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Abstract

Inverse Boundary-Value Problems on an Infinite Slab

Kaloyan Marinov

Chair of the Supervisory Committee:
Professor Gunther Uhlmann
Department of Mathematics

In this work, we study the stability aspect of two inverse boundary-value problems (IBVPs)
on an infinite slab with partial data.

The uniqueness aspects of these IBVPs were considered and studied by Li and Uhlmann
in [34] for the case of the Schrédinger equation as well as by Krupchyk, Lassas and Uhlmann
in [32] for the case of the magnetic Schrodinger equation.

Here we quantify the method of uniqueness proposed by Li and Uhlmann and prove
a log-log stability estimate for the IBVPs associated to the Schrodinger equation. The
boundary measurements considered in these problems are modelled by partial knowledge of
the Dirichlet-to-Neumann map; more precisely, we establish log-log stability estimates for

each of the following two IBVPs:

e in the first inverse problem, the corresponding Dirichlet and Neumann data are known

on different boundary hyperplanes of the slab;

e in the second inverse problem, they are known on the same boundary hyperplane of

the slab.






TABLE OF CONTENTS

Page
Glossary . . . . . . iii
Chapter 1:  Introduction . . . . . . . .. ... .. 1
1.1 Inverse problems: an overview . . . . . . . . . . . . .. ... 1
1.2 The Calderén problem . . . . . . .. ... oo 1
1.3 Inverse boundary-value problems on an infinite slab . . . . . . . . .. .. .. 5
Chapter 2:  Uniqueness . . . . . . . . . . 9
2.1 Chapter overview . . . . . . . . . . . 9
2.2 A direct boundary-value problem and the DNmap . . ... ... ... ...
2.3  Main uniqueness results . . . . . ... 10
2.4 Outline of proofs . . . . . . . . . . 11
2.5 Schematic proof of Theorem 2 . . . . . . . . . ... ... ... ... .. 11
Chapter 3:  Stability . . . . . . . . . .. 16
3.1 Chapter overview . . . . . . . . .. 16
3.2 Main stability results . . . . . ... 18
3.3 Imtegral estimates . . . . . . .. ..o 19
3.4 Proof of Theorem 5 (Dirichlet and Neumann data on different slabs) . . . . . 29
3.5 Proof of Theorem 6 (Dirichlet and Neumann data on the same slab) . . . . . 35
Bibliography . . . . . . .. 40
Appendices . . . . . L 44
Appendix A: A Carleman estimate . . . . . . .. .. ... 45
Appendix B: A Runge-type approximation result . . . . . .. ... .. .. ... ... 51



Appendix C: Other important results

i



GLOSSARY

IBVP: an inverse boundary-value problem.

¥:  the domain® between two infinite parallel slabs in R", n > 3;
0%: the boundary of ¥;

CGO: complex geometrical optics;

B,Q: a smooth bounded subdomain of X.

IFor brevity of expression, we shall occasionally refer to ¥ as “the slab.”
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Chapter 1
INTRODUCTION

1.1 Inverse problems: an overview

Inverse boundary-value problems (IBVPs) arise when one tries to use boundary measure-
ments in order to determine internal parameters of a given medium. The physical phenomena
are frequently described in a PDE framework. The foundational hypothesis in the statement
of an IBVP is the so-called measurement data. (In many cases, the nature of the mea-
surement data is mathematically encoded in a linear operator between appropriately chosen
vector spaces.). The goal in the IBVP is to recover the coefficients of the PDE based on
knowledge /measurements of a family of solutions along the boundary of the medium.

An inverse problem can be studied when full measurement data is available (correspond-
ing to full knowledge of some linear operator) or when partial measurement data is available
(corresponding to limited knowledge of some linear operator). After one has decided upon
the measurement data (to be taken as a hypothesis in the analysis), there are three aspects

of an inverse problem which can be studied: uniqueness, stability, and reconstruction.
1.2 The Calderon problem

One elliptic inverse problem which has attracted a lot of attention is Calderén’s inverse
problem. This inverse problem, also known as the “Calderén problem” and as the “inverse
conductivity problem,” was introduced by Calderén himself in [7]; broadly speaking, he
considered the question of determining the internal electrical conductivity of a physical body
by making voltage and current measurements along the exterior boundary of the body.
Before we go into more precise details, let us outline the physical phenomenon which

underlies the Calderén problem: When an electrical potential is applied to the boundary of



a physical object, an electrical current begins to flow through the interior of that object.

The Calderén problems starts by considering a physical body/object whose interior con-
ductivity varies from point to point; we suppose further that we do not have direct access
to the interior of the given physical object, but we can make direct measurements along
its boundary. Next, based on the principle from the preceding paragraph, we can apply a
family of electrical potentials to the boundary of our object and measure the corresponding
electrical currents flowing out of the boundary. Then, the Calderén problem asks if this
measurement data suffices to reconstruct the electrical conductivity at all interior points of
our physical object.

Note that the inverse conductivity problem can be classified as a technique of non-invasive
testing. This technique is referred to as electrical impedance tomography (EIT). When EIT
is used for medical imaging, the physical object is a patient’s body, one applies (sufficiently
small) electrical potentials on the patient’s skin and measures the outgoing currents on the
skin, and finally one determines the electrical conductivity in the different tissues comprising

the patient’s body. Some applications of EIT include:

e carly detection of breast cancer (because a malignant tumor contains a lot of blood

and the electrical conductivity of blood is very high);

e oil prospection (this was one of Calderén’s reasons for considering the inverse conduc-

tivity problem);

e monitoring the pulmonary function in the human body (cf. [13]).

We now turn to a mathematical formulation of the Calderén problem. Let the physical
object (to be imaged by means of EIT) be modelled by some fixed open bounded domain
Q) C R™ such that 02 is smooth. At a point x in the object (2, we denote the electrical
conductivity by «(z). As a result, the electrical conductivity of the object is modelled by
a real-valued function defined on €2; from now on, we assume this function to be strictly

positive and finite-valued everywhere in 2.



If there are no sources or sinks of current inside 2, Ohm’s law asserts that, when we
apply a potential f to the boundary 02, a voltage potential u = wuy is induced in the interior
of €2, so that u solves the following Dirichlet problem:

div(yVu) = 0in Q
(1.2.1)

ulpa = f.
Provided that v satisfies certain regularity hypotheses, the Dirichlet problem (1.2.1) for
the conductivity equation admits a unique weak solution u = uy € H'(2). This enables us

to define the voltage-to-current map by

ou
A f = Va_yf :
o

One can easily verify that A, is a bounded linear operator from H'/2(9) to H='/2(0%2). In
practical terms, this operator encodes how the current flowing out of 92 depends upon the
voltage potential applied to 0€2; in other words, the boundary-measurement operator in the
inverse conductivity problem is A, .

Calderon studied the case of a physical body whose electrical conductivity is constant.
(In this case, the conductivity equation reduces to the Laplace equation.) Next, by using

the divergence theorem, he obtained

(A, 9)o0 = / YVu - Vudz,
Q

where (s,.)sq denotes the dual pairing between H~Y/2(0Q) and HY?(0Q); u,v solve the
conductivity equation in 2 with boundary values f, g, respectively. Calderén’s strategy was
to find a sufficiently large family F of solutions to the conductivity equation such that the dot
products of the gradients of all functions in F comprise a dense subset of some appropriate
function space. By taking F to be a collection of complex exponentials u(z) := e”*, Calderén
was able to establish unique identifiability for + in the inverse conductivity problem; more
precisely, the functions = — e in F were indexed by a complex vector p € C" with p-p =0

and with |p| sufficiently large.



After Calderon’s pioneering work, the inverse conductivity problem has been extensively
researched. A landmark result in the literature on the Calderén problem is [43] by Sylvester
and Uhlmann, where they established unique identifiability for C? conductivities in Q C R”,

n > 3. Their result is as follows:

Theorem 1. Let n > 3. Assume further that 1,7, € C*(Q) both satisfy
M7 <y@) <M, weQ j=1,2
for some finite constant M > 0. If A,, = A.,,, then v, = 7 in Q.

The first step in Sylvester and Uhlmann’s proof of Theorem 1 was to reduce the problem
to a question about unique identifiability of the coefficieint ¢ for the Schrodinger operator
—A + ¢q. Then, they were able to construct a family F’ of solutions to the conductivity
equation in 2; each function in F’ has the form u(xz) = e™?(1 4+ r(x)), where p € C™ is large
enough in absolute value and it satisfies p-p = 0; furthemore, r was shown to belong to H'(Q)
with [|7||f2) = O (ﬁ) as |p| — oco. It was then shown that F possesses a density property
similar to F. (The functions in F’ are called complex geometrical optics (CGO) solutions.)
Since Sylvester and Uhlmann’s contribution, the construction of CGO solutions has been
an essential part in the analysis of many inverse boundary-value problems associated with
elliptic PDEs.

In recent years, inverse problems with partial data have been studied extensively. Bukhgeim
and Uhlmann proved in [6] that, if the boundary measurements are given by Dirichlet data
on the whole boundary but by Neumann data on (roughly) half of the boundary, then such
measurements determine the potential in the Schrédinger equation uniquely in dimensions
three or higher. Stability estimates in the same setting were established by Heck and Wang
in [24].

In [33], Kenig, Sjostrand and Uhlmann proved an improvement on the uniqueness re-
sult of [6] by showing that uniqueness continues to hold even when the Dirichltet data is

given on an any (arbitrarily small) open subset of the boundary and the Neumann data is



given on a slightly larger part of its complement. Nachman and Street in [39] analysed the

reconstruction aspect of the inverse problem from [33].

1.3 Inverse boundary-value problems on an infinite slab

The geometry of an infinite slab is interesting and important, because it can be used to model
a number of physical phenomena. First of all, the slab geometry is used in the modeling of
wave propagation in shallow-ocean acoustics. For example, the authors of [45] considered
the problem of imaging an obstacle which is embedded in a shallow-water waveguide, while
the authors of [27] showed that one can uniquely identify the refraction index of a compactly
supported inhomogeneity in an oceanic acoustic waveguide.

Another application of the slab geometry is that it provides a simple geometrical setting
for medical imaging. It is pointed out in [5] that the slab framework can be used to probe
biological tissues for breast tumors and brain hemorrhages; inverse problems of optical diffu-
sion tomography were studied in [37] and [38]. Finally, the slab geometry also arises in some
inverse problems having to do with the identification of an unknown embedded object; for
instance, see [26] and [42].

This work is devoted to the study of IBVPs for the Schrodinger equation on an infinite
slab. In broadest terms, the problem consists of recovering the electric potential ¢ on the

slab

Yo={reR*:0<x3< L},

from partial knowledge of the Dirichlet-to-Neumann map (DN map). Here, L > 0 is a

constant, x3 denotes the 3rd coordinate of z and ¢ is compactly supported in
Q:={(2,23) eR*: [2'| <R, 0< 23 < L}
with R > 0 a constant. The DN map is roughly defined by

Aq : f — ayu‘ag,



where 0% denotes the boundary of X, v represents the outward-pointing unit normal vector

along 0%, 0, = v -V and u solves the problem!

(-A -k +qu=0nX%
U|8E:f-

In [34], Li and Uhlmann proved two uniqueness results for the potential g; each result assumes
a different kind of partial knowledge of the DN map. In order to precisely describe these
uniqueness results, we need to introduce some notation. The boundary of ¥ consists of the

two hyperplanes
I ={zeR:a3=L}), Ty:={recR’: 23=0}
Choose R’ > 0 with R < R/, and set
Fj-v ={zely:|d| <R}, j=12
Let I'P be a relatively open, precompact subset of I'; such that
rycrb.

Let ¢; and g2 be potentials from L>(3) such that both are (compactly) supported in @), and
let Ay, and A,, denote their corresponding DN maps. Li and Uhlamann showed that if either

Aqlf‘F{V = quf‘F{V
for all f supported in ﬁ, or
Aq1f|F§V = qu.ﬂl‘év

for all f supported in ﬁ, then

q1 = q2.

I This problem is well-posed under certain conditions on f, k and ¢ but, for the sake of simplicity, we omit
details at this point.



These results were extended by Krupchyk, Lassas and Uhlmann in [32] to the case of the
magnetic Scrodinger equation.

In the last fifteen years, IBVPs with partial data have attracted a lot of attention and
nowadays there is a fairly long list of publications studying such problems. In [6], Bukhgeim
and Uhlmann established, in dimension n > 3, uniqueness results for the IBVPs associated
to the Schrodinger equation and the conductivity equation in the setting where the Dirichlet
data is given on the whole boundary but the Neumann data is given only on (roughly
speaking) half of the boundary. This result was improved by Kenig, Sjostrand and Uhlmann
in [33]. Stability estimates for these problems have been established in [24] for the Bukhgeim
and Uhlmann’s result and in [10] and [11] for the Kenig et al’s result. It is important to
point out that, so far, the best known stability for these problems is of log-log type. A
partial reconstruction procedure was proposed by Nachman and Street in [39]. Other related
results are [18], [14], [44], [15], [17], [41] and [16]. Another important result with partial data
is [30], where Isakov proved, in dimension n = 3, uniqueness for IBVPs associated to the
Schrodinger equation and the conductivity equation with partial data. In his paper, Isakov
assumed the boundary of the domain to be partially flat or spherical and the measurements
to be taken on the complement of the flat or spherical part. Wang and Heck proved in [25]
that Isakov’s method provides the optimal stability for this inverse problem, that is, of log
type (see [36] in connection with the optimality issue). Related results are [8], [9], [32] and
[35]. Other interesting results for IBVPs with partial data are [3], [28] [23], [31], [2], [4] and
20].

The basic tools to deal with this kind of partial-data IBVPs are integration by parts to
obtain Alessandrini formulas and the construction of appropriate complex geometric optics
(CGOs). In [6], Bukhgeim and Uhlmann used a Carleman estimate with boundary terms to
control the part of the boundary where no measurements were taken and then stated a type
of Alessandrini formula. On the other hand, in [30], Isakov used a reflection argument across
the flat part of the domain’s boundary to construct CGOs vanishing on that flat part. In
[34], Li and Uhlmann took advantage of the geometry of the slab to combine the ideas from



6] and [30] to prove their uniqueness results.

This thesis is organized as follows. In Chapter 2, we formally introduce partial-data
IBVPs on an infinite slab and sketch the proof of Li and Uhlmann’s uniqueness result from
[34]. In Chapter 3, we discuss the stability of two partial-data IBVPs on an infinite slab; the

new results are stated in Section 3.2 and proved in the remainder of Chapter 3.



Chapter 2

UNIQUENESS

2.1 Chapter overview

To fix ideas, let ¥, Q, TV TY, T'P be chosen as in Section 1.3. In Section 2.2, we start by
discussing the solvability of a direct boundary-value problem for —A + ¢ on 3J; this will then
enable us to introduce the DN map A,. In Section 2.3, we state Li and Uhlmann’s uniqueness
results from [34]. Finally, in Section 2.4, we give an outline of the main points in Li and

Uhlmann’s proofs.

2.2 A direct boundary-value problem and the DN map

Our first order of business is to discuss the solvability of a direct boundary-value problem
for —A + ¢ on X, because this will enable us to introduce the DN map A,. Furthermore, the
DN map is of central importance, because it is the mathematical model for the boundary
measurements in the main results of Chapters 2 and 3.

We begin with some preliminaries: Let K be an arbitrary compact subset of I'y, and

define

HY*(Ty) == {f € H¥*(Ty) : supp f C K}.

Fix a potential ¢ € L°°(X) which is compactly supported in Q). For a certain frequency k& > 0
that we call admissible for ¢, we know that, given a compactly supported w € L*(X), there

exists a unique v € H2_(X) such that

loc

—A— K+ = winX,
( Qo = win (2.2.1)

U|3§; = 0.
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Moreover, for any bounded subset €2 C X, we have the estimate

[olla20) S llwll ),

where the implicit constant depends on k, (2, and any upper bound on ||¢||=(x). For an
account of this direct problem and a discussion of admissible frequencies, see [32].
The well-posedness of boundary value problem (2.2.1) implies that, given any f €

H:;{/2(F1), there exists a unique admissible solution u € H2_(X) to the following Dirichlet

loc

problem
(—-A—k+4+q) v = 0inX,
ur, = f. (2:22)
U|F2 = 0.

Having discussed the well-posedness of the direct boundary-value problem [?] on ¥, we are

now ready to define the following linear map:

A, HY*(T)) — H20%).

f = al/u|82

where u is the unique admissible solution to the problem (2.2.2). We refer to A, as the full
boundary-measurement operator.

Let A; and A? denote the maps defined by
ASf o= Agflry, A2 =Agflry,  Vfe€ H%Q(Fl). (2.2.3)
We refer to Aé, Ag as the partial boundary-measurement operators.
2.3 Main uniqueness results

Li and Uhlmann’s uniqueness results (for the operator —A + ¢; from [34]) are as follows:

Theorem 2. With X, TV T TP fized as before, let B be a smooth bounded subdomain of ¥
such that
@#0BNT; CTIY forj=1,2; 0BNT; CIY.
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Then,
A=A, = a=a
Theorem 3. With X, TV, TY TP B fized just as in Theorem 2,
A=A = a=a
2.4 Outline of proofs

The main steps in the proof of Theorem 2 can be summarized as follows:

e obtain an identity involving the quantity fz(éh — @a)vus dx for a large enough set of

functions v; on X and uy on B

use a Carleman estimate to obtain an integral inequality involving | fz(fh — q2)U1 U2 dx’

use a Runge-type approximation argument to extend the set of functions v; for which

the integral inequality holds true

construct CGO solutions to plug into the extended integral inequality

take a limit to establish Theorems 2 and 3

The proof of Theorem 3 follows a similar scheme. The main difference is that, in the proof
of Theorem 3, we construct different CGO solutions and, as a consequence, no Carleman

estimate is required.

2.5 Schematic proof of Theorem 2

As we indicated at the end of the previous section, the proofs of Theorem 2 and 3 rely on
similar ideas. For that reason and for the sake of brevity, we dedicate this section to a more

detailed proof of Theorem 2 only.
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2.5.1 Step 1: obtain an integral identity

2 (3) be the unique admissible solution of

Let f € H%f(l“l) be arbitrary. Then, let v; € H?
(-A+¢—k)v; = 0 in¥
vile, = f
vjlp, = 0
Set w 1= vy — vy.
Let uy € H'(B) be any solution of (—A + g3 — k*)uy = 0 in B.
The following facts about w follow from its very definition and from the hypothesis that
A?ﬂ = A32:
(A +@—k)w = (g —g)vninx
wlgg = 0
(auw)h“g =0
But we can get even more information about w by studying its properties on ¥\ B.

Before we do so, let us introduce the following notation:
lj:=0BNTy, j=12; l3:=0BNE.
As announced earlier, we now summarize the following properties of w on 3\ B:
(-A—kHw = 0inX\B
w|F§V w = 0
(Ow)lryy, = 0
Now, by (qualitative) unique continuation for the Helmholtz operator —A —k? on 3\ B, the

above properties of w imply that w =0 in ¥\ B.

To sum up the discussion so far, we now know that

w = 0onodB (2.5.1)

d,w = 0onlyUl;s (2.5.2)
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We are now in a position to prove the desired integral inequality as follows:

/Z (1 — vy dz = /B (g1 — go)vtin d
— [t a - Rulud
- /Bw[(—A + g2 — k*)ug] do — /8B((9,,w)u2 ds
+ /a w(0,u)ds

Utilizing properties of w and wuy, we obtain

/Z<Q1 — @)viuy dr = — / (O, w)ug dS. (2.5.3)

l1

2.5.2 Step 2: apply a Carleman estimate

Applying Bukhgeim and Uhlmann’s Carleman estimate (cf. Proposition A.0.1) (with @ = B,
q = g2 — k?, u = w) to the integral identity (2.5.3), we arrive at

1/2
( e My | d5>
I

for all 7 > 75 and for all n € R™ with |n| > ag, n- e, > 0. (At this stage, we could take

/(Ch - 92)U1U2 dz
by

ap := 1/2, but we don’t have to.)

2.5.8 Step 3: obtain an extended integral inequality

Let us now combine the integral inequality from Step 2 with the Runge-type approximation

result (Proposition B.0.2) to obtain the following extended integral inequality

1 1/2 1/2
() ()
7(77 ' en) I
1/2
(/ e (g1 — qo)us|? dx)
B

Lemma 2.5.1. We have

/(Ch — @2)uruy dx
D)
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whenever n € R™ satisfies |n| > ag, - e, >0, T satisfies T > 19, uy and us solve

(—A+q; — k2)uj =0on B forj=1,2; and wuy|, =0.

2.5.4 Step 4: construct CGO solutions & concrete functions uy, us
For any ¢ € R? with |£| > ag, &1 == /&2 + &2 > 0, we define

e(l) := é

and e(2) € R? as the unique unit vector such that {e(1),e(2),e(3)} forms an oriented or-

thonormal basis of R?. Note that £ = (£, 0,&3)e. Define £+ := (—£3,0, &1 )e.

(517 527 0)7 6(3) = (07 07 1)7

In what follows, we shall apply the extended integral inequality (i.e. Lemma 2.5.4) with
n = &+ (which is the reason for requiring that |£] > ag as early as now).

For 7 > 713, we choose

1 1
proi= r§i+i<§£+ 72—Z|£|e(2)>7

1

p = —Tswz'(;— ﬂ—ime(z))-

By a result of Sylvester-Uhlmann (i.e. Proposition C.0.3) and by increasing 7 (if necessary),

we can choose

u2($) = 6x.p2(1+¢2(1’702))a
u(z) = e (1+di(z, 1)) — e (1 +¥i(2, 1)),
where * denotes reflection in the line {z3 = 0} and the Sobolev norms of the ¢’s satisfy

certain decay estimates in 7.

Insert these concretely chosen uy, us into Lemma 2.5.4.

1 1/2 1/2
< |\ = e (g1 — go)ua|? dx)
(7—(77 : en)) (/B
1/2
(/ e My |2 da) ;
oBNI'

/(611 - Q2)U1U2 dz
by
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2.5.5 Step 5: take a limit

By letting 7 — oo and using the decay estimates on 1)y and 1y in the last estimate, one

arrives at

(1 —¢2) (§) =0

for all £ € R? with [£| > ag, £ - e3 > 0.
From here, it follows (either by properties of the Fourier transform, or by the Payley-

Wiener theorem) that

q1 = 42 in Ea

which establishes Theorem 2.
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Chapter 3
STABILITY

3.1 Chapter overview

The new results in this thesis are Theorems 4, 5 and 6. The new results are quantitative
versions of Li and Uhlmann’s results (recorded in this thesis as Theorems 2 and 3). Theorems
5 and 6 consist of log-log-type stability estimates for two partial-data IBVPs on a slab. This
is joint work with Pedro Caro (Institute of Mathematical Sciences, Spain).

We will now sketch the main points in our proof of Theorem 5, corresponding to the case
where the Dirichlet and Neumann data are measured on different hyperplanes.

To fix ideas, let 3, Q, TV, TY TP be chosen as in Section 1.3. Let ¢; and ¢y denote two

potentials with compact support in @, and let A2 and AZ, be defined by

Ao f =0 flry, AL =D Sy,

for all f compactly supported in @. The first step in our approach is to prove an integral

estimate in which

/(Q1 — @2)urug dx
D)

is bounded by ||A§1 — AgQ ||« plus some controllable terms, for a large enough set of functions

uy and uy solving the equations (—A — k? +q1)u; =0 and (—A— k2 +¢2)us = 0 in a bounded
domain {2 C X satisfying
{reX:|d|<R}CQ.

In order to obtain this estimate, we require u; to vanish along I';N0S€2. The second step in our
approach is to construct an appropriate family of solutions to extract information from the
integral estimate. This will be a family of CGOs depending on a large parameter 7. In order

to ensure that u; meets the requisite condition u|r,n90 = 0, we will use Isakov’s reflection
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argument from [30]. The third step is to insert the CGOs into the integral estimate, which

enables us to estimate (from above) the Fourier transform of ¢; — ¢o at frequencies from

{€=(€,&) eR g <r, [¢] > 1}

in terms of ||A7, —A? ||. and the parameter 7. The forth step consists of extending the set of
frequencies, at which the Fourier transform of q; — g is controlled, to all of {& € R3 : |¢| < r}.
To do so, we proceed as Liang did in [35]: we use that the Fourier transform of ¢; — g2 is
analytic and a result from [29]. Thus, we are able to control all the low frequencies in a ball
of arbitrary radius. Finally, we follow the ideas proposed by Alessandrini in [1] to control
first |g1 — @2/l m-1(r3) and then |1 — ga||L=(x)-

The ingredients to achieve the first step are a Carleman estimate with boundary terms
(proved and used in [6] by Bukhgeim and Uhlmann), a quantified unique continuation prop-
erty from a proper boundary subset (due to Phung, see [40]), and a Runge-type approxima-
tion argument (performed by Li and Uhlmann in [34]). Furthermore, in order to be able to

complete the proof of our first step (which consists of utilizing the Runge-type argument),

we need to introduce a new operator norm || . ||,, which is used to establish the stability of
the IBVPs under consideration.

The analytic unique continuation used in the fourth step does not produce any extra log
since we are not enlarging the size of frequencies, we are just extending to low frequencies.
This situation is different from [24], [10], [11] and [12].

The approach used in the case where the Dirichlet and Neumann data are measured on
the same hyperplane is quite similar to this one. In that case, we use CGOs to construct u,
and us in a such a way that both of them vanish on I'y N 0€2; as a consequence, no Carleman
estimate is required, so the proof of the integal estimate turns out to be simpler. However,
the rest of the argument requires a quantification of the Riemann-Lebesgue lemma (cf. the
proof of Theorem 8.22(f) from [21] for functions in C°(R™)).

In Section 3.2, we state the new results in this thesis. In Section 3.3, we prove the integral

estimates for the two IBVPs under consideration. In Section 3.4, we prove the stability of
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the problem when the Dirichlet and Neumann data are measured on different hyperplanes.

Section 3.5 is dedicated to the case where measurements are made on the same hyperplane.
3.2 Main stability results

Our stability estimates for these two IBVPs are contained in Theorems 5 and 6; Theorem
4 enables us to quantify the difference between different boundary measurements. At this

point, it is useful to recall the definition of our (partial) boundary-measurement operators

AJ A, from (2.2.3).

q1’

Theorem 4. Let k > 0 be an admissible frequency for the zero potential. Then, there exists
a norm || .|| on H%Q(Fl), which depends on k, such that, if ¢ € L*°(X) with suppq¢ C @ and

if k is admissible for q, then Afl is a bounded operator from (H%(Fl), Il . |||> to H=3/2(TN).
1

Let . denote the operator norm of bounded linear operators from <Hi—f(P1), [ |||>
1
to H=3/2(T]).

Theorem 5. Consider s > 3/2, and let q;, g2 belong to H*(3) and have their supports
contained in (). Consider k > 0 to be admissible for q;, qo and the zero potential. Let M
denote an upper bound on ||q;||gsx) < M. Then, there exists 6 = §(L, R, k) > 0 such that,
if [[A, — A2 |l < 1/0, then

_03—3/2
lar — qollzoe(ey < (log[l + [log(al]Ag, — Ag L)+

with 0 < 6 < 1/10. The implicit constant® only depends on L, R, k, M, s and .

Theorem 6. Consider s > 3/2, and let q;,qo belong to H*(R3) and have their supports
contained in (). Consider k to be admissible for ¢, g2 and the zero potential. Let M denote

an upper bound on ||g;| gsmsy < M. Then, there exists 6 = §(L, R,k) > 0 such that, if

!Throughout the paper, we will write a < b whenever a and b are non-negative quantities that satisfy
a < Cb for a certain constant C' > 0. A constant C' > 0 satisfying the previous inequality will be called
an implicit constant and it will only depend on unimportant quantities such as L, R, k, M, s and 9.
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|A;, — Aj Il < 1/6, then

s—3/2

_ps=3/2
g1 — QQHLOO(E) N (1og[1 + | log(6||A32 - A;H*)H) T

with 0 < 6 < 1/5. The implicit constant in the last inequality depends on the same param-

eters as the implicit constant from the inequality in Theorem 5.

Our results hold in dimension n = 3. We have only considered the three dimensional
case for the sake of simplicity but we believe that these results also hold for n > 3 following

similar arguments.
3.3 Integral estimates

The main goal of this section is to prove the integral estimates that we announced in the
introduction. Before stating these estimates, we will introduce a norm for H%Q(Fl) and we
will prove Theorem 4.

Let £ > 0 be an admissible frequency for the zero potential in 3; we define, for each

fe HI?:*/DQ(Fl), the norm
1

A= llogl L2, (3.3.1)

where v; € HZ (X)) is the unique solution to

—(A+ k) vy = 0in X%,
vf‘fﬁ = f7 (332)

vf‘Fz = 0

and (2 is a bounded open subset of > which satisfies
{reX: |Z|<R}CQ
and has a smooth boundary 02 such that

0N, CIP, TV Cintr, (00NTY)
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for j =1,2. Since we want ' and I‘;V to be as small as possible, we now assume R < 2R;

at this moment, we fix 2 satisfying all of the above conditions together with
QcC{zeX:|d| <2R}

The norm || . || obviously depends on €2 and k but these dependences are harmless for our

problems. The well-posedness of the problem (3.3.2), together with the fact that

flr=0=f=0, (3.3.3)
guarantee that || . || is a norm on HI:;{DQ (T'1). The property (3.3.3) follows from the weak
unique continuation property for the equation —(A + k?)v F=01in 2.

With this new norm on H%Q (T'1), we will show that AJ is a bounded operator.

Lemma 3.3.1. The following inequality holds

1AL 1l a2y S WA

for every f € H%Q(Fl), where

j | Jo, Aof g da|
”Af;fHH*?’/?(F;V) = sup T

ser2wpngy N9l
T

(3.3.4)

The implicit constant here depends on k, any upper bound on ||q|| (s and 2.

Note that Theorem 4 is an immediate consequence of this lemma. Moreover, Lemma
3.3.1 still holds if each occurrence of ﬁ in its statement is replaced by any compact subset

K of I'y. In particular, the intersection between © and K is even allowed to be empty.

Proof. Fix f € H%Q(Fl). For any g € H%Q(Fj), we have that
1 J

D
/Aqud:c':/ d,u g da’

J J
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with u solving (2.2.2). By the trace theorem for €, there exists v € H?*(2) such that

v(z) = g(x) for almost every z € T, v(z) = 0 for almost every x € IQ\T'Y, d,v|so = 0 and

vl 22 S 191l marar;)- (3.3.5)

Here n denotes the outward-pointing unit normal vector along 02, and the implicit constant

depends on ). Then, using Green’s formula, we get that

/Aquda:':/Auv—uAvdx
r; Q

J

which, by (3.3.5), implies

/ A fgdx!
F.

J

S (lull o) + ||AU||L2(Q))||9|!H3/2(rj)‘

Since w is solution to (2.2.2), we have

[Au]| L2y < (k2 + [|gll o) ull 2
and therefore, by (3.3.4),
1AL F a2y S Ilull 2o,

where the implicit constant depends on &, any upper bound on ||g||ze(x) and €.
Let w be defined by w := u — vy with vy as in (3.3.2). Then, u = w + vy with w being

the unique solution to the Dirichlet problem

(—A—k*+qQw = —qusin 3,

w’ag = 0.
By the triangle inequality and the well-posedness of this problem, we deduce
1AL f sy S Mlvgllzzen,
which is nothing but the claimed inequality. O]

Next, we turn our attention to the integral estimates, which can be stated as follows.
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Proposition 3.3.1. Fix potentials qi,qy € L*>°(X) both of which are compactly supported
in @, and let M > 0 denote an upper bound on ||¢;||zx) < M for j = 1,2. Consider k > 0
to be admissible for ¢, g and the zero potential. Assume that u; and uy belong to H*()
and are solutions to
(A -k +q)uy = 0inQ,
ui|r,ro0 = 0
and
(—A — k* + q)ug = 0 in Q,

respectively.

(a) If u|r,ron = 0, then there exists a constant & = §(L, R, k) > 0 such that, if ||A}, —

1
Ay ll« < 1/6, then

< il 2 l|u2l| H2()

~

‘ /(Q1 - C]Q)Uluz dx
Q

:|l/2'

(b) There exist constants C' = C(L,R) > 0 and 6 = 0(L, R, k) > 0 such that, if [|A?, —
A2 |l. < 1/0, then

P+

1Og (5”‘/\;2 - Aél”*)

< eerld] 1wt |l 2o l|uall m2(q)

‘ /(Q1 - CIQ)U1U2 dx
Q

log (6HA32 - AgIH*)

:| 1/2

1 _ -
+ e s |y lle”™ un || 2@

for all 7 > 79 := C(k* + M) and ¢ € R® with ¢ -nlpy > 1; here, ¢ > 2(2R + L).

IE

Proof. Let v; € H2 (X)) be a solution to (—A — k% 4+ ¢1)v; = 0 in ¥ with supp(vi]ss) C T'P.

Writing f := v1|r,, we know that there exists a unique v, € H2 () such that

loc
(A =k + @)y, = 0in %,

U2’F1 = f7

'UQ’I‘Q = 0.
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Then, w := vy — v; belongs to H2_(X), and it is the unique admissible solution of

(A =k + @)w = (g1 — ¢2)v1 in X,
' ' (3.3.6)

w|ag = 0.

Obviously,
/(q1 — @)Uy Uy dx
Q

= /<Q1 — @o)v1 XU dT + /(q1 — q2)(u1 — v1)ug dx
Q Q

where y is a bump function in R? which satisfies x(z') = 1 for |2'| < R + € and supp x C

(3.3.7)

{|z'] < R' — €} for a small enough € > 0. Using the equation solved by w, applying Green’s
formula in €2, utilizing the equation satisfied by uy together with w|ss = 0 and taking

advantage of y = 0 in a neighbourhood of 92 N X, we get

/(91 - Q2)01XU2 dx
Q

(3.3.8)
=— / w(Axus + 2Vx - Vug) dx — / Xu20,w dx’.
Q rvury
Using (3.3.7), (3.3.8) and that supp¢; C @ for j = 1,2, we immediately see that
‘ /(Q1 — @)uruzdz| S [x(ur — vi)|l 22 l[xuel 2@
“ (3.3.9)

+ ‘ / w(Axug + 2V - Vuy) dx
Q

+ ‘ / Xu20,w d’
rvury

We next have to obtain an upper bound on each term in the previous inequality. The
method for estimating each of the two boundary integrals depends on whether the domain
of integration does or does not coincide with the part of 9% on which the Neumann data is
measured. The method for estimating the interior integral on the right-hand side of (3.3.9)
relies on a quantified unique continuation property for w.

To fix ideas, let the Neumann data be measured on T'Y. Start by estimating the boundary
integral along I'YV from (3.3.9). Using d,w|ss = (Ay — Ay )f, suppx C {|2/| < R'}, and
(3.3.4), we get

< HXU2HH3/2(F1)H(A21 - Alqg)fHH*W?(I‘fV)'

’ / Xu20,w da’
i
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The last term on the right-hand side can be estimated using the definition of the operator

norm and (3.3.1) as follows:

(AL = AL Fllovaesy < IAL = AL (g = villoey + oalliz)s (33.10)
l
where v satisfies (3.3.2). Note that vy — vy satisfies
(—A — ]{52)(’0]0 — ’Ul) = q1U n E,
(Uf — ’01)|ag = 0.
By the well-posedness of this problem, we have

[vp = villz2@) S lIxvillz2es). (3.3.11)

Thus, using (3.3.10), (3.3.11) and the boundedness of the trace operator associated with €2,

the boundary term under consideration is bounded in the following way:

/ Xu20,w da’
FN

l

SIAG, = Al Il 2oy lor | 20 - (3.3.12)

Under the assumptions in (a), the inequalities (3.3.12) and (3.3.9) imply

‘ /(fh - 92)U1U2 dz
Q

S [lur = w1l 2@ llual 20 (3.3.13)

+ w2 luellmr@) + 1AL, — A, llluell m2@) vl 22,

where Q' := {x € ¥ : R+ € < |2/| < R' —€}. In order to get the estimate in (a) from
(3.3.13), we have to control w in Q" and u; — v in Q2. We postpone this for a while; instead,
we now focus on estimating the other boundary term in (3.3.9), which only appears under

the assumptions in (b). More concretely, we focus on estimating the term

’ / Xu20,w da’
FN
1

in terms of |AZ, — A? ||, and a sufficiently large parameter 7.

(3.3.14)

To fix ideas, let ¢ € R3 be arbitrarily chosen with ¢ - e3 > 1. In order to control (3.3.14),

we use a Carleman inequality proven by Bukhgeim and Uhlmann in [6] (see Corollary 2.3).
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Since |¢| > |( - e3| > 1, the Carleman inequality can be applied to our situation as follows:

For any q € L>(Q) with ||¢|[z=@) < M, there exists a constant C'= C(L, R) > 0 such that

72/ le™ ™ Cu? da + T/ (C-n)le ™ 0,ul*dS

@ o (3.3.15)

< / e (= A — k4 q)u* do
Q

for all u € H*(Q) with ulapq = 0, 7 > C(k?* + M); the implicit constant in (3.3.15) depends
on IR and L.
Start by noting that

/ X0, w dx’
FN

1

< Mlem™ ull 2oy le ™™ 0y (xaw) | 2y (3.3.16)

since n|py = v|py is a constant multiple of e3 and since J,,x = 0. Here e3 denotes the vector

satisfying 3 = e3 - x. The first term on the right-hand side can be bounded as follows
He”'CuZHLz(Fle) < [le™ us ey (3.3.17)

using the boundedness of the trace operator associated with €2, where the implicit constant

depends on 2. We estimate the second term on the right-hand side of (3.3.16) as
le™¢ 0 (xw) |72y < / _ComleT40, (yw) [ da (3.3.18)
Fl

Since yw € H?(Q2) vanishes on 0, an application of (3.3.15) with u replaced by yw and ¢
replaced by ¢ shows that the right-hand side of (3.3.18) can be bounded by

1 —TI- cr
;/ e (= A = K+ o) (xw)[* dz + [¢[e* T x,wlF 2y (3.3.19)
0

where ¢ := 2R + L is not the ¢ from the statement of Proposition 3.3.1 (b). Furthermore,

since w solves (3.3.6), we have
L1501 v de o =l
+ He’”'culH%z(Q) + / le™™ ¢ (Axw + 2V - Vw)|? dx
Q

<M wlZ gy + (M or = w32y + lle™u [2a(ay)-
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These computations are meant to bound the first term in (3.3.19). We now take care of the

second one. By interpolation and using that 0,w|sx = (A, — Ay,) f, we get

1/4
||X8Vw||L2(F2) < ||X(Aq2 - Aq1)f||H/—3/2(p HXa w||H1/2

It is a simple computation to show that

||X(qu - th)fHH 3/2(Ty) S ||( 21)f||H—3/2(F§V)

with the implicit constant depending on R. Following (3.3.10) and (3.3.11), we get

1 4 3/4
IxOswllaay S AL, = A2 14 ol oty Xl -

In order to estimate the last factor on the right-hand side, we are going to use the bounded-
ness of the trace operator in €2 and the well-posedness of (3.3.6) to get control on |[w||g2(0)

Thus, we get

X0 g2y S lwllmzey S lloillrze)

which implies

NGl ey < 182, — A2 1 lon e (3:3.20)

Finally, gathering (3.3.16), (3.3.17), (3.3.18) and the computations to estimate each term
n (3.3.19), we can state that

. 1
/N XUQa,,wdx' < HeTICUQHHl(Q [ 1/2H€ 'L[,1HL2(Q)
I
eCT‘Cl
+ T71/2 (”w”Hl(Q’) + ||U1 - U1||L2(Q)) (3.3.21)

ez — g2 ||1/4||mum>] |

Before proceeding with the proof of the claimed integral estimates, let us write down

what the estimate, under the assumptions in (b), looks like at this stage: by (3.3.9), (3.3.12)
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and (3.3.21), we obtain

S lun — Ul||L2(Q)HU2HL2(Q)

‘/(Ch - C]z)uluz dx
Q

+ |wll 2@ luellm@) + I1AZ, — A2 s lluell 2@ o1 [ 2@

TZ-( 1 —Tz-C
+ €™ ua || g1 (o) m”e u1|z2 () (3.3.22)

GCT‘Q
T i (lwllar @y + llor = will2(e))

n |C|1/2€cr|<|”A32 — Agl IIi/4||v1||L2(Q)]

for all 7 > C'(k* + M) and ¢ € R? with (- e3 > 1.

In the next step, we will control w in @’ by using quantified unique continuation from
the boundary. This will be applied to (3.3.13) and (3.3.22) to obtain the estimates in (a)
and (b), respectively.

Proceed with the control of w in '. We may assume w not to vanish identically in
@', otherwise we do not have anything to control. In order to estimate a non-identically-
vanishing w, we will apply an estimate due to Phung (see Théoréme 1.1 in [40]) which reads
as follows in our particular case: Let U be a smooth open subset of  containing @’ with

UNQ = (. Then, there exists a d > 0, which depends on U, I" and k, such that, if

||w||H2(U)

> 1 (3.3.23)
O, wl L2y — d’ o
with T:={z € TV : R+ ¢ < |2/| < R’ — ¢} for the € already chosen, then
W\ g2
ol S — o) (3:3.24)

dllwll g2 1 ﬂ 1/2°
[log <6”8"wHL2(F)

Obviously, I' € 90U NTI;. Note that, by w|sgs = 0 and by unique continuation from the
boundary, we can ensure that ||0,w||r2ry > 0.

On the one hand, by the well-posedness of the problem satisfied by w, we know that

|wllg2) S llvr — willz2@) + lurll 22
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with the implicit constant depending on €2, M and k. On the other hand, considering another
bump function y’ in R? such that y(z') = 1 for |2/| < R'—e and x/(2') = 0 for |2/| > R’ —¢/2,
we have, by the same argument that we used to get (3.3.20) with x’ instead of x, that
10vwllzzmy < IX'Owllz2r)
AL, = ALY (luall 2@ + llor = wllz2(@)) -
Obviously, the implicit constants in the previous inequalities can be chosen to be the same.

Thus, since the function

t -
" (log 1) 72

is increasing on (e, 00) and since the right-hand side of (3.3.24) can be written as

e de”HQ(U)
||al’w||L2(F) HanHLQ(F)

ed dlwll 2y \ 12
os (et
the last two inequalities can be combined with (3.3.23) and (3.3.24) to deduce the following:

if [[AL — AL |l < d*, we have

w1y < lor — uallz20) + [[wall 2@

~ 172"
i |

From now until the end of the proof, we shall write J := d~* and we shall assume ||A}, —

(3.3.25)
log (d~*[[A}, — AL, )

AL || < 67" (so that we do not have to state this condition explicitly every time).

At this stage, the proofs of both parts of Proposition 3.3.1 are almost complete. What
remains for us to do is, firstly, to apply (3.3.25) to each inequality of (3.3.13), (3.3.22) thus
obtaining two new inequalities and, secondly, to apply the announced Runge-type approxi-
mation to the two new inequalities. We now go on to finish the proof of Proposition 3.3.1,
whereby we shall omit all lengthy but straightforward calculations.

The Runge-type approximation can be stated as follows: For all u; as in the statement
of Proposition 3.3.1 and & > 0, there exists a v; € H2 (3) solving (—=A — k* + ¢;)v; = 0 in
5> with supp(vi|ss) € T'P such that

HUl — u1HL2(Q) < €.
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With regard to part (a) of Proposition 3.3.1: by applying (3.3.25) to (3.3.13) and then

by applying the approximation result to the resulting inequality, we obtain

HU1HL2(9)HU2HH1(9)

S

/(fh - Q2)U1U2 dz
Q

log (41Ag, = Ag,l.)

[1 + }1/2 (3.3.26)

+ ||A;1 - A;Q ||*||u1||L2(Q)||u2||H2(Q)

With regard to part (b) of Proposition 3.3.1: we argue analogously by firstly applying (3.3.25)
to (3.3.22) and secondly by applying the approximation result to obtain

:| 1/2

HU1||L2(Q)||U2HH1(Q)

S

‘ /(fh - Q2)U1U2 dx
Q

[1+

log ((5"‘/\32 - Agl”*)

+ HAC211 - Ai ”*HulHLQ(Q)HU2HH2(Q)

erl¢] ]| 2 (3.3.27)
o e 1|2
+ [le CUQHILJfl(Q)<7_1/2 1/2
[1+ log (6]|A2, — A2 ||.) ]
1 —T- cT
+ il il + [ %e l<||A§2—A§1||1/4||u1||L2(Q)>.

By dropping higher-order terms from the right-hand side of (3.3.26) and (3.3.27) (possibly
at the cost of increasing the implicit constants in each of these inequalities), we arrive at the

estimate claimed in (a) and (b). O

3.4 Proof of Theorem 5 (Dirichlet and Neumann data on different slabs)

In this section, we prove Theorem 5. To achieve this task, we will construct appropriate
CGOs, use those CGOs to construct the functions u; and uy, appearing in the integral
estimate of Proposition 3.3.1 (b), and eventually obtain an upper bound on (¢; — ¢2)(§) at

each frequency £ from

{6=(€.&) R 1<[¢] <r &l <r);



30

then, we will extend our control on ¢; — ¢» to the ball

{€eR?:|¢] < ).

After this, we will carry out a classical argument due to Alessandrini (see [1]) in order to
obtain the stability estimate.

From now until the end of this section, we abuse notation by letting ¢; stand both for the
potential from the statement of Theorem 5 (which is only defined on ¥) and for its trivial
extension to all of R®. The meaning will be clear from the context; for example, g; refers to
the Fourier transform of the trivial extension of ¢; to all of R®.

Start by stating the CGOs used to prove Theorem 5. We perform the reflection argument
originating from the work of Isakov in [30]. Let r > 2, which will be specified later on in this
section.

Let ¢ € R? with

1 <&e=1/+E& <r and |&| <, (3.4.1)

be arbitrarily chosen. We define

e(1) = = (61,62,0),
e(3) :=(0,0,1),
e(2) = e(3) x e(1) = é(—&,&,O).

We set z* := (1, %9, —x3) for any x = (x1, 29, 2z3) € R3, f*(x) := f(z*) for any function f,
and G* = {z* : z € G} for any domain G. The coordinates of any = € R* with respect to the
orthonormal basis {e(j)}3_; shall be denoted by & = (21¢, Zac, T3e)e. Note & = (£1¢,0,&3)e.
We also write £+ := (—&3,0,&10)e.

As preparation for the reflection argument, we now fix a smooth bounded domain B C R?

such that
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Let @1 € L>(B) be the even extension of ¢; about the coordinate variable x5 and Qs €

L>(B) be the trivial extension of g, to all of B; explicitly, we define
Qi(z) = a(@)x=(@)+ @(e)xs-(2),
Qa2(z) = q(r)x=(v),

for a.e. x € R3.

As in [34], we introduce

P (—T§3+%516,z|§r<72—1/4>1/2,7516+%53)

= rei (el - e
poim (ot gl = e+ 56 )
= et (56— 6 - 14 e(2)).
One immediately computes that

P P =0, |pm| = V21[€], m=1,2. (3.4.2)

The p; and po will be the candidates to construct the family of CGOs. It is a well-known
fact that there exists a function V;, € H*(B) solving

(-A+Qp — k)V,, =0in B (3.4.3)

and having the form V,, = e*?m(1 + 9,,,), where the remainder 1), obeys

1
||1/}m||Hk(B) SJ 7—1—k” k= 07 17 27 (344)

for all 7 > 7 := max(Co(M + k?),1), with Cy > 1 depending on B. The implicit constant
in (3.4.4) depends on B, M and k.
Recall that Proposition 3.3.1 (b) requires for u; to satisfy u|sonr, = 0; this boundary

condition can be arranged to hold via Isakov’s reflection argument from [30]. Employing the
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same idea as in [34], we set
u(z) = P 1+ () — e P (1 + i (), (3.4.5)
ug(z) = €"P2(1+o(x)). (3.4.6)

The construction of ¢y, 1y, u1, us ensures that u;|q and us|q satisfy the hypotheses of Propo-
sition 3.3.1 (b).

Let us compute that

/E (41— a)urus dr — / (1 4 ) (1 + o) (qr — ) da

P

- / (@1 — g2)e™ e (1 4 y7) (1 + 1)z) .
X

As a consequence, we obtain

/ eiz'g(Q1 — @) dx

>

/ e (g1 — q2) (Y1 + g + Yr1ihe) da
>

<

/(% - Q2)U1U2 dz
by

_|_

(3.4.7)

_l_

[ = a1 g (14 ) da
b

By applying the triangle inequality, using that supp(¢,,) € @, and using ||gn.|| =) S 1, we
verify that
S

R

(3.4.8)

/(fh _ q2)eix1€£156_27x3€16 daj
>

Let us now apply (3.4.4) and (3.4.8) to (3.4.7) to obtain

/ emf(ql — qo) dz /(q1 — @)Uy Uy d
) )

for 7 > 7, and uy, us defined by (3.4.5) and (3.4.6). As noted earlier, the functions u|q and

< _f_l
~ T

us|q satisfy the hypotheses of Proposition 3.3.1, so we may apply Proposition 3.3.1 (b) with
¢ = &* to deduce that, if [|[A? — A2 ||, <1/, then

‘ / (1 — q)e™  da
)

<L eerle [Jur || 2 (0 |2l 12 ()

T

:| 1/2

L oyl
JFT—H@”CE ol lle™ ™ | £z

[1+

log (9]]AZ, = AZII-)
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for all 7 > max(r, 7).

The choices of p,, and u,, can be combined with (3.4.4) to deduce that
/(Ch — g)e dm' S
> [ L+

for all 7 > max(rg,71), with ¢ > 4(2R + L). Thus, we obtain the uniform estimate

[1+

for all 7 > max(79,7;) and all £ € R® with 1 < [&,. < 7, |&] < 7. Now, we are going to

ecTlél 1
‘| 1/2 + 7—1/2

log (6]]AZ, = AZ,Il-)

eCTT 1

0(&) — @(9)] £ T/Q T e

(3.4.9)
log (]|A7, = AZ,[I+)

use analytic continuation in order to extend the set of frequencies, at which we control the
difference 1 — @2, to all of {|{] < r}.

Let £ € R® with 0 < &, < 1, |&] < r be arbitrarily chosen; define e(1),¢e(2),e(3) as
we did earlier. By the Payley-Wiener theorem, ¢; — ¢ is the restriction to R? of an entire
function on C3. Therefore, the function f defined by

f:C - C
z = (é\l - 6\2) ((Z7 0753)@)

is entire. If we define

G:={s+iteC:ls| <2t <2},
vi={s+iteC:0<s<1,t=0},
[g:={s+iteC:1<s<2,t=0},

then Corollary 1.2.2 (b) from [29] implies that there exist constants Cy > 0 and A € (0, 1),
both of which depend on ~, such that

Sup [f(s)] = Colsup [ (s + it)!)H(S;lp [f(s)D™

Since

sup [f(s + )| S 1,
G
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and since supp, |f(s)| can be bounded by means of (3.4.9), we can conclude

ec)\TT 1

@(8) — @(9)] < 5 T o (3.4.10)
{1 + [log (5]]A2, — AZ ||,) }

for all 7 > max(79,71) and £ € R? with 0 < &, < 1, |&] <.

We go on to combine (3.4.9) and (3.4.10), then drop higher-order terms (possibly at the

cost of increasing the implicit constant), and thus conclude the following:

eCT’I‘ 1

@(6) — @(9)] S 5+ o (3.4.11)
1+ [1os (3, - 431

q2
for all 7 > max(79,71) and £ € R? with [§] < r.

Next, we finish the proof of Theorem 5 by performing the classical argument due to

3
Alessandrini [1]. If we put € := 22 (so that s = 2 + 2¢), we may apply the Sobolev

embedding theorem and interpolation together with the a-priori bounds on ¢;, g2 to obtain

lar — @l =l — g2llze@) S o — Q2||Hg+e(ﬂ)

s—e+1

58 (3.4.12)

<o = @l o lla —
S lla = CJ2||;?1(Q) <l = (]2HIT1(R3)-
On the other hand, by using the definition of

H-1(r3) in terms of the Fourier transform, then

splitting the integral into high and low frequencies, and lastly using Plancharel’s theorem,

we get

lor = @ollfr-1msy S 7° Sup @1(§) — @)1 +r7%
<r

Applying (3.4.11) to the last estimate, utilizing 7 > 1, and for ¢ > 4(2R + L) + 1, we get

crr
(&

4 322 L

|l — @2l @3y S

N2
{1 T |log (5142, — A2 1) }
Upon selecting 7 so that 7~ = 73/277%2 or, equivalently, as 7 := r%/*, the preceding estimate
implies
A$5
ecr A

I — qoll—1@s) S +rh

log (]| AZ, — AZ11.)

:|)\/2

{1+
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Choose r > 0 so that

A+5

r> =c tlog { [1+ }log(éHAi — Az )

}A/4}

in the last inequality and combine it with (3.4.12); in the resulting inequality, we drop higher-

order terms (possibly at the cost of increasing the implicit constant), and thus derive the

A
2(A+5)

stability estimate of Theorem 5 with 6 :=

3.5 Proof of Theorem 6 (Dirichlet and Neumann data on the same slab)

In this section, we prove Theorem 6. In doing so, we imitate the arguments from Section 3.4;
broadly speaking, the main difference is that occurrences of (¢ — @) from Section 3.4 will
now be replaced by occurrences of (Q"" — Q5"")", where Q5" stands for the even extension
of qj|{x320} to R3 about the coordinate variable .

As in Section 3.4, we begin by constructing appropriate CGOs by means of Isakov’s
reflection argument from [30]. Consider r > 2, which will be specified later on in this

section.

Let £ € R3 with
1 <&e<r and |&§| <,

be arbitrarily chosen. Define e(1),e(2), e(3) as in Section 3.4.

From now until the end of this section, we let Q5" stand for the even extension of g;

about the coordinate variable x3; explicitly, we set
Q7 () == qj(z) + ¢;(z7) for a.e. z € R?.

Thanks to the regularity hypotheses on ¢;, we have that Q" and Q5™ belong to H*(R?)

and have their supports contained in () U Q*.

Fix B as in Section 3.4. Following the idea from Section 4 in [34], we will construct
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and us via Isakov’s reflection argument. Firstly, we define

o= (1(-ea) @ ey ($raa)) o s
P2 = <Z (% + 0563) ) (052 + 1/4)1/2’5‘72 (% - agle)) ) (352)

where v > 0 is a parameter. One readily verifies that

P Pm =0, |pm| = V2[€|(0® +1/4)2, m=1,2.
It is a well-known fact that there exists a constant Cy = Co(B, M, k) > 1 such that, for each
a > ag = max(Cy(M + k?),1), there exists a function 1, € H?(B) satisfying

1
< = prm—
meHH’“(B) ~ [(QQ 1/4)1/2’5‘}1—k7 k 0,1,2, m 1,2 (353)

such that V,,(z) := e®?m(1 + 1,,,) belongs to H*(B) and satisfies
(—A+ Q%" — k*)V,, =0in B.

The implicit constant in (3.5.3) depends on B, M, k. Employing the same idea as in [34], we

set

U (T) 1= 7P (1 4 1y, ) — €7 P (1 + 7)) (3.5.4)

it then follows that uy|q and wus|qg satisfy the hypotheses of Proposition 3.3.1 (a). On the

one hand, a routine computation utilizing the decay estimates from (3.5.3) shows that

cr(a /
utllz2) < € (F1 /e, (3.5.5)

5 ecr(a2+1/4)1/2 (356)

vzl 520 ,

with the implicit constants depending on B,n, M, k; at this stage, we have increased c if
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necessary. On the other hand, a direct calculation shows that

/(Ch — 2)uruy dx =
5
/(fh — q)e™ dr + /(fh — q2)€ (W1 + Py + Y11by) da
5 5
5
- /(Ch — go)e' ™ E1020810)e (1)) L ahx 4 apy9ps) d
5
5
- /<CI1 — gp) e (E1e 072081 )e (Y p ahy + ahiehy) da
5
[ wer e+ [ - w0+ 0+ v do
5 5
combining this with the hypotheses on ¢; — g2, (3.5.3), and |£| > &;. > 1 establishes
/(91 — Q2)€m€ dx + /(Ch - QQ)eix*{ dx /(Q1 - Q2)U1U2 dz
5 5

>
+ ’(% — ) ((—&1e, 0, 2061c).)

S

+ )(QI - QQ)A ((_gleu 07 _2a§16)€)
N 1
(a2 4 1/4)1/2’
where the implicit constant depends on B, M, k. For technical reasons, let us replace ¢ by
—¢. Now, we apply the quantified Riemann-Lebesgue lemma to f := ¢; — g2 (in order to

handle the Fourier transforms on the right-hand side in the last inequality), Proposition 3.3.1
(a), (3.5.5), and (3.5.6) to obtain

6c1”(o¢2+1/4)1/2 1

even even ™ <
= O S T aaiar ALyl | @+ /AP

whenever a > 5. Here we have increased c.

For the sake of brevity and the ease of comparison with the arguments from the previous
section, let us introduce a new parameter 7 := (a? + 1/4)!/2. Using this new parameter, we
have obtained the following inequality: there exists a constant 75 := (a2 + 1/4)'/2 such that

oCrT 1

Q5™ — Q™™ (€)| S += (3.5.7)
[1+[log(8[|AL — ALl 7
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forall 7 > Ty and all £ € R® with 1 < &, <7, [&] < 7.

Now, we are going to use analytic continuation in order to extend the set of frequencies,
at which we control the difference (Q5¥" — Q5"*")", to all of {|¢| < r}.

Let £ € R? with 0 < &, < 1, |&] < r be arbitrarily chosen; define e(1),e(2),e(3) as we
did earlier. By the Payley-Wiener theorem, (Q$"™ — Q5'°")™ is the restriction to R? of an

entire function on C3. Therefore, the function g defined by

g:C —» C
z = Q7 = Q) ((2,0,&)e)

is entire. If G,~v,Ty stand for the same sets as in Section 3.4, then Corollary 1.2.2 (b) from
[29] implies that there exist constants Cy > 0 and A € (0,1), both of which depend on ~,
such that

Sup [f(s)l = Colsup [ £(s + it)!)lfk(syp [f(s)D™

Again, as in Section 3.4, we verify that sup |g(s)| < 1 while supy, |g(s)| can be bounded by
means of (3.5.7), enabling us to conclude

CATT 1
(@7 = Q5T (©)] £ - Ve (3.58)
1+ 1o 918, — 431 |

for all 7 > Ty and € € R3 with 0 < &, < 1, |&] < 7.

We go on to combine (3.5.7) and (3.5.8), then drop higher-order terms (possibly at the

cost of increasing the implicit constant), and thus conclude the following:
even even \ ™y < GCTT 1
}(Ql — Q5" (f)} ~ 3z T Y (3.5.9)
1+ 1o 53, — 431 |

Next, we finish the proof of Theorem 6 by performing the classical argument due to

for all 7 > Ty and & € R® with [¢] < 7.

_3
Alessandrini [1]. If we put ¢ := STQ (so that s = % + 2¢), we may apply the Sobolev
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embedding theorem and interpolation together with the a-priori bounds on ¢;, g2 to obtain

||Q1 - (J2||L°°(E) = HQ‘{VQH - ngenHme)

S QT — Q575

) e (3.5.10)
<15 — Q55 o lQT" — QevenHHsf&z)
< | QSver — Qgven ;;1 < Qv — Qe ;{+711(R3).
Again, as in Section 3.4, by using the definition of || . || j-1(s) in terms of the Fourier trans-

form, then splitting the integral into high and low frequencies, and lastly using Plancharel’s

theorem, we get

Q5™ = Q5™ -1 S 7° sup [(QE" = QFTNOP +77%
<r

We proceed by imitating the argument from Section 3.4: apply (3.5.9) to the last inequality,

insert the resulting inequaliting into (3.5.10), then select 7 := r%/(2Y) next select r such that

])\/4}

drop higher-order terms (possibly at the cost of increasing the implicit constant), and thus

2245

roao =L log{[l—f— ‘10g(5||/\;2 || )

derive the stability estimate of Theorem 6 with 6 := 5 /\ 5
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Appendix A
A CARLEMAN ESTIMATE

In Sections 2.5 and 3.4, we shall have occasion to use Bukhgeim and Uhlmann’s Carleman
estimate from [6]. In Section 3.4, we shall actually need a mild generalization of the Carleman
estimate from [6]; we dedicate this appendix to stating and proving the needed generalization.

The Poincaré inequality from [19] can be generalized in a straightforward way as follows:

Lemma A.0.1. Fizn € R"\ {0}. Let Q C R" be open for which there exist a,b € R with
a < b such that

QC{zreR":a<xz -n<b}.
Then,

1 b—a
Vu € Hy(Q) : lull2(q) < W—an - Vul|12(0).-

Proof. The proof is broken down into two cases.

Suppose first that |p| = 1. Since C°(Q) is dense in H}(Q), it suffices to prove the
inequality for functions in C°(Q). Let u € C2°(Q) be arbitrary. If P denotes the hyperplane
in R™ orthogonal to n, then

¢
Vo e PVt € la,b]:  |u(z+tn)| = /T]-Vu(x—i—sn) ds

</at1 ds)m (/t - Vu(z + sn)|? ds)

t 1/2
- ( [ St ds) |

1/2

IA

from which it trivially follows that

o+t < =) ([ - Vute - sn)? ).
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Then, we integrate the last inequality with respect to ¢ over [a, b] and with respect to dH" !

over P to obtain

/P/ab|U(x+t7])|2dth"_1 < // {t—a (/ - Vux+57]>|2d5>}dtd7.[n1
_ (/ (t—a)dt) (// - Vu(z + sn)? %nlds)
B (Z)_Ta(// - W(w+sn)|26m"1ds>,

which is equivalent to |lu|r2g) < b% |17 - V|| 2(q); this completes the proof of the case when

nl =1.
Consider now the second case, i.e. when n € R™\ {0}. Write

5= L egnt

bl

It is clear that, the condition Q@ C {z € R" | a < x-n < b} is equivalent to

)
L n<
|n| 7]

by appealing to the case of Lemma A.0.1 which has just been established, we conclude that

QQ{IER"

b a
| __ ]
||U||L2 < || QUHLZ H UHL2
(()) \/— n - (Q | |2 \/_ n- C

O

In [6], the authors derived a Carleman estimate (Corollary 2.3) for a bounded domain Q.

By using Lemma A.0.1, the Carleman estimate of [6] can be generalized as follows:

Lemma A.0.2. Let Q C R"™ be a bounded domain with C* boundary. Let rg > 0 be such
that Q C B(0,7q). Then, for alln € R\ {0}, 7 > 0, and u € C*(Q;C) with ulsg = 0, we

have

8|

=2 Ay|? d > / 2N |2 da + 2 / (v-n)e >™d,ul*d
e u|“ dr > € u|” dx T v-nle vU|ao,
/Q (2rolnl)* Jo 9Q

where v is the outward-pointing normal along OS).



Proof. Fix n € R™\ {0}, 7 > 0, and u € C*(Q; C) with u|sg = 0. Abbreviate
Op:=n-V, v =00, U= Okv.

Put
[::/62””’]Au|2dx,
Q

and we shall estimate I from below. Upon setting v := e™""u, we have

I = / ‘e_m'"A (em'”v)’2 dx
Q
= / |e" ™IV - (TR M + e”'”Vv){Q dx
Q

= / e ™ (P2 nfPe™ Mo + TeT () 4 T(Dyv)e™ T + €7 Av) |2 dx
Q

2

= / (A + [n]*r*)v + (270,)v| dx
Q I =

Piv:= P_v:=

= / (|Pyo]* + | P_v]* + 2 Re(PrvP_v)) da.
Q
Let us also calculate that

2 Re(PyvP-v) = 2Re[((A+ |n]*r)v)((270,)v)]
= 27{2 Re|[(0,0)(Av)] } + 47°n|*Re [v(8,V)]
= 27{2 Re[(9,0)(Av)] } + 27%(n|*d, (|v]*)

47



48

and

27{2 Re[(0,0)(Av)] } = 27 {2Re

Z Ukk:nJU]] }
= 27

Z [2 Re(0k(viT;)) — 2 Re(vyy)] 773‘}

{
b
_ {Z 2 Re(@h () — & ([ueP?)] m}
M
>

= 2

\]

3 20 |Re (Z vkujnj)] — Zj:zk:aj (loxl) nj}
> "2 05 [Re (v(0,0)))] Za Vol?) }

= 27 {2 div[Re((0,0)Vv)] — div (|V?J| )}

= 27

from which it follows that
2 Re(PrvP_v) = div[4r Re((9,0)Vv) — 27|Vv[*n + 27°(n[*|v[*n].

In view of the last displayed relation, we may compute the following integral by the divergence
theorem to get
/ 2 Re(PyvP_v)dx = / [47 Re((8,0)(0,v)) — 27(v - n)|Vol* + 27%In*|v[*(v - n)] do;
Q oQ

by u|ag = 0, it follows that v|sg = 0, so

(Vv)lag = (v - Vo)v + \(VU —(v-Vo)) = (0v),

~
=0 as the tang. comp. of Vv

l.e.

vlag =0; |Vv|* =|9,v]* on 0Q; 8, = (n-v)(d,v) on IQ,

so by inserting these three relations into the identity we obtained via the divergence theorem,
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we arrive at

/2 Re(PvP_v)dr = / [47 Re((n - v)[0,v]*) = 27(v - 0)|0,0|*] do
Q oQ

= 27‘/ Re((v - n)|0,v]?) do
0Q

= 27/ v-n)|ov|* do
oQ

= 27 (v-n) ‘8 m'”u)‘z do

\

oQ

= 27 (v-m) ‘1/ 7"r]e’””'77u—i—e’””’Vu)|2 do

\

0Q
= 27/ (v- 17)6’27""”"7 ]8Vu|2 do,
o0Q

where the first term vanishes because u|sg = 0.

Let us summarize our computations so far:
I > / |P_v|* dz + /Q2 Re (PyvP_v) dx
= 4770, U||L2 + 27 /BQ(V 1) 2|9, ul? do. (A.0.1)
By @ € B(0,rg) and the Cauchy-Schwarz inequality, we have

Q C{r e R": —rgln| <z -1 <rglnl},

so Lemma A.0.1 implies that

V2|n[?

relnl = (=relnl

10g0l2(@) =

)||v|IL2(Q>

plug this into (A.0.1) to get

82t

(2rqn])?
as desired. ]

/ e 2N Aul? dr > ||U||L2(Q + 27’/a (v-m)e”* ™ |8,ul” do,
Q Q

We now obtain a Carleman estimate for a certain class of Schrodinger operators A — g,

which shall be needed in the study of the inverse problem.
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Proposition A.0.1 (from [6]). Let Q@ C R" be a bounded domain with C* boundary. Let
rg > 0 be such that Q C B(0,rg). Fiz m > 0 and ag > 0. Then, there exist constants
T = To(rg,m,ap) > 0 and C = C(rg,m,ag) > 0 such that, for all ¢ € L*(Q) with
gl r=(@) < m, u € C*(Q;C) with ulpg = 0, n € R™ with |n| > ag, and T > 79, we have:
C’7'2||e_m'"u||%2(@ + T/BQ(n V)|e ™ M9,ul? dS < |le” (A — q)u||%2(Q).

Proof. Let us estimate that
—27x- 2 —27x- 2
[ersapan < [ e gul+ gl do
Q Q
< [ e @I - gl + 2auf?) do
Q
< 2/6_27”77|(A—q)u\de+2Hq||%oo(Q)/6_2”3'"|u|2dx,
Q Q

at which point we may apply Lemma A.0.2 to the left-hand side and thus arrive at

> [l —gular 2 (GG ~2lalig) [ R
Q (2rqlnl) Q

+ 27/ (v-n)e 2™ 0,ul? do.
oQ

Therefore, we get

2 2
2/ e 2TN(A = quf*dr > %# —2m? / e 2T u)? da
Q "Q Q
+ 27/ (v-n)e 2™ 0,ul?do.
oQ

2
2af o

5 T —2m?

. s 2a2 .
Since ~4—5— — % as T — 00, there exists some 19 = 79(rg, m, ag) > 0 such that
Q
27’2(1(2) 2
. 0T 2mT g 9g2
T>T: —m——— > — .
72 17 rg

Combining the last two inequalities and dividing throughout by a factor of 2 completes the

proof. O]
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Appendix B
A RUNGE-TYPE APPROXIMATION RESULT

Let us emphasize that Lemma 3.3 from [34] is an important step in Li and Uhlmann’s
uniqueness results. Additionally, when we study the stability aspect of our IBVPs in the slab
Y, we shall need a simple generalization of Lemma 3.3 from [34]. For the sake of completeness,

we state and prove the generalization here. If K is an arbitrary compact subset of 'y, we

define

W3, K) = {ve H . (X): (-A+¢ — k)v=01in %, v|p, = 0,
supp(v|r,) € K, v is admissible in the sense of [KLU]}

W;i(Q) = {ue H*(Q): (=A+¢q — k*)u=0in Q, ulr,neq = 0}

Proposition B.0.2 (Lemma 3.3 from [34]). Let K be a compact subset of I'y such that the
relative interior of K inT'y contains 0QNT'y. Then, the space {ulq : v € W;(X, K)} is dense
in W;(Q2) with respect to ||« ||2) for j =1,2.

Let the relative interior of K in I'; be denoted by ;. It is noteworthy that the hypotheses
on K are necessary for ensuring that v, \ (02 NTy) # &, which in turn is a critical step in

the proof of Proposition B.0.2.
Proof. Fix j € {1,2}. Abbreviate
ll = 8QQF1, lg = 8QﬂF2, l3 = aQﬂZ

Clearly, {u|q : v e W;(£)} C W;(), so

e w e W, e (—Wj(Q)H-HLm’(.,.)LQ(QO . (B.0.1)
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We point out that H is a closed subspace of L*(2), so H is itself a Hilbert space. Assume
(for the sake of contradiction) that the containment in (B.0.1) is proper, i.e. that there exists

some!

Il L2\
g€ ({U|Q cu e Wi(X)} > CH,

with
19/l z2(0) > 0. (B.0.2)

The fact that g belongs to the orthogonal complement of {ulq:u € Wj(E)}H.HLQ(Q) in the

Hilbert space ‘H guarantees that
Yu e W;(X) : /ng dx = 0. (B.0.3)
By the very definition of H and g € ‘H, we deduce that
I} CWHQ): lim s — gl = 0. (B.0.4)
Define g € L3(X) N &'(X) by

g(z) forz €
0 for z € ¥\ Q

g(z) ==

By the solvability of the direct problem established in [32], there exists a unique admissible
U € H2.(X) such that

loc

(-A+q¢—K)U = § inY, (B.0.5)
Ulgs = 0. (B.0.6)

By (B.0.3), the definition of g, and (B.0.5), we get

Yu e W;(X) : O:/u[(—A—l—qj—kQ)U] dx.

1Since H C L3(R), it follows that g € L*(Q).
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Apply Green’s formula in ¥ to get:
Vue W;(2): 0 = / [(—A+ ¢ — K*)u] Udz
)

_ /82(8,,U)ud0+ / U(d,u) do.

(X))

By v € W;(X) and by (B.0.6), the preceding relation reduces to
VueW;(X): 0= —/ (0,U)udo;
I

since u|r, can be an arbitrary element of C2°(y;), the above relation leads us to conclude
that
(0,U)]4, = 0. (B.0.7)

Combine (B.0.5), (B.0.6), the definition of g, supp(g;) C {z € X : |2/| < R} C Q, and (B.0.7)
to deduce that

(~A—-KHU = 0 inX\Q, (B.0.8)
Ur, = 0, (B.0.9)
@, U)ly, = 0. (B.0.10)

By (B.0.8)—(B.0.10), the function U solves the Helmholtz equation in ¥\ © and U has zero
Cauchy data along v, \ [; # @ so, by (the qualitative version of) unique continuation for the

Helmholtz equation in 3\ €, it follows that U = 0 in X\ €, so
Ul, =0, (0,U)|;; =0. (B.0.11)
By (B.0.2) and (B.0.4), we have

lim / urg dz = |9l > 0,
k—oo 9]

so there exists some kg € N such that

O</ukogd:v. (B.0.12)
Q



o4

Apply first (B.0.5) and then Green’s formula in 2 to get

/ukogdx = /uko [(—A+¢q; — K*)U] dx
Q Q
_ / [(=A + g5 — K?)up | Uda
Q
- / (0,U)uy, do +/ U(0,uy,) do
o9 20
By uy, € W;(Q), we see
/ [(—A + q; — kQ)UkO} Udx =0.
Q
By ug, € W;(2), (B.0.10), (B.0.11), we obtain

/ (81,U)Uk0 do = 0.
o0

By (B.0.6) and (B.0.11), we deduce

/ U(E)Vuko) do = 0.
0N

The combination of (B.0.13)-(B.0.16) implies that

/ Upg dx = 0,
Q

which produces a contradiction with (B.0.12).

(B.0.13)

(B.0.14)

(B.0.15)

(B.0.16)
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Appendix C
OTHER IMPORTANT RESULTS

The main tool for constructing CGO solutions which we shall be needing was first intro-
duced by Sylvester and Uhlmann in [43]. In each of Sections 2.5, 3.4, and 3.5, we shall be

using the following version of Sylvester and Uhlmann’s result:

Proposition C.0.3 (from [22]). Let Q@ C R™ be a bounded open set, and let ¢ € L>®(Q).
There exists a constant Cy = Cy(Q,n) > 0 such that, for any p € C™ with

p-p=0,lp| = max(Collql|L=(q), 1),
and for any function a € H*(Q) with
p-Va=01inQ,

there exists a ¢ € H*(Q) with

Coll(=A + q)a| 2
|p|t=F ’

such that u(x) := e”*(a + ) belongs to H*(Q) and solves

(—A+q@u=0inQ.

For the analysis in Section 3.5, we shall need a quantified version of the Riemann-Lebesgue

lemma, so we state and prove such a quantification below.

Lemma C.0.3 (A quantified Riemann-Lebesgue lemma). Let s > n/2+ 1, f € H*(R") N
E'(R™). If F CR"™ denotes the support of f, then:

Fe < orpyllmen e g,

€




26

The implicit constant depends on the operator norm of the Sobolev embedding H*(R™) —»
C}(R™). (Here, C}(R™) denotes the space of once-differentiable functions which vanish at

infinity.)

Remark C.0.4. For this proof, we shall use the definition of the Fourier transform from
[21]:
foo= [ i@, fel®), fer

Proof. Fix f € H*(R")NE'(R™). Since s > n/2+ 1, the Sobolev Embedding theorem implies

feCR, |fllerwn < C|f]

Hs (R”) .

It now follows that f € C'(R"), all partials of f of order less or equal than 1 are in L*(R™),
and f € Cy(R™); by Theorem 8.22(e) in [21], we get

~

(O°f) = 2mig)°f(&), lal <1, €eR™

Next, we calculate

=—Z|2m£ ;ﬁZI@f

< % ; 105 £ Ml poo zmy < % ; 10, £ 1|21 &y

B % Z/R” 05 (@)l de < % (Z HaijLOO(Rn),C"(F))

1 C
< oL F)florn < 5L (F)If
T T

Hs (Rn) .



