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This thesis develops a scheme-theoretic framework for studying configura-
tions—collections of points and blocks with incidence relations—and their
representations in algebraic geometry. Generalizing classical notions, we de-
fine configurations as triples of schemes over a base and show that the moduli
functor of representations into a geometric configuration is representable by
a scheme. We construct fine moduli spaces for nondegenerate representations
and realizations, and study their behavior under deformation. Applications
include a modern perspective on Mnév—Sturmfels universality and connec-
tions to classical projective theorems, highlighting new interactions between
configuration theory, moduli spaces, and algebraic geometry.
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Notation

A variety over a scheme S is a geometrically integral, separated, finite-type,
and flat S-scheme. For projective n-space P’y over a scheme S, we label the
dual projective space as IP. For standard algebraic geometry terms we use
[Stacks].
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Chapter 1

Classical Configurations

1.1 Introduction

A configuration is a collection of elements we call “points” and “lines”
that are related by incidence data. A representation of a configuration is
a way of labeling points and lines in the plane with the points and lines
from the configuration in a way that preserves incidence. By “plane”, we
mean the projective plane ]P% over a ring R, which can be viewed as an
extension of the affine plane of tuples (z,y) with z,y € R for which parallel
lines intersect. For example, take the configuration described by Desargues’
theorem (see figure 1.1).

Figure 1.1: (Desargues’ Theorem.) Consider two triangles Aabc and AABC
in the projective plane over a field. If Aabc and AABC' are perspective via
point O (meaning O € aANbB N cC), then a € abN AB, 8 € acN AC, and
v € be N BC are collinear (meaning that they all lie on a line).

In general, the arrangement produced by Desargues’ theorem describes
ten points and ten lines such that each line contains three of these points

and each point is contained in three of these lines. This combinatorial data
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defines a configuration, and the labeled arrangement of ten lines and ten
marked points in the plane defines a representation of this configuration.

The study of configurations began by studying redundancies of arrange-
ments on the plane. Desargues’ theorem was published in 1648 and is named
after the French mathematician Girard Desargues (1591-1661), an early re-
searcher of projective geometry who (independently from Johannes Kepler)
developed the concept of a “point at infinity”. Desargues’ theorem has led to
many interesting results in projective geometry. Model-theoretically, show-
ing a projective plane over a ring R satisfies Desargues’ theorem is equivalent
to showing that R is a division ring (see [Wei07]). Such spaces are called De-
sarguesian. Thus Desargues’ theorem can be viewed as a test to determine
whether a ring is a division ring.

An analogue to Desargues’ theorem is the Cayley-Bacharach theorem
(see figure 1.2).

Figure 1.2: (Cayley-Bacharach theorem.) If two distinct cubic curves in IP’%
over field k intersect at pi,--- ,pg points, then any cubic curve containing
p1,- - ,pg also contains pg.

In the degenerate case when the cubics are unions of lines, the statement
becomes Pappus’ Hexagonal theorem (as shown in figure 1.3).

Just as Desargues’ theorem determines whether a projective plane is de-
fined over a division ring, Pappus’ theorem determines whether a projective
plane is defined over commutative ring. More generally, if a projective plane
over a ring R satisfies the Cayley-Bacharach theorem, then the polynomial
ring R[zg,x1, 2] is Gorenstein (see [DGOS85]). It is interesting then that
Desargues’ theorem is not a special case of the Cayley-Bacharach theorem.

The theorems of Desargues, Cayley-Bacharach, and Pappus describe
curves in the projective plane with marked singularity points. The first defi-
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A B C

Figure 1.3: (Pappus’ Theorem.) Consider two sets of collinear points {a, b, c}
andﬁ,B,C’} in P} over a field k. Then a € aB N Ab, 8 € aC N Ac, and
v € bC' N Bc are collinear.

nition of a configuration was given by Reye in 1876 (albeit with a more rigid
structure) in [Rey76].

1.2 Classical Definitions

In this section we review some classical definitions in the theory of configu-
rations.

Definition 1. A classical configuration is a tuple A = (P, L, ¥) of finite
sets with ¥ C P x L. We say A is finite if P and L are finite sets.

Notation 1. For a classical configuration A = (P, L,Y), we call the ele-
ments of P points and the elements of L lines or blocks. We say p lies in
[ (or | contains p) and write “p € I” if (p,1) € X.

Example 1 (The Triangle). Let P = {p1,p2,ps}, L = {l1,l2,13}, and define
¥ C P x L by declaring p; € [l; for all @ # j. Then the configuration
A= (P, L,Y) is called the (standard) triangle configuration (see figure
1.4).

Example 2 (The Complete Quadrangle). The configuration Q of four
points and six lines such that each line contains precisely two points and
each point is contained in precisely two lines is called the complete quad-
rangle configuration, see figure 1.5.

Definition 2. A representation of A4 over a ring R is a set map f :
PIIL — P4[[P% on R-points such that f(P) C P%, f(L) C P%, and
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D1 D2

Figure 1.4: Three lines forming a triangle with vertices p1, p2, ps3.

yz b3

b1 D2

Figure 1.5: The complete quadrangle, containing four points and six lines.

f(p) € f(1)if p € I. We say f is nondegenerate if f is an injective function.
A nondegenerate representation f is a realization if in addition, f(p) € f(I)
implies p € .

Notation 2. We write a representation as f : A — P% for simplicity.

Example 3. The depiction of the Desargues configuration in figure 1.1
describes a nondegenerate representation. If the output line a8+ contains
O, then the representation is not a realization.

The history of representations of configurations of rich and outlined in
[Gro94] and [Grii09], among other sources. We can also view classical config-
urations as bipartite graphs and their representations as morphisms of bipar-
tite graphs, which is detailed in [PS10]. Lastly, there have been a tremendous
amount of results using matroid theory, see [GMW22] for example.

1.3 Moduli of Representations and Classical Ge-
ometry

The following definition is a fundamental tool in the theory of classical

representations. Let IP% have coordinates X,Y, Z and IP’%;é have coordinates

a, b, c. For nonnegative integers m and n, not both zero, we identify (P%)m XR
(P%)" with it’s image in P3" ™"~ ! under the Segre embedding.
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Definition 3. Let A be a finite classical configuration with m points and
n lines. We define the moduli of representations of A over R to be the
closed subscheme of }P’%m%”_l given by the union of the zero sets

ani + bJY; + CjZi =0,
whenever p; € I; in A. We label this closed subscheme as Hom(A,P%).

We will show in theorem 2.3.2 that Hom(A,P%) is a fine moduli space
parameterizing representations f : A — IP’%. Similarly, we will show in theo-
rem 2.4.3 that there exists open subschemes Real 4 and Re 4 of Hom(\A, ]P’%%)
parameterizing realization and nondegenerate representations of A, respec-
tively, such that the inclusions

Real 4 C Re4 C Hom(A, P%%)

are open immersions.

The moduli space of (nondegenerate) representations has been used to
study various phenomena outside of linear geometry. For example, the mod-
uli of representations can be used to determine which finitely-presented
groups are fundamental groups of smooth complex algebraic varieties (see
[KM98]). When R = R, Kapovich and Millson in [KM02] show a relationship
between linkages and representations of configurations.

A recent applications of design theory in algebraic geometry is Mnév’s
theorem, which roughly states that every singularity type of a finite-type
scheme can be realized in a representation space Rey4. Let Q denote the
complete quadrangle configuration over a field k (see figure 1.5). Let fqq :
Q — P? the labeled arrangement in Pz representing Q by the assignment
p; > e; foreachi =1,--- 4 (here ey, - - - , e4 denotes the standard projective
basis in P?).

We study the intrinsic geometry of A in P? by studying the action of
PG L3 on Rey, specifically by keeping track of a subcollection of points and
lines in A. When Q is a subconfiguration of A (meaning that the compo-
nents of Q are subsets of the components of A), there is a natural map
Re4 — Reg by simply forgetting the other labelings outside of Q. Define
BR 4 C Rey as the fiber of Req — Reg over the standard complete quad-
rangle fs;q € Reg. It can be shown that BR4 = Res /PGL3 as a geometric
quotient for sufficiently nice A. In [LV12], both authors prove a version of
Mnév’s theorem: every singularity type appearing on a finite-type scheme
over Spec (Z) appears in a closed subscheme BR 4 of Rey for some classi-
cal configuration A. This is used to prove Murphy’s law for singularities of
schemes in [Vak06]. This is discussed further in section 5.2.
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1.4 Existence and Variation of Representations

There are limitations to this theory. It would be interesting to generalize
from points and lines in P? to more exotic spaces, perhaps replacing lines
with conics, or replacing the projective plane with another variety. Moreover,
allowing for points and lines to collide in a configuration allows for a useful
framework to study deformations of configurations. These concerns can be
solved using the language of schemes.

Much of the study of configurations and their representations has been
focused on answering the following question.

Question 1.4.1. Given a configuration, does there exist a (nondegenerate)
representation to a geometric incidence space? If so, how do these represen-
tations vary?

I have attempted to answer question 1.4.1 using the language of schemes
(definition 4). The question of existence in the projective plane has been suc-
cessfully studied and outlined in [GMW22] using the language of matroids.
Historically, the term “geometric incidence space” has been taken to mean
the projective plane with the block-structure being lines (this is labeled as
P? in definition 5). The definition of a geometric configuration (definition
22) is an attempt to study representations of configurations in other spaces.
The last question has deep roots in moduli theory, a theory in which one
attempts to naturally parameterize a geometric phenomenon by a geomet-
ric space. Theorem 2.3.2 shows that there exists a scheme parameterizing
representations of a finite configuration in a geometric configuration.

The goal of this thesis is to illustrate the beautiful and historically
rich theory of configurations and their representations via modern meth-
ods. Chapter 2 is a generalization of the classical theory of configurations
using the language of schemes. Chapter 3 is a list of examples and properties
of representations and their moduli. Chapter 4 is the study of deformations
of these configurations. Chapter 5 is a revamp of topics through the lens of
this new theory, along with a list of questions I have considered in regards
to representations.
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Chapter 2

Configurations

In this chapter we formally define configurations A over a scheme .S, then
study (nondegenerate) representations and realizations of representations
f: A— X. Weshow the moduli of such representations Hom(.A, X') exists as
an S-scheme for sufficiently nice A and X'. We then show the nondegenerate
representations and realization of A in X admit fine moduli spaces, labeled
Ref‘ and Reali{. Lastly, we show the inclusion morphisms

Real’y C Re C Hom(A, X)

are each open immmersions of S-schemes.

2.1 Basic Definitions

Definition 4. A configuration over a scheme S, or an S-configuration, is
atriple A = (P, L, X)) of S-schemes, where > C P x gL is a closed subscheme.
We refer to P — S as the space of points, L — S the space of blocks or
lines, and ¥ C P xg L as the incidence correspondence.

Example 4 (Split Configurations). Let Ay = (FPo, Lo, Xo) be a classical
configuration. Then for any scheme S, define

p=]Is r=]]s == ]] s
pEPy leLg (p,))eXo

where ¥ C P x g L in the obvious way. This defines a configuration (P, L, X)
over S, which we call the split S-configuration associated to Ap. In
general, a configuration of this form is called a split configuration. Lastly, a
configuration associated to a finite classical configuration is called a finite
split configuration.

Example 5 (The Configuration IP}). Consider the S-configuration
sa = (P§,|0p2(d)], A),
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where \(’)Pg (d)| = P(f:Opr(d)) for structure morphism f : P§ — S denotes
the complete linear system of degree d hypersurfaces, and A is the restriction
of the universal family Ag C X x5 Hilbyx,g to X xg \(’)P%(dﬂ. We write P}
when the base scheme is clear.

Definition 5. A morphism A — A’ of configurations A = (P, L, X) over S
and A" = (P, L', Y) over S’ is the data of the following commuting diagram
of schemes

Y

N
J

— 9

N ~

P—— S5,

P/

where the unlabeled morphisms from ¥ and Y’ are the projection morphisms
of P xg L and P’ xg L', respectively.

2.2 The Category of Configurations

Definition 6. The collection of configurations and morphisms of configu-
rations form a category, which we label as Config.

Definition 7. Given a diagram of configurations {¢; : A; — Al}icr, we
call {a; : P, — P/};cr the point structure, {f; : L; — L};c; the block
structure, {v; : ¥; — X!};cs the incidence structure, and {¢; : S; —
S!}ier the base-scheme structure of {p;}icr.

Definition 8. Let f : S’ — S be a morphism of schemes and A = (P, L,Y)
a configuration over S. Consider the S’-configuration Ag = (Pgr, Lg/, Xg/).
The pullback of A by 1 is the morphism ¢ : Ag: — A given by the canonical
S-morphisms

PS’ — P, LS/ — L, ES’ — E,

each defined by the standard pullbacks of schemes ¢ : 8" — S.

Proposition 2.2.1. Consider the forgetful functor m : Config — Sch given
by assigning an S-configuration to it’s base scheme S, and assigning a
morphism of configurations A' — A to the morphism on base schemes
8" — S. The functor w : Config — Sch is a fibered category.

Proof. Let v : S’ — S be a morphism of schemes, A a configuration over S,
and ¢ : Agr — A the pullback of A by 1. For notational purposes, let A" =

18



(P, L',Y) denote Ag/. We show that ¢ is cartesian in Config. Let A” be a
configuration over S” with a morphism F : A” — A of configurations, then
the above data can be represented by the following commutative diagrams:

E/ LI E// L//

2 lx RS
FS,

L |
P// S//
&
P S

Given a factorization of f = w(F):

P/

(67

|

s L e s,

we construct a morphism F’ : A” — A’ over f’ that uniquely factors F:

A quick analysis of the point-structure of A" — A < A" yields a factor-
ization of a : P — P,

pr-3d, p_ao,p
| 1ol
s L9ty

where d’ is given by the universal property of the right cartesian diagram. A
similar analysis of the block and incidence structures yields unique factor-
izations b’ : L” — L' and ¢ : ¥’ — X/ of b and ¢, respectively. An analysis
of the following diagram shows that ¢ is induced by a’ x ¥':

> 77777737'97777} ) S S
| [ o ]
a’ xb' axp

X
pr” X g L =— P X gt L' —= PXSL,

where the downward arrows are the inclusion morphisms.

O

For the remainder of the section, we embed Sch in Config fully-faithfully
and show a useful result about fiber products in Config .
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Lemma 2.2.2. Consider the functor 7 : Sch — Config assigning a scheme
T to the T-configuration (T,T,T), where T C T xp T =T is equality, and
a scheme morphism f : T' — T to (T',T",T7") — (T,T,T), where each
component morphism is f. Consider the forgetful functor i : Config — Sch
assigning a configuration A to it’s incidence structure 2. Then i o T = lgen
as functors. Moreover, the functor-pair (7,1) is adjoint.

Proof. The first claim is clear. For the second claim, fix a scheme T and
S-configuration A = (P, L,Y). A morphism 7(7") — A is precisely the data
of a commuting diagram

T

w/)
L

As a result, we see that
HomConﬁg (T(T)a 'A) = Homg,p, (T7 Z) = Homg,p, (T7 Z('A))a

as desired.
O

Lemma 2.2.3. The functor 7 : Sch — Config s fully-faithful and a section
of m:i.e., moT = lgen as functors.

Proof. The second statement is clear. To prove the first statement, let T'
and 7" be schemes. Apply lemma 2.2.2 by setting A = 7(7”), then

Homconsg (7(T), 7(T")) = Homge (T, i o 7(T")) = Homgen (T, 1),
as desired. 0

Notation 3. Because of lemma 2.2.3, we denote the S-configuration 7(S) =
(S,S,S) simply as S.

Definition 9. Let A be a configuration over a scheme S. There exists a
morphism of S-configurations A — S given by the structure morphisms of
P, L, and ¥ as S-schemes, which we call the structure morphism of A.

Proposition 2.2.4. Let A = (P,L,X) be an S-configuration and A" =
(P',L',%) be an S'-configuration. A morphism ¢ = (a,b,c) : A — A" in-
duces a commutative diagram of configurations

A2 N

J l (2.2.1)

IS () S’,
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where the downward arrows are the structure morphisms. This diagram is
cartesian in Config if and only if the point, block, and incidence structure
form cartesian diagrams in Sch. That is, the following induced diagrams are
cartesian:

Pty P Lt SN 57
i i i l l l (2.2.2)
S — 9, S — 9, S —— 9.

Proof. (=) Assume that ¢ induces a cartesian diagram of configurations.
On the point structure, suppose there exists a scheme T fitting into the
diagram

(2.2.3)

Define a configuration (7,0, ) over T'. This diagram induces a commutative
diagram of configurations

(T,0,0)

J\

N+

|

Qo

By assumption, this induces a unique morphism of configurations (7', 0, ) —
A filling in the above diagram. Thus there exists a morphism of schemes
T — P filling diagram 2.2.3. Moreover, this morphism is unique as

HomConﬁg((Ta ®> (Z))? A) = HOInSCh(T’ P)

as sets.

By a similar argument, one can show that the block structure of di-
agram 2.2.4 is cartesian, namely by choosing a T-configuration ((,7,0).
Again, use the same argument for the incidence structure and choose the T-
configuration T" (see notation 3). In this case we use that Homcongg (T, A) =
Homg, (T, X) as sets.



(<) Suppose that the collection of diagrams in 2.2.2 are cartesian. Let
A" be an S”-configuration fitting into the following diagram

A” /\/

S —— 9.

’ (2.2.4)

Given our assumption, there exists morphisms o’ : P” — P and ¥ :
L" — L. We then have a commuting diagram

[
IR CANNIS ) N '

I | [

/b/
P'xg L' 2% PxgL —— P xg L'

I | |

S S Sl,

where ¢ : ¥’ — X is due to the outer right rectangle being cartesian.
We then define a morphism of configurations (a’,t/,¢') : A” — A filling in
diagram 2.2.4. Uniqueness is given by the uniqueness of a’ and " (which
induce ).

O

2.3 Representations of Configurations

Definition 10. A morphism f : A — A" in Config(S) is called a represen-
tation of A in A’.

Example 6. Let A be a split configuration over a scheme S induced by Ayp.
Then a representation f : A — P? is a generalization of definition 2.

Definition 11. Let A and A’ be configurations over a scheme S. The as-
signment Hom(A, A’) : (Sch /S)% — Sets given by

Hom(A, A")(T) := {Representations Ay — A% over T},
is functorial, which we call the functor of representations of A in A'.

Example 7. Let A be a finite split configuration over S = Spec R, then
Hom(.A, P?) is represented by the scheme described in definition 3.
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We are interested in properties for which the functor Hom(A, X) is rep-
resentable by a scheme.

Definition 12. A configuration A = (P, L, ) over S is finite if P, L, and
. are finite locally free over S.

Example 8 (Split Finite Configurations). Let A be a finite classical config-
uration and A the split S-configuration generated by Ag. Then A is a finite
S-configuration. Thus a finite split configuration (definition 4) is exactly a
finite configuration that is split.

Example 9 (Degeneration of a Triangle). We construct a flat family of
configurations over the affine line A} = Spec k[t] for field k of characteristic
not 2, whose generic fiber is a triangle and whose special fiber degenerates
in a controlled way. Let

P = Specklt,z,y]/(z(x — t),y(y — t), zy),

and L = A'JJA'[JAL Since P x4 L = P[[P]]P, we define closed
subschemes X1, 39, X3 C P with ¥ = X [[ X2 ][ X3, where

Y1 = V(x) = Specklt, yl/y(y — 1),
Yo = V(y) = Speck[t,z]/x(x — 1),
Y3 =V(x+y—t)=Speck[t,z]/z(x —1).

The above defines a finite Al-configuration A = (P,L,¥). When t = a
is nonzero, the configuration A, is split over k, representing the standard
triangle configuration. When ¢ = 0, the points degenerate to

PO = Spec k[xvy]/(x7y)2a

the lines Lo = [[; Spec k remain split, and the incidence structure degener-
ates to o = [[5 Spec k[e], where k[e] are the dual numbers.

Lemma 2.3.1. Let A be a finite configuration over S. Given a morphism
of schemes S" — S, then Ag: is a finite configuration over S’.

Proof. The finite condition on Ag — S’ is an immediate application of
lemma 2.2.4 and the property that the finite locally free condition is stable
under base-change.

O

Definition 13. We say that an S-configuration X = (X, H, A) has quasi-

projective components if the point, line, and incidence schemes are quasi-
projective over S. We define A having projective components similarly.
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Remark 1. The configuration ]P’?i over a field k£ has projective components.
Moreover, for any projective variety X over k and closed subscheme H C
Hilbx /, the configuration X = (X, H, A), where A C X X H is the universal
incidence scheme, has projective components. This is where the notation for
X comes from. We will formally define this as a geometric configuration in
definition 22.

Theorem 2.3.2. Let A be a finite configuration and X is a configuration
with quasi-projective components, both over a scheme S. Then the functor
of representations Hom(A, X)) is representable by a scheme. If in addition S
is noetherian, then Hom(A, X') is represented by a quasi-projective scheme
over S.

Proof. 1t is not hard to show that Hom(.A, &) fits into the following cartesian
diagram of functors

Hom(A, X) Homg(%, A)

l l (2.3.1)

Homg (P, X) xg Homg(L, H) —— Homg(X, X xg H).

By lemma A.1.2, we have that Hom(.A4, X') is the fiber product of schemes,
and is thus representable by an S-scheme.

For the second statement, if S is noetherian, then by lemma A.1.2,
Hom(A, X) is the fiber product of quasi-projective S-schemes and is thus
quasi-projective over S. O

For the remainder of the section we show that the morphism
Hom(A, X) — Homg (P, X) xg Homg(L, H)
in diagram 2.3.1 is a closed immersion of schemes.

Definition 14. For a configuration A = (P, L, ¥), the free configuration
F(A) associated to A is the configuration F(A) = (P, L,0). In general, a
configuration is free if it is of this form.

Remark 2. With this definition, it is easy to see that
Hom(F'(A),X) = Hom(P, X) xg Hom(L, H).

Thus we can rewrite figure 2.3.1 as the following cartesian diagram

Hom(A, X) —— Homg(X, A)

l l

Hom(F(A), X) —— Homg(Z, X xg H).
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Proposition 2.3.3. The forgetful map Homg(A, X') — Homg(F(A), X) is
a closed immersion.

Proof. By figure 2.3.1 and base-change, it suffices to show the map
Homg (X, A) — Homg (X, X xg H)

is a closed immersion. Since ¥ is finite locally free over S and A C X xg H
is a closed subscheme, then this is a consequence of [BLR90, Proposition
7.6.2).

O

2.4 Nondegenerate Representations and Realiza-
tions

Throughout we assume A = (P, L,Y) and X = (X, H, A) are configurations
over a scheme S. By Hom® (P, X), we mean the subfunctor of Hom(P, L) of
closed immersions (see appendix A.2).

Definition 15. A representation f: A= (P,L,X) —» A" = (P',L',¥) over
S is nondegenerate if the component morphisms are closed immersions.
In addition, we say f is a realization if the following diagram induced by
f is cartesian:

)N, 3/
PxgL -2ty prysr).

Remark 3. The above notions are functorial, as both closed immersions
and cartesian diagrams are stable under base change. This means that given
a morphism of schemes T'— S, then if f : A — A’ is a nondegenerate (resp.
realization) morphism over S, then so is fr : Ap — A/.

Definition 16. Define the following functors Real, Re’s : (Sch/S)%? —
Sets given by

Res (T) = {Nondegenerate representations f : Ap — X7},
Real’ (T) = {Realizations f : Ay — Xr}.

The goal of the remainder of the section is to prove a representability
result about Real?j and Rej and how they relate to Hom(A, X).

Lemma 2.4.1. We have the following cartesian diagram of functors,

Re ———— Hom% (%, A)

| !

Re?;(A) —— Hom®(%, P x5 L).
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Proof. It is not hard to see that
Ref 4y = Hom® (P, X) x5 Hom® (L, H).

The cartesian statement is by definition.
O

Lemma 2.4.2. The following diagram of forgetful functors is a commuting
cube with cartesian sides (meaning all sides except the top and bottom are
cartesian,),

Re’s Hom (%, A)
\ \
Hom(A, X) Hom(X, A)
J
Ref 4 Hom® (%, X x5 H)
\ X}
Hom(F(A), X) Hom(%, X xg H).

Proof. The front and back sides are cartesian (see remark 2). Consider the
following diagram,

Hom®(%,A) ———— Hom(X%, A)

I !

Hom (%, X xg H) —— Hom(%, X x5 H).

This diagram is cartesian since a factoring c of closed immersions 1, j,

Zz/]—,>X><SH,

implies ¢ is a closed immersion [Stacks, Tag 01QP)].
Consider the following diagram

Rel ——— Hom(A, X)

| !

Rej 4y — Hom(F(A), X xs H).
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This too is cartesian by a similar argument, as closed immersions a : P — X
and b : L — H and a factorization

> A

,,,,,,,,€,,,,,,, i

Y s PxsL -2 X xgH

imply c is a closed immersion (again by [Stacks, Tag 01QP] ).
O

Proposition 2.4.3. Let A be a finite configuration and X a configura-
tion with quasi-projective components, both over a scheme S. Then Realﬁ
and Ref‘ are both representable. Moreover, the inclusion morphisms Reﬁ C
Hom(A, X) and Real C Re’| are open immersions.

Proof. By definition, Rei{ is the sublocus in Hom(X € PxgL,A C X xgH)
where the induced map P xgL — X X g H is a closed immersion, and is thus
representability by proposition 2.4.1. We show Rei{ C Hom(A, X) is an open
immersion. By lemma 2.4 and base-change, it suffices to show that Re?f( A C
Hom(F(A), X) is an open immersion. Well Re;f(A) = Hom® (P, X)x sHom® (L, H)
and Hom(F(A),X) = Hom(P, X) xg Hom(L, H). Because Hom® (P, X) C
Hom(P, X) and Hom® (L, H) € Hom(L, H) are open subschemes (proposi-
tion A.2.1), then we are done.

By definition, Realfﬁ is the locus in RefX that induces a cartesian diagram;
these are H C Hom(X C P xg L,A C X xg H) in proposition A.3.2. Thus
the statement follows by the same proposition.

O

Remark 4. We give another proof that Realﬁ C Rei{ is open. Consider an
S-scheme T' and nondegenerate representation f : Ap — X7 over T. The
point and line structure of f induce a cartesian diagram of schemes

Pr xo Ly — Xp X7 Hr.

Each morphism is a closed immersion, thus ¢ is a closed immersion. With
suitable identifications, the morphism ¢ is the inclusion of ¥ in X’ as closed
subschemes of Pr xp Lp. Thus the condition that f is a realization is true
if and only if ¥ = Y/ as closed subschemes of Py x1 Ly, which is an open
condition.
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The following is the main theorem of this thesis.

Theorem 2.4.4. Let A be a finite configuration and X a configuration with
quasi-projective components over S. The functors

Real, C Rey € Hom(A, &),

are representable by schemes. Moreover, each inclusion is an open immer-
sion. If in addition S is a noetherian scheme, then Real?,, Reffl, and Hom(A, X)
are quasi-projective S-schemes.

Proof. This is a clear consequence of proposition 2.4.3 and theorem 2.3.2.
O

Corollary 2.4.5. Given finite configurations A" = (P',L')¥") and A =
(P,L,Y) over S, then a nondegenerate representation  : A" — A induces
morphisms

Re — Rey/ and ~ Hom(A, X) — Hom(A', X).

If in addition 1 : A" — A is a realization, then v induces a morphism of
S-schemes at the level of realizations,

Real; — Real?, .

Corollary 2.4.6. Given S-configurations X' = (X', H', ') and A = (X, H, A)
with quasi-projective components over S. A nondegenerate representation
t: X = X' induces morphisms

Rey — Rej}( and ~ Hom(A, X) — Hom(A, X’).

If in addition v : X — X' is a realization, then v induces a morphism of
S-schemes at the level of realizations,

Realﬁ — Reali{/ .
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Chapter 3

Properties of Configurations

3.1 Dual and symmetric configurations

Definition 17. Given an S-configuration A = (P, L, ), we define the dual
configuration of A as the S-configuration A* := (L, P, X), where we iden-
tify ¥ with it’s image under the involution P xg L — L xg P.

Lemma 3.1.1. The functor * : Config — Config assigning a configuration
A to it’s dual A* is an equivalence of categories. This equivalence descends
to an equivalence of categories Config(S) — Config(S) for any scheme S.

Proof. The result follows by verifying the functor * is it’s own inverse. The

second statement follows since * acts trivially on the base scheme structure.
O

Definition 18. An S-configuration A = (P, L,Y) is symmetric or self-
dual if there exists an isomorphism of S-configurations 7 : A — A*, which
we call a duality.

Lemma 3.1.2. Then S-configuration P} is symmetric.

Proof. By base-change, we can assume S = Spec Z. Since there exists an

isomorphism o : [Opp(1)| — P7, then the morphism of configurations 7 =

(071, 0,071 x o|y) is a duality. O

Lemma 3.1.3. Suppose A is a symmetric S-configuration with duality T.
Then the morphism of functors given by pre-composition by T

Hom(A*, B) — Hom(A, B),

s an isomorphism. Moreover, this isomorphism descends to isomorphisms
Reﬁ* — Reﬁ and Realﬁ* — Realﬁ. Similarly, the morphism of functors
given by post-composition by T

Hom(B, A) — Hom(B, A*)
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is an isomorphism, which descends to isomorphisms Reé — Reé* and
Realj — Realf .

Proof. This result is given by functoriality and lemma 3.1.1. O

3.2 Separated schemes and configurations

Definition 19. For a separated S-scheme T, identify T with it’s image
under the closed immersion A : T'— T xg T'. The S-configuration (T',7T,T)
is called the induced configuration of 7" — S.

Remark 5. For separated S-scheme T', the induced S-configuration T is
symmetric with a duality A4 — A* being the identity morphism.

Lemma 3.2.1. For a separated S-scheme T, the forgetful transformation
to the incidence structure

Hom((7T,7,T), A) - Hom(T, X)
s a natural isomorphism.

Proof. Consider the assignment Hom(7,Y) — Hom((7,7,T),.A) given by
assigning a morphism ¢ : T'— ¥ to (T,7T,T) — A, given by the diagram

(T, T,T) : T —— T ——T
l p1op Jso lpzow
A: P RN )

where p; is the i-th projection map. This assignment is clearly functorial,
and is the inverse of the forgetful transformation above. O

Proposition 3.2.2. The assignment (Sch /S)**P — Config /S given in def-
inition 19 is functorial, meaning an S-morphism T — T’ induces a mor-
phism of configurations (T, T,T) — (T',T",T"). Moreover, this functor is
Sfully-faithful.

Proof. Functoriality is obvious. The fully-faithful condition is given by lemma
3.2.1. O

Remark 6. The awkward condition for 7" to be separated over S can be seen
as a reflection of our requirement for ¥ C P X g L to be a closed subscheme.
Since the diagonal morphism A : T — T x g T is a locally closed immersion
for any scheme T, one can define a generalized version of a configuration
as a tuple (P, L,Y) where ¥ C P xg L is a locally closed subscheme. If we
let Config’ denote the category enlarging Config, then we can construct a
functor Sch /S — Config’ /S defined as in proposition 3.2.2. By the same
argument, this functor is fully-faithful.
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Corollary 3.2.3. Let A= (P,L,X) be a configuration over S.
(i) As an S-configuration, S is final in Config(S) with Hom(S, A) = 3.

(ii) Consider () as a separated (vacuously) S-scheme. Then the induced
configuration O is initial in Config(S) with Hom(0, A) = S.

Proof. This is an immediate application of lemma 3.2.1. 0

Theorem 3.2.4. Let A be a finite configuration and X a configuration with
quasi-projective components, both over S. Then the natural morphisms of
configurations

D—-A—S

induce morphisms of schemes
A — Hom(A, X) — S,

where Hom(A, X') — S is the structure morphism. Moreover, if the structure
morphism A — S admits a section A — Hom(A, X) is a closed immersion.

Proof. The first few statements are given by functoriality and corollary 3.2.3.
To prove A — Hom(A, X) is a closed immersion, by proposition 2.3.3, con-
sider A and Hom(A, X') as closed subschemes of Hom(F(A), X'). The mor-
phism A — Hom(A, X) is a factorization

A — Hom(A, X) C Hom(F(A),X)

of A C Hom(F(A),X), and is thus a closed immersion by [Stacks, Tag
01QP]. O

Remark 7. Let A be an S-configuration whose components are separated
over S, then the structure morphism A — S admits a section if and only if
there exists a nondegenerate representation S — A. This is because a section
of A — S is a representation S — A. Then the result follows since sections
of a separated morphism of schemes is a closed immersion (see [Stacks, Tag

01QP)).

Construction 1. Fix a configuration X = (X, H, A) with quasi-projective
components over S and finite locally free S-schemes P and L. Then there is
a map of sets

| Finite S-configurations

Closed subschemes of
e { A with F(A) = (P, L,0) } -

Hom(P, X) xg Hom(L,H) »,
containing A

defined by ¢(A) = Hom(A, X).
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Question 3.2.1 (Properties of ¢). Fiz a configuration X = (X, H,A)
with quasi-projective components over S, and let P, L be finite locally free
schemes over S. Classify closed subschemes Z C Hom((P, L,0), X) contain-
ing A of the form Hom(A, X); i.e., such that there ezists a closed subscheme
¥ C P xg L such that Hom((P,L,X),X) = Z as closed subschemes of
Hom((P, L,0), X).

3.3 Points and blocks of a configuration

Definition 20. The S-configurations P(A) = (P,0,0) and L(.A) = (0, L, 0)
are called the point configuration and block/line configuration of 4
over S, respectively.

Lemma 3.3.1. Given a configuration X = (X,H,A) over S, the inclu-
sion Realg(A) C Reg(A) from Theorem 2.3.2 is an equality. Moreover, the
forgetful map to the point-structure

HOHI(P(A), X) - HomSCh/S(P> X)

is an isomorphism. Similarly, we have an equality Realf( A) = Ref( A) with
an isomorphism

HOHl(L(A), X) — HOHlSCh /S(L) H)

Proof. The inclusion Realg( a4 C Reg( A) is an equality vacuously. A rep-
resentation P(A) — X is the data of a morphism P — X, and thus
Hom(P(A),X) — Homge, /g(P, X) is an isomorphism, trivially. The rest
of the statements are given using P(A*) = L(A). O

This is beneficial as the non-reduced structure of P can give us informa-
tion on X. For instance, we can reinterpret a theorem of Mustata, summa-
rized in [KK13], as follows.

Corollary 3.3.2 (Mustatd). Let X be a normal, quasi-projective, local com-
plete intersection variety over a field k of characteristic 0. Consider the
S-configurations Ay, = (Spec (kle]/€™),0,0) and X = (X, H,A) with quasi-
projective components.

(i) Realf}{m has pure dimension (m + 1)dim X for every m if and only if
X is log canonical.

(ii) Realjgm 18 irreducible for every m if and only if X is canonical.
(iii) Reali{m is normal for every m if and only if X is terminal.
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3.4 Closed Subconfiguration

Definition 21. A closed subconfiguration of an S-configuration A is an
S-configuration A’ = (P, L',Y'), where P C P, L' C L, and ¥/ C ¥ are
closed subschemes.

Remark 8. The inclusion morphism of a closed subconfiguration A’ C A is
a nondegenerate representation. Moreover, every nondegenerate representa-
tion can be viewed as an inclusion morphism after suitable identifications.
Sometimes we will conflate the two.

Example 10. The unique morphism ) — A in Config(S) realizes () as a
closed subconfiguration of A. Similarly, the forgetful morphism F(A) —
A realizes F(A) as a subconfiguration of A. Thus every configuration A
satisfies the chain of subconfigurations

hc F(A) C A

Proposition 3.4.1. Let C be a closed subconfiguration of A and B as S-
configurations. Then the coproduct AUc B exists in Config(S), and thus the
following diagram is cocartesian:

C — B

| l

A— AUe B.

Moreover, the induced maps A — AUcB and B — AU¢ B are nondegenerate
representations, making A and B closed subconfigurations of AU¢ B.

Proof. The point, block, and incidence structure of the diagram
A+ C— B,

have coproducts making the relative diagram cocartesian, see [Sch05, corol-
lary 3.9]. In other words, we can glue along closed subschemes. It is not hard
to show that this process of gluing yields an S-configuration A U¢ B. The
cartesian statement can be seen by inspecting the point, line, and incidence
structures. O

Corollary 3.4.2. Let C be a closed subconfiguration of A and B. Then
Hom(A Ue B, X) = Hom(A, X') Xpom(c,x) Hom(B, X).

Remark 9. The importance of corollary 3.4.2 is substantial. With this, we
can study representations of configurations f : A" — X by decomposing the
source configuration A’ by subconfigurations A, B, C and studying their rep-
resentations in X. This also allows us to build more intricate configurations.
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Figure 3.1: The cross configuration.

Example 11. Consider S as an S-configuration and let A = B = S. Con-
sider C = P(S) = (5,0,0) as a subconfiguration of both A and B. Then
A Ue B is the cross configuration (see figure 3.1).

Moreover, by corollary 3.4.2 and lemma 3.2.1, we have that

Hom(AU¢ B, X) = A xx A.

Example 12. We generalize the previous example. For positive integer n,
let A, be the split S-configuration induced by the n-star configuration
(see figure 3.2). By the previous example, the n-star configuration can be

Figure 3.2: The star configuration of n = 3 lines incident at a single point
.

build recursively, and so it is not hard to show that
Hom(An,X) :AXX XxA,

where there are n factors of A.
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3.5 Geometric Configurations

Throughout we assume S is a noetherian scheme. Thus, if X is a projective
variety over S, then the Hilbert functor Hilby/,g is representable by an S-
scheme.

Definition 22. A geometric configuration X = (X, H, A) over a scheme
S is the data of a projective variety X over S, a closed subscheme H C
Hilby g of the Hilbert scheme of X, and A is the restriction to the universal
famﬂy Ao C X Xg HﬂbX/S.

Remark 10. Since the universal family Ag C X Xxg Hilbx/g is a closed
subscheme for a projective variety X, then by base-change, sois A = Ag|yg C
X xg H. Thus the notion of a geometric configuration is well-defined.

Lemma 3.5.1. Let X = (X, H, A) be a geometric configuration over S, then
H and A are projective over S. Thus X has projective components over S.

Proof. It is a classical result that X projective over S implies Hilbx /g is
represented by a projective scheme over S. Thus the closed subscheme H C
Hilby /g is projective over S. Since X and H are projective S-schemes, the
closed subscheme A C X xg H is also projective over S. 0

Example 13. The S-configuration PP} is a geometric configuration. To gen-
eralize, let X be a projective S-variety and Ox (1) a relatively very ample
line bundle of X — S. Then (X, |Ox(1)],A), where A C X xg |Ox(1)| is
the universal incidence scheme, is a geometric S-configuration.

Definition 23. Let X be a projective variety over a scheme S. Consider
the S-configuration

Geo(X) = (X, Hlle/S, AO),

where Ag C X xgHilbx /g is the universal family of Hilby,g. We call Geo(X)
the geometric configuration induced by X.

Lemma 3.5.2. Let X be a projective variety over a scheme S, and T an
S-scheme. Then Geo(X)r = Geo(X7) up to canonical isomorphism.

Proof. The configuration Geo(X)r is the tuple (X7, Hilbx, /7, Ar) (defini-
tion 8). Then the result follows from proposition 2.2.2 and properties of the
Hilbert scheme. O]

Lemma 3.5.3. Let A = (P, L, X)) be an S-configuration with P an S-variety.
Then A is geometric if and only if there exists a realization A — Geo(X)
over S, for some projective S-variety X.
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Proof. An S-configuration A = (P, L,Y) being a geometric configuration is
the data of a projective S-variety P and a closed subscheme ¢ : L C Hilbx/g
such that the induced diagram

N A
N N

P xs L 225 P xg Hilbp,s

is cartesian. This is precisely the data of a realization A — Geo(P) induced
by (idp,¢). Lastly, the closed immersion P — X implies P is projective over
S.

O

Lemma 3.5.4. Let A= (P, L,%) be an S-configuration with P a projective
(P)

1s representable by a S-scheme. Then
Geo(P)

variety over S, and suppose Realf‘eo

A is geometric if and only if the structure morphism Real 4 — S admits
a section.
Proof. This is an immediate consequence of lemma 3.5.3. O

Proposition 3.5.5. Let X = (X, H,A) be a geometric configuration over S
and T an S-scheme. Then Xr is a geometric configuration over T.

Proof. By lemma 3.5.3, let ¢ : X — Geo(X) be the realization defining
X as a geometric S-configuration. By functoriality, we have a realization
¢+ Xp — Geo(X)r as T-configurations. Since Geo(X)r = Geo(Xr) by
lemma 3.5.2, this gives a realization ¢’ : Xp — Geo(X7r), implying Xp is
geometric over 7T ]

Example 14. Let X be a projective variety with polarization Ox(1). Let
A C X xg|0O(1)| denote the incidence subscheme, then X = (X, |Ox(1)[,A)
is a geometric configuration over S. Moreover, for n = dim |Ox(1)|, the
inclusion X — P4 by Ox (1) induces a realization X — P7. This induces
Hom(A, X) — Hom(A,P}), which is a closed immersion by hom properties.
Thus Refl — Re]z;11 and Realﬁ — Reali? are closed immersions. This says
that many representation problems can be understood by studying repre-
sentations to projective space.

We conclude this section by showing representability of Hom(X', X”) of
geometric configurations with the domain having flat components.

Theorem 3.5.6. Let S be a noetherian scheme. Suppose X = (X, H,A) is a
geometric configuration with flat components and X' = (X', H', A" is a con-
figuration with quasi-projective components, both over S. Then Hom(X, X")
is representable by an S-scheme.
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Proof. By A.1.1, then Hom(A, A’), Hom(A, X'xgH'), and Hom(F(X), X') =
Hom(X, X')x sHom(H, H') are representable by schemes. The result follows
since Hom(X, X”) fits into the following cartesian diagram of schemes,

Hom (X, X") —— Hom(A, A')

| |

Hom(F(X),X’) —— Hom(A, X' xg H').

O

Corollary 3.5.7. In the scenario of theorem 3.5.6, Realf and Reﬁg/ are
representable by S-schemes. Moreover, the inclusion morphisms

Realy C Rey C Hom(X,X")

are open 1mmersions.

3.6 Flat Moduli

Throughout, let S be a noetherian scheme.

Proposition 3.6.1. Let A be a finite S-configuration whose components are
étale over S, and X a geometric S-configuration whose components are flat

over S, then Hom(A, X) is flat over S.

Proof. The conditions on A imply that ¥ = ]_[fil S; for some integer N and
S; étale over S for each i. The natural morphism Hom(%, A) — Hom(X, X x g
H) then becomes

N N
[TAS) =[] X xs H(S),

i=1 i=1
which is flat by [Ji+22, Proposition 2.9] By the same proposition, Hom(P, X)
and Hom(L, H) are flat over S, thus so is Hom(P, X) xg Hom(L, H). From
diagram 2.3.1 and base change, we have that the natural map Hom(A, X) —
Hom(F(A),X) = Hom(P, X) xg Hom(L, H) is flat. The result then follows
since compositions of flat morphisms are flat.

O

Corollary 3.6.2. Let A be a finite split configuration over a scheme S, then
Hom(A,P?) is flat over S.
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3.7 Finite Split Configurations over Fields

Definition 24. Let A = (P,L,X) be a finite split configuration over S,
meaning P, L, and ¥ are finite disjoint unions of S. The number of points
of A is the degree of P over S, the number of lines/blocks of A is the
degree of L over S, and the number of incidences of A is the degree of X
over S.

Throughout, let A = (P, L,Y) be a finite split configuration with m
points, n lines, and N incidences, and X = (X, H, A) geometric configura-
tion, both over a field k.

Proposition 3.7.1. The scheme Hom(A, X) is projective over S.

Proof. The natural map Hom(A, X') — Hom(F'(A), X) is a closed immersion
(proposition 2.3.3) and Hom(F'(A), X) = X™ xg H™ is projective over S, as
desired. O

Lemma 3.7.2. Suppose X and H are smooth varieties over k. If A is a
smooth variety over k, then

dim Hom(A, X) > mdim X +ndim H — N.

Moreover, Realj}( and Reﬁ are either empty or of dimension at least m dim X+
ndimH — N.

Proof. Because Hom(P, X) = X™, Hom(L,H) = H", and Hom(3, X X
H) = (X x; H)", the natural map Hom(P, X) x Hom(L, H) — Hom(%, X x
H) from diagram 2.3.1 is a closed immersion. Thus, after suitable identifica-
tions, X™ x, H™ C (X x, H)" is a closed subvariety of a smooth k-variety.
By [Stacks, Tag 0AZP], each irreducible component of Hom(A, X) is of di-
mension at least m dim X +n dim H — N. The last statement is due to Realffl
and Re’ being open subschemes of Hom(A, X) (theorem 2.4.4). O

Corollary 3.7.3. Let A be a split configuration over a field k with m points,
n lines, and N incidences. If Hom(A, P?) is not the empty scheme, then

dim Hom(A, P%) > 2(m +n) — N.

2 2
Moreover, Reali1 and Re]i1 are either empty or of dimension at least 2(m +
n)— N.
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Chapter 4

Deformation Theory

In this chapter we introduce deformations of configurations and their repre-
sentations. The goal is to connect these topics with deformations of schemes.

4.1 Deformation of Configurations

Throughout, let Ay = (P, Lo, X¢) be a configuration over a field k.

Definition 25. A deformation of 4y consists of a configuration A =
(P,L,X) over a scheme S, together with a morphism of configurations ¢ :
Ay — A fitting into a cartesian diagram

AoLA

Lo

Speck —— S

where the vertical arrows are the respective structure morphisms, and where
P, L, and ¥ are flat over S.

We say that a deformation ¢ is infinitesimal (resp., first-order) if
S = Spec A for some Artinian local k-algebra A (resp., for A = ke]).

Example 15. Let A be the A}C—conﬁguration described in example 9. Then
A is a deformation of the standard triangle configuration.

Definition 26. A configuration A is rigid if all first-order deformations are
trivial.

We see from example 15 that the standard triangle is not rigid.

Definition 27. Two deformations ¢ : Ag — A and ¢’ : A9 — A’ of Aj over
a scheme S are isomorphic if there exists an automorphism v : Ay — Ag
over S such that ¢’ = p o).
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Definition 28. Define Def 4, : Arty — Sets given by
Def 4,(A) = {Isomorphism classes of infinitesimal deformations of Ay over A}.

Lemma 4.1.1. Let A be an Artin local k-algebra for field k and A =
(P,L,%) a configuration over A. A morphism ¢ : Ay — A of configura-
tions is a deformation of Ay = (Py, Lo, X0) over A if and only if the induced
morphisms Py — P, Ly,— L, and Xy — X are infinitesimal deformations
of their respective domain over A.

Proof. This is an immediate application of proposition 2.2.4.
O

For the rest of the section we describe Def 4, as a fiber product of defor-
mation functors of schemes.

Definition 29. Let Defy,cp,xr, : Arty — Sets denote the functor where
an element of Defy, cp xr,(A) is the data of the equivalence class of the
following commuting diagram

g — — ¥
N N

PQXLO—>D

l l

Spec k ——— Spec A,

where each square is cartesian, > C D is a closed subscheme, and ¥ and
D are flat over Spec A.

Lemma 4.1.2. We have the following cartesian diagram of functors

DefAO EEE— DeonCPo x Lo

| !

Defpo X DefLO e DefPoxLo .

Proof. The result is immediate, as a deformation (a,b,c) : A9 = A =
(P, L,X) over A is the data of the following commuting diagram of schemes,

Yo —C 5 %
N N

Pyxalo 2% PxsL

| |

Spec k ——— Spec A,

where each square is cartesian. O
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Proposition 4.1.3. Let Ay be a configuration over k with projective com-
ponents. Then the functor Def 4, satisfies the following properties,

(i)
(i)
(iii)

Def 4, (k) is a singleton,
o is surjective when A” — A is a small extension,

« 1s bijective when A =k and A" = kle|.

Proof. Following [Ser06, Theorem 2.3.2], we fix notation. Let

Al A A

be a diagram in Arty, and R = A’ x4 A”. Let

Qo Deon (R) — Deon (A/) XDefAO(A) Deon (A//)

be the natural map.

(i)
(i)

(iii)

It is clear that Def 4, (k) is a singleton.

Let A = (P,L,%) be a deformation of Ay over A, and let A" =
(P',L',%) and A” = (P",L",%") be deformations of Ay over A" and
A", respectively, whose restrictions to A is A. Because the deformation
functor of a scheme is prorepresentable, there exists schemes P and
L" over R that extend P + P — P"” and L' < L — L”, respec-
tively. Thus X = P"” xp L" is an extension of X|, = Py Xy Lo over
R. Because the relative hilbert functor Hﬂb‘go/ R s prorepresentable by
[Ser06, Theorem 3.2.12], there exists a closed subscheme ¥/ C X over
R that extends ¥o C X|; = Py Xy Lo. We can then define the config-
uration A" = (P", L"3"") over R that has the desired conditions.

Again by prorepresentabilty of Defp, and Defr,, there exists unique
(up to R-isomorphism) schemes P’ and L” over R that extend P’ +
Py - P and L' < Lo — L, respectively. Thus X = P" xp L" is
an extension of X|; = Py xj Lo over R. Because the relative hilbert
functor Hilbgg B s prorepresentable by [Ser06, Theorem 3.2.12], there
exists a unique closed subscheme ¥ C X over R that extends ¥y C
X|x = Po xg Lo. The configuration A” = (P”,L",¥") over R is the
desired configuration. It is unique since it’s components are unique.
This defines an inverse of «, showing bijectivity.

O]

Remark 11. It is false that dimy Def 4,(k[¢]) < oo in general (see [Ser06,
Remark 3.4.18]).
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4.2 Rigidity of P7

Definition 30. An infinitesimal deformation ¢ : Ag — A with A an Spec A-
configuration is geometric if A is geometric over Spec A.

Definition 31. A configuration A is geometrizable if it is isomorphic to
a geometric configuration.

Lemma 4.2.1. Let D C Py x |Opz[€](1)| be a first-order deformation of

the universal incidence divisor Ao C P x |Opr(1)[. Then there exists an
infinitesimal automorphism of P such that the induced automorphism on
Pl % |OPZ[E] (1)| maps D to the universal incidence divisor Ag < A C Pl %
Proof. Let D C P X |O[p>z[ | (1)| as above, then D is an infinitesimal defor-

mation of a (1, 1)-divisor, and is thus a (1, 1)-divisor as well. Thus D can be
described by a linear equation

Tn

for some Mp € PGLy11(k[e]). Because D is an infinitesimal deformation
of Ay, we have that Mp = I 4+ eM for I the identity matrix and some
square matrix M € M, 1(k). To show the desired statement, it suffices to
show there exists a matrix N € PGLy41(k[e]) such that MpN = I. Set
N =1—eM, then

MpN = (I +eM)(I — eM) =1,

as desired.

Proposition 4.2.2. The configuration PT over k is rigid.

Proof. Let ¢ : P — A= (P,L,X) be a first-order deformation. By rigidity
of projective space, there exists isomorphisms o : P — }P’Z[E] and f: L —
|Ogig(1)] =~ P Let D C P, x |O]pz[€](].)| be the image of ¥ under a x
B. We can define X = (]P)ZM, |Opz[€](1)|,D) and an isomorphism of k[e]-
configurations ¢ : 4 — X given by « and . By lemma 4.2.1, we can define
an isomorphism X — P?’k[e], as desired.

O
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4.3 Deformations of Representations

Throughout, let Ay = (Py, Lo,%Xo) be a finite configuration and Xy =
(Xo, Ho, Ao) a configuration with quasi-projective point and line structures,
both over a field k. Fix a representation fy : Ag — Ap.

Definition 32. An infinitesimal deformation of f; is a morphism of
configurations f : A — A’ over an artin local k-algebra A fitting into a
commuting diagram of configurations

.Ao _ A
Ll
Xo ——— A

! J

Spec k —— Spec A,

where the bottom downward arrows are the structure morphisms, both
squares are cartesian, and the point, block, and incidence schemes of both
A and A’ are flat over Spec A.

4.3.1 Deformations of Representations with fixed domain
and target

Definition 33. An infinitesimal deformation f : A — A’ of fy over A has
fixed domain and target if A = Ay x A and X = Xy x A. This defines a
functor Def 4,7/, : Arty, — Sets given by

Def 4,/ ¢, /2, (A) = {Deformations of fo over A with fixed domain and target}.

Proposition 4.3.1. Consider a representation of configurations fy : Ay —
Ay over a field k. Then the following is a cartesian diagram of functors

Def 4, /1,4, Defs) /ey /5

| I

Defp, jaq/py % Def g by /1y — Defpyxrgser /pyxry,

where ¢y denotes the composition Yo ~» X C Py x L.

Proof. A deformation f: A — A" of fo: Ay — Aj is the data of deforma-
tions a : P — X of ag, b: L — H of by, and ¢ : ¥ — Y/ of ¢y such that the
following diagram commutes,
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y —= ¥
N N
PxaL 2 Py, L.
Thus the cartesian statement is given by construction. O
Proposition 4.3.2. Suppose Ay is finite split over k, and Aj, with non-

singular components over k (such as PV). Then Def a, /504, fits into the
following cartesian diagram of functors,

Def 40/ 1074, Hilbp, /5 x5y

! !

Hilbr, /pyxpy x Hilbp, /pqxry — Hilbr s xprxry -

Moreover, evaluating at k€] gives the following cartesian diagram of k-vector
spaces.

Def 4, 5, /.4, (k[e]) P ki P

m n
(@ o dim Pé) y @ odim Ly @ Jdim P-+dim Ly,

i=1 Jj=1 (4,9)€X0
Proof. This is an immediate application of proposition 4.3.2 and [Ser06,
Proposition 3.4.2] O
4.4 Deformations of Closed Subconfigurations

Throughout, we will assume Ay = (Fo, Lo, Xo) is a closed subconfiguration
of a geometric configuration Xy = (Xo, Hp, Ag) over a field k.

Definition 34. An infinitesimal deformation of Ay C X)) over artin local
k-algebra A is given by the following cartesian diagram of configurations:

A0—>A

L

Xo — (X)a,

where A is flat over A. This defines a functor of artin rings Hilb 4,4, :
Arty — Sets, which we call the local hilbert functor of Ay C Ajp.
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Definition 35. A closed subconfiguration Ay C Ay yields a diagram of
closed immersions of schemes

| !

P()XLO*)X()XHQ,

which we call the incidence diagram of Ay C Ay. A deformation of the
incidence diagram over an artin local k-algebra A is the following cartesian
diagram of schemes:

o Ao
\ l \ (Ao)a
Py x Ly — Xo X Hy
g ~
D (Xo X Hp)a.

This defines a deformation functor Def,.

Proposition 4.4.1. The functor Def, of Ag C Xy fits into the following
cartesian diagram of deformation functors,

Def, Hilbg, /a,
FHileo/PQXLO/XOXHO — HﬂbEO/XoxHoa

where FHilbs,/p xry/x,xH, denoted the flagged hilbert functor of the dia-
gram of closed subschemes Yo C Py x Lo C Xog X Hy.

Proof. This is by the definition of Def,.
O

Proposition 4.4.2. The functor Hilb 4, x, fits into the following cartesian
diagram of deformation functors.

Hilb 4, /., Def,

! l

HﬂbPO/XO XHilbLo/Ho E— HﬂbPOXLQ/XOXHO

45



Proof. This is an application of propositions 4.3.1 and 4.4.1. O

Proposition 4.4.3. Consider a closed subconfiguration A C X. If 5 C P X
L is étale (such as when A is split), then the projection map Def, — Hilby /5
s an isomorphism.

Proof. Since X C P x L is étale, we have that the natural morphism
Hllbp/X X HllbL/H — HileXL/XXH
is an isomorphism. Thus the result is true by base-change. ]

Corollary 4.4.4. Consider a closed subconfiguration A = (P,L,¥) C X
such that ¥ C P x L is étale. Then Hilb 4,y fits into the following cartesian
diagram,

HﬂbA/X —_— Hlle/A

| !

Hile/X X HﬂbL/H — HﬂbeL/XXH

Proof. This is an immediate application of proposition 4.4.2 and 4.4.3. [
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Chapter 5

Topics in Configurations

5.1 Interpolation

We work over field k. Let P be n points, and A be the split configuration of
one block containing n points. Then the inclusion P C A induces a morphism
of schemes Rei{ — Ref, where X is a geometric configuration. It is clear
that Reﬁ = X"\ A, which is a quasi-projective variety.

Definition 36. We say X (resp. generically) interpolates n-points if
the induced map

Rel — Rep = X"\ A
is (resp. generically) surjective.

Question 5.1.1. For which n does a geometric space X = (X, H,\) gener-
ically interpolate n-points?

Proposition 5.1.1. The configuration P? interpolates n-points if and only
ifn=12.

Proof. This is a classical result. O
Proposition 5.1.2 (Atanasov, Larson, Yang). Let Hq 4, denote the hilbert

scheme of degree d curves of genus g in P" (with d > g + ). The geometric
configuration X = (P", Hq 4., A) generically interpolates n-points if and only

if

(r=Dn<(r+0d=(r=3)g-1), if(dgr)¢{(523),(7,25)}
n <9, if (d,g,7) € {(5,2,3),(7,2,5)}.

Proof. This is [ALY19, corollary 1.4].
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5.2 Mnév-Sturmfels Universality

Let Q complete quadrangle configuration (see figure 1.5). A Q-based con-
figuration is the data of a configuration X over a scheme S and a closed
subconfiguration f : Q@ C &X. If § = Spec@Q, then the natural action of

AutP? ~ PGL3 on Relg is fully-faithful, and thus Re]g is a trivial left
PG Ls-torsor over Q.

As described in section 1.3, we can realize IP’% as a Q-based configuration
by considering the standard complete quadrangle representation fsq : © C
P2 over Z. For a finite split configuration A, it can be shown that the action

2 2
AutP? on Rei1 has finite reduced stabilizer groups, and thus [Rei1 /Aut P3]
is a Deligne-Mumford stack. Suppose A is also Q-based, then by corollary
2.4.5 there is a morphism of schemes Reﬁ — Reg. For sufficiently nice

2
configurations A, the moduli stack has coarse moduli space BRI;1 fitting
into a cartesian diagram

BRY — s Red
A €A

|l

2
Spec Z % Reg1 .

2 2
The morphism BRI;1 — Reﬂ;1 is a closed immersion as fgq : SpecZ —
2
Reg1 is a closed immersion. By [LV12], we have that every singularity type

appearing on a finite-type scheme over Spec Z appears in BRi% for some
Q-based finite configuration A.

We can generalize the above in order to determine whether Mnév’s the-
orem holds for other geometric configurations.

Definition 37. Let B be a configuration over S. A B-based configuration
is the data of a configuration X over S and a closed subconfiguration f :

BcCX.

Consider a finite configuration A and geometric configuration X', both
over S and both B-based. Label f : B C X as the given morphism of con-
figurations. Construct BRﬁ as the scheme-theoretic fiber of Refi — Reg
over f € Reg. A pair (B, X) of a geometric B-based configuration X over
Spec Z, is said to satisfy Mnév’s theorem if every singularity type ap-
pearing on a finite-type scheme over Spec Z appears in BR:X for some based
finite configuration A. The above discussion shows that the standard com-
plete quadrangle defines a closed subconfiguration @ C P? for which the
pair (Q,P?) satisfies Mnév’s theorem.

Question 5.2.1. Which pairs (B, X) over SpecZ satisfy Mnév’s theorem?
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5.3 The Image of a Nondegenerate Representation

Let f : A — X be a nondegenerate representation between a finite con-
figuration A = (P, L,Y) and geometric configuration X = (X, H, A), both
over a scheme S. The closed immersion a : P — X determines a closed
subscheme Z, C X trivially. The closed immersion b : L. — H induces a
closed subscheme Z, C X by the following construction. Let A;, C X xg L
be the restriction of the universal family A C X xg H, and the composi-
tion p : A € X xg L — X be the first projection map. The morphism
X Xg L — X is finite by base-change, and thus proper. Hence p : Ap — X
is proper and as a consequence has closed image. Let Z, C X denote the
scheme-theoretic image of p: A;, — X.

Definition 38. The induced closed subscheme (or image) of a non-
degenerate representation f = (a,b,c¢) : A — X is the closed subscheme
Zy C X defined as the scheme-theoretic union,

Zf = Zo U Zy,

where Z, and Z, are constructed above.

5.4 Intrinsic Geometry of Representations

Let X = (X,H,A) be a geometric configuration over S such that H C
Hilby g is closed under the action Aut X on Hilby/g.
5.4.1 AutX-action on Hom(A, X)

Let Aut X' denote the automorphism group of X in Config(S). An automor-
phism o of X induces an automorphism o’ of the Hilbert scheme Hilb X/S-
Since H is closed under the automorphism group action by assumptions, the
restriction of ¢’ to H C Hilby/,g, which we also label as o, is well-defined.
The pair ¢ and ¢’ induce an automorphism of X in Config(S). Moreover,
this assignment defines a group homomorphism v : Aut X — Aut X.

Lemma 5.4.1. Let X = (X, H,A) be a geometric configuration. Then the
forgetful map to the point-structure

@ AutX — AutX
18 an isomorphism of groups with inverse ¢ : AutX — AutX, assigning
o (0,00 xd'|p).

Proof. 1t is clear that v is a section of . To show v o ¢ is the identity on
X, it suffices to show that for an automorphism (Idx,b,c) on X, that b is
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induced by Idx (as described by ). If H = ) then we are done. Suppose not,
we show b([Z]) = [Z] for all [Z] € H. For x € Z, we have that (z,[Z]) € A,
so ¢(z,[Z]) = (x,b([Z])) € A. Thus = € b([Z]), and hence Z is a closed
subscheme of b([Z]). By a symmetric argument, we have that b([Z]) is a
closed subscheme of Z, hence b([Z]) = [Z], as desired.

O

We can thus define an action of Aut X on Hom(A, X), Rei{, and Realffl
by post-composition. Hence, we can form the quotient stacks

[Hom(A, X)/Aut X], [Re /AutX], [Real} /Aut X].

These quotient stacks parameterize representations, nondegenerate repre-
sentations, and realizations up to the automorphisms of X'.

Question 5.4.1. Describe the AutX-invariant properties of Reali{,RefX,
and Hom(A, X).

Proposition 5.4.2. Let A be a finite configuration over a field k. Then the
following are algebraic stacks:

[Hom(A,P})/AutP}],  [Re. i /AutP}],  [Realy /AutP}].

Proof. Because AutP} = PGL,41 is a smooth affine group scheme over k,
the result follows from [Alp25, Theorem 3.1.10]. O

5.4.2 Nondegenerate Representation on P?

We work over a field k of characteristic 0.

Definition 39. An n;-configuration (or a b-configuration) is a split
configuration A over a scheme S such that there are precisely n points and
n lines with the conditions that every point is contained in precisely b lines
and each line contains precisely b points.

Example 16. A 3,-configuration is the standard triangle configuration (ex-
ample 1). In general, if b = 2, then there is only one isomorphism class of
ng-configurations.

Definition 40. Let A and X be configurations over a scheme S. We say
A is rigid in X if its realizations form a single class under the natural
Aut X-action.

Conjecture 5.4.3 (Griinbaum). Let k be a field of characteristic 0. There
are no rigid b-configurations in IP’% i for b > 3.
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Lemma 5.4.4. Let k a field, possibly of positive characteristic. Let I be the
inertia group scheme of the natural action of PGLs on U, and F : I — U
the morphism. If N > 4, then F : I — U is unramified over a dense open
V C U. If F is ramified, then the irreducible components of the ramification
locus Z =U\V of F are of codimension at least 1 in U.

Proof. The open subscheme U C (P?)™) is a smooth variety over k, as it
is the quotient of a smooth quasi-projective variety by a free finite group
action. Consider the natural action map

f:PGLy xU —-UxU

defined by (g, u) +— (g-u,u). Let I be the inertia group scheme of this action;
that is, I is the pullback of the diagonal map A : U — U x U along f,

I—r U

| Ja

PGLs x U —1 5 UxU

By construction, I is the subscheme of PG L3 x U parameterizing pairs (A, u)
for which A stabilizes u. It is easy to see that f : PGLs x U — U x U is
a quasi-finite morphism between smooth varieties, and the branch locus of
F'in U parameterizes N-points in IF’% in general position that are permuted
by a nontrivial automorphism. Let Z denote this branch locus, we show
V = U\ Z is dense in U. By base change, we see that F' is a finite-type
morphism between noetherian schemes, thus by [Stacks, Tag 039N] the non-
branch locus V' C U is open. It is nonempty since there exists v € U with
trivial stabilizer. Since U is a variety (in particular, irreducible), we have
that V C U is dense.

Suppose F' is ramified, we prove the branch locus Z = U \ V of F is of
codimension 1 in U. The morphism f is affine by [Stacks, Tag OECD], and
thus by [Gro67, Corollary 21.12.7] the non-branch locus V! C U x U of f is
affine. Since U is separated over k, then A is a closed immersion, and thus
A=Y (V") C U is an affine scheme. Since f is flat and locally of finite pre-
sentation, by [Stacks, Tag 02V4] we have that A=1(V’) = V. Using [Gro67,
Corollary 21.12.7] again on V' C U implies every irreducible component of
Z =U\V is codimension 1 in U, as desired. O]

Lemma 5.4.5. Let k be a field of characteristic zero. If 1 < N < 3, then
F 1 — U is ramified everywhere. If N > 4, then F : I — U is unramified.
Moreover, if N > 4 , then there exists a dense open V. C U for which F' has
trivial fibers.

Proof. The statement for 1 < N < 3 is clear. Let N > 4. An automorphism
of P? is completely determined by where it maps 4 points of general position,
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thus each fiber of F' can be embedded in Sy, for N = (}), such that the
inclusion morphism is an open and closed immersion. Thus, the fibers of F'
are finite disjoint unions of Spec k and are thus unramified, implying F' is
unramified (see [Mill7, Proposition 3.2]). The last statement holds, as U is
a variety over k and V C U is a nonempty open, and thus dense. ]

Theorem 5.4.6. Let A be an ny-configuration over k for which there exists
a nondegenerate representation f : A — P3. Let N be the mazimum number
of points in the image of f that are in general position. If N > 4, then

[Reali% /PGLs3]| is a Deligne-Mumford stack over k.

Proof. The first statement follows from lemma 5.4.5 and [Alp25, Theorem
3.6.8].
O

Corollary 5.4.7 (Griinbaum’s Conjecture for b = 3). Let A be an 3-
configuration over R. If there exists a mondegenerate representation of A

in P2, then [Realﬂﬁ JAutP?] is a Deligne-Mumford stack of dimension at
least 1.

Proof. By [Gri09], we know that m and n are at least 9. Apply theorem
5.4.6 and theorem 3.7.3 with m =n =9 and N = 3m. O

5.4.3 Desargues Configurations

Let D denote the Desargues configuration over field k of characteristic 0 (see

2
figure 1.1). We describe a coarse moduli space for [Reﬂg1 /PGL3(k)]. We are
given a labeling for the points of D:

(’),a,b,c,A,B,C’,a,ﬂ,’y.

Since P? is four-transitive, assume O = [1,1,1], a = [1,0,0], b = [0,1,0],
and ¢ = [0,0,1], then A = [r,1,1], B = [1,s,1], and C = [1,1,¢] for some
7, s,t € k. With these coordinates, then a = [r—1,1—s,0], 8 = [r—1,0,1—1],
and v = [0,s — 1,1 — t]. The output line is given by the equation

afy:(s—1Dt-DX+(r—-1)t-1Y +(r—1)(s—1)Z=0.

We now describe the conditions for r,s,t € A3. Since each triple point
is distinct, then 7, s,t # 1. We also require that A, B, C' are not collinear.
Three points in P? are collinear if and only if their corresponding pencil of
lines are concurrent in P2. Thus A, B, C are collinear if and only if

fi(r, s, t) = det

= o= 3

11
s 1| =rst—(r+s+t)+2=0.
1 ¢
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From this computation we require
fi(rys,t) =rst—(r+s+t)+2+#0.
The last condition we require is that O ¢ a3y, which occurs if and only if
fo(rys,t) =(s =1t -1+ (r—-1)t—-1)+(r—1)(s—1) #0.

In summary, the locus of (nondegenerate) Desargues configurations is given
by the quotient complement of the surface in A® whose defining equation is
given by

f(r,s,t) =(r—1)(s—1)(t—1)fi(r,s,t) fa(r,s,t) = 0.

It is a degree 6 reducible surface.
2
Now we describe another coarse moduli space of [Reﬂ;1 /PGLs3]. In 1883,
Cyparissos Stephanos gave a deep relationship between Desargues config-

urations in P% and binary stable sextics. It was shown in [AL02] that the

coarse moduli space Mp of [Reg% /PG Ls] admits an injective birational mor-
phism to the space of binary stable sextics Mé’, which we call the Stephanos
map. Recall that Mg is the coarse moduli space of the stack Mo of genus
two curves. We can ask whether the Stephanos map lifts to a morphism of
stacks.

2
Question 5.4.2. Is there a morphism of stacks [Rei1 /PGL3] — Ms that
descends to the Stephanos map Mp — ME as described in [AL02]?

A clear obstruction is that the natural map Moy — Mé’ is a Z/2-gerbe
generated by the hyperelliptic involution.
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Appendix A

Hom Scheme

A.1 Hom functor

Definition 41. Let X,Y be schemes over a scheme S. Define the functor
Homg(X,Y') assigning an S-scheme T to the set

Homg(X,Y)(T) = Homp (X7, Yr).
We sometimes write Hom(X,Y') when the base scheme is clear.

Proposition A.1.1 (Grothendieck). Let S be a noetherian scheme. If X is
projective and flat over S, and Y is quasi-projective over S, then Hom(X,Y)
is representable by an open scheme of Hilbx, cy/g-

Proof. See [Fan+05, Theorem 5.23]. O

In this document, we are usually in the case when the source scheme is
finite locally free over the base scheme.

Proposition A.1.2. Let S’ be a finite locally free scheme over a scheme
S. If X is quasi-projective over S, then Homg(S’, X) is representable by a
scheme. If in addition the base scheme S is noetherian, then Homg(S’, X)
18 quasi-projective over S.

Proof. See [Ji+22, Theorem 1.3 and 1.10].
O

Proposition A.1.3. Let S’ be a finite locally free scheme over a scheme S,
and let X and Y be quasi-projective schemes over S. Let P be one of the
following properties

(i) monomorphism,

(ii) open immersion,
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)

(ili) closed immersion,

(iv) separated,
(v) smooth,
(vi) étale,
(vii) locally of finite type,

(viii) locally of finite presentation,
(ix) finite presentation.

If f: X — Y is a morphism of S-schemes with property P, then the induced
map Homg(S’, X) — Homg(S",Y) of S-schemes also has the property P.

Proof. See [Ji+22, Proposition 2.6].

A.2 Functor of closed immersions

Definition 42. Let X, Y be schemes over a scheme S. Define the subfunctor
Hom%(X,Y) C Homg(X,Y) assigning an S-scheme 7T to the set

Homfgl(X, Y)NT)={¢: Xy — Yr| ¢isa closed immersion}.
We write Hom®(X,Y) when the base scheme is clear.

Proposition A.2.1. Let P be a finite locally free scheme over S. If X
s quasi-projective over S, then Homgl(P,X) 1s representable by an open
subscheme of Homg (P, X).

Proof. By proposition A.1.2, Hom(P, X) is representable by an S-scheme.
Then this induces a universal morphism

¢: P xgHom(P,X)— X xgHom(P, X).

Then Hom® (P, X) € Hom(P, X) is precisely the locus where ¢ is a closed
immersion, which is an open condition.

O]

Proposition A.2.2. In the scenario of proposition A.1.8, if f : X = Y
is a morphism of S-schemes with property P from A.1.3, then the induced
map Hom® (5", X) — Hom (S",Y) also has the property P.
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Proof. 1t is not hard to show that the natural inclusian diagram

Hom(S", X) —— Hom(S",Y)

|

Hom(S’, X) —— Hom(S5",Y),

is a cartesian diagram of schemes. Thus the result follows from proposition
A.1.3 and that property P is stable under base-change. O

A.3 Functor of cartesian diagrams

Definition 43. For a scheme S, let Z C X and Z' € X’ be closed sub-
schemes of S-schemes X and X', respectively. Define a functor

Homg(Z C X, 7" € X') : (Sch /S)°P — Sets

assigning an S-scheme T to the set of morphisms of S-schemes f : Zp — Z,
and g : X7 — X/, making the following diagram commute

Zr —L 7,

A A (A.3.1)

Xy —2 X%
We write Hom(Z C X, Z" C X’) when the base scheme is clear.

Proposition A.3.1. Let Z and X be finite locally free schemes over a
scheme S, and Z' and X' both quasi-projective and flat over S. Then
Hom(Z C X,Z' C X') is representable by an S-scheme.

Proof. 1t is not hard to show that the following is cartesian diagram of
functors,

Hom(Z c X,7' ¢ X') —— Hom(Z,Z7’)

l |

Hom(X, X') ——— Hom(Z, X').

By proposition A.1.2, we have that Hom(Z C X,Z’ C X’) is the fiber
product of schemes, as desired. ]

Proposition A.3.2. Suppose we satisfy the hypothesis of proposition A.3.1.
Let H denote the locus in Hom(Z C X,Z' C X') such that diagram A.3.1
is cartesian. Then H is an open subscheme of Hom(Z C X,Z’' C X').

o7



Proof. Let U denote the universal family of Hom(Z C X, Z" C X'), then the
natural Y — Hom(Z C X, Z' C X') is the data of a commutative diagram
of schemes

Zy —1 7,

N N
Xy —2— Xj,.
Define the scheme
P = Xu XXZIA le/b

then there exists a unique morphism ¢ : Z;; — P respecting the above
diagram. The locus H C Hom(Z C X, Z’ C X') is precisely the locus in U
where ¢ is an isomorphism, which is an open condition. O
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