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Abstract

Four Problems in Probability and Optimization

James Pfeiffer

Chair of the Supervisory Committee:
Professor Rekha Thomas
Mathematics

This thesis studies bootstrap percolation, a problem in probability, as well as several topics
in the application of sums of squares to combinatorial optimization.

In the chapter on percolation, we bound the critical probability for bootstrap percolation
on the Hamming torus, as well as the critical probability for ¢-dimensional subgraphs to
percolate. In the case d = 0 = 3 we exhibit a framework for deriving exact results within
the scaling window using Poisson approximation.

In the chapters on combinatorial optimization, we consider the K;-cover problem and
the max cut problem. We show that a family of facets arising from Kj;-p-holes is valid on
the 7/2 theta body. We also prove an integrality gap of 1/2 for the triangle free problem,
and show that at least n/2 steps are required for the triangle free problem’s theta bodies to
converge in the case G = K.

We introduce a criterion for an invariant polynomial to be a sum of squares on the
hypercube. This gives a simple proof of Laurent’s result that the theta body heirarchy
requires at least n/4 steps to converge to the max cut polytope of K,,. It also allows us to
give the first lower bounds on degrees of denominators in Hilbert’s 17th problem.

In the last chapter, we consider the .S,,-irreducible decomposition of the space of matchings
on K, as given by Barbasch and Vogan. We give an explicit map of the isomorphism in

their result. We also generalize their approach to matchings on hypergraphs.
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Chapter 1
INTRODUCTION

This thesis studies four problems in probability and optimization. In this introduction, we
give an extended abstract of each chapter, and give some context and motivation. Chapter
studies bootstrap percolation, a probabilistic model of nucleation and growth. Chapters
and [4 apply sums of squares approximations to combinatorial optimization. Chapter
studies the representation theory of the set of matchings and is an offshoot of the work in

Chapter
1.1 Bootstrap Percolation on the Hamming Torus

Chapter [2| is taken from a paper coauthored with Janko Gravner, Christopher Hoffman,
and Davis Sivakoff [23], and submitted to Annals of Applied Probability. 1t investigates the

critical behavior of bootstrap percolation on the Hamming torus.

1.1.1 Problem Description

Let G = (V, E) be a graph and 6 € N a threshold. For any initial configuration wg € {0,1}"
define a sequence w; for ¢ > 1 by the recursion
L if w]’(’U) =1lor E(v,w)EE w](w) >0
wjt1(v) =
0 else

and let wo, = lim; w;. This limit is defined pointwise, since (w;(v)); is increasing for each v.
Let Sp = wy (1)

We think of bootstrap percolation as process consisting of a growing set of infected or
active vertices which starts with only the vertices in Sy active. Once a vertex is active, it

stays active, and new vertices become active once at least 6 of their neighbors are active.



The main goal is to determine under what conditions the entire graph eventually becomes
active, that is, when w(v) = 1 for all v. In this case, we say that percolation has occurred,
or that Sy spans G.

The initial set Sp of active vertices can be deterministic or random. See [39] for some
results on the minimal size of Sy required for percolation in the deterministic case. In
this paper, we let each vertex be active at time 0 independently with probability p. Thus,
the bootstrap percolation process becomes a random variable. We are interested in the
probability that percolation occurs. In Figure , we plot P(percolation) vs p for the
graph [n]? with Euclidean nearest neighbors and threshold § = 2. Here [n] = {1,...,n}. As
p increases, there is a relatively sharp transition from a low probability of percolation to a

high probability. As we increase n, the transition becomes sharper.

n=5 n =10 n =15 n =20

0.32 0.19 0.14 0.12

Figure 1.1: Plots of P(percolation) vs p for nearest neighbor [n]?, for n = 5,10, 15, 20.

Critical probabilities are indicated.

To pin down this transition, we define the critical probability p. to be the p at which
P(percolation) = % (Since the transition window narrows as n increases, we could choose
any fixed ¢ € (0,1) in the definition without changing the theory.) We consider a family
of graphs G,, and wish to find the dependence of p. on n. For instance, in the example in

Figure m, it turns out that p,. scales as loén'

For the graphs we consider, it turns out that the critical probability is essentially n® for

some a < 0 in the following sense. Let p = nb. If b < a, then P(percolation) — 0 as n — oo,



while if b > a, then P(percolation) — 1. In certain cases, we are able to look within the
scaling window and determine f(c) = P(percolation), when p = cn®.

We study bootstrap percolation on the Hamming torus G = ([n]?, E), where z and y
are adjacent if they differ in exactly one coordinate. In Figure [1.2] we see an example of an

initial percolating set when 6 = 2 on the two-dimensional Hamming torus.
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Figure 1.2: The bootstrap percolation process with threshold 8 = 2 on the Hamming torus
with n = 5, d = 2. Nodes are adjacent whenever they share an x or y coordinate. This

example takes four steps to percolate.

1.1.2 Background

Bootstrap percolation was introduced in 1979 by Chalupa, Leath and Reich [14] as a model
of nucleation and metastability in physical processes such as crack formations, clustering,
and magnetic spin alignment. For more applications and background see surveys by Adler
and Levi [I] and Holroyd [29].

The first results in this area were by van Enter [48] and Schonmann [42], who proved
that for the lattice Z¢, the critical probability p, is either 1 or 0 according to whether § < d
or § > d. For a large lattice cube [n]? C Z¢ (where each point is connected to the nearest 2d
points), Aizenman and Lebowitz [2] proved that p. behaves as (@)d*1 when 0 = 2. Later

Cerf and Cirillo [12] and Cerf and Manzo [I3] established the scaling p. ~ (logy_; n) 401

for 3 <6 < d. Here logy_; denotes the (§ — 1)’st iteration of the logarithm.



The Hamming torus is interesting because of computer simulations showing that the
percolation on [n]? tends to proceed along straight lines. By using the Hamming metric for

our graph distance, we can investigate this behavior.

1.1.8 Results

All our results are for the Hamming torus described in In addition to finding the critical
probability for the entire graph to percolate, we consider the event that an i-dimensional
subgraph percolates. We find an expression for the critical probability of this event for

1< <d.

e For d = 2, we find the critical probability exponent for all # and describe the behavior
within the scaling window as n — oo. For d = 8 = 3, we again find the critical
probability and describe the limiting behavior within the scaling window. These results
are powered by Stein’s method [9], a method for dealing with almost independent

events.

e For all d and all ¢ > 2, we show that the critical probability for an i-dimensional

subgraph to percolate is p. = n717%+9(97%), independent of ¢. We prove this by
constructing a necessary and a sufficient critical event for percolation, each of which is
easier to analyze than the percolation event. We show that when p > p., the sufficient
event happens with probability going to 1, and with p < p., the necessary event

happens with probability going to 0.

e In particular, we show that the critical probability for the entire graph to percolate is

3
Pe = n-l-5+0(672)

1.1.4 Comments

Although our results are stated asymptotically in n and for large 0, the proofs also give

results for large finite graphs. However, computing the constants involved is arduous.



It is interesting that the critical probabilities are all approximately n=1=% for 2 <i<d.

1_%, a qualitatively different behavior.

It turns out that for ¢ = 1, the critical probability is n™
For d = 3, we get the same upper and lower bound for p, when § <7 and 8 = 9,11, and
therefore can determine the exact critical exponent. This raises the question of whether our

proof technique can be improved to bring the bounds closer together for other values of 6.
1.2 Combinatorial Optimization and Sums of Squares

Chapters 3] and [ study the application of sums of squares of polynomials to combinatorial
optimization. In this section, we give a description of the general area of combinatorial
optimization and of polynomial sums of squares in particular. We introduce many of the

concepts which will be used later.

1.2.1 Combinatorial Optimization

Combinatorial optimization studies optimizing a function over a finite set. By interpolation,
all such functions are polynomials in the decision variables. Applications are common in
computer science, mathematics, and operations research. For example, the goal of the
traveling salesman problem is to find a minimum-cost tour among a set of cities. The goal of
the shortest path problem is to find a shortest-distance path between two nodes in a graph,
and the goal of the assignment problem is to assign workers to jobs while minimizing the
total wages paid.

In each of the above problems, we minimize a linear function over a finite set. For
instance, in the traveling salesman problem (TSP), we model the problem as a complete
graph G = ([n], ([Z])) For each e € E, a cost ¢ is given. The vertices represent cities, with
specified costs to travel between them. We want to find the minimum of f(T) = .y cete
over all tours T'. Here, a tour is represented by a 0/1 vector x € R(g), with z. = 1 if and
only if the edge e is part of T'.

A common approach is to rewrite this as an integer linear program by replacing the

constraints z, € {0,1} by z. € Z, 0 < z, < 1, and encoding the fact that 7" is a tour using



other linear constraints. But since we optimize a linear function, the optimum is unchanged
if we instead optimize over the convex hull TSP(n) of all tours. The set TSP(n) C [0, 1}(3)
is a polytope whose vertices are the vectors coming from tours. This is a natural object to
study without referring to a specific set (c.) of costs, since changing the costs is equivalent

to optimizing in a different direction over TSP(n).

To explain this geometric approach in general, consider a problem where we optimize a
linear function over some feasible collection C of subsets of a fixed set X. For instance, in the
TSP we let C be the collection of all tours; here X is the set of edges. In the shortest-path
problem we consider C to be the collection of all paths from a fixed + — y; again X is
the set of edges. A non-graph example is the knapsack problem, where C is the set of
subsets of X = {1,...,n} satisfying a capacity constraint. In general, we will assume that
X ={1,...,n} for some n; this can always be accomplished by enumerating X. For each
C € C, define its characteristic vector xo € {0,1}", where for 1 <1i <n, (x¢); =1 if and
only if i € C. Then define the polytope P(C) = conv{xc : C € C}. If we can optimize any
linear function in polynomial time over P(C), we can optimize the same linear function over

C in polynomial time.

Of course, many combinatorial optimization problems are NP-complete or harder. That
is, we are unlikely to ever find efficient algorithms to solve them exactly. In some cases where
the abstract mathematical problem does have an efficient algorithm, real-world constraints
can make it intractable. For instance, when assigning medical students to residencies, the
constraint that married pairs of students live in the same city makes the problem NP-complete.
Therefore, much research has focused on developing methods to approximately solve these
problems in polynomial time. Using various methods, we can construct a relaxation P’'(C)
to P(C) over which we can optimize efficiently, and try to show that the optimum objective
values are close. In the next section, we describe one such method based on sums of squares

of polynomials.



1.2.2  Sums of Squares and the Theta Body

Consider, for the moment, unconstrained polynomial optimization on R™. That is, we are
given a polynomial f € R[zi,...,z,] and must find the global minimum value fuin. It
turns out that optimization is closely related to checking nonnegativity. If we can find the
global minimum of a polynomial f, we can certainly check if f is nonnegative everywhere
by checking if its minimum f;, > 0. Conversely, if we can check whether polynomials are
nonnegative, we can compute fiin by observing that fii, = max{r: f(x) —r > 0}. We can
solve the latter problem by sampling different r (e.g. with binary search) and for each r
checking whether f — r is nonnegative.

Checking arbitrary polynomials for nonnegativity is NP-hard, so we seek an approximation.
Note that if we can write f(z) as a sum of squares (of polynomials), then it is certainly nonneg-
ative. Therefore, we can define the relaxation fyos = max{r : f(z) — r is a sum of squares}.
We have that fiin > fsos, SO this is a lower bound on the minimum. This idea is discussed
at more length in [40] and [33].

So far, this only makes sense for polynomials on R". We will define a notion of sums of
squares that is applicable to combinatorial optimization problems. This definition originated
with Lovész [35] and was used to produce an approximation to the stable set problem. It was
generalized by Gouveia, Parrilo, and Thomas [21] to give an approximation to the convex
hull of any algebraic set. This idea is also closely related to Lasserre’s [33] and Parrilo’s [37]
[38] heirarchies for polynomial optimization.

As in Section[1.2.1] consider a collection C of subsets of {1,...,n}. Let V = {x¢ : C € C}.
Since V is a finite set, it is an algebraic variety. That is, it is the set of solutions of a finite
list of polynomials. The ideal I of V is defined to be the set of all polynomials vanishing on V.
We can define an equivalence relation on polynomials, denoted f = ¢ mod I, if and only if
f —g € 1. With this definition, f = ¢ mod I if and only if f(z) = g(x) for each z € V. For
a polynomial f and an integer k, we say f is k-sos mod I if we can write f =Y, g2 mod I
for some polynomials g; with degree at most k. Now define the kth theta body of I, THy(I),

to be the intersection of the affine hyperplanes defined by all affine linear functions f which



are k-sos mod I. This defines a relaxation of the convex hull of V: conv(V) C THy(I) for
each k, with the approximation improving as k increases. In our case, V C {0,1}", so it
turns out that TH,,(I) = conv(V). We can optimize over THy (1) to fixed precision, for fixed
k, in time polynomial in n. This is done using semidefinite programming, and provides an
efficient relaxation to P(C) = conv(V) for small k.

As an example of the theta body heirarchy, we describe the first theta body of the stable
set problem. Historically, this was the first example where theta bodies were used, and
where the general heirarchy was abstracted from. Given a graph G = (V, E), a subset C
of V is stable if for all i,j € C, ij ¢ E. Let n = |V|. As in Section we will consider
the set V C {0,1}" of characteristic vectors of stable sets in G. Our goal is to describe the

convex hull conv(V), denoted STAB(G). We can check that the ideal of V is
I= (2} —2;Vi€n]; mz;Vij € E).

To describe the first theta body TH; (1), denoted TH(G) in this case, we must find all linear
functions which are sums of squares of linear polynomials mod /. It turns out that TH(G)
has a semidefinite description first discovered by Lovész [35]. We reproduce it here; see
Chapter 9 of [25] for the derivation: 2 € TH(G) if and only if there exists M € R(?+1)x(n+1)

such that M > 0 and the following linear conditions hold:
1. For 1 <i <n, My = My;; = x;,
2. For each ij € E, M;; =0,
3. My =1.

The class of graphs for which TH(G) = STAB(G) is known to be exactly the perfect
graphs. A graph is G defined to be perfect if the chromatic number equals the clique number
for each induced subgraph of G. Equivalently, G is perfect if G' contains no induced odd

cycle or the complement of an odd cycle; see Figure |1.3



Figure 1.3: (Left) the odd cycle Cs. (Right) a perfect graph.

There is an older polyhedral relaxation to STAB(G) known as QSTAB(G). This is
the polytope in [0,1]™ cut out by the nonnegativities z; > 0 and the clique inequalities
> ick Ti < 1 for each clique K in G. Since f =1 — ) . x; is idempotent mod I, that is,
f2=f mod I, it is visibly a sum of squares. Therefore the clique inequalities are valid on

TH(G), and STAB(G) C TH(G) C QSTAB(G).
1.3 A Semidefinite Approach to the K;-Cover Problem

Chapter 3| is taken from a paper coauthored with Joao Gouveia [19] and submitted to

Operations Research Letters. It is an application of theta bodies to the Kj;-cover problem.

1.8.1 Problem Description

The K;-cover problem is a generalization of the stable set problem discussed in Section
A graph G = (V| E) is given. For any k, a k-clique in G, denoted Kj, is a collection of k
nodes, each pair of which is connected by an edge in . We define a covering relation where
an i-clique H; is covered by an (i — 1)-clique Hy if Hy O Ha, i.e., if Hy is a subgraph of
Hy. A Kj-cover in G is a collection C of (i — 1)-cliques in G such that each i-clique in G
is covered by some element of C. The K;-cover problem is to find such a collection C' of
smallest size. In the graph G in Figure a Ky-cover is given by {012,034, 023}.

When ¢ = 2, the K;-cover problem is the vertex cover problem: to find the smallest set C'
of vertices such that each edge is covered by a vertex in C. To make the connection to the

stable set problem, note that C' C V' is a vertex cover if and only if V' \ C' is a stable set.

10
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Figure 1.4: A graph with 5 copies of Ky4: 0123,0124,0134,0234,1234; along with an example

K4-cover.

Therefore, the problems are essentially equivalent. In fact, the polytopes defined by these
problems as, in section 1.1, are congruent via the involution x; ~ 1 — x; in each coordinate.
Similarly, a set C' of K;_1s is a K;-cover if and only if its complement C° is K;-free.

We will need the description of the ideal I of the variety of K;-free sets. We only state
it here; for the derivation see Chapter @ Let X be the collection of K;_1s in G and Y the

collection of K;s in G. Then we have

I= (2% —xzgVH € X ; H rpVH €Y).
HCH'

To understand this, recall that we have a variable zp for each (i — 1)-clique H in G. The
functions that generate I come in two forms. The type 2% — g = 0 enforces the constraint
that zyy € {0,1}, i.e., that = is a characteristic vector. The type [[ycp xn = 0 ensures

that = actually comes from a K;-free set.

1.3.2  Background

The stable set and vertex cover problems have been studied in many contexts. The K;-cover
generalization was first studied in Conforti et al [I5], wherein the associated polytope P;(G)
was considered and several families of facets identified. As in Section 1.1, P;(G) C RY is
the convex hull of characteristic vectors of K;-covers, where N is the number of K; 1s in

G. Conforti et al provided polynomial-time separation oracles for many of these families of

11



facets. A separation oracle for a family F of facets is a decision procedure which takes a
point z and decides whether = satisfies each facet F' € F, or whether x lies outside some
facet F' € F. Since a typical family F will contain exponentially many elements, it is not
possible in general to enumerate the F' € F and check them one by one, making such an
oracle a nontrivial result.

Conforti et al left open the existence of oracles for several families of facets, including the
family associated with the K;-p-holes. A graph H is a K;-p-hole if it contains p copies of K;
arranged in a cycle, with neighboring K; sharing a common K;_;. This does not determine
H up to isomorphism; see Figure for three nonisomorpic K3-9-holes. To understand the
facet inequality associated to a K;-p-hole, consider each graph H in Figure[l.5| To construct
a Kj-cover of H of minimum size, we need to pick an edge from each K3. Fach edge is
shared by at most two K3s, so we need at least 5 edges. Therefore ) ecH Te = 5 1s valid on
the polytope P3(G) for any graph G containing H as a subgraph. The inequality for general
K;-p-holes is derived from a similar argument and is given by > gz, > [5]. It defines a

facet of P;(G) for ¢ > 3 and odd p.

Figure 1.5: Three non-isomorphic K3-9-holes.

1.3.3 Results

e Our main result is that the family of facets corresponding to K;-p-holes is valid on the

theta body THp;/2)(I). Therefore, for fixed i, we have a polynomial-time algorithm

12



to optimize over a relaxation at least as tight as the polyhedron described by this
family. To show that the K;-p-hole facets are valid on THp;/9)(1), we exhibit a set
of polynomials which are idempotent mod I, and whose sum is the facet-defining

inequality.

We also prove two results about the triangle free problem, the case i = 3 of the K;-free

problem.

e For the triangle free problem on the complete graph K,,, we show that Ps(K,,) € THy(I)
for k < n/2. That is, it takes at least n/2 steps for the theta body heirarchy to
converge to the triangle free polytope for K,,, and therefore this heirarchy does not give
a polynomial-time algorithm for the triangle free problem. We show this by observing
that the cut polytope and triangle free polytope of K,, share a facet, and apply a result

of Laurent [34] that the theta heirarchy takes at least n/2 steps to reach this facet.

e We show that there is an integrality gap of 1/2 for the triangle cover problem’s second
theta relaxation. That is, if we optimize in the all-ones direction in the triangle cover

problem, we have
1
min{l -z : 2 € THa(I)} > §min{1 -z x € P3y(G)}

for all G. We prove this by applying a result of Krivelevich [32] on a fractional
relaxation of the same problem, and proving that THa(I) is contained in this fractional

relaxation.

1.3.4 Comments

In our main result, we consider the theta body TH;/2)(I). The reason for choosing this level
of the theta heirarchy is that the generators of the K;-free ideal are polynomials of degree 1.
Therefore, they can’t capture any inequalities on THy(I) when 2k < 4, so THp;/o1(1) is the

first theta body that it makes sense to consider.

13



We don’t fully address the question raised in Conforti et al [I5] of whether there is
a polynomial time separation oracle for the family F of K;-p-hole facets. We show that
these facets are valid on TH;/5)(I), and that we can check membership of THp; /(1) in
polynomial time. However, this does not give a separation oracle for F. Indeed, let @ be
the body defined as the intersection of all F' € F. We have P;(G) C THy;51(I) € @, so in
terms of an approximation to P;(G), the theta body is tighter, and we can optimize over it
in polynomial time (for fixed 7). However, this doesn’t allow us to optimize over exactly @
in polynomial time. In fact, for ¢ = 2, the stable set case, we have a similar phenomenon:
STAB(G) C TH(G) € QSTAB(G); recall for the definitions of these bodies. In this
case it is NP-hard to optimize over either STAB(G) or QSTAB(G), while TH(G) can be
optimized over in polynomial time.

Conforti et al [I5] found additional facets of P;(G), associated to other subgraphs of G,
for which no separation oracle is currently known. Numerical experiments indicated that

they did not appear to be valid on THf;/9(/), but they may be valid on higher theta bodies.
1.4 Sums of Squares on the Unit Hypercube

Chapter 4] is taken from a paper co-authored with Greg Blekherman and Joao Gouveia [10],
currently being written. It describes a criterion for certain polynomials to be sums of squares

mod the ideal of the unit hypercube.

1.4.1 Problem Description

We begin by describing the max cut problem. Let G = (V, E) be a graph, and n = |V|. A
cut in G is a partition of V' into two sets A and B; variously, a cut also refers to the set C' of
edges between A and B. The max cut problem is to find a cut containing the maximum
number of edges. Alternatively, if a set of weights (w;;) is given, it can refer to finding the
cut C' maximizing Eijeo wj;. For example, in the complete graph K,,, max cuts with unit
weights are attained by partitioning the vertices into two sets of size 5 if n is even, or sizes

”Tfl and ”TH if n is odd.
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As in Section we can associate a cut C' with its charactistic vector x¢ € {0, 1}F.
Let C be the set of all characteristic vectors of cuts. We let the maz cut polytope be
P(G) = conv(C). Then the max cut problem becomes max{}_, w;;jz;; : © € P(G)}. This is
called the edge model of the polyhedral formulation of the max cut problem. In the case
G = K, the max cuts have size L”;j, so the function f(z) = L%QJ —> x5 >0o0onC. In
fact, for odd n it defines a facet of the max cut polytope P(K,,). To determine how well the
kth theta body captures this inequality, we can ask for the smallest A such that A — > x;; is

n2

k-sos mod I(C). As k increases, A will converge to the true minimum [ 7%-].

We can define another model of cuts, the vertex model. Let C be a cut arising from a
partition [A, B] of vertices. Associate to C' the characteristic vector x4 € H = {0,1}", the
unit hypercube. This preserves all the information contained in C: given a vector y € H,
we can recover A = {i € [n] : y; = 1} and B = [n| \ A. Note that the cut C also arises
from the partition [B, A], so each cut is represented by two vectors in H. We can translate
between the vertex and edge models. Given a point y € H, define z = 7(y) € {0, 1}(2) by
z;; = (y; — y;)?. This transformation converts cuts represented by the vertex model to cuts
represented by the edge model. If y; = y;, then the edge ij is not a cut edge so x;; = 0. If
y; # yj, then ij is a cut edge, and indeed x;; = (y; — yj)2 =1

Recall that f(z) = L%QJ — > x;; defines a facet of the max cut polytope P(K,) in the
edge model when n is odd. It turns out that g(y) = ([5] — > v:)([ 5] — >_ ;) defines this
same function on the vertex model under the correspondence given by 7. To see this, one
may apply 7 and reason algebraically. Alternatively, this can be seen by considering a cut
C = [A, B] represented by = and y, and evaluating f(z) = g(y) by hand. Results about the
sum of squares rank of g(y) can be converted into results about f(x). If f(z) is k-sos mod
I(C) for some k, the sum of squares can be written in the variables x;;. Writing the same
sum of squares expression, substituting (y; — y;)? for z;; everywhere, shows that g(y) is also
k-sos mod I(#). Thus the max cut problem is an example of optimizing a polynomial over

the hypercube H.

In Chapter 4| we consider the general problem of optimizing a polynomial function over the
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hypercube H. We consider functions on H satisfying certain properties. First, since the ideal
I=1(H) = (2? — ;5 1 < i < n), each function f € R[H] = R[z]/I can be represented using
squarefree monomials. This gives a notion of degree mod I that coincides with the notion
of degree we have used in the definition of k-sos. We define a notion of proper divisibility
mod I in which f is properly divisible by g mod [ if there exists h such that f = gh mod I
and deg(f) = deg(g) + deg(h). Here f,g,h € R[H]. We also consider the symmetric group
Sy acting on R[H] by permuting variables. A function f € R[H] is invariant if it is fixed
by Sy,. An invariant function has the same value on each level {x € H : Y x; = t} of the
hypercube, and is determined by these values. We say that f vanishes to degree k on level t
if f is properly divisible by (3" x; — t)* but not by (3 2; — t)¥*1. For example, the function
9(y) = (5] =2 wi)([5] =2 wi) given above vanishes to degree 2 on level § when 7 is even.
When n is odd, g(y) vanishes to degree 1 on levels ”T_l and ”T‘H

We also define a generalization of k-sos mod [ from Section This notion is denoted
(d1,dg)-sos mod I, or being ds-sos with di-sos multipliers. A function f € R[H] is said to
be (di,dz2)-sos mod I if there exist g1,g2 € R[H], with g1 > 0 on H, such that g; is d;-sos
mod I, and fg; = go. Since any f which is (di, d2)-sos mod I is also nonnegative on H, this
leads to a generalization of the theta body heirarchy which can still be optimized over in

polynomial time.

1.4.2 Background

A previous semidefinite approximation to the max cut problem was given by Goemans and
Williamson [I§]. They used semidefinite programming to construct a randomized algorithm
that produces solutions with objective value at least 0.878 times the true optimum. However,
since the max cut problem is NP-hard, an exact semidefinite algorithm should not be efficient.
Indeed, Laurent [34] showed that the Lasserre relaxations of the max cut polytope P(K,,),
equivalent to the theta body heirarchy in this case, do not capture the facet {%j —> xi; >0
until at least the n/4th step of the heirarchy.

The idea of sums of squares multipliers came from work in real algebraic geometry, where
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the same idea is considered for polynomials on R™. It is a celebrated result of Hilbert [27]

that for homogeneous polynomials f in n variables of even degree d, the implication
f > 0 everywhere if and only if f is a sum of squares

holds exactly for d = 2,n = 2, and the special case (n,d) = (3,4). In all other cases, being a
sum of squares implies nonnegativity, but not conversely. Artin [3] generalized this result by
showing that every nonnegative polynomial can be written as a sum of squares using sum of
squares multipliers as discussed above. Upper bounds are known for the degrees of these

multipliers, but no lower bounds are known so far.

1.4.3 Results

Our main results are as follows.

e Let f be an invariant function on H which vanishes to odd degree on level ¢, for some
t < n/2 with deg(f) < t. Then f is not k-sos mod I for k < t. To show this, we
consider the vector space R[H] as an S,,-module and decompose it into irreducible
representations. Most of these irreducible representations cannot contribute to a sum
of squares which vanishes on level t. The ones that can contribute each introduce a

factor of (t — Y ;) of even degree, leading to a parity contradiction.

e As a corollary, we show that such an f is not (dj, da)-sos for d; < min{%, t} and

de < t.

e We prove an upper bound on d; such that f is (dj,ds) mod I in terms of the Hilbert

function of R[z]/I, that is, the dimensions of the degree-graded components of R[z|/I.

e We reprove the result of Laurent, mentioned in the Background and used in Chapter
that the theta body heirarchy does not converge to the max cut polytope P(K,)

until at least the n/4th step. To do this, we use the translation between the vertex
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and edge models of max cuts on K,,. The function g(y) is invariant and vanishes on

level t = [n/2]. Therefore it cannot be a sum of squares of degree < n/2.

e We give an explicit example of a degree-4 polynomial on R™ which is nonnegative,
but requires sum of squares multipliers of degree at least n/2 to be written as a sum
of squares. This polynomial is actually g(y), extended from H to R™ by adding a
positive scalar multiple of the sum of the ideal generators Y (y? — y;)?. That is, we use
h(y) = g(y) + A (y? — y;)? for a small A > 0. This gives a new constructive example

of a polynomial that requires degree-O(n) sum of squares multipliers.

1.4.4 Comments

For a fixed f, the question of whether f is (di,d2)-sos can be solved by semidefinite
programming (either mod I or globally). However, we lose the ability to optimize the
constant coefficient of f such that f is (dj, da)-sos, as introducing sos multipliers changes
the problem to quadratic optimization, which is NP-hard. This doesn’t affect complexity
considerations, as in general we have a bound on the quantity we want to optimize (e.g. it is
known a priori to lie in some interval [0, C]). Then, we can use binary search to home in on
the value to any fixed precision. However, it is still an interesting geometric question whether
the set Xg, 4, of (da, d2)-sos functions is the feasible region of a semidefinite program.

The representation-theoretic decomposition of R[] in this chapter can be performed
in a wider setting. For example, we performed calculations by hand indicating that the
matching polytope of Kg does not equal its second theta body. Carrying these out for general
n and more complicated varieties will require more sophisticated representation theory. We

give a partial example of this in Chapter
1.5 The Representation Theory of Matchings

Chapter [5| is taken from a paper co-authored with Monty McGovern [36], currently being

written. It describes the decomposition of the space of matchings on K, into irreducible
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representations of S,.

1.5.1 Problem Description

A perfect matching in a graph G = (V| E) is a subset M C E such that each v € V' meets some
e € M, and where each pair e1, es € M is disjoint. Let M,, be the set of all perfect matchings
in the complete graph Ko,. The symmetric group So, acts naturally on M, by permuting
the labels of vertices. We wish to decompose C[M,,] into irreducible representations of Say,.

We quickly recall the necessary concepts from representation theory. A representation of
a group G is a vector space V on which G acts by linear transformations: that is, a group
homomorphism p: G — GL(V'). A subrepresentation of V' is a vector subspace W C V for
which GW = W. A representation V is irreducible if the only subrepresentations of V' are
0 and V itself. For the symmetric group S, the irreducible representations are called the
Specht modules S* and are in bijection with the partitions A of n. For their construction,
see the textbooks [41] and [17].

Suppose V is a representation of a group GG, and H is a subgroup of G. We can make
V into a representation of H by simply forgetting the elements of G \ H; this operation is
known as restriction and is denoted Res% (V). A similar operation is induction. Here, we are
given a group G, a subgroup H, and a representation V of H. We can define the induced
representation Ind$ (V) = CG @cpy V. The theorem we need here is the Branching rule [&1],
that Resg  (S*) = >,- S and Indg_ (SY) = 3,4 SAT. The sums A~ and At range

over all partitions obtained from A by removing, respectively adding, a single cell.

1.5.2 Background

In [8] Barbasch and Vogan showed that C[M,,] = @,S*, where the sum is over all partitions
A F 2n consisting of even parts. Their key lemma uses the restriction and induction operations

to link the n — 1 and n cases of the theorem:

ndg? ! (C[Mp1]) & Res$ (C[M.,]).

-1
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From this lemma, it is straightforward to use induction on n to prove the desired decomposi-
tion of C[M,,].

From the perspective of representation theory, this settles the matter, because it describes
C[M,,] up to isomorphism. However, to use this in determining sums of squares mod I, we
need to know the explicit decomposition of C[M,,] into irreducible representations. That is,
for each valid A F 2n, we require an embedding S* — C[M,,]. From Barbasch and Vogan,
we know such a map exists, but not necessarily how to find it.

A natural idea is to “increase 2 to m” in the definition of matching. There are two
natural ways to do this: perfect matchings on hypergraphs, and permutations of cycle type
(m™). We describe hypergraphs first.

An m-uniform hypergraph is a collection G = (V, E) of vertices and edges, where an edge
is a collection of m vertices. The case m = 2 gives the usual definition of a graph. Denote
the complete m-uniform hypergraph by K,(lm) = ([n], ([;‘L])) A perfect matching in Ky(,:r,;) is a
collection of n disjoint edges whose union is [mn]. Equivalently, it is a set partition of [mn]
into n sets of size m. Let M,, ,, be the set of all matchings in K,gm).

The second generalization is based on permutations of a fixed cycle type. Let Z,,,, C Spn
be the set of all permutations consisting of n disjoint m-cycles, such as (12)(34)(56)(78) for
n =4,m = 2. Let Sy, act on Z,,,, by conjugation: o -7 := oo for ¢ € Sy, T € Zmn-
It turns out that C[M,,] = C[2Z;,]; for example, the permutation (12)(34)(56)(78) € Z24
is mapped to the matching also written (12)(34)(56)(78). This suggests an alternate
generalization of C[M,]. Fix m and let Z,, ,, be the set of all permutations in S, of cycle

type m™. For example, when (m,n) = (4,2), an example is (1234)(5678).

1.5.8 Results

e We find an explicit isomorphism between C[M,,] and ©,S5*. To construct the isomor-
phism, we give a map from each S* to C[M,,] by imposing a matching structure on
the elements of S*. We check that this map is injective; by the Barbasch-Vogan result,

it is an isomorphism.
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e We also extend the induction lemma in Barbasch and Vogan’s proof to both of our

generalized cases:

Indsmnfl ((C[Mm,n—l] ® 1) >~ ReSSZZq(C[Mm’”D

Sm(n—l) ><S'mfl

Indgmn—l (C[Zm,n—l] X 1) = RGSEZZZ_I(C[ZWJZ])

m(n—1)

We use this lemma to explicitly compute the decompositions of C[M,, ] and C[Z,, ;]

for small values of m and n.

e In particular, we compute enough of the decomposition of C[Ms,] to show that it
is not multiplicity-free for n > 5. Combined with the growing complexity of the
decompositions for n < 6, this would suggest that no nice pattern analogous to the

m = 2 case exists.

1.5.4 Comments

We extended the induction lemma to our generalized cases. By analogy with the case
m = 2, one might guess that C[M,, ] or C[Z,.,] would be isomorphic to @,5*, where the
sum is over all A = mn with all parts divisible by m. In fact, even for (m,n) = (3,2) we
get C[M3 o] = 56 4 5(42) instead of S + $(33) as conjectured. The decomposition of
C[Z3,2] is even further from the conjectured (6), (3, 3), instead consisting of the partitions
(6),(2,1,1,1,1),(2,2,2),(4,2),(3,1,1,1), and (4, 1,1), each with multiplicity 1. So far we
have not been able to find the pattern behind the decomposition, and are not hopeful
that one exists. However, if a pattern is identified, it should be straightforward to use the

generalized induction lemma to prove it.
1.6 A Note on Notation

The following chapters were published as separate papers, and in some cases refer to different
aspects of the same or related problems. As such, the chapters use different notation to fit

the topic at hand, so the same object may have different notations in different chapters.
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Chapter 2
BOOTSTRAP PERCOLATION ON THE HAMMING TORUS

2.1 Introduction

Bootstrap percolation is a simple growth model, introduced to understand nucleation and
metastability in physical processes such as crack formations, clustering, and alignment of
magnetic spins. It was introduced in 1979 by Chalupa, Leath and Reich [14]. For more
applications and background see surveys by Adler and Levi [I] and Holroyd [29].

Given a graph G = (V, E), bootstrap percolation with threshold 6 is the following discrete-
time growth process: given an initial configuration w € {0,1}V, an increasing sequence of

configurations w = wq, w1, . .. is defined by

1 ifwj(v)=1or ), , wijw) >0

wjt1(v) = -
0 else
and ws is the pointwise limit of w; as j — oo. The initial configuration w is random;
{w(v) : v € V} is a collection of i.i.d. Bernoulli random variables with parameter p. A
natural quantity to study is Pp(wss = 1). Indeed, first results in this area were by van
Enter [48] and Schonmann [42], who proved that for the lattice Z¢ this probability is either
1 or 0 according to whether 6 < d or # > d. Following the seminal work of Aizenman and
Lebowitz [2], it became clear that this process is even more interesting on large finite graphs.
For a family of graphs depending on a single parameter n, with the number of vertices going
to infinity as n increases, we assume that p = p(n), and study the dependence on n of the

critical probability p. defined by
Py (weo =1) =1/2.

We mention only a few prominent results on how p. scales with n. Let [n] = {1,...,n}.

For a large lattice cube [n]¢ C Z? (where each point is connected to the nearest 2d points)
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, Aizenman and Lebowitz [2] proved that p. behaves as (h)én)d_1 when 6 = 2, and later

Cerf and Cirillo [12] and Cerf and Manzo [I3] established the scaling (logy_; n) =491 for

3 < 6 < d; here logy_; denotes the (§ — 1)’st iteration of the logarithm. For the hypercube
{0,1}", Balogh and Bollobas [4] proved that the scaling for p, is n=24=V" when 6 = 2; by
contrast, for the very large threshold § = [n/2], the majority bootstrap percolation studied
by Balogh, Bollobés, and Morris [7], p. is close to 1/2.

Such scaling results do not tell the whole story. They suggest the existence of an order
parameter, a function of p and n whose size determines whether Pp(ws = 1) is small or
close to 1; e.g., on a lattice square [n]?, such a function is plogn. This leads to two natural
questions: Does the probability exhibit a sharp jump from 0 to 1 as the order parameter
increases? Does the location of the (purported) sharp jump converge as n increases? (There
are good reasons to expect the answer to the first question to be positive in surprising
generality [16].)

In a major breakthrough, Holroyd [28] established a positive answer to both questions in

the lattice square case, and proved that p. ~ %. This celebrated theorem contradicted
conjectures based on simulations, which is due to the fact that p.logn converges to its limit
very slowly, as about 1/v/Iogn [24]. For lattice cubes [n]?, d > 3 and 2 < # < d, the sharp

transition was established by Balogh, Bollobds, Duminil-Copin, and Morris [6, [5].

Besides varying the dimension of the lattice or the threshold, one can also vary the
neighborhood of a point. For example, Holroyd, Liggett and Romik [30] consider the lattice

square [n]?, with the “cross” neighborhood of a point that consists of k — 1 points in each of

2
3k(k+1)logn"

the 4 axis directions, and § = k. In this case, p. ~

In this paper we consider bootstrap percolation on the Hamming torus (or Hamming
graph) with vertex set V = [n]?, where v € V and w € V are adjacent iff v — w has
exactly one nonzero coordinate. In d = 2, this graph could be interpreted as taking the
Holroyd-Liggett-Romik neighborhood [30] with k£ = co. For any d, the neighborhood of a

point v is the union of all d lines through v parallel to the axes. We emphasize, however,

that the threshold 6 remains fixed as n increases (although some of our results assume
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that @ is large). Other models of percolation, including bond percolation [I1l, [47] and site
percolation [43], have been considered on the Hamming torus, and were shown to exhibit
interesting behavior due to the large neighborhood sizes relative to nearest-neighbor lattices
and hypercubes. For the same reason, we expect qualitatively different transition phenomena
in bootstrap percolation on the Hamming torus from those described above. First, the
critical probability is much smaller. In fact, our results suggest that p. is of the order n™¢,
for some critical exponent o > 1. We are able to determine « exactly in a few cases, and
give estimates otherwise. Moreover, we expect that varying the order parameter n“p does
not lead to a sharp jump of Pp(ws = 1) from 0 to 1; instead, this probability gradually
approaches 0 (resp. 1) as the order parameter approaches 0 (resp. 00). When d = 2 this is
easy to demonstrate for arbitrary 6, but when d > 3 the combinatorics are quite difficult even
when « is known exactly. Nevertheless, we succeeded in analyzing the case d = 6 = 3, which
has a = 2: we give an explicit formula for the limit of P,(we = 1) when pn? = a € (0, 00).
See [31], Theorem 3.2, for an analogous result for bootstrap percolation on Erdos-Renyi

random graphs.

Moreover, in dimensions d > 3 we find two distinct critical exponents. When p is much

—1-d/o

smaller than n , the model does not accomplish much; with high probability it does not

—1-d/6 —1-2/6—¢'/63/2
b

even fill a single line. When p is much larger than n , but smaller than n

for large enough 6, with high probability some lines become open, but no two dimensional

1-2/6—c"/63/2

subgraphs do, and thus Pp(wee = 1) — 0. When p > n~ , and 6 is large enough,

Pp(wee = 1) — 1. Here, 0 < ¢’ < ¢ are constants depending on d.

It remains an open question for 6 > 2 whether the critical exponents for the appearance of
open subspaces with dimension ¢ are distinct for each 2 < ¢ < d. However, in subsequent work,
Slivken has proven that for 8 = 2, there are distinct critical exponents for the appearance of

open subspaces with dimension 2i for 1 <4 < /d [44].
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2.2 Statement of Results

Let F be a family of subsets of [n]?. Then
P,(3F € F: wxlr =1)

is a nondecreasing function in p. For F; the collection of i-dimensional subgraphs of GG, there

exists a threshold function p.(i,d) such that
Ppc(i,d)(ﬂF €EFi: weolp=1)=0.5.

If wj(v) =1 we say v is open at step j, and a set S C V is open if each v € S is open, i.e.,
wjls = 1.

For ¢ = 0 we have an additional critical probability p%(0,d). We would like to define it
to be the threshold function for ws Z wp; unfortunately, this is not an increasing event.
Instead, we define the event

Above Threshold = {31} : Z wo(w) > 9}

w~v
and p}(0,d) to be the p for which P,(Above Threshold) = 0.5.

We write f(n) ~ g(n) if % — 1. We conjecture that for every 6,i,d € N with ¢ < d,

there exists a. = a.(0,1,d) and o, = (0,1, d) such that
pe(i, d) ~ acn™%e.

Moreover there exists a nondecreasing function G = G(0,i,d) : R™ — [0,1] such that

G(x) > 0asx — 0, G(x) - 1 as © — oo, and if p = an™* then
P,(3F € Fi : weolr =1) ~ G(a).
We are able to prove that this is the case for d = 2.
Theorem 2.2.1. Letd=2,k=10/2] >1 andp = an™'"%. Then

B( ) 1 — ¢ 2a"/K! if 0 is odd,
Woo = 1) —
(1-— e_ak/k!)2 if 0 is even.

25



Thus
pe(2,2) = pe(1,2) = pi(0,2) = n—1-240(073/2)

Furthermore,

P({woo Z wo} \ {wee = 1}) = o(1).

As d increases the problem becomes more intricate. For d = 3, we are able to identify

the limit under critical scaling when 6 = 3.

Theorem 2.2.2. Letd =3, 0 =3 and p = an~? with a > 0. Then as n — oo

Pp(wee =1) = 1 — e @ =(3/2)a?(1—e72) Baz ((e_a + ae_3“)2 — e_2a> e et

(2.2.1)

Other three dimensional results include determining the critical exponents (8.) for d = 3
and low thresholds, but not the exact constants a.; see Section 5 for details.

Many of our results state that

. _q1_a@d) op-3/2
pc(lad) =n! 0 o )7

where ¢; = ¢1(i,d) is a constant. This shorthand notation means that, for a large n, we can
get a lower bound and and upper boud for p.(i,d) of the stated form, with constants in the
correction term ©(#~%/2) depending on i and d.

For general d > 3, we calculate p’(0,d) and p.(1,d) for all d > 2 quite precisely.

Theorem 2.2.3. Let p = f(n)n_l_% and d,0 > 3. If f(n) — 0 then
P(Above Threshold) — 0
and if f(n) — oo then
P(3 a line ¢ such that welg =1) — 1.

Furthermore, we get good bounds on p.(2, d), the threshold for existence of two dimen-

sional subspaces in the final configuration.
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Theorem 2.2.4. Fiz d and fix 0 sufficiently large depending on d. For n sufficiently large
_1_2_4d>+3 9 A/Bd—21)

n 0 g3/2 < Pc(Q,d) < n_l 0 93/2

(We have not attempted to optimize the constants 1/8(d — 2.1) and 4d? + 3 in the above
theorem.) The key arguments in the proof of Theorem are Lemmas and

The higher the dimensions i and d, the more difficult it becomes to calculate p.(i,d).

However, Theorems [2.2.3| and [2.2.4] are sufficient for us to get bounds on p.(i,d) for all

i,d > 2.
Theorem 2.2.5. For alli > 2 and d, and sufficiently large n,

peli, d) = n~1=3-00/%),

Proof. 1t is easy to see that p.(i,d) is nondecreasing in ¢ and decreasing in d. Also p.(d, d)
is decreasing in d. To see this last inequality note that when n > 30 and d = j + 1
P,.(j,j)(3 at least 6 i such that weo|( v x,...) = 1) > 1/2.

The event on the left hand side implies that ws, = 1 and thus

pe(j+1,5+1) <ped,7)

and inductively
pe(d, d) < pe(3,3).
So
Pe(2,d) < pe(iy d) < pe(d, d) < pe(3,3).
By Theorem

_1_2_\/ﬁ+0(1)
pe(2,3) <mn 7 632

By coupling it is easy to see that w chosen when p = 100p.(2, 3) stochastically dominates
the union of 106 independent w’ chosen with p = p.(2,3). Then by the definition of p.(2,3)

P1o6p.(2,3) (3 at least 0 i such that weo|(j v =1) > 1/2.
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The event on the left hand side implies w|, = 1 and thus
pe(3,3) < 100p.(2, 3). (2.2.2)
And putting this all together for all d > 3 and 2 < i < d,

_q_2_4d*+240(1) 2 VT30
n 0 03/2 < pc(27 d) < pc(i7 d) < pc(da d) < pc(3a 3) < 109]9@(2, 3) <n ¢ 03/

which is the desired result. O

Remark 2.2.6. The above results are all asymptotic statements in n. One natural question is
whether we can obtain non-asymptotic bounds on the critical parameters. Our arguments do
in fact produce bounds on the critical probability for specific values of n. Keeping track of
(or even stating) these bounds is quite challenging and we have made no attempt to optimize
them. Different results kick in at different values of n, but all of them work if n is at least

roughly e,

The rest of the paper is organized as follows. In Section we prove the two-dimensional
Theorem In Section we give a necessary condition for a plane to become open
when d = 3 and in Section [2.5| we give a sufficient condition for this event for arbitrary d.
Section 2.5 also features the resulting upper and lower bounds for critical exponents in three
dimensions and the proof for the upper bound in Theorem Section features the
proof of Theorem although some details are deferred to Appendix In Section
2.7 we study when a line is likely to become open and establish Theorem [2.:2.3] In Section
[2.§ we provide a lower bound on the value of p that makes it likely that a plane becomes
open; this, together with results in Section will conclude the proof of Theorem

We conclude with a short list of open questions in Section [2.9]
2.3 Precise two-dimensional results

In the two-dimensional case we can describe the limiting behavior exactly as n — oco. Let

kE=1[0/2] and p = an~'"% for some constant a. Also assume k > 1; the cases 6 = 1 and
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6 = 2 are easy to work out separately. (For 6 = 1, wy = 1 if and only if wy # 0; for 6 = 2,

weo = 1 asymptotically if and only if wp contains at least two non-collinear open points.)

Lemma 2.3.1. Let k = [0/2] and p = an~'"%. With probability going to 1, there are no

lines with at least k + 1 points initially open.

Proof. The probability that a given line has k£ + 1 points initially open is bounded above by
(kil)p’l“rl < phtlphtl < a*+1p~1=% . Since there are 2n lines the union bound shows that,

asymptotically almost surely, none of them have k + 1 points. ]

Lemma 2.3.2. Fiz an e > 0. Let k = [0/2] and p = en~'"k. Fiz constants A, B and
choose B fized vertical (resp. horizontal) exceptional lines. With probability going to 1, there
are at least A horizontal (resp. vertical) lines, which contain k — 1 initially open points none

of which are in the union of the exceptional lines.

Proof. Each of the n horizontal lines satisfies the condition independently with probability

at least
n—B\ ;_ _ 141
P = o),
k—1
The probability that there are at least A such lines therefore goes to 1. O

Let Eyoriz be the event that some horizontal line contains at least k initially open points,
FEyert the corresponding event for vertical lines, and FEyoriy, © Every the event that the two

occur disjointly.

Lemma 2.3.3. Let k = [6/2] and p = an~'"%. We have

IP>p<E1h07”iz N Evert) \ (Ehom'z o Evert)) — 0.

Furthermore,

_ak
Pp(Ehoriz N Eyert) = (1 —e™¢ /k!)2

and

_ak
IP:p(EhoMz UPFEyert) > 1— (e /k?!)2.
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Proof. The event (Eporiz N Evert) \ (Ehoriz © Fvert) happens only if some point v is open, and
each of the two lines through v contains exactly k — 1 additional open points. The probability

that such a point exists is bounded by
2
n?p (nkilpkA) = O(n*H%) — 0.

This proves the first assertion.

As FEhoriz and Eyery are increasing events, Pp(Ehoriz N Evert) > Pp(Ehoriz)Pp(Evert) =
Pp(Ehoriz)? by the FKG inequality. Conversely, the BK inequality gives P, (Enoriz)Pp(Evert) >
Pp(Ehoriz © Fyert). Thus Py(Eperiz N Evert) — Pp(Fhoriz)?> — 0. Moreover, the number of
horizontal lines with at least k open points is Binomial and converges in distribution to
a Poisson random variable with expectation a¥ /k!. Thus Pp(Ehoriz) — 1 — e/ k!7 which

easily ends the proof. O

Let G be the event that the entire graph becomes open; i.e., G = {ws = 1}.

Lemma 2.3.4. Let k= [60/2] and p = an~ "% If 0 is even, Pp(G) — P(Eporiz N Evert) = 0,
while if 0 is odd, Pp(G) — Pp(Ehoriz U Eyert) — 0.

Proof. If 6 is odd the process adds no new open vertex unless there is some line with at
least k vertices initially open. So G C FEygriz U Fyert- If 0 is even, then by Lemma [2.3.1
Pp(G\ (Ehoriz N Evert)) — 0.

Fix an € > 0 and let w*, w’, and w” be three independent configurations, the first with

_1
1=%. Observe

pf=(1- 26)71_1_%, and the other two are “sprinkled” with small p’ = en™
that wp (generated with p) stochastically dominates w* U w’ Uw”.

Now suppose 6 is odd and Ejori; U Eyert occurs in w*. Then some line £ has k points open
in w*. We now describe the events that occur with probability 1 as n — co. By Lemma
there are 6 lines {¢,} parallel to ¢, each with k — 1 points open in w’. Moreover, again
by Lemma there are 6 lines {6;»/ } perpendicular to ¢, each with k — 1 points, which are
open in w” and avoid ¢ and all ;.

Let G* be the event that the initial configuration w* Uw’ Uw” eventually causes every

point to be open. We claim that if the events in the above paragraph all happen then G*
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happens. First, each point of intersection of E;-’ and £ becomes open as it sees k — 1 open
neighbors on 6;-’ and k on £. Then there are # open points on ¢, so £ becomes open. Now each
point of intersection of E;’ and ¢, becomes open as it sees one open neighbor on ¢, and k — 1
additional open neighbors each on ¢ and £;. This results in 6 open points on each ¢ and ¢,
so these 20 lines all become open, and the entire graph becomes open in the next step.

It now follows that liminf P,(G) > liminf Pp (Eperiz U Evert), and the claim for odd 6
follows by continuity (in a) of limits in Lemma [2.3.3

Now suppose 8 is even. If Ey i, N Eyert Occurs, then we may assume Eygriy, © Eyert OCCUrs
by Lemma [2.3.3] That is, there is a horizontal line ¢, and a vertical line £, each with k
points initially open, excluding their point of intersection. This point of intersection becomes
open at the first time step.

As in the odd case, we may use sprinkling and Lemma to produce 6 horizontal lines
¢; and 0 vertical ¢}, each with k — 1 initially open points that avoid all other lines. Then
every point of intersection between ¢, and ¢, and between £, and £;, sees § = (k+1)+(k—1)
open sites, so it becomes open. Then ¢, and ¢, contain 6 open sites, so they become open.
Then every point of intersection of an £; with an ¢ sees 2 + 2(k — 1) = 0 open sites, so

becomes open. Now the entire graph becomes open in two additional steps. O

Proof of Theorem |2.2.1. The claimed convergence follows from Lemmas and ]

2.4 Upper bound on critical exponent in three dimensions

It is easy to see that with p = n=° for a > 1 + %, with high probability, no points that
are not initially open become open. (The expected number of vertices with at least # open
neighbors is at most Cn?(np)? = O(n®9=2%) = 5(1).) In this section we will assume that
d =3 and 0 > 3 and establish a bound on « that ensures that no planes become open (and
hence the entire Hamming torus does not become open) with high probability. A similar

result is proved for general d in Section
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Lemma 2.4.1. Letd=3 and 0 =2k — 1> 3 be odd. Let p=n~—% for a > 1+%. Then

P, (a plane becomes open) — 0. The same holds for 0 = 2k > 4 when o > 1+ %.

Proof. We may assume 6 > 4, since the § = 3 bound of a > 2 is equivalent to a > 1 + %.
We will prove the lemma for 6 odd; the even case is similar. Define the following three

conditions for a vertex v:

1. v is initially open,
2. v is on a line with at least k points initially open,

3. the neighborhood of v has at least 6 points initially open.
We first prove
[P, (there exists a plane each of whose points satisfies one of (1)-(3)) — 0 (2.4.1)

To prove , we fix a plane P, which we may assume to be the ey, es-plane, and prove
that the probability that all of its points satisfy one of (1)—(3) is exponentially small. Fix an
e € (0,1/3). Consider the lines perpendicular to P, horizontal lines in P, and vertical lines
in P, that contain at least one initially open point. Let their respective numbers be Sy, So,
and S3, and note that each of these three numbers is Binomially distributed. The probability
that a fixed line contains an initially open vertex is at most np = o(1), so P,(S; > en?),
P,(S2 > en), and P, (S5 > en) are all exponentially small. With probability exponentially
close to 1, the number of points in P included in one of the three types of lines is therefore
at most 3en?, which proves .

Let E, be the event that the point v violates all three conditions (1)—(3), but that it
becomes open and that no point violating these conditions becomes open earlier. It remains
to show that

P,(E,) = o(1/n?). (2.4.2)

We will denote by N (v) the neighborhood of a point v. If E, occurs, then N (v) has m

points initially open, for some 0 < m < 6 — 1. Then N (v) contains § — m other points
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W1, . .., Wg—m, not initially open, which become open before v. Thus these w; must satisfy (2)
or (3). Because v violates (2), each w; shares with v at most k£ — 1 initially open neighbors.
Therefore, whether w; satisfies (2) or (3), N; = N (w;) \ N (v) must contain k initially open
points.

Assume m and w; are selected. Let N be the number of initially open points in N; NN,
for some i # j. (Note that the intersection of three or more N; is empty.) Let H]" be the
event that N (v) has m initially open points, wy, ..., wy_,, exist such that N; all contain k

initially open points and that N = b. Then
6—m
P(Hy") < C(np)™n®~™ <(np)’“> : (2.4.3)

for some constant C. To estimate P(H}"), observe that each increase of b by 1 contributes
an additional factor of p and removes a factor (np)? from the right-hand side of . By
monotonicty, we may assume a < 2 so p < (np)? (recall § > 5s0 1+ 8/(30 — 1) < 2); then
P(H™) < P(H") for all b > 0 and m. Furthermore, n*p*~1 = o(1) (since k > 2), thus the
upper bound in increases with m. It follows that P(F,) is bounded by the expression
in with m = 6 — 1, which gives

n3P(Ev) S Cn3k+2p3k—2 N 0,

proving (2.4.2). O

2.5 Internally spanned planes

In this section, we prove the upper bound in Theorem regarding p.(2, d), the critical
probability for the existence of two dimensional planes in the final configuration. We also
introduce a dimension-reduction inequality that allows us to compute lower bounds on
the spanning probabilities for arbitrary d and 6. To do so, we introduce the notation
og(d, p) for the probability (as a function of n, which is suppressed in the notation) that the
d-dimensional Hamming torus is spanned by bootstrap percolation with threshold 6 and wy
chosen according to a product measure with probability p. Our first result is a lower bound

on oy(2,p), which will allow us to find lower bounds for all d later on.
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Lemma 2.5.1. Let k = [6/2] and liminf n®p =b > 0 with « > 1+ 1/k. Then there exists
a constant C > 0 depending on 0 and b such that for all sufficiently large n, o9(2,p) > Cn="

where

ak?®+ala+1)—aala—1) — (k+1)? 0 odd
Bla) = (2.5.1)
ak(k+1)+ala+1)—aala—1)—(k+1)(k+2) 6 even,
and a = |a/(a—1)].
Remark 2.5.2. If a =1+ 1/k and p = b/n® then 04(2,p) — ¢ € (0,1) by Theorem [2.2.1] so
Bla) =0 for a <1+ 1/k.

1
I [ B
l

1

I

|
F—-—— - -q---=---

|

|

S —
—C— 31 3

Figure 2.1: This configuration will span the two dimensional Hamming graph when 6 = 2k —1
is odd. Each region bounded by solid lines is approximately n/3 x n/3. The hashed lines are
spaced ﬁ units apart, so each subregion has height and width on the order of n. A red
oval represents the existence of at least one line (in the direction indicated) in that region

with the specified number of open vertices.

Proof. Observe that the configuration in Figure[2.1]is sufficient for spanning for odd § = 2k—1.

In the figure, the two dimensional Hamming graph is first subdivided into nine regions that
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have dimensions n/3 x n/3. The hashed lines further subdivide some of the regions, and
are spaced ﬁ
Each red oval represents the existence of at least one line (in the direction indicated) in
that region with the specified number of open vertices. To check that this configuration
leads to spanning, observe that the horizontal line containing k open vertices is the first to
span: after one step the vertex at the intersection of this line and the vertical line with £ — 1
open vertices becomes open, after two steps the vertex at the intersection of this line and
the vertical line with £ — 2 open vertices becomes open, and so on until this line contains
2k — 1 open vertices and the entire line becomes open. As this line is made open, all of the
vertical lines each gain one additional open vertex, so the vertical line with £ — 1 initially
open vertices is next to span in the same fashion, followed by the horizontal line with £ — 1
open vertices and so on until all 2k — 1 lines with ovals span and cause the rest of the graph
to become open. The reason for subdividing the graph into disjoint regions like we have is
so that all of the events depicted are independent. Therefore, the spanning probability is

bounded below as

ook—1( > P, (configuration in Figure [2.1))

k—1 n/3(k—2)
T

/=1
(2.5.2)

Ifp=xn“anda <1+ % then the lower bound in tends to 1 as n — oo, in agreement
with Theorem so we assume p < n ¢ and a > 1+ % In this case, the terms in
the product in the last line of for which ¢ < 1/(a — 1) either tend to 1 or (in the
case of equality) are bounded away from 0 as n — oo. Therefore, by applying the bound
(1 —2)™ <1—max+m?z? for x € (0,1), we bound - from below by

k—1
2
C |nF+ipk — o(nkﬂpk)} H [n”lpz — o(n“lpe)} (2.5.3)
l=a

where a = |a/(a —1)] and the value of C here is not smaller than (3 - k!)~2* for any

a>141/k. We can take p = (b/2)n™® by noting that o¢(2,p) is increasing in p, so the
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constant C' appearing in the Lemma is not smaller than (3 - k!)~2%(b/2)**+1) Computing
the exponent of the leading order term in when p = (b/2)n~® gives the formula for
B(a) when 6 is odd. A configuration similar to the one in Figure but where there is one
additional column with £ initially open vertices, provides a sufficient condition for spanning
when 6 = 2k. This leads to an expression like the one in , except with the first factor

squared, and leads to the formula for 5(«) when 6 is even. O

Our first application of Lemma is to prove the upper bound in Theorem

Theorem 2.5.3. Fiz d > 3 and fiz 0 large enough depending on d (6 > 650(d — 2.1) is

sufficient). For all sufficiently large n
pe(2,d) < -t VEE 2D

To prepare for the proof, we need a bound on the function S(a) in Lemma that
eliminates the use of the floor function. We isolate the reasoning by treating just the terms

involving a.
Lemma 2.54. Ifl<a<2anda= |a/(a—1)] then

ala+1)—aala—1) < ﬁ—%—l—{—%(a—l) (2.5.4)

Proof. Let ¢ = a— 1 and suppose % = m +u where m > 1 is an integer and u € [0,1). Then

we can write (2.5.4)) as

1 1
a(—sa—l—?—l—e)—zgl—i-ie,

so we must prove this inequality. Observe that

1
a:{ +€J =|m+u+1l]=m+1,
€

so we have

1 - 1)2+2 1 1- 2
a(—ea+2+e)—;: (m+1)°+ (m—l—u)7(71m+—l—u)—|—m+ (m+u)
u — u?

m-+u

1
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Proof of Theorem[2.5.3 We can divide the d-dimensional Hamming torus into n?=2 disjoint
2-dimensional planes all parallel to the ej,es-plane. Our goal is to show that at least
one of these planes are internally spanned with high probability when p = n™* with
a=1+2/0+/8(d—2.1)/6%2. The number of these 2-planes that are internally spanned
is binomially distributed, so we need only to show that the expected number of internally

spanned planes tends to infinity. The expected number of internally spanned planes is
n%204(2,n"%) > Cnd=27A)

by Lemma [2.5.1] By applying Lemma [2.5.4] we see that when # = 2k — 1 is odd

Bla) = ak? — (k+1)* +a(a+1) — aala — 1)

1 1
< 2 _ 2 - — —
<ak‘—(k+1) +a_1+1+2(a 1)

2 8(d—21)\ [6+1\* [6+3)\* 9 1 8(d—2.1)
=[1+2 - =L=2 14 -4 vVO= =)
(*9* e >< 2 ) < 2 ) R A AR T

0 3 8(d—21)

< P2 VOl T a2y 9g-1/2 4 g-3/2
< 2+20+ 1 (0= +20 +07°7%)

0(1_ 8(d—21) 8(d—2.1)>+ 8(d—21)

ta Y] 203/2

2
d—21
—d—p14 o V82D

2 (2072430707

<d-2

where the last inequality holds for 8 large relative to d, and in the fourth line we used the
inequality (1 +z)™! <1 —x + 2% for z > 0. This implies that the expected number of
internally spanned 2-dimensional planes tends to infinity with n, and completes the proof

for odd #. The proof for even # is analogous. O

The next theorem is a simple but powerful observation, which we refer to as the dimension

reduction inequality.
Theorem 2.5.5. Foranyd>2,60>2, and1<d <d-1

oo(d,p) > og(d —d',o9(d', p)). (2.5.5)
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Proof. We can subdivide the d-dimensional Hamming torus into n¢~¢ disjoint sub-Hamming
tori of dimension d’. The probability of internally spanning a fixed sub-Hamming torus is
og(d',p), and the initially open sets in the sub-Hamming tori are mutually independent.
Therefore, we may identify each d’-dimensional sub-Hamming torus with a single vertex,
which is open independently with probability oy(d’,p), and the result is a subset of a
(d — d')-dimensional Hamming torus that spans with probability og(d — d’, og(d’, p)). If this
procedure spans the (d — d’)-dimensional Hamming torus, then the original configuration in

the d-dimensional graph will span as well. ]

Since we can compute bounds for oy(2,p) and o¢(1,p) for all § and p, the dimension
reduction inequality yields lower bounds on the critical exponents for all d and 6. In some
cases, the lower bounds obtained this way match our upper bounds, so we can precisely
compute the critical exponent. For instance, when d = 3 and 8 = 4 we see that the critical
exponent is a, = 1+ d/0 = 7/4. In this case, if « = (7 —€)/4 with 0 < ¢ < 1 then
Lemma with k& = 2 implies that ¢4(2,n~%) > en® 4% = en=!7¢. Then, since oy(d,p) is

increasing in p,
04(3,n7%) > 04(1,04(2,n7%)) > 04(1,en 1) = P(Bin(n, en™17¢) > 4) — 1.

Theorem implies that 14 d/6 is always an upper bound for the critical exponent, so in
the case d = 3, § = 4 the critical exponent is 7/4.
As a second example of how to apply Lemma [2.5.1] and Theorem [2.5.5] consider the case

d =6, 8 =5. Applying dimension reduction and Lemma twice yields
o5(6,n7%) > 05(4,05(2,n"*)) > 05(4, Cn @) > g5(2,cn P,

The last term above tends to 1 as n — oo if 5(f(«)) < 4/3 by Theorem so finding the
supremum over « satisfying this inequality gives a lower bound on the critical exponent in
this case. With a little help from Matlab we can numerically compute this supremum, and

generate lower bounds for other d and 6. See Figure for plots of upper and lower bounds
on a for d € {2,3,4,5,6} and 6 € {2,...,20}. Table lists all cases for which our upper
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0 2 |3 4 ) 6 7 8 9 10 11 12

Lower Bound || 5/2 | 2 | 7/4 | 11/7 | 3/2 | 7/5 | 19/14 | 17/13 | 23/18 | 5/4 | 27/22
Upper Bound | 5/2 | 2 | 7/4 | 11/7 | 3/2 | 7/5 | 15/11 | 17/13 | 9/7 | 5/4 | 21/17

Table 2.1: Upper and lower bounds for the critical exponent when d = 3. If p xn™® and «
is larger than the upper bound then spanning will not occur with high probability, while if

a is smaller than the lower bound then spanning will occur with high probability.

and lower bounds match when d = 3, and a few cases for which they conspicuously do not
(0 = 8,10,12). The upper bounds in the table are the smaller of 1 + 3/6 and the bounds
from Theorem — either 14+ 8/(360 — 1) or 1+ 8/(30 — 2), depending on whether 6 is odd

or even.

2.6 A precise three-dimensional result

In this section, we precisely compute the limiting spanning probability in the case d = 3
and # = 3. As computed in Section the critical exponent in this case is a = 2, so we
consider the scaling p = an™2 when a > 0 is a constant.

The resulting limit in Theorem is a simplified expression for a probability involving
Poisson random variables with means depending on a. Indeed, to compute the spanning
probability, we identify the minimal ingredients that lead to spanning, and show that their
frequencies of occurrence in wy converge jointly to independent Poisson random variables by
using the Chen-Stein method [9]. First, we identify two fundamental configurations, which
we will define carefully later: points that see at least one open vertex in each direction
(Figure and lines that contain at least two open vertices and at least one more open
vertex in the same plane (Figure . At least one of these configurations is necessary
(in the limit) for spanning because lines that contain 3 or more open vertices do not appear

2

when p = an™2, as the expected number of such lines is O(n?(np)3) = O(n!). Note
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Figure 2.2: Upper and lower bounds for the critical exponent when p < n=.

that in the definitions of our configurations we allow for there to be three or more open
vertices in a line, even though this is unlikely to occur for large n. This is to maintain some
monotonicity of the events, and simplifies the Poisson convergence proofs. Each fundamental
configuration also has a corresponding “enhanced” configuration (Figures and , which
requires additional open vertices in certain planes. Each of these configurations has nonzero
probability in the limit, and affects the limiting spanning probability.

We must now determine which combinations of these ingredients are asymptotically

necessary and sufficient for spanning. This is summarized as follows:
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(a) (b)

Figure 2.3: Without one of these configurations appearing somewhere in the graph at time 0,
nothing will become open at time 1 when d = § = 3. The open circle in (b) is to emphasize
that this ‘Basic’ configuration is with respect to a focal vertex which will become open at
time 1. The ‘Line’ configuration in (a) is indexed with respect to the line which contains
two open points, and the single open vertex off of the horizontal line signifies that at least

one vertex on one of the two planes containing the focal line must be open.

1. At least one ‘basic’ configuration like that in Figure 2.3(b), AND at least one ‘line’
configuration like that in Figure [2.3(a); OR

2. At least one ‘enhanced basic’ configuration like that in Figure OR

3. At least one ‘line’ configuration, AND at least one askew (non-parallel, non-intersecting)

line that contains at least two open vertices (see the configuration in Figure [2.5); OR
4. At least two ‘line’ configurations like the one in Figure OR

5. At least one ‘enhanced line’ configuration like those in Figure [2.6]

We call wy good if it contains at least one of the recipes (1)—(4) described above; a formal
definition is given below. The event {wy is good} is asymptotically equivalent to the event

{wo spans} in the sense of the following lemma.
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Figure 2.4: ‘Enhanced Basic’: First the two lines containing the open circle in the front plane
will span, followed by the two dotted lines then the front plane. Once a plane is spanned, the

rest of the graph is likely to be spanned (see the last paragraph in the proof of Lemma [2.6.1]).

Lemma 2.6.1. Ifd =0 =3 and p = an™2, then as n — 0o
P(wq is good) — P(wee = 1) — 0.
To formally define the event {wy is good}, and for the proofs that follow, we need to
introduce some notation.
Notation

Let e1, e2, e3 denote the standard basis vectors in R3. For v,w € V let d(v, w) be the number
of nonzero coordinates of v —w. Let N'(v) = {w € V : d(v,w) = 1} denote the neighborhood
of v, and for A C V let N(A4) = UpeaN (v) \ A.

The basic and enhanced basic configurations will be indexed by vertices, while the line

and enhanced line configurations will be indexed by lines. So, we let
L ={CV:|f|=nand Vo,w € ¢, dv,w) <1}
be the set of lines in V. Also, for i = 1,2, 3, let
L ={leZ Yuvel,Im=m(uv) €EZ s.t. u=v+ me;}

denote the collection of lines in V parallel to the coordinate axis in the e; direction. For the

duration of this paper we will use ¢ to refer to a generic line.
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Figure 2.5: This configuration leads to the front plane being spanned, and the graph is likely
to be spanned. There is a ‘line’ configuration with respect to the line that contains the two
closed circles - the rectangle in the front plane completes the configuration and leads to the
spanning of the top line in two steps. After the line with two circles spans, the line with two
triangles is now in a ‘line’ configuration, and spans in two more steps. The vertex at the
intersection of the dotted line and the line with the triangles is now open, and leads to the
vertex at the intersection of the dotted lines becoming open, which leads to the spanning
of the front plane in three more steps. Note that it is crucial for the lines with the circles
and triangles to be askew — if these lines were parallel then the front plane would not span

without additional help.

To apply the Chen-Stein method, we let Basic, Line, Line(), EnhancedBasic, EnhancedLine,
and NonEnhancedLine be the random variables that count the number of occurrences of the
corresponding configurations in wg, which we now define carefully. The relevant events are a

bit difficult to describe, so we refer the reader to Figures for guidance.

Define the basic event, for v € V, to be

Gf = {3 wy,we, w3 € wy \ {v} and I my,my,m3 € Z s.t. v =w; + mye; for i =1,2,3}.

As Figure 2.3(b)|indicates, the basic event occurs at v if v has at least one initially open
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Figure 2.6: ‘Enhanced Line’: These configurations (and any rotations or shifts of them) are
likely to span. The triangle vertex will cause a second line in the front plane to be spanned,
thus the full front plane will be spanned if there is an additional open vertex anywhere in
the graph that is not coplanar with this line or the line with two circles. Once a plane is

spanned, the rest of the graph is likely to be spanned.

neighbor in each basis direction. Define the enhanced basic event, for v € V, to be

GEP — (3w e wy s.t. d(v,w) =2, and I wy, wo, w3 € wy \ (N (w) U {v})

and 3 mqy,mg,m3 € Z s.t. v = w; + mye; for i = 1,2, 3},

As Figure indicates, the enhanced basic event occurs at v if the basic event occurs at v
and there is at least one open vertex in one of the planes containing v that is not a neighbor
of v. Further, this additional open vertex should not be collinear with the sole open neighbor
of v in any direction; if there were two open neighbors of v in a single direction, then we
could allow the additional open vertex to be collinear with one of them, but this event is
rare. Let I” be the indicator random variable for the event G, so Basic = > IP, and let
IEB be the indicator random variable for the event GEB| so EnhancedBasic = Y IFP. In
general, we will denote by I;‘ the indicator of the event G?.

For each line ¢ € £ we define the line event

GE ={ltnwo| =2,IN(0) Nwo \N(¢Nwy)| > 1}U{|£Nwo| >3, IN() Nwy| > 1}.
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As Figure suggests, the line event occurs at £ if £ contains at least two initially open
vertices, and there is at least one additional open vertex in the same plane as £. This
additional open vertex should not be in the neighborhood of the two open vertices in ¢,
though if there are three or more open vertices in £ then the location of the additional vertex
does not matter. We now define Line =, o, I KL , and because we will also need to count
the number of line events in a particular direction (for case (3) in the recipe for spanning),

for i =1,2,3 we let Line; = ZZE% IEL. For each ¢ € . we define the (-line event
GPF = {[tNwol = 2} \ GF,

and let Ig)L be the corresponding indicator random variable so Linel) = 3", o I ?L and for
i = 1,2,3, Line(); = ZZE_% I?L. The (-line event occurs at ¢ if ¢ contains at least two
initially open vertices, and there are no other open vertices in the same plane as ¢ (except
possibly those that are collinear with one of the two open vertices in /).

For each line ¢ € ¥ we define the enhanced line event

GEL = {JtNwy| =2 and Fv € N(£) Nwo \N (£ Nwp) s.t. INN(v) Nwo \NENN(v)] > 1}
U{llNwo|>3,3veN{)Nwy s.t. IN(N(v))Nwo \NUENN(v))| > 1}

IEL

and let fL be the corresponding indicator random variable so EnhancedLine = ), o I;

and for ¢ = 1, 2,3, EnhancedLine; = Zeefi IfL. For the enhanced line event to occur at £,
a line configuration must appear in wy at £ and there must be at least one additional open
vertex. This additional open vertex is coplanar with the open vertex in N (£) from the line
configuration (there may be more than one), but is not counted if it is collinear with this

vertex or on the other plane containing ¢. Finally, define the non-enhanced line event

GYPE = G\ Gf*

and its corresponding indicator IéVEL, so that IENEL = IeL—IfL for every £ € £, NonEnhancedLine =

Line — EnhancedLine and for ¢ = 1,2, 3, NonEnhancedLine; = Line; — EnhancedLine;.
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Now we define the event that wg is good by

3
{wp is good} = {Basic > 1,Line > 1} U {EnhancedBasic > 1} U U Line; > 1, ZLiner >1
i=1 i

U{Line > 2} U {EnhancedLine > 1}.

The third term above covers the scenario in Figure 2.5 when Line < 1, which is otherwise
covered by the event {Line > 2}. Using inclusion-exclusion, exploiting obvious symmetries

of the graph, and combining like terms:
P(wy is good) = P(Basic > 1,Line = 1) + P(EnhancedBasic > 1,Line = 0)
+ P(Line > 2) + P(Basic = 0,EnhancedLine = 1, NonEnhancedLine = 0)
+ 3P(Basic = 0, NonEnhancedLine; = 1, NonEnhancedLines + NonEnhancedLines = 0,

EnhancedLine = 0,Line()s + Line(l3 > 1)
(2.6.1)

Therefore, once we compute the probabilities in (2.6.1]), Lemma implies Theorem [2.2.2]
Lemma allows us to do just this, and is followed by the proof of Lemma The
proof of Lemma [2.6.2| uses the Chen-Stein method, and is outlined in Appendix

Lemma 2.6.2. If p=an~2, then as n — oo the table below gives the means of the random

variables appearing in .

Random Variable Mean
Basic ad
EnhancedBasic a®(1 — e39)
Line 3a%(1—e )
Line; %a26*2“
NonEnhancedLine; %az [(e_a + a6_3“)2 — 6_20‘}
EnhancedLine %a2 {1 — (e_a + ae_3“)2]

Furthermore, the two random variables EnhancedBasic and Line converge jointly in dis-

tribution to independent Poisson random variables with the above means, as do the eight
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random variables Basic, EnhancedLine, and for i = 1,2, 3, NonEnhancedLine; and Line();.

Remark 2.6.3. Lemma allows us to compute the limiting probability in by
treating all of the random variables that appear as independent Poisson random variables
with the means given by the table. The means that appear in the limit are straightforward to
compute. For example, to compute the expected number of basic events, the probability that
a fixed vertex has at least one initially open neighbor in each direction is ~ (np)® = a3/n?,
and there are n? vertices at which a basic configuration can be centered. To obtain the
expected number of enhanced basic configurations, observe that a fixed vertex must first
see a basic configuration, then independently at least one of the 3(n — 2)? coplanar but not

collinear vertices must be present. This has probability 1 — (1 — 17)3(’“2)2 ~1—e 3% of

occurring.

Proof of Lemma[2.6.1. We will first show that spanning does not occur with high probability
when wyq is not good. The expected number of lines that contain at least three initially open
vertices is ~ 3n? (g) p? = O(n™1), so at least one line configuration or basic configuration is
necessary for any vertices to become open after one step.

Any vertex that becomes open in the second step must be neighbors with at least one
vertex that becomes open in the first step, i.e. with a vertex in wy \ wp. If Line = 0 and
EnhancedBasic = 0 then any two basic events located at vertices v and w cannot be coplanar
unless MV (v) NN (w) C wp, otherwise a line or an enhanced basic configuration would exist.
The probability that there exist two vertices, v and w, with IZI2 = 1, d(v,w) = 2 and
N () NN (w) C wp is at most 3n("22)(np)2p2 = O(n™1), so with high probability there are no
coplanar basic events. Therefore, no pair of vertices in wy \ wy have a common neighbor, and
no vertex in N (w; \ wp) \ wo has more than one neighbor in wy (or else a line or enhanced
basic configuration would have existed in wp). This implies that no vertices can become
open in the second step, so spanning cannot occur with high probability when Line = 0 and
EnhancedBasic = 0.

Similarly, if NonEnhancedLine; = 1, NonEnhancedLines + NonEnhancedLines = 0, Basic =
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0,

EnhancedLine = 0 and Line(); + Line()3 = 0 then spanning is unlikely to occur. The sole
line configuration will span the focal line, ¢, after two steps. There may be parallel lines
that contain two occupied vertices, but they cannot be coplanar with ¢ or else the line
configuration would be enhanced. These parallel lines will not span the cube as their
neighborhoods do not intersect ¢, so no other vertices will become open after two steps.
Therefore, P({woo = 1} \ {wo is good}) — 0.

The probability of wg containing a basic configuration and a line configuration that
share a plane (that is, there exist v and £ so that I”I} =1 and v € N'(£) U /) is at most
Cn3(n)(np)3(np)? = O(n~'). Similarly, the probability of having two or more coplanar
line configurations is O(n~!). Conditional on the complements of these last two events,
observe that a line configuration will cause a basic configuration to become an enhanced
basic configuration in two steps. Likewise, a line configuration will cause a second line
configuration to become an enhanced line configuration in two steps; and similarly a line
configuration will with high probability cause an askew line with two initially open vertices
to become a line configuration (and subsequently an enhanced line configuration).

Both the enhanced basic and enhanced line configurations lead to a plane becoming open.
Once a plane is open, two non-neighboring, coplanar open vertices will cause another plane to
become open, then one more open vertex elsewhere will cause the rest of the graph to become
open. With probability exponentially close to 1, there are at least n'/2 planes with at least
two non-neighboring open vertices in wy. Therefore, P({wp is good} \ {we = 1}) = O(n™1),

and the two events are asymptotically equivalent. O

2.7 Open one-dimensional subgraphs

In this section we obtain an upper bound on the threshold probability for lines, p.(1,d). The
main idea is the following. Assume that the line ¢ contains r < @ initially open vertices, that
it intersects one line with 6 — r initially open sites (not on ¢), and that it intersects 6 other

lines, each with  —r — 1 sites (not on ¢) initially open. Then after one step, ¢ has r + 1
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points open, and after two steps, € points open. After three steps £ is completely open. See

Fig. [2.7] for an illustration.
For a set S C V and z € N, let Initial (S, > x) be the event that the set S has at least x

points initially open, i.e.,

Initial (S, > z) = {Zwo(v) > :L'} .

veS

For a point v € V, let P 2(v) be the eq, ep-parallel plane through v:
P1a(v) = {(a1,a2,v3,v4,...,vq) : a1,a2 € [n]}.
Let ¢5(v) be the es-parallel line through v:
la(v) = {(v1,a2,v3,v4,...,0q) : ag € [n]}.
For any ej-parallel line ¢, define
O ={wel,w <n/3}, byn={weln/3<w <2n/3}, and ¢, ={w € {,w; > 2n/3}

to be the left, middle and right thirds of ¢. Define

Cross Lines,, (¢) = Z 1Initial(£2(v),26—r) >1
VELm,

Cross Lines,(£) = ¢ > Initial(ea(v),>0—r—1) = ¢

’UEZT

and

Fy = Initial (¢, > r) ﬂ Cross Lines,, (¢) ﬂ Cross Lines,. ().

Notice that the event F; depends only on the sites in P; o(v) for any v € ¢. Also note that
Cross Lines,, (¢) = Cross Lines,,(¢') and Cross Lines,(¢) = Cross Lines, (¢')

for any ej-parallel lines ¢ # ¢’ that lie in a common e, eo-parallel plane. Finally, note that
Initial (¢;, > r), Cross Lines,,(¢), and Cross Lines,(¢) are independent, and Initial (¢;,> r)
and Initial (¢},> r) are independent.

We exhibit the role of Fy (see Fig. in the following lemma.
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Figure 2.7: An instance of the event Fy. Here § = 6, r = 3. After one step the intersection
of lines ¢ and ¢ becomes open so £ has r + 1 vertices open. At step 2 the # intersections

with £ and the other 8 vertical lines become open. At step 3 all of £ becomes open.
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Lemma 2.7.1. If ¢ is a line parallel to the e1 axis and Fy occurs, then the entire line £ is

open after three steps.

Remark 2.7.2. Computation of P(Fy) is facilitated by independence of the three events. A
more natural definition would not restrict the orientations of the lines, or demand that the
event happen in the left, middle or right sections thereof, and would increase the probability

by a constant factor, independent of n.

We set r = [@-‘ —1and p = nilfgf(n), where f(n) is any function such that
f(n) — co. We will show that in this regime some line becomes open asymptotically almost

surely. We will use the following elementary fact about the binomial distribution.

Lemma 2.7.3. Assume that S is Binomial(n,p), with large n and p = p(n), and that k
does not depend on n. If np = O(1), then P(S > k) > c(np)* for some constant ¢ dependent
on k. If np — oo, then P(S > k) — 1.

Lemma 2.7.4. Fixv eV and 0,d > 3. Letp = n_l_%f(n) where f(n) — oco. Then for
any ¢ > 0, the probability that there exists an ey -parallel line £ in Py 2(v) such that Fy occurs

is at least en®*=% for n sufficiently large.

Proof. As the event in the statement is increasing, its probability is monotone in p. Thus
we may assume that f(n) grows to oo as slowly as we need in the proof.
Note that when 6,d > 3 then rd/0 > 1 as

rd/f > <(d;ll)0—1>;l:d—l—d/0.

The right hand side is strictly greater than 1 except if d = 6 = 3. We assume that at least
one of d and @ is at least 4, and leave the exceptional case to the reader.

The three events that define Fy; depend on disjoint sets of sites, so they are independent
and we compute their probabilities separately. Furthermore, for the set of lines ¢ we consider,

the events Cross Lines,,(¢) and Cross Lines,(¢) do not depend on ¢, which will thus be
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dropped from the notation. For any ¢, by Lemma [2.7.3]
P(Initial (¢;,> 7)) > c1(np)”
> er(f(n-doy.
As this is o(1/n) we can use Lemma[2.7.3 again to get that
P(3¢ such that Initial (¢;,> r) occurs ) > con(f(n)n= 0y
To estimate the second probability, observe that
P(Initial (¢2(v),> 6 — r)) > e3(np)?’~",
which is o(1/n), as r < (d — 1)6/d. Thus
P(Cross Lines,,) > cqn(np)’™"
> ean(f(n)n~0)0.
For the third probability,
P(Initial (62(v), > 0 — 1)) > c5(np)?" 1,
and
n- (np)e—r—l > f(n)e—r—lnl—d+(r+1)g NS
as n — 00, so Lemma [2.7.3| implies that
P(Cross Lines,) — 1,

and for large n the probability is bounded below by a constant cg > 0. Multiplying together
the probabilities, we have that for any ¢ and all sufficiently large n
P(3 ¢ in P; 2(v) such that that F; occurs)
= [P(3¢ such that Initial (¢;, > r))P(Cross Lines,, )P(Cross Lines,)
> con(f(n)n= ) can(f(n)n= )" e
= crf(n)’n* 1

> cnzfd,
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ending the proof. O

Theorem 2.7.5. Suppose p = nilfgf(n) with f(n) — oco. Then P(UFy) — 1 as n — oo,
where the union is taken over all ei-parallel lines. Thus, with probability going to 1, some

line becomes open after three steps.

Proof. We can choose n%2 distinct vertices v; such that Py 5(v;) are disjoint. Then the

events that there exist £ in Pj 2(v;) where Fy occurs are independent. Moreover,
n?2P(3¢ in P 5(v;) such that Fy occurs) > n9 2en?~4 = ¢
for any fixed ¢. Thus Thus P(UyFy) — 1 by Lemma[2.7.3] O

Theorem 2.7.6. Let p = n~'"%0f(n). If f(n) — 0, then P(Above Threshold) — 0.

Proof. Using the union bound,

P(Above Threshold) < Z P (Z wo(w) > 9)

veV

= pip (Z wo(w) > 0>

w~v

wn~v

IN
3
ISH
/
> 3
~_
=
>

IA

=

S
>

which approaches 0 as n — oo. O

PrROOF OF THEOREM [2.2.3] Combining Theorems and proves the result. [J
2.8 Open two-dimensional subgraphs
In previous sections we have encountered several possibilities for a vertex v to become open:

e v is initially open;
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e the neighborhood of v has at least 6 vertices initially open, causing v to become open

by time 1; and

e a line containing v has at least 0(d — 1)/d vertices initially open, with some additional

open sites “nearby” (see Section [2.7]).

Let Plane Active be the event that some plane eventually becomes open. In this section
we show that if p is sufficiently small then with high probability all of the vertices that are
eventually open satisfy a condition like one of the three above. By doing this we prove an
upper bound on the probability of Plane Active and consequently a lower bound on the
threshold probability p.(2,d).

Let A be some integer, 1 < A < 0, which we will specify later. Let E be the event that

there exists a vertex v such that:

1. v is initially not open;
2. the neighborhood of v has at most A vertices initially open;
3. each line containing v has at most A/2 vertices initially open; and

4. v becomes open.

Our strategy to demonstrate that P(Plane Active) is small for sufficiently small p is to show
that P(E) and P(Plane Active \ E) are both small.

For each vertex v, let F, be the event that v satisfies (1)—(4), and none among such
vertices becomes open earlier. If the event E occurs then there must be a first time a vertex
satisfying (1)-(4) exists, thus F C U, F,, and consequently, P(E) < n?P(E,).

Lemma 2.8.1. Suppose p = o(n™'3) with B > (% + 1)%. Fixz a line £. The probability

that £ contains at least % vertices v that have at least A/2 initially open points in N (v)\ ¢
18
0 (n%(l_ﬂg)) .
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Proof. The reduced neighborhoods N (v) \ ¢, v € ¢, are pairwise disjoint, and in each the
number of initially open vertices is a Binomial((d — 1)(n — 1),p) random variable. The
probability that such a random variable is at least A/2 is bounded by a constant times
(np)A/? = o (n_ﬁA/ 2). These random variables are independent, thus the probability that at

least % of them are at least A/2 is o ((n . n_ﬁA/z)%) O

Lemma 2.8.2. Assume p satisfies the same bound as in Lemma[2.8.1 Fix a line £. The
probability that £ has at least % vertices w, for which there exists a line £ # £ through w

such that ¢\ {w} contains at least A/2 initially open points is
o <n%(l_ﬁg)> .

Proof. We need to bound the probability of at least % successes in n(d — 1) independent
trials, each of which is a success with the probability that a given line has at least A/2

points initially open. Same estimates as in the proof of Lemma, [2.8.1| apply. ]

Lemma 2.8.3. Assume p satisfies the same bound as in Lemma m Then P(E) — 0 as

n — OQ0.

Proof. As we have already observed, P(E) < n?P(E,). Now, if E, occurs, by (2) at least
0 — A vertices in the neighborhood of v must be initially closed but become open strictly
before v; therefore, they violate at least one of (1)—(4). But since they are not open initially
and become open, they must violate one of or . By the pigeonhole principle, of the
d lines through v, at least one must either contain % vertices which violate , or %
vertices which violate .

By Lemmas [2.8.1] and [2.8.2], each of these happens with probability

o <n%(175%)> .

Rearranging using the inequality 5 > (%Jrl)%, we see that P(E,) = o(n~%), as claimed. [

Lemma 2.8.4. Let p =n~'"8, with 8 > 0, and assume A > 4. Then P(Plane Active\ E) —

0 as n — .
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Proof. There are (g) n9=2 planes, P, and Plane Active = Up{P becomes open}, so we have
d
P(Plane Active \ E) < <2> n?=2P({P becomes open} \ E).

Now if P becomes open but £ does not occur, then since each point in P becomes open,
they must all violate one of , , or . By the pigeonhole principle, at least n?/3 of
these points must together violate a single condition. We will check that the probabilities of
these three cases are o(n*(d*Q)). In fact, we will see that they are exponentially small by
reducing each case to a large deviation probability involving a Binomial random variable
with a small chance of success. We will use the fact that neighborhoods of two points in P

do not intersect outside P.

2

e P(n?/3 vertices in P are initially open) is exponentially small in n?, as p = o(1).

e P(n?/3 vertices in P are each on a line with A/2 points initially open) is exponentially

small in n.

As every line covers at most n points in P, this event implies that there are at least
n/(3d) parallel lines, in some direction e;, each with at least A/2 points initially
open. The probability that a given line has at least A/2 points initially open is
O((np)A72) = o(1), thus the probability that n/(3d) lines in a given direction e;

satisfy this is exponentially small in n.

e P(n?/3 vertices in P each have at least A initially open vertices in their neighborhoods)

is exponentially small in n.

If a vertex w has at least A initially open vertices in its neighborhood then either one
of the two lines through w in P contain at least A/4 initially open vertices or the d — 2
lines through w not in P together contain at least A/2 initially open vertices. This
implies that either (a) there are at least n/12 parallel lines in P with at least A/4
vertices initially open, or (b) there are at least n?/6 vertices with at least A/2 vertices

in their neighborhoods outside of P.

o6



The probability of (a) is exponentially small by the same argument as in the previous
case. For a fixed w, the probability that (d — 2)(n — 1) sites in N (w) \ P contain at
least A/2 initially open sites is again O(np) = o(1). Thus the probability of (b) is

exponentially small in n?.

Therefore, P(Plane Active \ E) goes to 0 exponentially fast. O

PROOF OF THEOREM m To get the lower bound set A = | —v/#]. Then Lemmas
2.8.1 are (for large enough ) satisfied with

2 4d*+3
The upper bound was proved in Theorem [2.5.3 (Il

2.9 Further questions and conjectures

We begin with a general form of threshold probabilities; we believe that the answer to the

question below is positive.

Question 2.9.1. Do there exist positive constants ¢; = c1(i,d) and c3/5 = c3/2(i,d), so

that, for all 7 and d, a lower bound and an upper bound for p.(i,d) are both of the form

_1_11_%_5_0(0*3/2)
n 0 " g3/2 ,

for large enough n?

We next ask whether it is possible that generation of open planes does not likely lead to

spanning of the entire graph when d > 4.

Question 2.9.2. Can one find d and 6 > 2 such that log,(p.(2,d)) — log, (pc(d,d)) is
bounded away from 0 as n — 00, i.e. pe(2,d) ~n~¢ and p.(d,d) =~ n~¢ with ¢ > £? Does
this hold for all § and d > 47 Note that it does not hold for d = 3 by (2.2.2)).

It would be desirable to have a general method to determine the critical exponent for

any given (small) d and 6; here we merely recall the simplest unsolved instances.
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Question 2.9.3. When d = 3, we know the critical exponents for § = 2,3,4,5,6,7,9,11;

what are the correct exponents for § = 8,10 and 6 > 127

2.10 Poisson convergence for d=60=3

In this section we outline the proof of Lemma [2.6.2] regarding Poisson convergence of the
random variables that count the configurations that lead to spanning when d = 6 = 3 and
p = an~2. Our approach is to apply the Chen-Stein method [J], and to do so we need to
introduce some notation.

We want to show that a collection of random variables, which are sums of indicator
random variables, converge to independent Poisson random variables in the limit. That is,
suppose we have disjoint sets of indices, I'y,I's, ..., 'y, let I' = Ulefi, and for each vy € T’
suppose I, is an indicator random variable. For ¢ = 1,..., ¢ let W; = Zveri I, and suppose
that EW; = \; and EI, = p,. In our application, the index sets are going to be V for the
indicators of the basic and enhanced basic events, and .Z for the indicators of the line, (-line,
enhanced line, and non-enhanced line events.

To apply the Chen-Stein method in many cases we need to construct a coupling for every

fixed v € I" between I, and J,, so that

d
(T )y 2 (Iy |1y = 1)y (2.10.1)

Many of the indicators that we have constructed are increasing functions of wg, which
makes those sets of indicators positively related ([9], Section 2.1). However, the (-line and
non-enhanced line indicators, I g)L and I, éVEL, are not increasing functions of wy, so whenever
these appear we are unable to use the simpler form of the Poisson convergence theorem.

Instead, we will explicitly define the couplings below, and use Theorem 10.J of [9], which we

state below as Lemma 2.10.1]

Suppose X and Y are two Z™-valued random variables with laws px and py, and recall

that the total variation distance between px and py (or with an abuse of notation, between
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X and Y or X and py) is

1
dry(X,Y) = drv(ux, py) := Sup lux (4) =y (A)] = 5 > fux (k) — py (k)]
czm kezm

Let Py denote the law of a Poisson(\) random variable (taking values in Z). The Chen-Stein
method gives us the following bound on the total variation distance between the joint law of

(Wi, Wa,...,Wy,) and [[;~, Py,

Lemma 2.10.1. ([9], Theorem 10.J and Corollary 10.J.1) If W; are defined as above with
Ai=EW; fori=1,..., ¢, with EI, = p,, then

m
dry ((Wl,...,Wm), HP&) <SS P2+ ) pEyy — L. (2.10.2)
=1 vyel v,mel’
Y#EN

If {I,}yer are positively related then

m
dry ((Wl, e W), HPAZ) <> P2+ Y Cov(Iy, I). (2.10.3)
i=1 yer Wﬂ;zéenr
Remark 2.10.2. In all of our applications of Lemma the first sum on the right hand
side is easy to control, since it merely requires that p, are uniformly small. In the case
of events indexed by . this sum is O(n~2), since there are O(n?) summands and the
probability of a line configuration is O(n?p?) = O(n~2). Similarly, in the case of basic or
enhanced basic events this sum is O(n~2). The important part of the right hand side is the
term E |J,, — I)| = P(J,, # I,;), which requires bounding the probability that our coupling
destroys or creates the event indicated by I,). In the case of positively related indicators, no

explicit coupling is needed, and we must merely bound the covariances between the relevant

indicators.

Construction of couplings

Observe that in equation (2.6.1)), the last term involves random variables that are sums of

indicators that are not positively related. So, for each of the indicators If ) ?L ) fL ) éVEL
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and every v € V and £ € £, we must construct a suitable coupling between all of the
remaining indicators and their conditioned versions as in (2.10.1)). As in (2.10.1]), we will use

the letter J for coupled indicator random variables.

Once we show that these random variables appearing in the last term of converge
jointly to independent Poissons, we will be able to compute the limiting probabilities for
all of the terms except the second, which involves the EnhancedBasic and Line random
variables. We will treat this term separately using the simpler form of Lemma since

the enhanced basic and line indicators are positively related.

Our goal is to show that the second summation in is O(n~!) under the couplings
that we construct. We will need to construct four couplings, one for each type of indicator,
and for each coupling we have four comparisons (to each of the four types of indicators) that
need to be made. Furthermore, for each comparison, there are several cases that need to be
checked depending on the relative positions of the vertices and lines that index each event.
There are many cases that need to be verified, but the arguments quickly become repetitive,

thus we merely outline the proof and give complete details in two typical cases (see proofs of

Lemmas [2.10.6| and [2.10.7)).

We begin with the simplest case, the basic coupling for conditioning on I7 = 1 for a
fixed v € V. In this case, we merely need each of the three lines containing v to contain
at least one open vertex. To achieve this, we extend the probability space by possibly
resampling the vertices in each of the three lines until this condition is met. That is, if
a line through v already contains an open vertex, nothing is resampled for that line, and
the original configuration is kept, otherwise it is repeatedly replaced with an independent
configuration until it does contain an open vertex. Also, it is important to note that none

of the other vertices in the initial configuration, wy, are altered. Then, JZ J?UL , JgL , JZXEL

wv
are the indicator random variables of the corresponding events after the local resampling is
completed. Since v is fixed and the Hamming torus is transitive, we will drop the index v in

the conditioning on I” = 1.
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Lemma 2.10.3. Under the basic coupling, the following sums are all O(n™!)

SN BIERUEAIE), Y S B R(I £,

vEV wev veV Le?
wHv
Z Z EIQ]}?) NEL # JNEL)’ Z ZEIB ?é JEL)
veV e veV e

The next simplest coupling is the (-line coupling for the conditioning on I ?L =1 for
a fixed ¢ € £. For this coupling, we need the line ¢ to contain at least two initially open
vertices, so we first resample the vertices in £ if necessary until this condition is met. Given
the locations of the open vertices in ¢, we need the two planes containing ¢ to have no open
vertices that are not neighbors of the open vertices in ¢. To achieve this, we simply remove
any violating vertices from wy. In the next three lemmas, we use indicators J, with proper

subscripts and superscripts, in an analogous fashion as in Lemma [2.10.3

Lemma 2.10.4. Under the (-line coupling the following sums are O(n™!)

S Bt RUR AR, >0 B R(1 £ i),

el weVv teZley
=7,

S BN PP £ ), SN BV Pt £ J5).
teLle” ez le”

Next, we construct the enhanced line coupling for the conditioning on I fL =1 for a fixed
€ Z. To achieve this, we will need the line ¢ to contain at least two open vertices, so
we first resample the vertices in £ if necessary until this condition is met. Next, given the
locations of the open vertices in ¢, we need that at least one of the two planes containing
¢ has at least one open vertex that is not collinear with an open vertex in £. Again, if
necessary, we resample these two planes (excepting the vertices in ¢) simultaneously until
this condition is satisfied. At this point, if one of the two planes containing £ has at least two
non-neighboring open vertices, then the coupling is completed. Otherwise, conditional on
the location of the open vertex (or vertices) in N(£), we need there to be at least one open

vertex in the same plane as this vertex (or vertices) but not in the same line. If one does not
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exist, then we resample the two (or four) planes containing the open vertex (or vertices) in
N (£) but not containing ¢ until there is at least one open vertex in any of these planes (we

do not resample the vertices in ¢, N'(¢), or the neighborhood of the open vertices in N (¢)).

Lemma 2.10.5. Under the enhanced line coupling the following sums are O(n~!)

SN EIFVR(IE £ D), SN Bt IP’(I@,L £ J@,L),

e weV e Ve
Z Z EIFY P(IpPR £ g, Z Z EIN P(I5" # J5Y).
leL Ve e’ éé/e;z%

Finally, we construct the non-enhanced line coupling for the conditioning on 1, ZVEL =1 for
a fixed £ € Z. To achieve this, we will need the line £ to contain at least two open vertices.
So first we resample the vertices in ¢ if necessary until this condition is met. Next, given the
locations of the open vertices in ¢, we need: 1) that at least one of the two planes containing
¢ has at least one open vertex that is not collinear with an open vertex in ¢, and 2) that
neither plane containing ¢ has more than one non-collinear open vertex. Again, if necessary,
we resample these two planes simultaneously until these conditions are met (here we do
not resample ¢). Now, conditional on the locations of the open points in N'({), we must
guarantee that there are no other points outside of ¢ that are coplanar but not collinear with

these points. For this part of the coupling, we simply remove any violating points from wy.

Lemma 2.10.6. Under the non-enhanced line coupling the following sums are O(n™!)

ST B (1B £ B, SN B p( g0,

LeL weVv tez e’
SN EBREE PN £ ), SN ERFVP(IR £ 5.
tes Eé/e?g teLles

Proof. We now outline the proof by bounding the first summation above. There are three
cases.

Case 1: w € {. This term appears in the sum O(n?) times, and EIML = O(n=2), so we
must show that P(I2 # JP) = O(n=2). Now there are two subcases, destruction and cre-

ation respectively: P(IZ =1,J8 = 0) and P(IZ = 0,J8 = 1). Clearly, P(IZ = 1,78 = 0) <
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P(IB =1) = O(n=3). Next, in order for the creation event to occur, the resampling procedure
must have generated at least one open vertex in both planes containing ¢, and both of these
points must lie in the neighborhood of w. The probability of this is O(n~2), since we require

an open vertex in each of two fixed lines.

Case 2: w € N'(¢). This term appears in the sum O(n*) times, and EI}NPL = O(n™2), so we
must show that P(IZ # JP) = O(n=3). Once again, there are two subcases as above. The
creation event cannot occur in this case because an open vertex in N ({) that is collinear
with w must not see any coplanar open vertices (off of ¢), which includes a line in the
neighborhood of w, so w can no longer see an open vertex in each direction. The probability

of the destruction event can be trivially bounded by O(n~3) as in Case 1.

Case 3: w ¢ N({) U L. This term appears in the sum O(n®) times, and EI}F = O(n™?),
so we must show that P(IZ # J5) = O(n™*). Once again, the creation event cannot occur
for the same reason as cited in Case 2. The destruction event can only occur if one of the
initially open points in the neighborhood of w is in one of the resampled planes. At most six
planes are affected with probability 1 — O(n~!), and with the same probability none of the
resampled planes contain a line in the neighborhood of w. The probability of the destruction
event is at most O(n~%), since w must first have three open neighbors initially (an event
with probability O(n=3)), and at least one must coincide with one of the resampled planes

(an event with probability O(n™1)). O

Positively related case

Since {IFP},ey and {I}}sc ¢ are all increasing functions of wy, these collections of indicators
are positively related so we may apply the simpler form of Lemma [2.10.1| by bounding the

covariances.

Lemma 2.10.7. The collections of indicators {I¥B},ev and {I}}iec ¢ are positively related
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and the following sums are O(n~1)

> Cov(P P, >y Cov(IPP Iy, )y Y Cov(Ip, 1),

veV weV veV Le leL Ve
w#v 040

Note that the bound on the last sum, which involves only indicators of line events, is

implied by combining the results for the enhanced line and non-enhanced line couplings in

Lemmas [2.10.5 and [2.10.6 by writing I} = IFL + INPE.

Proof. We will explain the proof of the bound on the first sum, as the second sum is evaluated
in a similar fashion and the third is implied by previous lemmas. We break up the sum into
three cases depending on the Hamming distance between v and w.

Case 1: d(v,w) = 1. There are O(n*) such terms in the sum, so we need to show that
the covariance is O(n?). In this case it suffices to use the trivial bound Cov(IFP, IEB) <
RIFBIEB = P(GEB N GEP), which is the probability that an enhanced basic configuration
appears at v and at w. For this event to occur, v must have one open neighbor in each
direction, one of which is shared with w, so w needs only one open neighbor in each direction
orthogonal to w — v. This is a total of at least five open points on five fixed lines, which has
probability O((np)®) = O(n=?) as desired.

Case 2: d(v,w) = 2. There are O(n’) such terms in the sum, so we need to show that the
covariance is O(n~°). Again, it suffices to use the bound Cov(IF8 1FB) < EIFPIEB. In this
case, the vertices v and w have exactly two common neighbors, so there are three cases:
zero, one, or two of these common neighbors are initially open. If neither common neighbor
is initially open, then v and w each independently need one open neighbor in each direction
— a total of six open vertices in six fixed lines, which has probability O(n=%). If one of the
common neighbors is open, an event with probability O(p) = O(n~2), then v and w each
need an open neighbor in two other directions — a total of four open vertices in four fixed
lines which has probability O(n=*). This gives a probability of O(n~°) to the case where one
common neighbor is open. The event that both common neighbors are open has probability
p? = O(n™*), and v and w each require one more occupied neighbor in one direction, which

has probability O(n~2) for a total probability of O(n~9).
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Case 3: d(v,w) = 3. There are O(n%) such terms in the sum, so we need to show that
the covariance is O(n~"), and the trivial upper bound on the covariance will not suffice.
Observe that the planes containing v and the planes containing w intersect only along 6
lines, and conditional on the event that none of the points on these lines are initially open,
IEB and IEP are independent. Call this event Eempty, then since IZP and 127 are increasing

functions of wyp, the covariance is bounded by

Cov (1,7, I;°) < PP = 1, By

We now divide the event E¢

empty 10t0 subcases according to which vertices in the intersection

are open. There are two types of vertices in the intersection — those which are neighbors to
either v or w, and those which are only in the same plane as each vertex. There are exactly
6 vertices in the former category and 6(n — 2) in the latter. The probability that j of the
6 vertices in [N (v) NN (N (w))] U [N (w) NN (N (v))] are initially open is O(p?) = O(n~=%).
Conditional on this, v and w collectively require an initially open vertex in each of the
remaining 6 — 5 lines in their neighborhoods, which has probability O(n=67), giving a total
probability of O(n=%77) to the event that there are j of these 6 vertices initially open and
both enhanced basic events occur. Therefore, if j > 1 we are done, otherwise we must

consider the case where j = 0 and then E¢ requires that at least one vertex among

empty
the 6(n — 2) vertices in N'(N(v)) NN(N(w)) are initially open. This event has probability
O(np) = O(n~1), and when j = 0, v and w still need one open vertex in each line of their

neighborhoods, which has probability O(n~%), giving a total probability of O(n~"). O

Proof of Lemma[2.6.3. The limiting means are straightforward to calculate, as outlined in
remark It is also not difficult to show that dry (Py,, P\) < |An — Al so if A, — A then
P, converges to Py. Therefore, applying Lemma and using Lemmas to
bound the second summation in (2.10.2) implies that the random variables Basic, Linef();,
NonEnhancedLine;, and EnhancedLine (where i = 1,2, 3, so there are a total of 8 random

variables) converge jointly to independent Poisson random variables with the appropriate

limiting means. Similarly, applying Lemma [2.10.1] and using Lemma [2.10.7] to bound the
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second summation in (2.10.3)) implies that the random variables EnhancedBasic and Line
converge jointly to independent Poisson random variables with the appropriate limiting

means. O
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Chapter 3

A SEMIDEFINITE APPROACH TO THE K;-COVER PROBLEM

3.1 Introduction

A common way to model a combinatorial optimization problem is as the optimization of a
function over the set S C {0, 1}" of characteristic vectors of the objects in question. When
the objective function is linear, we may replace S by its convex hull conv(S). The problem
can be solved efficiently if we can find a small description of this polytope. Since for NP
hard problems we cannot expect this, we look instead for approximations to conv(S). One
possibility is to use semidefinite approximations, as introduced by Lovész [35] with the
construction of the theta body of the stable set polytope of a graph. Another famous example
is the approximation algorithm for the max cut problem due to Goemans and Williamson
[18]. In this paper we will use the semidefinite relaxations introduced by Gouveia, Parrilo

and Thomas [2I] to analyze the K;-cover problem.

Recall that K; denotes the complete graph, or clique, on ¢ vertices. Given a graph G, let
K;(G) be the collection of cliques in G of size j (usually, the graph is clear from context,
and we write K;). A (possibly empty) collection C' C K;_; is said to be a K;-cover if for
each K € K, there is some H € C' with H C K. In this case we say that H covers K.
The K;-cover problem is, given a graph G and a set of weights on K;_1, to compute the
minimum weight Kj;-cover. The case ¢ = 2 is more commonly known as the vertex cover
problem, in which we seek a collection C of vertices such that each edge in G contains at

least one vertex from C. However, note that the usage of “cover” is reversed here: the vertex

cover problem is the Ks-cover problem, not the Ki-cover problem.

A closely related problem, and the setting in which we will prove our results, is the

K;-free problem. As before, we are given a graph and a collection of weights on K;_1. But
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now we seek the maximum weight collection C' C K;_1 such that C is K;-free. That is, for
each K € K;, there is some H € K;_1, with H C K and H ¢ C. Again, the case i = 2 of
this problem is well-known as the stable set problem: we seek a maximum weight stable set
C, where C is stable if no two of its vertices are connected by an edge.

The vertex cover and stable set problems are related in the following sense: let G = (V, E)
be a graph. Then a subset C' of vertices is a vertex cover if and only if V' \ C is a stable set.
The same is true for the K;-cover and K;-free problems: a subset C' C K;_1 is a K;-cover
if and only if K;_; \ C is K;-free. Therefore, for a given set of weights on K;_1, optimal
solutions to the two problems are complementary, and so solving one solves the other.

In this paper, we consider the polytope associated with the Kj-free problem. Let
Pi(G) = conv({xs : S C K;_1(G) and S is K;-free}), the convex hull of the incidence
vectors of the Kj-free sets. Note that P;(G) C [0, 1]%-1(&),

As the Kj-free problem is NP-complete (see [15]), we cannot expect a small description
of P;(G) for general graphs G. However, for certain classes of facets of P;(G), Conforti,
Corneil, and Mahjoub [I5] show that we can solve the separation problem in polynomial
time, allowing us to optimize efficiently over a relaxation of P;(G). We provide a strictly
tighter relaxation of P;(G), improving their optimization result, but without proving the
existence of polynomial separation oracles for any new family of facets.

The structure of this paper is: in Section 2, we outline the main algebraic machinery,
theta bodies, a semidefinite relaxation hierarchy. In Section 3 we show that the K;-p-hole
facets are valid on [i/2] level of the theta body hierarchy. Finally, in Section 4 we focus on
the triangle free problem. We show that in the case of G = K, the theta body relaxations
cannot converge in less than (n —2)/4 steps. We also use a result of Krivelevich [32] to show

an integrality gap of 2 for the second theta body.
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3.2 Theta bodies

Theta bodies are semidefinite approximations to the convex hull of an algebraic variety. For
background, see [22] and [2I]. Here we state the necessary results for this paper without
proofs.

Let V' C R” be a finite point set. One description of the convex hull of V' is as the
intersection of all affine half spaces containing V' (recall that f|y is the restriction of f to
V):

conv(V) ={z € R": f(z) > 0 for all linear f such that f|y > 0}.

Since it is computationally intractable to find whether f|y > 0, we relax this condition. Let
I be the vanishing ideal of V| i.e., the set of all polynomials vanishing on V. Recall that
f=g¢ mod I means f — g € I, and implies that f(z) = g(x) for all z € V. A function f
is said to be a sum of squares of degree at most £ mod I, or k-sos mod I, if there exist
functions g;, j = 1,...,m with degree at most k, such that f = Z;n:1 9]2- mod I. If f is k-sos
mod I for any k, it is clear that f|y > 0 since g]2~ is visibly nonnegative on V. Therefore, we

make the following definition of THy (), the k-th theta body of I:
THi(I) = {x € R": f(x) > 0 for all linear f = k-sos mod I}.

The reason why the theta bodies THy(I) provide a computationally tractable relaxation
of conv(V) is that the membership problem for THy (/) can be expressed as a semidefinite
program, using moment matrices that are reduced mod 1.

For what follows, we will restrict ourselves to a special class of varieties, and suppose
that our variety V' C {0,1}" and is lower-comprehensive; i.e., if x < y componentwise, and
y € V, then x € V. Additionally, we will always assume that V' contains the canonical basis
of R", {e1, -+ ,en}, as otherwise we could restrict ourselves to a subspace. All combinatorial

optimization problems of avoiding certain finite list of configurations, such as stable set,
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K-free, etc., have lower-comprehensive varieties. The restriction to this class is not necessary,
but makes the theta body exposition simpler. In particular, the ideal of a lower-comprehensive

variety has the following simple description.

Lemma 3.2.1. Let V be a lower-comprehensive subset of {0,1}™. Then its vanishing ideal
s given by

I= (:sz—xj cj=1,...,m2%:8¢V),
and a basis for R[V] = R[z]/I is given by B = {z° : S € V'}, where 2° := [[;cq @i is a
shorthand used throughout the paper.

Another important fact about TH(7) in this setting (when I is a real ideal) is that a
linear inequality f(xz) > 0 is valid on TH(I) if and only if f is actually k-sos modulo I. In
Section 3, we will prove that certain facet-defining inequalities of P;(G) are also valid on its
theta relaxations THy(I) by presenting a sum of squares representation modulo the ideal.
For now, we observe that by considering degrees, we can get a bound on which theta bodies

are trivial; that is, equal to the hypercube [0, 1]".

Lemma 3.2.2. Let V C {0,1}" be lower-comprehensive, and suppose that all elements x ¢ V/
have 3 _;xj > k. Let I be the vanishing ideal of V. Then for 1 < k/2, TH,(I) = [0, 1]".

Proof. Let f be linear with f = Zj gJQ- mod I with each g; of degree at most . Then
f— Zj gjz =: ' € I, and F has degree at most 2l < k. But the basis from Lemma
is a Groebner basis, and the only elements with degree less than k are x? — Zj, SO
Fel :=(z;—z5j=1,...,n). Thus TH/(I) D TH(I') = [0, 1]™. O

Let Vi be the subset of V' whose elements have at most k entries equal to one. For
convenience, we will often identify the elements of V', characteristic vectors yg for S C

{1,...,n}, with their supports, via S ++ xg. Given y € R"2k we denote the reduced moment

matriz of y with respect to I to be the matrix My, (y) € RV»*% defined by

YXUY if XUY eV,
[ka (y)]X,Y =

0 otherwise.
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With these matrices we can finally give a semidefinite description of THy (7).

Proposition 3.2.3. With I and V as before, THy(I) is the canonical projection onto R™

via the coordinates (Ye,, - ,Ye,) of the set
{y e RV2+ . My, (y) = 0 and yo = 1}.

In particular, optimizing to arbitrary fized precision over THy(I) can be done in time

polynomial in n, for fixed k.

Now we can consider the specific case of the K;-free problem. Here the variety V C
RKi-1(G) is the set of characteristic vectors of K;-free subsets of K;_1(G), Vj is the subset
of V of elements of size at most k, and [ is the vanishing ideal of V', described by Lemma
Since the K;s in G are the minimal elements not in V', by Lemma [3.2.1| we can write
the ideal I as follows.

I= (:v? —xzj:j € Ki1(G); H zj: K € Ki(G)).
JCK

For example, let G be a triangle, with edges A, B, C, and consider the triangle free
problem on G. Then the ideal is

I= (2% —242% —xp, 25 — 20, TATBIC),
and the variety V is as follows.
V = {®7 {A}7 {B}7 {0}7 {A7 B}7 {A7 C}’ {B7 C}} = {07 ]‘7 27 37 47 57 6}

Note that here, we again use our identification of sets with their characteristic vectors. To

avoid writing, e.g., y;4,c} or even yy (a.cys We label the elements of V' by numbers as above.
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Then the moment matrix My, (y) is as follows:

Yo Y1 Y2 Yz Y4 Y5 Yo
Yyi Y1 Ys4 Ys Ya Ys O
Y2 ya Y2 Y6 Y2 0 ye
Mv,()=|ys vs w6 y3 0 ¥ Us
Yo ya Y2 0 ys 0 O
vs ys 0 ys 0 w5 O

e 0 w6 we 0 0 g

Projecting the set {y : yo = 1, My, (y) = 0} onto (y1,y2,y3) gives THa(I) for this graph.
3.3 Polynomial-time algorithm

A graph H is a Kj-p-hole if H is the union of G1,...,G), each a copy of K;, where G; and
G| share a common K;_; if and only if j — 1 = £1 mod p; see Figure 3.1} Theorem 3.5 in
[15] establishes that for ¢ > 3 and odd p, the inequality >, | () zj < (p;;)(Qz —-3)+i—-2
defines a facet of P;(G) for each induced K;-p-hole H of G. We will show that the facets
corresponding to induced Kj-p-holes are valid on TH;/9)(I), which can be optimized over
in polynomial time for fixed 4, and relate this complexity result with the ones in Conforti,
Corneil and Mahjoub [15]. Note that in this section, the ideal I always refers to the K;-free
problem, and the associated graph G will be clear from context. Therefore, we will say k-sos
for k-sos mod 1.

The first lemma is an auxiliary result that certain functions are sums of squares. For an
ideal I, a function f is said to be idempotent mod I if f> = f mod I. Since an idempotent is
visibly a square, we can use it as a summand in our sum of squares. In practice, idempotents

end up being very useful in constructing sums of squares.

Lemma 3.3.1. Suppose A C B C K, 1(K;). Denote the variables corresponding to
elements of K;_1(K;) by {xy : 1 <k <i}. Then f(z) = |B\ A — 24 + 28 — 2_keB\A Tk 15
| B|-sos mod 1.
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Figure 3.1: Three non-isomorphic K3-9-holes.

Proof. Let A = A; C Ay... C A, = B, where |Ap11 \ Ax| = 1, and without loss of
generality, the variable corresponding to the element of Agq \ Ay is . Check that gi(z) =
1 — xp, — x4 + 4%+ is idempotent mod I. Adding them up we get that f(z) = ZZ‘Z? gk ().

Since each summand has degree at most |B| the assertion holds. O

The stable set polytope STAB(G) has a fractional relaxation FRAC(G), given by imposing
nonnegativities 2; > 0, and inequalities z; + x; < 1 for each edge (i, j) of G. Similarly, we
can define a fractional K;-free polytope FRAC;(G) by imposing nonnegativities, and the
inequalities 3y, |y @k < @ — 1 for each H € K;(G). The following corollary shows that
these inequalities are [i/2]-sos, and therefore that the relaxation THr;91(1) € FRAC;(G).
This is parallel to the result that the Lovasz theta body lies inside FRAC(G).

Corollary 3.3.2. The inequality ZkeK@-,l(H) ry < i — 1 is valid on THy; 91 (I) for every

Proof. Let J be a subset of K;_1(H) of size [i/2]. Applying Lemma with A = () and
B = J we see that
fa)y=Jl-1+2" > x
leJ
is |J|-sos. Similarly

g(z) = T =1+2" =)
leJe
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is | J¢|-sos (J¢ is the complement of J in K;_1(H)). Finally observe that h(x) =1 -2/ —2/°
is idempotent. Since these polynomials are all [i/2]-sos, it remains to observe that their

sum,

f@) tg@) +h@) =i-1- 3w,

keK,;_1(H)

is also [i/2]-sos. O

Now we are ready to prove that the K;-p-hole inequalities are valid on TH{;/91(1). Recall
that if H is a Kj;-p-hole, we write G1,...,G), for the K;s in H, with adjacent K; sharing a

common K;_1.

Theorem 3.3.3. [15, Theorem 3.4] If G has an induced K;-p-hole H, then the inequality

1
pz(zz’—g)ﬂ'—z—;f@zo

defines a facet of P;(G) fori > 3.

For even 7 these inequalities are still valid, but not facets anymore. In the next result we

give a sums of squares certificate to the validity of these inequalities.
Lemma 3.3.4. The K;-p-hole inequalities are [i/2]-sos for p odd.

Proof. Let p = 2k + 1. For each [ = 1,...,2k + 1, there is exactly one K; 1 common
to G; and G;_; (taking indices mod 2k + 1). Denote the corresponding variable by ;.
Now fix [. Let the variables {yx} correspond to the K;_; contained in only one G;. Then
the variables corresponding to K;_1(G;) are {x;,z11,91,...,yi—2}. We will show that
pi(z,y) =1 —2— > yp — x1wi41 18 [i/2]-s0s.

Let J1 = {1,...,[i/2] — 2} and Jo = {[i/2] — 1,...,i — 2}. Applying Lemma[3.3.1] we
see that the following two functions are [i/2]-sos. First apply the lemma with A = {z;, z;41}

and B ={y; :j € Ji} U{z, x4}

fa,y) = 11| =z + maay” = > ;.
jeJ1
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Second, take A = () and B = Js:

g(z,y) = ol =1+ = >y,
JEJ2

Finally, observe that the following is idempotent mod I:

h(z,y) =1 — zay” —y2.

Adding these up we get that p;(x,y) = f(z,y) + g(x,y) + h(x,y) is [i/2]-sos. Now with
plz,y) = S py(x, ), we have that p is [i/2]-sos:

2k+1 2%k+1
p(z,y) = 2k+1)(i—2) — Z Z Y — Z TyT11,
=1 ykgGl =1

where the sum >y is over all K;_; contained in a unique K;. It remains to show that
k—>x + > xjxi4q is [i/2]-sos. Observe that this is attained by adding the following two

quantities, each of which is a sum of idempotents mod I:

k
§ (1 — 291 — T — Xoi41 + Ty—1T2 + To—1%2+1 + TAL241)
=1

k

E (@o—1 — To—12T1 — To—1%141 + T4121).
1=2

O]

In view of Lemma we see that the K;-p-hole inequalities are valid on THy; /o1 (1).
But since these inequalities define facets of P;(G) C THy;/91(1), we see that they also define
facets of TH; 21 (1).

In Section 3.3 of [15], Conforti, Corneil, and Mahjoub show that polynomial time

separation oracles exist for the following facets of P;(G).
1. Nonnegativities 0 < xp < 1,

2. K; (clique) inequalities ), . op <i—1,
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3. Odd wheels of order 7 — 1.

Define the polytope Q(G) as the intersection of these facets, and define Q'(G) by replacing
(3) by

(3") Ki-p-hole facets,

a superclass of (3).

The separation oracle provided by Conforti, Corneil, and Mahjoub [I5] allows us to use
the ellipsoid method to optimize over Q(G) in polynomial time. However, it is stated as an
open problem in [I5] whether there is also such a polynomial time oracle for the class (3),
which would allow us to optimize in polynomial time over Q'(G).

The results in this section show that TH(;/9)(I), over which we can optimize in polynomial
time (for fixed 7 and to fixed arbitrary precision), is a tighter relaxation than Q’(G). Precisely,

we have the following inclusions:
P;(G) € THp9)(I) € Q'(G) € Q(G).

A big advantage of this result is how easy it is to use in practice. The polynomial time results
derived from the separation oracle rely on the ellipsoid method, which is numerically unstable
and poor in practice even for small instances. By contrast, optimizing over the theta body is
a standard semidefinite program; hence it can be done using interior point methods and can
be straightforwardly implemented using any off-the-shelf solver. The original question in
[15] is however still open, since we have not provided any separation oracle for the class (3).

There are other families of facets of P;(G) for which efficient separation oracles are given
n [15]. We have not treated them here, as they would not yield any new polynomial time

results.
3.4 Related Problems

Here we apply two results appearing in the literature to the triangle free problem.
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3.4.1 A lower bound on theta convergence

In Section 3, we showed that the earliest possible theta body, THr; 91(Ic), satisfies several
inequalities defining facets of P;(G). However, in general it can take many steps of the theta
hierarchy before a given facet of P;(G) is valid on THg(G). This is the case even for the

triangle free problem. In particular, we will show:
Theorem 3.4.1. For k < "2, P5(K,) C THi(Ix,).

To prove Theorem 4.1, we will apply a result of Laurent [34] on the cut polytope. Let
G = (N, E) be a graph. A cut in G arises from a partition of the node set N into two sets Sy
and Sy, whereupon the associated cut is the set of edges from S; to Sy. Let Cg C {0,1}F
be the collection of characteristic vectors of cuts in G. Then CUT(G) = conv(Cg) is the
cut polytope of G. Similarly, define T C {0, 1}¥ to be the set of characteristic vectors of
triangle free sets in G, and as before, P3(G) = conv(T). Note that a cut is by definition a
bipartite graph; hence, it is triangle free. Therefore C¢ C Tz and CUT(G) C P3(G). The
theta body approach has also been applied to the cut polytope by Gouveia, Laurent, Parrilo,
and Thomas [20]. The following lemma shows that inclusion among varieties extends to

inclusion of theta bodies.
Lemma 3.4.2. Let X CY be two real varieties, with ideals I(X) and I(Y). Then for any
k, THy(1(X)) € TH(I(Y)).

Proof. If X C Y, then the reverse inclusion holds for their ideals: I(Y) C I(X). Any
function which is k-sos mod I(Y) is then also k-sos mod I(X). The result follows from the
definition of THy/(I). O

In particular, since Cg C T, we have THy(I(Cq)) € THi(I(T¢)) for all k. Note that
I(T¢) = I in our notation from the K;-free problem.

For the complete graph K, when n is odd, the inequality
2
-1
Yz < - (3.4.1)

defines a facet of both P3(K,) and CUT(K,).
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Theorem 3.4.3. [3/, Theorem 6] For k < "2, CUT(K,) ¢ THx(I(Ck,)). In particular,
equation (1) does not hold on TH(I(Ck,)).

In [34] this result appears in terms of a different but related relaxation. A translation of
that result to the theorem above can be found in Example 3.9 of [20]. We can now prove

Theorem 4.1.

Proof. By Theorem 4.3, there is a point x € THy(I(Ck,,)) violating (1). But by Lemma 4.2,
x € THE(I(Tk,)). Since (1) is valid on P3(K,,), = ¢ P3(K5,). O

This implies that the theta body hierarchy does not polynomially capture the K,

inequalities, as the size of the reduced moment matrices associated with the ["Zﬂ—th theta
body is exponential in n. It is still an open question, for both CUT(K,,) and P3(kK,,), what
is the smallest k£ so that the k-th theta body is exact.

Recall that for ¢ = 2, the K;-free problem is simply the stable set problem. In that case
it is well known that the clique inequalities are valid for the first theta body relaxation. A
simple byproduct of Theorem is that this fact fails to generalize even to ¢ = 3, as it is

impossible to capture all the clique inequalities with a constant rank of theta bodies in this

case.

3.4.2 An integrality gap for triangle cover

Let G be a graph. A triangle cover is a collection of edges in GG, containing at least one
edge from every triangle in G. Let 7(G) be the minimum-size triangle cover in G (in the
language of the introduction, the Ks-cover problem with unit weights). Let I be the ideal of
the triangle cover problem. Define the following semidefinite relaxation:
71(G) = min {er tx € THQ(I)} .
eck
Note that since C is a triangle cover if and only if E'\ C is a triangle free set, we can restate

any statements about theta bodies for the triangle free problem using the change of variables

r—1—x.
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We can also define a natural LP relaxation for the triangle cover problem. Let
7*(G) = min {Z:Ee :x € [0,1]F and for all triangles A, Z Te > 1} .
eck ecA
Krivelevich [32] proved that 7(G) < 27*(G). We can apply this to prove an integrality gap
for 71(G).

(&)
5

Theorem 3.4.4. For any graph G, 71(G) >

Proof. By Corollary 3.2, 71(G) > 7*(G), as the inequalities defining 7*(G) are valid on the

second theta body. Combining this with Krivelevich’s inequality gives the result. O

Another way to interpret Krivelevich’s result is in terms of a conjecture of Tuza. Define
a triangle packing in a graph G to be a collection of triangles in G, no two of which share an
edge. Let v(G) be the maximum-size triangle packing in G. It is an easy exercise to check
that v(G) < 7(G) < 3v(G). However, Tuza conjectured in [46] that the stronger inequality
7(G) < 2v(G) holds for all graphs G. The problem is currently open; see [26] for more

information. v(G) also has a natural LP relaxation.

v*(G) = max { Z ya sy € [0,1]7 and for all edges e, Z ya < 1}
AeT e€A

By LP duality, 7%(G) = v*(G). Krivelevich [32] also proved that v*(G) < 2v(G). After
applying the duality 7%(G) = v*(G), these become fractional versions of Tuza’s conjecture:
7(G) < 20*(G) and 7%(G) < 2v(G). A natural question to ask is whether, given the

SDP relaxation 71(G), whether the “semidefinite version” of Tuza’s conjecture would hold:

H(G) < 20(G).
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Chapter 4

SUMS OF SQUARES ON THE UNIT HYPERCUBE
4.1 Introduction

Our main results in this paper are upper and lower bounds on the degrees of sum of squares
multipliers needed to write certain polynomials as sums of squares mod I, the ideal of the
hypercube C' = {0, 1}". That is, given a polynomial f on C, we ask whether we can write
fg = h, where both g and h are sums of squares of polynomials: g =, g? and h = Zj h?
mod I. In Section [4.3| we prove a lower bound on these degrees for invariant polynomials
f vanishing to odd degree on a slice of the hypercube. Correspondingly, in Section we
prove an upper bound on these degrees. In the case of quadratics on the hypercube these

bounds are tight.

This work is motivated by the recent study of sum of squares relaxations and their
application to combinatorial optimization. Testing whether f — ¢ is nonnegative can be
repeated to find min(f). In practice, replacing the nonnegativity of f — ¢ with a sum of
squares condition has been an effective relaxation in some problems [21] [40]. We can fix
k and ask whether a nonnegative polynomial f is a sum of squares of degree at most k.
For given f, k, this can be solved via semidefinite programming, leading to a hierarchy of
approximations called theta bodies [21]. Proofs about theta bodies then involve proving that
an f is, or is not, a sum of squares of degree k£ mod I, and our results give exactly this
information. As a corollary to our lower bound, we reprove a result of Laurent [34] that
the Lasserre rank of the cut polytope is at least n/2. Our upper bound in fact answers a

conjecture of Laurent that this rank is exactly n/2.

A second motivation is Hilbert’s 17th problem: whether every nonnegative polynomial

on R"™ can be written as a sum of squares of rational functions. Artin proved that this is the
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case, and there has been some work on considering the degrees of the functions involved, but
no general lower bounds exist. As a corollary to our lower bound, in Section [4.5| we provide
the first lower bounds on such degrees.

The layout of the paper is as follows: in section we give the algebraic background
necessary for the paper. In section [£.3] we prove the lower bound for sos multipliers on the
hypercube C. In section [4.4] we prove the upper bound for multipliers on C. In section 4.5

we discuss applications to Hilbert’s 17th problem, and to the max cut problem.

4.2 Algebraic background

Let X C R"™ be an algebraic set and I C R[x] := R[zy,...,x,] its vanishing ideal. That
is, I = {f € Rlz] : f(z) = 0on X}. This lets us define an equivalence relation f = ¢
mod I if and only if f — g € I; i.e. if f and g agree on X. The equivalence classes are
the cosets f + I, and the space of equivalence classes is denoted R[X] := R[z]/I, which
we can think of as polynomials on X. In the ring R[X], equality is defined by equivalence
mod I, so for most of the paper we will write f = g for f = ¢ mod I. For f € R[X], let
deg(f) = min{deg(g) : g € f}. Our main example is the hypercube C' = {0, 1}" with ideal
I=(2? —z;:1<4i<n),soeach f € R[C] has a natural representative of smallest degree;
namely, the representative using only squarefree monomials.

For f € R[X] and d > 0, we say f is d-sos mod I, or simply d-sos if I is clear from
context, if f = Zle g? for some g; € R[X] with deg(g;) < d. Note that this implies f > 0
on X.

We will also need to discuss the notion of divisibility mod /. It may happen that, due to
cancellation mod I, the ring-theoretic definition of divisibility in R[X] doesn’t correspond
well to the usual notion of divisibility of polynomials. For instance, we may have f = gh
but deg(f) < deg(g) + deg(h); in the case of the hypercube, z -z = z. To fix this, for
f,g € R[X], we say that g properly divides f mod I if there is h € R[X] such that f = gh
and deg(f) = deg(g) + deg(h). Again, if I is clear we can drop “mod I.” We will also say
that g properly divides f to order m if g™ properly divides f, but ¢™*! does not.
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Recall our main example C' = {0,1}" and I = (7 — x4, i = 1,...,n). It will simplify
the notation to use subsets of [n] as exponents: 2% = z12,4. Then the space of functions
R[C] has a basis {z™ : m C [n]} of squarefree monomials. Thus we can write any function
feR[Clas f =3, cpeme™, and we have deg(f) = max{|m| : ¢,y # 0}. We define
R[C]4 to be the collection of homogeneous degree-d functions, and R[C]<; = @4 R[C]; the

collection of functions of degree at most d.
4.3 Lower Bound on Multipliers

In this section we prove our main results, which deal with S,-invariant polynomials which
vanish on a level T'= {z € C': Y x; = t} of the hypercube. Such functions come up naturally
in combinatorial optimization, where we are counting objects subject to some symmetric
restrictions; see Section We will show that such functions cannot be sums of squares

of low degree. For the rest of this section, we abbreviate

l:t—in,

the parameter ¢ will be fixed.

To start, we decompose R[C] into irreducible representations of the symmetric group Sy,.
For background on representation theory in general and on the representation theory of S,
in particular, see the introduction by Sagan [41], whose notation we adopt here. Note that
we treat (n,0) as an alias for the partition (n) to simplify our notation. We let S,, act on
R[C] by permuting the variables directly: (123)x; = x2.

We will define an isomorphism between tabloids and monomials. Suppose k < n/2.
Define ¢y, : M=*F) — R[C] by ¢x([m, m]) = 2™, and extend by linearity. For example,
¢3([12345,678]) = zgzyrs. The image of ¢y, is exactly the subspace R|[C]; of homogeneous
degree-k functions. We also have R[C]; = R[C],—r as Sp-modules, since we can take

complements in the exponent: if n = 6, then x129 € R[C]s +> z3z42526 € R[C]4.

Proposition 4.3.1. The S,,-module R[C] decomposes into n+ 1 — 2k copies of S(n=k:k)  for

0<k<Z
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Proof. By Young’s rule (Theorem 2.11.2 in [41]), M (™~%F%) contributes one copy of S~
for each 0 < i < k. By the above, if k < n/2, R[C],_1 = R[C]x = M™%k 1f n is odd,
then

RO = @ RICl ®RI[Clut)

0<k<n/2

~ 9 @ A (—hok)

0<k<n/2

k
9 @ ( S(ni,i))
0

0<k<n/2 \i=
/2, -
) e_% <2 _ig 1> gln=id)

which gives the result when n is odd. For even n just add the single copy of R[C],, /o
M(/2:n/2)

1

I

12

O

Proposition m gave the decomposition of R[C] into irreducibles, up to isomorphism.
But to analyze a specific f € R[C] in terms of this decomposition, we need to know
how the irreducible submodules lie inside R[C]; that is, we need to know an isomorphism
explicitly. We will choose a slightly idiosyncratic description which will be useful later. Fix
t € R. Recalling that S=%k) ¢ M®=kk) define Hyy = ¢(S™*F)) C R[C]. Since ¢ is
an S,-module isomorphism, we have Hyg = S %K) Then for i = 1,...,n — 2k, define

Hp, = (t—> y z;)" - Hgo. Note that no nonzero element of Hyg is properly divisible by £.

Theorem 4.3.2. R[C] has the following decomposition into irreducibles:

[n/2] /n+1-2k
R[C] = P ( &y Hk>

k=0 1=0

This decomposition respects degree: for any d,



Proof. By Proposition [£:3.1] the proposed decomposition contains the correct number of
each irreducible. Therefore, we need to show that the summands are linearly independent.

By Corollary 2.11 in [45], the map U : R[C]; — R[Cl<,— given by U(f) = (t —
- z;)" 2k f is a bijection. Therefore, the map U’ : R[C]y — R[C|<ky; given by f
(t—>" ;)" f is injective for i < n—2k, since U’ is a precomposition of U. Since Hg; = U’(Hyg),
we have that deg(f) = k + ¢ for each nonzero f € Hy;; in particular, Hy; # 0. Since S,
acts trivially on (¢t — > ; z;)%, Hp; & Hyo. By irreducibility, we know that Hy; and Hyy
are linearly independent if k # k’. It remains to consider Hy; for varying 4; but since each
nonzero f; € Hy; has degree exactly k + ¢, these are linearly independent as well.

The expression for R[C|<4 now follows from the linear independence of the Hy;. O

We now show that proper divisibility holds for functions of low degree vanishing on a

level T'.

Lemma 4.3.3. Let T ={zx € C: ), x; =t}, for fized t € {0,...,n}. Suppose f € R[Cl<q,
and f vanishes onT. If d <t < n —d, then f is properly divisible by I.

Proof. Let V be the S,-submodule of R[C]<, consisting of polynomials that are properly
divisible by [ and let

W=Hyp®.. 0 Hp2S"ag.. g¢grn-dd

By Theorem we have R[C<g = V@&W. Let U C W be the S,,-submodule of polynomials
vanishing on T'. It suffices to show that U = 0. Since the H;g are nonisomorphic irreducible

modules, it follows that

U =P Hio,

i€l
where I is a subset of {0,...,d}. Now we claim that polynomials in H;p do not identically
vanish on T for all 0 < i < d. Since H;g is an irreducible S,,-module it suffices to exhibit a

single polynomial p € H;o not vanishing on 7.
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To see this, let ¢ be the standard tableau of shape (n —4,i) where the first row contains

{1,...,n — i} and the second row contains {n —i+1,...,n}. Let & € C be given by
T=epgy1+-+ep.

Since ¢ < t < n — i, the support of & contains the second row of ¢ and does not contain
any of the first i entries of the first row of ¢q. Consider p = ¢(eq), p € Hjo. It follows that
p(Z) = 1, since only the monomial ¢(q) is nonzero on & in ¢(ey) and ¢(q)(Z) = 1. See Figure

for an example. O

=|1]2]8]4]5]6[7]

819

#=(0,0,0,0,0,0,1,1,1)

P = P(eq) = x3x9 — T1Tg — TTa + T1T2

Figure 4.1: A standard tableau ¢ with sorted rows, and an associated . Here n = 9,7 =

2,t = 3. We have p(z) = 1.

Now we can prove our main result.

Theorem 4.3.4. Suppose f € R[C]<; witht < n/2 is an Syp-invariant polynomial, and f
is properly divisible by l =t — (x1 + - -+ + x,) to odd order. Then f is not (dy,ds)-sos for
dy < min{%egf,t}, dy < t.

Proof. Suppose that f3 g7 = th with ¢g; € R[Cl<4,, ¢; # 0 and h; € R[C]<q,. Let

g=> 97 and h = Zh? Without loss of generality we may assume that g and h are

Sp-invariant polynomials, otherwise we may replace them by their S,, symmetrizations.
Since do <t by Lemma we can write h; = [%g; with S,-invariant polynomials g;

such that deg ¢; = degh; — dega; and ¢; is non-zero on any point of T". Therefore h = 1%%g
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where @ = mina; and ¢ is an S,, invariant polynomial, degq = degh — 2a, and ¢ is strictly
positive on T'.

Similarly, since d; < t we argue that g = [?r, where 7 is S,,-invariant polynomial positive
on T, and degr = degg — 2b. Finally, f = [°p where c is odd and p is an Sj,-invariant
polynomial not identically 0 on T" with degp = deg f — ¢. Combining, we see that

l2b+cp7“ _ l2aq =0.
Let a = min{2a, 2b + ¢}. By factoring out [* in the equation above we obtain
[“s =0,

for an S,-invariant polynomial s € R[C] of degree strictly less than n since d; < min {”T_t, t}
and do < t. Since ¢ and r are strictly positive on T and p is not identically zero on T, it
follows that s does not vanish on 7. Thus s is a non-zero symmetric polynomial in R[C]
vanishing on C'\ T'. Therefore s = Sxr for some constant 5 # 0, where yp € R[C] is the
polynomial vanishing on C'\ T and equal to 1 on 7. However, it is not hard to check that

deg x7 = n for any level T' and therefore we arrive at a contradiction.

O

Corollary 4.3.5. Fizt <n/2 and let f € R[C]<¢ be fized by Sy. Suppose that f is properly
divisible by l =t — (z1 + - -+ + x,) to odd order. Then f is not d-sos for d < t.

Proof. Apply Theorem with d; = 0. O
Corollary 4.3.6. Let k = [ 5] and let f € R[C] be given by

f=@m+ - +xpn—k)(z14+ - +a,—k—1).
Then f is nonnegative on C but f is not (k — 1, k)-sos.

Proof. Apply Theorem [£.3.4] O
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4.4 Upper Bound on Multipliers

Let I' = {vy,...,v,} be a finite set of points in R™. We consider sums of squares in R[I].

Lemma 4.4.1. Fiz dy,d> € N. The set A C R[I'|<q of polynomials which are (dy,dz)-sos is
closed in R[['|<q for all d.

Proof. One can check that X(I")<g4 is a closed pointed cone. Suppose that f; € R[I'|<4 are
(d1,dz)-sos and f; — f. Then there exist g;, h; which are respectively d; and ds-sos and

figi = h;. We may rescale g; and assume that

7 2 =1

zel
The set of di-sos polynomials with average 1 on I' is compact. Therefore a subsequence of
{gi} converges to g, which is also di-sos. Then f;g; converge to fg and since each f;g; is
ds-sos it follows that fg is ds-sos.
O

Let £ : R[I'<2q¢ — R be a linear functional given as a combination of evaluations on I':
m
= wif(vi), f € R[Ta, i €R.
Let Q¢ : R[I'l<4 — R be the quadratic form associated to ¢ given by

Qu(f) = U(f?) = ZM v;).

We assume that the coefficients u; are non-zero and let my and m_ be the number of

positive and negative p; respectively.

Lemma 4.4.2. Suppose that the quadratic form Qg is positive semidefinite. Then m,y >
dim R[I']<4

Proof. Let mr : R[['|<q — R™ be the evaluation projection of forms in R[I'|<4 given by

mr(f) = (f(v1),..., flvm)), [ € R[l<q
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We observe that the map 7 has no kernel and therefore
dim 7 (R[[<q) = dim R[T]<4.

Let Q; be the quadratic form on R™ given by:

m
E : 2
i=1

By its definition, the form @y is a composition of 7 and Q:
Q= Qomr.

The form @, has m_ negative eigenvalues, and thus Qy is strictly negative on a subspace of
dimension m_. Recall that the form Q, is positive semidefinite, which implies that Q, is
positive semidefinite on the image of mp. Thus the image of 7 has codimension at least m_

in R™. Since m4+ +m_ = m the Lemma follows. O
Let Hrp(t) denote the Hilbert function of I':
Hr(t) = dimR[I" <.

Theorem 4.4.3. Let p € R[I'|<2s be a polynomial of degree at most 2s nonnegative on T

Suppose that for some k € R we have
HF(/{ + 8) + Hr(k‘) > HF(Qk + 28).
Then p is (k,k + s)-sos on T, i.e. there exists ¢ € ¥(I")<ar, such that pg € X(I") <2542k -

Proof. Suppose not. By Lemma the set of all polynomials in R[I'|<gs that is not
(k,k + s)-sos is open. Thus we can find p € R[I']<g, that is strictly positive on I" but is not
(k,k + s)-sos. Now consider the pointed, closed convex cones pX(I')<gr and X(I')<op42s in

R(I")<ok+2s- By our assumption

pZ(P)S2k N E(F)§2k+2s = {0}
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Therefore there exists a linear functional ¢ : R[I'|<gry2s — R strictly separating the two
cones: £(f) > 0 for all nonzero f € X(I")<ox42s and £(f) < 0 for all nonzero f € pX(I")<ak.
Let I'" C I' be a subset of I' such that point evaluations on I'" form a basis of R[I'%,; ..

In particular, |I'| = dim R(I")<2x+2s. Therefore the separating functional £ can be written as

0= wils, pieR.
v, €T

Since /¢ strictly separates the two cones we may assume without loss of generality that all
coefficients p; are non-zero. Let m; and m_ be the number of positive and negative p;

respectively. Then by Lemma we know that my > dim R[] <ps.
Now define ¢ : R[I'|<ax — R by

t= Z :uip(vi)gvi'
v, €T

It follows that Q¢ : R[['|<; — R is a negative definite quadratic form. Therefore, by applying
Lemma we see that m_ > dim R[I']<y, since p(v;) > 0 for all v; € I'. Combining, we

see that

|F/| =m4yt+tm_ = HF(QIC + 28) > Hp(k + S) + Hp(k),

which is a contradiction. O]

Corollary 4.4.4. Let p € R[C]<2 be a quadratic polynomial nonnegative on C and let
k=1%]. Then p is (k,k+ 1)-s0s.

Proof. This follows immediately from Theorem since Ho(t) = 30 (7). O

i

This gives insight into a conjecture of Laurent [34] that the Lasserre rank of the max cut
polytope on K, is exactly n/2. It was already known to be at least n/2; see for instance
Section of this paper. By Corollary rank n/2 is required when using multipliers.

It remains to check whether allowing multipliers reduces the degree required in this case.
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4.5 Applications

We give two applications of our results. Section deals with the max cut problem on
K,,, and is an application to combinatorial optimization. Section deals with degree
bounds in Hilbert’s 17th problem.

4.5.1 The maz cut problem

A cut in a graph arises from a partition of the vertices into two sets S, S2; then the cut is
the collection of all edges from S; to S5. Note that switching S; and S gives the same cut.
We write C' =[Sy, Sa] = [S2, 51], and let |S| = the number of edges from S; to Se. A max
cut is a cut maximizing |S]|.

In the complete graph K, the max cuts come from any partition of [n] into two sets of n/2
vertices, or (n £+ 1)/2 when n is odd. Given a cut S = [S1, 52| in K, let z = z(S5) € {0,1}"
be defined by z; = 1 if i € Sy; z; = 0 if i € S3. Observe that for i # j, the quantity

1 if 4,5 are in the same half of S,
(2371' — 1)(2x]‘ — 1) =
—1 if 4,7 are in different halves of S.

We will calculate the function on {0,1}" that counts the number of edges in a cut. If =
represents a cut with |S| edges, then

3 (22— 1)(22; — 1) = <(Z> - |S|> 1+(8]) - -1 = <Z> —9l9].

1<J

Therefore, |S| = ”24_” -1 > icj(2zi —1)(22; — 1). For n odd, the maximum size of a cut is

n—1n+l _ n?—1
5ot = . Put

n?—1 nf—n 1
4= - 1 _2;(2@—1)(2%—1)

Then we have the following factorization and inequality.

Proposition 4.5.1. Let n be odd and q as above. q factors mod I as (%5 — > x;) (%5 —

> x;). Forx € {0,1}", q(x) > 0, and q(x) = 0 only for the vectors representing mazx cuts in
K,.
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Proof. The factorization is routine algebra; recall that the ideal I of the cube allows
simplification x? = x;. The nonnegativity and equality statements follow from the preceding

discussion. O

Note that the ¢ defined above satisfies the conditions of Theorem for t = ”T_l
Therefore, it is not d-sos mod I for d < t. This will allow us to reprove a result of Laurent.
In [34], Theorem 4, it is shown that the Lasserre rank of the cut polytope of K, n odd, is

at least ”TH

. The Lasserre relaxation is a hierarchy of semidefinite program approximations
to a 0/1 polytope based on sums of squares, and we can reprove Laurent’s result by showing

that ¢ is not d-sos for d < ”TH

Corollary 4.5.2. Let n be odd and I the ideal of the hypercube C. Then q, as above, is not

n—1
a sum of squares mod I of degree < "5=.

Proof. This is just [4.3.6] O

4.5.2  Globally nonnegative function with large multipliers

We finish with an application to Hilbert’s 17th problem about sums of rational squares on

R™.
Theorem 4.5.3. Let k = |5 |. There exists a polynomial p of degree 4 nonnegative on R"
which is not (k — 2, k)-sos.
Proof. Let k = |5 and let f € R[z] be given by
f=(@+ 4z, —k) (i +-+z, —k—1).

By Corollary we know that f is not (k — 1,k)-sos in R[C]. Using Lemma with
I' = C it follows that f + € is not (k — 1, k)-sos in R[C] for sufficiently small € > 0. Let
f' = f + € for a fixed such e.

Let r = Y7 | (22 —;)?. For sufficiently large A > 0 the polynomial ¢ = f’+ Ar is positive
on R"™. Suppose that ¢ is (k — 2, k)-sos in R[z]|: we have gg = h with (k — 2)-sos non-zero g,
and k-sos h.
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For a = (aq,...,ay) € R™ let Cy be the hypercube given by equations (z; — ;) (x; — oy —
1) = 0. By Lemma it follows that ¢ is not (k — 2, k)-sos in R[C,] for all « sufficiently
close to 0. However, there exist o arbitrarily close to 0 such that g # 0 in R[C,]. This is a

contradiction since it follows that ¢ is (k — 2, k)-sos in R[C,] for such a. O
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Chapter 5

THE REPRESENTATION THEORY OF MATCHINGS
5.1 Introduction

Let B,, C Sa, be the hyperoctahedral group; that is, the stabilizer of o = (12)(34)...(2n —
1,2n) in So,. Barbasch and Vogan [§] showed that the induced representation Ind%ﬂ"(l)
decomposes into a sum of Specht modules @, S?, one for each A - 2n such that each )\; is even.
We define two subgroups Cy, , and Dy, ,, of Sy, each of which is a natural generalization
of B,. Let Cy,,, = S, wr Sy, and Dy, , = S, wr Cp,. Here Cy, C S, is the cyclic group
generated by an m-cycle. When m = 2, Cy,, , = Dyy = By,.

These generalizations arise naturally when using symmetry to reduce the dimension of
semidefinite programs in combinatorial optimization. The Sa,-module Ind%ﬂ“(l) is naturally
isomorphic to the vector space of perfect matchings on Ks,. Decomposing this vector space
into irreducible representations corresponds to a block diagonalization of the semidefinite
program underlying the theta body for these matchings, an approximation based on sums of

squares.

Similarly, the S,,,-module Indg:"n’fn(l) is naturally isomorphic to the vector space of
perfect m-uniform hypermatchings on the m-uniform complete hypergraph Kgfb) Likewise,
Ind%?n"‘n (1) is naturally isomorphic to the vector space of decompositions of the vertex set
[mn] of the complete graph K,,, into n disjoint m-cycles. Decomposing these into irre-
ducible representations would allow symmetry reduction of the corresponding combinatorial

optimization problems.

We generalize Barbasch and Vogan’s proof to recursively describe the decomposition
of both Ind‘gxln(l) and Ind%zz:‘n(l). We do not believe that a simple pattern for the

decomposition exists for m > 2 in either case. However, we are able to establish enough of
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the structure of Indg:;fn (1) to show that, unlike the case m = 2, the irreducible representations
are not multiplicity-free for n > 5.

The structure of this paper is as follows. In Section 2, we give a method for determining
Indg:’::n(l) from Indg:fzzi)(l). In Section 3, we produce an explicit linear isomorphism
corresponding to the m = 2 case. In Section 4, we prove that Indgj;fn(l) is not multiplicity-

free for n > 5.
5.2 Recursive construction

We generalize the induction step in the proof of Barbasch and Vogan to the cases of Cy,

and Dy, . First, we will recall the main ingredients in the case of B,,.
Lemma 5.2.1. As homogeneous spaces, Son/Bpn = San—1/(Bn N Sop—1) = San—1/Bn-1.

Proof. The second equality follows from B, N Se,_1 = B,_1. For the first, define a map
@ : Son/Bn — Son—1/Bn-1 by ¢(9By) = (9Bn) N S2n—1. When defining ¢, choosing the coset
representative g € Sa,—1 shows that ¢ is well-defined. It’s straightforward to check that the

Son_1 action commutes with ¢. O

The next step lets us determine Ind%i” (1) by considering its restriction to Sa,—1. Although
in general a representation is not uniquely determined by its restriction to a subgroup, we

will see that in this case there is enough extra information to determine the decomposition.

Lemma 5.2.2. The following recursive rule holds:

ResZr, (Ind (1)) = Indg~! (Indjz2(1))
Proof. By Lemma Reséé:il(lnd%’f(l)) = S9,—1/Bn—1. But this is just a restatement
of the definition of Ind%i"_‘ll (1) = Indgzz_l (IndSBi"__f(l)). O

-2

We will use the original result of Barbasch and Vogan in Section [5.3] so we prove it here

for completeness. Here we say a partition A F 2n is even if each of its parts A; is even.
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Theorem 5.2.3. The decomposition of Ind%n"(l) into irreducibles is

md?(1)= § st
AF2n
A is even

Proof. This is true for n = 1. We use induction. Assume Indgi":f(l) has the described

decomposition. We use Lemma [5.2.1) By the branching rule, Indiiii(lnd%ﬁf_‘f(l)) contains

each p F 2n — 1 having exactly one odd part, and each such p appears once. Suppose
Ind%ﬂ”(l) contains A with at least three rows and at least two odd parts. Then the restriction
of A contains a p with at least two odd parts; thus these A do not occur. To rule out
A = (A1, \2) with A\; and A2 odd, note that (2n) occurs in Ind%ﬂ”(l) by Frobenius reciprocity.
Therefore (2n—1, 1) can’t occur in Ind%?n”(l)7 as it would contribute a second copy of (2n—1)
to Indgzz:;(lndgin__f (1)). An induction on ¢ shows that (2n — 4,7) occurs in Ind?ﬂ"(l) if and
only if 7 is even.

Finally, consider a A with at least three even odd rows. Each p obtained by deleting a
box from A occurs in Inng:;(Indgi":f(l)) exactly once, and a single copy of A in Ind%’:(l)

is the only way remaining to account for these pu. O
We now generalize Lemmas and to the cases of Cp, , and Dy, .

Lemma 5.2.4. The following two recursive rules hold:
Resg_, (ndgre (1)) = Indg! (a1 @1)
Snm—1 Cm,n - S(nfl)mXSm—l C’m,n—l ’

Res§rr_, (mdfr (1)) =Tmag! (ndj (1)

n—1)m

Proof. The proof is a straightforward generalization of Lemmas [5.2.1] and [5.2.2] Observe

that Ch,n N Smn—1 = Cmn—1 X Sm—1 and that Dy, , N Sppn—1 = Dy p—1. We then have
that Spmn/Cmn = Smn—1/(Cmn—1 X Sm—1) and Spmn/Dmn = Smn—1/Dmn—1. The results
follow. ]

If we know the decomposition of Indg:”n"n(l) into irreducibles, we can use Lemma

- Sm(n . . . .
and Pieri’s rule to decompose Indcﬁfnﬁ) (1) into irreducibles. The same is true for Indls)’jn”n (1)
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and Ind%’:ﬂi? (1), except that we use the branching rule. See Table for some results for

m = 3 and small n.

5.3 Explicit isomorphism for m = 2

Recall that a matching in a graph is a set of disjoint edges; we say a matching is a k-matching
if it consists of k edges. Take S to be the set of n-matchings in Ko, ; these are also known
as perfect matchings. If we let S, permute the vertices of Ks,, then S is an Ss,-set and
C[S] an Sa,-module. Note that Sa), acts transitively on S.

Fix the matching s = 12|34|---|2n — 1,2n. Then the stabilizer of s in Sy, is exactly
B, as defined in Section . Then Ind%ﬂ"(l) >~ C[S] as Sg,-modules. We give an explicit
decomposition of C[S] into irreducibles; i.e., we provide a concrete linear map from each
summand S* — C[S]. Note that the decomposition is determined up to isomorphism by

Theorem Our contribution here is to give an effectively computable isomorphism.

Lemma 5.3.1. Let S be the set of k-matchings in Koi. Then C[S] = @, S*, where the
direct sum is over all partitions X of 2k consisting of even parts. The multiplicity of each S*

1s 1.

Proof. Fix an even \. We will define a map f : M* — C[S]. For a single-row tabloid R, let
f(R) be the sum of all matchings in R. For a tabloid T" with rows R;, let f(T') =[], f(R:);

we interpret the product of disjoint matchings as their union. For example:
f <L34> — 12(34 + 13|24 + 14/23

1 2 3 4
5 6

= J([1234]) f([34])

= (12/34 + 13|24 + 14/23) - (56)

= 12|34|56 + 13|24|56 + 14|23|56

Extend by linearity to M?*. This is a map of S,-modules, so its restriction to S* is either 0

or an isomorphism.
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Let t be the standard tableau with entries in increasing order. We will show f(e;) # 0.
f({t}) contains the term m = 12|34|--- |2k — 1,2k. If £x{t} is another term in e; such
that f(m{t}) also contains m, then 2i and 2i — 1 must be in the same row of w{t} for all
7. But using column group operations, this is only possible if we switch 2¢ with 25 and
24 — 1 with 25 — 1. Therefore 7 is a product of an even number of disjoint transpositions,
and in particular, sign(m) = 1. So f({t}) appears with positive sign in f(e;), and therefore
fler) #0.

The proof is completed by noting that, per Theorem [5.2.3] we have accounted for each

irreducible representation that appears. ]

5.4 Multiplicities occur for m =3,n > 5

The recursion rules established in Lemma can be used to compute the decompositions
of Indgz*fn(l) and Ind%’:@’jﬂ (1) for small values of m and n; see Table at the end of this
section.

As discussed above, in all cases we computed, there was a unique solution to the recursion
containing a copy of the trivial representation. However, unlike the case m = 2, there does
not seem to be any simple pattern to the decomposition. In particular, the decompositions
are not multiplicity-free after the first few values of n.

In this section, we consider V,, := Indg?n(l), and determine enough of the structure of
V,, to show that for n > 5, V,, is not multiplicity-free. We accomplish this by considering
partition patterns. A partition pattern A = (%, A1,..., \x) represents any partition of length
k + 1 whose second through last parts equal A\. We also abandon tuple notation and simply
concatenate digits, as all our entries are at most 9. For instance, the partition pattern 42
represents the partition (n — 6,4, 2) for any n. As a special case, we let 0 denote the pattern
(), representing the partition (n) for any n.

For any partition pattern ), let mult(\,n) be the multiplicity of S* in V,,. Also let

mult(\, n~) be the multiplicity of S* in Resggzil (Vo) = Ind?ﬁZ:;(Vn,l). It is also convenient

to refer to V;, and Resgzzil(Vn) as level n and level n™, respectively.
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We will first determine the multiplicities of certain S* in V,. Then, we will use this

structure to show that V,, is not multiplicity-free for n > 5.

Lemma 5.4.1. The following \ have multiplicity 1 in all levels n > 5: 0,2,3,4,22,5,41, 32.
The following A do not appear in any level: 1,21,31,221,311,411.

Proof. 1t is easy to check that this holds for n = 5; see Table Assuming by induction
that the given decomposition holds for n — 1, we get a partial list of multiplicities at level

n .

A Ho‘l‘11‘2‘21‘3‘111‘4‘31‘22‘211‘1111‘5‘41‘32‘311‘221
w110 2] 1 2] 0 [s]2]2] o o [s]3]s]0 1
It is then straightforward to check that the given decomposition for level n is the only way

to recover these multiplicities at level n™. ]
Theorem 5.4.2. All levels V,, for n > 5 have multiplicities.

Proof. By Lemma it follows that mult(51, n)+mult(42,n) = 2 for all n. By considering
the relevant children at level n—1, we can see that mult(51, n™)+mult(42,n~) = 9. Therefore,
one of mult(51,n™), mult(42,n~) > 5. But since each of 51 and 42 has four parents at level

n, we must have multiplicities at level n. ]
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Table 5.1: The decomposition of Indg’rnn”n(l) into irreducible representations for m = 3 and

small n. Note that n = 5 is the first to contain multiplicities.

Ind2r (1)

7n n

[4,2], [6]
[4,4,1], [5,2,2], [6,3], [7,2], [9]
[4,4,4], [5,4,2,1], [6,2,2,2], [6,4,2], [6,6], [7,3,2], [7,4,1], [8,2,2], [8, 4],
[9,3], [10,2], [12]
53 |[5,4,4,2, [553,1,1], [6,4,2,21], [6,4,4,1], [6,5,2,2], [6,6,3],
[
[
[

B~ w3
w | [w |3

4,4,
4,4

I

7,2,2,2,2], [7,4,2,2], [7,4,3,1], [7,4,4], [7,5,2,1], [7,6,2], [8,3,2,2],
8,4,2,1], [8,4,3], [8,5,2], [8,6,1], [9,2,2,2], [9,4,2], [9,4,2], [9,6],
10,3, 2], [10,4, 1], [10,5], [11,2,2], [11,4], [12,3], [13,2], [15]
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