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Recent progress in the engineering of multicomponent, solid-state compounds for opto-

electronic applications has entailed an ever expanding range of material chemistries and a

rapid increase in material complexity. For example, within the classes of chalcogenide and

halide-perovskite semiconductors, fundamental material properties can be effectively tuned

by alloying various isovalent chemical species and by the controlled incorporation of dopants.

In characterizing these materials at an atomistic level, one has to contend not only with the

presence of a multitude of point defects, but also with the potential formation of ordering and

instabilities against secondary phases. This poses a fundamental challenge to first-principles

modeling that is only exacerbated by an exponentially large configuration space. This work

is primarily concerned with the development and application of methods, rooted in statistical

mechanics and machine learning, for modeling these complex, multicomponent semiconduc-

tors. Much of this manuscript focuses on modeling defects and configurational disorder in

specific chalcogenides and halide-perovskites of particular technological relevance, employing

well-established multiscale methods such as density functional theory, point defect thermo-

dynamics, statistical learning, cluster expansions and Monte Carlo simulation. The latter

portion of this work concerns more recent developments in the fields of deep learning and

tensor networks, adapted and applied to material structure-property prediction.
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Chapter 1

INTRODUCTION

Advances in electronic structure methods and large-scale computing have enabled in-

creasingly more accurate predictions of fundamental properties of condensed matter systems

from first principles. At a basic level, these include electronic band structure, ground state

energies and lattice structure, interatomic forces and, to a certain extent, vibrational and

electronic quasiparticle excitation spectra. Given the widespread availability of state-of-the-

art software for first-principles electronic structure calculations, it is now the case that these

methods form an essential component of condensed matter and materials science research.

Nonetheless, certain properties that implicate the technological application of a material,

such as atomic kinetics and phase equilibria, require characterization at length and time

scales which remain computationally inaccessible from first principles. To bridge these gaps,

significant efforts have been applied to the development of multiscale modeling methods,

often parameterized by ab initio data. A summary of standard multiscale methods is shown

in Figure 1.1.

In the search for new semiconductors for novel optoelectronic applications, there is a

persistent need for atomistic modeling methods. For instance, point defects often play a

crucial role in dictating the physical properties of a material but are difficult to identify

and characterize experimentally. In the limit that the concentrations of relevant defects are

dilute, there exist well-established formalisms [72] based on density functional theory (DFT)

and many-body perturbation theory (MBPT) for modeling fundamental defect properties,

such as formation energies and charge-state transition levels, as well as their thermody-

namics and diffusion. In this limit, a point defect is viewed as an isolated perturbation
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in an otherwise pristine, crystalline environment (cf. Figure 1.4). Importantly, these di-

lute approximations remain valid as long as defect-defect interactions are negligible, typical

for defect concentrations less than 1 atomic %. This picture breaks down as the degree of

point-like disorder increases and the spatial arrangement of various defects and impurities

becomes increasingly correlated. In this case, the distinction between the original host and

the system of defects becomes ill-defined, and the space of possible configurations grows ex-

ponentially. This non-dilute regime is particularly difficult to capture with computationally

intensive first-principles methods, where each calculation requires one to explicitly specify an

initial arrangement atoms in the system and subsequent optimization is limited to relatively

local displacements. However, the expanding range of technologically relevant multicompo-

nent compounds necessitates theoretical methods that can handle these highly disordered

systems.

The search for defect-tolerant semiconductors [287, 30, 292, 283, 118] and improvements in

synthetic control over their chemical composition and stability has driven a recent expansion

in the viable design space of optoelectronic materials. For example, substantial progress has

been made in recent years in engineering efficient, low-cost thin-film photovoltaics (PVs)

based on absorber layers which are increasingly complex in terms of both atomic structure

and chemistry. This is exemplified by the development of multicomponent chalcogenides,

which are derived from an elemental zinc-blend lattice by repeatedly replacing subgroups of

sites by valence-compensated pairs of ions (Figure 1.2). Absorbers made from Cu(In,Ga)Se2

(CIGS), in particular, have achieved PV device efficiencies exceeding 20% despite significant

off-stoichiometries and polycrystalline morphologies. Due to their semi-ionic character, these

materials are heavily compensated by the formation of a diverse range of point defects

and defect complexes [292, 201, 235]. Understanding how defect formation, clustering, and

diffusion controls the stability and electronic properties of these materials continues to be

an important task for improving these PV technologies.

Metal halide perovskites (MHPs), with general formula ABX3 (A = Cs, CH3N3, CH5N2;

B = Sn, Pb; X = Cl, Br, I), constitute another technologically important class of complex,
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Figure 1.1: Standard multiscale methods for modeling condensed matter organized by typi-

cally accessible length- and timescales.

defect-tolerant semiconductors with an ever diversifying range of energy and lighting appli-

cations [294, 207, 181, 2, 17, 56, 152]. Binary mixtures of halides in the perovskite lattice are

particularly stable, and the high room-temperature mobility of substitutional halides has en-

abled a substantial degree of synthetic control over the band gap [207, 2]. Doping by impurity

ions, such as transition metals and lanthanides, has also emerged as an effective route toward

engineering additional optical and electronic behavior and controlling perovskite structural

stability [17, 56, 152, 144, 39, 164, 270, 225, 296, 194, 153, 288, 171, 212]. However, even

the simplest cases involving undoped, mixed halide perovskites can exhibit complex ther-

modynamic behavior, such as photoinduced phase separation [107, 16, 27], which can have
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Figure 1.2: Relationship between various semiconductor compounds derived from an elemen-

tal zinc-blend structure.

important implications on subsequent device performance [254]. The introduction of dopants

further complicates this picture. For instance, Mn-doping-induced phase separation was re-

cently proposed in [225] to explain changes in Mn EPR signal in nanocrystals of CsPbX3

under Cl → Br anion exchange (Figure 1.3).

Figure 1.3: Manganese clustering during Cl→ Br anion exchange in CsPbCl3. (Figure from

[225].)

In this work, we study defects and configurational disorder in these systems, combining

electronic structure methods with statistical mechanics approaches of increasing complexity.

In Chapter 2, we focus on the chalcogenide CuInSe2, using DFT to characterize a myriad

of intrinsic defects and defect complexes. With this ab initio data, we then construct ther-
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modynamic models of defect formation as a function material composition. This allows us

to connect non-stoichiometry to defect formation, phase stability, and changes in material

conductivity through self-doping. Building on this equilibrium picture, we apply the ladder

of multiscale methods shown in Figure 1.1 toward understanding the diffusion of Cu in this

material, attempting to resolve certain discrepancies in the experimental literature.

In Chapter 3, we model ordering in mixed halide perovskites and consider potential impli-

cations to halide exchange reactions, both in the undoped case and with Mn doping. To do

so, we construct effective lattice Hamiltonians in terms of the atomic configurational degrees

of freedom, deriving interaction coefficients from DFT using statistical regression. To explore

finite-temperature thermodynamics, we sample these effective models using Markov Chain

Monte Carlo and connect our observations of phase separation to recent experimental work

[225]. We then return to the single halide perovskite CsPbCl3 and characterize the formation

of defects and defect complexes involving Yb dopants. We discuss the implications of our

findings to recent observations of Yb-mediated solar downconversion / quantum cutting in

these materials [171, 212].

The statistical mechanics approaches used in Chapters 2 and 3 rely either on dilute /

noninteracting approximations or on the assumption that the DFT ground state structures

of various alloy configurations can be mapped unequivocally to the same underlying lattice.

The latter assumption is violated in the presence of large lattice distortions or competing

structural phases. To move beyond these limitations, we consider, in Chapter 4, the gen-

eral construction of translationally and rotationally invariant atom-density representations,

which we use as inputs to machine learning algorithms. Motivated by the development of

tensor network methods in many-body quantum theory, we show how tensor networks can

be adapted to machine learning tasks, both supervised and unsupervised, defined on these

atom-density bases. We benchmark these methods on ternary alloys of transparent conduct-

ing oxides and binary metal alloys, finding that they maintain strong performance when the

amount of training data is limited. We then show how these techniques could be applied to

the compression of atom-density representations and extended to SO(3)-equivariant cases,
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and we discuss promising connections between model expressibility and the entanglement

structure encoded in the model weights during the course of training.

Figure 1.4 summarizes some of the fundamental techniques employed in this work for

obtaining coarse-grained atomistic models which are rooted in statistical mechanics and ma-

chine learning. They are organized in terms of the increasing complexity of the structural and

chemical degrees of freedom that they attempt to capture, and the main contributions of each

chapter roughly follow the order of structural complexity in the diagram. For example, the

results of Chapter 2 rely on a model of intrinsic defect thermodynamics in CuInSe2 coupled

via compositional constraints. Much of Chapter 3 goes beyond this relatively isolated point

defect picture to account for higher degrees of chemical and configurational disorder. Finally,

in Chapter 4, the construction of atomistic representations based on local expansions of the

atomic density and the explicit incorporation of fundamental symmetries allows large atomic

relaxations relaxations, multiple lattices symmetries, and multiple chemical components to

be treated with a single effective model.

Figure 1.4: Coarse-grained modeling techniques developed and/or applied in this work, or-

ganized by applicability to material degrees of freedom with increasing complexity.
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Chapter 2

CHALCOPYRITES: THERMODYNAMICS AND KINETICS
OF POINT DEFECTS

The chalcopyrite semiconductor CuInSe2 (CIS) is widely recognized as a promising ab-

sorber layer for low-cost, high-efficiency thin-film photovoltaics (PVs) due to its intrinsic

tolerance to the presence of crystalline disorder. Indeed, much effort has been applied to-

ward characterizing the atomistic defect properties of the material and the development of

optimal protocols for device fabrication. For example, it is well-appreciated that CIS is

heavily compensated by the formation of a diverse range of point defects and their com-

plexes [201], leading to stable material compositions which can deviate substantially from

ideal stoichiometry [224]. This flexibility is often advantageous, as it allows the electronic

properties of the material to be effectively controlled by the material synthesis conditions

and post-synthetic defect engineering. Indeed, such compositional tuning is facilitated by

the typically high mobility of cations diffusing through Cu sublattice [102].

In this chapter, we study the formation of a wide variety of intrinsic point defects and

their complexes in CIS. We start from first-principles density functional theory (DFT) cal-

culations, which provide a basic characterization of the energetics of defect formation and

their electronic behavior. We identify several defects which introduce shallow acceptor levels

into the bandgap and can form easily in the material. Among these, shallow Cu vacancies

tend to be abundant, especially in technologically relevant Cu-poor material, and can lead

to p-type self-doping by pinning the Fermi level near the valence band. Cation antisites also

form with relative ease. While InCu and its complexes formed with Cu vacancies are essen-

tially electronically benign in p-type material, the CuIn antisite exhibits a deeper electronic

state which may act as a detrimental recombination center. Suppressing or compensating
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its formation is likely crucial to improving PV device efficiencies.

Given that stable CIS can often deviate significantly from ideal stoichiometry and this

can dictate subsequent device performance [224], it is worthwhile to connect this behavior

to material synthesis conditions and to the underlying formation of defects. To do so, we

formulate an approximate thermodynamic model parameterized by DFT defect formation

energies and study the impact of non-stoichiometry on defect formation and phase stabil-

ity. Our model reproduces some well-know features of the the experimental In2Se3-Cu2Se

pseudobinary phase diagram [83, 102, 45]. In particular, we find that the stable CIS eas-

ily supports Cu-deficient compositions due to the formation of Cu vacancies and InCu, and

we connect the location of the CuIn5Se8 secondary phase boundary to the proliferation of

fully compensated 2VCu − InCu complexes. By contrast, the narrower existence region for

Cu-rich compositions is found to be due to the substitution of Cu on the In sublattice and

the increasing density of Cu interstitials, which destabilize the CIS chalcopyrite phase. Our

analysis further confirms the observed self-doping behavior in non-stoichiometric material,

where CIS fabricated under Se-rich atmospheres leads to p-type material [224].

In subsequent sections, we utilize this model of CIS defect thermodynamics to understand

the diffusion of Cu in the system. The Cu composition is observed to play an important role

in the fabrication of high-quality PV absorber layers [102, 224, 45], and Cu is a particularly

mobile species in CIS. However, measurements of the Cu diffusivity vary over several orders

of magnitude at room temperature [86, 20, 52, 79, 151, 236, 231, 41, 147], and this is some-

what confounding to the interpretation the underlying diffusion mechanisms. By combining

ab initio transition state calculations with simple diffusion models, we find that we can cap-

ture wide variations in the diffusivity related to the underlying material compositions. These

models are further supported by kinetic Monte Carlo and continuum reaction-diffusion sim-

ulations. In particular, we clarify the roles of Cu vacancy- and interstitial-mediated mech-

anisms and account for the orders-of-magnitude differences between tracer and chemical

diffusion coefficients.
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2.1 Point Defects from First Principles

In many physically relevant cases, the concentration xd,q of a point defect d in charge state

q is much lower than the concentration of lattice sites. In this limit, the number of distinct

ways to arrange Nd,q defects on Ns sites is W ≈ (θd,qNs)
Nd,q/Nd,q!, where θd,q is a degeneracy

factor accounting for internal degrees of freedom of the defect (e.g., orientation or spin).

W corresponds to the number of configurational microstates of the system and thus gives a

contribution to the entropy of

S(conf) = kB lnW ≈ kB [Nd,q −Nd,q ln(Nd,q/Ns) +Nd,q ln θd,q] (2.1)

Let ∆E
(f)
d,q be the energy cost of creating a single defect. Then, the configurational free

energy per atom of a system of Nd,q defects at temperature T with fractional concentration

xd,q = Nd,q/Ns is given by

F = xd,qE
(f)
d,q − T

S(conf)

Ns

= xd,qE
(f)
d,q − kBT [xd,q − xd,q ln(xd,q) + xd,q ln θd,q] (2.2)

By solving for the minimum of the free energy, arg minxd,q F (xd,q), the equilibrium defect

concentration in the dilute limit is given by

xd,q = θd,qe
−∆E

(f)
d,q /kBT . (2.3)

A simple expression for the defect formation energy, ∆E
(f)
d,q , follows by considering the

exchange of lattice atoms with external chemical reservoirs,

∆E
(f)
d,q = Ed,q − Ebulk +

∑
α

mα
dµα + q(EVBM + EFermi) + Ecorr . (2.4)

Here, Ed,q is the total ground state energy of structure containing the defect, created in a

pristine reference structure which would otherwise possess an energy of Ebulk. The integers

mα
d count the number of chemical species α either added (mα

d < 0) or removed (mα
d > 0) from

the system in forming the defect, and the energy to exchange these atoms with a chemical
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reservoir is characterized by the chemical potentials µα. It is often convenient to define

the chemical potentials, µα = µ0
α + ∆µα, with respect to a set of standard references, µ0

α.

Deviations with respect to these references, ∆µα, capture the synthesis conditions of the

material of interest and satisfy, when the material is thermodynamically stable against the

spontaneous formation of secondary compounds C, the following constraints:

∆H
(f)
bulk = E

(u)
bulk −

∑
α∈bulk

nαµα =
∑
α∈bulk

nα∆µα (2.5)

∆H
(f)
C >

∑
α∈C

nα∆µα (2.6)

The first constraint is provided by the formation enthalpy, ∆H
(f)
bulk, of the reference material

with composition (AnABnBCnC · · · ) and ground state energy per formula unit E
(u)
bulk, while

the second constraint specifies the stability against secondary phase formation. Since we

will consider defects that can become charged, an additional term reflecting the electronic

reservoir is required. For semiconductors in the thermodynamic limit, this provided by

the equilibrium Fermi level, EFermi, referenced with respect to the valence band maximum

(VBM). When considering solids with multiple types of defects, it is natural to choose the

VBM corresponding to the bulk reference system. As defects in semiconductor and insu-

lators tend to introduce electronic levels into the band gap or near the band edges, which

subsequently influence the electronic behavior of the system, it is useful to identify them.

As charge carriers are exchanged with the electronic states of the host material in changing

the charge state of the defect, the transition level between defect charge states q1 and q2 can

be located by

εd(q1/q2) =
∆E

(f)
d,q1
|EFermi=0 −∆E

(f)
d,q2
|EFermi=0

q2 − q1

. (2.7)

Each of the terms in the defect formation energy (3.11) can be derived from DFT calcula-

tions [72]. In particular, when employing DFT in a plane-wave basis, which enforces periodic

boundary conditions on the structure, approximating the dilute limit can require fairly large
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simulation cells. Practical limitations on computational resources, however, restrict the size

of the structures that one can easily calculate, and a defect with nonzero charge state may

spuriously interact with its periodic images via a long-range Coulomb potential. Hence, a

finite-size correction term Ecorr is often included to offset these effects.

Various schemes exist for deriving electrostatic energy corrections, which we briefly sum-

marize in the next section.

2.2 Compositionally Constrained Thermodynamics

The defect formation energies (3.11) depend on a set of chemical potentials, µα = µ0
α + ∆µα,

whose deviations ∆µα with respect to a standard reference µ0
α characterizes the synthesis

conditions of the material. While these chemical potentials can be constrained by requiring

stability against secondary phase formation, their absolute values are nonetheless difficult to

choose without extensive experimental data. However, net atomic fractions kα are readily

measurable, and given a set of expected defects in the system, one can calculate deviations

from perfect stoichiometry [177], kp
α, by

kα =
kp
α −

∑
d,q xd,qm

α
d

1−
∑

d,q xd,qσd
, (2.8)

where σd =
∑

αm
α
d , and mα

d is the number of atoms of species α removed in the formation

of a single defect, d. Note that, by construction, these atomic fractions satisfy the constraint∑
α kα = 1. Given a set of atomic fractions and standard reference chemical potentials, one

can self-consistently obtain defect concentrations, total chemical potentials and the equilib-

rium Fermi level by solving the inverse problem [177] implicitly defined by (2.8). By imposing

compositional constraints, this method, which we subsequently refer to as compositionally

constrained thermodynamics (CCT), amounts to modeling the defect thermodynamics in

the canonical ensemble. Note that the number of potential defects xd,q often outnumbers the

number of constraints that can be imposed on the system. In the following, we detail how

a solvable inverse problem can be defined by making explicit use of the Boltzmann-Gibbs
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forms of the defect concentrations (2.3).

The Fermi level dependence of the concentration of defect d in charge state q can be

factorized via

fd(EFermi) ≡
∑
q

xd,q
xd,0

=
∑
q

Kd,q

(n/ni)q
, (2.9)

where Kd,q are coefficients for mass-action relations involving defect charging [177], and n

is the free electron concentration, which we normalize with respect to the intrinsic carrier

concentration ni, as is standard [7]. Thus, the total defect concentrations, xd :=
∑

q xd,q, can

be written in terms of the neutral defect concentration, xd,0, and the free electron concen-

tration, n. Charge neutrality, p− n+
∑

d,q qxd,q = 0, where p is the free hole concentration,

combined with the equilibrium relationship, pn = n2
i , provides an additional constraint to

solve self-consistently for n:

(
n

ni

)2

− 1 =
∑
d

xd,0
∑
q

q
Kd,q

ni

(
n

ni

)1−q

. (2.10)

A reduction in the number of independent defect concentrations, xd,0, can be made by

considering hypothetical transformations between defect species in the absence of particle

exchange with external chemical reservoirs [177]. This yields effective mass-action relations

between defect species, allowing us to rewrite equations (2.8) and (2.10) in terms of an inde-

pendent basis set of defect concentrations. Hence, we obtain a coupled and fully determined

set of algebraic constraint equations which are polynomial in a set of basis defect concen-

trations. The basis defect concentrations can be determined using standard root finding

algorithms, and to maintain numerical stability, it is useful to choose defects which typically

possess low formation energies and therefore occur at higher concentrations. By inverting the

mass-action transformations, we can generate the remaining set of charged defect concentra-

tions. Finally, the Fermi level can be found by self-consistent iteration of the set of solutions

until charge neutrality (2.10) is satisfied. We summarize this procedure in Algorithm 1.

Of course, there is a one-to-one correspondence between atomic fractions kα and chemical
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Data: DFT defect formation energies and mass action relations

Input : Atomic fraction, kα, and temperature, T , initial Fermi level, E
(0)
Fermi

Output: Defect concentrations, chemical potentials, and self-consistent Fermi level

1 Initialize compositional constraints;

2 Factor out Fermi level dependence;

3 Eliminate defect variables using basis-defect mass action relations;

4 while n ≤ nFermi loops do

5 for EFermi = E
(0)
Fermi to Egap do

6 Solve polynomial constraint equations, {kα = F ({xdb,0})}, in terms of basis

defect concentrations, {xdb,0};

7 Reconstruct xd,q = fd,q(EFermi)
∑

bKd,dbxdb,0;

8 if p− n+
∑

d,q qxd,q < 0 then

9 E
(0)
Fermi = EFermi;

10 break;

11 end

12 end

13 end

Algorithm 1: Summary of the CCT algorithm

potentials µα, and in determining defect concentrations one is free to set a combination that

spans the chemical space of the material of interest. This results in a mixed canonical /

grand canonical treatment of the defect thermodynamics, and for every chemical potential

set, the dimensionality of compositionally constrained inverse problem is reduced by 1.

2.3 Thermodynamics of Point Defects and Complexes in CuInSe2

In this section, we study the formation of intrinsic defects in CuInSe2 using the DFT and

CCT methods discussed above. In particular, we consider an extensive set of intrinsic defects
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[201, 232], namely all cation and anion vacancies (VCu, VIn, VSe) and interstitials (Cui, Ini,

Sei), cation antisites (InCu, CuIn) and typically prevalent defect complexes (VCu − InCu,

2VCu − InCu, VCu − VSe).

Due to the large number of calculations required to build a set of reference formation

energies and the computational demand of ab initio methods, we use the efficient Perdew-

Burke-Ernzerhof (PBE) [197] generalized gradient approximation (GGA) functional rather

than a potentially more accurate, but much more computationally intensive, method such as

hybrid Heyd-Scuseria-Ernzerhof (HSE) [103]. HSE provides an improved description of the

localized 3d-orbitals of Cu-containing semiconductor compounds compared to local density

functionals [201, 72]. We approximate this behavior by applying a +U correction to the Cu

d states following the method of Dudarev, et al. [61], with a value of U = +5 eV chosen to

reproduce the experimental band gap of CIS [200]. Defect formation energies, defect charge

transition levels, and compound formation enthalpies were thus calculated using the VASP

simulation package with PAW-PBE GGA functionals [123]. Ground state energy calculations

were performed using a 64-atom cell and 2×2×2 Monkhorst-Pack k-point mesh [175], and the

intra-ionic Hellmann-Feynman forces were relaxed to below 0.01 eV/Å. For defect formation

energies and charge transition levels, we included post-processing corrections for spurious

electrostatic interactions following the scheme (FNV) proposed by Freysoldt, Neugebauer,

and Van de Walle [74]. Figures 2.1a,c show the resulting defect formation energies and

transition levels. The formation energies are shown for moderately Se-rich material, marked

as point A on the predicted secondary phase diagram (Figure 2.1b), and the Cu, In and

Se chemical potentials are measured with respect to the energies of their low-energy pure

elemental phases.

Among the vacancies, we find that VCu has especially low formation energy and introduces

a shallow acceptor level near the valence band. Despite a low In chemical potential, VIn

possesses a relatively high formation energy and exhibits a series of transitions levels, one

moderately shallow and two closer to mid-gap. Given the high Se chemical potential, VSe

also shows a high formation energy, but can form in moderate quantities for very Se-poor
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material. The isolated Se vacancy shows a shallow (+2/0) negative-U type transition [131]

associated with large local relaxation in the surrounding group-III cations. As discussed

in previous studies [131, 201], the divacancy VCu − VSe shows a deep (+1/ − 1) transition

often attributed to the observation of light-induced metastabilities in CIS-based solar cells

[132]. As we will verify below with CCT calculations, these divacancy complexes can form

in modest amounts in n-type material but are otherwise rare in p-type material, at least in

equilibrium [201].

Considering the interstitials, we find that only Cui can form in relative abundance and

that it acts as singly charged shallow donor. Despite its small concentration relative to Cu

vacancies, we will find in Section 2.4 that it can play a significant role in Cu diffusion.

Both the cation antisites possess relatively low formation energies in p-type material,

suggesting a propensity for the formation of weakly cation-disordered sublattices. While InCu

introduces a shallow donor level near the conduction band, CuIn exhibits both a somewhat

shallow acceptor level as well as a deeper (−1/ − 2) transition. Given the possibly high

concentration of CuIn, this (−1/− 2) transition may act as a deleterious deep recombination

center. Finally, we find favorable binding between Cu vacancies and InCu antisites, forming

either partially or full compensated complexes, VCu − InCu and 2VCu − InCu, consistent with

previously reported first-principles studies [292, 201, 189]. It has been argued [292, 148] that

the coalescence of these vacancy-antisite complexes is responsible for the observed formation

of an ordered defect phase [102] in Cu-depleted CIS.

Our calculations of charge transition levels agree reasonably well with the recent exper-

imental picture laid out by Spindler, et al. [235]. In particular, through a combination of

photoluminescence spectroscopy (PL) and Hall measurements, they identified three distinct

acceptor levels, two donor levels, and a single deep defect state. The acceptor levels were

subsequently attributed to VCu, CuIn, and VIn. The identification of VCu and CuIn are con-

sistent with our calculations, although it remains an open question as to whether VIn can

occur in sufficiently high enough concentrations to be measured. As our CCT calculations

show below (Figure 2.3), this may only be possible in material synthesized under strong
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Figure 2.1: (a) Point defect and defect complex formation energies in CIS predicted from

DFT using the supercell method, with chemical potentials chosen at point A in the secondary

phase diagram (b). Point A reflects moderately Cu-poor, Se-rich synthesis conditions. (c)

Corresponding thermodynamic charge transition levels for the intrinsic defects plotted in

(a).

Cu- and Se-rich conditions. The existence of a deep (-1/-2) transition level due to CuIn

also agrees with their findings. However, their measurement puts this level approximately

0.2 eV closer to the conduction band, although there is some question as to the origin of

the broadness of the measured transition. We also find a shallow donor state due to InCu.

While Spindler, et al. [235] attribute the presence of a second donor level to VCu − VSe, it is

unclear whether they form in detectable quantities, and our calculations put this transition

level deeper within the bandgap. Incidentally, this additional donor level may be due to

either Cui or nVCu − InCu complex formation.

The region of thermodynamically (meta)stable CIS spans a broad range of Cu compo-
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sitions in the experimental In2Se3-Cu2Se pseudobinary phase diagram [83, 102], extending

largely toward the Cu-poor side of ideal stoichiometry and less so into the Cu-rich side,

0.65 . kCu/kIn . 1.05. Furthermore, excess Se supplied during material growth leads to

p-type CIS, characterized by a nominal valence ratio 2kSe/ (kCu + 3kIn) > 1.0. Figure 2.2

exhibits this relationship, predicted by CCT calculations at typical synthesis temperature

of 700 K, relative to the predicted secondary phase diagram. It is worth noting that the

predicted phase boundaries are based on zero-temperature ground state compound forma-

tion enthalpies, and therefore variations on the order of kBT should be expected at finite

temperature. This accounts for the degree to which the displayed composition maps extend

beyond the ideal, 0K CIS region.

Let us discuss some salient features of Figure 2.2 and how they relate to the underlying for-

mation of intrinsic defects (Figure 2.3). As expected, the largest changes in composition occur

near the phase boundaries, signaled by large fluctuations in the relevant particles numbers

〈(δNα)2〉 = kBT∂〈Nα〉/∂µα. For example, the boundary shared with the Cu-depleted phase

CuIn5Se8 features steep gradients in the cation, kCu/kIn, and anion-cation kSe/(kCu + kIn),

ratios. This is accompanied by (Figure 2.3) the formation of Cu vacancies, InCu antisites,

and their stabilized complexes nVCu − InCu (n = 1, 2). Indeed, upon decreasing Cu compo-

sition, CIS is found to become unstable relative to the formation of mixed ordered defect

compound (ODC) phases [102], and this often attributed to the aggregation and ordering of

large numbers of nVCu − InCu complexes [293, 148]. Near the pure Se and CuxSe boundaries

we find large changes in the nominal valence ratio and the cation ratio. Variations in the

self-consistent Fermi level are also shown and found to agree with the model results in [23]

and the experimental study in [273], where larger Se chemical potential / partial pressure led

to stronger p-type doping. Indeed, approaching the Se phase boundary requires decreasing

the Cu chemical potential, leading to a proliferation of Cu vacancies, which act as shallow

acceptors. For fixed Se chemical potential, we also find that increasing the [Cu]/[In] ratio

decreases the Fermi level [224] due primarily to decreases in the concentration of InCu, which

acts as a shallow donor, and increasing CuIn, which features an acceptor level close to the
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Figure 2.2: Predicted variations of the CIS composition (a-c) and self-consistent Fermi

level (d) at 700 K mapped to the secondary phase diagram. Shown are (a) the [Cu]/[In]

cation ratio, (b) the [Se]/([Cu]+[In]) anion-cation ratio, and (c) the nominal valence ratio

2[Se]/([Cu]+3[In]). Sparse isocurves (white, dashed curves) are included to highlight the

nonlinearity in the mapping between chemical potential and composition space. Dashed,

light blue lines in (d) corresponds to levels of constant Se chemical potential. (Reprinted

from [234], with the permission of AIP Publishing.)

valence band [235]. While approaching these Cu-rich secondary phases, not only does the

In-sublattice become increasingly replaced by Cu, but open interstitial sites become occupied

by Cu as well. This saturation of Cu destabilizes the chalcopyrite CIS lattice, allowing for

phase separation of CuxSe. Indeed, the synthesis of Cu-rich CIS often requires the removal

of surface Cu2Se by wet chemical etching [45].

Cu-poor CIS synthesized under an Se-rich atmosphere has been found to yield high

efficiency p-type absorbers for photovoltaic devices [224]. To emulate these conditions, we

plot in Figures 2.4a,b the defect concentrations with fixed Se chemical potential as a function

of the [Cu]/[In] ratio. The chosen Se chemical potentials correspond to the cuts through the
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Figure 2.3: Predicted variations in point defect and defect complex concentrations in CIS at

700 K mapped to the secondary phase diagram. Shown are (a-c) vacancies, (d-f) interstitials,

(g-h) cation antisites, and (i-k) Cu vacancy complexes.

phase diagram shown in Figure 2.2d, reflecting different degrees of intrinsic p-type doping.

In Cu-poor material (kCu/kIn < 1), VCu, InCu, and their complexes are the most abundant

defects, while a significant amount of CuIn is also present. In Cu-rich material (kCu/kIn >
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1), high concentrations of VCu and InCu remain, while the concentrations CuIn and, to a

lesser extent Cui, grow substantially. Indeed, this crossover region is particularly narrow in

composition space, while broad in chemical potential space (Figure 2.2a), which implies the

existence of large thermodynamic factors (2.15) discussed in Section 2.4. As expected, the

concentration of metastable VSe and VCu − VSe is low at these Se chemical potentials. While

Cu-poor compositions reduce the concentration of potential hole traps CuIn [201], they remain

present in significant quantities. In the absence of compensated antisite pairs InCu − CuIn,

which we have not accounted for, more moderately p-type material synthesized under smaller

excess Se shows lower concentrations of CuIn, while maintaining small concentrations of

metastable Se vacancies.

Figure 2.4: [Cu]/[In] composition dependence of point defect and defect complex concentra-

tions in CIS at 700 K along the contours of constant Se chemical potential shown in Figure

2.2d. The fixed Se chemical potentials correspond to different degrees of self-doping, yielding

(a) strongly and (b) moderately p-type material.
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2.4 Models of Atomic Transport in CuInSe2

The Cu composition is observed to play a crucial role in dictating PV device performance,

where it has been found that Cu-poor, Se-rich materials lead to high efficiency p-type ab-

sorbers [224]. From an atomistic perspective, Cu-deficient stoichiometries disfavor the for-

mation of CuIn antisites, which can act as deep recombination centers, while promoting the

formation of shallow Cu vacancies. The high mobility of Cu vacancies can, in turn, facilitate

the diffusion of beneficial alkaline dopants as well as the stabilization of various defect com-

plexes. Indeed, Cu itself is a particularly mobile species and its migration can locally change

the self-doping in a CIS absorber layer. This is thought to be essential for p-n junction

formation at the CdS-CIS interface and thus on the subsequent quality of the PV device

[87, 224, 102].

Previous experimental work has found that Cu diffusion can depend significantly on

material composition, with reported [86, 20, 52, 79, 151, 236, 231] values of the Cu diffusivity

varying over several orders of magnitude (10−12−10−8 cm2/s) at elevated temperature (500−

700 K). Recent first-principles calculations [202, 203] support the conclusion [20, 52, 79] that

Cu vacancies play a fundamental role in mediating diffusion, while also highlighting the

potentially significant contribution of Cu interstitials. In this section, we consider the role of

material composition and synthesis conditions in Cu diffusion. Since Cu vacancies are highly

abundant in CIS compositions most relevant to PV applications, we first study their impact

on Cu diffusion using a combination of thermodynamic calculations and kinetic lattice Monte

Carlo simulations parametrized by first-principles calculations [233]. In doing so, we find that

while Cu vacancy diffusion accounts for a significant contribution to experimental diffusion

measurements using dilute radioactive tracers, it is insufficient to explain much of the wider

variations in reported diffusivities.

Thus, in subsequent subsections, we extend this analysis, following ref. [203], by including

the contributions of Cu interstitial diffusion and more realistic constraints on the material

synthesis conditions. In particular, we model the total Cu diffusivity across the full ther-
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modynamic stability range of CIS and numerically quantify the difference between so-called

tracer and chemical diffusion coefficients. In doing so, we disentangle two effects that can

contribute to larger measured values of Cu diffusivity. First, in the absence of significant Cu

composition gradients and in the limit where the concentration of tracked particles, such as

radioactive tracers, is small, the measured Cu diffusivity is largely controlled by the composi-

tion. This dictates the relative contributions of vacancy and interstitial mechanisms, and for

Cu-rich compositions we find that a sufficient number of rapidly diffusing interstitials domi-

nates the total diffusivity. Conversely, when significant Cu concentration gradients exist, for

instance near the interface between CIS phases of disparate compositions or between CIS

and some secondary phase, one enters the regime of chemical diffusion. In this case, we find

that the inclusion of an extra thermodynamic factor can account for observed diffusivities 2-3

orders of magnitude larger than tracer self-diffusion. This thermodynamic factor arises from

the gradient in chemical potential due to the composition gradient that gives an effective

drift term that goes beyond standard entropy-driven diffusion. To validate the consistency

of this picture, which is fundamentally based on a linear response approximation, we build

a minimal continuum model that we then use to simulate a typical experimental Cu diffu-

sion measurement. Strong agreement with available experimental data [79, 147] supports

the fundamental role played by local variations in Cu composition in interpreting diffusion

measurements.

2.4.1 Methods and Model Selection

The rearrangement of native cations in CIS depends on the availability of atomistic pathways

mediating their diffusion. Since the local hopping of atoms in semiconducting crystals tends

to be thermally activated, a given hop will depend on a migration energy barrier separating

the initial and final configurations [159]. Moreover, the likelihood that such a transition is

thermodynamically accessible in the first place is determined by the probability to find the

local initial configuration in the system. For defect-mediated diffusion processes, this prob-

ability is given by the fractional concentrations of the participating defects and their local
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binding energies. The equilibrium concentration of intrinsic defects in complex semiconduc-

tor compounds with semi-ionic character such as CIS will generally depend on the underlying

composition of the material [232]. Thus, the characterization of diffusion mechanisms in CIS

requires a model for the underlying defect concentrations as a function of composition at

relevant temperatures.

The contribution of a particular diffusion mechanism mediated by defect d in net charge

state q to the total diffusivity, D∗tot =
∑

d,qD
∗
d,q, of a given species, α, can be approximated

using the typical Langmuir-Arrhenius form for the tracer diffusion coefficient:

D∗d,q = gfλ2pd,qνe
−∆E

(m)
d,q /kBT , (2.11)

where λ is the hopping distance, ∆E
(m)
d,q is migration energy barrier, f is a correlation factor

dependent on the mechanism and the underlying crystalline lattice, and g = z/2d is a

geometric factor determined by the nearest-neighbor coordination number z and the spatial

dimension d of the diffusion process. The attempt frequency ν characterizes the equilibrium

thermal motion around the initial configuration projected onto the reaction coordinates.

While typically on the order of the Debye frequency of the lattice, it can be approximated,

at the level of quasi-harmonic transition state theory [266, 156], by the normal vibrational

modes around the ground state, ν
(G)
j , and saddle point, ν

(S)
j , configurations,

ν =

∏3N
j ν

(G)
j∏3N−1

j ν
(S)
j

. (2.12)

Migration energy barriers were calculated using the climbing-image nudged elastic band

(CINEB) method [100, 123, 175] and density functional theory (DFT), while normal vibra-

tional modes were calculated using density functional perturbation theory (DFPT).

Near equilibrium, the probability, pd,q, that the defects mediating diffusion in net charge

state q are locally available depends on their equilibrium fractional concentrations, xd,q. In

the dilute limit, these defect concentrations are given by xd,q = θd,qe
−∆E

(f)
d,q /kBT , where the

formation energy, ∆E
(f)
d,q can be derived from DFT using the supercell method [72] discussed
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above, and θd,q is a degeneracy factor accounting for entropic contributions to the defect

free energy. In the following sections, defect concentrations have been derived using CCT

calculations.

In the absence of concentration gradients, the diffusive motion of individual tracer parti-

cles is well-described by the tracer diffusion coefficients (2.11). Formally speaking, these can

be derived on the basis of a Green-Kubo formula,

D∗α =
1

Nαd

Nα∑
i=1

∫ ∞
0

dt 〈vi(t) · vi(0)〉 , (2.13)

where 〈·〉 denotes an equilibrium ensemble average, and the integrand is the velocity-velocity

autocorrelation function over individual particle trajectories [84, 3, 158]. Note that in taking

the time integral and assuming time translation invariance, one can recover the conventional

random walk formula for the diffusion coefficient in terms of the mean-square displacement

〈|ri|2〉. In the case of tracer diffusion, the effects of varying composition on the diffusivity is

entirely characterized by the prefactors pd,q in (2.11).

Long-wavelength fluctuations in the particle density, due either to an external perturba-

tion or to local thermal fluctuations, introduce finite concentration gradients into the system.

The relaxation of the system back toward equilibrium is then controlled by the collective dif-

fusion of an ensemble of particles, characterized by the chemical diffusion coefficient Dα,chem.

Again, this transport coefficient can be formally defined in the Green-Kubo linear response

formalism [158, 71],

Dα,chem =
Θα

Nαd

∫ ∞
0

dt

〈
Nα∑
i=1

vi(t) ·
Nα∑
j=1

vj(0)

〉
, (2.14)

where the velocity-velocity correlation function captures the time correlation of the total

flux of particles of species α. This correlation function can be related to the mean-square

displacement of the center of mass coordinate of the ensemble of particles,

〈∣∣∣∑Nα
i=1 ri

∣∣∣2〉 /Nα.

The so-called thermodynamic factor,
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Θαα =

(
〈(δNα)2〉
〈Nα〉

)−1

=
∂(µα/kBT )

∂ ln kα
, (2.15)

accounts for the chemical non-ideality of the system [5], and amounts to an additional thermo-

dynamic driving force due to the change in chemical potential with changes in composition.

Its presence in (2.14) follows fundamentally from the fluctuation-dissipation theorem under

the assumption that local detailed balance is satisfied [84, 3, 71, 158, 71]. We further note

that this assumption is valid when Fick’s law continues to hold [3], that is, in the linear

response regime. In comparing these expressions for tracer (2.13) and chemical (2.14) dif-

fusion coefficients, the terms related to cross-correlations between distinct pairs (i 6= j) of

particle trajectories in chemical diffusion typically lead to additional factors of O(1) for self-

diffusion [84, 5]. This is the case for vacancy-mediated Cu diffusion, as we verify below using

KLMC [233]. Neglecting these cross-correlations then leads to the following approximation

for chemical diffusion,

Dα,chem = ΘααDJ ≈ ΘααD
∗
α , (2.16)

originally due to Reed and Ehrlich [210]. Thus, D∗α approximately equals Dα,chem when

interactions between diffusing particles can be ignored (Θα = 1), applicable for instance to

the case of radioactive tracers in the dilute limit. The so-called jump diffusion coefficient

[84], DJ , accounts not only for the mean-squared displacement (MSD), 〈(∆r(α)
i )2〉, of Nα

individual particles of species α, but also the cross-correlation between distinct particle

trajectories,

DJ = lim
t→∞

1

2dt

〈
1

Nα

(
Nα∑
i=1

∆r
(α)
i (t)

)2〉
. (2.17)

Here, ∆r
(α)
i (t) is the net displacement of particle i of type α in time t, and d in the spatial

dimension of the corresponding random walk. The origin of these terms can be understood

on the basis of the phenomenological treatment of irreversible thermodynamics [5, 159]. In
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this framework, one starts with the assumption of a linear response relationship between the

flux / current of particles Jα and a set of generalized forces Xα,

Jα =
∑
β

LαβXβ , (2.18)

characterized by a set of phenomenological Onsager transport coefficients Lαβ. For the solid-

state diffusion processes considered in this work, the generalized forces correspond to gradi-

ents in the chemical potentials, Xα = −∇µα, but could also include terms due to electric-field

induced drift, ∼ q ~E, or gradients in temperature, ∼ ∇ ln(T ). Let cα := kα/Ω denote the

concentration of species α, where Ω is the volume per lattice site. Then the relationship

between the generalized diffusion matrix, Dαβ, and the matrix of Onsager coefficients is de-

termined by the change of basis between chemical potentials µα and concentrations cα in the

fluxes (2.18),

Dαβ =
∑
µ

LαµΘµβ (2.19)

The matrix of thermodynamic factors, Θαβ = ∂µα/∂kBT ln kβ, acts as the Jacobian of this

transformation, and the diagonal elements of the diffusion matrix are the self-diffusion coef-

ficients. Green-Kubo relations starting from current-current correlation functions yield the

dependence of the transport coefficient on individual particle displacements [84, 5]. For the

Onsager coefficients, this gives the Einstein-Smoluchowski relations

Lαα =
1

2dV kBT

∑
i

〈(∆r
(α)
i )2〉
t

+
∑
i,j
i 6=j

〈∆r
(α)
i ·∆r

(α)
j 〉

t

 (2.20)

for self-diffusion, and

Lαβ =
1

2dV kBT

(∑
i,j

〈∆r
(α)
i ·∆r

(α)
j 〉

t

)
(2.21)
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for the diffusion of species α driven by a chemical potential gradient in species β. It is worth

noting that two terms in the diagonal Onsager coefficient (2.20) correspond, respectively, to

the self-correlation between single particle trajectories and the 2-particle cross-correlation

between independent trajectories. Taken together, as in (2.17), these terms capture the

stochastic motion of the center of mass of the ensemble of α-type particles. In the dilute

limit, both the cross-correlations and thermodynamic factor can be neglected, giving the

tracer diffusion cofficient

D∗α =
1

2dNαt

Nα∑
i=1

〈(∆r
(α)
i )2〉 . (2.22)

Due to the ensemble average, the particle index n in (2.22) can be dropped. Subsequently

rewriting the net displacement in terms of the discrete nJ steps in a given time interval,

∆r =
∑nJ

t=1 rt, and factoring out the uncorrelated part of the tracer diffusivity, D∗ = fD∗0,

yields the correlation factor

f = 1 +
2
∑nJ−1

s=1

∑nJ−s
t=1 〈rt+s · rt〉∑nJ
t=1〈r2

t 〉
. (2.23)

When all hops are the same length λ, the denominator,
∑nJ

t=1〈r2
t 〉, can be reexpressed in terms

of the average number of hops per unit time, Γ = zpd,qν/t, which gives the uncorrelated part

of the diffusivity, D∗0 = Γλ2/2d. The correlation factor takes on values between 0 and 1,

and the extent to which it deviates from unity provides a measure of the correlation between

successive displacements in a single particle’s trajectory.

One virtue of the Einstein-Smoluchowski relations (2.17, 2.20, 2.21, 2.22) is that they

enable the calculation of transport coefficients via numerically sampling the trajectories

of diffusing particles. For solid-state diffusion, where dynamic transitions between system

configurations are captured by an enumerable set of potential hops of lattice atoms with

rates ωi, the time evolution can be simulated using kinetic Monte Carlo algorithms. The

basic procedure is summarized in Algorithm 2, while certain modifications (see e.g., [37])

must be included to accelerate the simulation of systems that possess deep local minima
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due, for example, to small energy barriers or otherwise highly separated time scales.

Input: Set of rate constants, {ωi}

1 while t < tmax do

2 Determine all possible processes i, occurring ni times;

3 Calculate total rate, ωtot =
∑

i niωi;

4 Generate random numbers ρ1, ρ2, ρ3;

5 Find process class k s.t.
∑k

i=1 niωi < ρ1ωtot <
∑k+1

i=1 niωi;

6 Randomly select process of class k, int(nkρ2);

7 Increment simulation time, t→ t− ln(ρ3)
ωtot

;

8 end

Algorithm 2: N-fold way algorithm (rejection-free kinetic Monte Carlo)

In this way, the simulation explicitly advances the physical time of the system, allowing

one to sample its dynamics in a rejection-free way. For our purposes, initial rate constants

are determined by the attempt frequencies and activation energies for a given set of pro-

cesses, which can be subsequently updated over the course of the simulation to account for

local interactions between defects and native lattice atoms. In general, MSD and 2-particle

correlation statistics are evaluated in terms of the following time-averaging,

δ2
t (∆t) =

1

t−∆t

∫ t−∆t

0

dt′ [r(t′ + ∆t)− r(t′)]
2
, (2.24)

where the lag time ∆t defines the width of the window moved across the time-series r(t).

In order to obtain good statistics, both the lag time and the simulation time t must be

sufficiently long, with ∆t� t. For ergodic processes [169], this long-time limit recovers the

ensemble average,

〈r2(∆t)〉 = lim
t→∞

δ2
t (∆t) . (2.25)
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Figure 2.5: (a) Local arrangement of lowest-energy Cu interstitial sites in chalcopyrite CIS

(center of blue tetrahedra). Direct Cu interstitial diffusion proceeds by local hopping through

the saddle point (red sphere). (b) 1NN (green arrows) and 2NN (red arrows) hops associated

with vacancy-mediated diffusion on the Cu sublattice. Closed paths show the minimum

number of hops leading to net displacement of a Cu tracer, leading to correlation factors

below unity [5, 159]. Note that strictly 2NN vacancy diffusion is restricted to the ab planes

(blue) normal to the c axis. (Reprinted from [234], with the permission of AIP Publishing.)

We have considered the following diffusion pathways:

VCu → VCu, (2.26)

Cui → Cui, (2.27)

CuIn + VIn → VIn + CuIn, (2.28)

Cui → (Cu− Cu)Cu → Cui. (2.29)

Based on equation (2.11) and CCT calculations, we have determined that Cu diffuses pri-

marily via exchange with Cu vacancies (2.26) and via interstitial sites (2.27). CuIn antisite

diffusion via In vacancies (2.28) can be safely excluded from our model because the proba-

bility (xCuIn
xVIn

)/(kCukIn) is irrelevant compared to (2.26) and (2.27) over the compositions
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considered, and local binding between the defects is unfavorable due to repulsive Coulomb

interactions. For simplicity, we have also excluded the indirect interstitialcy diffusion path-

way (2.29). Since this pathway has been found to have a migration barrier similar to direct

interstitial diffusion [189, 203], it can be effectively incorporated into our model for direct

interstitial diffusion by modifying the local coordination number, z, and the correlation

factor[5], f . This amounts to a correction to the diffusivity by a factor of O(1).

Values for the parameters in equation (2.11) for VCu-mediated and direct interstitial

diffusion are listed in Table 2.1. Since VCu acts as a shallow acceptor, both the neutral and (1-

) charge states occur in significant quantities in p-type, Cu-poor material and are furthermore

found to have similar migration barriers. Both charge states are therefore included in the

vacancy model. We previously found [233] that VCu hops between second nearest neighbor

sites (2NN) on the Cu sublattice possess migration barriers comparable with those of the

conventional 1NN processes. Hence, these 2NN processes are also considered. However, it is

worth noting that the small anisotropy between c and a, b lattice vectors in the conventional

chalcopyrite unit cell of CIS reduces the effective dimensionality of the 2NN processes. While

the local 1NN sublattice environment is tetrahedrally coordinated, similar to a zinc-blend

lattice, the relative 2NN connectivity is not, likewise, face-center cubic. Instead, 2NN sites

are connected in parallel 2D square lattices which form planes along the c axis, and hence

strict diffusion via 2NN hopping is quasi-two-dimensional. The correlation factors shown in

Table 2.1 reflect this local connectivity [159]. Since Cu interstitials act as shallow donors,

and it is difficult to efficiently n-type dope CIS, we consider only the (1+) charge state.

2.4.2 Composition Dependence of Vacancy-Mediated Cu Diffusion

In this section, we develop approximate analytic models for vacancy-mediated Cu diffusion in

undoped CuInSe2 as a function of composition. Previously [232], we numerically analyzed the

composition dependence of intrinsic defect concentrations based on atomistic data derived

from DFT. This section builds on those results by using the composition dependence of the

Cu vacancy concentration as a basis for modeling of Cu diffusion. To assess the consistency
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Mechanism pi,q λ z (d) f ν ∆E
(m)
i,q (q)

VCu (1NN)
xVCu,q

kCu
4.17 4 (3) 0.50 18.8 1.10 (0), 1.12 (1-)

VCu (2NN)
xVCu,q

kCu
5.88 4 (2) 0.47 34.7 1.20 (0), 1.21 (1-)

Cui
xCui,q

kCu
4.18 12 (3) 1.0 1.1 0.26 (1+)

Table 2.1: Parameters (2.11) for vacancy- and interstitial-mediated Cu diffusion in net charge

state q. (Reprinted from [234], with the permission of AIP Publishing.)

of our models, we numerically calculate the Cu diffusivity using kinetic lattice Monte Carlo

(KLMC) and Onsager transport tensors [134, 251].

An Analytic Model

In modeling the equilibrium concentrations of native point defect as a function of composition

in undoped CuInSe2 [232, 177], we have found it useful to parameterize the composition in

terms of the cation ratio, [Cu]/[In], and the local valence ratio, 2[Se]/([Cu] + 3[In]). These

are respectively denoted

γ = kCu/kIn , (2.30)

η = 2kSe/ (kCu + 3kIn) , (2.31)

where kα is the atomic fraction of species α. For compositions of greatest technological inter-

est (Se-rich, p-type material), we found that the high concentration of Cu-vacancies would

provide a thermodynamically favored pathway to mediate Cu diffusion [232]. A relatively

lower migration barrier for vacancies confined to hop on the Cu sublattice compared to other

vacancy transitions on the full cation sublattice supports a simplified model wherein Cu

diffusion is restricted to the Cu sublattice [232, 189].

Thus, a simple approximation for the diffusivity of Cu follows by treating diffusion as

a correlated random walk involving a single type of vacancy jump of fixed distance λ [5],
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giving

D∗Cu(γ, η) ≈ λ2

6
Γ(γ, η) , (2.32)

where z is the lattice coordination number, and the effective jump frequency Γ(γ, η) depends

on the composition. For vacancy-mediated diffusion with migration barrier ∆E(m), the com-

position dependence is relegated to the fractional concentration of Cu-vacancies, xVCu
(γ, η):

Γ(γ, η) = Ξ(γ, η)zfνe−β∆E(m) xVCu
(γ, η)

kCu

. (2.33)

Here, the fractional concentration xVCu
is defined as the number of Cu vacancies divided by

the total number of lattice sites in defect-free, stoichiometric CuInSe2, and β = 1/kBT . The

self-diffusion correlation factor, in the limit of dilute vacancy concentration, is denoted by f ,

and Ξ is a correction that accounts for the dependence of the correlation between successive

hops on the vacancy concentration. It is defined explicitly in equation (2.49) and motivated

further in the surrounding text. ν is the attempt frequency, and the term xVCu
/kCu is the

probability that a Cu site is vacant, where kCu is the Cu atomic fraction.

To account for the composition-dependence of the Cu-vacancy concentration, we follow a

general thermodynamic prescription [177] by solving a coupled series of constraint equations,

which are polynomial in a set of basis defect concentrations. This was done numerically

in previous work [232], and we use the foresight of those results to reduce the full set of

concentration constraints, retaining only the dominant terms. This allows us to obtain

simpler analytic expressions.

Generally, the atomic fraction of species α, in the presence of defects d with fractional

concentration xd,q, can be expressed as in (2.8). Combined with the constraint
∑

α kα = 1,

the composition in non-stoichiometric CuInSe2 can be rewritten in terms of the ratios (2.30)

and (2.31) as
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1− γ
4

=
∑
d,q

xd,q
[
mCu
d − γmIn

d

]
, (2.34)

η − 1 =
∑
d,q

xd,q
[
η
(
mCu
d + 3mIn

d

)
− 2mSe

d

]
. (2.35)

Since VCu and InCu are dominant defect species for the compositions considered, they are

used as the basis defects in the subsequent CCT calculations [232]. After dropping negligible

defect concentrations according to the numerical results [232] and retaining only dominant

terms in the ensuing constraint polynomials (2.34), (2.35), and (2.10), we can obtain closed-

form expressions for xVCu,0, xInCu,0, and n. An analytic approximation for total Cu-vacancy

concentration, xVCu
, is then reconstructed using equation (2.9).

For Se-rich p-type material, γ ≤ 1 and η ≥ 1. Qualitatively, either decreasing γ or

increasing η tends to drive the material to have a larger equilibrium concentration of vacant

Cu sites [232]. Previously [232], we identified two regions in this composition space (γ ≤

1, η ≥ 1) with distinct characteristic defects and Fermi level behavior. The boundary between

these regions, demarcating the transition between moderately p-type and strongly p-type

material, is approximately given by γ = γc(η) ≡ −3.75η + 4.75.

For moderately p-type Se-rich material, γ < γc(η), and the dominant defect species, in

addition to VCu, are InCu, VCu+InCu, and 2VCu+InCu [232]. The Cu-vacancy concentration

in this limit, which we will refer to as model 1, is approximated by

x
(1)
VCu

(γ, η) ≈ (1− η−1 +R1)(1 + Λ) , (2.36)

where

Λ =
1− η

4
(3 + γ)(1− 8R1)

(3 + γ)(1 +R2)[η(1 +R1)− 1]
(2.37)

is a subleading contribution accounting for Fermi level effects. R1 and R2 account for the

dissociation of vacancy-antisite complexes at high temperatures in slightly off-stoichiometric

material [232]:
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R1 =
KVCu,−1KInCu,+2

κ2KVCu+InCu,+1

=
1

16
eβE

(b)
1 , (2.38)

and

R2 =
κ1KInCu,+2

(κ2KVCu+InCu,+1)2 =
3

8
eβE

(b)
2 . (2.39)

The terms Eb
1,2 in equations (2.38) and (2.39) are binding energies of charged defects:

E
(b)
1 = ∆E

(f)
(VCu+InCu),+1 −∆E

(f)
VCu,−1 −∆E

(f)
InCu,+2 , (2.40)

E
(b)
2 = 2∆E

(f)
(VCu+InCu),+1 −∆E

(f)
(2VCu+InCu),0 −∆E

(f)
InCu,+2 . (2.41)

The defect formation energies ∆E
(f)
d,q for defect d in charge state q can be computed with

ab initio methods [72], and it is worth noting that the specific combination appearing in

E
(b)
1,2 leads to cancellation of chemical potential and Fermi level factors, consistent with our

general thermodynamic formalism [177].

The factors κi and Kd,q defining R1 and R2 are coefficients for mass-action relations

involving complex formation and defect charging, respectively:

κ1 =
x2VCu+InCu,0

(xVCu,0)2 xInCu,0

, κ2 =
xVCu+InCu,0

xVCu,0xInCu,0

, (2.42)

Kd,q =
xd,q
xd,0

(
n

ni

)q
. (2.43)

For strongly p-type, Se-rich material, γ > γc(η), and along with VCu, the dominant defect

species are InCu, VIn, and CuIn [232]. As the Fermi level is effectively constant for these

compositions [232], the vacancy concentration acquires a much simpler form, which we will

refer to as model 2:

x
(2)
VCu

(γ, η) ≈ 1

2
− 1 + 2γ

η(3 + γ)
. (2.44)
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Numerical Benchmarks

In light of the scattered values of diffusion coefficients for Cu measured experimentally, we

performed numerical simulations to establish the consistency of the models presented above.

When available, we also provide points of experimental data for comparison [20, 79, 236,

245, 231, 151].

In this work, two methods were used to numerically compute the self-diffusion coefficient.

First, the mean-squared displacement over time,

D∗ =
1

6Nt

N∑
i=1

〈r2
i 〉 , (2.45)

for N mobile Cu atoms was computed using KLMC simulations based on the open source

KMCLib code [134]. Each simulation sampled transitions involving both the Cu and In

sublattices with migration barriers given in Ref.[189], using cells containing ∼104-105 cation

sites with periodic boundary conditions. Sites were occupied randomly according to the

numerical equilibrium concentrations [232], and an initial equilibration of 103 steps was run

before sampling the mean-squared displacement. Typical runs consisted of ∼105 steps, which

produced reliably converged values of D∗. Nearest-neighbor binding between Cu-vacancies

and InCu-antisites was included but was not found to significantly affect the results.

Our second method used the open source Onsager code [251] to compute normalized1

Onsager transport tensors2, L̃αβ, from lattice Green’s function solutions to the master equa-

tion. The tracer diffusivity was calculated via

D∗α′ =
〈
L̃α′α′

〉
r

xVα

kα
(2.46)

for mobile species α and fractional vacancy concentration xVα . A primed species index (e.g.,

α′) is used to emphasize that this species is a tracer. The brackets 〈. . . 〉r denote a spatial

1Briefly, the Onsager terms L̃αβ are normalized to have components with units of diffusivity[251], i.e.,

[area]/[time]. Explicitly, L̃αβ = LαβxαxV/(kBTΩ), where Ω is the volume per atom, β ∈ {α,V}, and Lαβ
has typical units [5, 159] of [length]5[energy]/[time].

2In general, for fixed species indices α, β, L̃αβ is a 3× 3 spatial matrix.
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average over the matrix components of L̃αβ. Use of this method is justified as the vacancy

concentration is sufficiently dilute (on the order of ∼1 at. %) for the compositions of interest.

We will see below (equation (2.49)) that only a multiplicative correction of order unity is

required to account for higher vacancy concentrations.

The vacancy-mediated self-diffusion correlation factor, f , for the Cu sublattice, which

is symmetric under the space group I41/amd (a subgroup of the I4̄2d space group for the

full lattice), is not commonly reported and is difficult to determine analytically. Having at

hand numerical methods for simulating tracer diffusion has the added benefit of allowing us

to calculate f directly, and motivates us to include an additional factor (2.49) discussed in

Section II.A. In KLMC, f can be calculated by

f =
1

Nλ2

N∑
i=1

〈r2
i 〉 =

1 + 〈cos θ〉
1− 〈cos θ〉

, (2.47)

where the first equality holds for a single type of vacancy jump at fixed distance λ, while

the second equality assumes that f is dominated by the correlation of consecutive jumps

separated by angle θ [5, 159]. Using the Onsager tensors, L̃αβ, the correlation factor can be

computed as

f = −
〈
L̃α′α′(L̃α′V)−1

〉
r
, (2.48)

where L̃α′V is the off-diagonal contribution of a vacancy chemical potential gradient to the

flux of mobile species α [251, 5, 159].

Fixing a representative value of the local valence ratio, η, following Ref. [79], Figure

2.6 compares our model of the diffusivity against numerical calculations limited to 1NN

transitions for varying the cation ratio, γ. In this case, the self-diffusion correlation factor

was found to be f = 0.5. This is not surprising given the local tetrahedral bonding (and thus

coordination number z = 4) between Cu atoms in the 1NN shell. While the Cu sublattice

does not possess the exact symmetry of a diamond lattice, the correlation factors for the two

lattices are the same [5]. The local hopping distance is the distance between 1NN Cu sites,
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Figure 2.6: Comparison of γ-dependence of analytic and numerical diffusivity models limited

to 1nn transitions for (a) η = 1.00 and (b) η = 1.06 at temperature 700 K. Note that the

diffusivities based on numerical calculation of xVCu
, KLMC, and Onsager tensors overlap for

all values of γ. Error bars for KLMC diffusivities are present in (a), but are suppressed by

the scale of the plot. The y-axis scales logarithmically in both (a) and (b). (Reprinted from

[233], with the permission of AIP Publishing.)

λ ≈ 4.17 Å.

In comparing the tracer diffusivity extracted from the Onsager tensors and the KLMC

simulations, we found that our KLMC simulations predicted a diffusivity that was uniformly

higher by a factor of order unity. This discrepancy, Ξ, accounts for higher vacancy concen-

tration in off-stoichiometric compositions [178, 243, 242, 5]. Indeed, as calculated (2.47),

(2.48), the tracer correlation factors are defined in the limit that the vacancy concentration

is very dilute, e.g., where a single vacancy is present on the Cu sublattice. In the opposite

limit, where the Cu sublattice contains a single Cu atom, diffusive hopping will be uncor-
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related, i.e., f → 1. Thus, for sufficiently defective compositions, the correlation factor

acquires a dependence on the vacancy concentration. This dependence is well-approximated

by [178, 243, 5]

Ξ (xVCu
) =

[
f +

(1− xVCu
/kCu) (1− f)

(1 + xVCu
/kCu)

]−1

, (2.49)

where f is the correlation factor in the dilute limit. Hence, the inclusion of Ξf in equation

(2.33) accounts for all contributions from correlated hopping in our analytic model. Similarly,

replacing L̃α′α′ → ΞL̃α′α′ in equation (2.46) improves the agreement between our models and

KLMC.

The results of each calculation with appropriate corrections are shown in Figure 2.6.

The diffusivities derived from Onsager tensors and KLMC agree within statistical error for

all sampled values of the cation ratio. When the numerical results [232] for the vacancy

concentration are used in (2.33), we find that our model reproduces the simulated diffusivity

within the same statistical error. The general decrease of the self-diffusion coefficient as

γ → 1− is expected, as a higher fraction of Cu sites will be occupied by Cu atoms. Comparing

this against (2.32) using the analytic approximations (2.36) and (2.44), we find that model

2 (2.44) matches the numerical results for γ & γc(η), while agreement with model 1 (2.36)

improves for greater deviations from stoichiometry, γ . γc(η). Indeed, the discrepancy

between the numerical results and model 1 in Figure 2.6a for γ → γc(η)− underscores the

complexity of the defect thermodynamics in moderately p-type CuInSe2 [232]. Model 1 (2.36)

therefore accounts for the leading order behavior for γ < γc(η), while higher order corrections

are difficult to write down in closed form.

Diffusion Limited to 1NN and 2NN Vacancy Transitions

The migration barrier for transitions between second nearest neighbor (2NN) Cu-sites is

only slightly higher than the barrier for 1NN transitions. The inclusion of the 2NN shell

introduces four additional sites within the kinetic range of a vacancy. We found that an
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effective model for the tracer diffusivity described by the average migration barrier between

1NN and 2NN transitions, as well as the average hopping distance and attempt frequencies,

is a good approximation to direct KLMC simulation given that one properly accounts for

the effective correlation factor. Accounting for an additional four neighbors at 2NN sites

yields an effective coordination number z = 8 in (2.32), and from (2.48) the effective tracer

correlation factor is found to be f = 0.71. This is slightly less than the correlation factor for

a bcc lattice (fbcc = 0.73), which is reasonable given the effective coordination number.

Figure 2.7 shows the thermally-activated nature of the tracer diffusivity, as well as the

effect of increasing η in the range reported by Gartsman, et al. [79], and Becker and Wagner

[20]. In this case, γ is fixed according to the values reported by Gartsman, et al. [79], and

both 1NN and 2NN vacancy have been included. We see that for compositions close to

stoichiometry, η = 1, the predicted diffusivity is close to the values reported by Becker and

Wagner [20], who studied stoichiometric samples. Their data is labeled “PRB-83” in Figure

2.7. For these near-stoichiometric compositions, the activation energy is dominated by the

migration barrier, but has a correction of ∼20 meV due to the temperature dependence

of the Cu vacancy concentration. As the composition deviates further from stoichiometry

(increasing η), the diffusivity moves closer to the value reported by Gartsman, et al. [79]

for non-stoichiometric samples, labeled “JAP-97 (Vol.)” in Figure 2.7. The increase in the

diffusivity for increasing η > 1 is again expected, since structural disorder, and hence the

availability of vacant Cu sites, will increase as the material becomes more Se-rich (Figure

2.3a). However, we find that for this model to come within an order of magnitude of the

diffusivity reported by Gartsman, et al. [79] requires the compositional parameter η to lie

outside of a reasonable processing window.

While these tracer diffusion models agree reasonably well with the results in [20, 79],

they do not account for other experimental values of Cu diffusivity reported in the literature

[52, 151, 236, 231]. Indeed, each of these groups report very rapid Cu diffusion, several orders

of magnitude above our model predictions. Lubomirsky, Gartsman, and Cahen have argued

[147] that diffusion measurement methods based on transient ion drift [151], potentiostatic
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η

Figure 2.7: Effects of varying local valence ratio η on inverse-temperature dependence of

vacancy-mediated self-diffusion models (solid, blue lines) with both 1NN and 2NN transi-

tions. Experimental diffusivities reported in PRB-83 [20], SSC-00 [236], JAP-77 [245], SSI-88

[231], JPC-92 [52], JAP-97 (Vol./Surf.) [79], and JAP2-97 [151] included for comparison. Er-

ror bars for JAP-97 (Vol.) estimated based on reported variations in measured composition

[79]. “Group 1” and “Group 2” refer to the categorizations given by Lubomirsky, Gartsman,

and Cahen [147]. Inclusion of collective center of mass motion (2.17) derived from KLMC

leads to small increases in the diffusion coefficient (dashed, green line). Improved agreement

with “Group 1” (dashed, blue lines) requires the introduction of both interstitial diffusion

and a Cu thermodynamic factor.

current decay [52], and p-n junction motion [231, 245] can exhibit systematic errors due to

space charge effects, i.e., internal and external electric fields, leading to overestimation of

diffusion coefficients. Gartsman, et al. [79], have also tracked in-diffusion from a Cu layer

deposited on the sample surface. Their values, labelled “JAP-97 (Surf.),” are plotted in

Figure 2.7. Earlier experiments [231, 245] involving p-n junction motion also report similar
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values for the Cu diffusion coefficient. These results are summarized in the companion paper

[147], where the relevant diffusivities are referred to as “Group 1” in that work. Lubomirsky,

Gartsman, and Cahen [147] argue that measuring either multiple samples or a sufficiently

large p-n junction depth, as was done in [231, 245], respectively, minimizes the typical errors

incurred by space-charge effects. Hence one should expect values for the diffusivity similar

to those obtained from diffusion from a constant boundary source [79, 147]. These “Group

1” Cu diffusivities are plotted in Figure 2.7. It is worth noting that Gartsman, et al. [79],

attribute the approximately two orders of magnitude enhancement of the diffusion coefficient

to the presence of a large thermodynamic factor, Θ ≈ 100.

Sufficiently Cu-rich compositions possess lower concentrations of Cu vacancies, and thus

if diffusion into a Cu-poor bulk material is dominated by a vacancy mechanism, this will give

rise to a non-negligible vacancy flux for which we must account. This so-called vacancy wind

effect [5, 159] should result in enhanced interdiffusion between Cu-rich and Cu-poor regions.

However, based on KLMC simulation, we find that simply including additional contributions

to the diffusivity arising from the collective center of mass motion (2.17) is insufficient to

account for the discrepancies (Figure 2.7). Instead, in the next section, we show that both

the inclusion of Cu interstitial diffusion and a large thermodynamic factor are necessary to

account for the larger chemical diffusion coefficients. The addition of interstitial diffusion

also reconciles the unreasonably large value of the valence ratio otherwise required for strict

vacancy diffusion to reproduce the tracer diffusivity measured by Gartsman, et al. [79].

2.4.3 Cu Tracer and Chemical Self-Diffusion

We found above that additional terms related to cross-correlations between pairs of dis-

tinct particle trajectories [5] amounted to an O(1) rescaling of the self-diffusion coefficient

[84]. In contrast, for materials such as CIS which can exhibit large deviations from ideal

stoichiometry, the thermodynamic factor provides the dominant correction to tracer diffu-

sion. In modeling the dependence of the chemical potentials on the chemical compositions

in the CCT formalism, we can compute thermodynamic factors by simply taking numerical
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gradients. In doing so, the derived thermodynamic factors account for the highly nontriv-

ial relationship between the formation of intrinsic defects in CIS and its thermodynamic

stability.

Figures 2.8b,c exhibit the variation in the chemical and tracer Cu diffusivities across the

stable thermodynamic range of CIS. The data is shown at 700 K, chosen to be within the

range of both typical synthesis temperatures and reported temperatures for experimental

Cu diffusion measurements [79, 151, 20, 245]. We find that the tracer diffusion coefficient

ranges over several orders of magnitude, 10−12 − 10−7 cm2/s, where the largest values occur

for sufficiently Cu-poor and Cu-rich compositions, separated by a local minimum that spans

the range of Se chemical potentials. This composition dependence is shown in Figure 2.8a

corresponding to a cut across the phase diagram with fixed Se chemical potential, chosen

to reflect typical synthesis conditions for p-type material with fixed Se partial pressure. We

also show the individual contributions from vacancy- and interstitial-mediated mechanisms

to the total diffusivity. As expected, the vacancy mechanisms dominate the diffusion in Cu-

poor material, the interstitial mechanism becomes dominant for Cu-rich material, and the

crossover between the two regimes results in the local minimum in the total diffusivity. We

find that the value at this local minimum agrees with the value measured by Gartsman, et

al., [79] for the bulk diffusion of dilute Cu tracers. Furthermore, we find that maximal tracer

diffusivities can be achieved either at the Cu2Se-pure Cu secondary phase boundaries or for

sufficiently excess Se chemical potential.

The chemical diffusion coefficient, on the other hand, takes on typical values on the order

of 10−9 − 10−8 cm2/s throughout most of the stable CIS region. The diffusivity reaches

its lowest values along the Cu-depleted phase boundary and in the coexistence region with

Se and CuSe. The higher chemical diffusion coefficients obtained in the stable CIS region

are due to the relatively large changes in chemical potential required to move the material

to either Cu-rich or Cu-poor off-stoichiometries. Hence, in the presence of perturbations

to the equilibrium Cu compositions, there is a strong thermodynamic driving force back

toward equilibrium. For Cu-rich material with an appreciably higher concentration of rapidly
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diffusing interstitials, this leads to a significantly larger chemical diffusion coefficient. This

agrees with the findings of Gartsman, et al., [79] for the inward diffusion of Cu following the

surface deposition of Cu metal. In this case, we find that the total chemical diffusion within

the CIS layer is controlled by the local susceptibility of the Cu composition to the chemical

potential gradient (Figure 2.8a), and moreover that both interstitial- and vacancy-mediated

mechanisms are important. We can rationalize this situation by considering the following

microscopic picture. Cu deposited on the surface of moderately Cu-poor, Se-rich CIS yields a

Cu-rich interface region that favors the formation of Cu interstitials [102]. The low migration

barriers of these interstitials enable their rapid diffusion into the bulk CIS. Far away from

this interface region, CIS remains Cu-poor, and the associated high number of Cu vacancies

eventually limits the inward diffusion of interstitials via Frenkel pair recombination. In the

following section, we validate the fundamental kinetics in this picture by constructing and

simulating an approximate continuum model.

The temperature dependence of the total tracer and chemical diffusivities are well-

described by an Arrhenius function,

Dtot(T ) = D
(eff)
0 e−∆E

(eff)
act /kBT , (2.50)

where the effective activation energy, ∆E
(eff)
act , and diffusion prefactor, D

(eff)
0 , are determined

by fits to our numerical data. Figure 2.8d shows the cation ratio dependence of these effective

parameters along the same constant Se chemical potential contour considered previously. The

effective activation energy for tracer diffusion is within the range of values, 1.25 ± 0.10 eV,

reported by Becker and Wagner [20] across the chemical compositions considered. However,

it is important to note that while this activation energy is closer to the vacancy-mediated

migration barriers, a vacancy mechanism does not completely explain the result. Indeed, as

discussed above, diffusion is dominated in Cu-rich CIS by an interstitial mechanism. The

crossover between vacancy- and interstitial-dominated regimes is apparent in the onset of

nonlinearity in the effective activation energies and prefactors as kCu/kIn → 1. As expected,

the inclusion of a thermodynamic factor yields Arrhenius fits to the chemical diffusion coef-
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ficient that result in effective activation energies lower than their tracer counterparts. This

agrees, at least qualitatively, with the lower experimental activation energies, ≈ 0.55− 0.75

eV, reported in refs. [41, 147] for chemical diffusion, although it appears that these values

were based on averaging across samples with different compositions. Nonetheless, for tracer

and chemical diffusion, we find that the effective activation energies are lowered as the ma-

terial becomes increasingly Cu-rich, signaling faster diffusion with the introduction of more

Cu interstitials.

2.4.4 Inward-Diffusion from a Cu-Rich Boundary

To directly study the influence of a nonequilibrium distribution of Cu defects on Cu diffusion,

we simulated the in-diffusion of Cu tracers from a layer of Cu metal deposited on the CIS

surface and compared the predicted depth profiles to those reported by Gartsman, et al.

[79]. To that end, we define a simple, continuum reaction-diffusion model for Cu consisting

of vacancy- and interstitial-mediated diffusion and Frenkel pair recombination / generation:

∂tCVCu
=
(
D

(1)
VCu

+D
(2)
VCu

)
∇2CVCu

−RF −RF† , (2.51)

∂tCCui =DCui∇2CCui −RF, (2.52)

∂tCCu†
i

=DCui∇2CCu†
i
−RF† , (2.53)

∂tCCu†
Cu

=
(
f (1)D

(1)
VCu

+ f (2)D
(2)
VCu

) CVCu

Cs

×∇2CCu†
Cu

+RF† , (2.54)

where a ‘†’ on a chemical component denotes a tracer species, Ci is the per volume concen-

tration of vacancies, interstitials or lattice Cu, and Cs is the concentration of Cu sublattice

sites. The superscripts (1) and (2) refer to the 1NN and 2NN vacancy-mediated diffusion

mechanisms, where f (1) and f (2) are the respective correlation factors. Since the barriers for

1NN and 2NN vacancy-mediated diffusion are nearly equal (see Table 2.1), we treat these
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coefficients as independent from the charge state of the vacancy. The Frenkel pair reaction

rates RF and RF† are defined for non-tracers and tracers, respectively, as

RF = kf
(
CVCu

CCui − C∗VCu
C∗Cui

)
, (2.55)

RF† = kf

(
CVCu

CCu†
i
− CCu†

Cu

C∗VCu
C∗Cui

C∗CuCu

)
, (2.56)

kf = 4πλIV

(
D

(1)
VCu

+D
(2)
VCu

+DCui

)
. (2.57)

Since the energy barrier for Frenkel pair recombination (VCu + Cui → CuCu) is low rela-

tive to the migration barriers, ∆EIV = 0.13 eV, the forward-reaction rate, kf , is diffusion-

limited. The capture cross-section for Frenkel pair recombination is determined by the

nearest-neighbor distance (λIV ≈ 2.95 Å) between interstitial and Cu sublattice sites. Bulk

equilibrium concentrations, C∗, were determined by CCT calculations using compositions

within the range reported by Gartsman, et al. [79] The simulations were carried out using

the finite-element solvers in Synopsys’s Sentaurus Process.

To model the presence of Cu metal at the CIS surface, we imposed simple Dirichlet

boundary conditions, where surface defect equilibrium concentrations were determined by

selecting the material composition at which the corresponding chemical potentials were in

equilibrium with Cu metal and secondary phase Cu2Se. The surface concentration of lattice

Cu tracers is a free parameter in our model, which we set according to the initial dose esti-

mated from the depth profiles reported by Gartsman, et al. [79] We note that, in formulating

this reaction-diffusion model (2.54), we have assumed that the depletion of Cu-tracers at the

boundary is negligible on the relevant time scales we wish to simulate, which is consistent

with the large reported dose of surface Cu [79].

Figure 2.9a shows the simulated diffusion profiles for the in-flow of Cu tracers under a

10 minute anneal at 650 and 700 K. We find excellent agreement between our model and

the reported data at 703 K, while our model does not account for the long tail observed

experimentally at 653 K. Nonetheless, we find that the rapid in-diffusion of Cu, with a diffu-
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sivity two orders of magnitude greater than the reported bulk diffusivity, can be accounted

for by the injection of Cu interstitials from secondary Cu-rich phases at the CIS surface.

This is further demonstrated in Figure 2.9b, where variations in the boundary Cu interstitial

concentration are found to control the subsequent diffusion depth under 10 minute anneal

at 700 K.

2.5 Summary

In this chapter, we have characterized the formation of intrinsic point defects in CIS, starting

from first principles calculations. Among the myriad of possible defects, we identified Cu

vacancies and interstitials as well as cation antisites to be the most significant across a broad

range of processing conditions. With the exception of CuIn, these dominant defect species

only introduce shallow levels into the bandgap, consistent with the observation that the per-

formance of CIS-based optoelectronic devices typically exhibit a high tolerance to crystalline

disorder. By modeling equilibrium defect thermodynamics, we connected this behavior to

the phase stability of the material to off-stoichiometric compositions. We demonstrated, in

particular, how the Se chemical potential controls the degree of self-doping and that com-

pensated 2VCu − InCu complexes form in abundance near the Cu-deficient secondary phase

boundary.

We then extended this analysis to the study of Cu diffusion, modeling the extent to which

differences in material composition can account for the large variations in reported experi-

mental diffusion coefficients. Gartsman, et al. [79], Chernyak, et al. [41], and Lubomirsky,

et al. [147] noted a consistent two orders of magnitude difference between the diffusion of Cu

measured by tracking bulk Cu tracers versus measurements based on Cu in-diffusion and p-n

junction motion. Absent space charge effects, they attributed this difference to the presence

of a large thermodynamic factor on the order of Θ ≈ 100. The results presented in this work

support this argument. Indeed, by employing a model of intrinsic defect thermodynamics

in CIS coupled via compositional constraints, we have directly calculated thermodynamic

factors of this magnitude in moderately Cu-poor, Se-rich p-type material and explored their
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impact on the predicted diffusion coefficients. Our predictions for both tracer and chemi-

cal coefficients were shown to be in close agreement with the experimental measurements

reported by Gartsman, et al. [79], and this further validates the outsized effects that ther-

modynamic driving forces can have on chemical diffusion in heavily compensated materials

like CIS. Moreover, we have related this linear response picture to the underlying correlated

random walks executed by individual Cu atoms, hopping either through vacant Cu-sublattice

sites or through interstitial pathways. A relatively simple continuum model based on this

atomistic picture was able to approximately reproduce the experimental diffusion profiles

[79] for the in-flow of Cu into Cu-poor CIS from a Cu-rich interface, demonstrating how

Cu interstitials, in particular, can lead to enhanced Cu diffusion. Finally, by mapping out

the behavior of the tracer and chemical diffusion coefficients across the CIS secondary phase

diagram, we have predicted the extent to which either variations in the composition or the

material synthesis conditions can account for the large spread of reported Cu diffusivities

measured at elevated temperatures.
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Figure 2.8: (a) Dependence of Cu tracer and chemical diffusion coefficients on the [Cu]/[In]

ratio for fixed Se chemical potential at 700 K. The Se chemical potential is chosen to reflect

excess Se supply during material synthesis. The diffusivities in (a) are plotted along the

cut (blue, dashed line) through the phase diagram, shown in (b-c), and the corresponding

locations of the predicted secondary phase boundaries are shown in green. The individual

contributions from vacancy- and interstitial-mediated mechanisms to the total diffusivity

are shown for both tracer and chemical diffusion. The red data points labeled “Exp. (vol)”

and “Exp. (surf)” are the measured diffusivities reported by Gartsman, et al., [79] for

radiotracer volume diffusion and inward Cu diffusion following CIS surface deposition of Cu

metal, respectively. The [Cu]/[In] positions for these points were determined by the reported

stoichiometries of their single crystal CIS samples [79]. The inset to (a) shows the Cu chemical

potential dependence of the total tracer and chemical diffusion coefficients along the same cut

in (b-c). The full dependence of the chemical (b) and tracer (c) diffusion coefficients on the

Cu and In chemical potentials in stable CIS is also shown. Sparse isocurves (white, dashed

curves) are included to highlight the nonlinearity of the two diffusivities in the chemical

potential space. (d) Effective activation energies and diffusivity prefactors from Arrhenius fits

(2.50) to the temperature dependence of the chemical and tracer diffusion coefficients, along

the same cut in the phase diagram (b,c) with constant Se chemical potential. (Reprinted

from [234], with the permission of AIP Publishing.)
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Figure 2.9: Simulated depth profiles for the in-diffusion of Cu tracers from a surface layer

of Cu metal into Cu-poor, p-type CIS compared to experimental values reported in JAP-97

[79]. (Reprinted from [234], with the permission of AIP Publishing.)
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Chapter 3

HALIDE PEROVSKITES: ORDER-DISORDER MODELS AND
DOPANT ENGINEERING

Halide perovskites have garnered massive research interest over the past several years

due to a combination of favorable optical and electronic properties and high defect toler-

ance. Nanocrystals (NCs) and thin-films of all-inorganic, metal-halide perovskites CsPbX3

(X = Cl, Br, I), in particular, possess a fortunate combination of broadband absorption,

narrow emission bandwidths, high photoluminescence quantum yields (PLQYs), and band-

gap tunability across the near-infrared (NIR), visible and ultraviolet (UV) by compositional

alloying [207, 181, 2]. Doping by impurity ions has also emerged as a potentially effective

route toward engineering additional optical and electronic behavior and controlling perovskite

structural stability [17, 56, 152].

In this chapter, we undertake the study of halide exchange reactions and the subsequent

formation of ordered alloy phases in CsPbX3, as well as the interactions of certain dopants

of high technological relevance with intrinsic disorder. First, we will consider the prob-

lem of characterizing the low-energy configurations of mixed halide perovskites, focusing on

CsPb(BrxI1−x)3. When the halide composition x is far enough away from the compositional

endpoints, x = 0, 1, the number of possible configurations that one has to consider grows

substantially. It thus becomes computationally demanding to explore the full configuration

space using first-principles methods, and one must resort to constructing an effective model.

We do this by way of the so-called cluster expansion (CE) method, outlined in Section 3.1,

which amounts to a decomposition of the total energy of a given alloy configuration in terms

of generalized Ising-type interactions. We parameterize these CE models by fitting the in-

teraction parameters to a relatively small set of DFT calculations. Having a sufficiently
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accurate model of the energetics then allows us to efficiently sample the configuration space

of the alloy using Markov chain Monte Carlo (MCMC) methods. In doing so we characterize

the phase stability of halide mixing at finite temperature, as well as the thermodynamics

of halide exchange with a given chemical reservoir. With these modeling efforts, in Section

3.2 we make contact with experimental data on halide exchange in CsPbX3 nanocrystals

mediated by an idealized precursor molecule [49] and discuss the potential role of persistent

long-range ordering in bulk, single crystals.

Building on this methodology, we then consider the case of dopant interactions in mixed

halide perovskites. In particular, in Section 3.3 we study the case of B-site doping by Mn in

CsPb(ClxBr1−x)3. Using Metropolis-Hastings MCMC to sample a CE model in the canonical

ensemble, we observe room-temperature phase separation into Mn- and Cl-rich domains with

increasing Br concentrations, largely consistent with recent experimental evidence [225]. We

find that this behavior at intermediate compositions can be rationalized by the difference

between Mn-Cl and Mn-Br bond energies: as Cl becomes diluted under ion exchange with

Br, the remaining Cl in the system tends to saturate the local Mn environment. Surprisingly,

the formation of local Mn-rich phases persists in the pure halide compositional endpoints,

suggesting that the formation of Mn clusters is further driven by spinodal decomposition.

Based on an analysis of short-range Warren-Cowley type order parameters and partial Bader

charges, we argue that this is consistent with a simple model for Coulomb energy gain in the

B-site sublattice.

Finally, in Section 3.4 we return to the simpler case of a single halide perovskite CsPbCl3

and study the formation of defect clusters upon doping with Yb. Indeed, exceptionally

high experimental photoluminescence quantum yields attributed to highly efficient quantum

cutting have recently been observed in ytterbium-doped inorganic metal-halide perovskites

such as Yb:CsPb(X=Cl,Br)3. Combined with strong, tunable, broadband absorption in the

visible spectrum, these materials show great promise for applications in solar downconverter

technologies. Much subsequent work has been dedicated to uncovering the fundamental

mechanisms behind Yb-mediated quantum cutting, and an accumulation of experimental
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evidence has shown that a particular speciation of Yb, believed to be a fully compensated

(2YbPb + VPb)0 defect complex, dominates this process. Thus, we investigate Yb defect for-

mation in single-crystal CsPbCl3, and in particular the feasibility of forming (2YbPb + VPb)0

defect complexes, using first-principles electronic structure calculations. A simple thermo-

dynamic model based on defect formation energies, binding energies, and charge transition

levels provides some insight into the distribution of YbPb substitutionals and Pb vacancies,

underscoring the range of material compositions and synthesis conditions over which locally

bound configurations of (2YbPb + VPb)0 defect complexes become significant. We comple-

ment this analysis with additional calculations of structural and electronic properties and

discuss the consistency of these results with the observed onset of quantum cutting.

3.1 Modeling Large Configuration Spaces in Multicomponent Semiconductors

Modeling multicomponent solids in which two or more species can mix on a given sublattice

presents a fundamental challenge to first-principles methods. For example, the macroscopic

properties of the material of interest often depend on the typical low-energy configurations

of the alloyed components, and identifying them requires searching through a combinatorial

configuration space that grows exponentially with the number of active lattice sites. Even

while the number of possible configurations can be reduced by equivalence under the sym-

metry operations of the lattice space group, the number of ab initio calculations required

to sufficiently sample this configuration space is still at best computationally inefficient,

and at worst infeasible. An alternative route is to construct a so-called surrogate model,

which retains the accuracy of first-principles calculations but requires fewer computational

resources. The construction of a surrogate model is based fundamentally on the idea of

coarse graining the original ab initio degrees of freedom, such as the electron density and

relaxed ionic positions, using fitted coefficients to implicitly account for their dependence

on the alloy configuration space. This procedure fits within the broader class of supervised

learning problems, where parameters of a given model ansatz are optimized to reproduce a

target property based on a collection of training examples.
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The cluster expansion (CE) method [215] is a well-established technique for reducing the

computational complexity of this problem by efficiently encoding the chemical degrees of

freedom on a fixed lattice [213, 214, 183, 182, 135, 218, 208, 262, 43, 259, 255, 257, 258, 256].

It consists of expanding some computable material property (for example, formation energies

or band gaps) in a basis of local many-body interactions. When the relevant on-site degrees

of freedom are discrete, as is the case for the chemical occupancy of a lattice site, a CE can

be viewed as a generalized Ising model Hamiltonian. An illustration of lower-order clusters

in a CE basis is shown in Figure 3.1. It consists of a systematic enumeration of symmetri-

cally equivalent pairs, triplets, quadruplets, and higher-order clusters of lattice sites. This

expansion amounts to a discrete, lattice Fourier transform [214] and is, in principle, exact

when all possible clusters are included. In many cases, the physically relevant interactions

between chemical species are sufficiently local, and one can, in practice, truncate both the

spatial range and many-body order of the interaction terms. This leads to a computationally

efficient model which maps the atomic structure to the property of interest.

Figure 3.1: Example of symmetrically distinct multisite clusters. Clusters are restricted to a

sublattice consisting of edge-centered sites relative to a 2D square lattice. (Figure adapted

from [149])
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The configuration of various chemical components on a lattice of N sites can be repre-

sented by a vector σ = (σ1, σ2, . . . , σN), where if Mi chemical components can occupy lattice

site i, then admissible values of the site occupation variable σi are σi ∈ {0, 1, . . .Mi − 1}.

Similarly, a cluster of sites can be represented by a vector α = (α1, α2, . . . , αN) that spans

all sites in the lattice, where αi = 0 if site i is not in the cluster, and αi ∈ {1, . . . ,Mi − 1}

otherwise. Then, orthogonal, single-site functions that faithfully represent the occupation of

lattice sites in a cluster can be defined in the basis of Chebyshev polynomials [256, 214]:

φαi,Mi
(σi) =


1 if αi = 0

− cos
(

2π σi
Mi
dαi

2
e
)

if αi > 0 and odd

− sin
(

2π σi
Mi
dαi

2
e
)

if αi > 0 and even

Here, d. . . e denotes the ceiling function, and for the binary case (Mi = 2), the single site

functions reduce to Ising pseudospins, ±1. Let E(σ) denote the material property of inter-

est. In the following, we take E(σ) to represent the ground-state energy of the given alloy

configuration σ, but a CE can, in principle, be applied to any computable scalar property. A

cluster expansion of E(σ) can be defined in terms of a complete, orthonormal basis of cluster

functions as

E(σ) = E0 +
∑
α

gαJαΓα(σ) , (3.1)

where the cluster function

Γα(σ) =
∏
i

φαi,Mi
(σi) , (3.2)

is a product of single-site functions in cluster α, and the overline denotes an average over

clusters equivalent under the symmetry operations of the (sub)lattice space group:

Γα(σ) =
1

Ngα

∑
α′∈Orb(α)

Γα′ . (3.3)
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Hence, the sum in (3.1) is carried out over symmetrically distinct clusters, and each rep-

resentative cluster α carries a multiplicity factor gα := |Orb(α)| defined as the number of

clusters in its group orbit, Orb(α). The coefficients of the expansion Jα are commonly called

effective cluster interactions (ECIs) and capture the coarse-grained energetics of the system.

Being linear in the cluster function basis, the CE in (3.1) defines a linear regression

problem for determining the ECI, Y = XJ , where Yi is energy the ith structure in a given

set, Jj is the ECI of the jth cluster, and the ij element of the design matrix, Xij, is the

jth cluster function of structure i. The optimal ECI, Ĵ , for a DFT surrogate model are

determined by the general least-squares solution,

Ĵ = arg min
J∈Rn

‖XJ − Y ‖2
2 + fr(J) , (3.4)

where the energies Y for a training set of structures are calculated from first-principles.

The `p-norm is defined by ‖A‖p := (
∑

i |Ai|p)
1/p, and regularization function fr(J) can be

used to reduce overfitting by constraining the values of the ECI [98]. We will follow the

compressed sensing paradigm [183, 182, 135] and choose a regularization function fr(J) =

λ‖J‖1 corresponding to the least absolute shrinkage and selection operator (LASSO). The

hyperparameter λ acts a penalty on the `1-norm of the expansion coefficients, enforcing

sparsity in the number of basis terms with nonzero ECI. The choice of a sparse regularization

scheme allows the most relevant clusters to be selected based on the available training data

and has the added benefit of yielding a simpler model that is faster to compute.

To construct a reliable surrogate model, the structures included in the training set should

sufficiently span the configuration space and be varied enough to capture the relevant physics

of the system. Assuming periodic boundary conditions, each unique configuration can be

viewed as a specific labeling of a superlattice S derived from a fundamental parent lattice

L, where S is a discrete subgroup of L. Hence, a given configuration of chemical species

constitutes a labeling of the finite quotient group G = L/S. A canonical construction

of superlattices and their labelings entails the enumeration of Hermite and Smith normal

forms relative to the parent lattice [95]. This construction forms the basis of the Hart-
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Forcade algorithms [95, 96, 97], which provide a systematic way of generating candidate

configurations for an ab initio training data set. Indeed, since the CE amounts to a local

decomposition of the lattice degrees of freedom, labeled structures included in the training

set need not possess the same unit cell. They must, however, be derived from the same

parent lattice.

Computational constraints limit the number of first-principles calculations that can be

practically carried out, while favoring structures with smaller unit cells. Having generated a

pool of candidate structures up to a certain volume, it becomes imperative to select a repre-

sentative subset to calculate. While various structure selection methods have been proposed

in the literature [183, 182, 218, 257], we have found in practice that a good initial subset

of structures for subsequent DFT calculations can be chosen by minimizing the condition

number of the design matrix, κ(X). We do this by applying simulated annealing to a large

pool of candidate structures, accepting a swap of structures between the selected subset and

the larger candidate pool if the change in condition number satisfies the Metropolis-Hastings

criterion, p = min
(
1, e−β∆κ(X)

)
, where β is a fictitious inverse temperature varied according

to an annealing schedule.

In the development of an accurate energy model, it is particularly important to include

minimal energy configurations in model training. It is frequently the case that lower energy

structures possess smaller unit cells, reflecting a strong degree of long-range ordering under

periodic boundary conditions. Since smaller structures incur smaller computational costs,

they are often retained in either a training or validation set. Once an initial CE model is

fitted, it can be stochastically sampled, either by simulated annealing or (grand-)canonical

Monte Carlo, for additional low energy configurations. For small enough simulation cells,

these predicted low-energy structures can be saved and their energies subsequently validated

with DFT. This active learning cycle, where trial models are used to update the training

data, can be repeated until no new feasible ground states are found. Once a final CE model

has been determined, thermodynamic observables, including expected values of short-range

and long-range order parameters, can be calculated using MCMC methods. We discuss these
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methods below in the study of alloyed halide perovskites. A summary of this model-building

procedure is shown in Figure 3.2.

Figure 3.2: Computational workflow for training a cluster expansion (CE) model from first-

principles calculations and subsequently predicting thermodynamic observables.

3.2 Thermodynamics of Halide Exchange

Post-synthetic ion exchange has recently emerged as an effective method for tuning the

composition of halide perovskites while preserving their lattice structure [113]. This is par-

ticularly important for the tuning of optical properties in CsPbX3 (X = Cl, Br, I), which

can be otherwise unstable against structural transformations to optically inert allotropes.

The high mobility of halide anions, in particular, allows for the facile engineering of mixed

halide perovskites spanning the full compositional range [207, 181, 2]. In this section, we

study the ordering thermodynamics of mixed halide perovskites, focusing specifically on

CsPb(BrxI1−x)3. To do so, we proceed as described above, building a cluster expansion

model of the alloy energetics and using it to run MCMC simulations.

To model the energetics of halide mixing, we fit a CE to the DFT mixing / formation

energy defined with respect to the compositional endpoints (x = 0, 1), CsPbI3 and CsPbBr3:

∆Hmix = E [CsPb(BrxI1−x)3]− xE [CsPbBr3]− (1− x)E [CsPbI3] (3.5)

Here, E[c] is the fully relaxed (both electronic and ionic degrees of freedom) ground state

DFT energy per halide for the given compound c. The mixing energy characterizes the (zero-
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Figure 3.3: The orthorhombic Pnma perovskite phase, with general chemical formula ABX3.

The undersized ionic radius of A = Cs within the cuboctahedral void leads to an instability

toward Pb-X octahedral tilting. This octahedral tilting creates to symmetrically distinct

apical and equatorial halide (X) sites.

temperature) stability of the alloy configuration relative to the pure halide phases. ECIs

were determined from DFT calculations of the mixing energies of 150 symmetrically distinct

CsPb(Br,I)3 structures in the low-energy, orthorhombic Pnma perovskite phase (sometimes

called the γ-phase; see Figure 3.3). We used LASSO regression, tuning the `1 regularization

hyperparameter by minimizing the mean square error (MSE) cross-validation (CV) score

over 10 training-validation folds [98]. Our final fitted CE was found to have a root-mean

square error (RMSE) CV score of ∼ 10 meV/atom. The parity plot of CE-predicted energies

versus DFT calculations is shown in Figure 3.4.

Figure 3.5 shows the convex hull defined by the mixing energy. We find that our CE model

accurately reproduces the DFT data across the entire compositional range. We note, in

particular, the existence of low-energy structures at x = 1/3 and x = 1/6. These correspond

to the configurations shown in Figure 3.6, which possess long-ranged layered ordering along

the [001] axis. For x = 1/3, the minority Br species occupy “apical” halide sites, which in

the orthogonal Pnma phase are symmetrically distinct from the “equatorial” sites occupied

by the majority I (see also Figure 3.3). Similar layered ordering was found by Yin, et al.
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Figure 3.4: Comparison of the predicted formation energies of various configurations of halide

binaries CsPb(I1−xBrx)3 between DFT and a cluster expansion (CE) surrogate model.

[284], in the tetragonal (I4/mcm) β-phase. Its stability was rationalized on the grounds of

the exchange of partial charges between halides, where the minimum energy configuration for

fixed composition x = 1/3 maximizes the number of nearest I neighbors to each Br [284, 154].

This form of locally alternating chemical ordering still applies in the orthorhombic γ-phase.

We have found, moreover, that these layered configurations continue to lie along the convex

hull in the high-temperature cubic (Pm3m) α-phase. The reduced symmetry defined by

the octahedral tilting in the γ-phase thus introduces a uniaxial bias to the direction of the

ordering. The selection of the [001] direction, in particular, is likely due to the minimization

of lattice strain. Lattice strain also dictates the asymmetry in the mixing energy with respect

to the composition, where it is easier to mix the smaller halide (Br) into the material with

larger lattice constant (CsPbI3) rather than the reverse.

Semi-grand canonical MCMC at 300 K shows that this asymmetry persists in the ex-

pectation value of the mixing energy (Figure 3.5). Following [18], we define a normalized

long-range order (LRO) parameter ζ/ζmax, where η measures the difference in I occupation

between equatorial (e) and apical (a) sites,
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Figure 3.5: (a) The energies of various binary halide configurations in CsPb(I1−xBrx)3 pre-

dicted by DFT and a cluster expansion (CE) surrogate model. The convex hull is marked

by a dashed, black line, and the low-energy configurations at x = 1/3 and x = 1/6 are

shown in Figure 3.6. The asymmetry in the 0 K DFT ground state formation energies with

respect to the halide composition x is mainained (b) in their room-temperature ensemble

average, calculated from the CE model and semi-grand canonical Metropolis Monte Carlo.

The halide layering that occupies the convex hull in (a) and characterized by the long-range

order (LRO) parameter, ζ/ζmax, persists at room temperature.

ζ =
1 + 〈φe〉

2
− 1 + 〈φa〉

2
=

1

2
(〈φe〉 − 〈φa〉) , (3.6)

and the brackets 〈· · · 〉 denote a thermodynamic average. Note that, in this case, our single

site basis functions φi reduce to Ising pseudospin variables, where φi = 1 for site i occupied

by I and φi = −1 if occupied by Br. For x = 1/3, the parameter ζ ≤ 1 is saturated at unity

in the completely ordered configuration shown in Figure 3.6. Since the maximum value of η

depends on the overall halide composition, we normalize it by its maximum possible value,

ζmax, for every x. We thus find in Figure 3.5 that some degree of layered ordering persists

at 300 K, and that the degree of ordering is strongly correlated with the asymmetry in the

average mixing energy.
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(a) (b)

Figure 3.6: Low-energy ordered binary halide configurations identified by DFT for (a) x =

1/3 and (b) x = 1/6 in CsPb(I1−xBrx)3. In the orthorhombic Pnma perovskite phase, Pb-

X octahedral tilting leads to symmetrically distinct apical and equatorial halide (X) sites,

which for x = 1/3 are occupied by Br (green) and I (purple) respectively.

The use of common reagents such as alkylammonium halides and surfactant-containing

metal halide salt solutions for post-synthetic anion exchange in CsPbX3 is often beset by

the underconversion of halide composition and the the formation of secondary metal halide

phases [252, 11]. To circumvent some of these challenges, recent experimental work [49] has

demonstrated the effectiveness of trimethylsilyl halide (TMSX, X = Cl, Br, I) reagents in

mediating anion exchange. Among key advantages to TMSX for anion exchange are favorable

bond-dissociation chemistry enabling near-stoichiometric incorporation of heavier halides

into lighter halide perovskites and an effective absence of detrimental side reactions. Their

favorable thermodynamics, essentially that of an ideal solution, also allows for a simplified

theoretical treatment. To that end, we employ our CE model of halide mixing and semi-grand

canonical MCMC simulation to study post-synthetic halide exchange mediated by TMSBr

and TMSI. In particular, we examine the potential implications of persistent halide ordering

in bulk material and compare our results to experimental data on converting nanocrystals
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(NCs) from CsPbBr3 to CsPbI3 [49].

Figure 3.7 shows the predicted halide exchange curve at 300 K as a function of frac-

tional TMSI concentration. To alleviate finite-size effects arising from periodic boundary

conditions, our data was generated by MCMC in 20× 20× 20 supercells of the fundamental

20-atom Pnma perovskite unit cell. To model exchange with external chemical reservoirs

of Br and I, simulations were conducted over a fine grid of chemical potential differences,

∆µ = µI − µBr, and single-site flips of the halide identity were accepted with probability p

determined by the Metropolis criterion p = min
(
1, e−β(∆E+

∑
α µα∆Nα)

)
. Since the number of

sites in the simulation are conserved, this amounts to a treatment of the halide alloy thermo-

dynamics in the semi-grand canonical ensemble. Statistics were gathered over a minimum

of 1000 sweeps through the anion sublattice, until the expectation value of the equilibrium

halide composition was converged to a precision of 10−3 within a 95% confidence interval.

Mapping the halide chemical potential to the fractional reagent concentration was accom-

plished by setting the chemical potential references of the system to those of pure TMSX

and assuming an ideal solution, µα − µ0
α = kBT ln(xα).

For Br compositions x > 0.5, we observe (Figure 3.7) decent agreement between our model

prediction and experimental anion exchange data in 15 nm NCs. The larger discrepancy

with data from 6 nm NCs may be due to the increasing relevance of surface effects with

larger surface-to-volume ratio. Beyond x = 0.5, our model predicts more rapid Br → I

exchange with increasing reagent concentration. Indeed, this appears to be driven by the

formation of lower-energy alloy configurations with increased halide layering, characterized

by the ζ/ζmax order parameter, as the Br composition becomes increasingly diluted. The

disagreement between our model predictions in bulk material and the experimental NC

data again points to the potentially non-trivial role that the NC surface plays during anion

exchange. Although we do not do account for it here, it would be interesting to determine

how the energetics of halide ordering becomes modified in the presence of finite boundaries.

One possibility may follow from the observation [207, 106] that the NC surface can stabilize

the cubic perovskite phase at room temperature. While we have found similar low-energy
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Figure 3.7: Relative Br fraction x as a function of the fractional TMSI reagent concentration

at room temperature predicted from a cluster expansion model (CE) and Monte Carlo (MC)

simulation, compared to available experimental halide exchange data in CsPb(I1−xBrx)3

nanocrystals [49]. Facile removal of Br for x < 0.5 in bulk crystals is associated with the

presence of energetically favorable long-range halide layering, characterized by the long-range

order (LRO) parameter, ζ/ζmax.

layered configurations in cubic CsPbX3, their DFT mixing energies are not as low as in the

orthorhombic Pnma phase. This suggests that the degree of layered ordering persisting at

room temperature may be lower than as predicted above. Alternatively, halide exchange is

fundamentally a nonequilibrium process, and one may reasonably expect [106] a significant

activation energy associated with expanding the lattice in incorporating additional I anions.

Nonetheless, we find that our model predicts that the exchange reaction can be driven to

completion, consistent, at least qualitatively, with experimental observations in both NCs

and polycrystalline thin-films of CsPbX3 [49, 207, 106].

Given the importance of local halide morphology on the optical properties of mixed halide

perovskites [107, 16, 229, 27, 106], it is worth further scrutinizing the finite-temperature mis-

cibility of mixed-halide solid solutions. Indeed, as the temperature is lowered below 200 K in
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our semi-grand canonical MCMC simulations, we observed a discontinuity in the exchange

curve, signifying the presence of a miscibility gap (i.e., a demixing transition). Subsequent

low-temperature canonical MCMC simulations at fixed composition (x = 0.5) verified the

existence of phase separation between a relatively pure Br phase and a mixed, I-rich halide

phase. While standard Metropolis MCMC combined with thermodynamic integration [128]

can, in principle, be used to locate the critical temperature associated with this transition

from 2-phase coexistence to a solid solution phase, high rejection probabilities, particularly

near the critical point, lead to extended simulation times and poorer quality statistics. This

is due, in large part, to the presence of competing many-body interactions in our CE Hamil-

tonian and concomitant short-range ordering effects. To alleviate these issues, we instead

used Wang-Landau (WL) sampling [269, 268, 129, 295, 24], which amounts to a random walk

in energy state space, to estimate the microcanoncical density of states, g(E), of the system.

Once the density of states is known, the partition function follows easily, Z =
∑

E g(E)e−βE,

along with the thermodynamic observables, 〈O〉 =
∑

E Og(E)e−βE/Z, that can be calcu-

lated from it. The critical temperature can be determined by finding a local maximum in

the specific heat,

C(T ) =
〈E2〉 − 〈E〉2

kBT 2
, (3.7)

or a local minimum in the fourth-order Binder cumulant,

V4 = 1− 〈E4〉
3〈E2〉2

, (3.8)

subject to finite-size scaling corrections [128]. Figures 3.8b,c show the temperature depen-

dence of the specific heat and the Binder cumulant predicted by WL Monte Carlo using

4× 4× 4 supercells of the 20-atom orthorhombic perovskite primitive cell. The sharp diver-

gences observed in these quantities indicate that the cell is large enough to suppress finite-size

effects. We find an associated critical temperature at Tc = 173 K, in line with previous the-

oretical efforts [284, 27, 18]. Importantly, our model predicts that Br and I anions remain
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miscible well below room temperature, consistent with the experimentally observed ability

for halide exchange to effectively interpolate the band gap between CsPbBr3 and CsPbI3.

Figure 3.8: (a) Long-range (LRO) and short-range order (SRO) parameters from Wang-

Landau Monte Carlo. Lattice site pairs defining the various SRO parameters with respect to

the Pb-halide octahedron are shown in (d). Divergences in (b) heat capacity and (c) Binder

cumulant of the energy function indicate the presence of a phase transition at the critical

temperature Tc = 173 K. Phase separation occurs below Tc (2-phase), and the approximate

temperature at which a structural phase transition between orthogonal and tetragonal per-

ovskite phases occurs is also marked in (a). The presence of a phase transition Tc can also

be inferred from the inflection point γtr in the microcanonical (Boltzmann) entropy [217].

To characterize halide ordering at finite temperatures, we compute the expected values of

the LRO parameter, ζ/ζmax, as well as Warren-Cowley short-range order (SRO) parameters

[55],
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ηij =
〈φiφj〉 − 〈φi〉〈φj〉

1− 〈φi〉〈φj〉
, (3.9)

defined in terms of 2-point correlation functions, Γij, from the CE basis (3.2). Note that ηij

is normalized such that −1 ≤ ηij ≤ 1, and for fixed pairwise distance dij, its sign indicates

whether the alloyed species prefer short-range AA, BB clustering (ηij > 0) or mixed AB

ordering (ηij < 0). For random pairwise correlations, the SRO parameter vanishes identically

(ηij = 0). Figure 3.8a shows the LRO parameter and a subset of SRO parameters averaged

across the WL MC trajectory. We again confirm that the LRO parameter, characterizing

whether I atoms preferentially segregate to equatorial sites, decays slowly as function of tem-

perature above the miscibility gap. We also compare SRO parameters within a 3 Å cutoff

for which the pairs of sites ij are located either both on apical sites (aa) or equatorial sites

(ee), or otherwise connect between these distinct halide sublattices (ae) (see Figure 3.8d).

We observe positive and persistent apical-apical correlations, indicative of the tendency for

identical halide species to occupy these local pairs of sites. If SRO at first nearest-neighbor

(1NN) halide sites is dictated by the quasi-1D halide layering, as in Figure 3.6a, we should

also expect negative apical-equatorial SRO parameters. We find, however, that only 1 out

the 4 symmetrically distinct 1NN apical-equatorial bonds exhibits this behavior, while an-

other quickly reaches the disordered limit with increasing temperature. The remaining 2

apical-equatorial bonds instead exhibit a tendency towards local clustering. Taken together,

this suggests that some degree of local frustration is present around the Pb-X octahedra,

complicating the mean-field picture presented in [284].

3.3 Spinodal Decomposition of Mn Dopants During Halide Exchange

Beyond post-synthetic halide exchange, the introduction of certain impurities, such as diva-

lent transition metals or trivalent lanthanides, can provide additional levers for tuning the

photophysical properties of metal halide perovskites. For instance, nanocrystals of Mn2+-

doped CsPb(Cl1−xBrx)3, where Mn substitutes for the B-site Pb cations, have shown promise
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in lighting and energy-conversion applications via simultaneous manipulation of exciton and

Mn2+ emission [144, 39, 164, 270]. Recent experimental work [225] used electron param-

agnetic resonance (EPR) and photoluminescence (PL) spectroscopies to track the evolution

of Mn2+ magnetic ordering as well Mn2+- and excitonic PL intensities over the course of

Cl → Br anion exchange. Surprisingly, while Mn2+-PL was maintained over the full range

halide composition, EPR signals disappeared for increasing Br incorporation. Subsequent

analysis of Mn2+ hyperfine splittings revealed that essentially all EPR-active Mn2+ remained

exclusively Cl-coordinated during anion exchange. These experimental data are summarized

in Figure 3.9 [225].

To explain this behavior, it was hypothesized [225] that the formation of nearest-neighbor

MnPb −MnPb antiferromagnetic dimers, which would be EPR silent yet still PL active,

becomes increasingly likely as the Cl concentration is diluted during anion exchange. Indeed,

this reasoning is bolstered by the large difference in Mn-Cl and Mn-Br bond dissociation

energies and the high mobility of halides and Mn in the perovskite lattice, leading to the

proposed mechanism illustrated in Figure 3.10. In this picture, as Br replaces Cl in the

system, it becomes energetically favorable for Mn to saturate the remaining Cl bonds. As

the Pb-sublattice is approximately simple cubic, with halide sites sitting on the sublattice

edges (Figure 3.10b), this leads to the formation, on average, of MnPb −MnPb dimers with

Cl-occupied edges, interacting via antiferromagnetic superexchange [88, 122].

To explore the thermodynamics of Mn clustering, we modeled atom distributions in

Mn2+:CsPb(Cl1−xBrx)3 using a CE energy model and Metropolis-Hastings MCMC simula-

tions in the canonical ensemble. ECIs were determined from a training set of DFT ground

state energies consisting of 200 distinct atomic configurations. These were used in canoni-

cal MCMC simulations to sample equilibrium alloy configurations at room temperature for

various Pb/Mn and Cl/Br compositions. Figure 3.11 shows local snapshots of the equilib-

rium distributions of MnPb, Cl, and Br ions across the full halide composition series. For

mixed halide compositions (0 < x < 1), our model clearly exhibits increasing Mn clustering

as x → 1. For x = 4/5, we observe that Mn clustering is accompanied by Cl clustering.
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Figure 3.9: (A) PL spectra of 1.1% Mn2+:CsPbCl3 NCs in the EPR tube during the course

of an anion exchange, note that there is always Mn2+ PL seen centered at 610 nm at every

point in the anion exchange. The PL spectra are each normalized to their total integrated

PL intensity. Each spectrum was taken at the same NC concentration, and the NCs were

never removed from the EPR tube over the entire experiment. (B) X-band EPR spectra

collected during the course of the same anion exchange reaction as described in panel A.

(C) Scatter plot of the relative Mn2+ spin, determined from double integration of the EPR

spectra, vs the exciton PL peak energy from (A). The dashed line is a guide to the eye.

(D) Summary of hyperfine splitting constants, |A| for Mn2+:CsPb(Cl1−xBrx)3 NCs during

anion exchange, taken from the spectra collected in (B) and for Mn2+:CsPbBr3 bulk powder.

Bromide concentrations are estimated from the known dependence of the excitonic PL energy

on x. (Reprinted (adapted) with permission from [225]. Copyright 2019 American Chemical

Society.)

Surprisingly, at the pure halide endpoints, we also observe a strong degree of Mn-rich phase

separation. We proceed with a more thorough analysis of these observations below.
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Figure 3.10: Proposed manganese clustering mechanism during anion exchange in

Mn2+:CsPbCl3 NCs. (Reprinted (adapted) with permission from [225]. Copyright 2019

American Chemical Society.)

We quantify clustering predicted by the MCMC simulations in terms of Warren-Cowley-

type short-range order (SRO) parameters,

η
(α|β)
i =

〈pi(α|β)〉 − cα
1− cα

(3.10)

where pi(α|β) is the conditional probability that any α species has a β species at a lattice

distance i ∈ {1NN, 2NN, 3NN, . . . }, and iNN is the ith nearest neighbor shell. Because we

do not consider anti-site formation in this work, in the case where α = β, iNN denotes the

ith nearest neighbor shell on the α sublattice. The fractional composition of the alloy species

α is given by cα, and 〈. . . 〉 denotes a thermodynamic average with respect to the canonical

ensemble. The SRO parameters measure the degree of pairwise α-β clustering. For nonzero
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Figure 3.11: Room-temperature equilibrium atomic distributions in CsPb(Cl1−xBrx)3 with

4% Mn2+ doping predicted by canonical MCMC simulation. Local distributions for MnPb,

Cl, and Br ions are shown at specific halide concentrations. (Reprinted (adapted) with

permission from [225]. Copyright 2019 American Chemical Society.)

concentrations of species α and β, the SRO parameters vanish identically for a completely

disordered state, which in principle occurs only in the limit of infinite temperature. The lower

bound for the SRO parameter is given by −cα/(1 − cα). A value 0 < η
(α|β)
i ≤ 1 indicates

a tendency toward ion segregation, and conversely, −cα/(1 − cα) ≤ η
(α|β)
i < 0 indicates a

tendency toward local mixing with species distinct from β at the ith nearest neighbor.
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Figure 3.12 plots MnPb −MnPb SRO parameters for 1st, 2nd, and 3rd NN positions

as a function of the halide composition parameter, x. Interestingly, the pure and dilute

chloride compositions both show spinodal decomposition involving the phase separation of

ordered Mn-rich regions, characterized by MnPb −MnPb pairs occupying 2NN sites. The

decomposition of an initially randomly mixed configuration into coexisting phases suggests

a tendency for each MnPb to maximize its number of Pb nearest neighbors in the absence of

significant halide mixing. The stability of the phase separated configuration is consistent with

a simple model of Coulomb energy gain [284, 154]. In this picture, there is a transfer of partial

charge, δ, between Mn2+ and Pb2+ nearest neighbors due to their different electronegativities

and the high ionicity of the lattice. This transfer leads to nominal oxidation states of Pb(2−δ)+

and Mn(2+δ)+, and it lowers the Coulomb energy by an amount proportional to −δ2/2r, where

2r is the distance between the Pb2+ and Mn2+ ions. The configuration that maximizes

the number of 1NN Mn2+-Pb2+ pairs maximizes this Coulomb energy gain. The optimal

configuration thus corresponds to MnPb −MnPb pairs ordered on 2NN sites. Using DFT

and Bader charge analysis [244], we find that the average charge transferred between 1NN

Mn2+ and Pb2+ is δ = 0.21 and 0.19 in the cases of CsPbMnCl3 and CsPbMnBr3, respectively.

This 2NN ordering may also reduce the lattice strain associated with substituting Pb2+ with

the smaller Mn2+, leading to further stabilization relative to the random alloy. Because

superexchange is only a short-range interaction, superexchange coupling between 2NN Mn2+

ions is negligible and 2NN ordering therefore cannot explain the experimental clustering

concluded from the loss of EPR intensity in Figure 3.9. To explain this observation, 1NN

MnPb −MnPb clustering is required.

At x = 0, the MC simulations predict an absence of 1NN MnPb −MnPb clustering. Figure

3.12 shows a rapid increase in 1NN clustering with Br addition in the dilute-bromide limit

(small x), followed by non-linear and generally increasing 1NN clustering with increasing Br

concentration. Indeed, clustering at all the considered MnPb −MnPb separations (1NN, 2NN,

3NN) generally increases with increasing x, consistent with Mn segregation into enriched

crystalline domains as Br is added to the lattice. Our modeling further predicts that Cl will
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Figure 3.12: Short-range order (SRO) parameters for 1NN, 2NN, and 3NN MnPb −MnPb

pairs in 4% Mn2+:CsPb(Cl1−xBrx)3 plotted vs the halide composition x, as predicted by a

cluster expansion energy model and canonical MCMC methods. Spinodal decomposition is

observed at both x = 0 and x = 1, and MnPb −MnPb 1NN clustering is observed when

x > 0. The SRO oscillations near x = 1 are due to fluctuations between competing low-

energy cluster configurations. The inset shows the 1NN, 2NN, and 3NN sites around a

central cation, with chloride/bromide ions depicted in green/brown and lead/manganese

ions depicted in gray. (Reprinted (adapted) with permission from [225]. Copyright 2019

American Chemical Society.)

also cluster with increasing x, and specifically that the relative configurations of Mn and Cl

ions are themselves correlated. For example, Figure 3.13 plots 1NN and 2NN MnPb-Cl and

MnPb-Br SRO parameters as a function of x. These results show that MnPb-Cl correlations

increase and MnPb-Br correlations decrease with increasing x. Although the results generally

show anticorrelation for MnPb-Br pairs, there is in fact an initial positive correlation at low

bromide concentrations that may result from a slight energy stabilization associated with

relieving lattice strain by having a smaller Mn dopant next to a larger bromide ion.

We further verify (Figure 3.14) that the Cl-Cl clustering observed in Br-rich compositions

is due to the presence of Mn. Indeed, in the absence of Mn, mixed (Cl/Br) halide perovskites
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Figure 3.13: Short-range order (SRO) parameters η
(α|β)
i for (A) MnPb-Cl and (B) MnPb-Br

pairs in 4% Mn2+:CsPb(Cl1−xBrx)3, plotted vs the halide composition x, as predicted by

canonical MCMC simulations. MnPb-Cl clustering becomes more pronounced as more Br

is incorporated. The inset shows the 1NN and 2NN sites around a central cation, with

chloride/bromide ions depicted in green/brown and lead/manganese ions depicted in gray.

(Reprinted (adapted) with permission from [225]. Copyright 2019 American Chemical Soci-

ety.)

form miscible solid solution at room temperature, similar to the (Br/I) system discussed in

the previous section. As more Mn is added to the mixed (Cl/Br) system (Figure 3.15),

it tends to saturate its halide environment with Cl, while driving away Br. In the pure
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CsPbCl3, we note (Figure 3.16) that the formation of Mn-rich domains with 2NN ordering

occurs almost immediately for dilute Mn concentrations. On the other hand, in CsPbBr3,

this demixing transition requires Mn concentrations above ∼ 2%.

Figure 3.14: Short-range order (SRO) parameters, η
(Cl|Cl)
i , for Cl pairs under varying Mn2+

doping as predicted by canonical MCMC simulation with 20% Cl (cf. Figure 3.11). The

lower bound for η
(Cl|Cl)
i is not shown for the sake of scale. Chloride clustering is found to

increase for increasing Mn2+ incorporation. Pairing on 2NN (oct) sites in the same [BX6]

octahedron (B = Mn, Pb) becomes dominant past 5% Mn2+, compared to 2NN (void) sites

on distinct octahedra. The inset shows the 1NN and two different 2NN sites with chloride

ions in green and lead/manganese ions in gray. (Reprinted (adapted) with permission from

[225]. Copyright 2019 American Chemical Society.)

Overall, these results support the two key conclusions drawn from the experimental obser-

vations [225], namely that 1NN Mn clustering occurs with increasing x in Mn2+:CsPb(Cl1−xBrx)3

NCs (Figure 3.9c), and that MnPb remains coordinated by Cl despite the addition of Br

to the lattice (Figure3.9d). This situation is an example of spinodal decomposition, in

which the free energy of an unstable solid solution is reduced by separating into coexist-

ing phases. Beyond supporting the experimental conclusion of Br-induced Mn clustering

in Mn2+:CsPb(Cl1−xBrx)3 NCs, our MCMC simulations reveal additional insights not de-
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Figure 3.15: Short-range order (SRO) parameters η
(X|Mn)
i for Cl-MnPb pairs (A) and Br-

MnPb pairs (B) under varying Mn2+ doping as predicted by canonical MCMC simulation

with 20% Cl. These results show that Cl-MnPb pairs are correlated and that Br-MnPb

pairs are anticorrelated suggesting that MnPb has a propensity to cluster into regions of

high chloride content. (Reprinted (adapted) with permission from [225]. Copyright 2019

American Chemical Society.)

tected experimentally. In particular, our modeling predicts that MnPb −MnPb ordering is

already thermodynamically favored even at the composition endpoints of Mn2+:CsPbCl3

and Mn2+:CsPbBr3. The clustering in these endpoint compositions has a strong preference

for ordering at 2NN sites, driven by Coulomb interactions and potentially strain minimiza-

tion. This 2NN ordering cannot, however, explain the Br-induced loss of EPR intensity.

Indeed, these conclusions are based on thermodynamics and should be generalizable to

Mn2+:CsPb(Cl1−xBrx)3 bulk and NCs prepared by different routes. Still, a kinetic factor

is also apparent in the observation that the 1NN MnPb −MnPb clustering induced by partial

Cl→ Br anion exchange is not lost again upon complete conversion to CsPbBr3 [225], where

computations suggest the 2NN ordering would be more stable. It may, however, be possible

that the formation of 1NN ordered Mn in CsPbBr3 is metastable.



76

Figure 3.16: Short-range order (SRO) parameters, η
(Mn|Mn)
i , for Mn2+ pairs under vary-

ing Mn2+ doping in pure CsPbCl3 (A) and pure CsPbBr3 (B) as predicted by canonical

MCMC simulation. Mn-rich domains featuring 2NN SRO are found for very dilute Mn2+

concentration in CsPbCl3 and beyond approximately 1.75% Mn2+ concentration in CsPbBr3.

(Reprinted (adapted) with permission from [225]. Copyright 2019 American Chemical Soci-

ety.)

3.3.1 Additional Computational Details

The ECIs were determined from density functional theory (DFT) calculations of the energies

of 200 symmetrically distinct structures. To enhance model sparsity and optimize bias-

variance tradeoff, cluster selection and ECI fitting were carried out using a Least Absolute

Shrinkage and Selection Operator (LASSO) regression combined with 10-fold cross-validation

to determine the regularization parameter [182]. The CE model was found to have a root-

mean squared error (RMSE) CV score of 10 meV/atom. Monte Carlo (MC) simulations

using the CE energy model and the Metropolis-Hastings algorithm with Kawasaki exchange

were used to sample room-temperature, equilibrium alloy configurations in the canonical

ensemble for various fixed Pb/Mn and Cl/Br compositions. Each MC run was initialized

with a random configuration of alloy components, and a minimum of 1000 MC passes were

performed to statistically sample the energy and short-range order observables. Each MC
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pass is defined as the number of MC trial moves equal to the number of alloyed sites in

the simulation cell, where each simulation cell consisted of 32000 alloyed sites. The CASM

software [57, 208, 262] and Scikit-learn libraries [195] were used in automating the first-

principles calculations, developing the cluster expansion, and performing MC.

DFT calculations based on the all-electron projector-augmented wave (PAW) method

were performed using the Vienna Ab Initio Simulation Package (VASP) [125, 124, 126, 28].

The conjugate gradient algorithm was used for structural optimization, and the volume,

shape, and atomic positions were relaxed until interatomic Hellmann-Feynman forces were

less than 0.01 eV/Å. To reduce total computation time, the structure was optimized using

the Perdew-Burke-Ernzerhof (PBE) exchange-correlation functional in the generalized gra-

dient approximation (GGA) [197]. In the pseudopotentials, 9 electrons of Cs (5s25p66s1), 4

electrons of Pb (6s26p2), 7 electrons of Cl (3s23p5), 7 electrons of Br (4s24p5), and 7 electrons

of Mn (3d54s2) were treated as valence electrons. The plane-wave basis cut-off was set to

520 eV, and a Gamma-centered k-point mesh was used for Brillouin-zone integration [175].

A k-point density of 5000 k-points per reciprocal number of atoms, which amounts to a

10× 10× 10 k-point mesh for a 5-atom, cubic unit cell, was found to be well-converged for

various simulation cell sizes.

3.4 Yb Dopants in CsPbCl3

Among the myriad possible dopants in CsPbX3, trivalent rare-earth ions (RE3+, e.g., Sc3+,

Y3+, Ce3+, Sm3+, Eu3+, Tb3+, Dy3+, Er3+, and Yb3+) stand out in their ability to provide

sharp f -f emission features in the visible and NIR. Surprisingly high PLQYs approaching

200% have recently been achieved in Yb-doped CsPb(Cl1−x,Brx)3 (Yb:CsPb(Cl1−x,Brx)3)

owing to efficient quantum cutting [194, 296, 171, 127]. Combined with their strong, broad-

band absorption in the visible spectrum, these materials are uniquely positioned to act as

downconverters for solar technologies. Therefore, it is of particular interest to understand

the fundamental mechanisms behind such efficient sensitization of Yb luminescence. Indeed,

transient-absorption (TA) spectroscopy in Yb:CsPbCl3 NCs has shown rapid depopulation



78

of photogenerated excitons on the order of a few picoseconds associated with Yb doping

[171], in contrast to much slower energy transfer to Yb observed in other quantum cutting

materials [194, 264, 40, 278, 260, 63, 163, 141]. The NIR PLQY was also found to increase

with increasingly Cs-rich synthesis conditions [171, 127]. Photoluminescence (PL) measure-

ments of CsPbCl3 similarly doped with optically inert La revealed the existence of a shallow,

RE3+ dopant-induced defect state. Taken together, these observations led Milstein, et al., to

conclude that efficient quantum cutting could be mediated by a charge-compensated defect

complex (2YbPb + VPb)0 involving two Yb1+
Pb substitutionals and a Pb vacancy, V2−

Pb. In this

picture, a shallow V2−
Pb defect rapidly localizes a photogenerated charge carrier, while the

spatial proximity of the pair of Yb1+
Pb and large exciton Bohr radius allows for simultane-

ous electronic coupling with both Yb ions, which serve to split the energy of the localized

excitation and reemit a pair of NIR photons.

Subsequent work by Kroupa, et al., on Yb:CsPbCl3 thin films verified that quantum

cutting is not fundamentally tied to the large surface-to-volume ratio of the NCs, but is

rather an intrinsic, bulk-like property of the material [127]. Using time-resolved PL (TRPL),

Roh, et al., found direct evidence for a shallow dopant-induced defect state acting as an

intermediary for quantum cutting in both NCs and single crystals (SCs) of Yb:CsPbCl3

[212]. Furthermore, while the authors inferred the presence of multiple Yb species in both

NC and SC samples, the same species was found to dominate quantum cutting in both forms.

These studies are largely consistent with the proposal by Milstein, et al., for the primary

role of (2YbPb + VPb)0 defect complexes in mediating quantum cutting, but precise atomistic

details of the defect structure remain unknown.

In this work, we further investigate defect formation in single-crystal Yb:CsPbCl3 us-

ing first-principles electronic structure calculations. We are interested, in particular, in the

feasibility of forming (2YbPb + VPb)0 defect complexes and the extent to which the for-

mation of this complex competes with other speciations of Yb dopants as a function of

material composition. First, we identify the low energy motifs of YbPb + VPb complexes

using ab initio defect formation energies and binding energies. We provide additional struc-
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tural characterization by analyzing Yb defect-induced lattice strain and perturbations to

local bonding, discussing their consistency with the experimental studies mentioned above

[171, 127, 212]. To understand the distribution of Yb defect speciation under experimentally

relevant synthesis conditions, we construct a minimal, self-consistent thermodynamic model

for the concentrations of Yb defects as a function of material composition, constrained by

the phase stability of CsPbCl3 and parameterized by formation energies. Since variations

in material composition are necessarily accompanied by the formation of intrinsic defects,

this model also accounts for the formation of intrinsic vacancies, which prior computational

studies have identified as the low formation energy defects in CsPbCl3 [114].

Although we identify a motif of (2YbPb + VPb)0 with a specific orientation in the per-

ovskite lattice as having the lowest energy, we find that several configurations of the Yb

defect complex are likely to be present at finite temperature. Of specific relevance to quan-

tum cutting is the likelihood of finding two Yb1+
Pb within a critical radius of a V2−

Pb. Our

thermodynamic model shows that the fraction of Yb1+
Pb in locally bound (2YbPb + VPb)0

complexes generally increases both for increasingly Yb-rich synthesis conditions and for in-

creasing the relative Cs:Pb composition. The increasing incorporation of Yb is also found

to decrease the concentration of Cl vacancies, which may otherwise act as non-radiative re-

combination centers. Furthermore, we find that a significant fraction of partially dissociated

YbPb + VPb complexes persist even at high Yb doping, which may provide some explanation

for the observation of a specific Yb defect speciation dominating quantum cutting despite

the presence of multiple Yb species [212].

Finally, we investigate the role of shallow V2−
Pb in mediating charge carrier localization

prior to quantum cutting, employing a family of effective Hamiltonians to predict bounds on

the exciton localization energy and commenting on the potential relevance of large polaron

formation. In particular, we find that the inclusion of polaronic effects can, depending on

the choice of model, yield good agreement with the experimental PL signatures for RE3+

dopant-induced shallow trap emission reported by Milstein, et al. [171]. However, our

polaron-exciton model choice also predicts weaker exciton binding energies compared to
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reported experimental values. We comment on potential sources of this disagreement and

argue for our model’s consistency with the observation of lower PLQYs and the absence of

exciton PL in SC samples reported by Roh, et al. [212].

3.4.1 Formation Energies and Charge Transition Levels

In the following, we consider defects in the low-energy, orthorhombic Pnma perovskite phase

of CsPbCl3 [143, 212]. Formation energies, Ef , of dilute point defects and point defect

complexes were calculated from plane-wave, Kohn-Sham density functional theory (DFT)

using the supercell approach [121, 125, 73], where

Ef (d, q) = E(d, q)− Ebulk +
∑
j

nj(µ
0
j + ∆µj)

+ q(EVBM + EFermi) + Ecorr . (3.11)

Here, E(d, q) is the total energy of the relaxed supercell containing defect d in charge state

q and Ebulk is the total energy of the perfect supercell. The integer nj counts the number

of chemical species j removed from (nj > 0) or added to (nj < 0) the system in forming

the defect. The synthesis conditions are characterized by the chemical potentials ∆µj with

respect to a set of standard references µ0
j . Analogously, the Fermi level EFermi is referenced

to the valence band maximum (VBM). A finite-size correction term Ecorr has been added to

account for spurious Coulomb interactions between the point defect and its periodic images

[74]. Since the defect complexes considered in this work span multiple Pb-sublattice sites,

all defect calculations were performed on a fairly large supercell containing 360 atoms (a

3× 3× 2 supercell of the 20 atom Pnma unit cell). Assuming stability of CsPbCl3 against

secondary phase formation provides additional constraints on the set of primary chemical

potentials,

x∆µCs + y∆µPb + z∆µCl ≤ ∆Hf (CsxPbyClz) , (3.12)
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where ∆Hf (CsxPbyClz) are the formation enthalpies of the relevant primary and secondary

phases, and the equality is strictly satisfied for the primary phase CsPbCl3, x = y = 1 and

z = 3. The corresponding phase stability diagram (Figure 3.17) shows a narrow existence

range for CsPbCl3.

Previous first-principles studies of native point defects in CsPbX3 perovskites (X = Cl,

Br, I) have found low formation energies for vacancies over a wide set of processing conditions

[114]. Likewise, ample experimental evidence points to the incorporation of Yb via B-site

cation substitution [296, 194, 153, 288, 171, 212], so Yb incorporation is only assumed to

occur by substituting Pb sites. The Yb chemical potential is chosen to be consistent with

experimentally observed Yb composition, [Yb]/([Yb]+[Pb]) [171]. Furthermore, it has been

observed that the facile incorporation of Yb occurs under moderately Pb-poor and Cs-rich

conditions. Since the Cs chemical potential is tightly constrained by phase stability (Figure

3.17), we choose Pb chemical potentials which are far below the pure Pb secondary phase

boundary and consistent with observed Yb compositions and nominal [Cs]:[Pb] ratios [171].

From preliminary calculations of a variety of charge-neutral defect complexes involving

Figure 3.17: Predicted phase stability diagram for CsPbCl3. Chemical potentials chosen at

point A reflect moderately Pb-poor, Cs-rich synthesis conditions used in calculating defect

formation energies shown in Figure 3.18.
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Yb1+
Pb compensated by either cation vacancies V1−

Cs and V2−
Pb or halide interstitials Cl1−i , we

found that (2YbPb + VPb)0 consistently had the lowest formation energy for synthesis con-

ditions within the bounds of phase stability. In particular, we considered (2YbPb + 2Cli)
0,

(2YbPb + 2VCs)
0, and (2YbPb + VCs + Cli)

0 as alternative fully-compensated complexes to

(2YbPb + VPb)0. For the range of chemical potential consistent with facile Yb incorporation,

the formation energy of (2YbPb + VPb)0 was lower than the other fully compensated com-

plexes by at least 1 eV. This provides additional justification for treating vacancies as the

dominate intrinsic defects in our models, and thus the following analyses focus on complexes

involving only Yb1+
Pb and V2−

Pb.

The computed formation energies of vacancies, YbPb, and YbPb+VPb complexes are

shown in Figure 3.18 for one choice of moderately Pb-poor, Cs-rich synthesis conditions

(point A in Figure 3.17). Table 3.1 lists the corresponding thermodynamic charge transition

Figure 3.18: DFT formation energies of vacancies, YbPb substitutionals, and vacancy-

substitutional complexes in moderately Pb-poor CsPbCl3. Chemical potentials correspond

to point A in Figure 3.17. The DFT band gap, Egap = 2.48 eV, is demarcated by dashed,

vertical lines. The difference in formation energy between Cl vacancies at symmetrically

distinct apical (ap) and equatorial (eq) is very small.
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levels,

ε(q1|q2) =
Ef (d, q1)|EFermi=0 − Ef (d, q2)|EFermi=0

q2 − q1

. (3.13)

It is worth emphasizing that the thermodynamic charge transition levels are independent of

the chemical potentials. Furthermore, since the ground state of the defect in a given charge

state includes geometry relaxation in defining the formation energy, Eq. (3.13) implicitly

assumes the defect geometry has sufficient time to equilibrate upon changing the charge

state.

We find that the cation vacancies VCs and VPb introduce shallow acceptor levels near the

VBM. Conversely, an isolated YbPb acts as a shallow donor, with a series of thermodynamic

charge transition levels near the conduction band minimum (CBM), each separated by ≈ 60

meV (Table 3.1). Interestingly, 2YbPb + VPb and YbPb + VPb complexes create, respectively,

very deep (0| − 1) and (−1| − 2) acceptor levels near the CBM. Thus, YbPb substitutionals,

whether bound or unbound to Pb vacancies, introduce single-particle, Kohn-Sham states

resonant within the conduction band. These defect-localized states (DLS) are typically

associated with the existence of an effective-mass-like, perturbed-host state slightly below

the conduction band; the latter effective-mass state is generally not observable in supercell

calculations due to finite size constraints [73, 291, 133]. For isolated YbPb, this picture is

consistent with its shallow donor character. Adding a Pb vacancy introduces coupling to the

valence band via Cl dangling bonds [118]. For fully compensated 2YbPb + VPb complexes,

this stabilizes the neutral charge state throughout most of the band gap. It is possible that

the isolated (0| − 1) acceptor state close to the CBM corresponds to the Yb dopant-induced

intermediate state proposed as essential to sensitizing efficient quantum cutting [171, 212].

However, it is difficult to resolve the accuracy of DFT formation energies and transition

levels below ≈ 50 meV [73]; the presence of this transition level may simply reflect the filling

of bulk conduction band states.

We find very little difference in formation energies between Cl vacancies at symmetri-

cally distinct apical (ap) and equatorial (eq) Cl sites (Figure 3.19). These vacancies form
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somewhat deep amphoteric defect states with negative-U behavior 1 and may act as non-

radiative recombination centers [47, 286]. This negative-U behavior is accompanied by large

relaxation in the distance between neighboring Pb in the [PbCl5] octahedra sharing a V1−
Cl at

their adjacent corner. The resulting formation of a contracted Pb-Pb dimer and the bonding

character of Pb p-orbitals shifts the V1−
Cl DLS into the band gap [223, 118]. It would be

interesting to determine whether Cl vacancies can exhibit metastable behavior under pho-

toexcitation [131, 132], particularly in light of the observation made by Roh, et al., of slow

quantum cutting due to metastable trapping states and lower PLQYs in SC samples [212].

However, it is worth noting that due to the stability constraints on CsPbCl3 (Figure 3.17),

increasingly Pb-poor synthesis conditions approach Cl-rich secondary phase boundaries and

would thus disfavor the formation of Cl vacancies. For the conditions depicted in Figure

3.18, compensation between positively charged V1+
Cl and Yb1+

Pb and negatively charged V2−
Pb

and V1−
Cs pins the Fermi level at about 0.4 eV above the VBM.

To gain some insight into whether YbPb+VPb complexes can form in sufficient concen-

trations to contribute to quantum cutting and high PLQYs, we tabulate (Table 3.2) binding

1From the thermodynamic charge transition levels, ε(+1/0) and ε(0/− 1), the effective U parameters is

approximately Ueff = −0.41 and −0.54 eV for V
(ap)
Cl and V

(eq)
Cl , respectively.

Figure 3.19: (a) Symmetrically distinct apical (purple) and equatorial (green) Cl sites associ-

ated with Pb-Cl octahedral (grey) tilting in the 20-atom unit cell of Pnma perovskite phase

of CsPbCl3. (b) Orthogonal OT [110]⊥ and (c) collinear CL [110] motifs of (2YbPb + VPb)0

complex, where Yb-Cl octahedra (teal) are first nearest neighbors to a vacant Pb site (red).
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energies for (YbPb + VPb)1− and (2YbPb + VPb)0 complexes in symmetrically distinct con-

figurations. We define the binding energy as the difference between the formation energy

of the complex, c, and the sum of the formation energies of the individual, isolated point

defects, d,

Ebind = Ef (c, qc)−
∑
d∈c

Ef (d, qd) . (3.14)

Note that this is in contrast to the other commonly used definition, where the energy of the

complex is referenced to a single point defect and a complementary sub-complex. Among

(YbPb + VPb)1− complexes, the [001] orientation is marginally energetically favorable. In

contrast, among the collinear (CL) (2YbPb + VPb)0 configurations, the [110] orientation is

favorable. The lowest energy (2YbPb + VPb)0 configuration is found for an orthogonal (OT)

motif, where the vector perpendicular to the plane spanned by the complex lies in the

[110] direction, denoted by [110]⊥ (cf. Table 3.2). Restricting to the minimum energy

(YbPb + VPb)1− [001] complex, we find that about 0.13 eV is gained upon adding another

Table 3.1: Thermodynamic charge transition levels relative to VBM. For reference, the DFT

band gap is Egap = 2.48 eV, and intraband states within 0.1 eV to band edges are also

included.

Defect ε(q1|q2) [eV]

2YbPb + VPb 2.438 (0| − 1)

YbPb + VPb -0.093 (0| − 1), 2.440 (−1| − 2)

YbPb 2.435 (1|0), 2.497 (0| − 1), 2.559 (−1| − 2)

VPb 0.005 (−1|0), 0.045 (−1| − 2)

VCs -0.038 (1|0), 0.013 (0| − 1)

V
(ap)
Cl 1.945 (+1| − 1)

V
(eq)
Cl 1.939 (+1| − 1)
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Yb1+
Pb to form a (2YbPb + VPb)0 OT [110]⊥ complex. That the OT motifs are marginally more

stable than CL motifs is contrary to what one would expect based on simple electrostatic

interactions between the constituent point defects, suggesting that lattice strain among the

different configurations plays a nontrivial role. A similar claim was made by Li, et al., for

(2YbPb + VPb)0 complexes in the cubic perovskite phase of CsPbCl3, who argued that the

number of neighboring, distorted Pb-Cl octahedra differentiate OT and CL motifs [139]. The

magnitudes of the complex binding energies relative to kBT indicate relative favorability for

the formation of all complex motifs at room temperature. We consider simple thermodynamic

models of the defect distributions based on the formation energies in Section 3.4.3.

3.4.2 Structural Characterization

The formation of V2−
Pb, Yb1+

Pb, and their complexes is accompanied by a certain amount of

lattice strain. To quantify the degree of strain induced by defect formation, we calculate the

deformation matrix F of the pristine bulk lattice L0 which produces the relaxed, defective

supercell lattice L1, where

L1 = FL0 . (3.15)

A generalized, one-parameter family of strain tensors can be defined by [247]

E(µ) =
(F>F)µ − I

2µ
, (3.16)

where the typical Green-Lagrange strain is given by µ = 1. In Table 3.2, we have tabulated

the symmetry-adapted components, ei, Equations (3.17-3.22), of the Green-Lagrange strain

tensor for V2−
Pb, Yb1+

Pb, and their complexes [247]:
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e1 = (Exx + Eyy + Ezz)/
√

3 (3.17)

e2 = (Exx − Eyy)/
√

2 (3.18)

e3 = (2Ezz − Exx − Eyy)/
√

6 (3.19)

e4 =
√

2Eyz (3.20)

e5 =
√

2Exz (3.21)

e6 =
√

2Exy (3.22)

The first component of the Green-Lagrange strain, e1, characterizes purely volumetric con-

traction or expansion of the lattice. Volume preserving, deviatoric strains are spanned by

e2 and e3, while shear strains are given by e4, e5, and e6. We note that the magnitudes of

the strain components (Table 3.2) are small enough that they are well-approximated by the

linearized strain, E ≈ 1
2

(
F + F>

)
− I.

We find that the largest volume changes occur for the isolated defects V2−
Pb and Yb1+

Pb,

where the lattice expands in forming the vacancy and contracts for the substitutional. Re-

markably, we find no significant volume change for the (YbPb + VPb)1− complexes, suggest-

ing that the volumetric strains of the constituent point defects essentially compensate each

other. This may provide some explanation for the conspicuous absence of differences in

lattice parameters in XRD data between undoped and Yb-doped CsPbX3 NCs and SCs

[171, 127, 212, 64, 48, 44, 170]. To further investigate this observation, we invoke a simple

thermodynamic model for the defect-perturbed lattice volume Vdef as a function of defect

concentrations cd,q,

Vdef = V0 +
∑
d,q

cd,qνd,q + nhνh + neνe , (3.23)

where νd,q = pd,qV0/B0 is the partial volume of defect d in charge state q, B0 is the bulk

modulus (≈ 23.0 GPa), and V0 is the bulk volume [267]. An effective defect pressure is defined
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by the change in the DFT total energy of the defect supercell during volume relaxation

[267, 112],

pd,q = −∆ (Ed,q(V )− Ebulk(V ))

∆V
, (3.24)

where the difference, ∆(·) = (·)
∣∣
V=Vdef

− (·)
∣∣
V=V0

, is evaluated at the relaxed, Vdef , and unre-

laxed, V0, DFT cell volumes. To account for volume changes associated with the introduction

of free charge carriers consistent with overall charge neutrality (3.27), we augment Equation

(3.23) by the partial volumes νe,h of free electrons and holes introduced into bulk CsPbCl3,

with respective concentrations ne,h.

Using the model for defect concentrations (3.26), discussed in Section 3.4.3, Figure 3.20

shows that the predicted contraction of the effective lattice constant adef = V
1/3

def is less than

0.1 Å for Yb incorporation within the experimentally relevant range. For less than 2% Yb

incorporation, the lattice constant is reduced by less than 0.1% relative to the unperturbed

value a0 = V
1/3

0 , limited primarily by the compensation in volumetric strain between V2−
Pb

and Yb1+
Pb. For higher Yb incorporation, the change in the lattice constant becomes domi-

nated by the formation of (2YbPb + VPb)0 complexes, but the overall change relative to the

bulk is less than 1.8%. Moreover, extensive charge compensation between V2−
Pb, Yb1+

Pb, and

(YbPb + VPb)1− also limits the contribution of free charge carriers to the volume deforma-

tion, which only reach concentrations on the order of 1010-1012 cm−3 under the experimental

synthesis conditions considered here (cf. Section 3.4.3).

To some extent, the differences in binding energies among the configurations of the

(2YbPb + VPb)0 complexes can be understood from the local distortion of Pb-Cl bond lengths

near the Yb1+
Pb and the distribution of Green-Lagrange strain components. In the pristine

Pnma perovskite phase, the average predicted Pb-Cl bond length is 2.89 Å, while a single

Yb1+
Pb dopant forms contracted 2.62 Å bonds with surrounding Cl, leading to increased Pb-Cl

bond lengths at the shared corners of neighboring Pb-Cl octahedra. That the pairing of two

Yb1+
Pb with a V2−

Pb is no longer compensated in volumetric strain (Table 3.2) compared to

(YbPb + VPb)1− complexes follows from the additional set of contracted YbPb-Cl bonds. We
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Figure 3.20: Total change in pseudocubic lattice constant adef = V
1/3

def per formula unit

(f.u.) due to Yb doping and defect formation, where Vdef is given by (3.23). Individual

contributions to adef from each defect and free electrons and holes are also shown.

also note that among the (2YbPb + VPb)0 motifs, the lower-energy OT configurations induce

smaller amounts of xz- and yz-shear strain. Finally, let us mention that the presence of a

neighboring Pb vacancy reduces the YbPb orthorhombic site symmetry, from Oh for isolated

Yb1+
Pb, to D2h (Table 3.2). This is largely consistent with the spectroscopic analysis reported

by Roh, et al. [212]. It is interesting to note that one Yb in the lowest energy configuration

(2YbPb + VPb)0 OT [110]⊥ exhibits an additional reduction to reflection site symmetry, Cs.

To investigate finite temperature effects on bonding, we performed room-temperature

molecular dynamics (MD) simulations of the pristine and defective 360-site supercells and

extracted the reduced pair distribution function (rPDF), G(r):

G(r) = 4πr〈n〉 (g(r)− 1) , (3.25)

where 〈n〉 is the average number density of atoms, g(r) =
∑

j 6=k〈δ (r − rjk)〉/ (〈n2〉Ω) is the

pair distribution function (PDF). The brackets, 〈. . . 〉, denote an ensemble average over the

MD trajectories, rj,k is the distance between atoms j and k, and Ω is the supercell volume.
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Table 3.2: Binding energies Ebind of vacancy-substitutional defect complexes, local [YbCl6]

symmetry, relaxed defect volume Vdef from DFT relative to bulk volume V0, and symmetry-

adapted components ei of the Green-Lagrange strain tensor with respect to relaxed, bulk

CsPbCl3 lattice. The largest absolute values of the strain components in the defect set

are highlighted in bold. Lattice orientations of the defect complexes are specified by [· · · ],

where [· · · ]⊥ denotes the vector perpendicular to the plane spanned by an orthogonal (OT)

complex.

Defect Complex Ebind [eV] Yb Site Sym. Vdef/V0 e1 [10−3] e2 [10−3] e3 [10−3] e4 [10−3] e5 [10−3] e6 [10−3]

(2YbPb + VPb)0 CL [110] -0.308 D2h 0.994 -3.323 -1.670 -6.490 -0.503 0.027 0.328

(2YbPb + VPb)0 CL [001] -0.278 Oh 0.994 -3.199 -2.631 -4.966 0.087 -0.347 -2.096

(2YbPb + VPb)0 OT [110]⊥ -0.340 D2h, Cs 0.994 -3.172 -2.006 -6.004 -0.314 -0.149 1.174

(2YbPb + VPb)0 OT [001]⊥ -0.315 D2h 0.994 -3.214 -1.873 -6.758 0.016 -0.232 0.388

(YbPb + VPb)1− [110] -0.190 D2h 1.000 -0.231 -2.136 -6.900 -0.294 0.001 0.787

(YbPb + VPb)1− [001] -0.207 D2h 1.000 -0.156 -2.617 -6.179 0.084 -0.060 -1.432

YbPb
1+ − Oh 0.992 -4.626 -3.446 -5.501 0.034 -0.126 -0.370

VPb
2− − − 1.005 2.916 -2.714 -6.951 0.029 0.068 1.160

In Figure 3.21, we compare the simulated rPDF for the ensemble of (2YbPb + VPb)0

complexes against the bulk reference system and supercells containing either a V2−
Pb or a

Yb1+
Pb. We find that the broadening observed in the rPDF of the (2YbPb + VPb)0 system is

primarily due to the presence of the Pb vacancy. This can be qualitatively understood by in-

voking a harmonic approximation for the vibrational modes of the lattice: a vacant Pb site is

expected to locally reduce the curvature of the Born-Oppenheimer energy landscape, which

introduces lower frequency modes and increases the variance of the pair distribution function.

Conversely, sharper features in the rPDF of isolated Yb1+
Pb are likely due to the shortened

Yb-Cl bonds and induced lattice contraction. Interestingly, rPDF features involving Cs pro-

vide the clearest distinctions among the four systems. Previous computational works have

identified the key role played by displacements of A-site cations in ABX3 halide perovskites

in stabilizing the orthorhombic Pnma phase [19, 285]. Moreover, the low-temperature in-
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Figure 3.21: Reduced pair distribution functions from room temperature MD simulations of

360-site defect and bulk supercells. Supercells containing an isolated YbPb and a compen-

sated (2YbPb + VPb)0 complex correspond to Yb fractions, [Yb]/([Yb] + [Pb]), of 1.4% and

2.8%, respectively. The first several features are labeled by the dominant pairs of lattice sites

involved.

stability of the cubic perovskite structure to [BX6] octahedral tilting is often attributed to

the presence of an undersized A-site cation; Bechtel and Van der Ven, as well as Young

and Rondinelli, found that the tilting mode toward Pnma symmetry minimized unfavorable

electrostatic interactions and increased A-X covalency by allowing A-site cations to displace

from their ideal cubic positions [19, 285]. The presence of YbPb substitutionals and Pb va-

cancies provides additional strain-induced distortions to the volumes of the cuboctahedral

voids containing Cs, thereby perturbing the local energy surfaces associated with Cs rattling

modes. Whether doping by Yb alters structural phase transitions in halide perovskites, as

has been argued for Bi3+ and Ni2+ doping [112, 152], is a question we leave for potential

future work.
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3.4.3 Defect Complex Formation

In this section, we discuss a simple model for the concentration of Yb defects and defect

complexes based on the DFT data summarized in Section 3.4.1. Again, we take as our

starting point the set of native vacancies, YbPb, and YbPb+VPb complexes. For a given choice

of chemical potentials and temperature, equilibrium defect concentrations are estimated by

the standard Arrhenius relation in the dilute approximation [73],

cd,q(∆µi, EFermi, T ) = g exp (−Ef (q, d)/kBT ) , (3.26)

where the formation energy Ef (q, d) is given by Equation (3.11) and g is a degeneracy factor

accounting for internal and configurational degrees of freedom of the defect. The Fermi level

is determined self-consistently by enforcing overall charge neutrality,

∑
d,q

qcd,q + nh − ne = 0 , (3.27)

where nh and ne are the concentrations of free hole and electrons, respectively. The free

carrier concentration can be obtained either by a Fermi integral over the electronic density

of states or in an isotropic, parabolic band approximation with electron and hole effective

masses m∗e,h (Table 3.3).

As discussed in Section 3.4.1, given the tight stability constraints on the Cs chemical

potential, we choose chemical potentials of Yb and Pb to be consistent with empirical Yb

compositions and nominal Cs:Pb ratios, focusing specifically on moderately Pb-poor synthe-

sis conditions. Figure 3.22 shows the defect concentrations and self-consistent Fermi level

for increasing Yb chemical potential, where the Cs and Pb chemical potentials remain fixed

at point A in the phase stability diagram (Figure 3.17). The formation of Yb1+
Pb defects leads

to charge compensation by negative cation vacancies V2−
Pb and V1−

Cs . A reduction in V1+
Cl and

the increasing concentration of (partially) compensated (YbPb + VPb)1− and (2YbPb + VPb)0

complexes further leads to a slight increase in the Fermi level for sufficient Yb incorporation.

It is worth noting that previous experimental work found that doping by trivalent lanthanide
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Figure 3.22: Room temperature defect concentrations and self-consistent Fermi level for

increasing Yb incorporation with fixed Cs and Pb chemical potentials.

cations suppressed the formation of Cl vacancies, which agrees with our model prediction

[271].

Since Milstein, et al., found that NIR PLQY increased with increasingly Cs-rich synthesis

conditions [171], we also assess the extent to which controlling the relative chemical potentials

of Cs and Pb influences the formation of Yb complexes. Figure 3.23 shows the estimated

distribution of various spatial configurations of Yb1+
Pb relative to V2−

Pb (see below) for increasing

[Cs]/[Pb] with fixed, relatively favorable Yb and Cl chemical potentials. We found that the

effect of increasingly Cs-rich, Pb-poor synthesis conditions within the bounds set by phase

stability is essentially identical to controlling the Yb chemical potential. Hence, Figure 3.23

also shows the equivalent change in Yb fraction, [Yb]/([Yb] + [Pb]). In particular, decreasing

the Pb chemical potential increases both the concentration of Pb vacancies and YbPb, and

increasing the Cs chemical potential disfavors the formation of Cs vacancies. The ensuing

charge compensation between Yb1+
Pb and V2−

Pb and their increasing concentrations lead to the

formation of (2YbPb + VPb)0 complexes.
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The binding energy calculations of Section 3.4.1 (Table 3.2) indicate that several motifs

of the (2YbPb + VPb)0 complex should be expected at room temperature; entropic consid-

erations suggest that an ensemble of partially dissociated configurations of Yb1+
Pb and V2−

Pb

should also be present. Furthermore, while the static dielectric constant, εs, of CsPbCl3 is

relatively large, the Debye length scale is on the order of the effective exciton Bohr radius,

a∗B, for the self-consistently determined free carrier concentrations. Hence, some degree of

screened Coulomb attraction between Yb1+
Pb and V2−

Pb should additionally bias the distribu-

tion of Yb toward partially bound configurations within a∗B, which may be important for

quantum cutting. To characterize the spatial distribution of Yb relative to Pb vacancies,

we assume pairwise interactions between point defects in the form of a screened Coulomb

potential φ(r) ∝ exp(−r/LD)/(εsr). The Debye length was determined by the self-consistent

free carrier concentrations LD =
√
εsε0kBT/(e2(ne + nh)), and the static dielectric constant

was calculated using density functional perturbation theory (Table 3.3). It is important to

note that while this model introduces errors in reproducing the DFT binding energies of

local motifs (Table 3.2) on the order of kBT at room temperature, it is within the expected

accuracy of DFT formation energies [73]. The probability of finding Yb1+
Pb within a given

distance of a Pb vacancy is determined by sampling the YbPb-VPb pair distribution func-

tion using Metropolis Monte Carlo with a Pb vacancy fixed at the origin. For simplicity

and computational efficiency, we maintain a semidilute approximation by populating the

simulation with two Yb1+
Pb, while scaling the simulation volume with the total 2YbPb + VPb

concentration 2.

Fast rise times observed by Roh, et al., in TRPL measurements support the hypothesis

that efficient quantum cutting in Yb:CsPbCl3 depends on short-range, Dexter-type exchange

mediating energy transfer between dopant-induced V2−
Pb and nearby Yb1+

Pb [212, 171, 58]. Since

such an exchange mechanism is typically short-range, configurations of V2−
Pb and two Yb1+

Pb

in which each Yb1+
Pb is within the third nearest neighbor (3nn) shell on the Pb-sublattice of a

2Spurious self-interactions between periodic images are avoided by tracking only pairwise interactions
between distinct defects, which is computationally tractable in the semidilute limit considered.
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V2−
Pb are likely more relevant for quantum cutting. These configurations are labeled “local” in

Figure 3.23. “Dissociated” configurations are defined as having at least one Yb1+
Pb beyond the

local (3nn) cutoff set by local exchange but still within the Wannier-Mott exciton Bohr radius

(Table 3.3). These configurations may play some role in localizing a photogenerated exciton,

but are unlikely to significantly contribute to quantum cutting. Finally, configurations in

which at least one Yb1+
Pb is beyond the dissociated cutoff a∗B from a V2−

Pb are considered

“isolated.” In Section 3.4.4, we verify the consistency of this choice of cutoffs with variational

calculations of the radius of the exciton bound to the defect (Table 3.3).

For very dilute (< 1%) Yb incorporation, Yb1+
Pb are predominantly isolated, but small

increases in Yb fraction lead to rapid formation of (YbPb + VPb)1− dimers, which have signif-

icant binding energy. Additional long range Coulomb attraction and configurational entropy

also increase the population of dissociated (YbPb + VPb)1−
1nn +Yb1+

Pb configurations, which be-

come dominant as increasing concentration decreases the average contact distance between

defects. At 2% Yb composition, local 2YbPb + VPb configurations constitute about 20% of

the Yb defect species, where approximately half of those are fully bound at 1nn. This sup-

ports the suggestion by Roh, et al., that a specific Yb defect motif accounts for the majority

of quantum-cutting PL intensity, despite not being the dominant speciation [212]. Fully

delineating, based on first principles, the extent to which different local Yb configurations

relative to a Pb vacancy influence local energy transfer is beyond the scope of this work,

although we comment further on this in Section 3.4.4.

Beyond 2% Yb composition, the growth in local 2YbPb + VPb configurations becomes

increasingly linear. Similar, approximately linear behavior for the onset of large PLQYs in

Yb:CsPbCl3 was observed by Milstein, et al., and Kroupa, et al. [171, 127]. In modeling the

PL kinetics of Yb-doped CsPb(Cl1−xBrx)3, Erickson, et al., found that an effective quantum-

cutting rate proportional to the number of Yb-dimers in a specific pairing better reproduced

the experimentally observed Yb-concentration dependence in the PLQY compared to a rate

proportional to all possible pairs of Yb [64], supporting the hypothesis that the propensity for

pairs of Yb to participate in quantum cutting depends on their relative spatial arrangement.
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Implicit in their argument was the locality of these Yb-dimers, although they did not model it

explicitly. More importantly, they experimentally verified that increasing Yb concentration

provided an effective route toward reducing PL saturation at higher photoexcitation rates by

increasing the relative fraction of singly-excited Yb-dimers in steady-state [64]. Our model

for the spatial distribution of Yb defects accounts for the underlying material synthesis

conditions. For small, but increasing Yb incorporation, the fraction of local configurations

grows more rapidly than at higher Yb incorporation. This initial nonlinear behavior is due

not only to the low probability of finding local Yb pairs for very dilute Yb concentrations, but

also depends on the initial scarcity of compensating V2−
Pb (cf. Figure 3.22). This may provide

some explanation for the observed disappearance of excitonic PL in NCs noted by Milstein,

et al., as a function of Yb doping, although competing exciton recombination processes may

eliminate this behavior in SCs [171, 212]. Further increasing the Yb fraction leads to most

Yb1+
Pb being within an exciton Bohr radius of a Pb vacancy. Beyond 3% Yb composition,

the relative proportion of dissociated 2YbPb + VPb configurations decreases in favor of an

increasing proportion of local configurations. Importantly, within the experimentally relevant

range of Yb incorporation, the growth in local configurations is monotonic, which is consistent

with the mechanism proposed by Erickson, et al., for reducing PL saturation by increasing

Yb concentration [64].

3.4.4 Exciton Binding and Defect Localization

The quantum cutting mechanism proposed by Milstein, et al., relies not only on the spatial

proximity of two Yb1+
Pb to a Pb vacancy, but also on the capacity for this doping-induced

defect state to bind a photogenerated exciton [171, 127, 212]. In this picture, the Pb vacancy

is thought to play the primary role in the initial energy capture before subsequent energy

transfer to the nearby Yb1+
Pb pair. The shallow nature of this defect state is particularly

important, as it facilitates energy localization on the picosecond time scale and is unlikely

to decrease the exciton Bohr radius beyond the scale required for simultaneous electronic

coupling to both Yb1+
Pb.
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Figure 3.23: Room temperature, spatial distribution of Yb1+
Pb relative to V2−

Pb for fixed Yb and

Cl chemical potentials and increasing relative Cs:Pb composition, [Cs]/[Pb]. The equivalent

change in Yb fraction, [Yb]/([Yb] + [Pb]), is shown on the top axis. Local configurations

(solid lines) of the 2YbPb + VPb complex are defined by having both Yb1+
Pb within an approx-

imate length scale for Dexter-type exchange (≈ 10 Å) to the V2−
Pb. Dissociated configurations

(dashed lines) are defined by having both Yb1+
Pb within the effective exciton Bohr radius, a∗B,

to the V2−
Pb. Isolated defects (dotted lines) are defined by having at least one Yb1+

Pb beyond

a∗B.

In Section 3.4.1, we noted the existence of (1|0) and (0|−1) transitions close to the VBM

and CBM, respectively, for the (2YbPb + VPb)0 complex. To assess the degree of charge

carrier localization by the complex, Figure 3.24 shows the difference in DFT electron densities

in the plane spanned by the low energy OT [110]⊥ and CL [110] configurations for both the

(1|0) and (0| − 1) charge transitions. To emulate optical excitations, the relaxed atomic

positions and lattice parameters from the neutral state are fixed in the (±1) charge states.
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A hole added to the valence band predominantly localizes on Cl and Pb sites, indicative

of the fact that the top of valence band of bulk CsPbCl3 is primarily composed of Pb(s)-

Cl(p) anti-bonding orbitals [114]. Furthermore, we find that the CL configuration shows

marginally stronger charge localization on Cl sites closest to the Pb vacancy, while charge is

more evenly distributed across the supercell for the OT configuration. Broadly speaking, the

distribution of the added charge carrier reflects the symmetry of the defect configuration.

This is particularly apparent in the electron density for the (0| − 1) charge transition, where

the density distribution of an electron added to the conduction band among Pb p-states

(cf. Figure 3.25) depends on the configuration of the complex. While the CL configuration

shows several Pb sites in chains orthogonal to the complex with somewhat higher electron

density, the reduced symmetry of the OT configuration leads to more localization on Pb

sites closer to the YbPb. Nonetheless, the charge carrier remains relatively delocalized across

the supercell, regardless of the defect configuration. Using Bader charge analysis, we have

also verified that this charge delocalization persists after allowing for lattice relaxation in

the (±1) charge states [101].

It is worth noting that similar differences in Pb-site electron density were reported by

Li, et al., in DFT calculations of OT (2YbPb + VPb)0 defect complexes in cubic CsPbCl3

[139]. Following their analysis, in Figure 3.25 we plot the site- and orbital-projected density

of states (pDOS) near the conduction band edge for the p-states of Pb sites equidistant from

both YbPb in the neutral, fully bound defect motifs. Relative to bulk Pb sites, the OT

configurations exhibit a higher intensity in the local pDOS near the band edge. The low

energy OT [110]⊥ configuration, in particular, features a broader band of higher pDOS close

to the CBM, which may be attributable to the lower Yb-site symmetry noted in Section 3.4.2.

In contrast, the CL configurations show a decreased intensity in their local Pb-site pDOS

near the conduction band edge relative to the bulk. This raises the prospect that excited

electrons could have a higher probability to populate conduction band states at Pb sites closer

to an OT complex [139]. The comparably lower probability associated with CL complexes

could provide a mechanism through which only certain local defect complex configurations
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Figure 3.24: Electron density differences for 2YbPb + VPb complex in the (a), (c) CL [110]

and (b), (d) OT [110]⊥ configurations. The top row (a), (b) shows the difference in electron

density between the (-1) and neutral charge states associated with the (0|−1) charge transi-

tion, while the bottom row (c), (d) shows the difference between the neutral and (+1) charge

states associated with the (1|0) charge transition. Density differences are displayed in the

plane spanned by the defect complex, and locations of nominal Pb (grey dots) and Cl (purple

dots) sites in the undistorted, cubic perovskite phase are provided for spatial reference.

dominate quantum cutting. However, in self-consistently accounting for electronic relaxation

in calculating the DFT electron densities, Figure 3.24 reveals a more complicated picture:

Pb sites closer to the YbPb show somewhat higher electron density, but only marginally so.

We find that the YbPb appear to play a secondary role in determining how charge carriers

redistribute in the system. Specifically, only a small fraction of charge added to the neutral

system ends up on Yb sites or their immediate environment. Moreover, Bader charge analysis

reveals that both Yb ions in the neutral complex, regardless of the configuration, have a
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Figure 3.25: Projected density of states near conduction band edge for p-orbitals of Pb sites

equidistant from both YbPb in (2YbPb + VPb)0 defect supercells. (Inset: Total and projected

density of states for bulk CsPbCl3.)

nominal (+2) Bader valence 3 due to charge compensation by the Pb vacancy, and this

valence state does not appreciably change upon adding a charge carrier (either electron or

hole) to the supercell [101]. This is somewhat expected given the shallow nature of the

complex and the constituent point defects (Figure 3.18 and Table 3.13), which primarily act

as perturbations to the host band states.

Finite-size limits on the DFT supercell make it difficult to definitively resolve spatial

features of delocalized charge carriers in shallow defect states in the thermodynamic limit

[73]. Moreover, the above analysis is limited by the fact that standard Kohn-Sham DFT

is fundamentally a theory of electronic ground states, rather than excited state quasipar-

ticles. Unfortunately, direct excited state calculations of defects from first-principles are

often prohibitively computationally expensive. Given that the Pb vacancy acts as a doubly

3The Bader valence for a given lattice atom is defined here as the difference between the number of
valence electrons in the isolated atom and the Bader (electron) charge within the atom-centered Bader
volume.
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charged acceptor, while the YbPb are only singly charged, the Pb vacancy should provide

the dominant contribution to the binding of an exciton. Thus, as an alternative route to-

ward characterizing the role of the defect complex in localizing a photogenerated exciton,

we consider an effective model of exciton binding to a V2−
Pb, via the following three-body

Hamiltonian in the Born-Oppenheimer adiabatic approximation,

Ĥ = −1

2
∇2

1 −
1

2σ
∇2

2 −
qd
r1

+
qd
r2

+ V (r12) , (3.28)

with energies (m∗em0e
4/(ε0εs~)2) and lengths (ε0εs~2/(m∗em0e

2)) rescaled to atomic units

[241]. The ratio of hole and electron effective masses σ = m∗h/m
∗
e is a free parameter in the

model. The relative distances of a conduction band electron and a valence band hole to the

defect center with nominal charge state qd = −2 are denoted r1 and r2, respectively, while

the electron and hole effective masses m∗e,h were determined from the DFT band structure.

The static dielectric constant εs and the high-frequency, optical dielectric constant ε∞ of the

material were determined using density functional perturbation theory (Table 3.3).

We have implicitly assumed that defect-charge carrier Coulomb interactions are screened

by the static dielectric constant εs, while the electron-hole interaction V (r12) is allowed to

take a more general form [230]. In particular, the softness and ionic nature of the perovskite

lattice and the large difference between the static and high-frequency dielectric constants

implies strong Fröhlich coupling αe,h = (e2/~ε∗)
√
m∗e,h/2ELO between charge carriers and

longitudinal optical (LO) phonons, where 1/ε∗ = 1/ε∞−1/εs and ELO is a characteristic LO

excitation energy (see below). The associated formation of large polarons has been previously

invoked as a primary source of disagreement between measurements of the exciton binding

energy in metal-halide perovskites [12, 166, 167, 219, 173, 209, 29, 253]. To account for

the possible relevance of polaron formation, we consider the effective polaron interaction

potential derived by Haken (H),

VH(r) = − e2

εsr
− e2

2ε∗r

(
e−r/lh + e−r/le

)
, (3.29)
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where electron- and hole-polaron radii are given by le,h =
√
~2/2m∗e,hELO, and the kinetic

energy terms in the Hamiltonian (3.28) contain the renormalized effective masses m̃∗e,h [91,

90, 68]

m̃∗e,h = m∗e,h

(
1 +

αe,h
6

)
. (3.30)

Previous studies have noted that the Haken model often overestimates the exciton binding

energy in certain polar semiconductors and insulators [10, 230, 12]. Thus, we also consider

the phenomenological model proposed by Pollmann and Büttner (PB),

VPB(r) = − e2

εsr
− e2

ε∗r

(
m∗h

∆m∗
e−r/lh − m∗e

∆m∗
e−r/le

)
, (3.31)

where ∆m∗ = m∗h−m∗e, and the bare electron and hole effective masses m∗e,h are used in the

kinetic energy terms in the Hamiltonian (3.28) [204]. At short range, both models behave as a

Coulomb potential with weaker screening by the optical dielectric constant ε∞, while at long

range the interaction is strongly screened by the static dielectric constant εs. From a strictly

mathematical point of view, the Pollmann-Büttner model has the advantage of interpolating

between the extreme cases of limle,h→0 V (r12) ∝ 1/εsr12 and limle,h→∞ V (r12) ∝ 1/ε∞r12,

depending on the length scales le,h.

We take a variational approach to approximating the ground state of the effective Hamil-

tonian (3.28) using a wave function ansatz |Ψ〉 expanded in the following s-wave basis |ψi〉:

|Ψ〉 =
∑
i

ci|ψi〉 (3.32)

|ψi〉 = exp (−αir1 − βir2 − γir12) (3.33)

Prior works have shown that this class of exponentially correlated variational ansatz can

yield highly accurate ground state predictions on few-body quantum systems with a rela-

tively small number of basis functions [228, 230, 93, 246, 92]. The variational parameters

(αi, βi, γi, ci) were optimized according to a two-step procedure discussed in Section 3.4.5.
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Table 3.3: Electron and hole effective masses, m∗e,h, and static and high-frequency dielec-

tric constants, εs, ε∞, in cubic and orthorhombic phases of CsPbCl3 from density functional

perturbation theory. The exciton binding energies, EX , and effective Bohr radii, a∗B, are

predicted from the Wannier-Mott model (3.34), (3.35). The variational ground state energy,

EGS, of the defect-bound exciton relative to EX and the expected exciton radius 〈r12〉 are

determined by the same weakly screened electron-hole potential V (r12) ∝ 1/ε∞r12. Approx-

imate phonon screening corrections, ∆EX , accounting for (neglecting) parabolic electron

band dispersion [69] are also shown.

Phase m∗h m∗e ε∞ εs EX [meV] a∗B [nm] ∆EX [meV] EGS − EX [meV] 〈r12〉 [nm]

Pm3m (cubic) 0.17 0.18 4.08 20.56 71.7 2.46 -17.1 (-30.6) 63.7 2.08

Pnma (ortho) 0.25 0.26 4.09 23.67 103.0 1.70 -18.6 (-34.4) 78.9 1.19

The binding energy EX for a Wannier-Mott exciton in CsPbCl3 provides a natural refer-

ence point for the variational ground state energy EGS of the defect-bound exciton. We use

a standard hydrogenic model to obtain a baseline estimate for EX , along with the effective

exciton Bohr radius a∗B,

EX =
mr

m0

(
ε0
εr

)2

ERy , (3.34)

a∗B =
m0

mr

(
εr
ε0

)
aB , (3.35)

where the reduced mass of the exciton is mr = (1/m∗e + 1/m∗h)
−1, and we take the relative

dielectric constant εr to be equal to the high-frequency dielectric constant ε∞ (Table 3.3)

[207]. With this choice of dielectric constant along with the effective masses from DFT, we

predict an exciton binding energy of≈ 72 meV which agrees well with the experimental values

of 72 ± 3 meV reported by Zhang, et al., [290] and 64 ± 1.5 meV reported by Baranowski,

et al., in CsPbCl3 [13, 75, 111]. The associated exciton Bohr radius (2.46 nm) is used in the

analysis of Section 3.4.3.

To provide a consistent point of comparison to the variational ground state of the Hamil-
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Figure 3.26: Variational ground state energy EGS of polaronic exciton bound to double

acceptor A2− with respect to polaronic exciton binding energy EX (Inset) as a function of

characteristic phonon energy ELO. Polaronic effects are incorporated either by the Haken (H)

model or the Pollmann-Büttner (PB) model for both the cubic and orthorhombic perovskite

phases, with additional uncertainty in the effective mass ratio included. Shaded, vertical

region highlights the predicted range of ELO from first-principles calculations for CsPbCl3.

Current experimental values for EGS − EX from shallow trap emission and for EX from

magneto-optical response (grey, dashed lines) are also included [171, 13].

tonian (3.28) including polaronic effects, we also consider the more general calculation of the

exciton binding energy given by the Hamiltonian

ĤX = −1

2
∇2 + V (r) , (3.36)

where the electron-hole interaction potential is again taken to be either the Haken (3.29) or

Pollmann-Büttner (3.31) model. The atomic units in the Hamiltonian (3.36) are set by the

reduced exciton mass mr, determined either by the renormalized polaron masses (3.30) for

the Haken potential or the bare effective masses for the Pollmann-Büttner potential. We use

the following variational ansatz,
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|ΨX〉 =
γ3/2

√
π

e−γr , (3.37)

to obtain the exciton binding energy EX ≈ minγ〈ΨX |ĤX |ΨX〉.

In Figure 3.26, we compare the difference between the ground state energy of an exciton

bound to a double acceptor EGS and the exciton binding energy EX described by either the

Haken (3.29) or Pollmann-Büttner (3.31) models and for various choices of physical model

parameters. Since the effective masses and static dielectric constant are sensitive to the

structure of the CsPbCl3 lattice (Table 3.3), we consider both sets of parameters determined

by DFT for the high-temperature cubic Pm3m phase and the low-temperature orthorhom-

bic Pnma phase. Furthermore, since the effective band masses derived from DFT may vary

based on the choice of semilocal or hybrid functionals and spin-orbit coupling, we allow for

an uncertainty of ±0.05 in the ratio σ = m∗h/m
∗
e of effective masses commensurate with

variations reported in the literature [219, 209, 165]. In Figure 3.26, we treat the effective LO

phonon energy ELO as a free parameter. This is done not only to exhibit the dependence of

EGS −EX on the LO phonon spectra, but also to show the limit le,h →∞ of the Pollmann-

Büttner model, tantamount to an electron-hole Coulomb interaction weakly screened by the

optical dielectric constant ε∞. Of course, this limit is unphysical from the standpoint of the

underlying continuum polaron theory 4, which assumes weak to intermediate Fröhlich cou-

plings αe,h < 6, but it provides a useful lower bound on the defect-bound exciton ground state

as a function of the choice of electron-hole interaction model [91, 90, 68, 204]. Specifically,

in terms of formulating the effective Hamiltonian (3.28), this limit corresponds to short-

timescale electron-hole interactions against an effectively frozen lattice. We estimate the LO

phonon energy ELO = ~ω̃LO ≈ 26 meV by taking the LO frequency ω̃LO to be the location of

the peak of the loss function Im(−ε(ω)−1) in the mid-infrared [219, 173, 99]. This is close to

the values ≈ 26.5± 1.5 meV found by Carabatos-Nédelec, et al., for CsPbCl3 [35] and ≈ 28

meV found by Sender, et al., for CH3NH3PbCl3 [219]. This apparent independence to the

4Since the kinetic energy terms in the Haken model contain the renormalized polaron masses (3.30), their
curves in Figure 3.26 are cut off before the strong coupling regime.
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identity of the A-site cation is to be expected since LO phonons in ABX3 halide perovskites

within this frequency range correspond to Pb-X stretching modes [219, 173, 155]. In the or-

thorhombic Pnma phase, this predicted value of ELO corresponds to dimensionless Fröhlich

coupling constants αe = 2.37 and αh = 2.30, while the renormalized, reduced exciton-polaron

mass, m̃r = 0.18, compares well with value of 0.20±0.01 reported by Baranowski, et al. [13].

The region of the predicted LO phonon energy ELO, allowing for uncertainty on the order of

the optical phonon bandwidth, is included in Figure 3.26.

Milstein, et al., have reported shallow trap emission at ≈ 50 meV below the excitonic

PL associated with a RE3+ dopant-induced defect state [171]. We find that the Pollmann-

Büttner model parameterized by the effective masses and dielectric constants in the cubic

Pm3m phase predicts EGS − EX to be within 10 meV to this experimental value for most

values of the effective LO phonon energy, with particularly good agreement within the ab

initio range of ELO. When using the heavier effective masses for the orthorhombic Pnma

phase, the exciton is more tightly bound to the defect by an energy difference ≈ 10 meV

lower than the cubic phase. However, for both parameter sets, the Pollmann-Büttner model

predicts a very weak exciton binding energy EX ≈ 5-15 meV for the ab initio range of ELO

(Inset to Figure 3.26) compared to the reported experimental values [13, 75, 111, 290].

The Haken model, with parameters set to the orthorhombic phase, shows better agree-

ment to the reported experimental exciton binding energies in this range. Menéndez-Proupin,

et al., after correcting a problem in their calculation, made a similar observation that the

Haken model better predicted the experimental exciton binding energy in CH3NH3PbI3

[166, 167]. Nonetheless, we find that the Haken model, as expected, predicts a stronger

defect localization energy with EGS − EX on the order of 80 meV. Finally, the case where

V (r12) ∝ 1/ε∞r12 in the Hamiltonian (3.28) and Wannier-Mott exciton binding (3.34) shows

decent agreement to both the doping-induced defect state PL and the experimental exciton

binding energy for the cubic phase, while stronger binding is again found for the orthorhom-

bic phase (Table 3.3). In this case, we also calculate the expectation value of the radius

〈r12〉 for the defect-bound exciton (Table 3.3), verifying for both the cubic and orthorhombic
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phases that, while the spatial extent of the exciton is reduced, it remains sufficiently delocal-

ized to simultaneously couple to both Yb1+
Pb in a local configuration of the fully compensated

complex. As this model possesses the lowest degree of screening among those considered, it

provides a characterization of the exciton length scale in the maximally localized case.

In light of the above discussion, let us make some additional comments on interpreting

these results. First, to simplify the variational problem defined by (3.28), we have neglected

the role of the Yb1+
Pb pair in exciton localization. It is reasonable to expect, based on electro-

statics, that the addition of Yb1+
Pb will increase the defect-bound exciton ground state energy

and that the OT configuration of the fully compensated complex should have marginally

stronger binding relative to the CL configuration. Thus, our model predictions should pro-

vide an approximate lower bound on the ground state energy of the exciton bound to the full

defect complex, and this is generally what we find in comparing to the shallow trap emission

reported by Milstein, et al. [171].

Whether polaronic effects are fundamental to the interpretation of the experimental data

remains somewhat of an open question. We found, for instance, that a simple Coulombic

electron-hole interaction screened by the optical dielectric constant seems to account for

the essential contributions to both the experimental localization energy and the exciton

binding energy. However, justification of this model relies on an accurate assessment of the

relevant time scales involved in the experimental technique and the exciton lifetime. At

very short times (. 200 fs), the exciton should only be subject to screening by electronic

degrees of freedom, while screening by lattice polarization becomes relevant at longer times

[165, 249, 42, 167, 13, 76]. Indeed, Miyata, et al., found that large polaron formation occurred

on a time scale of 0.7 ps in CsPbBr3 [173]. In contrast, energy transfer from the exciton

to the RE3+ dopant-induced defect state occurs on a time scale of a few picoseconds, while

energy transfer to the Yb pair occurs on the order of a few nanoseconds, suggesting that

ionic contributions to the dielectric screening should be considered [171, 127, 212].

It has been argued that transmission measurements based on high-field magneto-optical

response, for which the high cyclotron frequency is expected to decouple charge carrier motion
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from lattice polarization, can lead to overestimations of the experimental exciton binding

energy by factors of 3-4 for methylammonium lead halide perovskites CH3NH3PbX3 [76, 172,

249, 32]. Similar behavior can be expected for the class of inorganic lead halide perovskites

CsPbX3, as the electronic structure and dielectric screening are largely determined by the

[PbX3]1− sublattice [173, 279]. However, the magneto-optical measurements of the exciton

binding energy reported by Baranowski, et al., [13] should be robust against this error since

the authors explicitly extrapolate to the zero-field limit, following the earlier studies [172,

279]. Their reported values are further substantiated by the similar values obtained by

Zhang, et al., [290] using absorption spectroscopy.

Recent theoretical work by Filip, et al., [69] found that LO phonon screening could

account for a significant fraction of the discrepancy between experimental exciton binding

energies in orthorhombic CsPbX3 and the overestimated values predicted by the ab initio

Bethe-Salpeter equation (BSE), which traditionally included only electronic screening effects

[29, 253]. Moreover, they established that an isotropic, parabolic band approximation was

sufficient to capture the lowest-order phonon screening contribution ∆EX to the BSE exciton

binding energy due to Frölich-type electron-phonon interactions, leading to the analytic

expression

∆EX = −2ELO

(
1− ε∞

εs

) 3 +
√

1 + ELO

EX(
1 +

√
1 + ELO

EX

)3 . (3.38)

By ignoring the electronic band dispersion entirely [69], this correction further simplifies to

∆EX = −2

(
1− ε∞

εs

)
EXELO

EX + ELO

. (3.39)

For the Pnma phase (Table 3.3), we find that the correction (3.38) brings the Wannier-

Mott value (3.34) for the exciton binding energy to within 10 meV of the value reported by

Zhang, et al., [290]. Furthermore, it is interesting to note that the dispersionless correction

(3.39) yields close agreement to the exciton binding energy predicted by the Haken model

(E
(H)
X ≈ 58 meV). This correction (3.39) is also commensurate with the shift in EGS predicted
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by the Haken model relative to the electronically screened V (r12) ∝ 1/ε∞r12 model in (3.28).

Thus, it is entirely plausible that phonon screening provides a significant contribution to the

defect-bound exciton ground state, as well as to the stability of the free exciton. While we

find that there is relatively little difference between the Haken model prediction of EGS−EX
compared to the electronically screened model, a lower exciton binding energy would imply

a higher rate of thermal dissociation and could entail greater competition from alternative

pathways for carrier recombination. This may be reasonable given that Roh, et al., did not

observe excitonic PL in their SC sample over a broad range of temperatures and suggests that

upstream energy losses are reduced in NCs, which exhibited higher PLQYs [212]. Finally, our

finding that charge compensation increases the total concentration of V2−
Pb with increasing

Yb incorporation (Section 3.4.3) would then explain why Milstein, et al., do not observe

shallow trap emission without RE3+ doping [171].

3.4.5 Additional Computational Details

All first-principles calculations in this work were carried out using the Vienna Ab-Initio

Simulation Package (VASP) [125, 124]. Plane-wave, Kohn-Sham density functional theory

calculations employed the all-electron projector-augmented wave (PAW) method in the gen-

eralized gradient approximation (GGA) with the semilocal PBEsol functional [121, 28, 198].

In the pseudopotentials, 9 electrons of Cs (5s25p66s1), 4 electrons of Pb (6s26p2), and 7

electrons of Cl (3s23p5) were treated as valence electrons, while 13 f -state electrons in the

[Xe]4f 146s2 valence configuration of Yb were treated as frozen core states. Blocked Davidson

iteration was used to optimize the electronic degrees of freedom. A plane-wave basis cut-off

was set to 400 eV, and a Gamma-centered k-point mesh was used for Brillouin-zone integra-

tion [176]. Only the Gamma-point was included in the 360 site defect supercell calculations

(3×3×2 supercells of the 20 atom Pnma unit cell), while a 4×4×2 k-point mesh was used

for Pnma unit cell calculations. The conjugate gradient algorithm was used for structural

optimization, and the volume, shape, and atomic positions were relaxed until interatomic

Hellmann-Feynman forces were less than 0.01 eV/Å. Because Hellmann-Feynman forces are
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derived from the occupied valence states of the system and Pb p-states primarily contribute to

the conduction band, we ignored spin-orbit coupling in relaxing atomic structures. However,

spin-orbit coupling was included in deriving bulk effective masses and dielectric constants.

Molecular dynamics (MD) trajectories were calculated with VASP using the Nosé-Hoover

thermostat and NVT ensemble for 100 time steps (2 fs each) at a temperature of 300 K.

PDFs were generated by convolving the distribution of pairwise distances with a Gaussian

distribution with standard deviation of 0.5 Å and averaging over the MD trajectories.

Corrections to defect formation energies were computed with the help of the PyCDT

and Pymatgen programs with suitable modifications [31, 191]. Bulk effective masses were

derived from the computed band structures of the cubic Pm3m and the orthorhombic Pnma

perovskite phases of CsPbCl3 in the parabolic band approximation using weighted least-

squares fitting as implemented in the Effmass program [274]. Additional normal mode

and phonon spectra analysis utilized the Phonopy program [250]. Visualizations of atomic

structures were generated using the VESTA program [174].

Variational ground states to the effective Hamiltonian (3.28) were determined according

to the following procedure. The variational optimization problem with wave function anzatz

(3.32) can be formulated as a generalized eigenvalue problem,

Hc = ESc , (3.40)

where c is the eigenvector of linear variational coefficients ci in (3.32) associated with the

minimal eigenvalue E. Hamiltonian matrix elements H and overlap integrals S,

Hij = 〈ψi|Ĥ|ψj〉 , (3.41)

Sij = 〈ψi|ψj〉 , (3.42)

can be computed analytically for the class of exponentially correlated wave functions (3.33)

by taking repeated derivatives of the fundamental Calais-Löwdin integral,
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Γ0,0,0(α, β, γ) =
2

(α + β)(α + γ)(β + γ)
, (3.43)

with respect to the nonlinear variational coefficients (α, β, γ) [33, 92]. An integral of order

l,m, n ≥ 0, defined as

Γl,m,n(α, β, γ)

=
1

8π2

∫
dr1dr2r

l−1
1 rm−1

2 rn−1
12 e−αr1−βr2−γr12 , (3.44)

is thus given by

Γl,m,n(α, β, γ) = 2l!m!n!
l∑

l′=0

m∑
m′=0

n∑
n′=0

(
m−m′+l′

l′

)(
l−l′+n′

n′

)(
n−n′+m′

m′

)
(α + β)m−m′+l′+1(α + γ)l−l′+n′+1(α + β)n−n′+m′+1

.

(3.45)

The optimization of linear and nonlinear variational parameters were handled self-consistently

by the repeated iteration of two fundamental steps. Initially, nonlinear variational param-

eters were chosen by quasirandom tempering within the finite intervals α
(0)
i ∈ [A1, A2],

β
(0)
i ∈ [B1, B2] and γ

(0)
i ∈ [G1, G2],

α
(0)
i = (A2 − A1)

{
1

2
i(i+ 1)

√
p1

}
+ A1 (3.46)

β
(0)
i = (B2 −B1)

{
1

2
i(i+ 1)

√
p2

}
+B1 (3.47)

γ
(0)
i = (G2 −G1)

{
1

2
i(i+ 1)

√
p3

}
+G1 , (3.48)

where pj are distinct prime numbers [246, 230, 240]. For a given set of nonlinear parameters,

the linear coefficients ci were then determined by solution to the generalized eigenvalue prob-

lem (3.40). For a given solution ci, the nonlinear parameters (αi, βi, γi) were subsequently

refined using the Multi-Level Single-Linkage (MLSL) global optimization algorithm with a
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series of multi-start local optimizations using the Bound Optimization BY Quadratic Approx-

imation (BOBYQA) algorithm, as implemented in the NLopt package [116, 117, 205, 115].

The finite bounds (Ai, Bi, Gi) on the nonlinear parameters were determined by finite grid

search. Variational wave functions with up to 15 basis terms were found give sufficiently

converged results.

3.5 Summary

In this chapter, we used coarse-grained lattice Hamiltonians, trained on DFT data, and

Monte Carlo simulation to study halide ordering in mixed halide perovskites. For binary

halide alloys where the constitutive halides occupy neighboring rows in the periodic table, we

have located miscibility gaps well below room temperature. Nonetheless, we found that some

degree of layered halide ordering persists at room temperature, which leads to particularly

facile Br → I halide exchange when the Br fraction is less than 50 %. We then considered

the effects of Mn-doping on Cl/Br mixing, where Monte Carlo simulation revealed room

temperature phase separation into Mn- and Cl-rich domains. This was, furthermore, found

to be consistent with experimental observations of Mn EPR-signal quenching under Cl→ Br

exchange [225]. These results suggest that even isovalent, substitutional cationic impurities

interact nontrivially with the surrounding perovskite matrix atoms and may readily order at

room temperature. Indeed, the observation of spinodal decomposition of Mn-ordered phases

in pure halide material suggests a nontrivial role is played by the transfer of partial charge

between naively electrostatically identical ions. Moreover, the apparent anion-dependence

of cation distributions in halide binaries has potential ramifications for the effective tuning

of the electronic and photophysical properties of doped perovskites.

The fortuitous energy matching between the band gap of CsPb(Cl1−xBrx)3 and f -f tran-

sitions in Yb enables the surprisingly efficient sensitization of Yb luminescence via quantum

cutting [170]. A steady accumulation of experimental evidence points to the role played by

(2YbPb + VPb)0 defect complexes in facilitating these quantum cutting processes, where a

shallow doping-induced defect state localizes a photogenerated charge carrier and the spa-
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tial proximity of pairs of Yb allows for simultaneous energy splitting and NIR emission of

pairs of photons [171, 127, 212, 64, 48, 44, 170]. However, atomistic details of the defect

structure, its expected concentration and its coupling to the surrounding perovskite material

have remained largely undetermined. To that end, we have attempted to resolve some of

these details using density functional theory and various effective models for defect forma-

tion and charge carrier localization. We found, for instance, that YbPb + VPb complexes

and their constituent point defects introduce only shallow defect levels into the electronic

structure of the material. While Cl vacancies form deeper amphoteric defect states, their

predicted concentration is limited under the experimentally relevant Cs-rich, moderately

Pb-poor synthesis conditions. Increasing Yb incorporation under these conditions was also

found to increase the concentration of Pb vacancies and YbPb + VPb complexes via charge

compensation. Together, these results are consistent with the hypothesis that high PLQYs

in Yb:CsPbCl3 are driven by (2YbPb + VPb)0 defect-mediated quantum cutting [171].

We observed that various configurations of the (2YbPb + VPb)0 defect complex possess

favorable binding energy, where orthogonal motifs are marginally more stable than collinear

ones. Screened electrostatic interactions account for most of the complex binding energy,

while patterns of local bonding and induced strain provide additional contributions to the

small energetic differences between local motifs. We have further characterized, on the basis

of a self-consistent thermodynamic model of defect concentrations, how both charge and

strain compensation between V2−
Pb and Yb1+

Pb limits the change in lattice volume under Yb-

doping, which may account for the lack of appreciable shifts in XRD data between undoped

and Yb-doped CsPbCl3 [171, 127, 212, 48, 44, 170]. Using this thermodynamic model and

Monte Carlo sampling, we approximated the room-temperature spatial distribution of Yb1+
Pb

relative to Pb vacancies as a function of material composition. While the fraction of Yb

in local configurations of 2YbPb + VPb grows monotonically with either increasing Yb in-

corporation or increasing Cs:Pb composition, a significant fraction of Yb exists in partially

dissociated configurations. Importantly, while these local configurations are conjectured to

be the active quantum cutters in the system, TRPL measurements in Yb:CsPbCl3 suggest
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that they are not the dominant Yb defect species [212, 64].

Finally, we noted that orthogonal (2YbPb + VPb)0 defect motifs, compared to collinear

motifs, showed marginally stronger Pb-site localization of the DFT electron density associ-

ated with the (0|−1) charge transition level. Conversely, collinear motifs exhibited marginally

stronger charge localization on Cl sites near the Pb vacancy for the (1|0) transition, which

fills a valence band hole. Nonetheless, charge remained essentially delocalized in these su-

percell calculations, and given the potential relevance of phonon screening and large polaron

formation, we resorted to an effective few-body Hamiltonian to scrutinize the role of Pb

vacancies in localizing photogenerated charge carriers in the system. Variational ground

state calculations predicted shallow defect-bound exciton states with energies lower than the

free exciton binding energy in qualitative agreement with the experimentally observed RE3+

dopant-induced shallow trap emission [171, 127, 212]. However, we found notable quan-

titative disagreements between choices of effective electron-hole interaction with electronic

structure parameters determined from DFT. While the inclusion of polaronic effects via the

Haken model predicts relatively strong binding to shallow, double acceptor states, it also

provides, among the considered models, the best approximation to the experimental exciton

binding energy in the low-temperature Pnma phase. Reconciling the predicted localization

energy of the defect-bound exciton with the value measured from RE3+ dopant-induced shal-

low trap emission likely requires a full treatment of the entire 2YbPb + VPb defect complex.
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Chapter 4

MACHINE LEARNING TENSOR NETWORKS FOR
MATERIALS PROPERTY PREDICTION

Rapid advances in electronic structure methods and computational resources have en-

abled high-throughput ab initio calculations of solids and molecules over broad classes of

chemistries and structures. Much of this work has been motivated by a pressing need to

expand the tools for engineering new materials with desirable properties, with applications

ranging from drug design to optoelectronics, energy storage, and quantum computing. First-

principles calculations, in particular, play a crucial role in mapping the atomistic structure

and composition of a material to fundamental properties such as ground state energies,

potential energy surfaces, band structures and optical excitation spectra. However, a full

exploration of materials design space is plagued by various well-known curses of dimension-

ality. These include the exponential scaling of many-body Hilbert spaces and the associated

computational complexity of solving the many-body Schrödinger equation, as well as the

combinatorics of decorating finite and periodic lattices by various chemical species. While

density functional theory (DFT) and many-body perturbation theory (MBPT) have seen nu-

merous successes in addressing the former, they can still present large computational barriers

to address the latter.

In recognition of this challenge, the development and application of machine learning

techniques to produce accurate and computationally efficient surrogate models of ab initio

calculations has become a very active area of research [21, 14, 248, 222, 108, 221, 59, 277,

22, 186, 239, 130]. Broadly speaking, the success of these techniques depends on the iden-

tification of a sufficiently descriptive feature space which captures the variance of the data

one wishes to model. Much progress has been made recently in identifying and engineering
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feature spaces which accurately represent local atomic environments and can be used as in-

puts to standard machine learning algorithms. Efficient representations are often achieved

by constructions that respect physical symmetries, such as invariance to global rotations,

translations and permutations of identical chemical species. For the class of atom-centered

representations based on expansions of atomic densities, symmetry is incorporated either by

directly constructing invariant polynomials, as is the case for atom-centered symmetry func-

tions (ACSFs) [21] and moment tensor potentials (MTPs) [222], or by explicit integration

over relevant symmetry groups, as exemplified by the smooth overlap of atomic positions

(SOAP) [14] and spectral neighbor analysis potentials (SNAP) [248]. To a large extent,

instances in this class of atom-centered representations correspond to different choices of

basis sets in an abstract N -body Hilbert space [277], and the hierarchy of N -body features

has recently been shown to be organized in the so-called atomic cluster expansion (ACE)

framework [59, 60, 9, 150].

It is worth mentioning that an alternative to extensive feature engineering is to employ

a so-called end-to-end approach, in which inputs to the model are minimally processed, and

the relevant feature space is learned by the model architecture during the course of training.

Examples of this approach in materials informatics include SchNET and Euclidean neural

networks and graph network methods such as Crystal Graph Convolutional Neural Networks

(CGCNN), MEGNET, and DIMENET. However, in the absence of prior feature engineering,

training accurate deep learning models becomes difficult when the amount of data is limited.

Thus, from a practical standpoint, balancing the bias and complexity of a model between

the two extremes of extensive feature engineering and highly flexible model architectures is

often influenced by the availability of training data. Strictly end-to-end deep learning can

require substantially more data when correlations between features are complex, while naive

application of parametrically efficient features can lead to a model which generalizes poorly

on new inputs. Of course, the strict distinction between these two extremes can be somewhat

arbitrary: the latent space encoded by the hidden layers of a deep learning architecture can

be thought of as a kind of renormalized feature space, subject to its own forms of bias
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through choices of hyperparameters, regularization schemes and architectural topology. To

that end, certain deep model architectures may possess better so-called inductive bias [15]

over a given dataset, more efficiently prioritizing the search space of solutions when their

structure reflects the pattern of correlations in the feature space.

Interesting connections between inductive bias and feature correlations have grown out of

recent efforts to introduce techniques from the study of quantum entanglement and strongly

correlated quantum many-body systems to the field of machine learning. Specifically, tensor

network methods have been successfully applied to supervised and unsupervised learning

tasks in computer vision and natural language processing and have provided a basis for ana-

lyzing the expressiveness of common deep learning architectures based on their entanglement

properties. Indeed, a general argument for the effectiveness of tensor networks in machine

learning contexts is that the pattern of entanglement encoded in the network can efficiently

represent the pattern of correlation in the feature space of the data.

In this chapter, we argue for the applicability of tensor networks in machine learning

structure-property models of materials. This problem is addressed from two directions: we

show how both the construction of an input feature space and of an associated machine

learning architecture can be formulated in the language of tensor networks. In Section

4.1, a large class of atomic structure representations, corresponding to the SO(3)-invariant

tensor basis set of the (smoothed) atomic cluster expansion (ACE), are shown to admit

a natural tensor network description. An immediate consequence of this rewriting is that

the equivalence classes and the recursive construction of the hierarchy of N -body ACE basis

tensors become transparent in the graphical notation of the tensor network. In Section 4.2, we

show how common tensor network factorizations for the weights of a machine learning model

can be naturally built on top of individual ACE basis tensors. We discuss the relationship

between this approach and kernel learning, and in particular how certain tensor networks

can realize a form of alchemical learning by coupling information between the local atomic

structure and the chemical elements within it. We also comment on how the introduction

of copying and merging operations in tensor network structures can be used to introduce
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higher-order correlations from fixed N -body features, akin to the construction of nonlinear

kernels.

In Section 4.3, we benchmark some of the proposals from Sections 4.1 and 4.2 using a

widely available dataset of density functional theory calculations of band gaps and formation

energies of transparent conducting oxide alloys. For concreteness, we use input features corre-

sponding to the commonly used SOAP power spectrum and study the learning performance

of different tensor network factorizations of the model weights on training sets of various

sizes. Compared to standard kernel learning methods and fully-connected neural networks,

we find that models based on matrix product states (MPS) and matrix product operators

(MPO) show strong generalizability and parametric efficiency, with notable performance

on small training sets. We subsequently study the entanglement properties of the trained

networks and find signatures of high entanglement complexity consistent with the models’

strong generalizability. We also provide some evidence that the latent spaces learned by the

hidden layers of the networks are able to capture physically relevant structural and chemical

information, and we utilize this insight to effectively compress the input basis tensors.

4.1 SO(3)-Invariant Atomic Representations

In this work, we are concerned with the prediction some atomic property V given a config-

uration {ri} of N atomic species. For simplicity, we will restrict to the case where V is a

scalar, such as the total energy or band gap of the system, but extensions to vectorial and

tensorial properties are discussed in Appendix 4.4.4. We begin, following the discussions

and derivations in [59, 150], by formulating of a coarse-grained model given by a sum of

local terms, V = V (0) +
∑

i Vi, where the local property Vi associated with atom i can be

approximated by expanding in terms of local n-body interactions V (n):
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Vi = V (1)(ri) +
1

2

∑
j

V (2)(ri, rj)

+
1

3!

∑
jk

V (3)(ri, rj, rk) + · · · (4.1)

Requiring consistency with fundamental symmetries introduces constraints on the form of

the interactions. For instance, translation invariance leads to atom-centered functions of the

form V (ν+1)(rj1i, . . . , rjν i), where rji = rj − ri can be thought of as an effective bond from

the central site i to a site j in its relative environment. Interaction terms can be further

decomposed by projecting onto an appropriate ν-order basis set Φs1,s2,...,sν ,

V (ν+1)(rj1i, . . . , rjν i) =∑
{s}

Js1,s2,...,sνΦs1,s2,...,sν (rj1i, . . . , rjν i) , (4.2)

with general interaction coefficients Js1,s2,...,sν . A crucial insight from the recent development

of atom-centered descriptors [14, 59, 277, 9] is that an efficient representation of atomic

environments can be obtained by a low-rank approximation of the Φs1,s2,...,sν cluster basis in

terms of a single-bond basis φsk(rjki),

Φs1,s2,...,sν (rj1i, . . . , rjν i) =
ν∏
k=1

φsk(rjki) , (4.3)

combined with a reorganization of the summations in (4.1) and (4.2),

∑
j1···jν

Φs1,s2,...,sν (rj1i, . . . , rjν i) =
ν∏
k=1

Ai,sk . (4.4)

Formally speaking, the atom-centered descriptor Ai,s can be understood as the expansion

coefficients of the local atomic density σi in an abstract atom-centered Hilbert space |s〉 ∈ V ,

|σi〉 =
∑
s

Ai,s|s〉 . (4.5)
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In practice, the real-space atomic density for a given atomic environment is approximated

by a superposition of localized functions h,

〈αr|σi〉 =
∑
j 6=i

δααjfc(rji)h(r− rji) , (4.6)

where species αj occupies site j and fc(rji) is a smooth cutoff function that restricts the

sum to some local environment of atom i. In the original ACE formalism [59], h is chosen

to be a delta function, whereas in the SOAP and SNAP formalisms [14], h is chosen to be a

Gaussian.

The atom-centered basis (4.5) is not generally invariant under action of the rotation

group G = SO(3). Rather, according to Maschke’s theorem, the atom-centered Hilbert

space V decomposes into a direct sum of irreducible representations (“irreps”) of SO(3),

V ∼=
⊕

lDl ⊗ Vl, where Vl is the subspace of the irrep l = 0, 1, 2, . . . , and the degeneracy

space Dl contains additional degrees of freedom (e.g., atomic species α and purely radial

components n) which are untouched by the group action. The generic indices, s, of the

single-bond basis functions can thus be replaced by the set (αnlm), where −l ≤ m ≤ l labels

components of the irrep subspace Vl, and the angular momentum channels of the real-space

single-bond basis correspond to spherical harmonics Y m
l (r̂),

〈r|αnlm〉 = φαnlm(r)|α〉 = Rnl(r)Y
m
l (r̂)|α〉 . (4.7)

The expansion of the local atomic density centered on site i can thus be written as

|σi〉 =
∑
αnlm

Ai,αnlm|αnlm〉 , (4.8)

where the atom-centered descriptors are given by

Ai,αnlm = 〈αnlm|σi〉 (4.9)

=

∫
R3

dΩ Rnl(r)Y
m
l (r̂)〈αr|σi〉 . (4.10)
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Furthermore, the reorganized (ν + 1)-body expansion (4.4) is equivalent to a product state

formed by repeated copies of the density |σ⊗νi 〉 :=
⊗ν |σi〉,

ν∏
k=1

Ai,αknklkmk = 〈α1n1l1m1 · · ·ανnνlνmν |σ⊗νi 〉 . (4.11)

The expressions (4.8) and (4.11) suggest that each term in the ν-order series expansion ad-

mits a natural description in terms of a tensor network (TN) for the states |σ⊗νi 〉. In the

following, we will consider an associated graphical calculus which incorporates the SO(3)

representations carried by the tensors, Ai,αknklkmk , which will be useful in explicitly con-

structing SO(3)-invariant descriptors. In particular, the formalism presented below closely

follows recent treatments of symmetric tensor networks [226, 227, 216, 26] and the earlier,

related development of spin networks [196, 187] from angular momentum recoupling theory

1.

4.1.1 Graphical calculus for atomic descriptors

Working with explicit expressions for tensor product spaces can quickly become cumbersome

as the order ν increases, and this is particularly true when the tensor space possesses a

complex internal structure, as is the case for working with SO(3) symmetry. However, much

of the algebraic structure can be encapsulated in a consistent graphical notation, which we

utilize in the following. In the standard diagrammatic notation of tensor networks (Appendix

4.4.2), the basic atom-centered descriptor Aαnlm, as a 4-index tensor, can be represented by

a shape with 4 open edges (Figure 4.1). Note that an arrow is added to the edge carrying

the irrep space, Vl, of the symmetry group to distinguish it from its dual vector space, V∗l ,

and we will subsequently drop the atom site index i for simplicity. Regular representations

of SO(3) are given by the unitary Wigner D-matrices, D
(l)
m′m(g), and the action of D

(l)
m′m(g)

on the atom-centered basis is given by contraction with A along the irrep edge, i.e., by

1Most of the graphical machinery discussed below carries over more generally to other symmetric tensor
categories, of which finite-dimensional representations of SO(3) are an example.
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∑
mD

(l)
m′m(g)Aαnlm (cf. Appendix 4.4.2).

Figure 4.1: Basic graphical components for the construction of invariant descriptors, includ-

ing (a) atom-centered descriptors (4.10), (b) Wigner D-matrices, and (c,d) Clebsch-Gordan

coefficients as fusion and splitting nodes.

A ν-order product state of multiple A-tensors (4.11) is depicted simply by a row of dis-

connected A’s. This ν-order product state is not invariant under three-dimensional rotations,

U⊗νg |σ⊗νi 〉 6= |σ⊗νi 〉. However, it can be made so by explicitly taking the Haar integral over

g ∈ SO(3), |σ⊗νi 〉g :=
∫
g
U⊗νg |σ⊗νi 〉, since the homomorphism Ug1Ug2 = Ug1g2 extends to the

tensor product space. In tensor components, this symmetrized descriptor is given by

〈α1n1l1m1 · · ·ανnνlνmν |σ⊗νi 〉g

=

∫
g∈SO(3)

dg

ν∏
k=1

〈αknklkmk|Ug|σi〉 , (4.12)

where, upon insertion of resolutions of identity, one obtains a tensor product of Wigner D-

matrices, D
(l)
mm′(g) = 〈lm|Ug|lm′〉, acting on the A-tensors. An explicit formula for (4.12) can

be computed by introducing the intertwiners of the symmetry group, the Clebsch-Gordan

(CG) coefficients, into the basic building blocks of the graphical calculus (Figure 4.1). We
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outline this derivation in Figure 4.2 for the case ν = 3, but it can be extended by induction to

all ν. In particular, repeated application of the CG identities and their equivariance (Figure

4.20) reduces (4.12) to a single Wigner D-matrix contracted with recursively constructed

fusion trees of CG coefficients. A single, invariant irrep edge must transform as the trivial

representation, hence the Haar integral projects the final D-matrix-decorated edge onto the

trivial irrep space. We distinguish an edge carrying the trivial representation (l = 0) by a

dashed line. Because the trivial representation is one-dimensional (m = 0) 2, symmetrization

yields two disconnected diagrams, which we label Q and B (see below).

Figure 4.2: The explicit symmetrization (4.12) of a (ν+1)-body product state (4.11) derived

from the algebraic rules of SO(3)-recoupling theory. For simplicity, the edges (αnl) are not

shown.

A few comments are in order. First, the pattern of contractions encapsulated by the

structure of the fusion trees in Figure 4.2 represents an implicit choice of recoupling scheme.

2More generally, the trivial representation is the unital object in category Rep(G) of representations of
the group G.
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Different choices of recoupling scheme are possible and are related to each other by unitary

transformations, i.e., the so-called F -symbols (cf. Appendix 4.4.3). Second, symmetrization

of ν-order product states for ν > 2 introduces summations over intermediate angular mo-

menta l′, which we represent explicitly, while contractions of irrep edges imply summation

over the corresponding magnetic numbers m′. Finally, this direct symmetrization yields the

so-called Jucys-Levinson-Vanagas (JLV) theorems [237], also referred to as the generalized

Wigner-Eckhart theorem [51, 226, 227, 216]. Accordingly, a symmetric, n-index tensor T de-

composes into a tensor product, T = B⊗Q, of a structural tensor Q determined completely

by the symmetry group and of a degeneracy tensor B. The structural tensor Q, given by a

fusion tree of CG coefficients, is known in other contexts as a spin network [196, 187]. In the

spirit of the original Wigner-Eckhart theorem, the degeneracy tensor B is equivalent to the

“reduced matrix element” of the decomposition and encapsulates the degrees of freedom not

fixed by the symmetry group [51]. This is shown explicitly in Figure 4.4, where the {αknklk}

edges remain open.

Figure 4.3: (a) The ν-order hierarchy of SO(3)-invariant descriptors in terms of recursively

constructed fusion trees. (b) Higher order tensors with trivial intermediate irreps factorize

into products of lower order tensors.
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The B-tensors constitute the set of SO(3)-invariant descriptors which form the basis of the

ACE framework. In the recoupling scheme chosen in Figure 4.2, the ν-order series of invariant

tensors is given by the contraction of ν atom-centered tensors A with the appropriate fusion

tree (Figure 4.3), and invariance is thus manifested by mapping the tensor product of ν

irreps to the trivial representation. It is readily apparent that invariant descriptors with

trivial intermediate irreps factorize, e.g., B
(4)

l′1=0 = B(2) ⊗ B(2). Moreover, this construction

can be generalized [60] to SO(3)-equivariant descriptors B
(ν)
L by allowing the tensor product

of ν irreps to fuse to a non-trivial representation L, where the open L edge of the fusion

tree carries the dimension of the irrep, 2L + 1. Higher-order SO(3)-equivariant descriptors,

B
(ν+1)
L , can be built recursively from lower orders B

(ν)
L′ ⊗ B

(1)
L′′ by contracting with the so-

called cup and cap tensors (normalized 2jm symbols), which diagrammatically enable the

orientation of irrep edges to be reversed. This recursive construction is discussed in more

detail in Appendix 4.4.4. In the following sections, we will represent the invariant ACE basis

tensors B(ν), as in Figure 4.4, by suppressing the fusion trees.

Figure 4.4: Simplified representation of an invariant descriptor with fixed SO(3)-recoupling

scheme.

We give explicit formulae [59, 60] for the first few invariant descriptors, while higher order

B(ν) can be constructed via the recursive procedure outlined in Appendix 4.4.4 or simply

read off of the corresponding fusion tree:
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B(1)
αn = Aαn00 (4.13)

B
(2)
α1α2
n1n2l

=
l∑

m=−l

(−1)l−m√
dl

Aα1n1lmAα2n2l−m (4.14)

(B(3))α1α2α3
n1n2n3
l1l2l3

=
∑

m1m2m3

(−1)l3−m3√
dl3

C
(l1l2l3)
m1m2−m3

× Aα1n1l1m1Aα2n2l2m2Aα3n3l3m3 (4.15)

Here, dl = 2l+1 is the dimension of the irrep, and the angular momentum coupling in (4.15)

can be rewritten in terms of the Wigner 3jm symbol, as in [59]. As expected, the ν = 1 term

loses all angular information after integrating over the SO(3) rotation group. Hence, accurate

expansions of atom-centered properties typically require higher-order terms. In the ν = 2, 3

terms, one finds the SOAP power spectrum and bispectrum, respectively [14, 59]. In a real-

space basis, these ν-order invariants can be understood as spherical moments of the bond

distribution centered on atom i. For ν = 1, this corresponds to spherically averaging over

a single bond rj1i, which yields a completely isotropic function depending only on the bond

length. The power spectrum, ν = 2, measures the correlation between pairs of bonds (rj1i,

rj2i), where spherical averaging over the local environment results in a function depending on

the bond lengths (rj1i, rj2i) and the relative angle, r̂j1i · r̂j2i, between bond vectors. Similarly,

a real-space projection of the bispectrum, ν = 3, depends only on three bond lengths (rj1i,

rj2i, rj3i) and the relative angles between each pair of bond vectors.

4.2 Tensor Network Learning

The SO(3)-invariant, atom-centered descriptors B
(ν)
i can be used as input features for a

variety of machine-learning methods. In the ACE formalism, this amounts to recasting the

expansion (4.1) in the symmetrized basis,
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Vi =
∑
ν

w
(ν)
i ·B

(ν)
i

=
∑
ν

∑
{αknklk}

w
(ν)
i{αknklk}B

(ν)
i{αknklk} , (4.16)

where the model weights w
(ν)
i are fully contracted with the free edges, {αknklk}, of the

invariant descriptors. As dense tensors, the size of the weights w
(ν)
i scale as O(|α|ν |n|ν |l|ν)

with the number of chemical species |α| and the number of radial |n| and angular momentum

|l| channels included in the input descriptors.

Figure 4.5: (ν = 2)-order term in the ACE expansion as an inner product between the

descriptor state, |B(ν)
i 〉, and a learnable state, |ψ(ν)

i (w)〉.

It is clear from (4.16) that each ν-order term can be understood as an inner product,

〈ψ(ν)
i (w)|B(ν)

i 〉, between the invariant basis states |B(ν)
i 〉 (the reduced part of the symmetrized

state |σ⊗νi 〉g) and a state |ψ(ν)
i (w)〉 which depends on a set of learnable parameters w (Figure

4.5). We can generalize this construction by considering a tensor network ansatz for |ψ(ν)
i (w)〉,

where the topology of the network encodes the entanglement structure of the state. Taking

inspiration from the application of tensor networks in quantum physics as low-rank approxi-

mations of many-body ground states, tensor network factorizations of the model weights will

be used to constrain the correlation structure between the tensor elements {αknklk} of the

input descriptor. We will find that this acts as an implicit method to regularize the model

fitting [185].

Since there is no inherent geometric relationship between the positions of the descriptor

indices, we consider factorizations which preserve their order. To maintain generality, we
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will primarily examine factorizations built from matrix product states (MPS),

|ψ(N)〉 =
∑

s1,...,sN

as11 · · · a
sN
N |s1 · · · sN〉 , (4.17)

and matrix product operators (MPO),

T̂ (N) =
∑

s1,...,sN
s′1,...,s

′
N

M
s′1s1
1 · · ·M s′NsN

N |s′1 · · · s′N〉〈s1 · · · sN | (4.18)

where askk and M
s′ksk
k are χk×χk+1 matrices, which constitute the learnable model parameters.

Note that because the input descriptors and target properties are real-valued, the tensors ak

and Mk will also be real-valued. The internal bond dimensions χk are often referred to as

virtual dimensions, and the physical indices sk denote either a descriptor index {αk, nk, lk}

or a generic, internal vertical bond. MPS and MPO tensor networks are shown in Figure 4.6

for the case of finite virtual boundary conditions, χ1 = χN = 1. For simplicity, we will set all

virtual dimensions to be equal, χk = χ, except for the boundary edges. As discussed further

in Section 4.3, the virtual dimensions impose upper bounds on the bipartite entanglement

entropies of the state |ψ(ν)〉.

Figure 4.6: Tensor network representations of (a) a matrix product state (MPS) and (b) a

matrix product operator (MPO).

It is useful to note that the sequential application of several MPOs to an arbitrary prod-

uct state |0〉⊗N is equivalent to evolving the state by a finite-depth, variational quantum

circuit in the case where each MPO is a unitary operator. If each MPO possesses bond

dimension χ, then contraction of nd MPOs with an arbitrary product state yields an MPS
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with bond dimension χnd (Figure 4.7a). This can be an efficient way to achieve an MPS

with large effective bond dimensions while mitigating the growth in the number of parame-

ters. For the cases studied in this work, the bond dimensions required to achieve accurate

models remain relatively small, so we take as our starting ansatz a single MPS whose bond

dimensions are treated as hyperparameters. Furthermore, since the MPS tensor elements

are real-valued, we optimize them directly, rather than relying on unitary embeddings, using

classical (e.g., stochastic gradient descent (SGD)) rather than quantum algorithms. We will

return to this tensor network / quantum circuit correspondence in our discussion in Section

4.3. To make use of high-performance automatic differentiation and back propagation algo-

rithms commonly employed in deep learning, the bond dimensions will remain fixed during

training. However, certain training methods based on the density matrix renormalization

group (DMRG), which adaptively update bond dimensions, would be interesting to compare.

Figure 4.7: The (a) MPS and (b) MPO models used in this work viewed as the contraction

of several MPOs. In particular, the upper layer on the LHS of the MPS model (a) defines an

embedding of an MPS as an MPO. Learnable model weights are shown in blue, while input

descriptors are shown in green.

While we have focused so far on the construction of learnable states |ψ(ν)〉, we can alterna-

tively formulate the task of learning scalar contributions to the target property Vi in terms of

an expectation value of an MPO, 〈B(ν)
i |T̂ (3ν)|B(ν)

i 〉, with respect to the invariant basis states

|B(ν)
i 〉. This can be thought of as a relaxed version of the Born rule, p(B) = |〈B|ψ〉|2, where

the pure state density matrix, |ψ〉〈ψ|, is replaced by a general mixed state, described by a
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matrix product density operator (MPDO), ρ̂. Indeed, it was shown in [81] within the context

of probabilistic graphical models that locally-purified approximations of MPDOs can repre-

sent a larger class of non-negative tensors than an MPS model of equivalent rank. Because we

are concerned with the prediction of some target scalar which is not necessarily a probability

p(B), we do not enforce non-negativity on the elements of the MPO, T̂ . Nonetheless, we

will provide empirical evidence in Section 4.3 that a similar rank-efficiency relationship may

hold for regression tasks when measured against their performance on unseen data. Again,

while we could in general train a sequence of MPOs, akin to evolving an invariant basis state

back to itself (e.g., similar to the treatment of thermal states as path integrals supported

on a compact manifold [66]), we will instead consider a single MPO with adjustable bond

dimensions (Figure 4.7b).

Figure 4.8: (a) A MPS factorization of a dense tensor can be constructed by the sequential

application of singular value decompositions between groups of edges. The grey diamonds

are matrices of singular values which are subsequently contracted with their neighboring

tensors. (b) An efficient contraction order for an MPS model with factorized inputs, where

the current contracted tensor is shown in purple.

As the order ν and the dimensions of the individual indices of the dense descriptor

tensor increase, its contraction with the variational states |ψ(ν)〉 and operators T̂ (3ν) can
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become computationally demanding. However, this issue can be alleviated by analogously

constructing low-rank, MPS approximations of the states |B(ν)
i 〉. A standard procedure,

shown in Figure 4.8a, is to recursively take singular value decompositions (SVDs) between

neighboring pairs of edges, discard a subset of the lowest singular values (SV), and contract

the corresponding SV matrices with their neighboring tensors. The virtual bond dimensions

of the subsequent MPS is equal to the number of singular values retained at each edge (i.e.,

the Schmidt rank), which controls the accuracy of the approximation. For small enough

bond dimensions, this constitutes a kind of sparsification procedure on the inputs, and we

find in practice (cf., Section 4.3.4) that model accuracy can be maintained with surprisingly

small bonds. With this MPS decomposition, a more efficient contraction scheme (e.g., Figure

4.8b), can be implemented.

4.2.1 Relationship to other methods

In practice, a balance must be sought between the computational efficiency of the model

and the number of input features required to accurately represent the atomic environment.

A common simplification is to restrict the expansion (4.16) to many-body descriptors of

relatively low order. This is, for instance, the strategy employed in Behler-Parrinello (BP)

neural network potentials [21], which use 1-, 2- and 3-body symmetry functions. It is often

the case that features derived from order ν ≤ 3 expansions are able to differentiate the

relevant structural characteristics in a given sample, although certain counterexamples exist

[206]. Furthermore, as noted in Section 4.1, higher-order descriptors contain products of

lower order, which enables accurate models to be built on a fixed-order descriptor [9, 184].

This is the case for kernel-based models utilizing either the SOAP power spectrum (ν = 2)

or bispectrum (ν = 3).

While the expansion (4.16) motivates the systematic introduction of SO(3)-invariant

descriptors, one is not limited to a linear model for the prediction of some atomic property

Vi. Indeed, kernel methods based on SOAP features and neural networks using ACSFs

incorporate general forms of nonlinearity, whether through the choice of covariance kernel
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K(x,x′) in the former, or the structure of the learning architecture in the later. It is worth

dwelling on some essential aspects of kernel-based and neural network-based methods, as

they will serve as further motivation for the tensor network methods introduced above.

In supervised learning, where the goal is to find a function f(x) which approximates a

target quantity y ≈ f(x), a nonlinear function on the inputs xi can be constructed via a

mapping ϕ into a higher-dimensional feature space. Such a mapping allows the function f

to be formulated as a linear model on the feature space, but the computational complexity

of working directly with very large feature vectors ϕ(x) often prohibits their explicit imple-

mentation in machine learning tasks. However, since linear models constructed in a feature

space can be rewritten in terms of an inner product 〈ϕ(x)|ϕ(x′)〉 on that space, Mercer’s

theorem allows one to replace the explicit feature map with a positive, semidefinite kernel

function K(x,x′) = 〈ϕ(x)|ϕ(x′)〉. This so-called kernel trick and the representer theorem

leads to a model of the form f(x) =
∑

awaK(x,xa), where the sum runs over a reference set

of training instances. Note that the cost to evaluate the model scales linearly with the size of

the training set, and thus smaller training sets may generalize poorly to out-of-sample data.

Furthermore, the cost for training the model scales like O(N3) for N training instances.

An advantage of the expansion (4.8) of the local density in the basis of SO(3) irreps is

that it comes equipped with a natural inner product, which induces an inner product on the

SO(3)-invariant tensor product states |σ⊗νi 〉g. Under this induced inner product, the feature

space can be identified with the descriptor space. As a tensor network, the associated kernel

function is given by contracting the open edges of the SO(3)-invariant descriptors B
(ν)
i and

B′
(ν)
j (e.g., Figure 4.10). Note that in kernel-based methods, pairs of local environments in

the kernel function come from different structures, which we distinguish using a prime on the

descriptors. The (smoothed) overlap k
(
B

(ν)
i , B′

(ν)
j

)
:= 〈B(ν)

i |B′
(ν)
j 〉 quantifies the similarity

between atomic environments, and raising this kernel to an integer power ζ enhances its

sensitivity to the differences between those environments. Up to a normalization of the

descriptors, these overlaps yield the class of SOAP kernels upon summing over all sites.

Introducing a power ζ to the overlaps is equivalent to taking a ζ-order tensor product of
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the invariant basis state, |B(ν)
i 〉⊗ζ , which increases the effective many-body character of the

state [277]. We will return to this idea when discussing generalizations of our method below.

Note that these (ν · ζ)-order states do not span the entirety of their SO(3)-invariant tensor

product space but instead correspond to states with trivial intermediate irreps (cf. Figure

4.3).

A dense (fully-connected, feed-forward) neural network (NN) model approximates the

predictor function f(x) = FL · · · FL(x) by an alternating composition of affine maps L(x) =

wx + b and nonlinear activation functions F(·) applied element-wise to their input vectors.

A dense neural network possesses a relatively simple tensor network representation (Figure

4.9), in which the linear weight matrices w are shown as 2-index tensors while the biases b

and activation functions remain implicit. In the case where the SO(3)-invariant descriptor

space is taken to be the input feature space and the activation functions and biases are

chosen to be trivial, this neural network architecture provides a tensor network factorization

of the model weights w
(ν)
i in the ACE expansion (4.16), where the internal bond dimensions

in the tensor network correspond to the number of nodes in the hidden layers of the neural

network, and the output (open) bond has dimension 1 when the target property is a scalar.

Restoring the biases and nonlinear activation functions thus generalizes the linear maps w
(ν)
i .

Since the descriptors are treated as input feature vectors with a multi-index (α1n1l1 · · · ),

the input bond dimension suffers from the same exponential scaling with ν as the original

ACE expansion. For deeper neural networks with many hidden nodes, this can lead to an

exceptionally large number of model weights and a potential risk of overfitting when the

number of training samples is small.

At this point we can draw some connections between the MPO/MPS model in Figure

4.7a and the neural network- and kernel-based methods discussed above. A sequence of

nd MPOs applied to the input descriptors can be viewed as a particular factorization of

the weight matrices w in the nd layers of a dense neural network. For sufficiently small

virtual bond dimensions, this can lead to a substantial reduction in the number of model

parameters [185, 77]. Hence, the tensor network structure can be understood as a form of
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Figure 4.9: A dense neural network as a simple tensor network, where the internal bond

dimensions are determined by the number of nodes in each hidden layer, and the layer-wise

activation functions and biases are implicit.

regularization on the otherwise dense model weights, where the chosen factorization scheme

can enforce a degree of sparsity in the parameters. Moreover, a single MPO applied to an

input state |B(ν)
i 〉 constitutes a mapping from the symmetry-adapted, atom-centered Hilbert

space to a potentially lower dimensional space, |B(ν)
i 〉 → |J

(ν)
i 〉 = T̂ (3ν)|B(ν)

i 〉. Note that since

this operator acts on the reduced tensor elements B(ν) of the SO(3)-invariant subspace, it

commutes with the action of the SO(3) rotation group.

The overlap 〈J (ν)
i |J ′

(ν)
j 〉 is equivalent to a generalized kernel function which couples the

structure of the atomic environments to the chemical species within them. This constitutes

a very general form of low-rank approximation for the “nonfactorizable operators” discussed

in [277]. Indeed, this overlap contains the class of so-called “alchemical” kernels built from

the SOAP power spectrum (Figure 4.10), which have been shown to improve the accuracy

of structural kernel-based methods [53, 276]. Adopting the notation in [277, 276, 53], we

see that the alchemical couplings, καα′ , can be decomposed in a lower-dimensional elemental

basis |s〉, καα′ =
∑

s uαsusα′ . In previous applications of these generalized kernel methods,

the values of these couplings were either chosen explicitly, for instance by incorporating

physical intuition [53, 6], or learned via additional feature selection steps prior to training

the model [276, 110]. Alternatively, by considering general tensor network factorizations of
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the the weights w
(ν)
i , one can work directly with the atom-centered Hilbert space rather than

with distinct pairs of local environments. The above discussion highlights the fact that the

choice of network topology imposes a kind of inductive bias on the model which may be used

as a way to prioritize a certain kind of solution (e.g., an alchemical one) for the predictor

f(x).

Figure 4.10: A low-rank approximation of a generalized structural kernel can be represented

in terms of MPOs. For the appropriate arrangement of physical bonds, this contains the

class of alchemical kernels shown at right.

So far, our construction has focused on tensor decompositions of the weights w
(ν)
i as mul-

tilinear maps. However, as mentioned above, there may be some advantage to introducing

nonlinearity into the model architecture. This could be accomplished analogously to neural

networks by introducing element-wise, nonlinear activation functions at every level. Alter-

natively, following the work of Stoudenmire and Schwab [238], we could construct an explicit

higher-dimensional embedding via a feature map ϕ and work directly with tensor network

factorizations of linear weights ω on the embedding space, f(x) = ω ·ϕ(x), without, as with

kernel methods, passing to the dual vector space. A convenient embedding is formed by a

(unentangled) product state,

ϕ(x) = ϕs1(x1)⊗ ϕs2(x2)⊗ · · · ⊗ ϕsN (xN) , (4.19)

where each element of the input vector x (i.e., the vectorization and standardization of the
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input descriptor B(ν)) is encoded by a local feature map ϕsi(xi). In their original formulation

[238], Stoudenmire and Schwab proposed a class of local feature maps in terms of spin-

coherent states, ϕsi(xi) = [cos(πxi/2), sin(πxi/2)]ᵀ. However, we found that in practice a

simpler linear mapping ϕsi(xi) = [1− xi, xi]ᵀ performed better when using atom-centered

descriptors as input vectors. Because ϕ maps a d-dimensional input vector to a feature

space of dimension 2d, one is limited to tensor network factorizations of the weights that can

be efficiently contracted. As in the original proposal, the simplest choice corresponds to a

matrix product state (Figure 4.11). Still, to obtain an accurate model, one is often left with

a large number of learnable parameters. Moreover, we have found that TN models built

directly on the descriptor space outperform models with an additional feature map, while

requiring fewer parameters.

Figure 4.11: Stoudenmire and Schwab MPS model [238], where each input component is

explicitly mapped to an unentangled product state, ϕ.

Another interesting possibility is to mimic the construction of nonlinear structural kernels

by forming ζ-order tensor products of the symmetrized descriptors B(ν):

B(ν) → B(ν) ⊗B(ν) → · · · →
(
B(ν)

)⊗ζ
(4.20)

As inputs to a NN or TN model, this construction entails reuse of information in the subse-

quent network. Information reuse is a common characteristic of modern NN architectures,

such as convolutional (CNN) and recurrent (RNN) neural networks, where several trainable

filters act on the same input or subsets of input [80]. Recent work [137, 136] has shown

that convolutional (CAC) and recurrent (RAC) arithmetic circuits, which share fundamen-
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tal architectural components like overlapping filters and pooling with conventional CNNs

and RNNs, can be mapped to so-called generalized tensor networks [26, 80] by introducing

local copy operations into the tensor algebra 3. It was shown in [137, 136] that a deep CAC

with a local pooling scheme maps to a hierarchical, tree-structured tensor network and, for

maximally overlapping filters, can support volume-law scaling of the entanglement entropy

when modeling the amplitudes of many-body quantum states. Moreover, the entanglement

capacity [50] of the CAC tensor network was shown empirically to strongly influence the

inductive bias of supervised image classification with a CNN [137].

In a similar vein, the MPO model introduced above can be viewed as a specific choice

of learnable architecture acting on ζ = 2 copies of the input descriptor, T (3ν)
(
|B(ν)〉⊗2

)
.

Since copy operations (4.20) applied to the input descriptors increase their effective many-

body character [277], this method provides a potential route toward capturing higher-order

correlations with lower order features.

4.3 Numerical Benchmarks

To validate the methods described in Section 4.2, we will focus on a typical learning task

encountered in materials property prediction using a widely available dataset (NMD18 [239])

of 3000 transparent conducting oxide (TCO) alloys (AlxGayInz)2O3, a class of wide bandgap

materials with high technological applicability in optoelectronic devices. The target property

is the DFT mixing enthalpy per cation (referred to as the formation energy in [239]) for a

given configuration, referenced to the compositional endpoints of the material,

∆Hmix[(AlxGayInz)2O3] = E[(AlxGayInz)2O3]

− xE[Al2O3]− yE[Ga2O3]− zE[In2O3] . (4.21)

Here x + y + z = 1, and E[c] is the ground state DFT energy per cation for the given

3The general copying of vectors and tensors by a standard tensor network on a finite-sized Hilbert space
is forbidden by a no-cloning theorem.
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compound c. The mixing enthalpy characterizes the (zero-temperature) stability of the alloy

configuration relative to the single cation phases. The underlying crystalline lattices of the

alloy configurations span six distinct space groups (C/2m, Pna21, R3c, P63/mmc, Ia3, and

Fd3m) and the number of sites in each structure can vary in integer multiples of the number

of primitive cell sites. The reference compositional endpoints, however, are fixed to their

ground-state lattices, R3c for Al2O3, C/2m for Ga2O3, and Ia3 for In2O3. The inclusion of

multiple lattice symmetries is difficult to handle with more conventional atomistic modeling

methods, such as the standard cluster expansion (CE) [239, 186]. Moreover, allowing for

chemically ordered/disordered sublattices presents challenges to deep end-to-end learning

methods, where very large datasets are often required to obtain sufficient accuracy [62,

298, 38]. Depending on the application and the computational cost of the first-principles

calculations, generating a large dataset can be prohibitively expensive. It is therefore useful

to understand how the accuracy of these methods scales with the size of the training dataset.

To further emulate working in a data-constrained environment, we do not assume prior

knowledge of the fully relaxed atomic positions and lattice constants. Instead, the input

structures retain their ideal lattice positions, while the lattice vectors are simply scaled

according to Vegard’s law. The target properties, however, are calculated from the relaxed

geometries. This constitutes a particularly challenging scenario. Indeed, it was previously

found that learning a mapping from unrelaxed structures to ground-state energies is generally

more difficult than using relaxed input structures, at least at the level of kernel-based learning

[130]. Moreover, the atomic descriptor was not found to be the limiting factor, but rather

prediction error was dominated by implicit noise in the underlying set of atomic structures

[130].

To construct a global descriptor suitable for the prediction of the global property ∆Hmix,

we take an average over the local, atom-centered descriptors of the structure,

B
(ν)

=
1

N

N∑
i

B
(ν)
i . (4.22)
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This is a special case of the general prescription of calculating ∆Hmix as a sum over (possibly

distinct) contributions H
(ν)
i from N local environments, where for (4.22) all local ν-order

contributions are contracted with the same weight tensor w(ν). To simplify the comparison

between different machine learning methods and architectures, we choose the SOAP power

spectrum B(2) with fixed radial and angular momentum cutoffs (Rc = 6 Å, nmax = 4,

lmax = 3) to be the input descriptor. This also allows us to compare our results to those

reported in [239, 130], where the former tested the performance of both a deep NN with

SOAP feature vectors and Gaussian process regression (GPR) with the SOAP kernel (ζ =

2), and the latter employed kernel ridge regression (KRR) using a Gaussian / radial basis

function (RBF) kernel. Thus, in addition to systematically evaluating various tensor network

architectures, we provide consistent benchmarks with respect to the performance of GPR

with SOAP and RBF kernels, as well as the deep NN architecture described in [239] (see

Appendix 4.4.1 for additional details).

4.3.1 Learning curves

We quantified the predictive performance of the MPS and MPO models, as well as GPR and

NN models, using stratified k-fold cross-validation. In particular, we considered 10 splits of

the NMD18 dataset into a testing set of 600 structures and a remaining pool for training and

validation. Of this remaining pool of structures, 10 subsets of a fixed size were chosen with

consistent distributions of volume, composition and energies, following [130], from which we

constructed 80-20 splits into training and validation sets. Prediction errors were measured

on the testing sets, which remain untouched during model training, while validation sets

were used for tuning certain hyperparamters (Appendix 4.4.1).

Figure 4.12 compares the average and standard deviations of the root mean square er-

ror (RMSE) and the mean absolute error (MAE) of the model predictions over the testing

splits, as a function of the training set size. First, while it shows consistently small variance,

GPR with an RBF kernel performs the worst among the models considered, likely due to

over-localization of the atomic representations in the embedding feature space. By contrast,
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Figure 4.12: Test RMSE (a) and MAE (b) learning curves on the NMD18 dataset. MPS and

MPO models are compared to a fully-connected, deep neural network (DNN) and Gaussian

process regression (GPR) with RBF and SOAP kernels.

GPR with the SOAP kernel exhibits higher sensitivity to the differences between training

structures, improving substantially as the number of reference structures increases. As ob-

served in [239], we find that the DNN model and GPR with SOAP kernel perform similarly

across training sets. However, the number of model weights in the DNN architecture remains

fixed, while the number of weights increases with the training set size in the kernel methods.

Importantly, the DNN is incrementally improvable with the acquisition of new data, while



141

the kernel-based models must be retrained on the whole dataset. Moreover, for much larger

datasets, the computational cost of kernel-based methods becomes prohibitively expensive.

The MPS and MPO models maintain strong generalizability even for very small (O(102)

structures) training sets. In this data-constrained regime, they outperform the other models

considered, while converging with the DNN and GPR (SOAP) models at the largest training

set size. The advantage of the TN models is particularly notable in the RMSE, which is more

sensitive to the presence of outliers than the MAE. As with the DNN model, the TN models

are systematically improvable with new data without requiring retraining on the full dataset.

Unlike the DNN model, they require substantially fewer parameters (O(103) compared to

O(106)) to achieve similar accuracy. This parametric efficiency may, however, be related

to the observed onset of saturation in the model accuracy, particularly for the MAE of the

MPS model, as the training set size increases. Yet, similar saturation is also apparent in the

DNN model. Moreover, the MPO model marginally outperforms the MPS model, despite

possessing a lower virtual bond dimension, and appears less prone to plateaued accuracies

for increasing training set sizes. As we show below, the accuracies of the TN models do not

suffer from increasing the bond dimensions for fixed datasets, and thus we expect that this

saturation can be overcome by simply increasing the number of parameters. It is worth noting

that we have additionally tested deeper TN factorizations with stronger entanglement scaling,

specifically tree tensor networks (TTN) and the Multi-Scale Entanglement Renormalization

Ansatz (MERA) (Figure 4.29), and found that they produce accuracies comparable to the

MPS model. They are, however, more expensive to contract. Finally, the computational cost

of the TN models scales linearly with the number of samples, as opposed to the quadratic

scaling of the kernel-based methods. Thus, we expect the application of these models to be

practical across a broad range of dataset sizes.

4.3.2 Entanglement measures

We have seen above that the MPS and MPO models can yield expressive supervised learning

models even with a small number of training samples. To what extent does the choice of TN
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architecture influence this apparent inductive bias? Since the topology and bond dimensions

of the TN constrain the local entanglement structure of the state |ψ(ν)〉, it is reasonable to

expect that the entanglement in the learned TN parameters captures underlying correlations

in the input data. Indeed, similar reasoning has been used to justify a priori the choice

of a given TN machine learning architecture by characterizing the spatial scaling of the

entanglement entropy [137, 157] or the mutual information [46, 146] for bipartitions of the

input features. These studies were based primarily on the analysis of image data, which

possess a precise notion of spatial arrangement. Similar analyses could be performed by

measuring correlations between individual features xi or their product state embedding ϕ(x),

in the original spirit of Stoudenmire and Schwab [238]. However, since our TN models operate

directly on the tensor structure of the input descriptors, the number of available partitions

of the tensor indices is small. Hence, an analysis and interpretation of their scaling with

subsystem size is limited, except perhaps at large order ν. Instead, in this section, we

scrutinize the entanglement learned by the models themselves, conditioned on the target

property.

Let us recall that the entanglement entropy is a zero-temperature quantum analogue of

the classical Shannon entropy. We will adhere to common practice by taking the entangle-

ment entropy to mean specifically the bipartite, von Neumann entropy,

SvN(ρA) := −Tr (ρA log ρA) , (4.23)

where ρA(|ψ〉) is the reduced density matrix of a subsystem A of dimension dA, defined by

tracing out the degrees of freedom of a complementary subsystem B in a pure state |ψ〉,

ρA(|ψ〉) = TrB (|ψ〉〈ψ|) . (4.24)

The entanglement entropy can be computed from the coefficients of a Schmidt decomposition

of the pure state |ψ〉,
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|ψ〉 =

min(dA,dB)∑
k=0

λk|ψkA〉|ψkB〉 . (4.25)

The Schmidt spectra λk are the singular values of the of matrix CAB, where |ψ〉 =
∑

ψA,ψB
CAB|ψA〉|ψB〉.

Since the eigenvalues of the reduced density matrix ρA are λ2
k, the entanglement entropy re-

duces to SvN(ρA) =
∑

k−λ2
k log(λ2

k).

We can formulate an analogous entanglement entropy for the MPO models (4.18) by con-

structing a canonical purification [263, 272]. A vectorization |T 〉 of the MPO T̂ follows from

the Choi isomorphism [272] (Figure 4.13), from which an effective pure state density matrix

can be defined, Q = |T 〉〈T |. We note that under this isomorphism, an MPO with physical

dimensions d is mapped to an MPS with physical dimension d2. Equivalent definitions of

the entanglement entropy and Schmidt spectra thus follow from (4.23) and (4.24), replacing

ρ by Q and |ψ〉 by |T 〉.

Figure 4.13: The Choi isomorphism constitutes a vectorization |T 〉 for MPO T̂ .

Figure 4.14 compares average errors and entanglement entropies of the MPS and MPO

models, as well as a TTN model (Figure 4.29), as a function of their virtual bond dimensions.

The average is taken over 10 training-validation splits with a fixed testing set, and we test

two sizes (100 and 1000 structures) of the training set. For the entanglement entropies, we

consider two bipartitions of the descriptor indices: (1) a contiguous subsystem A consisting

of chemical degrees of freedom {α1α2} and B containing the structural components {n1n2l},

and (2) a noncontiguous subsystem A consisting of a chemical and radial component {α1n1}

with B containing the remaining degrees of freedom. These bipartitions are shown as insets
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in Figures 4.14c,d. For comparison, we also plot the errors and entanglement entropies for

the corresponding models using a dense ACE tensor (Figure 4.5), and we indicate the bond

dimension χ ≤ χct for which the number of TN model parameters is less than the dense ACE

tensor. We will refer to this bond dimension χct as the “compression threshold.”

For the three TN architectures, we generally find that improved test errors are strongly

correlated with larger entanglement enabled by higher bond dimensions. This is particularly

true for the smaller training set, which requires larger bond dimensions before reaching

minimal errors. The TN models outperform the ACE models once the bond dimension

reaches the compression threshold, that is, once the number of parameters exceeds that

of the ACE tensor. Again, this improvement is more significant in the small training set

than in the larger one. In the larger training set, the test errors of the TN models become

competitive with the ACE model well before reaching the compression threshold. This

behavior is somewhat counterintuitive in the context of classical statistical learning, where

one expects the generalizability of an overparameterized model to degrade by overfitting on

small amounts of training data, a consequence of the so-called bias-variance tradeoff [98].

However, this phenomena is not uncommon in deep neural networks, where models with

trainable parameters greatly exceeding the training sample size nonetheless perform well on

unseen data [25, 179, 180].

We observe that the average entanglement entropies converge to values well below the

theoretical limits set by the min-cuts in the network [50] and that this convergence closely

follows the formation of plateaus in test errors. Similar sub-maximal convergence in the

entanglement entropy was also noted in [77] for MPO layers applied to the MNIST dataset,

so we expect that this is a general phenomenon when the TN model is complex enough for

the learning task. However, the converged entropies in our work appear to be nonuniversal,

exhibiting strong dependence on the structure of the network. Indeed, we generally find that

networks which can host stronger entanglement entropy scaling with subsystem size relative

to others (for instance, logarithmic versus area law scaling between TTNs and MPSs) tend

to converge to higher values. Furthermore, for fixed virtual bond dimension, we find that the
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Figure 4.14: Test RMSE (a) and MAE (b) as a function of the virtual bond dimension used in

MPS, MPO and TTN models, for training sets containing either 100 or 1000 structures. This

is compared to the performance of a model using a dense ACE tensor (dashed, horizontal

lines), and the corresponding compression thresholds, χct, for each TN model are marked with

vertical, dotted lines. The associated entanglement entropies (c,d) are plotted for different

bipartitions (insets; partition A in red, B in green), and the corresponding Page entropy,

SPage, is indicated by a solid, red line. Note that because the MPO model acts on two copies

of the input tensor, the effective physical dimensions in each partition (as an MPS under the

Choi isomorphism) are larger. The Page entropy associated with this larger Hilbert space is

not shown.
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MPO model outperforms the MPS model and achieves higher entanglement. This appears

consistent with the findings [81] of greater representational efficiency of MPDOs versus MPSs

in probabilistic graphical models, although, for this work, it is in the context of regression.

Hence, under the same arrangement of virtual bonds, the entanglement entropy seems to

provide a consistent measure of the TN model’s generalizability.

Nonetheless, comparisons of the entanglement between trained models with distinct vir-

tual bond topologies are difficult to make. For instance, the dense ACE tensors perform

somewhat worse than the other TN models, but achieve much higher entanglement en-

tropies. In this case, the entanglement entropies do approach a universal value, that of the

Page entropy [192],

SPage =
1− dA

2dB
+

dAdB∑
k=dB+1

1

k
(4.26)

defined as the average entanglement entropy of a pure state randomly drawn from the entire

Hilbert space. This would not be entirely surprising for an untrained ACE tensor w(ν) treated

as a length (|α|ν |n|ν |l|ν) vector since the individual elements are initialized according to a

standard normal distribution N (0, σ2). However, it is surprising that the high entanglement

of this initial state is essentially preserved under SGD with a mean square error (MSE)

loss function, at least up until early stopping. This may provide some explanation for the

improved performance of the models with an explicit TN factorization: the entanglement

constraints imposed by the network itself help drive the model toward minima in the loss

landscape which are characterized by entanglement entropies more finely tuned to the target

property.

It has long been recognized that the entanglement entropy alone is insufficient to fully

capture the entanglement of general quantum states and that much richer structure can

be found in the full entanglement spectrum {λ2
k} or its logarithms {ξk := − log(λ2

k)} [138].

The level spacing statistics between consecutive pairs of eigenvalues have proven useful in

characterizing the irreversibility in quantum circuits [36, 220] and emergent entanglement
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complexity in many-body quantum dynamics [281, 289, 275, 109]. For entanglement spectra

arranged in descending order λ2
0 ≥ λ2

1 ≥ . . . , let sk := λ2
k−λ2

k+1 denote the kth level spacing.

To avoid unfolding the spectrum [160], a procedure sensitive to spurious finite size effects,

it is common practice [188, 193, 281, 8] to study the ratio of consecutive level spacings

rk = sk/sk+1 or the related quantity r̃k = min(rk, 1/rk), which are independent of the level

density of states. It was shown in [36, 220, 281] that either the distribution of spacings P (s)

or their ratios P (r), collectively referred to as the entanglement spectrum statistics (ESS),

provides a measure of a quantum state’s entanglement complexity, defined by the existence of

an efficient algorithm that completely disentangles the state. Complexly entangled states, for

which efficient disentangling algorithms fail, were found to feature ESS with Wigner-Dyson

(WD) statistics,

PWD(r) =
1

Zβ

(r + r2)β

(1 + r + r2)1+(3/2)β
, (4.27)

where Zβ is a normalization factor, and the Dyson index, β, specifies one of three Gaussian

random matrix ensembles [8]. On the other hand, states which could be efficiently disen-

tangled possessed Poisson-like ESS, PPoisson(r) = 1/(1 + r)2. An important feature that

distinguishes WD from Poisson level statistics is the presence of level repulsion, PWD(r →

0) ∼ rβ → 0, which reflects universal statistical correlations between adjacent levels [160].

We also note that there appears to be a deep connection between quantum circuits capable

of universal computing and ESS [36, 220, 281, 289], in that a universal gate set gives rise to

WD statistics. However, a recent study [109] showed that the converse is not true in general,

finding that a class of classically simulatable circuits can prepare states with WD ESS.

It is reasonable to expect the above picture to hold, to some extent, for randomly ini-

tialized MPS. Indeed, a random MPS, viewed as a unitary embedding [78, 89, 145], forms

an approximate 2-design [94]: as a random quantum circuit, the first and second moments

approximate those of a Haar distribution. Moreover, Haar-distributed random unitary cir-

cuits possess WD ESS corresponding to the Gaussian unitary ensemble (GUE), β = 2 [289],

although a precise relationship between ESS and k-designs remains an open question [109].
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Nonetheless, we will explore the ESS of our MPO model, viewed as an MPS under the Choi

isomorphism. For simplicity, we consider the entanglement spectrum for the {αn} biparti-

tion shown in Figure 4.14d and analyze its evolution under SGD for a fixed training set. To

obtain sufficient statistics, we collect data over 100 independent runs of 1000 SGD epochs,

and we study models with virtual bond dimensions for which the spectrum is either truncated

(χ = 12), marginal (χ = 16), or full-rank (χ = 20).

Figure 4.15 shows both the logarithm of the average spectrum 〈ξk〉 and the ESS at

different time steps. First, we find that for all cases the entanglement spectrum deviates

from the Marchenko-Pastur (MP) law for Haar-distributed random states sampled from the

full Hilbert space [297, 70]. Interestingly, close examination of the truncated (χ = 12) model

reveals residual MP structure in the tail of the spectrum, similar to the two-component

structure discussed in [280], and this MP tail persists under SGD up to a constant shift from

normalization. For all models, upon random initialization of the MPS tensors, the spectrum

is relatively flat and thus highly entangled. The largest changes in the spectrum occur at the

earliest stages of training, and the spectrum quickly converges to a configuration in which the

local level density has decreased. We also find that the largest spectra (low ξk) approximately

converge to the same values, regardless of the bond dimension, which is consistent with the

prior observation that the model retains high accuracy for smaller bonds.

At initialization, all three cases display WD ESS corresponding to the Gaussian orthogo-

nal ensemble (GOE), β = 1. This may not be entirely surprising given the above discussion,

although in this case the generating random matrix ensemble is real-valued. However, as

the state evolves under SGD, the ESS retains a substantial degree of its GOE character. To

measure the difference between the GOE ESS, PGOE(r), and the observed ESS, Pobs(r), we

plot the Kullback-Leibler (KL) divergence, DKL (PGOE||Pobs) = Trr [PGOE log (PGOE/Pobs)],

in the insets to Figure 4.14. First, we note that the higher starting values of DKL in the

truncated and marginal spectra relative to the full-rank case are likely due to finite-size ef-

fects imposed by the bond dimension. We see that at early times there is rapid growth in

the KL divergence followed by a regime in which DKL increases very slowly, accompanied by
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Figure 4.15: (a-c) The average entanglement spectrum of the MPO model as a function of

training step, t, compared to the Marchenko-Pastur (MP) law. (d-f) The distribution P (r)

of the ratio r of level spacings in the entanglement spectrum (referred to as the entanglement

spectrum statistics (ESS) in the main text) closely follows the Gaussian orthogonal ensemble

(GOE). Under stochastic gradient descent (SGD), the KL divergence (upper insets) exhibits

a short, initial regime of fast growth followed by a slow growth regime. A linear fit to the

KL divergence in the slow growth regime (dashed, light blue line) is included to help guide

the eye. The crossover between the fast and slow growth in the observed ESS relative to

the GOE, coincides with a divergence in the capacity of entanglement, CE, (lower insets)

signaling a phase transition in the entanglement spectrum.

oscillations due to the stochasticity of the optimization. The onset of this slow growth regime

prevents the ESS from significantly deviating from the GOE over the course of training. As

we noted above, the regime of rapid growth is accompanied by a decrease in the level density,
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which essentially stabilizes in the slow growth regime.

Recalling the level repulsion in the GOE, this expansion of the level density resembles

the free expansion and re-equilibration of a one-dimensional Coulomb gas following a sud-

den quench of its confining potential. Specifically, the joint probability distribution of N

eigenvalues in the GOE is precisely a Boltzmann-Gibbs factor for a gas of N particles with

pairwise, repulsive − log(|λi − λj|) interactions in a quadratic potential [70]. This picture

suggests that SGD evolves the entanglement spectrum and the ESS by evolving the confining

potential of the joint level distribution. Furthermore, if this potential is driven far enough,

we should expect the entanglement spectrum to undergo a phase transition. We can verify

that this is the case by calculating the so-called capacity of entanglement [282],

CE := 〈H2
ent〉 − 〈Hent〉2 , (4.28)

where Hent := − log ρA is the entanglement Hamiltonian [138, 54]. The capacity of entangle-

ment measures fluctuations in the entanglement spectrum, analogous to the heat capacity

in classical statistical mechanics. The insets to Figure 4.14 show the evolution of CE for

the three cases. We observe that the crossover from the fast to slow growth regimes in

the KL divergence coincides with a divergence in the capacity of entanglement, signaling a

phase transition in the entanglement spectrum. Again, this transition is smoothed out in

the truncated and marginal cases due to finite-size effects.

The above discussion provides a mechanism through which the model entanglement

adapts to the learning task. Crucially, while the average entanglement spectrum converges

to a specific configuration, particularly near its low-ξk edge, the ESS maintains universal

characteristics of WD statistics, namely level repulsion. Thus, the learned state retains the

entanglement complexity from its random initialization. This is consistent with its strong

generalizability in that the model is expressive enough to capture complex correlations in

the high-dimensional feature space relevant to the target prediction. Moreover, this behav-

ior appears to have close connections to overparameterized neural networks [4, 140] and

quantum circuits [275, 119], where SGD applied to sufficiently overparameterized models
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finds solutions with small generalization error that are nonetheless close to their random

initialization.

4.3.3 Latent space encoding

As discussed in Section 4.2.1, TN factorizations of the learnable states |ψ(ν)〉 can be under-

stood as multilinear maps which internally couple structural and chemical degrees of freedom.

In this section, we explore this idea further by visualizing the latent tensor product spaces

learned by a deeper TN architecture (Figure 4.29) corresponding to a MERA with fixed vir-

tual bond dimension. To do so, we use t-distributed stochastic neighbor embedding (t-SNE),

a nonlinear dimensional reduction method that preserves the relative locality between points

in the dataset [105, 261, 161]. Again, the MERA network is trained to predict the mixing

enthalpy (4.21) on a 1000-structure subset of the full NMD18 dataset, and we employ t-SNE

to embed the tensor product spaces mapped by subsequent hidden layers.

Figure 4.16 shows the evolution of the latent space image of each datapoint as function

of depth in the MERA network. Note that we apply t-SNE to the entire dataset, not just to

the training set. The input average SOAP descriptors, B
(2)

, clearly exhibit a high degree of

structure, to the extent that t-SNE surprisingly reproduces the ternary phase diagram of the

alloy. The first layer of the network reorganizes the data in a hierarchical fashion, grouping

structures with the same space group into local clusters. Within each cluster, the separation

of structures according to alloy composition is also maintained. As a byproduct, we also see

that a significant number of high energy structures in the data occur for space groups Ia3 and

Fd3m which contain a significant amount of Al. At the final hidden layer, this hierarchical

structure has been replaced by a single quasi-1D cluster, with an orientation determined

by the mixing enthalpy. This conforms with the intuition provided by a renormalization

group interpretation of the network [265, 65, 162, 142], in the sense that lower levels in the

network resolve finer details in the structure representations, and these are subsequently

coarse grained in mapping to the final target quantities.
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4.3.4 Compression of large descriptors

While the expansion (4.16) is mathematically well-defined [9], the exponential scaling of the

descriptors B(ν) with the number of distinct chemical species and the cutoffs of the radial and

angular momentum channels can yield exceptionally large feature spaces. This can impose

computational limitations on the application of machine learning to atomistic modeling,

particularly when the structures in the dataset span compositions with a large number of

elements. Thus, recent efforts [276, 110, 6, 82, 67, 221] have been made toward optimizing

Figure 4.16: Evolution of t-distributed stochastic neighbor embeddings (t-SNE) of the

NMD18 dataset with increasing depth in a MERA tensor network model (insets). The

regularity of the encoding of chemical composition in the input SOAP descriptor is reorga-

nized by the first hidden layer according to the lattice symmetries of the structures. The

features are subsequently coarse-grained by fitting the model to the mixing enthalpy, yielding

a quasi-one dimensional encoding ordered by high and low enthalpy.
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the efficiency of atomic representations while maintaining their symmetry invariance. This

was, for example, a central motivation for the introduction of generalized kernel functions

[277], alchemical or otherwise (cf. Section 4.2.1).

As discussed above, one way to alleviate the computational complexity of learning with

high dimensional descriptors is to employ TN factorizations of the model architectures, which

impose a kind of structured sparsity on the trainable model weights. Similar constructions

can be applied to the input descriptors. In this section, we explore this possibility with two

methods. First, we validate the MPS factorization scheme (Figure 4.8) discussed in Section

4.2. Second, we implement an autoencoder using MPOs (Figure 4.18). In principle, these two

methods can be combined, both in training the autoencoder and in subsequent supervised

learning with the encoded input tensors, although we do not test this combination here.

To test these methods, we use the BA10 dataset [186], which consists of 15950 binary

alloys and their mixing enthalpies. The binary alloys span composition with 10 different

metals and 3 different lattice symmetries, face-centered cubic (fcc), body-centered cubic

(bcc) and hexagonal close-packed (hcp), with volumes up to 8 atoms per unit cell. It is worth

noting that, like NMD18, the structures in BA10 retain their idealized lattice positions, while

the volumes are scaled according to Vegard’s law. However, the DFT mixing enthalpies are

computed for these unrelaxed structures, as opposed to the relaxed ground states in NMD18.

Hence, the prediction accuracy in prior studies [186, 130] was found to be more limited by the

descriptor parameters than implicit noise in the dataset. In addition to the large number of

distinct chemical species, accurate models based on the SOAP power spectrum, B(2), require

a fairly large number of radial (nmax = 8) and angular momentum (lmax = 8) channels

[186, 130]. As in [130], we will consider training-testing splits of 1600 and 1000 structures,

respectively, for both the unsupervised task of training the autoencoder and the subsequent

supervised task of predicting the mixing enthalpies. For the latter supervised task, we use

an MPS model with the encoded tensors as input. Given the exponential scaling of the

descriptor dimensions, the input state |B(2)〉 retains only the independent entries of the

original descriptor tensor. Furthermore, zero-padding is added to the state |B(2)〉 to allow



154

for uniform physical dimensions in the subsequent MPS and MPO tensor networks. Note that

this does not affect the symmetry invariance of the descriptor, but the physical dimensions

of the MPS and MPO architectures in this analysis do not admit the same correspondence

with the structural kernels discussed above. Nonetheless, the high accuracies obtained with

these models underscores the flexibility in choosing the TN factorization and their broader

applicability in machine learning [185, 238, 80, 77, 46, 157, 146].

Figure 4.17 shows the change in the test errors as a function of the maximum bond

dimension, χin, for a MPS factorization of the descriptor state |B(2)〉. In this case, the

factorized descriptor is used as input to a supervised MPO model (χ = 4). This is compared

to the performance of the unfactorized, dense B
(2)

tensor, and we also plot the corresponding

number of input parameters, Nin. As expected, retaining large bond dimensions results

in small deviations from the baseline error, while the efficiency of contracting the tensor

network is substantially improved. The test errors grow as the bond dimension decreases,

but surprisingly, this growth is nonmonotonic. Thus, despite reducing the number of input

parameters by up to two orders of magnitude, the test errors remain relatively stable, and

there are certain smaller bond dimensions that outperform larger ones. The origin of this

nonmonotonic behavior is unclear. Naively, one would expect that discarding lower singular

values at each virtual bond would introduce noise into the inputs, eventually degrading

the model performance. However, it appears that some competing process is present. One

possibility is that compressing the input tensors can improve the quality of the loss landscape

(i.e., its smoothness or convexity), similar to overparameterization in deep neural networks

[4, 140]. If that is the case, then deciding how to balance the input factorization against the

TN model architecture would be an interesting open question.

We mentioned previously that an MPO applied to an input state can be viewed as a

multilinear map from the atom-centered Hilbert space to a potentially lower dimensional

space. Moreover, the topology of certain hierarchical tensor networks, such as TTNs and

MERAs, can be viewed as enforcing this kind of dimensional reduction (see Section 4.3.3).

For instance, it has recently been recognized that there is a fundamental correspondence
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Figure 4.17: The test performance of a supervised MPS model using MPS factorizations of

the dense input descriptors on the BA10 dataset. The number of input parameters for a

MPS factorization with maximum bond dimension χin is also plotted. The case where the

exact input descriptors are used (1/χin → 0) is included for comparison.

between MERAs and wavelet transformations. We can exploit this general idea to learn

approximately faithful compressions of the input descriptors. To do so, we employ MPOs

in an autoencoder setup, shown in Figure 4.18, where the output dimensions, dlatent, of the

MPO tensors are less than the input dimensions, din. In this setting, the encoder MPO

maps the input state to a lower dimensional latent space, while the decoder MPO attempts

to invert this transformation. The autoencoder network is trained by SGD to minimize the

MSE between the components of the input state and its reconstruction by the decoder. The

trained encoder contracted with the input state (Figure 4.18b) yields a compressed tensor

adapted to the data.

In Table 4.1, we record the test reconstruction errors (RMSE and MAE) for autoencoders

with different dlatent < din = 8, as well as the test performance of the encoded inputs in pre-

dicting the mixing enthalpies with an MPS model. The bond dimensions of the autoencoder

MPOs are fixed (χenc = χdec = 6), as are the bond dimensions of the supervised MPS model
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Figure 4.18: (a) An autoencoder based on MPOs used to compress the physical dimensions

of large input descriptor tensors. (b) A compressed tensor is given by the contraction of the

encoder MPO with the original input.

(χmps = 10). The compression mediated by the encoder is measured against the original

size of the input state, dnlatent/d
n
in. We find that the MPS model performance in predicting

the mixing enthalpies remains high even for encoded inputs retaining a few percent of the

original number of parameters.

Thus, we have found that both an MPS decomposition and an MPO-based autoencoder

are effective methods to reduce the computational complexity imposed by the input descrip-

tors. It is again worth emphasizing the parametric efficiency of these methods compared

to more standard deep learning architectures. For example, the deep convolution neural

network in the original BA10 work [186] uses O(108) parameters combined with many-body

tensor representations (MBTR) [108], which lead to feature vectors with O(105) entries. On

the other hand, the high-performing MPS / MPO models possess O(103) parameters with

compressed input tensors of similar size.

4.4 Discussion and Summary

In this chapter, we have demonstrated that tensor networks provide both a unifying formal-

ism for a large class of atomic structure representations as well as robust machine learning

architectures based on them. Specifically, we detailed how the ACE framework admits a

natural description in terms of symmetric tensor networks. This formalism allows for the
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Table 4.1: The performance of a 5-site MPO-based autoencoder with virtual bond dimension

χenc/dec = 6 is measured by the RMSE (MAE) for reconstructing input descriptors in a test

set. This test reconstruction error (r-Error) is shown for varying the latent dimensions, dlatent,

of the encoder, and the subsequent compression of the input d5
latent/d

5
in is also included. The

test RMSE (MAE), denoted s-Error, characterizes the performance of a supervised MPS

model (χmps = 10) applied to the compressed inputs.

dlatent Compression r-Error s-Error [meV/atom]

- 1 - 14.8 (9.9)

6 0.237 0.060 (0.031) 16.3 (11.2)

4 0.031 0.088 (0.047) 19.3 (13.9)

2 9.76× 10−4 0.137 (0.070) 103.2 (77.8)

transparent application of SO(3) recoupling theory to the construction of a rotationally

invariant basis and generalizes straightforwardly to SO(3)-equivariant cases. By taking se-

riously the Hilbert space structure of atom-centered descriptors [277], we have shown how

tools commonly applied in quantum many-body physics can be repurposed in coarse-grained

surrogate models of fundamental material properties.

Indeed, the map between a solid-state or molecular structure and a given property can

be written as an inner product between a learnable state and a sufficiently representative de-

scriptor, both of which admit low-rank tensor network factorizations. We have found that, as

learnable architectures, MPOs and MPSs exhibit strong generalizability in common learning

tasks in material informatics, and their performance is particularly notable when the amount

of available data is very limited. We provided two routes toward understanding this appar-

ent inductive bias. First, we showed how learnable tensor networks, viewed as multilinear

maps on the atom-centered Hilbert space, can be related to generalized kernel functions. An

appropriate choice of network topology thus provides an explicit way of coupling structural

and chemical components in the model. Unlike standard structural kernel methods, the
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evaluation of these TN models scales more efficiently with the number of structures. This

is similar to the application of neural networks, and the MPS models benchmarked in this

work can be viewed as parametrically efficient regularizations of a dense neural network.

Indeed, the apparent compressibility of the descriptor space and the learning architecture

can be used to obtain more efficient atomic representations, and we demonstrated this using

both a standard MPS decomposition algorithm as well as a MPO-based autoencoder. The

second way to understand the strong generalizability of these TN models is more fundamen-

tal and potentially a universal feature of tensor-network machine learning more broadly. In

this case, the learned TN states possessed signatures of high entanglement complexity. In

particular, the initial WD statistics of the level spacings in the entanglement spectrum were

essentially preserved under stochastic gradient descent, while the spectrum itself adapted to

the learning task.

The above discussion points to several directions for potential future work. First, general

TN factorizations can be used to replace fully connected layers common in deep learning ar-

chitectures, a program already undertaken in [185, 77]. In the context of materials prediction,

adding TN layers in end-to-end architectures like graph neural networks is an effective way

to reduce memory overhead and could potentially improve performance on smaller training

sets. In certain cases, such as Euclidean neural networks, the representations learned by the

network could be used more or less directly as inputs to the methods demonstrated in this

work. Similarly, TN layers could be implemented in the Behler-Parrinello neural network

framework [21, 22] for modeling high-dimensional potential energy surfaces. In this case, sep-

arate tensor networks would replace the neural networks applied to each local environment.

On a related note, it would be worth quantifying the performance of these networks on very

large datasets and identifying, in particular, whether there is some advantage to using deep

versus shallow tensor networks [142].

Let us mention that training TNs with a large number of tensors, as would be the case

(4.20) for high orders ν and ζ, using SGD suffers from the presence of barren plateaus in the

loss function. For a large MPS, this is intrinsically related to the fact that, under random
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initialization, the state constitutes an approximate 2-design for which the expected gradients

vanish [145]. It may be possible to overcome this problem by choosing a different initialization

scheme [89], or by preconditioning the network with a different algorithm, such as DMRG.

Formulating a local loss function should also alleviate the issue [145]. Alternatively, one

could utilize common strategies employed in deep learning for regulating gradients. For

example, a local tensor network scanned across sub-partitions of an input tensor provides a

TN analogue of weight sharing in a convolutional neural network. Residual skip connections

may also prove valuable in deeper networks. A related question underlying these approaches

is the extent to which they lead to complexly entangled states. If WD statistics in the

entanglement spectrum is a fundamental signature of a highly generalizable model, it would

be worth characterizing, in general, how the entanglement spectrum in approximate k-designs

evolves under stochastic gradient descent.

From a practical standpoint, the parametric efficiency of these methods as well as their

high performance on limited training data makes a strong case for their application in large-

scale materials simulation and high-throughput screening, particularly when the calculation

of target parameters from first principles is computationally demanding. Furthermore, while

we have characterized these methods on the important class of atom-density representations,

we expect that they are more broadly adaptable to generic material feature spaces [190].

4.4.1 Additional computational details

SOAP power spectra were computed with the Dscribe software package [104]. GPR mod-

els were trained with the Scikit-Learn library [195] using expectation maximization. The

construction and training of deep neural networks and tensor network models were facili-

tated by the TensorNetwork [211] and TensorFlow [1] libraries. These models were

trained using the Adam optimization algorithm, a variant of stochastic gradient descent that

adaptively updates the learning rates based on moments of the gradients [120].
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4.4.2 Tensor network graphical notation

An arbitrary state |ψ〉 =
∑
{s} ψs1s2···sn|s1s2 · · · sn〉 in a tensor product space |ψ〉 ∈ H⊗n,

where each |sk〉 forms a basis for a finite-dimensional vector space H, can be described by

the tensor ψs1s2···sn formed by its coefficients. In the standard diagrammatic notation of

tensor networks, an arbitrary, dense tensor, ψs1s2···sn , of order n is represented by a shape

or node with n open edges. Summation over a matching pair of tensor indices, otherwise

referred to as contraction, is represented by a closed edge in the network. The familiar

example of matrix multiplication is shown as a tensor network in Figure 4.19, as well as a

less trivial network.

Figure 4.19: Examples of graphical notation for tensor networks. Tensor indices associated

with each tensor in the network are represented by open edges. Closed edges between pairs

of tensors indicate summation / contraction over the matching tensor indices.

4.4.3 Additional SO(3) recoupling relations

In this appendix, we collect some useful identities in the algebra of SO(3) representations.

Recalling the diagrammatics from the main text, each line with an arrow is labelled by an

irrep l and spans an associated subspace of dimension dl = 2l+1. Intertwiners between irreps

are given by the usual Clebsch-Gordan (CG) coefficients (Figure 4.1c,d), which satisfy the

orthogonality relations shown in Figure 4.20a,b. The CG tensors commute with the action

of the group (Figure 4.20d for C and analogous for C†); that is, they form a natural (i.e.,
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equivariant) transformation. Note that the following three identities are sufficient to derive

the generalized Wigner-Eckhart theorem discussed in the main text (Figure 4.2).

Figure 4.20: Additional recoupling relationships between Clebsch-Gordan tensors and

Wigner D-matrices, including (a) orthogonality, (b) completeness, and (d) naturality /equiv-

ariance. (c) Braiding between irrep edges is defined in terms of a set of R-symbols, which

reduce to sign factors in SO(3).

The recoupling of three or more irreps can be described by the contraction of multiple

CG tensors to form a fusion tree, and recoupling schemes represented by different fusion

trees can be related to each other via unitary transformations known as F -symbols (Figure

4.21a,b). In SO(3), explicit values for the F -symbols can be derived from the Wigner 6j

symbols (or alternatively from Racah W coefficients), which are given by the maximally

irreducible diagram formed by the contraction of two 4-valent fusion trees. Additionally,

pairs of irreps can be swapped (Figure 4.20c) using the so-called R-symbols. In SO(3), they

take the explicit values Rl3
l1l2

= (−1)l1+l2−l3 and can be used to constrain to the parity of the

state. For instance, an SO(3)-invariant ν-order descriptor possesses inversion symmetry if∑ν
k=1 lk is even, which corresponds to

(∏ν−2
k=1 R

l′k+1

l′klk+2

)
R
l′1
l1l2

= 1 for ν > 2 and l′ν−1 = 0 in the

recoupling scheme used in the main text.

Let us mention that additional coherence relations must be satisfied by the F - and R-

symbols, namely the so-called pentagon and hexagon identities, where the pentagon identity
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Figure 4.21: Unitary transformations (a,b) known as F -symbols define mappings between

recoupling schemes. They must satisfy the consistency condition (c) known as the pentagon

identity.

Figure 4.22: (a) Cap and (b) cup tensors defined in terms of Wigner 2jm symbols. Diagram-

matically, they allow for the reversal of an irrep edge orientation, and satisfy the inversion

identity (c).

is shown in Figure 4.21c. Indeed, the algebraic structure of finite-dimensional representations

of SO(3) corresponds more generally to a symmetric tensor category. A useful aspect of

this construction is the ability to encode nontrivial manipulations of tensors in the local

deformations of diagrams. For example, the reversal an irrep arrow can be accomplished

by contracting with normalized Wigner 2jm symbols, ε
(l)
mm′ :=

√
dlC

(ll0)
mm′0 = (−1)l−mδm,−m′ ,

where the cup and cap tensors ε(l), (ε(l))† are matrix inverses of each other, ε(l)(ε(l))† =

(ε(l))†ε(l) = I(l) (Figure 4.22). The cup and cap tensors will be used to recursively construct

equivariant descriptors in the following section.
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4.4.4 Generalizing to SO(3) equivariants and beyond

In this appendix, we show how the SO(3)-invariant tensor networks in Section 4.1.1 can

be generalized to SO(3)-equivariance and applied to the learning of vectorial and tensorial

properties. In doing so, we will largely reproduce central results related to the general ACE

formalism [60, 9], as well as the so-called λ-SOAP [85] descriptors and the recursive N-body

iterative contraction of equivariants (NICE) framework [184].

First, we recall from the main text (Figure 4.2) that ν-order SO(3)-invariant tensors

can be explicitly constructed by taking the Haar integral over the action of the group.

This can be understood as a projection onto the invariant subspace, Inv(Vl1 ⊗ · · · ⊗ Vlν ) ∼=

Hom(Vl1⊗· · ·⊗Vlν ,1), of the tensor product of ν irrep spaces Vlk . This projection operator,

P (l1···lν) =

∫
dgD

(l1)

m′
1m1

(g) · · ·D(lν)
m′
νmν

(g) (4.29)

=
∑
ι

ιm′
1···m′

ν
ιm1···mν (4.30)

is shown graphically in Figure 4.23, where for G a semisimple group this projection decom-

poses, as before, into dual fusion trees (i.e., higher-order intertwiners) factored through the

trivial irrep space [187, 199]. Note that this decomposition is a direct consequence of the

Peter-Weyl theorem [187]. We denote these general intertwiners by ιm1···mn , and the sum in

(4.30) runs over the intermediate irreps, which depend on the chosen recoupling scheme.

Figure 4.23: General projection operator onto the invariant subspace Inv(Vl1 ⊗ · · · ⊗ Vlν ) of

an arbitrary tensor product space Vl1 ⊗ · · · ⊗ Vlν .
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Under this projection, a ν-order SO(3)-equivariant descriptor, B
(ν)
L , transforming as a

state with definite angular momentum L can be constructed by symmetrizing over the prod-

uct of ν atom-centered tensors, Aαnlm, along with an identity operator carrying the target

irrep space L, as shown in Figure 4.24. As before, the descriptor, B
(ν)
L , corresponds to the

reduced part of the decomposition. By bending upward the open L edge of the correspond-

ing tensor network using cup and cap tensors, one can verify that the tensor product of ν

irreps is mapped to the target L irrep, and the fully invariant case from the main text can

be recovered by taking L = 0.

Figure 4.24: Covariant formulation of generalized Wigner-Eckhart theorem in terms of a

generalized Haar projector. The reduced element B of this projection yields an equivariant

form of the atomic descriptors.

From this picture, it is clear that a (ν + 1)-order descriptor can be obtained by fusing

together lower order descriptors. This is shown in our chosen recoupling scheme in Figure

4.25, where an order-1 descriptor, equivalent to the unsymmetrized atom-centered tensor

A, is combined with an order-2 descriptor by contraction with the necessary CG, cup and

cap tensors. Repeated application of this process yields a recursive formula for higher order

descriptors.

The angular momentum L of an equivariant descriptor can be preserved by a tensor net-

work model by acting only on the remaining {αk, nk, lk} degrees of freedom. For example, an
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Figure 4.25: Elements of the basic recursive construction of order-(ν+1) equivariant descrip-

tors, involving (a) the reorientation of the final momentum irrep edges using cup tensors and

(b) the fusion of additional order-1 descriptors with an order-ν descriptor.

MPS-like model which maps to a target quantity y
(L)
sM living in the space |s〉 ⊗ |LM〉, where

s labels a possible additional degree of freedom, is shown in Figure 4.26a. Naively taking

ζ-order tensor products of L > 0 equivariant descriptors destroys the angular momentum

channel of the original state since products of irreps can be subsequently recoupled. Alterna-

tively, as mentioned in [277], the effective many-body character of an equivariant model can

be increased by taking tensor products of the equivariant state, B
(ν)
L , with ζ − 1 copies its

invariant counterpart, B
(ν)
L=0. An example ζ = 2 MPO-type model is shown in Figure 4.26b.

A useful aspect of this formalism is that the fusion trees that encode the equivariance of

the model can be manipulated purely algebraically and computed independently from the

atom-centered A-tensors [216]. As demonstrated in [9, 150] with the ACE formalism, this

allows for potential speedups in applications, such as molecular dynamics or Monte Carlo,

which constantly update the underlying descriptors. In particular, the fusion trees can be

recursively precomputed and contracted with the A-tensors along with the learned model

weights at runtime.

Let us point out some implications for the constructions of equivariant structural kernels

[85]. Figure 4.27a,b displays the diagrams for kernel functions corresponding to the λ-SOAP
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Figure 4.26: Tensor network models which preserve the equivariance of the input descriptor.

(a) An example MPS model which allows for additional output degrees of freedom s. (b)

An example MPO model which implicitly increases the effective many-body character of the

input descriptor by contracting with an equivariant descriptor and its invariant counterpart.

generalization of the power spectrum (ν = 2) and bispectrum (ν = 3), respectively. The

pairs of descriptors in these kernels are built from the same recoupling scheme, and for L = 0

it can be seen that each kernel function is essentially given by a spin network equivalent to

a Wigner 3nj symbol [51] weighted by the trace over the remaining {αk, nk, lk} degrees of

freedom. For either (L = 0, ν > 3) or (L > 0, ν > 2), there exist topologically distinct

kernel functions determined by the application of F -symbols to the pairs of descriptor fusion

trees. An example for ν = 4, valid for all L, is shown in Figure 4.27c, and for L = 0 the

right-hand side is equivalent to the maximally irreducible diagram of a weighted Wigner 6j

symbol. This raises the interesting question of whether certain nonequivalent inner products

for higher ν equivariants play a more privileged role than others, particularly as a basis for

machine learning tasks.

The above discussion has focused on the physically important case of global SO(3) co-

variance. However, this recoupling structure can be further generalized. For example, as

described in [60], the inclusion of classical on-site magnetic moments, mi, either through

spin or orbital degrees of freedom can be accommodated by extending the symmetry of

the atom-centered descriptors to SO(3) ⊗ SO(3). Note that while bond, κ = (nlm), and

magnetic, κ̃ = (ñl̃m̃), degrees of freedom transform independently in the atom-centered
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Figure 4.27: Equivariant λ-SOAP generalization of the (a) power spectrum (ν = 2) and (b)

bispectrum (ν = 3) structural kernels as tensor networks. (c) Topologically distinct kernel

functions exists for either (L = 0, ν > 3) or (L > 0, ν > 2), determined by the repeated

application of F -symbols to the pairs of descriptor fusion trees.

tensors, Aακκ̃, they must be recoupled to form a descriptor with definite, total angular mo-

mentum. The general construction of such a combined equivariant descriptor is shown in

Figure 4.28a,b. Another example is provided by an extension of the SOAP method to the

SO(4) group [14], otherwise known as the SNAP method [248], which circumvents the need

to explicitly specify a radial basis function, Rnl(r), by embedding the radial degree of free-

dom into the 3-sphere, S3. This amounts to treating the radial component as an additional

polar angle that, along with the two angles inherited from S2, describes rotations in R4. The

hyperspherical harmonic functions, U l
mm̃, form a complete Fourier basis for functions on S3.

Since, at the level of Lie algebras, there exists an isomorphism SO(4) ∼ SO(3) ⊗ SO(3),

the SO(4) recoupling CG coefficients, H, decompose into products of SO(3) CG coefficients,
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H
(l1l2l3)
m1m̃1m2m̃2m3m̃3

= C
(l1l2l3)
m1m2m3C

(l1l2l3)
m̃1m̃2m̃3

[168, 34, 14]. Recoupling in the SNAP bispectrum using

this “parabolic-type” decomposition [168] is shown in Figure 4.28c,d.

Figure 4.28: Recoupling schemes for (a-b) SO(3) ⊗ SO(3) and (c-d) SO(4) equivariant

descriptors.

Figure 4.29: Tensor network factorizations corresponding to (a) a matrix product state

(MPS), (b) a tree tensor network (TTN), and (c) a Multi-Scale Entanglement Renormaliza-

tion Ansatz (MERA).
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Chapter 5

CONCLUSIONS

In this work, we have utilized first-principles electronic structure methods and multiscale

modeling techniques to study the impacts of defect formation and substitutional alloying in

technologically important classes of multicomponent semiconductors. An overarching goal

of this work was to predict electronic and thermodynamic material properties starting from

atomic structure. First, we considered the problem of characterizing point defects and defect

complexes in chalcopyrite CuInSe2. Starting from density functional theory calculations, we

constructed a thermodynamic model connecting material off-stoichiometry to defect forma-

tion. In doing so, we identified the typical defects in the system which impact free carrier

concentrations and phase stability, and we tied these properties to material synthesis con-

ditions at finite temperature. We then considered defect-mediated copper diffusion in the

system, which likely plays an outsized role in the engineering of efficient absorber layers

for photovoltaic device applications. Combining this thermodynamic model, linear response

theory, kinetic Monte Carlo and continuum reaction-diffusion simulation, we showed how

copper kinetics depends on material composition and how measurements of either tracer

or chemical diffusion can lead to large discrepancies in the experimental copper diffusivity.

Second, we studied halide alloying and impurity doping in lead halide perovskites. Using

Monte Carlo simulation with effective lattice Hamiltonians trained on DFT data, we found

that long-range halide ordering persists at room-temperature, well above the predicted mis-

cibility gap, and discussed the potential implications on halide exchange reactions in bulk

crystals. We then showed how the introduction of manganese dopants can induce halide

phase separation and connected this behavior to experimental observations of EPR signal

quenching during halide exchange. Returning to the case of single halide CsPbCl3, we
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modeled the energetics of Yb incorporation and the atomistic structure of defect complex

formation. We found that a variety of partially charge compensated complexes involving

YbPb and Pb vacancies form readily at room temperature, and combined with variational

methods applied to an effective model of exciton binding to shallow vacancies, we discussed

the implications of this complex formation to experimental observation of quantum cutting

and enhanced near-IR photoluminescence. Finally, to move beyond the limitations of sin-

gle lattice models, we constructed machine learning architectures based on tensor networks

and adapted to SO(3)-invariant atom-density representations. This allowed us to capture

multiple lattice symmetries, atomic displacements, and chemical disorder within a single

model. We demonstrated, in particular, that tensor networks act as an effective form of

model regularization, allowing for relatively accurate model learning with limited amounts

of training data. Moreover, we found promising connections between model expressibility

and the entanglement structure encoded in the model weights during the course of training.

We then showed how these techniques could be applied to the compression of atom-density

representations and extended to SO(3)-equivariant cases.
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[33] Jean-Louis Calais and Per-Olov Löwdin. A simple method of treating atomic integrals

containing functions of r12. Journal of Molecular Spectroscopy, 8(1-6):203–211, 1962.

[34] M. A. Caprio, K. D. Sviratcheva, and A. E. McCoy. Racah’s method for general

subalgebra chains: Coupling coefficients of SO(5) in canonical and physical bases.

Journal of Mathematical Physics, 51(9):093518, 2010.
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