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Abstract

Penalized discriminant analysis for multivariate functional data

Xiaoyan Sun

Chair of the Supervisory Committee:
Eardi Lila
Biostatistics

We introduce a penalized discriminant analysis method for multivariate functional
data supported on compact one-dimensional domains, motivated by an application that
aims to identify subjects with poor cognitive status from diffusion MRI data. By leverag-
ing a connection to the optimal scoring problem, we bypass minimizing complex objective
functions directly and recast the problem into a penalized regression framework. The
proposed formulation leads to an efficient model computationally. Simulation studies
showed that the univariate classifier achieves satisfactory performance compared to ex-
isting methods. The multivariate classifier achieved adequate prediction performance on
the challenging diffusion MRI dataset. As an extension of the methodology proposed, we
also present a multi-class classifier that can accommodate multiple outcome categories.



Contents

1

Introduction 1
1.1 Background: functional data analysis . . . . . . ... .. ... ... .... 1
1.2 Functional classification (discriminant analysis) . . . . ... ... .. ... 1
1.3 Setup and Notation . . . . . . . . . . .. ... o 2
1.4 Rationale for linear centroid classifier . . . . . . . . ... ... ... .... 3
1.5 Objective function . . . . . . . . ... 4
1.6 Assumptions on CONVErgence . . . . . . . . . . v v v v v i i 6
1.7 Linear problem . . . . . . . . . ... 7
1.8 Final Remarks and introduction to our method . . . . . .. ... ... .. 8
Univariate functional data 8
2.1 Rationale for penalized regression reformulation . . . . .. .. ... .. .. 9
2.2 Regularized estimation with second derivative penalty . . . . . . . ... .. 10
2.3 Theory . . . . . e 14
2.4 Regularized estimation with reproducing kernel . . . . . . .. ... .. .. 16
2.5 Classification rule . . . . . . . . . .. 17
Multivariate functional data 18
3.1 Model setup and estimation . . . . . . .. ... ... 18
3.2 Classificationrule . . . . . . . . .. .. 20
Extension: Multi-class outcome 20
4.1 Modelsetup . . . . . . . 20
4.2 Estimation . . . . . . . ... 22
Simulation study of the univariate classifier 23
Application of multivariate classifier 32
6.1 Background . . . . .. ..o 32

6.1.1 Anisotropy and diffusion tensor . . . . . .. ... ... ... .. 32

6.1.2 Diffusion tensor magnetic resonance imaging . . . . . . . .. . . .. 32

6.1.3 Diffusional kurtosis imaging . . . . . .. .. ... ... 33
6.2 Tractography . . . . . . . . 33
6.3 Application . . . . . .. 34
Conclusion & Discussion 37
Derivations 38
Al Lemma 1.1. . . . . oo o 38
A2 Lemma 1.2. . . . . . . . . . 39
A3 Lemma 1.3. . . . . . . . . . 40

A4 Lemma 1.4 . . . . . . 41



B Excess Prediction Risk
B.1 Setup. . . . . .
B.2 Notation . . . . . . . . .
B.3 Relationship with £2 as hypothesis space . . . . . . . . . ... ... ....
B.4 Decomposition of risk into bias and variance . . . . . ... ... ... ...
B.5 Variance . . . . . . . ..
B.5.1 Decompose variance . . . . . . . ..o
B.5.2 Auxiliary results . . . . ... ..o
B.5.3 Variance second term . . . . . . ...
B.5.4 Combining two variance terms . . . . . . . . ... .. ...
B.6 Bias . . . . .
B.7 Out-of-sample risk . . . . . .. ...
B.8 Auxiliary results . . . . ...

C Simulation study results

8 References

42
42
43
43
44
47
47
48
48
52
93
54
26

56

59



1 Introduction

1.1 Background: functional data analysis

Functional data analysis (FDA) is the branch of statistics concerned with the analysis of
functions, curves, and images. The term functional data analysis was coined by Ramsay
(1982) and Ramsay & Dalzell (1991), but the study area is much older and dates back to
1950s at least (Grenander, 1950; Rao, 1958).

It’s a fast-growing research field with wide-ranging applications. With the advance-
ment of modern technology, more data is being recorded continuously during some time
interval, such as the electroencephalogram (EEG) measurements, temperatures in an
hour, or stock prices in a day. One could discretize the data and turn it into a classic
multivariate modeling problem. But this is not optimal because important information
would be lost. In fact, multivariate vectors can be randomly permuted without affecting
its meaning, but permuting continuously indexed data will render it meaningless.

We can think of these data types as functions since they are curves supported on a
one-dimensional domain, hence termed functional data. We also have functional data
supported on a two-dimensional domain, such as an image of a cat or pollution levels in a
city. There are other domains of interest such as manifolds, where examples include brain
imaging and global temperature patterns.

1.2 Functional classification (discriminant analysis)

Functional discriminant analysis is a natural extension of linear discriminant analysis
(LDA) for the classification of functional data and is well-studied in the literature (e.g.,
Delaigle & Hall, 2011; Ferrando, Ventura-Campos & Epifanio, 2020; Kraus & Stefanucci,
2018; Lila, Zhang, & Rane, 2021; Park, Ahn & Jeon 2021; Ramsay & Silverman, 2010).
This is a challenging problem, given that, in the functional setting, each observation has
an infinite number of covariates. This property can lead to overfitting. It is therefore not
surprising that many methods in the FDA literature adopt a regularized approach. In this
thesis, we propose a regularized discriminant analysis method for multivariate functional
data. We leverage a connection to the optimal scoring objective function, and re-frame
the problem under a penalized regression framework.

The thesis is organized as follows. To introduce the problem, we first review the
rationale for a very popular discriminant approach in the FDA literature, i.e., the linear
centroid-based classifier, and the derivation of its objective function. In Section 2 we
introduce the model proposed for binary classification of univariate functional data, paving
the way for the multivariate classifier. In Section 3 we introduce the multivariate classifier
which is able to accommodate multiple functional predictors supported on a common
domain, as required by our motivating application. In Section 4 we present an extension
of the method that accommodates multi-class outcomes, whose full development is left
to future work. We conduct a simulation study of univariate classification of binary
outcome in Section 5. We then apply the multivariate classifier to a real-world diffusion
magnetic resonance imaging (MRI) dataset in Section 6. We leave detailed derivations



from the Introduction to Appendix A, and we derive the convergence rate of the univariate
classifier’s excess prediction risk in Appendix B. Additional simulation study results are
found in Appendix C.

1.3 Setup and Notation

We are interested in studying functional classification, where the outcome is a categor-
ical variable and the predictors are curves supported on some one-dimensional compact
domain 7' C R. Some applications include classifying recorded speech periodograms into
different phoneme classes, and predicting precipitation level based on annual temperature
patterns. To preserve the inherent structure in the data, we model each predictor as a func-
tion mapping the domain to the real line, z : T'— R. In practice the data {x(t1), ..., z(tm)}
is discretized as densely sampled datapoints on some grid {t1, ..., t,,} C 7. In the following
sections, we assume 7' = [0, 1] without loss of generality.

Assume our training data {(g;, z;)} consists of n independent samples of (G, X). G is
a binary random variable that denotes the two possible classes of the outcome:

P(G:gl):ﬂ'l, P(G:go):’ﬂ'o.

We have n; samples from class 1 and ny samples from class 0. Without prior information
we usually assume my = 7.

Denote with £2(T) the space of square-integrable functions over T, equipped with the
standard inner product

(f.g) = / F(Dg(t) dt
and norm

191 = [ r(e2

X is a zero-mean, square-integrable random function taking values in £2(T). Let
pa(t) = E[X ()]G = g1, po(t) = E[X(#)|G = go]

be the conditional mean functions of X, and assume 7 # 9. The two classes are assumed
to share a common within-class covariance function:

O(s,t) = EIX()X(s)| G = g1] = E[X()X ()| G = go], Vs,teT

and we assume the covariance function is square-integrable, i.e.

//C(s,t)2dsdt < 0.

Since the covariance function is real, symmetric, square-integrable, and non-negative,
we can define the covariance operator L¢ : L2(T) — L2(T) as



Lef() = / C(t,)f(t)dt, Vf € LA(T).

Furthermore, L¢ is a compact, self-adjoint operator (Cucker & Smale, 2001). It admits

a spectral representation, for eigenvalues 6; > 6, > ... > 0 and associated eigenfunctions
e1,e,... C LYT) of Le:

Cls,t) =Y _ brex(s)ex(t),

LC €k(> = /C(t, )€k<t) dt = lek()
Moreover, Vf € L£*(T),

Lof() = [ cteof)ar
:/Z&kek(-)fﬁk(t)f(t)dt

=Y et [ ettt

RN

Orlew, fex(-).

B
Il

1

Since L¢ is non-negative, the inverse operator is well-defined, although in general
unbounded (more on this later), with the spectral representation:

Lo f() = / O (t,) f(8) dt,

where

sty =Y Qikek(s>ek(t).

1.4 Rationale for linear centroid classifier

Delaigle & Hall (2011) showed that perfect asymptotic classification is possible in func-
tional classification problems. This remarkable phenomenon is a special property of the
infinite-dimensional setting of functional data, and cannot occur in the multivariate setting
except in pathological cases. They further showed that simple linear centroid classifiers,
based on a well-chosen one-dimensional projection of the predictor functions, can achieve
this optimal classification either exactly or in the limit. We briefly review their method
with supplementing details from Kraus & Stefanucci (2018). For the sake of consistency



we follow their assumptions (in this section only), and note that some of our assumptions
are different in later sections.

Assume that the functional data is Gaussian. Assume that the covariance C(s,t)
is strictly positive definite and uniformly bounded. Strict positive-definiteness of C' is
equivalent to 6 > 0,Vk. Uniform boundedness implies that ), ) < oo,

Let

R 1 & . 1 &
fir(t) = e Z zi(t), fo(t) = o Z i(t)
U gilGi=1} 0 filGi=0}

be the sample mean of each class.
Let X* be a new data function that we wish to classify to one of the two populations.
The centroid classifier assigns X* to class 1 if statistic

T(X") = D*(X", fig) = D*(X*, fu) > 0

for some distance function D.
Delaigle & Hall showed that when D is given by the distance of the projections of the

two functions on a one-dimensional space, the classifier enjoys optimality properties. Let
B(t) € £L2(T). Consider
D(X*,ju) = (X* — jun, B),

As nq and ng increase, the sample statistic, obtained by replacing D with the projection
defined above,

T(X*) = (X" = fig, B)* — (X" — ju, B)*

converges to the theoretical statistic
T(X*) = <X* - M07ﬁ>2 - <X* - ,Ulaﬁ>2'

This approach amounts to projecting the data onto a one-dimensional space deter-
mined by  (to be learned from the data), and then perform classification based on the
projections.

1.5 Objective function

Now we will look at the misclassification error and objective function in this Gaussian
setting. Let n denote the projection (X, ([5). If X belongs to class j,(j = 0,1), the
distribution of 7; is Normal with mean (y;, §) and variance (3, Lcf) (Kraus & Stefanucci,
2018). By definition every projection of Gaussian random function is Gaussian and

= (X08) ~ N (G, (8.1 )

where N { (u;, 3), (B, Lcﬂ>) denotes a normal distribution centered at (p;, 5), and with
variance (3, Lo f3).



Denote the corresponding Gaussian densities by fs ;. The classifier is given by:

fﬁ,l(n)
J5.0(n)

We want to re-write the expression towards deriving the objective function.

Lemma 1.1 For any given data function X € £2(T'), the linear classifier calculates
the distance between the data to the two class means in the projection space. Then X is
assigned to the class with the shorter distance. The classifier can be re-written in terms
of the class means’ average and class means’ difference as

f<X>:1{ >1}=1{<X—uo,ﬁ>2—(X—u1,ﬁ>2>0}

70 =10 = o 7 = 0 = a7 > 0 = 1{ 0.5 = ) > 0},

where § = py — po and i = (po + £1)/2. The derivation is found in Appendix Al.
Lemma 1.2 Using the classifier

1) =1{8.80x - 1.5 > 0},

and under the assumption that my = m; = 1/2, the misclassification probability is

2 2 2(B, LeB)'/?

where Py and P; denote the probability distribution of 7y and 7, respectively, and ®
denotes the cumulative distribution function of a standard Normal random variable.
The derivation is found in Appendix A2.
Therefore, to find the best [ for the linear centroid classifier, the objective function is
given by minimizing the misclassification error:

e - 7ﬁ
mlnlﬁmlze 1—-® (W) .

By the property of the cumulative density function, minimizing the misclassification error
above is equivalent to the following problem

(= o, B
maximize —————————.
B |<67L06>1/2|
The solution to this problem is derived in the following lemma.
Lemma 1.3 The function [, that solves the maximization problem (1) is

PIFX) =1, AFO=0 _, _q)(m —uo,5>|>

(1)

(1 — o, B)| _

o o WHL T HO, P/ p -1 .
60 - makalze |<ﬂ; LC/B>1/2| LC (:U’l MO)

The derivation is found in Appendix A3.



1.6 Assumptions on convergence

The convergence or divergence of Lg'(u; — j1p) and Lgl/ (111 — po) are key to functional
classification. They determine whether or not we can achieve the perfect classification
described by Delalgle & Hall. Here we summarize three regimes:

Case 1: ||L (1 — po)|| < o0,

Case 2: L (s — )] < oo andd |[L5} s — o) = oo,

Case 3: || Lo (11 — puo)|| = o0

Note that the quantities involved here are population parameters that are generally
unknown in a practical statistical analysis. So this is more of a theoretical issue. In
our settlng, mostly to be able to study the convergence rates of the model, we assume
|26 (11 = o)l and || L' (i1 = pro)|| e finite.

As shown in Lemma 1.3, the function that minimizes the misclassification error is
By = Lal(,ul — po). For this choice of [y, or any multiple of it, the misclassification
probability is given by the following lemma.

Lemma 1.4 Given [, in (1), the misclassification probability is given by

-1/2,
errg =1 — @(”LC i MO)H).

2

The derivation is found in Appendix A4.
The minimum classification error that can be achieved varies depending on the assump-
tions on the convergence of || L' (11 — po)|| and ||L_1/2(,u1 — po)||. Recall the spectral

representation
t) = Orer(s)er(t)
k=1

and let .
pa(t) = po(t) = diex(t)

be the generalized Fourier decomposition of 1 — g with respect to eigenfunctions ey, es, ... C
L3(T).

Note that in our derivation for Lemma 1.3, where we found the function to minimize
the misclassification error, we first assumed that ||L51/ ?(j1y — o) || < o0, then we assumed
|La' (11 — po)|] < co. The latter is more stringent since

—1/2
1L (1 = pio)||22 = Z

1264 = o)l = 2 %

and 1/6), and 1/603 are both diverging, but 1/67 is dlvergmg faster. Therefore dj, needs to
decay faster to ensure the sum doesn’t explode, so it’s a stronger assumption.
Here we rephrase Theorem 1 in (Delaigle & Hall, 2011) as follows:

6



Case 1
~1/2
If[[Le (1 — po)|l < 00, then

“12,
errg =1 — CI)(”LC (/;1 MO)||>

is the minimal (Bayes) error (Berrendero et al., 2018).

Case 2

If ||L51/2(,u1 — 1o)|| < o0 but ||Lg' (i1 — po)|| = oo, the Bayes risk cannot be achieved by
a projection classifier based on a bounded linear functional of the form (X, ) for some
3 € L'T). However, approximations in the form of projections can asymptotically achieve
the Bayes risk (Kraus & Stefanucci, 2018).

Case 3

If \|L51/2(u1 — 1p)|| = oo then erro = 0 and perfect classification is possible.

1.7 Linear problem

Lemma 1.3 was derived using Cauchy-Schwartz inequality and checking that the solution
achieved the upper bound. Alternatively, the objective function

. |<M1—M075>|
maximize

B ’<B7LCB>1/2|

can be solved by maximizing (u; — po, 5) subject to (B8, Lc¢f) = 1. Using Lagrange
multipliers:

L(B,A) = (p1 — po, B) + M1 — (B, Lef)),

taking the Frechet derivative with respect to § and setting it to zero, we obtain the
equation
2ALeB = 1 — o

(Kraus & Stefanucci, 2018). Note that A only changes the scale, which can be normalized.
Solutions of this equation, if they exist, i.e., if | L5' (1 —po)|| < o0, yield the same optimal
misclassification probability VA > 0. Without loss of generality, we take A = 1/2. Thus
we translate the unconstrained quadratic optimization problem

maxiﬁmize (1 — o, B) — %(5, L¢B) (2)

into the linear problem seen in some literature:

Lef = — po-



1.8 Final Remarks and introduction to our method

This motivates us to find a classification rule based on a linear one-dimensional projection
of the data. We want to estimate § such that the projection yields good class separation.
Equation (2) is particularly well suited to defining regularized versions of y by replacing
the population quantities with the empirical counterparts and adding a penalty term.
Two recent papers used this kind of approach. Park, Ahn, Jeon (2021) combined the L1
norm of ((¢) and L2 norm of '(¢) to achieve regularization and sparsity (in the form
of domain selection). Kraus & Stefanucci (2018) extended the multivariate conjugate
gradient algorithm to find the numerical solution.

Most relevant to this thesis are the following works. Hastie, Buja, Tibshirani (1994)
recast the high-dimensional LDA problem into a penalized regression framework via opti-
mal scoring (OS), which offers a convenient objective function and estimation procedure.
Gaynanova (2020) extended the OS approach to multi-class categorical problems and de-
rived convergence results. Notably, it can be shown that the discriminant vector obtained
via OS is the same as the LDA estimator up to a constant. In addition, OS facilitates the
use of any penalized regression technique. In light of this connection, we recast the func-
tional discriminant analysis into a functional regression problem under a RKHS regression
framework (Yuan, Cai 2010).

2 Univariate functional data

The population quantity we are interested in is 3° € £2(T') such that

Lef” = (pa — po) (3)
~1/2

where we assume that || Lo/ 1y — pol| < oo and ||Lg'uy — pol| < oo. The goal of our
classification model is to derive an estimate B of 8% using the training data, and project
new data onto the estimated direction B to perform classification. In practice, since the
population quantities C| 1, pg are unknown, we replace them with the sample counter-
parts.

The sample covariance is given by

. 1 &
C(s,t) = - E zi(s)xi(t), s,teT
i=1

and the sample conditional mean function is the average from their respective classes.

ni no
1

= 3w, =" 3wl

n n .
{11G;=1} {i1G;=0}

We then rewrite Equation (3) as a penalized minimization problem, where we replace
the conditional means and the covariance with the sample conditional means and the



sample covariance, respectively. The penalized classification objective function is given

by

minignize (3, Le) — (i — i, 6) + Pen(6) )

The penalty term Pen(() ensures the infinite minimization problem is well-defined and
encourages the estimated function to be smooth.

One drawback of this approach is that it requires the explicit computation of L4, which
can be prohibitive for functional data that are very densely observed. In the following we
try to overcome such an issues.

2.1 Rationale for penalized regression reformulation

In the functional setting, Delaigle and Hall (2011) showed that, under appropriate as-
sumptions,

arg min {E [H — E[H] — /5(t)X(t) dt} 2 }

B

where H = 1;g—4,}, is, up to constants, equivalent to minimizing eq (2), i.e.,

miniﬁmize %(B, LeB) — (1 — to, B)-

For class 1, H — E[H] = 1 —m = my. For class 0, H — F[H] = 0 —m = —m. The
expectation can be replaced with its sample version, i.e. h; = ng/n if G = ¢; and
hi = —ny/n if G = gy. Thus we obtain a model

arg min {n_lz {hi - / B(t)x;(t) dtr}.

B

This shows that the linear discriminant analysis problem can be effectively recast into
a functional regression problem.

The idea can be generalized by leveraging an optimal scoring (OS) reformulation.
Instead of directly solving the classification problem, we leverage the connection between
LDA and OS to convert it into a regression problem.

Penalized optimal scoring introduces an auxiliary variable # € R? to transform the
labels. For some hypothesis space H that we will formally define later, the objective
function is defined by

n

minimize n~! {yiTQ— /xz(t)ﬁ(t)] + A Pen(f),

0eR2, BeH -
=1

under the constraint
0rYTYo/n=1, 67YT1 =0,



where y; € R? is an indicator vector, and Y € R™*? is given by vertically concatenating
yl, i.e., this is an indicator matrix. § € R? is the auxiliary variable, 1 € R? is a vector of
I’s, and Pen(/3) is a regularization term to smooth out the [ estimate.

Hastie, Buja, Tibshirani (1995) showed that the LDA and OS solutions are propor-
tional: 6LDA X ﬁos.

While this reformulation achieves the same objective as that in equation Eq. (4), it
gives us a more flexible tool that can be straightforwardly generalized to the multi-class
setting, as we will show in Section 4.

Since the classifier is invariant to changes in scale of the discriminant function g,
finding the optimal direction that separates the two classes reduces to solving a penalized
regression problem.

2.2 Regularized estimation with second derivative penalty

Given z; : T — R, the mean-centered predictor function for the ¥ sample, and g;, the
label for the i sample, OS introduces an auxiliary variable § € R?*!. The labels are
stored in an indicator matrix Y of size n x 2: Y;; = 1 if sample G; = ¢g; and Y; o = 1 if
sample G; = go. For example,

~
I

OO = =

—_= O O

The vector Y0 € R" represents the transformed training labels.

Denote H = W*(T) € L£*(T) the Sobolev space with first and second distributional
derivatives in £2(T). Tt is an RKHS with an implicit symmetric and positive definite
reproducing kernel. The space is equipped with the norm

1/2
J() = (||f"||%2 " €||f||c2> Vf € WA(T),

For ¢ = 0, which is our second-derivative penalty, it defines a semi-norm as opposed to a
norm. In this case, we restrict ourselves to the subspace of £2(T) that is orthogonal to
the null space of J.

Note that in the next section, we present an alternative approach to defining smooth
estimates that makes use of an explicit kernel (the exponential kernel) to define a differ-
ent hypothesis RKHS space, with an implicit penalty function. For functional estimates
supported on Euclidean spaces , defining a reproducing kernel explicitly is straightfor-
ward. For general non-Euclidean domains where defining a reproducing kernel is difficult
(sometimes impossible), the differential penalty approach is preferable (Lila et al., 2021).

We then define the following objective function, given in the form of penalized op-
timal scoring for functional data:

10



arg min 2 o~ [ w0 dtr Y GO

OcR2, BEH ;

under the constraints
7Yy =n, 67YTy1=0.

Denote the vector of functions (mean-normalized) as X (t) = (z1(t),...,z,(t))T. We
approach the minimization problem in a two-step fashion.

Step 1. Estimation of 6 given .

Given 3, the minimizing € of the objective function is given by

Yo — / X(t)B(t) dt

with the two constraints on 6 stated previously. In the following lemma, we will show
that the optimal # does not depend on § — that is — we don’t need to iteratively solve
the joint minimization problem.

Lemma 2.1

The minimizing 0 is given by

f = arg min
0eR?

i / (6"(1))%t.

= (V)

Proof: Using Karush-Kuhn-Tucker (KKT), or the method of lagrange multipliers,

6.0 = [vo- [ x00 . [ = avel - - w1,

with some slight abuse notation since we use A and p here to be the standard lagrange
multiplier notation. This is distinct from the regularization parameter.
We want to solve the system of equations:

oL __
50 0

Y0l = n,
YY1 =0

The indicator matrix Y leads to an intuitive expression for (Y7Y') and its inverse, i.e.,

o= (o ).
YTy)! (1/0”1 ) /0n0>.

11



The first constraint can be rewritten as:

TYTYH =n

e () () =r
(n161 nobs) (Z;) =n

n16% + noby = n

The solutions of #; and 6, lie on an ellipse.
The second constraint can be rewritten as:

7YTy1 =0

o o ()
(mbs o) G) 0

n191 + noez =0

The solutions of 6; and 05 lie on a line.

The line can only intersect the ellipse at most two times, so we can have at most two
solutions. Since the ellipse is symmetrical, the two points are reflections across the y = x
line, so we just need to consider one solution. Hence we have a special case that the
constraints are so strong we get the solutions immediately without using the objective
function in lagrange multiplier. From constraint one we get:

2 2
2 2
not; = n —n, 6y

2

0; =
2 o
n — n, 6%
Oy = — 4| — 11
no
From constraint two we get:
n101 + 7’L092 =0
7”L092 = —TL191
n.10
0y — — 101
No

Equating these two expressions we have that

12



n191 n — 7119%

1
ng no
2
Mgz _ 1 _ Mg
271 — 1
ng o N
ny  ni 9 n
— +— 07 = —
US o o
ny + ning 02 n
2 1=
02 . N
1= 2
ny+ning
1o
0 =,/—
ny
Plug in to find 6;:
n16q ny
0y = — = /—.
no no

Therefore we have
= (Vi)
0 — 2
nq N

which is consistent with the results obtained in (Gaynanova, 2020).
Step 2. Estimation of £ given 6.
Note that we obtained # without 5. We can denote the transformed labels Y6 with

g € R™ g; = \/ng/ny if G; = g1 and §; = —\/ny/ng if G; = go. Therefore, the optimal

is given by minimising

foargmin 23" (- [ st dt)2 Y ACORE )

n
pen i=1

The discrete version of the objective function becomes (Yuan & Cai 2010):

minimize —||y — (Td + Xo)||}, + A" Zc,
dER?, ceR"

where the matrices are defined as

T;; = /xi(t)tj_ldt € R™*2

13



Zij = //%(S>K(s,t)xj(t) dsdt € R™"

For a given 6, the minimizing § of the objective function is given by (Yuan & Cai
2010):

b= dalt) +daalt) + Y / K (8, Vg2 d.

The coefficients c,d are given by
d = (dy,do)" = (T'W T 'T'W~1g,

c=(c1,yca)l =W = T(TWT) ' T'W 1] 3,

and
W =X 4+n\l € R™*".

The basis functions of the null space are given by & = 1,& = t since they are not
regularized by the second-derivative penalty, where the null space is defined as

Ho = {5 € H : Pen(5) = 0}

and K (s,t) is the reproducing kernel for #H;, the complement of the null space.

2.3 Theory

In this section, we aim to provide theoretical guarantees for the univariate model in
Section 2.2, where the unknown [y defined in equation (3) is a function belonging to
a Sobolev space. We provide the probability bound for the out-of-sample risk, i.e. the
random variable

E® [(X*7BO - B>}27
where X ™ is a test sample, independent of the training data, and the expectation is taken
over X*. The excess prediction risk is a measure of how close the prediction made with
estimated parameter is to the prediction made with the optimal unknown [y.
Assume that € > 0. By the Sobolev embedding theorem (Brezis 2011), there exists
M > 0 such that for any t € T,

7(6) < sup | F()] < M ("2 +ellf 22 ). ¥ € WD)

That is, the evaluation operator is a continuous functional. A consequence is that the
space W*(T) equipped with the norm JY2(:) = (|| f"||%, + €[ f||%2)*/? is an RKHS. Denote
W2(T) = H. It has a symmetric, positive definite kernel function K : T x T — R, with
eigenvalue and eigenfunction pairs {Cg, ¥x }ren-
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Licf() / K(s
)= Cuton(s)vu(t)

The square root operator of Ly is defined by

L2 () = Ly (v) = /St

K'%(s,1) Z\/a@/)k JUi(t)

For € = 0, J'/2? defines a semi-norm instead of a norm.
Following the notation of (Cai & Yuan 2012), we define the sandwich operator

T - LK1/20K1/2 - L%2L0L}(/2

If both L}(/Q and L are bounded linear operators, so is 1" = Lg1/2¢x1/2. There exists
a sequence of positive eigenvalues {7} and corresponding eigenfunctions {7} such that

KY2CKY?(s,1) Zﬂmkz s)ni(t

We make the following assumptions.
Assumption 1. The norm of X is a.s. bounded. There exists M, > 0 such that

||X||L2 S M2 a.s.

Moreover, we denote
1/2
k= Mo Ly p

(Lila et. al, 2021).
Assumption 2. There exists smooth 8y € W?(T) such that

Bo = Lal(ul — o),

i.e., the optimal function is well-defined and can be found in this space. This implies that
we are in the regime define by Case 1 in Section 1.6.
Assumption 3. The effective dimension of the sandwich operator T satisfies

<)

D) =Tr(T +A)7'T) = ) T

for some ¢, > 0. Tr denotes the trace operator.
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Note that

Tr(T) = Z Th

Assumption 1 allows us to use Theorem B.2. in the auxiliary results (Tong & Ng
2018) in the derivation of the probability bound. It does not have practical implications.
Assumption 2 is needed so that the population quantity 3 is well defined and belongs to
the space of smooth functions W?(T'). Assumption 3 is related to the rate of decay of the
eigenvalues of Lk, L¢, and their alignment (Cai & Yuan 2012). This assumption holds
by assuming that 7, < k=% with r > 1/2 (Lila et al. 2021).

The following theorem provides a probability bound for the out-of-sample prediction
risk.

Theorem 2.1 Under Assumptions 1 to 3, if A < n_ﬁ, the estimate /3 in (5) satisfies

2
1

E*[(X*, B — B)r2ry| = Op(n~T49)

Intuitively, this means that by increasing the number of observations n the predictions
made with B get closer and closer to those made by using 5. The speed of convergence is
determined by the parameter 6, which determined how difficult the problem at hand is.

Similar rates of convergence for excess risk have been shown to hold in the regularized
functional linear regression setting (Tong & Ng, 2018). However, unlike the regression
setting, the random variable Y — (X, Bo)c2(¢r) and the predictor X is not independent,
due to the optimal scoring procedure. Therefore we cannot directly apply their results.
Despite this dependence, we are still able to recover the functional regression rates of
convergence. The proof is found in Appendix B.

2.4 Regularized estimation with reproducing kernel

In this section, we consider a modification of the model proposed in Section 2.2, where we
define the unknown f to be a function belonging to an RKHS with an exponential kernel.
Given that we have shown that the optimal # does not depend on 3, this modification
will only require an adaptation of Step 2, estimation of 5 given 6.

Consider the exponential kernel

K(s,t)=e (02 ysteT oeRF

and its associated RKHS H.

Compared to the second derivative penalty induced kernel, the exponential kernel has
an additional tuning parameter, the bandwidth, which controls how strongly neighboring
observations influence each other.

The null space is empty for the exponential kernel, so we do not need to include the
basis functions £(t) of the null space in the estimate 3 like in Section 2.2. The discrete
objective function reduces from
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1
minimize —||§ — (Td + Zc)||}, + Ac’ Zc
deRZ,ceR™” 1N

to

VIV S 2 T
minimize - g — Xcllj, + Ac” Xec. (6)

Lemma 2.2 The estimate is given by

B = Z ¢ / K(t,)a;(t) dt

where the coefficient vector is given by the solution to Eq. (6)

nA _1~

Proof: Expanding the expression £ || — Xc||7 + Ac¢’ Sc in the minimization problem

g g/n—2c"S"G/n+ TS Se/n + AT X,

and taking the derivative w.r.t ¢ and setting to zero:

237y 2%Tyc
+
n n
257 + nAXc = 257y

E —1
c— (sz + %) oy
\ -1
c=xT KET + %I)Z} g

-1
c= (E+%)\]> 0]

+ XX =0

2.5 Classification rule

The classification rule are the same for the two models considered. Once we have the
estimated B (t) function, we project all training data z; onto this direction by taking inner
product [ z;(t) B(t) dt to obtain their scores. Then we choose some classification thresh-
old. This threshold could be set upon inspection of the receiver operating characteristic
(ROC) curve. This is not particularly important in our final application as we are mostly
concerned with producing an ROC curve.

For a new observation, if its score is higher than the threshold then we label it class 1,
otherwise class 0. The tuning parameter A (and bandwidth o) are chosen with a validation

set approach.
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3 Multivariate functional data

3.1 Model setup and estimation

In many applications we have more than one functional predictor. For example, we
would like to predict some disease status using multimodal imaging, such as the EEG
and EKG together. Here we consider an extension of our classifier to multivariate func-
tional data. Assume now we have p functional predictors. The training set consists of
{@1:, 24y ...y Tpiy 9i }, 1 independent copies of (X1, Xo, ..., X, G). Yl € 1,...,p, X, € L*(T)
is a mean-centered predictor function on the same domain 7' = [0, 1], and G is a binary
outcome random variable.
The estimate b is a stacked vector with
b
b= o
By
where we assume each 5, € Hg, an RKHS with the exponential kernel. We chose this
hypothesis space instead of the Sobolev space because the exponential kernel does not

have a null space. This simplifies the matrix calculations. b is given by the solution to
the following objective function:

n P 2 p
b = arg min %Z (3}1 - Z(ﬂcu, 5l>) + )\Z Pen(3)
=1

Pt i=1 =1

Lemma 3.1 The representer theorem guarantees the solution is of the form

Bi() = chi/K(t, et dt, VL= 1,2, ., p
i=1

with coeflicients
C = (C17 veey CP)T = (E;lzh + Azd)ilzlhga

where Y, is the horizontally stacked matrix of 3! from each predictor, and ¥4 is the
diagonally stacked matrix of ¥ from each predictor:

¥, = (B4, 2% .., 5P) e RV

and
0 0 0
2
se= |0 % 0 0] epeom
0O 0 0 x»r
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Proof: Recall the discrete objective function of univariate estimation with the expo-
nential kernel in Section 2.3,

1
¢ = minimize — [|g — e[|, + A’ Zc.
ceRn n

We can simply build upon it with new predictors in an additive fashion (taking p = 3
as an example):

(€1,85,¢3) = argmin ||j — Sle; — Y2y — XPes|® + A(clTZlcl + ci¥%cy + ng?’Cg),

c1,c2,c3€R”

where for each predictor we have a different matrix:

i = //mlz‘(s)K(S,t)xlj(t) dsdt, 1=1,2,..,p.

The objective function’s notation can be simplified. We can stack the unknown coef-
ficients ¢y, ¢, ..., ¢, into one vector ¢ € RP"

and write the objective function as:

¢ = argmin [|§ — Spell; + A Tae
ceRpP™

where ¥, is the horizontally stacked matrix of X! from each predictor, and ¥, is the
diagonally stacked matrix of ¥ from each predictor.

We can solve for ¢ by using the same differentiation techniques like the univariate
model with exponential kernel.

Expanding the objective function:

§7 — TG — §Ehe + T8 She + AT Sae.

Differentiating with respect to ¢ and setting to zero:

—2 ;13] + QE;LEhC + 2/\Edc =0
Z%Ehc + )\Edc = E/hg
Cc= (Z%Zh + )\Ed)_lng.
In the R code implementation, there is an issue of singularity due to numeric integra-

tions. We add a small identity matrix to (3},3, + AX,;) to ensure we can compute the
matrix inverse.
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3.2 Classification rule

We estimate the discriminant directions Bl using the training data, and evaluate the score

via the sum of projections:
p

Z(xlia Br).

=1
Given a new subject with mean-centered predictors (27, 75, ..., x;) we assign to class 1 if
the score is greater than the threshold, class 0 if the score is lower. A and o are chosen
by computing sensitivity and specificity on a test set.

Note that we use the same A to control the regularization for all predictors in the
objective function. This is a potential limitation since predictors can take values in very
different scales, so this results in uneven regularization of the respective Bl estimates.
Having p different \ parameters would account for this difference and flexibly regularize

each predictor, but tuning them would be computationally time-consuming.

4 Extension: Multi-class outcome

4.1 Model setup

So far we have focused on the case where the outcome is binary. Now we consider the
extension where the outcome falls into K > 2 classes and we have one functional predic-
tor. Without loss of generality, we assume that there are three classes. This makes our
illustration for decomposing the objective function easier. Four classes or more work in
the same way.

As previously mentioned, the OS formulation can be straightforwardly extended to
this case as follows.

We want to find two directions to project the data such that the classes are maximally
separated. The training sample consists of {(x;, g;),i = 1,..,n} from the random variable
pair (X,G). P(G = g1) = m, P(G = g3) = m, and P(G = g3) = m3. X € L? s a
square-integrable random function. The labels are stored in an n x 3 indicator matrix
Y. yi = 1if Gy = g, for k= 1,2,3, and y;, = 0 otherwise. For example, the first four
samples are class 1, class 3, class 2, class 2 etc.

>.<
I

o O O =

— = O O

O O = O

Denote B(t) = [B1(t), B2(t)] as a vector of functions, and © = [0, 0,] € R3*? as the
matrix of scores to transform the labels.
The multi-class classification objective function is given by:
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2

+ Pen(B(t)),

minimize (2n)~"
0.8

Yo - /X(t)B(t)

subject to
n'eTYT'ye =1,, ©TyTy1 =0,
where X (t) is the x;(t) functions stacked vertically, i = 1, ..., n.
It is easy to show that this minimization problem is equivalent to

+A(Pen(f1)+Pen(fs)).

. 1
minimize —
B1,82,01.02 2n

2+% Hmz - /X(t)ﬁg(t)

Y&—/X@&®

subject to
o'YTye =nl,, 0TYTyY1 =0,

with column vectors 81,0, € R3. The penalty is the sum of the second derivatives:

%mmm:/<mW+<WW-

To see why we can separate the minimization problem column-wise, we use a toy
example to illustrate the F-norm. The numbers are made up for illustration.

1 00
2 0 0 1| /0.1 0.2 J 1) Br(t) [ 21(8)B2(t)
HY@—/X(t)B(t) =|l0 1 0]]03 03] —
F 0.6 0.5 Jxn@®)B1(t) [ @n(t)B2(t)
0 10 h

Since the F-norm is an element-wise addition, we can split it by columns

i: (YO).1 — UX(t)B(t)] 2+ (YO) o — UX(t)B(t)]

HY@ - /X(t)B(t)

1 2

By the properties of matrix multiplication,

(YO) 1= Y0 {/X(t)B(t)] - /X(t)ﬁl(t).
So the F-norm becomes: |

2 2

HY@—/X(t)B(t) i: HY@l—/X(t)Bl(t) ,

+ HY02 - /X(t)ﬁg(t)

which is a column-wise decomposition of the norm. This conveniently reduces the multi-
class problem to the binary setting!
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4.2 Estimation

A closed form for © can be derived by applying Lemma 1 and 2 in (Gaynanova 2020),
where it is shown that similarly to the binary case, the optimal © does not depend on
B. However, Lemma 1 in (Gaynanova 2020) requires that the following property holds:
Pen(B(t)) = Pen(B(t)A) for any B € H x H and any orthogonal matrix A € RE-1xXK~1 =
R2X2.

The second derivative penalty is in fact invariant under orthogonal transformation,
i.e. Pen(B(t)) = Pen(B(t)A). So we can apply this result in our estimation.

Step 1 By lemma 2 in (Gaynanova 2020), let © € RE*(K-1) — R3*2 haye columns
0, eRE =1, K —1,

é nniy1
1= 1 1 T
DM M !

Then this matrix of scores satisfy the two constraints:

. (0)k—1-1

OTYTYO =nlx,, 07YTY1=0.
Step 2 Given O, the estimate for By = [Bl, 32} is given by:

A

Be = minimize [v0, —/TX(t)ﬁl(t)H2+ HYéQ—/TX(t)Bg(t)‘ * 4 Pen(B(1)).

B1,B2

This is equivalent to minimizing them separately over 8; and [s:

minimize
B1

vo- [ 2vm0)

2
+/( Y(t))%dt +min}3mize
2

‘YéZ_Lm(t)52<t)‘

2
+/( 5 (t))3dt.
So similarly to binary classification results in section 2,

~

Bl (t) = dngl(t) + dlgég(t) —+ Z C14 / K(t, )Iz<t) dt,

~

Ba(t) = dn&i(t) + daaba(t) + Z Coi / K(t,)zi(t) dt.

Once we have the two discriminant directions Bl and 52, we can use the functional
analog of Fisher’s LDA classification rule on the two-dimensional projections of the data.
Further developments of this section are left for future work.
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5 Simulation study of the univariate classifier

In this section, we perform a simulation study of the univariate classifier with a binary
outcome.

Recall that the true discriminant function is 5y € H such that LoBy = puy — po. To
satify our assumptions, we will constrain our data such that E[X] = 0. Let X(¢) be a
combination of 20 orthonormal basis. Consider

X(t) = Z Zdi(t)

where the basis functions are given by

Gri1(t) = V2cos(krt) for k> 1

and the coefficients are
Zk ~ N(O, 0']3),

where o7 are positive constants decreasing in k.
We can get an expression of the covariance and its (psuedo-)inverse using the properties
of orthonormal basis:

C(s, 1) = E[X(s)X(t)]

20 20
— E ZZkgb,-(s) ZZk¢k(t)
k=1 k=1

= ookt dr(s),

20

C~Y(s,t) = Z %@(@@(3)-

=1 !

Since we want to work with mean-centered data, the mean function must satisfy:

E[X(1)] = BIE[X(#)|G]] = m1u(t) + mopo(t) = 0.

Let
pa(t) = ardr(t), po(t) =Y (—ar)er(t),
o k=1

for some coefficients a, ..., as € R. Here we choose a, = k=2, k = 1,2,...,20 and o}, =
k=Y k =1,2,...,20. Note these two functions’ decay completely characterize the dataset.
Later we will change them to obtain different datasets.
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Data from the two classes can be generated as:

20
Xi(t) = () + ) Zudw(t), Xolt ) + Z Zyi(t)
k=1

The true [y is given by:

Bo(t) = L5 (111 — puo)
_ / O (5, 8) 11 () — pro(s)] ds

= /Cl(s, t)2 Z apdr(s) ds

Al

k=1

—2/2 2¢k dS
_22 2¢k

We simulated 200 training samples for estimation, and we assume m = w5 = 0.5.
We choose m = 300, which is the number of sampling points along the domain 7. We
want to illustrate the case where functions are finely sampled and m > n. We then
tune the parameters on a validation set of 200 samples. The list of values we try are
A, o€ {107°,107*,1073,0.002,0.005,0.01, 0.02,0.05,0.1,0.2,0.5, 1,2, 5, 10, 20, 50}

In addition, we implemented the truncation estimator from (Delaigle & Hall, 2011).
Denote the sample mean difference as d(t) = iy (t) — fio(t). Their estimator is

T

BO(t) =D =5duld),

~2
w Ok

where qgk and 67 are estimates of the eigenfunctions and eigenvalues of the covariance func-
tion, estimated with empirical principal component analysis (PCA) of the entire dataset,
using R function prcomp(). And dy, = fT k(t). The tuning parameter r € {1, .. 20}
is chosen using a validation set of 200 samples Finally we compare the performance of
the classifiers on a test set of 200 samples.

The two metrics we use are AUC and the estimation error, i.c., |8 — 3|2 = J(Bo(t) —
i (t))2dt. The main metric of importance to us is the AUC, since for a classification task,
we mostly care about prediction, not estimation.

Fig. 1 shows the simulated data.
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simulated data of 200 training samples.

Figure 1

25



Fig. 2 and Fig. 3 display the performance of the classifier on the validation set, for
belonging to the RKHS with exponential kernel. The maximum AUC is 0.964, achieved
by A = 0.002,0 = 0.005. The minimum estimation error is 85.2, achieved by A = 50,0 =
0.0001.

50-

20-

03-

auc

0.2-
0.960

011 0.056

bandwidth

005 0,952

n.o2- 0.948
0.01-
0.005-
0.002-
0.001-

Te-04-

1e-05-

FETSFFIFLod e nooepoe

lambda
Figure 2: [ is estimated with the exponential kernel. The color intensity shows the AUC
of classification on the validation dataset, while varying the parameter o and A together.

We can appreciate the fact that increasing A or o (and therefore the smoothness of the
estimate), starts underfitting the model and leads to lower AUC.
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Figure 3: [ is estimated with the exponential kernel. Color intensity represents the
estimation error |5 — So|

Fig. 4 and Fig. 5 display the performance of the classifier with § belonging to the
Sobolev space. The maximum AUC is 0.962, and the parameter achieving this is A =
0.0001. The minimum estimation error is 89.4, achieved by A = 50.
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Figure 4: [ is estimated with second derivative penalty. AUC of classification on the
validation dataset, while varying the parameter \.
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Figure 5: 3 is estimated with second derivative penalty. Estimation error |3 — fo|| on the
validation dataset.



Fig. 6 and Fig. 7 display the performance of the truncation estimator. The maximum
AUC is 0.948, achieved by » = 9. The minimum estimation error is 85.2, achieved by
r=1.

Finally, the test AUC are 0.976, 0.976, 0.965 for the classifier estimated with exponen-
tial kernel, Sobolev space, and the truncation estimator respectively. Our methods are
slightly favorable compared to the truncation estimator in this setting.

At first it seems counter-intuitive that the tuning parameters that lead to the highest
AUC are not the ones that have the smallest estimation error. After plotting the best
[ estimates - in terms of AUC and estimation error - against the true [y in Fig. 8, we
see that all six of the estimates are smoother compared to 3. Therefore the difference
in estimation error between the estimates are negligible in the presence of f,. In fact,
the initial sections of 3 is very large due to the interplay between the covariance and the
sample mean difference functions’ decay.

We then repeated this analysis for different values of a; and oy, namely we change
the rate of decay of the mean difference function and the covariance function, so that
they are equal to k=1, k=15 k=2, k=22 k=3, for k = 1,2,...,20. This results in 25 different
datasets. Small a; leads to smaller difference in the two classes, and small o, leads to
smaller variance in the data. For each choice of the decay rate, we obtain a best estimate in
terms of test AUC and test estimation error. Our methods achieved comparable prediction
performance as the Delaigle & Hall truncation estimator across the board. We summarize
the results in the tables in Appendix C. The main message is that we should interpret
180 — BH cautiously, because [y quickly explodes as o, decays faster. It is unstable for
every choice of rate decay except oj, = k= 1.

Note we only display the figures for the case where a;, = k72 and o}, = kL.
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Figure 6: AUC of the truncation estimator, while varying r.
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Figure 7: Estimation error ||§ — fo|| of the truncation estimator, while varying r. The
estimation error essentially stays the same.
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Figure 8: [y compared to the six estimators. For each method, the estimates are chosen
by best AUC or best estimation error. f3; is less smooth due to the interplay between the
decay of the class means’ difference and covariance functions. Particularly, it is highly
sensitive to the covariance.
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6 Application of multivariate classifier

We apply our multivariate classifier on a real-world diffusion magnetic resonance imaging
(dAMRI) dataset, provided by Prof. Ariel Rokem at UW Psychology. We briefly provide
some background on the data application.

6.1 Background
6.1.1 Anisotropy and diffusion tensor

For most fluids and some homogeneous solid materials like gels, diffusion is the same in
every direction. These substances are called isotropic and are characterized by a single
diffusion coefficient (D). Biological tissues, on the other hand, are highly structured and
typically have different diffusion coefficients along different directions. They are called
anisotropic. White matter, which is found in the deeper tissues of the brain, contains
nerve fibers (axons), which, roughly speaking, connect the neuronal cell bodies, mostly
located on the cortical surface. White matter is highly anisotropic because of the parallel
orientation of its nerve fibers, or axons.

In anisotropic materials, diffusion is described by a 3 x 3 array called the diffusion
tensor (DT):

D:m: Da:y Da:z
Dym Dyy Dyff
Dzw Dzy Dzz

The three diagonal elements (D, D,,, D,.) of the DT represent diffusion coefficients
measured along each of the principal (z,y, z) directions. The six off-diagonal terms reflect

correlation between random motions along the principal directions.

6.1.2 Diffusion tensor magnetic resonance imaging

Diffusion tensor magnetic resonance imaging (DTI) is a popular technology for imaging
the white matter of the brain. (Jensen & Helpern, 2010) The DT was originally proposed
for use in magnetic resonance imaging (MRI) in 1994. Prior to the introduction of the
DT model, the orientation of the axons in a tissue sample had to be known to measure
anisotropic diffusion, which limited its usage. The DT model allowed, for the first time,
a rotationally invariant description of water diffusion. The invariance to rotation was
crucial because it enabled application of the DTI to the complex anatomy of the human
brain fiber tracts.

DTTI has been applied to a variety of neuroscience studies including schizophrenia,
traumatic brain injury, multiple sclerosis, autism, and aging. Anatomy studies have in-
vestigated the location, asymmetry, and variability of the fiber tracts. Recent efforts were
attempted to model the human ”connectome” by analyzing structural versus functional
brain connectivity, measured by DTI and functional MRI.

The DT model describes the diffusion of water molecules using a Gaussian distribution.
It is a 3 x 3 symmetric, positive-definite covariance matrix, hence it has three orthogonal
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eigenvectors and three positive eigenvalues. The major eigenvector of the DT points
in the principal diffusion direction (the direction of the fastest diffusion). In anisotropic
tissues, the major eigenvector also defines the fiber tract axis of the tissue. Thus the three
orthogonal eigenvectors can be thought of as a local fiber coordinate system. However,
this interpretation is only strictly true in regions where fiber tracts do not cross, fan, or
branch.

The three positive eigenvalues of the tensor give the diffusivity in the direction of each
eigenvector. Together, the eigenvectors and eigenvalues define an ellipsoid that represents
an isosurface of Gaussian diffusion probability: the axes of the ellipsoid are aligned with
the eigenvectors and their lengths are proportional to the eigenvalues.

To measure diffusion using MRI, magnetic field gradients are employed to create an
image that is sensitized to diffusion in a particular direction. By repeating this process
of diffusion weighting in multiple directions, a three-dimensional DT can be estimated.

Several scalar summaries can be obtained from DTI (Jensen & Helpern, 2010). The
simplest is the average of the DT’s eigenvalues, referred to as the mean diffusivity (MD).
Another measure is called the fractional anisotropy (FA), which is the fraction of the
diffusion that is anisotropic. Intuitively, it is the difference of the DT ellipsoid’s shape
from the shape of a perfect sphere (which represents isotropic diffusion). FA’s formula is
proportional to a normalized variance of the eigenvalues. MD and FA are considered a
measures of "white matter integrity”.

6.1.3 Diffusional kurtosis imaging

In DTI, the water diffusion probability distribution is assumed to be Gaussian. However,
it has been observed that, the water diffusion distribution in the brain is not precisely
Gaussian (O’Donnell & Westin, 2011). This could arise from barriers to diffusion such
as cell membranes and organelles, as well as the distinct compartments with differing
diffusivity. Quantification of diffusional non-Gaussianity can be useful in characterizing
the associated tissue structures.

The kurtosis is a dimensionless statistical metric for quantifying non-Gaussianity of
an arbitrary distribution. It has been shown that diffusion-weighted imaging can be used
to estimate the kurtosis of water diffusion distribution in the brain. This method is
referred to as diffusional kurtosis imaging (DKI). It is a natural extension of DTI. With
DKI, one not only obtains the standard DTI metrics such as MD and FA (with modified
formulas), but also additional metrics including mean kurtosis (MK) and axonal water
fraction (AWF). (Fieremans et al., 2011) MK corresponds to the average kurtosis over all
directions. AWF is the fraction of MRI visible water in the axons relative to the total
visible water signal. It is a function of the maximum kurtosis over all directions.

6.2 Tractography

Tractography is a novel technique that allows us to reconstruct 3D curves that represent
the orientation and shape of nerve tracts using data collected by diffusion MRI. These
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curves are clustered in bundles, i.e., groups of nerve tracts linking different parts of the
brain.

For each bundle, a centerline is computed and the anisotropy measurements above are
measured along this centerline.

We will focus on the joint analysis of a centerline 'shape’ and the associated measure-
ments, shown in Fig. 9 and Fig. 10.

6.3 Application

The data provided to us contain multiple bundles of the brain. Here we choose to focus
on bundle ARC},, which is implicated in cognition. We have seven functional predictors;
three are location variables of the centerline of the bundle in x, y, z coordinates, and four
are diffusion-related measurements along the bundle: FA, MD, MK, AWF. All predictor
functions are discretized with 100 sampling points along the bundle (m = 100). The data
matrix stacks the predictors column-wise. For each subject (each row), we have

(J? Yy z d/{?ifa d/{?’lmd dk’lmk dkiawf)

where each predictor is a 1 x 100 vector. The overall data matrix dimension is n x 700.

The coordinate vectors may carry information on translation and rotation, which
are not physiologically meaningful. We therefore perform rigid alignment. We register
the 3D coordinate data with the R package called shapes, using function procGPA()
(generalized procrustis analysis). The data registration step removes translation and
rotation information. The data registration reduces the variance.

To obtain the neurological outcome variable, we leveraged the Human Connectome
Project (HCP) database, which contains scans and biological variables from 1200 healthy
adults. Our outcome of interest is the NIH Toolbox Picture Sequence Memory Test
Unadjusted Scale Score, one of many variables from the HCP.

The Picture Sequence Memory Test is a measure developed for the assessment of
episodic memory for ages 3-85 years. It involves recalling increasingly lengthy series of
illustrated objects and activities that are presented in a particular order on the computer
screen. The participants are asked to recall the sequence of pictures that is demonstrated
over two learning trials; sequence length varies from 6-18 pictures, depending on age. The
test takes approximately 7 minutes to administer. This test score will serve as a surrogate
measurement of subjects’ episodic memory. Note that it is an extremely reductive and
narrow surrogate of a complex cognition function.

The DKI dataset consists of 1038 subjects in total. We match the subjects ID with
the available HCP data. Since we are interested in classifying poor memory vs. good
memory, we sample the tails of the memory score distribution. We filter the dataset to
include people above the top 10% memory score or below the bottom 10%, resulting in
216 subjects in the final dataset. We plot the seven predictors in Fig. 9 and Fig. 10.
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Figure 9: Spatial coordinates of 216 subjects’ neural bundles. Black representing class 0
(good memory), red representing class 1 (poor memory).
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Figure 10: four functional predictors measuring diffusion alignment along the bundle
tracks. Black representing class 0 (good memory), red representing class 1 (poor memory).
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Even though we sampled the distribution tails of the memory scores, there is very
little separation of the bundle measurements, as shown by Fig. 9 and Fig. 10, making the
problem very challenging.

Note the y-axis in Fig. 10. The predictor dki,,q is 1000 times smaller than than the
other three predictors. Using the same A to control the regularization of all g functions is
a limitation. For example, if the value of A is too small, it will adequately regularize the
function corresponding to dki,,q, but not the other predictors. We address this problem
in an ad-hoc way: we multiply the values of dki,,q by 1000 so that it’s on the same scale
as the other predictors.

We split the data into 120 training samples and 96 test samples, and fitted the classifier
on the training samples.
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Figure 11: AUC of classification on 96 test samples, with different lambda and bandwidth
parameters.

The maximum test AUC achieved is 0.65, where A = 0.001 and bandwidth o = 0.05.
This is comparable to classification attempts in the literature (e.g., Ferrando et al. 2020,
Ghiassian et al. 2016)

7 Conclusion & Discussion

We introduced penalized discriminant analysis for multivariate functional data supported
on a common, compact 1D domains. Thanks to the connection to optimal scoring, we
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recast this problem into a penalized regression framework. The resulting model was very
efficient. We applied the multivariate classifier to a diffusion MRI dataset, with the goal
of classifying people into good vs. poor episodic memory groups. We obtained adequate
prediction performance. Future studies could investigate other neural bundles (since we
only focused on the ARC}, bundle), as well as different outcome variables in the HCP to
identify potential associations. We noted that a limitation of the multivariate classifier
was requiring one regularization parameter for all functional predictors, which lacked
flexibility. This can be overcome by scaling the data by hand, but more efficient and
flexible ways to regularize different functional predictors could be developed in the future.

Appendix A Derivations

Here we develop the lemmas from Section 1.

A.1 Lemma 1.1

For any given data function X € L£2(T'), the linear classifier calculates the distance be-
tween the data to the two class means in the projection space. Then X is assigned to
the class with the shorter distance. The classifier can be re-written in terms of the class
means’ average and class means’ difference.

70 =10 = o 7 0 = 9> 0 =1 { 6. (X - ) > 0}

where § = iy — pio and i = (po + f11) /2.
Proof:

(X = po, 8)* = (X — m, B)?

<xm%nwwmxm+www>—me%nwwmxm+wmw)

(1o, BY? = 2o, BY(X, B) + 2(p1, BY(X, B) — (ua, B)?
= 2( — po, BY(X, B) + (o, > - <u1,ﬁ>2
= 20y — 1o, BYX, B) + (o, B) + (pa, )) (<uo,ﬁ> - (ul,@)
= 2(u1 — o, ><X75>+<M0+M1, B) 1o — pu1, B)
= 2(p1 — o, B)(X, B) — (po + p1, B) (a1 — po, B)

ZWrwm32Mﬁ%%m+mﬂO

)
= (1 — po, B)(2X — pro — pa, B)

Hence

(X — o, B)* = (X — pa, B)° = (1 — po, B) (2X — po — 11, B)
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and

(X =0 37— (X =, 397} = 1{ G — o, 00 = BT gyt

since indicator functions ignore constants.
Therefore

FOX) = (X = pio, B)2 — (X — a1, B)2 > 0} = 1{(5, B)(X — 1, B) > 0},
where 8 = i, — i and fi = (tto + 11)/2.

A.2 Lemma 1.2
Using the classifier
100 =1{ .00 - 1.0) > 0},

and under the assumption that my = m; = 1/2, the misclassification probability is

RIF(X) =1] | AIFX) =0 [t — po, )
2 T 2 :1_(1)(2(6,%6)1/2)

Proof: Under the assumption that myg = m; = 1/2, the misclassification probability is

o = D) =1 Af(X) = 0]
2 2

Since misclassifications are symmetrical, we can consider one case.

RlfX)=1]  Alf(X)=0]
2 2
= RIf(X) =1]
= Py [(X — 1, 8)(6, 8) > O]
= Py [(X — (po + 1) /2, B) {1 — po, B) > 0]

= Py | (X = 10/2.8) = (m1/2.8)) (11 = po. B) > 0]
= P X = /2,80 = s > (a2 = o )]

We can’t divide over the term without considering the two cases.
case 1: (uy — o, 8) > 0.
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X = po/2, B) (1 — o, B) > {111/2, B) (g1 — pio, B)]
X — Mo/2 > <M1/2 5>]

(

(
= Po [(X — po + po/2, B) > (11/2, B)]
= Py [{(X — o, B) + (po/2, 8) > (111/2, B)]
= Do [(X — o, B) > (1/2, B) — (po/2, B)]
= Py [(X — po, B) > (11/2 — po/2, B)]

case 2: (1 — o, B) < 0.

X = p0/2, B) (1 — po, B) > (11/2, B8) (1 — po, B)]
X = po/2,8) < {p/2,8)]

X — po, B) < (u1/2, B) — (110/2, 8)]

X — po, B) < (11/2 — po/2, B)]

Each case can be written as the tail probability of a Gaussian variable, we have

— 1o, B — Lo, B
err = P <X_M076>>M}:1—¢<W>a

since Py is the distribution of the projections of class 0. & is the standard Normal
cumulative distribution.

A.3 Lemma 1.3

The function that solves the maximization problem is

(1 = po, B)| 1, _
(B, Lo B)H?| = Lol = o)

Bo = max1m1ze

Proof: If | L' (i — po)|| < oo,

(1 — 1), B) WL (11 — o), L2 B)]

(B, LcB)1/? (B, LcB)1/?
LG (11 — o) || 1 28]
n (B, Lcp)Y/?

LG G — o)l IEEB)
(LB, LeB)V/2

—1/2
= | Lg" (11 — o)
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The first equality comes from the self-adjointness of operator Ls. The inequality in
the second line follows from Cauchy-Schwartz:

—1/2 1/2 —1/2 2
(LG (i — o), L2 B)] < 1L (i — o) || |ILEL2B)|.
If || Lo (111 — po)|| < 00, equality is achieved for

B = Lal(ﬂl — Ho),
which can be seen by plugging it in:

‘<Lcl/2(u1 — p10), L2 LG (ua — #o)>‘ = \<Lc”2<u1 — pt0), L (g — uo>>],

HLEUZ(M - NO)H HL}J/QL(;l(Ml - MO)H = HLEU?(M - MO)H HLEW(M - Mo)” .

In other words,

K1 = o, B
’<B7LC'B>1/2‘

has an upper bound, but it can be achieved when 8 = L;'(j1 — o). Hence this is the
solution to the problem of misclassification error minimization.

A.4 Lemma 1.4

The function that minimizes the misclassification error is 8y = Lg'(p1 — po). For this
choice of By or any multiple of it, the misclassification probability is given by

-1/2,
Wozl_@(nLc (11 Mo)||)‘

2
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Proof:

’<M1 - Mmﬁoﬂ
errg=1—¢( ————
’ 2(Bo, LcBo)'/?
_ (11 — o, L' (1 — o))
=1—-7 — — 7
2(L¢' (1 — o), Lo Lt (py — po))
B (L (1 = p10), L (1 — o))
=1-@ -1 1/2
2<Lc (Ml - M0)> (Ml - M0)> /
2
1 & HLEI/Q(M - ,uo) )
2(Le" (11 — po), L™ (i — 110))1/?
“1/2 2
HLC (Ml - MO)H
=1-@ “1/2
2 HLC (111 — fo)

HLEI/Q(M - Mo) ‘
2

Appendix B Excess Prediction Risk

In this section we will prove Theorem 2.1. We want to find the probability bound for the
out-of-sample risk, i.e. the random variable

E*[(X™, Bo — B))?
where X* is a test sample, independent of the training data, and the expectation is

taken over all X*.
The proof is adapted from Lila et al. (2021).

B.1 Setup

In the main text we used g to denote the OS-transformed labels to distinguish it from the
class indicator variable. For easier notation, throughout the proof we take Y to be the
random variable for transformed labels, instead of using Y.

Our hypothesis space is the Sobolev space W?(T'), endowed with the norm ([|8”||%2 1, +

€|l 8] (T))l/ 2. The sandwich operator T is defined as T = L%QLCL%Z. The operator norm

of a linear operator A : £* — L* is defined as || Allop = sup . =1 [|AS]]-
Recall our three assumptions:
Assumption 1. There exists My > 0 such that || X2 < Msya.s. We denoted =

My|| L3 |lop (Lila et al., 2021).
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Assumption 2. There exists smooth 8, € W(T) such that 8y = L' (1 — o), i-e.
the optimal function is well-defined and can be found in this space.
Assumption 3. The effective dimension of T satisfies

Tk
T + A

D) =Tr(T+X)7'T) = i <ex™?

for some ¢, 0 > 0.

B.2 Notation

Recall 5y can be defined with the classification objective, fy = Lal(,ul — po) which is the
"standard” function. It can also be defined with the regression objective function:

By = argmin E[Y — (X, 3)12]%
B

Depending on how we define Y (the auxiliary variable), the solutions 5y will have
different scale i.e. contain different constants in their expressions. For example, Lila et
al. (2021) defined y; = —n/ny if g; = g1 and y; = n/ny otherwise, which is different from
our auxiliary variables derived in Section 2. Since the centroid classifier is invariant to
changes in scale, the constants in 3y does not matter. The solution from the regression
problem (with different auxiliary variables) will still give the same discriminant function
up to a constant.

Therefore, to make our subsequent calculations easier, we abuse notation and consider

Bo = vmmoLg! (1 — po).

The reason we introduce this constant is to simplify some algebra in later calculations.

B.3 Relationship with £? as hypothesis space

Recall our objective function is

n

A

B = argmin 3 (s — (w1, B)e2)? + A(IB" s + ellB]%)

n
BeH i=1

The norm is given by ||B]l% = (||B]%: + eHBHig)l/Q. When e = 0 it is a semi-norm
instead of a norm (which is what we have been using).
We have this relationship between the two function hypothesis spaces (Cucker & Smale,
2001):
Ll (LX(T)) = WH(T).

Hence there exist fy, f € L% such that
Bo=Lilfo, B=Li*F.
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Converting to the £? space facilitates the prediction error derivation (Yuan & Cali,
2010).

Assume that H is dense in £, which ensures that fy and f are uniquely defined.

We can find the £2? counterparts of Sy:

fo= LBy
= L /mimo Lt — o)
= L;/QL(_JIL;/ZL%Q(M — to)
= /mmg T_1L111</2(M1 — lo)

We can reformulate the objective function in H as an objective in £2:

n

. 1
f = minimize — Z(yZ — (i, L2 ) + Al fI2

feL? n

Since Ly is self-adjoint, L%Q is self-adjoint, so we can re-write:
SV
f = minimize — > (y: = (L3 w5, £)12)* + AL 132

feLz n

i=1
Notice the problem becomes exactly a ridge regression, therefore the solution is given

by
7 R 1/2
f=(T,+ ) - ;1 Yi g @

B.4 Decomposition of risk into bias and variance

To facilitate the derivation, we rewrite the out-of-sample risk as a norm:

E* (X", 8% = B) sl = ITV(f — fo)lI”
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E[(X",6° = B) 2] = E* (/X*(t)(ﬁo(t) - B(t) dt)

50 [ [ X600 [ - 6] [5°10) - (o) da
— [ [ et [0 - b)) as [0 - b0

= [ [zetn - )] 0 [p°0) - fv)] a

— (Lo(fo— B, (Bo—B)

= (LW o= LD (Lh - 1))

_ < LlLeLi(fo— 1), (fo— f>>
= (T(f = fo). (f = fo))

= (T"2(f = fo), T*(f - fo))

= |T(f = B

LoLil*(fo = f), Li(fo - f)>

which is a random variable since f is random. We can start decomposing the norm:

TV~ fo) =T

(T + M) ( Z L1/2:cz> - ]
= TY2 (T}, + M)~ 1/2< Zy a:) — am T L (i — Mo)]

— T1/2 (T + )\I 1/2 ( Zyl €T; — '/T17T0 :ul MO))]

+TY? (T, + M)~ 1L}{2\/ﬁ(m — o) = /mm T L (i — “0)]

Let
1 n
= - VX,
n <
=1
and let

d = /mmo(pn — po)-

45



Notice Eld] = d, since

1 n
5;1@)@-

1 n
= ; E[Y:X;]

1 n
= — ZmE Y X;| class 1] + mo E[Y; X;| class 0]

o
:—ZWH/ N1—7T0\/ Mo

= ﬁ Z VT1To1 — A/T1To Mo
i=1

7T17T0(N1 —#0)
=d

We made an approximation from line 2 to 3. Recall the auxiliary variable in optimal

scoring is defined as:
- 1o ni g
N ny ' Un
E[Y|class 1] ,/no 1/7TO +o0(1), E[Y|class 0] = ,/nl 1/7“ +o(1
nq 1 un

Note that /ng/ny is an approximation of y/my/m;. However in the rest of the proof, we
ignore the deterministic approximation error to simplify the analysis (Gaynanova 2020).

By triangle inequality, and using the new notation, we can decompose the out of
sample risk into the variance term and bias term.

IT2(f — fo)ll
:HT1/2 (T + M)~ 1/2< Zym Vmmo(pm — m))]

+ T2 [(Tn + AT LA i — o) — /e T L (i — MO)] H

< HTV?(Tn AN LA - d)H + HTW [(Tn FADTILY2d - T-lLKd] H

=L +1
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B.5 Variance

B.5.1 Decompose variance

I = HTW(Tn + AT LY (d - d)H
— HT1/2(Tn F D) YT, + M) TVA(T + ADYAT + M)V L% (d - d)H
< || TV + MDY\ + ATV + )\I)I/QHOPH(T ANV - d)H
< (T + AD)YAT, + AD T (T + ADTVAT + AI)1/2||OPH(T + ATV LA - d)H

= [T+ ADY2(T, + XD

(T + XI)~ Y2 LY2(d - d)H
< (T + AT+ D7 H(T ANV L d - d)H

From line 2 to 3, we use the operator norm and vector norm inequality
[Az][ < [|A[lopll]|-
From line 3 to 4, we use
ITY2(T + AL lop < (T +ADYA(T5 + A2l
From line 5 to 6, we have the result from (Blanchard & Kramer, 2010):
VO <y < L[[ATBop < |ABG,.

Therefore for v = 1/2,

1/2%2

[ e, + a0 ) < e+ ne+ an

Hence we have

I < H(T+ MN)(T, + A7

(T + X)L (d - d) H

op

We can bound the first term |[(T" + AI)(T, + /\I)_lHop using the results from the
literature.
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B.5.2 Auxiliary results

Recall Assumption 1 states that, there exists My > 0 such that || X||;2 < Mya.s. We
defined x = My|| L}/ op-

Theorem B1. (Tong & Ng, 2018). Under Assumption 1, for any 0 < § < 1, with
confidence at least 1 — 4,

(T +AL)"V*(T = T,)lop < Balog(2/90)

Bualog(2/6) .\
T + 1)

(T + AT + M) op < (

where
2K

Br = 5l

B.5.3 Variance second term

Now we will look at thq second term in the variance. We want to bound
E [H (T + \I)~1/? L%Q(d —d) M and use Chebyshev’s inequality.

Recall {7, m} are the eigenvalue, eigenfunction pairs of the sandwich operator 7'
Since {7} forms an orthonormal basis of £2,

1/2 Z (L 1/2 ), 7Ie).-

2 2

EH(T + AL (d - d)

a0
k

We want to re-write <L1/ *(d—d), n,) into a more manageable expression. To do that,
first we look at what E[d —d ® d — d] is.
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Eld—d®d—d
= con (o) — o). d(s) - )
= B [(d) - dv) (dls) - d(s))]

g|{2 2 VXt - VA - o) ) { Z YiXi(s) — /Aol — Mo)(s)}]

{1 Z VX() - VAl - )0} 1 Z YiXi(s) — VAo — u0><s>}|da551]

—I— 7TOE

{1 Z VX() - VAT - o) | Z YViXi(s) — vAmal — o)(s) | |cmsso]

For class 1, by linearity of covariance,
1< 1<
B {3 3o vixi) - v - Mo)(t)}{— > V() VAT — ) } |cZass1]
i=1

1 n
—2me ZYX ycmss1] —-mE
ZYX Vmimo(pr — o) (s)|classl
[

_7T1— C(t S)—7T1—\/7T1’/T0 M1 — ,uo Z Oul
1 o

— m—v/mmo(pn — po)(s) Y/ = (t) + mimo(i — po) (£) (11 — pro)(s)
n 1

— %C(t, s) — mmo(pr — po) () () — mimo(pn — po) (8)pa (t) 4+ mimo(pn — o) (1) (11 — o) (s)

= 7T1E

ZYX Vmimo(pn — uo)(t)|cla551]

—mE + mE[mmo(p — po) () (11 — po)(s)|class]

Similarly for class 0,
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7TOE

{1 Z VX0 - VAt - o))} {5 Z YiXi(s) — vAmal — )(s) | |cZasso]

1 n n
o Z Y X(¢) Z Y X (s) ]classO] —moE

=1 =1

= 7TOE

ZYX Vmimo(pn — uo)(t)|cla550]

—7TOE

ZYX Vmimo(pr — o) (s)|classO

+ moE[mimo (1 — o) (1) (11 — ko) (s)|classO]

T s
_7r0— 1C(zf s)—|—7ro—\/7r17To p1 — po)( E :\/ 1“0
To
1 us
+7TOﬁV mimo (k1 — po) (s Z \/ W_IMO + mimg (1 = p10) (£) (1 = p10) ()
0

_ %C(t, 8) + mmo(p1 — po) (t)po(s) + mimo(pn — po)(8)po(t) + mimg (11 — o) () (11 — po)(s)

Adding the conditional expectations together, we have

([ci<t> —d(), [d(s) d<s>1)
— %C(t, ) — mmo(p1 — po) (H)pa(s) — mumo(py — o) (8)pa (t) + wimo(pr — o) () (11 — po)(s)
55O ) mmoln — i) (Dio(s) + mmo(n — o) (s)olt) + mmd (o) (1) o = o))

= L0(t,5) — mmln — o) () — p)(s) — Timalin — o) () am — o)1)
+ (7T17T0 +mmg) (1 — po) () (1 — pao)(s)
= EC’(t, s) = 2mumo(pa — o) (8) (11 — o) (s) + mmo ey — po) (£) (1 — p10) (s) (1 + o)
= 2Clt,5) = Ty (1 — 00)(0) 2 — 1))
_ %C’(t, s) — d(t)d(s)
We define
Li-sei-nf ) = [ (@= 0= d(6)F()ds

L#1®u1f<') = //M(')/M(S)f(s) ds.

Now that we have an expression for E[(d—d)®(d—d)], we can work on the expectation:
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E [<L}(/2(CZ— d), n,ﬂ

— | [ - d0mo [ 1P a6
=i | [ [ aomi L - o) |

— | [ 1| [d- - oo a| wea)

1/2 1/2
/ Lic [LE[@*d)@(dfd)]LK/ nk(S)] i (s) ds

1/2 1/2
Ly LE[(J—d)@(d—d)] L™ M, Uk>

T

= (L Lac L nes i) = (L3 LasaL i ns 1)

= %(Tnkﬂm — (L} LasaL i mie, i)

= %(Tknk,ﬁﬁ - /L%2Ld®dL]1§/27]k(t>nk(t> dt

- / [ / LY2d(1)d(s) L () ds} ne(t) dt
1

= 7 — (Lil*d, me) (L d )

Recall {7y, mx} are the eigenvalues, eigenfunction pairs of sandwich operator T'. {n;}
forms an orthonormal basis of £2.

2

EH”“D”%%?@ ~d)
= H(T+ AI)‘”QZm<L}</2(J— d)ﬂ7k>
k
_ ‘ ST+ M)y [% — (L%, Uk)z]
k
< Zl( i ) L)
—n\ T+ A T + A
1
S E;Tk:k-A

= ()

2

1/2 |2
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Recall in assumption 3, the effective dimension of T" satisfies

o0

D) =Tr(T+A)"'T) =Y Tk:’“_ L <ex
k

for some ¢, 0 > 0.
With this bound, we can apply Chebyshev’s inequality:

1
_2.

P(IX = ul > a0) <
a

Let a* = 2/6.

1 5
PUX —pl<ao)>1— —=1—2
(IX —nl<a0) 21~ — 5

P(H(T+ A)TV2LY2( - d)H < \/%0) >1- g
Since o < \/@,
P(H(T+A1)1/2L}(/2(d— d)H < \/%\/@) >1- g

Therefore with probability at least 1 — §/2,
—1/2 1/2 7 < \/? D()‘) <i
H(T—ir)\l) L7(d d)H =\VsV = K(;Bn,m

2K K 1/2
B, = DOV ), k=ML,
A \/ﬁ(m—i_ ( )) K 2” K Hp

B.5.4 Combining two variance terms

where

Recall the results from (Tong & Ng, 2018):

2

(T + )Ty + ML) H|op s( T

with confidence at least 1 — §.
Putting the two terms together, with probability at least 1 — §, we have

L= TV (T, + M) L (d = d)|

< (T + AT+ D7 H(T F ATV LY (d - d)H

Bualog(2/6) .\ [ 1
- (T : 1) (35
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We have a bound for the variance term:

2
L < | =211 —B
= < vV + 2k6 A

B.6 Bias

Next we move on to the bias term.

I, = |12 [(Tn FADTILd - T—lLKd}

_ |72 [(Tn AN T LA - T—lLKd}

= ||T/? ((Tn + AT — (T, + M) ™NT, + )\I)) (T~ Lgd)

= |7 (T, + \I)7'T — I] (T~ 'Lgd)

= ||T'/? ((Tn +AN)HT - T, — )\I) (T Lgd)

< |7V, + AT — T, — M H 1T~ Lcd)
op
Now we can apply the same steps as [;.

TU(T, + M) VAT, + XD ™Y + ADYA(T + AR =T = || 1fol
op

< || a2 @A AT AN (@ADLl

< |+ A T+ A AT A (T+AI>‘“2[T—Tn—M]HopllfoH
< (T + \D)(T, + A\D)™ . (T + M)"2[T =T, — A ol

< (T + AT, + AI) ™ . (T + N~V [T - T,] Opllfoll

+ H(T+)\I)(Tn+)\1)*1 A ‘(T+)\I)*1/2 il

Combining the auxiliary results from (Tong & Ng, 2018), which state that

(T + M) YT = T,)|lop < Bralog(2/6),
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VA

where the inequalities hold with confidence at least 1—¢§ under Assumption 1. In addition,
we have

VT + AD)(Ts 4 Aoy < (Lg@/‘” n 1) |

A
< Z =V
o~ VA

Putting everything together, we have that with probability at least 1 — 9,

A @+ an2

I, = |12 [(Tn FADTILY2d - T*lLKd}

< H(T+>\I)(Tn+>\1)_1 (T + XD =T N fol

@+ an@ - an | A+ a2 s
Bualog(2/6) .\

< <T + 1) (Bn,)\ log(2/0) + \/X) [ foll

We have a bound for the bias term:

< (%gf/‘” ¥ 1) (Bustos2/6) + VA ) 1l

B.7 Out-of-sample risk

Recall we re-wrote the expression for the out-of-sample risk and decomposed into the bias
and variance terms:

E (X", 8% = B) sl = | TV2(fa = fo)lI?

HT1/2<f>\ — o)l < HT1/2(Tn 4 ,\])_1 L}(/Q(CZ— d)” + HT1/2 [(Tn + /\])_1L}</2d — T_ILKd] H

=L+

o4



e

2 2

< 2|\ TVH(T, + ) L2 (d — )| + 2| T2 [(TH+AI)’1L}(/Qd—T’1LKd]
Bualog(2/6) \ [ 1 ’
n,\ 108
<o ZmA08W/0) ) [ 2 g
- ( o ) (M )
2
Bualog(2/6)
+2< ”g /9) ) B, log(2/6) +f> 1 foll?

LA Bn,\log (2/0)

<5 () (a5)
Bualog(2/s) \'

m(—ﬁ +1) ( 2

[ Bualog(2/9) B, Bualog2/6)  \' .,
=25 (—ﬁ +1> <2M> +2A<—ﬁ +1> 15l

< MBI -

(2/9) + 1) Ifoll”

In the last inequality, we choose A = n~ 1. Recall in Assumption 3. we assumed that
the effective dimension of T satisfies D()\) < cA~? for some ¢, 8 > 0.

By = 3’%( " —|—\/—><2m< ﬁ) 2&\/_<—+\/;)

Looking at the denominators:

1+6—1 6

nA\=n_ 1+9n—n e =nie > 1,

)\9“ 1/2 _ n—ﬁg—glnlm — 212 1,
we have this inequality for B, y :

B < 26V A (K + Ve).

Hence Byxlog(2/6)
n,A Og
— 2/1 /‘i"— C).
\/X > ( \/—)

All the terms involving B, » and || fy||? can be absorbed into the constant C'.

%)



Finally, we have the bound for the out-of-sample risk:

E[(X*, B = B)p]? < c% o

B.8 Auxiliary results

In Appendix B5.2, we cited the results from (Tong & Ng, 2018) that helped us bound the
first term in the variance. We introduced them in the middle of the proof to help the flow
of the arguments. We provide more context here.

Theorem B.2. Let H be a Hilbert space endowed with a norm [|||3; and let X be a
random variable taking values in H. Let X1, ..., X,, be a sequence of n independent copies
of X. Assume that || X[y < M(a.s.), then for 0 < § < 1,

3 (X - B

S 2Mlog(2/0) NI

n n

H

this inequality holds with probability at least 1 — 9.
Using this theorem, Tong & Ng derived the two results that we cited:
Under Assumption 1, for any 0 < ¢ < 1, with confidence at least 1 — ¢,

(T + M) ™YX(T = T,)|lop < Banlog(2/a)

B, » 10g(2/5) i
s,

VD)

(T + AT + A1) Hlop < (

2
Bn)\ .

P

Moreover, their confidence set are the same.

Appendix C Simulation study results

Here we provide additional results for the univariate classifier simulation study. Recall
that for our simulation study, data from the two classes were generated as:

Xi(t) = m(t) + Z Zde(t), Xao(t) = po(t) + Z Zror(t)

where
() = arpr(t), po(t) =D _(—ax)du(t)
k=1 k=1

for some coefficients aq, ..., asy € R.
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The coeflicients are Normal random variables:
Z, ~ N(0,07)

Therefore, the data is completely characterized by Zi and a;. We generated dataset
for ap = k™" and o, = k™" where u = 1, 1.5, 2,2.5,3. For each dataset, we went through
the training-validation-test procedure to determine the best estimator in terms of AUC
or estimation error. This analysis also shows we should take the estimation error |3, — 3|
with a grain of salt, since fy is too easily swayed by small covariance (i.e. fast decaying
o k)

57



AUC
de\op || 1 15 2 2.5 3
1 1.000 | 1.000 | 1.000 | 1.000 | 1.000
1.5 || 0.966 | 1.000 | 1.000 | 1.000 | 1.000
2 0.919 | 0.987 | 0.999 | 1.000 | 1.000
2.5 | 0.897 | 0.912 | 0.973 | 0.987 | 1.000
3 0.922 | 0.942 [ 0.917 | 0.947 | 0.991

Table 1: Estimator with exponential kernel

AUC
A 15 2 2.5 3
1 1.000 | 1.000 | 1.000 | 1.000 | 1.000
1.5 |[0.962 | 0.997 | 1.000 | 1.000 | 1.000
2 0.939 | 0.917 | 0.968 | 0.999 | 1.000
2.5 [ 0.900 | 0.931 | 0.941 | 0.984 | 0.999
3 0.938 | 0.927 | 0.951 | 0.949 | 0.971

Table 2: Estimator with Sobolev space

AUC
di\op [ 1 15 2 2.5 3
1 1.000 | 1.000 | 1.000 | 1.000 | 1.000
1.5 |[0.926 | 1.000 | 1.000 | 1.000 | 1.000
2 0.926 | 0.902 | 0.994 | 1.000 | 1.000
2.5 | 0.944 [ 0.920 | 0.937 | 0.994 | 1.000
3 0.922 | 0.912 [ 0.913 | 0.947 | 0.982

Table 3: (Delaigle & Hall) Truncation estimator

Estimation error

i\ 0% 1 15 2 2.5 3
1 12067 | 8.9166+08 | 9.865e+13 | 1.259¢+19 | 1.727e+24
1.5 |[85.195 | 3.000e+06 | 2.890e+11 | 3.482e+16 | 4.631e+21
2 6.529 | 1.207e+04 | 8.916e+08 | 9.865e+13 | 1.259e+19
25 | 4.349 | 8.520e+01 | 2.999¢+06 | 2.890e+11 | 3.482232¢+16
3 4.076 | 6.529¢+00 | 1.206e+04 | 8.916e+08 | 9.865e+13

Table 4: Estimator with exponential kernel
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Estimation error
1 12080.313 | 8.916e+08 | 9.865e+13 | 1.259e+19 | 1.727e+24
1.5 89.346 3.000e+06 | 2.890e+11 | 3.482¢+16 | 4.631e+21
2 9.142 1.209e+04 | 8.916e+08 | 9.865e+13 | 1.259e+19
2.5 6.849 9.060e+01 | 3.000e+06 | 2.890e+11 | 3.482e+16
3 6.379 8.388e+00 | 1.210e+04 | 8.916e+08 | 9.865e+13

Table 5: Estimator with Sobolev space
Estimation error
di \ o 1 1.5 2 2.5 3

1 12066.905 | 8.916e+08 | 9.864e+13 | 1.259e+19 | 1.727e+24
1.5 85.195 3.000e+06 | 2.890e+11 | 3.482e+16 | 4.631e+21
2 6.529 1.207e404 | 8.915e+08 | 9.864e+13 | 1.259e419
2.5 4.348 8.512e+01 | 2.994e+406 | 2.884e+11 | 3.470e+16
3 4.076 6.529¢+00 | 1.191e+04 | 8.634e+08 | 9.495e+13

Table 6: (Delaigle & Hall) Truncation estimator
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