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Physics

X-ray spectroscopy is a powerful and widely used tool for the investigation of the electronic
structure of a large variety of solid-state materials, including crystals, liquids, amorphous solids,
molecules, and extended states such as clusters or interfaces. The local nature of x-ray mediated
electronic excitations, involving transitions to or from localized, atomic-like, core levels, makes
them ideal probes of local electronic properties: bonding character, charge transfer, and local
geometry. The interpretation of spectra relies on modeling the excitations accurately to provide
a concrete connection between specific properties of a system and the resulting x-ray spectrum.
As experimental techniques and facilities have improved, including third generation synchrotron
sources and the advent of x-ray free-electron lasers, measurements have been taken on wider
ranges of systems, exploring the effects of temperature and pressure, and at higher resolutions
than before, but theoretical techniques have lagged. Our goal is to develop a first-principles the-
oretical framework capable of achieving quantitative agreement with x-ray absorption near-edge
structure (XANES) experiments. This thesis aims to develop the Bethe-Salpeter equation (BSE),
a particle-hole Green’s function method, for describing the excited electronic state produced in
core-level x-ray absorption and related spectroscopies. Building upon density functional the-
ory along with self-energy corrections, our approach provides connection to experiment with
minimal adjustable parameters, to both aid in interpretation and highlight unaccounted for phys-
ical processes. While a fully parameter-free method for calculating x-ray spectroscopy remains
elusive, our method presented here allows for quantitative comparison to experiment without
system-dependent fits. This method has been implemented in the OCEAN software package, and
results are presented for both insulating and metallic materials, including 3d transition metal and

water systems.
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Chapter 1
INTRODUCTION

The overarching goal of theoretical physics is to create quantitative tools and a framework
capable of describing the physical world. The guiding principles in this endeavor are accuracy and
tractability, creating a theoretical framework that contains all the necessary complexity while at

the same time making every reasonable approximation, every possible simplification.

1.1 Background

This thesis aims to model the electronic response of materials to x-ray photons, limited to the
near-edge region within a few 10s to around 100 €V above the binding energy of a core-level elec-
tron. Our approach is based on the linear response of a condensed matter environment, either
crystalline or disordered, with the photon field. The external perturbation of the incoming x-ray
photon excites an electron from a core level in the atom up into the conduction bands where it
forms a shortly-lived, bound excitonic state with the hole it left behind. In this energy region
just above the threshold it has been found both empirically and theoretically that the excitation
cross-section is highly sensitive to details of the chemical bonding and electronic structure of a
material. X-ray spectroscopy then provides a useful tool for understanding the behavior of elec-
trons in a condensed matter environment and for probing the structure and electronic properties
of materials.

This thesis is concerned with x-ray spectroscopy of condensed matter systems. That is to
say, we are looking at the response of materials to photons with energies between about 100-
10000 eV. In this energy range, the primary response of a system will be from the core-level
electrons absorbing enough energy from the photon to be excited up above the Fermi level. In
general, the absorption as a function of energy will be decaying with energy with a series of
sharp rises whose positions in energy are roughly constant for each element (£10 eV). These
are referred to as the x-ray edges, and they correspond to the energy needed to excite a specific

core level. The structure of the absorption after the edge can be divided in to two regions at



about 30 €V past the excitation; the near-edge and the extended fine structure. The extended
fine structure is most readily understood as arising from interference effects of the photo-electron
scattering off of neighboring atoms around the absorbing site, e.g., reference 1. Here we instead

concern ourselves with the near-edge region which is more sensitive to local electronic structure.
1.2 Goal of Dissertation

In this thesis we will develop tools to implement the Bethe-Salpeter equation (BSE) approximation
for calculating x-ray spectroscopy within the recently created OCEAN package (Obtaining Core-
level Excitations using ABINIT and the NIST BSE solver) [2] . While there exists theoretical
work on solving the Bethe-Salpeter equation in condensed matter systems [3-6], it has to date
been primarily limited to exploration of valence-band UV or optical spectroscopies [7, g]. The
x-ray regime has been dominated by a variety of other approximations, such as the effective
single-particle approximation [9, 10], time-dependent density functional theory (TDDFT) [11,
12], or model Hamiltonian-based solutions [13-15]. While these various approaches have had
some success, quantitative agreement with experiment over a wide range of materials and core
levels has remained elusive. Unique to our implementation is the inclusion of self-energy effects of
the photo-electron, a reliable treatment of the screened core-hole potential, and the ability to treat
hole-dependent broadening in spin-orbit split initial states. We find that our implementation of
the BSE within OCEAN is in good agreement with experiment across a diverse variety of materials
and provides a robust framework for near-edge x-ray spectroscopy calculations.

We will begin with a brief overview of the conventions and notations used in this work and
touch on a few details of the interaction between photons and electrons. Then in chapter 2, we
will present an overview of the theory necessary for calculating non-interacting single-particle
wave functions to describe arbitrary condensed matter systems, which serve as basis functions for
our treatment of the excited state. In chapter 3 we will cover the derivation and approximations
of the BSE as well as further approximations made in our particular method of solving the BSE
Hamiltonian. Results comparing the theoretical spectra to experiment will be discussed, covering
a wide range of materials in chapter 4. Then, in chapter 5 an extension to our current approach
for the calculation of resonant inelastic x-ray scattering will be outlined. Lastly, an outlook

for future work, both theoretical and future implementation, will be given in chapter 6. The



appendix includes sections outlining the structure and running of OCEAN and a sample input.

1.3 Conventions and Notation

Throughout this dissertation Hartree atomic units will be used:
h=1,e=1,m,=1,4ne;=1,c=a '~ 137. (1.1)

Energies are measured in Hartree (equal to 2 Rydbergs or twice the binding energy of a 1s electron
in hydrogen), and length is measured in Bohr (the average radius of the electron in hydrogen).
Additionally second quantization will be used. In most chapters the second quantized operators
will be assumed to be constructed from a basis of non-interacting single-particle wave functions
determined via DFT. In this it should be assumed that d:.f (a;) creates (destroys) an electron above
the Fermi level whose quantum numbers are labeled by the index z, or that conversely it destroys
(creates) a hole below the Fermi level.

Throughout this work periodic boundary conditions will be assumed. This band structure
approach means that the electrons are indexed by i = nko where the momentum k is limited to
the first Brillouin zone, the spin o is either up or down, and the band index 7 runs over all posi-
tive integers. At times the shorthand notation (1) = (¢, r, o) will be used to refer to the electrons’
coordinates. The use of bold-face denotes 3-vectors, and, where it aids clarity, operators will have
hats. Lastly, for diagrams, single, solid lines denote the non-interacting one-electron propaga-
tor, doubled lines the full propagator, saw-tooth the screened Coulomb interaction, dashed the

unscreened Coulomb, and finally wiggly lines are photons.

1.4 X-ray spectroscopy: XAS, XES, and NIXS

In the non-relativistic regime we can write down the interaction between a photon and electron,

following standard texts such as Gottfried and Yan [16], as

1 1 ,
H,, = - (p; - A(x;)) — p; - B(r;)+ 2—CZ|A(I‘Z')|

=H,+H,, (1.2)



where H, contains only the |A|* term. We have assumed the Coulomb gauge V-A =0, and A
is the photon field operator acting at r;, the electron coordinate. The normalized photon field
operators have the following forms:

e 1JA

Alr,t) = —iwtgikry 4 hel; B=VxA; E=——o—r. .
)= 30 g [ ] T

The interaction can be solved as a perturbative expansion of the system in the absence of electron-
photon interactions, such that interactions of the form

I_Iint+H'

nt

Gel[_Iint-i_“' (1'4)

are also allowed. This expansion will be referred to as leading and second order in the interaction,
respectively, though strict order of magnitude estimations show that the H, term enters in at the
same order as the second-order H, contribution. At lowest order only the H, terms contribute
to photon absorption or emission processes. X-ray absorption spectroscopy (XAS) and x-ray
emission spectroscopy (XES) are complimentary techniques for measuring the unoccupied or
occupied states of a system respectively. For x-ray absorption or emission the photon energy

must be of the order of the binding energy of the core electron, i.e. the 1s,

hick="% z
CR=Tw= R (1.5)
We then expand the exponential in the photon field operators in orders of (k- r) where
k £ R z 6)
= R hc ~ E (I.

For light nuclei this implies that the we can keep only the lowest order term, i.e., e’ = 1+

O[Z/137]. This is referred to as the dipole limit or dipole approximation.

Grouping the H, term in powers of (k-r) we can write the transition operator corresponding

to either the absorption or emission of an x-ray as

1
D(q,w,¢)= Z(pi “A(r)— ;- B(r) =E1+M1+---. (1.7)



The E1 term contains only the first-order p - A term since the coupling to magnetic field is of
higher order in k7. This first order term is designated the electric dipole. The second order
term is referred to as the magnetic dipole (M 1) and contains both the first order of the magnetic
moment term and the second order in p-A. The E1 and M1 transitions share dipole selection
rules for connecting angular momentum states; |[Aj| = 0,1 and |Am| =0, 1. They differ in that
the magnetic moment is an axial vector and results in a parity flip. We consider both E1 and M1
terms in calculating x-ray absorption spectra.

Two-photon events require two photon field operators and enter in at first order in the inter-
action Hamiltonian via the |A|* term in equation 1.2 and also in the second-order contributions
from the H, terms. Experimentally these two contributions are easy to separate by tuning the
x-ray beam. If the incident beam is near a core-level resonance contributions from the second-
order H, terms lead to resonant inelastic x-ray scattering (RIXS) which will be discussed further
in chapter 5. The |A|? term determines what we call either non-resonant inelastic x-ray scattering
(NIXS or NRIXS) or sometimes x-ray Raman scattering. The combination of two photon field

operators results in an electron matrix element

Hyo=(é-¢0)e'% = ¢ [14+iq-r+0[(qrY]]. (1)

where q is the momentum transfer from the incoming to outgoing photon. For small ¢ this
obeys the same selection rules as the E1, but for larger momentum transfers allows higher order
transitions. Additionally, the energy transferred from the incoming photon can be decoupled
from the momentum transfer, allowing an experimental probe that is not bound by the usual
linear photon dispersion E = #ck. Since the photon polarization vectors are only important
relative to each other, the polarization dependence can be neglected in our calculations. For
both XAS and NIXS the theoretical approach is the same, with only the form of the transition

operator changing.



Chapter 2
QUASI-PARTICLE THEORY

In calculating the electronic response of (periodic) condensed matter systems we are interested
in solving problems involving up to several hundred electrons. In deference to both accounting
and tractability it is convenient to adopt a framework of quasi-particles. Excitations take the
form of quasi-electrons or quasi-holes. These quasi-particles couple to the rest of the system,
giving them a finite lifetime and screening interactions between quasi-particles. The problem is
easily stated; in an interacting system no excitation can happen in isolation but instead is affected
by the rest of the system. The solution is then to treat these many-body effects as perturbations

of excitations of the non-interacting system.

2.1 Density-Functional Theory

Originated by Hohenberg and Kohn [17] and later extended by Kohn and Sham [1g], density-
functional theory (DFT) is one of the most successtul computational tools in condensed matter
and serves as a starting point for other, more involved theoretical approaches. As the name
implies, DFT entails remapping the ground-state properties of a system onto functionals of the
density alone. Kohn and Sham showed that, in principle, the ground-state density of a fictional
system of non-interacting fermions with a proper, fictitious, density-dependent potential V, will
exactly match that of the true, interacting system. This allows a Hamiltonian of the form
/
H=V_ +Zi]—%v§ + Jdr’L),l +V, [n]. (2.1)

v, —r

Since we are interested in the behavior of an electronic system in a condensed matter environ-
ment, the external potential contains the contributions from the ions which are treated as fixed,
classical potentials. The next two terms are both the single particle analogues of expected many-
body terms, a kinetic term and a modified Coulomb term known as the Hartree potential. The

last term V. is known as the exchange-correlation potential. The exchange interaction arises



from the true Coulomb interaction, but is neglected in making the Hartree approximation. The
correlation label arises from considering interactions as a perturbation to a non-interacting elec-
tron gas. While the non-interacting wave functions have a planewave form e’4" and hence no
statistical correlation, the repulsion between the electrons will favor modified wave functions
that maximize their distances from each other. The energy difference gained by including this

effect is then called the correlation energy [19].

The exchange-correlation term V. contains both a correction to account for using the non-
interacting kinetic term and the missing exchange and correlation. The exchange-correlation

potential can be defined from the exchange-correlation energy,

_9E.[n]

ch[ﬂ] T (2.2)

While an exact functional is not known, remarkably, approximate functionals have had excel-
lent success for condensed matter systems. The most popular is the local density approximation
(LDA) [20, 21], which utilizes the exchange and correlation energies from the free electron gas.
That is to say, the exchange-correlation energy is fit to numerical calculations of the free-electron
gas a varying densities 7. The LDA has strong advantages over other formulations of the func-
tional; it is free of system-dependent fitting parameters and is extremely efficient, depending only
on the local density. A higher-order, but still ab initio density functional is the generalized gradi-

ent approximation (GGA) which depends on both the local density and its gradient [22-25].

DFT calculations are performed by self-consistently iterating the density. A trial density
is created and from that the DFT Hamiltonian (eqn. 2.1). The eigenfunctions and energies of
this Hamiltonian are then solved for, and the N orbitals with the lowest energies define the new
ground-state density. When some ground state property (such as the total energy) is appropriately
converged from one iteration to the next the calculation is complete. Since solving for the density
requires diagonalizing the DFT Hamiltonian this method is formally @[N?], limiting the appli-
cability of DFT to smaller systems, but the search for approximations to bring the asymptotic

scaling down is an ongoing area of research [26].

The success of density-functional theory is responsible for the abundance of ab initio ground-

state calculations based on it. The LDA has proven to be a reliable approximation for calculating



properties such as lattice constants and bulk moduli, though excited state phenomena such as
optical band gaps or photoemission spectra are not well reproduced. This is partly a failure of the
approximations necessary for calculating within DFT and partly due to the fact that DFT is not a
suitable method for looking at excitations such as the N+(—)1 system of (inverse) photoemission
or the the excitonic excitations of optical absorption. A more appropriate method is based on the
inclusion of the electron self-energy as outlined in section 2.3. There are a number of available

codes used for DFT calculations; The ABINIT program [27-29] is used in this work.
2.2 The use of pseudopotentials in DFT and the PAW formalism

A common approximation made in DFT calculations is the use of pseudopotentials. The elec-
trons in a system are partitioned into two classes based on energy: core and valence. The core
levels are assumed to be deep enough that they are completely unaffected by the condensed en-
vironment such as the chemical bonding. E.g., the 1s is a core level of every atom starting with
the second row. The core-level electrons are therefore frozen out of the calculation by adopting
a pseudopotential V?* that replaces the all-electron, ionic potential in the DFT Hamiltonian. In
what follows the superscript ps will refer to quantities tied to the pseudopotential, and, corre-
spondingly, ae will refer to those quantities in the all-electron system. Furthermore, the core
electrons are neglected entirely in the subsequent DFT calculation. To make this concrete, con-
sider the salt LiF with a two-atom unit cell. An all-electron calculation would involve twelve
electrons while the pseudopotential-based calculation only involves eight. For a plane wave code,
including core-level electrons and all-electron potentials requires a large number of plane waves.
The use of pseudopotentials allows for a significant reduction in computational cost.

For ground-state properties and optical/UV spectroscopy calculations, the use of pseudopo-
tentials is straightforward and well established, though evaluation of commutators with the
Hamiltonian must explicitly account for any non-locality of the pseudopotentials used, e.g., Ref.
7. Extensive work has been done on optimizing psuedopotentials for transferability between dif-
ferent chemical environments and maximizing smoothness for efficient calculations [30-33]. In
this work, psuedopotentials for all elements with d-type valence states include the same shell s
and p states as valence as well. The inclusion of such semi-core states has been seen to improve

the fidelity of the pseudopotentials, especially for states above the Fermi level [34]. The OPTUM



code has been used in this work to generate appropriate pseudopotentials [35].

Generically, pseudopotentials are constructed such that outside of some critical radius 7, the
psuedo and all-electron wave functions will be the same. Inside this radius however, they will
differ dramatically as the all-electron wave functions will have nodes and be orthogonal to the
core-level wave functions. In this work we are interested in transitions from, and interactions
with, the core-level electrons, and we therefore require a method for transforming from pseudo-
to all-electron wave functions. The projector augmented wave (PAW) formalism of Blochl [36]
defines a straightforward and accurate method for transforming between psuedo and all-electron

wave functions. We will briefly summarize the method here.

The PAW method is used to transform an arbitrary wave function gbfs that is a solution to the
psuedopotential-based DFT Hamiltonian with the corresponding all-electron wave function ¢4.
As stated above, the pseudopotentials are constructed such that the wave functions only differ in-
side some sphere with radius 7, and therefore a local basis is used to transform to the all-electron
wave functions. The local basis consists of radial functions {R ;} and spherical harmonics V7,,,.
The index v allows multiple functions per principle angular quantum number /, and m is the stan-
dard azimuthal quantum number. Radial functions for both the all-electron and psuedopotential

are determined by solving the radial Schédinger equation for the DFT Hamiltonian,

1 d 2 d Z(l+1) ps/ae s/ ae ps/ae ps/ae
[_ﬁz <r E>+7+Vion + Vien ()] R/T(N=E,R, (). (23)

The set of energies {E,;} are parameters that define the corresponding radial functions. The
energies are chosen to ensure that the PAW basis is complete for the bands of interest. In practice
this is done by stepping through a set of energies, solving the above radial equation, and adding
an additional element v to the basis when it can no longer adequately transform the psuedo to
all-electron states. For the OCEAN code we are interested in states ranging from the occupied
valence bands to several Hartree above the Fermi level, generally requiring between 4 and g basis

functions per angular momentum state.

The above definition of the radial functions (eqn. 2.3) does not enforce orthogonality, and
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hence it is necessary to define projectors for the radial functions:

(pvl |R€51/> = 8v,\/' (2'4)

We can then equate the all-electron and psuedo wave functions by taking the overlap between
each projector and the psuedo wave function. This coefficient gives the amount of a particular

psuedo character which must be subtracted off while the corresponding all-electron character is

added on.

$0= 9710+ 3 | (KA, 0~ Ri1,00) [ 85 A (047 | 29

vim

where x = r — 7, the position vector with respect to the site of the ion. The overlap integral
is bounded by 7., outside of which the psuedo and all-electron radial functions are, by design,
indentical. In principle this should be done for every ion a in the unit cell, but for this work
we are only interested in the all-electron wave functions centered at one site, i.e., the core site
absorbing or scattering the x-ray, and so for notational simplicity this has been dropped.

Our use of pseudopotential DFT requires a separate calculation of the core-level wave func-
tions. The pseudopotential approximation explicitly assumes that the core levels are unaffected
by the chemical environment, and hence we can solve for an isolated atomic system. This is
done using an atomic DFT code developed by Dr. Eric Shirley which incorporates relativistic

corrections to the LDA to solve for the isolated atom [37, 33].

2.3 Self-energy Corrections

In the solid state it is convenient to adopt a quasi-particle picture of the system, and, treating the
many-body states as perturbations of the non-interacting system, divide the many-body Hamil-

tonian into a single-particle and an interaction term:

H=H’+Y. (2.6)



II

¥ is the electron self-energy operator and contains information about all interactions between the

electron and the rest of the electrons in the system, and H? is the non-interacting Hamiltonian,

/
H®= —lvz + V.. + fa’r/Lr)/, (2.7)
2 |r—r|
which includes the kinetic energy, external potentials, and a Hartree term. Self-energy calcula-
tions are often carried out using the Kohn-Sham orbitals as a basis for the non-interacting Green’s
function. In such cases the contribution from the exchange-correlation potential V,, are an ap-
proximation to the interactions and must be subtracted out. In general the self-energy will be
non-local and non-Hermitian, and its imaginary component is identifiable with the finite lifetime

of the quasi-particle.

O

A

Figure 2.1: First order self-energy corrections to the one-electron Green’s function

Contributions to the self-energy can be determined from diagrammatic analysis by expanding
the Green’s function to various orders in the Coulomb interaction. The first order corrections
can be seen in figure 2.1. The self-energy can be simplified by considering only the proper self-
energy, defined to be those self-energy diagrams that can not be separated by cutting a single G°
line. Using the shorthand notation (1) = (¢;,r;,0,), we can express the full Green’s function as

the solution to a Dyson’s equation,
G(1,2) = G%(1,2) + G°(1,3) 2(3,4) G(4,2), (2.8)

which then includes all improper self-energy contributions.
Instead of explicitly enumerating high-order corrections to the proper self-energy, they can

be accounted for by adopting a set of coupled equations, formulated by Hedin [39, 40]. We can
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write down a set of equations for the self-energy involving the screened Coulomb operator W, a

dressed vertex function I} and the polarization P:

Y(1,2)=ih fd<3’4) G(1,4) W(1,3)T(4,2;3)
W(1,2)=(1,2)+ jd(3,4) W (1,3)P(3,4)v(4,2)

P(1,2)=—i de(3,4) G(2,3)G(4,24)T (3,4 1)

8%(1,2)

I(1,2;3)=8(1,2)8(1,3) + SV

(2.9)

These four equations along with equation 2.g are collectively known as the Hedin equations, and

by starting from G = G this system of equations can be iterated to any order.
2.4 The GW Approximation

An often-used simplification of Hedin’s equations (eqns. 2.8 & 2.9) is to take only the zeroth order
of the vertex function: I'(1,2;3) = 8(1,2)8(1,3). The resulting approximation is referred to as
the GW approximation due to the form of the self-energy > = i5 GW. Despite dropping from
five to four coupled equations, calculations of the self-energy are computationally expensive and
a variety of methods are adopted to reduce computational costs. Within a planewave-based code,
the most straightforward approximation is to truncate the basis to some lower energy cutoff than
the orbitals being used for G° and the ground-state density. The non-diagonal (G # G’) elements
of the dielectric matrix € (and hence the screened Coulomb attraction W) are referred to as
the local fields. Their importance is directly related to inhomogenity of the system, i.e., the
dependence of the screening on both coordinates r and ¥’ and not merely the distance between
them |r — t/| [41]. While the dimension of ¢ is necessarily bounded by the wave functions’
plane-wave cutoff, for many systems it can be much smaller without loss of accuracy.

In principle a full GW calculation would iterate both G and W until the results converge,
but in practice one of two further approximations are often made. The first is the GOW?° approx-
imation, also referred to as a single-shot self-energy. Here the Hedin equations are only evaluated
once using the single-particle Green’s function, and the screening is calculated within the random

phase approximation (RPA), P°(1,2) = —i% G°(1,2) G°(2,1). A second often used approximation
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is G°W, where the energies are updated self-consistently, re-evaluating the screening at each it-
eration based on the corrected energies. For both of these two approximations, the Kohn-Sham
orbitals are assumed to be good approximations to the quasi-particle wave functions.

A large part of the cost of quasi-particle calculations comes from the convolution over energy
and momentum in the definition of the self-energy. This requires the evaluation of the polariza-
tion or equivalently the inverse dielectric function at a range of energies and momenta. A sim-
plification for this is the use of model dielectric functions such as the Lundqvist single-plasmon

pole-model [42],

0)2

e(q,w):l—wz_—iz(q). (2.10)
Here w,) = V/47ng is the plasmon frequency defined by the average electron density 7, and
the momentum dependence is approximated by w?(q) =2 Ey ¢*/3 +q*/4, which depends on the
Fermi energy Ep. In particular, this model only accounts for plasmon-like contributions to the
polarization, neglecting particle-hole contributions. There are a variety of other models that can

also be used [41, 43-45] some of which include an approximation to excitonic contributions and

contributions from the off-diagonal local fields.

2.5 The Many-Pole Self-Energy

Even making a significant approximation for the screening, GW calculations of 3 remain expen-
sive. For systems where a G°W approximation is expected to be good, we use the many-pole
self-energy (MPSE) of Kas et al. [46]. This method is an extension of the Lundqvist plasmon-
pole model. In the MPSE a series of poles are used to represent the long-wavelength, g = 0 loss
function €~!(w). The loss function can be calculated using the valence-band BSE code AI2NBSE
[8], allowing for the inclusion of excitonic effects at the BSE level. The momentum dependence
is included following the Lundqvist plasmon pole model (eqn. 2.10) which only depends on the
magnitude of the momentum, reducing that integral to just one dimension. Additionally, the
expression for the self-energy utilizes the electron-gas Green’s function, making the calculation
of the MPSE extremely fast once an appropriate loss function has been calculated.

Following Kas et al. we start from the definition of 3 within the GW approximation as a
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convolution of G and W, and we replace G by its electron gas representation, giving

d’q (do' e Yq,w’) 1
J (2.11)

Sk, ) =i J o

2 g - = E_g+insgn(lk—q| —kg)

For the homogenous electron gas the local fields are explicitly zero, allowing us to use a diagonal
representation of the dielectric function €. The cost is that this self-energy is a function of energy
only and averaged over the whole system. Using the plasmon-pole form of the dielectric function
from equation 2.10 the integral in equation 2.11 can be broken in to two terms [42], the first has

no dependence on «w?

o and can be evaluated analytically, giving the static Hartree-Fock exchange,

:| . (2.12)

The second term is the dynamically screened exchange-correlation term, denoted by 2 (k, w; w ).

kp+k

S () k . k2 — k?
1 )——; + 2kl n

The form of ¢~! with its single pole allows the integral over frequency to be performed analyt-
ically. Additionally, the dielectric and Green’s functions only depend on the magnitude of the
momentum, allowing the integral over solid angle to be performed analytically as well and leav-
ing a single one-dimensional integral over momentum. Extending the single-pole model to a

many-pole leads to re-expressing this dynamic self-energy in terms of a series of contributions,
Zd(/e,w):ZgiZd(k,w;wi), (2.13)
i

with weights g; and pole frequencies w;. As noted above, the determination of the weights and
pole locations is determined by a calculation of the loss function and chosen to obey appropriate

sum rules of the first and first-inverse moments of the loss function as outline in reference 46.

Since the MPSE is a G°W method, its effects are limited to modifications of the DFT energies,
and its use is only appropriate for systems where the DFT wave functions are a good approxima-
tion for the quasi-particle ones. For systems involving d-band electrons at the Fermi level, the
LDA can break down, underestimating the on-site repulsion between these highly localized elec-
trons, and therefore full GW calculations are necessary. The addition of the complex self-energy

results in a generic stretch and dampening of the final spectra and is seen to improve agreement
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with experiment. The inclusion of self-energy corrections will touched on briefly in section 3.6

while the implementation details of the OCEAN code will be covered in appendix A.
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Chapter 3
THE BETHE-SALPETER EQUATION APPROACH

The Bethe-Salpeter equation governs the time evolution of an electron-hole pair, and it was
originally formulated for the case of relativistic particles [47]. In a condensed matter system an
excited electron and the hole it left behind, referred to collectively as an exciton, move through
a sea of all the other electrons and a background of the much heavier ions. Commonly the ionic
motion is treated as fully decoupled from that of the electrons, which is justified by the difference
in time scales since the ions are several orders of magnitude heavier. The Bethe-Salpeter equation
will be developed with respect to the one-electron Green’s function, and the availability of a
usable, one-electron Green’s function will be assumed.

The wide-spread use of the Bethe-Salpeter equation to calculate linear response in condensed
matter systems has been hampered by issues of poor scaling with system size. There has been
significant success for some systems using computationally less demanding techniques such as
effective one-electron codes, which treat the core hole as a fixed potential, or the adiabatic time-
dependent local density approximation, in which the direct term is replaced by the LDA exchange-
correlation. The reputation of the BSE as being too expensive comes somewhat from historical
limitations in computational power and from realities of a valence-band, UV/optical code. For
core-level spectroscopies the hole is well-localized in a small region of space, allowing approxi-
mations to be made that limit the scaling of the problem with systems size while maintaining
accuracy. In the sections addressing the interaction terms that make up the BSE we will also

comment on how such terms scale with increasing system size.

3.1 BSE and linear response

We learn about a system by probing or perturbing it. In the case of spectroscopy a photon is
incident on the system carrying with it some energy and momentum which can be transferred
to the system through absorption or scattering. The energy of the photon will determine the

excitations available as well as their probabilities, and a certain amount of phenomenology is
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useful in partitioning the calculation. For this work we will be considering the ions as completely
fixed, and only look at the electronic response. The problem of electronic response is treated by

standard texts on condensed matter field theory such as that by Fetter and Walecka [4g].

The linear response of a system can be defined in terms of the dielectric function € as

Vtot(r,a)):fd3r/e_1(r,rfw) Vext(r/,a)). (3.1)

The total potential arises both from the externally applied potential and from the response of the
system itself. The dielectric response varies widely from system to system, and it is helpful to

introduce the polarization operator P where
e(r,r,w) =8 (r,r') + der o(r,t")P(r’ ¥, w), (3.2)

and v is the Coulomb potential. The polarizability operator by definition is a measure of how
charge in a material adjusts to the presence of an external field. For metals at low frequencies the
polarizability is strong and negative, and the electrons near the Fermi level have high mobility
and move to counteract an applied field. The ground state consists of a completely filled Fermi
sea, and hence the polarization is the result of electronic excitations. The simplest expression for
the polarizability is the random phase approximation (RPA),

P(r,r,w) J—Go (1,1, GOt 00 — ') = Z(f; _f])¢l(r)¢j(r)¢](r/)¢r(r/>
—(E; —E)+

7

where G is the single-electron Green’s functions. The terms f; are Fermi factors (6-functions at

zero temperature), E; are the single-electron energies, and ¢; are the electron orbitals.

To relate the external potential to the total potential, we are interested in the inverse dielectric

matrix, which can be expressed as

e_l(r, r,w)=8(r,r') + Jd3r o(r, r ))((r/ﬁ rw), (3-4)

where y is the reducible polarizability or the density response function, which is in turn related
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Figure 3.1: a) The two-particle Green’s function G? in terms of the irreducible electron-hole
interaction and b) the four-point irreducible electron-hole interaction 7 in our approximation.

to the two-particle Green’s function,
2(1,2)=G,(1,152,2) = GX(1,1;2,2") + GJ(1,1';3,3') I(3,3';4,4') G,(4,4;2,2)), (.5)

where the non-interacting two-particle Green’s function is the product of the non-interacting elec-
tron and hole propagators (GJ(1,1';2,2") = G°(1',2)G°(2,1)), and I is the four-point irreducible
electron-hole interaction. For our Bethe-Salpeter equation (BSE) formulation we will keep only

the lowest-order interaction terms, the direct and the exchange, which correspond to setting
1(1,1;2,2Y=8(1,1)8(2,2)) v(1,2) = 8(1,2) 8 (1", 2y W (1,1), (3.6)

where W is the screened Coulomb term W(1,2) = ¢71(1,3)v(3,2). Diagrammatically this is
shown in figure 3.1. This has the side effect of truncating the diagram expansion somewhat
haphazardly, including some terms to all orders while dropping others, e.g., an infinite series
of ladders are included. In the original paper by Bethe and Salpeter this is justified physically
for weak coupling by arguing that the probability of two simultaneous interaction terms may
be low, but the probability that a bound exciton with a long lifetime will interact several times
subsequently is much larger [47]. Next order, neglected terms are illustrated in figure 3.2.

We start by considering the equation of motion of an electron-hole pair creation operator, i.e.,
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Figure 3.2: Second-order terms in the irreducible electron-hole interaction /) that are neglected

by our approach.

a destruction operator acting on an occupied core or valence state and a creation operator acting
on a conduction-band state. Using explicit states where |¥,) is the many-body ground state with

energy set to 0 and |¥) is an excited state with energy E, we can make the following statement:
(W] [H,4!d, ] [Wo) = E(®a]a;|W,). (3.7)

Here H is the full many-body Hamiltonian and the subscripts {7, j} contain the necessary quan-
tum numbers to fully describe the set of single-electron states with 7 denoting a conduction state
above the Fermi level and ; a valence or core state below the Fermi level. In a band-structure
formalism the set of states {i} refers to {nko}, where n is the band index, k is the crystal mo-
mentum, and o labels the spin. We can see that we are only considering a singly excited state.
That is to say, ¥ differs from the ground state by only one electron-hole pair. To make this

approximation more explicit, we can say that our excited state wave function is defined by
_ 1
|\IJ)_ZCi]~al.a]~|‘I’O), (3-8)
1,]

Td-|\I/o) denotes a single electron-hole pair,

where {Ci } are the normalized coefficients, |1, /) =4, 4;

and correspondingly our ground state is
|T,) = Hd;.qvacuum). (3.9)
7

This is equivalent to saying that we are considering the ground state to be made up of a single

Slater determinant. In section 3.7 the effects of this approximation will be expanded on. Equation
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3.7 can be expanded to give,

2.C (Bi= £ =) ==2 (i,jl(Vx = Vp)Ii3/") (3.10)
Lj 5y’

where E; (E;) are the single-particle energies of unoccupied (occupied) states. The two interac-

tion terms both involve Coloumbic operators and are called the direct and exchange, where the

exchange enters in with the opposite sign due to interchange of fermion propagators (see fig. 3.1).

We can write down the transition rate
To(w,q) =27 > [{I|O(w,q)|F) 8(w +E; — Ep) S(q+k; —kg), (.11)
F

where O is the many-body electron-photon interaction. By summing over all the possible excited
states of the system the transition probability or cross section can be determined. The determi-
nation and summation over all final states is cumbersome, and in fact the same quantity can be
determined without explicit final states. Instead, we exploit the completeness of the sum over all

final states.

To(w,q) =27 Y ([|0(w,q)|F)(FIOT(0,@lI) S(e + E; — Ep) S(q+k; — k) (3.12)
F

=~ Im [(1|0(e,9)G(@, )0 (w,ql1)]

where G, is the two-particle Green’s function as defined by equations 3.5 and 3.6. We use this

definition of G, to define our our effective BSE Hamiltonian,

Gy=[w—Hyg] ™

Hysp =H, —H,+ Vx — Vp, (3.13)

where the H, and H), are the single-particle electron and hole Hamiltonians respectively. The
direct and exchange terms, Vj, and Vi, will be covered in sections 3.3 and 3.4. The hole Hamil-
tonian,
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contains the hole binding energy E) as well as the spin-orbit splitting y and life-time broadening
I' which both depend on the total angular momentum state ;. The inclusions of these two terms
will be covered briefly in section 3.5. The electron Hamiltonian is built up of Kohn-Sham orbitals
as discussed in chapter 2 and so includes all of the solid-state effects. H, also includes self-energy
effects either directly, through diagonalizing a DFT + GW Hamiltonian, or by adding a complex

self-energy correction to the single-particle energies (see sec. 3.6).

3.2 Considerations for core-level spectroscopy within a plane-wave basis

The approach used in this thesis and the OCEAN package is dependent upon determining the
ground-state wave functions from a band-structure, pseduopotential-based DFT code. The single-

electron wave functions are written as

nko

&= <r):ei‘”§cg‘“’ei6*, (3.15)

where k is restricted to be in the first Brillouin zone, r is restricted to the unit cell, and the set of
vectors {G} are integer units of a reciprocal lattice vector. The ps superscript denotes that these
wave functions are solutions to the Kohn-Sham equations in which the true (or all-electron) ionic
potential V% has been replaced with a pseudopotential Vf; Sn The psuedopotential is designed
to implicitly include core-level states, and it therefore has two main advantages over the true
potential: it is less deep and the system has fewer electrons. The pseudo wave functions are
solutions to a system that explicitly has no core-level electrons and so must be transformed to the
corresponding all-electron wave functions before transitions from or interactions with the core
hole are meaningful. The PAW prescription of Blchl is suitable for such a transformation and is
summarized in section 2.2.

Specifically looking at absorption, the transition operator is e’4%é -r. Within our singly-
excited-state approximation the many-body transition can be simplified as a single-particle tran-
sition from the core level to a conduction-band state. Following the work of Shirley [38] and

dropping spin indices, the transition matrix element connecting the ground state to a singly ex-
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cited state can be written as,

(o, nk; qle’d7e - (r — 7,)[0) = 1/22e“‘“¢k+q|elqe (r=7,)l¢or)s  (316)

where the sum over {R} reflects the transitions from core-hole sites in every unit cell. Within a
given cell the core-hole site is centered at 7,. The sum over every site is constructed to conserve
crystal momentum with the absorption of a photon of momentum q only resulting in transitions
from a core-hole Bloch state of momentum k to a conduction-band state of momentum k+q.

The single-particle matrix element can then be rewritten:

(qsnk-i—ql‘eiq.ré ) (l‘ - Ta>|¢a,R> = e_ik-R(qsnk-}—qleiq.ré ) (l‘ - Ta)|¢a,R:O>' (3- 17)

Then, shifting the coordinate system r =r — 7, and changing from bra-ket notation to explicit

wave functions, the transition matrix element becomes

e IR f Prd 7)) b o+ 7,). G-18)

To evaluate this integral it is convenient to consider the projection of the valence and conduc-

tion states onto a localized basis,

r Ty nk 1 r Ty N
P otrq(t+7,) = MFDET ZC TiGlrte) > " APE Ry(r)Y,(7), (3.19)

vim

for » < 7, some cutoff radius within which the localized basis is defined. This cutoff is justifiable
so long as the core wave function is suitably localized within it. From this we can see that the

expansion coefficient A is defined by

AP =30 | e SO IR 7 6

vim
x|<r,

= 4ri’ Z Cgkaei(G’LkJrq)'T“ Y (G+ k+ q)J dr 2, (IG+k+q|7)R, (7).  (3.20)
G 0

With this we can easily move between an excitonic wave function expressed as occupations of
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extended, Kohn-Sham planewave states and occupations of the localized basis. It is also useful to

define the core wave function as the product of a radial and angular contribution,

¢aR:O(r+Ta):Ra(r)YvLM(;)> (3-21)

where L and M refer to the principle and azimuthal angular momentum quantum numbers of
the core level, and non-zero values of R would necessitate shifts in the position vector r.

To this point the radial functions have been an arbitrary, but complete set. By choosing these
radial functions to be those prescribed by the PAW formalism we are able to consider transitions
from the core levels to the corresponding valence or conduction bands of our pseudized system

(sec. 2.2). Lastly, the matrix elements in equations 3.16-g can be written as

o' (A7 Hy: f‘m“e (7)€" (6 1) Ry () Yy (7). (3.22)

vlm

The interaction terms, Vy and V), in the BSE Hamiltonian are divided into short and long-range

parts with the short-range parts evaluated using this same localized basis.
3.3 Direct

The direct interaction is the screened Coulomb scattering between the excited electron and hole

Vp =dl(r,0)d)(t,0") W(r,r, )i, (r,0)d (r)0”). (3.23)

The screening of this interaction is determined by the dielectric response of the system,

—1 /!
W(r,r, ) Jd3 ” (r i clo) (3.24)

The dielectric response €' is related to the polarizability y which can itself be determined by

the irreducible polarizability y° according to

6_1:1+7))( (3.25)

x=01-x)71y°
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where v is the bare Coulomb interaction. For this work we will adopt several approximations
in the determination of the screening. In this section we will outline the approach used in the
OCEAN package, and then at the end we will address the limitations and likely sources of error
from the approximations made. In OCEAN we adopt a hybrid approach in calculating the core-
hole screening, using both a direct calculation of the dielectric function and a model function
which is parameterized by two properties of the system being studied: the average electron den-
sity and macroscopic dielectric constant € [3]. The response is divided in to three regimes: core,

short-ranged valence, and long-ranged valence.

We only consider spherically symmetric screening, that is to say the calculated screened po-
tential is a function only of the radius from the core hole which allows our calculation of ¥ to
be carried out at fewer points. The higher-order multipole terms are not neglected entirely, but
because they are much shorter range (around the core-hole density) the screening response of the

valence electrons is assumed to be slight. This is to say we make the following approximation,

,
3 3/ Sy | ==
W(r,w) Jd o (r fa’ Y, 1" ) E P)(7 7

~ |3y FE (1,1 w) ZP 0 "<
/Oc ) I\ I+1
r// / va

I > Y
B

~ W+ > W, (3.26)

where all higher-order multipole terms are unscreened. Instead they are scaled by the same fac-
tor as the exchange term (sec. 3.4) to account for neglected multi-configurations in the atomic

calculation.

The first approximation we make in the calculation of W is to consider only the static re-
sponse. By integrating against the core-hole density we can express the direct term (eqn. 3.23)
as a function of only the photo-electron coordinate. We can then write the screened Coulomb
operator as the sum of the core potential, and short and long-ranged valence response:

Wo(r) = AV (r)+ W)+ WP (7). (3.27)

v
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At distances larger than 10 a.u. we make a further approximation that the dielectric response is

equal to the macroscopic response, i.e., €(r,r’) = ¢_ . We then replace equation 3.27 with
Wo(r > 10):(;01/7’. (3.28)

The physical argument for the division of the valence response comes from the screening
behavior of condensed matter systems. The core hole has a total charge +e which at very long
range 7 should give a potential that goes as e/e 7. This is due to the polarizability of the
electronic system, and for metals leads to a very short-ranged potential. We have the freedom to

break the core-screened core-hole potential in to two parts. The short-ranged part is given by
VI(r)=AV,(r) = OR ~1)/R=6(r = R)/r, (3-29)
where © is the Heavyside step function, and the long-ranged is correspondingly
VA(r)=6O(R - 7)/R+0O(r —R)/r. (3.30)

This is to say we have added a neutralizing shell of charge —e to the short-ranged potential at
radius R while adding the oppositely charged shell to the long-ranged potential. The advantage is
that now the valence response to V] is also short-ranged, while the response to V, can be treated

using a dielectric model. Obviously in the limit that R — oo this entails no approximation.

3.3.1  Core response

First, as may be expected with our psuedopotential-based methodology, we divide the screening
response in to core and valence. A core-hole pseudopotential is constructed by removing an
electron from the core level of interest and relaxing the other N — 1 electrons in the atom. The
core response is calculated by determining the difference between the potential of the standard
ion and the N — 1 version. This gives the fully-relaxed, core-only, screened core hole which we
can denote by AV_. Next we calculate the response of the valence electrons to this core-screened

potential. This is done neglecting the contributions of the core electrons.



26

3.3.2  Short-range valence

The short-range, valence dielectric response is calculated within the random phase approximation
(RPA) [49, so]. This is determined by approximating the polarization y from the RPA irreducible
polarizability,

)(O(r, )= de’ G(r,r, ) Gt} r, 0 + '), (3.31)

where G° here is the single-particle, non-interacting Green’s function which can be expressed as

gi(0)g;(x)
0 / _ 1
G (r,ryw)= Ei o FtingiE—E) (3.32)

The evaluation of G° relies on explicit sums over the Kohn-Sham states, thereby neglecting the
already accounted for core response. Limiting ourselves to the static approximation and assum-
ing that the system obeys time-reversibility (this precludes magnetic systems), we can make the

simplification that

Go(r, rw)= Go(r/,r, w), (3-33)

and hence that

20, 1w =0)= de/ [Gor,x, )] g (3.34)

The integration can be then extended to the complex plane and shifted from along the real axis
to along the imaginary axis. This is advantageous because it allows us to avoid the poles of the
Green’s functions along the real axis at the energies of the single-electron states. The integral along
imaginary frequencies in fact converges quickly and only requires evaluation at a few points.

To tfully avoid any poles we center the integral along the Fermi level £ giving a final expres-

sion for the RPA irreducible polarizability
)(O(r,rfa):O):Jdt [Go(r,r/,EF+it):|2. (3-35)

A finite smearing term is applied to metallic systems to avoid the divergence from having states at
the Fermi level. For systems lacking time-reversal symmetry (ferromagnetic or anti-ferromagnetic)

the approximation made in equation 3.33 is not valid. Instead the Green’s function must be sep-
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arately calculated at each {r,r’}. The result is a factor of 2 increase in computational time; both

are coded within OCEAN allowing a speed-up for non-magnetic systems.

The short-range RPA response is calculated within a sphere centered around the atomic site.
The grid of points {r,t’} was determined using 32 Gauss-Legendre points for the radial points
and, for each, a 36-point angular coordinate set [51]. Following equation 3.26 we can obtain the
short-ranged dielectric response €(!). This is then used to screen the short-ranged potential given

in equation 3.29 yielding the short-ranged screened Coulomb potential
(1) 3./ 1 ),/
Wv (7’): dl‘—/v (7') (3-36)
¢D(r,r)

3.3.3 Long-ranged valence

The screening of the long-ranged potential V) is determined using an extension to the Levine-
Louie model dielectric function [52]. Following the prescription of Shirley et al. [3, 53] we add in
dependence on inhomogeneities by approximating the reducible polarizability using the model

function

n(r) +n(r) ’q o €11 (@103 €00) — 1
)(M(r,r/)zv'v/< 2 f qseq( A , (3-37)

where the ¢!

11 1s the Levine-Louie dielectric function which depends on both the average electron

density and the macroscopic dielectric constant. The original formulation of Levine and Louie
was in terms of the band gap, but within the model the band gap has a definite relation to €.
The value of €, is usually take from experiment, though it can be calculated using the valence
BSE package AI2NBSE or approximated by picking a reasonable value based on the band gap of
the system. This is not entirely cavalier since the crossover radius between calculated and model
dielectric must be chosen so that the calculated response begins to already resemble the less exact
model response. We can then evaluate the spherically symmetric response to the long-ranged

potential,

Wéz)(r) = Jd3r/ fd%”v(rf r)o(t",R) y, (). (3-38)
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This is combined with the earlier results to give the full, screened Coulomb interaction Wy(r).
With its long-range tail, the calculation of W}, presents a problem for scaling to large systems.
However, it can be expected that the excited electron will be reasonably localized around the core
hole. In the future an approximation based on this assumption for use with large unit cells may
be necessary, and the success of finite-cluster [54] or super-cell techniques [ 10] suggests that such

a real-space cutoff will be feasible.

3.3.4 Convergence and approximations

1-8 T T T T T T T T T
k 50 ——
16 N 100 =:=:=:- i
© N\ 200 -----
300
1.4 400 ==mimme 1

1.0 |

WO+W® (Ha.)

06

04 r

r (Bohr)

Figure 3.3: The convergence of the core-hole screening with respect to the number of bands. This
example is showing the screening of a F 1s hole in LiF, and at around 300 bands the calculation
can be considered well converged. The number of bands included in a calculation corresponds to
including wave functions up to some energy above the Fermi level in the Green’s function (eqn.

3.32).

In principle, the spectral representation of the Green’s function involves a sum over all unoc-

cupied states, which must then be truncated at some finite band index. In practice, the calculation
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Figure 3.4: The convergence of the core-hole screening with respect to the radial cutoff (R). This
radius sets the crossover between RPA and model dielectric screening. This example is showing
the screening of a F 1s hole in LiF, and by s or 6 Bohr the screening is converged.

of y° converges within approximately 10 to 15 Ha. of the Fermi level. The convergence of the
screened potential W with respect to the number of bands can be easily checked and is shown in
figure 3.3 for a fluorine 1s hole in LiF. For all of the calculations presented here and later a 2x2x2
k-point grid was used to sample the Brillouin zone in the construction of the ¥° (eqn. 3.32). In
a band-structure approach, the real-space information contained in a given sampling is related to
the Fourier transform of the momentum-space variables. The k-point sampling transforms to a
super-cell, but by switching to model dielectric response at long distances, we limit the need for
dense k-point sampling.

The crossover R between calculated and model screening is a very controlled approximation,
and can be checked explicitly as in figure 3.4. More important is the approximation of spherical
response. Higher-order terms in the multipole expansion of the direct are allowed, but they are

assumed to be both short-range and have a screening that is relatively insensitive to the specifics
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of the system as will be discussed in the next section on the exchange interaction. Systems with
strong inhomogeneity, such as planar systems, will have strong anisotropy in the screening. Asan
example, in graphite the screening along the plane should be quite different than out of the plane,
and our current approach will average these two contributions, leading to an underestimation
of in-plane screening and vice versa. This approximation could be checked by expanding the
response in a multipole expansion and calculating the higher-order terms, but this has not yet
been done.

Some words should be said justifying the use of a statically screened potential W for the direct
term. In principle the screening term depends on the binding energy of the created exciton, and
the BSE Hamiltonian should itself have an energy dependence. Additionally, the finite lifetime
of the exciton also influences the strength of the screened interaction. In the near-edge region,
below the main plasmon peak, the static screening should be reliable, whereas at higher energies
the effect of the core-hole potential on the spectra is less pronounced, allowing cruder approxi-
mations. In systems such as the L, ; edges in the 3d transition metals (or M, 5 in the 4d) where
the plasmon excitations in the valence band are of similar energies to the spin-orbit splitting of
the core level there may be a need to go to dynamic screening. The effect of this approximation
has not been well tested.

The RPA only includes the so-called bubble contributions, though by inverting y° these are
included to all orders. As a next step the screening of the valence electrons could instead be
calculated at a BSE level, including the Coulomb interactions between the electron-hole pairs
in the bubble diagrams. At higher orders we also expect cross-terms whereby the screening
excitations interact with the exciton (see fig. 3.2). The inclusion of such terms may be necessary

to capture the effects of the so-called charge-transfer satellite excitations seen in some materials

such as NiO.
3.4 Exchange

Not simply just the other side of the same coin, the exchange interaction differs from the direct
in an important physical way; it couples a core-hole state at r to one at v’ This coupling through
the exchange is primarily responsible for the mixing of L, and L, edges in the 3d transition

metals, and its neglect, the corresponding failure of one-electron models to account for L, ;-edge
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spectroscopy. Computationally, the direct term is a much simpler quantity to describe since it
relies on the unscreened Coulomb interaction and is implicitly more localized. The exchange

interaction,
1

Vy =dl(r,0)d)(t)0") a,(r0)d (r,0"), (3.39)

Jr—r
involves core-hole operators at both r and t’ and is therefore limited to a finite region due to the
local nature of the core hole. In what follows we will drop the o dependance, but it should be

remembered that in the four-point operator Vi there are implicit Dirac deltas in the spins.

To exploit this local nature, we treat all of the exchange interactions in a localized basis around
the core-hole site, denoted by the subscript @. This basis is then made up of radial functions with
corresponding spherical harmonics R, ;(7)Y},,(7), where we allow multiple radial functions v for
a given angular momentum /. The maximum angular index of the basis needed is limited by both
the falloff in contribution from the exchange interaction with that basis function and the overlap
between the basis functions and the valence-band electrons. Current studies have been limited to
materials with, at most, d-type occupied states, allowing us to truncate the local basis at / = 3.
The construction of this basis is done via the projector augmented wave (PAW) formalism of
Blochl (see sec. 2.2). Of importance is that a small number of radial functions can be sufficiently
complete for a finite band of energy around the Fermi level (within 100 €V), and therefore this

local basis is quite compact and efficient.

The matrix elements of the exchange interaction between the core hole and local basis in

principle involve scattering between arbitrary angular momenta,

Vy = (LM,vIm)| |LMV I'm") (3.40)

/
r—r
= [ R Y (YR g Rl W PO R ()i
where the only limitation placed on the above expression is that the core hole is confined to be
a set angular momentum L and also is defined by a single radial function R,. In general the
following could be worked out for a fully arbitrary combination of initial and final angular mo-

mentum states [55]. It is advantageous to expand the Coulomb interaction in terms of Legendre
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polynomials in the familiar form,

o0

ZZ«WM>> .4)

|r—r| k=0 7

where 6 is then the angle between r and r’. Furthermore, the additive theorem of spherical
harmonics allows us to replace the Legendre polynomial and its clumsy dependance on & with
spherical harmonics that separately depend on only one of the two coordinates:

47 k

T D Y 7)Y, (7). (3.42)
me—k

Py (cos(8) =

Inserting this expression above in equation 3.40 we can now group and separately evaluate the

angular parts of both integrands. Setting Q= 7,

wMg

__k[ a2 @i @1, @] | [a v@r, @, @)

Jdrdr k+1Ra(”)Rv’l/(”)Ra("/)va(”/)- (3.43)
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The integrals over angle lead to selection rules and can be recognized as related to the Wigner 3/

symbols,
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which leads to the following selection rules in Eqn. 3.43:
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L+l'+k=2n L+l+k=2n (3.45)
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where 7 is an integer, constraining the sum of the angular momenta to be even. This provides an
important constraint on the number of terms that must be evaluated since only a few values of &

will be allowed. Simplifying the above constraints leads to
M+m=M+m, my=M-m, =" (3.46)

To aid in computation, the integrals are precomputed and stored for each basis function in a
matrix of dimension 4 x (2L 4+ 1) x (2/ + 1) x N, where the 4 arises from the core and valence
spins. The action of the exchange interaction on an arbitrary vector of the core-valence exciton
can then be determined by transforming this vector from the {n,k} space to the {/,m} space,

performing the matrix-vector multiplication, and then reversing the transformation,

os nk
¢vlmM < ZAvlm ¢nka;Ms
nk
jos vimMy v/ Im'M’ 05
¢vlmM = Z VX (’bv'lm/M'
vim'M’
7 nk Tos
sbnko;MS <= ZAvlm vimM ’ (3-47)
vim
where it should be understood that the spin indices ¢ and s are diagonal in this interaction.
This calculation is relatively efficient and presents no unique challenge for scaling up in systems
size. The matrix operations are only performed on the local basis set and the cost only increases

linearly with the number of Kohn-Sham states included in the calculation. An identical procedure

is used for the / > 0 multipole parts of the direct interaction.

3.5 Spin-orbit

The core-hole states are represented in an {m;, 0} basis, but the spin-orbit interaction is diagonal
in a separate {;} basis which is the total angular momentum (J = L + §). Briefly, the spin-orbit
term,

1 . .

Ho= ﬁs L, (3.48)
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commutes with neither S nor L, but instead can be written as

Ho=— (P -12- ). 6.49)

2r

This means that for a given edge the spin-orbit term y; is a matrix in the {m,, o} space.

Edges that are split by the spin-orbit interaction (/ > 0), also have different core-hole lifetimes
for the two different j-states. To simulate this we add a j-dependent broadening term I'; to our
hole Hamiltonian (eqn. 3.14). The values of I" are fitted to match the experimentally observed
core-hole broadening. We can split this broadening into a term diagonal in the {2, 0} basis and
an off-diagonal term. Since each core level is split in to at most two spin-orbit levels we can label

these two ; states as 1 and 2, yielding

I'g= A ~ A‘ 28(m,m’)3(0,0’). (3-50)

3.6 Inclusion of self-energy corrections

Within OCEAN there are several ways in which self-energy corrections can be included. The
first is to utilize corrected wave functions that are solutions to the Hamiltonian including the
self-energy operator (eqn. 2.6). Alternatively, when the self-energy corrections take the form
of energy-only corrections, such as in the MPSE (see sec. 2.5), the self-energy can be applied
in an approximate way by convoluting with the final spectra [46]. This approximation relies
on the dispersion-less nature of the core hole and assumes that the self energy is independent
of momentum and smooth in energy. When looking at spin-orbit-split core states, the post-
convolution is not usable and the energy corrections must be added in to the BSE Hamiltonian.
The MPSE prescription assigns a complex self-energy correction as a function of excitation energy

such that the correct electron energy for state 7 has the form,
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When complex-valued energies are used in solving the BSE care must be taken since the Hamil-
tonian used is no longer Hermetian. Physically this is expected since the excited states have finite
lifetimes, but the computational method for evaluating the resolvent (eqn. 3.13) must be modified.

Details are provided in appendix A.
3.7 Limitations of our BSE approach

At this point it is worth mentioning some of the inherent limitations of our BSE formulation of
x-ray spectroscopy. This is fully independent of the numerical approximations that are in practice
necessary to carry out BSE-based calculations. Our formalism here limits the electronic response
to that of a single particle-hole pair, and interactions with the rest of the spectator electrons in
the system are limited to the mean-field, static screening of the core-hole potential. This excludes
coupling to other excitation modes in the system such as plasmon or phonon excitations. It
also excludes secondary, excitonic-like excitations such as charge-transfer satellite terms where a
localized, valence-band particle-hole pair can dynamically screen the primary core-conduction
exciton.

While the approach outlined above explicitly avoids treating the ions in the system as any-
thing but fixed potentials, at finite temperature phonon coupling can be important. Phonons
are the bosonic vibrational modes of a crystal and tend to be low energy, with excitations in
the meV range. They can be strongly anisotropic, and final-state dependent coupling can lead
to large differences in broadening of the measured spectra, e.g. the differences in width of the e,
and t,, peaks of the Ti L, ; edge in SrTiO, have been attributed to phonon coupling [56]. Inclu-
sion of phonon effects is important for quantitative comparison between experiment and theory.
Unaccounted-for broadening can point to a variety of failures in the calculation including an in-
correct density of states (DOS) in the DFT calculation or insufficient screening of the core-hole

potential.
3.8 Alternate approaches

Other than BSE calculations, there are two main approaches to excited-state spectroscopy for
extended condensed matter systems: real-space multiple-scattering [1] and time-dependent den-

sity functional theory (TDDFT) [57]. Real-space multiple-scattering solves for the x-ray spectra
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by considering the path expansion of the photo-electron around a central core hole [54]. The
maximum photo-electron path that can contribute to the cross section is limited by the core-hole
lifetime, and this approach converges for real-space clusters of around 100 atoms. TDDFT re-
places the BSE interactions with the DFT exchange-correlation potential, e.g., the TDLDA uses
the LDA form of V.. The efficiency of a local expression for the electron-hole interactions, like
that provided by TDLDA, makes TDDFT an attractive approach for spectroscopy, but it is cur-
rently limited by poor approximations to the exchange-correlation potential that limit agreement
with experiment.

For small clusters or molecules, other techniques such as configuration interaction, which
rely on re-diagonalizing a Hartree-Fock Hamiltonian including explicit single, double, and &ec.
excitations, are used with excellent results, but these scale poorly with electron number [sg].
There has also been recent work on coupling model Hamiltonian approaches to configuration
interaction approaches which have seen moderate success [14, 15]. This method can give highly
accurate results, but the computational cost precludes its use on clusters of more than a handful
of atoms. At present, however, many model Hamiltonian calculations using the charge transfer

multiplet formalism rely on a parameterized fitting of the experimental spectra [13].
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Chapter 4
RESULTS: XANES OF SELECTED SYSTEMS

4.1 Introduction

The primary goal of the OCEAN code is to provide a platform for x-ray calculations, primarily
in the near-edge region, of a wide variety of materials and systems. This includes insulating and
metallic, periodic and semi-disordered, and systems with both localized and itinerant electronic
states. To that end we have investigated a variety of well-characterized systems to explore the
range of OCEAN’s applicability. As hinted at in earlier chapters, we are mostly constrained to
systems for which DFT gives a reasonable starting point and ones in which secondary excitations
do not form a significant contribution of the measured response. The three sections in this

chapter sketch out the reasonable limits of our current code.

4.2 Salts: KCI, LiF, and MgO

4.2.1  Introduction

As a proof of concept we investigated the K edges two diatomic salts, KCl and LiF, and the L, ;
edge of MgO [2]. These ionic compounds are marked by strong, ground-state charge transfer
from the cation to anion and s hybridization of the valence electrons, and all three of these

salts crystalize in the rock-salt structure. These elements all have well-separated valence and core

Table 4.1: Salts: Convergence Parameters

System | k-mesh  conduction approx. plane-wave  screening
bands bandwidth (eV) cutoff (Ha.)  bands
LiF | 10x10x10 56 110 50 60
MgO | 10x10x10 40 80 100 200

KCI | 10x10x10 42 40 80 180
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Figure 4.1: Fluorine K edge in LiF compared to experiment for both XAS and NIXS. In a)
the XAS calculated with OCEAN both with and without self-energy effects from the MPSE is
compared to both experiment [59] and the FEFFg code, and in b) the momentum dependence of
the near edge is compared between OCEAN and experiment [60] with the momentum transfer q
given in inverse A. The plots have been normalized to match each other and offset vertically for
clarity.
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levels, making the pseudopotential approximation more easily applicable, though, for potassium,
semi-core states were also included. Due to low photon energies at all of these edges, XAS of these
ions is well represented within the dipole approximation. NIXS can break these dipole selection
rules, but, except for MgO, the near-edge region has little d-type DOS and so only s- and p-type
states are probed. The lack of d-type states makes these systems very useful for benchmarking the
OCEAN approach, removing uncertainty about the fidelity of the DFT ground-state calculation.

These diatomic salts all have quite small unit cells, making them ideal for k-space calculations
which explicitly enforce periodic boundary conditions. Taking advantage of the cheaper compu-
tational cost of the small unit cells that describe these three salts, we calculated final states up to
100 eV beyond the Fermi level, showcasing OCEAN’s accuracy over a large energy range. At large
energies past the edge, alternative approaches that do not depend on the explicit calculation of
unoccupied states are more efficient. For example, the FEFF9 code excels at EXAFS calculations
[54]. The numerical convergence parameters used for the three systems are summarize in table
4.1.

For K-edge spectroscopy the BSE approach outlined here can be seen to be formally equivalent
to the final state rule (FSR) [61]. The FSR approximates the XAS process with a one-electron
golden rule expression, and hence the problem can be expressed in terms of states in the presence
of a core hole [62]. This is because the 1s electrons are degenerate in spin and well isolated both
in energy from other levels of the atom and also spatially from possibly equivalent states on
neighboring atoms. The end result is that the core-hole dynamics are unimportant, and only the
screened core-hole potential affects the final spectrum. Therefore differences in spectra between
BSE and FSR approaches arise from the approximations made in the calculation of the core-hole
potential. In our approach we are assuming linear response within the RPA while FSR often uses

a fully relaxed, DFT-screened core hole.

4.2.2  Results

LiF has a relatively small dielectric constant € of 1.92 which leads to weak screening of the core
hole and correspondingly strong excitonic features. The experimental lattice constant of 4.03 A
was used in the calculation. In figure 4.1 we see the OCEAN results for XAS and NIXS of the

fluorine K edge of LiF. Overall we see very good agreement between our calculation and exper-
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Figure 4.2: The XAS K edges in KCl for both a) potassium and b) chlorine as calculated in OCEAN
compared to experiment [63]. For both the many-pole self-energy correction has been included.
The spectra have been scaled to match each other and offset vertically for clarity.
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iment both for peak positions and relative strengths. The fluorine K edge XAS showcases the
dampening provided by the MPSE. The only ad hoc broadening included is the approximate core-
hole lifetime and is constant across the whole energy scale, and therefore the observed smoothing
at higher energies results entirely from the MPSE. The self-energy correction also provides an
energy-dependent stretch to the calculated spectrum, improving agreement of the peak positions,
e.g., 720 €V and above. The FEFFg calculation is in excellent agreement with experiment as well
except in the near-edge region. This is likely the result of the spherical potential, muffin tin
approximation that is used in FEFF.

In the bottom panel of figure 4.1 we show the momentum dependence of the pre-edge feature.
The disappearance of this feature at low q is the result of the exciton being dipole forbidden, while
larger momentum transfer allows transitions from the 1s to s-type final states. The growth of the
pre-edge feature in LiF shows excellent agreement between OCEAN and experiment. Momentum-
dependent NIXS calculations are less common than dipole-limited XAS due in part to difficulties
of conserving crystal momentum in non-reciprocal-space codes. The ease of performing a calcu-
lation for arbitrary momentum transfer is a strength of the OCEAN package.

Potassium chloride has a slightly smaller bandgap than LiF, a dielectric constant of 2.19, and
an experimental lattice constant of 6.29 A. For these calculations we included semi-core states
in the potassium pseudopotential: 3s and 3p. As we see in figure 4.2, the agreement between
OCEAN and experiment is excellent for both the potassium and chlorine K edges. We do see
minor disagreement in peak positions at approximately 10 €V above both edges, 3620 €V for the
potassium and 2835 eV for the chlorine.

For MgO we looked at the magnesium L, ; edge which, at 5o €V, is quite shallow. The spin-
orbit splitting between the L, and L, edges in magnesium is also quite small, and is masked by
the lifetime broadening and conduction band width. MgO has a dielectric constant of 2.95 and
lattice constant of 4.21 A. To ensure that the pseudopotentials were not influencing the fidelity
of the calculation a very high cutoff of 200 Ry. was adopted. Better optimization could have
resulted in softer potentials for the same quality of calculation, but for small test systems this was
not necessary. The calculation (shown in fig. 4.3) is in reasonable agreement for peak positions,
but the relative strengths are less well represented. Additionally the excitonic peak at 53 €V is too

strong and too low in energy in comparison to the next major peak near 57 eV. This is likely the
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Figure 4.3: The L, ;-edge XANES of magnesium in MgO as calculated by OCEAN compared with

experiment [64].

result of insufficient screening of the core-hole potential. Other BSE-based calculations of MgO
also show a strong enhancement of this exciton [5].

With the exception of MgO, OCEAN is in very strong agreement with experiment. This
includes both dipole limited XAS as well as g-dependent NIXS. The results for MgO are also
promising, though the reasons for disagreement, especially the overestimation of spectral weight
around 75 €V are not known. for these systems OCEAN does an excellent job reproducing both
the pre-edge and near-edge structures as well as the mid-range spectral features, 30-go eV past the
edge. At higher energies it is not expected that the pseduopotential approximations will remain
good, especially in regards to reproducing scattering states so far above the Fermi level. This
breakdown has not been observed because the calculation of explicit final states becomes arduous
for energies far past the edge, and therefore the limit of our approach for calculated spectra far

above the edge is a practical rather than theoretical one.
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4.3 L, edges of 3d transition metals

4.3.1  Introduction

The L, 5 edges of 3d transition metals are dominated by the so-called “white lines.” These are
strong, narrow transitions from the occupied, spin-orbit split 2p states to unoccupied d-type
states. Experimentally it was seen that the L;:L, ratio deviated significantly from the expected,
statistical value of 2:1, instead varying from o.g to above 2.0[65]. The ratios are relatively constant
for a specific element in different chemical environments and increase with increasing atomic
number. This effect is best understood as atomic in origin, arising primarily from the large
overlap between the 3d valence orbitals and the 2p core levels [13].

The spin-orbit splitting of the 3d transition metals increases across their range from less than
4 eV for potassium to around 20 €V for copper. The bandwidths of the unoccupied, 3d states tend
to be small, of the order of a few electron Volts, and so for the transition metals the L, and L,
edges are well separated in energy. On the other hand, these tightly bound core states are spatially
confined and have correspondingly large exchange interactions. It is the interplay between the
core-hole p and photo-electron d states via the exchange interaction the leads to the anomalous
L, ; ratios. A less well examined, but equally important effect of the exchange interaction in the
final state is the re-weighting of crystal-field split, unoccupied d bands. Similar to the L3:L2 ratio
not being an accurate indicator of initial 2p occupancies (which should always be 2:1), the ratio of
unoccupied d states is not a true measure of their ground-state occupancies, nor is it necessarily
constant between L3 and L2 edges.

The L3:L2 ratio can be estimated by comparing the relative peak intensity of the two white
lines. For the elemental 3d transition metals, the white lines are the dominant feature in the
L, ;-edge spectra. This has been done for experiment results in reference 66 and we compare to
our own calculations in table 4.2. For the elements in the table we used the calculation of the
metallic, elemental system to estimate the ratios, and the uncertainty is within £0.1.

Historically, model Hamiltonian approaches, specifically multiplet-based solutions have been
used to calculate L, 5-edge spectra[13]. This method treats the solid state environment as a pertur-
bation of an atomic Hamiltonian, including both potentials and explicit states to simulate nearest

neighbor interactions. More recently, ab initio configuration interaction calculations have been



44

Table 4.2: L3:L2 peak ratio vs. Z for selected 3d transition metals

Atom Z  Expt[66] OCEAN || Atom Z Expt OCEAN
Ca 20 0.8 0.8 Co 27 2.3 2.0
\Y 23 1.0 I.1 N1 28 2.4 2.0
Fe 26 2.0 1.8 Cu 29 0.9 0.8

carried out to calculate the appropriate parameter set to use with the model Hamiltonian, mak-
ing these calculations first-principles based [14, 15]. This approach, however, suffers from poor
scaling and is unsuitable for large systems with more complex structures or unit cells. Other
approaches such as time-dependent density functional theory (TDDFT) [11, 12], multi-channel
multiple scattering [67, 68], and BSE based approaches [3-5] have been used as well, focusing pri-
marily on the early transition metals. None of these approaches successfully accounts for the L, 5
spectra across the full range of 3d transition metals.

The OCEAN calculations include self-energy corrections using the MPSE except where noted.
The MPSE relies on a UV/optical calculation of the loss function which was carried out using
AI2NBSE. The transition metals exhibit markedly different core-hole lifetimes between the 2p!/?
and 2p?/? core states. These widths were fit to match experiment for our calculations. In addition,
Gaussian broadening was added to all the calculations to simulate experimental broadening. The
numerical convergence parameters used for the transition metals are summarized in table 4.3. As
for the salts, a 2x2x2 k-space grid was used for the screening calculation with the exception of
VO, which utilized the same wave functions for the screening and BSE calculations, and hence

used an unnecessarily large number of bands for the BSE calculation.

4.3.2  Early transition metals

The early 3d transition metals, from potassium to chromium, have mostly unoccupied d bands
and are often well described within DFT. We have investigated Ca, Ti, and V in both the elemen-
tal, metallic form (Ca and V only) and in the ionic compounds CaF,, SrTiO;, and VO,. We find
good agreement with experiment for all three as well as agreement with previous BSE calculations
of CaF and SrTiO; [3, 4].

CaF, is the prototypical fluorite structure, or Fm3m space group, with a lattice constant of
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Table 4.3: 3d metals: Convergence Parameters

System | k-mesh  conduction approx. plane-wave  screening
bands bandwidth (eV) cutoff (Ha.)  bands
CaF, | 12x12x12 28 35 100 200
Ca | 8x8x8 80 75 100 200
SrTiO; | 8x8x8 50 40 100 400
VO; | 4x4x4 480 130 100 480
\% | 20x20x20 25 65 145 200
Fe | 8x8x8 16 70 100 240
Co | 8x8x8 32 70 165 200
Ni | 16x16x16 16 60 225 160
Cu | 10x10x10 30 90 180 200

* See text for details on VO, calculation.

5.45 A [69]. Metallic calcium forms a face-centered cubic crystal with sides of 5.58 A [70]. Both
have an almost completely unoccupied 3d band. Our calculations can be seen in figure 4.4. In
CaF, there is a clear splitting in the unoccupied d states, while in metallic calcium the calcula-
tion shows a small splitting that is hidden by final-state broadening. The presence of additional
features below the L; edge in CaF, is attributed to s-type excitonic states, though OCEAN does
not accurately place these. Of note in both spectra is the incorrect spin-orbit splitting which is
calculated to be about 0.2 €V too large. This failure for calcium is common across several inde-
pendent BSE implementations [ 3, 4]. Our calculation does an excellent job reproducing the ratio
of the white lines, though the weighting between the split d bands in CaF, too strongly favors the
higher energy states. Comparison is provided to the FEFF code both using a static core-hole po-
tential and using TDDFT within the local density approximation (LDA) [11]. While the TDDFT
calculation shows good agreement for the edge ratio, the overall spectral weight is still off, due
either to issues with the spherical approximations made in the FEFF code, or inherent limitations
in the LDA functional.

Strontium titanate SrTiO; forms a cubic perovskite crystal structure with a lattice constant

of 3.91 A [73]. The crystal-field splitting apparent in the titanium d states is due to the proximity
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Figure 4.4: Calculated L, 5 edges of (bottom) metallic Ca[71], and (top) Ca in CaF, [72] compared
with experiment. The alignment of the metallic and insulating compounds was chosen to match
at the L; edge, and the two materials have been offset for clarity. The metallic spectra show larger
broadening than CaF, due in part to a small splitting of the d-type states in the metal and larger
final-state broadening, which which is typical of metallic systems. For elemental Ca, calculations
using the FEFF code are also included. The green, dash-dotted line shows the effects of a static
core-hole potential, with the characteristic 2:1 edge ratio, while the pink, dotted line shows the
improvement of using TDDFT (within the LDA).

of the oxygen atoms and is slightly larger than the splitting seen in CaF,. With the octahedral
arrangement of the oxygen the d states group in to two symmetry states: t,, and e,. The e, states
can also be written as d,2 and d,2_ 2, and they are lower in energy than the t,; because they
minimize overlap with the oxygen 2p states. The Ti L, ;-edge of SrTiO; has been investigated
theoretically using a variety of methods including BSE [4], ab-initio charge-transfer multiplets in
finite clusters [74], and multi-channel multiple scattering calculations in finite clusters [75]. All
of these approaches including that of our work account for the observed multiplet splittings in

SrTiO; reasonably well, but tend to underestimate the broadening observed in experiment. This

is due in part to the neglect of final-state-dependent phonon-broadening effects [ 56, 76].



47

Exp. ===-=--
. OCEAN —— " R i
)
c
=)
g
s
=
‘®
c
Q
E
452 456 460 464

Energy (eV)

Figure 4.5: Calculated XANES spectra for the Ti L, 5-edge of SrTiO; compared to experimental
data and a multiplet calculation [77]. The calculated spectra have been offset for clarity and the
broadening in our calculation neglects solid-state Coster-Kronig and phonon effects.

In our calculation, shown in figure 4.5, the splitting between the t,, and e, peaks is overes-
timated with the e, peak about 2.5 eV lower than the t,,. Correspondingly, the double-peaked
pre-edge feature at 455 €V, which is attributed to transitions into s-type final states, is too close to
the e, peak. These are both symptoms of an over-binding of the e,-like final states. This is poten-
tially a result of the spherical approximation made in the screening of the direct interaction, such
that both symmetries experience the same screening strength. The edge ratio, however, is in good
agreement with experiment as is the relative weighting between t,, and e,. For comparison, figure
4.5 also includes results from a charge-transfer multiplet calculation, which is in excellent agree-
ment with experiment but includes several free parameters, making it more suitable for analysis
of experimental spectrum than prediction.

The third light transition metal we have investigated is vanadium, both in its elemental form

and in VO,. Metallic vanadium crystalizes in a body-centered-cubic structure, and the calculation
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for vanadium metal shows good agreement with experiment (fig. 4.6). Vanadium has a small
unit cell with a lattice constant of 3.02 A. There is a slight overestimation of the L3:L2 ratio in
OCEAN. Additionally, the experiment shows an asymmetry in broadening which is likely due
to the excitation of valence-band electron-hole pairs. This is inadequately accounted for in our
current approach, and more detail will be given in the next section on the later transition metals
where this effect is more prominent.

Vanadium dioxide provides an opportunity to look at a material for which conventional DFT
fails. At high temperatures, above 340K, VO, is a conductor with a rutile crystal structure. Below
this temperature the vanadium atoms dimerize, and the crystal is an M1 monoclinic insulator. It is
this low-temperature phase that DFT (within the LDA) incorrectly determines to be a conductor.
To correct for this we utilize the self-consistent GW (SCGW) method proposed by Gatti et al.
who showed that iteratively calculating the self-energy within the GW correction leads to an
insulating system in reasonable agreement with experiment for both the gap and low energy loss
[78]. Following their prescription we were able to obtain corrected Kohn-Sham orbitals using a
frequency and momentum dependent self-energy which successfully opened a gap in the ground
state. With OCEAN, our hybrid GW/BSE scheme allows for first-principles x-ray calculations of
materials that are beyond the reach of traditional DFT.

To calculate the XANES for M1 VO, we first calculated the LDA Kohn-Sham orbitals on a
4 x 4 x4 shifted k-point grid yielding 16 points in the irreducible Brillouin zone. The use of a
highly symmetric set of k-points was necessary to reduce computational time, in contrast, typical
OCEAN calculations use a symmetry breaking shift to ensure all the k-points are unique. The
unit cell contains four formula units, and, including semi-core states, has so occupied bands. 186
bands were included in the GW calculation, using 160 unoccupied and excluding the bottom 24
valence states which are composed of vanadium 3s and 3p. The other Kohn-Sham states in the
calculation were used in their unmodified form, but a static self-energy shift was applied to all
the conduction states above band 210 to avoid a kink where the GW corrections were truncated.
As stated above, the calculation was broken into two sections. First we iterated within the static
COHSEX approximation until convergence was reached. Second, since COHSEX calculations
tend to give incorrect energies, specifically overestimating band gaps, we did a full GW calculation

using a frequency-dependent screening and numerical evaluation of the frequency integral.
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The COHSEX approximation comes from writing the screened interaction in terms of a
spectral function [39],

20'B(r,v', ')

W (r,t',w)=v(r,t') + J do' (4.1)

b
w? — (' —in)?
where 7 is a positive infinitesimal. Taking the Lehmann representation of the independent-

particle Green’s function,

G(r,r', ) :Z;OT, (4-2)

the real part of the self-energy can be written as the sum of two terms which are called the

Coulomb hole (COH) and screened exchange (SEX), which are then

SCOH (g o/ ¢o) = Z¢ wa (r,r, 0’ ]

w—E; -’
occ

SSEX (e, ) Zgﬁ NRe [W(r,x',w—E;)]. (4-3)

The static approximation arises from taking the statically screened Coulomb interaction W (r,r’,0)

from which it can be seen that the COHSEX approximation reduces to

$COH (1 /) = _é\r_r [Wrr 0) — o(r, )]

occ

SSEX (x, Z ¢(r A(r/) [W(r,r,0)]. (4-4)

The computational savings is clear; the self-energy is reduced to an energy independent quantity
that relies only on the static dielectric function and a sum over occupied orbitals. Using the
static approximation is only justifiable for energies below the plasmon energy for an insulating
system, but for VO, we are interested primarily in correcting the states near the Fermi level that

erroneously lead to a metallic ground state.

The self-consistent COHSEX calculation was iterated twelve times and the full-frequency
calculation was run for five at which point the energies and wave functions were converged.

Since the DFT starting point had a very incorrect, metallic character, the quasi-particle density
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mixing was set to 20% to prevent spurious oscillations during convergence. The full-frequency
GW calculation was carried out by calculating the screening for 5 imaginary energy points and for
60 real energies selected utilizing a tangent function spacing determined by setting the midpoint
to 30 eV and the maximum to 200 €V. For both calculations the dielectric matrix (r,t’) was
calculated within the RPA using a truncated plane-wave basis with a 4 Ha. energy cutoff. For
the self-energy an energy cutoff of 60 Ha. was used, which was necessary in part to ensure that
the self-consistent iterations did not introduce errors. While the COHSEX approximation yields
quasi-particle corrections that are explicitly real, the full GW calculation also gives the imaginary
component of the self energy. This was incorporated in the BSE calculation by allowing the
electron energies to be complex. The SCGW-corrected wave functions were also used to calculate
the screening of the core-hole potential.

The XANES for the vanadium L, ; edge in VO, were calculated using both the LDA and
the SCGW-corrected wave functions. The core-hole screening was also calculated using both ap-
proximations, as the change from semi-metal to insulator is expected to affect the strength of the
potential. The results are shown in figure 4.6 for two orthogonal incoming x-ray polarizations,
labeled with respect to the axes of the rutile phase. Surprisingly, the SCGW calculation has rela-
tively little effect on the calculated x-ray spectra. For the polarization perpendicular to the ¢ axis,
the SCGW appears to improve agreement with experiment by increasing the energy separation
between the d states as well as shifting spectral weight lower, but for the parallel polarization no
such improvement is observed. As for SrTiO;, the spherical approximation of the screened core-
hole potential may be limiting the calculated, excited-state splitting of the unoccupied d states.

The calculations of early transition metals show good agreement with experiment both in
terms of L3:L2 ratios and fine structure at the edge. There are slight disagreements for the spin-
orbit splitting of calcium and the symmetry splitting of SrTiO;. We attribute the discrepancy in
the spacing of the Ti L, ;-edge white lines to limitations of our spherically averaged screening of
the core-hole potential. The over-estimation of the Ca L3-L2 splitting appears to be a shortcoming
common to several approaches. The agreement between BSE calculations and experiment is
excellent for the vanadium systems, and surprisingly, the LDA appears to adequately describe the
XAS of VO, despite its failure to reproduce ground-state properties for this system, e.g., band

gaps, and &c.
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Figure 4.6: Calculated L, ; edges of metallic V [79] and M1 VO, [go], compared with experiment.
The alignment of the metallic and insulating compounds was chosen to match at the L; edge.
The VO, spectra are polarization dependent, shown with respect to the c-axis of the rutile phase,
and calculated using wave functions and energies from both the LDA (red, solid line) and self-
consistent GW (green, dashed line) as input to the BSE.

4.3.3 Late transition metals

The late transition metals are characterized by mostly filled d bands. Even in strongly ionic
compounds, the metals retain several occupied d orbitals which can greatly complicate both the
ground-state picture and the excited-state spectroscopy. Famously, the LDA both fails to suf-
ficiently localize d or f electrons and underestimates the strength of the Coulomb repulsion
between electrons of opposite spin in the same orbital. This has lead to DFT calculations failing
to predict both Mott-Hubbard and charge-transfer type insulators. In the excited system, the
presence of localized electronic states, both occupied and unoccupied, around a deep, localized
core hole can lead to charge-transfer excitations. In this subsection we will look at elemental iron,
cobalt, nickel, and copper L, ; edges.

The group-VIII metals, iron, cobalt, and nickel, all show similar features in their L-edge
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Figure 4.7: Calculations of the L, ; edge XAS of Fe, Co, and Ni metal compared with experiment
[81, 82]. The calculations are scaled to match the high energy tails, and all the spectra are aligned
at the L; edge to show the evolution of the spin-orbit splitting.

XANES. As the d band fills up, the white lines decrease and the L3:L2 ratio increases. For all three
of these metals we have used the local spin density approximation to calculate the Kohn-Sham
wave functions. All three exhibit ferro-magnetic ground states, and it is important to include
this effect in the calculated spectra. Specifically, the difference in occupations for spin-up versus
spin-down can have a strong effect on the exchange interaction. There has been recent work on
these metals going beyond DFT, such as dynamical mean field theory calculations that show that
these metals exhibit a large spin dependence in the self-energy and a shift of the minority-spin
densities of state down toward the Fermi level [g3]. As for most of our calculations in this work,
we use the MPSE approximation for quasi-particle corrections, and so such spin-dependent effects
on the single-particle wave functions are beyond our current approach.

In figure 4.7 we show our calculations of Fe, Co, and Ni compared with experimental XAS.

The three sets of spectra are aligned at the L; edge to showcase the evolution of the spin-orbit
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Figure 4.8: Calculations of the L, ; edge XAS of metallic Cu with and without electron-hole
interaction terms compared to experiment [g6].

splitting. We see relatively good agreement for L3:L2 ratios, but a systematic underestimation of
spectral weight approximately 6 €V above the L3 edge. This we attribute to low-energy, valence-
band electron-hole excitations that are neglected in our BSE approach. In contrast, the feature at
7 eV in Ni (higher in Co and Fe) appears in calculations neglecting electron-hole interactions (not
shown) and has been attributed in previous work to a band-structure effect [g4]. Also apparent in
the experimental data is an asymmetry in the white lines which is a hallmark of a Fano line shape.
Including vertex corrections, or re-expressing the self energy using the cumulant formalism, this
asymmetry can be identified with the slope of the quasi-particle lifetime [g5]. In this work this
effect is simulated by applying a constant 5% asymmetry via convolution to all three group-
VIII metals. This serves as an estimate of the magnitude of the terms neglected in our current
approach.

Copper is distinct from the other transition metals by having a completely occupied d band

with a nominal valence electronic configuration of 4s74d’°. The lack of empty d-type final states
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manifests itself in an absence of white lines in the L, ;-edge spectra. The combination of weak
exchange interactions and efficient screening results in reasonable agreement between experiment
and a non-interacting calculation — a calculation in which both exchange and direct terms have
been ignored. As can be seen in figure 4.8 our BSE calculation, including the direct and exchange
interactions, shows slightly better agreement than the non-interacting results near the L; edge
where the core-hole is not completely screened, leading to slight excitonic enhancement. The

differences between the BSE and non-interacting calculations are, however, small.

4.4 Disordered systems: liquid and solid H,O

4.4.1  Introduction

There has been substantial effort in modeling and understanding the local structure of liquid
water. Much of the interest is driven by a desire to understand chemical and biological systems
that exist in aqueous environments. Molecular dynamics and other simulations of water are
compared to bulk properties, but local, finite-temperature fluctuations are less well understood.
Recently, many attempts to understand the connection between the spectra and local structure
of both liquid and ice H,O have been undertaken [g7-103]. Despite these efforts, quantitative
agreement between experiment and theory is still lacking. Our efforts to understand and model
the optical and x-ray spectra of water and ice have been written up in reference 104.

Difficulties abound in understanding disordered systems like ice and water. Part of this arises
from experimental limitations such as growing single-crystal ice to avoid contributions from
grain boundaries or edge effects from confining liquid samples. Theoretical treatments require
large super-cell methods to adequately treat proton disorder and fluctuations. Configurational
averaging is necessary to adequately represent the disorder in the physical systems. The low mass
of the hydrogen atom leads to a large amount of zero-point motion, and even low temperature
ices exhibit large amounts of disorder. Molecular dynamics simulations that treat the ions as
classical, point potentials will fail to adequately represent the behavior of the hydrogens.

A variety of approximations have been used to date to reduce the computational complex-
ity of the problem. These include the use of transition-state potentials, effective one-electron

approaches, and self-consistent DFT super-cell approaches, and the variety of methodologies has
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Table 4.4: Hy0: Convergence Parameters

System | k-mesh  conduction approx. plane-wave  screening

bands bandwidth (eV) cutoff (Ha.)  bands

ice-Th | 4x4x4 400 45 50 900
1ce-VIII | 10x10x10 126 75 60 900
liquid | 4x4x4 300 45 50 400

produced an equally diverse set of results. These previous calculations have been used as a tool for
understanding the local geometry of water, and, based on fitting of experimental x-ray spectra to
calculations, controversial claims about the nature of hydrogen bonding in water have been made
[91, 102]. The connection between structure and calculated spectra is quite sensitive to the ap-
proximations made in the calculation, especially in regards to the core-hole screening, and other
approaches have not reached the same conclusions, e.g., [101]. In this section we will show how
the BSE approach in the OCEAN package succeeds in reproducing the main features and trends
in the spectra across a range of H,O phases, including ice phases with well-specified structures.
We have carried out calculations of two ice phases as well as liquid water, and the numerical

convergence parameters are summarized in table 4.4.

The x-ray spectroscopy of disordered systems like water introduces a new complication for
our approach: the existence of nonequivalent atomic sites. Each oxygen is in a slightly different
chemical environment, and the 1s states will feel different electric potentials from the valence
electrons and other ions. To approximate this we introduce a site-dependent core-hole binding

energy correction,

E;s = EOIS + VB (e )+ 1/2W (7). (4-5)

Here VXS is the Kohn-Sham potential and W the valence electron response that screens the core
hole, identical to that calculated for the direct interaction. Both are evaluated at the core-hole
coordinate 7,,. The absolute binding energy is not calculated and the shift £ is used to align the

calculated spectra with experiment as for all OCEAN calculations.
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4.4.2 Ice Ih and VIII

With at least 15 distinct crystalline phases and several amorphous phases, solid H,O has a rich
phase diagram. Complicating this picture is the question of proton ordering. The only stable,
accessible phase of ice with proton ordering is ice-VIIL. However, recent XANES at the O K edge
of both ice-VIII and the related, proton-disordered ice-VII showed no effect on the spectra coming
from this transition [105]. Even at low temperatures, the zero-point motion of the hydrogen
atoms is significant and is poorly captured by approaches that treat the ions as classical particles.
It has been suggested in other theoretical approaches that the inclusion of disorder from zero-
point motion has a significant effect on x-ray spectra, specifically stretching out the unoccupied
states in energy and improving agreement with experiment for the overall width of the x-ray
absorption features [102]. The current implementation of OCEAN is limited to cells of moderate
size, precluding the inclusion of proton disorder in our ice cells while maintaining no net dipole
moment.

We investigated two phases of solid H,O: Th and VIIL Ice-VII is stable below 273 K and in
pressures ranging from 2 to so GPa, while ice-Ih is the common, hexagonal ice stable under
ambient pressure. Our ice-lh cell contains 16 molecules and was constructed by enforcing the
experimental density and following the ice rules for hydrogen placement. The O-H bond length
was fixed at 1.01 A with an H-O-H angle of 106°. A more realistic simulation would allow for
hydrogen disorder around these average values. The ice-VIII unit cell contains only 4 molecules
with anti-ferroelectric hydrogen ordering, using the experimental lattice constants determined
at a pressure of 2.4 GPa. [107]. Due to the pressure requirements of ice-VIII, experiments are
performed in diamond anvil cells, and optical and soft x-ray measurements can not be carried
out. However, NIXS, with its much higher photon energy, is compatible with the setup.

For ice-Ih both valence and O K-edge XANES spectra were calculating using the AT2NBSE and
OCEAN packages respectively. The valence calculation is shown in figure 4.9 and was carried out
both using the MPSE corrections and using a simple scissor-operator shift to illustrate the effects
of the self-energy on the spectra. The calculated excitonic peaks at g and 10 €V are significantly
stronger than those measured. Between 10 and 20 €V the absorption is also too strong and too

thinly peaked compared to experiment which exhibits additional broadening past 15 eV. These
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Figure 4.9: The imaginary part of the dielectric constant of ice-Ih calculated using AI2NBSE with
the MPSE correction (solid red) and with a only static energy shift (dashed-dotted green). For
comparison an experimental measurement of ice-Th is shown (dashed blue) [106].

discrepancies are partly due to the lack of disorder in our model structure and point to the need
to consider more elaborate models that can account for such disorder. The effect of the MPSE is
seen as a stretch of the spectra together with energy dependent broadening. Coupling between
electronic excitations and phonons is expected to provide small additional broadening, but is
not included in this work. Previous BSE-based studies of the valence spectrum of hexagonal ice
yielded qualitative agreement with experiment [10g].

In figure 4.10 we present the oxygen K-edge XANES for both ice-Ih and ice-VIII for zero
and finite momentum transfer. To simulate these spectra the results were averaged over orthog-
onal photon polarization (momentum transfer) directions for XAS (NIXS). Both ices show a
strong pre-edge feature that grows with increasing momentum transfer that has been attributed
to an s-type exciton [105]. The growth, and hence the fraction that is s-type instead of p-type, is

overestimated by OCEAN for both phases. This could arise from a failure of the DFT exchange-
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Figure 4.10: The calculated momentum-transfer dependence of the oxygen K edge for a) ice-Th and
b) ice-VIIL. For comparison experimental results for XAS [109] and NIXS [105] are also shown.
The pre-edge feature in both phases shows strong growth with increasing momentum transfer q.
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correlation potential to accurately describe these molecular-like low-lying conduction orbitals or
a lack of disorder in the hydrogen bonds that would distort the s-character of the lowest unoccu-
pied molecular orbital. Additionally, calculations of both ices give an overly narrow edge which
is reminiscent of the failure of the valence-band calculation to give adequate spectra weight above
15 €V. We propose that this failure is due in part to lack of disorder in our simulation structures.
Our calculated x-ray spectra of ice-VIII shows improved agreement with experiment compared to

previous work that relied on a DFT super-cell based method [110].

4.4.3 Liguid water

For liquid water we used 17-molecule cells based on molecular dynamics (MD) calculations of
Garbuio et al. [111]. While quite small, these cells already exhibit a large amount of disorder and
show reasonable agreement with experimental pair-distribution functions [104, 111]. However,
the small size leads to unphysically large net dipole moments which vary from 14 to 2g Debye.
Bulk water is fully disordered with a net dipole moment of 0, and the individual water molecules
in the liquid phase have an average dipole moment of 2.9 D [112].

The valence spectra calculated with AI2NBSE shows excellent agreement with experiment (fig.
4.11). Only a single MD snapshot was selected for the valence calculation, and, as for the ice-Th
optical spectra, the calculation was carried out both using the MPSE and a static shift. In general
the agreement for both peak spacing and overall spectral weight is excellent. Unlike for ice, the
MPSE appears to over-stretch the spectra, yielding slightly worse agreement with experiment.
The energy dependence of our MPSE introduces a stretch in the spectrum of approximately 5%
in the range of 10 to 20 eV, while Garbuio et al. reported the GW energy correction to be almost
constant across the low-lying conduction bands for water. The discrepancy between these two
GW results arises from the approximations made in each, but more accurate investigations of the
self-energy of liquid water systems to resolve this difference have not yet been carried out. The
improved agreement in feature width and spectral weight from ice (fig. 4.9) to water (fig. 4.11)
may be in part due to the natural disorder that any water structure must have in contrast to our
completely ordered ice-Ih and ice-VIII cells.

While the screened core-hole potential was found to be quite similar between different oxy-

gen sites, reflecting the molecular nature of liquid water, the K-edge XANES shows remarkable
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Figure 4.11: Calculated ¢, spectra for a single MD snapshot of a 17-molecule water cell using the
MPSE (solid red) and a static energy shift (dot-dashed green) compared to experiment (dashed
blue) [113].

variation between sites and cells. For the OCEAN calculation eight MD snapshots were selected,
and in figure 4.12 we show both the averaged XANES as well as error bars representing the rms
variation between cells. As for the ice x-ray results (fig. 4.10), the overall edge feature is too nar-
row, though the water results are only too narrow by about 1 eV. The main peak at 537 €V is
stronger than in experiment, and while the shoulder at 541 €V is evident in our calculations it is
too weak. The strength and positioning of the pre-edge peak at 535 €V agrees quite will between
OCEAN and experiment.

We find that the unphysical dipole moments of the the small unit cells in this study have a
systematic effect on the calculated spectra (inset of fig. 4.12). That is, the two main peaks of the
calculated O K edge at 537 €V and 540 eV exhibit shifts in intensity and position that loosely
correlate with dipole moment, 1.e., the local, static electric field felt by each water monomer in

the ground state. At higher values of the dipole moment the main-edge features shift to lower
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Figure 4.12: The XANES spectra for the O K edge in water. The OCEAN results, including
the many-pole self-energy, are compared with recent Scanning Transmission X-ray Microscopy
(STXM) [114] and Total Electron Yield (TEY) experiments [115]. The error-bars for the calcula-
tion represent the rms variation between the g different MD snapshots, showing reasonable sim-
ilarity between the spectra from different geometries sampled by the MD despite the limited cell
size. Inset: The main edge for the MD snapshots with the lowest and highest dipole moments
compared to average (solid). With decreasing dipole moment the first peak intensity decreases
with a slight shift to higher energies, a trend consistent with a decrease in the discrepancy with
experiment as the net dipole moment approaches zero (see text).

energies, increasing discrepancy with experiment. This again points to the need for simulations

with larger cells that more accurately characterize the model structure and properties.

4.5  Conclusions

In this chapter we have demonstrated OCEAN’s utility for calculating the XANES of a wide
variety of crystalline and semi-disordered materials. Using the OCEAN package we find good
agreement with experimental results for both metallic and insulating systems and for both K

and L edges. Combined with the valence BSE code AI2NBSE we are able to calculate ab initio
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electronic response to photons at UV through x-ray energies. We also demonstrated OCEAN’s
applicability to finite momentum transfer NIXS. Cells of up to soo A or some 200 valence-band
electrons are feasible, allowing the calculation of semi-disordered systems or systems with large,

complex unit cells.
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Chapter s
RESONANT INELASTIC X-RAY SCATTERING

Resonant inelastic x-ray scattering (RIXS) is a photon-in/photon-out spectroscopy which
arises from expanding the electron-photon interaction to second order. Unlike NIXS, there is
a contribution from the intermediate excited state, making RIXS computations more compli-
cated. RIXS requires measurement of the response as a function of both incoming and outgoing
energy, and hence has a much lower count rate than XAS or XES. It has only become readily
experimentally accessible in the last decade due both to increases in x-ray source flux and detector
capabilities [116-118]. RIXS is divided into two types: direct and indirect. In direct RIXS the ab-
sorbed x-ray excites a core electron up into the conduction band and a second photon is emitted
when a state below the Fermi level fills the initial core hole, leaving behind a shallower hole in the
final state. In indirect RIXS the excited electron falls back into the core hole, and it is secondary
excitations caused by the core-hole potential such as charge transfer, d-d* or phonon excitations
that lead to energy and momentum transfer. We are constraining ourselves to the investigation of
direct, valence-band RIXS, where the final-state hole is contained in the valence band, as opposed
to a second, shallower core hole. Because RIXS is dependent on both the incoming and outgoing
x-rays, the spectra are sometimes displayed as a 3-dimensional data set, with the cross section as a

function of both photon energies. We will refer to this construction as a RIXS map.

5.1 Theory

Splitting the electron-photon Hamiltonian into an interacting and non-interacting part, to second-

order the full cross section will be of the form

nlN (N|H, n|1> N
: ! S(Ep —E)), (5.1)
EN

oocZ (F|Hiy 1) +Z

where H.

e Was defined in equation 1.2 and the tildes indicate the energies should include both

electron and photon contributions, though the intermediate state may or may not contain an
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x-ray photon. It is important to note that the intermediate state N includes the effects of electron-
electron interactions such as the core-hole potential. Restricting ourselves to photon-in/photon-
out spectroscopy, we would expect contributions from both the |A|* term at first-order in the
interaction and from the terms arising from the second order contribution of H; (from eqn. s5.1)
to be of the same order of magnitude. The second-order contributions to the cross-section yield

three terms,

OOC—Z ~(FIA-A'|T)

2
(FIHIN)(N|H\|T) - (FIH{IN)(N|H,|I)

- + SE,—E +0 —w), (5.2
Z Ej+w—Ey+il = E —Ey—co Fr=F; » G

where the the primes refer to the outgoing photon and the energies refer to the electronic sys-
tem, not counting the photon energies w or «w’. These three contributions are referred to as
NIXS, RIXS, and the anomalous scattering. Tuning the x-ray to near a core-level resonance the
denominator of the second term can be quite small, enhancing its contribution and allowing us
to drop the first and third terms entirely. Furthermore the |A|? term includes a dot product be-
tween polarization vectors of the incoming and outgoing photons. In experiment this term can
be suppressed by setting the detectors normal to the incident beam. Using the earlier definition
of D (eqn. 1.7), we can now write the RIXS cross section,

(FID'INY(N|DII) [

Ep—E +o —w). .
o(w, o) o Z§w+E, EotiT S(Ep—Ej+o —w) (5.3)

The dependence on momentum and polarization has not been made explicit.

The RIXS process does not contain a core hole in the final state. This allows the measure-
ment of XAS without core-hole broadening through a technique called high-resolution x-ray
florescence. The energy dependence of the absorption (integrating the cross section over the
emission energy) is broadened only by the final-state exciton lifetime [119]. Additionally, there
is no explicit measurement of which atom absorbed the incoming photon, and hence the initial
core-hole excitation and corresponding excitonic state should be a superposition of excitations

from every atom in the unit cell. This allows interference between contributions from equivalent
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1ons in the cell which must be taken into account in the calculation.

5.2 Approach in OCEAN

In principle the calculation of RIXS requires a double sum over two different types of excited
states, one set with a valence hole and one with a core hole. We start by setting the initial
electronic energy to zero and defining the intermediate, excitonic state created by the incoming
photon,
IN)(N|
Y(w))= ) ——=DI|I). .
V()= oI (59

As for the XAS case, we assert that our many-body electronic states can be expressed as a single

excited electron and hole,

!/ _/ / /
ca)(ca c'a' Mc'|d|a; w), 5.5
= 3 leableal sl il 69

C(ZC&

where d is the single-particle electron-photon coupling, exciting an electron from core state
to conduction state ¢, e.g., the dipole operator. We have also explicitly written the core-hole
lifetime broadening term I',, which physically limits the resolution of the intermediate state and
computationally ensures that the resolvent is not singular. The BSE Hamiltonian is in general not

diagonal in the electron-hole basis. Taking equations 5.3 and 5.4 we can write the cross section as
o(ew, ) ocZ|F|D|Y | S(Ep+ ' — w)

~ / 1 /

ocIm | D (Y ()ID'|F)————(FID'|[Y (o)) | - (5-6)
F w—w —Ep

Taking the approximation that each final state can be constructed out of a single Slater de-

terminant, we insert a complete set of valence-conduction electron-hole pairs and this formula

becomes

1
o(w,w) o Z Jm |: w)|d’ |fvc)(fvc|M/—_Hv o'

BSE

)(W’C’Id'ly(w))] (5.7)

’Z)C’UC

Here the Hamiltonian HZ._ is the valence-band formulation of the BSE since the final state is

BSE
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a valence-hole-conduction-electron exciton [g]. Throughout, we have neglected the polarization
vector and momentum of the x-ray photons. Momentum conservation is carried out explicitly
with each {vc} pair constrained such that the momentum difference between them is q =k — K/,
i.e., the momentum transferred to the system by the x-rays. The polarization dependence is

accounted for in the evaluation of the matrix elements of d and d’

Lastly, it is convenient to also define the vector |x(cw)) which serves as the seed vector for

computing the loss,
(@) =D Coclve) =D > lve)(vld'la){acly(w)). (5-8)

The vector |x) can then be inserting into equation 5.7 above giving

1

/
w—cow —H®

o(w,w’) oc Jm |:(x(a))|
BSE

IX(w))} : (5.9)

It is equation 5.7 that we solve using the OCEAN code, necessitating first a solution for an
excitonic wave function |y) at every w. Despite the need to solve for a new exciton at each in-
coming photon energy (and momentum and polarization) the dimension of the BSE Hamiltonian
is such that an approximate method is preferable to full diagonalization. For this we left multiply

equation s.s by the matrix (c — Hpgp) to get

(e — Hpgg) y(w) = B(w), (5.10)

where the vector B(w) =3, |ca)(c|d|a). This amounts to solving the coupled linear equations
Ax = b, and the generalized minimal residual method (GMRES) is used [7, 120]. Only around
100 iterations are necessary to get the solution, though the speed of convergence depends on both

the intrinsic core-hole width and the dimension of the BSE Hamiltonian.

Having solved for the intermediate-state exciton, the seed vector for final state is determined
by an XES process that creates a valence hole v and depends on the outgoing photon. This
valence-conduction seed vector is analogous to the one created in the valence-band absorption of

an optical or UV photon, and the absorption spectrum as a function of energy loss (e — ') is



67

solved for using the valence BSE code AI2NBSE.

5.3 Excitonic effects and interference

A full RIXS calculation using OCEAN combines equations s.s and 5.7, using the appropriate
valence or core-level approximation to the BSE for each. Approximations can be made to either or
both of these excited states. As a zeroth-order approximation, the interactions can be neglected for
both steps, reducing the calculation to a crystal-momentum conserving convolution of the non-
interacting valence and conduction states, projected onto the core hole. Due to the small photon
momentum at soft x-ray edges, the electrons see very little change in their crystal momentum,
and so RIXS is in turn a surrogate band-structure measurement. This assumption has been used to
extract band structures based on experimentally measured RIXS [121]. We also expect excitonic
effects in the final state to play a role in RIXS, allowing bound excitons below the non-interacting
band gap. While the emitted spectra are sensitive to the inclusion of valence-band interaction
terms, the overall trends of structure in the RIXS map are less so, allowing the time-saving step
of replacing the valence Hamiltonian with HY = £, — E,,.

The use of RIXS to extract information about the band structure relies on the relative impor-
tance of band-structure effects over core-hole interactions. The intermediate state exciton |y(w))

can be approximated by neglecting core-hole interactions and instead writing

1
Z|ca " —E)+ T, (cld|a,w), (s.11)

which is now diagonal in the electron-hole basis. The interacting form of |y(w)) can be expanded

giving

] o'V |d|a ),
(5.12)

where it should be noted that Vy and V}, are in general not diagonal. From the above form it

1
Z|ca —EE)t (ca|[1+(VX+VD)

C(ZCQ

w — Hygp +1T,

can be seen that the interacting spectra becomes merely scaled with respect to the non-interacting
so long as the bracketed term is diagonal in the electron-hole basis. This criterion can be fulfilled

for sufficiently localized interactions or un-correlated wave functions, such as the continuum.
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The sum of intermediate states in our expression for the cross section (eqn. s.3) leads to the
possibility of interference effects. Because the core hole does not exist in the final state, we must
coherently include terms from all possible core holes. For unit cells with only a single atom
of the species of interest, this summation over all possible intermediate states is automatically
included through the conservation of momentum and the formulation of the core hole as a Bloch
state (eqn. 3.16). However, in cells with multiple atoms of the same species (or other species with
nearby core-level resonances) it is essential to include contributions from all core-hole sites in the
sum defining |y(w)) and |x) (egns. 5.5 & s5.8). Neglecting this interference allows for the RIXS
process to be viewed as a convolution between XAS and XES spectra:

/ |(F|D'IN)|*|(N|D|I)[? /
5 (e, ——NE, —E, + o — ). .
0(w @)“;; w+E, —Ey il (Ep—Ej+o —w) (5.13)

This decoupling has been used in previous work [116, 122].

At high excitation energies the conduction states can be considered as a continuum, and the
emission spectra are insensitive to the incident photon energy. This is often referred to as inco-
herent RIXS, a term we will also use here, but this is misleading since the process is still coherent.
Moving past the edge, contributions from incoherent emission become more dominant, leading
to spectra that are uniform with respect to incident energy. In OCEAN we make the distinction
between incoherent RIXS and x-ray emission spectroscopy (XES). XES is a measurement of the
occupied states only. The intermediate-state effects that play such an important role in RIXS no
longer contribute, and XES can be considered a type of DOS measurement — one that has been
projected onto the core hole. In OCEAN XES is calculated by restricting the core-valence overlap
to occupied states below the Fermi level and neglecting the initial excitation process entirely. Ad-
ditionally, the final state has no core hole, so there are no interaction terms and the Hamiltonian
contains only single-particle valence and core terms. In principle, relaxation effects of the N — 1
system should be taken into account, but this is presently not done.

The appearance of incoherent RIXS occurs at energies well below the threshold at which
the conduction band becomes an uncorrelated continuum, and the division is instead empirical.
Both intermediate-state interference and excitonic effects are destroyed by secondary excitations

or decays, and therefore a more precise term for incoherent RIXS is k-unselective. The secondary
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excitations such as coupling to phonons or secondary electron-hole excitations can scatter the
photo-electron or valence hole. This scattering decouples the photo-electron crystal momentum
from that of the core hole, and therefore the response is averaged over the Brillouin zone. For
RIXS, we do not properly account for incoherence, leading to disagreement at higher energies
where the experimental spectra already resemble the XES while the calculated spectra continue
to change and evolve with energy.

The crossover from coherent to incoherent RIXS gives information about coupling of the
valence-conduction exciton to phonon and secondary electron excitations. As a first-order ap-
proximation, we will neglect secondary electron excitations such as plasmons. The important
time-scales are the competition between the core-hole decay rate 1/I", and the phonon scattering
rate 1/I,. The phonon scattering rate can be approximated as the Debye frequency wp,. Coher-
ent RIXS depends on I', > wp, [118]. Following the work of Eisebitt and Eberhardt [121], we
will assume that single scattering is sufficient to destroy the k-selectivity. The fraction of RIXS

events resulting in the XES step before phonon or secondary electron scattering can be given by

I

a
= - I
Jeo sy (5.14)

The phonon scattering rate is a function of both energy and momentum, but we will approximate
1t as a constant.
In the next section all three of these effects, coherence, interference, and excitonic interactions,

will be looked at in the context of the carbon K edge in diamond.

5.4 Diamond — C K edge

We investigated the carbon K edge of diamond as a prototype system for RIXS using the exper-
imental lattice constant of 3.57 A. RIXS at the carbon K edge in diamond has been the subject
of numerous experimental and some theoretical studies [123, 125, 126]. For RIXS, the relative
positioning of the valence and conduction bands is quite important, and so parameters were used
to correct the band gap and dispersion. The XAS and XES of diamond are shown in figure 5.1. In
the XAS experiment, a pre-edge excitation at 285 €V is located near the valence band maximum

and could be due to impurity states. A scissor operator was used to correct the DFT band gap
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Figure s.1: The near-edge XES and XAS of the carbon K edge in diamond compared to experi-
ment [123]. The band gap is evident between the top of the XES at 284 ¢V and the onset of the
XAS. The strong overestimation of the excitonic features in diamond (290-4 €V) are typical of
BSE calculations [6, 124]. The conduction and valence band widths have been stretched to better
match experiment, providing an ad hoc self-energy correction.

of 4.2 €V to the experimental value of 5.5 €V, and the valence and conduction band dispersions
were stretched by 5% and 15% respectively to match the observed width and peak positions of
the experimental XAS and XES. While this is inherently less satisfying than ab initio self-energy
corrections, it helps to isolate shortcomings of the DFT from the rest of our RIXS calculations.
With the simple stretching we see good agreement for peak positions, but the excitonic excitation
in the XAS calculation is much too strong, as was found in previous BSE calculations [6, 124].
For the x-ray emission we find good agreement between OCEAN and experiment.

We calculated RIXS of diamond for a range of energies within the first 40 €V of the carbon
K edge. The emission spectra in diamond is strongly dependent on the incident photon energy
as can be seen in the RIXS maps (figs. 5.4 and s.5). These maps were constructed by calculating

the RIXS for incident energies in o.1 €V steps. Computational work allows us to make a number
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of non-physical changes to our spectra to help understand the origin of different features in the
experimental data. Namely, we are interested in separating out excitonic and excited-state effects
from those that arise from the band structure alone.

We have compared our calculations to experimental results for a number of different incident
energies as shown in figure s5.2. The strong discrepancy between calculated and experimental
spectral weight of the absorption near the edge (289-294 €V in fig. 5.1) necessitated an arbitrary
scaling of the calculated results between energy points when comparing individual slices to ex-
periment. The alignment of the calculated spectra was done as shown in the plots of the XAS
and XES (fig. 5.1). We find reasonable agreement between theory and experiment, though the
experimental data shows significant contributions from the incoherent or k-unselective RIXS.
This is most obvious at the highest incident energy shown (317.2 €V) where the experimental
spectrum shows good agreement with the calculated fully non-resonant XES (as in fig. 5.1) or the
calculated RIXS at a higher energy (334.9 €V), but poorer agreement with the theoretical RIXS at
the correct incident energy.

Figure 5.2 also shows the effects of the final-state, valence-band excitonic interactions. In
general, the inclusion of interactions has a small effect on the calculated spectra, in contrast
to optical/UV calculations using the same framework in which such interactions play a large
role, see for instance reference g. For most of the calculated incident energies, the inclusion of
final-state interactions shifts weight slightly up in energy, reflecting a small electron-hole binding
energy. Due to the small effect and high computational cost of calculating the interacting final
state, the RIXS maps for diamond are calculated using the non-interacting H .

With a relatively long-lived core hole, we expect coupling to secondary excitations during the
intermediate excited state. Neglecting these terms, the agreement between OCEAN and experi-
ment is promising, but mediocre, especially at higher energies. Diamond has very strong phonon
coupling, with a Debye temperature of 1860 K [127], giving a scattering rate of 0.16 eV. Based on
our estimate of the phonon scattering rate, we approximate the coherent fraction as 45%. For
comparison, an incoherent contribution of approximately 60% has been estimated from experi-
ment [126]. Using the 334.9 €V incident energy calculation as representative of incoherent RIXS
and taking care to control for the strength of the absorption, the coherent and incoherent RIXS

can mixed as is shown in figure 5.3. The inclusion of k-unselective RIXS improves agreement
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Figure 5.2: RIXS of diamond for several different incident energies compared with experiment
[123]. The absolute energies of the incident x-ray photon were aligned by matching the XAS
as in figure s.1. Theoretical spectra are shown including both the intermediate and final state
excitonic effects (Full OCEAN) as well as neglecting the final, valence-band exciton (OCEAN). For
comparison the XAS is shown above on the facing plot.
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Figure s5.3: RIXS of diamond for several different incident energies including incoherent contri-
butions compared with experiment [123]. The absolute energies of the incident x-ray photon
were aligned by matching the XAS as in figure s.1. The calculated spectra include both interme-
diate and final-state excitonic effects. In the top inset, the XAS of diamond is shown, marking the
location of the RIXS slices.
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Figure 5.4: Calculated RIXS map of the carbon K edge in diamond, including interactions in the
intermediate state. The z-axis shows the emitted photon intensity in arbitrary units according
to the color scale on the left. On the right is the absorption determined by integrating over the

emission energy.
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Figure s.5: Calculated, non-interacting RIXS map of the carbon K edge in diamond. The intensity
is on the same scale as the facing figure. Without intermediate-state interactions the absorption
spectrum (shown on the right) shifts up in energy and shows no strong excitonic peak. Above
~2305 €V, however, the non-interacting and interacting spectra appear largely the same.
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with experiment, though the model used to determine relative contributions is quite crude.

We also compare the results of our calculation including intermediate-state excitonic effects to
that of a calculation done neglecting these effects as shown in figures 5.4 and 5.5 respectively. To
simplify this discussion we have neglected valence-band excitonic effects in the final state, which
in general shift weight towards a lower energy loss for a given incident energy. The inclusion
of core-hole effects leads to the formation of a strong exciton at the edge, approximately 290 eV
incident energy. We see that near the XAS edge the RIXS are strongly influenced by core-hole
interactions, but that at higher energies, above 300 €V, the trends between interacting and non-
interacting are quite similar. From this agreement, it seems reasonable to extract ground-state
band structure from RIXS data, but caution is need at the near-edge where strong excitonic effects
might hinder the analysis.

In figure 5.6 we see the effects of neglecting interference effects between the two carbon atoms
in the diamond unit cell in our RIXS calculations. As can be seen, the interference effects are
relatively large and lead to a shift of spectral weight, reducing the response at the near-edge below
300 €V and increasing the higher region between 300 and 310 €V. This is consistent with correcting
the discrepancies seen between the OCEAN calculation of the XAS of diamond and experiment,
pointing to a possible source of error in comparing fluorescence measurements of the absorption.
The calculation of XAS within OCEAN treats the excited state with a core hole as the final state,
and hence the precise core-hole site is measured and no interference is allowed. Though not
shown, dipole limit NIXS studies of diamond give similar, though lower resolution, results to
the fluorescence-determined XANES reproduced here [128]. Approaches that decouple the XAS
and XES components of RIXS will fail to accurately account for the observed rearrangement of
spectral weight in the near-edge region [122, 129, 130]. While the inclusion of before-mentioned
decoherence effects will reduce the importance of the interference on the observed spectra, strong
rearrangement of spectral weight is observed in the near-edge region and is expected to have a
significant effect.

Diamond highlights the interplay between several effects in RIXS. The relatively long carbon
1s core-hole lifetime and strong electron-phonon coupling in diamond increases the importance
of intermediate-state scattering events, which at present are only included in a very approximate

fashion. An electron-phonon interaction term added to the Hamiltonian would allow for scatter-
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ing of the intermediate state. In this way k-unselective RIXS would be mixed in by building in
momentum transfer to a phonon bath. Interference effects between the two carbon sites have a

strong influence on the calculated spectra, and should be included.
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Figure 5.6: The effect of interference between the two carbon site in the RIXS of diamond.
The plot shows the intensity map of correctly calculated RIXS for diamond minus a calculation
done without interference effects in the intermediate state. The blue areas, almost entirely below
excitations of 300 eV, designate areas where the inclusion of interference effects leads to a decrease
in the strength of RIXS signal. The z-scale here has the same overall scaling as the previous
RIXS maps of diamond, and hence the extreme contours of to.25 are approximately 25% of the
maximum intensity of the calculation. Solid contour lines are placed at 0.05, 0.15, and 0.25 while
dashed contours are placed at the corresponding negatives.
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Figure 5.7: The near-edge XES and XAS of the sulfur L, 5 edge in CdS compared to experiment
[131]. In OCEAN the Cd 4d states are too shallow by 1.5 eV. An ad hoc energy-dependent Gaussian
broadening has been added to the calculated XES, though the broadening of the S 3s states is still
understated.

s.s CdS—SL,;edge

We have also calculated the resonant emission from the sulfur L, ; edge in wurtzite CdS. CdS
has technological applications as a building block for light-emitting diodes [132] or photo-voltaic
cells [133]. For both of these applications the alignment and structure of valence and low-lying
conduction bands are determining factors of real-world device performance and efficiency. Emis-
sion from the sulfur 2p core states has overlap with both s-type hybridized states in the valence
band as well as the deeper-bound Cd 4d and S 3s states. Previous calculations of CdS RIXS have
used a non-interacting formalism that neglects both intermediate-state interactions and interfer-
ence effects [131, 134]. While band-structure effects are the dominate feature in RIXS, inherent
in the matrix elements between the conduction or valence bands and the core hole, neglecting
intermediate-state excitonic effects and core-hole dynamics fails to give quantitative agreement

between theory and experiment.
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Figure 5.3: The calculated RIXS map of the sulfur L, ; edge in CdS. The spectrum has been
rescaled to allow for the details of the valence-band RIXS to be seen.

For our calculation we used a k-space sampling of 12x12x 8 and a cadmium psuedopotential
that included 45 and 4p states as valence. The semi-core pseudopotential necessitated an energy
cutoff of 124 Ha. Previous DFT calculations of CdS have shown that the 4d electrons are un-
der bound within the LDA [131, 135, 136]. In the present work this is manifest by the Cd 4d
states appearing at approximately 152 €V in the emission spectra in contrast to their experimental
position of 150.5 eV. At present no adjustment is made to correct for this, though self-energy
corrections have been shown to improve agreement with experiment [137].

Calculations of the sulfur L, 3 absorption and emission are shown in figure 5.7 with compar-
ison to experiment. We see good agreement with experiment for the XAS for the alignment of
features though some spectral weight is missing right at the edge. The XES shows three distinct
contributions, all of which are doubled by the 1.2 €V spin-orbit splitting of the sulfur 2p states; S
35, Cd 4d, and valence states arising from hybridization of the Cd ss with the S 3p. The before-
mentioned shift in the binding energy of the Cd 4d is also quite evident in the calculation, as is

a lack of broadening in the calculated S 3s states arising from unaccounted for self-energy effects.
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The strength of transition from the Cd 4d is exaggerated in the experiment since both are sitting
on the tail of the S 3s.

The primary features of the CdS RIXS (fig. s5.8) are the constant emission lines from the S
3s and Cd 4d states. These show Stoke’s shifts from the finite intermediate-state lifetime used
in the calculation. This is not apparent in the experimental data due to final-state broadening
effects. The experimental measurement of the valence band RIXS (emission between 154-160 €V),
shows very little dispersion, pointing to a large contribution from the incoherent RIXS. Previous
calculations show strong features missing in our calculation [134]. This most likely is due to

difference in calculation method as previous work neglected excitonic effects of the core hole.
5.6 Conclusions

The calculation of direct RIXS is a straightforward extension of the OCEAN package, and, as for
absorption or non-resonant scattering calculations, we are able to investigate the RIXS of systems
with spin-orbit splitting in the core states. The partitioning of k-selective versus unselective
contributions, however, needs improvement. Specifically, the phonon coupling can be sensitive
to the nature of the photo-electron, and hence dependent on the initial excitation energy and
symmetry of the intermediate-state exciton. The large fraction of measured spectra that appears
to arising from incoherent RIXS precludes an honest assessment of agreement with experiment

until a more quantitative and accurate estimation of the decoherence is calculated.
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Chapter 6
CONCLUSIONS

We have demonstrated a method for calculating near-edge x-ray spectroscopy based on the
Bethe-Salpeter Equation. Though the principles of using this approach for ab initio spectroscopy
calculations have been well understood for many years [57], there is no widely available computa-
tional framework for such calculations. The strength of a DFT + GW +BSE method lies in its lack
of free adjustable parameters. The creation of the OCEAN code relied heavily on previous work
by Shirley and collaborators [3, 6, 38, 53, 72], but extends that work by including a complex self-
energy and self-consistent GW calculations of electron wave functions and energies. The OCEAN
package unifies atomic multiplet and extended-state effects into a single framework, allowing ac-
curate calculations across a wide range of materials. Additionally, the code can be run using a
unified input file, specifying only the physical parameters of the system in question, i.e., lattice
constants, atomic positions, and the probe details. In this we hope to make BSE calculations
more accessible to the broader scientific community.

In this dissertation I presented the OCEAN code which includes several extensions beyond pre-
vious work in the field. The first is the inclusion of GW self-energy effects within several different
approximations, primarily the many-pole self-energy technique [46]. The effect of this term is to
add energy dependent broadening and stretching to the final spectra, improving agreement with
experiment as was shown in the fluorine K edge of LiF (fig. 4.1). We also showcased the effects of
self-consistent GW calculations which provide a correction to the limitations of DFT. OCEAN al-
lows for spin-dependence in the ground state, and we showed examples of ferromagnetic systems
such as metallic iron, cobalt, and nickel.

There remain several short-term and long-term issues that should be addressed in future work.

Along with a brief discussion some of these are listed below:

— With full spin-dependence there is the option of extending the x-ray absorption operator

to the relativistic operator, allowing the calculation of x-ray magnetic circular dichromism
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(XMCD). In XMCD the electron polarization with respect to its propagation leads to the
preferential flip up or down of the excited electron’s spin. By providing an external mag-
netic field to align the spin of ferromagnetic materials, XMCD can be used as a proxy

measurement of the majority or minority spin states, especially at the L, ; edge.

The extension of our screening calculation to higher-order multipole terms is straightfor-
ward. This is of importance to less uniform systems, such as layered geometries, surfaces,

or molecular systems.

The limitation of static screening remains poorly explored, as does the effect of only con-
sidering RPA level response in calculating y°. Dynamical screening effects would require
an energy-dependent Hamiltonian, though such a system could easily be solved in a similar
manner to the determination of excitonic states in RIXS calculations as outlined in chapter
5. While valence-band BSE-level calculations of the dielectric response are common, they
are primarily done in the long wavelength limit, and such an endeavor would require the

response at many different values of q.

Coupling to secondary excitations such as phonons or charge-transfer excitations can be
added through the cumulant technique which efficiently treats non-interfering, bosonic ex-
citations through their spectral functions. Methods to calculate phonon spectral functions

are available, but charge-transfer excitations are still treated as fitted models.

The OCEAN code pushes the boundaries of ab initio near-edge x-ray calculations, providing

quantitative agreement for a range of condensed matter systems. While its use requires some

familiarity with DFT, the barrier to entry for OCEAN is reasonably small.
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Appendix A
OCEAN DETAILS

OCEAN workflow

The OCEAN code runs in several stages, each in its own working directory. These are as follows:

. Setup and parsing stage. The code creates a directory called Common and populates it with

information from the input file. Any unspecified inputs are filled with available default

values if appropriate.

DFT or ABINIT stage. Here three separate DFT runs are performed. All the information
needed to perform the DFT calculations was parsed during the setup stage. Initially a self-
consistent density is calculated, and then wave functions are calculated for both the BSE

and screening.

. Preparation stage. An intermediate step is performed between the DFT stage and all follow-

ing steps. This is primarily to ensure that the code remains portable. New or alternative
methods for calculating the wave functions can be inserted into OCEAN so long as a new
DFT script is created to create an input from the information in the Common directory and

the preparation stage is modified to parse the new output files.

Atomic stage. The atomic calculation calculates the core-hole wave function and spin-orbit
splitting. It also creates the localized PAW basis and pre-tabulates the direct and exchange

interactions between this basis and the core-hole wave function.

. Screening stage. The screening step performs the RPA calculation and inverts the response

function to calculate the core-hole screening. The sum over Kohn-Sham orbitals used in this
calculation is done on a much sparser k-mesh than the later BSE calculations but requires
a larger number of bands. For this reason a separate calculation of wave functions is done

for the Screening and BSE stages.
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6. BSE stage. The final stage solves for the spectrum by approximating the resolvent in equa-

tion 3.13.

In figure A.1 a flowchart of the OCEAN package is shown with calculated quantities referenced to

appropriate equations.

A.2  Approximating the resolvent

For the absorption cross-section (eqn. 3.13) or the excitonic wave function (eqn. s.5) a method of
inverting the BSE Hamiltonian is necessary. In calculating the spectrum, the actual eigenvalues of
the Hamiltonian are not of interest, and we want a method capable of quickly giving the whole,
energy-dependent spectrum. For this the Haydock method [7, 13g] is quite suitable, the the
core-hole lifetime providing a convenient a physical broadening, preventing singularities. The
Haydock method can be thought of as an Nth-order extension of the Sternheimer equation,
which was developed to solve for the polarizability by expressing the perturbed, excited-state
wave function to first order in the interaction [139]. At present the Haydock method is only
suitable when the action of our approximate BSE Hamiltonian is strictly real, and for L, 5 edges
where the core-hole lifetime changes with edge only an average broadening can be included.

We are, however, dealing with an excited-state system whose lifetime is finite and varying with
respect to the excitation energy. To capture this we can include quasi-particle lifetimes through
the imaginary component of the self-energy correction as well as ad hoc core-hole lifetime terms.
To solve this inversion problem with complex valued terms we instead use the GMRES method
[120] for approximating the excitonic wave function |y(w)) as defined in equation s.s. Inserting

the definition of |y(w)) in to our expression for the cross-section from equation 3.13 we get
() o< Jm [(T|d]y(e))]- (A.1)

The GMRES method is computationally more demanding, requiring a full calculation of the
excitonic wave function for each energy point in the desired final spectrum. In practice both a
single exciton calculation and the full Haydock calculation require approximately 100 iterations.
Further work should expand the Haydock routine to support a tri-diagonal formalism that is

compatible with complex-valued energies.
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Figure A.1: Flowchart of the OCEAN package. Equations are cited for calculated quantities.
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A.3  Sample Input

The required input for OCEAN is minimal, and can be divided into several sections; the physical
cell, psuedopotentials, photon parameters, and convergence. In the following we will list and
explain the important inputs for an OCEAN calculation of LiF. The unit cell for LiF is a rock salt
structure with two atoms per unit cell. The physical parameters specify the unit cell dimensions

and locations and types of atoms:

* acell { 7.597 7.597 7.597 } — The dimensions of the primitive lattice vectors in Bohr

* rprim { 0.00.5 0.5 0.50.00.5 0.50.5 0.0} — The primitive lattice vectors, normalized

by acell
* ntypat 2 — The number of unique elements in the system
* znucl { 3 9 } — The Z number of the elements
* natom 2 — The number of total atoms in the cell
* typat { 1 2 } — A list of all of the atoms in the system, referenced by ntypat
* xred { 0.5 0.5 0.5 0.00.00.0 } — The reduced coordinates of each element

* diemac 1.92 — The macroscopic dielectric constant €.
The details of the x-ray probe, including which site is the absorbing atom:

* nedges 1 — Run for only one edge

* edges { 2 1 o} — This specifies {a,n,/}, i.e., on which atom and which principle and

angular momentum quantum number to put hole: F Is.
There is also a supplementing ‘photon’ file:

* quad — Include both E1 and M1 contributions. Other options include ‘dipole’ to only

include E1 and ‘NRIXS’ to calculate non-resonant scattering
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* cartesian o o 1 end — This specifies the polarization vector € in cartesian coordinates

* cartesian o 1 o end — The q vector of the incoming photon or the momentum transfer

for NIXS

* 696 — The approximate edge energy in eV, which is used to calculate the magnitude of q.

The psuedopotential inputs include suitable psuedopotential files for the calculation as well as

information for the PAW reconstruction:
* cnbse.rad 4.0
The ‘paw.fill’ file contains the following lines that govern the PAW construction:

¢ 2 — The maximum angular momentum of the PAW basis

¥ -0.30 2.00 0.0001 0.01 4 — The first two digits are the minimum and maximum energy
range to test the fidelity of the PAW. The third determines the tolerance between the all-
electron and PAW-reconstructed pseudo wave functions. The next determines the precision
of the solution to the radial Schrédinger equation (eqn. 2.3). The fifth determines the

number of test points for diagnostics
* 3.0 — Sets the PAW reconstruction radius

* 0.05 20— Sets the spacing and g,,,,,. of the Fourier grid for determining the projectors (eqn.

2.4).
The ‘paw.fill’ file contains information about the pseudopotential:
* 9 — The Z of the atom of interest, in this case fluorine

1 0 0o 0— The number of occupied core levels for each I: s, p, d, and f

* scalar rel lda — The treatment of the relativistic corrections and the type of exchange-

correlation potential
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* 2.0 4.5 0.25 0.0 — The valence level occupation numbers for each /.
Finally, the input file also includes numerical convergence parameters:

* ecut 100 — The energy cutoff used by the plane wave DFT code

* nkpt { 10 10 10} — The k-mesh used for calculating the wave functions for the BSE
* nband go — Number of bands to include in the BSE

* paw.nkpt { 2 2 2 } — The k-mesh used for calculating y° (eqn. 3.31)

* paw.nbands 400 — The number of bands to include in the calculation of y°.
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