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Let k be a field and A the non-commutative k-algebra generated by x1, x2, x3 subject to the

relations

qxixj − q−1xjxi = xk

as (i, j, k) ranges over all cyclic permutations of (1, 2, 3), where q ∈ k − {0}. This thesis

sets out to understand the representation theory of A. In particular, we classify all finite

dimensional simple modules over A when q is not a root of unity. To this end, we introduce

the notion of a linear module over a filtered k-algebra, an analogue to the notion of a linear

module defined for a connected graded k-algebra.

Finite dimensional simple A-modules are closely related to certain linear modules for A

of Gelfand-Kirillov dimension one, which we call line modules, in the sense that every finite

dimensional simple A-module V appears in an exact sequence

0 −→ M ′ −→ M −→ V −→ 0,

in which M and M ′ are line modules for A.

The main result shows that there are five non-isomorphic simple A-modules of each

dimension.
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Chapter 1

INTRODUCTION

1.1 The goal

Let k be a field and q ∈ k−{0}. Let A(q) be the free algebra k〈x1, x2, x3〉 modulo the three

relations

qx1x2 − q−1x2x1 = x3,

qx2x3 − q−1x3x2 = x1,

qx3x1 − q−1x1x3 = x2.

The algebra A(q) is a noetherian domain of Gelfand-Kirillov dimension 3. It has a Poincaré-

Birkhoff-Witt basis of
{
xi1x

j
2x

k
3 | (i, j, k) ∈ N3

}
.

Our goal is to understand the representation theory of A(q). This includes the classi-

fication of all finite dimensional simple A(q)-modules (when q is not a root of unity). In

addition, we introduce and classify certain infinite dimensional filtered A(q)-modules, which

we call line modules for A(q), with respect to a filtration of A(q). Such line modules turn

out to be closely related to the finite dimensional simple A-modules.

Note that the algebra A(q) can be presented in various ways. For example, we shall show

that A(q) is isomorphic to the free algebra k〈X1, X2, X3〉 modulo the relations

XiXj − pXjXi = (p− 1)Xk,

where (i, j, k) runs over the cyclic permutations of (1, 2, 3) and p = q−2. In fact, the algebra

A(q) represents a very natural class of algebras with Poincaré-Birkhoff-Witt bases. We shall
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show that if R is the free algebra k〈X, Y, Z〉 modulo the relations

Y X = αXY + aZ,

ZY = βY Z + bX,

ZX = γXZ + cY,

where α = q2, and has {X iY jZk | (i, j, k) ∈ N3} as a basis, then R ∼= A(q).

Usually q will be fixed and we simply write A for A(q).

1.2 The strategy and background

In order to classify the finite dimensional simple A-modules we first study certain infinite

dimensional A-modules, namely its line modules.

The notion of a line module was first introduced by Artin-Tate-Van den Bergh in [3].

There they studied a class of graded k-algebras S that are now called 3-dimensional Artin-

Schelter regular algebras. As the name suggests this class of algebras was first introduced

(and almost classified) by Artin and Schelter [1]. There are two basic classes of 3-dimensional

Artin-Schelter regular algebras, those generated by two elements subject to two cubic re-

lations and those generated by three elements subject to three quadratic relations. For

simplicity we will only discuss the latter here.

The simplest such algebra is the polynomial ring, R = k[x, y, z], on three variables.

The other ones should be viewed as non-commutative deformations of that polynomial ring.

The polynomial ring on three variables is a homogeneous coordinate ring of the projective

plane P2. The points in P2 are in natural bijection with the isomorphism classes of graded

R-modules M such that M = RM0 and dimk(Mi) = 1 for all i ≥ 0. Artin-Tate-Van

den Bergh call such modules point modules and extend this definition to all 3-dimensional

Artin-Schelter regular algebras. If S is as above (i.e., a 3-dimensional Artin-Schelter regular

algebra generated by three elements subject to three quadratic relations), one views S as a

“homogeneous coordinate ring” of a non-commutative analogue of P2. Point modules (up to
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isomorphism) for S are then considered as “points” in this non-commutative analogue of P2.

This idea can be formalized and made more precise in the following way. First, let Gr(S)

denote the category of graded left S-modules. Let Fdim(S) denote the full subcategory of

Gr(S) consisting of those modules M that are the sum of their finite dimensional submodules.

One may then form the quotient category

QGr(S) =
Gr(S)

Fdim(S)
.

If S is the polynomial ring R = k[x, y, z], then the category QGr(R) is equivalent to the

category of quasi-coherent sheaves on P2. We therefore consider QGr(S) as a replacement

for that and think of it as playing the role of the non-existent “category of quasi-coherent

sheaves” on a non-commutative analogue of P2. The simple objects in QGr(R) are the

skyscraper sheaves Op, one for each point p ∈ P2. Under the equivalence just mentioned the

point modules, considered as objects in QGr(R), correspond to skyscraper sheaves. For all

S, as above, the point modules for S become simple objects in QGr(S) so we think of them

as the “skyscraper sheaves” at the “points” in this non-commutative analogue of P2.

Line modules are defined in a similar way: a graded S-module M is called a line module

if M = SM0 and dimk(Mi) = i + 1 for all i ≥ 0. The isomorphism classes of line modules

for the polynomial ring R = k[x, y, z] are in natural bijection with the lines in P2. Under the

equivalence of categories the line modules in QGr(R) correspond to the structure sheaves OL
of the lines L ⊆ P2. Line modules for S are therefore thought of as “structure sheaves” of

“the lines” in this non-commutative analogue of P2.

The notions of point module and line module have since become ubiquitous in non-

commutative algebraic geometry. Their definitions make sense for other graded rings. For

example, let D be a 4-dimensional Artin-Schelter regular algebra whose degree-n component

Dn has the same dimension as the degree-n component of the polynomial ring k[x0, x1, x2, x3].

Isomorphism classes of point modules and line modules for k[x0, x1, x2, x3] are in bijection

with the points and lines in the projective space P3 having k[x0, x1, x2, x3] as homogeneous
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coordinate ring. The category QGr(k[x0, x1, x2, x3]) is equivalent to the category of quasi-

coherent sheaves on P3 and the point modules and line modules correspond to the structure

sheaves of the points and lines in P3. Point modules and line modules for D are there-

fore thought of as “structure sheaves” of the “points” and “lines” in this non-commutative

analogue of P3 “having D as homogeneous coordinate ring.

Despite the proven utility of point modules and line modules for graded algebras there

has not been a parallel development of these (and related) notions for non-graded rings.

In Chapter 4 we introduce the notion of a line module for A and show amongst other

things that if V is a finite dimensional simple A-module, then there is an exact sequence

0→ L′ → L→ V → 0 in which L and L′ are line modules for A. Such exact sequences will

play a key role in our classification of finite dimensional simple A-modules.

Since A = A(q) has a PBW basis {xiyjzk | (i, j, k) ∈ N3} it is a non-commutative ana-

logue of the 3-dimensional polynomial ring so we think of it as a “coordinate ring” of a

non-commutative analogue of affine 3-space A3
x,y,z having coordinate functions x, y, z. Line

modules for A then correspond to certain lines in A3
x,y,z.

We give two classifications of the line modules for A, a geometric one classifying the

lines ` ⊆ A3
x1,x2,x3

for which A/A`⊥ is a line module, and an algebraic one classifying the

subspaces ka + kb ⊆ span{1, x1, x2, x3} such that A/Aa + Ab is a line module. The first is

based on the close relation between line models over graded algebras and filtered modules.

More specifically, in Chapter 5 we introduce a graded ring D with the following properties:

• D is a 4-dimensional Artin-Schelter regular algebra;

• D has a homogeneous central element t ∈ D1 such that D[t−1]0 ∼= A;

• the line modules for D have been “classified” by Le Bruyn-Smith-Van den Bergh in

[6];

• line modules for A are in natural bijection with those line modules for D that have no

t-torsion.
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The line modules for A are thus obtained through the passage from Gr(D) to Mod(A). As

expected, they correspond to certain lines in A3. Using geometric ideas as an organizing tool,

we can almost says that A/A`⊥ is a line module if and only if ` lies on one of a particular

family of cubic surfaces.

An equivalent definition for line modules over A is that an A-module is a line module if

and only if it is infinite dimensional and isomorphic to A/(Aa+ Ab) for some linearly inde-

pendent elements a, b ∈ span{1, x1, x2, x3}. Based on this characteristic, a direct algebraic

classification of the line modules for A is performed in Chapter 6, without using the results

about the line modules for D. Among other reasons, such algebraic calculation reveals the

algebraic intricacies that are somewhat obscured by the results about D, and provides an

independent verification that the classification in Chapter 5 is correct.

In Chapter 7 we are devoted to the classification of the finite dimensional simple A-

modules. As mentioned earlier, every finite dimensional simple A-module V appears in an

exact sequence 0 → L′ → L → V → 0 in which L and L′ are line modules for A. Guided

by this fact, we shall determine all non-simple line modules for A and the conditions for one

line module embedding into another. For the first task, it is not very difficult to narrow

down to four types of line modules that are possibly non-simple. Using certain bases for line

modules, we further filter two out of the four types of line modules whose quotients give all

finite dimensional simple A-modules. While there are other types of line modules that could

lead to the same results, we choose those that have simpler A-module structures (e.g., they

have unique proper submodules). The final result shows that there are five non-isomorphic

simple A-modules of each dimension.

1.3 Main results

Definition 1.1 (Line modules for A). A left A-module M is a line module with respect to

the filtration

k = A0 ⊆ A1 ⊆ · · · ⊆ An ⊆ · · · ,
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where An = span
{
xi1x

j
2x

k
3 | i+ j + k ≤ n

}
, if there is an element m ∈M such that M = Am

and dimk(Anm) = n+ 1 for all n ≥ 0.

Denote by A3
x1,x2,x3

the 3-dimensional affine space with x1, x2, x3 as coordinate functions.

For a line ` in A3
x1,x2,x3

, we denote by `⊥ the set of elements in span{1, x1, x2, x3} that vanish

on `. We call ` an A-line if A/A`⊥ is a line module, which is denoted by M(`).

The function λ : k− {0} → k defined by

λ(α) =
α + α−1

q2 − q−2

will play a key role in formulating the A-lines.

Theorem 1.2 (See Theorem 6.3). A line ` in A3
x1,x2,x3

is an A-line if and only if

` = {x− λ(qα) = y − αz − β = 0}

for some cyclic permutation (x, y, z) of (x1, x2, x3) and some (α, β) ∈ k2 such that α 6= 0 and

(α2 − q−4) β = 0. Furthermore, in that case, A = A`⊥ ⊕ k[z].

As a result, there are nine 1-parameter families of A-lines. These are, for each of the

three cyclic permutations (i, j, k) of (1, 2, 3), the lines

1. {xi − λ(qα) = xj − αxk = 0}, one for each α ∈ k− {±q−2, 0};

2. {xi − λ(q) = xj − q−2xk − β = 0}, one for each β ∈ k;

3. {xi + λ(q) = xj + q−2xj − β = 0}, one for each β ∈ k.

The following proposition serves as a guiding principle for our classification of finite

dimensional simple A-modules.
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Proposition 1.3 (See Proposition 6.13). Every finite dimensional simple A-module V ap-

pears in an exact sequence

0 −→ M(`′) −→ M(`) −→ V −→ 0,

in which ` and `′ are A-lines.

We adopt the following notation: For n ∈ Z, denote

[n] :=
q2n − q−2n

q2 − q−2
.

For a set S ⊂ Z, we denote qS := {qn | n ∈ S} and [S] := {[n] | n ∈ S}. For two sets Λ

and Γ, we denote by (Λ,Γ) the Cartesian product {(λ, γ) | λ ∈ Λ, γ ∈ Γ}.

The following three types 1 of line modules for A turn out to be of particular relevance

to the finite dimensional simple A-modules.

Definition 1.4 (Types of A-lines). Let (x, y, z) be a cyclic permutation of (x1, x2, x3). We

call the A-line

` = {x− λ(qα) = y − αz − β = 0}

and its respective line module M(`) of

• Type 1 if (α2, β2) ∈
(
−q2N−2, 0

)
;

• Type 2 if (α2, β2) ∈ (q−4, q−2[N+]2);

• Type 3 if (α2, β2) ∈
(
q4N, 0

)
.

Theorem 1.5 (See Theorem 7.21). Every line module of Type 1, 2 or 3 has a finite dimen-

sional simple quotient. All other line modules are simple.

1We actually defined four types of line modules in §7.4. The line modules of the fourth type, however,
turn out to be simple.
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Definition 1.6 (Shift and translation of an A-line). Let n ∈ Z. For the A-line

` = {x− λ(qα) = y − αz − β = 0} ,

we define

`[n] :=
{
x− λ(q2n+1α) = y − q2nαz = 0

}
,

called a shift of `, and

`+ p :=
{

(µ, ν, η) ∈ A3
x,y,z | (µ, ν, η)− p ∈ `

}
,

called a translation of `.

There are 24 line modules that map onto r-dimensional simple A-modules. Let

Lr :=
{
A-lines mapping onto an r-dimensional simple module

}
, and

pr := (0, 0, q[r]− q) ∈ A3
x,y,z.

for r ≥ 1. Then |Lr| = 24. It is an elementary exercise to find all A-lines in L1 (see §6.3.1).

The following table shows every line in Lr is either a shift or translation of an line in L1.

L1 Lr Type

`1 =
{
x = y − iq−1z = 0

} `1[
1
2r − 1] if r is even

`1[
1
2(r − 1)] if r is odd

1

`2 =
{
x = y + iq−1z = 0

} `2[
1
2r − 1] if r is even

`2[
1
2(r − 1)] if r is odd

1

`3 =
{
x+ λ(q) = y + q−2z + q−1 = 0

}
`3 − pr 2

`4 =
{
x+ λ(q) = y + q−2z − q−1 = 0

}
`4 + pr 2

`5 =
{
x− λ(q) = y − q−2z + q−1 = 0

}
`5 − pr 2

`6 =
{
x− λ(q) = y − q−2z − q−1 = 0

}
`6 + pr 2

`7 = {x− λ(q) = y − z = 0} `7[r − 1] 3

`8 = {x+ λ(q) = y + z = 0} `8[r − 1] 3
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Let i be an element in k such that i
2 = −1.

Theorem 1.7 (See Theorem 7.19). For every integer r ≥ 1, there are five r-dimensional

simple A-modules up to isomorphism. Each simple module S occurs in an exact sequence

0 −→ M(`[−r]) −→ M(`) −→ S −→ 0

for some A-line ` ∈ A3
x1,x2,x3

. The five A-lines, corresponding to the five simple modules,

could be chosen to be

1. {x− λ(iqr−1) = y − iqr−2z = 0};

2. {x− λ(q) = y − q−2z − q−1[r] = 0};

3. {x+ λ(q) = y + q−2z − q−1[r] = 0};

4. {x− λ(q) = y − q−2z + q−1[r] = 0};

5. {x+ λ(q) = y + q−2z + q−1[r] = 0},

where (x, y, z) is a cyclic permutation of (x1, x2, x3).
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Chapter 2

PRELIMINARIES

2.1 Base field

Always, k is an algebraically closed field of characteristic zero and q ∈ k− {0}. We assume

that q is not a root of unity.

2.2 Algebras

All algebras are assumed to be k-algebras. In principle, we use A for some arbitrary (usually

filtered) k-algebra, and A exclusively for the algebra defined in §3.1.

An element c in an algebra A is central if ca = ac for all a ∈ A. The center of A, denoted

by Z(A), is the set of all central elements in A.

2.2.1 Graded algebra

A Z-graded algebra is an algebra A endowed with a family {An}n∈Z of subspaces such that

1. AiAj ⊂ Ai+j for all i, j ∈ Z, and

2. A =
⊕

n∈ZAn.

If An = 0 for all n < 0 then A is also called N-graded.

An N-graded algebra A = A0 ⊕A1 ⊕ · · · is connected if A0 = k.

A Z-graded algebra A is strongly graded if AnA−n = A0 for all n ∈ Z. Clearly, a graded

algebra having a unit of degree one is strongly graded.
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The Hilbert series of a Z-graded algebra A is the formal Laurent series

HA(t) :=
∑
n∈Z

dimk (An) tn.

2.2.2 Filtered algebra

A filtered algebra is an algebra A endowed with an ascending sequence

k = A0 ⊆ A1 ⊆ · · · ⊆ An ⊆ · · · ⊆ A

of subspaces such that

1. AiAj ⊂ Ai+j for all i, j ∈ N, and

2. A =
⋃
n∈NAn.

A filtered algebra is a generalization of the notion of a graded algebra.

Given a filtered algebra A, its associated graded algebra is the graded algebra

gr(A) :=
∞⊕
n=0

Gn

where Gn = An+1/An. The addition and multiplication in gr(A) are defined by

(a+ Gn−1) + (b+ Gm−1) = a+ b+ Gm+n−1 and (a+ Gn−1)(b+ Gm−1) = ab+ Gm+n−1,

where a ∈ Gn and b ∈ Gm.
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2.2.3 Gelfand-Kirillov dimension

Let A be a finitely generated k-algebra and V ⊂ A a finite dimensional generating subspace

containing 1A. Then there is an ascending chain of subspaces

k = V 0 ⊂ V ⊂ V 2 ⊂ · · · ⊂
∞⋃
n=0

V n = A.

The Gelfand-Kirillov dimension of A, or GK-dimension of A for short, is defined as

GKdim(A) := lim
n→∞

sup logn (dimk(V
n)) .

It is independent of the choice of V (See [11, page 14]).

It is well-known that if R = k[x1, x2, ..., xn], the polynomial ring in n variables, then

GKdim(R) = n.

2.2.4 Artin-Schelter algebra

A connected graded algebra A is called Artin-Schelter regular of dimension d if

1. A has finite global dimension d;

2. A has finite GK-dimension (so the Hilbert function of A is bounded by a polynomial);

3. A is Gorenstein, i.e.,

ExtiA(k,A) =

0 i 6= d,

k i = d.

2.2.5 Quadratic algebra

If V is a finite dimensional vector space and R a subspace of V ⊗2 we call T (V )/(R), the

quotient of the tensor algebra by the ideal generated by R, a quadratic algebra. Its quadratic
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dual is the algebra T (V ∗)/(R⊥) where R⊥ is the subspace of (V ∗)⊗2 consisting of the linear

forms that vanish on R.

2.3 Modules

All modules are left modules unless stated otherwise. We write Mod(A) for the category of

left modules over an algebra A.

A module is simple if its only submodules are 0 and itself, or equivalently, if every cyclic

submodule generated by a non-zero element equals the module itself.

Given an A-module M and a ∈ A, by an a-eigenvector (resp. a-eigenvalue, a-eigenspace)

we mean an eigenvector (resp. eigenvalue, eigenspace) for the action of a on M .

For a finite dimensional A-module V and a ∈ A, we will denote by trV (a), or simply tr(a)

if V is known, the trace for the action of a on V , which equals the sum of all a-eigenvalues

(with multiplicities).

2.3.1 Linear modules over graded algebras

The notion of a linear module over a connected graded k-algebra was introduced by Artin-

Tate-Van den Bergh in [2].

Let D be a connected graded k-algebra that is generated as a k-algebra by its degree-one

component, D1. Suppose that dimk(D1) <∞.

A graded left D-module L is said to be d-linear if L = DL0 and

dimk(Ln) =

(
n+ d

n

)

for all n ≥ 0. For example, L is 0-linear if L = DL0 and dimk(Ln) = 1 for all n ≥ 0 and

1-linear if L = DL0 and dimk(Ln) = n + 1 for all n ≥ 0. One calls 0-linear modules point

modules and 1-linear modules line modules.

More details about linear modules are included in §4.1. We will extend the notion of a

linear module over a graded algebra to that over a filtered algebra in §4.2.
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2.3.2 Support of a module over a polynomial ring

Suppose k is algebraically closed and let k[t] denote the polynomial ring in one variable. A

k[t]-module is torsion if every element in it is annihilated by a non-zero element in k[t].

Let A be a k-algebra and a ∈ A. We regard a left A-module M as a k[t]-module with t

acting as a does. We say M is k[a]-torsion if it is k[t]-torsion. For each β ∈ k, let

Mβ = {m ∈M | (t− β)nm = 0 for n� 0} .

If M is k[a]-torsion its a-support is defined as

Suppa(M) := {β ∈ k |Mβ 6= 0} .

By the general theory of modules over a PID, if M is k[a]-torsion, then

M =
⊕

β∈Suppa(M)

Mβ.

2.3.3 Twisted modules

Let A be a k-algebra. Given a left A-module (M, ∗) and an automorphism ρ ∈ Aut(A), the

ρ-twisted module (ρ∗M, ·) is the left A-module with the same underlying vector space as M

and the A-module structure given by

a ·m = ρ(a) ∗m,

where a ∈ A and m ∈M .

It is clear that ρ∗ is an auto-equivalence of Mod(A), in fact an automorphism, with a

quasi-inverse, in fact an inverse, given by (ρ−1)∗. We also have

(ρ1ρ2)
∗ = ρ∗2ρ

∗
1.
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2.4 Conventions and notation

W adopt the following convention and notation:

• We will write N for the set of all non-negative integers, i.e., N = {0, 1, 2, · · · }. We will

write N+ for N− {0}.

• For n ∈ Z, we denote

[n] :=
q2n − q−2n

q2 − q−2
.

Clearly [−n] = −[n]. Also, if q is not a root of unity then [n] = 0 if and only if n = 0.

• Let S ⊂ Z. By qS we mean the set {qn | n ∈ S}. Denote [S] := {[n] | n ∈ S}.

• For two sets S, T , denote by (S, T ) the Cartesian product {(s, t) | s ∈ S, t ∈ T}.

• For n ∈ N+, we write Mn(k) for the n× n matrix algebra over k.

• We frequently view x1, x2, x3 as coordinate functions on k3 and denote k3 by A3
x1,x2,x3

when we do this.

• To avoid subscripts, we often write (x, y, z) for any cyclic permutation of (x1, x2, x3).

• We will fix i for an element in k such that i
2 = −1.

• In principle, we use the letters a, b, c, d for elements in an algebra, the letters m,n, r, s, t

for integers, the Greek letters α, β, γ, δ, λ, µ for scalars in the base field.

• The bold letter λ is reserved for the function defined in §5.3.2. For n ∈ Z and α ∈

k− {0}, denote λn(α) := λ(q−2n+1α).

Other notation will be defined when they first appear.
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Chapter 3

THE ALGEBRAS A(q)

Always, k is an algebraically closed field of characteristic zero and q ∈ k− {0}.

3.1 The definition of A(q)

Let A(q) be the free algebra k〈x1, x2, x3〉 modulo the three relations

qxixj − q−1xjxi = xk,

where (i, j, k) runs over all cyclic permutations of (1, 2, 3). If (x, y, z) is a cyclic permutation

of (x1, x2, x3) then the relations for A(q) are

qxy − q−1yx = z, (3-1)

qyz − q−1zy = x, (3-2)

qzx− q−1xz = y. (3-3)

Usually q will be fixed and we simply write A for A(q).

A PBW basis for A(q). The algebra A has a PBW (Poincaré-Birkhoff-Witt) basis.

Lemma 3.1. If (x, y, z) is a cyclic permutation of (x1, x2, x3), then

{
xiyjzk

∣∣ (i, j, k) ∈ N3
}

is a basis for A.
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Proof. We use Bergman’s Diamond Lemma [4] and the terminology in that paper. The

replacements with respect to the lexicographic ordering induced by x < y < z are

zy = q2yz − qx,

yx = q2xy − qz,

zx = q−2xz + q−1y.

The only ambiguity is zyx and this is resolvable because

(zy)x = q2yzx− qx2

= q2y
(
q−2xz + q−1y

)
− qx2

=
(
q2xy − qz

)
z + qy2 − qx2

= q2xyz − q
(
z2 − y2 + x2

)
and

z(yx) = q2zxy − qz2

= q2
(
q−2xz + q−1y

)
y − qz2

= x
(
q2yz − qx

)
+ qy2 − qz2

= q2xyz − q
(
x2 − y2 + z2

)
.

Therefore, {xiyjzk | i, j, k ≥ 0} is a basis for A. �

The following result gives a different presentation of A. With this presentation, A appears

in [15].

Proposition 3.2. If p = q−2, then A(q) is isomorphic to the algebra k〈X1, X2, X3〉 modulo

the relations

XiXj − pXjXi = (p− 1)Xk,
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where (i, j, k) runs over the cyclic permutations of (1, 2, 3), via the map

Xi 7→
(
q − q−1

)
xi, i = 1, 2, 3.

Proof. This is can be verified directly; we leave it to the reader. �

3.2 A natural class of PBW algebras

Although A(q) may appear rather special, even artificial, at first glance, Proposition 3.3

shows it is not. That result shows that an apparently much larger, and very natural, family

of algebras consists of precisely the algebras A(q).1

Proposition 3.3. Let α, β, γ, a, b, c ∈ k − {0} and suppose that q2 = α. Let R be the free

algebra k〈x, y, z〉 modulo the relations
yx = αxy + az,

zy = βyz + bx,

zx = γxz + cy.

(3-4)

If {xiyjzk | (i, j, k) ∈ N3} is a basis for R, then R ∼= A(q).

Proof. Bergman’s Diamond Lemma tells us that {xiyjzk | i, j, k ≥ 0} is a basis for R if and

only if the ambiguity zyx is resolvable (the reader should consult Bergman’s paper [4] if this

does not make immediate sense).

Since {xiyjzk | i, j, k ≥ 0} is a basis for R. The ambiguity zyx is therefore resolvable.

The relations for R imply that

(zy)x = βyzx+ bx2 = βγyxz + βcy2 + bx2 = βγαxyz + βγaz2 + βcy2 + bx2

1This result was stated, but not proved, in Note 1 on page 473 of the paper [9] by Havlicek and Posta.
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and that

z(yx) = αzxy + az2 = αγxzy + αcy2 + az2 = αγβxyz + αγbx2 + αcy2 + az2.

Since the ambiguity zyx is resolvable,

βγaz2 + βcy2 + bx2 = αγbx2 + αcy2 + az2.

Since {x2, y2, z2} is a linearly independent subset of R,

βγa = a, βc = αc, and b = αγb.

Thus βγ = 1, β = α, and 1 = αγ. It follows that the relations for R are
yx = αxy + az,

zy = αyz + bx,

zx = α−1xz + cy.

(3-5)

Define X, Y , and Z, by

X =
x√
−ac

, Y =
y

−
√
abq−2

, Z =
z√
−bc

.

It follows from (3-5) that

yx = −
√
−a2bcq−2 Y X = −q2

√
−a2bcq−2XY + a

√
−bc Z,

zy =
√
−ab2cq−2 ZY = −q2

√
−ab2cq−2 Y Z + b

√
−acX,

zx =
√
ac2 ZX = q2

√
ac2XZ − c

√
abq−2 Y.
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Hence,

qXY − q−1Y X = Z,

qY Z − q−1ZY = X,

qZX − q−1XZ = Y.

More formally, if A is the algebra generated by X, Y , and Z, subject to these relations, then

there is an algebra isomorphism Φ : R→ A given by

Φ(x) =
√
−acX, Φ(y) = −

√
abq−2 Y, Φ(z) =

√
−bc Z.

This completes the proof. �

3.3 Remarks

We will now justify our earlier remark that the class of algebras in Proposition 3.3 is a very

natural class to understand.

One of the algebras defined by the relations (3-4) is the enveloping algebra U(so(3)) of

the Lie algebra so(3); it occurs when α = β = γ = 1 and a = b = c = −1. When the

base field k is C, so(3) is isomorphic to the Lie algebra sl(2,C) of traceless 2 × 2 matrices.

A distinguishing feature of the enveloping algebra of a finite dimensional Lie algebra is

that it has a PBW basis. When that Lie algebra has dimension 3, it has a basis {x, y, z},

and the statement that its enveloping algebra has a PBW basis is just the statement that

{xiyjzk | i, j, k ≥ 0} is a basis for its enveloping algebra.

The representations of sl(2,C) are the same things as U(sl(2,C))-modules. The repre-

sentation theory of U(sl(2,C)) has played a fundamental guiding role in the development

of the representation theory of non-commutative noetherian rings since the 1960’s. So too

has the study of algebras having PBW bases. For these reasons it is important to have a

complete understanding of the representation theory of the algebras having relations of the
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form (3-4) that have a PBW basis.

One of the most striking properties of U(sl(2,C)) is that it has exactly one simple module

of each dimension n ≥ 1. We will show that when q is not a root of unity, the algebras in

Proposition 3.3 have exactly five simple modules of each dimension n ≥ 1. This came as

quite a surprise to us and there does not appear to be any reason to expect such a result.

At least, no good reason at first.

After proving this result we learned that it had already been proved around the year

2000 in the papers [8] and [9], and again, independently by N. Sasom in her 2005 Ph.D.

thesis at the University of Sheffield. Sasom gives a geometric explanation for the appearance

of five simple modules of each dimension. The algebras in Proposition 3.3 are deformation

quantizations of the polynomial ring on three variables and the associated Poisson structure

on that polynomial ring, more particularly on the affine space A3, has exactly 5 points

that are symplectic leaves for that Poisson structure. Sasom shows how the simple modules

correspond to those points in a natural way: the points (with multiplicities) are in a suitable

sense the characteristic varieties of those simple modules. This is also explained in the paper

[10].

3.4 The opposite algebra of A(q)

Proposition 3.4. There is a k-algebra isomorphism A(q) ∼= A(q−1)op given by the map

Φ : A(q) −→ A(q−1)op defined by

Φ(x) = −x, Φ(y) = −y, Φ(z) = −z.

Proof. By definition, A(q−1) is the free algebra k〈X, Y, Z〉 modulo the relations

q−1XY − qY X = Z, q−1Y Z − qZY = X, q−1ZX − qXZ = Y.
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Write ∗ for the multiplication in A(q−1)op. Since

qΦ(x)Φ(y)− q−1Φ(y)Φ(x) = q(−X) ∗ (−Y )− q−1(−Y ) ∗ (−X)

= qY X − q−1XY

= −Z

= Φ(z),

Φ really does extend to a k-algebra homomorphism. It is easy to see that this extension is

bijective (by using PBW bases, for example), so Φ is an isomorphism. �

Corollary 3.5. The category of right A(q)-modules is equivalent to the category of left

A(q−1)-modules.

3.5 The group Alt4 of automorphisms of A(q)

Let Aut(A) denote the group of k-algebra automorphisms of A and write 1 for its identity.

There are automorphisms σ, τ1, τ2, τ3 of A defined by

σ(x1) = x2, σ(x2) = x3, σ(x3) = x1,

τ1(x1) = x1, τ1(x2) = −x2, τ1(x3) = −x3,

τ2(x1) = −x1, τ2(x2) = x2, τ2(x3) = −x3,

τ3(x1) = −x1, τ3(x2) = −x2, τ3(x3) = x3.

If {i, j, k} = {1, 2, 3}, then τi(xi) = xi, τi(xj) = −xj, and τk(xk) = −xk.

Proposition 3.6. The subgroup 〈σ, τ1, τ2, τ3〉 of Aut(A) is isomorphic to the alternating

group Alt4 via the map

σ 7→ (123), τ1 7→ (12)(34), τ2 7→ (13)(24), τ3 7→ (23)(14).
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Proof. It is obvious that σ3 = 1 and it is easy to check that there is an isomorphism

〈σ, τ1, τ2, τ3〉 = 〈τ1, τ2, τ3〉o 〈σ〉 ∼= (Z2 × Z2) o Z3.

We leave the details to the reader. �

Whenever we speak of the group Alt4 we mean this subgroup of Aut(A).

There are four subgroups of Alt4 that are isomorphic to Z3, the cyclic group of order 3.

3.5.1 The action of Alt4 on the 1-dimensional A-modules

We now determine the 1-dimensional A-modules and the action of the group Alt4 of auto-

equivalences on them. The methods and results are elementary but they provide a template

that will appear later when we consider higher dimensional simple A-modules.

Denote

δ :=
(
q − q−1

)−1
.

Proposition 3.7. There are exactly five 1-dimensional A-modules, namely A/(x1 − µ, x2 −

ν, x3 − η) as (µ, ν, η) runs over the points

(0, 0, 0), δ(1, 1, 1), δ(1,−1,−1), δ(−1, 1,−1), δ(−1,−1, 1)

in A3
x1,x2,x3

.

Proof. The points (µ, ν, η) in k3 for which A/(x1 − µ, x2 − ν, x3 − η) has dimension 1 are

the solutions to the system of equations

x1x2 = δx3, x2x3 = δx1, x3x1 = δx2.

It is easy to verify that the only solutions are those in the statement of the proposition. �
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Remark 3.8. If we homogenize the three equations in the previous proof by replacing xi with

δxit
−1, then we obtain three quadratic equations

x1x2 − x3t = x2x3 − x1t = x3x1 − x2t = 0.

There are 8 solutions in P3
x1,x2,x3,t

to this system of equations, namely,

(0, 0, 0, 1), (1, 1, 1, 1), (1,−1,−1, 1), (−1, 1,−1, 1), (−1,−1, 1, 1),

(1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0).

We will write Sµ,ν,η for A/A(x1 − δµ) + A(x2 − δν) + A(x3 − δη).

If ρ ∈ Aut(A) and S is a 1-dimensional A-module so is the ρ-twisted module ρ∗S.2 The

next lemma describes the action of Alt4 on the set of isomorphism classes of 1-dimensional

A-modules.

Corollary 3.9. There are two orbits for the action of Alt4 on the set of isomorphism classes

of 1-dimensional A-modules, namely

Orb(S0,0,0) = {S0,0,0} and

Orb(S1,1,1) = {S1,1,1, S1,−1,−1, S−1,−1,1, S−1,1,−1} .

Proof. It is straightforward to verify that

σ∗S0,0,0
∼= S0,0,0, τ ∗i S0,0,0

∼= S0,0,0 for i = 1, 2, 3,

and

τ ∗1S1,1,1
∼= S1,−1,−1, τ ∗2S1,1,1

∼= S−1,1,−1, τ ∗3S1,1,1
∼= S−1,−1,1.

Since Alt4 = 〈σ, τ1, τ2, τ3〉, the result follows. �

2See §2.3.3 for the notion of a twisted module.
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If M and N are A-modules such that N ∼= ρ∗M we will write M
ρ−→ N to indicate this

relationship. Thus, the action of Alt4 on the set of 1-dimensional A-modules can be depicted

in the following commutative diagrams:

S0,0,0

σ

JJ

τi
��

S1,1,1
τ1 // S1,−1,−1

τ2 // S−1,−1,1
τ3 // S−1,1,−1

τ2

ll

S1,−1,−1
σ

%%
S−1,−1,1

σ
99

S−1,1,−1σ
oo

We will see in §7.10 that the orbits for the action of Alt4 on the set of isomorphism classes

of n-dimensional simple A-modules, where n ≥ 1, have exactly the same behavior as it does

on the 1-dimensional set.

3.6 A cubic central element in A(q)

Write [−,−] for the commutator in A, that is, [a, b] = ab− ba for a, b ∈ A.

Proposition 3.10. If (x, y, z) is a cyclic permutation of (x1, x2, x3), then the element

C :=
(
q−2 − q2

)
xyz + qx2 + q−3y2 + qz2

belongs to the center of A(q).

Proof. In the free algebra k〈x, y, z〉, let a = qxy − q−1yx − z, b = qyz − q−1zy − x, and
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c = qzx− q−1xz − y. Calculations in k〈x, y, z〉 give

q[xyz, x]− x(y2 − z2) = xyc− xaz,

q[xyz, y]− (z2y − yx2) = azy − yxb,

q[xyz, z]− (x2 − y2)z = xbz − cyz,

q4
(
xy2 − z2x

)
−
(
y2x− xz2

)
= q3ay + q−3ya− q3zc− q−3cz.

Because a = b = c = 0 in A(q), the following equalities hold in A(q):

[xyz, x] = q−1x(y2 − z2),

[xyz, y] = q−1(z2y − yx2),

[xyz, z] = q−1(x2 − y2)z,

xy2 − z2x = q−4(y2x− xz2).

Since [xyz, x] = q−1x(y2 − z2), it follows that

[C, x] =
(
q−2 − q2

)
[xyz, x] + q−3[y2, x] + q[z2, x]

=
(
q−3 − q

)
(xy2 − xz2) + q−3(y2x− xy2) + q(z2x− xz2)

= q(z2x− xy2)− q−3(xz2 − y2x)

= 0.

A similar argument shows that [C, y] = 0 = [C, z]. Therefore, C is in the center of A. �

Remark 3.11. (1) Let σ be the automorphism of A defined by σ(x) = y, σ(y) = z, σ(z) = x.

Then the element C + σ(C) + σ2(C), which equals

(
q−2 − q2

)
(x1x2x3 + x2x3x1 + x3x1x2) +

(
2q + q−3

) (
x21 + x22 + x23

)
,

also belongs to the center of A.
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(2) Seemingly, there are three different cubic central elements in A:

C, σ(C), σ2(C).

However, direct calculation in A shows that they are equal to each other. This is not a

coincidence: in §5.6 we will show that the center of A equals k[C], the polynomial ring in C;

thus σ(C) is a scalar multiple of C. It is not difficult to see from the defining relations of A

that

σ(C) =
(
q−2 − q2

)
yzx+ qy2 + q−3z2 + qx2

=
(
q−2 − q2

)
xyz + lower degree monomials.

Since A has a PBW basis of
{
xiyjzk | (i, j, k) ∈ N3

}
, it is necessary that C = σ(C) and hence

σ2(C) = σ(C) = C.
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Chapter 4

LINEAR MODULES

As the name suggests, linear modules are algebraic analogues of linear subspaces of affine

and projective spaces.

The notion of a linear module over a connected graded k-algebra was introduced by

Artin-Tate-Van den Bergh in [2]. We recall their definition in §4.1. In §4.2 we introduce

a new notion, that of a linear module over a filtered algebra. Linear modules over graded

algebras are closely related to certain linear subspaces of projective spaces. Linear modules

over filtered algebras are closely related to certain linear subspaces of affine spaces. These

ideas will become clearer once we get to some examples.

We will be interested in linear modules over the algebra A = A(q) introduced in §3.1.

Of particular interest are those of GK-dimension one. We call them line modules. We will

see that they correspond to certain lines in A3. Their importance for us is that every finite

dimensional simple A-module is a quotient of a line module. If S is a finite dimensional

simple A-module, there is an exact sequence 0 → M(`′) → M(`) → S → 0 in which M(`′)

and M(`) are the line modules corresponding to certain lines `′ and ` in A3
x,y,z. Thus, one way

to hunt for such simple modules S is to classify the line modules (this is a relatively simple

task) and then search for homomorphisms between line modules (this is a more difficult

task). We will eventually do this. Because linear A-modules correspond to certain lines in

A3 we are able to use geometric ideas as an organizing principle. For example, associated

to the degree-3 central element C ∈ A (degree is defined in terms of “the” filtration on A)

there is a 1-parameter family of cubic surfaces Xµ ⊆ A3
x,y,z, where µ ∈ k, such that every

line module is annihilated by C − µ for some µ ∈ k and the line in A3
x,y,z corresponding to

that line module lies on Xµ.
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Linear modules over the enveloping algebra U(g) of a finite dimensional Lie algebra

g, endowed with its standard filtration, are exactly the modules that are induced from 1-

dimensional representations of subalgebras of g.1 For example, if b is a Borel subalgebra of

a complex semisimple Lie algebra g, the Verma modules U(g) ⊗U(b) Cλ are linear modules.

Generalizations of Verma modules, often called Verma modules because of their similarity

to the classical case just mentioned, have proved useful for algebras other than enveloping

algebras. Most generalizations of Verma modules that we know of are linear modules.

Linear modules over graded algebras and filtered modules are closely related to one

another. This relationship is like that between linear subspaces of the projective space Pr

and the affine subspaces of the affine space Ar = Pr −H, the complement to a hyperplane

H ⊆ Pr. Given a filtered algebra A there is a graded algebra D having a degree-1 central

regular element t such that D[t−1]0 = A. The localization functor Ψ∗ : Gr(D) → Mod(A)

sends linear D-modules to linear A-modules. We examine this relationship in §4.3.

4.1 Linear modules over graded algebras

Let D be a connected graded k-algebra that is generated as a k-algebra by its degree-one

component, D1. Suppose that dimk(D1) <∞.

A graded left D-module L is said to be d-linear if L = DL0 and

dimk(Ln) =

(
n+ d

n

)

for all n ≥ 0. For example, L is 0-linear if L = DL0 and dimk(Ln) = 1 for all n ≥ 0 and

1-linear if L = DL0 and dimk(Ln) = n + 1 for all n ≥ 0. One calls 0-linear modules point

modules and 1-linear modules line modules.

The next result explains the terminology.

1Prove this, cf., Le Bruyn-Van den Bergh [5] or Proposition 4.2.
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The classical case. Let D = k[x0, . . . , xr] be the polynomial ring on r+ 1 variables. The

standard grading on D is that given by the subspaces

Dn := span{xi00 . . . xirr | i0 + · · ·+ ir = n}.

The ring D is an r-linear D-module.

We view elements of D1 as linear forms on the projective space

Pr = Proj(D) = P(D∗1)

whose points are the 1-dimensional subspaces of the vector space D∗1. If V is an m-

dimensional subspace of D1 its vanishing locus is a linear subspace of Pr of co-dimension m.

The quotient ring D/DV is then a polynomial ring on r+1−m variables and Proj(D/DV ) is

that linear subspace of Pr (which has dimension r−m). The degree-n component of D/DV

has dimension
(
n+r−m

n

)
so as a graded D-module D/DV is an (r −m)-linear module.

Lemma 4.1. Let D = k[x0, . . . , xr] be the polynomial ring on r+1 variables with its standard

grading. The isomorphism classes of linear D-modules of dimension d are in bijection with

the d-dimensional linear subspaces of Pr. The d-linear module corresponding to a linear

subspace ` ⊆ Pr of dimension d is D/D`⊥ where `⊥ denotes the subspace of D1 = kx0 + · · ·+

kxr vanishing on `.

Proof. Let L be a d-linear D-module. Thus L = DL0 and dimk(Ln) =
(
n+d
n

)
for all n ≥ 0.

In particular, dimk(D1L0) = d+ 1 so there is an (r − d)-dimensional subspace V ⊆ D1 such

that V L0 = 0. Hence L is isomorphic to a quotient of D/DV . But D/DV is a polynomial

ring on d+ 1 variables, say D/DV ∼= k[z0, . . . , zd] where kz0 + · · ·+ kzd is the the image of

D1. The image of Dn in D/DV therefore has dimension
(
n+d
n

)
. Since this is the same as the

dimension of Ln it follows that L ∼= D/DV . The elements in D∗1 that vanish on V form a

subspace, V ⊥, and the points in Pr = P(D∗1) that represent the 1-dimensional subspaces of

V ⊥ form a linear subspace, ` say. Since `⊥ = V , L ∼= D/D`⊥. It is now easy to see there is
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a bijection as claimed. �

Thus, isomorphism classes of point modules are in natural bijection with the points in Pr

and isomorphism classes of line modules are in natural bijection with the (projective) lines

in Pr, and so on. We often say, a little inaccurately, that point modules are in bijection with

points in Pr and line modules are in bijection with the lines in Pr. The bijection is simple and

explicit. For example, if p = (λ0, . . . , λr) is a point in Pr, the corresponding point module is

D

(λjxi − λixj | 0 ≤ i, j ≤ r)
.

If ` is the line {x−αt = y−βz = 0} in P3 = Proj(k[x, y, z, t]), the corresponding line module

is
k[x, y, z, t]

(x− αt, y − βz)
.

Suppose now that D is a quotient of the polynomial ring k[x0, . . . , xr] by an ideal gen-

erated by homogeneous elements and give D the inherited grading. It is not difficult to see

that the point modules for D correspond to the points in Proj(D) ⊆ Pr and that the line

modules for D are in bijection with the lines in Pr that lie on Proj(D), and so on in higher

dimensions. Thus, linear D-modules carry information about Proj(D). For example, if p and

` are, respectively, a point and a line on Proj(D), then p ∈ ` if and only if there is a surjective

homomorphism D/D`⊥ → D/Dp⊥ between the corresponding linear modules. There is, of

course, a corresponding map O` → Op between the corresponding OProj(D)-modules.

The non-commutative case Let D be a connected graded k-algebra satisfying the as-

sumptions at the beginning of §4.1. Suppose that dimk(D1) = r + 1, so P(D∗1) is Pr. Let L

be a d-linear D-module. Since dimk(L1) = d+ 1, L0 is annihilated by an (r− d)-dimensional

subspace, V say, of D1. Since L = DL0, L is isomorphic to a quotient of D/DV . In general,

L will not be isomorphic to D/DV , though it is in many important situations, including

the ones relevant to our investigation of A. Regardless of that, the vanishing locus of V is a

linear subspace of Pr. Thus, linear D-modules determine certain linear subspaces of Pr.
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In good cases, which include the ones relevant to our A, linear D-modules are in bijection

with certain linear subspaces of Pr. Only rarely will all subspaces of Pr occur in this bijection.

In some sense, D only “sees” certain linear subspaces of Pr. We will use the following

terminology: if ` is a line in Pr such that D/D`⊥ is a line module for D we call ` a D-line,

and so on in other dimensions.

4.2 Linear modules over filtered algebras

For the rest of this chapter, A denotes a k-algebra with a fixed filtration

k = A0 ⊆ A1 ⊆ · · · ⊆ An ⊆ · · · ⊆ A

such that dimk(A1) <∞, An = (A1)
n, and ∪∞n=0An = A.

We call an A-module M a a d-linear module, or a linear A-module of dimension d, if there

is an element m ∈M such that M = Am and

dimk(Anm) =

(
n+ d

n

)

for all n ≥ 0.

It is sometimes convenient to define Mn = Anm and observe that these subspaces give

M the structure of a filtered A-module because AiMj ⊆Mi+j for all i, j ≥ 0.2

Thus, an A-module M is a linear module of dimension 0 if and only if dimk(M) = 1. An

A-module M is a linear module of dimension 1 if and only if there is an element m ∈ M

such that M = Am and dimk(Anm) = n+ 1 for all n. We call a linear module of dimension

1 a line module and a linear module of dimension 2 a plane module.

2The definition of a linear A-module depends on the dimensions of the subspaces in the ascending chain
M0 ⊆M1 ⊆ · · · whereas the definition of a linear D-module depends on the dimensions of the components
in the decomposition L0⊕L1⊕ · · · . For example, the polynomial ring k[x, y] in two variables is a 1-linear
module when viewed as a graded algebra and a 2-linear module when viewed as a filtered algebra. The
numbers 1 and 2 correspond to the dimensions of the corresponding geometric objects, the projective line
P1, and the affine plane A2, respectively.
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Linear modules over the enveloping algebra U(g) of a finite dimensional Lie algebra g,

endowed with its standard filtration, have been classified in [5]. We include its proof here

for the reader’s convenience.

Proposition 4.2 (Le Bruyn-Van den Bergh). [5, Proposition 2.3] Let U = U(g) be the en-

veloping algebra of a finite dimensional Lie algebra. Let (Ui)i≥0 denote the standard filtration

on U(g), namely U1 = C + g and Ui = (U1)
i for i ≥ 1. The d-linear U(g)-modules are the

modules U(g)⊗U(h)Cλ induced from the 1-dimensional representations of the co-dimension-d

subalgebras h ⊆ g such that λ([h, h]) = 0.

Proof. First of all, if M is a d-linear U(g)-module, then there exists some m ∈M such that

M = U.m and

dimC(Ui.m) =

(
i+ d

i

)
for i ≥ 0. (4-1)

Denote n := dimC(g).

Since dimC(U1.m) = d + 1 and dimC(U1) = n + 1, m is annihilated by an (n − d)-

dimensional space, say h′, in U1. In particular, M is a quotient of U/Uh′.

Since U has a PBW-basis, it follows that U1h
′ ∩ U1 = [h′, h′] + h′. Furthermore, if V is

the image of U1h
′ in U2/U1 then

dimC(V ) =

(
n+ 1

2

)
−
(
d+ 1

2

)
.

Hence,

dimC(U1h
′) = dimC(V ) + dimC (U1h

′ ∩ U1)

=

(
n+ 1

2

)
−
(
d+ 1

2

)
+ dimC([h′, h′] + h′). (4-2)

In addition, since dimC(U2.m) =
(
d+2
2

)
and U1h

′.M = 0, we obtain

dimC(U1h
′) +

(
d+ 2

2

)
≤
(
n+ 2

2

)
. (4-3)
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It then follows from (4-2) and (4-3) that

dimC([h′, h′] + h′) ≤ −
(
n+ 1

2

)
+

(
d+ 1

2

)
−
(
d+ 2

2

)
+

(
n+ 2

2

)
= n− d

= dimC(h′).

Hence, [h′, h′] ⊂ h′ and h′ is a Lie subalgebra of U1.

Let h be the image of h′ in g under the canonical decomposition U1 = C⊕g. Since 1 6∈ h′,

there will be a linear map λ ∈ h∗ such that

h′ = {u− λ(u) | u ∈ h}.

Then λ(h′) = 0. It follows that there is an isomorphism U/Uh′ ∼= U ⊗U(h) Cλ and hence a

surjective map:

U ⊗U(h) Cλ −→ M.

By (4-1), this map must be a filtered isomorphism.

Lastly, if u, v ∈ h, then [u, v] = [u−λ(u), v−λ(v)] ∈ h′. Hence, λ([u, v]) = 0 and therefore

λ([h, h]) = 0. �

4.3 The Rees ring construction

Let A[t] be the polynomial ring over A in a central indeterminate t.

The rings A[t] = A ⊗k k[t] and A[t±1] = A ⊗k k[t, t−1] are made into graded rings by

placing A in degree zero and t in degree one. The space

D := A0 ⊕A1t⊕A2t
2 ⊕ · · ·
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is a graded subalgebra of A[t] with homogeneous components

Dn = Antn.

It is called the Rees ring of A with respect to the filtration An.

The basic properties of D are summarized in the following two well-known propositions.

Proposition 4.3. The ring D is a connected graded k-algebra generated as a k-algebra by

the finite dimensional subspace D1. Furthermore, the element t = 1t ∈ A1t = D1 is a central

regular element and D[t−1]0 = A.

Proposition 4.4. Let D be a connected graded k-algebra. Suppose further that D1 has finite

dimension, generates D as a k-algebra and contains a central regular element t. Let A =

D[t−1]0 and define An = Dnt
−n. Then A0 = k, dimk(A1) < ∞, An = (A1)

n, A = ∪∞n=0An,

and D is the Rees ring of A with respect to the filtration An.

We also note the following well-known and important fact; we leave its proof to the

reader.

Proposition 4.5. There is an algebra isomorphism A ∼= D/(t− 1) and D/(t) is isomorphic

to the associated graded ring

gr(A) =
∞⊕
n=0

An+1

An
.

The following result is also well-known. A proof can be found at [12, Section 3.5].

Proposition 4.6. Let D be a positively graded k-algebra and z a homogeneous central regular

element of positive degree. Then D is left noetherian if and only D/(z) is.

Proposition 4.7. The algebra A is left noetherian if and only if D is. Furthermore, A is a

domain if and only if D is.

Proof. Since D is a domain so is D[t−1]. Hence A is a domain.

Since D is left and right noetherian so is its quotient ring D/(t − 1). But this quotient

is isomorphic to A, so A is a left and right noetherian. �
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Corollary 4.8. Suppose A has the properties stated at the beginning of §4.2. If the associated

graded ring gr(A) is left noetherian so is A.

The algebra A(q) defined in Section 3.1 is a filtered algebra endowed with the filtration

A1 = span{1, x1, x2, x3} and An = (A1)
n. Later in Section 5.1 we will prove the Rees ring D

associated with this filtration is a noetherian domain. So is A(q) by Proposition 4.7.

There is another way to prove that A = A(q) is left noetherian but it depends on the fact

that the categories Gr(D[t−1]) and Mod(A) are equivalent (we discuss this equivalence in §4.4

below). Under this equivalence the left modules D[t−1] and A correspond to one another.

Since D[t−1] is a noetherian object in Gr(D[t−1]), A is a noetherian object in Mod(A); i.e., A

is left noetherian. Since A(q) is isomorphic to the opposite algebra of A(q−1) (Proposition

3.4), it is also right noetherian.

4.4 Strongly graded rings

A Z-graded ring R is strongly graded if RiR−i = R0 for all i ∈ Z. Clearly, a graded ring

having a unit of degree one is strongly graded. In particular, D[t−1] is strongly graded.

A fundamental theorem of E. Dade [7, Theorem 2.8] says that if R is strongly graded,

then there is an equivalence of categories

Gr(R) ≡ Mod(R0).

The equivalence sends a graded R module to its degree-0 component and its quasi-inverse

sends an R0-module N to R⊗R0 N which is made into a graded R-module by declaring that

its degree-i component is Ri ⊗R0 N and an element r ∈ Rn acts on an element a⊗ n by

r · (a⊗ n) = ra⊗ n.
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Since D[t−1]0 = A and D[t−1] is strongly graded, there is an equivalence of categories

Gr(D[t−1]) ≡ Mod(D[t−1]0) = Mod(A).

The equivalence sends a graded D[t−1] module to its degree-0 component and its quasi-

inverse sends a D[t−1]0-module N to N ⊗k k[t±1] which is made into a graded D[t−1]-module

by declaring that its degree-i component is N ⊗ ti and an element d ∈ Dn acts on an element

m⊗ ti by

d · (m⊗ ti) = (dt−n)m⊗ tn+i.

Composing this equivalence with the localization functor

Gr(D)→ Gr(D[t−1]), M  M [t−1],

gives a functor Ψ∗ : Gr(D)→ Mod(A).

4.5 The functor Ψ∗ : Gr(D)→ Mod(A)

Define functors

Ψ∗ : Gr(D)→ Mod(A) and Ψ∗ : Mod(A)→ Gr(D)

by

Ψ∗M = M [t−1]0 and Ψ∗N = N ⊗k k[t, t−1],

where the grading on Ψ∗N is given by (Ψ∗N)i = N ⊗ ti. The actions of Ψ∗ and Ψ∗ on

morphisms are the obvious ones.

It is clear that both Ψ∗ and Ψ∗ are exact functors.

It is clear that Ψ∗Ψ∗ ∼= idMod(A).

Proposition 4.9. The functor Ψ∗ is left adjoint to Ψ∗.
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Proof. Fix M ∈ Gr(D) and N ∈ Mod(A). We will now define maps

Φ : HomA(Ψ∗M,N) −→ HomGr(D)(M,Ψ∗N)

and

Φ′ : HomGr(D)(M,Ψ∗N) −→ HomA(Ψ∗M,N).

Let f : Ψ∗M → N be an A-module homomorphism. Let m ∈ Mi, whence mt−i ∈

M [t−1]0 = Ψ∗M and f(mt−i) ∈ N . We define

Φ(f)(m) = f(mt−i)⊗ ti.

Let g : M → Ψ∗N be a degree-preserving D-module homomorphism. Let m ∈ Mi,

whence mt−i ∈M [t−1]0 = Ψ∗M and g(m) ∈ (Ψ∗N)i = N ⊗ ti. We define

Φ′(g)(mt−i) = g(m)t−i.

The element g(m)t−i is in N ⊗ 1 ⊆ N ⊗k k[t±1]; we identify N ⊗ 1 with N and so view

g(m)t−i as an element in N .

To see that the map Φ′(g) is well-defined, suppose mt−i = m′t−j for some m′ ∈ Mj.

Since mtj −m′ti is in M and is zero in M [t−1]0, there is an equality (mtj −m′ti)tk = 0 in

M for some k ≥ 0. Hence tj+kg(m) = ti+kg(m′); this is an equality in N ⊗k k[t±1] on which

t acts bijectively. Hence g(m)t−i = g(m′)t−j; i.e., Φ(g′)(mt−i) = Φ(g′)(m′t−j). Thus Φ′(g) is

well-defined.
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Keep the notation from the previous paragraph. We have

(Φ′Φ)(f)(mt−i) = Φ(f)(m)t−i

=
(
f(mt−i)⊗ ti

)
t−i

= f(mt−i)⊗ 1

= f(mt−i) (using the identification N ⊗ 1 = N)

whence (Φ′Φ)(f) = f . On the other hand, if m ∈Mi, then

(ΦΦ′)(g)(m) = Φ′(g)(mt−i)⊗ ti

= g(m)t−i ⊗ ti;

since g(m) ∈ N ⊗ ti, it is equal to n⊗ ti for some n ∈ N ; hence g(m)t−i = n⊗ 1; under the

identification of N ⊗ 1 with N , g(m)t−i is identified with n; hence g(m)t−i ⊗ ti is equal to

n⊗ ti which is g(m); i.e., g(m)t−i ⊗ ti = g(m) whence (ΦΦ′)(g) = g.

Since Φ′Φ and ΦΦ′ are identity maps, Ψ∗ is left adjoint to Ψ∗. �

Because Ψ∗ is left adjoint to Ψ∗, there are natural transformations

η : idGr(D) −→ Ψ∗Ψ
∗

and

ε : Ψ∗Ψ∗ −→ idMod(A).

We have already remarked that the co-unit ε is an isomorphism of functors. On a graded

D-module M , ηM : M →M [t−1]0 ⊗k k[t±1] is the map

η(m) = mt−i ⊗ ti

for m ∈Mi.



40

The effect of Ψ∗ on finite dimensional modules. We want to make use of the fact that

A and D are noetherian rings. However, the functor Ψ∗ does not send noetherian A-modules

to noetherian D-modules: if N is a non-zero A-module, then Ψ∗N is not a finitely generated

D-module. Nevertheless, there is a strong connection between finite dimensional A-modules

and noetherian D-modules thanks to the next result.

Lemma 4.10. If N is a finite dimensional A-module, then (Ψ∗N)≥n is a finitely generated

D-module for all n ∈ Z.

Proof. It is clear that t(N ⊗ ti) = N ⊗ ti+1. Since t ∈ D1, D1 · (N ⊗ ti) = N ⊗ ti+1 for all

i. Hence (Ψ∗N)≥n is generated by N ⊗ tn. The result therefore follows from the assumption

that N is finite dimensional. �

D-modules that are t-torsion-free. Let Grt(D) denote the full subcategory of Gr(D)

consisting of the graded D-modules having no t-torsion. The functor Ψ∗ : Mod(A)→ Gr(D)

takes values in Grt(D) because t acts bijectively on N ⊗k [t±1].

Because t acts injectively on Ψ∗N , if N is any A-module then the only finite dimensional

graded D-submodule of Ψ∗N is the zero submodule.

If M ∈ Grt(D), then the map ηM : M → Ψ∗Ψ
∗M , Mi 3 m 7→ mt−i ⊗ ti is injective.

4.6 Linear modules over A and D

We continue to assume that A is a k-algebra with a fixed filtration k = A0 ⊆ A1 ⊆ · · · such

that dimk(A1) < ∞, An = (A1)
n, and ∪∞n=0An = A. We also continue to assume that D is

the Rees ring associated to A with respect to the filtration An.

Proposition 4.11. If L is a t-torsion-free d-linear D-module, then M = Ψ∗L = L[t−1]0 is

a d-linear A-module with associated filtration Mn = Lnt
−n.

Proof. Let L be a d-linear D-module and let M = Ψ∗L. In particular, M0 = L0. Since

Ln = DnL0, Mn = Dnt
−nL0 = AnL0. Since L has no t-torsion, the multiplication map
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Ln 7→ Lnt
−n, v 7→ vt−n is injective. It is also surjective so dimk(AnM0) = dimk(Ln). Hence

M is d-linear. �

If M is a left A-module we write M [t] for M⊗kk[t] and view this as a graded A[t]-module

by declaring its degree n-component to be M ⊗ tn. Since D is a graded subalgebra of A[t],

M [t] is also a graded D-module. Whenever we talk about M [t] as a D-module we always

view it as a graded D-module with this grading. It is easy to see that

∞⊕
n=0

Mnt
n

is a graded D-submodule of M [t].

Proposition 4.12. Let M be a d-linear A-module with respect to the filtration (Mn)n≥0.

Then

L :=
∞⊕
n=0

Mnt
n

is a t-torsion-free d-linear D-module and Ψ∗L = M .

Proof. Because Mn = AnM0, Ln = Mnt
n = AntnM0 = DnL0. Since Ln = Mnt

n,

dimk(Ln) = dimk(Mn). Since M is d-linear so is L.

Since k[t] is t-torsion-free so areM [t] and its submodule L. Lastly, L[t−1]0 =
∑∞

n=0 Lnt
−n =∑∞

n=0Mn = M ; i.e., Ψ∗L = M . �

Remark 4.13. If M is a linear module for A, then Ψ∗M is not a linear module for D because,

for example, every homogeneous component of Ψ∗M has infinite dimension. Nevertheless,

if L is a linear D-module such that M ∼= Ψ∗L, then Ψ∗M ∼= Ψ∗Ψ
∗L so there is a graded

D-module homomorphism

ηL : L −→ Ψ∗Ψ
∗L ∼= Ψ∗M.
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4.7 Results on 4-dimensional regular algebras

In this section we assume that D is a 4-dimensional Artin-Schelter regular algebra that is

generated by its degree one component and has the same Hilbert series as the polynomial

ring on 4 variables with its standard grading.

A nonzero finitely generated Z-graded D-module M is called Cohen-Macaulay if pd(M) =

j(M), i.e., ExtiD(M,D) = 0 if i 6= j(M), where pd(M) is the projective dimension of M and

j(M) := inf{i | ExtiD(M,D) 6= 0}.

The following results appear in Levasseur and Smith’s paper [13] on the 4-dimensional

Sklyanin algebras.

Proposition 4.14. [13, Proposition 2.12] If M is a Cohen-Macaulay module for D having

GK-dimension 2 and multiplicity 1, then M is a shift of a line module.

Proposition 4.15. [13, Lemma 1.12] Let 0→ M ′ → M → N → 0 be an exact sequence in

Gr(D). Suppose that j(N) = 1 + j(M).

1. If M and N are Cohen-Macaulay modules, so is M ′ and j(M ′) = j(M).

2. If M and M ′ are Cohen-Macaulay modules, so is N .

4.8 The passage from the line modules for D to those for A

Let D be as in §4.7 having a degree-one central regular element t and let A = D[t−1]0. Define

An = Dnt
−n. Because D is generated by D1 as a k-algebra, there is an ascending chain of

finite dimensional subspaces A0 ⊆ A1 ⊆ A2 ⊆ · · · , whose union is A and AiAj ⊆ Ai+j for

all i, j ≥ 0.

Theorem 4.16. An A-module M is a line module if and only if there is a line module L for

D such that L[t−1] 6= 0 and L[t−1]0 ∼= M .
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Proof. This follows from Proposition 4.11 and Proposition 4.12. �

Proposition 4.17. Every non-zero submodule of a line module for A is a line module for

A.

Proof. Let M be a line module for A and N a proper submodule of M . Let V = M/N .

There is an exact sequence

0 −→ Ψ∗N −→ Ψ∗M −→ Ψ∗V −→ 0

in Gr(D). Let L be a line module for D such that M ∼= Ψ∗L. Consider the diagram

L

η

��
0 // Ψ∗N // Ψ∗M // Ψ∗V // 0

Let F denote the image and K the kernel of the composition L → Ψ∗M → Ψ∗V . There is

an exact sequence

0 −→ K −→ L −→ F −→ 0.

Since F is a submodule of Ψ∗V which has constant Hilbert series, GKdim(F ) ≤ 1. Since Ψ∗V

is t-torsion-free so is F . Hence F has no finite dimensional submodule. Hence GKdim(F ) = 1

and, by [13, Proposition 2.1], F is a Cohen-Macaulay D-module of projective dimension 3.

By Proposition 4.15, K is a Cohen-Macaulay D-module having GK-dimension 2. Because

the multiplicity of L is 1, K also has multiplicity 1. By Proposition 4.14, K is a shift of a

line module.

The vertical arrows in the commutative diagram

0 // K

��

// L

η

��

// F

��

// 0

0 // Ψ∗N // Ψ∗M // Ψ∗V // 0
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are injective so the vertical arrows in the commutative diagram

0 // Ψ∗K

��

// Ψ∗L

η∗

��

// Ψ∗F

��

// 0

0 // Ψ∗Ψ∗N // Ψ∗Ψ∗M // Ψ∗Ψ∗V // 0

0 // N //M // V // 0

are also injective. But the middle vertical map is an isomorphism so the left vertical map

must be isomorphism by the Snake Lemma. Therefore, N = Ψ∗K is a line module for A. �

4.9 Comparison with algebraic geometry

The functors Ψ∗ and Ψ∗ are “geometric”.

Let k[x0, . . . , xr] be the polynomial ring endowed with its standard grading and let D be

a quotient of it by a homogeneous ideal. Let t denote the image of x0 in D and assume that

t is a regular element in D. Let

A = D[t−1]0.

Consider the projective scheme

X = Proj(D) ⊆ Pr

and the affine scheme

X◦ = Spec(A) = X − {t = 0} ⊆ Ar = Pr − {x0 = 0}.

Thus X◦ is the open complement in X to the intersection of X with the hyperplane {t = 0}.

If ` is a line in Pr lying on X, then `◦ := `− {t = 0} is an affine line in Ar lying on X◦.

The closure in Pr of `◦ is `. On the other hand, if `′ is an affine line in X◦, then the closure

in Pr of `′ is a projective line whose intersection with X◦ is `′. Thus, intersection and closure
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sets up a bijection between projective lines in X that do not lie on {t = 0} and affine lines

lying on X◦. This bijection is not particular to lines: for every integer d, intersection and

closure provide a bijection

{
projective d-linear subspaces of X

that do not lie on {t = 0}

}
oo //

{
affine d-linear subspaces of X◦

}
.

The inclusion j : X◦ → X is a morphism of schemes. Associated to j is the inverse image

functor j∗ and the direct image functor j∗,

Qcoh(X◦)

j∗

22 Qcoh(X).

j∗
rr

The functor j∗ is left adjoint to j∗. We write j∗ a j∗ to denote this fact.

The functors Ψ∗ and Ψ∗, Ψ∗ a Ψ∗, which exist even when A and D are not commutative,

are algebraic analogues of j∗ and j∗. This becomes clearer when we write the categories of

quasi-coherent sheaves in terms of module categories. When A and D are as above, i.e.,

commutative, the above diagram becomes

Qcoh(X◦) Mod(A)

j∗

33 QGr(D)

j∗

ss
Qcoh(X).

By definition, QGr(D) is a quotient category of Gr(D) and the quotient functor π∗ : Gr(D)→

QGr(A) has a right adjoint π∗. Thus, there are diagrams

Mod(A)

j∗

33 QGr(D)

j∗

ss

π∗

33 Gr(D)

π∗
ss

(4-4)

and

Mod(A)

π∗j∗

33 Gr(D).

j∗π∗
ss

(4-5)
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Of course, j∗π∗ a π∗j∗. In fact,

Ψ∗ = j∗π∗

and

Ψ∗ = π∗j∗.

Thus, even when D and A are not assumed to be commutative, but satisfy the hy-

potheses earlier in this chapter, and are related by the fact that D is the Rees ring for the

filtration (An)≥n, the functors Ψ∗ and Ψ∗ provide an adjoint pair fitting into diagrams that

are analogues of (4-5) and (4-4).
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Chapter 5

THE GRADED ALGEBRAS D(q)

Let q ∈ k− {0}. We now introduce, then study, a graded algebra D(q) having a central

regular element t ∈ D(q)1 such that A(q) ∼= D(q)[t−1]0. The algebra D(q) is the Rees ring

associated to the standard filtration on A(q), i.e., the filtration whose nth term is the linear

span of the words in x1, x2, x3 of length ≤ n.

We classify the point modules and line modules for D(q) using the methodology and

results in [6]. By Theorem 4.16, there is a natural bijection between line modules for A(q)

and those for D(q) that are t-torsion-free, based on which we then classify all line modules

for A(q).

The center of D(q) is a polynomial ring in two central elements. Based on the center of

D(q), we calculate the center of A(q).

From §5.5 onwards, we assume q is not a root of unity.

5.1 The definition of D(q)

Let D(q) denote the free algebra k〈x1, x2, x3, t〉 modulo the six relations

[t, x1] = [t, x2] = [t, x3] = 0,

qxixj − q−1xjxi =
(
q − q−1

)
xkt,

where (i, j, k) runs over the cyclic permutations of (1, 2, 3).

Since q is fixed we will usually write D for D(q).
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Proposition 5.1. Let δ = (q − q−1)−1. There is an algebra isomorphism

Φ : A(q) −→ D(q)[t−1]0, Φ(xi) = δxit
−1 for i = 1, 2, 3.

Proof. The algebra D[t−1]0 is generated by xit
−1, i = 1, 2, 3. It follows from the relations

for D that D[t−1]0 is generated by these three elements modulo the three relations

(
qxixj − q−1xjxi

)
t−2 =

(
q − q−1

)
xktt

−2

as (i, j, k) runs over the cyclic permutations of (1, 2, 3). This relation can be rewritten as

qδxit
−1δxjt

−1 − q−1δxjt
−1δxit

−1 = δxkt
−1,

i.e., as qΦ(xi)Φ(xj)−q−1Φ(xj)Φ(xi) = Φ(xk). It follows at once that Φ extends to an algebra

isomorphism. �

We also note that D/(t− 1) ∼= A although we will not use this fact in this chapter.

Proposition 5.2. The algebra D(q) is the Rees ring for A(q) endowed with the filtration

A1 = span{1, x1, x2, x3} and An = (A1)
n.

5.2 Quadratic algebras and central extensions

If V is a finite dimensional vector space and R a subspace of V ⊗2 we call T (V )/(R), the

quotient of the tensor algebra by the ideal generated by R, a quadratic algebra. Its quadratic

dual is the algebra T (V ∗)/(R⊥) where R⊥ is the subspace of (V ∗)⊗2 consisting of the linear

forms that vanish on R.

Let B = T (V )/(R) be a quadratic algebra and let k denote its trivial module B/B≥1.

There is a canonical k-algebra homomorphism

B! −→ Ext∗B(k, k),
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where B! denotes the quadratic dual of B and the right-hand side is the Yoneda Ext algebra

(Note that B!! = B). If this homomorphism is an isomorphism we call B a Koszul algebra.

See S. Priddy’s paper [14]. In this case, B! is also a Koszul algebra and the Hilbert series of

B and B! are related by the formula

HB(t)HB!(−t) = 1.

Theorem 5.3. [6, Theorem 2.6, Corollary 2.7] Let D be a finitely generated quadratic algebra

with the following properties:

1. there is a 1-regular element t ∈ D1 and φ ∈ Aut(D) such that td = φ(d)t for all d ∈ D;

2. D/(t) is a 3-dimensional Artin-Schelter regular with Hilbert series HD/(t)(t) = (1−t)−3;

3. HD!(t) = (1 + t)H(D/(t))!(t).

Then D is a noetherian domain with Hilbert series HD(t) = (1−t)−4 and D is an Auslander-

regular, Koszul algebra with the Cohen-Macaulay property.

A graded k-algebra D having a central regular element t of degree 1 will be called a

central extension of D/(t) if D/(t) is a 3-dimensional Artin-Schelter regular algebra. The

terminology comes from the paper [6] by Le Bruyn-Smith-Van den Bergh.

Proposition 5.4. The algebra D in §5.1 is a central extension of the 3-dimensional regular

algebra

S =
k〈x1, x2, x3〉

(qxixj − q−1xjxi | (i, j) = (1, 2), (2, 3), (3, 1))

and is therefore a noetherian domain with Hilbert series HD(t) = (1−t)−4 and an Auslander-

regular, Koszul algebra with the Cohen-Macaulay property.

Proof. We check that D satisfies the three properties in Theorem 5.3.

Certainly, the element t has property (1).



50

Clearly S = D/(t). It is well-known that S is a 3-dimensional Artin-Schelter regular

algebra with Hilbert series (1− t)−3 and is therefore a Koszul algebra. In addition,

HS!(t) = HS(−t)−1 = (1 + t)3.

Write x4 := t. Then D is also a quadratic algebra D = T (V )/(R) where V = ⊕4
i=1kxi

and dimk(R) = 6. It follows that dimk(R
⊥) = 42− 6 = 10 and a basis for R⊥ is given by the

following 10 elements

x̂s ⊗ x̂s, q−1x̂i ⊗ x̂j + qx̂j ⊗ x̂i,
(
q − q−1

)
x̂i ⊗ x̂j + qx̂k ⊗ x̂4

where x̂s ∈ V ∗ is the dual basis of xs for s = 1, . . . , 4 and (i, j, k) runs over all cyclic

permutations of (1, 2, 3). A direct calculation shows HD!(t) = 1+4t+6t2 +4t3 + t4 = (1+ t)4

and therefore HD!(t) = (1 + t)HS!(t). �

5.3 Point modules and line modules for D

We will use the methodology and results in [6] to classify the point modules and line modules

for D.

5.3.1 Point modules

By [6, Theorem 4.2.2], the point modules for D are parametrized by the closed points of a

scheme PD called the point scheme. We refer the reader to [6] and [3] for further explanations.

The point module corresponding to a point p ∈PD is

Mp :=
D

Dp⊥
,

where p⊥ is the subspace of D1 consisting of the linear forms that vanish at p. If Mp is a

point module so is (Mp)≥1 (1). Keeping the notation in [6, Theorem 4.1.1] we write σ for the
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automorphism of PD such that

Mσ−1(p) = (Mp)≥1(1). (5-1)

Following the notation in [6, Section 3.1], we write

f =


f1

f2

f3

 =


qx2x3 − q−1x3x2
qx3x1 − q−1x1x3
qx1x2 − q−1x2x1

 , l =


l1

l2

l3

 = −


(q − q−1)x1
(q − q−1)x2
(q − q−1)x3


and 

g1

g2

g3

 = f + tl =


qx2x3 − q−1x3x2 − (q − q−1)x1t

qx3x1 − q−1x1x3 − (q − q−1)x2t

qx1x2 − q−1x2x1 − (q − q−1)x3t

 . (5-2)

Then the defining equations for the central extension D can be written as

txi − xit = 0,

gj = fj + tlj = 0,

for i, j = 1, 2, 3, and the defining equations for D/(t) are f1 = f2 = f3 = 0. In addition,

f = Mx, where

M =


0 −q−1x3 qx2

qx3 0 −q−1x1
−q−1x2 qx1 0

 and x =


x1

x2

x3

 .

Note that f1, f2, f3 are chosen in such way that there exists a 3 × 3 matrix Q satisfying
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xTM = (Qf)T . Indeed, since xTM = fT , Q is the identify matrix, that is,

Q =


1 0 0

0 1 0

0 0 1

 . (5-3)

Proposition 5.5. The equations for PD are given by

1. g1 = g2 = g3 = 0 on PD ∩ {t 6= 0}, that is,

x2x3 − x1t = x3x1 − x2t = x1x2 − x3t = 0.

2. tg1 = tg2 = tg3 = hi = 0 on PD ∩ {xi 6= 0}, where

h1 =
(
q3 − q−3

)
x21x2x3 −

(
q − q−1

) (
x31 + q2x1x

2
2 + q−2x1x

2
3

)
t,

h2 =
(
q3 − q−3

)
x1x

2
2x3 −

(
q − q−1

) (
x32 + q2x2x

2
3 + q−2x2x

2
1

)
t,

h3 =
(
q3 − q−3

)
x1x2x

2
3 −

(
q − q−1

) (
x33 + q2x3x

2
1 + q−2x3x

2
2

)
t.

Proof. This is a direct application of [6, Lemma 4.2.1, Theorem 4.2.2]. It is worthy pointing

out that the definitions for h1, h2, h3 are given by [6, Lemma 4.2.1]. In our case, these

definitions are reduced to

h1 = x1 detM + t det[l,M2,M3],

h2 = x2 detM + t det[M1, l,M3],

h3 = x3 detM + t det[M1,M2, l],

where Mi is the ith column vector of the matrix M . �

Remark 5.6. It is by no means obvious, but the eventual result that A has exactly five

non-isomorphic simple modules of dimension n for each n ≥ 1 is intimately related to the
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observation in Part 1 of the next result that there are five points p ∈PD such that σ(p) = p.

Proposition 5.7. The point scheme PD ⊂ P3
x1,x2,x3,t

consists of

• the five points (0, 0, 0, 1), (1,±1,±1, 1), (−1,±1,∓1, 1), and

• the points on the lines {xi = t = 0}, where i = 1, 2, 3.

In addition,

1. if p ∈ {(0, 0, 0, 1), (1,±1,±1, 1) , (−1,±1,∓1, 1)}, then σ(p) = p,

2. if p = (0, ξ2, ξ3, 0), then σ(p) = (0, qξ2, q
−1ξ3, 0),

3. if p = (ξ1, 0, ξ3, 0), then σ(p) = (q−1ξ1, 0, qξ3, 0),

4. if p = (ξ1, ξ2, 0, 0), then σ(p) = (qξ1, q
−1ξ2, 0, 0).

Proof. By Proposition 5.5(1), the equations for PD ∩ {t 6= 0} are gi = 0 for i = 1, 2, 3. If

p = (ξ1, ξ2, ξ3, 1) ∈ P3 is a point in PD ∩ {t 6= 0}, then

ξ1ξ2 − ξ3 = ξ2ξ3 − ξ1 = ξ3ξ1 − ξ2 = 0, (5-4)

If ξi = 0 for some i then by (5-4) ξ1 = ξ2 = ξ3 = 0, so that p = (0, 0, 0, 1).

Assume ξ1ξ2ξ3 6= 0. Since ξiξj = ξk and ξjξk = ξi, it follows that (ξ2j − 1)ξk = 0; hence

ξ2j = 1 for j = 1, 2, 3. If ξ1 = 1, then by (5-4) ξ2 − ξ3 = 0. Hence, p = (1,±1,±1, 1).

Similarly, if ξ1 = −1 then p = (−1,±1,∓1, 1). Therefore,

PD ∩ {t 6= 0} = {(0, 0, 0, 1), (1,±1,±1, 1) , (−1,±1,∓1, 1)} .

Next, we determine PD ∩ {t = 0}. First note that

PD ∩ {t = 0} =
3⋃
i=1

PD ∩ {t = 0} ∩ {xi 6= 0}.
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By Proposition 5.5 (2), PD ∩ {t = 0} ∩ {xi 6= 0} = {xjxk = t = 0}. It follows that

PD ∩ {t = 0} =
3⋃
i=1

{xi = t = 0}.

Let p ∈ PD. Suppose p = (ξ1, ξ2, ξ3, ξ4) and σ(p) = (ξ′1, ξ
′
2, ξ
′
3, ξ
′
4). If Mσ(p) is the

point module corresponding to σ(p) with a homogeneous basis {e0, e1, . . . , en, . . . , } where

deg(en) = n, then it follows from (5-1) that

xie0 = ξ′ie1, te0 = ξ′4e1 and xie1 = ξie2, te1 = ξ4e2

for i = 1, 2, 3. It follows that

0 =
(
qxixj − q−1xjxi − δ−1xkt

)
e0 =

(
qξiξ

′
j − q−1ξjξ′i − δ−1ξkξ′4

)
e2,

0 = (xit− txi)e0 = (ξiξ
′
4 − ξ4ξ′i) e2,

and hence

qξiξ
′
j − q−1ξjξ′i − (q − q−1)ξkξ′4 = 0 = ξiξ

′
4 − ξ4ξ′i,

where (i, j, k) runs over all cyclic permutations of (1, 2, 3). These six equations can be written

as 

−q−1ξ2 qξ1 0 −(q − q−1)ξ3
0 −q−1ξ3 qξ2 −(q − q−1)ξ1
qξ3 0 −q−1ξ1 −(q − q−1)ξ2
−ξ4 0 0 ξ1

0 −ξ4 0 ξ2

0 0 ξ4 ξ3




ξ′1

ξ′2

ξ′3

ξ′4

 = 0.

Now, for each point p in Parts (1) - (4), one can verify that σ(p) satisfies the linear system

above. �
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5.3.2 An important function: λλλ(α)

The function λ : k− {0} → k defined by

λ(α) =
α + α−1

q2 − q−2

will play a key role in all that follows. We note that

λ(−α) = −λ(α) and λ
(
α−1
)

= λ(α).

5.3.3 Line modules

We will use the results in [6, Section 5] to classify the line modules for D.

By [13, Theorem 4.5], if M is a line module for D, then there is a unique line ` ⊆ P(D∗1) =

P3 such that

M ∼=
D

D`⊥
,

where `⊥ is the set of points in D1 that vanish on `. Let

LD = {` ⊆ P3 |D/D`⊥ is a line module} and

Lp = {` ∈ LD | p ∈ ` and p ∈PS},

where

S =
D

(t)
=

k〈x1, x2, x3〉
(qxixj − q−1xjxi | (i, j) = (1, 2), (2, 3), (3, 1))

.

It is well known that the point scheme PS is the “triangle” x1x2x3 = 0 on P2 = {t = 0} ⊆ P3.

As a subvariety of P3
x1,x2,x3,t

PS = {(α1, 1, 0, 0), (0, α2, 1, 0), (1, 0, α3, 0) | αi ∈ k} ⊂ PD.
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According to the discussion in [6, page 204],

LD = {lines on t = 0} ∪
⋃
p∈PS

Lp. (5-5)

Furthermore, if p ∈PS there is a quadric Qp containing p such that

Lp = {the lines ` ⊆ V (t) | p ∈ `} ∪ {the lines ` ⊆ Qp | p ∈ `} .

By [6, Proposition 5.1.7], if σ(p) = (ξ1, ξ2, ξ3, 0) then Qp is given by the equation ξTQg = 0,

where ξ = [ξ1, ξ2, ξ3]
T and g, Q are given by (5-2), (5-3), respectively. Since Q is the identity

matrix, Qp is given by the equation ξTg = 0, that is,

[
ξ1, ξ2, ξ3

]
x2x3 − x1t

x3x1 − x2t

x1x2 − x3t

 = 0. (5-6)

Proposition 5.8. There are exactly 6 points p ∈PS for which the quadric Qp is singular,

namely

1. p = (1,±q2, 0, 0) in which case Qp = {x1 ± x2 = 0} ∪ {x3 ∓ t = 0};

2. p = (0, 1,±q2, 0) in which case Qp = {x2 ± x3 = 0} ∪ {x1 ± t = 0};

3. p = (±q2, 0, 1, 0) in which case Qp = {x3 ± x1 = 0} ∪ {x2 ± t = 0}.

Proof. Let p ∈PS. We can, and do, choose a cyclic permutation (i, j, k) of (1, 2, 3) and a

scalar α such that p = (1, α, 0, 0) with respect to the ordered coordinates (xi, xj, xk, t). By

Proposition 5.7, σ(p) = (q, q−1α, 0, 0). By (5-6), the equation for Qp is

q(xjxk − xit) + q−1α(xkxi − xjt) = 0.
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The partial derivatives for xi, xj, xk and t are q−1αxk − qt, qxk − q−1αt, q−1αxi + qxj, and

−qxi − q−1αxj, respectively. If a 6= ±q2 then there is no point in P3 where all four of these

partial derivatives vanish. Hence Qp is smooth if α 6= ±q2. On the other hand, if α = ±q2,

then the equation defining Qp factors as (xi ± xj)(xk ∓ t). �

The kind of a point. The following terminology is adopted in [6]. If p ∈PS, then there

exist u, v, a, b ∈ S1 such that p = V (u, v, t) and a⊗ v − b⊗ u ∈ RS. Following [6, Definition

5.1.9], the point p is said to be

• of the first kind if a = v and u, v, b are linearly independent;

• of the second kind if a = u and u, v, b are linearly independent;

• of the third kind if p = V (a, b, t).

The next result determines Lp for each p ∈PS and therefore determines all line modules

for D, according to (5-5).

Recall that δ = (q − q−1)−1.

Proposition 5.9. Let p be a point in PS. Then

1. p is of the second kind;

2. if p = (0, α, 1, 0) ∈ P3
xi,xj ,xk,t

, where (i, j, k) is a cyclic permutation of (1, 2, 3) and

α ∈ k, then

Lp =


V (δxi − λ(qα)t, xj − αxk) ∪ V (xi, t) α2 /∈ {q−4, 0} ,

V (xi, t) ∪ V (xj, t) α = 0,

V (xi, t) ∪ V (δxi − λ(qα)t, xj − αxk − βt) α2 = q−4;

3. LD consists of



58

• the lines on the plane V (t), and

• the lines V (δx− λ(qα)t, y − αz − βt), where (x, y, z) runs over all cyclic permu-

tations of (x1, x2, x3) and (α, β) ∈ k2 is such that α 6= 0 and (α2 − q−4)β = 0.

Proof. (1) Let p ∈ PS. There is a cyclic permutation (i, j, k) of (1, 2, 3) such that p is

the point {xi = xj − αxk = t = 0} for some α ∈ k. Write u = xi, v = xj − αxk, and

w = q−2αxj − q2xk. Then the element

u⊗ v − w ⊗ u = q−1(qxi ⊗ xj − q−1xj ⊗ xi) + qα(qxk ⊗ xi − q−1xi ⊗ xk)

is a relation in S = D/(t), so p is of the second kind.

(2) By Proposition 5.7, σ(p) = (0, qα, q−1, 0) ∈ P3
xi,xj ,xk,t

. Now by (5-6), the quadric Qp

is given by the equation qα(xkxi − xjt) + q−1(xixj − xkt) = 0, or equivalently,

xi(q
−1xj + qαxk)− t(qαxj + q−1xk) = 0. (5-7)

Clearly the line V (xi, t) is in Lp.

Let ` be a line on Qp that contains p and suppose ` 6= V (xi, t). Then ` is the line

λxi − µt = 0 = µ(q−1xj + qαxk)− λ(qαxj + q−1xk)

for some (λ, µ) ∈ P1. Since p ∈ `, µ (q−1α + qα) − λ (qα2 + q−1) = 0; hence (λ, µ) =

(q−1α + qα, qα2 + q−1). Therefore, ` is contained in the intersection of the planes

(q + q−1)αxi −
(
qα2 + q−1

)
t = 0 and(

α2 − q−4
)

(xj − αxk) = 0.

The three cases in Part 2 of the proposition are discussed below.
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(i) Suppose α2 6∈ {q−4, 0}. The two planes are different so ` is the line

δxi − λ(qα)t = xj − αxk = 0.

Hence, Lp consists of the lines ` and V (xi, t).

(ii) If α = 0, then ` = V (xj, t) so Lp consists of the lines V (xi, t) and V (xj, t).

(iii) If α2 = q−4, then ` lies on the plane δxi − λ(qα)t = 0 so Lp is the pencil of lines on

this plane that passes through p.

Write λ = λ(qα) for short. Suppose that

` = {axi + bxj + cxk + dt = δxi − λt = 0} ,

where a, b, c, d ∈ k. If b = c = 0, then ` = {axi + dt = δxi − λt = 0} = {xi = t = 0},

contradicting our assumption that ` 6= V (xi, t). So (b, c) 6= (0, 0).

Furthermore, since p ∈ `, p = (0, α, 1, 0) lies on the plane axi+bxj +cxk+dt = 0, whence

αb+ c = 0. Since (b, c) 6= (0, 0), it is necessary that b 6= 0.

It follows that

` =
{
bxj − αbxk +

(
δ−1aλ+ d

)
t = δxi − λt = 0

}
= {δxi − λt = xj − αxk − βt = 0} ,

where β = − (δ−1aλ+ d) b−1.

Therefore, Lp = V (δxi − λ(qα)t, xj − αxk − βt) ∪ V (xi, t).

(3) This follows from (5-5) and Part (2) immediately. �

5.4 Line modules for A(q)

Based on the passage from Gr(D) to Mod(A) established in Chapter 4, we are now able to

classify all line modules for A.
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To distinguish the generators for A and those for D, for the rest of this chapter we assume

A to be the free algebra k〈X1, X2, X3〉 modulo the relations qXiXj − q−1XjXi = Xk where

(i, j, k) runs over all cyclic permutations of (1, 2, 3).

For a line ` in A3
X1,X2X3

, we write `⊥ for the set of elements in span{1, X1, X2, X3} that

vanish on `.

Proposition 5.10. Every line module for A is isomorphic to A/A`⊥, where

` = {X − λ(qα) = Y − αZ − β = 0}

for some cyclic permutation (X, Y, Z) of (X1, X2, X3) and some (α, β) ∈ k2 such that α 6= 0

and (α2 − q−4) β = 0.

Proof. By Proposition 5.1, A ∼= D[t−1]0 given by Xi 7→ δxit
−1 for i = 1, 2, 3, where

δ = (q − q−1)−1.

By Theorem 4.16, an A-module M is a line module if and only if there exists a line

module L for D such that L is t-torsion free and L[t−1]0 ∼= M .

By Proposition 5.9(3), there exist a cyclic permutation (x, y, z) of (x1, x2, x3) and (α, β) ∈

k2 with α 6= 0 and (α2 − q−4) β = 0 such that

L ∼=
D

D (δx− λ(qα)t) +D (y − αz − βt)
.

It follows that

L[t−1]0 ∼=
D[t−1]0

D[t−1]0 (δt−1x− λ(qα)) +D[t−1]0 (δt−1y − αδt−1z − δβ)

∼=
A

A(X − λ(qα)) + A(Y − αZ − β′)
,

where β′ = δβ. This completes the proof. �
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5.5 The center of D(q)

We determine the center of D(q) in this section.

Proposition 5.11. Let (x, y, z) be a cyclic permutation of (x1, x2, x3).

1. The element

Ω := −
(
q + q−1

)
xyz + qx2t+ q−3y2t+ qz2t.

is central in D(q).

2. The center of D(q) is k[Ω, t].

Proof. (1) Write γ := (q − q−1). In the free algebra k〈x, y, z, t〉, let

a = qxy − q−1yx− γzt, b = qyz − q−1zy − γxt, c = qzx− q−1xz − γyt.

Calculations in k〈x, y, z, t〉 give

q[xyz, x]− γx(y2 − z2)t = xyc− xaz,

q[xyz, y]− γ(z2y − yx2)t = azy − yxb,

q[xyz, z]− γ(x2 − y2)zt = xbz − cyz,

q4
(
xy2 − z2x

)
−
(
y2x− xz2

)
t = q3ay + q−3ya− q3zc− q−3cz.

Because a = b = c = 0 in D(q), the following equalities hold in D(q):

[xyz, x] =
(
1− q−2

)
x(y2 − z2)t,

[xyz, y] =
(
1− q−2

)
(z2y − yx2)t,

[xyz, z] =
(
1− q−2

)
(x2 − y2)zt,

xy2 − z2x = q−4
(
y2x− xz2

)
.
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Since [xyz, x] = (1− q−2)x(y2 − z2)t, it follows that

[Ω, x] = −
(
q + q−1

)
[xyz, x] + q−3[y2t, x] + q[z2t, x]

=
(
q−3 − q

)
(xy2 − xz2)t+ q−3(y2x− xy2)t+ q(z2x− xz2)t

= q(z2x− xy2)t− q−3(xz2 − y2x)t

= 0.

A similar argument shows that [Ω, y] = 0 = [Ω, z]. Therefore, Ω is central.

(2) We first show that the center of R := D/(t) is k[xyz], the polynomial ring in the

variable xyz. Write Z = Z(R).

Since R is the free algebra k〈x, y, z〉 modulo the relations

xy = q−2yx, yz = q−2zy, zx = q−2xz, (5-8)

R =
⊕

n≥0Rn is N-graded, where Rn =
⊕

i+j+k=n kxiyjzk for n ≥ 0. Hence, the center of R

is also N-graded, i.e.,

Z =
⊕
n≥0

(Z ∩Rn) .

Let c =
∑

i+j+k=n αi,j,kx
iyjzk ∈ Z ∩Rn, where n ≥ 0 and αi,j,k ∈ k. Since xc = cx,

∑
i+j+k=n

αi,j,kx
i+1yjzk =

( ∑
i+j+k=n

αi,j,kx
iyjzk

)
x

(5-8)
=

∑
i+j+k=n

q2j−2kαi,j,kx
i+1yjzk.

Since q is not a root of unity, if αi,j,k 6= 0 then j = k. By a similar argument, we show i = j

if αi,j,k 6= 0. It follows that c ∈
∑

i≥0 kxiyizi =
∑

i≥0 k(xyz)i. So Z(R) ⊂ k[xyz].

On the other hand, it is not difficult to verify that xyz ∈ Z (R). Therefore, Z(R) =

k[xyz].
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Now, we show that Z(D) = k[Ω, t]. Let

φ : D → D/(t)

be the canonical surjection. Then φ(Ω) = − (q + q−1)xyz. Since D is N-graded, it suffices

to show

Z(D)n := Z(D) ∩Dn = k[Ω, t]n (5-9)

for all n ≥ 0. We argue this by induction on n. Clearly this is true when n = 0.

Suppose (5-9) is true for some n ≥ 0. Let d ∈ Z(D)n+1. Since Z(D/(t)) = k[xyz], there

exists a polynomial g in one variable over k such that

φ(d) = g (xyz) = g (φ(Ω)) = φ (g(Ω)) ,

Hence, d = g(Ω) + d′t for some d′ ∈ D. Since d ∈ Z(D)n+1, we may, and do assume that

g(Ω) ∈ Dn+1 and d′ ∈ Dn without loss of generality.

Since both d and g(Ω) are central, so is d′t. Since D is domain and t is central, d′ is

central in D and hence belongs to Z(D) ∩ Dn. By the inductive hypothesis, d′ ∈ k[Ω, t]n.

Therefore, d ∈ (k[Ω, t])n+1. The proof is now complete. �

Remark 5.12. The central element Ω is independent of the choice of the cyclic permutation

of (x1.x2.x3). More formally, let

Ω := −
(
q + q−1

)
x1x2x3 + qx21t+ q−3x22t+ qx23t,

and let σ be the automorphism of D defined by σ(x1) = x2, σ(x2) = x3, σ(x3) = x1 and

σ(t) = t. We claim Ω = σ(Ω) = σ2(Ω).

Since D has a PBW basis of
{
xi1x

j
2x

k
3t
l | (i, j, k, l) ∈ N4

}
and Z(D) = k[Ω, t], σ(Ω) =
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αΩ + βt3 for some α, β ∈ k. Furthermore, a direct calculation in D shows

σ(Ω) = −(q + q−1)x1x2x3 + other degree-three monomials in x1, x2, x3 and t (except t3).

It is necessary that α = 1 and β = 0. Hence, σ(Ω) = Ω and therefore σ2(Ω) = σ(Ω) = Ω.

Corollary 5.13. Let (x, y, z) be a cyclic permutation of (x1, x2, x3) and ` the D-line

` = {δx− λ(qα)t = y − αz − βt = 0} .

Then M(`) is annihilated by Ω− δ−2µt3, where δ = (q − q−1)−1 and

µ = q−1λ2(q2α) + qβ2 +
q

(1 + q2)2
.

Proof. Write λ = λ(qα). By Proposition 5.11(1),

Ω = −
(
q + q−1

)
yzx+ qy2t+ q−3z2t+ qx2t

is central in D. The result follows from the fact that

δ2Ω− µt3 = a(δx− λt) + b(y − αz − βt) + qα−1(α2 − q−4)βzt2,

where a = − (q + q−1) yz + qδ−1xt + (qδ−2λ− q−2δ−1α−1) t2 and b = qyz + qβt2. Since

(α2 − q−4)β = 0, the result holds. �

5.6 The center of A(q)

We continue writing A to be the free algebra k〈X1, X2, X3〉 modulo the relations qXiXj −

q−1XjXi = Xk where (i, j, k) runs over all cyclic permutations of (1, 2, 3).
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Recall from Proposition 3.10 that the element

C = −
(
q2 − q−2

)
X1X2X3 + qX2

1 + q−3X2
2 + qX2

3

belongs to the center of A(q).

Proposition 5.14. The center of A(q) is the polynomial ring k[C].

Proof. By Proposition 5.11(2), the center of D is k[Ω, t], where

Ω = −
(
q + q−1

)
x1x2x3 + qx21t+ q−3x22t+ qx23t.

Since A ∼= D[t−1]0 via Xi 7→ δxit
−1 for i = 1, 2, 3, it suffices to prove Z(D[t−1]0) =

k [Ωt−3]. Write R = D[t−1]0 for short.

Let c ∈ Z(R). Then ctn ∈ D for some n ≥ 0. Since t is central, ctn ∈ Z(D) = k[Ω, t]. It

follows that Z(R) ⊂ k[Ω, t±1]0.

On the other hand, it is easy to see that k[Ω, t±1]0 ⊂ Z(R). Hence, Z(R) = k[Ω, t±1]0.

But k[Ω, t±1]0 = k[Ωt−3]. �
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Chapter 6

LINE MODULES FOR A

We begin this chapter by classifying, in Theorem 6.3, the line modules for A without using

the results about line modules for D. There are several reasons for doing this. First, the more

direct classification shows the algebraic intricacies that are somewhat obscured by the results

about D. It also illustrates the broad applicability of the results in [6]. Second, the results

in this chapter provide an independent check that the classification of the line modules for

A in §5.4 is correct, as the calculations in this chapter and the next are somewhat error

prone. Third, the methods used in this chapter to classify the line modules for A are in the

same spirit as the methods N. Sasom uses in her thesis [15] to classify what she calls Verma

modules. The name of Verma module is quite appropriate because, although line modules

are not induced from 1-dimensional representations of subalgebras, they behave like Verma

modules. This last point deserves emphasis: line modules (and point modules, and plane

modules) for many algebras play the role that Verma modules play in the representation

theory of semisimple Lie algebras. They also have similar homological properties though we

do not emphasize that point here.

Sasom’s Verma modules are our line modules.1 However, our line modules form a larger

family of A-modules, which later on will make a difference in the classification of finite

1Sasom defines the algebra T = Tq to be k〈x, y, z〉 modulo the relations

xy − qyx = z, yz − qzy = x, zx− qxz = y.

By Proposition 3.3 Sasom’s family of algebras Tq is the same as our family of algebras A(q) (Note our q is
not equal to her q). In [15, Remark 3.4.2.] Sasom defines the left ideals Iη = T (x− λ) + T (y − ηz) where

λ, η ∈ k, and when λ = η2+q
(1−q2)η , she also defines the Verma modules

V (η) = T/Iη.
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simple dimensional simple A-modules. We will explain this in more detail in Remark 6.12

and Chapter 7.

6.1 Definition and notation for line modules

In this chapter we view A = A(q) as the quotient of k〈x1, x2, x3〉 modulo the three relations

qxixj − q−1xjxi = xk obtained by allowing (i, j, k) to run over the cyclic permutations of

(1, 2, 3). Frequently, (x, y, z) will denote a cyclic permutation of (x1, x2, x3).

Lemma 6.1. Let α, β, δ, λ ∈ k. Let I = A(x − δz − λ) + A(y − αz − β) and let Vn =

span{1, z, . . . , zn}. Then

1. xzn − q2nδzn+1 and yzn − q−2nαzn+1 belong to Vn + I for all n ≥ 0;

2. xiyjzk ∈ Vi+j+k + I for all (i, j, k) ∈ N3;

3. A = I + k[z].

Proof. (1) We argue by induction on n. Clearly, this is true when n = 0.

Suppose xzn − q2nδzn+1 ∈ Vn + I and yzn − q−2nαzn+1 ∈ Vn + I. Then

xzn+1 = (q2zx− qy)zn

∈ q2z
(
q2nδzn+1 + Vn + I

)
− q

(
q−2nαzn+1 + Vn + I

)
⊂ q2n+2δzn+2 + Vn+1 + I.

Hence, xzn+1 − q2n+2δzn+2 ∈ Vn+1 + I.

A similar argument shows that yzn+1 − q−2n−2αzn+2 ∈ Vn+1 + I.

(2) By Part (1), xzn, yzn ∈ Vn+1 + I for n ≥ 0. Inductively we can show xmzn, ymzn ∈

Vm+n + I for m ≥ 0. It follows that

xiyjzk ∈ xiVj+k + I ⊂ Vi+j+k + I.
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(3) By Lemma 3.1, the set {zkxiyj | (k, i, j) ∈ N3} is a basis for A. It thus suffices to

show that zkxiyj ∈ k[z] + I for all i, j, k.

By Part (1), both xzn and yzn are contained in k[z] + I for all n ≥ 0. Hence, xk[z] +

yk[z] ⊆ k[z] + I.

If xi−1k[z] ⊆ k[z] + I for some i ≥ 1, then

xik[z] = x
(
xi−1k[z]

)
⊆ x (k[z] + I) ⊆ k[z] + I.

Hence, xik[z] ⊆ k[z] + I for all i ≥ 0. A similar argument shows that yjk[z] ⊂ k[z] + I for

all j ≥ 0. It follows that

zkxiyj ∈ zkxik[z] + I ⊆ zkk[z] + I ⊆ k[z] + I

for all i, j, k ≥ 0. �

Definition of line modules for A. Line modules for A are always defined with respect

to the filtration

A0 ⊆ A1 ⊆ · · · ⊆ An ⊆ · · · ,

where An = span
{
xi1x

j
2x

k
3 | i+ j + k ≤ n

}
for n ≥ 0. Thus, a left A-module M is a line

module if there is an element m ∈ M such that M = Am and dimk(Anm) = n + 1 for all

n ≥ 0.

We frequently view x1, x2, x3 as coordinate functions on k3 and denote k3 by A3
x1,x2,x3

when we do this. In this way, subspaces ka + kb of A spanned by two linearly independent

elements a and b in span{1, x1, x2, x3} such that 1 /∈ ka + kb are in natural bijection with

lines in k3; the line corresponding to ka+ kb is the line cut out by the equations a = b = 0.

Note that every line in k3 is given by equations of the form

x− δz − γ = y − αz − β = 0
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for some cyclic permutation (x, y, z) of (x1, x2, x3) and some α, β, γ, δ ∈ k.2

The next result shows that every line module for A corresponds to an affine line in

A3
x1,x2,x3

.

Proposition 6.2. A left A-module is a line module if and only if it is infinite dimensional

and isomorphic to
A

Aa+ Ab

for some linearly independent elements a, b ∈ span{1, x1, x2, x3}.

Proof. (⇒) Suppose M = Am is a line module. Since dimk(A1) = 4 and dimk(A1m) = 2, m

is annihilated by a 2-dimensional subspace, ka+kb say, of A1. In particular, M is a quotient

of A/Aa+Ab. There is a cyclic permutation (x, y, z) of (x1, x2, x3) and scalars α, β, γ, δ such

that

a = x− δz − γ and b = y − αz − β.

By Lemma 6.1(3), (Aa + Ab) + k[z] = A. Since M is a quotient of A/Aa + Ab it is also a

k[z]-module quotient of k[z]. But dimk(M) =∞ so the composition k[z]→ A/Aa+Ab→M

is an isomorphism and M ∼= A/Aa+ Ab.

(⇐) Let ka + kb be a 2-dimensional subspace of A1 such that A/Aa + Ab is infinite

dimensional. There is a cyclic permutation (x, y, z) of (x1, x2, x3) and scalars α, β, γ, δ such

that

a = x− δz − γ and b = y − αz − β.

2The proof of this is a simple exercise in linear algebra. If details are needed here they are. Let L be a
line in k3. Then L is the set of solutions to a system of linear equations of the form{

α1x1 + α2x2 + α3x3 = α4

β1x1 + β2x2 + β3x3 = β4

Because L is a line,

rank

(
α1 α2 α3

β1 β2 β3

)
= 2.

After replacing this matrix by a row equivalent matrix in row reduced echelon form and replacing
(x1, x2, x3) by a suitable cyclic permutation (x, y, z) we see that L is cut out by equations of the form as
claimed.
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Write I = Aa+ Ab.

By Lemma 6.1(3), I + k[z] = A. Hence, I ⊕ k[z] = A. Let Vn be the subspace of A/I

spanned by the images of {1, z, . . . , zn} for n ≥ 0 and let e be the natural image of 1A in

A/I. By Lemma 6.1(2), xiyjzk.e ∈ Vn if i+ j + k = n. It follows that

Ane = span
{
xiyjzk.e | i+ j + k ≤ n

}
= Vn;

hence dimk(Ane) = dimk(Vn) = n+ 1, and A/I is a line module. �

Notation and terminology. Let ` be a line in A3
x,y,z. We will write

`⊥ := {a ∈ span{1, x, y, z} | a vanishes on `} ,

M(`) := A/A`⊥,

LA :=
{

the lines ` ⊆ A3
x,y,z such that A/A`⊥ is a line module

}
.

A line ` in A3
x,y,z will be called an A-line if A/A`⊥ is a line module. We will use the

notation M(`) only when M(`) is a line module.

6.2 Classification of line modules for A

We give two classifications, an algebraic one classifying the subspaces ka + kb ⊂ A1 such

that A/Aa + Ab is a line module, and a geometric one classifying the lines ` ⊆ A3
x1,x2,x3

for

which A/A`⊥ is a line module. The second almost says that A/A`⊥ is a line module if and

only if ` lies on one of a particular family of cubic surfaces.

Theorem 6.3. A line ` in A3
x1,x2,x3

is an A-line if and only if

` = {x− λ(qα) = y − αz − β = 0} (6-1)

for some cyclic permutation (x, y, z) of (x1, x2, x3) and some (α, β) ∈ k2 such that α 6= 0 and
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(α2 − q−4) β = 0. Furthermore, in that case, A = A`⊥ ⊕ k[z].

Proof. By Proposition 6.2, every A-line ` must have the form

` = {x− δz − γ = y − αz − β = 0}

for some cyclic permutation (x, y, z) of (x1, x2, x3) and some α, β, γ, δ ∈ k.

For the rest of the proof we write

I := A`⊥ = A(x− δz − γ) + A(y − αz − β).

We will prove that dimk(A/I) =∞ if and only if either

Case 1 α = 0 and δ 6= 0 and β = λ(q−1δ) and γ(δ2 − q4) = 0, or

Case 2 δ = 0 and α 6= 0 and γ = λ(qα) and β(α2 − q−4) = 0.

Before embarking on the proof we make an important observation. If Case 2 holds then

the theorem is obviously true. If Case 1 holds the truth of the theorem is less obvious. Never-

theless, suppose Case 1 holds. Since λ(q−1δ) = λ(qδ−1), I = A(x−δz−γ)+A (y − λ(qδ−1)) .

Replace (x, y, z) in this description of I by the cyclic permutation (z, x, y), to get I =

A(z− δy− γ) +A (x− λ(qδ−1)). In other words, I = A(x−λ(qδ−1)) +A(y− δ−1z− δ−1γ).

Now replacing δ−1 by α and δ−1γ by β we obtain I = A(x − λ(qα)) + A(y − αz − β). In

addition, α 6= 0 and β(α2 − q−4) = 0. This shows that the theorem is true when Case 1

holds. Thus, to prove the theorem is suffices to prove the statement in previous paragraph,

as shown below.

By Lemma 6.1(3), dimk(A/I) =∞ if and only if I ∩ k[z] = 0.

In the next computation we use the following notation: for a, b ∈ A, we write a ≡

b (mod I) if a− b ∈ I.
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We have

0 = qxy − q−1yx− z

≡ qx(αz + β)− q−1y(δz + γ)− z

≡ q2α(qzx− y)− q−2δ(q−1zy + x) + qβx− q−1γy − z

≡
(
q3αz + qβ − q−2δ

)
x−

(
q−3δz + q−1γ + q2α

)
y − z

≡
(
q3αz + qβ − q−2δ

)
(δz + γ)−

(
q−3δz + q−1γ + q2α

)
(αz + β)− z

≡
(
q3 − q−3

)
αδz2 +

[
(q3 − q−1)αγ + (q − q−3)βδ − q2α2 − q−2δ2 − 1

]
z

+
(
q − q−1

)
βγ − q2αβ − q−2γδ (mod I).

Hence, if dimk(A/I) =∞ then αδ = 0, in which case,

[
(q3 − q−1)αγ + (q − q−3)βδ − q2α2 − q−2δ2 − 1

]
z

+
(
q − q−1

)
βγ − q2αβ − q−2γδ ∈ I. (6-2)

On the other hand, if α = 0 = δ, then I = A(x−γ)+A(y−β) so z = qxy−q−1yx ∈ k+I,

whence dimk(A/I) <∞.

Thus, to determine necessary and sufficient conditions on (α, β, γ, δ) for dimk(A/I) =∞,

it suffices to consider two cases:

1. α = 0 and δ 6= 0;

2. α 6= 0 and δ = 0,

as discussed below.

(1) Assume α = 0 and δ 6= 0. It follows from (6-2) that the element

[
(q − q−3)βδ − q−2δ2 − 1

]
z + γ

[
(q − q−1)β − q−2δ

]
is contained in I ∩ k[z]. It follows that I ∩ k[z] is the ideal of k[z] generated by this element.
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Thus, dimk(A/I) =∞ if and only if

(
q − q−3

)
βδ − q−2δ2 − 1 =

(
q − q−1

)
βγ − q−2γδ = 0.

The first equality is equivalent to the condition that

β =
(
qδ−1 + q−1δ

)
/
(
q2 − q−2

)
,

i.e., that β = λ(qδ−1) = λ(q−1δ). If the first equality holds, then the second can be replaced

by the condition that γ(δ2 − q4) = 0. Thus, dimk(A/I) =∞ if and only if β = λ(q−1δ) and

γ(δ2 − q4) = 0. This completes the proof of Case 1.

(2) Assume α 6= 0 and δ = 0. An argument like that in the previous paragraph shows

that dimk(A/I) =∞ if and only if γ = λ(qα) and β(α2 − q−4) = 0.

The proof is now complete. �

Recall that LA denotes the set of A-lines in A3
x1,x2,x3

. Let

S = {(1, 2, 3), (2, 3, 1), (3, 1, 2)}

be the set of all cyclic permutations of (1, 2, 3), and let

T =
{

(α, β) ∈ k2 | α 6= 0 and
(
α2 − q−4

)
β = 0

}
.

Theorem 6.3 says that there is a bijection

S × T −→ LA,

(i, j, k)× (α, β) 7→ {xi − λ(qα) = xj − αxk − β = 0} .

The set T consists of the points on the three dashed lines in A2
α,β, with the origin excluded,

in the following picture:
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β = 0

α = 0

α = −q−2 α = q−2

Corollary 6.4. Every proper quotient of a line module is finite dimensional.

Proof. Let M be a line module over A and N a non-zero submodule.

By Theorem 6.3, there is a left ideal I of A such that M ∼= A/I and I+k[z] = A for some

z ∈ {x1, x2, x3}. Hence M is isomorphic to k[z] as a left k[z]-module. But every quotient of

k[z] by a non-zero ideal has finite dimension, so M/N has finite dimension. �

Conversely, if V is a finite dimensional A-module there may not be a line module that

maps onto it. However, if V is a finite dimensional simple A-module then it is always a

quotient of a line module. We will prove this in Proposition 6.10.

Lemma 6.5. If ` = {x− λ(qα) = y − αz − β} is an A-line, then there is no y-eigenvector

or z-eigenvector in M(`).

Proof. By Theorem 6.3, A = A`⊥ ⊕ k[z]. Hence, the image of {zn | n ≥ 0} in M(`) is a

basis of M(`). For a nonzero element in M(`) we define its degree to be the standard degree

when it is viewed as an element in k[z]. More formally, let v =
∑

n≥0 αnz
n ∈ M(`) − {0}

with αn ∈ k, we define

deg(v) := max{n ≥ 0 | αn 6= 0}.

By Lemma 6.1(1), deg(yv) = deg(zv) = deg(v) + 1 when v 6= 0.

If v is a y-eigenvector in M(`), then yv ∈ kv, hence deg(yv) ≤ deg(v). But, deg(yv) =

deg(v) + 1, a contradiction. Therefore M(`) has no y-eigenvector.
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By a similar argument we show that there is no z-eigenvector in M(`). �

Proposition 6.6. The isomorphism classes of line modules for A are in bijection with the

A-lines via `←→ A/A`⊥.

Proof. Let ` and `′ be the A-lines

` = {x− λ(qα) = y − αz − β = 0} ,

`′ = {x′ − λ(qα′) = y′ − α′z′ − β′ = 0} ,

where (x, y, z) and (x′, y′, z′) are cyclic permutations of (x1, x2, x3). To show that distinct

A-lines give non-isomorphic line modules, it suffices to show that if there is an A-module

isomorphism

φ : A/A`′⊥
∼−→ A/A`⊥,

then `′ = `.

Let e denote the image of 1A in A/A`′⊥. Then x′e = λ′e where λ′ = λ(qα′), and

(y − α′z − β′)e = 0.

To show `′ = `, it suffices to show (1) x′ = x, and (2) (α′, β′) = (α, β), as follows.

(1) Since x′e = λ′e, it follows that

x′.φ(e) = φ(x′.e) = λ′φ(e).

So φ(e) is an x′-eigenvector in M(`′). In view of Lemma 6.5, it is necessary that x = x′ and

hence (y′, z′) = (y, z).
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(2) Write φ(e) =
∑n

i=0 γiz
i, where n ≥ 0, γi ∈ k and γn 6= 0. By Lemma 6.1(1),

(y − α′z − β′).φ(e) = (y − α′z − β′)

(
n∑
i=0

γiz
i

)

= γn (y − α′z − β′) zn + (y − α′z − β′)

(
n−1∑
i=0

γiz
i

)
= γzn+1 + lower degree monomials in k[z],

where γ = γn(q−2nα− α′). On the other hand,

(y − α′z − β′).φ(e) = φ ((y − α′z − β′).e) = φ(0) = 0. (6-3)

Hence, γ = 0. Since γn 6= 0, it follows that α′ = q−2nα.

An analogous argument shows that α = q−2mα′ where m ≥ 0. It follows that

α = q−2mα′ = q−2(m+n)α;

hence q−2(m+n) = 1. Since q is not a root of unity, m+ n = 0. But m,n ≥ 0, so m = n = 0.

Hence, α = α′.

Furthermore, since φ(e) is a scalar element in M(`), it is annihilated by y − αz − β. In

view of (6-3), φ(e) is also annihilated by y − α′z − β′. Since α = α′, (β − β′)φ(e) = 0 and

hence β = β′.

The proof is now complete. �

Corollary 6.7. There are nine 1-parameter families of A-lines. These are, for each of the

three cyclic permutations (i, j, k) of (1, 2, 3), the lines

1. {xi − λ(qα) = xj − αxk = 0}, one for each α ∈ k− {±q−2, 0};

2. {xi − λ(q) = xj − q−2xk − β = 0}, one for each β ∈ k;
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3. {xi + λ(q) = xj + q−2xj − β = 0}, one for each β ∈ k.

Proof. This is an immediate consequence of Theorem 6.3 and Proposition 6.6. �

6.2.1 Shifting and translation of an A-line

Let n ∈ Z and p be a point on {x = 0}. For the A-line

` = {x− λ(qα) = y − αz − β = 0} ,

we define

`[n] :=
{
x− λ(q2n+1α) = y − q2nαz = 0

}
,

called a shift of `, and

`+ p :=
{

(µ, ν, η) ∈ A3
x,y,z | (µ, ν, η)− p ∈ `

}
,

called a translation of `.

Clearly, `[n] is an A-line. If α2 = q−4 then ` + p is also an A-line. In addition, we note

that

`[m][n] = `[m+ n] and

`+ p+ o = `+ (p+ o).

for all m,n ∈ Z and all p, o ∈ {x = 0}.

6.2.2 The action of Alt4 on A-lines and line modules

If ρ ∈ Alt4 and ` is the A-line

` = {x− λ(qα) = y − αz − β = 0} ,
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we define

ρ(`) := {ρ(x)− λ(qα) = ρ(y)− αρ(z)− β = 0} .

Recall the equivalence ρ∗ : Mod(A) → Mod(A) induced by an automorphism ρ of A

defined in §2.3.3.

Proposition 6.8. Let ` be an A-line and ρ ∈ Alt4. Then

1. ρ(`) is an A-line, and

2. ρ∗M is a line module and isomorphic to M(ρ(`)).

Proof. Suppose ` = {x− λ(qα) = y − αz − β = 0}. Write M = M(`).

Since M = A/A`⊥,

ρ∗M ∼=
A

A (ρ(x)− λ(qα)) + A (ρ(y)− αρ(z)− β)
=

A

Aρ(`)⊥
,

where ρ(x), ρ(y), ρ(z) ∈ span{1, x1, x2, x3}.

Since M is infinite dimensional, so is ρ∗M . By Proposition 6.2, ρ(`) is an A-line and ρ∗M

is a line module isomorphic to M(ρ(`)). �

6.3 Finite dimensional simples and line modules

In this section we reveal an important relationship between finite dimensional simple A-

modules and line modules for A, that is, every finite dimensional simple A-module is a

quotient of a line module.

First we find factorizations in A of the form

(x− λ)(ay + bz + γ) = (cy + dz + δ)(x− ν),

where a, b, c, d, γ, δ, λ, ν ∈ k. The reason for doing this is as follows. Let V be a finite

dimensional simple A-module. There will be some v ∈ V that is an x-eigenvector—say
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(x − ν)v = 0. In trying to examine V it might be useful to determine whether there will

be other x-eigenvectors in it. One is therefore led to ask whether there are elements f in

ky + kz + k having the property that fv is an x-eigenvector. The next result addresses this

question.

Lemma 6.9. If (x, y, z) is a cyclic permutation of (x1, x2, x3) and (α, β) ∈ k2 is such that

α 6= 0 and (α2 − 1)β = 0, then

(x− λ(qα))
(
q2y − αz − β

)
=
(
y − q2αz − β

) (
x− λ(q−1α)

)
in A.

Proof. First of all, note that (y − q2αz) (x− λ(q−1α)) is equal to

(
y − q2αz

)(
x− q−1α + qα−1

q2 − q−2

)
= q2xy − qz − αxz − qαy − q−1α + qα−1

q2 − q−2
y +

qα2 + q3

q2 − q−2
z

= x
(
q2y − αz

)
− qα + q−1α−1

q2 − q−2
(
q2y − αz

)
=

(
x− qα + q−1α−1

q2 − q−2

)(
q2y − αz

)
,

so (
y − q2αz

) (
x− λ(q−1α)

)
= (x− λ(qα))

(
q2y − αz

)
. (6-4)

If α2 = 1, then λ(qα) = λ(q−1α). Thus, the equality in the lemma is obtained by adding

−β (x− λ(qα)) to both sides of (6-4). �

Proposition 6.10. Every finite dimensional simple A-module is a quotient of a line module.

Proof. Let V be a finite dimensional simple A-module and let (x, y, z) be a cyclic permuta-

tion of (x1, x2, x3). Let

E := {all eigenvalues for the action of x on V } .
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Then E is non-empty and finite.

Note that λ(k− {0}) = k. In addition, if λ ∈ k, there are at most two α ∈ k− {0} such

that λ(α) = λ. Hence, there exists some α ∈ k such that λ(q−1α) ∈ E but λ(qα) 6∈ E.

Let v be an x-eigenvector in V with eigenvalue λ(q−1α). It follows from Lemma 6.9 that

(x− λ(qα))
(
q2y − αz

)
v =

(
y − q2αz

) (
x− λ(q−1α)

)
v = 0.

Since λ(qα) 6∈ E, it is necessary that (q2y − αz)v = 0. Thus Av, which is equal to V , is a

quotient of the A-module

A

A(x− λ(q−1α)) + A(q2y − αz)
=

A

A(x− λ(qα′)) + A(y − α′z)
,

where α′ = q−2α. Since the latter is a line module, the proof is complete. �

In view of the proof of Proposition 6.10, we actually proved a stronger result, as stated

below. It is useful in the classification of finite dimensional simple A-modules, since we can

thus fix a cyclic permutation of (x1, x2, x3) and only consider a subset of the A-lines.

Proposition 6.11. Given a cyclic permutation (x, y, z) of (x1, x2, x3), every finite dimen-

sional simple A-module is a quotient of a line module M(`), where

` = {x− λ(qα) = y − αz = 0}

for some α ∈ k− {0}.

Remark 6.12. (1) The A-lines in Proposition 6.11 are those in Part 1 of Corollary 6.7.

Nonetheless, later on we will see that there are finite dimensional simple A-modules as

quotients of line modules corresponding to the A-lines in Part 2 and Part 3 of Corollary 6.7.

(2) N. Sasom’s line modules defined in her Ph.D. thesis [15, Remark 3.4.2.], which she calls

Verma modules, correspond precisely to the A-lines in Part 1 of Corollary 6.7. While these

A-lines are sufficient to discover all finite dimensional simple A-modules based on Proposition
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6.11, it is more efficient to define some finite dimensional simple A-modules using the A-lines

in Part 2 and 3 of Proposition 6.11. We will explain this in more detail in Chapter 7.

The following result serves as a guiding principle for our classification of finite dimensional

simple A-modules in Chapter 7.

Proposition 6.13. Given a cyclic permutation (x, y, z) of (x1, x2, x3), every finite dimen-

sional simple A-module V appears in an exact sequence

0 −→ M(`′) −→ M(`) −→ V −→ 0

for some A-lines

` = {x− λ(qα) = y − αz − β = 0} and

`′ = {x− λ(qα′) = y − α′z − β′ = 0} .

Proof. By Proposition 6.10, there is a surjective homomorphism M(`)→ V for some A-line

` of the form

` = {x− λ(qα) = y − αz − β = 0} .

By Proposition 4.17, the kernel of this homomorphism is isomorphic to M(`′) for some A-line

`′ of the form

`′ = {x′ − λ(qα′) = y′ − α′z′ − β′ = 0} .

It remains to show (x, y, z) = (x′, y′, z′).

Since M(`′) is isomorphic to a submodule of M(`), there exists a nonzero element v ∈

M(`) such that (x′ − λ′)v = 0, where λ′ = λ(qα′).

If x′ equals y (resp. z), then v is a y-eigenvector (resp. z-eigenvector) in M . This

contradicts Lemma 6.5. Hence, x′ = x and therefore (x′, y′, z′) = (x, y, z). �
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6.3.1 1-dimensional quotients of line modules

This subsection determines which line modules have 1-dimensional quotients. The methods

here are elementary and independent of the general methods in Chapter 7 that determine for

each finite dimensional simple module the line modules that map onto it. Nevertheless, these

simple cases provide a template for what happens for higher dimensional simple modules;

we say more about this in §6.3.2.

We continue to use the notation

δ :=
(
q − q−1

)−1
.

Also recall the notions of a shift and a translation of an A-line defined in §6.2.1.

In §3.5.1 we showed there are five 1-dimensional A-modules up to isomorphism, namely

Sµ,ν,η =
A

A(x1 − δµ) + A(x2 − δν) + A(x3 − δη)

where (µ, ν, η) runs over the points

(0, 0, 0), (1, 1, 1), (1,−1,−1), (−1, 1,−1), (−1,−1, 1)

in A3
x1,x2,x3

.

Proposition 6.14. Let α = iq−1. The simple module S0,0,0 is a quotient of exactly 6 line

modules, namely the M(`)’s for which ` is one of the following lines:

{x1 = x2 − αx3 = 0}, {x1 = x2 + αx3 = 0},

{x2 = x3 − αx1 = 0}, {x2 = x3 + αx1 = 0},

{x3 = x1 − αx2 = 0}, {x3 = x1 + αx2 = 0}.
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Furthermore, if ` is one of these lines there is an exact sequence

0 → M(`[−1]) → M(`) → S0,0,0 → 0.

Proof. By Theorem 6.3, the lines in the statement of the proposition are A-lines. They all

pass through (0, 0, 0) so if ` is any one of them there is a surjective homomorphism

φ : M(`) � S0,0,0.

Conversely, if S0,0,0 is a quotient of a line module M(`), then ` must pass through (0, 0, 0).

According to Corollary 6.7, the only A-lines passing through (0, 0, 0) are those in the state-

ment of the proposition.

We now determine the kernel of φ. For each of the six A-lines, we can write ` = {x =

y − αz = 0} for a suitable cyclic permutation (x, y, z) of (x1, x2, x3) and an α such that

α2 + q−2 = 0 (i.e., λ(qα) = 0). Let α′ = q−2α.

Since the kernel of φ is generated by the image of z as a k[z]-module it is also generated

by the image of z as an A-module. Since

(x+ qα) z = q2zx− q(y − αz)

and (
y − q−2αz

)
z = q−2z(y − αz) + q−1x,

the left ideal A(x + qα) + A (y − q−2αz) annihilates the image of z in A/A`⊥. Hence there

is a surjective homomorphism A/A`′⊥ → ker(φ) where

`′ =
{
x+ qα = y − q−2αz = 0

}
= {x− λ(qα′) = y − α′z = 0} = `[−1].

Since both M(`) and M(`′) are line modules they are critical of GK-dimension 1, whence

ker(φ) ∼= M(`′).
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Therefore, there is an exact sequence 0→M(`[−1])→M(`)→ S0,0,0 → 0 as claimed. �

In a similar manner, we can identify the line modules that have S1,1,1 as a quotient. The

proof is similar to that of Proposition 6.14.

Proposition 6.15. The simple module S1,1,1 is a quotient of exactly 6 line modules, namely

the M(`)’s for which ` is one of the following lines:

{x1 − δ = x2 − x3 = 0}, {x1 − δ = x2 − q−2x3 − q−1 = 0},

{x2 − δ = x3 − x1 = 0}, {x2 − δ = x3 − q−2x1 − q−1 = 0},

{x3 − δ = x1 − x2 = 0}, {x3 − δ = x1 − q−2x2 − q−1 = 0}.

Furthermore, if ` is one of these lines there is an exact sequence

0→M(`[−1] + p) → M(`) → S1,1,1 → 0,

where p equals (0, q−1, 0) if ` is one of three A-lines on the left, and equals (0, 0, 0) otherwise.

Proof. Arguments like those in the proof of Proposition 6.14 show S1,1,1 is a quotient of

exactly the line modules associated to these six lines. We leave the details to the reader.

We now determine the kernel of the surjection M(`)� S1,1,1, where ` = {x−δ = y−z =

0}. Since the kernel is the submodule generated by the image of z− δ in M(`), the kernel is

isomorphic to A/J , where J = {a ∈ A | a (z − δ) ∈ A (x− δ) + A(y − z)}.

Since (
y − q−2z − q−1

)
(z − δ) =

(
q−2z − δ

)
(y − z) + q−1(x− δ)

and

(x− δ) (z − δ) = −q(y − z) +
(
q2z − δ

)
(x− δ) ,

J = A (x− δ) + A (y − q−2z + q−1) = A (x− λ(qα)) + A (y − αz + q−1), where α = q−2.

Hence, A/J ∼= M(`′), where `′ = {x− δ = y − q−2z + q−1 = 0} = `[−1] + p. It follows that

there is a short exact sequence of the type claimed.
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Similarly, if ` = {x− δ = y− q−2z − q−1 = 0}, then `′ = {x− δ− δ−1 = y− q−4z = 0} =

`[−1]. �

The line modules that map onto the other three 1-dimensional A-modules can be obtained

using the action of the automorphism group Alt4 on the line modules. Recall the action of

Alt4 on the A-lines defined in §6.2.1. Let ρ ∈ Alt4 and S a 1-dimensional A-module. If there

is a surjection M(`)� S, it induces a surjection

ρ∗M(`) � ρ∗S,

where ρ∗M(`) ∼= M(ρ(`)) by Proposition 6.8(2). In addition, by Proposition 6.6, M(ρ(`))

and M(`) are not isomorphic unless ρ is the identity map.

In Corollary 3.9, we observed that the orbit of S1,1,1 under the action of Alt4 is

{S1,1,1, S1,−1,−1, S−1,−1,1, S−1,1,−1} .

Using the action of Alt4, we have the following facts.

• The simple module S1,−1,−1 is a quotient of M(`) if and only if ` is either

{x− δ = y − z = 0} or
{
x− δ = y − q−2z + q−1 = 0

}
for some cyclic permutation (x, y, z) of (x1, x2, x3).

• The simple module S−1,1,−1 is a quotient of the line module M(`) if and only if ` is

either

{x+ δ = y + z = 0} or
{
x+ δ = y + q−2z − q−1 = 0

}
for some cyclic permutation (x, y, z) of (x1, x2, x3).

• The simple module S−1,−1,1 is a quotient of the line module M(`) if and only if ` is
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either

{x+ δ = y + z = 0} or
{
x+ δ = y + q−2z + q−1 = 0

}
for some cyclic permutation (x, y, z) of (x1, x2, x3).

In particular, both S1,1,1 and S1,−1,−1 are quotients of the line module M(`) with ` =

{x− δ = y − z = 0}. Both S−1,1,−1 and S−1.−1.1 are quotients of the line module M(`′) with

`′ = {x+ δ = y + z = 0}.

In summary, every 1-dimensional simple A-module is a quotient of exactly six line mod-

ules. In total, there are 24 line modules that map onto 1-dimensional A-modules.

6.3.2 Looking ahead

One reason for working out in detail what happens for the 1-dimensional A-modules is that

the higher dimensional simple A-modules behave in a remarkably similar way, as shown in

Chapter 7. For example, for each n ≥ 1

1. there are five n-dimensional simple A-modules up to isomorphism;

2. every n-dimensional simple A-module S appears in an exact sequence 0→M(`[−n])→

M(`)→ S → 0 for some A-line `;

3. for every finite dimensional simple A-module there are exactly six line modules that

map onto it;

4. there are exactly twenty-four A-lines for which the corresponding line modules have

quotients of n-dimensional A-modules;

5. there are two orbits for the action of Alt4 on the set of the isomorphism classes of

n-dimensional simple A-modules, one of length 1 and one of length 4.
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Such similarities provide a good template to test our work on higher dimensional simple

A-modules in Chapter 7. The proofs for these properties, however, are not as elementary as

those for the 1-dimensional A-modules.

6.4 Geometric classification of the A-lines

In this section we give a geometric description for the A-lines. The geometric classification

complements the algebraic classification in Corollary 6.7.

Lemma 6.16.

1. In A3
x,y,z, the lines

{x− λ(qα) = y − αz − β = 0}

and {
x− λ(q−1α−1) = y − q−2α−1z − β = 0

}
lie on the surface

(
q2 − q−2

)
x(y − β)z − q(y − β)2 − q−1z2 = 0.

Furthermore, λ(qα) = λ(q−1α−1) so these two lines are the intersection of this surface

with the plane x = λ(qα).

2. The A-line {x− λ(qα) = y − αz = 0} lies on the surface

(
q2 − q−2

)
xyz − qy2 − q−1z2 = 0.

Proof. This is because (q2 − q−2)x(y − β)z − q(y − β)2 − q−1z2 equals

(
q2 − q−2

)
(x− λ(qα)) (y − β)z − q(y − αz − β)

(
y − q−2α−1z − β

)
.
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The second statement is a special case of the first. �

Lemma 6.17. Let S be the surface in A3 = Spec (k[X, Y, z]) given by qY 2+XY z+q−1z2 = 0.

The lines on S are

1. {Y = z = 0}, which is the singular locus of S, and

2. the lines {X + qα + q−1α−1 = Y − αz = 0} for all α ∈ k− {0}.

Proof. Let f = qY 2 + XY z + q−1z2. It is clear that the line {Y = z = 0} lies on S and

that the partial derivatives fX , fY , and fz, vanish at all points on {Y = z = 0}.

The intersection of S with the open subset {z 6= 0} = Spec (k[X, Y, z±1]) is the zero locus

of q(Y z−1)2 + X(Y z−1) + q−1 = 0. This is non-singular because q 6= 0. Hence {Y = z = 0}

is the singular locus of S.

Let α ∈ k− {0}. The line {X + qα + q−1α−1 = Y − αz = 0} lies on S because

qY 2 +XY z + q−1z2 =
(
qY − q−1α−1z

)
(Y − αz) +

(
X + qα + q−1α−1

)
Y z.

On the other hand, a line ` on S can be represented by

sY − tz = 0 = t(qY + xz) + q−1sz (6-5)

for some (s, t) ∈ k2. If st = 0 then ` = {Y = z = 0}. Assume now that ` 6= {Y = z = 0}.

Thus, st 6= 0.

It follows from (6-5) that (X + qs−1t+ q−1st−1)Y = Y − s−1tz = 0. If ` ⊂ {Y = 0} then

` = {Y = z = 0}, contradicting to our assumption that ` 6= {Y = z = 0}. Hence,

` =
{
X + pst−1 + s−1t = Y s−1tz = 0

}
.

Write α = s−1t ∈ k− {0}. Thus, ` = {X + qα + qα−1 = Y − αz = 0} . �
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Proposition 6.18. Let q ∈ k−{0} and assume that q is not a root of unity. Let β ∈ k and

let S ⊆ A3
x,y,z be the surface

(
q2 − q−2

)
x(y − β)z − q(y − β)2 − q−1z2 = 0.

The lines on S consist of

1. the line {y − β = z = 0}, which is the singular locus of S, and

2. the lines {x− λ(qα) = y − αz − β = 0} for all α ∈ k− {0}.

The line in (1) is not an A-line. The line in (2) is an A-line if and only if (α2 − q−4) β = 0.

Proof. Let Y = y − β and X = − (q2 − q−2)x. The surface S is now given by the equation

qY 2+XY z+q−1z2 = 0. By Lemma 6.17(1), the singular locus of S is the line {y−β = z = 0},

which is not in LA because A/A(y − β) +Az = A/Ax+Ay +Az and this is certainly not a

line module.

By Lemma 6.17(2), the other lines on S are the zero loci of the equations

−
(
q2 − q−2

)
x+ qα + q−1α−1 = y − αz − β = 0,

where α ∈ k − {0} and β ∈ k. Since λ(α) = (α + α−1)/ (q2 − q−2), these are the lines

{x− λ(qα) = y − αz − β = 0}.

By Theorem 6.3, the line {x−λ(qα) = y−αz−β = 0} belongs to LA if (α2 − q−4) β = 0.

This finishes the proof. �

The observation in Proposition 6.18 that the A-lines lie on a 1-parameter family of cubic

surfaces has a nice algebraic analogue: the line modules are annihilated by a 1-parameter

family of cubic central elements. To state it we use the central element

C = −
(
q2 − q−2

)
x1x2x3 + qx21 + q−3x22 + qx23
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identified in Proposition 3.10.

Proposition 6.19. Let (x, y, z) be a cyclic permutation of (x1, x2, x3) and

` = {x− λ(qα) = y − αz − β = 0} ∈ LA,

where (α2 − q−4) β = 0. Let µ ∈ k. The following three statements are equivalent:

1. M(`) is annihilated by C − µ;

2. ` lies on the surface

q3x(y − β)2 + q−3xz2 +
(
q3 − q−1

)
(µ− qβ2)(y − β)z = 0;

3. µ = q−1λ2(q2α) + qβ2 + q (1 + q2)
−2

.

Proof. Write λ := λ(q2α) for short.

(3) ⇔ (1) By Remark 3.11(2), the element C equals −(q2− q−2)yzx+ qy2 + q−3z2 + qx2.

A straightforward calculation using the defining relations for A shows that

C ∈ qα−1
(
α2 − q−4

)
βz + q−1λ2 + qβ2 + q(1 + q2)−2 + A`⊥.

Since (α2 − q−4) β = 0, the result follows.

(3) ⇒ (2) If µ = q−1λ2 + qβ2 + q(1 + q2)−2, then it is straightforward to verify that the

element

q3x(y − β)2 + q−3xz2 +
(
q3 − q−1

) (
µ− qβ2

)
(y − β)z

is equal to

(x− λ)
[
q3(y + β)2 + q−3z2

]
+ λ

(
q3y − q−3α−1z − q3β

)
(y − αz − β).
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(2) ⇒ (3) If ` lies on the surface in (2), then the relations x = λ(qα) and y = αz + β

satisfy the equation of the surface. Hence,

0 = x
[
q3(y − β)2 + q−3z2

]
+
(
q3 − q−1

)
(µ− qβ2)(y − β)z

= λ(qα)
(
q3α2z2 + q−3z2

)
+
(
q3 − q−1

)
(µ− qβ2)αz2

=
[
λ(qα)

(
q3α2 + q−3

)
+
(
q3 − q−1

)
(µ− qβ2)α

]
z2.

It follows that λ(qα) (q3α + q−3α−1) + (q3 − q−1) (µ− qβ2) = 0, which implies (3). �

We conclude this chapter by a useful application of Proposition 6.19. Let M and M ′

be line modules for A. By Proposition 6.19 there are µ, µ′ ∈ k such that (C − µ)M =

(C − µ′)M ′ = 0. If M ′ can be embedded in M , then it is necessary that µ′ = µ. This

observation leads to the next result, which describes the relations between M and M ′. We

will revisit this result in Proposition 7.11.

Corollary 6.20. Let ` and `′ be the A-lines

` = {x− λ(qα) = y − αz − β = 0} ,

`′ = {x− λ(qα′) = y − α′z − β′ = 0} ,

where (x, y, z) is a cyclic permutation of (x1, x2, x3). Suppose M(`′) is isomorphic to a

submodule of M(`).

1. If β = β′ = 0, then α′ ∈ {±α,±q−4α−1};

2. If α′2 = q−4 and β = 0, then

β′2 =
1

q2

(
q2α− q−2α−1

q2 − q−2

)2

;
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3. If α2 = q−4 and β′ = 0, then

β2 =
1

q2

(
q2α′ − q−2α′−1

q2 − q−2

)2

.

Proof. Write M = M(`) and M ′ = (`′) for short.

By Proposition 6.19, M and M ′ are annihilated by C−µ and C−µ′, respectively, where

µ = q−1λ2(q2α) + qβ2 +
q

(1 + q2)2
and µ′ = q−1λ2(q2α′) + qβ′2 +

q

(1 + q2)2
.

Since M ′ ⊂M , µ = µ′. It follows that

q−1λ2(q2α) + qβ2 = q−1λ2(q2α′) + qβ′2.

The three cases in the statement of the corollary are derived from the equality above:

(1) If β = β′ = 0, then λ2(q2α) = λ2(q2α′) and hence λ(q2α) = ±λ(q2α). It follows that

α′ = ±α or α′ = ±q−4α−1.

(2) If α′2 = q−4 and β = 0, then q−1λ2(q2α) = q−1λ2(1) + qβ′2. It follows that

β′2 = q−2
(
λ2(q2α)− λ2(1)

)
= q−2

(
q2α− q−2α−1

q2 − q−2

)2

.

(3) This can be proved by a similar argument in Part 2. �
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Chapter 7

FINITE DIMENSIONAL SIMPLE A-MODULES

In this chapter, we will classify all finite dimensional simple modules over A. The main

result is that there are five non-isomorphic simple A-modules of each dimension.

Proposition 6.13 shows that every finite dimensional simple A-module S appears in an

exact sequence

0 → M(`′) → M(`) → S → 0

in which ` and `′ are A-lines. Inspired by this fact, our approach is to determine all non-simple

line modules for A and when one line module can be embedded into another. This approach

is in the same spirit as the method N. Sasom used in her Ph.D. thesis [15]. Notwithstanding,

compared with her method ours has several improvements: First, we show that all but four

types of line modules for A are simple using the action of the central element in A identified

in §3.6 on line modules, while Sasom achieved a similar result mainly relying on certain basis

elements for line modules. From a technical standpoint, our method is simpler and cleaner.

Secondly, as mentioned in Remark 6.12(2), Sasom’s line modules, which she called Verma

modules, form a proper subset of our line modules — those corresponding to the A-lines

{x− λ(qα) = y − αz = 0} (7-1)

as (x, y, z) runs over all the cyclic permutations of (x1, x2, x3) and α ∈ k − {0}. Although

this subset of line modules is sufficient for classifying finite dimensional simple modules, we

additionally consider the line modules corresponding to the A-lines

{
x− λ(q) = y − q−2z − β = 0

}
and

{
x+ λ(q) = y + q−2z − β = 0

}
,
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where β ∈ k. For certain non-zero β, such line modules have unique proper submodules,

modulo which their quotients lead to four simple A-modules of each dimension. If, instead,

we restrict ourselves to A-lines in the form of (7-1), we would have to use more complex line

modules to discover the same simple A-modules. Thus, our version of line modules provides

a more efficient way to identify finite dimensional simple A-modules.

Thirdly, both Sasom and the author construct certain bases of line modules for A con-

sisting of eigenvectors (or generalized eigenvectors) for the action of some x ∈ {x1, x2, x3}.

However, Sasom’s construction ([15, Section 3.6]) is somewhat implicit and descriptive. In

contrast, we explicitly define the bases in an inductive manner using the elements fn intro-

duced in §7.2. Thus, it is revealed that the x-eigenvectors are related with each other in a

very nice way: when fn’s act on a line module they send eigenvectors to eigenvectors, and

as they do the corresponding eigenvalues form a λ-sequence.

We begin this chapter by introducing the λ-sequence. As its name suggested, it is defined

based on the λ-function introduced in §5.3.2.

7.1 λλλ-sequences

Let α ∈ k− {0}. For each n ∈ Z we define

λn(α) := λ
(
q−2n+1α

)
=

q−2n+1α + q2n−1α−1

q2 − q−2

and call the sequence (λn(α))n∈Z, denoted by Λ(α), a λ-sequence with parameter α, or simply

λ-sequence. When α is fixed, we may simply write λn for λn(α).

Lemma 7.1. Given a λ-sequence Λ(α) = (λn)n∈Z,

1. the scalars in Λ(α) are mutually distinct if and only if α2 6∈ q2Z;

2. if α2 ∈ q4Z, say α2 = q4r, then λn = λ2r+1−n for all n ∈ Z and λn 6= λm for all

m > n > r;
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3. if α2 ∈ q4Z−2, say α2 = q4r−2, then λn = λ2r−n for all n ∈ Z and λn 6= λm for all

m > n ≥ r.

Proof. (1) Let s, t ∈ Z. It is easy to verify that

q−2s+1α + q2s−1α−1 = q−2t+1α + q2t−1α−1

if and only if α = ±qs+t−1. Thus, λs = λt for some s 6= t if and only if α ∈ ±qZ, or

equivalently, α2 ∈ q2Z.

(2) Since α−1 = q−4rα, it follows that for all n ∈ Z

λ2r+1−n = λ
(
q2n−4r−1α

)
= λ

(
q−2n+4r+1α−1

)
= λ(q−2n+1α) = λn.

If λm = λn for some m > n > r, then q2(m+n−1) = α2 = q4r, so that m+ n = 2r + 2 as q

is not a root of unity. But this is impossible.

(3) This can be proved by a similar argument in Part 2. �

One observation from Lemma 7.1 is that no three elements in a λ-sequence are equal.

This property will play a crucial role in the structure of a line module for A as a module

over a polynomial ring, as discussed in §7.3.

Write Λ≥0(α) = (λn(α) | n ≥ 0) for α ∈ k− {0}.

Lemma 7.2. Let α, α′ ∈ k− {0}. If Λ≥0(α
′) ( Λ≥0(α), then α′ ∈ q−2N−2α.

Proof. Above all, since Λ≥0(α
′) 6= Λ≥0(α), α′ 6= α.

Since Λ≥0(α
′) ⊂ Λ≥0(α), there exists some n0 ≥ 0 such that λ0(α

′) = λn0(α), that is,

qα′ + q−1α′−1 = q−2n0+1α + q2n0−1α−1,

which implies that either α′ = q−2n0α or α′ = q2n0−2α−1. If the former occurs, then α′ ∈

q−2Nα. But α′ 6= α, so α′ ∈ q−2N−2α. We are done.
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Now suppose α′ = q2n0−2α−1. We further consider three cases: (1) α2 6∈ q2Z, (2) α2 ∈ q4Z,

and (3) α2 ∈ q4Z−2, as discussed below.

(1) Suppose α2 6∈ q2Z. For n ≥ 0

λn(α′) = λ
(
q−2n+2n0−1α−1

)
= λ(q2n−2n0+1α) = λ−n+n0(α).

By Lemma 7.1(1), the elements in Λ(α) are mutually distinct. Hence, λn(α′) 6∈ Λ≥0(α) when

n > n0. This is a contradiction. So, α2 ∈ q2Z, or equivalently, either α2 ∈ q4Z or α2 ∈ q4Z−2.

(2) Suppose α2 ∈ q4Z, say α2 = q4r where r ∈ Z. Then α′ = q2n0−2α−1 = q2(n0−2r−1)α.

Write t = n0 − 2r − 1. It follows that

λn+t(α
′) = λn+t

(
q2tα

)
= λn(α)

for all n ∈ Z.

If t ≥ 0, then λn(α) ∈ Λ≥0(α
′) for all n ≥ 0, so that Λ≥0(α) ⊂ Λ≥0(α

′) and hence

Λ≥0(α) = Λ≥0(α
′). This is a contradiction. Hence, t < 0 and thus α′ = q2tα ∈ q−2N−2α.

(3) When α2 ∈ q4Z−2, by a similar argument in Part (2) we show α′ ∈ q−2N−2α. �

7.2 The elements fn and f−n in A

Given a cyclic permutation (x, y, z) of (x1, x2, x3) and α ∈ k, we define

fn(α) := q−2n+2αy − z and f−n (α) := q2n−2α−1y − q−2z

for n ∈ Z. Note that f−n (α) = q−2f−n+1(α
−1).

When α is fixed, we may simply write fn (resp. f−n ) for fn(α) (resp. f−n (α)).

We understand the elements fn(α) and f−n (α) are dependent on some presupposed cyclic

permutation (x, y, z), which is not reflected in our notation. To avoid ambiguity, fn(α) and

f−n (α) are always associated with the cyclic permutation (x, y, z) used in the context, unless

specified otherwise.
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Recall our notation: For n ∈ N, we denote

[n] :=
q2n − q−2n

q2 − q−2
.

Lemma 7.3. Let m,n ∈ Z. Suppose α2 6= q4n−2 and write

δ :=
(
q−2n+1α− q2n−1α−1

)−1
.

The following relations are true in A:

1. y = (q−1fn − qf−n ) δ;

2. z = (q2n−1α−1fn − q−2n+3αf−n ) δ;

3. fm = [(q−2m+1α− q2n−1α−1) fn + (q−2n+3 − q−2m+3)αf−n ] δ;

4. f−m = [(q2m−3 − q2n−3)α−1fn + (q−2n+1α− q2m−1α−1) f−n ] δ.

Proof. This is linear algebra; we leave it to the reader. �

Lemma 7.4. Given a λ-sequence (λn(α))n∈Z, the following equalities hold in A:

1. (x− λn+1)fn = q2fn+2(x− λn);

2. (x− λn−1) f−n = q2f−n−2 (x− λn);

3. f−n+1fn − fn−1f−n = (q−2n+1α− q2n−1α−1)x.

Proof. By Lemma 6.9, there is an identity in A:

(x− λ(qα′))
(
q2y − α′z

)
=
(
y − q2α′z

) (
x− λ(q−1α′)

)
, (7-2)

where α′ ∈ k− {0}.
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(1) This is obtained from (7-2) by replacing α′ with q2nα−1.

(2) This is obtained from (7-2) by replacing α′ with q−2n+2α.

(3) Write γ = q−2n+2α. Then fn = γy− z and f−n = γ−1y− q−2z. So z = q2γ−1y− q2f−n .

It follows that

f−n+1fn =
(
q2γ−1y − q−2z

)
(γy − z)

= q2y2 − q2γ−1yz − q−2γzy + q−2z2

= q2y2 − q2γ−1yz − γ
(
yz − q−1x

)
+ q−2z

(
q2γ−1y − q2f−n

)
= q2y2 − (q2γ−1 + γ)yz + q−1γx− γ−1

(
q2yz − qx

)
− zf−n

= q2γy
(
γ−1y − q−2z

)
− zf−n +

(
q−1γ − qγ

)
x

= fn−1f
−
n +

(
q−1γ − qγ

)
x.

This proves the desired equality. �

The relevance of the elements fn and f−n becomes apparent in the next result: roughly

speaking, when acting on an A-module they send x-eigenvectors to x-eigenvectors and, as

they do this, the new eigenvalues fit into a λ-sequence (or more precisely, the λ-sequence

with positive indices).

Proposition 7.5. Let v0 be an x-eigenvector in an A-module with eigenvalue λ(qα), where

α ∈ k− {0}. Let β ∈ k. Define elements

vn := fn−1(α).vn−1 for n ≥ 1.

Then

1. x.vn = λn (α) vn for all n ≥ 0, and

2. f−n (α).vn = µnvn−1 for all n ≥ 1, if, in addition, f−0 (α).v0 = q2αβv0 and (α2 − q−4) β =
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0, where

µn =
q−2n+4α2 − q2n−4α−2

q2 − q−2
[n] + q2β2.

Proof. (1) We argue by induction on n. Obviously, this is true when n = 0 by our hypothesis

on v0.

Suppose xvn = λnvn for some n ≥ 0. It follows from Lemma 7.4(1) that

(x− λn+1)vn+1 = (x− λn+1)(fnvn) = q2fn+1(x− λn)vn = 0;

hence xvn+1 = λn+1vn+1. Thus Part 1 is proved.

(2) First, we show that (
f−1f

−
0

)
.v0 = q2β2v0. (7-3)

Indeed, if α2 6= q−4, then β = 0 and hence f−1
(
f−0 v0

)
= q2αβf−1v0 = 0 = q2β2v0. Suppose

α2 = q−4. Then f−1 = q4αy − z = q2(q−2α−1y − q−2z) = q2f−0 . Since f−0 .v0 = q2αβv0, it

follows that

f−1f
−
0 .v0 = q2αβf−1.v0 = q4αβf−0 .v0 = q6α2β2v0 = q2β2v0.

We, again, argue by induction on n. Since v1 = f0v0, it follows from Lemma 7.4(3) with

n = 0 that

f−1 .v1 = f−1f
−
0 v0 +

(
qα− q−1α−1

)
xv0

(7-3)
=

[
q2β2 +

(
qα− q−1α−1

)
λ0
]
v0,

=

[
q2β2 +

(
qα− q−1α−1

) qα + q−1α−1

q2 − q−2

]
v0

=

(
α2q2 − α−2q−2

q2 − q−2
+ q2β2

)
v0

= µ1v0.

Thus, Part 2 is true when n = 1.
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Suppose f−n vn = µnvn−1 for some n ≥ 1. Since fn−1(f
−
n vn) = µnfn−1vn−1 = µnvn, it

then follows from Lemma 7.4(3) that

f−n+1.vn+1 = (f−n+1fn).vn

= fn−1f
−
n vn +

(
q−2n+1α− q2n−1α−1

)
xvn

=
[
µn +

(
q−2n+1α− q2n−1α−1

)
λn
]
vn

= µn+1vn,

where the last equality holds because µn + (q−2n+1α− q2n−1α−1)λn equals

q−2n+4α2 − q2n−4α2

q2 − q−2
[n] + q2β2 +

q−4n+2α2 − q−4n−2α−2

q2 − q−2

=
(q−2n+4α2 − q2n−4α2) [n] + (q−4n+2α2 − q−4n−2α−2)

q2 − q−2
+ q2β2

=
q−2n+2α2 − q2n−2α−2

q2 − q−2
[n+ 1] + q2β2

= µn+1.

Therefore, Part 2 is true for all n ≥ 1. �

7.3 The k[x]-module structure of a line module

Let k[x] be the polynomial ring in the variable x. In this section we determine the structure

of the line module M = M(`) as a k[x]-module, where ` = {x− λ(qα) = y − αz − β = 0}.

To this end, we construct a certain basis for the line module consisting of x-eigenvectors or

generalized x-eigenvectors.

Roughly speaking, M is a direct sum of indecomposable k[x]-submodules of dimensions

1 or 2, and the x-support1 of M is the set {λn(α) | n ≥ 0}. The fact that no indecomposable

k[x]-submodule has dimension ≥ 3 is a consequence of the fact that no three elements in a

1See §2.3.2 for the definition of x-support.
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λ-sequence are equal.

Throughout §7.3, we will fix a cyclic permutation (x, y, z) of (x1, x2, x3), and write

`α,β := {x− λ(qα) = y − αz − β = 0} ,

where (α, β) ∈ k2 always satisfies α 6= 0 and (α2 − q−4) β = 0.

Unless specified otherwise, the elements fn(α) and f−n (α) are always associated with the

fixed cyclic permutation (x, y, z) for n ∈ Z.

7.3.1 The elements en

Let k[z] be the polynomial ring in the variable z. By Theorem 6.3, there is a vector space

decomposition A = A`⊥α,β ⊕ k[z], which induces a natural left k[z]-module isomorphism

θ : M(`α,β)
∼−→ k[z].

Lemma 7.6. Let e0 be the natural image of 1A in M(`α,β). Define elements

en := fn−1(α).en−1 for n ≥ 1.

Then

1. x.en = λn(α)en;

2. f−n (α).en = µnen−1, where e−1 := e0 and

µn =

q
2αβ n = 0,

q−2n+4α2−q2n−4α−2

q2−q−2 [n] + q2β2 n > 0;
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3. θ(en) = βnz
n + lower degree monomials in k[z] for n ≥ 0, where

βn =

1 n = 0,

Πn−1
i=0 (q2−4iα2 − 1) n > 0.

(7-4)

Proof. Part 1 and 2 are an application of Proposition 7.5(1)(2) with v0 = e0. We prove

Part 3 below.

Write M = M(`α,β). We still write x, y and z for their natural images in M , respectively.

Let Vn be the subspace in M spanned by {1, z, . . . , zn} for n ≥ 0.

We argue by induction on n. Clearly, this is true when n = 0, as θ(e0) = 1k[z].

Suppose en = βnz
n + v for some n ≥ 0, where v ∈ Vn−1. By Lemma 6.1(1), the following

are true in M :

yzn − q−2nαzn+1 ∈ Vn and yVn−1 ⊂ Vn. (7-5)

Since en+1 = fn(α).en, it follows that

en+1 =
(
q−2n+2αy − z

)
(βnz

n + v)

= q−2n+2αβnyz
n − βnzn+1 + q−2n+2αyv − zv

(7-5)
∈ q−4n+2α2βnz

n+1 − βnzn+1 + Vn

=
(
q−4n+2α2 − 1

)
βnz

n+1 + Vn

= βn+1z
n+1 + Vn,

where the last equality holds because βn+1 = (q−4n+2α2 − 1) βn. This proves Part 3. �

We thus obtain a sequence of x-eigenvectors (including possible zero elements) in M(`α,β).

Note that the coefficient βn in Lemma 7.6(3) is nonzero for all n ∈ N if and only if α2 6= q4N−2.

Whether this is true differentiates the k[x]-module structure of M(`α,β), as discussed in the

next two subsections.
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7.3.2 The case when α2 6∈ q4N−2

Proposition 7.7. Suppose α2 6∈ q4N−2. Write M = M(`α,β).

1. The elements {en | n ≥ 0} defined in Lemma 7.6 is a basis of M ;

2. There is a left k[x]-module isomorphism

M ∼=
⊕
n≥0

k[x]

(x− λn(α))
.

If, in particular, α2 ∈ q4N, say α2 = q4r, then

M ∼=
2r+1⊕
n=r+1

(
k[x]

(x− λn(α))

)⊕2
⊕

⊕
n≥2r+2

k[x]

(x− λn(α))
.

Proof. (1) By Lemma 7.6(3), en = βnz
n + lower degree monomials in k[z], where βn ∈ k.

Because α2 6∈ q4N−2, the coefficient βn is nonzero for all n ≥ 0. Since {zn | n ≥ 0} is a basis

in M , so is {en | n ≥ 0}.

(2)The first isomorphism is an immediate consequence of Lemma 7.6(1) and Part 1.

By Lemma 7.1(2), if α2 = q4r then λn(α) = λ2r+1−n(α) for n ∈ Z . This leads to the

second isomorphism. �

7.3.3 The case when α2 ∈ q4N−2

In this case, we construct a similar basis for M(`α,0) as for the previous case, i.e., a basis

consisting of generalized x-eigenvectors. Its construction and the action of A on this basis,

however, is more complicated.

Lemma 7.8. Suppose α2 = q4r−2 where r ≥ 0. There is a basis {bn | n ≥ 0} of the line

module M(`α,0) such that
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1. (x− λn(α)).bn =

0 n = 0, . . . , r or n > 2r,

[n− r]b2r−n n = r + 1, . . . , 2r;

2. fn(α).bn =

q
2µn+1bn+1 n = 0, . . . , r − 1,

bn+1 + ρnb2r−n+1 n = r + 1, . . . , 2r;

3. y.br = q−2rαbr−1 − q−1br+1;

4. z.br = −q1−2rαbr+1;

5. f−n (α).bn =


q−2bn−1 n = 0, . . . , r,

αnb2r−n+1 + δnb2r−n−1 n = r + 1,

µnbn−1 + αnb2r−n+1 + δnb2r−n−1 n = r + 1, . . . , 2r,

where b−1 := 0, αn ∈ k and

ρn =
α[n][2r − n+ 1]

q4n−2r−3 − q2r−3
, µn = [n][2r − n+ 1], δn =

α

q2r+1 − q6r−4n+1
.

Proof. Write M = M(`α,0). Let {en ∈M | n ≥ 0} be the elements defined in Lemma 7.6.

First of all, we prove that if α2 = q4r−2 then

(a) en = γne2r−n for n = r, . . . , 2r, where

γn =

1 n = r,

q2n−2r
∏n

i=2r−n+1[i] n = r + 1, . . . , 2r,

and

(b) en = 0 for all n > 2r,
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as follows.

(a) We argue by induction on n. This is obviously true when n = r. Suppose en = γne2r−n

for some n ≥ r. Since α2 = q4r−2, it follows from Lemma 7.6(2) that

f−n .en = [2r − n+ 1][n]en−1 for n ≥ 1. (7-6)

In addition,

fn = q−2n+2αy − z = q2
(
q4r−2n−2α−1y − q−2z

)
= q2f−2r−n (7-7)

for all n ∈ Z. It follows that

en+1 = fnen
(7-7)
= q2γnf

−
2r−ne2r−n

(7-6)
= q2[2r − n][n+ 1]γne2r−n−1 = γn+1e2r−n−1,

where the last equality holds because γn+1 = q2[2r − n][n+ 1]γn. This proves (a).

(b) By Part (a), e2r = γ2re0. Since f−0 .e0 = 0, it follows that

e2r+1 = f2re2r
(7-7)
= q2γ2rf

−
0 e0 = 0.

Therefore, en = 0 for all n > 2r due to the definition of en. This proves (b).

Now, we define

bn :=


e2r−n n = −1, 0, . . . , r,

−q−2r+1αz.br n = r + 1,

fn−1.bn−1 − ρn−1en−2 n > r + 1.

(7-8)

We first show {bn | n ≥ 0} is a basis of M .

We adopt the following notation: by Vn we denote the subspace of M spanned by

{1, z, . . . , zn} for n ∈ N. For v, w ∈M , we write v ≡ w (modVn) if v − w ∈ Vn.
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By Lemma 7.6(3), en ≡ βnz
n (modVn−1) for n ≥ 0, where β0 = 1 and

βn =
n−1∏
i=0

(
q2−4iα2 − 1

)
=

n−1∏
i=0

(
q4r−4i − 1

)
for n ≥ 1.

Thus, βn 6= 0 when 0 ≤ n ≤ r. In addition, by (a) above,

bn = e2r−n = γ2r−nen ≡ βnγ2r−nz
n (modVn−1) for n = 0, . . . , r, (7-9)

where γr = 1 and γ2r−n = q2r−2n
∏2r−n

i=n+1[i] for n = 0, . . . , r − 1. Note that βnγ2r−n 6= 0.

In particular, it follows from (7-9) that br+1 = −q−2r+1αzbr ≡ −q−2r+1αβrz
r+1 (modVr).

By a similar argument in Lemma 7.6(3), we can inductively show that

bn ≡ β′nz
n (modVn−1) for n ≥ r + 1, (7-10)

where

β′n = −q−2r+1α
∏

0≤i≤n−1
i 6=r

(
q4r−4i − 1

)
6= 0.

Since {zn | n ≥ 0} is a basis of M , it follows from (7-9) and (7-10) that {bn | n ≥ 0} is also a

basis of M .

Next, we prove this basis satisfies Properties (1) - (5) listed in the statement of the lemma,

as follows.

(1) First suppose n ≤ r. Since bn = e2r−n and λn = λ2r−n, it follows from Lemma 7.6(1)

that

(x− λn(α)).bn = (x− λ2r−n(α)).e2r−n = 0.

When n > r, we argue by induction on n. Since er+1 = fr.er = (q−2r+2αy − z).er,

q−2r+2αy.er = z.er + er+1. (7-11)
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Since br+1 = −q−2r+1αz.er, we have

(x− λr+1) br+1 = −q−2r+1α (xz − λr+1z) er

= α
(
−q−2r+3zx+ q−2r+2y + q−2r+1λr+1z

)
er

(7-11)
= −q−2r+3αλrzer + zer + er+1 + q−2r+1αλr+1zer

=
(
−q−2r+3αλr + 1 + q−2r+1αλr+1

)
zer + er+1

= br−1,

where the last equality holds because br−1 = er+1 and

(
q2 − q−2

) (
−q−2r+3αλr + 1 + q−2r+1αλr+1

)
= −q−4r+4α2 − q2 + q2 − q−2 + q−4rα2 + q2

= 0.

Thus, (1) is true when n = r + 1.

Suppose (x− λn)bn = [n− r]b2r−n for some n ≥ r + 1. By Lemma 7.3(3),

q2[n− r]fn+2 = [n+ 1− r]fn − q2r−2n+2f−n . (7-12)

It follows from Lemma 7.4(1) that

(x− λn+1) fnbn = q2fn+2(x− λn)bn

= q2[n− r]fn+2en

(7-12)
=

(
[n+ 1− r]fn − q2r−2n+2f−n

)
en

(7-6)
= [n+ 1− r]en+1 − q2r−2n+2[n][2r − n+ 1]en−1.
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This equality will be used in the next calculation. Since bn+1 = fnbn−ρnen−1, it follows that

(x− λn+1).bn+1 = (x− λn+1) (fnbn − ρnen−1)

= (x− λn+1)fnbn − ρn(x− λn+1)en−1

= [n+ 1− r]en+1 − q2r−2n+2[n][2r − n+ 1]en−1 − ρn(λn−1 − λn+1)en−1

= [n+ 1− r]b2r−n−1,

where the last equality holds because en+1 = b2r−n−1 and

ρn (λn−1 − λn+1) = −q2r−2n+2[n][2r − n+ 1].

This proves Property (1).

(2) When n = 0, . . . , r,

fn.bn
(7-7)
= q2f−2r−n.e2r−n

(7-6)
= q2[2r − n][n+ 1]e2r−n−1 = q2µn+1bn+1.

When n > r, this is clearly true due to the definition (7-8) for bn.

(3) This follows from (7-11).

(4) This is the definition (7-8) for br+1.

(5) When n = 0, . . . , r,

f−n .bn
(7-7)
= q−2f2r−n.e2r−n = q−2e2r−n+1

(7-8)
= q−2bn−1,

Note b−1 = e2r+1 = 0 by (b).

Now, suppose r + 1 ≤ n ≤ 2r. Since α2 = q4r−2 6= q4n−2, it follows from Lemma 7.3(4)

that

q2[n− r]f−n−2 = [n− r − 1]f−n + q2n−2r−2fn. (7-13)
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Since x.en+1 = λn+1en+1, we have

δn(x− λn−1).en+1 = δn(λn+1 − λn−1)en+1

=
α (q−2n−1α + q2n+1α−1 − q−2n+3α2 − q2n−3α−1)

(q2 − q−2) (q2r+1 − q−4n+6r+1)
en+1

=
q4r−2n−3 + q2n+1 − q4r−2n+1 − q2n−3

(q2 − q−2) (q2r+1 − q−4n+6r+1)
en+1

= q2n−2r−2en+1

= q2n−2r−2b2r−n−1. (7-14)

It follows from Lemma 7.4(2) that

(x− λn−1) f−n .bn = q2f−n−2 (x− λn) bn

(1)
= q2[n− r]f−n−2en

(7-13)
=

(
[n− r − 1]f−n + q2n−2r−2fn

)
en

(7-6)
= [n− r − 1][2r − n+ 1][n]en−1 + q2n−2r−2en+1

(7-14)
= [n− r − 1][2r − n+ 1][n]en−1 + δn(x− λn−1)b2r−n−1

(1)
=

δn(x− λn−1)b2r−n−1 n = r + 1,

µn(x− λn−1)bn−1 + δn (x− λn−1) b2r−n−1 n = r + 2, . . . , 2r.

Thus, (x− λn−1) .b′n−1 = 0, where

b′n−1 :=

f
−
n bn − δnen+1 n = r + 1,

f−n bn − µnbn−1 − δnen+1 n = r + 2, . . . , 2r.

(7-15)

Furthermore, by Lemma 7.1(3), λn = λ2r−n and the scalars in {λn | n ≥ r} are distinct.

Since {bn | n ≥ 0} is a basis, it then follows from Property (1) that the x-eigenspace in

M with eigenvalue λn−1 is the 1-dimensional space kb2r−n+1 for n = r + 1, . . . , 2r. Hence,
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b′n−1 = αnb2r−n+1 for some αn ∈ k. It then follows from (7-15) that

f−n .bn =

αnb2r−n+1 + δnb2r−n−1 n = r + 1,

µnbn−1 + αnb2r−n+1 + δnb2r−n−1 n = r + 2, . . . , 2r.

This proves Property (5) and the proof is complete. �

Proposition 7.9. If α2 ∈ q4N−2, say α2 = q4r−2 with r ≥ 0, then as left k[x]-modules

M(`α,0) ∼=
k[x]

(x− λr(α))
⊕

2r⊕
n=r+1

k[x]

(x− λn(α))2
⊕
⊕
n>2r

k[x]

(x− λn(α))
.

If, in particular, α2 = q−2 (i.e., r = 0) then

M(`α,0) ∼=
⊕
n≥0

k[x]

(x− λn(α))
.

Proof. By Lemma 7.1(3), λn = λ2r−n and the scalars in {λn | n ≥ r} are distinct. The first

isomorphism is then an immediate consequence of Lemma 7.8(1). The second is a special

case of the first. �

7.3.4 Summary

Recall from §2.3.2 that the x-support of an A-module M is the set of all λ ∈ k such that

{m ∈M | (x− λ)nm = 0 for n� 0} 6= 0.

Corollary 7.10. Let M = M(`α,β) and M ′ = M(`α′,β′) be two line modules for A.

1. The line module M is a direct sum of

• 1-dimensional k[x]-modules when α2 6∈ q4N+2, and
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• 1- and 2-dimensional indecomposable k[x]-modules when α2 ∈ q4N+2.

In addition, the x-support of M is {λn(α) | n ≥ 0}.

2. If M ′ is isomorphic to a proper submodule of M , then α′ ∈ q−2N−2α.

Proof. (1) This follows from Proposition 7.7 and Proposition 7.9.

(2) Write M = M(`α,β) and M ′ = M(`α′,β′).

By Part 1, the x-support of M ′ is the set {λn(α′) |n ≥ 0}. Since M ′ ⊂M , the x-support

for M ′ is a subset of that for M , i.e., {λn(α′)}n≥0 ⊂ {λn(α)}n≥0.

Since M is generated by the 1-dimensional x-eigenspace with eigenvalue λ0(α), it is

necessary that λ0(α) 6∈ {λn(α′)}n≥0; otherwise M = M ′. Therefore,

{λn(α′)}n≥0 ( {λn(α)}n≥0.

By Lemma 7.2, α′ ∈ q−2N−2α. �

7.4 Types of A-lines

To give more explicit description of the A-lines in relation to finite dimensional simple

A-modules, we introduce the following terminology. Fix a cyclic permutation (x, y, z) of

(x1, x2, x3). We call the A-line

` = {x− λ(qα) = y − αz − β = 0}

and its respective line module M(`) of

• Type 1 if (α2, β2) ∈
(
−q2N−2, 0

)
;

• Type 2 if (α2, β2) ∈ (q−4, q−2[N+]2);

• Type 3 if (α2, β2) ∈
(
q4N, 0

)
;
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• Type 4 if (α2, β2) ∈
(
q4N−2, 0

)
.

The relevance of these types of line modules to finite dimensional simple A-modules is

indicated by the next result, which improves Corollary 6.20.

Proposition 7.11. Let ` and `′ be the A-lines

` = {x− λ(qα) = y − αz − β = 0} ,

`′ = {x− λ(qα′) = y − α′z − β′ = 0} ,

where (x, y, z) is a cyclic permutations of (x1, x2, x3). If M(`′) is isomorphic to a proper

submodule of M(`), then one of the following occurs:

1. (α2, β2) ∈
(
−q2N−2, 0

)
and (α′, β′) = (−q−4α−1, 0);

2. (α2, β2) = (q−4, q−2[m]2) and (α′, β′) = (q−2mα, 0) for some m ≥ 1;

3. (α2, β2) = (q4n−4, 0) and

(α′, β′) ∈
(
q−2nα, q−1[n]

)
∪
(
q−2nα,−q−1[n]

)
∪
(
q−4n−4α, 0

)
for some n ≥ 1;

4. (α2, β2) ∈
(
q4N−2, 0

)
and (α′, β′) = (q−4α−1, 0).

The A-lines in Cases 1 - 4 are of Types 1 - 4, respectively.

Proof. Write M = M(`) and M ′ = M(`′).

Since M ′ (M , it follows from Corollary 7.10(2) that

α′ ∈ q−2N−2α. (7-16)

Suppose ββ′ 6= 0. Since (α2 − q−4)β = (α′2 − q−4)β′ = 0, α2 = α′2 = q−4. But this is

impossible due to (7-16). Therefore ββ′ = 0, which thus leaves us with three possibilities:
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1. β = β′ = 0,

2. α′2 = q−4 and β′ 6= 0, and

3. α2 = q−4 and β 6= 0.

We discuss each of them below.

(1) Since β = β′ = 0, it follows from Corollary 6.20(1) that α′ ∈ {±α,±q−4α−1}. Clearly,

α 6= α′.

If α′ = −α, then −α ∈ q−2N−2α. But this is impossible, as q is not a root of unity.

If α′ = −q−4a−1, then α2 ∈ −q2N−2. This gives us Case 1 in the statement of the lemma.

If α′ = q−4a−1, then q−4α−1 ∈ q−2N−2α, so that

α2 ∈ q2N−2 = q4N−2 ∪ q4N.

In particular, when α2 ∈ q4N−2, it leads to Case 4 in the lemma. The other possibility is

(
α2, β2

)
∈
(
q4N, 0

)
and (α′, β′) =

(
q−4α−1, 0

)
(7-17)

(2) By (7-16), α = q2nα′ for some n ≥ 1. Since α′2 = q−4, α2 ∈ q4nα′2 = q4n−4. By

Corollary 6.20(2),

β′2 = q−2
(
q2α− q−2α−1

q2 − q−2

)2

= q−2
(
q2n − q−2n

q2 − q−2

)2

= q−2[n]2.

Thus, (α2, β2) = (q4n−4, 0) and (α′, β′) = (q−2nα,±q−1[n]). This, together with (7-17), gives

Case 3.

(3) Suppose α2 = q−4 and write α′ = q−2mα where m ≥ 1. By a similar argument in Part

(2), we can show β2 ∈ q−2[m]2. This is Case 2 in the statement of the lemma. �

Proposition 7.11 suggests line modules of Types 1 - 4 may be non-simple. The next result

finds proper submodules of the line modules of Types 1-3 using the basis elements given by
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Proposition 7.7.

Lemma 7.12. Let {en | n ≥ 0} be the elements in a line module M as defined in Lemma

7.6.

1. If M is of Type 1, 2 or 3, then there exists r ≥ 1 such that Aer is a nonzero proper

submodule.

2. If M is of Type 1 or 2, then it has a unique nonzero proper submodule.

Proof. Assume M = M(`), where ` = {x− λ(qα) = y − αz − β = 0}.

(1) Since α2 6∈ q4N−2 when ` is of Type 1, 2 or 3, it follows from Proposition 7.7(1) that

{en | n ≥ 0} is a basis of M .

First suppose ` is of Type 1, i.e., (α2, β2) = (−q2r−4, 0) for some r ≥ 1. By Lemma 7.6(2),

f−r (α).er =

(
q−2r+4α2 − q2r−4α−2

q2 − q−2
[r] + q2β2

)
er−1 =

−1 + 1

q2 − q−2
[r]er−1 = 0.

Hence, (y − q−2rαz) .er = q−2r+2αf−r (α).er = 0.

Write α0 = q−2rα. Since (x− λ(qα0)) er = (y − α0z) er = 0, there is a surjection

φ : M(`0) � Aer,

where `0 = {x− λ(qα0) = y − α0z = 0} = `[−r].

If kerφ 6= 0, then dimk(Aer) < ∞ by Corollary 6.4. But, Aer is infinite dimensional as

en ∈ Aer for all n ≥ r. Hence, kerφ = 0 and φ is an isomorphism. Therefore, Aer ∼= M(`[−r])

and it is a proper submodule.

By similar arguments we show that Part (1) holds for Type 2 and Type 3 line modules

as well.

(2) We, again, only prove the case when ` is of Type 1, i.e., (α2, β2) = (−q2r−4, 0). The

case when ` is of Type 2 can be proved similarly.
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Suppose N is a nonzero proper submodule of M . Then N ∼= M (`′) for some A-line

`′ = {x− λ(qα′) = y − α′z − β′ = 0} .

By Proposition 7.11(1), α′ = −q−4α−1 = q−2rα and β′ = 0. Hence, N is generated by an

x-eigenvector in M with eigenvalue λ0(α
′) = λr(α). However, by Proposition 7.7(2), the x-

eigenspace in M with eigenvalue λr(α) is 1-dimensional. Therefore, there is a unique nonzero

proper submodule in M . �

7.4.1 The traces for the actions of x, y and z

We calculate the traces for the actions of x, y and z on proper quotients of line modules of

Types 1, 2 and 4. It will be useful in distinguishing non-isomorphic finite dimensional simple

A-modules from each other.

Lemma 7.13. Let (x, y, z) be a cyclic permutation of (x1, x2, x3) and r ≥ 1. Let V be an

r-dimensional quotient of a line module M(`), where

` = {x− λ(qα) = y − αz − β = 0} .

If ` is of Type 1, 2 or 4, then the traces for the actions of x, y and z on V are

trV (x) = λ(q−r+2α)
(
qr − q−r

)
/
(
q − q−1

)
,

trV (y) = β/(1− q−2),

trV (z) = αβ/(q−2 − q−4).

Proof. First of all, by Proposition 6.13, there is an exact sequence

0 −→ M(`′) −→ M(`) −→ V −→ 0,
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where `′ = {x− λ(qα′) = y − α′z − β′ = 0}. Write M = M(`) and M ′ = M(`′) for short.

We will view M ′ as a submodule of M .

We prove the result when (1) ` is of Type 1 or 2, and when (2) ` of Type 4, separately.

(1) Suppose ` is of Type 1 or 2. By Lemma 7.1(1)(2), λm(α) 6= λn(α) when m > n ≥ 0.

By Corollary 7.10(2), α′ = q−2tα for some t ≥ 1.

Since α2 6∈ q4N−2, it follows from Proposition 7.7(1) that there is a basis {en | n ≥ 0} for

M such that for n ≥ 0

x.en = λn(α)en fn.en = en+1, f−n .en = µnen−1 (7-18)

where e−1 := e0, µn ∈ k and µ0 = q2αβ.

Since α′2 = q−4tα2 6∈ q4N−2, it follows from Proposition 7.7(2) that M ′ is a direct sum

of 1-dimensional x-eigenspaces with eigenvalues {λn(α′) | n ≥ 0} = {λn(α) | n ≥ t}. Hence,

{en | n ≥ t} is a basis for M ′. It follows that V has a basis of {vn | n = 0, . . . , t− 1}, where

vn is the natural image of en under the surjection M � V . Since dimk(V ) = r, t = r.

By (7-18), trV (x) equals

r−1∑
n=0

λ
(
q−2n+1α

)
=

r−1∑
n=0

q−2n+1α + q2n−1α−1

q2 − q−2

=
(αq−r+2 + α−1qr−2) (qr − q−r)

(q − q−1) (q2 − q−2)

=
λ(q−r+2α) (qr − q−r)

q − q−1
.

Furthermore, by Lemma 7.3(1), for all n ≥ 0

y =
(
q−1fn − qf−n

)
δn,
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where δn = (q−2n+1α− q2n−1α−1)−1. It follows that

y.vn =
(
q−1fn.vn − qf−n .vn

)
δn

(7-18)
=

(
−qµnvn−1 + q−1vn+1

)
δn

=

(−qµ0v0 + q−1v1) δ0 n = 0,

(−qµnvn−1 + q−1vn+1) δn n = 1, . . . , r − 1,

where vr := 0. Thus, the action of y on V can be presented by a trigonal matrix with

diagonal (
−q3αβ

qα− q−1α−1
, 0, . . . , 0

)
.

Hence,

trV (y) =
−q3αβ

qα− q−1α−1
=
−q4α2β

q2α2 − 1
=

β

1− q−2
.

where the last equality holds because (α2 − q−4)β = 0.

In a similar manner we show that trV (z) = αβ/ (q−2 − q−4).

(2) Suppose ` is of Type 4, i.e., α2 = q4s−2 and β = 0 for some s ≥ 0. The treatment is

similar but the calculation is more complicated.

Let {bn | n ≥ 0} be the basis of M given by Lemma 7.8. Then the x-eigenspace in M

with eigenvalue λn(α) is the 1-dimensional space kbn for n ≥ 2s+ 1.

By Proposition 7.11(4), α′ = q−4α−1 = q−4s−2α; whence α′2 = q−8α−2 ∈ q−6−4s 6∈ q4N+2.

It then follows from Proposition 7.7(1) that a basis of M ′ is given by a set of x-eigenvectors

with eigenvalues

{λ0(α′), λ1(α′), · · · } = {λ2s+1(α), λ2s+2(α), · · · } .

Hence, the set {bn | n ≥ 2s+ 1} is a basis of M ′.

Since V ∼= M/M ′, it has a basis {wn ∈ V | n = 0, . . . , 2s}, where wn is the image of bn
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under the surjection M � V , such that

x.wn =

λn(α)wn n = 0, . . . , s,

λn(α)wn + [n− s]w2s−n n = s+ 1, . . . , 2s;

fn.wn ∈

kwn+1 n = 0, . . . , s− 1,

kwn+1 + kw2s−n+1 n = s+ 1, . . . , 2s;

f−n .wn ∈

kwn−1 n = 0, . . . , s− 1,

kwn−1 + kw2s−n+1 + kw2s−n−1 n = s+ 1, . . . , 2s.

In addition, y.ws = q−2sαws−1 − q−1ws+1 and z.ws = −q1−2sαws+1. Since dimk(V ) = r,

r = 2s.

Similar to Part (1), trV (x) =
∑r

n=0 λn(α) = λ(q−r+2α) (qr − q−r) / (q − q−1).

Note β = 0 in this case. It thus remains to show trV (y) = trV (z) = 0. By Lemma 7.3(1),

y = (q−1fn.vn − qf−n .vn) δn when α2 = q4s−2 6= q4n−2, i.e., when n 6= s. It follows that

y.wn =

q
−2sαws−1 − q−1ws+1 n = s,

(q−1fn.wn − qf−n .wn) δn n 6= s,

∈

kwn−1 + kwn+1 n = 0, . . . , s,

kv2s−n−1 + kw2s−n+1 + kwn−1 + kwn+1 n = s+ 1, . . . , 2s,

where w−1 = w2r+1 := 0. So, the action of y on V can be presented by a matrix with zero

diagonal elements. So, trV (y) = 0. By a similar argument, we show trV (z) = 0. �

7.4.2 The simple module S(`)

Let ` be an A-line of Type 1 or 2. Assured by Lemma 7.12(2), the line module M(`) has a

unique simple quotient module. We denote it by S(`).
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We will call S(`) of Type 1 (resp. Type 2) if ` is of Type 1 (resp. Type 2).

In the subsequent subsections §7.5 - §7.8, we will further examine the simple quotients

of line modules of Type 1-4. In particular, we will show every finite dimensional simple

A-module is isomorphic to S(`) for some A-line ` of Type 1 or 2.

Notation From §7.5 to §7.6, we fix a cyclic permutation (x, y, z) of (x1, x2, x3) and denote

`α,β = {x− λ(qα) = y − αz − β = 0} ,

where (α, β) ∈ k2 is such that α 6= 0 and (α2 − q−4) β = 0.

7.5 Type 1: α2 ∈ −q2N−2 and β = 0

The following results shows that exactly one of the five r-dimensional simples is a quotient

of a Type 1 line module.

Lemma 7.14. If α2 ∈ −q2r−4 with r ≥ 1, then

1. there is an exact sequence 0→M(`α,0[−r])→M(`α,0)→ S(`α,0)→ 0,

2. dimk (S(`α,0)) = r, and

3. there is an A-module isomorphism S(`α,0) ∼= S(`−α,0).

Proof. Write ` = `α,0 and S = S(`) for short.

(1) There is an exact sequence 0→M(`′)→M(`)→ S → 0, where

`′ = {x− λ(qα′) = y − α′z − β′ = 0} .

By Proposition 7.11(1), α′ = −q−4α−1 = q−2rα and β′ = 0. So, `′ = `[−r].

(2) By Proposition 7.7(2), M(`) is a direct sum of 1-dimensional x-eigenspaces with eigen-

values {λn(α) | n ≥ 0}. Similarly, M(`[−r]) is a direct sum of 1-dimensional x-eigenspaces
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with eigenvalues {λn(α′) | n ≥ 0} = {λn(α) | n ≥ r}. Since S ∼= M(`)/M(`[−r]), it follows

that dimk(S) = r.

(3) First, it is direct to verify that λn(α) = λr−n−1(−α) for all n ∈ Z when α2 ∈ −q2r−4.

In addition, by Lemma 7.1(1), the scalars in {λ(α) | n ≥ 0} are distinct.

In view of the proof in Part 2, the eigenvalues for the action of x on S are the dis-

tinct scalers λ0(α), . . . , λr−1(α). Hence, there exists an x-eigenvector, say v, with eigenvalue

λr−1(α) = λ0(−α), that is,

(x− λ0(−α)).v = 0.

It follows from Lemma 7.4(2) with n = 0 that

(x− λ−1(−α)) f−0 (−α).v = q2f−−2(−α) (x− λ0(−α)) .v = 0.

But, λ−1(−α) = λr(α) is not an x-eigenvalue for S, so f−0 (−α).v = 0. Hence,

(y + αz)v = −q2αf−0 (−α)v = 0.

It follows that there is a surjection M(`−α,0)� Av = S. By Lemma 7.12(2), M(`−α,0) has

a unique simple quotient, which is S(`−α,0). Therefore, S(`α,0) ∼= S(`−α,0). �

7.6 Type 2: α2 = q−4 and β2 ∈ q−2[N+]2

The following shows that exactly four of the r-dimensional simples are quotients of Type 2

line modules.

Lemma 7.15. If α2 = q−4 and β2 ∈ q−2[r]2 where r ≥ 1, then

1. there is an exact sequence 0→M(`α,β[−r])→M(`α,β)→ S(`α,β)→ 0;

2. dimk (S(`α,β)) = r;
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3. the four simple A-modules

S (`α,β) , S (`−α,β) , S (`α,−β) , S (`−α,−β)

are non-isomorphic;

4. none of the four simple modules in Part 3 is isomorphic to the r-dimensional simple

A-module in Lemma 7.14.

Proof. (1) The proof is similar to that of Lemma 7.14(1).

(2) The proof is similar to that of Lemma 7.14(2).

(3) Let Si = S(`αi,βi), where α2
i = q−4 and β2

i = q−2[r]2 for i = 1, 2. It suffices to show

that if S1
∼= S2 then (α1, β1) = (α2, β2).

By Lemma 7.13,

(trSi
(x), trSi

(y)) =

(
λ(q−r+2αi)

qr − q−r

q − q−1
,

βi
1− q−2

)
=

(
q2αi[r]

q − q−1
,

βi
1− q−2

)
.

If S1
∼= S2, then (trS1(x), trS1(y)) = (trS2(x), trS2(y)), that is,

(
q2α1[r]

q − q−1
,

β1
1− q−2

)
=

(
q2α2[r]

q − q−1
,

β2
1− q−2

)
,

which implies (α1, β1) = (α2, β2). This proves Part 3.

(4) Let V be the r-dimensional simple A-module in Lemma 7.14. By Lemma 7.13,

trV (x) = 0. However, the trace for the action of x on S(`α,β) is nonzero, as shown in Part 3.

So V must not be isomorphic to S(`α,β). �

7.7 Type 3: α2 ∈ q4N and β = 0

The following result shows that Type 3 line modules provide no more simple modules (up to

isomorphism) by their quotients than Type 2 line modules do.
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Lemma 7.16. Every simple quotient of a Type 3 line module is also a quotient of a Type 2

line module.

Proof. Let M = M(`α,0) be a Type 3 line module, where α2 = q4r−4 with r ≥ 1. Let V be

a simple quotient of M .

Write α0 := q−2rα. Note that α2
0 = q−4 and λ−1(α0) = λ0(α0).

By Proposition 7.7(2), the x-eigenspace in M with eigenvalue λr(α) = λ0(α0) is 2-

dimensional.

By Proposition 6.11, there is an exact sequence 0 → M(`α′,β′) → M(`α,0) → V → 0.

Write M ′ = M(`α′,β′). By Proposition 7.11(3), α′ = α0 or q−4r−4α, so α′2 = q−4 or q−4r. In

either case, the x-eigenspace in M ′ with eigenvalue λ0(α0) has dimension no greater than 2,

according to Proposition 7.7(2).

Since V ∼= M/M ′, it follows that the x-eigenspace in V with eigenvalue λ0(α0), denoted

by W , is finite dimensional and nonzero. Applying Lemma 7.4(2) with n = 0, we see that

(x− λ−1(α0))f
−
0 (α0).W = q2f−−2(α0)(x− λ0(α0)).W = 0.

Since λ−1(α0) = λ0(α0), f
−
0 (α0).W ⊂ W . Since k is algebraically closed, there is a q2α0f

−
0 (α0)-

eigenvector in W , say v0, with eigenvalue β0 for some β0 ∈ k, that is,

(
q2α0f

−
0 (α0)− β0

)
.v0 = (y − α0z − β0) .v0 = 0.

Since v0 ∈ W , we also have (x− λ0(α0)).v0 = 0. Hence, there is a surjective homomorphism

M (`α0,β0) � Av0 = V.

Lastly, since M (`α0,β0) has a finite dimensional quotient, it must not be simple. By

Proposition 7.11(2), β2
0 ∈ q−2[N+]2. Therefore the line module M(`α0,β0) is of Type 2. �

While it is not needed for the classification of finite dimensional simple A-modules, the
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next result shows the structure of a Type 3 line module.

Proposition 7.17. Every Type 3 line module has three proper submodules, which are line

modules. Two submodules are Type 2 and one is simple.

Proof. Let M = M(`α,0) be a line module of Type 3, where α2 = q4r−4 with r ≥ 1. Then

λn(α) = λ2r−1−n(α) and fn(α) = q2f−2r−1−n(α) for all n ∈ Z.

Let {en|n ≥ 0} be the basis of M given by Proposition 7.7(1). By Lemma 7.6, fnen = en+1

and

f−n (α).en =
q−2n+4α2 − q2n−4α−2

q2 − q−2
[n]en−1 = [2r − n][n]en−1. (7-19)

Let v = er−1 + q−1[r]−1er. Write α0 = q−2rα and β0 = q−2r+1α[r]. Then α2
0 = q−4 and

β2
0 = q−2[r]2. It follows that

fr−1(α).v = fr−1.
(
er−1 + q−1[r]−1er

)
= er + q[r]−1f−r er

7−19
= er + q[r]er−1

= q[r]v.

Since fr−1(α) = q−2r+4αy − z = q4α0y − z, it follows that (y − α0z − β0).v = 0. In a similar

manner, we show that if v′ = er−1 − q−1[r]−1er then (y − α0z + β0).v
′ = 0.

Since λr(α) = λr−1(α) = λ0(α0), (x − λ0(α0))v = (x − λ0(α0))v
′ = 0. Hence, there are

surjective homomorphisms

M(`α0,β0) � Av and M(`α0,−β0) � Av′.

By Proposition 4.17, both Av and Av′ are line modules and hence infinite dimensional.

As a result, both of the above surjections are isomorphisms. Note that M(`α0,±β0) are of

Type 2.

By Lemma 7.14 and Lemma 7.15, both Av and Av′ have a proper submodule, which is
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simple and isomorphic to

⊕
n≥0

k[x]

(x− λn(α0))
=
⊕
n≥2r

k[x]

(x− λn(α))

as k[x]-modules. However, by Proposition 7.7(2), as a k[x]-module M has one and only one

such submodule. This proves the result. �

7.8 Type 4: α2 ∈ q4N−2 and β = 0

Lemma 7.18. Every Type 4 line module is simple.

Proof. Let M = M(`a,0) be a Type 4 line module, where α2 = q4r−2 with r ≥ 0. If M is

not simple then there is a finite dimensional simple quotient V of M .

By Lemma 7.13,

trV (x) =
λ(q−r+2α) (qr − q−r)

q − q−1
=

(qr + q−r) (qr+1 − q−r−1)
q2r − q2r−2

6= 0,

and trV (y) = trV (z) = 0.

By Proposition 6.11, with respect to the cyclic permutation (y, z, x), there is a surjection

M(`′)� S, for some A-line

`′ = {y − λ(qα′) = z − α′x = 0} .

By Proposition 7.11, `′ is of Type 1, 3 or 4. According to Lemma 7.13,

• if `′ is of type 1, then trV (xi) = 0 for i = 1, 2, 3, a contradiction;

• if `′ is of type 3, then V is isomorphic to a Type 2 simple module by Lemma 7.16. It

follows that trV (xi) 6= 0 for i = 1, 2, 3, a contradiction;

• if `′ is of type 4, then trV (y) 6= 0 and trV (z) = trV (x) = 0, a contradiction again.
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Therefore, such simple quotient V does not exist and M must be simple. �

7.9 Main results

Now we complete the classification of finite dimensional simple A-modules and summarize

the results below. Recall the notion of shift and translation of an A-line defined in §6.2.1.

Theorem 7.19. For every integer r ≥ 1, there are five r-dimensional simple A-modules up

to isomorphism. Each simple module S occurs in an exact sequence

0 −→ M(`[−r]) −→ M(`) −→ S −→ 0

for some A-line ` ∈ A3
x1,x2,x3

. The five A-lines, corresponding to the five simple modules,

could be chosen to be

1. {x− λ(iqr−1) = y − iqr−2z = 0};

2. {x− λ(q) = y − q−2z − q−1[r] = 0};

3. {x+ λ(q) = y + q−2z − q−1[r] = 0};

4. {x− λ(q) = y − q−2z + q−1[r] = 0};

5. {x+ λ(q) = y + q−2z + q−1[r] = 0},

where (x, y, z) is a cyclic permutation of (x1, x2, x3).

Proof. By Proposition 6.13, every r-dimensional simple A-module V appears in an exact

sequence 0→M(`′)→M(`)→ V → 0 for some A-lines

` = {x− λ(qα) = y − αz − β = 0} and

`′ = {x− λ(qα′) = y − α′z − β′ = 0} .
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By Proposition 7.11, ` is of Type 1, 2, 3 or 4.

Thanks to Lemma 7.16 and 7.18 we may (and will) further assume ` to be of Type 1 or

2, without loss of generality.

Lemma 7.14 and 7.15 classify all r-dimensional simple quotients of line modules of Type

1 and 2, respectively. It is shown that there are five non-isomorphic r-dimensional simple

A-modules, for each of which `′ = `[−r]. In addition,

• if ` is of Type 1, then (α, β) = (iqr−1, 0), and

• if ` is of Type 2, then (α, β) is one of the following

(
q−2, q−1[r]

)
,
(
−q−2, q−1[r]

)
,
(
q−2,−q−1[r]

)
,
(
−q−2,−q−1[r]

)
.

The proof is now complete. �

Notation Let r ≥ 1 and fix a cyclic permutation (x, y, z) of (x1, x2, x3). Denote the five

A-lines listed in the statement of Theorem 7.19 by

`0,0 :=
{
x− λ(iqr−1) = y − iqr−2z = 0

}
and

`i,j :=
{
x− iλ(q) = y − q−2iz − q−1[r]j = 0

}
for i, j ∈ {1,−1}.

Thus, the five r-dimensional simple A-modules are 2

Si,j(r) :=
M(`i,j)

M(`i,j[−r])
,

where (i, j) ∈ {(0, 0), (1, 1), (1,−1), (−1, 1), (−1,−1)}.

The next corollary provides a useful tool to distinguish one finite dimensional simple

A-module from another.

2More accurately, here M(`i,j [−r]) should be replaced by its isomorphic image in M(`i,j).
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Corollary 7.20. Let Si,j(r) be as defined above.

1. The traces for the actions of x, y and z on Si,j(r) are

(tr(x), tr(y), tr(z)) =
[r]

q − q−1
(i, j, ij) ,

where (i, j) ∈ {(0, 0), (1, 1), (1,−1), (−1, 1), (−1,−1)}.

2. Two finite dimensional simple A-modules V and W are isomorphic if and only if

(trV (x), trV (y)) = (trW (x), trW (y)) .

Proof. Part 1 follows from Lemma 7.13. Part 2 is an immediate consequence of Part 1. �

As a closely related topic, all simple line modules for A are identified. Simply speaking,

a line module for A is simple if and only if it is anything but of Type 1, 2, or 3.

Theorem 7.21. Every line module of Type 1, 2 or 3 has a finite dimensional simple quotient.

All other line modules are simple.

Proof. This follows from Proposition 7.11, Lemma 7.12 and Lemma 7.18. �

In addition, the structure of the non-simple line modules are illustrated in the following

diagrams. Write p = (0, 0, q[r]) ∈ A3
x,y,z.

`

r

`[−r]

0

Type 1

`

r

`[−r]

0

Type 2

`
r

`[−r]+p

r

r

`[−r]−p

r

`[−2r]

0

Type 3
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There are 24 line modules that map onto r-dimensional simple A-modules. Let

Lr :=
{
A-lines mapping onto an r-dimensional simple

}
for r ≥ 1. Then |Lr| = 24. Recall that we have identified all lines in L1 in §6.3.1. The

following table shows every line in Lr is either a shift or translation of an line in L1.

Write pr := (0, 0, q[r]− q) ∈ A3
x,y,z for r ≥ 1.

L1 Lr Type

`1 = {x = y − iq−1z = 0}
`1[

1
2
r − 1] if r is even

`1[
1
2
(r − 1)] if r is odd

1

`2 = {x = y + iq−1z = 0}
`2[

1
2
r − 1] if r is even

`2[
1
2
(r − 1)] if r is odd

1

`3 = {x+ λ(q) = y + q−2z + q−1 = 0} `3 − pr 2

`4 = {x+ λ(q) = y + q−2z − q−1 = 0} `4 + pr 2

`5 = {x− λ(q) = y − q−2z + q−1 = 0} `5 − pr 2

`6 = {x− λ(q) = y − q−2z − q−1 = 0} `6 + pr 2

`7 = {x− λ(q) = y − z = 0} `7[r − 1] 3

`8 = {x+ λ(q) = y + z = 0} `8[r − 1] 3

The following example gives the five 2-dimensional simple A-modules.

Example 7.22 (2-dimensional simple A-modules). Write γ = (q+q−1)−1 and δ = (q−q−1)−1.

The five non-isomorphic 2-dimensional simple A-modules are given by

A

Aa+ Ab+ Ac
,

where (a, b, c) ∈ A⊕3 equals one of the following:

1. (x1 − iγ, x2 − ix3, x
2
3 + γ2);
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2. (x1 − δ, x2 − q−2x3 − q − q−3, x23 − (2δ + δ−1)x3 + δ2 + 1);

3. (x1 + δ, x2 + q−2x3 − q − q−3, x23 + (2δ + δ−1)x3 + δ2 + 1);

4. (x1 − δ, x2 − q−2x3 + q + q−3, x23 + (2δ + δ−1)x3 + δ2 + 1);

5. (x1 + δ, x2 + q−2x3 + q + q−3, x23 − (2δ + δ−1)x3 + δ2 + 1).

The matrix presentation A → M2(k) for each of the five simple modules is determined

by the images of x1, x2 and x3, as given below.

1.

iγ 0

0 −iγ

 ,
 0 −iq−1γ

−iqγ 0

 ,
 0 −q−1γ

qγ 0

 ,
2.

δ 0

0 δ + δ−1

 ,
 2δ + δ−1 −q−1δ

q(δ + δ−1) 0

 ,
 2δ + δ−1 −qδ

q−1(δ + δ−1) 0

 ,
3.

−δ 0

0 −δ − δ−1

 ,
 2δ + δ−1 −q−1δ

−q(δ + δ−1) 0

 ,
 −2δ − δ−1 −qδ

q−1(δ + δ−1) 0

 ,
4.

δ 0

0 δ + δ−1

 ,
−2δ − δ−1 −q−1δ

q(δ + δ−1) 0

 ,
 −2δ − δ−1 −qδ

q−1(δ + δ−1) 0

 ,
5.

−δ 0

0 −δ − δ−1

 ,
 −2δ − δ−1 q−1δ

−q(δ + δ−1) 0

 ,
 2δ + δ−1 −qδ

q−1(δ + δ−1) 0

 .
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7.10 The action of Alt4 on the simple A-modules

Recall from §3.5 that the alternating group Alt4 = 〈σ, τ1, τ2, τ3〉 acts as automorphisms of A,

given by

σ(x1) = x2, σ(x2) = x3, σ(x3) = x1,

τ1(x1) = x1, τ1(x2) = −x2, τ1(x3) = −x3,

τ2(x1) = −x1, τ2(x2) = x2, τ2(x3) = −x3,

τ3(x1) = −x1, τ3(x2) = −x2, τ3(x3) = x3.

There is an auto-equivalence ρ∗ : Mod(A)→ Mod(A) associated to each ρ ∈ Alt4. It is clear

that ρ∗M is a finite dimensional simple A-module if M is. The dimensions of ρ∗M and M

are the same. We now examine the action of Alt4 on the five isomorphism classes of simple

A-modules of each dimension, as a generalization of Corollary 3.9.

Specifically, we will see that the Type 1 simple modules are fixed by the action of Alt4

and the four Type 2 simple modules of dimension r form a single orbit. Since that orbit has

size 4 the stabilizer of each of them is a cyclic subgroup of Alt4 having size 3. There are four

such subgroups of Alt4. Thus, these four simple modules are naturally labelled by the four

order-3 subgroups of Alt4.

We adopt the following notation. If M and N are A-modules such that N ∼= ρ∗M we

will write

M
ρ−→ N

to indicate this relationship.

Proposition 7.23. Let r ≥ 1 and write Si,j = Si,j(r).

1. The action of Alt4 on the isomorphism classes of r-dimensional simple A-modules is
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given by the following commutative diagrams:

S0,0σ
00

τinn S1,1σ
00 S−1,1

τ2 //

τ1

��

τ3

((

S1,1

τ1

��

τ2
oo

S−1,−1
τ2 //

τ1

OO

S1,−1τ2
oo

τ1

OO

τ3

hh S−1,1
σ

zz
S−1,−1 σ

// S1,−1

σ
cc

2. There are two orbits for the action of Alt4 on the set of isomorphism classes of r-

dimensional A-modules, namely

Orb(S0,0) = {S0,0} and

Orb(S1,1) = {S1,1, S1,−1, S−1,1, S−1,−1} .

Proof. (1) Write (x, y, z) = (x1, x2, x3). The result can be verified using Corollary 7.20 and

the fact that if V is a finite dimensional A-module and ρ ∈ Alt4, then

(trρ∗V (x), trρ∗V (y), trρ∗V (z)) = (trV (ρ(x)), trV (ρ(y)), trV (ρ(z))) .

For example, by Corollary 7.20(1),

(
trτ∗1 S1,−1(x), trτ∗1 S1,−1(y)

)
=
(
trS1,−1(x),− trS1,−1(y)

)
=

[r]

q − q−1
(1, 1)

and (
trS1,1(x), trS1,1(y)

)
=

[r]

q − q−1
(1, 1) .

Hence, τ ∗1S1,−1 ∼= S1,1 by Corollary 7.20(2). We leave the rest of the verification to the reader.

(2) This is an immediate consequence of Part 1. �
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