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Abstract

A Nested Dissection Approach to Modeling Transport in Nanodevices: Algorithms and
Applications

Yunqi Zhao

Chair of the Supervisory Committee:

Manjeri P. Anantram

Department of Electrical Engineering

Modeling nanoscale devices quantum mechanically is a computationally challenging problem

where new methods to solve the underlying equations are in a dire need.

In this Ph.D. work, we design and implement an efficient and high quality numerical algo-

rithm to solve Green’s functions, within the framework of non-equilibrium Green’s function

(NEGF) calculation, which is the most accurate approach in electronic transport simulation.

Our approach exploits and extends a recent advance in using an established graph parti-

tioning method, namely the nested dissection. The developed method has the capability to

handle open boundary conditions that are represented by full self-energy matrices required

for realistic modeling of nanoscale devices. We demonstrate that our method has a re-

duced complexity and significant speedup compared to the state-of-the-art recursive Green’s

function (RGF) approach across a variety of two-dimensional systems and, more important,

three-dimensional structures including the traditional silicon nanowire, emerging graphene

based multilayer devices, and DNA molecules.

As a novel application of the proposed simulator, we investigate the tunneling transport

properties of heterostructures consisting of a few atomic layers thick hexagonal Boron Ni-

tride (hBN) film sandwiched between armchair edged graphene nanoribbon electrodes. By

incorporating our efficient Green’s function solver, the modeled device ranges from a small



system with 6,000 atoms to experimental feasible sizes up to 70,000 atoms. We show a gate-

controllable vertical transistor exhibiting strong negative differential resistance (NDR) effect

with multiple resonant peaks, which originate from two distinct mechanisms depending on

the gate and applied bias in the same device. We perform a scaling analysis of the NDR

feature as a function of the system size and gain instructive insights for future theoretical

and experimental investigations.

To convey more experimentally realistic simulation, we incorporate (i) angular misori-

entation between multilayer heterostructure, which inducing a distinct resonant mechanism

depending on both gate bias and twisting angle; (ii) electron-phonon scattering decoher-

ence mechanism, which successfully captures the current NDR peaks degradation observed

in room-temperature experiments. The NDR feature with multiple resonant peaks, com-

bined with the ultrafast tunneling speed provides prospect for the graphene-hBN-graphene

heterostructure in the high-performance electronics.
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Chapter 1

INTRODUCTION

1.1 Background

Since 1960s, semiconductor industry has achieved tremendous development and grown to be

a giant market with over $300 billion value today. The continuous semiconductor scaling

drives the ever-decreasing costs of processing, transmission and storage capabilities, which

makes semiconductor engineering research an essentially important part in the industrial

development. Device physics, as one of the fundamentals in semiconductor research, studies

how electronic devices operates. Based on such knowledge, operational behaviors of an

electronic device can be accurately predicted by incorporating appropriate physical models,

without any actual fabrication of the device. This leads to the emergence of computational

electronics, which develops Technology Computer Aided Design (TCAD) tools to model

semiconductor device operation. Computational simulation offers many advantages such as

decreasing industrial design cycle time, providing problem diagnostics, gaining insights for

future products, and shortening time to market.

The operation of semiconductor electronics is determined by the transport behavior of

electrons and holes, two basic charge carriers in semiconductor devices. In traditional device

physics, charge carriers are commonly treated as semi-classical particles with effective mass

moving through the device driven by electric field. This process can be clearly expressed by

drift-diffusion equations. The diffusive carriers transport scenario has served device engineers

and researchers for over 50 years, and is usually clarified and adequate for most simple devices

(e.g., field-effect-transistors). Traditional TCAD tools solves the drift-diffusion equation,

current continuity equation, self-consistently with the Poisson’s equation in the simulation

process. This semi-classical approach has achieved great success for devices in micrometer
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and sub-micrometer scale.

Things are changing today. Moore’s law predicted the rapid scaling down of semicon-

ductor feature size, now leading the whole device engineering world to nanoscale range.

Traditional silicon-based devices is about to reach the scaling limitation of a few nanome-

ters. People start to investigate new devices built from semiconductor nanowires, graphene,

carbon nanotubes and organic molecules. Due to quantum confinement, the electrical prop-

erties of materials are sensitive to the structures in atomistic level. Treating carrier transport

as diffusive particles has lost its validity, and traditional TCAD technique has failed in con-

sidering the wave nature of carrier transport. [4] On the other hand, doing experiments with

semiconductors at atomistic scale is difficult and demanding. Seeking practical analyzing

and simulation approaches based on more fundamental physics is imminent for nanomaterial

engineers. This leads to the application of quantum mechanics in semiconductor physics.

The electrons and holes shall be described quantum mechanically, yielding a new treatment

of carriers in atomistic scale rather than continuous one.

When the semiconductor feature size is below 10nm, naturally, device dimensions be-

come comparable to the scattering length due to phonons, photons and other electrons. To

investigate accurately the transport properties of charge carriers by quantum mechanical

method, the modeling approach should capture mechanisms such as quantum tunneling,

quantum confinement, and scattering mechanisms. Under such circumstance, simply re-

placing drift-diffusion equation with the basic Schrödinger’s equation is not adequate. The

non-equilibrium Green’s function (NEGF) method [4, 13, 14] has emerged as a powerful

modeling approach for nanodevices and nanomaterials. The NEGF approach is based on

the self-consistent coupling of Schrödinger and Poisson equations and is designed to capture

decoherence effects including electron-phonon scattering. The improvements of NEGF-based

computational electronics contains:

• Correctly evaluate the size-quantization effect of nanoscale electronic devices and bench-

mark the quantum corrections for semi-classical modeling.
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• Capture physics underlying atomistic scale effects such as quantum mechanical tunnel-

ing, and quantum interference effects.

• Accurately treat scattering and other phase-breaking mechanism. Formulation and

implementation of scattering in NEGF is quite straightforward.

• Capable of dealing with correlations in both space and time domain.

Table 1.1 shows the validity range for major semiconductor simulation methods including

both semi-classical and quantum mechanical approaches.

Model Range of validity

Semi-classical

approaches

Drift-diffusion equations L� le−ph

Hydrodynamic equations L� le−e

Boltzmann transport equa-

tion, Monte Carlo methods

L > le−e, Accurate up to classical

limits

Quantum

mechanical

approaches

Quantum hydrodynamics L < le−e

Quantum-Kinetic equations
L < le−e, Accurate up to single

particle description

(non-equilibrium) Green’s

function method
L < λ

Table 1.1: The range of validity for several device simulation approaches. Here, L is the
feature size of the electronic device; le−ph and le−e are the scattering lengths between electron-
phonon and electron-electron; λ denotes the particle transport wave length of charge carriers.
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1.2 NEGF Approach

1.2.1 Governing Equations

A typical NEGF-based simulation solves three Green’s function equations,
A (E) Gr (E) = I

A (E) G< (E) = Σ< (Gr (E))†

A (E) G> (E) = Σ> (Gr (E))†

(1.1)

where the matrix A is defined by

A = EI−H−Σr
L −Σr

R −Σr
Phonon (1.2)

Gr(E) is called the retarded Green’s function, describing local density of states and the prop-

agation of electrons injected in the device, and (Gr(E))† its Hermitian conjugate. G<(E),

the lesser Green’s function, represents the electron correlation function for energy level E;

the diagonal elements of G<(E) represent the electron density per unit energy. G>(E), the

greater Green’s function, represents the hole correlation function for energy level E, which is

proportional to the density of unoccupied states. I is the identity matrix and H the system

Hamiltonian, including both dynamical and potential parts. Σr
L and Σr

R represent the self-

energies due to left and right contact coupling and Σr
Phonon corresponds to the self-energy

governing electron-phonon scattering. The matrix Σ< corresponds to the lesser self-energy

and the matrix Σ> to the greater self-energy. Physically, the lesser(greater) self-energies

represent the in(out)-scattering of carriers, reflecting the charge occupancy in devices. They

are determined by the following equations.

Σ<
L = −2i Im[Σr

L]fL(E) (1.3)

Σ<
R = −2i Im[Σr

R]fR(E) (1.4)

Σ<
Phonon = −2i Im[Σr

Phonon]fPhonon(E) (1.5)

Σ< = Σ<
L + Σ<

R + Σ<
Phonon (1.6)
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and

Σ>
L = −2i Im[Σr

L](1− fL(E)) (1.7)

Σ>
R = −2i Im[Σr

R](1− fR(E)) (1.8)

Σ>
Phonon = −2i Im[Σr

Phonon](1− fPhonon(E)) (1.9)

Σ> = Σ>
L + Σ>

R + Σ>
Phonon (1.10)

Where fL(E) and fR(E) are Fermi-Dirac distribution function for left and right contacts

respectively, and fPhonon(E) is distribution function related with phonon. Both Σ< and Σ>

self-energy matrices consist of three parts, corresponding to two contacts and electron-phonon

scattering. The charge carriers density can then be obtained from the diagonal elements of

G< and G> (see future definitions). The Green’s functions are then incorporated in the

coupling between the Schrödinger and Poisson equations – see [4] for further details.

1.2.2 Hamiltonian Matrix

The Hamiltonian matrix (electronic structure) of the device can be commonly obtained in

two ways, which will be briefly described in this section.

Effective Mass Approximation

We introduce a simple effective-mass 2D system Hamiltonian and describe how physical

quantities can be computed from Green’s function matrices. Consider a device that can

be topologically broken down into layers as shown in Figure 1.1. For an effective mass

Hamiltonian, these dots (both blue and black) represent grid points of the discretized Green’s

function equation in coordinate space.

The Hamiltonian operator H(x) = −(~2/2m)∇2+V (x) can then be decomposed by using

first-order finite difference method, i.e. each dot is connected with four nearest neighbor dots.

The resulting five-point-stencil Hamiltonian is a block tri-diagonal matrix as shown in Figure

1.2, where each diagonal block represents the Hamiltonian of a layer in Figure 1.1. The i-th
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Figure 1.1: Nano-device partitioned into Ny layers. Each layer contains Nx grid points.

Figure 1.2: H (left) matrix shape for device in Figure 1.1, non-zero entries are highlighted.
Nx = 5 and Ny = 9 for the system. H corresponds to equation (1.11). Each Hi,j is a 5× 5
sparse matrix and diagonal blocks number is 9.



7

diagonal block of the Hamiltonian represents the coupling between grid points in a layer.

The off-diagonal blocks to its left and right represents coupling to between layers i and i− 1

and i + 1 respectively. Both the diagonal and off-diagonal blocks of the Hamiltonian are

sparse in many examples where an effective mass Hamiltonian represents the dynamics. The

block representation of the Hamiltonian matrix is expressed in (1.11). Each block Hi,j is a

Nx ×Nx sparse matrix.

H =



H1,1 H1,2

H2,1 H2,2 H2,3

H3,2
. . . . . .

. . . HNy−1,Ny−1 HNy−1,Ny

HNy ,Ny−1 HNy ,Ny


(1.11)

The constructed Hamiltonian matrix can then be involved in Green’s function calculation

and the physical quantities can be computed by the following equations [4, 13]. Local density

of states in grid point (i, j) can be calculated by

Ni,j(E) = − 1

π
Im[Gr(k, k, E)] (1.12)

where k = Nx×(i−1)+j is the numbering of the grid point corresponding to the row number

in the matrix. Gr(k, k, E) represents the (k, k) element in matrix Gr that is calculated at

energy point E. Electron density is computed by

n(i, j) = 2

∫
dE

2π
Im[G<(k, k, E)] (1.13)

Then the current density flowing from layer i to layer i+ 1 can be computed.

Ji→i+1 =
2e

~

∫
dE

2π
Tr[Ti,i+1G

<
i+1,i(E)−Ti+1,iG

<
i,i+1(E)] (1.14)

Here, T is the kinetic part of the Hamiltonian matrix −(~2/2m)∇2, and Ti,i+1 represents

the (i, i+ 1) block in the T matrix — see equation (1.11).
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Tight Binding Approximation

Tight-binding model decomposes the system by using an approximate set of wave functions

based upon superposition of wave functions for isolated atoms located at each atomic site.

According to tight-binding approximation, the electrons in this model should be tightly

bound to the atom to which they belong and they should have limited interaction with

states and potentials on surrounding atoms of the device. As a result the wave function of

the electron will be rather similar to the atomic orbital of the free atom to which it belongs.

The energy of the electron will also be rather close to the ionization energy of the electron

in the free atom or ion because the interaction with potentials and states on neighboring

atoms is limited. Though the tight-binding model is a one-electron model, it also provides

a basis for more advanced calculations like the calculation of surface states and application

to various kinds of many-body problem and quasiparticle calculations. The model gives

good qualitative results in many cases and can be combined with other models, like Linear

Combination of Atomic Orbitals (LCAO) method used in Density Functional Theory (DFT).

Here we show an example of Hamiltonian matrix constructed from tight-binding approach.

Figure 1.3 (left) shows the atomistic structure of a zig-zag edged graphene sheet. For

each carbon atom, only pz orbital is considered and the resulting Hamiltonian is shown in

Figure 1.3. The diagonal entries in the matrix correspond to the on-site potential energy for

each pz orbital and the off diagonal ones correspond to the interaction parameters between

pz orbitals from the nearest neighbor carbon atoms. Usually, the tight-binding parameters

are obtained by fitting electronic structure (dispersion relationship) between tight-binding

and ab initio calculations. We notice that the size of the Hamiltonian matrix is determined

by the number of atoms and the number of orbitals considered for each atom (which is one

in the graphene example). Increasing the number of orbitals will reduce the computational

efficiency while improving the calculation accuracy.
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Figure 1.3: Left: An example zigzag-edged graphene sheet. The rectangular box represents
the unit cell layer repeating along y direction infinitely. Right: H matrix for the graphene
sheet, non-zero entries are highlighted. Nx = 6 and Ny = 6 for the system.

1.2.3 Self-energy Matrix

Self-energy matrix can be expressed by equation Σr,<,> = Σr,<,>
L + Σr,<,>

R + Σr,<,>
Phonon, which

consists of three parts: self-energy due to left contact, right contact and electron-phonon

scattering. We will show the self-energy matrices for the device described in section 1.2.2,

which can be easily extended to other systems. For open boundary system, the left and

right coupling contacts (indicated in Figure 1.1) are two semi-infinite leads connected to the

device and should be represented by infinitely large Hamiltonian matrices. Their respective

effect can be folded into layer 1 and layer Ny, resulting in dense blocks for the first and

the Ny-th diagonal blocks of the self-energy. The matrix structure of the left and right self

energy matrices are shown in Figure 1.4.

The dense contact self-energy matrices, namely the surface Green’s function (SGF), need

to be computed repeatedly for each energy point which makes algorithm speedup desirable.

Recently, the layered structure SGF tends to be computed by an efficient iterative algorithm
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[59]. This method will include 2i+1 layers in the ith iteration, until convergence is achieved.

This approach is generic in handling the semi-infinite leading contacts and has an exponential

convergence speed, compared to some other methods with linear convergence speed [60]. We

also adopt this approach in the current work.

Figure 1.4: Σr
L (left), Σr

R (middle) and A (right) matrix shape for device in Figure 1.1,
non-zero entries are highlighted. Nx = 5 and Ny = 9 for the system. Each Σr

L/R contains a
Nx × NX dense block at its first/last diagonal block site. A is computed by equation (1.2)
with left and right semi-infinite leads effect folded into Σr

L and Σr
R, which brings two Nx×Nx

dense blocks into the first and last diagonal blocks of A respectively.

For realistic system whose size is comparable with electron mean free path, the phase-

breaking scattering is involved by corresponding self-energy matrices (Σr,<,>
Phonon) such that the

transport is between the ballistic and diffusive limit and energy is relaxed. In the decoherence

transport regime, NEGF approach has a distinct advantage over self-consistently solving

Schrödinger’s and Poisson’s equation. In numerical simulation, the scattering self-energy

matrices Σr,<,>
Phonon are set to be diagonal at each interior grid point, which may arise due

to electron-phonon interaction or other decoherence interactions. Such assumption does

not affect the sparsity of the system matrix and the computational complexity. Relaxing

the requirement of diagonal self-energies to include more realistic models of scattering and

solving equations (1.1) remains a challenge. The resulting matrix A, calculated by (1.2), is

shown in Figure 1.4.
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The inclusion of decoherence mechanisms introduces an inner self-consistent process in

NEGF calculation, which brings huge extra numerical cost in spite of the assumption of diag-

onal self-energy matrices. Due to the challenge in computation, the phase-breaking scattering

is often considered by quasi-1D approximation in mode-space [4, 66], which definitely loses

accuracy in simulation results. The NEGF – Poisson modeling infrastructure constructed

in the current work contains a full-2D (or 3D) self-consistent solution of electron-phonon

scattering self-energies, rather than reduced-dimensional mode space approximations. The

simulation can be performed in real space by assuming isotropic scattering and neglecting

interband scattering due to electrostatic potential. The governing equations to form a self-

consistent computation within NEGF framework will be described in section 6.2.5, yielding

a straightforward implementation of the electron-phonon scattering calculation.

1.2.4 Computational Intensity

A complete NEGF-Poisson TCAD simulation requires solving Green’s function and Poisson’s

equation self-consistently. In order to include the phase decoherence mechanism, self-energy

matrix should involve nonzero scattering term Σr,<,>
Phonon which can be obtained from G<,>.

Therefore, an extra self-consistent calculation between Green’s function and self-energy ma-

trices (due to electron-phonon scattering) is performed at each energy point E. A com-

plete solution of Green’s function requires to achieve this self-consistency among a family

of energy points E1, E2, . . . En. Consequently, there are two self-consistent calculations in

NEGF-Poisson simulation which are illustrated in Figure 1.5. Table 1.2 summarizes the

computational requirement of several physical quantities.

In NEGF simulation, both of the self-consistent calculations (see Figure 1.5) requires

solving (1.1) many times until consistency is achieved. It is well appreciated that the com-

putationally intensive part of this calculation is solving (1.1) for the diagonal element of G<

(electron density) and G> at all energies Ei. Although it has been demonstrated that there

exist other time-consuming parts, such as calculating contacts self-energy matrices (Σr
L, Σr

R)

and physical quantities (like current density or transmission coefficient), in practice, comput-
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NEGF calculation (Gr,G<) on an array

of energy points E1, E2, . . . En

• Input: Hamiltonian, potential profile;

• Output: charge density;

Poisson’s equation

• Input: charge density;

• Output: potential profile;

Contact self-energy:

• dense block Σ
r(<)
L/R

• open boundary condition

Scattering self-energy:

• diagonal matrix Σ
r(<)
Phonon as a

function of G<

• iteration between Σ
r(<)
Phonon and

G< at each energy point Ei until

G< is congerved

Self-Consistent

Self-Consistent

Figure 1.5: Computational intensity varies for different self-energy included. The contact
self-energy increases the complexity for Green’s function solution at each energy point by
introducing dense blocks, while the scattering self-energy brings additional iterative loop
with lesser Green’s function.

ing the diagonal and required off-diagonal elements of Green’s functions remains the most

computationally challenging part.

1.3 Review of Exact Algorithms

The most common approach to compute blocks of Gr and G< is the recursive Green’s

function method (RGF) [4, 29, 30, 31, 40, 63, 66]. RGF is an effective method, often used

in practice, to compute G< and G>. For elongated devices, this approach remains the most

efficient. Recently, the Hierarchical Schur Complement (HSC) method [46] and the Fast
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Physical quantities Gr G<
self-consistent with

Poisson solution

self-consistent between

Σ
r(<)
Phonon and G<

DOS/ electron density at

equilibrium (coherent)

√ √

DOS/ electron density at

non-equilibrium (coherent)

√ √ √

Transmission coefficient/

current density (coherent)

√ √ √

Phase de-coherence calcula-

tion

√ √ √ √

Table 1.2: NEGF-Poisson simulation requirement of physical quantities. Here Gr(<) only
represents the diagonal and required off-diagonal entries, rather than the full matrix.

Inverse using Nested Dissection (FIND) method [42] exploit the nested dissection method

[25] to exhibit a significant speedup. Nested dissection recursively partitions the unstructured

graph (representing the discretized system) into subgraphs using separators, small subsets of

vertices the removal of which allows the graph to be partitioned into disconnected subgraphs

with minimized number of vertices. The key ideas behind FIND and HSC algorithms are to

partition the whole matrix A via nested dissection and then to perform efficiently a block

LDLT -factorization. This factorization is then re-used to fill in all diagonal blocks of the

Green’s function and some off-diagonal blocks in a specific order. These two algorithms are

more efficient than RGF and have reduced the operation count down to a multiple of the

cost for a block LDLT -factorization of a sparse matrix.

For calculating the lesser Green’s function G<, advanced algorithms for an arbitrary

sparse matrix are still in their infancy. The RGF method remains an effective method, espe-

cially for elongated devices. The extension of FIND [43] for G< yields a reduced asymptotic

complexity but the constant in front of the asymptotic term hinders the reduction in run-
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time. Li et al. [43] have proposed a modification of FIND for a significant speedup but their

partitioning of the matrix A requires some pre-processing.

We aim to develop an exact method that works in the presence of scattering, with

self-energy matrices at least block diagonal. The major contribution of our work

is to present an extension of the HSC method for calculating diagonal blocks for

G< with partitions from existing graph partitioning libraries (like, for example,

the package METIS [36]).

This section aims to provide a comprehensive understanding of different algorithms for

Green’s function calculation. We will provide a mathematical description of block LDLT -

factorization, which is employed to illustrate RGF approach. The computational complexity

of the other exact algorithms (FIND and HSC) will be compared with that of the RGF

method.

1.3.1 Solving Green’s Function by Block LDLT -Factorization

Before the mathematical description of block LDLT -factorization, it is worth to give a brief

discussion about the symmetry properties utilized in Green’s function calculation.

• The resulting retarded Green’s function Gr is a symmetric matrix due to the symmetry

of Hamiltonian and self-energy matrices.

Gr = (Gr)T

• As defined in equations (1.3) to (1.10), the lesser (greater) self-energy matrices are

imaginary, therefore, the resulting lesser (greater) Green’s function G<(>) is skew-

Hermitian, which satisfies

G<(>)† = −G<(>)

The calculation of the whole matrix Gr requires the solution of n (n = NxNy) linear

systems, Ax = b. After computing Σ<(>)Gr†, the whole matrix G<(>) is also obtained after
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solving n linear systems. For large-scale applications, computing the whole matrices Gr and

G<(>) becomes quickly computationally infeasible.

Luckily, for NEGF method, only the diagonal and nearest neighbor off-diagonal elements

of Gr and G<(>) are computed repeatedly, given that they correspond to physical quantities

such as the density of states, electron density, and current (see equations (1.12) to (1.14)).

The block LDLT -factorization of A(E) provide a systematic approach to calculate the diag-

onal and the nearest neighbor off-diagonal elements of Gr and G<(>) without full inversion

of the matrix A. Exploiting the resulting algebraic relations yields an algorithm with a cost

significantly smaller than the solution of 2n linear systems.

First we review the concept of matrix LDLT -factorization. As a linear algebra manipula-

tion, the LDU-factorization factors a matrix A as the product of a lower triangular matrix

L, a diagonal matrix D and a upper triangular matrix U, where diagonal entries for L and U

are 1. For symmetric matrix A, the factors satisfy U = LT , yielding the LDLT -factorization.

The decomposition can be viewed as the Gaussian elimination in matrix format, which is a

fundamental matrix inversion method. The LDLT -factorization of A can be written as

A = LDLT (1.15)

Incorporating this relation into the definition of Gr gives the formula

Gr = (I− LT )Gr + D−1L−1, (1.16)

which is the governing equation, used by RGF [4] and HSC [46]. Similarly, the LDLT -

factorization of A is also generalized in calculating G<, which is defined as AG< = Σ<Gr†.

Petersen et al. [56] generalized Takahashi’s method by writing

LTG<
(
LT
)†

= D−1L−1Σ<L−†D−† (1.17)

The resulting governing equation used in RGF is [56]

G< = (I− LT )G< + D−1L−1Σ<L−†D−†(LT )−† (1.18)
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Figure 1.6: System is partitioned into two disjoint regions Z and Z ′, which has interaction
with each other.

Next we illustrate the block LDLT -factorization by partitioning the discretized system

into two disjoint regions Z and Z ′, shown in Figure 1.6. The matrix A can be written as

A =

AZZ AZZ′

AZ′Z AZ′Z′

 (1.19)

The block LDLT -factorization of A can be expressed as

A =

 I 0

AZ′ZA−1
ZZ I

AZZ 0

0 AZ′Z′ −AZ′ZA−1
ZZAZZ′

I A−1
ZZAZZ′

0 I

 . (1.20)

Incorporating this relation into the definition (1.1) of Gr givesI A−1
ZZAZZ′

0 I

Gr =

(AZZ)−1 0

0
(
AZ′Z′ −AZ′ZA−1

ZZAZZ′
)−1

 I 0

−AZ′ZA−1
ZZ I


or

Gr = −

A−1
ZZAZZ′Gr

Z′Z A−1
ZZAZZ′Gr

Z′Z′

0 0


+

(AZZ)−1 0

0
(
AZ′Z′ −AZ′ZA−1

ZZAZZ′
)−1

 I 0

−AZ′ZA−1
ZZ I

 . (1.21)
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The blocks of Gr satisfies

Gr
Z′Z′ =

(
AZ′Z′ −AZ′ZA−1

ZZAZZ′
)−1

Gr
Z′Z = −Gr

Z′Z′AZ′ZA−1
ZZ

Gr
ZZ = A−1

ZZ −A−1
ZZAZZ′Gr

Z′Z .

Once the block LDLT -factorization of A is known, the block Gr
Z′Z′ is available. Then two

different approaches are possible to compute the blocks of Gr:

1. define a family of regions (Z,Z ′) and calculate, repeatedly, block LDLT -factorizations

for all this regions; this approach is sometimes referred to as a one-way method [42];

2. use only one block LDLT -factorization and back-substitute the blocks to calculate new

entries; this approach is sometimes referred to as a two-way method [46, 56, 66].

Similarly, the block LDLT -factorization of A may be incorporated into the definition of

G<,

AG< = Σ<Gr†,

as followsI A−1
ZZAZZ′

0 I

G< =

(AZZ)−1 0

0
(
AZ′Z′ −AZ′ZA−1

ZZAZZ′
)−1

 I 0

−AZ′ZA−1
ZZ I

Σ<Gr† (1.22)

or

G< = −

A−1
ZZAZZ′G<

Z′Z A−1
ZZAZZ′G<

Z′Z′

0 0


+

(AZZ)−1 0

0
(
AZ′Z′ −AZ′ZA−1

ZZAZZ′
)−1

 I 0

−AZ′ZA−1
ZZ I

Σ<Gr†. (1.23)
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The blocks of G< are defined as follows

G<
Z′Z′ = GZ′Z′

(
Σ<Gr†)

Z′Z′

G<
Z′Z = −GZ′Z′AZ′ZA−1

ZZ

(
Σ<Gr†)

ZZ
+ GZ′Z′

(
Σ<Gr†)

Z′Z

G<
ZZ = A−1

ZZ

(
Σ<Gr†)

ZZ
−A−1

ZZAZZ′G<
Z′Z .

The computational cost of evaluating these relations depends, of course, on the expression

for the self-energy Σ<. In the particular case where Σ< is block diagonal, the blocks of

Σ<Gr† satisfy

(
Σ<Gr†)

Z′Z′ = Σ<
Z′Z′G

r†
Z′Z′ and

(
Σ<Gr†)

ZZ
= Σ<

ZZGr†
ZZ

and (
Σ<Gr†)

Z′Z
= Σ<

Z′Z′G
r†
ZZ′ .

Once the block LDLT -factorization of A, the self-energy Σ<, and the diagonal elements of

Gr are known, the block G<
Z′Z′ is available. Again two different approaches are possible to

compute the blocks of G<:

1. define a family of regions (Z,Z ′) and calculate, repeatedly, block LDLT -factorizations

for all this regions; this approach is still referred to as a one-way method [43];

2. use only one block LDLT -factorization and back-substitute the blocks to calculate new

entries of G<; this approach is still referred to as a two-way method [46, 56, 66].

1.3.2 RGF Method

In section 1.3.1, we describe the resolution of Green’s function by exploiting block LDLT -

factorization and corresponding recurrence formulas on the system decomposed into two

disjoint clusters. RGF approach extends this scheme to more general cases. The main

idea is to partition the nanodevice into Ny disjoint layers, interacting only with their nearest

neighbors (Ny layers horizontally aligned with the transport direction in Figure 1.1, with each
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layer containing Nx grid points). Given the system decomposition into layered-structure, one

can calculate Green’s functions by using the similar block LDLT -factorization and recurrence

strategy.

State-of-the-art two-way RGF algorithms were developed in [40, 66] for cases where the

matrix A is block tridiagonal. RGF is an algorithm composed of two passes to compute Gr

and two passes to compute G<. In both cases, the passes are interpreted as follows:

1. the first pass marches one layer at a time from left to right along the y-direction and,

recursively, folds the effect of left layers into the current layer;

2. the second pass marches one layer at a time from right to left along the y-direction and,

recursively, extracts the diagonal blocks and the nearest neighbor off-diagonal blocks

for the final result.

Figure 1.7: RGF partitions the systme into disjoint layers with interaction at specific di-
rection. Solid arrows and dash arrows relate to the fold and extract passes respectively in
computing Green’s functions.
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The block LDLT -factorization provides a systematic description of RGF method process,

by performing block LDLT -factorization between two disjoint layers forward at one direction

(solid arrow in Figure 1.7) and backward again (dashed arrow in Figure 1.7). Then the

algorithm performs the following steps:

1. compute one block LDLT -factorization of A, marching one layer at a time from left to

right in the transport direction, often labelled the y-direction (a.k.a. the forward pass

for Gr);

2. apply (1.16) recursively, marching one layer at a time from right to left in the transport

direction (a.k.a. the backward pass for Gr);

3. calculate the right hand side of (1.17), marching one layer at a time from left to right

in the transport direction (a.k.a. the forward pass for G<);

4. apply (1.18) recursively, marching one layer at a time from right to left in the transport

direction (a.k.a. the backward pass for G<).

Recall that the full inversion of an N × N matrix takes O(N3) operations, indicating

that the full inversion of A would require O
(
N3
xN

3
y

)
operations. Numerically, it is essential

to notice that the RGF method exploits the matrix sparsity only at the block level, which

means that it separates the whole problem into sub-problems of full matrix operations.

The operation count for the algorithms [40, 66] scales like O (N3
xNy). The dependence on

N3
x arises because only blocks of dimension Nx × Nx are inverted and multiplied. These

inversions and multiplications are repeated recursively for Ny layers. The reduction from

O
(
N3
xN

3
y

)
to O (N3

xNy) is dramatic but is limited to the case where the matrix A is block

tridiagonal. The complexity of this method is, at most, 10N3
xNy (when Nx 6 Ny). Further

details about RGF, including mathematical proof and code, are presented in [4, 66].
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1.3.3 Comments on Exact Algorithms

To compute block entries of Gr, two recent advances, namely FIND [42, 43] and HSC [46, 47],

utilize the nested dissection method [25] to exhibit a significant speedup. These methods

explicitly exploit the sparsity of A via a sparse block LDLT -factorization of the whole matrix

and re-use this factorization to fill in all diagonal blocks of the Green’s function and some off-

diagonal blocks in a specific order. FIND and HSC have a strong mathematical component

and their physical interpretation is less obvious. The main difference between RGF and

these methods is the replacement of layers of grid points organized along a specific direction

with arbitrarily-shaped clusters of grid points organized in a binary tree. Such choice allows

to fold and to extract in any physical direction when following the vertical hierarchy of

the binary tree. Further details about FIND and HSC can be found in their respective

references. Table 1.3 summarizes the complexity of these three state-of-the-art algorithms

when computing entries in Gr.

Algorithm Complexity when Nx = Ny Complexity when Nx < Ny

RGF [66] O (N4
x) O(N3

xNy)

FIND [42, 56] O (N3
x) O(N2

xNy)

HSC [46, 56] O (N3
x) O(N2

xNy)

Table 1.3: Complexity of algorithms to compute diagonal blocks of Gr.

To compute diagonal entries for G<, only the RGF [4] and FIND [43] methods have been

extended. Table 1.4 displays the runtime complexity for computing diagonal blocks of G<.

We aim to present an extension of the HSC method [46] for the calculation of diagonal blocks

for G<, which is compatible with existing partitioning libraries — namely, the extension is

combined with the graph partitioning package METIS [36].
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Algorithm Complexity when Nx = Ny Complexity when Nx < Ny

RGF [66] O (N4
x) O (N3

xNy)

FIND [43] O (N3
x) O (N2

xNy)

Table 1.4: Complexity of algorithms to compute diagonal blocks of G<.
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Chapter 2

MATHEMATICAL DESCRIPTION OF THE ALGORITHM

In this chapter, a detailed mathematical description for the extension of HSC to compute

blocks of G< is given. The key ingredients are:

• an efficient sparse block LDLT -factorization of A; The block sparse factorization will

gather grid points into arbitrarily-shaped clusters (instead of layers, like in RGF).

Such choice allows to fold and to extract in any physical direction when eliminating

entries in A. The factorization yields formulas to calculate the diagonal blocks and

off-diagonal blocks for Gr and G<. Exploiting the resulting algebraic relations results

in an algorithm with a cost significantly smaller than the full inversion of matrix A.

• an appropriate order of operations. The cost of a matrix multiplication BCD depends

on the order of operations. When B is m×p, C is p×k, and D is k×n, (BC) D costs

2mk(n + p) operations and B (CD) costs 2np(m + k). The order of operations can

have a large effect when multiplying series of matrices together (which is the case for

computing entries of Gr and G<). Furthermore, when working with sparse matrices,

one order of operations may preserve sparsity, while another may not.

First, a simple description with three clusters is given. Then the approach is extended to an

arbitrary number of levels and a multilevel binary tree.

2.1 Description for a Simple Case

The basic idea is to partition the nano-device into three disjoint regions (L, R, S) — see

Figure 2.1
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Figure 2.1: Nanodevice partitioned into two subregions (L, R) and a separator S (L stands
for Left and R for Right). Solid arrows and dash arrows relate to the fold and extract passes
respectively in computing Green’s functions.

Such a partition is easily obtained via the nested dissection, introduced by George [25].

Nested dissection divides the system into two disconnected sets and an interface, called the

separator S. With this partition, the matrix A can be written as

A =


ALL 0 ALS

0 ARR ARS

AT
LS AT

RS ASS


Similar to equation (1.19), here L + R ⇒ Z and S ⇒ Z ′. According to the block LDLT -

factorization (1.15), the calculation of Gr can be performed by the same fold and extract

scheme, which is also used by RGF.

For calculating entries in the correlation matrix G<, our approach utilizes a variation of

(1.17) and (1.18), namely

LTG< = D−1L−1Σ< (Gr)† (2.1)

and

G< =
(
I− LT

)
G< + D−1L−1Σ< (Gr)† (2.2)
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and exploits the symmetry of Gr and the skew-Hermitian property of Σ< and G<,

(G<)
†

= −G< and (Σ<)
†

= −Σ< (2.3)

A complete derivation for HSC-extention can be found at Appendix A. In our HSC-

extension algorithm, the calculation of Gr matches exactly the HSC method [46]. However,

the computational process for calculating the correlation matrix G< differs from RGF and

FIND methods [43, 44], in several aspects. It uses thin boundaries obtained directly from the

nested dissection. This extension requires one sparse factorization and one back-substitution

(two-way), while FIND utilizes only sparse factorizations but applied many times with dif-

ferent orderings (one-way). The order of operations to obtain the diagonal blocks of G< is

also different from the recurrence in Petersen et al. [56], which uses the sequence

Σ< → L−1Σ<
(
L−1

)† → D−1L−1Σ<
(
L−1

)† (
D−1

)†
→ L−TD−1L−1Σ<

(
L−1

)† (
D−1

)† (
L−T

)†
,

while our HSC extension uses

Σ< → Σ< (Gr)† → L−1Σ< (Gr)† → D−1L−1Σ< (Gr)† → L−TD−1L−1Σ< (Gr)†

When working with sparse matrices, specific order of operations may result in fewer opera-

tions. In numerical experiments, the latter ordering was more efficient.

2.2 Description for a Multilevel Case

In this section, the description is extended to an arbitrary number of clusters.

Even though computing the diagonal for the inverse of a matrix is not equivalent to a

sparse factorization, both problems benefit from matrix reordering. The multilevel nested

dissection, introduced by George [25], lends itself naturally to the creation of grid points

clusters. Typically, nested dissection divides the system into two disconnected sets and an

interface, called the separator. Then the process is repeated recursively on each set to create

a multilevel binary tree as shown in Figure 2.2. The system is thus re-organized into a
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Figure 2.2: Example of a multilevel partition.

hierarchical structure, starting from the top level (root) to the lowest level (leaf). From the

mathematical derivation expressed in previous section, the two-way HSC-extension algorithm

can be extended to a general multilevel partition case by performing the following steps:

1. compute one block LDLT -factorization of A by 1.15, marching one level at a time from

leaves to root (a.k.a. the forward pass for Gr);

2. apply (1.16) recursively, marching one level at a time from root to leaves (a.k.a. the

backward pass for Gr);

3. calculate the right hand side of (2.1), marching one level at a time from leaves to root

(a.k.a. the forward pass for G<);

4. apply (2.2) recursively, marching one level at a time from root to leaves (a.k.a. the

backward pass for G<).
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For the sake of clarification, we provide an example of computational steps in matrix nota-

tions of HSC-extension algorithm for a three-level system in Appendix B. The remaining of

the section describes the computational process of HSC-extenion algorithm.

Based on the hierarchical structure of the tree shown in Figure 2.2, let Pi denote the set

of all cluster indices j such that cluster j is an ancestor of cluster i. For example for Figure

2.2, P5 is equal to {1, 2} and P15 = {1, 3, 7}. Let Ci denote the set of all cluster indices j

such that cluster j is a descendant of cluster i. For the partition on Figure 2.2, C4 is equal

to {8, 9} and C3 = {6, 7, 12, 13, 14, 15}. Note that a cluster may or may not have a direct

coupling in the matrix A to any of its ancestors or descendants.

Once the partition is set, the algorithm may be separated into two distinct parts: com-

putation of Gr and computation of G<.

2.2.1 Computation of Blocks for Gr

In the binary tree, the levels are labeled from bottom to top, where level 1 contains all

clusters at the end of the tree and level L contains only the original separator. For simplicity

of presentation, let A(l) denote the matrix transformed from A after folding all the clusters

up to level l. Note that A(0) is set to A and A(L−1) is block diagonal.

The computation of blocks for Gr involve three steps: folding the lower level clusters

unto the higher ones, inversion of the matrix for the main separator, and extracting of the

diagonal blocks for the current level from blocks on higher level.

The algorithm for the first step goes as follows:

• For l = 1 up to L− 1,

– A(l) = A(l−1)

– For all the clusters i on level l,

∗ Ψi,j = −
(
A

(l)
i,i

)−1

A
(l)
i,j for all j in Pi

∗ A
(l)
j,k = A

(l)
j,k + ΨT

i,jA
(l)
i,k for all j and k in Pi
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∗ A
(l)
k,j =

(
A

(l)
j,k

)T
for all j and k in Pi

∗ A
(l)
i,j = 0 and A

(l)
j,i = 0 for all j in Pi

– end

• end

The next step is written as the inversion of A(L−1) , which is symmetric and block diagonal.

• G(L−1) =
(
A(L−1)

)−1

In practice, the operation requires only the inversion of the block for the top separator. All

the other blocks have already been inverted during the folding steps.

Finally, all the diagonal blocks of Gr are extracted one level at a time. The algorithm

goes as follows:

• For l = L− 2 down to 0,

– G(l) = G(l+1)

– For all the clusters i on level l,

∗ G
(l)
i,j = G

(l)
i,j +

∑
k∈Pi

Ψi,kG
(l)
k,j for all cluster indices j in Pi

∗ G
(l)
j,i =

(
G

(l)
i,j

)T
for all cluster indices j in Pi

∗ G
(l)
i,i = G

(l)
i,i +

∑
j∈Pi

Ψi,jG
(l)
j,i

– end

• end

The resulting algorithm to compute block entries in Gr matches exactly the HSC method

[46].

Note that matrix G(0) is not equal to Gr because G(0) is incomplete (see an example in

the Appendix). However, all the entries in G(0), in particular the diagonal entries, match

the corresponding entries in Gr.
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2.2.2 Computation of Blocks for G<

The algorithm consists of four steps. The first step uses the matrix G(0) computed previously.

• N = Σ<
(
G(0)

)†
All the entries in G(0) match the corresponding entries in Gr and are sufficient to compute

diagonal blocks of G<. The matrix Σ< is typically block diagonal. The matrix N will have

the same structure and shape as G(0). The matrix multiplication is done block by block.

Next the lower level clusters are folded into the higher ones. This step is critical and the

most time consuming. Let N(l) denote the matrix transformed from N after folding all the

clusters up to level l. N(0) is set to N.

• For l = 1 up to L− 1,

– N(l) = N(l−1)

– For all the clusters i on level l,

∗ N
(l)
j,k = N

(l)
j,k + ΨT

i,jN
(l)
i,k for all j and k in Pi

– end

• end

Similarly to Step 1, Step 3 is a block diagonal multiplication.

• P(L−1) = G(L−1)N(L−1)

Finally, Step 4 extracts all the diagonal blocks one level at a time. This step is similar to

the extraction in the Gr algorithm. The operations are the following:

• For l = L− 2 down to 0,

– P(l) = P(l+1)
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– For all the clusters i on level l,

∗ P
(l)
i,j = P

(l)
i,j +

∑
k∈Pi

Ψi,kP
(l)
k,j for all cluster indices j in Pi

∗ P
(l)
j,i = −

(
P

(l)
i,j

)†
for all cluster indices j in Pi

∗ P
(l)
i,i = P

(l)
i,i +

∑
j∈Pi

Ψi,jP
(l)
j,i

– end

• end

At the end, matrix P(0) is not equal to G< because P(0) is incomplete (see an example in

the Appendix). However, all the entries in P(0), in particular the diagonal entries, match the

corresponding entries in G<.

To analyze the speedup for HSC-extension, we emphasize that RGF exploits the matrix

sparsity only at the block level, i.e. it merely separates the system in y direction and take

the clusters in x direction as a dense block. Compared to RGF, HSC-extension exploits the

system sparsity in both x and y direction. The arbitrarily shaped clusters organized in a

hierarchical binary tree significantly reduces the computational cost. On the other hand,

in HSC-extension, we do Σ< (Gr)† instead of the common factorization Σ<L−†D−†(LT )−†

(see (2.1) and (2.2)), since the latter expression is less efficient in numerical computation.

However, from the derivation in Appendix B, it is observed that this variation of recurrence

formula requires computing extra Gr entries compared to the HSC approach [46]. As a result,

the speedup of G< computation (benchmarked against RGF) is smaller than the speedup of

Gr computation for HSC-extension, although the asymptotic complexity of G< remains to

be O(N2
xNy). With the HSC-extension algorithm built and incorporated, a complete NEGF

calculation process is given in Figure 2.3.

2.3 Comments on the System Partition

The partitioning of the system (or the clustering of points) is the key step for the efficiency

of this algorithm. The partition should follow two rules:
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• Prepare Hamiltonian (H);

• Compute self-energy matrices (Σr,<
L , Σr,<

R );

• Compute matrices (A, Σ<);

• Convert sparse matrix A into unstructured graph;

• Partition the unstructured graph via nested dissection

(METIS);

• Construct the hierarchical tree from the system partition;

• Compute Green’s function by HSC-extension (Gr, G<);

• The computational efficiency is determined by clusters sizes

from the hierarchical partition.

HSC-Extension

• Compute physical quantities (N,n, J);

NEGF Calculation

Figure 2.3: Flowchart for NEGF calculation incorporated with HSC-extension algorithm.
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• for clusters within the same level on the binary tree, no interaction is allowed. Opera-

tions on blocks at the same level are performed independently.

• the partition should minimize the size of separators and reduce the clusters down to a

size manageable for an inversion of the corresponding block matrix.

The multilevel nested dissection generates a partition that satisfies those rules. It is worth-

while to note that, as long as the rules stated above are followed, systems with non-uniform

distribution of points or with a different stencil could be treated correctly.

Figure 2.4: Partition generating the RGF algorithm.

The RGF algorithm is included in the previous description with a very specific partition.

It re-organizes the nanodevice into Ny disjoint layers. Therefore the system can be taken as

partitioned into Ny layers and linear hierarchy tree is performed, illustrated in Figure 2.4.

In many cases, self-energy functions add two Nx×Nx dense blocks into the input sparse

matrix A in first and last block (see Figure 1.4). One possible partition combines the two

contacts together with the middle separator 1, as shown in Figure 2.5.
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Figure 2.5: First method to partition system with two dense layers and two ends.

The weakness of such clustering is the size of the first separator (or root region). A larger

separator increases the computational cost spent on this level. More descendant blocks are

coupled with this separator and the total number of operations will increase dramatically.

Another partition that satisfies the previous two rules is plotted in Figure 2.6.

Figure 2.6: Partition generated by METIS for system including dense layers at two ends.
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Finally, we summarize the features of RGF, FIND and HSC(-extension) approaches in

table 2.1.

RGF[66]

• two-way method;

• Linear hierarchy: layers organized in transport direction;

• Perform inversion or multiplication of Nx ×Nx blocks by number

of O(Ny) times;

FIND[42, 56]

• one-way method;

• Binary-tree hierarchy: arbitrarily-shaped clusters with thick sepa-

rators;

• Perform inversion or multiplication of block with size much smaller

than Nx, but with operation number larger than O(Ny) times;

HSC

(extension)[46,

56]

• two-way method;

• Binary-tree hierarchy: arbitrarily-shaped clusters with thin sepa-

rators;

• Perform inversion or multiplication of block with size much smaller

than Nx, but with operation number larger than O(Ny) times;

• G< requires calculation of extra entries in Gr;

Table 2.1: Features summarized for three exact NEGF algorithms, RGF, FIND and HSC(-
extension)
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Chapter 3

NUMERICAL EXPERIMENTS FOR 2D STRUCTURES

This section describes numerical experiments on two simple models: a super-lattice struc-

ture and a graphene nanotube. Both algorithms (RGF and HSC-extension) are implemented

as C codes (HSC-extension is interfaced with METIS [36]). All the runtime data corresponds

to the total CPU time for the evaluation of the diagonal and desired off-diagonal entries of

Gr and G< at a single energy point. All numerical experiments are performed with one

thread on a machine with Intel i7-2600 3.40GHz CPU and 12GB memory.

3.1 Cost Analysis

First the complexity of the HSC extension is compared numerically to the complexity of

RGF. A model device is considered where the system Hamiltonian is discretized with a five-

point stencil. The left and right contact self-energies are neglected for this section only. A

typical partition is plotted in Figure 2.2

The numerical estimate tracks the operation counts step by step for all the matrix mul-

tiplications and matrix inversions throughout the code. For a multiplication of two matrices

with dimensions i× j and j× k, a total of ijk operations is added. For inversion of a matrix

of dimension i× i, i3 operations are counted.

Figure 3.1 shows the cost comparison between the HSC extension and RGF for two-

dimensional square systems with the same number of grid points (or atoms) per direction,

i.e. Nx = Ny = N . The plot in logarithmic scale indicates that RGF exhibits a complexity

of O(N4), while the HSC-extension shows a O(N3) complexity.
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Figure 3.1: Numerical count comparison for our algorithm (blue) and RGF (red).

3.2 Results

3.3 Super-lattice Device

A super-lattice device is typically a multi-layered energy barriers system. The device is

composed of repeating junctions of energy barriers and wells. To verify the simulation

results, a two-dimensional system of lengths lx = 25nm and ly = 20nm is considered and

plotted in Figure 3.2. Here the structure has eight barriers, each of width 1nm and of height

400meV. The wells have a width of 1nm. The length of the left flat band region is 2nm and

the right flat band region is 3nm long.

Figure 3.2: Barrier structure for a model super-lattice device.
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A simulation with a five-point stencil discretization on a grid with spacing dx = dy =

0.1nm is made for the Fermi energy Ef = 140meV and 500 energy points uniformly dis-

tributed between 0 to 500meV. The density of states, electron density, and current are

calculated by the RGF method and the extended-HSC method. The output electron density

and its linear distribution in y direction is plotted in Figure 3.3. The figures indicate that

the charge distribution in the barrier-well multi-layer junctions are symmetric, as expected.

Figure 3.3: Electron density profile and electron density in y direction for a model super-
lattice device.

Next devices of lengths lx = Nx × 0.1nm and ly = Ny × 0.1nm are used to compare

the two algorithms. The number of barriers is kept at 8. The lengths for the two-sides flat

region are adjusted according to the lengths of device lx and ly. The other parameters remain

unchanged.

In Figure 3.4(a), diagonal self-energy matrices are used for the left and right contacts.

Calculation times are compared for square systems— i.e. Nx = Ny = N — and plotted in

Figure 3.4(a). As expected, the HSC-extension exhibits smaller CPU times and a complexity

of O(N3) while RGF’s complexity is O(N4).

In Figure 3.4(b), CPU times for square systems with dense self-energy matrices for both

contacts are plotted. Here again the HSC-extension exhibits smaller CPU times. A com-
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Figure 3.4: Superlattice device NEGF simulation computation time comparison for RGF
and our methods, all systems grid spacing is 0.1nm. (a) Square system of with diagonal
self-energy matrix; (b) Square system of with dense self-energy matrix; (c) For systems in
this plot, the length in the x-direction is fixed at 25 nm while the length in the y-direction is
increased. (d) For systems in this plot, the length in the y-direction is fixed at 10 nm while
the length in the x-direction is increased. Dense self-energy matrices are used in (c) and (d)
devices.
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plexity O(N3) for HSC-extension compared with O(N4) for RGF can be seen.

Figure 3.4(c) plots CPU times for rectangular devices where lx = 25nm (or Nx = 250)

and the length in the y-direction is varied. Dense self-energy blocks for the left and right

contacts are employed. The implementation of RGF is biased towards the x-direction so

that its complexity is O (Ny). The linear trend is clearly present in the plot. For the HSC-

extension, similarly to the cost of a sparse LDLT factorization, the computational cost is

O (Ny). Clearly, the constant for RGF is larger for this device.

To illustrate the dependence of this constant with respect to Nx, Figure 3.4(d) plots the

CPU times when Ny is fixed and Nx is varied. The recorded CPU times illustrate that

the RGF method has an asymptotic complexity O (N3
x), while the HSC extension exhibits a

complexity O (N2
x). So, for rectangular devices, the RGF method has a complexity O(N3

xNy)

and the HSC-extension a complexity O(N2
xNy).

3.4 Graphene

Graphene is one of the most promising next-generation materials. Its remarkable electric

properties, such as high carrier mobility and zero band gaps, generate a rapidly increasing

interest in the electronic device community. Since 2007, many advances in graphene-based

transistor development have been reported. [61]

The NEGF simulation of graphene transport is based on tight binding method, which

yields a four-point-stencil Hamiltonian due to system decomposition of carbon atoms cou-

pling (see Figure 3.5). In the numerical experiments, armchair planar graphene nanoribbon

structures are simulated. The on-site energy for each carbon atom is 0 eV and the hopping

parameter between two nearest carbon atoms is −3.1 eV. The Fermi energy is set to 0 eV.

The simulation is run for only one energy point E = 0.5 eV.

Simulation timings are plotted in Figure 3.6 for graphene structures of different sizes.

To minimize the dimension of blocks to invert in RGF, one layer of hexagonal structure is

divided into four layers (see the dashed lines in Figure 3.5). Conclusions on the asymptotic

complexity remain unchanged. Namely, the HSC extension is more efficient than the RGF
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Figure 3.5: Graphene hexagonal structure decomposed by tight biding method. Dashed
rectangular illustrates one repeating hexagon layer. Dashed lines represent inner four atom
layers, showing the atoms ordering in tight binding Hamiltonian construction.

method for square and rectangular structures. The complexity of RGF for four-point stencil

behaves as O(N3
xNy) with the same constant as five-point stencil, which is expected due to

the layered system partition. In Figure 3.6(a) and (b), for a four-point stencil system, our

HSC-extension exhibits a complexity of O(N3) for square system. Figure 3.6(c) and (d) also

demonstrate a complexity growing linearly with Ny and, respectively quadratically with Nx,

when Nx, respectively Ny, is fixed. The final result is a complexity O(N2
xNy). The constant

in front of N2
xNy for the extended HSC method is smaller for the graphene structures than

for the superlattice devices. This reduction is explained by a more efficient partitioning of

four-point stencil systems by METIS .
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Figure 3.6: Graphene device NEGF simulation computation time comparison for RGF and
the HSC extension, based on tight binding theory. (a) Square system of with diagonal self-
energy matrix. (b) Square system of with dense self-energy matrix. (c) For systems in this
plot, the number of atoms in the x-direction is set to Nx = 250, while the number of atoms
in the y-direction is increased. (d) For systems in this plot, the number of atoms in the
y-direction is set to Ny = 100, while the number of atoms in the x-direction is increased.
Dense self-energy matrices are used in (c) and (d) devices.
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Chapter 4

NUMERICAL EXPERIMENTS FOR 3D STRUCTURES

We have shown that the HSC-extension approach has significantly accelerated the eval-

uation of the retarded Green’s function, particularly the lesser Green’s function, for two-

dimensional nanoscale devices. In this chapter, the HSC-extension is applied to determine

the solution of NEGF equations on three-dimensional nanoscale devices [93]. Operation

counts and runtimes are also studied for three-dimensional nanoscale devices of practical in-

terest: a graphene-boron nitride-graphene multilayer system, a silicon nanowire, and a DNA

molecule.

4.1 Motivation

Though achieving great success in predicting electronic transport performance in 2D devices,

NEGF method is associated with the large computational cost which currently prevents a

broader use to large scale 3D simulations. Researchers and analysts have used several approx-

imations to alleviate this cost. Examples include the mode-space approximation [97], which

couples 1D NEGF transport simulation to transverse states from solving 2D Schrödinger

equation on the cross-section, and the restriction to levels of lower accuracy (such as tight-

binding or effective mass levels). Although these approximations of NEGF have successfully

predicted the transport characteristics of nanoscale devices [98, 99], these alternatives re-

main unable to capture atomic-scale inhomogeneities, such as surface roughness, uninten-

tional doping, and trapped charges (see, for example, [100] for an illustration of the resulting

inaccuracy). The modeling of such inhomogeneities requires a full 3D real-space NEGF sim-

ulation. Recent studies [50, 51, 101, 102, 103] have performed 3D NEGF simulations to

handle these inhomogeneities but with “coarse discretization” (i.e. small number of atomic
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orbitals or small number of grid points) to control the computational cost. To enhance the

predictability of these 3D NEGF simulations, finer discretizations have to be considered.

Therefore the computational cost of NEGF needs to be addressed. The goal of this chap-

ter is to extend the HSC-extension approach to 3D scenarios and demonstrate its ability of

significantly reducing the cost of 3D NEGF simulations.

4.2 Operation Count Analysis for 3D Brick-like Devices

In the last chapter, We have performed a cost analysis for a 2D rectangular system. Given

the working knowledge of RGF and HSC-extension algorithms, we can then extend the

operational cost discussion to a 3D brick-like devices. Consider a cuboid device, covered by

a three-dimensional orthogonal mesh with Nx, Ny, and Nz grid points per direction. The

discretization of the Hamiltonian is obtained via a 7-point stencil. The self-energy matrix

Σr is assumed to be represented via a similar 7-point stencil (for example, with a crude

diagonal approximation or with a PML-like approximation [104]). The resulting matrix A

is of dimension Nx ×Nz ×Ny, where the y-direction is the transport direction.

The RGF approach groups the grid points into Ny disjoint layers, each layer holding

Nx × Nz grid points. Fig. 4.1 illustrates these layers for Nx = 3, Nz = 3, and Ny = 5. By

ordering the grid points one layer at a time, the matrix A exhibits the block-tridiagonal

structure, required by the RGF approach. The operation count for the RGF method on this

cuboid device is O (N3
xN

3
zNy).

The HSC-extension employs a multilevel nested dissection to gather the grid points into

a hierarchy of clusters. Fig. 4.2 illustrates the separators obtained at each level and the eight

subdomains. The resulting binary tree is also depicted in Fig. 4.2 with matching colors for

the separators. The operation count for the HSC-extension is derived in the appendix. For

the sake of conciseness, the final value is summarized in Table 4.1.

Remark: When Nz = 1, the operation counts for RGF and HSC reduce to their

expression for 2D devices (with mesh N ×N). Namely, for RGF, the operation
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Figure 4.1: A Cartesian 3D mesh with 7-point-stencil discretization of dimensionNx×Nz×Ny

(the y-direction is the transport direction.). The colored layers along the y-direction show
the layered-structure organization of grid points for the RGF approach.

Figure 4.2: (a) The partition of grid points obtained from the multilevel nested dissection.
The colored clusters show the separators defined at each level. (b) A binary tree representing
the clustering. Each colored block matches a colored separator.
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Configuration HSC-extension RGF

Cubic mesh (Nx = Nz = Ny = N) O(N6) O(N7)

Elongated mesh (Nx = Nz = N � Ny) O(N5Ny) O(N6Ny)

Flattened mesh (Nz � Nx = Ny = N) O(N3
zN

3) O(N3
zN

4)

Table 4.1: Operation counts of HSC-extension and RGF for various configurations of cuboid
mesh.

count becomes O(N4) and, for HSC, O(N3).

In practice the self-energy matrix Σr contains dense blocks for the grid points on open

boundary conditions. The analysis in the appendix and the counts (Table 4.1) do not

cover such cases. The next section will study numerically the operation counts for prac-

tical nanoscale devices with open boundary conditions.

4.3 Numerical Experiments

Next we demonstrate and analyze numerically the performance of HSC-extension approach

when evaluating entries of the matrices Gr and G<. First a cuboid device is used to illustrate

the cost analysis presented in Section 4.2. The impact of dense blocks in Σr when model-

ing open boundary conditions is also discussed. Then three nanoscale devices of practical

importance are considered: a graphene-boron nitride-graphene multilayer system, a silicon

nanowire (SiNW), and a DNA molecule. The discretizations for these three devices yield ma-

trices with different sparsity pattern and provide different challenges for the HSC-extension.

For reference, timings for the LU-factorization (lu routine in MATLAB 2011b [105] calling

UMFPACK v5.0.4 [107]) of A are also included. The operation count for the LU-factorization

represents the optimal cost complexity because every solution of a linear system with A

requires, at least, the cost of one LU-factorization.



46

4.3.1 Cuboid Nanoscale Device

As described in section 4.2, a cuboid nanoscale device is considered where the Hamiltonian

is constructed by effective-mass approximation and with 7-point stencil finite difference. A

three-dimensional orthogonal mesh is used with Nx, Ny, and Nz grid points per direction.

Two distinct treatments for the self-energy matrices are studied: a diagonal approximation,

referred to as SPARSE, and a DENSE approximation for modeling open boundary conditions.

Results with SPARSE Self-energy Matrices

Here diagonal self-energy matrices are considered. The matrix A has the same sparsity as

the Hamiltonian matrix H. Fig. 4.3 illustrates the pattern of non-zero entries in the matrix

A, when the grid points are ordered one layer at a time (as in Fig. 4.1).

Figure 4.3: Non-zero pattern of A for a 3D cuboid system with Nx = 3, Nz = 3 and Ny = 5.
Entries for the diagonal self-energy approximation are marked in red. The matrix exhibits
a block-tridiagonal structure, where each block is of dimension NxNz × NxNz. The arrow
highlights the diagonal width in each block controlled by the ratio Nx/Nz. In all the matrix
pattern graphs, nz specifies the number of non-zero entries.
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First, when Nx = Ny = Nz = N , the CPU times for evaluating Gr and G< at one energy

point are plotted as a function of N in Fig. 4.4.

The slopes are consistent with the analysis of section 4.2, namely O(N7) for RGF and

O(N6) for HSC-extension. The LU-factorization of A exhibits also a complexity O(N6).

When N = 32, the HSC-extension exhibits a speed-up of 10 times. Note that, on this

12GB machine, RGF can solve problems only up to N = 32 (the resulting matrix A is

of dimension 32,768), while the HSC-extension can solve these problems up to N = 40

(dimension of matrix A is 64,000).
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Figure 4.4: CPU timing for cubic system versus the dimension Nx. For all plots in result
section, the timing includes the Gr and G< calculation at one energy point. The runtime
of RGF, HSC-extension and LU-factorization for A with SPARSE self-energy are presented.
For comparison, we also plot black dashed curves, reflecting the theoretically asymptotic
slopes for HSC-extension: O(N6), and for RGF: O(N7).

Next the case of an elongated device is considered, i.e. Nx = Nz = N � Ny. Fig. 4.5

illustrates timings for different elongated devices with square cross-section (Nx = Nz = N).

The asymptotic slopes (black dashed curves) match the analysis, namely O(N5Ny) for the
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HSC-extension and O(N6Ny) for RGF. Here again the HSC-extension and the LU-factori-

zation have numerically the same complexity. When Ny is fixed at 200, the CPU time of

HSC-extension is initially higher than the one for RGF at small cross-sections and becomes

smaller than the one for RGF when Nx = Nz ≥ 12, eventually reaching a speed-up of 2 for

the largest structure studied.
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Figure 4.5: (a) CPU timing for elongated mesh versus Nx with fixed Nx = Nz = N � Ny,
Ny = 200. (b) CPU timing for elongated mesh versus Ny with fixed Nx = Nz = 16.
The theoretically asymptotic slopes (black dashed curves) for HSC-extension correspond to
Table 4.1, O(N5Ny), and for RGF to O(N6Ny).

Finally, for the case of flattened devices, the CPU results are shown in Fig. 4.6. When

Nz = 4 and Nx = Ny = N � Nz, the costs of O(N3) for HSC-extension and O(N4) for RGF

are observed. These asymptotic behaviors are consistent with the analysis in section 4.2 and

with the conclusions for 2D devices with Nx ×Ny grid points [32].

Our numerical experiments in Fig. 4.3-4.6 illustrate the asymptotic operation count

of HSC-extension as a function of system dimensions for various cuboidal shapes. In all

three cases, the HSC-extension and the LU-factorization have identical asymptotic opera-

tion counts. These numerical experiments strongly suggest that the HSC-extension reaches
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Figure 4.6: CPU timing for flattened mesh versus Nx with Nx = Ny = N � Nz, Nz = 4.
The theoretically asymptotic slope (black dashed curves) for flattened mesh is O(N3) for
HSC-extension, and O(N4) for RGF.
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the ideal complexity for 3D nanoscale devices.

Effect of DENSE Self-energy Matrices

Next dense self-energy matrices are considered to model open boundary conditions. Fig. 4.7

illustrates the pattern of non-zero entries in the matrix A, when the grid points are ordered

one layer at a time (as in Fig. 4.1).

0 20 40

0

10

20

30

40

nz = 162

Figure 4.7: Non-zero pattern of A for a 3D cuboid system with Nx = 3, Nz = 3 and Ny = 5.
Entries for the diagonal self-energy approximation are marked in red. The matrix exhibits a
block-tridiagonal structure, where each block is of dimension NxNz ×NxNz.

RGF does not exploit the sparsity present in most diagonal blocks of matrix A. So using

a dense self-energy matrix does not impact the performance of RGF. On the other hand,

the HSC-extension aims to exploit as much as possible the sparsity of A. So it is important

to study the impact of a dense self-energy matrix on the HSC-extension. The analysis in

section 4.2 does not handle this situation.

First consider the case where Nx = Ny = Nz = N . Fig. 4.8 plots the CPU timings as a

function of N . Here the RGF calculation stops at N = 32 due to memory limitation, while
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Figure 4.8: CPU timing for cubic system Nx = Ny = Nz = N with both DENSE and
SPARSE self-energies. The black dashed curve shows the asymptotic rates, namely O(N6)
for HSC-extension and O(N7) for RGF.
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the HSC-extension can solve problems up to N = 36 with dense self-energy matrices. The

presence of a dense self-energy matrix yields larger CPU times for the HSC-extension but

the asymptotic operation count is not modified.

Fig. 4.9 plots the CPU timings when Ny is modified and Nx and Nz remain constant.

Timings for RGF, for HSC-extension with sparse self-energy matrix, for HSC-extension with

dense self-energy matrix, and for the LU-factorization of A are reported. Note that in this
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Figure 4.9: CPU timing for different Ny and fixed Nx = Nz = 16. The black dashed curve
shows the asymptotic rate O(Ny).

numerical experiment, the layered-structure decomposition employed in RGF is kept along

y-direction (even when Ny < Nx). When Ny is comparable to Nx and Nz, the speed-up for

HSC-extension over RGF is reduced when a dense self-energy matrix is considered. As Ny

gets larger, the timings of HSC-extension with the two forms of self-energy are closer and,

asymptotically, approaching the complexity O(Ny).
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4.3.2 Graphene - Boron Nitride - Graphene Multilayer System

Graphene, stacked with boron nitride insulating material, is a promising material to build

next generation transistors because of its extraordinary thermal and electronic properties

[11]. Here a multilayer heterostructure is considered, as shown in Fig. 4.10.

Figure 4.10: (a) Schematic view of graphene-hBN-graphene multilayer heterostructure. Two
graphene layers are semi-infinitely long used as contacts. (b) The non-zero pattern of the A
matrix with Nx = 16, Ny = 8 and Nz = 3.

The device consists of two semi-infinitely long monolayer armchair-edged graphene nanorib-

bon (AGNR) electrodes sandwiching an ultra-thin hexagonal boron nitride (hBN) multilayer

film, yielding a vertical tunneling heterostructure with hBN acting as a potential barrier [8].

The hBN film is a few atomic layers thick and the central graphene-hBN-graphene (G-BN-G)

overlapping heterostructure/multilayer region is stacked in AB-order (Bernal stacking). For

this problem, the number of 2D vertical layers is denoted by Nz in units of atomic layers.

The system width is Nx and the length of the multilayer stacking region is Ny, also in units of

atomic layers. The semi-infinitely long AGNR monolayer electrodes at the top and bottom

layers are treated as open boundary conditions, their effect is folded into dense self-energy

blocks (extreme blocks) of dimension Nx ×Nx.

The system Hamiltonian is constructed using the nearest neighbor tight binding approx-
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imation with parameters from [91]. Only the low energy pz orbitals are considered here;

thus the Hamiltonian has the same dimension as the total number of atoms simulated. The

geometric lattice complexity of the multilayer system yields an average 5-point stencil Hamil-

tonian sparsity (multiple hexagonal-meshed layers stacked in AB order). The complexity of

RGF remains O (N3
xN

3
zNy) because the sparsity inside each block is not exploited. The

complexity of HSC-extension is studied numerically.

Fig. 4.11 plots the CPU timings when Nx = Ny and Nz = 5. The HSC-extension and

the LU-factorization of A have the same asymptote, indicating an operation count O(N3
x).
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Figure 4.11: CPU timing for G-BN-G system as a function of Nx = Ny and fixed Nz = 5.
Dashed curves illustrate asymptotic rates, namely O(N3

x) for HSC-extension and O(N4
x) for

RGF.

Fig. 4.12 plots the CPU timings for different configurations of Nx, Ny, and Nz. The

experiments illustrate that HSC-extension still exhibits a complexity similar to the LU-

factorization of A. For the largest devices simulated in Fig. 4.12(a), Nx = 256, the HSC-

extension method offers a speed-up of 3 orders of magnitude over RGF.
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Figure 4.12: (a) CPU timings for G-BN-G system as a function of Nx and fixed Ny = 32,
Nz = 5. (b) CPU timings for different Ny and fixed Nx = 64, Nz = 5. (c) CPU timings
as a function of Nz and fixed Nx = Ny = 48. The dashed curves indicates the asymptotic
operation counts. For HSC-extension, they are O(N1.5

x ) for (a), O(N1.5
y ) for (b), and O(N2

z )
for (c). The operation counts for RGF are as follows: O(N3

x) for (a), O(Ny) for (b), and
O(N3

z ) for (c).

The numerical experiments indicate that the asymptotic cost of HSC-extension isO
(
N1.5
x N2

zN
1.5
y

)
.

This cost of HSC-extension can be compared to the cost (Table 4.1) for the flattened device.

The term O(N1.5
x N1.5

y ) matches well with O(N3) by assuming Nx = Ny = N . The term

O(N2
z ) is due to the Bernal stacking order for the multilayer structure in the z-direction.

Finally, Fig. 4.13 illustrates CPU timings for an elongated device, i.e. Nx � Ny. The

timings for the HSC-extension behave like O(N2
xNy), demonstrating a lower order of com-

plexity over the RGF method.

As a summary, the runtime cost of HSC-extension for the G-BN-G multilayer structure

is

T =

O(N1.5
x N1.5

y N2
z ) when Nz � Nx ' Ny

O(N2
xNyN

2
z ) when Nz � Nx � Ny

(4.1)

while the runtime cost of RGF behaves like O(N3
xN

3
zNy).



56

4 8 16 32 64
10

−3

10
−1

10
1

10
3

N
x

T
im

in
g

 (
s
)

N
y
 = 256, N

z
 = 5

 

 

(a)

HSC−extension
RGF
LU−factorization

64 128 256 512
10

−1

10
1

10
3

N
y

T
im

in
g

 (
s
)

N
x
 = 48, N

z
 = 5

 

 

(b)

HSC−extension
RGF
LU−factorization

Figure 4.13: (a) CPU timing for G-BN-G system with different Nx and fixed Ny = 256,
Nz = 5. (b) CPU timing for different Ny and fixed Nx = 48, Nz = 5. The dashed curves
indicates the asymptotic operation counts. For HSC-extension, they are O(N2

x) for (a) and
O(Ny) for (b). The operation counts for RGF are as follows: O(N3

x) for (a) and O(Ny) for
(b).
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4.3.3 Silicon Nanowire Structure

Silicon nanowire devices have shown promises to become key components in the next gen-

eration computer chips [108]. Solving efficiently the NEGF equations for such devices is

therefore important.

In order to investigate the scaling of computational runtime as a function of SiNW lateral

dimensions, specifically the number of atoms in each layer and the number of unit cells, we

consider a SiNW device depicted in Fig. 4.14(a). The number of atomic layers in y-direction

is denoted as Ny and the number of silicon atoms within each atomic layer (cross-section)

is denoted as Ncs. So a Ncs × Ny SiNW structure contains an array of Ny/2 unit cells

with 2Ncs atoms per unit cell. Next the sp3d5s∗ tight-binding formalism [109] is used to

Figure 4.14: (a) Atomic view of a silicon nanowire example with 4 unit cells. Each unit cell
has two atomic layers and hexagonal cross-section shape, with each atomic layer containing
108 Si atoms. Cross-section is along x− z plane and transport direction is along y direction.
This example corresponds to Ncs = 108 and Ny = 8. (b) The non-zero pattern of the A
matrix with Ncs = 108 and Ny = 8.

discretize the system. Each silicon atom is represented by a 10× 10 diagonal block, thereby

interconnecting with up to 40 orbitals of the nearest-neighbor silicon atoms. The resulting

Hamiltonian matrix exhibits a stencil involving more than 40 points, which results in a

particular computational challenge. Dense self-energy matrices of dimension 10Ncs × 10Ncs



58

32 64
10

−3

10
−1

10
1

10
3

Number of Atomic Layers N
y

L = 10D

T
im

in
g

 (
s
)

 

 

(a)

RGF
HSC−extension
LU−factorization

16 32 64
10

−3

10
−1

10
1

10
3

Number of Atomic Layers N
y

L = 6D

T
im

in
g

 (
s
)

 

 

(b)

RGF
HSC−extension
LU−factorization

8 16 32
10

−3

10
−1

10
1

10
3

Number of Atomic Layers N
y

L = 3D

T
im

in
g

 (
s
)

 

 

(c)

RGF
HSC−extension
LU−factorization

Figure 4.15: CPU timing for SiNW system with (a) L = 10D with largest L = 20nm, (b)
L = 6D with largest L = 15nm and (c) L = 3D with largest L = 9.3nm. Note that Ny ∝ L
and Ncs ∝ D2. The dashed curves represent asymptotes: O(N6

y ) for HSC-extension and
O(N7

y ) for RGF.

are employed. Fig. 4.14(b) illustrates the sparsity of A when Ncs = 108 and Ny = 8.

In this section, we consider nanowire whose length L is proportional to the diameter

D of the cross-section, namely L = αD. When ordering the atoms one layer at a time,

the Hamiltonian matrix, as well as matrix A, has a block-tridiagonal structure, where each

block is of dimension 40Ncs × 40Ncs. The operation count for RGF becomes O (N3
csNy).

Since Ny = O(L), Ncs = O(D2), and L = αD, the operation count for RGF is O(N7
y ). The

operation count for HSC-extension will be studied numerically.

Fig. 4.15 plots CPU timings as a function of Ny for structures shaped by L = 10D,

L = 6D and L = 3D. Our numerical experiments exhibit an asymptotic cost of O(N7
y )

for RGF and O(N6
y ) for HSC-extension. We would like to emphasize that the complexity

O(N6
y ) is valid for HSC-extension as long as L = αD, independent of the value α. The

HSC-extension has the same asymptotic behavior as the LU-factorization of A.

In practice, analysts may consider nanowires of 20nm length. Table 4.2 lists CPU timings

when the length is 20nm. Because these simulations did not fit in the 12GB RAM of

our machine, the CPU timings were extrapolated from the asymptotes in Fig. 4.15. This

extrapolation indicates that the speedup of HSC-extension over RGF improves as α decreases.
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Shapes HSC-extension (s) RGF (s) speed-up

L = 10D 62.9 85.3 1.4

L = 6D 1,064 3,030 2.8

L = 3D 19,920 147,706 7.4

Table 4.2: Extrapolated CPU timings of transmission calculation for SiNW devices at one
energy point with L = 20nm for various shapes.

The reduction of α enlarges the cross-section Ncs while L is fixed, yielding a higher speedup

of HSC-extension, which is consistent with the other experiments.

4.3.4 DNA Molecule

Finally we test the algorithm for DNA-based structure, which represents a complex organic

system. It has been shown that DNA is one of the promising candidates in the molecule

devices [110]. The study of electronic structures can be used to develop new sequencing

techniques [111], acting as DNA fingerprints. Another application is disease detection [112].

Many diseases are linked with the mutation in DNA bases, resulting in different electronic

properties which can be used to distinguish the mutated DNA. In our numerical experiments,

the DNA molecule is described by density functional theory (DFT) method. Although the

number of atoms contained in single DNA molecule is not huge, the decomposed Hamiltonian

matrices are relatively dense, thus impeding an effective decomposition using the multilevel

nested dissection.

The DNA molecule in our simulation is a double-helix structure containing 7 – 15 base

pairs in each strand sketched in Fig. 4.16(a). The Hamiltonian matrices are generated by

DFT package GAUSSIAN 09 [106] at HG/6-31G (d, p) level [113]. The number of orbitals

(matrix dimension) for each base is about 250. For example, for a 9-mer DNA molecule, the

Hamiltonian is of dimension 4500 × 4500 as shown in Fig. 4.16(b). The Hamiltonian can

be decomposed by treating each base pair as one layer, yielding a block tri-diagonal shape
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with 9 layers. Different from the structures studied above, the diagonal and nearest neighbor

off-diagonal blocks in the Hamiltonian are fully dense.

The CPU timing results for various DNA molecules are summarized in Table 4.3. For

Number of Base Pairs 7 9 11 13 15

HSC-extension (s) 5.0 8.7 11.3 12.5 14.6

RGF (s) 5.5 7.8 9.7 11.6 13.7

Table 4.3: CPU timings of transmission calculation for DNA molecules at one energy point.

these configurations, the HSC-extension seems to be less efficient than RGF.

To better understand these CPU times, it is important to look at the clusters defined by

the multilevel nested dissection. Fig. 4.17 illustrates the clusters used for the HSC-extension

when the multilevel nested dissection is applied blindly to the graph of A, and the layers used

for RGF. RGF employs layers with one base pair and the resulting blocks are of dimension

500× 500. The multilevel nested dissection works at the level of base pairs because one base

pair corresponds to one fully-dense diagonal block in the matrix A. The resulting partition

introduces clusters with one base pair except for two bottom level (level 3) clusters that can

not be partitioned with nested dissection. These two clusters result in two block matrices of

dimension 1000 × 1000. The time discrepancy arises from these two distinct choices of row

gathering.

To further illustrate the impact of the row numbering or partitioning, Table 4.4 lists

timings for two additional approaches. The four different partitionings used for these ap-

proaches are depicted on Fig. 4.17. The customized RGF method with two 2-pairs layers

gathers, twice, 2-pairs into one layer. This particular choice of layers indicates the impact

of two blocks of dimension 1000 × 1000 on the overall CPU time, i.e. an increase in CPU

time. The customized partition for the HSC-extension allows a degenerate sub-tree1 to avoid

1Any cluster with 2-pairs is partitioned according to a degenerate tree, where each parent node has only
one child.
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Figure 4.16: (a) Sketch of the simulated DNA sequence with 7, 9, 11, 13 and 15 base pairs
respectively. Cytosine (C) and guanine (G) are two types of bases in DNA. The left/right
contacts are connected to the bases on one strand. (b) The corresponding non-zero pattern
of the A matrix for the 9 base pairs DNA. All tri-diagonal blocks are fully dense.

Figure 4.17: Cluster definitions for HSC-extension, for RGF, and for two customizations.
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Number of Base Pairs 9

HSC-extension (s) 8.7

RGF (s) 7.8

HSC-extension with customized partition (s) 7.8

Customized RGF with two 2-pairs layers (s) 11.8

Table 4.4: CPU timings of transmission calculation for DNA molecules at one energy point.

any 2-pairs cluster. This customized partition makes the HSC-extension operate on blocks

of dimension, at most, 500× 500. This choice results in a lower CPU time, on par with the

original RGF approach. A similar behavior was observed for other DNA molecules, where

METIS gathers 2-pairs into one cluster.

These numerical experiments suggest that the HSC-extension, combined with a multilevel

nested dissection, is an efficient approach even for smaller but denser matrices. When the

graph partitioning is allowed to insert degenerate sub-trees, the performance is comparable

with that of the performance of RGF.

4.4 Summary

In this chapter, we demonstrate the HSC-extension based NEGF solver as a working method-

ology for various 3D systems. The cost analysis for HSC-extension is performed on a cuboid

structure. HSC-extension exhibits operation count of O(N6) when simulating cubic device

with dimension N × N × N , whereas a O(N7) count is observed for RGF. We also illus-

trate various asymptotic costs of HSC-extension when the device has an elongated shape

(Nx, Nz � Ny), when the device is flattened (Nz � Nx, Ny), and when a dense self-energy

is used to model the open boundary conditions.

The runtime performance of HSC-extension is further investigated for nano-electronic de-

vices of practical interest: graphene-hBN-graphene multilayer heterostructure, silicon nanowire

and DNA molecule. These devices exhibit distinct atomistic sparsity, indicating differ-
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ent computational efficiency for HSC-extension. The numerical experiments suggest that

the HSC-extension exhibits asymptotic runtimes and operation counts proportional to the

runtime of the LU-factorization. For all the nano-electronic devices considered, the HSC-

extension becomes faster than the RGF method as the device gets larger. A 1,000 speed-up is

observed for a graphene-hBN-graphene multilayer device with 40,000 atoms. Since the HSC-

extension requires less operations than RGF, these speed-ups will increase as the device gets

larger.
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Chapter 5

DEVELOPMENT OF NEGF – POISSON SOLVER

While previous chapters are focused on an efficient numerical scheme for solving NEGF

equations, in this chapter we will provide a comprehensive description of key components in

a complete implementation of NEGF – Poisson simulator, including system decomposition,

pre and post-processing of NEGF solver, and the calculation of non-linear Poisson’s equation.

Section 5.1 gives a schematic overview of the NEGF – Poisson simulatior. Section 5.2,

section 5.3 and section 5.4 then present the detailed description of the simulation process as

well as the simulation results for a 2D dual-gate MOSFET, a 3D gate all-around MOSFET,

and a graphene FET, which are widely-used representative structures corresponding to 2D

effective-mass, 3D effective-mass and 3D tight-binding models respectively.

5.1 NEGF – Poisson Simulator

The flowchart of a complete NEGF – Poisson simulation is shown in Figure 5.1. The simu-

lation starts with a prediction of electrostatic potential profile, which is often derived from

the initial conditions or analytical equations. For each external bias point (e.g. gate bias,

source-drain bias), the computational procedure consists of two iterative loops:

1. The inner iteration within NEGF calculation is to obtain the charge distribution with

self-consistently including electron-phonon scattering self-energies.

2. The outer iteration self-consistently couples NEGF and Poisson solvers via the electro-

static potential profile

The NEGF formalism and modeling process is similar to the description in section 1.2.2. The

electrostatics is solved by Poisson’s equation and included in system Hamiltonian. NEGF
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Model Initialization

• Device geometry, Energy grid points;

• Initial guess for potential profile;

Non-equilibrium Green’s Function (NEGF) Equations

Input: Device geometry, Potential profile;

Output: Electron density, Current density;

• Distribute local energy points to each processor;

• Surface Green’s Function (SGF) calculation;

Input: Matrix A = EI−H;

Output: Self-energy matrices Σr,<
L , Σr,<

R ;

• Solve NEGF equations by HSC-extension algorithm

in each processor (Gr(E), G<(E));

• Gather Green’s function over all processors and

compute output data (n, J);

Equations Governing Scattering

Input: Green’s functions (Gr,<(E));

Output: Scattering rate, Self-energies Σr,<
Phonon;

Poisson’s Equation

Input: Device geomotry, Charge and doping density,

Boundary conditions;

Output: Potential profile;

Inner iteration

(Decoherence)

Converged?

Outer iteration

(NEGF & Poisson)

Current Density, Electron Density, Scattering rate

no

yes

Figure 5.1: Flowchart for NEGF-Poisson self-consistent simulation, including self-consistent
solution of decoherence self-energy.
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then calculates physical quantities such as electrons / holes concentration, which is involved

as input of Poisson’s equation, yielding a self-consistent calculation between NEGF formalism

and Poisson’s equations.

5.1.1 Poisson’s Equation

In semiconductor transport simulation, instead of solving the conventional Poisson’s equation

−∇·(ε∇V ) = ρ, people commonly tend to solve the non-linear version of this equation which

reads:

−∇ · (ε∇V ) = ρ(V ) (5.1)

where the charge distribution in the right-hand-side of the equation explicitly depends on the

potential profile. The employment of non-linear Poisson’s equation can effectively enhance

the stability for the convergence between the transport solver (e.g. NEGF equations) and

the Poisson solver.

Although this chapter is focused to describe the numerical implementation for

the Poisson solver, the computation process of the NEGF equations (not fully

identical to the previous chapters) will also be presented in order to provide read-

ers a comprehensive understanding of the coupling between NEGF and Poisson’s

equations.

5.2 Development of 2D NEGF – Poisson Solver

This section begins with a glossary of useful physical quantities in the follow sections. Then

we present the development of non-linear Poisson solver and apply it on a conventional

2D silicon-on-insulator (SOI) dual-gate MOSFET whose Hamiltonian is discretized using

effective-mass scheme. In the subsequent sections, we will extend our development to both

3D effective-mass (3D MOSFET) and tight-binding (graphene) scenarios. For the sake of

conciseness, only coherent electron transport is considered in our description and numerical

experiments. Although ignored for simplicity, hole transport can be easily included as well.
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5.2.1 Physical Quantities and Useful Equations

Simple but useful in terms of practical applications, a Poisson solver for a 2D SOI-based

MOSFET is developed first. We start by declaring a set of physical quantities and several

useful relationships to derive classical expression for key parameters such as charge density

and Fermi levels.

Nc, Nv: effective density of states for conduction (valence) band, only determined by
material and temperature.

me,mh: effective mass of electron (hole), only determined by material and temperature.

Nd, Na: doping concentration for n-type (p-type) region, user defined quantities.

a: mesh spacing of finite difference, a user defined quantity (for simplicity, uniform
meshing is assumed).

εr: relative permittivity of semiconductor and oxide.

Ef : Fermi energy of the system at equilibrium, a user defined quantity.

Efs, Efd: Fermi energy at source and at drain ends.

Efi: quasi-Fermi energy profile, usually as a function of coordinates.

n, p: electron (hole) density.

ρ: total charge density, ρ = q(Nd −Na − n+ p).

V : electrostatic potential profile, usually as a function of coordinates.

Ec, Ev: energy of bottom of conduction band (top of valence band).

Vg, Vb: gate bias, source-drain bias.

J : current density profile, usually as a function of coordinates.
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For a bulk semiconductor with given Ef and EC , the electron density is expressed as:

n = NcF1/2

(
Ef − Ec
kBT

)
(5.2)

Conversely,

Ec = Ef − F−1
1/2

(
n

Nc

)
kBT (5.3)

F±1/2 is half-order Fermi-Dirac integral. F−1
1/2 is its inverse function. The definition of com-

plete Fermi-Dirac integral and its numerical approximation can be found at [114]. The

electrostatic potential is given by

V = −1

q
(Ec + Eref) (5.4)

where Eref is an arbitrarily chosen constant (reference potential). This equation defines the

relation between Ec and V , which is used throughout the following description.

5.2.2 Poisson Solver for a 2D MOSFET

Figure 5.2: A 2D dual-gate SOI MOSFET toy model employed as an example in the devel-
opment of Poisson solver.

A prototypical device for a 2D dual-gate SOI-based MOSFET is shown in Figure 5.2.

The toy system is a thin body device with intrinsic (or low level n-type doped) channel and
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heavily n-type doped source and drain. A complete and comprehensive description of the

full 2D NEGF – Poisson simulation process is presented first:

Define system

• Define the system geometry: including oxide thickness, lengths of source, drain and

channel, meshing profile (a uniform mesh is assumed here).

• Define the doping strategy: doping concentration Nd(x, y) of n+ regions and channel

region (intrinsic or low level n-doping is assumed here).

• Initial guess for electrostatic potential.

One common choice for the initial guess is obtained by assuming n = Nd, and compute

initial potential Vguess(x, y) using equations 5.3 and 5.4.

For each Vg and Vb (or other external bias), the solver self-consistently process step 2 and

step 3 until converged.

NEGF calculation

• Hamiltonian H = − q2

2me
∇2 +Ec is defined only in semiconductor domain (source, drain

and channel), which is discretized by finite difference approximation, and a homoge-

neous boundary condition is applied for all edges.

• Energy window is determined by: Emin = min(Ec) − 3kBT , and Emax = max(Ec) +

10kBT . Energy spacing dE is typically less than 0.5 meV.

• Fermi level: Efs = Ef and Efd = Ef − Vb.

• For E from Emin to Emax:



70

Figure 5.3: The computational domain for the NEGF calculation part. Note that we only
discretize the semiconductor region, since the oxide regions do not hold charge and thus have
no contribution to the transport.

– Contact self-energy matrices Σr
L,R(E) are obtained (from EI − H) at left and

right ends assuming open-boundary conditions at each energy point. Approach

has been described in section 1.2.3.

– A(E) = EI−H−Σr
L(E)−Σr

R(E)

– Σ< = −2i Im[Σr
L]F−1/2

(
Efs−E
kBT

)
− 2i Im[Σr

R]F−1/2

(
Efd−E
kBT

)
– Gr(E) = inv(A)

– G<(E) = Gr(E)Σ< (Gr(E))†

– n(E, j) = −iG<(E)j,j for each grid point j

– J(E) = (2q/~) Tr
[
H{1,2}G

<
{2,1} −G<

{1,2}H{2,1}

]
, where 1, 2 denotes the first and

second layer of grid points along transport direction (x). {1, 2} represents the

off-diagonal block.

• Electron density at each grid point (m−3):

n(j)NEGF =
1

a2

√
mekBT

2π3~2

∫
n(E, j)dE
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• Current density (A/m):

J =

√
mekBT

2π3~2

∫
J(E)dE

Poisson calculation

Figure 5.4: The computational domain and boundary conditions for the Poisson calculation.

• First we compute quasi-Fermi energy profile (only has definition in semiconductor

regime)

Efi = F−1
1/2

(
nNEGF

Nc

)
kBT + Ec

where Ec is the one used in NEGF part (Hamiltonian).

• Non-linear Poisson equation is defined in the whole domain (semiconductor and oxide):

−∇ · (ε0εr∇V ) = ρ(V ) = q [Nd − n(V )]

Note that n(V ) is not directly obtained from NEGF calculation (nNEGF). Instead, we

use equation 5.2 as a classical predictor of the electron concentration:

n(V ) = NcF1/2

(
Efi + qV − Eref

kBT

)
ρ = 0 for grid points in oxide.
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• Boundary conditions are shown in Figure 5.4:

– Potential at “gate” boundaries satisfies V = Vgate = −(Eflat-band + Eref)/q + Vg,

where Eflat-band = Ef − F−1
1/2 (nchannel/Nc) kBT .

– Potential at boundaries elsewhere satisfies n̂ · ∇V = 0 when εr is scalar (isotropic

permittivity); and satisfies n̂ · (εr∇V ) = 0 when εr is a matrix (anisotropy per-

mittivity). n̂ is the unit outer vector normal to the boundary.

• This non-linear equation can be solved with different methods, such as iterative solver:

−∇ · ε0εr∇ (Vold + δV ) = ρ (Vold + δV )(
−∇ · ε0εr∇−

∂ρ

∂V

)
δV = ∇ · ε0εr∇Vold + ρ (Vold)

where
∂ρ

∂V
= −q

2Nc

kBT
F−1/2

(
Efi + qV − Eref

kBT

)
Boundary condition for δV : δV = Vgate − Vold at “gate” boundaries; n̂ · (εr∇δV ) =

−n̂ · (εr∇Vold) at boundaries elsewhere.

5.2.3 Results

The NEGF – Poisson solver is utilized to simulate the I-V characteristics of three types of 2D

SOI-based MOSFET structure: thick body, thin body, and short channel length. Simulation

results are presented below.

Thick Body

The first numerical experiment is performed on a thick body device which mimics the bulk

MOSFET case. The body thickness is 18nm; the channel length and source (drain) length

is 70nm and 40nm respectively; the oxide thickness is 3nm. Channel is lightly n-type doped

with a concentration of 1013cm−3 and source / drain are heavily doped with a concentration

of 1018cm−3. The output characteristics curves (Ids – Vds) and band diagram at various bias
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points are shown in Figure 5.5 for Vg = 0 and 0.1V. Triode and saturation regions are clearly

shown in the plot with slight short channel effect in saturation region, indicating that the

gates still do not have the full control of conduction in the channel due to the relative large

body thickness.

Figure 5.5: Simulation results for a thick body 2D MOSFET structure. Left figure shows
the I-V characteristics for various gate voltages. Right figure shows the conduction band,
valence band, and quasi-Fermi level for source-drain bias from 0 to 0.5V at Vg = 0.2V .

Thin Body

In the second experiment, the body thickness is decreased to 3nm, yielding a ultra-thin body

device which is similar to the more advanced SOI-based MOSFET. It is shown (see Figure 5.6)

in the band diagrams that the conduction band (and valence band) keeps unaffected by

gate-drain bias inside the channel region, indicating that the channel region has been fully

depleted. The current-voltage curves also imply that gate control has been improved for the

thin body structure, since the saturation current remains unchanged after pinch-off when

compared to the thick-body simulation results.
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Figure 5.6: Simulation results for a thin body 2D MOSFET structure. Left figure shows
the I-V characteristics for various gate voltages. Right figure shows the conduction band,
valence band, and quasi-Fermi level for source-drain bias from 0 to 0.5V at Vg = 0.2V .

Short Channel Effect

Short channel effects becomes severe as the channel length further scales down. A quantum

scale simulation is performed on short-channel MOSFET device to demonstrate the capabil-

ity of our NEGF – Poisson solver in simulating ultra-small devices. The body thickness is

3nm; the channel lengths and source (drain) lengths are all 10nm; the oxide thickness is 1nm.

The n-doping concentration at source (drain) regions is 1E20cm−3 and the channel region

is intrinsic without doping. In quantum scale simulation, the convergence between NEGF

and Poisson’s equation is relatively more difficult to achieve. A fine mesh (spacing less than

0.1nm) and Anderson mixture among electrostatic potentials from different iterations are

usually required.

The simulation results are shown in Figure 5.7. When the channel length shrinks to

quantum regime, the drain induced barrier lowering (DIBL) becomes significant as shown

in the band diagram. As the result, the drain-source current starts to apparently increase

with drain bias in saturation region, suggesting a notable decrease in the output resistance
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of MOSFET and further loss of control of the gates.

Figure 5.7: Simulation results for a short channel 2D MOSFET structure. Left figure shows
the I-V characteristics for various gate voltages. Right figure shows the conduction band,
valence band, and quasi-Fermi level for source-drain bias from 0 to 0.5V at Vg = 0.6V .

5.3 Poisson Solver for 3D Gate All-around MOSFET

Next, we extend our development of Poisson solver for 2D toy model to a more practical

3D structure. A prototypical device for a 3D gate all-around SOI MOSFET is shown in

Figure 5.8. The cross section of the 3D MOSFET is identical to the 2D system discussed

previously. Note that the channel region is wrapped all-around by a thin layer of oxide and

gate electrode. The same doping strategy n+ − n − n+ is applied. Here, we only discuss

the major difference in terms of numerical implementation in each step, since the simulation

process for the 3D system are similar to the 2D simulation.

In NEGF calculation, the Fermi-Dirac integral is reduced to Fermi distribution function

in 3D systems. Therefore, all the relevant equations need to be modified accordingly.

• The self-energy matrices

Σ< = −2i Im[Σr
L]f(E − Efs)− 2i Im[Σr

R]f(E − Efd)
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Figure 5.8: A 3D gate all-around SOI MOSFET device, which is a straightforward extension
from the 2D dual-gate MOSFET.

where f(E) = [1 + exp (E/kBT )]−1 is the Fermi distribution function.

• Electron density at each grid point (m−3):

n(j)NEGF =
1

2πa3

∫
n(E, j)dE

• Current density (A/m2):

J =

∫
J(E)dE

The steps of solving Poisson’s equation remains unchanged mathematically. Note that

in 3D system, the “gate” boundaries actually represent 4 surfaces surrounding the channel

region.

5.3.1 Results

A quantum scale simulation is performed on a ultra-small 3D MOSFET using our 3D NEGF

– Poisson solver. The semiconductor cross section is a 2nm × 2nm square; the surrounding

gate oxide layer is 1nm thick; the source (drain) and channel lengths are all 10nm. The n-

doping concentration at source (drain) regions is 1E20cm−3 and intrinsic doping is assumed

in the channel region.
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The result is shown in Figure 5.9. When compared to the simulation results of 2D

MOSFET, the DIBL effect is much suppressed. The control ability of gate is greatly enhanced

due to the significant increase in contact area between gate electrode and channel region. It

is demonstrated that the introduction of surrounding gate technology can effectively reduce

the impact of DIBL and suppress the short channel effect.

Figure 5.9: Simulation results for a gate all-around 3D MOSFET structure. Left figure shows
the I-V characteristics for various gate voltages. Right figure shows the conduction band,
valence band, and quasi-Fermi level for source-drain bias from 0 to 0.5V at Vg = 0.6V .

5.4 Poisson Solver for Graphene FET

The presented Poisson solver can be extended to be applied in tight-binding simulation. A

three-terminal graphene-based FET device (shown in Figure 5.10) consisting of graphene

monolayer sandwiched by top and bottom insulating layers (usually SiO2 or hBN) is simu-

lated to illustrate the process. Key elements for modeling such devices using the developed

NEGF – Poisson framework involve:

• In NEGF calculation, we only consider the graphene layer (carbon atoms), which is
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Figure 5.10: A 3D graphene FET device formed by a single graphene layer sandwiched by
two thin oxide layers. Left graph shows the graphene monolayer and the right graph shows
the lateral view of the device.

straightforwardly discretized using tight-binding approximation, so that the charge

density is obtained at each atomic site.

• In Poisson calculation, due to the non-regular mesh grids constructed in the semi-

conductor domain, the system decomposition is usually performed by finite element

approximation.

• Armchair-edged graphene nanoribbon is used here so that one can determine whether

the graphene layer is a semiconductor or a semi-metal by modulating its lateral width.

The graphene-FET structure requires that the graphene to be semiconductor.

• Similar to the MOSFET structures, the doping strategy is n+-i-n+, and the external

gate electrodes only covers the intrinsic area.

Given the tight-binding decomposition of the device Hamiltonian, the NEGF calculation

process and the governing equations are identical to what we described in the last section.

In the rest of the section, we will focus on the numerical details in solving Poisson’s equation.
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5.4.1 Discretization

Since the tight-binding grids are usually non-regular, a finite-difference implementation of

Poisson solver requires certain approximation such as the interpolation of the charge density

from a non-regular mesh to a regular mesh. Typically, a generic Poisson solver is implemented

using the Finite Element Method (FEM), which is capable of handling mesh grids in arbitrary

pattern. The discretization for the graphene-based FET device consists of two parts:

1. The insulating layers are discretized using regular mesh (cuboidal 7-point-stencil grids).

2. The tight-binding grid (atomic sites) of the graphene layer used in NEGF calculation

can be directly adopted in Poisson solver. Sometimes, one might also include interbond

grid points (usually a few grid points between each C–C bond) in order to improve the

stability of the self-consistent iteration when solving non-linear Poisson’s equation. In

this work, we include 2 additional grid points between each C–C bond as interbond

grid points. The impact of the interbond grid points will be discussed in later section.

A sample grid points constructed for the graphene layer is show in Figure 5.11(a).

The regular mesh discretizing insulating layers and the non-regular mesh of the graphene

layer are then coerced together to create the grids for the graphene-FET device. The 3D

tetrahedron FEM mesh can then be generated using the well-known Delaunay triangulation

algorithm. A sample mesh is illustrated in Figure 5.11(b) with graphene layer located at

z = 0.

5.4.2 FEM Formalism

Here we consider the FEM formalism for the non-linear Poisson’s equation −∇ · (ε∇V ) =

ρ(V ). Using the iterative scheme, we can write the equation as:

−∇ · ε0εr∇ (Vold + δV ) = ρ (Vold + δV ) (5.5)
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Figure 5.11: (a) Illustration of grid points for the graphene layer. Blue circles denote the
atomic sites and red circles denote the interbond grid points. (b) A final tetrahedron FEM
mesh generated for the graphene-FET device consisting of a graphene monolayer vertically
sandwiched by two insulating layers. In the sample device, the graphene layer contains 160
carbon atoms and locates at z = 0.
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In each iteration, potential profile can be updated by solving a linear system regarding δV :

−
(
∇ · ε0εr∇+

∂ρ

∂V

)
δV = ρ (Vold) +∇ · ε0εr∇Vold (5.6)

Next, it is straightforward to apply the finite element approximation. Given a triangulation

discretization of the computation domain Ω, we use {ϕi}Ni=1 to denote the FEM basis func-

tions, typically a set of continuous piecewise linear functions. N is the number of nodes with

the triangulation. By assuming the Neumann boundary condition ∇V = 0 on boundary ∂Ω,

the weak form of equation 5.6 is equivalent to∫
Ω

ε0εr∇δV · ∇ϕidx−
∫

Ω

∂ρ

∂V
δV ϕidx =

∫
Ω

ρ (Vold)ϕidx−
∫

Ω

ε0εr∇Vold · ∇ϕidx (5.7)

holes for each basis function ϕi (i = 1, 2, . . . , N).

FEM assumes that the solution δV can be written as a linear combination of the basis

functions

δV =
N∑
j=1

cjϕj (5.8)

for some cooeffcients cj to be determined. Equation 5.7 ends up with a N × N system of

linear equations

N∑
j=1

cj

(∫
Ω

ε0εr∇ϕj · ∇ϕidx−
∫

Ω

∂ρ

∂V
ϕjϕidx

)
=

∫
Ω

ρ (Vold)ϕidx−
∫

Ω

ε0εr∇Vold · ∇ϕidx

(5.9)

for i = 1, 2, . . . , N , which can be expressed in a matrix form.

Therefore, by numerically solving equation 5.9, we can update potential profile iteratively.

Dirichlet boundary condition for δV can also be easily addressed by cj = Vgate−Vold for FEM

nodes j located at “gate” boundaries.

5.4.3 Results

The graphene based FET device we modeled is made up of a 1.2nm × 34nm graphene single

layer and two 10nm thick insulating layers. The width of the graphene layer has been chosen
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so that the graphene nanoribbon behaves as a semiconductor of bandgap around 0.89eV.

The doping density of source (drain) area is 1E16cm−3, and the channel region is intrinsic

whose length is 10nm.

The simulated transport properties and the corresponding band diagrams are shown in

Figure 5.12. Similar to the thin body MOSFET device, the channel region is fully depleted

due to the 2D nature of the graphene monolayer and its low density of states near charge

neutrality point. As reflected in the current-voltage characteristics, a strong gate control

is observed even in the short-channel system, making graphene-based device a promising

candidate for the next-generation integrated circuits.

Figure 5.12: Simulation results for a 3D graphene-FET structure. Left figure shows the I-V
characteristics for various gate voltages. Right figure shows the conduction band, valence
band, and quasi-Fermi level for source-drain bias from 0 to 0.5V at Vg = 0.3V .

5.4.4 Discussion

Generating FEM mesh is a critical step in the coupled simulation between NEGF formalism

and Poisson equation. In our Poisson model, point-charge approximation is adopted, sug-

gesting that the net charge associated with each atom is approximated by a point charge
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located at the position of the atom, instead of distributed as atomic orbitals. Therefore, the

Poisson calculation does not require extra grid points besides the atomic sites theoretically.

However, in practical simulations, adding extra interbond grid points (between C–C bond in

our device) can smooth the potential profile, thus effectively increasing numerical accuracy

in Poisson calculation.

We show the test result in Figure 5.13, which repeats the above graphene-FET simu-

lation with various interbond grid points in FEM mesh. It is shown that by adding extra

points between atomic bonds, the saturation current tends to converge better and the most

significant convergence occurs when the number of interbond grid points changes from 0 to

2. Therefore, in the above section, we choose to add 2 extra grid points between C–C bonds

to increase the numerical precision while not sacrificing too much computational cost.

Figure 5.13: Simulation results for a 3D graphene-FET structure for Vg = 0.3V with different
numbers of interbond grid points.
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Chapter 6

APPLICATION: TRANSPORT SIMULATION IN EMERGING
2D ELECTRONIC DEVICES

Hexagonal boron nitride (hBN) is drawing increasing attention as an insulator and sub-

strate material to develop next generation graphene-based electronic devices. As the first

application of HSC-extension approach in realistic device modeling, in this chapter, we inves-

tigate the quantum transport in heterostructures consisting of a few atomic layers thick hBN

film sandwiched between graphene nanoribbon electrodes. The application work involves two

main sections:

1. In the first part, we present a gate-controllable graphene-hBN-graphene vertical tran-

sistor exhibiting strong negative differential resistance (NDR) effect with multiple reso-

nant peaks, which stay pronounced for various device dimensions. We find two distinct

mechanisms that are responsible for NDR, depending on the gate and applied biases,

in the same device. The origin of first mechanism is a Fabry-Pérot like interference

and that of the second mechanism is an in-plane wave vector matching when the Dirac

points of the electrodes align. The hBN layers can induce an asymmetry in the current-

voltage characteristics which can be further modulated by an applied bias. We also

show that the NDR features are tunable by varying device dimensions.

2. In the second part, the distinct NDR mechanism arising from interlayer angular rota-

tion in the three-terminal graphene-hBN-graphene heterostructures, as a function of

both the twisting angle and gate bias, is simulated and analyzed. Analytical expressions

for the positions of the NDR peaks in the I-V characteristics are developed. To capture

the degradation of peak-to-valley ratios observed in experiment at room temperature,
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electron-phonon scattering has been added to the simulation and a good agreement

with experiment is achieved, indicating a robust preservation of NDR feature when

temperature increases.

6.1 Negative Differential Resistance in Boron Nitride Graphene Heterostruc-
tures: Physical Mechanisms and Size Scaling Analysis

6.1.1 Motivation

Graphene, a two-dimensional material with unique mechanical, thermal and electronic trans-

port properties [11] is a promising candidate for nanodevices as it is deeply scaled in one

dimension and the lithography offers scaling in the other two dimensions. Building de-

vices based on graphene is, however, partially impeded by the lack of compatible insulat-

ing substrate. Hexagonal boron nitride (hBN) has an atomically smooth two dimensional

(2D) layered structure with a lattice constant very similar to that of graphene (1.8% mis-

match), sufficiently large electrical band gap (4.7eV), and excellent thermal and chemical

stability [16], allowing it to be stacked with graphene to build device structures with de-

sired functionalities. Also, hBN reduces the surface roughness of graphene without de-

grading its giant mobility [17, 77]. The nano-scale devices based on graphene employing

atomically thin hBN with novel electrical and optical properties have recently been re-

ported [3, 9, 10, 15, 26, 38, 39, 68, 72, 76, 82]. An appearance of negative differential

resistance (NDR) in such devices further interests the researchers as it could potentially

impact the number of applications such as high-speed IC circuits, signal generators, data

storage, and so on [52].

NDR in double barrier resonant tunneling diodes (DB-RTD), appears when the quasi-

bound levels can no longer enhance the tunneling resonantly [20]. Recent theoretical inves-

tigations report the appearance of NDR features in pure graphene based devices, involv-

ing nanoribbon superlattice [22], doped junctions [18, 23, 33, 57, 74], tunnel-FET [2, 54],

and MOSFET structures [75]. These structures typically employ graphene with fine-tuned

bandgap, such that graphene behaves more like a semiconductor. NDR effect is also being re-
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ported in a single as well as multilayer heterostructure of graphene-hBN-graphene [21, 53, 62].

Reference [28] models NDR peak in a near metallic bi-layer graphene device. Apart from

this, such devices could also find applications in multi-valued memory [24, 45]. The mul-

tilayer graphene-hBN-graphene heterostructure based electronic devices particularly attract

the attention of engineers due to their relatively simpler fabrication [8, 55, 70].

The NDR features in multilayer based devices are to be investigated by exploring current-

voltage characteristics as a function of (i) number of hBN layers, (ii) lateral dimensions in

determining both the voltage location of NDR peaks and the peak-to-valley ratio, which are

essential in the device design, (iii) the role of the asymmetric band offset between hBN and

graphene, and (iv) defects and scattering. This, however, necessitates further research to

rationalize the underlying physics of the NDR effect and gain insight on how to control its

critical properties mentioned above.

In this section, we focus on a prototypical multilayer device is shown in Figure 6.1(a),

which consists of layers of graphene and hBN that are vertically stacked. The graphene layers

serve as conducting electrodes with a unique band structure while the hBN layers are tunnel

barriers. We model the electron transport in these devices by atomistic non-equilibrium

Green’s function (NEGF) method. Additionally, we demonstrate how the magnitude of

current, locations of resonant peaks, and peak-to-valley ratio (PVR) values can be tuned by

the device parameters. The modeled devices range from a small system with 6,000 atoms to

experimentally feasible sizes up to 70,000 atoms (lateral dimensions 24.6nm × 27nm).

Next, section 6.1.2 defines our method by discussing the underlying Hamiltonians and

the methodology for the computation of the quantum transport. Section 6.1.3 demonstrates

the results and discusses the NDR effects with two underlying mechanisms. Section 6.1.7

presents the size scaling analysis.

6.1.2 Method

A prototypical heterostructure consists of two semi-infinitely long monolayer armchair-edged

graphene nanoribbon (AGNR) electrodes sandwiching an ultra-thin hBN film, with a ver-
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tically applied external gate electric field as shown in Figure 6.1(a). AGNR is employed

because it can be engineered as an intrinsic conductor. This forms a vertical tunneling het-

erostructure with hBN acting as a potential barrier. The hBN film is sandwiched between

a bottom and top AGNR, forming a central overlapping heterostructure/multilayer region

stacked in AB order (Bernal stacking). The lattice constant mismatch between hBN and

graphene is negligibly small, 1.8%, therefore, we build the device structure with the uniform

lattice constant of graphene (2.46 Å) only. The system Hamiltonian is constructed using the

nearest neighbor tight binding approximation, with the parameters [58, 68]:

EC
on−site = 0, EB

on−site = 3.34eV, EN
on−site = −1.4eV,

and

tC−C
intralayer = 2.64eV, tB−N

intralayer = 2.79eV, tB−N
interlayer = 0.60eV, t

C−B/N
interlayer = 0.43eV.

Only the low energy pz orbitals are considered here; so that the Hamiltonian has the same

dimension as the total number of atoms simulated. The effect of number of tunneling hBN

layers (Nz), the system width (Nx) and the length of the multilayer stacking region (Ny),

where units of Nx and Ny are number of atoms, on the device performance is investigated.

The nanostructure thickness is (Nz + 2) in units of atomic layers, which includes the two

monolayer graphene sheets at the ends.

The bias across the heterostructure is applied by rigidly shifting the electrostatic potential

of the bottom graphene electrode by the amount equal to the applied bias as the metallic

graphene layers have much higher conductivity than hBN. The electrostatic potential energy

of the bottom layer is U = −eVb, where Vb is the applied bias, and the electrostatic potential

of the top graphene layer remains zero. The electrostatic potential at each of the sandwiched

hBN layers are determined by linearly increasing/decreasing the potential from top to the

bottom graphene layer, because the c-axis (out of plane) conductivity of hBN is orders of

magnitude smaller than the in-plane conductivity of graphene. The chemical potential of

contacts are controlled by bias voltage, namely µB = −eVb and µT = 0 for bottom and

top graphene leads respectively. The gate voltage is modeled by shifting the electrostatic
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Figure 6.1: A schematic view of the heterostructure device. Nx and Ny represent the width
and stacking length of the device respectively. Nz is the number of hBN layers sandwiched
between the two AGNR ribbons. All the dimensions are in unit of atomic layers. (b) The
average DOS versus Energy of hBN for device with Nx = 200, Ny = 32 and Nz = 3. This
shows a 4.72eV bandgap of atomically thin hBN material and a 1.38eV valence band-offset
between graphene and hBN stacking structure.

potential at the bottom electrode by ∆U = −0.01eVg, where Vg is the gate voltage. We

choose Nx equal to 3n + 2, where n is an arbitrary positive integer [41, 64], such that the

AGNR have zero bandgap. All calculations were performed at 300K.

We simulate the transport properties of the device by using the NEGF formalism de-

scribed in the above chapters. Here the incorporation of HSC-extension realizes the simu-

lation of requisite large scale systems. In Figure 6.1(b), we plot the DOS for a structure

with a width of Nx = 200, Ny = 32, and with three hBN layers Nz = 3, at zero bias. The

bandgap of hBN is found to be around 4.72eV, and the valence band offset between hBN

and graphene is around 1.38eV, which is consistent with the prior work [37].
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6.1.3 Mechanisms

6.1.4 Origin of Multiple NDR Peaks (Mechanism 1)

Figure 6.2(a) presents the computed current-voltage characteristics of the heterostructure

with a transverse width of Nx = 62 (7.6nm), stacking length Ny = 32 (6.8nm) and three

hBN layers (1.4nm) serving as the tunneling barrier. First we consider the highlighted curve

with Vg = 0, in which case two NDR peaks emerge at Vb = 0.3V and 0.66V, respectively. We

attribute the formation of these multiple NDR peaks to the Fabry-Pérot like interference in

the multilayer region (mechanism 1), as rationalized below.

Figure 6.2: (a) Current versus drain voltage for a device with Nx = 62, Ny = 32 and Nz = 3.
Vg varies from -45V to 0. The black solid arrows in the four plots mark the current resonant
peaks due to mechanism 2, and the empty arrows marks the NDR peak due to mechanism
1. The inset explains the resonant tunneling induced from mechanism 2. The difference
between Fermi energy and Dirac point in bottom graphene is induced by gate potential.
When Vb = −0.01Vg, the electronic spectra of top and bottom electrodes are tuned into
alignment, allowing the resonant tunneling. (b) Current versus drain voltage for large device
with Nx = 200, Ny = 32 and Nz = 1. Here Vg varies from -45V to +45V. Inset shows an
asymmetric PVR relationship with the applied vertical gate potential.

To understand the multiple NDR peaks, we calculate the transmission and the average

density of states (DOSg and DOShBN) at Vb =0.3V, 0.46V and 0.66V, corresponding to



90

the first peak, the first valley and the second peak in the current-voltage characteristics.

In the DOSg curves (Figure 6.3), the average DOS of bottom and top graphene layers are

plotted separately. In particular, the huge peaks in DOSg are marked as peak S, which

captures the edge states due to the zigzag-shaped cut-ends of graphene ribbons. The blue

DOShBN curves show the average DOS of the three hBN barrier layers. For the sake of

comparison, the transmission coefficient at equilibrium is also plotted with the black dashed

curves. The chemical potentials of the bottom and top AGNR are marked as vertical black

lines (µB and µT ). The transmission and DOSg show a strong Fabry-Pérot like resonant

feature in the low energy window. The semi-infinite top and bottom AGNRs couple with

hBN at the central heterostructure (multilayer) region. The potential discontinuity caused

by the interaction between the hBN cut-ends and the graphene layers create a resonant

cavity in the overlapping region at both the top and bottom graphene layer. When electrons

transport across the boundaries between graphene monolayer and hBN multilayer regions,

partial reflections occur at the interfaces. As a result, the transmission is oscillatory with

peaks and valleys corresponding to constructive and destructive interferences.

The current is determined from the area enveloped by the transmission curve in the energy

window bounded by the Fermi levels of two electrodes, µB and µT (black dash-dot lines in

Figure 6.3). The transmission peak (P) at E = −0.3eV in Figure 6.3(a) mainly contributes to

the tunneling current. At low bias regime (Vb < 0.18V), we find that this transmission peak

P is enhanced, resulting in the increase of current with applied bias. The resonant tunneling

occurs when the constructive quantum interference assists the tunneling of electrons from

the top to bottom electrodes at specific energies. When the bias is further increased (until

0.46V), the transmission peak P is reduced due to destructive interference despite the fact

that the energy window for carrying current enlarges. This transmission reduction begins

to dominate after Vb = 0.3V, which induces a drop in current. At Vb = 0.46V, there is a

large suppression of transmission within the bias window, which creates a large tunneling

gap, leading to the current valley as reflected in the highlighted curve of Figure 6.2(a). Note

that the density of states is large in both graphene electrodes even when the transmission
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is small as see in Figure 6.3(b). Then, the transmission starts to increase again at around

Vb = 0.66V due to the constructive interference.

Figure 6.3: Transmission and DOS plot at various biases for I-V curve (Vg = 0) in Fig-
ure 6.2(a). (a)-(c) specifies the bias potential Vb = 0.3V, 0.46V and 0.66V respectively. In
the transmission plots, black dashed curves are transmission coefficient when Vb = 0. In
DOSg plots, blue and red curves represent DOS of bottom and top graphene sheets respec-
tively. Vertical dash-dot lines give the chemical potentials at both graphene ends µB and
µT , which determines the bias window. S mark the DOS peaks resulting from the zigzag
shaped edges of graphene cut ends. P mark the transmission peaks that mainly contribute
to the current. T represent the tunneling peaks due to the energy alignment of subbands in
top and bottom graphene contacts; they do not contribute significantly to current. Units of
DOS are number of states per atom per eV.

An interesting feature of Figure 6.3(a) is that only one transmission peak is observed

at around E = −0.3eV (µT ), while a symmetric peak at E = 0eV (µB) is clearly absent.

This is due to the fact that the presence of hBN layers break the symmetry. We could

understand this from DOShBN plot at Vb = 0.3V (Figure 6.3(a) DOShBN curve), which shows

a peak near E = −0.3eV but a valley at E = 0eV. This means that electrons at E = 0eV

see a stronger barrier when tunneling between AGNR layers, and suggests the breaking of

the π − π∗ symmetry. This argument is tested by considering a symmetric tunnel barrier,

where such an asymmetry in transmission does not exist. In Figure 6.3(b) and (c), sharp
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transmission peaks (marked as peak T) are observed. This significant tunneling enhancement

results from the energy level alignment between the subbands of top and bottom graphene

electrodes, as reflected in the corresponding DOSg features.

6.1.5 Gate Induced NDR Peak (Mechanism 2)

We next discuss the second mechanism that leads to single intense NDR peak by investigating

the operational behavior of the heterostructure in the presence of an external gate voltage

(Vg). Figure 6.2 shows the current-voltage characteristics for a family of Vg ranging from -45V

to +45V for two devices with different sizes. Take the current-voltage curve at Vg = −45V

as an example; At Vb = 0, the negative gate voltage shifts the energy of Dirac point in

the bottom AGNR electrode to U = 0.45eV at equilibrium, while preserving the chemical

potentials from two contacts at µB = µT = 0. At Vb = 0.45V (see Figure 6.2(a) inset),

the Dirac points of bottom and top AGNR electrodes are aligned. As a result, electrons

can tunnel from the valence band of the top graphene layer to the conduction band of the

bottom graphene layer owing to the in-plane wave vector conservation [8]. This particular

mechanism (mechanism 2) induces the resonant transmission and results in the large current

peaks marked by solid arrows in Figure 6.2. It is noticeable that current peak positions are

shifted from the theoretical prediction (Vb = −0.01Vg) based on mechanism 2 only. This

occurs when the strength of mechanism 2 is comparable to that of mechanism 1, when the

voltage at which the peak current occurs is influenced by the Fabry-Pérot like interference.

The superposition of mechanisms 1 and 2 leads to the current peak displacement, which is

larger at low gate voltage (for example, Vg = −15V ).

6.1.6 Gate response

Gate voltage has different impacts on NDR induced by two distinct mechanisms discussed

above. In Figure 6.2(a), the peak current (solid arrows) increases with Vg as the peak current

is proportional to the number of carriers between µB and µT when Dirac points of the top

and bottom graphene align (see inset of Figure 6.2(a)). In contrast to this, we find that in
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Figure 6.2(a), the peak current of the NDR peaks induced by mechanism 1 (empty arrows)

are relatively insensitive to Vg. In addition, the PVR values of these NDR peaks are also

Vg-insensitive because the vertical gate potential tunes the resonant energies for constructive

interference, but do not affect the number of tunneling carriers. Consequently, for two

types of NDR effects in a single device, the amplitudes of current peaks for mechanism 2

is weaker than that for mechanism 1 at low Vg, but can become significantly stronger at

large gate voltage, as shown in Figure 6.2(a) when Vg = −45V. When the device structure

is enlarged to Nx = 200 and Ny = 32, the current-voltage curves for various gate voltages

(Figure 6.2(b)) show that the multiple NDR peaks stay clearly defined and their locations

are strongly gate-controlled. We point out that the current-voltage curves are asymmetric

for positive and negative biases even at Vg = 0 as the hBN layers breaks the π−π∗ symmetry

in the multilayer system. We also note that after the NDR peak, our calculations clearly

show a trend of increase in current with increase in drain voltage, in a manner qualitatively

similar to the experiments. [8]

6.1.7 Size Scaling Analysis

System dimensions are the key ingredients in engineering the device performance. In this

particular multilayer heterostructure, for instance, the device width determines the number

of subbands in ANGR electrodes and the heterostructure length determines the length of

interference region. Based on the two distinct mechanisms responsible for the multiple NDR

peaks, it is intuitive that the device dimensions have significant and non-trivial influence on

the NDR features rather than simply tuning the current magnitude by following quantum

mechanical rules or Ohm’s law. In order to comprehend such influences, the scaling analysis

of the device dimensions, namely the lateral (x, y) dimensions which defines the overlap area

between hBN and graphene layers and the z-direction (number of hBN layers), is performed

in this section. However, we do not consider the electron-phonon scattering effects during

this analysis as they do not significantly alter the outcomes of the analysis.
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6.1.8 Tunneling Barrier Thickness (Nz)

Figure 6.4: (a) Current-voltage curves for devices with different Nz, with fixed Nx = 62 and
Ny = 32. Here the current value for cases when Nz = 3 and Nz = 5 are scaled by 1E2
and 1E4 respectively. The inset plots the low bias conductance of the three current-voltage
curves. (b) Transmission relationship for devices with different Nz and fixed Nx = 62 and
Ny = 32 at Vb = 0.3V , corresponding to the first current peaks shown in (a). Again, the
transmission coefficient value for cases when Nz = 3 and Nz = 5 are scaled by 1E2 and 1E4
respectively.

Representing the thickness of tunneling barrier, Nz homogeneously modifies the current

magnitude at different applied voltages, whereas has little effects on the peak positions

and corresponding PVR. In Figure 6.4(a), the hBN thickness (Nz) is varied from 1 layer

(0.6nm) to 5 layers (2nm), while both Nx and Ny are fixed. The magnitudes of current

are scaled by a multiplicative factor to present results on the same plot for different values

of Nz. The transmission versus energy (Figure 6.4(b)) shows that while the magnitude of

transmission depends strongly on Nz, the locations of peaks depend weakly on Nz. Note that

the dependence of current magnitude on Nz lose its validity in the case when all the incident

modes can tunnel through a thin barrier. This is because a thinner barrier only increases

the tunneling probability of electrons without affecting the number of incident modes.
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6.1.9 Width of AGNR (Nx)

Figure 6.5: (a) Current versus drain voltage at Vg = 0 for devices with various Nx, with
fixed Ny = 32 and Nz = 1. (b) Current versus drain voltage at Vg = −45V for devices with
various Nx, with Ny = 32 and Nz = 1. Black arrows mark the NDR peaks due to mechanism
2.

For the mechanism 1 (at Vg = 0), the density of subbands for the monolayer AGNR

electrodes and the heterostructure region depends on the graphene nanoribbon width, i.e.

the energy intervals between subbands for the structure with Nx = 200 are about three times

smaller than that for the structure with Nx = 62. Therefore, a larger number of subbands

contribute to current under lower biases, resulting in initial increase in current with Nx,

as seen in Figure 6.5(a). When the gate voltage is -45V, the NDR peaks induced by the

mechanism 2 are observed near Vb = 0.45V for different Nx in Figure 6.5(b). The heights of

these peaks increase with device widths because the number of subbands carrying current

between µB and µT grows with the width of the AGNR electrode (inset of Figure 6.2(a)).

We summarize the peak currents and PVR values for both mechanisms in Table 6.1. Al-

though the peak current is larger for the wider device, a rapidly decreasing PVR value can

be observed. This is because of the stronger band-to-band tunneling between two AGNR
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contacts with a larger width, arising from the smaller subband spacing.

Table 6.1 exhibits a PVR value up to 13 for Nx = 62, which can be further increased to

over 60 when Nx shrinks to 14, showing the potential for the heterostructure to be utilized

in both digital logic and memory. However, in reality to achieve the large PVR values will

require a downscaling of Nx and minimization of decoherence.

Nx (Vg = 0) 62 122 200

Peak Current (2e2/h) 0.05 0.10 0.16

PVR 4.2 1.19 1.06

Nx (Vg = −45V ) 62 122 200

Peak Current (2e2/h) 0.28 0.53 0.85

PVR 13 5.9 5.0

Table 6.1: Peak current and PVR values as a function of for both mechanisms. (I-V curves
from Figure 6.5)

6.1.10 Length of the Heterostructure (Ny)

The length of the central multilayer region determines the number of incident carriers, and

also characterizes the size of the Fabry-Pérot like interference cavity. For mechanism 1,

when the heterostructure length Ny changes from 16 (3.4nm) to 64 (13.6nm), the number

of transmission peaks increase as shown in Figure 6.6(a). The NDR peaks appear at Vb =

0.38V, 0.8V for Ny = 32, which shifts to lower Vb i.e. at 0.2V, 0.4V respectively, when

Ny = 64. This is because the resonant transmission appears at various energies, which

vary inversely proportionally with the length of the interference cavity Ny. Experiments

where the overlap between two graphene nanoribbons are altered should be able to reveal the

differences in oscillations of I-V characteristics as a function of Ny. We note that experiments

with changing overlap have been performed in carbon nanotubes before [12, 35] and future

experiments in BN-graphene heterostructures should be useful in studying these features.
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Figure 6.6: (a) Current versus drain voltage at Vg = 0 for devices with various Ny , with
fixed Nx = 200 and Nz = 1. (b) Current versus drain voltage at Vg = −45V for devices
with various Ny, with Nx = 200 and Nz = 1. Black arrows mark the NDR peaks due to
mechanism 2.

With an ultrathin tunneling barrier (Nz = 1), electrons have high tunneling probabilities

and thus the current is mainly limited by the number of modes incident within the energy

window. Graphene layer has low DOS near Dirac point, yielding the saturation of peak

current at largeNy. It is also observed that for larger Nz (Nz ≥ 3, results not shown),

the peak current increases with Ny rapidly without saturation. This is consistent with

our previous discussion since a thicker hBN tunneling barrier greatly suppresses the overall

tunneling transport probability and therefore the peak current magnitude is a strong function

of the number of carriers in graphene.

6.1.11 Summary

In the first part of the application of the HSC-extension simulator, we have systematically

investigated the charge transport properties of a three-terminal graphene-hBN-graphene mul-

tilayer heterostructure device as a function of device dimensions, so as to further understand

the underlying mechanisms for negative differential resistance. The prototypical graphene-
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hBN-graphene multilayer heterostructure has two distinct mechanisms that can introduce

NDR behavior.

• The first mechanism involves a Fabry-Pérot like resonant feature due to interference in

the multilayer heterostructure region, which can produce multiple current peaks.

• In the presence of an external gate, resonant tunneling can also occur when the elec-

tronic spectrum (Dirac points) of the top and bottom graphene electrodes align, which

leads to a second mechanism for resonant tunneling.

Both mechanisms respond to gate voltage distinctly. Gate voltage only controls the locations

of NDR peaks from mechanism 1 while can tune both PVR and locations of NDR peaks due

to mechanism 2.

Size scaling analysis provides insight into the device physics that determines the number

of NDR peaks, the variation of peak current and PVR value with change in device dimensions.

• The hBN thickness exponentially controls the magnitude of current without signifi-

cantly affecting the NDR features.

• For devices with larger widths (Nx), the multiple current peaks preserve but with

decreasing PVR values for both mechanisms.

• For mechanism 1, the bias voltages at which multiple current peaks, the number of

peaks increase with length. In contrast to this, location of single peak originated from

mechanism 2 is independent of the length.

We believe that the negative differential resistance’s sensitivity to the system dimensions will

provide additional insights for future theoretical and experimental investigations.
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6.2 Negative Differential Resistance in Graphene Boron Nitride Heterostruc-
ture Controlled by Twist and Phonon-Scattering

6.2.1 Motivation

In the previous section, we have theoretically rationalized two distinct physical mechanisms

that are responsible for the NDR effects in graphene-hBN-graphene heterostructure, namely

the Fabry-Pérot like quantum interference and the bias controlled Dirac cone alignment [94].

Our work assumes a perfect “AB” lattice structure between the hBN and graphene sheets.

However, the lattice misorientation between stacked 2D atomic crystals is unavoidable during

fabrication [90]. In this section, by introducing a tunable angular misorientation between

graphene and hBN layers, we investigate the transport properties for a twisted graphene-

hBN-graphene three-terminal device [92].

6.2.2 Methods

The device [see Figure 6.7(a)] consists of two semi-infinitely long monolayer armchair-edged

graphene nanoribbon (AGNR) electrodes sandwiching a single layer hBN film as a tunneling

barrier [8, 90]. An external gate electric field is applied vertically to the heterostructure.

The system construction here is different from the one used in the last section in two ways:

1. The top graphene layer is rotated by a small tunable angle θ with respect to the central

hBN. The sizes of the bottom AGNR and hBN sheets are 22.6nm (Lx along transverse

direction) × 13.4nm (Ly along transport direction), and the size of the top AGNR

sheet is 14.9nm × 13.4nm.

The system Hamiltonian is constructed by considering a single pz orbital for C, B

and N atoms [96]. Different from the tight-bindin Hamiltonian in the last section, we

adopt a Slater-Koster model [95] to capture the modulation of the interlayer hopping

amplitude due to the lattice misorientation.

2. The second difference is the electrostatic model. Given the values of the bias voltage
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(Vb) and the gate voltage (Vg), the chemical potentials of top and bottom AGNR

electrodes are determined by solving the following equations [86]:

∆ϕb + µT − µB = eVb (6.1)

∆µB − ϕg = eVg (6.2)

In equation 6.1, the first term ∆ϕb = e2dBNnT/εBN is the electrostatic energy difference

between graphene electrodes (or equivalently the energy difference between two Dirac

points). dBN and εBN are the thickness and dielectric constant of hBN barrier. nT (B)

is the electron concentration in top (bottom) graphene sheet. The second and third

terms µT and µB are the chemical potentials of graphene electrodes defined by µT (B) =

±~vF
√
π
∣∣nT (B)

∣∣ with vF being the Fermi velocity of graphene. Note that the chemical

potential in this paper is defined as the energy difference from the Fermi-level to the

Dirac points. In the equation 6.2, ∆ϕg = e2dOXnext/εOX is the electrostatic energy

difference between bottom graphene and gate electrode. dOX is the thickness of gate

oxide. next denotes the gate-induced charge density on gate electrode (typically n-Si),

satisfying nB + nT + next = 0.

The quantum transport simulation is carried out within the NEGF framework by adopting

the efficient HSC-extension solver.

6.2.3 Features of NDR Peaks

We start by analyzing the twisted device with zero external gate voltage. The simulated I-V

curves, shown in Figure 6.8, exhibit strong NDR peaks, whose location and peak current

depends on the misalignment angles.

In the untwisted system (θ = 0), the I-V curves in Figure 6.8 show multiple current

peaks which are fully induced by a Fabry-Pérot interference mechanism. When θ deviates

from perfect alignment and increases, the oscillations gradually disappear. We explain this

quenching of current peaks at non-zero twisting angles by looking at the resonant condition
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Figure 6.7: (a) A schematic view of the twisted heterostructure device. An external gate
electrode is applied on bottom graphene sheet. The top graphene layer is rotated with hBN
insulator by an exaggerated angle θ. Inset: The Brillouin zones for bottom and top graphene
layers in momentum space. The neutrality points of different graphene layers are displaced
by ∆K. (b)-(e): The horizontal distance between neutrality points is determined by the
rotation angle θ and the vertical distance between them are determined by the applied gate
voltage. (b) depicts the situation of Vb = V R

b . (c)-(e) correspond to situations of Vb < V P
b ,

Vb = V P
b and Vb > V P

b . The red and blue cones represent the energy dispersions of bottom
and top graphene layers respectively. Occupied and unoccupied states are distinguished by
different transparency. The transmissive states that can carry tunnel current is highlighted
by yellow curves.
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of Fabry-Pérot like interference. In the case of perfect lattice alignment, the transmission

states lie on a circular curve with wavevectors at the same energy. When the energy of

these states satisfies the resonant condition for Fabry-Pérot interference, all states along the

circular curve are capable of carrying current. However, the angular misorientation between

graphene layers creates a displacement between two Dirac cones in momentum space. As

a result of the conic intersection, the transmission states lie on a hyperbolic [Figure 6.7(c)]

or elliptic [Figure 6.7(e)] curve without sharing the same energy. Therefore, the number

of transmissive states that can tunnel resonantly with the assistance of Fabry-Pérot like

interference are greatly suppressed, leading to the damping of current oscillations.

Figure 6.8: Calculated I-V curves for a family of twisting angle without external gate elec-
trode.

At non-zero θ, the current is close to zero at small biases in Figure 6.8, and the current

rapidly grows after a particular bias voltage V R
b . We explain this feature by depicting the

conic dispersions of the two graphene layers at Vb = V R
b in Figure 6.7(b). When Vb <

V R
b , although the Dirac cones intersect along a hyperbolic curve, all transmissive states are

occupied in both top and bottom graphene layers, yielding a zero tunneling current. At
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Vb = V R
b , the occupied / unoccupied states of the bottom (red) / top (blue) Dirac cones

intersect only at two points shown in Figure 6.7(b) (also shown in Figure 6.9 bottom inset).

When Vb > V R
b , a fraction of the states in the hyperbolic intersection is unoccupied at top

layer [Figure 6.7(c)], resulting in a rapid increase of current.

To explain how V R
b changes as a function of θ, we provide a formula for V R

b by solving

equations 6.1-6.2 under the situation displayed in Figure 6.9, that is ∆ϕb+µT+µT ∼ ~vF∆K,

where ∆K = 4π
3a
θ we obtain that at small θ (Vg = 0):

V R
b =

~vF
e

∆K =
4π

3a

~vF
e
θ (6.3)

Next, as the source-drain bias becomes larger, strong NDR peaks occur at V P
b , when the

intersection between two Dirac cones becomes a straight line [86? ]. V P
b as a function

of twisting angle can also be evaluated by solving equations 6.1-6.2 corresponding to Fig-

ure 6.7(d) (see illustration in Figure 6.9 inset), and using ∆ϕb = ~vF∆K, the value of V P
b

can be expressed as a function of θ:

V P
b =

~vF
e

∆K +
(~vF )3/2

e2

√
πε0εBN
dBN(

√
∆K +

√
∆K +

dBN
dOX

(
~vFπε0εBN

4e2dOX
− eVg

~vF

))
− (~vF )2πε0εBN

2e3dOX
(6.4)

The estimations of V R
b and V P

b are compared against the simulated values in Figure 6.9,

indicating a quantitative match between the analytical formula and numerical results.
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Figure 6.9: V R
b and V P

b as a function of θ for both simulated results (markers) and ana-
lytical (dashed) estimations. Top inset: illustration of the situation at V P

b , a 2D version
of Figure 6.7(d). Bottom inset: illustration of the situation at V R

b where tunneling current
begins to increase rapidly from zero, a 2D version of Figure 6.7(b). The electrostatic model
is defined in equations 6.1-6.2.

6.2.4 Gate Controllability

For a twisted heterostructure with fixed angle θ = 4◦, we model the current-voltage charac-

teristics with various values of Vg in Figure 6.10. Pronounced resonant peaks whose locations

and amplitudes vary as a function of gate voltage are seen as the gate electrode modulates

the electrostatic potentials by changing the carrier concentration in graphene layers. As a

result, the gate electrode alters the energy difference between the Dirac points on the two

sheets, thereby shifting the value of V P
b . Our calculated dependence on Vg is qualitatively

consistent with experimental results in reference [90].
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Figure 6.10: Calculated I-V curves for a fixed non-zero twisting angle θ = 4◦ with various
gate voltages.

6.2.5 Impact of Phonon Scattering

According to reference [90] when the environmental temperature increases from 2K to room

temperature, the measured peak-to-valley ratio (PVR) values are reduced by 10% - 15%.

We have verified that when decoherence is absent, the difference between I-V curves at low

and high temperatures is negligible, indicating that thermal smearing is not responsible for

PVR reduction observed in experiments.

To better interpret the experimental measurements, we include the electron-phonon scat-

tering in top and bottom AGNR within the NEGF framework. Depending on different

mechanisms, scattering can be elastic (acoustic phonon) and inelastic (optical phonon):

Σr,<,>
ph = Σr,<,>

el +Σr,<,>
inel . Following the Born approximation [67], the scattering self-energies

can be solved self-consistently with Green’s function:
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Σr,<,>
el = DelG

r,<,> (6.5)

Σ<
inel = Dinel{[nB (~ω) + 1] G< (ε+ ~ω)

+ nB (~ω) G< (ε− ~ω)}
(6.6)

Σ>
inel = Dinel{[nB (~ω) + 1] G> (ε− ~ω)

+ nB (~ω) G> (ε+ ~ω)}
(6.7)

Im
[
Σr
ph

]
=
[
Σ>
ph −Σ<

ph

]
/2i (6.8)

Here, nB is the Boltzmann distribution; ~ω is the phonon energy; and Del and Dinel are the

electron-phonon deformation potentials. This model characterizes the scattering of electrons

by three parameters, which are determined to satisfy the experimentally measurable electron

mean free path in graphene: Del = 0.01eV2, Dinel = 0.07eV2 and ~ω = 180meV [1]. Phe-

nomenologically, larger deformational potentials reflect stronger electron-phonon scattering,

thus shorter electron mean free path. The mean free path obtained from our calculations is

about 1.42µm, consistent with the measured mean free path of graphene deposited on hBN

substrate (around 1.5µm).

Oriented Case

We first examine the case without misorientation to show how the decoherence impacts the

two resonant mechanisms we studied in the first part of this chapter. The current-voltage

curves are plotted in Figure 6.11. Apparently, electron-phonon scattering suppresses both

NDR mechanisms and therefore, PVR values of these NDR peaks are reduced. However, the

suppression of gate-induced NDR peak is not as substantial as the interference induced ones,

since the quantum interference is more vulnerable to decoherence introduced by electron-

phonon scattering. This might explain the absence of NDR peaks due to quantum interfer-

ence in the experiments of reference [8]. However, in an experiment with sufficiently smaller

devices, both mechanisms leading to the multiple NDR peaks can occur.
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Figure 6.11: Calculated I-V curves at Vg = −45V for devices (θ = 0) with Nz = 1, Nx = 62
and Ny = 64 with consideration of electron-phonon scattering.

Misoriented Case

The simulation results for misoriented devices with electron-phonon scattering are plotted in

Figure 6.12 (dashed lines). For the twisted heterostructures, the phonon-mediated current

as a function of drain voltage preserves the NDR features. The PVR decreases compared

to the case of coherent tunneling, whereas the magnitude of both peak and valley current

is larger. When electron-phonon scattering exists, the conservation of wavevectors required

for the tunneling of electrons between the two layers is weakened, resulting in the rise of

tunneling current.

The reduction of PVR values observed in experiment is clearly captured in our simulation.

In Figure 6.12 inset, we plot the PVR values of the current peaks as a function of rotation

angle in the coherent case and with phonon-scattering, where a 15% - 25% reduction of PVR

values is observed. Therefore, the modeled results are in a reasonable agreement with the

observations in experiments, demonstrating that the suppression of NDR features introduced

by higher temperature is mainly due to a stronger decoherence mechanism including electron-
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phonon scattering.

Figure 6.12: Calculated I-V curves for a family of θ at Vg = 0 with electron-phonon scattering
(dashed curves). For comparison, the corresponding results of coherent transport (from
Figure 6.8) are plotted as solid curves.

6.2.6 Summary

In the second part of the realistic application, we model the electron transport properties

of a three-terminal tunnel-FET device built with twisted graphene layers sandwiching hBN

barrier. Robust NDR features in I-V characteristics are captured by the numerical simulation

and distinct mechanisms are responsible for the resonant tunneling. The Fabry-Pérot like

quantum interference vanishes at larger twisting angles. NDR peaks arising in the case of

twisted graphene layers are controllable by both gate voltage and twisting angle. Analytical

equations for V R
b and V P

b are derived. Moreover, the role of phonon induced decoherence

is also numerically simulated to capture the effects of temperature increase in experiments.

In the case of twisted graphene sheet, the NDR survives electron-phonon scattering but the

peak-to-valley ratios are slightly reduced, consistent with experimental works.
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Chapter 7

CONCLUSION

In this Ph.D. work, a numerical approach to calculate physical quantities (such as density

of states and charge density) in nanoscale devices, within the context of the non-equilibrium

Green’s function approach is presented, namely HSC-extension. This work exploits recent ad-

vances to use an established graph partitioning method (nested dissection). This contribution

does not require any processing of the partition and it can handle open boundary conditions,

represented by full self-energy matrices. The key ingredients are an efficient sparse block

LDLT -factorization and an appropriate order of operations to preserve the sparsity as much

as possible. The resulting algorithm was illustrated on a quantum well superlattice and a

graphene nanoribbon, which are represented by a continuum and tight binding Hamiltonian

respectively, and demonstrated a significant speed up over the recursive method RGF.

In order to extend the HSC-extension approach to 3D scenarios, a variety of numerical

experiments are carried out. While greatly depending on the system complexity, HSC-

extension preserves significant speed up over RGF for structures like graphene based multi-

layer heterostructures. Whereas for silicon nanowire and DNA molecure electronic devices,

the acceleration is suppressed.

Next, we apply our numerical modeling approach on a large scale realistic simulation of a

graphene-hBN-graphene multilayer heterostructure device, which exhibits multiple negative

differential resistance peaks. We rationalize three distinct underlying mechanisms, which are

sensitively controllable by gate bias and angular misorientation between graphene and hBN

layers. In addition, the electron-phonon scattering decoherence calculation is incorporated

into the NEGF solver (with HSC-extension) in a self-consistent manner. The consideration of

electron-phonon scattering contributes in explanation of the NDR peaks degradation which
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is observed in the experiments performed in room temperature.



111

Appendix A

DERIVATION OF HSC-EXTENTION (SIMPLE CASE)

With the partition shown in Figure 2.1, the matrix A can be written as

A =


ALL 0 ALS

0 ARR ARS

AT
LS AT

RS ASS


Note that matrix A is typically complex symmetric. The block LDLT -factorization of A is

A =


I 0 0

0 I 0

AT
LSA−1

LL AT
RSA−1

RR I




ALL 0 0

0 ARR 0

0 0 ÂSS




I 0 A−1
LLALS

0 I A−1
RRARS

0 0 I


where ÂSS is the Schur complement,

ÂSS = ASS −AT
LSA−1

LLALS −AT
RSA−1

RRARS.

The matrix Gr satisfies the relation

Gr =
(
I− LT

)
Gr + D−1L−1 with A = LDLT (A.1)

(described in Takahashi et al. [69] and Erisman and Tinney [19]). The block notation yields

Gr = −


A−1
LLALSGr

SL A−1
LLALSGr

SR A−1
LLALSGr

SS

A−1
RRARSGr

SL A−1
RRARSGr

SR A−1
RRARSGr

SS

0 0 0



+


A−1
LL 0 0

0 A−1
RR 0

0 0 Â−1
SS




I 0 0

0 I 0

−AT
LSA−1

LL −AT
RSA−1

RR I

 .
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This equation indicates

Gr
SS =

(
ÂSS

)−1

,

Gr
LS = −A−1

LLALSGr
SS,

Gr
RS = −A−1

RRARSGr
SS.

The diagonal blocks Gr
LL and Gr

RR, for the regions L and R, respectively, are computed

independently of each other,

Gr
LL = A−1

LL −A−1
LLALS (Gr

LS)T = A−1
LL + A−1

LLALSGr
SSAT

LSA−1
LL

Gr
RR = A−1

RR −A−1
RRARS (Gr

RS)T = A−1
RR + A−1

RRARSGr
SSAT

RSA−1
RR

(where the symmetry of Gr has been exploited). For this simple case, the resulting algorithm

matches exactly the HSC method [46].

For calculating entries in the correlation matrix G<, The block LDLT -factorization of A

yields

G< = −


A−1
LLALSG<

SL A−1
LLALSG<

SR A−1
LLALSG<

SS

A−1
RRARSG<

SL A−1
RRARSG<

SR A−1
RRARSG<

SS

0 0 0



+


A−1
LL 0 0

0 A−1
RR 0

0 0
(
ÂSS

)−1




I 0 0

0 I 0

−AT
LSA−1

LL −AT
RSA−1

RR I

Σ< (Gr)† .

Parts of Gr are computed with the previous algorithm, namely, Gr
LL, Gr

RR, Gr
SS, Gr

RS, and

Gr
LS. By assumption, Σ< is a block-diagonal skew-Hermitian matrix with purely imaginary
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entries. The partial matrix multiplication gives
I 0 0

0 I 0

−AT
LSA−1

LL −AT
RSA−1

RR I

Σ< (Gr)† =


Σ<
LL (Gr

LL)† ∗ Σ<
LL (Gr

SL)†

∗ Σ<
RR (Gr

RR)† Σ<
RR (Gr

RS)†

∗ ∗ Σ<
SS (Gr

SS)† −AT
LSA−1

LLΣ<
LL (Gr

SL)† −AT
RSA−1

RRΣ<
RR (Gr

SR)†


(where the starred blocks are not computed). This relation indicates

G<
SS = Gr

SS

(
Σ<
SS (Gr

SS)† −AT
LSA−1

LLΣ<
LL (Gr

SL)† −AT
RSA−1

RRΣ<
RR (Gr

SR)†
)
,

G<
LS = −A−1

LLALSG<
SS + A−1

LLΣ<
LL (Gr

SL)† ,

G<
RS = −A−1

RRARSG<
SS + A−1

RRΣ<
RR (Gr

SR)† .

Finally, the diagonal blocks G<
LL and G<

RR, for the regions L and R, respectively, are com-

puted independently of each other,

G<
LL = A−1

LLΣ<
LL (Gr

LL)† −A−1
LLALS (G<

LS)
†

G<
RR = A−1

RRΣ<
RR (Gr

RR)† −A−1
RRARS (G<

RS)
†

(where the skew-Hermitian property of G< has been exploited).
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Appendix B

DESCRIPTION OF THE ALGORITHM FOR A THREE-LEVEL
TREE

In order to make the extension more comprehensive, a description of the HSC extension

is given for a three-level system (see Figure B.1).

Figure B.1: Partition for a three-level system.

The size of the partition is chosen to make the description as relevant as possible without

becoming overcomplicated. The first level contains regions 1, 2, and 4. The second-level

refers to region 3 and the top level is the root or region 5. To illustrate the algorithm, steps

from Section 2.2 are described for this particular device.

When a five-point stencil is used for discretization, the structure of the matrix A, after
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re-ordering, is

A =



A11 0 A13 0 A15

0 A22 A23 0 A25

AT
13 AT

23 A33 0 A35

0 0 0 A44 A45

AT
15 AT

25 AT
35 AT

45 A55


The blocks A11 and A44 are dense for representing the contacts with the semi-infinite leads.

Recall that A(0) is equal to A. Then inner points in regions 1, 2, and 4 are eliminated by

block Gaussian elimination — the effects of the inner points in regions 1, 2, and 4 are folded

over their boundary. This first step yields the matrix A(1)

A(1) =



A11 0 0 0 0

0 A22 0 0 0

0 0 A
(1)
33 0 A

(1)
35

0 0 0 A44 0

0 0
(
A

(1)
35

)T
0 A

(1)
55


where the updated matrices are

A
(1)
33 = A33 −AT

13A
−1
11 A13 −AT

23A
−1
22 A23

A
(1)
35 = A35 −AT

13A
−1
11 A15 −AT

23A
−1
22 A25

A
(1)
55 = A55 −AT

15A
−1
11 A15 −AT

25A
−1
22 A25 −AT

45A
−1
44 A45

After folding the effects of regions 1 and 2, block A
(1)
35 is now a dense block. Figure B.2

illustrates the change of sparsity between A and A(1).
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Figure B.2: Sparsity of matrix A and matrix A(1).

In the next step, the remaining off-diagonal blocks are eliminated to obtain the matrix

A(2),

A(2) =



A11 0 0 0 0

0 A22 0 0 0

0 0 A
(1)
33 0 0

0 0 0 A44 0

0 0 0 0 A
(2)
55


where the block A

(2)
55 is

A
(2)
55 = A

(1)
55 −

(
A

(1)
35

)T (
A

(1)
33

)−1

A
(1)
35 .
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The next step is written as the inversion of A(2), which is symmetric and block diagonal,

G(2) =



A−1
11 0 0 0 0

0 A−1
22 0 0 0

0 0
(
A

(1)
33

)−1

0 0

0 0 0 A−1
44 0

0 0 0 0
(
A

(2)
55

)−1


.

This operation requires only the inversion of the block A
(2)
55 . All the other blocks have been

inverted during the folding steps.

Next diagonal blocks of Gr are extracted one level at a time. Starting from the main

root (or separator), blocks at level 2 are updated to obtain

G(1) =



G
(2)
11 0 0 0 0

0 G
(2)
22 0 0 0

0 0 G
(1)
33 0 G

(1)
35

0 0 0 G
(2)
44 0

0 0
(
G

(1)
35

)T
0 G

(2)
55


with

G
(1)
35 = −

(
A

(1)
33

)−1

A
(1)
35 G

(2)
55 = Ψ35G

(2)
55

G
(1)
33 = G

(2)
33 −

(
A

(1)
33

)−1

A
(1)
35

(
G

(1)
35

)T
= G

(2)
33 + Ψ35

(
G

(1)
35

)T
Finally, blocks for regions 1, 2, and 4 are updated, yielding the matrix G(0),

G(0) =



G
(0)
11 0 G

(0)
13 0 G

(0)
15

0 G
(0)
22 G

(0)
23 0 G

(0)
25(

G
(0)
13

)T (
G

(0)
23

)T
G

(1)
33 0 G

(1)
35

0 0 0 G
(0)
44 G

(0)
45(

G
(0)
15

)T (
G

(0)
25

)T (
G

(1)
35

)T (
G

(0)
45

)T
G

(2)
55


.



118

Blocks for region 4 are satisfying

G
(0)
45 = −

(
A

(0)
44

)−1

A
(0)
45 G

(2)
55 = Ψ45G

(2)
55

G
(0)
44 = G

(2)
44 −

(
A

(0)
44

)−1

A
(0)
45

(
G

(0)
45

)T
Blocks for region 1 are defined by

G
(0)
15 = −

(
A

(0)
11

)−1

A
(0)
15 G

(2)
55 −

(
A

(0)
11

)−1

A
(0)
13 G

(1)
35

G
(0)
13 = −

(
A

(0)
11

)−1

A
(0)
13 G

(1)
33 −

(
A

(0)
11

)−1

A
(0)
15

(
G

(1)
53

)T
G

(0)
11 =

(
A

(0)
11

)−1

−
(
A

(0)
11

)−1

A
(0)
13

(
G

(0)
13

)T
−
(
A

(0)
11

)−1

A
(0)
15

(
G

(0)
15

)T
and blocks for region 2

G
(0)
25 = −

(
A

(0)
22

)−1

A
(0)
25 G

(2)
55 −

(
A

(0)
22

)−1

A
(0)
23 G

(1)
35

G
(0)
23 = −

(
A

(0)
22

)−1

A
(0)
23 G

(1)
33 −

(
A

(0)
22

)−1

A
(0)
25

(
G

(1)
53

)T
G

(0)
22 =

(
A

(0)
22

)−1

−
(
A

(0)
22

)−1

A
(0)
23

(
G

(0)
23

)T
−
(
A

(0)
22

)−1

A
(0)
25

(
G

(0)
25

)T
Figure B.3 displays the sparsity of the resulting matrix G(0).
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Figure B.3: Sparsity of matrix G(0).

All the entries in G(0) are equal to their corresponding entries in Gr.

The computation of diagonal blocks in G< are described for the same device. First the

matrix N is computed,

N =



Σ<
11G

(0)
11 0 Σ<

11G
(0)
13 0 Σ<

11G
(0)
15

0 Σ<
22G

(0)
22 Σ<

22G
(0)
23 0 Σ<

22G
(0)
25

Σ<
33

(
G

(0)
13

)†
Σ<

33

(
G

(0)
23

)†
Σ<

33G
(0)
33 0 Σ<

33G
(0)
35

0 0 0 Σ<
44G

(0)
44 Σ<

44G
(0)
45

Σ<
55

(
G

(0)
15

)†
Σ<

55

(
G

(0)
25

)†
Σ<

55

(
G

(0)
35

)†
Σ<

55

(
G

(0)
45

)†
Σ<

55G
(0)
55


.

Set N(0) = N. Next the lower level clusters are folded into the higher ones to obtain the
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matrix N(1)

N(1) =



N
(0)
11 0 N

(0)
13 0 N

(0)
15

0 N
(0)
22 N

(0)
23 0 N

(0)
25

N
(0)
31 N

(0)
32 N

(1)
33 0 N

(1)
35

0 0 0 N
(0)
44 N

(0)
45

N
(0)
51 N

(0)
52 N

(1)
53 N

(0)
54 N

(1)
55


where the updated blocks are

N
(1)
33 = N

(0)
33 − (A13)T A−1

11 N
(0)
13 − (A23)T A−1

22 N
(0)
23

N
(1)
55 = N

(0)
55 − (A15)T A−1

11 N
(0)
15 − (A25)T A−1

22 N
(0)
25 − (A45)T A−1

44 N
(0)
45

N
(1)
35 = N

(0)
35 − (A13)T A−1

11 N
(0)
15 − (A23)T A−1

22 N
(0)
25

N
(1)
53 = N

(0)
53 − (A15)T A−1

11 N
(0)
13 − (A25)T A−1

22 N
(0)
23

For the top level, the block for region 5 is updated

N(2) =



N
(0)
11 0 N

(0)
13 0 N

(0)
15

0 N
(0)
22 N

(0)
23 0 N

(0)
25

N
(0)
31 N

(0)
32 N

(1)
33 0 N

(1)
35

0 0 0 N
(0)
44 N

(0)
45

N
(0)
51 N

(0)
52 N

(1)
53 N

(0)
54 N

(2)
55


with

N
(2)
55 = N

(1)
55 −

(
A

(1)
35

)T (
A

(1)
33

)−1

N
(1)
35 .

The next step is a block-diagonal multiplication

P(2) =



A−1
11 N

(0)
11 0 A−1

11 N
(0)
13 0 A−1

11 N
(0)
15

0 A−1
22 N

(0)
22 A−1

22 N
(0)
23 0 A−1

22 N
(0)
25(

A
(1)
33

)−1

N
(0)
31

(
A

(1)
33

)−1

N
(0)
32

(
A

(1)
33

)−1

N
(1)
33 0

(
A

(1)
33

)−1

N
(1)
35

0 0 0 A−1
44 N

(0)
44 A−1

44 N
(0)
45(

A
(2)
55

)−1

N
(0)
51

(
A

(2)
55

)−1

N
(0)
52

(
A

(2)
55

)−1

N
(1)
53

(
A

(2)
55

)−1

N
(0)
54

(
A

(2)
55

)−1

N
(2)
55


.
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Finally, Step 4 extracts blocks one level at a time, defining first

P(1) =



P
(2)
11 0 P

(2)
13 0 P

(2)
15

0 P
(2)
22 P

(2)
23 0 P

(2)
25

P
(2)
31 P

(2)
32 P

(1)
33 0 P

(1)
35

0 0 0 P
(2)
44 P

(2)
45

P
(2)
51 P

(2)
52 P

(1)
53 P

(2)
54 P

(2)
55


where the updated blocks are

P
(1)
35 = P

(2)
35 −

(
A

(1)
33

)−1

A
(1)
35 P

(2)
55

P
(1)
53 = −

(
P

(1)
35

)†
P

(1)
33 = P

(2)
33 −

(
A

(1)
33

)−1

A
(1)
35 P

(1)
53

Finally, blocks for regions 1, 2, and 4 are updated, yielding the matrix P(0),

P(0) =



P
(0)
11 0 P

(0)
13 0 P

(0)
15

0 P
(0)
22 P

(0)
23 0 P

(0)
25

−
(
P

(0)
13

)†
−
(
P

(0)
23

)†
P

(1)
33 0 P

(1)
35

0 0 0 P
(0)
44 P

(0)
45

−
(
P

(0)
15

)†
−
(
P

(0)
25

)†
−
(
P

(1)
35

)†
−
(
P

(0)
45

)†
P

(2)
55


.

Blocks for region 4 are satisfying

P
(0)
45 = P

(1)
45 −

(
A

(0)
44

)−1

A
(0)
45 P

(2)
55

P
(0)
44 = P

(1)
44 +

(
A

(0)
44

)−1

A
(0)
45

(
P

(0)
45

)†
Blocks for region 1 are defined by

P
(0)
15 = P

(1)
15 −

(
A

(0)
11

)−1

A
(0)
15 P

(2)
55 −

(
A

(0)
11

)−1

A
(0)
13 P

(1)
35

P
(0)
13 = P

(0)
13 −

(
A

(0)
11

)−1

A
(0)
13 P

(1)
33 −

(
A

(0)
11

)−1

A
(0)
15

(
P

(1)
53

)T
P

(0)
11 = P

(0)
11 +

(
A

(0)
11

)−1

A
(0)
13

(
P

(0)
13

)†
+
(
A

(0)
11

)−1

A
(0)
15

(
P

(0)
15

)†
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and blocks for region 2

P
(0)
25 = P

(1)
25 −

(
A

(0)
22

)−1

A
(0)
25 P

(2)
55 −

(
A

(0)
22

)−1

A
(0)
23 P

(1)
35

P
(0)
23 = P

(0)
23 −

(
A

(0)
22

)−1

A
(0)
23 P

(1)
33 −

(
A

(0)
22

)−1

A
(0)
25

(
P

(1)
53

)T
P

(0)
22 = P

(0)
22 +

(
A

(0)
22

)−1

A
(0)
23

(
P

(0)
23

)†
+
(
A

(0)
22

)−1

A
(0)
25

(
P

(0)
25

)†
All the entries in P(0) are equal to their corresponding entries in G<.
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Appendix C

COMPLEXITY DERIVATION OF HSC-EXTENSION FOR 3D
CUBOIDAL STRUCTURES

To analyze the runtime complexity of HSC-extension, we consider a cuboid device with

Nx × Ny × Nz grid points per direction (Figure C.1 illustrates a partition for a toy-model

cuboid device of size (2a+ 1)× (2a+ 1)× (2a+ 1) and the corresponding binary tree1.

Figure C.1: (a) The domain decomposition from cube of dimension 2a + 1 to cubes of
dimension a. Three levels of separators are colored by red, purple and green respectively.
(b) The multilevel binary tree corresponding to the cuboid decomposition. The three levels
of separators are depicted with matching colors. The blue blocks denote the corresponding
blue clusters.

First we discuss the case of a cubic mesh, i.e. Nx = Ny = Nz = N . The operation

count for evaluating diagonal entries in Gr was discussed by Lin et al. [46, section 2.5.3].

According to their analysis, the operation count grows as O(N6). For the HSC-extension,

1In practice, the binary tree is likely to be balanced.
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the complexity for evaluating diagonal entries of G< is identical to the complexity for Gr

(as discussed in Hetmaniuk et al. [32] for two-dimensional devices). The overall operation

count will grow as O(N6).

Next we consider the case of an elongated device, where the numbers of grid points

per direction satisfy Nx = Nz = N � Ny. The multilevel nested-dissection will identify

Ny/Nz subdomains, each discretized with N×N×N grid points. When evaluating diagonal

entries in Gr, the operation count for each cubic subdomains will grow as O(N6). The

remaining operations will involve dense matrices for the separators of dimension Nx × Nz.

The algebraic operations for one separator will include dense matrix-matrix multiplications

and dense matrix inversions, yielding an asymptotic cost O(N3
xN

3
z ) = O(N6). The number

of separators is also O(Ny/N). The overall operation count will grow as O(N6)O(Ny/N) =

O(N5Ny).

Finally we consider the case of a flattened device, where the number of grid points per

direction satisfy Nz � Nx = Ny = N . As discussed by Lin et al. [46, section 2.5.3], this

configuration is similar to a two-dimensional problem with N×N grid points. The prefactor

will depend on Nz. The HSC algorithm and our extension can proceed as if the device

is two-dimensional by replacing scalar algebraic operations with block algebraic operations

(each block being of dimension Nz × Nz). These block operations will cost O(N3
z ). So the

overall operation count will grow as O(N3
z )O(N3) = O(N3

zN
3).
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Moiré superlattice. Phys. Rev. B, 90(15):155406, 2014.

[97] Z. Ren, R. Venugopal, S. Goasguen, S. Datta, and M. S. Lundstrom. nanoMOS 2.5:

a two-dimensional simulator for quantum transport in double-gate MOSFETs. IEEE

T. Electron Dev., 50(9):1914–1925, 2003.

[98] J. R. Barker, J. Pepin, M. Finch, and M. Laughton. Theory of non-linear transport in

quantum waveguides. Solid-state electron., 32(12):1155–1159, 1989.

[99] M. Luisier, A. Schenk, and W. Fichtner. Quantum transport in two-and three-

dimensional nanoscale transistors: coupled mode effects in the nonequilibrium Green’s

function formalism. J. Appl. Phys., 100(4):043713, 2006.



136

[100] A. Asenov, A. R. Brown, J. H. Davies, S. Kaya, and G. Slavcheva. Simulation of

intrinsic parameter fluctuations in decananometer and nanometer-scale MOSFETs.

IEEE T. Electron Dev., 50(9):1837–1852, 2003.

[101] A. Martinez, K. Kalna, J. R. Barker, and A. Asenov. A study of the interface roughness

effect in Si nanowires using a full 3D NEGF approach. Physica E, 37(1):168–172, 2007.

[102] A. Martinez, J. R. Barker, A. Asenov, M. Bescond, A. Svizhenko, and A. Anantram.

Development of a full 3D NEGF nano-CMOS simulator. In Simulation of Semiconduc-

tor Processes and Devices, 2006 International Conference on, pages 353–356. IEEE,

2006.

[103] A. Martinez, N. Seoane, A. R. Brown, and A. Asenov. A detailed 3D-NEGF simulation

study of tunnelling in n-Si nanowire MOSFETs. In Silicon Nanoelectronics Workshop

(SNW), 2010, pages 1–2. IEEE, 2010.

[104] A. Nissen and G. Kreiss. An optimized perfectly matched layer for the Schrödinger

equation. Commun. Comput. Phys., 9:147–179, 2011.

[105] The MathWorks Inc. MATLAB Release 2011b. Natick, Massachusetts, United States,

2011.

[106] M. J. Frisch, G. W. Trucks, H. B. Schlegel, G. E. Scuseria, M. A. Robb, J. R. Cheese-

man, G. Scalmani, V. Barone, B. Mennucci, G. A. Petersson, H. Nakatsuji, M. Cari-

cato, X. Li, H. P. Hratchian, A. F. Izmaylov, J. Bloino, G. Zheng, J. L. Sonnenberg,

M. Hada, M. Ehara, K. Toyota, R. Fukuda, J. Hasegawa, M. Ishida, T. Nakajima,

Y. Honda, O. Kitao, H. Nakai, T. Vreven, J. A. Montgomery, Jr., J. E. Peralta,

F. Ogliaro, M. Bearpark, J. J. Heyd, E. Brothers, K. N. Kudin, V. N. Staroverov,

R. Kobayashi, J. Normand, K. Raghavachari, A. Rendell, J. C. Burant, S. S. Iyen-

gar, J. Tomasi, M. Cossi, N. Rega, J. M. Millam, M. Klene, J. E. Knox, J. B. Cross,

V. Bakken, C. Adamo, J. Jaramillo, R. Gomperts, R. E. Stratmann, O. Yazyev, A. J.



137

Austin, R. Cammi, C. Pomelli, J. W. Ochterski, R. L. Martin, K. Morokuma, V. G.

Zakrzewski, G. A. Voth, P. Salvador, J. J. Dannenberg, S. Dapprich, A. D. Daniels,
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87(8):085404, 2013.

[114] D. Bednarczyk and J. Bednarczyk. The approximation of the Fermi-Dirac integral

f12(η). Phys. Lett. A, 64(4):409–410, 1978.


