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Categories with coherently associative, commutative, and distributive products encapsu-
late higher algebraic structures throughout mathematics: for instance, in homotopy theory,
they are the inputs to May’s infinite loop space machines, Segal’s K-theory, and multi-
functorial, multiplicative, and/or equivariant analogues of these by Elmendorf-Mandell,
Guillou-May—Merling—Osorno, and Yau. Here we establish a general categorical approach
to proving Mac Lane-like coherence theorems versatile enough to incorporate (weak) dis-
tributivity laws, module and algebra categories, bicategories, and the higher arity twisted
products that appear in equivariant settings. Building on Mac Lane’s original proof of his
coherence theorem for (symmetric) monoidal categories and Rubin’s coherence theorem for
his equivariant normed symmetric monoidal categories, we employ tools from combinatorics,
logic, and rewriting theory such as Newman’s Diamond Lemma to solve categorical normal-
ization problems on the universal parameter categories representing categorical structures of
interest. Our approach clarifies the necessary coherence axioms and invariants. We aim to
leverage our work to simplify the characterization of bimonoidal categorical input to Yau’s

multifunctorial equivariant algebraic K-theory.
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Chapter 1

INTRODUCTION

In his groundbreaking book [17], May introduced a categorical gadget called an operad
to parametrize the algebraic structure of both topological spaces and spectra, the funda-
mental objects of study in stable homotopy theory. These operads, when enriched over a
convenient category of spaces, can characterize the way an addition @ operation on a space
or spectrum, while not necessarily commutative on the nose, nevertheless can satisfy a ho-
motopy commutativity condition guaranteeing the existence of a homotopy between maps
(a,b) = a ® b and (a,b) — b @ a; a higher homotopy between any two such homotopies;
and so on. We call a space equipped with such a homotopy commutative operation an
FE-space; it is parametrized by an E.-operad.

Leveraging the power of abstraction that operads afford, May constructed an infinite loop
space machine: a functor that sends E..-spaces to a broad class of spectra. As spectra are
equivalent to generalized cohomology theories, they can often carry an intractable amount
of data, but an infinite loop space machine lets us study spectra using the more familiar
structure of spaces. The conditions for a space to be an E.-space, however, are often just as
intractable, requiring the existence of infinitely many families of infinitely many homotopies

of arbitrary height between operations of arbitrary arity.

Fortunately, such conditions are familiar to category theorists. It turns out that Mac
Lane’s coherence theorem for symmetric monoidal categories states that a category with
a nullary operation, a binary operation, four families of isomorphisms between operations
induced by the original two, and five families of equations satisfied by isomorphisms induced
by the original four generate operations of arbitrary arity and guarantee the existence and
uniqueness of isomorphisms between operations of the same arity [15, 16]. This is a far
more manageable list of conditions to check than those of an E..-space, and verifications

that a given category equipped with the appropriate operations and natural isomorphisms



are standard (that a category with finite products is symmetric monoidal, for instance, is
folklore). There is then an analogy between categories with operations, natural isomor-
phisms between those operations, and coherence equalities between those isomorphisms;
and spaces with operations, homotopies between those operations, and higher homotopies
between those homotopies. Formalizing and exploiting this analogy by way of the classifying
space functor, we find that every symmetric monoidal category gives rise to an F..-space.
May with his operadic infinite loop space machine [18] and Segal with his K-theory functor
[25] independently applied this idea to turn symmetric monoidal categories into spectra.

From here there are two directions along which to generalize. Not only would we like to
send additive symmetric monoidal categories to spectra, but we would also like to send dis-
tributive multiplicative structures on such additive symmetric monoidal categories to struc-
tured ring spectra, which are spectra that carry a multiplicative Eo-structure themselves.
May achieves this through his operad pairs in [19, 20, 21], while Elmendorf and Mandell
use a multi-object generalization of operads and operad maps called multicategories and
multifunctors to accomplish this in [3]. Their inputs are categories with two symmetric
monoidal structures equipped with a distributivity natural transformation called a symmet-
ric bimonoidal category, which satisfies a generalization of Mac Lane’s coherence theorem
proven by Laplaza [13].

The other direction is to extend to a G-equivariant setting for a finite group G. The
theory of Ng.-operads, the G-equivariant analogue of E.-operads, is more complicated
than that of E,-operads, as they parametrize transfer maps in the additive setting and
norm maps in the multiplicative setting. Hill, Hopkins, and Ravenel’s celebrated solution
to the Kervaire invariant one problem in [7] leveraged and renewed interest in these multi-
plicative norms arising from G-equivariant spectra, leading Blumberg and Hill to introduce
Noo-operads in [2]. Rubin’s normed symmetric monoidal categories from [24] then give rise
to spaces parametrized by an arbitrary (weak equivalence class of) Ny-operad(s). Yau’s
G-equivariant machine from [26] further sends multiplicative structures on Guillou, May,
Merling, and Osorno’s genuine symmetric monoidal G-categories from [6] to analogous mul-
tiplicative structures on G-equivariant spectra.

While Rubin’s definition of normed symmetric monoidal categories and subsequent co-



herence theorem in [24] mirrors that of Mac Lane’s for symmetric monoidal categories in
[15, 16] in the way it generates a large amount of coherence data from a small number of
components and axiom families, the same cannot be said of genuine symmetric monoidal
G-categories. To address this, we seek a common generalization of Laplaza’s coherence the-
orem for symmetric bimonoidal categories [13] and Rubin’s coherence theorem for normed
symmetric monoidal categories [24]. This would involve defining and proving a coherence
theorem for normed symmetric bimonoidal categories. We conjecture that such a definition
and a corresponding coherence theorem exists, as do extensions to modules and algebras
over these proposed normed symmetric bimonoidal categories.

Indeed, it seems that every kind of infinite loop space machine from structured categories
to structured spectra requires a coherence theorem for those structured categories to stric-
tify them and characterize them as (pseudo)algebras over a suitable operad. Mac Lane’s
coherence theorem for symmetric monoidal categories from [15, 16] is well-known, although
its proof is typically glossed over in introductory category courses due to the laborious
combinatorial reasoning involved; Laplaza’s coherence theorem for symmetric bimonoidal
categories from [13] was even more obscure until Yau’s account of it in [9, Part 1.1].

In this thesis, we develop a generalized categorical framework based on techniques from
logic and rewriting theory to generate and prove coherence theorems for the more compli-
cated structures that arise when equivariance, distributivity, and modules and algebras are
introduced. There is some work toward this end by Mimram in [22]; we expand it to fully
encapsulate Laplaza’s coherence theorem, Rubin’s coherence theorem, and beyond. In what
follows, we shall develop an abstract framework for proving categorical coherence theorems.

In Chapter 2, we will formally encode Mac Lane-like presentations of general algebraic
structures on categories as coherence schemata that may be interpreted 2-categorically as
universal parameter categories. We construct such coherence schemata for monoidal and
symmetric monoidal categories as well as bicategories. To prove a coherence theorem,
we would then only need to work with said universal parameter category. In Chapter 3,
we reframe coherence theorems on specific categories as coherence normalization problems
(CNPs). We present a wide range of techniques for solving these CNPs and give examples

of how to solve them for monoidal and symmetric monoidal categories. Throughout this



work, most of the definitions and constructions are joint with Jonathan Rubin, as is the
critical Proposition 3.49.

To ground the ideas, we begin by reviewing the example of symmetric monoidal cate-
gories. Recall that a symmetric monoidal category is a category € equipped with a bifunc-

torial monoidal product

R:ECXEC—C

and a unit object e € €, such that ® is associative, unital, and commutative up to coherent

natural isomorphism. More precisely, we have specified natural isomorphisms
a: (7YY= (y® 2) B:irxRy=yRz
Ne®@r =z prrRe =1
such that the five coherence diagrams below commute:

(wer)®y) ©: =% (W (r0y)®:z —2= we (zOy) ® 2)

aﬂ ﬂid Qa

(W) (Y z) < wR(z® (YR 2)),
(r®e)®y < ®(e®y)
pm %)\
TRy,

~ TN

@Ry Bz =2 2® (YD 2) = (y®2) D2

8o idﬂ | ﬂa

d
(Yor)®zr —=——= y® (z® 2) _des YR (2R 1).

From here, we may use the structure on % to construct more complicated isomorphisms.
For example, we may construct an isomorphism (z ® y) ® z = (2 ® y) ® x by taking the

composite

oy 0z L2 Yor)e: —L= 20 (o) 2= (:0y)



or by taking the composite
id
2Ry 2 =2 2@ (YR 2) == (YR 2) O 225 @y @

But in fact, the coherence diagrams above imply that both these isomorphisms (z®y)®z =

(2 ® y) ® x are equal, as the third and fifth coherence diagrams imply that

Ry =2 20 (y®2) —0—= (y®2) @

8o idﬂ ﬂa

id
(yo2)®z —2= y@ (1 ®2) —— y2 (0 2)

: -

id
c@ (o) == (zey) 01 L2 (ye2) e

commutes.

Thus far, we have only considered two ways of constructing an isomorphism between
(r®y)®z and (2 ®y) ®x, but the result we are describing is completely general. In a sense
that can be made precise, given n-fold products p; and ps (each containing arbitrarily many
units), there is a unique coherence isomorphism p; = po that may be constructed from the
given isomorphisms «, 3, A, and p. This is the coherence theorem for symmetric monoidal
categories, originally due to Mac Lane [15] and later simplified by Kelly [10]. A standard
reference is [16, VIL.2 and XI.1].

That being said, it takes work to make a coherence theorem precise, because there are
certain scenarios that need to be excluded. For example, there might be objects z,y € €
such that * ® y and y ® = are accidentally equal. Then we could consider the isomorphisms
b:x®y=y®xand id: x ® y = y ® x, and there is no reason that they should be equal.
Thus, we should really be considering x ®y and y®x as (distinct) formal expressions, rather
than as objects of €. But even this perspective is not enough: taking x = y, the natural
isomorphisms f: x ®x = x ®x and id: * ® x = x ® x are still not necessarily equal, so we
must also exclude the case where variables are repeated. Thus, we will borrow a page from
first order logic and introduce a formal language that will encode the composite operations

that a coherence theorem concerns.



Chapter 2
UNIVERSAL PARAMETER CATEGORIES

In this chapter, we reduce the problem of proving a coherence theorem for a whole family
of categories to the problem of proving a coherence theorem for a single category, dubbed
a universal parameter category, that represents that family. This abstraction allows us to
separate the more combinatorial aspect of proving a coherence theorem from the categorical
semantics. We draw from techniques in logic to formulate the operations on our categories
in purely syntactical terms as coherence schemata, before realizing this syntax in the 2-
category of categories, functors, and natural transformations (or, more generally, any other
2-category with finite 2-products), recovering Mac Lane-like presentations of a wide range
of algebraic structures on categories. Throughout, we use (symmetric) monoidal categories

and bicategories as our running examples.
2.1 Formal languages parametrizing operations

We begin by laying the groundwork for the purely syntactical aspects of coherence theorems,
introducing the formal symbols that we will use to represent the fundamental categorical

structures we are concerned with.

Definition 2.1 (Signature). A signature & consists of:

« aset T of types, equipped with a total order <;!
o aset C of constant symbols (or constants);
e aset I of function symbols;

e a function 7: C' — T called the type function;

!The purpose of this total order will eventually be to ensure that variables in each type are canonically
linearly ordered. The order itself may be chosen arbitrarily, such as by the Well-Ordering Theorem.



e a function dom: F' — HT" called the domain function; and
n>1

e a function cod: F' — T called the codomain function.

Composing the canonical projection HT” — N5 with dom yields a function ar: F' — Ny
n>1
called the arity function.

For f € F, we write f: (t1,...,t,) — t when dom(f) = (t1,...,t,) and cod(f) = t.?

Note that our function symbols always have positive arity, while constants may be

regarded as nullary.

Example 2.2 (Signature for monoidal categories). Consider the signature Sy given by
T = {m}, C = {e}, and F' = {®} with ar(®) = 2. Then necessarily 7(e) = m and
®: (m,m) - m. As e and ® will respectively represent the unit and product of a monoidal

category represented by m, we call &y the signature for monoidal categories.

Example 2.3 (Signature for bicategories). Given a (totally ordered) set O, consider the
signature Sg(0) with T':= O x O (with the lexicographic order),

C={1,]a€c0}, and F :={ogp.]a,bceO},

with 7(1,) == (a,a) and o4p.: ((b,¢),(a,b)) — (a,c). We call Gg(O) the signature for
bicategories with object-set O:> each 1, will represent an identity 1-morphism, and each

Oa,b,c Will represent horizontal composition.

The symbols in a signature will combine to form the terms that will represent the 1-
morphisms (e.g. functors) and 2-morphisms (e.g. natural transformations) appearing in our
coherence theorems. Throughout this chapter, we fix a signature & with types in T', constant
and function symbols in C and F, and type, domain, and codomain functions 7, dom, and

cod.

2The domain and codomain functions make (T, C'UF) a multigraph in the sense of [14, Section 2.3], where
each ¢ € C may be regarded as a nullary edge c: () — 7(c).

3We work in a sufficiently large Grothendieck universe to avoid size issues, so that the class of objects O
of our bicategory of interest is a set. We will use the Well-Ordering Theorem to construct a total order
on O.



Definition 2.4 (Alphabet, word, term). The alphabet A(S) of & is a set consisting of:

o variable symbols (or variables) x} for t € T' and 7 a positive integer;
o constant symbols ¢ € C;
o function symbols f € F;

e punctuation symbols:

— the left parenthesis (
— the right parenthesis )

— the comma ,

so A(G) = {2} | i € Nyg,t e TYUCUFU{(Ju{)}u{,}. The variables inherit the
lexicographic order on Ns¢ x T using the usual order on the integers and the total order <
on T, so that zj < % if either i < j or both i = j and t < u.

A word in & is a finite sequence of symbols from A(S), written as a string. The length
of a word w, denoted len(w), is the number of symbols comprising w.

Define the set L£(S) of terms of & as a subset of the words in & and an extended type

function 7: L(S) — T recursively in parallel as follows:
(1) Every variable z} is a term in £(&) of type 7(z}) == t.

(2) Every constant ¢ € C'is a term in £(&), and 7: £L(&) — T agrees on constants with

the type function 7: C — T of &.

(3) Given an n-ary function symbol f € F and n terms ty,...,t, € L(6), if dom(f) =
(t(t1),...,7(tn)), then the word f(t1,...,t,) is a term in £(&) of type cod(f), the

codomain of its leading function symbol.

We call the set £(&) the language of &. If a term ¢t € L£(S) is a variable or a constant

(equivalently, if len(¢) = 1), we say that t is atomic.



Example 2.5 (Terms for monoidal categories). We let &y be the signature for monoidal

categories from Example 2.2. Then its set of terms £M := £(G&y) consists of:
(1) the variable z; := 27 for i > 0;
(2) the constant e; and
(3) the word ®(s,t) for s,t € LM,

As Gy has only one type, every term has that same type. We call LM the language of

monoidal categories.

Example 2.6 (Terms for bicategories). Let Gg(O) be the signature for bicategories with
object-set O from Example 2.3. Then its set of terms £B(0) := L(&g(0)) consists of:

(1) the variable 2" for a,b € O and i > 0;

(2) the constant 1, for a € O with 7(1,) = (a,a); and

(3) the word og (s, t) for a,b,c € O and s,t € LB(0) with 7(s) = (b,¢) and 7(t) = (a,b),

50 T(0gp,c(5,t)) = (a,c).
We call £LB(O) the language of bicategories with object-set O.

We will often need to consider the set of all variables appearing in our terms. For that,

we use the following definition.

Definition 2.7 (Scope, variable-finiteness). For each term t € L£(&), a scope for t is a
finite set of variables V' such that every variable that appears in t is an element of V. Here

V = {xfll < e <:U;-°:

} inherits a total order from the lexicographic order on variables.
Furthermore, we let £L(S)y C L(&) be the set of all terms with scope V', we let V (¢) be the

set of all variables in ¢, and we let

L(G)* ={(t,V) |t e L(S) and V is a scope for t}.
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We say that a subset of terms O C L(&) is variable-finite if the terms share a common scope:
that is, only finitely many distinct variables appear among all terms in 9, so O C L(S)y
for some finite set of variables V. We write V() to denote the (necessarily finite) set of all
variables appearing in ©O: it is the intersection of all V' for which © C £(&)y. Note that
V(L©S)y)=V.

Example 2.8. Let Vi == {21 < --- < x} for £ € N. Then we may restrict our language
of monoidal categories £M from Example 2.5 to terms with scope Vj, i.e. terms whose only

variables are those in Vj, yielding ﬁ}l/l = L(Sm)yv,. Then Ei/l consists of:

(1) the variable z; for 0 <1i < k;
(2) the constant e; and

(3) the word ®(s,t) for s,t € L.

Given an object-set O and a finite subset P C O, we also restrict our language of bicategories
abe P, 1<i< k:} for k € Nand LB(P) :=
L(&8(0))v,(p)- Both L} and L}(P) are variable-finite.

from Example 2.6 by writing Vj(P) := {xl(.a’b)

Our terms will represent the operations we are concerned with in our coherence theorems.
But before we give meaning to these terms, we develop the tools for working with them,

based on techniques from formal logic.

To that end, we will prove the following Parsing
Lemma, ensuring that when a term is given as a string, we can uniquely determine how it

was constructed.

Lemma 2.9 (Parsing Lemma). Given t € L(S), either t is atomic or t can be written
uniquely in the form f(t1,...,t,) for a function symbol f € F andn termsty,... t, € L(S).
Moreover, ar(f) =n and dom(f) = (7(t1),...,7(tn))-

The uniqueness condition of this lemma is more subtle than it appears: for example,

we must exclude the possibility that t = f(si,...,sy) for terms s1,..., S, for which s is

4We could have used trees to represent our syntax visually, as is common in operad theory, computer
science, and linguistics. But we choose to use words and terms because they are easier to typeset and to
describe using basic mathematical terminology.
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a proper prefix of ¢;. We therefore introduce terminology for substrings of terms before

proving the lemma.

Definition 2.10 (Subword, subterm). Let w = a; - - - ay, be a word (resp. term) comprised
of n symbols ay,...,an. A subword (resp. subterm) of w is a word (resp. term) of the form
v = a;---a; for some 1 < i < j < n or, by convention (though we will not need it), the
empty string. In the nonempty case, we call v the (i,7)-subword (resp. (i,j)-subterm) of
w, and we call v a proper subword (resp. proper subterm) of w if (i,7) # (1,n). If i = 1,
we call v an initial segment of w, and if further j # n, we call v a proper initial segment of
w. Dually, if j = n, we call v a final segment of w, and if further i £ 1, we call v a proper
final segment of w. For our purposes, the empty subword is neither an initial nor a final

segment.

Example 2.11. Let Gy be the signature for monoidal categories from Example 2.2; by
Example 2.5, t = @(®(x1,z2),3) is a term of &y Then (x4, x2) is the (4, 8)-subword of ¢.
The word (z1,x2) is not a subterm of ¢ because it is not a term (a term cannot begin with
a left parenthesis), but the (3, 8)-subword ®(z1,x2) is a subterm of ¢, because it is itself a
term. The words ®(®(x; and ,x3) are proper initial and final segments of ¢, respectively,

but neither is a subterm of ¢.

We can generalize the final observation of the preceding example by introducing an in-

variant adapted from [4, Section 2.3] that will distinguish terms from their proper segments.

Definition 2.12 (Charge). Define a function C': A(S) — Z as follows:
o C(zy)=1foralli>0andteT;
e C(c):=1forall ceC;

o C(f)=—ar(f) for f € F;
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e C()) =2

Then for each word w = ay---a, comprised of n symbols a; € A(S), define C(w) =
C(ay) +---+ C(ap). We call C(w) the charge of w (by convention, the empty word has

charge 0).

Lemma 2.13. Every term w € L(S) has charge C(w) = 1. If u is a proper initial segment
of w, then C(u) < 0, and if v is a proper final segment of w, then C(v) > 1.

Proof. Induct on w. If w is atomic, its charge is 1, and since a single symbol has no proper
initial or final segments, the rest of the claim follows vacuously.

Otherwise, w = f(t1,...,t,) for f € F with ar(f) = n > 0 and t1,...,t, € L(6).
Suppose the result holds for each ¢; € L£(&), so in particular C(¢;) = 1. As commas

contribute zero charge, we have

Clw) =C(f)+C(O)+Ct) +---+C(ta) +C())

=-n—-1l+n+2=1

Now let u be a proper initial segment of w. If u = f we have C'(u) = —n < 0. Otherwise,
u= f(t1,...,tg—1,u; for some 1 < k < n, where uy is either the empty string or an initial

segment of tx. Then C(ux) <1 and

Clu) =C(f) +C(() +C(t2) + -+ + Cltr-1) + Clu)

=—n—14k—14Cux) <—-n—-14+k<0.

Finally, if v is a proper final segment of w, then w = wv for a proper initial segment u

of w, so C(v) > C(u) + C(v) = C(w) = 1. O
The following corollary is immediate.

Corollary 2.14. No proper initial or final segment of a term is a subterm, and no word is

both a proper initial segment of a term and a proper final segment of a term.

We therefore have the following result that will prove our Parsing Lemma.
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Corollary 2.15. Given m,n > 0 and terms si,...,8m,t1,...,tn € L(S), if we have an
equality of words

81,...,8m:t1,...,tn

then m =n and s; = t; for all 1 < i < n.

Proof. Induct on n. If n = 1, then the term s; is an initial segment of the term t;, so by
Corollary 2.14 we must have s; = t; and thus m =1 =n.

If n > 1, compare the lengths of s, and t,,. If len(s,,) < len(t,), then s,, is both a proper
final segment of ¢, and a term, contradicting Corollary 2.14; and similarly for len(s,,) >
len(t,). So len(s,,) = len(¢,) and thus both s, = ¢, and s1,...,8n-1 = t1,...,tn—1. By

induction m —1=n—1and s; =t; for 1 <i <n—1, so we are done. ]
The Parsing Lemma follows directly.

Proof of Lemma 2.9. Existence follows by construction, so assume

9(S1y--y8m) =t = f(t1,...,tn)

for g € F and m terms sy,..., s, € £(&). The initial symbols of both ends of the equation
must coincide, so g = f. The (3,len(¢) — 1)-subwords of both ends must coincide as well, so

S1y.++38m =1t1,...,tn. Then the result follows from Corollary 2.15. O

We call the subterm ¢; in a non-atomic term w = f(ty,...,t,) the i'" entry of w.
We may also use Corollary 2.14 to characterize where the subterms of a term may appear,

which we will often need to do when analyzing terms.

Corollary 2.16. Say w = f(t1,...,tn) € L(&) and v is a proper subterm of w. Then for
every instance of v in w, there exists 1 < k < n such that that instance of v is contained in

the k™ entry ti, of w.

Proof. Consider the (i, j)-instance of v in w. Then i # 1, or else v would be a proper initial
segment of w, contradicting Corollary 2.14. Moreover, v does not start with a parenthesis
or comma, so the index i must correspond to a position in one of the subterms t;. It follows

that the (i, j)-instance of v is contained entirely in ¢, for if not, then intersecting the two
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yields a subword that is both a proper initial segment of v and a (not necessarily proper)

final segment of t, contradicting Corollary 2.14. O

Corollary 2.17. Given w € L(S), suppose vy is the (i, ji)-subterm of w for k = 1,2.
Suppose further that (i1, j1) # (i2,j2). Then either vi and ve are disjoint or one is contained

in the other (with endpoints excluded).

Proof. If v1 and v are both atomic, then they are disjoint because (i1,71) # (i2, jo2).

If v1 is atomic and vy is not, then either they are disjoint or v; is a symbol in v9. Since
v starts with a function symbol and ends with a parenthesis, v; is not at either end of vs.
The case where vy is a variable and v; is not is analogous.

It remains to consider when neither v; nor vy are atomic, so i < jr. Suppose without
loss of generality (i1, 1) < (i2,j2) in the lexicographic order. If j; < iy, then v; and vq are
disjoint. The case j; = io is impossible because v; ends with a right parenthesis and vy
starts with a function symbol. So it suffices to consider io < j;. By the lexicographic order,
we also have i1 < iy, and now we apply Corollary 2.14 repeatedly.

If 44 = ido, then j1 < js by the lexicographic order, and hence v is a proper initial
segment of vo. This contradicts Corollary 2.14, so i1 < i2. Now consider the values of j;
and jo. If j; = jo, then vy is a proper final segment of vy, a contradiction. If j; < jo, then
i1 < i2 < j1 < j2 and the (ig, j1)-subword of w is both a proper final segment of v; and a

proper initial segment of ve, a contradiction. Therefore jo < 71, 50 11 < 19 < jo < J1. O

Often we will want to restrict the set of terms under consideration but still ensure that

we may induct on their constructions. As such, we introduce the following definition.

Definition 2.18 (Subterm-closure). A subset O C L(&) of terms is subterm-closed if, given

t €O and s € L(S) for which s is a subterm of ¢, we have s € O as well.

Example 2.19. Every language £(&) is itself subterm-closed, as is £(&)y, the set of all
terms whose variables are all in V, for any set of variables V. In particular, the languages
of monoidal categories and bicategories with object-set O from Examples 2.5 and 2.6 are
subterm-closed, as are their variable-finite subsets £} and £P(P) from Example 2.8 for

k € N and finite P C O.
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Note that every nonempty subterm-closed subset of £(&) must necessarily contain at
least one atomic term, for the positivity of term lengths implies that the subset must contain
a term of minimal length, and subterm-closure implies that every term of minimal length
is atomic.

Another example of a subterm-closed set of terms is the set of all reqular terms in a

language, which we define here.

Definition 2.20 (Regularity). A term ¢ € £(&) is regular if no variable appears in ¢ more
than once; that is, each variable z} is a (j7, j¥)-subterm of ¢ for at most one value of jF.

For O C L(6) we let O™# denote the set of all regular terms in O.

Example 2.21. In the language £M of monoidal categories from Example 2.5, the term
®(®(e,xq), ®(z1,€)) is regular (a term may have repeated constants and still be regular),
but the term ®(®(x2,x1),x2) is not. Often we will work with the set of all regular terms
£Mreg in the language of monoidal categories, or its subset of all regular terms E,lf’reg with

scope V.

Example 2.22. Observe that every subterm of a regular term is still regular. It follows
that if © is subterm-closed, then O is subterm-closed as well. In particular, £(&)"8 is

subterm-closed, and £(&)}7® is both variable-finite and subterm-closed when V is finite.

We conclude this section by examining how we may construct new terms from old by
substituting terms for variables of the same type. Recall from Definition 2.7 that given a

finite set of variables V', a term with scope V' is a term whose variables are all in V.

Definition 2.23 (Substitution). Given a term ¢ € £(&) with scope V = {a;! <--- < 27"},
let s = (s1,...,5,) € L(S)™ be an n-tuple of terms, each of type 7(sx) = ti. We will define
t[V'/s] to be the term in £(&) with the same type as t obtained by simultaneously replacing

every instance of each variable x:: in ¢t with s;. We may define ¢[V/s] recursively as follows:

(1) If ¢ is a variable, then t = 1‘:: for some k, so define ;U;C: [V/s] = s. We have 7(t) =
T(x*) = t), = 7(s3) = T(t[V/s]).

i

(2) If t is a constant, define t[V/s] .= t. Again, we have 7(t) = 7(¢[V/s]).
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(3) Otherwise, t = f(t1,...,t,) for n-ary function symbol f and terms ti,...,t, € L(S)
with shared scope V' and dom(f) = (7(t1),...,7(tn)). Then with 7(tx[V/s]) = 7(tx),
we may define

flt1, .. to)[V/s] = f(t1[V/s], ..., ta[V/s])

by the Parsing Lemma. We still have 7(t) = cod(f) = 7(¢t[V/s]).

It turns out that substitutions compose.

Lemma 2.24. Given a term t € L(&) with scope V = {x;' < --- < a;"}, let s =
(S1y...,8n) € L(G)™ be an n-tuple of terms, each of type T(sx) = ti. Furthermore, let
W = {:z:‘;ll < e < 3:}1:1} be a common scope for si,..., Sy, so that t[V/s]| also has scope W,
and let v = (r1,...,mm) € L(S)™ be an m-tuple of terms, each of type 7(rr) = ug. Then
t[V/s|[W/r] = t[V/s'], where ' == (s1[W/x],. .., sn[W/r]).

Proof. Induct on ¢t. If ¢t is a variable, then ¢ = :L‘f: for some k, so t[V/s| = s; while
t[V/s'] = sp[W/r], and the result follows. If ¢ is a constant, then ¢[V/s|[W/r] =t = t[V/s].

Otherwise, t = f(t1,...,t,) for n-ary function symbol f and terms t1,...,t, € L(S)
with shared scope V' and dom(f) = (7(t1),...,7(tn)). Then by the Parsing Lemma and

induction,
tV/slW/r] = f(t[V/s],.... ta[V/s])[W/x]
= fV/s]W/rl,... ta[V/s][W/r])
= fGV/s|W/r], ... ta[V/s|[W/r])
= f([V/$],...,ta[V/S])
=t[V/s']
as desired. ]

Example 2.25. Consider the term t := ®(x3, ;1) in the language of monoidal categories

LM from Example 2.5 with scope V3 = {r1 < 9 < x3} from Example 2.8. Let

s = (®(x1, x2), x5, (24, €)) € (LM)3.
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Then ¢[V3/s] is the following term in £M:
®(®(r4,€), (1, 72)).
2.2 Graphs parametrizing coherence maps

We use terms to parametrize operation functors, but we also seek to parametrize the co-
herence natural transformations between them. We do so by constructing a directed graph
(using category-theoretic graph fundamentals from Section A.1, so in fact all our graphs
will be directed) with terms representing operations as vertices and formal transformations
representing coherence maps as edges,” beginning with a transformation schema for the
coherence maps initially specified. Note that coherence maps should always be between

operations of the same type, as we ensure in the following definition.

Definition 2.26 (Transformation schema). A transformation schema for & is a set & of

edge labels together with a function
T E o L(6) x7 L(S) = {(s,t) € L(6) x L(S) ( (s) = T(t)}.

We write e: s = t for () = (s,t), as well as dom(e) := s and cod(e) = ¢, viewing T as
a (directed) graph (see Definition A.1) with vertices in £(&), edges in &, and domains and

codomains as specified. We extend the type function 7 to € by setting 7(¢) := 7(s) = 7(¢).

Example 2.27 (Transformation schema for monoidal categories). Continuing from Exam-
ple 2.5 with the signature Gy and language £M for monoidal categories, we define a set of

edge labels £y == {a, 3, A, p} and transformation schema Tgy: Egv — LM x LM given by

a: @(®(21,22), 13) = (21, ®(22,23)) B (21, 72) = ®(22,21)

A ®(e,x1) = 21 p: ®(x1,e) = 11

for symmetric monoidal categories. We can restrict the edge labels to &y == {a, A, p} and

Tam to Tar: Em — LM x LM to obtain a transformation schema for monoidal categories.

5This means our vertices will in fact represent 1-dimensional functors and our edges will represent 2-
dimensional natural transformations; our notation will reflect this.
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Example 2.28 (Transformation schema for bicategories). We continue from Example 2.6
using the signature Gg(0) and language L£(O) for bicategories with object-set O by defining
a set of edge labels

E(0) = {a®®d | a,b,c,d € OY LU {A | a,b e OY U {p®® | a,b € O}

and transformation schema Tp(0): &5(0) — LB(0) X(0x0) LB(0) given by

a® e oy a (0ped (T1,72) ,23) = 0404 (1,00 (T2, T3))

c,d

)\c,d: Oc,d,d <1d; .%'1) = T P71 O¢ed (1131, 1c) = I

for bicategories with object-set O, with

(e,d) . xgb,c)

o _ (a,b)
X1 = Ty s 9 — 3 .

, and z3==x

We may suppress elements of O in the superscripts and subscripts for readability when they

are clear from context.

For the remainder of this chapter, we fix a set of edge labels £ and a transformation
schema ¥: &€ — L(6) xp L(S) for our signature &. We now expand the edge-set £ of our di-
rected graph to include arbitrary terms substituted into the variables (as in Definition 2.23)

appearing in the endpoints of the edges in our transformation schema.

Definition 2.29 (Atomic transformation). We construct a directed graph @7/¢(S, %) with
vertex-set £(&) as follows. Let ¢ € £ be an edge label e: dom(e) = cod(e), and let
Vi) = {:E:ll < e < a:f}f} be the set of variables V(dom(e)) U V(cod(e)) appearing in
dom(e) or cod(e). If s1,...,s;, € L(S) are terms with 7(s;) = t; for all 1 < j < k,
then the (s1,...,sg)-instance of € is the tuple (g;s1,...,s;). We shall denote the tuple by

€s = €s1,...,5, and regard it as an edge
es: dom(e)[V (e)/s] = cod(e)[V (e)/s]

as in Definition 2.23, so that s; has been substituted for every instance of x:j in both

dom(e) and cod(e) for 1 < j < k. We shall call the instances eg of edge labels € € £ atomic
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transformations,% and we let At(&,T) denote the set of atomic transformations. Then the

directed graph «/t(S, T) has vertex-set £(&), edge-set At(S,T), and
dom(gg) == dom(e)[V(e)/s] and cod(es) = cod(e)[V (€)/s]

for all e € At(S,%). We set 7(gs) == 7(¢) and V(eg) = V(dom(eg)) U V(cod(es)), so that
V(es) is the set of variables appearing in either the domain or the codomain of 5. A scope

for es is a finite set of variables that is a scope for both dom(es) and cod(es).

For each ¢ € £, we can take the variables in V() = {z{! < - < x::} and trivially
“substitute” each one for itself: setting x = (z!,... ,x;.c:), we have dom(e)[V(e)/x] =
dom(g) and cod(e)[V (¢)/x] = cod(e), so we may identify ex: dom(e) = cod(e) in At(&,T)
with €: dom(e) = cod(e) in &, yielding a canonical inclusion £ — At(S, T).

More generally, recall that the domain and codomain of an edge label ¢ € £ share a
type, and substitution does not change type, so the domain and codomain of an atomic
transformation eg share a type as well, namely 7(g). So we have extended our type function

T to atomic transformations in such a way that the type of an atomic transformation matches

the type of its domain and codomain.

Example 2.30 (Atomic transformations for monoidal categories). We continue from Ex-

ample 2.27. The atomic transformations in At5™ := At(Syr, Tqu) are the edges

st (R(r,8),t) = Q(r,®(s,1)) Bst: @(s,t) = ®(t,s)

At: R(e,t) =t pr: ®(t,e) =1

for terms r,s,t € LM, These edges form the graph «/t>M with terms in £M as vertices.
The atomic transformations in AtM = At(Sy, Tv) are those in AtSM not of the form Bs.t,
comprising the edges of a subgraph &7/tM of «7tM that still has all the same vertices. We
also let @/t3M (resp. &/t}1) be the full subgraph of &/t5M (resp. &/tM) whose vertices are in
LM from Example 2.8, with edge-set AtP™M (resp. At})).

5Note that the atomic transformations for a transformation schema (&, T) are not the same as the atomic

terms for the signature &, although we use the same adjective for both. In fact, in the directed graph that
we define shortly, atomic terms are found among the vertices, while atomic transformations comprise the
edges.
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Example 2.31 (Atomic transformations for bicategories). Continuing from Example 2.28,

the atomic transformations in At®(0) = At(65(0), Ts(0)) consist of the following edges:

Qs o(o(r,s),t) = o(r,o(s,t))

Atl O(lb,t) =1 Pt - O(t, 1a) =1
for a,b,c,d € O and terms r,s,t € LB(0), with subscripts suppressed for clarity, such that
7(r) = (c,d), 7(s)=(b,c), and 7(t)=(a,b).

These edges form the graph «7t3(0) with terms in £LB(O) as vertices. Let «7t2(P) be the
full subgraph of &7t5(0) with vertex-set L (P) from Example 2.8, with edge-set Atp(P).

Next, we introduce formal identity transformations and apply function symbols alongside
these to each atomic transformation to obtain what we call basic transformations, following
Mac Lane in [16, p. 166]. Each basic transformation ¢ will contain exactly one atomic
transformation eg; the domain and codomain of &5 will be subterms of the domain and
codomain of ¢. While ¢ may have a larger domain than eg, only identity transformations
will “act” on any portion of dom(yp) outside of its subterm dom(eg), so that cod(y) is
obtained by replacing the subterm dom(eg) of dom(p) with cod(es) and changing nothing

else. We formalize this as follows, building on the constructions from Definition 2.29.

Definition 2.32 (Identity transformation, basic transformation). Define a signature with

the same sets of types T' and function symbols F' as & but with new constant symbols
{id¢ | t € L(6)} LU At(G,%)

with 7(id;) = 7(¢) and 7(es) == 7(¢) for 5 € At(S,T) (consistent with the definition of 7 on
At(&, %) from Definition 2.29).” So for t € £(S), there is a term id; of this new signature
of type 7(t) called the identity transformation for t.

We seek to define a set of terms Bs := Bs(6, %) called basic transformations that we

regard as edges via functions dom, cod: Bs(&,%) = £(S) to form a directed graph whose

"In this new signature, distinct from &, the atomic transformations are constants and are thus atomic
terms for the new signature, justifying their name. But to avoid confusion, henceforth when we refer
to constant and atomic terms, we will always mean the constant and atomic terms for the signature &,
distinct from the id:’s and the atomic transformations that are constants for this new signature.



21

vertices are terms and whose edges are the basic transformations between them. Although
we will not include identity transformations among our basic transformations or in our
directed graph, it may aid intuition to think of an identity transformation id; as an edge
id¢: t = t. Below, we recursively define our basic transformations, along with their types,

domains, and codomains.

(1) Every atomic transformation 5 € At(S,%) is also a basic transformation, with
dom(eg) == dom(e)[V(¢)/s] and cod(eg) = cod(e)[V (g)/s] as in Definition 2.29. So
At(6,%) C Bs(6,%). Again 7(es) = 7(¢), so e shares a type with its domain and

codomain.

(2) Given a function symbol f € F with arity n, a basic transformation ¢ € Bs(&,%),

and terms t1,...,tg—1,tpt+1,---,tn € L(G) for 1 < k < n with

dom(f) = (7(t1),. .., 7(tk—1),7(¥), T(tks+1), - - -, T(tn)),

we can construct the term

80, = f(idyy, .., idg, 5, idtk+1’ -y idy,,)

of type cod(f) and let it be a basic transformation as well. We set

dom(y’) == f(t1,...,tp_1,dom(p), trs1,- - tn)

and cod(¢) == f(t1,...,tp_1,c0d(®), thr1,---,tn)

as these are well-defined by the Parsing Lemma, so that the basic transformation ¢’

also shares a type with its domain and codomain.

We let B = B(S,T) be the directed graph given by dom,cod: Bs = L(&) as defined
above, where each edge shares a type with its domain and codomain.

For a subset of terms O C £L(&), we write Bsp C Bs for the subset of basic transforma-
tions whose domain and codomain are both in £, and we write Ay for the full subgraph
of & spanned by ©: its vertices are given by £ and its edges are given by Bsy. For a

set of variables V' for &, we write Bsy := Bsy(g),, for the subset of basic transformations
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whose domain and codomain have scopes contained in V, and we write By = % (g), for
the full subgraph of # spanned by L£(&)y: its vertices are given by £(S&)y and its edges
are given by Bsy. For finite V, we say that V is a scope for ¢ if ¢ € Bsy. We write
V(p) == V(dom(p)) UV (cod(p)) so that for ¢’ = f(idy,,...,ids,_,, @, id¢,, ..., ids,),

V() =V(t)U---UV(tr—1) UV () UV (tpg1) U--- UV (tn).

Example 2.33 (Basic transformations for monoidal categories). We continue from Exam-

ple 2.30. The basic transformations in BsSM := Bs(Gy, Tonm) include atomic transformations
Qps,t - ®(®(T7 5)7 t) = ®(7", ®(5a t))
as well as By, Ay, and p,, for r,s,t,u,v € LM as well as longer terms like

®(idu; rs.t) : @(u, &(2(r,5), 1)) = @(u, d(r, @(s,1)))

and ®(®(idy, arst),1dy) : R(®(u, R(®(r, 5),1)),v) = V(& (u, ®(r, ®(s,1))),v).

These are the edges of the graph #°M with terms in £M as vertices. If we delete every edge
containing a term of the form £, , from AM | we obtain a graph #M, still with terms in
LM vertices and with basic transformations in Bs™ = Bs(&yr, Ty) as edges. We also let
BM (resp. B be the full subgraph of ZM (resp. M) whose vertices are in £}, with

edge-set Bsp™ (resp. Bs}).

Example 2.34 (Basic transformations for bicategories). We continue from Example 2.31,
suppressing subscripts for readability. Let a,b,c € O and fix terms s of type (b, ¢) and ¢ of
type (a,b). The basic transformations in Bs®(0) = Bs(6p(0), Tg(0)) include the atomic

transformations g for g € AtB(O), such as
A:o(e,t) =t
of type (a,b), as well as longer terms like

o(ids, A): o(s,0(e, t)) = o(s, t)

and o(o(ids, A),id.): o(o(s,o(e, t)),e) = o(o(s,t),e€)
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both of type (a, c). These are the edges of the graph %5(O) with terms in £B(O) as vertices.
We also let %2 (P) be the full subgraph of 2%(0) whose vertices are in £ (P), with edge-set

BsP(P); for instance, the preceding basic transformation is in BsP({a, b, c}).

We define a number of useful auxiliary functions on basic transformations. The Pars-
ing Lemma ensures that these constructions, which depend on the entries of each basic

transformation, are all well-defined.

Definition 2.35. Fix 5 € At(6,%), f € F, ¢ € Bs(6,%), and t1,...,t—1,tki1,-.. tn €
L(6) for 1 < k <n with dom(f) = (7(t1), ..., 7(tk—1), 7(¢), T(tkx1),--.,7(tn)), so that we

have a basic transformation
QO/ = f(idtl, e ,idtk_l,gO, idtk+1, e 7idtn)'

(1) The atom of a basic transformation is the atomic transformation given by the function

A: Bs(6,%) — At(6,F) defined recursively by
Aes) =es and A(y') = A(p).

It is the unique atomic transformation appearing in the basic transformation. By

induction, V(A(p)) C V(p), so a scope for ¢ is always a scope for A(y).

(2) The label of a basic transformation is the edge label given by L: Bs(S&, %) — £ defined
recursively by
L(es) =¢ and L(¢') = L(p).
Note that the label function factors through A, and in fact L = Lo A. We say that ¢

is an L(p)-basic transformation.

(3) The span of a basic transformation ¢ is an ordered pair of positive integers S(y¢) =

(S1(p), S2(p)) given recursively by

S(es) == (1,len(dom(eg)))

and  S(¢') = S(p) +len(ty) + -+ +len(ty_1) +k + 1,
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where (a,b) + ¢ := (a + ¢,b + ¢). Despite the notation, we typically think of the span
as a closed interval [S1(¢), Sa(¥)].

The span is defined so that the domain of the atom of ¢ is the S(¢)-subterm of the
domain of ¢, which we can show inductively: it is true for the base case of eg, and it
is true by induction for ¢' = f(idy,,...,ids,_,,¢,ids,,,-..,ids,) because the domain
flt1, .. tg—1,dom(p), tgr1,...,ty) of ¢ has len(t;) + --- + len(tx_1) + k + 1 total
symbols appearing before dom(y) does. We can further deduce the identity

Sa(p) — S1(p) = len(dom(A(p))) — 1.

The difference of p is A(p) := len(cod(p)) —len(dom(y)). By induction, the difference
function factors through the atom function: A = A o A. Depending on the transfor-
mation schema, A might further factor through L (see the following example). Also
note that the codomain of the atom of ¢ is the (S1(¢), S2(¢) + A(¢))-subterm of the

codomain of .

Example 2.36. Consider the basic transformations in Bs’™, the edges of M, from Ex-

ample 2.33. The atom function A lands in At>™, and we have for instance

A(®(id®(a:2,a:3)v axl,x3,®(x4,x2))) = gy 23,®(x4,72)

and A(®(®(/\m3v idﬂﬂs)v idml)) - /\137

while the closely related label function L lands in Egv = {a, B, A, p}, with

L(®(id®(1‘2,m3)v axl,x3,®(x4,x2))) =«

and L(®(®()\:17371d$3>71d$1>) = A

Meanwhile the span function S satisfies

S(®(id®(x2,x3)7 043:1,3:3,@(:1:4,3:2))) = S<a:v1,5637®($4@2)) +len(®(z2, 23)) +3
= (1, len(®(®(fc17l’3), ®($47$2)))) +9

= (10, 25),
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with the (10, 25)-subterm of

dom(®(id®(m,13)a ax1,13,®(x4,x2))) - ®(®($2, x3)7 ®<®<l’1, $3), ®(x47 x2)))
given by ®(®(x1,73), ®(z4,72)) = dom(y, 2, @(z4,20))- We also have

S(@(@ (g, iday),1dg, ) = S(@(Aas, idas)) + 2
=S(A\gy) +4
= (1,len(®(e,x3))) + 4

= (5,10),

with the (5, 10)-subterm of

dom(®(®()‘x3 ) id$3)a idy, )) = ®(®(®(6, 333)7 .1‘3), 1‘1)

given by ®(e,x3) = dom(Ay,).

Finally, the difference function always factors through A, and in this case can further be

factored through L: for r,s,t € LM, we have

Aars,t) = len(®(r, ®(s, 1)) — len(®(®(r, 5),1)) =0,
A(Bey) = len(®(t, 5)) — len(®(s, t)) = 0,
A(sy) = len(t) — len(®(e, t)) = —5,
and  A(psy) = len(t) — len(®(t, e)) = —5,

which we can generalize to deduce that all - and S-basic transformations have difference

0 and all A\- and p-basic transformations have difference —5.

We can invoke the Parsing Lemma to uniquely determine a basic transformation given

its atom, domain, and span.

Lemma 2.37. Given an atomic transformation es € At(&, %) and a term t € L(S) whose
(1,7)-subterm is the domain of €s, there is a unique basic transformation ¢ with domain t,

atom eg, and span (i,7). Moreover ¢ has scope V(p) =V (t) UV (cod(es)).
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Proof. We begin with the case where ¢ = 1 and j = len(¢), making ¢t = dom(es). Then &g
is a basic transformation with domain ¢, atom eg, and span (1,len(t)), with scope V(es) =
V(dom(eg)) UV (cod(es)). If o is another basic transformation with span (1,len(t)), then ¢
is necessarily an atomic transformation, so A(y) = €5 implies ¢ = &g, proving uniqueness.

We proceed by induction on t. If ¢ is an atomic term, then ¢ = 1 = len(¢) = j, and we
are in the case above. Now given a term ¢ = f(¢1,...,t,) with n-ary function symbol f
and terms t1,...,t, with dom(f) = (7(¢1),...,7(ts)), assume dom(es) is its (4, j)-subterm.
Again, we are done if (i,5) = (1,len(t)). Otherwise, by Corollary 2.16, the (4, j)-subterm
dom(eg) of t is contained entirely in some t;. More precisely, if the k' entry ¢ is the
(ik, ji)-subterm of ¢, then 3 < iy < i < j < jg, with dom(eg) the (i —ix + 1,7 — i + 1)-
subterm of ;. By induction, there is a unique basic transformation ¢ with domain ¢;, atom
es, and span (i — i + 1,7 — i + 1), with scope V(¢) = V(tx) UV (cod(es)). Then the basic
transformation

w = f(idtl, e 7idtk—17 D, idtk+1, N >idtn)

has domain ¢, atom eg, and span (i, j), with scope

V() =V(#t) U UV (k1) UV () UV (tgr1) U--- UV (E,)

V{t) U - UV (1) UV () UV (cod(es)) UV (tprr) U -~ UV (tn)
,

(t) UV (cod(es)).

To prove uniqueness, let 1)’ be another basic transformation with domain ¢, atom &g,

and span (i,7). As i > 1, ¢/ is not atomic, so

V' =g(ids,, ..., ids,_,, ¢ idg,, - - -, idg,,)

for m-ary function symbol g, terms si,...,Ss_1,S¢41,---,Sm, and basic transformation ¢’
with dom(g) = (7(s1),...,7(se=1),7(¢"), 7(S¢41); - - -, T(8m)), such that A(¢') = es and the
(i,)-subterm of dom(v)) appears in the £ entry. Then ¢ = dom(¢) implies

flte, .o tn) = g(s1,...,80-1,dom(¢’), Spx1, .-y 8m);

so by the Parsing Lemma n = m, f = g, and t, = sp, for 1 < p < n if we let sy := dom(¢’).

The fact that ¢’ has span (4, j) with the (7, j)-subterm of the left hand side appearing in the
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k™ entry forces dom(¢') to also be the k™ entry on the right hand side, so k = £. Tt follows
that ¢’ is a basic transformation with domain s, = tj, atom &g, and span (i—ix+1,j—ix+1),

so by uniqueness from the inductive hypothesis, ¢ = ¢’ and thus ¥ = /. O

Just as we may substitute into terms, we shall also perform substitutions into basic

transformations.

Definition 2.38 (Substitution for basic transformations). Let V = {x;-cll <-- < .CC:::} be
a finite set of variables for & and let ¢ € Bsy be a basic transformation with scope V', so
that both the domain and codomain of ¢ have scope V. Let r = (r1,...,7y) € L(&)™
with 7(r;) = tx. Then ¢[V/r] denotes the basic transformation in Bs(&,T) obtained by
simultaneously replacing every instance of each variable mf: in ¢ with r;. More precisely,

define substitution recursively by

€s1,0008n [V/r] = Es1[V/r],es5n [V/]

f(idtla ceey Py 7idtp)[v/r] = f(idt1[V/r]7 e '7%0[‘//1‘]7 ce 7idtp[V/r])

By inducting on the definition above and on our definition of term substitution in Defini-
tion 2.23, and using the fact that substitutions compose from Lemma 2.24, we find that
dom(p[V/r]) = dom(¢)[V/r] and cod(p[V/r]) = cod(p)[V/x]. If ri,...,ry, have common
scope W (i.e. r1,...,mm € L(S)w), then ¢[V/r] has scope W as well (i.e. ¢[V/r] € Bsy).

We may wish to designate a subset of our basic transformations as invertible by marking

them in our graph and formally inverting them, as in the following definitions.

Definition 2.39 (Marked graph). A marked (directed) graph is a pair (¢,.7) consisting of
a (directed) graph ¥ = [E = V] and a subset I C F of marked edges. Then the directed
graph ¢[I!] has the same vertex-set V as ¢ and edge-set EUI"' = EU{i7! | i€ I},

with domains and codomains on 7! given by dom(i~!) := cod(i) and cod(i~!) := dom(i).

Note that an isomorphism ¢: (¢4, 11) — (¢, I2) of marked directed graphs (i.e. a graph
isomorphism ¢: 4 — % as in Definition A.2 that restricts to a bijection I — I3 on marked
edges) extends to a graph isomorphism ¢: 4 [I;!] — %[, '] that sends i~! to (i)~ for

each ¢ € I. Furthermore, given a graph morphism ¢: ¢4 — % (see Definition A.2) from a
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marked directed graph (¢, 1) to the underlying graph of a category ¢ (see Definition A.3)
that sends every marked edge in I to an isomorphism in %, we can extend v to a graph
morphism ¢: ¢[I7!] — % that sends i~ to (i) ™! (note that without the latter condition,
there is not necessarily a unique graph morphism ¢[I~!] — %).

We can therefore mark our transformation schemata.

Definition 2.40 (Marked transformation schema). A marked transformation schema for &
is a transformation schema T: & — L(6) xp L(G) along with a set of marked labels T C E.

The J-marked basic transformations are the elements of the set L=1(J), i.e.
Bsy i= Bs3(6, %) == {p € Bs(6,%) | L(¢) € T},

yielding marked directed graph %y = %5(6,%) = (%, Bs;) and directed graph %[Bsy 1.
Restricting our terms to O C L(&), so that Bsy is the set of basic transformations between
terms in 9, and Ay is the graph whose vertices are the terms in £ and whose edges are the
basic transformations in Bsp between them, we let Bsg 5 := Bsp N Bsj, the J-marked basic
transformations between terms in O, yielding marked directed graph %y 5 = (%o, Bsp 3)
and directed graph %o [Bsg}j]. Restricting our terms to £(&)y for a set of variables V
for &, we let Bsy5 == Bsg(g), 3, yielding marked directed graph By 5 = (By,Bsy5) and
directed graph %y [Bs‘_/lj]

In the rest of this chapter, we fix a set of marked labels 7 C £ to obtain a marked
transformation schema (¥,J) for &, a set of J-marked basic transformations Bsy, a marked
directed graph %y, and an associated directed graph %[Bs; '] with terms in £(&) as vertices

and all our basic transformations and inverses for the marked ones as edges.

Example 2.41 (Marking all edges). Sometimes we may wish to mark every edge label in £
as invertible, in which case the set Bsg of £-marked basic transformations is the entirety of
Bs := Bs(6, %), forming the marked directed graph %s = (%, Bs) and associated directed
graph Z[Bs™!].

For instance, continuing from Example 2.33, we mark every edge label in &\ to obtain the

marked transformation schema for monoidal categories, forming the marked directed graph
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%’24 = (M ,BsM) and directed graph M |[(BsM)~!]. Restricting to the vertex-set LM, we
have a marked directed graph 93}%4 E = = (2, Bs)") and directed graph 23 [(Bsp)~1].

For the marked transformation schema for symmetric monoidal categories, it turns out
we will only need to mark the edge labels in & = {o, A, p} C {a, 5, A\, p} = Esm, marks
just the basic transformations BsM ¢ Bs®™. This yields the marked directed graph ,%’Si\f =
(2™ BsM) and directed graph ZM[(BsM)~1]. Restricting to the vertex-set £}, we have
a marked directed graph %’gM = (M Bs)!) and directed graph M [(Bsp!) 1.

Similarly, continuing from Example 2.34, we mark every edge label in £5(O) to obtain
the marked transformation schema for bicategories with object-set O, forming the marked
directed graph #°(0)g,0) = (#°(0), BsB(0)) and directed graph %’B(O)[BSB(O)_l]. Re-
stricting to vertex-set £2(P) yields marked directed graph %g (O)k = (#2(P),Bsp(P))
and directed graph %2 (P)[Bsp(P)~1].

In summary, our marked transformation schema (¥,J) for our signature & gives rise to
a directed graph #[Bs; 1] with terms of & as vertices along with basic transformations and
formal inverses for J-marked basic transformations as edges. In order to be able to compose
these basic transformations and their inverses, we form the free category F(%[Bs;']), which
we will use in the next section to parametrize our algebraic structures on categories. We
conclude this section with some notational remarks regarding this free category and, more

generally, to its subcategories F(%o[Bsgh]) for O C £(&).

Notation 2.42. Following Definition A.4, let F(%[Bsgl}) be the free category on the di-
rected graph %[Bs; '] and F (%o [Bsg’lj]) be the free category on the full subgraph %o [BSS}:‘]
spanned by some O C £(&). We use o to denote (vertical) composition in F(%[Bs;"]),
and we write parentheses around its morphisms for clarity. An arbitrary morphism of

F(%5[Bsg’]) may then be written as

vi=(ph e epT)

for m € N, for which each goii: ti_1 = t; is an edge in By [Bsg}j]. That is, each goli
either bears a positive exponent, in which case it is a basic transformation ;: t;_1 = t;

between terms in £, or a negative exponent, in which case it is goi_l for an J-marked



30

basic transformation ¢;: t; = t;_1 between terms in O. As F(ABo [Bsg’lj]) is free, despite
the notation goi_l here is not the categorical inverse of ;; later we will quotient out by a
congruence that enforces an inverse law.

Recall from Definition 2.7 that V(¢) is the set of all variables in a term t € £(&) and
from Definition 2.32 that V' (¢) is the set of all variables in the domain and codomain of a

basic transformation ¢ € Bs. Given v as above, we may further define
V) =V(p)U---UV(pm) =V(te) UV (t1) U--- UV (1) UV ().
When v is viewed as a path, V(v) is the set of variables appearing in any vertex along v.

2.3 Congruences parametrizing commutativity

We parametrize coherence axioms as local binary relations (see Definition A.5) on our free

category F'(#[Bs;']).

Definition 2.43 (Commutativity schema, (restricted) coherence schema). A commutativity
schema for (6,%,7J) is a local binary relation 9 on the free category F'(#[Bsy ). We call
the quadruple € := (&,%,73,9R) a coherence schema.

A triple (€,V,90) is a restricted coherence schema if € = (&,%,3,R) is a coherence
schema, V' is a finite set of variables for &, and © C L£(8)y C L(6) is a (necessarily variable-
finite; see Definition 2.7) subset of terms that is also subterm-closed (see Definition 2.18).
Often we will denote a restricted coherence schema by just the pair (€, ), in which case V/

is understood to be V(9), the finite set variables appearing in O.

Example 2.44 (Coherence schema for monoidal categories). Building off of Examples 2.33
and 2.41, we define a local binary relation /M on the free category .#*M = F(#M), with

FMM s a (wide)

no edges marked for inversion; here ‘LM’ stands for lax monoidal. Since
subcategory of the free category FM := F(2M[(BsM)~1]), our local binary relation ™ will
also be a local binary relation on .#™. The local binary relation will consist of exactly two
relations, one corresponding to each coherence axiom for monoidal categories. In particular,

RM relates either path around each of the following diagrams in .#M c .#M (we suppress
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subscripts and empty pairs of parentheses in the basic transformations for readability):

a,id
R(D(®(21,72), 23), 74) —2Vs (@ (21, ®(22, 73)), 74)

o ®(x1,®(®(a:2,x3),x4))
ﬂ@(id,a)
®(®($1, 332), ®(.Z‘3, :U4)) % ®(SU1, ®($2, ®($3, l’4)));

e

®(®(z1,€),22) ®(z1,®(e, 22))
®(z1,x2).
Then ®M on .#M is the commutativity schema for monoidal categories, yielding the co-
herence schema @y = (S, Tnr, Ev, RM) capturing the axiomatic definition of a monoidal
category.
When no edges are marked, we expand %M on .#™M by adding three more relations to
form SRMM. This relation relates either path around the two diagrams above and the three

diagrams below:

e

®(®(e, 1), T2) ®(e, ®(z1,22))

®m z/

)
®($1,IE2);
®(®(z1,22), €) = ®(z1, ®(72,€))
\s 4%(@)
®(.’E1,1132);
A
7
® (e, €) e.
\;—/7
We thus have the coherence schema C€ry = (GM,TM,Q,%LM) capturing the axiomatic

definition of what is sometimes called a lax monoidal category, where the associator and
unitors need not be invertible, but we then need these additional axioms to ensure coherence.
For symmetric monoidal categories, we expand SR differently to a local binary relation

MRSM on the free category .FSM = F(#M[(BsM)~!]) (of which .ZM is a subcategory)
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consisting of five relations, one for each coherence axiom for symmetric monoidal categories.

So MM relates either path around the two preceding diagrams in .Z5M as well as the three
following:
id
®($1,1‘2 1'1,:(}2) ®(ZE1’ :> ® [ Il)
®(z2,71);
B

@(®(21,22), 23) === ®(21, ®(22,13)) == @(B(22,23),71)
®(ﬁ,id)ﬂ ﬂa

o id,
D(®(22, 21), 73) =2 ®(22, D(x1,73)) —lly (9, ® (3, 21)).

Here the horizontal morphism labeled id in the upper left diagram is not a basic transfor-
mation but an identity morphism in the free category .#>M.

Then $R5M is the commutativity schema for symmetric monoidal categories, yielding
the coherence schema €g\; == (Snp, Tsm, EMs SRSM) capturing the axiomatic definition of a
symmetric monoidal category (we do not mark § € &gy because the upper left triangle
already ensures [ is invertible).

For each k£ € N, recall from Example 2.21 that El;/l,reg - E% c £M is the set of terms
with scope Vi, = {z1 < -+ < x} that are regular, meaning they have no repeated variables.
We will focus on the terms in EM’reg in the coherence theorem for symmetric monoidal
categories. Then ((’ZSM,Vk,EM "8) (or simply (Q:SM,ﬁz/[’reg), as V(ﬁM "8) = V) is our
restricted regular coherence schema for symmetric monoidal categories in k variables. We

also have our restricted coherence schema (€yr, £M) (resp. (€, £M)) for monoidal (resp.

lax monoidal) categories in k variables.

Example 2.45 (Coherence schema for bicategories). Continuing again from Example 2.41,
we define a local binary relation :R2(O) on the free category .#B(0) = F(#8(0)), with
no edges marked for inversion; here ‘LB’ stands for laz bicategory. Since .FB(0) is a
(wide) subcategory of the free category ZB(0) := F(#®(0)[Bs®(0)~1]), our local binary
relation SB(0) will also be a local binary relation on .#8(0). The local binary relation

MB(0) will consist of two families of relations, one corresponding to each coherence axiom
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for bicategories. So MB(O) relates either path around each of the following diagrams in

FB(0) c FB(0) for a,b,c,d,e € O:

o(a,id)

o (o (o(z1,22),23),74) o (o (z1,0(w2,x3)) , T4)

« O(l'l,o(o(x%x?))?x‘l))

ﬂo(id,a)

o (o(x1,w2),0 (73, 24)) =="=> o (21,0 (2,0 (r3,24)));

o(o(x1,14),x2) = o(x1,0(1g,22))
o(p;id) %\)
o(x1,x2)
with
T = x&d e), T9 = xgc’d), T3 = a::(,,b’c), and x4 := xia b

Then RB(O) is the commutativity schema for bicategories with object-set O, yielding the
coherence schema €5 (0) = (&g(0),Tp(0), E(0), RB(0)) capturing the axiomatic defini-
tion of a bicategory with object-set O.

When no edges are marked, we expand SRB(0) on .#B(0)(0) by adding three more
families of relations to form MMB(O), relating either path around each of the following

diagrams for a,b,c € O:

o(o(1¢,71), o(x1,x2))
51317$2
o(o(x1, x2), o(x1,0(xe,1,))
5U175U2
P
(14,14) 1,
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with

b,c) (a,b) .

T1 = xg and 9 = x4y

We thus have the coherence schema €1p(0) = (&5(0),Ts(0), @, RB(0)) capturing the
axiomatic definition of what we shall call a lax bicategory with object-set O, where the
associator and unitors need not be invertible, but we then need these additional axioms to
ensure coherence.

For each k € N and finite subset P C O, we have restricted coherence schemas given by
(€1B(0), LE(P)) and (€5(0), LE(P)) (see Example 2.8), with the latter being our restricted
coherence schema in k variables for bicategories with objects in P C O. (Note here that

V(LE(P)) = Vi(P).)

For the rest of this chapter, we fix a commutativity schema R for (&,%,7), yielding a
coherence schema € = (&,%, 7, R).

The relations in R parametrize the axioms asserting commutativity of certain diagrams
of coherence maps. By forming horizontal composites and appealing to inverse laws, func-
toriality, and naturality, we can deduce additional commutativity conditions between the
composites of basic transformations that comprise the morphisms of F(%[Bs;']). We for-
malize this process as follows, restricting to a finite set of variables V' when we need to fix

the scope.

Definition 2.46. Given a set of (not necessarily finite®) variables V for &, construct a
local binary relation R(€)y on F(Ay [Bs‘_/lj]) as follows. As in Notation 2.42, we write o
for (vertical) composition in F(Ay [Bs‘_,’lj]), and we use parentheses for clarity. We first
construct four local binary relations R™ = R™ (&), Rf™ := Rfun(@)y,, RPat .= R (@),
and R°™ = R“™(C)y on F(Ay [Bs‘_/lj]) like so. (See Example 2.47 for concrete examples

of each relation.)

(a) The local binary relation R consists of the relations

(o' o) RN id, and (pep™) RYY id,

8We will always take V to be either finite or the set of all variables for &.
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for all marked basic transformations ¢: s = ¢ in Bsy 5 (i.e. all marked basic transfor-

mations ¢: s = t in Bsy for which s,t € L(&)y).”

The local binary relation R is defined as follows. Recall from Definition 2.35 that the
atom A(p) of a basic transformation ¢ is the unique atomic transformation appearing
in ¢; that the span S(p) = (Si(p),S2(¢)) of ¢ is defined so that dom(A(p)) is
the S(¢)-subterm of dom(p); and that the difference of ¢ is given by the formula
A(p) = len(cod(y)) — len(dom(y)). So for any two basic transformations ¢: s = t;
and ¥: s = to in Bsy with Sa(¢) < S1(¢), we have that s has dom(A(p)) as its
S(¢)-subterm and dom(A(v)) as its S(t)-subterm. Then:

(i) The term ¢; is given by replacing the S(¢)-subterm of s with cod(A(p)) without
changing the rest of the term, so ¢; has dom(A(v)) as its (S(1)) + A(p))-subterm.
So we can let ¢ : t; = u be the unique basic transformation with domain ¢1, atom
A(%), and span S(¢)) + A(p) guaranteed by Lemma 2.37.

(ii) The term ty is given by replacing the S(v)-subterm of s with cod(A(v)), so t2
still has dom(A(p)) as its S(¢)-subterm. So let ¢’: t3 = u’ be the unique basic

transformation with domain t3, atom A(p), and span S(y) from Lemma 2.37.

Then necessarily u = u/. By Lemma 2.37, since @, € Bsy, we have
V(@) =V(t1) UV (cod(A(¥))) CV(p)UV(¥) CV,
so u = cod(¢’) € L(S)y and thus ¢’, 7’ € Bsy. So we declare

(¥ o) R (¢ @),

The local binary relation R"®' is defined as follows. Given an atomic transformation
es: to =t} in By with s = (s1,...,8,) € LIS, so tg = dom(e)[V(e)/s] € L(S)y
and t{, = cod(e)[V(e)/s] € L(S)y, fix some 1 < ¢ < k and a basic transformation

Y: s¢ = 8y in By. Then:

9Recall that when forming %o [Bsg 13], we only take formal inverses of entire basic transformations, never

their constituent parts. Syntactically, this means that the symbol ~! can only ever appear at the very end
of a string denoting an edge of By [Bsg}j]. We will interpret these inverses in (2.73).
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(i) Let the pairs (a1, b1),. .., (a&m, by ) denote the positions of all the instances of s; in
to, ordered right to left (so ap, < by, < -+ < aj; < by), arising from substitutions
of sy for the /" variable of V() in dom(e). For 1 < i < m, we recursively define
Y;: t;_1 = t; in Bsy to be the unique basic transformation with domain ¢;_1,

atom A(7)), and span S()) + a; — 1 given by Lemma 2.37.

(ii) Similarly, let the pairs (a},b}),..., (al,, b)) denote the positions of the instances of

s¢ in t(, ordered right to left (a,, < b, < --- < a; < by) arising from substitutions

of sy for the ¢ variable of V(g) in cod(g). For 1 < j < n, recursively define

Y iy =t} in Bsy to be the unique basic transformation with domain ¢;_,

atom A(v), and span S() + a; — 1 given by Lemma 2.37.

It follows that there is an atomic transformation eg: t,,, = t if we define s’ =

(8153 80-1,5p, S¢41,- - -»5k). S0 we declare

(Yo oyees) Rl (cor @ Pme--- o).

The local relation R°™ is defined as follows. For each i-relation
v=(phle et B (e eufl) =/,
where the ¢;’s and 1);’s are basic transformations, define the finite set of variables
W= V@) UV() = V(er) U UV () UV (1) U--- UV (8h,)

appearing in either v or v/ as in Notation 2.42. Order and label the variables in W so
that W = {x}fll << xz:} Ifr = (ry,...,mx) € L(&) is a k-tuple of terms such

that 7(rp) = t, for all 1 < p <k, then

(Pm[W/r]* o - 0 or[W/]1) RO™ (4 [W/r]™ o 0 4y [W/r]F1).

Finally, define the local binary relation R(€)y recursively as follows. First, we include

Rinv’ Rfun’ Rnat’ and RCM ip R(Q:)V Then suppose

(Pl e o) R@)y (¢l e eyit)
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where the ¢;’s and v;’s are basic transformations in Bsy, and let their common type be
t. Take a p-ary function symbol f € F and ti,...,t5—1,tk+1,...,tp € L(S)y so that
dom(f) = (7(t1),...,7(tg=1),t, 7(tk+1), ..., 7(tp)). For each basic transformation ¢ with
7(¢) = t, define the basic transformation F(p) = f(ids,,...,ids,_,,@,id¢,, ;... ,1dys,).
Then

(Flom)™ o0 Flo1)™) ROy (F(yn)™ o0 Fly1)*).

This concludes the construction of our local binary relation R(€)y on F(%y [Bs;}j}),
which in turn generates a congruence (R(€)y) on F(Ay [BS(/}S]) as in Example A.7 (4).
When V is the set of all variables for &, we simply write R(€) = R(€)y; it is a local binary
relation on F(%[Bs;']).

Example 2.47. We give examples of each of the four constituent local binary relations de-
fined in Definition 2.46 on the subcategory Z3M = F(L@%\A[(BS‘SA‘M)*]) of the free category
FM from Example 2.44 (with Vj = {z1 < 72 < 3 < x4}) that generate the local binary

relation R := R(Cg\) on .7, 48M for our coherence schema for symmetric monoidal categories.

(a) The relation R™ on Q’EM relates either path around each of the following diagrams:

® (,8332 ;T3 7idzl )

®(®(z2,73), 1) @(®(x3,12), 1)

. ®(5z , T Jidg )71
1d®<®m ﬂ prer

R(®(x2,x3), 21);

@ (Bag.ogidey ) "

(@ (w3, 72), 1) @ (®(w2,73), 1)

) \ ﬂ@)(ﬁmzws’idﬁ)
4@ (®(23,22),21)

®(®(x3,22),1).

(b) The relation R on .ZPM relates either path around the following diagram:

® </812 T3 7id®(6711 ))

®R(®(z2,23),®(e, 1))

®(id®(r2v13)’/\zl>ﬂ

R(®(x2, x3), 1)

@ (@(x3,72), ®(e, 1))

ﬂ@@ (id®<I3v12)7>‘11>

®(Bro,wa,ide
(Bog.ogiday ) ®(®(x3, 22), T1).




38

(c) The relation R"** on ZPM relates either path around the following diagram:

Xzq,29,8(23,€)

@(® (21, 72), ®(73,€)) ®(x1, @(29, @(13,€)))
® (id®(z1 72) ,pz3)ﬂ ﬂ@) (iday ,@(idey,p5))

Qxq .o,
®(®(x1,2), 23) = (1, ®(22,73)).

For a more elaborate example, say we had an additional binary function symbol & in

our signature and an additional edge
0: @(®(21, 72), 13) = B(D(71, 73), D(22, 73))

in our transformation schema. Then the relation R would also relate either path

around the following diagram, with some subscripts suppressed for clarity:

61 T, xrg,e
(D21, 22), ®(x3, €) =22 (@21, @ (w3, €)), @ (22, D(3, €)))
ﬂ@(id,@(id,p))
®(id,p) @(@(xl,®($3,€)),®(3§2,3§3))
ﬂ@(@(id,p),icn
)
T1,72,3

®(@(:L’1,.%’2),333) @(®<$17$3);®($2,$3)).

(d) The relation R“°™ on ff’M relates either path around the following diagram:

@(®(e, e), @(x1,23)) i G ®(e, ®(z1,x3))

ae,e,®(x1,w3)ﬂ /
®(lde’A®(zl,zs)>

®(e, ®(e, ®(x1,x3))).

Finally, the recursive step applied to the preceding diagram ensures that R(€) relates
either path around each of the following diagrams (with some subscripts suppressed for
clarity). The first diagram is obtained by applying ®(—,id,,) to each morphism in the

diagram above, while the second diagram is obtained by applying ®(id®( —) to each

T4,€))

morphism in the first.

R(®(p,id),id)

®(®(®(67 e)? ®(.%'1, .%'3)), 372) ®<®<6, ®(x17 xS))? .%'2)

®(a,id)ﬂ ®(®(id,\),id)

®(®(€, ®(67 ®(:L'1, x3)))a ‘TQ);
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®(id,®(®(p,id),id))
®(®(‘T4’ 6)’ ®(®(®(67 6)7 ®(l‘1, 333))7 xQ)) —_— ®(®($4’ 6)7 ®(®(67 ®(ZE1, xS))’ 1:2))

®(id,®(a,id))ﬂ
R(R(x4,€), D(®(e, ®(e, ®(x1,23))), T2))-

®(id,®(®(id,\),id))

Remark 2.48. Given two sets of variables W C V for &, we have L(6)w C L(S)y, with
PBw the full subgraph of %y spanned by £(&)w and Bsyyy precisely the edges in Bsy 5 that
appear in By . Then F(%Bw [Bsﬁ,l’j]) is a subcategory of F(Ay [Bs‘}lj]), although it is not
necessarily full: there may be a path in By [Bs‘_/lj] between two vertices (terms) in £(S)y
that passes through vertices that are not in £(&)y, and such a path would be a morphism
in F(By [Bs‘_/lj]) that is not in F'(ABw [BS‘E/{U]) even though its domain and codomain are.
Then by Definition 2.46, a pair of morphisms in F(Zw [Bs;v%j]) that are R(C)y-related

are necessarily also R(€)y-related in F(%y[Bs;/5]), inducing a functor between quotients

F(%w Bsy/5) . F(%v[Bs;5])
(R(O)w) (R(C)v)

We prove the following property of the congruence (R(€)y) on F(%y [Bsy5]) from Def-

inition 2.46.

Lemma 2.49. Suppose

(¢ - o0i) (R(Qy) (4" e o)

where the @;’s and 1;’s are basic transformations in Bsy, and let their common type be
t. Take a p-ary function symbol f € F and t1,...,tg—1,tps1,...,tp € L(S)y so that
dom(f) = (7(t1),...,7(tg=1),t, 7(tks1),...,7(tp)). For each basic transformation ¢ with
7(¢) = t, define the basic transformation F(p) = f(idsy,...,idy_,,@,ide ..., id,).
Then applying F preserves (R(€)y)-relations; that is,

(Flpm)= o 0 Fp1)*) (R(@)v) (F(yn)™" 00 F(ih1)™).

Proof. By construction, applying F preserves R(€)y-relations. Following Example A.7 (4),
we construct (R(€)y) by defining a local binary relation R(€)y by (ke feh) R(€)y (ke f eh)

if f R(€)y f’, so that (R(€)y) is the reflexive, symmetric, and transitive closure of R(€)y .
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First we show that applying F preserves R(€)y-relations. Each R(€)y-relation can be

written in the form

+1 +1 +1 +1 +1 +1
(kg @ - oKk @@ "o, . . 00 ° 1, o o)

R(®)y (milo....nliloq/%lo...oqblilon;ﬂo---onlil)

for (pn! e e 9) ROy (Y e e yi’). Tt follows (Flpm)* e e Flpr)*) is
R(€)y-related to (F(,) e --- e F(11)*!), so

(_7-'(/4(:]':1) o -0 ]-'(,k;l)il ° F(cpm)il o...0 F(cpl)il ° F(np)il o0 F(m)il)

R(@)y (F(r;') oo F(r1)* @ F(ih)*  o.. 0 F(1p1) o F(n)™ o 0 F(m)™).

Finally, if an operation preserves a relation, then it preserves its reflexive, symmetric, and

transitive closure as well, so the result follows. ]

Sometimes our commutativity schema R may contain redundant axioms: that is, there
exists a proper subrelation R’ C R defining a modified coherence schema ¢’ = (&,%, 7, R’)
for which the congruence (R(¢")y) on F(Ay [Bs‘_/lj]) as constructed in Definition 2.46 with
¢’ in place of € is in fact equal to the congruence (R(€)y) generated from the larger

commutativity schema R. We give a sufficient condition for when this holds as follows.

Lemma 2.50. Given a coherence schema € = (&6,%,3,R) and a set of variables V with a
congruence (R(€)y) on F(%V[Bs;lj]) as in Definition 2.46, let R C R be a subrelation.
Construct a new coherence schema € = (&,%, 73, R’) with R replacing R as the commuta-
tivity schema, giving rise to a congruence (R(€")y) on F(ABy [Bs;lj]) by Definition 2.46. If
the subrelation R°™(€)y of R(€)y is contained in (R(€'))y, then (R(€)y) = (R(€)y).

Proof. With R’ C R, we have R(¢)y C R(€)y, so (R(¢')y) C (R(€)y). For the opposite
direction, every relation in R™ (&), RM"(€)y, or R™(¢)y is already also in R(¢')y, so
because R™(€)y C (R(¢))y and because applying F preserves (R(€')y)-relations, it
follows that R(€)y C (R(€')y). Hence (R(€)y) C (R(C)y). O

We are now ready to form our universal parameter categories using R(€)y .
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Definition 2.51 (Universal parameter categories presented by coherence schemata). Let
V be a finite set of variables for &. Recall that £(S)y C L£(S) is the set of all terms with
scope V; that %y is the full subgraph of % spanned by £(&)y, whose edges comprise the
set Bsy; that Bsy ;3 = BsyNBsy; and that R(€)y is a local binary relation on F'(Ay [Bs‘jlj})
The (universal parameter) category presented by the restricted coherence schema (€, L(S)y)
is then the quotient category (see Definition A.6)

F(%vy[Bsy3))

(R(€)v)
As we saw in Remark 2.48, for every W C V| there is an induced functor Py (€) — Py (C).

Py (€) ==

In addition, the relation R(€)y generates a left-cancelable congruence (R(€)y )" on

F(%y [Bs‘_,lj]) asin (A.12). Then the monomorphic (universal parameter) category presented
by the restricted coherence schema (€, L(&)y) is the quotient category
R AC )

(R(Q)y)*
and there is a quotient functor 2y (€) — 2%(€) and an induced functor 2%, (€) — 2L (¢)
for W CV.

More generally, fix a variable-finite, subterm-closed subset O C L£(&)y . So Ay is the full
subgraph of %y spanned by O, whose edges comprise the set Bsp C Bsy, while Bsp 5 =
Bsy N Bsp C Bsyy. Then the free category F(%o [BSB}S]) embeds as a (not necessarily
full'?) subcategory of F' (%’V[Bs‘_/lj]) Abusing notation, we let (R(€)y) also denote the
restriction of the congruence (R(€)y) on F(ABy [Bs‘_/lj]) to the subcategory F(%o [Bsg}j}),
as in Example A.7 (5)(i). The (universal parameter) category presented by the restricted
coherence schema (€, V,9) is then the quotient category
F(%5[Bsgh))

(R(Q)y)

a subcategory of 2y (€). When V = V(9), we denote this quotient category simply by
P(€,0). W CV with © C L(G)y, there is an inclusion R(€)y C R(€)y (as explicated
in Remark 2.48), so there is a quotient functor (&€, W, 9) — Z(¢,V,O).

2(C,V,0) =

0As in the argument from Remark 2.48, it is possible that a path in the graph %y [Bs(,’lj] between two
vertices (terms) in O passes through vertices that are not in O. Such a path would be a morphism of
F(By [Bs;}j ) but not a morphism of F(%o [Bsg}j}), even though its domain and codomain are in .
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Restricting (R(€)y)" to F(%o[Bsg]) likewise yields a congruence that is also left-
cancelable by Lemma A.14. Then the monomorphic (universal parameter) category pre-

sented by the restricted coherence schema (€,V, ) is the quotient category
F(%o[Bsg )

(R(O)y)t
a subcategory of 25(€) and a quotient category of Z2(€,V,9). When V = V(9), we
denote this quotient category simply by &2%(€,9). For W C V such that O C £(&)y there
is an induced functor 22%(¢, W, O) — 2%(¢,V, O).

2LV, 0) =

Finally, to consider all variables for &, define
F(#[Bs3) F(#[Bs; 1)
(R(Q)) (R(E)

the (universal parameter) category presented by the coherence schema € and the monomor-

2(€) = and 2%(¢) =

phic (universal parameter) category presented by the coherence schema €, respectively, with
a quotient functor 2(¢) — 2(€). Since F (%’V[Bs‘_flj]) embeds as a (not necessarily
full) subcategory of F(%[BSEI]), and R(€)y is contained in the restriction of R(€) to
F(By [Bs‘j}j]), there are canonical functors 2y (€) — 2(€) and 2(€) — 2L(Q).

2.4 Models of coherence schemata

Now that we have formally parametrized our algebraic categories, we may construct models
of them by interpreting the formal symbols in these parametrizations. These models will,
of course, be categories or families of categories: objects or families of objects in the strict

2-category Cat. But our work will generalize to any strict 2-category with finite 2-products.

Definition 2.52 (Cartesian monoidal 2-category). A cartesian monoidal 2-category is a
strict 2-category (i.e. strictly Cat-enriched category) K equipped with all finite 2-products.
That is, for any n > 0 and objects 41, ...,%, € K, there is an object ¢} x --- x 6, € K,
together with projection 1-morphisms m;: €1 X -+ X 6, = €; in K for 1 < ¢ < n, such that

for any object Z € K, horizontal composition with the projections induces an isomorphism
(T)sy ooy (mn)e): K(2,61 X -+ X 6p) = K(2,61) x -+ x K(Z,%,)

of hom 1-categories. When n = 0, we denote the empty product by *, and we have an

isomorphism K(Z, x) = x between K(Z, x) and the terminal category, also denoted by x.
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Throughout the remainder of this chapter, we fix a cartesian monoidal 2-category K.
Typically we set K := Cat, the strict 2-category of (small) categories, functors, and natural
transformations, equipped with the usual cartesian product. So when we give semantics
to the signature & of our coherence schema, we want to interpret its types in T as small
categories, its constants in C' as objects in those small categories with compatible types as
specified by 7, and its function symbols in F' as functors between these small categories
with compatible domains and codomains as specified by dom and cod. We generalize this

to K below.

Definition 2.53 (Model of signature). A model of & in K consists of the following data:

(1) an object |t| € K for each type t € T' (i.e. an assignment |-|: " — Ob(K));
(2) a 1-morphism |¢|: * — |7(c)| in K for each constant ¢ € C;!!

(3) a l-morphism |f|: [s1]|X---x|s,| — |t| in K for each n-ary function symbol f € F with
dom(f) = (s1,...,8,) and cod(f) = t. For ease of notation, we let |(si,...,s,)| =

[s1] X -+ X |spl, so that |[dom(f)| = dom(|f]).

We write |-|: & — K to denote a model of & in K.

Example 2.54 (Model of signature for monoidal categories). A model (%, e?,®%) of the

signature Gy; for monoidal categories from Example 2.2 in Cat consists of:
(1) a (small) category € = |m| € Cat;
(2) a distinguished object ¢? = |e¢| € € called the monoidal unit; and

(3) a functor ®°% = |®|: € x € — €, which we write using infix notation, called the

monoidal product.

Example 2.55 (Model of signature for bicategories). A model £ of the signature Gg(O)

for bicategories with object-set O from Example 2.3 in Cat consists of:

"When K := Cat, this is equivalent to an object in the category |7(c)|.
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(1) a (small) category #(a,b) = |(a,b)| € Cat for all a,b € O, whose objects are 1-cells

a — b and whose morphisms from f: a — b to g: a — b are 2-cells f = ¢;'
(2) a distinguished 1-cell 17 = |1,| € %(a,a) for a € O called the identity 1-cell on a;

(3) a functor o = [og |1 A(b,c) x #B(a,b) — HB(a,c) for a,b,c € O, which we write using

infix notation, called horizontal composition.

For the rest of the chapter, fix a model |-|: & — K. The model lets us interpret the
constant and function symbols of & as 1-morphisms in K. We would like to extend this
interpretation to any term in £(&) that is built from these symbols. Crucially, we use scopes
to fix domains: without specifying a scope for a term, the interpretation of its domain would

not be well-defined.

Definition 2.56 (Model of language, operation). We shall extend |-|: & — K to £(&)
from Definition 2.7 to a function
2@ = I1 T Kdalx- x|t ltol)
neN (to,...,tn)€Tn+1
The function takes as input some (t,V) € L(&)%, so that every variable appearing in ¢ is
in V. Then |(¢,V)] is a 1-morphism in K. The domain of |(¢, V)| is a product of objects in
K of the form |t|, as given by the model, for some ¢ € T'; while the codomain of |(¢, V)| will

always be |7(t)|. That is, given a fixed ¢t € £(&), we have a commutative square

{t} x{V |Visascopefort} —— [T ]  K(tulx---x[tal,|7(®)])

{ neEN (tq,...,tn)ET™

L(&)* " IT  II  K(eil >l o).

neN (tg,...,tn)eTn+1

We now construct the domain of |(¢, V)| before defining |(¢, V)] itself. Given a finite set

of variables V = {z}! <-.- <"} for &, define

V= [z} < <z} = (61, ., t) = 81 X - x [t € K. (2.57)

12Tn keeping with the pattern, we sometimes call the objects in O the 0-cells of .
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to be the domain of |(¢, V)|, so that we have a commutative diagram

" K (V] |r(1))
LG)y ={s€ L(6) | (s,V) € LIS)*} v » [T KV Ie)
[ teT
V) j

sC \ ...
(&) . » T I Kl x-- xJtal,Ito])
neN (to,...,tn)eTn+1!
where we name the middle horizontal arrow |-|,.
We now define |-| recursively on elements of £(&)% with second coordinate V' to be

1-morphisms in K with domain |V| as follows.

(1) For each variable $;°: eV, let ‘(:ct’“ V)‘: V]| — )T(LE::) = |tk| be the projection onto

ig )
the k' factor of |V|.

(2) For each constant ¢ € C, let |(¢, V)|: |[V| — |7(c)| be the constant 1-morphism given
by the composite
V]S« % 7).
(3) For each function symbol f € F and terms si,...,s, € L£(6) with dom(f) =
(t(s1),--.-,7(sn)), let [(f(s1,...,8n),V)|: |V| — |cod(f)| be the composite

sLV)|, oo ou[(spn, V
YV o VO s sl 2 jeod(f),

As shorthand, for (¢,V) € L(&)* and (s1,V),...,(sn, V) € L(S)* with s = (s1,...,8n),

we write |t|y, == |(¢, V)| and |s|y, == (|(s1, V)], ..., [(5n, V)]), so we may write the previously
displayed composite as |f(s1,...,5n)|y, = |f| o [s];;. We have now constructed a function
[y : £&)v = [TKVI, ), (2.58)
teT

where the domain is the set of terms containing only variables from V', as in Definition 2.7,

and the codomain is the underlying set of 1-morphisms, satisfying cod(|t|;,) = |7(t)|.
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For all (¢,V) € L(6)*, we call the 1-morphism |t[,,: |V| = |t| of K an operation for the
model |-|: 6 = K.
Finally, if t € £(6) and no scope is specified, define |t| := |t|v(t).13

Example 2.59. Continuing from Example 2.54, take V}, = {x; < -+ < 2} from Exam-
ple 2.8, so that V3| = €*. Then V}, is a scope for the term ¢ := ®(x3, ®(x1,e)) whenever
k > 3, with the operation |t|vk equal to the functor €% — € sending (cy,ca,c3,...,cx) —
c3 @7 (c1 ®7 €%).

Example 2.60. We similarly build on Example 2.55, suppressing some subscripts for clarity.

(a,b)

Fix a,b € O and let 1 = xgb’a) and x9 =z, . By the order on variables, x1 < x3, so

lo(z1, 0(22, 1a))] (2.61)

is a functor with domain
H{x1 < 22} = Z(b,a) x B(a,b)
and codomain %(a,a) sending (f,g) — f o (g0 17).

We may characterize the construction of (2.58) in Definition 2.56 as follows.

Proposition 2.62. Let |-|: & — K be a model of the signature & in the cartesian monoidal
2-category K, as defined in Definition 2.53, and let V' be a finite set of variables for &, with
|V| defined as in (2.57). Then there is a unique function
[y L&)y = [T KV, [¢)), (2.63)
teT

where the codomain is the underlying set of 1-morphisms, such that

(1) ‘mmv is the projection |V| — |t| to the x}-factor, with |t| given by the model, for each

variable x} € V';

(2) |c|y, is the constant morphism |V| — * LiN |7(c)|, with % the terminal object of K and

lc|: % — |7(c)| given by the model, for each constant c € C; and

13Note that this notation is compatible with our previous definition of |-| on constants c € C, as V(c) = @
and |@| = *.
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(3) 1f(51,-..,8n)ly = |fl os|y for an n-ary function symbol f € F and n-tuple of terms
s=(81,...,8n) in L(S)y for which dom(f) = (7(s1),...,7(sn)), with |f| as given by

the model and |s|,, = (Isi|y,- - |snly)-

We also have cod(|t|;,) = |7(t)| for all t € L(G).
More generally, given a variable-finite, subterm-closed subset O C L(S)y, there is also

a unique function

[y O = TTK(V][e) (2.64)

teT
satisfying (1) for every variable in O, (2) for every constant in O, and (3) for every other
term in O. It also satisfies cod(|t|\,) = |7(t)| for allt € O.

Proof. The function (2.63) satisfying the given conditions is precisely our construction (2.58)
from Definition 2.56; well-definedness and uniqueness follow from induction and the Parsing
Lemma. Then the function (2.64) is obtained by restricting the domain of (2.63) to ©O.
Here uniqueness is given by induction on the terms in O, with subterm-closure ensuring the

inductive step works. O

With this definition of term interpretation, substitutions are interpreted as horizontal

composition, as the following lemma demonstrates (see also Lemma 2.80).

Lemma 2.65. Fiz a term t € L(&) with scope W = {xfll < e < xf:} and terms
S1,...,8n € L(6) with common scope V' such that 7(s;) = t; for all 1 < j < n. Let
s = (81,...,8n) so that t{W/s| is the term obtained by substituting s; for each ZL’:; int for

1 <j <n. Then |t{W/s]|,, is the composite 1-morphism
(Istlyseeslsnly ) o [ty
V] ——— [(t1,. .- t)| = (W] —= [7(1)], (2.66)
denoted more compactly by |ty o |s|y .

Proof. Induct on ¢. If ¢ is a constant ¢, substitution does nothing, and terminality of * means
|y, = |e]o!: [V| = % — |7(c)| is equal to the composite of ||y, = |c| o !: [W| = x — |7(c)]|

with any 1-morphism |V| — |[W|.
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If ¢ is a variable x:j € W, then s; is the term with scope V' and type 7(s;) = t; that we

substitute for w:j to obtain xfj [W/s] = s;. Since SC:]J is the j*® projection 7;: |W| — |t;],

. t; . t; .

the composite (2.66) when ¢t = ;7 given by |x;7 0 © Isly, = mj 0 (|stly .-+ Isaly) is |8l -
Finally, we let ¢ = f(t1,...,tyn) for f € F and t1,...,t, € L(S) with dom(f) =
(1(t1),...,7(tm)). Since W is a scope for t, it is also a scope for each t;. Moreover the first
symbol of ¢t[IW/s] is also f, and by the Parsing Lemma ¢[W/s] = f(t1[W/s], ..., tm[W/s]).

Then [t[W/s]|;, is the composite operation

([t [W/s]ly s tm [W/s]ly)

4 ()] % -+ % |7(tm)] 25 Jcod(f)],

and by induction each |t;[W/s]|,, is given by the composite operation

(I51]y rlsnly) |4l
(V| 2PV | X X ] = (W] s |7 (8)].

Hence |t[W/s]|,, factors through |W| as

| Sttty S, (1)) ()| D [eod ().

The middle and right arrows compose to |t|y;,, so we are done. O

It follows that expanding the scope behaves as expected.

Corollary 2.67. If (t,V),(t,W) € L(&)* such that W C V, then |t|, = |t|y, o 7, where

mw: |V — |W]| is the canonical projection.

Proof. Write W = {xfll < e < xf:} Now the result follows from Lemma 2.65 with

5j = xfj for all 1 < j < n, since substituting each :v:j for itself yields t[W/s] = t itself,

while [s|;, = (|a;! ‘V, ce |xf:|v> is precisely the projection |[V| — |W]|. O

So for t € £(&) whose constituent variables comprise the set V(t), if (¢,V) € L(&)%,
we may always write [t|;, in terms of [t| = [t|;,,y: we have |t|;, = [t[ o7 for the canonical
projection 7: |[V| — |V (t)|. In other words, if V(9O) is the set of all variables appearing

in a variable-finite, subterm-closed subset O C L£(&), then for all finite sets of variables
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V' 2 V(9D), the functions |-, and ||y 5y from (2.64) assemble into a commutative triangle

o oL TTR(VO) Jt))

teT

[y l (2.68)
[TV, IeD,

teT
where the vertical map is given by precomposition with the projection 7: |V| — [V (O)].
We may now extend our model || from Definition 2.56 of the language of our signature

S to our transformation schema T: & — L(S) xr L(6) with marked edges J C £.

Definition 2.69 (Model of marked transformation schema). A model of (&,%,7) in K is a
model |-|: & — K of the signature, extended to £(&)* as in Definition 2.56, together with

(4) a 2-morphism [e]: |dom(e)y (o) = [cod(e)]y (., for every € € £,
such that || is a vertical 2-isomorphism whenever ¢ € 7.

To ensure this definition is not vacuous, we verify that |[dom(e)|y(.) and [cod(¢)|y,( have
the same domain and codomain. Indeed, they have the same scope V' (g) and therefore the

same domain |V (¢)[; and they have the same codomain |7(dom(e))| = |7(¢)| = |7(cod(g))|.

Example 2.70 (Model of transformation schemata for monoidal categories). We extend
our model (%,e%,®%) from Example 2.54 of the signature &y for monoidal categories in
Cat to our transformation schemata Ty;: {a, A, p} — £M x £M for monoidal categories and
Tom: Esm = {o, B, A, p} — LM x LM for symmetric monoidal categories from Example 2.27,
potentially with all edges marked as in Example 2.41.

A model of (&, T, @) in Cat consists of (€, e?,®%) from Example 2.54 along with

the following three natural transformations, one for each edge label in &y = {a, A, p}:

+ a natural transformation a? = |af: |@(@(21,2), 23) |y, = (21, ®(22,73)) |y, 1ee.

one between functors €2 — % sending
(c1,c2,¢3) = (1 Q% c2) ®% ¢35 and (c1,c2,¢3) = 1 ®¢ (c2 ®? c3),

that we call the associator;
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« a natural transformation \¢ := |\l |®@(e,1)ly, = [71ly,, i.e. one between functors
€ — € sending

= e? ¢ cg and ¢+,

that we call the left unitor; and

« a natural transformation p? = |p|: |®(71,€e)ly, = |z1]y,, i.e. one between functors
% — € sending

¢

c1— ®% e and ¢ — cq,

that we call the right unitor.

A model of (S, %M, M) in Cat is then a model of (Sy, Tm, @) in Cat for which the
associator and both unitors are required to be natural isomorphisms (i.e. invertible).
Finally, a model of (&, Tsm, Em) in Cat is a model of (Syr, T, Ev) in Cat equipped

with one more natural transformation for the additional edge label 8 in Egy = {a, A, p, B}:

« a natural transformation ¢ = |3]: |@ (21, 22) |y, = [®@(z2,71)ly,, i.e. one between

functors 2 — % sending
(c1,¢2) — 1 ®% ¢y and (c1,¢2) — ¢ ®% ¢;.
that we call the braiding.

Example 2.71 (Model of transformation schema for bicategories). Similarly, we may extend
our model # from Example 2.55 of the signature G(0) for bicategories in Cat to our
transformation schema Tg(0): E5(0) — LB(0) X (ox0) LB(O) for bicategories with object-
set O from Example 2.28, potentially with all edges marked as in Example 2.41.

A model of (65(0),%p(0),2) in Cat generalizes a model of (Syr, T, &) from Exam-
ple 2.70, with families of associator and unitor natural transformations consisting of one
transformation for each edge label in Eg(0). A model of (65(0),Tr(0),E(O)) in Cat
is then a model of (65(0),%p(0),o) in Cat for which the associators and unitors are

required to be natural isomorphisms.
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Henceforth we fix a model |-|: (6,%,7) — K of our marked transformation schema. To
extend this model to a model of our coherence schema, we must first extend || to atomic
and basic transformations. Again, we must take care to ensure that the domains of the
interpretations of these transformations are well-defined, and we do so by fixing a scope
and restricting the terms under consideration. We let V' be a finite set of variables and let

L(S)y C L(S) be the subset of terms containing only variables from V', as in Definition 2.7.

Definition 2.72 (Model of basic transformations). In Definition 2.56, we constructed a
function (2.58) on terms with scope V' denoted
[y L&)y — [TKVI]I¢)
teT
with cod(|t];,) = |7(t)|. We shall extend this function to basic transformations, sending each
basic transformation ¢ between terms in £(S&)y to a 2-morphism between 1-morphisms
|dom()|y, [cod(p) |y : V| = |7(p)| (recall from Definition 2.32 that 7(¢) = 7(dom(p)) =

7(cod())). We do so recursively, starting with atomic transformations.

(1) From Definition 2.69, we already have a 2-morphism [¢[: |dom(e)]y(.) = [cod(e)]y ()
between 1-morphisms |V (e)| = |7(g)| for every edge label ¢ € £. Then given an
atomic transformation eg: dom(e)[V(g)/s|] = cod(e)[V (¢)/s] with s = (s1,...,sp) of
appropriate types such that s; € £(&)y for all i, we define |gg],, to be the whiskered

2-morphism

[dom(e)]y (.

sly T

V] [T(s)] X - x |7 (sn)| = [V (e)] 4 fe] I7(e)l,

\/

|cod(e)ly )

or |5||S|v for short. Lemma 2.65 ensures the domain and codomain of this 2-morphism
are given by |dom(e)[V'(¢)/s]|;, and |cod(e)[V (¢)/s]|y/, respectively, and are thus com-
patible with |-|y,.
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(2) Then recursively, given terms r1,...,7k_1,7k+1,---,7n € L(G)y, a basic transfor-

mation ¢ between two terms in £(S)y, and an n-ary function symbol f € F with

dom(f) = (7(r1),..., 7(¢) ,...,7(rn)), let ‘f(idrl,...,idrkil,go,id%ﬂ,...,idm)|v
—

kth term
be the whiskered 2-morphism'

<|r1|V7 SER) |Tk—1‘V7 |d0m(90)|\/a |Tk+1|va SRR |TH|V>
/—\ £
\4 \i/|dom(f)| lcod(f)],
<|T1|V7 SR |T/€—1|V’ |C0d(§0)|V7 ‘rk+1|vv SRR |Tn|V>

where the unlabeled 2-morphism is

<1d\7"1\v’ ... ,1d|74,971|‘/7 loly s 1d|Tk+1‘V, ... ’1d|Tn|V>

given by the universal property of 2-products in K (see Definition 2.52). As shorthand,
omitting subscripts, we write the whiskered 2-morphism as [f|(id,..., ||y, ..., id).

Definition 2.56 ensures the domain and codomain of this whiskered 2-morphism are

|f(r1,. .. mh—1,dom(p), rks1, ..., 7n)|y and |f(r1, ..., 76—1,c0d(@), Tht1s -, Tn)|ys

respectively, and are thus compatible with ||, .

This extends |-, to the set of all edges Bsy in the full subgraph %y C %(&,%) spanned

by the vertices in £(&)y, making |-|;, a graph morphism

[v: Bv = [TKVI It)),
teT

where the codomain is the underlying graph whose vertices are 1-morphisms and whose

edges are 2-morphisms. We can therefore extend |-|;, to a functor out of the free category
on Ay . Moreover, if Bsy 5 C Bsy is the set of all J-marked basic transformations between

terms with scope V, then |||, maps Bsyy into the subset of invertible 2-morphisms in

"“Implicitly, we interpret id, for r € £(&)y as [id,|, = id|,|,,, although we need not formally state this.
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[Lier K(|V], [t]) by the vertical 2-functoriality of 2-products and whiskering, so we may
further extend ||}, to a functor
[yt F(#vBsys]) — [T K(VI, [t) (2.73)

teT
with }cp*l|v = \go]‘_/l for each ¢ € Bsy .

For every morphism v of F(%y [Bs‘zlj]), we call the 2-morphism |v|,, of K a coherence
map for the model |-|: (6,%,J) — K. In particular, it is the coherence map between two
operations for this model, as in Definition 2.51. For a basic transformation ¢ € Bsy 3, we
call |¢|y, a basic coherence map; and for an atomic transformation eg, we call |eg|y, an atomic

coherence map.
We characterize the functor |-|;, defined in (2.73) in the following result.

Proposition 2.74. Let |-|: € — K be a model of the marked transformation schema
(6,%,7) in the cartesian monoidal 2-category K, and let V' be a finite set of variables

for &. Then there is a unique functor

[yt F(#vBsyi]) — [T KV, [t) (2.75)
teT

satisfying conditions (1-3) from Proposition 2.62 on objects as well as the following condi-

tions on morphisms:

(4) given atomic transformation es: dom(e)[V (€)/s] = cod(e)[V (¢)/s| for edge labele € €

and terms s = (81,...,8p) with compatible types such that each s; € L(S)y, we have

lesly = |5||S|v’
as in Definition 2.72 (1), with |e| given by the model;
(5) given basic transformation f(id,,,...,¢,...,id,,) for termsri,...,ry € L(S)y, basic

transformation ¢ € Bsy between two terms in L(S)y, and n-ary function symbol

f € F with dom(f) = (7(r1),...,7(p),...,7(rn)), we have

|f(idp, . s, ide,)| = [ FIGd, ..o ey, - -2 hid)

as in Definition 2.72 (2), with |f| given by the model; and
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(6) given an J-marked basic transformation ¢ € Bsyy, we have ’@_1"/ = |<p|(/1.15

More generally, given a variable-finite, subterm-closed subset O C L(S)y, let By be the
full subgraph of By spanned by O (with terms in O as vertices and all basic transformations
between terms in O as edges), and let Bspy C Bsyy be the set of all J-marked basic
transformations between terms in . Then there is also a unique functor

[y F(#o[Bsyi)) = [TK(VI [e)) (2.76)

teT
satisfying conditions (1-3) from Proposition 2.62 for terms in O, condition (4) for atomic
transformations between terms in O, condition (5) for all other basic transformations be-

tween terms in O, and condition (6) for all J-marked basic transformations between terms

n 9.

Proof. The functor (2.75) satisfying the given conditions is precisely our construction (2.73)
from Definition 2.72: on objects, it is the function (2.58) from Definition 2.56, which uniquely
satisfies conditions (1-3) from Proposition 2.62; while on morphisms, it satisfies conditions
(4-6) by construction. Its well-definedness and uniqueness are given by induction and the
Parsing Lemma on the graph %y, condition (6) fixes |-|;, uniquely on Bs‘j}j, and freeness
uniquely extends |-|\, to F(Ay [Bs;lj])

Then the functor (2.76) is obtained by restricting the domain of (2.75) to F/(%Bo [Bsg}j])
with subterm-closed object-set O. On objects, (2.76) is the function (2.64) from Proposi-
tion 2.62, which ensures its uniqueness. On morphisms, uniqueness is given by induction
on the basic transformations between terms in O that form the edges of #y. Condition
(4) fixes the functor on atomic transformations between terms in ©; then given a basic

transformation

fdyy, ...y, ..., idy,): f(r1,...,dom(p), ... 1) = f(r1,...,cod(p),..., )

whose domain and codomain are in O, subterm-closure ensures dom(y) and cod(y) are in

O as well, so ¢ is also an edge in HBy. Therefore condition (5) fixes the functor on basic

1

15This condition is necessary because ¢~ ' in the free category is merely a formal symbol, and not the

categorical inverse of ¢.
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transformations between terms in O by induction. Finally, (6) fixes the functor on Bsgk,

and uniqueness extends to the free category by functoriality. O

We may now state what a model for the entire coherence schema € = (&,%,7J,9R) is in
our cartesian monoidal 2-category K. Recall that £ is the graph of terms in £(&) and basic
transformations between them from the transformation schema T: £ — £L(6) x1 £L(S), and
Bsj is the set of J-marked basic transformations, with $R a local binary relation on the free
category F'(Z#[Bs; ). We employ the following notation for the variables appearing in a
morphism of F(%[Bs;")).

Definition 2.77 (Model of coherence schema). A model for € in K is a model |-| for
(6,%,7), as in Definition 2.69, such that for any pair v,v": t = t’ of R-related transforma-
tions in F(%[Bs;']), the coherence maps |v|,, and |v/|;; as defined in Definition 2.72 are

the same 2-morphism in K(|V|,|7(t)|), where V =V (v) UV (/).

Example 2.78 (Model of coherence schemata for monoidal categories). A model of the
coherence schema €y = (Gy, Tar, @, REM) for lax monoidal categories from Example 2.44
in Cat is a model (%, e?, @7, a% )\, p("’”) from Example 2.70 of the transformation schema
(&1, T, @) in Cat such that the interpretations of the five diagrams defining R"M from Ex-
ample 2.44 as diagrams of natural transformations between functors (one between functors
%* = ¢ and the other between functors 42 = %) commute. This is precisely the definition
of a lax monoidal category. A model of the coherence schema €y = (Syp, Tna, Eni, RM) for
monoidal categories from Example 2.44 in Cat is then a lax monoidal category in which
the associator a?, the left unitor A%, and the right unitor p? are all natural isomorphisms
and only the interpretations of the first two diagrams defining /%™ need commute. This is
precisely the definition of a monoidal category.

Finally, a model of the coherence schema Cgy = (S, Tom, Em, RM) for symmetric
monoidal categories from Example 2.44 in Cat is a monoidal category equipped with an
additional braiding natural transformation 8% (as in Example 2.70) such that the three
diagrams specified by the additional relations in 8™ commute (one of which makes the
braiding a natural isomorphism). This is precisely the definition of a symmetric monoidal

category.
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Example 2.79 (Model of coherence schema for bicategories). Given a set O, a model of
the coherence schema €15(0) = (65(0),%T(0), 3, RE(0)) from Example 2.45 in Cat is
a model from Example 2.71 of the transformation schema (&p(0),Tp(0), o) in Cat such
that the interpretations of the five classes of diagrams defining "B (O) from Example 2.44
as classes of diagrams of natural transformations between functors commute.

Meanwhile, a model of the coherence schema €5(0) = (&g(0),Ts(0),E(0),RB(0))
from Example 2.45 in Cat is then a model from Example 2.71 of the transformation schema

(68(0),%B(0),£&.(0)) in Cat, where the associators and unitors are all natural isomor-

phisms, such that the interpretations of the two classes of diagrams defining RB(0) from
Example 2.44 as classes of diagrams of natural transformations between functors commute.

This is precisely the definition of a (small) bicategory with object-set O.

We would like to extend Proposition 2.74 to (restricted) coherence schemata, but before
we do so, we must prove some technical lemmas about interpreting basic transformations.
First, we extend Lemma 2.65 to basic transformations to show that models remain compat-

ible with scope expansion and substitution.

Lemma 2.80. Fiz a basic transformation ¢:t = t' for which t and t' have common
scope W = {a;} < --- <"} and v = (r1,...,m,) consisting of terms r1,...,m, € L(S)
with common scope V' such that 7(rj) = t; for all 1 < j < n. Let ¢[W/r] denote the
basic transformation obtained by substituting r; for each x:; in e forl < j < n from

Definition 2.58. Then |o[W/r]|y, is the whiskered 2-morphism (|¢ly )|, » or

[t

Urilys - s Faly) T,

V] [eaf > fen = (W] U el ().

/
¥l (2.81)

Proof. We proceed by induction on ¢. Given ¢ = g4, ., with each s; € L(&)w, by

sSm

Definition 2.38, p[W/r] = e (w/x),....s,u[w/x]- S0 by the construction of the coherence maps

loly and |@[W/r]|y, in Definition 2.72, it suffices to show that

(Istlys s lsmlw) o frly = (s W/l [sm[W/r]ly),
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but this follows directly from Lemma 2.65.
Now fix terms si,...,8k-1,Sk+1,---5m € L(S)w, a basic transformation ¢ between

terms in £(&)y, and an m-ary function symbol f € F whose domain is given by dom(f) =

(1(s1)y- -, 7(8k=1),7(®), T(Sk+1), - - -, T(Sm)), so that we have another basic transformation
O = flids,..., @ ,...,ids,).
~—
kth entry

By Definition 2.38, '[W/r] = f(ids, ;- - -» p[W/r], ... id,, [w/x]), SO by the construction

of the coherence maps |¢'[};, and |¢'[W/r]|\, in Definition 2.72, it suffices to show that the

2-morphism (ids, e, -5 [9[W/r]lys - oo id)s,, (wyr)), ) can be obtained by whiskering the
2-morphism (idjs,| .-, [@ly,---,1d)s,|,,) With the l-morphism (|ri]y,...,|rnly,). This
follows by induction for the k" component and by Lemma 2.65 elsewhere. O

Corollary 2.82. Fix a basic transformation o:t = t' for which t and t' have common
scope W = {xfll < < LU;C:}, and let V be a finite set of variables containing W. Then

|oly, is the whiskered 2-morphism (|| )« for the projection w: |V| — |W]|.

Proof. Analogously to Corollary 2.67, the result follows from Lemma 2.80 with r; := a::j

for all 1 < 5 < n, since substituting each wlt; for itself yields p[W/r] = ¢ itself, while

ity

|y, = <}x;°11|v, R I is precisely the projection |V| — [W]. [

Recall the commutative triangle of functions in (2.68) for a variable-finite, subterm-closed
subset © C L£(G) and a finite set of variables V' containing V' (9), the set of all variables
appearing in . The previous corollary and the vertical 2-functoriality of whiskering shows
that we may extend that triangle to a commutative triangle of functors ||, and HV(D) from
(2.76):

F(Bo[Bsgh)) — 2 TIK(V(©)] )

N l (2.83)

[T KV [e).

teT

Here the vertical map is given by whiskering with the projection 7: [V| — |V (O)].
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We also show that models are compatible with basic transformations that act on sub-
stituted terms as follows. Note that the construction given in the following hypothesis

generalizes the constructions from Definition 2.46 (c).

Lemma 2.84. Lett be a term with scope W = {x;} < --- <k}, and let s1,...,5; and s
be terms with common scope V' such that 7(s;) = t; for 1 < j < k and 7(s}) = t, for some
1<l<k. Lets=(s1,...,5c) and s’ = (51,...,80-1,5p; Se41,--5k)-

Now let 1: s = s} be a basic transformation, and let the pairs (ai,b1),. .., (am,bm)
denote the positions of the instances of sy in ty = t[W/s], ordered from right to left (so
am < bm < --- < ar < bi), arising from substitutions of sy for xy! int. For 1 <i <m,
recursively define v;: t;—1 = t; to be the unique basic transformation with atom A(y) and
span S(v) 4+ a; — 1, so that tp, = t{W/s'], still with s; substituted for xffj for j # £, but with
sy substituted for x}t. Then the vertical composite 2-morphism [y, ® - -- & [th1]y, is given

by whiskering

<|$1‘V1 cee ’5£|V7 SRR} |5k‘v>

T thy

V] Lo W ()],

\/

<’$1‘Va ceey ’312|V7 SR |Sk‘V>

where the 2-morphism v is given by

(idjsy |y oo idysey o 1€y idjs gy yo -0 sy )
We write the whiskered 2-morphism as |ty ¢ = |tly (id, ..., |[¥]y,...,id) for short.

Proof. The domain 1-morphism [t o |s|,, and the codomain 1-morphism |t|;, o|s’|;, of the
whiskered 2-morphism are correct by Lemma 2.65. We then proceed by induction on t. If ¢
is a constant ¢, substitution does nothing, m = 0, and the vertical composite 2-morphism in
question is empty and thus the identity on the 1-morphism |c|\, = |c|o!: [V| = x = |7(c)|,
which by the terminality of * is equal to whiskering |t|;;, = |c| o !: [W]| = * — |7(c)| with

any 2-morphism 1) between 1-morphisms |V| = [W|.
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. . t, t,
If ¢ is a variable z;7, then ‘xi_’
J J

w is the j* projection, and whiskering yields the ;"
component of ¥. If j # £, again m = 0 and our vertical composite 2-morphism is the identity,
this time on the 1-morphism |s;|,,, coinciding with the 4™ component of 1. Otherwise, j = ,
making m = 1, to = s, Y1 = ¥: sp = 8}, and our vertical composite 2-morphism |¢]y,
coinciding with the /" component of .

Now let t = f(r1,...,7p) with dom(f) = (7(r1),...,7(rp)), so W is a scope for each
rq, and by the Parsing Lemma to = t{W/s| = f(ri[W/s],...,rp[W/s]) and t,, = t{IW/s'] =
f(r[W/s'],...,rp[W/s']). The result will follow via induction by the vertical 2-functoriality
of whiskering. For 1 < ¢ < p, let m, be the number of times xf; appears in 74, so that
we have my + -+ 4+ my, = m; let the pairs (aq,1,0q,1), - - -, (@gmg, bgm,) denote the positions
of the instances of s, substituted for a:;cf in r4[W/s] ordered right to left. Then for all
1 <@ < my recursively define 740 = 74[W/s] and t)g: rqi—1 = rg,: to be the unique basic
transformation with atom A(+) and span S(¢) + agi — 1, 50 7¢m, = 14[W/s’]. Then by

- @ |hg 1]y, is given by whiskering \rqlwﬁ

induction, wq,mq |V °

By the Parsing Lemma, when rg is interpreted as the ¢ entry of tg, each position
(ag,i>bqi) of s¢in ryo corresponds to the position (ans,+i,bar,+4) of s¢ in to, where M, =
Mg+1 + - -+ + myp. It follows from Lemma 2.37 and the construction of the t;’s, ¥;’s, r4,’s,

and v, ;’s that

IM,+i = f(7“1,0, <3 Tq—1,0:Tqis Tg+1,mgy1s - -+ Tp,mp)

and g, pi = Flidry g, yidr, g Vg idrgy e eride,),

so by Definition 2.72,

P Mq“‘v is the whiskered 2-morphism

[ ontgrily = [F1Gdp of s oo idie, o) |¢q,i|v»id)

T(I+1,mq+1‘v’ o ’1d|rp’mp{v>'

So by the inductive hypothesis and the vertical 2-functoriality of 2-products and of whisker-
ing, [, +m, ‘V oo |41 |V is the whiskered 2-morphism

R ’id|7’p,mp|v>'
v

| FIGdjry o]y -2 1jrg s o] ralw id’

Tq+1,mgiq

Then by Definition 2.56 (3), the vertical 2-functoriality of 2-products, and both the hori-
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zontal 1-functoriality and the vertical 2-functoriality of whiskering, 1)y, [, ®--- ® [1)1]y, is

|FIlrilw 0@y lrply 0 0) = [Frtls -5 rply )9
= ‘t‘wa

as desired. ]

Putting this all together with Propositions 2.62 and 2.74, the next theorem makes precise
the sense in which the parameter categories 9y (€) and P%(€) of Definition 2.51 for the

restricted coherence schema (€, V, £(S)y ) are universal among models |-|: € — K.

Theorem 2.85. Let € be a coherence schema and |-|: € — K a model for € in the carte-
stan monoidal 2-category K. Fiz a finite set of variables V' for €, yielding a restricted
coherence schema (€, L(8)y), and define the category Py (€) presented by (€, L(S)y) as
in Definition 2.51. Then there is a unique functor

[y 2v(@) = [TK(VI I¢) (2.86)
teT

such that

(1) ‘azmv is the projection |V| — [t| to the x} -factor, with |t| given by the model, for each

variable xy € V';

2) |c|y, is the constant morphism |V| — % ﬂ) 7(c)|, with x the terminal object of K and
1% p ]

le|: « — |T(c)| given by the model, for each constant c € C;

(3) 1f(s1,-.,8n)|y = |fl olsly for an n-ary function symbol f € F and n-tuple of terms
s = (81,...,8n) from L(S)y for which dom(f) = (7(s1),...,7(spn)), with |f| as given

by the model and |s|y, = (|s1|y,- -, [snly);

(4) given atomic transformation es: dom(e)[V (g)/s] = cod(e)[V (¢)/s] for edge labele € €
and terms s = (s1,...,8y) from L(S)y with compatible types, if [es] is the residue of

gs in the quotient category Py (C), then

leslly = lela,

as in Definition 2.72 (1), with |e| given by the model; and
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(5) given basic transformation f(id,,,...,p,...,id, ) for termsri,...,r, € L(S)y, basic
transformation ¢ between terms in L(S)y, and n-ary function symbol f € F with
dom(f) = (7(r1),...,7(9),...,7(r)), the functor |-|\, applied to the basic transfor-

mation’s residue in Py (€) is given by

[fidrys - s vide )y = |£1Gd, @]y - id)

as in Definition 2.72 (2), with |f| given by the model.'S

Moreover, if the functor |-, in (2.86) sends the residue of every basic transformation in
Bsy to a monomorphism, then ||\, factors through the quotient functor Py (€) — PL(€)

from Definition 2.51.

Proof. In Proposition 2.74, we constructed a functor (2.75) denoted

[y: F(By[Bsys)) = [TV [el)
teT

that satisfies conditions (1-3) on objects as well as (4-5) for the edges in Ay [Bs‘_/lj.] (i.e. basic
transformations ¢ and, if J-marked, their inverses) rather than their residues in £y (€) (i.e.
[¢] and, if o is J-marked, [¢~!]). The functor (2.75) further satisfies the condition that

'

(6) given an J-marked basic transformation ¢ € Bsy 5, we have ’gp‘ v = |<p|‘_/1,

and once this condition is imposed, (2.75) is necessarily unique.

We now invoke Proposition A.9 to show that the functor (2.75) descends uniquely to
the quotient Py (€) = F(@V[Bsalj])/(R(Q)v), which then must continue to satisfy (1-3)
on objects while also satisfying (4-5) as written. To do so, it suffices to show that ||y,
agrees on every R(C)y-related pair of morphisms in F(Ay [Bs‘_/vlj]), with R(€)y defined as
in Definition 2.46. We consider each of the four named subrelations of R(€)y in turn, using
the symbols e to denote vertical composition and o to denote horizontal composition of

2-morphisms in K.

161t turns out we no longer need an analogue for Proposition 2.74 (6), for when we quotient out by (R(€)y)
to obtain Py (€), inverse laws are enforced, making [p '] the actual categorical inverse of [¢] in Py (&)
for (RS BSV’j.
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(a)

For all ¢ € Bsy 3, we have }go_l}v = \g0|(/1 by (6), so by functoriality of ||, we have

-1 . . .
Lo (‘0|V = ‘80|V d ’SO|V = 1dd0m(\<p|v) = 1d|dom<p\v = |1dd0mgo|v

o™
and

|(P *p 1“/ = “p’V b ’(p|V = 1dcod(\<p|v) - 1d|codg0|v = ‘ldCOde"/-

Hence ||, agrees on the R™-related pairs from Definition 2.46 (a).

Given basic transformations ¢: s = t; and ¢: s = to in By with Sa(p) < S1(¢),
define ¢': ty = w and ¢': t; = w in By as in Definition 2.46 (b) for Rf"™. By the

functoriality of ||, it suffices to show that [¢/'|,, e |¢|,, = |¢'|,, @ U]y .

We proceed via induction on s. The hypothesis is impossible if s is atomic, so let s =
f(s1,...,8,) for n-ary f € F and terms s1,...,8, € L(S)y. By Corollary 2.16, the
S(p)-subterm dom(A(y)) of s is in its i'" entry s; and the S(v))-subterm dom(A(1)))
of s is in its j™ entry s; for some 1 <4 < j < n. It follows that the S(¢)-subterm
dom(A(p)) of ty is also in its i*" entry s;, while the (S(¢))+A(g))-subterm dom(A(v)))

of t1 is also in its 5% entry s;. We can therefore write

Y= f(id817 cee 7idsi,1)¢07 idsi+17 ) 1dsn)

and ¢ = f(idy,, ..., ids; ,, Yo, ids, ;.- ., ids,)

for basic transformations ¢y € Bsy with domain s; and atom A(yp) and 1y € Bsy

with domain s; and atom A(v)), so that

tl = f(Sl, ey Si—1, COd((po), Si+1y--- ,Sn)
and to = f(s1,...,8j-1,c0d(%0), Sj4+1;---,5n)-
We have two cases: either ¢ = j or i < j.
If i = j, because Sa2(¢) < S1(v), we must have S2(pg) < S1(¢0), so

¢ = f(ids,,...,ids,_,, ¥0,1ds,, 1, - - -, 1ds,)

and ¢ = f(ids,,...,ids,_,,¥0,1ds,, 1, - - -, ids,),
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for some basic transformations ¢ € Bsy with domain cod(t), atom A(yp), and span
S(po) and v, € Bsy with domain cod(pg), atom A(v), span S(¢o) + A(po), and
the same codomain as ¢(. Then by induction [¢];, ® ol = |¢gly, @ |¥]y, and by

Proposition 2.74 (5) we have the whiskered 2-morphism

€l = 1£1Gd, . .., &ly, - -, id)

for & € {p, 1, ¢, 1}, so the result follows from the vertical 2-functoriality of 2-products

and whiskering.

Otherwise, 7 < j, and we have

/ . . .
¢ = f(idsy,...s @g .-y ideodpy, - - -1ds,,)
ith entry jth entry
/ . . / .
and ' = f(ids,,...,idcodpys---5 ¥y ,--.,idg,)
—— ~—
ith entry jth entry

for some basic transformations ¢f, € Bsy with domain s;, atom A(p), and span S(¢p)
and ¢, € Bsy with domain s;, atom A(t), and span S(¢y). By uniqueness from
Lemma 2.37, it follows that ¢g = ¢f and ¢y = 1. So by Proposition 2.74 (5), we

have the whiskered 2-morphisms

|4p‘v — |f|<1d7 ey |<p0|v e id|5j|v , ,id>,
~—~ S——
ith entry 4th entry
[l = [fIAd, . idysyy -0 [toly 5 id),
SN—— —
ith entry J* entry
‘(pl‘v — ‘f’<1d, ceey “PU‘V s 7id|C0d(¢0)|V’ .. ,id),
sth entry jth entry
and ‘wl‘v = ‘f|<ld7 s 7id\cod((po)|va SRR ‘wﬂ‘\/ ) 71d>
N—— N——
it entry jth entry

It follows that [¢'|, ®|¢|y, = |¢|\, @ |¥],, for by the 2-functoriality of 2-products, both

sides equal

IFIAd, o lpoly s ons ol s id),
—— ~—
ith entry jth entry

implying that |-|;, agrees on R _related pairs.
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()

Given an atomic transformation es: tg = t{ in By with s = (s1,...,s) € L(S)¥, fix
some 1 < ¢ < k and a basic transformation ¢: sy = s} in Ay . Define integers m and
n, basic transformations v; : t;_1 = t; in Ay for 1 < i < m, and basic transformations
Wi th =t in By for 1 < j < n, as in Definition 2.46 (c) for R*'; then we have
an atomic transformation eg : t,,, = t], in By with s’ = (s1,...,50-1, ), Se41,-- -, Sk)-

By the functoriality of |-|,, it suffices to show that
W)MV o---o W/I‘V i |5s|v = |5s’|v b |77Z)m|v ®:---0 Wl’v-

Note that tg = dom(e)[V (¢)/s] and t{, = cod(e)[V (¢)/s], while t,,, = dom(e)[V (¢)/s']
and t), = cod(e)[V (¢)/s']. By Proposition 2.74 (4), |es|,, = ‘€|\Slv and |eg |, = |€||S’\v’
with [e]: [dom(eg)y(o) = |cod(e)]y () given by the model as in Definition 2.69. Mean-

while, by Lemma 2.84, we have

nly o o [aly = [dom(e) )7
and ng‘v ¢:---0 |¢/1‘V = |C0d(€)’V(5)a

with ¢: |s|,, = |s'|,, given by ¢ = (id ..,id). So by interchange, both

N
N
£th entry

sides of our desired equation equal the horizontal composite || o ¢ depicted by

Is|y |d0m(€)|v(5)
/7\ /\
Vi 4o [V (e)| 4 el [7(e)],
\_/ \_/
Is’ly lcod(e)ly (-

which may be computed as the vertical composite of whiskered 2-cells in two different

ways. Hence |-||, agrees on R™*-related pairs.

For each P-relation
+1 +1 +1 +1
v=(pm o repr ) M (Y e eyi) =0/
where the ¢;’s and 1);’s are basic transformations, define the finite set of variables

W=V@)UV(E)=V(e) U UV(pn) UV (1) U--- UV ()
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appearing in either v or ¢/ as in Notation 2.42. Order and label the variables in W so

that W = {w;fll < < .CCZ;:}

Now consider the functor |-|;, from (2.75) in Proposition 2.74, with W in place of V/,
arising from our given model |-| for €. By Definition 2.77, we have |v|y, = [V/|};, so

by functoriality and by (6) we have
+1 +1 +1 +1
[omly @@ loilyy = [Pnly @@ iy

Then given r = (r1,...,7) € Ly(&)* with 7(ry) = t, for all 1 < ¢ < k, we have by

Lemma 2.80 that

loilW/rlle" = (il e, and [ W/rllE = (1850 e,

so by vertical 2-functoriality of whiskering,

o [W/r][E o o o W/l = (JgmlEl - o 015 e,
= (IYnly o o Y1l ey,
= [ W/l o o [y [W/r][

Hence |-|\, agrees on the R°™-related pairs from Definition 2.46 (d) by functoriality
of |-|;, and by (6).

Now suppose for induction we have basic transformations ¢; for 1 < ¢ < m and 9, for

1 < j < n all with type t and scope V for which

+ + + +
|§0m|v1 e---0 ’901’V1 = |wn V1 ."’.W]l Vl-

Fix a p-ary function f € F and ti,...,t5_1,tk41,...,tp € Ly(S) so that dom(f) =
(t(t1),...,7(tk=1),t, 7(tk41),...,7(tp)). For every basic transformation ¢ of type t and
scope V, define a basic transformation F () = f(idy,,...,ids,_,, @, ids, ., ... ,ids,), also of

scope V. Then

\F()y = [fidyey s - o idpg gy el idpg gy -0 idpg), ),
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so by vertical 2-functoriality of 2-products and whiskering,

+1 +1 . +1 +1 .
[Flom)ly oo [Flon)ly = [flidyy - lomly oo lply . idyg, )
kP entry
. +1 +1 .
= [flidjty -0 [Unly ool idy,) )
kP entry

= |F ()i o o |F(w1)];"

It follows by induction that |||, agrees on R(C)y-related pairs. Hence the functor |-|,
from (2.75) with domain F(%By [Bs‘jlj]) descends uniquely to a functor (2.86) with domain
Py (€), and this new functor satisfies (1-5) as written. The uniqueness of the functor (2.86)
satisfying (1-5) follows from the the universal property of quotient categories, the uniqueness
s . 1
result of Proposition 2.74, and the fact that the quotient functor [[]: F(Zy [Bsy5]) — Pv(€)
necessarily satisfies [p~!] = [¢] ™! for all p € Bsy 5 by the construction of R™ C R(€)y.
Finally, every morphism in F'(%y [Bsy ;-1] is the composite of edges in Bsy and isomor-
phisms. Since monomorphisms are closed under composition and every isomorphism is a

monomorphism, the last statement follows from Proposition A.13. O

Our theorem implies a more general result for any restricted coherence schema. We

repeat the conditions for general restricted coherence schemata for convenience.

Corollary 2.87. Following Definition 2.51, let (€, V,9O) be the category presented by the
restricted coherence schema (€, V,90), and let |-|: € — K be a model for € in the cartesian
monoidal 2-category K. Then there is a unique functor
[y 2(¢,V,0) = [TK(V],I¢]) (2.88)
teT

such that

(1) ‘lﬂv is the projection |V| — [t| to the x} -factor, with |t| given by the model, for each

variable z, € VNO;

(2) |c|y is the constant morphism |V | — x LiN |7(c)|, with % the terminal object of K and

le|: x — |7(c)| given by the model, for each constant ¢ € C N O;
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(3) 1f(s1,-.,8n)lyy = |f| osly for an n-ary function symbol f € F and n-tuple of
terms s = (s1,...,8yn) from L(S)y for which dom(f) = (7(s1),...,7(sn)) such that

f(s1,...,8n) € O, with | f| as given by the model and |s|,, = (|s1]y,-- -, [Snly);

(4) given atomic transformation es: dom(e)[V (€)/s] = cod(e)[V (¢)/s] for edge labele € &€
and terms s = (81,...,8,) from L(S)y with compatible types, if both dom(e)[V (¢)/s]
and cod(e)[V(e)/s] are in O and [g] is the residue of €5 in the quotient category

Py (€), then
elly = Il

as in Definition 2.72 (1), with |e| given by the model; and
(5) given basic transformation f(id,,,...,p,...,id, ) for termsri,...,r, € L(S)y, basic

transformation ¢ between terms in L(S)y, and n-ary function symbol f € F with

dom(f) = (7(r1),...,7(®),...,7(ry)) such that

f(r1,...,dom(p),...,r,) and f(ri,...,cod(p),...,ry)

are both in O, the functor |-|,, applied to the basic transformation’s residue in Py (<)
s given by

I[f(idp, ..y, .. ide)]y = [ FIAd, . el -, id)

as in Definition 2.72 (2), with |f| given by the model.

Furthermore, the functor |-|,, factors through the canonical functors
2(¢,V,0) = 2(¢,V(9),9)

Moreover, if the functor |-|,, in (2.88) sends the residue of every basic transformation
in Bsp to a monomorphism, then ||, factors through the quotient functor 2(€,V,9O) —
PY(C,V,0) from Definition 2.51.

Proof. Restricting the domain &y () of the functor |-[;, from (2.86) in Theorem 2.85 to
its subcategory & = (€, V,0) yields the desired functor (2.88) satisfying the given

conditions. Conditions (1-3) are satisfied as every term in O is an object of &, and
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conditions (4-5) are satisfied as every basic transformation ¢ between terms in O gives rise
to a morphism [¢] in Z.

For uniqueness, compose a functor (2.88) with quotient functor [-]: F'(Zo [Bsg}j]) S
which satisfies [p!] = [¢] ! for all p € Bsg 5 because of the construction of R C R(€)y
in Definition 2.46 (a). This combined with our five given conditions on (2.88) imply that
the composite functor |[-]|;, satisfies the six conditions on (2.76) given in Proposition 2.74.
So uniqueness follows from the uniqueness result in Proposition 2.74. Finally, the last

statement once again follows from Proposition A.13. O

Typically we will work with the minimal scope V(O) in place of an arbitrary set of
variables V' containing V' (9). It turns out the functor from (2.88) is related to the same
functor but with V(9) in place of V' as follows (recall from Definition 2.51 that we denote
2 (€, V(9),0) simply by Z(€,90)).

Proposition 2.89. Given a restricted coherence schema (€,V,90) and a model |-|: € - K

for € in the cartesian monoidal 2-category K, there is a commutative square

P(€.0) = P(EV(9).9) 20 L K(VO)L. )

l |

[l
‘@((’:7‘/79) - ’ HtGTK(|V‘7|t’)7

where the top arrow is the unique functor from (2.88); the bottom arrow is the unique functor
from (2.88) with the minimal V(O) in place of V; the left arrow is the quotient functor
induced by the inclusion R(€)y (o) C R(€)v; and the right arrow is given by whiskering with
the projection w: |V| — |V (O)].

Proof. This follows directly from the commutativity of (2.83), from Corollary 2.87, and from

the fact that quotient functors are epic. O
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Chapter 3

COHERENT NORMALIZATION PROBLEMS

In Chapter 2, we introduced formalisms leading to coherence schemata in Definition 2.43,
and we explained how Mac Lane-style presentations of categorical structures could be
translated as models of such coherence schemata, culminating in Definition 2.77. Fur-
thermore, in Definition 2.51, we defined the universal parameter categories & = Z(¢&,O)
and 2V = PY(¢,O) associated to any restricted coherence schema (€,9), and in The-
orem 2.85, we explained how to construct interpretation functors from & and 2" into
certain mapping categories associated with a given model of €. The objects of &2 and 2,
given by O C L(&)y, parametrize a choice of operations on the model; while the morphisms

of & and 2" parametrize natural transformations between the chosen operations.

In general, a categorical coherence theorem asserts that some class of diagrams commute.
In our framework, such theorems may sometimes be recast as the assertion that some or all
of the hom-sets in &2 or 2L are singletons: if | #(s,t)| = 1, then any transformations from
s to t composed of basic transformations and their inverses have the same interpretation,
regardless of the model of € we are working in. A more refined result, like the coherence
theorem for braided monoidal categories, would identify the congruence classes in (s, t)

using properties of their representatives, but we shall not pursue this line of inquiry here.

Thus, the problem is to understand the structure of the categories & and 2" associated
to a given restricted coherence schema (€, ). In fact, we will work in greater generality:
both & and £% are categories of the form F(%[I7'])/ ~, where ¢ is a directed graph,
I is a marked set of edges in ¢, and ~ is a congruence relation on the free category
F(Z[I7']). Tt turns out that characterizing the quotient F(¥[I~'])/ ~ is often closely
related to the problem of finding suitable normal forms for its objects. We call these
problems coherent normalization problems (CNPs), which we introduce in the next section

and study throughout this chapter.
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3.1 Introducing CNPs and their solutions

Definition 3.1 (Coherence normalization problem & solution). A coherent normalization

problem (or CNP for short) is a triple ® = (¢, I, ~) such that:
(a) 4 = [dom,cod: F = V] is a directed graph, called the underlying graph of &;

(b) I C E'is a set of edges in ¢ (i.e. (¢, ) is a marked directed graph) called the marked
edges of &; and

(c) ~ is a congruence relation on the free category F(¥[I"']), called the congruence
relation of &, such that for any edge i € I, denoted i: dom(i) = cod(i), we have

(i_l ° Z) ~ iddom(i) and (Z ° i_l) ~ idcod(i)‘1

We call & = F(4[I'])/~ the category presented by &.
A solution to the CNP & is a set of vertices N C V = Ob(F(%[I~!])) such that for any

vertex t € V:

(1) there is a unique n(t) € N such that there exists a morphism v: t = n(t) in F(4[I71])

(or equivalently in #?); and moreover

(2) if v,v/: t = n(t) are two morphisms in F(4[I~]), then v ~ v/ (or equivalently v = v/

for two such morphisms in ).

If N is a solution to &, we call n(t) the N-normal form of t. Thus (1) asserts the existence
and uniqueness of normal forms, while (2) asserts the uniqueness of normalization maps up

to congruence.

We typically think of the edges in E as basic transformations and those in I as invertible
basic transformations. Then the morphisms of F(4[I~!]) are more general transformations

consisting of sequences of composable transformations from F and inverted transformations

We use = arrows for morphisms and e for composition in F(4[I"'])/ ~ because in our applications,
they will correspond to natural transformations and vertical composition.
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from I, while the congruence relation ~ identifies certain pairs of these transformations as
equivalent. Each morphism ¢ = t’ records a way to transform ¢ to t'.
We are interested in ways to explicitly construct and verify solutions to CNPs. First,

we may immediately deduce the following lemma about normal forms.

Lemma 3.2. Let 4 = [E = V] be a directed graph and & = (4,1,~) be a CNP with
solution N C V. If there is an edge e: t = u in ¥, then t and u have the same N-normal

form: n(t) = n(u). Moreover, morphisms v: t = n(t) and v': u = n(u) satisfy v ~ (V' ee).

Proof. Let ' be any morphism u = n(u) in F(4[I7!]) exhibiting n(u) as the N-normal
form of u. Then we have the composite (' e¢€): t = u = n(u) € N, so by the uniqueness of
N-normal forms, n(t) = n(u). Furthermore, given any other morphism v: t = n(t) = n(u),

we have v ~ (1 e ¢). O

The importance of finding solutions to CNPs is summarized below.

Theorem 3.3. Suppose that & = (¥,1,~) is a CNP and that N is a solution to &. Let
P = F(G[I7Y])/ ~ be the category presented by &, and for every vertex n € N, let P[n]

denote the connected component category of n € Ob(Z2) in &. Then

2= ] 2

neN

and for each n € N, the object n is terminal in P |n].

Proof. The inclusions &[n] < & induce a functor F': [, .n £[n] — &, which we must
prove is an isomorphism.

To start, we prove that for each m € N, the object m is terminal in Z[m]. Given
t € P[m], there is a zigzag of morphisms of & connecting ¢ to m, which lifts to a zigzag
in F(4[I~']). That is, there are vertices t = tg,...,t;, = m such that for each 0 < j < k,
there is a morphism in F(4[I71]) that is either t; = t;41 or t;41 = t;. Either way, by

Lemma 3.2, n(t;) = n(tj+1). So by induction

n(t) =n(to) = - = n(ty) = n(m) = m,
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with the final equality exhibited by the identity morphism id,,: m = m € N. In particular,
there is a morphism v: t = n(t) = m in F(4[I~!]) and hence a morphism [v]: t = m in 2.
If []: t = m, then v,/: t = m € N in F(4[I71]), and hence v ~ // by Definition 3.1 (2).
Thus [v] = [V/], which proves that m is terminal in &?[m].

Next, we prove that F: [[,.ny Z[n] — & is bijective on objects. For surjectivity,
suppose t € Ob(Z) and let m = n(t) € N. Then there exists a morphism ¢ = m in
F(%[I7']) and thus in &, so t € &[m)] is in the image of F. For injectivity, it is immediate
that F' is injective on each component Z[n], so it suffices to show that #[n] and Z[n/]
are disjoint if n # n’ for n,n’ € N. However, if t € Z[n] N £[n'], then by our previous
argument n = n(t) = n’. Thus F is bijective on objects.

Finally, we show that F' is fully faithful. As each inclusion functor is fully faithful, it
suffices to show that, as in [[,.y &?[n], there are no morphisms s = t in & whenever
s € PIn] and t € Z[n] for n,n’ € N with n # n’. Indeed, if there were, n and n’
would be in the same connected component, yet we saw previously that Z[n] and Z[n/]

are necessarily disjoint. Hence F' is fully faithful. O

Passing to topology, we obtain the following result. Let B% denote the classifying space

(i.e. the geometric realization of the nerve) of a category %

Corollary 3.4. Given the notation and hypotheses of Theorem 3.3, the classifying space
Bz = [[ BZInl,
neN

and each of the component spaces BZ[n] is contractible.

Proof. The classifying space functor preserves coproducts and sends categories with terminal

objects to contractible spaces. O

If & = (¥4,1,~) is a CNP and the congruence relation ~ is left-cancelable, e.g. if &
is the CNP presenting 22%(¢€, 9), then the existence of a solution to & has even stronger

implications for the category presented by &.

Theorem 3.5. Suppose that & = (¢4,1,~) is a CNP and that N is a solution to &. Let
F(@I1)/~=22]],en Zn] as in Theorem 3.5.
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(1) If ~ is left-cancelable, then for eachmn € N, P[n] is a preorder category: every diagram

in it commutes.

(2) If I is the entire edge-set of 4, then ~ is left-cancelable, and the category P[n| is
equivalent to the terminal category * for each n € N. In other words, the inclusion

functor from N viewed as a discrete category into & is an equivalence.

Proof. For (1), by Proposition A.13, every morphism in & is monic. Then given two parallel
morphisms f, f’: ¢ = w in some [n], by Theorem 3.3, n is terminal in &?[n], so there exists
a morphism !: © — n. Terminality of n further implies that !e f = !e f’, so since ! is monic,
f = f". Hence £[n] is a preorder category.

For (2), every edge in ¢[I~!] is invertible as a morphism in F(¢[I~!]), and every mor-
phism in F(Z[I~!]) is composed of edges, so every morphism in F(¥[I!]) is invertible.
Moreover, given two parallel morphisms f, f: + = u and a morphism g: u — v in F(4[I~1])
with ge f ~ g e [’ since g is invertible, we have f ~ f’. Hence ~ is left-cancelable, so
by (1), each &[n] is a preorder category. As each Z[n| is also a groupoid with terminal
object n, every object w € Z[n] has an invertible map w — n, making Z?[n| equivalent to

a terminal category. O

Part (1) then allows for coherence theorems in the style of Laplaza’s theorem from [13]
and [9], where the interpretations of certain basic transformations are assumed to be merely
monomorphisms instead of isomorphisms, while part (2) encapsulates the most familiar
coherence theorems where the interpretation of every basic transformation is invertible.

We may now phrase the problem of proving a coherence theorem for a restricted coher-
ence schema in terms of solving a corresponding CNP. To that end, we define the following

CNPs for a given restricted coherence schema (€, O).

Notation 3.6 (CNPs for restricted coherence schemata). Let € = (&,%,J,R) be a coher-
ence schema and O C £(&) be a variable-finite, subterm-closed subset. Then the CNPs
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given by the restricted coherence schema (€, 9) are

CN(€,9) == (e%’o,BSDJ, (R(¢)V(o)>>

and CNL(€,0) = (%’D,BSDJ, (R(C)V(oﬁL),

where

o the graph %y has the terms in £ as vertices and the basic transformations Bsg

generated by T as edges, as defined in Definition 2.32;

« the subset Bsp 5 C Bsp consists of all J-marked basic transformations, as defined in
Definition 2.40; and

o the local binary relation R(€)y(g) is defined on the free category F(%y (o) [BS‘_/%D)J])
(where %y (o) is the graph of basic transformations between terms with scope V/(9)
and Bsy(g) 5 is its set of J-marked edges) as in Definition 2.46, yielding congru-
ences (R(&)y (o)) and <R(€)V(D)>L that are subsequently restricted to the subcategory

F(Bo[Bsgh]) € F(By(0)[Bsy (o) ))-

Note that the inclusion of R™ in R(C)y (o) in Definition 2.46 (a) guarantees that Defini-
tion 3.1 (c) is satisfied. These CNPs present Z(¢,9O) and 2%(€, D), respectively, from
Definition 2.51.

We specialize the previous results (Theorems 3.3 and 3.5 and Corollary 3.4) to these
CNPs presenting our universal parameter categories, then leverage Corollary 2.87 to prove

our desired coherence theorems.

Theorem 3.7. Using Notation 3.6, let M C O be a solution to CN(C,O) presenting & =
P(€,90), and let |-|: € — K be a model for € in a cartesian monoidal 2-category K, giving

rise to the functor
= oyt 2 — TTEAVO)] fe)
teT

from (2.88) (with the minimal V(O) in place of V). Then we have the following.
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(1) For every term t € O, there exists a unique term n(t) € N such that there is a
morphism t = n(t) in &. Moreover, there is a unique morphism v: t = n(t) in &.
In particular, 7(t) = 7(n(t)). So the classifying space B is a coproduct over N of

contractible spaces.

Consequently, any pair of parallel morphisms n1,m2 in [{,cp K(|V(O)], |t]) that lifts
via || to a pair of parallel morphisms t = n(t) in & satisfies N1 = 1.

(2) Assume every edge label of our coherence schema is marked, so 3 = E. Then every
diagram in & commutes, and the inclusion from N viewed as a discrete category to
P is an equivalence. That is, given terms t,t' € O with n(t) = n(t'), there exists a

unique morphism t = t' in 2.

Consequently, every diagram in [ [, K(|V(9)|,[t]) that factors through the functor

|| is a commutative diagram of isomorphisms.
Now assume instead Ny, C O is a solution’ to CNL(E, D) presenting P = 2V (¢, D).

(8) The category PV is a preorder category: every diagram in it commutes.

If, furthermore, |-| sends the residue of every basic transformation in Bsp to a
monomorphism, then |-| factors through 2%, so any diagram in [J,cr K(|V(D)], [t])

that factors through the functor |-| commutes.

In short, by Corollary 2.87, every model |-|: € — K (for a cartesian monoidal 2-category
K such as Cat) extends uniquely to a functor out of the category (€, 9) (and, under
certain conditions, to 2%(¢€, 9)), so the theorem above actually yields a coherence theorem
for every model of € in K. Finding a solution to the CNP presenting the universal parameter
category Z(€,9) (or the monomorphic parameter category 22"(¢, 9)) then directly implies
a coherence theorem for models of € restricted to . In the remainder of this chapter, we
shall develop general techniques for constructing solutions to CNPs and apply them to prove

coherence theorems for familiar categorical structures.

2In fact, we will see in all of our examples that the solution to CNp(€, D) is just the solution to CN(¢, O)
by Corollary 3.12, although there may be cases where CN(€, O) has no solution but CNp,(€, O) does.
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3.2 Constructing solutions to CNPs

We begin with a simple example of a CNP that is guaranteed to have a solution by the

axiom of choice.

Example 3.8. Let 4 = [E = V] be a graph and & = (¢, E, ~) be a CNP with every edge
marked and ~ maximal, so that the category & presented by & is the preorder reflection
of F(9[E~1]), with a unique morphism ¢ = ¢’ for vertices t,# € V whenever ¢ and t' are
connected by a zigzag of paths in ¢. Then there exists a solution IV to & comprised of one

representative from each connected component of ¢.

In general, however, there is no guarantee that a solution set N exists. The basic

problems we shall consider going forward are:

(1) whether a given CNP has a solution, and

(2) how to convert a solution to one CNP into a solution to another CNP.

As solutions to a CNP are defined purely in terms of the category &2 it presents and not in
terms of the edges in E' and I that generate the free category, we shall be most interested

in the following notion of a morphism between normalization problems.

Definition 3.9 (CNP morphism). Suppose that &; = (¥, I;, ~;) are CNPs for i = 1,2. A
morphism f: &1 — Gy is a functor f: F(4[I]']) — F(%[I,']) that preserves congruence
relations, i.e. v ~y v/ implies f(v) ~g f(¥') for all parallel morphisms v, v/ in F(4[I7 ).

We write CN for the category of CNPs and these morphisms.
The next result follows directly and justifies our definition of morphisms of CNPs.

Proposition 3.10. Let % = [E; = Vi] be a graph and &; = (%;,1;,~;) be a CNP for
1=1,2, and let f: &1 — Bo be a morphism that is surjective on objects and full. Then f
preserves solutions: if N is a solution to &1, then f(N) is a solution to &y. In particular,

isomorphisms of CNPs preserve solutions.
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Proof. Since f is surjective on objects, each vertex in V5 is f(t) for some t € V. As N
is a solution to ®1, there is a morphism v: t = n(t) € N in F(Z[I;']) that f sends to a
morphism f(): f(t) = f(n(t)) € [(N) in F@[1;1]).

Now given n’ € N for which there is a morphism &: f(¢t) = f(n'), fullness means there
is a morphism v/: t = n’ with f(v/) = £ Then n(t) = n’ and v ~; v/, so f(n(t)) = f(n)
and f(v) ~2 f(V') =& Hence f(N) is a solution to &s.

If f: ®; — &y is an isomorphism, then f: F(¥[I;']) — F(¥[I,]) is an isomorphism

of categories, so it is necessarily surjective on objects and full. O

Corollary 3.11. Let 9 = [E =2 V] be a graph and &; = (¥4,1,~;) be a CNP fori=1,2
with ~1 C ~qo: that is, every ~1-related pair of morphisms in F(G[IY]) is ~o-related. Then

if N is a solution to &1, it is also a solution to Bs.

Proof. As ~1 C ~y9, the identity functor on F(%[I‘l]) is a morphism &; — &5. Since the

identity functor is both surjective on objects and full, it preserves solutions. O

We can apply this result to the CNPs for our restricted coherence schema as defined in

Notation 3.6.
Corollary 3.12. IfM C O is a solution to CN(€, O), then N is also a solution to CNy, (€, O).

Proof. This follows from the previous corollary, as (R(€)y (o) C (R(€)y o)™ O

In the remainder of this section and the next, we shall examine when solutions N C V'
to a CNP & exist and how they may be constructed. We will introduce several relevant
conditions on the graph ¢. These generalize familiar properties for relations, which we will

review as well, thinking of them as graphs with no parallel edges.

Definition 3.13 (Minimality, well-foundedness, confluence). Let ¥ = [E = V] be a di-
rected graph. For consistency with the graphs constructed in Chapter 2, we shall denote
vertices of ¢4 by letters such as s, ¢, u and edges of ¢4 by double-arrows such as e: s = t. We

say that t € V is:

(1) 9-minimal (or just minimal) if there is no u € V for which an edge t = wu exists in

9, i.e. there are no edges out of t. (We say minimal instead of maximal because we
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typically think of an arrow e: s = t as a “reduction” of the vertex s into a “simpler”

vertex t.)

(2) 9-minimal (or just minimal) relative to A if t € A C V and there is no u € A for

which an edge ¢t = u exists in ¢, i.e. there are no edges from t to vertices in A.

(3) 9-well-founded (or just well-founded) if there is no infinite sequence ¢t = to, 1, t2, ...
for which an edge t; = t;41 exists in ¢ for all ¢ > 0, i.e. there are no infinite pathsout

of t.

We say that ¢ is well-founded if every t € V is well-founded, i.e. there are no infinite paths
in ¢ or, equivalently, every nonempty subset has a minimal element.

If further ~ is a congruence relation on the free category F(¥), we say that ¢ is:

(4) (¢4, ~)-confluent (or just confluent) if, for any morphisms v: ¢ = a and 0: t = b in

F(%), there exist morphisms a: a = cand 8: b = cin F(¥) for which (aey) ~ (fe0):

TN,

We say that (¢, ~) is confluent if every t € V is confluent.

Now let V' be a set and R be a binary relation on V. Then we define minimality and
well-foundedness for (V, R) to coincide with minimality and well-foundedness for the graph
G = [m,m: E = V] with E = {(t,u) € VxV |t Ru}. Explicitly, given t € V, we say that

t is:
(1) R-minimal if there is no u € V such that t R u.

(2) R-minimal relative to A if t € A CV and there is no u € A such that ¢ R u.

(3) R-well-founded if there is no infinite sequence ¢t = tg,t1,t2,... such that ¢; Rt;4; for

all 7 > 0.
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We say that (V, R) is well-founded (or that R is a well-founded relation on V') if every t € V
is R-well-founded.

Remark 3.14. Binary relations = such that no infinite chains x¢o = 1 = x3 = --- exist
are sometimes called noetherian, in analogy to the ascending chain condition in algebra.
However, we will often think of our edges = as reductions, so we refer to graphs with such

edges as well-founded.
The next two propositions are standard. They record the well-founded analogues of the

well-ordering principle and induction for both relations and graphs.

Proposition 3.15. Suppose that (V,R) is well-founded and let >pr denote the transitive
(but not reflexive) closure of R, so that t >r u if and only if there is a positive integer

k>0 and elementst =tg R --- Rty =wu in V. Then the following hold.

(1) Every nonempty subset A C'V contains an element t € A that is >pr-minimal relative

to A.

(2) (Ordinary Induction) Suppose P CV such that®

(i) for every R-minimalt € V, we have t € P, and

(ii) for everyt € V that is not R-minimal, if w € P for all w € V with t Ru, then
te P.

Then P=1V.

(3) (Strong Induction) Suppose P CV such that

(i) for every R-minimalt € V, we have t € P, and

(ii) for every t € V that is not R-minimal, if u € P for all w € V with t > u, then
teP.

3Typically P is defined by a property ¢: V — {L, T} that may or may not be true for each element
v € V, so that P := ¢ '(T). Then (2)(i) gives a base case and (2)(ii) gives an inductive step to verify
that the property is true for every element of V, making o *(T) = V.
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Then P=1V.
Proof of (1). Suppose not. Fix tg € A. Then for k£ > 0, given elements
to >R >Rtk

in A, we know tj, is not >pg-minimal relative to A, so there exists ty; € A with ¢t > tgp+1.

Continuing recursively, we obtain an infinite sequence
to >Rrt1 >pto>p -

in A. Each pair t; >g t;1+1 is exhibited by a sequence t; = t? R ---R tfi = t;41 in V with

k; > 0, yielding an infinite sequence
to=t8R Rt’go =t =tR --. Rt'fl =ty =t9R ---
in V' that contradicts the well-foundedness of (V, R). O

Proof of (2). Suppose for contradiction that V' \ P is nonempty. Then by (1), there exists
t € V \ P that is >g-minimal relative to V' \ P. As t ¢ P, (2)(i) implies that ¢ is not
R-minimal. Moreover, for all v € V with t R u, we have t > u, so u ¢ V \ P by the
> p-minimality of ¢ relative to V' \ P. Hence u € P. Then by (2)(ii), we have t € P, a

contradiction. O

Proof of (3). Again suppose for contradiction V' \ P is nonempty and take ¢ € V'\ P that is
> p-minimal relative to V' \ P, so t ¢ P and thus not R-minimal by (3)(i). For u € V' with
t > u, we have u ¢ V' \ P by the >p-minimality of ¢ relative to V' \ P, so u € P. Then by

(3)(ii), we have t € P, a contradiction. O

Often when applying the above proposition, our set V' will be the vertex-set of a graph
% and our relation R will be defined by ¢t R whenever there is an edge from ¢ to u in that
graph. In that case, the transitive closure > of R is given by ¢ >g u whenever there is a
nonempty path from ¢ to uw in ¢, i.e. whenever there is a nonidentity morphism from ¢ to u
in the free category F(¥).

To apply the properties of well-founded relations to directed graphs, we introduce the

concept of a strict weight.
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Definition 3.16 (Strict weight). Let ¢4 = [E =2 V] be a directed graph. A strict weight on
¢, denoted w: ¥ — (W, R), consists of

e aset W,

o a well-founded relation R on W, and

e a function w: V — W,

such that for every edge e: s = t of 4, we have w(s) R w(t).

The following lemma is a triviality, but it reframes the definitions in a form that has

useful generalizations.

Lemma 3.17. Suppose 4 = [E = V] is a directed graph. Then ¢ is well-founded if and

only if it has a strict weight.

Proof. Let — be the relation on V given by ¢ — w if and only if there is an edge t = v in
4. Then if 4 is well-founded, so is —, and the identity function on V yields a strict weight
4 — (V,—). Conversely, any strict weight w: ¢4 — (W, R) maps paths to = t; = -+ in ¢
to sequences w(tp) Rw(t1) R --- in W. Hence if R is well-founded, so is ¢. O]

In practice, we often take (W, R) = (N, >), as the natural numbers are well-ordered.
Then a strict weight w: ¥ — (N, >) measures some feature of the vertices of ¢ that strictly
decreases along the edges of ¢4. But in fact Lemma 3.17 is completely general.

Our basic result for solving CNPs is the following.

Proposition 3.18. Suppose 4 = [E = V] is a graph and ~ is a congruence relation on

F(9). Let M C 'V be the set of all 4-minimal vertices.

(1) If 9 is well-founded (or, equivalently by Lemma 3.17, has a strict weight), then for
every t € V, there is at least one vertex m € M for which there exists a morphism

t=m in F(9).
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(2) If (4,~) is confluent, then for every t € V, there is at most one vertex m € M for
which there exists a morphism t = m in F(4). Moreover, given v,V : t = m, we have

v,

(3) If 4 is well-founded (i.e. has a strict weight) and (¢,~) is confluent, then M is a
solution to the CNP (4,D, ~).

Proof of (1). Let A ={u € V|F(9)(t,u) # @}, let — be the relation on V with ¢ — w if
and only if there is an edge t = w in ¢4, and let — be the transitive closure of —. Ast € A,
by Proposition 3.15 (1), there is a vertex m € A that is —-minimal relative to A. Thus
there is a morphism «a: ¢t = m in F(¥): we claim m is ¢-minimal. Suppose not. Then there
is an edge e: m = u in ¥, so we have a morphism (ee «): t = m = w in F(¥) and hence
u € A. But e exhibits the relation m — u, contradicting the —»-minimality of m relative to

A. Therefore m € M. O

Proof of (2). Given morphisms v: t = m and v/: t = m/ in F(¥) with m,m’ € M, since
(¢,~) is confluent, there exist morphisms a: m = ¢ and o: m’ = ¢ in F(¥) for which
(vev) ~ (o/ o). By the ¥-minimality of m and m’, the paths in ¢ corresponding to
a and o must be empty, so a and o' are identities. It follows that m = ¢ = m’ and

v=(aev)~(de)="1". O
Proof of (3). As 9[@71] =%, by (1) and (2), M is a solution to (4,3, ~). O

The problem now becomes establishing confluence conditions on (¢4, ~). A key insight,
originally due to Newman [23] in the combinatorial case and rephrased by Huet [8] in terms
of well-founded induction, is that confluence can often be reduced to local confluence in the

sense of the next definition. Such results are often called Diamond Lemmas.

Definition 3.19 (Local confluence). Suppose ¥ = [E = V] is a directed graph and ~ is
a congruence relation on F(¥). We say that a vertex t € V is (¥, ~)-locally confluent if,
for any edges e: t = a and f: ¢t = b in ¥, there exist morphisms a: a = c and #: b= c in
F(%) for which («ee) ~ (B e f). We say that (¢, ~) is locally confluent if every t € V is

(¢, ~)-locally confluent.
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Note that local confluence is a priori weaker than confluence, as the former is a condition
on all edges with a common domain in ¢, whereas the latter is a condition on all morphisms
with a common domain in F(¥). But the Diamond Lemma will show that the weaker
condition implies the stronger one given well-foundedness. We now present our categorical

analogue of the Diamond Lemma, whose proof we adapt from Huet [8].

Lemma 3.20 (Diamond Lemma). Let ¢4 = [E =2 V] be a well-founded directed graph and
~ be a congruence relation on F(¥4). Then (¢4,~) is confluent if and only if it is locally

confluent.

Proof. The “only if” direction is immediate, as every edge in ¢ is a morphism in F(¥¢). For
the “if” direction, suppose (¢, ~) is locally confluent. We shall prove that every vertex in

V is (¢, ~)-confluent by well-founded induction.

Suppose t € V is ¥-minimal, so the only path out of ¢ in ¢ is empty. Thus morphisms

v:t=aand §: t = bin F(¥) are identities, so a =t = b and
(1dt0’y):'y:1dt~1dt:5:(1dt0(5)

Therefore ¢ is (¢, ~)-confluent.

Now suppose that ¢t € V' is not 4-minimal and that u is ¥-confluent whenever there is
an edge t = u in ¢. Fix morphisms v: t = a and d: t = b in F(¥). If one of these is the

identity, assume without loss of generality v = id;. Then
(o) =(deids) =0~ 6= (idy 0 9),

so t is (¢, ~)-confluent. Otherwise, v and ¢ are paths of length at least 1 in ¢, so we may

factor them as

vit=d = a and sty L

for edges e: t = a/ and f: ¢t = b in 4 and morphisms 7': ¢’ = a and §': ¥’ = b in F(¥9).



84

Now consider the diagram

e L f
N

a b
NN
a b

062\1 I N
C2
B
Qs
c.

Morphisms «a1: @’ = ¢; and fB1: b = ¢; in F(¥) satisfying (o ee) ~ (81 o f) exist
because (¢, ~) is locally confluent. Then morphisms as: a = ¢ and fB2: ¢1 = co satisfying
(a2 @7') ~ (B2 ® 1) exist because a’ is (¢, ~)-confluent by induction. Finally, morphisms
a3: ca = cand 3: b= csatisfying (aze32031) ~ (Sed’) exist because b’ is (¥, ~)-confluent

by induction. As ~ is a congruence relation,
(az0az09)=(azeazer ec)~ (ed e f)=(5e0),
so t is (¢, ~)-confluent. Thus (¥, ~) is confluent by well-founded induction. O
We therefore have yet another result for solving CNPs, which is the first that we shall
apply directly.

Proposition 3.21. Suppose 4 = [E = V] is a graph and ~ is a congruence relation on
F(94). Let M C V be the set of all 4-minimal vertices. If 4 is well-founded (i.e. has a
strict weight) and (¢, ~) is locally confluent, then M is a solution to the CNP (4,2, ~).

Proof. By Lemma 3.20, (¢, ~) is confluent, so this follows from Proposition 3.18 (3). O

3.3 Coherence for associators

Here we begin to recast Mac Lane’s coherence theorem for monoidal categories from [16]
into our language of CNPs, focusing first on (lax, i.e. not necessarily invertible) associators.

We define a coherence schema € = (Sg, Ta, @, RY) as follows.
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o The signature &g consists of:

— one type, T := {m};
— no constant symbols, C := &; and

— one function symbol, F':= {®}, with ar(®) = 2.
We denote its language by M = L(Sg). Explicitly, M consists of:

(1) the variable x; :== 2% for ¢ > 0; and

(2) the term ®(s,t) for s,t € LM.

We may think of M as the free magma®* on {z; < x5 < ---}, where the product of
s,t € M is given by ®(s,t).

o The transformation schema is Tp: {a} — M x M, with the domain and codomain

of the sole edge label in £ = {a} given by
a: @(®(r1,22), 23) = (21, ®(T2,23)),

yielding a directed graph Z* whose vertices are terms in M and whose edges are

basic transformations in Bs® = Bs(Sg, T4 ). Explicitly, Bs® is given as follows.
(1) For s,t,u € M, there is an atomic transformation in Bs* given by
st @(R(s, 1), u) = @(s, (L, u)).

(2) For s,t,u € M and ¢: s = t in Bs®, there are basic transformations in Bs*

given by
®(9071du) ®(S,U) = ®(t7u) a’nd ®(1du790) ®(’LL, S) = ®(ua t)

e There are no marked edges.

4A magma is a set equipped with a binary operation, with no other conditions.
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 The commutativity schema %* is the local binary relation on the free category #* =
F(2%") with only one related pair, consisting of the two paths around the following
diagram (with subscripts in morphisms suppressed for readability):

8(a, id)
>

®(®(®(SE1,$2),$3),$4) ®(®(x1,®(x2,x3)),x4)

« KA ®(x1, 9(R(22,23),14)) (3.22)

ﬂ@(id, )

R(®(x1,12), ®(23,4)) == ®(21, ¥(22, ®(23,74))).

So a model of this coherence schema €5 = (Sg,%a, @,%A) in Cat is a category with a
binary operation and a lax associator for that binary relation that obeys the pentagon axiom
from (3.22).

Now set Vi = {x; < -+ <z} for k € N. We will restrict our attention to the set of all
terms My C M with scope V. Then My induces the full subgraph %’kA C %", which in
turn induces the free category F{* = F(%5).

We will work with the restricted coherence schema (€a, M), yielding a local binary
relation Ry = R(€,)y, on F{ as in Definition 2.46. Then P2(€x, My) = Fi/(RY)
is the category presented by (€5, Mj). We will also consider the monomorphic category
PL(Ep, M) = F/(R)T presented by (€4, My,).

We can now use Corollary 3.44 to solve the corresponding CNPs, denoted CN(€x, M) =
(B2, 2, (R)) and CNL(€x, My) = (%2, T, (RM)L), by showing that %5 has a strict weight
and that the pair (%4, (R2)) is locally confluent. We first define a function £: M — N so
that £(s) is the (necessarily positive) number of variables, counting repeats, appearing in
s € M. Then for our proposed strict weight, we define a function ||-||: M — N recursively

as follows (the Parsing Lemma ensures well-definedness in the recursive step).
(i) For each variable z; € V- C M, set ||z;|| :== 0.
(ii) For terms s,t € M, set ||®(s,t)|| == [|s|| + ||It]| + €(s) — 1.

The idea is that the added £(s) term in the formula for ||®(s, t)|| penalizes longer left entries,

so moving parentheses rightward reduces weight. We formalize this as follows.
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Lemma 3.23. The function ||-||: M — N defined above, when restricted to My C M,

induces a strict weight %4 — (N, >).

Proof. Given a basic transformation ¢: t = ¢’ between t,t € My, we want to show that
lIt]] > ||t']]. We proceed by induction on .
If ¢ is atomic, then ¢ = ay 40w R(@(u,v), w) = (u, ®(v,w)) for u,v,w € My, and

(@, v), w)|| = [lull + l[vll + lwll + 26(u) + £(v) — 2,  whereas

[@(u, @ (v, w))|| = |lull + [Jv]| + Jwl] + £(u) + £(v) - 2.

Therefore ||@(®(u,v),w)| > [|&@(u, @(v, w))]|.
Now assume @: ¢t = t’ is a basic transformation satisfying ||t|| > ||¢’||. Then for all

s € My, the domain and codomain of ®(ids, ) satisfy
(s, ) = lIsll + [l + €(s) = 1 > [lsll + [|[t']] + €(s) — 1 = [[&(s,1)]].

Meanwhile, the domain and codomain of each atomic transformation o, contain the
same number of variables, so by induction £(t) = £(t'). Hence the domain and codomain of

®(ip,id) satisfy
&t s)ll = tll + lIsll +€t) — 1> [[¢']] + [Is]] + €t') = 1 = || (¥, 5)]-
So ||-]|: 2 — (N, >) is a strict weight by induction. O

Next, we prove local confluence, leveraging the subrelations R, R"a* and R™ of R?

as defined in Definition 2.46.
Lemma 3.24. The pair (%5, (RY)) is locally confluent.

Proof. We show that every p € My, is (%’,‘:‘, <R,{?>)—locally confluent by induction on the
length of p. There are no basic transformations with atomic domains, so assume p = ®(q, )
and let ¢, : p = p, be a basic transformation for n = 1,2. We view their spans S(¢1) and
S(¢2) as intervals and divide into cases depending on where they appear. If the spans are
either both in the left entry ¢ or both in the right entry r, the recursive definition of Rﬁ

implies that we are done by induction. On the other hand, if one span is in the left entry and
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the other is in the right, local confluence follows from the construction of R, exhibiting
bifunctoriality of the interpretation of ®.

By Corollaries 2.16 and 2.17, the remaining case to consider is if the domain of the
atom of one of the basic transformations—say, without loss of generality, (;—is the entire
domain p. This would make ¢; atomic with domain p = ®(q,r) = ®(®(s,t),r); that is, we
have @1 = a1, R(R(s,t),7) = Q(s,®(t,7)). Meanwhile, the domain of the atom of o3 is
either also p; in one of s,t, or r; or exactly ®(s,t).

In the first case, if the spans of 1 and @9 coincide, then for this transformation schema,
so must their atoms A(yp1) = A(p2). Then by Lemma 2.37, ¢1 = 2 and we are done.

If the span of s is in s, ¢, or 7, local confluence follows from a R"-relation exhibiting the
naturality of the interpretation of a. For instance, if the span of ¢ is in ¢, we can write 9 =
®@(®(ids, ¢'),1d,) for some basic transformation ¢’: ¢ = t’. Then as in Definition 2.46 (c),
there exists a basic transformation ¢: ®(s, ®(t,r)) = ®(s, @(t',r)) satisfying

(w ° as,t,r) Rnat (as,t’,r L4 802)7

proving local confluence; in fact, we would take ¢ = ®(ids, ®(¢', id,.)).

Finally, if the domain of the atom of g is ®(s,t), we can write s = ®@(u,v) in
b= ®(®<3a t)? T) = ®(®(®(u7 ’U), t)7 T)

so that ¢1 = aguw) e and Y2 = (e, id;). But then local confluence follows from

substituting (u,v,t,r) for (x1,z2,x3,24) in (3.22) to obtain the desired R°™-relation. [

Remark 3.25. The final step of the proof demonstrates why we need (3.22) in our commu-
tativity schema: it covers exactly the case we need to prove local confluence not already

implied by functoriality and naturality.

Now that we have shown (%’,f‘, <R,‘?)) to be locally confluent, we can apply Proposi-
tion 3.21 to deduce that the set of minimal vertices in @{3 is a solution to the coherent
normalization problem CN(€A, M}). These minimal elements are exactly the terms in My
that have no subterms of the form ®(®(u,v),w) for any u,v,w € Mj. By Corollary 3.12,
the same set of minimal vertices is also a solution to CNy,(€4, My). We summarize this as

follows.
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Definition 3.26 (Right-normalized term). We say that a term t € My, is right-normalized if
t contains no subterms of the form ®(®(u,v),w) for any u,v,w € My. We write N}, C My,

for the set of all right-normalized terms in M.
We have the following alternative characterizations of right-normalized terms.

Proposition 3.27. Fort € My, the following are equivalent:

(1) |t} = 0;

(2) t is right-normalized: it contains no subterms of the form ®(®(u,v),w) for any

u, v, w € My;

(3) eithert is a variable or t may be written as t = ®(x;,s) for a variable x; and another

right-normalized term s;

(4) t = @(xiy, &(Tiy, -+, (i, _,,Ti,) - -+ )) for the n variables z;,, . .., x;, € Vi appearing

in that order in t.

Proof. First, we show that (1) == (2). As ||: Z& — (N,>) is a strict weight and
0 is minimal in N, if ||| = 0, then # must also be a minimal vertex of %;', making t
right-normalized.

Next, we show that (2) = (3). Say t is right-normalized. If ¢ is a variable, we are
done; otherwise, t = ®(u, s) for some u, s € M. Then by definition, both u and s must also
be right-normalized. Moreover, if u is not a variable, then we could write u = ®(v,w) for
some v, w € My, making t = @(®(v,w), s) not right-normalized. So u must be a variable,
satisfying (3).

We may now show that (3) = (4) by induction on the number of variables n (possibly
with repeats) appearing in ¢t. The base case n = 1 is automatic; otherwise, t = ®(x;, s),
and by induction we may write s = ®(x4y,...,(x;, ,,xi,) ), so (4) follows.

Finally, we also show that (4) = (1) by induction on the number of variables n
appearing in t. The base case n = 1 is automatic; otherwise, t = ®(z;,, s), and by induction
we may write

£l = lzi [+ [s] + €(zi-1) =1 =04+0+1-1=0,
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so (1) follows. O

Corollary 3.28. The subset Ny, C My, is a solution to the coherent normalization problems

CN(€a, My) and CNL(€x, My).

Then applying Theorem 3.7 yields the following coherence theorem for our restricted
coherence schema (€a, My). Recall that €5 has only 1 type, m, while the minimal common

scope for My, is the set of k variables Vy = {z1 < -+ < zy}.

Theorem 3.29. For each t € My, there is a unique n(t) € Ny such that there is a
morphism t = n(t) in the category P (€x, My), and there is a unique morphism t = n(t) in
P(Cp, My). So the classifying space B[P (€x, My)] is a coproduct over Ny, of contractible
spaces. Moreover, @L(CA, M) is a preorder category: every diagram in it commutes.
More generally, let |-|: €4 — K be a model for € in a cartesian monoidal 2-category K,

giving rise to the functor
k
[ = [y, P(€as My) — K(|ml”, [m|)

from Corollary 2.87. Then for any diagram in X(|n|®,|n|) that factors through |-|, the
morphisms parametrized by any pair of parallel morphisms in & from some t € My to
n(t) € Ni are equal. If further |-| sends the residue of every edge of %’? to a monomorphism,
then || factors through 2%(€x, My,), so any diagram in K(|m|*, |m|) that factors through 2

commautes.
3.4 CNPs presenting translation categories

The coherent Diamond Lemma (Lemma 3.20) proven and applied above is a useful method
for solving CNPs presented by suitably “directed” reductions (e.g. for monoidal categories).
We now present another method for solving CNPs arising from monoid and group actions,
which may be used to prove a coherence theorem for permutative categories (i.e. strictly
associative and unital symmetric monoidal categories).

We will make extensive use of the definition of translation categories for monoid actions

and translation groupoids for group actions, as given in Definition B.1, where we write Tp; X
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for the translation category of the action of a monoid M on a set X. We are particularly in-
terested in translation groupoids of group actions that are free, as such translation groupoids
can be written as the coproduct of categories with terminal objects, just as categories pre-
sented by CNPs can per Theorem 3.3. In fact, every object of a translation groupoid of a
group action that is free is a terminal object of its connected component, as we prove in
the following proposition. Here, given a group I', we denote the orbit of an element x of a

(left) T-set by I'z, itself viewed as a (left) I'-set.

Proposition 3.30. Let I' be a group and X be a free left T'-set, and let O(X) be a set of

orbit representatives of X. Then TrX decomposes into its connected components as

Trx= [[ TrT2),
z€0(X)

and each x € X is terminal in Tr(T'z).

Proof. The decomposition of TrX into its connected components, each of the form Tr(I'x),
follows directly from the standard orbit decomposition of I'-sets, so it remains to show that
x is terminal in Tr(I'z). Given y € Ob(Tp(I'z)) = I'z, there exists g € I' for which y = gz,

1

so there exists a morphism ¢~ *: y — = in Tp(I'z). Then given another morphism h: y — x

in Tr(I'z), we have = hy and thus y = ghy, so by freeness gh = e and thus h = g~ !,

proving uniqueness. ]

If a CNP presents a coproduct of categories with terminal objects as above, then choosing
a terminal object of each component yields a solution to the original CNP. So as a special
case, if a CNP presents the translation groupoid Tr(I'/e), where I'/e is the free orbit of
I (i.e. the group I itself viewed as a left T'-set), then any object (group element) v € I'/e
forms a singleton solution {7} to the CNP. We therefore describe a method of presenting
translation categories and groupoids for left actions from monoid and group presentations.

Here we use the standard monoid constructions from Definition B.2, where we fix our
notation: the monoid M presented (as a monoid) by generators G C M and relations R
is the quotient of the free monoid Fi,onG on the set G by the congruence (R). Given

a presentation of a monoid and a set that it acts on, we seek a CNP that presents the
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corresponding translation category. We do so by constructing a multi-object categorical
analogue of the monoid presentation: its objects are elements of the set acted on, and
its morphisms are monoid elements, generated by generators, sending their domains to
their codomains. We take care to ensure the congruence of the CNP imposes precisely the

relations given by R.

Proposition 3.31. Suppose M is a monoid and X is a left M-set. Suppose further that M
is presented (as a monoid) by generators G and relations R. We define a CNP & = (¢,2,~)

as follows.
(1) The directed graph 4 has vertez-set X and edge-set
E={(z,9,y) € X x G x X |gx =y},

with dom(z, g,y) = x and cod(z, g,y) = y.

(2) The relation ~ is defined as follows: let T, X be the translation category of X as
an FronG-set, let 9 — Tr,.cX be the graph morphism that is the identity on vertices
and sends edge (x, g, gx) to the morphism g: x — gz, and let e: F(¥) — Tg,..cX be
its free functorial extension. We define a local binary relation R on F(9) as follows:

given parallel morphisms f, f' in F(9), write
fRf ifandonlyif e(f) Re(f')

(recall that hom-sets in T, . X are subsets of FmonG, so it makes sense to ask if
e(f) and e(f’) are R-related elements of FnonG ). We let ~ be the congruence relation
on F(4) generated by R.

Then the category F(9)/~ presented by & is isomorphic to the translation category T X
of X as an M -set.

Proof. By the functoriality of Definition B.1, the canonical map 7: FyonG — M induces
a functor T,X: Tg, X — Ty X that is the identity on objects and m on morphisms.
Then composing with ¢ yields a functor (T, X o¢): F(¥4) — Ty X. As m agrees on R-
related products of generators in G, given parallel morphisms f, f' in F(¥) for which f R i
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and thus e(f) Re(f’) in FonG, we have w(e(f)) = mw(e(f’)). Hence T, X o e agrees on
R-related morphisms, so by Proposition A.9, T,X o e descends uniquely to the quotient
category F'(¥)/~, yielding a functor ¢: F(¥)/~ — TpX. It remains to show that ¢ is an
isomorphism.

As € and T, X are both identities on objects and ¢ agrees with T, X o & on objects, ¢ is

the identity on objects as well. Then on hom-sets, ¢ is the function

v F(9)(z,y))~— {p €M | pz =y}

for x,y € X that, given f: x = y in F(¥), sends the residue [f] to 7(e(f)). We seek to
show that this function is bijective.

First note that for m = gr--- 91 € FunonG with g1,...,9x € G and x € X, there is a
unique morphism az(m): x = w(m)z in F(¥) that € sends to m: x — w(m)z in Tg, ¢ X.
Freeness of F,onG and the fact that € sends edges to generators implies that o, (m) must

be k edges long, of the form

az(m) = (Tk—1, gk, xK) ® - - - ® (20, g1, %1)

for some x = g, x1,...,25-1,2; = 7(m)x € X. Then each z; = g;x;—1 = 7(g;---g1)x for
1 <4 < z, including x = 7(gx---g1)r = 7(m)x, completing our unique construction of
az(m).

Now for surjectivity, take u € M such that yx = y. We can write u = 7(gg---¢g1) for
generators gi, ..., gr € G. Then o = a;(gx - - - g1) is a morphism x = y in F(¥) that € sends
to the morphism g ---¢g1: ¢ — y in Tp, ,¢X. Hence «([a]) = 7(e(e)) = 7(gx - 91) = K,
proving fullness.

For injectivity, take f, f’: x = y in F(¥) such that 7(e(f)) = 7 (e(f")), so e(f) (R) e(f").
Explicitly, there are (f) = mo,...,m, = &(f') € FynonG for which m;_1 = s;tju; and
mj = sjtiu; for some s;,t;,t%,u; € FnonG with t; Rt or ¢ Rt; for 1 < j < n, such
that m(mg)zr = y = n(my)x, while f = a,(mg) and f' = a,(my,). It suffices to show that
az(mg) ~ ag(my), and we will do so by induction on n.

The n = 0 case follows directly from reflexivity, so let n > 1 and assume induc-

tively that ay(mo) ~ agz(mp—1). Either ¢, Rt} or t, Rt,, so w(t,) = m(t,) and thus



94

7(tpun) = m(t,un). Then we have parallel morphisms oy, )z (tn) : m(un)r = 7(tpun)z and
aﬂ(un)x(t;l): 7(up)x = 7(t,u,)x for which €(Qr(up)z(tn)) = tn and g(aﬂ(un)m(t;l)) =1t/ so

aw(un)x(tn) ~ Oéﬂ(un)a;(t%) and thus

aw(untn)m(sn) ° aw(un)w(tn) L aa}(un) ~ aw(untn)m(sn) o aw(un):p(t%) L ax(un)-

Since € sends the left hand side to s,tpu, = my,—1 and the right hand side to s,t),u, = my,,
we can rewrite both sides to get o, (mp,—1) ~ az(my,), so the result follows inductively from

transitivity. O

This proposition applies to group presentations and translation groupoids as well, as
long as the group is presented as a monoid, with relations that ensure every generator has
an inverse but that do not contain any formal inverses of generators. By Lemma B.3, such
group presentations coincide with monoid presentations. We may leverage this to construct
CNPs for groups and group actions. Note that when the group action is the group’s free
orbit, the CNP’s graph is precisely the group’s Cayley graph.

We will use Proposition 3.31 to translate the presentation of the r*! symmetric group
¥, from Proposition B.15 by block transpositions B, = {7[i,j, k| € £, |0 <i < j <k <r},
as defined in Definition B.8, to a CNP. For reasons that will become apparent, we will also
include an additional generator id and an additional relation that relates id to the identity
permutation, which does not change the group generated from X,. (See Section B.3 for a

comprehensive review of the presentation of 3, by block transpositions.)

Proposition 3.32. Let ¥, denote the ™ symmetric group. There is a CNP Oy, =
(S, 9D, (Rs,)) that presents the translation groupoid Ty, (X,/id), defined as follows.

o We define the graph ., as a Cayley graph for the presentation of ¥, by block trans-

formations as follows. The vertex-set of .7, is the left ¥,.-set
S, = {1‘0—1(1)I‘U—1(2) T To-1(r) | o c Er}.

We denote 0" = 2,-1(1)To-1(2)* " To-1(y), Where p-o* = (po)*, which we denote

simply by pa™, for p € 3.
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The edge-set of 7 consists of edges

*

Tli, J, k]: 0¥ = 71,7, klo
foroe ¥, and 0 <i<j<k<r as well as edges
id: 0" = o*
foroeX,.

e There are no marked edges.

o Adapt the relation R' from Proposition B.15 to define the local binary relation Ry, to

relate either path around the following diagrams for all o € %,.:

(0) we have
o* o*, (3.33)

where the top arrow is the edge id: o* = o* of 7, while the bottom arrow is the

identity morphism in F () corresponding to the empty path of .7, at o*;

(1) for 0 <i<j<k<r, wehave

Tli, j, klo*

Ty \m—ﬁk,k] (3.34)

o* o,

where the horizontal arrow is again the identity morphism in F(.#,) corresponding

to the empty path of % at o*;
(2) for0<i<j<k<i<j <k <r, wehave

7[i.g,K]

o* Tli, j, klo*
- j”’“']ﬂ HT[i/’j/’kq (3.35)

-
rlit, j Ko =2 i ki, g, ko
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(8) for0<i' <j <i<j<k<K<r

7[i,5,k]

T[i, j, klo*

o*
T[i’,jlyk’]ﬂ ﬂ’r[i/7j/,k’] (336)
7‘[@'/7 j/’ k/]U* 7([i,7,k]— (G’ —i"))

T, ' K| i, 4, k]o™,

where ~(is ] = (7 i) o= 7li = (7 =), — (7' = ),k = (7' = )], and
(4) for0<i<j<k<{<r;

>y
o* 7li3 4 T[i, j,l)o*

3.37
Tms /T[i—j?-i-k,kj] (3:37)

Tli, j, klo*

Then (Ry,.) is the congruence relation on F () generated by Ry,..

Any o € ¥, forms a singleton solution {o} to this CNP.

Proof. We apply Proposition 3.31 to the presentation of ¥, from Proposition B.15 (with an
additional generator id and an additional relation relating id to the identity element, so that
the presentation still presents ¥,), yielding a CNP presenting Ty, (¥, /id), the translation

groupoid for the free orbit of 3. So any singleton subset of 3. is a solution to &y,.. 0

We will use this CNP to prove the coherence theorem for symmetric monoidal categories

in Section 3.8.
3.5 New CNP solutions from old

We now consider when known solutions to CNPs may be used to produce a solution to
another, presumably more difficult, CNP. We first consider the simplest way to combine

many CNPs into one.

Definition 3.38 (Coproduct CNP). Let & = [E; = V;] be a graph and &; = (%, I;, ~i)
be a CNP for i = 1,2. Then define the coproduct CNP &1 U &2 to be the CNP (¢, 1,~),
with 4 = 4 L%, = [F) U Ey = V; U V5] given by the coproduct of graphs, I = I; U Iy,
and f ~ g for parallel morphisms f, g in F(4[I7']) = F(%[I;']) U F(%[I,"]) if and only

if either f ~q g or f ~a g.
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More generally, for a finite indexing set J, let ¢; = [E; = V;] be a graph and &; =
(9j,1j,~;) be a CNP for j € J. Then define the coproduct CNP [;.; &; to be the CNP
(9,1,~), with

=119~ II5=11v
JjeJ JjE€J JjeJ

given by the coproduct of graphs, I = [[..; I, and f ~ g for parallel morphisms f, g in

jeJ
F@r )= [[F@l)
Jj€J

if and only if f ~; g for some j € J.

Remark 3.39. The coproduct CNP defined above is indeed the categorical coproduct in the
category CN.

Example 3.40. Every CNP & = (¢, I, ~) whose corresponding graph ¥ = [ | jeJ ¢; decom-
poses into a coproduct of graphs ¥; = [E; = Vj] for j € J with J finite may be decomposed

into CNPs & = []._; &}, as follows. Define I; = I N Ej so that

jed

[Hu=1[anE)=In][E=InE=1,

jeJ Jj€J Jj€J
and define ~; to be the restriction of ~ to the subcategory F(¥; [Ijl]) C F(9[IY), as

defined in Example A.7 (5)(i). Then every pair of ~j-related morphisms is ~-related, and

conversely, any two ~-related morphisms must both be in the same component F'(4;[I;” m

for some j € J and would thus ~j-related. So & = [[;c;(&;, 1N Ej;, ~;).

Proposition 3.41. Let J be a finite indexing set. Then let 9; = [E; = Vj| be a graph
and &; = (9;,1;,~;) a CNP for j € J. If Nj C V; is a solution to &; for j € J, then

[1;cs Nj is a solution to [[;c; ®;. Conversely, if N is a solution to [[,;c; &;, then N NV;

jeJ jeJ

is a solution to &;.

Proof. Each object and morphism in F(¥[I~!]) is in some subcategory F(%;[I P ), and

any two parallel morphisms in F(¢[I~!]) are in the same F(¥;[I j_l]), so the result follows

immediately. O
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Next, we consider reduction to subproblems, showing how the solution to a subproblem

may serve as a solution to the original problem.

Definition 3.42 ((Marked) subgraph, subproblem). Let ¢; = [domj,cod;: E; = Vj] be
a graph for j = 1,2. As in Definition A.2, we say that ¢ is a subgraph of % and write
4 C %4, if we have subset inclusions Vi C V5 and E1; C E5 as well as function restrictions
dom; = dom2|E1 and cod; = C0d2|E1.

Now fix I; C Ej so that (¥, 1;) is a marked directed graph for j = 1,2. We say that
(%1, 1) is a marked subgraph of (%, I5) and write (41, 11) C (%, I2) if ¢4 is a subgraph of
4 and 11 C I.

Finally, fix a congruence ~; on F'(¥; [I;l]) so that &; = (¥, 1;,~;) isa CNP for j = 1,2
with (¢, 11) a marked subgraph of (4, Iz). By Example A.7 (5)(i), we may restrict ~2 to
the subcategory F(4[I;1]) € F(%|I,']); abusing notation, we also denote this restriction

by ~g. Then if ~; is contained in ~y as congruences on F (%[l 1]), we say that &; a

subproblem of &9 and write &1 C Bo.

Given a CNP & = (¥¢,J,~), we may obtain a subproblem & = (¢,I,~') with the
same underlying graph by contracting the set of marked edges .J to a subset I C J, then
restricting ~ to the subcategory F(¥4[I71]) C F(¥[J~!]) before possibly contracting it as
well to a congruence ~’ contained in ~. The following proposition shows that a solution to
the CNP &' is also a solution to the ambient CNP &. In some cases, the subproblem may
be easier to solve because passing from J to I makes the edges in J \ I irreversible, making
Diamond Lemma-style arguments possible. Our proof adapts Mac Lane’s analysis of the

top diagram on [16, p. 167].

Proposition 3.43. Suppose 4 = [s,t: E = V| is a graph and (¢4,1,~') is a subproblem of
(4,J,~) (sol CJCE and ~' is contained in the restriction of ~). If N C V is a solution
to the CNP (4,1,~"), then N is also a solution to (¢4, J,~).

Proof. Given t € V, there is a unique n(t) € N for which there is a morphism v: ¢t = n(t)
in F(9[I7Y]), so v is in F(4[J71]) as well.

Now suppose there is another morphism v/: t = n’ € N in F(¢[J7!]) arising from a
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path in ¥[J~!] as depicted in the top row of the diagram

t=t) =t =2 - = by = ty =0’
l/NIlloﬂ ~ ﬂl}l ~ oo ~ ﬂl/k_l ~ ﬂ”kw[idn’
n(t) = n(ty) n(t1) e n(tp_1) == n(tx) =n(n') =n/,

where each e;: t;_1 = t; is either an edge in F or the inverse ¢; = j;l of an edge j;: t; = t;_1
inJCE,sov =e¢,e---ee;. We also have morphisms in F(%[I~!]) that we denote by
v;: t; = n(t;) that are unique up to ~'. Applying Lemma 3.2 to whichever of the edges
e ti1 = t; or ji:t; = t;—1 is in E, we conclude that n(t;—1) = n(t;). Moreover, in
the former case, v; ® ¢;: t;_1 = n(t;) is parallel to v;_1: t;—1 = n(t;—1) in F(Y[I7Y]), so
v; ® ¢; ~' v;_1; while in the latter case, similar reasoning shows v;_1 e j; ~' v;, but viewing
either side as morphisms in the ambient category F(¥[J~!]) and composing each with

€ =17, ! vields v;_1 ~ v; ® ¢;. By induction, we conclude that
n(t) =n(ty) = -+ =n(ty) =n(n') =n’,

with the final equality exhibited by the identity morphism id,: n’ = n’ € N, and

vy~ (vree))~oo~ (vpeee-cee) = (o)~ (id, o) =1/,

sov~ 1. O

Combining our results thus far (taking @ in place of I and I in place of J above) yields

the following.

Corollary 3.44. Suppose ¢ = [E = V] is a graph and & = (4,1,~) is a CNP. Let ~' be
a congruence on F(9) contained in the restriction of ~ to F(4) C F(Y[I7Y]). If ¥ has a
strict weight and (¢, ~") is locally confluent, then the set M = {t € V|t is ¥-minimal} is a
solution to &.

Moreover, if I = E (so every edge is marked), the inclusion functor from M viewed as

a discrete category to the category F(4[E~1])/~ presented by & is an equivalence.

Proof. By Lemma 3.17, ¢ is well-founded, so by Lemma 3.20, (¢, ~') is confluent. It follows

from Proposition 3.18 that M is a solution to (¢,d,~'). As @ C I and ~/ is contained in
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the restriction of ~ to F(¥), the CNP (¢, @,~/) is a subproblem of &, so Proposition 3.43
implies that M is also a solution to &. The case of E = I follows from Theorem 3.5 (2). O

Applying Proposition 3.43 to our CNPs for restricted coherence schemata yields the

following.

Corollary 3.45. Suppose (€,9) is a restricted coherence schema with € = (6,%,3,R) as
in Example 2.44 and V =V (9), and let M C O be a solution to its coherent normalization
problem CN(€,90) = (Ao, Bso 3, (R(€)v)), as defined in Notation 3.6. Construct a new
coherence schema € = (6,%,&,R), all of whose edges are marked, yielding a new coherent
normalization problem CN(C,9O) = (%o, Bso, (R(€)y)), where the entire edge-set Bsp of
By is marked. Then N is also a solution to CN(&, D), and the inclusion functor from N

viewed as a discrete category to the universal parameter category P (€, 9) is an equivalence.

Proof. Set V := V(9), and recall that (R(€)y) (resp. (R(€)y)) are initially constructed in
Definition 2.46 on F(Ay [Bs‘;lj]) (resp. F(Py[Bs;'])) before being restricted to the sub-
category F'(Ao [Bsg}j]) (resp. F(%o[Bss'])). As Bspy C Bsp, to apply Proposition 3.43,
it suffices to show that the congruence (R(€)y ) restricted to F'(%Bo [Bsg}j]) C F(By [Bs‘_/lj])
is contained in the congruence (R(€)y) restricted to F(%D[Bsg}j]) C F(%’D[Bsgl]) -
F(%y[Bsy']). With Bsyy C Bsy and the functoriality of congruence restriction, it is
enough to show that (R(€)y) on F(Ay [Bs;lj]) as originally defined is contained in the
restriction of (R(€)y) to F(c%’v[Bs‘;lj]) C F(%yv([Bsy']). But this follows from the fact
that R(¢)y C R(€)y, as changing only the marked edges from J to £ does not change the

constituent relations R R" and R°™ and only expands the constituent relation R™.

Then the result follows from Proposition 3.43 and Theorem 3.5 (2). O

Example 3.46. In Section 3.3, we defined a restricted coherence schema (€5, M) with
Cr = (6g,%a, 9, SRA) parametrizing a binary operation with a lax associator satisfying a
pentagon axiom, yielding a coherent normalization problem CN(€4, M) whose solution is
the set N, C My, of right-normalized terms defined in Definition 3.26. The associator was

lax because the sole edge label « for T4 was unmarked. But we may mark it to obtain a
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new coherence schema €5 = (&g, Ta, {a},R?*) parametrizing a binary operation with an
invertible associator satisfying a pentagon axiom.

Then by Corollary 3.45, N} is also a solution to the coherent normalization problem
CN(€,s, My). Furthermore, the inclusion functor from A, viewed as a discrete category to
the universal parameter category & (€5, My) is an equivalence. Following Theorem 3.7 (2),

we may extend this to a coherence theorem for every model of €.

We now consider when the set of noninvertible relations may be reduced, using a relative

variant of the Diamond Lemma. First we weaken our notion of weights.

Definition 3.47 (Weak weight, relative local confluence). Suppose ¢ = [dom,cod: E = V]
is a directed graph, (¢,I,~) is a CNP, W is a set with a well-founded relation R, and
w:V — W is a function such that, for every edge e: t = u in ¢, either w(t) = w(u) or
w(t) Rw(u) (note that well-foundedness implies these are necessarily mutually exclusive).

Define

Eo = {e cE ‘ w(dom(e)) = w(cod(e))},

Iy {z el ( w(dom(i)) = w(cod(i))} — N Ey,

and Es = {e cE ] w(dom(e)) Rw(cod(e))} — E\ E.
Let % (resp. %) be the subgraph [dom,cod: Ey = V] (resp. [dom,cod: Es = V]) of ¥

with all vertices in V' but only the edges in Ey (resp. E~). We say that w is a weak weight
on (¢,1,~), denoted w: (¥4, 1,~) — (W, R), if the following conditions are satisfied.’

(1) For any edge e: t = u in %, the vertex ¢ is ¥~-minimal if and only if the vertex u is

% -minimal.

(2) For any edge e: t = t' in %[I;'] and edge f': t' = u' in %, there exists an edge
f:t=uin % and a morphism ¢: u = v’ in F(¥[I;']) such that (f'ee) ~ (¢ e f)

5The intent behind these conditions is to guarantee that the existence of edges in Ep in between the
edges in Es will not disrupt arguments relying on the well-foundedness of ¢~ when, say, inducting on the
vertices of Z[I; '] as a whole. By (2), every path in ¥[I;!] is ~-related to a path in ¢[I; '] with all the
edges in E- preceding all the edges in Fog U 10—1. Then (1) guarantees that if the vertex at the end of the
E~ portion of this new path is %~ -minimal, the vertex at the end of the entire path is %~ -minimal, too.
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as morphisms in F(¥[I;']), as depicted below, where we use dashed arrows for edges

in %[I; '] and tailed arrows for those in %.

Furthermore, we say that (¢, 1,~) locally confluent relative to w or simply w-locally con-
fluent if, for any edges e: t = a and f: ¢t = b in %, there exist morphisms «: a = ¢ and

B: b= cin F(4[I;']) such that (e ee) ~ (8 f), as depicted below, where we continue to

SN,

Remark 3.48. Every strict weight is also a weak weight: if (¢,1,~) is a CNP and w: ¥ —

use tailed arrows for edges in 9.

(W, R) is a strict weight, the sets Ey and Iy defined above are empty, satisfying conditions
(1-2) vacuously. Moreover 4[I; '] =9 = 4., so (4,1, ~) is w-locally confluent if and only
if (¢,~) is locally confluent.

The following result produces solutions to CNPs (¢, I, ~) equipped with weak weights,

letting us restrict attention to %~ -minimal elements and the edges between them.

Proposition 3.49. Let Y = [E =2 V] be a graph and (¥4,1,~) be a CNP with a weak weight
w: (9,1,~) = (W,R) (with % and 94~ defined as in Definition 3.47) such that (4,1,~) is
w-locally confluent. Let

M = {t € V|t is ¥4~-minimal},

and let Gy be the full subgraph of 4 spanned by M, let Iy be the intersection of I with the
edges of 9y, and denote the restriction of ~ to F(9y([I;)']) also by ~, so that the CNP
(“nry Ing, ~) is a subproblem of (4,1,~). If N is a solution to (9, Ing, ~), then N is also
a solution to (4,1,~).
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In preparation for the proof, we have the following lemma.

Lemma 3.50. Under the hypotheses of Proposition 3.49, for t € M, there is a unique
element n € N for which there exists a morphism t = n in F(4[I;]). Furthermore, for
every pair of morphisms v,v':t = n in F(%[Ial]), we have v ~ V' for ~ restricted to

FE[I;").

As N is a solution to (%, Iy, ~), we already know for t € M that there is a unique
morphism ¢ = n(t) € N in F(%M[I]\jﬁ]) up to ~. This lemma expands the category
F(9u[I;}') to F(9[I; ")), while Proposition 3.49 will expand M to V.

Proof of Lemma 3.50. Since N is a solution to (4, In, ~), there is a unique element n =
n(t) € N for which there exists a morphism v: ¢ = n in F(%)[I;;']), and morphisms ¢ = n
in F(%y[I,/]) are unique up to ~.

Given an edge i: © = v in Ip;, we have that ¢ € I C F and that v is ¢~-minimal, so
i ¢ B~ and thus i € EgN I = Iy. Hence Iy C Iy, so F(9u([I;)']) € F(9[1;']). Therefore
v:t = n is also a morphism in F(¥[I;]).

Now suppose there is another morphism ¢/: t = n/ € N in F(¥4[I;']). We want to show
n=n'"and v ~ 1. We can write v/ = e, ®--- @ 1 for edges e;: t;—1 = t; in ¥[I; '] with
t = to,...,ty = n'. So each e; is either the inverse of an edge in Iy C Ej or an edge of
. We claim that if e; is an edge of ¢, then e; is an edge of %: for if not, we can let ¢
be the least index with e, an edge of %, so that e; is an edge of %O[Ial] for 0 < j < /L.
Then applying Definition 3.47 (2) inductively yields in particular an edge with domain ¢ in
¢, contradicting the ¢4 -minimality of ¢. Therefore every e; is either an edge of % or the
inverse of an edge of 4. As ty =t is %~-minimal, applying Definition 3.47 (1) inductively
then implies that every t; is %--minimal, so t = to,...,t; =n' € M, and every e; is either
an edge of ¢, or the inverse of an edge in I);. Hence v/: t = n’ € N is a morphism in

F(9y[I}]). As N is a solution to (9, Inr, ~), it follows that n = n’ and v ~ v/". O

We are now ready to prove Proposition 3.49. The argument below adapts Mac Lane’s

analysis of the second diagram on [16, p. 167].
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Proof of Proposition 3.49. Recall that w: ¢ — (W, R) is a weak weight making the CNP
(4,1,~) w-locally confluent; that M is the set of all %~-minimal vertices of ¢¥; that ¥, is
the full subgraph of ¢ spanned by M; that I; is the set of edges in both ¥); and I; that
(9, Ing, ~) is a subproblem of (¢, 1, ~); and that N is a solution to (s, Inr, ~).

By Proposition 3.43, it suffices to show that N is a solution to the subproblem (¥, Iy, ~)
with ~ restricted to F(Z[I;']). We will show that every ¢ € V has a unique N-normal
form n(t) € N satisfying Definition 3.1 (1-2) for the CNP (¥, Iy, ~) by well-founded strong

induction on w(t) € W.

For our base case, suppose first that w(t¢) is R-minimal. Then ¢ is %~ -minimal: for if
not, there is an edge ¢t = u in % that w sends to w(t) R w(u) in W, contradicting the
R-minimality of w(t). Sot € M, and by Lemma 3.50, ¢ has a unique N-normal form n(¢)
for the CNP (¢, Iy, ~).

Now let >pg be the transitive closure of R, fix t € V| and suppose inductively that for
all t' € V with w(t) >r w(t'), there is a unique N-normal form n(¢') of ¢. We want to
show that there is a unique N-normal form n(t) of ¢. If ¢ is %~-minimal, we are again done
by Lemma 3.50. Otherwise, we have an edge e: t = t' in %, so w(t) Rw(t') in W, so
by our inductive hypothesis there is a unique N-normal form n(t') of ¢ equipped with a
morphism v: ¢ = n(¢') unique up to ~ in F (¥ [I(;l]). Composing with e yields a morphism

(vee):t=n(t')in F(Z[I;']), so n(t) is our candidate for the N-normal form of ¢.

It remains to show uniqueness. Suppose we have a morphism v': ¢t = n’ € N in
F(9[I,']). We want to show n(t') = n/ and (v ee) ~ v/. We can write v/ =e; o ---ee; for
edges ej: tj_1 = t; in 9[I;'] with ¢t = tg,...,t;, = n'. If every e; were an edge of %[I;"]
and thus either an edge or the inverse of an edge in %, since t, = n’ € N C M is %--
minimal, Definition 3.47 (1) implies inductively that ¢y = ¢ is %~-minimal, a contradiction.
So some e; is in ¥~: let £ be the least index such that e, is an edge of %, so that e; is an
edge of %[I; ] for 0 < j < £. Then applying Definition 3.47 (2) inductively yields an edge

¢:t =t} in % and a morphism ¢: t| = n' in F(%[I;']) such that v/ ~ (¢ e¢'). Now
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consider the diagram in F(¥[I;']) below:

t ~ t
\ 8
v c ®
~Y ’y ~Y
n(t') n(c) n'=n(t)

Here a: t' = ¢ and : t) = c arise from w-local confluence on edges e: t = ¢’ and
et =1t) of 4, with (¢ee) ~ (S ec'). Moreover, ¢ exhibits w(t) R w(t]) in W, so by
induction, n’ = n(t;) and ¢ is unique up to ~ among morphisms t; = n’ in F(4[I;]).
Finally, writing 3 = B, ® --- ® 41 for edges Bi: ci1 = ¢; of 9[I;"] with ¢} = ¢ and
¢m = ¢, for each i either w(c;—1) = w(¢;) if B; € Ey U 10—1 or w(ci—1) Rw(e) if B; € Es,
so w(t) Rw(t)) = w(co) implies w(t) >r w(em) = w(e). So by strong induction, ¢ has
an N-normal form n(c) with a morphism v: ¢ = n(c) in F(4[I;']). By the uniqueness
conditions of N-normal forms, n(t') = n(c) =n' as well as v ~ (yo ) and ¢ ~ (v e f3), so

(vee)~ (peoe)~1. O

In the next section, we will see this result in action by translating the proof of Mac

Lane’s coherence theorem for monoidal categories to our formalism.

3.6 Coherence for monoidal categories

Building off of Section 3.3, we may now use Proposition 3.49 to prove Mac Lane’s coherence
theorem for monoidal categories from [16] using CNPs. We will first prove a coherence
theorem for laxz monoidal categories (as defined in Example 2.44), where our atomic trans-
formations are not assumed to be invertible, then deduce from this a coherence theorem for

standard monoidal categories, analogously to Example 2.44.

3.6.1 The coherence theorem for lax monoidal categories

We review the coherence schema €y = (GSyp, T, D, %LM) for lax monoidal categories that

we constructed throughout the previous chapter, highlighting how it relates to the coherence
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schema €5 = (Gg, Tp, T, R?) we constructed in Section 3.3.

o We use the signature for monoidal categories Gy; from Example 2.2. Recall that it

consists of:

— omne type, T := {m};
— one constant symbol, C := {e}; and

— one function symbol, F = {®}, with ar(®) = 2.

In other words, Gy is Gg from Section 3.3 with an additional constant symbol e.

We saw in Example 2.5 that Gy generates the language for monoidal categories LM =

L(Gy1), consisting of:

(1) the variable x; :== a7 for i > 0;
(2) the constant e; and

(3) the term ®(s,t) for s,t € LM,

Note that the language M of &y, which is the free magma on the variables, is a
proper subset of £M, which is itself the free magma on the variables along with the
constant e. That is, M is the submagma of £M consisting of all terms that do not

contain the constant e.

o From Example 2.27, we use the edge labels &y = {a, A, p} and the transformation
schema for monoidal categories Tnr: En — LM x LM with the domains and codomains

of the edge labels given by

a: @(@(x1,79), 13) = (71, @(72, 73)),

A ®(e,x1) = 1, and p: R(x1,e) = x,

yielding as in Example 2.33 the graph 4™ whose vertices are terms in £M and whose
edges are basic transformations in BsM := Bs(Gy;, Tv). Explicitly, BsM is given as

follows.
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(1) For s,t,u € LM, there are atomic transformations in Bs™ given by

st @(R(s, 1), u) = (s, ®(t,u)),

As: ®(e,s) = s, and ps: ®(s,e) = s.

(2) For s,t,u € LM and ¢: s = t in Bs™, there are basic transformations in BsM

given by
®(p,idy): ®(s,u) = ®(t,u) and ®@(idy,p): O(u,s) = (u,t).

Note that o has the same domain and codomain that it has in T,; that is, we may
restrict Tng: En — LM x LM to the domain {a} C &y and the codomain M x M C
LM x LM to obtain T,. Meanwhile, A and p both have the constant e in their domains,
so any basic transformation between terms in M C £M must have label o and is in
fact a basic transformation in Bs® = Bs(Gg,Ta). So £ is the full subgraph of %M

spanned by M.
There are no marked edges.

Following Example 2.44, the commutativity schema 3™M is the local binary relation
on the free category .#Z"M = F(#M) with five related pairs, corresponding to the

following diagrams (subscripts suppressed):

a,id
®(®(®($1, CCQ), 3:3), :IZ4) & ®(®(az1, ®(JJ2, 373))7 a;4)

e

a ®(r1, (®(x2,23),74)) (3.51)

ﬂ@(id, )

®(®($17 xQ)a ®(.753, $4)) — ®(I1, ®($2, ®($3, 1'4)))7

®(@(w1,€), 2) ®(z1,®(e, z2))

/ (3.52)

®(x1, z2).
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«

®(®(e, 1), 12) ®(e, ®(z1,22))

®m / (3.53)

®(z1,22);
@(®(x1, x2), €) = ®(r1, ®(r2,¢))
/ (3.54)
P ®(id,p)
®(x1,22);
/\
2 (e, e) e. (3.55)
\ﬁ/

Note that the first diagram (3.51) is the same pentagon diagram from (3.22) defining

RA so A € R/IM when MMM is restricted to F4A = F(24).

So a model of this coherence schema €y = (Syp, T, Q,%LM) in Cat is a lax monoidal
category with a unit object, a binary operation, a lax associator, and lax unitors that obey
the axioms (3.51) and (3.52).

We still have Vi, = {21 < --- < 2}, and we restrict our attention to the set of all terms
L’gl C LM with scope Vj; note that El,y NM = M. Then E}XI induces the full subgraph
%’}XI C #M with edge-set Bsg/[ C BsM, with subgraph %’,‘3 C %’% induced by My C El,;/[.
We take the free category FEM = F(2M).

So we will work with the restricted coherence schema (€1, Ea/l) for lax monoidal cate-
gories in k variables, as defined at the end of Example 2.44. For this restricted coherence
schema, following Definition 2.46, we obtain a local binary relation R,I;M = R(Crm)v, on
FEM. Then 2 (€, LM) = FEM/(REM) s the category presented by (€pam, £3). We
will also consider the monomorphic category 2L (€, L) = ZIM/(REML presented by
(Com, £M). With RA € RMM and FA € FM, the congruence (R) generated by the local
binary relation R = R(€a)y, on Z{* is contained in the restriction of (REM) to Z.

We can now combine Section 3.3 and Proposition 3.49 to solve our restricted coher-
ence schema’s coherent normalization problems CN(€pyp, £M) = (BM, @, (RIM)) as well as
CNp(€pm, L) = (M, 2, (REMYL). First, we define a function U: LM — N by setting

U(t) equal to the number of times the constant e appears in ¢ for all t € £M, so that
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M = U~10). We also denote the restriction of U to the domain £} ¢ £M by U. Then we

have the following lemma, which will go towards showing that U is a weak weight.

Lemma 3.56. For any terms s,t € LM and basic transformation ¢: s = t in BsM, we have

U(s) > U(t). In particular,
(1) if the label of v is L(p) = « (i.e. ¢ is a-basic), we have U(s) = U(t);
(2) otherwise, if L(p) € {\, p} (i.e. ¢ is A- or p-basic), we have U(s) = U(t) + 1.

Proof. Induct on . If ¢ is atomic, the result holds by inspection. Otherwise, ¢ is either
(¢, idy): ®(s,u) = @(t,u) or @(idy, ¢'): @(u,s) = ®(u,t) for u € LM and ¢ € BsM
with L(y) = L(¢'), so the result holds by induction. O

So we may partition the edge-set Bs% of @24 into two subsets

(Bsy)o = {p: s = tin B | U(s) =U(t)} = {p € Bsy' | L(y) = a} (3.57)

and  (Bs))s = {5 = tin Y | U(s) > U()} = {¢ € BsM | L(g) € {0}
We let (#y1) (resp. (2)~) denote the subgraph of %) with all vertices in £} but only
the edges in (Bs}!)o (resp. (Bsy')>). That is, (#)o (vesp. (#M)-) is the graph of terms
in £M and the a-basic (resp. A- and p-basic) transformations between them. We will need

the following characterization of (%))~ -minimality.
Lemma 3.58. The set of (B\')~-minimal terms in L is {e} U My,

Proof. By the construction of (ZM)s, a term t € LM is not (%M)~-minimal if and only if it
is the domain of some A- or p-basic transformation. Such a domain must contain a subterm
of the form dom()\s) = ®(e,s) or dom(ps) = ®(s,e) for some s € LM, and conversely
any term that contains such a subterm is the domain of a A- or p-basic transformation by
Lemma 2.37. Evidently neither e nor any element of M, contains such a subterm.
Conversely, we must show that ¢ € LM\ ({e} U M) always contains a subterm of the
form ®(e, s) or ®(s,e). We do so by induction on the length of ¢. Every atomic term in

LM is already in {e} U My, so we may write t = ®(u,v) for u,v € LM, If u & {e} L My
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or v ¢ {e} LU My, we are done by induction, as any subterm of u or v is also a subterm of
t. Otherwise, u,v € {e} U My. Ast ¢ My, we cannot have u,v € My, so either u = e or

v = e, making ¢ itself the subterm we seek. O

We are now ready to show that U defines a weak weight on our CNP.
Lemma 3.59. The function U: LM — N yields a weak weight (B3, @, (REM)) — (N, >).

Proof. We follow Definition 3.47. By Lemma 3.56, every edge ¢: s = t in %,1;/[ satisfies
U(s) > U(t), and we may partition the edge-set of %! into the a-basic transformations
(BsM)g and the A- and p-basic transformations (Bs}M)~ as in (3.57), comprising the graphs

(#M)o and (B, respectively. We must verify conditions (1) and (2) from Definition 3.47.

(1) Let ¢: t = u be an edge in (%M)o; we must show that ¢ is (%) )~-minimal if and
only if u is. We have t,u € £} and ¢ an a-basic transformation, so U(t) = U(u);
and by Lemma 3.58, it suffices to show that ¢ is in {e} Ll My, if and only if u is. As
the domain and codomain of an a-basic transformation, ¢t,u ¢ {e}. Then since My, is
precisely the set of terms in E% that U sends to 0, we have that ¢t € My if and only
if u € My, because U(t) = U(u).

(2) Let p:t = t' be an edge in (%) and ¢': t' = «/ be an edge in (%3)~. Then
t,t'u € LY ¢ is an a-basic transformation; and ¢ is either a A- or a p-basic
transformation. We seek u € LM, a \- or p-basic transformation 1: t = w, and a
morphism v: u = u/ of the free category .Z™M such that (¢ e ) (REM) (v e ¢) as

morphisms in % %M:

As usual, we induct on the length of ¢, which is equal to the length of ¢/, and perform

case analysis on the positions of the spans S(¢) (with dom(A(y)) the S(g)-subterm
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of t and cod(A(y)) the S(p)-subterm of ¢') and S(¢') (with dom(A(¢')) the S(¢/)-

subterm of t') as subintervals of [1,len(t')].

There are no basic transformations with atomic domains, so assume t' = ®(v',w’).
If S(p) and S(¢') are both in the left entry v’ or both in the right entry w’, the
recursive definition of R%M implies that we are done by induction. On the other hand,
if one span is in the left entry and the other is in the right, the result follows from the
construction of R exhibiting bifunctoriality of the interpretation of ®: we take
to be the basic transformation with the same atom and span as ¢/, and we take v to

be the basic transformation with the same atom and span as ¢.

By Corollaries 2.16 and 2.17, the remaining possibility to consider is if either ¢ or v’
is an atomic transformation. That is, either ¢ = «, 4, for some p, q,r € LM or 1 is

either s or pg for some s € Eg/l.

First assume ¢ = apqr, so t' = @(p,®(q,r)). If the span S(¢’) is entirely in the
left entry p, the middle entry ¢, or the right entry r, the result follows from the
construction of R™' exhibiting naturality of the interpretation of o. Otherwise, by
Corollary 2.17, ¢' is either Ag(q,) (With p = e), ®(idy, A) (with ¢ = ), or ®@(idy, py)
(with r = e). But then the result follows from R®™ applied to the R"M-relations
defined by (3.53), (3.52), or (3.54), respectively.

The remaining case is that 1) is either A5 or ps, making ¢’ either ®(e, s) or ®(s,e). If
the span S(y) is entirely in the entry s, the result follows from the construction of Rt
exhibiting the naturality of the interpretation of A or p. Otherwise, by Corollary 2.17,

( must be atomic, a case we have already considered. O

Next, we follow the remainder of Definition 3.47 to prove that our CNP is U-locally

confluent. The structure of the proof is similar.

Lemma 3.60. The coherent normalization problem CN(€py, £M) = (BM, @, (REM)) s

U-locally confluent.

Proof. Let ¢:t = a and v: t = b be edges in (%}XI)>, so t,a,b € Ei/[ and each of ¢ and

1 is either a A- or p-basic transformation. We seek ¢ € El,;/[ and morphisms a: a = ¢ and
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B: b= cof the free category ZiM such that (ae ) (REM) (Be1). We induct on the length
of t and perform case analysis on the spans S(¢) and S(¢).

There are no basic transformations with atomic domains, so assume ¢t = ®(v,w). If
S(¢) and S(¢) are both in the left entry v or both in the right entry w, we are done by
induction. If one span is in the left entry and the other is in the right, we are done by R,
Otherwise, either ¢ or v is atomic; assume without loss of generality that ¢ is, so p: t = a
is either As: ®(e,s) = s or ps: ®(s,e) = s for some s € L}1. If the span S(¢) is entirely in
the entry s, we are done by R"%. Otherwise, 1) is atomic as well. If ¢ and 1) have the same
label, then ¢ = 9, and we are done; so the only remaining case is when one of ¢ and 1) is

Ae: ®(e,e) = e and the other is p.: ®(e,e) = e. But these are R-M-related by (3.55). O

We are now ready to apply Proposition 3.49 to solve CN(€pn, £3) = (M, @, (REM)).
Following the hypotheses for that proposition, consider the full subgraph of %’}XI spanned by
the (%)~ -minimal terms {e}IM}. As the subgraph of Z}! induced by M, is simply ,@,‘3,
while there are no basic transformations between e and the terms in My, the full subgraph
of #M induced by {e} LI My is simply the disjoint union of %, with a graph containing one
vertex {e} and no edges; we denote this graph by {e} U %{3 Then we have a subproblem
({eyu B, @, (REMY) of (M, @, (REM)), where the former (REM) is obtained by restricting

the latter (REM) to F'({e} U %4). So Proposition 3.49 yields the following result.

Proposition 3.61. A solution to ({e} L %4, @, (REM)) is also a solution to CN(€pp, £3)
and thus to CNL(Q:LM,EgI).

Proof. The result follows from Lemmas 3.58 to 3.60 and Proposition 3.49. O

It remains to solve ({e} U %, @, (REM)). Recall from Definition 3.26 the definition of
the set of right-normalized terms N, C My and from Corollary 3.28 that N} is a solution

to the coherent normalization problem CN(€a, M) = (22, @, (R}})).

Proposition 3.62. The set {e} U N} is a solution to ({e} U %2, @, (REM)) and thus to
CN(Q:LM, ﬁg/{) and CNL(Q:LM, ﬁg/l)

Proof. We have that N}, is a solution to (%5, @, (Ry)), and since (R2) C (REM) when

the latter is restricted to %3, it follows that N}, is a solution to (%4, @, (REM)) as well.
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Meanwhile, if the graph of a CNP has vertex-set {e} and no edges, then {e} itself is a
solution to that CNP. Then the result follows from Proposition 3.41. O

Then applying Theorem 3.7 yields the following coherence theorem for our coherence

schema €y (compare to Laplaza’s [12, Theorem 5]).

Theorem 3.63. For each t € ﬁl,l/[, there is a unique n(t) € {e} UN} such that there is a
morphism t = n(t) in the universal parameter category P (€pm, L) for lax monoidal cate-
gories in k variables, and there is a unique morphism t = n(t) in P(Cm, LYN). Moreover,
the monomorphic universal parameter category {@L((’:LM,ﬁg/l) for lax monoidal categories

is a preorder category: every diagram in it commutes.

3.6.2 The coherence theorem for monoidal categories

It turns out the solution to our CNP for lax monoidal categories is also a solution to our
CNP for monoidal categories. We review the definition of our coherence schema €y =
(&1, T, Ent, RM) for monoidal categories from Example 2.44 below, comparing it to our

definition of the coherence schema for lax monoidal categories €y = (Sy, T, D, XT{LM).

We use the same signature for monoidal categories Gy, generating the same language

for monoidal categories £M.

o We use the same set of edge labels &y = {a, A, p} and the same transformation schema
for monoidal categories Tyr: &y — LM x LM yielding the graph 2™ whose vertices

are terms in £M and whose edges are basic transformations in BsM.

o We mark every edge in &y, thus marking every edge in the edge-set BsM of %M.

« Following Example 2.44, the commutativity schema 9™ is the local binary relation
on the free category .ZM = F(#M[(Bs™)~!]) with two related pairs, corresponding to
the first two diagrams (3.51) and (3.52) that define "M on the subcategory .#"M =
F(#™M).
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A model of this coherence schema €y = (Syi, Tar, v, BM) in Cat is a monoidal category.
Again we restrict to the set of all terms £} with scope Vi, = {1 < - < x4}, inducing the
full subgraph %} with edge-set Bs}!, yielding free category FM = F(2M[(Bsi)!]). So
we will work with the restricted coherence schema (€, £M) for monoidal categories in k
variables from the end of Example 2.44, with local binary relation Rgl = R(C\)y, on 9,54
as in Definition 2.46. Then 2(€y;, L)) = FM /(R is the category presented by (€, £3),
and the corresponding coherent normalization problem is CN(€y, £M) = (ZM, Bsi, (RM))

with all edges marked.

Having produced a solution {e} U N} to CN(€ry, My), we may invoke Corollary 3.45
to show that {e} U N} is also the solution to CN(Cpa, My) = (BN, Bsi, (R(€m)vi)),
where €p,p is nearly the same coherence schema as €py, but with every edge marked:
Cv = (G, T, Em, RMM). We see that €ry differs from €y only in its commutativity
schema: S|R"M contains /M but also three additional relations. A standard argument due to
Kelly [10], however, shows that when every edge in &y is marked, the additional relations
in RMM become redundant, with (R}M) generated by RM equal to (R(€pm)v, ) generated by

REM on ,%é\/[

Lemma 3.64 (Kelly). We have an equality of congruences (R¥) = (R(€Lm)v,) on FM, so
CN(€, L)1) = CN(€pm, My,).

Proof. By Lemma 2.50, it suffices to show R™(&py)y, C (RM). The RO™(Cpy)v,-
relations generated by the two SM-relations in "™ are necessarily also in <R2/[), so it
remains to show via diagram chase that the R°™(Cy\p)y, -relations generated by each of the

three RM_relations not in "M are in (RM). We consider each in turn for terms s,t € L},

o We need to show that (3.53) with s substituted for x; and ¢ for x9 commutes up to

(RM); that s,

Aa(s) ® Qest) (R ®(Ns,idy).
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First, consider the following diagram (subscripts suppressed):

®(a,id)

R(@((e, e ®(®(e,®(e, 8)),t)
(id,\),

);8),t)

®(®<m 4%@ id)
®(®(e, s),t)

®(e, (s, t))

®(p,id) ®(id,)\)ﬂ WA,M))

R(®(e,e),®(s,t)) == (e, ®(e,®(s,1))) éﬁ?@) ®(e, ®(R(e, s),1)).

The outer pentagon is obtained by substituting (e, e, s,t) for (21, z2, 23, £4) in the RM-
relation (3.51), while the upper triangle is obtained by applying ®(-,id;) to the RM-
relation (3.52) with e substituted for z; and s for z5. The left and right quadrangles
commute up to R C R%. Finally, the lower left triangle is obtained by substituting
e for x; and ®(s,t) for xo in (3.52). Since every edge is marked, every morphism is

invertible up to R™  RM, so the lower right triangle must also commute up to <R£A)

Observe that this lower right triangle is obtained by applying ®(ide, -) to the triangle
we want to show commutes up to (RM). We have for u,v € £} and basic transfor-

mation ¢: u = v that

commutes up to R"®, and ), is invertible up to R™, so it follows that our desired

triangle commutes up to (RM).

o The proof that (3.54) with s substituted for z; and ¢ for x3 commutes up to (RM) is



116

analogous. We consider the diagram

2(@(s, 0(t, ), ) L2 o (@(@(s,1), €), ) =2 @(2(s,1), B (e, €))

®(®(im ﬂ(@(” i) ®(id,\)

R(®(s,t),e)

®(s, ®(t,€))
®(idJEy7 Wm»
).€)) ®(s, ®

®(s, ®(®(t, e), (t, (e, €))).

®(id,)
The outer pentagon commutes up to R°™ from (3.51); the upper right triangle com-
mutes up to R°™ from (3.52); the left and right quadrangles commute up to R"®!; and
the lower triangle is obtained by applying ®(ids, ) to an R“™-relation from (3.52).
With every edge marked, every morphism is invertible up to R™, so the upper left
triangle commutes up to (R). This triangle is obtained by applying ®(,id.) to the
triangle we want to show commutes up to <R2/[), so by R"" and the invertibility of

p-basic transformations up to R™, our desired triangle commutes up to <R£/I)

« We need to show that (3.55) commutes up to (RM); that is, A (RM) pe. We know

®(e, (e, e)) =2 ® (e, e€)

®(id,)\)ﬂ HA

®(€7 e) :A> e

commutes up to R"™ and X is invertible up to R™, so the top arrow and the left
arrow in the square above are <RkM>—related. These comprise the inner pair of parallel
arrows below:

®@(\,id)

A

7
@(®(e,e),e) == ®(e, (e, e)) ®(e,e).

B0dA)
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The upper region in the preceding diagram is obtained by substituting e for both z;
and zo in the R*M-relation given by (3.53), which we have already shown is also in
(R%); while the lower region is obtained by substituting e for both x1 and zs in the
MRM-_relation given by (3.52). Therefore the outer pair of parallel arrows above, which

is in turn the inner pair of parallel arrows below, are (R%%related:

A

®(A,id)
7
Be,e) <= 2(3(e,€), €) B(e,e) == e.

\\_//7

®(p,id)
I3

The upper and lower regions both commute up to R*®t, and p is invertible up to R™™,

so the outer pair of parallel arrows are (R%}-related, as desired. O

Then applying Corollary 3.45 to Proposition 3.62 recovers Mac Lane’s coherence theorem

for monoidal categories, stated in our terminology as follows.

Theorem 3.65 (Mac Lane). The set {e} U N} is a solution to CN(€y, L), and the
inclusion functor from {e} U Ny viewed as a discrete category to the universal parameter
category P (Er, E}XI) for monoidal categories in k variables is an equivalence.

That is, for every term t € Ei/[, there exists a unique term n(t) € {e} UN} such that
there is a morphism t = n(t) in P (€, LM); and given terms t,t' € LY with n(t) = n(t'),
there exists a unique morphism t =t in P(Cy, L)

So let |-]: €y — K be a model for €y in a cartesian monoidal 2-category K, giving rise
to the functor

[y, s 2 (€ £}1) = K(|nl*, [n])

from (2.88). Then every diagram in K(|m|", |m|) that factors through |y, is a commutative

diagram of isomorphisms.

Proof. By Proposition 3.62, the set {e} LI N} is a solution to CN(€pr, £M), so by Corol-

lary 3.45, {e} U N} is also a solution to the coherent normalization problem CN(€py, L)
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with all edges marked, which by Lemma 3.64 is the same CNP as CN(€yr, £M). The rest
follows from Theorem 3.7 (2). O

If we want to prove Mac Lane’s coherence theorem for symmetric monoidal categories,

however, we need to introduce one more construction on our CNPs.

3.7 Quotient CNPs

Previously, to solve our CNPs, we have assigned well-founded weights to our vertices in
such a way that our edges always travel to vertices with equal or lower weight, allowing
us to induct on our graphs. We have done so by exploiting the directionality of the edges
we have encountered: e.g. A- and p-basic transformations always reduce the number of unit
constant symbols, while a-basic transformations always bring terms “closer” to becoming
right normalized. Unfortunately, edges like S-basic transformations do not feature such
directionality. Nevertheless, we can deal with them via another technique: by “quotienting
out” everything else.

Informally, if J C I, the quotient &/J is obtained by forcing the edges in J to be
identities, “strictifying” out the morphisms generated by J. But just as we can only quotient
congruences out of monoids and normal subgroups out of groups, we must impose some

conditions on J to ensure that quotienting out by J results in a new CNP.

Definition 3.66 (Normality, quotient CNP). Suppose ¥ = [dom, cod: E = V] is a graph
and & = (¢,1,~)is a CNP. Given J C I, let # := [dom, cod: J = V] denote the subgraph
of 4 with the same vertex-set but with its edge-set restricted to J C I C E. Then #[J 1]
is a (wide) subgraph of ¢[I71], so F(_#[J71]) is a (wide) subcategory of F(¥4[I~!]), and
we may restrict ~ to a congruence relation on F(_#[J~1]) that we also denote by ~. We
say that J is normal in & and write J < & if the subproblem J = (_#,J,~) of & has a
solution. Then given J <1 &, the quotient coherent normalization problem &/J := (9,1, ~)

is defined as follows.

(1) The directed graph ¢ is given by the following.
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(i) Its vertex-set is V/<, with v < ¢’ if and only if there exists a morphism v = v/
in F(_#[J71]).° Here & is an equivalence relation: reflexivity is exhibited by
identities, transitivity is exhibited by composition, and symmetry is satisfied
because every edgein 7 [.J ~1] has a formal inverse going in the opposite direction.
We denote the <-equivalence class of v € V in V/< by [v]. Note that V/< is
in bijection with any solution-set N of J, with [v] = [¢/] if and only if they share

an N-normal form.

(ii) Itsedge-setis (E\J)/=, withe =¢ fore: u = vande': v = v in E\J whenever
there are morphisms o: u = «’ and 7: v = v’ in F(_#[J~!]) such that (T ee) ~
(¢/ @ o) in F(¥4[I7']). Here = is an equivalence relation: reflexivity is exhibited
by identities, symmetry is satisfied because every morphism in F(_#[J1]) is
invertible up to ~, and transitivity is satisfied because the following rectangle

commutes up to ~:

u === v == u”

® A o2 ﬂe”
/

v :T> ’U/ £> ’U”.

We also denote the =-equivalence class of e € E'\ J in (E \ J)/= by [e].

(iii) The domain and codomain of an edge [e] € (E'\ J)/= with e: u = v are [u] and
[v]. This is well-defined: if [e] = [¢/] for €': u = v, then there are morphisms
o:u= v and 7:v=1v"in F(_Z[J ), s0u < v and v < v’ and thus [u] = [v]

and [v] = [v'].

(2) We take T = {[i]|i € I\ J} (recall that [i] is the residue of i in our new edge-set
(E\ J)/=). In particular, if J = I, then [ = @.

We now define a local binary relation ~ on F(¥[I _1]) as follows. First, we may extend
our function [-] on the vertices in V' and the edges in E'\ J to the edges in J as well, giving
rise to a graph morphism

[]: % — F@T )

5The idea is that we treat the edges in J as identities, so any pair of vertices connected by edges in J
should be in the same equivalence class.
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sending each vertex v € V to its residue [v] € V/<, each edge e € E \ J to its residue
le] € (E'\ J)/=, and each edge j € J to the identity on the residue [dom(j)] = [cod(j)] (as

J witnesses dom(j) < cod(j)). Then [-] further extends to a graph morphism
_ — 1
[]: 971 = F(FT )

sending i~ € (I'\ J)™ ' to [i]~! ¢ T " and j7teJ 1t to id(dom(j)] = idjeod(j))- Extending
freely gives a functor

[]: F(@IY) = F@T ).

Henceforth when we write [-], we refer to this functor, which subsumes all previous definitions

of [-]. We use the functor [-] to define ~ as follows.

(3) Given parallel morphisms p,q in F(¥4][] _1]), we declare p &~ ¢ whenever there are

morphisms p ~ ¢ in F(¥4[I~1]) such that [p] = p and [¢] = q.

As suggested by the terminology, the quotient of a CNP by a normal set of marked edges
is itself a CNP.

Lemma 3.67. If & is a CNP and J < ® is normal, then &/J is a CNP.

Before we prove this, we list a number of other useful results about our above construc-

tion of quotient CNPs.

Lemma 3.68. If & = (¢4,1,~) is a CNP and J Q& is normal, the constructions in

Definition 3.66 satisfy the following properties.

(1) Every pair of parallel morphisms in F(_#[J7Y]) are ~-related.

(2) Every morphism in F(_Z[J~Y]) C F(Z[I71]) is mapped by [-] to an identity morphism

in F@[T ).

(3) Every object and morphism in F(g[f_l]) is in the image of the functor [-].
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(4) Consider a morphism o of F(4[I"']) such that, among the edges that comprise it,

ezactly n of them are neither in J nor J~'. That is, we can write

: *1 +1 . +1 .
P=In®€, @ --0CH @]10€ @]0

for morphisms j; of F(_#[J71]) and edges e; € E\ J. Then [¢] is a morphism in
F(?[Tﬁl]) comprised of n edges, namely

o] = [en] ™" @ - @ er] .

So if 1 is another morphism of F(4[I~]) for which [p] = [¢], then among the edges

that comprise 1, it is also true that exactly n of them are neither in J nor J~1.
(5) If o,%: u = v are parallel morphisms in F(4[I~]) for which [p] = [)], then @ ~ ).

(6) If p: u = v and ¢': v = v are morphisms in F(G[IY]) for which [¢] = [¢'], then
there exist morphisms o: u = u' and 7: v = v in F(_Z[J71]) such that (T e ) ~

(¢ 00).
(7) If o,%: u = v are parallel morphisms in F(4[I~]) for which [p] ~ [)], then @ ~ ).

Proof of (1). The CNP § = (_7,J,~), with every edge marked, has a solution. So by
Theorem 3.5, the category F(_#[J!])/~ it presents is a preorder category, and the result
follows. O

Proof of (2). The edges in J and J~! are all sent by [] to identities. As [-] is a free extension,
and identities compose to identities, all morphisms in F(_#[J~!]) are sent to identities as

well. 0

Proof of (3). On objects, [] is the quotient map V' — V/< and therefore surjective. It

follows that every identity in F(¥[I _1]) is in the image of [-] as well. We can then proceed
by induction on the length of the morphisms of F' (g[f_l]) as paths. On edges in E'\ J, the
functor [] is the quotient map to (E'\ J)/=, so every edge in this latter set is in the image
of 7. Similarly, every edge in T ' can be written as [{]71 = [i7!] for some i € T\ J. Hence

every edge in ?[7_1] is in the image of [-], completing the base case.
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Now for n > 0, assume every morphism of F(¥4[] _1]) comprised of n edges of ?[7_1] is
in the image of [-]. We wish to show that every morphism of F' (?[7_1]) comprised of (n+1)
edges of g[ffl] is also in the image of [-]. We may write such a morphism as (f e v) for a
morphism v of F(Z[T ']) comprised of n edges of [T '] and an (n+ 1) edge f of Z[T ']
with cod(v) = dom(f). Then we may write v = [p] for some ¢: u = v in F(%[T_l]), while
f is either [e] for some e € E\ J or [i]~! for some i € I\ J.

In the first case, e: v/ = w is an edge in E \ J, making [e]: [v/] = [w] an edge of ¥

and a morphism of F(¥[] _1]) with [v] = [v/]. Hence there is a morphism j: v = v/ in

F(71J71) € F(GII7Y), so by (2),

[cojep]=/c]eidy o[p]=[c]e[p]=fov.

Hence (f e v) is in the image of [-]. Similarly, in the second case, i: 2 = v” is an edge in

I\ J C I, so that:

e i71:9v” = z an element of I~! and a morphism of F(4[I~1]);

o [i]: [x] = [v"] is an element of T and a morphism of F (?[7_1]); and

o [i7Y =[]t "] = [z] is an element of 7! and a morphism of F(?[T_l]);

with [v] = [v”]. So there is a morphism j: v = v" in F(_#[J7']) C F(4[I"!]), and by (2),
[iteje] =[] eidyefp] =[] elp]=fer
Hence (f e v) in the image of [-]. O

Proof of (4). This follows from (2), how [-] is defined on E\ J and (I\J)~!, and the freeness
of both F(Z[I7!]) and F(@[T ). 0

Proof of (5). Say ¢, : u = v are parallel morphisms in F(%[I~!]) for which [p] = [¢]. We
induct on the length of [¢] = [¢] as a path. If [¢] is an identity, by (4), ¢ and ¥ must be
morphisms in F(_#[J7!]), so the result follows from (1).
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Now for n > 0, say the result holds whenever [¢] is comprised of n edges of ?[T_l], and

assume instead [¢] is comprised of (n+ 1) edges. By (4), [¢] = [¢] implies that we can write

. +1 . +1 +1 . . +1 !
P=Jnt10€, 1@ n®c, ® -eci ®j)=jui1eec, 0

wzkn_Hofiﬁloknofﬁtlon-ofliloko:kn_;_loff_&low/.

for morphisms j;, k; of F(_Z[J']) and edges e;, f; € E \ J, with each pair e;, f; bearing
the same exponent and satisfying [e;] = [fi], so [¢/] = [¢'] as well. We have dom(¢') =
u = dom(¢)); we label the codomain of ¢’ by w and the codomain of ¢/ by x; we label the
domain of j,4+1 by y and the domain of k41 by z; and cod(jn+1) = v = cod(kp+1), so that

we have the following diagram:

, ej:l .
%2} n+1 In+1
u w y
'l/}/ fn+1 kn+l
u €T z

With [en+1] = [fnt1], by construction, there exist o: w = z and 7: y = z in F(_Z[J 1))
making the middle square below commute up to ~ (if the exponents are —1, we also use

the fact that e;}rl is the inverse of e,4+1 and f;_&l the inverse of f,,+1 up to ~):
v
v
Since the morphisms comprising the right square are all in F(_#[J~]), it, too, commutes

up to ~ by (1). Finally, since o is in F(_#Z[J71]) as well, by (2),

+1 .
¥ Cnt1 Jn+1
w

|,
P’ f'r:Lt-&l
Xz

kn+1

N<ﬂ:<d

o o] = [o] o [¢] =[] = [¢]

of length n, so (o @ ') and ¢/ are parallel morphisms in F(¥[I~!]) sent via [-] to the same

morphism of length n. So by induction, (o e ¢’) ~ %', and the result follows. O

Proof of (6). Let ¢: u = vand ¢': v = v’ be morphisms in F(4[I~!]) for which [p] = [¢].
Then [-] agrees on their domains and codomains as well: [u] = [u/] and [v] = [¢/]. Tt follows

that there exist o: u = v/ and 7: v = ¢/ in F(_#[J71]). Then by (2),

[Tep]=[r]e[p] =[p] = [¢] = [¢]eo] =[¢ ea],
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so [] agrees on (T e ), (¢’ ®0): u= v in F(4[I71]). The result follows from (5). O

Proof of (7). Let ¢,1: u = v be parallel morphisms in F(4[I~1]) for which [¢] ~ [¢]. Then
there exist ¢': v’ = v and ¢': v/ = v’ for which [p] = [¢/] and [¢] = [¢)/] while ¢’ ~ ).
By (6), there also exist o,0": uw = ' and 7,7’: v = v’ in F(_#[J~']) such that the top and

bottom regions below commute up to ~:

o'
@
T/

g
/ /
u o u ! v

N\ S G S
w

Also 0 ~ ¢’ and 7 ~ 7’ by (1), and all four are invertible up to ~, so the result follows. [

v

Proof of Lemma 3.67. We have our marked directed graph (¥4,1), so it remains to show
that ~ is a congruence relation on F' (?[7_1]) satisfying Definition 3.1 (c).

First we show that ~ is an equivalence relation on hom-sets. Reflexivity follows from
Lemma 3.68 (3) and the reflexivity of ~, and symmetry follows from symmetry of ~. For
transitivity, take parallel morphisms p,q,r in F (?[771]) along with morphisms p, q~,q~’ T
in F(Z[I7])) with [p] = p,[q] = [¢] = ¢, and [/] = 7 such that p ~ § and ¢ ~ 7. By
Lemma 3.68 (6), [§] = [¢/] implies that there exist morphisms o and 7 in F( 7[J7Y) for
which (o e§) ~ (¢' e 7), so (o ep) ~ (Fer). By Lemma 3.68 (2), [r0] and [0,,] are identities,
o0 [0y, @ p] = p and [ e 79| = r. Hence p & r, proving transitivity.

It remains to show that in F’ (?[T_l]), given composable morphisms p, ¢, 7 and morphism
q ~ q, we have peger ~ peq er. We must have morphisms q ~ qN’, say t = u, in F(4[I71])
with [§] = ¢ and [¢] = ¢’. Then by Lemma 3.68 (3), there exist p: v/ = v and 7: s = t/
with [u] = [«/] and [¢'] = [t] such that [p] = p and [F] = r. So we have morphisms i: u = u’

and j: t' =t in F(_#[J '), and by Lemma 3.68 (2),
[peiegejer]=peger and [ﬁoioc?ojoﬂ:poq/or.

As~isacongruence,ﬁoioaojo?wﬁoio(;’ojo?, sopeqer~peq er.
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Finally, we show that ~ satisfies Definition 3.1 (c): for every edge i: x = y in [\ J,
we have ([i] ™" o [i]) ~ id};) and ([i] e [i{]™!) & id}, (recall that so far, the superscript —1s
indicate formal symbols rather than actual categorical inverses). As (¢,1,~) is a CNP, we

have (i~! ) ~ id, and (i e i~!) ~ id,; moreover, [i]~* = [i~!]. Hence

(i ' e[i]) =[i""ei] ~[ids] =idy and ([i]e[i]] ") =[iei ']~ [id,] =id},
o (4,1,~) is a CNP. O
We may now lift any solution of a quotient CNP to a solution of the original CNP.

Proposition 3.69. Suppose & = (4,1,~) is a CNP and J Q& is normal. Let 7 =
[dom, cod: J =2 V] denote the subgraph of 4 with edge-set restricted to J, and let J denote
the CNP (_#,J,~) with ~ restricted to F(_#[J7]). If N is a solution to J and N is a
solution to &/J, then M = {v € N |[v] € N} is a solution to &.

Proof. Fix a vertex t of ¥ with residue [t], a vertex of 4. As N is a solution to &/.J, there
is a unique n[t] € N with a morphism 7: [t] = n[t] of F (?[Yﬁl]), with 7 unique up to
~. We can write 7 = [e;,]T! o --- @ [e1]*! so that each [ex]*': [tx_1] = [tx] is an edge of
?[7_1]. In particular, for each 1 < k < m, either [ex] has a positive exponent, so there
is an edge ey: t,_; = t; in E\ J, or [e;] has a negative exponent, so there is an edge
ex: ty = t,_, in I'\ J; and we have that ¢ = t, that [t;] = [t}] as exhibited by some
morphism jj: t = t}, in F(_Z[J7!]), and that [t,,] = n[t]. Finally, since N is a solution
to J, there is a unique 7i(t,,) € N with a morphism j: t,, = n(ty,) in F( Z[J71Y), with j

unique up to ~. Composing yields a morphism

+1 . i
t=to Lt Ss i Lot 2oty 2t = :>tmljm:1>tm1:>tm] 7(tm)
in F(4[I7']) we call v for which [v] = ¥ by Lemma 3.68 (2), with [72(t,)] = [tm] = n[t] € N

and thus n(ty,) € M.

Now suppose we have a morphism v/: t = n’ € M in F(4[I~]); we want to show n’/ =
n(tm) and v/ ~ v. We have that [-] sends v/ to a morphism [v/]: [t] = [n/] in F(?[Tﬁl]) with
[n'] € N; as N is a solution to (4,1, =), we have [n'] = n[t] = [t,,] and [V'] = 7: [t] = nlt].

In particular, there is a morphism ¢, = n’ in F(_#[J7']), but as n’ € M C N and N is
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a solution to (_Z,J,~), it follows that n’ = n(t,,), making v/ and v parallel morphisms

satisfying [/] # 7 = [v]. Thus ¢/ ~ v by Lemma 3.68 (7). O

We are now ready to apply our theory of quotient CNPs to proving Mac Lane’s coherence

theorem for symmetric monoidal categories.
3.8 Coherence for symmetric monoidal categories

Continuing from Section 3.6, we invoke Proposition 3.69 to prove Mac Lane’s coherence the-
orem for symmetric monoidal categories from [16], using the coherence theorem for monoidal
categories from Theorem 3.65 as well as the CNP from Proposition 3.32.

First, we review our construction throughout the previous chapter of the coherence
schema €gyp = (Sn, Tsnr, Ent, REM) for symmetric monoidal categories, highlighting how it

relates to our coherence schema €y = (G, T, Em, DQM) for monoidal categories.

o We use the same signature for monoidal categories Gy1 from Example 2.2, generating

the language for monoidal categories £M.

o From Example 2.27, we use the edge labels Eq\1 := {a, 5, A, p} and the transformation
schema for symmetric monoidal categories Ton: Egm — LM x LM with the domains

and codomains of the edge labels given by

a: @(@(21,22), 23) = (1, @ (22, 23)) B2 D(21,72) = @(22, 21)

A ®(e,x1) = 21 p: ®(x1,e) = x1

yielding as in Example 2.33 the graph #°M whose vertices are terms in £M and whose
edges are basic transformations in Bs"M := Bs(Gn, Tsm ). Explicitly, Bs"M is given as

follows.
(1) For s,t,u € LM, there are atomic transformations in Bs®™ given by

a: (®(s,t),u) = (s, ®(t,u)) B: (s, t) = ®(t, )

A ®(e,s) =5 p: (s, e) = s.
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(2) For s,t,u € LM and ¢: s = t in BsSM there are basic transformations in BsSM

given by
®(p,idy): ®(s,u) = @(t,u) and ®(idy,¢): A(u, s) = @(u,t).

Recall that Ty is the restriction of Tgy to Ev = {a, A, p} C {a, B, A\, p} = Esm, SO
BsM ¢ Bs®M, where BsM consists of all a-, A-, and p-basic transformations in BsSM,

and #M is the corresponding wide subgraph of BsSM.

The marked edges are &y = {a, )\, p}, so every basic transformation in BsM
Bs®M is marked, giving rise to the graph Z5M[(BsM)~!] and free category .Z5M —=

F(#™M[(Bs™) ™).

Following Example 2.44, the commutativity schema 95 is the local binary relation on

cgﬁSM

the free category with five related pairs, corresponding to the following diagrams

(subscripts suppressed):

a,id
D(@(® (1, 0), 73), 74) 2L (@ (21, ®(w2, 73)), 24)

o ®(z1, O(D(x2, 23), 74)) (3.70)
ﬂ@(id,a)
®(®(x1’ .%'2), ®($37 $4)) —— ®(5U1, ®(1‘2, ®(£L'3, x4)));

[0

®(®(z1,€), x2) ®(z1, ®(e, x2))

o~ _— (371)
&

(21, 2);

id

®(x1,2) ®(x1,2)

x % (3.72)

@ (22, 21);

\ / (3.73)
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B

R(@(z1,x2), 23) ——= (21, ® (22, 23)) ———= (VR (22, x3),21)
®(5,id)ﬂ a (3.74)
o id,
®(®(w2, 71), 13) == ®(T2, (71, 73)) LwA), ®(z2, ®(3,71))-

Here the first two diagrams (3.70) and (3.71) are the same as those that define )RM.

So a model of this coherence schema €gyy = (Syp, T, {a, A, pt, WM) in Cat is precisely a
symmetric monoidal category.

We still have Vi, = {z1 < -+ < z1}, but we shall restrict our attention to the set of
all regular terms £2/I’reg C Ea/[ c LM with scope V4, i.e. no repeating variables (repeating
constants are allowed). Then Eiﬂ’reg induces the full subgraph %’EM c #AM with edge-
set BS%M C Bs®™ and marked edge-set Bsg[’reg C BsM, the edge-set of the wide subgraph
%’%reg C ZM. We take the free category FPM = F(%EM[(BskM’reg)_l]).

So we will work with the restricted regular coherence schema (GSM,ﬁkM’reg)

for sym-
metric monoidal categories in k variables, as defined at the end of Example 2.44. For this
restricted coherence schema, following Definition 2.46, we obtain a local binary relation
REM = R(€q\)v, restricted to FPM. Then @(CSM,EZ/[’reg) = ZM/(RM) is the cate-
gory presented by (CSM,EZ/I’mg). We seek a solution to the corresponding CNP given by
CN(CSM,EI,:I’reg) = (%EM,BS%F%, (R§M>) First, we decompose CN(QSM,E}:/I’Yeg) into a

coproduct of CNPs as follows, writing & = {1,2,...,k}.

Proposition 3.75. We have an equality of CNPs
ON(&su, £, %) = [T (28", By, (REM)),
SCk

where for each S C k,

. %’EM is the directed graph given as follows. Its vertex-set £¥I consists of all terms
containing each of the variables in {z; | i € S} exactly once, and no other variables;
while its edge-set Bsg/[ consists of all basic transformations between such terms. That

is, %gM is the full subgraph of %EM spanned by £1§4.

. Bsgﬂ is the set of all a-, \-, and p-basic transformations between terms in Egd.
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o (RPM) is appropriately restricted to F(Z3M[(Bs¥)™!)).

Proof. We may partition the set E%’reg of regular terms of scope V, as follows. Each term
in Ei/[’reg contains exactly the variables in a subset {z; | i € S} C Vj, where S could be any

subset of k. So we may write

M reg H EM

SCk
with each EgA defined as above. For our transformation schema, a variable is in the domain
of a basic transformation if and only if it is in the codomain, so there are no edges in

%’EM between vertices in Eg/l and ETM for S # T. Hence the graph %’%M can likewise be

decomposed as

SCk
with each %’gM defined as above, and the result follows. O

Notice that the structure to each CNP (ZM, BsY, (RPM)) for S C k defined above
depends only on the cardinality of S, say r = |S|. After all, any bijection ¢: r = S extends
to a bijection Egl — Eg/[ replacing each z; in a term with z,;. This bijection in turn
extends to a graph isomorphism %’EM = %EM, which further extends to a CNP isomorphism
(#2M, B!, (RPM)) = (#3M,BsY, (RPM)). We can therefore rephrase Proposition 3.75 as

follows.

Proposition 3.76. We have an isomorphism of CNPs

CN (Q:SM7 Mreg = H H ‘@SM BS?"? RSM>)

0<r<k i=1

So it remains to solve the CNP (%ESM,BSgI, (RPM)) for 7 < k. By Corollary 3.11, it
suffices to solve the CNP (%’ESM,BS?/[, (RSMY), since (RSM) C (RPM). To do so, we shall
apply Proposition 3.69. First, we leverage our solution to the CNP given by CN(€y, £M) =
(M, BsM, (RM)) from Theorem 3.65 (i.e. Mac Lane’s coherence theorem for monoidal cat-
egories) to obtain a solution to the subproblem (2, Bsgl7 (RMY) of (,%’EM, Bsg/[, (RSMY),
where %M is the wide subgraph of Z°™ with edge-set Bs}. We shall denote %, Moreg .
F(B" 8 [(BsMeg) 1)) and FM = F(BM[(BsM)1]).
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Proposition 3.77. Recall from Definition 3.26 the set of right-normalized terms N,. C M,
in r variables with no units. Let Nt = N, N L2""°8 denote the set of all regular right-
normalized terms with no units, and let Ny = /\/}ﬁﬁg/[ denote the set of all right-normalized
terms with no units in which each variable in V,, = {z; < --- < x,} appears exactly once
and no other variables appear.

Then {e} U N8 is a solution to the CNP (BN"°¢ BsMreg (RSMY) (here (RSM) is re-
stricted to Fy"% C FM),

Meanwhile, a solution to the CNP (e@g/[, Bsg[, (RSMY) (here (R3M) is restricted to ffEM C
FM) is either {e} if r =0 or Ny if r > 1. So BsM < (#3M BsM, (REM)).

Proof. By Theorem 3.65, the set {e} LIN; is a solution to the CNP given by CN(€y, £LM) =
(M BsM, (RM)) for monoidal categories in r variables. The edge-set BsM of the graph
3334 consists of a-, A-, and p-basic transformations, and for each, every variable appears
the same number of times in the domain as in the codomain. It follows that in the graph
%’}y, there are no edges between terms in LM% and not in £ ¢ and there are no edges
between terms in Eg/[ and not in Egl. Thus BM can be written as a coproduct in which
one of the summands is the full subgraph 1@7{\4 T®8 spanned by terms in EITVI " and BM
can also be written as a coproduct in which one of the summands is the full subgraph %y
spanned by terms in E%A. So by Proposition 3.41, the subproblem (2" BsMeg, (RM))
has solution

({e} LA N L215 = {e} LATCS,

as the atomic term e is itself in £3"°%, while the subproblem (,%g/[, Bsg[, (RM)) has solution

(fe} UL OEQA _ {e} ifr=0
N;  otherwise,
as e € Ea/[ but no terms in Egl have variables, while e ¢ Eg/l for r > 0. As shorthand, we
denote this solution set by N, for all r.
Finally, since the two 9iM-relations defined on .#™ are contained in the restriction of R5M
to FM c .Z5M the local binary relation RM defined on .ZM is contained in the restriction

of RM to .ZM so the restriction of (RM) to F8 or to ZM is in turn contained in the
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restriction of (RSM) to the same. It follows from Corollary 3.11 that {e}UN;® is a solution

to (A8 BsMreg (RSMY) and N7 is a solution to (M, Bs), (RSM)). O

We may therefore construct the quotient CNP denoted (r%zSM,BSg[, (RSMY)/ Bsg/[, fol-
lowing Definition 3.66, effectively quotienting out all the a-, A-, and p-basic transfor-
mations and leaving only equivalence classes of the [-basic transformations. FExplicitly,
we may define the quotient ({%’EM,BSQ/I, <R§M))/Bs¥ = (@,@,%) as follows, writing

FM = F(#M[(Bs) 7).
(1) The graph %’EM is given by the following.

o Its vertex-set is E%/I /<, with v < o' if and only if there exists a morphism v = v’
in #ZM. Note that £}/« is in bijection with the solution set {e}LIA;. We denote

the <-equivalence class of t € LM by [t].

o Set Bsg = BSEM \ Bsg/l, so that it consists of exactly the -basic transformations
between terms in Eg/l. Then our edge-set is Bsg /=, with ¢ = ¢’ for SB-basic
transformations ¢: u = v and ¢': v = v’ between regular terms u,v,u’,v" €
[,g[ whenever there are morphisms x: u = v’ and v: v = v/ in fﬁM such that

(v o p) (RPM) (¢ 0 k) in ﬁfM: the square

o s /

IS
N

/

12 ®

v s /

e
<

commutes up to (RSM).

Given S-basic transformation ¢: u = v in Bsg , we denote the =-equivalence class

of ¢ in Bs? /= by [¢], with domain [u] and codomain [v] in our graph Z5M.

(2) Since we are quotienting out by Bsgl, the set of all marked edges of our original CNP,

no marked edges remain.

(3) Now define a graph morphism [-]: ZSM[(BsM)~1] — F(#5M) by sending ¢ — [t] on

vertices; ¢ > [] on edges ¢ € Bs?; and ¢+ — id[dom(y)) On edges ¥ € Bsg/[. Freely
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extend [-] to a functor []: Q’ESM — F(#3M). Then for each pair of (R3M)_related
parallel morphisms v, v/ in ,?TSM

, set [v] =~ [V].

To understand this quotient, we need to better understand the solution-set {e} LI N, of

our CNP (M, Bs%/[, (RSMY). To that end, recall our left ¥,-set
S={c"|oceX}
with
0" = To1(1) Ta1(r);

we set Sp := {e}. The set S, is contained in a larger set
Pr={e} U{z,q) - 2ym) | L <m <7, 02 m — 1 injective}.

We have a function [-]: cires _ p, given by removing all parentheses, commas, function
symbols, and constant symbols from the terms in El;/l’reg, leaving only the variables in the
order in which they appear—except that we send terms with no variables to e. Then the
image of £M under [] is precisely S,, so we may restrict [-] to a function [-]: LM — S,.
Note that [-] agrees on the domain and codomain of every a-, A-, and p-basic transfor-
mation between terms in El;/[ T°8 This yields an alternate formulation of the solution-sets

{e} UNFE to (2278 BsMreg (RSM)) and {e} U N, to (M, BsM, (RSM)). Recall that
each term ¢ € £r""8 must have a unique ({e} LI N2°)-normal form n(t) € {e} U NF® for
which there exists a morphism ¢ = n(t) in Free FM vielding a function given by
n: L8 5 ({e} LUNF8) that is the identity when its domain is restricted to ({e} LI NF8).
Furthermore, if ¢ € E%/I, then n(t) € N, and the morphism ¢ = n(t) is in ﬁ’KM; SO we may
restrict n to a function Eg/[ — N that is the identity when its domain is restricted to N.
The fact that [-] agrees on the domain and codomain of every edge in Y8 implies that

[t] = [n(t)] for every ¢ € LN, In fact, we can say something stronger.
Proposition 3.78. Restricting [-]: £2""% — P, to the domain ({e} UNE®) C LY yields
a bijection [-]: ({e} UNF®) = P, so that [] =[] o n:

L,

/ [[']]&.]l

{e} UN;® P
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commutes. Restricting [-] further to the domain N, yields a bijection given by [-]: Ny = S,..

Proof. We have already seen that the given diagram commutes: [t] = [n(t)] for t € £,
It remains to show that [-]: ({e} UN;*®) — P, is bijective and that the image of {e} UN;
under [-] is precisely S,. Note that [e] = e € S,; while t € {e} U N satisfying [t] = e
implies that ¢ has no variables, so ¢ ¢ N8 and thus t = e. So it suffices to show that
[-]: N — P, \ {e} is bijective and that the image of N, under [-] is S,.

Given t € N, the value of [¢] tells us the order in which the variables of t appear. Then
since (2) implies (4) in Proposition 3.27, given the order of variables appearing in the right-
normalized term ¢ € Ny, we may uniquely recover t. It follows that [-]: N7°® — P, \ {e}
is injective.

Conversely, for all injections ¢: m — r for 1 < m < r, we construct a term ¢ € E,M’reg by

t = ®(2,1), (T 2)5  » B(Xy(m—1) Tu(m)) =)

that is right-normalized because (4) implies (2) in Proposition 3.27. So t € N;*® and

[[t]] = [®($L(1), ®('TL(2)’ T ’®($L(m—1)’ SUL(m)) T ))] = Ly(1)Lo(2) " Li(m)-

Hence [-]: N;*® — P, \ {e} is surjective.
For 7 = 0, the image of N, = {e} under [-] is Sy = {e}. Otherwise, if 7 > 0, we have
that t € N, = N, i.e.

= ®($0—1(1), ®($0—1(2), T 7®($a*1(r—1)7x0*1(r)) T ))

for some o € %,, if and only if we can write [t] in the form

[[t]] = [®(xa_1(1)’ ®(x0_1(2)’ o 7®(x0'—1(7"—1)7 xa—l(r)) T ))] = To-1(1)Lo-1(2) """ Lo—1(r)s
i.e. [t] € S,. So we have a bijection [-]: N = S,.. O

Corollary 3.79. For t,t' € L), we have [t] = [t'] in L)' /< if and only if [t] =[] in S,.

As /Jg/[/@ is also in bijection with the solution set Ny, it follows that L’%/[/<:> is in bijection

with Sy via [t] — [t].
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Proof. Given t,t € LM for which [t] = [t'], there exists a morphism ¢ = ' in .ZM, so by
Lemma 3.2 we have n(t) = n(t’') and thus [t] = [n(t)] = [n()] = [¢].

Conversely, given t,t' € L)' /< for which [t] = ['], we have [n(t)] = [t] = ['] = [n(¥)],
so n(t) = n(t'). So there exist v: t = n(t) and v/: t’ = n(t') = n(t) in FM. Formally
inverting every edge in v/ yields a third morphism 7: n(t) = t' in ﬁZM, so there is a
morphism (Fev): t = t' in FM witnessing [t] = [t'].

It follows that the function [-]: LM — S, descends to a function (£}/<) — S, sending
[t] — [t] for t € £M. This function is a bijection: it is a composite of the bijection
(L) = N, sending [t] — n(t) and the bijection N; =+ S, sending n € N, to [n], as

[1] = [»(®)]. O

We now extend the function [-] on the set Eg/l to the set of B-basic transformations Bsg .
That is, given f-basic transformation ¢: u = v in Bsg, we know the (S1(¢), S2(¢))-subterm
of u can be written as ®@(w, z) for some w,z € Ly, while the (S1(¢), S2(p))-subterm of
v can be written as ®(z,w) (so the atom of ¢ is A(y) = By »); meanwhile, len(u) = len(v),
and the (1, 51(¢) — 1)- and (S2(p) + 1,len(u))-subterms of u and v coincide. Then we have
two cases. If neither w nor z is equal to the constant symbol e, there exist o,p € %, for

which

[u] = 0" =25-100) - 2o15) [W][2]T6-1(hp1) - Tom1(r)

[[U]] = p* = 1‘071(1) cee l‘gfl(i) [[Zﬂ [[w]]$071(k+1) T ma-fl(,r)

for [w] = zo-1(i41) * To-1(5), [2] = To-1(j41)  To1 (), and 0 < i < j <k < 7. It follows
that the block transposition 7[i, j, k| € B, satisfies 7[i, j, k]o = p. We define [¢] = 7[i, j, k].
On the other hand, if either w or z is equal to e, then [u] = [v], and we define [¢] = id € %,.
Putting this together, we have defined a function [-]: Bsg — {id} U B, C X, such that if
[dom(p)] = o* and [cod(p)] = p* for o, p € 3., we have [p]o = p.

Now consider the CNP &y, = (.7, 9, (Ryx,)) we defined in Proposition 3.32, whose

graph .7, has vertex set S, and edges

Tli, j, k]: 0 = 7i, j, kl]o™
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forceX,and 0<i<j<k<raswell as
id: 0" = o*

for o € ¥,. If we define 935 to be the (wide) subgraph of %EM with vertex-set L‘gl and

edge-set Bs?, we then have a graph morphism I-]: %’5 — % sending vertex v € Eg/[ to

T

[v] € S, and edge p: u = v in Bsg to edge [¢]: [u] = [v] of .7

We also have our graph morphism []: 93? — %ﬁM from defining the quotient CNP
(WﬁM, @,~). We claim that the graph morphism [-] descends via [-] to a graph morphism
WfM — S

Proposition 3.80. There is a graph morphism %M — .7, sending [p]: [u] = [v] for
pru=vin %’5 to [¢]: [u] — [v]-

Proof. We have already demonstrated a bijection on vertices (LM /<) =5 S, that is given

by [t] = [t] for t € LM and we have a graph morphism []: %’5 — .. To show that

T

the latter descends to a well-defined graph morphism ,@ﬁsM — ¥, we need to show for
B-basic transformations ¢: v = v and ¢’: v/ = o' with u,v,u/,v" € Eg/l for which there

exist morphisms x: v = v/ and v: v = ¢’ in .ZM such that the square

K
:}u/

@ ﬂeo’

| 4
:}UI

S

<

commutes up to (RSM), we have [¢] = [¢']. We already know [u] = [«/] and [v] = [v'],
so [u] = [¢'] and [v] = [v']. But the edge [¢]: [u] = [v] in .. as we have defined is
in fact entirely determined by its domain [u] and codomain [v], so we necessarily have

[e] = [¢]- O
Moreover, we show that the graph morphism exhibited above is in fact an isomorphism.

Proposition 3.81. The graph morphism B5M — 7, sending [¢]: [u] = [v] for p:u = v
in BY to [¢]: [u] — [v] is a graph isomorphism.

Proof. Again, we have already showed that this graph morphism is isomorphic on vertices,

so it remains to show that it is isomorphic on edges. For surjectivity, fix o,p € ¥, and an
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edge 0* = p* in ... If 0 = p, this edge is id: 0* = ¢*. Take u € £}! with [u] = ¢*. Then

®(u,e) and ®(e,u) are also in L, with [®(u,e)] = 0* = [®(e,u)], and there is an edge

ro

Bue: @(u,e) = ®(e,u) of B with [Bue] = id: 0* = o*. Otherwise, our target edge is

T[i, 4, k]: 0 = 7[i, 4, klo* for 0 < i < j < k <r. Writing

e ifi=0
w =
R (Tg-1(1), @(Tg-1(2), " O(To-1(i—1), To—1(5)) -+ +))  Otherwise,
5= Q(To-1(3i11) ®(@o-1(i42), ** ®(To-1(j-1), To-1(7)) "+ ),
t = ®(£L'071(j+1), ®($071(j+2), e ®(£L‘o—1(k_1), ngl(k)) ),
e ifk=r
z =

O(To=1(kg1)> @(To—1(k42)s " B(To-1(p-1)s To—1()) - +))  otherwise,

we have

[2(®(w, @(s, 1)), 2)] = [w][s][t][z] = o
and  [®(®(w,®(t,s)), 2)] = [w][t][s][=] = 7[i, j, k|0,

50 ®(®(idw, Bs,t),1d;) is an edge in leg that [-] sends to 7[i, 7, k]: o* = 7[i, ], k]o*.

For injectivity, fix S-basic transformations ¢: u = v and ¢': v’ = v’ for some terms
w,v, w0 € LM with [u] = [u/] and [v] = [v/] such that [¢] = [¢']. We want to show
that [¢] = [¢]; that is, there exist morphisms £: u = v/ and v: v = v/ in FM for which
(v o) (RSM) (¢ @ k). We have two cases: either we have [¢] = id or [¢] = 7[i,j, k] for
0<i<j<k<r. Werely on Proposition 3.77, in which we showed that (%’gﬂ Bsgl, (RSMY)
has a solution, so any two parallel morphisms in .#ZM are (RSM)-related.

If [¢] =id = [¢'], then [v'] = [u] = [v] = [v/], so there exists a square of morphisms

u:ﬁ>u/

wﬂ ﬂw

|4

'U:}’U/
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in ZM that commutes up to (RSM). Moreover A(yp) is either Bs. or s for some s € LM

and A(y') is either ;. or Be; for some t € LM. By the RSM-relations (3.73) and (3.72),

®(s :>®es) ®(e :>®se)
and

are commutative up to <R§M), so fBse and fBe s are <R§M)—related to morphisms in .FM

r

(generated by a A-basic edge and a p-basic edge); and the same with ¢ in place of s. Then
Lemma 2.49 implies that ¢: u = v and ¢': v/ = v’ are also (RSM>—related to morphisms
in ffﬁM So they are necessarily (RSM)-related to the morphisms ¢ and ¢’ in .ZM, and the
result follows: [¢] = [¢/].

Otherwise, [¢] = 7[i,7,k] = [¢] for 0 < i < j < k < r. Here we will construct
morphisms #: v = v’ and v: v = v/ in FM for which (v e @) (RPM) (o' @ k) in stages.
Taking o € %, for which [u] = ¢* = [u/], we have [v] = 7][i,j,k]o* = [v']. We have

A(p) = Bs4 and A(¢') = By v for nonconstant terms s,t,s',¢ € LM for which

[s] = 2o-1i41) -~ 2015 = [5]

[t] = o141y - To10y = [¥']-
So n(s) = n(s') and n(t) = n(t') in N8, yielding morphisms vs: s = s’ and v;: t = t' in
FMreg Then k and v will each be the composite of three morphisms: informally, one that
does not “affect” s or t, one that “changes” s to s’ using v, and one that “changes” t to t’
using v;. We formalize this as follows.

M,reg

Setting ¢ = o~ !(k), we may form terms y,y € L, each containing exactly one

instance of z; and no instances of the variables z,-1(;41), -+, Zg-1(4—1) With
W] = To-101) - To-1(3) Tt To-1(k41) - To—1() = [V]
as well as
ylze/@(s,t

| =u,

ylxe/@(t, s)] = v,

/

)

)
Ywe/@(s' )] = o,

)

]:U/7

and y[ae/@ (' s
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where we write y[z¢/z] (resp. y'[z¢/z]) to denote the substitution of a term z € LY for

x¢ in y (resp. y') while keeping every other variable the same. Then n(y) = n(y’) in A%,
so there exist edges k1: Yo = Y1,-- s Km: Ym—1 = Ym of BM with yo = y, ym = v/, and
cach y; € £ with [yi] = Zo-1(1) *+ Tom1 (5 TeTg—1(41) - To1(r) = [y], such that

/{// = (K’I’:Ell../{::[tl)

forms a path y = 3/, and therefore
K'we/2] = (k' [we/2) o - - 0 k1 [0/ 2])

forms a path y[z,/z] = y/[z¢/2]. In particular, we may form a square

u = ylwe/®(s, )] ZLEE i (s, 1))

gl |

v =ylue/o(t, 5)] L2 i1 (1, 5)]

comprised of squares

Kil|T s,t +1
yia[me/@ (5, 1) DLECIL 1y f(5, )]

| !

Ki|To/R(E,s 1
Yi—1[ze/®(t, 5)] alee/ SN yilze/®(t, 8)]

in which every object is a term in £M, every vertical arrow is a S-basic transformation

T

in Bs?, and every horizontal arrow is in (Bsg/l)il. These commute up to (RS™) because

either dom(A(x;)) does not contain z;, in which case the square commutes up to (RSM)
due to R™ and possibly R™: or dom(A(k;)) contains zy, in which case the square above
commutes up to (R°M) due to R** and possibly R™. It remains to show that we may fill

in the horizontal arrows in the diagram below with morphisms from JJZEM:

Y'lwe/®(s,1)] === y[xe/@(s',1)] === y/[ze/®(5,1")] =/
! J b
Y[ze/@(t, 5)] == y'[ze/@(t, s)] == y'[z/({,s)] =V
Here every object is a term in Eg/[ and every vertical arrow is a (-basic transformation in
Bsg . But the left pair of horizontal arrows may be constructed from vg: s = s, while the
right pair of horizontal arrows may be constructed from v4: t = ', and commutativity up

to (RSM) of either square follows from R"™ and possibly R™. O
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So we have a graph isomorphism %‘ESM = ... Then if every pair of Ry, -related mor-
phisms in F(.#,) corresponds to a pair of ~-related morphisms in F(%EM), we may invoke
Corollary 3.11 to conclude that every solution to the CNP &y = (.7, &, (Rx,)) yields a

corresponding solution to our quotient CNP (,%’EM, I, =).

Proposition 3.82. Extend the graph isomorphism #M =5 .7, sending [¢]: [u] = [v] for
o u=vin By to [¢]: [u] — [v] to an isomorphism of free categories F(#M) = F(S).
Lifting a pair of Ry, -related morphisms in F (%) through this isomorphism yields a pair of

~-related morphisms in F(ZBM).

Proof. For all 0 € X,, we consider each pair of Ry, -related morphisms in F(.#,) with
domain ¢* defined in Proposition 3.32, showing that the pair lifts to a pair of ~-related
morphisms in F' (@), i.e. the image under [] of a pair of (R3M)-related morphisms in
ﬂgM We will use the fact that [-]: ﬂESM - F (@) sends [-basic transformations to their
residue edges in W while sending a-, A-, and p-basic transformations and their formal

inverses to identities.

(0) Select s € LM for which [s] = o*. Then the image under [-] of the diagram

Bs,e
>
®(s,e) ®(e, s)
X~

A lep
in ﬁESM, which commutes up to (RSM) by (3.73) defining R5M, is the diagram

(Bs,e]

in F (W) that commutes up to ~, where the bottom arrow is the identity on [s],
i.e. the empty path at [s] in WEM Then our isomorphism sends [s] — [s] = ¢* and
[Bs,e] = [Bs,e] =id: o* = o*, the edge of .7, yielding the diagram (3.33) from our
definition of Ry, .
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(1) For 0 <i<j<k<r,select w,s,t,z € LM 56 that

ifi=0
[w] =

To-1(1) " Tg-1()  Otherwise,

[5] = 21641y 210
[[t]] = xa_l(j_H) cee $J_1(k), and
e ifk=nr
[=] =
To-1(ky1) " Lo-1(;) Otherwise,

so that
[®(@(w, ®(s,1)), 2)] = [w][s][t]]=] = "
and  [®(&(w,®(t,5)), 2)] = [w][t][s]=] = 7[i, j, ko™
Then the diagram

®(@(w, ®(t,5)), 2)
®(2(id,8).id) ®(2(id,8) id)

®(®(wv®(57t))7z) ®(®(w,®(s,t)),z)

in ﬁKSM commutes up to RSM by (3.72) defining "M, Applying [-] to the above then

yields a diagram in F (%EM) that commutes up to =; then applying our isomorphism

yields the diagram
[wlltllsl[2] = [, 4, klo™

0" = [w][s][][=] [wlls]Te][=] = o7,

which is precisely the diagram (3.34) from our definition of Ry, .

(2) For 0<i<j<k<i<j <k <r, we may select w, s, t,y, 8tz € LYV 5o that

o" = [wlls[[t1 Tyl [s T LA,
7li, 5, klo™ = [w] [t} [sT Tyl [s T T,
and  7[i',j', Ko™ = [w][s] ][yl T1s'1=1,
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then construct a term u € £g[ with Ju] = o*, parenthesized appropriately so that
®(s,t) and ®(s',t’) are both subterms of w. Then we may construct four 3-basic

transformations in a square
©
U — v

wﬂ , ﬂw’

==
with atoms A(p) = A(¢’) = Bs and A(y) = A(¢') = By v, and this square commutes
up to R™ C R?M. Applying [] followed by our isomorphism yields the square

7[i,j,k]

o* Tli, j, klo*
T[i’,j’vk’]ﬂ ﬂr[i’,j’,k’}

'7 47k . . . .
rli', ' Ko =2 i ki, g, ko

from (3.35) defining Ry, .

Similarly, the square (3.36) arises from applying [-] followed by our isomorphism to a

square commuting up to REM of B-basic transformations, here arising from R™t.

Finally, for 0 <i < j < k < £ <r, we may select w,p,q,s,z € LM 5o that

o = [wllpllals][=],
7li, 4, ko™ = [w][al[P1Is]l=],
and  7[i, j, flo" = [w]lq][s]Ip][=]-

Then we let v := ®(Q(p,q), s) to construct a term u = Q(®(w,v),z) in L} with
[u] = o*. By (3.74) defining M, the following hexagon commutes up to R°°™ c RSM

in Z5M;

2(2(p, q), 5) —2= ®(p,®(g, 5) —2— @(2(q,5),p)

®(B,id)ﬂ ﬂa

2(8(g,), ) =2 ©(q,3(p, 5)) 22 (g, (s, ).

Applying ®(®(w, -), z) to each term and ®(®(idy, -),id,) to each basic transformation

above yields a hexagon with u in the upper left hand corner that also commutes up to
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RSM. Then applying [-] to the resulting hexagon sends each a-basic transformation to
an identity, yielding a triangle that commutes up to ~. Applying [-] to that triangle
then yields (flipped for readability)

[w]lpllalls][=] = o*

7[i.5,4)
7li-3:k) [w]lalls]lp]=] = 7[i, . elo* (3.83)
Tli—j+k,k,f]
[w]lal[P11s1L=] = 7[i, j; Klo™
from (3.37) defining Ry, . O

Corollary 3.84. For all t € LY, the singleton set {[t]} is a solution to the quotient CNP
(M, Bsy', (M) /Bsy! = (M, 9, ).

Proof. In Proposition 3.32, we saw that any singleton subset of the vertex-set of .7 is a
solution to the CNP (.%,,@,(Ryx,)). The graph isomorphism .7, ~ %ﬁM extends to a
category isomorphism F(.%.) = F (fﬁM) sending morphisms related by the local binary
relation Ry, to morphisms related by the congruence ~, so it necessarily sends morphisms
related by the congruence (Ry, ) generated by Ry, to morphisms related by the congruence
~ as well. So by Proposition 3.10, the image under this isomorphism of any solution to

(4,9, (Rx,)) is a solution to (#M, &, ~), and the result follows. O

So we may apply Proposition 3.69 to deduce a solution to our CNP (%’gM, Bs%/l, (RSMY)
from the solution A; to the CNP (e%’g[,Bsgl, (R®M)) and any singleton solution to the
quotient CNP (#M BsM, (RSM))/BsM = (#5M, o, ~).

Proposition 3.85. Any term t € N, comprises a singleton solution {t} to the CNP
(BN, B, (REV)).
In particular, a solution for (@SM,BSB/I, (REMY) is {e}, while a possible solution for

(%’ESM,BSQ/[, (RSMYY for r > 1 is the singleton set

{®(21, @(z2, -, ®(Tr_1, 7))}
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Proof. We have Bsg/[ < (@SM, Bsgl7 (RMY), with the set A} a solution to (), Bsg/[, (RSMY),
Moreover, {[t]} is a solution to the quotient CNP (#M, BsM, (RSM)) /BsM = (#5M, o, ~).

It follows from Proposition 3.69 that the set
M ={t' e N | [t'] = [t]}

is a solution to BsgI < (BM, Bsg/[, (RSMY). But if [t'] = [t], then there is a morphism ¢ = ¢’

g\M

r

M = {t}. m

in which is only possible for ¢,#' € A} if t = t’. So in fact our solution set is just

Finally, we may apply Proposition 3.41 to Proposition 3.76 to construct a solution to
CN(€gm, /Jz/l’reg) as a coproduct, yielding our version of Mac Lane’s coherence theorem for

symmetric monoidal categories.

Theorem 3.86 (Mac Lane). The set of reqular terms
{e} U{®(@,q), ®(@y2)s ®(@yr—1), Tu(r)) ) | 1 <7 <k, vir — k injective}

is a solution to CN(Cgpp, Ez/[’reg), and the inclusion functor from this set viewed as a discrete
category to the universal parameter category W(CSM,ﬁz/[’reg) for monoidal categories in k
variables is an equivalence.

That is, for every reqular term t € £1,:/[’reg, there exists a unique term n(t) in the given

solution set such that there is a morphism t = n(t) in W(CSM,CZ/I’reg); and given terms

t,t' € £1,:/[’ng with n(t) = n(t'), there exists a unique morphism t = t' in P(Eq\, Ez/[’mg).
So let ||: €spm — K be a model for €g\p in a cartesian monoidal 2-category K, giving

rise to the functor

v 2@, £37°%) = K|, fm)

from (2.88). Then every diagram in K(|m|", |m|) that factors through ||y, s a commutative

diagram of isomorphisms.

Proof. We constructed an isomorphism between the CNP in question and a coproduct of

CNPs in Proposition 3.76, and we have solved each summand (2™, Bsg, (RPM)) by solving
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(,%’ESM, Bsg[, (RSM)) and applying Corollary 3.11; so by Proposition 3.41, the coproduct CNP

has the coproduct

(;)
{e} U H H{®($1,®($27"‘,®($r—17$7“)"'))}

1<r<k i=1
as a solution. Passing through the isomorphism, adjusting indices accordingly, yields the
desired solution.

Note that while we did not explicitly mark the edge label 8 in the coherence schema Cgyf,

we included a relation in SR5M that gave each atomic transformation Bs, for s,t € El,:/[’reg an
inverse 3 s up to <R,§M), so our universal parameter category & (Cgn, L’gl’reg) nevertheless

must be a groupoid. The rest follows. O
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Appendix A
CATEGORY THEORY PRELIMINARIES

Here we review the standard categorical concepts we use.
A.1 Directed graphs and free categories

We use the usual category-theoretic definition of graphs and graph morphisms, following

[16, Section I1.7]. Thus our graphs are directed, allowing self-loops and parallel edges.

Definition A.1 (Graph). A (directed) graph &4 = [E = V] consists of:

a set V of vertices;

a set E of edges;

e a domain function dom: £ — V; and

a codomain function cod: E — V.

For each e € F, we write e: dom(e) = cod(e).!

Definition A.2 (Graph morphism, subgraph, graph isomorphism). If we are given graphs
4, = [E; = V;] for i = 1,2, then a graph morphism f: % — % consists of:

e an on-vertices function f: Vi — Vo and

e an on-edges function f: E1 — Es;

We use the double-arrow = instead of the single-arrow — because our edges will come to represent
2-cells (natural transformations) between the 1-cells (functors) represented by our vertices.
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such that every edge e: v = w in ¥ is sent via f to an edge f(e): f(v) = f(w) in %. If
both functions are inclusions, ¥ is a subgraph of %, and if further E; contains every edge
in Fs between vertices in Vp, then ¢ is a full subgraph of %. A graph isomorphism is a

graph morphism that is bijective on both vertices and edges.
Every (small) category has an underlying graph.

Definition A.3 (Underlying graph). Given a small category €, the underlying graph of €
is the graph whose vertices are the objects of €, whose edges are the morphisms of ¢, and
whose domain and codomain functions coincide with that of . Typically we denote this

underlying graph by € as well, relying on context to interpret it as a graph or as a category.
Conversely, every graph gives rise to a free category.

Definition A.4 (Free category). Given a graph ¢ = [E = V], the free category on ¥,
denoted F(¥), is the category whose objects are vertices in V' and whose morphisms are
finite (possibly empty) paths of composable edges in E. More precisely, a morphism in

F(%) from a vertex vg € V to a vertex v € V is a sequence

(v, en,Un—1,...,02,€2,01,€1, V)

forn>0and v1,...,0p 1,0, :=v EV,e1,...,ep € E,and ¢;: v;_1 = v; for all 1 <i <n.
The sequence represents a (directed) path in ¢ of length n. Composition is given by path
concatenation (i.e. concatenating sequences but keeping only one copy of the intermediate
duplicate vertex), which we denote by e. The sequence 1,, := (vp), i.e. the empty path, is
the identity at vg.

There is a canonical graph morphism ¢ — F(¥) from ¢ to the underlying graph of its
free category, sending each vertex of ¢ to itself as an object and each edge e: v = w of ¥
to the morphism (w, e, v), the length-1 path. Typically we abuse notation by writing just e

for its image (w,e,v) in F(¢) and denote the morphism (vy, ey, ...,e1,v9) by e, ®---eoej.
A.2 Congruences and quotient categories

We may designate certain classes of morphisms in a category as equivalent using a congru-

ence or as equal by taking a quotient, following [16, Section IL.8] and [1, Definition 4.6].
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Throughout this section, let % be a category.

Definition A.5 (Local binary relation, congruence). A local binary relation R on € is a
tuple (Ry,y)zyew Where each R,y is a binary relation on the hom-set €' (z,y) (we may omit
the subscripts when they are clear from context) A congruence ~ on € is a local binary
relation ~ on € such that ~, , is an equivalence relation on € (z,y) for all objects z,y € €,
and for any objects z,y,z € ¥ and morphisms f, f': ¢ =2y and g,¢': y = 2, if f ~yy f

and g ~y . g', then (go f) ~z (9" 0 f').2

Definition A.6 (Quotient category). Let ~ be a congruence on . The quotient category
€ = %€/~ has the same objects as ¥ and the hom-sets

C(z,y) =C(x,y)/ ~ay -

Identities and composition in € are given by id, = [id;] and [g] o [f] := [g o f] (Which the

congruence condition ensures is well-defined). There is a canonical projection functor
6 =€

that is the identity on objects and sends f: x — y in % to its congruence class [f]: z — y

in €.

Given a congruence ~ on €, the quotient category € = % /~ equipped with its projection

functor m: € — € is universal in the following sense: 7 has the property
for any z,y € € and f, f' € €(x,y): if f ~zy [, then n(f) = 7(f'), (%)

and any functor F': ¥ — 2 that also has the property (x) factors uniquely through 7 as a
functor F': € — 2. The functor F is necessarily given by Fax = Fx on objects x € € and
F[f] = Ff on morphisms f in €.

Example A.7 (Common congruences and quotient categories). (1) We can see that the
identity relations =, , on each hom-set € (x,y) assemble into a congruence. It is the

smallest congruence on €, and € = €.

2Equivalently, f ~ f" implies (ko f o h) ~ (ko f' o h) whenever these composites are defined.
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(2)

3)

The codiscrete relations ~ , given by f ~g, f' for all f, f' € €(x,y) assemble into a

congruence. It is the largest congruence on %, and € is the preorder reflection of €.

If {~'};cs is a nonempty indexed set of congruences on %', then we have a congruence

given by their intersection ~ = (,.; ~*, defined explicitly by

el

fray [/ ifand only if  f~%  f forallicl.

In particular, if € is small and has a local binary relation R, there is a nonempty set
{~"}ier = {~ is a congruence on € | Ry C ~y, for all z,y € €}

of all congruences on % that contain R. In this case, we denote the intersection (., ~
by (R) and call it the congruence generated by R. Tt is the smallest congruence
on % that contains R. Explicitly, it can also be constructed as follows: define a
local binary relation R from R by (ko foh) Ry, (ko f'oh) whenever f R, f’ for
f,f'u=vh:t—u and k: v — w in € Then for z,y € €, we let (R),, be the

reflexive, symmetric, and transitive closure of R, ,,.

If F: € — 2 is a functor and = is a congruence on Z, the inverse image of = along

F' is the congruence ~ on % given by
f~f ifandonlyif Ff=~Ff.

for parallel morphisms f, f’ in €. So F descends uniquely to quotients, yielding a new
functor F': (¢/~) — (2/~) that coincides with F' on objects and sends morphism |[f]

in (¢/~) to [Ff] in (Z2/~). We have the following special cases of this construction.

(i) If F: € — 2 is a subcategory embedding and = is any congruence on ¥, then

the inverse image ~ of ~ along F' is the congruence given by
f~f ifand onlyif f=~f

for parallel morphisms f, f/ in € C 2. We call ~ the restriction of ~ to €.

Then F is a subcategory embedding as well: it coincides with F on objects, and
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on morphisms, given parallel morphisms f, f’ in € for which F[f] = F[f], we
have [Ff] = [F'f'] and thus [f] = [f’]. Abusing notation, we generally denote ~
also by ~.

(ii) If ~ is the identity relation and F': ¥ — Z is any functor, then the inverse image

~ of the identity relation along F' is given by
f~pf ifandonlyif Ff=Ff

for parallel morphisms f, f' in 4. We call ~g the kernel of F. By the universal
property of the quotient category, F' factors uniquely through the projection
functor to yield a new functor F: (¢ /~r) — 2.

Example A.8 (Monoid congruence, quotient monoid). Suppose that M is a monoid. A
congruence ~ on M is a congruence on its corresponding 1-object category, namely an
equivalence relation on M that respects its multiplication. We can quotient out by ~ to
obtain the quotient monoid M /~. Given a binary relation R on M, the congruence (R) it
generates is the reflexive, symmetric, and transitive closure of the relation =~ on M given

by sut = svt for s,t,u,v € M when u R v.

In practice, the local binary relation R that we wish to impose on a category % may not
be a congruence, so we must first close R up to (R) before taking a quotient. Fortunately,

the universal property of ¢’ /(R) is determined by R alone (see [16, Section I1.8]).
Proposition A.9. Suppose € is small with local binary relation R. The quotient projection
w: € — €/(R)
has the property
for any z,y € € and f, f' € €(z,y): if f Ryy f', then n(f) = w(f'), (%)
and any functor F: € — 2 with this property factors uniquely through .

Proof. If f Ry, f', then f (R);, f’ and hence m(f) = w(f').
On the other hand, if F' has property (**), then R is contained in the kernel of F.

Therefore (R) is also contained in the kernel, i.e. for any objects z,y € € and f, f' € €(x,y),
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if f(R) f' then Ff = Ff’. Therefore F': ¢ — 2 factors uniquely through 7: ¢ — ¢ /(R)

by the universal property of the quotient projection. ]

The considerations above show that congruences on a category % are the same thing
as kernels of functors out of ¥. However, if we restrict attention to functors F': € — 2
with additional conditions on & (e.g. Z is a groupoid), then there will also be additional

conditions on our kernels. We highlight one useful condition.

Definition A.10 (Left-cancelability). Let ~ be a congruence on . We say that ~ is
left-cancelable if for any objects z,y,z € ¢ and morphisms f, f': x = y and ¢g: y — z, if

(gof) ~ax,z (go f/)a then f ~zy I
Quotienting by a left-cancelable congruence makes every morphism a monomorphism.

Lemma A.11. Let ~ be a left-cancelable congruence on €. Then every morphism in the

quotient category € = €/~ is a monomorphism.

Proof. Given morphisms [f],[f’]: # = v and [g]: y — z in & that are residues of morphisms
fif = yand giy - 2 in %, assume [g] o [f] = [g] o [ Then [go f] = [go /'], so
(go f) ~a.z (go f). By left-cancelability, f ~,, f', so [f] = [f']. O

As with ordinary congruences,

e the maximum congruence on ¥ is (trivially) left-cancelable, and

o if {~'};cs is a nonempty indexed set of left-cancelable congruences, then their inter-

section (7 ~' is also left-cancelable.

It follows that if ¥ is a small category and R is a local binary relation, then there is a

smallest left-cancelable congruence that contains R, which we denote

L ~ is a left-cancelable
(R)" = Ryy €~y forall z,y € € 3, (A.12)
congruence on ¢

and the quotient ¥’ /(R)" has the following universal property.
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Proposition A.13. Suppose € is small with local binary relation R, and consider the
quotient projection

€ — €/ (R)V.

Then every morphism in € /(R)* is a monomorphism and
for any z,y € € and f, f' € €(x,y): if f Ryy f', then w(f) = w(f'). (x%%)

Moreover, if 9 is a category in which every morphism is a monomorphism, and F: € — 9

is a functor that satisfies (xxx), then F factors uniquely through .

Proof. By Lemma A.11, every morphism in ¢’ /(R)" is a monomorphism; and if f R, f/,
then by construction f (R) f’, so 7(f) = m(f’), satisfying (x*%).

On the other hand, if F' has property («%x), then R is contained in the kernel ~p of
F. We claim that ~p is left-cancelable. Fix parallel morphisms f, f’ in 4 whose common

codomain is the domain of some g in € with (go f) ~r (go f'), so

FgoFf="F(gof)=F(gof)=FgoFf

in 9. As Fg is monic, F'f = Ff', so f ~p f'. Hence ~p is a left-cancelable congruence

containing R. Thus ~f also contains (R)", so F' factors uniquely through =. O

We conclude by noting that the inverse image of a left-cancelable congruence is still

left-cancelable.

Lemma A.14. Let F: € — 2 be a functor and ~ be a left-cancelable congruence on €.
Then the congruence ~ on € given by the inverse image of = along F', as in Example A.7 (5),

1s also left-cancelable.

Proof. Fix objects z,y, 2 € ¢ and morphisms f, f': x = y and g: y — 2 for which (go f) ~
(go f"). Then
FgoFf="F(gof)=F(gof)=FgoFf.

Since ~ is left-cancelable, it follows that F'f ~ Ff’, so f ~ f’, as desired. O
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Appendix B
MONOID & GROUP THEORY PRELIMINARIES

Here we review the standard monoid- and group-theoretic constructions we use. Unless

otherwise stated, we denote monoid and group multiplication by juxtaposition.
B.1 Translation categories for actions

First, we define translation groupoids for group actions and, more generally, translation
categories for monoid actions. We denote monoid and group multiplication by juxtaposition,

and we will use left actions by convention.

Definition B.1 (Translation category, translation groupoid). Let M be a monoid whose
unit is e, and let X be a left M-set. The translation category of X is the category T X

defined as follows.

(1) Its objects are the elements of X: we have Ob(TyX) = X.

(2) Its hom-sets for z,y € X are given by

(TyX)(2,y) ={p e M|px =y}

That is, for each p € M and x € X, there is a morphism p: x — pz.
(3) The identity morphism on = € X is e: we have id; == e: z — =.
(4) Composition is given by monoid multiplication: the composite
5 ”—l> w

is given by p'p: x — ppx.
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Unitality and associativity of the monoid imply unitality and associativity of the category.
If M is a group, Ty X is a translation groupoid, with inverses given by group inverses:

1

the inverse of v: x = yx is v~ : yx — .

Note that this construction is functorial in both M and X. Given a monoid map f: N —
M, we can also view X as a left N-set via f, and we have a functor of translation categories
T;X: TyX — TpX that is the identity on objects and sends each morphism n: z — y
in TyX to f(n):  — y in Ty X. Meanwhile, given an M-equivariant map h: X — Y,
we have a functor of translation categories Tpsh: Ty X — TpY that coincides with A on

objects and sends each morphism m: x — ma in Ty X to m: h(xz) — h(mz) = mh(x).

B.2 Presentations

Next, we fix notation and terminology for free monoids and free groups as well as monoid

and group representations by generators and relations.

Definition B.2 (Free monoid/group, monoid/group presentation). (1) Given a set S,

let FlonS denote the free monoid on S. Each s € S is itself an element of Fi,o,S.

(2) A monoid M is presented (as a monoid) by generators G and relations R if G C M,
if R is a relation on Fj,onG, and if the monoid homomorphism Fi,onG — M induced
by freely extending the set inclusion G — M descends to a monoid isomorphism
FuonG/(R) = M, where (R) is the congruence relation on Fj,,,G generated by R
(see Example A.8). Typically we denote the residue in Fi,on,G/(R) of a free product
of generators = € F,onG by [z].

(3) Given a set S, let Fg, S denote the free group on S. Each s € § is itself an element

of FgpS with inverse s~ L

(4) A group I is presented (as a group) by generators G and relations Rif G C T, if R is a
relation on Fy, G, and if the group homomorphism Fg,,G — I' induced by freely ex-
tending the set inclusion G — I' descends to a group isomorphism Fgp,G/((R)) = T,

where ((R)) is the normal subgroup of Fy,G generated by {y 'z | 2,y € FypG, 2Ry}
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Typically we denote the residue in Fy,G/((R)) of a free product of generators and
their inverses y € Fy G by [[y]].

Note that a set G is a subset of the free monoid Fi,onGG, which in turn embeds as a
submonoid of the free group Fy,G' viewed as a monoid.

The following lemma characterizes when monoid and group presentations coincide.

Lemma B.3. Suppose G is a set of generators and R is a binary relation on FionG C FopG;
together, they present the monoid M = Fy,onG/(R) and the group I' .= Fyr, G/((R)). Then

there is a commutative triangle of functions

AN

M r,

where the functions v and ' send generators to their own residues, and the horizontal com-
parison monoid map k is induced by the universal property of M. Then k is an isomorphism
if and only if M is a group (for instance, if for every g € G there exists n(g) € N for which
g"9 Re).

Proof. The function ¢/ freely extends to a monoid map ¢: Fi,onG — T sending x € FiponG C
FypG to its residue [[z]] € . Then given z Ry for z,y € FnonG, we have y~ 1z € ((R)),
so its residue [[y~!z]] in T is the identity. Thus [[z]] = [[y]], ensuring p(z) = ¢(y). So ¢
descends to the quotient M, inducing a monoid map x: M — T sending the residue [z] € M

to the residue [[z]] € T for all € FinonG, In particular, for g € G C FiyonG, we have

making the given triangle commute.

If k is an isomorphism of monoids, then its domain is a group because its codomain is,
so we are done. Conversely, assume M is a group, making x a group homomorphism; we
seek its inverse. The function ¢ freely extends to a group homomorphism ¢': Fprpy G — M,

which sends © € FlnonG C FgpG to its residue [x] € M, and thus sends y~ e Fyp G for
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y € FuonG to [y]™' € M. In particular, there exists 4 € FpnonG whose residue in M is
[v/] = [y]™1, so [y'y] is the identity of M.
Then if Ry, we have y'z (R) y'y (R) e, the identity of Fy,onG. Therefore in M we have

¢'(y~'2) = [y [z] = [y][2] = [y'a] = [e],

the identity of M, so y~'x is in the kernel of ¢’ for all z,y € FpnonG with  Ry. Thus
¢’ descends to the quotient I', inducing a group homomorphism A: I' — M that sends
[[2]] = [2] as well as [[y~1]] = [y] 7! for 2,y € FnonG. Plainly ) o & is the identity on M,

while

so ko A is the identity on I'. d

We will make use of this lemma in the following section, when we give group presentations

that are also monoid presentations for the symmetric group.
B.3 The symmetric group

We review classical properties of the symmetric group before considering its presentation by
block transpositions, which feature in our coherence proofs for symmetric structures. Unless

otherwise stated, fix a positive integer r.

Definition B.4 (Symmetric group, permutation). Let r := {1,...,r} denote the set of the
smallest 7 positive integers. Then the r** symmetric group ¥, is the automorphism group
of r; its elements are called permutations. Multiplication of permutations is denoted by
juxtaposition, written in compositional order: for o,7 € X, we have o7 = o o 7, with

(o7)(k) = o(r(k)) for k € r. We denote the identity permutation by id.
Given o € X, contrary to the usual convention, we sometimes denote o by
[0—_1(1)70—_1(2)7"'70_1(n)] or |:O-_1(1) 0_1(2) 0_1(T)‘

This is because we primarily think of permutations in terms of their action on ordered

tuples. Throughout this section, we let V,. := {x1,...,2,} denote a set of n distinct formal
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symbols xy, for k € r, and we let S, denote the set of length-r formal words (i.e. associative
products, in which we may insert parentheses only for clarity) comprised of these r symbols

with no repeats. Equivalently,
S, = {x(,71(1)m071(2) T Te—1(r) | o€ X, }. (B.5)

Then there is a standard (left) action of 3, on S, that is isomorphic to the left action of ¥,

on itself (i.e. the free orbit of 3,), defined as follows. For o € 3,, we have
o (T1 X)) = Tpo1(1) 0 T (1)

That is, o moves the k'™ variable to the o (k)" position. More generally, given p € %,

P (Tgm1(1) Tom1r)) = T(e=1p=1)(1) " T (o 1pm1)(r)
= T(po)1(1) " T o) ()

= (pa) . (xl . ..xr)’

with p moving the k" variable To-1(ky to the p(k)™ position. So we may interpret each
permutation o € ¥, in terms of its action on S,, and writing out o~1(k) for each k € r
shows how ¢ reorders the factors of each product in S,.

As shorthand, we write 0™ == x,-1(1) -+ Z5-1(,), S0 that p-o* = (po)*, which we may
denote simply by po*.

One special type of permutation is an adjacent transposition, which swaps consecutive

numbers.
Definition B.6 (Adjacent transposition). For 1 < ¢ <r — 1, define 7; € X, by
=11, i—1014+1i,14+2,...,7]

or more precisely by
1+ 1 if k=4
Ti(k) =4 ifk=i+1;
k otherwise.

Then 7; is an adjacent transposition, and we write T, == {11,...,7Tr_1}.
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The adjacent transposition 7; acts on a product in S, by swapping the i*" and (i + 1)t
variables.
We have the following standard presentation of the symmetric group with adjacent

transpositions as generators.

Proposition B.7. The symmetric group X, is presented as a group by generators T, =

{71,...,7v-1}, denoting adjacent transpositions, and relations R given by

7'1-2Rid for1 <i:<r—1,
TiTjRTjTi forl<i<i+2<j<r-—1,
and TiTi+1Ts RTZ'+17'7;TZ'+1 for 1 S ) S T — 2,
where id is the identity, so 3, = FopT/((R)).

By Lemma B.3, the symmetric group X, is presented as a monoid by generators T, and

relations R as well: ¥, = FyonT,/(R) as monoids and thus also as groups.

For our purposes, we would like to consider not only adjacent transpositions that swap
consecutive variables, but block transpositions that swap consecutive substrings of variables.
There are more thorough reviews of the theory of block transpositions at [5] or [11], although

our notation differs.

Definition B.8 (Block transposition). For 0 <i < j < k < r, define 7]i, j, k] € X, by
Pl g k] =i+ kit L, Gk 1]

or more precisely by

(+(k—j) ifi+1<e<y;
Tl 4 k() =t —(j—i) ifj+1<l<k
4 otherwise.

Then T[4, j, k] is a block transposition, and we write

B, ={7[i,j,k] |0<i<j<k<r}
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Consider a block transposition 7[i, j, k] € B,. The idea is that the block [i + 1, j] is
swapped with the block [j + 1,k]. More precisely, 7[i, j, k] acts on S, as follows. Given
te 87«, write t = t1tat3ts so that:

e t1 consists of the first ¢ variables of s;
o ty consists of the (i + 1)™ through ;" variables of s;
o t3 consists of the (j + 1) through &' variables of s; and

o t4 consists of the last (r — k) variables of s.

Then (i, j, k] - s = t1tstats, swapping subwords ty and t3.
Note that every adjacent transposition is a block transposition: 7, = 7[i — 1,4,7 + 1].
Block transpositions obey the following relations. First, inverses of block transposi-
tions are themselves block transpositions that may be computed as follows (the proof is a

straightforward computation).
Lemma B.9. For0<i<j <k <r, we have 7[i,j,k]~" = 7[i,i — j + k, k].
The idea is that
i, 4, k] - (21 ) = @1 @i 2p) (Tigr -0 X)) Thegr - Ty

and since on the right hand side there are (k — j) variables between the left pair of paren-
theses, to recover x - - -, we must swap the (i + 1) through (i — j + k)™ variables with

the (i — j + k + 1) through A* variables:
T[i,i—j+k,k] : (xl---:):ixjﬂ---xk:piﬂ---xjxkﬂ---:rr) =1 Tp.

Next, if the values not fixed by one block transposition are disjoint from the values not
fixed by another, i.e. if two block transpositions are “non-colliding,” then those two block

transpositions should commute.
Lemma B.10. Given 0<i < j <k <i < j <k <r, we have

Tli, g, k)i, 5 K = 7[i 5 KTl 4, K.
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Either side of the above equation will send x; - - -z, to

% R IL’i(JIj+1 B '.'Ek)((lfi_i_l . '.'Ej)fl?k+1 s $i/($j/+1 B 'xk’)(xi’—i—l s ]Ij/){l)k/+1 s T
There is another relation that we may depict as follows. After applying a block transpo-

sition 7[j, k, {] to x1 - - - x,, we may then swap a block consisting of all the entries that were
just swapped with an adjacent block. In particular, if 0 <i < j < k < £ <r, then

7li, 3, A7 ko l) - (@1 - 2p) = (0,5, €] - (T1 - TjThg1 - TuTjg1 -0 TpTog1 - Ty)

:xl."xz(xk+1."xexj+1."xk)(xl+l."x])xe—i-l“.‘rr'
But the same result could be obtained by applying 7[i, j, ¢] first, then applying another
block transposition to swap xjy1--- 2y with x4 ---2¢ in their new positions. So in the
product 7[i, 7, ¢] - (z1 - - x,), which is
xl“'xl(x]+1."xkllk—‘rl‘.'xe)(xi—‘rl."x])xe—i-l..'x'r?

the variables x;1---x) comprise the (j + 1 — (j — i) (or simply (i + 1)*) through

(k — (j — 1)) positions, while the variables 2y ---x¢ comprise the (k + 1 — (j — i))™®

through (¢ — (j — 4))*™® positions. We therefore have the following relation.

Lemma B.11. Given 0 <i< j <k <{<r, we have
T[Z.7j7 6]7_[.77 kag] = T([j7 k7€] - (] - Z))T[ZvjaeL

where we write T([j, k, ] — (j—1)) =1[j—(j—1i),k—(j—1),0—(j—1)] = T[i,i—j+k,i—F+{].

Finally, transposing a block over two consecutive blocks can be written as a single block
transposition. That is, given 0 < i < j < k < £ < r, applying the block transposition
7[i, j, €] to 1 - - -, is the same as swapping x;41 - - - ; with ;41 - - - x5, by applying 77, 7, kJ;
then swapping ;41 - - - 2, now comprising the (i — j + k + 1)*® through k' positions, with
Th41 Ty

T[Z - .7 + ka kvé]T[i>j7 k] ’ ($1 co x?’)
=7li—J+k kA (21 @@y @) (@i 25) (T - Te) e - - @)
= xl ...xz(x]_i_l...mk)(xk+1."x£)<x1+1.'.x])x£+1..'xr

=7li,5,0] - (x1- - x,).
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Lemma B.12. Given 0 <i < j < k </{ <r, we have T[i,j,0) = 7[i — j + k, k, {|T[i, j, k].
Corollary B.13. Given 0 <i < j < k < { <r, we have T[i,k,¢] = T[i,j,j — k+ |T[j, k, £].

Proof. Replacing j with i—j+k in Lemma B.12 yields 7[i, i—j+k, ] = 7[j, k, {]7[i, i—j+k, k].
Then inverting both sides using Lemma B.9 yields 7[i,j — k+ ¢, 0] = 7[i, j, k]T[j, 5 — k+ ¢, £].
Finally, replacing k with j — k + ¢ yields the result. O

Corollary B.14. Block transpositions may be written as products of adjacent transpositions
as follows. Given 0 <i < j <k <r, we have
T[Z’vjv k] = (Ti—j—‘rk T Ti+27'i+1) T (Tlc—Q T Tjijl)(Tk—l T Tj+17'j)-

This product on the right hand side is best read from right to left. The idea is that to
swap i1 ---&j with 11+ 2 in 21 --- 2., as T[4, j, k| does, we can use adjacent transpo-

sitions to swap one variable at a time:
e apply 7p—1---Tj4+17j to swap x; with all of x;41-- -z, one variable at a time;

e apply Tip_2---7jTj—1 to swap x;_1 with all of x4 -2, (now in the 4™ through

(k — 1)* positions), one variable at a time;

o apply Ti_jik - Tit2Tit1 to swap w41 with all of ;41 -- 2, (now in the (i + 2)th

through (i — j 4+ k + 1) positions), one variable at a time.

Proof of Corollary B.14. We induct on k —i. Our base case is k — i = 2, for which we have
Tli,i+ 1,4+ 2] = 7341. Then for k —i > 2, if j =i+ 1, by Lemma B.12 with £ — 1 in place
of k and k in place of ¢, we have

Tli,i + L,k =7k — 2,k — LE|7[i,i+ 1,k — 1] = Tjs—1(Th—2 * - Tit2Tit+1)
by induction. Otherwise, ¢ +1 < j, so by Corollary B.13 with ¢ + 1 in place of 7, j in place

of k, and k in place of £, we have
Tli,j k] =7li,i+1,i —j+ k+ 17[i + 1,7, k]

= Ticjk Tit2Tird (Timjrkt 1 Tigs3Tiv2) -+ (T2 TjTj—1) (Th—1*+* Tj4+175)
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by induction. O
It turns out these are all the relations we need to present ¥, by generators B;.

Proposition B.15. The symmetric group ¥, is presented as a group by generators
B, ={1[i,j,k] |0<i<j<k<r}
denoting block transpositions, and relations R’ given by
(1) 7li,i —j+ k,k|7[i, 5, k] R'id for 0 <i<j<k<r,
(2) 7li, g, k7[5 KV R 7[i, 5/ K |7[i, 5,k for 0<i<j<k<i<j <k <r,

(3) Tli,j,07(j, k, €] R 7([j, k, 0] — (j —i))7[i,5,¢] for 0 <i' < j <i<j<k<Ek <r,
where 7([j, k, (] = (j — @) =7[j — (j — @),k — (j —4), £ = (§ — ©)],

(4) Tli, 4,0 R 7[i — j + k, k, {|7]i,j, k] for 0 <i<j<k<{l<r,

where id is the identity, so X, = Fyp By /((R')).
By Lemma B.3, the symmetric group Y, is presented as a monoid by generators B, and

relations R’ as well: ¥, = FynonByr/(R') as monoids and thus also as groups.

Proof. Our previous work exhibits a group homomorphism ¢: Fg, B /((R')) — X, sending
each block transposition to itself as a permutation, and by Proposition B.7 there is an
isomorphism x: 3, — Fy, T, /((R)) sending the permutation corresponding to each 7; to
7;. We now construct a group homomorphism ¢: Fyr,T7./((R)) = Farp By /((R')) as follows.
Define a function T, — FgpBr/((R')) sending 7; — 7[i — 1,4,i + 1], inducing a group
homomorphism ¢': FgpT, — FerpB,/((R')). To show that ¢’ descends to 1, it suffices to

show that 1 agrees on R-related elements of Fgy, T}, as follows.

e For 1 <j<r—1, wehave szRid, and 1//(7]2) = (7[j — 1,4,j + 1])? R'id by (1), with
i=j—land k=7+1.
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e For1<i<i+2<j<r—1, wehave 7,75 R7;7;, and by (2),
W(Tﬂ'j) = T[Z - 17i7i + 1]7-[] - 1ajaj + 1]
R rlj—1,4,7+ Ur[i — 1,4,i+ 1] = ¢'(7j7).
o For 1 <i<r—2 wehave 7;7i417; R Ti+17iTi+1, and by (3) and (4),

O (rimiami) = 7l — 14,0 + 1)(7[i,i + 1,0+ 2]7[i — 1,4,i + 1])

(RNYY T[i — 14,0 + 1)7[i — 1,4,7 + 2] (4)
(R))r[i — 1,0, 04 2|7[i,i + 1,1+ 2] (3)
(RN (tli,i+ 1,0+ 2)7[i — 1,4,i + 1])7[i, 3 + 1,4 + 2] (4)

= Y (Tit1TiTig1)-

It remains to show that ko ¢ and 1) are mutually inverse. We have that x o ¢ 09 sends
i Tl —Ldi+ 1] =1 . i—1i+1,4,i4+2,....7r] > 7

and is therefore the identity. Conversely, Corollary B.14 shows how k o ¢ sends 7[i, j, k] to
a product of adjacent transpositions, which 1 then sends to the corresponding product of
block transpositions that is ((R'))-related to 7[i, j, k|, as the proof of Corollary B.14 relies
only on the R'-relations (1) and (4) above. Hence v o k o ¢ is the identity as well. O

Here we compile more coherence schemata to which we may apply the techniques

throughout this thesis.



1]
2]

163

BIBLIOGRAPHY

AWODEY, S. Category Theory. Oxford University Press, 2006.

BLUMBERG, A. J., AND HiLL, M. A. Operadic multiplications in equivariant spectra,
norms, and transfers. Advances in Mathematics 285 (2015), 658-708.

ELMENDORF, A. D., AND MANDELL, M. A. Rings, modules, and algebras in infinite
loop space theory. Advances in Mathematics 205, 1 (2006), 163-228.

ENDERTON, H. B. A Mathematical Introduction to Logic. Elsevier, 2001.

ERIKSSON, H., KARLANDER, J., SVENSSON, L., AND WASTLUND, J. Sorting a bridge
hand. Discrete Mathematics 241 (10 2001), 289-300.

GuiLLou, B. J., MAy, J. P., MERLING, M., AND OSORNO, A. M. Symmetric

monoidal G-categories and their strictification. The Quarterly Journal of Mathematics
71,1 (12 2019), 207-246.

HiLn, M. A., HoPkiNs, M. J., AND RAVENEL, D. C. On the nonexistence of elements
of kervaire invariant one. Annals of Mathematics (2016), 1-262.

HueT, G. Confluent reductions: Abstract properties and applications to term rewriting
systems: Abstract properties and applications to term rewriting systems. J. ACM 27,
4 (1980), 797-821.

JOHNSON, N., AND YAU, D. Bimonoidal Categories, E,-Monoidal Categories, and
Algebraic K -Theory, vol. 283—-285 of Mathematical Surveys and Monographs. American
Mathematical Society, Providence, RI, 2024. 3 volumes.

KEeLLYy, G. M. On maclane’s conditions for coherence of natural associativities, com-
mutativities, etc. Journal of Algebra 1, 4 (1964), 397-402.

KorcHMAROS, A. Combinatorial Properties of Block Transpositions in Symmetric
Groups. PhD thesis, Universita degli Studi della Basilicata, March 2015.

Lapraza, M. L. Coherence for associativity not an isomorphism. Journal of Pure and
Applied Algebra 2, 2 (1972), 107-120.



164

[13]

[25]

[26]

LaprazA, M. L. Coherence for distributivity. In Coherence in Categories (Berlin,
Heidelberg, 1972), G. M. Kelly, M. Laplaza, G. Lewis, and S. Mac Lane, Eds., Springer
Berlin Heidelberg, pp. 29-65.

LEINSTER, T. Higher Operads, Higher Categories. London Mathematical Society
Lecture Note Series. Cambridge University Press, 2004.

Mac LANE, S. Natural associativity and commutativity. Rice University Studies 49,
4 (1963), 28-46.

Mac LANE, S. Categories for the Working Mathematician. Springer-Verlag, New York,
1971. Graduate Texts in Mathematics, Vol. 5.

May, J. P. The Geometry of Iterated Loop Spaces, vol. 271 of Lecture Notes in
Mathematics. Springer-Verlag, Berlin, 1972.

May, J. P. E. spaces, group completions, and permutative categories. In New
Developments in Topology (Proc. Sympos. Algebraic Topology, Ozxford, 1977) (1977),
Cambridge University Press, pp. 61-93.

MAy, J. P. Multiplicative infinite loop space theory. Journal of Pure and Applied
Algebra 26, 1 (1982), 1-69.

May, J. P. The construction of F., ring spaces from bipermutative categories. New
topological contexts for Galois theory and algebraic geometry (BIRS 2008) 16 (2009),
283-330.

May, J. P. What precisely are F, ring spaces and F, ring spectra? Geometry &
Topology Monographs 16 (2009), 215-282.

MiIMRAM, S. Rewriting techniques for relative coherence, 2024.

NEwWMAN, M. H. A. On theories with a combinatorial definition of ‘equivalence’.
Annals of mathematics 43, 2 (1942), 223-243.

RUBIN, J. Normed symmetric monoidal categories. Journal of Homotopy and Related
Structures 20 (Feb. 2025), 195-250.

SEGAL, G. Categories and cohomology theories. Topology 13, 3 (1974), 293-312.

Yau, D. Multifunctorial equivariant algebraic k-theory, 2024.



	Introduction
	Universal Parameter Categories
	Formal languages parametrizing operations
	Graphs parametrizing coherence maps
	Congruences parametrizing commutativity
	Models of coherence schemata

	Coherent Normalization Problems
	Introducing CNPs and their solutions
	Constructing solutions to CNPs
	Coherence for associators
	CNPs presenting translation categories
	New CNP solutions from old
	Coherence for monoidal categories
	Quotient CNPs
	Coherence for symmetric monoidal categories

	Category Theory Preliminaries
	Directed graphs and free categories
	Congruences and quotient categories

	Monoid & Group Theory Preliminaries
	Translation categories for actions
	Presentations
	The symmetric group

	Bibliography

