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Background. The past decade has seen the rapid development of synthetic particles

capable of propelling themselves at the micro- and nanometer scale through aqueous

media. Several groundbreaking experiments have shown these so-called “nanomo-

tors” to be capable of performing several useful microscale tasks. However, alongside

this progress, the need has arisen to understand the physical mechanisms governing

their motion, as well as the limitations on their capabilities. Explanations of the

propulsion mechanisms driving synthetic nanomotors are critical not only for provid-

ing insight into novel physical phenomena, but also to guide and inform the design

and implementation of nanomotors and nanomachines.

Bimetallic rods, 2 microns in length, were first shown to move autonomously using

hydrogen peroxide fuel in 2004. Since then, a number of theories have been proposed

to explain how these particles convert chemical energy in the hydrogen peroxide to

kinetic energy of motion. The leading theory states that the rod functions as a short-

circuited electrochemical cell, with electrochemical reactions occurring asymmetrically

on its surface. These reactions are thought to generate an electric field, which pro-

pels the particle via electrophoresis. However, until now, this mechanism has not

received a rigorous theoretical treatment as it applies to bimetallic rods, hindering

the development of these particles for practical applications.





Research Goals. The goals of this dissertation are (i) to understand physically

the motion of self-propelling metallic particles with electrochemical surface reactions,

and (ii) to characterize the limitations on the propulsion mechanism. To accom-

plish these goals, I construct a complete numerical model for the motors using the

finite-element method. The model includes the coupled Poisson-Nernst-Planck-Stokes

equations with Frumkin-corrected Butler-Volmer boundary conditions to represent

the surface reactions. I devote special attention to the transport phenomena occur-

ring in the interfacial layer near the particle/solution interface, which play a key role

in the locomotion.

The model enables one to understand how the rods’ motion depends on the proper-

ties of their environment, such as hydrogen peroxide concentration, solution electrical

conductivity, and solution viscosity. The numerical simulations are complemented

with a scaling analysis based on the governing equations, which makes definite, ver-

ifiable predictions of these dependences. One of the most important trends that has

been observed experimentally is the significant decrease in speed induced by adding

sub-millimolar concentrations of inert electrolyte. It is important to understand the

physical reasons for the electrolyte-induced speed decrease, in order to know whether

it is fundamental to this propulsion mechanism, or if there is some feasible means to

circumvent it.

Research Impact. Successful completion of this research will result in an im-

proved understanding of the capabilities, as well as the risks and limits of applicability,

of the bimetallic nanomotors for applications in nanotechnology and nanomedicine.

Potential applications of the rods include the targeted delivery of drugs in the hu-

man body, sensing of chemical impurities in drinking water, and as engines to drive

fabrication of microscale structures.
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Chapter 1

INTRODUCTION
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1.1 Motivation

The development of self-propelling micro- and nanometer scale motors capable of

performing useful tasks is one of the grandest challenges facing nanotechnology to-

day. The fabrication and analysis of micro- and nanometer scale devices capable of

self-propelled motion in aqueous solutions has grown exponentially since the turn of

the century [47, 74, 45, 38, 68]. These so-called “nanomotors” hold great promise

for a wide variety of applications in nanotechnology, including cargo transport and

delivery [10, 96], self-assembly of nanostructures [91], chemical sensors [50], and useful

nanomachinery [97]. The realization of a self-propelling swimmer capable of perform-

ing useful tasks at the nano-scale would trigger a revolution in nanotechnology, and

remains one of the grandest challenges facing the field ever since Richard Feynman

issued a challenge to create the first “tiny motor” in his 1959 lecture “There’s Plenty

of Room at the Bottom.”

Locomotion at the micro-scale is both abundant and important in nature, where

microorganisms harvest chemical energy from the surrounding fluid environment and

convert it to the mechanical energy of motion through a variety of processes. Examples

include human spermatozoa, which must swim through hostile environments to fuse

with an ovum during fertilization; the alga Chlamydomonas reinhardtii, which swims

by beating two flagella in a variety of patterns which vary stochastically; and the uni-

cellular protozoan Paramecium, which swims using thousands of cilia to evade preda-

tors [59]. At this size scale, mechanical swimming is no small feat: the so-called low

Reynolds number regime is inherently unfavorable for mechanical swimming, where

the swimmer’s inertia exerts a negligible influence compared to viscous forces. In

order to overcome this difficulty, any mechanical micro-swimmer must move by de-

forming itself in a time-irreversible manner; this axiom is known as Purcell’s Scallop

Theorem [81]. Thus, any microorganism that propels itself by mechanical means,

such as a motile Escherichia coli bacterium or a human spermatozoon, must swim
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by a time-asymmetric deformation of a solid appendage, such as a single flagellum or

thousands of cilia.

In 1956, the British biochemist Peter Mitchell proposed that in contrast to me-

chanical swimmers, some microorganisms might move by a non-mechanical propulsion

mechanism [67]. He envisioned an organism that exchanges ions with the surround-

ing fluid, generating an ion current in the fluid near its body that flows opposite the

swimming direction; this ion current leads to fluid motion, also opposite the swimming

direction, propelling the organism in the same way as a track leads to the locomotion

of a tank. Non-mechanical propulsion mechanisms have been investigated for specific

types of organisms, e.g. by Mitchell [66], Waterbury et al. [99], and Anderson [2].

Recent advances in nanofabrication have enabled the engineering of synthetic ana-

logues to naturally occurring micro-swimmers. Some artificial swimmers have emu-

lated biological systems using moving interfaces such as rotating structures [12, 34],

flagella powered by external magnetic fields [100, 37, 8], or deforming bodies [3] or

artificial cilia [87]. However, many practically realized artificial swimmers also move

by non-mechanical propulsion mechanisms similar to that proposed by Mitchell. A

common thread among these is surface reactions, which establish gradients in chem-

ical concentration or electric potential which generate fluid slip along the synthetic

swimmer surface, setting it into motion (a so-called phoretic propulsion mechanism).

To properly quantify these gradients and the influence they exert, it is often necessary

to solve non-trivial fluid mechanics and transport problems, thus posing interesting

problems for theoreticians.

An understanding of the physical mechanisms driving self-propulsion of natural

and synthetic objects is essential not only for probing fundamental scientific prob-

lems, but also for the practical and rational design and implementation of micro-

and nanoscale swimming devices, particularly for determining their usefulness for

future applications. Experimental advances in artificial self-propellers are rapidly

progressing [72, 97, 31, 36], but the applicability of synthetic self-propellers will be
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fundamentally limited until their mechanisms of energy conversion are thoroughly

understood.

This thesis will focus on one particular realization of a synthetic swimmer known

as a bimetallic nanorod or nanomotor. These rods were initially reported in 2004

to move autonomously along their axis in hydrogen peroxide solutions [74]. The

rods are typically 2 microns in length, 300 nanometers in diameter, and consist of

platinum and gold segments of equal length. Since their introduction, they have been

shown to be capable of several potentially useful tasks in nanotechnology, such as

towing and delivery of microscale cargo [96, 10], motion at up to 100 body lengths per

second [58], externally controllable motion [10, 11], and motion-based chemical sensing

[50]. The rods are touted as one of several candidates for a variety of applications

in nanotechnology, such as targeted delivery of drugs in the human body, chemical

sensors, sensing and removal of impurities in drinking water, and the fabrication of

complex nanoscale structures.

Although the rods hold significant promise for practical applications, the physics

governing their motion is not well understood. Considering that the rods have no

moving parts, the governing propulsion mechanism is believed to be phoretic in na-

ture. Several non-mechanical theories have been proposed to explain the mechanism

of conversion of chemical to mechanical energy, some of which have garnered ex-

perimental support [74, 98, 76], but the theories that have been advanced thus far

are generally qualitative in nature. To gain a more rigorous understanding, we seek

to build the first quantitative theoretical model for the self-propulsion of bimetallic

nanorods.

The study of micro-scale locomotion by non-mechanical means has a long history,

dating at least as far back as Mitchell’s proposal for microorganisms. To gain some

context for the current work, we review the fundamentals of phoretic self-propulsion

and discuss the most pertinent literature relating to the two most common realiza-

tions: self-electrophoresis and self-diffusiophoresis.
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1.2 Literature Review on Phoretic Self-Propulsion

The word phoresis means “migration” and in transport science generally refers to the

motion of dispersed particles or ions relative to a fluid under the influence of a gradient

in a scalar quantity. The most common phoretic mechanisms are electrophoresis, dif-

fusiophoresis, and thermophoresis, in which a particle moves in response to a gradient

in electrical potential, chemical concentration, or temperature, respectively. Phoretic

self-propellers are generally governed by the same physical principles as conventional

phoretic particles, which are well-understood physically and have been analyzed in

detail elsewhere. The distinguishing feature of phoretic swimmers is that they gen-

erate the propulsive gradients themselves, rather than requiring the gradient to be

externally applied.

A general framework for analyzing phoretic swimmers was provided by Golesta-

nian et al. [38]. They presented several designs for spherical and rod-shaped parti-

cles and considered self-electrophoresis, self-diffusiophoresis, and self-thermophoresis

as possible mechanisms. Importantly, they identified two essential traits a phoretic

swimmer must have in order to move: surface activity and phoretic mobility. By

definition a phoretic swimmer migrates in response to a self-generated gradient in

a scalar quantity. Surface activity describes the swimmer’s ability to generate the

gradient; it is equal to the mass flux (for self-diffusiophoresis), current density (for

self-electrophoresis), or heat flux (for self-thermophoresis) crossing the surface of the

swimmer. Phoretic mobility quantifies how the swimmer responds to the gradient,

and is a measure of the swimmer’s migration speed per unit of the gradient in tem-

perature, potential, or concentration.

Golestanian et al. derive a general scaling relation for the speed of a phoretic

swimmer:

U ∝
αµ

B
, (1.1)

where α is the surface activity, µ is the phoretic mobility, and B is the solute diffusivity
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(for self-diffusiophoresis), solution electrical conductivity (for self-electrophoresis), or

thermal conductivity (for self-thermophoresis). For self-electrophoresis, the phoretic

mobility is equal to the electrophoretic mobility, given by the familiar Helmholtz-

Smouluchowski expression as µe = εζ/η, where ε is the permittivity of the solution,

ζ is the particle’s zeta potential, which quantifies its surface charge, and η is the

dynamic viscosity of the fluid. Diffusiophoretic and thermophoretic mobilities may

be defined as well, but typically depend on the situation (e.g., which solute exhibits

the gradient, particle geometry, etc.).

Golestanian et al. argue that symmetry breaking in either surface activity and/or

phoretic mobility is essential for swimming. For example, for a two-sided Janus sphere

with homogeneous phoretic mobility and broken symmetry in the surface activity (one

hemisphere produces a flux of heat, species, or ions while the other consumes it) they

obtain the analytical result for the swimming speed

UJanus =
1

8B
(α− − α+)(µ+ + µ−), (1.2)

where + and − subscripts indicate the respective half of the sphere on which the

quantity is evaluated. This equation predicts that a Janus swimmer with uniform

surface activity (α+ = α−) will not move. Indeed, all successful realizations of Janus

swimmers reported in the literature, from bimetallic rods [74] to polystyrene spheres

half-coated with platinum [45], exhibit some form of broken symmetry in surface

activity.

In this work, we will consider the motion of a particle that arises in part due

to gradients in both concentration and electric potential. In the following sub-

sections, we describe pertinent theoretical examinations of self-electrophoresis and

self-diffusiophoresis. In each case, we begin with a brief introduction to the most

common mathematical models used to describe these propulsion mechanisms, and

then summarize and critique the most recent contributions and refinements to the

modeling.
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Figure 1.1: Schematic of a typical spherical swimmer which moves by neutral so-
lute self-diffusiophoresis. A Janus sphere having catalytic (shaded) and inert (white)
halves of radius R is immersed in a fluid with viscosity η containing A and B so-
lute molecules with equilibrium concentrations CA and CB. In general, the A and B
molecules experience different interactions with the swimmer. The solutes and par-
ticle can interact through many different mechanisms, such as van der Waals forces,
steric interactions, electrostatics, and more; the interaction is described by a potential
ψ and has characteristic length scale λ. For example, if the catalytic half of the parti-
cle converts A molecules into B molecules, this will cause a local excess of B molecules
and depletion of A molecules. This process produces an asymmetric distribution of
reactants and products, which implies asymmetric interaction forces on the particle.
These forces, integrated over the entire particle surface, lead to a propulsive force on
the particle.

1.2.1 Self-diffusiophoresis

Background

Self-diffusiophoresis is the autonomous motion of a particle up or down a self-generated

gradient in chemical concentration. Self-diffusiophoresis is the autonomous analogue

to diffusiophoresis, the migration of a particle in response to an externally imposed

concentration gradient. The solute in which the gradient exists may be either un-

charged (non-electrolyte or neutral solute diffusiophoresis) or charged (electrolyte

diffusiophoresis).
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For an uncharged solute, diffusiophoretic motion arises from generalized interac-

tions between the solute(s) and the particle (e.g., van der Waals forces, steric interac-

tions, electrostatics, or osmotic pressure), which lead to a net propulsive force on the

particle when the solute concentration is non-uniform. An asymmetry in the inter-

action forces leads to a corresponding asymmetry in fluid pressure, causing pressure

gradients to form, which drive fluid flows. Thus, the fluid is set into motion due to

the concentration imbalance.

For an electrolyte, diffusiophoresis is driven by two components: electrophoresis,

which occurs due to an electric field established by asymmetric diffusion of posi-

tive and negative ions; and chemiphoresis, which is the electrolyte analogue of non-

electrolyte diffusiophoresis, and results from the gradient in chemical potential as-

sociated with the salt concentration gradient. Externally driven diffusiophoresis has

been known since the work of Derjaguin and others [20, 24], and was analyzed more

recently for non-electrolytes by Anderson et al. [1] and for electrolytes by Prieve et

al. [80], Keh & Wei [51], and Hsu et al. [46].

The seminal analysis of externally driven diffusiophoresis in an uncharged solute

gradient was provided by Anderson et al. [1]. They considered a spherical particle in

an infinite fluid in which a neutral solute exhibited a constant gradient and showed

that the direction of motion of the particle depends on the nature of the interaction

forces between the solute and particle. If the interaction is attractive, the particle

will move toward higher solute concentrations; if it is repulsive, the particle will move

toward lower solute concentrations. For the particle speed, they obtained the leading

order result

U0 =
kBT

η
L∗K

dC

dx
, (1.3)

where kB is Boltzmann’s constant, T is the absolute temperature, dC/dx is the ex-

ternally imposed concentration gradient, and L∗ and K are two parameters relating

to the potential profile of solute near the particle. K is commonly referred to as

the Gibbs adsorption length and is related to the amount of excess solute adsorbed
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onto the surface. L∗ is the first moment of the solute distribution and serves as a

characteristic length scale for the particle-solute interaction. This relatively simple

expression for externally driven diffusiophoresis captures much of the same physical

ideas that would later describe self-diffusiophoretic swimmers.

Prieve et al. extended this analysis to motion of particles in electrolyte gradients

(electrolyte diffusiophoresis) two years later [80] and described the two components of

electrolyte diffusiophoresis in detail. They showed that the electrophoretic component

ultimately arises from the fact that an electrolyte gradient consists of two species (the

cation and the anion), and these two species have opposite charge and (generally)

unequal mobilities. If a charged particle is immersed in an electrolyte gradient, then

the concentration of both cations and anions is relatively high on one side of the

particle and relatively low on the other. Due to their unequal mobilities, the ions

will migrate down their respective gradients at different rates (creating a diffusion

current). Over time, the faster ion accumulates on the low-concentration side more

quickly than the slower ion, creating an asymmetry in charge. In turn, this asymmetry

establishes a diffusion potential and an associated electric field, which drives a current

equal and opposite to the diffusion current. Thus, at equilibrium, zero net current

flows through the system. The electric field exerts a force on the charged particle,

propelling it into motion by electrophoresis.

The chemiphoretic component is the electrolyte analogue of neutral-solute diffu-

siophoresis, and results from a propulsive force caused by the polarized diffuse layer

of ions surrounding the particle. Because the bulk electrolyte concentration is higher

to one side of the particle than the other, the diffuse screening layer is thinner on

the side with higher bulk concentration. This leads to an asymmetric electrostatic

interaction force between the particle and ions, producing a propulsive force on the

particle toward the higher concentration of counterions (ions with opposite charge

from the particle surface). Thus, the chemiphoretic component always directs the

particle toward the higher concentration of counterions.
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The direction of motion in electrolyte diffusiophoresis depends on the relative

dominance of the electrophoretic and chemiphoretic components. The electrophoretic

component can direct the particle in either direction, depending on the sign of the

product βζ , where

β ≡
D+ −D−

D+ +D−

(1.4)

and ζ is the zeta potential of the particle. If βζ > 0, the electrophoretic compo-

nent moves the particle up the gradient (toward high salt concentration). If βζ < 0,

the particle is propelled toward lower salt concentration. If the mobilities are sym-

metric, i.e. if the cation and anion mobilities are equal, β vanishes and there is no

electrophoretic contribution to the motion; in this case the motion occurs purely by

chemiphoresis.

Self-diffusiophoresis is governed by the same physical principles as diffusiophoresis,

except the gradients are generated by the swimmer itself, usually through some form

of surface fluxes of species.

Neutral Solute Self-Diffusiophoresis

Many realizations of diffusiophoretic swimmers have been theorized or demonstrated

to move under the influence of self-generated gradients in neutral solutes. Many of

these swimmers are simple Janus particles, i.e. microspheres with one half coated

with a catalytic material. The catalyst promotes the asymmetric generation and/or

consumption of solute molecules, leading to a non-uniform distribution of solutes,

producing unbalanced interaction forces which cause propulsion of the particle. This

basic model for self-diffusiophoresis has been studied theoretically by Popescu et al.

[78], Golestanian et al. [39], and Córdova-Figueroa & Brady [15], and was studied

experimentally by Howse et al. [45]. Other experimental studies of diffusiophoretic

motors have considered doublets of Janus spheres [29], Janus particles created from

fluorescent polymer spheres (to reveal the direction of motion) [32], particles that
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polymerize a monomer solute molecule creating a propulsive gradient in monomer

concentration [73], and Janus swimmers of varying size [30]. The latter study showed

an inverse dependence of swimming speed on particle diameter, in agreement with

theoretical predictions.

The first detailed theoretical model of a diffusiophoretic self-propeller was provided

by Golestanian et al. [39], who analyzed a spherical swimmer with a single enzymatic

reaction site on its surface that releases product particles (much smaller than the

sphere) at a given rate, while the rest of the surface is impermeable. Since they

are only generated at one point on the surface, the resulting distribution of product

particles is non-uniform about the sphere. This non-uniform distribution results in

a phoretic slip velocity and particle motion by self-diffusiophoresis. The product

particles, having a concentration C, obey the time-dependent diffusive conservation

law with a source term added to account for the reactions:

∂C

∂t
−D∇2C =

dNp

dt
δ3D(r− rS), (1.5)

where dNp/dt is the rate of release of product particles, δD is the Dirac delta func-

tion, and rS is the location of the catalytic site on the surface of the sphere. Since

the reactions are explicitly accounted for in the governing equation, the boundary

condition for the product particles simply expresses an impermeable surface,

r · ∇C = 0. (1.6)

The reaction rate is assumed not to depend on fuel concentration, which is not tracked

in their analysis. The resulting asymmetry in the product particle distribution pro-

duces a first moment C1 in the concentration distribution about the particle,

C1(t) =
∫ π

0
C(r = R, θ, t) sin θ cos θdθ. (1.7)

Here R is the radius of the particle. This definition of the first moment is distinct

from the definition provided by Anderson et al. (see (1.3)) for externally driven
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diffusiophoresis. In the latter case, the first moment is a length scale related to

the equilibrium distribution of solute near the surface; in (1.7), the first moment

has units of concentration (or number density) and expresses the asymmetry of the

concentration of products near the particle. Thus, here C1 is a measure of the strength

of the concentration gradient generated by the enzymatic reaction. Making use of a

result from Anderson [2], they argue that the particle speed U depends linearly on

the first moment, such that

U =
kBT

η

λ2

R
C1, (1.8)

where λ is a characteristic length scale for the solute-particle interactions. This equa-

tion is similar to the result obtained for conventional diffusiophoresis (1.3), with C1/R

acting as an effective concentration gradient generated by the surface reactions. Un-

surprisingly, (1.8) implies that the speed of the motor depends on the type of solute-

particle interaction. Different interactions have different characteristic length scales

associated with them. One example interaction mechanism considered by Golestanian

et al. is the steric exclusion of product particles, which is manifested as a repulsive

force between the product particles and the spherical swimmer. As described by

Staffeld and Quinn, the length scale for steric interactions is defined in terms of the

potential energy profile as a function of separation from the particle [95]. For latex

particles in gradients of Dextran concentration, they obtain λ ≈ 38 nm.

Insertion of (1.7) for the first moment into (1.8), which is calculated by solving

the diffusion equation (1.5), yields an expression for the time-dependent swimming

speed of the particle:

U(t) = a
3λ2

4R2

∫ dω

2π

e−iωtf(ω)
[

1− i
√

iωR2

D

]

1− i
√

iωR2

D
− iωR2

2D

. (1.9)

Here a is the radius of the product particles and f(ω) is the Fourier transform of

dNp/dt. This expression tells explicitly the relationship between the particle speed

and the reaction rate. The authors go on to show that for a constant reaction rate with
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continuous generation of product particles, the swimming speed rapidly asymptotes

to a steady-state value. On the other hand, for periodic particle release, with a well-

defined time interval between release of individual particles, the swimming velocity

fluctuates significantly. The magnitude of the fluctuations is controlled by the balance

between the particle release time interval, τ , and the time required for the product

particles to diffuse along the partical and equilibrate their profile. Therefore, for a

stable swimming velocity, the reaction time interval must be much smaller than the

characteristic diffusion time, in order to sustain the concentration gradient which is

crucial to propulsion.

In a real self-diffusiophoretic system, it is likely that the reaction rate is constant

relative to the time scale of solute diffusion, but depends on position along the motor

surface and fuel/solute concentration. With this in mind, Golestanian et al. propose

a possible kinetic mechanism for the enzymatic reaction leading to propulsion. The

authors assume that the fuel is decomposed into two products (e.g., hydrogen per-

oxide decomposing to oxygen and water) in a multi-stage reaction pathway that is

accelerated by the presence of the catalyst. The catalyst functions as an enzyme in

the familiar Michaelis-Menten framework for enzymatic kinetics. Thus the authors

propose that the mean rate (mean inverse reaction time) for this reaction is given by

a Michaelis-Menten expression

1

τ
=
KM

k1

Cfuel

KM + Cfuel

, (1.10)

where Cfuel is the background fuel concentration, KM is the Michaelis constant which

depends on the rate constants for the intermediate reaction steps, k1 is the rate con-

stant for the initial adsorption step, and τ is the reaction time interval. Equation

(1.10) predicts a form for the speed of the swimmer that is linear at low fuel concen-

tration and asymptotically approaches a constant value at high fuel concentration.

Howse et al. [45] realized this system experimentally by creating Janus particles

by half-coating polystyrene spheres in platinum and immersing them in hydrogen per-



14

oxide solutions. In this scenario, platinum functions as the artificial enzyme in the

reaction scheme analyzed by Golestanian et al. [39] by catalyzing the decomposition

of peroxide to water and oxygen, leading to a concentration gradient of oxygen sur-

rounding the particle. Since oxygen molecules experience an interaction force with

the particle, the distribution results in a non-uniform interaction force distribution

and a propulsive flux on the particle. The authors measure the speed as a func-

tion of peroxide concentration and obtain a curve with negative curvature (concave

downward), in agreement with the predictions of the Michaelis-Menten model (1.10)

employed in [39]. Although Howse et al. argue in favor of self-diffusiophoresis as

the operative propulsion mechanism for their particles, they do not mention which

interaction force is thought to be operative between the oxygen molecules and the

particle, and thus leave unanswered the question of the origin of the diffusiophoretic

force in their system.

Córdova-Figueroa & Brady [15] considered theoretically a spherical Janus particle

with a reactive half and a non-reactive half, similar to the particles of Howse et al.,

which generates and/or consumes finite-size solute particles on the reactive half due to

a catalytic reaction. These solute particles are much smaller than the swimmer, but

are sufficiently large that they can be described by the equations of colloidal dynamics.

Thus this situation is not necessarily analogous to the experiments of Howse et al..

In a similar fashion to conventional osmosis through a semi-permeable membrane, a

slip flow is induced from the low to high particle concentration side, and the resulting

gradient in osmotic pressure leads to a pressure difference across the particle surface,

which yields a propulsive force on the particle toward the low-concentration side.

To compute the osmotic force, it is necessary to solve for the distribution of solute

particles. The particles are produced by a reaction R → sP, where R is the reactant

particle and P the product particle, with stoichiometric ratio s. As long as s 6= 1, or

if the diffusivity of the product particles is different from that of the reactnats, the

osmotic pressure on the particle will be unbalanced and the particle will move. The
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distributions of the solute particles are governed by Laplace’s equation, ∇2nR,P = 0,

and the reaction at the surface is assumed to be first-order in the reactant concen-

tration, i.e. r = knR, with k as a reaction velocity that functions as a rate constant.

To describe the relative importance of reactions to diffusion, the authors define the

Damköhler number as

Da =
k(a+ b)

DR

, (1.11)

where a is the swimmer radius, b is the solute particle radius, and DR is the diffusivity

of the reactant particles.

All results shown in this work are for the case where the swimmer simply con-

sumes reactant particles and does not release product particles (s = 0), and/or the

product particles diffuse much more quickly than the reactants. In either case, the os-

motic pressure distribution depends primarily on the reactant particle concentration.

The swimmer is shown to move toward the low-concentration region created by the

reactions, i.e. towards the catalytic end (in contrast to diffusiophoretic swimmers,

which typically move away from the catalyst). The speed of the osmotic propulsion

increases with Damköhler number up until Da ≈ 10, at which point the speed lev-

els off. This is because, even in the regime where reactions are much faster than

diffusion (Da ≫ 1), the swimming speed is still limited by the diffusion of reactant

molecules because in the fast-reaction limit, the reactant particles are almost com-

pletely depleted around the catalyst site and the reaction rate is naturally limited by

mass transport of reactant to the catalyst. There is not universal agreement on the

validity of the osmotic mechanism: some researchers have expressed concerns with

the physical details [33, 49], to which the authors have replied [16, 17].

Discussion

Most rigorous theoretical analyses of self-diffusiophoresis have been variations on a

rather narrow theme: they have focused on spherical swimers, with varying fractions
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of the surface covered in catalyst, that move by generating gradients of neutral solutes.

So far, this scenario has been realized with the Pt/polymer Janus spheres studied by

Howse et al. [45]. By and large, the advances in the field of diffusiophoretic swimming

in the past few years have been mostly theoretical.

On the other hand, there appears to be no corresponding analysis focusing specif-

ically on diffusiophoretic swimming due to self-generated electrolyte gradients. The

corresponding problem of externally driven electrolyte diffusiophoresis has received

attention from Prieve et al. [80] and Keh & Wei [51]. Some experimental papers

have claimed to observe electrolyte self-diffusiophoresis, often catalyzed by external

illumination or the addition of a particular species to the solution. However, due to

the need for external stimuli, these examples cannot be considered true instance of

electrolyte self-diffusiophoresis. Indeed, it seems that an autonomous swimmer which

generates an electrolyte gradient and moves solely in response to that gradient has

yet to be demonstrated theoretically or experimentally. Anderson [2] argued that

the speed of a particle undergoing motion due to an externally applied electrolyte

gradient ∇C∞ would scale as

U ∝
kBT

η
λ2D

[

zeζ

2kBT
β − ln(1− ξ2)

]

|∇C∞|, (1.12)

where λD is the Debye length (the characteristic length scale of electrostatic in-

teractions between the particle and ions), β is defined in equation (1.4), and ξ =

tanh(zeζ/4kBT ). This expression suggests that, if the same physics hold true for a

self-diffusiophoretic swimmer in an electrolyte gradient, the speed should scale di-

rectly with the square of Debye length, or inversely with the solute concentration and

hence inversely with solution electrical conductivity. Thus, a self-diffusiophoretic mo-

tor may suffer a speed reduction in conductive solutions, as has already been observed

[76] and predicted [38, 84] in the case of self-electrophoretic swimmers.

On the other hand, Keh & Wei [51] (see Figs. 4 and 5 in their paper) predict

that the diffusiophoretic mobility of a sphere with a constant surface charge would



17

increase as the ratio of particle radius to Debye length is increased, implying that

diffusiophoretic swimmers should move faster in more concentrated electrolytes. The

dependence of electrolyte self-diffusiophoretic propulsion on electrolyte strength is a

key unanswered question that does not appear to have been addressed in the literature.

In general, the study of self-diffusiophoresis would benefit greatly from more real-

world realizations. So far, the prototypical diffusiophoretic swimmer is the half-coated

Janus sphere studied by Howse et al. [45]. The wealth of theoretical findings which

have been summarized in this section should inform and inspire a variety of practi-

cal applications for diffusiophoretic motors, having varied geometries and moving by

different catalysts and fuels. In particular, diffusiophoretic motors might provide an

alternative to electrophoretic motors. However, predictions differ as to whether an

increase in electrolyte strength will cause an increase or decrease in diffusiophoretic

velocity. At this point, what is needed is a working prototype of a motor which

moves unambiguously by electrolyte self-diffusiophoresis. Studies into such a swim-

mer’s behavior could elucidate fully the dependence of self-diffusiophoretic speed on

ionic strength.

1.2.2 Self-electrophoresis

Background

Self-electrophoresis is the mechanism by which a swimmer is propelled in response to a

self-generated electric field (electric potential gradient). The velocity of the swimmer

is generally proportional to its surface charge and the strength of the self-generated

electric field, which is typically generated by asymmetric ion currents through its

surface. Self-electrophoresis is the autonomous analogue of electrophoresis, which

occurs when a charged particle migrates in a spatially uniform, externally applied

electric field.

The surfaces of most organisms and particles are electrically charged. When a
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charged surface is brought into contact with an electrolyte solution, the surface at-

tracts ions having the opposite charge from that of the surface (counterions) and

repels ions having the same charge (coions). The ions form a diffuse screening layer

known as the Debye layer or diffuse layer where counterions are locally enriched and

coions are locally depleted. At equilibrium, the ions are arranged according to a bal-

ance between electrostatic attraction (which tends to attract counterions and attract

coions to/from the surface) and thermal motion, which tends to spread the ions out.

The charge on the surface is typically quantified by the zeta potential, defined as the

potential of the surface relative to the bulk solution.

The characteristic thickness of the diffuse layer is given by the Debye length λD,

which is defined as the length over which the electric potential decays from its value

at the surface (the zeta potential, ζ) to ζe−1. Assuming the Debye length is very

small compared to the particle size, the speed of a particle undergoing conventional

electrophoresis due to an applied electric field is given by the Helmholtz-Smoluchowski

equation,

U =
εζE

η
. (1.13)

Here ε is the permittivity of the solution, ζ is the zeta potential of the particle,

E is the magnitude of the applied electric field, and η is the dynamic viscosity of

the solution. Henry showed that for a diffuse layer of finite thickness, a normalized

dimensionless correction factor, which is a function of the ratio of particle size to Debye

thickness, should be multiplied by the right-hand side of (1.13) [42]. Several analyses

of self-electrophoretic swimmers have predicted a form for the swimming speed that

is proportional to (1.13), except that the electric field E is instead a characteristic

electric field generated by the swimmer itself. The equation agrees with Golestanian’s

general scaling, equation (1.1), with the electric field replaced by E = i/σ, where i

is the current density at the surface (called “surface activity” by Golestanian) and σ

is the electrical conductivity of the solution. In the language of Golestanian’s paper,

the terms εζ/η constitute an effective phoretic mobility for the swimmer.
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Models Prior to 2000: Biological Swimmers

In 1972, Mitchell revisited his earlier proposal [67] of self-electrophoretic locomotion

of organisms and presented several possible realizations of the mechanism, as shown in

Fig. 1.2 below [66]. Consider a bacterium which possesses a surface charge (usually

negative), and is immersed in a fluid containing positive and negative ions. The

surface will attract an excess of cations, which together with the surface will form an

electrical double layer (EDL) surrounding the organism which is usually on the order

of nanometers in thickness. Mitchell’s mechanism suggests that through metabolic

processes, the organism generates cations on one end of its body and consumes them

on the other, producing a net flux of cations along its body, held close to the negatively

charged surface by electrostatic attraction. These cations drag fluid with them as

they move, causing propulsion of the organism in the opposite direction of the ion

migration. At the same time, a cation current flows through the organism, completing

the electrical circuit. Mitchell estimated that the electrical potential gradient required

to drive the organism at 10 to 50 µm/s would be on the order of 10 V/cm, well within

the capability of most microorganisms.

Mitchell’s proposals followed years of research focusing on endogenous bioelectric

fields, which provide directive force in cell morphogenesis. Spek hypothesized [92] and

Lund & Jaffe showed [62] that asymmetric currents on the surface of a cell or embryo

could generate electric fields that modify the shape of cells and tissues, as well as drive

the transport of membrane-bound biomolecules. Many years later, Waterbury et al.

[99] reported that a particular strain of marine cyanobacteria, Synechococcus, was able

to swim at speeds up to 25 micrometers per second without flagella, suggesting that

they move by a non-mechanical propulsion mechanism. In a 1989 review of colloid

transport due to interfacial forces, Anderson [2] analyzed a cell that could generate

asymmetric ion fluxes on its surface in the presence of a concentration gradient, similar

to the cell proposed by Mitchell. If the current density flowing out of the cell depends
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Figure 1.2: Possible mechanisms proposed by Mitchell [66] for electrophoretic loco-
motion of a bacterium. (A,B) Protons are released from the plasma membrane of the
cell and migrate backwards toward the flagellum, which conducts protons back toward
the body (a specific proton conductor). (C) In this case, the ion current is carried by
Na+ ions rather than protons, and the flagellum is a specific Na+ conductor. In all
cases, the ion migration induces a stream of water flowing from left to right, which
is equivalent to motion of the bacterium from right to left. (Reprinted by permission
of Federation of the European Biochemical Societies from “Self-electrophoretic loco-
motion in microorganisms: bacterial flagella as giant ionophores,” by Peter Mitchell,
FEBS Letters.)
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on the concentration gradient according to i = χn · ∇C∞, where χ is a constant

proportional to the reaction rate, then Anderson’s final expression for the particle

velocity U is

U = −
1

3

εζ

4πη

χ

σ
∇C∞. (1.14)

Here, ∇C∞ is the external concentration gradient, the terms εζ/4πη constitute an

electrophoretic mobility, σ is the conductivity of the solution, and the term χ∇C∞/σ

is an effective electric field generated by the cell. This equation thus shares some

similarity with the Helmholtz-Smoluchowski equation and the equation derived by

Golestanian et al. The major exception is that the latter formula does not require an

externally applied concentration gradient. In deriving (1.14), Anderson apparently

assumed that diffusiophoretic effects due to the external concentration gradient were

negligible in comparison to the self-electrophoretic speed, U.

Anderson also proposed that the self-electrophoresis mechanism originally pro-

posed by Mitchell [67] and described by (1.14) may also apply to Waterbury’s Syne-

chococcus bacteria. Six years later, this hypothesis was rejected for cyanobacteria by

Pitta and Berg [77]. They observed the motion of both Synechococcus and E. coli un-

der an applied electric field in a saltwater medium, similar to the marine environments

in which Synechococcus is naturally found. They did not observe any appreciable mo-

tion of the bacteria, and found that the electrophoretic mobility of Synechococcus is

negligibly small in saltwater, indicating that self-electrophoresis is not the operative

mechanism for these cyanobacteria. It has since been shown [76, 84] that synthetic

particles which move by self-electrophoresis almost always slow down with increasing

electrolyte concentration (but see [50]).

Lammert et al. [57] presented an analytical study of a cell which propels itself

by a mechanism nearly identical to that proposed by Mitchell. The only major dif-

ference between their work and Mitchell’s original scenario is geometric: instead of

a bacterium, the swimmer is a simple spherical cell. Like most microorganisms, it is

assumed to possess a negative surface charge. Through an unspecified mechanism, the
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sphere generates ion fluxes through its membrane that lead to a sinusoidal variation

of electric potential (about the mean negative value) along its surface, such that the

potential is most positive at the front of the cell and most negative at the back. The

potential variation generates a dipolar electric field with a source at the front of the

cell and a sink at the back. Due to the cell’s negative surface charge, there is pos-

itive space charge in the diffuse layer surrounding the cell. Thus, the self-generated

electric field exerts a body force on the positively charged fluid, setting the fluid and

cell into motion with the front end forward. The authors derived a formula for the

cell’s swimming speed that is proportional to the familiar Helmholtz-Smoluchowski

equation, which describes the speed of an electrophoretic particle when the interfacial

diffuse layer is infinitely thin:

U = −
εζE0

6πη
, (1.15)

where ε is the permittivity of the solution, ζ is the cell’s zeta potential, E0 is a

characteristic magnitude of the endogenous electric field, and η is the solution vis-

cosity. Several other analyses of self-electrophoresis have obtained expressions for the

swimming speed that are proportional to equation (1.15). In water, Lammert et al.

estimate a propulsive speed on the order of 1-10 µm/s.

Models since 2000: Synthetic Swimmers

Studies of self-electrophoresis since the turn of the century reflect a conceptual shift

in focus from understanding the motion of biological motors to fabricating, imple-

menting, and modeling artificial self-propelled particles. As microfabrication tech-

niques have become considerably more sophisticated, many variations of man-made

self-electrophoretic microparticles have been demonstrated [75, 64, 10, 58, 19]. These

experimentally realized systems have served as the inspiration for new theoretical

models. Examples include the functionalized carbon fibers of Mano & Heller [64] and

bimetallic rods reported by several groups [74]. Although most self-electrophoresis
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models now focus on artificial swimmers, the models vary considerably in the fuels,

reactions, and particle materials used.

Mano & Heller [64] demonstrated the propulsion of a carbon fiber by reduc-

tion/oxidation reactions involving glucose and oxygen occurring on opposite sides

of the fiber. The fiber moves by exchanging ions asymmetrically with the solution

in much the same way as Mitchell’s bacterium [67] or Lammert’s cell [57]. As in the

case of Mitchell’s bacterium [66], a compensating current also flows through the body

of the fiber in the direction opposite the ion current in the solution. Mano & Heller

showed that when an insulator is placed between the ends of the fiber, disabling the

current through the body, the self-propelled motion ceased, providing support for

the self-electrophoretic mechanism. Propulsion due to electrochemical reactions has

also been demonstrated with the decomposition of hydrogen peroxide. The perox-

ide undergoes two electrochemical half-reactions before finally yielding oxygen and

water. Electrochemical peroxide decomposition has been reported to generate fluid

flows around concentric electrodes [55] and in between interdigitated microelectrodes

[76], as well as to propel microgears made from platinum and gold [12]. Finally, the

most well-known examples of particles propelled self-electrophoretically by electro-

chemical reactions are likely the 2-micron bimetallic rods, which move autonomously

in hydrogen peroxide.

1.2.3 Bimetallic Nanomotors

Bimetallic nanomotors can be considered the first experimental realizations (along

with Mano & Heller’s carbon fibers [64]) of the self-electrophoretic swimmers proposed

by Mitchell and Lammert, although their motion was initially attributed to a different

mechanism. They were first introduced to the scientific community by the research

groups of Ayusman Sen and Thomas Mallouk at Pennsylvania State University in a

2004 paper by Paxton et al. [74]. Bimetallic nanomotors are generally cylindrical solid

metallic particles, 2 microns in length and between 200-370 nanometers in diameter,
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and usually consist of a platinum (Pt) and a gold (Au) segment connected together.

They are synthesized by sequentially electrodepositing Au and Pt into pores in an

aluminum oxide (Al2O3) membrane, as described in detail by Martin et al. [65]. When

immersed in 2-3 wt. % hydrogen peroxide, these particles exhibited self-propelled

motion along their axis, with the Pt segment directed forward, at speeds of up to 10

body lengths per second.

Since their introduction, bimetallic nanorods have been engineered to swim at

great speeds and perform a variety of microscale tasks. Laocharoensuk et al. [58]

incorporated carbon nanotubes into the Pt segments of Pt/Au rods and added hy-

drazine (N2H4) to the peroxide solutions; these changes led to a dramatic increase in

the observed swimming speed, in some cases exceeding 200 microns per second (100

body lengths per second). Kagan et al. [50] showed that, although the swimming

speed decreases significantly when most electrolytes are added to the solution (as

previously reported [76]), the addition of any electrolyte containing silver produces

a roughly fivefold increase in swimming speed at a given H2O2 concentration. This

increase was attributed to under-potential deposition of silver ions on the Au surface

of the motors, which are then reduced in the presence of hydrogen peroxide. This

leads to a faster effective reaction rate, increasing the surface activity discussed above,

increasing the swimming speed.

External control over the speed and direction of the nanorods’ motion is possible as

well. A nanorod’s velocity can be temporarily increased by applying heat pulses to the

solution, which locally lower the viscosity and accelerate the reaction kinetics, both of

which lead to an increased swimming speed [4]. One can accelerate or decelerate the

motion by electrochemically modulating the local concentrations of hydrogen peroxide

and molecular oxygen [11]. Directional control of the rods motion has been achieved

by incorporating a small ferromagnetic segment, usually nickel (Ni), between the

platinum and gold segments of the rod; the direction of motion is then controllable

using external magnetic fields [10, 54]. The motors are capable of picking up, towing,
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and releasing micron-scale cargo, as shown by Burdick et al. [10] and Sundararajan

et al. [96]. By observing the resultant drag forces when the motors tow cargo of

different sizes, Burdick et al. calculated that the nanorods produce roughly 0.1 pN of

force.

To explain the physical mechanism for the self-propulsion, Paxton et al. [74]

proposed that the peroxide was being decomposed directly to water and oxygen on the

platinum end of the rod, according to H2O2 → H2O + 1/2 O2. This oxygen generated

on the platinum end remains dissolved in solution and spreads by diffusion along the

gold end, generating a gradient in oxygen concentration. According to the theory,

the dissolved oxygen disrupts hydrogen bonding of the water molecules, leading to a

local decrease in interfacial tension. As a result, the concentration gradient in oxygen

causes a gradient in interfacial tension to develop along the gold segment, driving a

Marangoni flow from platinum to gold, resulting particle propulsion with the platinum

end forward. Although this theory predicts a propulsive force of the appropriate

magnitude, it does not predict the direction of motion and cannot explain certain

phenomena that have since been observed with the rods, such as the dependence on

solution conductivity. There is now a consensus that the interfacial tension gradient

mechanism plays at best a minor role in the locomotion of the rods [98, 76].

Paxton et al. [75] proposed that a self-electrophoretic mechanism similar to those

analyzed by Mitchell [66] and Lammert et al. [57] might apply to the rods. They

proposed that, similar to Mano & Heller’s carbon fibers [64], the nanorod acts like

an electrochemical cell in short circuit, with Pt as the anode and Au as the cathode.

On Pt, an oxidation reaction releases protons and molecular oxygen into the solution

and liberates electrons into the metal:

H2O2 → 2H+ + 2e− +O2. (1.16)

Driven by the difference in electron affinity between Au and Pt, the electrons conduct

through the rod from Pt to Au. On the Au surface, a net peroxide reduction reaction
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combines peroxide, protons, and electrons to form water molecules:

H2O2 + 2H+ + 2e− → 2H2O. (1.17)

The overall reaction is a decomposition of peroxide to oxygen and water, 2 H2O2 →

2 H2O + O2, as in the non-electrochemical decomposition scheme.

Experimental support for the electrochemical mechanism was provided the follow-

ing year by Wang et al. [98], who predicted that the more negative metal (metal with

lower electron affinity) should act as the anode in the electrochemical reaction scheme

described above, and thus should be the metal directed forward when the rod moves.

To determine the more negative metal, they measured the potential of zero net current

(the mixed potential) for six noble metals (platinum, palladium, ruthenium, rhodium,

gold, and nickel) in the presence of hydrogen peroxide. They then fabricated bimetal-

lic rods composed of various combinations of the two metals. For any metal pair, the

metal with the more positive mixed potential in peroxide was taken as the cathode

and the other was taken as the anode. Since the anode should always be directed

forward, one can therefore predict the direction of motion for a rod made from a

given metal pair a priori, given their mixed potential values. These predictions were

shown to be correct for all nine metal combinations studied, lending support to the

electrochemical mechanism. The authors also fabricated a control nanorod consisting

of a gold segment and a non-conductive polymer segment with a catalase coating

that decomposes peroxide directly to oxygen and water, leading to oxygen evolution

at a similar rate to that observed with Pt/Au rods. In other words, they fabricated

a rod that is only capable of decomposing peroxide non-electrochemically. This rod

did not move axially and showed only Brownian motion in hydrogen peroxide, again

supporting the electrochemical mechanism.

Theoretical and experimental studies of similar electrochemical systems with dif-

ferent geometries also lend support to the self-electrophoresis mechanism for bimetallic

nanorods. Building on their previous observations of catalytically induced fluid pump-
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ing between two concentric electrodes in peroxide [55], Kline et al. [56] described the

system analytically using the Poisson, Nernst-Planck, and Helmholtz-Smoluchowski

equations. They verified the accuracy of the model by predicting a form for the

fluid velocity field, which allowed them to predict the radial location at which tracer

particles would be deposited on the electrode surface. This prediction matched well

with experimental measurements. Similarly, Paxton et al. [76] observed circulating

fluid motion in between Pt and Au interdigitated microelectrodes (IMEs), as visual-

ized using tracer particles. In the same study, they predicted an inverse relationship

between speed and solution conductivity by combining the Helmholtz-Smoluchowski

equation, Ohm’s law, and the self-electrophoresis mechanism. Experimental measure-

ments of rod speed as a function of solution conductivity bore out this prediction,

further supporting the validity of the self-electrophoresis mechanism.

Although the self-electrophoresis mechanism is widely accepted to apply to bimetal-

lic nanorods, the causal chain between the electrochemical reactions and the locomo-

tion of the rod has yet to be established in rigorous, quantitative detail. If the rods are

to be used in practical applications in nanotechnology and nanomedicine, a complete

understanding of their capabilities (and limitations) is essential. This understanding

would include the dependence of the motion on parameters of the system, such as the

reaction rate on the particle surface, properties of the solution (including temperature,

viscosity, and conductivity), fuel concentration, and surface properties.

Finally, a complete knowledge of the limitations on the rods’ capabilities is crucial

to attaining a complete understanding of their motion. The inverse dependence of

the rods’ speed on the solution conductivity is a potentially serious disadvantage if

the rods are to be used in an electrically conductive system, such as the human body.

We wish to understand fully if the conductivity-induced speed decrease is an inherent

limitation to the propulsion mechanism, or if there is some way in which it may be

overcome.

With their demonstrated capabilities for cargo-towing [10, 96], ultra-fast swim-
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ming motion [19, 58], chemical sensing [50], and externally guided motion [10, 11, 4],

bimetallic nanorods have the potential to be widely applicable in nanotechnology.

However, this applicability will be fundamentally hampered without a complete un-

derstanding of the origins, the capabilities, and the limitations of their self-propelled

motion.

1.3 Scope and Outline of the Thesis

The questions to be answered in this thesis are:

1. Can the motion of the rods be modeled mathematically? What is the physical

mechanism by which the electrochemical reactions lead to the motion of the

rod?

2. How is the speed of the swimming affected by variations in system parameters,

such as surface charge, reaction rate, peroxide concentration, solution viscosity,

ion diffusivity, or solution conductivity?

3. What are the important limitations on the capabilities of bimetallic nanorods?

I choose to answer these questions by conducting simulations of a bimetallic

nanorod in a hydrogen peroxide solution using finite-element software. In Chapter 2, I

present a complete mathematical model including governing equations and boundary

conditions, as well as a scaling analysis based on the governing equations which yields

predictions of the dependence of the velocity on system parameters. Chapter 3 gives

some details of the simulation algorithm. In Chapters 4 and 5, I show simulation

results assuming both a charged and an uncharged particle surface, and using two

separate models for the reaction kinetics. In Chapter 6, I apply the model developed

in the previous chapters to understand physically why the rods move more slowly in

conductive media. Finally, Chapter 7 concludes with some reflections on the successes

and failures of this thesis, and offers some suggestions for future research.
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Chapter 2

THEORETICAL FORMULATION
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2.1 Introduction

In this chapter, we develop a general mathematical model for electrokinetic locomo-

tion. The model is based on the Poisson-Nernst-Planck-Stokes system of equations,

which are widely used to describe electrokinetic systems. Special attention is devoted

to the boundary conditions, which describe the interfacial phenomena that ultimately

lead to rod locomotion. The electrochemical reactions occurring on the rod’s surface

are modeled using Frumkin-corrected Butler-Volmer kinetics, reflecting the interde-

pendence of the internal electric potential of the rod and the electrochemical reaction

rates. To our knowledge, this model is the first to acknowledge and account for the

existence of this coupling.

2.2 Description of the Problem

We consider a cylindrical particle, 2 microns in length and 300 nanometers in diam-

eter, immersed in an infinite aqueous solution containing hydrogen peroxide (H2O2)

and dissolved molecular oxygen (O2). The solution may also contain dissolved car-

bon dioxide (CO2) in equilibrium with carbonic acid (H2CO3) and/or a non-reactive

background electrolyte. Due to the particle geometry, we use a cylindrical polar coor-

dinate system, denoting locations in the simulation domain with the position vector

r = (r, θ, z).

The aqueous solvent self-ionizes into hydrogen cations (H+) and hydroxide anions

(OH−) with a dissociation constant of pKw = 14. If only H+ and OH− are present,

electroneutrality requires that the concentrations of H+ and OH− be equal, thus re-

sulting in a pH of 7. In the initial simulations (Chapters 4 and 5), in which protons

and hydroxide ions are the only charged species present, the background concentra-

tions of both H+ and OH− are set to 10−7 mol/L. In subsequent cases (Chapter 6),

other charged species are accounted for, and so the equilibrium concentrations of H+

and OH− must be computed through acid/base equilibrium relations.



31

e-

H2O2

ρe−ρe

2 µm

H2O2 + 2H+ + 2e−

2H2O

Au
e−

Pt 300 nm

2H+ + O2 + 2e−

Figure 2.1: Schematic of Pt/Au nanomotor in hydrogen peroxide solution showing
typical dimensions, electrochemical reactions, approximate charge density distribu-
tion, and approximate electric field lines. As shown here, the rod’s motion is directed
to the right.

Although hydrogen peroxide and molecular oxygen do not contribute to the charge

density and electric fields which are ultimately responsible for the locomotion of the

rods, they participate in the electrochemical reactions, and so we track their concen-

tration distributions as well. We find that the peroxide concentration (on the order

of 1 mol/L) is perturbed from its bulk value by less than 1 % by the reactions. This

suggests that it would be an acceptable approximation to consider the peroxide con-

centration constant. For completeness, we present here the governing equations and

boundary conditions for all species in the system.

Figure 2.1 shows a schematic of a platinum/gold nanorod in a hydrogen per-

oxide solution.1 When the rod is immersed in peroxide, catalytic electrochemical

reactions occur spontaneously on its surface. On the platinum (Pt) surface, an oxi-

dation reaction decomposes peroxide into protons, electrons, and oxygen molecules.

The oxidation reaction results in a local depletion of peroxide and abundance of pro-

tons and oxygen. Here, we assume that the concentration of oxygen is below the

saturation limit (this assumption is well-justified for peroxide concentrations under

approximately 10 wt. %) and thus the nucleation of oxygen bubbles is not considered.

1Throughout this thesis, we use the terms “nanomotor,” “nanorod,” and “rod” interchangeably
to describe the bimetallic rod-shaped particle in Fig. 2.1.
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This assumption is consistent with our experiments conducted with Pt/Au rods in

low to moderate (1-6 wt. %) peroxide concentrations. The electrons conduct through

the rod from platinum to the gold (Au) side. On the Au surface, a net peroxide

reduction reaction combines protons, electrons and peroxide to form water molecules.

Although it is possible that the reduction of molecular oxygen may also occur to some

extent on the gold surface, as proposed by Wang et al. [98], this reaction must not

be essential in driving the motion of the rod, since our previous work shows that

the rods’ motion still occurs in solutions that have been purged of oxygen and that

oxygen-rich environments slow the motors (see [11]). At the Au end there is a net

depletion of protons and peroxide. Overall, the rod behaves as a short-circuited gal-

vanic cell which generates protons at the platinum anode and consumes protons at

the gold cathode.

The rods also share similarities with bipolar electrodes, single electrodes on which

reduction and oxidation are occurring simultaneously on opposite ends of the elec-

trode. These electrodes have been studied in several recent works. Duval et al.

[26, 27] analyzed Faradaic depolarization processes occurring on a metal surface in

an externally applied electric field tangential to the metal surface. The imposed field

caused a gradient in interfacial potential difference along the metal surface, leading to

a spatially varying Faradaic current such that oxidation was occurring on one end and

reduction on the other, similar to the case of bimetallic nanomotors. These systems

were later investigated further using numerical models taking the reversibility of the

Faradaic reactions into account (see [25, 28]. Dhopeshwarkar et al. [21], Laws et al.

[60] and Hlushkou et al. [43] studied a bipolar electrode in a PDMS microchannel

under an applied electric field. They generally found that the presence of the elec-

trode, and the Faradaic reactions occurring on it, caused local non-uniformities in the

electric field which could be used to locally enrich the concentration of an analyte.

Here, we provide a model that shows that locomotion is driven by fluid slip caused

by self-generated electrical body forces. The excess and depletion of protons at the
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anode and cathode generate an electric field, denoted by E. Electrical body forces, of

the form ρeE, are exerted by the tangential electric field, which points from the anode

to the cathode (see Fig. 2.1) on free space charge in the solution, with volumetric den-

sity ρe. The space charge ultimately arises from two sources: the asymmetry in cation

concentration induced by the reactions, and the net charge in the diffuse screening

layer of ions surrounding the motor, which forms to screen the surface charge. The

electrical body forces drive fluid motion and thus rod motion. Ultimately, locomotion

of the rods is driven by a coupling of the net charge in the diffuse layer and the elec-

tric fields generated by the asymmetric distribution of reaction products established

by the surface reactions. This mechanism combines effects of concentration gradi-

ents of charged species and electrical potential gradients, sharing similarities with an

autonomous form of electro-diffusiophoresis, as studied by Rica and Bazant [82].

In the next section, we present the governing equations, all of which are valid

assuming the simulation domain is a continuum and that all species are present in

dilute amounts.

2.3 Governing equations

2.3.1 Species Transport

The concentration distributions of ionic and non-ionic species in solution are described

by the conservation law,

∂Ci

∂t
= −∇ · ji, (2.1)

where Ci and ji are the concentration and flux of species i. Here we consider fluxes due

to convection (or advection), which arises due to bulk fluid motion, and migration,

which occurs due to gradients in chemical potential:

j = jadv + jmig. (2.2)
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The advective flux of species i is given by the product of the local concentration of i

and the local fluid velocity, u:

ji,adv = Ciu. (2.3)

For highly concentrated solutions, the migration flux may depend on interactions

among species. In our case, the species concentrations never exceed the millimo-

lar range (with the exception of hydrogen peroxide2), and so we make the common

assumption in electrokinetics of a dilute solution; that is, we assume that the con-

centrations of all solutes are much smaller than that of the solvent and interactions

among species are negligible. In this limit, the migration flux of species i is given by

[14]

ji,mig = −νiCi∇µi (2.4)

where νi is the mobility of species i in the solution, having units of (s·mol)/kg, and µi

is the electrochemical potential of species i. For dilute solutions, the electrochemical

potential includes contributions due to diffusion and electromigration [14]:

µi = RT lnCi + ziFφ (2.5)

Here R is the universal gas constant, T is the absolute temperature, zi is the valence

of species i, F is Faraday’s constant, and φ is the electrostatic potential. As noted by

Chu and by Newman, the electrostatic potential is a well-defined quantity independent

of any choice of a reference ionic species only in the dilute solution limit [14, 70].

Insertion of (2.5) into (2.4) gives the generalized migration flux expression for

species i:

ji,mig = −(Di∇Ci + ziFνiCi∇φ) (2.6)

where we have made use of the Nernst-Einstein relation Di = νiRT to relate the

mobility to the diffusion coefficient Di. Substituting (2.6) for the flux term in (2.1)

2The concentration of peroxide is allowed to be as high as 1.5 mol/L. This is still relatively small
compared to the concentration of the aqueous solvent, which is 55 mol/L.
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and making use of the linearity of the divergence operator, the conservation law

becomes
∂Ci

∂t
= −∇ · (Ciu) +∇ · (Di∇Ci + ziFνiCi∇φ). (2.7)

In all simulations performed in this work, the system reaches steady state. Therefore

the left-hand side of (2.7) is zero. Also, the first term on the right-hand side, the

divergence of the convective flux, may be rewritten using the product rule as ∇ ·

(Ciu) = u ·∇Ci+Ci∇·u. Here, the flow is incompressible, and so mass conservation

requires that the velocity field be divergence free (see (2.12) below). Therefore, ∇·u =

0, and only the first term in the product rule expansion remains. Implementing these

changes, the conservation law becomes

u · ∇Ci = ∇ · (Di∇Ci + ziFνiCi∇φ). (2.8)

This equation, which is often referred to as the Nernst-Planck equation or the advection-

diffusion equation, governs the concentration distributions for ionic and non-ionic

species. For non-ionic species, the electromigration term (second term on the right-

hand side of (2.8)) is omitted.

In the initial simulations presented in this thesis, the fluid medium includes H+

cations and OH− anions. In later cases, we consider a four-ion system including a

nonreactive electrolyte, along with H+ and HCO−

3 anions (the latter of which accounts

for the presence of carbonic acid due to dissolved carbon dioxide). In principle, the

model is capable of accounting for an arbitrary amount of ionic species.

2.3.2 Poisson’s equation

At any point where the concentrations of cations and anions are unequal, the fluid

element at that location carries a net electrical charge. The volumetric density of

that charge is defined in terms of the ion concentrations as

ρe = F
∑

i

ziCi. (2.9)
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Gauss’s law relates the electric charge to the electric field at a particular location:

∇ · εE = ρe. (2.10)

Here E ≡ −∇φ is the electric field, the negative of the potential gradient, and ε is

the permittivity of the solution. The permittivity may be written as the product of

the vacuum permittivity ε0 and relative permittivity εr, the latter of which we have

taken to be constant.3 Substituting the definition of electric field and applying the

assumption of constant permittivity, (2.10) becomes, after some rearrangement,

∇2φ = −
ρe
ε0εr

. (2.11)

Equation (2.11) is known as Poisson’s equation and relates the electric potential to

the local ion concentrations.

2.3.3 Fluid flow equations

The fluid is assumed incompressible, and thus mass conservation requires that the

velocity field be divergence-free:

∇ · u = 0, (2.12)

At any point in the domain where the charge density ρe and electric field E are both

nonzero, a net electrical body force with magnitude |ρeE| is exerted by the field on the

fluid element at that point in space. This body force is represented mathematically

as a forcing term in the Stokes equations, which give the velocity field and pressure

distributions,

η∇2u−∇p = ρe∇φ. (2.13)

Here η is the dynamic viscosity of the solvent, p is the pressure and ρe∇φ is the

electrical body force. We ignore the inertial terms which are present in the full

3This assumption may be somewhat inaccurate near the rod surface. The electric fields very
close to the surface are very strong, polarizing the solvent molecules, which can decrease the
permittivity by approximately an order of magnitude. Here, we ignore this effect and assume the
permittivity to be a constant.
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Navier-Stokes equations, since we expect the Reynolds number of this flow to be very

small due to the small particle size and slow swimming speeds.

Equations (2.8), (2.11), (2.12), and (2.13) are commonly referred to as the Poisson-

Nernst-Planck-Stokes equations. This mathematical framework has been used to

describe classical electrokinetic phenomena, such as electrophoresis [42] and more

recently electrokinetic instabilities in microchannels [79, 69].

2.4 Boundary Conditions

2.4.1 Far from the surface of the rod

The simulations in this work are performed in the reference frame of the rod. From

the perspective of the rod, the background fluid moves “backwards” (opposite the

direction of swimming) at a speed that is equal to the rod’s swimming speed. This

swimming speed is unknown a priori and must be determined based on the concen-

tration, electric field, and velocity field distributions. To allow the velocity far from

the surface of the rod to be undetermined initially, we enforce a no-viscous stress

condition on the outer boundary, expressed mathematically as

η
[

∇u+ (∇u)T
]

→ 0 as |r| → ∞, (2.14)

where ∇u is the velocity gradient tensor and the superscript T denotes the transpose.

This boundary condition effectively imposes a slip condition the outer edge of the

simulation domain, simulating a semi-infinite medium.

As distance from the rod approaches infinity, the concentrations of all species

approach their bulk values,

Ci → Ci,∞ as |r| → ∞. (2.15)

All electric potentials in the system are defined relative to the bulk solution. Thus,

far from the rod, the electric potential decays to zero,

φ → 0 as |r| → ∞. (2.16)
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In the simulations, (2.14)-(2.16) are applied at the boundary of the simulation

domain opposite the rod, which is nearly 50 rod lengths from the surface. This

distance was chosen so that the values of the field variables would be close to their

values at an infinite distance from the rod. See Chapter 3 for further details on how

the domain size was selected.

2.4.2 Surface of the rod: fluid flow

The familiar no-slip condition is applied on the surface of the rod. In the rod’s

reference frame, the rod is stationary and fluid flows around it. Thus, the fluid that

adheres to the rod is also stationary:

u = 0. (2.17)

We apply (2.17) at the outer edge of the compact layer, which is the effective surface

of the rod in the simulation domain.

2.4.3 Surface of the rod: electric potential

Figure 2.2 shows a schematic of the rod/solution interface and qualitatively depicts

the variation in electric potential near the interface. We use the Gouy-Chapman-Stern

model of the interface, which includes two distinct layers: a compact or Stern layer

of adsorbed neutral and charged species, and a diffuse layer of solvated ions, free to

move in solution, whose distribution is determined by a balance of electrostatic forces,

which repel coions from and attract counterions to the surface, and diffusion, which

tends to spread the ions out. The Stern and diffuse layers together constitute the

electrical double layer (EDL). The ions and molecules making up the Stern layer are

assumed to move with the particle. Thus, the simulation domain includes the diffuse

layer but not the Stern layer. The outer edge of the Stern layer is often called the

outer Helmholtz plane (OHP). It is assumed to be the point of closest approach for

species in solution. For the flow problem, the outer edge of the Stern layer (the OHP)
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Figure 2.2: Schematic of the rod/solution interface, showing the Stern layer (with
effective thickness λS) and the diffuse layer (with characteristic thickness λD, defined
in (2.21)). The outer Helmholtz plane (OHP) is located at the outer edge of the Stern
layer. We define the zeta potential ζ as the potential at the OHP with respect to
the potential in the bulk solution, denoted here by φ∞. In the simulations, we set
φ∞ = 0. The potential profile within the Stern layer is linear, with slope equal to the
potential gradient at the OHP.
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is the effective surface of the rod. The Stern layer affects the system by altering the

electric field at the rod surface, which is reflected in the boundary conditions for the

electric potential and electrochemical reactions.

In this work, we follow Bard and Faulkner [5] and Bazant et al. [6] in assuming

that the potential profile in the Stern layer is a linear extrapolation of the potential

gradient at the reaction plane. This is expressed mathematically by a mixed Dirich-

let/Neumann boundary condition on the potential, which is applied at the outer

Helmholtz plane, which is the effective surface of the rod in the simulation domain:

φM + λS (n · ∇φ)OHP = ζ, (2.18)

where n is the unit normal vector pointing outward from the rod surface into the

solution, φM is the electric potential of the rod interior relative to the bulk solution,

λS is an effective thickness of the Stern layer (on the order of 1-10 Å), ζ is the zeta

potential (i.e., the potential at the OHP with respect to the bulk solution), and the

subscript OHP indicates that the quantity is evaluated at the outer Helmholtz plane.

Since the rod is conducting, we assume the internal potential φM to be uniform in the

interior. The zeta potential is defined as the potential at the slip plane, where the

no-slip condition is applied. Here, we apply the no-slip condition at the OHP, and

thus assume that the slip plane and OHP are one and the same. Since the normal

potential gradient at the OHP is not uniform in general, the zeta potential generally

varies with position along the rod surface.

Figure 2.2 also visualizes ∆φS, the potential drop across the Stern layer, which

will prove important in determining the rates of the reactions, and is defined here as

∆φS ≡ φM − ζ = λS (n · ∇φ)OHP . (2.19)

To understand how the Stern voltage varies with system parameters, we can estimate

its value from the Debye-Hückel solution for the electric field near a charged flat plate.
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The potential distribution as a function of distance y normal to the plate is given by

φ(y) = ζp exp
(

−
y

λD

)

, (2.20)

where ζp is the zeta potential of the plate and the Debye thickness λD is given for a

symmetric z : z electrolyte by

λD ≡

√

ε0εrRT

2z2F 2C±,∞

. (2.21)

Differentiating (2.20) with respect to y and evaluating at y = 0, the normal potential

gradient at the surface is given by

dφ

dy
= −

ζp
λD

. (2.22)

Insertion of the flat plate result (2.22) for the surface potential gradient into (2.19)

and some rearranging gives the scaling relation

|∆φS| ∝
λS
λD

|ζ |. (2.23)

For the rods, the zeta potential scales with the internal potential φM . Thus for the

rods, we would expect
∣

∣

∣

∣

∣

∆φS

φM

∣

∣

∣

∣

∣

∝
λS
λD

. (2.24)

Equation (2.24) implies that the relative importance of the Stern voltage compared

to the rod potential is linearly related to the ratio of the Stern layer thickness to the

Debye thickness. In this work, the Stern layer thickness is fixed at 2 Å, while the

Debye thickness depends on the background ion concentration.

2.4.4 Surface of the rod: species transport

Flux of species at the surface

Since they do not participate in the electrochemical reactions, the flux of anions is

set to zero at the surface,

n · (−D−∇C− − z−Fν−C−∇φ+ C−u) = 0. (2.25)
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Equation (2.25) also applies to any other species in the system that does not react,

e.g. a background electrolyte, and enforces a balance of fluxes due to diffusion, elec-

tromigration, and convection. The boundary condition for protons represents their

generation and consumption due to the electrochemical reactions, according to

n · (−D+∇C+ − z+Fν+C+∇φ+ C+u) =











janode

jcathode,
(2.26)

where janode and jcathode are the reaction-driven proton fluxes on the anode and cath-

ode surfaces, respectively. The flux boundary conditions for peroxide and oxygen

reflect the stoichiometry of the reactions. For every peroxide molecule that is con-

sumed on the anode segment, two protons and one oxygen molecule are released into

the solution. Thus on the anode, the appropriate boundary conditions for peroxide

and oxygen are, respectively,

n · (−DH2O2
∇CH2O2

+ CH2O2
u) = −

janode
2

, (2.27)

n · (−DO2
∇CO2

+ CO2
u) =

janode
2

. (2.28)

For every peroxide molecule consumed on the cathode surface, two protons are con-

sumed. Here we assume that no reactions involving oxygen occur on the cathode

surface. Wang et al. [98] suggested that the four-electron reduction of oxygen also

occurs on the cathode, in addition to peroxide reduction. However, this reaction must

not be essential to the motion of the rods, since it was later shown by Calvo-Marzal

et al. [11] that the rods move faster in solutions that have been purged of oxygen,

while at the same time oxygen-rich environments slow the rods’ motion. Thus, here

we ignore the possibility of oxygen reduction and assume oxygen is nonreactive on

the cathode. The boundary conditions for peroxide and oxygen on the cathode are

thus

n · (−DH2O2
∇CH2O2

+ CH2O2
u) =

jcathode
2

, (2.29)

n · (−DO2
∇CO2

+ CO2
u) = 0. (2.30)
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The surface fluxes of neutral species are coupled to the surface flux of protons, which

we have yet to define. The amount of protons released or consumed on the rod surface

depends on the reaction rates, which are a function of the local species concentrations,

internal rod potential, and kinetic properties of the peroxide reduction and oxidation

reactions. To derive expressions for the reaction rates, we make use of the Butler-

Volmer model of electrochemical kinetics. In what follows, we give a brief overview of

the fundamentals of Butler-Volmer theory, and then adapt the standard model to the

problem at hand. For further details on Butler-Volmer kinetics, the interested reader

is referred to Bard and Faulkner [5], Delahay [18], and Newman [70].

The Butler-Volmer equation and Frumkin’s correction

Consider the general n-electron reduction of species O, having valence z, to form

species R, having valence (z − n):

Oz + ne− ⇀↽ Rz−n. (2.31)

The Butler-Volmer equation gives the net current density i crossing the electrode

surface associated with this reaction as a function of the electrode potential. For a

one-dimensional system, with the electrode surface located at x = 0, the equation is

given in [5] as:

i = i0

[

CO(0, t)

C∞
O

e−αnf(φM−φ
eq

M
) −

CR(0, t)

C∞
R

e(1−α)nf(φM−φ
eq

M
)

]

(2.32)

where i0 is the exchange current density, CO(0, t) and CR(0, t) are the concentrations

of O and R evaluated at the electrode surface (C∞

O and C∞

R are the bulk concentrations

of the indicated species), α is a unitless parameter between 0 and 1 that quantifies

the symmetry of the activation barrier for the reaction, f = F/RT is the inverse

thermal voltage, φM is the potential of the metal electrode interior with respect to

the bulk solution, and φeq
M is the metal potential at equilibrium, i.e. in the absence of

net current. The difference φM − φeq
M is termed the overpotential, commonly written

η.
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Frumkin’s key contribution [35] was to recognize that the potential drop across

the diffuse layer implies that the potential at the reaction plane is different from the

potential in the bulk solution. Since species O can penetrate the diffuse layer, when

it gets close enough to the electrode to participate in the reaction, the potential it

experiences is not the same as the potential in the bulk. This potential difference can

affect the reaction rates in two ways [5]:

1. In general, if z 6= 0 and the electrode surface carries a net charge, the concen-

trations of O, R, or both at the surface of the electrode will be different from

their bulk values. Let us assume that the ions follow a Boltzmann distribution4,

giving CO(x2, t) = C∞

O e
−zfφ2 and CR(x2, t) = C∞

R e
−(z−n)fφ2 . Since O and R can

come no closer to the electrode than the reaction plane, the concentrations are

now evaluated at the reaction plane, denoted by x2.

2. The potential difference driving the electrode reaction (2.31) is not φM − φS

(with φS as the potential of the bulk solution), but φM − φ2 − φS, where φ2 is

the potential at the reaction plane.

Let us now apply these two principles to equation (2.32). The equation is now ex-

pressed in terms of a true exchange current density, it0. Some rearrangement yields

i = it0e
(αn−z)fφ2

[

e−αnf(φM−φ
eq

M
) − e(1−α)nf(φM−φ

eq

M
)
]

. (2.33)

Equation (2.33), in which the term e(αn−z)fφ2 is sometimes called the Frumkin cor-

rection, is the same formulation of the equation given by Delahay [18] (see p. 158)

and by Biesheuvel et al. [9] (their equation (7)). Stating the equation in this form

makes clear the effect of the double layer on the kinetics: the apparent value of ex-

change current density, i0, in (2.32) is actually a function of potential, since φ2 varies

4This assumption is not necessarily valid in the case of bimetallic nanorods, and will be removed
for the case of nanorods below.
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with potential [5]. The true exchange current density it0 is constant with respect to

potential.

Derivation of the Frumkin-Butler-Volmer equation used here

Equation (2.33) is not ideally formulated to describe the reactions occurring on the

surface of a bimetallic nanorod. We wish to express this equation in a form that

highlights the dependence of the reaction rate on the voltage across the Stern layer,

∆φS. Also, in general, since the ions are actively being generated and consumed on

the particle surface, they will not necessarily follow a Boltzmann distribution. We

thus also wish to remove the Boltzmann assumption in (2.33). Following Biesheuvel

et al. [9], we make the following substitutions:

• Define the Stern voltage ∆φS ≡ φM − φ2

• Replace exp(−zfφ2) by CO(x2)/C
∞

O . This replacement removes the Boltzmann

assumption for species O and is the most general formulation.

• Similarly, remove the Boltzmann assumption for R and replace exp(−(z−n)fφ2)

with CR(x2)/C
∞

R .

With these changes, equation (2.33) becomes

i = it0

[

CO(x2, t)

C∞
O

e−αnf(∆φS−φ
eq

M
) −

CR(x2, t)

C∞
R

e(1−α)nf(∆φS−φ
eq

M
)

]

. (2.34)

(2.34) can be simplified further by combining groups of constants together in the

following way. Let

KR =
it0e

αnfφ
eq

M

C∞

O

, (2.35)

KO =
it0e

−(1−α)nfφeq

M

C∞

R

, (2.36)
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Here KR and KO are effective rate constants for the cathodic and anodic components

of the reaction (2.31). Substituting (2.35) and (2.36) into (2.34),

i = KRCO(x2, t) exp

(

−αnF∆φS

RT

)

−KOCR(x2, t) exp

(

(1− α)nF∆φS

RT

)

. (2.37)

This version of the Frumkin-Butler-Volmer equation has been widely used recently

in studies of transport phenomena near electrodes, e.g. [6, 9]. In this work, we use

a very similar expression to (2.37) to describe the reaction-driven proton fluxes on

the rod surface. To obtain our kinetic equations, we divide (2.37) by F (applying

Faraday’s Law of Electrolysis), giving an expression instead for the flux of protons

(in mol/m2·s).

For reactions with multiple reactants, such as the peroxide reduction reaction on

the cathode, CO and CR are written as products of the concentrations of individual

reactants raised to the power of their respective stoichiometric coefficients:

CO =
Nc
∏

i

CsiO
iO , (2.38)

CR =
Na
∏

i

CsiR
iR , (2.39)

where CiO and CiR are respectively the concentrations of reactant species i for the

cathodic and anodic reactions, the exponents siO and siR are the stoichiometric co-

efficients, and the products are taken over the Nc and Na reactant species for the

cathodic and anodic reactions.

KR and KO

KR and KO are effective rate constants for the cathodic and anodic components of

the reaction (2.31), respectively. In this thesis, we choose appropriate values for KR

and KO to yield realistic swimming velocities. Despite the dependence on background

reactant concentration and equilibrium potential indicated in (2.35) and (2.36), we

assume that KR and KO are constant throughout the range of peroxide and salt

concentrations studied throughout this work.
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Rate equations for H2O2 oxidation and reduction

For the peroxide oxidation reaction on the anode, equation (2.37) is written

janode = KO,anodeCH2O2
e(1−α)nf∆φS −KR,anodeCO2

C2
+e

−αnf∆φS , (2.40)

and for peroxide reduction on the cathode,

jcathode = KO,cathodeC
2
H2O

e(1−α)nf∆φS −KR,cathodeCH2O2
C2

+e
−α∆φS . (2.41)

Here, for convenience, we use the sign convention that an oxidative proton flux (pro-

tons leaving the rod surface) is positive and a reductive proton flux (protons entering

the rod surface) is negative. This is the opposite of the convention employed in (2.37)

above.

We simplify these equations by assuming that the reactions proceed in the forward

direction only. This is equivalent to assuming that the reactions are in the Tafel

regime, or that they are electrochemically irreversible. We consider only the oxidation

of peroxide on the anode and reduction of peroxide on the cathode, leaving

janode = KO,anodeCH2O2
e(1−α)nf∆φS , (2.42)

jcathode = −KR,cathodeCH2O2
C2

+e
−αnf∆φS . (2.43)

The Tafel approximation is applied primarily for simplicity. However, it is un-

likely that the reverse components of the reactions would be significant if they were

included. The reverse reactions on the anode and cathode are, respectively, two-

electron reduction of molecular oxygen and two-electron oxidation of water, both of

which produce hydrogen peroxide. It is possible that some oxygen is being reduced

on the anode, especially if the anode metal is platinum, which is a good catalyst for

oxygen reduction. It is unlikely that much oxygen is being reduced, however, given

the trace amounts of oxygen present in the system and the relatively small amount

of oxygen produced by peroxide oxidation on the anode.



48

It is also unlikely that water is being oxidized to a significant extent on the cathode

because this reaction requires a significant overpotential on the cathode in favor of

oxidation. Here, the entire rod attains a uniform potential such that the overpotential

bias on the anode favors oxidation and the bias on the cathode favors reduction. Thus,

we are effectively assuming that

kO,anodeCH2O2
e(1−α)nf∆φS

kR,anodeC2
+CO2

e−αnf∆φS
≫ 1 (2.44)

due to the low concentration of O2, and

kR,cathodeCH2O2
C2

+e
−αnf∆φS

kO,cathodeC2
H2O

e(1−α)nf∆φS
≫ 1 (2.45)

due to the low value of kO,cathode, which depends indirectly on overpotential.

2.4.5 Conservation of Current

At steady state, the total charge contained in the rod cannot evolve in time. In other

words, the net current into or out of the rod must be zero. If this condition were not

satisfied, the total charge in the rod would tend to positive or negative infinity. Thus

we require that

Ianode + Icathode = 0, (2.46)

where Ianode and Icathode are the total currents (integrals of current density) over the

indicated metal surfaces. Since the current density is proportional to the reaction

rate by Faraday’s law, in this case conservation of current reduces to conservation of

proton flux. (2.46) becomes

∫

anode
janodedA = −

∫

cathode
jcathodedA, (2.47)

where the fluxes j are given by (2.42) and (2.43).

Initially, the rod internal potential φM is a free parameter. The rod potential

directly affects the reaction rates on both the anode and cathode. On the cathode,

a more negative rod potential implies a more negative zeta potential, which attracts
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more protons electrostatically to the surface to screen the more strongly negative

surface charge. From the kinetic expression above (2.43), the increase in available

protons leads to an increased reaction rate. On platinum, making the potential more

negative reduces the overpotential bias in favor of oxidation, which decreases the

oxidative reaction rate.

Thus, the requirement of current conservation (2.47) determines the value of φM

and gives closure to the mathematical model. The value of the electrode potential

that gives zero net current into an electrode is often referred to in electrochemical

literature as a “corrosion potential” or “mixed potential.” The value of φM is adjusted

iteratively in the simulations until the integrated current leaving the anode surface is

equal to the integrated current entering the cathode surface (that is, until (2.47) is

satisfied) to within 1 %.

2.5 Non-dimensionalization and Dimensionless Parameters

We use the following scaling values to non-dimensionalize the Stokes, transport, and

boundary condition equations:

[u] = Uev, [∇φ] = E0, [ρe] = ρe,0 (2.48)

[Ci] = Ci,∞, [p] = ηUev/d, [j+] = D+C+,∞/a. (2.49)

[r, z] = a (advection-diffusion), d (Stokes). (2.50)

Uev is the electroviscous velocity (discussed in detail below), ρe,0 and E0 are char-

acteristic values for the charge density and electric field, C+,∞ is the bulk proton

concentration, a is the length scale over which electrical body forces are important,

and d is a viscous length scale. In dimensionless form, the Stokes and transport

equations become

0 =
1

Re

(

−∇̄p̄+ ∇̄2ū+ ρ̄eĒ
)

, (2.51)

Rae(ū · ∇̄C̄±) = ∇̄2C̄± − β∇̄ · (C̄±Ē), (2.52)
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where overbars denote dimensionless variables and the normalized ion concentration

C̄± ≡ C±/C±,∞. The Reynolds and electric Rayleigh numbers are defined as

Re ≡
ρUevd

η
, (2.53)

Rae ≡
Ueva

D+
. (2.54)

The natural velocity scaling in this system is the electroviscous velocity, which is

defined as

Uev ≡
ρe,0E0

η/d2
. (2.55)

The electroviscous velocity was first reported by Hoburg and Melcher [44] and reflects

the balance of viscous and electrical body forces in the system. We expect that the

speed of the rod will scale with Uev. To understand how Uev varies with system

parameters, we must therefore understand how ρe,0 and E0 scale with those same

parameters. Below we derive scaling relations for the charge density ρe,0 and electric

field E0 to determine the dependence of Uev on various parameters of the system. We

find that the form of ρe,0 depends on whether or not the rod surface is charged, and

analyze the possible cases separately.

The Reynolds number describes the relative importance of inertial and viscous

forces and is no larger than 10−3 in all results reported in this thesis. The electric

Rayleigh number is defined similarly to a Péclet number; however, here fluid velocity

arises not from bulk advection (as in the case of the Péclet number) but from internally

generated electroconvection (similar to natural convection) and thus we refer to the

dimensionless group as a Rayleigh number. The Rayleigh number, as defined here,

describes the relative importance of electroconvection and diffusion in transporting

mass in the system [79, 69, 61].

The dimensionless quantity β is defined as

β ≡
zFE0a

RT
, (2.56)
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and describes the relative importance of electromigration and diffusion in transporting

species in the system. Using the above scaling, the boundary condition for the proton

flux can be stated in dimensionless form as

n ·
(

−∇̄C̄+ + βC̄+Ē+RaeC̄+ū
)

= Da, (2.57)

where Da is the Damköhler number, a dimensionless parameter describing the rel-

ative importance of reactions and diffusion in transporting species. In this thesis,

Damköhler number is defined differently depending on the reaction kinetic model

being used. In general, Da is defined as the reaction-driven flux normalized by a

characteristic diffusion-driven flux:

Da ≡
j+a

D+C+,∞

. (2.58)

In general, the proton flux j+ is given by a kinetic expression, and thus the Damköhler

number depends on the reaction rate constant and takes a different form on the anode

and cathode. On the anode end, (2.57) becomes5

n ·
(

−∇̄C̄+ + βC̄+Ē+RaeC̄+ū
)

= DaanodeC̄H2O2, (2.59)

where

Daanode =
KO,anodeaCH2O2,∞

D+C+,∞

, (2.60)

and on the cathode,

n ·
(

−∇̄C̄+ + βC̄+Ē+RaeC̄+ū
)

= DacathodeC̄H2O2C̄
2
+, (2.61)

where

Dacathode =
KR,cathodeaCH2O2,∞C+,∞

D+
. (2.62)

5In deriving these expressions, we have assumed the exponential terms in the kinetic equations
(2.42) and (2.43) are equal to unity, effectively assuming that the Stern voltage is negligible.
Although this assumption is not always valid, it is well-justified in the cases when no supporting
electrolyte is present, as we will show in detail below. The definitions of the Damköhler numbers,
(2.60) and (2.62), do not change regardless of whether or not the Stern voltage terms are included.
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Formula Numerical

Rae 1.2× 10−3/4.9× 10−3 1.1× 10−5/6.0× 10−5

Daanode 8.9/18 1.2/1.1

Dacathode 16/32 1.2/1.1

β 0.037/0.071 0.20/0.18

Table 2.1: Calculated and estimated values of the Rayleigh and Damköhler numbers,
as well as the parameter β. The first column shows the calculated values of the
dimensionless parameters from equations (2.54), (2.56), (2.60), and (2.62) for bulk
hydrogen peroxide concentrations of 0.75 mol/L and 1.5 mol/L. The second column
shows numerical estimates of the dimensionless parameters for both values of peroxide
concentration.

Although the Damköhler numbers are defined differently on the anode and cathode,

the rate constants in (2.60) and (2.62) have different units, such that the Damköhler

number is dimensionless in each case.

The dimensionless parameters defined above depend on various system properties,

including reaction-driven flux; the viscous, electric field, and charge density length

scales; and the viscosity and temperature of the aqueous solvent. Here we calculate the

values of the Damköhler and Rayleigh numbers and β from their respective formulas

using appropriate values of the system variables. In addition, we estimate these

parameters using values we extract directly from the simulations.

Each parameter represents the relative dominance of one form of transport to

another: reactions to diffusion (Da), electroconvection to diffusion (Rae), or electro-

migration to diffusion (β). To further understand the relative importance of these

transport mechanisms, we calculate numerical approximations to these three param-

eters by numerically integrating the relevant fluxes throughout the system geometry

and computing the appropriate ratios. The total flux (in mol/s) due to the reactions

alone is given by the integral of the reaction-driven flux j+ over the anode or cathode

surface. The total diffusive, convective, and electromigration fluxes are estimated by
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integrating the z-components of the appropriate local fluxes over the two-dimensional

annular disk surrounding the middle of the rod and extending from the rod surface to

the boundary of the simulation domain. The vast majority of the flux occurs within

the EDL, within 1 µm of the surface. In this way we obtain an estimate of the to-

tal number of cations transported from the anode side to the cathode side due to

diffusion, electromigration, and electroconvection.

Table 2.1 shows the values of the dimensionless parameters calculated using equa-

tions (2.54), (2.56), (2.60), and (2.62), as well as estimates of the flux ratios calculated

using numerical integration. The parameters are evaluated for two bulk hydrogen per-

oxide concentrations, 0.75 mol/L and 1.5 mol/L, separated by a forward slash. For the

Rayleigh number, the simulated swimming speed of the rod was used for Uev. For the

electric field term in the parameter β we use a characteristic electric field E∗, which

we define as the external electric field required to drive conventional electrophoresis

of the particle at a speed equal to Uev. Mathematically,

E∗ =
η

εζ
Uev. (2.63)

Under realistic experimental conditions, both the direct formula calculations and

numerical approximations result in Rayleigh numbers of O(10−3). This suggests

that electroconvection is dominated by diffusion in driving cation transport. The

Damköhler number is typically O(10) in our system, indicating that the diffusive

transport roughly balances the reaction-driven transport. The analytically deter-

mined values are roughly one order of magnitude larger. As defined, the Damköhler

numbers depend on the bulk concentrations of reactants, which actually vary sig-

nificantly within the double layer. Thus, the indicated values of the analytically

determined Damköhler numbers may not accurately reflect conditions near the rod

surface. The parameter β is O(0.1) as calculated from both the formulas and nu-

merical approximations. From the simulations, we can determine that more mass is

transported by diffusion than my electromigration.
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The values of β and Da calculated numerically change slightly with hydrogen per-

oxide concentration. We attribute this to variations in zeta potential that accompany

variations in flux (due to the current conservation constraint, (2.46)). When the per-

oxide concentration increases, the transport due to diffusion, electromigration, and

reactions increase by approximately the same amount and therefore the dimension-

less parameters reflecting the relative dominance of these mechanisms do not vary

appreciably. As expected, the Rayleigh number, although very small in comparison

to β, increases with the electroviscous velocity for both the analytical and numerical

calculations. As dictated by the formulas, the analytical values of the Damköhler

numbers vary directly with background peroxide concentration. The variation in the

analytical value of β with peroxide concentration is expected, given the definitions of

E∗ and β stated above, and also taking into account the variation in zeta potential

with peroxide concentration.

In summary, we conclude from this analysis that transport in the system is driven

primarily by diffusion and electromigration, and that contributions from electrocon-

vection are negligible in this system. Since there will be no electroconvection, diffu-

sion, or electromigration without reactions, we expect that the combination of these

transport mechanisms will always balance the reaction-driven flux.

2.6 Scaling Analysis

It is instructive to determine the variation in electroviscous velocity Uev with param-

eters of the system, since the swimming speed of the rod scales with Uev. There are

two primary sources of space charge in the system: the reactions, which inject and

consume cations asymmetrically, leading to a dipolar charge distribution; and the

surface charge on the particle, which attracts the oppositely charged diffuse screening

layer, which surrounds the particle roughly uniformly.

The charge density derived from the reactions scales with the reaction-driven flux
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of protons, j+, and the diffusivity of protons, D+, according to

ρe ∝
Fj+L

D+
, (2.64)

where L is a length scale over which finite charge density exists. As diffusion becomes

stronger (i.e. as D increases or L decreases), it more efficiently spreads ions out

over a larger volume, decreasing the charge density. The length scale L is a charac-

teristic length over which the charge density decays to its bulk value of zero and is

conceptually similar to the Debye length for the case with a charged rod surface.

Through Poisson’s equation, we can relate the scaling for charge density (2.64)

to the characteristic electric field generated by that charge density distribution, E0,

according to
Fj+L

D+

∝
εE0

a
, (2.65)

where a is a length scale over which the tangential (parallel to the rod axis) electric

potential gradient is significant. The electric field E0 then scales linearly with the

flux as

E0 ∝
Fj+La

εD+
. (2.66)

Assuming the important space charge in the system arises due to the reactions only,

we can combine (2.55), (2.64), and (2.66) and find

Uev ∝
F 2j2+aL

2d2

εηD2
+

(2.67)

for the electroviscous velocity scaling. We can simplify this expression by specifying

values for the length scales. In general, the most important length scale in the system

is the Debye length, (2.21). The charge density length scale, L, diminishes in size with

increasing ion concentration, and approximately scales with the Debye length, λD.

The tangential component of the dipolar electric field, which is ultimately responsible

for initiating electro-osmotic flow, is also assumed to scale with the Debye thickness,

λD. As the conductivity of the solution decreases, Ohm’s law dictates that the electric
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field must decrease (assuming the reaction-driven current density in the solution is

roughly constant). Finally, significant velocity gradients and viscous stresses exist

primarily in the diffuse layer. Thus, the appropriate viscous length scale is also the

Debye thickness, λD. We can thus rewrite (2.67) as

Uev ∝
F 2λ5D
εηD2

+

j2+. (2.68)

Equation (2.68) is valid if the dominant source of space charge is the reactions. How-

ever, if the rod is charged, the surface will attract counterions from the bulk solution

which form a diffuse screening layer, as discussed above. The ion concentrations are

highly unbalanced in this layer, resulting in a high density of charge in the diffuse

layer that counterbalances the charge on the surface. Depending on the relative mag-

nitudes of the surface charge and reaction-driven flux, either source of charge density

may dominate.

For the values of surface potential considered in this work, the charge density due

to the diffuse layer dominates. The potential φ in the diffuse layer scales with the

surface potential, φ ∝ ζ , and so we can write a characteristic charge density based on

the Boltzmann distribution as

ρe,0 ∝
F 2z2C±,∞ζ

RT
∝

εζ

λ2D
. (2.69)

Although the charge in the diffuse layer is greater in magnitude than that due to the

reactions, the asymmetry in reaction-driven charge density still generates the electric

field E0, which is still the only electric field in the z-direction. Thus, we insert the

charge density expression (2.69) and the electric field generated by the reactions (2.66)

into the electroviscous velocity definition (2.55) to obtain

Uev ∝
ζFj+Lad

2

λ2DηD+
. (2.70)

Using the same scalings discussed above (L ∝ λD, a ∝ λD, d ∝ λD), we can simplify

(2.70) to obtain

Uev ∝
Fλ2D
ηD+

ζj+. (2.71)
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Note that (2.71) can be expressed in a form similar to the Helmholtz-Smoluchowski

equation,

Uev ∝
εζ

η
E0 =

εζ

η

Fj+λ
2
D

εD+
, (2.72)

in which the particle has the usual electrophoretic mobility εζ/η, but the electric field

is the characteristic internally generated electric field given in (2.66).

For a charged rod, our scaling analysis thus predicts that the velocity will increase

linearly with the reaction flux j+ and zeta potential ζ . We also expect that the velocity

will vary inversely with the background ion concentration through the dependence on

the square of Debye thickness.
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Chapter 3

SIMULATION DETAILS
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3.1 Finite Element Method

We solve the governing equations (2.8), (2.11), (2.12) and (2.13) using the finite ele-

ment method. The continuous simulation domain is discretized into a set of discrete,

triangular sub-domains called “mesh elements.” The subdivision of the domain into

simpler parts has a several advantages, including most importantly the accurate rep-

resentation of complex geometries. Due to the strong gradients in the field variables

in the region near the rod, the mesh resolution is much finer in the vicinity of the rod

than in the bulk solution (see Fig. 3.1).

The finite element method discretely approximates the system of continuous par-

tial differential equations, in such a way as to reduce the problem to a sparse matrix

equation, of the form

−Lu = b, (3.1)

where the vector b is known, L is a (generally very large) sparse, positive definite

matrix, and u is the unknown solution vector. A number of numerical solvers exist

that exploit the sparseness of the matrix L to solve the system (3.1) using methods

that are much more efficient than actually inverting the matrix L. In this work, we

use the Pardiso linear system solver developed by Schenk & Gärtner [88, 89], which

is a high-performance, robust, and memory-efficient software for solving large sparse

symmetric and unsymmetric linear systems. The solver is implemented using Comsol

Multiphysics version 3.5a, a commercial finite-element analysis software package.

3.2 Simulation Domain

The simulations are conducted in a square domain having area 100×100 µm2. We have

determined that this is a sufficient size to suitably approximate an infinite medium.

Since the problem is axisymmetric, we solve the equations over a two-dimensional

“slice” of the three-dimensional problem.

Figure 3.1 shows the region of the simulation domain near the rod and visualizes
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the mesh, whose resolution is fine near the rod and coarse in the bulk solution. The

rod’s centroid is positioned at the midpoint of the left side of the domain, on the

axis of symmetry. The length of the simulated rod is 2 microns and its radius is 150

nanometers. To prevent electric field singularities from appearing near the corners of

the rod, they are rounded with a radius of curvature of 25 nm. This rounding also

accounts for possible imperfections during rod fabrication.

The size of the domain was determined by first running simulations in domains of

size 30×30, 50×50, and 100×100 µm2. The calculated values of the rod swimming

speed changed by less than 1 % when the domain size was increased from 50×50 to

100×100 µm2. We thus concluded that the 100×100 µm2 domain was sufficiently

large to approximate an infinite medium, and that the fluid speed in the direction

of swimming measured at the far edge of the domain was sufficiently close to the

fluid speed an infinite distance from the rod (in the rod reference frame), which by

definition is equivalent to the speed of the rod with respect to the fluid.

The domain is typically discretized into approximately 128,000 triangular mesh

elements. The mesh resolution is much higher near the particle surface than in the

bulk solution. As shown in the zoomed version of Fig. 3.1, in the region within the

electrical double layer, a mesh element typically measures roughly 1 nm on one side.

3.3 Validation

In order to verify that the finite-element solver computes physical solutions, we solved

the Poisson-Nernst-Planck-Stokes equations for electrophoresis of a spherical non-

conducting particle of radius 1 µm in an externally applied electric field. As in the

simulations of the swimming rods, we measured the electrophoretic speed as the

speed on the domain boundary opposite the particle as a function of the sphere’s zeta

potential and applied electric field. We compared our results with Henry’s equation,
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Figure 3.1: (top) Finite-element mesh used for nanorod simulations; (bottom) Zoomed
version showing mesh element resolution near the rod surface. The simulation domain
contains approximately 128,000 triangular mesh elements, most of which are concen-
trated near the rod surface, shown in the left of this figure. The r and z coordinates
(in meters) are shown on the horizontal and vertical axes, respectively.
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Figure 3.2: Results for validation simulations of externally driven electrophoresis of an
insulating spherical particle of radius 1 µm. In both figures, simulations are indicated
with open diamonds, and the speed UHenry predicted by (3.2) is shown with a solid
line. (left) Speed vs. zeta potential magnitude for a constant applied electric field
of 333 V/m. (right) Speed vs. applied electric field for a constant zeta potential of
magnitude 1 mV.

[42]:

UHenry =
2εζEapp

3η
f
(

Rs

λD

)

, (3.2)

where Eapp is the applied electric field, Rs = 1 µm is the radius of the sphere, and

f is Henry’s function. Figure 3.2 shows excellent agreement between the simulations

and the predictions of (3.2) for several values of the applied electric field and zeta

potentials smaller in magnitude than the thermal voltage.

3.4 Constants

Table 3.1 shows the values and units of important constants used in the simulations.

In this work, the constants KO,anode and KR,cathode are used as fitting parameters.

Their values were chosen to yield values of the proton fluxes equivalent to current

densities that are comparable to those measured by Paxton et al. [76].
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Constant Description Value

KO,anode Oxidation rate constant, anode 5.5 ×10−9 m s−1

KR,cathode Reduction rate constant, cathode 1 m7 s−1 mol−2

D+ Diffusivity, protons 9.311 ×10−9 m2 s−1

D− Diffusivity, hydroxide ions 5.273 ×10−9 m2 s−1

DH2O2
Diffusivity, hydrogen peroxide 6.6 ×10−10 m2 s−1

DO2
Diffusivity, molecular oxygen 2 ×10−9 m2 s−1

η Solution viscosity 8.9 ×10−4 Pa s

ρ Solution density 998 kg m−3

C±,∞ Bulk concentration, ions 10−7 mol L−1

CO2,∞ Bulk concentration, molecular oxygen 0.2× 10−3 mol L−1

εr Solution dielectric constant 78.4

λD Debye thickness 0.961 µm

λS Effective Stern layer thickness 1 nm

Table 3.1: Values of relevant constants used in the simulations. The mobilities of the
charged species are given by the Nernst-Einstein relation, νi = Di/RT , where R is
the ideal gas constant and T = 298.15 K. The value of the bulk hydrogen peroxide
concentration, CH2O2,∞ is not shown because it is varied throughout the work.
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Chapter 4

UNCOUPLED MODEL
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4.1 Introduction

This chapter presents the results of simulations conducted in the early stages of the

thesis research, prior to the development of the coupled reaction kinetic model pre-

sented in Chapter 2. Here, we imagine the simplest model possible of the rods by

assuming that the rod has a constant surface charge (either zero or nonzero) and

piecewise uniform reaction rates on its surface, and that these parameters can be

varied independently of one another.

This chapter has two parts. In §4.3, we present results for a rod whose internal

electric potential is initally set to zero and allowed to float. Although the results

presented in this section are not realistic in that they do not allow the rod to have

an innate electrical potential, they are instructive in showing that electrochemical re-

actions alone, in theory, are capable of generating concentration polarization, electric

fields, and a resulting electroviscous flow that is nonlinear in the reaction rate. The

reactions alone generate a symmetric, quadrupolar velocity field that is reminiscent

of induced-charge electro-osmosis [93].

In §4.4, we show the effects of assuming a constant, negative zeta potential on the

rod surface. We show that the surface charge breaks the symmetry of the quadrupolar

flow generated by the reactions, and causes the locomotion of the rod. The results

in this chapter imply that surface charge is necessary for locomotion of the rod to

occur; furthermore, the magnitude and sign of the zeta potential (which quantifies the

surface charge) determine the speed and direction of the rod’s motion, respectively.

If the sign of the zeta potential is switched, the motion reverses direction.

4.2 Mathematical Model

The mathematical model employed for these simulations is simpler than that pre-

sented in Chapter 2. For this chapter, we make two important simplifying assump-

tions.
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The first assumption is that the charge on the rod surface is uniform. Thus, in this

case, the electric potential boundary condition on the rod surface (2.18) is replaced

with

φM = ζ = ζ0, (4.1)

where ζ0 is a constant, chosen based on published values of the surface charge on

metal rods in aqueous solutions. Dougherty et al. measured the zeta potential of

monometallic gold, silver, and bimetallic gold/silver nanorods and found values rang-

ing from 0 to−60 mV [22]. Paxton et al. measured the zeta potential of platinum/gold

bimetallic nanorods and reported an average value of −41 mV [76] . To examine the

effects of varying zeta potential on the motion, in particular the linear dependence

of speed on zeta potential predicted by (2.71), here we consider values of ζ0 ranging

from 0 to −40 mV.

The second assumption is that the reaction-driven fluxes are piecewise uniform on

the rod surface. Adopting the convention that positive flux corresponds to protons

released from the rod into the solution, we set the flux to a constant positive value

on the anode side,

janode = j0, (4.2)

and an equal and opposite value on the cathode side,

jcathode = −j0, (4.3)

where j0 is a prescribed constant value. Equations (4.2) and (4.3) replace the Butler-

Volmer expressions, equations (2.42) and (2.43) respectively, in the boundary condi-

tion for proton flux, equation (2.26). The values for j0 are chosen based on the data

of Paxton et al. [76], who measured the catalytically generated current density on Pt

and Au interdigitated microelectrodes in hydrogen peroxide. Their measured values

are equivalent to proton fluxes ranging from 10−6 to 10−5 mol/(m2·s). Here, we allow

the reaction-driven flux j0 to vary from 10−6 to 7× 10−6 mol/(m2·s).
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These simplifications effectively remove the coupling between the surface charge

and reaction rates, making them independent, adjustable parameters. For this reason,

we refer to the model presented in this chapter as the uncoupled model. A similar

model was developed by Kline et al. [56] to analyze the catalytically driven fluid flows

generated by concentric metallic electrodes in hydrogen peroxide, as they observed

previously [55]. Although this approach is not as realistic as a fully coupled model, it

can yield plausible results for the field variables and swimming speed and gives some

insight into the locomotion physics, especially the importance of the surface charge.

We find that the behavior of the system changes significantly depending upon

whether the rod surface is uncharged or charged (that is, if ζ0 is zero or finite). We

analyze the two cases separately in the following sections.

4.3 Uncharged Rod; Constant Flux

We first present the results for an uncharged rod with piecewise constant fluxes on its

surface. The reactions occurring on the surface drive electrical and ion polarization

and generate electroviscous flows that are nonlinear in the flux j0. However, these

effects do not lead to net locomotion of the rod.

Since the surface charge is assumed to be zero, these simulations show the effects

of the reactions alone. The continuous injection and consumption of charged species

causes a polarized non-classical diffuse layer of dipolar space charge to form around

the rod. The interior of the rod remains at zero potential, but the potential at the

outer Helmholtz plane (OHP) relative to the bulk solution is allowed to float. Thus,

the potential at the OHP (the effective zeta potential) is determined by the local

charge density induced by the reactions. This could be interpreted physically as a

rod with zero internal potential with a spatially varying potential drop across the

Stern layer. Thus, although we refer to this case as “uncharged,” the zeta potential

of the rod does in fact vary slightly with position, in a nearly identical fashion to the

potential variation prescribed by Lammert et al. on the surface of a spherical cell
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[57]. The “uncharged” label thus refers to the internal potential of the rod, which is

zero at steady state.

The distributions of proton concentration, electric potential, electric field, and

charge density are shown in Fig. 4.1. The contour values for concentration, po-

tential, and charge density have been non-dimensionalized and negative values are

indicated by dotted contour lines. Figure 4.1 (a) shows contours of the dimensionless

perturbation to the equilibrium proton concentration, given as

C̃+ =
C+ − C+,∞

C+,∞

. (4.4)

Figure 4.1 (b) shows contours of the electric potential, which has been normalized by

the thermal voltage,

φ̃ =
φF

RT
. (4.5)

Figure 4.1 (c) shows streamlines of the electric field, showing the dipolar pattern

expected from the potential profile in (b). Finally, the dimensionless charge density,

plotted in Fig. 4.1 (d), is given by

ρ̃e =
ρeFλ

2
D

εRT
. (4.6)

In Figs. 4.1 (a-d), the flux j0 is defined such that j0/jd = 0.78, where the flux has

been normalized by a characteristic flux jd based on Nernst’s diffusion-limited current

density, as discussed in ref. [6]. It is defined as

jd =
4D+C+,∞

λD
. (4.7)

The distributions of C̃+ and ρ̃e are qualitatively very similar, as indicated in Figs.

4.1 (a) and (d), respectively. Both quantities are strongly positive near the anode

and strongly negative near the cathode. The polarized charge clouds surrounding the

rod effectively generate an electric dipole whose moment increases with reaction rate.

This dipole generates an electric field, as illustrated by the electric field streamlines

in Fig. 4.1 (c). The electric field points from the anode to the cathode, and so on the
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Figure 4.1: Simulation-generated plots created assuming piecewise constant proton
fluxes and an uncharged rod. (a) Dimensionless proton concentration plotted for
values of C̃+ = ±0.025, 0.05, 0.1, 0.2, and 0.4 (values increase in absolute value
approaching the rod surface), (b) dimensionless electric potential plotted for φ̃ =
±0.005, 0.01, 0.02, 0.03 and 0.04 (from the outside inward), (c) dipolar electric field
lines, and (d) dimensionless charge density, plotted for ρ̃e = ±0.005, 0.01, 0.025, 0.05,
0.1, 0.15, and 0.3 for the case of an uncharged rod and flux j0/jd = 0.78. These
figures look qualitatively very similar for other values of the flux j0. Note that strong
qualitative similarity between the profiles of proton concentration and charge density,
indicative of the strong coupling between the two quantities. Dashed contour lines
indicate negative values. In these figures, as with similar figures throughout this
thesis, the anode (where protons are being generated) is denoted with a letter A and
the cathode (where protons are being consumed) with a C; the r and z coordinates
are normalized by the length of the rod, h = 2 µm.
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sides of the rod the z component of the field is negative (i.e., downward in Fig. 4.1

(c)). The electrical body force is given by the product of charge density and electric

field; thus, when the charge density at a particular location is positive (negative), the

body force and electric field vectors point in the same (opposite) directions. At the

anode, the electric field exerts a body force on the fluid that points in the negative

z direction. At the cathode, the field exerts a body force in the positive z direction.

These opposing body forces are of comparable strength and lead to electro-osmotic

flows in their respective directions along the rod surface. The two fluid streams

intersect at the anode/cathode junction and are driven radially outward from the rod

to conserve mass. As a result, the velocity field takes on a quadrupolar shape which is

reminiscent of induced-charge electro-osmosis (ICEO), as shown in Fig. 4.2 (see [93]).

Due to the near-perfect symmetry of the flow field and small velocity magnitudes, in

this case there is no considerable net locomotion of the particle.

ICEO flows around ideally polarizable rod-like particles have been described in

several recent works. Rose et al. [83] observed the rotation of metallic nanorod parti-

cles under an applied electric field, which was driven by ICEO flows generated by the

field. Induced-charge electrophoresis (ICEP) around ideally polarizable colloidal rods

was investigated theoretically and numerically by Saintillan et al. [85], who focused

on hydrodynamic interactions among multiple colloidal rods undergoing ICEP. The

same authors later further extended this analysis to colloidal metallic rods sediment-

ing in a gravitational field [86], whose motion was stabilized by the application of an

electric field and the resulting ICEP flow. In contrast, here the ICEO-like flow does

not require an external electric field but is instead driven by the interaction between

the dipolar charge density distribution induced by the reactions and the electric field

it creates.

Figure 4.3 shows the maximum fluid velocity magnitude in the system as a function

of the dimensionless flux j0/jd. The speed increases quadratically with the flux, as

predicted by the scaling relationship (2.67) and shown in the solid line, which is a
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Figure 4.2: Velocity field magnitude (color) and streamlines for the case of no surface
charge and piecewise constant reaction-driven flux. Dark and light colors indicate high
and low velocity magnitudes, respectively. The velocity magnitude is maximized near
the rod. Here the dimensionless flux j0/jd = 0.78, but this figure looks qualitatively
very similar for other values of the flux j0. On the anode end, the positive charge
density (Fig. 4.1 (d)) and electric field in the −z direction (Fig. 4.1 (c)) coupled to
produce an electrical body force that also points in the −z direction. On the cathode
end, the negative charge density and electric field (which still points in the −z direc-
tion) couple to produce an electrical body force in the +z direction. These opposing
body forces are of comparable strength and lead to fluid slip in their respective di-
rections along the rod surface. Downward-moving fluid collides with upward-moving
fluid at the rod equator, and the streams are forced outward due to incompressibility.
The flow profile resembles induced-charge electro-osmosis (ICEO) and does not cause
any locomotion of the particle.
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Figure 4.3: Maximum electroviscous velocity (maximum magnitude in figure 4.2)
in the system as a function of dimensionless reaction-driven flux for the case of an
uncharged rod. The solid line is a quadratic fit to the data. This figure verifies
the prediction of (2.68) that, for an uncharged rod, the fluid speed should depend
quadratically on the flux. Although here we plot the maximum velocity in the entire
simulation domain, the Eulerian fluid velocity measured at any given point varies
quadratically with the flux as well. However, the velocity vanishes as |r| → ∞ in all
cases, indicating that the rod does not move with respect to the fluid.

quadratic least-squares fit to the data. While the rod generates these flow profiles

in its immediate vicinity, the bulk fluid far from the rod does not flow appreciably.

The velocity magnitude is maximized at 0.1 µm/s, suggesting that the quadrupolar

flow generated by the reactions alone would be negligible compared to the ubiquitous

Brownian motion. Although these simulations suggest that an uncharged rod will not

exhibit detectable axial motion, this case is useful in demonstrating how the injection

of charge due to electrochemical reactions can drive an electro-osmotic flow. In the

next section, we will show that the inclusion of a constant, negative surface charge

leads to rod locomotion with the anode forward, as is seen experimentally.
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4.4 Constant, Negative Zeta Potential; Constant Flux

In this section, we present simulations of a rod with the same piecewise constant reac-

tion fluxes as before and a constant, negative zeta potential between −10 and−40 mV.

This range of values was determined following the measurements of Dougherty et al.

[22] and Paxton et al. [76].

Figure 4.4 shows the distribution of dimensionless proton concentration (a,d,g),

electric potential and electric field lines (b,e,h), and charge density (c,f,i). In all 9

figures, the zeta potential of the particle is set to −10 mV.

The top three plots (a,b,c) are for the case with no reactions and show the dis-

tributions of the field variables due to the surface charge only. Figure (a) shows that

the proton concentration is locally enriched (since the perturbation to the concentra-

tion, C̃+, is uniformly positive), forming a diffuse screening layer due to the negative

surface charge that can be predicted by the Gouy-Chapman model.

The middle three plots (d,e,f) are for the case with reaction-driven flux j0/jd =

0.39, and in the bottom three plots (g,h,i) the flux is increased to j0/jd = 0.78. These

cases show the combined effects of the surface charge and reactions. Most notably,

the charge density is now uniformly positive (due to the positively charged diffuse

layer), but is most positive near the anode, where protons are being generated, and

is weakly positive near the cathode, where they are being depleted.

The shape of the electric field in Figs. (e) and (h) can be understood by examining

the electric field due only to the reactions, Fig. 4.1 (c), and the electric field due only

to the surface charge, Fig. 4.4 (b). The electric fields shown in Figs. 4.4 (e) and (h)

are the result of the superposition of these two electric fields. This superposition is

responsible for the apparent source of electric field forward of (above) the anode. This

source is located closer to the rod surface in the higher-flux case (h). In the no-flux

case (b), the electric field lines are everywhere normal to the rod surface, as predicted

by Gouy-Chapman theory. When the flux is finite, proton fluxes are introduced into
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Figure 4.4: Simulation-generated plots created using the uncoupled model assuming
a constant, negative zeta potential of −10 mV. Contours are shown of dimensionless
proton concentration, dimensionless potential (with electric field streamlines), and
dimensionless charge density for three separate cases. (a,b,c): no flux (j0 = 0), corre-
sponding to a case with no peroxide. Thus (a,b,c) show the effects of the negatively
charged surface only. (d,e,f): j0/jd =0.39. (g,h,i): j0/jd =0.78. The contour values
for the concentration C̃ are (a,d,g): 0.025, 0.05, 0.1, 0.2, 0.3, 0.4 (in (g) negative con-
tours have been added corresponding to −0.025, −0.05, −0.2); potential φ̃ (b,e,h):
−0.025, −0.075, −0.15, −0.25, −0.35; charge density ρ̃e (c,f,i): 0.05, 0.1, 0.2, 0.4, 0.6,
0.8 (in (i) negative cotnours have been added corresponding to −0.05 and −0.1). All
contour values increase with decreasing distance to the rod surface. Dotted contour
lines indicate negative values.
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the system and a second electric field develops that has a source at the anode surface.

When these electric fields are combined, the overall field appears to have a source near

the anode end of the rod. We have confirmed that there is a weak, but real, source of

electric field at the point indicated in Figs. 4.4 (e) and (h) by plotting the divergence

of electric field, which is proportional to the charge density distribution. This source

goes unnoticed in the charge density plots (Figs. 4.4 (f) and (i)) because it is two

orders of magnitude weaker than the electric field sink at the negatively charged rod

surface.

The position of the source is controlled by the relative dominance of the reaction-

induced and the surface-induced electric fields. The more dominant the reaction-

induced electric field is in relation to the surface-induced field, the more closely the

entire plot resembles Fig. 4.1 (c), and the closer the source is to the anode end.

The more dominant the surface-induced field is over the reaction-induced field, the

more closely the plot resembles Fig. 4.4 (b). Moving from (e) to (h), the flux is

increased but the surface charge is kept constant; thus, the reaction-induced electric

field becomes stronger, while the surface-induced electric field stays roughly constant.

For this reason, the source of electric field moves closer to the rod.

Figure 4.5 shows the rod swimming speed as a function of the flux j0/jd as ob-

tained from the simulations, scaling analysis, and experiments. The experiments and

simulations show good agreement assuming a native surface potential of −25 mV,

which is in the range of measured values for the zeta potential of gold and platinum

particles in aqueous solutions [22, 23]. The rods used in the experiments were grown

using electrochemical deposition as described previously [58]. The dimensions of these

rods were similar to those in the simulations. We obtained the experimental data in

Fig. 4.5 by measuring the speed of Pt/Au rods using optical microscopy in varying

concentrations of hydrogen peroxide. Each data point at finite peroxide concentration

represents the average of between roughly 15 and 35 rods.

Paxton et al. measured the dependence of electrocatalytically generated current
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Figure 4.5: Swimming speed as a function of dimensionless reaction-driven flux for
simulations and experiments. Simulations (open symbols), scaling analysis (lines),
and experiments (black squares) show good agreement. Simulations are shown for
four different values of zeta potential: −10 mV (open circles), −20 mV (open trian-
gles), −30 mV (open squares), and −40 mV (open diamonds). The flux data for the
experimental data were estimated based on the dependence of flux on peroxide con-
centration given by Paxton et al. [76]. Error bars on the experimental data indicate
one standard deviation in each direction. Each experimental data point represents
the average of between 15-35 rods.
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density on Pt and Au interdigitated microelectrodes [76]. Their measurements sug-

gested a linear dependence of current density on peroxide concentration. A linear fit

of the data presented in table 1 of their work yields a fitting equation of

icat = 0.1148CH2O2
, (4.8)

where icat is the current density in A/m2 and CH2O2
is measured in wt. %. We use

this fitting equation to estimate the current density, which is then related linearly to

the flux by jcat = icat/z+F (Faraday’s law), as a function of peroxide concentration,

providing the values of j0/jd at each peroxide concentration shown in Fig. 4.5. In

Fig. 4.5, we have subtracted out the characteristic Brownian velocity of the rods

(measured here to be 4.87 µm/s) from all experimental data points in order to only

consider the axial component of the velocities measured in the experiments.

4.5 Total Propulsive Force Generated by the Rod

The simulations enable us to estimate the total electrical body force generated by the

rod, thereby giving an estimate of the propulsive force generated by the reactions.

Burdick et al. [10] estimated the propulsive force a nanorod could generate by ob-

serving a magnetically guided Pt/Au/Ni/Au rod, with the Pt segment doped with

carbon nanotubes, as it dragged cargo of different sizes through a fluid, and recording

the migration speeds of the nanorod/cargo complex. Their measurements indicated

a propulsive force of roughly 0.16 pN.

We estimate the propulsive force by computing the integral of the total body force

in the simulation domain V , according to

Fbody,z =
∫

V
ρeEzdV. (4.9)

Figure 4.6 shows same simulation-generated data for swimming speed shown in Fig.

4.5 as a function of Fbody,z , showing a strong linear correlation. This was initially

suggested by the definition of the electroviscous velocity, equation (2.55). This linear
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Figure 4.6: Rod swimming speed versus total z-direction electrical body force in the
simulation domain, as defined in (4.9). The figure shows a strong linear correlation
between swimming speed and body force, as predicted in the definition of electrovis-
cous velocity, (2.55). Red asterisk indicates the experimental measurement of Burdick
et al. [10] for Pt-CNT/Au/Ni/Au rods towing cargo of size 1.3 µm.

relationship is also in agreement with Stokes’ law, considering that the rod is propelled

by electrical body forces and opposed by viscous forces, which are balanced at steady

state. For the case with j0/jd = 1.0, ζ = −20 mV, we obtain a propulsive force of

0.17 pN, in good agreement with the value of 0.16 pN computed by Burdick et al.

[10]. Similar estimates of the propulsive force were reported for Pt/Au nanorods by

others [74, 75].

4.6 Conclusion

This chapter has presented scaling analyses, detailed simulations, and experiments

relating to the locomotion of bimetallic rods in hydrogen peroxide. The analysis

shows that rod movement is the result of an electroviscous slip velocity that is driven

by electrical body forces resulting from a coupling between space charge in the solution

and the electric field it generates.
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The simulations of an uncharged rod with asymmetric constant proton fluxes

predict a quadrupolar velocity field around the rod. This flow field does not drive

any net locomotion and is qualitatively similar to that observed in induced-charge

electro-osmosis near a stationary ideally polarizable particle. The magnitude of the

electroviscous velocity depends quadratically on the flux, as predicted by the scal-

ing analysis. To our knowledge, the velocity fields surrounding an uncharged motor

shown in Fig. 4.2 have not been observed experimentally because most metallic sur-

faces obtain some finite surface charge in aqueous solutions, due either to differential

adsorption or to electrochemical reactions. In addition, these flows by themselves are

too slow to be distinguished from Brownian motion. The results for an uncharged

rod illustrate the importance of the charge density and self-generated electric field in

generating the electrical body forces that drive fluid motion.

This work shows that surface charge plays a crucial role in causing the locomotion

of the rod and determining its direction. In the cases where a nonzero surface charge

is assumed, the surface gives rise to a net positive charge in the diffuse layer, which

breaks the symmetry of the quadrupolar flow and gives rise to particle motion, as in

the case of induced-charge electrophoresis. The electric field pointing from the anode

to the cathode couples with the predominantly positive charge density in the diffuse

layer to generate an electro-osmotic flow from the anode to the cathode. By Galilean

invariance, this is equivalent to the rod moving through the solution with the anode

forward. These results indicate that in order to attain the speed and swimming direc-

tion observed experimentally, the rods must have a negative effective zeta potential.

The scaling analysis and simulation results reveal that the electroviscous velocity de-

pends linearly on the zeta potential and reaction-driven flux. We conclude that the

sign and magnitude of the rod surface charge play a crucial role in determining the

rods’ motion.

The simulations provide quantitative predictions of the nanomotor’s swimming

velocity for a given set of surface fluxes and zeta potentials. The focus of the thesis
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now turns to developing a more realistic reaction kinetic model for the rod that more

accurately reflects the coupling between the fluxes and potentials.
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Chapter 5

COUPLED MODEL
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5.1 Introduction

Although the model presented in Chapter 4 captures many important details of the

electrochemical locomotion mechanism, such as the direct dependence of the speed on

zeta potential and reaction rate, it is unphysical in that it does not reflect the coupling

that exists in a real electrochemical cell between the internal electric potential of the

rod and the reaction rates. To provide an accurate, quantitative description of the

system, the model must allow the reaction rates and rod potential to depend on each

other, as well as on the concentrations of the reactants at the surface of the rod.

To include this coupling, we remove the assumptions of piecewise constant flux and

constant, prescribed surface potential that were made at the beginning of Chapter 4.

Here, the boundary conditions for the reaction-driven flux are based on the Butler-

Volmer expressions given in (2.42) and (2.43). They are coupled to the internal

rod potential φM , which is then related to the zeta potential through the boundary

condition, (2.18). Unlike in Chapter 4, the internal rod potential φM is not fixed at

the beginning of the simulation; it is unknown a priori and determined by satisfying

the current conservation constraint, (2.47).

5.2 Mathematical Model

As in the previous chapter, the rod is immersed in an aqueous solution containing

hydrogen peroxide, protons, and hydroxide ions. The solution is at pH 7, with a

background ion concentration of 10−7 mol/L, implying a Debye thickness of approx-

imately 1 µm. The effective thickness of the Stern layer is fixed at 2 Å. Thus, the

Stern layer is approximately three orders of magnitude thinner than the diffuse layer.

In this case, (2.24) implies that |∆φS/φM | ≪ 1, i.e. that the Stern voltage is neg-

ligible compared to the rod potential, and it is thus a reasonable approximation to

set ∆φS ≈ 0. Thus, for low electrolyte concentrations, (2.18) reduces to a simple
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Dirichlet boundary condition on the potential,

ζ = φM . (5.1)

The internal rod potential φM is determined iteratively by satisfying the current con-

servation constraint, Eq. (2.47). Also, since the Stern voltage is negligible, the expo-

nential terms in the reaction kinetic expressions (2.42) and (2.43) are approximately

equal to unity. The reaction rate equations used in this chapter are thus

janode = KO,anodeCH2O2
, (5.2)

jcathode = KR,cathodeCH2O2
C2

+. (5.3)

These expressions essentially model the electrochemical processes on the anode and

cathode as simple chemical rate processes and are similar to those used by Chang &

Jaffé [13].

5.3 Results and Discussion

Figure 5.1 shows the distributions of dimensionless proton concentration (a,d,g), elec-

tric potential and electric field streamlines (b,e,h), and charge density (c,f,i) for three

cases: no peroxide (a,b,c); peroxide concentrated at 0.75 mol/L (d,e,f); and peroxide

at 1.5 mol/L (g,h,i). To facilitate comparisons among the cases, the contour values

for each variable are the same at each peroxide concentration. The concentration and

potential have been non-dimensionalized as before, according to

C̃+ =
C+ − C+,∞

C+,∞

, (5.4)

φ̃ =
φF

RT
. (5.5)

In this case, the dimensionless charge density is defined in terms of the zeta potential

of the rod, according to

ρ̃e =
ρeλ

2
D

εζ
. (5.6)
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Figure 5.1: Plots created using the modified Butler-Volmer kinetic model. Contours of
dimensionless proton concentration, dimensionless potential and electric field stream-
lines, and dimensionless charge density are shown for three separate cases. Top row:
no peroxide, ζ = −15.25 mV; middle row: CH2O2,∞ =0.75 mol/L, ζ = −15.25 mV;
bottom row: CH2O2,∞ =1.5 mol/L, ζ = −32.15 mV. For each case, the contour values
plotted for concentration are: C̃+ =0.025, 0.05, 0.1, 0.2, 0.3, 0.5, 0.7; in (d) and
(g), negative contours have been added corresponding to −0.025, −0.05, −0.1 and
−0.2. For each case, the potential contour values are φ̃ = −0.5, −0.4, −0.3, −0.2,
−0.1, −0.05, −0.01. Finally, for each case, the charge density contour values are ρ̃e
= 0.01, 0.05, 0.1, 0.2, 0.3, 0.5, 0.7, 0.9. All contour values increase in absolute value
with decreasing distance to the rod surface. For the contours, dashed lines indicate
negative values.
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We emphasize that here ζ is not a constant, but depends on the peroxide concentra-

tion and is determined from the internal rod potential φM (see (5.1)), which in turn

is determined by satisfying the current conservation constraint, (2.47). Without re-

actions, there are no surface proton fluxes; in this case (2.47) is trivially satisfied, and

any value of the rod potential gives closure to the problem. In Figs. 5.1 (a-c) we have

set the rod potential to −15.25 mV, to facilitate comparison with (d-f), in which the

zeta potential is determined from the kinetic expressions and current conservation to

be −15.25 mV. In (g-i), where peroxide is set to 1.5 mol/L, the simulation-determined

zeta potential is −32.15 mV.

In Figs. 5.1 (a-c), the peroxide concentration is zero, and thus there is no reaction-

driven flux. Since the rod is negatively charged, the diffuse layer surrounding it carries

a net positive charge. Since the rod zeta potential is uniform, the distributions of

proton concentration, electric potential, and charge density are all symmetric about

the rod. Without an asymmetry in charge density, there is no tangential electric

field (the electric field lines are all normal to the surface in the figure), no tangential

body force, and hence no net fluid motion along the axis of the rod. Without surface

reactions, the rod does not move axially and the distributions of ion concentration

and potential can be predicted using Gouy-Chapman theory.

When peroxide is added to the solution, the reaction-driven fluxes become finite

and the resulting proton concentration is asymmetric, as shown in Figs. 5.1 (d) and

(g). The dipolar proton distribution due to the reactions shown in Fig. 4.1 (a) is thus

added onto the distribution due to the surface charge, Fig. 5.1 (a). As we increase

the peroxide concentration from 0 in (a-c) to 0.75 mol/L in (d-f) and 1.5 mol/L in

(g-i), the reaction rates increase and the asymmetry in proton concentration becomes

more pronounced.

Figures 5.1 (e) and (h) show the normalized electric potential and electric field

for cases with reactions. As discussed in §4.4, once again a source of electric field

appears near the anode end. Unlike the case with the uncoupled model, the source
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does not approach the rod when the reaction rate is increased (i.e., as peroxide is

increased) from (e) to (h). In Fig. 4.4, the zeta potential is fixed in all cases at

−10 mV. Here, when the peroxide concentration is increased from 0.75 to 1.5 mol/L,

the zeta potential also increases in magnitude, strengthening the electric field due to

the charged surface. Since both the reaction-driven and the surface-driven electric

fields increase in strength by approximately the same proportion when peroxide is

added, the apparent source of electric field does not move appreciably.

Figures 5.1 (c), (f), and (i) show how the distribution of charge density changes

with peroxide concentration. Without peroxide (c), an excess of counterions symmet-

rically surrounds the rod, leaving only positive charge density. As peroxide concen-

tration is increased, charge density becomes more strongly positive near the anode,

where protons are being generated, and decreases in magnitude at the cathode, where

they are being consumed. Since the rod is still surrounded by protons screening the

negative surface charge, the charge density is only weakly negative near the cathode

in Figs. 5.1 (f) and (i) compared with the uncharged case shown in Fig. 4.1 (d).

The qualitative similarity between the proton concentration plots (Figs. 5.1 (a,d,g)

and (c,f,i)) indicate that the charge density distribution is strongly influenced by the

proton concentration. This is shown more clearly in Fig. 5.2 which shows the di-

mensionless proton and hydroxide concentrations, C̃+ and C̃−, as a function of radial

distance from the rod for several values of the hydrogen peroxide concentration. Fig-

ure 5.2 (a) shows that as peroxide concentration increases, the dimensionless proton

concentration increases to several times the equilibrium value near the anode. The

reactions cause a significant perturbation to the cation concentration that is of the

same order as the bulk value. This suggests that a perturbation analysis based on

the assumption of asymptotically small perturbations from equilibrium may not be

appropriate here.

Figure 5.2 shows that as peroxide concentration increases, protons are depleted

near the cathode surface. Without peroxide, the flux is zero and the proton concen-
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Figure 5.2: Concentrations of positive (a,c) and negative ions (b,d) as a function of
radial distance (normalized by the radius of the rod, R = 150 nm) from the anode (a,b)
and cathode (c,d) surfaces for the hydrogen peroxide concentrations indicated in the
legend (units of mol/L). The figures demonstrate that the cation concentration varies
much more strongly with flux than anion concentration. For the curves corresponding
to zero peroxide concentration, the zeta potential is set to −25.6 mV (the thermal
voltage). For the curves corresponding to finite peroxide, the zeta potential is variable
and determined from the current conservation constraint, (2.47); The zeta potential
varies in these cases from −15.25 to −32.15 mV.
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tration is elevated above the equilibrium value due in order to screen the negatively

charged surface, as indicated by the solid line. At higher peroxide concentrations,

and therefore higher fluxes, protons are consumed more rapidly and proton concen-

tration dips below the equilibrium value at the cathode. Figures 5.2 (b) and (d)

show that anion concentration varies negligibly with proton flux. Since anions do not

participate in the electrochemical reactions and their flux is set to zero, the anion

concentration follows a Boltzmann distribution. The slight variations in anion con-

centration profiles with peroxide concentration in Figs. (b) and (d) are attributed

to the variations of surface potential due to the varying proton flux (see Figs. 5.1

(b,e,h). These variations in potential affect the anion distribution through the Boltz-

mann dependence of the anion concentration on electric potential. Figures 5.2 (a-d)

indicate that proton concentration varies much more widely throughout the simula-

tions than the hydroxide ion concentration, showing that the charge density in the

fluid depends much more strongly on the proton concentration than the hydroxide ion

concentration. Variations in proton concentration lead to similar variations in charge

density.

The asymmetries in proton concentration and charge density are dipolar in nature.

Figure 5.3 shows the z-component of the self-generated electric dipole moment vector

about the center of the rod as a function of peroxide concentration. The dipole

moment is determined by performing the following integral numerically throughout

the simulation domain:

p(rcenter) =
∫

V
ρe(r)(r− rcenter)dV, (5.7)

where p is the electric dipole moment vector (about the center of the rod), r is an

arbitrary position vector within the simulation domain V , and rcenter is the position

vector corresponding to the very center of the rod [48, 40]. The figure indicates that

the induced electrical dipole strength increases linearly with peroxide concentration.

As in the case of the uncharged rod, §4.3, the charge density making up the elec-
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Figure 5.3: Reaction-induced electrical dipole moment (z-component) about the cen-
ter of the rod as a function of hydrogen peroxide concentration.

trical dipole generates an electric field, as described by Poisson’s equation, (2.11).

However, with a charged rod the electric field primarily acts on the free charge in the

EDL that shields the charged surface, resulting in an electrical body force and electro-

osmotic flow from the anode to the cathode. The flow from the anode to the cathode

is equivalent, via a Galilean transformation, to the rod swimming through the fluid

with the anode forward, as originally predicted by Paxton et al. [75] and verified ex-

perimentally for rods composed of several bimetallic combinations (see [98]). Protons

migrate through the solution from the anode to the cathode primarily through diffu-

sion and electromigration. As the rod moves through the solution, the gradients in

proton concentration and charge density are continually re-established by the surface

reactions, which inject and consume protons.

Figure 5.4 shows the velocity field surrounding the rod for the case where the

peroxide concentration is set to 1.5 mol/L and the zeta potential ζ = −32.15 mV.

The simulations are conducted in the refrence frame of the rod. The fluid velocity

at the rod surface obeys the no-slip condition and is set to zero. The fluid velocity

reaches a maximum far from the rod. The velocity field has strong fore-aft symmetry,
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Figure 5.4: Velocity magnitude and flow streamlines for the case with ζ = −32.15 mV
and CH2O2,∞ = 1.5 mol/L. Here, lighter colors indicate larger magnitudes of velocity.
Note that this velocity field is computed in the reference frame of the particle. Near
the surface, the velocity decays to zero, as required by the no-slip condition.
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as expected for a low-Reynolds number flow. The qualitative appearance of this figure

is nearly identical for other values of peroxide concentration. The reaction-induced

velocity field for a rod with finite surface charge is qualitatively similar to the fields

calculated for externally driven electrophoresis; at the same time, it is distinct from

the case with an uncharged rod (Fig. 4.2), which shows quadrupolar flow. We use

the magnitude of the fluid velocity at the far edge of the domain, where the no-stress

boundary condition (2.14) is applied, as a measure of the rod’s swimming speed with

respect to the bulk fluid.

The observation that a charged surface is necessary for net particle motion was

previously noted for induced-charge electro-osmosis and electrophoresis by Bazant &

Squires [7]. They showed that a charged ideally polarizable sphere will move due

to broken symmetry in the quadrupolar flow. Squires & Bazant [94] more gener-

ally examined the consequences of broken symmetries for ICEO and ICEP flows. In

many cases, broken symmetries can lead to net motion or rotation of ideally po-

larizable particles by an induced-charge electrokinetic mechanism. Building on this

idea, Catchmark et al. [12] fabricated an asymmetric gear-shaped particle with plat-

inum deposited on the teeth of gold gears and showed that the particle rotates in

a hydrogen peroxide solution by essentially the same electrochemical/electrokinetic

mechanism as is driving the rods. In that work, the motion was attributed to a mech-

anism based off of gradients in interfacial tension, which was later rejected in favor of

the electrochemical mechanism studied here.

Figure 5.5 shows the rod swimming speed as a function of hydrogen peroxide con-

centration for three data sets: (i) the simulated velocity for a rod with ζ = −30 mV

assuming the uncoupled model presented in §4.4; (ii) simulated velocity computed

using the coupled reaction kinetic model presented in this chapter; and (iii) experi-

mental data collected in our lab. The experimental data points represent the average

velocity of between roughly 15 and 35 rods at each peroxide concentration, measured

using optical microscopy. In Chapter 4, we presented the electroviscous velocity as
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Figure 5.5: Experimentally measured rod swimming speeds (black squares) and simu-
lated swimming speeds from the uncoupled model (open triangles) and coupled model
(open squares) plotted versus bulk hydrogen peroxide concentration. In the uncou-
pled case, we assume a zeta potential of −30 mV and vary reaction-driven flux only,
while in the coupled simulations both the flux and the zeta potential vary with per-
oxide concentration. The uncoupled data shows that the velocity increases linearly
with the reaction flux at constant zeta potential, as predicted by equation (2.71).
In the coupled case, the quadratic dependence of speed on peroxide concentration is
observed due to the coupled linear dependences of Uev on zeta potential and flux, also
predicted by equation (2.71).
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a function of proton flux instead of peroxide concentration. Here, we report one of

the data sets presented previously (for a zeta potential of −30 mV) as a function of

peroxide concentration instead. We determine the equivalent peroxide concentration

for a given value of flux from the experimental data published in ref. [76], in which

Paxton et al. measured the catalytically generated current density at interdigitated

Pt/Au microelectrodes as a function of peroxide concentration.

The data from the uncoupled simulations and experiments suggest a linear depen-

dence of speed on peroxide concentration. The coupled model predicts a quadratic

dependence of speed on peroxide concentration. These observations can be under-

stood by examining the scaling expression for a charged rod, (2.71), which predicts

that electroviscous velocity should scale linearly with both rod zeta potential and

reaction-driven flux. As hydrogen peroxide concentration increases, the reaction-

driven flux increases linearly, as required by (5.2) and (5.3). However, at the same

time the rod zeta potential must also vary in order to satisfy the current conservation

constraint, (2.47). The rod zeta potential at which the net current into the rod is zero

is also a linear function of peroxide concentration (not shown). Thus, when peroxide

concentration is increased, both the zeta potential and flux increase linearly, resulting

in a quadratic dependence of velocity on peroxide concentration.

Although the quadratic dependence of Uev on peroxide concentration can be ex-

plained by the scaling analysis, it is not clear that the experimental data follow a

quadratic trend. It is possible that the coupled kinetic model is incomplete; for

example, the kinetic rate constants KO,anode and KR,cathode may decrease with in-

creasing peroxide concentration. Here, for simplicity, we have assumed that KO,anode

and KR,cathode are constants. If this effect were incorporated into the simulations, the

fluxes at higher peroxide concentrations would be slightly lower, leading to a slower

rod velocity and flattening the quadratic curve slightly. A more detailed kinetic model

incorporating possible variations of rate constants with peroxide concentration would

be a worthwhile future project.
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Figure 5.6: Electroviscous velocity normalized by zeta potential (units of µm/(s·mV))
as a function of total proton flux out of the anode surface Janode (defined in the text) for
the uncoupled simulations (open triangles) and coupled simulations (open squares).
These plots support the prediction of (2.71) that the ratio of velocity to zeta potential
should scale linearly with the proton flux. Also note that the slope of the uncoupled
and coupled data is essentially the same; this is expected because the constants in
the scaling relationship (λD, h, D+, etc.) are unchanged from the uncoupled to the
coupled simulations.



95

The agreement between the simulations and scaling analysis is more clearly illus-

trated by examining the relationship between the ratio Uev/ζ and the flux of protons,

j+. In the coupled model, the flux j+ varies with position, and so in Fig. 5.6 we plot

Uev/ζ as a function of the total flux at the anode side, Janode, defined as

Janode =
∫

anode
janodedA, (5.8)

where janode is given by (5.2). Since the total proton flux out of the anode is equal

to the total proton flux into the cathode, as dictated by the current conservation

constraint, Fig. 5.6 would look identical if the variable on the abscissa were Jcathode

instead of Janode. This figure shows that when the effects of varying zeta potential

are removed, the linear relationship between speed and flux predicted by (2.71) is

recovered. In addition, the figure shows that the two sets of simulation data collapse

onto the same line when normalized by the zeta potential. Figure 5.6 illustrates that

the quadratic relationship between Uev and peroxide concentration observed in Fig.

5.5 is due to the variations in zeta potential with peroxide concentration.

In this work, we have neglected the native surface potential the rod my attain due

to differential adsorption of ions or impurities in the solution. Dougherty et al. [22]

measured the native surface potential of both bare and coated gold, silver, palladium

and gold/silver rods in inert electrolyte solutions and showed that the values of zeta

potential were almost universally negative versus the bulk and tended to become more

negative with increasing pH. It is well known that the zeta potential of metal oxides is

a strong function of the electrolyte ion composition (see, e.g., [101, 52]). Arguably, the

effective zeta potential of metal rods on which electrochemical reactions are occurring

will depend both on their native charge due to differential adsorption as well as the

kinetics of the reaction. Future work could focus on a model that incorporates the

effects of both native and electrochemically-induced surface potentials.

Figure 5.7 shows the rod speed as a function of the reciprocal of solution viscos-

ity at three different peroxide concentrations. The solid lines are linear fits to the
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Figure 5.7: Electroviscous velocity (computed using the coupled model) as a function
of reciprocal of viscosity (normalized by the viscosity of water at 25 ◦C, η0) for three
different peroxide concentrations: 1.5 mol/L (diamonds), 1.25 mol/L (triangles), and
1 mol/L (squares). The solid lines are linear least-squares fits to the data. These
results strongly suggest that the prediction of (2.71) of an inverse dependence of
electroviscous velocity on viscosity is valid.
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data, confirming the inverse proportionality between speed and viscosity predicted by

the definition of electroviscous velocity, (2.55), and the scaling result for a charged

rod, (2.71). Solutions with higher viscosity generate viscous stresses that more ef-

ficiently dissipate electrical body forces, thus decreasing the electroviscous velocity.

Balasubramanian et al. [4] showed that Pt/Au nanorods move faster in solutions

after local heat pulses were applied, and attributed the speed increase primarily to a

local decrease in viscosity due to the increase in temperature. Considering that Fig.

4.6 shows a linear relationship between speed and electrical body force, and Fig. 5.7

shows an inverse relationship between speed and viscosity, we find that the speed of

the rod is driven by electrical body forces and opposed by viscous forces, as expected

for an electroviscous flow and demonstrated by (2.55).

The scaling analysis makes other predictions that are confirmed by the simulations.

Equation (2.71) predicts that the electroviscous velocity should increase quadratically

with the Debye thickness λD. This suggests that longer rods and rods with thicker

EDLs surrounding them should swim faster. We have also conducted simulations to

verify that electroviscous velocity varies inversely with the diffusivity of the charge

carriers, confirming the prediction of (2.71) of an inverse dependence of speed on

cation diffusivity. Overall, we find that the scaling analysis predicts the dependence

of rod velocity on these controlling parameters with great accuracy.

5.4 Conclusion

This chapter has presented governing equations, scaling analyses, and numerical sim-

ulations using the coupled reaction kinetic model presented in Chapter 2. We nu-

merically solved the coupled Poisson-Nernst-Planck-Stokes system of equations and

represent the kinetics of the electrochemical reactions with Frumkin-corrected Butler-

Volmer equations in the Gouy-Chapman and Tafel regime limits. The simulation

results show good agreement with scaling analyses and experimental measurements

of the rods’ average swimming velocity as a function of hydrogen peroxide concentra-
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tion. Strong evidence has been shown that the rod movement is the result of fluid

slip driven by electrical body forces generated by a coupling of free charge and the

reaction-induced electric field.

One of the most important improvements to the coupled model that can be made

relates to the reaction kinetic modeling. In this work we have assumed that the reac-

tions are simple one-step processes that are first-order in the peroxide concentration

and, in the case of the cathodic reaction on the anode, second-order in protons. This

is likely a significant simplification of the actual kinetics of these reactions. The elec-

trochemical decomposition of hydrogen peroxide on platinum electrodes was studied

by Hall et al. [41]. Sabass & Seifert [84] recently considered possible decomposi-

tion pathways for the anodic and cathodic reactions, and argued that both could be

considered linear in peroxide as a first approximation.

The following chapter will discuss investigations into the dependence of rod ve-

locity on background electrolyte concentration. Several papers suggest that the rod’s

velocity decreases with increasing background electrolyte concentration (excluding

silver ions [50]), e.g. [76]. In addition, an improved understanding of the impact of

changing the geometry of the nanomotors may yield improved engineered designs for

practical nanomotors, capable of generating greater swimming speeds and forces.
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Chapter 6

ROLE OF SOLUTION CONDUCTIVITY IN
ELECTROKINETIC LOCOMOTION
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6.1 Introduction

The previous chapters of this thesis have shown that the self-propulsion of bimetallic

rods arises from a complex interaction between the reaction- and surface-induced

space charge distributions and the electric fields they create. In this chapter, we

turn our attention to assessing the performance of the rods in practical situations.

In particular, we wish to understand fully the physical reasons for the significant

decrease in speed that is observed when electrolyte is added to the hydrogen peroxide

solution.

Paxton et al. [76] measured the speed of platinum/gold (Pt/Au) rods with varying

concentrations of sodium nitrate (NaNO3) and lithium nitrate (LiNO3) added to a

3.7 wt. % hydrogen peroxide solution. By observing the variation in speed at con-

ductivities ranging from 8.8 to 410 µS/cm, they found a roughly inverse relationship

between speed and conductivity. They argued, as have several works before them

[2, 57, 75], that the swimming speed of a self-electrophoretic swimmer is given by the

Helmholtz-Smoluchowski equation,

U = µeE0, (6.1)

where µe is the swimmer’s electrophoretic mobility and E0 is a characteristic mag-

nitude of the self-generated electric field. Paxton et al. assumed the electric field is

given according to Ohm’s law, E0 = i/σ, where i is the current density in the fluid due

to the electrochemical reactions and σ is the electrical conductivity of the solution.

Substituting Ohm’s law into (6.1),

U =
µei

σ
. (6.2)

Note the similarity between (6.2) and the formula for a self-electrophoretic cell derived

by Anderson 16 years earlier, (1.14); the only major difference between the two is

that in Anderson’s model, the swimmer required an external concentration gradient

in order to generate a propulsive electric field. Both equations imply that speed is
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inversely related to solution conductivity, if mobility and current density are constant.

The experimental data of Paxton et al. appear to agree with the prediction of an

inverse dependence on conductivity; however the agreement is not perfect. This

suggests that the mobility and current density do not necessarily remain constant as

conductivity is increased.

Although [76] established definitively that the speed and conductivity are roughly

inversely related, not all electrolytes cause a decrease in rod swimming speed when

added to the peroxide solution. Kagan et al. [50] showed that the presence of elec-

trolytes containing silver ions (Ag+) in the peroxide solution does not decrease the

speed but instead increases the speed of Pt/Au rods by roughly an order of magni-

tude. This unusual result was attributed to deposition of Ag+ ions on the Au surface,

which are then reduced in the presence of hydrogen peroxide. While this mechanism

has not been rigorously investigated, it appears that there is at least one exception to

the inverse relationship between speed and conductivity. Nevertheless, in this work we

do not consider salts containing silver ions and focus on electrolytes that are known

to lead to a decrease in swimming speed.

In addition to experimental works, the dependence of self-electrophoretic swim-

ming on conductivity has been predicted analytically. Golestanian et al. [38] derived

formulae for the steady-state speed of several different phoretic swimmers, one of

which was a Janus cylinder similar to the Pt/Au rods considered here. Their result

for the speed of the cylinder is (their equation (16))

U =
1

4σ

(

R

L

)

ln
(

L

4R

)

(µ+α− − µ−α+) , (6.3)

where R is the radius of the rod, L is the half-length, µ is the electrophoretic mobility,

α is the reaction-driven surface current density, and subscripts denote the forward (+)

and backward (−) ends of the rod.

For a rod with a uniform mobility (µ+ = µ− = µ) and piecewise constant current
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density (α+ = −α− = α), (6.3) simplifies to

U = −
R

2L
ln
(

L

4R

)

αµ

σ
. (6.4)

Since the current density in the diffuse layer, i, scales as the surface current density

α, the final grouping of terms αµ/σ in (6.4) is proportional to the right-hand side

of (6.2). The two expressions differ only by the geometrical corrections in (6.4) that

account for the non-spherical swimmer geometry.

In this chapter, we will modify the coupled model from Chapter 5 to include

variations in the solution conductivity. We begin our analysis by revisiting the math-

ematical model developed in Chapter 2, and note some necessary modifications that

are made. We then present the results of simulations of bimetallic rods in hydrogen

peroxide in the presence of several different electrolytes. The simulations solve the

full Poisson-Nernst-Planck-Stokes equations with multiple ionic species and use non-

linear Butler-Volmer boundary conditions to represent the electrochemical reactions.

The model also accounts for the presence of dissolved atmospheric carbon dioxide

(CO2) and its contribution to the overall ion concentration. We use three differ-

ent monovalent electrolytes (potassium chloride (KCl), lithium nitrate (LiNO3), and

sodium nitrate (NaNO3) to vary the solution conductivity and show the differences

in results for each electrolyte. We compare the simulation results to the experimental

and analytical results discussed above, as well as to the scaling analysis derived in

Chapter 2, which predicts the dependence of swimming speed and Stern voltage on

solution conductivity (through the quadratic dependence of speed on Debye length).

The long-term goal of this work is to determine whether the decrease in speed with

conductivity is inherent to the electrokinetic propulsion mechanism, or if there may

be some means to allow bimetallic rods to function in conductive media.
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6.2 Modifications to the Mathematical Model

The mathematical model for the simulations presented in this chapter is largely un-

changed from that presented in Chapter 2. The distributions of species concentration,

electric potential, and fluid velocity are again given by the advection-diffusion (2.8),

Poisson (2.11), and fluid continuity and momentum equations (2.12,2.13), respec-

tively. The conditions at the far boundary (on the opposite side of the domain from

the rod) are unchanged from those presented in §2.4, and the no-slip condition is

again applied to the rod surface. Below we discuss the modifications to the model

that are necessary in order to account for all contributions to solution conductivity,

as well as account for the effect of increasing conductivity on the surface boundary

conditions for the reactions and electric potential.

6.2.1 Carbonic Acid

Carbonic acid is formed when atmospheric carbon dioxide (CO2) dissolves in water.

The gas dissolution equilibrium is expressed by

CO2(g)⇀↽ CO2(aq). (6.5)

The dissolved gas concentration is determined from Henry’s law, [CO2(aq)] = pCO2
/kH,

where pCO2
is the partial pressure of carbon dioxide above the solution and the Henry

constant kH = 29.41 atm/(mol/L) at room temperature. The dissolved CO2 forms

an equilibrium with carbonic acid (H2CO3):

CO2(aq) + H2O⇀↽ H2CO3(aq). (6.6)

The equilibrium constant for the hydration of carbon dioxide isKh = [H2CO3]/[CO2] =

1.7 × 10−3 for water. The dissolution of the acid introduces protons (H+) as well as

bicarbonate (HCO−

3 ) and carbonate (CO2−
3 ) anions into the solution, in addition to

the protons and hydroxide ions (OH−) already present due to the self-ionization of
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water. The presence of the dissolved acid adds to the total ion concentration, and

thus increases the conductivity of the solution.

We track the concentration of dissolved carbonic acid in the simulations. Since it

is diprotic, carbonic acid is capable of dissociating twice: first, it produces a proton

and a bicarbonate anion, HCO−

3 , according to

H2CO3 ⇀↽ H+ +HCO−

3 , pKa = 3.6. (6.7)

The bicarbonate ion may then further dissociate, producing another proton and a

carbonate ion, CO2−
3 :

HCO−

3
⇀↽ H+ + CO2−

3 , pKa = 10.329. (6.8)

In addition, water self-ionizes into protons and hydroxide ions, according to

H2O⇀↽ H+ +OH−, pKw = 14. (6.9)

Finally, the bulk solution must be electrically neutral,

∑

i

ziCi,∞ = 0. (6.10)

The equilibrium equations corresponding to reactions (6.5)-(6.9), along with (6.10),

constitute six equations for the six unknown concentrations of CO2, H2CO3, H
+, OH−,

HCO−

3 , and CO2−
3 . Analytical and numerical solutions (the latter with MinEQL+

software) of these six equations show that for a pH of approximately 6, the concen-

trations of CO2−
3 and OH− are negligible compared to the concentration of HCO−

3 ,

and the system may thus be treated as a binary electrolyte with equal concentrations

of H+ and HCO−

3 . Here, the background concentrations of H+ and HCO−

3 are set

to 9 × 10−7 mol/L, implying a pH of 6.05. Although the omission of hydroxide and

carbonate ions may cause some error in the swimming speed, we assume that this

error is negligible due the similarity in mobilities between these ions and bicarbonate

(see table 6.1).
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6.2.2 Stern-layer Voltage

Due to the greater ionic strengths considered in this chapter, the diffuse layer around

the rod in these cases is thinner than those considered in Chapters 4 and 5. Since

the Stern layer thickness is kept constant at 2 Å, the ratio λS/λD increases with

solution conductivity and therefore (2.24) implies that the Stern voltage becomes

more significant in comparison to the rod potential as conductivity is increased. Thus,

here we do not assume a negligible Stern voltage and use the full Frumkin-Butler-

Volmer equations, (2.42) and (2.43), to describe the kinetics of the electrochemical

reactions. Additionally, to account for the effect of the Stern voltage on the zeta

potential distribution, we use the full mixed boundary condition for the potential,

equation (2.18). We thus remove the assumptions made in §5.2 of a spatially uniform

zeta potential (see (5.1) and Chang-Jaffé kinetic expressions (5.2,5.3) for the reactions.

6.2.3 Flux Weighting

In general, the flux expressions for the anode and cathode are not equal at the junction

between them, located at z = 0. To avoid problematic discontinuities in the reaction

flux and flux gradient, we multiply the entire flux profile along the length of the rod

by a sigmoidal dimensionless weighting function, ξ(z), defined as

ξ(z) =
∣

∣

∣

∣

2

1 + e−γz
− 1

∣

∣

∣

∣

, (6.11)

where γ = 107 m−1 and z is in meters. The weighting function has the effect of

reducing the reaction rates close to the intersection between anode and cathode. For

a real rod, the junction between the anode and cathode is likely somewhat jagged,

and as a result the density of available reaction sites is not as high as on the rest

of the rod. Additionally, the concentration of protons near the Pt/Au junction may

lead to unphysically high fluxes on the cathode, which would be slightly reduced as

a result of the use of the weighting function.



106

6.2.4 Constants and Dimensionless Parameters

Table 6.1 shows the relevant constants used in the simulations. Since the conductiv-

ity of a solution is a function of ion mobilities, different concentrations are required

for different electrolytes to achieve the same value of conductivity. As in previous

chapters, the rate constants KO,anode and KR,cathode are fitting parameters. We chose

values of KO,anode and KR,cathode so that the simulated swimming speed at a conduc-

tivity of 8.8 µS/cm (assuming KCl is the background electrolyte) matches the speed

measured by Paxton et al. [76] at the same conductivity. In this chapter, KO,anode is

almost two orders of magnitude larger than in Chapter 5. This change is necessary in

order to produce a swimming speed (with current conservation (2.47) satisfied) of 22

µm/s at a conductivity of 8.8 µS/cm. In the cases without electrolyte, the simulations

needed to produce roughly the same swimming speed (approximately 20 µm/s), but

at a peroxide concentration of 5 wt. % (instead of the 3.7 wt. % considered in this

chapter) and with only H+ and OH− in the system, instead of KCl and bicarbonate

ions; in other words, in the previous work the simulations needed to produce the

same swimming speed at a lower conductivity. As a result, a lower rate constant

was required than in the current case. Considering that the model in this chapter

incorporates more physical phenomena than in previous chapters, it is likely that the

value of KO,anode considered in this chapter is closer to the true value.

Once again, we wish to estimate the relative importance of different transport

mechanisms in the system. Table 6.2 shows the results of the computations of the

same dimensionless parameters computed in Chapter 2 for the cases with varying

conductivity: the electric Rayleigh number, which tells the relative importance of

electroconvection and diffusion in transporting protons in the system; the parame-

ter β, which tells the relative importance of electromigration and diffusion; and the

Damköhler number, which relates reaction- and diffusion-driven transport. As before,

we calculate approximations to these three parameters by numerically integrating the
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Constant Description Value

KO,anode Oxidation rate constant, anode 2.2 ×10−7 m s−1

KR,cathode Reduction rate constant, cathode 1 m7 s−1 mol−2

D+ Diffusivity, protons 9.311 ×10−9 m2 s−1

D− Diffusivity, bicarbonate ions 5.273 ×10−9 m2 s−1

DH2O2
Diffusivity, hydrogen peroxide 6.6 ×10−10 m2 s−1

DO2
Diffusivity, molecular oxygen 2 ×10−9 m2 s−1

DLi+ Diffusivity, lithium ion 1.029 ×10−9 m2 s−1

DNa+ Diffusivity, sodium ion 1.334 ×10−9 m2 s−1

DK+ Diffusivity, potassium ion 1.957 ×10−9 m2 s−1

DNO−

3
Diffusivity, nitrate ion 1.902 ×10−9 m2 s−1

DCl− Diffusivity, chloride ion 2.032 ×10−9 m2 s−1

η Solution viscosity 8.9 ×10−4 Pa s

ρ Solution density 998 kg m−3

C±,∞ Bulk concentration, protons and bicarbonate ions 9× 10−7 mol L−1

CO2,∞ Bulk concentration, molecular oxygen 0.2× 10−3 mol L−1

CH2O2,∞ Bulk concentration, hydrogen peroxide 1.11 mol L−1

εr Solution dielectric constant 78.4

λS Effective Stern layer thickness 0.2 nm

Table 6.1: Values of relevant constants used in the simulations. The mobilities of the
charged species are given by the Nernst-Einstein relation, νi = Di/RT , where R is
the ideal gas constant and T = 298.15 K. The bulk electrolyte concentration is not
shown because it is varied throughout the work between 56.4 and 820 µmol/L. The
rate constants, KO,anode and KR,cathode, are fitting parameters and are chosen to yield
a swimming speed approximately equal to that observed by Paxton et al. [76] at a
conductivity of 8.8 µS/cm.
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8.8 µS/cm 35 µS/cm

Rae 0.777 0.172

Da 0.585 0.5633

β 0.0073 0.0024

Table 6.2: Calculated and estimated values of the Rayleigh and Damköhler numbers,
as well as the parameter β, for two different salt concentrations. In the first case, KCl
has been added at a concentration of 56.4 µmol/L; in the second, KCl concentration
is 231 µmol/L. All parameters were estimated using the same numerical method
reported in Chapter 2. The values of the parameters indicate that the majority of
proton transport in the system is due to diffusion.

diffusion-, electromigration-, convection-, and reaction-driven fluxes over the system

geometry and computing the relevant ratios. The total reaction-driven flux of protons

is given by the integral of the reaction-driven flux j+ over the anode surface. The

total diffusive, convective and electromigration fluxes of protons through the fluid are

estimated by integrating the z-components of the appropriate local fluxes over the

two-dimensional annular disk surrounding the middle of the rod and extending from

the rod surface to the boundary of the simulation domain.

The values of the parameters in table 6.2 indicate that protons are transported

primarily by diffusion, more than by electromigration and much more than by convec-

tion. This is likely due to the much higher fluxes of protons considered in this chapter

compared to the previous chapter, considering that the rate constant on the anode

is two orders of magnitude higher (see above). As a result, protons are produced

more rapidly in these cases, resulting in high proton concentrations near the anode

and extremely sharp concentration gradients at the junction between the anode and

cathode, where the dimensionless parameters in table 6.2 are evaluated. These sharp

concentration gradients, in turn, lead to larger diffusive fluxes.
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6.3 Results and Discussion

In this section we present the results of simulations for three monovalent electrolytes at

different concentrations. In all cases, the bulk hydrogen peroxide concentration is fixed

at 1.11 mol/L. By varying electrolyte concentration, we observe the variation in the

proton concentration, electric potential, electric field, and velocity distributions. We

compare our results for the swimming speed to previous analytical and experimental

results.

Figure 6.1 shows the fluid velocity magnitude (color) and flow streamlines for

cases without (a) and with salt (b). Figure (a) is for a simple case with only perox-

ide, oxygen, protons, and bicarbonate ions. As stated above, the bulk concentration of

protons and bicarbonate ions is 0.9 µmol/L, resulting in a conductivity of 0.35 µS/cm.

In (b), KCl has been added at a concentration of 56.4 µmol/L, yielding a bulk con-

ductivity of 8.8 µS/cm, which is the lowest conductivity considered by Paxton et al.

[76].

Since the color scales are the same in these two figures (with red indicating high

and blue indicating low fluid speed), it is clear that the speed of the rod is significantly

reduced in the salt case. In both cases, a region of high fluid velocity magnitude is

clearly visible near the equator of the rod. These high-speed regions appear because of

the extremely strong charge density and electric fields near the rod. The strong charge

density in the diffuse layer, which arises to screen the surface charge scales inversely

with the square of Debye length; thus, as salt is added to the solution, the diffuse

layer shrinks, dramatically increasing the charge density in the diffuse layer. This

strong charge density couples with the z-direction electric field, which is especially

strong in this region due to the large gradient in charge density, to produce electrical

body forces on the order of 107 N/m3 in the vicinity of the rod. These especially

strong body forces are responsible for the regions of high fluid speed in Figs. 6.1 (a)
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Figure 6.1: Simulation-generated plots of velocity field (color) and flow streamlines.
(a) [H+] = [HCO−

3 ] = 0.9 µmol/L, no electrolyte, implying a conductivity of 0.35
µS/cm. (b) [H+] = [HCO−

3 ] = 0.9 µmol/L, [K+] = [Cl−] = 56.4 µmol/L, implying a
conductivity of 8.8 µS/cm. Color scale is the same for both plots, indicating that the
fluid velocity (and thus particle velocity) is significantly reduced in case (b).
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Figure 6.2: (left) Axial swimming speed versus solution conductivity in 3.7 wt. %
H2O2 for experiments, theory, and computations. Open symbols indicate current
computational work, with KCl (circles), NaNO3 (squares) and LiNO3 (diamonds)
as the background electrolyte. Experimental data for NaNO3 (black squares) and
LiNO3 (black triangles) is taken from Paxton et al. [76]. × symbols indicate data
from the equation derived by Golestanian et al. [38], equation (6.3), with values for
the phoretic mobility, surface activity, and conductivity taken from our simulation
data. (right) The same simulation data plotted versus ionic strength. The data sets
collapse onto a single curve, suggesting a direct correlation between ionic strength
and swimming speed. The solid line is a fit curve, showing Uev ∝ I−1.228.

and (b), which become more prominent as salt concentration is increased.1

Near the center of Fig. 6.1 (b), the flow streamlines bend inward toward the

rod. This bending occurs due to the aforementioned increase in flow speed near the

rod surface. The contraction of the streamlines near the rod surface is a natural

consequence of mass continuity, satisfying the requirement for incompressible flows

that the volume flow rate between two adjacent streamlines must be constant.

1According to the simulations, the magnitude of electric field in the diffuse layer is on the order of
107 V/m. With fields this strong, it is possible that water molecules near the rod surface may be
polarized to such an extent as to lower the dielectric constant of the fluid. This would result in an
overall decrease in the electric field strength near the rod. As a result, the actual electric field may
be slightly weaker than predicted by the simulations. The local increase in fluid velocity predicted
by Figs. 6.1 (a) and (b) would be extremely difficult to measure in reality. The swimming speed
is still determined by measuring the fluid velocity on the outer edge of the simulation domain.
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The simulations depicted in Fig. 6.1 were run for conductivities between 8.8 and

410 µS/cm, the same range studied experimentally by Paxton et al. [76]. Figure

6.2 (a) shows the variation in rod swimming speed with solution conductivity for the

simulations with added KCl, NaNO3 and LiNO3; the experimental data from [76],

with NaNO3 and LiNO3 as the background electrolytes; and the predictions of (6.4),

with values of the surface activity α and phoretic mobility µ at a given conductivity

determined by the simulations. The results of the simulations and experiments are

comparable at low conductivity because the values of the rate constants KO,anode and

Kr,cathode were chosen to yield identical values at 8.8 µS/cm. Figure 6.2 (a) shows that

the simulations reproduce the same trend of speed vs. conductivity that is observed

experimentally.

Equation (6.4) requires the surface activity α, phoretic mobility µ, and conduc-

tivity σ as inputs; for a given value of conductivity, we use the area-averaged zeta

potential (determined from the simulations) to calculate the electrophoretic mobility

from µe = εζ/η, and the area-averaged current density out of the anode (also de-

termined from the simulations) as the surface activity. The agreement between the

simulations and (6.4) is generally excellent, especially at high conductivities. At low

conductivities, (6.4) overpredicts the swimming speed by a margin that increases as

conductivity decreases. We attribute this deviation to the assumption of equation

(6.4) that the diffuse layer is infinitely thin, which becomes less accurate as conduc-

tivity is decreased and the diffuse-layer thickness becomes finite.

The scaling analysis result for a charged rod, (2.71), predicts a quadratic rela-

tionship between speed and Debye length. The same relationship was also derived by

Sabass and Seifert [84] (see their equation (33)). Figure 6.3 shows the same swimming

speed data shown in Fig. 6.2 as a function of Debye length. The near-perfect agree-

ment between the simulation data and the prediction of the scaling analysis (shown

as a quadratic fitting curve) again suggests that the swimming speed is fundamentally

related to the solution ionic strength (since Debye length is inversely proportional to
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Figure 6.3: Swimming speed data visualized in figure 6.2 plotted versus Debye length,
varied by tuning the concentration of KCl. Black squares indicate simulation data,
while the solid line is a quadratic least-squares fit.

the square root of ionic strength; see (2.21)), rather than the conductivity.

Given the results of Figs. 6.2 and 6.3, it is not clear from Fig. 6.2 (a) that

conductivity is the fundamental parameter which controls the swimming speed. If

the same conductivity is achieved with two different salts, the swimming speeds are

generally different. Due to differences in ionic mobility, different salt concentrations

are required for different salts to achieve a given value of conductivity. Figure 6.2 (b)

shows the same simulation data as Fig. 6.2 (a), plotted versus ionic strength. For

solutions at infinite dilution, conductivity σ and ionic strength I are calculated from

σ =
∑

i

z2i ΛiCi, (6.12)

I =
1

2

∑

i

z2iCi, (6.13)

where Λ is the molar conductivity of ion i. Ionic strength thus differs from conductiv-

ity in that the mobilities of the ions are not considered. Figure 6.2 (b) shows that the

three data sets collapse onto the same curve when plotted versus ionic strength, sug-

gesting that speed and ionic strength are inversely correlated. We are not aware of any
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other works that distinguish the dependence of rod speed on ionic strength from the

dependence on solution conductivity. As will be demonstrated below, the simulations

also suggest that rod potential is also inversely correlated with ionic strength.

Several previous analyses, including our own, predict a linear relationship (pro-

portional to the Helmholtz-Smoluchowski equation) between the surface charge on a

self-electrophoretic swimmer and its swimming speed. Examples include the work of

Lammert et al. [57], Paxton et al. [75, 76], Golestanian et al. [38], Sabass and Seifert

[84], and Chapters 4 and 5 of this thesis. Here, we again observe a strong correlation

between speed and surface potential. Figures 6.4 (a) and (b) show the variation in

area-averaged zeta potential with conductivity and ionic strength, respectively, sim-

ilar to Figs. 6.2 (a) and (b). When electrolyte is added to the system, the reaction

rates are affected asymmetrically, requiring the rod potential to become less negative

in order to satisfy current conservation. Thus, the rod potential, and hence the zeta

potential, become less negative in response to an increase in conductivity.

Figure 6.5 shows the z-direction electric field E50 measured at the junction between

the anode and cathode, 50 nm from the rod surface, and the characteristic electric

field E∗ defined in Chapter 2 (see (2.63)), as a function of solution conductivity. Since

it is measured roughly one Debye length away from the surface, E50 is an estimate of

the electric field driving the electroviscous flow and nanorod motion. However, the

electric field varies significantly with position throughout the simulation domain, and

is significantly more complicated than the relatively uniform electric field applied for

conventional electrophoresis. To get an idea of how the electric field distribution varies

as a whole, we focus our attention on the variation of E∗ with respect to conductivity.

Recall that E∗ is defined as the external electric field required to drive conventional

electrophoresis of the particle at a speed equal to the observed swimming speed of

the rod:

E∗ =
η

εζ
Uev, (6.14)

where here Uev is the observed swimming speed of the rod. E∗ is thus indicative of
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Figure 6.4: Area-averaged zeta potential as a function of solution conductivity for
three different electrolytes: KCl (circles), NaNO3 (open squares), and LiNO3 (open
diamonds). (b) The same zeta potential data as in (a) as a function of ionic strength.
As with the swimming speed, the data collapse onto a single curve, indicating the
direct correlation between zeta potential and ionic strength. Close examination of this
figure and of Fig. 6.2 reveals that differences in speed between different electrolytes
at the same conductivity are correlated with the same differences in zeta potential.
These plots together suggest a direct correlation between rod potential and swimming
speed.
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Figure 6.5: Electric field (in the z direction) at 50 nm from the rod surface, E50 (black
squares) and characteristic electric field E∗ (black circles) as a function of solution
conductivity. Solid lines are power-law fits to the data. The fit results show that
E50 ∝ σ−0.6, while E∗ ∝ σ−0.988, implying an inverse relationship between E∗ and
solution conductivity.
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Figure 6.6: Total flux of protons out of the anode end as a function of solution ionic
strength, varied using KCl. The addition of electrolyte alters the proton concentration
in the diffuse layer, altering the reaction rate on the cathode such that leading to a
net decrease in the reaction rates on both ends.

how the entire electric field distribution affects the rod on aggregate. We see from

the fitting curve in Fig. 6.5 that E∗ is roughly inversely proportional to conductivity,

scaling as E∗ ∝ σ−0.988.

Figure 6.6 visualizes the decrease in reaction-driven flux as a function of solution

conductivity. As before, reaction-driven flux is given by the total flux out of the anode

side,

Janode =
∫

anode
janodedA, (6.15)

where janode is given by (2.42). Again, due to current conservation, Fig. 6.6 would

look identical if the ordinate variable were instead Jcathode.

To understand why the reaction rate seems to depend on conductivity, let us

examine the reaction kinetic expressions, (2.42) and (2.43), which determine the to-

tal fluxes at the anode and cathode, respectively. The rate constants KO,anode and

KR,cathode cannot be responsible for the decrease, as they are kept constant in all cases

at the values indicated in table 6.2. The bulk hydrogen peroxide concentration is set

to 1.11 mol/L for all of the simulations in Fig. 6.6, and the surface concentration
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Figure 6.7: Magnitude of the Stern voltage divided by rod potential as a function
of the ratio of Stern layer thickness to Debye thickness λS/λD, validating (2.23).
The abscissa is varied by keeping λS constant at 2 Å and changing λD by adding
KCl. Black squares indicate simulation data, with a linear fit line predicted by (2.23)
superimposed.

of peroxide is never perturbed by more than 1 % from the bulk value in any of the

cases considered in Fig. 6.6. Thus, the change in reaction rate with conductivity is

due primarily to either the change in proton concentration with conductivity or the

change in Stern-layer voltage with conductivity. Let us now examine the dependence

on Stern voltage with solution conductivity, in order to assess whether it contributes

significantly to the decrease in reaction rate.

Figure 6.7 shows the Stern voltage measured at the midpoint of the rod normalized

by the rod potential, φM , as a function of the ratio λS/λD, showing a strong linear

relationship and validating the scaling result (2.23). Considering that λS is a constant

while λD depends inversely on the square root of ionic strength, the abscissa in Fig.

6.7 is proportional to the inverse square root of ionic strength. This figure suggests

that the Stern voltage becomes more important as the salt concentration is increased.

The agreement between Fig. 6.7 and (2.23) is robust considering that (2.23) assumes
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Figure 6.8: Magnitude of Stern voltage as a function of position along the rod for
several different conductivities. Conductivity increases from the bottom to the top
curve, and is varied by adding KCl. The left half of the plot (z < 0) corresponds
to the cathode segment of the rod, and the right half (z > 0) to the anode segment.
Stern voltage is controlled by the Stern-layer thickness and electric field normal to
the surface. As conductivity is increased, the diffuse layer shrinks, steepening the
potential gradient at the surface and increasing the Stern voltage.

the validity of the Debye-Hückel solution, which assumes that the surface potential

is less than the thermal voltage; this assumption is not rigorously justified at the

values of the zeta potential calculated for the rods, which can be up to three times

the thermal voltage.

The inverse dependence of Stern voltage on conductivity is observed at other points

along the rod as well. Figure 6.8 shows the absolute value of Stern voltage (since, as

defined, the Stern voltage in these cases is negative) as a function of position along

the rod at the indicated conductivities. According to the Stern model of the EDL,

the electric potential gradient is extrapolated across the Stern layer, from the outer

Helmholtz plane to the metal interior. Thus, the Stern voltage is linearly related to

the normal electric field at the nanorod surface (see (2.19)). The variations in Stern

voltage in Fig. 6.8 therefore arise from variations of the normal electric field with
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position along the surface. The Stern voltage is significantly higher than in Chapter

5, in which we do not consider added electrolytes; in that case the Stern voltage is of

order 10−6 V.

However, it is unlikely that Stern voltage by itself is responsible for the decrease

in reaction rate with conductivity visualized in Fig. 6.6. The maximum absolute

value of the Stern voltage on the anode is attained when ∆φS = −0.7127 mV at 100

µS/cm, implying an exponential term in (2.42) equal to 0.973. Thus, the increase

in Stern voltage should lead to a slight decrease in the reaction rate on the anode.

The Stern voltage on the cathode reaches its maximum absolute value at a value of

−0.7092 mV, also at 100 µS/cm, implying an exponential term of 1.028. The increase

in Stern voltage leads to a slight increase in reaction rate on the cathode. Thus, the

increase in Stern voltage with increasing conductivity tends to slightly increase the

reaction rate on the cathode and slightly decrease the reaction rate on the anode.

Since current must still be conserved, the rod potential φM adjusts to compensate

for the asymmetric change in reaction rates until the net currents out of the anode

and into the anode are equal again. This requires that φM be made less negative,

which favors oxidation and disfavors reduction, which evens out the reaction rates.

However, the Stern voltage cannot be the only reason for the decrease in reaction

rate with increased conductivity because the increase occurs even if the Stern voltage

terms are ignored. Test simulations, run with the Chang-Jaffé boundary conditions

(5.2) and (5.3), show a decrease in reaction rate by a factor of 1.15 upon increasing

the conductivity from 8.8 to 35 µS/cm. When the Stern voltage terms are included,

the reaction rate decreases by a factor of 1.17 for the same conductivities. Thus, we

conclude that the Stern-layer voltage makes a nonzero, but relatively insignificant

difference in decreasing the reaction rates as conductivity increases. The rest of the

decrease must be due to the change in the concentration of protons, which is plotted

as a function of position along the rod for two different conductivities in Fig. 6.9.

In summary, as more electrolyte is added to the solution, the shrinking diffuse
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Figure 6.9: Proton concentration as a function of z along the surface of the rod for two
conductivities: 8.8 µS/cm (solid line) and 100 µS/cm (dotted line). Positive z values
indicated the anode; negative values indicate the cathode. The plot makes clear that
protons are generated at the cathode at a slower rate in the high-conductivity case,
due to the reduced reaction rates. As a result of current conservation, the proton
concentration along the cathode is reduced, further limiting the cathode reaction rate
(which depends on the square of proton concentration).
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layer causes stronger radial electric fields at the particle surface, leading to a larger

Stern voltage. The exponential terms in the Butler-Volmer equations (2.42,2.43) thus

deviate further from unity as electrolyte concentration is increased. However, even at

the highest salt concentration considered, the exponential terms are bounded by 0.97

and 1.03, and thus they likely exert relatively little influence on the reaction kinetics.

6.3.1 Speed Reduction Factors

Figure 6.2 shows that increasing the conductivity from 8.8 to 100 µS/cm, an increase

of roughly an order of magnitude, leads to a decrease in speed from 22 to 1.11 µm/s,

a decrease of roughly a factor of 20. As we have witnessed, this speed decrease is due

to several factors, each of which cause a partial reduction in the swimming speed.

In descending order of importance, these factors are (i) the decrease of the electric

field due to the increase in solution conductivity, (ii) the decrease in magnitude of the

area-averaged zeta potential with conductivity, and (iii) the decrease in reaction rate

with solution conductivity.

As in the scaling analysis, we calculate the characteristic electric field E∗ of the

system as the electric field that would need to be externally applied to drive conven-

tional electrophoresis of the rod at a speed equal to the measured swimming speed.

As conductivity is increased from 8.8 to 100 µS/cm, the electric field E∗ decreases

from 415 to 38 V/m. Thus, between the minimum and maximum conductivities, the

electric field E∗ decreases by approximately 90 %:

E∗(σ = 100)

E∗(σ = 8.8)
= 0.092. (6.16)

Thus, the reduction in electric field reduces the swimming velocity of the rod by

roughly an order of magnitude.

In all cases, the electrolyte added to the solution was at a significantly higher bulk

concentration than protons and bicarbonate ions. While proton/bicarbonate concen-

tration was kept fixed at 0.9 µmol/L, the electrolyte concentration was varied from
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56.4 to 820 µmol/L. The counterions making up the electrolyte are attracted to the

rod to help screen the surface charge. In doing so, and since they are more concen-

trated than protons, the net concentration of protons in the diffuse layer decreases

due to the greater presence of electrolyte. When conductivity is increased from its

minimum to its maximum value (8.8 to 100 µS/cm), the total reaction rates on the

anode and cathode decrease by roughly 20 %:

Janode(σ = 100)

Janode(σ = 8.8)
= 0.786, (6.17)

where Janode is again given by (6.15).

Due to the proportionality between speed and surface activity originally identified

by Golestanian et al. [38] and also proposed and validated in the scaling analysis

in this work (see (2.71)), we conclude that the reduction in reaction rate causes a

decrease in swimming speed of roughly 20 % from the minimum to the maximum

conductivity.

The decrease in reaction rates is asymmetric on the anode and cathode, which

alters the value of the rod potential at which current is conserved. Rod potential

is closely related to the zeta potential, as shown by (2.18), and so Fig. 6.4 shows

that the zeta potential magnitude thus decreases upon the addition of salt. When the

conductivity is raised from 8.8 to 100 µS/cm, the average zeta potential is observed to

decrease from −67.9 mV to −37.1 mV. Thus, as conductivity is raised to its maximum

value, the zeta potential decreases by approximately 45 %:

ζ̄(σ = 100)

ζ̄(σ = 8.8)
= 0.546. (6.18)

Thus the change in zeta potential causes a reduction in the swimming speed by roughly

a factor of 2.

Since speed is linearly related to E∗, zeta potential, and reaction rate (see (2.71)

and (6.3)), we can multiply the reduction factors in (6.16-6.18) together to obtain

an estimate of the total velocity reduction factor caused by all three effects. The
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result is 0.04, which is in good agreement with the observed speed reduction factor

of Uev,σ=100/Uev,σ=8.8 = 0.05. Possible reasons for this small deviation could include

the fact that current was not perfectly conserved (we stop the simulations when the

total flux of the anode and total flux into the cathode differ by less than 1 %).

6.4 Conclusion

In this chapter, we have explored the physical reasons for the observed inverse de-

pendence of swimming speed on solution conductivity. We have found that the speed

decrease can be attributed to three main effects: the decrease in zeta potential with

electrolyte concentration, the decrease in reaction-driven flux with electrolyte concen-

tration, and the decrease in electric field due to the increase in conductivity. These

results seem to suggest that the self-electrophoresis mechanism is inherently suscep-

tible to speed reductions brought about by adding salt; thus, it appears that self-

electrophoretic nanomotors are not practical for salt-rich environments in general

(although silver solutions have been shown to produce a significant speed increase

[50]). An alternative nanomotor which has been proven capable of transporting cargo

in salt-rich environments was studied by Wang’s group [63].
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Chapter 7

CONCLUSIONS
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In this thesis, we have developed a mathematical model for the electrokinetic

locomotion of bimetallic nanorod particles. The model has been tested through com-

putational simulations, whose results were compared to previous experimental and

analytical results. The simulations show strong evidence that the rod movement is

the result of fluid slip driven by electrical body forces, which in turn are generated

by a coupling of free charge in the solution and the reaction-induced electric fields.

Important trends in the rods’ behavior may be identified and understood through the

scaling analysis developed in §2.6 for uncharged and charged rods. Finally, we have

sought to deepen our understanding of whether the conductivity-induced speed de-

crease is an inherent limitation on the rods, or if it may be overcome. In this chapter

we assess the contributions as well as the shortcomings of the results presented here.

The results in this thesis have illuminated the importance of the surface charge

on the rod in generating the motion. In the case of the uncharged rod, §4.3, no

locomotion was observed. When surface charge was included in the uncoupled (§4.4)

and coupled (§5.3) models, the magnitude of the surface charge was shown to be

directly related to the swimming speed. Additional simulations have shown that if

the sign of the surface charge is reversed, the motion occurs at the same speed but in

the opposite direction. Finally, for the cases in which we vary electrolyte conductivity

and ionic strength (§6.3), the differences in speed between rods in different salts at

the same conductivity can partially be traced to differences in rod potential at those

conductivities. The magnitude and sign of the surface charge determine the speed

and direction of the motion; without surface charge, the rod does not move.

Given the importance of the surface charge, it might seem surprising that we have

not accounted for the possible effect of surface adsorption on the zeta potential. Here,

our focus has primarily been on describing the physical phenomena occurring in the

fluid, and on describing the effect of the reactions on the zeta potential, which has

not been described in the literature in detail. Incorporation of surface adsorption

into a future model of a self-propelling particle would be relatively straightforward.
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Through the use of an appropriate adsorption isotherm, the amount of charged and

uncharged species bound to the surface could be determined, giving an estimate of

the resulting surface charge density due to adsorption, which will likely be different

on the anode and athode. From the charge density, the contribution of adsorption to

the zeta potential could be computed relatively easily.

This thesis has argued that the internal rod potential φM that satisfies the current

conservation constraint (2.47) directly influences the potential at the outer Helmholtz

plane (OHP), which we have defined here to be the zeta potential. Similar arguments

can be found in the works of Bard and Faulkner [5] and Bazant et al. [6]. Regardless of

the relative importance of the reaction-determined rod potential or surface adsorption,

this work makes clear that the potential at the surface is directly related to the

swimming speed, and plausible swimming speeds are obtained if the surface potential

is between −10 and−70 mV. The impact of the internal electrode potential on the zeta

potential of a self-electrophoretic particle has only recently been considered outside

of this work, by Sabass & Seifert [84], who used similar boundary conditions to those

presented here.

In this thesis we have considered the peroxide oxidation and reduction reactions

as single-step processes. This is likely a simplifying assumption. It is widely believed

that the electrochemical oxidation of H2O2 on platinum surfaces proceeds at least

one intermediate step. Hall et al. [41] proposed a mechanism incorporating reversible

binding of peroxide to electrochemically generated Pt(II) surface sites, inhibitory

binding of O2 to these same sites, and a side reaction involving protonation of an

adsorbed H2O2 complex. Sabass & Seifert [84] recently proposed reaction schemes

for the reduction and oxidation of H2O2. They concluded that if intermediate steps

are accounted for, both processes are likely first-order in H2O2 concentration. They

also assumed the peroxide reduction reaction was first-order in H+ concentration,

but allowed for the possibility of a second-order dependence on proton concentration,

which we have considered here.
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This work, along with others, has established that the ideal conditions for fast

self-electrophoretic swimming exist when the bulk solution conductivity is low. In

addition, we have seen that surface charge is essential for locomotion to occur. In

the vicinity of the rod surface, the conductivity is elevated from its bulk value due to

the enrichment of ions in the diffuse layer. The greater the surface charge, the more

significant the enrichment. Therefore, conditions for swimming are most favorable

when the conductivity is significantly higher in the diffuse layer than in the bulk

solution. In this case, the Dukhin number, which tells the relative importance of

surface conduction to bulk conduction, should be finite, and surface conduction may

be important. What role does surface conduction have to play in self-electrophoresis?

I have begun to investigate this issue using data from the simulations presented

here. By estimating the Dukhin number of the rod from the established formula for

the Dukhin number of a 2-µm-diameter spherical particle, I observed a linear corre-

lation between swimming speed and Dukhin number, implying that the presence of

surface conduction, at the very least, does not impede self-electrophoresis. The ques-

tion to be answered is, of course, whether this correlation is indicative of a causal link

between surface conduction and self-electrophoresis. Khair & Squires [53] recently

showed that for highly charged particles undergoing conventional, externally driven

electrophoresis, surface conduction effectively leads to a decrease in electrophoretic

mobility. Thus, surface conduction may enhance motion by self-electrophoresis, but

has been shown to hinder conventional electrophoresis. Future work could explore this

somewhat counter-intuitive result, e.g. by obtaining an asymptotic or numerical solu-

tion to the governing equations for a simple swimmer undergoing self-electrophoresis,

specifically accounting for surface conduction, following the methods of O’Brien [71]

and Khair & Squires [53], and seeing if the same trend of speed versus Dukhin number

emerges. A better understanding of the relationship between surface conduction and

self-electrophoretic swimming could help us better understand why the swimming

speed decreases rapidly with an increase in electrolyte concentration, which stands as
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one of the most important issues facing self-electrophoretic swimmers.

Given the growing interest in self-propelling micro- and nanoparticles [97, 31, 90],

the development of accurate, predictive models for nanoscale self-propelled motion is

timely. Many prototypes of practical nanomotors exist whose propulsion mechanisms

are poorly understood. In this thesis, we have taken a few steps toward the goal of

understanding the motion of one important subclass of nanomotors, and have thus

contributed to the physical understanding of electrokinetic locomotion.
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reply:. Physical Review Letters, 102(15):159802, April 2009.

[17] Ubaldo M. Córdova-Figueroa and John F. Brady. Córdova-figueroa and brady
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[89] Olaf Schenk and Klaus Gärtner. On fast factorization pivoting methods for
sparse symmetric indefinite systems. Electronic Transactions on Numerical

Analysis, 23:158–179, 2006.

[90] Samudra Sengupta, Michael E. Ibele, and Ayusman Sen. Fantastic voyage:
Designing self-powered nanorobots. Angewandte Chemie International Edition,
51(34):84348445, 2012.

[91] Alexander A. Solovev, Samuel Sanchez, Martin Pumera, Yong Feng Mei, and
Oliver G. Schmidt. Magnetic control of tubular catalytic microbots for the
transport, assembly, and delivery of micro-objects. Advanced Functional Mate-

rials, 20(15):2430–2435, August 2010.

[92] Josef Spek. Zustandsnderungen der plasmakolloide bei befruchtung und en-
twicklung des Nereis-Eies. Protoplasma, 9(1):370–427, 1930.

[93] T. M. Squires and M. Z. Bazant. Induced-charge electro-osmosis. Journal of

Fluid Mechanics, 509:217–252, June 2004.

[94] Todd M. Squires and Martin Z. Bazant. Breaking symmetries in induced-charge
electro-osmosis and electrophoresis. Journal of Fluid Mechanics, 560:65, 2006.

[95] Po Staffeld and Ja Quinn. Diffusion-induced banding of colloid particles via
diffusiophoresis .2. non-electrolytes. Journal of Colloid and Interface Science,
130(1):88–100, June 1989.

[96] Shakuntala Sundararajan, Paul E Lammert, Andrew W Zudans, Vincent H
Crespi, and Ayusman Sen. Catalytic motors for transport of colloidal cargo.
Nano Letters, 8(5):1271–1276, May 2008.

[97] Joseph Wang. Can Man-Made nanomachines compete with nature biomotors?
ACS Nano, 3(1):4–9, 2009.

[98] Yang Wang, Rose M Hernandez, Jr. Bartlett, Julia M Bingham, Timothy R
Kline, Ayusman Sen, and Thomas E Mallouk. Bipolar electrochemical mecha-
nism for the propulsion of catalytic nanomotors in hydrogen peroxide solutions.
Langmuir, 22(25):10451–10456, December 2006.



138

[99] JB Waterbury, JM Willey, DG Franks, FW Valois, and SW Watson. A
cyanobacterium capable of swimming motility. Science, 230(4721):74–76, 1985.

[100] Li Zhang, Jake J. Abbott, Lixin Dong, Bradley E. Kratochvil, Dominik Bell,
and Bradley J. Nelson. Artificial bacterial flagella: Fabrication and magnetic
control. Applied Physics Letters, 94(6), February 2009.

[101] Yang Zhang, Yongsheng Chen, Paul Westerhoff, Kiril Hristovski, and John C
Crittenden. Stability of commercial metal oxide nanoparticles in water. Water

Research, 42(8-9):2204–2212, April 2008.


