A(q) — D(q)[t™ Yo, ®(z;) = 6wt fori=1,2,3.

Proof. The algebra D[t™!]y is generated by z;t7!, i = 1,2,3. Tt follows from the relations

for D that D[t™!]y is generated by these three elements modulo the three relations
(qxixj — q’lxjxi) t? = (q — q’l) Tyt
as (i, 7, k) runs over the cyclic permutations of (1,2,3). This relation can be rewritten as
qoxit 'oxitTt — q’1(5xjt’15xit’l = Szt

Le., as ¢®(z;)®(x;) —q ' ®(z;)P(2;) = P(xy). It follows at once that ¢ extends to an algebra

isomorphism. O

We also note that D/(t — 1) = A although we will not use this fact in this chapter.

Proposition 5.2. The algebra D(q) is the Rees ring for A(q) endowed with the filtration
Ay = span{l, 1, x9, 23} and A, = (A1)".

5.2 Quadratic algebras and central extensions

If V is a finite dimensional vector space and R a subspace of V% we call T(V)/(R), the
quotient of the tensor algebra by the ideal generated by R, a quadratic algebra. Its quadratic
dual is the algebra T'(V*)/(R‘) where R* is the subspace of (V*)®2 consisting of the linear
forms that vanish on R.

Let B = T(V)/(R) be a quadratic algebra and let k denote its trivial module B/B>.

There is a canonical k-algebra homomorphism

B' — Ext(k, k),
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where B' denotes the quadratic dual of B and the right-hand side is the Yoneda Ext algebra
(Note that B" = B). If this homomorphism is an isomorphism we call B a Koszul algebra.
See S. Priddy’s paper [I4]. In this case, B' is also a Koszul algebra and the Hilbert series of
B and B' are related by the formula

Hp()Hyp(—t) = 1.

Theorem 5.3. [0, Theorem 2.6, Corollary 2.7] Let D be a finitely generated quadratic algebra
with the following properties:

1. there is a 1-reqular element t € Dy and ¢ € Aut(D) such that td = ¢(d)t for alld € D;
2. D/(t) is a 3-dimensional Artin-Schelter reqular with Hilbert series Hp ) (t) = (1—t)73;
8. Hp(t) = (1+t)Hpmy(t).

Then D is a noetherian domain with Hilbert series Hp(t) = (1—t)~* and D is an Auslander-

reqular, Koszul algebra with the Cohen-Macaulay property.

A graded k-algebra D having a central regular element ¢ of degree 1 will be called a
central extension of D/(t) if D/(t) is a 3-dimensional Artin-Schelter regular algebra. The
terminology comes from the paper [6] by Le Bruyn-Smith-Van den Bergh.

Proposition 5.4. The algebra D in is a central extension of the 3-dimensional reqular

algebra
k<x17 X, x3>

(qxixj - qill’jl’i ‘ (iaj) = (17 2)’ (27 3)? (37 1))

and is therefore a noetherian domain with Hilbert series Hp(t) = (1—t)~* and an Auslander-

S:

reqular, Koszul algebra with the Cohen-Macaulay property.

Proof. We check that D satisfies the three properties in Theorem [5.3]
Certainly, the element ¢ has property (1).
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Clearly S = D/(t). It is well-known that S is a 3-dimensional Artin-Schelter regular

algebra with Hilbert series (1 —¢)™% and is therefore a Koszul algebra. In addition,
Hg(t) = Hg(—t)"" = (1+1t)°

Write 2, := t. Then D is also a quadratic algebra D = T'(V)/(R) where V = @&_ kz;
and dimy(R) = 6. Tt follows that dimy(R') = 4% — 6 = 10 and a basis for R* is given by the

following 10 elements
fs®fs, q_lfi®fj+q:fj®fi, (q—q_l) f1®fJ+ka®f4

where 7, € V* is the dual basis of z; for s = 1,...,4 and (4,7, k) runs over all cyclic
permutations of (1,2, 3). A direct calculation shows Hpi(t) = 1+ 4t + 61> +4t3 +t* = (1 +1¢)*
and therefore Hpi (t) = (1 +t)Hg (). O

5.3 Point modules and line modules for D

We will use the methodology and results in [6] to classify the point modules and line modules

for D.

5.3.1 Point modules

By [0, Theorem 4.2.2], the point modules for D are parametrized by the closed points of a
scheme &P, called the point scheme. We refer the reader to [6] and [3] for further explanations.

The point module corresponding to a point p € &p is

where pt is the subspace of D; consisting of the linear forms that vanish at p. If M, is a

point module so is (M), (1). Keeping the notation in [6, Theorem 4.1.1] we write o for the
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automorphism of &p such that

My-1p) = (My)>1(1). (5-1)

Following the notation in [6, Section 3.1], we write

Ji qraTs — ¢ T3To I (g—q ) m
f = |fa| = |qwsz1 — ¢ 'mzs| L= L] = = |(g—q¢ ")
I3 qr120 — q w1y l3 (¢q—q ") s
and
9 qax3 — q 'w3re — (¢ — ¢t
g2| = f+1l = |qusey — ¢ oy — (g — ¢ Vot | - (5-2)
93 qr1Te — q Ty — (¢ — ¢ )wst

Then the defining equations for the central extension D can be written as

tl’l—.’ljlt = O,

9 = fi+t =0,

for 4,7 = 1,2,3, and the defining equations for D/(t) are f; = fo = f3 = 0. In addition,
f = Mx, where

0 —q 'zy g )
M = qrs 0 —q 'x and x = |z,
—q g qxy 0 T3

Note that fi, fo, f3 are chosen in such way that there exists a 3 x 3 matrix () satisfying
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xT'M = (Qf)T. Indeed, since x' M = 7 Q is the identify matrix, that is,

100
Q=101 0f. (5-3)
001

Proposition 5.5. The equations for &p are given by

1. g1=g2=g3=0 on PpN{t+#0}, that is,

oy — ZElt = X3T1 — ZEQt = T1T9 —[E3t = 0.

2. tgy =tgs =tgs = h; =0 on PpN{x; # 0}, where

hi = (¢° = ¢7°) 2iwaws — (¢ — ') (27 + 2123 + ¢ miai) ¢,
he = (¢ —q ) mades — (q—q7") (23 + Pagal + ¢ a0al) ¢,
hs = (q3 — q_?’) T1ToT3 — (q — q_l) (:z:§ + ¢?x32? + q_2x3332) t.

Proof. This is a direct application of [0, Lemma 4.2.1, Theorem 4.2.2]. It is worthy pointing
out that the definitions for hy, hs, hs are given by [6 Lemma 4.2.1]. In our case, these

definitions are reduced to

hl = xldetM—l—tdet[l,Mg,Mg],
hy = wxydet M + tdet[M;,1, M3,

hg = ZL‘3d€tM+tdet[M1,M2,l],

where M; is the i** column vector of the matrix M. O

Remark 5.6. It is by no means obvious, but the eventual result that A has exactly five

non-isomorphic simple modules of dimension n for each n > 1 is intimately related to the
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observation in Part 1 of the next result that there are five points p € &p such that o(p) = p.

Proposition 5.7. The point scheme Pp C P3 , consists of

Z1,22,%3,

o the five points (0,0,0,1), (1,£1,£1,1), (—1, %1, F1,1), and
e the points on the lines {x; =t =0}, where i =1,2,3.
In addition,
1. ifpe{(0,0,0,1),(1,£1,£1,1),(=1,£1,F1,1)}, then o(p) = p,
2. if p=10,&,8,0), then o(p) = (0,8, &3, 0),
8. if p=(£,0,&,0), then o(p) = (¢7'&1,0,¢&,0),

4. ifp=(£,6,0,0), then o(p) = (¢€1,47"€2,0,0).

Proof. By Proposition (1), the equations for &Zp N {t # 0} are g; = 0 for i = 1,2,3. If
p=(£,&,&,1) € P?is a point in &p N {t # 0}, then

& —8& = L& -6 = &G —& =0, (5-4)

If & = 0 for some i then by & =& =& =0, so that p = (0,0,0,1).

Assume £&€3 # 0. Since §&; = & and &, = &, it follows that (£ — 1)&, = 0; hence
6]2 =1for j = 1,2,3. If & = 1, then by & — & = 0. Hence, p = (1,£1,+1,1).
Similarly, if & = —1 then p = (=1, +1, F1,1). Therefore,

Ppn{t+0} = {(0,0,0,1),(1,£1,+1,1), (=1, +1,F1,1)}.

Next, we determine &p N {t = 0}. First note that

PpN{t=0} = O@Dm{tzo}m{xﬁéo}.
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By Proposition (2), ZpN{t =0} N{x; # 0} = {z;x, =t =0}. It follows that

Pprn{t=0} = O{xizt:O}.

Let p € &p. Suppose p = (£1,&,63,&4) and o(p) = (£1,65,85, &) If My, is the

point module corresponding to o(p) with a homogeneous basis {eg, e, ..

deg(e,) = n, then it follows from ([5-1|) that

Ti€y =

for i = 1,2, 3. It follows that

and hence

gz{eh

@&l — a8 — (g —a )& =

teo = 6261

and

rier = e,

<y €n, ..., } where

ter = &ue9

(quz'ﬂCj —q wm; — 5_1Ikt) €y = (quf; —q g8 - 5_1&511) €2,

(zit —tzi)eg = (&) — &) ea,

0 = && — &g,

where (1, 7, k) runs over all cyclic permutations of (1,2, 3). These six equations can be written

as

—q &
0
&3
—&
0
0

US|
—q7 &
0
0
—&

0

0

q&2
—q7 '
0
0

&4

—(g—q7)¢&
—(¢—qH&
—(g—qh&

&1

&2

&3

/
1

/
2

/
3

/
4

Now, for each point p in Parts (1) - (4), one can verify that o(p) satisfies the linear system

above.

O
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5.3.2  An important function: A(«)

The function A : k — {0} — k defined by

a+at

Ae) = 7=

will play a key role in all that follows. We note that

A(—a) = =A(a) and Ale™) = Aa).

5.5.3 Line modules

We will use the results in [0 Section 5] to classify the line modules for D.

By [13, Theorem 4.5], if M is a line module for D, then there is a unique line ¢ C P(D7) =

P? such that
D

M~
DL

where ¢+ is the set of points in D; that vanish on £. Let

Zp = {{ CP¥| D/D¢* is a line module} and

L, = {teZp|pelandpec Ps},

where
k<x17 T, :C3>

(qximj - qilxjxi ’ (ZJ) = (17 2)7 (27 3), (37 1))

It is well known that the point scheme g is the “triangle” z1zow3 = 0 on P? = {t = 0} C P3.

D
=

3
T1,22,T3,0

As a subvariety of P

Ps = {(a1,1,0,0), (0,a2,1,0), (1,0,03,0) | a; €k} C Pp.
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According to the discussion in [0, page 204],

Zp = {linesont=0} U U L,. (5-5)

pEPs

Furthermore, if p € &g there is a quadric (), containing p such that
L, = {thelines £ C ¥ (t)|p € £} U {the lines { C Q, | p € {}.

By [6, Proposition 5.1.7], if o(p) = (&1, &2,&3,0) then @, is given by the equation £€7'Qg = 0,

where & = [£1, &, &)T and g, Q are given by (5-2)), (5-3)), respectively. Since Q is the identity
matrix, @, is given by the equation £7'g = 0, that is,

T3 — xlt
[51, &2, 53} w3y — pot | = 0. (5-6)
1Ty — .Tgt

Proposition 5.8. There are exactly 6 points p € P for which the quadric Q) is singular,

namely
1. p=(1,£4¢%0,0) in which case Q, = {x1 £ 22 =0} U{z3 Ft =0},
2. p=(0,1,%£¢%0) in which case Q, = {xg + x3 =0} U {x; £t =0};
3. p=(%q*0,1,0) in which case Q, = {xs +x1 =0} U {xy £t = 0}.

Proof. Let p € #5. We can, and do, choose a cyclic permutation (i, j, k) of (1,2,3) and a

scalar o such that p = (1, «,0,0) with respect to the ordered coordinates (x;, x;, xx,t). By

Proposition , a(p) = (¢,¢ ', 0,0). By (5-6), the equation for Q, is

q(zjz), — wit) + ¢ la(zpr; — xt) = 0.
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The partial derivatives for x;, z;, 2, and t are ¢ 'axy — gt, qry — ¢ 'at, ¢ 'az; + qxj, and
—qx; — ¢ tax;, respectively. If a # £4? then there is no point in P? where all four of these
partial derivatives vanish. Hence @, is smooth if @ # +¢*. On the other hand, if & = +¢?,
then the equation defining @), factors as (x; £ x;)(xy F t). O

The kind of a point. The following terminology is adopted in [6]. If p € S5, then there
exist u,v,a,b € Sy such that p = ¥ (u,v,t) and a ® v — b ® u € Rg. Following [0, Definition
5.1.9], the point p is said to be

e of the first kind if @ = v and u, v, b are linearly independent;
e of the second kind if a = u and wu, v, b are linearly independent;
e of the third kind if p = #(a, b, ).

The next result determines L, for each p € &g and therefore determines all line modules

for D, according to ([5-5)).
Recall that § = (¢ — ¢~ )7L

Proposition 5.9. Let p be a point in Ps. Then
1. p is of the second kind;

2. ifp = (0,a,1,0) € P3 where (1,7, k) is a cyclic permutation of (1,2,3) and

Ty Lj,Lg,t7
a €k, then
Y (0z; — A(qo)t, x; — axy) U Y (2, 1) o ¢ {q*, 0},
L, = V(i t) U Y (x),t) a=0,
Y (2, t) UY (dx; — Aqa)t,z; — axy — ft) o =q 4

\

3. %p consists of
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e the lines on the plane ¥ (t), and

o the lines ¥ (0x — A(qa)t,y — az — [Bt), where (x,y, z) runs over all cyclic permu-

tations of (w1, 2, x3) and (o, B) € k? is such that o # 0 and (a* — ¢~ *)B = 0.

Proof. (1) Let p € Hg. There is a cyclic permutation (i, 7, k) of (1,2,3) such that p is
the point {z; = z; — axr, =t = 0} for some o € k. Write v = z;, v = z; — axy, and

w = ¢ 2ax; — ¢*x). Then the element
uRv—wu = ¢ (qgr;@r; —q 1, @ 1) + qalqry @ 1 — ¢ X @ 1Y)

is a relation in S = D/(t), so p is of the second kind.

(2) By Proposition o(p) = (0,q90,q71,0) € P} .+ Now by (5-6), the quadric @,

is given by the equation ga(xpz; — x;t) + ¢ *(z;x; — 24t) = 0, or equivalently,
zi(q w4 qazy) — t(gax; + ¢ o) = 0. (5-7)

Clearly the line #'(z;,t) is in L,,.

Let ¢ be a line on ), that contains p and suppose ¢ # ¥ '(x;,t). Then ¢ is the line

Aep—pt = 0 = p(g ;4 qaxy) — Mgax; + ¢ ')

for some (A, ) € P. Since p € ¢, p(¢'a+qa) — A(ga? +q¢7') = 0; hence (A, p) =

(¢ 'a + qa, qa® + g71). Therefore, £ is contained in the intersection of the planes

(g+q Haz; — (g&®+¢ ')t = 0 and

(a®—q7*) (zj —amy,) = 0.

The three cases in Part 2 of the proposition are discussed below.
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(i) Suppose a? € {q~*,0}. The two planes are different so ¢ is the line
dr; — Aga)t = z; —ax, = 0.

Hence, L, consists of the lines ¢ and ¥ (x;, ).

(ii) If @ = 0, then ¢ = ¥'(z;,t) so L, consists of the lines ¥ (z;,t) and ¥ (z;,1).

(iii) If o = ¢4, then / lies on the plane dz; — A(ga)t = 0 so L, is the pencil of lines on
this plane that passes through p.

Write A = A(qa) for short. Suppose that

¢ = {ax; + bx; + cxp + dt = dx; — A\t = 0},

where a,b,c,d € k. If b = ¢ = 0, then ¢ = {ax; + dt = dx; — M = 0} = {z; =t = 0},
contradicting our assumption that ¢ # ¥ (x;,t). So (b,c) # (0,0).

Furthermore, since p € ¢, p = (0, @, 1, 0) lies on the plane ax; +bx; +cxy, +dt = 0, whence
ab+ ¢ = 0. Since (b,c) # (0,0), it is necessary that b # 0.

It follows that

( = {bmj — abxy, + (5_1a)\+ d) t=0d0x; — Mt = O}
= {0x; — Mt =1x; —azx, — ft =0},

where 8 = — (6 ta\ +d) b L.
Therefore, L, = 7 (0x; — A(qa)t, x; — awy, — Bt) U ¥ (24, t).
(3) This follows from ([5-5)) and Part (2) immediately. O

5.4 Line modules for A(q)

Based on the passage from Gr(D) to Mod(A) established in Chapter [ we are now able to

classify all line modules for A.
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To distinguish the generators for A and those for D, for the rest of this chapter we assume
A to be the free algebra k(X7, X, X3) modulo the relations ¢X;X; — ¢ ' X;X; = X}, where

(1,7, k) runs over all cyclic permutations of (1,2, 3).

For a line £ in A% y,,, we write £+ for the set of elements in span{1, X1, X5, X3} that

vanish on /.

Proposition 5.10. Every line module for A is isomorphic to AJA(+, where
¢t ={X-Ago) =Y —-—aZ—-p =0}

for some cyclic permutation (X,Y,Z) of (X1, Xa, X3) and some (o, 8) € k? such that o # 0
and (a® — ¢ 1) B =0.

Proof. By Proposition , A = D[t7Yy given by X; + dx;it™! for i = 1,2,3, where
b=(¢—a")"

By Theorem [4.16] an A-module M is a line module if and only if there exists a line
module L for D such that L is t-torsion free and L[t!], = M.

By Proposition [5.9(3), there exist a cyclic permutation (z,y, z) of (z1, 2, z3) and (a, 8) €
k? with a # 0 and (a? — ¢~*) 8 = 0 such that

D

L= D (0x — A(qa)t) + D (y — az — ft)’

It follows that

D[t "o
D[t~ (0t71x — A(qe)) + D[t~ (6t~'y — adt=1z — 0)
A
AX —A(qo)) + A(Y —aZ —p')’

1%

L[t~ "o

I

where 8 = 3. This completes the proof. O



5.5 The center of D(q)
We determine the center of D(q) in this section.

Proposition 5.11. Let (x,y, z) be a cyclic permutation of (x1,xa, x3).

1. The element
Q= — (q + q_l) ryz + q’t + ¢ 2yt + g2t

is central in D(q).
2. The center of D(q) is k[, t].

Proof. (1) Write v := (¢ — ¢~'). In the free algebra k(z,y, 2, t), let

1 1

2y —vyxt, ¢ = qRTr —q

a = qry — q_lyx —yzt, b = quz—q~ xz — Yyt.

Calculations in k(x,y, z, t) give

aleyz,a] = ya(y? — )t = wye — zaz,

qlryz,y] —v(2"y — ya®)t = azy —yab,
qlayz, 2] —y(a® — )zt = xbz — cyz,
q4 (my2 — ZQZL‘) — (y2x — sz) t = q3ay + q_3ya — q3zc — q_?’cz.
Because a = b = ¢ =0 in D(q), the following equalities hold in D(q):

[xyz, z] =

[ryz, 2] =

2

(

[zyz,y] = (1—q72) (2%y — ya*)t,
(

xy? — 22 = ¢

61



62

Since [zyz, z] = (1 — ¢ ?)x(y? — 2?)t, it follows that

(2] = —(q+q7") [zyz, 2] + ¢ P[yPt, 2] + q[2%t, 2]
= (q_3 — q) (zy? — 22t + ¢ 3 (P2 — oyt + q(220 — 227)t
(R ) Y — e

= 0.

A similar argument shows that [, y] = 0 = [, z]. Therefore, € is central.

(2) We first show that the center of R := D/(t) is klxyz|, the polynomial ring in the
variable xyz. Write Z = Z(R).

Since R is the free algebra k(x,y, z) modulo the relations
vy = q 'yr, yr = qzy, o= qlwz, (5-8)

R =, R, is N-graded, where R, = P kxiyl2* for n > 0. Hence, the center of R

i+j+k=n

is also N-graded, i.e.,

Z =@ znR,).

n>0

Let c =3 i jxxy 2% € Z N R, where n > 0 and «; ;1 € k. Since zc = cx,

i+j+k=n
il Gk i ik (>-8) 2j—2k i1, 5k
Y aualyt = < Y air'y’z > T = g7 g Ty 2N
i+j+k=n i+j+k=n i+j+k=n
Since ¢ is not a root of unity, if o; j, # 0 then j = k. By a similar argument, we show i = j

if o j # 0. It follows that ¢ € -, ka'y'z" = 3. k(zyz)’. So Z(R) C klzyz].

On the other hand, it is not difficult to verify that zyz € Z (R). Therefore, Z(R) =

k[zyz].
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Now, we show that Z(D) = k[, ¢]. Let
¢:D — DJ(t)

be the canonical surjection. Then ¢(Q2) = — (¢ + ¢ ') zyz. Since D is N-graded, it suffices
to show

Z(D), = Z(D)n D, = k[Q,t], (5-9)
for all n > 0. We argue this by induction on n. Clearly this is true when n = 0.

Suppose (5-9)) is true for some n > 0. Let d € Z(D),41. Since Z(D/(t)) = k[zyz], there

exists a polynomial g in one variable over k such that

o(d) = g(zyz) = g(6(Q) = ¢(9()),

Hence, d = g(2) + d't for some d' € D. Since d € Z(D),+1, we may, and do assume that
g(Q) € D,y and d' € D,, without loss of generality.

Since both d and ¢(2) are central, so is d't. Since D is domain and ¢ is central, d’ is
central in D and hence belongs to Z(D) N D,,. By the inductive hypothesis, d' € k[, t],.
Therefore, d € (k[2,]),41. The proof is now complete. O

Remark 5.12. The central element (2 is independent of the choice of the cyclic permutation

of (z1.75.23). More formally, let
Q = — (¢+q ") mamows + it + ¢ a3t + quit,

and let o be the automorphism of D defined by o(x;) = 3,0(x2) = z3,0(x3) = 1 and

o(t) =t. We claim Q = o(Q) = 0?(Q).

Since D has a PBW basis of {atadakt! | (i,5,k,1) € N*} and Z(D) = k[Q,t], 0(Q) =
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aQ) + Bt3 for some o, B € k. Furthermore, a direct calculation in D shows
o(Q) = —(q+ g Ya 2973 + other degree-three monomials in 1, x5, 23 and ¢ (except t%).

It is necessary that a =1 and 8 = 0. Hence, o(Q2) = Q and therefore 02(Q) = o(Q) = Q.
Corollary 5.13. Let (z,y,z) be a cyclic permutation of (x1, 22, x3) and £ the D-line
¢ = {0x —ANga)t =y —az— pt =0}.

Then M({) is annihilated by Q — 6 2ut®, where § = (q — (]*1)_1 and

— o I22(2 2 q ‘
po=q X(ga)+qp e
Proof. Write A = A(ge). By Proposition [5.11](1),
Q = —(¢+q ") yzz + qut + ¢ 2Pt + g2t

is central in D. The result follows from the fact that

82— pt® = a(dx — \t) + bly — az — Bt) + qa ' (® — ¢ 1) Bt
where a = — (q+q¢ Y yz + ¢ ot + (62X —q 25 ta!)t? and b = qyz + ¢Bt%. Since
(a* — qg~*)B = 0, the result holds. O
5.6 The center of A(q)

We continue writing A to be the free algebra k(X7;, X5, X3) modulo the relations ¢X;X; —

¢ 'X;X; = X} where (i, j, k) runs over all cyclic permutations of (1,2, 3).
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Recall from Proposition that the element
C = —(¢*—q7) XiXo X5+ ¢X7 + ¢ °X5 + ¢X;

belongs to the center of A(q).

Proposition 5.14. The center of A(q) is the polynomial ring k[C].

Proof. By Proposition [5.11{(2), the center of D is k[€2,¢], where
Q=- (q + q_l) T1T9T3 + quit + ¢ a5t + quit.

Since A = D[t™!]y via X; — ozt~ for ¢ = 1,2,3, it suffices to prove Z(D[t™!]y) =
k [Qt~3]. Write R = D[t ], for short.

Let ¢ € Z(R). Then ct" € D for some n > 0. Since t is central, c¢t" € Z(D) = k[Q,t]. It
follows that Z(R) C k[Q, t*1]o.

On the other hand, it is easy to see that k[, t*']y C Z(R). Hence, Z(R) = k[Q, t!],.
But k[Q, t£1] = k[Qt73]. O
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Chapter 6
LINE MODULES FOR A

We begin this chapter by classifying, in Theorem [6.3] the line modules for A without using
the results about line modules for D. There are several reasons for doing this. First, the more
direct classification shows the algebraic intricacies that are somewhat obscured by the results
about D. It also illustrates the broad applicability of the results in [6]. Second, the results
in this chapter provide an independent check that the classification of the line modules for
A in is correct, as the calculations in this chapter and the next are somewhat error
prone. Third, the methods used in this chapter to classify the line modules for A are in the
same spirit as the methods N. Sasom uses in her thesis [15] to classify what she calls Verma
modules. The name of Verma module is quite appropriate because, although line modules
are not induced from 1-dimensional representations of subalgebras, they behave like Verma
modules. This last point deserves emphasis: line modules (and point modules, and plane
modules) for many algebras play the role that Verma modules play in the representation
theory of semisimple Lie algebras. They also have similar homological properties though we
do not emphasize that point here.

Sasom’s Verma modules are our line modules[] However, our line modules form a larger

family of A-modules, which later on will make a difference in the classification of finite

!Sasom defines the algebra T' = T, to be k{z,y, z) modulo the relations
TY—qQYr = 2z, Yr—qRY = T, 2T —qITz = Y.

By Proposition Sasom’s family of algebras T, is the same as our family of algebras A(g) (Note our ¢ is
not equal to her ¢). In [I5, Remark 3.4.2.] Sasom defines the left ideals I, = T'(z — A\) + T'(y — nz) where

A,n €k, and when A = Eq)n, she also defines the Verma modules

n
(1—q

V(n) = T/L,.
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simple dimensional simple A-modules. We will explain this in more detail in Remark
and Chapter [7]

6.1 Definition and notation for line modules

In this chapter we view A = A(q) as the quotient of k(xy, 25, x3) modulo the three relations
qrix; — q 'z;z; = xp obtained by allowing (i, j, k) to run over the cyclic permutations of

(1,2,3). Frequently, (z,vy, z) will denote a cyclic permutation of (xy, zs, x3).

Lemma 6.1. Let a,3,0,A € k. Let [ = A(x — 6z — A\) + Aly — az — ) and let V,, =
span{l, z,...,2"}. Then

1. x2" — ¢®6z" and yz" — ¢ a2 belong to V,, + I for all n > 0;
2. alyizk € Vi +1 forall (i,j, k) € N3;
3. A =T1+Kk[z].

Proof. (1) We argue by induction on n. Clearly, this is true when n = 0.

Suppose z2" — ¢*"6z"* € V,, + I and yz" — ¢ *az"t! € V,, + 1. Then

2" = (¢ — qy)2"
€ @2 (0" + Vo + 1) —q (¢ "+ V, + 1)

C PV + L

Hence, 22" — ¢®>"*252"2 € V. + 1.

A similar argument shows that yz"™! — ¢=2" 2022 c V., + 1.

(2) By Part (1), 22", yz" € V41 + I for n > 0. Inductively we can show 22", y™2" €
Vinan + I for m > 0. It follows that

R e Vigg +1 C Vigjup + 1.
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(3) By Lemma the set {z*z'y/ | (k,i,7) € N3} is a basis for A. It thus suffices to
show that zFziy/ € k[z] + I for all 4, j, k.

By Part (1), both 2™ and yz" are contained in k[z] + I for all n > 0. Hence, zk[z] +
vklz] C k2] + 1.

If 27 'k[z] C k[z] + I for some i > 1, then
o'k[z] = z (27 'k[z]) C z(k[z]+1) C Kk[z]+ 1.

Hence, 'k[z] C k[z] + I for all i > 0. A similar argument shows that y’k[z] C k[z] + I for
all 7 > 0. It follows that

Fatyd € Frk[e]+1 C P[]+ T C k[z]+ 1

for all 4,5,k > 0. 0J

Definition of line modules for A. Line modules for A are always defined with respect
to the filtration

AO gAl C - g Angv

where A,, = span {x’lxéxlg li+j+k< n} for n > 0. Thus, a left A-module M is a line
module if there is an element m € M such that M = Am and dimg(A,m) = n + 1 for all

n > 0.

3

We frequently view z1, 25,23 as coordinate functions on k*® and denote k* by A3

when we do this. In this way, subspaces ka + kb of A spanned by two linearly independent
elements a and b in span{l, 21, zs, x3} such that 1 ¢ ka + kb are in natural bijection with
lines in k?; the line corresponding to ka + kb is the line cut out by the equations a = b = 0.

Note that every line in k? is given by equations of the form

r—0z—v =y—az—p =0
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for some cyclic permutation (x,y, z) of (x1, o, x3) and some «, 3,7,0 € k.ﬂ

The next result shows that every line module for A corresponds to an affine line in

3
T1,L2,T3"

Proposition 6.2. A left A-module is a line module if and only if it is infinite dimensional

and isomorphic to

A
Aa + Ab

for some linearly independent elements a,b € span{l,xy, z9, x3}.

Proof. (=) Suppose M = Am is a line module. Since dimy(A;) = 4 and dimg(A;m) =2, m
is annihilated by a 2-dimensional subspace, ka + kb say, of A;. In particular, M is a quotient
of A/Aa+ Ab. There is a cyclic permutation (z,y, z) of (z1, 2, z3) and scalars «, /3,7, § such
that

a = x—0z—7 and b =y—az—p.

By Lemma [6.1)(3), (Aa + Ab) 4+ k[z] = A. Since M is a quotient of A/Aa + Ab it is also a
k[z]-module quotient of k[z]. But dimy(M) = oo so the composition k[z] — A/Aa+ Ab — M
is an isomorphism and M = A/Aa + Ab.

(<) Let ka + kb be a 2-dimensional subspace of A; such that A/Aa + Ab is infinite
dimensional. There is a cyclic permutation (z,y, z) of (x1, 2, x3) and scalars a, 3,7, such
that

a =x—0z—7 and b = y—az—0.

2The proof of this is a simple exercise in linear algebra. If details are needed here they are. Let L be a
line in k®. Then L is the set of solutions to a system of linear equations of the form

121 + Q2 + 33 = Qg
Brxy + Poxa + B3xz = P

Because L is a line,

Q1 Qg (O3 o
rank (51 B2 53) =2

After replacing this matrix by a row equivalent matrix in row reduced echelon form and replacing
(21,2, 23) by a suitable cyclic permutation (x,y, z) we see that L is cut out by equations of the form as
claimed.
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Write [ = Aa + Ab.
By Lemma [6.1)(3), I 4+ k[z] = A. Hence, I ®k[z] = A. Let V, be the subspace of A/I
spanned by the images of {1,z,...,2"} for n > 0 and let e be the natural image of 14 in

A/I. By Lemma (2), riyizFe eV, if i+ j+k=mn. It follows that
A,e = span {xiyjzk.e li+7+k< n} = Vp;
hence dimg(Ane) = dimg(V,,) =n + 1, and A/ is a line module. O

3

vy.e- We will write

Notation and terminology. Let ¢ be a line in A

¢+ := {a € span{l,x,y, 2} | a vanishes on (},
M) = AJAM+,
Ly = {the lines ¢ € A3 such that A/AEL is a line module} )

$7yvz

A line £ in A2 _ will be called an A-line if A/A¢* is a line module. We will use the

'1,7yﬁz

notation M (¢) only when M ({) is a line module.
6.2 Classification of line modules for A

We give two classifications, an algebraic one classifying the subspaces ka + kb C A; such

3

z1,22,23 fOI'

that A/Aa + Ab is a line module, and a geometric one classifying the lines ¢ C A
which A/Af(* is a line module. The second almost says that A/A¢* is a line module if and

only if ¢ lies on one of a particular family of cubic surfaces.

Theorem 6.3. A line { in A} . .. is an A-line if and only if

t={r—Age) =y—az—-p =0} (6-1)

for some cyclic permutation (z,y, z) of (x1, T2, x3) and some (a, 8) € k? such that o # 0 and



71

(o — ¢ %) B = 0. Furthermore, in that case, A = Al*+ ®k[z].
Proof. By Proposition [6.2] every A-line £ must have the form
¢ ={z—-0z—y=y—az—p =0}

for some cyclic permutation (x,y, z) of (x1, 2, x3) and some «, 3,7, 9 € k.

For the rest of the proof we write
[ = At = Az —62—7)+ Aly — az — B).
We will prove that dimy(A/I) = oo if and only if either
Case 1 a=0and ¢ # 0 and 3 = A(g~10) and (6% — ¢*) = 0, or
Case 2 § =0 and a # 0 and 7 = A(ga) and S(a® — ¢~ *) = 0.

Before embarking on the proof we make an important observation. If Case 2 holds then
the theorem is obviously true. If Case 1 holds the truth of the theorem is less obvious. Never-
theless, suppose Case 1 holds. Since A(¢7'0) = A(gd ), I = A(z—dz—7)+A(y — A(gd ™)) .
Replace (x,y,z) in this description of I by the cyclic permutation (z,x,y), to get I =
A(z—=0y—v)+A(x — X(gd™1)). In other words, I = A(z — A(gd™ 1))+ Ay — 61z — 57 1y).
Now replacing 6! by a and §~'y by 8 we obtain I = A(z — A(qa)) + A(y — az — (). In
addition, o # 0 and 8(a® — ¢~*) = 0. This shows that the theorem is true when Case 1
holds. Thus, to prove the theorem is suffices to prove the statement in previous paragraph,
as shown below.

By Lemma [6.1](3), dimy(A/I) = oo if and only if 7 Nk[z] = 0.

In the next computation we use the following notation: for a,b € A, we write a =

b(modl)ifa—bel.



72

We have

0 = qey—q 'yz—2

qr(az+B) —q 'y(6z+v) — 2

*a(gze —y) — ¢ 20(q 2y + x) + ¢Br — ¢ Ty — 2

q
(FPaz+qB—q )z — (%02 +q v+ a)y—=

¢ —q77) b+ (@ — g Ny + (¢ —q7°)B0 — ¢*a® — ¢%6% = 1] 2

+(¢—a ") By — B —q 6 (modI).

(Paz+qB—q726) 0z+7) — (¢ %02+ ¢ v+ ¢a) (az+ B) — 2
(

Hence, if dimy(A/I) = oo then ad = 0, in which case,

[(° =g Doy +(g—q )86 — ¢°a® — ¢ 726" — 1] 2
+(g—a")By—daB—q >y € I (6-2)
On the other hand, if « = 0 = ¢, then I = A(x—~)+A(y—) so z = qry—q 'yr € k+1,
whence dimyg(A/I) < occ.

Thus, to determine necessary and sufficient conditions on («, 3,7, d) for dimy(A/I) = oo

it suffices to consider two cases:

1. a=0andd # 0;

2. a#0and =0,

as discussed below.

(1) Assume a = 0 and 0 # 0. It follows from (6-2)) that the element
[(a—a)Bs—q?0* =1 z+7y[(a—q )8 —q ]

is contained in I Nk[z]. It follows that I Nk[z] is the ideal of k[z] generated by this element.
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Thus, dimg(A/I) = oo if and only if
(@=a?)B0-q2° =1 = (g—q ") Br—q "0 =0
The first equality is equivalent to the condition that

B = (0" +q¢")/(F—q7?),

i.e., that 8= X(gd~ ') = A(¢g719). If the first equality holds, then the second can be replaced
by the condition that v(§% — ¢*) = 0. Thus, dimy(A/I) = oo if and only if 8 = A(g~4) and
v(6% — ¢*) = 0. This completes the proof of Case 1.

(2) Assume a # 0 and § = 0. An argument like that in the previous paragraph shows
that dimg(A/I) = oo if and only if v = A(gqa) and S(a? — ¢~*) = 0.

The proof is now complete. 0
Recall that L4 denotes the set of A-lines in Ail,zz,zs‘ Let
S = {(1,2,3),(2,3,1),(3,1,2)}
be the set of all cyclic permutations of (1,2, 3), and let
T = {(a,f) €k*|a#0 and (o®—¢ ") B=0}.

Theorem [6.3] says that there is a bijection

SxT — La,

(i,7,k) x (o, B) = {z; —A(qev) = zj —axp — B = 0}.

The set T consists of the points on the three dashed lines in Ai} 5, With the origin excluded,

in the following picture:
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Corollary 6.4. Every proper quotient of a line module is finite dimensional.

Proof. Let M be a line module over A and N a non-zero submodule.
By Theorem [6.3] there is a left ideal I of A such that M = A/I and I +k[z] = A for some
z € {x1,x9,23}. Hence M is isomorphic to k[z] as a left k[z]-module. But every quotient of

k[z] by a non-zero ideal has finite dimension, so M /N has finite dimension. O

Conversely, if V' is a finite dimensional A-module there may not be a line module that
maps onto it. However, if V' is a finite dimensional simple A-module then it is always a

quotient of a line module. We will prove this in Proposition [6.10}

Lemma 6.5. If { = {z — A(qa) = y — az — [} is an A-line, then there is no y-eigenvector

or z-eigenvector in M(().

Proof. By Theorem [6.3, A = A¢* @ k[z]. Hence, the image of {2" | n > 0} in M({) is a
basis of M (). For a nonzero element in M (¢) we define its degree to be the standard degree
when it is viewed as an element in k[z]. More formally, let v = _ -~ a,2" € M(¢) — {0}
with a,, € k, we define

deg(v) := max{n > 0] «a, # 0}.

By Lemma [6.1](1), deg(yv) = deg(zv) = deg(v) + 1 when v # 0.
If v is a y-eigenvector in M (), then yv € kv, hence deg(yv) < deg(v). But, deg(yv) =
deg(v) + 1, a contradiction. Therefore M (¢) has no y-eigenvector.
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By a similar argument we show that there is no z-eigenvector in M (?). U

Proposition 6.6. The isomorphism classes of line modules for A are in bijection with the

A-lines via { +— AJA(+.

Proof. Let ¢ and ¢ be the A-lines

¢ = {z-Aga) =y—-az—5 =0},
0 = {2 —Agd) =y —d2 -3 =0},

where (z,y,2) and (2/,y/,2') are cyclic permutations of (z1,x9,x3). To show that distinct
A-lines give non-isomorphic line modules, it suffices to show that if there is an A-module

isomorphism

~

¢ AJACE s AJAL
then ¢/ = /.

Let e denote the image of 14 in A/A¢*. Then 2’e = Ne where N = A(ga/), and
(y—a'z—p)e=0.
To show ¢ = /¢, it suffices to show (1) 2’ = z, and (2) (o/, 5") = (o, ), as follows.

(1) Since 2’e = Ne, it follows that

2.6le) = dl'e) = Nole).

So ¢(e) is an a'-eigenvector in M (¢'). In view of Lemma [6.5] it is necessary that = = z’ and
hence (v/,2') = (y, 2).
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(2) Write ¢(e) = 7", viz", where n > 0,v; € k and 7, # 0. By Lemma (1),
-z =B o) = (y—az-5) (Z 7)
i=0

n—1
= Wmly—dz=0)2"+y—-dz-p) (Z%%)
i=0

Zn+1

= 7 + lower degree monomials in k[z],

where v = 7,,(¢"*"a — o/). On the other hand,

(y—ad'z=p).0() = o((y—a'z—p)e) = ¢(0) = 0. (6-3)

Hence, v = 0. Since v, # 0, it follows that o/ = ¢~ a.

An analogous argument shows that o = ¢~?™a’ where m > 0. It follows that

—2(m+n) — 1. Since ¢ is not a root of unity, m +n = 0. But m,n >0, som =n = 0.

hence ¢
Hence, a = o/.

Furthermore, since ¢(e) is a scalar element in M (¢), it is annihilated by y — az — 8. In
view of , ¢(e) is also annihilated by y — o’z — . Since a = o/, (f — f')¢(e) = 0 and
hence g = f'.

The proof is now complete. 0

Corollary 6.7. There are nine 1-parameter families of A-lines. These are, for each of the

three cyclic permutations (i, j, k) of (1,2,3), the lines
1. {x;— Xqa) = zj — azp = 0}, one for each a € k — {£q72,0};

2. {z;—Aq) = x; — ¢ %z, — B = 0}, one for each B € k;
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3. Az +Aq) = x;+q %x; — B = 0}, one for each B € k.

Proof. This is an immediate consequence of Theorem [6.3] and Proposition [6.6] O

6.2.1 Shifting and translation of an A-line

Let n € Z and p be a point on {x = 0}. For the A-line

= {z—-Aga) =y—az—§ = 0},

we define

ln] = {z = X¢"""a) = y—¢*"az = 0},

called a shift of ¢, and

(+p = {(pv,n) €Al | (n,v,n) —p € (},

called a translation of /.
Clearly, ¢[n] is an A-line. If a* = ¢~ then ¢ + p is also an A-line. In addition, we note

that

lIm][n] = {¢m+n] and

l+p+o0 = [+ (p+o).

for all m,n € Z and all p,o € {z = 0}.

6.2.2 The action of Alty on A-lines and line modules

If p € Alty and ¢ is the A-line

= {z—-Aga) =y—az—§ =0},
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we define

p(l) = {p(z) = Aga) = p(y) —ap(z) — 8 = 0}.

Recall the equivalence p* : Mod(A) — Mod(A) induced by an automorphism p of A
defined in §2.3.3|

Proposition 6.8. Let ¢ be an A-line and p € Alty. Then
1. p(0) is an A-line, and
2. p*M is a line module and isomorphic to M (p(?)).

Proof. Suppose ¢ = {z — A(qa) =y — az — f = 0}. Write M = M({).
Since M = AJAl+,

A A
A(p(x) = Aqa)) + A(p(y) —ap(z) = B)  Ap(O)*

I

pM

where p(z), p(y), p(2) € spanf{l, z1, za, 23}
Since M is infinite dimensional, so is p* M. By Proposition p(¢) is an A-line and p*M
is a line module isomorphic to M (p(¢)). O

6.3 Finite dimensional simples and line modules

In this section we reveal an important relationship between finite dimensional simple A-
modules and line modules for A, that is, every finite dimensional simple A-module is a
quotient of a line module.

First we find factorizations in A of the form

(z = A)(ay +bz+7) = (cy +dz+d)(x —v),

where a,b,c,d,7v,0,\,v € k. The reason for doing this is as follows. Let V be a finite

dimensional simple A-module. There will be some v € V that is an z-eigenvector—say
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(x —v)v = 0. In trying to examine V it might be useful to determine whether there will
be other z-eigenvectors in it. One is therefore led to ask whether there are elements f in
ky + kz 4+ k having the property that fov is an x-eigenvector. The next result addresses this

question.

Lemma 6.9. If (z,y,2) is a cyclic permutation of (x1,22,x3) and (o, ) € k? is such that
a#0 and (a®> — 1) =0, then

(= A(ga)) (¢°y —az = B) = (y—¢’az = B) (v — Aq 'a))

mn A.

Proof. First of all, note that (y — ¢°az) (z — A(¢"'a)) is equal to

-1 —1
(v — %) (x _ w)

q2 _ q—2
o, ¢ lat+qat g+ 4P
- qu—qz—axz—qay— 2 —92 y 2 —9
¢ —q ¢ —q

qo +q_l()é_l

= w(dy—az) -5 5 @y - az)
ga+qtat
= ]
SO

(y— *az) (z— Ag ') = (- Aqo) (¢Py — az). (6-4)

If a®> = 1, then A(ga) = A(g ). Thus, the equality in the lemma is obtained by adding
—0 (x — A(ga)) to both sides of (6-4)). O

Proposition 6.10. Every finite dimensional simple A-module is a quotient of a line module.

Proof. Let V be a finite dimensional simple A-module and let (x,y, z) be a cyclic permuta-

tion of (xy, z9,x3). Let

E := {all eigenvalues for the action of z on V'}.
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Then E' is non-empty and finite.
Note that A(k — {0}) = k. In addition, if A € k, there are at most two o € k — {0} such
that A(a) = A. Hence, there exists some « € k such that A(g~'a) € E but A(qa) € E.

Let v be an z-eigenvector in V with eigenvalue X(¢ '«). Tt follows from Lemma that

(x — A(qa)) (q2y — az) v o= (y — q2ozz) (a: — )\(q_la)) v = 0.
Since A(qa) € E, it is necessary that (¢°y — az)v = 0. Thus Av, which is equal to V, is a

quotient of the A-module

A A

Az = Mg 'a)) + APy —az) Az — A(qd!)) + Aly — o’2)”
where o/ = ¢~ 2. Since the latter is a line module, the proof is complete. U

In view of the proof of Proposition [6.10] we actually proved a stronger result, as stated
below. It is useful in the classification of finite dimensional simple A-modules, since we can

thus fix a cyclic permutation of (z1,x2,z3) and only consider a subset of the A-lines.

Proposition 6.11. Given a cyclic permutation (x,y, z) of (x1,x2,23), every finite dimen-

sional simple A-module is a quotient of a line module M ({), where
( = {x—Aga) = y—az = 0}

for some a € k — {0}.

Remark 6.12. (1) The A-lines in Proposition are those in Part 1 of Corollary [6.7]
Nonetheless, later on we will see that there are finite dimensional simple A-modules as
quotients of line modules corresponding to the A-lines in Part 2 and Part 3 of Corollary [6.7]

(2) N. Sasom’s line modules defined in her Ph.D. thesis [15, Remark 3.4.2.], which she calls
Verma modules, correspond precisely to the A-lines in Part 1 of Corollary [6.7, While these

A-lines are sufficient to discover all finite dimensional simple A-modules based on Proposition
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[6.17], it is more efficient to define some finite dimensional simple A-modules using the A-lines

in Part 2 and 3 of Proposition We will explain this in more detail in Chapter [7]

The following result serves as a guiding principle for our classification of finite dimensional

simple A-modules in Chapter

Proposition 6.13. Given a cyclic permutation (x,y,z) of (x1,x2,23), every finite dimen-

sional simple A-module V' appears in an exact sequence
0 — MU) — M{) —V — 0
for some A-lines

¢ = {z—Xga) =y—az—p = 0} and
0 = {z—-XAqgd) =y—az-p5 = 0}.

Proof. By Proposition [6.10} there is a surjective homomorphism M (¢) — V for some A-line
¢ of the form

= {z—Aga) =y—az—p = 0}.

By Proposition the kernel of this homomorphism is isomorphic to M (¢') for some A-line
¢" of the form
0= {2 —Xqgd) =y - —p = 0}.

It remains to show (z,y,2) = (2, v/, ).

Since M (') is isomorphic to a submodule of M (¢), there exists a nonzero element v €
M (¥) such that (2 — X)v = 0, where X = A(qo).

If 2/ equals y (resp. z), then v is a y-eigenvector (resp. z-eigenvector) in M. This

contradicts Lemma . Hence, 2’ = = and therefore (2,9, 2') = (2, vy, 2). O
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6.3.1 1-dimensional quotients of line modules

This subsection determines which line modules have 1-dimensional quotients. The methods
here are elementary and independent of the general methods in Chapter [7|that determine for
each finite dimensional simple module the line modules that map onto it. Nevertheless, these

simple cases provide a template for what happens for higher dimensional simple modules;

we say more about this in §6.3.2]

We continue to use the notation
-1
0 = (Q —q 1)

Also recall the notions of a shift and a translation of an A-line defined in §6.2.1]

In §3.5.1) we showed there are five 1-dimensional A-modules up to isomorphism, namely

A
Suwn = A(zy — 0p) + Az — 6v) + A(zs — 01)

where (i, v,n) runs over the points

(0,0,0), (1,1,1), (1,—-1,-1), (=1,1,-1), (-1,-1,1)

3

mn Athﬂ%'

Proposition 6.14. Let a = ig~'. The simple module Sy o0 is a quotient of exactly 6 line

modules, namely the M({)’s for which { is one of the following lines:

{1 = 29 — axz = 0}, {z1 = 22+ azs = 0},
{%2 = T3 — QT1 = 0}, {1'2 = x3t+axr; = 0}7

{z3 = 1 — azy = 0}, {z3 = 1+ azy = 0}.
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Furthermore, if £ is one of these lines there is an exact sequence
0 — M(g[—l]) — M(E) — 507070 — 0.

Proof. By Theorem [6.3] the lines in the statement of the proposition are A-lines. They all

pass through (0,0,0) so if £ is any one of them there is a surjective homomorphism
¢ . M(£> — 50,070.

Conversely, if Sy is a quotient of a line module M (¢), then ¢ must pass through (0,0,0).
According to Corollary , the only A-lines passing through (0,0, 0) are those in the state-
ment of the proposition.

We now determine the kernel of ¢. For each of the six A-lines, we can write { = {z =
y — az = 0} for a suitable cyclic permutation (z,y,z) of (21,22, 23) and an « such that
a?+q¢?=0 (ie, A(ga) =0). Let o = g %a.

Since the kernel of ¢ is generated by the image of z as a k[z]-module it is also generated

by the image of z as an A-module. Since
(r+qa)z = ¢*zx —q(y — az)

and

(y—qaz)z = ¢ 2(y—az) + ¢ 'z,

the left ideal A(z + qa) + A (y — ¢ 2az) annihilates the image of z in A/A¢*. Hence there

is a surjective homomorphism A/A¢* — ker(¢) where
U ={r+qa=y—qlaz=0} = {z—Agd) =y —d'z=0} = ([-1].

Since both M (¢) and M (¢') are line modules they are critical of GK-dimension 1, whence
ker(¢) = M (V).
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Therefore, there is an exact sequence 0 — M (¢[—1]) — M (¢) = Sp0,0 — 0 as claimed. [

In a similar manner, we can identify the line modules that have S; 1, as a quotient. The

proof is similar to that of Proposition [6.14]

Proposition 6.15. The simple module S 11 is a quotient of exactly 6 line modules, namely

the M (0)’s for which € is one of the following lines:

{r1-0 = 2y —25 = 0}, {t1 =0 = 2y —q w3 —q ' = 0},
{r2—0 = 23 —x = 0}, {2y —6 = 23— q *xr, —q ' = 0},

{rs5—0 = 21—z = 0}, {w5—0 = 21 —q s —q" = 0},
Furthermore, if £ is one of these lines there is an exact sequence
0— MU-1]+p) — M) — Sii1 — 0,

where p equals (0,q1,0) if £ is one of three A-lines on the left, and equals (0,0,0) otherwise.

Proof. Arguments like those in the proof of Proposition show 5111 is a quotient of
exactly the line modules associated to these six lines. We leave the details to the reader.

We now determine the kernel of the surjection M (¢) — Sy 11, where l ={z - =y—2 =
0}. Since the kernel is the submodule generated by the image of z — ¢ in M (¢), the kernel is
isomorphic to A/J, where J ={a € Ala(z—90) € A(x —9)+Aly — 2)}.

Since

(y —q %z — q_l) (z—9) = (q_Qz — 5) (y —2) +q Hx—9)
and
(2= 0) (2= 8) = —qly—2)+ (¢% — 8) (x — 0),

J=Ax—-8)+Ay—q?2+q ") = A(xr—Aqa)) + Ay —az+q '), where a = ¢ 2.
Hence, A/J =2 M(?'), where ' = {z —d =y —q¢?2+q ' =0} = {[-1] + p. It follows that

there is a short exact sequence of the type claimed.
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Similarly, if f = {z -0 =y —q¢?2—q ' =0}, then ' ={z —-6-01=y—q 2 =0} =
([-1). O

The line modules that map onto the other three 1-dimensional A-modules can be obtained
using the action of the automorphism group Alt; on the line modules. Recall the action of
Alty on the A-lines defined in §6.2.11 Let p € Alty and S a 1-dimensional A-module. If there

is a surjection M (¢) — S, it induces a surjection
p*M(l) — p*S,

where p*M () = M(p(¢)) by Proposition [6.8(2). In addition, by Proposition [6.6, M (p(¢))
and M (¢) are not isomorphic unless p is the identity map.

In Corollary , we observed that the orbit of S;;; under the action of Alt, is
{S111, S1i-1,-1, S—1-11, So11-1)-
Using the action of Alt,, we have the following facts.
e The simple module Sy _; _; is a quotient of M () if and only if ¢ is either
{r—0=y—2=0} or {x—ézy—q”z%—q*l:O}
for some cyclic permutation (x,y, z) of (x1, z9, x3).

e The simple module S_;; _; is a quotient of the line module M (¢) if and only if ¢ is
either

{r+0=y+2=0} o {z+d=y+q¢’2—q¢' =0}

for some cyclic permutation (x,y, z) of (x1, z9, x3).

e The simple module S_; _;; is a quotient of the line module M (¢) if and only if ¢ is
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either

{r4+0=y+2=0} o {z+d=y+q’z2+q' =0}

for some cyclic permutation (x,y, z) of (x1, za, x3).

In particular, both Sy ;7 and S;_1_; are quotients of the line module M (¢) with ¢ =
{r—6=y—2=0}. Both S_;;_; and S_; _;; are quotients of the line module M (¢') with
U'={zx+d=y+2=0}.

In summary, every 1-dimensional simple A-module is a quotient of exactly six line mod-

ules. In total, there are 24 line modules that map onto 1-dimensional A-modules.

6.3.2 Looking ahead

One reason for working out in detail what happens for the 1-dimensional A-modules is that
the higher dimensional simple A-modules behave in a remarkably similar way, as shown in

Chapter [} For example, for each n > 1

1. there are five n-dimensional simple A-modules up to isomorphism;

2. every n-dimensional simple A-module S appears in an exact sequence 0 — M (¢[—n]) —

M(l) — S — 0 for some A-line ¢;

3. for every finite dimensional simple A-module there are exactly six line modules that

map onto it;

4. there are exactly twenty-four A-lines for which the corresponding line modules have

quotients of n-dimensional A-modules;

5. there are two orbits for the action of Alty on the set of the isomorphism classes of

n-dimensional simple A-modules, one of length 1 and one of length 4.
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Such similarities provide a good template to test our work on higher dimensional simple
A-modules in Chapter [7} The proofs for these properties, however, are not as elementary as

those for the 1-dimensional A-modules.

6.4 Geometric classification of the A-lines

In this section we give a geometric description for the A-lines. The geometric classification

complements the algebraic classification in Corollary

Lemma 6.16.
1. In A}, ., the lines
{r—=A(ga) =y—az—p3 =0}
and

{z-Xg o) =y—qPa'2— 8 =0}

lie on the surface
(=g %) aly—B)z—qly—B) —q'2* = 0.

Furthermore, A(qa) = X(qg 'a™) so these two lines are the intersection of this surface

with the plane r = X(qa).
2. The A-line {x — A(qa)) = y — az = 0} lies on the surface

(@ —a)ayz—q? —q 'z = 0.

Proof. This is because (¢* — ¢~ %) z(y — 8)z — q(y — 8)* — ¢~ '2? equals

(@ =) (@-Aqa)(y—B8)z — qly—az—0)(y—q a2 —3).
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The second statement is a special case of the first. O

Lemma 6.17. Let S be the surface in A*> = Spec (k[ X, Y, 2]) given by qY*+ XY z+q'2* = 0.

The lines on S are
1. {Y =z =0}, which is the singular locus of S, and
2. the lines {X +qa+q 'a™' =Y —az=0} for alla € k — {0}.

Proof. Let f = qY? + XYz + ¢ '2% Tt is clear that the line {Y = z = 0} lies on S and
that the partial derivatives fx, fy, and f., vanish at all points on {Y = z = 0}.

The intersection of S with the open subset {z # 0} = Spec (k[X, Y, 2%']) is the zero locus
of (Y2712 + X(Y271) + ¢! = 0. This is non-singular because g # 0. Hence {Y = z = 0}
is the singular locus of S.

Let o € k — {0}. The line {X + ga+ ¢ 'a™ =Y — az =0} lies on S because
Y’ +XYz4+q'2" = (¢V—qgla'2)(Y—az) + (X+ga+qg'a )Yz
On the other hand, a line £ on S can be represented by
sY —tz = 0 = t(qY +x2)+q 'sz (6-5)

for some (s,t) € k?. If st = 0 then £ = {Y = 2z = 0}. Assume now that ¢ # {Y = 2 = 0}.
Thus, st # 0.

It follows from that (X +gs "+ ¢ lst™ )Y =Y —s 2 =0. If { C {Y =0} then
¢ ={Y = z = 0}, contradicting to our assumption that ¢ # {Y = z = 0}. Hence,

(= {X +pst st =Ys Ty = O} :

Write o = s7't € k — {0}. Thus, /= {X +ga+qa ' =Y —az=0}. O
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Proposition 6.18. Let ¢ € k — {0} and assume that q is not a root of unity. Let § € k and
let S C A3

vy be the surface

(@ —a?)aly—B)z—aly—B) —q'2* = 0.
The lines on S consist of
1. the line {y — p = z = 0}, which is the singular locus of S, and
2. the lines {x — A(qo) =y —az — B =0} for all « € k — {0}.

The line in (1) is not an A-line. The line in (2) is an A-line if and only if (o®> —q~*) 3 =0.

Proof. Let Y =y — f and X = — (¢> — ¢~ %) . The surface S is now given by the equation
qY?+ XY 24q 122 = 0. By Lemmal6.17(1), the singular locus of S is the line {y—8 = z = 0},
which is not in L4 because A/A(y — B) + Az = A/Ax + Ay + Az and this is certainly not a
line module.

By Lemma [6.17|(2), the other lines on S are the zero loci of the equations

—(-q?)r+ga+qgla =y—az—5 =0,

where @ € k — {0} and 8 € k. Since Ala) = (a + a™1)/(¢* — ¢ ?), these are the lines
{z —Aga) =y —az — B =0}.

By Theorem|[6.3] the line {z —A(ga) = y—az— 8 = 0} belongs to L if (a* —¢~*) 3 = 0.
This finishes the proof. U

The observation in Proposition that the A-lines lie on a 1-parameter family of cubic
surfaces has a nice algebraic analogue: the line modules are annihilated by a 1-parameter

family of cubic central elements. To state it we use the central element

C = —(¢* — ¢ %) vizows + g} + ¢ a3 + qa3
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identified in Proposition [3.10}
Proposition 6.19. Let (x,y,z) be a cyclic permutation of (x1,z2, x3) and
= {r-Xga)=y—az— =0} € Ly,
where (a? —q~*) B =0. Let u € k. The following three statements are equivalent:
1. M(?) is annihilated by C' — p;
2. L lies on the surface

Cr(y— B +q 22+ (¢ —q") (w—aB)(y—B)z = 0;

3. =g ' N(Pa)+¢f>+q(1+¢) %

Proof. Write A := A(¢?«) for short.
(3) < (1) By Remark [3.11)(2), the element C equals —(¢* — ¢~ ?)yzx + qy® + ¢ 322 + qz2.

A straightforward calculation using the defining relations for A shows that
C € qa ' (a®=q ") Be4q "N+ a8 +q(1+¢°) >+ Al*.

Since (o — ¢~*) 8 = 0, the result follows.
(3) = (2) If u=q "N+ ¢B* + q(1 + ¢*) 2, then it is straightforward to verify that the
element

Cr(y— B +q 22+ (¢*—q¢") (n—qB%) (y— B)=z

is equal to

(=N |[Py+8)°+q¢ 2] + APy —q a2 = ¢*8) (y — az — ).
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(2) = (3) If ¢ lies on the surface in (2), then the relations x = A(ga) and y = az + 8

satisfy the equation of the surface. Hence,

0 = z[W—B82+¢°2 |+ (I —q ") (u—aB*)y—H)z
= Aqa) (@P?2” +¢7°2%) + (@ —¢7") (n— qB)az’

= [Aa) (¢®® +¢7°) + (¢ —¢7") (n—qB%)a] 2%
It follows that A(qa) (¢Pa+ ¢ 3a™) + (¢* — ¢71) (u — ¢B?) = 0, which implies (3). O

We conclude this chapter by a useful application of Proposition [6.19 Let M and M’
be line modules for A. By Proposition there are u,p’ € k such that (C' — p)M =
(C — )M = 0. If M' can be embedded in M, then it is necessary that y/ = p. This
observation leads to the next result, which describes the relations between M and M’'. We

will revisit this result in Proposition [7.11}]

Corollary 6.20. Let { and (' be the A-lines

t = {z—Alga) = y—az—p = 0},
0 = {z—XAgd) =y—dz—-p" =0},

where (x,y,z) is a cyclic permutation of (r1,xe,x3). Suppose M (V') is isomorphic to a

submodule of M ({).

1. IfB=p"=0, then o € {Fa,+q¢*a™1};

2. Ifa?=q* and B =0, then
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3. Ifa®>=q % and B’ =0, then

/@2 _ l(qzo/_q—%/q)?.

q2 q2 _ q72

Proof. Write M = M(¢) and M’ = (¢') for short.
By Proposition [6.19, M and M’ are annihilated by C'— p and C' — p//, respectively, where

4q

and 1 = ¢"'N(¢%a’) +¢B” + YL

14272 2 q
po=q XN(¢a)+qgp +—<1+q2)2

Since M' C M, u = p'. Tt follows that
' N(Pa) + 48 = ¢ 'N(Pd) + 5”7

The three cases in the statement of the corollary are derived from the equality above:

(1) If B = ' =0, then A*(¢*a) = A%(¢*«’) and hence A(¢*a) = £A(¢*a). Tt follows that
o =Faor o = g a7t

(2) If /> = ¢=* and 8 = 0, then ¢7'A*(¢%a) = ¢~ A%*(1) + ¢B”. Tt follows that

q2a _ q_2a_1)2

B2 = ¢ (N(ga) - (1) = q—Z( i

(3) This can be proved by a similar argument in Part 2. O
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Chapter 7

FINITE DIMENSIONAL SIMPLE A-MODULES

In this chapter, we will classify all finite dimensional simple modules over A. The main

result is that there are five non-isomorphic simple A-modules of each dimension.

Proposition [6.13] shows that every finite dimensional simple A-module S appears in an

exact sequence

00— MUW) - M) - S — 0

in which ¢ and ¢’ are A-lines. Inspired by this fact, our approach is to determine all non-simple
line modules for A and when one line module can be embedded into another. This approach
is in the same spirit as the method N. Sasom used in her Ph.D. thesis [I5]. Notwithstanding,
compared with her method ours has several improvements: First, we show that all but four
types of line modules for A are simple using the action of the central element in A identified
in on line modules, while Sasom achieved a similar result mainly relying on certain basis

elements for line modules. From a technical standpoint, our method is simpler and cleaner.

Secondly, as mentioned in Remark [6.12(2), Sasom’s line modules, which she called Verma

modules, form a proper subset of our line modules — those corresponding to the A-lines
{z—Alga) = y—az = 0} (7-1)

as (z,y, z) runs over all the cyclic permutations of (z1,xs,23) and o € k — {0}. Although
this subset of line modules is sufficient for classifying finite dimensional simple modules, we

additionally consider the line modules corresponding to the A-lines

{t=Xq) =y—q¢?2-8 =0} and {z+Xq) =y+q’z—8 =0},
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where # € k. For certain non-zero 3, such line modules have unique proper submodules,
modulo which their quotients lead to four simple A-modules of each dimension. If, instead,
we restrict ourselves to A-lines in the form of , we would have to use more complex line
modules to discover the same simple A-modules. Thus, our version of line modules provides
a more efficient way to identify finite dimensional simple A-modules.

Thirdly, both Sasom and the author construct certain bases of line modules for A con-
sisting of eigenvectors (or generalized eigenvectors) for the action of some = € {x,z9, x3}.
However, Sasom’s construction ([I5], Section 3.6]) is somewhat implicit and descriptive. In
contrast, we explicitly define the bases in an inductive manner using the elements f,, intro-
duced in Thus, it is revealed that the z-eigenvectors are related with each other in a
very nice way: when f,’s act on a line module they send eigenvectors to eigenvectors, and
as they do the corresponding eigenvalues form a A-sequence.

We begin this chapter by introducing the A-sequence. As its name suggested, it is defined
based on the A-function introduced in §5.3.2]

7.1 \-sequences

Let a € k — {0}. For each n € Z we define

—2n+1 2n—1a—1

a—+q
G2 — q2

An(a) = )\(q_Q"“a) _ 4

and call the sequence (A, («)) denoted by A(a), a A-sequence with parameter «, or simply

nez’

A-sequence. When « is fixed, we may simply write A, for A,(«).

Lemma 7.1. Given a A-sequence A(a) = ()\n)nez;

1. the scalars in A(o) are mutually distinct if and only if o® & ¢*%;

2. if o® € ¢*2, say o = ¢*", then N\, = Noyi1—n for all n € Z and N\, # A\, for all

m>n>r;
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3. if a® € ¢*72, say o® = V72, then N\, = Ngp_p, for all n € Z and N\, # A\ for all

m>n>r.

Proof. (1) Let s,t € Z. It is easy to verify that

q—2s+1a + q25—1a—1 _ q—2t+1a + q2t_10é_1

sti=1 Thus, A\, = A\ for some s # t if and only if & € +¢%, or

if and only if a = +¢q
equivalently, a? € ¢%2.

(2) Since a™! = ¢, it follows that for all n € Z
)\2r+1—n = A\ <q2n—4r—1a> = (q—2n+4r+1a—1) — A(q_2n+105) — An

If A, =\, for some m > n > r, then ¢?™*+"1) = a2 = ¢*", so that m +n =2r +2 as ¢
is not a root of unity. But this is impossible.

(3) This can be proved by a similar argument in Part 2. O

One observation from Lemma is that no three elements in a A-sequence are equal.
This property will play a crucial role in the structure of a line module for A as a module
over a polynomial ring, as discussed in §7.3|

Write Aso(a) = (An(@) |n > 0) for a € k — {0}.

Lemma 7.2. Let o, € k — {0}. If Aso(@) € Aso(a), then o € N 2q.

Proof. Above all, since Aso(a’) # Aso(a), o # a.

Since Aso(a’) C Aso(a), there exists some ng > 0 such that \g(a’) = A\, («), that is,

!/ -1 -1 _ —2no+1 2n9—1 . —1
g +q o = ¢ T a4+ ¢ ar,

which implies that either o/ = ¢ 2™« or o = ¢*2a~!. If the former occurs, then o/ €

—2N-2

¢ ®MNa. But o #a,s0a €q a. We are done.



96

Now suppose o’ = ¢*"2a~!. We further consider three cases: (1) o® € ¢°Z, (2) o? € ¢*%,
and (3) a? € ¢*272, as discussed below.

(1) Suppose a? & ¢*2. For n > 0
)\n(O/) - A (q—2n+2n071a71) — )\(q2n72no+1a) — )\_n+n0 (a)

By Lemmal[7.1[1), the elements in A(a) are mutually distinct. Hence, A, (o) & Aso(e) when

n > ng. This is a contradiction. So, a? € ¢?Z, or equivalently, either o? € ¢*% or a? € ¢*%72.

2no—2 ., —

(2) Suppose a? € ¢*2, say a® = ¢*" where r € Z. Then o/ = ¢ a~t = ¢3no—2r=1)

.

Write t = ng — 2r — 1. It follows that

)‘n+t(a/> = At (q2ta) = (@)

for all n € Z.
If t > 0, then A\ (o) € Aso(c) for all n > 0, so that Aso(a) C Aso(e’) and hence

Aso(a) = Asp(a’). This is a contradiction. Hence, t < 0 and thus o/ = ¢*«a € ¢~ 2.

(3) When o? € ¢*272 by a similar argument in Part (2) we show o/ € ¢-2"2a. O

7.2 The elements f, and f, in A

Given a cyclic permutation (z,vy, z) of (21, xs,23) and a € k, we define
fola) == ¢ Pay — 2 and f(a) = ¢ *aly —q %2

for n € Z. Note that f, (a) = ¢ 2f_,1(a™).

When « is fixed, we may simply write f,, (resp. f,) for f,(«) (resp. f, (a)).

We understand the elements f,,(«) and f, («) are dependent on some presupposed cyclic
permutation (z,y, z), which is not reflected in our notation. To avoid ambiguity, f,(«) and
f. (a) are always associated with the cyclic permutation (z,y, z) used in the context, unless

specified otherwise.
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Recall our notation: For n € N, we denote

2n _ ,—2n
] =
q° —q
Lemma 7.3. Let m,n € Z. Suppose o # ¢*"2% and write
—om el 1y 1
5= (¢a— @ la )

The following relations are true in A:
Loy = (q¢"fu—afy)0;
2. 2 = (¢ laVf, — ¢ Haf) s
3 fm = (@2 a— ¢ o) £ + (g2 — g2 af] 65
4o fo = @ =)o o+ (@ a = ¢ f]6.
Proof. This is linear algebra; we leave it to the reader. U

Lemma 7.4. Given a A-sequence (A, (), oz, the following equalities hold in A:
L (2= ) fu = Plaralz —A);
2. (=) i = Efia(z—M);
3. fonrfo = forfy = (@ o —¢" o) a
Proof. By Lemma there is an identity in A:
(z = A(gd)) (Py —'z) = (y— ') (z— A(g '), (7-2)

where o’ € k — {0}.
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(1) This is obtained from (7-2)) by replacing o’ with ¢**a .

(2) This is obtained from (7-2) by replacing o/ with ¢~2""q.

(3) Write v = ¢72""2a. Then f, =yy—z and f, =7y 'y —q22. Soz =@y ly—¢f, .
It follows that

foiihn = (@'Y —a7%2) (yy — 2)
= =y - ey +
= =y =y (yr—q )+ (P = )
= ¢V — (P vzt a v =y (Pyz —qx) — 2f,
= POy —a) -y (- a)e

= foorfy + (@' —q7) =

This proves the desired equality. O

The relevance of the elements f, and f, becomes apparent in the next result: roughly
speaking, when acting on an A-module they send z-eigenvectors to z-eigenvectors and, as
they do this, the new eigenvalues fit into a A-sequence (or more precisely, the A-sequence

with positive indices).

Proposition 7.5. Let vy be an z-eigenvector in an A-module with eigenvalue X(qc), where

a €k —{0}. Let 5 € k. Define elements
Up = fao1(a)w,_y forn>1.
Then

1. zw, = A\ (a)v, for alln >0, and

2. f(Q)v, = pnva_q foralln > 1, if, in addition, fy (a).vo = ¢*afvy and (o? — ¢~ ) B =
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0, where
—2n+44,.2 _ 2n—4 2
q a” —(q Q
[tn = pra— [n] + ¢*5°.

Proof. (1) We argue by induction on n. Obviously, this is true when n = 0 by our hypothesis
on vg.

Suppose xv, = A\,v, for some n > 0. It follows from Lemma (1) that

(T = Ang1)Vns1 = (& = Ang1) (favn) = q2fn+1($ — ) = 0;

hence zv, 11 = A\y11vn41. Thus Part 1 is proved.

(2) First, we show that
(f=1f3) w0 = 5w (7-3)

Indeed, if a® # ¢~*, then 8 = 0 and hence f_; (fyvo) = ¢*aBf-1v0 = 0 = ¢**vy. Suppose
o = ¢7* Then f; = ¢ay — 2z = ¢*(¢%a 'y — q7%2) = ¢*f, . Since f, vy = ¢*aBuy, it
follows that

f—1fo_-Uo = q2aﬁf—1-vo = q404/3fo_-vo = q60425200 = C]25QUO-

We, again, argue by induction on n. Since vy = fyvy, it follows from Lemma (3) with
n = 0 that

frv = fafyve+ (g —q o) zug
(7-3) 1 —
= [+ (qo—q "o t) Xo] wo,
1 _1\ Qo+ q a~!
S G Rl
a2q? — a2~
q2 _ q—2

+ q252> Vo

= 1.

Thus, Part 2 is true when n = 1.
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Suppose f, v, = finvp—1 for some n > 1. Since f,_1(f, vn) = tnfn-1Vn-1 = MUy, it

then follows from Lemma [7.4{(3) that

fr?+1'vn+1 = <f7;+1fn)-vn
= foifyvat (" a— ¢ a ) 2o,

— [Mn 4 (q—2n+1a o q2n—1a—1) )\n} Un,

=  MUn+1Un,

where the last equality holds because u, + (¢72"™a — ¢ ta~!) A, equals
44,2 _ 204, 2 “Ant2,2 _ An-2_ -2
q a? — ¢ a 00 a?—q o
n|+q°6" +
2 —q2 [n] Z—q?
B <q—2n+4&2 _ q2n—4a2) [n] + (q_4”+2a2 _ q—4n—2a—2) N 262
- g2 —q2 q
—2n+2 .2 2n—2 , —2
q a” —(q Q
= e [n+ 1]+ ¢*5
= Hnt1-
Therefore, Part 2 is true for all n > 1. O

7.3 The k[z]-module structure of a line module

Let k[x] be the polynomial ring in the variable x. In this section we determine the structure
of the line module M = M(¢) as a k[z]-module, where ¢ = {z — A(qa)) =y — az — f = 0}.
To this end, we construct a certain basis for the line module consisting of z-eigenvectors or
generalized z-eigenvectors.

Roughly speaking, M is a direct sum of indecomposable k[z]-submodules of dimensions
1 or 2, and the z-supportll| of M is the set {\, () | n > 0}. The fact that no indecomposable

k[z]-submodule has dimension > 3 is a consequence of the fact that no three elements in a

1See §2.3.2|for the definition of z-support.
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A-sequence are equal.

Throughout we will fix a cyclic permutation (z,y, z) of (1, xs, z3), and write

lop = {r—=Alga) =y —az—fF = 0},

where («, 3) € k? always satisfies a # 0 and (a? — ¢~1) 8 = 0.

Unless specified otherwise, the elements f, () and f,, («) are always associated with the

fixed cyclic permutation (z,y, z) for n € Z.

7.3.1 The elements e,

Let k[z] be the polynomial ring in the variable z. By Theorem , there is a vector space

decomposition A = Al ; @ k[z], which induces a natural left k[z]-module isomorphism
0: M(log) — Kk[2].
Lemma 7.6. Let ey be the natural image of 14 in M (€, ). Define elements

en = foo1(@).ep_1  forn > 1.

Then
1. xe, = M(a)ey;
2. fo(a).e, = pnen_1, where e_; := ey and

¢*af n =0,

g 2ntag2_g2n—44—2

q27q—2

[n] +¢*8* n > 0;
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3. Be,) = Pnz™+ lower degree monomials in k|z] for n > 0, where

1 n =20,

My (¢**a?-1) n>0.

Proof. Part 1 and 2 are an application of Proposition [7.5(1)(2) with vy = e;. We prove
Part 3 below.

Write M = M ({,,3). We still write x, y and z for their natural images in M, respectively.
Let V,, be the subspace in M spanned by {1, z,...,2"} for n > 0.

We argue by induction on n. Clearly, this is true when n = 0, as 6(eg) = 1y,

Suppose €, = 3,2" + v for some n > 0, where v € V,,_;. By Lemmal6.1[(1), the following
are true in M:

yz" —q Moz €V, and  yV,4 C V. (7-5)

Since e,11 = fu(a).e,, it follows that

eni1 = (¢ Pay —2) (B.2" +v)

= ¢ a2 — B2+ ¢ Payv — 2w
€ g 2028, — BT 4+ Y,
= (20 1) B 4,

_ +1
- Bn+1zn + Vn;

where the last equality holds because 3,11 = (¢~*"*2a? — 1) 8,. This proves Part 3. O

We thus obtain a sequence of z-eigenvectors (including possible zero elements) in M (¢, ).
Note that the coefficient 3, in Lemmal7.6{(3) is nonzero for all n € N if and only if a? # ¢*™=2.
Whether this is true differentiates the k[z]-module structure of M (¢, ), as discussed in the

next two subsections.
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7.3.2  The case when o? & ¢ =2

Proposition 7.7. Suppose o & ¢"N=2. Write M = M ({,p).

1. The elements {e, |n > 0} defined in Lemma[7.6 is a basis of M;

2. There is a left k[xz]-module isomorphism

N K[z]
M=o @y

n>0

If, in particular, o? € ¢*, say o® = ¢*", then

1%

2r+1 k[e] ®2 ka]
= D ((x - An<a>>> - N wm)
Proof. (1) By Lemma [7.6(3), e, = 3,2" + lower degree monomials in k[z], where 3, € k.
Because o? & ¢*=2, the coefficient 3, is nonzero for all n > 0. Since {2" | n > 0} is a basis
in M, sois {e, | n > 0}.

(2)The first isomorphism is an immediate consequence of Lemma [7.6(1) and Part 1.

By Lemma [7.1)2), if a? = ¢*" then A,(a) = Agrq1-n(a) for n € Z . This leads to the

second isomorphism. O

7.3.8  The case when o? € ¢*N=2

In this case, we construct a similar basis for M (¢, ) as for the previous case, i.c., a basis
consisting of generalized z-eigenvectors. Its construction and the action of A on this basis,

however, is more complicated.

Lemma 7.8. Suppose o? = ¢*~2 where v > 0. There is a basis {b, | n > 0} of the line

module M (£n0) such that



0 n=20,...,7 or n>2r

1. (x =X ()b, =

n—rlby—p n=r+1,...,2r;

qzun+1bn+1 n = 07"‘7T_ 17

2. fola).b, =

bn+1 + pan'I‘—’rH-l n=r-+ 1a s 72T;

3. be - q72rab7‘—1 - qilbr—s—l;

4. zb, = —¢""Fab,y;
(
G *bn 1 n=20,...,r

where b_1 := 0, a,, € k and

_an][2r —n+1]

n —

gin—2r=3 _ g2r=3’ pn = [n][2r —n+1],

,unbn—l + aanT—n—l—l + 5nb2r—n—1 n=r+1,..
\

op =
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., 2r,

(6%
q2r+1 _ q6r—4n+1'

Proof. Write M = M({,). Let {e, € M |n > 0} be the elements defined in Lemma [7.6]

First of all, we prove that if a? = ¢*"=2 then
(a) e, = Yneor_p for n=r,... 2r where

1 n=mr,
q2n—2r H?:QrfnJrl [Z]

and

(b) e, = 0 for all n > 2r,

n=r+1,...

, 2,
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as follows.

(a) We argue by induction on n. This is obviously true when n = r. Suppose e,, = Y €2,

for some n > r. Since o® = ¢*"~2, it follows from Lemma[7.6(2) that
foen = [2r—n+1][n]e,—1 forn > 1. (7-6)
In addition,
fo= " Pay—2 = ¢ (" PaTly — %) = @fa, (7-7)

for all n € Z. It follows that

() _ (7-6)
Cn+1 = fnen ! q2’ynf2r—ne2r—n ! QQ[QT - TL] [n + 1]771627’—71—1 = TYn+1€2r—n—1,

where the last equality holds because v,+1 = ¢*[2r — n][n + 1]~,. This proves (a).

(b) By Part (a), ea, = y2r€0. Since f; .eg = 0, it follows that

(-7 2 _
€2ry1 = forear = ¢ 72rfo eo = 0.

Therefore, e, = 0 for all n > 2r due to the definition of e,. This proves (b).
Now, we define

.
€2r—n n=-—10,...,7,

bn == § —¢ ¥ az.b, n=r+1, (7-8)

foc1bp—1 — pn_ip_a n>r+1.
\

We first show {b, | n > 0} is a basis of M.

We adopt the following notation: by V, we denote the subspace of M spanned by

{1,2z,...,2"} for n € N. For v,w € M, we write v = w (mod V,,) if v —w € V.
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By Lemma [7.6(3), e, = 3,2" (mod V,,_;) for n > 0, where ; = 1 and

n—1 n—1
Bn _ H (q2—4ia2 o 1) — (q4'r—4i _ 1) for n > 1.
=0 =0

Thus, £, # 0 when 0 < n < r. In addition, by (a) above,

by = €3rn = Yornn = BnYornz" (modV, 1) forn=0,...,r (7-9)

2r—n

where 7, = 1 and yg,_,, = ¢*" 2" [I;2.5 1] forn=0,...,7 — 1. Note that 3,y2,—n # 0.

In particular, it follows from (7-9)) that b, = —¢~* M azb, = —¢ > af,2""! (mod V).
By a similar argument in Lemma[7.6|(3), we can inductively show that

b, = £,2" (modV,_;) forn>r+1, (7-10)

where

5; _ _q—2r+1a H <q47’—4i _ 1) 7£ 0.
0<i<n—1
1T
Since {z™ |n > 0} is a basis of M, it follows from (7-9)) and (7-10]) that {b,, |n > 0} is also a

basis of M.

Next, we prove this basis satisfies Properties (1) - (5) listed in the statement of the lemma,

as follows.

(1) First suppose n < r. Since b, = ez, and A, = Aoy, it follows from Lemma [7.6{1)
that
(x — M(a)).by, = (x — Agp_pn()).€2,—,, = 0.

When n > r, we argue by induction on n. Since e, = f,.e, = (" ay — 2).¢,,

T Pay.e, = z.ep+epypq. (7-11)
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Since b1 = —q¢ " az.e,, we have
_ o1
(x—=Xy1)brn = —q¢ T a(zz— Ai12)er
_ —2r+3 —2r+2 —2r+1
= a(—q P+ + T N 2) e
("-11) -2 —2r41
= ¢ 7 Ba\ze, + ze, + e + ¢ a1 26,

= (—q_2T+3a)\r +1+ q_2r+1a)\T+1) ze, + €41

br—17
where the last equality holds because b,_; = e,,1 and

<q2 _ q—2) (—q_2T+3Oé)\r + 1 + q—2r+1a)\r+1)

—4r 2

— MM R P gt o P

= 0.

Thus, (1) is true when n = r + 1.

Suppose (z — A,)b, = [n — r]by,—_,, for some n > r + 1. By Lemma [7.3[3),
P =7l fose = [N+ 1—71]f0— ¢ 2"2f. (7-12)
It follows from Lemma [7.4{(1) that

(I’ - )‘n+1) fnbn = q2fn+2(x - )‘n)bn
q2 [n - T]fn+2€n
([n +1—=r|fn— q2¢*2”+2fn’) én

n+1—rlens — ¢ 22 [n]2r —n+ e,

=
||E ]

Iz
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This equality will be used in the next calculation. Since b,,11 = f,b, — pnen_1, it follows that

(T = Ant1):bnir = (= Angr) (fabn — pren—1)
= (CL’ - /\n+1>fnbn - Pn($ - )\n-i—l)en—l
= [n + 1 - T]€n+1 - q2T72n+2 [n] [2T —n+ 1]en71 - pn<)‘n71 - >\n+1)en71

= [n +1-— T]bQTfnfla
where the last equality holds because e,+1 = by—,,—1 and
Pn ()‘nfl - )\Tl+1) = _q2r_2n+2 [n] [QT —n+ 1]'

This proves Property (1).

(2) When n=0,...,r,

_ (7-6)
q2f2r7n'62'r—n QQ [QT - TL] [n + 1]62r—n—1 - q2,un+lbn+1-

i, @

When n > 7, this is clearly true due to the definition ([7-8) for b,.
(3) This follows from ([7-11)).
(4) This is the definition (7-8)) for b, ;.

(5) When n=0,...,r,

(120) )

- 2 2 2
fn bn q f2r—n-€2r—n =4 €x_ny1 = ( bn—l;

Note b_1 = €2pt1 = 0 by (b)

Now, suppose r + 1 < n < 2r. Since a? = ¢* 2 # ¢*"~2, it follows from Lemma [7.3(4)
that

A L e A (7-13)



Since z.€,41 = Apy1€n41, We have

5n($ - )\n—l)-en—i-l = 5n()\n-‘rl - An—l)en—i—l

o (qunfla Ll g2 q2n73a71)

q4r—2n—3 + q2n+1 _ q4’r‘—2n+1 _ q2n—3

- (qz _ q*2) (q2r+1 _ q74n+6r+1) En+1

2n—2r—2
= q En+1

— q2n_2r_2b2r—n—1-
It follows from Lemma [7.4)2) that

(€= Xmt) fobu = Pfia(z =) ba

QZ[TL - 7"] fn7726n

—
—
~

= (- -0 T ) e
B n—r—1][2r —n+1]nlep_1 + ¢ > 2enp

B
[
e

n—r —1][2r —n+ 1]nle,—1 + on(z — A_1)b2r—n_1

6n(x - )\nfl)b2r7n71 n=r+ 1;

—
—
~

Mn(m - An—l)bn—l + 6n (ZE - )\n—l) b2r—n—1 n=r-+ 27 s

Thus, (z — A\p—1) .b,_; = 0, where

fo bn — Onenia n=r+1,

b/

n—1 -

fobn — pinby—1 —Opepni1r n=r+2,....2r.

o - T —4an T 6+1
(% — q72) (gZr+1 — g~ 4n+6r+1) "
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(7-14)

(7-15)

Furthermore, by Lemma [7.1](3), A, = Xo,_,, and the scalars in {\, | n > r} are distinct.

Since {b, | n > 0} is a basis, it then follows from Property (1) that the z-eigenspace in

M with eigenvalue A\,_; is the 1-dimensional space kbs,. .1 for n = r 4+ 1,...,2r. Hence,
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bl 1 = anba_pny1 for some a,, € k. It then follows from ([7-15]) that

O4nb27‘7n+1 + 6nb2rfn71 n=r-+ 17
fo by =
Mnbn—l + aanT—n—H + 5nb27‘—n—1 n=r+2...,2r
This proves Property (5) and the proof is complete. O

Proposition 7.9. If a? € ¢"2, say o® = ¢* 2 with r > 0, then as left k[z]-modules

M (Ly) = (x @ @ k}Ex @ EB

n= 7°+1 " n>2r

If, in particular, o* = q=2 (i.e., 7 = 0) then

Proof. By Lemma[7.1}(3), A, = Ay,_, and the scalars in {\, |n > r} are distinct. The first
isomorphism is then an immediate consequence of Lemma (1) The second is a special

case of the first. O

7.3.4  Summary

Recall from §2.3.2| that the x-support of an A-module M is the set of all A € k such that
{me M| (x—N)"m=0forn>0} # 0.

Corollary 7.10. Let M = MLy 5) and M" = M€y p) be two line modules for A.

1. The line module M is a direct sum of

4N+-2

o 1-dimensional k[z]-modules when o? & ¢""*2, and
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e 1- and 2-dimensional indecomposable k[z]-modules when a? € ¢*N+2.

In addition, the x-support of M is {\,(a) | n > 0}.
~2N-2,,

2. If M’ is isomorphic to a proper submodule of M, then o/ € q

Proof. (1) This follows from Proposition [7.7] and Proposition [7.9]

(2) Write M = M (4, 3) and M' = M({y ).

By Part 1, the a-support of M’ is the set {\,(c/)|n > 0}. Since M" C M, the z-support
for M" is a subset of that for M, i.e., {A\n(@')},50 C { (@)}, 50-

Since M is generated by the 1-dimensional z-eigenspace with eigenvalue A\o(«), it is

necessary that A\o(a) € {A\n.(’)}n>0; otherwise M = M’. Therefore,

@)}z & {An(@)}nso
By Lemmal7.2 o € ¢=22a. O

7.4 Types of A-lines

To give more explicit description of the A-lines in relation to finite dimensional simple
A-modules, we introduce the following terminology. Fix a cyclic permutation (x,y,z) of

(1,9, x3). We call the A-line
[ = {r-Aga) = y—az— 5§ = 0}
and its respective line module M (¢) of
o Type 1if (a?,3%) € (—¢*™72,0);
o Type 2if (a® §%) € (¢, ¢ *[NL]?);

o Type 3if (a?, %) € (¢™,0);
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o Type 4if (a?,3%) € (¢™2,0).

The relevance of these types of line modules to finite dimensional simple A-modules is

indicated by the next result, which improves Corollary [6.20]

Proposition 7.11. Let ¢ and ¢’ be the A-lines

= {r-Alga) = y—az— 5 =0},
0 = {z—XAqgd) =y—dz-p3 = 0},

where (x,y,2) is a cyclic permutations of (xq1,x9,x3). If M({") is isomorphic to a proper

submodule of M(¢), then one of the following occurs:
1. (02,5%) € (=¢™%,0) and (o/, ') = (—q*a™1,0);
2. (02 ) = (¢ ¢ 2m]?) and (!, ) = (g2, 0) for some m > 1;

3. (0?8 = (¢"™,0) and

for somen > 1;

4. (a?,8%) € (¢™72,0) and (o/,8') = (¢"*a™,0).
The A-lines in Cases 1 - 4 are of Types 1 - 4, respectively.

Proof. Write M = M(¢) and M' = M(¢).
Since M’ C M, it follows from Corollary [7.10(2) that

o € ¢ 2. (7-16)

Suppose 83 # 0. Since (a? — ¢ )3 = (a? — ¢ B =0, o®> = o/*> = ¢~*. But this is
impossible due to ([7-16)). Therefore 53 = 0, which thus leaves us with three possibilities:
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1. g=p"=0,
2. o?=¢q¢*and 3 #0, and
3. a?=gqg*and f#0.

We discuss each of them below.
(1) Since 8 = 8" = 0, it follows from Corollary|6.20(1) that o/ € {+a, +¢ *a~'}. Clearly,
a# .

If ' = —a, then —a € ¢7"~2a. But this is impossible, as ¢ is not a root of unity.
If o/ = —¢~*a™', then o® € —¢?~2. This gives us Case 1 in the statement of the lemma.
If o/ = ¢ *a™ !, then ¢ *a~! € ¢ 2q, so that

Q2 e @2 = N2

4N—2

In particular, when o? € ¢ , it leads to Case 4 in the lemma. The other possibility is

(042,52) € (q4N,O) and (o, p") = (q_4of1,0) (7-17)

(2) By (7-16), a = ¢*a’ for some n > 1. Since o’? = ¢7%, o? € ¢™a? = ¢4 By
Corollary [6.20(2),

2 -2, -1\ 2 2n —2n\ 2
2__2qoz—qoz _—2q_q o —21.12
ree(SE) - () e
Thus, (o2, 8%) = (¢*4,0) and (o/, 8') = (¢~ *"«, ¢~ '[n]). This, together with (7-17)), gives
Case 3.

(3) Suppose a? = ¢~* and write o/ = ¢~?"« where m > 1. By a similar argument in Part

(2), we can show 3?2 € ¢~%[m]?. This is Case 2 in the statement of the lemma. O

Proposition [7.11] suggests line modules of Types 1 - 4 may be non-simple. The next result

finds proper submodules of the line modules of Types 1-3 using the basis elements given by
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Proposition [7.7]

Lemma 7.12. Let {e, |n > 0} be the elements in a line module M as defined in Lemma

7.6,

1. If M is of Type 1, 2 or 3, then there exists r > 1 such that Ae, is a nonzero proper

submodule.

2. If M is of Type 1 or 2, then it has a unique nonzero proper submodule.

Proof. Assume M = M ({), where ¢ = {z — A(ga)) = y — az — 5 = 0}.

(1) Since a® ¢ ¢*~2 when £ is of Type 1, 2 or 3, it follows from Proposition [7.7(1) that
{e, | n >0} is a basis of M.

First suppose £ is of Type 1, i.e., (a2, 8%) = (—¢*~*,0) for some r > 1. By Lemmal[7.6|2),

72r+4a2 _ (]27“740(72

q2 _ q—2

f (), = (q " +q2/32) .

Hence, (y — ¢ %"az) e, = ¢ Paf(a).e, = 0.

Write ag = ¢ ?"a.. Since (z — A(qap)) e, = (y — apz) e, = 0, there is a surjection
¢ M(ly) — Ae,,

where ¢y = {x — A(q) =y — oz = 0} = {[—r].

If ker ¢ # 0, then dimy(Ae,) < oo by Corollary [6.4 But, Ae, is infinite dimensional as
e, € Ae, foralln > r. Hence, ker ¢ = 0 and ¢ is an isomorphism. Therefore, Ae, = M ({[—r])
and it is a proper submodule.

By similar arguments we show that Part (1) holds for Type 2 and Type 3 line modules
as well.

(2) We, again, only prove the case when £ is of Type 1, i.e., (a2, %) = (—¢*~%,0). The

case when ¢ is of Type 2 can be proved similarly.
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Suppose N is a nonzero proper submodule of M. Then N = M (¢') for some A-line
(' ={z—-Agd)=y—ad'z—-p5 =0}.

By Proposition [7.111), o/ = —¢%a™! = ¢"?"a and 8 = 0. Hence, N is generated by an
z-eigenvector in M with eigenvalue \o(a’) = A,.(a). However, by Proposition [7.7)(2), the -
eigenspace in M with eigenvalue \,(«) is 1-dimensional. Therefore, there is a unique nonzero

proper submodule in M. 0

7.4.1 The traces for the actions of x,y and z

We calculate the traces for the actions of z,y and z on proper quotients of line modules of
Types 1, 2 and 4. It will be useful in distinguishing non-isomorphic finite dimensional simple

A-modules from each other.

Lemma 7.13. Let (z,y,2) be a cyclic permutation of (xq1,x2,23) and r > 1. Let V be an

r-dimensional quotient of a line module M (¢), where
¢t = {z—Aga) =y—az—p = 0}.
If € is of Type 1, 2 or 4, then the traces for the actions of x,y and z on V' are

try(z) = Mg ™) (¢"—q¢ ")/ (a—q7"),
try(y) = B/(1—q7?),

trv(2) = aB/(g?—q ).
Proof. First of all, by Proposition [6.13], there is an exact sequence

0 — MU{) — M{) — V — 0,
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where ¢/ = {x — A(q¢/) = y—a'z— ' = 0}. Write M = M(¢) and M" = M(¢') for short.
We will view M’ as a submodule of M.

We prove the result when (1) ¢ is of Type 1 or 2, and when (2) ¢ of Type 4, separately.

(1) Suppose ¢ is of Type 1 or 2. By Lemma [7.1[1)(2), An(c) # Ay(e) when m > n > 0.
By Corollary [7.10)(2), o’ = ¢ *« for some t > 1.

Since o2 ¢ ¢™~2, it follows from Proposition [7.7(1) that there is a basis {e,, | n > 0} for
M such that for n > 0

z.e, = M(a)e, Jn€n = ent1, Jn €n = Hn€n1 (7-18)

where e_; == eg, ttn, € k and o = ¢>af3.

Since a2 = ¢~"a? ¢ ¢™~2, it follows from Proposition [7.7(2) that M’ is a direct sum
of 1-dimensional z-eigenspaces with eigenvalues {\,(a/) |n > 0} = {\,(«a) | n > t}. Hence,
{en | n >t} is a basis for M’. It follows that V' has a basis of {v, |n =0,...,t — 1}, where

vy, is the natural image of e,, under the surjection M — V. Since dimy(V) =7, t =r.

By ([18), try-(x) equals

r—1 L2t 4+ g?rla!
A (q72n+1a) _ q -

ag " + a7 lg2) (¢ — ¢7")
(¢—a ) (®—q?)
Mg ™) (¢ —q")
q—q* '

Furthermore, by Lemma [7.3(1), for all n > 0

y = (¢ fu—afy) On,
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where 0, = (g2 o — ¢ La~1) " It follows that

yv, = (¢ favn—afy vn) bn

19 -
- (_Q/vbnvn—l +4q lvn—i-l) O,

(—qpovo + q_1U1) do n =0,

(_q,unvn—l +qilvn+1)5n n=1...,r—1,

where v, := 0. Thus, the action of y on V can be presented by a trigonal matrix with
diagonal
_—0 o o).
qoo—qlat
Hence,
tr (y) _ _qSO[ﬁ _ _q4a2ﬁ _ B
4 qga — g la! a2 — 1 1—q2

where the last equality holds because (a? — ¢=*)3 = 0.
In a similar manner we show that try(2) = a3/ (¢72 — ¢ %).

(2) Suppose £ is of Type 4, i.e., a®> = ¢** 2 and 3 = 0 for some s > 0. The treatment is

similar but the calculation is more complicated.

Let {b, | n > 0} be the basis of M given by Lemma [7.8, Then the z-eigenspace in M

with eigenvalue A\, («) is the 1-dimensional space kb,, for n > 2s + 1.

By Proposition [7.11[(4), o/ = ¢ *a~! = ¢7**72a; whence o = ¢ 8a 2 € ¢~ 674 ¢ ¢*N*2
It then follows from Proposition [7.7(1) that a basis of M’ is given by a set of z-eigenvectors

with eigenvalues

{)\0(@/), Al(a/)’ T } = {)‘2s+1(a)’ )\25+2(Oé), T } .

Hence, the set {b, | n > 2s+ 1} is a basis of M.

Since V' = M/M’, it has a basis {w, € V |n =0,...,2s}, where w, is the image of b,



118

under the surjection M — V' such that

(

An(@)wy, n=20,...,s,
T, =
An(@)w, + [n—slwys, n=s+1,...,2s;
\
(
kw11 n=20,...,s —1,
fonw, €
kwpi1 +kwos_ i1 n=s+1,...,2s;
\
(
kw,, 1 n=20,...,s—1,
fown €
kw,—1 + kasfnJrl +kwys 1 n=s+ L...,2s.
\
In addition, y.ws = ¢ *aw,_1 — ¢ 'wey and z.aws = —¢' " awgyy. Since dimg (V) = r,

r = 2s.

Similar to Part (1), try(z) = Y1 _o Anla) = Xg " 2a) (¢" —q ") /(g —q 7).

Note 8 = 0 in this case. It thus remains to show try (y) = try(z) = 0. By Lemma[7.3|(1),
y= (¢ frnvn — qf; )0, when o = ¢**7% # ¢*"2 i.e., when n # s. It follows that

(
—2s —1 _
¢ Paws 1 —q Wy M=,

\ (¢ fnwn — qf 7 wn) 0, n# s,

.
kw,_1 + kw, 1 n=>0,...,s,

\kaQS—n—l + kw?s—n—‘rl + kwn—l + kwn—l—l n=s-+ 17 s 7287

where w_; = w11 := 0. So, the action of y on V can be presented by a matrix with zero

diagonal elements. So, try(y) = 0. By a similar argument, we show try (z) = 0. O

7.4.2  The simple module S({)

Let ¢ be an A-line of Type 1 or 2. Assured by Lemma [7.12(2), the line module M (¢) has a
unique simple quotient module. We denote it by S(¢).
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We will call S(¢) of Type 1 (resp. Type 2) if £ is of Type 1 (resp. Type 2).
In the subsequent subsections - §7.8, we will further examine the simple quotients
of line modules of Type 1-4. In particular, we will show every finite dimensional simple

A-module is isomorphic to S(¢) for some A-line ¢ of Type 1 or 2.

Notation From to §7.6] we fix a cyclic permutation (,y, z) of (21,22, z3) and denote
lag = {2z —Alga) =y—az—fF = 0},

where («, ) € k? is such that a # 0 and (a® — ¢~*) 8 = 0.

7.5 Type 1l: o’ € —¢*"2 and 3 =0

The following results shows that exactly one of the five r-dimensional simples is a quotient

of a Type 1 line module.

Lemma 7.14. If o® € —¢*~* with r > 1, then
1. there is an ezact sequence 0 — M (L o[—7]) = M (lao) = S(lao) — 0,

2. dimg (S(lay)) =1, and

I

3. there is an A-module isomorphism S({a.)

S(l_pp).
Proof. Write ¢ = ¢, and S = S(¢) for short.
(1) There is an exact sequence 0 — M (¢') — M({) — S — 0, where

' ={x—Agd)=y—a'z—03 =0}.

By Proposition 7.11{(1), o/ = —¢~*a™' = ¢*a and ' = 0. So, ¢’ = {[-7].
(2) By Proposition[7.7/(2), M (/) is a direct sum of 1-dimensional z-eigenspaces with eigen-

values {A\,(«) | n > 0}. Similarly, M (¢[—r]) is a direct sum of 1-dimensional z-eigenspaces



120

with eigenvalues {\,(a/) |n > 0} = {\,(«) | n > r}. Since S = M (¢)/M(¢[—r]), it follows
that dimg(S) = r.

(3) First, it is direct to verify that \,(a) = \,_,_1(—a) for all n € Z when o? € —¢* .
In addition, by Lemma [7.1](1), the scalars in {\(a) | n > 0} are distinct.

In view of the proof in Part 2, the eigenvalues for the action of x on S are the dis-

tinct scalers Ag(), ..., A._1(c). Hence, there exists an z-eigenvector, say v, with eigenvalue
Ar—1(a) = Ao(—a), that is,
(x — Xo(—a))wv = 0.

It follows from Lemma [7.4](2) with n = 0 that
(z = A=) fy (—a)v = @ fo(—a) (z = o(~a)).v = 0.
But, A_i(—a) = A\.(«) is not an z-eigenvalue for S, so f; (—«).v = 0. Hence,
(y+az)v = —¢*afy (—a)v = 0.

It follows that there is a surjection M({_n) - Av = S. By Lemma|[7.12(2), M({_,) has
a unique simple quotient, which is S({_,0). Therefore, S(fa0) = S({—a0)- O

7.6 Type 2: o® = ¢ * and ? € ¢ 2[N,]?

The following shows that exactly four of the r-dimensional simples are quotients of Type 2

line modules.
Lemma 7.15. If o® = ¢~* and B? € q~2[r]* where r > 1, then

1. there is an exact sequence 0 — M ({y g[—1]) = M (Lo ) = S(lap) — 0;

2. dlmk (S(&Lﬁ)) =T
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3. the four simple A-modules

are non-isomorphic;

4. none of the four simple modules in Part 3 is isomorphic to the r-dimensional simple

A-module in Lemma[7.17)

Proof. (1) The proof is similar to that of Lemma [7.14]1).
(2) The proof is similar to that of Lemma [7.14]2).
(3) Let S; = S({a, 5,), where af = ¢~* and 32 = ¢ ?[r]? for i = 1,2. Tt suffices to show
that if S; = S, then (g, 1) = (a2, f2).
By Lemma [7.13]
rs)rs ) = (Mgea) T L OY (el By,

g—q ' 1—gq g—q 'V 1—g¢q

If S; =2 Sy, then (trg, (z),trs, (v)) = (trs, (z), trs,(y)), that is,

C_I2041[7“] I3 . QZO{Q[T] B
g—q V' 1-q2)  \g—qg P 1-q2)’

which implies (ay, 81) = (g, 52). This proves Part 3.
(4) Let V be the r-dimensional simple A-module in Lemma [7.14, By Lemma [7.13]

try (z) = 0. However, the trace for the action of x on S(¢, s) is nonzero, as shown in Part 3.

So V must not be isomorphic to S(¢,3). O

7.7 Type 3: o> € ¢ and =0

The following result shows that Type 3 line modules provide no more simple modules (up to

isomorphism) by their quotients than Type 2 line modules do.
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Lemma 7.16. Every simple quotient of a Type 3 line module is also a quotient of a Type 2

line module.

Proof. Let M = M({,) be a Type 3 line module, where o* = ¢*"~* with r > 1. Let V be
a simple quotient of M.

Write o := ¢ *" . Note that af = ¢=* and A _;(ag) = Ao(o)-

By Proposition [7.7(2), the z-eigenspace in M with eigenvalue A.(a) = Xo(ap) is 2-
dimensional.

By Proposition [6.11] there is an exact sequence 0 — M (log) = M(lag) — V — 0.
Write M' = M(¢, ). By Proposition (3), o =agor ¢ ta,soa? =gt or¢g?. In
either case, the z-eigenspace in M’ with eigenvalue \o(cy) has dimension no greater than 2,
according to Proposition [7.7)(2).

Since V' = M /M’, it follows that the z-eigenspace in V' with eigenvalue Ag(ayp), denoted
by W, is finite dimensional and nonzero. Applying Lemma [7.4[(2) with n = 0, we see that

(= A1) fo (@)W = ¢*fZ5(0)(x — No(a0))- W = 0.

Since A_1(ag) = Ao(ap), fo (ap). W C W. Since k is algebraically closed, there is a ¢*ag f (v)-

eigenvector in W, say vy, with eigenvalue 3y for some gy € k, that is,
(q2oz0f0_(ozo) — Bo) wo = (y —apz — Bo) vy = 0.
Since vy € W, we also have (x — \g(ap)).vg = 0. Hence, there is a surjective homomorphism
M (boy p,) — Avg = V.

Lastly, since M ({4,5,) has a finite dimensional quotient, it must not be simple. By

Proposition [7.11(2), 83 € ¢ 2[N,]%. Therefore the line module M ({,, 5,) is of Type 2. O

While it is not needed for the classification of finite dimensional simple A-modules, the
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next result shows the structure of a Type 3 line module.

Proposition 7.17. Fvery Type 3 line module has three proper submodules, which are line

modules. Two submodules are Type 2 and one is simple.

Proof. Let M = M({,0) be a line module of Type 3, where o = ¢~ with r > 1. Then
A (@) = Xop_1_p(@) and f(a) = ¢*f5, 1, () for all n € Z.
Let {e,|n > 0} be the basis of M given by Proposition (1) By Lemma, frn€n = €ni1
and
g2 Ha2 _ g2

o = d @ nle,—1 = |2r — nj|nje,—1. -
fo(@).en = p—— [nlen [2r — n][n] (7-19)

Let v = e,_1 + ¢ r]te,. Write ap = ¢ %« and By = ¢ " Lafr]. Then a2 = ¢~* and

B2 = q7?[r]*. Tt follows that

fro(@o = fiig (o1 +q7 '] ey)

= e +qlr] ' fren

I
Q
=,

4

Ity — 2 = qtagy — 2, it follows that (y — apz — Bo).v = 0. In a similar

Since f_1(a) = ¢
manner, we show that if v/ = e,_; — ¢~ ![r]| e, then (y — apz + Fy).v' = 0.
Since A.(a) = A_1(a@) = Ao(), (2 — Ao(ap))v = (x — Mo(ap))v” = 0. Hence, there are

surjective homomorphisms

My 5,) — Av and M(log—p,) — AV

By Proposition [£.17, both Av and Av' are line modules and hence infinite dimensional.
As a result, both of the above surjections are isomorphisms. Note that M (¢, 14,) are of
Type 2.

By Lemma [7.14] and Lemma [7.15, both Av and Av’ have a proper submodule, which is
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simple and isomorphic to

as k[z]-modules. However, by Proposition [7.7/(2), as a k[z]-module M has one and only one

such submodule. This proves the result. O

7.8 Type 4: o> € ¢™""2 and =0
Lemma 7.18. Every Type 4 line module is simple.

Proof. Let M = M({,) be a Type 4 line module, where o = ¢*" 2 with r > 0. If M is

not simple then there is a finite dimensional simple quotient V' of M.

By Lemma [7.13]

Mg ™a)(¢"—q¢") (@ +q )@ =g
try(z) = q—q! - ¢ — g2 7 0,

and try (y) = try(z) = 0.
By Proposition with respect to the cyclic permutation (y, z, x), there is a surjection
M) — S, for some A-line

0 = {y—Aqd) =2z—dz=0}.
By Proposition [7.11], ¢ is of Type 1, 3 or 4. According to Lemma [7.13]
e if /' is of type 1, then try(z;) = 0 for i = 1,2, 3, a contradiction;

e if / is of type 3, then V is isomorphic to a Type 2 simple module by Lemma [7.16] It
follows that try (z;) # 0 for : = 1,2, 3, a contradiction;

e if /' is of type 4, then try (y) # 0 and try (z) = try(x) = 0, a contradiction again.
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Therefore, such simple quotient V' does not exist and M must be simple. U

7.9 Main results

Now we complete the classification of finite dimensional simple A-modules and summarize

the results below. Recall the notion of shift and translation of an A-line defined in §6.2.1]

Theorem 7.19. For every integer v > 1, there are five r-dimensional simple A-modules up

to isomorphism. Each simple module S occurs in an exact sequence
0 — M{[-r]) — M{) — S — 0

for some A-line { € Aiwz,ws' The five A-lines, corresponding to the five simple modules,

could be chosen to be
I {r—AGEY) = y—ig 2 = 0};
2. {o—=Xg) = y—q?2—q'[r] = 0};
3. {z+Ag) = y+q2—q '] = 0};
4o {z=Xg) = y—q22+q '] = 0}
5. {z+Xq) = y+q?2+¢'[r] = 0},

where (x,y,2) is a cyclic permutation of (1, xa, x3).

Proof. By Proposition [6.13], every r-dimensional simple A-module V' appears in an exact

sequence 0 — M (') — M(¢) — V — 0 for some A-lines

¢ = {z—Xga) =y—az—p = 0} and
0 = {z—-XAqgd) =y—adz-0 = 0}.
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By Proposition [7.11], ¢ is of Type 1, 2, 3 or 4.

Thanks to Lemma and we may (and will) further assume ¢ to be of Type 1 or
2, without loss of generality.

Lemma and classify all r-dimensional simple quotients of line modules of Type
1 and 2, respectively. It is shown that there are five non-isomorphic r-dimensional simple

A-modules, for each of which ¢ = ¢[—r]. In addition,
e if / is of Type 1, then («, 3) = (i¢"',0), and

e if / is of Type 2, then («, [3) is one of the following
(@), (=a a7 '), (¢ —-a']), (=a2—a"'[r]).
The proof is now complete. U

Notation Let r > 1 and fix a cyclic permutation (x,y, z) of (z1,x2,23). Denote the five

A-lines listed in the statement of Theorem by

loo = {z—A(¢"™") = y—i¢ ?2 = 0} and

by = {z—iXg) = y—q iz —q '[r]j = 0} fori,je{l,~1}.

Thus, the five r-dimensional simple A-modules are [

M4 ;)

Sl = 31, )

where (i,7) € {(0,0),(1,1),(1,—-1),(=1,1),(=1,—1)}.
The next corollary provides a useful tool to distinguish one finite dimensional simple

A-module from another.

“More accurately, here M (¢; ;[—r]) should be replaced by its isomorphic image in M (¢; ;).
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Corollary 7.20. Let S, j(r) be as defined above.

1. The traces for the actions of x,y and z on S; ;(r) are

(1(0). (o). () = (i),

where (i,7) € {(0,0),(1,1),(1,-1),(=1,1), (=1, —-1)}.

2. Two finite dimensional simple A-modules V' and W are isomorphic if and only if

(try(z),trv(y)) = (trw(z), trw(y)) -

Proof. Part 1 follows from Lemma [7.13] Part 2 is an immediate consequence of Part 1. [J

As a closely related topic, all simple line modules for A are identified. Simply speaking,

a line module for A is simple if and only if it is anything but of Type 1, 2, or 3.

Theorem 7.21. Every line module of Type 1, 2 or 3 has a finite dimensional simple quotient.

All other line modules are simple.

Proof. This follows from Proposition [7.11] Lemma and Lemma [7.18] O

In addition, the structure of the non-simple line modules are illustrated in the following

diagrams. Write p = (0,0, q[r]) € A3

x7y7'z :

¢ ¢ / ‘ \
r {—r]+p {—r]-p

7] 7] X /

‘ ‘ £[—2r]

0 0 0

Type 1 Type 2 Type 3
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There are 24 line modules that map onto r-dimensional simple A-modules. Let
L, = {A-lines mapping onto an r-dimensional simple}

for » > 1. Then |L,| = 24. Recall that we have identified all lines in L; in §6.3.1 The

following table shows every line in L, is either a shift or translation of an line in L.

Write p, := (0,0,¢[r] —q) € A3 forr > 1.

x?yVZ

Ly L, Type
(,={x =y —1iq 'z =0} 51[%7"—1] if r is even ,
G (r — D] if 7 is odd
ly={x=y+iqg 'z =0} 52[%7“—1] if r is even )
LA (r — D] if 7 is odd
L={r+Ag)=y+q?z+q =0} [ ls—p, )
lbi={r+Xg)=y+q?:—q¢ =0} |latp, 2
b={r =A@ =y—q*+q' =0} | 5-p )
b={r-N)=y—q’2-q" =0} | ls+p 2
lr={z—-Xq) =y—2z =0} il — 1] 3
ls={z+Aq) =y+2z =0} ls[r — 1] 5

The following example gives the five 2-dimensional simple A-modules.

Example 7.22 (2-dimensional simple A-modules). Write v = (¢+¢ ') and 6 = (¢—¢~ )"

The five non-isomorphic 2-dimensional simple A-modules are given by

A
Aa + Ab+ Ac’

where (a, b, c) € AP equals one of the following:

1. (331 —]'17,372_]'13:371%—{—72);
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2. (v — 0,9 —q w3 —q—q 3,23 — (20 + 0 Vw3 + 6%+ 1);

3. (T1+06,m+q 23 —q—q 325+ (20 + 6 Vs + 62+ 1);

4. (vy — 6,9 —q w3+ q+q 3224+ (20 + 0 Nz + 62 + 1);

5. (z1+06, 2 +q w3+ q+q 3,23 — (20 + 6 oz + 62+ 1).

The matrix presentation A — My (k) for each of the five simple modules is determined

by the images of z1, x5 and x3, as given below.

5 -1'17 0 ] | [ 0 —1'1q17] | -0 —qW] |
|0 -1y | —1g7 0 v 0
) 5 0 ] | [ 25 4+ 51 q1(5] | [ 20545 g6 |
0 04467 a(6+07) 0 ¢ (0+071) 0|
N R ] | [ 954 6! q15] | [ 25— g5 |
|0 - 6! | —q(0 + a0 g (0+071) 0|
N 5 0 | (95— 51 —q15] | [ 25— g5 |
0 5457 G5y 0| (6 +0) 0 |
. 50 ] [ o551 g6 | [ 25461 —g6] |
|0 —6—0" |—q(0+67") 0 | g (0+071) 0|
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7.10 The action of Alty on the simple A-modules

Recall from that the alternating group Alty = (o, 71, 79, T3) acts as automorphisms of A,

given by
U<x1) = Iy, O-(xZ) = I3, O'(SUg) = 21,
T1($1) = I, 7—1<5U2) = —Ty, ’7'1(333) = —x3,
TQ(xl) = —Z, 7-2(1'2) = Ty, 7'2($3) = —x3,
7’3(961) = —Iy, T3($2) = —Z9, 7-3(x3) = T3.

There is an auto-equivalence p* : Mod(A) — Mod(A) associated to each p € Alty. It is clear
that p*M is a finite dimensional simple A-module if M is. The dimensions of p*M and M
are the same. We now examine the action of Alt, on the five isomorphism classes of simple

A-modules of each dimension, as a generalization of Corollary [3.9

Specifically, we will see that the Type 1 simple modules are fixed by the action of Alty
and the four Type 2 simple modules of dimension r form a single orbit. Since that orbit has
size 4 the stabilizer of each of them is a cyclic subgroup of Alty having size 3. There are four
such subgroups of Alty. Thus, these four simple modules are naturally labelled by the four

order-3 subgroups of Alt,.

We adopt the following notation. If M and N are A-modules such that N = p*M we
will write

M -2y N

to indicate this relationship.

Proposition 7.23. Let r > 1 and write S; ; = S; ;(r).

1. The action of Alty on the isomorphism classes of r-dimensional simple A-modules is
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given by the following commutative diagrams:

UQSO,O Dﬂ' Ug51,1 5—1,1 Z 51,1 5—171
Sl T
S_1-1 +> Si-1 S_1-1 5 Si,-1

2. There are two orbits for the action of Alty on the set of isomorphism classes of r-

dimensional A-modules, namely

OI’b(S@p) = {5070} and
Orb(sl,l) = {51,1751,—1,5—17175—1,—1}-

Proof. (1) Write (z,y, 2) = (21, z2, x3). The result can be verified using Corollary and
the fact that if V' is a finite dimensional A-module and p € Alty, then

(trpev (@), trpey (y), trpev (2)) = (trv(p(2)), trv (p(y)), trv (p(2))) -

For example, by Corollary [7.20{(1),

[r]

(trrps, 2 (), trrgsy () = (trs, 1 (@), —trs, 1 (y) = —— (1,1)
and
(tI'Sl,l (37); tl'Sl,l <y>) = q _[r(]]_l (1, 1) .

Hence, 71511 = 511 by Corollary|7.20(2). We leave the rest of the verification to the reader.

(2) This is an immediate consequence of Part 1. O
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